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Direct Numerical Simulation of Coupled Heat and Mass 

Transfer in Dense Gas-Solid Flows with Surface 

Reactions 

 

Summary 

Fluid-solid flows are frequently encountered in a wide range of processes. A typical example 

is fixed bed reactors, which are commonly used in chemical industry for catalytic reactions. In 

such processes, reactions take place at active sites deep inside porous catalyst particles. 

Therefore, it is important to know how reactants are transported to these particles and how 

products move out with the fluid flow. The performance of a catalytic process is determined 

not only by the efficiency of the catalytic reaction, but also by the efficiency of mass transport. 

In such highly heterogeneous systems, there are two important factors, specifically variable 

reaction rates and significant heat effects, which introduce additional complexities to the 

equipment design as well as the process performance.  

 

In chemical engineering, most researchers focus on either reaction kinetics or transport 

processes, but in this thesis the flow of reactants and products around catalytic particles is 

modelled as well as the reactions that occur there. Using detailed models the performance of a 

catalytic process can be predicted by computer simulations. The simulations give insights in 

the interplay among mass transfer, chemical transformations and heat effects. Using the 

detailed information the models provide, real chemical processes can be improved and in that 

way technological development is accelerated. 

 

In this thesis, an efficient ghost-cell based immersed boundary method (IBM) is developed to 

perform direct numerical simulation (DNS) of (coupled) mass and heat transfer problems in 

fluid-particle systems. The fluid-solid coupling is achieved by implicit incorporation of the 

boundary conditions into the discretized momentum, species and thermal energy conservation 

equations of the fluid phase. Taking advantage of a second order quadratic interpolation 



scheme in the reconstruction procedures, the DNS model is capable to handle the Robin 

boundary condition at the exact position of the particle surface. This is the unique feature of 

this DNS model. A fixed Eulerian grid is used to solve the conservation equations for the entire 

computational domain. Several fluid-particle systems, with increasing complexity, are studied 

in the subsequent chapters with the aim to push forward the frontier of the application of DNS 

towards more realistic chemical reaction processes. 

 

In Chapter 2, the governing equations, the numerical solution method and the IBM are 

introduced in detail. The newly developed quadratic interpolation scheme is verified by first 

comparing the numerical results for unsteady mass diffusion around a single sphere with the 

analytical solutions and, second, by comparing computed Sherwood numbers for convective 

mass transfer with the empirical values. In both cases, an infinitely fast surface reaction is 

assumed and excellent agreement is achieved.  

 

In Chapter 3, a catalytic surface reaction is introduced into the DNS model. The Damköhler 

number is used to describe the interplay between chemical reaction and mass transfer processes 

in fluid-particle systems. First, a detailed verification study of unsteady mass diffusion is 

performed, where the concentration profile and the instantaneous Sherwood number are 

compared with the analytical solutions. Next, both single particle and multi-particle dense 

systems with different reaction rates are considered. It is noted that, the mass transfer 

performance of the dense particle array is improved to some extent with higher reaction rates.  

 

In Chapter 4, mass transfer problems in particle clusters, specifically a nine-sphere cuboid 

cluster and a randomly-generated spherical cluster consisting of hundred spheres, are studied. 

The clusters are composed of active catalysts and inert particles, which are realized by the 

Dirichlet and Neumann boundary condition respectively. Mixed boundary conditions of 

individual spheres are handled consistently in the DNS model. In case of a cluster, the swarm 

effect decreases the mass transfer performance dramatically, however, dilution with inert 

particles can help to counteract this decrease quite a lot.  

 

In Chapter 5, the heat transfer problems in fluid flowing through tubular fixed beds are studied. 

For the classical Graetz-Nusselt problem with both isothermal and isoflux boundary conditions, 

the DNS results agree well with the analytical results in a wide range of the Péclet number. An 

advanced Graetz-Nusselt problem with hundreds particles randomly positioned inside a tube 



with adiabatic wall is then studied. The channeling effect at the wall region is noticed to 

significantly reduce the performance of the system, nevertheless large and passive particles 

will increase the heat transfer coefficient. The simulation results are compared with the results 

obtained by a team from the University of Twente using a different class of IBM, revealing 

good agreement.  

 

In Chapter 6, independently coupled heat and mass transfer is studied in fluid-particle systems. 

The reaction rate is specified to be first order with a rate coefficient which is independent of 

temperature. The coupling of heat and mass transfer arises as a consequence of an exothermic 

reaction where the liberated heat heats up the particle that, subsequently, transfers the thermal 

energy to the fluid phase. For the cases of unsteady mass and heat diffusion around a single 

sphere, forced convection to a single sphere and the three-bead reactor, the temperatures 

obtained from DNS show excellent agreement with the well-established results. For the dense 

particle array, qualitative agreement is reached between DNS and a 1D model. However the 

quantitative discrepancy, which is further amplified at higher Reynolds numbers, is thought to 

originate from the heterogeneity inside the array. 

 

In Chapter 7, building on the work of Chapter 6, the coupling of heat and mass transfer moves 

one step further to reality. The heat and mass transport processes are fully coupled, as the 

reaction rate is now influenced by the temperature. At the end of every time step, the 

temperature of individual particles is computed, and subsequently the reaction rate coefficient 

is determined by the Arrhenius equation. Realistic parameters from the process of partial 

oxidation of methane are used. Three fluid-particle systems with increasing complexity, 

specifically a single sphere, three spheres and hundreds spheres, are modelled. It is noticed that, 

the solid temperature obtained from DNS is extremely sensitive to the computed mass and heat 

transfer processes. Although the overall behavior correlates well with the average Sherwood 

(Nusselt) number and the superficial fluid velocity, no local correlation with simple isotropic 

quantities could be obtained.  

 

  



 

 



Directe numerieke simulatie van gekoppelde warmte- 

en massaoverdracht in gas-vast systemen met 

oppervlaktereacties 

 

Samenvatting 

Gas-vast systemen worden veel aangetroffen in een breed scala van processen. Een typisch 

voorbeeld zijn de reactoren met een vast bed, die gewoonlijk in de chemische industrie worden 

gebruikt voor katalytische reacties. In dergelijke processen vinden reacties plaats op actieve 

‘sites’ diep in poreuze katalysatordeeltjes. Daarom is het belangrijk om te weten hoe reactanten 

naar deze deeltjes worden getransporteerd en hoe producten afgevoerd worden met de 

vloeistofstroom. Hoe goed een katalytisch proces werkt wordt niet alleen bepaald door de 

efficiëntie van de katalytische reactie, maar ook door de efficiëntie van massatransport. In 

dergelijke, zeer heterogene, systemen zijn er twee belangrijke factoren die extra complexiteiten 

introduceren, namelijk variabele reactiesnelheden en hitte-effecten.  

 

In chemische technologie concentreren de meeste onderzoekers zich op reactiekinetiek of 

transportprocessen, maar in dit proefschrift wordt de stroming van reactanten en producten 

rond katalytische deeltjes gemodelleerd, evenals de reacties die daar plaatsvinden. Met behulp 

van gedetailleerde modellen kunnen de prestaties van een katalytisch proces worden voorspeld 

door computersimulaties. De simulaties geven inzicht in het samenspel tussen massaoverdracht, 

chemische transformaties en warmte-effecten. Aan de hand van de gedetailleerde informatie 

die de modellen bieden, kunnen echte chemische processen worden verbeterd en op die manier 

wordt de technologische ontwikkeling versneld. 

 

In dit proefschrift is een efficiënte op ‘ghost-cells’ gebaseerde ‘immersed boundary methode’ 

(IBM) ontwikkeld om directe numerieke simulatie (DNS) van (gekoppelde) massa- en 

warmteoverdrachtsproblemen in gas-vast systemen uit te voeren. De koppeling tussen 

gasstroming en vaste deeltjes wordt bereikt door een impliciete implementatie van de 



randvoorwaarden in de gediscretiseerde impuls, mol en thermische-energie 

behoudsvergelijkingen van het gas. Door gebruik te maken van een tweede-orde kwadratische 

interpolatieschema in de reconstructieprocedures, is het DNS-model in staat om de Robin-

randvoorwaarde op de exacte positie van het deeltjesoppervlak op te leggen. Dit is de unieke 

eigenschap van dit DNS-model. Een niet-bewegend Euleriaans raster wordt gebruikt om de 

behoudsvergelijkingen op het gehele computationele domein op te lossen. Verscheidene gas-

vast systemen, met toenemende complexiteit, worden bestudeerd in de opeenvolgende 

hoofdstukken met als doel de toepassing van DNS voor meer realistische chemische 

reactieprocessen te bevorderen. 

 

In hoofdstuk 2 worden de basisvergelijkingen, de numerieke oplossingsmethode en de IBM in 

detail geïntroduceerd. Het nieuw ontwikkelde kwadratische interpolatieschema wordt 

geverifieerd door eerst de numerieke resultaten voor tijdsafhankelijke massadiffusie rond een 

enkele bol te vergelijken met de analytische oplossingen en, ten tweede, berekende Sherwood-

getallen voor convectieve massaoverdracht te vergelijken met empirische waarden. In beide 

gevallen wordt uitgegaan van een oneindig snelle oppervlaktereactie en wordt een uitstekende 

overeenstemming bereikt. 

 

In hoofdstuk 3 wordt een katalytische oppervlaktereactie geïntroduceerd in het DNS-model. 

Het Damköhler getal wordt gebruikt om het samenspel tussen chemische reactie en 

massaoverdracht processen in gas-vast systemen te beschrijven. Eerst wordt een gedetailleerde 

verificatiestudie van tijdsafhankelijke massadiffusie uitgevoerd, waarbij het 

concentratieprofiel en het momentane Sherwood getal worden vergeleken met de analytische 

oplossingen. Daarna worden zowel enkele deeltjes en hoge dichtheid meerdeeltjes systemen 

met verschillende reactiesnelheden beschouwd. Het valt op dat de efficiëntie van 

massaoverdracht bij hoge deeltjesdichtheid tot op zekere hoogte verbetert bij hogere 

reactiesnelheden. 

 

In hoofdstuk 4 wordt massaoverdracht in deeltjesclusters bestudeerd, met name in een kubus 

met negen bollen en een random gegenereerde bolvormige cluster bestaande uit honderd 

deeltjes. De clusters zijn samengesteld uit actieve katalysatoren en inerte deeltjes, die worden 

beschreven door het opleggen van, respectievelijk, de Dirichlet en Neumann randvoorwaarden. 

Het gebruik van verschillende randvoorwaarden voor afzonderlijke bollen in het DNS-model 

gebeurt op een consistente manier. In het geval van een cluster, verlaagt het zwermeffect de 



efficiëntie van de massaoverdracht dramatisch, maar verdunning met inerte deeltjes doen dit 

effect grotendeels teniet. 

 

In hoofdstuk 5 worden de warmteoverdrachtsproblemen bestudeert stroming door buizen met 

deeltjes erin. Voor het klassieke Graetz-Nusselt-probleem met zowel isotherme als isoflux-

randvoorwaarden komen de DNS-resultaten goed overeen met de analytische resultaten voor 

een grote variatie in Péclet getallen. Daarna wordt een geavanceerd Graetz-Nusselt probleem 

bestudeerd, waarbij honderden deeltjes willekeurig in een buis met een adiabatische wand 

worden geplaatst. Het verschijnsel dat de stroming een voorkeur heeft voor het gebied nabij de 

buiswand blijkt de effectiviteit van de warmteoverdracht tussen deeltjes en gas aanzienlijk te 

verminderen. Niettemin zorgen grote en passieve deeltjes voor een toename van de 

warmtegeleidingscoëfficiënt. De simulatieresultaten worden vergeleken met de resultaten die 

een team van de Universiteit Twente heeft behaald met een andere klasse van IBM. Er is een 

goede overeenkomst.  

 

In hoofdstuk 6 wordt onafhankelijk gekoppelde warmte en massaoverdracht bestudeerd in gas-

vast systemen. De reactiesnelheid wordt bepaald door eerste orde kinetiek met een 

snelheidscoëfficiënt die onafhankelijk is van de temperatuur. De koppeling van warmte- en 

massaoverdracht ontstaat als gevolg van een exotherme reactie waarbij warmte vrijkomt dat 

het deeltje verwarmd en vervolgens thermische energie overdraagt naar de gasfase. Voor de 

gevallen van tijdsafhankelijke massa en warmtediffusie rond een enkele bol, geforceerde 

convectie naar een enkele bol en een ‘reactor’ bestaande uit drie deeltjes, vertonen de 

temperaturen verkregen uit DNS uitstekende overeenkomst met bestaande resultaten. Voor het 

veel-deeltjes systeem met hoge deeltjesdichtheid wordt een kwalitatieve overeenstemming 

gevonden tussen DNS en het 1D-model. De kwantitatieve discrepantie, die verder wordt 

versterkt bij hogere Reynolds-getallen, is waarschijnlijk afkomstig van de heterogeniteit van 

de deeltjesverdeling. 

 

In hoofdstuk 7, voortbouwend op het werk van hoofdstuk 6, komt de koppeling van warmte- 

en massaoverdracht een stap dichter bij de realiteit. Het warmte- en massatransport zijn 

volledig gekoppeld, omdat de reactiesnelheid nu afhankelijk is van de temperatuur. Aan het 

einde van elke tijdstap wordt de temperatuur van individuele deeltjes berekend, waarna de 

reactiesnelheidscoëfficiënt wordt bepaald aan de hand van de de Arrhenius-vergelijking. 

Daarbij worden realistische parameters die corresponderen met de partiële oxidatie van 



methaan gebruikt. Drie gas-vast systemen met toenemende complexiteit worden gemodelleerd, 

namelijk, een enkele bol, drie bollen en honderden bollen. Het valt op dat de 

deeltjestemperatuur die wordt verkregen uit DNS bijzonder gevoelig is voor kleine variaties in 

de massa- en warmteoverdrachtsprocessen. Hoewel het globale gedrag goed correleert met het 

gemiddelde Sherwood (Nusselt) getal en de gassnelheid, kon geen lokale correlatie met een 

eenvoudige isotrope relatie worden verkregen. 

 

 



伴随表面反应的气固两相流中耦合传质传热过程的

直接数值模拟 

 

综述 

气固两相流被广泛使用于各种工业过程。固定床反应器即为一个典型代表，在化工工

业中它经常被用于催化反应过程。在此过程中，反应发生在多孔催化剂的活性表面。

因此，知道反应物是如何传递至催化剂以及产物是如何随气流运出是至关重要的。催

化过程的效率不仅取决于反应动力学还取决于传递过程。在如此高度异相的系统中，

有两个至关重要的因素，即变化的反应速率和巨大的热效应，为设备设计以及过程效

率增加了额外的复杂性。 

 

在目前化学工程的研究中，大多数研究者要么关注动力学要么关注传递现象，但在本

文中反应物和产物在催化剂周围的流动过程以及在催化剂表面发生的反应被结合在了

一起模拟。通过使用细节化的模型，计算机模拟能够预测催化反应过程的表现，并给

出传质、反应和热效应之间相互作用的细节。通过使用这些模拟提供的具体信息，真

实的化工过程可以得到提升，籍此科技发展得以加速。 

 

本文引入了一种高效的基于虚拟网格的浸入边界法，用于对气固两相流中的（耦合的）

传质和传热问题进行直接数值模拟。气固两相的耦合通过将边界条件隐性地结合进离

散后的液相动量、物质和能量守恒方程来实现。利用在重建过程中使用的二阶精度的

二次差值格式的优势，本文介绍的直接数值模拟模型可以精确地在颗粒表面位置实现

第三类边界条件。这是本模型独一无二的特性。本文使用固定的欧拉网格来求解整个

计算区域内的守恒方程。通过研究难度逐章提高的气固两相系统，来推动直接数值模

拟在真实化工反应过程中的应用。 

 



第二章详细介绍了守恒方程、数值求解方法以及浸入边界法。新开发的二次差值格式

通过两个典型算例进行了验证。一，数值解和解析解在不稳定扩散的情况下进行对比。

二，模拟给出的 Sherwood数和经验公式值在强制对流的情况下进行对比。在这两个算

例中，表面反应速率被假设为无限快，模拟和解析解或者经验解有着非常好的吻合。 

 

第三章将表面催化反应引入了直接数值模拟模型。Damköhler数被用于描述化学反应和

传质过程之间的相互作用。首先是一个具体的验证算例，与解析解对比了在不稳定扩

散条件下的浓度曲线以及瞬时的 Sherwood数。之后，本章模拟了另外两个算例，即伴

随着不同反应速率的单个颗粒和多个颗粒稠密体系。研究发现，稠密颗粒列阵的传质

表现在较高的反应速率下会有一定量的提升。 

 

第四章研究了颗粒团聚物中的传质问题，具体来说是一个九个颗粒的方形团聚物和一

个随机生成的包含了一百个颗粒的球状团聚物。团聚物均由活性催化剂和惰性颗粒组

成，这两种情况是分别通过第一类和第二类边界条件来实现的。需要强调的是，每个

颗粒表面的不同边界条件在本文的直接数值模拟模型中是一致化实现的。对于一个团

聚物来说，其团聚效应极大地降低了其传质表现，但可以通过使用惰性颗粒稀释来改

善这个情况。 

 

第五章研究了圆管中气固两相流的传热问题。在包含了等温和等热通量条件的经典的

Graetz-Nusselt 问题中，直接数值模拟结果与解析解在很宽一段 Péclet 数范围内都有着

绝佳的吻合。之后在复杂的 Graetz-Nusselt问题中，数百个颗粒被随机放置在了一根绝

热圆管内。在管壁附近的沟道效应极大地降低了系统的效率，但使用大颗粒和绝热颗

粒能够在此情况下提升传热系数。使用当前浸入边界法得到的模拟结果与屯特大学另

一个研究小组使用另一种浸入边界法所得到的结果进行了比对，两种结果展现了极好

的一致性。 

 

第六章研究了气固两相流中独立耦合的传质和传热过程。反应速率被假设为一阶，并

且反应速率常数不随温度变化。传质和传热的耦合通过固体颗粒温度得以实现。具体

来说，放热反应释放出的热量加热了颗粒，颗粒又紧接着将热能传递给了液相。在围

绕单颗粒的不稳定物质和热量的扩散、强制对流下的单颗粒以及三颗粒反应器这三个



算例中，直接数值模拟结果和确定解都有着绝佳的吻合。对于稠密的颗粒阵列，模拟

结果和 1D模型有着良好的定性吻合，但定量上的差异被怀疑来自于颗粒阵列内部的高

度异相性，这会在高 Reynolds数时被进一步放大。 

 

第七章在第六章的基础上将耦合的传质和传热过程进一步推向了实际情况。传质和传

热过程是完全耦合的，因为反应速率会受到温度的影响。在每个时间步的结尾，每个

颗粒的温度都会被计算，紧接着反应速率常数也会通过 Arrhenius方程计算得到。模拟

使用了来自于甲烷部分氧化反应的真实参数。本章研究了三个复杂性逐步增加的气固

两相系统，即一个颗粒、三个颗粒和数百个颗粒。研究发现，直接数值模拟给出的固

体温度对传质和传热过程的不同误差有着极高的敏感性。尽管在总体上，平均

Sherwood (Nusselt) 数和表观流体速度有着极佳的关联，但这样的局部关联并不存在于

简单的等方性测量中。 
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Chapter 1 

Introduction 

 

 

 

Fluid-particle flows are frequently encountered in various industrial processes, and 

fundamental understanding of the momentum, mass and heat transport processes in such 

complex heterogeneous systems is of significant importance for equipment design and process 

optimization. In this thesis, fluid-particle flows are specifically considered for heterogeneous 

catalytic reaction processes, which brings additional complexities in the sense that variable 

reaction rates and significant heat effects need to be considered. This chapter first describes 

the background and motivation of this thesis. After that, direct numerical simulation (DNS) is 

introduced, which is able to accurately enforce the boundary conditions and directly compute 

the fluid-particle interactions. Finally, an outline of this thesis is given.  
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1.1 Background and motivation 

Fluid-particle flows are frequently encountered in a wide range of processes. A typical example 

is the catalytic synthesis in the chemical process industry using either packed bed or fluidized 

bed reactors. In these processes particles are catalyst pellets, which are porous and have a high 

internal surface area. The catalytic reaction takes place at active sites on this surface deep inside 

the catalyst particles. Reactant species in the fluid phase first needs to contact the catalyst, and 

then diffuses through the boundary layer to the inside and subsequently becomes adsorbed on 

the active sites. After the reaction, the product is desorbed and then transported through the 

boundary layer back to the bulk flow. In the fluid phase, the product is further transported 

downstream. Therefore, the performance of such a heterogeneous catalytic process is 

determined not only by the reaction kinetics but also by the transport processes. 

 

In such heterogeneous systems, the flow structures are very complex. Variable reaction rates 

accompanied with significant heat effects introduce additional complexities to the system. In 

this circumstance, fundamental understanding of the heat and mass transport processes as well 

the fluid flow is of tremendous importance to improve performance and facilitate optimal 

design of process equipment. In the past decades, extensive experimental investigations have 

been conducted, from which various empirical correlations have been proposed to characterize 

the fluid-particle interactions [1-18]. Although these correlations are very helpful for a quick 

and rough estimation of the average heat and mass transfer rates for engineering purposes, they 

are not generally applicable for different systems with variable operating conditions. Moreover, 

detailed information such as local values, spatial distribution and temporal evolution are not 

easily quantified on the basis of these empirical correlations. To overcome this problem, three-

dimensional transient computer simulation has rapidly gained interest due to its capability to 

produce detailed quantitative information instead of an average value in heat and mass transfer 

processes.  

 

In the field of chemical engineering, most researchers focus on either reaction mechanisms or 

transport phenomena, but in this thesis the flow of reactants and products around catalyst 

particles is modelled as well as the reaction that occurs there. It should be noted that, in the 

current work the particles are assumed to be solid spheres and the reaction is assumed to 

proceed at the external surface of the particles. Using these assumptions simulation models are 
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simplified without altering the essentials of this process, and the intra-particle transport, which 

is not in the same length scale as the external transport, can be easily quantified by the 

effectiveness factor typically used in reaction engineering. Using detailed computational 

models the performance of a catalytic reaction process is aimed to be predicted by computer 

simulations, which will give insights in the interplay between transport and chemical 

transformations and accompanying heat effects. Using the detailed information the model 

provides, real chemical processes can be improved and in that way technological development 

is accelerated. 

1.2 Direct numerical simulation 

With the fast development of computational power and numerical methods in recent years, the 

direct numerical simulation (DNS) has demonstrated its strong ability to resolve all details at 

the smallest relevant length scales to gain fundamental insight in fluid-solid interactions. As 

the most detailed level in the multiscale modeling approach [19-21], DNS provides the 

possibility to quantitatively derive microscale transport coefficients which can be used in 

coarser scale models (i.e.: the two fluid model (TFM) and the discrete element model (DEM)) 

to give a better prediction of the global reactor behavior. In DNS, the fluid phase is considered 

as a continuum, and hence described by the Navier-Stokes equations. If the solid phase moves, 

particles are tracked individually using the Newtonian equations of motion, and the dissipative 

particle-particle and particle-wall collision are taken into account using either a hard sphere or 

soft sphere model. DNS is computed on grids with the size much smaller (typically 1/30 to 

1/20) than the particle size, which enables the enforcement of realistic boundary conditions at 

the surface of the particles. In other words, the interfacial exchange is not modeled via 

empirical correlations anymore (which are required in TFM and DEM), instead, it can be 

directly accounted for and computed. Due to this reason, DNS is also called the resolved 

Eulerian-Lagrangian model. Considering the large number of computational cells required for 

DNS, it is only applied for small systems with typically a few thousands of particles.  

 

In this context the overset grid method proposed by Chesshire and Henshaw [22] is a crucial 

technique, which can incorporate the fluid-solid interaction accurately, however problems arise 

when the body-conforming grids partially overlap. Hu et al. [23] proposed the arbitrary 

Lagrangian-Eulerian technique whose advantage is also the accurate incorporation of the fluid-

solid interaction, but an expensive remeshing operation is unavoidable. Another DNS 
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technique is the Lattice-Boltzmann method [24-26], which is inherently suitable for simulating 

the dynamics of flows but has several disadvantages including a mandatory calibration of 

particle radii and complications to implement general transport equations.  

 

In comparison to previously mentioned DNS techniques, the immersed boundary method (IBM) 

has recently received a lot of attention due to its considerable merits of easy grid generation 

and efficient CPU and memory utilization. The fluid-solid interaction is accounted for at the 

particle surface by modification of the governing equations. Kim et al. [27], Tyagi and Acharya 

[28], Xu and Wang [29], Ghias et al. [30], Kajishima and Takeuchi [31], Seo and Mittal [32], 

Liu and Hu [33], Hesch et al. [34], Rapaka and Sarkar [35], Spandan et al. [36] and many other 

researchers have applied it in various studies including complex geometries, moving particles 

and deformable immersed objects. One more significant advantage of IBM, which is utilized 

in this thesis, is that additional equations for species and thermal energy transport can be added 

with relative ease using the same methodology following the fluid flow equations. A more 

detailed review of IBM as well as the detailed description of the IBM used in this thesis will 

be given in Chapter 2.  

1.3 Thesis outline 

The objective of this thesis is to push forward the frontier of the application of DNS towards 

more realistic chemical reaction processes. In this thesis, a fixed Eulerian grid is used to solve 

the conservation equations for the entire computational domain, where several fluid-particle 

systems are studied in the subsequent chapters with increasing complexity. 

 

In Chapter 2, following the introduction to IBM, the governing equations, the numerical 

solution methods and the fluid-solid coupling are introduced in detail. The newly developed 

quadratic interpolation scheme is verified by two benchmark cases, specifically unsteady 

diffusion and forced convection, assuming an infinitely fast surface reaction.  

 

In Chapter 3, a catalytic surface reaction is introduced and incorporated into the IBM, with the 

Damköhler number describing the interplay between chemical reaction and mass transfer 

processes in fluid-particle systems. Following a detailed verification study of unsteady mass 

diffusion where the concentration profile and the instantaneous Sherwood number are 
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compared with the analytical solutions, both single particle and multi-particle dense systems 

with different reaction rates are considered and analyzed.  

 

In Chapter 4, mass transfer problems in particle clusters, specifically a nine-sphere cuboid 

cluster and a randomly-generated spherical cluster consisting of hundred spheres are studied. 

The clusters are composed of active catalysts and inert particles, which are realized by the 

Dirichlet and Neumann boundary condition respectively. Mixed boundary conditions of 

individual spheres are handled consistently in the DNS model, and the mutual influence of 

particles on their mass transfer performance is studied. 

 

In Chapter 5, the heat transfer problems in tubular fluid-particle flows are studied. Following 

a thorough verification of the classical Graetz-Nusselt problem, an advanced Graetz-Nusselt 

problem with a dense stationary array consisting of hundreds of particles randomly positioned 

inside a tube with adiabatic wall is studied. Influence of particle sizes and fractional amount of 

passive particles is analyzed, and the simulations results are compared with the results obtained 

by a team from the University of Twente using a different class of IBM.  

 

In Chapter 6, independently coupled heat and mass transfer is studied in fluid-particle systems. 

The surface reaction rate is specified to be first order with a reaction constant that is 

independent of temperature. The reaction is exothermic and heats up the solid particles, whose 

temperature provides a dynamic boundary condition for the fluid phase thermal energy 

equation. Four systems, single sphere with unsteady mass and heat diffusion, single sphere 

under forced convection, the three-bead reactor and a dense stationary array, are analyzed.  

 

In Chapter 7, the heat and mass transport processes are fully coupled, as the reaction rate is 

now also influenced by the temperature. The temperature dependence of the reaction rate 

coefficient is computed by the Arrhenius equation at each time step, which then serves as the 

boundary condition for the computation of the fluid phase species equation. Three fluid-particle 

systems, specifically a single sphere, three spheres and an array composed of hundreds of 

spheres, are modelled, through which the interplay between heat and mass transport processes 

are investigated, and the DNS results are compared with phenomenological models.   

 

In Chapter 8, the contributions of this thesis to both industrial applications and academic 

research are concluded, and some recommendations and outlook for future work are provided.  
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Chapter 2 

Immersed boundary method 

 

 

 

This chapter describes the immersed boundary method (IBM) used in this work for direct 

numerical simulation (DNS) of fluid-particle systems. Two different interpolation schemes, 

directional quadratic interpolation and quadratic interpolation, are used in the DNS model for 

the computation of the momentum and the species/thermal energy fields respectively. After 

introducing the governing equations and the numerical details, the two interpolation schemes 

are presented in the fluid-solid coupling part. Finally, verification cases are shown that the 

results obtained from DNS have good agreement with the analytical and empirical solutions. 

In the DNS model, a fixed Eulerian grid is used to solve the conservation equations for the 

entire computational domain, i.e.: also for the cells inside the particles. 

 

 

 

 

 

 

 

 

 

 

 

This chapter is based on:  

Lu, J., Das, S., Peters, E.A.J.F., Kuipers, J.A.M., Direct numerical simulation of fluid flow and 

mass transfer in dense fluid-particle systems with surface reactions, Chemical Engineering 

Science. DOI: 10.1016/j.ces.2017.10.018.    
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2.1 Introduction  

The IBM was first introduced by Peskin [1] for the simulation of blood flow around the flexible 

leaflet of a human heart. In this technique a Cartesian grid is used to solve the fluid field and 

Lagrangian marker points are used for the representation of the immersed object. In case of 

moving or deformable particles, the Lagrangian marker points are associated with the motion 

of the object surface. A forcing term is introduced in the momentum conservation equation to 

represent the interaction between the immersed object and the fluid, whose magnitude is taken 

such that the no-slip boundary condition are fulfilled in an interpolated manner. This singular 

force is distributed over the Eulerian cells surrounding each Lagrangian point through a 

regularized Dirac delta function. In this technique the fluid-solid coupling is treated explicitly 

at the level of the undiscretized equation, hence it is classified as the continuous forcing method 

(CFM). Goldstein et al. [2], Saiki and Biringen [3], Kim et al. [4], Tyagi and Acharya [5], 

Uhlmann [6], Xu and Wang [7], Sheu et al. [8], Vanella and Balaras [9], Takeuchi et al. [10] 

and Ostilla-Monico et al. [11] contributed to the further development of this technique. A 

different class of the IBM technique is the discrete forcing method (DFM), which was first 

proposed by Mohd-Yusof [12] and later extended by Fadlun et al. [13], Udaykumar et al. [14], 

Tseng and Ferziger [15], Marella et al. [16], Ding et al. [17], Ghias et al. [18], Zhang and Zheng 

[19], Berthelsen and Faltinsen [20], Mittal et al. [21] and Haugen and Kragset [22]. In DFM 

Lagrangian marker points are not used any more, and the interaction between the immersed 

object and the fluid is accounted for at the level of the discretized equations. Ghost cells (i.e.: 

inside the solid phase but required for the solution of the fluid phase governing equations) are 

defined and their virtual variable values are calculated by applying boundary conditions to 

extrapolate fluid variables near the boundary to the ghost cells. DFM treats the immersed 

boundary as a sharp interface, and does not require the explicit addition of a discrete force in 

the governing equations, thus the stability conditions are the same as that without treatment of 

the immersed objects. 

 

Both the directional quadratic interpolation scheme and the quadratic interpolation scheme 

implemented in the current DNS model belong to the DFM class. The desired boundary 

condition is enforced exactly at the position of the particle surface and incorporated implicitly 

into the governing equation at the discrete level. The methodology of each scheme will be 

introduced in detail in the fluid-solid coupling section.  
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2.2 Governing equations 

The transport phenomena in the fluid phase are governed by the conservation equations for 

mass, momentum, species and thermal energy, respectively given by:  

0∇⋅ =u  (2.1) 
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In the above equations, ��  and ��  represent respectively the fluid density and the fluid 

viscosity whereas ��, ��,� and �� are the species mass diffusivity in the fluid, the heat capacity 

and the thermal conductivity of the fluid phase respectively. 

 

It should be noted that, the following main assumptions are applied in the DNS model: 

(1) Fluid phase is incompressible and Newtonian. 

(2) Both fluid and solid phase have constant physical properties. 

(3) Diffusion is Fickian, and the thermal effect on the fluid density is not considered.   

2.3 Numerical solution method 

The governing equations are solved by a finite difference scheme implemented for a staggered 

Cartesian grid. The grid is defined in three dimensions (3D) with a uniform grid spacing in all 

three directions. Building on the work of Deen et al. [23], the numerical solution of the 

equations described in the previous section is acquired embedding second order discretization 

schemes as well as small computational stencils. The time discretization of the momentum 

equation is performed, which leads to the following expression: 

1 1 1 13 1
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In this equation, 	 is the time step index. The convective and diffusive momentum fluxes 
� 

and �� are calculated by spatial discretization of: 
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2

m f
µ= ∇D u  (2.7) 

The convection term is spatially discretized by a second-order total variation diminishing 

scheme, whereas the diffusion term is computed with a standard second-order central 

differencing scheme. The convection term is computed explicitly whereas the diffusion term is 

computed implicitly.  

 

The solution of Equation (2.5)  is achieved by using a fractional step method where a tentative 

velocity field �∗∗ is first computed by using the pressure gradient at the old time step ��. As 

the second step, the velocity field at the new time step 	 + 1 is obtained based on the new 

pressure gradient calculated from Poisson equation at time step 	 + 1. A robust and efficient 

parallel Block-Incomplete Cholesky Conjugate Gradient (B-ICCG) solver is used to obtain �∗∗ 

and ����. For the interested reader, a more detailed description of this method is referred to 

the work of Deen et al. [23] and Das et al. [24]. 

 

The species and thermal energy conservation equations are temporally discretized in the same 

way as for the momentum equation, namely the Adams-Bashforth scheme is applied for the 

convective transport while a fully implicit Euler backward scheme is used for the diffusion 

term.  
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with the convective molar flux ��� and heat flux ��� given by: 

( )= ∇ ⋅
sp f

C c u  (2.10) 

( ),ρ= ∇ ⋅
fth f p fC TC u  (2.11) 

and the diffusive molar flux ��� and heat flux ��� computed as: 
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The spatial discretization methods used for the species and thermal energy transport equations 

are the same as for the momentum equation. 
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The solid phase equation is solved after the fluid phase equations. Following the previous work 

in my group [25], the particle thermal energy equation is temporally integrated using the 

following expression: 
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which applies the trapezoidal rule and offers the second order accuracy. 

2.4 Fluid-solid coupling 

The discretization of the momentum, species and thermal energy equations leads to algebraic 

equations of the following generic form: 

6

1

φ φ+ =∑c c nb nb ca a b  (2.15) 

where �  is the fluid variable that needs to be solved, namely velocity, concentration and 

temperature field for the momentum, species and thermal energy equation, respectively. This 

equation provides the relationship between any fluid quantity �� and its six neighboring points 

indicated as ���. 

 

Since the surfaces of the immersed objects do not coincide with the mesh boundaries, a special 

treatment for the nodes near the fluid-solid interface is required. In the current method, the first 

step is to identify all ghost points, which are defined as points inside the solid phase but 

possessing at least one neighbor in the fluid phase. These points are used to obtain a solution 

of the governing equations exterior to the solid phase. The second step is to check every fluid 

node whether any of its six surrounding neighbors represents a ghost point. If this is the case, 

a boundary condition has to be applied. 

2.4.1 Directional quadratic interpolation scheme 

As demonstrated in Figure 2.1 (a 2D domain for illustration purposes), the shaded cells 

represent the initial computational stencil containing four neighbors. The value at the ghost 

point �� is expressed as a one-dimensional linear combination of the variable values of the 

relevant fluid points �� and ��: 
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1 2 1 2
φ

ξ ξ
φ φ φ

ξ ξ ξ ξ
= − + +

− − − −
B B

B

B B B B

 (2.16) 
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where ��  represents the desired value of � (i.e.: boundary condition) at the surface of the 

particle and �� is a dimensionless distance that is known from the intersection of the surface of 

the particle and the position of the ghost point. For the spherical particles used in the current 

work, this intersection distance ��  can be calculated analytically, while for particles with 

arbitrary shape the intersection point needs to be calculated numerically. Equation (2.16) is 

obtained by fitting a one-dimensional, second-order polynomial: 

2φ ξ ξ= + +a b c  (2.17) 

to the variable values known at the particle boundary �� (� = ��) and the two fluid points 

corresponding to �� and ��. With that, �� is eliminated from the stencil and the coefficients 

of �� and �� as well as the explicit term (right hand side in Equation (2.15)) are updated. It 

should be noted that, a similar fitting is required in other coordinate directions using the 

corresponding neighboring fluid points, leading to the ghost value used for the computation in 

that specific direction. The directional quadratic interpolation has the advantages of second 

order accuracy and a compact computational stencil, but is limited to the application of the 

Dirichlet boundary condition. 

 

 

Figure 2.1: Schematic representation of the interpolation procedure for directional quadratic 

interpolation. Filled circles indicate the solid phase points, open circles indicate the fluid phase 

points and open squares indicate the ghost points. The triangle is the boundary point. 

 

In the DNS model, directional quadratic interpolation is only applied for the computation of 

velocity field (no-slip boundary condition) as well as the comparison with the newly developed 

quadratic interpolation scheme for verification purpose. For more details of this directional 

quadratic interpolation scheme and its simulation cases, the interested reader is referred to Deen 

et al. [23], Deen and Kuipers [26] and Deen and Kuipers [25]. 

�� ����

����
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2.4.2 Quadratic interpolation scheme 

For more complex boundary conditions encountered in species and thermal energy transport 

calculation, one needs to resort to the quadratic interpolation scheme, which is able to describe 

the gradient in the normal direction to the surface of the immersed object. Similar to the 

directional quadratic interpolation scheme, the example is given in a 2D domain for illustration 

purposes. The shaded cells represent the initial computational stencil containing four neighbors. 

As illustrated in Figure 2.2, �� is removed from the computational stencil after imposing the 

boundary condition, while �� and �� are added to it. This method is inspired by Luo et al. [27], 

who applied a high-order polynomial to describe the boundary condition in acoustic problems. 

In their work and the following work of Xia et al. [28], a third order polynomial is used and 

consequently 20 coefficients need to be determined. A spherical region of adaptively chosen 

radius ! around the boundary point is searched to provide adequate fluid data points, and 

subsequently a weighted-least square error minimization is applied to determine these 

coefficients. In the current DNS model, a second order polynomial is used, meanwhile, a 

quadratic reconstruction procedure is chosen to obtain the corresponding coefficients. 

 

 

Figure 2.2: Schematic representation of the interpolation procedure for quadratic interpolation. 

Filled circles indicate the solid phase points, open circles indicate the fluid phase points and 

open squares indicate the ghost points. The triangle and filled square are the boundary point 

and image point, respectively. 

 

In this quadratic interpolation scheme, a generic variable � in the vicinity of the immersed 

object surface can be approximated in terms of a second-order polynomial as follows: 

n

��

��

��

�"�#

�$

�%

��
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2 2 2

0 0 0

, 2φ
= = =

= + + ≤∑∑∑ i j k

ijk

i j k

c x y z i j k  (2.18) 

where &, ' and ( are relative coordinates with respect to the origin located at the boundary 

point.  

 

Equation (2.18) is in fact the approximation of � using the Taylor expansion near the boundary 

point: 

( )
2 2 2

2 2 2

2 2 2

1 1 1
, ,

2 2 2

B B B B B B

B
x y z x y z x y z

x y z x y z

φ φ φ φ φ φ
φ φ

∂ ∂ ∂ ∂ ∂ ∂
= + + + + + +

∂ ∂ ∂ ∂ ∂ ∂
+ ⋅⋅⋅  (2.19) 

 

In the 3D case, the number of coefficients for a second-order polynomial is ten. In order to 

determine these coefficients )*+,, � values from nine neighboring fluid points and one image 

point are required. The image point is defined as the mirror point of the ghost point through the 

boundary in the normal direction, which has the same distance to the boundary point as the 

ghost point. For the 2D case, only five fluid points plus one image point are required for 

computation of )*+  coefficients, as indicated in Figure 2.2. It should be noted here that the 

resulting linear problem may be ill-conditioned in case the image point is close to the sphere 

surface. In this circumstance, the ghost value may be correct algebraically but problematic 

numerically. To remedy this problem, a minimal distance of half of the mesh size is maintained 

between the image point and the sphere surface in case the original distance falls below this 

value.  

 

With adequate data points (ten values at fluid/image point for ten coefficients in a second-order 

polynomial), the resulting equation for coefficients )*+, can be written as follows: 

= Xcφφφφ  (2.20) 

where - and . are the vectors for species concentration and coefficients respectively, and / is 

the Vandermonde matrix given by: 

2 2 2
1 1 1 1 1 1 1 1 11 1 1

2 2 2
2 2 2 2 2 2 2 2 22 2 2

2 2 2
10 10 10 10 10 10 10 10 1010 10 10

1

1

1

 
 
 =
 
 
  

⋮

x y z x y x z y zx y z

x y z x y x z y zx y z

x y z x y x z y zx y z

X  (2.21) 

To solve Equation (2.20), the Vandermonde matrix is inverted by applying LU decomposition 

using the Crout algorithm. The coefficients )*+, are obtained by multiplication of the inversed 
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matrix /0� and the concentration vector -, which can be written as a linear combination of � 

values. For the treatment of the Robin boundary condition the following coefficients are 

required: 

10
1

000 1

1

φ φ−

=

= =∑ m mB
m

c X  (2.22) 

10
1

100 2

1

φ
φ−

=

∂
=

∂
=∑ m m

mB

c
x

X  (2.23) 

10
1

010 3

1

φ
φ−

=

∂
=

∂
=∑ m m

mB

c
y

X  (2.24) 

10
1

001 4

1

φ
φ−

=

∂
=

∂
=∑ m m

mB

c
z

X  (2.25) 

Therefore, for the Robin boundary condition at the immersed object surface: 

( )
φ

αφ β αφ βφ
∂

= + =
∂

+ ∇ ⋅ B

B BB
f

n
n  (2.26) 

the image point value can be evaluated by satisfying the boundary condition at the boundary 

point: 

10

2

1

φ

φ =

−

=
∑ m m

m

I

f M

M
 

(2.27) 

where 1� is defined according to the following equation, with the components of the normal 

unit vector indicated as 	2, 	3 and 	4 respectively: 

( )1 1 1 1

1 2 3 4m m x m y m z m
M n n nα β− − − −= + + +X X X X  (2.28) 

Considering the general correlation between image point and ghost point, the following two 

equations can be obtained: 

φ φ
φ

+
=

∆

G I

B

I G
L

L

L
 (2.29) 

φ φφ −∂
=

∂ ∆

G IB

n L
 (2.30) 

where 5% is the distance from the image point to the sphere surface, 56 is the distance from the 

ghost point to the sphere surface, and ∆5 is the mutual distance between the image point and 

the ghost point which equals 5% + 56 . The value at the ghost point can be finally computed as: 

( ) ( )

( )

10

1

2

1

α β α β φ

φ
α β

=

∆ − + + −

=
+

∑ m m

m

G

G G

I

LM L f L M

L M
 

(2.31) 
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With Equation (2.31), the matrix coefficients in Equation (2.15) can be updated. Altered 

coefficients within the original stencil are incorporated in the implicit scheme, while neighbors 

outside the original stencil are accounted for in an explicit way. The procedure described above 

needs to be carried out for all ghost points to ensure that the desired local boundary condition 

applies everywhere at the surface of the immersed object.  

2.5 Verification and validation 

The newly developed quadratic interpolation scheme is first verified by comparing the 

numerical results for mass diffusion around a single spherical particle immersed in an infinite 

stationary fluid with the analytical solution, and second validated by comparing the computed 

Sherwood number for the convective mass transfer process to a single spherical particle with a 

well-known empirical correlation.  

2.5.1 Unsteady diffusion around a single sphere 

Here the unsteady diffusion of a certain species to a sphere, where the species vanishes, is 

considered. The sphere is positioned in the center of a large pool of quiescent fluid. The 

governing equations for unsteady mass diffusion in the fluid phase are described by Equation 

(2.3), with 8 set to zero. The initial condition is defined as: 

,0=
f f

c c  (2.32) 

The boundary conditions are: 

,0,
=

f fwall t
c c  (2.33) 

at the boundaries of the simulation domain, and  

,
0=

s
f r t

c  (2.34) 

at the sphere surface. In DNS, Equation (2.33) is valid as long as the diffusion fronts have not 

reached the confining walls.  

 

For this system, the analytical solution of the spherical symmetric problem (so only 9 

dependence) in an infinite medium can be obtained by solving the following equation: 

2

2

∂ ∂ ∂
=  

∂ ∂ ∂ 

f f fc D c
r

t r r r
 (2.35) 
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The solution of the instantaneous Sherwood number is expressed by the following equation: 

( )
0.52

( ) 2
π

−
= +Sh t Fo  (2.36) 

where :;, the Fourier number, is the dimensionless time: 

2
=

f

s

D t
Fo

r
 (2.37) 

 

Table 2.1: Data used for the simulations of unsteady mass diffusion around a single sphere with 

infinitely fast surface reaction.  

Parameter Value Unit 

Time step 1×10-5 s 

Sphere diameter 0.005 m 

Species diffusivity 2×10-5 m2/s 

Initial concentration 1 mol/m3 

 

Table 2.2: Comparison of instantaneous Sherwood number between simulation (Sim) and 

analytical solution (Ana) in mesh convergence tests (mesh resolution indicated as N).  

 N=10 N=20 N=32 N=40 

:; Ana Sim Error Sim Error Sim Error Sim Error 

0.0032 21.95 17.67 -19.49% 23.97 9.22% 23.55 7.30% 22.96 4.62% 

0.016 10.92 11.62 6.40% 11.22 2.74% 11.02 0.91% 10.98 0.54% 

0.032 8.31 8.70 4.72% 8.38 0.87% 8.33 0.27% 8.32 0.15% 

 

For the DNS the particle is located in the center of a cubic box with a length of 0.04 m. 

Simulations are run for short enough times such that the diffusion fronts are kept far away from 

the domain boundary. The data used for the numerical simulation are given in Table 2.1. It 

should be noted here that a sufficiently small time step is used to reduce temporal discretization 

errors. Mesh convergence tests were performed by using grids of 80×80×80, 160×160×160, 

256× 256×256 and 320×320×320. These grids correspond to the mesh resolution of 10, 20, 

32 and 40 respectively, which is defined as the ratio of the sphere diameter to the grid size. The 

Sherwood number is computed from the following expression:  

,

2

,0
4

Φ

π

→
=

sp f s

s f

s

f

d
Sh

r c D
 (2.38) 
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where =��,�→� is the mass transfer rate, with the normal pointing outward of the solid. This 

quantity is calculated by the integration of the concentration gradient at sphere surface over the 

whole sphere (with ?� the external surface area of the sphere): 

( ),Φ → = − − ∇ ⋅∫∫
s

sp f s f f
S

D c dSn  (2.39) 

The driving force in Sherwood number calculation is defined as the difference between the 

wall concentration )�,@ (namely the initial concentration) and the surface concentration 0. The 

simulation results of mesh convergence tests are given in Table 2.2, in which the instantaneous 

Sherwood number is compared with the analytical solution. In Figure 2.3 the relative errors at 

:; = 0.032 are plotted as a function of the mesh resolution and a second order convergence is 

clearly observed. 

 

 

Figure 2.3: The examination of the rate of convergence of the instantaneous Sherwood number 

computed at :; = 0.032. 

 

From Table 2.2, excellent spatial convergence as well as a decreasing relative error along with 

the time development are observed. The larger errors at initial time steps can be explained by 

the extremely steep concentration profile near sphere surface, which cannot be fully captured 

by the quadratic interpolation scheme. Taking both accuracy and computational cost into 

consideration, mesh resolution N=20 is considered to offer an acceptable trade-off.  
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2.5.2 Single sphere under forced convection 

As the second case, convective flow to a single stationary sphere in an enclosure is considered. 

The sphere is located at the center of the domain laterally while it is positioned at a distance of 

two times the sphere diameter from the inlet in the flow direction. An external mass transfer 

limited reaction is considered to proceed at the sphere surface. The data used for the numerical 

simulations are given in Table 2.3. The domain boundary condition in lateral direction is set to 

be free-slip and zero flux for the velocity and concentration field computation respectively. 

Fluid containing a single species with constant concentration of 1 mol/m3 flows into the system 

at a uniform velocity. At the outlet, pressure is prescribed as the standard atmospheric pressure 

and the species boundary condition is specified to be zero slope. The simulations are performed 

on a 160×160×160 grid with uniform grid spacing in all directions. The ratio of domain size to 

the particle size is eight while the mesh resolution is twenty. The mesh resolution E is defined 

as the ratio of the sphere diameter to the grid size. E = 20 is selected after a mesh convergence 

test, in which the case of !F� = 200 is used. With E = 10, 20, 32 and 40, particle Sherwood 

numbers of 9.04, 10.46, 10.48 and 10.49 were obtained respectively, revealing a good mesh 

convergence. It should be noted that the Schmidt number is unity, indicating a similar thickness 

of the momentum and mass boundary layers.  

 

Table 2.3: Data used for the simulations of single stationary sphere under forced convection.  

Parameter Value Unit 

Time step 2×10-5-5×10-5 s 

Grid size 2.5×10-4 m 

Sphere diameter 0.005 m 

Fluid density 1 kg/m3 

Fluid viscosity 2×10-5 kg/m/s 

Species diffusivity 2×10-5 m2/s 

Initial concentration 1 mol/m3 

 

The validation can be done by comparing the particle Sherwood number ?ℎ� obtained from the 

simulation with the empirical value given by the well-known Frössling correlation:  

( ) ( )
1 1

2 32.0 0.6= = +m s
s s

f

k d
Sh Re Sc

D
 (2.40) 
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where !F� is the particle Reynolds number and ?) is the Schmidt number, respectively defined 

as: 

0ρ

µ
=

sf

s

f

u d
Re  (2.41) 

f

f f

Sc
D

µ

ρ
=  (2.42) 

The Sherwood number obtained from simulation work is computed using Equation (2.38). 

 

 

Figure 2.4: Comparison of particle Sherwood numbers obtained from DNS using both 

directional quadratic interpolation scheme and quadratic interpolation scheme and the 

empirical correlation at various particle Reynolds numbers. 

 

With the flow velocity @ varying from 0.04 m/s to 4.0 m/s, the particle Reynolds number 

increases from 10 to 1000. Mesh resolution E = 20 is applied for all cases except !F� = 1000, 

for which a higher mesh resolution E = 40 is used. The comparison between the simulation 

results and the empirical values are shown in Figure 2.4. It should be noted that, besides the 

results of the newly developed quadratic interpolation scheme, the results of the directional 

quadratic interpolation scheme are also included. From the figure, good agreement are 

observed for both interpolation schemes over the full range of the Reynolds number. The 

quadratic interpolation scheme performs better at higher Reynolds numbers, which can be 

reasonably explained by its reconstruction procedure in three directions.   
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2.6 Conclusions 

In this chapter, the immersed boundary method incorporated in the DNS model is introduced. 

Following the governing equations and the numerical solution methods, the details of the fluid-

solid coupling is explained. It should be noted that in the DNS model there are two interpolation 

schemes. A directional quadratic interpolation scheme, published earlier by my group, is 

applied for the velocity field computation due to its limitation for only Dirichlet boundary 

condition enforcement. In order to handle more complex boundary conditions encountered in 

species and thermal energy transfer processes, a quadratic interpolation scheme is developed, 

which is able to enforce the Robin boundary condition at the exact particle surface. The DNS 

model is verified by two benchmark cases: unsteady mass diffusion around a single sphere and 

convective mass transfer to a single sphere. The simulation results are compared with either 

analytical solution or empirical values. In both cases, excellent agreement is achieved.  
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Chapter 3 

Mass transfer with surface reactions 

 

 

 

In this chapter, the newly developed ghost-cell based immersed boundary method (IBM) is 

applied to perform direct numerical simulation (DNS) of mass transfer problems in particulate 

systems. The unique feature of this method is its capability to handle the Robin boundary 

condition at the exact position of the particle surface as encountered in systems with interplay 

between surface reactions and diffusion. Following a detailed verification of the method in the 

limiting case of unsteady molecular diffusion without convection, the DNS model is applied to 

study fluid-particle mass transfer for flow around a single sphere and a dense stationary array 

consisting of hundreds of spheres over a range of Damköhler numbers. 
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Lu, J., Das, S., Peters, E.A.J.F., Kuipers, J.A.M., Direct numerical simulation of fluid flow and 

mass transfer in dense fluid-particle systems with surface reactions, Chemical Engineering 

Science. DOI: 10.1016/j.ces.2017.10.018.  
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3.1 Introduction 

Fluid-particle flows are frequently encountered in a wide range of processes in the chemical, 

petrochemical and energy industries. Understanding mass transport processes as well as the 

fluid flow in such complex heterogeneous systems is of tremendous importance to improve 

performance and facilitate optimal design of process equipment. In the past decades, numerous 

empirical correlations for fluid-particle mass transfer have been proposed for both single 

particle and multi-particle systems [1-6]. Although these correlations are helpful for a quick 

and rough estimation of mass transfer rates for design purposes, they do not consider the 

influence of different reactor geometries and wider ranges of reaction conditions, especially 

variable reaction rates in complex particle configurations. In other words the interplay between 

reactivity and transport is not easily quantified on basis of these empirical mass transfer 

correlations. 

 

Although IBM has been widely used for studies of momentum transfer in fluid-solid systems, 

very few computational results are available in the field of mass transfer. Deen and Kuipers [7] 

applied three-dimensional DFM with a directional quadratic interpolation scheme to mass 

transfer problems with infinitely fast reactions at the particle surface in dense fluid-particle 

systems. Feng and Musong [8] studied heat and mass transfer of 225 spheres in a fluidized bed 

with the IBM method assuming Dirichlet boundary conditions for the scalar variables at the 

surface of the spheres. The solid-fluid coupling is accounted for by forces located at the 

Lagrangian surface points that are distributed to the grids by regularized delta-functions. Gong 

et al. [9] also used CFM for mass transfer across multiple deformable moving interfaces where 

the interfacial flux is calculated from the concentration jump and then interpolated to the 

Eulerian grids over the entire domain.  

 

In this chapter, the newly proposed ghost-cell based immersed boundary method is applied for 

the simulation of reaction rate controlled mass transfer problems in fluid-solid systems. As 

introduced in the last chapter, the reconstruction procedures involve a second order quadratic 

interpolation scheme, and hence a surface reaction rate is incorporated into the Robin boundary 

condition to study the interplay between chemical reaction and mass transfer processes in fluid-

particle systems. As the unique feature, the Robin boundary condition is realized and enforced 
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exactly at the particle surface at the level of the discrete conservation equations. It should be 

noted that no heat effect is considered in the current chapter. 

3.2 Surface reaction incorporation 

In this chapter, the situation where a first order irreversible surface reaction occurs on the 

external surface of spherical particles is considered. The corresponding rate law is written as 

follows:  

,− =f f sr kc  (3.1) 

where � is the surface reaction rate coefficient with the unit meter per second. At steady state 

there is no accumulation on the surface, so that the diffusion flux to the sphere surface 

(Equation (3.2)) equals the rate of consumption due to reaction. In this circumstance, an 

balance equation is obtained (Equation (3.3)).  

( ) ( ),
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∂
= ⋅ = = ∇ ⋅

∂
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n f f f s
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 (3.2) 
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∂

f s

f f s

c
D kc

n
 (3.3) 

where �� is the species mass diffusivity and � is the normal direction pointing outward of the 

sphere. Equation (3.3) is in fact of the functional form of the Robin boundary condition 

(Equation (2.26)), by setting the following parameters: 

α = k  (3.4) 

β = −
f

D  (3.5) 

0f =  (3.6) 

 

One will now focus on a system with a spherical particle for which two dimensionless variables 

are defined based on the initial species concentration in the fluid ��,� and the sphere radius �	: 

,0

f

f

f

c
c

c
=  (3.7) 

=
s

r
r

r
 (3.8) 

through which Equation (3.3) is non-dimensionalized leading to the Damköhler number �
 for 

surface reactions in fluid-particle systems: 
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= s
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kr
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D
 (3.9) 

In case of a small �
, diffusion occurs much faster than the reaction thus the process is reaction 

limited. For a large �
, the reaction rate is much greater than the diffusion rate thus the overall 

conversion rate is limited by mass transfer. As a dimensionless number, �
 provides a quick 

estimation of the degree of conversion that can be achieved in fluid-particle reactions [10]. It 

is important to realize that, at extremely high reaction rate and extremely low reaction rate the 

boundary condition actually becomes zero-value Dirichlet boundary condition and zero-flux 

Neumann boundary condition respectively. 

 

It should also be noted here, although a first order irreversible surface reaction is assumed here, 

the concept described above is flexible to apply to reactions in any order. Equation (3.3) is a 

straightforward modification of the Robin boundary condition, where ��,	 on both left and right 

hand sides are computed and incorporated into the discretized species conservation equation 

implicitly through fluid-solid coupling. In case of an nth order reaction, the reaction kinetics 

could be linearized to keep the format of a first order reaction, with ��,	�� integrated into the 

reaction rate coefficient � which is then calculated explicitly. 

3.3 Results  

In this part, results obtained for three systems simulated by using the proposed DNS model are 

shown. In Section 3.3.1 simulation results are compared with analytical solutions for the 

limiting case of unsteady molecular diffusion, which serves as a verification case of the DNS 

model. After that, the DNS model is applied to both a single particle system (Section 3.3.2) 

and a dense multi-particle array system (Section 3.3.3), to study the mass transfer behavior and 

chemical conversion for several reaction rates. 

3.3.1 Unsteady diffusion around a single sphere 

In this test case, the unsteady diffusion of a chemical species to a sphere, followed by a first 

order irreversible chemical surface reaction, is considered. The sphere is positioned in the 

center of a large pool of quiescent fluid. The governing equation for unsteady mass diffusion 

in the fluid phase is described by Equation (2.3), with � set to zero. The initial condition is 

given by: 
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s
f fr r t

c c  (3.10) 

where �	  is the sphere radius and ��,� is the initial value for the species concentration. The 

boundary condition at the confining walls is a prescribed concentration, which has the same 

value as the initial species concentration.  

,0, 0>
=

f fwall t
c c  (3.11) 

The boundary condition at the sphere surface is a special case of the Robin boundary condition 

where the diffusion rate equals the chemical reaction rate.  
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This simulation results are compared with the analytical solution of the spherical symmetric 

problem (so only � dependence), which is defined by the following expression: 

2

2

f f fc D c
r

t r r r

∂ ∂ ∂
=  

∂ ∂ ∂ 
 (3.13) 

In the analytical problem there are no bounding walls. However, for short enough times no 

significant difference is expected as long as the diffusion fronts have not reached the domain 

walls in simulation. The solution of the instantaneous Sherwood number and time dependent 

concentration profile around the sphere are expressed by the following two equations. A 

detailed derivation is available in Appendix B.  
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with � and � defined as: 

( )
2

1τ = + Da Fo  (3.16) 
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where ��, the Fourier number, is the dimensionless time: 
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Table 3.1: Data used for the simulations of unsteady mass diffusion around a single sphere with 

a first order irreversible surface reaction.  

Parameter Value Unit 

Time step 1×10-5 s 

Sphere diameter 0.005 m 

Species diffusivity 2×10-5 m2/s 

Initial concentration 10 mol/m3 

 

For the DNS the particle is located in the center of a cubic box with a size of 0.04 m. 

Simulations are run for short enough times such that the diffusion fronts are kept far away from 

the domain boundary. The data used for the numerical simulations are listed in Table 3.1. It 

should be noted here that a sufficiently small time step is used to reduce temporal discretization 

errors. Through the mesh convergence test performed in the last chapter, mesh resolution N=20 

is considered to offer an acceptable trade-off between accuracy and computational cost. 

Consequently all subsequent simulations are computed on a 160×160×160 grid with a uniform 

grid size of 2.5×10-4 m in all directions. The Sherwood number is computed by the following 

expression:  

( )
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2
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Φ

π

→
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−

sp f s

s f f s

s

f

d
Sh

Dr c c
 (3.19) 

where �	�,�→	 is the mass transfer rate, with the normal pointing outward of the solid. This 

quantity is calculated by the integration of the concentration gradient at sphere surface over the 

whole sphere (with �	 the external surface area of the sphere): 

( ), ,Φ → = − − ∇ ⋅∫∫
s

sp f s f f s
S

D c dSn  (3.20) 

The driving force in Sherwood number calculation is defined as the difference between the 

wall concentration ��,� (namely the initial concentration) and the surface concentration ��,	.  
 

Six reaction rates varying from slow reaction to fast reaction are imposed at the sphere surface, 

which correspond to the Damköhler numbers of 0.01, 0.1, 1, 10, 100 and infinity. From the 

simulation, the species concentration in the fluid phase around the sphere is obtained directly. 
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The concentration value at the exact position of the sphere surface could also be obtained 

through the definition of the ghost-cell based immersed boundary method by post-processing. 

The local surface concentration and the local concentration gradient are computed based on 

Equation (2.29) and (2.30), respectively. The value of the overall average sphere surface 

concentration ��,	  is the surface average of local ones. It should be noted that, the local 

concentration gradient here is in fact the one used in the calculation of the mass transfer rate in 

Equation (3.20). The concentration values at the first ten grid points near the sphere surface as 

well as the one at the exact sphere surface at �� = 0.032  are plotted in Figure 3.1 and 

compared with the analytical solutions. As indicated before, the diffusion fronts are kept away 

from the confining walls to maintain the boundary condition for simulations. Even for the 

infinitely fast reaction, the species concentration is still very close to the initial value at the 

distance of one sphere radius from the sphere surface. As clearly demonstrated in the figure, 

very accurate results are obtained for the concentration profiles for all Damköhler numbers, 

including the steep ones at high reaction rates.  

 

 

Figure 3.1: Comparison of concentration profiles obtained from the simulation (Sim) and the 

analytical solution (Ana) for different Damköhler numbers. 

 

The evolution of the concentration profiles around the sphere are shown in Figure 3.2, for the 

Damköhler number �
 = 100. In this figure, the surface value and the values of the first five 

fluid points are presented and reveal a good agreement with the analytical solution. As expected 

the biggest deviations are obtained for small values of �� because of the existence of steep 

concentration profiles during the early stage of the process.  
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Figure 3.2: Evolution of the concentration profile near the sphere surface at �
 = 100 and 

comparison with the analytical solution. 

 

Figure 3.3 shows the development of the instantaneous Sherwood number (calculated by 

Equation (3.19)) for six different Damköhler numbers, including the limiting case of infinite 

fast surface reaction, versus the Fourier number. The profiles are bounded by the profile for an 

infinitely fast reaction as the lower limit and the slowest reaction as the upper limit. The main 

difference between simulation results and analytical solutions exist in the initial time steps. 

Large deviations are found there due to the incomplete capture of the concentration profile by 

the interpolation scheme, but later the deviation decreases and the simulation results converge 

to the analytical solution well. 

 

 

Figure 3.3: Comparison of the instantaneous Sherwood number obtained from the simulation 

(Sim) and the analytical solution (Ana), as a function of dimensionless time ��. 
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The increased Sherwood number for �
 → 0  might be unexpected, because this limit is 

associated with infinitely slow reactions. However, the Sherwood number does not indicate the 

magnitude of the mass flux but the ratio of the flux to the driving force (i.e. difference between 

bulk and surface concentrations). For �
 → 0 both tend to zero. At small Damköhler number 

the (very small) flux to the particle surface is fully dominated by the surface reaction rate as it 

occurs at the fixed bulk concentration. Therefore the limit �
 → 0 gives the Sherwood number 

for the case of imposed flux. Both the simulations and the analytical solution show that the 

Sherwood number at constant flux is larger than the Sherwood number at constant 

concentration. 

3.3.2 Single stationary sphere under forced convection 

In this system, convective mass transfer to a single stationary sphere in an enclosure, where a 

first order irreversible chemical reaction proceeds at the sphere surface, is considered. Fluid 

flows into the system containing a single species with constant inlet concentration of 10 mol/m3. 

The sphere is located at the center of the domain laterally while it is positioned at a distance of 

two times of the sphere diameter from the inlet in the flow direction. The data used for the 

numerical simulation are summarized in Table 3.2. The simulations are performed on a 

160×160×160 grid with uniform grid spacing in all directions. The ratio of domain size to the 

particle size is eight to remove the confining effect from the simulation boundaries. Free slip 

boundary conditions are applied at the domain boundaries for the calculation of velocity field, 

while a Neumann boundary condition (non-penetrating walls) is used for the species 

conservation equation. For the simulation a uniform fluid velocity is imposed at the inlet, 

whereas the pressure at the outlet is prescribed as the standard atmospheric pressure. The 

species outlet boundary condition is specified as a zero slope condition.  

 

In this work, two groups of simulations are considered, with only a reactive surface boundary 

condition. In one group the effect of the particle Reynolds number is assessed at fixed reaction 

rate whereas in the other group at fixed Reynolds number the effect of the rate of the surface 

reaction is assessed.  
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Table 3.2: Data used for the simulations of convective mass transfer to a single stationary 

sphere with a first order irreversible surface reaction. 

Parameter Value Unit 

Domain size 0.04×0.04×0.04 m 

Mesh size 2.5×10-4 m 

Time step 1×10-5 - 1×10-4 s 

Sphere diameter 0.005 m 

Fluid density 1.0 kg/m3 

Fluid viscosity 2×10-5 kg/m/s 

Species diffusivity 2×10-5 m2/s 

Initial concentration 10 mol/m3 

Inlet concentration 10 mol/m3 

 

For the first group, an intermediate reaction rate (�
 = 1) is enforced at the sphere surface, 

and five representative particle Reynolds numbers are used to assess the influence of different 

flow patterns on the interplay between convective mass transport and surface reaction. The 

Sherwood number, total fluid-solid mass transfer rate and the species concentration at sphere 

surface obtained from the simulation at steady state are listed in Table 3.3. It should be noted 

that the results for the case of ��	 = 400 are obtained from time-averaged data. A mesh 

convergence test was performed for ��	 = 200. With mesh resolution of 10, 20, 32 and 40, 

Sherwood numbers of 9.24, 10.44, 10.50 and 10.51 were obtained respectively revealing a 

good mesh convergence. From the table, an increasing Sherwood number is observed at higher 

Reynolds numbers, which indicates a better interfacial mass transfer behavior between the fluid 

phase and the solid phase. It is interesting to find the species concentration at sphere surface is 

also increasing with higher Reynolds numbers, which is an expected behavior because the 

species supply rate increases whereas the kinetics of the chemical reaction remains constant. 

In this circumstance, the driving force for mass transfer is actually decreasing, thus the 

increased mass transfer rate from the fluid to the particle is fully due to the reason of larger 

fluid flow velocity. The concentration distribution around the sphere for each Reynolds number 

is shown in Figure 3.4. From left to right, the Reynolds number is 20, 50, 100, 200 and 400 

respectively. The boundary layer becomes thinner at higher Reynolds number, whereas the 

wake region behind the sphere narrows. In the wake region, a circulation appears at ��	 = 200 

and it further develops into vortices at ��	 = 400. In contrast to the distinct concentration 
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difference developed under the Dirichlet boundary condition [11], a less pronounced 

concentration change is observed which is in fact due to the smaller reaction rate. At �
 = 1 

and increasing � , the mass flux to the particle surface becomes more and more reaction 

dominated. 

 

Table 3.3: Computed Sherwood number, total fluid-solid mass transfer rate and sphere surface 

concentration for a single stationary sphere with first order irreversible surface reaction (�
 =
1) for five particle Reynolds numbers.  

Reynolds 

number 

Inflow 

velocity 

[m/s] 

Sherwood number 
Total mass transfer 

rate [mol/s] 

Surface 

concentration 

[mol/m3] 

20 0.08 4.75 -4.42×10-6 7.04 

50 0.20 6.36 -4.78×10-6 7.61 

100 0.40 7.98 -5.02×10-6 8.00 

200 0.80 10.44 -5.27×10-6 8.39 

400 1.60 12.90 -5.44×10-6 8.65 

 

 

Figure 3.4: Concentration distribution around the sphere for five particle Reynolds numbers 

(from left to right: 20, 50, 100, 200 and 400 respectively), the Damköhler number is fixed 

(�
 = 1) for a first order irreversible reaction at the sphere surface. 

 

The Sherwood numbers listed in Table 3.3 are computed from Equation (3.19), by replacing 

the initial concentration ��,� by the inlet concentration ��,!�. However recall the definition of 

the first order irreversible surface reaction, in which the external mass flux to the sphere surface 

is equal to the consumption rate on the surface:  

( ), , ,= − =
m f in f s f s

J k c c kc  (3.21) 

From this equation, the average surface concentration ��,	 can be calculated and consequently 

the overall effective mass transport coefficient could be defined as: 
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In the current case (�
 = 1), the surface reaction rate coefficient �  is specified as 0.008, 

whereas the external mass transfer coefficient �"  is given by the empirical Frössling 

correlation: 
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s s

f

k d
Sh Re Sc

D
 (3.23) 

where ��	 is the particle Reynolds number and �� is the Schmidt number, respectively defined 

as: 

0ρ
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u d
Re  (3.24) 
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By comparing these two values, the external mass transfer coefficient is only a few times the 

surface reaction rate coefficient, thus this process is neither in a mass transfer limited regime 

nor in a reaction limited regime. In Table 3.4, the overall effective mass transport coefficients 

obtained from the simulations are compared with the values calculated by Equation (3.22), and 

they are in good agreement.  

 

Table 3.4: Comparison of overall effective mass transport coefficient between simulation (Sim) 

and empirical result (Emp), for �
 = 1 under five different Reynolds numbers. 

Reynolds 

number 

Surface reaction 

rate coefficient � 

External mass 

transfer 

coefficient �" 

Overall effective mass transport 

coefficient �#�� 

Sim Emp 

20 8.00E-03 1.87E-02 5.62E-03 5.61E-03 

50 8.00E-03 2.50E-02 6.08E-03 6.06E-03 

100 8.00E-03 3.20E-02 6.38E-03 6.40E-03 

200 8.00E-03 4.19E-02 6.72E-03 6.72E-03 

400 8.00E-03 5.60E-02 6.94E-03 7.00E-03 

 

For the second group of simulations, the particle Reynolds number is specified to be 100, 

whereas variable reaction rates are imposed at the sphere surface which lead to Damköhler 
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numbers increasing from 0.001 to 1000. The particle Sherwood number, concentration gradient 

and concentration value at the sphere surface computed from the simulations are given in Table 

3.5. The gradient and the surface concentration are the overall averaged values over the whole 

external sphere surface. The Sherwood number is observed to increase with higher reaction 

rate up to �
 = 1 and then decrease with further increase of the Damköhler number. However, 

it is interesting to see that the Sherwood numbers for different Damköhler numbers are very 

close, i.e. within a deviation of 5%. As expected, species build up along the boundary and the 

surface concentration approaches the inlet concentration in case of slow reactions, whereas 

large concentration gradient and close-to-zero concentrations are observed at the sphere surface 

for fast reactions.  

 

Table 3.5: Computed Sherwood number, surface concentration gradient, sphere surface 

concentration as well as the comparison of overall effective mass transport coefficient for a 

single stationary sphere with first order irreversible surface reaction (��	 = 100) for seven 

Damköhler numbers. 

Damköhler 

number 

Sherwood 

number 

Surface 

concentration 

gradient [mol/m4] 

Surface 

concentration 

[mol/m3] 

Overall effective mass 

transport coefficient [m/s] 

Computed Empirical 

0.001 7.84 4.00E+00 9.997 9.41E-06 8.00E-06 

0.01 7.84 3.99E+01 9.975 7.84E-05 7.98E-05 

0.1 7.86 3.90E+02 9.752 7.80E-04 7.80E-04 

1 7.98 3.20E+03 8.000 6.38E-03 6.40E-03 

10 7.89 1.13E+04 2.828 2.26E-02 2.29E-02 

100 7.83 1.51E+04 0.377 3.01E-02 3.08E-02 

1000 7.63 1.52E+04 0.038 3.04E-02 3.19E-02 

 

The overall effective mass transport coefficient for each reaction rate obtained from the 

simulations is also listed in Table 3.5 and compared with the empirical values computed from 

Equation (3.22). Good agreement are found for all Damköhler numbers, except for the 

extremely slow reaction (�
 = 0.001). However considering the negligible overall mass 

transport behavior or in other words the nearly zero-flux Neumann boundary condition in this 

case, the calculation of the overall effective mass transport coefficient does not make much 



 Chapter 3 Mass transfer with surface reactions  

40 

 

sense any more. The overall mass transport behavior goes from the reaction limited regime to 

the mass transfer limited regime in this group of simulations. 

 

Finally, it is verified that in the steady state the calculated species consumption rate $���,	% 

equals the calculated mass flux to the sphere surface &��
'(),*
'+ ,, for all simulation cases above. 

It should be mentioned that both ��,	 and 
'(),*
'+  here are the overall averaged values over the 

whole sphere surface. This illustrates the correct enforcement of the rate-controlled reactive 

boundary condition (Robin boundary condition) at the particle surface. 

3.3.3 Dense stationary array 

In this section, the newly proposed DNS model is applied to a dense stationary array, which is 

a more physically complex system containing a relatively large number of particles. In this 

simulation, fluid flows through a stationary random array of particles, and a first order 

irreversible chemical reaction proceeds at the surface of these particles. The particle array is 

created by the hard-sphere Monte-Carlo method and distributed in a random configuration over 

the computational domain with a predefined solid phase packing density of 0.3. The data used 

for the simulations are listed in Table 3.6. The simulations are computed on a 3D domain with 

a length of 0.3 m in the flow direction and a length of 0.025 m in the lateral direction. In total, 

716 spheres are positioned inside the simulation domain in a random fashion. It should be noted 

here that part of the 716 spheres seem cut by the boundaries, but actually these are not cut as 

periodic boundary conditions are applied in the cross-sectional directions. The first 100 grids 

and the last 100 grids in the flow direction are utilized as inlet and outlet regions respectively, 

hence no sphere is positioned in these two sections. The incorporation of these two empty 

sections is essential to avoid problems for inlet flow development and outflow recirculation 

respectively, at high particle Reynolds numbers. For the simulation a prescribed uniform fluid 

velocity is imposed at the inlet, with the value of 0.32 m/s, 0.64 m/s and 0.96 m/s corresponding 

to the particle Reynolds number of 80, 160 and 240 respectively. At the inlet, the fluid enters 

the system with a uniform species concentration of 10 mol/m3. For lateral domain boundaries, 

the periodic boundary condition is applied for both velocity field and species concentration 

calculation. The pressure at the outlet is prescribed as the standard atmosphere pressure, 

whereas a zero concentration gradient (Neumann boundary condition) is set there for the 

species computation. 
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Table 3.6: Data used for the simulations of the dense stationary array.  

Parameter Value Unit 

Computational domain 1200×100×100 - 

Grid size 2.5×10-4 m 

Time step 2×10-5
 - 5×10-5 s 

Particle diameter 0.005 m 

Particle number 716 - 

Particle coordinate x 0.025-0.275 m 

Particle coordinate y 0-0.025 m 

Particle coordinate z 0-0.025 m 

Fluid density 1.0 kg/m3 

Fluid viscosity 2×10-5 kg/m/s 

Species diffusivity 2×10-5 m2/s 

Species initial concentration 10 mol/m3 

 

                

Figure 3.5: Particle configuration (left), computed velocity field at ��	 = 160 for the central 

plane of the particle array (middle) and the sub-array for mesh convergence test (right).  
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In Figure 3.5, the particle configuration of 716 spheres is shown, together with the computed 

velocity distributions at the particle Reynolds number of 160 for the central plane of the array 

of particles. The right sub-figure is a small array used for mesh convergence test, which is 

randomly cut from the big particle array. The lateral size is maintained the same while the 

streamwise length is one tenth of the original one, which gives a cubic array with the dimension 

of 0.025 × 0.025 × 0.025 m3. In this small particle array, there are in total 84 spheres. In 

Figure 3.5 the periodically distributed particle configuration across the domain boundaries is 

demonstrated clearly in both 2D and 3D views, whereas the preferred flow pathways in the 

array is observed in the velocity map. Inside the particles the computed velocity field is zero 

due to the particular enforcement of the no-slip boundary condition at the sphere surface. For 

the reaction proceeding at the sphere surface, four reaction rates are specified, corresponding 

to the Damköhler number of 0.1, 1, 10 and infinity. Although mesh convergence has been 

tested in previous two sections, here the case of �
 = 1 with an even higher particle Reynolds 

number of 250 is used to check the potential particle-particle mutual influence in the array. 

Two finer meshes are used, corresponding to the mesh resolution of 32 and 40. The total mass 

transfer rate (in the unit mol/s) of the system is considered to be a good quantitative indicator 

for the mesh convergence test. With mesh resolution of 20, 32 and 40, simulations give the 

results of -6.366E-04, -6.475E-04 and -6.504E-04 respectively. If the results of the performed 

simulations are extrapolated to the limiting case of infinite mesh resolution (grid size 

approaching zero) by a second order polynomial, the value is estimated to be -6.583E-04. In 

this circumstance, the deviation is 3.30%, 1.64% and 1.20% for aforementioned increasing 

mesh resolutions respectively. Previous work from my group [12] applied the same way for 

the mesh convergence test in large domain simulations. This illustrates a good mesh 

convergence behavior, and indicates the proper selection of the mesh resolution of 20 for all 

simulations.  
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Figure 3.6: Cup-average concentration profile as a function of the array coordinate for ��	 =
80 (blue curves), ��	 = 160 (red curves) and ��	 = 240 (black curves). Four Damköhler 

numbers 0.1, 1, 10 and infinity enforced in the simulations are represented by solid line, dashed 

line, dotted line and dash-dotted line, respectively. 

 

For industrial mass transfer processes, the evolution of the cup-average concentration is of high 

interest, which is defined by: 

( ) ( )

( )

, , , ,

, ,
=

∫∫

∫∫
f

f

f

S

f

S

c

u x y z c x y z dydz

u x y z dydz
 (3.26) 

In this equation, the integration is performed over a surface ��  perpendicular to the flow 

direction �, and 12�, 3, 45 is the � component of the fluid velocity at this certain point 2�, 3, 45. 
It should be noted that, �� only accounts for the part occupied by the fluid inside this cross-

sectional surface, whereas the points inside the solid phase are not considered in calculation. 

In Figure 3.6, the cup-average concentration is shown as a function of the axial coordinate of 

the array, for the range of used particle Reynolds numbers and enforced Damköhler numbers. 

In this figure, the inlet and outlet regions can be clearly recognized, which are characterized by 

a constant cup-average concentration (for � < 0.025 and � > 0.275). For the same reaction 

rate (Damköhler number) proceeding at the sphere surface, higher Reynolds numbers will slow 

down the concentration decay rate and hence less reactant is converted in the array. This 

influence is especially distinguished in the cases of small and intermediate Damköhler numbers 

(�
 = 0.1 and 1, respectively), whereas the difference is mainly observed in the developing 

region for large Damköhler numbers (�
 = 10  and �
 = ∞) as most reactant is finally 
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consumed in these circumstances. For small Damköhler number a nearly linear decay of the 

cup-average concentration profile is observed, while the decay curves become sharper for the 

whole array domain at intermediate Damköhler number. For large Damköhler numbers, the 

concentration decays quickly in the front part of the array, and finally a full conversion of the 

reactant is achieved. The development of the cup-average concentration profile results from 

the interplay between reactivity and transport. The concentration distributions of these four 

Damköhler number cases at the particle Reynolds number of 240 for the central plane of the 

particle array are shown in Figure 3.7, where the concentration difference resulted from the 

variable reaction rate of the first order irreversible chemical reaction proceeding at the particle 

surface could be clearly visualized. The computed concentration field inside the particles is 

zero due to the assumption of nonporous catalytic pellets with and only with reactive external 

surface. 

 

 

Figure 3.7: Concentration distributions of Damköhler number 0.1, 1, 10 and infinity, from left 

to right respectively in the figure, at ��	 = 240 for the central plane of the particle array. 
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For the range of Reynolds numbers considered here (with �� = 1) axial dispersion is negligible 

compared with transport by convection. Therefore the differential equation describing the 

evolution of cup-average concentration is expected to the following expression (i.e.: 1D 

heterogeneous plug flow model): 

0 0=− −
f

eff s f

d c
u k a c

dx
 (3.27) 

where �#��  is the average overall effective mass transport coefficient defined by Equation 

(3.22) and 
	 is the specific fluid-particle mass transfer surface given by: 
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It should be noted that �#�� is used and should be used here to consider not only the physical 

phenomenon of external mass transfer from the bulk fluid to the sphere surface but also the 

chemical process of species conversion due to the surface reaction. In this case, the 

corresponding driving force is $〈��〉 − 0%. By integrating with the boundary condition at the 

inlet, 〈��〉 = ��,� at � = 0, the following equation is obtained: 
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In this equation, the Damköhler number is a predefined value, whereas the Sherwood number 

is unknown. The average Sherwood number of the full particle array can be computed from the 

slice-based Sherwood number, which describes the spatial distribution of the local Sherwood 

number in the surface perpendicular to the flow direction. This local Sherwood number in each 

slice is computed by using the following equation: 
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where ∇�� ∙ �?????????  is the averaged concentration gradient at the sphere surface and ��,	????  is the 

averaged surface concentration for all particle sections located in the selected surface 

perpendicular to the flow direction. The cup-average concentration of this cross-sectional 

surface is used for calculating the local driving force, which is discussed earlier in this section 

(Equation (3.26)). In Figure 3.8, the distributions of the slice-based Sherwood number in the 

streamwise direction are presented, for four Damköhler numbers at ��	 = 160  and three 

Reynolds numbers at �
 = 1, respectively. For all cases, the slice-based Sherwood number is 

oscillating in the whole packed region and the average values are listed in Table 3.7. For the 
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case of the same Reynolds number, larger oscillating amplitude is observed as reaction rate 

increases, and the profile rises slightly. If the Damköhler number is maintained, higher 

Reynolds number will shift the profile upwards and meanwhile increase the amplitude slightly. 

In Table 3.7, average Sherwood numbers estimated by the empirical Gunn correlation [1] are 

also listed and compared with the DNS results. 

( ) ( )
1 1 7 1

2 25 3 10 37 10 5 1 0.7Re 1.33 2.40 1.20 Reε ε ε ε
 

= − + + + − + 
 

s s sSh Sc Sc  (3.31) 

where @ is the void fraction of the particle array which is calculated as 21 − A5, and ��	 and 

�� are the particle Reynolds number (based on the inlet fluid superficial velocity 1�) and the 

Schmidt number respectively. Both the average Sherwood number obtained from the slice-

based computation and the Gunn correlation are used in the 1D plug flow model, which is 

compared with DNS results for the steady-state axial profiles of the cup-average concentration. 

As presented in Figure 3.9, the comparison is performed for the complete packing section of 

the array, excluding the inlet and outlet regions. The agreement between the simulation results 

and the 1D model profiles is quite reasonable, and the trend of the development of the profiles 

reaches a good agreement. The difference between DNS and the empirical model increases 

with higher Reynolds numbers, which could reasonably result from the inhomogeneous flow 

pattern inside the random packing at high Reynolds number. 

 

Table 3.7: Comparison of the average Sherwood number between the Gunn correlation and the 

slice-based calculation. 

��	 Gunn �
 = 0.1 �
 = 1 �
 = 10 �
 = ∞ 

80 11.68 10.73 10.86 11.51 12.00 

160 15.49 14.02 14.14 14.92 15.91 

240 18.62 16.06 16.17 17.02 18.39 
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Figure 3.8: Distributions of the slice-based Sherwood number along the flow direction. The 

higher one is the case of four Damköhler numbers at ��	 = 160, whereas the lower one is the 

case of three Reynolds numbers at �
 = 1 . For both cases, the dashed line presents the 

corresponding average value. 
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Figure 3.9: Comparison of axial profiles of the cup-average concentration obtained from DNS 

and the 1D plug flow model using average Sherwood number obtained from both slice-based 

computation and Gunn correlation. From top to bottom the particle Reynolds number is 80, 

160 and 240, respectively. In the figure, solid lines are results of the simulation, dashed lines 

are of the 1D model using slice-based Sherwood number and dotted lines are of the 1D model 

using Gunn correlation. 
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Taking the advantages of all detailed information obtained from DNS, one can even go one 

level deeper, which is the Sherwood number of individual particles. The local particle 

Sherwood number is computed by using Equation (3.19), with the driving force in the 

denominator redefined as the difference between the local cup-average concentration of the 

cross-sectional surface at the sphere center and the overall average surface concentration. The 

local cup-average concentration is the same one used in the calculation of the slice-based 

Sherwood number. It should be noted that the sphere center has high possibility to locate in a 

non-grid-point position due to the random Monte-Carlo distribution. In this case, a weighted 

averaging based on the neighboring two surfaces is used to give a value for the driving force 

calculation. In Figure 3.10, the distribution of the individual particle Sherwood numbers is 

given for ��	 = 240 with increasing Damköhler numbers. The shape of the curve is a sharp 

log-normal distribution that becomes wider with increasing Damköhler numbers. The 

expectation value of each distribution is computed as 17.08, 17.15, 17.67 and 18.40 for 

increasing Damköhler numbers, and the standard deviation is 5.16, 5.25, 5.96 and 7.17 

respectively. In addition, the distribution of the individual particle Sherwood numbers is also 

demonstrated for �
 = 1 with increasing Reynolds numbers in Figure 3.11. Almost the same 

distribution pattern is observed, which shifts towards larger Sherwood number with the 

maximal probability maintained around 0.09. The expectation values of 12.45, 15.38 and 17.15, 

with corresponding standard deviation of 6.72, 5.87 and 5.25, are obtained for the case of 

��	 = 80, ��	 = 160 and ��	 = 240 respectively. The decrease of the standard deviation is 

due to the reduction of the tails at higher Reynolds numbers. From both figures, it is observed 

that a significant variation in the local particle Sherwood number exists in the particle array. 

This behavior can be reasonably explained by flow features within the dense particle array 

where the flow distribution is strongly irregular. Stagnant zones may occur behind particles, 

whereas flow channeling may take place between particles. The local flow velocity is strongly 

influenced by the local porosity and higher velocities are observed at places of low porosity. 

As a result of the locally varying flow velocity, gas-solid mass transfer fluctuates strongly 

around individual particles.  
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Figure 3.10: Distribution of the local particle Sherwood numbers for ��	 = 240  with 

Damköhler number of 0.1, 1, 10 and infinity. 

 

 

Figure 3.11: Distribution of the local particle Sherwood numbers for �
 = 1 with particle 

Reynolds number of 80, 160 and 240. 

3.4 Conclusions 

In this chapter, the newly developed ghost-cell based immersed boundary method is applied 

for direct numerical simulation of fluid-solid mass transfer processes. Taking the advantage of 

a second order quadratic interpolation scheme utilized in the reconstruction procedures, the 

unique feature of the ghost-cell based immersed boundary method is its flexible application of 

the Robin boundary condition. Assuming a first order irreversible surface reaction at the 

external surface of a sphere, the Robin boundary condition could be modified into such a form 

that the Damköhler number can be controlled by specifying variable reaction rate coefficients. 
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With the proposed DNS model, the complex heterogeneous systems involving the interplay 

between reactivity and transport encountered in industrial mass transfer processes can be 

handled with high efficiency. 

 

The first simulation case is a detailed verification of the method. A single sphere with unsteady 

diffusion is considered, where a first order irreversible chemical reaction proceeds at the sphere 

surface. The species concentration profile and the development of the instantaneous Sherwood 

number obtained from DNS have good agreement with the analytical solutions, for different 

Damköhler numbers. After that, forced convection to a stationary sphere is considered, and 

simulations are performed for two parameter sets. In one set the same reaction rate is considered 

while varying the Reynolds number. Both Sherwood number and species concentration at the 

sphere surface increase with higher Reynolds numbers. The other set applies variable reaction 

rates for the surface reaction with a constant Reynolds number. In this case, the Sherwood 

number is quite independent of the Damköhler number. The overall mass transport process 

goes from the reaction limited regime to the mass transfer limited regime. For both sets, the 

effective mass transport coefficients obtained from DNS agree well with the empirically 

calculated values. In the last simulation, a stationary array of particles is considered, for which 

the concentration distribution is computed for several particle Reynolds numbers and 

Damköhler numbers. The axial profiles of the cup-average concentration are compared with 

the 1D plug flow model and reach a reasonable agreement. The slice-based Sherwood number 

and the particle-based Sherwood number are computed, and both demonstrate a considerable 

variation in the particle array. It is interesting to notice that the Sherwood number is influenced 

by the Damköhler number in this particle array case. With higher reaction rates, the mass 

transfer performance is improved to some extent. This is guessed as the consequence of a more 

heterogeneous concentration field at larger Damköhler numbers. 
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Chapter 4 

Mass transfer in particle clusters 

 

 

 

In this chapter, the newly developed ghost-cell based immersed boundary method (IBM) is 

applied to perform direct numerical simulation (DNS) of mass transfer problems in particle 

clusters. To be specific, a nine-sphere cuboid cluster and a randomly-generated spherical 

cluster consisting of 100 spheres are studied. In both cases, the cluster is composed of active 

catalysts and inert particles, and the mutual influence of particles on their mass transfer 

performance is studied. To simulate active catalysts the Dirichlet boundary condition is 

imposed at the external surface of spheres, while the zero-flux Neumann boundary condition 

is applied for inert particles.  
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4.1 Introduction 

In circulating fluidized bed reactors (CFB), the occurrence of particle clusters is observed [1-

4] and well accepted to have strong impact on the hydrodynamics [5-9] and consequently the 

mass transport behavior [10-14]. The occurrence of particle clusters was first reported by 

Yerushalmi et al. [15], and later Tsuo and Gidaspow [16] studied the underlying principles for 

the formation and propagation of clusters. Although there is no firmly established definition 

for a cluster [1, 5, 9, 17-19], one feature is universally accepted that a cluster is composed of 

particles and possesses an internal solid volume fraction significantly larger than its 

surroundings (which is normally below 0.1 in CFB). Clusters can be characterized by: duration 

of their existence, occurrence frequency and internal solids concentration, as studied by Sharma 

et al. [18] and other researchers [19-22]. Significant deviations of the Sherwood number in 

risers have been reported, and Breault [23] and Chalermsinsuwan et al. [24] pointed out these 

values even differ by several orders of magnitude. The reason behind this finding is explained 

by the presence of particle clusters. Such dense solid phases result from the particle-particle 

collisions as well as the particle-wall collisions, which are characterized by enhanced fluid 

bypass, low slip velocities and fluid back-mixing for the hydrodynamic phenomena. These 

reduced fluid performance in CFB will lead to poor fluid-solid contacting and negatively 

impact the interfacial mass transfer processes.  

 

In clusters, the mass transfer to an individual ‘active’ sphere is significantly influenced not only 

by the surrounding gas-solids suspensions but also by the nature of the surrounding particles 

(i.e.: active or inert) [25]. In this circumstance, dispersed active particles keep their intrinsic 

kinetics, while two effects from the inert surrounding particles must be taken into consideration 

[26, 27]. First, inert particles decrease the volume available for mass transfer around the active 

particle. This makes the analog between heat and mass transfer invalid, as the particles have a 

heat capacity and provide an additional conductive pathway to the heat transfer process. Second, 

the flow field and the formation of the mass boundary layer around the active particle are 

altered due to the presence of the other particles. Mixtures of active particles diluted by inert 

ones are used to keep the system at a low conversion rate (for positive reaction orders) [28] and 

minimize complications caused by bed heterogeneities [29]. In catalytic reaction engineering, 

catalyst beds with dilution are often applied to study the kinetics isothermally in highly 

exothermic heterogeneous reactions [30] and various investigators have mentioned their 
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considerable merits [31-33]. For mass transfer processes in diluted systems, researchers are 

interested in the influence of the dilution ratio (ratio of inert and total) and the influence of the 

distribution of inert and active particles [25, 27, 30, 34, 35].   

 

Because of the inherent difficulty to experimentally quantify the mass transfer behavior in a 

dense environment, several numerical studies have been performed for a clustering system to 

estimate its mass transfer coefficient. However, due to the high computational cost, simulations 

are mainly restricted to large scale closure models. Dong et al. [36] applied the sub-grid energy-

minimization multiscale (EMMS/mass) model for mass transfer computation, in which the 

species concentration in each grid cell is divided into the mass fraction of the particle-rich 

dense phase and the mass fraction of the fluid-rich dilute phase. In this case mass transfer 

performance varies at the sub-grid level, and the authors reported that both gas velocity and 

solids flux have significant impact on the variation of the Sherwood number. Chalermsinsuwan 

et al. [24] also used the EMMS model to estimate the mass transfer coefficient in a PSRI riser. 

In their work, cluster sizes are computed first and then the Sherwood numbers are estimated. 

They found that the Sherwood number scales with the particle cluster diameter. Wang et al. 

[37] studied the mass and heat transfer of a spherical cluster by a modified � − � turbulence 

model. Their cluster consisted of 65 stationary particles which are arranged regularly, and the 

corresponding porosity is 0.9. Based on their simulations, the influences of cluster porosity and 

Reynolds number are quantified. Kashyap and Gidaspow [38] analyzed the mass transfer 

coefficients in fluidized bed by using a kinetic theory based multiphase mode. The cluster 

diameter is suggested to replace the particle diameter in the conventional Sherwood number 

computation. Carlos Varas et al. [39] studied the interplay between mass transfer and a 

heterogeneous catalyzed chemical reaction in co-current gas-particle flows using CFD-DEM. 

They reported the particle cluster formation and investigated its contact efficiency at several 

gas superficial velocities, reaction rates and dilution factors.  

 

In this chapter, the newly developed ghost-cell based immersed boundary method is applied 

for the simulation of mass transfer problems in particle clusters. The swarm effect together 

with the influence of inert particles and the Reynolds number are investigated. 
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4.2 Results 

In this section, results for two cluster systems simulated by applying the DNS model are 

demonstrated. In Section 4.2.1, the mass transfer between the fluid phase and the solid phase 

are analyzed for different cluster proximities and configurations, by studying a gas flowing 

through a stationary cuboid cluster consisting of nine spheres. Subsequently, in Section 4.2.2, 

a more complex system is considered. A spherical cluster consisting of hundred spheres is 

generated by random packing, and the influence of inert particle dilution on the cluster mass 

transfer performance is determined. 

4.2.1 Nine-sphere cuboid cluster 

In this system, convective mass transfer to a cluster which is composed of nine spheres is 

considered. The basic configuration of this cluster is a cube with eight spheres at its vertices, 

where its front face is perpendicular to the flow direction �. One single sphere is added into the 

cube and positioned in the center. All nine spheres are of the same size �� = 0.005 m. The 

cluster proximity decreases gradually to assess the impact of clustering of particles on mass 

transfer behavior. The proximity of a cluster � is measured as the center-to-center spacing 

between the spheres in the front face. Five proximities are considered for this cluster system, 

with the detailed information listed in Table 4.1. The packing density is calculated as: 

( )
339 /

6

π
η = × +s sd S d

 
(4.1) 

The central sphere is fixed at the location centrally in y and z directions. In the flow direction, 

a minimal distance of 2�� and 6�� is maintained for the front sphere to the inlet and the back 

sphere to the outlet respectively. In the lateral direction, a minimum distance of 3.5��  is 

reserved for spheres to the domain boundaries. The computational domain and particle 

arrangement for the nine-sphere cuboid cluster is shown in Figure 4.1. It should be noted that 

the distance between the front face and the back face is also the cluster proximity � in this 

specific cube case. The data used for the simulations are given in Table 4.2. The domain 

boundary condition in lateral direction is set to be free-slip and zero flux for velocity and 

concentration field computation respectively. Fluid containing a single species with constant 

concentration of 10 mol/m3 flows into the system at a uniform velocity. At the outlet, pressure 

is prescribed as the standard atmospheric pressure and the species boundary condition is 

specified to be zero slope.  
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Table 4.1: Sphere-sphere distance and corresponding packing density for five cluster 

proximities. 

Cluster proximity � 3�� 2�� 1.8�� 1.6�� 1.4�� 

Packing density � 0.074 0.175 0.215 0.268 0.341 

 

 

Figure 4.1: Simulation domain and particle configuration for the nine-sphere cuboid cluster.  

 

Table 4.2: Data used for the simulations of the nine-sphere cuboid cluster.  

Parameter Value Unit 

Time step 2×10-5 s 

Grid size 2.5×10-4 m 

Sphere diameter 0.005 m 

Fluid density 1 kg/m3 

Fluid viscosity 2×10-5 kg/m/s 

Species diffusivity 2×10-5 m2/s 

Initial concentration 10 mol/m3 
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Figure 4.2: Concentration distribution in the central plane of the nine-sphere cuboid cluster 

with different proximities at ��� = 200. From top to bottom, the cluster proximity decreases 

from 3�� to 1.4��. The all-sphere-active case and the central-sphere-active case are shown in 

the left and right column respectively.  
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In the simulations, three particle Reynolds numbers 10, 50 and 200 are used to assess the 

influence of different flow patterns on the mass transfer behavior. For each simulation (5� ×

3���), two cases are considered. In one case all nine spheres are active, whereas in the other 

case the only active sphere is positioned in the center with eight inert spheres positioned at 

vertices. Figure 4.2 shows the concentration distribution in the central plane of the nine-sphere 

cuboid cluster with different proximities for both all-sphere-active case and central-sphere-

active case at ��� = 200. From the figure, steady and symmetric concentration fields are 

observed, and one can clearly identify the clustering effect. The wake behind the central sphere 

becomes wider with smaller cluster proximity, and finally separates into two pieces at 

� = 1.4�� due to the strong blockage effect of the back spheres. The influence of eight spheres 

at vertices is also demonstrated in the figure. For the same cluster proximity the wake is always 

thinner if the eight surrounding spheres are inert, as the wake will include part of the mass 

transfer effects of these eight spheres if they are active. This difference is especially distinct at 

the smallest cluster proximity, the back spheres in the inert case solely split the wake without 

further reducing the species concentration. 

 

In Figure 4.3 the development of the particle Sherwood numbers, calculated by Equation (2.38), 

of all spheres for the all-sphere-active case is shown. Due to the symmetric geometry, as 

expected, the Sherwood numbers of the four spheres in the front/back face are the same and 

indicated by “front sphere” and “back sphere” in the figure. For the front sphere, higher 

Reynolds number results in a more pronounced improvement of its mass transfer behavior at 

smaller cluster proximities. The central sphere has similar behavior, but the minimum 

Sherwood number always occurs at the smallest cluster proximity. Particle clustering has a 

large influence on the mass transfer performance of the back spheres. With increasing Reynolds 

numbers, the Sherwood number increases less compared to the ones of the front and the central 

sphere.  

 

The comparison of the particle Sherwood numbers of the central sphere between all-sphere-

active case and central-sphere-active case is shown in Figure 4.4. It is clearly observed that for 

all cluster proximities the central sphere has a better mass transfer performance in case the 

eight surrounding spheres are inert. However, this difference can be dramatically reduced by 

using higher fluid velocities.  
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Figure 4.3: Development of particle Sherwood numbers of all spheres along with the cluster 

proximity. Solid lines are of the front sphere, dashed lines are of the central sphere and dotted 

lines are of the back sphere. Simulations with the Reynolds number of 10, 50 and 200 are 

indicated by blue-plus, red-circle and green-star lines, respectively. 

 

 

Figure 4.4: Comparison of the particle Sherwood numbers of the central sphere at varying 

cluster proximities. Solid lines are of the central-sphere-active case whereas dashed lines are 

of the all-sphere-active case. Simulations with the Reynolds number of 10, 50 and 200 are 

indicated by blue-plus, red-circle and green-star lines, respectively. 

 

To study the influence of cluster geometry on the mass transfer behavior, four more 

configurations are considered for the nine-sphere cuboid cluster: 45° rotation in � plan, 45° 

rotation in � plan following 45° rotation in � plan, elongation of the front-back face distance 
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to 2 times of the cluster proximity and elongation of the front-back face distance to 4 times of 

the cluster proximity. These four extended cluster configurations, shown in Figure 4.5, are 

noted as Rotated 1, Rotated 2, Half and Quarter respectively. The basic configuration is 

indicated by Normal in the following text.  

 
    

 

Figure 4.5: The four extended configurations for the nine-sphere cuboid cluster. From left to 

right, the configuration is Rotated 1, Rotated 2, Half and Quarter, respectively. 

 

In Figure 4.6, the concentration distribution in the central plane of the nine-sphere cuboid 

cluster for all five configurations is shown. The examples are given for both all-sphere-active 

case and central-sphere-active case at the Reynolds number of 50 and the smallest cluster 

proximity � = 1.4��. The Normal and the Rotated 1 configurations have quite similar behavior, 

with the wake significantly split into two pieces. The Rotated 2 configuration behaves more 

like an isolated big particle, where the inert particle enforcement can be clearly visualized at 

the front, top, bottom and back spheres. With larger distance between the front and back faces, 

spheres have more independent behavior. In the Half configuration no clear “split” behavior is 

observed in the wake region, whereas each sphere behaves almost as an isolated one in the 

Quarter configuration. For all configurations a much lower concentration field is detected for 

the cluster in case all nine spheres are active. 
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Figure 4.6: Concentration distribution in the central plane of the nine-sphere cuboid cluster 

with different configurations at ��� = 50 and � = 1.4�� . From top to bottom, the cluster 

configuration is Normal, Rotated 1, Rotated 2, Half and Quarter respectively. The all-sphere-

active case and the central-sphere-active case are shown in the left and right column 

respectively. 
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Figure 4.7: Development of the particle Sherwood number of the central sphere along with the 

cluster proximity for all-sphere-active case (top) and central-sphere-active case (bottom). 

Simulations at Reynolds number 10, 50 and 200 are represented by solid lines, dashed lines 

and dotted lines respectively. Blue-plus, red-circle, green-star, yellow-cross and black-triangle 

lines indicate the cluster configuration of Normal, Rotated 1, Rotated 2, Half and Quarter, 

respectively. 

 

The Sherwood numbers of the central sphere in all five cluster configurations are plotted as a 

function of the cluster proximity in Figure 4.7 for both all-sphere-active and central-sphere-

active cases. Similar behavior of the Sherwood number profiles are observed, but with a much 

denser distribution in the central-sphere-active case. At the same fluid velocity, the central 

sphere mass transfer performance is pronouncedly improved at smaller proximities in case the 
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eight vertex spheres are inert. Among five cluster configurations Rotated 2 configuration has 

the worst mass transfer performance, which is more distinct at higher Reynolds numbers. A 

unique profile is noticed for the Rotated 2 configuration at ��� = 200, that the Sherwood 

number increases at small cluster proximities. 

 

For this nine-sphere cuboid cluster system, in total 150 simulations were performed. Results 

are introduced and discussed qualitatively in the current section, nevertheless the interested 

reader is referred to Appendix C for detailed simulation results. 

4.2.2 Randomly-generated spherical cluster 

In this section, the proposed DNS model is applied to a dense stationary cluster, which is a 

more physically complex system containing 100 randomly-generated spherical particles. All 

spheres are of the same size �� = 0.005 m. The cluster is created by the hard-sphere Monte-

Carlo method and distributed in a spherical configuration with a predefined solid phase packing 

density �  of 0.3. It should be noted, this value is selected on one hand according to the 

significant clustering effect revealed at such a packing density in the previous section, on the 

other hand on the basis of a typical value of realistic clusters observed in riser flows. This gives 

that the diameter of the cluster ��  is about seven times the particle diameter �� . The 

simulations are computed on a 3D domain with a length of 0.21 m (6 × ��) in the flow direction 

and a length of 0.07 m (2 × ��) in the lateral direction. In the flow direction, the center of the 

cluster is located at 1.5�� from the entrance. The empty entrance and exit sections are essential 

to allow for flow development and avoid outflow recirculation, especially at high particle 

Reynolds numbers. It should be noted that, the cluster Reynolds number will reach a high value 

even with intermediate particle Reynolds number due to the fact that �� = 7�� . The 

computational domain and particle arrangement are shown in Figure 4.8. The same 

configuration is used for all following simulations. It should be noted that, the number of 

particles (i.e. 100) contained in the current cluster is not meant to be a large enough 

representative sample for proper statistical analysis. 
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Figure 4.8: Simulation domain and particle configuration for the random-generated spherical 

cluster.  

 

In the simulations, fluid flows through the cluster with a prescribed uniform inlet velocity, with 

the value of 0.08 m/s, 0.2 m/s and 0.4 m/s corresponding to the particle Reynolds number ��� 

of 20, 50 and 100 (cluster Reynolds number ��� of 140, 350 and 700) respectively. At the inlet, 

the fluid enters the system with a uniform species concentration of 10 mol/m3. For lateral 

domain boundaries, free-slip boundary condition is enforced for the velocity field computation, 

whereas zero-flux Neumann boundary condition is applied for species concentration 

computation which implies an isolated system. The pressure at the outlet is prescribed as the 

standard atmospheric pressure, and a zero concentration gradient is set there for the species 

computation. The same parameters are used for the simulations as in Section 4.2.1. For the 

current work, there are around 70 million grid cells in total and the parallel computation were 

performed for around 3 months on 24 Intel Xeon E5-2690 processors. Studies for higher fluid 

velocities are possible, however might significantly increase the computational time and make 

the simulation extremely expensive. 
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Figure 4.9: Concentration distribution (left) and computed velocity magnitude (right) at the 

central plane of the spherical cluster for the case of all active spheres. (a), (b) and (c) are of the 

particle Reynolds number 20, 50 and 100, with corresponding cluster Reynolds number 140, 

350 and 700 respectively. 

 

The concentration distribution together with the computed velocity field are shown in Figure 

4.9 for the central plane of the spherical cluster at three different Reynolds numbers. In these 

simulations, all particles are active catalysts with an external mass transfer limited chemical 

reaction proceeding at the external surface. The mesh resolution, which is the ratio of the 

particle diameter to the grid size, applied in the simulations is twenty. Inside the particles both 

computed concentration and velocity fields are zero due to the assumption of nonporous 

catalysts with reactive external surface and the enforcement of the no-slip boundary condition 

at the sphere surface, respectively. In Figure 4.9 it is observed that the cluster behaves like a 

large isolated sphere with the diameter of the cluster size ��. A wake is observed at the rear of 

the cluster. At particle Reynolds number of 20, corresponding to cluster Reynolds number of 

140, the streamlines converge much more slowly behind the cluster than they diverge before 

the cluster. The flow and concentration fields are steady and approximately axisymmetric. At 

particle Reynolds number of 50, the cluster-based Reynolds number is 350, and two circulating 

eddy rings are found behind the cluster. With further increased Reynolds number ��� = 100 

(��� = 700), alternating vortex shedding appears in the wake of the cluster. Inside the cluster 

both concentration and velocity values are much lower than those outside. However, as fluid 

flow has stronger penetrating capability at higher fluid superficial velocities, the velocity and 
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concentration are less depleted with increasing Reynolds numbers. Inside the cluster, preferred 

flow pathways are clearly observed at locations with low packing density.  

 

For industrial mass transfer processes, the influence of inert particle dilution is of high interest. 

The spherical cluster is therefore composed of a mixture of active catalysts and inert particles. 

The inert particles are randomly selected and distributed inside the cluster. In case of an inert 

particle, fluid flows over it without any chemical reaction. This is simulated by enforcing the 

zero-flux Neumann boundary condition at the sphere surface. As a unique feature of the newly 

developed DNS model, variable boundary conditions of individual particles are considered 

consistently. In the current work, five active ratios �� = 0.1, 0.3, 0.5, 0.7 and 0.9 are used to 

assess the dilution effect, together with the limiting case of all active spheres. The active ratio 

is defined as the ratio of the number of active particles to the total particle number: 

= active

total

N
AR

N
 (4.2) 

For all cases with �� < 1, three different distributions of inert and active particles are applied 

in the simulations to reduce the influence of relative locations among active catalysts (thus in 

total 45 + 3 = 48 simulations were performed). In Figure 4.10, concentration distributions for 

the central plane of the spherical cluster are shown for six active ratios at the particle Reynolds 

number of 50. The mixture of active catalysts and inert particles, namely the enforcement of 

two different boundary conditions, are clearly visualized in the figure. For example in (a), only 

four spheres are active in the current plane identified by the surrounding concentration gradient 

whereas the other spheres are inert. With increasing active ratio, corresponding number of 

particles switch from inert sphere to active catalyst and a lower species concentration is 

observed inside the cluster and also in the wake region. It should be noted that the concentration 

distribution pattern in the wake region remains unchanged during this AR change process, 

namely two symmetrical standing vortices are always attached to the cluster.  
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Figure 4.10: Concentration distribution for the central plane of the spherical cluster with 

variable active ratios at ��� = 50  (��� = 350). �� = 0.1 , 0.3, 0.5, 0.7, 0.9 and 1.0 are 

presented by panels from (a) to (f) respectively.  

 

As an isolated structure consisting of multiply particles encountered in, for example, CFB riser 

flows, the mass transfer behavior of the cluster is worth being investigated in its entirety. The 

Sherwood number of the spherical cluster is calculated by using the following equation: 

( ),

Φ
=

−
C C

C

fC f in C

Sh
d

DA c c
 (4.3) 

Where �� is the total mass transfer rate from the fluid phase to the spherical cluster which 

results from all active particles, �� is the diameter of the spherical cluster and �� = 4� �
! is 

the external surface area of the equivalent solid particle of the cluster size. The driving force 

for the cluster Sherwood number is defined as the difference between the inlet concentration 

"#,%& and the averaged species concentration inside the cluster "�. By applying this Sherwood 

number definition, the mass transfer of the reactant from the bulk fluid to the cluster surface, 

the diffusion inside the cluster together with the dilution influence of inert particles are 

accounted for integratively. The direct influence of more active catalysts contained in the 

cluster on the increased mass transfer rate is cancelled out by taking the lower reactant 

concentration inside the cluster into consideration. In Figure 4.11 the Sherwood number of the 

spherical cluster is plotted as a function of active ratio at three Reynolds numbers. It should be 

noted that the average value of three active/inert particle distributions is used in this figure and 

the figures discussed hereafter, with the error bar representing the 90% confidence intervals 

calculated by the Student’s t-distribution. For the same active ratio, the cluster Sherwood 
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number increases with higher Reynolds numbers. This is a similar behavior to the case of a 

single sphere, and the improved gas-cluster mass transfer is due to the higher species supply 

rate at increased fluid superficial velocities. For all three particle Reynolds numbers, the cluster 

Sherwood number increases with larger active ratios. In other words, a better interfacial mass 

transfer performance between the fluid and the cluster is obtained when the cluster contains 

less inert particles. From the figure, the influence of the distribution of inert and active particles 

can also be observed from the size of the error bars. In other words, different relative locations 

of active catalysts may result in considerable variations in the cluster Sherwood number. It has 

less influence with increasing active ratio as a more homogeneous system is obtained, and its 

influence is enlarged at higher Reynolds numbers. The Sherwood numbers with the Frössling 

correlation applied to the cluster as a whole are also calculated, which are indicated by dashed 

lines in the figure. The computed cluster Sherwood numbers are much higher than the empirical 

values, especially at increased Reynolds numbers. This can be reasonably explained by the 

flow through the cluster.  

 

 

Figure 4.11: Influence of active ratio and Reynolds number on the cluster Sherwood number. 

 

Since the spherical cluster is a porous-like structure, it is interesting to introduce the concept 

of “effectiveness factor” to account for the effect of particle clustering and also the effect of 

inert particles on the overall mass transfer efficiency of the cluster. In catalytic reaction 

engineering, the effectiveness factor Ω of a porous pellet is defined as the ratio of the actual 

overall reaction rate to the reaction rate that would result if the entire surface were exposed to 

the bulk concentration [40]. Due to the assumption of an infinite fast surface reaction 

proceeding at the surface of active catalysts, the mass transfer rate of the reactant from the bulk 
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fluid to the cluster is equal to the rate of reaction consumption of the reactant of the cluster, 

and thus the effectiveness factor of the spherical cluster can be computed as: 

Φ

Φ
Ω = C

C

bulk

 (4.4) 

In this equation, �� is the same quantity used in Equation (4.3) and �()*+ is the “ideal” total 

mass transfer rate if the same number of particles are active and exposed to the bulk fluid phase 

in an extreme dilute configuration.  

, ,

1

Φ
=

= ∆∑
activeN

bulk m i s i f

i

k A c  (4.5) 

In this equation, �,,% is the mass transfer coefficient obtained from the empirical Frössling 

correlation, ��,% is the external surface area of individual particle and -"# is the concentration 

driving force which is defined as ("#,%& − 0) for current computation. As all particles are of the 

same size in the current simulation work, Equation (4.4) can be rewritten as: 

Φ

Φ
Ω = =C s

C

bulk s

Sh

Sh
 (4.6) 

with �ℎ�
11111 defined as: 

,

Φ
=

s f in

C s
s

active fN A c

d
Sh

D
 (4.7) 

and �ℎ� defined in Equation (2.40). The ratio of the overall average particle Sherwood number 

to the “ideal” Sherwood number computed by the Frössling correlation  �ℎ�
11111 �ℎ�⁄  is actually 

defined as contact efficiency 3 by Venderbosch et al. [41] in their pioneering studies of mass 

transfer in riser reactors. For riser flows, especially in the coarser scale models (DPM and TFM), 

gas-solid contact efficiency is widely employed to quantify the deviation of a riser flow from 

an idealized plug flow [39, 42, 43], which does not only consider the exposed area of a single 

particle to the surrounding gas phase but also includes the effect of the depleted reactant inside 

the gas pocket resulted from the particle cluster. In Figure 4.12 the influence of active ratio and 

particle Reynolds number on the effectiveness factor (contact efficiency) of the spherical 

cluster is shown. These results demonstrate that low efficiency (inefficient gas-solid contacting) 

is due to the agglomeration of particles into a cluster. Even with few active catalysts contained 

in the cluster, its efficiency is much below 1.0. However, this situation can be considerably 

improved by increasing the particle Reynolds number which gives a better gas permeance 

through the cluster. At a fixed gas superficial velocity, the cluster has a lower efficiency at 

increased active ratios. In other words, the gas inside the cluster becomes more depleted of 
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reactant as the cluster contains more active catalysts, which leads to a poorer gas-solid 

contacting. All these finding are consistent with both experimental and DPM simulation results 

published by Venderbosch et al. [41] and Carlos Varas et al. [39], respectively.  

 

 

Figure 4.12: Influence of active ratio and particle Reynolds number on the effectiveness factor 

(contact efficiency) of the spherical cluster. 

 

For a highly reactive catalyst inside a cluster, which is the current case, the whole mass transfer 

process is controlled by the external resistance from the bulk fluid to the catalyst surface. By 

using Equation (4.3) for the cluster Sherwood number calculation, the additional mass transfer 

resistance attributed to the formation of a cluster is accounted for. It is now interesting to 

investigate the essential mass transfer behavior over the gas film around the active catalysts in 

the cluster, which is defined as the effective particle Sherwood number �ℎ�,4##
111111111. Due to the 

consistent mass transfer rate between the fluid phase and the solid phase, a relationship among 

the overall particle Sherwood number �ℎ�
11111, the cluster Sherwood number �ℎ� and the effective 

particle Sherwood number �ℎ�,4##
111111111 is obtained, which is written as: 

,

1 1 1
= − s C

active

C s Cs eff s
Sh

A d
N

A dSh Sh
 (4.8) 

In this equation, 56�7%84  is the number of active particles, and �� , ��  and �� , ��  are the 

external surface area and the diameter of the particle and the spherical cluster respectively. In 

Figure 4.13, the effective particle Sherwood number is plotted at six active ratios and three 

Reynolds numbers. At each Reynolds number, the data can be perfectly fitted by a linear 

function. This behavior indicates that the essential mass transfer performance of the active 

catalyst contained in the cluster can be linearly improved by increasing the number of active 
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particles. It is understood as the result of a more heterogeneous fluid concentration field inside 

the cluster. For all active ratios, higher effective particle Sherwood number is obtained at 

increased Reynolds numbers.  

 

 

Figure 4.13: Influence of active ratio and Reynolds number on the effective particle Sherwood 

number, with corresponding linear fitting profiles. 

 

 

Figure 4.14: Distribution of the local particle Sherwood numbers of the spherical cluster for 

the case of �� = 1, at three Reynolds numbers. 

 

From the DNS results further detailed information can be obtained, such as the Sherwood 

number of individual particles. The local particle Sherwood number is computed by using 

Equation (2.38), with the inlet species concentration "#,%&  substituted by the local average 

concentration "#,*9�6*. In this case the driving force is defined locally as the difference between 
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the surface concentration of the active catalyst which is zero by the assumption and the local 

average species concentration "#,*9�6* which is obtained from the following expression: 

( )

( )

,

,

exp /

exp /

−

−

=

 − 

 − 

∫∫∫
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f

f

p s s f p

V

f local

p s s

V

L R c dV

c
L R dV
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The integration is performed over the local fluid volume surrounding each particle, and :;<� 

is the distance between the local fluid point and the center of the particle. A cubic box of the 

size 5�� with its center coinciding with the center of the particle is selected to be the local fluid 

volume. The method for computing the local average concentration "#,*9�6* together with the 

selection of the local fluid box were published in the previous work of my group [44, 45], and 

the interested reader is referred to these paper for a detailed description. For the computation 

of the local particle Sherwood number the mass transfer rate ��;,#→� , calculated by the 

integration of the concentration gradient at sphere surface, automatically goes to zero for inert 

spheres. In Figure 4.14, the Sherwood numbers of individual particles for the case of �� = 1 

are plotted as a function of the dimensionless radial distance to the cluster center at three 

Reynolds numbers. At ��� = 20 the particles at the boundary of the cluster ( �<� ��⁄ > 0.8) 

have higher Sherwood numbers than most of the inner particles. However this behavior does 

not hold at higher Reynolds numbers. The increased Reynolds number leads to a larger 

improvement of the Sherwood number of the inner particles than the particles at the boundary 

shell, especially those close to the center of the cluster. In other words, high values of the local 

particle Sherwood number do not predominately occur at the cluster boundary, while they 

could also occur inside the cluster at high Reynolds numbers. This phenomenon can be 

reasonably explained by the nature of clusters that the gas bypassing is enhanced at higher fluid 

velocities and simultaneously the fluid has stronger convection through the cluster. The 

existence of preferred fluid pathways inside the cluster, which is a pronounced property of the 

porous medium, will further amplify the latter effect. Although this figure reveals a better mass 

transfer performance for almost all particles at higher Reynolds numbers, few exceptions are 

observed which can be explained by the same reason above. The distributions of the individual 

particle Sherwood numbers in radial direction are shown in Figure 4.15 for increasing active 

ratios at ��� = 50. This figure confirms the previous finding that particles deep inside the 

cluster might also have a good fluid-solid mass transfer behavior regardless of the active ratio. 

The particle Sherwood numbers are observed to have a wider spreading in values as active ratio 

increases. Although in a previous discussion it was concluded that the overall average particle 
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Sherwood number decreases with increasing active ratios, it is interesting to observe in this 

figure that not all individual particles have smaller Sherwood numbers at larger active ratios. 

Some particles have a completely opposite behavior. This is due to the varying heterogeneous 

concentration field resulting from the switch of particles from inert to active in the 

neighborhood. 

 

 

Figure 4.15: Distribution of the local particle Sherwood numbers of the spherical cluster for 

five active ratios, at ��� = 50. 

4.3 Conclusions 

In this chapter the newly developed ghost-cell based immersed boundary method is applied to 

study fluid-particle mass transfer for flow passing through particle clusters consisting of active 

catalysts and inert particles. Taking the advantage of a second order quadratic interpolation 

scheme utilized in the reconstruction procedures, mixed boundary conditions, Dirichlet and 

Neumann boundary condition for active and inert particle respectively, can be realized 

consistently at the exact position of the particle surface.  

 

For nine-sphere cuboid clusters, it is found that for almost all cases the mass transfer 

performance of the central sphere decreases due to the formation of the cluster. The only 

exception is the Rotated 2 configuration at ��� = 200  for which the Sherwood number 

increases with smaller cluster proximities. The mass transfer performance of the central particle 

is improved if it is surrounded by inert particles, especially at small cluster proximities. Higher 

Reynolds number will increase the Sherwood number under any circumstance. For randomly-
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generated spherical clusters, the cluster effectiveness factor, also known as contact efficiency 

in large scale DPM and TFM models, is much below 1.0 and further decreases as the cluster 

contains more active catalysts. The cluster Sherwood number and the effective particle 

Sherwood number, which describe the mass transfer from the bulk fluid to the inner cluster and 

the mass transfer over the gas film around the active catalysts respectively, increase with more 

active catalysts contained in the cluster. Regarding the local particle Sherwood numbers, it is 

found that high values can also occur deep inside the cluster at increased Reynolds numbers 

and the value may increase with higher active ratios. The distribution of active/inert particles 

may lead to large variations of the mass transfer behavior, which decreases with higher active 

ratios and increases with higher Reynolds numbers. 
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Chapter 5 

Heat transfer in tubular fluid-particle 

systems 

 

 

 

In this chapter, the newly developed DNS model is applied to study heat transfer problems in 

tubular fluid-particle systems. Following a thorough verification for the classical Graetz-

Nusselt problem, an advanced Graetz-Nusselt problem of more practical importance with a 

dense stationary array consisting of hundreds of particles randomly positioned inside a tube 

with adiabatic wall is subsequently investigated. The influence of particle sizes and the 

fractional amount of passive particles is analyzed at varying Reynolds numbers. In both cases, 

the simulation results are compared with the results obtained using a different class of IBM 

(i.e.: continuous forcing method), finding good agreement. 
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5.1 Introduction 

Tubular fluid-particle systems are frequently encountered in a wide range of processes in 

chemical, petrochemical and energy industries. A typical example is the catalytic packed bed 

reactor, where the reaction takes place on the (internal) surface of catalysts and most of the 

time heat is liberated. The random packing of the particles leads to a strongly irregular flow 

pattern inside the bed, and the heat transport process introduces additional complexities to such 

highly heterogeneous systems. In case a reaction is mildly exothermic or temperature 

insensitive, adiabatic operation is applied such that the bed is surrounded by an insulating jacket. 

 

Contrary to the vast literature on the IBM techniques applied for the study of momentum 

transfer in fluid-solid systems, limited results have been reported for heat transfer processes in 

gas-solid flows. Feng and Michaelides [1] studied a group of 56 settling particles with time 

dependent temperature in a 2D domain. The particles are represented and tracked by 

Lagrangian points, and an energy density function is used to represent the interaction between 

the fluid and solid phase. Deen et al. [2] applied 3D DFM with a directional quadratic 

interpolation scheme to fluid flow and heat transfer problems in dense fluid-particle systems 

involving stationary particle arrays and fluidized particles. The boundary condition of a 

constant temperature at the particle surface is enforced implicitly at the level of the discrete 

fluid thermal energy equation. Tenneti et al. [3] proposed a CFM for the heat transfer study in 

steady flow past random assemblies of stationary particles. The isothermal boundary condition 

is enforced at the particle surface, and a special periodic boundary condition is implemented in 

the flow direction to obtain a statistically homogeneous Nusselt number. Tavassoli et al. [4] 

extended the Uhlmann method to study the interphase heat transport of stationary arrays which 

consist of 54 spheres with packing fraction varying from 0.1 to 0.5. A constant temperature is 

enforced at the sphere surface and a heat source term is added into the governing equation to 

account for the fluid-particle interaction. Xia et al. [5] studied the fluid-solid heat transfer for 

a cluster consisting of 20 manually configured spheres. A ghost-cell based third-order IBM is 

introduced to enforce the isothermal boundary condition at the sphere surface. Eshghinejadfard 

and Thévenin [6] investigated 60 freely moving particles by applying a CFM-based IBM. The 

particle temperature varies so that the competition between gravity and buoyancy induced by 

the temperature gradient can make the particle sink or rise, and the flow and temperature fields 

are coupled by the Boussinesq approximation. Luo et al. [7] studied heat transfer in 
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compressible flows with complex solid geometries. A DFM is introduced for 2D simulations, 

with the ghost value determined by two different interpolation schemes: inverse distance 

weighting and bilinear interpolation. Regarding the heat transfer studies in tubular fluid-

particle systems, Das et al. [8] introduced a sharp interface IBM for simulations of slender 

randomly packed bed reactors, where a constant temperature is enforced at the reactor wall and 

a conjugate heat transfer is considered at the particle surface for the computation of the 

temperature fields in both solid and fluid phases. 

 

In this chapter both of the two classes of the immersed boundary method, CFM and DFM, are 

employed to perform simulations of gas-solid flows inside a tube. CFM was implemented by 

Physics of Fluid group in the University of Twente, and their IBM model is briefly described 

in Appendix D. The direct comparison of these two methods is of high interest to reveal their 

consistency. The interaction between the tube and the fluid is treated exactly the same as the 

fluid-particle interactions. Both IBM models have the capability to handle mixed boundary 

conditions at the immersed object surface, and hence isothermal and isoflux boundary 

conditions can be enforced consistently at the particle surface as well as the tube wall.  

5.2 Results 

In this section, results obtained for the classical Graetz-Nusselt problem as well as an advanced 

Graetz-Nusselt problem simulated by using the CFM and DFM models are presented. The 

advanced Graetz-Nusselt problem is closely related to engineering applications and reveals the 

strong points of both IBM models in the application of heat transport processes in fluid-particle 

systems. In the first section, simulation results are compared with analytical solutions, which 

serves as a verification case of the two IBM models. Following that, the two IBM models are 

applied to a dense particle array positioned inside a tube with adiabatic wall. The influence of 

particle sizes and fractional amount of passive particles on the heat transfer performance is 

determined. For all results, the two IBM models are compared, finding good agreement. Please 

be aware that, only DFM results and selected comparisons with CFM results are included in 

the following content. The original CFM results are available in Appendix D.  

5.2.1 Classical Graetz-Nusselt problem 

The classical Graetz-Nusselt problem deals with forced heat convection combined with heat 

conduction of a fully developed laminar flow in an empty tube. It was first investigated by 
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Graetz [9] and Nusselt [10] for the situation of a constant temperature (but different from the 

fluid inlet one) enforced at the wall of the tube. Later Tao [11] and Tyagi [12] extended this 

problem to the boundary condition of a constant heat flux, and provided a mathematical 

solution to that. The amount of heat transfer at the wall is defined as the ratio of convective to 

conductive heat transfer, which is commonly expressed by the Nusselt number ��: 

α

λ
= h T

f

D
Nu  (5.1) 

where �� is the heat transfer coefficient, �� is the diameter of the tube and �� is the thermal 

conductivity of the fluid. 

 

Table 5.1: Data used for the simulations of the classical Graetz-Nusselt problem.  

Parameter Value Unit 

Tube diameter 0.02 m 

Time step 2×10-5 - 2×10-4 s 

Fluid density 1000 kg/m3 

Fluid viscosity 1 kg/m/s 

Fluid heat capacity  1 J/kg/K 

Fluid thermal conductivity 1 W/m/K 

 

The analytical solution for the constant wall temperature boundary condition is given by the 

following equation [13]: 

2

1.227
3.6568 1=

 
+ + 

 
⋯TNu

Pe
 (5.2) 

where 	
 is the Péclet number defined as: 

=Pe RePr  (5.3) 

with Reynolds number �
 and Prandtl number 	� respectively calculated as: 

0ρ

µ
=

f T

f

u D
Re  (5.4) 

, µ

λ
=

p f f

f

C
Pr  (5.5) 

For the case of a constant wall heat flux, the mathematical solution for the Nusselt number is a 

constant, namely [13]: 
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48
4.36364

11
= =HNu  (5.6) 

 

In the DNS, the fluid enters the tube with varying velocities, corresponding to Péclet numbers 

ranging from 5 to 100. The fluid inlet temperature is the same as the fluid initial temperature, 

and the data used for the simulations are summarized in Table 5.1. The Prandtl number is set 

to be unity, indicating the same thickness of the momentum and thermal boundary layers. The 

heat transfer coefficient is calculated as the heat flux divided by the driving force for the heat 

transfer process. For the case of a constant wall temperature, the heat flux is averaged over the 

perimeter of the tube whereas the driving force is the difference between the prescribed wall 

temperature and the cup-average temperature of the fluid. For the case of a constant wall heat 

flux, the flux is a prescribed value and the driving force is computed as the difference of the 

averaged wall temperature and the cup-average temperature. The fluid cup-average 

temperature is calculated by the following equation: 

( ) ( )

( )

, , , ,

, ,
=

∫∫

∫∫
f

f

f

S

f

S

T

u x y z T x y z dydz

u x y z dydz
 (5.7) 

In this equation, the integration is performed over a surface �  perpendicular to the flow 

direction �, and ���, �, �� is the � component of the fluid velocity at this certain point ��, �, ��. 

 

 

Figure 5.1: Difference of the Nusselt number between IBM results ����� and analytical values 

����� for the classical Graetz-Nusselt problem at 	
 � 30 in mesh convergence tests (mesh 

resolution indicated as N). 



 Chapter 5 Heat transfer in tubular fluid-particle systems   

84 

 

 

Mesh convergence tests were first performed by using mesh resolution of 10, 20, 40 and 80, 

which is defined as the ratio of the tube diameter to the grid size. The tests were performed at 

	
 � 30 for both boundary conditions, and the simulation results are given in Figure 5.1. It 

should be noted that the Nusselt number is computed at a location far beyond both the 

hydrodynamic and the thermal entrance regions (the tube length is 10 times �� and the Nusselt 

number is computed at the location of 9��). From the figure, good spatial convergence is 

observed for both boundary conditions. Taking both accuracy and computational cost into 

consideration, mesh resolution 20 is selected for both DFM and CFM models. 

 

    

(a)                                                                        (b) 

Figure 5.2: Comparison of the Nusselt numbers at different Péclet numbers between the IBM 

results and the analytical solutions, for constant wall temperature (a) and constant wall heat 

flux (b) boundary conditions. 

 

The Nusselt numbers obtained from DNS are plotted as a function of the Péclet number in 

Figure 5.2, comparing with the analytical solutions computed by Equation (5.2) and (5.6). As 

clearly demonstrated in the figure, compatible results are obtained from two IBM models for 

all Péclet numbers. For the case of a constant wall temperature ��� decreases with larger 	
, 

which is due to the increased effect of the axial heat conduction in the fluid. For the constant 

heat flux boundary condition, ��� is independent of 	
, which is an expected behavior as in 

this circumstance axial heat conduction is constant within the fluid. Additionally, the relative 

error between the IBM results and the analytical values and the relative deviation of the system 

energy balance are plotted in the figure for isothermal and isoflux boundary condition 

respectively. The relative deviation of the system energy balance is calculated by Equation 
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(5.8), with energy inflow ��,� , energy outflow ��,!"# and energy input from the tube wall 

��,#"$% computed by the next three equations: 

, , ,

,

=
+ −h in h tube h out

h tube

Error
Q Q Q

Q
 (5.8) 
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 (5.9) 

, , , ρ= ∫∫
f

h out out f out p f f

S

Q u T C dydz  
(5.10) 

, π= ɺh tube T TQ q D L  (5.11) 

In ��,�  calculation &�,' is the fluid temperature at the first grid point in the flow direction, 

whereas in ��,#"$% calculation ()  and *� are the prescribed heat flux and the total length of the 

tube respectively. Through this test, one can conclude the excellent enforcement of both 

isothermal and isoflux boundary conditions at the wall of the tube. The simulation results are 

very accurate in the full 	
 range. 

5.2.2 Advanced Graetz-Nusselt problem 

In this section, an advanced Graetz-Nusselt problem extended from the classical one by 

positioning a dense stationary particle array inside the tube is proposed. Both DFM and CFM 

models are applied to this physically more complex system containing a relatively large number 

of particles, and the simulation results obtained under varying conditions are analyzed and 

compared between these two models. In these simulations, fluid flows through a stationary 

random array of particles, and gets heated up at the surface of these particles. The particle array 

inside the tube is created by the hard-sphere Monte-Carlo method which considers both 

particle-particle collision and particle-tube collision, and distributed in a random configuration 

with a predefined solid phase packing density + � 0.3. The data used for the simulations are 

listed in Table 5.2. The simulations are computed on a 3D domain with the packing height of 

0.1125 m and the diameter �� of 0.0375 m. It should be noted that in the simulations extra pipe 

lengths of 0.025 m and 0.075 m are reserved for inlet and outlet region, respectively, in order 

to avoid flow development and outflow recirculation problems, especially at high Reynolds 

numbers. For the simulations a prescribed uniform fluid velocity is imposed at the inlet, with 

the value of 0.32 m/s, 0.64 m/s and 0.96 m/s, corresponding to the tube based Reynolds 

numbers of 600, 1200 and 1800, respectively. At the inlet the fluid enters the tube with a 

uniform temperature which is the same as the initial temperature of the system. At the wall of 
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the tube, no-slip boundary condition is applied to the velocity field computation whereas the 

tube is assumed to be adiabatic, i.e. a zero-flux Neumann boundary condition is applied for the 

temperature field computation. 

 

Table 5.2: Data used for the simulations of the advanced Graetz-Nusselt problem. 

Parameter Value Unit 

Grid size 2.5×10-4 m 

Time step 5×10-6 - 2×10-5 s 

Fluid density 1 kg/m3 

Fluid viscosity 2×10-5 kg/m/s 

Fluid heat capacity  1000 J/kg/K 

Fluid thermal conductivity 0.02 W/m/K 

 

 

Figure 5.3: Particle configurations in streamwise and radial directions, for the distributions of 

small particles, binary particles and large particles (left to right). 

 

In this advanced Graetz-Nusselt problem, a standard case (SC) is first set up by positioning 570 

particles with the diameter -. of 0.005 m inside the tube. All spheres are active with the surface 

temperature 100 K higher than the fluid inlet temperature. Building on that, four extended cases 
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are considered in two scenarios with the precondition of the same solid phase packing density 

+ � 0.3. By changing particle size while keeping all particles active, the C1-1 case represents 

a binary mixture with 1:1 ratio of small particles (-. � 0.005 m) and large particles (-. �

0.0075 m), whereas there are only large particles in the C1-2 case. In Figure 5.3, the particle 

configurations for varying particle size are shown in both streamwise and radial directions. 

With the particle size (-. � 0.005 m) unchanged, half of the particles in the array are passive, 

giving zero heating effect to the fluid phase, in the C2-1 case, and in the C2-2 case the array is 

further diluted by passive particles to 90%. In this work, active particles are simulated by 

applying the Dirichlet boundary condition, whereas for passive particles the zero-flux 

Neumann boundary condition is imposed at the sphere surface. In all cases spheres are 

distributed in a random fashion. The mesh resolution, defined as the ratio of the particle 

diameter to the grid size, is 20 and 30 for small and large particle, respectively, in both DFM 

and CFM simulations. The same resolution was used for the numerical solution of the 

momentum and temperature equations, as 	� � 1. For DFM it was shown in Chapter 3 that for 

this packing density and size ratio the used resolution suffices. In CFM simulations, mesh 

convergence tests following the same methodology show that further increase of the grid 

resolution does not impact the results. 

 

    

Figure 5.4: Circumferential-averaged axial velocity profiles with normalized distance to the 

tube center for three Reynolds numbers and three particle configurations with varying sizes. 

DFM results are presented in the left panel, whereas the comparison between CFM and DFM 

results for two selected cases are presented in the right panel. 

 

The velocity distribution is an important characteristic for the flow through a dense particle 

array positioned inside a tube. The highly irregular flow field has a significant influence on the 
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heat transfer processes. Figure 5.4 shows the averaged axial velocity profiles as a function of 

the dimensionless distance to the center of the tube for small, binary and large particle 

configurations at varying fluid velocities. The profile is obtained by: firstly dividing a 

transversal cross-section into a series of annuli with the thickness of the mesh size, secondly 

averaging the interstitial velocity at each radius and finally averaging the profiles of all 

transversal cross-sections along the length of the packing. As expected, the axial velocity 

profile is quite independent of the Reynolds numbers after nondimensionalization. The highest 

velocities are found close to the wall for all particle configurations, where the packing has its 

lowest densities. Locally an increase up to a factor of 3 is found for the small particle 

configuration, whereas this factor gradually decreases with more large spheres in the system. 

This factor matches well with the values in the range of 2.5-3.0 reported by Giese et al. [14] 

and Eppinger et al. [15]. For larger particles, the lower fluid axial velocity in the near-wall 

region is compensated by higher and wider peaks of the fluid velocity inside the array, which 

is due to the decreased channeling effect in the near-wall region at reduced �� -.⁄  ratios. This 

is well described by the larger oscillating amplitude in the figure. The fluctuations of the radial 

dependence of the axial velocities reflect the variation of the local porosity. The profiles of two 

extreme cases (the SC case at �
 � 1800 and the C1-2 case at �
 � 600) are compared for 

CFM and DFM in the figure, which reveals excellent agreement. The computed velocity 

distributions, axial velocity and velocity magnitude for longitudinal and transversal cross-

section respectively, at the Reynolds number of 1200 are shown in Figure 5.5. The longitudinal 

cross-section is the central plane of the column, whereas the transversal cross-section locates 

at the height of 0.1 m in the particle array. In the figure preferred flow pathways can be clearly 

seen both inside the particle array and between the tube and the particles, with the former one 

becoming more pronounced at increased particle sizes. This corresponds well to the 

circumferential-averaged axial velocity profiles discussed before. In the longitudinal figures, 

negative values of the axial velocity indicating local back-mixing appear at the rear of the 

particles and at the end of the particle array. In the transversal figures, it is clearly demonstrated 

that the computed velocity field is zero inside the particles and outside the tube due to the 

particular enforcement of the no-slip boundary condition at the object surface. 
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Figure 5.5: The computed velocity fields for small, binary and large particle configurations at 

�
 � 1200. Snapshots are shown for the central plane in the flow direction and the cross-

section in the radial direction at the packing height of 0.1 m. 

 

For industrial application of tubular fluid-particle systems, the temperature profiles of the fluid 

phase in both streamwise and radial directions are of high interest. The streamwise profile is of 

significant importance for the temperature control during the production process, as 

continuously increasing temperature along the length of the reactor may result in damages of 

the catalyst. For this purpose, the cup-average temperature is computed and plotted along the 

domain length in Figure 5.6. The calculation is already described in the previous section, 

namely Equation (5.7). However, it must be emphasized here that for the array case only the 

part occupied by the fluid is accounted for in the integration of the cross-sectional surface and 

the value is further non-dimensionalized by the particle temperature. In the figure, excellent 

enforcement of the adiabatic tube, namely zero-flux Neumann boundary condition, can be 

clearly observed from the constant profiles in the outlet region. In the case of all spheres active, 

the fluid temperature rapidly increases in the front part of the array and slows down in latter 
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parts due to the decreasing driving force for fluid-particle heat transfer, giving an exponential 

profile. With more large spheres in the system, the cup-average temperature profile has a slower 

increasing rate, although the solid phase fraction is the same. This is due to the smaller specific 

surface at increased particle sizes, leading to less fluid-solid contacting area. Regarding the 

influence of passive particles, as expected, the fluid is less heated by the particles which 

consequently leads to a lower temperature at the outlet. A nearly linear increase is observed in 

case of 90% dilution, which can be explained by the almost homogeneous heating in the full 

packing domain. Higher Reynolds numbers result in a lower heating effect between the 

particles and the fluid under any circumstance. The results obtained from CFM and DFM are 

in excellent agreement. CFM profiles are slightly higher than the DFM profiles, with only a 

few percent (maximal 3%) deviation. The radial fluid temperature profile is plotted as a 

function of the normalized distance to the tube center in Figure 5.7. Due to the continuous rise 

of the fluid temperature in the flow direction, a dimensionless temperature is defined so that it 

can be averaged over axial positions: 

� =
−

−

s f

f

s f

T
T T

T T
 (5.12) 

In this equation, &. is the fixed particle temperature and 〈&�〉 is the cup-average temperature of 

the fluid phase in the current transversal cross-section. With that, the radial fluid temperature 

profile is produced applying the same method used in the axial velocity profile computation, 

namely the circumferential-averaged fluid temperature at each cross-section of the column is 

averaged along the full length of the packing. It should be noted that by using this definition 

with the minus sign in front of &� the apparent change of &�8  is actually opposite to the real 

change of &�. From the figure, large temperature differences are observed in the all particles 

active case. The higher dimensionless temperature differences at the near-wall region result 

from the higher fluid velocities there. By positioning more large particles into the system, this 

difference is reduced to some extent with higher fluid temperature at the near-wall region and 

lower fluid temperature inside the packing. This agrees well with the previous velocity results, 

where it was shown that the channeling effect in the near-wall region is less for larger particles. 

By diluting with passive particles, the temperature difference is dramatically reduced. In other 

words, a more uniform temperature field is obtained radially in the fluid phase if the particle 

array consists of fewer active particles. Increasing the Reynolds number always contributes to 

a more uniform distribution of the temperature field in the transversal cross-sections, but the 

influence is quite limited. Regarding the comparison between two models, it corresponds well 
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with the velocity comparison, however with the deviation slightly amplified. In Figure 5.8 the 

temperature distributions for the longitudinal and transversal cross-sections, at the central plane 

of the column and at the height of 0.1 m in the particle array, respectively, are shown for �
 �

1800. In all cases, the vortex dynamics are clearly visualized behind the particle array. To 

distinguish the two particle types in the figure, the inside of active particles is set equal to the 

surface temperature, whereas a zero value is set to those grids inside the passive particles. The 

fluid is less heated by positioning large particles into the system which is visualized by lower 

temperature inside the array, whereas it solely flows over passive particles without any 

additional heating effect which is identified by zero temperature gradient surrounding these 

particles. 

 

    

(a)                                                                       (b) 

    

(c)                                                                        (d)            

Figure 5.6: Cup-average temperature profile as a function of the normalized length in flow 

direction. The influence of varying particle sizes is presented in top panels and the influence of 

passive particles dilution is presented in bottom panels. The comparison of selected cases 

between CFM and DFM are presented in right panels. 
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(a)                                                                       (b) 

    

(c)                                                                         (d) 

Figure 5.7: Circumferential-averaged fluid temperature profiles as a function of the normalized 

distance to the tube center. The influence of varying particle sizes is presented in top panels 

and the influence of passive particles dilution is presented in bottom panels. The comparison 

of selected cases between CFM and DFM are presented in right panels. 
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Figure 5.8: Temperature distribution of all cases at �
 � 1800, for the central plane in the flow 

direction and the cross-section at the packing height of 0.1 m. 

 

    

Figure 5.9: The reactor-based heat transfer coefficient obtained from two IBM models, for all 

five cases with varying fluid velocities. DFM results are presented in the left panel, whereas 

CFM results are presented in the right panel. 

 

The reactor-based heat transfer coefficient ��,9%:;#!9 is computed to evaluate the overall heat 

transfer performance of the reactor, which is defined as: 

,α =
∆
h

h reactor

total

Q

A T
 (5.13) 

It should be noted, although a dimensionless fashion of the heat transfer coefficient, i.e.: 

Nusselt number, is more general for engineering applications, there is a case with binary 

particle sizes and hence it is preferable to use the dimensional (but consistent) one to avoid 

introducing further debate regarding the equivalent diameter. In this equation, <#!#:= is the total 
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surface area of all active particles. The total amount of heat transferred is computed by selecting 

two transversal cross-sections at the two ends of the column: 

( ) ( ) ( ) ( ), , , , ,, , , ,ρ  = − = − ∫∫
f

h h out h in p f f out f out in f in

S

Q Q Q C u y z T y z u y z T y z dydz  
(5.14) 

and the overall heat transfer driving force is calculated as the logarithmic mean temperature 

[8]: 
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(5.15) 

, ,∆ = −f in s f inT T T  (5.16) 

, ,∆ = −f out s f outT T T  (5.17) 

The computed reactor-based heat transfer coefficient ��,9%:;#!9 is plotted in Figure 5.9, with 

simultaneous comparison between the DFM results and the CFM results. To date there is no 

empirical correlation proposed for heat transfer processes matching the physical model in 

current work, as it is of high difficulty to measure heat transfer data under such complex 

circumstances experimentally. In particular, the adiabatic tube wall and the small ratio of tube 

to sphere diameter are parameters having strong influences on the heat transfer processes, 

which are however not addressed conjointly in literature. The results presented here are 

considered as the first step towards the assessment of the effect of varying particle conditions 

(size and dilution) on the heat transfer processes in adiabatic tubular systems, especially with 

the non-negligible wall effect. The insights revealed from numerical studies are highly reliable, 

as consistent results are obtained from two IBM models which have been verified in previous 

publications [16-19]. In Figure 5.9, the values obtained from the empirical Gunn correlation 

for the SC case are also plotted as reference. Regarding the wall effect, although the heat 

transfer performance is improved to some extent at higher fluid velocities at the near-wall 

region, the strong channeling significantly reduces the overall heat transfer efficiency 

providing the fact that all cases with all spheres active have much lower values than the 

empirical ones predicted by the Gunn correlation. Comparing to studies applying the periodic 

boundary condition in spanwise directions [4, 20, 21], where computed and empirical heat 

transfer coefficients were much closer, the channeling effect at the near-wall region is clearly 

illustrated. It might be unexpected to see an increase of the reactor-based heat transfer 

coefficient by positioning larger particles in the system, as in this case the ratio of tube to sphere 

diameter is smaller and consequently the wall effect should be larger. However, as clearly 
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visualized in Figure 5.5, 5.7 and 5.8, for these larger particles the near-wall channeling effect 

is less. The increase by diluting with passive particles is due to the dramatically improved local 

heat transfer driving force between the particle temperature and the surrounding fluid 

temperature. Considerably lower fluid temperatures were already illustrated in Figure 5.6 and 

Figure 5.8. As forced convection is the main mechanism for heat transfer in the current model, 

the reactor-based heat transfer coefficient increases with higher Reynolds numbers. The two 

IBMs give very similar results, with less than 8% deviation. The reactor-based heat transfer 

coefficients obtained from the CFM are always higher than the ones given by the DFM, and 

this corresponds well with the previously observed behavior of the fluid temperature. 

 

    

(a)                                                                     (b) 

    

(c)                                                                   (d) 

Figure 5.10: The profile of the slice-based heat transfer coefficient at the Reynolds number of 

1200, along the normalized length in the flow direction. The influence of varying particle sizes 

is presented in top panels and the influence of passive particles dilution is presented in bottom 

panels. The comparison of selected cases between CFM and DFM are presented in right panels. 
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Next, the slice-based heat transfer coefficient ��,.=�;%  is computed to describe the spatial 

distribution of the local heat transfer coefficient in the surface perpendicular to the flow 

direction, using the following equation: 

,α λ
∇ ⋅

=
−

f

h slice f

s f

T

T T

n

 (5.18) 

where ∇&� ∙ @AAAAAAAAA is the average temperature gradient at the particle surface for all particle sections 

located in the current slice, and the cup-average temperature of the fluid phase at this particular 

cross-section is used for calculating the local driving force. In the calculation only the sections 

of active particles are considered in the average. The slice-based heat transfer coefficients 

��,.=�;% obtained from simulations are plotted in Figure 5.10 along the flow direction, for the 

case of the Reynolds number of 1200. As expected, fluctuations of the slice-based heat transfer 

coefficient are observed in the full packing zone along the flow direction, which is mainly due 

to the variation of the fluid-particle interface in the cross-sections. In top panels, namely 

undiluted cases, entrance and outlet regions are clearly observed inside the bed. With varying 

particle sizes, there is no distinct difference in the length of the entrance region, which is 

approximately BC *� � 0.3⁄ . The large entrance effect is due to the simultaneous effect from 

both the bulk and the near-wall region, whereas later the bulk is thermally saturated and only 

the near-wall region contributes to the heat transfer. This point will be further revealed in the 

next paragraph. The length of the outlet region is much shorter comparing to that of the entrance 

region, and it seems to be further reduced at larger particle sizes. A region in the middle of the 

packing, namely between the entrance and the outlet regions, has the slice-based heat transfer 

coefficients fluctuating around a constant value and the amplitude is enlarged to some extent 

with larger particle sizes. In bottom panels, the system is diluted by passive particles and the 

profiles behave considerably different. With less active particles in the system, the profile of 

the slice-based heat transfer coefficient rises due to the less thermal saturation in the fluid phase. 

With half of the particles passive, the entrance effect acts over a much longer length with a 

much slower decay rate, comparing to the one of the SC case. No clear “constant” region is 

observed anymore. If the system is further diluted to only 10% active particles, the profile does 

not clearly show a “decay” shape, as the entrance length is so long that only the entrance 

behavior is visualized. It should be noted that the variation of the fluid-particle interface in the 

previous C1 cases is due to the local varying porosity, while in the C2 cases, where the packing 

structure is unchanged, it is due to the varying surface area of active particles contacting with 

the fluid. Reasonably, due to the less even spatial distribution of the active fluid-particle 
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interface, the fluctuation amplitude increases dramatically with more passive particles in the 

system. The slice-based heat transfer coefficients at the Reynolds number of 600 and 1800 have 

very similar behavior with the ones discussed here, with the corresponding profiles lower and 

higher respectively. DFM results and CFM results are in good agreement. Similar to the 

reactor-based heat transfer coefficient, the profiles of the slice-based heat transfer coefficient 

obtained from the CFM are a bit higher in the full packing zone than the ones obtained from 

the DFM. At the same time, the oscillation frequencies are quite close, but the amplitudes are 

always larger in CFM results which is a consequence of the discrete nature of the Lagrangian 

points on the particle surface. 

 

    

(a)                                                                       (b) 

 

(c) 

Figure 5.11: Radial distribution of the particle-based heat transfer coefficient for the SC case 

at three Reynolds numbers. All individual values with the particles in the entrance region 

indicated by open circles are presented in panel (a). The average values with error bar computed 

by excluding particles in the entrance region are presented in panel (b). A parity plot between 

CFM and DFM results at �
 � 600 is shown in panel (c). 
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Taking the advantage that all detailed information can be obtained from DNS, it is interesting 

to go to the bottom level to evaluate the heat transfer performance of individual particles. For 

this purpose, the particle-based heat transfer coefficient ��,D:9#�;=% is defined by the following 

expression: 

( )
,

, 24

Φ
α

π

→
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−

th f s
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s s f
r T T

 (5.19) 

where E#�,�→. is the heat transfer rate, with the normal pointing outward of the solid. This 

quantity is calculated by the integration of the temperature gradient at particle surface over the 

whole particle (with <. of the particle external surface area): 

( ),Φ λ→ = − ∇ ⋅∫
s

th f s f f s

A

T dAn  
(5.20) 

For passive particles, this quantity automatically goes to zero. The fluid cup-average 

temperature of the transversal cross-section at the sphere center is used for the local driving 

force calculation. In Figure 5.11, the radial distributions of the particle-based heat transfer 

coefficient ��,D:9#�;=% for the SC case are shown at different fluid velocities. In the distribution 

containing all individual values (panel (a)), a distinct group of data points indicating a ring-like 

structure is observed near the wall. This ordered packing results from the interaction between 

the particles and the wall, and it decays inside the particle array. Besides the ones at the outer 

shell, it is noticed that a considerable amount of particles inside the array also has large heat 

transfer coefficients. To understand the reason behind these high values, the particles in the 

entrance region are indicated by open circles whereas the remaining particles are indicated by 

closed circles. From the figures, it is clearly identified that large heat transfer coefficients inside 

the array dominantly originate from the particles in the entrance region. There are few closed 

circles with higher values, and simultaneously few open circles are inside the margin of closed 

circles. This can be explained by the property of the porous medium that preferred fluid 

pathways exist inside the particle array. Higher heat transfer coefficients are obtained for all 

particles at higher Reynolds numbers, but the improved amount strongly depends on the local 

flow structure (namely local particle distribution). The average values of the particle-based 

heat transfer coefficients are plotted with the radial position in panel (b). It should be noted that 

only particles behind the entrance region are used for the calculation. As indicated in the figure, 

the particle-based heat transfer coefficient decreases from the outer shell to the array center, 

which is due to the high fluid velocities at the near-wall region. At higher Reynolds numbers, 
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the profile rises with simultaneously increased fluctuations and error bars. This is due to the 

increased heterogeneity of the flow field. Very good agreement is reached between CFM and 

DFM results, with slightly higher values of the CFM results in both individual and average 

values. To offer a more clear comparison, a parity plot between CFM and DFM results at the 

Reynolds number of 600 is shown in panel (c). Besides the confirmation of the preceding 

finding, the figure further reveals wider scatters and larger deviations at higher particle-based 

heat transfer coefficients. 

 

    

Figure 5.12: The influence of particle size on the radial distribution of the average particle-

based heat transfer coefficient at the Reynolds number of 1800. The parity plot in the right 

panel compares the CFM and DFM results for the case C1-2. 

 

With larger particles in the array, the outer ring of the particles still aligns with the tube wall. 

In other words, if a figure is plotted like Figure 5.11(a), two groups of outer-ring particles 

would be observed in the C1-1 case, which correspond to the small particle and large particle 

location in the SC and C1-2 case, respectively. In Figure 5.12, the influence of larger particles 

on the particle-based heat transfer coefficient is shown. The average values with error bars, 

computed by excluding the particles in the entrance region, are plotted in the radial direction 

at the Reynolds number of 1800. The average particle-based heat transfer coefficient decreases 

from outer to inner shells regardless of the tube-to-particle diameter ratio. With more large 

particles, the heat transfer coefficients inside the array increase considerably. Besides that, the 

error bar of particles inside the array becomes larger, as the flow field is more heterogeneous 

at larger particle sizes. A parity plot is made to give an impression of the deviation between 

CFM and DFM results for all individual particle-based heat transfer coefficients in the C1-2 

case, which shows consistent behavior with the SC case. 
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Figure 5.13: The influence of passive particles on the radial distribution (left panel) and the 

enhancement (right panel) of the particle-based heat transfer coefficient (all particles included), 

at the Reynolds number of 1800. 

 

The influence of passive particles on the particle-based heat transfer coefficient is shown in 

Figure 5.13, at the Reynolds number of 1800. Due to the significantly increased length of the 

entrance region, all particles are plotted without any distinction. In the left panel, where the 

individual particle-based heat transfer coefficients are plotted radially, they are more 

homogeneously distributed in the systems diluted by passive particles. In the C2-1 case, a 

decrease from the outer ring to inner particles is still identifiable, however with a much 

diffusive distribution for “bottom” values. In the C2-2 case, this wall-enhanced distribution 

completely disappears such that all active particles have relatively high heat transfer 

coefficients regardless of their radial positions. In the right panel, the heat transfer coefficient 

of individual particle in diluted systems is plotted with its value in the SC case. In other words, 

the dilution effect can be revealed by comparing the heat transfer coefficient of the same 

particle. In the C2-1 case, namely the system diluted by 50% passive particles, a rough linear 

distribution with diffusive upper boundary can be observed, which indicates the limited 

enhancement of the heat transfer performance of active particles by passive particles (i.e.: fluid 

flow dominates the heat transfer behavior). By further dilution, namely the C2-2 case, the 

significant (dominating) effect of the surrounding passive particles can be identified that the 

heat transfer coefficients of all active particles are randomly distributed in a narrow range, 

regardless of their values in the SC case. 
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5.3 Conclusions 

In this chapter, CFM and DFM, which are the two categories of IBMs, are applied to perform 

DNS simulations of heat transfer problems in tubular fluid-particle systems. These two models 

are both extended from the well-developed momentum transfer models to handle heat transfer, 

and are applied to identical physical systems to offer an efficient comparison. Both of the 

methods have the capability to handle mixed boundary conditions at the immersed object 

surface. To be specific, the isothermal and isoflux boundary conditions, which are widely 

encountered in industrial processes, are enforced in the current DNS work. In all simulations, 

excellent agreement are reached between CFM and DFM results, with the deviation being 

below 10%.  

 

In the classical Graetz-Nusselt problem, DNS results are verified to excellently match the 

analytical solutions. In the advanced Graetz-Nusselt problem, namely a dense stationary array 

consisting of hundreds of particles randomly positioned inside a tube with adiabatic wall, the 

influence of particle size, passive particles and the Reynolds number are studied. With larger 

particles, the fluid velocity profile has stronger oscillations inside the particle array, indicating 

a more heterogeneous flow field, and the reactor-based, slice-based as well as the particle-

based heat transfer coefficients are larger. With passive particles, a more uniform fluid 

temperature field is obtained in the transversal cross-sections and the reactor-based heat 

transfer coefficient is dramatically increased. The slice-based heat transfer coefficient is 

increased too, but with more pronounced oscillations, whereas the heat transfer coefficients of 

individual particles are more homogeneously distributed in a narrower range with higher values. 

Higher Reynolds number will improve the heat transfer performance under any circumstance. 
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Chapter 6 

Independently coupled heat and mass 

transfer 

 

 

 

In this chapter, the earlier developed direct numerical simulation (DNS) model is extended to 

study coupled heat and mass transfer problems in fluid-particle systems. On the particles an 

exothermic surface reaction takes place. The heat and mass transport is coupled through the 

particle temperature, which offers a dynamic boundary condition for the fluid phase thermal 

energy equation. Following the case of the unsteady mass and heat diffusion in a large pool of 

quiescent fluid, a stationary sphere under forced convection is considered. In both cases 

variable reaction rates are imposed at the particle surface. After that the DNS model is applied 

to the three-bead reactor, and finally a dense particle array consisting of hundreds of particles 

distributed in a random fashion is studied. The concentration and temperature profiles are 

compared with a 1D heterogeneous reactor model and the heterogeneity inside the array is 

discussed. 

 

 

 

 

 

 

 

This chapter is based on: 

Lu, J., Tan, M.D., Peters, E.A.J.F., Kuipers, J.A.M., Direct numerical simulation of reactive 

fluid-particle systems using an Immersed Boundary Method, submitted to Industrial and 

Engineering Chemistry Research.  
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6.1 Introduction 

Fluid-particle systems are frequently encountered in a wide range of industrial processes, such 

as synthesis of chemicals by heterogeneous catalysis, combustion of pulverized coal and 

coating on particle surfaces. Simultaneously with the mass transfer these processes are often 

accompanied with significant heat effects, which introduces additional complexity to the 

system. Accurate predictions of the gas-solid interactions are of great help to improve 

performance and facilitate optimal design of process equipment. Therefore it is important to 

understand the heat and mass transport processes in a coupled manner in such complex 

heterogeneous systems. 

 

In contrast to numerous studies of momentum transfer in fluid-particle systems, much less IBM 

computational results are available in the field of mass and heat transfer [1-6]. Only a few 

studies on reactive systems involving coupled mass and heat transfer processes, have been 

reported. Dierich et al. [7] applied 2D modeling to study the behavior of ice particles melting 

in the water, where the interfacial heat transfer as well as the phase change phenomena play a 

significant role. The Dirichlet boundary condition is applied on the ice surface. Kedia et al. [8] 

introduced a second order method for simulations of low-Mach number chemically reacting 

flow around heat-conducting immersed solid objects in combustors. A buffer zone is used to 

account for the fluid-solid interactions, where the conjugate heat transfer and the zero species 

penetration are applied. Deen and Kuipers [9] applied the directional quadratic interpolation 

scheme to study the coupled heat and mass transfer in a dense particle array, where they assume 

an infinitely fast chemical reaction proceeding at the particle surface. Also in the combustion 

field, Abdelsamie et al. [10] studied low-Mach number turbulent reacting two-phase flows in 

arbitrary geometries. In their work, CFM and DFM are implemented for moving particles and 

static boundaries respectively, and the source terms for species and thermal energy are directly 

incorporated into the governing equations.  

 

Building on the previous work (Chapter 3 and 4 for mass transfer and Chapter 5 for heat 

transfer), the DNS model which is based on an efficient ghost-cell based immersed boundary 

method is extended to the simulation of reactive fluid-particle systems. The coupling of heat 

and mass transfer arises as a consequence of an exothermic chemical reaction proceeding at 

the exterior surface of the particles that the particle is heated up by the liberated reaction heat 
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and subsequently transfers the thermal energy to the fluid phase. As the Robin boundary 

condition is imposed at the exact fluid-solid interface through a second order quadratic 

interpolation scheme in the IBM, a surface reaction rate is incorporated to describe the interplay 

between chemical reaction and mass transfer processes. For heat transfer processes, the Robin 

boundary condition simply switches into the Dirichlet boundary condition with the solid 

temperature determined by the particle thermal energy equation, which serves as a dynamic 

boundary condition for the fluid phase thermal energy equation. 

6.2 Independent heat and mass coupling 

In this chapter, besides the main assumptions listed in Chapter 2, it is also assumed that the 

intra-particle temperature gradients are negligible and the surface reaction rate coefficient is a 

constant value. In other words, no heat effect on the reaction rate is considered, which leads to 

the concept of independently coupled heat and mass transfer.  

 

The particle temperature is governed by the following equation with the assumption of a 

uniform particle temperature: 

( ), , ,Φ Φ→ →= + −∆s
s p s th f s sp f s r

dT
V C H

dt  
(6.1) 

In this equation, �� is the particle volume, ��,� is the volumetric heat capacity of the solid phase 

and −∆�	 is the reaction enthalpy. The first term on the right hand side is the fluid-solid heat 

transfer rate while the second term represents the rate of reaction heat liberated from a chemical 

reaction. The heat transfer rate and mass transfer rate, with the normal pointing inward of the 

solid, are calculated by the following two equations respectively: 

( ),Φ λ→ = − ∇ ⋅∫∫
s

th f s f f
S

T dSn
 

(6.2) 

( ),Φ → = − ∇ ⋅∫∫
s

sp f s f f
S

D c dSn
 

(6.3) 

Considering an exothermic chemical reaction proceeding at the exterior surface of the particles, 

the heat liberation is assumed to be rapidly transported to the interior of the particle with a 

negligible intra-particle temperature gradient. The coupling between the fluid thermal energy 

equation and the fluid species conservation equation is fulfilled through the particle thermal 

energy equation. In other words, the particle temperature of individual particle offers a dynamic 

boundary condition for the thermal energy equation of the fluid phase.  
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6.3 Results 

In this part, four cases with increasing complexity are presented for coupled heat and mass 

transfer in fluid-particle systems, with an exothermic first order irreversible chemical reaction 

proceeding at the particle surface. Following the comparison between DNS results and 

analytical (empirical) solutions for two single particle systems, the DNS model is applied to 

systems with multiple particles. 

6.3.1 Unsteady heat and mass transport 

Here the unsteady diffusion of a certain species to a sphere, followed by the unsteady 

conduction of thermal energy to the surrounding fluid, is considered. The sphere is positioned 

in the center of a large pool of quiescent fluid. The governing equations for unsteady mass and 

heat diffusion in the fluid phase are described by Equation (2.3) and (2.4) respectively, with 
 

set to zero. The boundary conditions are: 

,0,
=f fwall t

c c
 

(6.4) 

,0,
=

f fwall t
T T

 
(6.5) 

at the boundaries of the simulation domain, and  

,
,

∂
=

∂ s

s

f

f f r t
r t

c
D kc

r
 

(6.6) 

,
=

s
f sr t

T T
 

(6.7) 

at the sphere surface. ��, and ��, are the initial conditions for species and thermal energy 

equation respectively, and Equation (6.4) and (6.5) are valid as long as the diffusion fronts have 

not reached the confining walls. The particle temperature ��  in Equation (6.7) serves as a 

dynamic boundary condition for the fluid phase thermal energy equation, and governed by the 

particle thermal energy equation (Equation (6.1)). 

 

For the DNS the particle is located in the center of a cubic box with a length of 0.04 m. Five 

reaction rates varying from slow reaction to fast reaction are imposed at the sphere surface, 

which correspond to Damköhler numbers of 0.01, 0.1, 1, 10 and 100. The data used for the 

numerical simulation are given in Table 6.1. 
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Table 6.1: Data used for the simulations of unsteady heat and mass transport. 

Parameter Value Unit 

Time step 5×10-5 s 

Grid size 2.5×10-4 m 

Sphere diameter 0.005 m 

Fluid density 1.0 kg/m3 

Fluid thermal conductivity 0.025 W/m/K 

Fluid heat capacity 1000 J/kg/K 

Species diffusivity 2×10-5 m2/s 

Particle volumetric heat capacity 1000 J/m3/K 

Reaction enthalpy -10-5 J/mol 

Fluid initial concentration 1.0 mol/m3 

Fluid initial temperature 293 K 

Particle initial temperature 293 K 

 

An “exact” solution for the particle temperature is obtained by solving the spherically 

symmetric model using a standard second order finite difference technique. In this case, the 

governing equations for unsteady mass and heat diffusion in the fluid phase are only � 

dependence, and respectively described as:  

2

2

∂ ∂ ∂
=  

∂ ∂ ∂ 

f f f
c D c

r
t r r r

 
(6.8) 

2

, 2

λ
ρ

∂ ∂ ∂
=  

∂ ∂ ∂ 

f f f

f p f

T T
C r

t r r r
 

(6.9) 

It should be noted that a very large number of grid points in the radial direction was used to 

obtain this highly accurate numerical solution.  

 

Table 6.2: Comparison between “exact” solutions and DNS results for the temperature 

difference (in K) between the particle and the bulk fluid far from the particle at 3 s. 

�� 0.01 0.1 1 10 100 

“exact” 0.66 6.19 36.89 72.55 80.21 

DNS 0.67 6.25 37.75 73.78 81.16 
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Figure 6.1: Comparison of particle temperature evolution profiles between the “exact” 

solutions and the DNS results, which are indicated by the solid lines and the dashed lines 

respectively.  

 

The comparison of the temperature difference between the particle and the bulk fluid for the 

“exact” solutions and the DNS results at 3 s are listed in Table 6.2. From the table, a good 

agreement is observed for all reaction rates. In Figure 6.1, the particle temperature evolution 

profiles are plotted against time, to compare the DNS results and the “exact” solutions. As 

clearly demonstrated in Figure 6.1, these two solutions are in good agreement. For all reaction 

rates, the species flux is relatively high initially, so that the heat liberated from the exothermic 

reaction rapidly heats the particle up from the initial temperature. After that, a temperature 

difference between the particle and the surrounding fluid is established, so that the heat is 

transferred from the particle to the fluid through unsteady heat conduction. At the final stage, 

the heat removal rate is approaching the heat liberation rate, and therefore a low reaction rate 

results in a low particle temperature. The final stage is achieved faster with higher reaction 

rates, due to the dominating role of the Damköhler number. In other words, the solid 

temperature evolution is fully controlled by the unsteady diffusion, namely the Sherwood 

number, for the case of �� = 0.01. 

6.3.2 Single sphere under forced convection 

Building on the last case, a single stationary sphere under forced convection is now considered. 

The sphere is located at the center of the domain laterally while it is positioned at a distance of 

two times of the sphere size from the inlet in the flow direction. Fluid flows into the system 

with constant inlet concentration of 1 mol/m3 and constant inlet temperature of 293 K. For this 
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system, three reaction rates corresponding to the Damköhler number of 0.1, 1 and 10 are 

considered. Besides the same data used in the last case, fluid viscosity is also required for the 

current numerical simulation which is specified to be 2×10-5 kg/m/s. The simulations are 

computed in a 160×160×160 grid with uniform grid spacing in all directions. At the inlet, 

uniform fluid velocity is imposed, which is varied to give the particle Reynolds number of 20, 

40, 60, 100, 200 and 300. Free slip boundary conditions are applied at the transversal domain 

boundaries for velocity calculation, whereas the standard atmospheric pressure is set at the 

outlet. Homogeneous Neumann boundary condition is used for both concentration and thermal 

energy equations at all domain boundaries except the inlet. 

 

According to Equation (6.1), the particle temperature at steady state is described by: 

( ), ,Φ Φ→ →−∆ = −sp f s r th f sH  (6.10) 

The particle temperature can be calculated from the mass transfer coefficient �� and the heat 

transfer coefficient ��.  

( )( ) ( ),0 , ,0α− −∆ = − −s m f f s r s h f sS k c c H S T T  (6.11) 

where �� is the particle surface area. Equation (6.11) can be rearranged to obtain the following 

expression: 

( )
( ),0

,0

,

2

2 ρ

−∆
= +

+

f rs
s f

s s f p f

c HShDa
T T

Da Sh Nu C Le
 (6.12) 

with the external mass and heat transfer coefficients predicted by the well-known empirical 

Frössling and Ranz-Marshall correlations: 

( ) ( )
1 1

2 32.0 0.6= = +m s
s s

f

k d
Sh Re Sc

D
 (6.13) 

( ) ( )
1 1

2 32.0 0.6
α

λ
= = +sh

s s

f

d
Nu Re Pr  (6.14) 

where ��� is the particle Reynolds number, �� is the Schmidt number and �� is the Prandtl 

number, respectively defined as: 

0
ρ

µ
=

sf
s

f

u d
Re  (6.15) 

µ

ρ
=

f

f f

Sc
D

 (6.16) 
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,µ

λ
f p f

f

C
Pr =  (6.17) 

In Equation (6.12), �� is the Lewis number defined as the ratio of the thermal diffusivity to the 

mass diffusivity: 

,

λ

ρ
= =

f

f p f

f

C Sc
Le

D Pr
 

(6.18) 

In the current work, �� = 1 (and �� = 0.8) is used, which means that the momentum and mass 

(temperature) boundary layers have a similar thickness.  

 

Table 6.3: Comparison of the particle temperature at steady state between DNS results and 

empirical values (indicated as EMP). 

 �� = 0.1 �� = 1 �� = 10 

DNS EMP DNS EMP DNS EMP 

��� = 20 296.7 296.4 319.7 318.0 363.6 360.6 

��� = 40 296.0 295.8 315.7 314.5 360.6 358.1 

��� = 60 295.6 295.5 313.4 312.5 358.3 356.2 

��� = 100 295.1 295.1 310.5 309.9 354.7 353.4 

��� = 200 294.6 294.6 306.9 306.6 348.8 348.7 

��� = 300 294.4 294.4 305.0 304.8 344.9 345.6 

 

In Table 6.3, the comparisons between the simulation results obtained from the DNS model 

and the empirical values calculated using Equation (6.12) are shown. As observed from the 

table, the particle temperature increases with higher reaction rates and decreases with larger 

Reynolds numbers. The former behavior is understood as the result of more heat liberated from 

the chemical reaction, whereas the latter behavior is well explained by the stronger convective 

heat transfer from the particle to the fluid. All results are in good agreement. It is also verified 

that at steady state, the calculated ratio of the heat and mass transfer rates equals the reaction 

enthalpy (-100kJ/mol). 

6.3.3 Three-bead reactor 

In this section, an in-line array of three spheres, the so-called three-bead reactor, is considered. 

The spheres are positioned in a cuboidal domain with the length of 0.10 m in the flow direction 

and 0.01 m in lateral directions. At the domain boundaries, velocity obeys the free slip 
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condition and the system is isolated and adiabatic for species and thermal energy calculation. 

At the outlet, the standard atmospheric pressure is set, and zero gradient boundary condition is 

set for both concentration and temperature. The first sphere is located at a distance of two times 

of the sphere size from the inlet in the flow direction, and the other two spheres are located in 

such a way that the mutual distance between all sphere centers is one and half times of the 

sphere diameter. In this simulation, the reaction rate at the sphere surface is maintained at �� =

1 indicating the equivalent time scale for reaction and diffusion, whereas 3 particle based 

Reynolds numbers ��� = 60, 100 and 200 are applied to the system. All other simulation 

parameters are the same as those in the previous case. 

 

 

Figure 6.2: Evolution profiles of the particle temperature for the three-bead reactor. Particle 

Reynolds number of 60, 100 and 200 are presented by the solid lines, dashed lines and dotted 

lines respectively. 

 

The particle temperature evolution profiles are presented in Figure 6.2. There are two 

contributors to the rise of the particle temperature: liberated reaction heat and convective heat 

transfer. From the figure, it can be inferred that a thermal energy wave is moving through the 

in-line array of three spheres. For all Reynolds numbers, the particle temperature increases 

from the 1st sphere to the 3rd sphere. All spheres rapidly heat up due to the exothermic chemical 

reaction proceeding at the surface. Due to a temperature difference between the particle and 

the surrounding fluid, the thermal energy is transferred from the solid phase to the fluid phase 

and further transported downstream by the fluid flow. For the 1st sphere, the particle 

temperature soon reaches a constant value as the removed heat equals the generated reaction 

heat. For the 2nd and 3rd spheres, the unconverted reactant is partly converted on their surface 
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and the thermal energy in the fluid phase gives additional heating to these spheres. Due to this 

reason, the last sphere takes the longest time to reach the steady state. From the figure, it is also 

clear that with higher Reynolds numbers the final solid temperature is lower and achieved faster 

for all particles. 

 

 

Figure 6.3: Fluid phase cup-average concentration and temperature profiles along the flow 

direction. Three simulation cases with the particle Reynolds number 60, 100 and 200 are 

presented by the solid lines, dashed lines and dotted lines respectively, whereas the blue and 

red colour indicate the concentration and temperature respectively.  

 

The axial profiles of cup-average concentration and temperature in the fluid phase are shown 

in Figure 6.3, which demonstrates the relative contribution of the individual spheres to the 

overall reactant conversion and temperature rise. The cup-average value %  (namely 

concentration or temperature in the current case) is defined by: 

( ) ( )

( )

, , , ,

, ,

φ

φ =

∫∫

∫∫
f

f

f

S

f

S

u x y z x y z dydz

u x y z dydz
 (6.19) 

In this equation, the integration is performed over a cross section �� perpendicular to the flow 

direction &, and '(&, ), *+ is the & component of the fluid velocity at this certain point (&, ), *+. 

It should be noted that, �� only accounts for the part occupied by the fluid phase while the 

points inside the solid phase in the current cross section are not taken into consideration in the 

calculation. From the figure, as expected, it can be seen that three spheres have the same 

contribution to the overall species conversion and temperature rise. This is due to the low 
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reaction rate specified at the sphere surface and hence all three spheres possess almost 

equivalent reaction consumption. Higher Reynolds number will decrease the species 

conversion at the sphere surface, and consequently lead to lower fluid temperature in the system. 

This corresponds well with the lower particle temperature in Figure 6.2. 

 

From the simulation, the overall conversion of the reactant in the three-bead reactor is obtained, 

which is 0.055, 0.035 and 0.019 for the particle Reynolds number of 60, 100 and 200 

respectively. The theoretical fluid outlet temperature can be computed from the adiabatic 

temperature rise:  

( )( ), ,

, ,

,ρ

−∆ −
= +

r f in f out

f out f in

f p f

H c c
T T

C
 (6.20) 

The fluid outlet temperatures given by the simulations are 298.69 K, 296.59 K and 294.95 K 

for increasing Reynolds numbers, which are in good agreement with the theoretically 

calculated values: 298.51 K, 296.48 K and 294.91 K. 

6.3.4 Dense particle array 

For the last case, the proposed DNS model is applied to a dense stationary array consisting of 

a relatively large number of particles with the same size. The particle array is created by the 

hard-sphere Monte-Carlo method and distributed in a random configuration over the 

computational domain with a predefined solid phase packing density of 0.4. The simulations 

are computed on a 3D domain with the packing height of 0.15 m in the flow direction and a 

length of 0.025 m in the lateral direction. In total, 573 spheres are positioned inside the 

simulation domain with a periodic configuration in the cross-sectional directions. For the 

simulation three prescribed uniform fluid velocities are imposed at the inlet, leading to the 

particle Reynolds number of 60, 100 and 200 respectively. A reaction rate equaling the 

diffusion rate, namely �� = 1, is specified at the particle surface. Other parameters used in the 

simulation are the same as those in the second case. The two parameters Schmidt number and 

Prandtl number, describing the relative thickness of the momentum boundary layer to the mass 

and thermal boundary layer, are 1.0 and 0.8 respectively. The periodic boundary condition is 

applied at the lateral domain boundaries for all velocity, concentration and temperature 

calculations. The pressure at the outlet is set as the standard atmospheric pressure, and a zero 

slope boundary condition is set there for species and thermal energy equations.   
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Figure 6.4: The particle configuration for the dense array simulation (left), and the computed 

velocity field (right) for the central plane and three lateral cross sections with the particle 

Reynolds number of 60, 100 and 200 (from left to right).  

 

The computational domain and particle arrangement are shown in Figure 6.4. It should be noted 

that, two empty regions are reserved for the inlet and the outlet, with a length of 0.015 m and 

0.05 m respectively. The incorporation of these two regions is essential to avoid problems for 

inflow development and outflow recirculation. For simulations the mesh resolution ,, defined 

as the ratio of the particle diameter to the grid size, is 20. This value is selected by performing 

a mesh convergence test in a small sub-array, following the methodology in Chapter 3. The 

deviation of the total heat transfer rate in the current work using , = 20 is 4.14%, which is 

slightly higher than the one in the earlier work and can be explained by the increased solid 

phase packing density. The computed velocity field for all three Reynolds numbers are plotted 

in the longitudinal and transversal cross sections. The longitudinal cross section is the central 

plane of the particle array, whereas the three transversal cross sections are located at the 

packing height of 0.005 m, 0.075 m and 0.145 m respectively. In velocity maps, the periodic 

flow field in the lateral directions and the preferred flow pathways in the array are clearly 

observed. Note that with the current DNS model, the velocity field is obtained for the entire 

computational domain, i.e. also inside the particles, however it is zero there due to the particular 

enforcement of the no-slip boundary condition at the particle surface. The complexity of the 
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flow structure is depicted by the transversal cross sections along the packing that the local 

increase of the fluid velocity significantly varies with the local porosity (caused by the variation 

of the local particle structure). With increased Reynolds numbers, besides a more 

heterogeneous flow field inside the array, a more unsteady wake is observed at the rear of the 

particle array which develops from straight streamlines into vortex. The periodically distributed 

particles, which are ‘cut’ by the domain boundaries, are clearly visualized in Figure 6.4.  

 

 

Figure 6.5: Cup-average concentration and temperature profiles obtained from the dense 

particle array simulations. The case with the particle Reynolds number 60, 100 and 200 are 

respectively indicated by the solid, dashed and dotted lines, whereas the concentration and 

temperature profiles are indicated by the blue and red colour respectively. 

 

The evolution of the cup-average concentration and temperature along the particle array is of 

high interest for industrial applications, as it may indicate an approximate reactor length for the 

design purpose or an appropriate feedstock amount for the production process. The calculations 

of the cup-average concentration and temperature are given in the preceding section (Equation 

(6.19)). In Figure 6.5, the cup-average concentration and temperature profiles of the fluid phase 

are shown as a function of the domain coordinate in the flow direction. The empty inlet and 

outlet regions are clearly visible as here the profiles are constant. Within the packing range, the 

species concentration decreases due to the chemical reaction proceeding at the external surface 

of the particles and the fluid temperature increases due to the particles that are heated up by the 

heat liberated from the exothermic reaction. As expected, higher Reynolds number will 

decrease the decay rate of the concentration and consequently lead to lower species conversion, 

which will accordingly reduce the temperature rise of the system. Similarly to the three-bead 
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Figure 6.6: Concentration and temperature distribution for the central plane of the particle array, 

with the particle Reynolds number of 60, 100 and 200 (from left to right). Note that the particle 

temperature is also indicated in the figure.  

 

reactor, the computed fluid temperature at the outlet, 381.4 K, 370.2 K and 352.8 K for the 

particle Reynolds number of 60, 100 and 200 respectively, can be compared with the value 

predicted by Equation (6.20). For increasing Reynolds numbers, the overall conversion 

obtained from the simulations are 0.908, 0.796 and 0.620, and the sequential calculation gives 

the values of 383.8 K, 372.6 K and 355.0 K respectively. The concentration and temperature 

distribution are shown in Figure 6.6 for the central plane of the particle array. It should be noted 

that, not only the information of the fluid phase but also the information of the solid phase is 

visualized in this figure. The concentration inside the particles is zero due to the assumption of 

the reactive external surface, whereas the temperature inside individual particles is its real solid 

temperature computed by the DNS model. This is a very important point, as it may help us to 

find out where local high temperatures are located. Although the cup-averaged values in Figure 

6.5 show that the fluid temperature increases along the flow direction, from Figure 6.6 it can 

be clearly observed that both fluid and particle temperature vary in the transversal cross section. 
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High solid temperature occurs at regions with local dense particle configuration, especially for 

particles suffering from blockage effect. The increased solid temperature consequently heats 

up the surrounding fluid and results in the nonuniform temperature distribution in the fluid 

phase. This heterogeneity is intensified at higher Reynolds numbers. In Figure 6.6, it is clearly 

observed that the system’s thermal energy continuously accumulates along the flow direction. 

In other words, the heat produced by the exothermic chemical reaction is stored in the particles 

and propagates to downstream particles by the convective heat transfer of the fluid.   

 

In more empirical approaches the transport behavior of packed beds is commonly described by 

the classic one dimensional heterogeneous model. By incorporating the chemical reaction rate, 

the following equations are obtained for the fluid phase at steady state: 
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where - is the void fraction of the particle array and �� is the specific fluid-particle contact 

surface area given by: 
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�./ and 0./ are the axial dispersion coefficient and the axial conductivity respectively. The 

Damköhler number is a predefined value in current simulations, whereas the Sherwood number 

is computed from the empirical Gunn correlation [11]: 
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In this equation, ��� is the particle Reynolds number calculated with the inlet fluid superficial 

velocity '12. For more details of this one dimensional heterogeneous model, the interested 

reader is referred to Appendix E. In Figure 6.7, the comparisons of the cup-average 

concentration and temperature profiles between the DNS results and the 1D model are shown. 

As presented by the figure, good agreements are reached for the overall features of the profiles. 

The important discrepancy is that, the DNS model gives a faster and higher species 

consumption and consequently a similar trend for thermal energy than the ones predicted by 

the 1D model. This discrepancy further increases at higher Reynolds numbers, and the reason 

is thought to be the inhomogeneous flow pattern inside the particle array. In the figure, the 1D 
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profiles without the axial dispersion effect (for both species and thermal energy transport) are 

also plotted. As expected, the axial dispersion plays a more pronounced role at low Reynolds 

numbers and it is negligible for the range of the Reynolds number considered in the current 

work due to the dominating role of the convective transport. 

 

 

 

Figure 6.7: Comparisons of the fluid cup-average concentration (top) and temperature (bottom) 

profiles among the DNS results, the 1D model using the Sherwood number obtained from the 

Gunn correlation and the 1D model without the axial dispersion effect using the same 

Sherwood number.  

 

The average Sherwood number obtained from the slice-based computation is as well used in 

the 1D model. It is calculated by the following expression in planes perpendicular to the flow 

direction: 
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where the numerator and denominator account for the average concentration gradient and the 

average driving force respectively, for all parts of the particle surface within the current plane. 

As shown in Figure 6.8, the slice-based Sherwood number describes the local variation of the 

mass transfer performance in the streamwise direction, which oscillates in the full packing 

region due to the varying fluid-particle interface area in each transversal plane. From the figure 

it can be concluded that the Sherwood number is statistically homogeneous because it is 

independent of the streamwise coordinate except for a very small slab at the end of the array. 

The Sherwood numbers within this slab significantly deviate from the homogeneous value, and 

hence is excluded in the average value calculation. In Table 6.4, the average Sherwood number 

is compared with the value obtained from the Gunn correlation. As predicted by the correlation, 

the Sherwood number increases with higher Reynolds numbers, however accompanied by 

larger deviations. Similar behavior has been reported by other studies [4, 6, 12], and the values 

obtained from their refitted correlations are also listed in the table. The utilization of the average 

value does not help to improve the prediction of the 1D model, as depicted by Figure 6.9. Due 

to the lower values applied in the 1D model, the concentration profiles are somewhat higher 

than the ones computed using the Gunn correlation and the temperatures lower.  

 

 

Figure 6.8: Slice-based Sherwood number along the flow direction for all three Reynolds 

numbers.  
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Table 6.4: Comparison of the average Sherwood number among the Gunn correlation, refitted 

correlations from literature and the DNS results. 

��� Gunn Tavassoli [4] Sun [6] Slice-based Particle-based 

60 12.90 10.99 10.30 11.65 14.47 

100 15.81 14.30 13.03 14.13 15.73 

200 21.59 - - 17.69 18.60 

 

 

 

Figure 6.9: Comparisons of the fluid cup-average concentration (top) and temperature (bottom) 

profiles among the DNS results, the 1D model using the Sherwood number obtained from the 

slice-based computation and the 1D model using the Sherwood number obtained from the Gunn 

correlation. 
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Figure 6.10: Distribution of the Sherwood number of individual particles in the flow (top) and 

lateral (bottom) directions.  

 

The previous results indicate that the variable flow field inside the array, which results from 

the absence of a homogeneous packing structure, has considerable influence on the local 

transport performance of individual particles. Monitoring the variation from particle to particle 

may help us to gain deeper understanding of the heterogeneity. For this purpose, the Sherwood 

number of individual particle is computed, which is defined as: 
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The numerator is the average concentration gradient, whereas the denominator is the local 

driving force for individual particle which is calculated as the difference between the cup-

average concentration at the center position of the particle and the average surface 
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concentration of the particle. There are two advantages by applying this definition. On one 

hand, it is closely related to the slice-based calculation, as the average over particles around a 

certain position should be close to the �ℎ�4156 there. On the other hand, rather than the overall 

value obtained from the slice-based calculation, this particle-based quantity is commonly used 

in the coarser scale models to characterize the interfacial transfer. In Figure 6.10, the values of 

the computed Sherwood number of individual particles are plotted as a function of the 

streamwise (x) and spanwise (z is shown here) directions. As wall effects are eliminated by 

applying the periodic boundary condition at the spanwise boundaries, no entrance region is 

observed for �ℎ�.	71546,1 in the flow direction (top panel) and no predominant high values are 

observed at the lateral boundaries (bottom panel). The average value over all particles are listed 

in Table 6.4 as well, and the standard deviation decreases with increasing Reynolds numbers, 

which is 12.14, 9.21 and 8.13 respectively. From the figure, it seems that the Sherwood number 

of individual particles have a quite uniform and homogeneous distribution in all directions. 

However, some details are worth being discussed. First, decrease of the Sherwood number at 

high Reynolds number. Although most particles behave in the same way as the overall 

Sherwood number, namely that the value increases with higher Reynolds numbers, some 

particles have a completely opposite behavior, namely that the maximal value occurs at ��� =

60. This indicates the preferred flow path inside the array that the fluid channels somewhere 

and leads to stagnation in other places, especially at high Reynolds number. Second, variation 

of the Sherwood number in the same plane perpendicular to the flow direction. The local 

heterogeneity can be more pronouncedly revealed by looking at the particles at the same 

position along the flow direction, which can even differ up to 100%. Since �ℎ�.	71546,1  is 

defined as the ratio of the concentration gradient and the concentration driving force, it can be 

concluded that at least one of them is not constant at the same cross section perpendicular to 

the flow. This is in contrast to the assumptions employed in the 1D model that both gradient 

and driving force mainly change in the flow direction, and this may explain the deviation in 

the previous results. In Figure 6.11, the concentration gradient and the concentration driving 

force are plotted at the particle Reynolds number of 200 in the streamwise direction. As 

expected, both gradient and driving force decrease along the particle array. In the figure, it is 

clearly demonstrated that the particles in the same transversal plane experience some 

differences for the concentration gradient, however differences for the concentration driving 

force are much more significant. To confirm this finding, the gradient and the driving force for 

thermal energy transfer are also plotted in Figure 6.11, which show the same behavior. This 
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well explains the variations in the previous results, and may indicate the improper usage of the 

cup-average concentration for the driving force calculation. In other words, particles in the 

same spanwise plane may not feel the same driving force, instead, they are more likely affected 

by a local driving force which is based on the local microstructure around each particle. 

However, this may trigger further questions on how to derive an overall value from individual 

values, which can be then applied in phenomenological models. This raises a challenge for 

future research to analyze really local and detailed information, which is realizable by using 

DNS.  

 

 

 

Figure 6.11: Distribution of the mass (top) and thermal energy (bottom) gradient and the 

driving force of individual particles along the flow direction, at the particle Reynolds number 

of 200. 
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6.4 Conclusions 

In this chapter, the earlier developed DNS model is extended for simulations of reactive fluid-

particle systems, namely coupled heat and mass transfer processes. An exothermic first order 

irreversible chemical reaction proceeds at the exterior surface of the particle, whose reaction 

rate is incorporated into the Robin boundary condition which is further incorporated into the 

fluid species equation at the discrete level implicitly. The liberated reaction heat heats up the 

particle, whose temperature offers a dynamic boundary condition for the fluid thermal energy 

equation.  

 

Using the extended DNS model, four fluid-solid systems are studied. The particle temperature 

obtained from DNS agrees well with the value obtained from the well-established solutions for 

a single sphere under both unsteady and convective situation. In the three-bead reactor, the 

particle temperature increases from the 1st sphere to the 3rd sphere and the species conversion 

decreases at higher Reynolds numbers. The adiabatic temperature rise obtained from DNS is 

in a good agreement with the theoretical value. For the dense particle array, the fluid 

concentration and temperature profiles are obtained and compared with the 1D heterogeneous 

model. The qualitative agreement is good, however the quantitative discrepancy is thought to 

be caused by the heterogeneity inside the array which is further amplified at higher Reynolds 

numbers. This point is visualized in both velocity and temperature distributions. Further 

analysis of the Sherwood number of individual particles reveals that the particles in the same 

transversal plane experience large variations which mainly come from the widely scattered 

driving force.  
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Chapter 7 

Dependently coupled heat and mass 

transfer 

 

 

 

In this chapter, the earlier developed direct numerical simulation (DNS) model moves one step 

further to reality for modeling of reactive fluid-particle systems. With an exothermic first order 

reaction proceeding at the particle surface, the solid temperature rises and consequently 

increases the reaction rate via an Arrhenius temperature dependence. In other words, the heat 

and mass transport is dependently coupled through the particle thermal energy equation and 

the Arrhenius equation, which offer dynamic boundary conditions for the fluid phase thermal 

energy equation and species equation respectively. Different fluid-particle systems are studied 

with increasing complexity: a single sphere, a three-bead reactor and a dense stationary array 

consisting of hundreds randomly generated particles. In these systems the mutual impacts 

between heat and mass transport processes are investigated. 

 

 

 

 

 

 

 

 

This chapter is based on: 

Lu, J., Peters, E.A.J.F., Kuipers, J.A.M., Direct numerical simulation of fluid flow and 

dependently coupled heat and mass transfer in fluid-particle systems, submitted to Chemical 

Engineering Science.  
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7.1 Introduction 

Reactive fluid-particle systems are frequently encountered in a wide range of processes, such 

as catalytic synthesis in chemical industry, coal combustion in energy industry and ore 

reduction in metallurgical industry. Two important factors need to be considered in such 

complex heterogeneous systems: variable reaction rates and significant heat effects, which pose 

considerable challenges to the equipment design as well as the process performance. The 

complexity is further increased if the mass and heat transfer processes are mutually influenced. 

In other words, the heat effect associated with the mass transfer process will in turn influence 

the mass transfer process itself. Under this circumstance, fundamentally understanding the heat 

and mass transport processes as well as the fluid flow is of tremendous importance. 

 

Due to the limitation of computational power, most of the earlier CFD work on reactive fluid-

particle systems were limited to large scale models. Holloway and Sundaresan [1] studied 

reacting gas-particle flows using coarse-grained two-fluid models. In their studies, constitutive 

relations for the filtered reaction rate and filtered species dispersion are postulated to close the 

filtered species balance equation, and effective reaction rates are used to rationalize the over-

prediction in reactant conversion. Xue and Fox [2] applied kinetic theory based multi-fluid 

Eulerian model to study biomass gasification in fluidized bed gasifiers. Chemical kinetic 

models and variable-particle-density model are coupled with the governing equations, and a 

time-splitting approach with fractional-time-step adaption is employed to maintain numerical 

stability of transport-reaction coupling. Zhuang et al. [3] combined discrete element method 

(DEM) with CFD to describe the gas-solid flow behavior in a fluidized bed reactor for 

methanol-to-olefins processes. The reaction is accounted for by incorporating the lumped 

kinetics into the gas phase, and the heat transfer is considered between particles as well as 

between gas and particles. Ku et al. [4] proposed a CFD-DEM model to simulate biomass 

gasification in a fluidized bed reactor. Devolatilization, pyrolysis, char conversion, water 

vaporization and particle shrinkage are all considered for individual particles. Source terms 

resulting from the particle phase reactions as well as the reduced gas phase reactions are 

included in the gas phase equations.   

 

Contrary to intensive studies of the momentum transfer in fluid-particle systems using IBM, 

much less attention was paid to the field of mass and heat transfer. Mass transfer studies have 
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been reported by, e.g.: Deen and Kuipers [5] applying DFM to dense fluid-particle systems 

assuming infinitely fast surface reaction and Gong et al. [6] applying CFM to permeable 

moving interfaces which are deformable and interact with the surrounding fluids. A somewhat 

larger amount of studies regarding heat transfer have been reported by, e.g.: Feng and 

Michaelides [7] applying CFM to particulate flows assuming constant temperature at the sphere 

surface, Tenneti et al. [8] applying CFM to account for the thermal interaction between the 

fluid and the isothermal particles in a statistically homogeneous particle domain and Xia et al. 

[9] applying DFM to study the impact of natural convection on the cooling process of a freely 

settling sphere. In the scope of coupled heat and mass transfer very few IBM computational 

results are available. Deen and Kuipers [10] extended their preceding DFM model to chemical 

reaction with heat production in a random array of stationary particles. Abdelsamie et al. [11], 

Validi et al. [12] and Boukharfane et al. [13] studied compressible reactive multicomponent 

flows in combustion processes, with the source terms included in the conservation equations 

and IBM implemented to enforce the zero-gradient boundary condition for complex engine 

geometries or moving fuel particles. Some researchers reported particle-resolved numerical 

simulations for reactive fluid-particle systems without using IBM. Wehinger et al. [14] studied 

dry reforming of methane in catalytic fixed bed reactors. 113 spheres were generated by DEM 

and detailed reaction mechanisms were applied. The boundary condition assumes that the 

produced/consumed species at the catalyst surface by desorption/adsorption equals the 

diffusive mass flux from/to the catalyst. Dixon [15] studied steam methane reforming in a 

random packed bed inside a slender tube. The fluid flow field is fully coupled to the 

temperature and species distributions inside the catalyst through the solid particle method, 

which solves the conservation equations in both fluid and solid phases and offers the interfacial 

coupling. Schulze et al. [16] studied char conversion processes in fixed bed gasifiers. The 

species net production and the total reaction heat are directly incorporated into the governing 

equations. The species concentration and temperature on the particle surface, i.e.: boundary 

conditions, are evaluated by balancing the transport and reactions.  

 

In this chapter, the earlier developed DNS model is extended to simulate coupled heat and mass 

transfer processes in reactive fluid-solid systems. With the ghost-cell based immersed 

boundary method, the fluid-solid coupling is realized by a second order quadratic interpolation 

scheme, which enforces the Robin boundary condition exactly at the particle surface and 

implicitly at the level of discretized equations. A surface reaction rate is incorporated into the 

Robin boundary condition to describe the interplay between chemical reaction and mass 
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transfer processes in fluid-particle systems, while the Robin boundary condition reduces to the 

Dirichlet boundary condition with the value of the particle temperature. It should be noted, the 

heat and mass transfer are dependently coupled in the DNS model. In other words, the solid 

temperature is determined by the thermal energy equation of individual particles which offers 

a dynamic boundary condition for the fluid phase thermal energy equation, while the surface 

reaction rate of each particle is updated through the Arrhenius equation which serves as a 

dynamic boundary condition for the fluid phase species equation. 

7.2 Dependent heat and mass coupling 

The particle temperature rises due to the exothermic catalytic reaction proceeding at the particle 

surface. Simultaneously, the increased particle temperature results in a higher reaction rate for 

the chemical reaction and consequently a higher heat production rate at an increased interfacial 

mass transfer rate. At steady state, the liberated reaction heat is fully carried away by the fluid 

flow, which implies a constant particle temperature. 

 

Building on the work of Chapter 6, where the solid phase thermal energy equation is introduced, 

the influence of the temperature on the reaction rate coefficient is accounted for by the well-

known Arrhenius equation: 

−

= s

aE

RTAek  (7.1) 

where �  is the pre-exponential factor, ��  is the activation energy of the current catalytic 

reaction,  � is the universal gas constant and �� is the particle temperature in Kelvins. At the 

end of every time step, the solid temperature and subsequently the reaction rate coefficient of 

individual particles are computed, which respectively serve as the updated boundary conditions 

for the fluid phase thermal energy and species equation at the new time step.  

 

It should be noted that, the parameters of the Arrhenius equation, namely the pre-exponential 

factor and the activation energy, as well as the parameters of the system, namely the initial 

temperature and the reaction enthalpy, are adopted from realistic parameters of the methane 

partial oxidation reaction (POX) [17] and applied to all simulations in this chapter. 
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7.3 Results 

In this part, results obtained for different fluid-particle systems with increasing number of 

particles: a single sphere, three spheres and a dense array, are presented. These systems are 

highly related to engineering applications and reveal the strong points of the DNS model in the 

framework of reactive fluid-particle systems.  

7.3.1 Single sphere system 

In this section, a single stationary sphere positioned in the fluid is considered. Free slip 

boundary condition is applied at the domain boundaries for the computation of the velocity 

field, whereas homogeneous Neumann boundary is applied there for the species and thermal 

energy conservation equations indicating an isolated and adiabatic system. The pressure at the 

outlet is prescribed as the standard atmospheric pressure, and both species and temperature 

boundary conditions there are specified as a zero slope condition. Fluid flows into the system 

with a prescribed uniform velocity of 0.08 m/s, 0.24 m/s, 0.4 m/s, 0.8 m/s and 1.2 m/s, 

corresponding to the particle Reynolds number of 20, 60, 100, 200 and 300 respectively. The 

fluid inlet concentration and temperature are set to be the same as the initial values of the 

system. The mesh resolution � = 20, defined as the ratio of the sphere diameter to the grid 

size, has been tested in Chapter 3. The data used for the numerical simulation are given in Table 

7.1. 

 

At steady state the particle temperature becomes constant, and the solid phase thermal energy 

equation reduces to the following one: 

( ), ,Φ Φ→ →−∆ = −sp f s r th f sH  (7.2) 

indicating that the heat liberated from the chemical reaction is fully transferred to the fluid. 

This equation can be rewritten with the mass transfer coefficient ��  and the heat transfer 

coefficient �: 

( )( ) ( ), , ,α− −∆ = − −s m f in f s r s h f in sS k c c H S T T  (7.3) 

where �� is the particle surface area. Further rearrangement leads to the particle temperature at 

steady state, given by the following equation: 
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where ��  is the Lewis number defined as the ratio of the thermal diffusivity to the mass 

diffusivity: 
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f p f

f

C Sc
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D Pr
 

(7.5) 

Note that the Damköhler number is temperature dependent due to the Arrhenius dependence 

of the reaction rate, so Equation (7.4) is in fact a non-linear equation. 

 

Table 7.1: Data used for the simulation of single sphere system. 

Parameter Value Unit 

Particle radius 0.0025 m 

Fluid density 1.0 kg/m3 

Fluid viscosity 2×10-5 kg/m/s 

Fluid diffusivity 2×10-5 m2/s 

Fluid thermal conductivity 0.025 W/m/K 

Fluid heat capacity 1000 J/kg/K 

Particle volumetric heat capacity 1000 J/m3/K 

Reaction enthalpy -3×104 J/mol 

Fluid initial concentration 10 mol/m3 

Fluid initial temperature 900 K 

Particle initial temperature 900 K 

Pre-exponential factor 105 m/s 

Activation energy 105 J/mol 

 

A special case without convective transport is first considered. The governing equations for 

unsteady mass and heat diffusion in the fluid phase are described by Equation (2.3) and (2.4) 

respectively, with u set to zero. In DNS, the boundary conditions at the simulation domain are: 

,0,
=f fwall t

c c  (7.6) 

,0,
=f fwall t

T T  (7.7) 

for species and thermal energy conservation equations respectively. These two equations are 

valid as long as the diffusion fronts have not reached the confining walls. For efficient 

utilization of computational resources, the particle is located in the center of a cubic box with 
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360 grid cells in each direction. To offer an “exact” solution for the evolution profile of the 

particle temperature, the model composed of the spherical symmetric problem is solved by a 

standard second order finite difference technique. In this case, the governing equations for 

unsteady mass and heat diffusion in the fluid phase are respectively described as: 

2

2

∂ ∂ ∂
=  

∂ ∂ ∂ 

f f fc D c
r

t r r r
 (7.8) 
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The heat and mass transfer rates required in the particle thermal energy equation are redefined 

as: 
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It should be noted here that a very large number of grid points in the radial direction was used 

to obtain this highly accurate numerical solution. The dimensionless time, the Fourier number 

��, is calculated as: 

2
=

f

s

D
Fo t

R
 (7.12) 

In Figure 7.1 the particle temperature evolution profile is plotted along the time scale, to give 

a comparison between the DNS result and the “exact” solution. As clearly demonstrated in the 

figure, these two solutions reach a good agreement. The slight difference might originate from 

different time integration methods, as a second order one is used in the “exact” solution. The 

species flux is relatively high at initial time steps, so that the heat liberated from the exothermic 

reaction sharply heats the particle up. Consequently, the reaction rate is further increased and 

the heat is transferred from the particle to the surrounding fluid through unsteady heat 

conduction. The particle temperature attains a constant value as ultimately the heat removal 

rate equals the heat liberation rate. 
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Figure 7.1: Comparison of the evolution profile of the particle temperature between the “exact” 

solution and the DNS result, for the limiting case of unsteady mass and heat diffusion around 

a single stationary sphere. 

 

Table 7.2: Comparison of the final particle temperature among DNS results, empirical values 

(indicated as EMP) and theoretical calculations (indicated as THE), as well as the comparison 

of the Sherwood number and the Nusselt number between the DNS results and the empirical 

values (with the deviation DEV), for a single stationary sphere under forced convection.  

��� 
�� �ℎ� ��� 

DNS EMP THE DNS EMP DEV DNS EMP DEV 

20 1150.1 1148.6 1149.8 4.42 4.68 -5.5% 4.22 4.49 -6.0% 

60 1150.4 1150.3 1150.5 6.38 6.65 -4.1% 6.06 6.31 -4.0% 

100 1149.9 1150.8 1150.1 7.70 8.00 -3.7% 7.31 7.57 -3.4% 

200 1147.9 1151.1 1147.9 10.12 10.49 -3.5% 9.66 9.88 -2.2% 

300 1145.2 1151.0 1145.1 11.63 12.39 -6.1% 11.20 11.65 -3.9% 

 

For the simulations with convective mass and heat transfer, the sphere is located at the center 

of the domain laterally while it is positioned at a distance of two times of the sphere size from 

the inlet in the flow direction. From Equation (7.4), the final particle temperature can be 

iteratively computed, using the Sherwood number and the Nusselt number provided by the 

well-known empirical Frössling and Ranz-Marshall correlations respectively: 

( ) ( )
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s s
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k d
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D
 (7.13) 
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where the particle Reynolds number ���, the Schmidt number �� and the Prandtl number	�� 

are respectively defined as: 
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In Table 7.2, the comparison is shown for the particle temperature at steady state between the 

DNS results and the empirical values. An interesting discrepancy is that, compared to the 

empirical results, the DNS gives particle temperatures of a few degrees higher at low Reynolds 

numbers and few degrees lower at high Reynolds numbers. To facilitate the investigation of 

the cause, the Sherwood number and the Nusselt number obtained from the DNS are also listed 

in the table, which are computed by the following two equations respectively: 
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where the mass transfer rate ���,�→� and the heat transfer rate � �,�→� are the same ones used 

in the solid phase thermal energy equation. As predicted by the empirical correlations, the 

interfacial mass and heat transfer performance are both enhanced with increasing Reynolds 

numbers, and the Sherwood numbers are always larger than the Nusselt numbers due to the 

slightly thinner mass boundary layer (�� = 1 vs. �� = 0.8). However, different deviations are 

noticed for the Sherwood number and the Nusselt number at the same Reynolds number, and 

this small difference leads to the discrepancy of the final particle temperature. In other words, 

DNS simulation is quite sensitive to the relative deviation between the Sherwood number and 

the Nusselt number. For example, at ��� = 20 the heat transfer rate is slightly lower and hence 

the particle temperature is higher than the empirical value, while at ��� = 300  the mass 

transfer rate is slightly lower and hence the particle temperature is lower than the empirical 

value.  
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It is expected that the Sherwood and Nusselt numbers obtained from DNS are smaller than the 

empirical values, as this underestimation has already been reported by other researchers [18-

20]. The slightly different deviations for the heat and mass transfer processes can be reasonably 

explained by the different boundary conditions. To be specific, ��,� in Equation (7.18) is the 

average species concentration of local values over the sphere surface, while �� in Equation 

(7.19) is constant everywhere on the sphere surface.  

 

The heat and mass balance of the DNS model can be verified by computing the theoretical 

values of the particle temperature using the Sherwood, Nusselt and Damköhler numbers 

obtained from the DNS results. The comparison is listed in Table 7.2 and shows good 

agreement. One can further observe that the final particle temperatures are not sensitive to the 

change of the particle Reynolds numbers. It can be explained as follows. In case the Damköhler 

number is much larger than the particle Sherwood number and the convection term dominates, 

the reaction-transport competition term becomes unity and the heat-mass coupling term is 

simplified, respectively. The effective reaction rate is nearly fully transport limited. Under 

these circumstances, Equation (7.4) is rewritten as the following expression, which is 

independent of the particle Reynolds number.  
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7.3.2 Three spheres system 

In this section, an in-line array of three spheres, the so-called three-bead reactor, is considered. 

The spheres are positioned in a cuboid domain with 0.08 m in length and 0.01 m in lateral 

directions. At the inlet fluid flows into the system with uniform velocity and constant 

concentration and temperature, while at the outlet the pressure is prescribed as the standard 

atmospheric pressure and both concentration and temperature are specified as the zero gradient 

boundary condition. At the lateral boundaries of the simulation domain, free slip boundary 

conditions are applied for the velocity field calculation and zero-flux Neumann boundary 

condition is applied for the concentration and temperature field calculation. The first sphere is 

located at a distance of two times of the sphere size from the inlet in the flow direction, and the 

other two spheres are located in such a way that the mutual distance between all sphere centers 

is one and half times of the sphere diameter. For the simulation three particle Reynolds numbers 
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of 60, 120 and 240 are applied, and all other simulation parameters are the same as those in the 

previous single sphere system. 

 

    

Figure 7.2: Species concentration (left) and temperature (right) distribution of the central plane 

inside the reactor. From top to bottom, the particle Reynolds number is 60, 120 and 240, 

respectively. 

 

Figure 7.2 illustrates the simulation results of the concentration and temperature distribution in 

the central plane of the three-bead reactor at steady state for all three Reynolds numbers. It 

should be noted that, inside the particle the concentration is zero whereas the temperature is 

uniform. The temperature difference between subsequent particles can be clearly observed at 

the particle Reynolds number of 240. In the figure, the influence of the fluid velocity is clearly 

visible in the wake behind the spheres. In the wake behind the third sphere the concentration 

(temperature) field develops from a central region to two circulating eddy rings. The final 

particle temperatures together with the corresponding Sherwood numbers and Nusselt numbers 

are listed in Table 7.3. The Sherwood and Nusselt numbers are computed by Equation (7.18) 

and (7.19) respectively. As expected the interfacial transfer performance is improved at higher 

Reynolds numbers. It is observed that both heat and mass transfer have a worse performance 

for the latter spheres. This is due to the shielding effect of the front particles. The particle 

temperature at steady state is of high interest, as both convective heat transfer and liberated 

reaction heat contribute to the rise of the particle temperature. The front particle transfers the 

thermal energy to the fluid and subsequently to downstream particles, simultaneously 

unconverted species reacts to give additional heating. At the particle Reynolds number of 60, 

three particles have solid temperatures that only differ slightly in the final state. The slightly 

lower value of the 2nd sphere is understood as the blockage effect, whereas the small increase 

of the 3rd sphere temperature may result from the fully developed fluid flow behind the sphere. 

At the particle Reynolds number of 120, similar behavior is observed with even closer values 
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of the particle temperatures. At the particle Reynolds number of 240, the system has a 

completely different behavior that the particle temperature increases from the 1st sphere to the 

3rd sphere. In this circumstance, the convective heat transfer plays an important role that the 

thermal energy transferred from the fluid to the sphere leads to a further increase of the particle 

temperature and consequently more reaction heat liberated at an improved reaction rate.  

 

Table 7.3: Solid temperature, Sherwood number and Nusselt number of each sphere at steady 

state, for three particle Reynolds numbers.  

��� 60 120 240 

1st sphere 

�� 1151.3 1150.5 1142.2 

�ℎ� 6.78 8.71 10.89 

��� 6.42 8.24 10.61 

2nd sphere 

Ts 1150.8 1150.2 1144.9 

�ℎ� 4.09 5.02 6.18 

��� 3.89 4.78 6.00 

3rd sphere 

Ts 1151.1 1150.4 1147.8 

�ℎ� 3.61 4.44 5.75 

��� 3.44 4.23 5.52 

 

 

Figure 7.3: Fluid phase cup-average concentration and temperature profiles along the flow 

direction. The solid lines and the dashed lines stand for concentration and temperature 

respectively, and the blue, red and green lines represent the particle Reynolds number of 60, 

120 and 240 respectively. 
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The axial profiles of cup-average concentration and temperature in the fluid phase are shown 

in Figure 7.3, which demonstrates the relative contribution of individual spheres to the overall 

reactant conversion and temperature rise. The cup-average value is calculated by the following 

equation: 

( ) ( )
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In this equation, the integration of the fluid variable %� (concentration � or temperature �) is 

performed over a surface �� (with only the part occupied by the fluid) perpendicular to the flow 

direction &, and �'&, (, )* is the & component of the fluid velocity at this certain point '&, (, )*. 

For all Reynolds numbers, the first sphere has the largest contribution. The second sphere has 

a lower contribution compared with the first sphere, whereas the third sphere contributes even 

less. This observation agrees well with the particle Sherwood numbers and Nusselt numbers 

listed in the last table. With increasing Reynolds numbers the reactant conversion at all sphere 

surface decreases, which results in a lower particle temperature and consequently less thermal 

energy is transferred from the solid phase to the fluid phase. 

 

From the simulation, the species overall conversion ratio and the fluid adiabatic temperature 

rise are calculated based on the difference of the cup-average concentration and temperature 

between the inlet and the outlet: 
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, ,∆ = −a f out f inT T T  (7.23) 

For the particle Reynolds numbers of 60, 120 and 240, the species overall conversion ratio is 

0.194, 0.125 and 0.085 respectively and the adiabatic temperature rise is 57.4 K, 36.6 K and 

24.1 K respectively. Theoretically, the adiabatic temperature rise can be predicted by the 

species overall conversion ratio using the following equation:  
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Using this equation, the adiabatic temperature rise is computed to be 58.2 K, 37.5 K and 25.5 

K for increasing particle Reynolds numbers, finding good agreement with the values obtained 

from DNS results. 



 Chapter 7 Dependently coupled heat and mass transfer  

142 

 

7.3.3 Dense array system 

As the last simulation case in this chapter, the number of particles is further increased to make 

a more physically complex system, namely a dense stationary array consisting of 645 randomly 

configured particles. This particle array is generated by the hard-sphere Monte-Carlo method 

and distributed with a predefined bed voidage + of 0.7. The 645 particles are of the same size, 

and periodically positioned over the computational domain. In other words, although part of 

these particles seem to be cut by the domain boundaries, they actually enter the simulation 

domain again at the opposite direction. In the simulation, fluid flows through the array and the 

previously mentioned POX-adopted first order irreversible chemical reaction proceeds at the 

surface of the particles. The simulations are performed on a 3D domain with a length of 0.165 

m in the flow direction and a length of 0.0375 m in the lateral directions. The first 60 grid cells 

and the last 200 grid cells in the flow direction are reserved as inlet and outlet regions 

respectively, hence all particles are located within the reactor coordinates from 0.015 m to 

0.115 m. The incorporation of these two empty sections is essential to avoid problems for inlet 

flow development and outflow recirculation respectively, especially at high fluid velocities. At 

the inlet, a prescribed uniform fluid velocity has the value of 0.32 m/s, 0.64 m/s and 0.96 m/s, 

corresponding to the particle Reynolds number of 80, 160 and 240, respectively. The fluid 

enters the system with a uniform concentration of 10 mol/m3 and a uniform temperature of 900 

K. At lateral domain boundaries, periodic boundary conditions are applied for all computations 

of the velocity, concentration and temperature fields. At the outlet, the pressure is prescribed 

as the standard atmospheric pressure and both concentration and temperature gradients are set 

to be zero-slope. The same parameters applied in the previous two systems are used for current 

simulations. For the dense particle array simulations, extra attention needs to be paid to the 

time step. A value of 1×10-6 s was applied to suppress stability problems related to the stiffness 

of the non-linear heat-mass coupling, namely the Arrhenius equation. This problem is more 

pronounced at low Reynolds numbers, as the temperature rise is larger which consequently 

leads to a sharper increase of the reaction rate coefficient. The time step can be reset to the 

CFL-determined value after around , = 1.5., where . is the residence time of the particle array 

computed as the ratio of the packing length to the fluid superficial velocity.  
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Figure 7.4: Particle configuration and the computed velocity fields for the central plane in the 

streamwise direction at three Reynolds numbers (from left to right: ��� = 80, 160 and 240). 

 

The particle configuration is shown in Figure 7.4, together with the computed axial velocity 

distributions at three particle Reynolds numbers for the central plane of the particle array. For 

the simulations, the ratio of the particle diameter to the grid size is 20. This value is applied 

according to the mesh convergence test performed in Chapter 3, which cut a small section from 

the whole sphere packing. It should be noted that, in the current work there is also a temperature 

field, which however is safe as the Prandtl number is 0.8 indicating a similar thickness 

compared with the one of the mass and the momentum boundary layer. In this figure, the 

periodically distributed particle configuration as well as the periodic velocity field across the 

domain boundaries are clearly demonstrated. The axial velocity fields are normalized by 

dividing the corresponding inlet velocity, and the way the fluid meanders through the particle 

array is visualized. Stagnation zones are noticed in front of particles. Preferred flow pathways 

are observed inside the array, which is a pronounced property of the non-homogeneous sphere 

distribution. In other words, the varying local porosity (less blocked region) leads to significant 

increase of the local fluid velocity. With increasing Reynolds numbers, some streams are 

intensified while some are abated. Inside the particles the computed velocity field is zero due 
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to the enforcement of the no-slip boundary condition at the sphere surface. With higher 

Reynolds numbers, the wake behind the particle array becomes more unstable, and a few 

circulating vortices are clearly observed at ��� = 240. As expected, negative values occur at 

the rear of certain particles, which indicates that local backflow becomes more significant at 

higher Reynolds numbers.  

 

 

Figure 7.5: Concentration and temperature distribution (left and right in each panel respectively) 

for the central plane of the particle array at , = 3.355., with the particle Reynolds number of 

80, 160 and 240 from left to right.  

 

In Figure 7.5 the computed concentration and temperature fields at the time moment of 3.355. 

are shown for all three Reynolds numbers. Taking the advantage of the DNS model, the detailed 

local information in the fluid phase as well as in the solid phase is depicted. The concentration 

inside the particles is zero due to the particular assumption of a reactive external surface while 

the temperature inside the particles is the solid temperature computed by Equation (6.1). For 

easy comparison, the same color legends are used for the three Reynolds numbers. From the 

figure, the influence of higher fluid velocities, namely shorter residence times, is apparent 

because the species conversion is decreased and consequently the temperature rise is lower. In 

the figure of ��� = 240, the wake behind individual particle can even be observed at the end 

part of the array that the concentration is lower and the temperature is higher than the 

surrounding fluid, indicating less thermal saturation. To offer a quantitative measurement, the 

cup-average concentration and temperature are computed. These quantities are of considerable 
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interest for practical applications in industry, as they may help to achieve a more efficient 

production process that no noble catalysts are unused and no flow circulation is required. In 

Figure 7.6 the profiles of the cup-average quantities, computed by Equation (7.21), are shown 

in the packing range which is non-dimensionalized by the particle size. The concentration 

profiles decay sharply in the front part of the array due to the large driving force for the 

interfacial mass transfer, although the reaction rates are smaller than the ones in the latter part. 

Nearly complete species conversion is obtained, and the fluid is heated up by the liberated 

reaction heat. Given by DNS, the species overall conversion ratios are 0.997, 0.985 and 0.973, 

and the system fluid temperature rises are 284.1 K, 273.8 K and 266.0 K, for the particle 

Reynolds number 80, 160 and 240 respectively. Unfortunately, deviations with the theoretical 

values computed by Equation (7.24), specifically 15.0 K, 21.7 K and 25.9 K for increasing 

Reynolds numbers, are observed. This discrepancy will be further revealed and discussed in 

the following part with transient profiles. 

 

 

Figure 7.6: Cup-average concentration and temperature as a function of the dimensionless axial 

position for three particle Reynolds numbers at , = 3.355.. Only profiles for the packing zone 

are shown. The solid lines and the dashed lines stand for concentration and temperature 

respectively, and the blue, red and green lines represent the particle Reynolds number of 60, 

120 and 240 respectively. 
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Figure 7.7: Evolution of the concentration (top) and temperature (bottom) distributions at the 

particle Reynolds number of 240 visualized for the central plane of the particle array.  

 

In Figure 7.7, the transient behavior of the catalytic reaction process is illustrated for the 

longitudinal central plane at the particle Reynolds number of 240. At the initial stage, the 

exothermic chemical reaction proceeds at the external surface of catalyst particles with the 

prescribed ignition temperature. Due to the relatively fast reaction rate, it quickly consumes the 

surrounding species. Heat is liberated to heat up individual particle, and all particles have 

almost the same temperature. Later on, thermal energy transfers from the heated particles to 

the fluid flowing around the particles. The fluid temperature in the wake region is considerably 

increased, while the fluid flowing through the interstitial void spaces possesses a comparatively 

lower one. Subsequently, the temperature of catalysts in the front part of the array keeps 

increasing due to the large mass transfer driving force, and unconverted species is transported 

to downstream particles. At this moment, the solid temperatures in the front part of the array 

are pronouncedly higher than those in the latter part, and the reactant is not fully consumed by 

the catalysts. Meanwhile, more heat is carried away by the fluid from front particles and 
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propagates to downstream particles. With higher temperature, the reaction rate of latter 

catalysts rises and more reactant is converted through the surface reaction. This gives additional 

heating to the particles, and accordingly sweeps the energy wave to farther particles. At the 

final stage, the temperature of catalysts increases in the flow direction which stores the liberated 

reaction energy and transports the thermal energy through the particle array, and the reactant 

gets almost fully converted by the chemical reaction at such a high but different reaction rate 

of individual particles.  

 

    

    

Figure 7.8: Comparison of the fluid phase concentration (top) and temperature (bottom) 

profiles in the streamwise direction between the 1D model (left) and the DNS results (right) at 

five intermediate time moments at the particle Reynolds number of 160.  

 

In reactor modeling, the one dimensional heterogeneous model is popular to provide a quick 

estimation of the heat and mass transport processes inside such a particle array, which reads: 
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for the fluid phase and  
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for the solid phase. It should be noted that, the accumulation term in Equation (7.27) is actually 

zero due to the particular assumption of a surface reaction. In above equations, 1� is the specific 

fluid-particle contact surface area 
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and the mass and heat transfer coefficients are predicted by a widely used correlation from 

Gunn [21], which is based on a range of experiments and captures the dependence of porosity, 

Reynolds number and Schmidt number (replaced by Prandtl number for passive heat transfer 

processes). 
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It should be noted that, axial dispersion is neglected in both fluid mass and heat equations, due 

to the dominating role of the convective transport for the Reynolds numbers considered in the 

current work. The solution of above unsteady equations are solved using a standard finite 

difference technique implemented in MATLAB. The comparisons between the 1D model and 

the DNS results for both fluid and solid phase are shown in Figure 7.8 and Figure 7.9 

respectively. The streamwise profiles of both concentration and temperature are compared at 

five intermediate time steps at the particle Reynolds number of 160. In both figures, the overall 

features of the transient profiles agree very well. Even the characteristics at the very early time 

moment , = 0.335. are captured, namely the small difference with later profiles at the front 

part of the particle array as well as the constant profiles at the latter part of the particle array. 

Nevertheless, some discrepancies are noticed. The species reacts faster in DNS, which leads to 

sharper decays and higher conversions in the fluid phase as well as the lower reactant 

concentration at the particle surface. In DNS, the fluid leaves the particle array with a lower 

temperature. The difference between the DNS results and the 1D model prediction increases 

along with the time development, which originates from the lower solid phase temperature in 

the DNS. These discrepancies are thought to be caused by two factors: 1) the non-homogeneous 

particle distributions, as 1D model assumes uniform flow pattern inside the array as well as 
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negligible concentration and temperature changes in the radial direction. The strong variations 

of the fluid flow in such a dense particle array, causes differences in degree of back mixing and 

radial dispersion; 2) the IBM itself. As revealed by the single sphere case, the IBM used in the 

current work is very sensitive to the different deviations between heat and mass transfer rates. 

Even slight differences will lead to particle temperatures of few degrees lower. Considering 

the large number of particles and the even higher interstitial Reynolds number in the dense 

array, it is expected to induce larger deviations of the solid phase temperature.  

 

    

    

Figure 7.9: Comparison of the solid phase concentration (top) and temperature (bottom) 

profiles in the streamwise direction between the 1D model (left) and the DNS results (right) at 

five intermediate time moments at the particle Reynolds number of 160. 

 



 Chapter 7 Dependently coupled heat and mass transfer  

150 

 

    

Figure 7.10: Distribution of the individual particle temperatures in the flow direction. The left 

panel presents three Reynolds numbers at the time step , = 3.355., and the right panel presents 

three intermediate time steps at the particle Reynolds number of 160. 

 

In Figure 7.5 as well as Figure 7.7, it can always be observed that particles at the (nearly) same 

streamwise coordinate possess different temperatures. In Figure 7.10, the solid temperature of 

individual particles is plotted along the streamwise direction, from which variations are clearly 

observed. In the left panel, particle temperatures are plotted at the same time step for three 

different fluid velocities. For all Reynolds numbers, the variation of the particle temperatures 

in the transversal cross-sections decreases in the flow direction, which shows a more 

homogeneous temperature field at the latter part of the particle array. However, the variations 

increase at higher Reynolds numbers, which confirms the existence of a more heterogeneous 

flow field inside the particle array. In the right panel, particle temperatures are plotted at three 

intermediate time steps at the particle Reynolds number of 160. The variation of particle 

temperatures significantly decreases with time, even for the very front part of the particle array. 

In other words, the system tends to reach thermal saturation with uniform temperature 

distribution in the radial direction. To obtain a clear visualization, a transversal cross-section 

at the packing height of 0.055 m (
2

34
= 11) is plotted in Figure 7.11 at , = 3.292. at the particle 

Reynolds number of 240. The temperature of individual particles is shown, and differences up 

to 4.6 K can be noted. Compared with the corresponding velocity distribution, it is clearly 

demonstrated that particles with lower temperature experience local high fluid velocities. In 

other words, the preferential fluid pathways result in considerable differences in the local fluid-

solid transfer rates and as a consequence local regions with varied reaction rate and catalyst 

temperature. These deviations are due to the presence of all other particles, and the fluid-solid 
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interaction of each individual particle needs to be considered by identifying the configuration 

of local neighboring particles. However, obtaining a correlation between solid temperature and 

local porosity was unsuccessful, after trying to define a local volume using both sphere and 

cuboid geometries with size varying from 6� to 56�. Similar conclusion was given by Akiki et 

al. [22], who studied the influence of local parameters on the force on individual particles and 

suggested to use an anisotropic measure of the neighborhood to obtain a better correlation.  

 

 

Figure 7.11: Visualization of the temperature (left) and velocity (right) fields. Snapshots are 

shown for the cross-section in the radial direction at the packing height of 0.055 m at , =

3.292. at the particle Reynolds number of 240. 

  

    

Figure 7.12: Distribution of the particle Sherwood number (left) and the Nusselt number (right) 

computed using the local control volume. 
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Figure 7.13: Distribution of the Nusselt number of individual particles in the longitudinal 

(0.045 7 & 7 0.0825) and transversal (& = 0.06) cross-sections at the particle Reynolds 

number of 160 (left panel with the flow direction from left to right and right panel with the 

flow direction into the paper, respectively).  

 

 

Figure 7.14: Distribution of the Nusselt number of individual particles in transversal (& = 0.06) 

cross-section at the particle Reynolds number of 80 and 240 (left and right panels respectively, 

with the flow direction into the paper). 

 

Nevertheless, detailed information regarding individual particles can be obtained from DNS, 

which may help to understand the heterogeneity better. For this purpose, the particle based 

Sherwood and Nusselt numbers based on a local control volume suggested by Jackson [23], 

Link et al. [24] and Deen et al. [25] are calculated, which uses a cubic box of the size 56� 

concentric with the particle of concern. The equations for the Sherwood number and the Nusselt 
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number calculation are the same as the Equation (7.18) and (7.19) respectively, with the driving 

force redefined locally using the value obtained from the control volume instead of the value 

at the inlet: 

( )

( )

,

,

φ

φ =

∫∫∫

∫∫∫
f

f

f p

V

f local

V

g r dV

g r dV
 (7.31) 

In this equation, 8'�* = �&9:−�/��=, which is a weighing function of the distance between 

any fluid point inside the local control volume and the center of the reference particle. In Figure 

7.12 the distributions of the particle based Sherwood and Nusselt numbers are shown, which 

depicts a very significant range of scatter in both plots. The variation is due to the same reason 

as the earlier reported varying solid temperatures due to the existence of highly irregular local 

flow fields. It was also tried to correlate the mass and heat transfer rates of individual particles 

with the local fluid velocity, namely the Reynolds number for a certain control volume 

surrounding the reference particle. Volume size, relative position between particle and control 

volume, weighing method as well as the location of effective velocities were examined to select 

a proper local Reynolds number, however, for all cases the correlation coefficient was very 

small, indicating no correspondence between these two quantities. An example is given in 

Figure 7.13 where the Nusselt number of individual particles is marked in the flow field (��� =

160) in both streamwise and lateral directions. A cubic box of the lateral domain size is clipped 

in the middle part of the particle array, of which two central planes are sliced. In both plots, 

high values of the Nusselt number do not predominantly occur in regions with high local fluid 

velocity, meanwhile some detected particles possess comparatively low Nusselt numbers. The 

same transversal cross-section is plotted at different Reynolds numbers in Figure 7.14. 

Although the Nusselt number of most particles increases at higher Reynolds numbers, the 

increased amount varies significantly. It is more interesting to notice that, for the particles 

experiencing the highest local fluid velocity (upper-right corner), both increased and decreased 

Nusselt numbers are obtained at higher Reynolds numbers. All these factors reveal that the 

local interfacial transfer behavior depends on more parameters than simply the local fluid 

velocity. Looking at the entire distribution, both Sherwood and Nusselt numbers shift to the 

right with higher Reynolds numbers, with the probability of large values (right side) increased 

to some extent. As expected from the Colburn analogy, the distributions of the Sherwood 

number and the Nusselt number are very similar. The left side of the Nusselt number 

distribution is slightly higher, which results in a lower mean value. As listed in Table 7.4, the 
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mean values agree well with the empirical values predicted by the Gunn correlation. It should 

be noted that the overall mass and heat transfer behavior correlates well with the overall fluid 

Reynolds number, although such correlation is not observed in any local cases. The standard 

deviation, skewness and kurtosis are computed and listed in Table 7.4 as well. The ratio of the 

standard deviation to the mean value decreases for both Sherwood and Nusselt numbers with 

higher Reynolds numbers, indicating a more uniform interfacial transfer performance. The 

values of the skewness and kurtosis, being around 1 and 5 respectively, suggest that the scatter 

bias from a normal distribution. With higher Reynolds numbers, both of them show closer 

distributions towards the mean value for both the Sherwood and Nusselt numbers. The 

difference of these two parameters between Sherwood and Nusselt numbers are thought due to 

the different boundary conditions, especially the influence of varying reaction rate of individual 

particles.  

 

Table 7.4: Statistical parameters of the distribution of the particle based Sherwood and Nusselt 

numbers. The mean values obtained from DNS are compared with the empirical values 

computed using Gunn correlation.  

��� �ℎ/�� Gunn DNS 
6�>?1,?�@

A�1@
 B��C@�BB ���,�B?B 

80 
�ℎ 14.43 14.63 0.40 1.04 4.89 

�� 13.59 14.18 0.40 1.08 5.46 

160 
�ℎ 19.45 18.70 0.31 0.86 4.79 

�� 18.25 18.34 0.33 1.07 5.65 

240 
�ℎ 23.59 21.13 0.27 0.83 5.65 

�� 22.10 20.99 0.29 1.09 6.57 

7.4 Conclusions 

In this chapter, the earlier developed DNS-IBM model is extended to study integrated reactive 

fluid-particle systems. The IBM is based on a ghost-cell approach, which constructs a quadratic 

interpolation scheme to obtain the required ghost values and subsequently enters the discretized 

fluid phase governing equations. For the mass transfer process a first order exothermic reaction 

is assumed to proceed on the catalyst surface with temperature-dependent reaction rate, while 

for the heat transfer process catalysts are heated up by the liberated reaction heat and 
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consequently transfer the thermal energy to the fluid phase. In other words, the heat and mass 

transfer are strongly coupled by the highly non-linear Arrhenius equation.  

 

Three fluid-particle systems with increasing physical complexity are reported, and to make the 

simulation more close to industrial applications, realistic parameters from the process of partial 

oxidation of methane are used. For the single sphere system, the solid temperature is extremely 

sensitive to the computed mass and heat transfer processes, which consequently leads to small 

discrepancy with the empirical results. For the three spheres system, the solid temperature is 

determined by the interplay between liberated reaction heat and convective heat transfer, and 

the contribution of individual particle to reactant conversion as well as temperature rise 

decreases from 1st to 3rd particle. For the dense array system, the time step is critical for the 

simulations due to the stiff heat and mass coupling in such a dense particle array. A higher 

Reynolds number results in slower reactant conversion and less temperature rise. The transient 

behavior of mass and heat transfer processes are assessed, and the profiles of the concentration 

and temperature in both fluid and solid phases are compared with a one dimensional 

heterogeneous model. Qualitatively good agreement is reached, with the main difference that 

lower temperatures are obtained from DNS. The reason is suspected to originate from the 

method limitation as well as the local heterogeneity. The latter one is further studied by the 

solid temperature as well as the Sherwood and Nusselt numbers of individual particles. 

Significant variations are observed inside the array, however no correlation with local isotropic 

quantities could be obtained. Nevertheless, the average Sherwood and Nusselt numbers agree 

well with the values obtained from the empirical equations, i.e.: a good correlation for the 

overall behavior is obtained.  
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Chapter 8 

Conclusions and outlook 

 

 

 

In this thesis, a direct numerical simulation (DNS) model which uses a ghost-cell based 

immersed boundary method (IBM) is developed and extended with the aim of catalytic reaction 

process modeling. In the preceding chapters, the DNS model is verified and applied to various 

fluid-solid systems, which are closely related to engineering applications. As the final chapter 

of the thesis, the contributions of the current work to the scientific research as well as the 

engineering applications are summarized. At the same time, it is also very clear that there is 

still a long journey to go to achieve the long term objective. Building on this thesis, some 

potential improvement are suggested, aiming at developing a more powerful modeling tool for 

chemical industry.  
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8.1 Conclusions 

Fluid-particle systems have been subjected to intensive research over the last century, because 

of their complicated transport phenomena as well as their significant applications in various 

industrial processes. Numerous experimental studies have been conducted, however, they are 

difficult and expensive for large scale systems. Under this circumstance, computational fluid 

dynamics (CFD) has evolved as an effective tool to perform numerical experiments, to improve 

our fundamental understanding of these complex systems. The major challenge of CFD 

application in industrial scale systems, which in practice can only be achieved with continuum 

models, is the wide range of spatial scales. Specifically, the behavior of industrial equipment 

(typically of meters size) is directly influenced by the detailed fluid-particle interactions which 

prevail on the scale of millimeters or even smaller. However, it is impossible to resolve all 

length scales in a single model, and consequently fundamental understanding of these 

phenomena is of significant importance as it will lead to improved interfacial transport closures.  

 

In this thesis, the most detailed level, direct numerical simulation (DNS), is applied for 

modeling of reactive fluid-particle systems. An immersed boundary method (IBM) based on 

the ghost-cell strategy is developed, which is able to handle the Robin boundary condition at 

the exact position of the immersed surface (Chapter 2). Conservation equations for the entire 

computational domain are solved on a staggered Cartesian grid, with the boundary condition 

implicitly incorporated at the level of the discrete equations. The species conversation equation 

is first implemented, and the DNS model is applied to study the interplay between chemical 

reaction and mass transfer processes by incorporating a surface reaction rate into the Robin 

boundary condition (Chapter 3). Taking the advantage of the consistent realization of mixed 

boundary conditions, the DNS model is subsequently applied to study the mass transfer 

characteristics of particle clusters composed of active and inert particles (Chapter 4). After that, 

the thermal energy conservation equation is added, and the heat transfer characteristics of dense 

fluid-particle flows inside a tube with an adiabatic wall are investigated (Chapter 5). Building 

on the preceding work, the heat and mass transfer processes are coupled. Following the 

independent coupling (Chapter 6), where the particle temperature offers a dynamic boundary 

condition for the fluid phase thermal energy conservation equation, the coupling moves one 

step further towards reality by considering a temperature-dependent reaction rate determined 

by the Arrhenius equation (Chapter 7).  
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Although DNS-IBM has been developed and applied in various studies of fluid-particle 

systems, most of them are in the field of momentum transfer. Limited results have been 

reported for heat and mass transfer, and the boundary condition at the fluid-particle interface 

is mainly restricted to the Dirichlet boundary condition, namely zero concentration and 

constant temperature for species and thermal energy transport respectively. In this thesis, the 

boundary condition is extended to the Robin boundary condition, which allows the modeling 

of reaction rate controlled mass transfer problems as well as simulations involving mixed 

boundary conditions. Besides that, integrated reactive systems, namely coupled heat and mass 

transfer for fluid-particle systems, are rarely studied. In those reported works, extra source 

terms are included in the conservation equations and IBM is implemented to enforce the zero-

gradient boundary condition at the fluid-solid interface. However, in this thesis, the heat and 

mass transport are coupled through the fundamental principles, and enforced implicitly at the 

exact fluid-solid interface as boundary conditions without modification of the governing 

equations. Through all efforts presented in this thesis, the frontier of the application of DNS to 

realistic chemical processes is pushed forward. 

 

The results obtained from the DNS model are closely related to engineering applications and 

reveal the detailed information of the fluid-solid interactions. With higher reaction rates, the 

mass transfer performance of the dense particle array is improved to some extent, which is due 

to the more heterogeneous concentration field at larger Damköhler numbers (Chapter 3). In 

case a cluster is formed in a riser flow (Chapter 4), the mass transfer performance dramatically 

decreases, however, dilution with inert particles can help quite a lot to retrieve it. Mass transfer 

correlations developed for homogeneous systems are not able to describe the process well. 

Through the studies of the heat transfer in tubular gas-solid flows (Chapter 5), it is known that 

the channeling effect at the wall region significantly reduces the heat transfer performance of 

the system, nevertheless larger particle size and more passive particles will increase the heat 

transfer coefficient at reactor, slice and particle levels. Besides, it is shown that two classes of 

IBM give very close results. In the simulations of coupled heat and mass transfer (Chapter 6 

and 7), qualitative agreement is observed for the concentration and temperature profiles 

between the DNS results and a one dimensional heterogeneous model employing empirical 

closures for the mass and heat transfer coefficients. The quantitative discrepancy, which 

increases at higher Reynolds numbers, is thought to be caused by the heterogeneity inside the 

array. Although the overall behavior correlates well between the average Sherwood (Nusselt) 
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number and the superficial fluid velocity, there is no clear correlation between the interfacial 

transfer performance of individual particles and simple isotropic measures of local fluid 

velocities.   

8.2 Outlook 

The long term objective of the current study is to use DNS to model realistic catalytic reaction 

processes from first principles, which enables the accurate prediction of reactor performance 

by computer simulations. With all details of the fluid-solid interactions solved at the smallest 

relevant length scale, no empirical correlations are required and real chemical processes can be 

optimized. In this thesis, dense particle arrays with coupled heat and mass transfer have been 

successfully modelled, where both reaction heat effect and temperature-dependent reaction rate 

are considered. However, due to limitations associated with the current computational model, 

it is still far away from the long term target. I would like to emphasize the importance of 

improving the current model to facilitate an in depth investigation of this specific topic. 

Therefore some suggestions are given below, which may serve as inspirations for future 

research. 

 

On the basis of the results presented in this thesis, it is evident that the DNS model is a powerful 

tool for a systematic study of the mass (heat) transfer behavior of fluid-particle systems. The 

influence of parameters such as the Reynolds number, the Prandtl (Schmidt) number, the solid 

phase packing density, the active particle ratio and the ratio of bidispersed or even 

polydispersed particles are of high interest for engineering applications. In case the array is 

positioned inside a tube, the boundary condition of the tube, the tube-to-particle diameter ratio 

as well as the distribution of particles are also of tremendous importance for the process 

performance and equipment design. In case of particle clusters, the shape, size and orientation 

of the cluster, the number, properties and configuration of the particles constituting the cluster 

as well as the dynamic nature of the gas-solid suspension, play a significant role in the mass 

(heat) transfer between the gas and the solids. Intensive parameter studies can be performed, 

from which mass (heat) transfer insights can be revealed and hopefully improved microscale 

transport coefficients can be proposed. Subsequently, this information can be incorporated into 

closure relations for the usage in coarser scale models, such as DEM and TFM, which will 

significantly improve the prediction of the global mass (heat) transfer phenomena.  
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Taking Chapter 7 as the starting point, where realistic reaction parameters from partial 

oxidation of methane (POX) were applied for a simple first order irreversible reaction, it is 

relatively straightforward to move to the next stage of using realistic reaction kinetics. As 

introduced in Chapter 3, the DNS model is able to handle reactions obeying arbitrary chemical 

kinetics, by properly linearizing the kinetic equations. Taking the POX reaction as an example, 

realistic reaction kinetics can either come from empirical models or microkinetics simulations. 

In case of empirical models, four reactions, namely full combustion of methane, steam 

reforming of methane, drying reforming of methane and water-gas shifting, could be 

considered. The kinetics and the corresponding kinetic parameters can be found in various 

literatures [1-3]. Microkinetics simulations can, for example, be performed using the 

microkinetic modeling software MKMCXX [4-6], which is developed for heterogeneous 

catalysis to incorporate all elementary reaction steps occurring on a catalyst surface. The total 

reaction rate of a certain species is obtained from all elementary reaction steps, which are 

solved simultaneously through a set of ordinary differential equations, and written into lumped 

kinetics.  

 

By incorporating realistic reaction kinetics into the DNS model, additional complexities are 

introduced, which require substantial extensions of the current model. The first issue is the 

change of the pressure. Although the local partial pressure varies in non-isometric reactions, 

the total pressure inside chemical reactors is nearly constant in practical production processes. 

For this purpose, the governing equations as well as the Poisson equation used for the new 

pressure gradient calculation need to be updated to compressible formulations to maintain a 

fixed pressure along the whole bed. Some studies of compressible flows using IBM can be 

found in [7-11]. The second issue is the satisfaction of overall continuity. In the current DNS 

model, Fickian diffusion is applied, as a single reactant is assumed in the feed stream. However, 

realistic reaction kinetics involve multiple species, including reactants, products as well as 

byproducts. In this case, the flux of a species is not necessarily proportional to the negative 

concentration gradient of that species but is a result of complex interactions with other 

components, which makes the Fickian diffusivity invalid. For a system with � components, 

there are � − 1 independent driving forces in the mixture, and 
�×����	



 binary diffusivities (i.e.: 

one for each pair of components) need to be determined by the Maxwell-Stefan equations. 

Some nice reviews regarding the Maxwell-Stefan theory can be found in [12-17]. 
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One more problem associated with the application of realistic reaction kinetics is the possible 

numerical instability. In the simulations of dependently coupled heat and mass transfer, a much 

smaller time step (than the CFL-determined one) had to be taken to maintain the convergence 

of the Arrhenius coupling. It is anticipated that, the numerical stability might become even 

worse when realistic reaction kinetics involving several minor species are applied, as they will 

enter the explicitly computed reaction rate coefficient after linearization, and consequently an 

even smaller time step might have to be used. This will raise a big challenge to the DNS that, 

the computational time is significantly increased and the simulations are extremely expensive. 

This issue might be tackled from several aspects: 

1. Better initial conditions: the concentration and temperature profiles of both fluid and solid 

phases along the streamwise direction can be estimated by phenomenological models. 

Although some deviations have been revealed by the preceding studies, it might help 

improve the numerical stability and converge to the final state faster. 

2. Adaptive time steps: a time-splitting approach could be implemented for the simulation, 

which allows internal iteration over one complete time step with a fractional-time-step 

adaption and restart procedure to provide stability for strong heat and mass coupling. One 

example can be found in [18]. 

3. Implicit solution: in the current DNS model, the heat and mass transport are sequentially 

solved, however efforts can be made to internally couple all species and the heat effect so 

that information can be obtained simultaneously. Besides that, a more implicit solver which 

is able to capture all grid points in the reconstruction scheme might be helpful, as the one 

used in the current work only accounts for the neighboring six grid points implicitly.  

4. Parallel computing: data is distributed across multiple parallel computing nodes. This is 

non-trivial to accelerate detailed simulation and achieve massive modeling, especially for 

highly non-linear systems in chemical industry. Some successful implementations have 

already been reported in [19-22].  

 

To make systems more realistic, two other extensions need to be incorporated into the current 

DNS model, specifically the particle-particle (particle-tube) contact and the intra-particle 

transport. In fixed bed reactors, the spheres are closely packed, which leads to the maximum 

packing density around 0.64. Under this circumstance, no interpolation is possible at the 

contact regions, as there are not enough points for the reconstruction procedure. To solve this 

problem, special modifications of the geometry of the contacting particles are required: two 

global methods, i.e.: gaps and overlaps, and two local methods, i.e.: bridges and caps. They are 
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well explained and investigated by pioneering researchers [23-26]. In reality most catalysts are 

porous and possess a high internal surface, and catalytic reactions take place at active sites deep 

inside the catalysts. Inside catalyst particles, there is mainly diffusive flow, but also some 

viscous flow. Furthermore, depending on the pore sizes the transport might be determined by 

Knudsen, mass or surface diffusion or a combination of these. These combined transport 

mechanisms are reasonably described by the Dusty-gas model [27-30]. It should be kept in 

mind that, the Dusty-gas model is a multi-component diffusion model where the porous 

material is treated as an effective medium, and hence the internal transport has the same 

relevant length scale as the external transport. However, if one wants to fully resolve the intra-

particle transport in (some) pore spacing, which is not in the same length scale as the external 

transport anymore, either a very fine (local) mesh needs to be applied to the particles or the 

intra-particle transport needs to be computed in separate simulations and subsequently follow 

the concept of the multiscale modeling approach to derive a Thiele-modulus-like parameter for 

applications in the current DNS model. 
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A. Some technical details in the quadratic 

interpolation scheme 

 

The new developed quadratic interpolation scheme has been detailed in Chapter 2, however, 

some special details need extra attention and their technical solutions incorporated in the code 

are documented here.  

 

 

Figure A.1: Schematic representation of the “shift” strategy in the quadratic interpolation 

scheme. 

 

At locations close to the sphere vertex, the interpolation points in the two minor directions 

(major direction is the one connecting the ghost point and the central point of the computational 

stencil) might locate inside the solid phase. In other words, a point required for reconstructing 

the interpolation scheme of a ghost point might also be a ghost point. In this case, the fluid 

information is not available, and the virtual value of this unknown ghost point has to be first 

obtained from its own interpolation scheme. The straightforward way to solve this problem is 

either to recursively compute all ghost values in the interpolation scheme or compute and store 

all required ghost values at the beginning of each time step. However, the former measure will 

slow down the simulation while the latter one will require more memory which is expensive. 

In the code, a completely different way is applied that the unavailable points are shifted to 

available positions. As shown in Figure A.1, �� is the central point and �� is the ghost point 

n
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for the current computational stencil. Unfortunately the point �� is also a ghost point, and 

hence it is shifted in the major direction to the position of ��
 . In case �� is a ghost point, it is 

shifted to the immediate right position, as this point (not like �� for ��) is not in the original 

reconstruction scheme.  

 

 

Figure A.2: Schematic representation of the linear interpolation scheme.  

 

In the quadratic interpolation scheme, two grid points are required in each direction, and if the 

points in minor directions are inside the solid phase, they can be shifted using the method 

described above. However, in case of dense parking, there might be not enough data points 

available in the major direction, i.e.: point �� is inside a different particle. In this circumstance, 

quadratic interpolation scheme cannot be built any more. This problem also happens if other 

interpolation points (even after shifting) are accidently inside other particles in case particles 

are too close. The straightforward way to solve this problem is to apply the linear interpolation 

scheme. A 2D illustration is shown in Figure A.2, where one fluid point from each direction is 

required for the reconstruction and subsequently same producers as described in Chapter 2 are 

applied to obtain the required coefficients in a first order polynomial. It should be noted, same 

shifting strategy is applied if any of the interpolation points in minor directions is inside the 

particle. For this linear interpolation scheme, extra attention should be paid that a numerically 

problematic interpolation will occur as an ill-conditioned matrix arises when the boundary 

point is close to the plane consisting of the three interpolation points. For this case, the 

boundary point is shrunk slightly inwards the sphere with a distance of 0.1�� , while the 

locations of ghost and image points are unchanged. This modification is proved to highly 

n
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improve the matrix condition and has little influence on the simulation results of transfer 

performance.  

 

In the simulations of dependently coupled heat and mass transfer, where the reaction rate varies 

continuously, grids with negative concentration are observed in the system. Through my 

investigation, it is found that the ghost value of these “bad points” is positive while the image 

value is negative (it should be completely opposite for surface reactions). In further test, this 

issue is found to be caused by the nature of the interpolation scheme that the interpolation 

quality is determined by the conjoint effect of the three coefficients in the Robin boundary 

condition as well as the relative locations of the reconstruction points. To be specific, for a 

certain ghost point (i.e.: fixed reconstruction geometry), there exist a range of � values (� is 

the diffusivity and � is zero, both are constant) which will result in bad interpolations, and if 

the varying reaction rate unfortunately falls into this range, negative concentration will occur. 

To overcome this problem, the interpolation quality is checked before the implicit 

incorporation of the fluid-solid coupling into the sparse matrix. If an opposite gradient is 

detected, the image value will be explicitly determined by the simple trilinear weighing, from 

which the ghost value is obtained. This measure works well for single and three sphere cases, 

however, in the simulations of random particle array, some outliers might still be observed. 

Both value and number of outliers decrease along with the time development, and at steady 

stage the maximum deviation is around -2% and the ratio to the total grids is around 0.0003%, 

which are considered to have negligible influence on the simulation results. The reason is 

suspected to be some special reconstruction geometries causing bad matrix condition, which 

needs some further investigation in future research.   
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B. Analytical solution of unsteady diffusion 

around a sphere with first order irreversible 

surface reaction 

In this appendix the derivation to offer analytical solutions of instantaneous Sherwood number 

and time dependent concentration profile around a single sphere, on which surface a first order 

irreversible reaction occurs, is presented. A sphere contained in a large pool of quiescent fluid 

is considered, the governing equation is given by: 

��̃
�� − �

��
�

�� ��� ��̃
��� = 0 (B.1) 

with initial condition: 

�̃�� > �, 0! = �" (B.2) 

and boundary conditions: 

lim&→( �̃��, �! = �" (B.3) 

� ��̃
��)&*+,, = -�̃��, �! (B.4) 

In the derivation part, �̃  is the species concentration, �  is the species diffusivity and � 

represents the spherical coordinate. In simulations, Equation (B.3) is valid as long as the 

concentration front does not reach the confining walls.  

 

Put � = �" − �̃, the governing equation becomes: 

��
�� − �

��
�

�� ��� ��
��� = 0 (B.5) 

with initial and boundary conditions: 

��� > �, 0! = 0 (B.6) 

lim&→( ���, �! = 0 (B.7) 

� ��
��)&*+ = -����, �! − �"! (B.8) 

 

Put � = � �⁄ , the governing equation is simplified to: 
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��
�� − � ���

��� = 0 (B.9) 

with initial and boundary conditions: 

��� > �, 0! = 0 (B.10) 

lim&→( ���, �! = 0 (B.11) 

� ��
��)&*+ = �- + �

�� ���, �! − -��" (B.12) 

 

This equation can be further non-dimensionalized by choosing: 

0 = �-
� + 1

��1�
 (B.13) 

2 = 0�
�  (B.14) 

3 = �
2 (B.15) 

� = � − �
0  (B.16) 

���, �! = ��"
1 + �-�

4��, 3! (B.17) 

which gives: 

�4
�3 − ��4

��� = 0 (B.18) 

with initial and boundary conditions: 

4�� > 0,0! = 0 (B.19) 

lim5→( 4��, �! = 0 (B.20) 

�4
��)5*" = 4�0, 3! − 1 (B.21) 

 

By performing a Laplace transform 6��, 7! = ℒ9:4;, the solution is obtained: 

6��, 7! = <1√9	5
7?1 + √7@ (B.22) 

 

For Sherwood number calculation, its definition is the starting point: 
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Aℎ��! = − � ����)&*+���, �!�2�
=

�� − ����)&*+���, �!2�
= 2 − 2�	

����)&*+���, �! = 2 − 2 �
0

4
�0, 3!
4�0, 3!  

(B.23) 

By substituting �D = E+
F  which is the definition of Damköhler number, instantaneous 

Sherwood number can be expressed as: 

Aℎ��! = 2 − 2�1 + �D! 4
�0, 3!
4�0, 3!  (B.24) 

where 4′�0, 3! and 4�0, 3! are obtained by performing inverse Laplace transforms:  

4
�0, 3! = ℒH1� I− √7
7?1 + √7@J = −<K	erfc?√τ@ (B.25) 

4�0, 3! = ℒH1� I 1
7?1 + √7@J = 1 − <K	erfc?√τ@ (B.26) 

Hereby the final result of instantaneous Sherwood number for single sphere with first order 

irreversible surface reaction under unsteady diffusion is obtained:  

Aℎ��! = 2 + 2�1 + �D!	 erfc?√τ@
<1K − erfc?√τ@ , 3 = �1 + �D!� �	

�� � (B.27) 

 

Now let us consider the time dependent concentration profile around the sphere. There is no 

direct inverse Laplace transform of 6��, 7!, instead the related function Q��, 7! = RS√T	U
9��19! could 

be transformed. This is helpful because of the relation: 

6��, 7! = 	Q��, 7! + Q
��, 7! (B.28) 

This relation also holds after inverse Laplace transform: 

4��, 3! = ℎ��, 3! + �ℎ��, 3!
��  (B.29) 

from which the final result is obtained: 

4��, 3! = erfc � �
2√3� − <HV5erfc �23 + �

2√3 � (B.30) 

Hereby the final result of time dependent concentration profile for single sphere with first order 

irreversible surface reaction under unsteady diffusion is obtained: 

�̃ = �" − ��"
� W1 + �-�X Yerfc � �

2√3� − <HV5erfc �23 + �
2√3 �Z, 

 

(B.31) 
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3 = �1 + �D!� �	
�� �, � = �� − �! �-

� + 1
�� (B.32) 
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C. Detailed simulation results of nine-sphere 

cuboid cluster system 

In this appendix the detailed values of the particle Sherwood number obtained from the 

numerical simulations of the nine-sphere cuboid cluster are presented. For this system five 

configurations, five cluster proximities, three Reynolds numbers and two cases of all-sphere-

active and the central-sphere-active are considered. This results in 150 simulations in total, and 

will be presented below by configuration. The numbers outside the brackets are for the all-

sphere-active case while the numbers inside the brackets are for the central-sphere-active case 

(the Sherwood numbers for inert spheres are zero and thus not presented here).  

 

“Normal” configuration:  

 

Figure C.1: “Normal” configuration of the nine-sphere cuboid cluster with sphere locations 

indicated by corresponding letters.  
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Table C.1: Particle Sherwood numbers for spheres at different locations in the nine-sphere 

cuboid cluster with “Normal” configuration.  

Reynolds 

number 

Sphere 

location 

Cluster proximity A 

3�9 2�9 1.8�9 1.6�9 1.4�9 

10 

F 3.71 3.62 3.41 3.03 2.56 

C 
3.54 

(3.72) 

2.18 

(3.36) 

1.44 

(3.09) 

0.72 

(2.74) 

0.26 

(2.29) 

B 2.74 1.67 1.37 1.22 1.17 

50 

F 6.16 6.25 6.27 6.28 5.94 

C 
6.24 

(6.26) 

6.28 

(6.37) 

6.05 

(6.28) 

5.14 

(5.89) 

2.88 

(4.61) 

B 4.31 3.99 3.68 2.83 1.79 

200 

F 10.88 10.93 10.95 11.02 11.14 

C 
11.00 

(11.00) 

11.17 

(11.17) 

11.06 

(11.07) 

10.94 

(10.96) 

9.37 

(10.14) 

B 6.90 6.84 6.77 6.41 4.51 

 

“Rotated 1” configuration: 

 

Figure C.2: “Rotated 1” configuration of the nine-sphere cuboid cluster with sphere locations 

indicated by corresponding letters. 
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Table C.2: Particle Sherwood numbers for spheres at different locations in the nine-sphere 

cuboid cluster with “Rotated 1” configuration. 

Reynolds 

number 

Sphere 

location 

Cluster proximity A 

3�9 2�9 1.8�9 1.6�9 1.4�9 

10 

F 3.69 3.52 3.32 3.01 2.63 

C 
3.15 

(3.61) 

1.73 

(3.25) 

1.09 

(2.98) 

0.54 

(2.64) 

0.22 

(2.25) 

M 3.61 3.01 2.63 2.21 1.86 

B 2.45 1.16 0.97 0.93 0.93 

50 

F 6.15 6.14 6.12 6.06 5.72 

C 
6.17 

(6.21) 

5.63 

(6.11) 

5.19 

(6.02) 

4.23 

(5.74) 

2.09 

(4.69) 

M 6.15 6.22 6.13 5.84 4.88 

B 4.62 3.65 2.94 1.84 1.11 

200 

F 10.63 10.50 10.56 10.72 10.81 

C 
10.90 

(10.91) 

10.89 

(10.92) 

10.87 

(10.99) 

10.65 

(11.07) 

9.00 

(10.56) 

M 10.65 10.87 10.85 10.89 10.71 

B 7.97 8.35 8.19 7.36 4.64 

 

“Rotated 2” configuration: 

 

Figure C.3: “Rotated 2” configuration of the nine-sphere cuboid cluster with sphere locations 

indicated by corresponding letters. 
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Table C.3: Particle Sherwood numbers for spheres at different locations in the nine-sphere 

cuboid cluster with “Rotated 2” configuration. 

Reynolds 

number 

Sphere 

location 

Cluster proximity A 

3�9 2�9 1.8�9 1.6�9 1.4�9 

10 

F 3.66 3.45 3.28 3.07 2.72 

M1-1 3.647 3.189 2.882 2.555 2.197 

M1-2 3.626 3.182 2.874 2.555 2.196 

C 
2.70 

(3.48) 

1.48 

(3.17) 

0.93 

(2.92) 

0.49 

(2.62) 

0.21 

(2.25) 

M2-2 3.544 2.514 2.091 1.752 1.485 

M2-1 3.561 2.521 2.095 1.752 1.487 

B 2.10 0.78 0.69 0.72 0.76 

50 

F 6.12 5.99 5.89 5.85 5.55 

M1-1 6.131 6.212 6.169 6.006 5.277 

M1-2 6.095 6.193 6.143 6.018 5.283 

C 
4.17 

(5.45) 

3.91 

(5.51) 

3.75 

(5.53) 

3.22 

(5.50) 

1.41 

(4.53) 

M2-2 6.133 6.137 5.952 5.410 3.894 

M2-1 6.172 6.160 5.972 5.408 3.895 

B 3.62 2.97 2.38 1.31 0.96 

200 

F 10.69 10.32 10.14 10.23 9.94 

M1-1 10.611 10.826 10.862 10.941 11.045 

M1-2 10.625 10.723 10.768 10.999 11.034 

C 
6.66 

(8.82) 

6.32 

(9.14) 

6.28 

(9.28) 

6.48 

(9.72) 

6.65 

(10.11) 

M2-2 10.575 10.775 10.756 10.855 9.807 

M2-1 10.773 10.863 10.893 10.918 9.815 

B 5.61 5.37 5.35 4.83 3.33 
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“Half” configuration:  

 

Figure C.4: “Half” configuration of the nine-sphere cuboid cluster with sphere locations 

indicated by corresponding letters. 

 

Table C.4: Particle Sherwood numbers for spheres at different locations in the nine-sphere 

cuboid cluster with “Half” configuration. 

Reynolds 

number 

Sphere 

location 

Cluster proximity A 

3�9 2�9 1.8�9 1.6�9 1.4�9 

10 

F 3.72 3.70 3.61 3.37 2.91 

C 
3.33 

(3.62) 

2.26 

(3.31) 

1.78 

(3.15) 

1.23 

(2.94) 

0.82 

(2.74) 

B 2.97 2.05 1.72 1.47 1.34 

50 

F 6.18 6.27 6.29 6.33 6.31 

C 
6.15 

(6.15) 

6.02 

(6.13) 

5.78 

(6.03) 

5.28 

(5.80) 

4.18 

(5.28) 

B 4.89 4.50 4.22 3.65 2.45 

200 

F 10.86 10.99 11.06 11.15 11.24 

C 
10.77 

(10.76) 

10.90 

(10.90) 

10.88 

(10.89) 

10.78 

(10.80) 

10.32 

(10.47) 

B 7.71 7.39 7.43 7.38 6.69 
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“Quarter” configuration: 

 

Figure C.5: “Quarter” configuration of the nine-sphere cuboid cluster with sphere locations 

indicated by corresponding letters. 

 

Table C.5: Particle Sherwood numbers for spheres at different locations in the nine-sphere 

cuboid cluster with “Quarter” configuration. 

Reynolds 

number 

Sphere 

location 

Cluster proximity A 

3�9 2�9 1.8�9 1.6�9 1.4�9 

10 

F 3.72 3.72 3.64 3.42 2.99 

C 
3.15 

(3.56) 

2.28 

(3.30) 

1.99 

(3.17) 

1.73 

(3.02) 

1.66 

(2.90) 

B 3.12 2.45 2.17 1.86 1.62 

50 

F 6.19 6.28 6.32 6.36 6.34 

C 
6.12 

(6.13) 

5.75 

(6.03) 

5.41 

(5.88) 

4.81 

(5.60) 

3.70 

(5.00) 

B 5.56 4.87 4.56 4.04 3.14 

200 

F 10.93 10.97 11.03 11.08 11.21 

C 
10.77 

(10.77) 

10.86 

(10.88) 

10.81 

(10.83) 

10.53 

(10.65) 

9.79 

(10.15) 

B 10.76 8.48 8.61 8.31 7.86 
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D. Methodology of the IBM-CFM model and 

its simulation results 

IBM-CFM model is namely the immersed boundary method (IBM) based on the continuous 

forcing method (CFM), which is implemented by the group of Physics of Fluid in Twente 

University and used to produce comparative results in identical physical systems in Chapter 5.   

D.1 Methodology 

In this model, the pressure is calculated at the center of the grid while the temperature field is 

located on the face of the vertical velocity. The momentum equation is discretized by applying 

the Adams-Bashforth scheme for the convective term and the Crank-Nicholson scheme for the 

diffusive term, as given by the following expression: 

( )1 1 1 1

2
ρ ρ α ρ

α
γ ρ+ + − += + ∆ − ∇ + +

 
+ +  

n n n n n n n

f f m m m m f

k
k k k

t pu u C C D D g+  (D.1) 

In this equation, _ is the time step index. Time marching is performed with a fractional step 

third order Runge-Kutta (RK3) scheme and �E , `E  and aE  are the coefficients of the time 

advancement scheme and the same values as Rai and Moin [1] have used. The convective and 

diffusive momentum fluxes bc and dc are calculated by spatial discretization of Equation 

(2.6) and (2.7). Both the convection and diffusion terms are spatially discretized by a standard 

second-order central differencing scheme. The implicit treatment of the diffusive term of 

Equation (D.1) require for the solution of the inversion of large sparse matrices; they are 

reduced to three tridiagonal matrices by a factorization procedure with error e�Δ��!. The 

tridiagonal matrices can be solved by using FFT in the periodic boundaries to achieve fast 

computation. For more details of the fluid solver, the interested reader is referred to Verzicco 

and Orlandi [2], van der Poel et al. [3] and Zhu et al. [4]. The thermal equation is discretized 

and solved exactly in the same way as the momentum equation. 

 

To keep track of the immersed objects inside the flow, a continuous forcing immersed boundary 

method has been implemented, based on the work of Uhlmann [5]. The idea is to add an 

Eulerian force term g into the right hand side of Equation (D.1). The fluid-solid interfaces have 
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been discretized into a series of Lagrangian points. The Eulerian and Lagrangian forces are 

related to each other through a regularized delta function: 

( ) ( ) ( )δ= −∫ l l
x x dsf F X X  (D.2) 

where �  and hi  are the position vectors of the Eulerian and Lagrangian points; j  the 

Lagrangian force term; k the delta function; �7 the Lagrangian grid width, respectively. To 

enforce the non-slip boundary condition on the interface, a Lagrangian velocity field is defined. 

The regularized delta function is used again: 

( ) ( ) ( )δ Γ− =∫ l l
x x dxu X V X  (D.3) 

where lm is the Lagrangian velocity on the boundary. The Lagrangian force can be calculated 

when lm does not equal the prescribed velocity ln on the boundary: 

ρ Γ=
∆

p

f

-

t

V V

F  (D.4) 

 

For the thermal boundary condition on the fluid-solid interface, an identical procedure is 

adopted. Note that when dealing with the Neumann boundary condition, a probe which is 

perpendicular to the boundary and equals one grid width is used to calculate the surface 

temperature based on the temperature gradient that is prescribed. 

 

The regularized delta function used in the present study is defined as 

( )
3

1
δ φ φ φ

− − −     
− =      

     
l l l

l

x X y Y z Z
x

h h h h
X  (D.5) 

where � in the present implementation is based on the four-point version of Peskin [6] and ℎ 

is the grid width which is same in every direction. 

( )

( )
( )

2

2

0.125 3 2 1 4 4 , 1

0.125 5 2 7 12 4 ,1 2

0, 2

φ

 − + + − ≤



= − − − + − < ≤


>


r r r r

r r r r r

r

 (D.6) 

D.2 Simulation results 

The simulations results of the advanced Graetz-Nusselt problem using IBM-CFM model are 

shown below: 
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Figure D.1: Circumferential-averaged axial velocity profiles with normalized distance to the 

tube center for three Reynolds numbers and three particle configurations with varying sizes. 

 

    

Figure D.2: Cup-average temperature profile as a function of the normalized length in flow 

direction. The influence of varying particle sizes is presented in the left panel and the influence 

of passive particles dilution is presented in the right panel. 
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Figure D.3: Circumferential-averaged fluid temperature profiles as a function of the normalized 

distance to the tube center. The influence of varying particle sizes is presented in the left panel 

and the influence of passive particles dilution is presented in the right panel. 

 

    

Figure D.4: The profile of the slice-based heat transfer coefficient at the Reynolds number of 

1200, along the normalized length in the flow direction. The influence of varying particle sizes 

is presented in the left panel and the influence of passive particles dilution is presented in the 

right panel. 
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Figure D.5: Radial distribution of the particle-based heat transfer coefficient for the SC case at 

three Reynolds numbers. All individual values with the particles in the entrance region 

indicated by open circles are presented in the left panel. The average values with error bar 

computed by excluding particles in the entrance region are presented in the right panel. 

 

 

Figure D.6: The influence of particle size on the radial distribution of the average particle-

based heat transfer coefficient at the Reynolds number of 1800. 
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Figure D.7: The influence of passive particles on the radial distribution (left panel) and the 

enhancement (right panel) of the particle-based heat transfer coefficient (all particles included), 

at the Reynolds number of 1800. 
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E. One dimensional heterogeneous model 

In this appendix, a one dimensional heterogeneous model applied for the comparison in the 

dense particle array case is presented. The governing equations are the species and thermal 

energy conservation equations for the fluid phase: 
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and for the solid phase: 
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In above equations, o is the solid phase packing density, pqr is the fluid superficial velocity at 

inlet, as is the fluid density, tn,s is the fluid heat capacity, tn,9 is the solid volumetric heat 

capacity, ∆Q& is the reaction enthalpy, D9 is the specific fluid-particle contact surface area 
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s
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-c is the external mass transfer coefficient 

=
s f

m
s
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d
 (E.6) 

�v is the heat transfer coefficient 

λ
α =
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h
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 (E.7) 

- is the surface reaction rate coefficient 

=
f

s

DaD
k

r
 (E.8) 

�w5 is the species axial dispersion coefficient  
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and xw5 is the thermal axial conductivity [7] (for details of y, z and {, the interested reader is 

referred to the original work, as they are beyond the scope of this thesis) 

, ,λ λ λ= +ax ax stat ax dyn  (E.10) 

( ) ( ),
1 1

λ
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λ
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λ η
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f

Re Pr
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In first order irreversible surface reaction, the external mass flux to the sphere surface is equal 

to the consumption rate on the surface: 

( ), ,− =
m f f s f s

k c c kc  (E.13) 

With above procedures, Equation (E.1) to (E.4) are simplified and sequentially computed to 

produce the concentration and temperature profiles in both fluid and solid phases.  
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Nomenclature 

Variables 

�, � Coefficients in generic discretized equations. 

�� Specific fluid-particle contact surface area, [1/m]. 

� Pre-exponential factor in the Arrhenius equation, [m/s].  

�� Molar concentration, [mol/m3]. 

��̅ Dimensionless molar concentration, [1]. 

��,	 Initial species molar concentration, [mol/m3]. 

��,
� Inlet species molar concentration, [mol/m3]. 

��,���� Local average species molar concentration, [mol/m3]. 

��,� Species molar concentration at sphere surface, [mol/m3]. 

〈��〉 Cup-average species molar concentration, [mol/m3]. 

�
�� Coefficients in second-order polynomial. 

��,� Fluid heat capacity, [J/kg/K]. 

��,� Solid volumetric heat capacity, [J/m3/K]. 

��� Convective heat transport per unit of volume, [J/m3/s]. 

��� Convective species transport per unit of volume, [mol/m3/s]. 

�� Spherical cluster diameter, [m]. 

�� Sphere diameter, [m]. 

��� Axial dispersion coefficient, [m2/s]. 

�� Mass diffusivity, [m2/s]. 

��  Tube diameter, [m]. 

���  Diffusive heat transport per unit of volume, [J/m3/s]. 

���  Diffusive species transport per unit of volume, [mol/m3/s]. 

�� Activation energy of the chemical reaction, [J/mol].   

� Coefficient of Robin boundary condition. 

� Surface reaction rate coefficient, [m/s]. 

�  External mass transfer coefficient, [m/s]. 
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�!�� Overall effective mass transport coefficient, [m/s]. 

"#  Distance between ghost point and sphere surface, [m]. 

"$ Distance between image point and sphere surface, [m]. 

"�  Total length of the tube, [m]. 

% Time step index.  

& Pressure, [Pa]. 

'(  Heat flux, [J/m2/s]. 

) Spherical coordinate, [m]. 

)̅ Dimensionless spherical coordinate, [1]. 

)� Cluster radius, [m]. 

)� Sphere radius, [m]. 

*  Universal gas constant, [J/mol/K]. 

*�  Tube Radius, [m]. 

+�  Particle surface area, [m2]. 

, Time, [s]. 

-� Fluid temperature, [K]. 

-�,	 Initial fluid temperature, [K]. 

-�,
� Inlet fluid temperature, [K]. 

-�,.� Outlet fluid temperature, [K]. 

〈-�〉 Cup-average fluid temperature, [K]. 

-� Solid temperature, [K]. 

/
� Fluid superficial velocity at inlet, [m/s]. 

0� Sphere volume, [m3]. 

1, 2, 3 Relative coordinate directions, [m]. 

Greek letters 

4, 5 Coefficients of Robin boundary condition. 

4� External heat transfer coefficient, [W/m2/K]. 

6 Bed voidage, [1]. 

7 Contact efficiency, [1]. 

8�� Axial conductivity, [W/m/K]. 

8� Fluid thermal conductivity, [W/m/K]. 
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9 Solid phase packing density, [1]. 

:� Fluid dynamic viscosity, [kg/m/s]. 

;� Species conversion ratio, [1]. 

<� Fluid density, [kg/m3]. 

= Residence time, [s]. 

> General fluid variable. 

∆@A Reaction enthalpy, [J/mol]. 

∆" Distance between ghost point and image point, [m]. 

∆, Time step, [s]. 

∆-�  Adiabatic temperature rise, [K]. 

B��,�→�Molar transfer rate from fluid to solid, [mol/s]. 

B��,�→�Heat transfer rate from fluid to solid, [J/s]. 

Ω Effectiveness factor, [1]. 

Vectors  

E  Convective momentum flux, [N/m3]. 

F  Diffusive momentum flux, [N/m3]. 

G Gravitational acceleration, [m/s2]. 

H Unit normal vector, [1]. 

I Velocity, [m/s]. 

Subscripts and superscripts 

J Boundary point. 

� Cluster. 

� Fluid phase. 

K Solid phase. 

Operators 

L

L�
 Partial time derivative, [1/s]. 

∇ Gradient operator, [1/m]. 
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∇ ∙ Divergence operator, [1/m]. 

∇O Laplace operator, [1/m2]. 
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