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Topologically Safe Curved Schematization

⇤
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Abstract

Traditionally schematized maps make extensive use
of curves. However, automated methods for schema-
tization are mostly restricted to straight lines. We
present a generic framework for topology-preserving
curved schematization that allows a choice of qual-
ity measures and curve types. Our fully-automated
approach does not need critical points or salient fea-
tures. We illustrate our framework with Bézier curves
and circular arcs.

1 Introduction

A schematized map uses shapes of low complexity to
represent geographic objects. So far, most research
on automated schematization has concentrated on
straight line segments with restrictions on the admis-
sible directions. Many manually produced schema-
tized maps, however, make use of curves [12]. Curves
have greater expressive power than line segments: sev-
eral line segments can often be replaced by a single,
low-degree curve. This can make it easier to interpret
maps (see Fig. 1).
When using curves in cartography we need topo-

logically sound results. Generalization and other geo-
processing operations are often implemented in recur-
sive processes that repeatedly make expensive checks
for topology violations. Removing detected intersec-
tions is a challenge as well, triggering more checks for
curve-curve intersections. To the best of our knowl-
edge, our framework is the first that ensures topol-
ogy preservation for curved schematization operations
while avoiding repeated checks for intersections.

Contribution. We describe a generic framework for
computing curved schematizations of simple polygons
that maintain the topology of the input. Our frame-
work segments the input polygon at a subset of its ver-
tices and fits curves to the resulting polygonal chains,
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Figure 1: Languedoc-Roussillon [1], Corsica [2].

which consist of one or more (consecutive) edges of
the input polygon. To ensure that the result of this
operation is topologically correct, we use the Voronoi
cell of each chain and constrain the curves to remain
within these cells.
To use the framework two components need to be

specified. The first is a method to fit a simple curve
to a polygonal chain. The second is a distance mea-
sure which expresses how well the curve fits. There
are two requirements for a simple curve fit. First, the
curve must start and end at the endpoints of the cor-
responding chain. Second, the curve may not have
self-intersections. The distance measure can be any
function that assigns a non-negative value to the com-
bination of a curve and a chain. A low value should
indicate a high quality of fit. Straight lines are also
curves and could be used in our framework, resulting
in “classic” simplification.
The quality of the schematization depends on the

segmentation. We formulate the problem of finding
the best segmentation as an optimization problem
(Section 2). Hence we do not need critical points or
salient features to be specified by the user. To illus-
trate our framework we use Bézier curves (Section 3)
and area-preserving circular arcs (Section 4) to gen-
erate curved schematizations of territorial outlines.

Related work. Automated simplification and
smoothing with straight lines have received signifi-
cant attention over the years. Mustafa et al.[11] use
Voronoi cells for topologically safe simplification and
heuristics to speed up the process. Our framework
with straight lines and the directed Hausdor↵ distance
yields a similar setting. Van der Poorten and Jones
[18] use constrained Delaunay triangulations to find
and simplify features in a topologically safe way.
A variety of methods fit a (cubic) Bézier curve to
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a polygonal line [9, 15, 16]. However, these meth-
ods often do not avoid intersections nor is it obvious
how to adapt the fitting process to avoid intersections
when fitting multiple curves. Schneider [15] applies
a heuristic similar to Douglas-Peucker to fit multi-
ple curves, in essence using critical points. Shao and
Zhou [16] also use critical point detection before fit-
ting Bézier curves. B-splines have been applied to ap-
proximate polygons [7, 14]. Intersections of di↵erent
splines, however, still need to be checked and resolved
separately. Existing work on automated schematiza-
tion of shapes is sparse. So far it has concentrated on
straight-line drawings.
Drysdale et al. [5] present an algorithm to compute

an approximation with a minimal number of circular
arcs for a given tolerance region and a set of “gates”.
However, requirements on these gates prevent a sig-
nificant complexity reduction. Heimlich and Held [8]
describe how to generate smooth approximations with
circular arcs using tolerance bands. Their framework
allows other curves, but cannot guarantee optimal re-
sults. Also, smooth approximations are not always
suitable for schematization. Neither of these methods
can incorporate area-preservation constraints.

2 Computing optimal segmentations

As stated earlier, the quality of the final schematiza-
tion depends on the segmentation. In this section we
describe how to e�ciently use dynamic programming
to find an optimal segmentation.
We first compute the edge-based Voronoi diagram

of the input polygon. Every Voronoi cell is a simple
polygon (potentially unbounded and with parabolic
parts) without holes. The Voronoi cell of a chain is
the union of the Voronoi cells of its edges. To guaran-
tee topological correctness, we ensure that the union
of cells remains a simple polygon without holes (see
Fig. 2).
To be able to quickly change the parameters of the

schematization, we pre-compute a two-dimensional
table T . Let P [i, j] denote the chain of the input
polygon from vertex i to vertex j. For i = j, this
is the entire polygon. Each entry T [i, j] in the table
will contain the curve fitted to P [i, j] and a value that
indicates the quality of the fit. For each entry of T

(a) (b)

Figure 2: (a) Dashed curve lies in the cell but violates
topology. (b) Union considers the pocket.

we compute the associated cell and fit a curve to the
chain. If the curve lies within the cell, we compute
the quality of the fit and store it. If not, we disallow
the use of this curve by setting T [i, j] = 1 to ensure
topological correctness.
Let F (v) represent the time required to fit a curve

to a chain with v vertices, check whether the curve
lies within the chain’s cell, and compute the quality
of the fit. Let n denote the number of vertices of
the polygon. Since the table has n2 entries, it takes
O(n2F (n)) time to compute the lookup table.

To obtain a schematization from the table T , we
select the curves representing a collection of consec-
utive chains which together constitute the complete
polygon. We distinguish two variants, as described
below. We first explain, for each of these variants,
how to compute the value of the optimal solution, as-
suming that we start at vertex 1. In the presentation
of both variants we assume that T [i, j] denotes only
the quality of fit of the curve fitted to P [i, j]. For sim-
plicity of explanation we define T [j, n+ 1] = T [j, 1].

Min-# problem. For the min-# problem, we wish
to minimize the number of curves that are used, if
the distance of each curve has to be at most ✏. The
minimum number of curves needed can be determined
by computing the values of the following expression
for i = 1 up to i = n+ 1:

OPT [i] =

(
0, if i = 1

min1j<i and T [j,i]✏ OPT [j] + 1, if i > 1

The computation takes O(n2) time and the end re-
sult is OPT [n+ 1]. A solution is guaranteed to exist
if the curve representing a single line segment is the
line segment itself and has distance zero.

Min-✏ problem. For the min-✏ problem, we wish
to minimize the maximum distance of the selected
curves, while using at most K curves. The minimum
achievable distance can be determined by computing
the values of the following expression for i = 1 up to
i = n+ 1 and for k = 1 up to k = K:

OPT [i, k] =

8
><

>:

T [1, i], if k = 1

min

 
OPT [i, k � 1],

min1j<i ( max (T [j, i], OPT [j, k � 1]) )

!
, if k > 1

The computation takes O(n2K) time and the end
result is OPT [n + 1,K]. A solution is guaranteed to
exist if the curve fitting method can fit a curve to a
chain that starts and ends at the same point (i.e. the
entire polygon with a given start vertex).
To compute the best solution, we repeat the above

computations for each vertex as starting vertex. We
obtain the actual schematization by keeping track of
the choices made during the computation of OPT .
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The initialized table OPT [i, k] for the min-✏ prob-
lem is independent of the scale or complexity param-
eter. Hence, one table can be used to create multiple
schematizations with di↵erent parameter values. As
a byproduct of querying for k curves, we obtain all
results using less than k curves. So if we run the
query for k = n once, we obtain all possible schema-
tizations and we can store these instead of the table.
A query for di↵erent values then becomes a simple
lookup. We can also handle queries for the min-#
problem by computing the maximum distance used in
each of the solutions and performing a binary search.

3 Cubic Bézier curves

In this section we show how to use our framework with
Bézier curves. We describe a method to fit a Bézier
curve to a chain and specify a distance measure.

Distance measure. Assume that we are given a
Bézier curve C and a chain S with m vertices. In
contrast to fitting a curve to a set of data points, we
want to fit a curve to a chain. Therefore, we base our
distance measure on a dense sampling of S. These
samples are regularly spaced in the parameter space
of C. Each of these samples has a corresponding point
along S as parameterized by length.
We desire long curves that approximate the data

well, since such curves can frequently be observed
in manually drawn curved schematizations. The dis-
tance measure of C is, therefore, a weighted average
of the squared distance between corresponding points,
divided by the length of S. Formally, our distance
measure between curve C and chain S is:

P2m
i=0 kC(i/2m)� S(i/2m)k2 ⇤ (i�m)2

length(S) ⇤
P2m

i=0(i�m)2
, where

length(S) : Euclidean length of S;

C(t), S(t) : position on C or S, as parameterized by t;

ku� vk : Euclidean distance between points u and v.

When curves do not match the local contour at their
endpoints, this may create visually salient points not
present in the input data (see Fig. 3a). To avoid such
visual artifacts we use a weighted average that assigns
a high weight to samples near the endpoints and a low
weight to the midsection. As a result, features along
the midsections of curves may disappear (see Fig. 3b).
We deem the disappearance of features less disturbing
than the appearance of features that do not exist.
To exclude self-intersecting curves we define the dis-

tance measure of a self-intersecting curve to be infin-
ity. Self-intersection of a cubic Bézier curve is tested
by examining the control points [17].

Fitting a cubic Bézier curve. For fixed tan-
gents at the endpoints, Schneider [15] shows how
to algebraically compute the Bézier curve optimizing

(a) (b)

Figure 3: (a) Regular squared error. (b) Weighted
squared error.

the least-squares measure in linear time. A similar
method can be used to optimize a weighted measure.
We direct the initial tangents towards the furthest
vertex on either side of the straight line connecting
the endpoints (see [9]). Based on these tangents, the
algorithm by Schneider optimizes the distance of the
second and third control point. We subsequently fix
the distance between control points P0 and P1, and
between P2 and P3 and optimize the tangents for ei-
ther side algebraically. If desired, this process of sub-
sequently optimizing the distance and tangents can be
repeated. In our experiments, a few iterations were
su�cient to obtain a stable solution.
Topological validity is tested by checking for inter-

sections between a polygonal approximation of the
Voronoi cell and the convex hull of the control points.
If required the curve can be subdivided up to a con-
stant number of times using De Casteljau’s algorithm
[4] to obtain a tighter fit around the curve.

Algorithmic complexity. Fitting a Bézier curve
takes O(n) time for a single iteration. We repeat the
process until the solution is stable, which takes 3 to 6
iterations in our experiments. Thus, assuming a con-
stant upper bound on the number of iterations, the to-
tal preprocessing time within our framework is O(n3).

Results. Fig. 4 and 5 show results of our framework.
Each depicts a schematization of di↵erent complexity
on top of the input polygon. Even a small number of
curves result in recognizable and pleasing shapes.

Figure 4: Australia with 5, 10, and 20 curves.

Figure 5: Vietnam with 7, 10, and 20 curves.

89



29th European Workshop on Computational Geometry, 2013

4 Circular arcs

Inspired by recent work on area-preserving schema-
tization [3] and circular-arc graph drawing [6], we
use our framework for area-preserving circular-arc
schematizations. Given a chain, the circular arc with
the same start and end vertex that preserves the area
on each side of it is unique. It is computed by fit-
ting a circular segment with a signed area equal to
that of the chain. This requires numerical meth-
ods. As distance measure we use the continuous
Fréchet distance, extended for curves [13]. We find
that F (n) = O(n logn) and thus, precomputing the
lookup table requires O(n3 logn) time.

Results. Fig. 6 and 7 show some results using area-
preserving circular arcs. A very low number of arcs
results in a very stylized shape. The results typically
retain some features, but are hard to recognize with-
out context. A few more arcs give a stylized or playful
appearance and make the shape more recognizable.

Figure 6: China with 5, 10, and 20 arcs.

Figure 7: France with 5, 12, and 20 arcs.
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