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A three-dimensional transient mixed hybrid finite ele-
ment model for superabsorbent polymers with strain-
dependent permeability†

Cong Yu,∗a Kamyar Malakpoor,a and Jacques M.Huyghea,b

A hydrogel is a cross-linked polymer network with water as solvent. Industrially widely used super-
absorbent polymers (SAP) are partially neutralized sodium polyacrylate hydrogel. The extremely
large degree of swelling is one of the most distinctive characteristics of such hydrogels, as the
volume increase can be about 30 times its original volume when exposed to the physiological
solution. The large deformation resulting from the swelling demands a careful numerical treat-
ment. In this work, we present a biphasic continuum-level swelling model using mixed hybrid finite
element method (MHFEM) in three dimensions. The hydraulic permeability is highly dependent
on swelling ratio, resulting in values that are orders of magnitude apart from each other. The
property of local mass conservation of MHFEM contributes to a more accurate calculation of the
deformation as the permeability across the swelling gel in a transient state is highly non-uniform.
We show that the proposed model is able to simulate the free swelling of a random-shaped gel
and squeezing of fluid out of a swollen gel. At last, we make use of the proposed numerical model
to study the onset of surface instability in transient swelling.

1 Introduction
Hydrogels are hydrophilic polymers that absorb water (and there-
fore swell) without dissolving itself into it. During swelling, the
polymer chains are extended; however, the existence of crosslink-
ers prevents the infinite extension of the polymer chains. As a
result, hydrogels behave more like solid than fluid. The amount
of water that is taken by hydrogels, based on different composi-
tions and designs, is under the influence of external stimuli, such
as temperature, pH and ionic strength in the aqueous solvent in
contact with the polymer1.

Over the decades, the applications of hydrogels have been
shown to be extensive in diverse fields2,3. In the field of
biomedicine, hydrogels are widely used in drug delivery system
and as scaffolds in tissue engineering4. Due to its responsive
nature, hydrogels lie in the heart of the design of ’smart’ biode-
vices and biosensors5. Their applications in agriculture have been
studied as a suitable solution for holding moisture in the soil. A
specific type of hydrogel, superabsorbent polymer, is the main
working substance in the hygienic products (napkins and dia-
pers).

a Mechanical engineering, Eindhoven University of Technology, Eindhoven, the Nether-
lands. Tel: +31 402472816; E-mail: c.yu@tue.nl
b Bernal Institute, University of Limerick, Limerick, Ireland.
† Electronic Supplementary Information (ESI) available: Movies of various swelling
situations are included. See DOI: 10.1039/b000000x/

Superabsorbent polymers exhibit exceptional capability to ab-
sorb and retain a large amount of water or aqueous solutions. The
water content of such a hydrogel can be up to 99% of its weight.
Nowadays, taken the best performance cost ratio into consider-
ation, industrially relevant superabsorbent polymers are mostly
made from partially neutralized (H+ in the acrylic acid monomer
replaced by Na+), lightly cross-linked polyacrylic acid6. They are
namely sodium polyacrylate hydrogel.

Over the years, many swelling models are developed by differ-
ent research groups. In general, there are two main approaches
to model a swelling porous medium. One approach is based on
poroelasticity founded by Biot7. Recent years, several groups are
dedicated to formulating theories that apply to gels coupling mass
transport and large deformation. Hong et al.8, Chester et al.9,10

and Duda et al.11 are just some examples of the vast literature.
They all followed the non-equilibrium thermodynamics approach
based on the Flory theory12,13 where a multiplicative kinetic re-
lation and an addition of independent parts of Helmholtz free
energy were established. The large deformation (non-linear) the-
ory is shown to be consistent with linear poroelasticity theory in
the small deformation regime14. The other approach is based
on the mixture theory. This approach is usually popular among
biomechanics studies due to the complexity in the composition of
the biological tissues (usually multiple components coexist). This
approach is first founded by Truesdell15, later further developed
by Bowen16 with the application in a porous medium (multiple
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fluid phases and one solid phase). A biphasic swelling model for
biological tissues is developed by Lanir17, in which the instant
equilibrium of the ion phase is assumed. Lai et al.18 introduced
a triphasic theory (fluid, solid and ion phase) for the swelling ar-
ticular cartilage. Further, a separate consideration of cation and
anions leads to a quadriphasic model19. Li20 proposed a multi-
effect-coupling-ionic-strength-stimulus model in which the influ-
ence of the initial fixed charge density on the gel responses was
investigated.

A numerical method that takes the underlying physical moti-
vations into account yields more accurate quantitative results. It
has been observed that during transient swelling, the volumet-
ric expansion of the gel is strongly inhomogeneous21. This is
explained by the increasing porosity (as a result of large strain)
near the outer layer as the outer layer swells earlier than the core.
Assuming water transporting inside the gel according to Darcy’s
law, the non-constant permeability tensor across the domain de-
mands careful numerical treatment. One of the most distinctive
properties possessed by MHFEM is local mass conservation. Mosé
et al.22 and Kaasschieter23 reported that such a property gave a
more accurate calculation of flux in the potential problems for a
domain with heterogeneous permeability. Since the amount of
net flux across one element has a direct influence on the volumet-
ric change of the element in hydrogel swelling simulation, an ac-
curate calculation of flux is also of great importance. Malakpoor
et al.24 applied MHFEM in the simulation of the swelling of carti-
laginous tissues and achieved good agreement with the analytical
solutions in small deformation regime. To our knowledge, there
is no work available yet that enables a full 3D simulation of a
swelling hydrogel using MHFEM.

Instabilities are commonplace in our daily life, for example,
wavy patterns of the leaves25 and wrinkling of the human skin.
People used to avoid instabilities and study them as failure me-
chanics. However, thanks to the recent advances in the material
science and manufacturing technologies, the buckling instabilities
of soft materials (such as elastomers and hydrogels) are exploited,
leading to many interesting applications26,27.

Many studies have been dedicated to understanding the onset
of the instabilities (typically wrinkling and creasing) and pattern
formation of hydrogels induced by swelling. A pioneer work is
done by Tanaka et al.28, who reported transient surface instability
of a spherical ionized acrylamide gel during the free swelling ex-
periment. According to Tanaka et al.28, the cause for the surface
instability is anisotropic osmotic pressure along the gel radius. As
the outer layer swells first, the inner core is still relatively stiff
and therefore a compressive force arises leading to the buckling
of the outer surface. Later, Bertrand et al.21 also reported the
transient appearance of lobes during free swelling of a spheri-
cal poly-acrylamide hydrogel as the consequence of initial small-
scale roughness at the surface and the existence of compressive
(azimuthal) stress.

Besides spherical gels, the buckling behavior of thin gel films
fixed on a substrate has also been the center of the study from
both theoretical and experimental point of view. As a matter of
fact, the wrinkling or creasing of the film is caused by the same
mechanism: excessive compressive stress due to geometric con-

straints. Several studies applied linear perturbation analysis to
study the onset of the surface instability in the quasi-static state
under various situations29–31. A point perturbation method26

was introduced to analyze crease instability which is beyond lin-
ear stability analysis. Experimental work of Trujillo et al.32 sug-
gests a compressive strain of 0.33 irrespective of the gel thick-
ness for surface-attached polyacrylamide polymer hydrogels with
a wide range of shear moduli (600 Pa-24 kPa). Guvendiren et
al.33 reported that a critical expansion ratio of 1.12 for pattern
formation of PHEMA hydrogel films with a depth-wise crosslink-
ing gradient. By means of simulation, Toh et al.34 studied the evo-
lution of wrinkles. Kang et al.35 reported the appearance of wrin-
kles without external perturbation in a finite element swelling un-
der geometric constraint simulation.

In the current study, first different aspects of the swelling simu-
lations of the superabsorbent polymer are presented. Next, a sur-
face instability study is presented. The remainder of this paper is
organized as follows. In section 2, we introduce our physically-
motivated poromechanical swelling model. Numerical aspects of
the MHFEM simulations and several numerical examples are dis-
cussed in section 3. Finally, swelling-induced surface instability is
simulated. Simulation observations together with linear pertur-
bation analysis are presented in section 4. At last, conclusions are
drawn in section 5.

2 Poromechanical swelling model
Although gels are not a porous media in a traditional sense, we
take a poromechanical approach to model the swelling of a hy-
drogel. In poromechanics, the porous material mostly consists of
two phases: solid skeleton and pore fluid. The gel as a whole
is treated as the solid skeleton and the pore fluid refers to the
water that flows into/through the gel. Our model follows the
two assumptions made for the ideal elastomeric gels36. Firstly,
the total volume of the gel is the sum of the dry polymer and
the fluid absorbed. The condition is also known as molecular in-
compressibility. It basically expresses that the polymer chain and
the permeating fluid molecules are incompressible. Secondly, the
free energy of the gel is the sum of three parts: stretching of the
network, mixing between solvent and polymer and the energy
related to ionic osmosis.

2.1 Lagrangian formulation

There are two reference frames in continuum mechanics avail-
able: Lagrangian and Eulerian frames. In the Lagrangian frame,
the observer is attached to a material particle; while in the Eu-
lerian one, the observer is fixed in the geometric space. As a re-
sult, in solid mechanics problems, Lagrangian frame is a natural
choice and in fluid mechanics, Eulerian frame is the traditional
choice37. In this study, the displacement of the solid skeleton is
of primary interest; therefore, the Lagrangian frame is chosen.
In other words, the observer is fixed to the solid phase. Conse-
quently, nominal variables (variables that are defined in reference
to the initial configuration) are adopted to describe the system.

One of the important concepts in poroelasticity is porosity. It
refers to the local fluid volume fraction φ f at the current spa-
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cial point. Similarly, we define local solid volume fraction φs. In
two-phase (fluid and solid phases) porous media, we have obvi-
ously φ f +φs = 1. The nominal porosity measures the current fluid
phase volume per unit reference total volume, denoted by Φ f .
Since φ f dΩt = Φ f dΩ0, which captures the current fluid volume,
and dΩt = JdΩ0 where J = det(F) is the Jacobian of deformation
tensor F , we have the following relation:

Φ f = Jφ f . (1)

2.2 Swelling mechanism

There are three energy sources governing the swelling dynamic of
a polyacrylate gel: energy related to the mixing of the solvent and
polymer, energy related to the ions osmosis and elastic energy of
the polymer chains13. For the total free energy of the gel F , we
have:

F = Fmix +Fion +Felastic. (2)

The first two types of energy (Fmix and Fion) tend to stretch the
polymer chains due to the uptake of solvent molecules, while the
cross-linkers guarantee that the gel does not dissolve itself into
the solvent and evokes the elastic energy (Felastic) to balance out
the stretching force. Swelling equilibrium is achieved when the
total free energy reaches its minimum. Assuming the first two
contributions to swelling are independent of each other, we have
the total osmotic pressure Πtot :

Πtot = Πmix +Πion, (3)

where Πmix denotes the osmotic pressure relates to mixing and
Πion is the osmotic pressure related to ions osmosis. According to
Horkay38, Πion is the dominant part of the two at a high swelling
degree. In other words, Donnan theory (only) is adequate to de-
scribe the effect of the monovalent ions on the swelling of a poly-
acrylate hydrogel. The high swelling degree is the exactly the
scenario that we are interested in, the total osmotic pressure in
the current study is thus only the part related to ionic osmosis.
Namely, Πtot = Πion.

For a polyacrylate hydrogel (Fig. 1), Donnan osmosis leads to
a process that results in the uptake of a large amount of solvent.
Upon contact with the solvent (for example, pure water or phys-
iological solutions), the positive sodium ions in the gel can rela-
tively freely move around as the bond with the negative carboxy-
late ions is weakened due to the high dielectric constant of wa-
ter. However, they cannot leave the gel since they are still weakly
bonded to the negative carboxylate ions. As a result, the hydrogel
acts like a semi-permeable membrane which allows the exchange
of water molecules but not of sodium ions. Consequently, the os-
motic pressure differences arise in and outside of the gel. The
osmotic pressure due to ionic forces has to be compensated by
the hydraulic pressure difference and that gives rise to the uptake
of water.

We adopt Donnan theory to describe the osmotic contribution,
ignoring interactions between ions. It is also assumed that the
equilibrium of the ion phases is established instantly, in other
words, at a much shorter time scale than the mass intake of
the solvent. This assumption is justified by the following short
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Fig. 1 Schematic illustration of polyacrylate gel structure

calculation. The diffusion coefficient of ions dion is of the mag-
nitude 10−9m2/s39. The hydraulic pressure diffusion coefficient
dp is estimated by the multiplication of hydraulic permeability
K and Young’s modulus E. For a typical SAP gel, K is of or-
der 10−3mm4/(Ns) and E is 10−2N/mm2. Therefore, we have
dion/dp = 102, which shows that the ion diffusion happens indeed
much faster than mass fluid up-take for an SAP gel.

It is assumed that only uni-valent ions are present in the outer
solution. Under the condition that the activity coefficient of the
mobile ions is the same in the gel and in the equilibrium solution,
Donnan equilibrium concentration for the ions inside the gel are
derived19:

c+ =
1
2
(−c f c +

√
(c f c)2 +4c̄2), (4)

c− =
1
2
(c f c +

√
(c f c)2 +4c̄2), (5)

where c f c denotes active fixed charge (carboxylate group) density
and c̄ is the external solution ions (N+

a and Cl−) molar concentra-
tion. As a result, the osmotic pressure inside and outside of the
gel are given by van’t Hoff law:

πin = RT
√

(c f c)2 +4c̄2, (6)

πout = 2RT c̄. (7)

The osmotic pressure related to the ions osmosis is thus derived
as:

Πion = RT
√

(c f c)2 +4c̄2−2RT c̄. (8)

The chemical potential of the gel µ, in this case, is composed of
two parts: concentration related part (osmotic pressure) and the
mechanical part (pore pressure). The pore pressure in the gel p
is thus defined as21:

p = µ +Πion. (9)

To be able to describe the fluid-solid-ions coupled system quan-
titatively, governing equations supplemented with constitutive re-
lations are needed. In our current swelling model, three equa-
tions govern the system. They are (linear) momentum balance
equation, fluid content continuity equation and a Darcy type
equation. Details of the governing equations are given in the
three following subsections.
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2.2.1 (Linear) momentum balance equation.

Total stress σ consists of Terzaghi effective stress σ e f f and pore
pressure p:

σ = σ e f f + pI. (10)

This is a well-known relation in poromechanics40. The effective
stress is derived from the elastic strain energy function for the gel
Felastic by the relation:

σe f f = J−1F
∂Felastic

∂C
FT . (11)

The strain energy function Felastic takes the form41:

Felastic =
1

12
G
(1+0.5φs,0/J)
(1−φs,0/J)

ln2(det(C))+
1
2

G(tr(C))−3det(C)1/3,

(12)
where G is shear modulus and φs,0 is the initial solid volume frac-
tion. This elastic strain energy represents the compressible Neo-
Hooekan material law with the inclusion of the relation between
Poisson’s ratio ν and solid volume fraction φs: ν = 0.5φs = 0.5 φs,0

J .
This relation suggests that the molecular network is incompress-
ible when there is no fluid present (φs = 1). As the swelling pro-
ceeds, the gel takes a smaller and smaller Poisson’s ratio. This
is a reasonable description of the mechanical property of the gel,
since, as we can imagine, a swollen gel is much likely to experi-
ence volume change under compression due to fluid outflow than
a dry molecular network. The linear momentum balance written
in the Eulerian form is

∇ ·σ = 0, (13)

Its Lagrangian counterpart is

∇X ·T = 0, (14)

where the subscript X denotes the divergence operator is taken
with respect to the Lagrangian variable X; and T is the first
Piola-Kirchhoff stress tensor, related to the Cauchy stress tensor
by T = JσF−T .

2.2.2 Fluid content continuity equation.

Let V f and V s denote the Eulerian velocity of the fluid and solid
phase respectively. The Eulerian fluid continuity equation reads
as:

∂φ f

∂ t
+∇ · (φ f V f ) = 0, (15)

where we have made use of the assumption that the fluid is in-
compressible and therefore its true density is constant. If we
rewrite this equation referring to the skeleton motion, we have:

∂ sφ f

∂ t
+φ f ∇ ·V s +∇ ·q = 0, (16)

where the superscript "s" denotes the time derivative taken with
respect to the solid skeleton and q is defined as the filtration vec-
tor q = φ f (V f −V s). After a "pull back" operation on the equation
to the initial configuration, we arrive at the following form of the

continuity equation:

∂Φ f

∂ t
+∇X ·Q = 0, (17)

where Q is the Lagrangian vector attached to the original config-
uration and is related to its Eulerian counterpart as Q = JF−1q.
The nominal porosity Φ f is given in equation (1). Using the fact
that the solid phase is incompressible and there is no external
mass source during swelling, we have the solid phase mass con-
servation:

φs,0 = J(1−φ f ) = J−Φ f . (18)

Consequently, the fluid continuity equation reads:

∂J
∂ t

+∇X ·Q = 0. (19)

2.2.3 Darcy type equation.

The inflow of the fluid matter is driven by the gradient of chemical
potential under isothermal conditions42; while the equilibrium
state is characterized by the overall uniform value for chemical
potentials. A Darcy type equation relates the fluid flux to the
chemical gradient. We have namely:

Q =−K∇X µ, (20)

where K is related to the intrinsic (Eulerian) permeability k and
viscosity η by K = JF−1F−T k/η . The JF−1 part converts the Eu-
lerian flux to the nominal one, and F−T converts the Eulerian
gradient to the Lagrangian one. As to the specific form of perme-
ability k for an SAP gel, more discussion will follow in the next
section. The system is further closed by the constitutive relation
regarding c f c 41:

c f c = c f c
0

φ0, f

J−φ0,s
, (21)

where c f c
0 and φ0, f denotes the initial fixed charge density and

initial porosity respectively.

2.3 Strain-dependent permeability

Generally, hydraulic permeability changes according to the pore
structure of the porous material. Although such change is ne-
glected in linear poroelasticity, where the deformation is assumed
to be infinitesimal, such change plays an significant role in study-
ing the dynamic process involving (extremely) large deforma-
tions. In the case of SAP hydrogels, as the outer solution starts
to flow into the gel, the size of the pore is enlarged. However,
as the mass fluid permeation takes time, the inner core of the
gel stays with small pore size. Thus, heterogeneity in hydraulic
permeability inside a transient swelling gel arises.

It is natural to assume the permeability to be a function of the
porosity φ f . Making use of the fact that the volume of the solid
part stays unchanged during swelling, the porosity φ f at the dif-
ferent position of the gel can be directly calculated from the vol-
ume ratio J using the relation:

φ f = 1−
φs,0

J
. (22)
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There are different porosity-permeability relationships avail-
able designed for specific pore structures. Kozeny-Carman
model43,44 is one of the most widely known and simplest models
describing such a relationship. It was originally derived from the
experimental measurement of beds of closely packed spheres. A
nonlinear relationship between the volumetric strain and perme-
ability is observed by means of an experiment on articular carti-
lage45. Under the condition of molecular incompressibility, the
relationship between permeability and porosity is derived46 as:

k(φ f ) = k0(
1−φ f ,0

1−φ f
)M , (23)

where k0 is initial intrinsic hydraulic permeability and M is a pa-
rameter (a positive number) that can be fitted for specific ma-
terial. This relation is frequently used in biomechanical stud-
ies47. Extensive experiments have been done regarding polyacry-
lamide gel over the years. The dependence of friction coefficient
of a polyacrylamide gel on temperature, the concentration of the
polymer solution and the concentration of the crosslinker was re-
ported by Tokita48. Later, further investigation into the influence
of flow velocity and polymer concentration on the gel’s perme-
ability using different experimental techniques was done by Grat-
toni49. Recently, Engelsberg50 related the friction coefficient to
permeability and proposed the following law:

k(φ f ) = k0
φ f

(1−φ f )β
, (24)

where the β is a material parameter and has been suggested the
value of 1.5,1.85 and 1.7548–50. The normalized version of (24)
is:

k(φ f ) = k0
(1−φ f ,0)

β

φ f ,0

φ f

(1−φ f )β
. (25)

3 Numerical simulations

The numerical implementation of MHFEM features a three-field
mixed formulation (x,Q,µ). The motivation for choosing such
a formulation lies in the fact that the local mass conservation is
naturally preserved. Unlike in standard FEM (Fig. 2), the mixed
formulation avoids numerical differentiation by calculating flux
as an independent variable. The advantages of local mass conser-
vation property become obvious when the permeability tensor is
non-homogeneous22,23. This observation gives rise to the use of
the mixed formulation in this study, considering the fact that the
permeability tensor is usually not uniform over the domain dur-
ing swelling. Moreover, an accurate calculation of the (transient)
flux field has a direct influence on the accuracy of the (transient)
deformation field.

On the other hand, from the computational point of view, the
computational cost is not necessarily increased due to the addi-
tion of flux field. Hybridization procedure and static condensa-
tion technique51 guarantee that the eventual system can be re-
duced to two fields again: x and λ , where λ is the Lagrange mul-
tiplier defined on each edge with the physical meaning of chem-
ical potential. For more details see (how to cite my first paper).
As a result, the tangent stiffness matrix is not significantly larger

than the one with (x,µ) formulation.
In this section, the proposed numerical model is first verified

with two classic problems in poroelasticity in a three-dimensional
setting. Next, we introduce a MATLAB-calculated solution (for
free swelling) in one dimension as a benchmark for the calcu-
lations in finite deformation regime. Having observed a perfect
match between simulation solutions and analytical solutions, we
proceed with three representative numerical examples to demon-
strate the capability of the proposed numerical model.

Fig. 2 A schematic illustration of violation of local mass conservation.
There is loss of mass across the element boundary due to numerical
differentiation.

3.1 Solution verification: Terzaghi’s problem and Cryer’s
problem

We first carry out simulations of the Terzaghi’s problem52,53 in
three-dimensional settings. Specifically, we compress the sample
in the z-direction (0.01 MPa) and disallow any displacement in
the x- and y-directions. Fluid drainage happens at the upper sur-
face and the lower surface is impermeable. Note that in Terzaghi’s
problem there are no fixed charge groups involved. Therefore, the
chemical potential is reduced to fluid pressure. Moreover, the an-
alytical solution is limited to small deformation. We increase the
shear modulus 200 times (30 MPa) to make sure that the defor-
mation is infinitesimal. Fig.3 plots the simulation and analytical
solutions.
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Fig. 3 Analytical and simulation solutions of the pressure profile along
the z-direction at time t=0.3 s and t=0.1 s

The next classic problem is the Cryer’s problem54. In Cryer’s
problem, a spherical soil sample is subjected to a constant pres-
sure (0.1 MPa) from all sides. Cryer’s original solution54 calcu-
lated the pressure at the middle of the sphere. In Fig. 4 the sim-
ulation solution is compared to the analytical one. The overshoot
of the pressure at the beginning stage in Cryer’s problem is the
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well-known Mandel-Cryer effect. We observe that good matches
between the analytical and simulation solutions are achieved for
both Terzeghi’s and Cryer’s problems.
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Fig. 4 Analytical and simulation solutions of the time evolution of the
pressure at the center

3.2 Solution verification in finite deformation regime
Having compared the solutions to the classic problems in poroe-
lasticity, we next present a MATLAB-calculated solution in finite
deformation regime in one dimension. The governing equations
in one dimension can be reduced to one parabolic type of equa-
tion of volume ratio J:

∂J
∂ t
− ∂

∂ t
(

k
J

∂ (σe f f −π)

∂x
) = 0, (26)

where k,σe f f and π are nonlinear functions of J, representing
the hydraulic permeability, effective stress and osmotic pressure
respectively. Initial and boundary conditions for free swelling are:

J(x,0) = 1, 0≤ x≤ 1 (27)

− k
J

∂ (σe f f −π)(J(1, t))
∂x

= 0, 0≤ t ≤ T (28)

(σe f f −π)(J(0, t)) =−2RT c̄, 0≤ t ≤ T. (29)

Such a partial differential equation can be solved by MATLAB in-
ternal solver and solution is used as a benchmark. We compare
both the deformation and chemical potential field of the MHFEM
solution to the benchmark solution in Fig. 5 and 6. The good
agreement between MHFEM solution and the benchmark solu-
tion gives us confidence in terms of the reliability of the MHFEM
model.
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3.3 Numerical examples
The capability of the model is demonstrated by three numerical
examples. We focus on two academically and industrially rel-
evant scenarios: free swelling of a gel and squeezing fluid out
of a swollen gel. The geometry of the gel is taken to be three
dimensional, specifically, a cube, a sphere or a random irregu-
lar shape (derived by means of scanning a real-life SAP particle).
The set of material parameters used in the model is given in Table
1. Equation (25) is chosen for the strain-dependent permeability
relationship with β = 1.5.

Table 1 Model parameters

Parameters value unit
Shear modulus G 0.015 N/mm2

Initial hydraulic permeability k0 10−3 mm4/(Ns)
Initial porosity φ f ,0 0.83
Universal gas constant R 293 K
Osmotic coefficient Γ 1
Initial fixed charge density c f c

0 3.32×10−4 mol/ml

3.3.1 Free swelling of a spherical hydrogel

Our first numerical example is the free swelling of a spherical
gel partitioned into eight quadrants (Fig. 7). The initial radius
r0 equals 0.25 mm and is discretized by 2560 linear hexahedral
elements. Outer solution concentration (c̄) is taken to be 1.54×
10−5mol/ml. The swelling ratio at the equilibrium state is about
70.7.

Fig. 7 Spherical gel geometry

The boundary conditions are prescribed as follows: µ =−2RT c̄
for all elements on the outer surface; Origin O (in all three dimen-
sions) and one cutting plane of one of the quadrants (in its initial
2D plane) are fixed to avoid rigid motions. Initial conditions are:

µ =−RT Γ

√
(c f c

0 )2 +4c̄2 and x = X0. We introduce dimensionless
quantities to present the simulation results. By means of scaling,
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normalized quantities are derived:

t̃ =
t
tc
, σ̃ =

σ

σc
, µ̃ =

µ

σc
, k̃ =

k
kc
, (30)

where the scaling factors for time, stress, chemical potential and
permeability are tc = r2

0/2RT c̄k0, σc = 2RT c̄ and kc = k0.
The location, magnitude and direction of extremal stresses

(maximal and minimal principal and shear stress) are useful to
be identified in structure design. Above a certain limit of these
stresses, material failure might occur (e.g. the initiation of frac-
ture). In Fig. 8, the distribution of normalized maximal principal
stress at the surface at four different transient swelling moments
was plotted. We plotted the extremal stress distribution on the
outer surface (not in the depth direction) since the outer surface
swelled first and experienced the largest local deformation and
thus represented the whole range of extremal stresses. The evo-
lution of maximal principal and shear distribution on the surface
in time can be found in the Electronic Supplementary Information
(Movie 1 and Movie 2). Fig.8 shows that the maximal principal
stresses tend to be uniform over the sphere surface as the swelling
continues. The distribution of the stresses in transient states ex-
hibits quadrant-wise symmetry. The authors speculate the loss of
uniformity over the surface is related to physical surface instabil-
ities. Moreover, Fig.8(b) indicates that the spherical shape was
temporarily replaced by a shape close to cube. Later, the maxi-
mal principal stress evolved into a hexahedral spherical harmonic
buckling mode (Fig. 8(c)).

Fig.9 and 10 present the normalized chemical potential and
permeability in the depth direction during transient swelling. The
complete chemical potential evolution movie is included in ESI
(Movie 3). The transient states exhibited strong inhomogeneity in
terms of chemical potential and permeability. For both chemical
potential and permeability, the outer surface has the largest value
gradually decreases along the radius to the inner core. However,
one exception is shown in Fig. 9(a). Given a closer look at the
chemical distribution at the very beginning of the swelling, the
lowest chemical potential appears not in the core but the layer
underneath the top surface. An intuitive explanation is that at
the moment right after the sample starts to swell, the inner core
is dry and undeformed. As a result, the pressure related to the
expansion of the outer surface is thus applied to the neighboring
layer which leads to the lowest chemical potential of the whole
sample. This phenomenon is similar to the well-known Mandel-
Cryer effect in poroelasticity, which described the non-monotonic
response of pressure to external loading55.

3.3.2 Free swelling of a realistic SAP particle

The SAP particles were measured in a micro-CT setup with 6µm
resolution. They were put on a Petri disk such that they did not
touch any other particles. Then they were imaged to obtain a
stack of 2-dimensional images. Then they were imported into
avizo image analyzing software, where the surface plots were ex-
tracted. We make use of the commercial FEM simulation soft-
ware ABAQUS to recover their volumetric geometries and gener-
ate meshes on them. Due to the irregularity in the geometry, au-
tomatic hexahedral element generation is no longer possible. A

natural alternative is the 10-node quadratic tetrahedral element,
which is reported to have equivalent performance as the linear
hexahedral element56. One example of the (meshed) particle ge-
ometries is given in Fig. 11. Although there is no longer symmetry
preserved in such a geometry, we divide the gel domain into eight
(approximately equal-sized) quadrants. As the first attempt, we
simulate a quadrant of such a complex geometry (Fig. 12) using
365 quadratic tetrahedral elements.

The outer three-dimensional and irregular surface (where node
A,B,C are in) is in contact with the outer solution whose concen-
tration (c̄) equals 1.54× 10−4mol/ml. The swelling ratio in the
equilibrium state is about 12.34. The outer (irregular) surface as-
sumes Dirichlet boundary condition (Γ

µ

D) for chemical potential
(µ = −2RT c̄). The inner surfaces (OAB,OBC,OAC) takes no flow
boundary conditions (Γ

µ

N). The symmetry requirement for the po-
sition field asks for no displacement in z direction for surface OAB,
no displacement in x direction for surface OAC and no displace-
ment in y direction for surface OCB. At the end, the whole sample
has traction free boundary conditions. To sum up, we have:{

x(X , t) = X0 on Γu
D× [0,T ],

T (X , t) ·n = 0 on Γu
N × [0,T ],

(31)

and {
µ(X , t) =−2RT c̄ on Γ

µ

D× [0,T ],
Q(X , t) ·n = 0 on Γ

µ

N × [0,T ],
(32)

The initial conditions are:

x(X ,0) = X0, (33)

µ(X ,0) =−RT Γ

√
(c f c

0 )2 +4c̄2. (34)

The maximal principal stresses distribution at four different
moments are given in Fig. 13. The complete evolution of max-
imum principal and shear stresses and chemical potential of the
quadrant during swelling are included in ESI (Movie 4,5 and 6).
Just like we observed in the spherical simulations, the extremal
stresses tend to distributed uniformly as the swelling degree in-
creases. However, due to the complexity of the geometry, the
distribution of the extremal stresses becomes much more tricky
to predict. The area near point C and the middle region of the
outer surface seem to be the area of interest with the most of-
ten appearance of the maximum/minimum value of the extremal
stresses. The distribution of chemical potential values are alike
the spherical cases with higher values at the outer surface and
gradually decrease along the radius to the core.

3.3.3 Squeezing a cubic gel

In this example, we let a cubic gel discretized by 6× 6× 6 linear
hexahedral elements subject to compressive surface forces in all
three principal directions to simulate squeezing the solvent out of
the gel mechanically. The gel was initially in a stress free-state
and in equilibrium with the outer solution with the concentration
c̃ = 0.037mol/ml. All faces of the cube are in fluid exchange with
the outer solution and are subjected to the inward normal com-
pressive surface forces. Specifically, the boundary conditions can
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Fig. 8 Maximal principal stress on the gel sphere at different moments
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Fig. 9 Normalized chemical potential in the gel sphere at different moments
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Fig. 10 Normalized permeability in the gel sphere at different moments

Fig. 11 Tetrahedral mesh on a SAP particle
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Fig. 12 Tetrahedral mesh on a quadrant of a SAP particle

be written as:{
x(X , t) = X0 on Γu

D× [0,T ],
T (X , t) ·n = Fext on Γu

N × [0,T ],
(35)

and {
µ(X , t) = 0 on Γ

µ

D× [0,T ],
Q(X , t) ·n = 0 on Γ

µ

N × [0,T ],
(36)

where ‖Fext‖ = 0.03N/mm2 denotes the magnitude of the com-
pressive surface force. The initial conditions are:

x(X ,0) = X0, (37)

µ(X ,0) = ‖Fext‖. (38)

The chemical potential and the geometry change of the cubic
gel in the initial, transient and equilibrium states are given in Fig.
14. A complete time evolution of the chemical potential contour
plot is given in ESI (Movie 7). At the initial state, the chemical po-
tential is uniform and equals the applied force (Fig.14(a)). Under
squeezing, the outer most corner undergoes the largest deforma-
tions since it suffered from the most compressive forces (from all
three directions). However, as it took time for the solvent to flow
out of the gel, the compressive force also led to temporary bulging
of the cubic gel on each face as indicated in Fig. 14(b) and Fig.
14(c). Eventually, as the solvent got completely depleted (chemi-
cal potential equals zero uniformly), the compressive forces were
completely applied on the solid skeleton and the cubic shape was
recovered as shown in Fig. 14(d).
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Fig. 13 Maximal principal stress on the gel sphere at different moments
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Fig. 14 Chemical potential in a cubic gel at initial, during squeezing and equilibrium states

4 Surface instability study
In this section, a linear perturbation analysis following the work
presented in30 but using the proposed material law is presented.
Next, we make use of the MHFEM swelling model to simulate
a thin gel slab swelling fixed on a rigid substrate in two dimen-
sions. Surface instability (typically wrinkling) is observed. Obser-
vations related to the onset of the instability are summarized. At
last, a three-dimensional swelling simulation of a tubular struc-
ture with constraints is presented. The circumferential wrinkling
behavior is qualitatively compared with experimental results57.
In this study, we aim to demonstrate the capability of the pro-
posed numerical model in simulating complex swelling-induced
surface instabilities as well as bridge the knowledge we obtained
from both sources (theoretical analysis and simulations) to gain a
better understanding about the onset of the buckling instability.

4.1 Linear perturbation analysis

In perturbation analysis, we perturb a swollen state thus it is es-
sentially a quasi-static analysis. Also, only linear contributions
of the infinitesimal perturbation are considered while the equi-
librium swollen state is computed from the non-linear theory. To
examine the stability of the swelling deformation, we perturb the
swollen state with small perturbations in both x and y directions,
u1 and u2. The swelling is laterally confined (in the x-direction),

thus swelling is only allowed in the y-direction. Therefore, the
swollen state can be characterized by the ratio of the gel thick-
ness in y-direction λ .

The deformation tensor F in the perturbed state is given by:

F̃ =

(
1+ ∂u1

∂x λ
∂u1
∂y

∂u2
∂x λ (1+ ∂u2

∂y )

)
. (39)

Thus, the volume ratio J is calculated as

J = det(F̃)≈ λ (1+ ε), (40)

where ε = ∂u1
∂x + ∂u2

∂y . Demanding the linear momentum balance
to hold at the perturbed state, we have:

T̃ = 0, (41)

where T̃ is the first Piola-Kirchoff stress in the perturbed state.
Note that for the perturbed stress tensor, only the effective part is
modified based on the perturbation. The hydraulic pressure part
p stays unchanged and satisfies the equilibrium condition at the
unperturbed state:

σ e f f − pI = 0. (42)

Using Fourier transform to solve equation (41), follow-
ing the derivation presented in30, one can derive critical
swelling ratio λcr by solving the following nonlinear equation:

det


1 1 1 1
−λ λ −β β

(λ + 1
λ
)ekh0 −(λ + 1

λ
)e−kh0 2βekβh −2βe−kβh

2λekh0 2λe−kh0 (λ + 1
λ
)ekβh (λ + 1

λ
)e−kβh

= 0, (43)
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where k is the wave number, h0 is the initial thickness, h = λh0

is the thickness at the unperturbed state. At last,

β =
√
(1+λgε (λ ))/(λ 2 +λgε (λ )), (44)

where gε (λ ) is nonlinear function of λ derived from the spe-
cific constitutive relations. Using the given constitutive relations
(equation 12), gε is given by:

gε (λ ) =−
1
6

lnλ

λ
hε (λ )−

1
6
(

1
λ 2 −

lnλ

λ 2 )h(λ )+
1
3

λ
−4/3, (45)

where

h(λ ) =−1+3
−λ 2 +φ 2

s,0 + ln(λ )λφs,0

(−λ +φs,0)2 , (46)

hε (λ ) = 3
φs,0λ lnλ +φ 2

s,0 lnλ +3φ 2
s,0−3φs,0λ

(−λ +φs,0)3 . (47)

In both analysis and simulation, we set the initial thickness h0

to be 0.5mm and initial length. In Fig. 15 the critical swelling
ratios as function of wave number kh0 with different initial poros-
ity φ f ,0 are plotted. Just as derived from30, the critical swelling
ratios decrease initially as the wave number increases but stop
decreasing when the wave number exceeds a certain limit. In
other words, the perturbations with longer wavelength tend to
stabilize the surface, whereas there exists a limit for the shorter
wavelength end beyond which the critical swelling ratio stays the
same. On the other hand, as the initial porosity φ f ,0 decreases,
which correspond to a smaller degree of swelling, the predicted
critical swelling also decreases.
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Fig. 15 Critical swelling ratio curves under different initial porosity

4.2 Swelling of a thin gel slab on a rigid substrate in 2D
Swelling under certain constraint induces a compressive stress
in the gel. Such compressive stresses are observed in experi-
ments21,28,32,33 and identified as the source of surface instabil-
ities (wrinkling and creasing). Theoretical work based on energy
analysis58 and linear perturbation30 predicts the critical swelling
ratio at the equilibrium state. However, surface instabilities also
happen during transient swelling. In this section, we focus on a
2D simulation of a thin gel slab attached to a rigid surface using
the proposed swelling model. Since the gel slab is fixed in the

plane and its dimension in the plane is significantly larger than in
out-of-plane direction, the swelling will only happen in the thick-
ness direction.

The schematic illustration of the initial geometry is given in
Fig.16. The initial thickness (distance between AB) is set to be 0.5
mm. The bottom side of gel slab is fixed to the rigid surface BC and
with zero flux. The top side (AD, length 5 mm) is in touch with
the outer solution (with ion concentration 2.1×10−5 mol/ml) and
traction free. On the two sides (AB and CD) symmetric boundary
conditions apply: zero displacements, shear and flux in the x-
direction.

A D

CB

y

x

Outer solution

Fig. 16 Schematic illustration of a thin gel layer attached to a rigid
surface

Using above simulation set-up, surface instabilities were ob-
served during transient swelling at non-equilibrium state with-
out perturbations. Typically, the surface instabilities initially pre-
sented itself as smooth wave-like wrinkles. As the swelling went
on, the smooth waves developed into crease-like wrinkles with
deep grooves (see Fig. 17). However, since there was no contact
defined in the model, post-buckling behavior (creasing typically)
was not able to be captured by the current numerical model. The
negative values of normal stress in Fig. 17 again verifies the com-
pressive stress rose during transient swelling.
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Fig. 17 Wrinkle development at the top surface of a swelling hydrogel
slab on a rigid surface with color contour for in-plane normal effective
stress σ11

Simulation-wise, the onset of surface instability is usually iden-
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Fig. 18 Trajectories of node D during swelling with different mesh sizes
and swelling conditions

tified by a sharp turn (discontinuity in differential) in the trajec-
tories. In Fig. 18, the trajectories of node D is plotted for variable
permeability, constant permeability and with lower fixed charge
density. For the variable permeability, as we gradually increased
the number of horizontal elements, the onset of surface insta-
bility appeared. Specifically, the more horizontal elements, the
sooner the wrinkles appeared. For constant permeability (which
implies a less sharp change in displacement) and lower initial
fixed charge density (which implies smaller swelling ratio in the
equilibrium state), there were no surface instabilities observed
throughout the swelling even for a large number of horizontal el-
ements. We note that as the number of elements increases, the
simulated critical swelling ratio starts to approach the theoretical
prediction of the critical swelling ratio (about 1.4, see Fig. 15).
This finding is in agreement with the work of Bouklas et al.59,
where the authors also found that the instability delays depend-
ing on the element size. We speculate that the finite dimensional
approximation of the geometry acts as a "low-pass filter", by use
of which the smallest deformations caused by surface instabilities
are filtered out.

In spite of mesh-dependency and delay in the prediction of the
onset of surface instabilities using given numerical approach, sim-
ulations results can still provide some useful insights into the in-
fluence of various swelling-related factors on the onset of insta-
bility. In what follows, we investigate the influence of material
parameters (shear modulus, initial fixed charge density and ini-
tial porosity) and the choice of permeability laws on the onset of
instabilities using a fixed mesh size and time step size. We also
relate our simulation results with experimental results reported
different literature.

First of all, we investigate the influence of choice of permeabil-
ity laws on the onset of surface instabilities. Permeability laws
typically influence the speed of swelling but not the final swelling
degree. A faster swelling process should result in more local com-
pressive stress during transient swelling. This conclusion is sup-
ported by the simulation results. Using exactly the same material
parameters and boundary conditions, only varying the choice of
permeability laws, simulations are carried out for different initial
fixed charge densities (±50% of the standard value 3.32× 10−4

mol/ml). Fig. 19 shows that simulations with variable permeabil-

ity laws exhibited surface instabilities during transient swelling;
while with constant permeability (which means slower volume
increase, see also Fig. 18) there appeared no surface instabilities
throughout the swelling process and reached an equilibrium state
with a final swelling ratio ranging from 3.5 to 6.5. Note that per-
meability law 1 refers to the permeability law given in equation
(23) with M = 2 and law 2 refers to equation (25) with β = 2.5.
Although the form of (variable) permeability laws are different,
the swelling ratios at the onset of instabilities were very close to
each other for all the initial fixed charge densities.
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Fig. 19 Critical swelling ratios with different permeability laws
(permeability law 1, permeability law 2 and constant permeability) under
given initial fixed charge density range.

Next, we investigate the influence of shear modulus and ini-
tial porosity on the onset of instabilities. A larger shear modu-
lus suggests a stiffer gel (usually achieved by higher cross-linking
degree) and therefore leads to a smaller swelling degree in the
equilibrium state. On the other hand, a smaller initial porosity
suggests a smaller degree of swelling in equilibrium. The double
y-axis plot (Fig.20) shows that there is no strict monotonic corre-
lation between these two parameters and the swelling ratio at the
onset of instabilities. As a matter of fact, the swelling ratios fall
pretty much into a range between 1.45 and 1.65 for shear modu-
lus between 6 kPa and 24 kPa and initial porosity between 0.6 and
1. The swelling ratio at the onset of instability (or equivalently
critical strain) we found here is lower than the value reported in
other literature. Specifically, Trujillo et al.32 and Drummond et
al.60 reported the experimental results of 2 and 2.6 for creasing.
Hong et al.58 derived the ratio to be 2.4 analytically using en-
ergy method. The discrepancy can be caused by the difference
between "creasing" and "wrinkles"26,33. The critical conditions
reported in the literature are applicable for creasing; while the
critical swelling ratio we recorded is the first moment of irregu-
larity in displacement, in other words, the beginning of wrinkles.

At last, the boundary between stable and unstable states is
studied. By running simulations using given shear modulus and
initial fixed charge density pairs, the stable/unstable states were
recorded. As shown in Fig. 21, towards the higher shear modu-
lus and lower fixed charge density end, the gel slab is most likely
to be stable (indicated by red dots) and the other end (lower
shear modulus and higher initial fixed charge density) to be un-
stable (indicated by blue diamond markers). These results are in
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Fig. 20 Swelling ratios at the onset of instabilities with various shear
modulus (blue line) and initial porosity (red line).

agreement with the experimental findings reported by Trujillo et
al.32 (see Fig. 22), in which the sodium acrylate content (which
determines the fixed charge density) and bisacrylamide (cross-
linker) content of a poly (acrylamide-co-sodium acrylate) hydro-
gels (which determines the shear modulus) were varied.
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Fig. 21 Stability diagram indication stable/unstable pair of given shear
modulus and fixed charge density. Red dot: stable, blue diamond:
unstable.

Fig. 22 Experimental results from Trujillo et al. 32: stability diagram
indicating the region of composition space for which surface-attached
poly(acrylamide-co-sodium acrylate) hydrogels form creases.

4.3 Swelling of a gel tube in 3D
This example is inspired by the experimental results reported by
Lee et al.57. The schematic diagram of the gel tube geometry is
given in Fig. 23. The geometry is featured by three parameters:
diameter D, height h and thickness t. One side of the tube is fixed
and the other side is in touch with the other solution. Due to
the geometry constraint, circumferential wrinkling might occur
during swelling. According to Lee et al.57, the gel geometry (es-
pecially h/D and t/h) has a dominant influence on the buckling
of the swelling gel. Especially, a smaller normalized thickness t/h
implies a larger chance of instability and a smaller normalized
height leads to a larger wave number in the buckling pattern.

D

h

t

Fig. 23 Initial gel tube geometry illustration

Using proposed numerical model the scenario described above
is simulated. We examine three sets of geometry parameters
(D, t,h): "standard", "thick" and "tall" using the same time steps
and mesh size assuming constant permeability. For the "standard"
set, we set (D, t,h) = (5,0.2,0.6)(mm). The chemical potential con-
tour plot of the tubular gel at different moments is given in Fig.
24. We double the thickness and height of the "thick" and "tall"
set. In other words, we have (D, t,h) = (5,0.4,0.6)(mm) for the
"thick" set (Fig. 25) and (D, t,h) = (5,0.2,1.2)(mm) for the "tall"
set (Fig. 26). The evolution of these chemical potential contour
plots in time are included in ESI. We observe that in the standard
set, buckling appeared as a wave-like pattern and ended up with 6
wrinkles. The "thick" set did not show any buckling at all and the
"tall" set showed buckling but with fewer wrinkles (4 instead of
6). To sum up, our simulation results are in complete agreement
with the experiment in terms of the relationship between the ge-
ometry and buckling behavior. Moreover, the buckling patterns
observed in the simulations resemble the ones from the experi-
ment.

At last, we investigate the influence of the strain-dependent
permeability on the buckling behavior. In the "thick" set, instead
of constant constant permeability, we apply the permeability law
given in equation (25) with β = 1.5. The chemical potential con-
tours are plotted in Fig. 27. We see that the buckling appeared
and with 5 winkles this time. This result suggests that the appear-
ance of buckling is not only related to geometry but also to how
fast the fluid permeates into the gel.

5 Conclusions
In the current work, we presented a numerical model to simu-
late the swelling of SAP hydrogel in three dimensions with ar-
bitrary shape. The main swelling mechanism features Donnan
osmosis instead of the mixing energy61,62 due to the existence of
the fixed charge groups. The proposed numerical approach (MH-
FEM) guarantees a more robust and accurate calculation of the
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Fig. 24 Contour plots of chemical potential on the "standard" tubular gel with constant permeabilitiy at different moments
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Fig. 25 Contour plots of chemical potential on the "thick" tubular gel with constant permeabilitiy at different moments
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Fig. 26 Contour plots of chemical potential on the "tall" tubular gel with strain-dependent permeabilitiy at different moments
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Fig. 27 Contour plots of chemical potential on the "thick" tubular gel with strain-dependent permeabilitiy at different moments

flux field as well as the deformation field in transient swelling
simulations, therefore, suitable for simulations that involve ex-
tremely large deformations.

Simulation results are first compared with analytical solutions
of two classic poromechanical problems (Terzaghi’s problem and
Cryer’s problem) in small deformations. Next, the results are
compared with a benchmark solution calculated by MATLAB in
one dimension. The good agreement between the two indicates
the reliability of the model in the finite deformation regime. To
demonstrate the capability of the numerical model, we presented
three numerical examples: free swelling of a spherical gel, free
swelling of a gel with realistic geometry and squeezing of a cubic

gel. Maximal principal stress and chemical potential are shown in
the form of contour plots to indicate the swelling state at a given
moment.

As next step, we make use of the proposed numerical model
to study the onset of the surface instability (typically bucklings).
Specifically, the influence of the various parameters (mesh sizes
and material parameters) on the onset of instabilities are investi-
gated in a swelling two-dimensional thin gel slab scenario. The
numerical model is able to capture a large (local) deformations
generated by wrinkling until self-contact occurs. Note that all the
surface instabilities we observed in the simulations resulted from
transient swelling without any initial perturbation. As a conse-
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quence, it is not possible to do a straightforward comparison with
the results we derived from the linear perturbation analysis at the
equilibrium state. However, the swelling ratios we derived from
the simulations are typically between 1.4 and 2.1 which is in ac-
cordance with the linear perturbation analysis and experimental
results32. The three dimensional swelling of a tubular gel under
geometric constraints is another demonstration that the model
is able to capture complex 3D buckling patterns. Moreover, the
buckling patterns are qualitatively in accordance with the experi-
mental findings.

To sum up, MHFEM model provides an alternative for model-
ing of swelling hydrogels. In the simulation involving extremely
large deformations, MHFEM provides a more robust and accurate
solution than the methods without the local mass conservation
properties for the fluid transport. The surface instabilities simu-
lation results are good demonstrations for the capabilities of the
proposed numerical model.
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