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Chapter 1

Introduction
Water is very abundant on Earth, covering around 71% of its surface. Ancient
human cities were founded in close proximity to rivers, 1 highlighting water’s importance to our civilization. It also is an important component of our atmosphere,
proving significant absorption of infrared light, contributing to heat retention, and
affecting climate. 2 In humans, water is responsible for up to around 58% of the
body mass, 3 a value rising to 95% in some jellyfish. 4 Such abundance makes water
the main solvent for biologically relevant chemical reactions and its absence severely
affects the catalytic rates of enzymes. 5 Water also drives the hydrophobic effect,
where solutes that do not sufficiently interact with water are excluded from the
surrounding solvent and clumped together, giving the illusion of an attractive force
between such solutes. 6 This effect is important in protein folding and helps maintain the integrity of cell membranes. 7 Water also directly mediates specificity of
ligand binding both as a solvent and directly as a structural component of enzyme
active sites. 8,9 In short, water is the most important molecule to the well-being of
life on this planet.
While water is the most studied substance, a lot of its behavior is still poorly
understood. 10 Its small size and simple chemical formula belie its complex interactions with itself and other materials, like in the case of water’s unusually high
melting point compared to other hydrides. 10 Water’s main defining feature are the
hydrogen bonds first described in amines by Moore and Winmill in 1912, 11 later
applied to water by Latimer and Rodebush in 1920, 12 and named by Pauling in
1931. 13 These provide a middle ground between covalent and ionic bonds, 13 with
the hydrogen’s electron being only partially abstracted by a more electronegative
neighbor.
Liquid water has a propensity for forming highly dynamic hydrogen bond networks. 14 Their exact dynamics are still a matter of debate dating back to the
introduction of the Iceberg model by Frank and Evans in 1945. 15 This model was
partially inspired by the tetrahedral water model of Bernal and Fowler, 16 which
constitutes the basis of most modern water models. Although the confirmation of
truly frozen water (icebergs) around hydrophobic solutes has not been forthcoming, other related anomalies giving the same macroscopic effect have been shown.
3
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Rapid large angular jumps in hydrogen bond orientations have first been observed
with classical molecular dynamics, 17 then confirmed experimentally 18 and with independent quantum mechanical simulations. 19 Stabilization of the hydrogen bond
network and the slowing of its dynamics in the presence of solutes that do not
form hydrogen bonds lead to the exclusion of such solutes through entropic effects,
giving rise to hydrophobicity. 19,20 Strong enthalpic forces due to the polarization
inherent in the hydrogen bonding contribute to the structuring of the eighteen different crystalline ices. 21 The intricate interplay between the enthalpic and entropic
effects give water its abnormally low melting temperature, its density peak near
4 ◦C, and 72 other anomalous properties. 10,22 Extensive reviews of such anomalies
are available in References 22–24.
Such plethora of anomalies make water a difficult substance to model. The
situational dependence of its behavior, both in the local chemical environment and
in ambient conditions, like temperature and pressure, has inspired a long history
of describing water with two-state models stretching all the way back to Röntgen’s
proposal in 1892, 25 envisioning water as two different substances mixed together. A
more modern view replaces “substances” with thermodynamics states of the same
substance, the water molecule. Such descriptions have been controversial, partly
due to such complex descriptions at first glance running contrary to intuition about
macroscopically homogeneous liquids and partly due to the controversial Iceberg
model 15 being interpreted in this view as well, with the proposed icebergs being
an alternative state in the larger liquid. Nevertheless, a growing collection of experimental 26,27 and theoretical 28,29 evidence continues to be gathered to justify
a two-state description through local crowding and ordering enforced by the hydrogen bond network. In this view, hydrogen bonds can restrict water molecules
to local high or low density environments, categorized as the two states in liquid
water, and yield different local behavior. Although, in the opinion of the author,
a continuous description interpolating between the two-states, possibly one emerging from polarizable energy expressions, would be easier for the wider scientific
community to swallow.
Meanwhile, explicit multi-state models have not caught on and by 2002 at least
46 single-state water models have been proposed. 30 Yet a transferable, accurate,
and computationally inexpensive water potential eludes us to this day. Computational potentials for water with atomic resolution have been available for almost
half a century and are usually based on the tetrahedral description of water by
Bernal and Fowler. 16 The most historically significant ones are the work of Rahman and Stillinger, 31,32 who introduced a pair of tetrahedral five interaction site
water geometries, similar to the one in Figure 1.1c, and used them to simulate the
hydrogen bond network. Since then, more computationally efficient descriptions
with fewer interaction cites have gained prominence.
Three point potentials, like the extended simple point charge model (SPC/E) 36
and the three point transferable intermolecular potential (TIP3P), 33 are particularly popular for their low computational cost. Both these models place all of their
negative charge on the oxygen atom, leading to incorrect hydrogen bonding arrangement noticeable in their preference to for unrealistic planar trimer and tetramer
conformers. 37 The same issue gives rise to SPC/E not being able to reproduce the
4
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Figure 1.1: Geometries of TIP3P, TIP4P, 33 and TIP5P 34 water models. a) Three point geometries only include positions of the oxygen (red) and hydrogens (white). b) Four point geometries
move the negative charge from the oxygen to a virtual site (light red) closer to the hydrogens. c)
Five point geometries instead have two virtual sites (aqua) to represent the oxygen’s Lewis pairs.
This figure has been reprinted from Ref. 35 with the permission of AIP Publishing.

phase diagram of real water, as it is missing both ice II and ice V. 38
Using a four point potential, where the negative charge is shifted from the
oxygen atom to a virtual site located on a bisector of the HOH angle, permits
one to recover the correct hydrogen bonding, leading to a more accurate reproduction of water’s structure. 33 Perhaps the most successful four point potential
is another member of the transferable intermolecular potential (TIP) series, the
TIP4P/2005. 39 It achieves good agreement with experimental results over a wide
range of temperatures and pressures. 39 In particular, it was parameterized in part
to reproduce the stability of ices II, III, and V and the temperature of maximum
density, all of which are problematic for three point models. 39 To capture the correct behavior of the different ices, the authors had to place the virtual site with all
the negative charge between the oxygen and the hydrogens. The O-O distance is
short enough to place the oxygens in the hard core repulsion regime of the LennardJones potential, making the oxygen in the TIP4P/2005 model act like a fulcrum.
Meanwhile, the electrostatic attraction between the virtual site of one molecule
and the hydrogens of another makes the virtual site act like a lever, lifting the hydrogens of the first molecule out of the OHO plane and, thereby, enforcing correct
tetrahedral hydrogen bonding.
However, if one fits the electrostatic potential of ab initio water, the best reproduction occurs when the virtual site is on the other side of the oxygen from
the hydrogens (Figure 1.2). This calls into question whether a different geometry
might better represent the underlying physical forces present in real water. Indeed, ab initio calculations show that water’s electron density can be described
with maximally localized Wannier functions centered at positions corresponding to
oxygen’s Lewis pairs and midpoints of the OH covalent bonds, which together form
a roughly tetrahedral arrangement around the oxygen. 40
5
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Figure 1.2: Schematic representations of the TIP4P 33 geometry (left) and an alternative four
point geometry (right) repositioning the virtual site M to better match the system-wide electrostatic potential in liquid water. Vertical positions of the virtual sites are not to scale.

It was not until the turn of the millennium that such arguments, together with
improvements in hardware and simulation algorithms, have laid the foundation
of modern five point potentials like TIP5P 34 and its reoptimization for use with
Ewald sums, 41 TIP5P-Ew. 42 In these potentials, the negative charge is evenly split
between two virtual sites representing oxygen’s Lewis pairs. While they offer good
estimates of the melting temperature and are able to reproduce water’s temperature of maximum density, five point potentials suffer from densities significantly
higher than experimental ones in that temperature region. Furthermore, using
these models with all-atom force fields can be problematic. In the all-atom version of the optimized potentials for liquid simulations (OPLS-AA), 43 for example,
there are explicit hydrogens with no Lennard-Jones interactions attached to heavy
atoms with only short-range Lennard-Jones interactions. The strong electrostatic
attraction between such hydrogens and the relatively large virtual site charges of
the five point water potentials render the resulting simulations unstable. 44 In contrast, such problems with five point water models are absent from united-atom
forcefields, where CHx and similar groups are represented as a single interaction
site. 45
Parallel developments in quantum mechanics have led to methods capable of
modeling dynamics of water in an ab initio manner. 46–48 Until recently, 19,28 however, such models have not included corrections for van der Waals dispersion
forces 49,50 and could not be considered fully accurate. Furthermore, due to their
poor scaling these methods are limited to small system sizes and short simulation
times. Therefore, a series of simpler classical approximations have emerged that
explicitly incorporate polarization through multi-body effects and dynamic descriptions of charge that are more detailed then the classical TIP models. Such descriptions, often based on quantum information, include Drude Oscillator (also known
as charge-on-spring) methods, 51–53 electronegativity equilibration methods, 54 like
split charge equilibration, 55,56 and multi-pole expansion to various orders. 57,58
On the other end of the end of the spectrum of description detail lie coarse
grained models. These trade explicitly modeling atomic degrees of freedom for computational efficiency by representing multiple atoms with one interaction site. Several such water models represent the whole water molecule with a single bead 59–62
using various functional forms for the potential energy. Others, like the Martini
model, 63 use a completely different coarse graining strategy to go as far as one
bead for every four water molecules. The big multipole water (BMW) model 64
uses three interaction sites for the same purpose. Some models recapture some of
6
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the relevant degrees of freedom by explicitly modeling hydrogen bonding, 60,65,66
others, by incorporating polarizable approaches. 67
In this work we explore parameterizing polarizable, classical, and coarse grained
descriptions of water. We propose new models to improve on existing ones and
capture combinations of structural, thermodynamic, and electronic properties. We
also illustrate the trade-offs inherent in reproducing each.

7

Chapter 2

Computational Approaches
When studying physical processes at small spatial and temporal scales, experimental insight often becomes limited by the lack of appropriate measurement techniques that can provide both structural and dynamical data. Some experimental
methods, like small angle X-ray scattering (SAXS), can offer information about
the approximate distances between heavy atoms with up to 10 Å resolution and
can provide the overall shape of a molecule, 68 while losing most information about
the lighter atoms and averaging over all the micro-states of a macroscopic sample. As SAXS is performed in a solvent and measures system-averaged properties,
it can be used to monitor their time evolution as the environment changes. In
contrast, X-ray diffraction and nuclear magnetic resonance yield structural detail
with atomic resolution (up to 1 Å), 69,70 but discard most information about the
associated dynamics, as the samples have to be desiccated, crystallized, or fixed
in another manner. However, knowing the underlying small-scale physical interactions in a microscopic system, it is possible to computationally reconstruct both
the structural and dynamic details simultaneously through simulations. Computational techniques like molecular dynamics (section 2.1) and ab initio simulations
(sections 2.2.1 and 2.2.2) are often accurate enough to predict later experimental
findings and have already lead to two Nobel Prizes in Chemistry, one for Kohn
and Pople in 1998 for development of the density functional theory (DFT) 71 and
another for Karplus, Levitt, and Warshel in 2013 for combining quantum and
molecular mechanics. 72

2.1

Classical Molecular Dynamics

Molecular dynamics (MD) is the foremost method used to predict molecular behavior with atomic resolution and is usually applied to length scales of 1–100 nm
and time scales of 10 fs to 10 µs (Figure 2.1). To date, the longest publicly reported
MD simulations have reached 2 ms using and specialized hardware in the form of
the Anton cluster in 2013. 73 The application specific integrated circuit (ASIC)
designs, a dedicated processor instruction set, the memory access patterns, and
the network architecture of Anton have all been built by D.E. Shaw Research to
9
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grained
MD
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DFT
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Figure 2.1: Approximate system length scales and time scales that can be simulated with density
functional theory (DFT), all-atom, and coarse grained molecular dynamics (MD) with general
purpose computing hardware. High time scales are easier to achieve with sparsely populated
systems.

do one task, and one task only: MD. 74 This allows Anton to a reach simulation
speed of 16.4 µs/d for a 23558 atom system. 75 More recently, the Anton 2 has
been described 76 and offers significant performance and system size improvements.
Without such specialized hardware, all-atom simulations of realistic systems (30000
atoms) are feasible up to 10 µs. 77 Larger system sizes N measured in hundreds of
thousand of atoms are also possible, but some of the algorithms underlying MD
scale at best as O(N log(N )) with system size. 78
At its heart, MD is an initial value problem. It is built on the idea of taking a
given initial structure and applying Newton’s equations of motion
Fi = m i

∂ 2 ri
∂pi
∂U (r1 , . . . , rN )
=−
,
=
2
∂t
∂t
∂ri

(2.1)

to propagate that structure forward in time. Here, the force Fi acting on particle
2
i and the particle’s acceleration ∂∂tr2i are computed from the particle’s position
ri and a system-wide potential U ≡ U (r1 , . . . , rN ) ≡ U (r) that approximates
the interactions within the real material as a function of particle positions and is
i
independent of particle velocities ∂r
∂t or momenta pi .

2.1.1

Integrators

Forward propagation is typically done in discrete time steps ∆t of 1–20 fs by applying an integrator algorithm, such as Verlet, 79 leapfrog, 80 or velocity-Verlet 81
algorithms, to minimize the numerical inaccuracies due to such discreteness and
lead to stable simulations.
10
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Of special interest in MD are symplectic integrators, which preserve the volume of the phase space (the space of combined particle momenta and positions)
volume element between time steps. In other words, they lead to no energy loss
when converting between kinetic and potential energy. As maintaining conservation of energy in a closed system is essential to make a simulation physically sound,
symplectic integrators are the preferred way of forward propagating Hamiltonian
systems. 82 In particular, leapfrog, 80 and velocity-Verlet 81 integrators are symplectic, while the classical forward Euler integrator 83 is not, and so is not used in MD.
Meanwhile, the regular Verlet integrator 79 is also symplectic, but is not used as it
does not deal with updating momenta and, so, does not represent the evolution of
a physical many-particle system.
To illustrate the operation of leapfrog, 80 and velocity-Verlet 81 integrators, which
are functionally equivalent, let us define a phase space vector g(r, p) that describes
the state of the system and is composed of the positions ri and momenta pi of all
the particles i in the system. Here, r and p are matrices containing all the Cartesian components of all particle positions ri and momenta pi . Each such Cartesian
component is a separate dimension of phase space and of the vector g. Then, given
a Hamiltonian
X |pi |2
H(r, p) =
(2.2)
+ U (r)
2mi
i
describing the total energy of the system, the forward propagation of the state
g(r, p) is described by Hamilton’s equations of motion
dg(r, p)
∂g(r, p) ∂H(r, p) ∂g(r, p) ∂H(r, p)
cg(r, p) ,
−
= iL
=
dt
∂r
∂p
∂p
∂r

(2.3)

cis the Liouville operator and i is the imaginary unit. Solutions to Eq. 2.3
where L
can then be written in the exponential form
g(r(t), p(t)) = eitL g(r(0),p(0)) .

(2.4)

c

By applying the Trotter operator decomposition, 84–87
e(A+B)x = eAx eBx + O(x2 ) ,
b

b

b

(2.5)

b

one can separate Eq. 2.4 into position and momentum components. For all the
atomic forces F and masses m these expressions become
r(t) = e
p(t) = e

t

∂H(r(0),p(0)) ∂r(0)
∂p
∂r

∂H(r(0),p(0)) ∂p(0)
−t
∂r
∂p

= et

p(0)
m

,

= etF(0) .

(2.6)
(2.7)

These expressions can now be Taylor expanded to generate algorithms for time
reversible (by using −t instead of t) symplectic integrators of arbitrary order. In
particular, the velocity-Verlet 81 algorithm used in this work is a second order integrator and uses the following equations:
r(t + ∆t) = r(t) +

p(t)
F(t) 2
∆t +
∆t ,
m
2
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(2.8)
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p(t + ∆t) = p(t) +

F(t) + F(t + ∆t)
∆t .
2m

(2.9)

Second order methods are considered good enough for use in MD, as additional
accuracy of higher order integrators is outweighed by the increasing computational
burden. Any remaining numerical inaccuracies are of the same order of magnitude
as those in Heisenberg’s uncertainty principle. 88 However, higher order methods
are still useful when studying systems composed of massive objects with very long
time scales, such as in planetary and stellar motion, where compounding of O(∆t3 )
and higher order errors with time is easily observable 89 and should be avoided at
all costs.

2.1.2

Potentials in Molecular Dynamics

The expression for the overall system potential energy U (r), is often simply referred to as a potential, or, when describing many types of particles, as a force
field. The system potential energy U (r) depends only on particle positions, not
their velocities, and is often evaluated as a sum of simple analytical functions for
computational efficiency. It is usually separated into bonded and non-bonded components, as in
U = Ubonded + Unon−bonded .
(2.10)
The bonded contribution governs the internal structure of the molecule. It typically
includes interactions due to covalent bonds between two atoms i and j, angles θa
between three atoms, and dihedral angles φd between two planes defined by a set
of four atoms, two of which are shared between the planes (see Figure 2.2), as in
the general Amber force field: 90
Ubonded =

bonds
X
i,j

+

angles
X

bond 
2
kij
equil
rij − li,j
2

kaangle θa − θaequil

2

(2.11)

a

+

dihedrals
X




kddih 1 + cos nφd − φequil
,
d

d
bond
where rij = |ri − rj | is the distance between the particles i and j, kij
, kaangle ,
equil
equil
dih
equil
and kd are force constants and li,j , θa , and φd
are the equilibrium bond
length and angles. The natural number n is the multiplicity of the dihedral angle
and governs the symmetry of the dihedral contribution to the potential.
The non-bonded contribution models electrostatic interactions Uc (rij ) by applying Coulomb’s Law to pairs of atomic partial charges Qi and Qj . It also models
van der Waals dispersion forces with the Lennard-Jones potential ULJ (rij ). For
computational efficiency, the non-bonded contribution is designed to be additive,
meaning that it is composed of a sum of pair-wize interactions. Therefore, the
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li,j
i

φd
j

θa

Figure 2.2: Geometric features acted on by a typical bonded potential in an MD simulation.
Forces are exerted on bond lengths li,j = |ri − rj |, angles θa and dihedral angles φd .

non-bonded potential is evaluated with
XX
Unon−bonded =
Uc (rij ) + ULJ (rij )
i

=

j>i

Qi Qj
+ 4ij
ke
rij
j>i

XX
i

"

σij
rij

12


−

σij
rij

(2.12)

6 #
,

where ke is the Coulomb’s constant, ij is the depth of the potential well in the
Lennard-Jones potential and σij is the interatomic distance at which the LennardJones potential is zero (Figure 2.3). The Lennard-Jones potential is conformal,
which means that it preserves its shape as its parameters ij and σij are changed.
It has been shown that it may be necessary to go beyond conformal potentials to
accurately model water. 60 While a bare Lennard-Jones potential is not necessarily
accurate for any system other than noble gases, its computational simplicity has
made it a very popular expression to model van der Waals interactions in many
other materials as well. Alternatives to such two-body interactions exist and have
been used extensively to model solids. 91–93 More recently, there has been an increasing interest in applying multi-body potentials to biomolecular force fields as
well. 94,95
Other approximations are also used to reduce the computational burden. As
both Coulomb and Lennard-Jones potentials decay asymptotically towards zero at
infinite distances, the non-bonded interactions are often truncated beyond a cutoff
rcut , usually between 8 and 12 Å. Evaluation of the non-bonded interactions is the
most time consuming part of an MD code. With this approximation one only needs
to evaluate the non-bonded interactions for a small subset of all particle pairs. The
evaluation of all the inter-particle distances is still needed to find this subset at
each time step of the simulation and is called a neighbor search.
Verlet neighbor lists 79,96,97 offer a way to cache the results of such searches.
When done with appropriate distance padding on top of rcut (Figure 2.4), neighbor
searches can be stored in a Verlet neighbor list and reused for a number of time
steps (10–30 , depending on the padding), effectively reducing the computational
expense from O(N 2 ) to O(N ), where N is the number of particles in the systems.
When an atom crosses into or out of rcut around a central particle, the amount
of charge acting on the central particle changes, leading to violation of energy
conservation in the simulation. 98 To circumvent this problem, neighbor lists are
calculated based on centers of mass of charge goups, whole groups of atoms located
close to each other and usually bonded together. 99,100 If the centers of mass of two
charge groups are within the padded cutoff distance, then all atom pairs within
13
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Lennard-Jones
Coulomb (1/r)
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U(εij)
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r(σij)
Figure 2.3: Lennard-Jones and Coulomb potentials in reduced units (ke = σ = ε = 1). The
Lennard-Jones potential has zero energy at σij and has a minimal energy of ij . The Coulomb
potential is a simple 1/r function in reduced units. The vertical dotted line indicates a typical
cutoff distance rcut for the potentials. The Coulomb potential decays much slower than the
Lennard-Jones potential and still has significant magnitude and derivative at the cutoff.

them are used for the evaluation of the non-bonded potential. This further streamlines the calculations. Ideally, charge groups should have a net neutral charge, as
then the net interactions between them are predominantly affected by dipole-dipole
3
interactions, which decay as 1/rij
and reduce the error due to cut-off crossing. 100
Another problem is that truncation of the potentials introduces artifacts into
the simulations due to the discontinuity in the potential at the cutoff. 101 For the
Lennard-Jones potential, corrections are often applied by either shifting the whole
potential to a make it zero at rcut or by applying a switching function near the
cutoff to make the potential smoothly decay to zero at rcut instead of at infinity. 102
Furthermore, dispersion corrections for both energy and pressure 96 are often necessary to model the isotropic effects due to the missing long range part of the
Lennard-Jones potential. In MD, the energy corrections are often done by assuming an isotropic fluid of constant density ρ and integrating over the missing tail of
the potential using
Z∞
Ucorr = Unon−bonded + 2πN ρ

r2 ULJ (r)dr .

(2.13)

rcut

The pressure corrections are similarly expressed by integrating over the derivative
of the potential, as in

(P V )corr

2
= (P V )non−bonded + πN ρ
3

Z∞

rcut

14

r3

dULJ (r)
dr .
dr

(2.14)
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B

A
rpad
rcut

Figure 2.4: Padding the cutoff rcut up to rpad allows the neighbor list to include particles that
can potentially approach within rcut in the next several time steps, such as those in molecule
A. To avoid interactions with only parts of a molecule, as in molecule B, neighbor lists are built
between centers of mass of molecules instead of between atoms directly.

2.1.3

Periodicity and Long-Range Electrostatics

In this work we are modeling liquid water. The easiest way to represent such
system is with periodic boundary conditions. These are achieved by embedding the
system in a periodic simulation box. When a particle leaves such a box through
a box boundary, it reenters through a boundary on the opposite side of the box.
Under these conditions, the potential U also needs to take into account interactions
between particles in the system and particles in the system’s periodic images. To
accomplish this, the nearest image convention is used. Namely, the inter-particle
distance rij is taken to be the shortest distance between particle i and any image
of particle j (Figure 2.5), as in
rij = min({rij 0

∀ j 0 images of j}) .

(2.15)

This, however, restricts the padded cutoff rpad (Figure 2.4) to be at most half of
the shortest box dimension L,
rcut ≤ rpad ≤

L
,
2

(2.16)

to prevent a particle from interacting with its own periodic image.
−a
Inter-particle interactions of the form Uint (rij ) = rij
are considered long-range
if the interaction power a is less than the dimension of the space, or if a < 3 in
three dimensional space. Therefore, electrostatic interactions are long-range, as
the Coulomb potential decays as 1/r, much slower than the 1/r6 of the short-range
Lennard-Jones potential (Figure 2.3). This means electrostatic interactions are
often significant at ranges as long as several box lengths, far beyond the cutoffs.
In non-homogeneous systems, truncation of the electrostatic interactions leads to
ordering artifacts that grow with simulation time. 103
Replicating the original periodic cell multiple times and removing the cutoff,
illuminates the issue of non-convergence of the potential. 104 For example, when
15
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B0
rAB
A rpad

B

L

Figure 2.5: Nearest image convention in periodic boundary conditions. Point A directly interacts
only with the nearest image of point B. All other interactions lie outside of the padded cutoff
rpad . The padded cutoff can be at most half the length L of the shortest box vector to avoid
double counting of short-range interactions.

calculating the Madelung constant, 104 which represents the electrostatic potential
felt by atoms in perfect ionic crystals, the potential is conditionally convergent 105
and depends on the order of the original periodic cells in the sum. This implies
instability of ionic crystals, like rock salt, which was known to be very stable. Ewald
summation 41 was developed to accurately treat such systems and the resulting
method uses Fourier space instead of real space. While the Coulomb potential
decays slowly in real space, it decays quickly in Fourier space, leading to a rapidly
converging algorithm.
In Ewald summation, the point charges are represented as Gaussian charge
distributions of width α. After a three dimensional Fourier transform, the 1/r interaction between a pair of such distributions becomes 4π/k 2 exp(−k 2 /4α2 ), where
k is the magnitude of a lattice vector k. For a cubic periodic box of side length L,
the long-range (predominantly between particles in different periodic images of the
box) electrostatic interaction can be obtained with an inverse Fourier transform,
Uk =

ke X 4π −k2 /4α2
2
e
|e
ρ(k)| ,
2L3
k2

(2.17)

k6=0

where ρe(k) is the Fourier transformed arrangement of the point charges Qj and is
expressed as
X
ρe(k) =
Qj e−ik·rj .
(2.18)
j

To simplify the notation and avoid additional coefficients, the three dimensional
wave vectors k are members of a discrete set {2πn/L}, where n ∈ Z3 . The wave
vectors k act as the individual dimensions of Fourier space. Typically an upper
limit is placed on the maximum value of the components of n for computational
16
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efficiency, limiting this dimensionality. The overall accuracy of the method is quantifiable 78,106,107 and is controlled through this upper limit and the value of α.
While at large distances the interaction between two Gaussian charge distributions behaves similarly to that between two point charges, at short distances
the discrepancy needs to be corrected for. Therefore, the short range Coulomb
interaction,
XX
erfc(αrij )
,
(2.19)
Ur = ke
Qi Qj
rij
i j>i
is the difference between the two expressions. Here, erfc(x) is the complementary
error function defined by
Z∞
2
erfc(x) = e−t dt .
(2.20)
x

In effect, this short range interaction is equivalent to applying Coulomb’s Law to
a pair of charge distributions that cancel out the effect of the non-point nature of
the Gaussian charge distributions in Fourier space (Figure 2.6).
4
3
2
2α

ρ(r)

1
0
-1
-2

Gaussian charge distribution
Canceling charge distribution
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Figure 2.6: The Gaussian charge distribution with standard deviation α exists in Fourier space
and approximates long range interactions between point charges. To counteract the errors due to
the non-point nature of this distribution, effects of the canceling distribution are added to with
the short-range interactions.

Furthermore the self-interaction between a particle and its periodic images,
α X 2
Us = −ke √
Qi ,
(2.21)
π i
needs to be removed. With the Ewald method, the Coulomb potential under
periodic conditions is a sum of these long range, short range, and self-interaction
terms, as in
UCoulomb = Uk + Ur + Us .
(2.22)
Implementations of the simple Ewald summation described above scale as O(N 2 )
when implemented naively (O(N 3/2 ) if symmetries are taken into account) and are
fairly slow, due to the need to evaluate a large number of computationally expensive
exponential functions. Therefore, modern MD codes, like Gromacs, 108 implement
17
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grid based alternatives, where the Fast Fourier Transform (FFT) can be used,
leading to O(N log(N )) scaling. 78 For example, the smooth particle mesh Ewald
(SPME) method 109 assigns charges to a regular grid of points by interpolating
between the atomic point charges using B-splines. The electrostatic forces acting
on these grid points are evaluated with FFT and then redistributed back to the
atoms. Other interpolation schemes are also possible, such as the particle-particle
particle-mesh method. 110
Ewald summation can also be applied to other potentials of the 1/rn form.
For example, when applied to the Lennard-Jones potential, 111 it can be used
to more explicitly treat the long-range dispersion corrections. However, even in
the case of electrostatics, when applying Ewald summation to models originally
made to be used with simple truncation, observed bulk properties, like density, can
change. 42,112 This requires such models to be reparameterized for use with Ewald
summation if comparable accuracy is desired.

2.1.4

Constraints

Bonded potentials dealing with light atoms, like those describing covalent bonds
to hydrogen, typically result in very fast oscillations. For example, the stretching
mode of the O-H bond in water absorbs infrared light at around 3400 cm−1 , 113
which translates to a vibrational period of 9.8 fs, These are hard to accurately
integrate over without decreasing the time step from 2 fs in most force fields to 1 fs
or less, which would at least half the achievable simulation timescales. To avoid
this, constraints are placed on the bond lengths and angles leading to such atoms,
in effect fixing part (or, for water, all) of the molecular geometry.
The two most common algorithms to achieve this are SHAKE 114 and LINear
Constraint Solver (LINCS). 115 Both modify particle positions after an integrator
has updated them for a new time step. The SHAKE 114 method uses Lagrange
multipliers to adjust positions of particles involved in each constraint independently
in sequence. It then iterates until all constraints are satisfied to within desired
tolerance. The LINCS 115 algorithm, on the other hand, avoids iterations by solving
for all constraints at once using linear algebra. This offers more stability in the
solution, and a faster evaluation time. A special analytical solution of the LINCS
matrix problem is available for water molecules and is called SETTLE. 116

2.1.5

Equilibration and Statistical Ensembles

Most initial structures for MD simulations, whether experimentally obtained or
a manually assembled guess, are likely to be somewhat strained high-energy configurations from the perspective of the system potential U . This is true even for
experimental derived structures, as U is only an approximation to the interactions
of the real system. Therefore, such structures are first reduced to a lower energy
state. For example, this can be achieved by steepest descent minimization of the
potential energy with respect to the atomic coordinates.
Next, the system needs to be brought close to the experimental conditions
one is attempting to reproduce. This typically includes controlling the system
18
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temperature and pressure. The first step is drawing the initial particle velocities
from the Boltzmann distribution at the desired temperature. Next a sequence of
equilibration simulations, typically with different algorithms to control temperature
(thermostats) and pressure (barostats), is performed to bring the distribution of
micro-states one samples from the final production simulation close to the real
distribution.
In statistical mechanics, a collection of all such states under a given set of
macroscopic conditions is called a statistical ensemble. Typical conditions include
the conservation total of energy at a fixed value E, conservation of the number of
particles N , volume V , temperature T , and pressure P . Different combinations
of these conditions give rise to different ensembles. The most common ones are
the microcanonical (NVE), the canonical (NVT), and isothermal-isobaric (NPT)
ensembles. Ensembles provide useful tools to describe macroscopic observables,
such as density or the dielectric constant. Such observables can be evaluated as
ensemble averages over their values for all the possible micro-states of the system,
weighted by their likelihood of occurrence.
Regardless of what ensemble one uses, to fully sample it with an MD simulation
would require an infinite simulation lengths. In practice, computational time is limited, so macroscopic observables are reported as averages over snapshots sampled
from long, but finite, simulations. Robust equilibration is, therefore, important to
avoid introducing initial state bias into the final results.
The major problem with limited simulation lengths is that they do not let one
reliably sample rare events controlled by crossing of a high energy barrier. The
average time to cross such a barrier has exponential dependence on its activation
energy. Therefore, to sample systems with barriers above ≈ 3kb T , enhanced sampling methods are used. A pair of examples are the replica exchange 117 approach,
where structures are exchanged with higher temperature simulations that are more
likely to cross the barrier, and metadynamics, 118 where an evolving time-dependent
bias is added to the potential to push the simulation out of the already well explored
configurations. More detailed descriptions of these and other enhanced sampling
methods can be found in Refs. 119–121.

2.1.6

Controlling Temperature and Pressure

The symplectic integrators used in MD (section 2.1.1) lead to energy conservation.
This means that MD naturally describes the NVE ensemble. For a system in the
NVE ensemble, the temperature and pressure it experiences will oscillate with time,
as potential energy is traded for kinetic energy and vice versa. In contrast, in MD’s
sister methodology, the Monte Carlo (MC) simulation, 122,123 sampled points of
phase space are randomly drawn from a Boltzmann distribution, naturally making
the MC simulations exist in the NVT ensemble. Achieving the NVT and NPT
ensembles with MD requires the use of special algorithms applied in addition to
the integrator.
Algorithms used to control the temperature are called thermostats. They are
often based on the idea of coupling the system to en external heat bath. One of
the simpler such algorithms is the Berendsen thermostat, 124 which links the system
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to an infinite heat bath. It leads to exponential convergence towards the desired
temperature at the cost of producing an incorrect distribution of kinetic energies
for the NVT ensemble. Therefore the Berendsen thermostat is not suitable for
production simulations, but is a valuable tool to accelerate the initial parts of the
equilibration procedure.
The Nosé-Hoover thermostat 125,126 offers a better approach. Nosé 125 described
the system and the heat bath with an extended Hamiltonian
Hext (r, p, s, ps ) = H(r, p/s) +

p2s
+ (3N + 1)kb T ln(s) ,
2Q

(2.23)

where kb is the Boltzmann constant, Q describes the coupling timescale between
the system and the bath in units of energy × time2 , s is the scaling strength for
ps
the system velocities, and ps dictates changes in s as ds
dt = Q . This way the total
energy of the extended system is conserved and the microcanonical distribution
of states for Hext (r, p, s, ps ) corresponds to the canonical distribution in the real
system. 127 However, using p/s for particle momenta would also require a variable
length time step of ∆t/s.
To avoid this complication, the non-Hamiltonian reformulation of Hoover 126 is
used where the equations of motion are

and

r
dr
= ,
dt m
dp
pη
=F −
,
dt
Q
dη pη
= ,
dt Q
N
dpη X p2i
=
− 3N kb T .
dt
mi
i

(2.24)
(2.25)
(2.26)
(2.27)

Here, s has been replaced by the heat bath coordinate η with pη = ps . While valid
for more complex systems, the resulting Nosé-Hoover thermostat yields an incorrect kinetic energy distribution when applied to systems with integrable potentials
and leads to oscillations. 128 This can be solved by embedding the heat bath in a
series of other heat baths with the Nosé-Hoover chains thermostat. 129 Other thermostatting approaches also exist, such as the velocity rescale thermostat, 130 where
the momentum scaling due to interactions with the heat bath is done stochastically
for each particle.
Similar to the thermostats, barostats can be used to control system pressure
by adjusting volume though scaling of the positions. The Berendsen thermostat,
for example, directly translates into the Berendsen barostat. 124 Meanwhile, the
Parrinello-Rahman barostat 131,132 functions as the pressure equivalent of the NoséHoover thermostat that also allows the shape of the periodic cell to deform. In most
of this work, the Nosé-Hoover thermostat 125,126 is used in combination with the
Parrinello-Rahman barostat. 131,132
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2.2

Quantum Mechanical Description

The potential U used in classical MD is an approximation to the interactions in the
real system. Quantum mechanics (QM) offers a more realistic description of the
system, one that includes the electronic degrees of freedom. Several parameters
of MD force fields, such as equilibrium bond lengths and force constants in the
bonded potential, and, with some approximations, charges, can be extracted from
QM descriptions.
In QM, the Hamiltonian depends not only on the positions Rλ and momenta
Pλ of the nuclei, but also on positions ri and momenta pi of the electrons. In CGS∗
units, for a system of NK nuclei, each of mass Mλ , and carrying a charge of Zλ ,
and Ne electrons, each carrying a unit charge of −e and mass mi , the Hamiltonian
b 1 , . . . , rN , p1 , . . . , pN , R1 , . . . , RN , P1 , . . . , PN ), or for short H(r,
b p, R, P),
H(r
e
e
K
K
can be expressed as
b p, R, P) =
H(r,

NK X
NK
NK b 2
X
1X
Zλ Zη e2
Pλ
+
2Mλ
2
η |Rλ − Rη |
λ

λ

+

Ne
X
i

−

b 2i
p
1
+
2mi
2

NK
Ne X
X
i=1

λ

η6=λ

Ne X
Ne
X
i

j
j6=i

e2
|ri − rj |

(2.28)

Zλ e2
.
|ri − Rλ |

For the purpose of this discussion we will be ignoring electronic spin, an empirically observed property which behaves similar to angular momentum and originates
from a relativistic treatment of QM. 133 If included, it would provide another quantized degree of freedom for each electron in the system.

2.2.1

Born-Oppenheimer Approximation

The dynamics of the nuclei and electrons are linked through the last term of the
Hamiltonian (Eq. 2.28). However, the ratio of their masses mi /Mλ is on the order of
10−4 to 10−5 . From the perspective of the electron’s dynamics, the nuclei effectively
do not move. This allows one to separate the nucleic and electronic degrees of
freedom as in the Born-Oppenheimer approximation. 134 The approximation lets
one construct ab initio MD, where the nuclear motion is governed by an effective
potential Ueff (R) due to the surrounding ground state electrons. The potential can
be expressed as
NK X
NK
1X
Zλ Zη e2
Ueff (R) =
+ E0el (R) ,
(2.29)
2
η |Rλ − Rη |
λ

η6=λ

∗ In the centimetre-gram-second system, the Coulomb constant k is defined as 1, simplifying
e
the notation.
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where E0el (R) is the total energy of the purely electronic subsystem in its ground
state.
The Hamiltonian for the electronic subsystem is
b el =
H

NK
Ne X
Ne
Ne X
Ne
X
X
b 2i
Zλ e2
1X
e2
p
+
−
2mi
2 i j |ri − rj |
|ri − Rλ |
i
i
λ

j6=i

bee −
= Tb + U

Ne
X

(2.30)

eVext (ri ) ,

i

bee is the electron-electron interaction
where Tb is the kinetic energy operator, U
operator, and Vext (ri ) is the external potential felt by electron i due to the nuclei.
Given fixed positions Rλ of the nuclei, the stationary states of the electronic
subsystem can be described by a multi-electron wavefunction Ψn (r), which is an
eigenfunction of the time-independent Schrödinger equation
b el |Ψn (r)i = En |Ψn (r)i ,
H

(2.31)

where the eigenvalue En represents the total energy of the system. Only certain
discrete (quantized and identified the subscript n) eigenvalues and eigenfunctions
satisfy this equation, meaning the values of electronic momenta p are not free
parameters in the wavefunction Ψn (r). Several of these states can be degenerate
in energy En . The lowest energy state n = 0 is called the ground state.
To reflect the wave-like nature of the electrons, they are represented as a density
distribution ρ(r), which can be extracted from the ground state multi-electron
wavefunction as
ρ(r) = Ψ0 (r1 = r, . . . , rNe = r)Ψ∗0 (r1 = r, . . . , rNe = r) .
For this to hold, the wavefuntion needs to be normalized so that
Z
ρ(r)dr = Ne .

(2.32)

(2.33)

Analytical expressions for Ψ0 (r) in many-electron systems are only available
for a few specific cases. Therefore, numerical simulations as well as a number of
simplifying approximations are necessary.

2.2.2

Density Functional Theory

Solving the Schrödinger equation for the ground state of the many-electron subsystem is difficult due to electrostatic interactions between individual electrons.
Because of these, the density distribution ρi (r) of electron i affects those of all the
other electrons. Even expressing the multi-electron wavefunction Ψ(r) in terms of
separable wavefunctions for the individual electrons ψi (ri ) is non trivial, requiring
antisymmetry under exchange of electrons between wavefunctions. Furthermore,
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using a separable ansatz for Ψ(r), as in the Hartree-Fock self-consistent field approximation, 135 leads to incorrect values of the subsystem energy E, as correlation
between individual electrons is neglected. 136
Density Functional Theory (DFT) offers a way to simplify this by instead solving
a system of mutually non-interacting particles (not electrons) i with a total density
distribution n(r) equivalent to that of the real ground state system, such that
ρ(r) ≡ n(r) =

Ne
X

ni (r) =

Ne
X

φi (r)φ∗i (r) ,

(2.34)

i

i

where ni (r) and φi (r) are density and wavefunction of each individual particle.
To achieve this, DFT relies on two theorems by Hohenberg and Kohn: 46
(1) The external potential Vext (r) felt by a many-electron system is a unique, up
to an additive constant, functional of the electron density ρ(r). Hence, the
ground state Ψ0 (r) is a unique one-to-one functional of ρ(r).
bee |Ψi is a func(2) If n(r) is an electron density function and F [n] = hΨ|Tb + U
tional evaluating the sum of the kinetic energy T and the electron-electron
interaction energy Uee , then the energy functional for the many-electron system
Z
E[n] =

Vext (r)n(r) d3 r + F [n] ,

(2.35)

obeys the variational principle with respect to n(r), so that the minimal
energy state
E0el = E[ρ] ≤ E[n]
(2.36)
occurs when n(r) = ρ(r)∀r.
Furthermore, F [n]Ris a unique functional of the electron density n(r) for any number
of electrons Ne = n(r)dr and external potential Vext . 46
By Theorem (2), the variational principle can be employed to find the ground
state electron density ρ(r) by minimizing F [n] with respect to n(r). To simplify
the problem, Kohn and Sham 137 express n(r) in terms of single-particle orbitals φi
(Eq. 2.34) that do not interact with each other directly. Instead the interactions
between these Kohn-Sham particles are represented by a Coulomb interaction with
the overall particle density n(r). Any errors, such as the exchange and correlation
effects of the single-particle wavefunctions, are presented as an exchange correlation
functional Exc [n]. The resulting expression for the energy functional then becomes
Z
ZZ
n(r)n(r0 ) 3 0 3
E[n] = T0 [n] + Vext (r)n(r) d3 r +
d r d r + Exc [n] ,
(2.37)
|r − r0 |
where T0 [n] is the kinetic energy for the Kohn-Sham particles.
T0 [n] =

Ne Z
X

φ∗i (r)(−∇2 )φi (r) d3 r

i
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The remainder of the kinetic energy hΨ|Tb|Ψi of the many-electron system is also
absorbed into Exc [n].
KS
Each such Kohn-Sham particle feels an effective potential Ueff
([n], r) expressed
in terms of the external potential Vext (r), the Coulomb interaction with the particle
density n, and the exchange correlation functional Exc [n] as
Z
2n(r0 ) 3 0 δExc [n]
KS
Ueff ([n], r) = Vext (r) +
d r +
.
(2.39)
|r − r0 |
δn(r)
After substituting Eq. 2.34 into the functional derivative above and enforcing
the conservation of charge with Lagrange multipliers i , the system of Kohn-Sham
equations 137

KS
−∇2 + Ueff
([ρ], r) φi (r) = i φi (r)
(2.40)
emerges. This system can be solved for all φi self-consistently by iteration and the
ground state electron density ρ(r) can be found by their substitution into Eq. 2.34.
The energy E0el (R) = E[ρ] of the multi-electron system can then be extracted by
further substitution of ρ(r) as n(r) into Eq. 2.35.

2.2.3

Exchange Correlation Functionals

DFT is based on moving all the problematic energy terms into the exchange correlation functional Exc [n]. 138 The exchange part of the name refers to symmetry
requirement imposed by the Pauli exclusion principle. Specifically, for methods that
work directly with the multi-electron wavefunction Ψ(r), exchanging the identities
of the real electron wavefunctions φi (r) and φj (r) in the expression for Ψ(r) should
result in −Ψ(r), as electrons are fermions. Meanwhile, the correlation component of
the name refers to the interdependence between the densities of individual electrons
that is responsible for the inaccuracy of the Hartree-Fock method.
While no exact expression is available for Exc [n], several approximations exist.
For example, in the local density approximation (LDA) the exchange portion of
Exc [n] is modeled by representing n(r) as a locally homogeneous electron gas.
In contrast, the BLYP functional used in this work also incorporates gradient
corrections for the local density in the exchange energy 139 as well as for the kinetic
and correlation energy. 140 While DFT is a exact theory, because of these often
empirically derived approximations for Exc [n], it currently has only approximate
solutions for non-trivial systems.

2.2.4

Gaussian and Plane-wave Basis

A simple way to express an ansatz for the solutions to Eq. 2.40 is to represent each
single particle wavefuncion φi as a linear combination of basis functions Φj , as in
X
φi (r) =
Cij Φj (r) .
(2.41)
j

This form allows for an easy way to solve the system of equations with linear
algebra routines.
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Atomic orbital basis functions centered on the nuclei Rλ are often used. These
are based on separating the radial and angular components of the particle wavefunction, as in the solutions to the Schrödinger equation for an isolated neutral
atom. A basis function ΦAO
j (r) in the atomic orbital basis has the form
ΦAO
j (r) = Rj (|r − Rλ |)Ylm (θ(r − Rλ ), φ(r − Rλ )) ,

(2.42)

where Rj (r) encodes the distance dependence from the nucleus λ, which the basis
function ΦAO
is centered on, and the spherical harmonics Ylm (θ, φ) encode the
j
angular dependence in spherical coordinates around the nucleus λ. The variables
l and m are the second and third quantum numbers encoding the orbital shape
(s, p, d, etc.) and angular momentum of the corresponding orbital in an isolated
atom respectively. Meanwhile, the first quantum number n represents the different
bands of orbitals. It originates with the energy levels (Eq. 2.31) of an isolated
hydrogen atom, where energies of states with the same n, but different l and m,
are degenerate. All three quantum numbers depend on the identity of the orbital
and, so, on the index j of the basis function describing it.
The most common way of representing the distance dependence is through
Gaussian functions
2
Rj (r) = Nnlm (ζj )rn e−ζj r ,
(2.43)
where n is the first quantum number representing the energy level of the corresponding orbital of the hydrogen atom, Nnlm is a normalization constant and ζj is
the decay coefficient of the function. Gaussian basis functions are simple to integrate over, and so have been adopted by a number of QM software packages, like
GAUSSIAN, 48 nwchem, 141 and VOTCA-XTP. 142 Their major downside is that
Gaussian functions are smooth and can not easily reproduce the sharp wavefunction peak located at the nucleus. Instead, a linear combination of several Gaussian
functions is used to approximate it. Basis functions so defined are called contracted
Gaussian-type orbitals and can be expressed as
X
2
Rj (r) =
Ak Nnlm (ζjk )rn e−ζjk r .
(2.44)
k

An alternative to such contraction is the use of Slater-type orbitals (STOs) 143
of the form
Rj (r) = Nnlm (ζj )rn e−ζj r ,
(2.45)
where ζj is the orbital decay coefficient. In contrast to Gaussian-type orbitals,
STOs can capture the wavefunction peaks. However, due to the difficulty and computational expense of numerically integrating interactions between such orbitals,
few implementations exist. Nevertheless, STOs are a more natural representation
of atomic orbitals and, so, are used within the split charge equilibration framework
(section 3.4.1) to approximate shielded electrostatic interactions between atoms
(section 3.5.2).
Under periodic boundary conditions with a large unit cell another efficient representation for the wavefunction is
1
(2.46)
ΦPW
(r) = √ eik·r .
j
Ω
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This representation is called the plane-wave basis and is independent of the molecular geometry. It only depends on the system size through the volume Ω of the
periodic box and the lattice vectors k, which we have discussed previously in section 2.1.3. In the plane-wave basis, the coefficients Cij from Eq. 2.41 become the
results of a discrete three-dimensional Fourier transform φei (k) of the wave-function
for particle i, such that
1 Xe
φi (k)eik·r .
φi (r) = √
Ω k

(2.47)

Such a Fourier series forms a complete, orthonormal, but infinite basis. To make
calculations tractable, the series is truncated at k values corresponding to planewaves of a certain maximum energy. This energy is referred to as the plane-wave
cutoff and is typically measured in units of the Rydberg constant. This truncation,
however, means that the wavefunctions of core electrons with sharp peaks near the
nuclei are once again difficult to describe.
Therefore, pseudopotentials are used. These describe the effective potential
felt by the valence electrons due to the nuclei and the core electrons. They are
based on the observation that chemical interactions are driven by the behavior
of the valence electrons and that the orbitals of the core electrons do not change
significantly. Therefore, plane-wave QM codes, like CPMD, 144 assume that the
core electrons can be modeled by fixed pseudopotentials and require using planewaves only to describe the more delocalized valence electrons, resulting in smaller
acceptable plane-wave cutoffs.
Pseudopotentials are not unique to the planewave basis. They are also common
in the atomic orbital basis for transition metals and other heavy atoms, where the
behavior of the core electrons is not important. 145 In such systems, they are instead
called effective core potentials and provide a great reduction in the required computational resources. Different methods for constructing pseudopotentials exist.
Each focuses on different desired properties, such as norm-conservation, 146 softness (allows use of low plane-wave cutoffs), 147 or even explicit inclusion of electron
correlations. 148
Changing representations between plane-wave and atomic orbital basis sets is
possible. To do so, the atomic orbital basis functions are Fourier transformed into
the plane-wave representation of the form
1 X e AO
ΦAO
Φj (k)eik·r .
j (r) = √
Ω k

(2.48)

The projection to determine the Cij coefficients for the atomic orbital basis is
then done in Fourier space. In CPMD, 144 however, the plane-wave representation
of ΦAO
j (r) is still subject to the plane-wave cutoff. Therefore such projections
involving quickly decaying Gaussian functions often result in a loss of total electron
density.
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2.3

Assigning charges through the electrostatic potential

Parameterizing MD force fields to reproduce reality is no easy task. One approach follows the bottom up school of thought, where coarser models are built
to reproduce predictions of the finer ones. Following this approach MD force field
parameters can be derived from QM simulations. A perfect example of this is how
atomic partial charges in a molecule can be assigned by fitting to the electrostatic
potential (ESP) of the equivalent QM system. 149–151
First, the QM electrostatic potential Vref (r) needs to be determined from the
total charge distribution. For simplicity, let us consider a non-periodic system,
where this can be done with
!
Z
NK
X
Z
ρ(r0 )
λ
dr0 +
.
(2.49)
Vref (rp ) = ke
|rp − r0 |
|rp − Rλ |
λ

Similarly the potential V (r, Q1 , . . . , QNK ) due to the atomic partial charges Qλ
can be expressed as
V (rp , Q1 , . . . , QNK ) ≡ V (rp , Q) = ke

NK
X
λ

Qλ
.
|rp − Rλ |

(2.50)

The points rp where these potentials are evaluated are selected to be far enough
away from the nuclei for ρ(rp ) to be small. The point charge representation in MD
is only accurate for modeling the potential due to a spherically symmetrical charge
distributions at points outside said distribution. Therefore, point charges can not
simultaneously reproduce Vref (rp ) both far from and close to the nucleus, even in
the case of an isolated ion. In practice, the selection of rp is done on a uniform grid
through double cutoffs. For example, in the case of the CHELP approach 152 any
points within a van der Waals radius of any atom are discarded. Similarly, all points
further than 2.8 Å from all atom are also discarded to reduce the computational
cost.
Once the relevant points are selected, an error function
E(Q) =

1
Npoints

Npoints

X

(Vref (rp ) − V (rp , Q))

2

(2.51)

p

representing the mean square deviation between the potentials is minimized with
respect to the vector of atomic partial charges Q. During this minimization a
Lagrange multiplier Λ is used to impose conservation of charge, so that the system
remains charge neutral. With this constraint, the Lagrangian being minimized
becomes
NK
X
L(Q, Λ) ≡ L(x) = E(Q) + Λ
Qλ ,
(2.52)
λ
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where


Q1
 .. 


x= . 
QNK 
Λ


(2.53)

is the combined vector of the atomic partial charges and the Lagrange multiplier.
The minimization procedure 153 is achievable by setting the derivative of the
Lagrangian to zero, as in
dL(x)
= 0.
(2.54)
dx
This leads to a system of equations composed of derivatives with respect to the
Lagrange multiplier,
NK
dL(x) X
0=
=
Qλ ,
(2.55)
dΛ
λ

and, by substitution of Eq. 2.49 and Eq. 2.51, with respect to individual atomic
charges,
Npoints
X
dL(x)
1
dV (rp , Q)
0=
=Λ+
−2
(Vref (rp ) − V (rp , Q))
dQλ
Npoints p
dQλ
Npoints

=Λ+

X
p

−2ke
Npoints |rp − Rλ |

Vref (rp ) − ke

NK
X
λ

Qλ
|rp − Rλ |

(2.56)

!
.

The later reduces to
Npoints
X
Npoints
ke
Λ=
2
|r
−
Rλ |
p
p

Vref (rp ) −

NK
X
λ

ke
Qλ
|rp − Rλ |

!
.

(2.57)

By defining a matrix


1
|r0 −R0 |

..
.


A = ke 


1
|rNpoints −R0 |

...
..
.
...

1
|r0 −RNK |

..
.

1
|rNpoints −RNK |



,


(2.58)

the optimization problem can be reduced to
Npoints
2






1

..
.

AT A

Npoints
2

...

1








 x = AT


0



Vref (r1 )
0 
..
..  
.
. 
Vref (rNpoints )
0
0

which can easily be solved by linear algebra routines.
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,


(2.59)

Chapter 3

Polarization
Polarization is the phenomenon of a charge distribution within a material rearranging itself when exposed to an external electric field. Students are often introduced
to this concept on the example of an ideal parallel plate capacitor, composed of
two infinite conductive plates. When a differential voltage ∆V is applied to the
two plates, opposite charges accumulate on the two inner plate surfaces and are
held in place by their mutual attraction (Figure 3.1).
+

+

+

+

∆V

∆V
−

−

−

−

+
−
+
−

+

−

+
−
+
−

+

−

Figure 3.1: Charged parallel plate capacitor with plates separated by vacuum (left) and a dielectric
medium (right). Plate charges polarize the dielectric, leading to higher capacitance.

If a dielectric medium is then inserted between the two plates, the plate charges
exert a force on the charge carriers within the dielectric. This causes a charge
redistribution, or polarization, within the dielectric, inducing local dipole moments.
The surfaces of the dielectric facing the plates become charged as well, stabilizing
even more charge on the plates, and leading to a higher energy storage capacity of
the whole device.

3.1

Importance of polarization for water

There are three main mechanisms of polarization in a material: structural rearangement of the atoms, redistribution of charge within molecules or clusters of
molecules, and bond breaking or formation, as in the case of electrolysis. If the
material between the two plates is a dielectric liquid composed of small molecules,
like water, the overall polarization of the material can to some extent be modeled within the classical MD framework. The fixed atomic partial charges and the
fixed molecular geometries of classical water models, however, limit this approach
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to capturing charge redistribution within the material only by the translation and
rotation of individual water molecules and the rearangement of a hydrogen bond
network.
From the QM perspective, electron density ρ(r) within each molecule will also
change if it experiences an external electric field. For illustration, let us take a
single water molecule of fixed geometry in vacuum and polarize
it by introducing a
PN
positive unit charge nearby. The overall charge density ρ(r)+ λ K Qλ δ(Rλ − r) of
the water molecule will produce a different electrostatic potential around it depending on where the unit charge is placed (Figure 3.2). As this potential governs the
interaction between this molecule and any new particles introduced into the vicinity, an additive (pairwise) expression for the electrostatic component of potential
energy, as in Eq. 2.12, is not enough to describe such a system.

0.12
0.15

2

0.0

6 4 20 2 4 6
a0

Figure 3.2: In-plane potentials of a water molecule in vacuum polarized by a unit point charge at
different locations. Isopotential lines are shown for clarity. Depicted potentials do not include the
contribution generated by the unit point charge itself, only by the water molecule. Potentials are
calculated from wavefunctions optimized with the 6-311++G** basis set 154,155 using nwchem. 141
Positions of the nuclei are fixed and the oxygen position is taken as the origin.

Furthermore, water has a tendency to form hydrogen bonds. In these, some
of the electron density originally around a hydrogen of one water molecule gets
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displaced closer to the oxygen (or, for other substances, any highly electronegative
atom) of another molecule. The effect is similar to, but much weaker than covalent
bonding and is highly dependent on the distance and the angle between the two
molecules. 156
As water condenses from its gas phase, more and more hydrogen bonds form,
progressively changing the charge distribution of an individual water molecule. In
liquid water, the resulting hydrogen bond network is dynamic and ever changing.
In it, an individual water molecule can have up to four hydrogen bonds. However,
the number and strength of hydrogen bonds it possesses at any time changes as
the molecule diffuses through the liquid. 19 Non-polarizable MD can only offer an
averaged approximation to this picture, as all parameters, including atomic partial
charges, need to be the same for all molecules of the same type in the system.
Therefore, classical MD water models represent an average state of a water molecule
that still leads to similar bulk observables as in the real system. A side effect of
this approach is that a non-polarizable water model parameterized for liquid water
will be unable to capture the correct behavior of water vapor.
While explicit QM descriptions are available (section 2.2) and able to accurately
model polarization, their high computational cost makes them suitable only for the
smallest systems, up to a few hundred atoms. Therefore, several approximate methods for explicitly including polarization effects have been proposed. 54,157–159 In contrast to the classical non-bonded potential energies used in MD (Eq. 2.12), such
polarizable models often use non-additive potential energies with explicit multibody terms. Let us take a closer look at the main principles behind the most
popular of these polarizable models next.

3.2

Drude Oscillators

Drude oscillator models 157 are sometimes also called charge on a spring models, 160
a very apt and descriptive name. In recent literature, they have been predominantly used to describe polarizability in biomolecules 160–162 without requiring major changes to classical MD codes. 163,164 This class of models approximates the
dipole moment of an atom by attaching an auxiliary particle with a small mass
and a charge to the atom using a harmonic potential (a Hookean spring 165 ) of the
form
U spring (rij ) = kijspring (|rij | − rijequil )2 ,
(3.1)
where kijspring is the spring constant and rijequil is the equilibrium length of the spring
in the absence of electrostatic interactions. The atom itself has a charge equal to
that of its auxiliary particle, but opposite in sign. The auxiliary particle represents
the atom’s valance electrons. In the spirit of the Born-Oppenheimer approximation
(section 2.2.1), an auxiliary particle should relax much faster than its parent atom,
hence the low mass. The auxiliary particle is free to rotate around the atom,
changing the direction of the atomic dipole moment. It can also move radially away
from the atom if exposed to an external electric field, changing the magnitude of
the dipole moment.
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U spring (rij )
j

i

Figure 3.3: Drude oscillator representation of a polarizable atom i and its attached virtual site j.

The electrostatic interactions in a Drude oscillator are still between point charges,
meaning that overall potential is still pairwise and that the same computational
methods can be used as in regular non-polarizable MD. The main methodological
distinction is the use of an extended Lagrangian formulation to avoid the need for
a self consistent optimization of the positions of the auxiliary particles while still
remaining true to the Born-Oppenheimer approximation. 166 The auxiliary particles evolve using the same equations of motion as the regular atoms, but require a
separate low temperature thermostat. 163,166 If only a single thermostat were to be
used for the whole system, the auxiliary particles would gain the same temperature
as the atoms. Then their high kinetic energy would prevent them from approaching
their ground state optimal positions for any configuration of their parent atoms.
A separate low temperature thermostat allows the auxiliary particles to remain
close to their ground state, while still being able to move around and adapt their
positions to new positions of their parent atoms at every time step.

3.3

Point multipoles

Point multipole models use explicit dipoles, 158,167,168 quadrupoles, 57 and higher
order terms 169 from the multipole expansion to model interactions between particles. Perhaps the most widely recognized model of this type is the Atomic Multipole Optimized Energetics for Biomolecular Applications (AMOEBA) forcefield
for proteins, 58 with extensions for lipids 170 and nucleic acids. 171
The most intuitive representation for the multipole expansion is as a series of
spherical harmonics Ylm (θ, φ) multiplied by multipole moment elements
Z

l
∗
Cl,m = Ylm
θ(r0 ), φ(r0 ) |r0 | ρ(r0 )dr0
(3.2)
and summed up to represent the electrostatic potential
∞ m=l
X
X

1
1
1
4π
V (r) =
 Cl,m Ylm θ(r), φ(r)
4π0
2l + 1 |r| l+1
l=0 m=−l

!
(3.3)

at a point r outside a charge distribution ρ(r0 ). 172 In this form, the point charge
representing the charge distribution is Q = C0,0 , and the dipole vector is


C1,−1
µ =  C1,0  .
C1,1
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The quadrupole moment can similarly be expressed as a matrix and higher order
moments as tensors composed of Cl,m .
In point multipole models, electrostatic interactions are represented through a
sum of static and induced multipole moments (with l going up to the expansion
limit of the model). The induced moments represent polarization and their values
are self-consistently optimized at each time step using an iterative procedure. 173
Therefore, such models inherently have multi-body potentials. Evaluation of the
interactions between individual multipole moments relies on tensor algebra, making the self-consistent optimization very computationally intensive, especially for
higher order multipoles. Therefore, some forcefields of this type forgo a full selfconsistent optimization. For example, the inexpensive AMOEBA (iAMOEBA)
model for water starts each time step by zeroing the induced dipoles and uses
only a single iteration of the self-consistent optimization procedure. 168 While this
undoubtedly improves the computational efficiency, it also does not completely
capture the mutual polarization between different molecules. 173

3.4

Charge Equilibration

The third class of polarization models is based on electronegativity equalization,
a method for assigning atomic partial charges in molecular models empirically,
without requiring numerical quantum calculations. 54,174 It centers on equalizing
the chemical potentials felt by the charges on different atoms within a molecule,
an approach known as Sanderson’s formalism. 175 In the first approximation, the
chemical potential µchem
of an atom i is represented as the negative of the eleci
tronegativity χi , which in turn can be expressed in terms of the total energy E[ρi ]
(see section 2.2.2) experienced by the electron density ρi of the atom i in larger
molecule, 54,176,177 as in


∂E[ρi ]
R
,
(3.5)
χi ≈ −µchem
=
−
i
∂ ρi (r)dr Vext
where Vext is the external potential due to nuclei and the electrons
of other atoms.
R
In this view, the atomic partial charge Qi is butR a shift in ρi (r)dr due to the
inclusion of an originally neutral atom i, where ρi (r)dr = Zi , into a molecule,
moving some the charge density ρi (r) to a different atom. Therefore, χi is charge
dependent. Not only can the electronegativity be expressed from DFT, 176 its
charge dependence can also be inferred from experimental ionization potentials
and electron affinities for isolated atoms in different valance states, 174 allowing one
to assign partial charges based on experimental data.
A more commonly used formulation of the electronegativity equilibration method
ignores the kinetic energy component of E[ρi ] and combines χi with a second order
term, the atomic hardness Kia , to provide a potential energy




X
X
X
χi Qi + 1 Kia Qi 2 +  1
Jij (rij )Qi Qj  + V (ri )Qi  ≈
UEEM =
E[ρi ]
2
2
i
i
j6=i

(3.6)
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felt by the charges. 177,178 Here Jij (rij ) is the interaction between individual charges
in a molecule and V (ri ) is an external electrostatic potential felt by those charges
due to other molecules. In practice, Jij (rij ) is often treated as a shielded electrostatic interaction (we will discuss the expressions used to evaluate these in section
3.5.2) to take into account the non-point nature of the real charge distributions
seen in QM.
Given a fixed external potential V (ri ), the molecular charges Qi for any configuration of the molecule can be found by minimizing the potential energy UEEM . 177
Like any detection of function extrema, this can be achieved by setting the derivative of the potential energy with respect to every charge to zero, 177
∂UEEM
= µchem
= 0 ∀i,
i
∂Qi

(3.7)

µchem
= . . . = µchem
= . . . = µchem
1
i
N

(3.8)

which also implies

of the original formulation. 54,174 By combining Eq. 3.8 with the requirement that
N
P
the total charge of the system
Qi remains constant, one obtains a set of N
i=1

equations that can be solved for the charges Qi using linear algebra routines for
matrix diagonalization, 177 such as those available in the LAPACK package. 179
These equations need to be solved at every time step of the simulation to update
the charges before evaluating forces acting on the atoms.
The same procedure is also valid if V (ri ) is not fixed and depends on the atomic
charges in a linear manner, 56 as when computing the electrostatic potential in real
space with
X
1
.
(3.9)
V (ri ) =
Qj
rij
j6=i

However, in a periodic system Ewald summation 41 (section 2.1.3) should be used for
this evaluation, making V (ri ) non-linear in Qi because of the long-range component
in Fourier space. Therefore, a self-consistent minimal energy charge assignment
requires an iterative approach under periodic boundary conditions.

3.4.1

Split Charge Equilibration

The major drawback of electronegativity equilibration is that charges within molecules
can be transfered across long distances freely, 180,181 leading to conductive behaviour in large molecules, like long-chain polymers. 182 Furthermore, it predicts
that in a system of two atoms of different elements separated by a large distance
each would carry an equal and opposite non-zero charge. 159 To fix these issues,
the split charge equilibration (SQE) method presents a combined generalization of
both bond-based polarization methods 180 and electronegativity equilibration. 54,177
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Within SQE, charge transfer along covalent bonds is penalized as the potential
"
X
1X
USQE =
Kia Qi 2 +
χi Qi + Kijb (rij )qij 2
2
i
j
#
(3.10)
1X
Jij (rij )Qi Qj + V (ri )Qi
+
2 j
contains a new term called the bond hardness Kijb (rij ). It is equivalent to atomic
hardness Kia , but applied to bonds instead of atoms. To accommodate this, the
atomic charges are represented as sums
X
Qi =
qij ,
(3.11)
j

where qij represents the amount of charge transfered along a covalent bond from
atom i to atom j. In the original literature, 159 the variables qij are referred to as
split charges, hence the name of the method. Evaluation of these split charges is
done in the same manner as in electronegativity equilibration, namely by requiring
∂USQE
=0
∂qij

(3.12)

for all bonds ij . However, charge conservation is now enforced by symmetry, requiring qij = −qji . In aperiodic systems, the resulting equations can be solved with
linear algebra routines, as in section 3.4. We, however, wish to model periodic systems of liquid water. Therefore, in our own simulations we use the Newton-Raphson
optimization algorithm 183 to find charges that reproduce Eq. 3.12, however faster
convergence may be possible with the conjugate gradient algorithm. 184
Split charge equilibration has been successfully tested and applied to simulations of redox reactions in batteries 55,56 and has been shown to outperform the
electronegativity equalization method when modeling polarization in alkanes and
alkenes. 178 Therefore, it is the primary method to model polarization we use within
this work.

3.5
3.5.1

Preliminary Work
Distance Dependence of Bond Hardness

The bond hardness term Kijb (rij ) in SQE is intended to prevent biomolecules from
being conductive and enforces neutral particles in the limit of bond breaking and
dissociation by penalizing charge transfer through covalent bonds across large distances. 159,182 Therefore, it should increase with bond distance. As the geometry of
our model is fixed, the simplest model would treat Kijb (rij ) as a constant. However,
we found that we could better reproduce the ESPs of quantum systems, where the
geometries are flexible and bonds have varying lengths, using a distance dependent bond hardness, as suggested in Ref. 55. In TIP4P-SQE (chapter 4), we use a
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harmonic distance dependence,
2

Kijb (rij ) = kijb |rij | ,

(3.13)

where kijb is a free parameter during model optimization.
Using a distance dependent Kijb (rij ) from the outset should ideally allow for a
future transition from a rigid to a flexible water model without the need for significant re-parameterization or changes to the simulation code. Early attempts at
a flexible model, however, resulted in instability. Hydrogens routinely approached
too close to oxygens of other molecules, became overly polarized, stretched their covalent bonds, and collapsed onto those oxygens. Therefore, in TIP5P-SQE (chapter
6) we use an exponential expression
Kijb (rij ) = exp(|rij |/αij ) − 1

(3.14)

instead. The exponential form provides a stronger penalty for charge transfer
over stretched bonds. However, using the exponential decays αij of TIP5P-SQE
(Table 6.1) for a flexible version of the model still resulted in unstable systems and
overly polarizable water molecules. Either much smaller values of αij are necessary
or intermolecular interactions need to be dealt with using shielded electrostatics
(section 3.5.2) to prevent this.

3.5.2

Shielding

When atoms are close enough together, the sizes of their electron clouds begin to
matter for electrostatic interactions and they can no longer be accurately treated as
point charges. In such cases, shielded electrostatics need to be employed. Historically, 159,185 charge equilibration models represent such interactions with a double
volumetric integral over two Slater type orbitals 143 (STOs). We have already
discussed STOs in section 2.2.4, where, for the purposes of QM, STOs have angular dependence. In charge equilibration models, they are instead used as spherically symmetrical approximations to the wavefunctions Ψi (r) representing the total
charge (both electron and nuclear) with
s
2ζi
n −1
Ψi (r) = (2ζi )ni
|r| i e−ζi r ,
(3.15)
(2ni )!
where ni is the principal (first) quantum number, ζi is the orbital exponent. The
expression for the shielded electrostatic interaction for two atoms i and j separated
by a displacement R then is
ZZ
Jij exact (R) =

Ψi (r1 )Ψ*i (r1 )Ψj (r2 − R)Ψ*j (r2 − R)
dr1 dr2 .
4π0 |r1 − r2 |

(3.16)

Evaluating this expression during molecular dynamics (MD) simulations is computationally prohibitively expensive, especially for larger values of the orbital exponents ζi and ζj , where the available algorithm from Herzbach 186 becomes slow.
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Therefore, for this work we developed an empirical approximation,
s

1 2/(1 + e−kij |R| ) − 1
Jij (R) =
,
4π0
|R|

(3.17)

to increase performance, where kijs is a parameter fitted for every pair of particle
types to make Jij reproduce the integral over a range of distances between the
atoms. Consequently, Jij agrees with the exact result for hydrogen surprisingly
well (Figure 3.4). However, due to its functional form, differences become more
noticeable for atoms with higher principal quantum number ni in their valence
shells.

Interaction strength, kJ/(mol e2)
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JHH exact(R)
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Figure 3.4: Exact (thick light blue line) and approximate (black line) shielded electrostatic interactions compared to interaction between a pair of point charges (dotted blue line) for the case
of two hydrogen atoms with parameters taken from the TIP4P-SQE model (chapter 4). Atomic
hardness Kia can be thought of as the shielded interaction of the charge distribution of atom i
with itself. 187

Furthermore, the atomic hardness Kia can be physically interpreted as the
Coulomb interaction of an atom’s electron cloud with itself. Therefore, the values of Kia have been obtained from the above shielded interactions with
Kia = lim Jii (R) ,
R→0

(3.18)

as was done in TIP4P-FQ. 187
It is worth noting that instead of a STO, a Gaussian charge distribution can be
used directly. 178 This results in much simpler expressions for shielded electrostatic
interactions. However, instead of approximating the interaction, this method uses
a coarser approximation of the charge distributions, and, as mentioned in section
2.2.4, can not reproduce the charge density close to the nucleus.
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Chapter 4

Four Point SQE Water
4.1

Introduction

Water is surprisingly hard to model for such a common and biologically essential
molecule. Water exhibits several anomalous properties, 7,22,188 a number of which
arise from an interplay of hydrogen bonding, permanent dipole and quadrupole moments, and dispersion forces. While the existing classical water models can reproduce some of these properties, such as the density peak near 4 ◦C (TIP4P/2005, 39
TIP5P-E, 42 TIP4Q 189 ) the melting point at 0 ◦C (TIP4P-ICE 190 ), and dispersion
interactions with proteins (TIP4P-D 191 ), no currently available model can reproduce all water properties at once.
To address this problem, polarizable water models began to emerge in the recent decades based on hopes that a more accurate representation of electrodynamics
and dipole moment behavior would lead to a model that reproduces more properties of water. Point multipole 58 and Drude oscillator 51–53 approaches have been
attempted for both water and other biomolecules. The functional form of these
approaches, however, makes them unable to tackle charge redistribution during
loss of hydrogen bonding with increasing temperature 192 or during evaporation.
Furthermore, most water models (ST2, 193 SPC, 194 TIP3P, 33 TIP4P, 195 TIP5P, 34
etc.) treat atomic charges as point charges, neglecting effects of orbital overlap
between atoms that are not covalently bonded.
To accurately capture such behavior, one needs an approach that not only explicitly models interatomic charge transfer, but also treats charge distributions volumetrically, at least for distances where the electron clouds of neighboring atoms
may significantly intersect. Short of very time intensive quantum methods, this
was previously attempted with fluctuating charges (FQ) in the SPC-FQ 187 and
TIP4P-FQ 187 water models through application of the Electronegativity Equilibration principle 196 (section 3.4). However, these models are based on a potential
that allows charge to cross large distances in larger molecules, similar to what
is seen in metals, 159,182 making it inapplicable for describing most biomolecules.
Additionally, the TIP4P-FQ model, while adequate at 298 K, diverges from experimental results as the temperature decreases. 197 In this chapter we apply the Split
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Figure 4.1: Geometry of the TIP4P-SQE model. Solid lines represent covalent bonds, while
dashed lines are the polarizable SQE bonds.

Charge Equilibration (SQE) formalism 159,182 that introduces a bond hardness term
to penalize charge transfer across bonds, effectively limiting the distance charges
can travel in a larger molecule. We implement this approach inside a popular
molecular dynamics package, GROMACS, 198 and use the resulting code to parameterize a polarizable water model, TIP4P-SQE, that reproduces water behavior
over a larger range of temperatures than TIP4P-FQ. 197

4.2
4.2.1

Methods
Model

In our approach, to avoid high frequency oscillations of the covalent bonds, which
would require use of much smaller time step, the covalent bond distances are fixed.
The overall molecular geometry is taken from the TIP4P (Figure 1.1) series of
models, as it encompasses some of the best currently available classical descriptions
of water. 39,189,190 A virtual site (M) holding all of the molecule’s negative charge
is placed at a weighted average of the positions of all the other atoms (Figure 4.1).
The coordinates of the virtual site rM are computed with
rM = (1 − aM )rO + aM (rH0 + rH1 ) ,

(4.1)

where rO is the position of the oxygen, rH1 and rH2 are the positions of the hydrogens, and aM is the weighting factor. Meanwhile, the oxygen is left neutrally
charged and is the only site involved in van der Waals interactions, represented
with a Lennard-Jones potential for compatibility with common biomolecular force
fields.
Polarizability is achieved through the use of the SQE formalism, 159,182 which
has previously been successfully applied to simulations of redox reactions in batteries 55,56 and has been shown to outperform the electronegativity equalization
method when modeling polarization in alkanes and alkenes. 178 We have already
described SQE in section 3.4.1, but let us briefly re-examine it in the form used
for the TIP4P-SQE model. SQE expresses the potential energy USQE of the charge
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distribution in terms of atomic hardnesses Kia and electronegativities χi , as in
"
X
1X
USQE =
Kia Qi 2 +
χi Qi + Kijb (rij )qij 2
2
i
j
#
(4.2)
1X
(Jij (rij )Qi Qj ) + V (ri )Qi .
+
2 j
Charge transfer over long distances is penalized though the bond hardness Kijb (rij ),
by using its quadratic form (section 3.5.1, Eq. 3.13), applied between pairs of
bonded atoms i and j. Electrostatic interaction between these pairs are also taken
into account with shielded Coulomb interactions Jij (rij ) (section 3.5.2). Interactions between all other charge pairs, like those of different molecules, are not
shielded and instead are incorporated into the intermolecular electric potential
V (ri ) computed with Smooth Particle Mesh Ewald (SPME). 109
The amount of charge transferred from atom j to atom i is represented by qij
and the overall atomic charges can be obtained by
X
Qi =
qij .
(4.3)
j

To conserve the net charge of the system, we ensure antisymmetry of the transfered
charge under particle exchange by requiring
qij = −qji .

4.2.2

(4.4)

Implementation

This model has been implemented into a fork of GROMACS 4.6.3. 198 For every
time step, charge transfers qij are self-consistently optimized in response to local
electric potentials to satisfy
∂USQE
= 0 ∀ bonds ij
∂qi j

(4.5)

by using the Newton-Raphson method. 183 Atomic charges are then calculated from
their sums (Eq. 4.3). Charge transfers are only permitted along SQE bonds, which
have been introduced as a new bond type in the code, making it possible to mix
polarizable and non-polarizable bonds in one molecule.
Shielding of charge-charge interactions is applied only to intramolecular interactions. These are detected by checking if a pair of atoms is on the exclusion
list. While this is valid for water, for larger molecules atoms that have more than
two (controlable through forcefield definition files) covalent bonds separating them
do not appear in the exclusion list. Instead, for the purposes of polarization,
such atoms interact through Coulomb’s Law as point charges. Both the regular
short range electrostatic interactions and the shielded electrostatic interactions are
treated with kernels making use of the Streaming Single instruction multiple data
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Extensions 2 (SSE2) to the processor instruction set. This allows the kernels to
operate on up to four interactions per processor core concurrently. Slower fall-back
kernels exist for processors without SSE2 support. Newer versions of GROMACS
also support more efficient instruction sets, like the Advanced Vector Extensions 2
(AVX2), for the short-range interaction kernels, which would make this part of the
code even faster.
As things stand, the majority of the execution cost that our implementation
of SQE adds to GROMACS lies in the long-range interactions, which, are treated
with SPME. 109 To reduce the computational cost, SPME data is not updated at
every iteration of charge transfer minimization, but only at the beginning of each
time step and in iterations after any charge transfer qij has changed by more than a
critical value from the previous SPME update. At the moment, this value is hardcoded to 0.02 e, but the code can easily be adapted to read it from the simulation
settings (.mdp) file. At this value, the model is equally stable as when running
SPME after every charge transfer update.

4.2.3

Parametrization

The electronic parameters and the position of the virtual site M (Figure 4.1) has
been optimized to reproduce electrostatic potentials in the neighborhood of all the
atoms for a set of geometries of isolated water monomers and dimers in vacuum.
The training set consisted of water monomers with stretched and compressed OH
bonds and HOH angles as well as hydrogen bonded water dimers with perturbed
hydrogen bond lengths. Such a training set is necessary to constrain the model to
realistic behaviors and to make sure that unrealistic configurations would indeed
have high potential energy. Model optimization was carried out using the downhill
simplex algorithm 199 from multiple starting guesses for the electronic parameters
and the best fit was used for the final model.
Electrostatic potentials were obtained with the CPMD code 144 using HCTH 200
pseudopotentials. Point charges on the hydrogen atoms and M-sites were calculated
from trial parameter values and the geometries in the training set by minimizing the
energy from the SQE formalism (Eq. 4.2). Model fitness was evaluated as the sum of
squares of the difference between the electrostatic potential produced by these point
charges and the electrostatic potential obtained from CPMD for multiple points
surrounding the atoms. These points were selected using the same approach as in
the ESP charge assignment algorithm implemented in CPMD itself, 151 except on a
much sparser grid. Parameter optimization was performed with the Nelder-Mead
algorithm 199 as implemented in the SciPy 201 package. To reduce the number of
independent parameters in the fit, shielding parameters kijs and atomic hardnesses
Kia have been obtained from orbital exponents ζi (Eq. 3.18). The fit was penalized
if the hydrogen charges were below 0.35 e. Values below this produce electric forces
insufficient to hold water liquid at ambient conditions.
Lennard Jones parameters were then optimized to reproduce the water density
maximum near 4 ◦C. This has been achieved by running NPT simulations of first
215 and, later, 887 molecules with a Nosé-Hoover thermostat and a ParrinelloRahman barostat at 1 bar and temperatures in the 248–328 K range while manually
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Table 4.1: Final parameters for the TIP4P-SQE model.

am
θHOH
rOH
s
kMM
s
kMH
s
kHH

Structural
0.12200934
104.52◦
0.095 72 nm
Shielding
1.499 01 nm−1
2.105 76 nm−1
24.6512 nm−1

σ
ε
ζM
ζH
a
KM
a
KH
∆χ
b
kMH

Lennard-Jones
0.3167 nm
0.875 kJ/mol
Electronic
0.1074 a0 −1
1.0428 a0 −1
104.1328 kJ/mole2
1712.4628 kJ/mole2
1182.7659 kJ/mole
−16 468.5 kJ/mole2 nm2

tuning the Lennard-Jones ε and σ parameters. The final set of model parameters
is presented in Table 4.1.

4.2.4

Simulations

TIP4P-SQE was simulated with a fork of GROMACS 4.6.3 198 modified as described above. All the data for TIP4P-SQE model herein is reported for 5 ns
simulations with a 1 fs time step. The time constant for the Nosé-Hoover thermostat is set to 0.2 ps, as early versions of the model, where charge motion was being
propagated through a Lagrangian formulation similar to that of TIP4P-FQ and
SPC-FQ, 187 caused significant energy transfer from electronic to atomic degrees
of freedom, leading to drift in system temperature. The problem has since been
solved through self-consistent charge optimization at every time step, but the low
value of the thermostat time constant, though no longer necessary, remains for
historical reasons. The time constant for the isotropic Parrinello-Rahman barostat is kept at 5 ps while the target pressure is 1 bar for all simulations. Shifted
Lennard-Jones and Coulomb interactions are used with a cutoff of 0.85 nm when
computing non-bonded forces on atoms. Long-range electrostatic interactions are
calculated with SPME. 78 Neighbor searching and the removal of center of mass
motion is performed at every time step.
We use the same set of conditions in our simulations of TIP4P/2005. The
temperature profile of the dielectric constant and the rotational relaxation time of
the H-H vector from these simulations are shown in Figure 4.5 and Figure 4.6b,
respectively, as we could not find these temperature profiles in existing literature.
All other data for TIP4P/2005 and all other models, except TIP4P-SQE, come
from papers cited in their respective figures and tables.

4.2.5

Analysis

Determination of bulk properties has been done with analysis tools inside the GROMACS package, modified for non-constant partial atomic charges, where necessary.
For values where error bars are reported, they and the related averages were obtained by block averaging with 5 blocks over the length of each simulation. Errors
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in temperature were on the order of 2 × 10−4 K, too small to be visible on the
graphs, and so are not shown (see Figs. 4.2, 4.5, and 4.6). The other reported bulk
properties were calculated through autocorrelation functions and represent averages over whole simulations. The rotational autocorrelation function could not be
fitted to a simple exponential function. Therefore, a double exponential function
was used instead and the resulting time constants for rotation of the H-H (τ2HH )
and O-M (τ1OM ) vectors are reported as weighted averages of the two timescales
(4.74 and 10.49 ps respectively at 298 K).

4.3

Results

The obtained electronic parameters include a counterintuitive value of Slater orbital
exponent for the M-site (ζM ). We expected the ζ values to be roughly equal to the
inverse of the size of their corresponding atoms. While that holds for hydrogen,
ζM is too small and results in the oxygen electron cloud being very smeared out.
Part of this effect can be explained by the corresponding STO being centered on
the M-site, not on the oxygen, and so having to stretch further to encompass the
charge density located in the sp3 orbitals containing oxygen’s lone pair electrons.
Density maximum at 4 ◦C was the main bulk property we were trying to reproduce with this model. While the position of the peak was achieved, the density
decays too slowly at higher and too fast at lower temperatures (Figure 4.2a). The
translational diffusion profile (Figure 4.2b) is consistently lower than the experimental one. 202,203 As diffusion is linked to stability of local structure, this translates
to deeper dips in the radial distribution functions (RDFs) (Figure 4.3). Attempts
were made to fix this by varying O-H bond length, perturbing the HOH angle,
and reparameterizing the electronic parameters with various constrained M-site
positions and other variations of training sets, but all without significant improvement. The only parameter sets we discovered that were able to reproduce the
diffusion profile also caused the density peak to be located below the homonucleation temperature of water, and so, were unacceptable. We thereby discovered that
improving the fit of the density profile to the experimental results decreases the fit
for diffusion and vice versa. A similar trade-off can be seen in classical water models between specific heat and shear viscosity or between specific heat and thermal
conductivity. See relative errors reported by Mao and Zhang 204 for example.
The hydrogen charge distribution is bimodal and hydrogens acquire more negative partial charges at lower temperatures (Figure 4.4a). This is likely due to loss of
local structuring and reduction of hydrogen bonding as the temperature increases.
As the molecular geometry is fixed, similar behavior can be seen in the dipole moment distributions. Additionally, dipole moment distributions are very wide and
have their major peaks at 2.56–2.58 D, depending on temperature (Figure 4.4b).
This, however, is not unreasonable, as reports of dipole moments from different
experimental studies of ice and ab initio studies of liquid water are spread over
a large range, 2.6–3 D, while water models are commonly parameterized with the
aim to achieve a dipole moment close to 2.6 D. 211
Some of the bulk properties of TIP4P-SQE that are dependent on enthalpy
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Figure 4.2: Density (a) and translationsl self-diffusion (b) from MD simulations of TIP4P-SQE,
TIP4P/2005 205,206 and TIP4P-FQ. 197 Experimental data 202,203,207,208 are shown as splines for
comparison.
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Figure 4.3: Radial distribution functions for TIP4P-SQE and experiments. 209,210 Different analysis approaches of neutron scattering experiments can lead to different radial distribution functions.
While TIP4P-SQE does not exactly reproduce either of the reference RDFs, the key features are
still present.

fluctuations do not agree well with experimental values. In particular, the heat
capacity at constant pressure is 30% too large. The isothermal compressibility,
meanwhile, is 43.8 × 10−6 bar, which is fairly close to the experimental value of
45.3 × 10−6 bar, but not as close as that of TIP4P/2005. 212
The static dielectric constant, ε, at 303 K is 37, much lower than the experimental value of 76.5, which was obtained from a polynomial fit to measurements 213
(Figure 4.5). On the other hand, the qualitative behavior of the dielectric constant
as a function of temperature is better with TIP4P-SQE than with TIP4P/2005, as
there are fewer fluctuations. Its lower values with TIP4P-SQE could be caused by
self-consistent energy minimization with respect to charge distribution during each
time step. With this approach, dipole moments of nearby molecules could be more
likely to align in such a way as to negate each other, leading to a smaller dipole
moment of the whole simulation cell, which is proportional to the static dielectric
constant. This explanation seems to be corroborated by the fact that molecules
45
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Figure 4.4: Hydrogen partial charge (a) and dipole moment (b) distributions of TIP4P-SQE at
different temperatures.

rotate less freely with TIP4P-SQE, letting them lock into such dipole-canceling
configurations. This is demonstrated by the shorter rotational relaxation times of
TIP4P-SQE compared to TIP4P/2005 and experimental studies (Figures 4.6a and
4.6b).
A detailed analysis of the rotational autocorrelation functions revealed that
TIP4P-SQE exhibits two rotational time scales. The shorter one, τlib , represents
librations and at 298 K is 0.28, 0.25, and 0.83 ps for HH, OH, and OM vectors,
respectively. The longer timescale, τHB , governs reorientations due to changes in
the hydrogen bond network and takes on values of 6.52, 6.15, and 12.87 ps for the
three vectors. This effect was previously observed by Titantah and Karttunen in
ab initio simulations of bulk water, 19 albeit their libration timescales were shorter
(τlib = 0.08 ps and τHB = 3.1 ps for the OM vector). Additionally, they reported
their time scales to stay roughly constant with temperature, while ours decay exponentially with temperature.
Overall, the TIP4P-SQE model could be significantly improved by increasing
both rotational and translational diffusion. This would lead to an increase of the
dielectric constant. Meanwhile, the majority of the bulk properties of TIP4P-SQE
behave like those of TIP5P, but are generally closer to experimental values. On
the other hand, TIP4P-SQE exhibits better temperature dependence than TIP4PFQ, 187 the previous water model based on a charge equilibration technique, especially when it comes to the density profile.

4.4

Discussion

Although TIP4P-SQE is not a perfect representation of water, it is already an
improvement over TIP4P-FQ. The density profile and the dipole moment are a
closer match to experimental and commonly accepted values, as the dipole moment
of liquid water can not be measured directly. However, the low value of the dielectric
constant, slow rotation and low translational diffusion of TIP4P-SQE all make
TIP4P/2005 a better model to use when polarization is not important.
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Table 4.2: Bulk properties of TIP4P-SQE compared to other models and experimental measurements at 298 K, or, for some sources, 300 K.

ρ,
g cm−3
ε0
Dtrans ,
10−9 m2 /s
τ2HH
Cp ,
kJ mol−1 K−1
κt ,
10−6 bar−1

Experimental

TIP4P/2005

SPC/E

TIP4P-FQ

TIP4P-SQE

0.997 207

0.993 206

0.9957 214

0.998 197

0.9977 ± 0.0002

78.4 206

58 206

78 214

79 187

39.8
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Figure 4.5: Temperature profile of the dielectric constant for TIP4P-SQE and TIP4P/2005 from
our own simulations at 1 bar. Polynomial fit to experimental values 213 presented for comparison.
Note: dielectric constant can sometimes converge very slowly with simulation time, especially for
polarizable models. Therefore tests with much longer simulation times are needed to verify that
the oscillations seen here are not artifacts.
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Figure 4.6: Temperature profiles of the rotational relaxation times of the OM (a) HH (b) vectors for TIP4P-SQE and TIP4P/2005. Analysis of the OM vector reorientation uses first order
Lagrange polynomials (τ1OM = 10.49 ps at 298 K), while that of the HH uses second order
(τ2HH = 4.74 ps at 298 K). Experimental values for the OM vector originate from from a dielectric relaxation study, 213 and represents reorientation of the dipole moment, while those for
the HH vector are from NMR measurements. 218,219 Data from previously published simulation
results at 298 K for TIP4P/2005, 220 SPC/E, 220 and TIP4P-FQ 187 models is presented where
available.

However, polarization is important for such topics as ligand docking, where
water can enter into strong hydrogen bonds, potentially get polarized, and act as a
bridge between the enzyme and the ligand. 221,222 The use of a model like TIP4PSQE is indispensable in such situations. Furthermore, chemical groups on both the
ligand and the protein can get polarized as well. To model this, we hope to extend
the approach we used with water to amino acids, where the bond hardness term of
SQE will become important to prevent metallicity, 159,182 and where the method
from TIP4P-FQ and SPC-FQ 187 would thus be ill-suited. To accurately describe
water interactions with such polarizable proteins, our current model would have
to be adjusted by including bulk water with dissolved amino acids in the training
set. Lennard-Jones parameters would also have to be adjusted to increase the
dispersion interactions felt by disordered proteins, similar to what was done with
TIP4P-D. 191
Additionally, our simulation method can be extended to check for possible more
energetically favored bond configurations during run time and switch to them when
some are found, similar to what has been done with integer charges for batteries. 55,56 While this method would be slow due to the need to check the energies
of possible bonded states, it would lead to the ability to perform explicit constant
pH simulations of water. This approach, however, would require first switching to
a flexible water model and parameterizing it with a training set containing both
hydronium and hydroxide ions.
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Chapter 5

Per molecule charge fitting
for bulk solvent
5.1

Introduction

Most popular MD water models are constructed top-down, with the non-bonded
parameters fit to reproduce bulk observables, such as density at room temperature, dielectric constant, melting temperature, and temperature of maximum density. Bottom up models, on the other hand, are constructed from ab initio data,
following the notion that such bulk observables should naturally arise from the
underlying physical interactions. However, to represent the ab initio potential
energies with high fidelity, such water models require complex algebraic expressions for the potential used in MD. 156,223,224 This leads to the forces on individual
atoms being more difficult to compute, reducing simulation time scales attainable
with such models given fixed computational hardware. Furthermore, the reproduction of bulk observables is far from guarantied. A classical example of this
is the Matsuoka-Clementi-Yoshimine (MCY) potential, which is built from the ab
initio energy surface of a water dimer. 156 In the canonical ensemble it provides
excellent agreement with experimental OO radial distribution function. 156 In the
isothermal-isobaric ensemble, though, it yields a density that is 24% lower than the
experimental value. 225
Clearly, a middle ground between top-down and bottom up approaches is necessary. Both the Amber force field 90 and the LigParGen automatic parameterizer 226 for the OPLS-AA forcefield 43 combine empirically determined bonded and
Lennard-Jones parameters with atomic partial charges assigned based on ab initio
descriptions a single molecule (or a pair of molecules) in vacuum. We followed a
similar method for TIP4P-SQE (chapter 4), where we obtained empirical LennardJones parameters and fit electronic parameters to ab initio electrostatic potentials
of water monomers and dimers in vacuum. However, this approach lead to a poor
reproduction of macroscopic observables, particularly self-diffusion.
The root of this poor reproduction likely lies in using such small vacuum en49

CHAPTER 5. PER MOLECULE CHARGE FITTING FOR BULK SOLVENT
closed systems for reference. When water changes phase from gas to liquid, its
equilibrium geometry and charge distributions change, mostly as a result of hydrogen bonding with its neighbors. Therefore, to obtain a good liquid water model,
one needs to estimate the charge behavior in the liquid state. This can be achieved
in a number of ways. In the CHARMM force field, for example, small molecules
are parameterized by exposing them to nearby water molecules one molecule at a
time to model hydrogen bonding. 227 Water, though, has different charge distributions depending on the number of hydrogen bonding neighbors it has, so a better
alternative is to study a whole cluster of water molecules at once.
Another alternative is to use a system of bulk water. However, as DFT typically
scales as O(N 3 ) with system size (other general quantum chemistry methods scale
even worse), 228 this requires extensive computational effort. Ideally, one would use
multiple large periodic structures to better represent the average charge distribution of a water molecule in the liquid state. Conveniently, long and large enough ab
initio MD simulations of bulk water recently became available. 19 Fitting charge behavior in such systems is still problematic, something we aim to ameliorate in this
chapter. For simplicity we will restrict the discussion to non-polarizable potentials
and point charges assigned to atomic centers.
Assigning charges by fitting them to reproduce the electrostatic potential 149–151
(ESP) (see section 2.3) is uniquely suited for parameterizing MD models, as it explicitly matches the functional form electrostatic parts of the additive intermolecular potentials used in the simulations. ESP fitting has also been extended to
porous periodic systems by the REPEAT method through the application of the
Ewald sum and shown to work well for a zeolite. 229 However, as ESP is evaluated
on a regular grid of points and only the points outside of the van der Waals radii
of any atoms may be used, 151 the method yields counterintuitive charges when
applied to large molecules or densely packed molecular systems, like bulk water. In
large molecules or in molecular clusters there are many more acceptable potential
points at the cluster surface than in the cluster interior (Figure 5.1). Furthermore,
the ESP at grid points in the cluster interior is strongly influenced by charges from
many more atoms than that at the cluster surface. This permits the partial charges
assigned to atoms embedded in the cluster to vary wildly without significantly affecting the overall fit to the ab initio potential. 230 To combat this, the restrained
electrostatic potential fitting (RESP) method 230,231 was developed. It forces the
embedded charges close to intuitive reference values by applying predetermined
harmonic restraints.
While RESP works well for parameterizing most molecules in vacuum or surrounded by a layer of water, it is not ideal for parameterizing clusters of only
solvent. The molecules on the surface of the cluster lack some of the hydrogen
bonds they would have in a truly liquid phase, leading to a different charge distribution in them. And yet, these are the very molecules closest to and most strongly
affecting the majority of the acceptable grid points where ESP is evaluated. This
leads to artifacts, where the molecules furthest from the desired state provide most
of the data used for the fit. In densely packed periodic systems, on the other hand,
all molecules become embedded, having fewer grid points next to them (Figure 5.1).
This makes the artificial charge restraint of RESP the main determining factor in
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(a) Single molecule

(b) Four molecules
Figure 5.1: Schematic representation of the region (gray) where the grid points for electrostatic
potential evaluation can be placed. The available volume close to a molecule (outlined in black)
shrinks as other molecules surround it. Meanwhile, the volume becomes influenced by multiple
molecules at once, increasing the uncertainty of the charge assignment in the central molecule. 230
In a real three dimensional system, the effect is worse, as the packing is tighter and molecules
located out of plane still preclude volumes of space from containing acceptable grid points.

charge assignment in such systems.
In this chapter we present an alternative approach where we avoid the issue
of large volumes excluded from the fit by separating the overall electron density
of the system into molecular contributions before fitting charges for each molecule
separately. We demonstrate the performance of this approach on fully periodic
water systems and water clusters.

5.2
5.2.1

Methods
Charge partitioning

Separation of quantum mechanical charge density into atomic or molecular contributions is a problem with multiple solutions. We use a relatively simple approach
based on Mulliken population analysis. 232 We separate the system charge density
into molecular contributions in the same manner Mulliken did for atomic contributions. Namely, we project the system wavefunction onto atomic basis functions and
treat all the basis functions of atoms in the same molecule as a new independent
sub-system. ESP fitting is then performed for each sub-system separately.
Mulliken population analysis has become infamous for being basis-set dependent. 233 This trend is in large part due to different basis sets partitioning the charge
density associated with the covalent bonds differently. Our partitioning, however,
does not cross covalent bonds, and happens only across regions of low electron
density in between molecules. So basis set dependence in our approach is limited
to the partitioning of intermolecular charge transfers, like those due to hydrogen
bonding. In a water dimer, this charge transfer is only on the order of 0.014 e, 234
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setting a limit on the possible error.
As the ab initio MD simulations do not require or provide molecular topologies,
we first need to group the atoms into molecules based on the atomic coordinates.
To do so we construct a graph of the system with all the atoms as nodes and
the covalent bonds as edges. If atoms i and j are separated by a distance rij
less than the sum of their covalent radii, Ricov and Rjcov , then there is a covalent
bond between them. To allow for thermal fluctuations in bond lengths present in
ab initio MD simulations the acceptable distance needs to be scaled by χ > 1.
However, χ should be kept as small as possible to avoid treating hydrogen bonds
as covalent bonds. A value of χ = 1.2 is chosen to satisfy both conditions. The
resulting criterion for detecting the presence of a bond is
rij < χ(Ricov + Rjcov ) ⇒ ∃ bondij .

(5.1)

We then traverse the graph in a depth-first search to separate it into multiple
non-connected graphs, each of which represents a single molecule.
Charge partitioning requires projecting the system-wide wavefunction onto a
series of Gaussian atom-centric basis functions Φi (r) (section 2.2.4) resulting in
coefficients Ci for each basis function. The electron density for each molecule is
then evaluated on a grid and becomes
XX
X
ρ(r) =
Ci Cj∗
Φi (r)Φ∗j (r − L) ,
(5.2)
i

j

L

where the index i iterates over all basis functions belonging to atoms in that
molecule and index j over all basis functions in the system. The summation over
L is required only for periodic systems, where L is the lattice vector pointing to
the periodic images of the simulation box. For the sake of efficiency, only ij pairs
with significant overlap Φi (r)Φ∗j (r − L) were considered at each point r. Such an
overlap between Gaussian functions decays quickly with the separation between
their centers. Eq. 5.2 was evaluated up to only three periodic images away, as that
was sufficient to reduce the resulting overlaps below the accuracy of floating point
operations.
In this work we are using pseudopotentials to describe the effects of the core
electrons. Therefore, the effective nuclear charge of an atom becomes the atomic
number minus the number of core electrons. To obtain the charge density for a
molecule, we place this effective nuclear charge on the nucleus and subtract the
electron density from it.
Finally, we compute the electrostatic potentials separately for each molecule.
We evaluate them on equally spaced grids approximately with 0.3 Å between points.
This value is adjusted as needed to make the periodic box length divisible by it.
Grid points within a van der Waals radius of any atoms in the molecule or further
away than 2.8 Å from all atoms are filtered out. This gives us a CHELPG-like
grid 152 compatible with a periodic system. Other common grid styles 149,151,235–237
use different spacing between grid points and cutoff criteria. Some also use concentric shells of points around each atom instead of a regular grid, 151,236 which can
lead to dependence of the assigned charges on the molecular orientation when the
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relevant volume is sampled too sparsely. 152 For periodic systems, potentials are
evaluated with Ewald summation 41 with a cutoff equal to half of the box length,
32 Fourier space vectors along each axis, and an Ewald parameter of 1 a0 −1 . For
the non-periodic system, the Coulomb 1/r form of the potential was used for each
of the points on the charge density grid.

5.2.2

Fit to Electrostatic Potential

As discussed in section 2.3, ESP charges are typically assigned by minimizing an
error function equal to the mean square deviation between potentials
E(Q) =

1
Npoints

Npoints

X

2

(Vref (rp ) − V (rp , Q)) ,

(5.3)

p

where Vref (rp ) is the reference potential at point rp and V (rp , Q) is the potential
due to the vector of charges Q being optimized. Electrostatic potentials are only
defined up to an arbitrary constant, usually so that the potential infinitely far away
from the charges is zero. In periodic systems, however, this convention becomes
meaningless as periodic images are repeated towards infinity and different ab initio
codes yield different values of this constant for the same system. 229 To keep our
approach general, we employ the REPEAT 229 method where the central idea is to
offset the average of each potential to zero, negating the effects due to this constant,
as in
Npoints
P
V (rp0 )
p0
e
V (rp , Q) = V (rp , Q) −
, and
(5.4)
Npoints
Npoints
P

Veref (rp ) = Vref (rp ) −

Vref (rp0 )

p0

.
(5.5)
Npoints
We can extend this to per-molecule ESP fits by defining our new error function
to be
m
Npoints
N
mol

2
X
X
1
m
eref
e m (rp , Q) ,
E(Q) =
V
(r
)
−
V
(5.6)
p
m
Npoints
m
p
the sum of the mean square deviations for each molecule m. The optimal vector
of charges Q is found by the same procedure as described in section 2.3, namely
dE
setting the derivative dQ
to 0 for each charge Qi , as in
i
m
Npoints

 e m
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mol
X
X
dE(Q)
1
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For both periodic and non-periodic cases V (rp , Q) =

P
j

Qj

dV (rp )
dQj .

This allows

for Eq. 5.7 to be rewritten as
m
Npoints
N
mol
X
X

m

=

N
mol
X
m

p
m
Npoints

X
p



dVe m (rp , Q) X dVe m (rp , Q) 
Qj =
m
Npoints
dQi
dQj
j
1

(5.9)

dVe m (rp , Q) e m
Vref (rp ) ,
m
Npoints
dQi
1

resulting in a set of linear equations of the form AT Ax = AT b, which can be easily
solved with linear algebra routines. The elements of the matrix A and the vectors
x and b are
Ap m j =

dVe m (rpm )
,
dQj

(5.10)

xj = Qj ,

(5.11)

m
bpm = Veref
(rpm ) .

(5.12)

As the optimal solution to the
P above often produces a system with net charge,
we enforce charge conservation
Qj = 0 through the use of a Lagrange multiplier
i

Λ, as in
L=E +Λ

X

Qj .

(5.13)

i

This results in another system of linear equations of the same form, but with x
now also containing Λ, and A also encoding the sum of all charges which equals
the new 0 entry in b, as seen in section 2.3 and in Ref. 153. Similarly, additional
Lagrange multipliers can be added to constrain all atoms of the same type to have
the same charge assigned to them.

5.2.3

Computational details

Reference data, including the system-wide wavefunctions and electrostatic potentials, as well as the projections onto atom-centric Gaussian basis functions were
performed with the CPMD 3.17.1. 144 The BLYP functional 139,140 was used in
combination with D3 dispersion corrections for van der Waals interactions. 49,50
Effective core potentials were described with soft pseudopotentials derived with
the Martin-Troullier method 146 for oxygen and Kleinman-Bylander method 238 for
hydrogen. However, a high planewave cutoff of 180 Rydberg was still necessary to
accurately represent some of the quickly decaying Gaussian basis functions with
planewaves during projections.
The remainder of the charge partitioning procedure, including the computation of ab initio electrostatic potentials, was implemented∗ into the open source
∗ Source

code is available from https://github.com/votca/xtp/tree/periodic_integration
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VOTCA-XTP library 142,239 with the implementation of Ewald summation being
adapted from Gromacs 4.6.3. 240 Atomic charge assignment was performed as described in Section 5.2.2..
For the Gaussian atom-centered basis, we use the basis set for the Stuttgart/Dresden pseudopotentials, 241 which are augmented, after uncontraction, by additional polarization functions 242 of d symmetry. This basis set, called the ubecppol
basis set in VOTCA-XTP, was specifically constructed to represent pseudopotentialbased wavefunctions with significant polarization. However, the fastest decaying
oxygen basis function had to be changed, as it could not be accurately reproduced
in the plane-wave representation even with the high plane-wave cutoff used in this
work. Its decay coefficient was reduced from 47.105 52 a0 −1 to 31.035 04 a0 −1 . As
a result, for a single water molecule the lowest projection completeness of a molecular orbital was 99.9%. The projection completeness rises as more basis functions
become available with a larger number of waters in the system. In the bulk system,
quickly decaying basis functions become less important and a nearly complete projection can also be achieved even with the unmodified ubecppol basis set, as is done
in Chapter 6. In future work, to completely eliminate inaccuracies associated with
these incomplete electron densities when computing electrostatic potentials one
should use periodic QM packages that optimize the wavefunction in the Gaussian
representation directly.
Wavefunction optimization and projection are performed in cubic simulation
boxes with a 22.167 a0 side length. The system-wide potentials are evaluated on a
regular 48 × 48 × 48 grid with a spacing between points of approximately 0.2444 Å.
The per-molecule potentials are evaluated on a regular grid with a 0.3 Å step. In
both cases, CHELP-like 152 cutoffs are used, namely a 2.8 Å outer cutoff combined
with an inner cutoff of one van der Waals radius around each atom.

5.3
5.3.1

Results
Water Cluster

In chapter 4, we based our parameterization of TIP4P-SQE on water monomers and
dimers in vacuum. The water dimer, however, is but the smallest in vacuo water
structure held together with hydrogen bonds. It and other such structures, called
water clusters, have been extensively studied both experimentally and computationally for their importance in atmospheric science, 2,243 droplet nucleation, 244 and
for the insight they offer into the hydrogen bond dynamics of liquid water. 245
Many such clusters are small enough (less than a hundred atoms) to be easily
treated with ab initio approaches, making them attractive and computationally
inexpensive targets for model parameterization. Such clusters have large surface
areas making charge assignment by the classical ESP and RESP approaches reasonable. However, the surface area exposed to vacuum is not the same for all
molecules, especially in larger clusters, leading to molecules with the least hydrogen bonding to be the ones with the most impact on the assigned charges. These
factors make water clusters good systems on which to test our per-molecule ESP
fitting approach.
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Figure 5.2: W8 water cluster 246 embedded in a cubic simulation box with side length of 22.167 a0 .
All water molecules have three hydrogen bonds.

We specifically focus on an isolated W8 cluster, which is the most stable structure of an eight water cluster using the 6-31G(d,p) basis set in non-periodic HartreeFock calculations. 246 As we are using CPMD, 144 a periodic code, for our ab initio
calculations, we embed the cluster in a cubic simulation box (Figure 5.2) with side
length of 22.167 a0 , a size shared with our bulk water simulations (Section 5.3.2).
which is large enough to make the charge density at the box edges negligible.
Larger boxes (up to 30 a0 ) have also been tested and the system energy was found
to be conserved to within 1.2 × 10−4 Eh . The effect of periodic electrostatic interactions on the wave function has been explicitly compensated for by decoupling
the electrostatic images in the Hockney 247 Poisson solver. This is a fast approach
requiring the least amount of padding around the cluster out of the available options. When assigning atomic charges for this structure, the total charge of the
system is constrained to be neutral.
Upon computing the electrostatic potential around the W8 cluster, we are left
with a system-wide potential evaluated at 24983 grid points, after applying the
cutoffs. The distribution of individual atomic charges assigned based on this potential (Figure 5.3a) appear in two peaks for oxygen near −0.78 and −0.68 e and in
a wider collection of three peaks near 0.36 e for hydrogen. Using the per-molecule
approach, we obtain a total of 72410 grid points, a much larger number than in the
system-wide case due to having independent grids around each molecule. Assigning
individual charges with the per-molecule potential (Figure 5.3b) also results in a
bimodal distribution, but with charges of a lower magnitude. For oxygen they appear near −0.89 and −0.85 e. The average per-molecule oxygen charges (−0.868 e)
are closer in value to those commonly used in three point water models (−0.82 to
−0.8476 e) than the system-wide charges are (−0.728 e, Table 5.1).
This bimodal nature of the charge distributions can be explained by half of the
molecules in the W8 cluster donating two hydrogen bonds and accepting one and
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Figure 5.3: Distributions of charges assigned to atoms in the W8 water clusterthrough the use of
(a) system-wide and (b) per-molecule electrostatic potentials.

the other half donating one hydrogen bond and accepting two. This implies that
donating and accepting a hydrogen bond affect the charge distribution of a water
molecule differently. The distance between these peaks in the per-molecule case is
0.04 e, roughly three times larger than the estimate for the intermolecular charge
transfer of 0.014 e due to the hydrogen bond in a water dimer. 234 Still, the presence
of this bimodal distribution is inconvenient for non-polarizable MD, as compatible
models require a single charge value to be assigned to each type of atom.
Therefore, we also performed a charge assignments where all atoms of the same
element were constrained to the same values. A summary of these values as well
as the averages of the above charge distributions can be seen in Table 5.1. In the
per-molecule case, when charges are constrained to be the same for all atoms of
an element, values (−0.8682 and −0.4341 e for oxygen and hydrogen) close to the
means of the unconstrained charge distributions (−0.868 and −0.434 e) are recovered. In the system-wide case, however, this constraint pushes the optimal charges
to larger magnitudes, resulting in values of the system-wide charges closer to the
commonly used charges in existing water models. This tendency illustrates why
such constrained charges are often preferred over mean values from distributions
when building potentials.
It is also worth mentioning that the choice of cutoffs for filtering the potential
grid affects the assigned charges much more than switching from a system-wide
to a per-molecule potential does. Using covalent radii instead of van der Waals
radii for the inner cutoffs, the charge distribution with a single peak for oxygen
emerges. In the extreme case of no cutoffs charges of QO < −2 e and QH > −1 e are
also attainable. When parameterizing potentials to be compatible with an existing
forcefield, this cutoff dependence makes it important to know how and with what
cutoffs the charges in the original forcefield were parameterized.
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W8, system-wide
W8, per-molecule
SPC 194
SPC/E 36
TIP3P 33

Unconstrained
hQO i
hQH i
−0.728 ± 0.049 +0.364 ± 0.011
−0.868 ± 0.022 +0.434 ± 0.011

Constrained
QO
QH
−0.7922 +0.3961
−0.8682 +0.4341
−0.8200 +0.4100
−0.8476 +0.4238
−0.8340 +0.4170

Table 5.1: Charges for non-polarizable three point water descriptions derived from system-wide
and per-molecule electrostatic potentials of the W8 cluster by either averaging of the charge
distributions for each element (hQelement i) or constraining charges to be the same for each atom
of the same element (Qelement ). Charge neutrality constraints are applied to the whole system,
not to each molecule individually. Charges of common three point water potentials are offered
for comparison. Uncertainties represent standard deviations in the charge distributions.

5.3.2

Bulk Water

To ensure that an in silico model reproduces some experimental properties it is
necessary to reproduce the experimental conditions as closely as possible during
parameterization of the model. Therefore, if we desire a good model for liquid
water, it makes sense to derive its charges from structures of bulk liquid water.
We obtained such structures from recent ab initio simulations by Titantah and
Karttunen. 19 We use five such structures obtained from uncorrelated frames of a
simulation at 300 K. Each contains 54 waters in a fully periodic cubic cell with side
length of 22.167 a0 (Figure 5.4).

Figure 5.4: Example bulk water structure used for charge derivation. Atoms are shown wrapped
into the periodic boundary conditions without regard for connecting bonds.
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We once again computed the atomic partial charges using both system-wide
and per-molecule potentials. To preserve some information about polarizability,
individual charges were assigned to each atom in each frame. The resulting charge
distributions (Figures 5.5a and 5.5b) are much wider than they are for the W8
cluster. This indicates that liquid water is often far from such idealized conditions
and provides further evidence that parameterizing water models to bulk structures
would sample more of the relevant states. In the bulk systems, just like in the W8
cluster, the per-molecule approach produces reasonable charges in light of those
present in 3-point water models typically used in MD, such as SPC, 194 SPC/E, 36
and TIP3P. 33 In contrast, the system-wide potential produces significantly lower
charge magnitudes and wider distributions.
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Figure 5.5: Distributions of charges assigned using system-wide (a) and per-molecule (b) potentials for bulk water.

Such widening of the charge distributions is consistent with an increase of the
uncertainty in the charge fitting caused by embedding atoms within larger structures, as discussed in Ref. 230. This makes system-wide potentials unsuitable for
parameterizing densely packed periodic systems. In fact, the system-wide charges
are so low that when the averages (Table 5.2) of their distributions are used in
a non-polarizabale water model with reasonable Lennard-Jones parameters, they
produce insufficient hydrogen bonding to keep water from evaporating at room
temperature. When system-wide charges are constrained to the same value for
each element, their magnitudes are even lower, reaching only −0.528 e for oxygen.
The overall lowering of the assigned charges from the system-wide electrostatic
potentials is due to spherical averaging during fitting and the unavailability of
grid points with high potential magnitude. In the system-wide approach, when
assigning charges for a molecule, grid points where |Vref (r)| is high are typically
excluded from the fit as they are too close to atoms in other molecules. Therefore,
the average |Vref (r)| at a given distance |r| from the atoms in a molecule is smaller,
so the charges assigned to those atoms are also smaller. In the per-molecule case,
only electron density from one molecule is considered at a time and excluding grid
points near other molecules is unnecessary, leading to higher average |Vref (r)| and
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bulk, system-wide
bulk, per-molecule
SPC 194
SPC/E 36
TIP3P 33

Unconstrained
hQO i
hQH i
−0.614 ± 0.148 +0.307 ± 0.081
−0.942 ± 0.076 +0.471 ± 0.051

Constrained
QO
QH
−0.5280 +0.2640
−0.9465 +0.4733
−0.8200 +0.4100
−0.8476 +0.4238
−0.8340 +0.4170

Table 5.2: Charges for non-polarizable three point water descriptions derived from system-wide
and per-molecule electrostatic potentials of five bulk structures by either averaging of the charge
distributions for each element (hQelement i) or constraining charges to be the same for each atom
of the same element (Qelement ). Charge neutrality constraints are applied to the whole system,
not to each molecule individually. Charges of common three point water potentials are offered
for comparison. Uncertainties represent standard deviations in the charge distributions.

higher assigned charges.
Meanwhile, the charges based on the per-molecule potentials are significantly
higher than both the system-wide charges and than those used in existing water
models (Table 5.2). While these models are usually fit to reproduce empirical
properties in top-down parameterizations, we are attempting to build a bottom-up
description for the charge behavior. As will be explored in more detail in chapter 6,
this permits our charges to better reproduce the ab initio molecular dipole moments
in a general purpose water model.

5.4

Conclusion and outlook

Per-molecule potentials provide an improved way to assign charges to MD systems
in a bottom-up manner. In open systems with large unoccupied volumes close to
all atoms, this approach is not very beneficial and increases the computational cost.
Separate electrostatic potentials need to be computed for each molecule, which can
take several minutes per molecule. However, when parameterizing dense systems of
interacting small molecules, such as in liquid water, this approach can be invaluable
and the accuracy improvement can be well worth the extra computational time.
The whole charge assignment procedure, excluding wavefunction optimization, can
take an hour in periodic systems due to use of a straightforward Ewald summation
(as opposed to fast Fourier transform based methods like Particle Mesh Ewald 78 )
and due to the need to recompute the electrostatic potentials around each molecule
individually in both classical and quantum descriptions.
An additional improvement to per-molecule charge assignment is still possible.
In MD, the electrostatic interactions are dictated by the relative positions of atom
pairs. This makes the potential evaluated at the positions of the atoms of one
molecule due to the charge distribution of another molecule extremely important for
parameterization. Using per-molecule electrostatic potentials makes these points
accessible, but currently their relative importance is not represented in the fit. This
can be addressed by modifying the error function E(Q) from Eq. 5.6 to include a
weight w(rp − Rm ) representing the likelihood of finding an atom belonging to
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another molecule (Figure 5.6) at the position rp − Rm relative to the center of
mass (or the oxygen position) Rm of the current molecule. The expression for the
proposed error function is
E(Q) =

N
points
mol NX
X
m

p

2
w(rp − Rm )  e
Vref (rp ) − Ve (rp ) .
Npoints

(5.14)

Figure 5.6: Isosurface of the weight function w(rp − Rm ) representing the probability of finding
atoms around a water molecule in bulk water. Underlying data is based on the 300 K ab initio
trajectory by Titantah and Karttunen. 19

61

Chapter 6

TIP5P/2018
Parts of this chapter have been reprinted from Khalak, Y., Baumeier, B., and Karttunen, M. (2018). Improved general-purpose five-point model for water: TIP5P/2018.
J. Chem. Phys., 149 :224507, with the permission of AIP Publishing.
Having made the code for the per-molecule ESP charge assignment method
from chapter 5, we attempted to use it to construct a polarizable five point potential, similar to the four point potential of chapter 4, but using the geometry of
TIP5P 34 (Figure 1.1). This potential, TIP5P-SQE, uses the same expression for
potential energy (Eq. 6.1) as TIP4P-SQE (Eq. 4.2), except with an exponential
distance dependence of the bond hardness. Additionally, shielded electrostatic interactions were extended to all site pairs within each molecule, and not just pairs
directly bonded together. TIP4P-SQE was parameterized to reproduce the density
dependence on temperature and the parameters are presented in Table 6.1. However, similar to TIP4P-SQE (Figure 4.2b), it proved to have very low self diffusion
(Figure 6.1).
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Figure 6.1: Density (a) and self-diffusion (b) of an TIP5P-SQE as functions of temperature
at a pressure of 1 bar. Large uncertainties are due to using short simulations of only 100 ps.
Experimental data 202,203,207,208 and values for TIP4P/2005 from our reference simulations are
shown for comparison.
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Table 6.1: Parameters for the TIP5P-SQE potential. The large Slater orbital parameter ζH
(Eq. 2.45) means that the hydrogens behave essentially as a point charge and have a high resulting
s , leading to almost no shielding.
kHH

θHOH
θLOL
rOH
rOL
s
kOL
s
kOH
s
kLL
s
kLH
s
kHH

Structural
104.52◦
109.47◦
0.095 72 nm
0.07 nm
Shielding
2.683 08 nm−1
2.705 50 nm−1
11.4288 nm−1
17.6190 nm−1
125.082 nm−1

σ
ε
ζO
ζL
ζH
a
KO
KLa
a
KH
χO
χL
χH
αOL
αOH

Lennard-Jones
0.316 266 nm
1.045 313 kJ/mol
Electronic
2.694 408 295 75 nm−1
9.144 526 236 27 nm−1
99.999 795 208 3 nm−1
429.881 451 874 kJ/mole2
4931.694 541 33 kJ/mole2
6643.128 379 55 kJ/mole2
0 kJ/mole
−102.225 850 871 kJ/mole
−1513.919 798 91 kJ/mole
0.11 nm
0.01 nm

To explore the quality of the assigned charges and to simplify parameterization,
we instead constructed a non-polarizable model using the average charges obtained
through SQE for the same training structure (Figure 5.4). We observed a somewhat
higher self-diffusion in this case, but to recover the experimental self-diffusion profile
required to uniformly scale all the charges by a factor of 0.95. The result of this
scaling and subsequent reoptimization of the Lennard-Jones parameters is a rigid
non-polarizable five point potential, TIP5P/2018, that in many respects performs
better than commonly used five point potentials, with accuracy approaching that
of TIP4P/2005, 39 the most celebrated MD potential for water at the moment.
The rest of this chapter focuses on describing TIP5P/2018 and is an expanded
version of our recently published paper reprinted herein from Khalak, Y., Baumeier,
B., and Karttunen, M. (2018). Improved general-purpose five-point model for water: TIP5P/2018. J. Chem. Phys., 149 :224507, with the permission of AIP Publishing. The parameterization and simulations presented here were all carried out
by YK, who also wrote the majority of the text in the paper. BB and MK offered
detailed guidance and supervision during the whole process. MK also wrote the
introduction (not included here) for the previously published version of the paper.

6.1
6.1.1

Methods
Initial Charge Assignment

Electrostatic potential (ESP) fitting 149–151 is a classical approach to assigning
charges for use in molecular dynamics (MD) potentials. It involves minimizing the
difference between an ab initio reference electrostatic potential and that produced
by the assigned charges on a grid within a region close the molecule. Grid points too
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close to the nuclei are excluded, as the electron density there has too much structure to be accurately represented by point charges. Similarly, grid points at large
distances (typically > 3 Å) are not taken into account for computational efficiency.
The exact definition of the grid is method-specific. 151,152 One of known problems
of these methods is that atoms embedded at the centers of larger molecules are
assigned charges with values that are not chemically intuitive, mostly due to the
lack of grid points nearby these atoms.
Restrained electrostatic potential (RESP) fitting 230,231 combats this by imposing a harmonic charge restraint of an a priori assigned weight preventing the
assigned charges from significantly deviating from predetermined values, typically
zeros. RESP has become popular for building force fields, 90,248,249 however in bulk
water all the atoms effectively become embedded and have few surrounding grid
points. Furthermore, these points are located in the empty space between the
molecules. In molecular dynamics electrostatic forces act between pairs of nuclei,
meaning such a grid samples regions with low importance for parameterization.
In this situation, the restraint of RESP plays a disproportionate role in charge
assignment.
To avoid the above situation, we use a different approach. We determine the
bulk wave function of a periodic 54 water molecule structure by Titantah and
Karttunen 28 using CPMD 3.17.1, 144 the BLYP functional 139,140 with D3 van der
Waals dispersion corrections, 49,50 pseudopotentials in Troullier-Martins form for
oxygen 146 and Kleinman-Bylander form 238 for hydrogen, and a 90 Ry plane wave
energy cutoff. This wave function is then projected onto a Gaussian atom-centered
basis. For this, we use the basis set for the Stuttgart/Dresden pseudopotentials, 241
which are augmented, after uncontraction, by additional polarization functions 242
of d symmetry. This results in a projection completeness above 99.95%. We
then subdivide the overall electron density into individual molecular contributions,
which are determined from the full atomic-orbital density matrix after projection,
by assigning its rows to the respective molecules, as detailed in Chapter 5. This
ensures that electron density resulting from overlap of basis functions from two different molecules, described by off-diagonal blocks in the density matrix, is equally
split among them.
The above subdivision allows one to compute molecular electrostatic potentials
based on per-molecule electron densities that include the effects of polarization from
other molecules in the bulk. At the same time, no grid points are excluded by the
presence of other molecules in the setup of the grid for ESP fitting, permitting to
sample the most relevant regions of the electrostatic potential for molecular dynamics. We implemented this procedure as a branch∗ of the open source VOTCA-XTP
package 142 in a manner that includes Ewald summation for periodic systems. 41
Next, we turn to the SQE formalism 159,182 as a restraint-free alternative to
RESP for charge assignment. SQE is a recent iteration on electronegativity and
charge equilibration methods. 54,177,187 In contrast to earlier methods of this type,
SQE combines both atom and bond based energy terms to enforce charge neutrality
of interacting closed shell molecules without the need for charge restraints. It also
introduces a penalty to long-range charge transfer, preventing long chain molecules
∗ Available

from https://github.com/votca/xtp/tree/periodic_integration
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from being overly polarizable, a problem common in the older techniques. 181 SQE
has been successfully used to describe redox reactions in batteries 55,56 and has been
shown to reproduce the behavior of charges and electrostatic potentials in applied
electric fields. 250 Specifically, we rely on the SQE energy expression
1
1 X X bond
2
U = χi Qi + Ki Q2i +
Kij (rij )qij
+ Uc ,
(6.1)
2
2 i j
P
where Qi =
j qij is the atomic charge assigned to atom i as a result of contributions qij = −qji from its covalently bonded neighbors j. The electronic parameters χi and Ki represent electronegativity and atomic hardness, respectively.
bond
The distance-dependent bond hardness Kij
(rij ) = exp (rij /αij ) − 1 acts as the
penalty for charge transfer exceeding distances characterized by αij . The energy
due to Coulomb interactions Uc between the charges includes the effects of periodicity, through Ewald summation, 41 and intramolecular shielding (Eq. 3.17).
For any set of the SQE parameters atomic charges Qi can be obtained by
minimizing Eq. 6.1 with respect to the charge transfers qij along covalent bonds.
We then apply the ESP procedure to iteratively optimize the SQE parameters
and obtain a distribution of charges for each site. These distributions are very
narrow with standard deviations of less than 0.014 elementary charges. We use
their means as the charges on a rigid five point (Figure 1.1c) geometry in further
potential refinement.

6.1.2

Parameter optimization

The charges obtained using the procedure above are combined with Lennard-Jones
parameters fitted to reproduce the experimental dependence of density on temperature, especially the density peak at 4 ◦C. At this stage, without further adjustments, the resulting potential yields significantly smaller diffusion than experiments (1.60 × 10−5 compared to 2.30 × 10−5 cm2 /s 251 ). In addition, the strength
of the hard core repulsion required to correctly position the density peak is much
larger than that of other water models. Besides the Lennard-Jones interaction, the
only other intermolecular interactions in the system are electrostatic, see Eq. 2.12.
Therefore, to increase diffusion while maintaining the position of the density peak
we explore scaling of the charges.
Uniform charge scaling has previously been suggested to correct ion binding
strength for the CHARMM and AMBER forcefields. 252 While integer ion charges
represent the reality in vacuum, once inserted into water, the effective charge felt
by the surrounding molecules is smaller due to screening. Non-polarizable water
models can account for some of this effect explicitly by molecular rearrangement.
However, without a polarizable description, screening due to changes in electron
density are not explicitly accounted for. The electronic continuum correction 252–259
provides a way to implicitly model this effect by embedding the system in a continuous dielectric medium with a dielectric constant el . This is equivalent to scaling
√
the ionic charge Q such that the effective charge is Qeff = Q/ el . For liquid water
the scaling factor is about 0.75 252 and the method has been successfully applied in
simulations of biomolecular systems. 260,261
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QO
QH
QL
 (kJ/mol)
σ (Å)

TIP5P 34
0
0.241
-0.241
0.66944
3.12

TIP5P-E 42
0
0.241
-0.241
0.744752
3.097

TIP5P/2018
-0.641114
0.394137
-0.073580
0.79
3.145

Table 6.2: Parameters defining five point models: site charges Q, Lennard-Jones potential well
depth , and distance of zero potential σ. All these five point potentials share the same geometry,
Figure 1.1c.

The formulation of SQE we used in this work already includes the intramolecular electronic screening contributions through shielded electrostatic interactions
(see Appendix). Intermolecular contributions, though, were not explicitly handled. Therefore, some charge scaling was still necessary. By scaling all charges by
0.95 and once again reoptimizing the Lennard-Jones parameters, similar to Refs.
257,259, we are able to recover the correct self-diffusion behavior. This is the
parameterization of TIP5P/2018 as is detailed below in Sec. 6.2.1.
All three TIP5P-based models have the same geometry, that is, an oxygen
with the sole Lennard-Jones interaction site, two hydrogens 0.9572 Å from the
oxygen and separated by a 104.52◦ angle, and two virtual sites 0.7 Å from the
oxygen separated by a perfect tetrahedral angle of 109.47◦ , Figure 1.1c. The main
difference between TIP5P/2018 and the previous TIP5P models is that charges are
assigned to every site. The large portion of the charge that in the case of TIP5P
is located on the virtual sites is instead on the oxygen. This reduces tetrahedrality
(Sec. 6.2.3), a problem TIP5P has been criticized for. 212 The exact parameters of
the TIP5P/2018 potential are presented in Table 6.2.

6.1.3

Computational details

The Gromacs 2016.3 108 software package was used for all MD simulations. All
TIP5P/2018 simulations use a time step of 2 fs, the smooth particle mesh Ewald
method 109 (SPME) for computing the electrostatic interactions and 0.85 nm cutoff for both the Lennard-Jones and real-space part of the Coulomb interactions.
This cutoff is smaller than those of TIP5P and TIP5P-E, and has been adopted
from TIP4P/2005 in an attempt to reduce the computational expense. Dispersion
corrections for energy and pressure were also used. Unless stated otherwise, all
thermostat and barostat time constants were set to 1 ps and all target pressures
were set to 1 atm.
Thermodynamic properties across the range 235.65–348.15 K were obtained by
averaging over time and five 20 ns replicas at each temperature. Equilibration
for each replica was performed as follows: First, a cubic simulation box with a
side length of 4 nm containing 2,069 water molecules was set up and energy was
minimized with the steepest descent algorithm. Next, a 10 ps simulation under
the canonical ensemble with the Berendsen thermostat 124 (with time constant
τt = 0.5 ps) followed by a 20 ps isothermal-isobaric simulation with the Nosé67
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Hoover thermostat 125,126 (τt = 1 ps) and Berendsen barostat 124 (at 1 atm with
time constant τp = 1 ps) was performed. After equilibration, 20 ns production
simulation with Nosé-Hoover thermostat 125,126 (τt = 1 ps) and Parrinello-Rahman
barostat 131,132 (at 1 atm, τp = 1 ps) followed. The first nanosecond of the production simulations was excluded from analysis as a final equilibration.
Diffusion was computed from mean square displacement, while the thermodynamic properties were computed from drift corrected fluctuations of volume,
density, and potential energy using standard formulas. 96
For comparison, we also performed control simulations with TIP4P/2005, TIP5P,
and TIP5P-E. The TIP4P/2005 simulations were carried out under the same conditions as TIP5P/2018, except with 9 Å cutoffs. When simulating TIP5P and
TIP5P-E, we used 9 Å cutoffs, 512 molecule systems, a 1 fs time step, and no
dispersion corrections, to better match conditions under which they were parameterized. 42,262 To enforce densities originally reported for TIP5P and TIP5P-E, we
used the canonical ensemble for both of these models. For TIP5P, we used the
Berendsen thermostat 124 with τp = 0.1 ps and simple cutoffs, while for TIP5P-E
we used the Nosé-Hoover thermostat 125,126 with τp = 1 ps and SPME. Wherever
possible, we compare properties of TIP5P/2018 to those of TIP5P and TIP5P-E reported by their original authors. Comparisons with experimental data are provided
when possible.

6.2

Results

The properties of TIP5P/2018 are summarized in Table 6.3 while the temperature
dependence of those properties is discussed in the sections below.
ρ (kg m−3 )
D (10−5 ×cm2 s−1 )
αP (105 ×K−1 )
κ (106 ×atm−1 )
CP (J mol−1 K−1 )
τ1dipole long (ps)
τ2HH long (ps)

TIP5P
999 ± 1 34
2.62 ± 0.04 262
63 ± 6 34
41 ± 2 34
122 ± 3 34
5.788
2.506

TIP5P-E
1000.0 ± 0.5 42
2.8 ± 1 42
49 ± 6 42
52 ± 3 42
114 ± 3 42
5.521
2.455

TIP5P/2018
996.30 ± 0.06
2.34 ± 0.02
42 ± 3
48.2 ± 0.5
105 ± 4
6.575
2.901

experimental
997.05 207
2.30 251
25.7 263
45.85 263
75.36 14
∼ 7.69 264
∼ 2.46 218

Table 6.3: Properties of TIP5P, TIP5P-E, and TIP5P/2018 at 298.15 K and 1 atm. Experimental
density 207 is reported at 1 bar. The experimental values for τ1dipole long and τ2HH long are estimates
linearly interpolated from measurements 218,264 at nearby temperatures.

6.2.1

Density and Diffusion

Both the maximum density ρmax and the corresponding temperature Tmax for
TIP5P/2018 match those of experiments 207,208 (Figure 6.2a). This is a marked
improvement over both TIP5P and TIP5P-E, which, while capturing the correct
Tmax , exhibit an overly high ρmax and a density that decays too rapidly to either
side of the density peak. TIP5P/2018 significantly improves on the density decay
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Figure 6.2: Density (a) and self-diffusion (b) as functions of temperature at a pressure of 1 atm.
TIP5P and TIP5P-E values are obtained from Refs. 34,42. TIP5P/2018 and TIP4P/2005 values
are results of our own simulations and are calculated with Einstein equations. Error bars for
TIP5P/2018 represent standard deviations of the results from five simulations. Experimental
data 202,203,207,208 is shown for comparison

compared to TIP5P and TIP5P-E, but is still unable to fully reproduce the experimental profile at high temperatures. Attempts to further flatten the density profile
during potential optimization led to significantly lower diffusion accompanied by
more first solvation shell structuring visible in the gOO (r).
On the other hand, as Fig. 6.2b shows TIP5P/2018 reproduces the diffusion
profile extremely well, which is not surprising, as it was one of the target properties
during optimization. In comparison, TIP5P and TIP5P-E both exhibit much faster
diffusion at higher temperatures while underestimating the experimental diffusion
values at and below 262.65 K. TIP4P/2005, meanwhile, underestimates diffusion
at higher temperatures.

6.2.2

Radial Distribution Functions

The radial distribution functions of TIP5P/2018 are in good agreement with experiments (Figs. 6.3a, 6.3b and 6.3c). The major discrepancy is the higher first peak
of the oxygen-oxygen radial density function, Fig. 6.3a, reminiscent of the root of
the kinetic trapping and low diffusion from earlier versions of this potential.
Additionally, neutron scattering experiments show a wide first peak of gHH (r)
(Fig. 6.3c), which corresponds to the intramolecular H-H distance. Due to the
rigidity of the five point potentials this distance is constrained to 1.5139 Å in the
simulations, and appears as a sharp peak.
Rigidity of the five-point geometry also contributes to the first intermolecular
gOH (r) peak (Fig. 6.3b), corresponding to the hydrogen bonding interaction. In all
the five point models this peak is narrower and taller than in experiments. Rigid
O-H covalent bonds in the simulations lead to reduced smearing of this peak from
the optimal hydrogen bonding distance than is present in real water. Because of
these effects, it is reasonable to assume that using a flexible geometry would better
describe liquid water. However, a flexible model without an explicit treatment of
69

CHAPTER 6. TIP5P/2018

3
2.5

2

1.5

1.5

1

1

0.5

0.5

0

0.2

0.3

0.4

0.5

0.6

0.7

0.8

TIP5P-E
TIP5P
TIP5P/2018
Neutron scattering
X-ray and neutron scattering

2.5

gOH(r)

2
gOO(r)

3

TIP5P-E
TIP5P
TIP5P/2018
Neutron scattering
X-ray and neutron scattering

0.9

0

1

0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6

r (nm)

r (nm)

(a)

(b)
3

TIP5P-E
TIP5P
TIP5P/2018
Neutron scattering
X-ray and neutron scattering

2.5

gHH(r)

2
1.5
1
0.5
0

0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6
r (nm)

(c)
Figure 6.3: Radial distribution functions for TIP5P/2018 (298 K), TIP5P (298.15 K), and TIP5PE (298.15 K). Data for all these models comes from our own simulations. Experimental radial
distribution functions from neutron scattering (298 K) 209 and combined X-ray and neutron scattering (300 K) 210 are also shown. The sharp peak near 1.5139 Å in the hydrogen-hydrogen radial
distribution function corresponds to the intramolecular hydrogen-hydrogen distance and is the
result of using a rigid geometry.

polarization tends to result in incorrect dipole moment dependence on geometry
as cited in Ref. 34.

6.2.3

Orientational Tetrahedral Order

The orientational tetrahedral order q is a local measure of the angular alignment
indicating how well the surroundings of a water molecule reproduce the regular
tetrahedral structure (although slightly inconvenient here, we are using the notation of the original paper with q denoting the tetrahedral order parameter). The
expression we employ for q was originally proposed by Chau and Hardwick 265 and
rescaled by Errington and Debenedetti 266 to produce values between 0 and 1,

q =1−


2
3
4
3X X
1
cos φjk +
,
8 j=1
3
k=j+1
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Figure 6.4: Normalized distributions of the orientational tetrahedral order q for TIP5P/2018,
TIP5P, and TIP5P-E at 298 K, as well as TIP4P/2005 at 300 K 268 and ab initio distributions
at 300 K and 320 K. 28 Data for all five point models is obtained from our own simulations.
TIP5P/2018 has angular structure akin to that of other potentials at higher temperature.

where for any given water molecule indexes j and k iterate over the oxygens of its
four nearest neighbors and φjk is the angle between these neighbors centered on
the oxygen of the water molecule in question. A perfect tetrahedral arrangement,
similar to that of hexagonal ice (Ih ), occurs at q = 1, while an ideal gas corresponds
to q = 0. Orientational tetrahedral order has previously been used to study both
supercooled water and water in proximity to various solutes, as cited in Ref. 267.
For liquid water, distribution f (q) typically exhibits two peaks corresponding to
an ice-like population at high q and a more disordered population at lower q. As
temperatures grow, the more disordered population becomes preferred and the
whole distribution shifts to lower values of q. 28,268 TIP5P/2018 possesses the same
behavior, however the high q peak is shifted to the left compared to ab initio
results, 28 a feature shared with the TIP4P/2005 potential. 268
Additionally, TIP5P/2018 exhibits a larger disordered population than other
models. The ratio of peak heights resembles that of other models at a higher
temperature (Figure 6.4). The simplest plausible explanation for this is too weak
hydrogen bonding. This can be illustrated with the early version of our potential without charge scaling and, therefore, stronger hydrogen bonding. The corresponding f (q) peaks of this version are at the same values of q, but with a larger
preference for the ice-like peak, almost reaching that of TIP4P/2005 268 and ab
initio results. 28 Unfortunately, this and similar earlier versions exhibit drastically
lower diffusion as a result of the selfsame increased hydrogen bonding, and so were
deemed too inaccurate.

6.2.4

Dielectric Constant

The dielectric constant, also known as the relative permittivity  of a material, is a
key property for modeling the accurate solvation of ions. In molecular dynamics, 
is typically calculated from dipole moment fluctuations. Because of this, the value
for the dielectric constant takes long simulation times to converge, especially at
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lower temperatures. The functional form proposed by Neumann 269 is
=1+

1
~ 2 i − hM
~ i2 ) ,
(hM
30 khT ihV i

(6.3)

~ is the total system dipole moment, T is temperature, V is the volume.
where M
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Figure 6.5: Dielectric constant of TIP5P/2018 as a function of temperature at a pressure of 1 atm
compared to those of other models 34,42 and experimental values. 270 Values for TIP4P/2005 and
TIP5P/2018 are obtained from fluctuations of system dipole moment in our own simulations using
standard formulas. 96 Points and error bars for TIP5P/2018 represent standard deviations and
means of the results from five simulations.

While TIP5P and TIP5P-E reproduce the experimental 270 temperature dependence of this property rather well, TIP5P/2018 significantly overestimates it
(Figure 6.5). As explored by Carnie and Patey 271 and later by Rick, 42 this overestimation can have two sources: a large molecular dipole moment µ = |µ|, and
a small quadrupole Q. Both works show that even at larger values of µ, a large
quadrupole can quench fluctuations of the system dipole moment and lower the
dielectric constant.
Even after charge scaling, TIP5P/2018 has a relatively large dipole moment
more in line with those obtained from ab initio simulations than with that of
other rigid point charge potentials for water (Table 6.4). The quadrupole moment,
on the other hand is much smaller than in the ab initio systems, explaining the
high dielectric constant. This is a consequence of assigning charges based on ESP
fitting with a small number of charge sites. Reproducing both the dipole and the
quadrupole moments becomes difficult in such cases. 272 This also illustrates why
most water potentials are fully empirical in nature.
A possible improvement could arise from using a six-point geometry, like that
of Nada and van der Eerden, 276 where the oxygen charge is shifted closer to the
hydrogens, similar to what occurs in four point potentials. 39,195 Applying such a
shift to existing charges would increase the quadrupole moment while decreasing
the dipole moment. Furthermore, the central charge site would lie further away
from the Lewis pairs, allowing them to capture more of the molecule’s ab initio
charge distribution during ESP fitting and will likely lend the resulting potential a
larger quadrupole moment.
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6.2.5

Thermodynamic Properties

The majority of the thermodynamics properties of TIP5P/2018 are in better qualitative agreement with experiments over a wider temperature range than the other
five-point models are. The temperature dependence of the coefficient of thermal
expansion αP for TIP5P/2018 has the same shape as that of real water, but is
shifted up by around 30 × 105 K−1 (Figure 6.6a). While the corresponding profiles
of both TIP5P and TIP5P-E cross the experimental profile near 280 K, the TIP5P
αP changes significantly faster than in experiments and the TIP5P-E profile crosses
the experimental line for a second time and returns back to positive values at low
temperatures.
The isothermal compressibility κT of both TIP5P and TIP5P-E increases with
temperature through out the sampled range, while in experiments it decreases with
temperature. TIP5P/2018, on the other hand, reproduces the experimental trend
for temperatures down to 238.15 K, albeit with a smaller slope (Figure 6.6b). Meanwhile, none of the five-point models are capable of reproducing the experimental
isobaric heat capacity CP (Figure 6.6c), however TIP5P/2018 is the closest to experimental results. Overall, the improvements TIP5P/2018 provides for the reproduction of experimental αP and κT are remarkable given that they were not used
as fitting targets and instead emerge naturally from the potential. However, even
with these significant improvements, TIP5P/2018 still gives way to TIP4P/2005 in
accuracy of reproduction of thermodynamics properties.

6.2.6

Rotational degrees of freedom

While the radial distribution functions and the orientational tetrahedral order distribution provide a good description of structure, a different set of measures are
required to analyze the dynamics. To characterize translational dynamics, we have
already presented measurements of diffusion. For description of rotational dynam-

TIP3P 33
TIP4P 195
TIP4P/2005 39
TIP5P 34 and TIP5P-E 42
TIP5P/2018
QM surrounded by 4 TIP5P 272
QM surrounded by 230 TIP5P 273
Bulk QM (BLYP, 70 Ry) 40
Bulk QM (BLYP, 60 Ry) 274

µ
(D)
2.35
2.18
2.305
2.29
2.504
2.69
2.55
2.95
2.43

Qxx
(D Å)
-1.865
-2.235
-2.39
-1.63
-1.91
-3.08
-2.91
-3.36
-2.77

Qyy
(D Å)
1.605
2.065
2.21
1.50
1.69
2.82
2.71
3.18
2.67

Qzz
(D Å)
0.23
0.17
0.18
0.13
0.21
0.26
0.20
0.18
0.10

Table 6.4: Dipole µ = |µ| and quadrupole Q moments of TIP5P/2018 and similar non-polarizable
potentials as well as some ab initio results for liquid water. Oxygen position is taken as the point
of origin. The hydrogens are located in the positive z half of the yz plane, and the Lewis pairs in
the xz plane. Data presented for potentials other than TIP5P/2018 is derived from the work of
Niu et al. 272 The quadrupole moment definition of Stone 275 is used.
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ics of a rigid water geometry it is convenient to use rotational autocorrelation
functions
Cl (t) = Pl (θ(t)) , such that
cos(θ(t)) =

~v (t0 + t) · ~v (t0 )
k~v k

2

(6.4)

,

(6.5)

where Pl are Legendre polynomials of order l, and ~v is a fixed magnitude vector
the orientation of which is being studied. Experimentally, rotational autocorrelations have been measured for molecular dipole moments using dielectric spectroscopy 213,264 (l = 1), and the H-H vector using nuclear magnetic resonance 218,219
(l = 2). In practice, these measurements are typically reported as rotational relaxation time constants, which we calculate by fitting double exponential curves to
0.25 ns long (2.5 ns at temperatures below 250 K) normalized rotational autocorre-
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Figure 6.6: Thermodynamic properties as a functions of temperature at a pressure of 1 atm:
coefficient of thermal expansion (a), isothermal compressibility (b), and isobaric heat capacity
computed without quantum corrections (c). Values for TIP4P/2005 and TIP5P/2018 are obtained
from fluctuations of enthalpy, volume, and temperature in our own simulations. Error bars for
TIP5P/2018 represent standard deviations of the results from five simulations. Experimental
data 14,263,277 is shown for comparison.
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lation functions sampled every 0.5 ps.
Cltype (t)
≈ a exp(−t/τltype short ) + (1 − a) exp(−t/τltype long ) ,
Cltype (0)

(6.6)

where the superscript type corresponds to a molecular direction of either the dipole
or the hydrogen-hydrogen vector (HH). With this formulation we can extract
two time scales: one, τltype long , corresponding to molecular reorientation due to
changes in the hydrogen bonding network and the second, τltype short , due to librations. 278–280
The results show that TIP5P/2018 reproduces the experimental rotational relaxation of the molecular dipole moment better than TIP5P and TIP5P-E (Figure 6.7a) with values of τ1dipole long = 6.58 ps, 5.78 ps, and 5.52 ps for the three
potentials, respectively, at 298.15 K, 1 atm. A linear interpolation of experimental
data 264 produces a time scale of 7.69 ps under the same conditions. Improvement
in the rotational properties of the H-H vector are also present at lower temperatures
(Figure 6.7b), but at higher temperatures TIP5P/2018 continues to overestimate
the experimental results with τ2HH long = 2.90 ps at 298.15 K, 1 atm, against the
experimental value of approximately 2.46 ps, as interpolated from nearby temperature points. 218 The corresponding time scales for librations are τ2HH short = 0.24 ps
and τ1dipole short = 0.50 ps, however, due to the sampling time used, these values
are less reliable. As TIP5P/2018 has a dipole moment magnitude close to those of
QM descriptions of water (Table 6.4), the improvement of its rotational behavior is
not surprising. Rotation of vectors perpendicular to the dipole moment, however,
are also influenced by the quadrupole moment, which TIP5P/2018 underestimates,
explaining the continued deviation from experiments for the H-H vector.
Care should be taken when interpreting the above values, as not only are the
experimental values we refer to above interpolations, but the time constants from
the simulations can have a dependence on the lengths of the autocorrelation functions they are fit to. We chose the lengths used herein to more accurately represent
the long time scales at lower temperatures, where the differences between the potentials are more apparent. Furthermore, expressions with a different number of
exponentials can be used to fit Cltype (t)/Cltype (0). If, for example, one uses single
exponential expressions, the resulting time scales become much smaller.

6.2.7

Melting temperature

Several methods for determining melting temperature Tm exist. The simplest are
simulated annealing methods that let one detect phase changes by monitoring for
rapid changes in potential energy as the temperature of the system changes uniformly. These approaches tends to have poor accuracy, as phase change is not instantaneous. Systematic errors in such methods increase with rate of change of temperature. Alternatively, several free energy methods 281,282 instead focus on computing nucleation rates of ice crystals to determine Tm . Hamiltonian Gibbs-Duhem
integration methods are also available, 283,284 but require extensive sampling. For
this work, we chose a simpler approach based on simulations of liquid-solid interfaces at different temperatures. 285 This approach has been found to systematically
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Figure 6.7: Temperature dependence of rotational decorrelation times τ1dipole long of the dipole
moment (a) and τ2HH long of the molecular HH vector for TIP5P/2018 compared to other models
and experiments. 213,218,219,264 Values for all potentials are computed from our own simulations
using double exponential fits (Eq. 6.6) to the autocorrelation functions.

produce melting temperatures 1.5–4 K lower than free energy and Gibbs-Duhem
integration methods, 285 but also comes with a lower computational cost and has
the benefit of conceptual simplicity.
A 2.34885×2.21013×2.26135 nm ice Ih crystal with perfectly ordered hydrogens
is placed in a rectangular cuboid periodic cell 2.34885 × 2.21013 × 5.0 nm in size
and exposed to liquid water with two solid-liquid interfaces perpendicular to the
z -axis. The interfaces run along secondary prismatic planes {1 1 2 0} of the crystal,
as these were found to be the fastest growing faces for a six-site water potential. 286
Positions of the crystalline oxygens are first restrained with a spring constant of
5000 kJ mol−1 nm−2 and a steepest descent energy minimization is performed. The
restraining spring constant is then lowered to 500 kJ mol−1 nm−2 and the periodic
cell dimensions are allowed to relax for 1 ns under an isothermal-isobaric ensemble maintained with a stochastic velocity-rescale thermostat 130 at 298.15 K and
an anisotropic Berendsen barostat 124 restricted to maintain a rectangular cuboid
periodic cell shape. Both use a time constant of 1 ps.
The resulting structure (Figure 6.8) and velocities are used as initial conditions
for 20–50 ns production runs at different temperatures with no restraints. Here,
a semi-isotropic (independent scaling of xy and z directions) Parrinello-Rahman
barostat 131,132 is used instead to produce the correct pressure distribution and
the time constants for both the barostat and the thermostat are increased to 2 ps.
The degree of crystallization was monitored in two ways. The first was the system
potential energy U (Eq. 2.10), which increases as the system melts. The second was
N
P
the system-wide average Q3 =
s3i /N over the local (around atom i) Steinhardt
i
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Figure 6.8: Initial structure of the solid-liquid system used for determination of the melting
temperature.

order parameter 287 for tetrahedral structure,
P
s3i =

3
P

f (rij )

j6=i

m=−3

P

∗
q3m
(i)q3m (j)

,

f (rij )

(6.7)

j6=i

where
1−



1−



f (rij ) =

rij −0.29 nm
0.05 nm

rij −0.29 nm
0.05 nm

6

12

(6.8)

is a switching function used to restrict the evaluation to nearby neighbors, and
q3m (j) is an element of a third order Steinhardt vector of atom j expressed in
terms of spherical harmonics Ylm as
P
f (rji )Y3m (rji )
j6=i
P
q3m (j) =
.
(6.9)
f (rji )
j6=i

The Steinhardt order parameter increases as the system crystallizes and was
evaluated with the help of a development version† of plumed 2.5.0. 288 The Steinhardt order parameter is not the only order parameter that can be used for this
† git commit 1538d01bcfae from April 9, 2018; accessible at https://github.com/plumed/
plumed2
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Figure 6.9: Time evolution of the system-wide average of the Steinhardt order parameter Q3
of the liquid-ice system at different temperatures. Differently colored curves indicate different
temperatures and show Q3 values that have been time-averaged over 0.2 ns to reduce the noise
and make the individual curves distinguishable. Colored dashed lines represent linear fits to
the raw data. The vertical dotted line indicates the start of the sampling period for the linear
regression.

purpose, but its implementation in the plumed package made it easy for us to
utilize.
As the system needs time to equilibrate to the new temperature, the first few
nanoseconds of these simulations show rapid changes in the values of both crystallization indicators (Figure 6.9 and Figure 6.10). Therefore, the first 5 ns are
discarded when making linear fits to the evolution of these indicators.
The resulting lines are expected to have slopes of zero for both indicators at the
melting temperature, which occurs at a temperature of Tm = (243.15 ± 2.00) K (see
Figure 6.9 and Figure 6.10). The experimental meting temperature of water is 0 ◦C
by the definition of that scale, which translates to 273.15 K. Underestimation of Tm
is not uncommon in water models designed to reproduce liquid properties. 284,289
However, other five point models like TIP5P and TIP5P-E are among the best
in this regard with reported Tm between 271 and 274 K. 284,285 The reason for this
underestimation by TIP5P/2018 most likely once again lies with the low quadrupole
moment Q, as it its value has been previously linked to that of Tm . 290,291

6.2.8

TIP5P/2018 vs. TIP4P/2005: finite size effects

As TIP4P/2005 is currently the most accurate non-polarizable potential for water,
it is useful to compare TIP5P/2018 against it. The two potentials provide very
similar thermodynamic and rotational results. The main differences in the behaviors of the two are observable in the self-diffusion coefficients and the dielectric
constants, both of which TIP4P/2005 underestimates. TIP5P/2018, on the other
hand, overestimates the dielectric constant.
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Figure 6.10: Time evolution of the potential energy U of the liquid-ice system at different temperatures. Differently colored curves indicate different temperatures and show potential energies
that have been time-averaged over 0.05 ns to reduce the noise and make the individual curves
distinguishable. Colored dashed lines represent linear fits to the raw data. The vertical dotted
line indicates the start of the sampling period for the linear regression.

Furthermore, having been parameterized with a 360 molecule system, TIP4P/2005
has some drift in density as the system size increases (Figure 6.11). Such finite size
effects are a concern when parameterizing water potentials, as their typical use
cases involve solvating biomolecules with a large amount of water to prevent the
biomolecules from interacting with their own periodic images. To avoid such effects in TIP5P/2018, it was parameterized using 2069 molecules, a much larger
system than is common for popular water potentials, leading to a steady density
at larger system sizes. This precaution may not have been needed, however, as for
both TIP5P and TIP5P-E, having been parameterized for 512 molecule systems,
our tests show little system size dependence. Overall, TIP5P/2018 offers improved
reliability over TIP4P/2005, however this comes at an increase in computational
expense of around 2.6 times.

6.3

Summary and Outlook

We have shown the viability of using ab initio per-molecule electrostatic potentials
as a basis for charge assignment for small molecules in dense periodic systems. We
have also applied SQE 182 as a more natural replacement for the charge constraint
in the RESP 230,231 procedure. However, further refinement of this charge assignment approach is necessary, as not all electronic screening was taken into account.
The resulting charges proved too large to accurately capture dynamical properties
of water and uniform downscaling of the charge was required to reproduce the
experimental self-diffusion coefficient with our final potential, TIP5P/2018.
Aside from correctly capturing the maximum density of liquid water by construction, TIP5P/2018 is also able to reproduce several emergent properties better
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Figure 6.11: Density at 298.15 K and 1 atm as a function of system size for TIP5P/2018 and
common water potentials. Densities are based on 3–20 ns simulations with Nosé-Hoover thermostat 125,126 and Parrinello-Rahman barostat 131,132 with 1 ps time constants. Experimental density 207 is marked with a horizontal line. TIP5P and TIP5P-E systems are simulated with no dispersion corrections. TIP5P simulated with the smooth particle mesh Ewald (SPME) method 109
is included for comparison here, as TIP5P combined with Ewald method 41 variants is still a
common sight today. 292,293 The incorrect density produced by such combinations was one of the
reasons for the creation of TIP5P-E. 42

than other five point potentials. Improvements include thermodynamic properties,
especially the drastic improvement in the shape of the temperature dependence of
isothermal compressibility, and rotational relaxation times. It offers comparable
behavior to TIP4P/2005, but is more reliable in larger systems at the expense of
an increased computational cost.
However, TIP5P/2018 still suffers in areas strongly dependent on its quadrupole
moment, as it presents with a dielectric constant significantly higher than in experiments, a low melting temperature, and possesses more preference for disordered
angular configurations than other non-polarizable potentials and ab initio descriptions. Therefore, further improvements to our charge assignment procedure should
focus on also reproducing the quadrupole moment of the reference ab initio charge
distributions.
To achieve this, additional constraints can be applied to the charge fitting procedure to enforce the reproduction of QM dipole and quadrupole moments, similar
to the way charge conservation is currently enforced (see section 2.3 and Ref. 153).
These constraints will likely lead to a poor reproduction of the electrostatic potential. To ameliorate this, the fixed geometry can be modified. Specifically, the
optimal positions of the virtual sites describing Lewis pairs can be extracted during
the same procedure as the charges by introducing the dLOL and θLOL (Figure 1.1)
as free parameters in the optimization of the electrostatic potential. Combined
with the weighted ESP method suggested in section 5.4, this procedure has the
potential to generate a superb non-polarizable water model.
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Parameterizing Coarse
Grained Water
As shown in chapter 6, parameterization of atomistic MD models can be done by
combining both bottom up and top down approaches. In this chapter we explore
applying these two schools of thought to coarse gained models as well, except now
the reference data is taken from atomistic MD instead of QM simulations. We also
explore a departure from the classical conformal Lennard-Jones potential used for
van der Waals interactions throughout classical MD.
This chapter focuses on a paper reprinted from Rodŕıguez-López, T., Khalak,
Y., and Karttunen, M. (2017). Non-conformal coarse-grained potentials for water.
J. Chem. Phys., 147 :134108, with the permission of AIP Publishing. Spelling and
notation have been changed from the ones in the original publication to be more
consistent with the remainder of this thesis. TR performed the initial parameterizations, most of the simulations, and the modification of LAMMPS 295 for use
with the non-conformal potential. YK was brought in later to perform most of the
analysis and construct the illustrations. All authors contributed to the writing of
the text.

7.1

Introduction

Water is arguably the most important and studied substance in the world. It covers
approximately 70% of the Earth’s surface and is vital for all known forms of life.
In particular, at the microbiological scale, membranes that provide the container
and selective protection for all cells, as well as proteins, peptides, and drugs, all
require an aqueous solution to function. 9,22
Despite being the most studied substance, our understanding of water is far
from comprehensive. Its physical behavior 28,296–298 and interactions with biological molecules 299,300 keep providing surprises. Developing computational and theoretical models for water has proven to be extremely demanding and remains a
topic of intense research. 30,64,95,204,301–303
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The focus of this work is on coarse-grained (CG) single-particle models of water. The general goal of coarse-graining is to reduce the number of degrees of
freedom allowing for significantly longer simulation times and larger systems yet
retaining the essential physical properties. 304–306 There is no single approach to
coarse-graining and a large number of CG models with unique strengths and weaknesses exist. 304–307 Apart from implicit solvent models, each of the approaches
has their own model(s) for water. 307–309 Here, we operate at a modest level of
coarse-graining to be able to make direct comparisons with the underlying atomistic description.
The reduction in degrees of freedom and averaging over properties such as
electrostatic interactions and hydrogen bonding can sometimes lead to unwanted
and surprising effects such as freezing and ordering of CG water close to surfaces 310
or the trade-off between reproducing the structure factor and tetrahedral packing
with single water models. 308,311 To overcome some of these issues, we introduce
three customized models for CG water based on the Approximate Non-Conformal
(ANC) potential. 312 These new models, called ANC-1G, ANC-2G and GSM, will
be detailed below. We characterize them and compare their behavior to some
of the well-known CG water models, namely monatomic Water (mW) 60 and the
electrostatic-based (ELBA) model. 61,62 As an all-atom reference model for water,
we use the extended simple point charge (SPC/E) model 36 and apply the iterative
Boltzmann Inversion (IBI) method 313 to it to obtain a CG reference.
Majority of modern water (and biomolecular) models, whether coarse-grained
or atomistic, rely on the Lennard-Jones potential. The motivation for diverting
from the usual Lennard-Jones potential-based approach in favor of a non-conformal
model is that liquid water has already long ago been shown to be poorly described
by van der Waals’ law of corresponding states 314 resulting in models that only
qualitatively reproduce density and compressibility dependence on pressure. 315,316
As shown by Pitzer already in 1939, the law of corresponding states holds exactly
only for fluids with conformal potentials, that is, potentials that remain invariant
under energy and distance scaling, like Lennard-Jones. To describe interactions
more realistically beyond Lennard-Jones, extensions and generalizations of nonconformal models involving more parameters especially in the context of colloids
have been developed, see e.g. Refs. 317 and 318.

7.2
7.2.1

Models and Methods
Models

Atomistic reference model
The reference model, SPC/E water, 36 is characterized by three point masses with
oxygen-hydrogen distance of 1.0 Å and the HOH angle equal to the tetrahedral
angle 109.47◦ , with charges on the oxygen and hydrogen equal to −0.8476 e and
0.4238 e, respectively, and with the Lennard-Jones parameters of oxygen-oxygen
interaction set to εLJ = 0.1535 kcal/mol and σLJ = 3.166 Å. We chose SPC/E
since it is commonly used and reproduces properties such as isothermal compress82

CHAPTER 7. PARAMETERIZING COARSE GRAINED WATER
ibility and critical point temperature better than most other popular three-site
models 212 . While a four-site model like TIP4P/2005 39 does yield more accurate
liquid densities 39,212 , it is less frequently used in large-scale simulations.
New CG parameterizations
Using the SPC/E model as a reference, we parameterized three new coarse-grained
models, ANC-1G, ANC-2G and GSM. In them, water molecules are represented
as single particles that interact through either isotropic (ANC-1G and ANC-2G)
or anisotropic (GSM) interactions. All three are based on the original ANC pair
potential of del Rio et al . 312
The ANC potential retains the length and energy parameters from LennardJones, and enforces non-conformality through a third parameter called softness. 312
The ANC pair potential is given by 312
" 
 6 #
12
δm
δm
−2
,
(7.1)
Uanc ≡ Uanc (rij ; δm , ε, s) = ε
ςij
ςij


3
3
where ςij3 = δm
+ r3ij − δm
/s,

(7.2)

and rij denotes the relative distance between the i th and j th particle, (δm ) length
scale, (ε) the depth of the potential well, and non-conformality is enforced by the
softness of the potential (s). Softness measures the ratio between of the slope
and that of the reference potential, in this case the Lennard-Jones. The reference
potential is recovered at s = 1. It has been shown to provide an excellent approximation for many gases. 312,319–321 Furthermore, it has an analytical expression for
the second virial coefficient. 322
As a new step, we add Gaussian functions to the ANC potential. This is motivated by the fact that structure-based inversion methods, such as Inverse Monte
Carlo, Inverse Boltzmann and Force Matching, show that coarse-graining from
SPC/E and TIP4P atomistic water models yields effective potentials with two
minima. 59,311,323 A straightforward way to implement this is to add a Gaussian
function to the ANC potential. The Gaussian contribution can be given by
"
#
2
(rij − p)
Ug (rij ; h, p, q) = h exp −
(7.3)
2q 2
with peak height h, peak position p, and a standard deviation q. By adding one and
two Gaussian functions to the ANC potential (Eq. 7.1), we obtained the ANC-1G
and ANC-2G potentials, respectively. While some previous studies have employed
as many as four Gaussian functions, 324 we determined that using two is sufficient
in order not to introduce excess free parameters.
The ANC, ANC-1G and ANC-2G are still symmetric. Another way to extend
the ANC potential to capture more molecular properties is to introduce orientational dependence. In atomistic water models, this is usually achieved by placing
opposite atomic partial charges on hydrogens and oxygens to induce intermolecular
hydrogen bonding, and at the coarse-grained level the Polarizable Martini, 67 mW 60
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and the Mercedes-Benz 66 models have orientational dependence. In the latter two,
the approach is inspired by the models for silicon which also exhibit tetrahedral
order. Both the mW and Mercedes-Benz model also display the density anomaly of
water. The polarizable Martini model, albeit at a higher level of coarse-graining,
uses a fluctuating dipole thus resembling the GSM approach here. We use the
GSM 325 potential, which combines a point dipole from the Stockmayer 326 potential with the ANC potential (Eq. 7.1) without any Gaussian functions:
Ugsm (rij , Ωij ; δm , ε, µ) = Uanc + Udd (rij , Ωij ; µ) ,

(7.4)

where Udd is the dipole-dipole interaction given as
"
#
(~rij · µ
~ i ) (~rij · µ
~j)
µ
~i · µ
~j
1
−3
,
Udd (rij , Ωij ; µ) =
3
5
4πε0
rij
rij
with µ being the dipole strength, ε0 the permittivity of vacuum, and Ωij stands
for the set of angles that defines the relative orientation between molecules i and j.
In this case, the Stockmayer potential and dipolar hard spheres are obtained from
Eq. 7.4 with s = 1 and s → 0, respectively.
Other CG models
Since we want to assess transferability to different state points, we also studied some
of the most popular coarse-grained water models to compare with the new ANC and
GSM potentials, namely, monatomic water (mW) 60 water and the electrostaticbased (ELBA) model. 61,62
The mW model 60 is an adaptation of the Stillinger-Weber silicon potential 327
that favors a tetrahedral coordination of molecules. The mW model was parameterized to reproduce the experimental melting temperature of hexagonal ice as
well as the density and enthalpy of vaporization of liquid water at ambient conditions. 60 In the mW model, each water molecule is mapped to one bead that
interacts through both a two-body and a three-body potential, described by
XX
XXX
U=
U2 (rij ) +
U3 (rij , rik , θijk ),
(7.5)
i

where

j>i

"  
#


4
σ
γσ
U2 (rij ) = Aε B
− 1 exp
rij
rij − aσ

and
2

U3 (rij , rik , θijk ) = λε[cos θijk − cos θ0 ]




γσ
γσ
× exp
exp
,
rij − aσ
rik − aσ
where A = 7.049556277 and B = 0.6022245584. The rest of the parameters are
θ = 109.47◦ , ε = 6.189 kcal/mol, σ = 2.3925 Å, a = 1.8, λ = 23.15, and γ = 1.2. 60
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Lastly, we also included the ELBA model 61,328 originally developed as a solvent
for lipid membranes with the aim of reducing the computational cost. The ELBA
model describes a water molecule as a single CG bead embedded with a point
dipole. The potential energy for a pair of CG beads is the sum of Lennard-Jones
and dipole interactions, both terms in a shifted-force form and are given by
(" 
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(7.6)
rc
rc
rc
 12
 6 )
σ
σ
−7
+4
rc
rc
and
"
 3
 4 #
1
rij
rij
Usf−dd =
1−4
+3
4πε0
rc
rc
"
#
(~
µi · µ
~ j ) 3 (~rij · µ
~ i ) (~rij · µ
~j)
×
−
3
5
rij
rij
where the set of parameters are ε = 0.55 kcal mol−1 , σ = 3.05 Å, µ = 2.6 D, and
rc = 12 Å. This model was originally parameterized to reproduce bulk density and
diffusion coefficient of liquid water at 30 ◦C and 1 atm. 61

7.2.2

Model Optimization

The model parameters for both the ANC and GSM models were optimized to best
reproduce the behavior of the SPC/E reference system. Parameterizations were
made using both bulk and slab systems, using the radial distribution function and
the density profile, respectively, as the target properties. The ANC parameterizations, however, became unstable at the intermediate optimization parameters for
the slab geometry. The general procedure for potential optimization has been previously described elsewhere 323 and implemented in the Versatile Object-Oriented
Toolkit for Coarse-graining Applications (VOTCA) package 323,329 which was used
here. Here, the focus is on the selection of the potential parameters during the
potential update step.
Due to limited sampling, results of MD simulations contain noise, which can
lead to significant errors in numerically determined gradients of the target properties. Therefore, gradient based function optimization methods are a poor choice for
optimizing model parameters. To circumvent this limitation, we used the downhill simplex algorithm 199 to optimize all model parameters. It is a deterministic
optimization procedure designed to minimize an objective (or penalty) function of
n + 1 variables, y(x1 , x2 , . . . , xn+1 ). This method requires only function evaluations, not derivatives. The idea is to employ a moving simplex in the n-dimensional
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parameter space to surround the optimal point and then shrink the simplex until
its dimensions reach a specified error tolerance. A simplex is a geometrical figure
consisting, in n dimensions, of n + 1 vertices x1 , x2 , . . . , xn+1 connected by straight
lines and bounded by polygonal faces. It is transformed successively using basic
operations such as reflection, expansion, contraction, or reduction in order to move
towards the global minimum, i.e., to minimize the objective function. 199
To obtain a reference for the CG pair potential and to verify consistency, we also
employed the iterative Boltzmann Inversion (IBI) method 313 with the atomistic
structure of the bulk system as the target property. Both the simplex procedure
and IBI were performed with the VOTCA package. 323,329

7.2.3

Simulation details

For the reference system, each SPC/E water molecule was mapped onto its center of
mass to represent a one-bead coarse-grained water molecule. Each SPC/E system
consisted of 2, 180 water molecules. A cubic box of side lb = 40.31 Å was used for
the bulk system, and a rectangular box obtained by expanding the cubic box by a
factor of two in the z -direction (ls = 2lb ) for the slab system, generating a slab of
liquid water surrounded by vapor on both sides (Fig. 7.1). Equations of motions
were integrated with the velocity-Verlet algorithm 81 and a time step of 2 fs. Both
reference and CG simulations were simulated in the canonical ensemble (constant
number of molecules N , constant volume V and constant temperature T ) using
the Nosé-Hoover thermostat 125,126 with T = 300 K and a relaxation time of 200 fs,
except for CG liquid-gas equilibrium simulations, where a relaxation time of 500 fs
was used. In the case of the GSM model, the NVT/sphere integrator was used for
dipoles in order to update the orientation of the dipole moment and to apply the
Nosé-Hoover thermostat to its rotational degrees of freedom. This was necessary
to prevent large amounts of energy from accumulating in rotational degrees of
freedom while translational degrees of freedom experience a much smaller effective
temperature. All MD simulations were performed with the LAMMPS package 295
modified to permit simulations using the ANC potential.
Atomistic reference simulations were run for 10 ns, bond lengths and angles were
constrained using the SHAKE algorithm, 114 long-range electrostatic interactions
were handled with the particle-particle particle-mesh method, 110,331 and the van
der Waals interactions were cut off at 10 Å. For the case of point dipoles, long-range
interactions were handled with the ewald/disp solver. 332
About 200−400 simplex iterations were performed for each of CG pair potentials
studied. The number of iterations depends on the selection of the initial set of
parameters and can not be determined a priori. For faster (wall time) convergence
of the parameters, sampling times were kept short, similar to other works using the
VOTCA package for coarse-graining. 323,329 During every iteration, starting from
the same initial configuration, a damped dynamics energy minimization method,
called quick-min, 333 was performed, followed by CG simulations for 100 ps with the
first 50 ps ignored during analysis. Radial distribution functions, density profiles,
and pair potentials (Figs. 7.2 and 7.3) were obtained from these simulations.
86

CHAPTER 7. PARAMETERIZING COARSE GRAINED WATER

Figure 7.1: Configuration of the slab system. Bulk water is placed into the center and spreads out
along the Z -axis, forming regions of smaller density, sometimes evaporating into the surrounding
vacuum. Figure produced with VMD. 330

7.2.4

Measurement of Densities in Liquid-Gas Equilibria

To measure liquid and gas densities as a function of temperature, we performed
1 ns simulations using the slab geometry (Fig. 7.1). The systems were divided into
equally sized sections along the z -axis for analysis and the average density of each
section ρ(z) was computed. A periodic function
ρfit (z) = ρg +

2
X

f (z mod (lb ), nlb )

(7.7)

n=−2

composed of a sum of logistic functions
f (z, nlb ) =

ρl − ρg
ρl − ρg
−
1 + e−k(z−z0 +nlb )
1 + e−k(z−z1 +nlb )

(7.8)

was fitted to reproduce the densities from the simulations using the non-linear least
squares curve fitting algorithm of SciPy. 201 Each pair of logistic functions (Eq. 7.8)
represents a region of liquid water of density ρl surrounded by water vapor of density
ρg located in a periodic cell n with cell width lb along the z-axis. The transition
regions between the two states are characterized by a decay parameter k and are
centered on z0 and z1 . Use of a periodic function with contributions from multiple
periodic images of the same liquid region (Eq. 7.7) is required to account for the
possibility of a liquid-gas transition occurring near the periodic boundaries and to
ensure a smooth curvature of the fitted function in the region.
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7.3

Results and discussion

In this work we employed two kinds of interactions: 1) isotropic, Eq. 7.1, 2)
anisotropic via inclusion of a point-dipole interaction, Eq. 7.4. In both cases, parameters were obtained from the radial distribution functions and density profiles.
We present first the results obtained from bulk systems, and then those obtained
from slab geometry. To test transferability, the parameters were also employed in
simulations over a temperature range from 300–550 K.

7.3.1

Bulk water system

The radial distribution functions g(r) and the pair potentials u(r) obtained from
the simplex procedure are shown in Figs. 7.2a and b, respectively, for both isotropic
and anisotropic interactions. The IBI results, the atomistic reference, as well as
the results for mW and ELBA models are shown for comparison.
Figure 7.2a shows that using the ANC potential with a single Gaussian function
(ANC-1G) yields an additional unphysical peak in g(r) near 5.3 Å. We were able
to correct this by applying a second Gaussian function to the potential (ANC2G). The resulting g(r) follows very closely the g(r) from IBI and the underlying
atomistic reference (SPC/E) model. This is similar to previous findings 59,311,323
showing that a spherically symmetrical single particle potential needs to have two
wells to recover atomistic water structure. As Fig. 7.2b shows, the IBI procedure
produces two potential wells, where their maxima correspond to radii of the first
and second hydration shells. Both of the ANC models are purely repulsive, as
the added Gaussian functions fill up the minimum of the base ANC potential,
Eq. 7.1. Meanwhile the IBI effective potential does have an attractive region.
Therefore, it is possible that better parameters for ANC-1G and ANC-2G exist but
are unreachable by the simplex optimization procedure or require thermodynamic
properties as targets in addition to structural ones.
The g(r) of the GSM potential, on the other hand, exhibited a significantly
shifted narrow second peak at 5.3 Å and a very broad and flat first minimum at
3.3–4.5 Å. The first peak, however, closely follows the reference system. These
discrepancies indicate that adding a point dipole to a single particle water model
is not sufficient to make it reproduce atomistic structure. Furthermore, visual
inspection of the trajectory revealed that particles described by the GSM potential
were not percolating very far.
As the above shows, addition of a simple dipole moment is insufficient to capture
the effects of tetrahedral hydrogen bonding of water. Addition of a quadrupole
moment may be required, but that was not done in the current study. The mW
water model mimics this effect with a three-body term instead. With the exception
of a slightly wider first peak, the mW water reproduces the reference g(r) very well.
Although it does not have a second minimum in its effective potential (but has a
three-body term), the repulsive force drops significantly near 3.2 Å, the region of
the first minimum in the g(r) of the IBI and the reference atomistic potentials. This
is similar to the behavior of ANC-1G and ANC-2G in the same region, Fig. 7.2b.
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Figure 7.2: Radial distribution (a) and pair potential (b) of ANC-1G, ANC-2G, and GSM potentials following Simplex optimization of the bulk water system using the radial distribution
function as the target property. Results from iterative Boltzmann inversion (IBI) method and
the atomistic reference 36 are also shown. These are further compared to previously published
models. 60–62 The pair potential shown for GSM does not include the dipole contributions, while
the pair potential for mW is obtained from an IBI fit to the mW model and shows an equivalent
potential lacking 3-body interactions. In general all dashed pair potentials are results of IBI.

7.3.2

Slab system

As an alternative means of model parameterization, we tried to fit to the density of
a slab configuration at 300 K. As discussed by Ismail et al., 334 density profile can be
used as an order parameter in a system containing liquid-vapor interfaces. Unlike
Ismail et al. who compared surface tensions in different atomistic water models
and studied capillary waves, we restrict ourselves to the density profile only and
use it to obtain the vapor-liquid phase diagram (the next section). However, this
approach failed for the ANC-1G and ANC-2G potentials, as during optimization
the simulation code could not handle the intermediate parameters. This is appears
to be due to the repulsive nature of those potentials. In addition, as shown by Ismail
et al., 334 even the atomistic models underestimate surface tension. In that light,
the failure of the ANC-1G and ANC-2G potentials is not a surprise. Improvements
are a topic of a future study.
As shown in Fig. 7.3, the density profiles of GSM, mW and the ELBA model are
in good agreement with the atomistic model. As an example, for GSM the density
matches well the atomistic model (0.9878 g/cm3 vs. 0.9883 g/cm3 for SPC/E).

7.3.3

Transferability

Significant deviations in liquid density were observed when the GSM-slab (parameterized to density) and mW potentials were used in slab systems at higher
temperatures (T ≥ 350 K), Fig. 7.4. Water described by the GSM-slab potential
evaporates much easier than the reference and has a much lower triple point. The
exact position of the triple point proved to be impossible to determine with current
methods. Meanwhile, the mW model remained liquid and stayed at a nearly constant density regardless of temperature. This can likely be explained by the short
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Figure 7.3: Density z-profile of the slab system at 300 K. The center of the slab is at z = 4.0 Å.

range nature of its potential, where a molecule in gas phase is too far away from
any other molecules to contribute to the total potential energy of the system.
Furthermore, when ANC-1G and ANC-2G potentials parameterized to bulk
g(r) were simulated in slab systems, both evaporated and spread evenly through the
whole volume at all attempted temperatures. This is due to the repulsive nature
of the potentials as discussed in the previous section. While they are suitable
for use at the temperature and mean density they were parameterized at, these
potentials, as well as the GSM and mW potentials, appear not to be transferable
to other thermodynamic conditions. These results suggest that a transferable water
model needs to be parameterized not only against multiple properties (density or
g(r), diffusion coefficient, tetrahedral order parameter, etc.), but possibly also at
different state points (temperature, pressure) simultaneously. One possibility is to
interpolate between such state points. Addressing this in detail is, however, beyond
the current study.

7.4

Conclusions

An ideal water model should be both fast and accurate. However, as we coarsegrain the system to make the simulations faster, we also lose degrees of freedom,
complexity of the potential, and (at least some) descriptive power of the model.
This is exemplified by the ANC-1G and GSM parameterizations in the bulk system,
where the functional forms of the potentials prevent accurate reproduction of g(r)
even though g(r) was the target property for parameter optimization. This necessitates a more complex two-body potential, often one without an explicit functional
form, like the one obtained from IBI.
While such potentials are unique for each state point, 335,336 they change with
thermodynamic variables like temperature and pressure. This is the transferability
problem: 336 potentials parameterized for one state point are often poor representations of other state points. This is exemplified in the slab systems by the density
profile of the of GSM and the complete evaporation of the ANC-1G and ANC2G potentials. All existing MD models suffer from this to some degree and often
involve a compromise between quantitatively reproducing the general trend over
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Figure 7.4: Vapor-liquid phase diagram for the GSM potential derived from slab simulations,
SPC/E, 36 mW 60 and ELBA 61,62 models. Points near the critical point are not shown due to
difficulty of finding densities in that region.

many states and reproducing any given state exactly.
Furthermore, even with a two-body effective potential exactly reproducing the
g(r) at a state point, it is impossible to recapture the thermodynamic properties of an underlying multi-body potential, 336 an effect known as representability. In water, the multi-body contribution arises from interactions involving nonuniform charge distribution, which are ignored in single-particle CG models. Representability problems can also be observed in anisotropic systems being modeled
with isotropic potentials. 337 Even though it is anisotropic, the point dipole introduced in the GSM is still a two-body potential. It is not enough to obtain accurate
thermodynamic properties of water, so the potential needs to include either higher
orders of the multipole expansion or a true multi-body contribution, likely one that
explicitly incorporates hydrogen bonding. Therefore, in subsequent works, we will
expand the GSM potential to include higher order moments and explore a parameterization method aimed to simultaneously fit physical properties at multiple state
points.
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Conclusion and Outlook
In this work we explored the importance of polarization in water models and examined the different methods of simulating it. We presented an approximation for
evaluating the shielding interactions between atomic partial charges described by
spherically symmetrical Slater type orbitals.
Furthermore, we explored parameterization of both four and five site polarizable
models with the split charge equilibration method 159,182 and measured some of the
structural and thermodynamic properties of the resulting models. These show
that optimization of the electronic parameters to reproduce ab initio electrostatic
potentials leads to water models with self-diffusion significantly lower than the
experimental one.
Further analysis of the parameterization procedure led to the discovery of a
major drawback in the standard electrostatic potential fitting methodology, 149–151
where the volumes of the electrostatic potential used for parameterization of models
are less important to the model performance than those excluded from the parameterization. This led to the development of an alternative approach, implemented
into a combination of VOTCA-XTP 239 and our own semi-automatic parameterizer
code, that allows one to include the relevant volumes and to the proposal of an
extension that prioritizes their reproduction by the model.
We then applied this insight to develop a non-polarizable five site rigid water model, TIP5P/2018, 35 that outperforms other existing models sharing its five
point geometry. Its improved reproduction of many thermodynamic properties,
though not targeted during parameterization, is nevertheless impressive. The overall performance of TIP5P/2018 is approaching that of the most accurate currently
available rigid water model used in molecular dynamics, TIP4P/2005. 39 However,
TIP5P/2018 is not without its drawbacks, as its small quadrupole moment leads
to underestimation of the melting temperature and a significant overestimation of
the dielectric constant. While this makes TIP5P/2018 a poor choice for modeling
systems where ions play a key role, it nevertheless highlights a clear path for further
improving the model.
In addition to the all-atom models, we also parameterized a pair of coarsegrained water models using a single particle per molecule mapping. 294 Both models
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rely on the approximate non-conformal potential. 312 One also breaks the rotational
symmetry with a point dipole moment, giving it some capacity for polarization,
while the other utilizes Gaussian functions added to its spherically symmetrical
potential. Our models were tuned to reproduce the density profile and structure, respectively, generated by the all-atom extended simple point charge 36 water
model. However, as only one thermodynamic state was used for their parameterization, the models yield poor description of water in other states. This pitfall was
explicitly avoided in the TIP5P/2018 model by using liquid density across a range
of temperatures as a parameterization target.
Overall, in this work we focused on illuminating the background knowledge
needed to parameterize and simulate molecular dynamics models relying on the
accurate treatment of charge and the form of the underlying potential energy. We
presented our own models that benefited from this knowledge and have striven to
provide insights useful for parameterization of accurate models in the future.
As TIP5P/2018 and the parameterization methodology it was built with are
the most scientifically significant contributions described in this work, we intend to
further explore these two topics in the future. Our first priority is to evaluate the
reliability of TIP5P/2018 as a solvent for existing biomolecular force fields. Because
of its low quadrupole moment and dielectric constant TIP5P/2018 is unlikely to
be suitable for simulations involving ions. However, given the poor description for
solvation of monatomic ions provided by major force fields, 252 it is nevertheless
worth investigating.
We also intend to correct the dielectric constant and melting temperature of
TIP5P/2018 by constraining its quadrupole moment to ab initio values during
charge assignment. By combining this approach with per-molecule ESP fitting
weighted by the probability of finding an atom at the evaluated points of the
electrostatic potential it should be possible to generate a model that provides an
even more accurate description of the liquid state of water and its thermodynamic
behavior.
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Summary
Model Development: Reproducing Properties of
Water
Water is omnipresent in Earth’s biosphere and acts as the most important
solvent for the biochemical processes maintaining life. An accurate model for water
is essential to be able to predict the behavior of biomolecules dissolved within, and
yet the most common models for this liquid used in molecular dynamics poorly
reproduce the properties of water, often in the name of computational efficiency.
In this thesis we focus on remedying the above deficiency by developing a series of new water models to better capture water’s density peak at 4 ◦C, effects
of polarization, diffusion, structure, and surface tension using models built at different levels of detail. We combine classical approaches from molecular dynamics
together with a recently developed technique for modeling charge transfer, called
Split Charge Equilibration [Nistor, R. A., Polihronov, J. G., Müser, M. H., and
Mosey, N. J. (2006). J. Chem. Phys., 125 :094108], and introduce improvements
to parameterization techniques. Furthermore, we discuss our parameterization of
the TIP5P/2018 rigid non-polarizable water model [Khalak, Y., Baumeier, B., and
Karttunen, M. (2018). J. Chem. Phys., 149 :224507] and showcase its performance
at a range of temperatures. Finally, we explore the parameterization of a pair of
coarse-grained water models with non-conformal potentials [Rodŕıguez-López, T.,
Khalak, Y., and Karttunen, M. (2017). J. Chem. Phys., 147 :134108].
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[67] Yesylevskyy, S. O., Schäfer, L. V., Sengupta, D., and Marrink, S. J. (2010).
Polarizable water model for the coarse-grained MARTINI force field. PLOS
Comput. Biol., 6 :e1000810.
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Ramirez, R., and Sesé, L. M. (2010). Heat capacity of water: A signature of
nuclear quantum effects. J. Chem. Phys., 132 :046101.
[217] Glättli, A., Daura, X., and van Gunsteren, W. F. (2002). Derivation of an
improved simple point charge model for liquid water: SPC/A and SPC/L. J.
Chem. Phys., 116 :9811.
[218] Jonas, J., DeFries, T., and Wilbur, D. J. (1976). Molecular motions in compressed liquid water. J. Chem. Phys., 65 :582.
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