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Summary
Exploring the Uncharted Territories of
Networked Control Systems
by scavenging for structure in dynamics and communication
Networked control systems (NCSs) are dynamical systems in which sensors,
controllers, and/or actuators of the plant are physically distributed and communicate via digital, packet-based (wireless) communication networks. These
systems have received considerable attention in recent years as there is an increasing need for them in high-tech and large-scale applications, motivated by the
many benefits they offer with respect to conventional control systems, including
greater flexibility, ease of installation and maintenance, and low cost, weight and
volume. In addition, wireless packet-based communication is able to overcome
the physical limitations of employing wired links, which is very appealing in, e.g.,
intelligent transportation, swarms of drones, and remote surgery. However, exploiting packet-based communication also comes with inevitable imperfections,
such as time-varying throughputs of communication channels, delayed delivery
of measured information and even data losses that can all degrade the overall
performance of the system. In addition, communication constraints caused by
interference of communication sources within the same transmission range prevent that all sensor information can be transmitted simultaneously, resulting in
the need for scheduling protocols.
To handle these network-induced phenomena, several frameworks were developed in recent years to determine conditions on the communication network,
based on information of the plant and controller, to obtain stability and performance guarantees for NCSs. A popular two-step design framework in this
context is the emulation-based method combined with Lyapunov-based analysis
tools for hybrid dynamical systems. The idea is to first design the (stabilizing) controller for the plant while ignoring the communication network. In the
second step, conditions on the network, e.g., bounds on transmission intervals
(expressed in terms of a maximal allowable transmission interval (MATI)) and
delays, are provided to guarantee closed-loop stability and performance of the
overall NCS. Although a considerable amount of research has been dedicated
to this emulation-based design approach for NCSs, many important challenges
remain untouched, possibly due to the more complicated mathematical tools
needed to address them.
i
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Summary

Inspired by these ‘uncharted territories’, in this thesis original and innovative
scientific solutions are proposed for these open problems, thereby bringing new
results and insights to the modeling, applications and theory concerning NCSs
designed using the emulation-based approach. In particular, the research in this
thesis focuses on three main aspects in the analysis of NCSs:
1. Improving and extending the analysis techniques for NCSs by exploiting
structure in the coupling dynamics of the plants and controllers or information about time-scale separation properties of the dynamics of the
plant.
2. Extending the (hybrid) modeling and analysis techniques for NCSs by exploiting structure in the dynamics of scheduling protocols such that plants
and controllers with so-called direct-feedthrough terms can be considered,
thereby including important and often used controllers.
3. Proposing significantly less conservative constraints on the maximal allowable transmission intervals (MATIs) by exploiting structure in the communication network in the sense of additional information on the minimal
and/or average transmission intervals for NCSs.
The first contribution consists of two parts. That is, we firstly consider interconnections of NCSs that consist of identical subsystems which are (partly)
interconnected through communication networks. As an example, one might
think of a cooperative driving application in which a large number of vehicles
with nearly identical dynamics is interacting through communication networks
to enhance traffic flow, safety, and fuel consumption. For such interconnected
systems we show how its spatial invariance property can be exploited in the
analysis, leading to local conditions on the dynamics of only one of the subsystems that guarantee stability of the overall interconnection. As we here also
consider infinite interconnections, a new solution concept for NCSs is developed.
Secondly, we consider so-called singularly perturbed NCSs, i.e., NCSs which are
characterized by both slow and fast dynamics and operate, consequently, on
multiple time-scales. As it is in general for these NCSs desirable to update the
slow dynamics at a much lower rate than the fast dynamics, we show how the
time-scale separation properties of these systems can be exploited in the analysis
to obtain separate conditions on the transmission intervals, i.e., the MATIs, of
the slow and the fast dynamics, respectively.
For the second contribution, we show how the inclusion of direct-feedthrough
terms in the model for NCSs complicates the analysis compared to the existing
works in which it is always assumed that these terms are absent. Despite the
complexity of the ‘direct-feedthrough’ problem, we present conditions on the
direct-feedthrough terms of the plant and controller such that stability of the
NCSs is still guaranteed. To this end, we take a renewed look at the concept
of so-called UGES scheduling and show for existing protocols how new stability

Summary

iii

conditions can be obtained. In addition, we introduce various new scheduling
protocols and controller implementation architectures to improve the performance of NCSs in case direct-feedthrough terms are present.
Finally, for the third contribution we show for the first time how information
of the minimal allowable transmission interval (MIATI), which can be viewed
as a minimal dwell-time, can be exploited to improve the value for the MATI
without altering the conditions for stability. This leads in addition to the insight
that exploiting different Lyapunov functions in the analysis can directly improve
the MATI bounds. As such, we also provide a novel, generalized Lyapunov
function construction for NCSs. Lastly, since an analysis based only on a MATI
corresponds to a ‘worst case’ kind of analysis and, therefore, often leads to
conservative results, we also propose in this work an alternative condition on
the transmission intervals. That is, in addition to the MATI, we also propose
to impose a constraint on the average allowable transmission interval, expressed
in terms of a reverse-average dwell-time (RADT) constraint on the transmission
intervals. By means of a novel Lyapunov-based proof for NCSs, we show that
the inclusion of such a RADT leads to a significant improvement of the MATI.
The presented results form important contributions to the field of NCSs, as
they resolved many open problems and lead to significantly less conservative
stability conditions.
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Introduction
“When you see someone putting on his big boots, you can be
pretty sure that an adventure is going to happen.”
— A.A. Milne (Winnie the Pooh)

Once, a long long time ago, the Dutch were one of the greatest explorers in
the world. Indeed, in the era roughly spanning the 17th century and highlighted
by the term the Golden Age, noticeable contributions to the world history in the
fields of geography and exploration were made. Initialized by the Dutch East
India Company (VOC), Western world charts were extended with new lands such
as Australia, New Zealand, and Fiji, but also made more complete by charting
some of the uncharted parts through the inland exploration and mapping of
Southern Africa. The legacy of this time can still be found all over the world,
most notable by some typical Dutch names such as Tasmania, Cape Leeuwin,
and the Orange river.
Nowadays, the Dutch remain to constitute an exploring nation, but the areas of interest have shifted. In particular, as a result of the ever-increasing
desire for technical advancements, modern exploration adventures are now often
‘scavenged’ in the areas of research and development, which do not even involve
sailing the seas anymore. An illustrative example concerns the field of networked
control systems (NCSs). With the number of wireless connected devices growing
rapidly, the usage of NCSs has become a versatile technology, drawing significant attention in the field of control theory. However, many aspects of NCSs
remain yet untouched. Therefore, this thesis concerns exploring the uncharted
territories of NCSs, particularly, by scavenging for structure in the describing
dynamics and the communication network. Though, before elaborating on the
main discoveries of this exploration, the desire for wireless communication and,
specifically, NCSs is first put in context in Sections 1.1 and 1.2, respectively.
Moreover, the research contributions for NCSs are highlighted in Section 1.3
followed with an outline of this thesis in Section 1.4.
3
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Chapter 1. Introduction

A Desire for Communication

Since the early dawn of the ages, there has been a need for communication,
i.e., the social process of information exchange, even before the existence of humankind. Indeed, communication behaviors using bodily features have always
been important in the animal kingdom as it can help find mates, establish dominance, and coordinate group behavior [37]. Although animals today still rely on
these ‘basic’ communication methods, humans have evolved its means of transferring information from one to another way beyond only the simple usage of,
for instance, its voice. This already began more than 30,000 years ago with the
making of cave drawings, but it was not until the invention of ‘writing’ about
3,200 BC that the impact became significant [45, 186]. Being able to record
and convey thoughts and ideas allowed for information to travel great distances
through letters. With it, trade routes could expand and kings could establish
the authority necessary to rule over large empires. It is no wonder that writing
became the means of communication for centuries [83, 201]. In fact, it is still in
use to this day, e.g., to transfer the information stated in this thesis.
However, as a means of communication, letter writing is also very inefficient
since it requires a messenger to transfer information [84]. Nowadays, there is
a sophisticated system in place to coordinate all of this, i.e., the postman, yet,
it still did not take long to develop the desire to perform communication tasks
more quickly and efficiently, especially in times of war, but also during explorations. In the end, when being far away from home, experience learns that
there is nothing better than being swiftly connected with your loved ones or being able to proclaim any discoveries to the world. As a result, various alternative
communication methods evolved throughout the years.

1.1.1

The communication revolution: A brief overview

Before the invention of electricity, one of the only ways of overcoming the disadvantages of the inefficient ‘physical’ methods for communication, like letter writing, was telecommunications or, in terms that is more suitable for present day
applications, wireless communications. Indeed, when one is able to transmit its
message ‘wireless’, a messenger would not be needed. As illustrated in Figure 1.1,
the idea of ‘wireless communication’ dates back already thousands of years with
the use of ‘talking’ drums [51], but also other alternatives have been developed
throughout the years such as the use of smoke signals, light signals (on clouds,
like a precursor of the Bat-signal), firework rockets, and, of course, the semaphore
telegraph [25, 43, 134, 243]. Despite these methods being simple, easily implementable, and proven to be sometimes effective, they are also very limited in its
applications. That is, all of them are very prone to misinterpretation, limited by
their (visual) range and/or weather conditions, and they could attract unwanted
attention from enemies (or predatory animals in the case of the primitive man).

1.1. A Desire for Communication
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Figure 1.1: The ‘talking’ drum as means of wireless communication. ©[2018] Rand Kruback

Fortunately, the discovery that electricity could travel through wires as fast
as lightning at the end of the nineteenth century marked the start of electrical
telegraphy (1833) and telephony (1876) [43, 134]. Although it introduced again
a ‘physical messenger’ (i.e., the wire), it also enormously reduced the time required to transport messages, allowing for instant communication across long
distances, something that had previously been unheard of. In this period of
time, it was hard to imagine that any further improvements in the means of
communication would ever be needed as evident by the following quote in 1853
from the Melbourne Argus [103, 180]:
“We call the electric telegraph the most perfect invention of modern times. . . as
anything more perfect than this is scarcely conceivable. We really begin to wonder
what will be left for the next generation. . . ”
Still, visionaries continued to experiment with electromagnets and their potential in telecommunication devices, attempting ways to create digital, wireless versions of existing systems. Moreover, when the guns started to thunder heavily in
August 1914, marking the beginning of World War I, the (threatened) disruption
of telegraph links gave another great impetus to the development of new wireless
communication techniques [17,176,187,188,247]. With this extra driving force to
stimulate technical progress, a chain reaction of new innovations in digital (wireless) communication rapidly followed including, radio (1921), television and computers (1937), radar (1939) (which was greatly improved during World War II),
satellite communications (1960), the interconnected network and GPS (1967),
the mobile phone (1973), the network protocol suite (TCP/IP) (1974), and,
eventually, the World Wide Web (1991), commonly known today as the internet.

1.1.2

The opportunities of a (wireless) network society

With the arrival of the internet, a new medium became available to fulfill the
rapidly growing social demand for ease of connectivity. Although it was initially
developed as a system to simply interconnect computers and share information,
the internet soon exploded into the largest global information infrastructure to
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which more than half of the world’s population (51.2% by the end of 2018)
is connected [135]. Consequently, the internet initialized a number of major
transformations that profoundly changed the human experience, shaping todays
world [173]. That is, the internet gave rise to a new form of ‘information-rich’
society, i.e., the digital (wireless) network society, where almost every aspect of
the daily life is influenced by ubiquitous information networks [52, 66, 184].
As part of the society transformations, this information explosion also led to
the development of new technologies. Especially, the availability of wireless communication with its network protocols as in [53], inspired researchers into making
power grids, buildings, industry, logistics, and (intelligent) transportation systems more efficient and sustainable [255]. This might be most apparent from
the ambition to extend the internet connectivity beyond standard devices, such
as computers and smartphones, to any range of connected devices [20, 60]. For
example, in the beginning of the internet era researchers already envisioned that
wireless communication contained the potential to develop large networks that
consist of small interconnected sensors, i.e., the so-called wireless sensor networks
(WSNs) [58, 91, 156, 200, 233, 272]. Being able to transmit sensor data wireless
namely provides many benefits, including greater flexibility, ease of maintenance,
and low cost, weight and volume. Nowadays, the ability of WSNs has already
been successfully used in a variety of monitoring applications, such as forest fire
detection [77,146], air pollution monitoring [266], patient health monitoring [57],
and structural monitoring [261]. As a result, the potential benefits of networks
such as WSNs have gained worldwide attention in recent years, including from
the control community1 . Indeed, the rise of wireless communication could enable novel control applications with significant social impacts, see, e.g., [19,181].
However, in order for these control applications to take full advantage of the
wireless revolution, the simple usage of WSNs often appears to be insufficient.
Indeed, when it comes to control applications, there is not only the desire to
sense or monitor, but also to manipulate the physical environment connected
to the (wireless) network. As a result, designing control systems that operate
over a (shared, wireless) communication network requires an integrated design
approach as the interaction between network and physical system induces many
new challenges [150, 154, 181]. It is for these reasons that an increased interest
has emerged in the field of networked control systems (NCSs).

1.2

The Rise of Networked Control Systems

Traditionally, the control scheme consists of a plant that is directly coupled to the
controller via dedicated point-to-point (wired) connections, which are often assumed to be analogue, see Figure 1.2(a). Networked control systems (NCSs), on
1 Control theory concerns the analysis and design systems where a sensed quantity is used
to modify the behavior of the system itself through computation and actuation [150, 181].
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the other hand, are, most basically speaking, control systems that operate over a
digital and possibly shared (wired or wireless) communication network, see Figure 1.2(b). In more technical terms, NCSs are systems where (wireless) packetbased communication networks are employed for the exchange of information and
control signals between physically distributed system components, such as controllers and intelligent input-output devices (e.g., smart sensors and actuators).
The interest in NCSs has increased rapidly over the past decades as evidenced
by the works [24, 104, 124, 241, 263, 270, 271] and the references therein. It has
even been considered to be one of the key research fields for control engineering,
as advocated in [181], and led recently to a new journal [205]. Obviously, all of
this did not happen out of the blue or without a good reason. Indeed, the desire
for exploiting a NCS setup arises in all kinds of applications.
Plant P

Sensor output data y

u
^

Plant P

Sensor output data y

Communication Network N
Actuator input data u

Controller C

(a) A traditional control scheme that uses
dedicated point-to-point communication between the plant and the controller.

Actuator input data u

Controller C

y^

(b) A NCS setup where (wireless) packetbased communication is exploited between
the plant and the controller.

Figure 1.2: Illustrations of (a) a traditional control scheme and (b) a NCS setup. Here,
y denotes the plant sensor output measurements, ŷ the most recently transmitted output
measurement, u the control or actuator input, and û the most recently received control input.

1.2.1

A realm of possibilities

Developments in classical control theory have already lead to great advances in
various high-tech applications, see, e.g., [222]. This includes the realization of
a reliable operation of power distribution systems [28], where it is important to
regulate and control the total power generation such that it is in balance with
the energy losses and demand. However, due to changes in this balance caused
by an increasing number of electrical vehicles and (unreliable) renewable energy
sources, there is an increasing need for developments towards so-called smart
power grids, where controllers are distributed over smaller areas that communicate with each other, see, e.g., [12, 30, 148, 225]. Unfortunately, many large-scale
systems, such as the smart power grid, are physically distributed over a wide
area, making wiring of all the sensors, actuators, and controllers (extremely)
expensive and impractical. Similar issues arise in other examples of such distributed systems including water transportation networks, industrial factories
as depicted in Figure 1.3(a), and energy collection networks (e.g., wind farms).
On the other hand, classical control theory also relies on the fact that communication between sensors, actuators, and controllers is ideal, in the sense that
there is a continuous and infinitely fast exchange of information. However, in
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many high-tech systems this assumption is not always valid. For instance, to
decrease the cost price, processors are often shared between different controllers
for different plants or parts of the plant, which requires scheduling. Additionally,
on these general purpose multiprocessors control computations might even be
interrupted by different software tasks, resulting in variations in their execution
times, see [5, 44]. Hence, (unpredictable) delays are introduced in the communication, contradicting the assumption of an infinitely fast information exchange.
Another illustrating example of a non-ideal communication scenario is given
by the autonomously driving platoons. Increasing road traffic demands for an
infrastructure that is more efficient and safer, while society also desires mobility
to be cheaper and cleaner. As conventional solutions, such as simply expanding
the infrastructure, are expensive and do not accommodate all of the mentioned
aspects, there has been a promising trend toward the development of cooperative
automated driving solutions such as cooperative adaptive cruise control (CACC),
see, e.g., [80, 141, 229]. Characteristic for this trend is that communication technologies are exploited to exchange information between vehicles, allowing for
smaller inter-vehicle distances [246]. However, the physical limitations of this
application obviously prohibit the practical usage of wires, though this has not
stopped people from trying as shown in Figure 1.3(b). In any case, the assumption of ideal communication can also not be met in these kind of applications.

(a) Distributed (wireless) control of large-scale
factories. Source: Honeywell User Group Conference 2006

(b) A wired attempt for vehicle to vehicle communication. Source: Ford of Britain 100: Image of the week 18/52, 2011

Figure 1.3: Example applications for which the usage of (wireless) packet-based communication, i.e., exploiting a NCSs setup, provides possibilities to obtain an improved performance.

All of the above examples illustrate scenarios in which breaking free of the
dependence on dedicated point-to-point wiring for communication as used in
the classical control scheme from Figure 1.2(a) is needed to open up new and
interesting possibilities in the field of control. One way of overcoming the issues identified by the examples is, hopefully not surprisingly, the usage of NCSs.
Indeed, the advantages of exploiting a NCS setup rather than a traditional control scheme (i.e., (wireless) packet-based versus dedicated (wired) point-to-point
communication) are, among others, its flexible architecture and ease of recon-
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figurability [241], allowing for the the use of distributed elements and scheduling, and a reduction of installation and maintenance costs [124]. In addition,
(wireless) packet-based communication is able to overcome the physical limitations of employing wired links and allows for the modeling of varying transmission intervals. For these reasons, NCSs are already being used in the above
mentioned smart power grids [12, 245] and automated highway systems, see,
e.g., [144, 185, 202, 203, 208–210, 226], but have also been finding application in a
broad range of other areas such as remote surgery [15,175], haptics collaboration
over the internet [127,132], water management [189], and process industry [231].
However, the advantages one gains from the presence of (wireless) packetbased networked communication can also degrade the performance of the system
or even threaten the closed-loop stability. As a result, various challenges arise
in the modeling and analysis when one wants to implement NCSs.

1.2.2

Modeling and analysis challenges

The usage of (wireless) network communication in the control loop also introduces, unfortunately, several network-induced effects. Indeed, the unreliability
and often shared usage of the network results in inevitable imperfections in the
communication. In particular, NCSs have the following characteristics:
• Sampled-data behavior:
As the communication networks are packet-based (i.e., inherently of a digital nature), sensor and actuator data can only be transmitted at discretetime instants. Hence, the system exhibits a sample and hold behavior in
the sense that, for instance, sensor data is sampled and transmitted at certain discrete-time instants to the controller that holds its input signals at
the same value until a new sample arrives. Moreover, signals often need to
be quantized as only a finite number of bits can be transmitted per time.
• Communication constraints:
Often, it is not possible to transmit all the sensor and actuator data simultaneously (as these elements might be physically distributed or there is interference of communication sources within the same transmission range).
As such, scheduling protocols are needed to determine which sensor or actuator is granted access to the network medium and therefore allowed to
transmit or receive data.
• Time-varying transmission intervals:
As mentioned above, communication and computation resources are often
shared by other users/tasks, implying that data packages cannot be sent
instantaneously. Moreover, data losses (perhaps due to malicious cyberattacks) or a delayed delivery of measured information might occur. As a
result of all of the above, communication networks suffer from time-varying
throughputs of communication.
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Depending on the network and/or application, the influence/importance of each
of these characteristics can vary quite significantly, see, e.g., [157]. However, it
has been unambiguously determined that all of them affect the performance of
the NCSs [124, 263, 271]. As such, these network-induced imperfections2 need to
be taken into account in the modeling and analysis of NCSs. This, however, introduces a major challenge as it requires that the modeling framework for NCSs
incorporates both the continuous-time behavior of the physical system and the
digital or discrete-event behavior of the communication network. Typically, one
resorts for these kind of combined continuous and discrete behaviors to mathematical models called hybrid systems, see [96, 165] or Section 2.3, for which it
is in general difficult to assess stability and performance of the closed-loop system. Fortunately, significant ‘discoveries’ have been made by various pioneering
explorers, advancing the analysis of NCSs using the hybrid systems framework.

1.2.3

The early hybrid pioneers

As discussed in [107, 124, 263, 271] several modeling approaches for NCSs have
been proposed in the literature to determine conditions on the network while
still guaranteeing stability and performance properties. Examples include the
discrete-time modeling approach, see, e.g., [62, 63, 76, 88, 129, 221, 248], which is
mainly focused on linear systems with a rare exception being [249], the sampleddata modeling approach, see, e.g., [86, 87, 89, 182, 242, 267, 268], based on delay
differential equations, and the more recent set-based approach, see e.g., [10].
Although these approaches provide constructive stability conditions for NCSs,
they also tend to lack some generality in their application as often only limited
classes of controllers and employed scheduling laws are considered [107]. As
such, there has been a desire for another, perhaps simpler, modeling approach
with corresponding analysis.
In search of this ‘promised land’, following the works [191, 204, 274] for
sampled-data systems the idea arose to separate the control design from the
overall NCS design such that the focus of the analysis could be on the effect
the communication network has on the stability of a NCS. In particular, at the
beginning of the twenty-first century, Gregory C. Walsh (and companions) introduced the idea of a novel two-step design approach for NCS based on controller
emulation, see [250, 251, 265]. Within this approach, it is first assumed that
the control law is designed in advance without considering the presence of the
2 There are essentially two different ways of modeling the varying transmission intervals. In
particular, many authors have focused on the case where stochastic information is included in
the NCS model via probability distributions, provided that this information is available. However, as accurate stochastic models can be difficult to obtain, see, e.g., [16, 24], and only allow
to conclude almost sure or mean-square stability for the NCS, in this thesis the focus is on the
‘probability distribution free case’. In this deterministic approach, no assumptions are made on
the random processes that lay behind the time-varying property of the transmission intervals,
making it more robust as it corresponds to a ‘worst case’ kind of analysis, see also Chapter 8.
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network (i.e., ignoring the communication constraints by assuming ideal communication). As a result, any kind of controller (design) can be considered in the
NCS setup. Moreover, the controller design itself is greatly simplified as there
are abundant techniques available in the literature to design controllers that
stabilize the plant in the ideal communication case, see, e.g., [85, 100, 143, 275].
In the second step, conditions on the network with its scheduling protocol, e.g.,
bounds on transmission intervals and delays, are provided to guarantee closedloop stability and performance when the control and sensor signals are transmitted via the network. In other (more basic) words, it is in the second step
thus determined how often the sensor and/or actuator data needs to be updated. An illustration of this emulation-based NCS setup is given in Figure 1.4.
Stabilizing
controller

Networked values u
^/^
y

y^

C
Controller

P

N

u

How often do we
need to update u
^/^
y?

y

u^

Plant

Stability
guarantees

Sensor/actuator data y=u
Network with scheduling protocol

Figure 1.4: Illustration of a NCS setup designed using the emulation-based approach. Here,
the controller C is designed such that it stabilizes the plant P in absence of the network N .
Then, conditions on the transmission intervals are determined such that closed-loop stability
is still guaranteed when the controller is implemented over the network N with its scheduling
protocol.

Although limited to the well-known scheduling protocols round-robin (RR)
and try-once-discard (TOD), this newly proposed emulation-based design approach was one of the first in its time that allowed for the analysis of multiple sensor and/or actuator nodes in the network. Moreover, in [250] and [251]
conditions on an access deadline, the maximum allowable transmission interval
(MATI), were obtained to guarantee stability of the NCS using an analytical
proof. However, despite that the newly proposed perspective on NCSs is very
intuitive and powerful in its simplicity, the initial results obtained were quite
impractical as the obtained theoretical bounds on the MATI were very conservative and the analysis complicated to interpret. Nevertheless, the ‘proof of
concept’ was provided in the sense that it was shown that there always existed
a sufficiently small value for the MATI that guarantees stability of the NCS.
The emulation-based design approach for NCSs was therefore soon developed
further by Dragan Nešić and Andrew R. Teel as shown by the works [192, 193].
Using the same ideas (i.e., assuming that the controller is a priori designed after which bounds on the MATI are obtained), they proposed a novel model of
the NCS by augmenting the model as proposed in [251] with an equation that
explicitly describes the operation of the scheduling protocol (and, thereby, the
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communication network itself). In particular, a (continuous-time) system with
(discrete-time) jumps was proposed to describe the dynamics of the NCS, where
the behavior of the NCS at jumps is determined by the scheduling protocol. As
such, the NCS was modeled as a hybrid system, where each jump of the system
corresponds to a transmission instant. This model provided a powerful framework to describe a very general class of NCSs in a unified and mathematically
precise manner. In particular, it allowed them to separately define a large, unifying class of scheduling protocols, i.e., UGES scheduling protocols, that could
be used in the NCS model. Moreover, as this way of modeling characterized
the effect of the transmission errors, a novel stability analysis could be obtained
resulting in significantly improved values for the MATI in comparison with [251].
Although the works of [192, 193] opened up a whole new world for the application of NCSs [124, 263], the obtained conditions and proofs lacked some
measure of mathematical transparency. Fortunately, helped by the advances in
the hybrid system theory, see, e.g., [97,101], Daniele Carnevale, accompanied by
the early pioneers Andrew R. Teel and Dragan Nešić, provided in [50] a simple
Lyapunov-based proof for the stability of NCS using the hybrid system model
developed in [192]. This lead to better insights regarding the design of scheduling
protocols and even resulted in a sharper analysis tool as the MATI bound could
be further improved with respect to the result of [192]. In fact, it turned out that
the obtained results in [50] proved to be very powerful in the analysis of NCSs as
it provided tools to be applied to all kind of problem setups. Indeed, it evolved
into one of the most popular design methods for NCSs to analyze aspects such
as time-varying transmission intervals and delays, packet dropouts, communication constraints such as scheduling, quantization, and event-triggered control, reflected by the works [8,23,68,74,75,78,108,110,130,163,167,195,211,239,252,271]
and many others.
However, despite this considerable amount of research dedicated to the emulation-based design and analysis of NCSs, many important challenges remained untouched, possibly due to the more complicated mathematical tools they needed.
Therefore, there is a desire for a new ‘pioneering’ adventurer to explore these
uncharted territories in the field of NCSs.

1.3

Research Objective and Contributions

Inspired by and following the research line of [250, 251], [192, 193], and [50], the
general objective of this thesis can be stated as:
The development of original and innovative scientific solutions to extend
the modeling, applications, and the theory concerning emulation-based
NCSs, enabling a further wide and systematic deployment of NCSs.

1.3. Research Objective and Contributions
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In view of the research objective, this thesis contributes to the charting of the
many missing parts in the emulation-based NCS theory. However, as the field of
NCSs is vast and the early explorers have just made land, a more precise research
direction is desired to prevent one from getting lost in the ‘jungle of possibilities’.
Therefore, the exploration undertaken as described in this thesis focuses on
improving the results for NCSs by ‘scavenging’ for structure in dynamics and
communication. In particular, the following three main contributions can be
distinguished:
(i) Improving and extending the analysis techniques for NCSs by exploiting
structure in the coupling dynamics of the plants and controllers or information about time-scale separation properties of the dynamics of the plant.
(ii) Extending the (hybrid) modeling and analysis techniques for NCSs by exploiting structure in the dynamics of scheduling protocols such that plants
and controllers with so-called direct-feedthrough terms can be considered,
thereby including important and often used controllers.
(iii) Proposing significantly less conservative constraints on the maximal allowable transmission intervals (MATIs) by exploiting structure in the communication network in the sense of additional information on the minimal
and/or average transmission intervals for NCSs.
In the sequel, these contributions are addressed individually in more detail.

1.3.1

Exploiting structure in the analysis of NCSs

The first main contribution of this thesis consists of two parts. That is, firstly
interconnections that consist of an extremely large or even an infinite number of
identical, i.e., spatially invariant, subsystems which are (partly) interconnected
through communication networks are considered. As an example, one might
think of the cooperative driving application as discussed in Section 1.2.1 in which
a large number of vehicles with (nearly) identical dynamics is interacting through
communication networks to enhance traffic flow, safety, and fuel consumption.
Despite the already vast literature that exists for NCSs, tractable analysis and
design tools for such extremely large interconnections hardly exist. Therefore,
it is shown in this thesis how the spatial invariance property of the considered
(infinite) interconnections can be exploited in the analysis. In particular, following the emulation-based design for NCSs, the interconnection is modeled as an
interconnection of an infinite amount of hybrid systems for which, by exploiting
the interconnection structure, local conditions on the dynamics of only one of
the hybrid subsystems are obtained such that stability and performance of the
overall interconnection is guaranteed. Along the way, also a new solution concept for NCSs is developed as many standard concepts do not apply due to the
infinite dimensional character of the considered interconnections. Moreover, it is
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shown that the obtained stability and performance properties are robust in the
sense that, when stability and performance is guaranteed in the ideal communication case, stability and performance can also be guaranteed in the presence
of networks. Various examples will illustrate the effectiveness of the results.
Secondly, also so-called singular perturbed NCSs are considered. These systems are characterized by both slow and fast dynamics, and operate, consequently, on multiple time-scales. Such a behavior typically occurs when, for
instance, mechanical and electrical components are combined. For instance, an
electrically driven robot manipulator can have slower mechanical dynamics and
faster electrical dynamics. In the classical control literature, i.e., without the
consideration of a communication network, such systems are often analyzed using approximated models for both the slow and the fast dynamics, allowing to
readily address the stability of the overall system by assessing the stability of
these approximated models. Unfortunately, however, in the case of NCSs this
time-scale separation appears to be ignored in the design and therefore also in
the existing methodologies for the stability analysis. As a result, the slow dynamics are in general updated at the same rate as the fast dynamics, leading
to many redundant transmissions of the slow dynamics. As such, it is shown in
this thesis how the time-scale separation properties of these systems can also be
exploited in the analysis of NCSs. In particular, separate conditions are obtained
on the transmission intervals, i.e., the MATIs, of the slow and the fast dynamics,
respectively. An example will illustrate how the newly obtained results compare
with the traditional analysis techniques for NCSs.

1.3.2

NCSs with direct-feedthrough terms

For the second main contribution, the so-called direct-feedthrough problem for
NCSs is addressed. That is, NCSs with the inclusion of direct-feedthrough terms
in their model are considered. These terms are essential to model, for instance,
the classical Proportional-Integral(-Derivative) (PI(D)) regulators, but are always assumed to be absent in existing works. This might, however, be not surprising as it is shown in this thesis that the inclusion of such direct-feedthrough
terms in the model for NCSs leads to nontrivial difficulties in terms of modeling
and analysis. Despite the complexity of this direct-feedthrough problem, conditions on the direct-feedthrough terms of the plant and controller are presented
such that stability of the NCSs is still guaranteed. To this end, a distinction is
made between so-called linear and nonlinear NCSs.
In the linear case, the scenario that both the plant and the controller have
a direct-feedthrough term in their model is considered. As it is shown in this
thesis that the presence of direct-feedthrough terms mainly influences the behavior of the NCS at transmissions, a renewed look is taken at the concept of
UGES scheduling as mentioned in Section 1.2.3. In particular, a generalization
of this UGES scheduling concept is provided including the direct-feedthrough
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terms and it is shown for existing protocols how new stability conditions can be
obtained. This will also lead to the counter-intuitive result that the usage of
a ‘smarter’ scheduling protocol does not always result in a better performance
or that updating all the network nodes at the same time can be worse than
updating the nodes one by one. In addition, various new scheduling protocols
are introduced to improve the performance of NCSs in case direct-feedthrough
terms are present.
Although the direct-feedthrough problem becomes even more problematic
when nonlinear NCSs are considered, for two specific NCS setups with directfeedthrough terms in the model an analysis is still provided in this thesis.
That is, the situation in which only the controller (or only the plant) has a
direct-feedthrough term is considered, next to the situation in which the directfeedthrough terms appear linearly in the model setup. For the first setup, it
is shown that stability properties can still be preserved for certain well-known
scheduling protocols. For the second setup, as it has quite some similarities with
the linear case, the focus is on the controller implementation. That is, since the
classical implementation of the controller over the network in the presence of
direct-feedthrough terms might lead to conservative bounds on the MATI, two
new architectures for the nonlinear NCS with linear direct-feedthrough terms
are developed.

1.3.3

Exploiting dwell-time conditions for NCSs

Finally, for the third main contribution, it is shown for the first time how information of a minimal allowable transmission interval (MIATI), which is always
present due to hardware limitations, can be exploited in the emulation-based
NCS framework to improve the value for the MATI without altering the conditions for stability. In particular, by observing that such a MIATI can be viewed
as a minimal dwelltime, relaxed Lyapunov-based arguments for hybrid systems
can be obtained, allowing for an adaption of the Lyapunov function as used in
the literature. This observation also leads to the insight that exploiting different
Lyapunov functions in the analysis can directly improve the MATI bounds. As
such, also a generalized construction for the Lyapunov function is provided and
it is investigated how the Lyapunov function itself can be appropriately designed
within this general construction such that stability of the NCS is guaranteed.
Lastly, but definitely not least, also a new, alternative condition on the communication instants is proposed to better capture the time-varying properties
of the transmission intervals. That is, besides the existence of a MATI, also a
constraint on the average allowable transmission interval is proposed, expressed
in terms of a reverse-average dwell-time (RADT) constraint on the transmission
intervals. It will follow that, having such an additional RADT constraint, leads
to a significant improvement of the MATI itself. In particular, the analysis will
show that there exists a certain trade-off between the RADT and the MATI,
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i.e., transmitting on average faster (having a small RADT), allows for a larger
‘worst case’ transmission interval (cf. the MATI). However, in order to include
the RADT into the hybrid model for NCSs, first a new ‘hybrid clock’ needs to
be introduced that captures the MIATI, MATI, and RADT constraints, which
introduces various new technical difficulties. This requires new analysis techniques, leading for the first time to a Lyapunov-based proof for NCSs designed
using the emulation-based approach including a RADT condition.
Based on the above, the presented results form important advances to the
field of NCSs, as they resolve many open problems and lead to significantly less
conservative stability conditions.

1.4

Outline of the Thesis

This thesis is divided in five parts, corresponding to the introduction, the three
main contributions of this thesis, and the conclusion. Part I provides, besides
this introductory chapter, by means of Chapter 2 an overview of the definitions and notation used in this thesis, as well as a mathematical introduction
to the hybrid dynamical system concept. The technical results of this thesis
are presented in Chapters 3 - 8, divided over the Parts II, III, and IV, which
each consist of two chapters (see for a detailed overview Table 1.1). It should
be noted here that the chapters are based on research papers and are, therefore,
self-contained, meaning that each chapter can be read individually. This might,
however, introduce some repetition with respect to the introductions and/or system descriptions. On the other hand, the chapters do provide some continuity
and relevant information linked with each other. A reference to the corresponding research papers is included at the beginning of each chapter. Finally, Part
V, consisting of Chapter 9, provides the main conclusions of this thesis and
recommendations for future work.
In addition to the above, several proofs and technical results are given in
the Appendices, a technical summary of the thesis can be found on page i, a
summary list of publications by the author can be found on page 279, and some
background information on the author on page 287.
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Table 1.1: Overview of the thesis.

Part I: Introduction
Chapter 1: Introduction
Chapter 2: Preliminaries and Notation
Introductory chapter providing background inforPreliminary chapter providing definitions, notamation regarding the field of NCSs as well as the
tion, and a mathematical introduction to hybrid
relevancy and contributions of this thesis.
dynamical systems.

Part II: Exploiting structure in the analysis of NCSs
Chapter 3: Spatially invariant NCSs
Chapter 4: Singular perturbed NCSs
Local conditions are provided for large interconnecAnalysis of NCSs characterized by both slow and
tions consisting of identical subsystems that exploit
fast dynamics based on time-separation.
packet-based communication.
This chapter is based on [111–113, 115].
This chapter is based on [117].

Part III: NCSs with direct-feedthrough terms
Chapter 5: The linear case
Chapter 6: The nonlinear case
Generalizing the concept of UGES scheduling proTackling the direct-feedthrough problem for two
tocols to accommodate direct-feedthrough terms.
specific setups.
This chapter is based on [121, 122].
This chapter is based on [197, 198].

Part IV: Exploiting dwell-time conditions for NCSs
Chapter 7: A Generalized Lyapunov proof
Chapter 8: A RADT for NCSs
Improving the MATI by exploiting a MIATI and a
Exploiting a RADT condition on the transmission
generalized Lyapunov function construction.
instants to allow significantly larger MATIs.
This chapter is based on [116, 118].
This chapter is based on [119, 120].

Part V: Conclusion
Chapter 9: Conclusion
Summary of the main conclusions of this thesis and recommendations for future work.

2

Preliminaries and Notations
“Knowledge is of two kinds. We know a subject ourselves,
or we know where we can find information on it.”
— Samuel Johnson

Many (high-tech) dynamical systems are beyond the descriptive power of
common modeling tools for continuous-time dynamical systems, such as differential equations, and common modeling tools for discrete-time dynamical systems, such as difference equations. This is often the result of the systems under
study being based on a multi-disciplinary design, e.g., the electronic, mechanical, and software designs together need to describe a consistent and functioning
machine. Systems which use (wireless) packet-based communication channels
for the exchange of information, i.e., the class of systems considered in this
work, are examples of such systems that cannot be described by using common
modeling tools for continuous-time and discrete-time dynamical systems. As a
result, modeling and analyzing these systems with packet-based communication
requires a broad basic mathematical knowledge and understanding. Therefore,
in order to get familiar with the used terminology and notation in this work, it is
needed to provide some preliminary notations, definitions, and some mathematical background on hybrid dynamical systems, a class of systems in which the
modeling framework of systems with networked communication can be captured.
This preliminary chapter starts with reviewing and introducing the most
important concepts, definitions and, principles in real and functional analysis
in Section 2.1. Subsequently, in Section 2.2 an overview of the notations used
in this work is provided. This includes a basic introduction to the descriptive
frameworks in which continuous-time and discrete-time dynamical systems can
be captured. Finally, some definitions and terminology for hybrid systems are
given in Section 2.3, providing a (mathematical) basis for the results in the
forthcoming chapters. The skilled mathematical reader may only want to use
this chapter as a reference.
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Chapter 2. Preliminaries and Notations

An Introduction to Real and Functional Analysis

Like any language, one has to speak mathematics proficiently before one can use
it efficiently. Therefore, in this section, some basic notations and definitions from
set theory and the theory of functions are introduced. Although this should be
familiar territory, a brief review of the terminology is always a good idea, if only
to establish some agreed-upon notation with respect to the use of symbols, variables, concepts, etc.. These defined concepts will be used throughout this work to
compactly write down properties and conditions. For an in depth description, the
interested reader is referred to, e.g., [1,4,11,49,64,131,179,216,217,230,244,256]
or [264] and all the references therein.

2.1.1

Some set theory

Set theory is an important part of the foundation of mathematics as it describes
the universe of all mathematical objects, from the simplest to the most complex
such as infinite systems. It is therefore often called the study of infinity [256]
and even considered as the official language of mathematics [179].
Intuitively speaking, a set is defined as any collection of objects of any sort,
which are referred to as the elements of the set. As such, to build a complete
theory of sets, one needs to describe the axioms of set theory (as, for instance,
done in the common Zermelo-Frankel Axioms for Sets), which is a long and
difficult process [131]. Therefore, the focus is here only on some notational conventions and important concepts, and appeal throughout this work to intuition
and elementary logic. For a rigorous treatment of the theory of sets the reader
is referred to [102] and [238].
Standard set notation
To start off, first some standard set notation is introduced. Given a set A, the
statement ‘a is an element of A’ is denoted as a ∈ A, and its negation will be
a ∉ A. Moreover, for any object a, A = {a} denotes the set whose only element
is a. Similarly, by A = {a1 , a2 , . . . , an } the set whose elements are precisely
a1 , a2 , . . . , an is denoted, and the set with no elements (i.e., the void or empty
set) is denoted by ∅. Finally, as a set is often defined by some properties of its
elements, the notation A = {a ∣ P (a)} shall constantly be used to denote the set
of all elements a for which the property P (a) holds.
Based on these general representations, it is now possible to introduce the
following standard notation for some frequently used sets. In particular, the set
of all natural or positive integers will be represented by N ∶= {1, 2, 3, . . .}, the set
of all nonnegative integers by N0 ∶= {0, 1, 2, . . .}, the set of all integers by Z ∶=
{0, ±1, ±2, . . .}, and the set of rational numbers by Q ∶= {m/n ∣ m, n ∈ Z, n ≠ 0}.
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Moreover, the notation R shall be used for the set of real numbers1 and given
any a, b ∈ R with a < b, we define the intervals2
(a, b) ∶= {x ∈ R ∣ a < x < b} , [a, b) ∶= {x ∈ R ∣ a ≤ x < b}
(a, b] ∶= {x ∈ R ∣ a < x ≤ b} ,

[a, b] ∶= {x ∈ R ∣ a ≤ x ≤ b}

(a, ∞) ∶= {x ∈ R ∣ x > a} ,

(−∞, a) ∶= {x ∈ R ∣ x < a}

[a, ∞) ∶= {x ∈ R ∣ x ≥ a} ,

(−∞, a] ∶= {x ∈ R ∣ x ≤ a}

(2.1a)

(2.1b)

which, for instance, are used to denote the set of nonnegative real numbers by
R≥0 ∶= [0, ∞).
Concepts in set theory
Consider now the two sets A and B, which will be used to illustrate some basic
concepts from set theory. The union A ∪ B is defined by asserting that a ∈ A ∪ B
provided that a ∈ A or a ∈ B (or potentially in both), i.e., A ∪ B ∶= {a ∣ a ∈
A or a ∈ B}, while the intersection A ∩ B is the set defined by the rule a ∈ A ∩ B
provided a ∈ A and a ∈ B, i.e., A ∩ B ∶= {a ∣ a ∈ A and a ∈ B}. From these
definitions it is natural to also introduce the inclusion relationship, which states
that A contains B if every element of B is also in A. Hence, in this situation it
is said that B is a (proper) subset of A, denoted by A ⊇ B (A ⊃ B) or B ⊆ A
(B ⊂ A). To assert that, A = B means that A ⊆ B and B ⊆ A, or in other words,
A and B have exactly the same elements. Finally, observe that ∅ ⊂ A for any
set A.
We also define the absolute complement of a set A (with respect to a fixed
universal set3 U) to be the set Ac ∶= {a ∈ U ∣ a ∉ A} (i.e., the set of all elements
not in A) and the relative complement of B in A, also termed as the difference
set between A and B, as A /B ∶= {a ∈ A ∣ a ∉ B} = A ∩ B c . Observe that for the
universal set U it holds that Uc = ∅ and ∅c = U.
A final, but not least, concept that needs to be introduced is the concept of
the Cartesian product. Consider to this end, with some abuse of notation, the
ordered pair (a, b) ∶= {{a}, {a, b}}. Then, we define the Cartesian product of the
two sets A and B by the set A × B of all ordered pairs (a, b) such that a ∈ A and
b ∈ B, i.e., A × B ∶= {(a, b) ∣ a ∈ A, b ∈ B}.
1 Constructing or giving an explicit expression for R is a rather complicated business, which
goes beyond the scope of this preliminary chapter. Usually the set of real numbers is denoted
as R = (−∞, ∞), see, e.g., [216, Section 1.4], however, for more information on how to (exactly)
construct the set R from Q, the interested reader is referred to, for instance, [1, Section 8.4].
In addition, the reader who is interested in a rigorous construction of the real number system
may also consult [133, 217] or [232]
2 By an interval in R we mean a non-empty subset I of R containing at least two real numbers
such that if s and t are both in I with s < t, then any real number x satisfying s < x < t is also
an element of I.
3 The universal set U is a set that contains all the elements under study. We will usually
assume that such a universe has been chosen (in many cases it is the set of real numbers R)
and there is no need to mention or to specify it because it is obvious and unique.
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To give a brief illustration of some of these defined concepts, consider the
representation of the real number system as introduced above. It follows now
that we, for instance, can compose the chain
N ⊂ N0 ⊂ Z ⊂ Q ⊂ R,
and that we have that N0 = N ∪ {0} or N = N0 /{0} and R≥0 ⊂ R. Moreover,
an example of the application of the Cartesian product can be found in the
definition of the n-dimensional Euclidean space Rn for n ≥ 1, given by
Rn ∶= R × R × ⋯ × R = {(a1 , a2 , . . . , an ) ∣ ak ∈ R, k ∈ {1, 2, . . . , n}} .
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¶
n times
Open, closed, and bounded sets
Other important aspects from set theory that will be used in this work are the
principles of open, closed, and bounded sets. In order to define these properties,
consider the real-valued vector a ∈ A ⊆ Rn and the real-valued constant  > 0.
The -neighborhood of a is then defined as the set
V (a) ∶= {x ∈ A ∣ ∣x − a∣ < } ,

(2.2)

where ∣x − y∣ defines the Euclidean distance or norm, defined√for two points
x = (x1 , x2 , . . . , xn ) ∈ Rn and y = (y1 , y2 , . . . , yn ) ∈ Rn by ∣x − y∣ = ∑ni=1 (xi − yi )2
√
and, hence, ∣x∣ = ∑ni=1 x2i . For more information about Euclidean spaces and
its properties, we refer to [147]. By using the above definition it is possible to
define open and closed sets, see, e.g., [1, 4, 230].
Definition 2.1a A set A is open in Rn if for all points a ∈ A there exists an
-neighborhood contained in A, i.e., there exists an  > 0 such that V (a) ⊆ A.
Definition 2.1b A set A ⊂ Rn is closed if its complement Ac is open in Rn .
To clarify these definitions in more detail, consider also the definition of the
boundary and the closure of A.
Definition 2.1c A point a is a limit or boundary point of a set A if for every
 > 0 the -neighborhood of a contains both points in A and points in Ac . The
boundary L of A is the set consisting of all boundary points of A.
Definition 2.1d Given a set A with its boundary L, then the closure of A is
defined to be Ā = A ∪ L.
If a set A contains an -neighborhood of a ∈ A, then A itself is an -neighborhood
of a. In this case the point a is called an interior point of A (i.e., it belongs to
A but not to the boundary of A) and the set of all interior points of A is called
the interior of A, denoted by A0 . If every point in A is now an interior point
(i.e., A0 = A), then A is open.
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Similarly, a point a is called an exterior point of A if it belongs to the complement of A but not to the boundary of A and the set consisting of all exterior
points is called the exterior of A, denoted by Ae . If every point in Ac is now an
exterior point of A (i.e., Ac = Ae ), then A is closed. These latter principle also
leads to the following definition.
Definition 2.1e A set A ⊂ Rn is closed if it contains all of its limit points, i.e.,
Ā = A.
An illustration of these definitions is given by the intervals of (2.1). In particular,
it directly follows that the intervals (a, b), (−∞, a), and (a, ∞) are open, while
[a, b], (−∞, a], and [a, ∞) are closed. On the other hand, [a, b) and (a, b] are
called half-open (or half-closed) and therefore neither open nor closed. Moreover,
note that since the universal set U (which in this case is Rn ) and the empty set
∅ are both open and are complements of each other, they are also both closed.
They are the only two sets with this property.
Lastly, besides the principles of open and closed sets, it is also important
to introduce the concept of boundedness of sets. To this end, we consider the
following definition.
Definition 2.2 A set A ⊂ Rn is bounded if there exists M > 0 such that ∣a∣ ≤ M
for all a ∈ A. A set A ⊂ Rn is compact if and only if it is closed and bounded
(Heine-Borel Theorem).
As an example, a set A ⊂ R is thus bounded if there are real numbers a and b
such that a ≤ x ≤ b for all x ∈ A. Hence, observe that the intervals defined in
(2.1a) are thus bounded intervals with endpoints a and b, while the intervals in
(2.1b) are unbounded with (finite) endpoint a.
Based on this latter definition for bounded sets, one can make a distinction
between two kinds of boundedness. A set A ⊆ R is, for instance, bounded above
if there exists a number b ∈ R such that a ≤ b for all a ∈ A. The number b is called
an upper bound for A. The set A is bounded below if there exists a lower bound
l ∈ R satisfying l ≤ a for every a ∈ A. These observations lead to the definitions
of the supremum, infimum, and distance of a set.
Definition 2.3a A set A ⊆ R of real numbers is bounded above if there is a real
number b such that a ≤ b for all a ∈ A (b is an upper bound of A). If β is an
upper bound of A, but no number less than β is, then β is a supremum of A
(β = sup A).
Definition 2.3b A set A ⊆ R of real numbers is bounded below if there is a real
number ` such that a ≥ ` for all a ∈ A (` is an lower bound of A). If ` is a
lower bound of A, but no number higher than ` is, then ` is an infimum of A
(` = inf A).
Definition 2.3c Given a vector x ∈ Rn and a set A ⊂ Rn , the distance of x to
A is denoted ∣x∣A and is defined by ∣x∣A ∶= inf y∈A ∣x − y∣. When A is the origin
then ∣x∣A = ∣x∣.

24

Chapter 2. Preliminaries and Notations

The definitions of the supremum and infimum are also illustrated in Figure 2.1.
It is possible that the supremum and/or infimum of the given set A are not
elements of A. This issue is tied to understanding the crucial difference between
the maximum and the supremum (or the minimum and the infimum) of a given
set. A real number a0 is a maximum of the set A if a0 is an element of A and
a0 ≥ a for all a ∈ A. A number a1 is a minimum of A if a1 ∈ A and a1 ≤ a for
all a ∈ A. Hence, a supremum (or infimum) can exist and not be the maximum
(or minimum), but when a maximum (or minimum) exists then it is also the
supremum (or infimum). Moreover, we can conclude that a bounded nonempty
set has always a unique supremum and a unique infimum.
sup A

inf A

lower bounds

A

upper bounds

Figure 2.1: Definitions of sup A and inf A [1].

2.1.2

Functions and function classes

Next to some of the foundations of set theory, also the concept of a function, its
notation, and several classes of functions should be familiar terrain.
Whenever one quantity depends on another quantity, we say that the former
is a function of the latter. In particular, a function describes a rule that tells us
how to calculate a unique (single) output value for each possible input variable.
This principle leads to the following definition [1, 4].
Definition 2.4 A function from a set A to a set B is a rule or mapping that
takes each element x ∈ A and associates with it a single element of B, notationwise f ∶ A → B. The set A is called the domain of f , while the range of f is in
a general a subset of B given by {y ∈ B ∣ y = f (x) for some x ∈ A}.
This definition, as proposed by Peter Lejeune Dirichlet (1805-1859) in the 1830s,
constitutes a far greater class of possible functions than the functions described
merely by algebraic entities and therefore liberates the term from its interpretation as a type of ‘formula’ [1]. When studying the theoretical nature of continuous, differentiable, or integrable functions (as we will in this work), this larger
amount of freedom is needed, for instance to include an algorithm involving
logic.
One of the most illustrative examples of a function is related to matrices and
matrix multiplication. In particular, a real n by m matrix A gives rise to a linear
transformation Rm → Rn , mapping each vector x ∈ Rm to the matrix product
Ax, which is a vector in Rn . Hence, the space of n by m real matrices, which we
denote by Rn×m , can be seen as a linear operator from Rm to Rn , i.e., it is a linear

2.1. An Introduction to Real and Functional Analysis

25

transformation represented by a function f ∶ Rm → Rn , see, e.g., [160]. For more
examples and a detailed description/interpretation of functions we refer to [4].
In this work, we will refer various times to some important properties of certain
functions, one of which is continuity.
Definition 2.5a A function f ∶ A → Rn is right-continuous at a point c ∈ A ⊆ R
if, for all  > 0, there exists a δ > 0 (possibly depending on ) such that whenever
0 < x − c < δ (and x ∈ A) it follows that ∣f (x) − f (c)∣ < .
Definition 2.5b A function f ∶ A → Rn is left-continuous at a point c ∈ A ⊆ R
if, for all  > 0, there exists a δ > 0 (possibly depending on ) such that whenever
−δ < x − c < 0 (and x ∈ A) it follows that ∣f (x) − f (c)∣ < .
Definition 2.5c A function f ∶ A → Rn is continuous at a point c ∈ A ⊆ R if,
for all  > 0, there exists a δ > 0 (possibly depending on ) such that whenever
0 < ∣x − c∣ < δ (and x ∈ A) it follows that ∣f (x) − f (c)∣ < . In other words, the
function f is continuous at a point c ∈ A when
lim f (x) = f (c),

x→c

where limx→c denotes ‘the limit as x approaches c’ [4]. Observe that a function
is continuous if and only if it is both right-continuous and left-continuous. If f
is continuous at every point in the domain A, then it is said that f is continuous
on A.
Definition 2.5d A function f ∶ I → Rn is absolutely continuous on the interval
I ⊂ R if for every ε > 0 there exists δ > 0 such that ∑k ∣f (bk ) − f (ak )∣ ≤ ε for
every finite number of nonoverlapping intervals (ak , bk ) with [ak , bk ] ⊂ I and
∑k (bk − ak ) ≤ δ.
Definition 2.5e A function f ∶ I → Rn is locally absolutely continuous if it is
absolutely continuous on [a, b] for every interval [a, b] ⊂ I.
Definition 2.5f A function f ∶ Rm → Rn is locally Lipschitz continuous if for
each x0 ∈ Rm there exists constants δ > 0 and M > 0 such that for all x ∈ Rm
it holds that ∣x − x0 ∣ ≤ δ ⇒ ∣f (x) − f (x0 )∣ ≤ M ∣x − x0 ∣. It is globally Lipschitz
continuous if the positive constant M is the same for all x0 ∈ Rm .
Observe that for functions over a compact subset of the real line R we can
compose the following chain of inclusions
Lipschitz continuous ⊆ absolutely continuous ⊆ continuous,
implying that any Lipschitz continuous function is also absolutely continuous,
and that any absolutely continuous function is also continuous, see also [230].
Continuity classifications of a function are of importance when, for instance,
discussing differentiation and integration properties of functions. Although continuity is not a required property of derivatives, it is often related. For example,
differentiability of a function implies continuity. It is beyond the scope of this
preliminary chapter to discuss differentiability in extensive detail4 , however, an
4 For

more details on the definition of differentiability and its applications, see, e.g., [1,4,230].
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important property that we will often implicitly use in this work follows from
Rademacher’s theorem, which gives that Lipschitz continuity implies that the
derivative is well defined, except on a set of measure zero5 , a property that we
will quantify as ‘differentiable almost everywhere’, see, e.g., [230, Section 11.5].
Moreover, based on the above definitions and on some given definitions in,
e.g., [38, 79, 143, 147, 218, 227, 262], it is now possible to define certain classes of
functions that will be used throughout this work.
Definition 2.6a A function ρ ∶ R≥0 → R≥0 is called positive definite (ρ ∈ PD) if
ρ(s) > 0 for all s > 0 and ρ(0) = 0.
Definition 2.6b A function α ∶ [0, a) → [0, ∞) is said to belong to class K
(α ∈ K) if it is continuous, strictly increasing, and α(0) = 0. It is said to be class
K∞ (α ∈ K∞ ) if a = ∞ and a(r) → ∞ for r → ∞.
Definition 2.6c A function β ∶ [0, a) × [0, ∞) → [0, ∞) is said to belong to class
KL (β ∈ KL) if for each fixed s, the mapping r → β(r, s) belongs to class K and
for each fixed r, the mapping s → β(r, s) is continuous, decreasing with respect
to s, and β(r, s) → 0 when s → 0.
Definition 2.6d A function β is said to be of class exp-KL (β ∈ exp-KL) if
there exist K, c > 0, such that β(s, t) = Ke−ct .

2.2

Notation

In addition to the already introduced symbols, we will also adhere throughout
this report the following notation.
The space of real symmetric square n by n matrices is denoted by Rn×n
and
S
the notations In and 0n are introduced to denote the n by n identity and zero
matrices, respectively. When the dimensions are clear from the context, these
notations are even simplified to I and 0. For a vector x ∈ Rn and a matrix
A ∈ Rn×m , we denote by x⊺ and A⊺ their transposes, respectively, and by A−1
the inverse of the matrix A. For a matrix A ∈ Rn×n
S , λmin (A)/λmax (A) denote
the smallest/largest eigenvalue of A. For matrices Ai ∈ Rni ×mi , i = 1, 2, . . . , N ,
we denote by A = diag (A1 , A2 , . . . , AN ) ∈ Rn×m the (block) diagonal matrix
⎡A
0 ⎤⎥
⎢ 1
⎢
⎥
⋱
⎥
A=⎢
⎢
⎥
⎢0
⎥
A
N
⎣
⎦
N
with n = ∑N
i=1 ni and m = ∑i=1 mi .
5 We say that a set A ⊆ Rn has measure zero if, for all  > 0, there exists a countable
collection of open intervals On , n ∈ N, with the property that A is contained in the union of
all these open intervals On and the sum of the lengths of all of the open intervals is less than
or equal to  [1, Definition 7.6.1]. As a result of this definition we can, for instance, observe
that any countable set (i.e., a set with a countable number of points) has measure zero. An
example is given by the set of rational numbers Q. For an in depth description concerning the
concept of measure zero we refer to, e.g., [230, Section 7.3].
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By ⟨⋅, ⋅⟩ we denote the standard Euclidean inner product, for x, y ∈ Rn defined
as

n

⟨x, y⟩ ∶= x⊺ y = ∑ xi yi ,
i=1

where xi and yi are the ith (scalar) components of the vectors x and y, respectively. Moreover, the short-hand notation v = (v1 , v2 , . . . , vN ) is often used
to capture a vector with several (not necessarily scalar) components vi ∈ Rni ,
i ∈ {1, 2, . . . , N }, i.e.,
⊺ ⊺
(v1 , v2 , . . . , vN ) ∶= [v1⊺ , v2⊺ , . . . , vN
] .

Using the above, the differential operator ∇ on a function f ∶ Rmx → Rmx is
defined as
∂f (x)
∂f (x)
,...,
).
∇f (x) ∶= (
∂x1
∂xn
Additionally, for notational purposes, it is also convenient to define the concepts
for definite matrices. That is, a matrix M ∈ Rn×n
is called positive (semi-)
S
definite, denoted as M ≻ 0 (⪰ 0), if v ⊺ M v > 0 (≥ 0) for all v ≠ 0. Similar
notations hold for the negative (semi-)definite property.
Finally, as we will be dealing in this work with so-called (hybrid) dynamical
systems, it is also already wise to introduce some standard notation regarding
these dynamical systems, on which we will elaborate in the next section. To this
end, observe that dynamical systems are systems for which its behavior at any
moment in time is completely determined by a set of variables called the states of
the system that change with time, depending on the present input to the system
and the history of the system itself, see for a more detailed description, e.g., [100].
As such, a dynamical system can be compactly described in continuous-time by
means of a differential equation of the form
ẋ(t) = f (x(t), u(t)),

x(0) = x0 ,

t ∈ R≥0 ,

(2.3a)

and in discrete-time by means of a difference equation of the form
x(i + 1) = f (x(i), u(i)),

x(0) = x0 ,

i ∈ N≥0 ,

(2.3b)

where x is a left-continuous mapping from R≥0 to Rnx representing the state of
the dynamical system, u is the input to the system (and also a left-continuous
mapping from R≥0 to Rnu ), f ∶ Rnx × Rnu → Rnx a continuous function in x
and u, and t ∈ R≥0 and i ∈ N≥0 represent the continuous and discrete time,
respectively. For ease of notation, t is often omitted when considering such
variables. Moreover, ẋ denotes the derivative of x with respect to time, i.e., dx
dt
and x0 the initial state of the system.
With the basic knowledge of real and functional analysis now at hand and the
used notations in this work being introduced, the step towards the introduction
of the class of hybrid dynamical systems including its basic terminology and
definitions can be made.
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Hybrid Dynamical Systems

Many dynamical systems exhibit complex combinations of both continuous-time
and discrete-time behaviors as described by (2.3a) and (2.3b), respectively. To be
more precise, they combine behaviors that are typical of continuous-time dynamical systems with behaviors that are typical of discrete-time dynamical systems.
Examples are given by systems that operate continuously, but experience a discontinuous change due to some impulsive stimulus, including some biological and
medical systems [9], multibody systems as in [42,235] that undergo, for instance,
instantaneous changes in velocity and momentum due to collisions, and many
motion control systems such as the ones considered in [40, 98, 158]. Due to this
mixed behavioral character, these kind of systems are called hybrid dynamical
systems, or just hybrid systems, a term used in this context for the first time
in [259]. In particular, hybrid system theory studies the behavior of dynamical
systems that exhibit characteristics of both continuous-time and discrete-time
dynamical systems, modeled through combining differential equations with difference equations [95–97, 123].
Following from this combined behavioral modeling, hybrid systems theory
compromises a large class of systems. As a result, a considerable amount of possible modeling techniques have been developed, see, e.g., [31,73] for an overview.
However, in this work, the specific class of jump-flow systems described in [95,96]
is considered, as it naturally applies to the in this work considered systems with
networked communication, see also Chapter 3 and beyond. In this section, the
considered modeling framework of such jump-flow hybrid systems is introduced,
after which the basic solution concept for this class of systems is described,
recalling some definitions from [96]. Finally, a short insight in sufficient (Lyapunov) conditions for asymptotic stability are given. For more details on hybrid
systems, the interested reader is referred to [95–97].

2.3.1

The modeling framework of a hybrid system

In this thesis, when considering a hybrid system it is assumed that its state
ξ ∈ X ⊆ Rmξ can change according to a differential equation ξ˙ = F (ξ) while
in the ‘flow’ set C ⊆ X (describing the flow of the hybrid system), and it can
change according to a difference equation ξ + = G(ξ) while in the ‘jump’ set
D (describing a jump of the hybrid system) with the notation ξ + = ξ(t+ ) =
limτ ↓t ξ(τ ) representing the state of the system after a ‘jump’ of this state,
see for more details [96]. Combining the above, it follows that the modeling
framework of a hybrid system is represented by
H∶ {

ξ˙ = F (ξ), when ξ ∈ C
ξ + = G(ξ), when ξ ∈ D

(2.4)
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with the set of initial conditions given by X0 ⊆ C ∪ D ⊆ X, where F is the flow
map and G the jump map. Note here that, for consistency in the model, it is
often required that F and G have nonempty values on C and D, respectively [96].
Moreover, it is generally assumed that the sets C and D are closed sets and that
F and G are continuous.
Since hybrid systems are the combination of continuous-time and discretetime systems, defining a solution is not straight-forward. In fact, a complete
new solution concept needs to be introduced.

2.3.2

Solution concept

In continuous-time systems, solutions are parameterized on the domain t ∈ R≥0
(by time), and in discrete-time systems solutions are parameterized on the domain j ∈ N0 (number of jumps or discrete steps). As such, it would only be
natural to assume that for hybrid systems solutions can be parameterized by
both t ∈ R≥0 and j ∈ N0 . However, it should be noted that only certain subsets
of R≥0 × N0 can correspond to evolutions of hybrid systems, i.e., solutions to hybrid systems can only be defined on so-called hybrid time domains. In particular,
consider the following definitions from [96].
Definition 2.11a A subset E ⊂ R≥0 × N0 is a compact hybrid time domain if
E = ⋃J−1
j=0 ([tj , tj+1 ] × {j}) for some finite sequence of times 0 = t0 ≤ t1 ≤ . . . ≤ tJ .
Definition 2.11b A hybrid time domain is any set E ⊂ R≥0 × N0 such that for
all (T, J) ∈ E, E ∩ ([0, T ] × {0, 1, . . . , J}) is a compact hybrid domain.
In Figure 2.2(a) an example of a hybrid time domain E is shown, given by the
sequence of times 0 = t0 < t1 < t2 = t3 < t4 . The figure suggests that for each
hybrid time domain E, there is a natural (lexicographical) way of ordering the
hybrid times, i.e., given (t, i), (t̄, j) ∈ E, t̄ + j ≥ t + i implies that either t̄ > t or
t = t̄ and j ≥ i, see [96, Section 2.2].

J

ξ(t; j)

j
3

ξ(0; 0)

2
0

1

t1

t 2 = t3

t4
t

1

0

t1

t 2 = t3

t4 t

T
(a) A hybrid time domain E. For the point
(T, J) ∈ E, the set E ∩ ([0, T ] × {0, 1, . . . , J})
is a compact hybrid time domain.

2
j

dom ξ

3

(b) Hybrid arc ξ with its corresponding hybrid time domain dom ξ.

Figure 2.2: Illustrations of a hybrid time domain and a hybrid arc from [96].
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With these definitions in place, it is possible to, similar to continuous-time
or discrete-time systems, define the solutions of a hybrid system on this hybrid
time domain. To this end, first the concept of hybrid arcs or trajectories is
introduced [96].
Definition 2.12a A hybrid arc is a function ξ ∶ dom ξ → X defined on its hybrid
time domain dom ξ that is is locally absolutely continuous in t on the interval
Ij ∶= (dom ξ) ∩ (R≥0 × {j}) = {t ∣ (t, j) ∈ dom ξ} for each j ∈ N0 .
Definition 2.12b A hybrid arc ξ ∈ X is a solution to the hybrid system H of
(2.4) with initial state set X0 if ξ(0, 0) ∈ X0 and the following holds:
• Flow Condition
For all j ∈ N0 such that Ij ∶= {t ∣ (t, j) ∈ dom ξ} has nonempty interior Ij0 ,
˙ j) = F (ξ(t, j)) for almost all t ∈ Ij
ξ(t, j) ∈ C for all t ∈ Ij0 , and ξ(t,
• Jump condition
For all (t, j) ∈ dom ξ such that (t, j +1) ∈ dom ξ, ξ(t, j) ∈ D, and ξ(t, j +1) =
G(ξ(t, j)).
Figure 2.2(b) shows a graph of a hybrid arc ξ with its hybrid time domain dom ξ.
Observe also that ξ(t, j + 1) is thus denoted as ξ + in (2.4). In addition, using the
above definitions, certain classes of hybrid arcs/solutions can be defined based
on the structure of their domains as discussed in [95, 96]. That is, a solution ξ
is, for instance, called maximal, if there does not exist another solution ξ˜ such
˜ j) for all (t, j) ∈ dom ξ. Moreover, given a
that dom ξ ⊂ dom ξ˜ and ξ(t, j) = ξ(t,
hybrid arc ξ with its hybrid time domain dom ξ, define
sup (dom ξ) ∶= sup{t ∈ R≥0 ∣ ∃j ∈ N0 such that (t, j) ∈ dom ξ}
t

sup (dom ξ) ∶= sup{j ∈ N0 ∣ ∃t ∈ R≥0 such that (t, j) ∈ dom ξ}.
j

That is, the operations supt and supj on dom ξ return the supremum of the t
and j coordinates of points in dom ξ, respectively. Furthermore, let
length(dom ξ) ∶= sup (dom ξ) + sup (dom ξ) .
t

j

It is now possible to define solutions ξ to H that are called complete when
dom ξ is unbounded, i.e., if length (dom ξ) = ∞, that are called t-complete
if supt (dom ξ) = ∞, and that are called Zeno when they are complete with
supt (dom ξ) < ∞. For a detailed description and interpretation of these concepts, the interested reader is referred to [96].
With the solution concept to a hybrid system H now defined, it is possible to
discuss stability of a hybrid system and the conditions needed to guarantee it.
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Remark 2.1 The absolute continuity requirement in Definition 2.12a above is
only relevant for those intervals Ij that have nonempty interiors, i.e., local absolute continuity of t → ξ(t, j) means that t → ξ(t, j) is absolutely continuous on
each compact subinterval of Ij .

2.3.3

Uniform global asymptotic (or exponential) stability

Asymptotic (or exponential) stability is a fundamental property of dynamical
systems, one that is usually desired in natural and engineered systems. For
hybrid systems, stability of a closed set, rather than of an equilibrium point, is
significant since the solutions of a hybrid system often do not settle down to an
equilibrium point. For example, as is shown in [50] for the class of networked
control systems, certain states represent the usage of timers and/or counters,
which often do not converge to a single point. However, when desired, stability
of an equilibrium point (a closed set containing a single point) is merely a special
case of stability of a closed set. Therefore, asymptotic and exponential stability
of a hybrid system are defined as follows [96].
Definition 2.13 Consider the hybrid system H on X given by (2.4) and consider
a closed set E ⊆ X0 . Then the set E is said to be uniformly globally asymptotically stable (UGAS), if there exists a function β ∈ KL such that for any initial
condition ξ(0, 0) ∈ X0 , all corresponding maximal solutions ξ are complete and
satisfy for all (t, j) ∈ dom ξ
∣ξ(t, j)∣E ≤ β (∣ξ(0, 0)∣E , t + j) .
Moreover, if β ∈ exp-KL, then the set E is uniformly globally exponentially stable
(UGES).
A fundamental tool now in the stability analysis for hybrid systems is the use of
Lyapunov theorems and its corresponding Lyapunov function. Therefore, sufficient Lyapunov conditions are formulated that guarantee uniform global asymptotic stability for the hybrid system H. This is summarized in the following
theorem.
Theorem 2.1 Consider the hybrid system H on X given by (2.4) and consider
a closed set E ⊆ X0 . If there exists a (Lyapunov) function U ∶ X → R≥0 for H
that is locally Lipschitz and there exist functions αU , αU ∈ K∞ , and % ∈ PD such
that for (almost) all ξ ∈ X
αU (∣ξ∣E ) ≤ U (ξ) ≤ αU (∣ξ∣E )
∂U (ξ)
F (ξ) ≤ −%(∣ξ∣E )
∂ξ
U (G(ξ)) − U (ξ) ≤ −%(∣ξ∣E )

⟨∇U (ξ), F (ξ)⟩ =

(2.5a)
when ξ ∈ C

(2.5b)

when ξ ∈ D,

(2.5c)
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then the set E is UGAS. If, in addition, there exist strictly positive constants
αcU , αcU and ε such that for all ξ ∈ X it holds that αcU ∣ξ∣2E ≤ U (ξ) ≤ αcU ∣ξ∣2E and
%(r) ≥ εr2 for r ∈ R>0 , then the set E is UGES.
The proof follows from the results in [96]. The conditions (2.5) are called Lyapunov conditions. The first condition is used to prove that the fucntion U is
radially unbounded. In particular, condition (2.5a) holds if and only if U (ξ) = 0
for all ξ ∈ E, U (ξ) > 0 for all ξ ∉ E and U (ξ) grows unbounded as ξ ∈ X grows unbounded. Conditions (2.5b) and (2.5c) guarantee that the Lyapunov function U
is strictly decreasing during flows and jumps, respectively, of the hybrid system.
The concept of hybrid systems as introduced in this section including its
Lyapunov based stability theorem will form the basis for the modeling framework
of the systems with networked communication.
Remark 2.2 It should be noted that the sufficient Lyapunov conditions (2.5)
can be relaxed when additional knowledge regarding the behavior of the solutions
is available, see also [96, Section 3.3]. Indeed, UGAS of the set E is guaranteed
as long as the Lyapunov function decreases, along solutions, over sufficiently
long hybrid time intervals. For example, this can be the case if the Lyapunov
function is nonincreasing during jumps, strictly decreasing during flows, and the
solutions are t-complete, which is the case for NCSs, see [50].

2.4

Conclusion

In this chapter, standard notations, definitions and principles have been introduced such that the used terminology in this report is clear and unambiguous.
Moreover, an introduction to the class of hybrid systems was provided by means
of introducing its modeling framework, defining solutions to this class of systems, and formulating Lyapunov based conditions such that UGAS/UGES for
the hybrid system is guaranteed.
In the following chapters, the concepts as provided in this chapter will form
the basis and the starting point for the derivation of novel stability theorems
for complex system configurations where plants and/or controllers communicate
with each other via communication networks.

Part II

Exploiting structure in the
analysis of NCSs
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3

Spatially Invariant Systems with
Networked Communication

A Stability and Performance Analysis for Infinite Interconnections

“Infinity is an illusion, we are just too lazy to count...”
— Andy Flynn

The control of large-scale systems consisting of a number of similar interconnected units or subsystems is gaining more and more attention in recent years.
However, one of the main underlying assumptions hereby often is that the communication between the subsystems is perfect (i.e., continuous), where as in
many applications this assumption does not hold. Although, as discussed in, e.g.,
Chapter 1, a vast literature on such ‘networked’ systems exists, tractable analysis and design tools for interconnections of an extremely large or even an infinite
number of (identical) subsystems that interact using packet-based communication networks, which operate independently and asynchronously, hardly exist.
In this chapter, we therefore study this particular problem by considering interconnections consisting of an infinite number of spatially invariant, i.e., identical, subsystems (partly) interconnected through communication networks. After
providing a more elaborated introduction and some preliminaries in Sections 3.1
and 3.2, the class of systems considered in this chapter is described in Section
3.3. In Section 3.4 (global) conditions guaranteeing stability and performance
are presented, after which these conditions are reformulated in Section 3.5 in
terms of local conditions. Moreover, by looking at the specific case of linear
subsystems, it is possible to reformulate the conditions into LMIs, as shown in
Section 3.6. Finally, in Sections 3.7 and 3.8, various extensions and numerical
examples are provided, and in Section 3.9 some concluding remarks are given.
This chapter is based on [113], which is a significant extension of the preliminary work [111].
Moreover, results from [112] and [115] are summarized in this chapter
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Introduction

Many (large-scale) systems consist of interconnections of similar units or subsystems that only interact with their nearest neighbors. Examples of such ‘systems
of systems’ include airplane formation flight as described in [55, 260], microcantilever array control for massively parallel data storage [183], flocks of systems from [41], cross-directional control in paper processing applications [236],
satellite constellations [228], vehicle platooning, see, e.g., [144,185,202,203,208–
210, 246], and so on. Despite that these units often exhibit simple behavior and
interact with their neighbors in a predictable fashion, the resulting overall system often shows rich and complex behavior. Analysis and control design for
these systems based on global monolithic models encounter severe limitations if
many (or even an infinite number of) subsystems are interconnected due to the
very high dimensionality of the system and large number of inputs and outputs.
Therefore, a considerable amount of research effort has been targeted on
analysis methods that aim to guarantee global system properties based on local
conditions on the subsystems and information about the interconnection structure. An interesting line of work in this direction, considering interconnections of
an infinite number of subsystems, is given by [21,69]. There are two main reasons
to consider such infinite-dimensional systems. As was pointed out in [21], but
also in [174], infinite approximations may be adequate to analyze interconnections consisting of a large number of subsystems. Another reason for considering
infinite interconnections is that its properties are inherited by periodic or finite
interconnections with boundary conditions [70,152,153], as we will also discuss in
Section 3.7. The focus in [21,69] is on studying spatially invariant, i.e., identical,
linear subsystems and deriving local LMI-based conditions that, together with
specific interconnection structures, lead to uniform global exponential stability
(UGES) and L2 -stability guarantees for the overall interconnected system.
One of the main underlying assumptions in [21,69] is that the communication
between the units or subsystems is perfect in the sense that there is a continuous
exchange of information between the subsystems. However, in many applications, including autonomously driving platoons of vehicles in which the communication between the cars occurs over a wireless packet-based medium [203],
this assumption does not hold. In such systems with communication networks,
network-induced artifacts such as time-varying transmission intervals (possibly due to packet losses or channel unavailability) and transmission delays are
present next to scheduling protocols that determine which sensor, controller, or
actuator node is allowed to communicate at a certain transmission time. Although a vast literature on such networked control systems (NCSs) exists, see,
for instance, [24, 124], tractable analysis and design tools for interconnections
of an extremely large or even an infinite number of (spatially invariant) systems that interact using packet-based communication networks, which operate
independently and asynchronously, hardly exist.
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In this chapter, we study this particular problem, starting from a general
setup consisting of an infinite number of spatially invariant (i.e., identical) subsystems described by (non)linear differential equations where the subsystems
and/or controllers communicate with each other via (wireless) packet-based communication networks, see Section 3.3. These local communication networks are
subject to time-varying transmission intervals and scheduling protocols, such
as the well-known round-robin (RR), sampled-data (SD), and try-once-discard
(TOD) protocols, to determine the network access. Inspired by the research
line [50, 110, 192, 251], the overall system is modeled as an interconnection of an
infinite number of spatially invariant hybrid subsystems. For this type of infinitedimensional hybrid systems, we introduce a proper solution concept, which is
needed as many standard concepts do not apply due to the fact that Zeno behavior (an in infinite number of jumps in an infinite time interval) is inevitable
because of the infinite dimensionality of the systems under study, as will be explained in detail in Section 3.4.1. To illustrate the type of systems considered,
two well-known and natural system configurations are modeled according to
this general hybrid systems framework. Based on this hybrid modeling setup, in
Section 3.4 a maximal allowable transmission interval (MATI) for all of the individual communication networks is provided such that uniform global asymptotic
stability (UGAS) or Lp -stability of the overall system is guaranteed. Moreover,
as shown in Section 3.5, by exploiting the interconnection structure, the conditions guaranteeing UGAS and Lp -stability of the overall infinite-dimensional
system can be stated locally in the sense that they only involve the (local)
dynamics of one subsystem in the interconnection and local conditions on the
protocol. In addition, we show in Section 3.6 that for the case of linear subsystems the derived conditions can be stated in terms of ‘local’ LMIs making
them amenable for computational verification. Here, we will also show to what
extend our results are related to the original results from [69] (being the case
of linear subsystems with ideal communication). In particular, it is shown that
the obtained performance analysis from Section 3.6 leads to the insight that the
condition for L2 -stability for the ideal communication case as derived in [69]
will already be sufficient to guarantee robustness of the L2 -stability property for
the non-idealness, packet-based communication case (i.e., for sufficiently small
MATI, the same L2 -performance guarantees are obtained as guaranteed for the
ideal communication case). Finally, various extensions will be discussed in Section 3.7 for the packet-based communication case, where we in particular show
that the properties of the infinite interconnection are inherited by periodic interconnections and finite interconnections with boundary conditions. This will
underline the generic nature of the obtained hybrid modeling framework and the
novel analysis and bring the theory closer to practical applications. Additionally, in Section 3.8 the effectiveness of the obtained results is illustrated through
various (linear and nonlinear) numerical examples.
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Preliminaries

As in this chapter the state-space of the considered systems is infinite-dimensional,
as we will see below, we need to introduce some additional definitions to the
ones already introduced in Chapter 2. In particular, we extend the definition
of Lipschitz continuity of Definition 2.5f. That is, given a Banach space X,
a function f ∶ X → X is said to be locally Lipschitz continuous if for each
x0 ∈ X there exists constants δ, L > 0 such that for all x ∈ X we have that
∥x − x0 ∥X ≤ δ ⇒ ∥f (x) − f (x0 )∥X ≤ L ∥x − x0 ∥X , where ∥⋅∥X denotes the norm
in X, see also [215]. Moreover, we recall some definitions from [69]. Since the
considered variables are often considered at a fixed time, it is convenient to
separate the spatial and the temporal parts of it.
Definition 3.1a The space `L,n is the set of functions mapping ZL to Rn .
Definition 3.1b The space `L,n
is the set of functions x ∈ `L,n for which it
2
holds that
⊺
∑ ⋯ ∑ x(s) x(s) < ∞,
s1 ∈Z

sL ∈Z

equipped with the inner product ⟨⋅, ⋅⟩`2 for x, y ∈ `L,n
defined as
2
⟨x, y⟩`2 ∶= ∑ ⋯ ∑ x(s)⊺ y(s),
s1 ∈Z

sL ∈Z

√
and the corresponding norm as ∥x∥` ∶=
2

⟨x, x⟩`2 .

When the dimensions L and n are clear from context or not relevant, we sometimes write `L,n
as `2 .
2
Definition 3.2 The space Lp for 1 ≤ p < ∞ is the set of functions
p
∞
φ mapping R≥0 to `2 for which ∫0 ∥φ(t)∥` dt < ∞. Moreover, for any φ ∈ Lp
2
we define the corresponding Lp -norm as
∞

∥φ∥L ∶= (∫
p

0

p

1/p

∥φ(t)∥` dt)

< ∞.

2

We will consider variables d ∈ Lp that are vector-valued functions indexed by L+1
independent variables, i.e., d = d(t, s1 , . . . , sL ), where t ∈ R≥0 is the (continuous)
time and s1 , s2 , . . . , sL ∈ Z are the spatial variables. The L-tuple (s1 , s2 , . . . , sL )
is denoted by s. For fixed t ∈ R≥0 and s ∈ ZL , a variable d(t) can be considered
as an element of `L,n or `L,n
and d(t, s) as an element of Rn , i.e., a real-valued
2
vector. For ease of notation, t is often omitted when considering such variables,
however, from the context it will be clear which space is considered. The spatial
shift operators Si , acting on functions in `L,n
2 , are now for i = 1, 2, . . . , L defined as
(Si d) (s) ∶= d (s1 , . . . , si−1 , si + 1, si+1 , . . . , sL ) .
In the case that L = 1, which we consider mainly in this chapter, we denote S1
also as S.
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3.3

System Description

In this section, the considered class of systems is introduced. The overall system
consists of an infinite number of identical subsystems, i.e., ‘basic building blocks’,
see Figure 3.1(a). These subsystems are interconnected according to a particular
structure as indicated in Figure 3.1(b), as was also considered in [69]. For
simplicity of exposition we mainly focus in this chapter on the interconnection
structure as in Figure 3.1(b), but other interconnections as in [69, 70, 152, 153]
can be considered in a similar manner, see also Section 3.7 below.

(a) Basic building block.

(b) Infinite interconnection.

Figure 3.1: Spatially invariant interconnected systems in one spatial dimension from [69].

Often when spatially interconnected systems are considered, the communication is assumed to be perfect and infinitely fast [21, 69, 144]. However, in
many situations this assumption is not valid and the interconnection is based
on packet-based communication networks, see, e.g., [50, 110, 192, 251]. Below,
we consider two system configurations, which are natural in many applications,
and that will lead us to a unified hybrid system description. Indeed, our main
results in Section 3.4 and 3.5 are based on this hybrid modeling setup, which
applies for the two system configurations introduced now:
S1) Spatially invariant interconnected systems with networked communication,
which is an extension of the configuration considered in [69] as it includes
packet-based communication, see Figure 3.2. Such a system configuration
is, for instance, applicable for platoons of vehicles;

H(s)

v+ (s-1)

d(s-1)
z(s-1)

Network N (s)
v− (s-1)

P(s − 1)
w− (s-1)

w+ (s-1)

Network N (s − 1)

w− (s)

w+ (s)

P(s)
v+ (s) z(s) d(s) v− (s)

v+ (s+1)
d(s+1)
v− (s+1)
z(s+1)

P(s + 1)

w− (s+1)

w+ (s+1)

Network N (s + 1)

Figure 3.2: Infinite networked interconnection, where each subsystem P(s), s ∈ Z, has its own
network N (s) to communicate with its neighbors. The overall ‘networked’ (hybrid) subsystem
H(s) is the combination of subsystem P(s) and its network N (s).
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S2) Spatially invariant interconnected networked control systems, which is an
extension to the configurations considered in [69, 108]. It extends [69] as,
again, packet-based communication is used introducing network-induced
imperfections. It extends [108] as it considers an infinite number of components and exploits spatial invariance, see Figure 3.3. Large-scale systems
can for instance be captured in this system configuration.
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C(s)
u(s)

û(s)

ŷ(s)

N (s)
y(s)

w+ (s-1) = v+ (s)
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v− (s-1) = w− (s)
d(s-1)

z(s)

C(s+1)
u(s+1)

û(s+1)

ŷ(s+1)

N (s+1)
y(s+1)
w+ (s+1)

w+ (s) = v+ (s+1)

P(s)

v− (s) = w− (s+1)
d(s)

P(s+1)

z(s+1)

v− (s+1)

d(s+1)

Figure 3.3: Infinite interconnection, where each subsystem P(s) has its own network N (s) to
communicate with its controller C(s), s ∈ Z. The overall ‘networked’ (hybrid) subsystem H(s)
is the combination of subsystem P(s), its controller C(s), and its network N (s).

Note that in S1 the interconnection between the subsystems P(s), s ∈ Z, always
occurs via packet-based networks, while in S2 the interconnection of P(s), s ∈ Z,
is via physical couplings, only the communication with its controller is realized
via a network. For both system configurations we now show that they can be
written in the same unifying and general hybrid modeling framework.

3.3.1

Spatially invariant interconnected systems with networked communication (S1)

In contrast to [69], here the communication between the subsystems is not continuous and perfect, but occurs via packet-based (wireless) communication networks that operate asynchronously and independently [34, 50, 110, 192, 251], as
shown in Figure 3.2.
To introduce the overall modeling setup, we start by providing the dynamical
model describing a single subsystem P(s) in the interconnection indexed by
s ∈ Z. This is given by
⎡ ẋ(s) ⎤ ⎡f (x(s), v(s), d(s))⎤
⎢
⎥ ⎢ p
⎥
⎢
⎥ ⎢
⎥
gp (x(s))
⎥,
P(s) ∶ ⎢w(s)⎥ = ⎢
⎢
⎥ ⎢
⎥
⎢ z(s) ⎥ ⎢qp (x(s), v(s), d(s))⎥
⎣
⎦ ⎣
⎦

(3.1)
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0
, and
with the initial condition x(0, s) = x0 (s) ∈ Rm0 , s ∈ Z, where x0 ∈ `1,m
2

v (s)
v(s) = [ + ]
v− (s)

and w(s) = [

w+ (s)
],
w− (s)

(3.2)

where x(s) ∈ Rm0 denotes the state, v+ (s) ∈ Rm+ and v− (s) ∈ Rm− the interconnected inputs, w+ (s) ∈ Rm+ and w− (s) ∈ Rm− the interconnected outputs,
d(s) ∈ Rmd the external (disturbance) input, and z(s) ∈ Rmz the performance
output of subsystem P(s), s ∈ Z. Hence, fp ∶ Rm0 × Rm+ +m− × Rmd → Rm0 ,
gp ∶ Rm0 → Rm+ +m− , and qp ∶ Rm0 × Rm+ +m− × Rmd → Rmz are (non)linear mappings, where it is assumed that fp is sufficiently smooth (which will be detailed
further in Subsection 3.4.1), and that gp is continuously differentiable. Note that
0
x ∈ `1,m
denotes the state of the overall system, that v+ (s) and w+ (s) have the
2
same size, and that v− (s) and w− (s) have the same size.
Based on identical copies of the building block (3.1)-(3.2), the infinite interconnection of Figure 3.1(b) (or Figure 3.2) is obtained by defining
v+ (s) = ŵ+ (s − 1)

and v− (s) = ŵ− (s + 1),

(3.3)

where, contrary to [69], ŵ+ (s) and ŵ− (s) are typically not equal to w+ (s) and
w− (s), but are their networked values, i.e., the latest broadcast values of w+ (s)
and w− (s), respectively, as will be explained below in more detail.
Define m ∶= (m+ , m− ), and define in a similar fashion as in [69] the structured
+ +m−
+ +m−
+ +m−
operator ∆S,m ∶ `1,m
→ `1,m
for r = (r+ , r− ) ∈ `1,m
as
2
2
2
[Im+ 0] (S−1 r) (s)
r (s − 1)
]=[ +
].
(∆S,m r) (s) = [
r− (s + 1)
[0 Im− ] (Sr) (s)

(3.4)

By using this operator, the interconnection (3.3) can be compactly expressed for
every s ∈ Z as
v(s) = (∆S,m ŵ) (s).
(3.5)
To complete the modeling framework, consider now a subsystem P(s) with
its own local network N (s), s ∈ Z, to communicate with its neighbors and
its own collection of transmission/sampling times tsjs , j s ∈ N0 , which satisfy
0 ≤ ts0 < ts1 < ts2 < . . .. Note that all subsystems communicate asynchronously and
independently, as each of them has its own sequence of transmission times. For
the subsystem P(s), (parts of) the output w(s) are sampled and transmitted
over the network, at such a transmission time tsjs . However, the (local) communication network N (s) is typically subdivided into several sensor, actuator
and/or controller nodes, where each node corresponds to a subset of the entries
in w(s) (and thus ŵ(s)). Hence, a scheduling protocol that determines which
of the nodes in the network is granted access to the network at a transmission
time is needed, see also [50, 110, 192]. At a transmission time tsjs for subsystem
P(s), s ∈ Z, the networked values are updated according to
+

ŵ ((tsjs ) , s) = w (tsjs , s) + h (j s , e (tsjs , s)) ,

(3.6)
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where e(s) denotes the local network-induced error defined by
ŵ (s) − w+ (s)
e (s)
e(s) ∶= ŵ(s) − w(s) = [ +
] =∶ [ + ] ,
ŵ− (s) − w− (s)
e− (s)

(3.7)

where we have split the error e(s) according to (3.2) into e+ (s) and e− (s),
s ∈ Z. Note that we followed here the same method for modeling the scheduling
protocols as described in [50, 110, 192] based on the protocol function h ∶ N0 ×
Rm+ +m− → Rm+ +m− , which can be used to describe, e.g., the RR and TOD
protocol, and several others, see [192, 193]. Indeed, in (3.6) it is determined on
the basis of the local transmission counter j s and the local network error e (tsjs , s)
which node is allowed to communicate and typically the corresponding entries in
h are zero, see [50,110,192] for a detailed description. Note that we used here the
notation r(t+ ) = limτ ↓t r(τ ) for t ∈ R≥0 and we assume the signals ŵ to be leftcontinuous in the sense that for all t ∈ R>0 and all s ∈ Z, ŵ(t, s) = limτ ↑t ŵ(τ, s)
and ŵ(0, s) is given as an initial condition.
The transmission times satisfy for all j s ∈ N0 , s ∈ Z,
τmiati ≤ tsjs +1 − tsjs ≤ τmati ,

(3.8)

where τmiati ∈ R≥0 denotes the minimal allowable transmission interval (MIATI)
and τmati ∈ R≥0 the maximal allowable transmission interval (MATI) for the
network corresponding to the subsystem at location s ∈ Z such that 0 < τmiati ≤
τmati . It should be noted that τmiati can be taken arbitrarily small since it is
only imposed to prevent Zeno behavior (at least locally) [151], see also Section
3.4.1. However, due to hardware limitations in reality such a lower bound τmiati
on the transmission intervals always exists. Moreover, knowledge of the MIATI
can be exploited to improve the MATI as will be shown in Chapter 7. Finally,
it is assumed that each network operates in a zero-order-hold (ZOH) fashion,
in the sense that ŵ does not change between transmissions, although this can
easily be modified if desired, see [192].
Based on the above setup, each pair (P(s), N (s)) can be rewritten into
the hybrid system formalism advocated in [192]. To do so, the interconnection
variables w need to be eliminated in the state and error dynamics. From (3.1),
(3.3) and (3.7) it follows that
v(s) = (∆S,m e) (s) + (∆S,m w) (s)
with w(s) = gp (x(s)). Next, similar to [50, 110, 192, 251], we introduce for every
fixed s ∈ Z the timers τ (s) ∈ R≥0 , which keep track of the amount of time elapsed
since the last transmission for each pair (P(s), N (s)) and are reset to zero after
a new transmission corresponding to the pair (P(s), N (s)) has occurred, and the
counters κ(s) ∈ N0 , which keep track of the number of transmissions for each pair
(P(s), N (s)) and are needed to implement certain scheduling protocols. Now
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using these auxiliary variables, each ‘networked’ subsystem can be expressed as
a hybrid system [96] (see Remark 3.1 for details) given by
⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
H(s) ∶ ⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

ẋ(s) = f (x, e, d)(s) ⎫
⎪
⎪
⎪
⎪
⎪
ė(s) = g(x, e, d)(s) ⎪
⎪
⎬ when τ (s) ∈ [0, τmati ]
⎪
τ̇ (s) = 1
⎪
⎪
⎪
⎪
⎪
⎪
κ̇(s) = 0
⎭
+
⎫
x (s) = x(s)
⎪
⎪
⎪
⎪
+
⎪
e (s) = h (κ(s), e(s)) ⎪
⎪
⎬ when τ (s) ∈ [τmiati , τmati ]
+
⎪
τ (s) = 0
⎪
⎪
⎪
⎪
+
⎪
⎪
κ (s) = κ(s) + 1
⎭

(3.9)

with the new state of the subsystem indexed by s ∈ Z given by
ξ(s) ∶= (x(s), e(s), τ (s), κ(s))
and the output equation
z(s) = q (x, e, d) (s),

(3.10)

where we have that
f (x, e, d)(s) = fp (x(s), (∆S,m e) (s) + (∆S,m w) (s), d(s))

(3.11a)

∂gp (x(s))
fp (x(s), (∆S,m e) (s) + (∆S,m w) (s), d(s)) (3.11b)
g(x, e, d)(s) = −
∂x(s)
q(x, e, d)(s) = qp (x(s), (∆S,m e) (s) + (∆S,m w) (s), d(s))
(3.11c)
0
with w(s) = gp (x(s)). We assume that fp , gp , and qp are such that f ∶ `1,m
×
2
1,me
1,md
1,m0
1,m0
1,md
1,me
1,m0
1,me
1,md
1,mz
`2 ×`2
→ `2 , g ∶ `2 ×`2
→ `2 , and q ∶ `2 ×`2 ×`2
→ `2
with me = m+ + m− . The overall interconnection as depicted in Figure 3.2 is now
described by the hybrid system H as depicted in Figure 3.4, being the infinite
interconnection of subsystems H(s), s ∈ Z, given by (3.9). As such, we thus have
that the overall hybrid system H is infinite-dimensional.

H(s-1)
z(s-1)

d(s-1)

ŵ+ (s-1)

=

v+ (s)

v− (s-1)

=

ŵ− (s)

H(s)
z(s)

d(s)

ŵ+ (s)

=

v− (s)

= ŵ− (s+1)

v+ (s+1)

H(s+1)

z(s+1)
d(s+1)

Figure 3.4: The infinite interconnection of the hybrid dynamical subsystems H(s), s ∈ Z, given
by (3.9)-(3.10) with (3.11), where each (sub)system H(s) has its own external input and output
variables d(s) and z(s), respectively. The interconnection for each subsystem is defined by the
interconnection variables v(s) = (v+ (s), v− (s)) and ŵ(s) = (ŵ+ (s), ŵ− (s)) by means of (3.5).
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Remark 3.1 Each hybrid subsystem H(s) given by (3.9), s ∈ Z, is typically
classified as a so-called jump-flow system [96], see also Section 2.3. Indeed,
we have a set of ‘flow’ dynamics, which describe the evolution of the subsystem between two consecutive transmission times, and a set of ‘jump’ dynamics,
which describe the update of the networked values. For these subsystems, it
should be noted that [0, τmati ] ∩ [δ, ∞) ≠ ∅, implying that we allow for nondeterminism in the jumps, i.e., at some time moments the subsystem H(s) can
either flow or jump. Hence, there is an uncertain duration between two consecutive transmissions. Such modeling complies with the uncertainty and varying
nature of the transmission intervals as stated in (3.8) due to, for instance, packet
losses or channel unavailability. For more details concerning this setup, we refer
to [50, 110, 192, 251].
Remark 3.2 Note that there are no direct-feedthrough terms in the networked
interconnection of (3.1), meaning that w(s) does not depend on v(s). This
condition is used to prevent that the jump of the subsystem s directly triggers a
jump in the network-induced errors e(s − 1) and/or e(s + 1) and thus possibly
jumps of the subsystems s − 1 and/or s + 1, respectively. A similar condition
was also adopted in the finite-dimensional case studied in, e.g., [50, 110, 192].
However, in Chapters 5 and 6 we will show how the analysis for NCSs can be
adapted to include such direct-feedthrough terms in the system setup. We also
assume in the considered setup that the (disturbance) input d(s) does not directly
influence the interconnection variables w(s) to reduce the complexity.

3.3.2

Spatially invariant interconnected NCSs (S2)

In this subsection, we introduce the modeling setup for the spatially invariant
interconnected NCSs. Consider hereto again the overall system consisting of an
infinite number of the spatially invariant NCSs, which are physically interconnected according to the structure shown in Figure 3.3.
As illustrated, we consider a decentralized controller configuration where each
continuous-time plant P(s) is given by
⎧
ẋp (s) = fp (xp (s), v(s), û(s), d(s))
⎪
⎪
⎪
⎪
⎪
⎪
⎪ w(s) = gp (xp (s), d(s)) + ASS v(s)
P(s) ∶ ⎨
⎪
y(s) = hp (xp (s))
⎪
⎪
⎪
⎪
⎪
⎪
⎩ z(s) = qp (xp (s), v(s), d(s))

(3.12)

1,mx

with the initial condition xp (0, s) = x0,p (s) ∈ Rmxp , s ∈ Z, and x0,p ∈ `2 p .
The linear operator ASS maps Rm+ +m− to Rm+ +m− , and again (3.2) is used to
describe the partitioning of the interconnection variables. In addition to the
already introduced variables, we now have that xp (s) ∈ Rmxp denotes the (local)
plant state, û(s) ∈ Rmu the most recently received local control input, and
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y(s) ∈ Rmy the local output of the plant P(s), s ∈ Z. Hence, fp ∶ Rmxp ×
Rm+ +m− × Rmu × Rmd → Rmxp , gp ∶ Rmxp × Rmd → Rm+ +m− , hp ∶ Rmxp → Rmy ,
and qp ∶ Rmxp × Rm+ +m− × Rmd → Rmz are again (non)linear mappings, where it
is assumed that fp is sufficiently smooth, see also Subsection 3.4.1 below, and
1,mx
hp is continuously differentiable. Note that here xp ∈ `2 p is used to denote
the overall state of the interconnected plants P(s), s ∈ Z.
Each plant P(s) is controlled by its own local controller C(s), which is connected to the plant via a local (independent) communication network N (s) as
shown in Figure 3.3. The controller C(s) is given by
ẋc (s) = fc (xc (s), ŷ(s))
C(s) ∶ {
u(s) = hc (xc (s)) ,

(3.13)

where xc (s) ∈ Rmc denotes the controller state, ŷ(s) ∈ Rmy the most recently
received output measurement of the plant, and u(s) ∈ Rmu the controller output
for controller C(s), s ∈ Z. Hence, fc ∶ Rmxc × Rmy → Rmxc and hc ∶ Rmxc → Rmu
are also (non)linear mappings, where it is assumed that fc is sufficiently smooth,
see Subsection 3.4.1, and hc is continuously differentiable. Notice that there are
no interconnections present between the local controllers and, as such, the control
setup is indeed of a decentralized nature.
Similar to (3.3), based on the identical subsystems described by (3.12), (3.13),
and the network N (s), the infinite interconnected system of Figure 3.1(b) is
obtained by defining
v+ (s) = w+ (s − 1)

and v− (s) = w− (s + 1),

(3.14)

which, by using (3.4), leads to the compact expression
v(s) = (∆S,m w) (s), s ∈ Z.

(3.15)

To complete the NCS setup it has to be explained how the communication
networks N (s) operate. Similar to the previously described configuration in
Subsection 3.3.1, these local networks all operate independently of each other,
i.e., each network N (s) has its own collection of transmission/sampling times
tsjs , j s ∈ N0 . At each of these transmission times tsjs (parts of) the output
y(s) and input u(s) are sampled and transmitted over the network N (s) to the
controller C(s) and plant P(s), respectively. A scheduling protocol determines
which of the nodes in the network is granted access to the network. After a
node is granted access to the network, it collects and transmits the values of
the corresponding entries in y (tsjs , s) and u (tsjs , s), which results in an update
according to
+

ŷ ((tsjs ) , s) = y (tsjs , s) + hy (j s , e (tsjs ))
+

û ((tsjs ) , s) = u (tsjs , s) + hu (j s , e (tsjs )) ,
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where the function h ∶= (hy , hu ) (with slight abuse of notation) models the (local)
scheduling protocol and where e(s), s ∈ Z, denotes the network-induced error
defined by
e (s)
ŷ(s) − y(s)
e(s) ∶= [ y ] = [
] , s ∈ Z.
(3.16)
eu (s)
û(s) − u(s)
For this configuration it is again assumed that the networks operate in a ZOH
fashion, and that the transmission times satisfy (3.8).
Now similar to the previous setup, each triple (P(s), C(s), N (s)) can be
rewritten in the format of a hybrid system of as in (3.9)-(3.10) by eliminating
the interconnection variables w. In particular, based on (3.12), (3.13), (3.14)
and (3.16) it follows that each ‘networked’ subsystem takes the same general
form of (3.9)-(3.10), with the state of the subsystem H(s) given by
ξ(s) = (x(s), e(s), τ (s), κ(s))
with x(s) = (xp (s), xc (s)), m0 = mxp + mxc , and me = my + mu . Moreover, the
(non)linear mappings f (x, e, d)(s) and g(x, e, d)(s) are, for s ∈ Z, given by
f (x (s), (∆S,m w) (s), hc (xc (s)) + eu (s), d(s))
f (x, e, d)(s) = [ p p
]
fc (xc (s), hp (xp (s)) + ey (s))

(3.17a)

⎤
⎡ ∂hp (xp (s))
⎢− ∂xp (s) fp (xp (s), (∆S,m w) (s), hc (xc (s)) + eu (s), d(s))⎥
⎥,
g(x, e, d)(s) = ⎢⎢
⎥
c (xc (s))
⎥
⎢
− ∂h∂x
fc (xc (s), hp (xp (s)) + ey (s))
(s)
c
⎦
⎣
(3.17b)
and for the output equation (3.10) we have in this case
q(x, e, d)(s) = qp (x(s), (∆S,m w) (s), d(s))
with

−1
w = (I˜m+ +m− − ÃSS ∆S,m ) g̃p (xp , d)

+ +m−
+ +m−
where ÃSS is the operator which maps `1,m
to `1,m
according
2
2

(ÃSS v) (s) = ASS v(s)
for all s ∈ Z, and I˜m+ +m− and g̃p (xp , d) are, respectively, the ‘diagonal’ operators
mapping `2 to `2 defined, for all s ∈ Z, by
g̃p (xp , d)(s) ∶= gp (xp (s), d(s))

and I˜m+ +m− (s) ∶= Im+ +m− .

Moreover, it is assumed that the inverse of (I˜m+ +m− − ÃSS ∆S,m ) exists, which,
for instance, can be guaranteed by requiring that there are no direct-feed-through
terms (ASS = 0). For more details, we refer to [69].
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Remark 3.3 For simplicity of exposition, we focus here on the control configuration as in Figure 3.3. However, the results presented in this work also apply to
other configurations such as the case of static state feedback control and the case
where either û(s) = u(s) or ŷ(s) = y(s), s ∈ Z, meaning that the corresponding
signals are not transmitted over a packet-based communication network, but are
continuously available. Also the case where (parts of ) u(s) and y(s) are transmitted over different networks as described in [34] fits our analysis methods.
These configurations can all be captured in the same hybrid model (3.9)-(3.10)
on which our stability and performance results will be based. To illustrate the
generality of the framework based on (3.9)-(3.10), we will consider a numerical
example in which û(s) = u(s) for all s ∈ Z in Section 3.8.2.

3.4

Stability and Performance Analysis

In the previous section it has been shown that both system configurations of Figures 3.2 and 3.3 can be reformulated into the general hybrid modeling framework
(3.9)-(3.10), which also encompasses several other configurations of interest as
mentioned in Remark 3.3. Using this framework for spatially invariant interconnected networked systems, conditions for stability and performance are derived
in this section using Lyapunov-based arguments. However, before these concepts
can be defined, we first need to define the notion of solutions for the class of
systems described by the interconnected hybrid systems H(s), s ∈ Z, of (3.9).

3.4.1

A novel solution concept

To define the notion of solutions for the overall system H composed of the hybrid
subsystems given by (3.9), we consider the (general) hybrid subsystem given for
s ∈ Z by
˙
ξ(s)
= F (ξ, d)(s), ξ(s) ∈ C
(3.18)
H(s) ∶ { +
ξ (s) ∈ G(ξ(s)) , ξ(s) ∈ D
1
with ξ = (ξc , ξd ) the state of the overall system where ξc ∈ `1,m
comprises the
2
(internal) dynamical states of the system like the plant and controller states
and the networked-induced error while ξd ∈ `1,m2 comprises (auxilary) states like
the timers and counters, and where d ∈ `21,md denotes an external (disturbance)
input. Note that ξd is typically not contained in `2 and therefore these states are
1
separated from ξc ∈ `1,m
. In (3.18) it is assumed that G ∶ Rm1 +m2 ⇉ Rm1 +m2 is a
2
1
1
set-valued function with corresponding operator G̃ ∶ `1,m
× `1,m2 ⇉ `1,m
× `1,m2
2
2
m1 +m2
defined as G̃(ξ)(s) = G(ξ(s)), C and D are closed subsets of R
, and that
1,m1
1,m2
1 +md
the function F ∶= (Fc , Fd ) with Fc ∶ `1,m
→
`
and
F
∶
`
→ `1,m2 .
d
2
2
Moreover, we assume that Fc is sufficiently smooth such that the dynamical
1
system ξ˙c = Fc (ξc , d) gives rise to solutions ξc with values in the space `1,m
.
2
In particular, it is assumed that the function Fc is locally Lipschitz in its first
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argument and continuous in its second argument such that the existence and
uniqueness of locally absolutely continuous solutions ξc are guaranteed for a
1
given initial state ξc (0) ∈ `1,m
and disturbance signals d ∈ Lp [67, 142, 215].
2
Note that (3.9) is indeed of the form (3.18). The overall system H is thus
composed of the infinite number of subsystems H(s), all given by (3.18).
Remark 3.4 Other examples that can (possibly) be modeled as in infinite interconnection of the general hybrid subsystem (3.18) can been found in, e.g., the
medical and biological applications. In particular, one can for instance use the
modeling framework to approximate the classical example of the synchronization
of an enormous number of fireflies or for the modeling of cellular processes and
biological signalling networks, to overcome the various difficulties that the large
amount of subsystems introduce, see, e.g., [92] and [168].
When we now want to define solutions for such infinite-dimensional hybrid
systems for all times t ∈ [0, ∞), in general, hybrid solution concepts as in the
literature do not apply, including the ones proposed in [96, 166]. This is because Zeno behavior (an infinite number of jumps in a finite time interval) is
inevitable for these infinite interconnections, see also Remark 3.5 below. That is,
although local Zeno behavior is prevented from occurring as mentioned in Section 3.3, global Zeno behavior cannot be prevented due to the infinite number of
subsystems with an upper bound on the time elapse in the flow phases, i.e., in
between two consecutive jumps (cf. (3.8)), see also Remark 3.6. Clearly, as many
analysis techniques (including Lyapunov) rely on arguments about the system
behavior along an execution, we would like to define the solutions beyond such
Zeno points, which is not directly possible for the classical solution concepts as
in [96, 166] which define solutions only up to Zeno points, but not beyond.
As a result, appropriate extensions are needed. In, for instance, [139] and
[273], such extensions of the solutions beyond Zeno points have already been investigated for finite-dimensional (hybrid) systems by using regularization techniques. Unfortunately, such techniques require physical knowledge of the systems
under study as the solutions depend on the choices of regularizations and are
primarily only for the purpose of simulation. As such, inspired by [109], we introduce a novel, but natural solution concept which allows us to define solutions
beyond these Zeno points, i.e., solutions can be defined for all times t ∈ R≥0 .
Consider hereto the following definitions.
Definition 3.3 A point τ ∈ R ⊂ R is called a right-accumulation point of R if
there exists a sequence {τi }i∈N0 such that τi ∈ R and τi < τ for all i ∈ N0 and,
furthermore, limi→∞ τi = τ . A left-accumulation point is defined similarly by
interchanging ‘<’ with ‘>’. A set R ⊂ R is called right-isolated if it contains no
left-accumulation points. Hence, we say that R is right-isolated if for all τ ∈ R
it holds that there is an ε > 0 such that (τ, τ + ε) ∩ R = ∅.
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Definition 3.4 A pair (R, ξ), where R is a right-isolated closed subset of [0, T ),
ξ ∶ [0, T )/R → `21,m1 × `1,m2 ,
is a solution to the overall system H composed of the subsystems H(s) given by
1
× `1,m2
(3.18), s ∈ Z, on [0, T ) with T > 0 or T = ∞ for initial state ξ0 ∈ `1,m
2
and external (disturbance) inputs d ∈ Lp if the following are satisfied:
1. 0 ∈ R
2. For all τ ∈ R and s ∈ Z, the right-limit ξ(τ + , s) ∶= limt↓τ, t∉R ξ(t, s) exists
and for all τ ∈ R/{0} and s ∈ Z the left-limit ξ(τ − , s) ∶= limt↑τ, t∉R ξ(t, s)
exists. Moreover, for all τ ∈ R and s ∈ Z it holds that
ξ(τ + , s) ∈ G (ξ (τ − , s))

or

ξ(τ + , s) = ξ (τ − , s)

when ξ(τ − , s) ∈ D, while for ξ(τ − , s) ∉ D it holds that
ξ(τ + , s) = ξ (τ − , s) ,
where ξ (τ − , s) ∶= ξ0 (s), s ∈ Z, when τ = 0.
3. For all intervals (τ, τ ∗ ) with τ ∈ R and
τ ∗ ∶= inf {θ > τ ∣ θ ∈ R ∪ {T }} ,
1
˙
it holds that ξ ∶ (τ, τ ∗ ) → `1,m
× `1,m2 is absolutely continuous, ξ(t)
=
2
F (ξ(t), d(t)) for almost all t ∈ (τ, τ ∗ ), and that ξ(t, s) ∈ C for all t ∈ (τ, τ ∗ )
and s ∈ Z.

Definition 3.5 A solution (R, ξ) to the overall system H composed out of the
subsystems H(s) given by (3.18), s ∈ Z, on [0, T ) is called maximal if there does
not exist a T ′ > T and a solution (R′ , ξ ′ ) to the overall system H on [0, T ′ ) for
which it holds that
1. R′ ∩ [0, T ) = R
2. ξ ′ (t) = ξ(t) for all t ∈ [0, T )/R.
Definition 3.6 A solution (R, ξ) to the overall system H composed out of the
subsystems H(s) given by (3.18), s ∈ Z, on [0, T ) is called complete if T = ∞.
Note that complete solutions are always maximal. The set R contains the jump
times, i.e., the times at which there is a jump in one of the subsystems H(s).
Between the successive jump times τ and τ ∗ , ξ denotes the trajectories in the
flow phases of the system (as imposed by item 3 of Definition 3.4 above). Item
2 of Definition 3.4 connects the flow phases at the jump times and specifies also
the initial conditions.
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In this solution concept, right-accumulation points of event times are included
and solutions can indeed be defined beyond Zeno points in the sense that despite
the occurrence of right-accumulation points or even an infinite number of jumps
at one (continuous) time instant, solutions can still be defined globally on R≥0
(i.e., for T = ∞), see also Section 3.4.3.
Remark 3.5 Establishing proper definitions of solutions for interconnected hybrid systems is not an easy task as evidenced by the studies in [71, 223], which
is in our case further complicated by the infinite dimensionality of the system.
Hybrid solution concepts as in the literature, see, e.g., [96], often assume that
only a finite number of jumps exists in every finite time interval. Solutions with
this property are sometimes called non-Zeno solutions to be consistent with the
literature on hybrid systems [47]. However, these standard solution concepts do
not apply to the systems described in Section 3.3 as Zeno behavior is inevitable.
Clearly, we would like to define the solutions beyond such Zeno points, which
was not done in [96]. Therefore, inspired by [109], Definition 3.4 is introduced
providing an alternative, but natural solution concept in this context.
Remark 3.6 Local Zeno behavior, as mentioned in Section 3.3, refers to the
(possible) Zeno behavior of one single subsystem in the interconnection. In
order to define a solution globally, i.e., for all time t ∈ R≥0 , this behavior must be
prevented for the same reasons as for the finite dimensional case as in [71], which
is done by means of the lower bound τmiati > 0 on the transmission intervals.
Global Zeno behavior refers to Zeno behavior of the overall interconnected
system H, which cannot be prevented as a result of the infinite number of ‘jumping’ hybrid subsystems.

3.4.2

Stability and performance concepts

With a solution concept in place, stability (in absence of disturbances) and
performance (in presence of disturbances) of the overall system can be defined.
However, as a result of the specific structure of the networked systems considered
in this paper, we are only interested in a relevant set of initial states specified
1
by X0 ⊆ `1,m
× `1,m2 for the overall system H in (3.18). As an example, for the
2
networked systems composed of the identical subsystems H(s), s ∈ Z, given by
(3.9) this set is specified by
0 +me
X0 = `1,m
× [0, τmati )Z × NZ0 ,
2

(3.19)

where we used the notation NZ0 and [0, τmati )Z as the set of functions mapping
Z to N0 and Z to [0, τmati ), respectively.
We now define UGAS notion for the overall system in the case that the
external (disturbance) inputs are absent, i.e., d = 0.
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Definition 3.7 For the overall system H with associated set of initial states
1
X0 ⊆ `1,m
× `1,m2 , composed of the subsystems H(s), s ∈ Z, given by (3.18), the
2
set
1
E = {ξ = (ξc , ξd ) ∈ `1,m
× `1,m2 ∣ ξc = 0}
(3.20)
2
is uniformly globally asymptotically stable (UGAS) if there exists a function β ∈
KL such that for any initial condition ξ(0) ∈ X0 , there exists at least one solution
on [0, T ) (with T > 0), all corresponding maximal solutions (R, ξ) to H with d = 0
are complete, and for all t ∈ [0, ∞)/R
∥ξc (t)∥` ≤ β (∥ξc (0)∥` , t) .
2

2

Moreover, if β is an exp-KL function, the set E is uniformly globally exponentially stable (UGES).
In the case of the external inputs being present, i.e., d ≠ 0, the performance of
the hybrid system H is defined as the level of input attenuation with respect to
the external output variable
z = Q(ξc , d),
(3.21)
z
where Q ∶ `21,m1 +md → `1,m
by using the Lp -induced gain with p ∈ [0, ∞) as the
2
performance criterion.

Definition 3.8 The overall system H with associated set of initial states X0 ⊆
1
`1,m
× `1,m2 , composed of the subsystems H(s), s ∈ Z, as in (3.18) with (3.21),
2
is said to be Lp -stable (p < ∞) with an Lp -gain less than or equal to θ ≥ 0
from input d to output z, if there exists a function β ∈ K such that for any
exogenous input d ∈ Lp and any initial condition ξ(0) ∈ X0 , there exists at least
one solution on [0, T ) (with T > 0), all corresponding maximal solutions (R, ξ)
to H are complete, and it holds that
∥z∥L ≤ β (∥ξc (0)∥` ) + θ ∥d∥L .
p

2

p

(3.22)

Next we will provide conditions that can be used to derive a bound on the MATI
τmati in (3.9) guaranteeing UGAS (and sometimes even UGES) of the set E of
(3.20) and/or Lp -stability with an Lp -gain less than or equal to θ ≥ 0.

3.4.3

Conditions for UGAS (or UGES)

Inspired by the stability results for finite-dimensional NCSs based on, among
others, [192] and [50], novel conditions under which the set E from (3.20) is UGAS
(or UGES) can be obtained. For notational convenience, we write f (x, e, 0) as
f (x, e) and g(x, e, 0) as g(x, e), since d = 0 throughout this subsection.
Consider now the following result.
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Theorem 3.1 Consider the overall system H composed of the identical subsystems H(s) given by (3.9), s ∈ Z, with f and g given by (3.11) or (3.17)
and with associated X0 of (3.19) and d = 0. Assume there exist a function
W ∶ N0 ×Rme → R≥0 that is locally Lipschitz in its second argument, a locally Lip0
→ R≥0 , a continuous function H ∶ Rm0 × Rm+ +m− → R,
schitz function V ∶ `1,m
2
real numbers λ ∈ (0, 1), L ≥ 0, γ > 0, functions αW , αW , αV , αV ∈ K∞ , and a
continuous, positive definite function % ∈ PD such that
• for all κ̄ ∈ N0 and ē ∈ Rme
αW (∣ē∣) ≤ W (κ̄, ē) ≤ αW (∣ē∣)

(3.23a)

W (κ̄ + 1, h (κ̄, ē)) ≤ λW (κ̄, ē),

(3.23b)

0
+ +m−
e
• for all κ ∈ NZ0 , x ∈ `1,m
, v ∈ `1,m
, and almost all e ∈ `1,m
it holds for
2
2
2
some s ∈ Z that

⟨

∂W (κ(s), e(s))
, g(x, e)(s)⟩ ≤ LW (κ(s), e(s)) + H(x(s), v(s)), (3.24)
∂e(s)

0
• for all x ∈ `1,m
2

αV (∥x∥` ) ≤ V (x) ≤ αV (∥x∥` )
2

2

(3.25)

e
+ +m−
0
• and for all κ ∈ NZ0 , e ∈ `1,m
, v ∈ `1,m
, and almost all x ∈ `1,m
2
2
2

⟨∇V (x), f (x, e)⟩`2 ≤ −%(∥x∥` ) + ∑ ( − % (W (κ(s), e(s)))
2

s∈Z

(3.26)

2

− H (x(s), v(s)) + γ 2 W 2 (κ(s), e(s))).
If now the MATI τmati satisfies
⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
τmati ≤ ⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

1
arctan ( 2 λr(1−λ)
),
Lr
( γ )+1+λ
1+λ L
1−λ
,
L(1+γ)
1
arctanh ( 2 λr(1−λ)
),
Lr
( γ )+1+λ
1+λ L
1
γ

arctan ( (1+λ)(1−λ)
),
2λ

γ>L
γ=L
γ<L

(3.27)

L = 0,

√
where r = ∣(γ/L)2 − 1∣, then the set E given in (3.20) is UGAS.
If, in addition, there exist strictly positive real numbers αcW , αcW , αcV , αcV ,
and ε such that for all ē ∈ Rme and κ̄ ∈ N0 αcW ∣ē∣ ≤ W (κ̄, ē) ≤ αcW ∣ē∣, and for all
2
2
0
x ∈ `1,m
αcV ∥x∥` ≤ V (x) ≤ αcV ∥x∥` , and %(r) ≥ ε2 r2 for r ∈ R>0 , then the set
2
2
2
E is UGES.
The proof is given in Appendix A.1.
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Observe that Theorem 3.1 describes an analysis for NCSs that is split up in
an analysis of the networked-induced error and an analysis of the closed-loop
system dynamics, which is characteristic for the emulation-based approach for
NCSs as exploited in this work, see also [50, 192, 251]. To be more precise,
condition (3.23) corresponds to the existence of a so-called UGES scheduling
protocol, a notation introduced in [192], and is therefore directly related to
the error dynamics of the NCS. Examples of such UGES scheduling protocols
are, among others, the sampled-data (SD), round-robin (RR), and try-oncediscard (TOD) protocols, see also Remark 3.9. Moreover, conditions (3.25) and
(3.26) are related to finding a Lyapunov function that guarantees stability of
the closed-loop dynamics, see also Remark 3.8. The remaining part is then to
connect condition (3.23) on one hand and (3.25) and (3.26) on the other hand,
which is done via (3.24) that on itself is an exponential growth condition on the
error system between two consecutive transmission instants. Such an analysis
approach has been proven to be very useful and effective in the analysis of NCSs,
see, e.g., [50, 74, 108, 110, 192, 193, 251].
In Sections 3.5, 3.6, and 3.8 we will show how the conditions of Theorem 3.1
can be systematically checked to establish the nice (stability) properties of the
overall system.
Remark 3.7 Note that if condition (3.24) holds for a single s ∈ Z, then it also
holds for all s ∈ Z as a result of the spatial invariance of the subsystems in the
configurations S1 and S2. As such, we classify (3.24) as a local condition, in
the sense that we only need to check it for one subsystem in the interconnection,
see also Section 3.5.
Remark 3.8 For stability of the network-free case, i.e., when e(t, s) = 0 for all
t ∈ R≥0 and s ∈ Z, only condition (3.26) is relevant, which reduces to
⟨∇V (x), f (x, 0)⟩`2 ≤ −%(∥x∥` ).
2

Remark 3.9 Various scheduling protocols exist that satisfy (3.23) including the
TOD, SD, and RR protocols as shown in [192]. Indeed, we can have
αcW ∣e(s)∣ ≤ W (κ(s), e(s)) ≤ αcW ∣e(s)∣ ,

αcW , αcW ∈ R≥0

√
for αcW,T OD = αcW,SD = αcW,RR = 1, αcW,T OD = αcW,SD = 1, and αcW,RR = ` and
√
also (3.23b) can be satisfied for λT OD = λRR = (` − 1)/` or λSD arbitrarily small
with ` the number of nodes in each network N (s), s ∈ Z.

3.4.4

Conditions for Lp -stability

Similar to in the previous subsection, for the case that there are external (disturbance) inputs present, i.e., d ≠ 0, based on the results of [74, 110], the following
theorem can be composed for Lp -stability.
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Theorem 3.2 Consider the overall system H composed of the identical subsystems H(s) given by (3.9)-(3.10), s ∈ Z, with f and g given by (3.11) or (3.17)
and with associated X0 of (3.19) and d ∈ Lp . Assume there exist a function W ∶
N0 ×Rme → R≥0 that is locally Lipschitz in its second argument, a locally Lipschitz
0
→ R≥0 , a continuous function H ∶ Rm0 × Rm+ +m− × Rmd → R,
function V ∶ `1,m
2
real numbers λ ∈ (0, 1), L ≥ 0, γ > 0, and functions αW , αW , αV , αV ∈ K∞ such
that
• for all κ̄ ∈ N0 and ē ∈ Rme (3.23) holds,
0
+ +m−
d
• for all κ ∈ NZ0 , x ∈ `1,m
, v ∈ `1,m
, d ∈ `1,m
, and almost all e ∈ `1,me it
2
2
2
holds for some s ∈ Z that
∂W (κ(s), e(s))
, g(x, e, d)(s)⟩ ≤ LW (κ(s), e(s)) + H (x(s), v(s), d(s)) ,
∂e(s)
(3.28)
1,me
Z
0
d
• for all x ∈ `1,m
(3.25)
holds
and
for
all
e
∈
`
,
κ
∈
N
,
d
∈
`1,m
,
0
2
2
2
1,m+ +m−
1,m0
v ∈ `2
, and almost all x ∈ `2
⟨

p

p

⟨∇V (x), f (x, e, d)⟩`2 ≤ µ (θp ∥d∥` − ∥q(x, e, d)∥` )
2

2

+ ∑ (−H 2 (x(s), v(s), d(s)) + γ 2 W 2 (κ(s), e(s)))

(3.29)

s∈Z

holds for some µ > 0 and θ ≥ 0.
If τmati satisfies (3.27), then the overall system H is Lp -stable from d to z with
a gain less than or equal to θ.
The proof is given in Appendix A.2. Theorems 3.1 and 3.2 are general theorems
to guarantee stability of the overall system H. However, it should be noted that
0
V ∶ `1,m
→ R≥0 is a global Lyapunov function, making it, due to the infinite2
dimensional character of H, extremely hard and often intractable to construct
such a function. Therefore, it is of importance to exploit the interconnection
structure to obtain local conditions, possibly based on a local Lyapunov function
or storage function. This is the subject of the next section.

3.5

Local Conditions for UGES and Lp -Stability

To systematically verify the conditions of Theorem 3.1 and Theorem 3.2, we
provide here reformulations, such that, UGES and Lp -stability can be guaranteed
merely based on the local dynamics of the spatially invariant subsystems, the
interconnection structure, and the local scheduling protocol, thereby making the
conditions tractable.
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3.5.1

Local conditions for UGES

To guarantee UGES of the set E given by (3.20) according to Theorem 3.1
for the case d = 0, we take (3.23) as a starting point, where we assume that
(a stronger version of) (3.23a) is satisfied in the sense that there exist strictly
positive constants αcW and αcW such that
αcW ∣ē∣ ≤ W (κ̄, ē) ≤ αcW ∣ē∣,

(3.30)

for all κ̄ ∈ N0 and ē ∈ Rme . Various protocols exist with this property, including
the ones mentioned in Remark 3.9.
Let us now consider the condition (3.24). We assume that for almost all
ē ∈ Rme and all κ̄ ∈ N0 it holds that
∣

∂W (κ̄, ē)
∣≤M
∂ē

(3.31)

for some constant M > 0. For all the considered protocols in [50, 192, 193, 251]
such a constant exists. More precisely, for the considered
√ protocols in Remark
3.9, it holds that condition (3.31) is fulfilled for MRR = ` and MT OD = MSD =
1, respectively, as shown in [110]. Using now the Cauchy-Schwarz inequality
together with (3.30) and (3.31), it is directly concluded that, for the case d = 0,
condition (3.24) can be guaranteed for some s ∈ Z by obtaining that
M ∣g(x, e, 0)(s)∣ ≤ LαcW ∣e(s)∣ + H(x(s), v(s)).

(3.32)

Since for the considered system configuration described by (3.9) the function
g(x, e, d)(s) is known and assumed to only depend on local dynamics as a result
of the interconnection structure as in Figure 3.1, it is possible to obtain L and
H(x(s), v(s)) as in (3.24). For instance, for the system configuration S1 of
Figure 3.2 it holds for some s ∈ Z that
ė(s) = g(x, e, 0)(s) = −

∂gp (x(s))
fp (x(s), v(s), d(s)),
∂x(s)

(3.33)

from which we directly obtain that (3.24) (and thus also (3.32)) holds with L = 0
and H (x(s), v(s)) given by
H (x(s), v(s)) = M ∣

∂gp (x(s))
fp (x(s), v(s), 0)∣ .
∂x(s)

(3.34)

Now by using the obtained function H(x(s), v(s)) from (3.32) and by taking
%(r) ≥ ε2 r2 , r ∈ R>0 , with 0 < ε < γ, we obtain by direct substitution of (3.30) in
the right-hand-side of (3.26) that
− %(∥x∥` ) + ∑ (−% (W (κ(s), e(s))) − H 2 (x(s), v(s)) + γ 2 W 2 (κ(s), e(s)))
2

≥

s∈Z

c 2
2
∑ (αW (γ
s∈Z

2

2

− ε2 ) ∣e(s)∣ − ε2 ∣x(s)∣ − H 2 (x(s), v(s))).

(3.35)
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To arrive at a local condition which guarantees UGES of the set E of (3.20), also
the left-hand side of (3.26) needs to be evaluated, for which we will make use of
the concepts from the theory of dissipative systems initiated in [258].
For a subsystem H(s) given by (3.9) for the case d = 0, we propose to introduce a (local) storage function V ∶ Rm0 → R≥0 and a (local) supply function
Si ∶ Rm+ +m− × Rm+ +m− → R for the interconnection variables, see [258] for the
terminology. To define this (local) supply function Si we regroup the interconnection variables as (q+ (s), q− (s)), where q+ (s) are the ‘networked’ interconnection
variables of the subsystem at s ∈ Z with its successor at s + 1 and q− (s) are the
‘networked’ interconnection variables with its predecessor at s − 1, i.e.,
q+ (s) ∶= [

[Im+ 0] (Sv) (s)
]
[0 Im− ] v(s)

q− (s) ∶= [

[Im+ 0] v(s)
v (s)
]=[ +
].
v− (s − 1)
[0 Im− ] (S−1 v) (s)

v (s + 1)
=[ +
]
v− (s)

(3.36a)
(3.36b)

Hence, as depicted in Figure 3.5 for the system configuration S1 it holds that
ŵ (s)
w (s) + e+ (s)
q+ (s) = [ + ] = [ +
]
v− (s)
v− (s)

(3.37a)

v (s)
v+ (s)
q− (s) = [ +
]=[
],
ŵ− (s)
w− (s) + e− (s)

(3.37b)

while for the system configuration S2 we have that
w (s)
q+ (s) = [ + ]
v− (s)

v (s)
and q− (s) = [ +
].
w− (s)

(3.38)

Note that it thus holds for both configurations that
q+ (s) = q− (s + 1)

for all

s ∈ Z,

(3.39)

or compactly, q+ = ∆S,m̂ q− with m̂ = (0, m+ + m− ), see also Figure 3.5. Based on
these new interconnection variables q+ (s) and q− (s) we define Si as
⊺

q (s)
−X
Si (q+ (s), q− (s)) ∶= [ + ] [ S
q− (s)
0

0
q (s)
+ +m−
] [ + ] with XS ∈ Rm
.
S
XS q− (s)

(3.40)

The choice for (q+ , q− ) as interconnection variables along with the structure of Si
becomes now quickly apparent as it results in a so-called neutral interconnection
with respect to the supply rate Si , see [258], for the overall system, as formalized
by the following lemma.
Lemma 3.1 For the (local) interconnecting supply rate Si ∶ Rm+ +m− ×Rm+ +m− →
R given by (3.40) and the interconnection variables q+ and q− , the interconnection is said to be neutral in the sense that
⊺

⊺

∑ Si (q+ (s), q− (s)) = ∑ (−q+ (s)XS q+ (s) + q− (s)XS q− (s)) = 0.
s∈Z

s∈Z

(3.41)
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w
^+ (s-1)

H(s-1)

v− (s-1)

=
=

v+ (s)
w
^− (s)

q+ (s − 1) = q− (s)

z(s-1)
d(s-1)

H(s)
z(s)

w
^+ (s)

=

v− (s)

= w
^− (s+1)

q+ (s)

= q− (s + 1)

d(s)

v+ (s+1)

H(s+1)

z(s+1)
d(s+1)

Figure 3.5: The infinite interconnection of the hybrid dynamical subsystems as described
by system configuration S1 and depicted in Figure 3.4 with the regrouped interconnection
variables q+ and q− .

Proof of Lemma 3.1: As a direct result of (3.39), we obtain that indeed (3.41)
follows, see also [69, Proposition 7].
∎
Now taking this neutral interconnection into account, Theorem 3.1 can be
rewritten such that only local conditions (see Remark 3.7 for our definition of a
local condition) are needed to guarantee UGES of the set E of (3.20).
Theorem 3.3 Consider the overall system H, composed of the identical subsystems H(s) of (3.9), s ∈ Z, with f and g given by (3.11) or (3.17) and with associated X0 of (3.19) and d = 0. Assume there exist a function W ∶ N0 ×Rme → R≥0
that is locally Lipschitz in its second argument, a locally Lipschitz function
V ∶ Rm0 → R≥0 , a continuous function H ∶ Rm0 × Rm+ +m− → R, and the constants αcW , αcW , αcV , αcV , L ∈ R≥0 , M > 0, 0 < ε < γ, and λ ∈ (0, 1) such that
• for all κ̄ ∈ N0 , ē ∈ Rme (3.23) holds with αW (r) = αcW r and αW (r) = αcW r,
• for all κ̄ ∈ N0 and almost all ē ∈ Rme (3.31) holds,
0
+ +m−
e
• for all κ ∈ NZ0 , x ∈ `1,m
, v ∈ `1,m
, and almost all e ∈ `1,m
(3.32) holds
2
2
2
for some s ∈ Z
• for all x̄ ∈ Rm0 it holds that
αcV ∣x̄∣2 ≤ V(x̄) ≤ αcV ∣x̄∣2

(3.42)

e
+ +m−
0
• and for all κ ∈ NZ0 , e ∈ `1,m
, v ∈ `1,m
and almost all x ∈ `1,m
it holds
2
2
2
for some s ∈ Z that

2

2

2

⟨∇V(x(s)), f (x, e)(s)⟩ ≤ −ε2 ∣x(s)∣ + αcW [γ 2 − ε2 ] ∣e(s)∣

− H 2 (x(s), v(s)) + Si (q+ (s), q− (s)) ,

(3.43)

where Si (q+ (s), q− (s)) is given by (3.40). If now τmati satisfies (3.27), then the
set E of (3.20) is UGES.
Proof of Theorem 3.3: Summing (3.43) over s ∈ Z, defining V (x) ∶= ∑s∈Z V(x(s)),
and using (3.35) and (3.41), it can be directly seen that indeed (3.26) holds. ∎

3.5.2

Local conditions for Lp -stability

In a similar approach as described for the case where d = 0, also the conditions as
presented in Theorem 3.2 can be rewritten as local conditions for the case d ≠ 0.
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Consider therefore again the newly imposed conditions (3.30) and (3.31). It now
directly follows that condition (3.28) is satisfied when there exists a constant L
and a function H (x(s), v(s), d(s)) such that
M ∣g(x, e, d)(s)∣ ≤ LαcW ∣e(s)∣ + H(x(s), v(s), d(s))

(3.44)

holds for some s ∈ Z. Using the function H(x(s), v(s), d(s)), we obtain by direct
substitution that
2
2
2
∑ γ W (κ(s), e(s)) − H (x(s), v(s), d(s)) ≥
s∈Z
2

2

c
2
2
∑ αW γ ∣e(s)∣ − H (x(s), v(s), d(s)) .

(3.45)

s∈Z

To evaluate the condition of (3.29), consider again a subsystem H(s) given by
the general framework of (3.9) for the case d ≠ 0. We propose, similar to the
case where d = 0, to introduce a (local) storage function V ∶ Rm0 → R≥0 . However
now, as d ≠ 0, we introduce the (local) supply function S ∶ Rmd × Rmz × Rm+ +m− ×
Rm+ +m− → R as
S (d(s), z(s), q+ (s), q− (s)) ∶= Sp (d(s), z(s)) + Si (q+ (s), q− (s)) ,

(3.46)

where Si is given by (3.40) and
p

p

Sp (d(s), z(s)) ∶= µ (θp ∣d(s)∣ − ∣z(s)∣ )
with z(s) = q(x, e, d)(s) given by (3.10). When again Lemma 3.1 is taken into
account, Theorem 3.2 can be rewritten such that also only local conditions are
needed to guarantee Lp -stability.
Theorem 3.4 Consider the overall system H, composed of the identical subsystems H(s) of (3.9), s ∈ Z, with f and g given by (3.11) or (3.17) and with associated X0 of (3.19) and d ∈ Lp . Assume there exist a function W ∶ N0 × Rme → R≥0
that is locally Lipschitz in its second argument, a locally Lipschitz function
V ∶ Rm0 → R≥0 , a continuous function H ∶ Rm0 × Rm+ +m− → R, and the constants αcW , αcW , αcV , αcV , L ∈ R≥0 , M > 0, γ > 0, and λ ∈ (0, 1) such that
• for all κ̄ ∈ N0 , ē ∈ Rme (3.23) holds with αW (r) = αcW r and αW (r) = αcW r,
• for all κ̄ ∈ N0 and almost all ē ∈ Rme (3.31) holds,
0
+ +m−
e
d
• for all κ ∈ NZ0 , x ∈ `1,m
, v ∈ `1,m
, d ∈ `1,m
, and almost all e ∈ `1,m
2
2
2
2
(3.44) holds for some s ∈ Z
• for all x̄ ∈ Rm0 (3.42) holds,
e
+ +m−
0
d
• and for all κ ∈ NZ0 , e ∈ `1,m
, v ∈ `1,m
, d ∈ `1,m
and almost all x ∈ `1,m
2
2
2
2
it holds for some s ∈ Z that
2

2

⟨∇V(x(s)), f (x, e, d)(s)⟩ ≤ αcW γ 2 ∣e(s)∣ − H 2 (x(s), v(s), d(s))
+ S (d(s), z(s), q+ (s), q− (s)) ,

(3.47)

for some µ > 0 and θ ≥ 0 with S(d(s), z(s), q+ (s), q− (s)) given by (3.46).
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If now τmati satisfies (3.27), then the overall system H is Lp -stable form d to z
with a gain less than or equal to θ.
Proof of Theorem 3.4: Summing (3.47) over s ∈ Z, defining V (x) ∶= ∑s∈Z V(x(s)),
and using (3.41) and (3.45), it can be directly seen that indeed (3.29) holds. ∎
Both Theorem 3.3 as well as Theorem 3.4 provide tractable local conditions
to guarantee UGES or Lp -stability properties of the overall infinite-dimensional
system. Moreover, in the linear case, the conditions stated by (3.43) and (3.47)
result in LMIs, which we show in the next section.

3.6

The Linear Case

In this section, we discuss how to systematically construct the functions and
constants satisfying the local conditions presented in Section 3.5 in the case that
the general hybrid framework of (3.9)-(3.10) is composed of linear flow equations.
Moreover, we show how the obtained results are related to results for the ideal
communication case as in [69]. For the sake of brevity, we only consider the
configuration S1, although a similar analysis applies to the configuration S2.

3.6.1

System description

Consider again the diagram of Figure 3.2 together with the model of (3.1),
however now for the case that the plant P(s) is governed by a linear timeinvariant system, as also studied in [69] for the perfect communication case. In
this linear case, each subsystem (3.1) is for every fixed s ∈ Z described by
⎡ ẋ(s) ⎤ ⎡A
⎢
⎥ ⎢ TT
⎢
⎥ ⎢
⎢w(s)⎥ = ⎢ AST
⎢
⎥ ⎢
⎢ z(s) ⎥ ⎢ CT
⎣
⎦ ⎣

ATS
ASS
CS

BT ⎤⎥ ⎡⎢x(s)⎤⎥ ⎡⎢ATT
⎥⎢
⎥ ⎢
BS ⎥ ⎢v(s)⎥ = ⎢ AST
⎥⎢
⎥ ⎢
D ⎥⎦ ⎢⎣d(s)⎥⎦ ⎢⎣ CT

ATS
0
CS

BT ⎤⎥ ⎡⎢x(s)⎤⎥
⎥⎢
⎥
0 ⎥ ⎢v(s)⎥
⎥⎢
⎥
D ⎥⎦ ⎢⎣d(s)⎥⎦

(3.48)

0
with the initial conditions x(0, s) = x0 (s) ∈ Rm0 , x0 ∈ `1,m
. However now,
2
when using the spatial shift operator of (3.4) and the interconnection condition
v(s) = (∆S,m ŵ) (s), see (3.5), the interconnected system can be expressed as

⎡ ẋ(s) ⎤ ⎡A
⎢
⎥ ⎢ TT
⎢
⎥ ⎢
⎢w(s)⎥ = ⎢ AST
⎢
⎥ ⎢
⎢ z(s) ⎥ ⎢ CT
⎣
⎦ ⎣

ATS
0
CS

⎤
BT ⎤⎥ ⎡⎢
x(s)
⎥
⎥⎢
⎥
0 ⎥ ⎢(∆S,m ŵ) (s)⎥ ,
⎥⎢
⎥
⎥
D ⎥⎦ ⎢⎣
d(s)
⎦

(3.49)

for every fixed s ∈ Z. Based on the operators ATT , ATS , etc. of (3.49), which
map Rn to Rn , we also define the ‘diagonal’ operators ÃTT , ÃTS , etc., which
map `2 to `2 , as (ÃTT x)(s) = ATT x(s), (ÃTS v)(s) = ATS v(s), etc., for s ∈ Z.
Based on (3.3), (3.4), (3.7), and (3.49), it follows that for the interconnection
variables we have that
w(s) = AST x(s)
(3.50)
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while for the state dynamics it now holds that
ẋ(s) = ATT x(s) + ATS (∆S,m ŵ) (s) + BT d(s)
= ATT x(s) + ATS (∆S,m w) (s) + ATS (∆S,m e) (s) + BT d(s)
which, by using (3.50) leads to
ẋ(s) = ((ÃTT + ÃTS ∆S,m ÃST ) x) (s) + (B̃T d) (s) + (ÃTS ∆S,m e) (s).
Moreover, an expression for the error dynamics with e(s) as in (3.7) can be
˙ (s) = 0, which follows from the
derived by directly using (3.49) and (∆S,m ŵ)
ZOH assumption. This yields
ė(s) = −AST ẋ(s).

(3.51)

Hence, in both the state dynamics and the error dynamics, the interconnection
variables w(s) have now been eliminated, allowing us to compose a hybrid model
H(s) in the format of (3.9)-(3.10) for every fixed s ∈ Z, i.e.,
⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
H(s) ∶ ⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

ẋ(s) = (Ax) (s) + (Bd) (s) + (Ee) (s)
˙
ė(s) = −AST ẋ(s) − BS d(s)
τ̇ (s) = 1
κ̇(s) = 0
x+ (s) = x(s)

e+ (s) = h (κ(s), e(s))

τ + (s) = 0
+

κ (s) = κ(s) + 1

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎭
⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎭

when
τ (s) ∈ [0, τmati ]
(3.52)
when
τ (s) ∈ [τmiati , τmati ]

with the output equation
z(s) = (Cx) (s) + (Dd) (s) + (He) (s),

(3.53)

where the operators which map `2 to `2 are defined as
A = ÃTT + ÃTS ∆S,m ÃST , B = B̃T , E = ÃTS ∆S,m ,
C = C̃T + C̃S ∆S,m ÃST ,

D = D̃,

H = C̃S ∆S,m .

(3.54)

Remark 3.10 When perfect communication is assumed, i.e., ŵ = w, we have
that e = 0, in which case (3.52)-(3.53) recovers the setup described in [69] for the
case ASS = 0 and BS = 0.

3.6.2

LMI condition for UGES

In order to make Theorem 3.3 numerically tractable for the system configuration
S1, we now provide local LMI-based reformulations of the conditions in Theorem 3.3 by exploiting the linearity of the considered underlying systems. These
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reformulations have connections to the ideal communication case treated in [69],
see also Remark 3.10. Here we generalize these results to the case of non-ideal
packet-based communication.
As a result of (3.33), (3.34), and (3.51) we directly obtain that, for the case
d = 0, (3.32) is satisfied for L = 0 and
H (x(s), v(s)) = M ∣AST ATT x(s) + AST ATS v(s)∣ .
Define now the (local) matrix J ∈ Rm0 +me +m+ +m− by
⎡−ε2 Im − M 2 A⊺ A
̂
⎢
0
TT ST ATT
⎢
J ∶= ⎢
0
⎢
2 ⊺ ̂
⎢
−M
A
⎣
TS AST ATT

0
αcW 2 (γ 2

2

− ε )I

0

̂ST ATS ⎤⎥
−M 2 A⊺TT A
⎥
⎥ (3.55)
0
⎥
2 ⊺ ̂
−M ATS AST ATS ⎥⎦

̂ST ∶= A⊺ AST , such that it can be concluded that for (part of) the
with A
ST
right-hand side of (3.43) it holds that
2

2

2

− ε2 ∣x(s)∣ + αcW (γ 2 − ε2 ) ∣e(s)∣ − H 2 (x(s), v(s))
2

2

2

2

= −ε2 ∣x(s)∣ − M 2 ∣AST ATT x(s) + AST ATS v(s)∣ + αcW (γ 2 − ε2 ) ∣e(s)∣
= ⟨(x(s), e(s), v(s)), J(x(s), e(s), v(s)⟩ .

For the (local) storage function V of (3.43) we now propose to use V(x(s)) =
x⊺ (s)XT x(s), where XT is a symmetric positive definite matrix, i.e., XT ∈ XT ∶=
m0 ×m0
{XT ∈ RS
∣ XT ≻ 0}. To express (q+ (s), q− (s)) in terms of x(s), e(s), and
v(s), (3.49) needs to be partitioned further to reflect the structure of ∆S,m of
(3.5), i.e.,
A++
−−
AST = [ ST
] , and ATS = [A++
TS ATS ] .
A−−
ST
Based on this partitioning, analogous to [69], we introduce
0
A+SS,v = [
0

0
Im−

I
A−SS,v = [ m+
0

]

0
]
0

I
A+SS,e = [ m+
0
0
A−SS,e = [
0

0
]
0

0
]
Im−

A++
A+ST = [ ST ]
0
0
A−ST = [ −− ] ,
AST

and hence, (3.37a) and (3.37b) result in
q+ (s) = [A+ST
q− (s) =

[A−ST

A+SS,e

A−SS,e

A+SS,v ] (x(s), e(s), v(s))

A−SS,v ] (x(s), e(s), v(s)).

Moreover, with the defined matrices
A+TS = [A++
TS

0] ,

and A−TS = [0

A−−
TS ]

(3.56a)
(3.56b)
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we have that
v (s)
ATS v(s) = ATS [ + ]
v− (s)
0
A−−
TS ] ([0

= [A++
TS

(3.37)

++
A−−
TS ] q+ (s) + [ATS

= [0
=

0
I
] q (s) + [
I +
0

A−TS q+ (s) + A+TS q− (s).

0
] q (s))
0 −

0] q− (s)
(3.57)

The local condition (3.43) can now be rewritten into a local LMI condition. In
particular, direct substitution of V and (q+ (s), q− (s)) in (3.43) and using (3.52)
for the case d = 0 yields
⟨∇V(x(s)), f (x, e)(s)⟩ − Si (q+ (s), q− (s))
(3.40),(3.48)

=

⊺

(ATT x(s) + ATS v(s)) XT x(s) + q+⊺ (s)XS q+ (s)

− q−⊺ (s)XS q− (s) + x(s)⊺ XT (ATT x(s) + ATS v(s))
⊺

0
x(s)
= [
] [ − ⊺
q+ (s)
(ATS ) XT

(3.57)

⊺

XT A−TS x(s)
][
]
q+ (s)
XS

A⊺ XT + XT ATT
x(s)
+[
] [ TT + ⊺
q− (s)
(ATS ) XT

XT A+TS x(s)
][
]
q− (s)
−XS

(3.56)

= ⟨(x(s), e(s), v(s)) , J+ (x(s), e(s), v(s))⟩

(3.58)

+ ⟨(x(s), e(s), v(s)) , J− (x(s), e(s), v(s))⟩
with Si given by (3.40) and XT ATS = XT A−TS + XT A+TS , and where, by using
the coordinate transformation of (3.37), the matrices J+ and J− are defined as
I
J+ ∶= [ +
AST
I
=[ +
AST
×[

0

A+SS,e
0

A+SS,e

⊺

0
] [ − ⊺
A+SS,v
(ATS ) XT
0

0

A+
SS,v

XT A−
TS

⊺

XS

][

I
A+ST

0
A+SS,e

]

XT A−TS A+ST
XT A−TS A+SS,e
⊺
−
+
(ATS ) XT + XS AST
XS A+SS,e
0
0 XT A−TS ⎤⎥

⎡
⎢
⎢
0
0
0 ⎥⎥
=⎢
⎢ − ⊺
⎥
⎢(ATS ) XT 0
0 ⎥⎦
⎣
⊺
⎡ (A+ )⊺ X A+
(A+ST ) XS A+SS,e
⎢ ST
S ST
⎢ +
⊺
⊺
+ ⎢⎢(ASS,e ) XS A+ST (A+SS,e ) XS A+SS,e
⎢ +
⊺
⊺
⎢(ASS,v ) XS A+ST (A+SS,v ) XS A+SS,e
⎣

XT A−TS A+SS,v
]
XS A+SS,v

⊺
(A+ST ) XS A+SS,v ⎤⎥
⎥
⊺
(A+SS,e ) XS A+SS,v ⎥⎥
⎥
⊺
(A+SS,v ) XS A+SS,v ⎥⎦

0

A+
SS,v

]
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and
I
J− ∶= [ −
AST

0

A−SS,e

I
=[ −
AST

A−SS,e

0

⊺
̂
A
]
[ + TT
⊺
−
ASS,v
(ATS ) XT

0

0

⊺

I
XT A+TS
][ −
AST
−XS

0
A−SS,e

0
]
A−SS,v

]
A−SS,v

̂TT + XT A+ A−
A
XT A+TS A−SS,e XT A+TS A−SS,v
TS ST
×[ + ⊺
]
−
(ATS ) XT − XS AST
−XS A−SS,e
−XS A−SS,v
⎡ A
̂TT
0 XT A+TS ⎤⎥
⎢
⎥
⎢
0
0
0 ⎥
=⎢
⎥
⎢ + ⊺
⎢(ATS ) XT 0
0 ⎥⎦
⎣
⊺
⊺
⎡ (A− )⊺ X A−
(A−ST ) XS A−SS,e
(A−ST ) XS A−SS,v ⎤⎥
⎢ ST
S ST
⎥
⎢ −
⊺
⊺
⊺
− ⎢⎢(ASS,e ) XS A−ST (A−SS,e ) XS A−SS,e (A−SS,e ) XS A−SS,v ⎥⎥
⎥
⎢ −
⊺
⊺
⊺
⎢(ASS,v ) XS A−ST (A−SS,v ) XS A−SS,e (A−SS,v ) XS A−SS,v ⎥
⎦
⎣
̂TT ∶= A⊺ XT + XT ATT , where it is used that
with A
TT
A+TS A−ST = A−TS A+ST = A+TS A−SS,e = A−TS A+SS,e = 0

A+TS A−SS,v = A+TS

and A−TS A+SS,v = A−TS .

(3.59)

Remark 3.11 The matrices J+ and J− combined recover in essence the matrix
obtained in the main result of [69, Theorem 1] with ASS = 0 and BS = 0, only with
the additional entries related to the error e, and the omission of the performance
related entries (as d = 0 in the considered situation).
By defining the matrix J ∶= J+ + J− resulting in
∆
⎡A⊺ X + X A
T TT + AST
⎢ TT T
⎢
⊺
(A∆
J = ⎢⎢
ST,SS,e )
⊺
⎢
⎢(ATS )⊺ XT + (A∆
ST,SS,v )
⎣

with

A∆
ST,SS,e
A∆
SS,e
⊺
(A∆
SS,ev )

⎤
XT ATS + A∆
ST,SS,v ⎥
⎥
⎥
A∆
SS,ev
⎥
⎥
⎥
A∆
SS,v
⎦

A∆
ST

= (A+ST )⊺ XS A+ST − (A−ST )⊺ XS A−ST

A∆
SS,ev

= (A+SS,e ) XS A+SS,v − (A−SS,e ) XS A−SS,v

A∆
SS,v
A∆
SS,e

⊺

⊺

= (A+SS,v )⊺ XS A+SS,v − (A−SS,v )⊺ XS A−SS,v

= (A+SS,e )⊺ XS A+SS,e − (A−SS,e )⊺ XS A−SS,e

(3.60)

+
⊺
+
−
⊺
−
A∆
ST,SS,v = (AST ) XS ASS,v − (AST ) XS ASS,v

+
⊺
+
−
⊺
−
A∆
ST,SS,e = (AST ) XS ASS,e − (AST ) XS ASS,e .

and using (3.58), the local condition (3.43) reduces to the local LMI J − J ⪯ 0,
explicitly written in Appendix A.3, which guarantees stability of the infinite
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interconnected spatially invariant linear system with networked communication
from system configuration S1, as argued before. Hence, we proved the following
theorem.
Theorem 3.5 Consider the overall system H, composed of the identical subsystems H(s) of (3.52), s ∈ Z, with associated X0 of (3.19) and d = 0. Assume
there exist a function W ∶ N0 × Rme → R≥0 that is locally Lipschitz in its sec(m +m )×(m+ +m− )
, and
ond argument, a matrix XT ∈ XT and a matrix XS ∈ RS + −
c
c
constants αW , αW ∈ R≥0 , M > 0, 0 < ε < γ, and λ ∈ (0, 1) such that
• for all κ̄ ∈ N0 , ē ∈ Rme (3.23) holds with αW (r) = αcW r and αW (r) = αcW r,
• for all κ̄ ∈ N0 and almost all ē ∈ Rme (3.31) holds,
̂ST ∶= A⊺ AST and
• and the LMI (A.7) (see Appendix A.3) holds with A
ST
(3.60).
If now τmati satisfies
τmati ≤

1
(1 + λ)(1 − λ)
arctan (
),
γ
2λ

(3.61)

then the set E of (3.20) is UGES.
Note that (A.7) is a local LMI that can easily be verified to conclude stability of
the infinite-dimensional system H. Moreover, since γ is the only free variable for
the computation of the bound γ1 arctan ( (1+λ)(1−λ)
) for τmati as λ follows from
2λ
the local scheduling protocol, τmati can be maximized by means of minimizing
γ subject to 0 < ε < γ and the LMI (A.7) for the case d = 0.

LMI condition for L2 -stability

3.6.3

Next, for the system (3.52)-(3.53) we derive for the case d ≠ 0, in a similar
manner as in the previous subsection, local LMI conditions to guarantee L2 stability. Consider hereto again the result of (3.51). Similar to (3.34) we have
that, for the case d ≠ 0, (3.44) is satisfied for L = 0 and
H (x(s), v(s), d(s)) = M ∣AST ATT x(s) + AST ATS v(s) + AST BT d(s)∣ . (3.62)
Hence, as a result of (3.62) and the linear system (3.48), for (part of) the righthand side of (3.47) it holds that
2

2

αcW γ 2 ∣e(s)∣ − H 2 (x(s), v(s), d(s))
2

2

2

= αcW γ 2 ∣e(s)∣ − M 2 ∣AST ATT x(s) + AST ATS v(s) + AST BT d(s)∣
= ⟨(x(s), e(s), v(s), d(s)), J L2 (x(s), e(s), v(s), d(s))⟩ ,
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where the ‘local’ matrix J L2 is given by
J L2 ∶=
̂
⎡A⊺ A
⎢ TT ST ATT
⎢
0
⎢
− M2 ⎢ ⊺ ̂
⎢ ATS AST ATT
⎢
⎢ B⊺ A
̂ST ATT
⎣

̂ST ATS
A⊺TT A
0
̂ST ATS
A⊺TS A
⊺ ̂
BT
AST ATS

̂ST BT ⎤
A⊺TT A
⎥
⎥
0
⎥
⎥.
⊺ ̂
0
ATS AST BT ⎥⎥
⊺ ̂
0
BT
AST BT ⎥⎦
T
(3.63)
Based on the expression for w of (3.50) for d ≠ 0 it now follows that q+ (s)
and q− (s) are given by
q+ (s) = [A+ST
q− (s) =

[A−ST

0

−αcW 2 M −2 γ 2 Im+ +m−

A+SS,e

A−SS,e

A+SS,v

A−SS,v

0] (x(s), e(s), v(s), d(s))

(3.64a)

0] (x(s), e(s), v(s), d(s)).

(3.64b)

Using this result, again direct substitution of V (x(s)) = x⊺ (s)XT x(s), XT ∈ XT ,
(q+ (s), q− (s)), and Si and Sp of (3.40) and (3.46), respectively, in (3.47) and
using (3.48) yields
⟨∇V (x(s)) , f (x, e, d)(s)⟩ − Sp (d(s), z(s)) − Si (q+ (s), q− (s))
(3.46),(3.48)

=

−µθ2 d⊺ (s)d(s) + µz ⊺ (s)z(s) + q+⊺ (s)XS q+ (s) − q−⊺ (s)XS q− (s)
⊺

+ (ATT x(s) + ATS v(s) + BT d(s)) XT x(s)

+ x(s)⊺ XT (ATT x(s) + ATS v(s) + BT d(s))
⎡ x(s) ⎤⊺ ⎡
0
XT A−TS
0 ⎤⎥ ⎡⎢ x(s) ⎤⎥
⎥ ⎢
⎢
(3.57) ⎢
⎥
⎥⎢
⎥ ⎢ − ⊺
= ⎢q+ (s)⎥ ⎢(ATS ) XT
XS
0 ⎥⎥ ⎢⎢q+ (s)⎥⎥
⎥ ⎢
⎢
⎢ z(s) ⎥ ⎢
0
0
µImz ⎥⎦ ⎢⎣ z(s) ⎥⎦
⎦ ⎣
⎣
⊺
⎡ x(s) ⎤ ⎡ A
̂TT
XT A+TS XT BT ⎤⎥ ⎡⎢ x(s) ⎤⎥
⎢
⎥ ⎢
⎢
⎥ ⎢ + ⊺
⎥⎢
⎥
⎥ ⎢q− (s)⎥
+ ⎢q− (s)⎥ ⎢(ATS ) XT
−XS
0
⎢
⎥ ⎢
⎥
⎢
⎥
⎢ d(s) ⎥ ⎢ B ⊺ XT
0
−µθ2 Imd ⎥⎦ ⎢⎣ d(s) ⎥⎦
⎣
⎦ ⎣
T

(3.65)

= ⟨(x(s), e(s), v(s), d(s)) , J+L2 (x(s), e(s), v(s), d(s))⟩

(3.64)

+ ⟨(x(s), e(s), v(s), d(s)) , J−L2 (x(s), e(s), v(s), d(s))⟩

̂TT = A⊺ XT + XT ATT and where, by using the coordinate transformawith A
TT
tion of (3.64), the matrices J+L2 and J−L2 are defined as
J+L2

⎡ I
⎢
⎢
∶= ⎢A+ST
⎢
⎢ CT
⎣
⎡ I
⎢
⎢
× ⎢A+ST
⎢
⎢ CT
⎣

0

0

A+SS,e

A+SS,v

0

CS

0
A+SS,e
0

0
A+SS,v
CS

⊺⎡

0 ⎤⎥
0 ⎥⎥
⎥
D⎥⎦
0 ⎤⎥
0 ⎥⎥
⎥
D⎥⎦

0
⎢
⎢ − ⊺
⎢(ATS ) XT
⎢
⎢
0
⎣

XT A−TS
XS
0

0 ⎤⎥
⎥
0 ⎥⎥
µI ⎥⎦
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and
J−L2

⎡ I
⎢
⎢
∶= ⎢A−ST
⎢
⎢ 0
⎣
⎡ I
⎢
⎢
× ⎢A−ST
⎢
⎢ 0
⎣

0

0

A−SS,e

A−SS,v

0

0

0
A−SS,e
0

0
A−SS,v
0

⊺
̂TT
0⎤⎥ ⎡⎢ A
⎥
⎢
+
0⎥ ⎢(ATS )⊺ XT
⎥ ⎢
⊺
I ⎥⎦ ⎢⎣ BT
XT
⎤
0⎥
0⎥⎥ .
⎥
I ⎥⎦

XT A+TS
−XS
0

XT BT ⎤⎥
⎥
0 ⎥⎥
2 ⎥
−µθ I ⎦

Remark 3.12 The matrices J+L2 and J−L2 combined recover the matrix obtained
in the main result of [69, Theorem 1] for µ = θ = 1 (and ASS = 0 and BS = 0, see
Remark 3.2), only with the additional entries related to the error.
By again using that (3.59) holds, we define the matrix J L2 ∶= J+L2 + J−L2 , which
is explicitly written in Appendix A.3 with (3.60), such that condition (3.47) can
be reformulated into the LMI given by
J L2 − J L2 ⪯ 0.

(3.66)

Hence, Theorem 3.4 can for configuration S1 also be reformulated into LMI
conditions, resulting in the following new theorem.
Theorem 3.6 Consider the overall system H, composed of the identical subsystems H(s) of (3.52), s ∈ Z, with associated X0 of (3.19) and d ∈ L2 . Assume
there exist a function W ∶ N0 × Rme → R≥0 that is locally Lipschitz in its sec(m +m )×(m+ +m− )
ond argument, a matrix XT ∈ XT and a matrix XS ∈ RS + −
, and
c
c
constants αW , αW , θ ∈ R≥0 , M, γ, µ > 0, λ ∈ (0, 1) such that
• for all κ̄ ∈ N0 , ē ∈ Rme (3.23) holds with αW (r) = αcW r and αW (r) = αcW r,
• for all κ̄ ∈ N0 and almost all ē ∈ Rme (3.31) holds,
• and the LMI (3.66) holds.
If now τmati satisfies (3.61), then the overall system H is guaranteed to be L2 stable from d to z with a gain less than or equal to θ.
Similar to the situation where d = 0, the bound on τmati can be maximized by
minimizing γ subject to the LMI (3.66).

3.6.4

From ideal to non-ideal communication

In this section we connect the results of Theorem 3.6 for the non-ideal communication case to the results presented in [69] for the ideal communication
case. In particular, we will show that the condition as was obtained for performance of the system with perfect communication in [69] already guarantees
L2 -stability of the system with packet-based communication for a sufficiently
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small MATI (with the same guaranteed L2 -gain). In other words, we will show
that the condition as used in [69] already has inherent robustness guarantees
of the stability/performance property with respect to the non-idealness in the
packet-based communication.
Consider hereto again the matrices J L2 of (3.63) and J L2 of (A.8) (see
Appendix A.3), however now permuted with the matrix
⎡I
⎢
⎢0
⎢
P =⎢
⎢0
⎢
⎢0
⎣

0
0
I
0

0
0
0
I

0⎤⎥
I ⎥⎥
⎥,
0⎥⎥
0⎥⎦

i.e., P ⊺ J L2 P and P ⊺ J L2 P , resulting in
JPL2

JPL2

⎡
0
⎢
⎢ J
0
⎢
DD
⊺ L2
∶= P J P = ⎢
⎢
0
⎢
⎢ 0 0 0 αc 2 γ 2 Im +m
+
−
⎣
W
⎡
⎢
⎢
JDD
⎢
⊺ L2
∶= P J P = ⎢⎢
⎢
⎢
⊺
⎢ (A∆
A∆
0
SS,ev
ST,SS,e )
⎣

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
A∆
ST,SS,e
⊺
(A∆
SS,ev )
0
A∆
SS,e

(3.67a)

⎤
⎥
⎥
⎥
⎥,
⎥
⎥
⎥
⎥
⎦

(3.67b)

respectively, with
JDD

JDD

⊺
⎡A⊺ A
⎤
̂ST ATS A⊺ A
̂
⎢ TT ̂ST ATT ATT A
TT ST BT ⎥
̂ST ATT A⊺ A
̂ST ATS A⊺ A
̂ST BT ⎥⎥
∶= −M ⎢ A⊺TS A
TS
TS
⎢ ⊺
⎥
⊺ ̂
⊺ ̂
⎢B A
̂
BT
AST ATS
BT
AST BT ⎥⎦
⎣ T ST ATT
⎡
⊺
̂TT +µC ⊺ CT +A∆
CS +A∆
XT ATS +µCT
A
⎢
ST,SS,v
ST
T
⎢
⊺
∆
⊺
⊺
⊺
µCS CS +A∆
∶= ⎢(ATS ) XT +µCS CT +(AST,SS,v )
SS,v
⎢
⊺
⎢
BT
XT +µD ⊺ CT
µD ⊺ CS
⎣
2⎢

(3.68a)
⊺
XT BT +µCT
D

⎤
⎥
⎥
⎥.
⎥
−µθ 2 Imd +µD ⊺ D ⎥
⎦
(3.68b)
⊺
µCS
D

Observe now that the upper-left matrix corner of the matrix JPL2 , denoted by
JDD and given by (3.68b), is exactly the same matrix J as in Theorem 1 from [69]
for µ = θ = 1. In fact, in [69] it is shown that under perfect or ideal communication
the system is L2 -stable from d to z with an L2 -gain less than or equal to θ = 1
when
JDD ≺ 0.
(3.69)
In addition, from Theorem 3.6 we also know that the overall spatially invariant
interconnected system H with networked communication is L2 -stable from d to
z with an L2 -gain less than or equal to θ = 1 when J L2 − J L2 ⪯ 0, or, hence,
JPL2 − JPL2 ⪰ 0 (and MATI is sufficiently small).
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In order to connect these two stability/performance results, consider the
Schur lemma, which states that a matrix X, given by
A
X =[ ⊺
B

B
],
C

(3.70)

is positive semidefinite when C ≻ 0 and A − BC −1 B ⊺ ⪰ 0. Based on the matrices
JPL2 and JPL2 of (3.67), one can take the matrix C in (3.70) as
2

c
2
C = −A∆
SS,e + αW γ Im+ +m− ,

(3.71)

while the matrix A in (3.70) is being defined as A ∶= −JDD + JDD , where JDD
denotes the upper-left matrix corner of the matrix J as given by (3.68a). It is
clear that the matrix C of (3.71) satisfies C ≻ 0 when the constant γ > 0 is taken
large enough. Moreover, based on this matrix C, it also follows that there exists
a large enough value for γ such that, when A = −JDD + JDD ≻ 0 holds, also
A − BC −1 B ⊺ ⪰ 0 holds. Hence, from the Schur lemma it now directly follows
that the overall system H is L2 -stable from d to z with an L2 -gain less than or
equal to θ = 1 when
JDD ≺ JDD
(3.72)
and γ large enough (or, thus, τmati small enough). In addition, from the structure
of the matrix JDD itself and using that ÂST ⪰ 0, we also have that JDD ⪯ 0 for
M ≥ 0. Now, if we could show that (3.69) (the stability/performance condition
as in [69] for the ideal communication case) implies (3.72), then we showed the
desired connection.
To prove that is indeed the case, consider the LMI of (3.69) to be satisfied for
e ×me
certain matrices XT ∈ XT and XS ∈ Rm
, and constant µ > 0. Note that we
S
can scale these variables with a factor r > 0, which essentially scales the matrix
JDD by this same factor r while the matrix JDD stays constant (because it does
not depend on either XT , XS , nor µ). As such, we can thus make sure that
(3.72) is also satisfied when (3.69) is satisfied by choosing r large enough. Note
now that, scaling of XS by a factor r also influences the matrix C of (3.71),
however this can still be compensated by choosing γ large enough (and, thus,
MATI small enough). Hence, based on the above observations, we established
the following theorem.
Theorem 3.7 Take θ = 1 and let λ ∈ (0, 1) be given. If there exist matrices
e ×me
XT ∈ XT and XS ∈ Rm
, and constants M, µ > 0 such that (3.69) holds, then
S
e ×me
there also exist matrices XT ∈ XT and XS ∈ Rm
, and constants M, µ, γ > 0
S
L2
L2
such that J − J ⪯ 0 holds.
We thus have indeed shown that the condition (3.69) as derived in [69] for the
case of perfect communication also a sufficient condition to guarantee robustness
of the L2 -stability property with an L2 -gain less than or equal to θ = 1 for the
case of imperfect (packet-based) communication, under the assumption of τmati
small enough.

3.7. Further Extensions

3.7
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Further Extensions

Next to showing how the novel theorem for the case of non-ideal communication
is connected to the theorem concerning systems with ideal communication as
in [69], in this section, we will also show that the results as presented in this
chapter have many natural extensions and applications as a result of the general
(hybrid) framework based on (3.9)-(3.10). In particular, we will mention possible
extensions with respect to the communication phenomena and it is shown that
Theorem 3.6 also holds for other interconnection structures, including periodic
and finite interconnections with boundary conditions.

3.7.1

Other communication phenomena

The generic hybrid framework of (3.9)-(3.10) enables us to apply known extensions from NCS-literature directly to our analysis. That is, extensions including
delays can, for instance, directly be envisioned based on the framework developed in [110]. Moreover, the use of a ‘spatially invariant’ scheduling protocol
function h in (3.9) is not a necessary condition. Indeed, it can be shown that it
is sufficient that all local scheduling protocol functions hs , s ∈ Z, are chosen such
that (3.23) is satisfied for each of them with the same constants αcW , αcW , and
M , s ∈ Z. Hence, it is thus possible to obtain for every system a different λs and
s
thus a different τmati
, s ∈ Z. Finally, the considered hybrid framework of (3.9)(3.10) for spatially invariant time-triggered systems as considered in this chapter
can also be extended with an event-triggering mechanism (ETM). In particular,
based on [74], we have shown in [114] how for spatially invariant systems with
event-triggered communication local conditions can be obtained that guarantee
UGAS of the overall system and lead to a positive so-called minimum inter-event
time (MIET). However, it should be noted here that only interconnections consisting of a finite number of (networked) subsystems can be considered in this
event-triggered setting as Zeno points in the form of left-accumulation points
are also possible in the infinite case. As such, in order for this extension to be
feasible, we should also be able to consider different interconnection structures.

3.7.2

Different interconnection structures

Besides extensions with respect to the communication channels, also other applications as a result of the spatial invariance can be envisioned. Based on the
results of [69], [70], [152], and [153], it can be shown that the various composed
theorems also apply to different interconnection types as long as they still compose a neutral interconnection according to Lemma 3.1. For example, besides the
infinite interconnections of Figures 3.2 and Figure 3.3, Definition 3.1b also allows
us to consider periodic interconnections, finite interconnections with boundary
conditions, and interconnections in higher dimensions, as depicted in Figure 3.6.
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(a) Periodic interconnection.

(b) Finite interconnection with boundary
conditions.

(c) Periodic interconnection in, spatial dimensions.

(d) Finite interconnection with boundary
conditions, two spatial dimensions.

Figure 3.6: Extensions for spatially invariant interconnected systems from [70].

To substantiate this, the set Di is introduced in dimension i, being the set of
integers Z or the set {1, 2, . . . , Ni } with Ni the number of subsystems in the i-th
spatial dimension and we let in Definition 3.1a now `L,n be the set of functions
mapping D1 × ⋯ × DL to Rn . Doing so and having that, for example, the type of
interconnections from Figure 3.6(a) can be expressed by means of
v+ (s) = ŵ+ (s − 1),

for

2≤s≤N

v− (s) = ŵ− (s + 1),

for

1≤s≤N −1

v+ (1) = ŵ+ (N ),

and

v− (N ) = ŵ− (1),

the periodic interconnection can again be captured by (3.5) and, hence, satisfies
Lemma 3.1 (for the same supply function Si given by (3.40) as for the infinite
interconnection case of Figure 3.1(b)). This implies that the same analysis as
for the infinite interconnection applies to the periodic interconnected system.
Similarly, it can be proven that the analysis for the infinite interconnection also holds for finite interconnections with boundary conditions as in Figure
3.6(b). Such interconnections are especially relevant as, unlike the infinite and
periodic interconnections, finite extent systems are easier to introduce through
the real physical interconnection they describe, see also the numerical example
in Section 3.8.3. For the finite interconnection of Figure 3.6(b), we can describe
each subsystem as an instance of the basic building block from Figure 3.1(a),
except the two end ones, which require specific boundary conditions. In the case
of zero boundary conditions, the interconnection can be described by
v+ (1) = 0

and v+ (s) = ŵ+ (s − 1),

for

2 ≤ s ≤ N,
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where it should be noted that these types of interconnections are only defined
when the interconnection is restricted to only the interconnection variables v+ (s)
and w+ (s), see [70]. Such interconnections are sometimes referred to as ‘lookahead’ systems. It is obvious that the finite interconnection with zero boundary
conditions also satisfies Lemma 3.1 (for the same supply function Si of (3.40)),
and, hence, again the same analysis can be applied as for the periodic and infinite
interconnections.
However, when we are dealing with a finite interconnection with nonzero
boundary conditions, this is not so obvious anymore. In particular, consider the
finite interconnections for which the interconnection relation between neighboring subsystems is described by
v+ (s) = ŵ+ (s − 1),

for

2≤s≤N

v− (s) = ŵ− (s + 1),

for

1≤s≤N −1

v+ (1) = Mŵ+ (1),

and v− (N ) = M ŵ− (N ),

−1

(3.73)

where M is a nonsingular matrix called the boundary conditions matrix.
Remark 3.13 This method for imposing the boundary conditions is motivated
by the method of images and, in particular, the concept of M-reversibility. For
the motivation and more details on these concepts, the interested reader is referred to [70, 152, 153].
As a result of the boundary conditions, the finite interconnection can no
longer be classified as being ‘spatially invariant’, however, they can still be analyzed in the same fashion as periodic/infinite interconnections. In particular, it
has been proven in [153] that, if the basic building block is M-reversible and the
periodic/infinite interconnection is well-posed and stable, then the corresponding finite interconnection with boundary conditions matrix M is also stable. In
other words, the conditions as stated in this chapter are also sufficient for the
finite interconnection with boundary conditions under the assumption that the
considered interconnection is M-reversible.
To put this latter finite interconnection structure into more context, in the
next section we will consider the practical example of a two-sided platoon of
vehicles, which is such a spatially reversible system with boundary conditions.
Remark 3.14 For a detailed analysis concerning interconnected systems in higher
dimensions we refer to [69, 70, 153].

3.7.3

Future work

In this subsection we will very briefly outline several directions in which this
research could be extended further. One of the obvious cases would be to consider
heterogeneous or spatially varying systems. In other words, it would be no longer

72

Chapter 3. Spatially Invariant Systems with Networked Communication

required for the subsystems to be identical. Using some LMI synthesis techniques
for linear time varying systems and the obtained results as in this chapter, it
might be possible to also obtain LMI synthesis conditions for spatially varying
systems. Also controller synthesis as described in [69] could be incorporated
in the hybrid modeling framework of (3.9)-(3.10). Finally, robust modeling
techniques such as the linear fractional transformation approach in combination
with small-gain type of arguments could be used to also take uncertainties into
account, see also [70].

3.8

Numerical Examples

In this section the effectiveness of the obtained analysis for spatially invariant
systems with networked communication is shown by applying the stability and
performance results to various examples. Firstly, we consider the linear case by
considering the example of a platoon of vehicles, which can be captured in the
system configuration S1 of Figure 3.2. Based on only one vehicle, we can analyze
the UGES property for the overall interconnected string of vehicles. Secondly,
a nonlinear example is considered in which UGES is guaranteed for a system
when the system configuration S2 of Figure 3.3 is exploited. Finally, the example
of a two-sided platoon of vehicles is considered in which L2 -stability is shown.
Moreover, in this example the system is modeled as a finite interconnection with
boundary conditions showing how the results for infinite interconnections indeed
can also be applied for other interconnection configurations.

3.8.1

An infinite platoon of vehicles

In this example we apply the stability analysis of Theorem 3.5 on a platoon of
vehicles with wireless communication between the vehicles to guarantee UGES.
To this end, consider an infinite string of vehicles each with a length Lv ∈ R≥0 ,
as shown in Figure 3.7, where the spatial coordinate s increases in upstream
direction. Moreover, the absolute position of the rear bumper of the vehicle
at position s is denoted by r(s) ∈ R, from which it follows that the distance
dv (s) ∈ R≥0 between the vehicle at s and the preceding vehicle at s − 1, called
the headway, is defined as dv (s) = r(s − 1) − r(s) − Lv (s).
r(s)

r(s − 1)

r(s + 1)
s+1

Lv

dv (s + 1)

s

dv (s)

Lv

Figure 3.7: A string of vehicles.

s−1

Lv

dv (s − 1)
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Based on the above, the dynamical behavior of the vehicles can be modeled as
a spatially invariant system, by using appropriate lower-level vehicle acceleration
controllers that compensate differences in the vehicle’s dynamics in the string.
A widely used model in the literature, see, e.g., [164, 185, 208, 234], to describe
the vehicle for every fixed s ∈ Z is given by
⎡d˙ (s)⎤ ⎡ v (s − 1) − v (s) ⎤
v
⎥
⎢ v ⎥ ⎢ v
⎥
⎢
⎥ ⎢
a(s)
⎥,
⎢v̇v (s)⎥ = ⎢
(3.74)
⎥
⎢
⎥ ⎢ −1
−1
⎢ ȧ(s) ⎥ ⎢−τv a(s) + τv u(s)⎥
⎦
⎣
⎦ ⎣
where vv (s) is the velocity of the vehicle at position s, a(s) its acceleration, u(s)
the external control input equal to the desired acceleration, and τv is a time
constant representing the engine dynamics (which is the same for all vehicles as
a result of the spatial invariance).
The control objective is to keep the headway dv (s) at desired (velocity dependent) values. Hereto, the distance error ε(s) ∈ R is introduced, which is
defined as
ε(s) = dv (s) − dr (s),
(3.75)
for every fixed s ∈ Z where dr (s) is the desired headway, defined through the
spacing policy. When a constant time headway is desirable, the distance dr (s) is
chosen to be velocity-dependent [136], i.e., dr (s) = dss (s) + hvv (s), where dss (s)
is the standstill distance and h the constant time headway.
Clearly, traveling closely together, i.e., small values for the constant time
headway h and the standstill distance dr (s) are desirable for fuel economy and
high traffic throughput, provided that instabilities are avoided, including the
prevention of propagating shockwaves [185]. As a result, we are interested in
the effect of imperfect communication on the stability properties of the infinite
vehicle string (as a function of h).
Let ξε (s) be the error state vector given by ξε (s) ∶= (ε1 (s), ε2 (s), ε3 (s)) =
(ε(s), ε̇(s), ε̈(s)). From the model (3.74) and the distance error (3.75), for the
third error state equation it follows that
...
ε̇3 (s) = ε (s) = ȧ(s − 1) − ȧ(s) − hä(s)
1
1
1
1
= ȧ(s − 1) − (− a(s) + u(s)) − h (− ȧ(s) + u̇(s))
τv
τv
τv
τv
1
1
= ȧ(s − 1) − (hu̇(s) + u(s)) + (a(s − 1) − ε̈(s))
τv
τv
1
1
1
= − ε3 (s) − (hu̇(s) + u(s)) + (τv ȧ(s − 1) + a(s − 1)) .
τv
τv
τv
Hence, the error dynamics of the uncontrolled system are
⎡ε̇ (s)⎤ ⎡
⎢ 1 ⎥ ⎢
⎢
⎥ ⎢
⎢ε̇2 (s)⎥ = ⎢
⎢
⎥ ⎢
⎢ε̇3 (s)⎥ ⎢− τ1 ε3 (s) −
⎣
⎦ ⎣ v

⎤
ε2 (s)
⎥
⎥
ε3 (s)
⎥
⎥
1
1
⎥
ū(s)
+
(τ
ȧ(s
−
1)
+
a(s
−
1))
v
τv
τv
⎦

(3.76)
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where ū(s) is a new input defined as
ū(s) ∶= hu̇(s) + u(s)
and thus

1
1
u(s) + ū(s).
h
h
When assuming there is a one-vehicle look-ahead (in downstream direction), it
is possible to obtain the preceding vehicle’s velocity, acceleration, and jerk by
means of wireless communication, i.e., the vehicle at s − 1 broadcasts its velocity
vv (s − 1), acceleration a(s − 1), and jerk (s − 1) to the vehicle at s.
From the error dynamics (3.76) it is clear that the input ū(s) can compensate
for the term (τv ȧ(s − 1) + a(s − 1)) belonging to the preceding vehicle, by means
of feedforward in order to realize the control objective
u̇(s) =

lim ε(t, s) = 0

t→∞

for all s ∈ Z. Consequently, the control law contains a feedforward term as well
as feedback terms and is given by [82, 208]
⎡ε (s)⎤
⎢ 1 ⎥
⎥
⎢
ū(s) = K ⎢ε2 (s)⎥ + u(s − 1)
⎥
⎢
⎢ε3 (s)⎥
⎦
⎣
with the feedback gain vector K ∶= [kp kd kdd ]. The control input can thus
be defined as u(s) ∶= τv (s) + a(s), where (s) ∶= ȧ(s) is the jerk. Following now
a similar analysis as described in [82], the following closed-loop model for every
vehicle, i.e., for every fixed s ∈ Z, can be obtained
⎡ ε̇(s) ⎤ ⎡ 0
⎢
⎥ ⎢
⎢v̇ (s)⎥ ⎢ 0
⎢ v ⎥ ⎢
⎢
⎥=⎢
⎢ ȧ(s) ⎥ ⎢ 0
⎢
⎥ ⎢
⎢ ̇(s) ⎥ ⎢ kp
⎣
⎦ ⎣ hτv
⎡0
⎢
⎢0
⎢
+ ⎢0
⎢
⎢
⎢0
⎣

−1
0
0
kd
− hτ
v

−h
1
0
dd
− 1+kdhτh+k
v

1
0
0

0
0
0

kd
hτv

1+kdd
hτv

0
0
1

⎤ ⎡ ε(s) ⎤
⎥⎢
⎥
⎥ ⎢v (s)⎥
⎥⎢ v ⎥
⎥⎢
⎥
⎥ ⎢ a(s) ⎥
⎢
⎥
h+kdd h+τv ⎥
− hτv ⎥⎦ ⎢⎣ (s) ⎥⎦

(3.77)

0 ⎤⎥ ⎡⎢ ε(s − 1) ⎤⎥
0 ⎥⎥ ⎢⎢vv (s − 1)⎥⎥
⎥⎢
⎥
0 ⎥ ⎢ a(s − 1) ⎥ .
⎢
⎥
1⎥
⎥ ⎢ (s − 1) ⎥
⎦
h⎦⎣

As feedback of the vehicle’s jerk is in practice not feasible [208], kdd is set to
zero for all further analysis.
The model (3.77) for every vehicle can be reformulated such that the structure as described in (3.49) is obtained. However, contrary to [82], the values
of vv (s − 1) and u(s − 1) = τv (s − 1) + a(s − 1) are now received by the vehicle
at s from the vehicle at s − 1 by means of networked communication. Hence,
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by communicating w− (s) = (vv (s), τv (s) + a(s)), from the structure of (3.49)
it follows that with m0 = 4, m+ = 0, m− = 2 the spatially invariant subsystem
(3.48) with x(s) = (ε(s), vv (s), a(s), (s)) is given by
⎡ 1
⎢
⎢ 0
⎢
ATS = ⎢ 0
⎢
⎢ kd
⎢
⎣ hτv

⎤
⎡ 0
⎥
⎢
⎥
⎢ 0
⎥
⎢
⎥ , ATT = ⎢ 0
⎥
⎢
⎢ kp
1 ⎥
⎥
⎢
⎣ hτv
hτv ⎦
0
0
0

−1
0
0
kd
− hτ
v

−h
1
0
dh
− 1+k
hτv

0
0
1

⎤
⎥
⎥
0
⎥
⎥ , AST = [
⎥
0
⎥
v⎥
− h+τ
hτv ⎦

1
0

0
1

0
],
τv

and where BT , CS , CT , and D are all zero matrices for every fixed s ∈ Z. Now
by using Theorem 3.5 the τmati bound can be computed by minimizing γ, as
indicated at the end of Section 3.6.2, such that UGES of the infinite string is
guaranteed. The values for τmati guaranteeing UGES are shown in Figure 3.8 for
various time headways for the given values of τv = 0.3, kp = 10−8 , and kd = 0.8.
1.5

1.0

0.5

0.0
0.7

1

1.5

2

2.5

3

3.5

Figure 3.8: Values of τmati guaranteeing UGES for the infinite vehicle string for various time
headways h.

3.8.2

A nonlinear example

In this section, we provide a nonlinear example in which UGES is guaranteed
for a system when the system configuration of Figure 3.9 is exploited, which is
closely related to system configuration S2 from Figure 3.3, see also Remark 3.3.
In particular, consider the control setup as shown in Figure 3.9 given by
⎧
ẋ(s) = x(s)2 − x(s)3 + [−Im+
⎪
⎪
⎪
⎪
⎪
⎪
⎪
I
P(s) ∶ ⎨w(s) = [ m+ ] x(s)
Im−
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩ y(s) = x(s)

Im− ] v(s) + u(s)

with the controllers C(s) ∶ u(s) = −2ŷ(s) for all s ∈ Z, the interconnection given
by (3.15), and where ŷ(s) denotes the most recently received measurement of
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the output y(s) = x(s). Observe that in this case mxp = m− = m+ = 1 and that
in open loop, i.e., u(s) = 0, the system has multiple equilibria and the origin is
an unstable equilibrium point.

C(s-1)

C(s)

ŷ(s-1)

N (s-1)

u(s-1)

ŷ(s)

x(s-1)

x(s)

N (s+1)

y(s)

x(s-1)

P(s-1)

ŷ(s+1)

N (s) u(s+1)

u(s)

y(s-1)
x(s-2)

C(s+1)

y(s+1)

x(s)

P(s)

x(s+1)

x(s+1)

P(s+1) x(s+2)

Figure 3.9: Networked control setup of an infinite string of coupled systems.

By defining the networked-induced error as e(s) = x̂(s)−x(s) for all s ∈ Z and
using the ZOH assumption on the network, we have that u(s) = −2(x(s) + e(s))
and the closed-loop system is described by
ẋ(s) = x(s)2 − x(s)3 − v+ (s) + v− (s) − 2(x(s) + e(s))
2

3

ė(s) = −x(s) + x(s) + v+ (s) − v− (s) + 2(x(s) + e(s)).

(3.78a)
(3.78b)

For this example, we use now the SD protocol for the local networks with
W (κ(s), e(s)) = ∣e(s)∣, αcW = αcW = M = 1, and λ = 1 ⋅ 10−3 . As such, we find by
means of (3.78b) that
∣ė(s)∣ ≤ ∣2x(s) − x(s)2 + x(s)3 + v+ (s) − v− (s)∣ + 2W (κ(s), e(s))
and thus we have that in (3.24) L = 2 and
H(x(s), v(s)) = ∣2x(s) − x(s)2 + x(s)3 + v+ (s) − v− (s)∣
for all s ∈ Z. Consider the (local) storage function
V(x(s)) = σ 2 (α

x(s)2
x(s)4
+β
),
2
4

(3.79)

where α, β, σ ∈ R≥0 . By means of (3.78a) we find that
⟨∇V(x(s)), f (x, e)(s)⟩ = σ 2 (αx(s)3 − αx(s)4 − 2αx(s)2 − 2αx(s)e(s) + βx(s)5
− βx(s)6 − 2βx(s)4 − 2βx(s)3 e(s)
+ αx(s) (−v+ (s) + v− (s)) + βx(s)3 (−v+ (s) + v− (s)) ).

77

3.8. Numerical Examples

Using now the result 2ab ≤ a2 + b2 , a, b ∈ R, for the terms 2αx(s)e(s) and
2βx(s)3 e(s) yields
⟨∇V(x(s)), f (x, e)(s)⟩ ≤ σ 2 ((α2 + β 2 )e(s)2 + (−β + 1)x(s)6 + βx(s)5
+ (−α − 2β)x(s)4 + αx(s)3 + (−2α + 1)x(s)2

(3.80)

+ αx(s) (−v+ (s) + v− (s)) + βx(s)3 (−v+ (s) + v− (s)) ).
Now, in order to find α, β and σ such that (3.43) holds, we introduce the function
p(x(s)), which is defined as
p(x(s)) ∶= x(s)2 (−2α + 1 + σ −2 (8 + 2(4 + c) + ε2 )) + (α − 8σ −2 ) x(s)3
+ (−α − 2β + 10σ −2 ) x(s)4 + (β − 4σ −2 ) x(s)5 + (−β + 1 + 2σ −2 ) x(s)6
+ βx(s)3 (−v+ (s) + v− (s)) − cσ −2 (v+ (s)2 + v− (s)2 ) .

(3.81)

for some constants c ∈ R and ε > 0. Addition to and subtraction from (3.80) of the
terms ε2 e(s)2 , ε2 x(s)2 , H 2 (x(s), v(s)), c (v+ (s)2 + v− (s)2 ), and 2(4 + c)x(s)2 ,
and by using that
2

H 2 (x(s), v(s)) ≤ 2(2x(s) − x(s)2 + x(s)3 ) + 4v+ (s)2 + 4v− (s)2 ,
and v+ (s) = x(s − 1) and v− (s) = x(s + 1) yields
⟨∇V(x(s)), f (x, e)(s)⟩ ≤ −ε2 x(s)2 + (σ 2 (α2 + β 2 + σ −2 ε) − ε2 ) e(s)2
− H 2 (x(s), v(s)) + (4 + c) (x(s + 1)2 + x(s − 1)2 )
− 2(4 + c)x(s)2 + σ 2 αx(s)x(s + 1) − σ 2 αx(s)x(s − 1)
+ σ 2 p(x(s)).

(3.82)

Hence, from (3.82) it follows that if α, β, c, ε, and √
σ are chosen such that
p(x(s)) ≤ 0, then V of (3.79) satisfies (3.43) with γ = σ α2 + β 2 + σ −2 ε2 and
⊺

⊺

x(s)
x(s)
x(s − 1)
x(s − 1)
Si (q+ (s), q− (s)) = − [
] XS [
]+[
] XS [
],
x(s + 1)
x(s + 1)
x(s)
x(s)
where q+ (s) = (x(s), x(s + 1)), q− (s) = (x(s − 1), x(s)), and
4+c
XS = [ 1 2
−2σ α

− 21 σ 2 α
],
−(4 + c)

since w+ (s) = w− (s) = x(s), v+ (s) = x(s − 1), and v− (s) = x(s + 1).
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Rewriting p(x) of (3.81) yields p(x) = ζ ⊺ P ζ with ζ = (x(s), x(s)2 , x(s)3 , v+ (s),
v− (s)) and
P=
⎡−2α + 1 + σ −2 (16 + 2c + ε2 )
⎢
⎢
1
(α − 8σ −2 )
⎢
2
⎢
⎢
0
⎢
⎢
⎢
0
⎢
⎢
0
⎣

(α − 8σ −2 )
−α − 2β + 10σ −2
1
(β − 4σ −2 )
2
0
0
1
2

0
(β − 4σ −2 )
−β + 1 + 2σ −2
− β2
1
2

β
2

0
0
− β2
−cσ −2
0

0
0

⎤
⎥
⎥
⎥
⎥
β
⎥
⎥
2
⎥
0 ⎥
⎥
−2 ⎥
−cσ ⎦

implying that p(x) ≤ 0 holds when P ⪯ 0 is satisfied. By using this result, we determined numerically that choosing [α, β, c, ε, σ] = [7.633, 2.688, 11.92, 0.1, 1.744]
ensures p(x) ≤ 0 for all x(s) ∈ Rm0 , s ∈ Z and yields γ = 14.112. As a result,
using Theorem 3.3, UGES of the set E of (3.20) for the considered system of
Figure 3.9 is guaranteed when τmati ≤ 0.1021.

3.8.3

L2 -stability of a two-sided platoon of vehicles

Finally, to show the application of the new interconnection types of Section 3.7.2,
we review the numerical example of a two-sided platoon of vehicles, adapted
from [153]. That is, consider a finite string of spatially invariant vehicles each
with a length Lv ∈ R≥0 . The absolute position of the rear bumper of the vehicle
at position s is denoted by r(s) ∈ R, from which it follows that the distance
dv (s) ∈ R≥0 between two vehicles can be defined by the difference between the
position of the sth vehicle and the middle of its closest neighbors, i.e.,
dv (s) = −r(s) +

1
(r(s + 1) + r(s − 1)) − Lv .
2

For the (spatially invariant) vehicle model we use a double integrator system,
given by
−v (s) + 12 (vv (s + 1) + vv (s − 1))
d˙ (s)
]
[ v ]=[ v
u(s) + d(s)
v̇v (s)
with the performance output given by z(s) = ε(s) and where vv (s), u(s), and
d(s) are the vehicle’s velocity, control input, and external disturbance input.
Define now the distance error ε(s) ∈ R as
ε(s) = dv (s) − dr (s) = dv (s) − (dc + hvv (s))
where dr (s) is the desired headway, given by dr (s) ∶= dc + hvv (s), where dc is the
standstill distance and h the constant time headway, s ∈ Z. The control input is
chosen to be
u(s) = ks (r(s + 1) − r(s) − dr (s) − Lv ) − ks (r(s) − r(s − 1) + dr (s) + Lv )
= 2ks ε(s)
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for some constant ks > 0, such that the dynamical model for each vehicle becomes
ε̇(s)
−v (s) + 12 (vv (s + 1) + vv (s − 1)) − h (2ks ε(s) + d(s))
[
].
]=[ v
v̇v (s)
2ks ε(s) + d(s)

(3.83)

Hence, when we communicate the velocity over the networks from one vehicle
to another as in Figure 3.2, i.e., w+ (s) = w− (s) = vv (s), s ∈ Z, then the model
for each vehicle can be captured by (3.49) with x(s) = (ε(s), vv (s)) and
ATT = [

−2hks
2ks

0
AST = [
0

1
],
1

−1
],
0

1/2

1/2

0

0

ATS = [

CT = [1

0] ,

],

CS = [0

−h
BT = [ ]
1
0] ,

D = 0.

In addition, the finite two-sided platoon can be described as a spatially Mreversible system, and therefore we can model the overall interconnection as a
finite interconnection with boundary conditions as in Figure 3.6(b), see also [152]
or [153]. In particular, we consider a set of relevant boundary conditions that
involves a virtual leader, located in front of the first vehicle of the platoon,
and a virtual follower located behind the L-th vehicle of the platoon. These
virtual leader and follower have the same velocity as the first and last vehicle of
the platoon, respectively, which corresponds to the boundary conditions matrix
M = 1 in (3.73).
As a result, the analysis results of Theorem 3.6 and Theorem 3.7 can be used
to verify if the system is L2 -stable when non-ideal communication is used. In
particular, it is easy to verify that, for the considered system of (3.83), indeed
(3.69) holds for h ≥ 0.5, ks = 5, µ = 1, and θ = 1. This implies that there exists a
τmati small enough such that L2 -stability is guaranteed. Indeed, when Theorem
3.6 and the SD-protocol (αcW = αcW = M = 1, λ = 10−3 ) are used, we can obtain
the values for τmati for which the platoon of vehicles is L2 -stable with a gain
less than or equal to θ = 1, see Figure 3.10.

MATI τmati [s]

1.5

·10−2

1.0

0.5

0.0
0.5

1

1.5

2

Time headway h [s]
Figure 3.10: Values of τmati guaranteeing L2 -stability for the finite platoon of vehicles for
various time headways h.
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Conclusion

In this chapter, a novel approach was presented for the stability analysis of systems consisting of an infinite number of spatially invariant interconnected subsystems where packet-based (wireless) communication networks are part of the
system configuration. Based on a model consisting of an infinite interconnection
of spatially invariant hybrid systems, and for which a new solution concept had
to be defined relevant for this NCS context, a bound on the MATI was derived for
all the (local) communication networks such that uniform global asymptotic (or
exponential) stability or Lp -stability for the overall system is guaranteed. Moreover, these conditions were reformulated using only local information of the subsystem, the interconnection structure, and the adopted scheduling protocol. As
a consequence, UGES or Lp -stability for the overall global infinite-dimensional
system was obtained based only on local properties leading to easy-to-verify conditions. Moreover, when particularized to the case of linear subsystems (and the
L2 -case), these local conditions were even reformulated in terms of linear matrix
inequalities, making them numerically tractable.
We also showed how the obtained results for the non-ideal communication
case are connected to the results for the ideal communication case as obtained
in [69]. This lead to the conclusion that the condition as derived in [69] for the
perfect communication case is also a sufficient condition to guarantee robustness
of the L2 -stability property for the case of imperfect, packet-based communication (for sufficiently small MATI). Additionally, several natural extensions were
discussed, in which we elaborated particularly on the inclusion of delays, the use
of spatially varying scheduling protocols, and the applicability of Theorems 3.3
and 3.4 for periodic and finite interconnection with boundary conditions. Finally,
the effectiveness and the applicability of the results was shown by considering
various numerical examples.

4

Singularly Perturbed
Networked Control Systems
A Stability Analysis based on Time-Scale Separation

“Divide and conquer! That’s how you rule...”
— Gaius Julius Caesar

Our knowledge of physical processes and components often leads to models of
dynamical systems that are characterized by some slow and fast dynamics. It is
therefore common to analyze these systems based on a separation of time-scales.
In particular, by decomposing the model into reduced (slow) and boundary layer
(fast) models, stability of the overall system may be readily addressed by assessing the stability of these approximated models. However, when considering
networked control systems (NCSs), this time-scale separation appears to be ignored in the design and analysis frameworks. As a result, the slow dynamics
are in general updated at the same rate as the fast dynamics, leading to many
redundant transmissions of the slow dynamics.
In this chapter, we want to recover an analysis based on a time-scale separation property for NCSs. After introducing the matter in question in Section 4.1,
we provide the NCS setup in Section 4.2, where the plant is considered to be a
dynamical system evolving on two time-scales. Here, we also assume that the
slow and fast dynamics can be transmitted separately over the network, allowing
us to exploit the time-scale separation techniques inspired by singular perturbation methods in the stability analysis. In particular, we show in Section 4.3 how
to obtain conditions on the transmission rates for the slow and fast dynamics
separately such that stability of the NCS is guaranteed. Finally, in Section 4.4 a
numerical example is provided and in Section 4.5 concluding remarks are given.
This chapter is based on [117].
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Introduction

Many systems are characterized by both slow and fast dynamics, and operate,
consequently, on multiple time-scales. As mentioned in [145], examples of such
systems often occur when mechanical and electrical components are combined.
For instance, an electrically driven robot manipulator can have slower mechanical
dynamics and faster electrical dynamics. Other examples arise when there is a
need to implement a feedback control algorithm through a fast actuator, see
[224], or in power systems, see, for instance, [59].
For these multi time-scale systems, the high-frequency phenomena are often
neglected to simplify the model for analysis. However, a controller design based
on a simplified model might result in a system far from its desired performance
(or even an unstable system). Therefore, one needs an extra step in the design
procedure that takes into account the disregarded (fast) phenomena. Because
most control systems are dynamic, one way of modeling and analyzing systems
according to this two step design procedure is by exploiting the multi timescales, i.e., the decomposition in stages is dictated by a separation of time-scales,
which happens to be the fundamental characteristic of the singular perturbation
method [143, 145]. Using approximated models for both the slow and the fast
dynamics, called the reduced model and the boundary layer model, respectively,
stability of the overall system may be readily addressed by assessing the stability
of these approximated models.
Unfortunately, when considering systems that exploit (wireless) packet-based
networks to communicate sensor and actuator data to and from the plant/controller, this time-scale separation appears to be ignored in the design and therefore also in the existing methodologies for the stability analysis in the literature.
That is, for these so-called networked control systems (NCSs), it is always assumed that the networked values (i.e., the most recently received values) corresponding to the slow and the fast dynamic states are updated at the same
rate; there is only one maximal allowable transmission interval (MATI) for the
entire system, see, e.g., [50, 110, 192], and the references therein. However, one
can imagine that maintaining such a communication rate for both the fast and
the slow dynamics leads to many redundant transmissions of the slow dynamics
since they will not change (much) between updates.
Therefore, we consider in this chapter the scenario in which the plant of the
NCS is a two time-scale nonlinear system for which its slow and fast states are
transmitted through separate digital communication channels to the controller,
see Section 4.2. As a result of this separation, the slow dynamics can be updated
independently of the fast dynamics and therefore do not have to be updated at
the same rate. Consequently, similar to the continuous-time case as described
in [143] and [145], we can again analyze the overall system by analyzing its slow
and fast dynamics separately, as will be explained in more detail in Section 4.3.
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To this end, following [50,192], we use the emulation-based approach to design
the NCS, meaning that we assume that the controller, being here a state-feedback
law, is such that it stabilizes the plant in the absence of a network (i.e., under
perfect communication), combined with hybrid systems analysis tools. Doing so
allows us to rewrite the overall NCS as a singularly perturbed hybrid system. As
such, using a Lyapunov-based proof along the lines of [2, 224], stability of the
NCS can be addressed by assessing the stability of the boundary layer system and
the reduced system corresponding to this singularly perturbed hybrid system,
expressed in terms of individual MATIs for the slow and fast dynamics. Here,
contrary to [224] and [253], we model both the reduced system and the boundary
layer system as a hybrid system. Finally, to illustrate the results, we provide in
Section 4.4 a fully worked out numerical example and compare the results with
traditional analysis techniques for NCS as in [50].

4.2

System Description

In this section, we introduce the NCS setup and a hybrid model describing the
overall dynamics.

4.2.1

System Setup

We consider the NCS setup as depicted in Figure 4.1 where the plant P is
controlled by the controller C by means of communicating the plant states (x, z)
via the network N . To complete the description, we consider the plant, the
controller, and the network individually in more detail.
x
^

C

x

N

z^

z

P

u
Figure 4.1: The considered NCS setup.

The plant P
The plant P is for some small constant 0 < ε ≪ 1 given by the nonlinear singular
perturbed system
ẋ = f (x, z, u)
(4.1)
P∶ {
εż = g(x, z, u)
with (x, z) ∈ Dx × Dz the state of the system (where Dx ⊂ Rmx and Dz ⊂ Rmz
are open connected sets that contain the origin (x, z) = (0, 0)) and u ∈ Du ⊆ Rmu
the control input. We assume that, when u = 0, the origin (x = 0, z = 0) of this
system is an isolated equilibrium point and that the functions f and g are locally
Lipschitz in their first two arguments.
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The controller C
As mentioned in the introduction, following the emulation-based approach we
design a state-feedback controller C for the plant P assuming perfect communication. In particular, inspired by the singular perturbed method it is assumed
that there exists a composite control law
C ∶ u = Γs (x̂) + Γf (x̂, ẑ)

(4.2)

with (x̂, ẑ) the networked versions of (x, z), such that the origin of (4.1) is an
asymptotically stable equilibrium when (x̂(t), ẑ(t)) = (x(t), z(t)) for all times
t ∈ R≥0 . See, e.g., [145, Section 7.6] for a design procedure for such a composite
controller for the plant P in the case that (x̂, ẑ) = (x, z) (i.e., under perfect
communication).
The network N
Observe that, based on the dynamics of the closed-loop system (4.1)-(4.2), we
have a separation of time scales. In particular, the plant P is characterized by
slow dynamics (related to) x and fast dynamics (related to) z. As a result, one
can imagine that updating the slow dynamics x at the same rate as the fast
dynamics z results in many redundant transmissions (since the value for x will
not change (much) between updates in this case), which would be the case when
using the analysis framework of [50,192] or [118]. Therefore, as can be seen from
Figure 4.1 we assume in this chapter that the network N has two separate communication channels that are respectively dedicated to transmissions of x and z.
Such a NCS setup can be realized for many practical network implementations,
including, e.g., a WirelessHART network, see [167]. As a result of this separation, the slow dynamics x can be updated independently of the fast dynamics z
and therefore do not have to be updated at the same rate, potentially preventing
many redundant communications.
To be more precise, we assume that the network has two collections of transmission times, tsj , j ∈ N0 , and tfj , j ∈ N0 , corresponding to transmissions of the
slow and fast dynamics, respectively. For these collections we assume that the
transmission intervals are bounded by
f
f
s
s
τmiati
≤ tsj+1 − tsj ≤ τmati
and τmiati
≤ tfj+1 − tfj ≤ τmati

(4.3)

s
s
where 0 < τmiati
≤ τmati
denote the minimal allowable transmission interval
1
(MIATI) and the maximal allowable transmission interval (MATI), respectively,
between two consecutive transmission instants at which the slow dynamics x are
f
f
updated and 0 < τmiati
≤ τmati
the MIATI/MATI for the fast dynamics z. The
two MATIs have to be selected appropriately to guarantee stability properties
of the NCS, see also Section 4.3.2 below.
1 The MIATI represents physical hardware limitations and is employed to rule out Zeno
behavior, see, e.g., [192]. In Chapter 7, we will discuss the presence of a MIATI in more detail
and show how it can be exploited to obtain higher bounds for the MATI.
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At each of those transmission times, parts of the plant state (x, z) are sampled
and transmitted to the controller C, which results in an update of the networked
values (x̂, ẑ). That is, for all tsj , j ∈ N0 , we have a transmission of the slow
dynamics x, meaning that an update of the networked values occurs according
to
x̂ ((tsj )+ ) = x (tsj ) + hx (j, ex (tsj ))
(4.4a)
ẑ ((tsj )+ ) = ẑ (tsj ) ,
where the function hx ∶ N0 × Rmx → Rmx models the scheduling protocol for
the slow dynamics, while for all tfj , j ∈ N0 , we have a transmission of the fast
dynamics z, leading to an update of the networked values according to
+

x̂ ((tfj ) ) = x̂ (tfj )
+

ẑ ((tfj ) ) = z (tfj ) + hz (j, ez (tfj )) ,

(4.4b)

where the function hz ∶ N0 × Rmz → Rmz models the scheduling protocol for the
fast dynamics. Here, e = (ex , ez ) denotes the network-induced error defined as
e ∶= (ex , ez ) = (x̂ − x, ẑ − z) ∈ Rmx × Rmz ,
which is a result of the sampling/transmitting behavior, i.e., we have that in
general x̂ ≠ x and ẑ ≠ z.
Finally, it is assumed that x̂ and ẑ are constant in between two successive
transmissions (zero-order-hold (ZOH)), i.e., x̂˙ = 0 and ẑ˙ = 0. However, this can
easily be modified, if desired, see, e.g., [192].

4.2.2

A Hybrid Modeling Framework

Following the works of [50, 118, 192], the above NCS setup can be rewritten in
the hybrid system formalism of [96]. To do so, in contrast to the mentioned
works, we need to be able to keep track of the time between two consecutive
transmissions of the slow dynamics x and we need to be able to keep track
of the time between two consecutive transmission of the fast dynamics z, see
also [192]. Therefore, we introduce two separate timer variables τs , τf ∈ R≥0 ,
modeled by
s
τ̇s = 1, τs ∈ [0, τmati
]
Ts ∶ { +
(4.5a)
s
s
τs = 0, τs ∈ [τmiati , τmati
]
and

f
⎧
⎪
⎪ετ̇f = 1, ετf ∈ [0, τmati ]
Tf ∶ ⎨ +
(4.5b)
f
f
⎪
⎪
⎩ τf = 0, ετf ∈ [τmiati , τmati ].
Note that we thus model the timer τf to be evolving in the fast time scale of
z, i.e., its time-derivative depends on ε, which is needed to model the boundary
layer system, as we will see later on in Section 4.3.1.
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In addition to the timers, we also introduce the two counters κs , κf ∈ N0 ,
which keep track of the number of transmissions for, respectively, the slow dynamics x and the fast dynamics z. Using now these auxiliary variables, the NCS
consisting of the plant model (4.1), the control law (4.2), and the network N
with (4.3)-(4.4) can be expressed as the hybrid model
⎧
ẋ = fˆ(x, z, e)
⎪
⎪
⎪
⎪
⎪
⎪
εż = ĝ(x, z, e)
⎪
⎪
⎪
⎪
⎪
⎪
ėx = −fˆ(x, z, e)
⎪
⎪
⎪
⎪
⎪
⎪
εėz = −ĝ(x, z, e)
⎪
⎪
⎪
⎪
⎪
⎪
τ̇s = 1, κ̇s = 0
⎪
⎪
⎪
⎪
⎪
⎪
ετ̇f = 1, κ̇f = 0
⎪
⎪
⎪
⎪
⎪
x+ = x, z + = z, e+z = ez ,
⎪
⎪
⎪
⎪
+
+
⎪
⎪
⎪ τf = τf , κf = κf
H∶⎨ +
⎪
ex = hx (κs , ex )
⎪
⎪
⎪
⎪
+
⎪
⎪
τ
⎪
s =0
⎪
⎪
⎪
⎪
⎪
κ+s = κs + 1
⎪
⎪
⎪
⎪
⎪
x+ = x, z + = z, e+x = ex ,
⎪
⎪
⎪
⎪
⎪
⎪
τs+ = τs , κ+s = κs
⎪
⎪
⎪
⎪
⎪
⎪
e+z = hz (κf , ez )
⎪
⎪
⎪
⎪
⎪
⎪
τf+ = 0
⎪
⎪
⎪
⎪
⎪
+
⎪
⎩ κ = κf + 1
f

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
f
s
⎬ when τs ∈ [0, τmati
]
] and ετf ∈ [0, τmati
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎭
⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
(4.6)
⎪
s
s
⎬ when τs ∈ [τmiati
, τmati
]
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎭
⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
f
f
⎬ when ετf ∈ [τmiati
, τmati
]
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎭

where fˆ(x, z, e) ∶= f (x, z, Γs (ex +x)+Γf (ex +x, ez +z)) and ĝ(x, z, e) ∶= g(x, z, Γs (ex +
x) + Γf (ex + x, ez + z)) and with the full state of the hybrid system
ξ ∶= ((x, z), e, (τs , τf ), (κs , κf )) ∈ X,
with X ∶= Dx × Dz × Rmx × Rmz × R2≥0 × N20 , which can be separated in a set of
‘slow’ and a set of ‘fast’ dynamical sates, given, respectively, by
ξs ∶= (x, ex , τs , κs ) ∈ Xs ∶= Dx × Rmx × R≥0 × N0
ξf ∶= (z, ez , τf , κf ) ∈ Xf ∶= Dz × Rmz × R≥0 × N0 .
We are interested in the stability of this hybrid model (4.6).
Definition 4.1 For the system H given by (4.6), the set
E = {ξ ∈ X ∣ x = 0 ∧ z = 0 ∧ e = 0}

(4.7)

is said to be uniformly globally asymptotically stable (UGAS) if there exists
a function β ∶ R≥0 × R≥0 → R≥0 with β ∈ KL such that for any initial condition
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ξ(0, 0) ∈ X, all corresponding maximal solutions ξ to H are complete2 and satisfy
∣(x(t, j), z(t, j), e(t, j))∣ ≤ β(∣(x(0, 0), z(0, 0), e(0, 0))∣, t + j)
for all (t, j) ∈ dom ξ. Moreover, if β is of the form β(r, s) = Kr exp(−cs) for
some K, c > 0, then the set E is uniformly globally exponentially stable (UGES).

4.3

Stability Analysis

Observe that the hybrid system H in (4.6) is of a similar class of singularly
perturbed hybrid systems as discussed in [224] and [253]. However, the results
from [224] and [253] are not applicable as important differences will arise in the
stability analysis, as we will see below. In any case, similar to the continuoustime case from [145], its stability can thus be analyzed by means of analyzing
the stability of the reduced and boundary layer systems corresponding to (4.6),
which we will first derive.

4.3.1

Reduced and Boundary Layer Models

For the hybrid system H, we first define its quasi-steady-state equilibrium manifold, which in this case appears as the set-valued mapping H ∶ Rmx × Rmx ⇉
Rmz × Rmz , see also [224]. Since both z and ez evolve with respect to the fast
time scale, we need to define the quasi-steady-state equilibrium for the fast state
dynamics z as well as the quasi-steady-state equilibrium for its network-induced
error ez . Observe that for a sufficient amount of communications (i.e., updates
of ẑ), ez will converge to zero (i.e., its quasi-steady-state equilibrium). As such,
let, for all (x̄, ēx ) ∈ Dx × Rmx , z̄ = Hz (x̄, ēx ) with Hz (0, 0) = 0 be the unique root
of
0 = g(x̄, z̄, Γs (ēx + x̄) + Γf (ēx + x̄, z̄)),
then, we can define the quasi-steady-state equilibrium manifold for the overall
hybrid system H as
H(x̄, ēx ) = {

(Hz (x̄, ēx ), 0) , for all (x̄, ēx ) ∈ Dx × Rmx
0, for all (x̄, ēx ) ∉ Dx × Rmx .

(4.8)

Similar to the classical continuous-time case, see, e.g., [143] or [145], we can now
define the boundary layer system for (4.6) by setting ε = 0 and using the stretched
time scale σ = t/ε, see, e.g., [224] or [253]. However, in contrast to [224] and [253],
we cannot ignore the jump map for the boundary layer system corresponding
to (4.6) since its stability with respect to the error dynamics ez depends on the
property of persistently updating the networked value ẑ. Therefore, we define
2 For

details and terminology on hybrid systems of the form (4.6), see [96] or Section 2.3.
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the boundary layer system with its jump map. Moreover, we will use the change
of coordinates y = z − Hz (x, ex ) ∈ Dy ⊂ Rmz to express the boundary layer
system as this shifts its equilibrium towards the origin. As a result, we define
the boundary layer system to be given by the hybrid system
⎫
dex
dτs
dx
⎧
⎪
⎪
⎪
= 0,
= 0,
=0
⎪
⎪
⎪
⎪
⎪
⎪
dσ
dσ
dσ
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
dy
⎪
⎪
⎪
⎪
⎪
=
ĝ(x,
y
+
H
(x,
e
),
e)
⎪
z
x
⎪
⎪
⎪
⎪
f
⎪
dσ
⎪
⎬ when ετf ∈ [0, τmati
]
⎪
⎪
⎪
de
⎪
z
⎪
⎪
⎪
⎪
=
−ĝ(x,
y
+
H
(x,
e
),
e)
⎪
⎪
z
x
⎪
⎪
⎪
⎪
dσ
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
dτ
dκ
dκ
⎪
⎪
⎪ f = 1, f = 0, s = 0
⎪
⎪
⎪
Hbl ∶ ⎨ dσ
⎭
dσ
dσ
⎪
⎪
⎪
⎪
+
+
+
⎫
⎪
x
=
x,
y
=
y,
e
=
e
,
⎪
x
⎪
x
⎪
⎪
⎪
⎪
⎪
⎪
⎪
+
+
⎪
⎪
⎪
τ
=
τ
,
κ
=
κ
⎪
s
s
⎪
s
s
⎪
⎪
⎪
⎪
⎪
⎪
⎪
f
f
+
⎪
ez = hz (κf , ez )
⎪
⎬ when ετf ∈ [τmiati
, τmati
].
⎪
⎪
⎪
⎪
⎪
⎪
+
⎪
⎪
⎪
τ
=
0
⎪
⎪
f
⎪
⎪
⎪
⎪
⎪
⎪
⎪
+
⎪
⎪
⎪
κ
=
κ
+
1
⎩ f
f
⎭

(4.9)

For notational convenience, let now ξfy ∶= (y, ez , τf , κf ) ∈ Xyf ∶= Dy ×Dez ×R≥0 ×N0
represent the fast dynamical states expressed using the change of coordinates
y = z − Hz (x, ex ). Hence, the full state of (4.9) is given by ξ y ∶= (ξs , ξfy ).
Remark 4.1 When the network-induced error ez is absent, i.e., in the case of
perfect communication, implying ẑ = z, (4.9) simplifies to the continuous-time
case boundary layer system corresponding to (4.1) with ẑ = z (without considering
the jump map), as expressed in, for instance, [143] or [145].
Using (4.8), we can now also obtain the reduced system associated with (4.6),
which is given by
⎧
ẋ = fˆ(x, Hz (x, ex ), (ex , 0))
⎪
⎪
⎪
⎪
⎪
⎪
⎪
ėx = −fˆ(x, Hz (x, ex ), (ex , 0))
⎪
⎪
⎪
⎪
⎪
⎪
τ̇s = 1
⎪
⎪
⎪
⎪
⎪
⎪ κ̇ = 0
Hr ∶ ⎨ s+
⎪
x =x
⎪
⎪
⎪
⎪
⎪
⎪
e+x = h(κs , ex )
⎪
⎪
⎪
⎪
⎪
⎪
τs+ = 0
⎪
⎪
⎪
⎪
⎪
+
⎪
⎩ κs = κs + 1

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
s
⎬ when τs ∈ [0, τmati
]
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎭
⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
s
s
, τmati
].
⎬ when τs ∈ [τmiati
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎭

(4.10)

Note that the jump map of (4.10) does not depend on z = Hz (x, ex ), so the
reduced system ignores the fast dynamics z when determining jumps.
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4.3.2

Lyapunov Conditions for UGAS (or UGES)

Based on the results from [96] for hybrid systems, it can be shown that UGAS
for the system (4.6) is guaranteed when there exists a hybrid Lyapunov function
U ∶ Xs × Xyf → R≥0 that is locally Lipschitz in its arguments corresponding to
(x, y, e) and satisfies for some functions αU , αU ∈ K∞ and some positive definite
function % ∈ PD:
• For all (ξs , ξfy ) ∈ Xs × Xyf
αU (∣(x, y, e)∣) ≤ U (ξs , ξfy ) ≤ αU (∣(x, y, e)∣) .

(4.11a)

f
s
• For almost all (ξs , ξfy ) ∈ Xs × Xyf when τs ∈ [0, τmati
] and ετf ∈ [0, τmati
]

⟨∇U (ξs , ξfy ), F y (ξs , ξfy )⟩ ≤ −% (∣(x, y, e)∣) ,

(4.11b)

where F y (ξs , ξfy ) ∶= (Fsy (ξs , ξfy ), Ffy (ξs , ξfy )) with
Fsy (ξs , ξfy ) ∶= (fˆ(x, y + Hz (x, ex ), e), −fˆ(x, y + Hz (x, ex ), e), 1, 0)
Ffy (ξs , ξfy ) ∶= (ĝ(x, y + Hz (x, ex ), e), −ĝ(x, y + Hz (x, ex ), e), 1, 0).
s
s
• For all (ξs , ξfy ) ∈ Xs × Xyf when τs ∈ [τmiati
, τmati
]

U (Gs (ξs ), ξfy ) − U (ξs , ξfy ) ≤ 0,

(4.11c)

where Gs (ξs ) ∶= (x, h(κs , ex ), 0, κs + 1).
f
f
• For all (ξs , ξfy ) ∈ Xs × Xyf when ετf ∈ [τmiati
, τmati
]

U (ξs , Gyf (ξfy )) − U (ξs , ξfy ) ≤ 0,

(4.11d)

where Gyf (ξfy ) = (y, hz (κf , ez ), 0, κf + 1).
To obtain such a Lyapunov function, similar to the continuous case (see, e.g.,
[143, Section 11.5]) and the analysis in [224], we aim to compose a so-called
composite Lyapunov function given by
U (ξs , ξfy ) = (1 − d)Us (ξs ) + dUf (ξs , ξfy ),

0 < d < 1,

(4.12)

where Uf ∶ Xs × Xyf → R≥0 and Us ∶ Xs → R≥0 are hybrid Lyapunov functions
for the boundary layer system (4.9) and the reduced system (4.10), respectively.
Hence, we aim to analyze under which conditions the overall NCS is stable by
means of analyzing the stability of the boundary layer and the reduced system.
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To this end, observe that both the boundary layer system (4.9) and the reduced system (4.10) are of the standard hybrid form for NCSs as introduced/described in [50, 192]. Hence, their stability (including the construction of a hybrid
Lyapunov function) can be determined by means of, e.g., [50, Theorem 1] or [118,
Theorem 1]. Moreover, when we assume that for the boundary layer system Hbl
f
the MATI τmati
is such that the set Ef ∶= {(ξs , ξfy ) ∈ Xs × Xyf ∣ y = 0 ∧ ez = 0}
is UGAS uniformly3 in ξs , if follows from the result in [46] that there exists
a (smooth) Lyapunov function Uf ∶ Xs × Xyf → R≥0 such that for (almost) all
(ξs , ξfy ) ∈ Xs × Xyf
αf (∣(y, ez )∣) ≤ Uf (ξs , ξfy ) ≤ αf (∣(y, ez )∣) ,

(4.13a)

f
] (4.13b)
⟨∇ξfy Uf (ξs , ξfy ), Ffy (ξs , ξfy )⟩ ≤ −ηf βf2 (∣(y, ez )∣) , when ετf ∈ [0, τmati
f
f
Uf (ξs , Gyf (ξfy )) − Uf (ξs , ξfy ) ≤ 0, when ετf ∈ [τmiati
, τmati
],

(4.13c)

s
and when we assume that for the reduced system Hr the MATI τmati
is such
that the set Es ∶= {ξs ∈ Xs ∣ x = 0 ∧ ex = 0} is UGAS, there also exists a (smooth)
Lyapunov function Us ∶ Xs → R≥0 such that for (almost) all ξs ∈ Xs

αs (∣(x, ex )∣) ≤ Us (ξs ) ≤ αs (∣(x, ex )∣) ,
⟨∇ξs Us (ξs ), Fs (ξs )⟩ ≤
Us (Gs (ξs )) − Us (ξs ) ≤

−ηs βs2 (∣(x, ex )∣) , when τs ∈
s
s
0, when τs ∈ [τmiati
, τmati
]

(4.14a)
s
[0, τmati
]

(4.14b)
(4.14c)

with Fs (ξs ) ∶= (fˆ(x, Hz (x, ex ), (ex , 0)), −fˆ(x, Hz (x, ex ), (ex , 0)), 1, 0) and where
αf , αf , αs , αs ∈ K∞ , βf and βs are continuous positive definite functions, and
ηf , ηs > 0.
Using (4.13) and (4.14) we can now verify under which conditions the inequalities (4.11) for the composite Lyapunov function (4.12) hold. Obviously, it
follows directly from (4.13a) and (4.14a) that (4.11a) is satisfied. This leaves us
with analyzing the conditions (4.11c) and (4.11d) during jumps of the hybrid
system (cf. updates of the NCS) and the flow condition (4.11b).
During Jumps
f
f
When we have an update of the fast dynamics z with ετf ∈ [τmiati
, τmati
], then
U (ξs , Gyf (ξfy )) = (1 − d)Us (ξs ) + dUf (ξs , Gyf (ξfy ))
(4.13c)

≤

(1 − d)Us (ξs ) + dUf (ξs , ξfy )

= U (ξs , ξfy ).
3 With uniformly we mean here that the UGAS property does not depend on the value for
ξs ∈ Xs . See for more details [143].
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Hence, (4.11d) also holds under the assumption that the boundary layer systems
as well as the reduced system are asymptotically stable. On the other hand,
s
s
when we have an update of the slow dynamics x, i.e., when τs ∈ [τmiati
, τmati
],
it follows that
U (Gs (ξs ), ξfy ) = (1 − d)Us (Gs (ξs )) + dUf (Gs (ξs ), ξfy )
(4.14c)

≤

(1 − d)Us (ξs ) + dUf (Gs (ξs ), ξfy ).

Hence, for (4.11c) to be satisfied, it is sufficient to require the additional condition that for all (ξs , ξfy ) ∈ Xs × Xyf
Uf (Gs (ξs ), ξfy ) ≤ Uf (ξs , ξfy ).

(4.16)

Remark 4.2 Condition (4.16) captures the ‘neglected’ effect of the slow dynamics in the boundary layer system during jumps. That is, no matter how slow
the slow dynamics are (or even ‘frozen’ in Hbl ), if they exhibit a jump, their
change is instantaneous and faster than any fast continuous dynamics and this
effect should be taken into account.
During Flows
In between updates of the networked values (during flows of the hybrid system
f
s
H), for almost all (ξs , ξfy ) ∈ Xs × Xyf when τs ∈ [0, τmati
] and ετf ∈ [0, τmati
] it
holds that
⟨∇U (ξs , ξfy ) , F y (ξs , ξfy )⟩
= (1 − d) ⟨∇ξs Us (ξs ), Fsy (ξs , ξfy )⟩ + d ⟨∇ξs Uf (ξs , ξfy ), Fsy (ξs , ξfy )⟩
∂Uf (ξs , ξfy )
d
⟨∇ξfy Uf (ξs , ξfy ), Ffy (ξs , ξfy )⟩ − d
⟨∇ξs Hz (x, ex ), Fsy (ξs , ξfy )⟩
ε
∂y
d
= (1 − d) ⟨∇ξs Us (ξs ), Fs (ξs )⟩ + ⟨∇ξfy Uf (ξs , ξfy ), Ffy (ξs , ξfy )⟩
ε
y
∂U
(ξ
,
ξ
f
s
f)
∇ξs Hz (x, ex ), Fsy (ξs , ξfy )⟩
+ d ⟨∇ξs Uf (ξs , ξfy ) −
∂y
+

+ (1 − d) ⟨∇ξs Us (ξs ), Fsy (ξs , ξfy ) − Fs (ξs )⟩
d
−(1 − d)ηs βs2 (∣(x, ex )∣) − ηf βf2 (∣(y, ez )∣)
ε
y
∂U
(ξ
,
ξ
f
s
f)
+ d ⟨∇ξs Uf (ξs , ξfy ) −
∇ξs Hz (x, ex ), Fsy (ξs , ξfy )⟩
∂y

(4.13b)−(4.14b)

≤

+ (1 − d) ⟨∇ξs Us (ξs ), Fsy (ξs , ξfy ) − Fs (ξs )⟩ .
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As such, similar to the continuous-time case as described in [145] and [143], it is
sufficient to have that the interconnection conditions
⟨∇ξs Us (ξs ), Fsy (ξs , ξfy ) − Fs (ξs )⟩ ≤ ηf s βs (∣(x, ex )∣) βf (∣(y, ez )∣)
⟨∇ξs Uf (ξs , ξfy ) −

∂Uf (ξs , ξfy )
∂y
≤

ηf f βf2

∇ξs Hz (x, ex ), Fsy (ξs , ξfy )⟩

(4.17a)
(4.17b)

(∣(y, ez )∣) + ηsf βs (∣(x, ex )∣) βf (∣(y, ez )∣)

hold for some nonnegative constants ηf f , ηf s , and ηsf in order for (4.11b) to be
satisfied. In particular, when the conditions (4.17) hold, along the same lines as
ηsf
in [143, Section 11.5] it can be shown that (4.11b) is satisfied for d = ηsf +η
and
fs
for all 0 < ε < ε∗ with
ηs ηf
.
(4.18)
ε∗ =
ηs ηf f + ηsf ηf s

4.3.3

Main Result

Based on all of the above, we can now state our main result.
f
s
s
s
Theorem 4.1 For given values of τmiati
, τmiati
> 0, if the MATIs τmati
> τmiati
f
f
and τmati > τmiati are such that for the boundary layer system (4.9) and for
the reduced system (4.10) there exist Lyapunov functions Uf ∶ Xs × Xyf → R≥0
and Us ∶ Xs → R≥0 satisfying (4.13) and (4.14), respectively, and if (4.16) and
(4.17) are satisfied, then there exists an ε∗ > 0 given by (4.18) such that for all
0 < ε < ε∗ the set E given by (4.7) for the hybrid system (4.6) is UGAS.

As mentioned above, stability (and, therefore, the existence of a Lyapunov function) of the boundary layer system and the reduced system can be readily assessed by means of the results in [50] or [118]. Moreover, when the boundary
layer system itself is uniform in ξs (i.e., the dynamics of y and ez are independent
of x and ex ) and Uf exists, then (4.16) also readily holds, which is, for instance,
the case for the illustrative example considered in the next section. Finally, we
have that the interconnection conditions (4.17) can be simplified when the Lyapunov functions Uf and Us are so-called quadratic-type Lyapunov functions, see
also [219]. Moreover, following [143, Section 11.5] we have also the following.
Corollary 4.1 In the case that both the boundary layer system and the reduced
system are UGES and (4.16) holds, it can be directly obtained that there always
exists an ε∗ > 0 such that for all 0 < ε < ε∗ the system (4.6) is UGES.

4.4

Illustrative Example

In this section, we provide an illustrative example to show how the quasi-steadystate equilibrium manifold Hz , the boundary layer system Hbl and the reduced
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system Hr can be computed, and how stability of the overall NCS can be determined by means of Theorem 4.1.
Consider the plant and composite controller given by
⎧
ẋ1 = x2
⎪
⎪
⎪
⎪
P ∶ ⎨ẋ2 = z
⎪
⎪
⎪
⎪
⎩ εż = −x1 + u

and C ∶ u = −x̂2 − ẑ.

(4.19)

Since we in this case only need to transmit (x2 , z), we take for the networkinduced error
e
x̂ − x2
e = [ x] = [ 2
].
ez
ẑ − z
Moreover, observe that in the case of perfect communication (i.e., x̂2 = x2 and
ẑ = z), the controller C indeed stabilizes the origin x = 0, z = 0 for all ε < 1 and
that, since both x2 and z have dimension 1, an update of the networked values
x̂2 and/or ẑ always results in the errors ex and/or ez to be reset to zero (i.e.,
hx = hz = 0 in (4.4)).
Combining the plant and controller dynamics, we obtain that the flow dynamics for the hybrid system (4.6) are
⎧
ẋ1 = x2
⎪
⎪
⎪
⎪
⎪
⎪
ẋ
⎪
2 =z
⎪
⎪
⎪
⎪
⎪
εż = −x1 − x2 − z − ex − ez
⎪
⎪
⎪
⎪
⎨ ėx = −z
⎪
⎪
⎪
⎪
εėz = x1 + x2 + z + ex + ez
⎪
⎪
⎪
⎪
⎪
⎪
τ̇s = 1, κ̇s = 0
⎪
⎪
⎪
⎪
⎪
⎪
⎩ετ̇f = 1, κ̇f = 0

(4.20)

and that we have for the quasi-steady-state manifold that
Hz (x̄, ēx ) = −(x̄1 + x̄2 + ēx ).

(4.21)

As such, we can define by combining (4.20) and (4.21) the change of coordinates
as y = z − Hz (x, e,x ) = x1 + x2 + z + ex and
Fs (ξs ) = (x2 , −(x1 + x2 + ex ), x1 + x2 + ex , 1, 0)

(4.22a)

Fsy (ξs , ξfy ) = (x2 , y − (x1 + x2 + ex ), −y + x1 + x2 + ex , 1, 0)

(4.22b)

Ffy (ξs , ξfy ) = (−y − ez , y + ez , 1, 0) .

(4.22c)

Observe now that from (4.21) and (4.22b) it follows that the steady-statemanifold has the property that
⟨∇ξs Hz (x, ex ), Fsy (ξs , ξfy )⟩ = −x2

d
(= −ẋ1 − x̂˙ 2 = −ẋ1 − (ẋ2 + ėz ) = Hz (x, ex )) .
dt
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This can be directly linked to the fact the networked value x̂2 = x2 + ex remains
constant in between transmissions, i.e., x̂˙ 2 = 0. In addition, from (4.22c) it
follows that the flow dynamics of the boundary layer system are uniform in
(x, ex ), i.e., the dynamics of y and ez do not depend on (x, ex ). As such,
determining UGAS (or UGES) uniformly in ξs for the boundary layer system is
now equivalent of determining UGAS (or UGES) of the system given by
⎧
dy
⎪
⎪
= −y − ez
⎪
⎪
⎪
dσ
⎪
⎪
⎪
⎪
dez
⎪
⎪
⎪
= y + ez
⎪
⎪
dσ
⎪
∗ ⎪
Hbl ∶ ⎨ dτf
dκf
⎪
= 1,
=0
⎪
⎪
⎪
dσ
dσ
⎪
⎪
⎪
⎪
⎪
⎪
y + = y, e+z = 0
⎪
⎪
⎪
⎪
+
+
⎪
⎪
⎩ τf = 0, κf = κf + 1

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
f
⎬ when ετf ∈ [0, τmati
]
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎭

(4.23)

f
f
} when ετf ∈ [τmiati
, τmati
].

Note that we thus have excluded the dynamics for the state ξs in this model for
the boundary layer system as they do not influence the dynamics of y nor ez
(and can therefore be left out). As a result, when we can construct a Lyapunov
function Uf for (4.23), then we can use the same Lyapunov function for (4.9)
such that (4.16) is satisfied for this NCS.
Following now [50, (Proof of) Theorem 1], we construct the Lyapunov func∗
tion for the system Hbl
to be for some constant γf > 0 given by
Uf (ξs , ξfy ) = Vf (y) + γf φf (τf )Wf2 (κf , ez )

(4.24)

with
Wf (κf , ez ) = ∣ez ∣

and Vf (y) = (1 + δf2 )y 2

for some constant δf > 0 and where the function φf ∶ R≥0 → R≥0 is taken the same
as in [50, Claim 1] with φf (0) = λ1f for some constant 0 < λf < 1. Observe that for
these choices of the functions Wf and Vf it holds that (see also [50, Assumption
1]):
• For all κf ∈ N0 and ez ∈ Rmz
Wf (κf + 1, hz (κf , ez )) = 0 ≤ λf Wf (κf , ez ),
• For all κf ∈ N0 , y ∈ Rmz and almost all ez ∈ Rmz
⟨

∂Wf (κf , ez )
(κf ,ez )
, −ĝ(x, y + Hz (x, ex ), e)⟩ ≤ ∣ ∂Wf∂e
∣ ∣ĝ(x, y + Hz (x, ex ), e)∣
z
∂ez
= ∣y + ez ∣ ≤ ∣y∣ + ∣ez ∣
= Hf (y) + Lf Wf (κf , ez )

(κf ,ez )
for Hf (y) = ∣y∣ and Lf = 1 since ∣ ∂Wf∂e
∣≤1
z
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• For all ez ∈ Rmz and almost all y ∈ Rmz
⟨∇V (y), ĝ(x, y + Hz (x, ex ), e)⟩ = 2(1 + δf2 )y(−y − ez )
2

= −2(1 + δf2 )(∣y∣ + yee )
2

2

2

≤ (1 + δf2 ) (−2 ∣y∣ + ∣y∣ + ∣ez ∣ )
2

= −δf2 ∣y∣ − Hf2 (y) + (γf2 − δf2 )Wf2 (κf , ez )
for γf =

√
1 + 2δf2 .

f
As such, we can compute the value for the MATI τmati
by means of [50, Theorem
1], which results in

⎛
⎞
rf (1 − λf )
1 f
1
⎟ with rf =
τmati =
arctan ⎜ λ
γ
ε
Lf rf
⎝ 2 1+λf f ( Lff ) + 1 + λf ⎠

√
2

∣( Lγf ) − 1∣. (4.25)
f

Moreover, for this choice of the Lyapunov function for the boundary layer system
we have that
2

2

2

⟨∇ξfy Uf (ξs , ξfy ), Ffy (ξs , ξfy )⟩ ≤ −δf2 (∣y∣ + ∣ez ∣ ) = −δf2 ∣(y, ez )∣

(4.26)

implying that in (4.13) ηf = δf2 and βf (r) = r for all r ∈ R≥0 .
Additionally to the boundary layer system, we have that the reduced system
(4.10) is given by
⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
Hr ∶ ⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

ẋ1 = x2
ẋ2 = −x1 − x2 − ex
ėx = x1 + x2 + ex
τ̇s = 1, κ̇s = 0
x+ = x, e+x = 0

τs+ = 0, κ+s = κs + 1

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎭

s
when τs ∈ [0, τmati
]

}

s
s
when τs ∈ [τmiati
, τmati
].

(4.27)

Similar as to the boundary layer system, we can construct a Lyapunov function
for the reduced system Hr to be for some constant γs > 0 given by
Us (ξs ) = Vs (x) + γs φs (τs )Ws2 (κs , ex )
with
Ws (κs , ex ) = ∣ex ∣

(4.28)

and Vs (x) = x⊺ P x

for some positive definite symmetric matrix P ⪰ 0 and where the function φs ∶
R≥0 → R≥0 is again taken the same as in [50, Claim 1] with φs (0) = λ1s for some
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constant 0 < λs < 1. Along the lines of [113] or [118], it can be shown that UGES
of the reduced system is now guaranteed when the LMI
A⊺ P + P A + δs2 Imx + C⊺ C
PE
[
]⪯0
E⊺ P
(γs2 − δs2 )
is satisfied for some constant δs > 0 with
0
A=[
−1

1
],
−1

C = [1

0
E = [ ],
−1

1] ,
√

and the MATI τs satisfies for Ls = 1 and rs =

2

∣( Lγs ) − 1∣
s

⎧
⎪
1
s)
⎪
⎪
arctan ( λsrs (1−λ
),
⎪
γs
L s rs
⎪
2 1+λs ( L
)+1+λs
⎪
⎪
s
⎪
⎪
s
s
τmati
∶ ⎨ L1s 1−λ
,
1+λs
⎪
⎪
⎪
⎪
1
s)
⎪
⎪
arctanh ( λsrs (1−λ
),
⎪
γs
L s rs
⎪
)+1+λs
2 1+λs ( L
⎪
s
⎩
Moreover, we have for the Lyapunov function given by
2

γs > Ls
(4.29)

γs = Ls
γs < Ls .
(4.28) that

2

2

⟨∇ξs Us (ξs ), Fs (ξs )⟩ ≤ −δs2 (∣x∣ + ∣ex ∣ ) = −δs2 ∣(x, ex )∣

(4.30)

implying that in (4.14) ηs = δs2 and βs (r) = r for all r ∈ R≥0 .
Using now the results of (4.26) and (4.30), we can analyze whether or not
the interconnection conditions of (4.17) are satisfied for the composite Lyapunov
condition (4.12). That is, from (4.22a), (4.22b), and (4.28) we obtain
⟨∇ξs Us (ξs ), Fsy (ξs , ξfy ) − Fs (ξs )⟩ = ⟨∇x Vs (x), (0, y)⟩ + ⟨2γs φs (τs )ex , −y⟩
0
= 2x⊺ P [ ] y − 2γs φs (τs )ex y
1
γs
0
≤ 2 max {∣P [ ]∣ , } ∣(x, ex )∣ ∣(y, ez )∣
1 λs
where we made use of the property that maxτ ∈[0,τmati ] φs (τ ) = φ0 =
(4.22b) and (4.24) we obtain
⟨∇ξs Uf (ξs , ξfy ) −

1
λs

and from

∂Uf (ξs , ξf )
∇ξs Hz (x, ex ), Fsy (ξs , ξfy )⟩
∂y
⎡
⎤
x2
⎢
⎥
⎢−x − 2x + y − 2e − e ⎥
2
x
z⎥
⎢ 1
⎢
⎥
= −2(1 + δf2 )y [−1 −1 −1 0 0] ⎢ x1 + 2x2 − y + 2ex + ez ⎥
⎢
⎥
⎢
⎥
1
⎢
⎥
⎢
⎥
0
⎣
⎦
2
2
= 2(1 + δf )yx2 ≤ 2(1 + δf ) ∣(x, ex )∣ ∣(y, ez )∣ ,
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0
implying that ηf s = 2 max {∣P [ ]∣ , λγss }, ηf f = 0 and ηsf = 2(1 + δf2 ). As such,
1
based on the above result and using (4.25) and (4.29), we can now compute for
f
s
which value of ε∗ and for which MATIs τmati
and τmati
UGES for the NCS is
guaranteed.
√
In particular, for δf = δs = 3, γf = 19, γs = 5.5269, λf = λs = 0.1, and
20.5470 5.7735
P =[
]
5.77350 21.5470
f
s
we can compute that 1ε τmati
= 0.27096, τmati
= 0.2200, and ε∗ = 0.03663. Indeed,
simulating the system for ε = 0.03 shows that UGES for the singularly perturbed
NCS given by (4.19) is guaranteed, see Figure 4.2. Moreover, computing for the
same NCS a MATI for both the slow and the fast dynamics combined using [50,
Theorem 1], we obtain with the RR protocol that τmati = 0.00252, with the TOD
f
= 0.00813, and
protocol that τmati = 0.003564, which are both smaller than τmati
with the SD protocol that τmati = 0.0206, which is still significantly smaller than
s
τmati
.

Figure 4.2: Simulation of system (4.19) for ε = 0.03. As can be clearly seen from the figure,
the fast dynamics z (and corresponding network-induced error ez ) are updated much faster
than the slow dynamics x (and corresponding network-induced error ex ), making it converge
to its quasi-steady-state manifold Hz .
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Conclusion

In this chapter we considered NCSs that exhibit both some slow and fast dynamics. Based on classical analysis frameworks, the slow dynamics would in general
be updated at the same rate as the fast dynamics, leading to many redundant
transmissions of the slow dynamics. Fortunately, by modeling the overall NCS
as a singularly perturbed hybrid system, we were able to use a singular perturbed method to derive the boundary layer (fast) and reduced (slow) systems
and address the stability of the overall NCS by assessing the stability of these
boundary layer and reduced systems independently. As such, it was shown how
different transmission rates can be obtained for the slow and the fast dynamics
under the assumption that these are transmitted through separate communication channels. Moreover, a numerical example showed to obtained improvement
with respect to the classical analysis approach.
We foresee that this work opens up new insights and can possible inspire to
obtain new analyzing techniques for NCSs with multiple time-scales. In particular, for future work several extensions might be envisioned based on the first
results as presented in this chapter, from which we want to mention a few in
more detail.

4.5.1

A single communication channel

One of the main assumptions in this chapter is that the slow and the fast dynamics can be transmitted through separate communication channels. However,
such a setup might not be possible in all situations, implying that the communication is often limited to one available channel. As such, one possible extension
would be to assume that the network N consists of only one channel, i.e., at
a transmission time tj , j ∈ N0 , either x̂(tj ) or ẑ(tj ) can be updated, but not
both at the same time, while keeping the property that the fast dynamics z are
updated faster than the slow dynamics x.
To express this in more detail, let T ∶= {t0 , t1 , t2 , . . .} denote the set of all
transmission times, T s ∶= {tj ∈ T , j ∈ N0 ∣ x̂is updated} the set of all transmission
times at which an update of the slow dynamics x occurs, and T f ∶= {tj ∈ T , j ∈
N0 ∣ tj ∉ T s } the set of all transmission times at which an update of the fast
dynamics z occurs. Note that T s ∪T f = T and that T s ∩T f = ∅. Hence, we have
that for all tj ∈ T s , j ∈ N0 , an update of the networked values occurs according
to (4.4a), and that for all tj ∈ T f , j ∈ N0 , an update of the networked values
occurs according to (4.4b). One way to realize this is by first observing that in
f
s
general we have that τmati
< τmati
, implying that we could require that all the
transmission intervals are bounded by
f
τmiati ≤ tj+1 − tj ≤ τmati
,

t j ∈ T , j ∈ N0

(4.31a)
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and that

s
tk+1 − tk ≤ τmati
,

t k ∈ T s , k ∈ N0 .

(4.31b)

An illustration of a set of transmission intervals that satisfy (4.31) is given in
Figure 4.3. Note that, in order to obtain a feasible set of transmission instants,
f
τmati
≥ 2τmiati should hold.
f
τmati

τmiati
t0

t1

t5

t8

τmiati
t12

t14

t18
t

f
τmati

s
τmati

τmiati

f
τmati

Figure 4.3: Illustration of a possible set of transmission times T . The red transmission times
represent an update of the slow dynamics x, i.e., an update according to (4.4a), while the blue
ones represent an update of the fast dynamics z, i.e., an update according to (4.4b). Hence,
t3 , t10 , t14 ∈ T s and t0 , t1 , t2 , t4 , . . . , t9 , t11 , t12 , t13 , t15 , . . . , t18 ∈ T f .

Unfortunately, an interesting problem now arises. In particular, the moment
at which an update of the slow dynamics is allowed to occur depends on the
update sequence for the fast dynamics and vice versa. This is also evident from
the jump and flow sets we obtain in this single channel case when we again model
the NCS as a singularly perturbed hybrid model similarly to (4.6). That is, an
update (jump) of the slow dynamics is allowed to occur when ξ ∈ Ds with
f
s
Ds ∶= {ξ ∈ X ∣ τs ∈ [τmiati , τmati
] ∧ ετf ∈ [τmiati , τmati
− τmiati ]} ,

(4.32)

an update (jump) of the fast dynamics is allowed to occur when ξ ∈ Df with
f
s
] ∧ τs ∈ [τmiati , τmati
− τmiati ]} ,
Df ∶= {ξ ∈ X ∣ ετf ∈ [τmiati , τmati

(4.33)

and the system is allowed to ‘flow’ when ξ ∈ C with
C ∶= Ds ∪ Df
s
s
∪ {ξ ∈ X ∣ τs ∈ [0, τmati
] ∧ ετf ∈ [max{0, τ s − (τmati
− τmiati )}, τmiati ]}
f
f
∪ {ξ ∈ X ∣ ετf ∈ [0, τmati
] ∧ τs ∈ [max{0, ετ f − (τmati
− τmiati )}, τmiati ]} .
(4.34)
f
s
Observe that the terms τmati
− τmiati and τmati
− τmiati in the flow and jump sets
are needed to ensure that there always exist at least τmiati time units between two
consecutive transmissions. That is, by including those terms, we, for instance,
f
s
prevent the situation where both τs ≥ τmati
− τmiati and ετf ≥ τmati
− τmiati would
hold from occurring. An illustration of the flow and jump sets is given in Figure
4.4. Clearly, the jump maps Ds and Df depend both on τs as well as τf , which
needs to be taken into account in the analysis when using a singular perturbed
method. For future work, it would be interesting to analyze this problem in
more detail.
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"τf

"τf
f
τmati

f
τmati
− τmiati

τmiati
0

τmiati
s
τs
τmati

τmiati

(a) Illustration of the jump set Ds .

0

τmiati

s
− τmiati τs
τmati

(b) Illustration of the jump set Df .

"τf
f
τmati
f
τmati
− τmiati

τmiati
0

τmiati

s
s
τs
− τmiati τmati
τmati

(c) Illustration of the flow set C .
Figure 4.4: Illustration of the jump and flow sets (4.32), (4.33), and (4.34).

4.5.2

Further extensions

Besides relaxing the assumption on the network (in terms of the amount of communication channels), also other extensions can be envisioned for the singular
perturbed NCSs. For instance, it might also be useful to analyze the situation
in which, in addition to the state variables (x, z), also the control input u is
transmitted via a communication channel. On the other hand, it might interesting to consider the situation in which the fast dynamics are already stable (i.e.,
no control action is needed to stabilize them). In this case, communicating the
fast dynamics might not even be needed as they would probably converge fast
enough to the quasi-steady-state manifold Hz for small enough ε, which might
simplify the analysis to only considering the slow dynamics.
Another idea that follows from exploiting the principle of time-scale separation as was done in this chapter is to reconsider the way access to the network
is scheduled. In particular, one could, for instance, envision the introduction
of scheduling protocols that take into account the multiple time-scales in the
model in the sense that slow nodes are only sporadically visited (and, hence,
more priority is given to the fast nodes). This idea is also closely related to the
single channel situation as mentioned in the previous section.

Part III

NCSs with
direct-feedthrough terms
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Networked Control Systems
with Direct-Feedthrough Terms

Linear Case: Generalizing the UGES Scheduling Protocol Concept

“It is one thing to be clever and another to be wise.”
— George R.R. Martin

Networked control systems (NCSs) have been finding application in a broad
range of areas such as mobile sensor networks, remote surgery, and vehicle platooning. However, the number of deployments in hight-tech industry control
applications has remained strikingly small. One of the reasons for this lack of
industrial deployment could be that none of the current known results for NCSs
considered the inclusion of so-called direct-feedthrough terms, while these are
essential to model the often employed classical PI(D) regulators.
Therefore, we will, in this chapter and the next one, address this so-called
direct-feedthrough problem. To this end, succeeding a more elaborated introduction in Section 5.1, we first focus on the case of linear NCSs with directfeedthrough terms, described in Section 5.2. As will be shown, this setup already
calls for a novel stability analysis, for which we take in Section 5.3 a renewed
look at the concept of UGES scheduling protocols. Subsequently, in Section
5.4 we provide generic conditions on the direct-feedthrough terms to satisfy this
new generalized concept. These conditions are then improved for the well-known
protocols in Section 5.5, new scheduling protocols are introduced in Section 5.6,
designed to handle the direct-feedthrough terms in a more effective way, and an
illustrative numerical example is provided in Section 5.7. Finally, in Section 5.8
some concluding remarks are given, while in the next chapter, the nonlinear case
will be considered.
This chapter is based on [121], which is a significant extension of the preliminary work [122].
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Chapter 5. NCSs with Direct-Feedthrough Terms – The Linear Case

Introduction

In many control applications, including manufacturing plants, vehicles, and aircraft, communication is needed for the exchange of information and control
signals between spatially distributed system components, such as supervisory
computers, controllers, sensors, and actuators. When sensor and actuator data
is communicated over a shared (wired or wireless) packet-based communication
network, the system is called a networked control system (NCS). More precisely,
NCSs are systems in which the control loop between the plant and controller is
closed via a (shared) network communication channel. Such NCSs have received
considerable attention in recent years [89,124,263,270]. This interest is motivated
by the many advantages their flexible architectures offer, such as reduced weight,
volume and installation costs, and better maintainability, when compared to
conventional control systems in which sensor and actuation data is transmitted
over dedicated point-to-point (wired) links, see, e.g., [214]. Additionally, wireless
communication is able to overcome the physical limitations of employing wired
links, which is very appealing in, for instance, intelligent transportation, see,
e.g., [203], and remote surgery, see, e.g., [175]. On the other hand, the usage of
packet-based networked communication comes also with the inevitable networkinduced imperfections, such as varying delays, dropouts, varying transmission
intervals, and so on. Moreover, as the communication network is often shared by
multiple sensors and actuators, there is a need for so-called scheduling protocols,
which govern the access of the nodes to the network.
To deal with all these network-induced phenomena, novel design and analysis approaches are required. A popular design approach for NCSs herein is
the so-called emulation method, see, e.g., [50, 110, 192, 211, 251]. The idea is to
first design a continuous-time controller for the continuous-time plant while ignoring the communication constraints. Then, the controller is implemented via
the packet-based communication network with its scheduling protocol and it is
shown that stability properties are preserved when information is transmitted
frequently enough. By using the concept of uniformly globally exponentially stable (UGES) scheduling protocols introduced in [192], conditions leading to the
determination of so-called maximal allowable transmission intervals (MATIs)
guaranteeing overall stability or Lp -gain performance of the NCS have been derived, see [50, 192]. In addition to this general setup, many extensions can be
found in [74, 108, 110], and the references therein.
It is interesting to observe that none of the aforementioned results in [50, 74,
108, 110, 192, 211, 251] considered the inclusion of so-called direct-feedthrough
terms, i.e., terms that allow a direct connection between the control input
and the plant output (and vice versa) and that are essential to model classical controllers commonly used in the industry such as Proportional-Integral(Derivative) (PI(D)) regulators [18,27], and state feedback controllers, when both
actuator and sensor signals are transmitted over the communication network.

5.1. Introduction
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However, as we will show in this chapter, this is not surprising as these directfeedthrough terms lead to nontrivial difficulties in terms of modeling and analysis, a phenomenon that we will refer to as the direct-feedthrough problem. In
particular, the presence of the direct-feedthrough terms modifies the model of
the network-induced error at transmissions making it, in contrast to [50, 74, 108,
110, 192, 211, 251], dependent on plant and controller parameters. This complicates the analysis significantly and leads to various counterintuitive results, as
will be highlighted throughout this chapter. As a result, a novel (stability) analysis is needed to address standard (UGES) scheduling protocols such as the sampled-data (SD) (which updates all network nodes simultaneously), round-robin
(RR) (which assigns access to the network in a cyclic manner), and try-oncediscard (TOD) (which gives access to the node with the largest error) protocols.
Given the importance of PI(D) control and other control/plant structures
with direct-feedthrough terms, we address this so-called direct-feedthrough problem in this chapter and Chapter 6, where we make a distinction between the
linear and the nonlinear cases. In particular, as a starting point we consider in
this chapter only linear NCSs with direct-feedthrough terms in both the plant
and the controller as will be described in Section 5.2. For this class of systems,
we provide in Section 5.3 a generalization of the UGES property for scheduling
protocols, called (DP , DC )-UGES, where DP and DC are the direct-feedthrough
matrices of the plant and controller, respectively, and we present in Section 5.4
generic conditions on these direct-feedthrough terms DP and DC such that any
UGES protocol in the classical sense is also (DP , DC )-UGES, which is important
to apply the stability analysis of [50, 192, 251] to guarantee stability of the NCS.
Moreover, it is shown in Section 5.5 that for the SD, RR, and TOD protocols
these conditions can be made less conservative by exploiting the knowledge we
have about the structures of these protocols. This will also lead to the counterintuitive result of the ‘smarter’ TOD protocol not always being better than the
RR protocol and that updating all the nodes simultaneously (exploiting the SD
protocol) can be worse than updating the nodes one by one. Finally, we introduce in Section 5.6 new (DP , DC )-UGES scheduling protocols (called the SD+,
the periodic switching (PS), and maximal error switching (MES) scheduling protocols), designed to handle the direct-feedthrough terms in a more effective way
than the existing protocols in the case we do not have so-called mixed nodes,
i.e., in the case that we only have nodes that are only related to the actuators
and/or nodes that are only related to the sensors. To illustrate our results we
apply them in Section 5.7 to the benchmark example of a batch reactor.
Following the results obtained in this chapter, we will subsequently show
in the next chapter that in the case where only the controller contains directfeedthrough terms, stability of nonlinear NCSs can also be guaranteed when
using standard scheduling protocols such as the SD and RR protocols. Moreover, we will show that for nonlinear NCSs with linear direct-feedthrough terms,
stability can be readily addressed by reconfiguring the NCS setup.
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System Description: The NCS Model

In this section, the considered class of systems is introduced, where we in particular focus on the influence and impact of the direct-feedthrough terms on the
NCS configuration as introduced in the literature.

5.2.1

Networked control configuration

In this chapter, we consider the NCS as shown in Figure 5.1, where the continuoustime linear plant P is given by
ẋ
A
P ∶ [ p] = [ P
y
CP

BP xp
][ ],
DP û

(5.1)

where xp ∈ Rmxp denotes the state, û ∈ Rmu the most recently received control
input, and y ∈ Rmy the measured output to the controller.

y^

C

y

P

N

Controller

u

u^

Plant

Figure 5.1: The NCS setup as described in [50, 110, 192, 251].

As shown in Figure 5.1, the plant P is controlled by the controller C, and
they communicate with each other via the network N . The controller C itself is
described by
ẋ
A
BC xc
C ∶ [ c] = [ C
][ ],
(5.2)
CC DC ŷ
u
where xc ∈ Rmxc denotes the controller state, ŷ ∈ Rmy the most recently received
output measurement of the plant, and u ∈ Rmu the control input. Note now that
the difference between the setups in [50,74,108,110,113,192,251] and (5.1)-(5.2)
is given by the direct-feedthrough matrices DP and DC from which at least one
of them is nonzero, while both the control input u as well as the output to the
controller y are transmitted over the communication network N .
To complete the description of the NCS setup, we first explain how the communication network N operates. This network N has a collection of sampling/
transmission times tj , j ∈ N0 , which satisfy 0 ≤ t1 < t2 < . . .. At such a transmission time tj , (parts of) the output y and the input u are sampled and transmitted
over the network N to the controller C and the plant P, respectively.
In the considered setup, similar to [50, 108, 110, 113, 192, 251], it is assumed
that the transmission times satisfy
τmiati ≤ tj+1 − tj ≤ τmati

(5.3)
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for all j ∈ N0 , where τmiati and τmati denote the minimal and maximal allowable
transmission intervals (MIATI and MATI, respectively). It should be noted
that, theoretically, τmiati > 0 can be taken arbitrarily small since it is only
imposed to prevent Zeno behavior, but in each example it will be strictly positive
and determined by hardware limitations. For more information concerning the
MIATI, we refer to Chapter 7.
In addition to this sequence of transmission times, the network N might
also be subdivided in several (sensor and/or actuator) nodes, where each node
corresponds to a subset of the entries y/ŷ and/or u/û. As such, there is the need
for a scheduling protocol that determines which of the nodes in the network is
granted access to the network at a transmission time, see also [50,110,192]. After
a node is granted access to the network, it collects and transmits the values of the
corresponding entries in y (tj ) and u (tj ), which results in an update according
to
ŷ (t+j ) = y (tj ) + hy (j, e (tj ))
(5.4)
û (t+j ) = u (tj ) + hu (j, e (tj )) ,
where the function h ∶= (hy , hu ) (with slight abuse of notation) models the
scheduling protocol and where e denotes the network-induced error defined by
e
ŷ − y
e ∶= [ y ] = [
].
eu
û − u

(5.5)

Note that we follow here the same method for modeling the scheduling protocols
as described in [50, 110, 192] based on the protocol function h ∶ N0 × Rme → Rme
with me ∶= my + mu , which can be used to describe, e.g., the SD, RR, and TOD
protocols, see also Section 5.5 below. Indeed, in (5.4) it is determined on the
basis of the transmission counter j and the network-induced error e(tj ) which
node is allowed to communicate and typically the corresponding entries in h are
zero, see [50,110,192] for a detailed description. Finally, it is assumed that ŷ and
û are constant in between two successive transmissions (zero-order-hold (ZOH)).
However, this can easily be modified if desired, see [192].
From this point forward, we will also use the shorthand notations ŷ + = ŷ (t+j ),
+
û = û (t+j ), y = y(tj ), ŷ = ŷ(tj ), u = u(tj ), û = û(tj ), xp = xp (tj ), xc = xc (tj ),
e+ = e (t+j ), and e = e(tj ).

5.2.2

Updating the network-induced error e

Because of the presence of the direct-feedthrough matrices DP and DC in the
networked interconnection, we have that u and y depend on the networked values
ŷ and û, respectively. As a result, an update of ŷ and û also results in a change
of the values of y and u, i.e., we have that, in view of (5.1)-(5.2),
y + = CP xp + DP û+

and u+ = CC xc + DC ŷ + .

(5.6)
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As a consequence, we encounter difficulties regarding the modeling of the update
equation for the network-induced error e. To put this into more context, consider
the following analysis. Using the expressions of (5.1)-(5.2) and (5.5) it can be
obtained that the errors ey and eu themselves are given by
ey = ŷ − y = ŷ − CP xp − DP û
eu = û − u = û − CC xc − DC ŷ.

(5.7)

Consider now the situation that we have an update of our networked values at
transmission time tj , j ∈ N0 , according to (5.4), i.e.,
ŷ + = y + hy (j, e) = CP xp + DP û + hy (j, e)

û+ = u + hu (j, e) = CC xc + DC ŷ + hu (j, e) .

(5.8)

By using (5.6)-(5.8), we derive that this update of the networked values leads to
the network-induced error being updated according to
e+y = ŷ + − CP xp − DP û+
= DP û + hy (j, e) − DP CC xc − DP DC ŷ − DP hu (j, e)
= hy (j, e) − DP hu (j, e) + DP eu
e+u

= û+ − CC xc − DC ŷ +
= DC ŷ + hu (j, e) − DC CP xp − DC DP û + DC hy (j, e)
= hu (j, e) − DC hy (j, e) + DC ey .

Hence, we have that, in general, the update equation of the error e can be
described by using an update function hdf ∶ Rme → Rme , i.e.,
0
DP
e+ = h (j, e) + [ my
] (e − h (j, e)) .
DC 0mu
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
=∶ hdf (j, e)

(5.9)

This shows that the update of the error e essentially differs from the situation
without direct-feedthrough terms (i.e., DP = 0 and DC = 0), as in [50, 74, 108,
110, 113, 192, 251], which resulted in
e+ = h (j, e) .

(5.10)

More precisely, we can conclude that the update property of (5.10) as studied
in many previous papers, see [50, 74, 108, 110, 113, 192, 251], can a priori be lost
because of the perturbation term described by the update function hdf induced
by the feedthrough terms DP and DC , a phenomena that is referred to as the
direct-feedthrough problem. To illustrate the issues that this direct-feedthrough
problem might introduce, we consider the following (simple) example.
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Example 1 (The direct-feedthrough problem) Consider the network-induced error given by (5.5) with y = DP û = 4û and u = DC ŷ = 2ŷ. Suppose
that at a transmission time tj ∈ R≥0 , j ∈ N0 , we have that
y(tj ) = 4
ŷ(tj ) = 1

} ey (tj ) = −3

and

u(tj ) = 2
û(tj ) = 1

} eu (tj ) = −1,

implying that ∣e(tj )∣ = 10. An update of the networked value û(t+j ) = u(tj ) = 2
(while keeping ŷ(t+j ) = ŷ(tj ) = 1 the same), however, now results in
2

y(t+j ) = 4û(t+j ) = 8

and

u(t+j ) = 2ŷ(t+j ) = 2,

which directly leads to the new value of the network-induced error to be given by
ey (t+j )
1−8
−7
e(t+j ) = [
]=[
]=[ ]
eu (t+j )
2−2
0

∣e(t+j )∣ = 49.
2

⇒

Hence, we actually have an increase of the network-induced error when updating
the networked values.
The example shows that a careful reconsideration is needed regarding the
analysis of the NCSs described by (5.1)-(5.4). To this end, we start by modeling
the NCS in the form of a hybrid system [96].

5.2.3

A hybrid modeling framework

The triple (P, C, N ) can be rewritten into the format of a hybrid system H, as
described in [50, 192, 251], where each jump of the hybrid system corresponds
to an update of the networked values according to (5.4). To do so, we need to
eliminate the control variables u/û and y/ŷ from the state dynamics, or in other
words, we need to express the networked values in terms of the state x ∶= (xp , xc )
and the error e. As such, based on (5.1), (5.2), and (5.5), we write
û = u + eu = CC xc + DC ŷ + eu = CC xc + DC (y + ey ) + eu
= CC xc + DC (CP xp + DP û + ey ) + eu
from which it follows that (I − DC DP ) û = CC xc + DC CP xp + DC ey + eu . Hence,
we have that
û = (I − DC DP )

−1

(CC xc + DC CP xp + DC ey + eu )

(5.11a)

and similarly it can be obtained that
ŷ = (I − DP DC )

−1

(Cp xp + DP CC xc + DP eu + ey )

(5.11b)
−1

provided that the inverses in (5.11) exist. It is easy to see that (I − DC DP )
−1
as in (5.11a) exists if and only if (I − DP DC ) as in (5.11b) does [220]. Hence,
similar to the case in which no communication network is present, see, e.g.,
[257, 275], we first need the following well-posedness assumption.
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Standing Assumption 5.1 For the NCS described by (5.1)-(5.4) the inter−1
connection is well-posed in the sense that (I − DC DP ) exists (or, equivalently,
−1
(I − DP DC ) exists).
Note that this well-posedness assumption is always satisfied when only the plant
or the controller has feedthrough terms (in which case either DP = 0 or DC = 0),
see also Remark 5.5 in Section 5.5. Moreover, based on Neumann series, see,
e.g., [237], a sufficient condition for guaranteeing well-posedness of the interconnection is to require that
n
lim (DC DP ) = 0,
n→∞

which is the case when the matrix DC DP is Schur, i.e.,
max ∣λk (DC DP )∣ < 1,
k

(5.12)

where λk denotes the k-th eigenvalue. Observe that the condition (5.12) can
be related to a small-gain type of condition for feedback systems between the
û- and ŷ-systems in (5.11). Indeed, since the interconnection between the ûand ŷ-systems in (5.11) is directly related to the system matrices DP and DC ,
condition (5.12) imposes some sort of bound on the product of these matrices,
just like small-gain theorems require that the product of given interconnection
gains have to be strictly less than one.
By using (5.11) we can eliminate the control variables in the state dynamics.
Moreover, by using the ZOH assumption in combination with (5.1), (5.2), and
(5.7), the same can be done for the error dynamics, i.e., we have that (ėy , ėu ) =
(−CP ẋp , −CC ẋc ). Combining the above and taking (5.3) into consideration, the
triple (P, C, N ) can be rewritten into the hybrid system formalism advocated
in [192]. To do so, similar to [50, 74, 108, 110, 192, 251], we introduce the timer
τ ∈ R≥0 , which keeps track of the time elapsed since the last transmission and
resets to zero after a transmission has occurred, and the counter κ ∈ N0 , which
keeps track of the number of transmissions. Using these auxiliary variables, the
NCS can be expressed as the hybrid model1
⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
H∶⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

ẋ = Ax + Ee

⎫
⎪
⎪
⎪
⎪
⎪
⎪
ė = Cx + Fe
⎪
⎬ when τ ∈ [0, τmati ]
⎪
τ̇ = 1
⎪
⎪
⎪
⎪
⎪
⎪
κ̇ = 0
⎭
+
⎫
x =x
⎪
⎪
⎪
⎪
+
⎪
e = h (κ, e) + hdf (h (κ, e) , e) ⎪
⎪
⎬ when τ ∈ [τmiati , ∞)
+
⎪
τ =0
⎪
⎪
⎪
⎪
+
⎪
⎪
κ =κ+1
⎭

(5.13)

1 For more details on hybrid systems of the form of (5.13) the interested reader is referred
to [96] or Section 2.3.
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where x ∶= (xp , xc ) ∈ Rmx , the matrices A, C, E, F are given by
−1

AP + BP (Imu − DC DP ) DC CP
A=[
−1
BC (Imy − DP DC ) CP
−1

BP (Imu − DC DP ) DC
E=[
−1
BC (Imy − DP DC )
−C
C=[ P
0

0
] A,
−CC

−1

BP (Imu − DC DP ) CC
],
−1
AC + BC (Imy − DP DC ) DP CC
−1

BP (Imu − DC DP )
],
−1
BC (Imy − DP DC ) DP

−C
F=[ P
0

0
] E,
−CC

and with the full state of the hybrid system
ξ ∶= (x, e, τ, κ) ∈ X ∶= Rmx × Rme × R≥0 × N0 .

(5.14)

Using this hybrid modeling framework, stability in the sense of UGES for the
NCS will be analyzed.
Remark 5.1 It is also possible to perform an L2 -induced gain analysis for the
NCS if the plant P is also modeled with an external (disturbance) input and
(performance) output. However, for the sake of readability and brevity, in this
chapter we limit ourselves to the analysis of UGES.

5.3

Stability Analysis

In this section, we analyze the stability of the hybrid model (5.13) for the NCS.
Hereto, consider the following.
Definition 5.1 For the overall (hybrid) system H given by (5.13) with (5.14),
the set
E = {ξ ∈ X ∣ x = 0 ∧ e = 0}
(5.15)
is said to be uniformly globally exponentially stable (UGES) if there exists a
function β ∶ R≥0 × R≥0 × N0 → R≥0 of the form β(r, t, j) = M r exp (−ρ(t + j))
for some M > 0 and ρ > 0, such that for any initial condition ξ(0, 0) ∈ X, all
corresponding maximal solutions ξ are complete and satisfy for all (t, j) ∈ dom ξ
∣(x(t, j), e(t, j))∣ ≤ β (∣(x(0, 0), e(0, 0))∣ , t, j) .
Remark 5.2 In Definition 5.1 we used the solution concept and terminology for
hybrid systems as introduced in [96] for describing the NCS in terms of the hybrid
system (5.13). For more details on solutions, completeness, and maximality the
interested reader is referred to [50, 96, 110, 192].
We will now provide a brief recap of the stability analysis as introduced in
[50, 192], although slightly altered to incorporate the presence of the directfeedthrough terms. In particular, we will derive LMI-based conditions that
guarantee UGES of the set (5.15). However, to do so, the way of viewing the
scheduling protocol first needs to be re-examined.
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5.3.1

UGES scheduling protocols

One of the most important aspects in the analysis approach of [192] is the notion
of UGES scheduling protocols, which we need to modify to include the presence
of direct-feedthrough terms. In particular, we need to take into account that
in this paper, as a result of the presence of the update function hdf in (5.9),
the update of the error e depends on the system matrices DP and DC , while
in [192] (5.9) solely depends on the scheduling law and not on the controller/plant
parameters (i.e., hdf = 0 in [192]). To this end, the update equation of the error
is modeled as a discrete-time system
e(i + 1) = pf (i, e(i))

(5.16)

induced by a certain function pf ∶ N0 × Rme → Rme , which, according to (5.9), is
given for all i ∈ N0 and e ∈ Rme by
pf (i, e) = h (i, e) + hdf (i, e).

(5.17)

Consider now the following definition.
Definition 5.2 Let DP ∈ Rmy ×mu and DC ∈ Rmu ×my be given. The scheduling
protocol (function) h ∶ N0 × Rme → Rme is said to be (DP , DC )-UGES if the
discrete-time system (5.16) with (5.17) is UGES, or, in other words, admits a
(Lyapunov) function W ∶ N0 ×Rme → R≥0 , and constants λ ∈ [0, 1) and αcW , αcW >
0 such that for all i ∈ N0 and all e ∈ Rme it holds that
αcW ∣e∣ ≤ W (i, e) ≤ αcW ∣e∣
W (i + 1, pf (i, e)) ≤ λW (i, e).

(5.18a)
(5.18b)

Sometimes we also say in this case that the scheduling protocol is (DP , DC )UGES with Lyapunov function W .
Definition 5.2 describes a generalization of the concept of UGES scheduling
protocols as introduced in [192]. In particular, when Definition 5.2 is satisfied by
the discrete-time system (5.16) with (5.17) where DP = 0 and DC = 0 (and thus
hdf = 0), as was the case in [192], we recover the definition of UGES scheduling
protocols (i.e., the protocol function h is UGES with Lyapunov function W ).
Hence, the notion of UGES scheduling protocols from [192] is equal to (0, 0)UGES scheduling protocols. As shown in [192], various scheduling protocols
exist that satisfy this definition of (0, 0)-UGES scheduling protocols, including
the SD, RR, and TOD protocols.
In Section 5.4, we analyze the concept of (DP , DC )-UGES scheduling protocols in more detail. Moreover, in Section 5.5, we will show that various wellknown scheduling protocols from [192, 251] are also (DP , DC )-UGES according
to Definition 5.2 under appropriate conditions on the direct-feedthrough matrices DP and DC .

113

5.3. Stability Analysis

Remark 5.3 It is possible for a scheduling protocol to be (DP , DC )-UGES for
one Lyapunov function W , but not for another. Therefore, we sometimes also
say that the scheduling protocol is (DP , DC )-UGES with a specific Lyapunov
function W .

5.3.2

LMI-based condition for UGES

We now recapitulate the main results of [50, 192] concerning UGES for the NCS
given by (5.1)-(5.4) and modeled by (5.13), while also taking Definition 5.2 into
account. In particular, we formulate LMI-based conditions guaranteeing the set
E in (5.15) to be UGES for the NCS with direct-feedthrough terms modeled by
the hybrid system (5.13).
Theorem 5.1 Consider the system H of (5.13) that satisfies Assumption 5.1.
Assume there exist a function W ∶ N0 × Rme → R≥0 , a symmetric positive definite
matrix XT , and strictly positive real numbers M , αcW , αcW , λ ∈ (0, 1), and
0 < ε < γ, and suppose that the following holds:
1. The scheduling protocol (function) h ∶ N0 × Rme → Rme is (DP , DC )-UGES
with Lyapunov function W and the constants αcW , αcW , and λ.
2. For all κ ∈ N0 , and for almost all e ∈ Rme it holds that
∣

3.

∂W (κ, e)
∣ ≤ M.
∂e

(5.19)

A⊺ XT + XT A + ε2 Imx + M 2 C⊺ C
XT E
] ⪯ 0.
[
E⊺ XT
−αcW 2 (γ 2 − ε2 ) Ime

(5.20)

4. τmati satisfies the bound
⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
τmati ≤ ⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

1
arctan ( 2 λ r(1−λ)
)
Lr
(γ
1+λ L −1)+1+λ
1 1−λ
L 1+λ
1
arctanh ( 2 λ r(1−λ)
)
Lr
(γ
1+λ L −1)+1+λ
1
arctan ( (1+λ)(1−λ)
)
γ
2λ

√
with r =

2

−1

γ
∣( L
) − 1∣ and L = M (αcW )

γ>L
γ=L
γ<L

(5.21)

L=0

∣F∣.

Then, the set E in (5.15) is UGES.
The proof is given in Appendix B.1, however it should be noted that Theorem
5.1 is merely an application of [50, Theorem 1]. Since γ is the only free variable
for the computation of the bound for τmati as λ follows from the scheduling
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protocol, τmati can be maximized by means of minimizing γ subject to 0 < ε < γ
and the LMI (5.20).
In order to use Theorem 5.1, and, in particular, the LMI (5.20), to verify
stability of the hybrid system (5.13), it is necessary to have a scheduling protocol
function h that is (DP , DC )-UGES such that (5.18) and (5.19) are satisfied.

5.4

(DP , DC )-UGES Scheduling Protocols

To study if a scheduling protocol is (DP , DC )-UGES, we consider the update
equation of the error to be modeled as the discrete-time system given by
0
DP
e(i + 1) = h (i, e(i)) + [ my
] (e(i) − h (i, e(i)) ),
DC 0mu
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
=∶ D

(5.22)

see (5.9), (5.16), and (5.17). In this section, we will provide conditions on the
direct-feedthrough matrices DP and DC such that ((0, 0)-)UGES scheduling
protocols are also (DP , DC )-UGES scheduling protocols.
To this end, consider the situation in which ` ∈ N nodes are competing for
access to the communication network, and, hence, the error vector can now be
partitioned as e(i) = (e1 (i), e2 (i), . . . , e` (i)), after reordering if necessary. As
such, we can in general model the considered scheduling protocol functions as
h (i, e) = (Ime − Ψ(i, e))e

(5.23)

for all i ∈ N0 and e ∈ Rme with
Ψ(i, e) = diag{ψ1 (i, e) Im1 , ψ2 (i, e) Im2 , . . . , ψ` (i, e) Im` },
where Imk are identity matrices with mk the dimension of the k-th node in
the network such that ∑`k=1 mk = me and where ψk (i, e) equals one when the
k-th node is updated and is zero when it is not. Many well-known scheduling
protocols, such as the SD, RR, and TOD protocols can be modeled according
to (5.23), see Section 5.5 or [192].
Based on (5.23), we can decompose the system (5.22) as
e(i + 1) = h (i, e(i)) + Dw(i)
w(i) = Ψ (i, e (i)) e(i),
from which we can state the following theorem regarding UGES of the scheduling
protocols modeled by (5.23).
Theorem 5.2 Let DP ∈ Rmy ×mu and DC ∈ Rmu ×my be given. Assume there
exists a function W ∶ N0 × Rme → R≥0 that is globally Lipschitz in its second
argument with Lipschitz constant M > 0, i.e., satisfying (5.19), and suppose that
the following holds:

5.4. (DP , DC )-UGES Scheduling Protocols
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1. The scheduling protocol (function) h ∶ N0 × Rme → Rme modeled by (5.23)
is (0, 0)-UGES with Lyapunov function W , i.e., there exist constants λ ∈
[0, 1) and αcW , αcW > 0 such that for all i ∈ N0 and e ∈ Rme (5.18) holds
with (5.17) and hdf = 0.
2. For the matrix D defined in (5.22), it holds that
∣D∣ <

αcW
(1 − λ).
M

(5.24)

Then, the scheduling protocol (function) h is (DP , DC )-UGES with Lyapunov
function W , where (5.18a) is satisfied with αcW and αcW and (5.18b) with the
−1
decreasing rate ρ ∶= λ + (αcW ) M ∣D∣ ∈ [0, 1).
The proof is given in Appendix B.2. Observe now that the first item in Theorem
5.2 covers the class of UGES scheduling protocols as introduced in [192]. As such,
Theorem 5.2 states that any scheduling protocol that is UGES in the classical
sense of [192, Definition 7] is also a (DP , DC )-UGES scheduling protocol when
(5.24) is satisfied, provided it admits a globally Lipschitz Lyapunov function,
which is often the case, see [192, Section V]. Theorem 5.2 also confirms what
one would intuitively expect, i.e., that when h is a UGES scheduling protocol
as introduced in [192] and the direct-feedthrough terms are ‘small enough’, the
discrete-time system given by (5.22) is also UGES. For the well-known SD, RR,
and TOD protocols, see [50, 192, 251], the required bounds on the norm of the
matrix D are summarized in Table 5.1, where we recall that the number of nodes
is denoted by ` ∈ N.
Table 5.1: UGES scheduling protocol condition for the SD, RR, and TOD protocol, where
` ∈ N is the number of nodes.

Protocol
SD

αcW
1

RR

1

M
1
√
`

TOD

1

1

λ
0
√

∣D∣ < c, where
c=1

`−1
√ `
`−1
`

c=

√

c=

√
`− `−1
`
√
1 − `−1
`

From these results one can directly see that there exists a relation between the
number of nodes ` and the ‘size’ of the direct-feedthrough terms, i.e., when the
number of nodes ` increases, the stricter the condition on the matrix D becomes
(to apply Theorems 5.1 and 5.2 to obtain UGES of the NCS). One can also observe that, in general, the TOD protocol requires a less strict condition than the
RR protocol. This is already a first indication that for certain NCSs with directfeedthrough terms the corresponding discrete-time system (5.16) with (5.17)
might be stable with one UGES protocol, but not with another, which is a large
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difference with the results obtained in [192]. In fact, this observation will be
justified in the following sections.
While Theorem 5.2 in general can be applied to any NCS with direct-feedthrough
terms for any UGES scheduling protocol function h that admits a globally Lipschitz Lyapunov function, the obtained condition on the matrix D is subject
to some conservatism. Fortunately, it can be shown that for some protocols we
can obtain less conservative results by exploiting the specific structure of these
protocol functions. This is the topic of the next section.

5.5

(DP , DC )-UGES of Specific Protocols

In this section, we focus on some of the most well-known scheduling protocols,
i.e., the SD, RR, and TOD protocols, and show that the conditions on the directfeedthrough terms under which those protocols are (DP , DC )-UGES, see Table
5.1, can be relaxed.

5.5.1

Sampled-data protocol

First we consider the sampled-data (SD) protocol, see, e.g., [192, 251], that is
modeled for i ∈ N0 and e ∈ Rme by
h (i, e) = 0,

(5.25)

which is indeed of the form (5.23), implying that an update of the error according
to (5.22) is now given by
e(i + 1) = De(i).
(5.26)
Hence, the SD protocol is (DP , DC )-UGES if and only if the matrix D is Schur,
i.e., for all eigenvalues λk of D it holds that
∣λk (D)∣ < 1,

(5.27)

see, e.g., [143]. Note now that condition (5.27) is equivalent to the sufficient
well-posedness condition of (5.12). As such, we have the following result for the
SD protocol.
Proposition 5.1 Let DP ∈ Rmy ×mu and DC ∈ Rmu ×my be given. The SD protocol, modeled by the scheduling protocol function (5.25), is (DP , DC )-UGES if
and only if (5.12) (cf. (5.27)) holds. Moreover,
√ when this is the case, a Lyapunov function can be obtained as W (e) = e⊺ P e, where the real symmetric
matrix P ≻ 0 is computed by solving
D⊺ P D − ρP ⪯ 0

(5.28)

for
ρ ∈ [0, 1), implying that (5.18a) is satisfied with αcW =
√ a certain constant
√
√
c
λ (P ) and αW = λmax (P ), (5.18b) with λ = ρ, and (5.19) with M =
√ min
λmax (P ).
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The proof is given in Appendix B.3. Proposition 5.1 implies that, for any NCS
given by (5.1)-(5.4) satisfying the sufficient well-posedness condition of (5.12), a
solution to the LMI (5.28) exists, and, hence, Theorem 5.1 can always be used
to obtain a bound on the MATI and thus guarantee UGES of the set E in (5.15)
for the linear NCS given by (5.1)-(5.4) with the SD protocol as the scheduling
protocol. Observe also that, based on (5.21), the ‘freedom’ in (5.28) can be used
for the optimization of the MATI.
Remark 5.4 It should be noted that the (DP , DC )-UGES property of the SD
protocol only depends on the condition (5.27), implying that the choice for W as
a Lyapunov function is not unique.
Remark 5.5 The condition (5.27) (cf. (5.12)) implies that, when either DP = 0
or DC = 0 and, hence, DC DP = 0, the other-ones matrix norm (DP ≠ 0 or
DC ≠ 0) can grow arbitrarily large. As a result, the SD protocol is (DP , 0)- and
(0, DC )-UGES for any DP ∈ Rmy ×mu and DC ∈ Rmu ×my .
Remark 5.6 When we have that ∣D∣ < 1, the matrix P in (5.28) can be taken
as the identity matrix. As such, we have that W (e) = ∣e∣ as proposed in [192] for
the SD protocol, and, hence, we recover the condition (5.24) for the SD protocol
as stated in Theorem 5.2 (see Table 5.1). In this case, (5.18) and (5.19) are
satisfied for αcW = αcW = M = 1, and λ = ∣D∣ < 1.

5.5.2

Round-robin protocol

Secondly, we consider the round-robin (RR) protocol, which is also of the form
(5.23), where in addition the value of the matrix Ψ(i, e), which we write ∆(i) in
this section, is only determined by the discrete-time i. More precisely, the RR
protocol can be modeled according to
h(i, e) = (Ime − ∆(i))e,

(5.29)

for i ∈ N0 and e ∈ Rme where ∆(i) = diag{∆1 (i), ∆2 (i), . . . , ∆` (i)} with the
square matrices ∆k (i) = δk (i)Imk of dimension mk , where
1, if i = k + j`, for some j ∈ N0
δk (i) = {
0, otherwise.

(5.30)

Let now `y ∈ N denote the number of nodes which are not associated to any
actuator and, similarly, let `u ∈ N denote the number of nodes which are not
associated to any sensor (note that `y + `u ≤ `). As the scheduling rule of
the RR protocol is a priori known, we can compute the trajectory for the
discrete-time system given by (5.22) with (5.29). As such, in the case that
there are no mixed communication nodes present in the NCS, i.e., ` = `y + `u and
e(i) = (e1 (i), . . . , e`y (i), e`y +1 (i), . . . , e`y +`u (i)) = (ey (i), eu (i)) (after reordering
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the error, if needed), it can be shown that the evolution of the discrete-time
system given by (5.22) after j` steps, j ∈ N0 , is given by (see also Appendix B.8)
j−1
j
e (j`)
(D D ) DP eu (0) + (DP DC ) ey (0)
e(j`) = [ y
]=[ P C
].
eu (j`)
0mu

(5.31)

This implies that, when j → ∞, we have an infinite repetition of either the terms
DP DC or DC DP in the error ey , while eu is always zero after j` time steps.
Hence, when (5.12) holds, i.e., when the matrix D is Schur, we have convergence
of the error to zero, i.e.,
lim e(i) → 0.
i→∞

In fact, from (5.31) if follows that
D
∣e(M )∣ ≤ ∣[ P
0

M
DP DC
]∣ ∣DP DC ∣ ∣e(0)∣
0

for sufficiently large M ∈ N0 , implying that there exists a finite-step Lyapunov
function, see, e.g., [90], showing UGES of the discrete-time system (5.22) modeled with the RR protocol given by (5.29). Hence, (DP , DC )-UGES of the RR
protocol is clearly guaranteed for the case of no mixed nodes when the sufficient
condition of (5.12) for well-posedness is satisfied.
However, in the case that we do have mixed nodes, i.e., when we have that 0 <
`u + `y < ` implying that there exists at least one node corresponding to at least
on sensor and one actuator, the analysis becomes somewhat more complicated.
In particular, a simple example already shows that the RR protocol is in this
case generally not (DP , DC )-UGES under the condition that (5.12) holds. To
see this, we consider the situation in which we have one sensor and two actuators,
however, `y = 0, `u = 1, and ` = 2 (hence, we have one mixed node and one node
only related to an actuator). The discrete-time error system of (5.22) with the
RR protocol is in this case given by
⎡ 0
⎢
⎢
e(i + 1) = (I2 − ∆(i)) e(i) + ⎢DC1
⎢
⎢DC2
⎣

DP1
0
0

DP2 ⎤⎥
⎥
0 ⎥ ∆(i)e(i)
⎥
0 ⎥⎦

⎡1 0 0⎤
⎡0 0 0⎤
⎢
⎥
⎢
⎥
⎢
⎥
⎢
⎥
with ∆(i) = ⎢0 1 0⎥ when i = 0, 2, 4, . . . and ∆(i) = ⎢0 0 0⎥ when i =
⎢
⎥
⎢
⎥
⎢0 0 0⎥
⎢0 0 1⎥
⎣
⎦
⎣
⎦
1, 3, 5, . . .. We can now compute the trajectory evolution for the error for a few
time steps, resulting in
⎡ 0 ⎤ ⎡ 0
⎢
⎥ ⎢
⎢
⎥ ⎢
e(1) = ⎢ 0 ⎥ + ⎢DC1
⎢
⎥ ⎢
⎢e22 (0)⎥ ⎢DC2
⎣
⎦ ⎣

DP1
0
0

⎤
DP2 ⎤⎥ ⎡⎢e11 (0)⎤⎥ ⎡⎢
DP1 e12 (0)
⎥
⎥⎢
⎥ ⎢
⎥
0 ⎥ ⎢e12 (0)⎥ = ⎢
DC1 e11 (0)
⎥
⎥⎢
⎥ ⎢
⎥
0 ⎥⎦ ⎢⎣ 0 ⎥⎦ ⎢⎣e22 (0) + DC2 e11 (0)⎥⎦
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⎡e (1)⎤ ⎡ 0
DP1 DP2 ⎤⎥ ⎡⎢ 0 ⎤⎥ ⎡⎢e11 (1) + DP2 e22 (1)⎤⎥
⎢ 11 ⎥ ⎢
⎢
⎥ ⎢
⎥⎢
⎥ ⎢
⎥
0
0 ⎥⎢ 0 ⎥ = ⎢
e12 (1)
⎥
e(2) = ⎢e12 (1)⎥ + ⎢DC1
⎢
⎥ ⎢
⎥⎢
⎥ ⎢
⎥
⎢ 0 ⎥ ⎢DC2
⎥ ⎢e22 (1)⎥ ⎢
⎥
0
0
0
⎣
⎦ ⎣
⎦⎣
⎦ ⎣
⎦
⎡D e (0) + D (e (0) + D e (0))⎤
P2 22
C2 11
⎢ P1 12
⎥
⎢
⎥
DC1 e11 (0)
⎥
=⎢
⎢
⎥
⎢
⎥
0
⎣
⎦
⎤
⎡
⎤
⎡D D
⎢ P2 C2 DP1 DP2 ⎥ ⎢e11 (0)⎥
⎥
⎥⎢
⎢
0
0 ⎥ ⎢e12 (0)⎥
= ⎢ DC1
⎥
⎥⎢
⎢
⎢
0
0
0 ⎥⎦ ⎢⎣e22 (0)⎥⎦
⎣
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
∶= E
⎤
⎡ 0 ⎤ ⎡ 0
DP1 e12 (2)
DP1 DP2 ⎤⎥ ⎡⎢e11 (2)⎤⎥ ⎡⎢
⎥ ⎢
⎢
⎥
⎥
⎥ ⎢
⎥⎢
⎥ ⎢
⎢
DC1 e11 (2)
0
0 ⎥ ⎢e12 (2)⎥ = ⎢
⎥
e(3) = ⎢ 0 ⎥ + ⎢DC1
⎥
⎥ ⎢
⎥⎢
⎥ ⎢
⎢
⎥ ⎢ 0 ⎥ ⎢e22 (2) + DC2 e11 (2)⎥
⎢e22 (2)⎥ ⎢DC2
0
0
⎦
⎦ ⎣
⎦⎣
⎦ ⎣
⎣
⎤
⎡
DP1 DC1 e11 (0)
⎥
⎢
⎥
⎢
= ⎢DC1 DP1 e12 (0) + DC1 DP2 e22 (0) + DC1 DP2 DC2 e11 (0)⎥
⎥
⎢
⎢DC2 DP1 e12 (0) + DC2 DP2 e22 (0) + DC2 DP2 DC2 e11 (0)⎥
⎦
⎣
⎡e (3) + D e (3)⎤
P2 22
⎥
⎢ 11
⎥
⎢
e12 (3)
⎥
e(4) = ⎢
⎥
⎢
⎥
⎢
0
⎣
⎦
⎤
⎡DP1 DC1 e11 (0) + DP2 DC2 DP1 e12 (0)
⎥
⎢
⎢
+ DP2 DC2 DP2 e22 (0) + DP2 DC2 DP2 DC2 e11 (0)⎥⎥
⎢
⎥
=⎢
⎥
⎢
DC1 DP1 e12 (0) + DC1 DP2 e22 (0) + DC1 DP2 DC2 e11 (0)
⎥
⎢
⎥
⎢
0
⎦
⎣
⎡D D + D D D D
⎤
⎡
⎤
D
D
D
D
D
D
e
(0)
P2 C2 P2 C2
P2 C2 P1
P2 C2 P2 ⎥ ⎢ 11
⎢ P1 C1
⎥
⎢
⎥⎢
⎥
DC1 DP2 DC2
DC1 DP1
DC1 DP2 ⎥ ⎢e12 (0)⎥ .
=⎢
⎢
⎥⎢
⎥
⎢
⎥ ⎢e22 (0)⎥
0
0
0
⎣
⎦⎣
⎦
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
= E2
Hence, based on the above we have that e(j`) = E j e(0), j = 0, 1, 2, . . ., implying
that the example system is only stable when maxk ∣λk (E)∣ < 1. If we now take
DP = [DP1

DP2 ] = [1

2.5]

D
−2
and DC = [ C1 ] = [ ]
DC2
1

it holds that maxk ∣λk (DP DC )∣ = 0.5 < 1 (i.e., condition (5.12) holds), how√
ever, maxk ∣λk (E)∣ = 2 > 1, implying that the RR protocol in this case is not
(DP , DC )-UGES.
As such, by combing the above observations we can compose the following
result for the RR protocol (the proof is given in Appendix B.4).
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Proposition 5.2 Let DP ∈ Rmy ×mu and DC ∈ Rmu ×my be given. The RR protocol, modeled by the scheduling protocol function of (5.29) with (5.30) and
where ` = `u + `y (i.e., there are no mixed nodes), is (DP , DC )-UGES if and
only if (5.12) holds. Moreover,√ when this is the case, a Lyapunov function
can be obtained as W (e(i)) = e⊺ (i)P (i)e(i), where the `-periodic matrices
P (k) = P (k + `) with P (k) ≻ 0 are computed by solving
A⊺k P (k + 1)Ak − ρ(k)P (k) ⪯ 0

(5.32)

for certain `-periodic scalars ρ(k) = ρ(k + `) ∈ [0, 1) for all k ∈ `¯ ∶= {1, 2, ..., `}
and where the matrices Ak are given by
Ak ∶= diag {Im1 , . . . , Imk−1 , 0mk , Imk+1 , . . . , Im` }
+ D diag {0m1 , . . . , 0mk−1 , Imk , 0mk+1 , . . . , 0m` } ,

(5.33)

√
implying that (5.18a) is satisfied with αcW = mink λmin (P (k)) and αcW =
√
√
maxk λmax (P (k)), (5.18b) is satisfied with λ = maxk ρ(k), and (5.19) with
√
M = maxk λmax (P (k)).
Remark 5.7 Proposition 5.2 is based on the situation in which all the sensor
nodes are visited before the actuator nodes. The proposition also holds in the
case in which all actuator nodes are first visited. However, a priori, we could
also alternate between sensor and actuator nodes or do have mixed nodes in the
network (i.e., communication nodes that contain both actuator(s) and sensor(s)),
resulting (in some cases) in the loss of the property of the repetition of the terms
DP DC or DC DP . Fortunately in these situations, (5.32) (which is a set of
LMIs and therefore amenable for computational verification [36]) can be used
as necessary and sufficient conditions for verifying (DP , DC )-UGES of the RR
protocol.
Remark 5.8 The SD protocol is a special case of the RR protocol. Indeed, for
` = 1 we have that in (5.33) Ak = D for k = 1, implying that for this special case
(5.32) simplifies to (5.28).

5.5.3

Try-once-discard protocol

Finally, we consider the try-once-discard (TOD) protocol as introduced in [251],
which, in contrast to the SD and RR protocols, employs dynamic scheduling.
In particular, the TOD protocol allocates network resources to the node with
the greatest (weighted) error norm at a transmission time. As such, the TOD
protocol is often considered to be a ‘smarter’ scheduling protocol than, for instance, the RR protocol. This verbal description for the TOD protocol can also
be converted into the model description of the form (5.23), where the rationale
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of the TOD protocol itself (as explained above) is modeled by
⎧
⎪
⎪1, if k = min (arg max ∣ej ∣)
ψk (i, e) = ⎨
j
⎪
⎪
⎩0, otherwise.

(5.34)

Based upon the sufficient conditions as presented in Table 5.1, one might expect,
similar to the SD and RR protocols, that system (5.22) with the TOD protocol
is also (DP , DC )-UGES when (5.12) is satisfied. This is because the TOD protocol has a less conservative bound in Table 5.1 compared to the RR protocol.
However, a simple example shows that this is in general not true. Consider for
instance system (5.22) with the number of nodes ` = 3, `y = 2 and `u = 1 (hence,
we thus have two sensor nodes, one actuator node, and no mixed nodes), and
with the direct-feedthrough matrices given by
−3.5
DP = [
]
1.0

and DC = [0.5

0.85] .

(5.35)

As such, we can partition the error vector as e = (ey , eu ) = (e1y , e2y , eu ). It is
obvious that condition (5.12) is satisfied for the considered system as
max ∣λk (DC DP )∣ = 0.9,
k

however, when we simulate the discrete-time system of (5.22) with (5.35) for
the various protocols, we can see that exploiting the TOD protocol results in an
unstable discrete-time system, see Figure 5.2.
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Figure 5.2: The error evolution of the discrete-time system given by (5.22) satisfying (5.12) for
the TOD, RR, and SD scheduling protocols and the indication for the TOD and RR protocols
which node is updated at each time instant i.
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This example shows that, although the SD and RR protocols are (DP , DC )UGES, the TOD protocol is not a (DP , DC )-UGES scheduling protocol even
though (5.12) is satisfied. As such, the rationale of the TOD protocol is in
general no longer appropriate when direct-feedthrough terms are present in the
system. In fact, as seen in the example, we can even have that exploiting the
‘smarter’ TOD protocol is not always better than exploiting the RR protocol in
the presence of direct-feedthrough terms.
On the other hand, it can also be shown that the TOD protocol may outperform both the RR and SD protocols. Consider hereto the same example,
however now with
−0.4
DP = [
]
−0.8

and DC = [0.8

1.1] .

For these direct-feedthrough matrices Assumption 5.1 is still satisfied, however
(5.12) is not as
max ∣λk (DC DP )∣ = 1.2.
k

As a result, based on Propositions 5.1 and 5.2, the SD and RR protocols will not
be (DP , DC )-UGES, however, as can be seen from Figure 5.3, the TOD protocol
is (DP , DC )-UGES in this case. This example shows that communicating more
data (e.g., using the SD protocol instead of the TOD protocol) also is not always
better.
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Figure 5.3: The error evolution of the discrete-time system given by (5.22) not satisfying
(5.12) for the TOD, RR, and SD scheduling protocols and the indication for the TOD and RR
protocols which node is updated at each time instant i.
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These counterintuitive results show that obtaining necessary and sufficient
conditions, as we have for the SD and RR protocols, is not an easy task for the
TOD protocol. However, we can again exploit the structure of the TOD protocol
to obtain sufficient conditions that are in general less strict than the condition
as presented in Table 5.1. In particular, consider the following.
Suppose that, without loss of generality, ∣ek ∣ = maxj∈`¯ ∣ej ∣ for some k ∈ `¯ with
¯
` ∶= {1, 2, . . . , `}, or, stated differently,
∣ek ∣2 − ∣ej ∣2 ≥ 0,

for all j ≠ k.

(5.36)

Hence, according to (5.23) with (5.34) we have that
h (i, e) = diag{Im1 , . . . , Imk−1 , 0mk , Imk+1 , . . . , Im` }e.
Based on (5.36), we also introduce for each k ∈ `¯ the sets
Ck ∶= {e ∈ Rme ∣ e⊺ Qkj e ≥ 0, j ∈ `¯ /{k}}
with the matrices
Qkj ∶= diag{0m1 , . . . , 0mk−1 , Imk , 0mk+1 , . . . , 0mj−1 , −Imj , 0mj+1 , . . . , 0m` }. (5.37)
By combining the above, the discrete-time system of (5.22) with (5.23) and
(5.34) can be described as
e(i + 1) = (Ime − Ψ (i, e(i))) e(i) + DΨ (i, e(i)) e(i) = Ak e(i)

(5.38)

when e(i) ∈ Ck for some k ∈ `¯ with the matrix Ak defined by (5.33) and where
the matrix D is as in (5.22). Note now that (5.38) describes a piecewise linear (PWL) discrete-time system, implying that its stability (and, therefore,
(DP , DC )-UGES of the TOD protocol) can be determined by solving a set of
LMIs, see, e.g., [36]. In fact, we have the following result for the TOD protocol
(the proof is given in Appendix B.5).
Proposition 5.3 Let DP ∈ Rmy ×mu and DC ∈ Rmu ×my be given. The TOD
protocol, modeled by the scheduling protocol function
√ of (5.23) with (5.34), is
(DP , DC )-UGES with Lyapunov function W (e) = e⊺ P e if there exist a real
symmetric matrix P ≻ 0, a constant ρ ∈ (0, 1), and nonnegative constants βjk ,
k ∈ `¯ and j ∈ `¯ /{k}, such that
A⊺k P Ak − ρP +

`

k
∑ βj Qkj ⪯ 0

(5.39)

j=1,j≠k

holds for all k ∈ `¯ with the matrices Qkj given by (5.37) and where the
√ matrix
Ak is given by (5.33). Moreover, (5.18a) is then satisfied for αcW = λmin (P )
√
√
√
and αcW = λmax (P ), (5.18b) for λ = ρ, and (5.19) for M = λmax (P ).
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Remark 5.9 For the obtained class of PWL systems there is not one undisputed way of obtaining sufficient conditions such that UGES of the system given
by (5.38) is guaranteed. As such, the sufficient conditions as proposed in Proposition 5.3, based on S-procedure relaxations as mentioned in the proof of Proposition 5.3 (see Appendix B.5), are not the only way to go. For instance, an effective approach could also be to use versatile piecewise quadratic (PWQ) Lyapunov
functions to obtain sufficient LMI conditions, see, e.g., [81, 105]. However, we
restrict ourselves here only to the result of Proposition 5.3. For more information about stability of PWL systems we refer to [81, 105, 161] and the references
therein.
Remark 5.10 The SD protocol is also a special case of the TOD protocol. Indeed, similar to Remark 5.8, we have that, for ` = 1, (5.39) simplifies to (5.28).

5.6

New Scheduling Protocols

In the previous section we have seen that the rationale behind some (well-known)
scheduling protocols can be a priori lost when direct-feedthrough terms are
present in the NCS. Therefore, in this section, we propose some new (DP , DC )UGES scheduling protocols, designed to work for ‘larger’ values of (DP , DC )
and/or improve the convergence rate (i.e., smaller λ) of (5.22) and, hence, lead
to larger values of the MATI via Theorem 5.1.

5.6.1

SD+ protocol

The rationale behind the SD protocol is to update, at a given transmission time
tj , all networked values (of both the input u as well as the output y) to their
‘true’ values, see, e.g., [192, 251], leading to the network-induced error e being
completely reset to zero at tj (in absence of DP and DC ). However, from the
SD protocol function given by (5.25), it can directly be observed that the overall
network-induced error e is not completely reset to zero when either one of the
matrices DP or DC is nonzero in (5.22). As such, we have that the rationale of
the SD protocol is a priori lost when direct-feedthrough terms are present.
Therefore, we introduce in this subsection an extended version of the SD
protocol, for which we coin the term SD+ protocol, modeled by
−1

h (i, e) = (D − Imy +mu )

De.

(5.40)

Hence, provided that the inverse in (5.40) exists, which is the case in view of
Standing Assumption 5.1, we now have that at a transmission time the error e
is always reset to zero, i.e., e+ (tj ) = 0. As such, we can directly compose the
following result for the SD+ protocol.
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Proposition 5.4 Let DP ∈ Rmy ×mu and DC ∈ Rmu ×my be given. The SD+
protocol, modeled by the scheduling protocol function of (5.40), is (DP , DC )UGES if and only if Assumption 5.1 is satisfied. Moreover, when this is the case,
a Lyapunov function is given by W (e) = ∣e∣, implying that (5.18a) is satisfied for
αcW = αcW = 1, (5.18b) for arbitrary small λ ∈ [0, 1), and (5.19) for M = 1.
Observe that, as λ can be taken arbitrarily small, the SD+ protocol will always
result in a higher value for the MATI than the SD protocol. In addition, where
the SD protocol is limited to NCSs satisfying (11), the SD+ protocol guarantees
stability for all NCSs satisfying Standing Assumption 1. As such, the SD+
protocol is a clear improvement upon the SD protocol.
Remark 5.11 When there are no direct feedthrough terms present in the overall
system (i.e., DP and DC are zero), we recover (5.25) again, making the SD+
protocol indeed an extension of the SD protocol.
Remark 5.12 Based on the Schur complement and the Woodbury matrix identity to invert a matrix blockwise, see, e.g., [26, 269], the scheduling protocol
function of (5.40) can be rewritten as
−1

−1

(D D − I) DP DC
h(i, e) = [ P C
−1
(DC DP − I) DC

(DP DC − I) DP
] e,
−1
(DC DP − I) DC DP

from which it follows that (5.40) corresponds to an update of the networked values
according to
−1

ŷ + = y + (DP DC − Imy )
+

û = u + (DC DP − Imu )

−1

DP (DC ey + eu )
DC (DP eu + ey ) .

This implies that for the implementation of the SD+ protocol the sensor/actuator
data needs to be available in a centralized manner, i.e., all nodes need to know
about the values of all the other nodes or there is a need for a central coordinator.
Fortunately, since the SD+ protocol updates all nodes at the same time, this is
often not a problem.

5.6.2

Switching scheduling protocol

In many NCSs we have that the sensor and actuator nodes are separated, i.e.,
we have no mixed nodes in the NCS and thus `y + `u = `. As a result, from
the structure of the discrete-time system (5.22), it is also possible to assume a
separation of the errors ey and eu for these NCSs. That is, the update of the
nodes corresponding to ey ∈ Rmy are now governed by
hy (iy , ey ) = (Imy − Ψy (iy , ey ))ey ,

(5.41)
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while we have that for the nodes corresponding to eu ∈ Rmu their update is
modeled through
hu (iu , eu ) = (Imu − Ψu (iu , eu ))eu ,
(5.42)
for all iy , iu ∈ N0 and where Ψy and Ψu are similar matrices as Ψ in (5.23).
Observe now that we also consider here a separation of the discrete-time i in
(5.22) by means of the introduction of the (discrete-)times iy and iu , which
act as ‘counters’ that keep track of the number of sensor and actuator updates
that have occurred, respectively, i.e., we have that i = iy + iu . Moreover, in the
case that a sensor node is updated at time i, we have that the ‘counter’ iy is
incremented by one (and thus i too). As such, in this case, we denote the next
discrete time-step by i + 1 = (iy + 1) + iu . Similarly, in the case that an actuator
node is updated, we have that iu is incremented by one (and thus i too), for
which we denote the next discrete time-step by i + 1 = iy + (iu + 1).
Now, based on the separation of the errors, we propose to introduce the new
switching scheduling protocol that uses a switching law q ∶ N0 × N0 × Rme → {1, 2}
that determines if either (one of) the sensor nodes are allowed to update according to (5.41) (when q(iy , iu , e) = 1) or (one of) the actuator nodes according
to (5.42) (when q(iy , iu , e) = 2). To be more precise, we have the following two
situations:
• All the sensors nodes corresponding to the output y can compete to access
the channel to update. This corresponds to the error update according to
ey (i + 1) = (Imy − Ψy (iy , ey (i)))ey (i)

(5.43)

eu (i + 1) = eu (i) + DC Ψy (iy , ey (i))ey (i)
when q(iy , iu , e) = 1 and where i + 1 = (iy + 1) + iu (i.e., the counter iy is
incremented by one and thus i too).
• All the actuator nodes corresponding to the input u can compete to access
the channel to update. This corresponds to the error update according to
ey (i + 1) = ey (i) + DP Ψu (iu , eu (i))eu (i)
eu (i + 1) = (Imu − Ψu (iu , eu (i)))eu (i)

(5.44)

when q(iy , iu , e) = 2 and where i + 1 = iy + (iu + 1) (i.e., the counter iu is
incremented by one and thus i too).
Based on (5.41)-(5.44), we thus have that the switching scheduling protocol is
modeled by the protocol function hsp ∶ N0 × N0 × Rme → Rme that is given by
hsp (iy , iu , e) = {

(hy (iy , ey ), eu + DC wy )
(ey + DP wu , hu (iu , eu ))

when q(iy , iu , e) = 1
when q(iy , iu , e) = 2,

(5.45)
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for all iy , iu ∈ N0 and e = (ey , eu ) ∈ Rme with wy ∶= ey − hy (iy , ey ) and wu ∶=
eu −hu (iu , eu ). Hence, such a switching protocol takes to some level the influence
of the direct-feedthrough terms DP /DC into account when deciding which node
to update, leading to possible higher values of the MATI.
We will now analyze the stability properties of this novel protocol function
for the system of (5.22) (which thus can be reformulated as (5.43)-(5.44)) for
two specific switching laws q that are based on the ideas of the RR and TOD
protocols.
Periodic switching scheduling protocol
We firstly introduce a switching law inspired by the idea of the RR protocol, i.e.,
we consider the case of periodically switching between updating the sensors and
the actuators at each transmission instant. As such, we have that the switching
law q in this case is given by
1, if i = 1 + 2j, j ∈ N0
q(iy , iu , e) = qPS (iy , iu ) ∶= {
2, otherwise,

(5.46)

with i = iy + iu . For such a switching law, for which we coin the term periodic
switching (PS) protocol, we formulate the following theorem.
Theorem 5.3 Let DP ∈ Rmy ×mu and DC ∈ Rmu ×my be given. Assume there
exist functions W y ∶ N0 × Rmy → R≥0 and W u ∶ N0 × Rmu → R≥0 that are globally Lipschitz in their second argument with Lipschitz constants M y and M u ,
respectively, and suppose that the following holds:
1. The scheduling protocol (function) hy ∶ N0 × Rmy → Rmy is (0, 0)-UGES
with Lyapunov function W y , i.e., the (nominal) discrete-time system
ey (iy + 1) = hy (iy , ey (iy ))

(5.47)

is UGES with Lyapunov function W y in the sense that there exist positive lower and upper bounds αcW y and αcW y , respectively, and a decreasing
rate λy ∈ [0, 1) such that (5.18) holds for (5.47) with, hence, pf (iy , ey ) =
hy (iy , ey ).
2. The scheduling protocol (function) hu ∶ N0 × Rmu → Rmu is (0, 0)-UGES
with Lyapunov function W u , i.e., the (nominal) discrete-time system
eu (iu + 1) = hu (iu , eu (iu ))

(5.48)

is UGES with Lyapunov function W u in the sense that there exist positive lower and upper bounds αcW u and αcW u , respectively, and a decreasing
rate λu ∈ [0, 1) such that (5.18) holds for (5.48) with, hence, pf (iu , eu ) =
hu (iu , eu ).
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3. It holds for some constants σ > 0 and µy , µu > 1 that
∣DC ∣ <

αcW y
σαcW u
y y
∣D
∣
<
(1
−
µ
λ
)
and
(1 − µu λu ).
P
σM u
My

(5.49)

Then, the PS protocol, modeled by hsp of (5.45) with the switching law (5.46),
is (DP , DC )-UGES with Lyapunov function W ∶ N0 × N0 × Rme → Rme , given by
W (iy , iu , e) = {

W y (iy , ey ) + µu σW u (iu , eu ),
µy W y (iy , ey ) + σW u (iu , eu ),

q(iy , iu , e) = 1
q(iy , iu , e) = 2,

(5.50)

where (5.18a) is satisfied for
αcW ≤ min{αcW y , σαcW u } and αcW ≥ max(αcW y + µu σαcW u , µy αcW y + σαcW u ),
(5.18b) for λ = max { µ1y , µ1u , µy λy + αy , µu λu + αu } where
αy ∶=

σM u
My
u
∣D
∣
and
α
∶=
∣DP ∣,
C
αcW y
σαcW u

(5.51)

and (5.19) for M = max{M y + µu σM u , µy M y + σM u }.
The proof is given in Appendix B.6. Observe now again, similar to Theorem
5.2, that the first two items in Theorem 5.3 merely require that the scheduling
protocols for the sensors and actuators, respectively, are UGES in the classical
sense of [192, Definition 7]. As such, we can thus implement different scheduling
protocols for the sensors and actuators, respectively. Moreover, note that (5.49)
is equivalent to the ‘small gain’ type of condition
∣DC ∣ ∣DP ∣ <

αcW y αcW u
(1 − λy )(1 − λu )
M uM y

(5.52)

since we can choose µy and µu arbitrarily close to one. Hence, for given matrices
DP and DC satisfying (5.52) for chosen (0, 0)-UGES protocol functions hy and
hu , there always exist σ > 0 and µy , µu > 1 such that the PS protocol is (DP , DC )UGES. Moreover, when either one of the matrices DP or DC is absent (equal
to the zero matrix), (5.52) is always satisfied and, hence, the other one’s norm
can grow arbitrarily large and still satisfy (5.49) (when the values of σ and
µy , µu are chosen appropriately). As a consequence, when there is only one
direct-feedthrough term present in the NCS, the PS protocol with (5.46) as the
switching law always guarantees UGES of the error discrete-time system (and,
hence, the NCS itself, under appropriate bounds on the MATI).
Remark 5.13 Observe that, for (5.49) to be feasible, it should hold that 1 <
µy < λ1y and 1 < µu < λ1u .
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Maximal error switching scheduling protocol
Inspired by the idea behind the TOD protocol, we can also consider the scenario
in which the switching law q is determined by the values of the errors ey and
eu . In particular, we introduce a switching law, for which we coin the term
maximal error switching (MES) protocol, where its value is determined by the
Lyapunov functions W y and W u corresponding to the nominal systems (5.47)
and (5.48), respectively, see items (1)-(2) of Theorem 5.3. That is, for some
µ > 0, we introduce the switching law q ∶ N0 × N0 × Rme → {1, 2} given by
⎧
{1}, when W y (iy , ey ) > µW u (iu , eu )
⎪
⎪
⎪
q(iy , iu , e) = qMES (iy , iu , e) ∶= ⎨ {2}, when W y (iy , ey ) < µW u (iu , eu )
⎪
⎪ {1, 2}, when W y (iy , ey ) = µW u (iu , eu ).
⎪
⎩
(5.53)
Now, similar to the PS protocol, we formulate the following theorem for the
MES protocol.
Theorem 5.4 Let DP ∈ Rmy ×mu and DC ∈ Rmu ×my be given. Assume there
exist functions W y ∶ N0 × Rmy → R≥0 and W u ∶ N0 × Rmu → R≥0 that are globally Lipschitz in their second argument with Lipschitz constants M y and M u ,
respectively, and suppose that the following hold:
1. Items (1)-(2) of Theorem 5.3 are satisfied for constants αcW y , αcW y , αcW u ,
αcW u > 0 and λy , λu ∈ [0, 1).
2. It holds for some constant σ > 0 that
∣DC ∣ <

αcW y
σαcW u
y
∣D
∣
(1
−
λ
)
and
<
(1 − λu ).
P
σM u
My

(5.54)

Then, the MES protocol, modeled by hsp of (5.45) with the switching law (5.53)
for some µ > 0, is (DP , DC )-UGES with Lyapunov function W ∶ N0 ×N0 ×Rme →
Rme , given by
W (iy , iu , e) = W y (iy , ey ) + σW u (iu , eu ),
(5.55)
where (5.18a) is satisfied for
αcW ≤ min{αcW y , σαcW u } and αcW ≥ αcW y + σαcW u ,
(5.18b) for λ = max {λyM ES , λuM ES } with
λyM ES ∶=

λy + αy + σµ−1
λu + αu + σ −1 µ
u
and
λ
∶=
M
ES
1 + σµ−1
1 + σ −1 µ

and where αy and αu are given by (5.51), and (5.19) for M = M y + σM u .

130

Chapter 5. NCSs with Direct-Feedthrough Terms – The Linear Case

The proof is given in Appendix B.7. Observe that µ > 0 is a design parameter of
the MES protocol, i.e., its value can be chosen in such a way to either give more
priority to updating the sensors (small µ) or the actuators (large µ), which can
be useful if the influence of either DP or DC on the error e is much larger than
that of the other one. Moreover, for a chosen value of µ > 0, one can maximize
τmati over σ > 0 subject to (5.54) and (5.20).
In addition, note that (5.54) is also equivalent to the small gain condition of
(5.52), i.e., if (5.52) is satisfied, there always exists a σ > 0 such that (5.54) is
satisfied. This implies that the PS and MES protocols have the same condition
under which they are guaranteed to be (DP , DC )-UGES. However, the computed
values for αcW , αcW , and λ (and, hence, the value for τmati ) differ. In particular,
while the PS protocol is easier to implement, we in general also obtain a smaller
bound on the MATI than we can obtain using the MES protocol.
Remark 5.14 Similar to the TOD protocol itself, the MES protocol is not distributed, implying that there is a need for a central entity that has access to and
compares the error norms.

5.7

Numerical Example

To illustrate the application of our results, we consider the benchmark example
of the unstable batch reactor that can be captured by the model of (5.1)-(5.2)
with
⎛ 1.38
⎜−0.5814
AP = ⎜
⎜ 1.067
⎝ 0.048
CP = (

1 0 1
0 1 0

−0.208
−4.29
4.273
4.273
−1
),
0

6.715 −5.676⎞
0
0.675 ⎟
⎟,
−6.654 5.893 ⎟
1.343 −2.104⎠
0
BC = (
1

1
),
0

0 ⎞
⎛ 0
0 ⎟
⎜5.679
⎟
BP = ⎜
⎜1.136 −3.146⎟
⎝1.136
0 ⎠

CC = (

−2 0
),
0 8

0
DC = (
5

−2
),
0

AC = 0, and DP = 0, see, e.g., [50, 110, 115, 192, 251]. Note that, since the matrix
DC ≠ 0, we indeed have direct-feedthrough terms in the NCS. Here we assume, in
contrast with [50,110,192,251], that both the output y to the controller as well as
the controller output u itself are transmitted over a communication network. As
a result, the network-induced error is now updated according to (5.9), implying
that the stability analysis of [50, 192] can no longer be applied. Fortunately,
since DP = 0, Assumption 5.1 is satisfied and, hence, we can apply Theorem 5.1
with any (0, DC )-UGES scheduling protocol to obtain a bound on the MATI
and guarantee UGES for the NCS.
As such, we can, for instance, use the SD protocol in this example, which
is a valid choice as Proposition 5.1 is satisfied. In particular, using the given
matrices DP and DC , it is possible to compute the constants αcW , αcW , λ, and
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M such that the conditions of (5.18) and (5.19) are satisfied by using (5.28),
which gives ρ = 0.5 and
3.8678
⎛
−3.6105
⋅ 10−2
⎜
P =⎜
⎜ 1.0011 ⋅ 10−3
⎝ 1.1922 ⋅ 10−3

−3.6105 ⋅ 10−2
3.4502
1.3669 ⋅ 10−3
1.2047 ⋅ 10−3

1.0011 ⋅ 10−3
1.3669 ⋅ 10−3
3.1348 ⋅ 10−1
1.8706 ⋅ 10−3

1.1922 ⋅ 10−3 ⎞
1.2047 ⋅ 10−3 ⎟
⎟
1.8706 ⋅ 10−3 ⎟
−2 ⎠
5.7145 ⋅ 10

c
with λmin (P ) = 5.7130 ⋅ 10−2 and
√ λmax (P ) = 3.8709. Hence, αW = 0.23902,
c
1
αW = M = 1.9675, and λ = 2 2. Now by applying Theorem 5.1 the τmati
bound can be computed by minimizing γ, see also [50], such that UGES of
the set E is guaranteed. Doing so, gives us that L = 147.10, γ = 159.14, and
τmati ≤ 1.1201 ⋅ 10−3 , see also Table 5.2. Indeed, simulating the NCS shows that
(exponential) stability is guaranteed for the overall system, even with the error
norm increasing at some transmission times, see Figure 5.4.

0.4

|e(t)|

0.3
0.2
0.1
0
0

0.05

0.1

0.15

0.2

Time t [s]
Figure 5.4: Simulation results for the numerical example of the batch reactor with the SD
protocol and τmati = 1.840 ⋅ 10−3 .

Additionally to the SD protocol, we also compute the bounds on the MATI
using Theorem 5.1 for the RR protocol with ` = 4 (using Proposition 5.2), the
SD+ protocol (using Proposition 5.4), and the MES protocol with `y = `u = 2,
µ = 0.2, and σ = 3.4315⋅10−2 (using Theorem 5.4), where we implement the TOD
protocol for the sensors y and the RR protocol for the actuators u. Moreover,
sim
by simulating the NCS, we obtain numerical estimates of the actual bound τmati
on the MATI for which the NCS is still UGES. All the results are given in Table
5.2, from which we can draw various conclusions.
First, we can conclude that the SD+ protocol performance, as expected,
significantly better than the standard SD protocol, proving that it indeed is
useful to introduce this novel scheduling protocol function. Secondly however, we
have that the computed τmati for the MES protocol is significantly lower than all
the other computed bounds for the MATI, implying that its performance is worse
than, for instance, that of the RR protocol, something that one would not expect.
Indeed, when we simulate the NCS system for the various protocols, we obtain
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sim
that the actual bound on the MATI τmati
for the MES protocol is larger than for
the RR protocol, see Table 5.2. This difference in results can be explained by the
fact that the conditions presented in Theorem 5.4 are only sufficient, whereas we
have that Proposition 5.2 provides sufficient and necessary conditions. As such,
similar to Theorem 5.2, we can conclude that, while the conditions presented in
Theorem 5.4 hold in general, they are also conservative. Improving upon these
conditions is therefore a topic of future research. In particular, based on the
observation that the error can increase when updating the networked values,
exploiting, for instance, finite-step Lyapunov functions, see, e.g., [90], might
result in less conservative results for all of the protocols.
sim
Table 5.2: UGES scheduling protocols where τmati is computed using Theorem 5.1 and τmati
obtained through simulation.

Protocol
SD
RR
SD+
MES

5.8

αcW
0.120
0.100
1
0.034

αcW /M
1.409
1.407
1
1.049

λ
0.424
0.843
0
0.957

τmati
1.840 ⋅ 10−3
3.252 ⋅ 10−4
5.307 ⋅ 10−2
3.856 ⋅ 10−5

sim
τmati
0.0626
0.0218
0.1511
0.0455

Conclusion

In this chapter, we considered NCSs composed of a linear plant and linear controller with direct-feedthrough terms. Such terms are essential in the modeling
of certain important classes of controllers commonly used in industry such as
PI(D) regulators. To analyze stability of these ‘linear’ NCSs, the concept of
UGES scheduling protocols as introduced in [192] was extended to take into
account the influence of the direct-feedthrough terms on the network-induced
error, resulting in the notion of (DP , DC )-UGES scheduling protocols with DP
and DC being the direct-feedthrough terms in the plant and controller, respectively. We have shown that, under a well-posedness assumption, the stability
analysis of [192] and [50], which resulted in conditions on the MATI for the NCS,
can still be used as long as the protocols satisfy the (DP , DC )-UGES property.
Therefore, we provided generic conditions on the direct-feedthrough terms DP
and DC under which any UGES scheduling protocol in the classical sense is also
(DP , DC )-UGES. Moreover, it has been shown that, for the well-known SD, RR,
and TOD protocols, these conditions can be relaxed by exploiting the knowledge
we have about the structure of the protocol. This analysis also revealed that
using the ‘smarter’ TOD protocol is not always better than the RR protocol and
that updating all the nodes simultaneously (exploiting the SD protocol) can be
worse than updating the nodes one by one. In particular, we concluded that
using the TOD protocol can make certain NCSs with direct-feedthrough terms
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unstable where exploiting the SD or RR protocols would still ensure UGES, but
also that for certain NCSs with direct-feedthrough terms the TOD protocol can
ensure UGES where the SD and RR protocols cannot. Furthermore, we also
introduced new (DP , DC )-UGES scheduling protocols (i.e., the SD+, PS, and
MES protocols) to handle the direct-feedthrough terms in a more effective way.
Finally, we have illustrated the application of our new results by means of the
benchmark example of the batch reactor and we compared various scheduling
protocols.
The results presented in this chapter for ‘linear’ NCSs gave insights in the
(counterintuitive) difficulties one encounters when direct-feedthrough terms are
part of the NCS setup (i.e., the direct-feedthrough problem). As such, the obtained results also have many natural extensions. Particularly, they are insightful
for the nonlinear case, as, for instance, it should be possible to extend the general
conditions as obtained in Theorem 5.2 to the nonlinear case by using Lipschitz
properties. However, as we will see in the next chapter, where we will provide
some preliminary results for the nonlinear case, this is not so trivial to do. On
the other hand, the results as presented in this chapter could also incite one to
think of other new scheduling protocols, which exploit the available information
about the direct-feedthrough terms better. In addition, the increase of the error
norm after some time steps could encourage to investigate the use of finite-step
Lyapunov functions in the context of NCSs with direct-feedthrough terms to
obtain less conservative results.

6

Networked Control Systems
with Direct-Feedthrough Terms
Nonlinear Case: Guaranteeing Stability for Specific Setups

“The more specific you are, the more general it will be.”
— Diane Arbus

In the previous chapter the so-called direct-feedthrough problem has been introduced and analyzed for the case of linear networked control systems (NCSs).
In particular, it was shown that the inclusion of direct-feedthrough terms in the
NCS setup introduces nontrivial difficulties in the modeling and, thereby, complicates the analysis. Fortunately, we were able to provide conditions on the directfeedthrough terms such that stability properties for the NCS are still guaranteed.
However, the direct-feedthrough problem becomes even more problematic when
nonlinear NCSs are considered. As such, analyzing nonlinear NCSs with directfeedthrough terms can often only be limited to some specific setups.
In this chapter, we provide an analysis for two of such nonlinear NCS setups
with direct-feedthrough terms. After providing an introduction in Section 6.1, we
firstly consider in Section 6.2 the situation in which only the controller (or only
the plant) has a direct-feedthrough term. Here, we show that stability of the NCS
can still be guaranteed for certain scheduling protocols. Secondly, we consider in
Section 6.3 nonlinear NCSs where the direct-feedthrough terms appear linearly
in the model setup. For this setup, we show how to tackle the issues induced by
the direct-feedthrough terms by developing two new architectures for the NCS
setup, based on a new configuration for the controller implementation and the
‘two channel case’, as will be explained below in more detail. Finally, in Section
6.4 some concluding remarks are provided.
This chapter is based on [197] and [198].
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Introduction

Networked control systems (NCSs) are control systems in which sensor data and
control commands are being communicated over a wired or wireless communication network, such as CAN, FlexRay or WirelessHart [14, 124, 169, 263, 270].
Such NCSs have received considerable attention in recent years, motivated by the
many benefits they offer, such as the ease of maintenance and installation, configuration flexibility, reduced weight and volume and lower cost, when compared
to conventional (wired) control systems. Moreover, NCSs are applied in a broad
range of systems, such as mobile sensor networks, remote surgery, automated
highway systems and unmanned aerial vehicles. However, the usage of packetbased networked communication comes also with the inevitable network-induced
imperfections, such as varying transmission delays, dropouts, varying transmission intervals, and so on. In addition, as the communication network is often
shared by multiple sensors and actuators, there is a need for so-called scheduling
protocols, which govern the access of the nodes to the network. Therefore, in order to utilize the full potential of this emerging technology, we need novel design
and analysis approaches that are attuned to the issues arising in this context.
A popular design approach for NCSs is via the so-called emulation method,
see [50,110,192,193,195,211,213,250]. The idea is to first ignore all of the communication constraints and design a (stabilizing) continuous-time controller for the
continuous-time plant. Then, the controller is implemented via the packet-based
network with its scheduling protocol and it is shown (under suitable conditions)
that stability properties are preserved when the transmission frequency is sufficiently high, i.e., when the maximum allowable transmission interval (MATI)
is sufficiently small. This approach was shown to work well for a large class of
systems whose scheduling protocols are uniformly globally exponentially stable
(UGES) in an appropriate sense, see [192]. Moreover, the emulation approach
enjoys considerable advantages in terms of its simplicity and applicability to a
large class of nonlinear NCSs. Indeed, any continuous-time design approach can
be used to obtain the controller.
As already mentioned in Chapter 5, it is interesting to observe that most existing emulation results on NCSs concentrate on setups without so-called directfeedthrough terms, see [50, 110, 192, 193] for example, despite the fact that these
direct-feedthrough terms are essential to, for instance, model controllers commonly used in the industry such as Proportional-Integral(-Derivative) (PI(D))
regulators, see, e.g., [18, 27]. Some results do exist in the NCSs literature when
the communication network is only used to ensure the communication between
the sensors and the controller, or between the controller and the actuators but
not both, see [213] for instance. This is, however, not surprising since considering NCSs with direct-feedthrough terms in general complicates the analysis,
see also Chapter 5 where the direct-feedthrough problem for linear NCS was
analyzed. Here, we were able to address the scenario in which the plant and
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the controller are linear and both contained direct-feedthrough terms. Unfortunately, the direct-feedthrough problem becomes even more problematic when
nonlinear NCSs are considered, as will be shown below. Nevertheless, we aim in
this chapter to provide an analysis for two specific nonlinear NCS setups with
direct-feedthrough terms in the model.
Firstly, we consider in Section 6.2 nonlinear NCSs where only the dynamic
controller contains a direct-feedthrough input, while both the sensor data and
the control input are transmitted over the packet-based communication network.
For this class of systems we revisit, similar to what was done in Chapter 5, the
notion of UGES scheduling protocols as given in [192] in order to incorporate the
direct-feedthrough terms. Using a Lyapunov-based approach, it is shown that
stability properties for the nonlinear NCS with direct-feedthrough term can be
preserved for certain well-known scheduling protocols.
Secondly, we consider in Section 6.3 nonlinear NCSs with direct-feedthrough
terms in both the plant and the controller, however in the scenario in which
the direct-feedthrough terms appear linearly in the model setup. This imposes
quite some similarities with the linear case as analyzed in Chapter 5, i.e., the
results can be readily applied to this nonlinear case. As such, we know that
the classic implementation of the controller over the network in the presence of
direct-feedthrough terms leads to conservative bounds on the MATI. Therefore,
to tackle this issue, we develop here two new architectures for the nonlinear NCS
setup with linear direct-feedthrough terms, based on a new configuration for the
controller implementation over the network and a spatially distribution of the
sensor and actuator nodes.
Notation: In addition to the notations introduced in Chapter 2, we consider
also the following additional definitions in this chapter. The 1-norm (cf. Taxicab
n
x
norm) for a vector x ∈ Rmx is given by ∣x∣1 ∶= ∑m
i=1 ∣xi ∣. A function f ∶ N0 → R
belongs to `∞ if sup{∣f (i)∣ ∣ i ∈ N0 } is bounded. By convention, for any m ∈
Z≤0 ∶= Z /N, ∑m
i=1 w(i) = 0 where w ∶ N → R. The function θ ∶ Z → {0, 1} is
defined by θ(m) ∶= 1 when m ∈ N and θ(m) ∶= 0 when m ∈ Z≤0 .

6.2

A Single Direct-Feedthrough Term

In this section, we provide a stability analysis for nonlinear NCSs with dynamic
controllers that contain a direct-feedthrough input, where we assume that all
inputs and outputs are sent over one serial communication channel (i.e., the
one channel case) and that some nodes in the network may contain both inputs
and outputs (i.e., so-called mixed nodes are allowed in the setup). To this
end, first the modeling framework developed in [50, 192, 193, 250] is extended to
cover the considered NCS setup. In particular, it turns out that the auxiliary
system related to the dynamics of the network-induced error and used to analyze
the UGES property of the scheduling protocol, see [192], needs to be revised
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as in the case of direct-feedthrough terms it no longer depends only on the
protocol, but also on the system dynamics, see also Chapter 5. As such, similar
to what is done in Chapter 5, we provide an extension of the definition for
UGES scheduling protocols given by [192, Definition 7], however now tailored
for the nonlinear case. Using a Lyapunov-based approach, we then show that the
auxiliary system induced by the system and protocol dependent error dynamics
is still UGES for certain well-known scheduling protocols, even in the presence
of a direct-feedthrough term in the controller. This subsequently allows for the
stability results of [50, 192] to be used ‘off-the-shelf’ to conclude stability of the
nonlinear NCS with a direct-feedthrough term in the controller.
In addition to the above result, we also investigate the stability of the NCS
in the case that there are two dedicated channels that are respectively used to
send the outputs and the inputs over the network (i.e., the two channel case). In
this case, we show that the analysis greatly simplifies since the auxiliary system
induced by the error dynamics is in this case a cascaded system. Once again,
UGES of the auxiliary system is established, however now for any scheduling
protocol as discussed in [50, 192], such that we can use the stability results
of [50, 192] to conclude stability for the NCS.

6.2.1

System description

Consider the NCS as shown in Figure 5.1, however now in the case that the
plant P and controller C are given by the nonlinear models
ẋp = fp (xp , û)
P ∶{
y = gp (xp )

ẋc = fc (xc , ŷ)
and C ∶ {
u = gc (xc , ŷ),

(6.1)

where xp ∈ Rmxp and xc ∈ Rmxc are the plant and controller states, u ∈ Rmu and
û ∈ Rmu are the controller output and the most recently transmitted controller
output control input, and y ∈ Rmy and ŷ ∈ Rmy are the plant output and the
most recently transmitted plant output. We follow the emulation approach to
design the controller, implying that we assume that the controller C stabilizes
the origin of the plant P in the absence of the network (i.e., û = u and ŷ = y).
Note now that, in contrast with, e.g., [50, 110, 192, 193, 195, 211, 250], the
controller output map gc depends on the most recently transmitted plant output
ŷ, which appears for standard dynamic controllers such as the popular linear
PI(D) controllers. It is this direct-feedthrough term that prevents the application
of the results in [50,110,192, 193,195, 211,250] because it changes the scheduling
protocol equation as we will see later.
Remark 6.1 The forthcoming results apply mutatis mutandis to the case where
the plant P has direct-feedthrough terms but not the controller C. The presence of
direct-feedthrough terms in both the plant and the controller leads to an algebraic
constraint, which requires particular care as is shown in Chapter 5 for linear
NCSs with direct-feedthrough terms.
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Remark 6.2 Existing results as in [50,110,192,193,195,211,250] allow for the
controller output map gc to depend on ŷ when the controller is directly connected
to the plant (i.e., when û = u), see, for instance, [192, Section IX]. When this
is not the case, substantial differences arise, which prevent to apply the results
of [50, 110, 192, 193, 195, 211, 250].
To complete the description of the NCS setup, we also need to explain how
the communication network N operates. As such, we assume that this network
N is subdivided in ` ∈ N (sensor and/or actuator) nodes, where each node
corresponds to a subset of the entries y/ŷ and/or u/û (i.e., a collection of sensors
and/or actuators). In particular, let `y ∈ N0 denote the number of nodes which
are not associated to any actuators, and let `u ∈ N0 denote the number of nodes
which are not associated to any sensors, then we consider the scenario where
`u + `y ≤ ` (there is no equality as a node may be associated to both sensors and
actuators).
In addition to this division in network nodes, we also assume that the network
N has a collection of sampling/ transmission times tj , j ∈ N0 , which satisfy
0 ≤ t1 < t2 < . . . and
τmiati ≤ tj+1 − tj ≤ τmati
(6.2)
for all j ∈ N0 , where τmiati ∈ (0, τmati ] and τmati denote the minimal and maximal
allowable transmission intervals (MIATI and MATI, respectively) and τmiati can
be arbitrarily small. At each of these transmission instants, a single node is
granted access to the network, where the selection is done by the scheduling
protocol, see also [50, 110, 192]. As such, we have by combining all of the above
that an update of the networked values is given by
ŷ (t+j ) = y (tj ) + hy (j, e (tj ))

û (t+j ) = u (tj ) + hu (j, e (tj )) ,

(6.3)

where the function h ∶= (hy , hu ) (with slight abuse of notation) models the
scheduling protocol and where e denotes the network-induced error defined by
e
ŷ − y
e ∶= [ y ] = [
].
eu
û − u

(6.4)

Note that we follow here the same method for modeling the scheduling protocols
as described in [50, 110, 192] based on the protocol function h ∶ N0 × Rme → Rme
with me ∶= my + mu , which can be used to describe, e.g., the SD, RR and TOD
protocols, or any other protocol discussed in [192] and [50].
Finally, we assume that dynamics of the network values in between transmissions are generated by the holding functions fˆp ∶ Rmx × Rme → Rmy and
fˆc ∶ Rmx × Rme → Rmu with mx ∶= mxp + mxc , i.e.,
ŷ˙ = fˆp (xp , xc , ŷ, û)

and û˙ = fˆc (xp , xc , ŷ, û) .

The use of, for instance, zero-order-hold (ZOH) devices leads to fˆp = 0 and fˆc = 0.
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Updating the network-induced error e

Observe now that, since gc in (6.1) depends on ŷ, we in general have that the socalled scheduling protocol equation (i.e., the equation that describes an update
of the network-induced error) is given by
e(t+j ) = ĥ(j, e(tj ), x(tj ))

(6.5)

for some function ĥ ∶ N0 × Rme × Rmx → Rme which follows from the above NCS
setup. In particular, in contrary to (14) in [192], we have that an update of the
network-induced error e does not only depend on (j, e), but also on the NCS
state x ∶= (xp , xc ). To illustrate this point, we consider the following example
with the RR protocol, which periodically grants access to each node, see [192].
At a transmission time tj , j ∈ N0 , it follows from (6.1)-(6.4) that
ey (t+j ) = ŷ(t+j ) − y(t+j )
= y(tj ) + hy (j, e(tj )) − y(tj )
= hy (j, e(tj ))

eu (t+j ) = û(t+j ) − u(t+j )

= u(tj ) + hu (j, e(tj )) − u(t+j )

= hu (j, e(tj )) + gc (xc (tj ), ŷ(tj )) − gc (xc (t+j ), ŷ(t+j ))
= hu (j, e(tj )) + gc (xc (tj ), y(tj ) + ey (tj )) − gc (xc (tj ), y(tj ) + hy (j, e(tj )))

where, for the RR protocol, hy (j, e) = (Imy − ∆y (j))ey and hu (j, e) = (Imu −
∆u (j))eu with
∆y (j) ∶= diag(δy1 (j)Imy1 , . . . , δy`′ (j)Imy`′ )

(6.6a)

∆u (j) ∶= diag(δu1 (j)Imu1 , . . . , δu`′ (j)Imu`′ ),

(6.6b)

y

u

y

u

where `′y ∈ N0 and `′u ∈ N0 are respectively the number of nodes associated to
at least to one sensor and to at least one actuator (hence `′y ≥ `y , `′u ≥ `u and
`′y + `′u ≥ `), ey = (ey1 , . . . , ey`′ ) and eu = (eu1 , . . . , eu`′ ) (after reordering, if
y
u
needed) with eyi ∈ Rmyi for i ∈ {1, . . . , `′y } and eui ∈ Rmui for i ∈ {1, . . . , `′u }, so
that me = ∑i∈{1,...,`′y } myi + ∑i∈{1,...,`′u } mui . To define the δ-terms in (6.6), we
need to number the nodes. Therefore, consider the mapping π such that π(yi )
is the number of the node associated to yi , for i ∈ {1, . . . , `′y }, and π(ui ) is the
number of the node associated to ui , for i ∈ {1, . . . , `′u }. We can then define, for
i ∈ {1, . . . , `′y },
δyi (j) ∶= {

1 when j = π(yi ) − 1 + `k,
0 otherwise,

and we similarly define δui for i ∈ {1, . . . , `′u }.

k ∈ N0
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Based on the above, we obtain for the RR protocol that
ey (t+j ) = (Imy − ∆y (j))ey (tj )

eu (t+j )

(6.7a)

= (Imu − ∆u (j))eu (tj )
+ (Imu − ∆u (j)) (gc (xc (tj ), y(tj ) + ey (tj ))

(6.7b)

− gc (xc (tj ), y(tj ) + (Imy − ∆y (j))ey (tj )))
where the product (Imu − ∆u ), which multiples gc (xc , y + ey ) − gc (xc , y + (Imy −
∆y )ey ), is required to accommodate transmissions in which a node corresponding
to a collection of both sensors and actuators is granted access to the network.
From (6.7) it follows that the dynamics of ey at each transmission is the
same as in [192], however the dynamics of eu at each transmission involve now
y and thus also the plant state xp . This is due to the direct-feedthrough term
in the controller C from (6.1), which implies that u(t+j ) ≠ u(tj ) in general, i.e.,
updating the value for ŷ also influences the value of u (see also Section 5.2.2).
As such, we have indeed shown that for the error dynamics (6.5) holds.
Going back to the general case, the fact that ĥ depends on both the network
protocol model and the plant model is in stark contrast with [192], and introduces
significant technical difficulties in the analysis. In particular, when the mapping
ĥ depends on x it is no longer clear that the e-system at jumps still has the UGES
property as discussed in [192] for standard protocols, which is instrumental in
the analysis from [50, 110, 192, 193, 195, 211], see Remark 6.3. More generally, if
the system
e(t+j ) = ĥ(j, e(tj ), 0) = h(j, e(tj ))
(6.8)
is UGES, it may be the case that this property is lost when x ≠ 0, which arises
when the controller (or the plant) has direct-feedthrough terms.
Therefore, similar to what was done in Chapter 5, we need to take into
account the effect of the direct-feedthrough term in the analysis of the scheduling
protocol equation (6.5). To this end, we introduce the auxiliary discrete-time
system
e(j + 1) = ĥ(j, e(j), x(j))
(6.9)
and consider the following definition.
Definition 6.1 The scheduling protocol (function) h is said to be UGES if the
discrete-time system (6.9) is UGES, or, in other words, admits a Lyapunov
functional W ∶ N0 × Rme × `∞ → R≥0 and constants αW , αW > 0 and λ ∈ [0, 1)
such that for all j ∈ N0 , e ∈ Rme , and x ∈ `∞ it holds that
αW ∣e∣ ≤ W (j, e, x) ≤ αW ∣e∣
W (j + 1, h(j, e, x), x) ≤ λW (j, e, x).

(6.10a)
(6.10b)
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The objective of this section is now to provide conditions under which, if the origin of the system e(j +1) = ĥ(j, e(j), 0) is UGES, this property is preserved when
x ≠ 0. We will consider in this context commonly used protocols, such as the
RR and TOD protocols for the one channel case and we will also present results
for any other protocols discussed in [50, 192, 193, 195] in the two channel case.
Remark 6.3 When the UGES property according to Definition 6.1 for the error
system at transmissions is established, we can combine our results with those
developed in [50, 192] to guarantee stability of the overall NCS. Particularly,
in [50, 192], conditions on the NCS given by (6.1)-(6.4) are provided to ensure
asymptotic properties of the origin when the mapping ĥ only depends on (j, e),
i.e., ĥ is simply given by the scheduling protocol function h. The general idea is
to assume that (1) the controller C is such that the system ẋ = f (x, e) with
f ((xp , gc (xc , gp (xp ) + ey ) + eu ))
f (x, e) = [ p
]
fc (xc , gp (xp ) + ey )
satisfies a robust asymptotic stability property with respect to e, (2) the system
ė = g(x, e) with
g(x,e) =
⎤
⎡
⎛ˆ
⎥
⎢
fp (xp , xc , gp (xp ) + ey , gc (xc , gp (xp ) + ey ) + eu )
⎥
⎢
⎥
⎢
⎝
⎥
⎢
⎞
∂g
p
⎢
⎥
⎢
⎥
−
(xp )fp ((xp , gc (xc , gp (xp ) + ey ) + eu ))
⎥
⎢
∂x
⎠
p
⎥
⎢
⎥
⎢⎛
⎥
⎢ ˆ
⎥
⎢ fc (xp , xc , gp (xp ) + ey , gc (xc , gp (xp ) + ey ) + eu )
⎥
⎢⎝
⎥
⎢
∂gc
⎢
⎥
⎢ −
⎥
(x
,
g
(x
)
+
e
)f
(x
,
g
(x
)
+
e
)
c
p
p
y
c
c
p
p
y
⎥
⎢
∂xc
⎥
⎢
⎢
⎞⎥⎥
∂gc (xc , gp (xp ) + ey ) ˆ
⎢
⎢ −
fp (xp , xc , gp (xp ) + ey , gc (xc , gp (xp ) + ey ) + eu ) ⎥⎥
⎢
∂(gp (xp ) + ey )
⎠⎦
⎣
satisfies an exponential growth condition, and that (3) the origin of the system
e(j + 1) = ĥ(j, e(j), 0) = h(j, e(j))
is UGES with a Lyapunov function(al) W , which is locally Lipschitz in e. Item
(3) is shown to be verified by the RR and TOD protocols in [192], and other
examples are provided in [193, 195, 211]. Then, by selecting τmati sufficiently
small, the stability of the overall system can be guaranteed. As such, when we
can show that the UGES property still holds for the system (6.9) (by means of
Definition 6.1), we can apply the same approach to analyze the stability of the
NCS with a direct-feedthrough term.
Remark 6.4 When the controller is such that u = gc (xc ) (as in [192]), we have
that u(t+j ) = u(tj ) and we recover the protocol equation studied in [192], see also
(6.8).
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6.2.3

The one channel case

In this section, we consider the case in which all the data of the various nodes
in the network needs to be transmitted over one communication channel and
that any given node may contain both sensors and actuators. In particular, we
aim to provide conditions for the system (6.9) to be UGES. Although Definition
6.1 can in general be applied to a large class of protocols, obtaining an actually
Lyapunov functional W satisfying (6.10) proves to be quite a challenging task
in this one channel case. Therefore, we will concentrate on a special form of
protocols, which includes the particular examples of the RR and TOD protocols
that have been studied in [192]. In particular, consider the case where (6.9) can
be, for j ∈ N0 , written as
ey (j + 1) = (Imy − Ψy (e(j), j)) ey (j)

(6.11a)

eu (j + 1) = (Imu − Ψu (e(j), j)) eu (j)

(6.11b)

+ (Imu − Ψu (e(j), j)) (gc (xc (j), gp (xp (j)) + ey (j))
− gc (xc (j), gp (xp (j)) + (Imy − Ψy (e(j), j))ey (j))),
where the protocol is fully defined by the functions
Ψy (e(j), j) ∶= diag (ψy1 (e(j), j)Imy1 , . . . , ψy`′ (e(j), j)Imy`′ )

(6.12a)

Ψu (e(j), j) ∶= diag (ψu1 (e(j), j)Imu1 , . . . , ψu`′ (e(j), j)Imu`′ )

(6.12b)

y

u

y

u

with ψyi and ψui being mappings from Rme × N0 to {0, 1}. Equations (6.11a)
and (6.11b) respectively describe the update of ey and eu at each transmission.
Let now for any initial time j0 ∈ N0 , any initial condition e0 ∈ Rme , and any
input x ∈ `∞ , the corresponding solution to (6.11) be denoted by φ(j, j0 , e0 , x),
j ∈ N0 with j ≥ j0 . Note that, as e = (ey , eu ), we partition the solution φ also into
φ ∶= (φy , φu ), whenever it is convenient. We consider the following assumptions.
Assumption 6.1 There exists a constant Lg > 0 such that
∣gc (xc , y1 ) − gc (xc , y2 )∣1 ≤ Lg ∣y1 − y2 ∣1
for all xc ∈ Rmxc and all y1 , y2 ∈ Rmy .
Assumption 6.2 There exists j̄ ∈ N0 such that for any e0 ∈ Rme , any x ∈ `∞ ,
and j0 ∈ N0 it holds that φ(j, j0 , e0 , x) = 0 for all j − j0 ≥ j̄.
Assumption 6.1 means that gc is globally Lipschitz in its second argument uniformly in x. This condition is always verified by, for instance, linear systems.
Assumption 6.2 on the other hand states that the solutions to (6.11) converge
in (a uniform) finite-time to the origin. Examples of protocols that satisfy Assumption 6.2 are the RR protocol and the TOD protocol, as we will see below.

144

Chapter 6. NCSs with Direct-Feedthrough Terms – The Nonlinear Case

Using these two assumptions, we can construct a Lyapunov functional to
prove that the system (6.11) is UGES, based on a similar construction as in the
proof of [138, Theorem 1]. In particular, we can state the following result.
Lemma 6.1 Suppose that Assumptions 6.1 and 6.2 hold and let the functional
W ∶ N0 × Rme × `∞ → R≥0 for any j ∈ N0 , e ∈ Rme , and x ∈ `∞ be given by
¿
Á∞
À ∑ ∣φ(k, j, e, x)∣2 .
(6.13)
W (j, e, x) = Á
k=j

Then the auxiliary discrete-time system induced√by the protocol
√ (6.11) is UGES
according to Definition 6.1 with αW = 1, αW = M , and λ = M − 1/M where
M ∶=

√ j̄+1
(1 + Lg )j̄+1 me
−1
√
(1 + Lg ) me − 1

(6.14)

and j̄ comes from Assumption 6.2.
The proof is given in Appendix C.1. It follows from Lemma 6.1 that the protocol equation (6.11) is dead-beat stable, which is an even stronger property than
UGES. However, the UGES property is sufficient for our purposes. In the remaining part of this section we now aim to show for the RR and TOD protocols
that Assumption 6.2 is indeed satisfied and, hence, Lemma 6.1 can be applied.
Remark 6.5 Given that the (nominal) system
ey (j + 1) = (Imy − Ψy (e(j), j))ey (j)
eu (j + 1) = (Imu − Ψu (e(j), j))eu (j)
is UGES, without consideration of Assumption 6.2, one can easily show that
there exist a sufficiently small value for Lg > 0 such that system (6.11) is UGES
as well. However, such a condition is not needed for the RR and TOD protocols
as we show below.
The Round-Robin (RR) protocol
For the ease of reference, we rewrite the RR protocol model as
ey (j + 1) = (Imy − ∆y (j))ey (j)

(6.15a)

eu (j + 1) = (Imu − ∆u (j))eu (j)
+ (Imu − ∆u (j))(gc (xc (j), gp (xp (j)) + ey (j))

(6.15b)

− gc (xc (j), gp (xp (j)) + (Imy − ∆y (j))ey (j)))
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where the functions ∆y and ∆u are defined in (6.6). It should be pointed out
that, here, we replaced the notations Ψy , Ψu , ψy , and ψu as in (6.9) with ∆y , ∆u ,
δy , and δu , respectively, to be as consistent as possible with the NCSs context.
To establish now UGES for the system (6.15), we consider the following result.
Proposition 6.1 Under Assumption 6.1, system (6.15) verifies Assumption 6.2
with j̄ = 2`, where ` is the number of nodes in the network.
The proof is given in Appendix C.2. Note that, in [192] where no directfeedthrough term is considered, the RR protocol is dead-beat stable in `-steps.
Here, however, the maximal number of steps to reach 0 has doubled, which leads
to a smaller value of the MATI bound in view of [50, 192].
The following lemma now concludes the RR protocol case and is a direct
consequence of Proposition 6.1 and Lemma 6.1.
Lemma 6.2 Under Assumption 6.1, we have that RR scheduling protocol is
UGES according to Definition
√ the Lyapunov functional is given by
√ 6.1, where
(6.13) with αW = 1, αW = M , and λ = M − 1/M for
√ 2`+1
(1 + Lg )2`+1 me
−1
M=
.
√
(1 + Lg ) me − 1
Moreover, the Lyapunov functional (6.13) is locally Lipschitz in e uniformly in
j and x.
The try-once-discard (TOD) protocol
The TOD protocol allocates network resources to the node with the greatest
(weighted) error norm at a transmission time and is therefore considered to be a
dynamic scheduling protocol. This verbal description can also be converted into
a model description of the form (6.11)-(6.12), where for all e ∈ Rme and j ∈ N0
ψi (e, j) ∶= {

1 when i = min(arg maxk∈{1,...,`} ∣ek ∣)
0 otherwise,

(6.16)

and e = (e1 , . . . , e` ) is the partition of e according to the ` nodes (after reordering,
if needed). With the same arguments as those for the RR protocol, the difference
with [192] is that the term gc (xc , gp (xp )+ey )−gc (xc , gp (xp )+(Imy −Ψy (e, j))ey ) ≠
0 in the right-hand side of (6.11b).
The next proposition shows that Assumption 6.2 is also verified for the TOD
protocol (the proof is given in Appendix C.3).
Proposition 6.2 Under Assumption 6.1, system (6.11)-(6.12) with (6.16) verifies Assumption 6.2 with1
(` − `u − 1)(` − `u − 2)
.
j̄ = `˜ ∶= ` − 1 + (` − `u )(`u + 1) + θ(` − `u − 2)
2
1 The

function θ is defined at the end of Section 6.1.

(6.17)
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Using this proposition, we conclude this subsection with the following result.
Lemma 6.3 Under Assumption 6.1, we have that the TOD scheduling protocol
is UGES according to Definition
6.1, where
√ the Lyapunov functional is given by
√
(6.13) with αW = 1, αW = M , and λ = M − 1/M for
˜
˜ √
`+1
(1 + Lg )`+1 me − 1
M=
√
(1 + Lg ) me − 1
with `˜ defined by (6.17).
Remark 6.6 Although we have from Lemma 6.3 that the TOD protocol is UGES
even when a direct-feedthrough term is present in the NCS model, we have not
been able to prove that the Lyapunov functional in Lemma 6.3 obtained from
Lemma 6.1 is locally Lipschitz in e, uniformly in j and x, which is needed to
apply the stability result from [50, 192], see Remark 6.3. We will work on this
point in future work.

6.2.4

The two channel case

In this section, we consider the case in which the NCS has two channels that
are respectively dedicated to the transmission of the y- and u-signals. Hence,
all sensor nodes corresponding to ey are sent over one channel and all actuator
nodes corresponding to eu are sent via a different channel. In other words, the
sensors and actuators are separated implying that there are no nodes in which
both inputs and outputs are included, i.e., we have no mixed nodes in the NCS
setup and thus
` = `y + `u .
We assume that each channel has its own scheduling protocol, hy ∶ N0 × Rmy →
Rmy and hu ∶ N0 × Rmu → Rmu , respectively, that governs transmissions of
inputs only or outputs only. With this stronger assumption on the network,
we show in this section that it is possible to obtain different results via proofs
and constructions that are simpler than the general case that was considered in
the previous section. Hence, a slightly higher cost of implementation (i.e., two
channels rather than one channel) simplifies the controller design and subsequent
analysis significantly2 .
Under our assumptions, the central point in the analysis of this two channel
case is the auxiliary discrete-time system for the error of the form
ey (j + 1) = (Imy − Ψy (ey , j))ey (j)
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶

(6.18a)

=∶hy (i,ey )

2 For

simplicity, we assume here that transmissions in both channels occur at the same time
and we use the same MATI for both channels. However, it is possible to further generalize these
results to the case when the two channels are not synchronized in this manner and different
MATIs are used, see [3] for example.
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=∶hu (i,eu )

³¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ·¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ µ
eu (j + 1) = (Imu − Ψu (eu , j))eu (j)
+ (Imu − Ψu (eu , j))(gc (xc (j), gp (xp (j)) + ey (j))

(6.18b)

− gc (xc (j), gp (xp (j)) + (Imy − Ψy (ey , j))ey (j))).
Note the difference with (6.11) since Ψy (eu , j) and Ψy (ey , j) respectively depend
on eu and ey rather than on the whole error e as is the case in (6.11). This
simplifying but reasonable assumption allows us to consider the system (6.18)
as a cascade consisting of the ey -subsystem and the eu -subsystem with inputs ey
and x. As such, we can obtain the following result, for which the proof is given
in Appendix C.4.
Lemma 6.4 Under Assumption 6.1, suppose that the following holds:
1. The scheduling protocol (function) hy ∶ N0 ×Rmy → Rmy is UGES according
to [192, Definition 7] with Lyapunov function 3 W y ∶ N0 ×Rmy → R≥0 , which
is locally Lipschitz in its second argument, uniformly in the first one, i.e.,
system (6.18a) is UGES with Lyapunov function W y .
2. The scheduling protocol (function) hu ∶ N0 ×Rmu → Rmu is UGES according
to [192, Definition 7] with Lyapunov function W u ∶ N0 × Rmu → R≥0 , which
is locally Lipschitz in its second argument, uniformly in the first one, i.e.,
system (6.18b) with x = 0, ey = 0 is UGES with Lyapunov function Wu .
Then, there exists a constant d > 0 such that the system (6.18) is UGES with
Lyapunov function W (j, e) ∶= W y (j, ey ) + dW u (j, eu ) where j ∈ R≥0 and e ∈ Rme ,
which is locally Lipschitz in e, uniformly in j.
The advantage of the setup considered in this section is a simplified analysis
that allows us to make use of the known results on UGES protocols. Indeed, we
can note that items 1) and 2) of Lemma 6.4 were shown to hold in [192, 195] for
a large class of commonly used protocols, such as the RR and TOD protocols.
Hence, results of this section apply to a range of situations when either RR or
TOD protocols are used for the output and input channels. Note that we do not
have to use the same protocol for the output and input channels. For instance,
we can use the RR protocol for the output channel and the TOD protocol for
the input channel, or vice versa.
Following the results as presented in this section, in the next section we will,
similarly to what was done in Chapter 5, consider the scenario in which both
the plant and the controller have a direct-feedthrough term. As this complicates
the analysis significantly, we focus on the case in which the direct-feedthrough
terms appear linearly in the NCS model.
3 W y is a function (and not a functional as in Section 6.2.3), since it only depends on j and
ey , and not on the input x. The same comment applies to W u .
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Remark 6.7 A notion of UGAS protocols was introduced in [193]. We can
rephrase Lemma 6.4 so that instead of UGES protocols, we use UGAS protocols
for each subsystem. Since the system (6.18) is a cascade system, we can use
results in [190] to construct a UGAS Lyapunov function for the system (6.18)
using UGAS Lyapunov functions for each of the subsystems. In this case, we
would need to appeal to the stability results from [193] to conclude stability of
the overall NCSs.
Remark 6.8 The simplified analysis of this section can be applied also to situations when we use one channel for all inputs and outputs but the protocol is such
that it yields a cascade system in (6.11) so that the auxiliary system takes the
form as in (6.18). Note that in this case it is necessary that no node contains
both inputs and outputs, i.e., ` = `u + `y . This may give rise to new classes of
protocols. For instance, suppose that we use a periodically time-varying protocol
that on different time intervals acts as TOD for all output nodes and then TOD
for all input nodes. This idea can be used to generate a range of novel protocols that fit within our analysis framework. This flexibility is very useful since
different protocols perform differently when applied to a given plant.

6.3

Linear Direct-Feedthrough Terms

Having the ability to only include one direct-feedthrough term in the NCS setup
might limit the modeling applications. That is, it might also in the nonlinear
case be desirable to have direct-feedthrough terms in both the plant and the
controller. Therefore, we consider in this section the situation in which both the
plant and controller are nonlinear and have a direct-feedthrough term in their
models. However, this imposes in general quite some difficulties in the analysis
as already mentioned in Remark 6.1. As such, we limit ourselves here to the case
in which the direct-feedthrough terms appear linearly in the (nonlinear) model
setup, which results in quite some resemblances with the results from Chapter 5,
i.e., the considered NCS setup is simply a generalization of the setup considered
in Chapter 5. In particular, as the direct-feedthrough terms appear again linearly
in the NCS setup, the model for the network-induced error dynamics at an
update of the networked values remains unchanged with respect to (5.9). This
implies that the results from Chapter 5 can be directly applied to guarantee the
required UGES property for various scheduling protocols and, hence, stability
of the NCS. However, this might lead to conservative results for the MATI as
shown by the numerical example in Section 5.7.
Therefore, we aim in this section to tackle this issue by developing two new
control architectures for the nonlinear NCS with linear direct-feedthrough terms.
After introducing the model setup in more detail, we first consider the one channel case for which we provide a new controller implementation based on the
‘elimination’ of the direct-feedthrough terms. Although this simplifies the ana-

6.3. Linear Direct-Feedthrough Terms

149

lysis significantly, it also has some practical implementation limitations, as we
will discuss in detail below. Secondly, we consider, similar to Section 6.2.4, the
two channel case in which we assume that there are two dedicated communication channels that are respectively used to send the outputs and the inputs
over the network. Similar to the results from Chapter 5 and Section 6.2, we provide for this case conditions on the individual network channels and the directfeedthrough terms under which the auxiliary discrete-time system induced by
the error dynamics is UGES (and therefore allows for the direct application of
the stability results from [50, 192]).

6.3.1

System description

In this section, we consider again the NCS as shown in Figure 5.1, however now
with the continuous-time nonlinear plant P and controller C given by
ẋp = fp (xp , û)
P ∶{
y = gp (xp ) + DP û

ẋc = fc (xc , ŷ)
and C ∶ {
u = gc (xc ) + DC ŷ,

(6.19)

where, similarly to Chapter 5, DP ∈ Rmy ×mu and DC ∈ Rmu ×my are the directfeedthrough matrices which appear linearly in this NCS setup. Note that, similar
to, e.g., [50,110,192,195,251], we follow here the emulation-based method, implying that the controller is designed while ignoring the communication constraints
(i.e., ŷ = y and û = u). In this case, it follows from (6.19) that interconnecting
the plant P and the controller C results in
y = (Imy − DP DC )−1 (gp (xp ) + DP gc (xc ))

u = (Imu − DC DP )−1 (gc (xc ) + DC gp (xp )),
and, hence, in order to implement the controller (over the network), we again
need at least the well-posedness assumption given by the following (cf. Assumption 5.1).
Assumption 6.3 For the system described by (6.19) the interconnection is wellposed in the sense that (Imy −DP DC )−1 exists (or, equivalently, (Imu −DC DP )−1
exists).
Note that Assumption 6.3 is always satisfied when either DP = 0 or DC = 0.
Moreover, a sufficient condition for the well-posedness is given by requiring that
the matrix DP DC is Schur, see also (5.12).
To complete the NCS setup, we consider the situation in which the network
N again has a collection of sampling and transmission times tj , j ∈ N0 , which
are assumed to satisfy (6.2) and at which only a single node is granted access to
the network. Hence, the networked values are updated according to (6.3) with
the network-induced error given by (6.4).
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As shown in Chapter 5 and Section 6.2, the classic implementation of the
controller over the network in the presence of direct-feedthrough terms leads
to major challenges in terms of modeling and analysis. In particular, the presence of the direct-feedthrough matrices DP and DC modifies the model of
the network-induced error at transmissions making it dependent on plant and
controller parameters. This, in turn, leads to various counterintuitive results
and complicates the analysis significantly, resulting in conservative bounds on
the MATI, see Chapter 5. To tackle these issues, we develop in the next sections
tow new configurations for the controller implementation over the network.

6.3.2

The one channel case

The general idea we want to exploit here is to avoid sending redundant data over
the network. That is, we want to avoid sending the data from the controller to
the plant (and from the plant to the controller) that is already known by the
plant (and the controller), when allowed by the NCS configuration, as we will
discuss in more detail below. To be more precise, we do not, for instance, want
to send the whole controller output u over the network, but only the part of u
which is not known by the plant, i.e., ux ∶= gc (xc ). Then the network version
of u, being û, is constructed at the plant side by combining the information
received over the network regarding ux and the information known about y, i.e.,
we have in this case that
û = ûx + DC y.
(6.20a)
The same strategy is used to transmit only the data from the plant to the
controller that is not known at the controller side. That is, we only send yx ∶=
gc (xc ) and then the network version of y, being ŷ, is constructed at the controller
side by means of
ŷ = ŷx + DP u.
(6.20b)
Using now (6.20) in combination with (6.19), respectively, we obtain that
y = yx + DP û ⇒ yx = y − DP û = y − DP (ûx + DC y) = (Imy − DP DC )y − DP ûx
u = ux + DC ŷ ⇒ ux = u − DC ŷ = u − DC (ŷx + DP u) = (Imu − DC DP )u − DC ŷx .
Hence, the NCS setup can be reconfigured as illustrated in Figure 6.1, where the
plant and controller dynamics are given by
ẋp = f˜p (xp , ûx )
P˜ ∶ {
yx = gp (xp )

ẋc = f˜c (xc , ŷx )
and C˜ ∶ {
ux = gc (xc )

with
−1
f˜p (xp , ûx ) ∶= fp (xp , ûx + DC (Imy − DP DC ) (gp (xp ) + DP ûx ))
−1
f˜c (xc , ŷx ) ∶= fc (xc , ŷx + DP (Imu − DC DP ) (gc (xc ) + DC ŷx )) .

(6.21)

151

6.3. Linear Direct-Feedthrough Terms

C~

P~

y^

C
Controller

y^x

Dp

u

N

Dc
(Inu

D c Dp )

yx

ux

(Iny

y

D p Dc )

Dp

u^x

P
Plant

Dc

u^

˜ and C˜ are given by (6.21).
Figure 6.1: The modified NCS setup where P

Observe now that the modified plant P˜ and controller C˜ are of the standard
NCS form as considered in, for instance, [50,192] with the network-induced error
defined as
ẽ
ŷ − yx
ẽ ∶= [ y ] = [ x
].
ẽu
ûx − ux
As such, under Assumption 6.3, the stability results from [50] can be readily
applied to the setup of Figure 6.1 to conclude stability of the NCS given by
(6.21) with
ŷx (t+j ) = yx (tj ) + hy (j, ẽ(tj ))

ûx (t+j ) = ux (tj ) + hu (j, ẽ(tj )).
Observe here that we thus can also make use of any UGES scheduling protocol
h ∶= (hy , hu ) according to [192, Definition 7], which is in contrast to the results
of Chapter 5 and Section 6.2 where this concept had to be adapted to take into
account the effect of the direct-feedthrough terms. However, an important side
note regarding the practical realization of this setup is also at hand here.
In order for the above NCS setup to be implementable, (6.20a) should, for
instance, be able to be constructed and applied to the plant on the plant side
(see the interconnections on the plant side, i.e., inside the block P˜ in Figure 6.1).
Toward this end, the actuators would need to have access to the sensor data, as û
directly depends on y. Fortunately, this can be realized either when the actuators
and the sensors are co-located or when they use another local (wired or wireless)
network with a high bandwidth to communicate with each other so that, either
way, it can be assumed that the actuator knows y at all times. It should, however,
be mentioned here that the required existence of such a direct interconnection
between actuators and sensors might make one wonder why there is still a need
for a wireless network. To dispel this ambiguity, the interconnection inside P˜ can
be viewed as some static part of the control law, while the dynamic part of the
˜ In practice,
controller is externalized (by means of the implemented controller C).
often the sensors do not have the computing power to run the dynamic controller
part, and, hence, it has to be done externally. In such cases, as seen in Figure
6.1, the dynamic controller part can be spatially distributed and communicated
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with sensors and actuators over a communication network. We also note that
all the interconnections on the controller side (i.e., inside the block C˜ in Figure
6.1) is simply done by the digital computer which computes the dynamic part
of the feedback law. Moreover, in the case of having only a direct-feedthrough
term in the plant (i.e., DC = 0), the sensors should be able to pick up only the
networked value ûx , see Figure 6.1. In practice, some (wireless) networks are
such that the nodes can listen to what is sent over network, which implies that
the sensor nodes can know ûx . When such links between actuators and sensors
do not exist, however, one has to use different analysis tools such as the ones
developed in Chapter 5, which also apply to the system setup of (6.19) as the
direct-feedthrough terms appear here linearly in the model. However, this often
comes with the price of a more conservative MATI bound as here no structure in
the NCS setup can be exploited. To substantiate this, we review the numerical
example of the batch reactor from Section 5.7 and provide a comparison between
the MATI bounds that one can obtain based on the proposed NCS setup from
Figure 6.1 and on the results from Chapter 5.
Consider the linear plant P and controller C with direct-feedthrough terms
given by
ẋp = AP xp + BP û
ẋc = AC xc + BC ŷ
(6.22)
P ∶{
and C ∶ {
y = CP xp + DP û
u = CC xc + DC ŷ
with
⎛ 1.38
⎜−0.5814
AP = ⎜
⎜ 1.067
⎝ 0.048
CP = (

1 0 1
0 1 0

−0.208 6.715 −5.676⎞
−4.29
0
0.675 ⎟
⎟,
4.273 −6.654 5.893 ⎟
4.273
1.343 −2.104⎠
−1
),
0

BC = (

0
1

1
),
0

0 ⎞
⎛ 0
5.679
0
⎟
⎜
⎟
BP = ⎜
⎜1.136 −3.146⎟
⎝1.136
0 ⎠

−2 0
CC = (
),
0 8

0
DC = (
5

−2
),
0

AC = 0, and DP = 0. We assume here that both the output y and the input u
data are transmitted over the network. Moreover, based on (6.21), we have that
the modified plant P˜ and controller C˜ are given by
−1
⎧
⎪
ẋp = (AP + BP DC (Imy − DP DC ) CP ) xp
⎪
⎪
⎪
⎪
⎪
−1
P˜ ∶ ⎨
+ (BP + BP DC (Imy − DP DC ) DP ) ûx
⎪
⎪
⎪
⎪
⎪
⎪
⎩ yx = CP xp

(6.23a)

−1
⎧
⎪
ẋC = (AC + BC DP (Imu − DC DP ) CC ) xc
⎪
⎪
⎪
⎪
⎪
−1
C˜ ∶ ⎨
+ (BC + BC DP (Imu − DC DP ) DC ) ŷx
⎪
⎪
⎪
⎪
⎪
⎪
⎩ ux = CC xc

(6.23b)

and
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where both yx and ux are transmitted over the network. As shown in Chapter
1
5, a value for the MATI, denoted here as τmati
, for which stability of the NCS
given by (6.22) is guaranteed can be computed by using Theorem 5.1, see also
Appendix B.1. The results for the SD and RR protocols are given in Table 6.1,
see also Section 5.7.
In a similar way, it can be shown that stability of the modified setup (6.23)
is guaranteed when there exist a symmetric positive definite matrix XT and
constants 0 < ε < γ such that
A⊺ XT + XT A + ε2 Imx + M 2 C⊺ C
XT E
]⪯0
[
E⊺ XT
−αcW 2 (γ 2 − ε2 ) Ime
with
−1

A=[

AP +BP DC (Imy −DP DC )

(BC +BC DP (Imu −DC DP )
BC +BC DP (Imu −DC DP )

C=[

−CP

0my ×mxc

0mu ×mxp

−CC

(BP +BP DC (Imy −DP DC )

CP

−1

−1

DP )CC

AC +BC DP (Imu −DC DP )−1 CC

DP )CP

−1

0mxp ×my

E=[

−1

BP +BP DC (Imy −DP DC )
0mxc ×mu

DP

DP

]

],

] A.

2
and the MATI, denoted here as τmati
, satisfies the bound (5.21), where the
values for M , λ and αcW follow from the choosing UGES scheduling protocol
−1
and L = M (αcW ) ∣F∣ for

F=[

−CP
0mu ×mxp

0my ×mxc
−CC

] E.

The results for the√SD and RR protocols in this case (with αcW = MSD = 1,
√
MRR = l, λRR = ` − 1/` for ` = 4, and λSD arbitrarily small) are also given
in Table 6.1. Obviously, these results indeed show that the modified setup of
Figure 6.1 allows us to obtain higher values for the MATI than what can be
obtained using the results from Chapter 5.
1
Table 6.1: MATI bounds for the SD and RR protocols, computed using Theorem 5.1 (τmati
)
2
and based on the modified NCS setup from Figure 6.1 (τmati
).

Protocol
SD
RR

1
τmati
1.840 ⋅ 10−3
3.252 ⋅ 10−4

2
τmati
0.1247
4.4848 ⋅ 10−3

In the next section, we propose another NCS architecture in which the sensor
and actuator nodes can be spatially distributed, but where we assume that there
are two dedicated channels that are respectively used to send the outputs and
the inputs over the network.
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The two channel case

As mentioned before, often the sensor and actuators are separated when considering NCSs, implying that there are no network nodes that contain both controller
inputs and sensor outputs, i.e., we have no mixed nodes in the NCS setup and
thus ` = `y + `u . As such, similar to Section 6.2.4, we can consider also for the
NCS for which the plant and controller are given by (6.19) the possible setup in
which there are two communication channels4 dedicated to transmissions of the
y- and u-signals, respectively, see Figure 6.2.
N

y^

Ny

y

C
Controller

P
u

Nu

u^

Plant

Figure 6.2: The two channel NCS setup.

We assume here that sensor and actuator nodes can be physically distributed,
implying that, in contrast with the proposed configuration in the previous section
illustrated by Figure 6.1, no direct links between the sensors and the actuators
are required. Hence, with a slightly higher cost of implementation (i.e., having
two channels rather than one channel in the NCS setup), the conditions on the
NCS architecture as proposed in the previous section can be relaxed.
Following now the observations from Chapter 5 and Section 6.2, we note
that the main difference of a NCS with feedthrough terms with one without
feedthrough terms lies in the subsystem describing the network-induced error at
transmission instants. Indeed, once the UGES property of the auxiliary discretetime system for the error is established, following [50], we can provide conditions
on the MATI that guarantees stability of the NCS, see also Remark 6.3. Therefore, we investigate in the remainder of this section under which conditions this
UGES property of the network-induced error subsystem is guaranteed. To this
end, we first need to establish a model of the update equation for the networkinduced error in the considered two channel case.
As illustrated by Figure 6.2, we send the whole input data u and the whole
output data y over the network, where we assume that each channel has its own
protocol. In that way, ŷ and û are updated according to
ŷ(t+j ) = y(tj ) + hy (j, ey (tj ))

û(t+j ) = u(tj ) + hu (j, eu (tj )),
4 For simplicity, we assume here that transmissions in both channels occur at the same time
and we use the same MATI for both channels. However, it is possible to further generalize these
results to the case when the two channels are not synchronized in this manner and different
MATIs are used, see [3] for example.
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where the functions hy ∶ N0 × Rmy → Rmy and hu ∶ N0 × Rmu → Rmu model
the individual scheduling protocols for the sensors and actuators, respectively.
Combining this with the dynamics from (6.19), we have that
ŷ(t+j ) = gp (xp (tj )) + DP û + hy (j, ey (tj ))

û(t+j ) = gc (xc (tj )) + DC ŷ + hu (j, eu (tj )).

(6.24)

Observe now that, for the NCS with (6.19), the network-induced error is given
by
ey = ŷ − y = ŷ − gp (xp ) − DP û
(6.25)
eu = û − u = û − gc (xc ) − DC ŷ
from which it follows, using (6.24), that
ey (t+j ) = hy (j, ey (tj )) − DP hu (j, eu (tj )) + DP eu (tj )

eu (t+j ) = hu (j, eu (tj )) − DC hy (j, ey (tj )) + DC ey (tj ).
Similar to Section 6.2, we consider now the case where the functions hy and hu
are of the form as defined in (6.18), which encompasses a large class of protocols
such as the RR and TOD protocols. Hence, the update equation for the error
dynamics can be written as
ey (t+j ) = (Imy − Ψy (ey (tj ), j)) ey (tj ) + DP Ψu (eu (tj ), j)eu (tj )

eu (t+j ) = (Imu − Ψu (eu (tj ), j)) eu (tj ) + DC Ψy (ey (tj ), j)ey (tj ).

(6.26)

Based on (6.26), we introduce now the auxiliary discrete-time system induced
by the network error (6.25) given by
= hy (j,ey (j))

∶= wyu (j)

³¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ·¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹µ
³¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹· ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹µ
ey (j + 1) = (Imy − Ψy (ey (j), j)) ey (j) +DP Ψu (eu (j), j)eu (j)
eu (j + 1) = (Imu − Ψu (eu (j), j)) eu (j) +DC Ψy (ey (j), j) ey (j)
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¶
= hu (j,eu (j))

(6.27a)
(6.27b)

∶= wuy (j)

for which we will study the UGES property that we need in order to be able to
apply the stability results from [50, 192].
Observe that, as a result of the separation between the sensors and actuators,
the system given by (6.27) can be viewed as an interconnected system as depicted
in Figure 6.3. In particular, system (6.27) is composed of the two (nominal)
subsystems
ey (j + 1) = hy (j, ey (j))
(6.28a)
and
eu (j + 1) = hu (j, eu (j)),

(6.28b)
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ey (j + 1) = hy (j; ey (j)) + DP wyu (j)


wuy (j) = Ψy ey (j) ey (j)
wyu (j)

wuy (j)
eu (j + 1) = hu (j; eu (j)) + DC wuy (j)


wyu (j) = Ψu eu (j) eu (j)

Figure 6.3: Interconnection representation of the system (6.27).

which are coupled via the terms DP wyu and DC wuy . Note that the UGES
property of scheduling protocols hy and hu of the form (6.28) is studied in
[192] and shown to hold for many well-known protocols. As such, under the
assumption that the subsystems (6.28a) and (6.28b) are already UGES and
when we consider the coupling terms DP wyu and DC wuy as perturbations to
the system (6.28), we can use standard small-gain arguments for discrete-time
systems, see, e.g., [137, Corollary 4.2], to guarantee the UGES property of (6.27).
This leads to the following result.
Theorem 6.1 Under Assumption 6.3, consider the system given by (6.27). Assume that there exist functions W y ∶ N0 × Rmy → R≥0 and W u ∶ N0 × Rmu → R≥0
that are globally Lipschitz in their second arguments with, respectively, Lipschitz
constants M y > 0 and M u > 0 and suppose that the following holds:
• The scheduling protocol (function) hy ∶ N0 ×Rmy → Rmy is UGES according
to [192, Definition 7] with Lyapunov function W y , or, in other words, the
discrete-time (nominal) system (6.28a) is UGES with Lyapunov function
W y , i.e., there exist constants λy ∈ (0, 1) and αW y , αW y > 0 such that for
all j ∈ N0 and all ey ∈ Rmy it holds that
αW y ∣ey ∣ ≤ W y (j, ey ) ≤ αW y ∣ey ∣

(6.29a)

W y (j + 1, hy (j, ey )) ≤ λy W y (j, ey ).

(6.29b)

• The scheduling protocol (function) hu ∶ N0 ×Rmu → Rmu is UGES according
to [192, Definition 7] with Lyapunov function W u , or, in other words, the
discrete-time (nominal) system (6.28a) is UGES with Lyapunov function
W u , i.e., there exist constants λu ∈ (0, 1) and αW u , αW u > 0 such that for
all j ∈ N0 and all eu ∈ Rmu it holds that
αW u ∣eu ∣ ≤ W u (j, eu ) ≤ αW u ∣eu ∣
u

u

u

W (j + 1, hu (j, ey )) ≤ λ W (j, eu ).

(6.30a)
(6.30b)
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• The following small-gain condition is satisfied
∣DP ∣ ∣DC ∣ <

αW y αW u
(1 − λy )(1 − λu ).
M yM u

(6.31)

Then system (6.27) is UGES with Lyapunov function
W (j, e) = max {W y (j, ey ), cW u (j, eu )}

(6.32)

where c is a constant satisfying
M y ∣DP ∣
αW u (1 − λy )

<c<

αW y (1 − λu )
,
M u ∣DC ∣

i.e., it holds for all j ∈ N0 and e ∈ Rme that the conditions of (6.10) hold with
αW = min{αW y , cαW u }, αW ∶= max{αW y , cαW u }, and
−1
u
u
−1
λ = max {λy + M y ∣DP ∣ α−1
W y c , λ + cM ∣DC ∣ αW u } .

(6.33)

The proof is given in Appendix C.5. Obviously, (6.31) provides a direct condition
on the direct-feedthrough matrices DP and DC , i.e., in order for the system
(6.27) to be UGES, DP and/or DC should be small enough. Fortunately, in the
case that there is only one direct-feedthrough matrix, i.e., when either DP = 0
or DC = 0, condition (6.31) trivially holds, an observation that has already been
made in Section 6.2.4 for the two channel case. Hence, allowing both the sensors
and actuators to be updated at the same time allows for more freedom with
respect to the direct feedthrough-terms, i.e., one can compensate for the other
for instance.
Remark 6.9 In Section 5.6.2, a class of protocols, called switching protocols,
is introduced whose setting has similarities to the two channel case as described
above. In particular, it is in a similar way assumed that the sensor and actuator
nodes are spatially distributed and separated. Moreover, the obtained conditions
on the direct-feedthrough matrices, i.e., (5.52) versus (6.31), are the same. However, in Section 5.6.2 the NCS setup consists of only one communication channel, which means that at each transmission instant it is only possible for either
a sensor node or an actuator node to get access to the network, rather than both
at the same time. As a result, the network-induced error is updated differently
and, hence, a different Lyapunov function W is obtained to guarantee the UGES
property of the discrete auxiliary system induced by this network error, implying
that also different MATI bounds are obtained (as the values for αW , αW , and λ
differ).
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Conclusion

In this chapter, we considered NCSs designed using the emulation-based framework where the plant and the controller are given by nonlinear models that
included so-called direct-feedthrough terms. These terms are essential to model
certain controllers, including PI(D) regulators. However they also introduce
nontrivialities in the model, which complicates the analysis significantly, a phenomenon also known as the direct-feedthrough problem. In particular, the presence of the direct-feedthrough terms changes the way the network-induced error
is updated at a transmission time of the NCS, which leads to various difficulties
in the analysis, especially in the nonlinear case. Nevertheless, we aimed in this
chapter to provide a stability analysis for two specific nonlinear NCS setups with
direct-feedthrough terms.
First, we considered NCSs where only the dynamic controller contains a
direct-feedthrough term. It followed that the existing stability analyses apply to
this case once the stability of the auxiliary system induced by network error was
established. As such, to analyze these nonlinear NCSs with direct-feedthrough
terms, similar to what was done in Chapter 5, the concept of UGES scheduling
protocols had to be re-examined. It was shown that for the well-known protocols
RR and TOD the UGES property of the protocols could be maintained even in
the presence of a direct-feedthrough term.
Second, we considered NCSs with direct-feedthrough terms in both the plant
and the controller, however in the scenario in which the direct-feedthrough terms
appear linear in the model setup. For this situation, the results from Chapter
5 can be directly applied to conclude stability of the auxiliary error system,
however this often leads to conservative bounds on the MATI. Therefore, we
developed new architectures for the controller implementation over the network
to reduce the conservatism in the computations of the MATI. For both setups,
we have provided several results that can be used in the case of a single channel
or a two channels setup.
We foresee that the presented results can inspire to obtain even sharper
analyzing tools, particularly related to development of new scheduling protocols
that take into account the presence of the direct-feedthrough terms.

Part IV

Exploiting dwell-time
conditions for NCSs
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7

A Generalized Lyapunov Proof
for Networked Control Systems
Improving the Maximum Allowable Transmission Interval

“The difference between ordinary and extraordinary is that
little extra.”
— Jimmy Johnson

Stability of networked control systems (NCSs) is often guaranteed by deriving conditions on the communication rate. In particular, a considerable amount
of research has been focusing on determining the so-called maximal allowable
transmission interval (MATI) for which closed-loop stability of the NCS is guaranteed. That is, ideally one would want to limit the amount of communications
as much as possible by obtaining an as high as possible bound on the MATI.
In this chapter, after both introducing the topic and providing the system
description in more detail in Sections 7.1 and 7.2, we will show in Section 7.3
how knowledge of the minimal allowable transmission interval (MIATI) can also
be exploited in the analysis for NCSs to obtain higher values for the MATI.
Instrumental in this approach will be the concept of (minimal) dwell-time. In
particular, the analysis will show that, by adapting the (hybrid) Lyapunov function as used in the literature, one can obtain guaranteed improved MATI bounds.
Inspired by this observation, we investigate in addition if the MATI bounds
can be even further improved by studying generalizations of the Lyapunov-based
proofs for NCSs. To this end, we provide in Section 7.4 a new, more general
construction for the hybrid Lyapunov function and investigate how the Lyapunov
function itself can be appropriately designed. Finally, we compare the results
for all the different analyzes by means of a numerical example in Section 7.5.
This chapter is based on [116] and [118].
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Introduction

Networked control systems (NCSs) are systems in which the sensors, controllers,
and actuators of the plant are physically distributed and communicate via (packetbased) digital channels. This architecture is motivated by the many benefits it
offers with respect to conventional (wired) control systems, including greater
flexibility, ease of maintenance, and low cost, weight and volume [124]. On
the other hand, when, for instance, the frequency of packet transmissions is
insufficient, the NCSs architecture can lead to instabilities. Moreover, as the
communication network is often shared by multiple sensor, controller, and actuator nodes, there is a need for so-called scheduling protocols that govern the
access of these nodes to the network.
To deal with these kind of network-induced phenomena, several frameworks
were developed in recent years to determine conditions on the network while still
guaranteeing stability and performance properties. A popular two-step design
approach herein is the so-called emulation-based method as advocated in [250]
and [251] combined with hybrid systems analysis tools, reflected in the works
[50, 110, 163, 192, 193, 195, 211, 239]. The idea is to first design the (stabilizing)
controller for the plant while ignoring the communication constraints, i.e., ideal
communication is assumed. In the second step, conditions on the network, e.g.,
bounds on transmission intervals and delays, are provided to guarantee closedloop stability and performance of the NCS. To be more precise, as it was shown in
[192,251], the stability of NCSs is largely determined by the scheduling protocol
used and the so-called maximal allowable transmission interval (MATI). Hence,
the problem of characterizing the length of the MATI for a given protocol is an
important concept in the analysis of NCSs.
Ideally, one would want to limit the amount of communication as much as
possible, i.e., obtain the highest possible bound on the MATI. In [192], the
authors were able to improve the initial MATI bounds given in [251] by, among
others, introducing the concept of UGES scheduling protocols, which effectively
summarizes the properties of scheduling protocols. Subsequently, in [50], the
bound on the MATI was even further improved by using a Lyapunov-based
approach for hybrid systems to analyze the stability of the NCS. In fact, it
turned out that the obtained results in [50] proved to be very powerful in the
analysis of NCSs, see, e.g., [110, 163, 211, 239].
However strikingly, in all of the above works [50, 110, 163, 192, 193, 195, 211,
239,250,251] the minimal allowable transmission interval (MIATI) was always set
to be (essentially) zero, although it is well-known that knowledge on the MIATI
can lead to improved bounds on the MATI. Indeed, other frameworks available
in the literature such as the time-delay approach or the discrete-time approach
(with convex embeddings), see, e.g., [39, 76, 162] or the recent survey [130] and
the references therein, can incorporate strictly positive MIATIs and exploit this
information to obtain less conservative estimates of the MATI.
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Given this ‘gap’ in the hybrid systems analysis framework for NCSs in the line
of [50,110,163,192,193,195,211,239], we aim in this chapter to show for the first
time how knowledge of positive lower bounds on the transmission interval (the
MIATI) can be used in the emulation/hybrid-based NCS framework as in [50,
192, 193] leading to (guaranteed) higher values for the MATI, while maintaining
stability of the NCS, see also [23] for a computational approach in this direction
using sum of squares techniques. Here we focus on a more analytical approach
in line with [50,110,163,192,193,195,211,239,250,251]. To this end, we consider
the same fundamental NCS setup as in [50, 192, 193, 251]. We show in Section
7.3 that we can provide a bound on the MATI that is guaranteed to be larger
while still guaranteeing closed-loop stability. We believe that such new results
providing larger ‘stabilizing’ values for the MATI by exploiting knowledge on
the MIATI is useful as in practice, due to hardware limitations, transmissions
of packets cannot occur infinitely fast and, therefore, a minimal amount of time
between transmissions indeed always exists.
Instrumental in our analysis will be the concept of (minimal) dwell-time,
see, e.g., [126, 128, 159], which allows for a relaxation of the Lyapunov-based
arguments for hybrid systems. In particular, the analysis will show that, by
adapting the (hybrid) Lyapunov function as used in the proof of [50, Theorem
1], one can obtain improved bounds on the MATI to ensure a uniform global
exponential stability property, under the same conditions as presented in [50,
Theorem 1]. This observation leads to the insight that exploiting different hybrid
Lyapunov functions than what was used in [50] can directly lead to improved
MATI bounds.
Therefore, we investigate in addition in this chapter if the MATI bounds can
be even further improved by studying a generalization of the Lyapunov-based
proofs for NCSs as used in Section 7.3 and in [50]. To this end, we provide in Section 7.4 a new and more general construction for the hybrid Lyapunov function
and investigate how the Lyapunov function itself can be appropriately designed
within this general construction such that stability of the NCS is guaranteed.
This includes the possible designs for the Lyapunov function given in [50] and
Section 7.3 as special cases. Finally, we compare the results for all the different
analysis by means of a numerical example in Section 7.5.

7.2

System Description

In this section, we introduce the NCS setup and a hybrid model describing the
overall dynamics.

7.2.1

Networked control configuration

We consider the NCS as shown in Figure 7.1, where the continuous-time plant P
communicates with the controller C via the network N . The plant and controller
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dynamics are given by
ẋp = fp (xp , û)
ẋc = fc (xc , ŷ)
P ∶{
and C ∶ {
,
y = gp (xp )
u = gc (xc )

(7.1)

where xp ∈ Rmxp and xc ∈ Rmc denote the plant and controller state, u ∈ Rmu
the control input and û ∈ Rmu the most recently received control input by the
plant, and y ∈ Rmy the output and ŷ ∈ Rmy the most recently received output of
the plant. We assume that fp and fc are continuous, and gp and gc continuously
differentiable.

y^

C
Controller

y

P

N

u

u^

Plant

Figure 7.1: The NCS setup as described in [50, 110, 192, 193, 250, 251].

To complete the description of the NCS setup, it also needs to be described
how the communication network N operates. As such, we assume that it has a
collection of transmission times tj , j ∈ N0 , which satisfy 0 ≤ t0 < t1 < . . . and at
which (parts of) the output y and the input u are sampled and transmitted over
the network N to the controller C and the plant P, respectively. In the considered
setup, similar to [50, 192, 193, 251], it is assumed that the transmission intervals
are bounded by
τmiati ≤ tj+1 − tj ≤ τmati , j ∈ N0 ,
(7.2)
where τmati denotes the maximal allowable transmission interval (MATI) and
τmiati the minimal allowable transmission interval (MIATI), such that 0 < τmiati ≤
τmati , see also [50, 192, 251].
In addition to this sequence of transmission times, the network N might
also be subdivided in several (sensor and/or actuator) nodes, where each node
corresponds to a subset of the entries y/ŷ and/or u/û. A scheduling protocol
determines which of the nodes in the network is granted access to the network
at a transmission time. After a node is granted access to the network, it collects
and transmits the values of the corresponding entries in y (tj ) and u (tj ), which
results in an update according to
ŷ (t+j ) = y (tj ) + hy (j, e (tj ))

û (t+j ) = u (tj ) + hu (j, e (tj )) ,

(7.3)

where the function h ∶= (hy , hu ) with h ∶ N0 × Rme → Rme models the scheduling
protocol that determines which (sensor and/or actuator) node is granted access
to the network at time tj , see [50, 192, 251], and where e ∶= (ey , eu ) = (ŷ −
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y, û − u) denotes the network-induced error. Finally, we assume that ŷ and û
are constant in between two successive transmissions (i.e., the network nodes
operate in a similar manner to a zero-order-hold (ZOH)). However, this can
easily be modified, if desired, see [192].
Observe now that, strikingly, in [50,110,163,192,193,195,211,239,250,251] the
lower bound τmiati was always allowed (and often even assumed) to be arbitrarily
small (and thus essentially zero) as it was only imposed to prevent Zeno behavior.
Clearly, due to hardware limitations in reality such a positive lower bound τmiati
on the transmission intervals always exists and can be exploited to obtain a larger
bound on the MATI, see Section 7.3 below.

7.2.2

A hybrid modeling framework

The above NCS setup can be rewritten in the hybrid system formalism1 advocated in [192]. To do so, similar to [192] and [50], we introduce the timer τ ∈ R≥0 ,
which keeps track of the time elapsed since the last transmission and resets to
zero after a transmission has occurred, and the counter κ ∈ N0 , which keeps track
of the number of transmissions. Using these auxiliary variables, the NCS can be
expressed as
ξ˙ = F (ξ) when τ ∈ [0, τmati ]
H∶{ +
(7.4)
ξ = G(ξ) when τ ∈ [τmiati , τmati ]
with the full state of the hybrid system
ξ ∶= ((xp , xc ), e, τ, κ) ∈ X ∶= Rmx × Rme × R≥0 × N
and where F (ξ) ∶= (f (x, e), g(x, e), 1, 0) and G(ξ) ∶= (x, h(κ, e), 0, κ + 1) with
x ∶= (xp , xc ) ∈ Rmx ,
f (x , g (x ) + eu )
f (x, e) = [ p p c c
],
fc (xc , gp (xp ) + ey )

⎤
⎡ ∂gp
⎢−
fp (xp , gc (xc ) + eu )⎥⎥
p
and g(x, e) = ⎢⎢ ∂x
⎥.
∂gc
fc (xc , gp (xp ) + ey ) ⎥
⎢ − ∂x
c
⎦
⎣

We are interested in the stability of this hybrid model (7.4).
Definition 7.1 For the system H given by (7.4), the set
E ∶= {ξ = (x, e, τ, κ) ∈ X ∣ x = 0 and e = 0}

(7.5)

is said to be uniformly globally exponentially stable (UGES) if there exist constants K, c > 0 such that all maximal solutions ξ to H are complete and satisfy
∣(x(t, j), e(t, j))∣ ≤ K ∣(x(0, 0), e(0, 0))∣ e−c(t+j) for all (t, j) ∈ dom ξ.
1 For

details and terminology on hybrid systems of the form (7.4), see [96] or Section 2.3.
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A Minimal Dwell-Time Condition for NCSs

In [50], an instrumental stability analysis has been presented for NCSs based
on Lyapunov arguments for hybrid systems. To be more precise, the proof was
based on the construction of a hybrid Lyapunov function U ∶ X → R≥0 that
is locally Lipschitz in its first two arguments and satisfies for some constants
αU , αU , εU > 0 for (almost) all ξ ∈ X
2

2

αU ∣ξc ∣ ≤ U (ξ) ≤ αU ∣ξc ∣

(7.6a)
2

⟨∇U (ξ), F (ξ)⟩ ≤ −εU ∣ξc ∣ , when τ ∈ [0, τmati ]
U (G(ξ)) − U (ξ) ≤ 0,

when τ ∈ [τmiati , τmati ]

(7.6b)
(7.6c)

with F (ξ) and G(ξ) as in (7.4) and ξc ∶= (x, e). The conditions of (7.6) translate
to the Lyapunov function U being radially unbounded, strictly decreasing during
flows of the hybrid system (7.4) (i.e., in between transmission times) and to be
not increasing at jumps of the hybrid system (7.4) (i.e., when an update of the
networked values occurs).
As a result of this Lyapunov-based analysis, conditions were obtained on the
MATI such that UGES of the set E for the NCS is guaranteed. In this chapter,
we investigate if the obtained results in [50] can be further improved. To this
end, in line with the works [50, 110, 192, 211, 239], we first make the following
general assumption.
Assumption 7.1 There exist a function W ∶ N0 ×Rme → R≥0 that is locally Lipschitz in its second argument, a locally Lipschitz function V ∶ Rmx → R≥0 , a continuous function H ∶ Rmx → R, and constants λ ∈ (0, 1), L ≥ 0, αW , αW , αV , αV ,
γ > 0, and 0 < ε < 1 such that the following hold:
1. For all κ ∈ N0 and e ∈ Rme
αW ∣e∣ ≤ W (κ, e) ≤ αW ∣e∣

(7.7a)

W (κ + 1, h(κ, e)) ≤ λW (κ, e).

(7.7b)

2. For all κ ∈ N0 , x ∈ Rmx , and almost all e ∈ Rme
⟨
3. For all x ∈ Rmx

∂W (κ, e)
, g(x, e)⟩ ≤ LW (κ, e) + H(x).
∂e
2

2

αV ∣x∣ ≤ V (x) ≤ αV ∣x∣ .

(7.8)

(7.9)

4. For all κ ∈ N0 , e ∈ Rme , and almost all x ∈ Rmx
2

2

⟨∇V (x), f (x, e)⟩ ≤ −ε2 ∣x∣ + α2W (γ 2 − ε2 ) ∣e∣ − H 2 (x).

(7.10)
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This assumption is essentially the same as the main assumption [50, Assumption
1]. Moreover, these conditions (7.7)-(7.10) have been proven to be systematically
checkable for various classes of NCSs, see also, e.g., [110, 163, 211].
In view of Assumption 7.1 and inspired by the concept of dwell-time, see,
e.g., [126, 128, 159], we can now make the important observation that the MATI
can be improved when knowledge about the MIATI is explicitly exploited in the
analysis.

7.3.1

Exploiting knowledge of the MIATI

As we know that the hybrid system (7.4) ‘dwells’ for at least τmiati > 0 time units
(and, hence, based on the conditions (7.6) the Lyapunov function decreases during this time), we observe that the strict non-increase of the Lyapunov function
at jumps can be relaxed. In particular, it follows that, instead of having a Lyapunov function U satisfying (7.6), it is sufficient for guaranteeing UGES of the
set E if there exists a Lyapunov function U ∶ X → R≥0 that is locally Lipschitz
in its first two arguments and constants λ0 , αU , αU > 0, and µ ≥ 1 such that for
(almost) all ξ ∈ X
2

2

αU ∣ξc ∣ ≤ U(ξ) ≤ αU ∣ξc ∣

⟨∇U(ξ), F (ξ)⟩ ≤ −λ0 U(ξ)
U(G(ξ)) − µU(ξ) ≤ 0,

(7.11a)
when τ ∈ [0, τmati ].

(7.11b)

when τ ∈ [τmiati , τmati ].

(7.11c)

Indeed, we can always derive from U satisfying (7.11) a Lyapunov function U
that satisfies (7.6). Consider to this end, for some λ̃ ∈ (0, λ0 ) the function, ξ ∈ X,
U (ξ) = eλ̃τ U(ξ),

(7.12)

which is locally Lipschitz in its first two arguments and radially unbounded.
Recall that τ ∈ R≥0 models the timer, i.e., τ̇ = 1 and τ + = 0. As such, we observe
that (7.11b) implies during flows with τ ∈ [0, τmati ] that
⟨∇U (ξ), F (ξ)⟩ = λ̃τ̇ eλ̃τ U(ξ) + eλ̃τ ⟨∇U(ξ), F (ξ)⟩
(7.11b)

≤

(λ̃ − λ0 )eλ̃τ U(ξ).

Hence, we indeed have that the function U is strictly decreasing between jump
times since λ̃ < λ0 . At a jump of the system, as mentioned above, τ is reset to
zero, which, in combination with (7.11c), implies that for ξ ∈ X with τ ≥ τmiati
U (G(ξ)) = eλ̃⋅0 U(G(ξ)) ≤ µU(ξ) = µe−λ̃τ U (ξ).

(7.13)

Since we know that two consecutive jumps of the system are separated by at
least τmiati time units, we obtain that when
µe−λ̃τ ≤ 1, τ ≥ τmiati

⇔

µ ≤ eλ̃τmiati

(7.14)
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is satisfied, we have that (7.13) results in
U (G(ξ)) ≤ µe−λ̃τ U (ξ) ≤ eλ̃τmiati e−λ̃τmiati U (ξ) ≤ U (ξ).
Note now that there always exists a value for µ ≥ 1 sufficiently close to 1 that
satisfies (7.14) as τmiati > 0. From this result we can thus conclude that indeed
the conditions of (7.11) are sufficient to guarantee UGES of the set E in (7.5).
In fact, based on the conditions (7.11), we can compose now the following result.
Theorem 7.1 Consider system (7.4) and suppose that Assumption 7.1 holds.
For a given value of τmiati > 0, if the MATI τmati satisfies the bound
⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
τmati ≤ ⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩
with r =

1
arctan ( 2 σ r(1−σ)
)
Lr
(γ
1+σ L −1)+1+σ
1 1−σ
L 1+σ
1
arctanh ( 2 σ r(1−σ)
)
Lr
(γ
1+σ L −1)+1+σ
(1+σ)(1−σ)
1
arctan (
)
γ
2σ

γ>L
γ=L

(7.15)

γ<L
L=0

√
γ 2
∣( L
) − 1∣ for some constant σ > λΛ where
−1

Λ = max {e−ε̃αV

τmiati

,e

−WL (ε̃(γλ−1 α2W )

−1

τmiati )

},

(7.16)

ε̃ ∶= 12 ε2 min{1, α2W }, and where WL is the so-called Lambert W -function, which
is implicitly defined as the function satisfying WL (z)eWL (z) = z, see, e.g., [65],
then, the set E in (7.5) is UGES.
The proof is given in Appendix D.1, which involves the construction of a Lyapunov function U satisfying (7.11). Observe that for any τmiati > 0, it holds that
Λ < 1, and, hence, we can always take σ = λ, in which case we recover the MATI
bound of [50, Theorem 1]. This observation also implies that, for any positive
τmiati , there exists a σ < λ. As a result, under essentially the same conditions
as presented in [50] (i.e., (7.7)-(7.10) do not change for any σ), we can always
obtain a higher bound on τmati than can be obtained using the result from [50]
(for which essentially τmiati = 0 and σ = λ). As such, Theorem 7.1 shows that
exploiting a positive MIATI is guaranteed to improve the MATI.
However, it should also be noted that the value of Λ strongly depends on the
values of ε and
√
αU = max {αV , γ µλ−1 α2W } ,
(7.17)
which are strongly related to the convergence rate of the system to the equilibrium set E. In particular, UGES of the set E can already be established for a
small value of ε (although at the cost of a slow convergence rate to E, see (D.3)
in the proof). Hence, as often αU > 1, such a choice for ε would imply that the
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value of σ should be chosen very close to λ (as the value of Λ is very close to 1
in this case), making the improvement of τmati with respect to the results of [50]
only marginal. On the other hand, when the convergence rate of the system is
important and, hence, the value of ε is taken relatively large, the improvement of
τmati with respect to the results of [50] can be quite substantial, as will be shown
in the numerical example in Section 7.5. Moreover, in the following section we
will show that the condition on σ can be relaxed.
Having said that, it is also interesting to observe that in essence Theorem
7.1 shows that exploiting a more extensive Lyapunov function than what was
used in [50] (cf. (7.12)) can lead to improved MATI bounds for the considered
NCS. Therefore, we aim to improve the MATI even further in Section 7.4 by
considering a generalization of the Lyapunov function construction.
Remark 7.1 In practice, we will take in Theorem 7.1 σ as close as possible to
its lower bound since this results in the highest value for τmati .

7.3.2

Relaxing the MATI

As mentioned above, the dependence of τmiati on αU limits the value that Λ
(cf. σ) can attain, and, thereby, the improvement we can obtain for the bound
on τmati . Therefore, in this section, we propose a slightly modified version of
Theorem 7.1, which in some cases, for instance, for the numerical example in
Section 7.5, will further improve the bound on τmati .
Theorem 7.2 Consider system (7.4) and suppose that there exist a function
W ∶ N0 × Rme → R≥0 that is locally Lipschitz in its second argument, a locally
Lipschitz function V ∶ Rmx → R≥0 , a continuous function H ∶ Rmx → R, and
the constants λ ∈ (0, 1), L ≥ 0, αW , αW , αV , αV > 0 and 0 < ε < γ such that the
following holds:
1. For all κ ∈ N0 , e ∈ Rme , and x ∈ Rmx (7.7) and (7.9) hold.
2. For all κ ∈ N0 , x ∈ Rmx , and almost all e ∈ Rme
⟨

∂W (κ, e)
1
, g(x, e)⟩ ≤ (L − ε) W (κ, e) + H(x).
∂e
2

(7.18)

3. For all κ ∈ N0 , e ∈ Rme , and almost all x ∈ Rmx
⟨∇V (x), f (x, e)⟩ ≤ −ε2 V (x) + γ 2 W 2 (κ, e) − H 2 (x).

(7.19)

For a given τmiati > 0, if the MATI τmati satisfies the bound (7.15) for some
1 2
constant σ > λΛ with Λ = e− 2 ε τmiati , then, the set E in (7.5) is UGES.
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The proof is given in Appendix D.2. Note that when (7.18) holds, also (7.8)
is satisfied and that when (7.10) holds, also (7.19) is satisfied. Moreover, for
a sufficiently small value of ε the reverse is also implied, making Theorems 7.1
and 7.2 equivalent to each other. However, in Theorem 7.2 Λ solely depends
on the value of ε and not on the value of αU as was the case in Theorem 7.1.
As a result, for the same value of ε and τmiati in Theorems 7.1 and 7.2, the
value of σ can be taken smaller in the case of Theorem 7.2. Hence, for small
values of ε we in general obtain better results using Theorem 7.2 than using
Theorem 7.1, as will be shown in the numerical example of Section 7.5. On the
other hand, Theorem 7.2 does not provide any guarantees upon the attainable
improvement with respect to the results of [50]. In particular, for larger values
of ε we can actually obtain lower bounds on the MATI using Theorem 7.2 or
even no bounds at all (i.e., no stability guarantees), as will also be shown by the
numerical example of Section 7.5.

7.4

Generalizing the Lyapunov Function

As mentioned above, instrumental in the analysis of Theorem 7.1 is the construction of a more extensive Lyapunov function than the one used in [50], based on
the concept of (minimal) dwell-time. In this section we investigate if the obtained results from Theorem 7.1 can be even further improved by considering
an even more general Lyapunov function, which satisfies the conditions (7.6).
To this end, in view of Assumption 7.1 and inspired by [50] and (7.12), we
propose now for (7.4) the hybrid Lyapunov function
U (ξ) = φV (τ )V (x) + γφW (τ )W 2 (κ, e)

(7.20)

where φV , φW ∶ [0, τmati ] → R≥0 are some almost everywhere differentiable functions which are yet to be designed. For this Lyapunov function, we can state
the following result.
Theorem 7.3 Consider system (7.4) and suppose that Assumption 7.1 holds.
For a given value of τmiati > 0, if the MATI τmati > τmiati is such that there
exist constants φV , φV , φW , φW ∈ R>0 and functions φV , φW ∶ [0, τmati ] → R≥0
satisfying for all τ ∈ [0, τmati ]
φV ≤ φV (τ ) ≤ φV

and

φW ≤ φW (τ ) ≤ φW ,

d
φV (τ ) ≤ ε2 ηα−1
V φV (τ ),
dτ
φ2 (τ )
d
φW (τ ) ≤ −2LφW (τ ) − γ (εφ φV (τ ) + W
)
dτ
φV (τ )

(7.21a)
(7.21b)
(7.21c)
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and for all τ ∈ [τmiati , τmati ]
φV (0) ≤ φV (τ )
1
φW (0) ≤ 2 φW (τ )
λ

(7.21d)
(7.21e)

with εφ ∶= 1 − γ −2 ε2 η > 0 for some constant η ∈ [0, 1), then the set E in (7.5) is
UGES.
The proof is given in Appendix D.3. Theorem 7.3 provides design conditions for
the functions φV and φW under which UGES of the set E is guaranteed, based
on the Lyapunov function given by (7.20). As such, we need to analyze for which
appropriate designs of the functions φV and φW (and, implicitly, under which
condition on τmati ) the conditions (7.21) are satisfied.
Observe to this end first that, when φV is designed such that additionally
d
φV (τ ) ≥ 0
dτ

for all τ > τmiati

(7.22)

holds and, as φW is always decreasing by virtue of (7.21c), it follows from
(7.21e) that in this case we can determine the MATI as the point in time when
φW (τmati ) = λ2 φW (0). In particular, when the conditions of Theorem 7.3 are
verified with (7.22), the MATI can be computed as the amount of time it takes
for φW to decrease from φW (0) to λ2 φW (0).
As a result of the above observation, we want in general to have the slowest
decrease of φW as possible (as this results in larger MATI bounds). Hence,
d
φ (τ ) is often taken as its upper bound, i.e.,
dτ W
φ2 (τ )
d
φW (τ ) = −2LφW (τ ) − γ (εφ φV (τ ) + W
).
dτ
φV (τ )

(7.23)

In addition, we initially choose φW (0) = λ−1 (as was also done in [50]), implying
that φW (τmati ) = λ, although this can be modified based on the results as in
Theorem 7.1, see also Remark 7.3 below. This leaves us with only the freedom
of designing φV . In the following, we discuss various designs for the function φV
based on (7.21b), (7.21d), and (7.22) as above.
Remark 7.2 The construction for the Lyapunov function as given by (7.20) indeed generalizes prior constructions from [50] and (7.12) by means of the functions φV and φW . In fact, by choosing φV = 1 and φW as in [50, Claim 1] (see
also (D.1)), we recover the Lyapunov function as used in [50], while choosing
for some constant η ∈ [0, 1),
ε2 min{1, α2W }
d
ηφV (τ ),
φV (τ ) =
dτ
max{αV , γφW α2W }

τ ∈ [0, τmati ]

and φW (τ ) = φV (τ )φ∗W (τ ) where φ∗W is as in [50, Claim 1], we recover the
Lyapunov function given by (7.12).
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Taking φV as a constant

The most simple choice for φV is to take it as a positive constant, i.e., φV (τ ) =
d
φV (τ ) = 0), which satisfies (7.21a),
φ̃V > 0 for all τ ∈ [0, τmati ] (and, hence, dτ
(7.21b) and (7.21d) and therefore guarantees UGES of the set E. In this case, we
almost recover the Lyapunov function as used in [50] (N.B.: when we take φ̃V = 1
and η = 0 we exactly recover the case of [50], see also Remark 7.2). To obtain
now the highest possible value for τmati we have to choose φ̃V appropriately. In
particular, there is a trade-off, i.e., taking a high value for φ̃V results in the term
φ2W (τ )φ̃−1
V being smaller, but εφ φ̃V being larger in (7.23) and vice versa when
φ̃V is taken small. Fortunately, as φ̃V is a constant (cf. (7.22) holds), in a similar
fashion as in [50] an explicit solution for φW and an expression for τmati can be
computed, see Appendix D.4. As a result, we can also find the value of φ̃V that
leads to the maximum MATI. As such, we can obtain the following result.
Proposition 7.1 Consider system (7.4) and suppose that Assumption 7.1 holds.
For a given value of τmiati > 0, if τmati > τmiati satisfies the bound
⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
τmati ≤ ⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

1
arctan ( 2 λ ( γr̃(1−λ)
),
√
Lr̃
εφ −1)+1+λ
1+λ L
1−λ
1
√
,
L εφ 1+λ
1
Lr̃
γ

arctanh ( 2

1
√
εφ

r̃(1−λ)

√
λ
( γ εφ −1)+1+λ
1+λ L

arctan ( (1+λ)(1−λ)
),
2λ

),

γ 2 εφ > L2
γ 2 εφ = L2
γ 2 εφ < L2

(7.24)

L=0

√

γ
∣( L
) εφ − 1∣ and εφ = 1 − γ −2 ε2 η > 0 for some constant η ∈ [0, 1),
then the set E in (7.5) is UGES.

with r̃ ∶=

2

From the computation of (7.24) in Appendix D.4, it follows that choosing φ̃V =
1
√
results in the largest bound for the MATI. Observe now that we exactly
εφ
recover the result from [50, Theorem 1] when we choose η = 0 (as this results
in εφ = 1 and φ̃V = 1), see also the discussion above. This observation also
implies that, similar to the result of Theorem 7.1, we always obtain a higher
bound for the MATI than can be obtained using the result from [50] when we
choose η ∈ (0, 1), as in this case εφ < 1. This observation is a direct result of the
function φW decreasing slower with respect to the function as in [50, Claim 1].
In practice, we take η as close as possible to 1 since this results in the highest
value for τmati .
Remark 7.3 Similar to the results from Section 7.3, we can exploit information
concerning the existence of the MIATI to even further improve the bound (7.24).
In particular, we can combine the results of Proposition 7.1 with the results from
Theorem 7.1 to obtain even higher bounds for the MATI. That is, instead of
assuming that φW (0) = λ−1 and φW (τmati ) = λ, we can choose φW (0) = σ −1 and
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φW (τmati ) = σ where the value for σ < λ is computed according to the same lines
as Theorem 7.1. However, as in this case εU is very small due to η being chosen
as close as possible to 1, see (D.6), the obtained extra improvement is in general
negligible.

7.4.2

An increasing function φV and exploiting a MIATI

When we simulate the function φW with φV constant for various fixed values
of φ̃V for the example of Section 7.5, we observe that the decrease rate of φW
changes over time. In particular, choosing a higher value for φ̃V results in a
relative slower decrease rate for small values of τ but increases it when τ becomes
larger. A smaller value for φ̃V has the opposite effect. Based on this observation,
one would like to have the dynamics of φV changing with time as this might
result in an even further improvement of the MATI bound with respect to the
results of Proposition 7.1. To this end, we investigate if we can obtain higher
bounds on the MATI by considering various designs for φV . Several choices can
be envisioned as listed next.
1. Another simple choice is to take the dynamics of φV to be described by its
upper bound, i.e.,
d
φV (τ ) = ε2 ηα−1
(7.25)
V φV (τ ).
dτ
Note that in this case φV is an increasing function, see Figure 7.2(a), and,
hence, it also satisfies (7.21d) automatically.
2. Since we know that the hybrid system (7.4) will not jump until τmiati time
units have passed, we can design φV such that it decreases first, as long as
it increases in time again to satisfy the design constraints. In particular,
we consider the function as illustrated in Figure 7.2(b) and given by
⎧
2
−1
⎪
d
⎪−ε ηαV φV (τ ),
φV (τ ) = ⎨ 2 −1
⎪
dτ
⎪
⎩ ε ηαV φV (τ ),

when eβV (τ ) φV (τ ) ≥ φV (0)
otherwise

(7.26)

with βV (τ ) ∶= ε2 ηα−1
V (τmiati − τ ). Hence, the larger τmiati is, the more the
function φV can decrease.
3. Based on the observations as discussed above, we might want the function
φV to be increasing in the beginning, but decreasing when τ becomes
larger. Therefore, we also analyze the function φV designed as
⎧
ε2 ηα−1
⎪
V φV (τ ),
⎪
⎪
⎪
⎪
⎪
d
⎪−ε2 ηα−1
V φV (τ ),
φV (τ ) = ⎨
⎪
dτ
⎪
⎪
⎪
⎪
⎪
⎪
0,
⎩

when e−βV (τ ) φV (τ ) ≤ φV (0)
when e−βV (τ ) φV (τ ) > φV (0)
and φV (τ ) ≥ φV (0)
otherwise,

(7.27)

174

Chapter 7. A Generalized Lyapunov Proof for NCSs
which is illustrated in Figure 7.2(c). Note that, to satisfy (7.21d), the
function φV cannot attain a lower value than φV (0) for all τ ≥ τmiati ,
explaining the constant value for φV for all τ ≥ τmiati .

4. For any τ ∈ R≥0 , we know that in (7.23) the term εφ φV (τ ) + φ2W (τ )φ−1
V (τ )
attains its minimal value when we design the function φV to be given by
φV (τ ) = √1εφ φW (τ ). Hence, to obtain the highest bound on the MATI,
φV should also be a decreasing function for all τ with a decrease rate in
the order of the decrease rate of φW . However, such a function would not
satisfy (7.21d), implying that any decrease should be compensated by a
increase of the function φV . As such, we consider the function description
for φV illustrated by Figure 7.2(d) and given by
⎧
0,
⎪
⎪
⎪
⎪
⎪
⎪
1 d
⎪
⎪
d
φ (τ ),
⎪√
φV (τ ) = ⎨ εφ dτ W
⎪
dτ
⎪
⎪
⎪
⎪
⎪
⎪
2
−1
⎪
⎪
⎩ ε ηαV φV (τ ),

when

τ ≥ τmiati

when φV (τ ) ≥ φW (τ )
and eβV (τ ) φV (τ ) ≥ φV (0)

(7.28)

otherwise.

Observe that by means of the designs 2 – 4, similar to Section 7.3, we explicitly
investigate if the presence of the MIATI can be exploited to improve the MATI.

0

0

(a) Evolution of φV according to (7.25).

0

(b) Evolution of φV according to (7.26).

0

(c) Evolution of φV according to (7.27).

(d) Evolution of φV according to (7.28).

Figure 7.2: Evolution of the function φV for different designs.

7.5. Comparison of Results: Numerical Example

175

Although (7.22) is satisfied for all the choices for φV , as a result of the timevarying character of the function φV in all of the above situations, computing an
analytical expression for the MATI is not an easy task. Therefore, we analyze
whether or not choosing such a complex design for the function φV is justified
by a significant improvement of the MATI by means of the numerical example
in the next section.

7.5

Comparison of Results: Numerical Example

To make a comparison of our results with the ones from [50], we consider the
numerical example of stabilizing an open-loop unstable plant P with an statefeedback controller C given by
P ∶ ẋp = AP xp + BP u and C ∶ u = −K x̂p

(7.29)

−4 1
−1
(
) , BP = ( ), and K = (−0.2 0.5).
−2 3
2
It follows that we assume that only the plant state xp is transmitted over the
network, i.e., we have for the error that e = x̂p − xp with the number of nodes in
the network ` ∶= 2. As a result, we have that the closed-loop dynamics are given
by f (x, e) = Ax + Ee and g(x, e) = Cx + Fe with A ∶= AP − BP K, E ∶= −BP K,
C ∶= −A, and F ∶= −E.
Observe now that most of the various MATI bounds as discussed in this
chapter are computed based on the same conditions, i.e., the values for λ ∈ (0, 1),
L ≥ 0, αW , αW , αV , αV > 0 and 0 < ε < γ follow from Assumption 7.1 and are
subsequently used in, for instance (7.15) or (7.24), to compute the various bounds
for the MATI. Moreover, when we consider condition (7.8) and assume for almost
(κ,e)
∣ ≤ M for some constant M > 0, conditions
all e ∈ Rme and all κ ∈ N0 that ∣ ∂W∂e
(7.8)-(7.10) can be summarized into a single LMI condition
with AP =

[

1
5

A⊺ XT + XT A + ε2 Imx + M 2 C⊺ C
XT E
] ⪯ 0,
E⊺ XT
−α2W (γ 2 − ε2 ) Ime

(7.30)

where we have chosen V (x) = x⊺ XT x with XT being a symmetric positive definite matrix of size mx × mx such that αV = λmax (XT ), L = M α−1
W ∣F∣ and
H(x) = M ∣Cx∣, see, for instance, Appendix B.1.
Remark 7.4 In a similar fashion, a LMI condition for Theorem 7.2 can be
obtained. In particular, the LMI would in this case be given by
A⊺ XT + XT A + ε2 XT + M 2 C⊺ C
XT E
[
]⪯0
E⊺ XT
−α2W γ 2 Ime
1
and L = M α−1
W ∣F∣ + 2 ε in (7.18).

(7.31)
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For a chosen scheduling
protocol, in this example the try-once-discard (TOD)
√
protocol with λ = ` − 1/` and αW = αW = M = 1, see, e.g., [192], we can now use
the LMI conditions (7.30) and (7.31) to compute the optimal (i.e., minimal) value
for γ for a given value of ε for the NCS of (7.29), leading to the various bounds
for MATI. The results for various values of ε can be seen in Tables 7.1 and 7.2,
where a higher value of ε corresponds to a faster convergence to the set E, see,
[50]
e.g., (D.6). Here τmati represents the value obtained using the results from [50]
miati,1
(cf. computed using (7.15) with σ = λ or (7.24) with η = 0), τmati
the value
const
computed using Theorem 7.1, τmati
the value computed using Proposition 7.1
miati,2
the value computed using Theorem 7.2. Moreover,
with η = 0.9999 and τmati
based on numerical simulation of the function φW , we also computed the MATI
bounds for the various designs of the function φV as discussed in Section 7.4.2
φV ,1
inc
where τmati
represents the case of an increasing function φV (cf. (7.25)), τmati
φV ,2
φV ,3
the situation with (7.26), τmati the situation with (7.27), and τmati the situation
with (7.28). It should be noted that, in Theorems 7.1 and 7.2 and for the values
[50]
in Table 7.2, we took the value of τmiati equal to τmati . Moreover, for the results
in Table 7.2, it followed that choosing φV (0) = 1/√εφ as initial condition resulted
in the highest bounds for τmati . Finally, we computed in both tables the maximal
[50]
attained improvements of the MATI bound with respect to the value for τmati .
As shown in Table 7.1, and as proven in Sections 7.3.1 and 7.4.1, respec[50]
miati,1
const
tively, τmati
and τmati
are always larger than τmati . Hence, we indeed have
a guaranteed improvement with respect to the results as obtained in [50]. In
const
addition, it can be observed that τmati
is actually in all cases also larger than
miati,1
τmati , showing that the results for the MATI from Theorem 7.1 can indeed
be even further improved by considering a different Lyapunov function that resulted from the general Lyapunov function construction (7.20) and the design
miati,1
requirements from Theorem 7.3. Moreover, note that, in contrast to τmati
, we
const
did not even exploit any information on a MIATI in the computation of τmati
,
i.e., the MIATI can be taken arbitrarily small in Proposition 7.1. Hence, UGES
of the set E is guaranteed for a larger ‘range’ of transmission intervals in the case
const
const
of τmati
, i.e., tj+1 −tj ∈ (0, τmati
] when using Proposition 7.1 since τmiati can be
[50]
miati,1
chosen arbitrarily small, rather than tj+1 − tj ∈ [τmati , τmati
] as is the case for
[50]
the result from Theorem 7.1 with τmiati = τmati . It should also be noted that,
miati,1
const
for τmati
and τmati
, we in general obtain the largest guaranteed improvement
on the bound for the MATI for higher values of ε as, logically, we can in this
case take σ and εφ smaller. Unfortunately however, the MATI itself is in this
case often smaller than what we can achieve with smaller values for ε (although
the convergence to the equilibrium set E is faster).
In addition to the above observations, while it cannot be guaranteed that
[50]
is always larger than τmati (or can even be computed), for small values
miati,2
of ε it follows that τmati
actually indeed can result in a further improvement of

miati,2
τmati
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const
τmati
. As such, it might also be useful for future research to combine the ideas
as presented in Sections 7.3.2 and 7.4 by providing also a generalized Lyapunov
φV ,1
φV ,2
φV ,3
inc
proof for Theorem 7.2. Considering the results for τmati
, τmati
, τmati
, and τmati
from Table 7.2, we can conclude that choosing φV to be an increasing function
or as (7.26) does not result in higher bounds for the MATI than what is obtained
when using Proposition 7.1, at least for this example. On the other hand, for
φV ,2
φV ,3
τmati
and τmati
we do obtain higher values when τmiati is chosen appropriately.
φV ,2
However, note that in, for instance the case of τmati
, a higher value for τmiati
does not necessarily result in a higher value of the MATI, making it difficult to
design the ‘optimal’ function φV , let alone compute an explicit expression for the
MATI. Moreover, the improvement with respect to the result from Proposition
miati,1
, the range of transmission intervals is
7.1 is marginal, while, similar to τmati
shortened. This latter observation is probably related to the function φV being
limited by its design considerations (7.21), and, therefore, by the rate of change
it can attain. As such, the example suggests that considering (very) complex
designs for φV might be redundant with respect to the obtained improvement.

Table 7.1: The bounds on τmati for various values of ε computed using Theorem 7.1/7.2 and
[50]
Proposition 7.1 with η = 0.9999. The improvement is computed with respect to τmati .

ε
2
1
0.8
0.6
0.5
0.4
0.2
0.1

[50]

τmati
0.044489
0.074297
0.085174
0.098985
0.10712
0.11598
0.13369
0.13993

miati,1
τmati
0.045051
0.074803
0.086056
0.099716
0.10811
0.11672
0.13410
0.14009

const
τmati
0.046419
0.076829
0.087732
0.10139
0.10932
0.11784
0.13447
0.14017

miati,2
τmati
0.04410
0.10755
0.12220
0.13118
0.13970
0.14140

Improvement
4.338%
3.408%
3.003%
8.658%
14.073%
13.110%
4.499%
1.040%

Table 7.2: The bounds on τmati for various values of ε computed for the designs of the
function φV as discussed in Section 7.4.2 with φV (0) = 1/√εφ . The improvement is computed
[50]
with respect to τmati .

ε
2
1
0.8
0.6
0.5
0.4
0.2
0.1

inc
τmati
0.046398
0.076813
0.087706
0.10137
0.10930
0.11782
0.13446
0.14016

φV ,1
τmati
0.046418
0.076828
0.087731
0.10139
0.10932
0.11784
0.13447
0.14017

φV ,2
τmati
0.046420
0.076830
0.087733
0.10139
0.10932
0.11784
0.13447
0.14017

φV ,3
τmati
0.046428
0.076836
0.087744
0.10140
0.10934
0.11785
0.13447
0.14017

Improvement
4.358 %
3.417 %
3.019 %
2.438 %
2.064 %
1.615 %
0.588 %
0.168 %
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Conclusion

In this chapter, we have provided an extension to the stability analysis of NCS
based on the emulation/hybrid systems approach. In particular, it was shown
that under the same conditions as in [50], a guaranteed improvement for the
MATI can be realized, while ensuring UGES for the NCS by exploiting the fact
that, due to hardware limitations, after each transmission the NCS ‘dwells’ for a
certain time, i.e., there exists a so-called positive minimal allowable transmission
interval (MIATI). Moreover, it was shown that the results can be even further
improved when the conditions as presented in [50] are slightly altered.
The insights obtained also led to the conclusion that actually exploiting a
different hybrid Lyapunov function than what was used in [50] provides us with
the obtained improvement of the MATI. As such, we also provided a generalization of the Lyapunov-based proofs for NCSs from [50] and as discussed above
based on exploiting an minimal dwell-time condition, and investigated whether
or not this led to an even further improvement of the bound on the MATI. Along
the way, we have showed that, by exploiting the design freedom with respect to
this new Lyapunov function construction, the MATI from [50] can again be
guaranteed improved. Moreover, a numerical example showed that we can also
obtain higher values for the MATI than the ones resulting from exploiting the
MIATI in the analysis, while also significantly extending the range of allowable
transmission intervals as the obtained result holds for a arbitrarily small MIATI.
Although the improvements for the MATI turned out to be modest, we foresee in any case that this work opens up new insights and can possible inspire to
obtain new analyzing techniques for NCSs and with it improve the results for the
MATI even more. One example for this is given in the next chapter, where we
investigate the use of a so-called reverse-average dwell-time condition for NCSs.

8

A Reverse Average Dwell-Time
for Networked Control Systems

Exploiting an Average Allowable Transmission Interval Condition

“Time is what we want most, but what is used worst.”
— William Penn

As mentioned in Chapters 1 and 7, a popular design framework for networked
control systems (NCSs) is the emulation-based approach, in which stability properties are guaranteed by means of deriving bounds on the maximal allowable
transmission interval (MATI). However, having only such a MATI condition is
rather restrictive and unrealistic in practice as it corresponds to a ‘worst case’
kind of analysis. That is, it is assumed that the situation in which the length of
each transmission interval is equal to the MATI is allowed to occur and, therefore,
needs to be covered in the analysis. As this situation is rare to occur due to various network effects, such an analysis often leads to conservative MATI bounds.
Therefore, to better capture the time-varying properties of the transmission
intervals, in this chapter also a bound on the average allowable transmission
interval is proposed, expressed in terms of a reverse average dwell-time (RADT)
constraint. To this end, after presenting a more elaborated introduction in Section 8.1, the considered class of systems is described in Section 8.2, including a
suitable, extended hybrid model for NCSs which includes the additional RADT
constraint. Subsequently, we provide in Section 8.3 for the first time a full Lyapunov-based analysis for NCSs including a RADT condition and show that stability
can still be guaranteed under this different condition on the transmission intervals, which can, in addition, lead to a significant improvement of the MATI. The
strengths of these new results are illustrated on an example in Section 8.4.
This chapter is based on [119], which is a significant extension of the preliminary work [120].
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Introduction

Networked control systems (NCSs) are systems in which the sensors, controllers,
and/or actuators of the plant are physically distributed and communicate via
(packet-based) digital channels. These systems have received considerable attention in recent years, motivated by the many benefits they offer with respect to
conventional control systems, including greater flexibility, ease of maintenance,
and low cost, weight and volume [89, 124, 130, 241, 263, 270]. However, exploiting
packet-based communication also comes with inevitable imperfections such as
varying transmission intervals due to, for instance, packet losses, varying delays,
and communication constraints that can all degrade the overall performance of
the system and even lead to instability, see, e.g., [62] for an illustrative example.
Moreover, as the communication network is often shared by multiple sensor and
actuator nodes, there is a need for so-called scheduling protocols that govern the
access of these nodes to the network.
To deal with these network-induced phenomena, several frameworks were
developed in recent years to determine conditions on the network while still
guaranteeing stability and performance properties. A popular two-step design
approach herein is the so-called emulation-based method as advocated in [250]
and [251] combined with Lyapunov-based analysis tools for hybrid systems, reflected in the works [8, 50, 78, 108, 110, 163, 192, 193, 195, 211, 239]. The idea is to
first design the (stabilizing) controller for the plant while ignoring the communication constraints. Note that in this first step any (nonlinear) controller design
method can be used. In the second step, conditions on the communication rate,
e.g., formalized through bounds on the transmission intervals using properties of
the plant, controller, and scheduling protocol, are provided to guarantee closedloop stability and performance of the overall NCS. In fact, a considerable amount
of research has been focusing on determining the maximal allowable transmission
interval (MATI) for which the closed-loop NCS with the emulated controller is
still stable, see, e.g., [8,50,78,108,110,163,192,193,195,211,239,250,251]. Hence,
the problem of characterizing the MATI is instrumental in the analysis of NCSs.
However, a clear limitation of an analysis based only on a MATI condition as
in, e.g., [8,50,78,108,110,163,192,193,195,211,239,250,251], is that the situation
in which the length of each transmission interval is equal to this ‘worst case’ value
(being the MATI bound) is allowed to occur and, therefore, needs to be covered
in the analysis. Consequently, as this ‘worst case’ scenario is typically unrealistic
to occur in practice, analyses from literature often lead to conservative bounds
on the MATI. Indeed, we have in general varying transmission intervals due to
various network effects implying that large transmission intervals close to the
MATI bound are rare to occur. It is, for instance, more likely to expect that
situations occur at which the length of some transmission intervals is significantly
larger than that of most transmission intervals (perhaps to cope with packet
losses, which is particularly likely for wireless networks), provided that these
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‘longer’ transmission intervals are somehow compensated for by a number of
shorter inter-transmission times to maintain stability of the NCS. Such a scenario
is, for instance, motivated by task executions on general purpose multiprocessor
platforms that exhibit variations in their execution times, see [5]. As this feature
cannot be addressed by only using the concept of a MATI, there is a need
for a greater modeling flexibility to include more specific information on the
transmission intervals in the NCS model.
We therefore propose in this work an alternative condition on the transmission intervals that better suits the above rationale and, thereby, connects better
to the behavior of the communication networks in NCSs. That is, in addition
to the existence of a MATI, we also propose to impose a bound on the average
allowable transmission interval. In this way, stability of the NCS no longer only
depends on the value for the (worst case) MATI, but also on the average value
for the transmission intervals, allowing one to include more specific information
regarding the possible varying length of the transmission intervals. Interestingly, this concept is directly related to exploiting a reverse average dwell-time
(RADT) condition, as introduced in [125, 126] for hybrid systems, on the transmission instants, which translates to requiring that there is on average at least
one transmission in the time interval of a length equal to the RADT. As such,
we investigate in this work if imposing an additional RADT constraint on the
transmission instants (cf. a bound on the average allowable transmission interval) leads to a significant improvement of the MATI for some transmission
intervals with respect to the work of [50] and the results from Chapter 7, while
maintaining the stability guarantees for the NCS.
In order to do so, we need to be able to not only integrate the MATI and the
so-called minimal allowable transmission interval (MIATI), which always exists
due to hardware limitations in terms of the smallest achievable sampling period
for digital communication networks, but also the RADT into the hybrid model
for NCSs as advocated in [192] and described in [50]. We therefore introduce
in Section 8.2, after presenting the considered class of systems and the RADT
constraint itself, first a new ‘hybrid clock’ to capture the MIATI, the MATI,
and the RADT constraints in a hybrid model, allowing us to provide a new
and extended hybrid model of the NCS itself. In addition, following [50, 116],
we construct in Section 8.3 a novel, genuine (hybrid) Lyapunov function in the
sense that it decreases during flows and does not increase during jumps of the
hybrid system to show stability. Having such a genuine Lyapunov function is in
contrast to earlier works on RADT conditions for hybrid systems as in [125,126]
since they used a Lyapunov function that is allowed to increase during flows,
see also Remark 8.3 below. Moreover, similar to the results in Chapter 7, the
Lyapunov construction generalizes the prior construction from [50]. In summary,
we provide in this chapter for the first time a full Lyapunov-based proof for NCSs
including a RADT condition. This novel result does, however, also introduce
various new technical difficulties in the analysis. For instance, contrary to the
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previous works [50, 192, 193], the newly introduced timer in the ‘hybrid clock’
to model the RADT constraint is no longer reset to zero at each transmission
instant (see (8.5) below), which implies that the conditions under which the
hybrid-timer dependent Lyapunov function decreases change significantly. This
requires new analysis techniques as we will see below, among others, Lemma 8.1,
which is instrumental in this aspect. Additionally, the analysis shows that there
exist certain trade-offs between the RADT and the MATI, which will also be
evident in the considered numerical example in Section 8.4. In particular, it will
follow that when we transmit faster on average (i.e., a lower value for the RADT),
we can obtain a significant improvement of the MATI. Finally, we give a detailed
intuitive interpretation of the RADT constraint in the sampled-data (SD) case
and show how a priori the maximal attainable improvement of the MATI can
be computed. We believe that these results could have a significant impact on
the field of NCSs as they might be extended to Lp -stability and input-to-state
stability analyses, observer design, and tracking.
Notation: In addition to the notations introduced in Chapter 2, we consider
also the following additional definition in this chapter.
Definition 8.1 A time instant t ∈ R≥0 is called a jump time for a hybrid arc ξ
if there is a j ∈ N such that (t, j) ∈ dom ξ and (t, j − 1) ∈ dom ξ.
Observe that the sequence of times 0 ≤ t1 ≤ t2 ≤ . . . tJ as specified in Definition
2.11a for the hybrid time domain in Definition 2.11b (with t0 thus excluded) are
thus jump times.

8.2

System Setup

In this section, we introduce the NCS setup, the RADT condition, and a hybrid model describing the overall dynamics including a new hybrid clock, which
captures the RADT constraint on the transmission instants.

8.2.1

Networked control configuration

We consider the NCS setup as shown in Figure 8.1, where the continuous-time
plant P communicates with the controller C via the network N . We assume here
that the controller is designed while ignoring the network, which is characteristic for the emulation-based design approach, as mentioned in the introduction.

y^

C
Controller

y

P

N

u

u^

Plant

Figure 8.1: The NCS setup as described in [8,50,78,108,110,163,192,193,195,211,239,250,251].
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The plant and controller dynamics are given by
ẋp = fp (xp , û)
P ∶{
y = gp (xp )

and

ẋc = fc (xc , ŷ)
C∶{
u = gc (xc ),

(8.1)

where xp ∈ Rmxp and xc ∈ Rmxc denote the plant and controller state, respectively, u ∈ Rmu the control input, û ∈ Rmu the most recently received control
input by the plant, y ∈ Rmy the output, and ŷ ∈ Rmy the most recently received
output of the plant. We assume that fp and fc are continuous, and gp and gc
continuously differentiable.
To complete the NCS setup, we also need to describe the network N in more
detail. As such, we assume that it has a collection of sampling/transmission
times tj , j ∈ N, which satisfy 0 ≤ t1 < t2 < . . .. At such a time tj , (parts of) the
output y and the input u are sampled and transmitted to the controller C and
the plant P, respectively, which results in an update of (a part of) the networked
values according to
ŷ (t+j ) = y (tj ) + hy (j, e (tj ))
(8.2)
û (t+j ) = u (tj ) + hu (j, e (tj )) ,
where the function h ∶= (hy , hu ) with h ∶ N0 × Rme → Rme models the scheduling
protocol that determines which (sensor and/or actuator) node is granted access
to the network at time tj , see, e.g., [50,110,192,195,239], and where e denotes the
network-induced error defined by e ∶= (ey , eu ) = (ŷ−y, û−u). We also assume that
ŷ and û are constant in between two successive transmissions (i.e., the network
nodes operate in a similar manner to a zero-order-hold (ZOH)). However, this
can easily be modified, if desired, see [192].
Finally, as mentioned in the introduction and shown by the works of, e.g.,
[8, 50, 108, 110, 163, 192, 193, 195, 211, 239, 250, 251], it is common to assume that
(all of) the transmission intervals are bounded by
τmiati ≤ tj+1 − tj ≤ τmati ,

j ∈ N,

(8.3)

where τmati denotes the maximal allowable transmission interval (MATI) and
τmiati the minimal allowable transmission interval (MIATI), such that 0 < τmiati ≤
τmati . The upper bound τmati is used in many literature works to guarantee stability properties of the NCS designed using the emulation-based approach, see, e.g., [8, 50, 78, 108, 110, 163, 195, 211, 239], while the lower bound
on the transmission intervals τmiati > 0 is often taken arbitrarily small, see,
e.g., [8, 50, 78, 108, 110, 163, 192, 193, 195, 211, 239, 250, 251], since it is only imposed to prevent Zeno behavior. However, note that in practice this lower bound
always exists due to limitations in digital communication hardware in terms of
a smallest achievable transmission period. In fact, knowledge of the MIATI (instead of assuming it to be arbitrarily small) can be even exploited to improve
the MATI as shown in Chapter 7 and as will also follow from our analysis (see
Remark 8.7).
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Combining all of the above, the NCS setup described by (8.1)-(8.3) can be
written in a hybrid system formalism as advocated in [192] and described in [50],
which is of the form of (2.4) where each ‘jump’ of the hybrid system corresponds
to an update of the networked values, i.e., the sequence of transmission times
of the NCS is equal to the sequence of jump times of the hybrid model. Using
this hybrid modeling framework, stability and performance of the NCS were
analyzed in [8,50,78,108,110,163,195,211,239] using a Lyapunov-based theorem
for hybrid systems, resulting in values for the MATI such that, for instance,
UGES for the NCS is guaranteed.
Condition (8.3), however, allows for all of the transmission intervals to have a
length equal to the MATI (‘worst case’), which, as mentioned in the introduction,
is often unrealistic in practice and conservative in the analysis. As such, our objective in this work is to include more specific information concerning the transmission intervals in the NCS model in terms of an average allowable transmission
interval (‘average case’) to allow for significantly larger values for some specific
transmission intervals equal to the MATI, while still ensuring stability. To do
so, we rely on the concept of a RADT condition, which we will first introduce.

8.2.2

A reverse average dwell-time (RADT) condition

Introduced in [125] and [126] for a hybrid system given by (2.4), the RADT
condition captures the situation in which continuous flow can potentially destroy
the UGES property and must therefore be persistently interrupted by jumps of
the hybrid system. In particular, it enforces a lower bound on the amount of
jump times for any solution ξ to (2.4) with its corresponding hybrid time domain
dom ξ by means of
j−i≥

t̄ − t
− N0 ,
τr∗-dt

for all (t, i), (t̄, j) ∈ dom ξ
with t̄ + j ≥ t + i

(8.4)

for some N0 ≥ 1 and the appropriately chosen constant τr∗-dt > 0 called the
RADT (see Section 8.3). Here, the quantity j − i is, loosely speaking, related to
the number of ‘jumps’ of the solution to the hybrid system between t and t̄.
The RADT condition (8.4) imposes that, on average, at least one jump of
the hybrid system (2.4) occurs in an interval of length τr∗-dt time units and
that for a fixed value of N0 ≥ 1 there exists at most N0 τr∗-dt time units between two consecutive jumps, see [125, 126]. Moreover, in the special case of
N0 = 1, (8.4) actually recovers MATI-like bound as imposed by (the right handside of) the ‘classical’ condition (8.3), i.e., in the case of N0 = 1, the RADT
condition (8.4) requires that two consecutive transmission times must be separated by at most τr∗-dt time units, see also Remark 8.1 below. Hence, with
imposing (8.4) on the jump (cf. transmission) times we do not only have an assumption on the RADT, but also on the MATI. In other words, having an analysis based on the concept of a RADT via (8.4) rather than having (only) a
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MATI bound for all transmission intervals as in condition (8.3) allows us to
include more information regarding the varying lengths of the transmission intervals in the NCS model and forthcoming analysis. It is this extra condition
on the RADT that will allow us to obtain higher bounds for the MATI than
what can be obtained based on the analysis in [50] or as in Chapter 7. We will
therefore embed the RADT condition (8.4) (in addition to the, due to hardware
limitations, always present, MIATI bound) in our NCS setup instead of using
(8.3). To this end, we first introduce a ‘hybrid clock’ that allows us to include
the RADT and the MIATI/MATI bounds in the hybrid model for the NCS as
described in [50, 192, 193].
Remark 8.1 Observe that the RADT constraint of (8.4) thus also directly provides a bound on the maximal allowed time in between jumps of the hybrid system
(cf. the MATI) in the form of the value N0 τr∗-dt for some N0 ≥ 1. Indeed, in
with τr∗-dt ≤ τmati such that the RADT
the case of NCSs we can take N0 ≥ ττmati
∗
r -dt
constraint (8.4) guarantees that there exists an upper bound smaller or equal to
τmati on the transmission intervals tj+1 − tj , j ∈ N, of the NCS, similar to condition (8.3). Moreover, in the case of N0 = 1, τr∗-dt actually represents a MATI
for the NCS in the sense of condition (8.3), i.e., all transmission intervals may
be at most of length τmati = τr∗-dt time units. Note now that in [125, 126] the
presence of such an upper bound N0 τr∗-dt on the transmission intervals is not exploited in the analysis as their stability results are independent of N0 ≥ 1. Here,
however, we do need the explicit upper bound τmati ≤ N0 τr∗-dt for the Lyapunov
function construction, as we will see in Section 8.3 below. Obviously, (8.4) with
N0 ≥ ττmati
also relates the values for τr∗-dt and τmati to each other, i.e., when we
∗
r -dt
on average transmit slightly faster/slower (take τr∗-dt lower/higher), then τmati
can be larger/smaller (as N0 is allowed to be larger/smaller).

8.2.3

A RADT augmented hybrid model for the NCS

Unfortunately, the existing hybrid clocks from literature do not incorporate the
MIATI, the MATI and the RADT constraint simultaneously on the transmission instants. Indeed, existing hybrid clocks for NCSs as in [192] and [50] only
model the constraint (8.3), while the hybrid clocks as in [194, Remark 17], [196,
Proposition 3.2], or [46, Proposition 1.2] only model the RADT constraint (8.4).
Therefore, we introduce in this chapter a novel hybrid clock T , consisting of
the timer variable τ ∈ R≥0 and the memory variable s ∈ R initialized at a value
s(0, 0) ≤ τmati − τmiati , and which is given by the hybrid system
⎧
τ̇ = 1
⎪
⎪
⎪
}
⎪
⎪
⎪
⎪ ṡ = 0
T ∶⎨ +
⎪
τ = max{0, τ − τr∗-dt }
⎪
⎪
⎪
}
⎪
+
∗
⎪
⎪
⎩ s = max{0, τ − τr -dt }

when τ ∈ [0, τmati ]
(8.5)
when τ ∈ [s + τmiati , τmati ]
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for 0 < τmiati ≤ τr∗-dt ≤ τmati . The variable s is used to ‘remember’ to which value
τ was reset after a jump has occurred, which is needed to incorporate the MIATI
bound, and is therefore reset to the same value as τ at a jump of the hybrid
system but kept constant in between jump times. Moreover, the value for τ − s
keeps track of the time elapsed since the last jump of the hybrid system (cf. the
last transmission instant of the NCS), which is in contrast to the existing hybrid
clocks in the NCS literature, see, e.g., [50, 192], where the timer τ itself already
provided a direct indication of the elapsed time. This is a result of the value for
τ in this case not (always) being reset to zero after a jump (cf. transmission) has
occurred, but rather to the value max{0, τ − τr∗-dt }, while in [50, 192] the clock τ
is always reset to zero.
Combining the above properties, we can state the following.
Proposition 8.1 Let 0 < τmiati ≤ τr∗-dt ≤ τmati be given. A hybrid time domain
E with its sequence of jump times {tj }j∈N , satisfies
tj+1 − tj ≥ τmiati
(t̄ − t) − τmati
j−i≥
τr∗-dt

for all j ∈ N

(8.6a)

for all (t, i), (t̄, j) ∈ E
with t̄ + j ≥ t + i

(8.6b)

if and only if E = dom(τ, s) for some solution (τ, s) to (8.5) with initial state
set X0 = [0, τmati ] × (−∞, τmati − τmiati ].
The proof is given in Appendix E.1. Note that condition (8.6a) corresponds to
ensuring that two consecutive jumps of the hybrid clock are separated by at least
τmiati time units, while condition (8.6b) is equivalent to (8.4) with N0 = ττmati
∗
r -dt
(and therefore models the RADT and the MATI constraints, see Remark 8.1).
Hence, this new hybrid clock takes care of the MIATI, the MATI, and the
constraint on the average allowable transmission interval expressed by means of
the RADT.
Combining now the continuous-time properties of the plant and the controller as given by (8.1), the network protocol (8.2), and the timing properties
of the network modeled using the hybrid clock T in (8.5), the NCS setup can
be expressed as a hybrid model of the form (2.4), where each jump of the hybrid system corresponds to an update of the networked values and that satisfies
both (8.3) and (8.4) (cf. (8.6)). To do so, for the modeling of certain scheduling
protocols, we also need to introduce a counter κ ∈ N0 , which keeps track of the
number of transmissions, see [50, 192]. In particular, following from (8.2), we
consider the class of scheduling protocol functions h ∶ N0 × Rme → Rme for which
the error dynamics at jumps of the hybrid system are given by
e+ = h(κ, e).

(8.7)

Examples of such scheduling protocols are the sampled-data (SD), round-robin
(RR), and try-once-discard (TOD) protocols [192], see also Chapter 5.
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Based on the above and following [192] and [50], we thus obtain that the
NCS described by (8.1)-(8.4) can be expressed as the hybrid system Hncs given
by
ξ˙ = F (ξ) when τ ∈ [0, τmati ]
Hncs ∶ { +
(8.8)
ξ = G(ξ) when τ ∈ [s + τmiati , τmati ]
with its full state
ξ ∶= ((xp , xc ), e, (τ, s), κ) ∈ X ∶= Rmx × Rme × [0, τmati ] × R × N0
and set of initial conditions X0 ∶= Rmx ×Rme ×[0, τmati ]×(−∞, τmati −τmiati ]×N0 ,
and where F (ξ) ∶= (f (x, e), g(x, e), 1, 0, 0) and G(ξ) ∶= (x, h(κ, e), max{0, τ −
τr∗-dt }, max{0, τ − τr∗-dt }, κ + 1) with x ∶= (xp , xc ) ∈ Rmx , mx = mxp + mxc , and
⎤
⎡ ∂gp
⎢−
fp (xp , gc (xc ) + eu )⎥⎥
p
and g(x, e) ∶= ⎢⎢ ∂x
⎥.
∂gc
fc (xc , gp (xp ) + ey ) ⎥
⎢ − ∂x
c
⎦
⎣

f (x , g (x ) + eu )
f (x, e) ∶= [ p p c c
]
fc (xc , gp (xp ) + ey )

Using this augmented hybrid system (8.8), we will now analyze for which pairs
of (τr∗-dt , τmati ) the set
E ∶= {ξ ∈ X ∣ x = 0 and e = 0}

(8.9)

is guaranteed to be UGES according to Definition 2.13 for the NCS.

8.3

A Lyapunov-Based Stability Analysis

A fundamental tool in the stability analysis for hybrid systems (and in particular
NCSs) is the use of Lyapunov theorems and its corresponding Lyapunov function
[50, 96]. Therefore, in this section, we analyze the stability of the hybrid model
(8.8) for the NCS by means of constructing a genuine Lyapunov function in the
sense that it strictly decreases during flows (i.e., in between transmission times)
and does not increase during jumps (i.e., when an update of the networked values
occurs), see also (8.10) below. This will directly lead to conditions on the RADT
and the MATI such that UGES of the set E is guaranteed.

8.3.1

The Lyapunov function and conditions

Following [50, 96] and in line with the works [110, 195, 239] and the results of
Chapter 7, we say that a function U ∶ X → R≥0 is a (hybrid) Lyapunov function
for the hybrid system (8.8) if U is locally Lipschitz, positive definite, and radially
unbounded with respect to the set E in the sense that there exist constants
αU , αU > 0 such that for all ξ ∈ X
2

2

αU ∣ξ∣E ≤ U (ξ) ≤ αU ∣ξ∣E ,

(8.10a)
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and if U satisfies for some constant δ > 0 for (almost) all ξ ∈ X
⟨∇U (ξ), F (ξ)⟩ ≤ −δU (ξ),
U (G(ξ)) − U (ξ) ≤ 0,

when τ ∈ [0, τmati ]

(8.10b)

when τ ∈ [s + τmiati , τmati ]

(8.10c)

with F (ξ) and G(ξ) as in (8.8). Based on (8.10) and the fact that there is always
at least τmiati > 0 time units between jumps (as a result of Proposition 8.1), we
have the following result, commonly known in the hybrid literature.
Theorem 8.1 Consider the hybrid system Hncs on X given by (8.8). If there
exists a Lyapunov function U ∶ X → R≥0 for Hncs , then the set E given by (8.9)
is UGES.
The proof directly follows from the proof of [50, Theorem 1]. To obtain now
bounds on the values for the RADT and the MATI (which will depend on the
value for the RADT as we will see below) for which the NCS is UGES, we aim
to construct a Lyapunov function U for the hybrid system (8.8), which satisfies
(8.10). To do so, in line with [50, 192, 195], we first make the following general
assumption.
Assumption 8.1 Consider the hybrid system Hncs as in (8.8). There exist a
function W ∶ N0 × Rme → R≥0 that is locally Lipschitz in its second argument, a
locally Lipschitz function V ∶ Rmx → R≥0 , a continuous function H ∶ Rmx → R,
and constants λ ∈ (0, 1), L ≥ 0, αW , αW , αV , αV , ε, γ > 0 such that the following
hold:
1. For all κ ∈ N0 and e ∈ Rme
αW ∣e∣ ≤ W (κ, e) ≤ αW ∣e∣
W (κ + 1, h(κ, e)) ≤ λW (κ, e).

(8.11a)
(8.11b)

2. For all κ ∈ N0 , x ∈ Rmx , and almost all e ∈ Rme
⟨
3. For all x ∈ Rmx

∂W (κ, e)
, g(x, e)⟩ ≤ LW (κ, e) + H(x).
∂e

2

2

αV ∣x∣ ≤ V (x) ≤ αV ∣x∣ .

(8.12)

(8.13)

4. For all κ ∈ N0 , e ∈ Rme , and almost all x ∈ Rmx
⟨∇V (x), f (x, e)⟩ ≤ −ε2 V (x) − H 2 (x) + γ 2 W 2 (κ, e).

(8.14)
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This assumption is essentially the same as the main assumption [50, Assumption 1]. Moreover, these conditions (8.11)-(8.14) have been proven to be systematically checkable for various classes of NCSs, see, e.g., [8, 78, 108, 110, 163, 211].
In particular, we can divide the assumption in a part that is related to stability
of the error dynamics of the NCS and a part that is related to stability of the
closed-loop dynamics of the NCS, which is characteristic for the emulation-based
approach for NCSs as exploited in this chapter. To be more precise, condition
(8.11) means that the scheduling protocol is UGES, a notion introduced in [192],
and is therefore directly related to the ‘discrete’ error dynamics (8.7) of the NCS.
The SD, RR, and TOD protocols are, among others, UGES scheduling protocols,
for which the functions W are provided in [192]. On the other hand, conditions
(8.13) and (8.14) are related to finding a Lyapunov function for the closed-loop
dynamics ẋ = f (x, e) that establishes an L2 -gain γ from W to H. The remaining part is then to connect condition (8.11) on the one hand and conditions
(8.13) and (8.14) on the other hand, which is done via condition (8.12), which
is an exponential growth condition on W along the solutions of the error system
ė = g(x, e) between two consecutive transmission instants. For more information
concerning this type of analysis we refer to [50, 192].
In view of Assumption 8.1 and inspired by [50] and the results from Chapter
7, we propose for the hybrid system (8.8) to take, for any ξ ∈ X, the function
U (ξ) = φV (τ )V (x) + γφW (τ )W 2 (κ, e)

(8.15)

as a candidate Lyapunov function where φV , φW ∶ [0, τmati ] → R≥0 are some
functions to be designed. Certainly, these functions need to have strictly positive
c
c
lower and upper bounds, i.e., there exist constants φcV , φV , φcW , φW ∈ R>0 such
that
c
(8.16a)
φcV ≤ φV (τ ) ≤ φV
and

c

φcW ≤ φW (τ ) ≤ φW

(8.16b)

for all τ ∈ [0, τmati ]. Note that (8.16) in combination with (8.11a) and (8.13)
will guarantee that U satisfies (8.10a).
The objective is now to construct the functions φV and φW to ensure (8.10b)(8.10c) and (8.16). A reader, who is not interested in the proof techniques, may
directly go to Section 8.3.4 on page 198 to find the statement of the main result.
Remark 8.2 The construction of the Lyapunov function as given by (8.15) generalizes prior constructions from [50] for NCSs by means of the functions φV and
φW , see also Chapter 7. Indeed, by choosing φV (τ ) = 1 for all τ ∈ R≥0 and φW
as in [50, Claim 1], we recover the Lyapunov function as used in [50] as a special
case. It is this flexibility with respect to φV and φW that allows us to exploit the
RADT condition in a Lyapunov-based analysis for NCSs, as we will see below.
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Remark 8.3 The Lyapunov conditions as in (8.10) can be directly linked to
the ‘non-monotonic’ Lyapunov conditions1 that are typically used for verifying
stability of hybrid systems that exploit a RADT condition like (8.4), as stated in,
e.g., [125, 126]. That is, based on the result from [126, Corollary 1], it follows
that UGES for the hybrid system Hncs given by (8.8) is guaranteed when, for
d
with d > 0 and c < 0, there exists a ‘non-monotonic’ Lyapunov
some τr∗-dt < ∣c∣
function U satisfying for some constants αU , αU > 0 for (almost) all ξ ∈ X
2

2

αU ∣ξ∣E ≤ U(ξ) ≤ αU ∣ξ∣E

(8.17a)

⟨∇U(ξ), F (ξ)⟩ ≤ −c U(ξ),
U(G(ξ)) ≤ e

−d

U(ξ),

when τ ∈ [0, τmati ]

(8.17b)

when τ ∈ [s + τmiati , τmati ].

(8.17c)

The Lyapunov conditions of (8.17) translate to the ‘non-monotonic’ Lyapunov
function U being allowed to increase during flows of the hybrid system Hncs , but
decreases during jumps. As such, the Lyapunov conditions (8.17) imply that,
when there is a sufficient amount of jumps (i.e., updates of the networked values)
expressed by means of a bound on τr∗-dt , the overall ‘non-monotonic’ Lyapunov
function U will decrease over time and stability of the NCS is guaranteed, which
is consistent with the concept of RADT as discussed in Section 8.2.2. Indeed,
d
from U with τr∗-dt < ∣c∣
we can directly construct a genuine Lyapunov function U
satisfying (8.10). In particular, consider for some c̃ > ∣c∣ the function, ξ ∈ X,
U (ξ) = e−c̃τ U(ξ)

(8.18)

and recall that τ ∈ R≥0 models part of the timer with τ̇ = 1 and τ + = max{0, τ −
τr∗-dt }. We observe that (8.17b) implies during flows, for almost all ξ ∈ X with
τ ∈ [0, τmati ], that
⟨∇U (ξ), F (ξ)⟩ = −c̃τ̇ e−c̃τ U(ξ) + e−c̃τ ⟨∇U(ξ), F (ξ)⟩
(8.17b)

≤

(−c̃ − c)e−c̃τ U(ξ) = (−c̃ − c)U,

and, hence, we indeed have that the function U is strictly decreasing since c̃ > ∣c∣.
Moreover, at a jump of the hybrid system Hncs , (8.17c) implies that for ξ ∈ X
with τ ∈ [s + τmiati , τmati ]
∗

U (G(ξ)) = e−c̃ max{0,τ −τr -dt } U(G(ξ))
(8.17c)

≤

∗

e−c̃ max{0,τ −τr -dt } e−d U(ξ)
∗

= e−c̃ max{0,τ −τr -dt } e−d ec̃τ U (ξ)

(8.18)

∗

= ec̃ min{τ,τr -dt } e−d U (ξ).
1 A Lyapunov function is called ‘non-monotonic’ when it is allowed to increase along the
continuous or discrete dynamics, see [7, 177, 240].
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Hence, by observing now that, for τr∗-dt ≤ dc̃ , we have that
min{τ, τr∗-dt } ≤

d
c̃

⇒

c̃ min{τ, τr∗-dt } − d ≤ 0

⇒

ec̃ min{τ,τr -dt } e−d ≤ 1

∗

and that the value for c̃ can be chosen arbitrarily close to the value ∣c∣, also
d
(8.10c) is satisfied for U since τr∗-dt < ∣c∣
. As such, if the standard RADTlike ‘non-monotonic’ Lyapunov function construction based on (8.17) guarantees
UGES for the NCS, we can also work with a genuine hybrid Lyapunov function
satisfying (8.10). Moreover, since our model Hncs already embeds the RADT
constraint via the hybrid clock (8.5), it is more elegant to work with the Lyapunov
conditions of (8.10) rather than (8.17) (otherwise we would have to invoke the
RADT constraint twice as it is included in our model and needs to be used in
combination with (8.17), which is unnatural in our view). Hence, to obtain
a cleaner analysis and ‘simpler’ conditions on the RADT/MATI, we prefer to
directly construct a Lyapunov function satisfying (8.10).

8.3.2

Designing the functions φV and φW

Firstly, consider condition (8.10b). We obtain for almost all (x, e) ∈ Rmx × Rme
and all (κ, τ ) ∈ N0 × [0, τmati ] that
d
φW (τ )) W 2 (κ, e)
dτ
∂W (κ, e)
d
, g(x, e)⟩
+ ( φV (τ )) V (x) + 2γφW (τ )W (κ, e) ⟨
dτ
∂e
(8.12),(8.14)
d
d
≤
( φV (τ )) V (x) + γ ( φW (τ )) W 2 (κ, e)
dτ
dτ
+ φV (τ ) (−ε2 V (x) − H 2 (x) + γ 2 W 2 (κ, e))

⟨∇U (ξ), F (ξ)⟩ = φV (τ ) ⟨∇V (x), f (x, e)⟩ + γ (

+ 2γφW (τ )W (κ, e) (LW (κ, e) + H(x))
d
= ( φV (τ ) − ε2 φV (τ )) V (x) − φV (τ )H 2 (x) + γ 2 φV (τ )W 2 (κ, e)
dτ
d
+ γ ( φW (τ )) W 2 (κ, e) + 2γφW (τ )LW 2 (κ, e)
dτ
+ 2γφW (τ )H(x)W (κ, e).
Although there are at this point multiple possibilities in choosing the functions
φV and φW , it follows from the above inequality that a natural choice for φV
is to take it as the positive nondecreasing exponential function given for some
small enough constant δ > 0 (i.e., δ ≤ ε2 ) by
d
φV (τ ) = (ε2 − δ)φV (τ )
dτ

⇔

φV (τ ) = e(ε

2

−δ)τ

φV (0)

(8.19)
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with φV (0) = φcV > 0, satisfying (8.16a). Moreover, when we observe that
√
1
2γφW (τ )H(x)W (κ, e) = 2γφW (τ ) φV (τ ) √
H(x)W (κ, e)
φV (τ )
≤ γ2

φ2W (τ ) 2
W (κ, e) + φV (τ )H 2 (x),
φV (τ )

we obtain, in combination with (8.19), that
d
φW (τ )) W 2 (κ, e)
dτ
φ2 (τ )
+ (2γLφW (τ ) + γ 2 ( W
+ φV (τ ))) W 2 (κ, e).
φV (τ )

⟨∇U (ξ), F (ξ)⟩ ≤ −δφV (τ )V (x) + γ (

As such, it also follows that a convenient choice for φW ∶ [0, τmati ] → R≥0 is to
take it according to the (nonlinear) differential equation
φ2 (τ )
d
φW (τ ) = −2LφW (τ ) − γ ( W
+ φV (τ )) − δφW (τ ),
dτ
φV (τ )

(8.20)

because, when choosing so, we obtain that
⟨∇U (ξ), F (ξ)⟩ ≤ −δφV (τ )V (x) − δγφW (τ )W 2 (κ, e)

(8.21)

= −δU (ξ),
which implies that (8.10b) is satisfied.
Remark 8.4 Note that the choice of (8.20) for the function φW follows from
the analysis in a similar fashion as was the case in the analysis of [50, Theorem
1], although we obtain a different differential equation here.
It is interesting and important to observe that (8.20) is a so-called Chini
equation [54, 56], which is of the general form
d
y(τ ) = f (τ )y n (τ ) − g(τ )y(τ ) + h(τ )
dτ
with n = 2, f (τ ) = − φVγ(τ ) , g(τ ) = 2L + δ, and h(τ ) = −γφV (τ ). Moreover, as the
condition number, see [140, p. 303],
f (τ )−n−1 h(τ )−2n+1 (f (τ ) (
=

4
2
(2L + 2δ − ε2 )
γ2

d
d
h(τ )) − ( f (τ )) h(τ ) − ng(τ )f (τ )h(τ ))
dτ
dτ

n
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is independent of τ , it follows that we can express the function φW by means of
a separation of variables given by
1/n

φW (τ ) = (

h(τ )
)
f (τ )

φ̃W (τ ) = φV (τ )φ̃W (τ )

(8.22)

where the function φ̃W ∶ [0, τmati ] → R≥0 is given by the (nonlinear) differential
equation
d
φ̃W (τ ) = −(2L + ε2 )φ̃W (τ ) − γ (φ̃2W (τ ) + 1) ,
(8.23)
dτ
which is the same as the function φ in [50, Claim 1] for ε = 0. Indeed, from
(8.22) if follows that
d
d
d
φW (τ ) = ( φV (τ )) φ̃W (τ ) + φV (τ ) ( φ̃W (τ ))
dτ
dτ
dτ
(8.19),(8.23)

=

(ε2 − δ)φV (τ )φ̃W (τ )

+ φV (τ ) (−(2L + ε2 )φ̃W (τ ) − γ (φ̃2W (τ ) + 1))
= (ε2 − δ)φV (τ )

φ2 (τ )
φW (τ )
φW (τ )
+ φV (τ ) (−(2L + ε2 )
−γ( W
+ 1))
φV (τ )
φV (τ )
φ2V (τ )

= −(2L + δ)φW (τ ) − γ (

φ2W (τ )
+ φV (τ )) ,
φV (τ )

which is indeed (8.20). Hence, for the Lyapunov function U of (8.15) with the
choices of φV and φW as given by (8.19) and (8.20), respectively, we actually
have that
U (ξ) = φV (τ ) (V (x) + γ φ̃W (τ )W 2 (κ, e)) .
(8.24)
Using this result, we now shift our attention to condition (8.10c) by considering the situation in which an update of the networked values is performed, i.e.,
a jump occurs in the hybrid system (8.8) with τ ∈ [s + τmiati , τmati ]. This gives
for ξ ∈ X
U (G(ξ))
= φV (max{0, τ − τr∗-dt })(V (x) + γ φ̃W (max{0, τ − τr∗-dt })W 2 (κ + 1, h(κ, e)))
≤ e−(ε

2

−δ)τmiati

φV (τ )(V (x) + γ φ̃W (max{0, τ − τr∗-dt })λ2 W 2 (κ, e)).

(8.25)

The first term in (8.25), i.e., e−(ε −δ)τmiati φV (τ ), follows from the fact that φV is
a nondecreasing function according to (8.19) and, as such, it decreases in value
when τ decreases in value (which is the case during a jump of the system). In
particular, for any τ1 , τ2 ∈ R≥0 , we have that
2

φV (τ2 ) = e(ε

2

−δ)(τ2 −τ1 )

φV (τ1 ).
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As such, when τ1 = τ and τ2 = max{0, τ − τr∗-dt } (and, hence, τ1 > τ2 ), we obtain
that
φV (max{0, τ − τr∗-dt }) = e(ε
=e
≤e

2

−δ) max{−τ,−τr∗-dt }

−(ε2 −δ) min{τ,τr∗-dt }
−(ε2 −δ)τmiati

φV (τ )

φV (τ )

φV (τ )

since τ ≥ τmiati (due to the fact that a jump of the system can only take place
when τ ≥ s + τmiati with s ≥ 0, see also Proposition 8.1) and τmiati ≤ τr∗-dt .
Observe now that
2
e−(ε −δ)τmiati φV (τ ) ≤ φV (τ )
(8.26)
since δ ≤ ε2 , which is required for (8.10c) to be satisfied.
For the second term in (8.25), it follows that, in order for (8.10c) to hold, we
should also have that
e−(ε

2

−δ)τmiati 2

λ φ̃W (max{0, τ − τr∗-dt }) ≤ φ̃W (τ ).

(8.27)

In other words, we need to make sure that the decrease in value of the function
φW over any time interval of length smaller or equal to τr∗-dt time units is never
2
larger than a factor e−(ε −δ)τmiati λ2 , i.e., it should hold that
φ̃W (τ1 )
φ̃W (τ2 )

≤ e(ε

2

−δ)τmiati

1
λ2

(8.28)

for any τ1 , τ2 ∈ [0, τmati ] with 0 ≤ τ2 − τ1 ≤ τr∗-dt . Unfortunately, this condition
cannot be directly verified for the function φ̃W as it involves a numerical check
for an infinite amount of points. Therefore, to verify (8.28) we aim to bound the
derivative of the function φ̃W from below by considering the following lemma,
whose proof is given in Appendix E.2.
Lemma 8.1 When the function φ̃W ∶ [0, τmati ] → R≥0 is such that for all τ ∈
[0, τmati ] it holds that
d
φ̃W (τ ) ≥ λW φ̃W (τ )
(8.29)
dτ
with
ln(λ2 ) − (ε2 − δ)τmiati
λW ∶=
,
(8.30)
τr∗-dt
then φ̃W satisfies (8.28) (and therefore also (8.27)).
Hence, from Lemma 8.1 it follows that, when (8.29) holds with (8.30), we
obtain, in view of (8.25) and (8.26), that
U (G(ξ)) ≤ φV (τ )V (x) + γ
≤ U (ξ),
and, hence, (8.10c) is also satisfied.

1
φW (τ )λ2 W 2 (κ, e)
λ2

(8.31)
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Based on (8.21) and (8.31), we thus conclude by application of Theorem 8.1
that, for the choice of Lyapunov function U given by (8.15) with (8.19) and
(8.20) (cf. (8.24) with (8.19) and (8.23)), the set E is UGES for the NCS, under
the condition that (8.16b) and (8.29) hold. We therefore now need to identify
conditions on the RADT τr∗-dt and the MATI τmati such that (8.16b) and (8.29)
are satisfied.
Remark 8.5 There exists quite some similarity in the Lyapunov function constructions of (8.24) and (8.18) as both of them satisfy the Lyapunov conditions
(8.10) and consist of a nondecreasing exponential function multiplied with a nonlinear function. However, while the function U as in (8.18) satisfies the ‘nonmonotonic’ Lyapunov conditions (8.17), the function
Ũ (ξ) ∶= V (x) + γ φ̃W (τ )W 2 (κ, e)
as in (8.24) satisfies the Lyapunov conditions (8.10) (when (8.16b) and (8.29)
hold). Note here also that the function Ũ is essentially the same as the Lyapunov
function as used in [50, Proof of Theorem 1]. This implies that the inclusion of
the RADT condition does not inherently change the behavior of the Lyapunov
function with respect to [50], making it indeed more natural to consider the Lyapunov construction from (8.24) in the analysis for NCSs.
Remark 8.6 We would like to have that the value for ∣λW ∣ in (8.29) is as large
as possible, which again underlines the trade-off between the values for τr∗-dt and
τmati as discussed in Remark 8.1. In particular, from (8.29) it follows that when
the value for τr∗-dt is taken larger, ∣λW ∣ becomes smaller (i.e., closer to zero),
and, hence, (8.29) imposes a stricter condition on the function φ̃W , making it
d
more difficult to be satisfied for ‘large’ values of τmati . Fortunately, as dτ
φ̃W (τ )
will always have a finite value for all τ ∈ [0, τmati ] as a result of (8.16), we
have that for a small enough value for τr∗-dt > τmiati (and, therefore, also for
τmiati > 0), it can be realized that λW < 0 is small enough and, therefore, that
there always exists some finite τmati ≥ τr∗-dt ≥ τmiati for which (8.29) holds.
Remark 8.7 Hypothetically, having τmiati = 0 in the value for λW (and, hence,
in (8.27) and (8.28)) would already be sufficient for (8.31) (cf. (8.10c)) to be
satisfied. As such and since for larger values of τmiati > 0 the value for ∣λW ∣
becomes larger, it directly follows, similar to the results from Chapter 7, that
exploiting knowledge on the existence of a positive MIATI leads to higher values
for the MATI (when δ < ε2 ), see also Remark 8.6.

8.3.3

Ensuring (8.16b) and (8.29)

Combining (8.23) and (8.29), it follows that (8.29) can be rewritten for all τ ∈
[0, τmati ] as
−γ (φ̃2W (τ ) + 1) − (2L + ε2 ) φ̃W (τ ) ≥ λW φ̃W (τ )
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or, equivalently, as
γ φ̃2W (τ ) + (2L + ε2 + λW ) φ̃W (τ ) + γ ≤ 0,

(8.32)

which is a polynomial inequality of degree 2 in φ̃W for which we can consider
the following well-known lemma.
Lemma 8.2 For a, b, c ∈ R with a > 0, we have that ax2 + bx + c ≤ 0 if and only
b2
, and
if c < 4a
√
√
1 ⎛ b2 − 4ac b ⎞
1 ⎛ b2 − 4ac b ⎞
−
+
≤x≤
−
.
2⎝
a2
a⎠
2⎝
a2
a⎠

(8.33)

Hence, finding the (maximal) value for τmati such that (8.32) (cf. (8.29))
holds is now equivalent to verifying for which (maximal) value for τmati the
conditions of Lemma 8.2 are satisfied for a given τmiati > 0 and τr∗-dt > τmiati ,
where we define
a = γ, b = 2L + ε2 + λW , and c = γ.
(8.34)
As such, using Lemma 8.2, we have that the following condition (cf. c <
should hold

b2
)
4a

2

γ<

(2L + ε2 + λW )
4γ

⇔ 4γ 2 < (2L + ε2 + λW )
⇔

2

∣2L + ε2 + λW ∣ > 2γ.

(8.35)

In addition to this result, the bounds in (8.33) should also be verified for the
given values in (8.34). To this end, we compute using (8.34)
√

¿
√
2
b2 − 4ac Á
Á
À (2L + ε2 + λW ) − 4γ 2 = 1 (2L + ε2 + λ )2 − 4γ 2
=
W
a2
γ2
γ

(8.36a)

(which is always positive as a result of (8.35)) and
b 1
= (2L + ε2 + λW ) .
a γ

(8.36b)

Hence, we can now explicitly compute the lower and upper bounds for the function φ̃W based on (8.33) such that (8.32) (cf. (8.29)) holds. In particular, based
on (8.33) and (8.36), we have that for all τ ∈ [0, τmati ] it should hold that
φ̃W ≤ φ̃W (τ ) ≤ φ̃W

(8.37)
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with
φ̃W ∶= −
φ̃W ∶=

√
1
2
( (2L + ε2 + λW ) − 4γ 2 + (2L + ε2 + λW ))
2γ
√
1
2
( (2L + ε2 + λW ) − 4γ 2 − (2L + ε2 + λW )) .
2γ

However, in order to have a strictly positive upper bound φ̃W following from
(8.16b), it must, in addition to (8.35), hold that
2L + ε2 + λW < 0.

(8.38)

Fortunately, we can now obtain that both conditions (8.35) and (8.38) are satisfied when
2L + ε2 +
⇒

ln(λ2 ) − (ε2 − δ)τmiati
< −2γ
τr∗-dt

τr∗-dt < ∣

ln(λ2 ) − (ε2 − δ)τmiati
∣.
2γ + 2L + ε2

(8.39)

Moreover, as a direct result of (8.39) (cf. (8.38)), it now also follows that the
lower bound on φ̃W is strictly positive, i.e., φ̃W > 0. This implies that when the
RADT τr∗-dt satisfies (8.39), then also condition (8.16b) holds. In addition, when
we choose φ̃W (0) = φ̃W , we can directly compute the value for τmati as being
the point in time at which
φ̃W (τmati ) = φ̃W
(8.40)
since φ̃W is a strictly decreasing function, where, in addition, the MATI τmati
has the highest possible value it can attain while satisfying (8.32). Moreover, as
−1

(φ̃W )

= 2γ √

1
(2L + ε2 + λW )2 − 4γ 2 − (2L + ε2 + λW )

√

(2L + ε2 + λW )2 − 4γ 2 + (2L + ε2 + λW )
(2L + ε2 + λW )2 − 4γ 2 − (2L + ε2 + λW )2
1 √
= − ( (2L + ε2 + λW )2 − 4γ 2 + (2L + ε2 + λW ))
2γ

= 2γ

= φ̃W ,
we can additionally use the result from [50, Claim 1] to obtain an explicit expression for the MATI.
In summary, we have thus identified conditions (i.e., (8.35), (8.37) and (8.38))
under which the inequality (8.29) indeed holds and (8.16b) is satisfied, and, in
particular, we can now compute the pairs (τr∗-dt , τmati ) by means of (8.39) and
(8.40) for which the NCS is UGES. As such, we can state our main result.
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Main result

When we collect the results as found above, we can state the following theorem.
Theorem 8.2 Under Assumption 8.1 and for a given value of the MIATI τmiati >
0, if the RADT τr∗-dt ≥ τmiati satisfies for some constants 0 < δ < ε2 and
ψ ∶= 2L + ε2 the bound
τr∗-dt < ∣

ln(λ2 ) − (ε2 − δ)τmiati
∣,
2γ + ψ

(8.41)

and if the MATI τmati ≥ τr∗-dt satisfies the bound τmati ≤ T (λ, τr∗-dt ) where

1
with σ ∶= − 2γ

⎧
⎪
2
⎪
⎪
arctan ( σ r(1−σ)
),
⎪
ψr
⎪
2 1+σ ( 2γ
⎪
ψ −1)+1+σ
⎪
⎪
⎪
,
T (λ, τr∗-dt ) = ⎨ ψ2 1−σ
1+σ
⎪
⎪
⎪
⎪
2
⎪
⎪
arctanh ( σ r(1−σ)
),
⎪
⎪
ψr
2 1+σ ( 2γ
⎪
ψ −1)+1+σ
⎩
√
2
( (ψ + λW ) − 4γ 2 + (ψ + λW )) > 0,

λW

ln(λ2 ) − (ε2 − δ)τmiati
∶=
,
τr∗-dt

2γ > ψ
2γ = ψ

(8.42)

2γ < ψ

√
and

r ∶=

2

∣( 2γ
) − 1∣,
ψ

then the set E given by (8.9) is UGES for the hybrid system (8.8).
Based on the explicit bounds presented in Theorem 8.2, the value for the
MATI τmati indeed depends on the value for the RADT τr∗-dt through λW , as
expected based on Remarks 8.1 and 8.6. In particular, the value for τmati increases when the value for ∣λW ∣ increases (as the value for σ decreases in this
case, i.e., becomes closer to 0), which corresponds to having a smaller value for
τr∗-dt . As such, choosing τr∗-dt > τmiati as small as possible (i.e., essentially equal
to the value for the MIATI) will always give the highest possible value for the
MATI, while for increasing values of τr∗-dt we have that τmati becomes smaller.
This trade-off between the values for the RADT and the MATI will also be
evident in the Section 8.4, where Theorem 8.2 will be applied to a numerical
example to illustrate the application of our results by obtaining for each feasible
RADT2 τr∗-dt its corresponding maximal value for the MATI τmati ≥ τr∗-dt .
The above observations and reasoning, however, also have some consequences
for the maximal attainable improvement of the MATI and for the so-called
sampled-data (SD) case, as we will show first in the next subsection.
2 By a feasible τ ∗ , we mean a RADT for which there exists a MATI τ
∗
mati > τr -dt such
r -dt
that UGES for the NCS is guaranteed.
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Remark 8.8 To obtain the highest possible values for the pair (τr∗-dt , τmati ),
we will take, in practice, δ > 0 as small as possible (i.e., essentially zero) since
this results in the highest possible value for ∣λW ∣ as desired, see Remark 8.6.
Moreover, it follows from both the bounds (8.41) and (8.42) for τr∗-dt and τmati ,
respectively, that they are maximal when γ is taken as small as possible (while
satisfying (8.14)). Similarly, it also follows that having ε large would in general
lead to higher values of the RADT and the MATI, especially when the value for
the MIATI is large, see also Remark 8.7. However, this would also lead to the
value of γ being larger due to constraint (8.14), which results in lower values for
the RADT and the MATI. Therefore, we will in general take ε small, however,
it is this balancing effect that might give in some specific cases better results for
larger values of ε.
Remark 8.9 Throughout the section, several design choices are made, e.g., constructing a Lyapunov function satisfying (8.10) instead of (8.17) or verifying
(8.28) by means of Lemma 8.1. Although these choices were educated and helped
in trimming the number of free parameters, they still might introduce some conservatism in the results. Nevertheless, the numerical example in Section 8.4
shows that we can obtain a significant improvement for the MATI with respect
to the results in [50] and Chapter 7. Moreover, we made these choices to obtain
a much cleaner and natural analysis, and more transparent conditions.

8.3.5

Upper bounding the MATI and the SD case

Based on the results from Theorem 8.2 and [50], it is possible to obtain an upper
bound on the value of T (λ, τr∗-dt ) for some λ > 0, depending on the RADT τr∗-dt .
This provides valuable insights with respect to the maximal improvement of the
MATI we can achieve using Theorem 8.2, which are especially interesting for the
so-called sampled-data (SD) case (see Remark 8.14). To substantiate this, we
will first make use of the following reasoning.
Consider for a given τmiati , τr∗-dt , and τmati = T (λ, τr∗-dt ), satisfying Theorem
8.2, the possible periodic sequence of transmission times as depicted in Figure
8.2, consisting of one transmission after τmati time units, immediately succeeded
by N − 1 consecutive transmissions each after τmiati time units with
N ∶= ⌈

τmati − τmiati
⌉,
τr∗-dt − τmiati

and repeated with period τmati + (N − 1)τmiati afterwards. This sequence of
transmission times satisfies (8.6) with an average transmission interval of
1 ⋅ τmati + (N − 1) ⋅ τmiati
≤ τr∗-dt .
N
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τmiati
τmati

0

τmiati

t1 t2 t3

τmati

t5

t9

time t !

Figure 8.2: Illustration of a periodic sequence of transmission times tj ∈ R≥0 , j ∈ N, consisting
of one transmission after τmati time units, immediately succeeded by a number of consecutive
transmissions each after τmiati time units.

When we now take τmiati = 0, the sequence of transmission times from Figure
8.2 reduces to having
τmati
N =⌈ ∗ ⌉
τr -dt
transmissions after τmati time units, i.e., the error update (8.7) based on the
scheduling protocol is applied N times at one time instant. The consequences
of this scenario for the function φ̃W are illustrated in Figure 8.3(a).
Remark 8.10 In the (hypothetical) case that τmiati = 0, Theorem 8.2 can still
be applied to conclude stability when non-Zenoness is assumed, i.e., when for
the transmission times tj , j ∈ N, it holds that tj → ∞ when j → ∞. As for
the transmission sequence of Figure 8.2 there always exists a finite number of
transmissions after τmati time units, this property is indeed guaranteed.
As depicted in Figure 8.3(a) and discussed in Section 8.3.3, the value for
τmati = T (λ, τr∗-dt ) is determined by the point in time at which (8.40) holds.
Moreover, in the situation of the periodic transmission sequence of Figure 8.2
with τmiati = 0, we have at this value of the MATI N consecutive transmissions,
where for each transmission (cf. jump of the hybrid system) (8.28) holds with
τmiati = 0. As a result of this latter observation, it follows that
φ̃W (T (λ, τr∗-dt )) ≥ (λ2 ) φ̃W (0),
N

(8.43)

see also Figure 8.3(a), where φ̃W is the solution to the differential equation (8.23)
for the given λ and τr∗-dt with τmiati = 0. Observe also that
φ̃W (0) = φ̃W = (φ̃W )

−1

= (φ̃W (T (λ, τr∗-dt )))

−1

,

implying in combination with (8.40) and (8.43) that, for the value of T (λ, τr∗-dt ),
we always have that
φ̃W (T (λ, τr∗-dt )) ≥ λN .
(8.44)
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φ~W (τ )
φ~W
∗
∗
∗
φ~W (T (λ; τr-dt
)) ≥ λ2 φ~W (T (λ; τr-dt
) − τr-dt
)

φ~W

0

∗
τr-dt

∗
τr-dt

∗
τr-dt

∗
τr-dt

∗
τr-dt

∗
T (λ; τr-dt
)

τ

N jumps with decay rate λ2
(a) Illustration of the evoluation of the function φ̃W from (8.23) in the situation that each time
N transmissions (cf. jumps) occur after MATI time units with τ + = max{0, τ − τr∗-dt }. The
MATI is determined by the point in time at which (8.40) holds.



λ

φ(τ )

N −1

λ


  2
φ T [50] (λN ) = λN φ(0)

N

0

T [50] (λN )

τ

 2
1 jump with decay rate λN
(b) Illustration of the evolution of the function φ from [50, Claim 1] in the situation that one
transmission (cf. jump) occurs after each MATI time units with τ + = 0. Hence, the MATI
−1
T [50] (λN ) is determined by the point in time at which (8.45) holds with φ(0) = (λN ) .
Figure 8.3: Illustrations of the evolutions of the functions φ as in [50, Claim 1] and φ̃W from
(8.23) for the transmission sequence of Figure 8.2 with τmiati = 0.
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Using now that φ̃W is the solution to (8.23), it follows that we can upper
bound the value T (λ, τr∗-dt ) by using the results from [50]. In particular, as
illustrated in Figure 8.3(b) and discussed in [50], the value for the MATI for an
UGES scheduling protocol with decay rate λN (see also (8.46) below), which we
denote by T [50] (λN ), is determined by the point in time for which it holds that
φ (T

[50]

2

(λN )) = (λN ) φ(0),

(8.45)

where the function φ satisfies the differential equation (8.23) for ε = 0 with3
−1
φ(0) = (λN ) , see the proof of [50, Theorem 1]. Indeed, for the transmission
sequence as described above, we have that (8.11b) is applied N times, resulting
in
W (hN (e, κ), κ + N ) ≤ λN W (e, κ),
(8.46)
where hN is determined by the recurring sequence
hl (e, κ) = h(hl−1 (e, κ), κ + l − 1),

l ∈ {2, 3, . . . , N }

where for l = 1 we have that h1 (e, κ) = h(e, κ). In other words, the above
described scenario (with τmiati = 0) is equivalent to the situation in which we
have one transmission after τmati time units with an UGES scheduling protocol
for which (8.11b) is satisfied with λN , which corresponds to the setting of [50,
Theorem 1]. Using, in addition, the result from [50, Claim 1], it follows that
φ (T

[50]

(λN )) = λN .

(8.47)

Since now for any ε > 0 we have that the function φ̃W decreases faster than
the function φ, it directly follows from comparing (8.44) and (8.47) that
T (λ, τr∗-dt ) ≤ T

[50]

(λN ).

Based on this reasoning, we have the following result.
Proposition 8.2 Consider the hybrid system (8.8) with the MIATI τmiati = 0
and suppose Assumption 8.1 holds with 0 < λ < 1. For a given RADT τr∗-dt
and MATI τmati ≤ T (λ, τr∗-dt ) computed by (8.42) for which the set E is UGES
according to Theorem 8.2, we have that
T (λ, τr∗-dt ) ≤ T

[50]

(λN ) with N = ⌈

T (λ, τr∗-dt )
⌉
τr∗-dt

(8.48)

where T [50] (λN ) denotes the MATI as computed by [50, Theorem 1] with an
UGES scheduling protocol for which (8.11b) is satisfied for decay rate λN (cf.
(8.46)).
3 Although

it was not shown or mentioned in [50], choosing the initial condition as φ(0) =
is actual the ‘optimal’ choice since it results in the largest value for T [50] (λN ) for
which (8.45) is satisfied. To substantiate this, we provide in Appendix E.3 a note on the
‘optimality’ of the result from [50].
−1
(λN )
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Proposition 8.2 provides an upper bound on the value that the MATI can
attain as a function of the RADT (in the case that τmiati = 0). This allows us to
make several important observations. Firstly, when τr∗-dt = T (λ, τr∗-dt ) (= τmati )
in Theorem 8.2 (i.e., N = 1 in Proposition 8.2), we have that the upper bound
T [50] (λN ) on the MATI in (8.48) is actually equal to the value of the MATI as
computed in [50] for the NCS setup of (8.1) and (8.2) with (8.3). Secondly, it
follows that, since λ < 1 and in view of Remark 8.11, the upper bound on the
MATI converges to the value limλ↓0 T [50] (λ) when N → ∞ as λN → 0 in this
case, see also Remark 8.12. Hence, the maximal value for the MATI we can
obtain using Theorem 8.2 is bounded by the value for the MATI as computed
using [50, Theorem 1] in the SD case with λ → 0 in view of Remark 8.14, see also
the result of [195] where the value for the MATI is computed along the lines of [50]
with λ = 0. This also implies our final conclusion, given by the following result.
Corollary 8.1 Consider the hybrid system (8.8) and suppose Assumption 8.1
holds with 0 < λ < 1. For any given MIATI τmiati > 0, RADT τr∗-dt , and MATI
τmati ≤ T (λ, τr∗-dt ) for which the set E is UGES according to Theorem 8.2, we
have that
T (λ, τr∗-dt ) ≤ lim
T (λ, τr∗-dt ) = lim T (λ, τr∗-dt ) ≤ T
∗
τr -dt ↓0

λ↓0

[195]

(0)

where T [195] (0) denotes the MATI as computed by [195, Theorem 2] for the SD
protocol with λ = 0.
Corollary 8.1 implies that in the SD case actually no improvement of the
MATI can be obtained using Theorem 8.2 with respect to the results of [195].
Moreover, in this case the value for the MATI will be the same for any value for
the RADT. This can also directly be linked to condition (8.27), which is in the
SD case always satisfied as λ = 0. In particular, computing the MATI reduces
in this case to determining the point in time at which the Lyapunov function U
is no longer guaranteed to be strictly positive, which coincides with the point in
time at which the function φ̃W is no longer strictly positive (cf. (8.16b) fails to
hold). As such, in order to obtain an improvement of the MATI when exploiting
a RADT condition in the SD case, we must either exclude the situation in which
the MIATI is allowed to be essentially zero (as mentioned above) or have some
indication regarding the spread of the transmissions over time. However, this is
left for future work.
Remark 8.11 Using the results from [50], it follows that
T

[50]

(λ1 ) > T

[50]

(λ2 )

(8.49)

when λ1 < λ2 < 1. As such, since λ < 1 we have that (8.48) actually holds for
any
T (λ, τr∗-dt )
⌉.
N ≥⌈
τr∗-dt
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Note also that, similarly, from (8.42) it follows that
T (λ1 , τr∗-dt,1 ) > T (λ2 , τr∗-dt,2 )

(8.50)

when λ1 < λ2 < 1 and/or τr∗-dt,1 < τr∗-dt,2 . Indeed, a lower value for λ and/or
τr∗-dt results in a higher value for λW , and, hence, for a lower value of σ, which
gives a higher value T (λ, τr∗-dt ).
Remark 8.12 Following from Remark 8.11, observe that the limit
lim T

[50]

λ↓0

(λ) = T

[50]

(0)

(∶= T

[195]

(0))

exists due to T [50] (λ) being continuous in λ = 0 as a result of the monotonicity
property (8.49) (see also the proof of [195, Theorem 1]). Similarly, the limits
in Corollary 8.1 also exist as T (λ, τr∗-dt ) is continuous in both λ and τr∗-dt as a
result of the monotonicity property (8.50).
Remark 8.13 Note that the upper bound T [50] (λN ) in Proposition 8.2 can only
be computed a posteriori, i.e., we first need to compute the value T (λ, τr∗-dt ) in
order to determine the value for N in (8.48). However, the existence of such an
upper bound provides us with valuable information concerning the limit cases N =
1 and N → ∞. Indeed, the bounds T [50] (λ) in Proposition 8.2 and T [195] (0) in
Corollary 8.1 can be computed a priori, indicating which improvements we can
attain.
Remark 8.14 Sampled-data (SD) NCSs are systems for which all the nodes
in the network are updated simultaneously at a transmission time. That is,
the scheduling protocol function h ∶ N0 × Rme → Rme in (8.2) is in this case
simply given by h(κ, e) = 0, implying that an update of the networked values
results in the network-induced error being set to zero, i.e., e+ = 0 in (8.7), see
also [192] or [195]. As a result of this property, we can take W (κ, e) = ∣e∣ in
Assumption 8.1, implying that (8.11b) is satisfied for any λ, including λ = 0
(since W (κ + 1, h(κ, e)) = ∣h(κ, e)∣ = 0).

8.4

Numerical Example

To illustrate the application of our results and to make a comparison with the
results of [50] and Chapter 7, we consider the same numerical example as in
Section 7.5 of stabilizing an open-loop unstable plant P with a state-feedback
controller C, which are modeled by
P ∶ ẋp = AP xp + BP u and C ∶ u = −K x̂p

(8.51)

with, respectively, x̂p the networked value of the plant state xp and
AP =

1 −4
(
5 −2

1
),
3

−1
BP = ( ) ,
2

and K = (−0.2

0.5) .
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Hence, from this system configuration it thus follows that we assume that the
plant states xp are transmitted over a network N to the controller, i.e., we have a
NCS with the network-induced error given by e = x̂p − xp . Moreover, we consider
the case with the number of nodes in the network being ` = 2. As a result, we
can model the closed-loop dynamics as a hybrid system of the form (8.8) where
f (x, e) = Ax + Ee and g(x, e) = Cx + Fe with A ∶= AP − BP K, E ∶= −BP K,
C ∶= −A, and F ∶= −E.
For this linear example, the conditions (8.12)-(8.14) reduce to a single linear
matrix inequality (LMI) condition when we assume that for some constant M >
(κ,e)
∣ ≤ M , see, e.g.,
0, almost all e ∈ Rme , and for all κ ∈ N0 it holds that ∣ ∂W∂e
Chapter 3 or 5. In particular, conditions (8.12)-(8.14) can be summarized into
A⊺ XT + XT A + ε2 XT + M 2 C⊺ C
XT E
[
]⪯0
E⊺ XT
−α2W γ 2 Ime

(8.52)

where we have chosen V (x) = x⊺ XT x with XT being a symmetric positive
definite matrix of size mx × mx such that αV = λmin (XT ), αV = λmax (XT ),
L = M α−1
W ∣F∣ and H(x) = M ∣Cx∣, where λmin /λmax denotes the smallest/largest
eigenvalue of XT , see, for instance, Appendix B.1.
For
√ a given√scheduling protocol, in this example the TOD protocol with
λ = ` − 1/` = 21 2 and αW = αW = M = 1, we can now use the LMI condition
(8.52) in combination with Theorem 8.2 to compute the best values for the pair
(τr∗-dt , τmati ) such that UGES for the NCS described by (8.51) is guaranteed.
The results for τmiati = 10−3 are given in Figure 8.4, along with the obtained
value for the MATI using [50, Theorem 1] and the upper bound on the MATI
from Proposition 8.2.
0.9
0.8
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0.6
0.5
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0.14

Figure 8.4: Computed values for (τr∗-dt , τmati ) using Theorem 8.2 for τmiati = 0.001 and the
TOD protocol. Also the computed value for the MATI from [50] is indicated in the figure,
along with the upper bound on the MATI T [50] (λN ) from Proposition 8.2 and the maximal
attained improvement with respect to [50].
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As shown by Figure 8.4, there indeed is a clear trade-off between the RADT
and the MATI as discussed by Remarks 8.1 and 8.6. That is, higher values of
τr∗-dt indeed lead to lower values of τmati . Moreover, for τr∗-dt = τmati (i.e., the
case that the RADT actually represents a MATI bound, see also Remark 8.1),
we obtain a good approximation of the obtained value for the MATI as in [50]
and for τr∗-dt → 0 the value for the MATI is indeed bounded by the value for the
MATI in the SD case T [50] (0) as computed in [50], see also Proposition 8.2.
To make now a clearer comparison with the results from [50] and Chapter
7, some of the results from Figure 8.4 have been singled out in Table 8.1. Here
[50]
[Th. 7.1]
τmati represents the value obtained using the results from [50], τmati
the value
[50]
obtained using the result from Theorem 7.1 (where τmiati = τmati has been used
[Prop. 7.1]
in the computations), τmati
the value obtained using the result of Proposi∗
tion 7.1, and T (λ, τr -dt ) the MATI value computed using Theorem 8.2. It can
be directly seen that exploiting a RADT condition leads to significantly larger
values for the MATI. Stated differently, information about the average transmission interval case can be exploited to allow much larger values of the ‘worst case’
transmission interval, while still guaranteeing stability. That is, when we have,
for instance, on average a slightly smaller value for the transmission intervals
[50]
than the MATI from [50] (e.g., τr∗-dt < 0.137 < τmati ), we can obtain quite an
extensive improvement of the MATI (e.g., an improvement of 15.46% in the case
of τr∗-dt < 0.137 or even an improvement of 484.43% in the case of τr∗-dt < 0.0011
with respect to the results in [50]). As such, when a RADT is exploited, the
time between two transmissions is allowed to be significantly larger than the
computed MATI as in [50] (or as in Chapter 7).
Table 8.1: The bound
on the maximal allowable transmission interval for τmiati = 10−3 with
√
L = 1.204, λ = 12 2, δ = 10−6 , ε = 0.1, and γ = 1.222. The improvement of the MATI is
[50]

computed with respect to τmati .

τr∗-dt

τmati

τmati

τmati

T (λ, τr∗-dt )

Improvement

0.137
0.109
0.020
0.0011

0.13993
0.13993
0.13993
0.13993

0.14009
0.14009
0.14009
0.14009

0.14017
0.14017
0.14017
0.14017

0.16157
0.39793
0.76112
0.81782

15.46%
184.37%
443.92%
484.43%

[50]

[Th. 7.1]

[Prop. 7.1]

8.5. Conclusion
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Conclusion

In this chapter, we proposed a richer model description of the transmission
instants for NCSs by including, next to the presence of a minimal and maximal
allowable transmission interval (MIATI/MATI), the specification of a bound on
the average allowable transmission interval given by means of a reverse average
dwell-time (RADT) condition. Doing so allows for the possibility to model
both the worst-case behavior regarding the transmission intervals as analyzed in
[8,50,78,108,110,163,192,193,195,211,239,250,251] and the average case behavior
(through the RADT) simultaneously. This leads to significant improvements of
the MATI bounds with respect to the results of [50] and Chapter 7. To this end,
we made use of the emulation/hybrid systems based approach for NCSs and
provided a full Lyapunov-based analysis from which conditions on the RADT
and the MATI followed such that UGES for the NCS is guaranteed. Along the
way, we also showed that there exists a trade-off between the RADT and the
MATI, which implies that having a smaller RADT directly leads to larger values
for the MATI. Additionally, we showed how the maximal attainable improvement
of the MATI can be computed a priori, which could be directly linked to the
results for the SD case. Finally, for a well-known numerical example with the
TOD protocol improvements of the MATI up to 484% where obtained with
respect to the existing results of [50].
The results presented in this chapter also have many natural extensions and
applications. In particular, for future work, it might be of interest to investigate
other possibilities for constructing the functions φV and φW , which would lead to
other, perhaps simpler, conditions. Moreover, addressing problems like tracking
or state estimation or tailoring the results to the linear case are of high relevance.
In any case, we foresee that this novel approach in the analysis of NCSs can
possibly inspire even sharper analysis tools.

Part V

Conclusion
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Conclusions & Recommendations
“Now this is not the end. It is not even the beginning of the
end. But it is, perhaps, the end of the beginning.”
— Sir Winston Churchill

Following a long chain of historical developments, (wireless) packet-based
communication evolved into a means of overcoming the disadvantages and physical limitations of dedicated point-to-point (wired) connections as used in traditional control systems. As a result, the field of so-called networked control
systems (NCSs) has gained considerable attention in recent years. However, the
extra flexibility that a control system gains by operating over a possible shared
and wireless communication network can also degrade its performance and might
even lead to instabilities. As a result, various new challenges arise in the modeling and analysis of NCSs with its inherent network-induced imperfections.
To overcome these challenges, a popular two-step design framework has been
developed for NCSs using an emulation-based approach. By using the hybrid
systems framework to model a NCS and Lyapunov-based arguments, bounds in
terms of a maximally allowable transmission interval (MATI) could be derived
to guarantee stability and performance of the NCS. However, despite the considerable amount of research dedicated to the emulation-based design and analysis
of NCSs in the literature, many important areas remained unexplored, possible
due to the more complicated mathematical tools they require.
Inspired by this opportunity for discovery, this thesis explored many uncharted territories of NCSs. In particular, by scavenging for structure in dynamics and communication new results and insights are provided in this thesis
to contribute towards the further development of the modeling, applications,
and the theory concerning emulation-based NCSs. In this chapter, the achieved
contributions are summarized. That is, in Section 9.1 the main conclusions of
this thesis are presented and in Section 9.2 various recommendations for future
work are provided.
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Concluding Remarks

Following from the objective as stated in Section 1.3, an improved and extended
modeling and analysis framework for NCSs is developed in this thesis by exploiting structure in the dynamics, including direct-feedthrough terms in the model,
and by exploiting additional information on the transmission intervals. In this
section, the main contributions and conclusions for each of these three aspects
are discussed in more detail below.

9.1.1

Exploiting structure in the analysis of NCSs

In many analysis techniques for NCSs, no information concerning any form of
structure in the dynamics is exploited. As a result, conservative MATI bounds
are often obtained for various specific setups. In this thesis, an improved analysis
for NCSs is provided for two of these setups.
In Chapter 3, the particular problem concerning an infinite interconnection
of spatially invariant systems with networked communication has been investigated. Starting from a general setup consisting of an infinite number of identical subsystems described by nonlinear differential equations where the plants
and/or controllers communicate with each other via packet-based communication networks, a general modeling framework consisting of an infinite number
of spatially invariant interconnected hybrid systems has been derived. As a result of this overall infinite dimensional system, standard notions of solutions for
hybrid systems could not be applied, which led to the development of a novel
solution concept for an (infinite) interconnection of hybrid systems. Based on
this concept and the hybrid modeling framework, conditions have been derived
guaranteeing UGAS and Lp -stability. Moreover, by exploiting the interconnection structure, these conditions could be stated locally in the sense that they
only involve the (local) dynamics of one subsystem and the local conditions on
the scheduling protocol. Illustrative examples have been used to show how these
results can be applied in a systematic manner and various extensions of this
framework have been discussed.
Chapter 4 describes the scenario in which the plant of the NCS setup is
characterized by slow and fast dynamics. In order to update the fast dynamics
at a different rate than the slow dynamics, which is in contrast to most existing
analyses, the overall NCS is modeled as a singular perturbed hybrid system. As
a result, it became possible to derive approximated models for both the fast
and the slow dynamics and stability of the overall NCS could be analyzed by
assessing the stability of these approximated models individually. This directly
lead to different transmission rates for the slow and fast dynamics under the
assumption that these could be transmitted through separate communication
channels. A numerical example illustrated the obtained improvement one could
obtain with respect to the traditional analysis techniques for NCSs.
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NCSs with direct-feedthrough terms

Chapter 5 and Chapter 6 address the direct-feedthrough problem for NCSs,
were a distinction is made between the linear and the nonlinear case, respectively. The ability to include so-called direct-feedthrough terms is essential in
the modeling and analysis of certain important classes of controllers commonly
used in industry, such as PI(D) regulators. However, this inclusion also leads to
nontrivial difficulties in terms of modeling and analysis for NCSs. In particular,
these direct-feedthrough terms influence the behavior of the NCS at transmissions resulting in the network-induced error possibly increasing at an update of
the networked values and, thereby, threatening the stability guarantees. To overcome this hurdle, analysis techniques were developed to obtain conditions on the
direct-feedthrough terms such that the NCS stability properties are preserved.
As a starting point, in Chapter 5 linear NCS are considered with directfeedthrough terms in both the plant and the controller. For this class of systems,
a generalization of the UGES scheduling protocols concept is provided, allowing
for the derivation of generic conditions on the direct-feedthrough terms under
which existing stability results can still be applied. Moreover, for various wellknown scheduling protocols it is shown how these conditions can be relaxed
by exploiting knowledge concerning the dynamic structure of the protocol. This
analysis also revealed that using a ‘smarter’ protocol or updating all the network
nodes at the same time is not always the wisest choice as it can result in a
worse performance. Finally, various new scheduling protocols were introduced to
handle the direct-feedthrough terms in a more efficient way and the application
of the new results has been illustrated by means of a numerical example.
Due to the increased complexity in the nonlinear case, in Chapter 6 only
two specific nonlinear NCS setups with direct-feedthrough terms are analyzed.
That is, first nonlinear NCSs in which only the dynamic controller contains a
direct-feedthrough term are considered. Similar to the linear case, it followed
that stability of the NCS can again be guaranteed when stability of the auxiliary
system induced by the network error is established. Therefore, also in this case
the concept of UGES scheduling protocols is re-examined and it is shown for the
well-known RR and TOD protocols that the UGES property is preserved, even
in the presence of a direct-feedthrough term. Moreover, it has been shown that
the UGES property of any scheduling protocol is preserved when the NCS setup
has two communication channels, respectively dedicated to the transmissions of
the sensor output and actuator input signals. Secondly, nonlinear NCSs with
direct-feedthrough terms in both the plant and the controller are considered,
however in the scenario in which these terms appear linearly in the model setup.
As this situation imposes quite some similarities with the linear case, i.e., the results from Chapter 5 could be directly applied to conclude stability of the NCS,
a focus for this setup has been on reducing the conservatism in the obtained
MATI bounds by developing two new architectures for the controller implementation over the network regarding the single and two channel case, respectively.
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Exploiting dwell-time conditions for NCSs

As in the emulation-based design approach for NCSs stability is often guaranteed
by deriving conditions on the communication rate, Chapter 7 and Chapter 8
specifically focus on improving the MATI bound by exploiting additional (dwelltime) information on the transmission intervals in the analysis of NCSs. That
is, in Chapter 7 it is shown that, under the same conditions, a guaranteed improvement of the MATI can be obtained with respect to existing results in the
literature by exploiting knowledge of a positive minimal allowable transmission
interval (MIATI) in the analysis. Instrumental herein was the observation that
this MIATI can be viewed as a minimal dwell-time, i.e., the MIATI ensures that
the NCS ‘dwells’ for a certain time after each transmission, allowing for relaxed
Lyapunov-based arguments for hybrid systems to guarantee stability. This insight actually led to the conclusion that exploiting a different Lyapunov function
than what was used in the literature allowed for the obtained improvement of
the MATI. As such, also a generalization of the Lyapunov-based proofs for NCSs
is provided and it is investigated whether or not an even further improvement of
the MATI could be obtained. To this end, design conditions were presented for
this generalized Lyapunov function, various designs were proposed based on these
conditions, and a numerical comparison of all the results was given. This showed
that indeed higher values for the MATI could be obtained than the ones resulting
from exploiting the MIATI, while also significantly extending the range of allowable transmission intervals as the obtained result holds for an arbitrarily small
MIATI. On the other hand, the improvements for the MATI turned out to be
modest. However, it did inspire to obtain even sharper analysis tools for NCSs.
Indeed, following the minimal dwell-time inspired results, in Chapter 8
a richer model description of the transmission instants for NCSs is proposed
by including, next to the presence of a MIATI and MATI, the specification of
a bound on the average allowable transmission interval given by means of a
reverse average dwell-time (RADT) condition. In this way, stability of the NCS
is not only based on the ‘worst case’ behavior (i.e., the MATI), but also on
the average case behavior through the RADT. As a result, there exist a certain
trade-off between the RADT and the MATI, which allows to obtain significant
improvements of the MATI (up to 484% in the numerical example) with respect
to existing results in the literature. To this end, a full Lyapunov-based proof for
NCSs with a RADT condition has been provided, for which also a new ‘hybrid
clock’ was introduced to include the MIATI, MATI, and RADT in the hybrid
model for NCSs. Finally, it was shown how the maximal attainable improvement
of the MATI could be computed a priori, resulting also in a detailed intuitive
interpretation of the RADT constraint in the sample-data case.
Based on the above, it follows that the presented results in this thesis greatly
enhance the modeling, applications, and theory concerning emulation-based designed NCSs. Moreover, the developments have led to insights that could inspire
new directions for future work.
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Recommendations

As already mentioned in the introduction, the field of NCSs is relatively young
and there are still many interesting areas that remain unexplored. Based on the
results presented in this thesis, several new research directions can be identified.
Extensions towards event-triggered and self-triggered control
All the results presented in this thesis concern so-called time-triggered NCSs,
i.e., NCSs for which the transmission instants are determined purely based on
time. As such, transmission schemes are predictable and simple to implement,
making it is relatively easy to define time-based specifications such as bounds
on the MATI for which closed-loop stability is guaranteed. This allows one to
focus on different aspects in the analysis of NCS, such as exploiting structure
(Chapter 3 and Chapter 4) or extending the NCS model with the inclusion of
direct-feedthrough terms (Chapter 5 and Chapter 6). However, time-triggered
control schemes also often result in redundant transmissions, especially when the
system itself is in steady state and few (differences in) control inputs would be
needed to preserve stability. One way to overcome this problem is to consider socalled event-triggered and self-triggered transmission schemes [106], where the
transmission instants are determined via conditions that depend on current (and
possibly previous) output measurements.
As evident by, for instance, the works [13, 35, 74, 94, 99, 170–172, 206, 212, 252,
254], a considerable amount of research has already been spent on these ‘resourceaware’ control strategies. Nevertheless, also in this field many challenges remain.
Analyzing flexible large-scale systems is, for instance, still an open problem as
current time-based specification are in general conservative [33, 199]. To reduce
this conservatism, as already mentioned in Chapter 3, the obtained analysis
for spatially invariant NCSs can be combined with an event-triggered control
strategy, see also [114]. However, it might also be interesting to investigate
how the other results from this thesis can be combined with event-triggered or
self-triggered control schemes.
Improving the Lyapunov-based analysis
As shown in Chapter 7 and Chapter 8, considering different (generalized) Lyapunov functions and/or conditions in the analysis directly leads to improved
MATI bounds for NCSs. A similar observation was already made in [50] which
improved the Lyapunov-based analysis as presented in [192]. As such, if is of interest to develop novel Lyapunov-based analysis methods to further improve the
conditions on the transmission instants. For instance, in the case of NCSs with
direct-feedthrough terms in their model, it might be interesting to consider using
finite-step Lyapunov functions as in [6, 90, 93] to analyze the UGES property of
the scheduling protocols (through the network-inducer error auxiliary system),
as they allow for the Lyapunov function to be increasing as long as it is eventu-
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ally decreasing after a finite number of discrete-steps. Moreover, it might be of
interest to investigate other possibilities for constructing the functions φV and
φW in Chapter 7 and Chapter 8, which would lead to other, perhaps simpler,
conditions in the analysis and/or higher bounds for the MATI.
Improving the (controller) co-design procedures for NCSs
The results presented in this thesis rely on an emulation-based approach in
which the controller and the conditions on the network are separately designed.
Although this comprises a very intuitive and powerful modeling and analysis
tool due to its simplicity as it allows to exploit well-known methods for the
design of the feedback laws, it might also result in conservative conditions on the
network or lead to a tedious iteration procedure for the controller design before
satisfactory results are obtained. For this latter disadvantage other design and
analysis approaches exist in which for the controller design the presence of the
network constraints can be taken into account, see, e.g., the lifting approach
as in [22, 48, 105, 178]. However, to effectively co-design the controller and the
network simultaneously can still be considered as an important open problem.
General modeling and analysis extensions of the current results
Following from the individual results as presented in the various chapters, several
other directions for future research can be identified. For instance, the results
from Chapter 3 might be extended to spatially varying systems or to system
with uncertainties in the model by using robust modeling techniques such as
linear fractional transformations with small-gain type of arguments. Regarding
the results from Chapter 4, it might be possible to relax the assumptions on the
network by considering, for instance, the situation in which only one communication channel is available or by allowing the control input to be also transmitted
over the network. The results from Chapters 5 and 6 might inspire one to obtain
improved scheduling protocols for systems with direct-feedthrough terms. Moreover, as the analysis leads to conservative MATI bounds, it might be useful to
reconsider the way the (UGES) properties of the scheduling protocols are taken
into account in the analysis. Lastly, the analyses as presented in Chapters 7 and
8 could have a significant impact on the field of NCSs as it might be extended to
Lp -stability and input-to-state stability analysis, observer design, and tracking.
In addition to the above, despite that the focus of this thesis is mostly on the
network effects, the implicit effects of quantization, packet-dropouts, and delays
are not included. As it is well-known that these effects can have a deteriorating
effect on the stability of the NCS, it will be useful to extend the current results
to get a complete overview of the different aspects that occur in NCSs and
guarantee stability in practical applications.
Finally, it would obviously be desirable to unify all the results as presented
in this thesis in one generalized framework.
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Appendices to Chapter 3

Proof of Theorem 3.1

The proof is based on infinite-dimensional extensions of Lyapunov-based arguments for hybrid systems as stated in [96, Theorem 3.18], which also have to be
adapted to accommodate the solution concept (which allows for the occurrence
of Zeno points). Therefore, the proof will be based on constructing a function
0
e
U ∶ `1,m
× `1,m
× `1,1 × `1,1 → R≥0 that is locally Lipschitz in its first and second
2
2
argument, functions αU , αU ∈ K∞ and a positive definite function % such that
αU (∥ξc ∥` ) ≤ U (ξ) ≤ αU (∥ξc ∥` )
2

U (ξ + ) − U (ξ) ≤ 0,

(A.1a)

2

when τ (s) ∈ [τmiati , τmati ] for some s ∈ Z

⟨∇U (ξ), F (ξ)⟩`2 ≤ −% (∥ξc ∥` ) ,
2

(A.1b)

when τ (s) ∈ [0, τmati ] for all s ∈ Z (A.1c)

0
+ +m−
with F (ξ) = (f (x, e), g(x, e), 1, 0), ξ = (ξc , ξd ), ξc = (x, e) ∈ `1,m
× `1,m
,
2
2
Z
Z
+
+
+
and ξd = (τ, κ) ∈ [0, τmati ) × N0 and where ξ is given by ξ (τ, s) = ξ(τ , s) =
limt↓τ,t∉R ξ(t, s) for s ∈ Z as in Definition 3.4. These conditions are sufficient to
guarantee UGAS of the set E of (3.20). If, in addition, there exist αcU , αcU , ε ∈ R≥0
2
2
such that αcU ∥ξc ∥` ≤ U (x) ≤ αcU ∥ξc ∥` , and %(r) ≥ ε2 r2 , r ∈ R>0 , then the set
2
2
E of (3.20) is UGES. Of course, this reasoning can only be used if we can also
show that each maximal solution is complete.
To show that the conditions of Theorem 3.1 indeed can be used to obtain a
Lyapunov function U such that the conditions in (A.1) are satisfied, we consider
the function φ ∶ [0, τmati ] × Z → R≥0 , which evolves for τ (s) ∈ [0, τmati ] and for
every fixed s ∈ Z according to

d
φ(τ (s), s) = −2Lφ(τ (s), s) − γ (φ2 (τ (s), s) + 1) .
dτ (s)
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As shown in [50], when choosing the initial condition to be φ(0, s) = λ−1 , the
function satisfies φ(τmati , s) = λ with τmati as defined in (3.27), and φ(τ (s), s) ∈
[λ, λ−1 ] for all τ (s) ∈ [0, τmati ] and every fixed s ∈ Z.
Using this function φ, we now define the candidate Lyapunov function as
U (ξ) ∶= V (x) + ∑ γφ(τ (s), s)W 2 (κ(s), e(s)).

(A.2)

s∈Z

Since φ(τ (s), s) ≥ λ > 0 for every fixed s ∈ Z and all τ (s) ∈ [0, τmati ], and we
have that (3.23a) holds with κ̄ = κ(s) and ē = e(s) for every fixed s ∈ Z, and
(3.25) holds, it can be concluded that there exist functions αU , αU ∈ K such that
(A.1a) holds. Hence, U as given by (A.2) indeed constitutes a suitable candidate
Lyapunov function for the set E of (3.20).
To prove that (A.1b) holds under the conditions proposed in Theorem 3.1,
consider the situation that (only) the subsystem H(ŝ) for ŝ ∈ Z jumps, implying
that τ + (ŝ) = 0. This gives
U (ξ + ) = V (x+ ) + ∑ γφ(τ + (s), s)W 2 (κ+ (s), e+ (s))
s∈Z

= V (x) + ∑ (γφ(τ (s), s)W 2 (κ(s), e(s)))
s∈Z,s≠ŝ

+ γφ(0, ŝ)W 2 (κ(ŝ) + 1, h (κ(ŝ), e(ŝ)))
≤ V (x) + ∑ (γφ(τ (s), s)W 2 (κ(s), e(s))) + γλW (κ(ŝ), e(ŝ)) ≤ U (ξ),
s∈Z,s≠ŝ

where for the latter inequality we used (3.23b) with κ̄ = κ(s) and ē = e(s) for
every fixed s ∈ Z, and φ(0, ŝ) = λ−1 . Obviously the same analysis holds when
multiple subsystems jump at the same event time, and hence, (A.1b) also holds.
Finally, we will show that (A.1c) holds. Note that, as W is not differentiable
with respect to κ, but as the component in F (ξ) corresponding to κ is zero,
⟨∇U (ξ), F (ξ)⟩ can still be evaluated with a slight abuse of notation. For all
(τ, κ) and almost all (x, e) it holds that
⟨∇U (ξ), F (ξ)⟩`2
= ⟨∇V (x), f (x, e)⟩`2 + ∑ [γ φ̇(τ (s), s)W 2 (κ(s), e(s))]
s∈Z

+ ∑ [2γφ(τ (s), s)W (κ(s), e(s)) ⟨
s∈Z
(3.24),(3.26)

≤

∂W (κ(s), e(s))
, g(x, e)(s)⟩]
∂e(s)

2
2
2
∑ (−% (W (κ(s), e(s))) − H (x(s), v(s)) + γ W (κ(s), e(s)))
s∈Z

− % (∥x∥` ) − ∑ ((2γLφ(τ (s), s) + γ 2 (φ2 (τ (s), s) + 1)) W 2 (κ(s), e(s)))
2

s∈Z

+ ∑ (W (κ (s) , e (s)) (LW (κ (s) , e (s)) + H (x(s), v(s))) 2γφ (τ (s) , s))
s∈Z

221

A.1. Proof of Theorem 3.1
= −% (∥x∥` ) − ∑ % (W (κ(s), e(s)))
2

s∈Z

2

− ∑ (H (x(s), v(s)) + γ 2 φ2 (τ (s), s)W 2 (κ(s), e(s))
s∈Z

− 2γφ(τ (s), s)W (κ(s), e(s))H(x(s), v(s))
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
2
= − ∑ (H(x(s), v(s)) − γφ(τ (s), s)W (κ(s), e(s)))
s∈Z

≤ −% (∥x∥` ) − ∑ % (W (κ(s), e(s))),
2

s∈Z

which gives (A.1c). Note that we here used that (3.24) holds for all s ∈ Z as a
result of Remark 3.7.
The above reasoning applies to any maximal solution with initial state ξ0 ∈ X0
defined on [0, T ). However, to complete the proof, we still have to establish that
for any ξ0 ∈ X0 there exists at least one solution on [0, T ) with T > 0 and
moreover that any maximal solution is complete, i.e., T = ∞, as this is part of
Definition 3.7. Note that if we prove these properties, then the conditions in
(A.1) are indeed sufficient to establish UGAS or UGES of the set E.
We will start by proving completeness of any maximal solution. A part of the
arguments in this proof can also be used to also establish existence of solutions.
To show completeness of (ξ, R), we will proceed by contradiction by assuming
that T < ∞. In fact, we will show that we can prolong the solution (ξ, R) and
get a solution (ξ ′ , R′ ) on [0, T ′ ) with T ′ > T that satisfies the points 1) and 2)
in Definition 3.5. This would contradict the maximality of the solution (ξ, R)
and thus T must be infinite.
Observe that for T < ∞, each subsystem in the interconnection can jump at
most one time in the time period [T − τmiati , T ) since, as imposed by (3.8), for
each (hybrid) subsystem two consecutive jumps are always at least τmiati > 0 time
units apart. Hence, we know that for each s ∈ Z there exists a ts ∈ [T − τmiati , T )
such that ξc (t, s) is absolutely continuous on (ts , T ) (this follows from Definition
3.4 point 3 and the fact that for each subsystem H(s) no jumps take place in
the interval (ts , T ) implying that the solution ξc (s) on (ts , T ) consists of the
continuous concatenation of absolute continuous pieces that are bounded, see
(A.3) below). In addition, based on the bounds (A.1b) and (A.1c), we can also
conclude that
(A.3)
αU (∥ξc ∥` ) ≤ U (ξ(t)) ≤ U (ξ(0)) < ∞
2

for all t ∈ [0, T )/R, implying that there is no finite escape time for the solutions
ξc . Hence, we have that ξc (t) ∈ B for all t ∈ [0, T ), where B is some bounded set
0 +me
in `1,m
.
2
As a result of these absolutely continuity and boundedness properties of the
solutions ξc , it follows from a standard result in mathematical analysis [217,
Exercise 4.13] that the left-limit ξc (T − , s) ∶= limt↑T ξc (t, s) exists for each s ∈
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Z. Clearly, also τ (T − , s) ∶= limt↑T τ (t, s) and κ(T − , s) ∶= limt↑T κ(t, s) are well
defined for each individual s ∈ Z, and, hence, we can thus already define the
solution ξ for all t ∈ [0, T ] (so on the closed interval). In addition, we have that
0 +me
ξc (T − ) ∈ B ⊆ `1,m
as a result of (A.3).
2
Based on these properties we can now construct a solution (ξ ′ , R′ ) that prolongs the considered maximal solution (ξ, R). Consider hereto two possibilities
for each subsystem. If τ (T − , s) ≥ τmiati for s ∈ Z, then, based on Definition
3.4 point 2, we can define a solution with a reset at time T for this subsystem
at s (note that ξ(T − , s) ∈ D in this case). If τ (T − , s) < τmiati , then we define
the solution without a reset at time T for the corresponding subsystem at s.
Hence, we have ξ(T + , s) ∈ G (ξ(T − , s)) for s ∈ Sr (T ) and ξ(T + , s) = ξ(T − , s) for
s ∉ Sr (T ) where Sr (T ) = {s ∈ Z ∣ τ (T − , s) ≥ τmiati }. Due to G̃ mapping X0 to
X0 , it follows that ξ(T + ) ∈ X0 . Note now that we have for all subsystems that
τ (T + , s) < τmiati . As a result, for the state ξ(T + ) there exists an ε > 0 and an
1
absolutely continuous ξ¯ ∶ [T, T + ε) → `1,m
× `1,m2 (following from the smooth2
˙
¯ = F (ξ(t),
¯
¯ ) = ξ(T + ) for almost
ness condition on Fc ) such that ξ(t)
0) and ξ(T
+
all t ∈ [T, T + ε). In particular, since τ (T , s) < τmiati for all s ∈ Z, it holds that
ξ(t, s) ∈ C for all t ∈ [T, T +∆T ) and s ∈ Z, where ∆T ∶= min (ε, τmati − τmiati ) > 0.
Hence, this indicates that (ξ ′ , R′ ) with R′ ∶= R ∪ {T } and
ξ(t)
ξ ′ (t) = { ¯
ξ(t)

for all t ∈ [0, T )/R′

for all t ∈ [T, T + ∆T )/R′

is a solution to H on [0, T + ∆T ) satisfying points 1) and 2) in Definition 3.5.
This contradicts the maximality of the solution (ξ, R) and thus T = ∞.
To establish the existence of a (non-trivial) solution ξ for any ξ0 ∈ X0 , the
same arguments as used above for prolonging the solution (ξ, R) from the state
ξ(T − ) can be used for the initial state ξ0 ∈ X0 , showing that an absolutely
continuous solution ξ(t) on [0, T ) can always be defined for some T > 0. This
completes the proof.
∎

A.2

Proof of Theorem 3.2

Consider again the candidate Lyapunov function as given in (A.2). Following
the same steps as in the proof of Theorem 3.1, one can conclude that (A.1a) and
(A.1b) hold, and during flows, i.e., when τ (s) ∈ [0, τmati ] for all s ∈ Z, one can
obtain that
p

p

⟨∇U (ξ), F (ξ, d)⟩`2 ≤ µ (θp ∥d∥` − ∥q(x, e, d)∥` ) ,
2

2

(A.4)

where F (ξ, d) = (f (x, e, d), g(x, e, d), 1, 0). Combining integrated versions of
(A.4) with (A.1b) on the interval [0, T ] with 0 ≤ T < T and assuming that the
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considered maximal solution is defined on at least [0, T ) yields
T

U (ξ(T )) − U (ξ(0)) ≤ µ ∫

p

p

(θp ∥d∥` − ∥Q(ξc , d)∥` )dt
2

0

2

with Q(ξc , d) = q(x, e, d). Hence, recalling (3.10), we have for all 0 ≤ T < T that
T

U (ξ(T )) ≤ U (ξ(0)) + µ ∫

p

p

(θp ∥d∥` − ∥z∥` )dt.
2

0

2

(A.5)

As a result of this observation, we obtain the bound
U (ξ(T )) ≤ U (ξ(0)) + µθp ∫

T
0

p

∥d∥` dt
2

for all T ∈ [0, T ).
Following now similar arguments as in the proof of Theorem 3.1, it can
be proven that at least one solution exists and that all maximal solutions are
complete solutions, i.e., T = ∞. Moreover, using that U (ξ(T )) ≥ 0 for all
T ∈ R≥0 , letting T → ∞ in (A.5), and computing the Lp -norm according to
Definition 3.2 yields
∞

p

∥z∥L = ∫
p

0

∞

p

∥z∥` dt ≤ ∫
2

0

p

p

θp ∥d∥` dt +
2

p

= θ ∥d∥L +
p

1
U (ξ(0))
µ

1
U (ξ(0))
µ
1

(A.6)
p

p
⎛ 1
⎞
.
≤ ( U (ξ (0))) + θ ∥d∥L
p
⎝ µ
⎠

1/p

Since (U (ξ)/µ) ≤ βU (∥ξc ∥` ) for some βU ∈ K∞ , (A.6) leads to (3.22) thereby
2
completing the proof.
∎

A∆
ST,SS,e
c 2
2
αW (ε −γ 2 )Im+ +m− +A∆
SS,e
⊺
(A∆
SS,ev )

J L2

⎡
̂TT + µC ⊺ CT + A∆
A
⎢
ST
T
⎢
⊺
∆
⎢
(A
)
ST,SS,e
= ⎢⎢
⊺
⎢(AST )⊺ XT + µCS⊺ CT + (A∆
ST,SS,v )
⎢
⊺
⎢
BT
XT + µD⊺ CT
⎣
A∆
ST,SS,e
A∆
SS,e
⊺
(A∆
SS,ev )
0

⎤
⎥
⎥ ⪯ 0,
⎥
⎥
⎦

⊺
XT ATS + µCT
C S + A∆
ST,SS,v
A∆
SS,ev
µCS⊺ CS + A∆
SS,v
µD⊺ CS

⊺
XT BT + µCT
D ⎤⎥
⎥
⎥
0
⎥.
⎥
⎥
µCS⊺ D
⎥
2
⊺ ⎥
−µθ Imd + µD D⎦

̂ST ATS +A∆
M 2 A⊺TS A
SS,v

A∆
SS,ev

̂ST ATS +A∆
XT ATS +M 2 A⊺TT A
ST,SS,v ⎥

An explicit expression for the matrix J L2 ∶= J+L2 + J−L2 as used in Section 3.6.3 is given by

⎡A⊺ XT +XT ATT +ε2 Im +M 2 A⊺ ÂST ATT +A∆
⎢ TT
ST
TT
0
⎢
⊺
(A∆
⎢
ST,SS,e )
⎢
⊺
⎢ (ATS )⊺ XT +M 2 A⊺TS ÂST ATT +(A∆
ST,SS,v )
⎣

(A.8)

(A.7)

A.3

An explicit expression for the LMI condition J − J ⪯ 0 as used in Section 3.6.2 is given by
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Additional Equations

B
B.1

Appendices to Chapter 5

Proof of Theorem 5.1

As mentioned, Theorem 5.1 is merely an application of [50, Theorem 1]. In
particular, condition (5.20) is just a reformulation for the linear case of the
conditions presented in [50, Assumption 1], which are given by
1. For the function W it holds for all κ ∈ N0 , x ∈ Rmx , and almost all e ∈ Rme
that
∂W (κ, e)
⟨
, g(x, e)⟩ ≤ LW (κ, e) + H(x).
(B.1)
∂e
2. There exists a locally Lipschitz function V ∶ Rmx → R≥0 such that for all
x ∈ Rm x
2

2

αV ∣x∣ ≤ V (x) ≤ αV ∣x∣ .

(B.2)

and for all e ∈ Rme , and almost all x ∈ Rmx
2

2

⟨∇V (x), f (x, e)⟩ ≤ −ε2 ∣x∣ + α2W (γ 2 − ε2 ) ∣e∣ − H 2 (x).

(B.3)

As we consider only linear plants and controllers, the conditions as stated above
can be systematically verified by means of a reformulating of the presented conditions into LMI-based conditions.
Consider hereto condition (5.19), which, in addition, can be directly used to
conclude that the function W is locally Lipschitz. In combination with (5.13),
it follows for the error dynamics that
∣ė∣ ≤ ∣Cx∣ + ∣Fe∣
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and hence, in (B.1), L = M α−1
W ∣F∣ and H(x) = M ∣Cx∣. Using this result in (B.3),
it can be directly obtained that for the right-hand side it holds that
⊺

2
2
x
x
−ε2 ∣x∣ + α2W (γ 2 − ε2 ) ∣e∣ − H 2 (x) = [ ] J [ ]
e
e

with

(B.4)

−ε2 Imx − M 2 C⊺ C
0
].
J ∶= [
2
2
0
αW (γ − ε2 ) Ime

To arrive now at the LMI-based condition (5.20), also the left-hand side of (B.3)
needs to be evaluated. Therefore, we take V (x) = x⊺ XT x with XT being a
symmetric positive definite matrix of size mx × mx such that (B.2) is satisfied
by definition. We obtain now that
⟨∇V (x), Ax + Ee⟩ = x⊺ (A⊺ XT + XT A) x + x⊺ XT Ee + e⊺ E⊺ XT x.

(B.5)

Combining the results of (B.4) and (B.5) we can directly obtain the LMI condition (5.20). As such, it directly follows that when the LMI condition (5.20) is
verified to hold, (B.1)-(B.3) also hold. This, in combination with the first and
fourth points in Theorem 5.1, recovers the main result from [50] and therefore
completes the proof.
∎

B.2

Proof of Theorem 5.2

Let i ∈ N0 , e ∈ Rme , and w = Ψ(i, e)e. Addition to and subtraction from (5.18b)
with pf (i, e) = h(i, e) of the term W (i + 1, h(i, e) + Dw), we obtain
W (i + 1, h(i, e) + Dw) ≤ λW (i, e) + W (i + 1, h(i, e) + Dw) − W (i + 1, h(i, e))
≤ λW (i, e) + M ∣Dw∣ ≤ λW (i, e) + M ∣D∣∣w∣,
where we used the Lipschitz property of W in the second inequality. Since for
the considered protocols it holds that ∣w∣ = ∣Ψ(i, e)e∣ ≤ ∣e∣ for all e ∈ Rme and by
using (5.18a), we obtain that
W (i + 1, h(i, e) + Dw) ≤ λW (i, e) + M ∣D∣∣e∣
≤ (λ + (αcW )−1 M ∣D∣) W (i, e) ,
which is equivalent to
W (i + 1, h(i, e) + Dw) ≤ ρW (i, e)
for ρ ∶= λ + αcW −1 M ∣D∣. Since (5.24) holds, we obtain that ρ ∈ [0, 1). This
completes the proof.
∎
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B.3

Proof of Proposition 5.1

Since (5.12) and (5.27) are equivalent conditions, it follows directly from standard results on linear discrete-time systems that, when Assumption 5.1 is satisfied for the NCS of (5.1)-(5.4), the discrete-time system (5.26) is indeed
(DP , DC )-UGES according to Definition 5.2 with the Lyapunov function
√
W (i, e) = e⊺ P e
(B.6)
that satisfies
(5.28), i ∈ N0√and e ∈ Rme . Moreover, (5.18a) is satisfied for
√
√
c
αW = λmin (P ) and αcW = λmax (P ), and (5.18b) for λ = ρ.
To shown that this Lyapunov function W from (B.6) also satisfies (5.19),
we will make use of the eigenvalue decomposition of the matrix P . Since P is
a real symmetric matrix, it can be decomposed as P = QΛQ⊺ , where Q is an
orthogonal matrix, and Λ is a diagonal matrix whose entries are the eigenvalues
of P [207, 237]. As a result, we have that
¿
√
√
√
Á me
À ∑ λj (P ) ∣vj ∣2
W (i, e) = e⊺ P e = e⊺ QΛQ⊺ e = v ⊺ Λv = Á
j=1

with v ∶= Q⊺ e and λj (P ) being the j-th eigenvalue of P . Using now that
∂W (i, e)
∂W 2 (i, e)
⊺
= 2W (i, e)
= 2 (λ1 (P )v1 , . . . , λme (P )vme )
∂e
∂e
we obtain that
√
√
∑j λ2j (P )vj2 √
∂W (i, e)
∣
∣= √
≤ max λj (P ) = λmax (P )
j
∂e
∑j λj (P )vj2
and, hence, condition (5.19) is satisfied for M =
proof.

B.4

√

λmax (P ). This completes the
∎

Proof of Proposition 5.2

As a result of (5.30), it follows that the discrete-time system of (5.16) becomes
a periodic linear discrete-time system of the form
e(i + 1) = Ak e(i)
with the matrix Ak of (5.33) and where k = i mod `. Hence, stability of the RR
protocol can be analyzed by using the periodic Lyapunov Lemma, see, e.g., [29,
32], which directly results in the LMI-based necessary and sufficient conditions
of (5.32). This completes the proof.
∎
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Proof of Proposition 5.3

As mentioned above Proposition 5.3, since the resulting discrete-time system
of (5.38) is a PWL system, (DP , DC )-UGES of the TOD protocol can be determined by solving a set of LMI’s. In particular, to this end, we propose to
use the S-procedure
[36, 81, 105]. Consider hereto again the Lyapunov function
√
W (i, e) = e⊺ P e with P being a symmetric positive definite matrix, and define
for each k ∈ `¯ the function
`

Sk (e) ∶=

k ⊺
∑ βj e Qkj e
j=1,j≠k

βjk

for the constants
≥ 0, j ≠ k, such that Sk (e) ≥ 0 when e ∈ Ck . It follows
that, in order for the discrete-time system of (5.38) to be UGES, the following
condition should be satisfied for all i ∈ N0 , e ∈ Rme , and k ∈ `¯
W 2 (i + 1, Ak e) − ρW 2 (i, e) + Sk (e) ≤ 0
⇒

e⊺ A⊺k P Ak e − ρ (e⊺ P e) + ∑ βjk e⊺ Qkj e ≤ 0
j≠k

when e ∈ Ck with 0 < ρ < 1. This leads directly to (5.39) and therefore completes
the proof.
∎

B.6

Proof of Theorem 5.3

Let iy , iu ∈ N0 , e = (ey , eu ) ∈ Rme , i = iu + iy , wy = ey − hy (iy , ey ), and wy =
eu − hu (iu , eu ). Consider the Lyapunov function for the overall system (5.43)(5.44) with (5.46) given by (5.50) that clearly satisfies (5.18a) and (5.19) for
any σ > 0 and µy , µu > 1, where αcW , αcW , and M are given in the formulation
of Theorem 5.3. Let now q(iy , iu , e) = 1. In this case we have that the error
dynamics are given by (5.43) and that q(iy + 1, iu , hsp (iy , iu , e)) = 2. As such, it
follows that
W (iy + 1, iu ,(hy (iy , ey ), eu + DC wy ))
= µy W y (iy + 1, hy (iy , ey )) + σW u (iu , eu + DC wy )
= µy W y (iy + 1, hy (iy , ey )) + σW u (iu , eu + DC wy )
+ σ(W u (iu , eu ) − W u (iu , eu ))
≤ µy λy W y (iy , ey ) + σW u (iu , eu ) + σM u ∣DC wy ∣
σM u
∣DC ∣) W y (iy , ey ) + σW u (iu , eu ),
αcW y
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
=∶ λ̃yP S

≤ (µy λy +

(B.7)
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where we used Lebourg’s Lipschitz mean-value theorem [61, Theorem 2.3.7] and
the property
∣wy ∣ ≤ ∣ey ∣ ≤ (αcW y )−1 W y (iy , ey ).
Hence, when (5.49) holds, i.e., λ̃yP S < 1, we have that
W (iy + 1, iu , (hy (iy , ey ), eu + DC wy )) ≤ λ̄yP S W (iy , iu , e)
for λ̄yP S = max{ µ1u , λ̃yP S } ∈ (0, 1). Similarly, for the case that q(iy , iu , e) = 2 (and,
hence, q(iy , iu + 1, hsp (iy , iu , e)) = 1), we obtain that
W (iy , iu + 1,(ey + DP wu , hu (iu , eu )))
= W y (iy , ey + DP wu )) + µu σW u (iu + 1, hu (iu , eu ))
My
∣DP ∣) σW u (iu , eu ),
σαcW u
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¶
=∶ λ̃uP S

≤ W y (iy , ey ) + (µu λu +

implying that, when (5.49) holds, i.e., λ̃uP S < 1, also
W (iy , iu + 1, (ey + DP wu , hu (iu , eu ))) ≤ λ̄uP S W (iy , iu , e)
for λ̄uP S = max{ µ1y , λ̃uP S } ∈ (0, 1). Based on the above results, it can thus be
concluded that (with some abuse of notation) also (5.18b) is satisfied for the
Lyapunov function (5.50) with λ = max { µ1y , µ1u , λ̃yP S , λ̃uP S }. This completes the
proof.
∎

B.7

Proof of Theorem 5.4

Similarly to the proof of Theorem 5.3, let iy , iu ∈ N0 , e = (ey , eu ) ∈ Rme , i = iu +iy ,
wy = ey −hy (iy , ey ), and wu = eu −hu (iu , eu ) and consider the Lyapunov function
for the overall system (5.43)-(5.44) with (5.53) given by (5.55), which clearly
satisfies (5.18a) and (5.19) for any constant σ > 0, where αcW , αcW , and M are
given in the formulation of Theorem 5.4. Let now q(iy , iu , e) = 1. In this case,
the error dynamics are given by (5.43). As such, based on (B.7) it follows that
W (iy + 1, iu , (hy (iy , ey ), eu + DC wy ) )
= W y (iy + 1, hy (iy , ey )) + σW u (iu , eu + DC wy )
σM u
∣DC ∣) W y (iy , ey ) + σW u (iu , eu ),
αcW y
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¶
∶= λ̃yM ES

≤ (λy +

(B.8)
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Similarly, one obtains for the case q(iy , iu , e) = 2 that
W (iy , iu + 1, (ey + DP wu , hu (iu , eu )) )
My
∣DP ∣) σW u (iu , eu ).
σαcW u
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
∶= λ̃uM ES

≤ W y (iy , ey ) + (λu +

(B.9)

Note now that, when (5.54) is satisfied, we have
λ̃yM ES < 1

and λ̃uM ES < 1.

(B.10)

To show now UGES of the system (5.43)-(5.44) for the MES protocol, we will
make use of the properties induced by the switching law q of (5.53). In particular,
define the constants 0 < ρy , ρu < 1 such that
λ̃yM ES + (1 − ρy )σµ−1 < 1

and λ̃uM ES + (1 − ρu )σ −1 µ < 1,

which always exist as (B.10) holds (just take ρy , ρu sufficiently close to one), and
consider now the case of q(iy , iu , e) = 1, i.e., W y (iy , ey ) ≥ µW u (iu , eu ). Based
on (B.8), we have that
W (iy + 1, iu ,hsp (iy , iu , e))
≤ λ̃yM ES W y (iy , ey ) + (ρy + (1 − ρy ))σW u (iu , eu )
≤ (λ̃yM ES + (1 − ρy )σµ−1 )W y (iy , ey ) + ρy σW u (iu , eu )

(5.53)

≤ max {ρy , λ̃yM ES + (1 − ρy )σµ−1 } W (iy , iu , e).
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¶
=∶ λ̄yM ES ∈ (0, 1)

Similarly, one can obtain that in the case of q(iy , iu , e) = 2, i.e., W y (iy , ey ) ≤
µW u (iu , eu ), that (cf. (B.9))
W (iy , iu + 1,hsp (iy , iu , e))
≤ (ρu + (1 − ρu ))W y (iy , ey ) + λ̃uM ES σW u (iu , eu )
≤ (λ̃uM ES + (1 − ρu )σ −1 µ)σW u (iu , eu ) + ρu W y (iy , ey )

(5.53)

≤ max {ρu , λ̃uM ES + (1 − ρu )σ −1 µ} W (iy , iu , e).
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
=∶ λ̄uM ES ∈ (0, 1)

This analysis shows that UGES of the system (5.43)-(5.44) is indeed guaranteed
for the switching law of (5.53). In particular, we have that (with some abuse
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of notation) also (5.18b) is satisfied for the switching law of (5.53) with λ =
max{λ̄yM ES , λ̄uM ES } ∈ (0, 1). Moreover, observe that λ̄yM ES reaches its minimal
value when ρy = (λ̃yM ES + σµ−1 )(1 + σµ−1 )−1 , and, similarly, λ̄uM ES reaches its
minimal value for ρu = (λ̃uM ES +σ −1 µ)(1+σ −1 µ)−1 . As such, we have that (5.18b)
also holds with
λ = max {

λ̃yM ES + σµ−1 λ̃uM ES + σ −1 µ
,
}.
1 + σµ−1
1 + σ −1 µ

This completes the proof.

B.8

∎

Trajectory Evolution for the RR protocol

Consider the discrete-time system of (5.22) with (5.29) without any mixed nodes
and the partitioned error vector
e(i) = (e1 (i), . . . , e`y (i), e`y +1 (i), . . . , e`y +`u (i))
= (ey (i), eu (i)).

(B.11)

For the considered RR protocol, we can now compute the trajectory from any
initial condition e(0) ∈ Rme . To this end, we also partition the matrices DP and
DC to reflect the structure of (B.11), i.e., we have that
⎡ D11
⎢ P
⎢
DP = ⎢ ⋮
⎢ `y 1
⎢D
⎣ P

⋯
⋱
⋯

1`u ⎤
DP
⎥
⋮ ⎥⎥
` ` ⎥
DPy u ⎥⎦

⎡ D11
⎢ C
⎢
and DC = ⎢ ⋮
⎢ ` 1
⎢D u
⎣ C

⋯
⋱
⋯

1`
DC y ⎤⎥
⎥
⋮ ⎥.
` ` ⎥
DCu y ⎥⎦

Since the RR protocol is a `-periodic protocol, it suffices to compute the first `
steps of the trajectory. According to (5.30), we first have an update of the first
node, i.e., in (5.29) we have that ∆(i) = diag{Im1 , 0m2 , . . . , 0m` }, which implies
that (5.22) for the first step results in
e(1) = (ey (1), eu (1))
⎡
⎤
0
⎢
⎥ ⎡
⎢ e (0) ⎥ ⎢
⎢ 2
⎥ ⎢
0my
⎢
⎥ ⎢
⎢
⎥ ⎢
⋮
⎢
⎥ ⎢
= ⎢⎢ e`y (0) ⎥⎥ + ⎢⎢ 11
1`
⋯ DC y
⎢e
⎥ ⎢D
⎢ `y +1 (0)⎥ ⎢ C
⎢
⎥ ⎢ ⋮
⋱
⋮
⎢
⎥ ⎢
⋮
⎢
⎥ ⎢D`u 1 ⋯ D`u `y
⎢ e` (0) ⎥ ⎣ C
C
⎣
⎦

11
DP
⋮
` 1
DPy

⋯
⋱
⋯
0mu

⎤
1`u ⎤ ⎡
⎢e1 (0)⎥
DP
⎥⎢ 0 ⎥
⎥
⋮ ⎥⎥ ⎢⎢
⎥
`y `u ⎥ ⎢ ⋮ ⎥
⎥
DP ⎥⎥ ⎢⎢
⎥
⎥⎢ 0 ⎥
⎥⎢ 0 ⎥
⎥⎢
⎥
⎥⎢
⎥
⎥⎢ ⋮ ⎥
⎥⎢
⎥
⎦⎢ 0 ⎥
⎣
⎦

`u 1
11
= (0, e2 (0), ⋯, e`y (0), e`y +1 (0) + DC
e1 (0), ⋯, e` (0) + DC
e1 (0))
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for any initial condition e(0) ∈ Rme . Hence, one can see that an update of a
sensor node does not influence the error vector ey (except for the node that is
updated). As a result, repeating the update for all sensor nodes results in
⎡
⎤
0
⎢
⎥
⎢
⎥
⋮
⎢
⎥
⎢
⎥
0
⎢
⎥
0
e (l )
⎥=[
e(`y ) = ⎢⎢
] = [ y y ].
1`
y
11
⎥
eu (0) + DC ey (0)
eu (ly )
⎢e`y +1 (0) + DC e1 (0) + ⋯ + DC e`y (0)⎥
⎢
⎥
⋮
⎢
⎥
⎢
⎥
⎢ e` (0) + D`u 1 e1 (0) + ⋯ + D`u `y e` (0) ⎥
⎣
⎦
y
C
C
Similarly, the next update corresponding to the first actuator node results in
⎤
⎡
0
⎢
⎥ ⎡
⎥ ⎢
⎢
⋮
⎥ ⎢
⎢
0my
⎥ ⎢
⎢
⎥ ⎢
⎢
0
⎥ ⎢
⎢
⎥+⎢
0
e(`y + 1) = ⎢⎢
⎥ ⎢ D11 ⋯ D1`y
⎥ ⎢
⎢e
C
⎢ `y +2 (`y )⎥ ⎢ C
⎥ ⎢ ⋮
⎢
⋱
⋮
⎥ ⎢
⎢
⋮
⎥ ⎢D`u 1 ⋯ D`u `y
⎢
⎢ e` (`y ) ⎥ ⎣ C
C
⎦
⎣

11
DP
⋮
` 1
DPy

⋯
⋱
⋯
0mu

⎤
1`u ⎤ ⎡
0
⎥
⎢
DP
⎥
⎥⎢
⋮
⎥
⎢
⎥
⋮ ⎥⎢
⎥
⎥
0
`y `u ⎥ ⎢
⎥
DP ⎥⎥ ⎢⎢
⎥
⎥ ⎢e`y +1 (`y )⎥
⎥
⎥⎢
0
⎥
⎥⎢
⎥
⎥⎢
⎥
⎥⎢
⋮
⎥
⎥⎢
⎥
⎦⎢
0
⎦
⎣

` 1

11
= (DP
e`y +1 (`y ), ⋯, DPy e`y +1 (`y ), 0, e`y +2 (`y ), ⋯, e` (`y )) .

Hence, we can again observe that an update of an actuator node does not influence the error vector eu (except for the node that is updated). This implies
that after all the actuator nodes have been updated, we have that
1`u
⎡ D11 e
⎤
⎢ P `y +1 (`y ) + ⋯ + DP e` (`y ) ⎥
⎢
⎥
⋮
⎢
⎥
⎢ `y 1
⎥
`
`
y
u
⎢D e` +1 (`y ) + ⋯ + D
⎥
e
(`
)
`
y
⎢
⎥ = [DP eu (`y )]
y
P
P
e(l) = ⎢
⎥
0
0
⎢
⎥
⎢
⎥
⎢
⎥
⋮
⎢
⎥
⎢
⎥
0
⎣
⎦
D e (0) + DP DC ey (0)
=[ P u
].
0

As such, it now directly follows that the evolution of the discrete-time system
given by (5.22) with the RR protocol of (5.29) after j` steps, j ∈ N0 , is given by
(D D )
e(j`) = [ P C

j−1

j

DP eu (0) + (DP DC ) ey (0)
],
0m u

where 0mu denotes the vector of all zeros of size mu .

C
C.1

Appendices to Chapter 6

Proof of Lemma 6.1

Consider the functional, for any j ∈ N0 , e ∈ Rme , and x ∈ `∞ , given by
∞

2

W̃ (j, e, x) ∶= ∑ ∣φ(k, j, e, x)∣ .
k=j

From the fact that e = φ(j, j, e, x) and the definition of W̃ , we have
2

2

∞

2

∣e∣ = ∣φ(j, j, e, x)∣ ≤ ∑ ∣φ(k, j, e, x)∣ = W̃ (j, e, x).

(C.1)

k=j

It follows from (6.11) with (6.12) that
`′y

`′u

∣e(j + 1)∣1 ≤ ∑ ∣eyi (j)∣1 + ∑ ∣eui (j)∣1
i=1

i=1

`′u

+ ∑ ∣gci−`y (xc (j), gp (xp (j)) + ey (j))
i=1

− gci−`y (xc (j), gp (xp (j)) + (Imy − Ψy (e(j), j))ey (j))∣

1

= ∣e(j)∣1 + ∣gc (xc (j), gp (xp (j)) + ey (j))
− gc (xc (j), gp (xp (j)) + (Imy − Ψy (e(j), j))ey (j))∣
where gc = (gc1 , . . . , gc`′ ). By Assumption 6.1 we now obtain that
u

∣e(j + 1)∣1 ≤ ∣e(j)∣1 + Lg ∣ey (j)∣1 ≤ (1 + Lg ) ∣e(j)∣1 .
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Finally, it follows from the fact that ∣e∣ ≤ ∣e∣1 ≤

√

me ∣e∣ for any e ∈ Rme that

√
∣e(j + 1)∣ ≤ (1 + Lg ) me ∣e(j)∣ .

(C.2)

The repeated application of (C.2) and the exploitation of Assumption 6.2 gives
j̄
∞
√ i 2
2
2
W̃ (j, e, x) = ∑ ∣φ(k, j, e, x)∣ ≤ ∑(1 + Lg )i me ∣e∣ ≤ M ∣e∣
k=j

(C.3)

i=0

where M is given by (6.14). Hence,
M −1
W̃ (j, e, x)
(C.4)
M
√
for all j ∈ N0 , all e ∈ Rme , and all x ∈ `∞ . Given that W (j, e, x) ∶= W̃ (j, e, x)
and that (C.1), (C.2) and (C.4) hold, we indeed have that the conditions in
(6.10) are satisfied. This completes the proof.
∎
2

W̃ (j + 1, φ(j + 1, j, e, x), x) = W̃ (j, e, x) − ∣e∣ ≤

C.2

Proof of Proposition 6.1

Let e0 ∈ Rme , x ∶ N0 → Rmx and consider the corresponding solution φ to (6.15)
initialized at e0 . We first show that φy converges to zero in ` steps. To see this,
we note that after ` steps, all the nodes have endured a transmission by the
properties of RR. In view of (6.15a) and (6.6), this means that φy (`) = 0 (we
omit the other dependencies of the solutions in the proofs). Moreover, still in
view of (6.15a), φy remains equal to 0 for all future times beyond `. On the other
hand, φu may still be nonzero because a jump of φy generates a jump of φu in
view of (6.15b), see in particular the term gc (xc , gp (xp ) + ey ) − gc (xc , gp (xp ) +
(Imy − ∆y )ey ). However, it follows that we only need at most ` more steps to
set every component of φu to 0 from the fact that gc (xc (j), gp (xp (j)) + ey (j)) −
gc (xc (j), gp (xp (j)) + (Imy − ∆y (j))ey (j)) = 0 for all j ≥ `. Note that a jump of
a component of φu does not lead to a jump of the rest of the vector φy in view
of (6.15a). In that way, we have that the system (6.15) converges to the origin
in 2` steps, which completes the proof.
∎

C.3

Proof of Proposition 6.2

Let e0 ∈ Rme , x ∶ N0 → Rmx and consider the corresponding solution φ to (6.11)(6.12) with (6.16) initialized at e0 . We first show that φy converges to zero in
(`−`u )(`u +1)+θ(`−`u −2)(`−`u −1)(`−`u −2)/2 steps. To see this, we note that
the network is composed of `u nodes that are not associated to a sensor. In view
of (6.11) and the fact that gc (xc , gp (xp )+ey )−gc (xc , gp (xp )+(Imy −Ψy (e))ey ) = 0
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during an actuator node transmission (since ey = (Imy − Ψy (e))ey in this case,
i.e., ey is not updated), other nodes do not experience a jump as long as an
actuator node transmits. We therefore have to wait at most `u + 1 instants
to update a node associated to a sensor, which we label k1 . We denote the
corresponding components of the network-induced error vector ek1 = (eyk1 , euk1 )
(if there is an eu component). It is important to note that φyk1 (j) = 0 for all
j ≥ `u + 1 in view of (6.11a) with (6.16), and that φuk1 will remain equal to zero
at least from time `u + 1 until another node associated to a sensor is updated,
still in view of (6.11a) with (6.16). The reset of φk1 to 0 may have lead to a jump
of the `u error components corresponding to the nodes exclusively associated to
some actuators. Consequently, we may have to wait at most for `u + 1 instants
before updating a node associated to a sensor again, which we label k2 . Node k2
is different from node k1 , because φk1 has remained equal to 0 since its update.
The reasoning is repeated again, we wait at most `u + 1 time instants to update
a node associated to a sensor, which we label k3 . Node k3 is different from node
k2 for the same reason as above, but it may correspond to node k1 as the latter
may have experienced a jump when ek2 was updated. If k3 = k1 , at the next
time instant, a new node associated to a sensor is granted access to the network,
which we label k3′ and which is different from k1 and k2 .
We now proceed by iteration. Let jm be the maximum number of time
instants we have to wait for m ∈ {1, . . . , ` − `u } distinct nodes associated to at
least one sensor to get access to the network, m ∈ {1, . . . , ` − `u }. By iterating
the above arguments, we derive
jm = jm−1 + `u + 1 + max{m − 2, 0}
with j0 ∶= 0. Starting from the initial value j0 = 0, we obtain for m ∈ {1, . . . , ` −
`u },
m−2

jm = m(`u + 1) + θ(m − 2) ∑ i
i=1

(m − 1)(m − 2)
.
= m(`u + 1) + θ(m − 2)
2
Consequently, taking m = ` − `u , that corresponds to the case in which every
node associated to a sensor has transmitted at least once, yields
j`−`u = (` − `u )(`u + 1) + θ(` − `u − 2)

(` − `u − 2)(` − `u − 1)
.
2

When φy has converged to zero, we need to wait at most ` − 1 further steps until
every component of φ is reset to zero. This completes the proof.
∎

236

C.4

Appendix C. Appendices to Chapter 6

Proof of Lemma 6.4

Using the notation hy from (6.18), item 1) of Lemma 6.4 implies that for all
j ∈ N0 and ey ∈ Rmy there exist constants αyW , αyW > 0, λy ∈ [0, 1) such that
αyW ∣ey ∣ ≤ W y (j, ey ) ≤ αyW ∣ey ∣
y

y

W (j + 1, hy (j, ey )) ≤ λy W (j, ey ).

(C.5a)
(C.5b)

Using the notation hu from (6.18), item 2) of Lemma 6.4 implies that for all
j ∈ N0 and eu , e1u , e2u ∈ Rmu there exist constants αuW , αuW , Lu > 0, λu ∈ [0, 1) such
that
αuW ∣eu ∣ ≤ W u (j, eu ) ≤ αuW ∣eu ∣
W u (j + 1, hu (j, eu )) ≤ λu W u (j, eu )
∣W u (j, e1u ) − W u (j, e2u )∣ ≤ Lu ∣e1u − e2u ∣.

(C.6a)
(C.6b)
(C.6c)

For the purpose of this proof, we now introduce the following notation (cf. (6.18))
given by
h̃u (j, eu , ey , x) ∶= hu (j, eu ) + (Imu − Ψu (eu , j))(gc (xc , y + ey )
− gc (xc , y + (Imy − Ψy (ey , j)ey ))
Using now the fact that Assumption 6.1 holds, (C.6), and that ∣Ψy (j, ey )∣ ≤ ∣ey ∣,
we obtain that there exists a constant γ > 0 such that
W u (j + 1, h̃u (j, eu , ey , x)) ≤ λu W u (j, eu ) + γ∣ey ∣.

(C.7)

Finally, using a construction for cascades of nonlinear systems, it is straightforward to show that (C.5) and (C.7) imply that there exists a constant d > 0 such
that the conclusion of the lemma holds, which completes the proof.
∎

C.5

Proof of Theorem 6.1

Addition to and subtraction from (6.29b) of the term W y (j + 1, hy (j, ey + DP wyu )
and using the Lipschitz property of W y with its Lipschitz constant M y we obtain
for all j ∈ N0 , ey ∈ Rmy , and wyu ∈ Rmu that
W y (j + 1, hy (j, ey ) + DP wyu ) ≤ λy W y (j, ey ) + W y (j + 1, hy (j, ey ) + DP wyu )
− W y (j + 1, hy (j, ey ))
≤ λy W y (j, ey ) + M y ∣DP wyu ∣
≤ λy W y (j, ey ) + M y ∣DP ∣ ∣wyu ∣ .
(C.8)

237

C.5. Proof of Theorem 6.1

Similar, using (6.30b) and the Lipschitz property of W u with its Lipschitz constant M u we obtain that
W u (j + 1, hu (j, eu ) + DC wuy ) ≤ λu W u (j, eu ) + M u ∣DC ∣ ∣wuy ∣ .

(C.9)

Hence, we can thus conclude that the Lyapunov functions W y and W u are
ISS-Lyapunovs function for the systems (6.27a) and (6.27b), respectively. This
implies that both (6.27a) and (6.27b) are ISS [72]. Using now (6.29a) and (6.30a),
we obtain the properties
u
∣wyu ∣ ≤ ∣eu ∣ ≤ α−1
W u W (j, eu )

and

y
∣wuy ∣ ≤ ∣ey ∣ ≤ α−1
W y W (j, ey ).

As such, we can rewrite (C.8) and (C.9) as
W y (j + 1, hy (j, ey ) + DP wyu ) − W y (j, ey )
u
≤ −(1 − λy )W y (j, ey ) + M y ∣DP ∣ α−1
W u W (j, eu )

W u (j + 1, hu (j, eu ) + DP wuy ) − W u (j, eu )

(C.10)

y
≤ −(1 − λu )W u (j, eu ) + M u ∣DC ∣ α−1
W y W (j, ey ).

According now to [137, Corollary 4.2], UGES of the interconnected system (6.27)
is guaranteed with the Lyapunov function given by (6.32) with the decaying rate
(6.33) if the following small gain condition holds
u
−1
(1 − λy )−1 (1 − λu )−1 M y ∣DP ∣ α−1
W u M ∣DC ∣ αW y < 1
α yα u
⇒ ∣DP ∣ ∣DC ∣ < W y Wu (1 − λy )(1 − λu ),
M M
which completes the proof.

∎

Remark C.1 The same result for the condition on the direct-feedthrough matrices can be proven using vector Lyapunov functions [149]. In particular, it can
be observed that (C.10) can also be expressed as
⎡ y
⎤
⎢ W (j + 1, hy (j, ey ) + DP wyu ) ⎥
W y (j, ey )
λy
M y ∣DP ∣ α−1
⎢
⎥
Wu
⎢
⎥=[ u
][ u
],
−1
u
⎢W u (j + 1, h (j, e ) + D w )⎥
W (j, eu )
M ∣DC ∣ αW y
λ
⎢
u
u
C uy ⎥
⎣
⎦ ´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
∶= AYU

which, hence, constitutes a stable system if the absolute value of all the eigenvalues of the matrix AYU are smaller than 1. By simple computation, it can be
shown that the maximal eigenvalue of the matrix AYU is given by
√
2
−1
λy + λu + (λy − λu ) + 4 ∣DP ∣ ∣DC ∣ M y M u α−1
W y αW u
∣λmax (AYU )∣ =
.
2
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Using now the condition ∣λmax (AYU )∣ < 1, it can be shown that, for the system
given by (6.27) to be UGES, it is sufficient to have that
∣DP ∣ ∣DC ∣ <

αW y αW u
(1 − λy )(1 − λu ).
M yM u

D
D.1

Appendices to Chapter 7

Proof of Theorem 7.1

The proof is based on the construction of a Lyapunov function U ∶ X → R≥0
based on the hypotheses of Theorem 7.1 satisfying the conditions in (7.11) with
(7.14). To this end, we consider the function φ ∶ [0, τmati ] → R≥0 , which evolves
according to
d
φ(τ ) = −2Lφ(τ ) − γ(φ2 (τ ) + 1)
(D.1)
dτ
for τ ∈ [0, τmati ]. In [50] it has been shown that choosing the initial condition to
be φ(0) = σ −1 for some constant σ ≤ 1, the function φ satisfies φ(τmati ) = σ and
φ(τ ) ∈ [σ, σ −1 ] for τ ∈ [0, τmati ]. Using this function φ, we define the candidate
Lyapunov function, see also [50], as, for ξ ∈ X,
U(ξ) = V (x) + γφ(τ )W 2 (κ, e).

(D.2)

Since φ(τ ) ≥ σ > 0 for all τ ∈ [0, τmati ] and as we have that (7.7a) and (7.9) hold,
it can be concluded that (7.11a) is satisfied for
αU = min {αV , γσα2W } and αU = max {αV , γσ −1 α2W } .
To prove that also (7.11c) holds under the conditions of Theorem 7.1, consider
the situation in which an update of the networked values is performed, i.e., a
jump occurs in the hybrid system (7.4). This gives, for ξ ∈ X with τ ≥ τmati ,
U(G(ξ)) = V (x) + γφ(0)W 2 (κ + 1, h(κ, e))
(7.7b)

≤
when σ =

√λ
µ

V (x) + γσ −1 λ2 W 2 (κ, e) ≤ µU(ξ)

and, hence, (7.11c) indeed holds.
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Similarly, we can show that also (7.11b) holds. Note that, as W is not
differentiable with respect to κ, but as the component in F (ξ) corresponding to
κ is zero, ⟨∇U(ξ), F (ξ)⟩ can still be evaluated with a slight abuse of notation.
As such, for all (τ, κ) ∈ R≥0 × N0 and almost all (x, e) ∈ Rmx × Rme , it holds that
⟨∇U(ξ), F (ξ)⟩ = ⟨∇V (x), f (x, e)⟩ + γ φ̇(τ )W 2 (κ, e)
+ 2γφW (κ, e) ⟨
(7.8),(7.10)

≤

∂W (κ, e)
, g(x, e)⟩
∂e
2

2

−ε2 ∣x∣ − α2W ε2 ∣e∣ − H 2 (x) + γ 2 W 2 (κ, e)

− γW 2 (2Lφ(τ ) + γ (φ2 (τ ) + 1))
(D.3)

+ 2γφ(τ )W (κ, e) (LW (κ, e) + H(x))
2

2

= −ε2 ∣x∣ − α2W ε2 ∣e∣ − H 2 (x) + 2γφ(τ )W (κ, e)H(x)
− γ 2 W 2 (κ, e)φ2 (τ )
2

2

2

2 (7.11a)

= −ε2 ∣x∣ − α2W ε2 ∣e∣ − (H(x) − γφ(τ )W (κ, e))
≤ −ε2 ∣x∣ − α2W ε2 ∣e∣

≤

2

−ε2 min {1, α2W } α−1
U U(ξ)

Hence, (7.11b) is also satisfied with λ0 = ε2 min {1, α2W } α−1
U .
To complete now the proof, it has to be shown how the ‘optimal’ value of µ
(cf. σ) is obtained while satisfying (7.14). Note that when we take µ such that
µ < eλ0 τmiati , there indeed exists a λ̃ ∈ (0, λ0 ) such that (7.14) holds. Moreover,
observe that we obtain the largest value for τmati when σ is as small as possible,
or, hence, when µ is as large as possible. As such, using the results above, it
follows that we ideally would like to have that µ is as large as possible with its
upper bound given by
µ<e

ε2 min{1,α2W }

max{αV ,γ

1
√

τmiati
µλ−1 α2 }
W

.

(D.4)

To solve this inequality for µ, we make use of the properties of the Lambert
W-function WL , see, e.g., [65]. In particular, we use the property that, for some
constants a, b, x ∈ R>0 ,
√
2 1
4W
(
a ln2 (b))
√
L 2
x
,
(D.5)
xb = a ⇒ x =
ln2 (b)
which follows from the results in [155]. To obtain now a solution to (D.4),
consider the following two cases:
√
1. In the case that αV ≥ γ µλ−1 α2W , the solution to (D.4) is simply given by
2
2
−1
µ < eε min{1,αW }αV τmiati .
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√
2. In the case that γ µλ−1 α2W > αV , we first rewrite (D.4) as
µ<e

ε2 min{1,α2W }

λ
√1 τmiati
µ
γα2
W

⇔

−1

1<µ

2ε̃

(e

λ
γα2
W

√1
µ

τmiati

)

with ε̃ ∶= 12 ε2 min {1, α2W }. Hence, using (D.5) we obtain that
√
µ−1 >

4WL2

⎛1
⎝2

ln2 (e

ln2 (e

2ε̃

2ε̃

λ
γα2
W

λ
γα2
W

τmiati

⎞
)
⎠

τmiati

)

2

⎛ WL (ε̃ γαλ2 τmiati ) ⎞
W
⎟
=⎜
λ
⎝ ε̃ γα2 τmiati
⎠
W

=e
⇒

µ<e

2WL (ε̃

λ
γα2
W

τmiati )

−2WL (ε̃

λ
γα2
W

τmiati )

.

Combining the results above for the two cases, we obtain that the solution to
(D.4) is given by
⎧
⎫
⎪
2WL (ε̃ λ2 τmiati ) ⎪
−1
⎪
⎪
γα
W
µ < min ⎨e2ε̃αV τmiati , e
⎬ > 1 for τmiati > 0,
⎪
⎪
⎪
⎪
⎩
⎭
with ε̃ ∶= 12 ε2 min{1, α2W }, from which the bound on σ as in Theorem 7.1 directly
follows as σ = √λµ . This completes the proof.
∎

D.2

Proof of Theorem 7.2

Consider again the Lyapunov function as given in (D.2). Following the same
steps as in the proof of Theorem 7.1, one can conclude that (7.11a) and (7.11c)
hold, and during flow (i.e., when τ ∈ [0, τmati ]), we obtain for all (τ, κ) ∈ R≥0 ×N0
and almost all (x, e) ∈ Rmx × Rme that
⟨∇U(ξ), F (ξ)⟩ = ⟨∇V (x), f (x, e)⟩ + γ φ̇(τ )W 2 (κ, e)
+ 2γφW (κ, e) ⟨

∂W (κ, e)
, g(x, e)⟩
∂e

≤ −ε2 V (x) − H 2 (x) + γ 2 W 2 (κ, e) − γW 2 (2Lφ(τ ) + γ (φ2 (τ ) + 1))
− γ 2 W 2 (κ, e)φ2 (τ ) − ε2 γφ(τ )W 2 (κ, e)
= −ε2 V (x) − ε2 γφ(τ )W 2 (κ, e) − (H(x) − γφ(τ )W (κ, e))
≤ −ε2 V (x) − ε2 γφ(τ )W 2 (κ, e) = −ε2 U(ξ).

2
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Hence, (7.11b) is also satisfied with λ0 = ε2 . As such, we obtain in this case that
the highest bound on τmati can be obtained when µ is taken as large as possible
2
with its upper bound given by µ < eε τmati , or, hence, when σ is taken as small
2
1
as possible with σ > λe− 2 ε τmati . This completes the proof.
∎

D.3

Proof of Theorem 7.3

Based on (7.7a), (7.9), and (7.21a), it directly follows that the Lyapunov function
U given by (7.20) is radially unbounded, and, hence, satisfies (7.6a). Moreover,
when using (7.8) and (7.10), we obtain that, for all (τ, κ) ∈ [0, τmati ] × N0 and
almost all (x, e) ∈ Rmx × Rme , the following holds
d
φW (τ )W 2 (κ, e)
dt
d
∂W (κ, e)
+ φV (τ )V (x) + 2γφW (τ )W (κ, e) ⟨
, g(x, e)⟩
dt
∂e
d
2
≤ φV (τ )V (x) − ε2 φV (τ ) ∣x∣ − φV (τ )H 2 (x)
dt
d
2
+ α2W (γ 2 − ε2 )φV (τ ) ∣e∣ + γ φW W 2 (κ, e)
dt
+ 2γLφW (τ )W 2 (κ, e) + 2γφW (τ )H(x)W (κ, e)
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¸¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶

⟨∇U (ξ), F (ξ)⟩ = φV (τ ) ⟨∇V (x), f (x, e)⟩ + γ

= 2γφW (τ ) √

1

√

φV (τ )

φV (τ )H(x)W (κ, e)

2
2
≤ γ 2 φ2W (τ )φ−1
V (τ )W (κ, e) + φV (τ )H (x)

Using now the bounds (7.21b) and (7.21c) for the functions φV and φW , respectively, and (7.7a) and (7.9) for the functions W and V , respectively, the above
can be rewritten as
2
2 2
⟨∇U (ξ), F (ξ)⟩ ≤ ε2 ηφV (τ )α−1
V V (x) − ε φV (τ ) ∣x∣ − αW ε φV (τ ) ∣e∣
2

+ γγ −1 ηε2 φV (τ )W 2 (κ, e)
2

2

(D.6)
2

≤ −ε2 (1 − η)φV (τ ) (∣x∣ + α2W ∣e∣ )
and, hence, (7.6b) holds for εU = ε2 (1 − η)φV min{1, α2W }.
Shifting our attention now to condition (7.6c), we obtain by means of (7.7b)
that during jumps of the hybrid system (7.4)
U (G(ξ)) ≤ φV (0)V (x) + γφW (0)λ2 W 2 (κ, e).
Hence, by virtue of (7.21d) and (7.21e), we can directly conclude that also (7.6c)
is satisfied. This completes the proof.
∎
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Computing the MATI when φV is constant

By definition of (7.23) with φW (0) = λ−1 and φW (τmati ) = λ, we can write, see
also the proof of [50, Lemma 2],
λ

τmati = − ∫

λ−1

√

Define now s ∶=

φ
√W
φ̃V

φ̃V L
γ

+

s2 − sign (L2 − γ 2 εφ ) (

1

) dφW
(D.7)
+ 2LφW + γεφ φ̃V
√
γ 2
and rV ∶= ∣( L
) εφ − 1∣ φ̃V and observe that
(

γφ2W φ̃−1
V

LrV 2
)
γ
2

2

(γφW + Lφ̃V )
=

=

γ 2 φ̃V

2

2

− sign (L − γ εφ )

γ
∣
L2 φ̃V ∣ L
2 εφ − 1

γ2

2
2
2
2
2
γ 2 φ2W φ̃−1
V + 2γLφW + L φ̃V − sign (L − γ εφ ) ∣γ εφ φ̃V − L φ̃V ∣
γ2

2
γ 2 φ2W φ̃−1
V + 2γLφW + γ εφ φ̃V
γ2
1
= (γφ2W φ̃−1
V + 2LφW + γεφ φ̃V ) ,
γ

=

where sign(⋅) is the sign function with sign(0) = 0. Hence, we can rewrite (D.7)
using the coordinate transformation defined by s as
−1

s
LrV 2
dφW
1
) )
ds
τmati = − ∫ (s2 − sign (L2 − γ 2 εφ ) (
γ s
γ
ds
√
−1
s
φ̃V
LrV 2
2
2
2
(L
)
=−
(s
−
sign
−
γ
ε
(
)
)
ds.
φ
∫
γ
γ
s
√

with s ∶=

√λ
φ̃V

+

√
φ̃V L
γ

and s ∶=

√1
λ φ̃V

+

φ̃V L
.
γ

The right-hand side of (7.24) is

now obtained by analyzing the various scenarios:
• To obtain the first formula in (7.24), when γ 2 εφ > L2 , we can use the fact
that
√
√
−1
s
φ̃V
LrV 2
φ̃V
sγ
sγ
2
−
) ) ds = −
(arctan (
) − arctan (
))
∫ (s + (
γ
γ
LrV
LrV
LrV
s
and that for all c2 ≥ c1 ≥ 0 we have that
arctan(c2 ) − arctan(c1 ) = arctan (

c2 − c1
).
1 + c1 c2
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This results in
√

√
LrV γ(s − s)
LrV γ(s − s)
φ̃V
φ̃V
)=
)
τmati = −
arctan ( 2 2
arctan ( 2 2
LrV
L rV + ssγ 2
LrV
L rV + ssγ 2

Using now the upper and lower bounds of the integration we obtain that
1
(λ−1 − λ) = Lr̃γ(1 − λ)(1 + λ)λ−1
LrV γ(s − s) = LrV γ √
φ̃V
√
rV
γ 2
√
with r̃ ∶=
= ∣( L
) εφ − 1∣ and that
φ̃V

√
L2 rV2

2

+ ssγ =

L2 rV2

= L2 r̃2 φ̃V + γ 2 (

1

+

√
φ̃V L ⎞ ⎛ 1
√
+
γ ⎠ ⎝ λ φ̃V

λ
+γ √
+
⎝ φ̃V
2⎛

φ̃V L ⎞
γ ⎠

φ̃V L2
L −1
(λ + λ) +
)
γ
γ2

φ̃V
γ2
2
= L2 φ̃V (r̃2 + 1) +
+ Lγ ((1 + λ) λ−1 − 2) .
φ̃V
Combining the above results we can compute that
LrV γ(s − s)
Lr̃γ(1 − λ)(1 + λ)λ−1
=
L2 rV2 + ssγ 2 L2 φ̃V (r̃2 + 1) + γ 2 + Lγ ((1 + λ)2 λ−1 − 2)
φ̃
V

=

=

=

where we used that
τmati =

L
r̃(1 − λ)(1 + λ)λ−1
γ
2
(r̃2 + 1) + φ̃1 + L
φ̃V L
((1 + λ)2 λ−1
γ2
γ
V
L
r̃(1 − λ)(1 + λ)λ−1
γ
φ̃V εφ + φ̃1 + L
((1 + λ)2 λ−1 − 2)
γ
V

r̃(1 − λ)
λ
1+λ

L2 ˜2
r
γ2

γ
(L

(φ̃V εφ +

1
φ̃V

) − 2) + 1 + λ

− 2)

,

2

) . Hence, we directly obtain that
= εφ − ( L
γ

⎛
1
arctan ⎜
Lr̃
⎝

⎞
⎟.
) − 2) + 1 + λ ⎠

r̃(1 − λ)
λ
1+λ

γ
(L
(φ̃V εφ +

1
φ̃V

Observe now that the largest value of τmati is obtained when the term
φ̃V εφ + φ̃1 is minimized, from which one can directly deduce that choosing
V

φ̃V =

1
√
εφ

maximizes the value for τmati , resulting in
τmati =

⎛
⎞
1
r̃(1 − λ)
arctan
.
γ√
λ
Lr̃
⎝ 2 1+λ ( L εφ − 1) + 1 + λ ⎠

(D.8)
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• The second formula in (7.24), when γ 2 εφ = L2 , follows from the fact that
√
√
√
√
√
s 1
φ̃V
φ̃V 1 1
φ̃V ⎛ γ φ̃V
λ φ̃V γ ⎞
τmati = −
ds =
( − )=
−
∫
γ
γ
s s
γ ⎝ λγ + φ̃V L γ + φ̃V Lλ ⎠
s s2
=

φ̃V
λγ + φ̃V L

−

φ̃V (γ + φ̃V Lλ − λ2 γ − φ̃V Lλ)

λφ̃V
γ + φ̃V Lλ

=

(λγ + φ̃V L) (γ + φ̃V Lλ)

2

=

φ̃V L(1 − λ)(1 + λ)
φ̃V γ(1 − λ )
=
√
√
(λγ + φ̃V L) (γ + φ̃V Lλ) (λL + φ̃V L εφ ) (L + λφ̃V L εφ )

=

1
φ̃V (1 − λ)(1 + λ)
L (λ + φ̃V √εφ ) (1 + λφ̃V √εφ )

and the observation that the maximal value for τmati is now again obtained
when φ̃V = √1εφ , resulting in
τmati =

1 1−λ
.
√
L εφ 1 + λ

• Following now the same analysis as in the first item, the third formula in
(7.24), when γ 2 εφ < L2 , can be obtained from
−1

√
−

s
φ̃V
Lr 2
2
(s
−
(
) )
∫
Lr s
γ

ds =

sγ
1
sr
(arctanh ( ) − arctanh ( ))
Lr̃
Lr
Lr

c2 −c1
) for all c2 ≥
and the identity arctanh(c2 ) − arctanh(c1 ) = arctanh ( 1−c
1 c2
c1 ≥ 0.

• Finally, the last formula in (7.24), when L = 0, can be obtained by taking
the limit case L → 0 of (D.8), which results in
⎛
⎞
1
r̃(1 − λ)
arctan
√
γ
λ
L→0 Lr̃
⎝ 2 1+λ ( L εφ − 1) + 1 + λ ⎠
√
γ 2 εφ − L2 (1 − λ)
⎞
⎛
1
= lim √
arctan
√
λ
2
2
L→0
⎝
2 1+λ (γ εφ − L) + L(1 + λ) ⎠
γ εφ − L

τmati = lim

1
(1 − λ)(1 + λ)
= √ arctan (
).
γ εφ
2λ

E
E.1

Appendices to Chapter 8

Proof of Proposition 8.1

The proof consists of two parts, namely showing that each hybrid time domain
of a solution (τ, s) to (8.5) with initial state set [0, τmati ] × (−∞, τmati − τmiati ]
satisfies the conditions (8.6) and that each hybrid time domain E satisfying (8.6)
is also a hybrid time domain for some solution (τ̄ , s̄) to (8.5) with initial state
set [0, τmati ] × (−∞, τmati − τmiati ].
For the first part, suppose that (τ, s) is a solution to (8.5) with initial state set
[0, τmati ] × (−∞, τmati − τmiati ]. We observe that for two consecutive jump times
tj and tj+1 , j ∈ N, we have that τ (tj+1 , j) ≥ s(tj+1 , j) + τmiati with s(tj+1 , j) =
s(tj , j) = τ (tj , j), implying that it is ensured that two consecutive jumps are at
least separated by τmiati time units as τ (tj+1 , j) − s(tj+1 , j) = tj+1 − tj due to the
dynamics of τ and s. Hence, a solution (τ, s) indeed satisfies (8.6a). Moreover,
for each (t, i), (t̄, j) ∈ dom(τ, s) with t̄ + j ≥ t + i we have that, in view of (8.5),
τmati ≥ τ (t̄, j) − τ (t, i) ≥ (t̄ − t) − (j − i)τr∗-dt

(E.1)

as τ̇ = 1 during flows and τ is at most decreased by τr∗-dt time units during
jumps, see also the proof of [46, Proposition 1.2]. Rearranging the inequality
(E.1) directly gives (8.6b).
For the second part, suppose that a hybrid time domain E with its sequence
of jump times {tj }j∈N satisfies the conditions given by (8.6). To construct now a
solution (τ̄ , s̄) to (8.5) with the hybrid time domain E, we take1 τ̄ (0, 0) = 0 and
s̄(0, 0) ≤ −τmiati and define (τ̄ , s̄) to be the hybrid arc on the hybrid time domain
E that satisfies for almost all t ∈ [tj , tj+1 ], j ∈ N0 , with t0 = 0 (see Definition
2.11a)
˙ j) = 0,
τ̄˙ (t, j) = 1, and s̄(t,
(E.2a)
1 Note that choosing the initial conditions as such allows for a jump of the hybrid system
(8.5) at any jump time t1 ≥ 0, which is required based on (8.6).
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and for all tj+1 , j ∈ N0 , (with t0 = 0 thus excluded)
τ̄ (tj+1 , j + 1) = s̄(tj+1 , j + 1) = max{0, τ̄ (tj+1 , j) − τr∗-dt }.

(E.2b)

To complete the proof, we need to show that this hybrid arc (τ̄ , s̄) is a solution
to (8.5). Obviously, the flow and jump dynamics of (8.5) are satisfied by the
defined hybrid arc. As such, it is only required to show for all j ∈ N0 that
τ̄ (tj+1 , j) ≥ s̄(tj+1 , j) + τmiati
τ̄ (t, j) ∈ [0, τmati ] when t ∈ [tj , tj+1 ].

(E.3a)
(E.3b)

For (E.3a), we first observe that, since τ̄ (t1 , 0) ≥ τ̄ (0, 0) = 0 and s̄(t1 , 0) =
s̄(0, 0) + τmiati ≤ 0 as a result of (E.2a), the inequality is satisfied for j = 0.
For all j ∈ N, we have that s̄(tj+1 , j) = s̄(tj , j) = τ̄ (tj , j), as a result of (E.2b).
Moreover, from (8.6a) it follows that tj+1 − tj ≥ τmiati , j ∈ N. Recalling now that
τ̄˙ = 1 and s̄˙ = 0, see (E.2a), the above directly leads for all j ∈ N to
τ̄ (tj+1 , j) − s̄(tj+1 , j) = τ̄ (tj+1 , j) − s̄(tj , j)
= τ̄ (tj+1 , j) − τ̄ (tj , j)
= tj+1 − tj
≥ τmiati ,
implying that (E.3a) indeed holds.
Concerning (E.3b), obviously τ̄ (t, j) ≥ 0 for any (t, j) ∈ E as τ̄˙ = 1 (τ̄ is
increasing during flows), τ̄ (0, 0) ≥ 0, and τ̄ is not reset to any value lower
than 0. To guarantee also the upper bound τ̄ (t, j) ≤ τmati , we will proceed
by contradiction. That is, we observe that (E.3b) holds unless there exist hybrid times (t, j), (t̄, j) ∈ E with t̄ > t such that τ̄ (t, j) = τmati and, hence,
τ̄ (t̄, j) > τmati ≥ τr∗-dt . Suppose that such hybrid times exist and let (t̃, k) be
the largest hybrid time in E smaller than (t, j) (possibly being (0, 0)) at which
τ̄ (t̃, k) = 0. Hence, we have that any jump that occurs after the point (t̃, k)
always leads to a full decrease of τr∗-dt time units for the value of τ . As such, the
above implies that
τmati = τ̄ (t, j) = τ̄ (t̃, k) + (t − t̃) − (j − k)τr∗-dt
= (t − t̃) − (j − k)τr∗-dt

< (t̄ − t̃) − (j − k)τr∗-dt

⇒

j−k <

(t̄ − t̃) − τmati
,
τr∗-dt

which contradicts that E satisfies (8.6b). Hence, also (E.3b) must hold. This
completes the proof.
∎
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Proof of Lemma 8.1

Consider the function φ∗W ∶ [0, τmati ] → R≥0 that is for all τ ∈ [0, τmati ] given by
the solution to
d ∗
φ (τ ) = λW φ∗W (τ )
(E.4a)
dτ W
with λW given by (8.30) such that
φ∗W (τ ) = eλW τ φ∗W (0)
=e

−(ε2 −δ)τmiati τ ∗τ

τ
∗

r -dt

(λ2 ) τr -dt φ∗W (0).

(E.4b)

Observe that, since ln(λ2 ) < 0 (as λ < 1) and δ ≤ ε2 , φ∗W is a strictly decreasing
function and, hence, it holds for any τ1 , τ2 ∈ [0, τmati ] such that τ2 − τ1 ≤ τr∗-dt
that
(τ −τ )
(τ1 −τ2 )
−(ε2 −δ)τmiati τ1∗ 2
φ∗W (τ1 )
2
τ∗
r -dt
r -dt
(λ
)
=
e
φ∗W (τ2 )
≤e

−(ε2 −δ)τmiati

= e(ε

2

−δ)τmiati

−τ ∗
r -dt
τ∗
r -dt

(λ2 )

−τ ∗
r -dt
τ∗
r -dt

(E.5)

1
,
λ2

Taking now φ∗W (0) = φ̃W (0), it follows from (8.29) and the comparison lemma
[143, Lemma 3.4] that
φ̃W (τ ) ≥ φ∗W (τ )

for all

τ ∈ [0, τmati ].

(E.6)

Moreover, we have for any τ1 , τ2 ∈ [0, τmati ], τ2 ≥ τ1 , that (8.29) in combination
with φ∗W as defined in (E.4) also implies
φ̃W (τ2 ) − φ̃W (τ1 ) = ∫
≥∫

τ2
τ1
τ2
τ1

d
φ̃W (s)ds
ds
d ∗
φ (s)ds = φ∗W (τ2 ) − φ∗W (τ1 ).
ds W

(E.7)

Finally, we can rewrite (E.5) as
φ∗W (τ2 ) ≥ e−(ε

2

−δ)τmiati 2 ∗
λ φW (τ1 )

or, alternatively, as
φ∗W (τ2 ) − φ∗W (τ1 ) ≥ (e−(ε −δ)τmiati λ2 − 1) φ∗W (τ1 )
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
2

< 0 since λ < 1 and δ ≤ ε2 , τmiati > 0

for any τ1 , τ2 ∈ [0, τmati ] such that τ2 − τ1 ≤ τr∗-dt .

(E.8)
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Combining now all of the above, we obtain for any τ1 , τ2 ∈ [0, τmati ] such
that τ2 − τ1 ≤ τr∗-dt that
φ̃W (τ2 ) − φ̃W (τ1 ) ≥ φ∗W (τ2 ) − φ∗W (τ1 )
(E.7)

≥ (e−(ε

2

−δ)τmiati 2

2

−δ)τmiati 2

2

−δ)τmiati 2

(E.8)

≥ (e−(ε

(E.6)

⇒

φ̃W (τ2 ) ≥ (e−(ε
= e

λ − 1)φ∗W (τ1 )
λ − 1)φ̃W (τ1 )

λ − 1)φ̃W (τ1 ) + φ̃W (τ1 )

−(ε2 −δ)τmiati 2

λ φ̃W (τ1 ),

which directly gives us condition (8.28).

E.3

∎

Note on the optimality of [50]

As already mentioned in Section 8.3.5, the value for the MATI T [50] is computed
in [50] as the point in time for which the function φ ∶ [0, T [50] ] → R given by the
nonlinear differential equation
d
φ(τ ) = −2L − γ(φ2 (τ ) − 1).
dτ

(E.9)

reaches the value λ2 φ(0) for some λ ∈ (0, 1), which follows from the used scheduling protocol. As such, the value for the initial condition φ(0) influences the value
for the MATI, and, hence, can be optimized. Therefore, in this note, the value
for the MATI is first computed as a function of the initial condition. That is,
by definition of (E.9) with φ(0) = φ0 and φW (T [50] ) = λ2 φ0 , we can write, see
also the proof of [50, Lemma 2] or Appendix D.4,
T

[50]

λ2 φ0

(φ0 ) = − ∫

(
φ0

1
) dφ.
γφ2 + 2Lφ + γ

(E.10)

The goal is now to obtain the ‘optimal’ value for φ0 such that the value
√ for the
L
γ 2
MATI is as high as possible. To this end, define s ∶= φ + γ and r ∶= ∣( L
) − 1∣
and observe that
2

γ
2
L2 ∣ L
∣
2 −1
Lr 2 (γφ + L)
2
2
(L
)
s − sign (L − γ ) ( ) =
−
sign
−
γ
2
2
γ
γ
γ
2 2
2
2
γ φ + 2γLφ + L − sign (L − γ 2 ) ∣γ 2 − L2 ∣
=
γ2
2 2
2
γ φ + 2γLφ + γ
1
=
= (γφ2 + 2Lφ + γ) ,
2
γ
γ
2

2

2

251

E.3. Note on the optimality of [50]

where sign(⋅) is the sign function with sign(0) = 0. Hence, we can rewrite (E.10)
using the transformation defined by s as
−1

T

[50]

s
1
Lr 2
(φ0 ) = − ∫ (s2 − sign (L2 − γ 2 ) ( ) )
γ s
γ

−1

s
Lr 2
1
= − ∫ (s2 − sign (L2 − γ 2 ) ( ) )
γ s
γ

dφ
ds
ds
ds

with s ∶= λ2 φ0 + L
and s ∶= φ0 + L
. The value for the MATI is now obtained by
γ
γ
analyzing the various scenarios:
• In the first scenario where γ > L, we use the fact that
−1

s
1
Lr 2
− ∫ (s2 + ( ) )
γ s
γ

ds = −

sγ
1
sγ
(arctan ( ) − arctan ( ))
Lr
Lr
Lr

and that for all c2 ≥ c1 ≥ 0 we have that
arctan(c2 ) − arctan(c1 ) = arctan (

c2 − c1
),
1 + c1 c2

resulting in
T

[50]

(φ0 ) = −

1
Lrγ(s − s)
1
Lrγ(s − s)
arctan ( 2 2
)=
arctan ( 2 2
).
Lr
L r + ssγ 2
Lr
L r + ssγ 2

Using now the upper and lower bounds of the integration we obtain that
Lrγ(s − s) = Lrγφ0 (1 − λ2 ) = Lrγφ0 (1 − λ)(1 + λ)
and that, by using L2 r2 = γ 2 − L2 ,
L
L
) (φ0 + )
γ
γ
L
L2
= (γ 2 − L2 ) + γ 2 (λ2 φ20 + φ0 (1 + λ2 ) + 2 )
γ
γ

L2 r2 + ssγ 2 = L2 r2 + γ 2 (λ2 φ0 +

= γ 2 + γ 2 λ2 φ20 + Lγφ0 (1 + λ2 ),
which directly yields
T

[50]

(φ0 ) =

1
L(1 − λ2 )φ0 r
arctan (
).
Lr
L(1 + λ2 )φ0 + γλ2 φ20 + γ

To obtain now the value for φ0 , which maximizes the value for the MATI,
we compute the zeros of the partial derivative of T [50] with respect to φ0 .
This results in
∂T

[50]

(φ0 )

∂φ0

=γ(

1
λ2
−
)=0
(L + γφ0 )2 + L2 r2 (L + γλ2 φ0 )2 + L2 r2
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⇒

λ2
1
−
=0
γ + 2Lφ0 + γφ20 γ + 2Lλ2 φ0 + γλ4 φ20

⇒

λ2 γ + γλ2 φ20 − γ − γφ20 λ4 = 0

⇒

λ2 (1 − λ2 )φ20 − (1 − λ2 ) = 0
1
1
φ0 =
or φ0 = − .
λ
λ

⇒

As φ0 should be positive, we disregard the second solution (implying that

there is only a single solution φ0 for which ∂T ∂φ0(φ0 ) = 0) and by verifying
that
∂ 2 T [50] (λ−1 )
2γλ3 (λ2 − 1)
< 0,
=
∂φ20
(γ + 2Lλ + γλ2 )2
[50]

we can conclude that having φ0 = λ−1 results in the global maximal value
for the MATI T [50] .
• In the second scenario where γ = L, it follows that
T

[50]

s 1
1
1 1 1
1
γ
γ
(φ0 ) = − ∫
ds = ( − ) = ( 2
−
)
2
γ s s
γ s s
γ λ φ0 γ + L γφ0 + Lλ
1
1
= 2
−
λ φ0 γ + L γφ0 + Lλ
1
1
1
= ( 2
−
).
γ λ φ0 + 1 φ0 + λ

Computing now again the zeros of the partial derivative of T
respect to φ0 by means of
∂T

[50]

(φ0 )

∂φ0

=

[50]

with

1
1
λ2
(
−
)=0
γ 2 (1 + φ0 )2 (1 + λ2 φ0 )2

⇒

(1 + λ2 φ0 )2 − λ2 (1 + φ0 )2 = 0

⇒

1 + 2λ2 φ0 + λ4 φ20 − λ2 − 2λ2 φ0 − λ2 φ20 = 0

⇒

λ2 (λ2 − 1)φ20 − (λ2 − 1) = 0
1
1
φ0 =
or φ0 = − ,
λ
λ

⇒
and verifying that
∂2T

[50]

(λ−1 )

∂φ20

=

2(λ − 1)λ3
< 0,
γ(1 + λ3 )

we obtain the same conclusion as in the first item that φ0 = λ−1 results in
the highest possible value for the MATI T [50] .

E.3. Note on the optimality of [50]
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• For the third scenario when γ < L, we directly obtain (following the same
analysis as in the first item, see also the proof of [50, Lemma 2] or Appendix
D.4) that
T

[50]

(φ0 ) =

1
L(1 − λ2 )φ0 r
arctanh (
),
Lr
L(1 + λ2 )φ0 + γλ2 φ20 + γ

which has a partial derivative with respect to φ0 equal to the one from the
first item, resulting in the same conclusion that having φ0 = λ−1 results in
the highest possible value for the MATI T [50] .
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Heemels, “Stability analysis of networked control systems with directfeedthrough terms: Part II – The linear case,” in Proceedings of the IEEE
55th Annual Conference on Decision and Control (CDC’16), 2016, pp.
5974–5979.
[123] T.A. Henzinger, “The theory of hybrid automata,” in Verification of Digital and Hybrid Systems. Springer, 2000, pp. 265–292.
[124] J.P. Hespanha, P. Naghshtabrizi, and Y. Xu, “A survey of recent results
in networked control systems,” Proceedings of the IEEE, vol. 95, no. 1, pp.
138–162, 2007.
[125] J.P. Hespanha, D. Liberzon, and A.R. Teel, “On input-to-state stability
of impulsive systems,” in Proceedings of the IEEE 44th Conference on
Decision and Control, 2005, pp. 3992–3997.
[126] ——, “Lyapunov conditions for input-to-state stability of impulsive systems,” Automatica, vol. 44, no. 11, pp. 2735–2744, 2008.
[127] J.P. Hespanha, M. McLaughlin, G.S. Sukhatme, M. Akbarian, R. Garg,
and W. Zhu, “Haptic collaboration over the internet,” in Proceedings of
the 5th PHANTOM users group workshop, vol. 40, 2000, pp. 158–168.
[128] J.P. Hespanha and A.S. Morse, “Stability of switched systems with average
dwell-time,” in Proceedings of the IEEE 38th Conference on Decision and
Control (CDC’99), 1999, pp. 2655–2660.
[129] L. Hetel, J. Daafouz, and C. Iung, “Analysis and control of LTI and
switched systems in digital loops via an event-based modelling,” International Journal of Control, vol. 81, no. 7, pp. 1125–1138, 2008.
[130] L. Hetel, C. Fiter, H. Omran, A. Seuret, E. Fridman, J. Richard, and S.I.
Niculescu, “Recent developments on the stability of systems with aperiodic
sampling: An overview,” Automatica, vol. 76, pp. 309–335, 2017.
[131] E. Hewitt and K. Stromberg, Real and abstract analysis: A modern treatment of the theory of functions of a real variable. Berlin: Springer-Verlag,
1965.
[132] K. Hikichi, H. Morino, I. Arimoto, K. Sezaki, and Y. Yasuda, “The evaluation of delay jitter for haptics collaboration over the internet,” in Proceedings of the IEEE Global Telecommunications Conference (GLOBECOM’02), vol. 2, 2002, pp. 1492–1496.
[133] E.W. Hobson, The theory of functions of a real variable and the theory of
Fourier’s series. Cambridge: Cambridge University Press, 1907.

266

Bibliography

[134] A.A. Huurdeman, The worldwide history of telecommunications.
Jersey: John Wiley & Sons Inc, 2003.

New

[135] International Telecommunication Union (ITU), “Measuring the information society report 2018,” in Proceedings of the 16th World Telecommunication/ICT Indicators Symposium (WTIS), 2018.
[136] P. Ioannou and C. Chien, “Autonomous intelligent cruise control,” IEEE
Transactions on Vehicular Technology, vol. 42, no. 4, pp. 657–672, 1993.
[137] Z.P. Jiang and Y. Wang, “Input-to-state stability for discrete-time nonlinear systems,” Automatica, vol. 37, no. 6, pp. 857–869, 2001.
[138] ——, “A converse Lyapunov theorem for discrete-time systems with disturbances,” Systems & control letters, vol. 45, no. 1, pp. 49–58, 2002.
[139] K.H. Johansson, M. Egerstedt, J. Lygeros, and S.S. Sastry, “On the regularization of Zeno hybrid automata,” Systems & Control Letters, vol. 38,
no. 3, pp. 141–150, 1999.
[140] E. Kamke, Differentialgleichungen: Losungsmethoden und losungen, I,
Gewohnliche differentialgleichungen. Leipzig: B.G. Teubner, 1977.
[141] S. Kato, S. Tsugawa, K. Tokuda, T. Matsui, and H. Fujii, “Vehicle control
algorithms for cooperative driving with automated vehicles and intervehicle communications,” IEEE Transactions on Intelligent Transportation
Systems, vol. 3, no. 3, pp. 155–161, 2002.
[142] T. Kato, “Evolution equations in Banach spaces,” Nonlinear Functional
Analysis: Proceedings, vol. 18, p. 138, 1970.
[143] H.K. Khalil, Nonlinear systems, 3rd ed. Upper Saddle River, New Jersey:
Prentice-Hall, Inc., 2002.
[144] S. Knorn and R.H. Middleton, “String stability analysis of a vehicle platoon with communication range 2 using the two-dimensional induced operator norm,” in Proceedings of the European Control Conference (ECC’13),
2013, pp. 3354–3359.
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“Stability analysis of networked linear control systems with direct-feedthrough
terms”, Automatica, vol. 96, pp. 186–200, 2018.
● S.H.J. Heijmans, R. Postoyan, D. Nešić, and W.P.M.H. Heemels, “Computing
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● N. Noroozi, R. Postoyan, D. Nešić, S.H.J. Heijmans, and W.P.M.H. Heemels,
“Stability analysis of networked control systems with direct-feedthrough terms:
Part I – The nonlinear case”, in Proceedings of the IEEE 55th Annual Conference on Decision and Control (CDC’16), pp. 6820–6825, Las Vegas, USA,
2016.
● S.H.J. Heijmans, R. Postoyan, N. Noroozi, D. Nešić, and W.P.M.H. Heemels,
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voor de vele uren volleybal plezier! Een betere vorm van ontspanning en afschakeling van de werkweek kan ik me niet bedenken. Jullie omschrijven mijn
acties aan het net soms als lomp en onbezonnen, ik toch eerder als stress ontladend. Ik voel me in ieder geval vereerd dat we samen vele succesmomenten
hebben mogen beleven, al waren de meeste op de ‘iets minder serieuze’ buitentoernooien in de zomermaanden (op de uitzondering van de gebroken hand van
2 jaar geleden na dan. . .).

Dankwoord

285

Boy, Dion en Anton, de bordspellenmiddagen afgewisseld met een goed snookerpotje zo nu en dan zijn een welkome afwisseling in een druk leven. Bedankt
ook voor de interesse die jullie iedere keer weer tonen in mijn promotieonderzoek
en de status ervan.
Naast mijn collega’s en vrienden wil ik ook graag mijn familie en in het
bijzonder mijn ouders, broer(tje)s, opa en oma bedanken voor de steun die jullie
mij hebben gegeven. Jullie hebben me altijd gestimuleerd om het beste uit mezelf
te halen, geholpen bij het maken van keuzes en altijd een veilige thuishaven
geboden. Kortom, zonder jullie had ik nooit daar kunnen staan waar ik nu
sta. Daarnaast wil ik ook graag de familie Meesen (en Kerckhaert) bedanken
voor jullie hartelijke ontvangst en de gezelligheid die jullie van het begin af aan
hebben geboden. We kennen elkaar nog niet zo heel lang, maar de betrokkenheid
en interesse die jullie tonen heeft zeker als een stimulans gewerkt om iets neer
te zetten waar iedereen (en vooral ikzelf) trots op mag zijn! Ik ben daarom zeer
dankbaar dat wij kennis hebben mogen maken, wat me meteen brengt bij de
laatste persoon die ik graag wil bedanken.
Lieve Rosien, halverwege mijn promotieonderzoek kwam jij opeens mijn leven
binnen geswiped en vanaf dat moment wist jij meteen al je stempel op mij als
persoon te drukken. Ik kan dan ook duidelijk stellen dat dit proefschrift en
zoveel andere momenten in het leven zonder jou een heel stuk moeilijker en véél
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