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Chapter 1

Introduction

Rayleigh{B�enard convection, a con�ned 
uid layer heated from below and cooled
from above, is the classical system to study thermally driven 
ows. It is mathemat-
ically well-de�ned and easily accessible in experiments, allowing for a combination
of experimental, numerical and theoretical analysis. The main control parameter for
Rayleigh{B�enard convection is the Rayleigh number, giving the ratio between buoy-
ancy and dissipation in the 
uid. Convection sets in when the Rayleigh number is
larger than the critical Rayleigh number [1], i.e. when the conductive state becomes
unstable. Near the onset of convection the 
ow organizes in a simple pattern of par-
allel convection rolls [2, 3, 4]. These patterns become more complicated when the
Rayleigh number is enhanced further; the 
ow becomes chaotic and eventually turbu-
lent [2, 4, 5]. Here we study Rayleigh{B�enard convection bounded by horizontal walls,
where the typical 
ow con�guration for large enough Rayleigh number is a domain-
�lling large-scale circulation of rising hot and descending cold 
uid with viscous and
thermal boundary layers (BLs) forming at the top and bottom walls.

Understanding Rayleigh{B�enard convection is relevant for geo- and astrophysical

ows and for many technological applications. Such thermally driven 
ows in nature
and technology are often additionally a�ected by rotation. In geo- and astrophysical

ows the interaction between the buoyancy force and the Coriolis force induced by the
rotation of the planetary body a�ects the typical 
ow structures like, for example, in
the atmosphere [6, 7, 8, 9, 10]. More speci�c, Hadley discovered in 1735 [7] that the
Coriolis force induced by the rotation of the Earth de
ects the movement of air mass
sideways relative to the surface of the Earth and inhibits a simple circulation from
the Equators to the poles. In astrophysical 
ows, the interplay between rotation and
buoyancy plays a role in, for example, the development of zonal 
ows on planets like
Jupiter, Saturn, Uranus and Neptune [8, 11, 9]. Technological applications involving
rotating convection are convective cooling in turbo-machinery [12, 13] or chemical
vapor deposition on rotating heated substrates [14]. Here, we want to improve the
conceptual understanding of such rotating buoyancy driven 
ows by conducting a nu-
merical study on Rayleigh{B�enard convection, subjected to rotation about its vertical
axis.

Rotating Rayleigh{B�enard convection has been studied both experimentally, e.g.
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1. Introduction

[15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25], numerically, e.g. [26, 27, 28, 29, 30,
31, 32] and theoretically, e.g. [33, 3, 34, 35, 36]. Rotation was found to induce
transitions in the 
ow structures [27, 37, 38], in the heat transfer e�ciency [18, 22,
32, 39, 40, 41] and in the boundary layer dynamics [42, 21, 43]. Remarkable is the
transition from a constant heat transfer regime for lower rotation rates to an enhanced
heat 
ux regime for intermediate rotation rates (for Prandtl number Pr & 1), �rst
observed experimentally by Rossby in 1969 [22]. At this transition from the rotation-
una�ected to the rotation-a�ected regime, the typical coherent 
ow structures change
from a domain-�lling large-scale circulation to vertically aligned plumes emerging
from the BLs at the horizontal plates and penetrating into the bulk 
ow [27, 37,
38]. The BL dynamics changes from the Prandtl{Blasius type to the Ekman type
[42, 21, 43], a transition that is shown to play a signi�cant role in the heat transfer
e�ciency [18, 22, 32, 39, 40, 41]. The enhancement in the heat transfer is thought
to be a result of Ekman pumping; vertically aligned plumes suck 
uid out of the
BLs and there is thus active interaction between the bulk and the BL 
ow [27, 44].
A second transition occurs at a much higher rotation rate, where vertically aligned
plumes start to form columnar structures that penetrate further into the bulk. In this
rotation-dominated regime the heat transfer decreases as also predicted theoretically
by Chandrasekhar [3], who has shown that rotation stabilizes convection and increases
the critical Rayleigh number.

The studies on Rayleigh{B�enard convection discussed so far are mainly conducted
in the Eulerian framework, i.e. variables are measured at �xed points in space. In
the last decades it has been shown that Lagrangian methods, where 
uid properties
are measured at the position of particles carried by the 
ow, are particularity suit-
able for studying turbulent 
ows [45, 46, 47, 48]. Such Lagrangian analyses have
been used to study particle dispersion [49], acceleration statistics [50] and tempera-
ture statistics [51, 52] in non-rotating Rayleigh{B�enard convection. An example of
experiments on Lagrangian particle tracking in rotating Rayleigh{B�enard convection
are those carried out by Rajaei et al. [21, 38, 53]. Here trajectories of neutrally
buoyant particles, that behave like 
uid tracers, are reconstructed. Lagrangian accel-
eration statistics of these particles are used to characterize the 
ow in the di�erent
rotational regimes [21]. Complementing experiments with numerical simulations on
Rayleigh{B�enard convection can provide new insights, since in these simulations not
only velocity and acceleration statistics can be measured but also additional informa-
tion like temperature statistics is accessible. Previous numerical studies using 
uid
tracers to characterize Rayleigh{B�enard convection mainly focused on particle dis-
persion in non-rotating convection [54, 55, 56]. Here we will perform direct numerical
simulations (DNS) on rotating turbulent convection, where 
uid tracers are tracked
in the di�erent rotational regimes. We compute the geometry of these tracer trajec-
tories, in order to perform a geometrical characterization of the 
ow structures in the
di�erent rotational regimes. Such computations are performed both in the turbulent
bulk and in the BLs at the horizontal plates, to better understand the structure of
the BLs and how they interact with the bulk 
ow.

Fluid tracers can be used to characterize 
ow structures in turbulent 
ows. How-
ever, also the interplay between more complex inertial particles and the turbulent

ow is of interest. Examples of such particles in thermally driven turbulent 
ows
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1. Introduction

are aerosol pollution in the atmosphere [57], droplets in clouds [58], or plankton in
oceanic 
ows [59, 60]. Technological applications in which both convection and par-
ticle dispersion play a role are spray combustion [61] and solar collectors [62]. These
systems typically occur in a wide range of density ratios between the particles and the

uid; water droplets in clouds have a much higher density than air while plankton in
the ocean has a density close to that of seawater. When the relaxation time of these
particles is larger than the characteristic time scale related to the 
ow, the particle
trajectories deviate from the 
uid streamlines and particles distribute non-uniformly
with respect to the 
ow structures [63, 64, 58]. When particles additionally have dif-
ferent thermal properties than the 
uid, the heat transfer between 
uid and particles
will not be instantaneous and particles will also experience thermal inertia.

In a dilute suspension, where particles do not in
uence the 
uid 
ow, thermal
inertia is not expected to in
uence the motion of the particles. However, when particle
properties, such as its density, depend on the temperature 
uctuations thermal inertia
can signi�cantly a�ect the particle trajectories. As an example we take the case of
boiling convection where bubbles will grow and become lighter in warmer spots of the

uid, while they shrink and become heavier in the colder spots [65, 66, 67]. These

uctuations in the (mass) density of bubbles will a�ect their buoyancy and therefore
change their trajectories. In this thesis, we study mechanically and thermally inertial
particles with an average density equal to the average density of the 
uid in Rayleigh{
B�enard convection, where both 
uid and particles exhibit thermal expansion. We are
interested in the case where particles have a larger thermal expansion coe�cient than
the 
uid, such that they experience a larger net buoyancy force than the 
uid at the
cold top and hot bottom plates, pointing in the direction from the BLs towards the
bulk. In particular, we will study the e�ect of thermal inertia on the dynamics of
such thermally expandable particles in Rayleigh{B�enard convection.

1.1 Outline of the thesis

In this thesis we �rst give a summary of the theoretical background of rotating
Rayleigh{B�enard convection in chapter 2, where the governing equations are derived
in the Boussinesq approximation and in a rotating reference frame. In chapter 3, the
numerical method is explained. Rayleigh{B�enard convection is simulated in either
cylindrical or Cartesian coordinates using a �nite di�erence scheme. In this chap-
ter also the particle tracking algorithm is introduced, where we distinguish between
passive 
uid tracers and inertial particles, with a more complicated dynamics.

Thermally driven 
ows in nature and technological applications are often a�ected
by rotation and seeded with particles. In chapter 4, we will �rst discuss the e�ect
of rotation on the 
ow structures by collecting geometrical statistics of 
uid tracers
in rotating Rayleigh{B�enard convection. The geometry of a trajectory is de�ned by
its curvature and torsion. In homogeneous isotropic turbulence (HIT) such curva-
ture and torsion measurements were already shown to give information on the 
ow
con�guration and here we want to understand how curvature and torsion statistics
behave in rotating Rayleigh{B�enard convection, where inhomogeneity and anisotropy
play a role and typical coherent 
ow structures exist. Curvature and torsion are how-
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1. Introduction

ever instantaneous measures and do not capture the variety of time and length scales
typical for turbulent 
ows. Therefore we extend the curvature and torsion analy-
sis to measures of the change in direction of passive tracers at di�erent time scales.
The research questions corresponding to this geometrical characterization of the 
ow
structures, addressed in chapter 4, are:

� Can we see a signature of the coherent structures and the e�ect of rotation on
these 
ow structures in the curvature and torsion statistics of passive tracers?

� How does rotation a�ect the geometry of passive tracers in Rayleigh{B�enard
convection at di�erent time scales up to the time scale of the coherent 
ow
structures?

In chapter 5, Lagrangian acceleration statistics are discussed giving information
on the small-scale properties of the typical 
ow structures. Transitions in Lagrangian
acceleration statistics in rotating Rayleigh{B�enard convection were measured exper-
imentally in [21], but from this study it was not clear whether the transition is sharp
or gradual. In this thesis, we zoom in on the transition and try to understand whether
it is sharp, similar to the transition from the rotation una�ected heat transfer regime
to the enhanced heat transfer regime.

In order to understand what causes the transition in the Lagrangian acceleration
statistics, we focus on the relation between the acceleration of tracers and the dynam-
ics of plumes developing in the BLs. The questions that we will address in chapter 5
are:

� Is the transition in the small-scale properties of the 
ow structures in rotat-
ing Rayleigh{B�enard convection sharp, like the transition in the integral heat
transfer?

� What is the relation between the sharp transition in the Lagrangian acceleration
statistics and the plume dynamics?

From discussing passive 
uid tracers in part I of this thesis, we move to the dy-
namics of particles exhibiting both mechanical and thermal inertia in part II. Thermal
inertia becomes important when the thermal properties of the particles di�er from
the thermal properties of the 
uid and the heat transfer between the particles and the

uid is not instantaneous. When the density of the particles additionally depends on
their temperate, thermal inertia starts to a�ect the particle trajectories. In chapter 6
we discuss such a situation, where thermal expansion of the particles is included with
a thermal expansion coe�cient that is larger than the thermal expansion coe�cient
of the 
uid. Particles now become lighter than the 
uid near the bottom plate and
heavier than the 
uid near the top plate. We �rst investigate the dynamics of such
thermally expandable particles in non-rotating Rayleigh{B�enard convection, where
the temperature is well-mixed and its mean is constant in the bulk while a mean
temperature gradient exist in the thermal BLs at the plates.

In rotating Rayleigh{B�enard convection a mean temperature gradient develops in
the bulk and we want to understand how this a�ects the dynamics of the thermally
expandable particles. The related questions addressed in chapter 6 are:

4



1. Introduction

� How does thermal inertia a�ect the dynamics of thermally expanding particles
with an expansion coe�cient larger than that of the 
uid?

� How does the rotation-induced mean temperature gradient in the bulk a�ect
the dynamics of thermally expandable particles?

Finally, in chapter 7 we conclude and summarize the main �ndings of this work
and address the research questions de�ned above. Additionally, at the end of chapter
7 we provide an outlook for further research.

5





Chapter 2

Theoretical background

In this chapter a brief summary of the theoretical background of rotating Rayleigh{
B�enard convection is provided. First, in section 2.1 the governing equations in the
Boussinesq approximation are discussed. Then, in section 2.1.2, rotating Rayleigh{
B�enard convection is considered and it is addressed how the governing equations are
derived in a rotating reference frame. From these derivations dimensionless param-
eters, relevant for rotating Rayleigh{B�enard convection, follow which are introduced
in section 2.1.3. Since most convective 
ows in nature and technology are turbulent,
we discuss some useful quantities describing turbulent convection in the �nal section
2.2.

2.1 Rayleigh–Bénard convection

2.1.1 The Boussinesq approximation

In Rayleigh{B�enard convection a 
uid layer is heated from below and cooled from
above, inducing a buoyancy-driven 
ow between two solid isothermal plates. Rayleigh{
B�enard convection is typically studied in the Boussinesq approximation, i.e. under
the assumptions that 
uid properties are constant and independent of temperature
and that density variations are only important in the gravitational term [68, 69]. The

uctuations in the 
uid density are assumed to depend linearly on the temperature

uctuations as

�0f
�0

= ��fT 0f ; (2.1)

where �f is the thermal expansion coe�cient of the 
uid and �0f is the 
uctuation
in the 
uid density around its average value, �0, such that the total 
uid density is
�f = �0 + �0f . Similarly, T 0f is the 
uctuation in the 
uid temperature around its
average value, T0, where the total 
uid temperature is Tf = T0 +T 0f . The Boussinesq
approximation is valid when temperature 
uctuations are small, i.e. �fT 0f � 1.
In practice, the Boussinesq approximation is often assumed to be valid as long as
�f�T < 0:2, with �T the temperature di�erence between the top and bottom plates
[70, 71]. Applying the Boussinesq approximation to the equations for conservation of
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2. Theoretical background

momentum and conservation of energy for a Newtonian 
uid (explained in e.g. [3]),
results in

r � uf = 0; (2.2)
@uf
@t

+ (uf �r)uf = �
1
�0

rP + �r2uf + �fgT 0f ẑ; (2.3)

@T 0f
@t

+ (uf �r)T 0f = �r2T 0f ; (2.4)

where uf is the 
uid velocity vector, t is time, P is pressure, g is the gravitational
acceleration, � and � are the kinematic viscosity and the thermal di�usivity of the

uid, respectively, and ẑ is the unit vector in the vertical direction.

2.1.2 Rotating Rayleigh–Bénard convection

The above equations describe Rayleigh{B�enard convection in an inertial frame of
reference. To study rotating Rayleigh{B�enard convection, equations (2.2){(2.4) have
to be rewritten for a rotating reference frame. For details of this derivation we refer
the reader to [72, 73]. Here we will just give a brief summary.

First, a coordinate system is de�ned that is spanned by the unit vectors (x̂; ŷ; ẑ)
and rotated with a constant angular velocity 
, relative to the inertial framework.
The derivative of the unit vector in time is then given by

dx̂
dt

= 
� x̂: (2.5)

Now we can relate the velocity in the inertial frame to the velocity in the rotational
frame in terms of the time derivative of the position vector r as

�
dr
dt

�
=
�

dr
dt

�0
+ 
� r; (2.6)

where the accent is used to indicate the rotating frame. The acceleration, which is
the second time derivative of r, becomes

a = a0 + 2
� u0 � 
2r?; (2.7)

where a0 and u0 are the acceleration and velocity vectors in the rotational frame, 
 =
j
j and r? is the projection of the position vector r on the plane perpendicular to 
.
The last term on the right-hand side of equation (2.7) can also be written in terms of a
gradient as 
2r? = r(
2r2

?=2), with r? = jr?j. Now, these velocity and acceleration
vectors in the rotational framework are substituted into the momentum equation
(2.3), where the gradient derived above is directly incorporated in the pressure term
as rp = r(P=�0 � 
2r2

?=2) where p is known as the reduced pressure:

@uf
@t

+ (uf �r)uf + 2
� uf = �rp+ �r2uf + g�fTf ẑ: (2.8)

In this equation (2.8) the third term on the left-hand side represents the contribution
of the Coriolis force. The 
uid velocity in the rotating frame of reference, u0, is
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2. Theoretical background

replaced by uf and Tf now represents the 
uid temperature relative to a reference
temperature, notations we will use from now on. The (numerical) Rayleigh{B�enard
convection set-up used in this work is rotating around the vertical axis, so 
 = 
ẑ.

2.1.3 Dimensionless parameters

The equations describing rotating Rayleigh{B�enard convection can be non-dimension-
alized to better understand the ratios of the di�erent forces involved. The following
dimensionless variables are introduced: the position, ex = x=H, with H the cell height,
the velocity, euf = uf=U , with U a typical velocity scale that will be discussed later,
the time, et = tU=H, the temperature, eTf = Tf=�T , and the pressure ep = p=U2.
Substituting these dimensionless variables into the momentum and energy equations
results in

er � euf = 0; (2.9)
@euf
@et

+ (euf � er)euf +
2
H
U

ẑ� euf = � erep+
�
UH

er2euf

+
g�f�TH

U2
eTf ẑ; (2.10)

@ eTf
@et

+ (euf � er) eTf =
�
UH

er2 eTf : (2.11)

It is convenient to use the buoyancy force as a reference force by approximating
(g�f�TH=U2) eTf � O(1). This results in the de�nition of the ‘free-fall velocity’
as a typical velocity scale for convection, U =

p
g�f�TH, often interpreted as the

maximum buoyancy-generated velocity [74].
Three dimensionless numbers describing rotating Rayleigh{B�enard convection are

the Rayleigh number, the Prandtl number and the Rossby number [3]:

Ra =
g�f�TH3

��
; (2.12)

Pr =
�
�
; (2.13)

Ro =
U

2
H
: (2.14)

The Rayleigh number gives the ratio between buoyancy and (thermal) dissipation, the
Prandtl number gives the ratio between the momentum di�usivity and the thermal
di�usivity and the Rossby number gives the ratio between the inertial and the Coriolis
forces. From these de�nitions the following relations automatically follow:

�
UH

=
r
Pr
Ra

and
�
UH

=
1

p
PrRa

: (2.15)

It is also possible to characterize rotation by the Ekman number, Ek, giving the ratio
between viscous forces and the Coriolis force as

Ek =
�

2
H2 : (2.16)
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2. Theoretical background

Since Ek is not depending on the typical velocity scale U it is sometimes more con-
venient to characterize the rotation rate by the Ekman number, in particular when
comparing di�erent rotating turbulent 
ows with di�erent typical velocity scales. A
last control parameter that is important in bounded turbulent convection is the aspect
ratio of the set-up, de�ned as

� =

8
<

:

D
H ; if cylindrical,

LxLy
H2 ; if Cartesian,

(2.17)

where D is the diameter of the set-up in case of a cylindrical geometry and Lx and
Ly are the horizontal dimensions in the x- and y-directions, receptively, in case of a
Cartesian geometry.

The output of Rayleigh{B�enard convection is often measured in terms of the heat
transfer. The heat transfer can be described in a dimensionless form as the Nus-
selt number, Nu, being the ratio between the total heat transport (convection and
conduction) and heat transport by conduction alone. The Nusselt number is de�ned
as

Nu =
qH
kf�T

; (2.18)

where q is the heat-current density, consisting of convective and conductive heat
transport and kf is the thermal conductivity of the 
uid. Locally, the vertical con-
tribution of the conductive and convective heat 
uxes are qconv = kfwTf=� and
qcond = �kf@Tf=@z, respectively, with w the vertical velocity. Using equation (2.18)
and the non-dimensional variables introduced in section 2.1.3, the Nusselt number
can also be written in terms of the volume and time average of these two heat 
uxes
as

Nu = �

*
@ eTf
@ez

+

+
p
PrRah ew eTf i: (2.19)

Averaging the conductive heat 
ux (the �rst term on the right-hand side of equation
(2.19)) over the entire volume and over time results in �h@ eTf=@ezi = 1, such that

Nu = 1 +
p
PrRah ew eTf i: (2.20)

At the plates, where w = 0, the heat transfer is purely conductive and

Nuplates = �

*
@ eTf
@ez

+

plates

; (2.21)

where the average is taken over the horizontal directions at the plates at z = 0 or
z = 1 and over time.

2.2 Characterization of turbulent convection

As mentioned in the introduction, understanding Rayleigh{B�enard convection is rel-
evant for geo- and astrophysical 
ows and for many industrial applications. Most of
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2. Theoretical background

these 
ows in nature and technology are turbulent. Turbulent 
ows typically have a
wide range of length and time scales and are dissipative and di�usive. The dissipative
nature of turbulence implies that the system loses its energy and a continuous in-
put of energy through forcing is necessary to retain turbulence. In Rayleigh{B�enard
convection the continuous forcing is provided by the buoyancy production at large
scales. In equilibrium this energy input is matching the dissipation. Consequently,
two energy dissipation rates are involved in Rayleigh{B�enard turbulence; the kinetic
energy dissipation, �u, and the thermal energy dissipation, ��, de�ned as

�u = � jruf j
2 ; (2.22)

�� = � jrTf j
2 ; (2.23)

respectively. Energy dissipation occurs at the smallest length scales of the 
ow and
from �u two length scales can be derived, the Kolmogorov length scale, � [75], and
the Batchelor length scale , �B [76]:

� =
�
�3

�u

�1=4

; (2.24)

�B =
�
��2

�u

�1=4

: (2.25)

These length scales represent the smallest length scales of the velocity �eld and the
temperature �eld, respectively. The Kolmogorov time scale follows from the dissipa-
tion rate as

�� =
�
�
�u

�1=2

: (2.26)

Since the 
ow in Rayleigh{B�enard convection is inhomogeneous and anisotropic the
energy dissipation rates vary locally. For the dimensionless domain- and time-averaged
dissipation rates the following relations can be derived [77, 5]:

he�ui =
Nu� 1
p
PrRa

; (2.27)

he��i =
Nu
p
PrRa

: (2.28)
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Chapter 3

Numerical methods

In this chapter we introduce the numerical methods used in this thesis. First, in
section 3.1 the governing equations to be solved in the DNS are given. Then it is
discussed how these equations are solved using a �nite di�erent scheme in either a
cylindrical coordinate system (section 3.1.1) or a Cartesian coordinate system (section
3.1.2). In these sections the spatial grid, integration method and boundary conditions
(BCs) are speci�ed. In the second part of this chapter we focus on the numerical
particle tracking procedure. We start by explaining the implementation of passive

uid tracers in section 3.2.1 to �nally explain the point-particle approach used to
track particles that exhibit both mechanical and thermal inertia in section 3.2.2.

3.1 Direct numerical simulations

The governing equations in the numerical simulations are the Navier{Stokes and en-
ergy equations with rotation in the Boussinesq approximation:

r � u = 0; (3.1)

@uf
@t

+ (uf � rrr)uf +
1
Ro

ẑ� uf = �rrrp+
r
Pr
Ra
r2uf + Tf ẑ; (3.2)

@Tf
@t

+ (uf � rrr)Tf =
1

p
PrRa

r2Tf ; (3.3)

as discussed in detail in section 2.1. These equations are in the dimensionless form and
for clarity we dropped the e::: notation for the dimensionless variables. The equations
above are solved in either cylindrical or Cartesian coordinates. Below we brie
y
discuss the numerical procedure and the range of parameters used for the simulations
in either of these coordinate systems.

3.1.1 Cylindrical geometry

The numerical algorithm for solving equations (3.1){(3.3) in cylindrical coordinates
is developed by Roberto Verzicco et al. and the procedure is described in detail in
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3. Numerical methods

Figure 3.1: Grid cells of a cylindrical staggered grid at r = 0 (left) and r > 0 (right). The
velocity components qr, q� and qz are de�ned at the faces of the cells (crosses) while the
temperature, Tf , and pressure, p, are de�ned in the center of the cells (black dots). The
sketch is reproduced from [78].

[78, 79]. Here we will highlight the most important aspects.
If we rewrite the governing equations in cylindrical coordinates there is a singu-

larity at r = 0 arising from terms that are proportional to 1=r . To deal with this
singularity the radial, azimuthal and axial velocity components given by ur, u� and
uz, respectively, are replaced by qr = rur, q� = u� and qz = uz. In contrast to the
velocity component ur the quantity qr is bounded at r = 0, where qr(r = 0) = 0.
Additionally, the equations are discretized on a staggered grid such that vector com-
ponents are positioned at the grid-cell faces while scalars (temperature and pressure)
are positioned in the center of the grid cells. Now the only velocity component that
needs to be solved at r = 0 is qr. A sketch of the staggered grid cells is shown in
�gure 3.1.

To properly resolve all the length scales up to the smallest length scale of the
velocity and temperature �elds in the DNS it is important that the spatial resolution
is su�ciently �ne. These smallest length scales are the Kolmogorov length, �, and the
Batchelor length, �B , respectively (section 2.2). As discussed in [80] the maximum
grid size (in all directions) should be smaller than �� for Pr � 1 and smaller than
��B for Pr � 1. A further constraint is to have at least ten grid points inside the
viscous and thermal BLs, following from the requirements discussed in [79, 81, 80].
Grid re�nement is applied in the radial and axial directions such that the number
of grid points at the walls is enhanced compared to the number of grid points in
the bulk. For the discretization a second-order �nite-di�erence scheme is used and
the time integration is performed using a third order Runge{Kutta scheme. The
dimensionless time step for the numerical integration, �t, is chosen such that the
Courant{Friedrichs{Lewy stability constraint is met [82]�. The cylindrical geometry
is bounded by horizontal walls and sidewalls, where no-slip BCs are applied. The
temperature is �xed at the horizontal walls as Tf (z = 0) = 1 and Tf (z = 1) = 0
(non-dimensionalized by �T ) and the sidewalls are adiabatic.

Simulations in the cylindrical geometry are conducted with Ra = 1:3�109, Pr = 6:7
(characteristic for water) and � = 1. Di�erent rotation rates are explored, where the
�Note that the time integration is performed with a �xed time step rather than a variable time

step, having in mind the implementation of a particle tracking algorithm, where the integration of
the equations of motion of a particle is performed with a �xed time step.
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range of Rossby numbers studied is 0:05 � Ro � 1. In terms of the Ekman number
this is 3:6 � 10�6 � Ek � 1. Since the BL thickness decreases with rotation the
vertical resolution is increased for the fastest rotation rates in order to have at least
ten grid points in the BLs. In particular, a resolution of 512�384�512 grid points is
used for Ro � 0:1 and a resolution of 512� 384� 576 is used for Ro < 0:1. Also the
time step depends on the rotation rate and varies between 2 � 10�3 � �t � 3 � 10�3,
where �t is smallest around Ro = 2:5, where the transition form the large-scale
circulation to the vertically aligned plumes takes place (for the Ra and Pr studied
here).

3.1.2 Cartesian geometry

For the DNS on a Cartesian grid we use a code that is based on the cylindrical
algorithm developed by Roberto Verzicco et al. [78] and further optimized by Erwin
van der Poel et al. [83]. The code contains a very similar second-order �nite di�erence
scheme as used for the cylindrical geometry, which is described in [83]�. Again the
equations are discretized on a staggered grid and time integration is performed with a
third order Runge{Kutta scheme. Grid re�nement is applied in the vertical direction
to have at least ten grid points in the BLs at the horizontal walls. The BCs are now
periodic in the horizontal directions, while at the top and bottom walls no-slip BCs
are applied. The temperature is �xed at these walls, such that Tf (z = 0) = 1 and
Tf (z = 1) = 0 (non-dimensionalized by �T ) .

DNS on a Cartesian grid are performed for Ro = 1 and Ro = 0:1. The other
control parameters are set to Ra = 2 � 107, Pr = 6:7 and � = 2, unless mentioned
otherwise. Here, the number of grid points in the x-, y- and z-directions are 256 �
256� 128, respectively, �t = 3 � 10�3 for Ro =1 and �t = 2 � 10�3 for Ro = 0:1.

3.2 Particle tracking

To study Rayleigh{B�enard convection in a Lagrangian framework, a particle tracking
algorithm is implemented. The position of a particle, xp, is derived from the velocity
of that particle, up, as

dxp
dt

= up: (3.4)

Below we �rst discuss the tracking of passive tracers behaving as 
uid elements.
Then the modeling of more complicated particles which are exposed to both mechan-
ical and thermal inertia is discussed.

3.2.1 Fluid tracers

The velocity of a passive tracer is equal to the 
uid velocity interpolated to the
position of that tracer, such that

up(t) = uf (xp; t): (3.5)
�In the code used in this thesis, parallelization is applied in the vertical direction only, while in

[83] a pencil distributed set-up is used for the parallelization.
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Figure 3.2: Side view (left) and top view (right) of a particle (gray dot) positioned at
(�p; rp; zp) in a grid cell surrounding the cylindrical axis at r = 0. The subscripts i, j,
and k represent the azimuthal, radial and axial grid indices, respectively.

To interpolate the 
uid velocity from the surrounding grid points to the position of the
tracer a tri-linear interpolation scheme is used. This interpolation scheme is adjusted
to the coordinate system, i.e. cylindrical or Cartesian. In the cylindrical coordinate
system special care has to be taken of particles that cross the cylindrical axis at r = 0.
Below we will explain this treatment for a particle positioned in a grid cell at r = 0,
� = �i and z = zk (with i and k the azimuthal and axial grid indices, respectively),
as sketched in �gure 3.2. The interpolation in this grid cell is particularly challenging
since both the velocity components and the azimuthal coordinate, �, are not de�ned
at r = 0. For accurate interpolation we need to estimate the velocity components at
r = 0 and moreover understand how they depend on �, since the velocity of a particle
de�nitely depends on the angle under which the particle approaches the cylindrical
axis.

First, we estimate the cylindrical velocity components at r = 0 as the azimuthal
average of the surrounding velocities at r = r1, with r1 the radius at the radial
grid node j = 1. These average velocity components are transformed to Cartesian
coordinates to include the dependency on �. Estimations of these Cartesian velocity
components at r = 0 in the x-, y- and z-directions, respectively, are

�ux(r = 0; �; z) = hqr(r1; z)=r1i� cos�� hq�(r1; z)i� sin�; (3.6)
�uy(r = 0; �; z) = hqr(r1; z)=r1i� sin�+ hq�(r1; z)i� cos�; (3.7)
�uz(r = 0; �; z) = hqz(r1; z)i�; (3.8)

where the average is taken in the azimuthal direction. For the particle sketched in
�gure 3.2, this averaging procedure is performed for � = �i and � = �i+1 and for
z = zk and z = zk+1, which are the neighboring azimuthal and axial grid points as
evident from the sketch. The interpolation scheme is in cylindrical coordinates and
requires cylindrical velocity components. These cylindrical velocity components can
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now be approximated at r = 0 from �ux(r = 0; �; z) and �uy(r = 0; �; z) as

�u�(r = 0; �; z) = ��ux(r = 0; �; z) sin�+ �uy(r = 0; �; z) cos�; (3.9)
�ur(r = 0; �; z) = �ux(r = 0; �; z) cos�+ �uy(r = 0; �; z) sin�: (3.10)

Again this computation is performed at the neighboring grid points � = �i, � = �i+1,
z = zk and z = zk+1 (see �gure 3.2). At �rst it might seem counter-intuitive to �rst
perform a transformation from cylindrical to Cartesian coordinates to then transform
Cartesian velocity components back into cylindrical velocity components. However,
this procedure results in an approximation for the radial and azimuthal velocity com-
ponents at r = 0, which moreover depend on the azimuthal coordinate �. As a result,
we can perform the tri-linear interpolation as usual using the velocities �u�(r = 0; �; z),
�ur(r = 0; �; z) and �uz(r = 0; �; z) of equations (3.9), (3.10) and (3.8), respectively. It
was carefully tested that this procedure is indeed resulting in a continuous velocity
and acceleration along a trajectory crossing r = 0. After computing the 
uid veloc-
ity at the position of the particles, equation (3.4) is integrated using a second-order
Adams{Bashforth scheme.

Not only the 
uid velocity but also the Lagrangian acceleration and temperature
are of interest. The (
uid) temperature at the position of a tracer is also computed
using tri-linear interpolation and the acceleration is computed numerically using a
very simple �nite di�erence scheme:

ap(t) =
up(t+ �t)� up(t)

�t
: (3.11)

3.2.2 Inertial particles

Inertial particles do not perfectly follow the 
ow and additional forces have to be
included. Maxey and Riley [84] have derived the equation of motion for a rigid sphere
in a non-uniform velocity �eld as

mp
dup
dt

= 6�rp� (uf � up) fu
| {z }

1

+mf
Duf
Dt| {z }

2

� (mp �mf )gẑ
| {z }

3

+

1
2
mf

�
Duf
Dt
�

dup
dt

�

| {z }
4

+ 6�rp�
Z t

0
d�

duf=d� � dup=d�p
��(t� �)

| {z }
5

;
(3.12)

where mp and mf are the mass of the particle and the mass of a 
uid element,
respectively, rp is the particle radius, � is the dynamic viscosity of the 
uid and fu is
a factor accounting for non-linear e�ects in the drag force as we will address below.
The forces working from the 
uid on the particles included are 1) the Stokes drag
force, 2) the local pressure gradient force, 3) the gravitational force, 4) the added
mass force and 5) the Basset history force. In the limit of small particles, rp � �,
and small particle Reynolds number, Rep � 1, with

Rep =
2rpjuf � upj

�
; (3.13)
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it is su�cient to use fu = 1. When Rep & 1 non-linear drag e�ects have to be included
and fu = (1 + 0:15Re0:687

p ) [85]. In equation (3.12) Fax�en corrections are ignored,
which is reasonable when the radius of the particles is small compared to the length
scale associated with the velocity gradients.

When the heat exchange between the particles and the surrounding 
uid is not
instantaneous, also an equation for the temperature of particles has to be derived
based on thermal inertia. Michaelides and Feng [86] have derived the energy equation
for a rigid sphere in an unsteady 
ow with an unsteady temperature �eld, resulting
in

mpcp
dTp
dt

= 4�rpkf (Tf � Tp) fT
| {z }

1

+mfcf
DTf
Dt

| {z }
2

�

4�r2
pkf

Z t

0
d�

dTp=d� � dTf=d�p
�rp(t� �)

| {z }
3

;

(3.14)

where cp and cf are the speci�c heat capacities of the particle material and the 
uid,
respectively, kp and kf are the thermal conductivity of the particle material and the

uid, respectively, and fT is a factor accounting for non-linear e�ects in term 1) similar
to fu in equation (3.12). The terms on the right-hand side are 1) analogue to the
Stokes drag force in equation (3.12), 2) accounting for the heat 
ux that would have
entered the volume of the particle in absence of this particle and 3) the history term
including e�ects of all previous temperature changes of the particle and the 
uid. In
the limit of rp � � and Rep � 1, non-linear drag e�ects can be ignored and fT = 1.
Like for the Stokes drag force, non-linear e�ects have to be taken into account when
Rep & 1 and in this case fT = 1 + 0:3Re1=2

p Pr1=3 [87].
To derive equation (3.14) it is assumed that the thermal conductivity of the parti-

cles is much larger than that of the 
uid, kp � kf . As a result temperature gradients
inside the spherical particles can be neglected. This requirement can also be expressed
in terms of the Biot number, Bi = Nupkf=kp, where we used that Nup = 2rphp=kf
(with hp the heat transfer coe�cient of the particles) for particles with Rep � 1 [88].
The above requirement kp � kf thus implies Bi� 1. This is the case in, for example,
a suspension of solid metal particles in a 
uid.

Also in equation (3.14) Fax�en corrections are ignored, which is now a reasonable
assumption when the radius of the particles is small compared to the length scale
associated with the temperature gradients. Equations (3.12) and (3.14) can be re-
arranged for practical use. The mass of particles is mp = 4�p�r3

p=3 and the mass
of 
uid in the same volume is mf = 4�f�r3

p=3. Replacing mp and mf in equations
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(3.12) and (3.14) by these expressions and dividing all terms by �p results in
�

1 +
1

2�

�
dup
dt

=
1
�p

(uf � up) +
3

2�
Duf
Dt
�
�

1�
1
�

�
gẑ

+
3

p
2���p

Z t

0
d�

duf=d� � dup=d�
(t� �)1=2 ; (3.15)

dTp
dt

=
1
�T

(Tf � Tp) +
1
�


DTf
Dt

+
3

p
3��
�T

Z t

0
d�

dTf=d� � dTp=d�
(t� �)1=2 ; (3.16)

where parts of the terms 2) and 3) of equation (3.14) are moved to the left-hand-side.
The development of the velocity and temperature of particles now depends on the
density ratio, � = �p=�f , and the ratio between the heat capacity of the particle
material and the 
uid, 
 = cp=cf . Also the particle drag and thermal response time
are de�ned as

�p =
2�r2

p

9�
; (3.17)

�T =
�
r2

p

3�
; (3.18)

where � = kf=(�fcf ) is the thermal di�usivity of the 
uid. These time scales estimate
how much time a particle needs to adjust its velocity or its temperature to that of
the surrounding 
uid, respectively.

In the DNS equations (3.15) and (3.16) are integrated using a second-order Adams{
Bashforth scheme. The history terms are included using the tail-window method
described in detail in [89].
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Passive tracers
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Chapter 4

Geometrical statistics

In this chapter we will study coherent structures in rotating turbulent 
ows by looking
at the geometry of the trajectories of passive tracers. First an introduction is given,
discussing previous measurements of geometrical statistics in HIT and addressing
how our study relates to these previous studies. In section 4.2, we discuss the e�ect
of rotation on instantaneous measurements of the geometry of tracer trajectories for
two di�erent turbulent 
ow con�gurations; rotating (isothermal) turbulence driven by
electromagnetic forcing and rotating turbulent Rayleigh{B�enard convection. Then,
in section 4.3, we include time-dependency and discuss the e�ect of rotation on the
angle of directional change of tracer trajectories in rotating turbulent convection. Our
�ndings are summarized and concluded in section 4.4.

4.1 Introduction

Lagrangian measurements in turbulent 
ows are often in the form of velocity and
acceleration time series, however also the shape of particle trajectories themselves
provides essential information on the geometrical aspects of the 
ow [90, 91, 92]. When
a trajectory is considered as a curve in three-dimensional (3D) space, its geometry is
fully described by its curvature and torsion.

So far, such curvature and torsion measurements have focused only on HIT [90,
93, 91, 92] and these measurements have not been used to study particle trajectories
in rotating turbulence. In HIT, probability density functions (PDFs) of curvature
and torsion reveal pronounced power laws, which was shown both experimentally [92]
and numerically [93, 91]. These power laws can be derived analytically, assuming
that the velocity components in turbulence are Gaussian random variables [92]. This
is however not the case in the turbulent 
ows studied here, since the PDFs of verti-
cal velocity are shown to have wider tails compared to the Gaussian distribution in
both electromagnetically forced turbulence and Rayleigh{B�enard convection [94, 17].
Moreover, anisotropy and inhomogeneity play a role, especially in the 
ow close to
the horizontal top and bottom plates [94, 95, 17, 38]. Even though the scaling laws,
derived in HIT, are shown to be robust [92], it is not clear how anisotropy, inho-
mogeneity and non-Gaussian velocity statistics in
uence the curvature and torsion
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PDFs and whether one recovers these scaling laws in di�erent turbulent 
ows like, for
example, the ones studied here.

The e�ect of rotation on curvature and torsion statistics is not obvious. First,
rotation does in
uence the level of anisotropy and inhomogeneity in Rayleigh{B�enard
convection and electromagnetically forced turbulence [94, 95, 17, 38]. Second, it
changes the length scales of the typical coherent structures in both types of turbulence
systems. This is expected to a�ect the statistics of the trajectories of passive tracers.

So far we disregarded the BLs and discussed e�ects related to the turbulent 
ow
in the bulk of the rotating 
ow con�gurations. The BL is a special region of the

ow, where the typical statistical characteristics of bulk turbulence are not applicable
anymore [96, 97]. In Rayleigh{B�enard convection, a transition is observed from a
Prandtl{Blasius BL for lower rotation rates, to an Ekman BL for higher rotation rates
[21]. A signi�cant di�erence between these two types of BLs is that the Prandtl{
Blasius BL is passive and does not interact with the bulk, while the Ekman BL
dynamics is actively driven by the bulk 
ow. Therefore we expect the behavior of
curvature and torsion statistics in the Ekman BL to approach the bulk behavior at
higher rotation rates.

Curvature and torsion of tracer trajectories are instantaneous measures and do not
capture the variety of time scales typical for turbulent 
ows. Due to this multi-scale
dynamics tracer trajectories in turbulent 
ows change direction at every time scale. In
Rayleigh{B�enard convection, trajectories are additionally expected to be a�ected by
the large-scale coherent 
ow structures at larger time scales. We therefore extend the
instantaneous measurements of the geometry of tracer trajectories, to scale-dependent
measurements of this geometry by computing the angle of directional change of tracer
trajectories in (rotating) Rayleigh{B�enard convection for time scales up to the time
scale of the large-scale coherent 
ow structures.

Also the directional change of trajectories at di�erent time scales has been mea-
sured before in (3D) HIT on a periodic domain [98]. A typical scaling of the average
angle of directional change with the time increment, � , was found in two di�erent
regimes: (i) in the regime of time scales smaller than the Kolmogorov time scale a
ballistic scaling, proportional to � , was identi�ed and (ii) for time scales larger than
the Kolmogorov time scale but smaller than the Lagrangian integral time scale an in-
ertial range was identi�ed where the scaling was predicted as �1=2, using Kolmogorov
phenomenology. In Rayleigh{B�enard convection, the geometrical statistics might ad-
ditionally give information on the typical coherent 
ow structures. BLs with yet other

ow characteristics develop at the horizontal plates. In this study, we will investi-
gate whether a signature of these di�erent 
ow structures is visible in the multi-scale
geometrical statistics of tracer trajectories.

The study on geometrical statistics in HIT [98] was extended to inertial particles
in [99] and to two-dimensional (2D) turbulence in [100], where 2D turbulence forced at
large scales was compared to 2D turbulence forced at small scales. Only in the latter
case the energy spectrum, that is then characterized by an inverse energy cascade,
recovers an inertial range according to Kolmogorov phenomenology, with a scaling of
k�5=3, k being the forcing wave number. In [100] it was shown that the �1=2 scaling
for the average angle of directional change in the inertial range is only recovered in the
case of small-scale forcing, indicating that the �1=2 scaling is clearly a 
ow-dependent
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phenomenon. In [100] also the e�ect of con�nement is investigated by comparing
2D turbulence on a periodic domain to 2D turbulence on a con�ned domain. The
signature of con�nement is visible in the long-time convergence of the average angle;
in an unbounded domain, often represented by a periodic domain, the statistics of the
angle is equi-distributed at large time scales and the angle converges to �=2, while in a
con�ned domain it goes to 2�=3. This is shown not to be a result of modi�ed velocity
properties at the walls, but rather of non-equidistributed angles when the separation
of subsequent points along a trajectory becomes of the order of the domain size [100].

The non-rotating cylindrical Rayleigh{B�enard set-up poses already many extra
challenges compared to HIT on a periodic domain. First, the set-up is bounded
with radial and horizontal walls, resulting in an inhomogeneous and anisotropic 
ow
[17, 95, 38]. Statistics is moreover collected in �nite measurement volumes in the
Rayleigh{B�enard convection cell, possibly imposing con�nement and in
uencing the
convergence of the average angle at large time scales, like in the 2D con�ned turbulence
set-up in [100], as also discussed above. Also, the level of turbulence in the Rayleigh{
B�enard convection 
ow studied here is moderate and no clear inertial Kolmogorov
range can be identi�ed in the energy spectrum [101]. All together, it is not clear a
priori what scaling to expect for the average angle of directional change in the regime
of time increments larger than the Kolmogorov time scale.

The level of coherence of the 
ow structures is a�ected by rotation, where vertically
aligned vortices have longer vertical coherence times than the large-scale circulation
[102]. Therefore, rotation is expected to have an e�ect on the angle of directional
change, especially at larger time scales. Also the level of turbulence [21, 102] and the
energy spectrum [103, 104, 105] are in
uenced by rotation. Here we want to investigate
whether a signature of the transition between the rotation-una�ected and rotation-
a�ected regime can be identi�ed in the scaling of the average angle of directional
change with time increments at time scales larger than the Kolmogorov time scale.
We will perform measurements both in the turbulent bulk and in the BL region at
di�erent rotation rates, such that we can study not only the e�ect of the di�erent
coherent 
ow structures in the bulk, but also the e�ect of the di�erent BL dynamics
on the angle of directional change at di�erent time scales.

4.2 Geometry of tracer trajectories�

4.2.1 Scaling behavior of the curvature and torsion PDFs

When a tracer trajectory is considered as a curve in 3D space, its geometry is described
by two fundamental geometrical parameters, the curvature, �, and the torsion, � .
�Closely follows what is published in K. M. J. Alards, H. Rajaei, L. Del Castello, R. P. J. Kunnen,

F. Toschi and H. J. H. Clercx, \Geometry of tracer trajectories in rotating turbulent 
ows", Phys.
Rev. Fluids 2:044601 (2017). Experiments discussed in this paper are carried out by Hadi Rajaei
and Kim Alards is responsible for the numerical part of the work.
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These parameters depend on the velocity, u, and acceleration, a, of the tracer as:

� =
ju� aj
juj3

; (4.1)

� =
u � (a� _a)
(u � u)3�2 : (4.2)

In previous studies curvature statistics were collected in HIT both experimentally
and numerically [90, 91, 92]. The tails of the curvature PDFs were shown to reveal
pronounced power laws, scaling as �1 for low curvature values and as ��5=2 for high
curvature values [90, 92]. In order to explain these power laws analytically it is conve-
nient to use the alternative formulation � = anu�2, with an the absolute value of the
component of the acceleration normal to the velocity [92]. In an isotropic turbulent

ow the velocity components are assumed to be independent random Gaussian vari-
ables and as a result the probability distribution of u�2 follows an inverse �-squared
distribution of dimension k = 3. The normal acceleration has only two components
and therefore follows a �-distribution of dimension k = 2, under the assumption that
velocity and acceleration are uncorrelated. As a result the distribution of u�2 and an
obey:

Pu�2(x; k) =
2� k2 x� k2�1e� 1

2x

�
�k

2

� ; (4.3)

Pan(z; k) =
21� k2 zk�1e� z

2
2

�
�k

2

� ; (4.4)

where �(k=2) denotes the Gamma function [106].
The statistics of u� and �, shown in [90], and the correlation between � and u

(and a), shown in [93, 92], reveal that large curvature values correspond to small
u2 (i.e. large u�2) at �nite an. We expand the distribution Pu�2(x = u�2) to x
for x ! 1, resulting in Pu�2(x = u�2) � x�5=2. So, in the limit of � ! 1 the
curvature PDF is expected to scale as P�(�) � ��5=2. On the opposite, low curvature
values correspond to small normal acceleration at �nite velocity. When expanding
Pan(z = an) (see equation (4.4)) in z, for z ! 0, one obtains Pan(z = an) � z. This
means that in the limit of �! 0 the curvature PDF is expected to scale as P�(�) � �.

Also for the torsion PDFs pronounced power laws were found, corresponding to a
��3 scaling in the high torsion limit [93, 91]. Again Gaussian analysis can be used to
derive this scaling, now based on � = j _a � n̂j =(anu), with n̂ the unit vector normal to
the velocity. When assuming that an and u are uncorrelated, that j _a � n̂j is �nite and
that an and u follow a �-distribution of respectively dimensions 2 and 3, the PDF of
the torsion becomes [91]:

P� (�) �
ZZ

u2e�
u2
2 ane�

a2
n
2 �
�
� �

1
anu

�
dandu; (4.5)

where �() is Dirac’s delta function. We �rst solve this integral for u, using the prop-
erties of the delta function, and introduce a term � = 1=�2:

P� (�) � ��2
Z 1

0

1
a2
n

e
� �

2a2
n e�

a2
n
2 dan = ��2G: (4.6)
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Upon de�ning F =
R1

0 e�a
2
n=2e��=(2a2

n)dan, we obtain G = �2dF=d�. One can also
rewrite the integral G in terms of a new variable y =

p
�=an, using dan = �dy

p
�=y2:

G =
Z 1

0

1
p
�

e�
�

2y2 e
�y2

2 dy: (4.7)

Note that the right-hand side of this equation equals F=
p
� which gives, combined

with (4.6), the following di�erential equation: dF=d� = �F=(2
p
�). The solution is

of the form F = F0e�
p
� , with F0 being a constant. This can be substituted into

equation (4.6) resulting in:

P� (�) � 2�2 dF
d�
� ��3=2F0e�

p
� : (4.8)

Using the de�nition � = 1=�2, we �nd that in the limit of � ! 1 the torsion PDF,
P� (�), scales as P� (�) � ��3. In the limit of � ! 0 the torsion PDF scales as �0

[90, 91], however a theoretical explanation for this scaling is lacking.

4.2.2 Numerical and experimental methods

Rayleigh{B�enard convection

We perform DNS on Rayleigh{B�enard convection in a cylindrical set-up with Ra =
1:28 � 109, Pr = 6:7 and � = 1, using the numerical method discussed in 3.1.1. All
variables reported in this chapter are non-dimensionalized as summarized in table 4.1
and de�ned in section 2.1.3.

In the 
ow 106 passive tracers are tracked and statistics of these tracers is collected
in di�erent measurement volumes, placed in the center and near the top plate. The
measurement volume used in the center is of size 0:4 � 0:3 � 0:25 (gray rectangular
parallelepiped in �gure 4.1). Near the top plate the measurement volume is subdivided
into the BL region and a region excluding the BL as sketched in �gure 4.1. The BL
thickness, �u, is determined as the position of the maximum horizontal root-mean-
square (rms) velocity, as in [21]. Di�erent rotation rates are simulated in a range of
3:6 � 10�6 < Ek < 1, where Ek = 1 corresponds to non-rotating Rayleigh{B�enard
convection.

DNS are complemented by experiments, where the experimental Rayleigh{B�enard
convection set-up is described in detail in [17, 21]. The set-up includes a convection
cell and an optical tracking system, both mounted on a rotating table. The convec-
tion cell consists of a cylindrical Plexiglas vessel, �lled with water, with height and
diameter equal to H = D = 200 mm, resulting in an aspect ratio of � = D=H = 1.
At the bottom a copper plate with an electrical resistance heater is attached and
at the top a transparent cooling chamber is placed. Neutrally buoyant polyethylene
particles with a diameter of dp = 75� 90 µm and a density of �p = 1002 kg m�3 are
inserted in the working 
uid that has a density of �f = 998 kg m�3. The resulting
Stokes number of the particles, de�ned as St = �p=��, with �p = d2

p�p=(18��f ) (where
� is the kinematic viscosity) and �� the Kolmogorov time scale, is St � 3 �10�4, which
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Table 4.1: Quantities in the �rst column are non-dimensionalized by the variables given in
the second column, where H is the cell height, U is the free-fall velocity and �T is the
temperature di�erence applied between the bottom and top plates in the current Rayleigh{
B�enard convection set-up. The physical values of these variables are given in the last column.

Quantity Variable Value

Length H 0.20 m
Velocity U 0.070 m s�1

Acceleration U2=H 0.025 m s�2

Time tc = H=U 2.9 s
Temperature �T 10 K

means that the particles will behave as tracers. We however realize that the parti-
cles are on average heavier than the 
uid, resulting in a positive settling velocity of
w = (�p��f )gd2

p=(18��f ) � 0:0183 mms�1, where g is the gravitational acceleration.
The system is illuminated by four arrays of LEDs. Particle images are recorded by
four CCD cameras with a resolution of 1600� 1200 pixels, at a frequency of 30 Hz.
Trajectories, reconstructed from the images using the 3D-Particle Tracking Velocime-
try (3D-PTV) algorithm developed at ETH Z�urich [107, 108], are �ltered using 3D
cubic polynomial �tting [109].

In the experiments Ra = 1:28 � 109, resulting from an applied temperature di�er-
ence of �T = 10 K, Pr = 6:7 and the rotation rate is varied from Ek =1 (0 rad s�1)
to Ek = 7:2 � 10�6 (1.65 rad s�1). Moreover, two di�erent measurement volumes are
used as sketched in �gure 4.1; one in the center of the cell (gray rectangular paral-
lelepiped), referred to as center measurement volume, and one close to the top plate
(hatched rectangular parallelepiped), referred to as top measurement volume, both of
size 80� 60� 50 mm3 (in Cartesian coordinates) and centered around the cylinder
axis. In the experiments we cannot treat the BL separately, however we realize that
the number of measurement points inside the BL is minimal due to particles being
slightly heavier than the 
uid and due to an o�set of about 1 mm between the plate
and the �eld of view of the cameras. In terms of the viscous BL thickness this corre-
sponds to 0:167�u for Ek = 1 and 0:617�u for Ek = 7:2 � 10�6. As a result, we can
assume that the statistics measured experimentally in the top measurement volume,
behave as if we are excluding the BL (as in the light-green volume in �gure 4.1).

Computing curvature statistics experimentally is challenging. As explained in [92]
high curvature events correspond to particles that suddenly change their direction of
motion. These sudden motions of particles are di�cult to capture in post-processing of
subsequent images of particle tracking. Also due to the �ltering of trajectories extreme
acceleration and extreme curvature events are not always measured accurately in the
experiments and it is not clear how this might a�ect our results. Torsion is even more
di�cult to measure experimentally, as it includes the time derivative of acceleration.
Therefore torsion statistics are only discussed for the DNS.
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top

center

H

z = 0

z = H äuBL

non-BL

Figure 4.1: Sketch of the measurement volumes. The gray rectangular parallelepiped repre-
sents the center measurement volume of size 0:4� 0:3� 0:25 in the x-, y- and z-directions,
respectively. The green hatched parallelepiped represents the top measurement volume, near
the top plate, which is subdivided in the vertical direction into a non-BL part of size
0:4 � 0:3 � (0:25 � �u) (light-green), and a BL part of size 0:4 � 0:3 � �u (dark-green),
with �u the viscous BL thickness, which varies between �u = 0:0299 and �u = 0:0058, de-
pending on the rotation rate [21]. This subdivision in BL and non-BL is only applied in
the DNS, while in the experiments the total top measurement volume is used, as represented
by the total green hatched volume. Note that the proportions of the volumes are distorted,
where especially the BL region is enlarged for visibility reasons. All reported length scales are
non-dimensionalized by the cell height H = 200 mm. The �gure is reproduced from [110].

Electromagnetically driven turbulence

Next to the Rayleigh{B�enard convection experiments, we also study rotating (isother-
mal) turbulence driven by electromagnetic forcing. Our set-up is described in [94, 111].
Brie
y, it consists of a transparent tank, a turbulence generator and a 3D-PTV sys-
tem. The Perspex cubic tank, with inner dimensions of 500� 500� 250 mm3, is �lled
with an electrolyte solution with density �f = 1:19�103 kg m�3 and kinematic viscosity
� = 1:319 mm2 s�1. The 
ow is driven by an electromagnetic forcing system, con-
sisting of a magnet array arranged according to a checkerboard pattern as discussed
in [94, 111]. The maximum forcing length is determined by the spacing between the
magnets, which equals L = 70 mm. Poly methyl methacrylate (PMMA) particles with
a diameter of dp = 127� 3 µm and a density of �p = 1:19 � 103 kg m�3 are inserted in
the 
uid. The Stokes number of these particles is St � 10�3 and the settling velocity
approaches zero due to the match of 
uid and particle density. This means that also
in these experiments particles behave as tracers. The neutrally buoyant particles are
tracked by four high speed cameras with a resolution of 1024� 1024 pixels and images
are processed using the 3D-PTV and �ltering procedure as described previously for
Rayleigh{B�enard convection. The complete set-up is mounted on a rotating table,
of which the rotation axis coincides with the tank vertical axis. Depending on the
rotation rate the time step for data acquisition is �t = 16:7 ms (rotation rates below
2.0 rad s�1) or �t = 33:3 ms (rotation rates greater than 2.0 rad s�1). The �eld of
view is of size 100� 100� 100 mm3, centered in the horizontal plane and starting
right above the bottom plate. Rotation is again characterized by the Ekman number,
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now based on the forcing length L as Ek = �=(2
L2) and is varied between Ek =1
(no rotation) and Ek = 2 � 10�6 (5.0 rad s�1). The Taylor-scale Reynolds number
(Re� = urms�=�, with urms the rms of the velocity 
uctuations and � the Taylor
micro-scale) is in the range of 70 � Re� � 110 depending on the rotation rate.

4.2.3 Results

Non-rotating turbulence

We �rst discuss curvature and torsion measurements in non-rotating turbulence and
investigate whether we recover the scaling laws derived for HIT in section 4.2.1. For
Rayleigh{B�enard convection we start these measurements in the cell center, where
the 
ow is closest to HIT [17, 38, 112]. However we know that, even in the center of
the cell, the vertical velocity PDF shows non-Gaussian behavior [17]. Also in electro-
magnetically forced turbulence the 
ow is not perfectly homogeneous, but is shown
to be inhomogeneous in the vertical direction and homogeneous in the horizontal di-
rections [94]. The resulting curvature PDFs, from both experiments and DNS, are
shown in �gure 4.2a, where we normalize data with the cell height H, in the case
of turbulent convection, and with the forcing length L, in the case of electromag-
netic forcing. Both H and L are �xed during the experiments and simulations and
therefore this non-dimensionalization allows for comparison between the two types
of turbulent 
ows and between di�erent rotation rates. A good agreement between
all three curvature PDFs is found within the error margins discussed in the caption.
This means that not only DNS and experiments on Rayleigh{B�enard convection agree
very well, but also that similar (dimensionless) curvature statistics are measured in
the two completely di�erent set-ups in the absence of rotation. Moreover, the HIT
power laws, represented by the black lines, are recovered in both turbulence sys-
tems despite the vertical inhomogeneity in electromagnetically forced turbulence and
non-Gaussian vertical velocity statistics in Rayleigh{B�enard convection. A possible
explanation is that the scaling laws are derived in the limit of small velocity, where
the assumption of Gaussian statistics is again reasonable. Indeed we checked from
our data that the PDFs of vertical velocity are Gaussian around the peak at u = 0
and show non-Gaussian behavior only in high velocity tails of the PDFs. We also
computed the joint statistics between velocity and acceleration and observed that in
the bulk velocity and acceleration are uncorrelated, con�rming that the assumptions
made in section 4.2.1 are not heavily violated.

For the Rayleigh{B�enard convection experiments the ��5=2 scaling is recovered
up to � � 103, although the PDF deviates from this scaling for larger curvature
values. The latter is the result of the experimental particle-tracking procedure in
which sudden movements of particles, corresponding to extreme curvature events,
results in loss of these particles. This e�ect is also re
ected in the relative error
of the curvature PDF in the Rayleigh{B�enard convection experiments, computed by
subdividing the measurement volume vertically and comparing PDFs constructed in
these two sub-volumes. For curvature values of � > 103 the relative error is 20%, while
for curvature values of � < 103 it is reduced to 8%. In the electromagnetically forced
experiments extreme curvature events are captured more accurately due to di�erent
camera settings, illumination protocol and di�erent particle properties [94], allowing
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Figure 4.2: (a) Curvature, �, PDFs for both Rayleigh{B�enard convection (RBC, experi-
ments and DNS in the cell center) and turbulence driven by electromagnetic forcing (EFT,
experiments). Curvature is non-dimensionalized using the cell height, H, for RBC and the
forcing length, L, for electromagnetically forced turbulence. (b) Torsion, � , PDF measured
numerically in the center of the convection cell. Torsion is non-dimensionalized using the
cell height, H. Errors of curvature and torsion PDFs, in the center of the RBC cell, are
always estimated as the deviation between the PDF, constructed in the upper half of the mea-
surement volume, and the PDF, constructed in the lower half of the measurement volume
(disregarding the outer parts of the tails, where the error is larger). Here, torsion and cur-
vature PDFs measured with DNS have an estimated relative error of 4%, while curvature
PDFs measured experimentally have a larger relative error of about 20% for � > 103 and
8% for � < 103. PDFs measured in EFT, where we subdivide the measurement volume in a
right and left sub-volume to compute the error, have a relative error of 5%. The �gures are
reproduced from [110].

for more reliable particle tracking between subsequent time steps. The numerical
torsion PDF for non-rotating convection is shown in �gure 4.2b, together with the
��3 scaling law (black solid line). Also for torsion the predicted power law is recovered
very well in the center of the convection cell. We moreover observe that for low torsion
values the PDF scales as �0, which is in agreement with the result in [93, 91].

We continue by analyzing curvature and torsion statistics in the top measurement
volume of the Rayleigh{B�enard convection set-up, where we expect the 
ow to be
anisotropic. Near the top plate we distinguish between the (viscous) BL region and the
non-BL layer region (�gure 4.1). In the DNS a su�cient amount of tracer particles will
penetrate the BL, while in the experiments we expect very few particles to enter the
BL, since the particles are not perfectly neutrally buoyant. In �gure 4.3a we show the
curvature PDFs, measured near the top plate. Now we do not have vertical symmetry
within the measurement volume and relative errors are computed by subdividing the
total measurement volume horizontally into two equal parts and comparing PDFs
constructed in these sub-volumes. We observe in �gure 4.3a that the PDF obtained
from the experiments perfectly matches the PDF from the numerical simulations, but
measured outside the BL region. While these PDFs recover the ��5=2 scaling law,
the PDF measured numerically inside the BL shows a di�erent scaling behavior. For
the torsion PDFs, shown in �gure 4.3b, we again observe that the PDF constructed

31



4. Geometrical statistics

10-14

10-12

10-10

10-8

10-6

10-4

10-2

100

10-4 10-2 100 102 104 106 108

k1

k-5/2

P
D

F

k

experiments, RBC
DNS, RBC, non-BL

DNS, RBC, BL

(a) curvature

10-14

10-12

10-10

10-8

10-6

10-4

10-2

100

10-6 10-4 10-2 100 102 104 106 108

t -3

t 0

P
D

F

t

DNS, RBC, non-BL
DNS, RBC, BL

(b) torsion

Figure 4.3: (a) Curvature, �, PDFs for Rayleigh{B�enard convection (RBC, experiments and
DNS at the top of the cell). (b) Torsion, � , PDFs, measured numerically at the top of the
convection cell. In the DNS the top measurement volume is subdivided into the non-BL region
and the BL region (see �gure 4.1). Curvature and torsion are non-dimensionalized using the
cell height, H. Errors of curvature and torsion PDFs, near the top plate of the RBC cell,
are always estimated by subdividing the measurement volumes horizontally into two equal
parts and computing the deviation between the PDFs, constructed in these two sub-volumes
(disregarding the outer parts of the tails, where the error is larger). Torsion and curvature
PDFs outside the BL, measured with DNS, have an estimated relative error of 6%, while the
error of PDFs inside the BL can go up to 10%. Curvature PDFs measured experimentally
in the top measurement volume have a relative error of 5%. The �gures are reproduced from
[110].

in the non-BL region recovers the HIT scaling law, while the PDF constructed in the
BL region reveals a di�erent scaling behavior.

So, even though the bulk 
ow near the top plate is anisotropic [37, 38], this does
not in
uence the scaling behavior of the curvature and torsion PDFs. This suggests
that as long as viscosity does not play a signi�cant role and as long as the 
ow is
turbulent, the scaling laws found in section 4.2.1 hold. In the BL, however, we clearly
see an e�ect of the BL dynamics of the 
ow on the large-curvature scaling. At the
end of the following paragraph, we discuss this point in more detail and show the
e�ect of rotation on this scaling behavior in the BL.

Rotating turbulence

We now consider the e�ect of rotation on the curvature and torsion statistics, which
are measured and computed for a wide range of Ekman numbers. In the remaining of
this section, we will focus on the DNS of Rayleigh{B�enard convection and disregard
the experimental data. In [110] we showed that curvature statistics measured in
Rayleigh{B�enard experiments show a similar trend as in the DNS and for a detailed
discussion of the experimental curvature data we refer to [110, 53].

First, we discuss PDFs measured in rotating electromagnetically forced turbulence,
shown in �gure 4.4a. Both the �1 and the ��5=2 scalings are recovered for all Ekman
numbers. The e�ect of rotation is observed as a shift of the complete curve towards
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Figure 4.4: (a) Curvature, �, PDFs measured in electromagnetically forced turbulence (EFT),
for di�erent Ekman numbers, Ek. Curvature is non-dimensionalized using the forcing length,
L. Focusing on the left part of the curve, the Ekman number is increasing from top to bottom.
(b) Curvature PDFs, measured numerically in Rayleigh{B�enard convection (RBC), in the
center of the cell, for di�erent Ekman numbers. Focusing on the left part of the curves, the
Ekman number is increasing from bottom to top. For RBC, curvature is non-dimensionalized
using the cell height, H. Errors in the PDFs are as discussed in �gure 4.2. The �gures are
reproduced from [110].

lower curvature values. For Rayleigh{B�enard convection, we �rst compute the PDFs
in the center of the convection cell, which are shown in �gure 4.4b for the DNS. We
observe a shift of the PDFs towards higher curvature values, opposite to the shift
observed in electromagnetically forced turbulence.

Measurements near the top plate, where we expect a larger e�ect due to statistical
anisotropy and where viscosity might come into play, are shown in �gure 4.5. In the
non-BL region, we observe a similar shift towards higher values of �, as observed
in the center. Moreover, we recover the ��5=2 scaling for all rotation rates. In the
BL we clearly distinguish two regimes in �gure 4.5b. In the �rst regime, where
Ek > 1:8 � 10�4, the scaling is less steep than ��5=2, while for Ek . 1:8 � 10�4 the
scaling is closer to ��5=2. We also observe a clear shift of the PDFs towards larger
curvature under rotation.

As a reference point for the shift of the PDFs, we use the position of the maximum,
corresponding to the most probable value of curvature. We compute this maximum
position, indicated by ��, for all PDFs from �gures 4.4 and 4.5 and plot the results
as a function of the Ekman number in �gure 4.6a. For the DNS, we show the non-BL
region and the center and observe a similar trend in these respective measurement
volumes.

The shifts of the PDFs are expected to be related to the development of typical
coherent 
ow structures, which are vortices in turbulent 
ows with a characteristic
length scale. For electromagnetically driven turbulence the length scale of these typi-
cal vortical structures increases with rotation up to a rotation rate of 
 = 1:0 rad s�1

(Ek = 1 � 10�5) [113, 94, 114] and since curvature is an inverse length we expect
an opposite trend for the peak position in this regime. This increase in length scale
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Figure 4.5: Curvature, �, PDFs of Rayleigh{B�enard convection (RBC) measured numerically
in (a) the non-BL region and (b) the BL region near the to plate, respectively. Focusing on the
left part of the curves, the Ekman number, Ek, is increasing from bottom to top. Curvature
is non-dimensionalized using the cell height, H. Errors in the PDFs are as discussed in
�gure 4.3. The �gures are reproduced from [110].

is limited by the forcing length, which corresponds to �� = 1 given that curvature
is non-dimensionalized by this forcing length L. In �gure 4.6a we indeed observe a
decrease in the peak curvature position with increasing rotation up to Ek = 1 � 10�5,
which saturates at �� = 1 for larger rotation rates (lower Ek). For rotating convection
a completely opposite trend is observed; a constant peak position for Ek > 1:8 �10�4,
where the 
ow is dominated by a large-scale circulation [37, 115], while �� is slowly
growing for increasing rotation rate for Ek . 1:8 � 10�4, where vertically aligned
vortices are the dominant 
ow structures [37, 115]. For Ek > 1:8 � 10�4, the domain-
�lling large-scale circulation is hardly in
uenced by rotation [25], which explains the
constant value of �� in the curvature PDF in this regime. For Ek . 1:8 �10�4 rotation
starts to play an important role, due to the development of vertically aligned vortical
plumes [37, 115]. The length scale of these vortical structures, L, is known to decrease
with increasing rotation rate [116, 117]. This decrease is moreover expected to scale
as L � Ek1=3 [3, 118]. The trend is inversed since curvature is an inverse length:
one thus expects that the curvature PDFs shift under rotation as Ek�1=3. In �gure
4.6b we show that for Ek < 1:8 � 10�4 the PDFs collapse, when the length scale is
normalized by Ek�1=3. This collapse con�rms that the PDFs shift as a whole and
our chosen reference point �� is also expected to scale as �� � Ek�1=3. This scal-
ing, actually rescaled with a prefactor of 0:5 for the sake of �gure visibility, is shown
by the black dashed line in �gure 4.6a and the shift of the PDF top indeed follows
this Ek�1=3 scaling. The e�ect of rotation on the typical length scale is stronger in
Rayleigh{B�enard convection compared to electromagnetically forced turbulence. In
electromagnetically forced turbulence the magnet array forces a length scale upon
the 
ow, while in Rayleigh{B�enard convection the development of 
ow structures
under rotation is not limited by a forcing length. When comparing the trends for
Rayleigh{B�enard convection and electromagnetically forced turbulence, we conclude
that although opposite shifts for the curvature PDFs are observed in turbulent con-
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Figure 4.6: (a) The maxima of the curvature PDFs of �gures 4.4 and 4.5, positioned at ��,
as a function of the Ekman number, Ek. For electromagnetically driven turbulence (EFT)
�� is non-dimensionalized using the forcing length, L, and for Rayleigh{B�enard convection
(RBC) �� is non-dimensionalized using the cell height, H. The error bars are given by the
bin width, used to create the PDFs. The symbol � indicates an interruption of the x-axis,
used to include the peak position at Ek = 1. Note that, consequently, this point is out of
scale. (b) Curvature PDFs of �gure 4.4b, but now normalized by Ek1=3. Because of this
normalization the PDF for Ek = 1 is not shown. Focusing on the left part of the curves,
the Ekman number is increasing from bottom to top. The �gures are reproduced from [110].

vection and electromagnetically forced turbulence, the trends are consistent with the
dynamics of the vortical 
ow structures under rotation in the respective turbulent

ows.

Also for torsion, measured numerically in turbulent convection, PDFs are com-
puted for di�erent Ekman numbers in all measurement volumes. In �gure 4.7a and
4.7b we again observe a shift of the PDFs towards higher values, both in the center
and in the non-BL region near the top plate of the Rayleigh{B�enard convection cell.
In the BL region (�gure 4.7c) we observe that also for torsion the scaling depends on
the rotation rate.

The analysis of the shift of the torsion PDFs under rotation is similar as for the
curvature PDFs. However, since the torsion PDFs do not have a maximum but rather
start with a constant plateau that scales as �0, we must characterize the shift in a
slightly di�erent way. As a reference point, we now use the intersection point between
the constant plateau and the ��3 scaling. To compute this intersection point, ��, we
�rst perform power-law �ts to the low and high torsion limits of the PDFs. Second,
we compute the crossing point between these two �ts. The error in �� comes from
the uncertainty in the �tting results, that is dominated by the choice of the �tting
range. Therefore we compute the error in the �tting exponents by shifting the �tting
range �rst towards higher torsion values and then towards lower torsion values, a
method also used in the rest of this section. The deviation between the �tting results
in the di�erent �tting ranges gives the error, that is then used to represent the error
in ��. The resulting intersection points, ��, are shown as a function of the Ekman
number in �gure 4.8a. Again we �rst con�rm that PDFs for Ek < 1:8 � 10�4 collapse
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Figure 4.7: (a) Torsion, � , PDFs for di�erent Ekman numbers, Ek, measured from DNS in
the center of the Rayleigh{B�enard cell (RBC). (b)-(c) Torsion PDFs, measured from DNS
in the non-BL and the BL region near the top plate, respectively. In panels (a) and (b)
the Ekman number is increasing from bottom to top, focusing on the left part of the curves.
Errors in the PDFs are as discussed in �gure 4.2 and 4.3 and torsion is non-dimensionalized
using the cell height, H. The �gures are reproduced from [110].

when normalized by Ek�1=3, as shown for the center in �gure 4.8b, validating our
expectation of an Ek�1=3 scaling for ��. We indeed observe the exact same trend as
already observed for curvature: a constant PDF position in the regime of the large-
scale circulation and an Ek�1=3 scaling in the regime where vertically aligned plumes
are present.

The fact that both curvature and torsion PDFs show a horizontal shift propor-
tional to Ek�1=3 (or 
1=3), suggests that particle trajectories are ‘self-similar’ and that
there is no stretching of trajectories in a particular direction. To understand this we
use the example of the spiral, that is treated in detail in [90]. The three-dimensional
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Figure 4.8: (a) The kink position of the torsion PDFs of �gures 4.7a and 4.7b, positioned at
��, as a function of the Ekman number, Ek. The value of �� is computed as the intersection
point between two power law �ts, performed on the constant plateau and the high torsion tail
of the PDFs, respectively, and the error in �� is based on the uncertainty in these power
law �ts. Torsion is non-dimensionalized using the cell height H. The symbol � indicates an
interruption of the x-axis, used to include �� at Ek =1. Note that, consequently, this point
is out of scale. (b) Torsion PDFs of �gure 4.7a, but now normalized by Ek1=3. Because of
this normalization the PDF for Ek =1 is not shown. The �gure in panel (a) is reproduced
from [110].

spiral, r(t), can be expressed in Cartesian coordinates as [90]:

r(t) =

0

B@
R cos(
t)
R sin(
t)
�
t

1

CA ; (4.9)

where R and � are the parameters describing the spiral and 
 is its angular speed.
The parameters R and � can be expressed in terms of the curvature and the torsion
of the spiral as [90]:

R =
�

�2 + �2 ; � =
�

�2 + �2 : (4.10)

From equation (4.10) one can see that, when realizing that � and � scale as Ek�1=3,
both R and � scale as Ek1=3. This indeed suggests that the trajectories have a
self-similar shape and do not deform under rotation. However, we realize that we
are looking at statistics, rather than individual trajectories and the similar shift of
PDFs for curvature and torsion is not su�cient for proving self-similarity. Random
combinations of di�erent curvature and torsion ratios are not excluded and therefore
we also look at the behavior of the ratio between torsion and curvature, �=�, as
proposed in [93]. Here it is shown that both the joint PDF of �=� with velocity
and acceleration show a peak around �=� � 1 suggesting that there is a natural
ratio between torsion and curvature. In �gure 4.9 we show these joint PDFs for
non-rotating Rayleigh{B�enard convection (Ek = 1) and rotating Rayleigh{B�enard
convection (Ek = 7:2 � 10�6), measured numerically in the center of the cell. Indeed
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(a) Ek =1 (b) Ek =1

(c) Ek = 7:2 � 10�6 (d) Ek = 7:2 � 10�6

Figure 4.9: Joint PDFs of the ratio between torsion and curvature, �=�, with (a) abso-
lute velocity juj and (b) absolute acceleration jaj, measured numerically in the center of the
Rayleigh{B�enard cell for Ek = 1. The velocity and acceleration are normalized by their
standard deviations, �u and �a respectively. In panel (c) and (d) these joint PDFs are
shown for Ek = 7:2 � 10�6. The �gures are reproduced from [110].

we also observe that the joint PDFs have a peak around �=� � 1, supporting the
hypothesis of self-similarity of trajectories.

Next, we focus on the PDFs measured both in the BLs and in the bulk and analyze
the e�ect of rotation on their scaling behavior. We focus on the high-curvature and
high-torsion tails of the PDFs, where the scaling is indicated by ��c1 and ��c2 for
curvature and torsion, respectively. To identify a trend in the scaling exponents c1 and
c2, we measure them directly from a power-law �t. The results are shown as a function
of the Ekman number in �gure 4.10 for all measurement volumes, where the errors in
the exponents are determined by comparing di�erent �tting ranges as discussed above.
It is clearly observed that in the cell center the scaling is una�ected by rotation for
both curvature and torsion and equals the HIT scaling, corresponding to c1 = 5=2 and
c2 = 3. Also, in the non-BL region near the top plate, a constant scaling is observed
equal to this HIT prediction. However, in the BL the scaling exponent decreases for
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Figure 4.10: (a) Scaling exponents c1, corresponding to the high curvature scaling ��c1 , and
(b) c2, corresponding to the high torsion scaling ��c2 , as a function of the Ekman number,
Ek, measured numerically in both the center and the non-BL and BL regions near the top
plate of the convection cell. Error bars are determined by comparing di�erent �tting ranges:
one shifted towards higher curvature and torsion values and another one shifted towards lower
values of the concerned PDF tail. The symbol � indicates an interruption of the x-axis, used
to include the scaling exponents at Ek = 1. Note that, consequently, this point is out of
scale. The �gures are reproduced from [110].

decreasing rotation rate or increasing Ek, for both curvature and torsion. Remarkable
is that for higher rotation rates the HIT scaling is approached, while the lower the
rotation rate, the more the exponents deviate from this prediction. It is known that at
Ek = 1:8 �10�4, the transition point between the large-scale circulation and vertically
aligned vortices, there is also a transition in the BL dynamics: for Ek > 1:8 � 10�4,
a Prandtl{Blasius BL develops at the horizontal plates, while for Ek . 1:8 � 10�4

the BL is of the Ekman type [21]. For Ek > 1:8 � 10�4, the scaling exponents of
the PDFs in the BL are constant and reach the minimum values c1 � 2:2 � 0:1 for
curvature and c2 � 2:5�0:2 for torsion. The Prandtl{Blasius BL is not in
uenced by
rotation [21], which explains the constant scaling exponent in this regime. Moreover
the Prandtl{Blasius BL is passive and is hardly in
uenced by the bulk, consistent
with the deviation of the scaling exponent from the bulk value in this regime. To
understand why the scaling exponents in the Prandtl{Blasius BL are lower than the
HIT prediction, we go back to the derivations of the scaling laws in section 4.2.1.
Here, we focused on HIT and assumed that the velocity components were independent
Gaussian variables, following a �-distribution of dimension 3. Although the velocity
statistics in Rayleigh{B�enard convection are not perfectly Gaussian, especially near
the top plate and in the BL, this assumption is reasonable for small values of u, which
is exactly the limit we are interested in (see also Section 4.2.3). Using this assumption,
u�2 follows an inverse �-squared distribution of dimension k = 3. However, in the
Prandtl{Blasius BL, there is just one dominant horizontal velocity component due to
the presence of the mean 
ow [97]. As a result the number of velocity components
can be thought of as being e�ectively reduced from 3 to 3 � 
, where 
 indicates a
fractional reduction of the dimensionality of the 
ow. Expanding the distribution of
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u�2 (equation (4.3)) with this new dimension k = 3 � 
, to x = u�2 for x ! 1,
results in Pu�2(x = u�2) � x�(5=2�
=2). This means that in the limit of � ! 1 the
curvature PDF scales with scaling exponent c1 = 5=2 � 
=2. While for 
 = 0 the
HIT value of c1 = 5=2 is recovered, the exponent decreases with increasing 
. For
torsion we rewrite the integral of equation (4.5), now assuming an and u to follow a
�-distribution of dimension 2� 
 and 3� 
, respectively [91]:

P� (�) �
ZZ

u2�
e�
u2
2 a1�


n e�
a2
n
2 �
�
� �

1
anu

�
dandu: (4.11)

Following the same steps as in section 4.2.1 (equations (4.5){(4.8)), results in a scaling
of P� (�) � ��(3�
), for � ! 1, thus c2 = 3 � 
. Indeed, a decrease in the number
of velocity components from 3 to 3 � 
, leads to lower scaling exponents for both
curvature and torsion PDFs. As Ek ! 1 the scaling exponents c1 and c2 converge
to constant values c1 = 2:2� 0:1 and c2 = 2:5� 0:2, corresponding to 
 = 0:5� 0:1.
Although this value of 
 is found in both the curvature and torsion measurements,
we are not aware of any theoretical explanation or previous studies quantifying this
reduction in dimensionality.

Di�erent from the Prandtl{Blasius BL, the Ekman BL does actively interact with
the bulk 
ow. Moreover, the vertical velocity coupling bulk and BL (also known as
Ekman pumping/suction), scales with the Ekman number [119, 72] and consequently
curvature depends on the rotation rate as well. Indeed we observe that the scaling
exponents depend on rotation in �gure 4.10, and are gradually increasing towards the
bulk values of c1 = 5=2 and c2 = 3 for higher rotation rates, as expected because
of the active interplay between the Ekman BL and the bulk (where HIT scaling is
observed).

4.3 Directional change of tracer trajectories�

4.3.1 Multi-scale angular statistics

Curvature and torsion are instantaneous measures, dominated by the small-scale
structures of the 
ow and therefore do not capture the multi-scale dynamics of a
turbulent 
ow [98]. A multi-scale measurement related to the geometry of trajec-
tories is proposed in [120, 98] as the directional change of 
uid tracer trajectories.
Following the procedure proposed by Bos, Kadoch and Schneider in [98], we �rst
de�ne the spatial increment of trajectories, sketched in �gure 4.11a, as

�x(t; �) = x(t)� x(t� �); (4.12)

where x(t) is the position of the tracer particle at time t and � is the time increment
between subsequent positions. Next, we introduce the cosine of the angle between
�Closely follows what is published in K. M. J. Alards, H. Rajaei, R. P. J. Kunnen, F. Toschi and H.

J. H. Clercx, \The directional change of tracer trajectories in rotating Rayleigh{B�enard convection",
Phys. Rev. E 97:063105 (2018). Experiments on Rayleigh{B�enard convection discussed in this paper
are carried out by Hadi Rajaei, experiments on electromagnetically forced turbulence are carried out
by Lorenzo Del Castello and Kim Alards is responsible for the numerical part of the work.
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these subsequent points along trajectories as:

cos �(t; �) =
�x(t; �) � �x(t+ �; �)
j�x(t; �)jj�x(t+ �; �)j

: (4.13)

The curvature is related to the angle �(t; �) in the limit of � ! 0, as

� = lim
�!0

�(t; �)
2� ju(t)j

; (4.14)

with u(t) the velocity of the trajectory at time t.
In HIT, the average angle �(�) = hj�(t; �)ji, with h: : : i the ensemble average over

all tracer trajectories and over time t, displays a power-law scaling with � in the limit
of � � TL, with TL the Lagrangian integral time scale of the 
ow [98]. Again we
follow the procedure suggested in [98], where � is approximated as

l?
lk
�
����tan

�
�
2

����� �
����
�
2

���� ; (4.15)

using a Taylor expansion in the limit of small �. This approximation is expected
to be valid for � � TL [98]. However, even for small values of � larger angles of
directional change can occur, for example, inside vortex tubes where a tracer can
change its direction in a time interval that is of the order of the Kolmogorov time
scale [93, 121, 122]. Since the scaling is derived for the average angle of directional
change we expect that the in
uence of these kinds of rare events is minor. In the
equation above l? corresponds to the distance traveled perpendicular to the initial
displacement over a time interval 2� and lk corresponds to the distance traveled
parallel to the initial displacement in this time interval, as sketched in �gure 4.11b.
These distances can be estimated as l? � 2�2a?(t; �) and lk � 2�U(t; �), respectively,
where U(t; �) is the absolute value of the velocity and a?(t; �) is the absolute value of
the acceleration component perpendicular to the velocity, both coarse-grained over a
time interval � . Without loss of generality, velocity and acceleration can be written in
terms of positive random variables, �u(t; �) and �a(t; �), with unit mean and variance,
such that

U(t; �) = �u(�)�u(t; �); a?(t; �) = �a(�)�a(t; �); (4.16)

where �2
u(�) and �2

a(�) are the variances of U(t; �) and a?(t; �), respectively. Substi-
tuting equation (4.16) into equation (4.15) and assuming that velocity and accelera-
tion are uncorrelated (a reasonable assumption in HIT [92, 98]) results in

j�(t; �)j � 2�
�a(�)
�u(�)

: (4.17)

Now two regimes are considered; in the �rst regime � is much smaller than the
Kolmogorov time scale, � � ��, and in the second regime � is larger than the Kol-
mogorov time scale, but still much smaller than the Lagrangian integral time scale,
�� < � � TL.

When � � �� we can assume that velocity and acceleration are constant over the
time interval � , such that

�(�) � 2�
�a
�u
: (4.18)
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(a) (b)

Figure 4.11: (a) sketch of the angle between subsequent time steps � of the particle trajectory,
where x(t) is the position of the particle at time t. (b) Sketch of the trajectory at a time
increment shorter than the Lagrangian integral time scale, where the length scales lk and
l? follow from �tting a right triangle through the three subsequent points. The sketches are
reproduced from [98].

In other words, the average angle �(�), is expected to scale as �1 when � � ��.
In the inertial range, where �� < � � TL, equation (4.17) still holds, however now
�a(�) depends on the time increment � . Using Kolmogorov phenomenology in the
inertial range, dimensional analysis shows that �a(�) � (�=�)1=2, with � the energy
dissipation rate [98, 75]. By combining this expression for �a(�) with equation (4.17),
the average angle now becomes

�(�) � �1=2 �1=2

�u
�
�
�
TL

�1=2

; (4.19)

using that TL � �2
u=�. So, in the inertial range the average angle �(�) is expected to

scale as �1=2 in HIT. Note that in [98] this scaling is recovered for time scales up to
almost ten times the Kolmogorov time scale and for � . 0:7. The �1=2 scaling, that is
derived in the limit of small � (equation (4.15)) is thus quite robust. For more details
of the derivation above we refer the reader to [98].

For even larger time scales, where � approaches the Lagrangian integral time scale,
the convergence of the average angle �(�) depends on the domain con�guration: the
average angle between two randomly placed vectors in a 3D unbounded domain goes
to �=2 due to symmetry, while in a bounded domain this average angle approaches
2�=3 due to con�nement as explained in detail in [100].

The 
ow considered here, rotating Rayleigh{B�enard convection, is anisotropic and
inhomogeneous and therefore the assumptions of Gaussian velocity and acceleration
statistics and uncorrelated velocity and acceleration are not obvious anymore. At
small time scales the predictions above are still expected to hold, however at large
scales it is expected that inhomogeneity and anisotropy play a role and it is not a
priori clear how this will in
uence the angular statistics.
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Figure 4.12: Sketch of the measurement volumes. The gray cube in the center represents
the measurement volume in the DNS of size 0:5 � 0:5 � 0:5, in the x-, y- and z-directions,
respectively. The gray hatched rectangular parallelepiped in the center and the green hatched
rectangular parallelepiped at the top represent the experimental measurement volumes, both
of size 0:4� 0:3� 0:25. In the DNS the top measurement volume consists of a non-BL part
of size 0:5 � 0:5 � (0:25 � �u) (light-green lower part) and a BL part of size 0:5 � 0:5 � �u
(dark-green upper part), with �u the viscous BL thickness which varies between �u = 0:0299
and �u = 0:0058 depending on the rotation rate [21]. Note that the proportions of the volumes
are distorted, where especially the BL region is enlarged for visibility reasons. All reported
length scales are non-dimensionalized using the the cell height H = 200 mm. The �gure is
reproduced from [123].

4.3.2 Numerical and experimental parameters

As already mentioned in section 4.2.2 experiments and DNS of a cylindrical Rayleigh{
B�enard set-up are performed with Ra = 1:3�109, Pr = 6:7, � = 1 and 0:05 � Ro � 1.
For the DNS the method described in section 3.1.1 is used and again all reported
variables in this section are non-dimensionalized using the values described in table
4.1. Note that in this section we will focus only on thermal convection and we will
use Ro to characterize the rotation rate instead of Ek. For comparison with section
4.2, we show the corresponding Ekman numbers in table 4.2.

In the Rayleigh{B�enard convection experiments neutrally buoyant particles are
tracked in the same measurement volumes as described in section 4.2.2. These volumes
are represented by the hatched parallelepipeds in �gure 4.12. In the DNS statistics
of passive tracers are now collected in slightly larger measurement volumes. In the
center a measurement volume of size 0:5 � 0:5 � 0:5 is considered as sketched in
�gure 4.12 (gray cube). Inside this measurement volume we have approximately
1:6 � 105 tracers, based on a uniform distribution of tracers within the Rayleigh{
B�enard convection cell. To give an idea of the convergence of the statistics with the
size of the measurement volume; the average angle of directional change computed in
a volume of 0:2� 0:2� 0:2 deviates about 30% from the values corresponding to the
measurement volume of 0:5�0:5�0:5 and for a volume of 0:4�0:4�0:4 this deviation
already reduced to about 7.5%, when focusing on the same time range. Furthermore,
in the measurement volume of 0:5� 0:5� 0:5 trajectories are tracked long enough to
investigate the convergence of the average angle of directional change at large time
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Table 4.2: Kolmogorov time scales, ��, and Lagrangian integral time scales, TL, of 
uid
tracers in rotating Rayleigh{B�enard convection. Time scales are reported at di�erent Rossby
numbers and for both the center measurement volume and the measurement volume close
to the top plate, excluding the BL. The Lagrangian integral time scale is reported for both
the horizontal and the vertical direction, given by Txy and Tz, respectively. All time scales
are non-dimensionalized by tc = H=U as also reported in table 4.1. The current table is
reproduced from [123].

Ro 0.05 0.1 0.2 0.5 1 2.5 3 5 10 1
Ek (�10�5) 0:36 0:72 0:14 3:6 7:2 18 22 36 72 1

center �� 0.41 0.36 0.35 0.36 0.36 0.39 0.43 0.51 0.46 0.52
Txy 14.3 6.2 23.1 15.3 4.7 7.1 5.7 4.9 7.4 3.5
Tz 18.4 7.7 10.9 9.1 8.6 8.1 7.0 5.5 6.1 4.9

top �� 0.33 0.32 0.32 0.33 0.33 0.35 0.37 0.39 0.40 0.40
Txy 18 3.2 4.0 9.3 5.2 6.2 8.4 4.2 7.9 13.7
Tz 10.9 22.0 13.4 8.0 4.5 4.0 4.7 8.6 2.7 2.7

scales. A second measurement volume is placed close to the top plate. Again, the
numerical measurement volume near the top plate is sub-divided into a non-BL region
(dark green rectangular parallelepiped in �gure 4.12) and the viscous BL region (light
green rectangular parallelepiped in �gure 4.12), where the sizes of these volumes are
0:5�0:5� (0:25��u) and 0:5�0:5��u, respectively. The viscous BL thickness varies
from �u = 0:0299 for Ro = 1 to �u = 0:0058 for Ro = 0:05. Given that tracers are
distributed uniformly, the number of tracers inside the non-BL and BL measurement
volumes is 7� 8 � 104 and 1� 9 � 103, respectively, depending on �u. Trajectories are
reconstructed such that they start and end in the measurement volume: this means
that each time a tracer enters the measurement volume it starts a new trajectory and
a tracer leaving the measurement volume terminates a trajectory.

The Kolmogorov time scale, ��, and the Lagrangian integral time scale, TL, of
the trajectories are di�erent in the center compared to the volume close to the top
plate and additionally depend on the rotation rate. Their values are reported in
table 4.2, where �� = (�=�)1=2, based on the average energy dissipation, �, in the
di�erent measurement volumes and the Lagrangian integral time scale is estimated
as the time at which the second-order Lagrangian velocity structure function, Si;2 =
h[ui(t+ �)� ui(t)]

2i, with i the horizontal or vertical component of the velocity, has
converged to its plateau value. To compute the structure functions in the horizontal
directions, the components in the x- and y-directions are averaged, such that Sxy;2 =
(Sx;2 +Sy;2)=2. The error in the Lagrangian integral time scales reported in table 4.2
is maximum 20%, based on di�erent thresholds used to determine the convergence.
Except for Ro = 0:05 and Ro = 10, the Kolmogorov time scales are computed from
previous DNS data [102, 21] with a slightly di�erent grid resolution of 512�257�512
grid points. The values are however expected to be the same for the resolution used
here.
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4.3.3 Results

Non-rotating Rayleigh{B�enard convection

First, we will discuss the angle of directional change of tracer trajectories in non-
rotating Rayleigh{B�enard convection. The Kolmogorov time scales and Lagrangian
integral time scales of non-rotating Rayleigh{B�enard convection are as reported in
table 4.2.

Probability density functions of the angle of directional change
PDFs of the angle of directional change, measured in the center are compared to PDFs
measured near the top plate. We start from the central measurement volume, where
the 
ow is closest to HIT [17, 38, 112]. In �gure 4.13a, a good agreement between
DNS and experiments is found for the PDFs of �, indicated by P�. The PDFs show
a peak around � = 0 for small � and approach the distribution P�;�!1 = 1

2 sin �,
corresponding to the angle between two randomly chosen vectors in 3D space, for
large � . This trend was also observed in [98] for HIT.

In the DNS, we also consider PDFs of Q = 1 � cos �, which we will indicate by
PQ. This quantity Q gives a direct measure for the directional change, being zero
for very small angles (particles going straight) and two for a complete reversion of
the direction (corresponding to � = �). Given that P� goes to P�;�!1(�) = 1

2 sin �
for large time increments, PQ is expected to be equi-distributed in that limit. In
�gure 4.13c, PQ is indeed converging to the uniform distribution PQ;�!1(Q) = 1=2
for larger � . As shown in [98], an analytical prediction for the shape of PQ in the
limit of � ! 0 can be derived. First, a Taylor expansion of 1� cos � gives

1� cos �(t; �) �
1
2
�2(t; �) � 2�2 �2

a(�)�2
a

�2
u(�)�2

u
; (4.20)

where equations (4.16) and (4.17) are used. Then, by assuming u and a to be uncorre-
lated and to follow Gaussian statistics, �2

u and �2
a are expected to follow a �-squared

distribution with 3 and 2 components, respectively. As derived in [98] this means
that PQ can be described by a Fisher distribution, Fn;m, with n = 3 and m = 2.
For HIT, PDFs for di�erent values of � are shown to collapse when normalized by

2;3(�) = �2(�)=3 (following from the exact de�nition of F2;3 using the �-squared
distributions), where �(�) = hj�(t; �)ji. In �gure 4.13e we show the normalized PDFs
of Q and �nd the curves to collapse onto the analytical prediction of the Fisher dis-
tribution, F2;3. The agreement is particularly good for small values of � , but even for
larger values of � , where assumptions of Gaussian statistics and small � are violated,
the agreement is still acceptable.

Near the top plate inhomogeneity and anisotropy are expected to play a role. To
investigate how this a�ects the angular statistics we show P�, measured near the top
plate in �gure 4.13b, where in the DNS the BL is excluded. We again �nd a good
agreement between DNS and experiments, given that in the experiments very little
measurement points are found inside the viscous BL as mentioned before in section
4.2.2. Distributions of P� (�gure 4.13b) and PQ (�gure 4.13d) are similar as the
corresponding distributions measured in the center and again PQ recovers the Fisher

45



4. Geometrical statistics

distribution, F2;3, when properly normalized. So, statistics of the angle � recovers
the behavior found for HIT, even in the anisotropic and inhomogeneous 
ow studied
here. This was already shown for the limit of � ! 0 in the previous section, where
curvature and torsion PDFs in Rayleigh{B�enard convection where shown to recover
the HIT predictions, as long as the BL was excluded from the measurement volume.
Our results suggest that for time-dependent quantities like � this assumption can be
extended to larger time scales, even up to the Lagrangian integral time scale.

We expect di�erent behavior inside the viscous BLs, where a strong mean 
ow is
present in the regime with presence of the large-scale circulation. In �gures 4.14a and
4.14b we show that both P� and PQ measured in the BL using DNS, do not approach
the uniform distributions (dashed black lines) anymore like in the bulk. Instead, in
�gure 4.14a, a 
at wide maximum develops around � = 0 for larger � , consistent with
the expectation that trajectories are straighter inside the BL due to the horizontal
mean 
ow. The presence of this strong mean horizontal 
ow can also be seen as a
reduction of the dimensionality, such that the velocity and normal acceleration do
not have 3 and 2 components, but rather 2 and 1 components, respectively. Indeed,
when we now compute PQ, normalized by 
1;2(�) = �2(�)=4, a collapse on a Fisher
distribution, F1;2, is observed in �gure 4.14c, supporting the proposition that the
e�ective number of components of velocity and acceleration has decreased. Note that
the de�nition of F1;2 results in a di�erent normalization factor for PQ (
1;2(�) =
�2(�)=4) than the de�nition of F2;3 (where 
2;3(�) = �(�)2=3). In �gure 4.14c, the
steep peaks at the right end of the curves correspond to larger values of �, where the
Taylor expansion of equation (4.20) does not hold anymore.

Average angle of directional change
The multi-scale temporal behavior of the 
ow can be investigated by measuring the
average angle of directional change, �, as a function of � . As explained in section
4.3.1, � is expected to scale as � � � for � � �� and as � � �1=2 for �� < � � TL
in HIT. In �gure 4.15a, a good agreement between experiments and DNS is found for
�(�), provided that the BL is excluded in the DNS. The average angle, �, converges
to 2�=3 for large � , consistent with the prediction for con�ned domains in [100]. The
con�nement comes from the sampling method, based on sampling trajectories such
that they are inside the measurement volume over their full life span. Even though this
measurement volume is not bounded by physical walls, the angles at subsequent points
along the trajectories are not equi-distributed when the corresponding separation
lengths between the points become of the order of the measurement volume. In [100],
the convergence to 2�=3 is reproduced by placing three random points in a con�ned
domain, using Monte Carlo simulations, and computing the angle between the two
line segments connecting these points. These simulations only capture the geometrical
e�ects of con�nement and disregard 
ow-dependent e�ects, like the modi�cation of
the 
ow at the walls. The fact that the convergence to 2�=3 is recovered thus indicates
that it is a purely geometrical e�ect, like in our data sampling.

When focusing on the scaling of � with � in �gure 4.15a, we recover the ballistic
scaling of � � � in the viscous regime where � � ��, as long as the BL is excluded.
For � > ��, a �1=2 scaling is predicted for HIT, linked to the Kolmogorov scaling of
the energy spectrum in the inertial range. In the Rayleigh{B�enard convection 
ow

46



4. Geometrical statistics

(a) center (b) top, non-BL

(c) center (d) top, non-BL

(e) center (f) top, non-BL

Figure 4.13: Top: PDFs of the angle �, P�, for di�erent time increments, � , measured in (a)
the center and (b) the non-BL region near the top plate for experiments (symbols) and DNS
(lines) of non-rotating Rayleigh{B�enard convection. Focusing on the right part of the �gures,
� is increasing from bottom to top. Center: PDFs of Q = 1�cos �, PQ, for the DNS data now
represented by lines with symbols for (c) the center and (d) the non-BL region. Bottom: PQ,
but now normalized by 
2;3(�) = �2(�)=3, with � the average angle of directional change, for
(e) the center and (f) the non-BL region. The black dashed line shows a Fisher distribution,
F2;3. For clarity symbols are plotted each 5 data points. The �gures are reproduced from
[123].
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(a) (b)

(c)

Figure 4.14: (a) PDFs of the angle �, P�, for di�erent time increments, � , measured in the
viscous BL at the top plate for DNS of non-rotating Rayleigh{B�enard convection. (b) PDFs
of Q = 1�cos �, PQ, for DNS. (c) PQ, but now normalized by 
1;2(�) = �2(�)=4, with � the
average angle of directional change, together with a Fisher distribution, F1;2 (black dashed
line). For clarity symbols are plotted each 5 data points in panels (a) and (c) and each data
point in panel (b). The �gures are reproduced from [123].

studied here the Taylor-based Reynolds number is relatively low; Re� � 39, where
Re� = urms

p
15=(��), with urms = (urmsx + urmsy + urmsz )=3. Consequently, one

cannot expect a Kolmogorov scaling of the energy spectrum in the inertial range,
possibly explaining why the �1=2 is not recovered very well. We do however observe a
transition in the scaling from �1 for � � �� to a lower scaling exponent in the regime
of �� < � < TL. This is also clearly visible when focusing on �(�), compensated by
�1=2 in �gure 4.15b. Although the presence of a plateau is lacking, especially in the
center, there is clearly a transition from one scaling regime to another at � � 1.

While the �(�) curves for the center and the non-BL volume mostly overlap, the
average angle in the Prandtl{Blasius BL behaves completely di�erent. For larger � ,
the values of � are lower as a result of the strong horizontal mean 
ow present in the
Prandtl{Blasius BL [21, 97]. Since the measurement volume used in the BL is rather
small it is important to distinguish between the e�ect of the mean 
ow and the e�ect
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(a) (b)

Figure 4.15: (a) The average angle of directional change, �(�) = hj�(t; �)ji, as a function
of the time increment � , for both DNS (lines with closed symbols) and experiments (open
symbols), measured in the center (red squares) and near the top plate (blue circles) of the
Rayleigh{B�enard cell. In the DNS the top measurement volume is subdivided in a non-BL
and BL region, indicated by the green line with triangles. (b) �(�), normalized by �1=2,
measured using DNS in the center (red line with squares) and the non-BL region (blue line
with circles). For the DNS symbols are added to the lines for visibility with an interval
depending on � . The �gures are reproduced from [123].

of the con�nement. Therefore we measured �(�) in a measurement volume of the
size of the BL measurement volume (0:5 � 0:5 � �u), but positioned in the center as
shown in �gure 4.16. The strong decrease of �(�) for larger � is only found in the
BL and not in the center, when using this BL measurement volume, con�rming that
it is a 
ow-dependent feature.

Rotating Rayleigh{B�enard convection

Now we include rotation and investigate how it a�ects the geometry of the 
ow
by measuring the angle of directional change of tracer trajectories at di�erent time
scales and at di�erent Rossby numbers. Note that the Kolmogorov time scale and
the Lagrangian time scale depend on the rotation rate as reported in table 4.2.

Probability density functions of the angle of directional change
First, we investigate the e�ect of rotation on the directional change, Q, by analyzing
PQ at di�erent Rossby numbers and di�erent values of � in �gure 4.17, for both
the center and the top, non-BL, measurement volumes. The normalized curves all
collapse on the Fisher distribution, F2;3, indicating that the analytical prediction of
section 4.3.3 is still valid. This means that the assumption of non-correlated velocity
and acceleration and the assumption of Gaussian statistics remain valid in the bulk
of the rotating Rayleigh{B�enard convection 
ow. For instantaneous curvature and
torsion statistics, this was already shown in [110] and section 4.2.3, however here we
suggest that this also holds for larger time scales up to the Lagrangian integral time
scale of multi-timescale processes.
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Figure 4.16: The average angle of directional change, �(�) = hj�(t; �)ji, as a function of the
non-dimensional time increment � , for DNS measured in the center in measurement volumes
of size 0:5 � 0:5 � 0:5 (red line with squares) and 0:5 � 0:5 � �u (with �u the dimensionless
viscous BL thickness, blue line with circles) and in the BL at the top plate (green line with
triangles) of the Rayleigh{B�enard cell. Symbols are added to the lines for visibility with an
interval depending on � .

The BL is of the Ekman type for Ro . 2:5 and of the Prandtl{Blasius type for
Ro & 2:5 [21]. Both types of BLs are characterized by di�erent 
ow structures and
we want to understand whether the BL transition is visible in the angular statistics
of tracer trajectories. P�, measured in the Prandtl{Blasius BL where a strong mean
horizontal 
ow is present, reveals a higher probability of low values of � in �gure
4.14a, while in the Ekman BL the probability of larger � for larger � has increased
in �gure 4.17c. This is possibly a signature of the spiraling motions of 
uid [124],
characterizing the Ekman BL 
ow. The described trend is also directly visible in PQ;
there is an enhanced probability on larger values of Q inside the BL in the rotating
case, evident when comparing �gures 4.14b and 4.17d. In �gures 4.17c and 4.17d
we only show PDFs for one rotation rate, Ro = 0:1, but we veri�ed that similar
statistics are retrieved for other rotation rates in the regime Ro . 2:5. To understand
the e�ective dimensionality of the BL 
ows, we normalize PQ and compare it to a
Fisher distribution with either 2 and 3 components, F2;3, or 1 and 2 components,
F1;2. For Ro = 1 a reduction of the e�ective number of components due to the
mean horizontal 
ow in the BL was already observed in section 4.3.3. The Ekman
BL is not characterized by a strong mean horizontal 
ow, but by spiraling motion of

uid. To understand the e�ective dimensionality in the Ekman BL, we compare PQ,
normalized by �2(�), to both F2;3 and F1;2 in �gure 4.18, where � is increased from
right to left�. For small � we observe that PQ is closer to the Fisher distribution,
F2;3, in the Ekman BL (red lines with circles) while PQ in the Prandtl{Blasius BL
(blue lines with crosses) starts to approach the Fisher distribution, F1;2. So, for
small � , the reduction in the dimensionality is only found in the Prandtl{Blasius BL,
characterized by the strong mean horizontal 
ow. For larger � , however, curves in both
�For F1;2 the normalization factor is 
1;2 = �2(�)=4, while for F2;3 the normalization factor

is 
2;3 = �2(�)=3. In order to account for these di�erent normalization factors in �gure 4.18, we
compare PQ, normalized by �(�)2, to 4F1;2(Q=4) and 3F2;3(Q=3), respectively.
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(a) center (b) top, non-BL

(c) top, BL, Ro = 0:1 (d) top, BL, Ro = 0:1

Figure 4.17: Top: PDFs of Q = 1� cos �, PQ, for di�erent Rossby numbers, Ro, measured
using DNS in (a) the center and (b) the non-BL region near the top plate of the Rayleigh{
B�enard cell. PDFs are normalized by 
2;3(�) = �2(�)=2, with �(�) the average angle of
directional change. The black dashed line represents the Fisher distribution, F2;3. For each
Ro only the time increments � = 0:3, � = 1 and � = 5 are shown for visibility reasons.
bottom: (c) P� and (d) PQ, measured in the BL for Ro = 0:1. The �gures are reproduced
from [123].

the Prandtl{Blasius BL and the Ekman BL collapse on the Fisher distribution, F1;2.
This is probably the result of trajectories being reconstructed in a thin measurement
volume with a small vertical dimension (of the size of the BL thickness), compared to
the horizontal dimensions, reducing the components of the normal acceleration and
velocity of trajectories at large time increments � . Furthermore, especially in the
regime of Ro . 2:5, strong peaks are observed at the end of the curves in �gure 4.18.
These peaks are related to large values of �, where the Taylor expansion of equation
(4.20) is not valid anymore, explaining why here the curves deviate from the Fisher
distribution.

Average angle of directional change
Next, we want to understand whether rotation a�ects the scaling of the average angle
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Figure 4.18: PDFs of Q = 1�cos �, PQ, normalized by �2(�), with �(�) the average angle of
directional change, measured in the BL for Ro � 2:5 (blue lines with plusses) and Ro < 2:5
(red lines with circles). For each Ro, only the time increments � = 0:1, � = 1 and � = 5
are shown. The black solid and black dashed lines represent the Fisher distributions 3F2;3

and 4F1;2, respectively. Peaks at the end of curves are related to large values of �, where the
Taylor expansion of equation (4.20) is not valid anymore. Symbols are plotted each 5 data
points for visibility. The �gure is reproduced from [123].

of directional change, �(�), with � and in particular whether a signature of the
transition in the typical coherent 
ow structures can be found at time scales larger
than the Kolmogorov time. In �gures 4.19a and 4.19b, the average angle �(�) is
shown as a function of � , for di�erent rotation rates in the center and near the top
plate of the Rayleigh{B�enard convection cell. For small values of � a ballistic regime
is recovered where �(�) � � for all rotation rates. A second scaling range can be
identi�ed for �� < � . TL, where a transition has occurred from the ballistic regime
to a di�erent, lower, scaling exponent. This scaling exponent at intermediate time
scales is moreover decreasing with rotation, a trend we will discuss in more detail
later. Note that in the non-BL region and in the regime of Ro & 2:5 (�gure 4.19b),
curves of � extend up to lower values of � compared to the center (�gure 4.19a). This
is a result of the smaller measurement volume used near the top plate, compared to
the center, resulting in shorter trajectories.

Inside the viscous BL, two clear regimes are distinguished in �gure 4.19c with a
transition around Ro � 2:5, in contrast to what we observed in the bulk. In the regime
of the large-scale circulation, where Ro & 2:5, curves de
ect downwards for large ��.
This is related to the strong horizontal mean 
ow present in the Prandtl{Blasius BL,
giving rise to lower average angles along the trajectories. When Ro . 2:5, the BL is
of the Ekman type and there is interaction between the BL and the bulk. This might
explain why here the �(�) vs � curve is again similar to that measured in the non-BL
region (�gure 4.19b) and in the center (�gure 4.19a).

To quantify the change in the scaling exponent under rotation in �gures 4.19a{
4.19c, a linear �t of ln(�(�)) as a function of ln(�) is performed in the range of
�Note that for Ro = 2:5, where the transition from the large-scale circulation to vertically aligned

plumes occurs, the downward de
ection of �(�) for large times is less prominent in �gure 4.19c, due
to the break-down of the large-scale circulation at this Rossby number.
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�� < � < TL, measuring the scaling exponent c as �(�) � � c. Computing the
scaling exponent c is very sensitive to the de�nition of the �tting range and therefore
the error is computed as the deviation between exponents computed in �ve di�erent
�tting ranges; two shifted towards lower and two shifted towards higher time scales
compared to the original �tting range. In �gure 4.19d, c is shown as a function of Ro
for DNS, showing all three measurement volumes. Both in the center and the non-BL
region two regimes can be distinguished: in the regime of the large-scale circulation
(Ro & 2:5) the scaling exponent is a constant; c = 0:66 � 0:03 in the center and
c = 0:49 � 0:06 near the top plate, while in the regime of vertically aligned plumes
(Ro . 2:5) c is decreasing with decreasing Ro and approaching c = 0:19 � 0:04 (for
the highest rotation rates in our simulations). Inside the BL, exponents are lower
compared to the bulk and the deviation between the bulk and BL measurements are
especially large in the regime where the large-scale circulation is the dominant 
ow
structure.

The e�ect of large-scale coherent 
ow structures on the angle of directional
change
In (non-rotating) HIT, �(�) is expected to scale as �1=2, when �� < � < TL, based on
Kolmogorov phenomenology. Since the level of turbulence studied here is moderate
(Re� � 39 for Ro = 1 to Re� � 7 for Ro = 0:05), we do not expect the energy
spectrum to show a clear inertial range and it is therefore not obvious whether we can
apply these arguments, used in HIT, to explain the scaling exponents measured in
the Rayleigh{B�enard 
ow. Instead, we focus on the in
uence of the con�nement and
of the dominant 
ow structures, which are the large-scale circulation for Ro & 2:5
and the vertically aligned plumes for Ro . 2:5, and investigate how they a�ect the
scaling exponents in the range of �� < � < TL.

A �rst factor that is expected to a�ect the scaling exponents is the con�nement,
induced by the �nite measurement volume. In smaller measurement volumes trajec-
tories have to be more ‘curved’ in order to �t inside, while in larger measurement
volumes also longer, more stretched, trajectories are allowed. This will result in
smaller average angles at larger time increments, for larger measurement volumes.
We de�ne the size of the measurement volume relative to the total volume of the con-
vection cell as V=Vtot, where Vtot = �=4 and V = �x��y ��z with �i the size of
the measurement volume in the ith direction (in dimensionless units). It is important
to distinguish the e�ect of the con�nement from the e�ect of the typical 
ow struc-
tures on the exponents, c. Therefore, we show c as a function of Ro for the original
central measurement volume of V=Vtot = 0:16 and an enlarged measurement volume
of V=Vtot = 0:65 in �gure 4.20a. Values of c are lower for V=Vtot = 0:65, exactly
for the reason mentioned above; smaller measurement volumes will result in more
‘curved’ trajectories and therefore larger values of � and larger values of c. However,
the trend of constant c for Ro & 2:5 and decreasing c with decreasing Ro for Ro . 2:5
is still clearly visible, indicating that this is not an e�ect of con�nement but probably
related to the coherent 
ow structures. Moreover, for Ro & 2:5, exponents are still
larger than the HIT value of c = 0:5.

For Ro & 2:5 the large-scale circulation is expected to induce a vertical shear

ow upon trajectories in the center, expressed by an up-going motion on one side of
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(a) center (b) top, non-BL

(c) top, BL (d) scaling exponents

Figure 4.19: The average angle, �(�) = hj�(t; �)ji, as a function of the time increment, � ,
measured using DNS in (a) the center, (b) the non-BL region and (c) the BL region near the
top plate of the Rayleigh{B�enard cell for di�erent Rossby numbers, Ro. Symbols are added
to the lines for visibility with an interval depending on � . (d) The scaling exponents c, given
by � � � c, for the curves of panels (a)-(c) in an intermediate time range, �� < � . TL, with
�� the Kolmogorov time scale and TL the Lagrangian integral time scale. The vertical black
dashed line corresponds to Ro = 2:5 and the solid horizontal black line is the HIT prediction
c = 0:5. The �gures are reproduced from [123].

the measurement volume, and a down-going motion on the other side. Near the top
plate, the large-scale circulation already induces a mean horizontal 
ow, giving rise
to straighter trajectories and lower angles and therefore lower values of c in �gure
4.19d. To correct for the large-scale circulation induced shear 
ow in the center, we
�rst compute the average vertical (shear) 
ow, Us(x; y), by binning the measurement
volume in the x- and y-directions and computing the average vertical velocity in each
bin, averaged over time and over the z-direction. Then the displacement caused by
Us(x; y) is subtracted from the trajectories and the average angle is computed for
these corrected trajectories as a function of � , referred to as �s(�). From �s(�)
we compute the scaling exponent, cs, as �s(�) � � cs in the regime �� < � < TL.
The strength of the shear 
ow, induced by the large-scale circulation, is expected to
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(a) shear correction (b) measurement volume

Figure 4.20: (a) Scaling exponents without and with shear correction (c and cs, open and
closed symbols, respectively), as a function of the Rossby number, Ro. Exponents are mea-
sured in the center of the Rayleigh{B�enard cell for �� < � . TL, with �� the Kolmogorov time
scale and TL the Lagrangian integral time scale. Red circles correspond to a relative volume
of size V=Vtot = 0:16 and blue squares correspond to V=Vtot = 0:65, where V = �x��y��z
with �i the size of the measurement volume in the ith direction. The vertical black dashed
line corresponds to Ro = 2:5 and the solid horizontal black line is the HIT prediction c = 0:5.
(b) c and cs for Ro = 1 as a function of V=Vtot. The measurement volume is always cen-
tered in the middle of the Rayleigh{B�enard cell and has the same size in all directions, such
that �x = �y = �z. The �gures are reproduced from [123].

depend on V=Vtot, since the closer the measurement volume is to the walls, the more
the large-scale circulation will penetrate the volume. To understand this we compute
both �s(�) and �(�) (without shear correction) in di�erent measurement volumes
V=Vtot, for Ro = 1. In �gure 4.20b, c and cs are shown to decrease with increasing
V=Vtot when V=Vtot & 0:08 and shear correction is decreasing the exponent further
where the di�erence between c and cs is larger for larger V=Vtot. Indeed for larger
measurement volumes the large-scale circulation is expected to be more dominant and
shear correction more important. Now we moreover observe that cs decreases up to
cs � 0:49� 0:04, so to the HIT scaling exponent, for V=Vtot = 0:65. We now include
cs measured for V=Vtot = 0:65 for the other Rossby numbers in the regime of the
large-scale circulation (Ro & 2:5) in �gure 4.20a. These exponents are now actually
identical to the HIT prediction, suggesting that, in the center, it is indeed the vertical
shear induced by the large-scale circulation and the con�nement of the measurement
volume causing the exponents to be larger than the HIT prediction.

In the rotation-a�ected regime, where Ro . 2:5, the scaling exponent is found to
decrease with decreasing Ro, or increasing rotation rate. To understand this trend,
we consider the coherence time of the dominant large-scale 
ow structures in the two
rotational regimes. In particular, the vertical coherence of the vortical structures is
larger than that of the large-scale circulation, as also evident from table 4.2. This
implies that trajectories are correlated for a longer time when Ro . 2:5. Considering
that the convergence to 2�=3 is reached when the three subsequent points along
the trajectories (see sketch in �gure 4.11) are randomly placed in the (con�ned)
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(a) � = 0:1 (b) � = 10

Figure 4.21: PDFs of the angle of directional change �, P�, for di�erent Rossby numbers,
Ro, and for a time increment of (a) � = 0:1 and (b) � = 10, measured numerically in the
center of the Rayleigh{B�enard cell. For clarity symbols are plotted each 5 data points. The
�gures are reproduced from [123].

domain, it is expected that this convergence is reached at a later time for Ro . 2:5
as con�rmed in �gures 4.19a and 4.19b. In these �gures we also observe that, just
before reaching the convergence to 2�=3, �(�) is lower for Ro . 2:5, compared to
Ro & 2:5, in the center. To understand this, we consider the example of spiral-like
trajectories, which are much more common in the rotation-a�ected regime, compared
to the rotation-una�ected regime. Such a spiral-shaped trajectory is characterized by
circular motions, resulting in a ‘return’ point each time a circle is completed. This is
expected to have two main e�ects: (i) For � < ��, these circular motions are expected
to increase the angle of directional change, explaining why �(�) is larger for Ro . 2:5
in the ballistic regime in �gures 4.19a and 4.19b. (ii) For �� < � < TL, the spiral-
like trajectories reveal lower angles of directional change due to the returning points.
This suggests that for Ro . 2:5 lower angles are measured even for larger � . We
verify above arguments by computing P� for a low time increment, � = 0:1, and a
large time increment, � = 10. Indeed, in �gure 4.21, for small � there is a higher
probability on larger angles for Ro . 2:5 and, oppositely, for larger � there is a higher
probability on lower angles when Ro . 2:5, compared to Ro & 2:5. All together,
in the rotation-a�ected regime, the longer convergence time in combination with an
enhanced probability on lower angles at larger � , is expected to cause the decrease in
the scaling exponent with increasing rotation rate found in �gure 4.19d. Inside the
BL the scaling exponents deviate from those measured in the bulk, especially in the
regime dominated by the large-scale circulation. This deviation is expected to be a
result of the Prandtl{Blasius BL being passive and not interacting with the bulk 
ow.
In particular, the scaling exponents are found to be lower than those measured in the
bulk in this range of rotation rates. This is related to the strong mean horizontal

ow present in the Prandtl{Blasius BL, decreasing �(�) even for larger time scales
as also evident from �gure 4.19c. For Ro . 2:5, the BL is of the Ekman type and is
actively interacting with the bulk 
ow, causing the scaling exponents to be closer to
those measured in the bulk in this rotational regime.
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4.4 Conclusions

We studied the e�ect of rotation on the geometry of tracer trajectories in two di�er-
ent types of rotating turbulent 
ows: Rayleigh{B�enard convection and (isothermal)
turbulence driven by electromagnetic forcing. We found that the response of cur-
vature and torsion statistics to rotation is connected to the length scales of typical

ow structures, regardless of the type of turbulence, hence showing some degree of
universality. In electromagnetically driven turbulence, the length scales of vortical
structures increase with increasing rotation rate and lower curvature is expected for
higher rotation rates. This shift towards lower curvature values is observed in the cur-
vature PDFs measured in the electromagnetically forced experiments. In Rayleigh{
B�enard convection vertically aligned vortical plumes develop in the rotation-a�ected
regime and their length scale decreases with increasing rotation rate, exactly opposite
to the trend observed in electromagnetically forced turbulence. In Rayleigh{B�enard
convection curvature and torsion PDFs indeed shift towards higher values, both in
the center of the cell and near the top plate. The e�ect of rotation on the geometry
of particle trajectories is thus consistent for the two completely di�erent turbulence
forcing methods.

The scaling of the tails of the PDFs perfectly matches the scaling laws previously
found in HIT for all rotation rates in both types of turbulent 
ows, except for the
BLs. This is somewhat surprising, since in electromagnetically forced turbulence and
Rayleigh{B�enard convection the vertical velocity statistics are certainly not perfectly
Gaussian and the bulk 
ow is anisotropic and inhomogeneous. We realize, however,
that statistics can again be assumed Gaussian in the limit of very small velocity and
that anisotropy is strongest inside the BL. So, as long as the 
ow is turbulent and
viscosity does not play a role, the scaling laws of curvature and torsion PDFs are
independent of the forcing mechanism, very robust and not in
uenced by anisotropy.

In the viscous BL curvature and torsion PDFs reveal a lower scaling exponent
for lower rotation rates, while the HIT prediction is approached for higher rotation
rates. For Ro & 2:5, a Prandtl{Blasius BL is present at the horizontal plates and
the number of independent velocity components is e�ectively decreased due to the
presence of a mean horizontal 
ow. Taking this into account, while expanding the
PDFs of curvature and torsion in the limit of high curvature and torsion, indeed
explains the lower scaling exponents in this regime. For Ro . 2:5, the BL is of
the Ekman type; its dynamics is actively driven by the bulk 
ow (di�erent from the
passive Prandtl{Blasius BL) and the velocity depends on the Ekman number. Indeed
also the scaling exponents depend on the Ekman number and they gradually increase
from the exponents observed in the regime of the Prandtl{Blasius BL, towards the
HIT prediction, with increasing rotation rate. This indicates that, in the case of active
coupling between bulk 
ow and the Ekman BL, rotation suppresses anisotropy.

To understand whether the �ndings above are still valid at larger time scales, we
measure the angle of directional change, �, for tracer trajectories in rotating Rayleigh{
B�enard convection. In the bulk PDFs of � show a similar trend as found in HIT with
increasing time increments, � . Like in HIT, PDFs of 1 � cos � collapse on a Fisher
distribution, F2;3, when normalized by �2(�)=3 with �(�) the average angle of direc-
tional change. This collapse is found for all rotation rates and for time increments up
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to the Lagrangian integral time scale, as long as the BL is excluded. The previous con-
clusion that the HIT predictions are very robust thus works for time scales up to the
time scale of the large-scale coherent structures, where anisotropy and inhomogeneity
de�nitely play a role in the weakly turbulent 
ow studied here.

Inside the viscous BL, statistics of the angle of directional change reveal a di�erent
behavior. For small values of � , PDFs of 1� cos � in the Ekman BL recover a Fisher
distribution, F2;3, while PDFs of 1�cos � in the Prandtl{Blasius BL approach a Fisher
distribution, F1;2. This is again an indication of the mean 
ow e�ectively reducing the
dimensionality of the 
ow and therefore the number of active independent components
for the (normal) acceleration and the velocity at lower time increments � .

So, inside the turbulent bulk the scaling laws for curvature and torsion PDFs and
the characteristic of PDFs of 1 � cos � are independent of the rotation rate and not
in
uenced by anisotropy or inhomogeneity in Rayleigh{B�enard convection. However,
as soon as we step into the viscous BL HIT characteristics are not recovered anymore
and the geometrical statistics react on rotation consistent with the type of BL in the
di�erent rotational regimes.

Previous studies have shown that, at time scales larger than the Kolmogorov time
scale but smaller than the Lagrangian integral time scale, the average angle of direc-
tional change, �(�), scales as �1=2. This can be explained by invoking Kolmogorov
phenomenology for the inertial range. In the Rayleigh{B�enard convection 
ow stud-
ied here, the level of turbulence is moderate (i.e. no clear inertial range develops)
and the scaling in this intermediate range of time scales is not expected to display
scaling in line with Kolmogorov phenomenology. Indeed we do not see the � � �1=2

scaling, however a transition is observed from the ballistic regime at small time scales,
where � � � , to a scaling with a lower exponent at intermediate time scales. This
scaling exponent is found to be constant for Ro & 2:5 and to decrease with increasing
rotation rate for Ro . 2:5. In the center of the convection cell the constant scaling
is larger than the HIT prediction. In this regime the large-scale circulation induces
a vertical shear 
ow upon the trajectories. It is found that this shear 
ow, together
with the con�nement of the measurement volume, is causing the scaling exponent to
be larger than the HIT prediction. When the measurement volume is large enough
(more than 65% of the total cell size) and trajectories are corrected for the shear 
ow,
the HIT scaling is actually recovered. In the rotation-a�ected regime the dominant

ow structures are vertically aligned vortices. Now the range of time scales in which
the scaling can be identi�ed is extended due to the longer vertical coherence of these
vertically aligned plumes. Furthermore, the presence of more spiral-like trajectories
is resulting in lower average angles of directional change at larger time increments.
This is resulting in a decrease of the scaling exponent with increasing rotation rate
when Ro . 2:5. Again di�erent behavior is found in the viscous BLs at the plates;
in the passive Prandtl{Blasius BL exponents are much lower than those measured in
the bulk, while in the Ekman BL, that actively interacts with the bulk, exponents are
closer to those measured in the bulk.

All together, we successfully characterized the coherent 
ow structures in rotating
Rayleigh{B�enard convection at time scales up to those of the coherent 
ow structures
both in the turbulent bulk and in the laminar BLs, using geometrical statistics of
tracer trajectories.
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Chapter 5

Transitions in Lagrangian
acceleration statistics�

The transition in the 
ow structures, discussed in the previous chapter, is related
to the transition in the heat transfer in rotating Rayleigh{B�enard convection. This
transition in the integral heat transfer is known to be sharp and it is not clear whether
the transition in the 
ow structures shows a similar sharpness. In this chapter we
investigate the small-scale properties of the 
ow structures, by computing the accel-
eration of passive tracers. We will focus our measurements around the critical Rossby
number and study whether sharp transitions occur in the Lagrangian acceleration
statistics in rotating Rayleigh{B�enard convection. In this chapter we start by giving
an introduction in section 5.1, then the parameters used for the numerical study are
discussed in section 5.2 and results are presented in section 5.3. Finally, a summary
and conclusions are given in section 5.4.

5.1 Introduction

Not only in rotating Rayleigh{B�enard convection, but also in Taylor{Couette and
Von K�arm�an 
ows sudden transitions between di�erent turbulent states occur [125,
126, 127, 128]. In a Taylor{Couette 
ow, i.e. the 
ow between two concentric co-
or counter-rotating cylinders, a transition to a di�erent scaling regime sets in when
the BLs become turbulent. It was recently shown that even beyond this transition
at high Reynolds numbers multiple states of turbulence are possible [126, 129]. In a
Von K�arm�an 
ow generated between two counter-rotating disks, bifurcations between
turbulent states occur which are characterized by di�erent coherent 
ow structures
[127, 128]. Like in the Taylor{Couette 
ow, these states can coexist at high Reynolds
numbers [127].

In Rayleigh{B�enard convection, plume dynamics in the BLs highly determine the
�Paper in preparation; K. M. J. Alards, R. P. J. Kunnen, R. J. A. M. Stevens, D. Lohse, F. Toschi,

H. J. H. Clercx, \Sharp transitions in the Lagrangian acceleration statistics in rotating turbulent
convection."
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heat transfer e�ciency. In the Prandtl{Blasius BL sheet-like plumes develop, while
in the Ekman BL vortical plumes emerge, characterized by spiraling 
uid motion
inside the vortical tubes. The plume dynamics in both the rotation-una�ected and
the rotation-a�ected regime has been investigated before. In [130] geometrical char-
acteristics of the sheet-like plumes in the Prandtl{Blasius BL are studied and it is
shown that these plumes are typically characterized by large positive or large nega-
tive values of the vertical vorticity. In the rotation-a�ected regime vortical plumes are
characterized by cyclonic (so positive) vorticity and spiraling motions [27, 116, 29].

Particular about the transition in the heat transfer in rotating Rayleigh{B�enard
convection is its sharpness [39]. While it is generally accepted that the transition is
sharp, in [40, 131] it was found that there is rather a sequence of transitions and that
a second transition occurs at another critical Rossby number, slightly lower than the
one established before [32, 39, 41]. The nature of the structures involved in these
transitions is unknown [40]. It is however possible that signatures of the transition
are also found for rotation rates slightly above and below the critical rotation rate.
It can thus be challenging to accurately identify the critical Rossby number for the
transition in the heat transfer.

Although the transition in the heat transfer due to Ekman pumping is accepted
to be sharp, it is not clear whether the transition in the 
ow structures and plume
dynamics reveals a similar sharpness. The heat transfer is moreover an integral quan-
tity, while 
ow structures are characterized by local quantities such as acceleration
and vorticity. Since the transition in the heat transfer is related to the transitions in
the typical 
ow structures and the plume dynamics, one might expect that also these
quantities reveal sudden and sharp transitions. However, the heat transfer shows sig-
natures of a transition already before the transition actually sets in and hence it is not
a priori clear what happens to statistics of local quantities around the transition from
the rotation-una�ected to the rotation-a�ected regime in rotating Rayleigh{B�enard
convection.

To study coherent structures in turbulent 
ows a Lagrangian approach has shown
to be particularly useful [132, 56]. An interesting quantity is the acceleration of pas-
sive tracers, providing information on the small-scale 
ow structures and the temporal

uctuations in these 
ow structures. High acceleration events typically occur in in-
tense vortex �laments [93, 121, 122] and are correlated to small-scale intermittency
[56, 133]. Rotation is changing the 
ow structures in turbulent 
ows both at large
and small scales [38] and is therefore expected to modify the acceleration statistics.
The e�ect of rotation on the (small-scale) 
ow structures in rotating Rayleigh{B�enard
convection is most prominent near the plates [38]. In this region of the 
ow plumes
develop from the BLs, highly accelerating 
uid parcels. The nature of these plumes
changes with the BL transition under rotation [134] and a signature of this transi-
tion might very well be visible in the Lagrangian acceleration statistics in rotating
Rayleigh{B�enard convection.

Acceleration statistics of passive tracers in rotating turbulence have recently been
studied experimentally [111, 21]. In [111], rotation was found to widen the tails of
the horizontal acceleration PDFs in the bulk, while it suppresses the intermittency
of the vertical Lagrangian acceleration statistics, i.e. in the direction parallel to
the rotational axis. In Rayleigh{B�enard convection, acceleration 
uctuations in the
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horizontal directions are found to be enhanced by rotation at the transition from the
rotation-una�ected to the rotation-a�ected regime [21]�. In [21], it was shown that
this transition towards a more intermittent acceleration is related to the transition in
the BLs from the Prandtl{Blasius type to the Ekman type. In particular, the spiraling
motion of plumes developing in the Ekman BL enhance the horizontal component of
the acceleration. Within the range of Rossby numbers used in [21], the transition
seemed gradual which was somewhat unexpected given that the (related) transition
in the heat transfer is known to be sharp.

Here we will extend the experimental study of [21] numerically by zooming in
on the transition in the Lagrangian acceleration statistics in order to better under-
stand the dynamics around this transition and the relation between the Lagrangian
acceleration and the plumes. We collect Lagrangian acceleration statistics in rotating
Rayleigh{B�enard convection using DNS in a wide range of rotation rates, where the
number of measurement points is enhanced around the transition. Di�erent regions of
the 
ow are explored and statistics measured in the center are compared to statistics
measured near the top plate. The advantage of using DNS is that the 
ow �eld and
the particle information are available simultaneously, so that we can make a direct
connection between the Lagrangian acceleration and the characteristics of the under-
lying 
ow �eld. In this work, the focus is on the abruptness of the transition and an
attempt is made to �nd a signature of the drastic transition in the 
ow structures
close to the plates by using Lagrangian acceleration statistics of passive tracers in
rotating Rayleigh{B�enard convection.

5.2 Numerical parameters

Like in the previous chapter, we use data from DNS on rotating Rayleigh{B�enard
convection in a cylindrical set-up with Ra = 1:28 � 109, Pr = 6:7 and � = 1, where
the numerical method is discussed in 3.1.1. The rotation rate is varied between
0:058 < Ro < 1, where Ro = 1 is the non-rotating case. All variables reported
in this chapter are non-dimensionalized as summarized in table 5.1 and de�ned in
section 2.1.3.

Statistics of 106 passive tracers are collected, but now in slightly di�erent mea-
surement volumes compared to chapter 4. In particular, two measurement volumes
are used; one of size 0:25� 0:25� 0:25 placed in the center of the cell and one of size
0:25� 0:25� 0:05 adjacent to the top plate as sketched in �gure 5.1. This top mea-
surement volume spans the range 0:95 < z < 1 vertically, while it is centered around
r = 0 horizontally. We will additionally collect statistics more locally in horizontal
slabs of thickness �zi = 0:001 and di�erent vertical positions zi.
�In [21], Hadi Rajaei is responsible for the experiments on particle-tracking in rotating Rayleigh{

B�enard convection and for part of the numerical simulations performed in the Eulerian framework.
The experimental work is compared to and complemented by numerical simulations on Lagrangian
tracking of passive tracers in rotating Rayleigh{B�enard convection carried out by Kim Alards.
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Figure 5.1: Sketch of the measurement volumes. The gray cube in the center represents a
measurement volume of size 0:25� 0:25H � 0:25, in the x-, y- and z-directions, respectively.
The green rectangular parallelepiped at the top plate represents a measurement volume of
size 0:25 � 0:25 � 0:05 that starts right under the top plate. The reported length scales are
non-dimensionalized using the the cell height H = 200 mm.

5.3 Results

5.3.1 Global heat transfer

For the set of parameters studied here, it is known that there is a sharp transition
in the heat transfer around Ro � 2:5 [32, 40, 41]. The heat transfer is expressed in
the Nusselt number, Nu, giving the ratio between the total heat transfer and the
convective heat transfer as de�ned in section 2.1.3. In �gure 5.2, we show the global
Nusselt number as a function of Ro for the current simulations and for [39, 41]. We
observe a transition from the constant heat transfer regime (where Nu(Ro)=Nu(1) �
1) to an enhanced heat transfer regime at Ro � 2:7, presented by the dashed line.
Focusing on the current data (green circles) and taking into account the error bars,
the transition lies within the range 2 < Ro < 3.

Table 5.1: Quantities in the �rst column are non-dimensionalized by the variables given in
the second column, where H is the cell height, U is the free-fall velocity and �T is the
temperature di�erence applied between the bottom and top plates in the current Rayleigh{
B�enard convection set-up. The physical values of these variables are given in the last column.

Quantity Variable Value

Length H 0.20 m
Velocity U 0.070 m s�1

Acceleration U2=H 0.025 m s�2

Time tc = H=U 2.9 s
Temperature �T 10 K
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Figure 5.2: The Nusselt number, Nu, for rotating Rayleigh{B�enard convection as a function
of the Rossby number, Ro, normalized by Nu for the non-rotating case, Nu(1). Squares
show data from [39, 41] for Ra = 2:73 � 108 and Pr = 6:26 and circles show data for the
current simulations at Ra = 1:3 � 109 and Pr = 6:7. Closed symbols are for DNS, while
the open symbols are for experiments. The inset shows a zoom of the data in the range
2 < Ro < 4 and the vertical dashed line represents Ro = 2:7.

5.3.2 Acceleration statistics

As mentioned in the introduction, we will extend the experimental work of [21],
where trajectories of neutrally buoyant particles are reconstructed in experiments of
rotating Rayleigh{B�enard convection with Ra = 1:3 � 109 and Pr = 6:7. In our
numerical simulations, the resolution in the Rossby number around the transition
point is increased to address the sharpness of the transition. Given that the 
ow
structures in the BLs at the horizontal plates are expected to drive the transition,
we will compare Lagrangian statistics collected in the center to statistics collected
in the top measurement volume as in [21]. To understand how the 
uctuations in
the vertical and horizontal components of the acceleration change under rotation, we
will �rst focus on the rms values of the acceleration. Then, kurtosis and skewness
measurements are discussed, giving an indication of extreme events and symmetry of
the Lagrangian acceleration statistics, respectively.

Root-mean-square values of acceleration

The rms values of the horizontal and vertical acceleration components are computed
as armsi =

p
h(ai � haii)2i, where i = xy or i = z and the average is taken over

time and over the top and center measurement volumes as sketched in �gure 5.1. For
the horizontal component, armsxy , the average is taken over a statistical sample that
includes the values of both ax and ay because the 
ow is assumed to be isotropic in the
horizontal directions. As already discussed in [21] and shown by previous experiments
on rotating turbulence [111], rotation decreases the acceleration intensity along the
rotational axis. Indeed, armsz is found to decrease with decreasing Ro both in the
center and near the top plate, when Ro . 1:0. The maxima of armsz are positioned
at Ro � 2 and Ro � 1 for the top and central measurement volumes, respectively.
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(a) (b)

Figure 5.3: (a) Rms values of the horizontal and vertical acceleration components, armsxy and
armsz , respectively, as a function of the Rossby number, Ro, computed from passive tracer
trajectories in rotating Rayleigh{B�enard convection. Statistics are collected in the center
(open symbols) and near the top plate (closed symbols). (b) The ratio between the rms values
of the horizontal and vertical acceleration components, Rarms = armsxy =armsz , for the center
(blue crosses) and the top (red asterisks). In both panels the inset shows a zoom of the data
in the range 2 < Ro < 2:75 and the vertical dashed line represents Roc = 2:25. The symbol

� indicates an interruption of the x-axis, used to include the peak position at Ro =1. Note
that, consequently, this point is out of scale.

Note that these maxima do not coincide with the critical Rossby number at which
we observe the transition as visible in the inset of �gure 5.3a. Opposite to [111], also
the horizontal component decreases with decreasing Ro in the center. Near the top
plate armsxy increases with increasing rotation rate, due to the formation of vortical
plumes with swirling horizontal motion in the Ekman BLs. As observed in the inset
in �gure 5.3a, this transition to increasing armsxy near the top plate is sudden and
occurs at Roc = 2:25, where Roc is represented by the vertical dashed line. The fact
that this transition is more prominent for the rms values of horizontal accelerations,
points at an increase of the anisotropy of acceleration with increasing rotation for
Ro . 2:25. We quantity this in terms of the ratio between the rms values of the
horizontal and vertical acceleration components, Rarms = armsxy =armsz , shown in �gure
5.3b. As already found in [21], this ratio is almost independent of rotation in the
center and shows a transition to an increasing trend near the top plate. In �gure
5.3b, we show that also this transition is very abrupt and occurs at Roc = 2:25.

Kurtosis and skewness of acceleration

The PDFs of acceleration in turbulent 
ows are characterized by exponential tails
[133, 47]. In Rayleigh{B�enard convection, the coherent 
ow structures are in
uencing
the tails of the acceleration PDFs [21]. The relative importance of the tails in such a
PDF can be quanti�ed by the kurtosis, Ki = h(ai � haii)4i=h(ai � haii)2i2, where the
average is taken over volume and time. Extreme acceleration events can be observed
in our DNS. As the most extreme of these events are relatively rare, typically not
more than 1{3 counts in the histogram calculation, these extreme points of the PDFs
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are not well-converged. Moreover, these extreme events will highly in
uence the
kurtosis and make it di�cult to observe a clear trend with the rotation rate. In the
computation of the kurtosis we therefore only include acceleration events that occur
with a probability Pai > 10�4 in the PDFs.

In �gure 5.4a, we show Kxy and Kz for both the center and top measurement
volumes of �gure 5.1. The values of kurtosis measured in the DNS are more extreme
than those measured experimentally in [21], where the di�erence can go up to a factor
3. This is a consequence of the extreme acceleration events measured in the DNS,
which are di�cult to capture in the experiments where sudden movements of particles
often result in losing these particles in the experimental particle-tracking procedure.
Although the values do not match one-to-one with those measured in [21], the trend
with rotation in the kurtosis is similar. Like in [21], kurtosis is only weakly a�ected
by rotation in the center, where Kxy has a local minimum around Ro � 0:5. This
means that PDFs of axy are more intermittent for very large and very low Rossby
numbers in the center, which is a result of the coherent 
ow structures dominating
the 
ow in the low and high Ro-number regimes. Near the top plate both Kxy and
Kz suddenly increase at Roc = 2:25 to reach their maximum value at Ro � 2. For
Ro < 2, Kxy and Kz decrease again. This is slightly di�erent from the �ndings in
[21], where the values of Kz measured near the top plate are much lower than these
values measured in the center. Consequently, also the described trend in Kz is less
prominent in the top measurement volume for the experiments. In these experiments
there is a lack of (Lagrangian) data points inside the BL at the top plate due to (i)
a gap of about 1 mm between the top plate and the measurement volume and (ii)
particles being slightly heavier than the surrounding 
uid (see also [110] and section
4.2.2). The BL is exactly the region where plumes develop which strongly accelerate
the 
uid vertically away from the plate. Since in the DNS the BL is fully included in
the top measurement volume, we �nd extremer values of az and hence extremer values
of Kz in the top measurement volume compared to the experiments. All together, as
in �gure 5.3, the transition in the kurtosis is very sudden and occurs at Roc = 2:25.
It is expected that 
uctuations are maximal right after the transition and that they
are suppressed for larger rotation rates. This explains the maximum around Ro � 2,
followed by a decreases of Kxy and Kz with decreasing Ro when Ro < 2.

The skewness, computed as Si = h(ai � haii)3i=h(ai � haii)2i3=2, gives a measure
for the symmetry of the acceleration statistics. In �gure 5.4b, we show Sxy and Sz
as a function of Ro for both the center and the top measurement volumes, where
we only include acceleration events with Pai > 10�4 like we did for the kurtosis. In
HIT, acceleration PDFs are symmetric and Si = 0. In the center, where the 
ow is
closest to HIT [17, 38, 112], both Sxy and Sz 
uctuate around zero. Near the top
plate, Sxy 
uctuates around zero but Sz < 0 meaning that PDFs of az are negatively
skewed for all rotation rates. Plumes emerging from the BLs are accelerating the 
uid
moving away from the plates towards the bulk [27], resulting in more extreme negative
acceleration events at the top plate. For Ro . 2:5 these plumes progressively become
of the Ekman type and at Roc = 2:25, Sz suddenly decreases to reach a minimum
at Ro � 1 and then increase again for Ro < 1, similar to the trend in kurtosis that
displays an extremum in the range 1 . Ro . 2.

The rms-values, kurtosis and skewness of the acceleration statistics all show a
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(a) (b)

Figure 5.4: (a) Kurtosis and (b) skewness of the horizontal (squares) and vertical (circles)
acceleration statistics as a function of the Rossby number, Ro, computed from passive tracer
trajectories in rotating Rayleigh{B�enard convection. Statistics are collected in the center
(open symbols) and near the top plate (closed symbols). In both panels the inset shows a zoom
of the data in the range 2 < Ro < 2:75 and the vertical dashed line represents Roc = 2:25.
The symbol � indicates an interruption of the x-axis, used to include the peak position at
Ro =1. Note that, consequently, this point is out of scale.

sharp transition at Roc = 2:25 near the top plate. At this transition the three quan-
tities suddenly take very extreme values to then attenuate again for higher rotation
rates. This suggests that there is a sudden transition in the 
ow structures near the
top plate at Roc = 2:25, which is possibly the transition from sheet-like plumes in the
Prandtl{Blasius BL to vortical plumes emerging from the Ekman BL. The transition
in the heat transfer, which is a global quantity, occurs at a slightly larger Rossby num-
ber of Ro � 2:7 in �gure 5.2, compared to the transition in the acceleration statistics
occurring at Roc = 2:25. Both Rossby numbers fall within the range in which we
expect transitions to occur for the set of parameters used here [40, 131]. While the
position of the transition in the Nusselt number is not conclusive, in the Lagrangian
acceleration statistics measured in our DNS we �nd one very convincing transition at
Roc = 2:25 that is de�nitely sharp.

Root-mean-square values of acceleration in horizontal slabs

So far, we have distinguished the center and top measurement volumes as sketched
in �gure 5.1. We have found a sudden transition in the acceleration statistics at
Roc = 2:25 near the top plate, while in the center such transition is absent. Since
the measurement volume near the top plate spans a height of �z = 0:05 it is not
clear at which z-position the signatures of the transition become visible. We are
therefore also not able yet to pinpoint the physical mechanisms responsible for this
transition. To investigate the transition more locally, armsi is computed in horizontal
slabs of thickness �zi = 0:001 centered at di�erent vertical positions zi. In the bulk
statistics are computed for zi = 0:5, zi = 0:8 and zi = 0:9. Near the BLs we take
into account that the viscous BL thickness, �u, varies with the rotation rate and
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we express zi in terms of �u. In particular, we compute statistics in slabs around
(1� zi)=�u = f2; 3=2; 1=2; 1=3g. The results for armsxy and armsz are normalized by its
value for Ro =1 in the corresponding slab, such that all curves have value unity at
Ro =1 as shown in �gure 5.5. We see that the data for both armsxy and armsz almost
overlap when Ro > 2:25, while at Roc = 2:25 the trend suddenly changes. Values of
armsxy start to increase with increasing rotation rate when zi & 0:9 and Ro < 2:25 in
�gure 5.5a. For comparison, the viscous BL thickness for Ro > 2:25 is approximately
constant and equals �u � 0:03 such that the BL at the top plate start at z � 0:97 in
this regime. For Ro < 2:25 the BL thickness decreases up to a value of �u � 0:006
when Ro = 0:058 and the BL at the top plate starts at z � 0:994 for this rotation rate.
Since the transition in armsxy is already visible from zi = 0:9, a vertical position that is
thus outside the viscous BL for all rotation rates, we can argue that Ekman plumes
with a swirling horizontal motion emerging when Ro < 2:25 are also felt outside the
BL.

While armsz is only showing a weak increase at Roc = 2:25 in the top measurement
volume in �gure 5.3, a much stronger increase is observed in �gure 5.5b for (1 �
zi)=�u . 1 (red curves in �gure 5.5b), so when statistics is collected inside the viscous
BL. This indicates that rotation enhances the 
uctuations in the vertical acceleration
components only inside the BL, while it suppresses these 
uctuations inside the bulk.
Since the BL is not turbulent in the parameter regime simulated here, this is expected
to be purely related to the emergence of vortical plumes in the Ekman BL, accelerating
the 
uid away from the plate.

All together, �gure 5.5 once again shows a sudden transition in the acceleration
statistics at Roc = 2:25 close to the top plate, where the magnitude of the increase of
the rms-values at this transition is depending on zi.

5.3.3 Flow structures near the top plate

To understand why the acceleration statistics show such an extreme transition at
Roc = 2:25, we need to improve our understanding of the underlying 
ow structures.
It is expected that the plumes developing in the BLs at the horizontal plates are
responsible for the extreme acceleration of 
uid parcels. For Ro > 2:25 these are
sheet-like plumes and the large-scale circulation induces a mean wind at the horizon-
tal plates, de
ecting the plumes into the direction of the mean horizontal 
ow [97].
Plumes in the Prandtl{Blasius BL are characterized by large values of both positive
and negative vertical vorticity, while vortical plumes in the Ekman BL are cyclonic,
i.e. they spin up in the same direction as the applied rotation 
 resulting in positive
vertical vorticity [130, 134]. In the regime una�ected by rotation the de
ection of the
plumes by the mean wind is expected to make these regions of large vertical vorticity
less prominent. The large-scale circulation disappears for Ro < 2:25 [37, 25] and
in this regime regions with large positive vertical vorticity are expected to be much
more dominant. Therefore, in this rotation-a�ected regime we do expect the extreme
(horizontal) acceleration of tracers to be much more clearly related to the swirling
motion of vortical plumes.

In particular, we expect extreme acceleration events to occur in regions with pos-
itive vertical vorticity since vortical plumes in the Ekman BL spin-up cyclonically.
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(a) (b)

Figure 5.5: Rms values of the (a) horizontal and (b) vertical acceleration components, armsxy
and armsz , respectively, of passive tracers in rotating Rayleigh{B�enard convection, computed
in horizontal slabs of thickness �zi = 0:001 and central position zi for di�erent Rossby
numbers, Ro. Rms values are normalized by the non-rotating cases, armsxy (1) and armsz (1).
The legend in panel (b) is the same as in panel (a) and in both panels the inset shows a
zoom of the data in the range 2 < Ro < 2:75. �u is the the viscous BL thickness, that equals
�u � 0:03 s for Ro > 2:25, while for Ro < 2:25 �u decreases up to a value of �u � 0:006
for Ro = 0:058. The vertical dashed line represents Roc = 2:25. The symbol � indicates
an interruption of the x-axis, used to include the peak position at Ro = 1. Note that,
consequently, this point is out of scale.

To investigate this relation between acceleration and vorticity we compute the joint
PDFs of the horizontal acceleration, axy, and the vertical vorticity, !z. To improve
the statistics we now use a slightly larger measurement volume of size 0:4�0:4�0:25,
adjacent to the top plate. Results are shown in �gure 5.6 for six di�erent Rossby
numbers around the transition at Roc = 2:25. Although the behavior around he
transition is not fully conclusive due to moderate statistics�, a di�erent behavior is
found before and after the transition. When Ro > 2:4, the joint PDFs are elongated
around !z = 0 indicating that high acceleration events are correlated to small val-
ues of !z. After the transition (Ro < 2:4), values of !z have become more extreme
and now larger acceleration events are correlated to large values of !z. Although
signatures of the transition are already visible for Ro = 2:4, this trend suggests that
tracers exposed to large horizontal accelerations are trapped inside Ekman plumes
with cyclonic vorticity when Ro < 2:25.

The vortical regions can also be distinguished using the so-called Q-criterion [135],
which de�nes a vortex as a spatial region where

Q �
1
2

�
ke
k2 � kSk2

�
> 0; (5.1)

where e
 is the vorticity tensor, S is the rate-of-strain tensor and the notation kA k =p
Tr(AA )T is the Euclidean norm.
�Computation of !z and Q was included when the numerical simulations were already halfway.

As a result the statistical samples used for �gures 5.6 and 5.7 are half that of the samples used before
for the rms-values, kurtosis and skewness of the acceleration.
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(a) Ro = 2 (b) Ro = 2:1

(c) Ro = 2:25 (d) Ro = 2:4

(e) Ro = 2:6 (f) Ro = 2:75

Figure 5.6: Joint PDFs of the horizontal acceleration of passive tracers, axy, and the vertical
vorticity, !z, at the position of the tracers measured in a measurement volume of size 0:4�
0:4 � 0:05 near the top plate of the Rayleigh{B�enard cell for six di�erent Rossby numbers,
Ro.
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(a) Ro = 2 (b) Ro = 2:1

(c) Ro = 2:25 (d) Ro = 2:4

(e) Ro = 2:6 (f) Ro = 2:75

Figure 5.7: Joint PDFs of the horizontal acceleration of passive tracers, axy, and the plume
indicator, Q (equation (5.1)), at the position of the tracers measured in a measurement
volume of size 0:4� 0:4� 0:05 near the top plate of the Rayleigh{B�enard cell for six di�erent
Rossby numbers, Ro.
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It is expected that vortices are much more prominent in the Ekman BL than in the
Prandtl{Blasius BL, but it is not excluded that vortical regions are also found in the
BL for Ro > Roc [130]. It is therefore not trivial to distinguish the Prandtl{Blasius
BL and Ekman BL using the Q-criterion, but we do expect a much more prominent
relation between vortical structures and extreme horizontal acceleration events for
Ro < Roc. This is expected to be visible in the joint PDFs of axy and Q, shown in
�gure 5.7 again for a measurement volume of size 0:4 � 0:4 � 0:05 at the top�. It is
observed that these joint PDFs are elongated around Q = 0 for Ro > 2:4 indicating
that there is no correlation between the extreme acceleration events and the vortices
in this regime of rotation rates. For Ro < 2:4, we �nd that the positive values of Q are
more extreme and that extreme accelerations are now also occurring for larger values
of Q. This again indicates that in the rotation-a�ected regime extreme horizontal
acceleration is related to Ekman plumes and that vortical structures with positive
vorticity are much more prominent in the Ekman BL.

5.4 Conclusions

We have investigated the e�ect of rotation on the Lagrangian acceleration statistics
in rotating Rayleigh{B�enard convection, where the focus is on the drastic change in
the 
ow structures around the transition from the rotation-una�ected to the rotation-
a�ected regime. We study both the horizontal and vertical acceleration components
of passive tracers, which both reveal transitions close to the horizontal plates.

The horizontal acceleration statistics near the top plate show a sharp transition
at Roc = 2:25, where the rms values and the kurtosis increase signi�cantly. When
collecting statistics in thin horizontal slabs at di�erent vertical positions, zi, relative
to the BL thickness we �nd that the transition is visible for zi & 0:9. The swirling
horizontal motion of Ekman plumes, causing the rms values of horizontal acceleration
to increase, is thus already felt outside the viscous BL where the 
ow is turbulent.

Although rms values of vertical acceleration collected in a measurement volume
near the top plate of size 0:25�0:25�0:05 (in the x-, y- and z-directions respectively)
do not show a drastic transition at Roc = 2:25, a sudden increase is found when
measuring rms values of vertical acceleration inside the viscous BL. This could be
an indication of the presence of Ekman plumes strongly accelerating the 
uid moving
from inside the BLs towards the bulk. The kurtosis and skewness of az do show a sharp
transition in the top measurement volume; the kurtosis increases and has a maximum
at Ro � 2 (as does the horizontal component) and the skewness suddenly decreases
to reach a minimum at Ro � 1. It is expected that right after the transition the

uctuations in the acceleration are maximal explaining why kurtosis and skewness
of vertical acceleration show a maximum at Ro � 2 and a minimum at Ro � 1,
respectively. For larger rotation rates, rotation starts to suppress these 
uctuations
and kurtosis and skewness attenuate again in this regime of rotation rates.

Since transitions are only found close to the top plate and not in the center of the
cell, they are expected to be related to the development of plumes in the BLs at the
plates. Under rotation, these plumes change from sheet-like plumes in the Prandtl{
Blasius BL to vertically aligned plumes in the Ekman BL. It is not trivial to �nd a
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quantitative measure distinguishing between these two types of plumes. To investigate
the relation between the Lagrangian acceleration and the plumes, we therefore focused
on the joint statistics of axy and typical plume characteristics, such as the vertical
vorticity, !z, and the Q-criterion (where vortical regions are de�ned as Q > 0). In the
rotation-una�ected regime, joint PDFs of axy and !z (Q) are elongated around !z = 0
(Q = 0), meaning that high acceleration events are correlated to small values of !z
(Q). These extreme acceleration events are thus not likely to occur in vortical regions
and such vortical structures, characterized by large positive values of !z and Q, are
much less prominent when Ro > 2:4. This behavior completely changes when moving
into the rotation-a�ected regime for Ro < 2:25, where joint PDFs show a correlation
between high acceleration and large positive values of !z and Q. At the transition,
also the maximum values of !z and Q increase drastically. This suggests that the
Ekman BL is dominated by vortical structures with larger positive values of Q and
!z. Passive tracers are trapped inside these spiraling plumes resulting in extreme
acceleration of these tracers. Oppositely, in the rotation-una�ected regime regions
with large positive vorticity are much less prominent decreasing the intermittency in
the Lagrangian acceleration statistics.

We made an attempt to understand whether a sharp transition is visible in the
Lagrangian small-scale properties of the 
ow structures. The Lagrangian acceleration
statistics was already found to reveal a transition in [21] but, within the resolution of
Rossby numbers studied in [21], the transition seemed gradual. Here we clearly see a
sudden sharp transition in the Lagrangian acceleration statistics at Roc = 2:25. By
looking at acceleration of tracers and its relation to typical plume characteristics, we
found that Ekman plumes are much more e�cient in accelerating 
uid parcels causing
this sudden transition in the Lagrangian acceleration. The critical Rossby number,
Roc = 2:25, is within the range of Rossby numbers in which the transition in the heat
transfer is observed [40, 131]. The relation of the sharp transition to vortical plumes
in the Ekman BL, moreover emphasizes that the transition in the Nusselt number is
indeed a clear BL e�ect.

So far this sharp transition was only measured in the global heat transfer, and
here we show for the �rst time that also the local quantities of the 
ow structures
reveal a sharp transition.
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Chapter 6

Thermally expandable
particles

In the �rst part of this thesis, we studied Rayleigh{B�enard convection in the pres-
ence of passive tracers. In the second part we will move from these simple tracers
to more complex inertial particles. In the wall-bounded non-isothermal 
ow studied
here, especially thermal inertia is of interest. Thermal inertia has to be taken into
account when the heat transfer between the particles and the 
uid is not instanta-
neous, but characterized by a typical thermal response time. The larger the typical
thermal response time of the thermally inertial particles, the more their temperature
is expected to deviate from the surrounding 
uid temperature. While this e�ect of
thermal inertia is not surprising, the dynamics of thermally inertial particles becomes
non-trivial when their density is temperature dependent, for example, when particles
experience thermal expansion. In section 6.2 we �rst explain how we model thermally
expandable particles using a point-particle approach. Non-linear e�ects in the drag
terms may become important when the particle Reynolds number becomes of the
order of unity or larger. It is not clear how this will a�ect the velocity and tempera-
ture statistics of the thermally responsive particles and we will therefore discuss the
relevance of the non-linear e�ects in the drag terms in section 6.2.1. In section 6.3,
we discuss results in terms of the distribution and dynamics of thermally responsive
particles in non-rotating Rayleigh{B�enard convection. In section 6.4 we will include
the e�ect of rotation and in the last section 6.5 we will summarize and conclude our
�ndings.

6.1 Introduction

When the volume of inertial particles depends on their temperature, thermal inertia
can drastically change the trajectories of these particles. For example, bubbles in
boiling convection will grow in the warmer spots of the 
ow and shrink in the cooler
spots [65, 66, 67], a�ecting their buoyancy and therefore changing the upward and
downward motion of these bubbles. This behavior is not restricted to bubbles, but
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also, e.g., trajectories of oil droplets or gel-like particles in non-isothermal 
ows are
expected to be in
uenced by thermal inertia.

Here we conduct a numerical study on the dispersion of thermally and mechani-
cally inertial particles in Rayleigh{B�enard convection. The temperature dependency
of the particle size is included as thermal expansion. This method is not restricted
to bubbles but can also deal with 
uid{
uid systems or gel-like particles in non-
isothermal 
ows. Not only the thermal expansion of particles, but also that of the

uid is taken into account, such that the volume of both particles and 
uid increases
(linearly) with increasing temperature. In particular, we study particles with an aver-
age density equal to that of the 
uid and a thermal expansion coe�cient larger than
that of the 
uid. In this setting, particles become lighter than the 
uid near the hot
bottom plate and heavier than the 
uid near the cold top plate. This is expected
to induce an enhanced upward or downward motion to the particles, respectively, on
top of the motion of plumes near the plates. These plumes were shown to be able to
transport inertial particles away from the plates, however (without thermal expan-
sion) particles were eventually deposited at the plates again due to the gravitational
force [136]. By including thermal expansion we expect particles to be transported
towards the plates by the large-scale circulation, be deposited on the plate due to
their mechanical inertia, and stay there for some characteristic residence time to then
re-suspend due to their enhanced thermal expansion compared to the 
uid.

In this way, thermal expansion of particles prevents them from de�nitively settling
at the horizontal plates. In experiments, even a very small mismatch between 
uid and
particle density leads to particles getting deposited at the top and bottom plates (as,
e.g., in [137]). This settling of particles will not only reduce the number of particles
inside the bulk 
ow, but could also have signi�cant e�ects on the heat transfer. The
e�ect of thermally conductive particles with a density very close to that of the 
uid on
the heat transfer in Rayleigh{B�enard convection was investigated experimentally by
Joshi et al. [137]. Particles were found to settle at the walls, depleting the bulk 
ow
of particles and forming a porous layer at the plates that eventually would cause a
decrease of the heat transfer. In numerical studies particles are often prevented from
getting stuck at the plates by neglecting gravity [138, 64, 139], by pointing gravity in
the direction parallel to the walls [140, 141] or by removing particles from the 
ow as
soon as they reach one of the plates [66, 67, 142]. Here, the larger thermal expansion
coe�cient of particles alone ensures that particles eventually move away from the
plates again.

The dynamics of thermally inertial particles (without thermal expansion) in Rayleigh{
B�enard convection has already been studied numerically in the limit of bubbles (light
particles) [65, 66, 67] and in the limit of particles which are heavier than the 
uid
[142]. In these studies a two-way coupling approach is used, i.e. the feedback reaction
of particles on the 
uid velocity and temperature is included in the momentum and
energy equations. It was found that these two-way coupled inertial particles signi�-
cantly a�ect the heat transfer due to the mismatch between 
uid and particle density.
However, as a result of this density mismatch particles will get stuck at the horizontal
plates. Here we consider particles with a temperature dependent density but with an
average density equal to that of the 
uid. In this regime of density ratios particles
are not expected to signi�cantly in
uence the heat transfer and 
ow structures. A
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one-way coupling treatment is then su�cient. An example of a system where parti-
cles have a density very close to that of the 
uid, but also a larger thermal expansion
coe�cient than the 
uid, is a con�guration of gel-like particles in water; these par-
ticles can consist of a rubber coating �lled with a mineral or silicon gel [143]. We
study how thermal inertia a�ects the dynamics and the distribution of such particles
in Rayleigh{B�enard convection.

The temperature �eld in non-rotating Rayleigh{B�enard convection is known to
have a well-mixed bulk with mean temperature gradients in the thermal BLs at the
horizontal plates [144, 145]. Therefore we expect the thermally expandable particles
to react to the 
uid temperature mainly in the thermal BLs. With rotation the (aver-
age) distribution of the temperature changes and a temperature gradient develops also
in the bulk (see, e.g., [146]). As a result thermally expandable particles are expected
to also vary their density inside the bulk and consequently adjust their trajectories
through the buoyancy force. We therefore consider both rotating and non-rotating
Rayleigh{B�enard convection and try to understand the combined e�ect of the di�er-
ent temperature distributions and thermal inertia on the dynamics of the thermally
expandable particles.

6.2 Numerical methods

DNS of Rayleigh{B�enard convection in a rectangular set-up with periodic BCs in the
horizontal directions are performed. This numerical method is explained in section
3.1.2. All variables reported in this chapter are non-dimensionalized as described
in section 2.1.3 and summarized in table 6.1. The simulations are performed in a
rectangular set-up of size 2�2�1, unless mentioned otherwise, and with Ra = 2 �107,
Pr = 6:7 and Ro =1 (non-rotating convection) or Ro = 0:1 (rotating convection).

Table 6.1: Quantities in the �rst column are non-dimensionalized by the variables given in
the second column, where H is the cell height, U is the free-fall velocity and �T is the
temperature di�erence applied between the bottom and top plates in the current Rayleigh{
B�enard convection set-up. The physical values of these variables are given in the last column.

Quantity Variable Value

Length H 0.20 m
Velocity U 0.070 m s�1

Acceleration U2=H 0.025 m s�2

Time tc = H=U 2.9 s
Temperature �T 10 K

Particles which experience both thermal and mechanical inertia are evolved in
the Rayleigh{B�enard convection 
ow. We treat these particles as point particles, a
reasonable assumption when the radius of particles, rp, is smaller than the smallest
length scale of the 
ow, �, the Kolmogorov length scale. Note that in Rayleigh{
B�enard convection a second length scale is involved related to the temperature �eld;
the Batchelor length �B . In the set-up studied here this length scale is smaller than
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�, since �B = �=
p
Pr � 0:4�. The velocity and temperature of the inertial particles

follow a simpli�ed version of the equations derived in [84, 86] and discussed in section
3.2.2;

�
1 +

1
2�

�
dup
dt

=
1
�p

(uf (xp)� up) fu+

1
2�

Duf
Dt
�
�

1�
1
�

�
gẑ; (6.1)

dTp
dt

=
1
�T

(Tf (xp)� Tp) fT ; (6.2)

where the factors fu and fT account for the non-linear drag terms. In section 6.2.1 we
will discuss the importance of such non-linear e�ects. The pressure gradient force and
the Basset history force are not included in equation (6.1), while these forces might
be important in a system where particle and 
uid density are similar and � � 1
[147, 148]. We veri�ed that ignoring these terms is not in
uencing the (statistical)
measures discussed in this chapter and that the most important contributions actually
come from the Stokes drag force, added mass force and the buoyancy force. For
clarity we therefore choose to not include the Basset history force and the pressure
gradient force. In the equation for the thermal inertia, equation (6.2), we neglect
both the history term and the heat 
ux that would have entered the control volume
of the particle in absence of this particle [86]. We veri�ed that the contribution of
these terms is minor and that the most important contribution comes from the term
analogue to the drag force.

As discussed in section 3.2.2, equation (6.2) is valid for Bi� 1. The Biot number
can be expressed as Bi = Nupkf=kp, proportional to the ratio between the thermal
conductivity of the 
uid and the particles. In a suspension of solid particles in a

uid, kp � kf and the assumption of Bi� 1 is indeed valid. However, in 
uid{
uid
systems Bi � O(1) making temperature di�erences between the core and the surface
of particles possible. We expect that this will not signi�cantly a�ect our results and
will at most result in an additional delay in the heat transfer between the particle
and the surrounding 
uid. This will lead to a larger ‘e�ective’ thermal response time
and since results are presented in a wide range of thermal response times we expect
that our results are also applicable to the case of Bi � O(1).

Particles and 
uid both exhibit thermal expansion with a di�erent thermal ex-
pansion coe�cient, where the thermal expansion coe�cient of the particles is chosen
to be larger than that of the 
uid, such that �p > �f . We now introduce a key
parameter for this study, K = �p=�f , being the ratio between the thermal expansion
coe�cient of the particle and that of the 
uid. The densities of the 
uid and the
particles are assumed to decrease linearly with the temperature 
uctuations of the

uid (T 0f = Tf �Tm) and the 
uctuations in the particle temperature (T 0p = Tp�Tm):

e�f = 1� �fT 0f ; (6.3)

e�p = 1� �pT 0p; (6.4)
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where the densities of the particles and the 
uid at the average temperature are set
to unity, �p(Tp = Tm) = �f (Tf = Tm) = 1, without loss of generality. Now also the
density ratio is temperature dependent, as

e� = (1� �pT 0p)=(1� �fT
0
f ): (6.5)

Due to the thermal expansion also the size of the particles depends on the temperature

uctuations. Under the assumption that temperature 
uctuations are small (as also
assumed by the Boussinesq approximation for equation (3.2)) and by using a Taylor
expansion, the radius of particles follows as

erp = rp
�

1 +
1
3
�pT 0p

�
; (6.6)

where erp is the temperature dependent radius, while rp is the radius of particles at
Tp = Tm and where higher order terms have been ignored.

Since the viscous and thermal response times depend on both the density ratio
and the particle radius, they have to be updated accordingly such that:

e�p =
2r2
p

9�
1� �pT 0p
1� �fT 0f

�
1 +

1
3
�pT 0p

�2

� �p
1� 1

3�pT
0
p

1� �fT 0f
; (6.7)

e�T =

r2
p

3�
1� �pT 0p
1� �fT 0f

�
1 +

1
3
�pT 0p

�2

� �T
1� 1

3�pT
0
p

1� �fT 0f
; (6.8)

where �p and �T are the particle and thermal response times at Tp = Tf = Tm,
respectively, as de�ned in equations (3.17) and (3.18) and we again neglect higher
order terms. To complete the implementation of thermal expansion, the parameters
�, �p and �T , in equations (6.1) and (6.2) have to be replaced by the temperature
dependent variables e�, e�p and e�T , respectively. Also the particle Reynolds number is
now based on the temperature dependent radius erp.

6.2.1 Effect of non-linear terms�

We investigate the importance of non-linear e�ects in the drag terms in equations (6.1)
and (6.2). For the test cases presented in this section a (Cartesian) Rayleigh{B�enard
set-up of size 1� 1� 1 (in dimensionless units) is used.

Thermally inertial particles are transported to the horizontal plates in non-rotating
Rayleigh{B�enard convection, due to the large-scale circulation and due to their me-
chanical inertia. Particles deposited at the plates are expected to move back towards
the bulk after some characteristic time due to thermal expansion, where the thermal
expansion coe�cient of particles is larger than that of the 
uid. First, we visualize
the particles at the hot bottom plate for both tracers and thermally inertial particles
in �gure 6.1. For now we neglect non-linear e�ects in equations (6.1) and (6.2), such
�Closely follows K. M. J. Alards, R. P. J. Kunnen, H. J. H. Clercx and F. Toschi, \Thermally

responsive particles in Rayleigh{B�enard convection", to be published in Turbulence in Complex
Conditions, Proceedings of the Euromech/Ercoftac Colloquium (2017).

79



6. Thermally expandable particles

(a) (b)

Figure 6.1: The temperature �eld of the 
uid in a horizontal slab at z = 0:009 in non-rotating
Rayleigh{B�enard convection, together with (a) passive tracers and (b) thermally expandable
particles with �T = 1 and K = 2. All particles with z < 0:012 are shown and particles are
colored with their (non-dimensional) temperature, Tp. Length scales are non-dimensionalized
by the cell height H.

that fu = 1 and fT = 1. While tracers have a temperature equal to that of the 
uid
(�gure 6.1a), the temperature of thermally inertial particles di�ers from the 
uid tem-
perature, as visible in �gure 6.1b for particles with �p = 0:038, �T = 1 and K = 2. In
this �gure particles are clearly colder than the surrounding 
uid. Warmer particles,
that are lighter than the 
uid, immediately escape the hot bottom plate, while colder
heavier particles stay in this region of the 
ow for a longer time. This also explains
why the number of particles at the plate has increased in �gure 6.1b when including
thermal inertia with �T = 1, compared to passive tracers in �gure 6.1a.

So, this simple version of the point-particle approach, where only Stokes drag,
added mass and gravity are included (equation (6.1)), captures the e�ect of thermal
expansion qualitatively. However, since we are studying particles with a particle
Reynolds number of Rep = 2rpjuf � upj=� � 10, non-linear e�ects in the drag forces
can become important. These e�ects are included by setting fu = (1+0:15Re0:687

p )[85]
and fT = (1 + 0:3Re1=2

p Pr1=3)[87] in equations (6.1) and (6.2), respectively. We will
investigate the in
uence of non-linear drag, in both the mechanical and thermal inertia
of particles, by comparing statistics of three types of thermally inertial particles; a
case without non-linear e�ects, a case with only non-linear mechanical Stokes drag
and a case with both non-linear mechanical and non-linear thermal drag. We will
refer to these three types of particles as case 1, case 2 and case 3, respectively.

First, we focus on the contribution of the non-linear Stokes drag in equation (6.1),
computing PDFs of the Stokes drag in �gure 6.2. The PDFs for case 1 and case 2 are
very similar and indeed for the low viscous response time used here, �p = 0:038, non-
linear e�ects in the mechanical drag force are expected to have very little e�ect. When
including also non-linear e�ects in the thermal drag, the contribution of mechanical
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6. Thermally expandable particles

Stokes drag has decreased in the tails of the PDFs. This means that the 
uctuations in
the velocity di�erence between particles and 
uid have decreased, as indeed con�rmed
by the velocity statistics shown in �gure 6.2b. Since the temperature of particles only
in
uences the motion through the buoyancy term in equation (6.1) this indicates that
the contribution of this buoyancy term has decreased as well.

A decrease in the contribution of the buoyancy force can be a result of lower
temperature di�erences between particle and 
uid. We can quantify this e�ect by
computing the statistics of the contribution of the thermal drag term in equation
(6.2), which is proportional to this temperature di�erence. In �gure 6.2c it is shown
that the thermal drag is enhanced when non-linear e�ects are included. The e�ect
on the temperature statistics is shown in �gure 6.2d, where non-linear thermal drag
is shown to push the temperature of thermally responsive particles closer to that of
tracers and therefore to that of the 
uid. The increase in the contribution of the
thermal drag is thus a result of the non-linear term and can be seen as an e�ective
decrease in the thermal response time, considering that the thermal drag force is
inverse proportional to �T (equation (6.2)). Consequently, particles need less time
to adjust their temperature to that of the surrounding 
uid, explaining why the
temperature of particles is closer to that of the 
uid when non-linear e�ects in the
thermal drag force are included. Due to the thermal expansion, which is coupling
the motion of particles to the temperature 
uctuations, also the velocity statistics are
closer to the velocity statistics of tracers in this case.

Including non-linear drag a�ects the temperature statistics and is therefore also
expected to a�ect the vertical distribution of particles within the convection cell. To
study the vertical distribution of particles, we compute the particle number density,
ni, as a function of z. First, the Rayleigh{B�enard convection cell is subdivided into
250 horizontal slabs of size �z = 0:004, with central vertical position zi. The number
density in each slab is computed as the time averaged number of particles in the
slab divided by the slab volume; hNii=Vi, where Vi = �zLxLy. Finally this number
density is normalized by the total number density Ntot=Vtot, where Ntot is the total
number of particles and Vtot = 1. In summary this means ni = hNii

Vi =
Ntot
Vtot . Results

are shown in �gure 6.3, for the three cases of thermally responsive particles and for
passive tracers. Compared to passive tracers, the number of particles at the plates is
enhanced when including thermal expansion consistent with what we already found in
�gure 6.1. These thermally responsive particles are deposited at the plates and cluster
there, before moving back towards the bulk when becoming lighter (at the bottom
plate) or heavier (at the top plate) than the surrounding 
uid. On average this results
in a non-uniform distribution of particles in the vertical direction, with an enhanced
number of particles at the plates. When comparing the three cases, we observe that
the distribution is again somewhat closer to that of tracers when including non-linear
thermal drag.
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(a) (b)

(c) (d)

Figure 6.2: (a) PDFs of the contribution of the Stokes drag in the vertical direction, Fz;1 for
three di�erent types of thermally responsive particles with �p = 0:038, �T = 1 and K = 2 in
Rayleigh{B�enard convection; case 1 (linear Stokes drag and linear thermal drag, red crosses),
case 2 (non-linear Stokes drag and linear thermal drag, blue squares) and case 3 (non-
linear Stokes and non-linear thermal drag, green circles). Fz;1 is non-dimensionalized by
U2=(Hmp), with mp the mass of a particle. (b) PDFs of the dimensionless vertical velocity
for the three cases of thermally inertial particles, together with tracers (black). (c) PDFs of
the contribution of the thermal drag, H1, for the three di�erent cases of thermally inertial
particles, where H1 is non-dimensionalized by �TU=H. (d) PDFs of the particle temperature,
Tp, for the three di�erent cases of thermally inertial particles, together with passive tracers
(black asterisks), where Tp is non-dimensionalized by the temperature di�erence �T .
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6. Thermally expandable particles

Figure 6.3: The vertical distribution of passive tracers (black) and three di�erent types of
thermally responsive particles with �p = 0:038, �T = 1 and K = 2 in non-rotating Rayleigh{
B�enard convection; case 1 (linear Stokes drag and linear thermal drag, red), case 2 (non-
linear Stokes drag and linear thermal drag, blue) and case 3 (non-linear Stokes and non-
linear thermal drag, green). ni represents the number density of particles, averaged over the
horizontal directions and over time and the vertical position, zi, is non-dimensionalized by
the cell height H. The vertical line corresponds to the thermal BL length, �T � 0:023. Error
bars fall within the symbols.

In summary, we �nd that although the simple point-particle model without non-
linear e�ects captures the dynamics of these thermally expanding particles with
Rep � 10 qualitatively, non-linear thermal drag is shown to be of importance. In
particular, including these non-linear e�ects in the thermal inertia results in particle
temperatures being closer to that of the 
uid due to a lower e�ective thermal response
time. Due to the temperature dependent density ratio in the buoyancy term, not only
the temperature statistics is in
uenced by these non-linear thermal e�ects but also
the velocity statistics are pushed towards that of tracers when including non-linear
thermal drag. When investigating the behavior of these thermally inertial particles
and the e�ect of thermal inertia on this dynamics in more detail, it is recommended
to use a more complex version of the point-particle approach, including non-linear
e�ects in the thermal drag.

6.2.2 Particle properties

Now that we understand the contribution of the non-linear drag terms, we will study
the dynamics of thermally expandable particles in a wide range of thermal response
times and for di�erent thermal expansion coe�cients. We will include non-linear ef-
fects in the drag terms by setting fu = (1+0:15Re0:687

p ) and fT = (1+0:3Re1=2
p Pr1=3)

as discussed above. For the results discussed below a larger set-up of size 1� 2� 2 is
used, such that � = 4 and Vtot = 4.

The typical time the thermally responsive particles spend at the plate in order to
adjust their density enough to escape the BLs, is expected to depend on the ratio
between the speci�c heats of the particle material and the 
uid, 
. The thermal
response time is proportional to 
 and we study particles in a wide range of thermal
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response times, �T . Three di�erent values of this parameter K are studied: K = 1:1,
K = 2 and K = 10, as also reported in table 6.2. The applications mentioned in
the introduction, gel-like like particles in water and oil-water con�gurations, would
fall in the range of 1:1 . K . 2. Here, K = 10 is added to also study a more
extreme case. For each value of K, ten di�erent particle families are included in
the simulation; one family consisting of passive traces and nine families of thermally
responsive particles, with 0:05 � �T � 10 as reported in table 6.2. These thermal
response times correspond to a range of 0:13 � 
 � 26. In general 
 � O(1) for solid{

uid or 
uid{
uid systems. To give an estimate of the corresponding thermal response
times; in a range of 0:3 � 
 � 3 the thermal response times would be 0:12 � �T � 1:2.
Here we again add extreme values of both smaller and larger 
 to understand how the
systems converges in the limit of very small and very large thermal response times.
In this parameter range the density ratio varies between 0:96 . e� & 1:04. Within
this range of density ratios particles are not expected to in
uence the 
ow structures
and the heat transfer and therefore a one-way coupling approach is su�cient. In total
nine di�erent particle families are simulated for 300 dimensionless time units, where
the number of particles in each family is 1:6 � 105. A detailed overview of the particle
properties is given in table 6.2.

6.3 Results for non-rotating Rayleigh–Bénard con-
vection�

6.3.1 Spatial distribution of thermally expandable particles

We investigate the dynamics of thermally responsive inertial particles in Rayleigh{
B�enard convection, where we include thermal expansion of both particles and 
uid. In
particular, the thermal expansion coe�cient of particles is larger than that of the 
uid,
so that particles react to the temperature 
uctuations stronger. Since in Rayleigh{
B�enard convection the temperature gradients are largest in the thermal BLs while
the temperature in the bulk 
uctuates around the average temperature [144, 145],
particles are expected to distribute di�erently in the bulk than in the thermal BLs
when thermal expansion is included. To study the vertical distribution of particles,
we compute the particle number density, ni = hNii

Vi =
Ntot
Vtot , as explained in section 6.2.1.

In �gure 6.4, we show ni for the three di�erent values of K; K = 1:1, K = 2 and
K = 10, and di�erent values of �T between �T = 0:05 and �T = 10. As a reference the
distribution of 
uid tracers is also shown with gray lines with crosses. As expected,

uid tracers are distributed uniformly such that ni = 1. Note that these 
uid tracers
have no thermal and mechanical inertia (�T = �p = 0) and that they are therefore not
a�ected by thermal expansion. The thermal BL thickness, �T = 0:023, is computed
as the position of the maximum rms temperature and is indicated in �gure 6.4 by the
vertical black lines. First, we observe that the number of particles inside the thermal
BL is increasing with increasing thermal response times compared to the uniform
�Closely follows K. M. J. Alards, R. P. J. Kunnen, H. J. H. Clercx and F. Toschi \The dynamics of

thermally expandable particles in Rayleigh{B�enard convection", submitted to the European Physical
Journal E.
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Table 6.2: Particle properties of the thermally responsive particles (TRP), simulated in
Rayleigh{B�enard convection. Di�erent simulations are performed with tracers (family 0)
and thermally responsive particles (families 1{9), for three di�erent ratios between the ther-
mal expansion coe�cients of the particles and the 
uid, K = �p=�f . Here rp, �p and �
are the particle radius, the drag response time and the ratio between the particle and 
uid
densities at the mean temperature Tm, respectively. The properties of the di�erent particle
families, simulated for each value of K, at the average particle and 
uid temperature are
reported at the bottom of the table, where 
 = cp=cf , with cp and cf the speci�c heat of the
particles and the 
uid, respectively, and �T is the thermal response time. All properties are
non-dimensionalized as described in table 6.1.

K rp �p �p �
1:1 0:01 0:00275 0:038 1
2 0:01 0:005 0:038 1
10 0:01 0:025 0:038 1

particle family 
 �T type
0 - - tracer
1 0.13 0.05 TRP
2 0.26 0.1 TRP
3 0.65 0.25 TRP
4 1.3 0.5 TRP
5 2.6 1 TRP
6 5.2 2 TRP
7 10 4 TRP
8 16 6 TRP
9 26 10 TRP

distribution ni = 1. Particles with a larger thermal response time need more time to
heat up (cool down) at the bottom (top) plate, hence there will be more particles close
to the plates on average. Furthermore, when comparing the three di�erent panels,
it is observed that the number of particles at the plate is larger for lower values of
K. Particles with a larger thermal expansion coe�cient compared to that of the 
uid
react very strongly to temperature 
uctuations and even a small temperature change
can lead to a relatively large change in their mass density. Consequently, particles
move away from the plates faster and the number of particles at the plates decreases.
For K = 2 and K = 10 we observe a regime where ni < 1 for �T . 2 and �T . 4,
respectively. Here particles escape the BLs so fast that there is a depletion of particles
in the thermal BLs, compared to the average distribution ni = 1. A depletion in the
BLs results in an increase of particles in the bulk, indicated by the peaks in �gures
6.4b and 6.4c for z & �T , which become more prominent for larger K and for smaller
�T .

The particle number density, as shown in �gure 6.4, is an average quantity and
does not give information on the particle distribution in the horizontal directions. To
understand how particles distribute horizontally with respect to the typical temper-
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(a) K = 1:1 (b) K = 2

(c) K = 10

Figure 6.4: The vertical distribution, ni, of tracers (gray crosses) and thermally responsive
particles (di�erent colors) in non-rotating Rayleigh{B�enard convection. Results are shown
for three di�erent values of K: (a) K = 1:1, (b) K = 2 and (c) K = 10 and for various �T
as reported in the legend of panel (a) (see also table 6.2). The solid vertical line shows the
thermal BL thickness, �T = 0:023. Because of symmetry we only show the lower half of the
domain, where 0 < z < 0:5. Error bars are estimated as the deviation from this symmetry
and are falling within the symbol size.

ature pro�les in Rayleigh{B�enard convection, we visualize the temperature �eld at
z = 0:012 without particles in �gure 6.5a and with di�erent types of thermally respon-
sive particles with vertical position zp < 0:015 in �gures 6.5b{6.5g, where particles
are colored by their temperature. For each value of K (K = 1:1;K = 2 and K = 10),
a situation with a low thermal response time of �T = 0:1 and a situation with a large
thermal response time of �T = 4 are shown. First, when focusing on the e�ect of the
thermal response time, it is observed that there are more particles at the plate for
larger thermal response times (as already discussed above) and that particles with a
lower thermal response time are only found in the colder spots. These particles have
a temperature very close to that of the 
uid and it is expected that colder heavier
particles stay at the plates longer, explaining why in this regime colder particles are
found, clustered in the colder spots of the 
uid at the bottom plate in panels (b), (d)

86



6. Thermally expandable particles

and (f). For larger thermal response times, particle and 
uid temperature are less
correlated and, especially for lower values of K, particles are less restricted to the
colder areas of the 
uid, see panels (c), (e) and (g).

6.3.2 Temperature statistics

From �gure 6.5 we expect that the distribution of particles is related to the tem-
perature of the particles, relative to the temperature of the surrounding 
uid. This
temperature di�erence is quanti�ed as Tp�Tf (xp), with Tf (xp) the 
uid temperature
at the position of a particle. The average pro�le of hTp � Tf (xp)izi is computed in
vertical slabs of size �z = 0:004 with central vertical position zi and PDFs of this
quantity are constructed in the BL at the bottom plate (zp < �T ). From the left pan-
els of �gure 6.6 we observe that for all values of K the (average) di�erence between
the particle temperature and the 
uid temperature is indeed increasing with increas-
ing �T at the bottom plate. The PDFs clearly become wider for larger �T , again
con�rming that more extreme temperature di�erences are found for larger thermal
response times as expected. Furthermore, there is an enhanced probability on larger
deviations jTp�Tf (xp)j for larger values of �T , when focusing on the left-hand side of
the PDFs. The temperature di�erence of the particles with respect to the 
uid at xp
near the bottom plate is also slightly increasing with increasing K as evident when
comparing the top, central and bottom panels of �gure 6.6. A peak develops on the
left-hand side of the PDFs for increasing K, suggesting that there is indeed a larger
probability of larger absolute temperature di�erences for larger values of K. This
is a result of particles with a large thermal expansion coe�cient escaping the warm
bottom plate region already for a slight temperature increase. Now, only particles
that have a much lower temperature with respect to the 
uid temperature stay at the
plates longer, resulting in a larger absolute temperature di�erence Tp � Tf (xp).

6.3.3 Thermal boundary layer residence time

The thermal response time, �T , not only in
uences the temperature di�erence between
particles and the surrounding 
uid, but also the time particles reside at the plates
before they will escape from the BLs due to the buoyancy force. To understand this
relation, statistics of the residence time of particles inside the thermal BLs, t�T , are
computed for di�erent values of �T and K, where the resulting PDFs are shown in
�gure 6.7. For �T & 1, the PDFs display a clear peak suggesting that there is a well-
de�ned characteristic time that particles spend inside the thermal BLs. This peak
shifts to the right for increasing �T , so this characteristic residence time increases
with increasing �T as expected. For �T . 1, the PDFs overlap indicating that here
t�T is largely independent of �T . When comparing the di�erent values of K, it is
observed that smaller values of t�T are measured for larger values of K, due to particles
with a larger thermal expansion coe�cient having a quantitatively larger response on
temperature 
uctuations in the 
uid in terms of their mass density.

From the PDFs in �gure 6.7 it is expected that t�T depends strongly on �T and
K. In �gure 6.8a we show the average residence time of particles inside the thermal
BLs at the horizontal plate, ht�T i, as a function of �T and for di�erent values of K.
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(a) temperature �eld

(b) K = 1:1; �T = 0:1 (c) K = 1:1; �T = 4

(d) K = 2; �T = 0:1 (e) K = 2; �T = 4

(f) K = 10; �T = 0:1 (g) K = 10; �T = 4

Figure 6.5: (a) The 
uid temperature, Tf , in a horizontal plane at z = 0:012 in the Rayleigh{
B�enard cell. (b-g) The same temperature �eld, together with particles with vertical position
zp < 0:015 for di�erent values of K and �T : (b) K = 1:1; �T = 0:1, (c) K = 1:1; �T = 4, (d)
K = 2; �T = 0:1, (e) K = 2; �T = 4, (f) K = 10; �T = 0:1 and (g) K = 10; �T = 4. Axes and
color bars are as in panel (a) and the color of the particles encodes their temperature, Tp.
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(a) K = 1:1, average pro�le (b) K = 1:1, PDF

(c) K = 2, average pro�le (d) K = 2, PDF

(e) K = 10, average pro�le (f) K = 10, PDF

Figure 6.6: (a) The temperature di�erence hTp � Tf (xp)izi , averaged horizontally and in
time within horizontal slabs at central vertical position zi for 
uid tracers (gray lines with
crosses) and thermally responsive particles (di�erent colors) in non-rotating Rayleigh{B�enard
convection for K = 1:1. (b) PDFs of Tp�Tf (xp), measured in the thermal BL at the bottom
plate for K = 1:1. (c) and (d) show similar results as (a) and (b) but for K = 2. (e) and (f)
show similar results as (a) and (b) but for K = 10. Results are presented for di�erent values
of �T as reported in the legend of the top panels. Because of symmetry we only show the �rst
half of the domain in the left panels and only results obtained in the BL at the bottom plate
in the right panels, where the thermal BL thickness is �T = 0:023. Error bars are estimated
as the deviation from this symmetry. In the left panels the error bars fall within the symbol
size.
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(a) K = 1:1 (b) K = 2

(c) K = 10 (d) ht�T i

Figure 6.7: PDFs of the particle residence time, t�T , inside the thermal BLs at the plates for
di�erent values of K: (a) K = 1:1, (b) K = 2 and (c) K = 10 and various �T as reported in
the legend of panel (a) (see also table 6.2). The thermal BLs have a thickness of �T = 0:023.
Errors are estimated as the deviation between the PDFs measured in the thermal BL at the
top and bottom plates. Error bars fall within the symbol size. (d) The average residence time,
ht�T i as a function of �T , for K = 1:1 (blue circles), K = 2 (red squares) and K = 10 (green
triangles) for DNS (symbols). The dashed lines show �ts of the function y = a(K) + b(K)x,
where the �tting coe�cients a(K) and b(K) are as reported in the legend.

Each individual particle can cross the BL multiple times and the average is therefore
taken over the total number of times all particles accumulatively cross the BLs. Two
regimes can be distinguished in �gure 6.7d, where for �T . 1 the thermal BL residence
time is constant, for �T & 1 the values are increasing with increasing �T . Also, when
comparing the three di�erent values of K, the residence time is found to decrease
with increasing K. These trends are consistent with the PDFs shown in �gure 6.7
and con�rm that the number of particles inside the BL in �gure 6.4 is indeed directly
related to the time particles spend inside the thermal BL.

Based on the transition from a constant to a ballistic regime, we can estimate the
thermal BL residence time as

t�T = a(K) + b(K)�T ; (6.9)
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where both a(K) and b(K) are coe�cients depending on K. In the limit of small
thermal response times, �T ! 0, this equation becomes t�T = a(K) and thus a
constant depending only on K. When �T ! 1 a ballistic behavior t�T = b(K)�T
is found. We perform a �t based on equation (6.9) on the DNS data as shown by
the dashed lines in �gure 6.7d and �nd that the thermal BL residence time indeed
depends on �T as in equation (6.9).

6.3.4 Simple 1-dimensional model

To understand in more detail how the dynamics of thermally responsive particles de-
pends on �T and K, we develop a simple 1-dimensional (1D) model for the thermally
responsive particles. The thermal response time, �T , in
uences the temperature of
particles through the thermal inertia (equation (6.2) for the DNS), while the param-
eter K determines the density ratio e�, which is determining the buoyancy force in
equation (6.1). Therefore, we develop a 1D model for their vertical position in which
particles experience both thermal inertia and a buoyancy force:

dz
dt

= w(t); (6.10)

dw(t)
dt

= �g

 

1�
1
e�(t)

!

; e� =
1� �p(Tp(t)� 0:5)
1� �f (Tf � 0:5)

(6.11)

dTp(t)
dt

=
1
�T

(Tf � Tp(t)) ; (6.12)

where w is the velocity of particles and we use that hTpi = hTf i = Tm = 0:5. Particles
are (de)accelerated to zero velocity when approaching the boundaries at z = 0 and
z = 1, like they would in the DNS when approaching the walls due to the added mass
force. As a result the upwards or downwards velocity of particles approaching z = 1 or
z = 0, respectively, is reversed purely by the e�ect of buoyancy. The 
uid temperature
Tf is now an input parameter of this simple 1D model. In non-rotating Rayleigh{
B�enard convection the temperature pro�le typically shows a large mean temperature
gradient in the thermal BLs, while the temperature in the bulk equals the average
temperature [144, 145]. Therefore we prescribe a constant mean temperature pro�le
with linear temperature gradients inside the thermal BLs and a constant temperature
of Tf = 0:5 in the bulk:

Tf (z) =

8
><

>:

1� 0:5z=�T ; z � �T
0:5; �T < z < 1� �T
0:5(1� z)=�T z � 1� �T

The thermal BL thickness is set to �T = 0:023, equal to the thermal BL thickness
measured from the DNS.

From the 1D model, we compute the residence time inside the BLs in the same
parameter range as in the DNS, 0:05 < �T < 10 and K = f1:1; 2; 10g, by numerically
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integrating equations (6.10){(6.12) using a second-order Adams{Bashforth scheme.
Note that the model gives one unique solution and therefore the output is given in
terms of t�T and not as an ensemble average ht�T i as in the DNS. The model results
(lines), together with the DNS data (symbols), are shown in �gure 6.8a. We observe
that the model captures the trend of decreasing t�T with increasing K as observed
in the DNS. Also the trend with �T is recovered where t�T is constant for smaller �T
and is monotonically increasing with �T for larger �T .

Let us discuss these two regimes in more detail by looking at the behavior of the
model in the limit of (i) small thermal response times, �T ! 0, and (ii) large thermal
response times, �T !1:

i �T ! 0: When the thermal response time is zero, particles are instantaneously
adapting their temperature to that of the surrounding 
uid such that always
Tp = Tf . Substituting this into equation (6.11) gives us

a =
dw(t)

dt
= �g

�
1�

1� �f (Tf � 0:5)
1� �p(Tf � 0:5)

�
: (6.13)

Given that �p > �f and �pT 0p < 1, we �nd that in the BL at the top plate
where Tf > 0:5 the acceleration is negative (a < 0) while in the bottom BL where
Tf > 0:5 it is positive (a > 0). Equation (6.13) does not depend on �T and
consequently also the residence time inside the BLs (for �T ! 0) is expected to be
independent of �T and to only depend on the thermal expansion coe�cient and
thus on K. This is exactly what we found in �gure 6.8a for both the 1D model
and the DNS in the limit of small �T .

ii �T !1: For very large thermal response times equation (6.12) becomes dTp=dt =
0 and the temperature of particles will be constant and independent of time, such
that Tp = Tp(t = 0). The initial temperature condition is thus fully determining
the particle temperature. A particle initially positioned in the bulk will start
to move upwards or downwards depending on its initial temperature condition,
Tp(t = 0). It can be computed that when a particle initially moves upwards, the
acceleration and velocity in the top BL are positive such that a particle will end up
in the top BL and will get stuck there. Oppositely, an initially downwards moving
particle will experience a downwards acceleration and velocity in the bottom BL
and will get stuck inside the bottom BL. This means that in the limit of �T !1,
t�T !1.

These limits are consistent with equation (6.9), that was shown to capture the trend
of the DNS data. As shown in �gure 6.8b, the same �tting procedure works for the 1D
model con�rming that also t�T computed from the 1D model follows equation (6.9).

So, both in the model and in the DNS we observe a transition from a constant
residence time to a ballistic regime, where the residence time is increasing with in-
creasing thermal response time. However, the transition between the constant and
ballistic regimes, occurs at a di�erent value of �T � 0:1 in the 1D model, compared
to the DNS (where the transition occurs around �T � 1) in �gure 6.8a. This might
be related to the model being in 1D, while in the DNS particles move in a 3D 
ow
�eld. As a result the time scales might not be one-to-one comparable. Moreover
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in the DNS particles are additionally transported towards and away from the plates
by the large-scale circulation, an e�ect that is not included in the simple 1D model.
Since we do not expect the model and DNS data to match one-to-one, we can re-scale
the vertical and horizontal axis for the model results in �gure 6.8a. The DNS data,
together with the rescaled data of the 1D model, are shown in �gure 6.8c and now
the model matches the DNS results within the error bars. All together we argue that
this, though very simple 1D model, captures the trends found in the DNS surprisingly
well.

(a) (b)

(c)

Figure 6.8: (a) The average residence time, ht�T i, for the DNS (symbols) and the residence
time, t�T , for the 1D model (lines) of thermally responsive particles in the thermal BLs at
the plates as a function of �T , for K = 1:1 (blue circles, solid line), K = 2 (red squares,
dashed line) and K = 10 (green triangles, dash-dotted line). (b) t�T as a function of �T for
the 1D model for K = 1:1 (blue solid lines), K = 2 (red solid lines) and K = 10 (green solid
lines). The interrupted lines show �ts of the function y = a(K) + b(K)x for K = 1:1 (blue
dotted line), K = 2 (red dashed line) and K = 10 (green dash-dotted line), where the �tting
coe�cients a(K) and b(K) are as reported in the legend. (c) The same data as in (a), but
now the data for the 1D model is rescaled where t�T is multiplied by 3 and �T is multiplied
by 50. The thermal BL thickness is �T = 0:023.
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6.4 Results for rotating convection

So far we have considered non-rotating Rayleigh{B�enard convection, for which the
mean temperature is known to be well-mixed and constant in the bulk while temper-
ature gradients exist in the thermal BLs. In non-rotating Rayleigh{B�enard convection
particles are transported to and from the plates by a large-scale circulation, while the

ow structures in rotating Rayleigh{B�enard convection are completely di�erent. Now
vortical plumes develop, e�ciently transporting warm 
uid from the BL at the bot-
tom plate and cold 
uid from the BL at the top plate towards the bulk. Rotation is
additionally known to change the mean temperature �eld in the axial direction in a
way that a mean temperature gradient develops inside the bulk under rotation. This
is illustrated in �gure 6.9, where the 
uid temperature, hTf i, averaged over the hori-
zontal directions is shown as a function of z for both Ro =1 and Ro = 0:1. In this
parameter regime, the thermal BL thickness for Ro = 1 and Ro = 0:1 is the same
and equals �T = 0:023. Here we will investigate how these di�erent temperature dis-
tributions a�ect the dynamics of thermally expandable particles. We compare results
discussed in section 6.3 for Ro =1 to results generated for rotating Rayleigh{B�enard
convection with Ro = 0:1. The other control parameters and particle properties are
kept the same (see section 6.2 and table 6.2).

Figure 6.9: The 
uid temperature �eld in Rayleigh{B�enard convection from the DNS averaged
over the horizontal directions, hTf i, as a function of z for Ro = 1 (red crosses) and Ro =
0:1 (blue circles). The dashed vertical lines show the thermal BLs at �u and 1 � �u with
�u = 0:023. For better visibility symbols are plotted each three data points.

6.4.1 Spatial distribution of thermally expandable particles

First, we investigate how rotation a�ects the way particles are distributed vertically
within the Rayleigh{B�enard convection cell. As in section 6.2.1, we compute the
number of particles within horizontal slabs of thickness �zi = 0:004 and normalize
by the total number density. The results of this number density ni are shown in �gure
6.10 as a function of zi for K = 1:1, K = 2 and K = 10. As in the non-rotating
case the number of particles close to the plates is increasing with increasing �T and
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decreasing with increasing K, for the same arguments as given in section 6.3.1. When
comparing the results presented in �gure 6.10 for Ro = 0:1 to those presented in
�gure 6.4 for Ro = 1, we observe that now the number of particles close to the
bottom plate has decreased. The comparison is clearer when showing the vertical
distribution of particles for Ro = 1 and Ro = 0:1 on a linear scale in �gure 6.10d
for K = 1:1. While for Ro = 1 there is a depletion in the bulk and an enhanced
number of particles at the plates, the opposite is found for Ro = 0:1 for the presented
parameters; there are more particles in the bulk and a depletion is found near the
plates when z . 0:15 and z & 0:85. Due to the temperature gradient inside the bulk
for Ro = 0:1, particles experience a temperature increase before actually entering
the thermal BL when approaching the bottom plate. Due to thermal expansion they
become lighter and the buoyancy force pushes the particles back towards the bulk.
When approaching the top plate the opposite happens; particles become colder and
thus heavier. These e�ects result in a depletion zone with a lower number of particles
closer to the plates and an enhanced number of particles in the center.

To understand how particles distribute compared to the temperature �eld, we
visualize the particles in a slab close to the bottom plate together with the temperature
�eld in the same slab in �gure 6.11. We show results for �T = 1 and �T = 10. Since
for small �T there are hardly any particles at the plates to visualize we choose to
present larger values of �T here, compared to the values of �T presented for Ro =1
in �gure 6.5. The temperature �eld in �gure 6.11a shows a checkerboard pattern of
vortical plumes with alternating warm and cold 
uid, completely di�erent from the
pattern observed in �gure 6.5a for Ro =1. Like for Ro =1 the number of particles
in the visualizations is larger for larger values of �T and for smaller values K, however
the way particles distribute relative to the temperature �eld is di�erent. Instead of
clustering in the colder spots, the colder particles at the plates are rather concentrated
in the warmer regions of the 
ow, which is particularly visible in �gure 6.11c. This
is an e�ect of Ekman pumping, sucking 
uid from the BL at the bottom plate into
warm plumes that are then ejected towards the bulk. As a result, particles are sucked
away from the colder spots towards the vortical plumes with larger temperatures.

6.4.2 Thermal boundary layer residence time

From the observations above one might expect that the time particles spend inside
the thermal BLs has decreased for Ro = 0:1, possibly explaining why the number of
particles in these BLs is lower compared to Ro =1. When we compare the average
thermal BL residence times, ht�T i, for Ro =1 and Ro = 0:1 in �gure 6.12, we observe
that for K = 1:1 the average residence time has indeed decreased when Ro = 0:1.
For K = 2 and K = 10 the curves do however look very similar and for K = 10 the
residence times are even larger for Ro = 0:1 when �T is small. This suggests that there
are two di�erent mechanisms to be distinguished for thermally expandable particles
in rotating Rayleigh{B�enard convection. Particles frequently experience a buoyancy
force pushing them back towards the bulk already before reaching the thermal BLs
and as a result they do not reach these regions of the 
ow at all. These particles are
thus not counted in the average values shown in �gure 6.12. The particles that do
make it to the BL at the bottom (top) plate are the ones that are on average colder
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(a) K = 1:1 (b) K = 2

(c) K = 10 (d) K = 1:1; �T = 10

Figure 6.10: (a-c) The vertical distribution, ni, of tracers (gray crosses) and thermally
responsive particles (di�erent colors) in the Rayleigh{B�enard cell for Ro = 0:1. Results are
shown for three di�erent values of K: (b) K = 1:1, (c) K = 2 and (d) K = 10 and for
various �T as reported in the legend of panel (a) (see also table 6.2). The solid vertical line
shows the thermal BL thickness, �T = 0:023. Because of symmetry we only show the lower
half of the domain, where 0 < z < 0:5. Error bars are estimated as the deviation from this
symmetry and are falling within the symbol size. (d) The vertical distribution, now for the
full domain and on a linear scale, of tracers (gray line with crosses) and thermally responsive
particles with K = 1:1 and �T = 10 for Ro =1 (blue line with asterisks) and Ro = 0:1 (red
line with squares). For better visibility symbols are added to the lines each 4 data points.

(warmer) than the surrounding 
uid. Due to Ekman pumping these colder (warmer)
particles are clustered inside warmer (colder) regions enhancing the temperature dif-
ference between the particles and the 
uid. This could explain why these particles
spend a time inside the BLs that is actually comparable to or longer than the char-
acteristic residence time found for non-rotating Rayleigh{B�enard convection in �gure
6.12. This e�ect is expected to be enhanced for larger K, where the dynamics of
the particles is dominated by the thermal expansion rather than by the response of
particles to the 
uid temperature.
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(a) temperature �eld

(b) K = 1:1; �T = 1 (c) K = 1:1; �T = 10

(d) K = 2; �T = 1 (e) K = 2; �T = 10

(f) K = 10; �T = 1 (g) K = 10; �T = 10

Figure 6.11: (a) The 
uid temperature, Tf , in a horizontal plane at z = 0:012 in the
Rayleigh{B�enard cell for Ro = 0:1. (b-g) The same temperature �eld, together with par-
ticles with vertical position zp < 0:015 for di�erent values of K and �T : (b) K = 1:1; �T = 1,
(c) K = 1:1; �T = 10, (d) K = 2; �T = 1, (e) K = 2; �T = 10, (f) K = 10; �T = 1 and (g)
K = 10; �T = 10. For clarity particles are depicted with a black border in the left panels. Axes
and color bars are as in panel (a) and the color of the particles encodes their temperature,
Tp.
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Figure 6.12: The average residence time, ht�T i, of thermally responsive particles in the
thermal BLs at the plates as a function of �T , for Ro =1 (closed symbols with solid lines)
and Ro = 0:1 (open symbols with dashed lines). Results are shown for K = 1:1 (blue circles),
K = 2 (red squares) and K = 10 (green triangles).

Since the dynamics is now more complex and relies on the interplay between the
bulk temperature gradient and Ekman pumping, we can not easily retrieve the thermal
residence times using the simple 1D model. In rotating convection the plumes that
develop in the BLs moreover penetrate into the bulk resulting in higher temperature
di�erences throughout the bulk (see, e.g., the visualization of the 
ow �eld in �gure
6.11a). This is another e�ect that can not be incorporated in the 1D model and
consequently the simple 1D model is restricted to deal with non-rotating convection.

6.5 Conclusions

We have studied the dynamics of thermally responsive particles in non-rotating and
rotating Rayleigh{B�enard convection. Particles are experiencing both mechanical
and thermal inertia, and both 
uid and particles exhibit thermal expansion where
the thermal expansion coe�cient of particles is larger than that of the 
uid. Now,
particles near the hot bottom plate become lighter than the 
uid and particles at the
top plate become heavier than the 
uid. It is veri�ed that this induces a motion away
from the plates, resulting in particles re-suspending from the BLs into the bulk.

This dynamics results in a non-homogeneous distribution of particles throughout
the Rayleigh{B�enard convection cell. In particular, for Ro =1 a regime of thermal
response times and thermal expansion coe�cients is found where the number of par-
ticles at the plate is enhanced compared to a uniform distribution. We have shown
that this enhancement is already reached for an increase in the thermal expansion co-
e�cients of particles compared to that of the 
uid of ten per cent; K = �p=�f = 1:1.
This ratio of thermal expansion coe�cients can be achieved in realistic systems, for
example gel-like particles in water or oil{water systems.

Upon increasing K, the number of particles at the plates is decreasing, since the
particle density responds much stronger to the temperature 
uctuations. A regime of
large K and small �T is found where particles escape the BLs almost immediately and
where the number of particles inside the thermal BLs is even lower than the uniform
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distribution. This depletion in the BLs leads to an enhanced number of particles
inside the bulk. Increasing �T has an opposite e�ect; particles need more time to
warm up (cool down) at the bottom (top) plate, increasing the number of particles
at the plates and decreasing the number of particles in the bulk.

The number of particles at the plates is expected to depend on the time particles
spend inside the thermal BLs at the plates. By quantifying this residence time, t�T ,
it has been shown that particles do spend a characteristic time inside these BLs, that
is moreover depending on �T and K. In particular, the ensemble average ht�T i is
increasing with decreasing K. For all values of K, ht�T i is constant for �T . 1 and is
increasing with increasing �T for �T & 1. This trend is con�rmed when performing a
�t of the function y = a(K) + b(K)x on the DNS data for each value of K. A simple
1D model is developed, where the motion of thermally inertial particles depends
exclusively on the buoyancy force, and again both particles and 
uid exhibit thermal
expansion with �p > �f . This model is shown to capture the trends very well; again
the thermal BL residence time is constant for smaller �T and increasing with increasing
�T for larger �T , only now the transition occurs at a smaller thermal response time,
�T � 0:1. Also the shift of the curves to lower values of t�T for larger values of K
is captured well by the model. When re-scaling the data of the model the DNS and
model results match within the error bars, con�rming that the model captures the
observed trends well. The simple 1D model can thus be used to better understand the
interplay between thermal inertia and the buoyancy-driven vertical motion of particles
in non-rotating Rayleigh{B�enard convection.

When rotating the Rayleigh{B�enard convection set-up around its axis a mean
temperature gradient develops in the bulk of the cell. While for Ro =1 the response
of thermally expandable particles to the 
uid was mainly happening in the BLs, now
particles can also experience an enhanced buoyancy force in the bulk. As a result
particles experience the motion towards the bulk before actually entering the BLs
at the plates. This results in a depletion of particles closer to the plates and an
enhanced number of particles in the center. The particles that do make it to the BLs
at the bottom or top plate are the ones that are on average colder or warmer than
the 
uid, respectively. At the bottom plate Ekman pumping inside the viscous BL,
results in these colder particles being sucked from colder regions towards the warmer
spots corresponding to vortical plumes (and vice verse near the top plate). This
further enhances the di�erence between particle and 
uid temperature. Consequently,
particles that make it to the BLs spend a characteristic time there that is comparable
to or even larger than those characteristic residence times measured for Ro =1. We
can thus argue that the depletion of particles near the plates for Ro = 0:1 is not a
result of smaller residence times in the BLs at the plates, but is related to the mean
temperature gradient developing in the bulk.
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Chapter 7

Conclusions and outlook

In this thesis rotating Rayleigh{B�enard convection is studied in the presence of passive
tracers and particles using DNS. Below we conclude our �ndings, discussing �rst the
geometry and the acceleration statistics of passive tracers (part I) and then the e�ect
of thermal inertia on the dynamics of thermally expandable particles (part II).

7.1 Part I: Tracers

In Rayleigh{B�enard convection there is a transition from a rotation-una�ected regime
at very low rotation rates, dominated by a domain-�lling large-scale circulation, to
a rotation-a�ected regime where vertically aligned vortices are the dominant 
ow
structures. First we attempt to use the geometry of the tracer trajectories, given
by their curvature and torsion, to make a geometrical characterization of the typical

ow structures and their length scales. We use DNS of a cylindrical Rayleigh{B�enard
system with Ra = 1:3 � 109, Pr = 6:7 and � = 1. The �rst question arises:

� Can we see a signature of the coherent structures and the e�ect of rotation on
these 
ow structures in the curvature and torsion statistics of passive tracers?

In HIT, PDFs of curvature and torsion reveal typical scaling laws in the limit of
large and small curvature and torsion values. In Rayleigh{B�enard convection curva-
ture and torsion PDFs recover these scaling laws surprisingly well, for all rotation
rates and as long as the BLs are excluded. The HIT scaling laws are apparently very
robust and not a�ected by the levels of anisotropy and inhomogeneity of the 
ow
studied here.

Under rotation the BL dynamics changes from a passive Prandtl{Blasius BL, not
interacting with the bulk, to an active Ekman BL, actively interacting with the bulk

ow through so-called Ekman pumping. We �nd that in the BLs the scaling of the
curvature and torsion PDFs has changed and HIT predictions are no longer recovered.
In particular, the mean horizontal 
ow in the Prandtl{Blasius BL results in lower
scaling exponents. In the rotation-a�ected regime the exponents are increasing with
increasing rotation rate, approaching the values measured in the bulk as a result of
the active interaction between the Ekman BL and the bulk.
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Curvature and torsion are instantaneous measurements that do not capture the
variety of time scales typical for turbulent 
ows. We therefore also measured the
time-dependent geometry of the trajectories as the angle of directional change, �(�),
computed as the angle between three subsequent points along a trajectory separated
by a time increment � . To understand the geometrical characterization of the 
ow
structures at di�erent time scales we ask:

� How does rotation a�ect the geometry of passive tracers in Rayleigh{B�enard
convection at di�erent time scales up to the time scale of the coherent 
ow
structures?

PDFs of the angle of directional change are found to recover HIT characteristics
for all rotation rates and for time scales up to the time scale of the typical coherent

ow structures as long as we measure in the turbulent bulk. The conclusion drawn
for the instantaneous curvature and torsion statistics can thus be extended to longer
time scales; HIT derivations for the PDFs of the geometry of tracer trajectories are
very robust and are not a�ected by inhomogeneity and anisotropy, independent of the
rotation rate and the time scale.

Although PDFs recover HIT statistics, the scaling of the average angle, �, with �
reveals a di�erent behavior. In HIT a transition is found from a ballistic regime for
time scales smaller than the Kolmogorov time scale, ��, to a regime with a scaling of
� � �1=2 for time scales larger than �� but smaller than the Lagrangian integral time
scale. We have found that in Rayleigh{B�enard convection the second scaling regime
is clearly a�ected by rotation, where the scaling exponent is constant in the rotation-
una�ected regime and decreasing with increasing rotation rate in the rotation-a�ected
regime. This decreasing trend was shown to be consistent with the spiraling motions
of trajectories in the vortical plumes and with the longer coherence times of these
vortical plumes compared to the large-scale circulation. Inside the BL we again �nd
di�erent dynamics, consistent with the characteristics of either the Prandtl{Blasius
BL or the Ekman BL.

How is this transition in the 
ow structures related to the sharp transition from
a constant heat transfer regime to an enhanced heat transfer regime? To understand
the transition in the small-scale properties of these 
ow structures, we measure La-
grangian acceleration statistics of passive tracers. What we try to understand �rst
is:

� Is the transition in the small-scale properties of the 
ow structures in rotat-
ing Rayleigh{B�enard convection sharp, like the transition in the integral heat
transfer?

Vortical plumes in the Ekman BL result in more extreme horizontal acceleration
events near the top plate. Indeed the rms values and the kurtosis of the horizontal
acceleration signi�cantly increase at Roc = 2:25 and these transitions were found to
be extremely sharp. The critical Rossby number, Roc = 2:25, is within the range of
Rossby numbers in which the transition in the heat transfer is observed [40, 131].

So the transition in the Lagrangian acceleration statistics is sharp, but what ex-
actly causes this sudden increase in the acceleration at Roc = 2:25? Since the plumes
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are most e�cient in transporting 
uid, we expect that the transition is related to the
transition from sheet-like plumes in the Prandtl{Blasius BL to vortical plumes in the
Ekman BL. This brings us to the following question:

� What is the relation between the sharp transition in the Lagrangian acceleration
statistics and the plume dynamics?

Sheet-like plumes in the Prandtl{Blasius BL are characterized by large absolute
values of the vertical vorticity and in the Ekman BL the vortical plumes are char-
acterized by cyclonic (positive) vertical vorticity. We compute joint statistics of the
horizontal acceleration, axy, and the vertical vorticity, !z, near the top plate. Another
measure for vortices is the Q-criterion, where vortices are characterized by Q > 0.
Both joint statistics of axy with Q and axy with !z show di�erent behavior before and
after the transition. Before the transition there is no correlation between the extreme
acceleration events and the vortical plumes. After the transition positive values of
!z and Q have become much more extreme and they now correlate to large values
of axy. This suggests that the Ekman BL is dominated by vortical structures with
larger values of Q and !z and that these structures cause the abrupt transition to
extreme acceleration statistics.

All together, signatures of the transition in the typical 
ow structures under ro-
tation are found in the geometrical statistics of tracer trajectories for time scales up
to the time scale of the coherent 
ow structures. The nature of the transition in the

ow structures is found in the small-scale properties of the plumes developing from
the BLs at the plates. In particular, the transition from sheet-like plumes in the
Prandtl{Blasius BL to vortical plumes in the Ekman BLs causes a sharp transition
in the Lagrangian acceleration statistics.

7.2 Part II: Particles

In nature, particles almost never behave as perfect tracers but are rather exhibited to
mechanical and thermal inertia. Mechanical inertia plays a role when, for example,
the particles have a di�erent density than the 
uid and thermal inertia is additionally
important when thermal properties, such as the speci�c heat, of particles are di�erent
than those properties of the carrier 
uid. The dynamics of the thermally inertial
particles becomes non-trivial when the particle density is temperature dependent
and the thermal inertia a�ects the trajectories of particles through the buoyancy
force. We have investigated the dynamics of such thermally expanding particles in
a rectangular Rayleigh{B�enard set-up with periodic BCs in the horizontal directions
and for Ra = 2 � 107, Pr = 6:7 and � = 4. Our corresponding research question is:

� How does thermal inertia a�ect the dynamics of thermally expanding particles
with an expansion coe�cient larger than that of the 
uid?

In non-rotating Rayleigh{B�enard convection the temperature in the bulk is well-
mixed while mean temperature gradients are present in the thermal BLs. As a result
particles distribute di�erently in these BLs. For large thermal response times, �T , and
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small values of K, with K the ratio between the thermal expansion coe�cient of the
particles and the 
uid, the number of particles at the plates is enhanced compared to
a uniform distribution of particles. In this regime particles need more time to warm
up (cool down) at the bottom (top) plate and consequently take longer to expand
(shrink) and escape the BL regions.

In this explanation we relate the number of particles at the plates to the time
particles spend inside the thermal BLs. This residence time, t�T , is consistently
shown to increase with decreasing K or increasing �T . Two regimes are found; for
small �T the thermal BL residence time is constant and for larger �T it is monotonically
increasing with increasing �T . A simple 1D model is developed, where the particle
velocity depends only on the buoyancy force, and the temperature �eld is constant
in the bulk with linear gradients in the BLs. This model captures the transition
very well; the thermal BL residence time is constant for small �T and increasing with
increasing �T for large �T . The non-uniform distribution of particles in non-rotating
Rayleigh{B�enard convection is thus a result of the interplay between the buoyancy
term and the mean temperature gradient inside the BLs.

Rotation is known to induce a mean temperature gradient in the bulk of the
Rayleigh{B�enard cell and this is expected to completely change the dynamics of the
thermally expandable particles. The questions is now:

� How does the rotation-induced mean temperature gradient in the bulk a�ect
the dynamics of thermally expandable particles?

For Ro = 0:1 particles already expand or shrink inside the bulk when moving
downwards or upwards from the center towards the plates, respectively. The motion
induced by the thermal expansion brings particles back towards the center of the
cell. This results in a depletion of particles at the plates together with an increase
of the number of particles around z � 0:5. Few particles make it to the BLs and
the particles that do make it are the ones that have a larger temperature di�erence
with the surrounding 
uid to begin with. The thermal BL residence time of these
particles is very similar to what we found for Ro =1. In rotating Rayleigh{B�enard
convection, the distribution of thermally expandable particles is thus not related to
the thermal BL residence time, but rather dominated by the bulk dynamics.

To conclude, a simple point-particle model is used to understand the response of
thermally expandable particles to the temperature distributions in non-rotating and
rotating Rayleigh{B�enard convection. With this approach we have gained insight on
the dynamics of inertial particles in a thermally driven 
ow where the particles have
di�erent thermal properties than the carrier 
uid.

7.3 Outlook

By studying the dynamics of passive tracers and particles in rotating Rayleigh{B�enard
convection we have improved the understanding of the transition in the 
ow structures
and of the interaction between particles and 
uid, when they have di�erent thermal
properties. Open questions however remain, which need to be studied in the future.
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We have compared geometrical statistics of passive tracers in Rayleigh{B�enard
convection to similar statistics measured in HIT. Somewhat surprising, we have found
that we recover HIT characteristics in the inhomogeneous and anisotropic 
ow stud-
ied here. To better distinguish between e�ects of the coherent 
ow structures and the
typical characteristics of turbulence, such as the Kolmogorov scaling of the energy
spectrum, simulations at larger Rayleigh numbers should be performed in future re-
search. A wider inertial range is expected to develop allowing for a further comparison
to the results of HIT.

In this thesis we limit ourselves to the transition from the rotation-una�ected to
the rotation-a�ected regime, but at a larger rotation rate a second transition to the
rotation-dominated regime occurs. At this transition the vertically aligned plumes
form columnar structures spanning the full domain height. The transition to this
third regime is much less explored, since it requires a high level of turbulence in a
rotationally constrained 
ow. We have shown that the geometrical statistics of tracer
trajectories can give insight on the typical 
ow structures. By extending the range of
rotation rates to even lower rotation rates, the transition to the rotation-dominated
regime can be investigated.

We have shown, for the �rst time, a sharp transition in local properties of the 
ow
structures by measuring the Lagrangian acceleration statistics in rotating Rayleigh{
B�enard convection. So far, this sharp transition was only measured in the global heat
transfer. In future research, it is of interest to study the link between this transition
in acceleration statistics and the transition in the heat transfer e�ciency in more
detail by looking at, for example, the dissipation rate. We have shown that the plume
dynamics is de�nitely related to the sharp transition in the acceleration, but we did
not manage to show clear quantitative evidence for the di�erent types of plumes in
the di�erent rotational regimes. Future research could focus on further enlightening
the plume dynamics and its relation to the transition. For example, di�erent Prandtl
numbers could be studied given that the strength of the thermal plumes depends on
the Prandtl number.

Finally, we have studied the dynamics of thermally expandable particles in (rotat-
ing) Rayleigh{B�enard convection. A simple point-particle approach captures the rich
dynamics of these particles with di�erent thermal properties than their carrier 
uid.
In nature, however, multi-phase 
uid systems with di�erent thermal properties for the
di�erent phases can become even more complex; e.g., in the case of phase transitions
in convection in the core of the Earth or the presence of deformable vapor bubbles
in boiling convection. To study these highly complex systems simulations using more
advanced numerical techniques, with much higher numerical costs, are necessary and
worthwhile to perform.
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Summary

Rotating turbulent 
ows in nature are often driven by temperature gradients, think
of, e.g., oceanic currents on the Earth or convective 
ows in the outer layer of the
Sun. Also in technological applications buoyancy-driven 
ows a�ected by rotation are
important, e.g. in convective cooling in turbo-machinery or chemical vapor deposition
on heated rotating substrates.

A well-known system for studying thermally driven turbulence is Rayleigh{B�enard
convection, i.e. a con�ned 
uid layer heated from below and cooled from above. In
Rayleigh{B�enard convection, rotation is known to change the typical 
ow structures
from a domain-�lling large-scale circulation at lower rotation rates to vertically aligned
vortical plumes at higher rotation rates. At this transition the viscous boundary layers
(BLs) at the horizontal plates change from a Prandtl{Blasius type BL, that is not
interacting with the bulk, to an Ekman type BL, that is actively interacting with the
bulk 
ow.

We study the transition in the coherent 
ow structures and in the BL dynamics by
collecting Lagrangian statistics of passive tracers using direct numerical simulations
(DNS) of a cylindrical Rayleigh{B�enard convection set-up.

In particular, the geometry of the tracer trajectories is measured given by their
curvature and torsion. In homogeneous isotropic turbulence (HIT) curvature and
torsion probability density functions (PDFs) are known to reveal pronounced power
laws. In Rayleigh{B�enard convection these power laws are recovered for all rotation
rates as long as measurements are performed in the turbulent bulk. This suggests
that rotation and the level of inhomogeneity and anisotropy present in the bulk of
the (rotating) Rayleigh{B�enard 
ow do not a�ect the geometrical statistics of passive
tracers. Di�erent behavior is found inside the viscous BLs, where the scaling of
curvature and torsion PDFs shows a transition that is consistent with the transition
from the passive Prandtl{Blasius BL to the active Ekman BL.

Curvature and torsion are instantaneous measures and do not capture the variety
of length and time scales characteristic for turbulent 
ows. To understand how the
geometry of the trajectories is a�ected by rotation and anisotropy at time scales up
to the time scale of the large-scale 
ow structures, we investigate the angle between
three subsequent points along a trajectory. In HIT the scaling of the average angle of
directional change with the time increment between these subsequent points reveals
an inertial range with a scaling exponent in line with Kolmogorov phenomenology.
In Rayleigh{B�enard convection an inertial range is identi�ed, but with a di�erent
scaling exponent than in HIT that is moreover a�ected by rotation. The trend of these
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scaling exponents with rotation is shown to be related with the typical 
ow structures
in Rayleigh{B�enard convection and the time these 
ow structures are correlated at
di�erent rotation rates. In the BL, the scaling exponents show yet again a di�erent
behavior compared to the bulk, depending on the type of the BL.

At the rotation rate where we observe the transition between the large-scale cir-
culation and vortical plumes, also the heat transfer shows a transition from constant
heat transfer to an enhanced heat transfer. This transition is known to be sharp
and we want to understand if also the transition in the 
ow structures is sharp. We
quantify the small-scale properties of the 
ow structures by the acceleration of passive
tracers. Transitions in the Lagrangian acceleration statistics are found near the top
plate and the sharpness of these transitions is very convincing. We �nd a correlation
between extreme horizontal acceleration events and plume characteristics only in the
regime of the Ekman BL, suggesting that the development of vortical plumes in the
Ekman BL cause the sharp transitions in the Lagrangian acceleration statistics.

Also the dynamics of more complex inertial particles is of interest. In nature, ther-
mally driven 
ows are often seeded with (inertial) particles, think of droplets in clouds
or aerosols in the atmospheric boundary layer. To investigate the dynamics of inertial
particles in Rayleigh{B�enard convection, we use DNS of a Cartesian Rayleigh{B�enard
set-up with periodic boundary conditions in the horizontal directions. Particles are
tracked in the DNS, using a point-particle approach that includes both mechanical
and thermal inertia.

When the mass density of the inertial particles depends on the temperature 
uc-
tuations, thermal inertia a�ects the buoyancy force and therefore changes particle
trajectories. To investigate this e�ect of thermal inertia, we include thermal expan-
sion of both the 
uid and the particles where the thermal expansion coe�cient of the
particles is larger than that of the 
uid. Now, particles become lighter than the 
uid
near the hot bottom plate and heavier than the 
uid near the cold top plate. Particles
deposited at the plates thus experience a net buoyancy force pointing away from the
plates towards the bulk. We have found that for non-rotating convection the dynam-
ics of these particles is driven by the mean temperature gradient inside the thermal
BLs and the number of particles at the plates is directly related to the time particles
spend inside these BLs. When rotation is added, a mean temperature gradient devel-
ops in the bulk. Now particles experience the motion towards the bulk already before
entering the thermal BLs and the number of particles at the plates decreases. The
dynamics of thermally expandable particles in rotating convection is thus dominated
by the bulk dynamics instead of the BL dynamics as in the non-rotating case. All
together, we have shown that the simple point-particle approach is able to shed light
on the in
uence of thermal inertia on the dynamics of thermally expandable particles
with di�erent thermal properties than their carrier 
uid.
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Samenvatting

Veel turbulente stromingen in de natuur worden aangedreven door temperatuurver-
schillen. Voorbeelden zijn stromingen in de oceanen op aarde of in de convectiezone
op het oppervlak van de zon, waarbij de rotatie van deze hemellichamen ook duidelijk
invloed heeft op de stroming. Ook in industri�ele toepassingen spelen stromingen
gedreven door dichtheidsverschillen en be��nvloed door rotatie een rol, bijvoorbeeld in
convectieve koeling van turbo-machines of bij het chemisch opdampen van materiaal-
lagen op een roterend substraat.

Een relevant model systeem voor het bestuderen van dit soort thermisch gedreven
stromingen is Rayleigh{B�enard convectie, een vloeisto
aag die wordt opgewarmd van
beneden en wordt afgekoeld van boven. Het roteren van dit systeem rondom zijn as
resulteert in een verandering in de structuren van de stroming van een grootschalige
circulatie ter grootte van de cel tot een patroon van wervelstructuren. Op dit transitie-
punt verandert ook de dynamica in de grenslagen van een Prandtl{Blasius grenslaag,
die geen interactie heeft met de vloeistof in de bulk, tot een Ekman grenslaag, die
actief vloeistof uitwisselt met de bulk.

In dit proefschrift worden deze transities in de coherente stromingsstructuren en
in het gedrag van de grenslaag bestudeerd met behulp van numerieke simulaties van
een cilindrische Rayleigh{B�enard opstelling. In deze simulaties worden passieve tra-
cerdeeltjes toegevoegd aan de stroming.

Allereerst wordt de geometrie van de trajectori�en van deze passieve tracerdeeltjes,
die gede�nieerd is door kromming en torsie, gemeten. Kansverdelingen van deze
kromming en torsie in homogene isotrope turbulentie (HIT) hebben de vorm van
een machtsfunctie met een kenmerkende exponent. In Rayleigh{B�enard convectie
vinden we dezelfde schalingsexponent als in HIT, zolang metingen worden verricht in
de turbulente bulk (en de grenslagen dus buiten beschouwing worden gelaten). Dit
suggereert dat de inhomogeniteit en anisotropie van de stroming in de bulk geen e�ect
hebben op de geometrische statistiek van de deeltjesbanen. Een compleet ander gedrag
wordt gevonden in de viskeuze grenslagen, waar de schaling van de kansverdelingen
van de kromming en de torsie een transitie laat zien die consistent is met de transitie
van de passieve Prandtl{Blasius grenslaag naar de actieve Ekman grenslaag.

De meetkundige kromming en de torsie zijn instantane grootheden en hangen niet
af van de verschillende tijdsschalen die typisch aanwezig zijn in turbulente stroming-
en. Om te begrijpen hoe de geometrie van de deeltjesbanen be��nvloed wordt door
rotatie op tijdschalen zo groot als die van de typische coherente stromingsstructuren,
onderzoeken we de hoek tussen drie opeenvolgende punten langs de deeltjesbaan. In
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HIT laat het gemiddelde van deze hoek een typische schaling zien met de tijdstap
tussen deze drie punten voor middelgrote tijdschalen. De exponent van deze schaling
kan worden afgeleid met behulp van Kolmogorov fenomenologie. In Rayleigh{B�enard
convectie kunnen we eenzelfde soort schaling identi�ceren, maar de exponent is nu
anders dan die in HIT en wordt bovendien be��nvloed door rotatie. De verandering van
deze exponent met rotatie kan worden gerelateerd aan de typische stromingsstructuren
in Rayleigh{B�enard convectie en aan de correlatietijd van deze structuren die afhangt
van de rotatiesnelheid. In de grenslaag wordt een ander gedrag van de exponenten
gevonden dat opnieuw samenhangt met het type grenslaag.

Met de transitie in de stromingsstructuren verandert ook de e�ci�entie van het
warmtetransport van een constant warmtetransport voor lage rotatiesnelheden naar
een toegenomen warmtetransport voor hogere rotatiesnelheden. Deze transitie in de
e�ci�entie van het warmtetransport is scherp en we willen begrijpen of de transi-
tie in de stromingsstructuren ook zo scherp is. Hiervoor wordt de versnelling van
de tracerdeeltjes gemeten, die samenhangt met de stromingsstructuren op kleine
lengte schalen. Dichtbij de bovenplaat worden transities in deze Lagrangiaanse ver-
snellingsstatistiek gevonden en er is overtuigend bewijs dat deze transities scherp zijn.
Alleen bij rotatiesnelheden waarbij Ekman grenslagen worden gevormd wordt een cor-
relatie gemeten tussen extreme waardes van de horizontale versnelling en de typische
karakteristieken van de wervels. Dit suggereert dat het ontstaan van wervelstructuren
in de Ekman grenslaag de scherpe transitie in de versnellingsstatistiek veroorzaakt.

Ook het gedrag van deeltjes met complexere eigenschappen, die traagheid ervaren,
is van belang. In stromingen in de natuur worden dit soort deeltjes vaak aangetrof-
fen, denk aan druppels in wolken of a�erosolen in de atmosferische grenslaag. Om
het gedrag van dit soort deeltjes in Rayleigh{B�enard convectie te onderzoeken, wor-
den numeriek simulaties gedaan aan een Rayleigh{B�enard opstelling in Cartesische
co�ordinaten met periodieke randvoorwaarden in de horizontale richtingen. Deeltjes
ervaren zowel mechanische als thermische traagheid en worden als puntdeeltjes in de
simulaties ge��mplementeerd.

Als de (massa)dichtheid van deze deeltjes afhangt van de 
uctuaties in de tempera-
tuur, kan thermische traagheid de deeltjesbanen be��nvloeden via de Archimedeskracht.
Om dit e�ect van thermische traagheid te bestuderen wordt de thermische expansie
van de deeltjes en de vloeistof meegenomen, waar de deeltjes een hogere thermische ex-
pansieco�e�ci�ent hebben dan de vloeistof. Deeltjes worden nu lichter dan de vloeistof
dicht bij de warme onderplaat en zwaarder dan de vloeistof dicht bij de koude boven-
plaat en ervaren dus een netto Archimedeskracht richting de bulk. Voor een niet-
roterend systeem wordt het gedrag van deze deeltjes voornamelijk be��nvloed door de
gemiddelde temperatuurgradi�ent in de thermische grenslagen en het aantal deeltjes in
de grenslagen wordt bepaald door de tijd die de deeltjes doorbrengen in de grenslagen.
Wanneer rotatie wordt toegevoegd ontstaat er een gemiddelde temperatuurgradi�ent
in de bulk van de convectiecel. Hierdoor ervaren deeltjes de Archimedeskracht richt-
ing de bulk al voordat ze de grenslaag betreden en nu worden er minder deeltjes
aangetro�en dichtbij de platen. We kunnen dus concluderen dat het gedrag van ther-
misch expanderende deeltjes in roterende convectie wordt gedomineerd door de bulk,
terwijl het gedrag van deze deeltjes in niet-roterende convectie bepaald wordt door de
temperatuurgradi�ent in de grenslagen. Al met al hebben we laten zien dat een simpele
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aanpak met behulp van puntdeeltjes inzicht kan geven in het e�ect van thermische
traagheid op het gedrag van deeltjes met andere thermische eigenschappen dan de
onderliggende vloeistof.
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