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1
I N T R O D U C T I O N

This dissertation presents the research activities conducted to derive,
deliver and create novel model order reduction (MOR) methodologies for
parameter varying systems. The purpose of this chapter is to motivate
the research activities, and to introduce the research goals and challenges.
Besides, this chapter briefly describes the two paths towards the solution
of MOR problems for parameter-varying systems. In the first way, the
focus is on general linear parameter-varying (LPV) systems.It addresses
how the MOR problem can be formulated as an optimization problem
and how the optimization can be solved. The second path leads us to
LPV systems where the parameters have special physical structure and
meaning. Then the MOR problem can be solved by directly considering
the nonlinearity introduced by the parameter dependence. This path
eventually leads to the MOR problem for parametric weakly nonlinear
systems. This chapter concludes with the outline of each chapter.

1.1 research motivation

Next to theory and experimentation, computational science and engi-
neering (CSE) has been described as the “third mode of discovery”. The adapted from [58]

development and application of computational modeling and simulation
make CSE more and more essential to scientific research. In many scien-
tific research fields, physical experimentation can be inaccessible or too
expensive to carry out. High performance simulations are often needed
to either show the insights of physical phenomena or provide “virtual”
experimental data.

In the field of high-tech industries, computer-aided engineering (CAE)
is widely used. Simulation is a standard tool to analyze the parameter
dependence of rigorous mathematical models. The increasing complexity
of rigorous mathematical models makes the analysis, optimization and
control of parameter dependent systems expensive, time-consuming
and even prohibitive. Especially in many-query simulations contexts
such as uncertainty quantification, design optimization and calibration.
Multiple simulations of the models are required over varying parameters

1



2 introduction

to gain the systematic insight of the system, such as sensitivity, stability,
robustness and etc. The computational load is often so high that the
simulations are formidable in terms of the computational time and data
storage. One simple solution is to improve the system resources, for
example the number of processors, meanwhile take the advantage of
parallelism. However, as pointed by the Amdahl’s law [8], as long as the
computation cannot be fully parallelised, the maximum speedup will
saturate as the number of processors increases. Additionally, if the system
is required to be simulated in real-time, system resources are usually quite
limited. Hence, other solutions are imminent to enable efficient and
accurate simulations of complex rigorous mathematical models.

In the last three decades, model order reduction has been considered
to be a major solution approach to conquer the curse of dimensionality [33].
Since in the sense of MOR techniques, complex models are substituted by
simpler ones, CAE can be significantly enhanced, so as to enable fast and
efficient simulations of complex dynamical systems. In the many-query
simulations context, MOR techniques enable multiple simulations over
varying parameter values in an efficient manner. The reduced-order mod-
els retain therefore the physical structure and meaning of the parameters,
that is, hopefully, faster, simpler and more reliable for design optimiza-
tion, calibration, monitoring, simulation and etc. However, although
remarkable progress has been made in MOR for linear time-invariant (LTI)
systems and parametric LTI systems, there is still a lack of efficient and
effective MOR techniques to simplify parametric dynamical systems such
that the physical structure and meaning of the parameters are still cap-
tured in the reduced-order model, especially for linear and nonlinear
systems with time-dependent parameters.

A typical example in the multi-query simulations context is design
optimization. A classic scheme of design optimization is to query a pa-
rameter of a complex system, perform MOR, make a design of the system,
check system performance, somehow adjust the parameter and repeat. If
there is only one parameter in the system, the above procedure seems still
fine, but as the number of parameters increases, the whole process is bur-
densome and too time consuming. Therefore, if a uniform reduced-order
model which captures the parameter-varying behavior of the entire sys-
tem can be found, there is no need to repetitively perform MOR and hence
the design optimization process is simplified. Another important point
for design optimization is that the reduced-order models need to capture
the parameter sensitivity and sometimes even the curvature informa-
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tion, i.e., the first and second derivatives with respect to the parameters.
For parametric LTI systems, this can be achieved by the interpolation-
based MOR method proposed in [27]. For parametric nonlinear dynamical
systems, such MOR methods are still under development.

1.1.1 A Prelude to the Advection-Diffusion-Reaction Process

To provide more insights on the complexity and parameter dependence
of a system, and how they can be relevant to MOR, we consider a system
described by three physical phenomena: advection, diffusion and reaction.
Many physical problems such as fluid dynamics, heat transfer, population
dynamics, biology and etc. (see, e. g., [93] and the references therein)
can be modeled by balancing these three factors. Mathematically, the
advection-diffusion-reaction equation is described by the following partial
differential equation (PDE) together with its boundary conditions as

ut(x, t) + γ(x, t)∇u(x, t) = ∇ ·α(x, t)∇u(x, t) +β(x, t)f(u(x, t)) in Ω,

u = h(x, t) over Γu,

n · ∇u+ κ(x, t)u(x, t) = g(x, t) over Γ∇,
(1.1)

where u(x, t) is the concentration of the quantity of interest, α(x, t) is
the diffusion constant, β(x, t) describes the reaction rate, γ(x, t) stands
for the velocity of the fluid, or more generically, the advection constant.
All the three parameters can be space and time dependent. The function
h(x, t) defines u(x, t) at the Dirichlet border Γu and g(x, t) and κ(x, t)
together define the normal gradient of u(x, t) along the Neumann border
or the Robin border Γ∇. Hence, (1.1) is defined within the domain Ω and
its boundary ∂Ω = Γu+ Γ∇. Operator ∇ is the gradient operator and ∇ · f
computes the divergence of a vector field f.

When the interested physical phenomenon is just the diffusion process
(for example heat diffusion), the advection and reaction terms vanish. If
the diffusion constant α(x, t) ≡ α is neither space dependent nor time
dependent, after semi-discretization of the spacial domain, MOR only
needs to reduce the dimension of the state space of the resulted ordinary
differential equation (ODE) system. Notice that the dimension of the
resulted ODE is determined by the spatial dimension of the original PDE

and the number of cells that are used to discretize the spatial domain. For
instance, central difference method applied on 1D, 2D and 3D diffusion
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equations with 102 discretization cells produces ODE models with 102,
104 and 106 states, respectively. The large dimensionality can really cause
difficulties for MOR, for example the computational complexity and the
storage problem.

As long as α(x, t) = α(t) is time dependent, the semi-discretized model
is an LPV system. Then MOR also needs to cope with the time-varying pa-
rameter in the reduced-order model. When the physical process becomes
more complicated, for instance the convection phenomenon becomes
visible, more parameters enter the system. In case that both α(x, t) ≡ α
and γ(x, t) ≡ γ are neither space dependent nor time dependent, but
they can take arbitrary values from their own domain, system matrices
of the semi-discretization resulted ODE model have specific parametric
structure, which in this case, is the affine parameter dependence on α
and γ. As a result, it is required to derive a reduced-order model without
changing the parameter dependence structure meanwhile with a much
smaller state dimension.

In some applications such as heat transfer on a 2D plate, convection
may not directly appear in the PDE of the model in (1.1). Instead, the
system can have convective boundary conditions, i.e., Robin boundary
conditions. When g(x, t) is a constant or a linear function of the space
independent parameter κ(x, t) = κ(t), the semi-discretized model is a
bilinear dynamical system with κ(t) as an extra input. On one hand, one
can represent the bilinear dynamical system as an LPV system with κ(t)
as the time-varying parameter. On the other hand, by directly considering
the bilinear dynamical system representation, MOR provide a reduced-
order bilinear dynamical system, which keeps the physical interpretation
of the parameter.

In the most sophisticated case, reaction is also taken into account
to describe the physical process of the system. Then the original PDE

model in (1.1) is often nonlinear. Different nonlinear functions f(u(x, t))
complicates the MOR problems. For example, in the traditional diffusion-
reaction equation case,

f(u(x, t)) = u(x, t)(1− u(x, t)).

If reaction is dominant, the traveling wave front solution appears. Cap-
turing the traveling wave front solution in the reduced-order model may
cause extra difficulty for MOR. In a more general setting, f(u(x, t)) can
even cause more complicated behaviors of a system. For example, in
case of the FitzHugh–Nagumo model is considered to model the exci-
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tation of a neuron, the PDE system in (1.1) has a diffusion term, a cubic
nonlinearity

f(u(x, t)) = u(x, t)(u(x, t) − 0.1)(1− u(x, t)),

and another function w(x, t). The time derivative of w(x, t) linearly de-
pends on u(x, t) and w(x, t). Such a system shows limit cycle behaviors
when the Neumann boundary condition is applied and the boundary in-
put exceeds a certain threshold. Therefore, in the reduced-order modeling
framework, keeping the critical behaviors of the original system is of great
interest. In the above two cases, by defining u(x, t) as a parameter for the
traditional diffusion-reaction equation and u(x, t),u2(x, t) as parameters
for the FitzHugh–Nagumo model, the corresponding systems can still be
considered as a class of LPV systems. However, as the parameters depend
on the system solution u(x, t), MOR becomes even more complicated and
nontrivial. An alternative is to keep the quadratic nonlinearity in the
traditional diffusion-reaction equation and to define z(x, t) := u2(x, t) as
a new state variable in the FitzHugh–Nagumo model, then both systems
can be brought into the so-called quadratic-bilinear (QB) dynamical sys-
tem form, where MOR methods can be developed in a relatively easier
way. By keeping the nonlinear structure in the reduced-order model,
the critical system behaviors such as the limit cycle behavior for the
FitzHugh–Nagumo model can be accurately approximated.

If all three factors in (1.1), i.e., advection, diffusion and reaction, play a role
in the system with vary coefficients γ(x, t), α(x, t) and β(x, t), the reduced-
order model need to be accurate (compare to the original solution),
preserve the physical structure and meaning of the parameters, capture
the nonlinear behavior of the original system and even approximate the
parameter sensitivity and curvature information for specific applications
such as design optimization and calibration.

1.2 research goal and challenges

As said by Leonardo da Vinci, “simplicity is the ultimate sophistication".
Model order reduction for dynamical systems is therefore a sophisticated
and certainly not a trivial task. For the class of LTI systems, since the sys-
tem can be interpreted from many different representations, such as state
space models in the time domain and transfer functions in the frequency
domain can be given. For each of these representations, different kinds
of MOR methods have been developed [12]. However, once a dynamical
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system has parameter dependence, some of the interpretations of the
system are no longer trivial. At a first glance, some of the MOR concepts
(such as the very concept based on a transfer function) are completely
inapplicable.

In this research, the ultimate goal is to develop novel methodologies for
MOR of parameter-varying systems. Motivated by the advection-diffusion-
reaction equation example in the previous section, the attempt is to make
the reduced-order model fulfill many demands mentioned in Section
1.1.1 by

• developing solid theory on accuracy measures in different classes
of dynamical systems such as LTI, LPV, bilinear, QB and parametric
QB systems;

• providing computationally feasible algorithms for MOR;

• developing genericity of MOR methods;

• keeping physical relevance, i.e., structure and meaning, of parame-
ters in tact;

• matching parameter sensitivity for systems in the parametric weakly
nonlinear (bilinear or QB) system form.

Hence, the reduced-order models are supposed to retain the accuracy
of the original complex system for the given accuracy measure with-
out changing the physical interpretation of the parameters and can be
obtained in a computationally feasible manner.

In the literature [12, 40], projection-based MOR methodologies show the
great possibilities to derive reduced-order models which fulfill all the
above demands for LTI and parametric LTI systems. Hence, the focus of
this research is on projection-based MOR methods, which will be further
introduced in the next chapters in detail.

As has been mentioned at the very beginning, in this dissertation, two
possible approaches leading to the research goal according to different
interpretations of a system are discussed. Namely,

1. parameter-varying systems with parameters coming from the un-
modeled dynamics of the physical process. These parameters may not
be considered as extra inputs of the system or functions of the system
solution. For example a heat equation with a time-varying thermal
diffusivity;
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2. parameter-varying systems with parameters which either can be con-
sidered as exogenous inputs of the system or are actually functions
of the system solution. One can consider the 2D heat equation with
Robin boundary conditions and the diffusion-reaction equation as
typical examples of these two cases.

Although parametric nonlinear systems are of great interest, we start from
LPV systems. The methodology developed is gradually leading us towards
MOR for parametric nonlinear systems. In the first interpretation, the
system is assumed to be given in a general LPV state space representation.
Some generic questions related to MOR for such kind of LPV systems are
as follows.

1. What information is essential to define relevance of reduced-order
LPV systems?

2. With a fixed system dimension and the accuracy requirement, how
many parameters can we deal with during the MOR process?

3. How to quantify the approximation accuracy, i.e., the difference
between the original model and the reduced-order model?

These three questions are answered in Chapter 3 in detail. In simple
words, to enable model order reduction for general LPV systems, the
parameter trajectory and the accuracy measure of the reduced-order
model are essential. The number of parameters that can be handled
depends on the type of projection matrices that are employed.

In the second interpretation of the system, as we have already seen
in Section 1.1.1, representing the system into the bilinear or QB system
form makes it possible to preserve the physical structure (for example
the convective boundary condition case) and meaning (see the diffusion-
reaction equation example) of the parameters in the reduced-order model.
In these two cases, the research questions are:

4. Can projection techniques still be applied to derive reduced-order
approximations of the original bilinear and QB system?

5. Is it possible to find a convergence-guaranteed iterative algorithm
to solve the MOR problem?

6. Is it possible to define a meaningful transfer function concept for
bilinear and QB nonlinearities in dynamical systems and employ
this for MOR by interpolation of frequency characteristics?
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7. If so, is it possible to define global accuracy bounds on the error
system (between the original and the reduced-order models) that
are computationally feasible, and allow for minimizing or bounding
the approximation error?

8. How to develop generic approximation results for bilinear and QB

systems and explicit algorithms that allow to efficiently compute
approximate models and to demonstrate (and compare) their usage
on a number of examples?

Question 4 is already answered in the literature, see, e. g., [48, 35]. Ques-
tion 5 is only answered for bilinear dynamical systems in Chapter 4.
However, the analysis in Chapter 5 shows that it is possible to extend
such a method to dynamical systems with quadratic and bilinear non-
linearities. In Chapter 5 the last three questions (Question 6,7 and 8)
are answered. The generalized transfer functions are defined according
to the Volterra series analysis of the system [150] and the H2 system
norm, or more precisely the L2 energy of the Volterra kernels provides
a computationally feasible global accuracy measure, which allows us to
find optimal approximations of the original system by interpolating the
generalized transfer functions. The interpolation-based MOR framework
results in solving generalized Sylvester equations. In addition, computa-
tional challenges are addressed and computationally efficient methods
are proposed as well.

The final challenge addressed in this dissertation is model order reduc-
tion for parametric weakly nonlinear systems, i.e., parametric systems
with bilinear or quadratic and bilinear nonlinearities. In this case, the
weakly nonlinear system with time and space independent parameters is
under consideration. A typical example is the parametric advection-
diffusion-reaction equation in (1.1). By varying the parameters, many
physical processes can be described by such a system. The research
question here is

9. Can the methods developed for non-parametric weakly nonlinear
systems be effectively generalized?

10. Is it possible to develop a parameter sampling strategy such that
all the possible physical phenomena described by the system can
be covered by the reduced-order model?

The answers can be found in Chapter 6. Together with the MOR method,
a greedy sampling strategy is proposed to sample the parameter domain.
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By employing the greedy sampling strategy aligned with the distance
measure used to quantify the difference between the full-order system
and its approximation, the approximation error is guaranteed to be small
enough over the entire parameter space. Hence, all possible physical
behaviors of the original system are captured in the reduced-order model.

1.3 thesis outline

This dissertation consists of one review chapter, four research chapters
and a chapter with conclusions and outlooks for future research rec-
ommendations. The review chapter (Chapter 2) presents background
knowledge related to the parameter dependent systems next to a brief
overview of the state-of-the-art MOR techniques. The first three research
chapters (Chapter 3, 4 and 5) focus on LPV systems, interpret the system
from different perspectives and develop different MOR techniques. The
final research chapter (Chapter 6) concentrates on MOR for nonlinear
dynamical systems with time-independent parameters. The conclusions
of the thesis and some recommendations for the future research are
summarized in Chapter 7. A brief overview of the topics covered by each
chapter is given as follows.

Chapter 2

In this chapter we present fundamental knowledge of system theory for
parametric linear dynamical systems, including parametric LTI systems
and LPV systems. The transfer function, stability, reachability and observ-
ability concepts together with the associated Lyapunov equations are
introduced. To quantify the approximation accuracy for MOR, we intro-
duce the H2 system norm, which is closely related to the L2 norm of the
impulse responses of the system. Then a comprehensive literature review
on MOR techniques for both non-parametric and parametric LTI systems
is given, which is the starting point of our research. It also gives inspi-
rations on the research directions of MOR for LPV systems. We close this
chapter by discussing MOR approaches on a special class of parametric
LTI systems, i.e., LTI systems with inhomogeneous initial conditions.
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Chapter 3

From Chapter 3, we start the discussion on the main research topic in this
dissertation, that is, H2 optimal model order reduction for parameter-
varying systems. For general LPV systems, either constant projection
subspaces or parametric projection subspaces can be applied to reduce the
system. For the constant projection method, the trial and test subspaces
are supposed to contain the global information of the parameter variation.
For the parametric projection method, we propose a scheme to construct
the projection matrices, which is closely related to the geometry of the
Grassmann manifold.

When there is no special assumption on the parameter dependence of
the system matrices, the knowledge of the parameter variation is essential
for computing the projection matrices. This knowledge can either be
a certain function (or a vector of functions for multiple parameters)
of time or the measured parameter data from physical experiments
or numerical simulations. Then the MOR problem is formulated as a
Riemannian optimization problem. Thanks to the pioneer work on the
optimization methods on matrix manifolds (for example see [70, 1]), the
MOR problem can be at least solved numerically. Numerical examples
demonstrate the performance of the proposed method. Heat equation
with a time-varying thermal diffusivity constant is used as a typical
example in this chapter.

Chapter 4

Our attention of this chapter is directed from the most general LPV sys-
tems to a special class of LPV systems. In this class of systems, only the
internal dynamics are parameter dependent. And the vector field of the
autonomous dynamics is either in the form of or can be approximated
by affine functions, i.e., A(p1,p2, . . . ,pnp) = A0 +

∑np
i=1 piAi. Then, the

parameters are treated as external input signals and the system is trans-
formed into the bilinear dynamical systems form. Although several H2
MOR techniques exist for bilinear dynamical systems, none of them can
guarantee the convergence of the algorithm. To overcome such a problem,
a Galerkin projection method based on optimization on the Grassmann
manifold is proposed. By applying the gradient flow analysis[187], the prob-
lem is effectively solved by the steepest descent method with guaranteed
convergence. We consider the 2D heat equation with Robin boundary
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conditions as a typical example in this chapter and show how such a
system can be modeled by bilinear dynamical systems and effectively
simplified by the proposed method.

For bilinear dynamical systems, we also consider a special parametric
case, i.e., bilinear dynamical systems with inhomogeneous initial condi-
tions. Generalizing the system decomposition concept from LTI systems,
MOR for bilinear dynamical systems with inhomogeneous initial condi-
tions amounts to reducing two LTI and two bilinear dynamical systems
with zero initial conditions independently.

Chapter 5

In many industrial applications, nonlinear systems are transformed into
or approximated by LPV systems. Since in this case the parameters are
often functions of the system states, the system is called quasi-LPV (qLPV)
system. Our discussion is expanded to this direction in Chapter 5. The
focus is on the qLPV systems which can be transformed into QB systems.
Based on the growing exponential approach or the Volterra series analysis,
generalized transfer functions are derived to describe the frequency
characteristics of the system.

If only the first three terms of the Volterra series are of interest, an
interpolation-based model approximation technique can be carried out by
only using the linear Krylov subspaces. These subspaces are constructed
by the conventional rational Krylov subspace technique [96] for single-
input single output (SISO) systems or the tangential interpolation method
[92] for multiple-input multiple-output (MIMO) systems. The H2 optimal
approximation of the QB system can be achieved by interpolating the
zeroth and first moments. Definition of the moments is generalized from
bilinear dynamical systems [78]. The projection matrices in this case
are obtained by solving generalized Sylvester equations. Because of the
computational difficulties of solving the generalized Sylvester equations,
we investigate the necessary H2 optimality conditions for approximating
the first a few generalized transfer functions.

The diffusion-reaction equation and the FitzHugh–Nagumo model
are considered as numerical examples in this chapter. We demonstrate
that the proposed methods are capable to capture the critical nonlinear
behavior, especially for the FitzHugh–Nagumo model, in the reduced-
order model.
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Chapter 6

With the increasing complexity of the mathematical models in industrial
applications, MOR techniques for nonlinear dynamical systems attract
more and more attentions. In the qLPV systems, some of the parameters
are functions of system states, but some are still modeling parameters.
Such systems can be represented by parametric QB systems. In this final
research chapter, we address the MOR problem for parametric weakly
nonlinear dynamical systems. This chapter is a follow-up work of Chap-
ter 5. The method focuses on interpolating the first three generalized
transfer functions in the sense of the truncated H2 norm. A parameter
sampling strategy based on the greedy algorithm is also proposed. This
strategy employs an objective function for parameter samples selection,
which is aligned with the truncated H2 norm. By combining the trun-
cated H2 optimal approximation method and the greedy sampling of
the parameter space, the approximation accuracy is guaranteed overall
the entire parameter space. The final test we made is on the parametric
advaction-diffusion-reaction equation, which demonstrates the effective-
ness of the MOR method and how the physical relevance of the parameters
are preserved in the reduced-order system.

Chapter 7

The dissertation is concluded in Chapter 7. Both the theoretical and
practical aspects are reflected. Limitations and open problems are stated
and future research directions are suggested.



2
P R E L I M I N A R I E S

The focus of this dissertation is model order reduction for parameter-
varying systems. The first half of this chapter is dedicated to discussions
on parameter-varying systems. Generally speaking, the parameters can
be either static (time-independent) or dynamic (time-dependent). We
distinguish between these two cases, provide different system representa-
tions (or interpretations) and introduce system properties such as stability,
reachability and observability. In the second half, model order reduction
techniques are introduced in a nutshell, both for non-parametric and
parametric dynamical systems. Among all kinds of different MOR tech-
niques, H2 optimal MOR methods are of our interest. These method start
from the system theoretical point of view and are closely related to the
interpolation-based MOR approaches, which are more computationally
feasible. The H2 MOR problem can also be interpreted as an optimization
problem, which can be solved by taking the geometry of the Grassmann
manifold (or the Stiefel manifold) into account. Next, discussions on MOR

for a special kind of parametric dynamical systems, i.e., systems with
inhomogeneous initial conditions are presented. A brief overview of MOR

approaches for nonlinear dynamical systems is given in this chapter as
well.

2.1 introduction

Consider a dynamical process described by ODEs

ẋ(t) = f(x(t),u(t), t, p), x(t0) = x0, (2.1)

where x(t) ∈ X ⊆ Rn is the state vector, u(t) ∈ L2 ([0,∞), Rni) is the
system input, t ∈ [0,∞) is the time variable, x0 stands for the initial con-
dition and p ∈ P ⊆ Rnp is the parameter. Throughout this dissertation,
when not mentioned, the initial condition x0 is assumed to be zero. The
parameter vector p is either static, i.e., it takes value from a set P, or
dynamic, that is, it can be described by a vector valued function ρ(t) ∈ P.
In system (2.1), time is assumed to be non-negative because physically
time cannot be negative and a causal system is always running forward.

13
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With the increasing complexity of industrial applications, rigorous
mathematically models are often nonlinear and not small-scale, which
makes nonlinear model order reduction of more and more importance.
However, the discussion in this dissertation starts form parametric linear
dynamical systems. In the research chapters, we address how a system
evolves from linear parameter-varying dynamics to nonlinear dynam-
ics. Eventually MOR problems for parametric nonlinear systems will be
discussed.

From now on, we consider parametric linear dynamical systems in the
state space representation

Σ :

{
ẋ(t) = A(p)x(t) +B(p)u(t),

y(t) = C(p)x(t), x(t0) = x0.
(2.2)

Noting that here, we have the observation y(t) ∈ Rno as the system
output, which sometimes is also addressed as the quantity of interest.
When the parameter p is fixed as a constant value ρ or a time-dependent
function ρ(t), system Σ becomes an LTI or an linear time-varying (LTV)
system, correspondingly. Denote

Φρ(·, ·) : R+ ×R+ → Rn×n, (t, t0) 7→ Φρ(t, t0).

as the state transition matrix [52]. The autonomous behavior (free re-
sponse, i.e., u(t) ≡ 0) of the system can be described as

x(t) = Φρ(t, t0)x0, t > t0.

According to the superposition principle, if the input is nonzero, the system
response is composed by the free response, i.e., the autonomous behavior
and the forced response as

y(t) =C(ρ(t))Φρ(t, t0)x0 +∫t
t0

C(ρ(t))Φρ(t, τ)B(ρ(τ))u(τ)dτ, t > t0.
(2.3)

If the parameter values are static, there exists an explicit expression of
Φρ(t, t0) and system Σ is called parametric LTI system. If the parameters
are time-dependent, only in ad hoc cases the state transition matrix has
an explicit expression and the system is called LPV system. The following
discussions distinguish these two cases.
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2.1.1 Parametric LTI Systems

In many application fields, parameter values are time-independent. For
example, in engineering design and fast prototyping (see, e. g., [124]), the
parameters are usually used to describe the geometry and topology of
a system. Another application is the robust control of LTI systems (see,
e. g., [191]) with only parametric uncertainties. In this case the parameter
has a nominal value and is bounded in an uncertainty set.

Although parametric LTI systems have parameter-dependence, it still
benefits from its LTI structure. As long as the parameter is fixed at a point
ρ ∈ P, the system is completely LTI. The state transition matrix can be
explicitly expressed as

Φρ(t, t0) = eA(ρ)(t−t0), t > t0.

Due to the time invariance property, one can always assume the zero
initial time i.e., t0 = 0. Thus all the system theories of LTI systems apply.
The second advantage is that since the parameters are time-independent,
Laplace transformation can still separate the input and the state. Hence
an input-output mapping in the frequency domain can be obtained. In
the following, system properties of parametric LTI systems are briefly
discussed.

Stability, Reachability and Observability

Definition 2.1 (Lyapunov stability [103]). For an arbitrary parameter ρ ∈ P,
the system Σ in (2.2) is said to be

1. (marginally) stable if for every initial condition x0 = x(0) ∈ Rn, the
autonomous state response

x(t) = Φρ(t, t0)x0 = eA(ρ)(t)x0, ∀t > 0

is uniformly bounded,

2. asymptotically stable if in addition for every initial condition x0 = x(0) ∈
Rn, we have x(t)→ 0 as t→∞,

3. exponentially stable if there are constants c, λ > 0, for every initial condi-
tion x0 = x(0) ∈ Rn, there holds

‖x(t)‖ 6 ce−λt ‖x0‖ , t > 0, or,
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4. unstable if it is not marginally stable.

The criterion to judge the stability of a parametric LTI system is based
on the eigenvalues of matrix A(ρ). These algebraic conditions can be
found in the linear system theory literature, see e. g., [52, 103, 108].

Theorem 2.1. For an arbitrary parameter ρ ∈ P, the system Σ in (2.2) is

1. (marginally) stable if the eigenvalues of A(ρ) have negative or zero realSemi-simple
means the

corresponding
Jordan block is

1× 1.

parts and all the eigenvalues with zero real parts are semi-simple,

2. asymptotically stable or exponentially stable if the eigenvalues of A(ρ)
only have negative real parts, or

3. unstable if at least one eigenvalue of A(ρ) has positive real part or zero real
part but not semi-simple.

In the remaining part of this dissertation, a matrix is called Hurwitz if
its eigenvalues only have negative real parts. The stability stated above
only depends on the autonomous behavior of a system, which is called
internal stability or Lyapunov stability [103]. For the systems of our interest,
exogenous signals are often applied to excite the system, which are
generically called inputs. Hence, the input-output stability of a system is
of great interest as well. Intuitively, from the input-output point of view,
a system is stable if it maps bounded inputs to bounded outputs, which
is called bounded-input bounded output (BIBO) stability.

Definition 2.2 (BIBO stability [103]). The parametric LTI system defined in
(2.2) is said to be BIBO stable if for an arbitrary parameter ρ ∈ P, there exists a
finite constant g, such that for every input u(·), its forced response y(·) satisfies

sup
t∈[0,∞)

‖y(t)‖ 6 g sup
t∈[0,∞)

‖u(t)‖ .

The constant g acts as the “gain” of the system. Different norms on
the inputs and outputs lead to the different gain g. For example, when
L2 norm is taken for both inputs and outputs, g is called the “energy-to-
energy” gain; when the L2 norm is taken for inputs and the L∞ norm is
taken for outputs, g is called the “energy-to-peak” gain.

Other important system properties are reachability and observability.
Reachability qualifies how difficult it is to control a system. Observability
indicates how difficult the states can be determined from the input-output
measurements.
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Definition 2.3 (Reachability). For an arbitrary parameter ρ ∈ P, the system
Σ in (2.2) is called reachable, if for all x1 = x(t1) ∈ Rn with 0 6 t0 < t1 <∞, Adapted from

[12, 103]there exists an input u : [t0, t1] → Rni , of finite energy, that transfers the
state from x0 = 0 to x1.

Definition 2.4 (Observability [12]). For system Σ with an arbitrary parameter
ρ ∈ P and the zero input, a state x̄ ∈ X is unobservable if y(t) = Φρ(t, t̄)x̄ =
0 for all t > t̄, i.e., if x̄ is indistinguishable from the zero state for all t > t̄. The
unobservable subspace Xunobs ⊆ X is the set of all unobservable states of Σ.
The system Σ is observable if Xunobs = {0}.

Originally, reachability (controllability) and observability concepts were
proposed by Kalman in [109]. The method which decomposes the reach-
able and observable components of an LTI system is called the Kalman
Decomposition, for details we refer to [103]. To quantify the reachability
and observability of a system, several methods exist, for example the
rank conditions on the reachable and unobservable matrices [103], the
Hautus Lemma [167] and the positive definiteness of the reachability
and observability Gramians [12]. For MOR purposes, the attention of this
dissertation is on the Gramians.

Definition 2.5 (Reachability and observability Gramians). For an asymp-
totically stable system Σ in (2.2) with an arbitrary parameter value ρ ∈ P, the
finite reachability and observability Gramians are defined respectively as

R(ρ, t) =
∫t
0

eA(ρ)τBB>eA
>(ρ)τdτ, (2.4a)

Q(ρ, t) =
∫t
0

eA
>(ρ)τC>CeA(ρ)τdτ. (2.4b)

As long as the Gramians R(ρ, t) and Q(ρ, t) are positive definite for
some t > 0, the system is reachable and observable [12]. Numerically,
computation of the finite Gramians is quite computationally involved
since matrix exponential needs to be evaluated. In case the system under
consideration is asymptotically stable, one could use the infinite Gramians,
i.e.

R(ρ) = lim
t→∞R(ρ, t) and Q(ρ) = lim

t→∞Q(ρ, t),
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to gain more computational merit. By computing d
dτR and d

dτQ from
both sides for (2.4a) and (2.4b) in the case of t→∞, it is not difficult to
show that R(ρ) and Q(ρ) are solutions of the Lyapunov equations

A(ρ)R(ρ) + R(ρ)A>(ρ) +B(ρ)B>(ρ) = 0, (2.5a)

Q(ρ)A>(ρ) +A(ρ)Q(ρ) +C>(ρ)C(ρ) = 0. (2.5b)

Theorem 2.2. For an asymptotically stable system Σ in (2.2) with a fixed
parameter ρ ∈ P, there holds

• the solution R(ρ) is unique and positive definite if and only if the system
is reachable for ρ ∈ P;Adapted from

[179]
• the solution Q(ρ) is unique and positive definite if and only if the system

is observable for ρ ∈ P.

Hence, in case the system under consideration is asymptotically stable,
one can check reachability and observability by solving the Lyapunov
equations (2.5a), (2.5b) and checking the positive definiteness of the
solutions.

Transfer Function, Hardy Space and H2 Norm

With a static parameter p, system matrices A(p),B(p) and C(p) are time-
independent. Assuming the zero initial condition x0 = 0, applying Laplace
transformation on the signals x(t), u(t) and y(t), the frequency domain
state space model is{

sX(s) = A(p)X(s) +B(p)U(s),

Y(s) = C(p)X(s),

where
X(s) := L {x(t)} =

∫∞
0

x(t)e−stdt

defines the unilateral Laplace transform of x(t) and the definitions of
U(s) and Y(s) can be given accordingly. The variable s = σ+ jω ∈ C is
the frequency variable. Then one can deduce that from input to output,
the system can be characterized in the frequency domain as

G(s, p) :=
Y(s)

U(s)
= C(p)(sI−A(p))−1B(p), (2.6)
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which is called the transfer function for a SISO system or the transfer matrix
for a MIMO system. The transfer function or the transfer matrix can also
be obtained from another point of view. Suppose that the system inputs
are the Dirac delta function δ(t) [46], the system response is called the
impulse response, defined by

h(t, p) =

{
0 t 6 0,

C(p)eA(p)tB(p) t > 0.
(2.7)

Then the Laplace transform of the impulse response h(t, p) in terms of s
results in the transfer function G(s, p) in (2.6) as well.

In case of a SISO system, the transfer function is a rational function. It
can be expressed as

G(s, p) =
a(s, p)
b(s, p)

.

The roots of a(s, p) in terms of s are called the zeros of the system. The
roots of b(s, p) with respect to s are called the poles of the system. A causal
LTI system has no more zeros than poles. In case there is no feedthrough A causal system

is a system where
the output only
depends on past
and current
inputs but not the
future inputs.

term in the system, the system has less zeros than poles, then the transfer
function is strictly proper. The poles are the eigenvalues of the matrix A(p).
At an arbitrary parameter point, the system is LTI. The corresponding
transfer function or transfer matrix G(s) is a complex-valued function or
matrix. In case the system is asymptotically stable, the transfer function
is analytic in C>0 := {s ∈ C|Re(s) > 0}. Then we introduce the Hardy
space Hp for p ∈N, which is defined as [12, 128]

Hp :=
{
F : C>0 → Cno×ni

∣∣ ‖F‖Hp
<∞, F is analytic

}
.

The Hp norm ‖F‖Hp
is defined as [12, 128]

‖F‖Hp
=

{
supσ>0

(
1
2π

∫∞
−∞ F(σ+ jω)F>(σ− jω)dω

)1/p
0 < p <∞,

supσ>0 supω∈R |F(σ+ jω)| p =∞.

In this dissertation, we are specially interested in the H2 norm (i.e., p = 2).
From the maximum modulus principle, one can infer that the Hp norm is
obtained on the boundary of its domain, i.e., for σ = 0. Hence, the H2
norm is defined as

‖F‖H2
=

(
1

2π

∫∞
−∞ F(jω)F>(−jω)dω

)1/2
. (2.8)
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For a parametric LTI system, certainly the H2 norm depends on the
parameter p. Applying Parseval’s Identity, one can show that the L2
energy of the impulse response h(t, p) defined in the time domain is
equal to the H2 norm of the transfer function G(s, p) defined in the
frequency domain. If we define the H2 norm as a norm of the system Σ,
we have the parameter-dependent H2 norm

‖Σ‖2H2
=

∫∞
0

〈h(t, p),h(t, p)〉dt

=
1

2π

∫∞
−∞〈G(jω, p),G(jω, p)〉dω,

where 〈·, ·〉 is the standard Euclidean inner product. From the impulse re-
sponse expression (2.7), we can show that the H2 norm can be computed
from the Gramians by

‖Σ‖H2
=

√
tr
(
B>(p)Q(p)B(p)

)
=

√
tr
(
C(p)R(p)C>(p)

)
, (2.9)

where R(p) and Q(p) satisfy the Lyapunov equations (2.5a) and (2.5b),
respectively, and tr() is the standard trace operation. As the Frobenius
norm is not an induced norm, the H2 norm is only an induced norm for
SISO systems. The H2 norm of a system is the energy-to-peak gain [12, 98]
when considering the “gain” definition in Definition 2.2.

Based on the eigenvalue decomposition (EVD) of matrix A when the
parameter is fixed, there is an alternative to express the H2 norm in
terms of poles and residues of the transfer function. In the simplest case,
given a SISO system Σ with transfer function G(s, p), we assume that the
poles λi(p), i = 1, 2, . . . ,n are distinct from each other. Let φi(p) be the
residues, that is, φi(p) = G(s, p)(s− λi(p))|s=λi(p), i = 1, 2, . . . ,n. Thus
the transfer function can be represented in the pole-residue form as

G(s, p) =
n∑
i=1

φi(p)
s− λi(p)

. (2.10)

In general, both the poles and residues depend on the parameter p.
Substituting the pole-residue form into the H2 norm definition in (2.8), and
applying the residue theorem (e. g., see [149]), one obtains [12]

‖Σ‖2H2
=

n∑
i=1

φi(p)G∗(λ∗i (p), p), (2.11)
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where ∗ stands for complex conjugate for complex numbers or complex
conjugate transpose for complex valued vectors and matrices. In case that
G(s, p) has a single pole with multiplicity larger than 1, the H2 norm can
also be expressed in terms of the pole and the residues by applying the
residue theorem. For details, we refer to [12].

For a MIMO system, assume that matrix A(p) is diagonalizable for
every p ∈ P (multiplicities are allowed but the algebraic multiplicity
and geometric multiplicity of eigenvalues are the same) [12]. Then in the
eigenvector basis, the system matrices are in the form:

A(p) = diag(λ1(p)I1, . . . , λk(p)Ik), B(p) = col(B1(p), . . . ,Bk(p)),

C(p) =
(
C1(p), . . . , Ck(p)

)
,

where diag(·, . . . , ·) means diagonal or block diagonal matrices with the
specified diagonal entries, I1, . . . , Ik are identity matrices with compat-
ible dimensions and col(·, . . . , ·) stands for the column concatenation
of scalars, vectors or matrices. Still, the transfer matrix is computed by
G(s, p) = C(p)(sI−A(p))−1B(p). The H2 norm has the expression [12]

‖Σ‖2H2
=

k∑
i=1

tr
(
G∗(−λ∗i (p), p)B>i (p)C

>
i (p)

)
. (2.12)

2.1.2 LPV Systems

When system Σ in (2.2) has time-dependent parameters, i.e., p = ρ(t) ∈ P,
the coefficient matrices A(p),B(p) and C(p) become time-dependent as
well. Then the system is called linear parameter-varying [172, 174]. LPV

and qLPV systems are used to approximate nonlinear and time-varying
systems by linear ODEs with time-varying coefficients. Controller synthe-
sis for LPV systems has been vastly studied from 1990 ′s, for examples
see [158, 32, 133, 184, 182, 152] and the references therein. The applica-
tion fields contain control of aerospace systems [20, 19, 169], mechanical
systems [182], high-precision motion systems [146, 147], etc. Those ap-
plications motivate the linear parameter-varying modeling framework.
Recently, more and more attention have been attracted to both first prin-
ciple and date-driven modeling of LPV systems. We refer to [172, 173, 115,
120] and the reference therein for details.
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In case the parameter is time-dependent, denoted by p = ρ(t) ∈ P, the
state space model (2.2) can be rewritten as

Σρ :

{
ẋ(t) = Aρ(t)x(t) +Bρ(t)u(t),

y(t) = Cρ(t)x(t), x0 = x(t0),
(2.13)

where Aρ(t) = A(ρ(t)),Bρ(t) = B(ρ(t)) and Cρ(t) = C(ρ(t)). The cor-
responding state transition matrix is denoted as Φρ(t, t0). The system
response is still described by (2.3). Note that the system is no longer
time-invariant, thus t0 cannot be assumed to be zero. In general, no
explicit expression exists for Φρ(t, t0). Under the ad hoc assumption
that Aρ(t1)Aρ(t2) = Aρ(t2)Aρ(t1) holds for all t1, t2 ∈ R+, the state
transition matrix has an explicit expression [52]

Φρ(t, t0) = e
∫t
t0
Aρ(τ)dτ.

In more general cases, however, the above commutative property does
not hold. Then Φρ(t, t0) is given by the Peano–Baker series

Φρ(t, t0) = I+
∫t
t0

Aρ(τ1)dτ1 +

∫t
t0

Aρ(τ1)

∫τ1
t0

Aρ(τ2)dτ2dτ1 + · · · .

When Φρ(t, t0) exists and is unique, the Peano–Baker series converges
to Φρ(t, t0) uniformly and absolutely [151]. However, no compact ex-
pression exists. An alternative is to use the Magnus expansion [122] to
approximate the state transition matrix [45]. In this dissertation, we
will not focus on computation and approximation of the state transition
matrix Φρ(t, t0). However, the Magnus expansion may be a promising
research direction for the future work.

Stability, Reachability and Observability

Similar to parametric LTI systems, the internal stability of LPV systems
is influenced by the parameter trajectory ρ(t). Still, Definition 2.1 can
be used to define the stability in the Lyapunov sense by changing the
arbitrary parameter statement to arbitrary parameter trajectory. The only
problem is that as A(p) is time-varying, the internal stability cannot be
completely determined by the eigenvalues anymore. Computing the EVD

of a time-varying matrix is cumbersome. In [182], the quadratic stability
concept is extended from LTI systems to LPV systems.
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Definition 2.6 (Extended quadratic stability [182]). For an arbitrary param-
eter trajectory ρ : R>0 → P, t 7→ ρ(t), consider the autonomous behavior of
system Σ in (2.2), i.e.,

ẋ(t) = A(ρ(t))x(t).

The system Σ is said to be quadratically stable if there exists a real differentiable
positive definite matrix function P(ρ(t)) = P>(ρ(t)) � 0 such that

d

dt
P(ρ(t)) +A>(ρ(t))P(ρ(t)) + P(ρ(t))A(ρ(t)) ≺ 0.

The aforementioned stability is a global property of the system. If all
possible parameter trajectories cover the whole parameter set P, from
the extended quadratic stability, one can conclude that the system is
stable at each possible parameter point. On the contrary, a parametric
linear dynamical system which is stable at each parameter point can still
be globally unstable in the LPV setting [172]. The BIBO stability concept
follows Definition 2.2 for arbitrary parameter trajectories ρ(t) ∈ P.

Reachability and observability of LPV systems have been extensively
studied from the time-varying behavior viewpoint of a system. For ex-
ample see the results for LTV systems in [160, 52] and the results for LPV

systems in [172, 137].

Definition 2.7 (LPV reachability [172]). An LPV system is called reachable
if for any two states x1, x2 ∈ X and any parameter trajectory ρ(t) ∈ P, there
exists an input u : [t1, t2] → Rni , of finite energy, that transfers the state
from x1 = x(t1) to x2 = x(t2).

Let y(t) and ỹ(t) denote the outputs corresponding to the states x(t)
and x̃(t). The observability is defined as follows.

Definition 2.8 (LPV observability [137]). An LPV system is called observable
if for the given input u(t) and the parameter trajectory ρ(t) ∈ P, y(t) = ỹ(t)
implies x(t) = x̃(t).

Again, intuitively speaking, observability means distinct states result in
distinct outputs. Similar to the rank conditions on the reachable and un-
observable subspaces in LTI systems case, state-reachability/observablity
matrix functions serve as the basis for the quantification of the reacha-
bility and observability for an LPV system. The detailed necessary and
sufficient conditions can be found in [160, 172]. From the model order re-
duction point of view, again the reachability and observability Gramians
are of our interest.
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Definition 2.9 (LPV reachability and observability Gramians). Along a
parameter trajectory ρ(t) ∈ P, for an asymptotically stable LPV system Σ, the
reachability Gramian Rρ(t1, t0) and the observability Gramian Qρ(t1, t0) on a
finite time interval [t0, t1] with t1 > t0 are defined respectively as

Rρ(t1, t0) =
∫t1
t0

Φρ(t1, τ)Bρ(τ)B>ρ (τ)Φ
>
ρ (t1, τ)dτ, (2.14a)

Qρ(t1, t0) =
∫t1
t0

Φ>ρ (τ, t0)C>ρ (τ)Cρ(τ)Φρ(τ, t0)dτ. (2.14b)

Similar to LTI systems, rank property of the Gramians can be used to
determine the reachability and observability of an LPV system.

Theorem 2.3 ([160, 172]). An LPV system is reachable/observable if and only if
the finite Gramian defined in (2.14a)/(2.14b) has full rank for any finite time
interval and each parameter trajectory ρ(t) ∈ P.

To compute the Gramians in (2.14a) and (2.14b), the state transition
matrix is required, which is not computationally feasible. Thus, we con-
sider the infinite Gramians, similar to the concept in the LTI systems case.
For the reachability Gramian, instead of taking t1 →∞, we relabel t1 as
the initial time t and take t0 as −∞, which means the system is steered
from x(−∞) to x = x(t). Then we have

Rρ(t) =

∫t
−∞Φρ(t, τ)Bρ(τ)B>ρ (τ)Φ>ρ (t, τ)dτ, (2.15a)

Qρ(t) =

∫∞
t

Φ>ρ (τ, t)C>ρ (τ)Cρ(τ)Φρ(τ, t)dτ. (2.15b)

Given the initial time t0 ∈ R>0, the input

u(τ, t0) = B>ρ (τ)Φρ(t0, τ)R−1ρ (t0)x(t0)

is the minimal-energy input which steers the state from x(−∞) to x0 =
x(t0) [182]. The infinite Gramians are solutions of differential Lyapunov
equations (DLEs).

Proposition 2.4. The infinite Gramians Rρ(t) and Qρ(t) are solutions of the
following DLEs respectively.

−
d

dt
Rρ(t) +Aρ(t)Rρ(t) + Rρ(t)A

>
ρ (t) +Bρ(t)B

>
ρ (t) = 0, Rρ(0) = 0,

(2.16a)
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d

dt
Qρ(t) +A

>
ρQρ(t) +Qρ(t)Aρ(t) +C

>
ρ (t)Cρ(t) = 0, Qρ(∞) = 0.

(2.16b)

Proof. The asymptotic stability implies that

lim
τ→−∞Φρ(t, τ) = 0 and lim

t→∞Φρ(t, τ) = 0.
Let fρ(t, τ) be the integrand of (2.15a), i.e.,

fρ(t, τ) = Φρ(t, τ)Bρ(τ)B>ρ (τ)Φ
>
ρ (t, τ).

Applying the Leibniz integral rule, it can be derived that

d

dt
Rρ(t) = fρ(t, τ)|

τ=t
τ=−∞ +

∫t
−∞

∂

∂t
fρ(t, τ)dτ.

Working the above equation out, (2.16a) can be derived. Analogously,
(2.16b) can be proved.

The reachability Gramian Rρ(t) is calculated in the forward direction in
numerical computations. The DLE (2.16b) needs to be solved backwardly.
Hence, numerically we have to assume that there exists a time interval
[t0, T ] ⊂ R>0 with T < ∞, x(t0) = x(T) = 0 holds. To solve the DLEs,
simple numerical methods such as backward Euler can be used. For a
detailed explanation of the numerical methods, we refer to [113, 114].

Transfer Function and H2 Norm

Unlike the parametric LTI systems, applying Laplace transformation on
the state space representation of LPV systems cannot provide an explicit
input-output mapping in the frequency domain. One may think to use
the parametric LTI transfer functions in (2.6) to approximate the true
transfer function. However, as mentioned before, stability of a set of
parametric LTI models does not imply the stability of the LPV system in
general. Hence, by using such an approximation, some of the system
properties may not be preserved. Then, when speaking about the transfer
function of an LPV system, only the transfer functions for fixed parameter
points are defined [172]. No transfer function is defined for general LPV

systems.
Although the definition of transfer functions is not clear for LPV sys-

tems, the H2 norm is still available when the system is asymptotically
stable, reachable and observable. In the LTI systems case, definition of
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the H2 is related to the impulse response and its Laplace transformation.
Here the same concept is considered. For an arbitrary parameter trajec-
tory ρ(t), the abstract form of the impulse response of an LPV system
is

hρ(t, t0) =

{
0 t 6 t0,

Cρ(t)Φρ(t, t0)Bρ(t0) t > t0,
(2.17)

where t0 is the initial time, i.e., δ(t0) = 1 and δ(t) = 0, t 6= t0. Analogous
to LTI systems, the H2 norm is defined as follows.

Definition 2.10. Assume that the 2D Fourier transform of the impulse response
hρ(t, t0) in (2.17)

Hρ(ω1,ω2) =
∫∞
−∞
∫t
−∞ hρ(t, t0) exp(−jω1t) exp(−jω2t0)dt0dt.

exists. Then the H2 norm of the system in (2.13) is defined as

‖Σ‖H2
:=

√
1

4π2

∫∞
−∞
∫∞
−∞〈Hρ(ω1,ω2),Hρ(ω1,ω2)〉dω1dω2.

Noting that by applying 2D Parseval’s Identity, the L2 norm of the
impulse response for t1, t2 ∈ [0,∞) equals the L2 norm of its Fourier
transformation Hρ(ω1,ω2) for ω1,ω2 ∈ (−∞,∞), i.e., the H2 system
norm defined above. Then if the Gramians Rρ(t, t0) and Qρ(t, t0) can
be computed and are positive definite, H2 norm of the system can be
computed.

Proposition 2.5. The H2 norm defined in the frequency domain by Definition
2.10 equals the impulse response energy,

‖Σ‖H2
= γimp.

The impulse response energy is the L2 energy of the impulse response, i.e.,

γ2imp =

∫∞
−∞
∫t
−∞ tr

(
hρ(t, t0)h>ρ (t, t0)

)
dt0dt

= tr
( ∫∞

−∞Cρ(t)
∫t
−∞Φρ(t, τ)Bρ(τ)B>ρ (τ)Φ>ρ (t, τ)dτ︸ ︷︷ ︸

Rρ(t) in (2.16a)

C>ρ (t)dt
)

,

(2.18)
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which can also be written as

γ2imp =

∫∞
−∞
∫∞
t0

tr
(
h>ρ (t, t0)hρ(t, t0)

)
dtdt0,

= tr
( ∫∞

−∞ B>ρ (t0)
∫∞
t0

Φ>ρ (τ, t0)C>ρ (τ)Cρ(τ)Φρ(τ, t0)dτ︸ ︷︷ ︸
Qρ(t0) in (2.16b)

Bρ(t0)dt0

)
,

where Rρ(t) and Qρ(t0) are solutions of (2.16a) and (2.16b), respectively.

As a result, as long as the DLEs can be solved and the solutions are
positive definite,the H2 norm is immediately available. For MOR pur-
poses, the difference between the original and the reduced-order system
in the H2 norm sense is readily to be used to quantify the approximation
accuracy. In the main research chapters, it is shown that the H2 norm ap-
proximation error also serves as a cost function, which can be minimized
to find a reduced-order system.

2.2 model order reduction for non-parametric systems

If the system (2.1) under consideration has a large dimensional state For different
problems and
applications,
definition of large
can be very
different.

space, i.e., x ∈ X ⊂ Rn for a large n� 1, model-based applications such
as simulation, controller synthesis and design optimization are often
computationally nontrivial and time consuming tasks. Over decades,
projection-based model order reduction method has been considered as
a very effective solution to solve this problem. To reduce the number of
states (or the dimension of the solution manifold of (2.1)) of a system, a
trial space V = span{V}, where V is an orthonormal basis, is required to
approximate x as

x(t) ≈ Vxr(t), x0 = Vxr0, ẋ(t) = Vẋr(t).

Then the resulted residue

e(t) := Vẋr(t) − f(Vxr(t),u(t), t, p),

is in general nonzero. To minimize the residue, e(t) is projected onto a
test space W = span{W}, which is orthogonal to V. Then the dynamical
system describing the evolution of xr(t) is

W>Vẋr(t) =W
>f(Vxr(t),u(t), t, p).
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Usually, the coefficient matrixW>V in front of ẋr(t) is normalized. Hence
instead of directly using W to project e(t), W(V>W)−1 is used as long
as V>W is non-singular. In such a case, if W 6= V , the projection scheme
is called a Petrov–Galerkin projection or an oblique projection. If W = V ,
it is called a Galerkin projection or an orthogonal projection.

For a nonlinear, parametric vector field f(x(t),u(t), t, p), a constant test
subspace V is either difficult to find or cannot approximate the original
solution manifold accurately when r� n. Furthermore, the projection
may complicate the nonlinearity, which makes the system even more
difficult to analyze and simulate. However, if the parameter is fixed and
the system is an LTI system, projection-based MOR methods are very well
developed. Although [12] is a complete and comprehensive monograph
of MOR techniques for LTI systems and [42, 157, 43] collects the most recent
advances for MOR, here we still would like to give a brief introduction of
some selected methods, which serve as the foundation of our research.

Consider an asymptotically stable, reachable and observable LTI system
Σ given by (2.2) with a fixed parameter point ρ ∈ P. Thus there exist
two symmetric, positive definite infinite Gramians R and Q which satisfy
(2.5a) and (2.5b), respectively. In the systems and control community, the
most commonly used MOR method is the so-called balanced truncation
[127, 12]. In this method, the reduced-order model is constructed via a
Petrov–Galerkin projection V = T−1In,r and W> = Ir,nT satisfying

R̃ := TRT> = Q̃ := T−>QT−1 = diag(σ1,σ2, . . . ,σn)

where In,r is the first r columns of the n-dimensional identity matrix
and Ir,n is the first r rows of the n-dimensional identity matrix. Then
correspondingly, the transformed system with the state xT (t) = Tx(t) is
called balanced. The reduced-order model thus is

Σr :

{
ẋr(t) =W

>AVxr(t) +W
>Bu(t),

yr(t) = CVxr(t), xr0 =W>x0,
(2.19)

where xr(t) = Ir,nxT (t) is balanced as well.

Remark 2.1. In most of the model order reduction literature, the initial condition
x0 is assumed to be zero. Hence, xr0 = W>x0 = 0 also holds. However, in
certain circumstances, nonzero initial conditions need to be considered. Hence,
for some methods in this thesis, MOR approaches for nonzero initial conditions
are discussed separately.
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Advantages of the balanced truncation methods are that stability is
preserved in the reduced-order model, the reduced-order model is again
in the balanced form and the approximation error is bounded by [12]

‖Σ− Σr‖H∞ 6 2
n∑

k=r+1

σk.

The obvious disadvantage is Lyapunov equations (2.5b) and (2.5a) need
to be solved. The computational complexity is O(n3) and the storage
complexity is O(n2) [41]. Although efficient computational methods exist
(see, e. g., [116, 161, 163, 162, 41] and the references therein), for large-
scale systems, Krylov subspace based iterative MOR methods are more
computationally attractive than balanced truncation. Another disadvan-
tage of balanced truncation is that the reduced-order model depends on
the specific representation of the subspaces V and W, i.e., matrices V and
W rather than the subspaces spanned by them.

2.2.1 Krylov Subspace Methods for LTI Systems

For LTI systems, Krylov subspace methods are used to match the so-
called moments of the original system and the reduced-order system.
Again, consider system Σ in (2.2) with a fixed parameter value. With the
assumption that x0 = 0, the system admits a transfer function G(s) given
by (2.6).

Definition 2.11 (Moment [12]). At an arbitrary frequency point s0 ∈ C, the
kth moment is defined as

mk(s0) := C[−(s0I−A)]
−(k+1)B, k ∈ Z>0, (2.20)

then the Laurent expansion of G(s) around s0 ∈ C is expressed as

G(s) =

∞∑
k=0

mk(s0)
(s− s0)

k

k!
.

For s0 =∞, the moments, also called the Markov parameters, are defined as

m0(∞) = 0, mk(∞) = CAk−1B, k ∈ Z+, (2.21)
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and the corresponding Laurent expansion of G(s) is

G(s) =

∞∑
k=1

mk(∞)s−k.

To construct a reduced-order model which matches the first k moments
of the original system, Padé approximation methods [18] can be used.
Among them, the very first method, asymptotic waveform evaluation
(AWE) method was proposed in early 1990’s [139, 140]. However, the AWE

method suffers from several numerical limitations [73]. In [73, 85], the
famous Padé-via-Lanczos (PVL) algorithm and its variants [74, 86] were
introduced to overcome the numerical limitations of the AWE method.
The PVL algorithm sets the foundation of Krylov subspace based MOR

methods [82].
The Arnoldi process [13] is another widely used Krylov subspace

method. Although the Arnoldi method can only produce Padé-type
reduced-order models [82], it is still widely used to construct the reduced-
order models, for example see [132, 30]. The Krylov subspace methods
were also generalized to tackle the passivity preserving and structure
preserving problems in MOR, such as the techniques proposed in [81, 119,
83, 84, 117].

Let us briefly review the Krylov subspace construction for MOR, i.e.,
matching the moments of the transfer function. Suppose that the system
behavior at a frequency point s0 is of interest. Then the reduced-order
model needs to capture the frequency characteristics at s0. Let B̃ =

(s0I−A)
−1B and Ã = (s0I−A)

−1, then if the trial space is defined as

V = span{V} := Kr,k1(Ã, B̃) = span
{
B̃, ÃB̃, . . . , Ãk1−1B̃

}
, (2.22)

where the subscript r stands for right, then for a SISO system, the approxi-
mated solution satisfying x = Vxr matches the first k1 moments of the
transfer function. Let L̂ = (s0I−A)

−TC> and Â = (s0I−A)
−>. If the

test space is defined as

W = span{W} := Kl,k2(Â, L̂) = span
{
L̂, ÂL̂, . . . , Âk2−1L̂

}
, (2.23)

where the subscript l stands for left, then together with V defined in
(2.22), for SISO systems, in total k1 + k2 moments are matched. Noting
that usually k1 = k2 = k. Hence, a reduced-order model with k states
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obtained by above W and V matches 2k moments in the SISO case and
bk/nic+ bk/noc moments in the MIMO case [82].

It can be seen that the single point moment matching method by con-
structing the Krylov subspaces can only approximate a transfer function
at one frequency point. The actual situation can be that the system be-
havior at multiple frequencies is of interest. The corresponding problem
is called multiple moment matching. In [96], it is shown that such a
problem can be solved by the rational Krylov subspace method. Suppose
that for a SISO system, the transfer function needs to be approximated
at frequency points {si}

ns−1
i=0 . And at each frequency point, 2ki moments

need to be matched. Hence, at si, i = 0, 1, . . . ,ns − 1, the corresponding
left and right Krylov subspaces can be constructed according to (2.23)
and (2.22) as Kli,ki and Kri,ki . Then the entire Krylov subspaces satisfy

Kr,k =

ns−1⋃
i=0

Kri,ki , Kl,k =

ns−1⋃
i=0

Kli,ki . (2.24)

For more details and the algorithm on the rational Krylov methods, we
refer to [96].

The Krylov subspace methods have several disadvantages. The first is
that the frequency points, also known as the interpolation points, need to
be selected manually. Second, for MIMO systems, often the block Lanczos
or block Arnoldi methods need to be implemented, which can be difficult
if there is a large number of inputs and outputs. In such a case, to
reach a desired accuracy level, a reduced-order system may still have too
many states. To solve the second problem, the tangential interpolation
method is proposed in [92]. Instead of applying block Krylov methods,
at each interpolation point, one can associate an input direction and an
output direction. Then the system behaviors are of interest along the
prescribed input-output directions. Thus the Krylov subspace-based MOR

problem for MIMO systems boils down to selecting interpolation points
and reasonable tangential directions. In the following part, it is shown that
the problem of selecting interpolation points and tangential directions
can be tackled by considering the H2 optimal approximation problem.
Further more, the H2 optimal approximation framework quantifies the
approximation accuracy. The reduced-order model is also guaranteed to
be stable as long as it is an H2 optimal approximation of the original
system [98].
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2.2.2 H2 Optimal Model Order Reduction for LTI Systems

Suppose that for a full-order system Σ given by (2.2) with a fixed param-
eter value ρ ∈ P, the corresponding reduced-order system is Σr with the
transfer function

Gr(s) =

r∑
j=1

φ̃j

(s− λ̃j)
,

where λ̃j and φ̃j, j = 1, 2, . . . , r are the reduced-order poles and residues.
The H2 norm expression (2.11) yields a new H2 norm error expression
between Σ and Σr, which serves as the foundation for the interpolation
framework of the H2 optimal model order reduction.

Proposition 2.6 ([98]). Given the full-order model G(s) and a reduced-order
model Gr(s), let λi, i = 1, 2, . . . ,n and λ̃j, r = 1, 2, . . . , r be the poles of G(s)
and Gr(s), respectively, and the poles of Gr(s) are distinct from each other. Let
φi, i = 1, 2, . . . ,n and φ̃j, r = 1, 2, . . . , r denote the residues of G(s) and Gr(s)
at their poles λi and λ̃j, respectively. The H2 norm of the error system is given
by

‖Σ− Σr‖2H2
=

n∑
i=1

φi (G(−λi) −Gr(−λi)) −

r∑
j=1

φ̃j
(
G(−λ̃j) −Gr(−λ̃j)

)
.

(2.25)

The above H2 error expression shows that the approximation error in
the H2 norm sense is caused by the mismatch of G(s) and Gr(s) at the
mirror images of the full-order and the reduced-order poles, weighted
by the full-order and reduced-order residues. To construct the reduced-
order system Gr(s), φ̃j and λ̃j, j = 1, 2, . . . , r need to be determined,
which can be considered as unknown variables in (2.25). For SISO LTI

systems, if Krylov subspace methods are used to construct Σr, i.e., Gr(s),
one only needs to select interpolation points si. In order to achieve first-
order necessary H2 optimality, si are chosen as the mirror images of the
reduced-order poles, i.e., −λ̃j, j = 1, 2, . . . , r [98].

Theorem 2.7 ([98]). Given a stable SISO system G(s) = C(sI−A)−1B, let
Gr(s) = Cr(sIr −Ar)

−1Br be a local minimizer of dimension r for the H2
optimal reduced-order model and suppose Gr(s) only has simple poles λ̃j, j =
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1, 2, . . . , r. Then Gr(s) interpolates both G(s) and its first derivative at −λ̃j, j =
1, 2, . . . , r:

G(−λ̃j) = Gr(−λ̃j),
dG(s)

ds

∣∣∣∣
s=−λ̃j

=
dGr(s)

ds

∣∣∣∣
s=−λ̃j

, j = 1, 2, . . . , r.

(2.26)

Hence, for a SISO LTI system, the Krylov subspaces can be constructed
as

V = span
{
(λ̃1I+A)

−1B, (λ̃2I+A)−1B, . . . , (λ̃rI+A)−1B
}

,

W = span
{
(λ̃1I+A)

−>C>, (λ̃2I+A)−>C>, . . . , (λ̃rI+A)−>C>
}

.

The corresponding projection matrices V and W can be easily built by
the rational Krylov algorithm [96]. An alternative of building V and W
are related to solving Sylvester equations [92]. Let

vj = (λ̃jI+A)
−1B and V =

(
v1 v2 . . . vr

)
,

and Ω = diag
(
λ̃1, λ̃2, . . . , λ̃r

)
. Then V satisfies the Sylvester equation

VΩ+AV = B1>r , (2.27)

where 1r is a column vector of r ones. Similarly, let

wj = (λ̃jI+A)
−>C> and W =

(
w1 w2 . . . wr

)
.

Then W solves the Sylvester equation

WΩ+A>W = C>1>r . (2.28)

For MOR purpose, one only needs to orthogonalize V andW and construct
the Petrov–Galerkin projection scheme so as to obtain the reduced-order
model.

In MIMO case, let Gr(s) = Cr(sIr − Ar)
−1Br be the reduced-order

model. Suppose that Gr(s) only has simple poles λ̃j, j = 1, 2, . . . , r and λ̃j
is associated with left and right eigenvectors of Ar, w̃j and ṽj, respectively
as

Arṽj = λ̃jṽj, w̃∗jAr = λ̃jw̃
∗
j , w̃

∗
j ṽj = 1.
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Let b̃>j = w̃∗jBr and c̃j = Crṽj define the right and left tangential direc-
tions associated with the interpolation point sj = −λ̃j. Then the first-order
necessary optimality conditions are [98]:

G(−λ̃j)b̃j = Gr(−λ̃j)b̃j, c̃>j G(−λ̃j) = c̃
>
j Gr(−λ̃j),

c̃>j
dG(s)

ds

∣∣∣∣
s=−λ̃j

b̃j = c̃
>
j

dGr(s)

ds

∣∣∣∣
s=−λ̃j

b̃j, j = 1, 2, . . . , r.
(2.29)

Similar to the SISO case, the Krylov subspaces can be constructed as

V = span
{
(λ̃1I+A)

−1Bb̃1, (λ̃2I+A)−1Bb̃2, . . . , (λ̃rI+A)−1Bb̃r
}

,

W = span
{
(λ̃1I+A)

−>C>c̃1, (λ̃2I+A)−>C>c̃2, . . . , (λ̃rI+A)−>C>c̃r
}

.

Again, there is a way to construct V andW by solving Sylvester equations.
Let

B̃>r =
(
b̃1 b̃2 . . . b̃r

)
and C̃r =

(
c̃1 c̃2 . . . c̃r

)
.

Then V and W solve the following Sylvester equations, respectively:

VΩ+AV = BB̃>r , (2.30)

WΩ+A>W = C>C̃r, (2.31)

where Ω is again defined as Ω = diag
(
λ̃1, λ̃2, . . . , λ̃r

)
.

By selecting the left and right tangential directions as c̃j and b̃j, the
MIMO model order reduction problem can be considered as a SISO model
order reduction problem. The only problem is that the optimal reduced-
order matrix Ar needs to be known to provide the interpolation points,
which can be achieved by the so-called iterative rational Krylov algorithm
(IRKA) proposed in [98]. In each iteration of IRKA, instead of constructing
V and W by the rational Krylov method, Sylvester equations (2.30) and
(2.31) can also be solved to obtain the suitable projection matrices. This
concept is presented in [185] as the two-side iteration algorithm (TSIA).

Remark 2.2. For LTI systems, since the autonomous vector field Ax(t) is linear,
the resulted Krylov subspaces are constructed by solving linear system of equa-
tions. Then both the rational Krylov method and the Sylvester equations can be
used to compute the projection matrices. However, as soon as the autonomous
vector field is nonlinear, nonlinear Krylov subspaces derived by solving nonlinear
system of equations are required to achieve “moment” matching. Correspond-
ingly, nonlinear Sylvester equations need to be solved to obtain the projection
matrices. The general nonlinear moment matching concept has been explored for
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example in [14, 106] by defining the so-called signal generator. For specific cases,
when the nonlinearity is known, nonlinear Sylvester equations play a significant
role in moment matching based model order reduction. There is a connection
between the signal generator concept and the Sylvester equations.

Recall the H2 norm expression given by (2.9). One can infer that if
the Gramians of the error system Σe := Σ− Σr exist and are positive
definite, the H2 norm error can be computed. Let Σe := Σ− Σr be the
error system, which is defined as

Σe :

{
ẋe(t) = Aexe(t) +Beu(t),

ye(t) = Cexe(t), xe0 = xe(0),
(2.32)

where xe(t) = col(x(t), xr(t)) is the column concatenation of the full-
order and the reduced-order states and the system matrices are defined
as

Ae =

(
A 0

0 Ar

)
, Be =

(
B

Br

)
, Ce =

(
C −Cr

)
. (2.33)

Then, if the error system is reachable and observable, the Gramians Re
and Qe satisfy the Lyapunov equations:

AeRe + ReA
>
e +BeB

>
e = 0, (2.34)

A>eQe +QeAe +C
>
e Ce = 0. (2.35)

Direct calculation shows that the Gramians can be partitioned as

Re =

(
R X

X> Rr

)
, Qe =

(
Q Y

Y> Qr

)
,

where R and Q are the full-order Gramians and Rr and Qr are the
reduced-order Gramians. Applying (2.9) to the error system Σe in (2.32),
it yields that the H2 norm of Σe has the expression

‖Σe‖2H2
= tr

(
CeReC

>
e

)
= tr

(
B>eQeBe

)
. (2.36)

By minimizing the H2 norm of the error system, the H2 optimal MOR

problem can be reformulated as an constrained optimization problem as
follows:

min
V ,W∈Rn×r

J(V ,W) =
1

2
tr
(
Ce(V)Re(V ,W)C>e (V)

)
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subject to W>V = Ir,

AeRe + ReA
>
e +BeB

>
e = 0, (2.37)

A>eQe +QeAe +C
>
e Ce = 0.

Differentiating the objective function J(V ,W) with respect to V and W,
the first-order necessary optimality conditions can be derived, which
satisfy a Petrov–Galerkin framework [180] by taking

V = XR−1r , W = −YQ−1
r .

Explicitly, the necessary optimality conditions are given as follows.

Theorem 2.8 ([180, 98]). The Wilson conditions for the first-order necessary
H2 optimality conditions are,

X>Y + RrQr = 0,

Y>B+QrBr = 0,

C>r X−C>X = 0.

(2.38)

The last two equations in (2.38) give a way to construct Br and Cr.
The first equation shows that the projection matrices satisfy the bi-
orthogonality condition W>V = Ir.

Similar to the interpolation-based H2 optimal MOR method, the con-
struction of the projection matrices requires the knowledge of the reduced-
order model. One way to overcome such a problem is to give an initial
guess of the reduced-order model and then solve the problem iteratively
by utilizing the Wilson conditions. Since only the subspaces spanned by
V and W have impact on the reduced-order models, it is not difficult to
conclude that applying the Wilson conditions iteratively is equivalent to
the TSIA method [185]. However, the problem can be solved from another
perspective.

Note that it is required to construct two orthogonal projection matri-
ces V and W and using V and W(V>W)−1 as the projection matrices
to reduce the system. Then the constraint V>V = W>W = Ir can be
considered as geometric properties of the manifold where V and W live.
The optimization problem (2.37) can thus be regarded as an optimization
problem on either the Stiefel manifold or the Grassmann manifold [154].
If the Stiefel manifold is considered, one is interested in certain represen-
tations of V and W since the compact Stiefel manifold Sn,r contains all
the orthonormal matrices in Rn×r. However, since only the subspaces
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spanned by V and W matter for constructing the reduced-order model,
the Grassmann manifold Gn,r, which contains all the r-dimensional sub-
spaces of Rn, is of more interest. The simple geometric properties of
Gn,r also provide a computationally friendly environment to solve the
optimization problem in (2.37). In the work [187], such a method was
first introduced to solve the H2 optimal MOR problem in the Galerkin
projection setting, i.e., W = V . There, the steepest descent method was
considered. Both static and adaptive line search step sizes were proposed
to guarantee convergence of the method. This method inspired us vastly
on our work of Chapter 4. Next, based on the seminal work of optimiza-
tion methods on matrix manifolds in [70, 1], other optimization methods
such as trust region and conjugate gradient are successfully applied in
solving the H2 optimal MOR problem in [154, 155] in the Galerkin pro-
jection framework. In [186], a fast gradient flow algorithm is proposed
to speed up the optimization process. However, the method still only
stresses the Galerkin projection framework. A two-side algorithm which
emphasizes the Petrov–Galerkin projection framework is proposed in
[188].

In the following chapters, it will be shown in detail that for H2 optimal
MOR of LPV systems, if the parameter trajectory is known, the aforemen-
tioned optimization-based techniques provide a possibility to solve the
MOR problem. If instead the system admits a special parametric struc-
ture, after transforming the system into a weakly nonlinear dynamical
system, both interpolation-based and optimization-based techniques may
be used.

2.2.3 Model Order Reduction for Nonlinear Systems

For model order reduction of general nonlinear dynamical systems given
in (2.1) with a fixed parameter value, a very successful approach is
selective sampling of the nonlinear terms combined with interpolation
of these samples to approximate the nonlinear evaluation [40]. This
strategy often involves simulation of the original system, so it can be
considered as a data-driven technique. The gappy proper orthogonal
decomposition (POD) interpolation method [71] and its induced methods:
missing point estimation [15] and Gauss–Newton with approximated
tensors (GNAT) [53] are all among this class of methods. Another popular
method among this class is the empirical interpolation method (EIM)
[23] and its variant discrete empirical interpolation method (DEIM) [56].
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Dynamic mode decomposition [112] applied to nonlinear MOR is among
this category as well; for example see [6]. However, since this class of
methods rely on POD, which is solution-based, the choice of excitation
signals, the assumptions on noise and the initial conditions leads, as such,
never to reduced-order models with global approximation accuracy.

Balanced truncation methods for general nonlinear dynamical systems
[156, 87, 88, 89, 90] are therefore useful and promising alternatives. How-
ever, these techniques have high computational complexity or have not
led to widespread applications.

MOR methods based on the Volterra series analysis of nonlinear systems
have received quite some attention to overcome the aforementioned
problems. Consider a non-parametric nonlinear system in the linear
analytic state space form [150]{

ẋ(t) = A(x(t), t) +B(x(t), t)u(t),

y(t) = C(t)x(t), x(0) = 0,
(2.39)

where x = 0 is an equilibrium of the system, i.e., A(0, t) = 0. Such a
nonlinear system can be assumed to be a series of nonlinear homogeneous
subsystems. Suppose that the input is αu(t) for an arbitrary scalar α, the
input-to-state response can be written as an expansion of α in the form
[150]

x(t) = αz1(t) +α
2z2(t) + · · ·+αNzN(t) + · · · . (2.40)

Noting that here zi(t) are all vectors in Rn. Viewing the analytic functions
A(x(t), t) and B(x(t), t) in terms of power series of x(t), the state space
equation (2.39) can be written as

ẋ(t) = A1(t)x(t) +A2(t)x
(2)(t) +A3(t)x

(3)(t)

+B0(t)u(t) +B1(t)x(t)u(t) +B2(t)x
(2)(t)u(t) + . . . ,

y(t) = C(t)x(t), x(0) = 0,

(2.41)

where

x(N)(t) =
⊗
N

x(t) := x(t)⊗ x(t)⊗ · · · ⊗ x(t)︸ ︷︷ ︸
N terms

, N = 2, 3, . . . ,

is the power-N Kronecker product (see [178] for definition) of x(t). Substi-
tuting (2.40) into (2.41) and equating the coefficients of the powers of α,
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the original system can be expressed in a series of nonlinear subsystems.
For simplicity, only the first three subsystems are shown as follows.

ż1(t) = A1(t)z1(t) +B0(t)u(t), z1(0) = 0,

ż2(t) = A1(t)z2(t) +A2(t)z
(2)
1 (t) +B1(t)z1(t)u(t), z2(0) = 0,

ż3(t) = A1(t)z3(t) +A2(t) (z1(t)⊗ z2(t) + z2(t)⊗ z1(t))

+A3(t)z
(3)
1 (t) +B1(t)z2(t)u(t) +B2(t)z

(2)
1 (t)u(t), z3(t) = 0,

y(t) = C(t) (z1(t) + z2(t) + · · ·+ zN(t) + · · · ) .
(2.42)

The first equation of (2.41) is LTV, suppose Φ(t, t0) is the state transition
matrix of

ẋ(t) = A1(t)x(t),

z1(t) can be expressed in the vector kernel integration form as

z1(t) =

∫t
t0

Φ(t, τ)B(τ)u(τ)dτ.

For zN(t),N = 2, 3, . . ., zi(t), i < N can be treated as pseudo input so as
to make every subsystem LTV. Then each subsystem can be expressed
into the vector kernel form. From input-to-output (vector kernels pre-
multiplied by C(t)), the kernels are called Volterra kernels. The method
introduced above is called the variational equation approach [150].

In case that the system matrices in (2.39) are not time-varying, i.e.,
matrix functions A and B are not directly dependent of t, the subsystems
in (2.42) are time invariant. Since in such a case the state transition
matrix Φ(t, t0) has an explicit expression, either balanced truncation or
Krylov subspace methods can be applied to approximate the system
based on the Volterra kernels. For example see [5, 36, 38] for balanced
truncation of bilinear and quadratic-bilinear systems; [17, 59, 97, 4, 35]
for Krylov subspace methods of weakly nonlinear systems, such as
bilinear, quadratic-bilinear and polynomial systems; [189, 47, 79, 39] for
H2 optimal and quasi-optimal techniques developed for bilinear and
quadratic-bilinear systems.

For a more general, SISO, continuous-time nonlinear system{
ẋ(t) = f(x(t),u(t)),

y(t) = h(x(t)),
(2.43)
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with
f(0, 0) = 0, h(0) = 0,

the method in [14] proposes to construct a signal generator{
ω̇(t) = s(ω(t)),

θ(t) = l(ω(t)),
(2.44)

with s(0) = 0, l(0) = 0 to provide a generalization of the notion of
moment.

Definition 2.12 (Nonlinear moments defined in [14]). Consider the system
(2.43) and an observable signal generator in (2.44). If there exists a unique
mapping π : ω→ x, x = π(ω), locally defined in the neighborhood of ω = 0,
which satisfies the partial differential equation

f(π(ω), l(ω)) =
∂π

∂ω
s(ω),

the function h(π(ω)) is the moment of system (2.43) at (s(ω), l(ω)).

Then moment matching can be carried out to reduce the system. Similar
to MOR for LTI systems by moment matching, several system properties
such as relative degree, zero dynamics and passivity can be treated as
constraint when the reduced-order system is constructed [14]. In Chapter
7, it will be shown that this concept is closely related to the Volterra series
interpolation method for quadratic-bilinear systems.

2.3 model order reduction for parameter-dependent sys-
tems

The attention of this section is directed to MOR for parametric linear
dynamical systems in (2.2). The discussions in this thesis distinguish
between the case where the parameters are time-independent and the case
where the parameters are time-dependent, which corresponds to the distin-
guish between parametric LTI systems and LPV systems. When parametric
LTI systems are considered, MOR techniques rely on the conventional
MOR approaches and sampling of the parameters. When LPV systems
are under consideration, most of the existing methods are from the sys-
tems and control community, which may depend on either the system
representation or knowledge of the parameter trajectory.
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2.3.1 MOR for Parametric Systems

Consider a parametric LTI system Σ given in the state space form by
(2.2). Without loss of generality, the initial condition x0 is assumed to
be zero since the system is time invariant. Then, the system can also
be represented by the transfer function G(s, p) given in (2.6). For each
possible parameter value, the system is assumed to be stable, reachable
and observable. Model order reduction for system Σ can be divided into
three steps.

Step 1. Sample the parameter domain and obtain a set of parameter
samples {pi}nsi=1;

Step 2. Perform MOR for the system at each parameter sample;

Step 3. Construct a reduced-order model which approximates the origi-
nal system well for all possible parameter values.

Based on how the reduced-order model is constructed, MOR methods can
be classified as global methods and local methods.

Global Methods

The concept of the global method is to construct two constant projection
matrices V andW to reduce the full-order system Σ. Hence, the projection
matrices keep invariant when different parameter values are taken. The
problem on how to construct such two projection matrices is tackled in
two different ways.

In the first approach, for each parameter sample pi, i = 1, 2, . . . ,ns, the
system becomes an LTI system, then two projection matrices Vi and Wi
can be computed to reduce the corresponding LTI system. Eventually, two
global projection matrices V and W are constructed by concatenating the
local ones as

V =
(
V1 . . . Vns

)
, W =

(
W1 . . . Wns

)
.

If the local projection matrices have common bases, the rank-deficient
components can be removed by either singular value decomposition
(SVD) or an orthogonalization procedure such as the QR factorization.
Furthermore, from the subspace viewpoint, the global subspaces satisfy

span{V} =
ns⋃
i=1

span{Vi}, span{W} =

ns⋃
i=1

span{Wi}.
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In case the local projection matrices are produced by the moment-
matching method, i.e., Krylov subspace method, the multiparameter
moment-matching method [64, 37, 76] can be applied. In [170] it is
shown that such a method increases the computational efficiency for
time-domain variability analysis. In case that the local projection matrices
are generated by H2 optimal MOR techniques, the resulted global basis
makes the reduced-order model piecewise H2 optimal [27]. Other meth-
ods such POD [164, 40] can be performed to compute the local projection
matrices, then the method is quite similar to the reduced basis method,
for example see [148].

Remark 2.3. If the local projection matrices are computed via balanced trun-
cation, after concatenation, the reduced-order model is in general not in the
balanced form.

The second approach to construct global projection matrices is based
on a special parameter dependence of the system. Assume that in system
Σ only matrix A is parameterized and A(p) has an affine structure, i.e.,

Σ :

{
ẋ(t) = A(p)x(t) +Bu(t),

y(t) = Cx(t),
(2.45)

with A(p) = A0 +
∑nf
k=1 fk(p)Ak. Define the auxiliary input signals

uni+k(t) := fk(p),k = 1, 2, . . . ,nf, the system can be equivalently ex-
pressed as 

ẋ(t) = A0x(t) +

nf∑
k=1

uni+k(t)Akx(t) + B̂û(t),

y(t) = Cx(t),

(2.46)

where B̂ =
(
B 0n×nf

)
and û =

(
u(t) f1(p) . . . fnf(p)

)
. Such a

transformation method for MOR has first been suggested in [34]. Then
it is extensively discussed in [49, 50]. In principle, any MOR methods
that are developed for bilinear dynamical systems can be employed to
compute the global projection matrices in this setting. For detailed MOR

approaches for bilinear dynamical systems, we refer to [189, 36, 47, 78,
79] and the references therein.
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Local Methods

In contrast with computing two fixed projection matrices V and W glob-
ally, one might first construct local projection matrices Vi and Wi accord-
ing to the parameter samples pi and then interpolate quantities related to
the reduced-order model such as the local projection matrices, the local
reduced-order state space models and the local reduced-order transfer
functions, as described in detail in [40]. Below, these local methods are
discussed briefly.

The first method is to interpolate the local projection matrices. Given a
set of local projection matrices {Vi}

ns
i=1 corresponding to the parameter

sample set Ps := {pi}nsi=1, the goal is to obtain a projection matrix V(p̂)
when a new parameter point p̂ /∈ Ps is given by interpolating the exist-
ing local projection matrices. However, the interpolation method is not
straightforward. For example, consider a system has only one parame-
ter p ∈ [−1, 1] and the sampled points are −1 and 1. Correspondingly,
the local projection matrices obtained are V1 and V2 = −V1. Given a
new parameter value p̂ = 0, if linear interpolation is applied, clearly
V(p̂) = V1 + V2 = 0 is not a basis.

As pointed out in [9], since the reduced-order models only rely on
the subspaces rather than the specific orthogonal matrices, the quan-
tity to be interpolated should be the subspaces spanned by the lo-
cal projection matrices. Then the interpolation is done on the tangent
bundle of the Grassmann manifold Gn,r. For simplicity, let us take
Vi = span{Vi}, i = 1, 2, . . . ,ns as an example. First, one needs to choose a
reference point, for example, V1, such that Vi ∈ Gn,r, i = 2, 3, . . . ,ns are
all in the neighborhood of V1 ∈ Gn,r. Each subspace Vi ∈ Gn,r can be
mapped onto the tangent space TV1 of V1 by the logarithmic map

Xi = LogV1
(Vi) ∈ TVi . (2.47)

Let Ti, i = 2, 3, . . . ,ns be matrix representations of Xi. Then Ti can be
computed by

Ti = Ui arctan(Si)Zi, i = 2, 3, . . . ,ns, (2.48)

where

UiSiZ
>
i

thin SVD
==

(
I− V1V

>
1

)
Vi

(
V>1 Vi

)>
, i = 2, 3, . . . ,ns.
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The curve which connects V1 and Vi is a geodesic. Given a new parameter
value p̂ /∈ Ps, the matrix T(p̂) can be computed for example by the
Lagrange interpolation as

T(p̂) =
ns∑
i=2

Li(p̂)Ti,

with Lagrange basis functions Li(p̂). The projection matrix V(p̂) can be
obtained by first taking a thin SVD [94] of T(p̂) as

T(p̂) = ÛŜẐ>,

and then calculating

V := V(p̂) = V1Ẑ cos(Ŝ) + Û sin(Ŝ), (2.49)

which is the geodesic emanating from V1 in the tangent direction T(p̂)
and ending at V(p̂) [70]. From (2.48), it can be seen that one important
property of the Grassmann manifold is that if V ∈ Gn,r and X ∈ TV is the
tangent, then

V ⊥ X.

This property is thoroughly discussed in [70].
Once V := V(p̂) and W := W(p̂) are obtained, to derive the reduced-

order model, one still needs to evaluate W>A(p̂)V ,W>B(p̂) and C(p̂)V ,
which can be computationally expensive. Hence, another idea is to in-
terpolate the local reduced-order system matrices directly to obtain the
reduced system given p̂. In [166], it is shown that if the system matrices
have affine dependence on the parameter p, the matrix multiplications
can be pre-computed independently of the parameter. In case that the
parameter dependence is not affine, [10, 135] proposed to first perform a
congruence transformation for the local projection matrices so as to put
the local reduced-order systems into the same generalized coordinate
system. Then the local state space matrices can be interpolated by apply-
ing the matrix manifold interpolation in [10]. For the discussion of this
method, we refer to [40] for a comprehensive summary and [166, 10, 135]
for more details.

The last option that is of interest is to interpolate the local reduced-
order transfer functions. Given the parameter sample set Ps = {pi}nsi=1,
the corresponding reduced-order systems have transfer functionsGr(s, pi).



2.3 model order reduction for parameter-dependent systems 45

Then for a new parameter p̂ /∈ Ps, a reduced-order transfer function can
be computed as

Gr(s, p̂) =
ns∑
i=1

Li(p̂)Gr(s, pi), (2.50)

where Li(p̂) are basis functions. Interpolating local transfer functions has
been studied for example in [25, 28]. However, as pointed out in [40],
when the parameter sample set is large, the interpolated reduced-order
model has a large number of poles, that is, its state space model is large.
Furthermore, as the poles of the reduced-order model is fixed for this
strategy, the global behavior of the original system may not be captured
well.

2.3.2 MOR for Parameter-Varying Systems

Next, we briefly discuss the state-of-the-art MOR methods for LPV systems,
namely, system Σ in the state space representation given by (2.2) with time
dependent parameters p(t) ∈ P. Again, consider the projection-based
MOR, but this time with parameter-varying projection matrices. Namely, a
parameter dependent projection matrix V(p) is used to project x(t), then
we have

x(t) ≈ V(p)xr(t), x0 ≈ V(p)xr0.

However, for the time derivative of x(t), there holds

ẋ(t) ≈ V(p)ẋr(t) +
dV(p)
dt

xr(t).

Suppose that the test space is spanned by W(p) with W>(p)V(p) = Ir.
Then the reduced-order model is

Σr(p) :

{
ẋr(t) = Ar(p, ṗ)xr(t) +Br(p)u(t),

yr(t) = Cr(p)xr(t),
(2.51)

where

Ar(p, ṗ) =W>(p)A(p)V(p) −W>(p)
dV(p)
dt

,

Br(p) =W>(p)B(p), Cr(p) = C(p)V(p),
(2.52)

and ṗ := dp/dt. Clearly, part of the autonomous behavior of the reduced-
order system purely depends on the projection matrices which also
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introduces the parameter changing rate into the model. It seems that
this part of the dynamics is an artifact. From the parameter dependence
viewpoint, the system complexity even increases after state dimension
reduction. As pointed by [182], introducing a state transformation xr(t) =
Tr(p)zr(t), if Tr(p) satisfies

W>(p)
dV(p)
dt

Tr(p) +
dTr(p)
dt

= 0,

then the transformed reduced-order model does not have dependence on
the parameter changing rate ṗ. Later in Chapter 3, we propose a novel
projection framework to find the reduced-order models which does not
depend on ṗ and hence cancel the artificial dynamics introduced only by
the projection matrices. A simple solution to make W>(p)dV(p)/dt = 0
is to use constant projection matrix V . Then obviously dV/dt = 0 holds.
This method is employed in the early work [183], where the balanced
truncation and Hankel norm approximation are introduced. However, the
authors of [183] proposed to use constant reachability and observability
Gramians to balance the LPV system. As long as the LPV system is reach-
able and observable, the existence of these Gramians is alarming. In the
dissertation [182], based on the extended quadratic stability in Definition
2.6, a parameter-varying balancing method is proposed, which is more
reasonable for LPV systems. However, from the computationally aspect,
such a balancing scheme is already very difficult to obtain even for a
single parameter system. Recently, a balanced truncation type oblique
projection approach is proposed in [171], where the trial space projection
matrix V is a constant matrix and the test space projection matrix W(p) is
varying over the parameters. Some other methods such as the POD-based
method in [143] and the constant Gramian balanced truncation method in
[138] are proposed to reduce the state dimension of LPV systems and the
method in [142] employing autoencoders aims at reducing the number
of parameters for LPV systems. For discrete-time LPV systems, moment-
matching MOR method is proposed in [24] and the H2 approximation
method is discussed in [190]. However, for continuous-time LPV systems,
there is still a lack of MOR methods in the H2 optimal approximation
framework.

When the parameter range is small, a very common representation of
an LPV system in the robust control community is the so-called linear
fractional representation (LFR) [191]. Based on the LFR representation
of the system, many MOR methods have been developed, for example
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see [177, 31, 72]. In this dissertation, MOR in the LFR framework is not
considered since we would like to consider parameters in a more general
framework.

2.3.3 Special Case: MOR for Systems with Inhomogeneous Initial Conditions

Until now, when MOR problem is considered, the initial condition of
the system is always assumed to be zero, which might not hold in real
applications. For LTI systems, this problem is addressed from three dif-
ferent perspectives in [26, 102, 29]. In [26], the authors proposed a very
simple solution, which first translates the original state vector x(t) to
z(t) = x(t) − x0. Then the original LTI system on x(t) with nonzero ini-
tial conditions can be represented as a system in z(t) with zero initial
condition. The state space representation of such a system is

ż(t) = Az(t) +
(
B Ax0

)(u(t)
1

)
,

y(t) = Cz(t) +Cx0, z(0) = 0.

The advantage of this method is that it can be easily generalized to non-
linear dynamical systems. However, as long as different initial conditions
need to be considered, a new transformed system has to be found and
the whole MOR process has to be done once again. Hence, this method
suffers from the multi-query simulation request. And we thus consider
the MOR problem in this context as a parametric MOR problem with a
special parameter, i.e., the initial condition.

In [102], another concept is introduced. Namely, we assume that
the initial conditions only live in a small dimensional subspace X0 :=

span{X0} ⊂ Rn. The matrix X0 has n0 � n columns. Then the initial
conditions can be re-expressed as x0 = X0u0. Based on the superposi-
tion principle, we can rewrite the original system with nonzero initial
condition as 

ẋ(t) = Ax(t) +
(
B X0

)( u(t)

u0δ(t)

)
,

y(t) = Cx(t), x0 = 0.

Then an augmented balanced truncation method is proposed in [102]
to reduce the dimension of the augmented system. However, by aug-
menting the input, the Hankel singular values may significantly increase,
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which can result in a reduced-order model still with too many states.
Another drawback of such a method is that superposition principle is
only applicable for linear systems. As a result, new methods still need to
be developed for nonlinear systems.

To overcome the first drawback of the previous method, i.e., the in-
creasing of the Hankel singular values after augmenting the input, the
authors in [29] proposed to decompose an LTI system with nonzero initial
conditions into two parts. The first part corresponds to the zero initial
condition response of the original system. The system of this part has the
representation {

ẇu(t) = Awu(t) +Bu(t),

yu(t) = Cwu(t), wu(0) = 0.

The second part is a system corresponds to zero input response of the
original system, which results in a system{

ẇx(t) = Awx(t) +X0ux(t),

yx(t) = Cwx(t), wx(0) = 0,

where ux(t) = u0δ(t). The output of the original system is hence
y(t) = yu(t) + yx(t). The merit of such a decomposition method is
that one can consider the effects of the input and the initial conditions
independently by reducing the above two systems independently. Then
we have more flexibility in choosing different reduced-orders and differ-
ent MOR strategies for the above two systems. Since the initial condition
effect is reformulated as the input effect of another system, any input
insensitive MOR methods can result in a global reduced-order model.
Namely, for different initial conditions, there is no need to reduce the
system again, which is suitable in the multi-query simulation setting.
Although this method still relies on the superposition principle of linear
systems, later in Chapter 4 we show that for bilinear dynamical systems
the system decomposition concept is still applicable.



3
H 2 M O D E L O R D E R R E D U C T I O N F O R G E N E R A L L P V
S Y S T E M S

For general LPV systems, MOR problems can still be solved in the projection-
based manner introduced in Chapter 2.2. As already shown in Chapter
2.3.2, when parameter-varying projection matrices are considered, the
derivatives of the parameters with respect to time might be introduced
into the reduced-order system. Such a phenomenon is undesired because
from the parameter dependence viewpoint, the system complexity is in-
creased after state space dimension reduction. To overcome this problem,
a novel projection framework is proposed. We show that LPV systems are
input-output invariant under state transformation, thus the quantities
of interest for MOR are not the projection matrices themselves but the
subspaces that they span. As a result, the proposed projection framework
is closely connected to the intrinsic geometry of the manifold where the
subspaces live, i.e., the Grassmann manifold Gn,r. Under the assump-
tion that the parameter trajectory is known, Proposition 2.5 provides
a possibility to compute the H2 norm, or the impulse response energy
in time domain. Then the H2 optimal MOR problem is formulated as a
constrained optimization problem. Three different projection schemes
are proposed to reduce the system. To compute the optimal projection
matrices, gradient descent type optimization methods on the Grassmann
manifold are employed, inspired by the work in [187, 188].

3.1 introduction

Consider an LPV system described by (2.2) with time-dependent parameters,
which is represented as

Σ(p) :

{
ẋ(t) = A(p(t))x(t) +B(p(t))u(t),

y(t) = C(p(t))x(t), x(t0) = x0,
(3.1)

49
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where x(t) ∈ Rn is the state, u(t) ∈ Rni is the input, y(t) ∈ Rno is the
output and p(t) : T→ P ⊆ Rnp is the parameter. To reduce the system,
the aim is to find two projection matrices W(p(t)) and V(p(t)) satisfying

V>(p(t))V(p(t)) = Ir, W>(p(t))V(p(t)) = Ir,

W>(p(t))
d

dt
V(p(t)) = 0,

(3.2)

such that the reduced-order system

Σr(p) :

{
ẋr(t) = Ar(p(t))xr(t) +Br(p(t))u(t),

yr(t) = Cr(p(t))xr(t), xr(t0) = xr0,
(3.3)

with

Ar(p(t)) =W>(p(t))A(p(t))V(p(t)), Br(p(t)) =W>(p(t))B(p(t)), and

Cr(p(t)) = C(p(t))V(p(t)) with r� n,

approximates the original system Σ(p) well in the sense of the H2 error,
that is, the difference ‖Σ(p) − Σr(p)‖H2

is minimized. For convenience,
in the rest of this chapter, we use p to abbreviate p(t) when there is no
need to state the time dependence explicitly. When the parameter is know
as p(t) = ρ(t), any parameter-varying matrix M(p) is denoted as Mρ(t).

One important property of LTI systems is that the system is input-
output invariant under state transformations. Hence, the reduced-order
system only depends on the subspaces spanned by the projection matrices
rather than the projection matrices themselves. Such a fact holds for LPV

systems as well.

Proposition 3.1. The LPV system given by (3.1) is input-output invariant
under any state transformation

x(t) = T(p)xT (t), (3.4)

where T(p) is a diffeomorphism along any trajectory of p(t) ∈ C1 ([t0,∞), P).

Proof. Applying the state transformation given by (3.4), another LPV

system is obtained as

ΣT (p) :

{
ẋT (t) = AT (p)xT (t) +BT (p)u(t),

yT (t) = CT (p)xT (t),
(3.5)
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where the triplet (AT (p),BT (p),CT (p)) satisfies

AT (p) = T−1(p)A(p)T(p) − T−1(p)
d

dt
T(p),

BT (p) = T−1(p)B(p), CT (p) = C(p)T(p).
(3.6)

Assuming that the parameter trajectory is known as p(t) = ρ(t), the
impulse response of the transformed system ΣT (p) is

hTρ(t, τ) =

{
0 t 6 τ,

CTρ(t)ΦTρ(t, τ)BTρ(τ) t > τ,
(3.7)

where ΦTρ(t, τ) is the state transition matrix [52], which satisfies

∂

∂t
ΦTρ(t, τ) = ATρ(t)ΦTρ(t, τ). (3.8)

A simple calculation shows that

CTρ(t)ΦTρ(t, τ)BTρ(τ) = Cρ(t)Tρ(t)ΦTρ(t, τ)T−1ρ (τ)Bρ(τ).

Taking the partial derivative of Tρ(t)ΦTρ(t, τ)T−1ρ (τ) in terms of t, we
have

∂

∂t
(Tρ(t)ΦTρ(t, τ)T−1ρ (τ))

=
dTρ(t)

dt
ΦTρ(t, τ)T−1ρ (τ) + Tρ(t)

∂

∂t
ΦTρ(t, τ)T−1ρ (τ)

(3.6)(3.8)
== Aρ(t)

(
Tρ(t)ΦTρ(t, τ)T−1ρ (τ)

)
,

which shows that both Φρ(t, τ) and Tρ(t)ΦTρ(t, τ)T−1ρ (τ) solve the ho-
mogeneous ODE

∂

∂t
X(t, τ) = Aρ(t)X(t, τ), X(τ, τ) = I.

Hence, hTρ(t, τ) = hρ(t, τ), i.e., the two systems Σ(p) and ΣT (p) are
equivalent.

The input-output invariant property indicates that for LPV systems,
only the subspaces spanned by the projection matrices have influence on
the reduced-order models. Hence, later, when the optimization method
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is applied to compute the projection matrices, the Grassmann manifold
Gn,r is considered instead of the Stiefel manifold Sn,r.

Coming back to the MOR problem, The H2 difference between the
full-order and the reduced-order systems is of interest. Proposition 2.5
provides a possibility to compute the H2 norm of an LTV system. Then
by assuming that the parameter has a known trajectory ρ(t), it is possible
to define and compute the H2 norm for an asymptotically stable LPV

system as well. In general, the parameter trajectory can be either a known
function of time t or simply the measurement data. Under such an
assumption, the LPV system is treated as an LTV system, which has the
state space representation given by (2.13). Now, consider the error system
Σe(p) := Σ(p) − Σr(p) in the state space form (see (2.33) for the detailed
construction of the system matrices.)

Σe(p) :

{
ẋe(t) = Ae(p)xe(t) +B(p)u(t),

ye(t) = Ce(p)xe(t), xe(t0) = xe0.
(3.9)

The state xe(t) is defined by concatenating x(t) and xr(t), i.e., xe(t) =
col(x(t), xr(t)). Let Re(p) and Qe(p) be the reachability and observability
Gramians of the error system Σe(p) in (3.9). Under the assumption that
the parameter trajectory is known as ρ(t), by applying Proposition 2.4,
the Gramians of the error system, Reρ(t) = Re(p) and Qeρ(t) = Qe(p)
satisfy the DLEs

d

dt
Reρ(t) = Aeρ(t)Reρ(t) + Reρ(t)A

>
eρ(t) +Beρ(t)B

>
eρ(t), Reρ(t0) = 0,

(3.10a)

−
d

dt
Qeρ(t) = A

>
eρ(t)Qeρ(t)+Qeρ(t)Aeρ(t)+C

>
eρ(t)Ceρ(t), Qeρ(∞) = 0.

(3.10b)
If we consider the H2 norm of the error system Σe(p) as the objective
function and the projection matrices V(p) and W(p) as the optimization
parameters, the H2 optimal model order reduction problem is reformu-
lated as an optimization problem as follows

min
V(p(t)),W(p(t))

J(V(p(t)),W(p(t)))

=
1

2
tr
( ∫tf
t0

Ce(p(t))Re(p(t))C>e (p(t))dt
)

,

subject to V>(p(t))V(p(t)) = Ir,W>(p(t))V(p(t)) = Ir,
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W>(p(t))
d

dt
V(p(t)) = 0,

(3.10a) and (3.10b). (3.11)

The objective function J computes the half of the squared H2 norm of
the error system. The constraints describe the conditions that V(p) and
W(p) need to satisfy. Both reachability Gramian Re(p) and observability
Gramian Qe(p) are needed to compute the gradient of J with respect to
V(p) and W(p). Hence, both (3.10a) and (3.10b) are treated as constraints.

Remark 3.1. Theoretically, for an asymptotically stable system Σe(p), tf →∞
is required to compute the objective function J in (3.11). However, (3.10a) and
(3.10b) can only be solved numerically, which makes it impossible to have an
infinite time horizon solution. Hence, we take finite values of tf < ∞. If the
system state already goes to zero at tf < ∞, the objective function J in (3.11)
computes the H2 norm of Σe(p) precisely. However, as long as the system
state is not zero or not small enough at tf, the objective function J can only
approximate the H2 norm.

Remark 3.2. The objective function can also be defined as

J(V(p(t)),W(p(t))) =
1

2
tr
( ∫tf
t0

B>e (p(t))Qe(p(t))Be(p(t))dt
)

.

The Gramians Re(p) and Qe(p) can be partitioned as

Re(p) =

(
R(p) X(p)

X>(p) Rr(p)

)
, Qe(p) =

(
Q(p) Y(p)

Y>(p) Qr(p)

)
.

Both R(p) and Q(p) are independent of the reduced-order model. When
the parameter trajectory is known as ρ(t), they satisfy (2.16a) and (2.16b),
respectively. The matrices Xρ(t) = X(p(t)) and Yρ(t) = Y(p(t)) are solu-
tions of the following differential Sylvester equations (DSEs)

d

dt
Xρ(t) = Aρ(t)Xρ(t)+Xρ(t)A

>
rρ(t)+Bρ(t)B

>
rρ(t), Xρ(t0) = 0, (3.12a)

−
d

dt
Yρ(t) = A

>
ρ (t)Yρ(t) + Yρ(t)Arρ(t) −C

>
ρ (t)Crρ(t), Yρ(∞) = 0.

(3.12b)
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And the reduced-order Gramians Rrρ(t) = Rr(p(t)) andQrρ(t) = Qr(p(t))
are solutions of the reduced-order DLEs

d

dt
Rrρ(t) = Arρ(t)Rrρ(t) + Rrρ(t)A

>
rρ(t) +Brρ(t)B

>
rρ(t), Rrρ(t0) = 0,

(3.13a)

−
d

dt
Qrρ(t) = A

>
rρ(t)Qrρ(t)+Qrρ(t)Arρ(t)+C

>
rρ(t)Crρ(t), Qrρ(∞) = 0.

(3.13b)
Since Arρ(t),Brρ(t) and Crρ(t) are determined by the projection matrices
V(p) and W(p), the matrices Xρ(t), Yρ(t),Rrρ(t) and Qrρ(t) all depend
on V(p) and W(p).

3.2 geometry of the grassmann manifold

To construct the projection matrices such that problem (3.11) can be
solved, we begin with some definitions of the quantities and concepts
of the Grassmann manifold which will be used extensively later. More
detailed explanations of these definitions can be found for example in
[66, 70, 107].

Let On denote the orthogonal group, which consists of all n-by-n
orthonormal matrices. All the n-by-r orthonormal matrices are “points”
on the compact Stiefel manifold Sn,r. Then the definition of the Grassmann
manifold is given as follows.

Definition 3.1. Each point on the Grassmann manifold Gn,r is an r-dimensional
subspace of Rn.

The Grassmann manifold Gn,r identifies the matrices on Sn,r whose
columns span the same subspace. Usually, a “point” on Gn,r has no
representation in Rn×r. Suppose that V ∈ Sn,r, a possible representation
for V ∈ Gn,r is to use the projector VV>. However, such a representation
makes our problem more complicated because we have to derive V from
VV>, which increases the computational cost. Hence, instead, we stick
to the matrix representation V and incorporate the geometric properties
of the Grassmann manifold Gn,r to find the desired projection matrices.
In the computations later in this chapter, the geometric properties are
reflected in the exponential map, the canonical metric and the parallel
transport formulas.

In the Euclidean space Rn, summation and subtraction are well under-
stood and the canonical metric is defined by the Euclidean inner product.
These concepts can be generalized to the Grassmann manifold [70].
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Definition 3.2. Let γ0 denote a point on the Grassmann manifold Gn,r and
Tγ0 consist of all the basis vectors which span the tangent space Tγ0 of the
Grassmann manifold Gn,r at γ0. The exponential map describes a curve on the
Grassmann manifold Gn,r emanating from γ0 in the direction of Tγ0 , which is

Exp : Gn,r × Tγ0 × [0, 1]→ Gn,r, (γ0, Tγ0 , t) 7→ γ1 = Expγ0(tTγ0).

The logarithm map is the inversion of the exponential map. For t = 1,

Log : Gn,r × Gn,r → Tγ0 , (γ0,γ1) 7→ Tγ0 = Logγ0(γ1).

Here t is not time, but a variable in the interval [0, 1]. When t = 1,
the exponential map and the logarithm map generalize the summation
and subtraction operator from the Euclidean space to the Grassmann
manifold, respectively.

The metric of the Euclidean space Rn is directly given by the Euclidean
inner product. The Grassmann manifold Gn,r is a non-flat space, but the
tangent bundles TGn,r ∈ Rn×r are flat spaces. Then the metric of Gn,r is
defined by the inner product of vectors on the tangent space.

Definition 3.3 ([70]). Given γ ∈ Gn,r and the tangent space Tγ, the metric
gγ is defined as the inner product on the tangent space of the manifold,

gγ(T1, T2) = tr
(
T>1 (I−

1

2
γγ>)T2

)
= tr

(
T>1 T2

)
, ∀T1, T2 ∈ Tγ.

The second equality holds because for γ ∈ Gn,r, ∀T ∈ Tγ, perpendic-
ularity γ>T = T>γ = 0 holds, see [70]. The tangent space characterizes
the first-order geometry of the Grassmann manifold. To characterize the
second-order geometry, the affine connection is needed. According to
the Fundamental Theorem of Riemann Geometry [66, 107], there exists
a unique affine connect ∇, which is called the Riemannian connection
or the Levi-Civita connection. With this unique affine connection, we
are ready to define the “straight line” – geodesic and another important
concept, the parallel transport, on the Grassmann manifold Gn,r. Let
γ : [0, 1] → Gn,r, t ∈ [0, 1] 7→ γ(t) be a smooth curve on the Grassmann
manifold Gn,r. The co-variant derivative of a vector field X along the
direction of γ̇(t) := dγ/dt is denoted as

DtX = ∇γ̇(t)X.
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Definition 3.4 (Geodesic). A smooth curve γ(t) : t ∈ [0, 1] 7→ γ(t) ∈ Gn,r

is called a geodesic if along the direction of γ̇(t) it satisfies

Dtγ̇(t) = 0, ∀t ∈ [0, 1].

Definition 3.5 (Parallel transport). A vector field X(t) is said to be trans-
ported in parallel along a smooth curve t ∈ [0, 1] 7→ γ(t) ∈ Gn,r if it satisfies

DtX(t) = 0, ∀t ∈ [0, 1].

Intuitively, the Riemannian connection ∇ can be regarded as the second-
order derivative on a Riemannian manifold. However, on a Riemannian
manifold, the derivative is co-variant, which means it varies with respect
to another vector field. In the geodesic case, it means that the change
of velocity varies with respect to the change of position. The geodesic
defined by Definition 3.4 means the curve is acceleration-free along the
tangent of the curve itself. Hence, it looks like a “straight line”. Using the
same concept, we can define “higher order polynomials” on a Riemannian
manifold. Such a “polynomial” should satisfy

Dmt γ̇(t) = 0, ∀t ∈ [0, 1], and m > 2,

with γ(t) : t ∈ [0, 1] 7→ γ(t) a smooth curve on a manifold.
The exponential map defined in Definition 3.2 is often represented

by the geodesic. On the Grassmann manifold Gn,r, the expression of a
geodesic is given explicitly. Given a starting point γ0 := γ(0) ∈ Gn,r with
γ>0 γ0 = Ir and a tangent direction γ̇0 := γ̇(0) ∈ Tγ0 which has the thin
SVD γ̇0 = USZ

>, i.e., U ∈ Rn×r, S,Z ∈ Rr×r, then the geodesic is given
as [70]

γ(t) =
(
γ0Z U

)(cos(tS)

sin(tS)

)
Z>, t ∈ [0, 1]. (3.14)

It can be immediately checked that γ(t) in (3.14) satisfies Definition 3.4.It can be checked
that γ(t) in

(3.14) satisfies
Dtγ̇(t) = 0, i.e.,

γ̈(t) +

γ(t)(γ̇>(t)γ̇(t)) =
0 [70].

The parallel transport in Definition 3.5 means that the vector field X is
acceleration-free along the tangent direction of a given curve. The change
of the vector field in the normal direction of the curve is simultaneously
removed when it is transported along the curve. Hence, it looks like the
vector field is transported in parallel along the given curve γ(t). Suppose
that γ(t) is a geodesic given by (3.14), its tangent direction at t = 0 is
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represented by the matrix γ̇0. Then the parallel transport of another
tangent direction X ∈ Tγ0 along γ(t) is [70]

Γγ0→γ(t)X =

((
γ0Z U

)(− sin(tS)

cos(tS)

)
U> + (I−UU>)

)
X, t ∈ [0, 1].

(3.15)
Later in this chapter, when the gradient-based optimization method

on the Grassmann manifold is applied to solve the optimization problem
in (3.11), the geodesic and parallel transport equations (3.14) and (3.15)
are extensively used. For example, when line search is employed, the
geodesic plays the role of the straight line on the Grassmann manifold.
When conjugate gradient is employed, the tangent vector needs to be
parallel transported from one point to another.

3.3 parameter-dependent projection methods

Now, we are ready to introduce the method of constructing the parameter-
dependent projection matrices V(p) and W(p). The main idea is to use
the trial function method [182] combined with the geometry of the
Grassmann manifold Gn,r.

One trivial choice that satisfies the constraints in (3.11) is to use constant
bi-orthogonal projection matrices V and W. If the parameter-varying
nature is desired to be included in the projection matrices, then the
simplest choice would be to consider a constant right projection V and a
parameter-varying left projection W(p). In the most sophisticated case,
one would like to construct V(p) and W(p), which are both parameter
dependent.

Let us start the discussion with an LPV system with only one param-
eter. Later we will show how to generalize the method from the single
parameter case to the multiple parameter case. Applying the trial func-
tion method, the following result shows how the trial functions can be
selected such that orthonormality of a parameter-varying matrix V(p) is
guaranteed.

Theorem 3.2. Suppose that the parameter-varying projection matrix V(p) is
expressed as

V(p) =
K∑
k=1

Vkψk(p), where K is even. (3.16)
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If for all 1 6 l,k 6 K

V>k Vl =

{
Ir k = l,

0r×r k 6= l,
(3.17)

and the trial functions are selected as

ψk(p) =

 αk
2

cos(Ωk
2

p) k is even,

αk+1
2

sin(Ωk+1
2

p) k is odd,
(3.18)

for some positive definite diagonal matrices Ωi ∈ Rr×r, i = 1, 2, . . . , K2 , and
the constants αi, i = 1, 2, . . . , K2 satisfy

K/2∑
i=1

α2i = 1, (3.19)

then the parameter-varying projection matrix V(p) is orthonormal.

Proof. Orthonormality of V(p) requires

V>(p)V(p) = Ir.

From (3.16) and the condition given by (3.17), it can be derived that the
trial functions ψk(p) should satisfy

K∑
k=1

ψk(p)2 = 1.

Then it can be immediately checked that if ψk(p) are given by (3.18) with
the condition in (3.19), orthonormality is satisfied.

Remark 3.3. Note that here, the sin and cos functions of a square matrix are
only evaluated on the diagonal entries of the matrix.

Corollary 3.3. If V(p) is constructed by the method given in Theorem 3.2,
V(p) satisfies

V>(p)
d

dt
V(p) = 0r.

Proof. The corollary can be proved by direct calculation.

A parameter-varying projection matrix constructed by the method in
Theorem 3.2 is a curve on the Grassmann manifold Gn,r. Comparing
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Theorem 3.2 with the geodesic equation (3.14), it can be seen that the
geodesic equation is a special case of (3.16). When K = 2 and α1 = α2 = 1,
from (3.16), we have

V(p) = V1 sin(Ω1p) + V2 cos(Ω1p).

Hence, if V1 = U, V2 = γ0Z and Ω1 = S, the subspace spanned by V(p)
in (3.16) is as same as the one spanned by the geodesic given in (3.14).

Corollary 3.4. Consider the parameter-varying projection matrix V(p) with a
1-dimensional parameter p given by (3.16). Then the following statements hold:

1. A high-order (K > 2) expansion in (3.16) is a linear combination of
different geodesics, which are orthogonal to each other.

2. The parameter-varying projection matrix V(p) is acceleration-free on the
Grassmann manifold Gn,r.

Proof. Since (3.17) holds, (3.16) can be rewritten as

V(p) =
K/2∑
i=1

αi

(
Vi sin(Ωip) + V⊥i cos(Ωip)

)
,

where (
Vi V⊥i

)> (
Vj V⊥j

)
=

{
I2r i = j,

02r×2r i 6= j.

For each i, the expression Vi sin(Ωip)+V⊥i cos(Ωip) describes a geodesic
which emanates from V⊥i Z

−1
i with initial velocity ViΩiZ>i , where Zi is

some r-by-r orthonormal matrix. Since αi are scalar constants, V(p) is a
linear combination of different geodesics.

For the second statement, acceleration-free means that the acceleration
is only in the normal space of V(p). Taking the second-order derivative
of V(p) with respect to p, we have

d2V(p)
dp2

= −

K/2∑
i=1

αi

(
Vi sin(Ωip) + V⊥i cos(Ωip)

)
Ω2i = V(p)(−Ω

2
i ),

which means that the second-order derivative with respect to p only
lives in the normal space of V(p). Hence it is perpendicular to every
vector on the tangent space, i.e., it is acceleration-free in the direction of
dV(p)/dp.
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What can be concluded from Corollary 3.4 is that increasing the number
of trial functions does not change the geometric behavior of the projection
matrix V(p). From MOR point of view, when the parameter has a large
range, more trial functions can be used to capture the system dynamics
in different sub-ranges of the parameter.

In many applications, a system may have more than one parameters.
Suppose that the parameter p is given by a vector

p =
(
p1(t) p2(t) · · · pnp(t)

)>
. (3.20)

Consider from the geometry of the Grassmann manifold, construction
of a multi-variate curve is not a trivial task. However, the trial function
method given by Theorem 3.2 shows possibilities. Again, if the geodesic is
considered, in a multi-dimensional parameter-varying case, the projection
matrix V(p) is a “multilinear” model.

Corollary 3.5. Suppose that the parameter is given as (3.20), the parameter-
varying projection matrix can be described by a multi-dimensional trigonometric
series,

V(p) =
K∑
k=1

VkΨk(p1, . . . ,pnp) with K even,

where the kth trial function Ψk(p1, . . . ,pnp) is the kth term of

np∏
j=1

(
sin(Ωjpj) + cos(Ωjpj)

)
, (3.21)

with some positive definite diagonal matrices Ωj ∈ Rr×r and for all 1 6 l,k 6
K, Vl,Vk still satisfies (3.17).

Proposition 3.6. If the trigonometric series expansion is applied to describe the
multi-dimensional parameter-varying projection matrix as given in Corollary
3.5, at least 2np trial functions are needed. And there holds,

2npr 6 n.

Proof. We prove Corollary 3.5 and Proposition 3.6 together.
The multi-dimensional trigonometric series expansion is a general-

ization of the 1-dimensional case. Here, for each parameter pj, j =

1, 2, . . . ,np, we only assign two trial functions, namely, sin(Ωjpj) and
cos(Ωjpj). There are np parameters. Then in total, V(p) consists of 2np
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trial functions. Then there are 2np different Vk ∈ Rn×r coefficient matri-
ces. In such a case, 2npr 6 n holds.

Proposition 3.6 shows that for multiple-parameter systems, there is a
relation among n, r and np. When the MOR method requires a certain ac-
curacy, the reduced dimension r is fixed. Then the number of parameters
we can deal with by applying the trial function method is no more than
log2(n/r).

Example 3.1. To illustrate the above results, consider a system with n states,
2 parameters. It is reduced to an r-dimensional system. If we construct the
parameter-varying projection matrix according to Corollary 3.5, at least 4 trial
functions are needed, which are

Ψ1(p1,p2) = sin(Ω1p1) sin(Ω2p2),

Ψ2(p1,p2) = sin(Ω1p1) cos(Ω2p2),

Ψ3(p1,p2) = cos(Ω1p1) sin(Ω2p2),

Ψ4(p1,p2) = cos(Ω1p1) cos(Ω2p2).

The construction of the multi-parameter projection matrix V(p) in
Corollary 3.5 can be considered as a multi-dimensional geodesic on the
Grassmann manifold Gn,r.

Corollary 3.7. The projection matrix V(p) in Corollary 3.5 satisfies the condi-
tions given by (3.2), which means

V>(p)V(p) = Ir and V>(p)
d

dt
V(p) = 0r×r.

Proof. If V(p) is constructed according to Corollary 3.5, it can be com-
puted that V>(p)V(p) =

∑K
k=1 Ψ

2
k = 1. Hence, the orthonormality condi-

tions holds.
For the perpendicularity condition, we consider the partial derivative

of V(p) with respect to an arbitrary parameter pj,∀j ∈ {1, 2, . . . ,np}. Then
we have

V>(p)
∂V(p)
∂pj

= sin(Ωjpj) cos(Ωjpj) + (− cos(Ωjpj) sin(Ωjpj)) = 0r×r,
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which further yields

V>(p)
d

dt
V(p) =

np∑
j=1

∂V(p)
∂pj

dpj

dt
= 0r×r.

Hence, the proof is complete.

Corollary 3.7 shows that the multi-dimensional parameter-dependent
projection matrix V(p) constructed in Corollary 3.5 is still on the Grass-
mann manifold Gn,r, which is desired. Furthermore, the projection matrix
is acceleration-free in the directions of(

0 · · · pj · · · 0
)

, j = 1, 2, . . . ,np.

Namely, ∂2V(p)/∂p2j = V(p)(−Ωj). However, in other directions, the
multi-dimensional projection matrix V(p) is not acceleration-free any-
more.

When both left and right projection matrices are chosen to be parameter
dependent, at this moment, to our knowledge, the Galerkin projection is
the only choice. By exploring the geometry of the Grassmann manifold,
no explicit conditions can be derived for constructing the Petrov–Galerkin
projection. Again, for the single parameter case, suppose that the left
projection is W(p) and W>(p)V(p) = Ir, then there exist an orthogonal
matrix Ŵ(p) such that

W(p) = Ŵ(p)
(
V>(p)Ŵ(p)

)−1
spans the same subspace as Ŵ(p), with the assumption that V>(p)Ŵ(p)
is non-singular. To guarantee that W>(p)dV(p)/dp = 0r×r, the equation

Ŵ>(p)
d

dp
V(p) = 0r×r

must hold, where both Ŵ(p) and V(p) are geodesics on the Grassmann
manifold Gn,r.

Theorem 3.8. Given two geodesics γ(t) : t ∈ [0, 1] 7→ γ(t,γ0, γ̇0) and θ(t) :
t ∈ [0, 1] 7→ θ(t, θ0, θ̇0) on the Grassmann manifold Gn,r. Let γ̇0 = U1S1Z>1
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and θ̇0 = U2S2Z
>
2 be thin SVDs. Then θ>(t)γ̇(t) = 0 if and only if the

following conditions hold,

S1 = S2, θ>0 U1 = 0, γ
>
0 U2 = 0 and Z>2 θ

>
0 γ0Z1 = U

>
2 U1 is diagonal.

(3.22)
A special case is that θ(t) = γ(t), i.e., the Galerkin condition.

Proof. Sufficiency. It can be checked that when (3.22) holds, the relation
θ>(t)γ̇(t) = 0 follows immediately. A special case for such a condition is
that θ(t) = γ(t), i.e., the Galerkin projection scheme.

Necessity. Suppose that θ(t) and γ(t) are two different geodesics. The
starting points are θ0 and γ0, respectively. The initial velocities with their
thin SVDs are given in Theorem 3.8. Using the geodesic equation (3.14), it
can be derived that if θ>(t)γ̇(t) = 0, then(
Z>2 θ

>
0 (−γ0Z1 sin(tS1) +U1 cos(tS1))

U>2 (−γ0Z1 sin(tS1) +U1 cos(tS1))

)
∈ ker

{(
cos(tS2) sin(tS2)

)}
,

which implies that there exists an r-by-r matrix function Φ(t) such that

Z>2 θ
>
0 (−γ0Z1 sin(tS1) +U1 cos(tS1)) = Φ(t) sin(tS2),

U>2 (−γ0Z1 sin(tS1) +U1 cos(tS1)) = −Φ(t) cos(tS2),
(3.23)

and Φ(t) commutes with the diagonal matrices cos(tS2) and sin(tS2).
SinceΦ(t) is arbitrary, it should be diagonal as well. Let aij, bij, cij, dij, φij
denote the ijth entry of matrices −Z>2 θ

>
0 γ0Z1, Z>2 θ

>
0 U1, −U>2 γ0Z1,

U>2 U1 and Φ(t), respectively. The jth diagonal entry of S1 and S2 are σ1j
and σ2j, respectively. The ijth entry of (3.23) satisfies

aij sin(tσ1j) + bij cos(tσ1j) = φij sin(tσ2j),

cij sin(tσ1j) + dij cos(tσ1j) = −φij cos(tσ2j).

Since

a sin(ωt) + b cos(ωt) =
√
a2 + b2 sin(ω+ψ), ψ = arctan(

b

a
),

we must have σ1j = σ2j. Hence, S1 = S2 := S. Consider the phase shift,
we can derive that

bij

aij
= 0,

cij

dij
= 0.
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Hence, we have bij = cij = 0, which means θ>0 U1 = 0 and U>2 γ0 = 0. To
guarantee (3.23) holds, the condition

Φ(t) = −Z>2 θ
>
0 γ0Z1 = −U>2 U1 is diagonal

must hold as well. Then the conditions in (3.22) are all necessary.

In order to bi-orthogonalize θ(t) with respect to γ(t), θ>(t)γ(t) 6= 0 is
required. However, from the above conditions, we cannot derive explicit
expressions for θ(t) and γ(t).

Example 3.2. Consider the case where

γ0 =


1

0

0

0

 , θ0 =


cosα

sinα

0

0

 , U1 =


0

0

− sinα

cosα

 , U2 =


0

0

0

1

 ,

with α ∈ R, α 6= kπ, k ∈ Z, Z1 = Z2 = 1 and an arbitrary positive number
S. It can be checked that all the conditions in Theorem 3.8 are satisfied, and
obviously γ(t) is different from θ(t) for α 6= kπ, k ∈ Z. Hence, the Galerkin
projection is not the only choice.

As a result, the Galerkin projection scheme can guarantee γ>(t)γ̇(t) =
0 and gives explicit expressions for γ(t) and θ(t), but there are still other
choices for θ(t). Nevertheless, how to construct a parameter-varying
Petrov–Galerkin projection scheme is still an open problem.

3.4 computation of the reduced-order models

In the projection-based MOR framework, reduced-order models are uniquely
determined by the projection matrices, or more precisely, the subspaces
spanned by them. Then computation of the reduced-order models amounts
to computing the projection matrices or subspaces. In such a way, the H2
optimal MOR problem has been reformulated as an optimization problem
in (3.11). The previous section shows how to construct parameter-varying
projection matrices. However, even if constant projection matrices are un-
der consideration, no explicit solutions of the optimization problem (3.11)
can be found in general. Hence, in this section, we introduce gradient-
based optimization methods on the Grassmann manifold [1] as an option
to compute the projection matrices.
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3.4.1 Constant Projection Scheme

The discussion starts with the simplest case, that is, the constant projec-
tion scheme. Assuming that the parameter trajectory is known as ρ(t) in
the time interval [t0, tf], the objective function J in (3.11) can be written
as

J(V ,W) =
1

2
tr
( ∫tf
t0

Cρ(t)
(
Rρ(t) + VRrρ(V ,W, t)V>−

2Xρ(V ,W, t)V>
)
C>ρ (t)dt

)
,

(3.24)

or

J(V ,W) =
1

2
tr
( ∫tf
t0

B>ρ (t)
(
Qρ(t) +WQrρ(V ,W, t)W>+

2Yρ(V ,W, t)W>
)
Bρ(t)dt

)
,

(3.25)

because the Gramians of the error system Σe(p) in (3.9) are partitioned
as

Reρ(V ,W, t) =

(
Rρ(t) Xρ(V ,W, t)

X>ρ (V ,W, t) Rrρ(V ,W, t)

)
,

and

Qeρ(V ,W, t) =

(
Qρ(t) Yρ(V ,W, t)

Y>ρ (V ,W, t) Qrρ(V ,W, t)

)
.

The objective function (3.24) is used to find the optimal V and (3.25)
is used to find the optimal W. When we are interested in the Galerkin
projection scheme, i.e., W = V , either of them can be used. To apply the
gradient-based optimization method, we need to compute the gradient of
the objective function J(V ,W) with respect to V andW. Noting that V and
W are representatives of the subspaces V = span{V} and W = span{W}

and hence they can be treated as points on the Grassmann manifold
Gn,r. Then the gradient must be in the corresponding tangent spaces.
One common method to compute the gradient is that first we neglect
the geometric constraint, i.e., we treat the problem as a problem in the
Euclidean space and compute the gradient. The gradient is thus called
the Euclidean gradient. Then the Euclidean gradient is projected onto the
corresponding tangent space. For details we refer to [70, 1]. The resulted
gradient is called the Riemannian gradient. Suppose the objective function
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is f(γ),γ ∈ Gn,r, then the Riemannian gradient obtained by projection is
[70]

∇γf(γ) = (I− γγ>)fγ, (3.26)

where fγ is the pre-computed Euclidean gradient. Then the problem boils
down to computing the Euclidean gradient fγ. For a function f(γ), its
directional derivative with respect to γ in the direction of the change of γ,
i.e., ∆γ, is defined as ∇f[∆γ] = tr

(
f>γ∆γ

)
. To get an explicit expression

of the Euclidean gradient from the directional derivative, the following
lemma is required, which is inspired by the methods for LTI systems in
[187].

Lemma 3.9. If P(t) and Q(t) are solutions of the following DSEs

−Ṗ(t) +A(t)P(t) + P(t)B(t) +X(t) = 0,

Q̇(t) +A>(t)Q(t) +Q(t)B>(t) + Y(t) = 0,

then

(X(t) − Ṗ(t))>Q(t) = (Y(t) + Q̇(t))>P(t). (3.27)

Furthermore, if the corresponding system is asymptotically stable, i.e.,

tr
( ∫∞

−∞(Ṗ>(t)Q(t) + P>(t)Q̇(t))dt
)
= tr

( ∫∞
−∞

d

dt
(P>(t)Q(t))dt

)
=tr
(
P>(t)Q(t)

∣∣∣∞
−∞
)
= 0,

there holds

tr
( ∫∞

−∞ Y>(t)P(t)dt
)
= tr

( ∫∞
−∞ X>(t)Q(t)dt

)
. (3.28)

Proof. The equality in (3.27) can be validated by direct calculation. For
the equality in (3.28), noticing that tr

(
Q>P

)
= tr

(
P>Q

)
, we have

tr
( ∫∞

−∞ Y>(t)P(t)dt
)

=tr
( ∫∞

−∞(Y(t) + Q̇(t))>P(t)dt
)
− tr

( ∫∞
−∞ Q̇>(t)P(t)dt

)
=tr
( ∫∞

−∞(X(t) − Ṗ(t))>Q(t)dt
)
− tr

( ∫∞
−∞ Q̇>(t)P(t)dt

)



3.4 computation of the reduced-order models 67

=tr
( ∫∞

−∞ X>(t)Q(t)dt
)
− tr

( ∫∞
−∞(Q̇>(t)P(t) +Q>(t)Ṗ(t)))dt

)
=tr
( ∫∞

−∞ X>(t)Q(t)dt
)

.

To compute the gradient of J in (3.24) with respect to V , let us consider
DJ[∆V], the directional derivative of J with respect to V in the direction
of ∆V , i.e., change of V . Such a directional derivative can be computed as

DJ[∆V] =
1

2
tr
( ∫tf
t0

Cρ(t)
(
∆VRrρ(t)V

> + VRrρ(t)∆V
>+

VDRrρ[∆V]V
> − 2∆VX>ρ (t) − 2VDX

>
ρ [∆V]

)
C>ρ (t)dt

)
,

(3.29)

where DRrρ[∆V] and DX>ρ [∆V] are the directional derivative of Rrρ(t)
and X>ρ (t) with respect to V in the direction of ∆V .

Assume that the trace operator and the integral operation can be Denote the
ith-row
ith-column of the
integrand in
(3.29) as Fii(t).
According to
Fubini’s Theorem,
if
no∑
i=1

∫tf
t0

|Fii(t)|dt

<∞, trace and
integration are
commutative.

exchanged. Then one part of the right hand of (3.29) can be rewritten as

1

2
tr
( ∫tf
t0

Cρ(t)
(
∆VRrρ(t)V

> + VRrρ(t)∆V
> − 2∆VX>ρ (t)

)
C>ρ (t)dt

)
=

〈∫tf
t0

C>ρ (t)Cρ(t)(VRrρ(t) −Xρ(t))dt,∆V
〉

,

(3.30)

where 〈A,B〉 = tr
(
A>B

)
. For the remaining part of the right hand side

of (3.29), let us first consider the term

1

2
tr
( ∫tf
t0

Cρ(t)VDRrρ[∆V]V
>C>ρ (t)dt

)
=
1

2
tr
( ∫tf
t0

C>rρ(t)Crρ(t)DRrρ[∆V]dt
)

.
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Since Rrρ(t) solves the DLE in (3.13a), we take the directional derivative
of the DLE in (3.13a) with respect to V in the direction of ∆V . Then we
have

−DṘrρ(t)[∆V] +DW
>[∆V]Aρ(t)VRrρ(t) +W

>Aρ(t)∆VRrρ(t)+

W>AVDRrρ(t)[∆V] +DRrρ(t)[∆V]V
>A>ρW + Rrρ(t)∆V

>A>ρ (t)W+

Rrρ(t)V
>Aρ(t)DW[∆V] +DW[∆V]>Bρ(t)B

>
ρ (t)W+

W>(t)BρB
>
ρ (t)DW[∆V] = 0.

(3.31)

The left projection matrix W is constructed to satisfy the bi-orthogonality
condition, i.e., W = Ŵ(V>Ŵ)−1 by some orthonormal matrix Ŵ. Hence,
the directional derivative DW[∆V] is

DW[∆V] = −Ŵ
(
(V>Ŵ)−1∆V>Ŵ(V>Ŵ)−1

)
= −W∆V>W. (3.32)

Applying Lemma 3.9 on (3.31) and (3.13b), it can be derived that

tr
( ∫tf
t0

C>rρ(t)Crρ(t)DRrρ[∆V]dt
)

=2tr
( ∫tf
t0

(
DW>[∆V]Aρ(t)VRrρ(t) +W

>Aρ(t)∆VRrρ(t)+

DW>[∆V]Bρ(t)B
>
ρ (t)W

)
Qrρ(t)dt

)
.

Substituting (3.32) into the above equation, we have

1

2
tr
( ∫tf
t0

C>rρ(t)Crρ(t)DRrρ[∆V]dt
)
=

〈∫tf
t0

−WQrρ(t)Rrρ(t)A
>
rρ(t)+

A>ρ (t)WQrρ(t)Rrρ(t) −WQrρ(t)Brρ(t)B
>
rρ(t)dt,∆V

〉
.

(3.33)

Using the same method, applying Lemma 3.9 on the directional deriva-
tive of the DSE in (3.12a) together with (3.12b), we have

− tr
( ∫tf
t0

C>rρ(t)Cρ(t)DXρ[∆V]dt
)
=

〈∫tf
t0

A>ρ (t)WY
>
ρ (t)Xρ(t)−

WY>ρ (t)Xρ(t)A
>
rρ(t) −WY

>
ρ (t)Bρ(t)B

>
rρ(t)dt,∆V

〉
.

(3.34)
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Combining the results in (3.30), (3.33) and (3.34), the Euclidean gradient
of J with respect of V , JV(V ,W) is

JV(V ,W) =

∫tf
t0

C>ρ (t)Cρ(t)(VRrρ(t) −Xρ(t))+

A>ρ (t)W
(
Qrρ(t)Rrρ(t) + Y

>
ρ (t)Xρ(t)

)
−

W
(
Qrρ(t)Rrρ(t) + Y

>
ρ (t)Xρ(t)

)
A>rρ(t)−

W
(
Qrρ(t)Brρ(t) + Y

>
ρ (t)Bρ(t)

)
B>rρ(t)dt.

(3.35)

The directional derivative of J with respect to Ŵ in the direction of
∆Ŵ is equivalent to the directional derivative of J with respect to W in
the direction of DW[∆Ŵ]. The reason is that the change of W is caused
by the change of Ŵ. Hence, we have

DJ[∆Ŵ] = tr
(
J>W(V ,W) DW[∆Ŵ]

)
, (3.36)

where JW(V ,W) is the Euclidean gradient of J with respect to W. The
directional derivative of W with respect to Ŵ in the direction of ∆Ŵ is

DW[∆Ŵ] = (I−WV>)∆Ŵ(V>Ŵ)−1. (3.37)

Substituting (3.37) into (3.36), the Euclidean gradient of J(V , Ŵ) with
respect to Ŵ can be computed as

J
Ŵ
(V , Ŵ) = (I− VW>)JW(V ,W)(Ŵ>V)−1. (3.38)

Computation of the Euclidean gradient JW(V ,W) is quite analogous to
the computation of JV(V ,W). Hence, here we only present the result,
which is

JW(V ,W) =

∫tf
t0

Bρ(t)B
>
ρ (t)

(
WQrρ(t) + Y

>
ρ (t)

)
+

Aρ(t)V
(
Rrρ(t)Qrρ(t) +X

>
ρ (t)Yρ(t)

)
dt.

(3.39)



70 H2 model order reduction for general lpv systems

When the Galerkin projection is under consideration, that is, W = Ŵ =

V , the computation of the Euclidean gradient of J(V) with respect to V
becomes much simpler. Analogously, it can be derived that

JV(V) =

∫tf
t0

C>ρ (t)Cρ(t)(VRrρ(t) −Xρ(t))+

A>ρ (t)V
(
Qrρ(t)Rrρ(t) + Y

>
ρ (t)Xρ(t)

)
+

Bρ(t)B
>
ρ (t)

(
VQrρ(t) + Y

>
ρ (t)

)
+

Aρ(t)V
(
Rrρ(t)Qrρ(t) +X

>
ρ (t)Yρ(t)

)
dt.

(3.40)

Remark 3.4. In the infinite time horizon case, i.e., t0 → −∞ and tf →∞, if
the system under consideration is asymptotically stable, the Euclidean gradients
computed above are the exact ones. In the finite time horizon case, only if
both initial and final states are zero, the Euclidean gradients computed above are
precise. In other cases, they can only provide approximations of the Euclidean
gradients.

By setting the Euclidean gradients to zero, the first-order necessary H2
optimality conditions can be obtained. However, dissimilar to the Wilson
conditions for LTI systems [180], these optimality conditions are expressed
by integral equations. Hence, in general, no explicit expressions on V and
W can be given.

When the Euclidean gradients are computed, by applying (3.26), the
Riemannian gradients are readily to be used for solving the optimization
problem (3.11). One problem is, in general, the objective function J is
non-convex. In the worst case, if not all the reduced-order models are
stable, due to the definition of the H2 norm, J is discontinuous because
for unstable systems, the H2 norm is defined as infinity. Even if all
the reduced-order models are stable, it still cannot be guaranteed that
the objective function J is convex. We show it by the following simple
example.

Example 3.3. Consider the 1D heat equation with zero Dirichlet boundary
conditions. The model is semi-discretized by the finite element method. The
detailed ODE model can be found in [144, 111]. For demonstration purposes, the
semi-discretized model only has two states and it will be reduced to a first-order
model. The parameter in the system is the thermal conductivity. Its variation over
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the time range [0, 100] seconds is shown in Figure 3.1a. In such a simple case, if
constant Galerkin projection is applied, the projection matrix is parameterized as

V(θ) =

(
cos(θ)

sin(θ)

)
, θ ∈ [0, 2π],

which contains all the possible projections. Let the relative H2 error be defined as

e =
‖Σe‖H2

‖Σ‖H2

=
‖Σ− Σr‖H2

‖Σ‖H2

. (3.41)

The relative H2 errors for all the possible projection matrices are depicted in
Figure 3.1b. It can be seen that even for such a simple case, there are 4 local
optima. Clearly, the objective function is non-convex.
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Figure 3.1. Parameter trajectory and relative H2 error for a simple example.

Due to the non-convexity of the problem, gradient-based optimization
methods can only find local optima. The initial guess of the projection
matrices is thus crucial for starting the optimization. A bad initial guess
of the projection matrices may lead to unstable reduced-order models
during the optimization process. Then the whole process stops and has
to be restarted from the beginning with a new initial guess. A sketch of
the gradient-based MOR algorithm is presented in Algorithm 1.

The method to compute V and W is called the alternating strategy,
which is similar to the method proposed for LTI systems in [188]. In [188],
the authors tried to optimize W. Since W is in general not orthonormal,
the geodesic equation (3.14) cannot be used to update W in each iteration.
Hence, we optimize Ŵ instead of W in Algorithm 1. To update V and Ŵ,
we use the exponential map, i.e., the geodesic equation (3.14).
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Algorithm 1 H2 MOR by Alternating Gradient-Based Optimization

Input: Initial guess V0, Ŵ0 and tolerance ε.
Output: Optimal projection matrices V? and Ŵ?.

1: Compute W0 = Ŵ0(V>0 Ŵ0)
−1.

2: Compute the full-order Gramians by solving the DLEs (2.16a) and
(2.16b).

3: Compute the reduced-order Gramians and Xρ(t) and Yρ(t) by solving
DLEs (3.13a), (3.13b) and DSEs (3.12a), (3.12b).

4: Compute the Euclidean gradients JV(V ,W) by (3.35) and JW(V ,W)
by (3.39).

5: Compute the Euclidean gradient J
Ŵ
(V , Ŵ) by (3.38).

6: Compute the Riemannian gradients GV0 = ∇VJ(V0,W0) and G
Ŵ0

=

∇
Ŵ0
J(V0, Ŵ0) by applying (3.26).

7: Let η0 = −GV0 and ξ0 = −G
Ŵ0

. Set k = 0.
8: while ‖GVk‖+ ‖GŴk

‖ > ε do

9: Fix Ŵk. Solve αmin = argmin
α∈[0,1]

J(ExpVk(αηk), Ŵk).

10: Set αk = αmin and Vk+1 = ExpVk(αkηk).

11: Bi-orthogonalize Ŵk as Wk = Ŵk(V
>
k+1Ŵk)

−1.
12: Fix Vk+1. Solve βmin = argmin

β∈[0,1]
J(Vk+1, Exp

Ŵk
(βξk)).

13: Set βk = βmin and Ŵk+1 = Exp
Ŵk

(βkξk).

14: Bi-orthogonalize Ŵk+1 as Wk+1 = Ŵk+1(V>k+1Ŵk+1)
−1.

15: Recompute the reduced-order Gramians and Xρ(t) and Yρ(t) by
solving DLEs (3.13a), (3.13b) and DSEs (3.12a), (3.12b).

16: Compute the Riemannian gradients GVk+1 and G
Ŵk+1

.
17: (Optional) Parallel transport ηk and GVk from Vk to Vk+1, denote

them as ΓVk→Vk+1ηk and ΓVk→Vk+1GVk .
18: (Optional) Parallel transport ξk andG

Ŵk
from Ŵk to Ŵk+1, denote

them as Γ
Ŵk→Ŵk+1

ξk and Γ
Ŵk→Ŵk+1

G
Ŵk

.
19: Compute the conjugacy constants c1,k+1 and c2,k+1.
20: Update ηk+1 and ξk+1 by [70]

ηk+1 = −GVk+1 + c1,k+1ΓVk→Vk+1ηk,
ξk+1 = −G

Ŵk+1
+ c2,k+1ΓŴk→Ŵk+1

ξk.

21: end while
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The optional steps are used when the conjugate gradient (CG) method
is applied to solve the problem in Step 19 and 20. The conjugacy constants
can be computed, for example, by the Polak-Ribiére method [70] as

c1,k+1 =
gVk+1

(
GVk+1 − ΓVk→Vk+1GVk ,GVk+1

)
gVk (GVk ,GVk)

,

c2,k+1 =
g
Ŵk+1

(
G
Ŵk+1

− Γ
Ŵk→Ŵk+1

G
Ŵk

,G
Ŵk+1

)
g
Ŵk

(
G
Ŵk

,G
Ŵk

) . (3.42)

Other alternatives of computing the conjugacy constants can be found in
[70]. If steepest descent is performed, the conjugacy constants are both
zero. The reason why CG is discussed is that it can provide superlinear
convergence [70]. The most computationally inefficient step in Algorithm
1 is solving the DLEs and the DSEs. Although the reduced-order dimension
can be quite small, the DLEs and DSEs are differential equations. Their
solutions at each time step need to be computed. In the numerical tests,
we simply use the 1st-order backward differentiation formula (BDF1)
to discretize the differential matrix equations and then solve them by
conventional Lyapunov or Sylvester equation solvers.

To make sure that the step sizes α and β in each iteration guarantee the
decreasing of J, a back-tracking line search method [131] is applied. In the
back-tracking process, when the projection matrices are updated, the DLEs

(3.13a), (3.13b) and DSEs (3.12a), (3.12b) need to be solved to evaluate the
objective function J. Hence the back-tracking process can result in a huge
amount of computational time. One remedy is to give the initial guess of
the line search step sizes as good as possible to avoid back-tracking. For
a general LPV system (all system matrices are parameter-dependent), we
can first localize the problem. It means that we assume that the Gramians
do not change when the projection matrices are updated. Then a line
search step size can be found by back-tracking, but neither DLEs nor DSEs

need to be solved. Hence, the procedure is fast and efficient. However,
such a line search step size does not necessarily ensure the decreasing
of the objective function J when the Gramians are updated. Therefore,
back-tracking may still be needed. For a class of special LPV systems,
where only matrix A is parameter-dependent, by setting the Euclidean
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gradients in (3.35) and (3.39) to zero, first-order necessary optimality
conditions on V and W can be explicitly obtained as

V

∫tf
t0

Rrρ(t) −Xρ(t)dt = 0, W
∫tf
t0

Qrρ(t) + Y
>
ρ (t)dt = 0. (3.43)

As a result, in the kth iteration, two methods are proposed in the fol-
lowing to compute the optimal projection matrices. Then a sub-problem
needs to be solved to obtain the initial guess of the step sizes.

The first method is to directly use the optimality conditions in (3.43). In
the kth iteration, Vk and Wk are known and the Gramians are computed
based on them. The optimal projection matrices in this iteration satisfy

V?
k =

∫tf
t0

Xρk(t)dt

(∫tf
t0

Rrρk(t)dt

)−1

,

W?
k = −

∫tf
t0

Y>ρk(t)dt

(∫tf
t0

Qrρk(t)dt

)−1

.

It implies that V?
k and

∫tf
t0
Xρk(t)dt share the same subspace; W?

k and∫tf
t0
Y>ρk(t)dt share the same subspace. Both Xρk(t) and Yρk(t) are func-

tions of Vk and Wk.
The results obtained by the second method are identical to the previous

results, but give a different manner to solve this problem. The equality in
(3.43) may not be exactly satisfied. Hence, one can think about computing
the optimal projection matrix, for example V?

k, by solving the following
problem

min
∥∥∥∥Vk ∫tf

t0

Rrρk(t)dt−

∫tf
t0

Xρk(t)dt

∥∥∥∥
F

subject to V>k Vk = Ir,

which is the so-called orthogonal Procrustes problem [95]. And ‖ · ‖F
stands for the conventional Frobenius norm. Such a problem can be
solved explicitly as

V?
k = UkZ

>
k ,

where

UkSkZk
thin SVD
==

∫tf
t0

Xρk(t)dt

∫tf
t0

Rrρk(t)dt.
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Similarly, the optimal W?
k can be obtained by solving the corresponding

orthogonal Procrustes problem as well. The subspaces spanned by V?
k

and W?
k obtained in the above two different ways are the same. Then

in the kth iteration, the line search step size αk is estimated by solving
another optimization problem

min
αk0∈[0,1]

∥∥∥ExpVk(αk0ηk) − V
?
k

∥∥∥
F

.

This estimation can be used to compute the initial guess of αk. An initial
guess of βk is derived in an analogous manner. Again, the steps sizes
estimated by the above method may not guarantee the decreasing of J so
the back-tracking process should still be used.

Remark 3.5. Termination of Algorithm 1 is determined by the norm of the
gradient. Since only gradient information is used in the optimization, the con-
vergence can become very slow after a certain amount of iterations. A maximum
number of iterations should be set to terminate the optimization process.

3.4.2 Parameter-Dependent Projection Scheme

When finding a constant projection matrix is of interest, the geodesic
plays a significant role because line search is performed on the Grassmann
manifold. In the case of the non-Euclidean space line search, a line is
locally defined by a geodesic. If a parameter-dependent projection matrix
is the quantity of interest, solving the optimization problem becomes
much more complicated and the geodesic is still involved. The following
discussion is started with a single-parameter LPV system. The parameter-
varying projection matrix γ(p) is constructed according to Theorem 3.2.
In the simplest case, γ(p) is expressed as

γ(p) = γ0 cos(Ωp) + γ⊥0 sin(Ωp),

which is a geodesic on the Grassmann manifold Gn,r. From Definition
3.4, it is known that γ(p) is uniquely determined by its starting point
γ0 and its initial velocity γ̇0 := γ̇(0), which are both unknown. To solve
the optimization problem in (3.11), optimal γ0 and γ̇0 need to be found.
Then the trajectory optimization problem amounts to a multi-variable
optimization problem on the Grassmann manifold Gn,r and its tangent
bundle TGn,r. Let γ(p) = V(p) be the argument of the optimization
problem (3.11) under the Galerkin projection scheme, i.e.,W(p) = V(p) =
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γ(p). To compute the gradients of J with respect to γ0 and γ̇0, the Sasaki
metric [153] needs to be introduced to make the Grassmann manifold
and its tangent bundle together as an augmented Riemannian manifold.

Definition 3.6 (Sasaki metric). Let (M,g) be a compact Riemannian manifold
with dimension dimM. There is a natural metric ḡ on the tangent bundle TM,
so that (TM, ḡ) is a Riemannian manifold. Such a metric ḡ is called the Sasaki
metric.

Let T(γ0,γ̇0)TM denote the tangent space of TM at (γ0, γ̇0) with dimen-
sion 2dimM and dimM is the dimension of the manifold M. The tangent
space T(γ0,γ̇0)TM can be decomposed as a vertical space and a horizontal
space both with dimension dimM. The horizontal space corresponds to
the variation of γ0 and the vertical space corresponds to the variation of
γ̇0. Denote the variation of γ0 and γ̇0 as ∆γ and ∆T , respectively. The
Sasaki metric is given as

ḡ ((∆γ1,∆T1), (∆γ2,∆T2)) = gγ0(∆γ1,∆γ2) + gγ̇0(∆T1,∆T2). (3.44)

On the Grassmann manifold Gn,r, gγ0 is the canonical metric defined in
Definition 3.3 and gγ̇0 is the Euclidean inner product because the tangent
spaces are flat. Then directional derivative of the objective function J
with respect to γ(p) in the direction of variations of γ0 and γ̇0 can be
computed as

DJ(γ0, γ̇0)[∆γ0,∆T ] = gγ(p)(∇J(γ(p)), J(p)),

where ∇J(γ(p)) is the Riemannian gradient and J(p) stands for the
change of γ(p) with respect to the variation of γ0 and γ̇0. Hence, the
derivatives of γ(p) with respect to γ0 and γ̇0 need to be computed.

Suppose that the starting point γ0 is changing along a direction u1
and the initial velocity is fixed as γ̇0, then we have

c1(s, p) = ExpExpγ0(su1)
(pγ̇0),

which is a set of parallel geodesics. Similarly, fixing the starting point γ0
and assuming that the initial velocity is changing along a direction u2,
then the corresponding curve is described by another set of geodesics

c2(s, p) = Expγ0(pγ̇0 + su2).
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The derivatives of the geodesic with respect to its staring point γ0 and
the initial velocity γ̇0 are computed as the directional derivatives in the
direction u1 and u2, respectively, as

(dγ0γ(p))u1 =
d

ds
c1(s, p)|s=0 = J1(p),

(dγ̇0γ(p))u2 =
d

ds
c2(s, p)|s=0 = J2(p).

And J(p) = J1(p) + J2(p) is called the Jacobi field.

Definition 3.7 (Jacobi field [66] ). Let γ(p), p ∈ [0, 1] be a geodesic on the
Grassmann manifold Gn,r. A vector field J(p) along γ(p) is called the Jacobi
field if it satisfies the Jacobi equation

D2pJ(p) + R(J(p), γ̇(p))γ̇(p) = 0, ∀p ∈ [0, 1], (3.45)

where the operator R(X, Y)Z is the curvature endomorphism given by [181]

R(X, Y)Z = (XY> − YX>)Z−Z(Y>X−X>Y). (3.46)

c1(s, p)
u1 γ̇0
γ0

Figure 3.2. Geodesic vs change of
the initial position.

c2(s, p)
γ̇0

γ0

u2

Figure 3.3. Geodesic vs change of
the initial velocity.

A schematic plot of the Jacobi field is depicted in Figure 3.2 and 3.3 as
geodesics with respect to the change of the initial position and the change
of the initial velocity. If (3.45) can be solved, then the Jacobi field can be
used to compute the Riemannian gradient. In the following, we show
that since the curvature operator is linear, solving (3.45) is equivalent to
solving a set of second-order ODEs.

The curvature operator R(X, Y)Z in (3.46) is a linear operator in X.
Hence, when p is fixed at an arbitrary point p̂ ∈ [0, 1], the curvature
operator is linear in J(p̂). As a result, freezing the variable p, the curvature
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operator has an EVD. Consider the case where p = 0 so at the starting
point of a geodesic, the EVD problem can be written as

R(Ek, γ̇0)γ̇0 = λkEk, k = 1, 2, . . . , r(n− r) := dimGn,r.

The dimension of the Grassmann manifold Gn,r is r(n− r), for detail,
see for example, [70]. For a parameter-varying vector field J(p) along
the geodesic γ(p), the orthonormal bases Ek need to be transported in
parallel. Then the Jacobi field is expanded as

J(p) =
r(n−r)∑
k=1

fk(p)Ek(p), Ek(p) = Γγ0→γ(p)Ek.

According to the definition of the parallel transport in Definition 3.5,
there holds

DpEk(p) = 0, k = 1, 2, . . . , r(n− r).

Then, it can be derived that

D2pJ(p) =
r(n−r)∑
k=1

f̈k(p)Ek(p),

where f̈k(p) = d2fk(p)/dp2. The Jacobi equation (3.45) hence becomes a
second-order linear parameter-varying ODE

r(n−r)∑
k=1

(
f̈k(p) + λkfk(p)

)
Ek(p) = 0.

Applying the orthogonality of Ek(p), we have r(n− r) ODEs

f̈k(p) + λkfk(p) = 0,k = 1, 2, . . . , r(n− r). (3.47)

When λk is known, the solutions of (3.47) are uniquely determined by
the initial condition col(fk(0), ḟk(0)). When we fix the initial velocity
and change the initial position, the initial condition of (3.47) is col(1, 0),
which results in the solution [107]

f1k(p) =


cos(
√
λkp), λk > 0,

1, λk = 0,

cosh(
√
−λkp), λk < 0.

(3.48)
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When the initial position is fixed and the initial velocity is changing,
the initial condition of (3.47) is col(0, 1), which leads to another solution
[107]

f2k(p) =


sin(
√
λkp)/

√
λk, λk > 0,

t, λk = 0,

sinh(
√
−λkp)/

√
−λk, λk < 0.

(3.49)

Then we have the Jacobi fields

J1(p) =
r(n−r)∑
k=1

f1k(p)Ek(p), J2(p) =
r(n−r)∑
k=1

f2k(p)Ek(p)

J(p) = J1(p) + J2(p).

The whole problem boils down to computing the EVD of the curvature
operator in (3.46) at p = 0. In [141], the EVD was given without com-
putational details. In the following, we provide a detailed computation
of it. Let γ̇0 = USZ> be the thin SVD of γ̇0 and J0 := J(0). Let Rn be
decomposed as Rn = span{γ0}⊕ span{U}⊕ span

{
Ũ⊥
}

. The Jacobi field
J0 is either in span{U} or span

{
Ũ⊥
}

. Rewrite the curvature operator as

R(J0, γ̇0)γ̇0 = J0γ̇
>
0 γ̇0 − 2γ̇0J

>
0 γ̇0 + γ̇0γ̇

>
0 J0.

In the first case, J0 is in the subspace span{U}. Then it has a decom-
position J0 = UXZ> and X ∈ Rr×r is not necessarily diagonal. Since
R(J0, γ̇0)γ̇0 = λJ0, we have

XS2 − 2SX>S+ S2X = λX. (3.50)

When λ = 0, a diagonal matrix X solves (3.50). Since X is normalized, we
derive r eigenpairs

λk = 0, Ek = UXkZ
>, Xk = diag

( kth

0 · · · 1 · · · 0
)
∈ Rr×r.

When λ 6= 0, since both X and X> are involved, to solve (3.50) for X, X
needs to be either symmetric or skew-symmetric. When X is symmetric,
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i.e., X> = X, let the ijth entry of X be denoted as xij and the kth diagonal
entry of S be σk, (3.50) becomes

0 (σ1 − σ2)
2x12 . . . (σ1 − σr)

2x1r

(σ1 − σ2)
2x12 0 . . . (σ2 − σr)

2x2r
...

...
. . .

...

(σ1 − σr)
2x1r (σ2 − σr)

2x2r . . . 0

 = λX.

Therefore, the derived eigenpairs are

λk = (σk − σl)
2, Ek = UXkZ

>, 1 6 k < l 6 r,

where Xk is a matrix with xkl = xlk = 1/
√
2 and zero elsewhere. The

number of such eigenpairs is r(r− 1)/2. When X is skew-symmetric, i.e.,
X> = −X, (3.50) becomes

0 (σ1 + σ2)
2x12 . . . (σ1 + σr)

2x1r

(σ1 + σ2)
2x12 0 . . . (σ2 + σr)

2x2r
...

...
. . .

...

(σ1 + σr)
2x1r (σ2 + σr)

2x2r . . . 0

 = λX.

In such a case, the eigenpairs are

λk = (σk + σl)
2, Ek = UXkZ

>, 1 6 k < l 6 r,

where Xk is a matrix with xkl = 1/
√
2, xlk = −1/

√
2 and zero elsewhere.

Again, the number of eigenpairs is r(r− 1)/2. The number of eigenpairs
of the above three cases is r+ r(r− 1) = r2 in total.

In the second case, J0 lives in the subspace span
{
Ũ⊥
}

. Then J0 has
the decomposition J0 = Ũ⊥XZ

>. The curvature operator thus is written
as

R(J0, γ̇0)γ̇0 = Ũ⊥XS2Z> = λŨ⊥XZ
>.

The eigenpairs in this case are

λk = σ2k, Ekl = Ũ⊥ẽle>kZ
>, k = 1, 2, . . . , r, l = 1, 2, . . . ,n− 2r,

where ẽl and ek are the lth and the kth natural basis of Rn−2r and Rr,
respectively. The number of eigenpairs in this case is r(n− 2r). Thus, in
total we have r2 + r(n− 2r) = r(n− r) = dimGn,r eigenpairs.
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After computing the Jacobi fields, the Riemannian gradients in terms
of ∆γ0 and ∆T can be computed. The detailed procedure is introduced
in [141]. Here, we summarize it as follows.

Step 1. Compute the parallel transport of the Jacobi field

Γγ(p)→γ0J1(p) =
r(n−r)∑
k=1

f1k(p)∆γ0kEk =

r(n−r)∑
k=1

f1k(p)gγ0(∆γ0,Ek)Ek

Γγ(p)→γ0J2(p) =
r(n−r)∑
k=1

f2k(p)∆TkEk =

r(n−r)∑
k=1

f2k(p)gγ̇0(∆T ,Ek)Ek

Step 2. Denote the parallel transport of the gradient ∇γ(p)J(γ(p)) from
γ(p) to γ0 as Γγ(p)→γ0∇J(γ(p)).

Step 3. Since the parallel transport is an isometry, compute the directional
derivative as

DJ(γ0, γ̇0)[(∆γ0,∆T)] = gγ(p)(Γγ(p)→γ0∇J(γ(p)), Γγ(p)→γ0J1(p))

+ gγ(p)(Γγ(p)→γ0∇J(γ(p)), Γγ(p)→γ0J2(p)).

Step 4. Compute

gγ(p)(Γγ(p)→γ0∇J(γ(p)), Γγ(p)→γ0J1(p))

= gγ0

∆γ0,
r(n−r)∑
k=1

f1k(p)gγ0(Γγ(p)→γ0∇J(γ(p)),Ek)Ek

 ,

gγ(p)(Γγ(p)→γ0∇J(γ(p)), Γγ(p)→γ0J2(p))

= gγ̇0

∆T ,
r(n−r)∑
k=1

f2k(p)gγ̇0(Γγ(p)→γ0∇J(γ(p)),Ek)Ek

 .

Step 5. Write down the gradient in the Sasaki metric

(∇γ0J,∇γ̇0J) = (

r(n−r)∑
k=1

f1k(p)gγ0(Γγ(p)→γ0∇J(γ(p)),Ek)Ek,

r(n−r)∑
k=1

f2k(p)gγ̇0(Γγ(p)→γ0∇J(γ(p)),Ek)Ek).

(3.51)
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Again, the Riemannian gradient ∇J(γ(p)) is computed by projecting
the Euclidean gradient Jγ(p)(γ(p)) in (3.40) onto the tangent space of
γ(p) by applying (3.26). The above procedure is about computing a
parameter-varying Galerkin projection. If the Petrov–Galerkin projection
is of interest, since the explicit construction of the parameter-varying
Petrov–Galerkin projection is unclear, we only consider the left projection
is parameterized asW(p) and the right one is a constant projection matrix
V . The computational procedure is summarized in Algorithm 2.

Algorithm 2 is quite similar to Algorithm 1. The only difference is
that since the left projection matrix is parameter dependent, additional
care needs to be taken to compute the Jacobi fields and the gradient of
Ŵ(p). In Line 14 of Algorithm 2, ξk(1) and ξk(2) are the first and second
component of the search direction since the gradient has two components
as well. The line search step sizes are again computed by applying the
back-tracking process. To update the search directions in Line 17, CG

method is applied. If the conjugacy constants are chosen as zero, then we
use the steepest descent method.

In case that the parameter-varying Galerkin projection is applied, i.e.,
Ŵ(p) = V(p), the gradient is calculated based on the Euclidean gradient
(3.40). The Jacobi fields and the Sasaki metric are still required to calculate
the Riemannian gradient. For LPV systems with multiple parameters,
we have shown that the parameter-varying projection matrix can be
constructed theoretically. However, computation of multi-dimensional
parameter-varying projection matrix still requires more attention.

3.4.3 Matching Steady State for Time-Domain Simulations

The proposed MOR technique is based on H2 error minimization. The
H2 norm is defined in the frequency domain. Hence, if the frequency re-
sponses can be computed, the approximation accuracy can be represented
as the differences between the full-order model and the reduced-order
frequency responses. However, as long as the state transition matrix is
unknown, computing the frequency response is not possible. Then an
alternative is to use time domain simulation to demonstrate the approxi-
mation accuracy.

In the time domain, the H2 norm equals the impulse response energy.
The reduced-order model is optimal if the input signal is the Dirac delta
function. In case that only the low frequency signal is used to excite
a system, or the time domain response reaches the steady state, the
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Algorithm 2 H2 MOR by PV Left and Constant Right Projections

Input: Initial guess V0, Ŵ0, basis T
Ŵ0

of the tangent space T
Ŵ0

Gn,r at

span
{
Ŵ0

}
and tolerance ε.

Output: Optimal projection matrices V?, Ŵ? and optimal basis T?
Ŵ0

.

1: Compute the left projection matrix Ŵ0(p) by (3.14).
2: Bi-orthogonalize Ŵ0(p) as W0(p) = Ŵ0(p)(V>0 Ŵ0(p))

−1.
3: Compute the full-order Gramians by solving the DLEs (2.16a) and

(2.16b).
4: Compute the reduced-order Gramians and Xρ(t) and Yρ(t) by solving

the DLEs (3.13a), (3.13b) and DSEs (3.12a), (3.12b).
5: Compute the Riemannian gradients GV0 = ∇V0J by using (3.35) and

(3.26).
6: Compute the Jacobi fields of Ŵ0(p).
7: Compute the gradient G

Ŵ0(p) according to (3.51).
8: Let η0 = −GV0 and ξ0 = −G

Ŵ0
. Set k = 0.

9: while ‖GVk‖+ ‖GŴk
‖ > ε do

10: Fix Ŵk(p). Solve αmin = argmin
α∈[0,1]

J(ExpVk(αηk)).

11: Set αk = αmin and Vk+1 = ExpVk(αkηk).

12: Bi-orthogonalize Ŵk(p) as Wk(p) = Ŵk(p)(V>k+1Ŵk(p))
−1.

13: Fix Vk+1. Solve βmin = argmin
β∈[0,1]

J(Exp
Ŵk(p)

(βξk)).

14: Set βk = βmin, Ŵk+1 = Exp
Ŵk

(βkξk(1)) and T
Ŵk+1

=

Γ
Ŵk→Ŵk+1

(T
Ŵk

+βkξk(2)).

15: Compute Ŵk+1(p) by (3.14). Bi-orthogonalize Ŵk+1(p) as
Wk+1(p) = Ŵk+1(p)(V>k+1Ŵk+1(p))

−1.
16: Recompute the Gramians and the Riemannian gradients GVk+1 and

G
Ŵk+1

.
17: Update ηk+1 and ξk+1 by the same method in Algorithm 1.
18: end while

proposed approximation method may not produce accurate reduced-
order models for time domain simulations, because the steady state
cannot be matched in the H2 optimal MOR framework. Then matching
steady state is desired for time domain simulations. Similar to LTI systems,
the steady state can be matched during the time-domain simulation by
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adding a parameter-varying feedthrough term Dss(p)u(t) to the output
[12], where Dss(p) is defined as

Dss(p) = Cr(p)A−1
r (p)Br(p) −C(p)A−1(p)B(p). (3.52)

To compute Dss(p), once the parameter trajectory is known, the term
C(p)A−1(p)B(p) can be computed in advance. As the number of inputs
and outputs are much less than the number of states, it will not cause the
storage problem. However, computing such a term requires to solve many
linear systems of equations. A possible efficient way for computation is
to first sample the parameter domain and compute a few solutions for
the sampled problem, and then apply interpolation methods or reduced
basis method [165] to approximate the full solution set. The other term
Cr(p)A−1

r (p)Br(p) can be directly computed when the reduced-order
model is simulated as r is assumed to be much smaller than n.

3.5 case studies

The methods proposed in this chapter are demonstrated by academic
examples. The first example is the 1D heat equation model with a time-
varying heat diffusivity coefficient, which was already briefly introduced
in Chapter 1.1.1. This example is very special since when the parameter
is varying, the projection subspaces keep unchanged. The projection
subspaces are equivalent to the LTI case where the parameter is fixed
to an arbitrary point in the parameter domain. As a result, we can
indeed validate the proposed method by testing this example. The second
example is modified from the synthetic model on MOR Wiki [57]. For
this example, we test the case where the parameter variation is much
slower than the system dynamics as well as the case where the parameter
variation speed is comparable to the system dynamics. For both examples,
we can vary the parameter trajectory and the dimension of the original
model.

3.5.1 1D Heat Transfer Model

Consider the 1D heat equation with zero Dirichlet boundary conditions

∂

∂t
T(x, t) = κ(t)

∂2

∂x2
T(x, t) + v(x, t), x ∈ [0, 1].
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The heat diffusion constant κ(t) ∈ [0.1, 11] is a time-varying parameter,
which follows the trajectory in Figure 3.1a. Semi-discretization by the
finite element method gives an LPV system, which has the state space
form

Ṫfem(t) = κ(t)ATfem(t) +Bufem(t)

yfem(t) = CTfem(t).

In the test case, we assume the system is SISO by giving a heat source
at the 66th node and observing the temperature at the same node. The
original system has dimension n = 100, and is reduced to a 6th-order
model by the localized line search (LLS) method [188] and the CG method
proposed in this chapter. Since the two methods show almost the same
results, we only show the step responses of the full-order model, the
reduced-order model obtained by the initial projection and the optimal
projection obtained by the CG method, which are depicted in Figure 3.4.
The response error is shown in Figure 3.5. In the figures of this example
and the others, ROM stands for reduced-order model.

One crucial point of the methods that we applied is to provide the
initial guess of the projection matrices. In this example and the others
in this chapter, we use the following method. First, we pick an arbitrary
parameter value, for example, in this example we pick p = 1. Then an
LTI system is obtained by fixing the parameter at this value. By applying
IRKA, two projection matrices V0 and Ŵ0 can be obtained. Then a matrix
X0 ∈ R(n−r)×r is randomized to perturb the initial guess by

V0(ε) = Exp

(
ε

(
0 −X>0

X0 0

))
V0, Ŵ0(ε) = Exp

(
ε

(
0 −X>0

X0 0

))
Ŵ0,

where ε is a small scalar, which in our case is chosen as 10−2. It can be
checked that after the perturbation, the projection matrices can still be
considered as points on the Grassmann manifold [70]. If the resulted
reduced-order model is unstable, we generate another X0 matrix to
perturb the initial guess.

Performance of the LLS method, the CG method for constant Petrov–
Galerkin projections and the Galerkin projection method are compared
by their relative H2 errors defined in (3.41), which are shown in Table
3.1.

In the table, the second row is the relative H2 error of the reduced-
order models obtained by Galerkin projection. In the third and fourth
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Figure 3.4. Step responses of the full-order model and the reduced-order model
given by conjugate gradient.
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Figure 3.5. Response error of the initial reduced-order model and the reduced-
order model given by conjugate gradient.

row, the reduced-order models are obtained by Petrov–Galerkin projec-
tions. (R) means that the H2 error is computed based on the reachability
Gramian. Correspondingly, (Q) stands for the H2 error computed from
the observability Gramian. The differences are not very significant. The
Petrov–Galerkin projection scheme results in more accurate reduced-
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Table 3.1. Relative H2 error comparison

r = 6 LLS CG Optimal

Galerkin 9.7735 · 10−3 9.6829 · 10−3 9.6188 · 10−3

Petrov–Galerkin (R) 8.3134 · 10−3 8.3443 · 10−3 8.3127 · 10−3

Petrov–Galerkin (Q) 8.2907 · 10−3 8.3210 · 10−3 8.2895 · 10−3

order models than the Galerkin projection method. The differences be-
tween LLS and CG are very small. The LLS method is much faster than
the CG method, because in the back-tracking process, it does not require
re-computation of the Gramians. However, the LLS method is not ro-
bust enough. Sometimes it does not converge. The proposed CG method
overcomes this problem by recomputing the Gramians to evaluate the ob-
jective function as long as the projection matrices are updated. However,
clearly, the CG method is more computationally expensive.

The last column in Table 3.1 shows the optimal H2 approximation
error. This is because the speciality of the 1D heat equation allows us to
compute the local optimum of the projection subspaces by applying IRKA

[98] for the system at an arbitrary parameter value. However, this is in
general not the case for LPV systems.

In this example, although the step response is tested, matching steady
state is not necessary. By optimizing the projection matrices, the relative
response error

e(t) =
|y(t) − yr(t)|

|y(t)|
(3.53)

is suppressed from the level of 10−1 to the level of 10−3.

3.5.2 The Synthetic Model with a Slowly Varying Parameter

For a more general case, we test the synthetic model which is modified
from [57]. Consider a state-space model,{

ẋ = A(p)x+Bu,

y = Cx, x0 = 0,
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where

A(p) = A0 + pA1, A0 =


A0,1

. . .

A0,k

+ 0.02A1,

with

A1 =


A1,1

. . .

A1,k

 ,

and

A0,i =

(
ai 0

0 ai

)
, A1,i =

(
0 bi

−bi 0

)
.

The scalars ai and bi are equally spaced in [−103,−10] and [10, 103],
respectively. The other system matrices are

B =


B1
...

Bk

 , Bi =

(
2

0

)
, C =

(
C1 · · · Ck

)
, Ci =

(
1 0

)
.

The parameter varies in [0, 1] which is given by a time-dependent function
p(t) = 1

2(1 + sin(2πt125 + 4π
3 )). Compared to the system dynamics, the

parameter variation is quite slow. For the numerical test, we choose n =

20 and the system is reduced to order r = 6. We first apply the constant
Petrov–Galerkin projection method. To initialize the projection matrices,
we pick the parameter value p = 0.0933 and use the method introduced
in the previous example. To show that the optimized projection matrices
W and V result in a more accurate reduced-order model in the H2 norm
sense, the impulse responses of the full-order, the initial reduced-order
and the nearly optimal reduced-order models are depicted in Figure 3.6.

The initial relative H2 norm error is 0.3178. Algorithm 1 is applied
to optimize V and W. After 100 iterations, the approximation error is
reduced to 0.2340. Since the convergence speed becomes very slow, the
optimization is terminated. Hence, the reduced-order model obtained
by the optimization is called the nearly optimal model. The impulsive
input with an amplitude 100 is applied at the 3rd and 53rd second. It
can be seen that the initial reduced-order model cannot approximate
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Figure 3.6. Impulse responses of the full-order, initial reduced-order and the
nearly optimal reduced-order models. In the boxes are the zoom-in
plot from 5 to 8 seconds and 52.5 to 54.5 seconds.
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Figure 3.7. Steps responses of full-order model and the optimal reduced-order
models with and without matching steady state.

the transient behavior well. When an impulsive input is provided at the
3rd second, the initial reduced-order model shows mismatches on the
amplitude as well as on the phase shift of the response. At the 53rd
second, one can observe there is a mismatch on the amplitude. After
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optimizing the projection matrices, the mismatches on both the amplitude
and the phase shift are suppressed.

Then the input signal is switched to a step function with an amplitude
of 100. To show that for a better approximation accuracy in the time
domain the matching steady state term Dss(p)u(t) in (3.52) is needed,
the step responses of the full-order model, nearly optimal reduced-order
models with and without matching steady state are plotted in Figure
3.7. Clearly with the matching steady state feedthrough term, the time
domain simulation gets a better approximation accuracy.

In the next round of tests, we investigate the performance of the
parameter-dependent projection methods. The first test shows the results
of a left parameter-varying projection with a right constant projection. To
initialize the optimization procedure, the following steps are taken.

Step 1. Run Algorithm 1 for a few iterations to obtain two constant
projection matrices V and Ŵ which are not far away from the
optimal ones.

Step 2. Compute the SVD of

I− ŴŴ> =
(
Ũ2 ?

)(S2 0

0 0

)(
Z>2

?

)
,

where ? stands for the quantity of no interest.

Step 3. Perturb V as what we did in the constant projection method case.

Step 4. Take U2 as first r columns of Ũ2. Construct the initial parameter-
varying projection Ŵ(p) as

Ŵ(p) = Exp
Ŵ
(pU2).

Step 5. Bi-orthogonalize Ŵ(p) as

W(p) = Ŵ(p)(V(ε)>Ŵ(p))−1.

Then we are ready to apply Algorithm 2 to compute the optimal pro-
jections. In 10 iterations, the algorithm converges to a local optimum. The
relative H2 error decreases from 0.02593 to 0.02328, so the performance
is not improved significantly. The impulse responses are plotted in Figure
3.8. Clearly, by optimizing the projection matrix V and the parameter-
dependent matrix W(p), a better approximation accuracy is achieved,
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especially for the first transient. Compare to the relative H2 norm error of
the constant projection matrix method, it can be seen that the approxima-
tion error is almost 10 times less for the left parameter-varying projection
method.
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Figure 3.8. Impulse responses of full-order model, the initial reduced-order
model and the nearly optimal reduced-order model with a parameter-
varying W(p) and a constant V .
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Figure 3.9. Step responses of full-order model, the initial reduced-order model
and the optimized one with matching the steady state. In the box it
shows the responses from 4-second to 7-second.
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The second test is on the parameter-dependent Galerkin projection
method. For the initial guess of V(p), we first fix p at the value of
0.0933, then repeat Step 2 and 4 in the previous test. To find the optimal
projection matrix, Algorithm 2 is applied. After 500 iterations, the relative
H2 error decreases from 0.6164 to 0.4139. Although it does not reach the
critical point, the algorithm is terminated because of the slow convergence
rate. In this case the step responses are considered. The initial projection
matrix can only capture the transient behavior in the first 15 seconds
and so is the optimized one. To increase the approximation accuracy
afterwards, the feedthrough Dss(p)u(t) is added to suppress the time
domain simulation error. Figure 3.9 shows the step responses. It can be
seen that even in the first 15 seconds the initial reduced-order model has
a poor accuracy because it has a large mismatch in the phase shift. After
optimizing V(p) and matching the steady state, the phase shift mismatch
is almost canceled. The magnitude mismatch is suppressed as well.

3.5.3 The Synthetic Model with a Fast Varying Parameter

In the previous example, the parameter values at t = 3 and t = 53 are
around 0.034 and 0.77. From Figure 3.6 and 3.8, it shows that the system
dynamics around these two parameter values are quite different from
each other. When the parameter value is small, the system shows oscilla-
tion behavior with a frequency no less than 1Hz. To investigate the effects
of the parameter variation rate on the system dynamics, the parameter
variation is modified to be comparable with the system dynamics.

Suppose that the parameter is still given by a sinusoidal function,
which is

p(t) = 1
2

(
1+ sin(πt+ 4π

3 )
)

.

The parameter trajectory starts from a small parameter value, which
is 0.067. To initialize the optimization process, we pick p = 0.0672 and
generate the initial guess of the projection matrices. Only the constant
Petrov–Galerkin projection scheme is tested for this example. By run-
ning Algorithm 1, the relative H2 error decreases from 0.2155 to 0.2059.
The reduced-order model captures the transient dynamics very well.
However, once the system reaches its steady state, the parameter varia-
tion dominates the time domain response. Therefore, matching steady
state is essential for this example as well if the input is not the Dirac
delta function. In Figure 3.10, the step responses of the full-order model,
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reduced-order models with and without matching steady state are de-
picted.
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Figure 3.10. Step responses of the full-order model and the reduced order mod-
els.

It can be seen that although there is still an oscillation behavior in the
transient dynamics, the oscillation behavior is not so significant as the
previous test case. The system quickly reaches the steady state. The reason
is that the small parameter values are not dominant in the transient any
more. After about 1 second, the system responses are determined by the
parameter variation. In this case, it shows a periodic behavior with the
same period as the parameter trajectory. Again, with matching the steady
state, the reduced-order model achieves a better performance.

3.6 conclusions and outlook

This chapter discusses the MOR problem for general LPV systems. The
MOR problem is solved by the projection-based method. Three projection
schemes are proposed to make sure that the reduced-order model only
depends on the parameter rather than the parameter and its variation.
When the projection matrices are parameter-dependent, we showed in
Theorem 3.2 that they can be constructed by the trial function method,
which is closely related to the geodesic of the Grassmann manifold.
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Computation of the projection matrices is based on the H2 norm of
the error system. With the knowledge of the parameter trajectory, the H2
norm can be computed from the reachability and observability Gramians.
The Gramians are solutions of DLEs. Then the H2 optimal MOR problem
is reformulated as an optimization problem on the Grassmann manifold.
Gradient-based algorithms are applied to solve the optimization problem.

Constant projection matrices are the simplest ones, which are also
relatively easy to compute. Such a projection scheme is suitable for
single parameter systems as well as multiple parameter systems. To com-
pute parameter-dependent projection matrices, the Jacobi fields need
to be calculated and the Sasaki metric is essential to define the gradi-
ents. The computation for single parameter case with a small parameter
range is already quite computationally involved. Although theoretically
parameter-dependent projection matrices for multiple-parameter systems
with a large parameter range can be constructed, formulation of the
complex algorithm will be difficult. Another limitation of the proposed
method is the high computational cost. To guarantee the convergence,
back-tracking line search is applied which requires recomputing the DSEs

and reduced-order DLEs. The optimization procedure also requires a good
enough initial guess, which may be obtained by trial and error. However,
as long as the optimization problem is solved, the system can be reduced
in the H2 optimal sense.

Several aspects of the problem deserve further investigations.

• The optimization problem is in general non-convex. If it can be con-
vexified, convex optimization methods on Riemannian manifolds
[176] can be applied to solve the problem.

• Theoretical computation on the line search step sizes or their upper
bounds may be investigated to avoid back-tracking line search
issues.

• Solving DLEs and DSEs requires a lot of computations. Efficient
solution method is an interesting topic.

• From the system theoretic point of view, it is reasonable to consider
time-dependent parameters. However, if parametric MOR methods
are applied to LPV systems, will the performance deteriorate? If the
answer is no, one may investigate data-driven methods to find a
mapping, which maps the parameter subspace to the Grassmann
manifold. The methods in [80, 168, 105, 3] show how such a problem
can be tackled in different perspectives.



4
A B I L I N E A R H 2 M O D E L O R D E R R E D U C T I O N
A P P R O A C H T O L P V S Y S T E M S

The crucial assumption of the previous chapter is the knowledge of the
parameter trajectory. In some cases, the parameter trajectory can neither
be known as an explicit function of time nor be approximated by the
measurement data. A typical example is the aero-elastic dynamics of an
aircraft. These dynamics depend on the wind speed and the altitude of
the aircraft, which are both unknown a priori and cannot be modeled
as a function that depends on time. A natural idea is to consider these
parameters as exogenous inputs. Then a special class of LPV systems
can be rewritten as bilinear dynamical systems. Once the system is
in a bilinear dynamical system form, a Volterra series analysis can be
conducted to obtain input-output mappings, leading to the so-called
Volterra kernels. Based on these Volterra kernels, the transfer function
concept can be generalized to bilinear dynamical systems. Then the H2
norm can be defined for the generalized transfer functions. Another merit
of employing the bilinear dynamical systems form is that for special PDE

systems, for example heat equation with convective boundary conditions,
the boundary effect can be considered as the input of the system, which is
described by the bilinear vector field. For MOR, we consider the H2 MOR

problem as an optimization problem on the Grassmann manifold. As it
is possible to propose upper bounds on the Gramians of the system, two
types of upper bound for the line search step size can be proposed when
the Galerkin projection framework is employed. Both of them guarantee
convergence of the optimization algorithm. The first upper bound is a
uniform one, which can be conservative. The second one is adaptive over
iterations and speeds up the convergence rate significantly. Numerical
examples are reported to demonstrate the performance.

A standard assumption in MOR is that the system has a zero ini-
tial condition. However, as long as the initial condition is nonzero, the
reduced-order model cannot approximate the original system well at the
transient as well as the steady state. In the second part of this chapter,
we introduce a method to overcome this problem. We consider the initial
condition as an additional input which lives in a lower dimensional
subspace compared to the state space. Then based on the Volterra series

95
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analysis, we decompose the system with nonzero initial conditions into
three systems with zero initial condition. Then MOR can be carried out to
each of them independently, which leads to an accurate approximation
of the original system output.

4.1 introduction

For notational convenience, we denote an LPV system as

Σ(p) :

{
ẋ(t) = Â(p(t))x(t) + B̂û(t),

y(t) = Cx(t), x(t0) = x0,
(4.1)

where x(t) ∈ Rn is the state, û(t) ∈ Rm̂ is the system input, y(t) ∈ Rno

is the output and p : T → P ⊂ Rnp is the parameter. We assume zero
initial condition, i.e., x0 = 0. We also assume that

Â(p(t)) = A+

np∑
i=1

Aipi(t).

If Â(p(t)) does not have affine parameter dependence, first-order Taylor
expansion can be used to approximate Â(p(t)), which yields an affine
parametric structure. Better approximation of non-affine matrices can be
obtained by the empirical matrix interpolation method, see, e. g., [40, 129].
To transform the LPV system in (4.1) into a bilinear dynamical system,
we follow the method introduced in [34]. The first step is to augment the
input signal as

u(t) =
(
û(t) p1(t) . . . pnp(t)

)>
.

Then using the following notation,

Nj =

{
0n×n j = 1, 2, . . . , m̂,

Ai j = m̂+ i, i = 1, 2, . . . ,np,
B =

(
B̂ 0n×np

)
,

a bilinear dynamical system is obtained as

Σbl :

{
ẋ(t) = Ax(t) +

∑ni
j=1Njx(t)uj(t) +Bu(t),

y(t) = Cx(t), x0 = 0,
(4.2)



4.1 introduction 97

where x(t) ∈ Rn, u(t) ∈ Rni and y(t) ∈ Rno . The input dimension is
ni = m̂+np. The MOR problem considered in the first half of this chapter
is to find an orthonormal matrix V ∈ Rn×r with r � n such that the
reduced-order system

Σ̂bl :

 ẋr(t) = V
>AVxr(t) +

np∑
j=1

V>NjVxr(t)uj(t) + V
>Bu(t),

yr(t) = CVxr(t), xr(t0) = xr0 = 0,
(4.3)

minimizes the H2 difference ‖Σbl− Σ̂bl‖H2
between the full-order system

and the reduced-order one (the H2 norm will be defined later in this
section). In (4.3), we restrict ourselves to the Galerkin projection, while a
Petrov–Galerkin projection would be used by replacing V> with some
other matrix W> 6= V> satisfying W>V = Ir.

The Galerkin projection scheme has two advantages. First, in case that
the matrix A is symmetric negative definite, the reduced-order matrix
V>AV is automatically symmetric negative definite, see [49, 55]. This
in general does not hold for Petrov–Galerkin projections. The second
advantage is that by applying the Galerkin projection, upper bounds
of the line search step size can be obtained analytically to guarantee
convergence of the steepest descent method.

4.1.1 Bilinear System Theory

Before discussing MOR for bilinear dynamical systems, we briefly in-
troduce several basic system theoretic aspects of the system, which are
essential ingredients for MOR. We first review the stability definition and
stability criterion in the literature. Then we focus on the system Grami-
ans, which play a significant role in the MOR procedure. Based on the
Volterra (convolution) kernels and the corresponding generalized transfer
functions, we give the definition of the H2 norm.

Consider a bilinear dynamical system given by (4.2). Since the system
is time invariant, we can assume that the initial time is t0 = 0 without
loss of generality. We also assume that the input signal u(t) = 0, t < 0.
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According to [126], the state vector of the bilinear system in (4.2) has the
Volterra series expansion

x(t) =

∞∑
k=1

∫∞
0

· · ·
∫∞
0

ni∑
j1,j2,...,jk=1

eA(t−τ1)Nj1e
A(τ1−τ2)Nj2e

A(τ2−τ3) · · ·

Njk−1e
A(τk−1−τk)bjkuj1(τ1) · · ·ujk(τk)dτ1 · · ·dτk,

(4.4)

where bjk is the jkth column of B. It is proved in [189] that if the above
Volterra series converges, it converges to the solution of the system. For a
bounded input, the Volterra series converges on any finite time interval.
The Volterra series provides a mapping from the input to the state. Since
the output is a linear combination of the states, the input-to-output
stability of the system can be interpreted in terms of the Volterra series.
A bilinear dynamical system is said to be BIBO stable (Definition 2.2) if for
any bounded input, the Volterra series converges on [0,∞). To determine
whether a bilinear dynamical system is stable, one needs to check the
spectrum of the matrix A as well as the bounds for Nj, j = 1, 2, . . . ,ni. In
general, if the spectrum Λ(A) ⊂ C−, then there exist two constants µ > 0
and c > 0 such that ∥∥eAt∥∥

2
6 ce−µt/2, t > 0. (4.5)

Assume that the input is bounded as ‖u‖2 :=
√∑ni

j=1 ‖uj‖22 6M with

M > 0. Let κ =
∑ni
j=1 ‖Nj‖2. Then we are ready to state the stability

criterion for a bilinear dynamical system.

Proposition 4.1 ([189]). The Volterra series (4.4) converges on the time interval
[0,∞) for any bounded input if the following two conditions hold,

i) the matrix A is Hurwitz, i.e., the spectrum satisfies Λ(A) ⊂ C−;

ii) the matrices Nj are sufficiently bounded, i.e., κ < µ
cM .

The research on reachability and observability for bilinear dynamical
systems dates back to the early work of [62]. The definitions of reach-
ability and observability are as standard as those in Definition 2.3 and
Definition 2.4. In simple words, a bilinear system is reachable if for any
state in the state space, there exists an L2 input function to steer the
system from the zero state to the desired state on a finite time interval.
A bilinear system is observable if any initial state can be uniquely de-
termined from the input-output pair (u(t),y(t)) on a finite time interval
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which contains the initial time t0. For a more comprehensive discussion
on reachability and observability, we point to [62] and [67]. As an alterna-
tive, one can also reformulate the bilinear dynamical system as an affine
nonlinear control system (ANCS)

ΣANCS :

{
ẋ(t) = Ax(t) +

∑ni
j=1(Njx(t) +Bj)uj(t),

y(t) = Cx(t),

and define the reachability and observability in the sense of distribution
algebra [130].

Recalling the input-to-state Volterra series expansion in (4.4) and chang-
ing the variables, we can write the input-output mapping as [48]

y(t) =

∞∑
k=1

∫∞
0

· · ·
∫∞
0

ni∑
j1,j2,...,jk=1

CeAtkNj1e
Atk−1Nj2e

Atk−2 · · ·Njk−1e
At1 ·

bjkuj1(t− tk) · · ·ujk(t− tk − · · ·− t1)dt1 · · ·dtk.
(4.6)

Correspondingly, the Volterra kernels are defined as

h
j1,...,jk
k (t1, . . . , tk) = CeAtkNj1e

Atk−1Nj2e
Atk−2 · · ·Njk−1e

At1bjk , (4.7)

which describe the input-output mapping of a bilinear dynamical system.
Intuitively, one can consider the Volterra kernels as impulse responses.
However, unlike for LTI systems, there are infinitely many of impulse
responses describing a single bilinear dynamical system. One application
of the Volterra kernels is to quantify the system energy [36]. The reacha-
bility Gramian quantifies the input-to-state energy, which can be written
as

R =

∞∑
k=1

∫∞
0

· · ·
∫∞
0

PkP
>
k dt1 · · ·dtk :=

∞∑
k=1

Rk, (4.8)

with

P1 = e
At1B,

Pk = eAtk
(
N1 . . . Nni

)
(Ini ⊗ Pk−1), k = 2, 3, . . . ,
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where ⊗ stands for the Kronecker product and Ini is the ni-dimensional
identity matrix. A close observation of (4.8) shows that Rk, k = 1, 2, . . . ,
satisfy [189]

ARk + RkA
> +Zk−1 = 0, k = 1, 2, . . . , (4.9)

with

Z0 = BB
>,

Zk = N(Ini ⊗ Rk)N
>, N =

(
N1 . . . Nni

)
, k > 1.

Each matrix Rk thus has an integral form

Rk =

∫∞
0

eAtkZk−1e
A>tkdtk. (4.10)

In the following, we discuss the existence conditions of the reachability
Gramian.

Theorem 4.2. a) The reachability Gramian R given by (4.8) exists, if the
following two conditions hold,

i) the matrix A is Hurwitz, i.e., the spectrum Λ(A) ⊂ C−;

ii) the inequality η <
√
µ/c holds, where µ and c are the constants given in

(4.5), and η =
√
‖
∑ni
j=1NjN

>
j ‖2.

b) If the reachability Gramian R given by (4.8) exists, then it is bounded by

‖R‖• 6
c2‖BB>‖•
µ− η2c2

,

where ‖ · ‖• is either the 2, 2-induced matrix norm or the Frobenius norm.

Proof. Recall the integral form of Rk in (4.10). If A is Hurwitz, the inte-
grand has the upper bound [187]

‖eAtkZk−1eA
>tk‖• 6 c2‖Zk−1‖•e−µtk . (4.11)

Then we can show that

‖Rk‖• 6
∫∞
0

‖eAtkZk−1eA
>tk‖•dtk 6 c2‖Zk−1‖•

∫∞
0

e−µtkdtk

=
c2‖Zk−1‖•

µ
.
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Since R is an infinite sum of Rk, we have

‖R‖• = ‖
∞∑
k=1

Rk‖• 6
∞∑
k=1

‖Rk‖• 6
c2
∑∞
k=1 ‖Zk−1‖•
µ

.

Noting that Zk−1, k = 1, 2, . . . , are given as

Z0 = BB
>, Zk = N(Ini ⊗ Rk)N

>,

we can derive that

‖Z0‖• = ‖BB>‖•,

‖Zk‖• 6 ‖
ni∑
j=1

NjN
>
j ‖2‖Rk‖• 6

η2c2

µ
‖Zk−1‖•.

Hence, the upper bound of ‖Zk−1‖•, k = 1, 2, . . . , defines a geometric
series. It is immediate that if the common factor η

2c2

µ < 1, then

∞∑
k=1

‖Zk−1‖• 6 ‖BB>‖•
1

1− η2c2

µ

=
µ‖BB>‖•
µ− η2c2

.

The upper bound of R is thus given as

‖R‖• 6
c2
∑∞
k=1 ‖Zk−1‖•
µ

6
c2‖BB>‖•
µ− η2c2

.

The existence of this upper bound yields that η
2c2

µ < 1, i.e., η <
√
µ/c.

Remark 4.1. In many cases, the matrix A is unitarily diagonalizable. Thus
c = 1 holds. Then the upper bound of the Gramian R is

‖R‖• 6
‖BB>‖•
µ− η2

.

For systems where A is not unitarily diagonalizable, the constant c must be
computed to determine the upper bound. The computation of c will be discussed
later in this chapter.

From (4.9), each Rk satisfies a Lyapunov equation. Summing up all
the Rk,k = 1, 2, . . ., we can show that R =

∑∞
k=1 Rk solves a generalized

Lyapunov equation. This leads to the following proposition.
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Proposition 4.3 ([189]). Suppose that the matrix A is Hurwitz and Nj, j =
1, 2, . . . ,ni are sufficiently bounded, i.e., η <

√
µ/c, so that the reachability

Gramian R exists. Then

a) R satisfies the generalized Lyapunov equation

AR+ RA> +

ni∑
j=1

NjRN
>
j +BB> = 0. (4.12)

b) The bilinear dynamical system given by (4.2) is reachable if and only if R is
positive definite.

Similar to LTI systems, observability is dual to reachability. LetQ denote
the observability Gramian. Then it can be expressed as

Q =

∞∑
k=1

∫∞
0

· · ·
∫∞
0

O>kOkdt1 · · ·dtk :=

∞∑
k=1

Qk (4.13)

with

O1 = Ce
At1 ,

Ok = (Ini ⊗Ok−1)Ñe
Atk , k = 2, 3, . . . ,

where Ñ = col(N1, . . . ,Nni) is the column concatenation of matrices Nj.
The upper bound and the existence of the observability Gramian are
stated by the following corollary.

Corollary 4.4. a) The observability Gramian Q given by (4.13) exists if

i) the matrix A is Hurwitz;

ii) the inequality η <
√
µ/c holds.

b) If the Gramian Q exists, it is bounded by

‖Q‖• 6
c2‖C>C‖•
µ− η2c2

.

Again, upon existence, the Gramian matrix Q can be computed by
solving a generalized Lyapunov equation.

Proposition 4.5 ([189]). Suppose that A is Hurwitz and Nj, j = 1, 2, . . . ,ni
are sufficiently bounded, i.e., η <

√
µ/c, so that the observability Gramian Q

exists. Then



4.1 introduction 103

i) Q satisfies the generalized Lyapunov equation

A>Q+QA+

ni∑
j=1

N>j QNj +C
>C = 0. (4.14)

ii) The bilinear dynamical system given by (4.2) is observable if and only if Q
is positive definite.

Remark 4.2. Let Ec(x) and Eo(x) denote the reachability and observability
energy functionals of the bilinear system in (4.2). If at least one of the matrices
Nj is nonsingular, there holds [36]

Ec(x) > x
>R−1x and Eo(x) < x

>Qx.

In this way, the Gramians R and Q provide bounds on the energy functionals,
which is very convenient for further analysis.

For stable LTI systems, the transfer functions are analytic in C+. And
we already discussed how to define the H2 norm for the LTI transfer
functions in Chapter 2. By applying Parseval’s Identity, one can show
that the H2 norm equals the L2 energy of the impulse response, which
is defined in the time domain. Similar results also hold for general LPV

systems, as we discussed in the previous chapter. For bilinear dynamical
systems, the H2 norm was originally defined by [189] in the time domain,
so it is better to be interpreted as the L2 energy of the Volterra kernels.
To be more precise, we define the H2 norm in the (multi-dimensional)
frequency domain. Consider the generalized transfer functions obtained
by Laplace transformation of the Volterra kernels, i.e.,

H
j1,...,jk
k (s1, s2, . . . , sk) := L [hj1,...,jk

k (t1, t2, . . . , tk)]

=C(skI−A)
−1Nj1(sk−1I−A)

−1Nj2 · · · (s2I−A)
−1Njk−1(s1I−A)

−1bjk .
(4.15)

The Hurwitz matrix A guarantees that the matrix functions (skI −

A)−1, k = 1, 2, . . ., are analytic in C+. Then the H2 norm can be de-
fined as follows.
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Definition 4.1. Assume that the bilinear dynamical system given by (4.2) is
stable and that the Gramians R and Q exist. Then the H2 norm of Σbl is defined
as

‖Σbl‖2H2
:=

∞∑
k=1

1

(2π)k
·∫∞

−∞ · · ·
∫∞
−∞〈H

Jk
k (iω1, . . . , iωk),H

Jk
k (−iω1, . . . ,−iωk)〉dω1 . . . dωk,

where Jk is used as an abbreviation of the multi-index j1, . . . , jk and 〈·, ·〉 is
again the Euclidean inner product.

Again, by applying the multi-dimensional Parseval’s Identity, the H2
norm equals the L2 energy of the Volterra kernels defined in the time
domain. Then, from the reachability and observability Gramians, the H2
norm can be computed as follows.

Proposition 4.6 ([189]). For the bilinear system Σbl given by (4.2), if the
system is stable and the reachability Gramian R (as well as the observability
Gramian Q) exists, the H2 norm of the system can be computed by

‖Σbl‖H2
=

√
tr
(
CRC>

)
=

√
tr
(
B>QB

)
.

As the H2 norm can be computed from the Gramians, H2 difference
between the original system and its approximation can be considered as
an objective function in an optimization framework. Based on the upper
bounds proposed for the Gramians, we will show how the optimization
problem can be effectively solved in the next section.

4.2 galerkin projection based model order reduction

The H2 optimal MOR for bilinear dynamical systems was first addressed
in [189]. The authors proposed a gradient flow method, which is based
on the early work for LTI systems in [187]. However, the authors did not
discuss the convergence of their algorithm with respect to the projection
matrix. Later, based on the interpolation of the generalized transfer
functions of bilinear dynamical systems (see [48]), the IRKA method was
generalized to bilinear dynamical systems, which resulted in the bilinear
iterative rational Krylov algorithm (BIRKA) in [47]. The authors of [79]
proposed to interpolate the weighted sums of the generalized transfer
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functions and developed another interpolation-based H2 MOR method
for bilinear dynamical systems. However, the reduced-order system may
suffer from stability issues by applying the aforementioned methods.
To tackle this problem, two approaches were introduced in [50], which
can be considered as variants of the BIRKA method. In [49], the author
considered the geometric nature of the projection matrix, reformulated
the MOR problem as an optimization problem on the Grassmann manifold
and developed a fast gradient flow algorithm (FGFA) and a sequential
quadratic programming (SQP) method to speed up the optimization
process.

As all the above methods need to solve an optimization problem, a
common issue is convergence. However, none of those methods addressed
this problem, although in numerical tests they rarely observed non-
convergent cases. In this section, we discuss the convergence problem
and solve it by proposing two types of upper bound for the line search
step size in the steepest descent optimization framework.

4.2.1 Problem Formulation

As stated earlier in this chapter, the MOR problem is to find a reduced-
order bilinear dynamical system Σ̂bl with a much lower complexity
r� n, such that the distance ‖Σbl− Σ̂bl‖H2

is minimized. We can define
the error system Σbl − Σ̂bl as

Σbl,e :

{
ẋe(t) = Aexe(t) +

∑nj
j=1Nejxe(t)uj(t) +Beu(t),

ye(t) = Cexe(t).

The system matrices Ae, Be and Ce are given in (2.33) and the matrices
Nej are defined as

Nej =

(
Nj 0

0 Nrj

)
, j = 1, 2, . . . ,ni.

The reduced-order system matrices under consideration are uniquely
determined by the Galerkin projection matrix V , which is shown in
(4.3). Applying the results of Propositions 4.3 and 4.5, we know that
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the Gramians of the error system Σbl,e are solutions of the following
generalized Lyapunov equations:

AeRe + ReA
>
e +

ni∑
j=1

NejReN
>
ej +BeB

>
e = 0, (4.16a)

A>eQe +QeAe +

ni∑
j=1

N>ejQeNej +C
>
e Ce = 0. (4.16b)

Again, we can partition the Gramians Re and Qe as

Re =

(
R X

X> Rr

)
and Qe =

(
Q Y

Y> Qr

)
.

Then the matrices X and Y are solutions of the generalized Sylvester
equations

AX+XA>r +

ni∑
j=1

NjXN
>
rj +BB

>
r = 0, (4.17a)

A>Y + YAr +

ni∑
j=1

N>j YNrj −C
>Cr = 0. (4.17b)

The reduced-order Gramians Rr and Qr are solutions of the reduced-
order generalized Lyapunov equations

ArRr + RrA
>
r +

ni∑
j=1

NrjRrN
>
rj +BrB

>
r = 0, (4.18a)

A>r Qr +QrAr +

ni∑
j=1

N>rjQrNrj +C
>
r Cr = 0. (4.18b)

Since the bilinear dynamical system is input-output invariant under co-
ordinate transformations (can be inferred from the Volterra kernels), the
reduced-order system is uniquely determined by the subspace spanned
by V rather than by the matrix V itself. As a result, again, we can refor-
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mulate the MOR problem as an optimization problem on the Grassmann
manifold Gn,r, which is

min J(V) =
1

2
tr
(
C
(
R+ VRrV

> − 2VX>
)
C>
)

s.t. V>V = Ir, V>ξ = ξ>V = 0, (4.16a) and (4.16b),
(4.19)

where ξ ∈ TV denotes a basis of the tangent space of the Grassmann
manifold Gn,r at V := span{V}. The objective function in (4.19) is derived
from Proposition 4.6, which computes the half of the squared H2 norm of
the error system Σbl,e. Hence, minimizing the objective function results
in finding an H2 (at least locally) optimal reduced-order system in the
H2 norm sense. The constraint V>V = Ir indicates that the matrix V is
orthonormal. The second constraint V>ξ = ξ>V = 0 means that V is
perpendicular to its tangent space TV. Equivalently, one can express these
two constraints together as V ∈ Gn,r. The Lyapunov equations (4.16a) and
(4.16b) are required to compute the Gramians, because they are needed
to evaluate the objective function J as well as the gradient.

In this chapter, we consider to solve the optimization problem in (4.19)
by the steepest descent method. Hence, again, we need to compute the
Riemannian gradient, as the problem is on the Grassmann manifold Gn,r.
Still, the projection method is employed. First, we compute the Euclidean
gradient JV and then project JV onto the tangent space TV to obtain the
Riemannian gradient ∇J by (3.26). The Euclidean gradient of J is given
by [49]

JV(V) =A
>V(Y>X+QrRr) +AV(X

>Y + RrQr)+

BB>(Y + VQr) +C
>C(−X+ VRr)+

ni∑
j=1

N>j V(Y
>NjX+QrV

>NjVRr)+

ni∑
j=1

NjV(X
>N>j Y + RrV

>N>j VQr),

(4.20)

which is a function of V . In the following, we denote JV(V) as JV for
notational convenience. Computation of JV follows the method that we
introduced in Chapter 3. With the gradient computed, the optimization
problem in (4.19) can be solved by the following algorithm.
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Algorithm 3 H2 MOR by Steepest Descent on Gn,r

Input: initial guess V0.
Output: the optimal projection matrix V?.

1: for k = 0 : K− 1 do
2: Compute the Euclidean gradient JVk by (4.20).
3: Compute the Riemannian gradient Gk = ∇J(Vk) by (3.26). Set the

search direction ξk = −Gk.
4: Compute the line search step size α, such that J(ExpVk(αξk)) de-

creases.
5: Set Vk+1 = ExpVk(αξk).
6: end for
7: Set V? = VK.

Algorithm 3 requires the computation of the line search step size
and the exponential map to update the projection matrix V . In general,
the back-tracking line search can be applied to compute the step size.
However, as we have discussed in the previous chapter, such a method
can result in a large amount of computational effort. Therefore, we
conduct the gradient flow analysis to find effective upper bounds of the
line search step size α, which can guarantee the decrease of J. To update
V , we again use the geodesic equation in (3.14). Other methods which
act as an exponential map or, say, retract a point from the tangent space
to the Grassmann manifold can be found in [2]. The merit of using the
geodesic equation to update the projection matrix V is that effective line
search step sizes can be found analytically.

4.2.2 Gradient Flow Analysis

Once the geodesic in (3.14) is employed to update the projection matrix
V , in the kth iteration, suppose that the projection matrix is Vk, tangent

direction is ξk
thin SVD
== UkSkZ

>
k and the line search step size is α, then we

have

Vk+1 := V (α,Vk, ξk) = VkZk cos(Skα)Z>k +Uk sin(Skα)Z>k . (4.21)

Apparently, Vk+1 is a function of Vk, ξk and α. In the steepest descent
framework, since both Vk and ξk are fixed, Vk+1 can be considered as
a function of α. Then, in the following, we abbreviate V (α,Vk, ξk) as
V (α). Without further specification, Ḟ(α) stands for the derivative of the
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function F with respect to α. A simple calculation shows that the geodesic
in this case satisfies a first-order ODE.

Theorem 4.7. The geodesic equation given by (4.21) is the solution of the
first-order constant coefficient ODE

˙V (α) :=
∂

∂α
V (α) = (ξkV

>
k − Vkξ

>
k )V (α), V (0) = Vk, α ∈ [0, 1]. (4.22)

Proof. From (4.21), the first-order derivative of V (α) in terms of α is

˙V (α) = −VkZkSk sin(Skα)Z>k +UkSk cos(Skα)Z>k .

Noticing that V>k Uk = U>k Vk = 0 because V>k ξk = ξ>k Vk = 0, we have

ξ>k V (α) = ZkSk sin(Skα)Z>k ⇒ −Vkξ
>
k V (α) = −VkZkSk sin(Skα)Z>k ,

V>k V (α) = Zk cos(Skα)Z>k ⇒ ξkV
>
k V (α) = UkSk cos(Skα)Z>k ,

which imply that

˙V (α) = −Vkξ
>
k V (α) + ξkV

>
k V (α) = (ξkV

>
k − Vkξ

>
k )V (α).

Remark 4.3. In general, a geodesic is the solution of a second-order ODE (see,
e. g., [107]). In case of the Grassmann manifold, the corresponding second-order
ODE is [70]

V̈ (α) + V (α)( ˙V >(α) ˙V (α)) = 0, α ∈ [0, 1].

Direct computation shows that (4.21) satisfies the above equation. In our case,
since the explicit expression of the geodesic exists and V>k ξk = ξ>k Vk = 0 holds,
the geodesic equation satisfies a first-order ODE. However, to solve the ODE in
(4.22), one still needs initial values for Vk and ξk. Hence, the second-order
structure is included implicitly in (4.22) as the initial conditions request.

The Euclidean gradient JVk satisfies a symmetry property, which can
be used to simplify the ODE in (4.22) further.

Lemma 4.8 ([49]). The Euclidean gradient JVk given by (4.20) has a symmetry
property

V>k JVk = J
>
Vk
Vk.

At the kth iteration, if the steepest descent direction acts as the tangent
direction in the geodesic equation (4.21), the coefficient matrix of the ODE

in (4.22) only relates to Vk and JVk .
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Corollary 4.9. Given the starting point of the geodesic as Vk and let ξk =

(VkV
>
k − In)JVk be the tangent direction, then the geodesic equation given by

(4.21) solves the following first-order ODE

˙V (α) = (VkJ
>
Vk

− JVkV
>
k )V (α) := ΓkV (α), V (0) = Vk, α ∈ [0, 1]. (4.23)

Proof. Taking the steepest direction as the line search direction, i.e.

ξk = (VkV
>
k − In)JVk ,

and applying Lemma 4.8, then we have

ξkV
>
k = (VkV

>
k − In)JVkV

>
k = VkJ

>
Vk
VkV

>
k − JVkV

>
k ,

Vkξ
>
k = VkJ

>
Vk
VkV

>
k − VkJ

>
Vk

.

Hence,
ξkV

>
k − Vkξ

>
k = VkJ

>
Vk

− JVkV
>
k := Γk.

One important conclusion we can draw from the above result is that the
objective function J is locally non-increasing. The directional derivative
of J with respect to Vk = V (0) in the direction of ∆Vk = ˙V (0) is

DJ(Vk)[∆Vk] =
〈
∇J, ˙V (0)

〉
= tr

(
J>Vk(I− VkV

>
k )
(
VkJ
>
Vk
Vk − JVkV

>
k Vk

))
= tr

(
J>Vk(I− VkV

>
k )(VkV

>
k − I)JVk

)
= −

∥∥∥(I− VkV>k )JVk∥∥∥2
F
6 0.

Hence, at lease locally, the objective function is non-increasing along the
geodesic curve V (α) given by (4.21).

A Convergence Guaranteed Uniform Line Search Step Size

To find a step size α which guarantees the decrease of the objective
function J, we first consider the second-order Taylor expansion of J.
According to Taylor’s Theorem, there exists a constant τ ∈ [0,α] such that

J(V (α)) = J(V (0)) +αJ̇(V (0)) +
α2

2
J̈(V (τ)). (4.24)
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Then a non-increasing J must satisfy

J(V (α)) − J(V (0)) = αJ̇(V (0)) +
α2

2
J̈(V (τ)) 6 0.

To solve the above inequality for α, we need to compute J̇(V (0)) and
J̈(V (τ)). Applying the chain rule and (4.23), we have

J̇(V (α)) = tr
(
J>V (α)

˙V (α)
)
= tr

(
J>V (α)ΓkV (α)

)
, (4.25)

J̈(V (α)) = tr
(
J̇>V (α)ΓkV (α) + J>V (α)Γ

2
kV (α)

)
. (4.26)

Direct calculation shows that

tr
(
J>VkΓkVk

)
= tr

(
J>Vk

(
VkJ
>
Vk
Vk − JVk

))
,

tr
(
Γ>k Γk

)
= 2tr

(
J>Vk

(
JVk − VkJ

>
Vk
Vk

))
,

which implies that

J̇(V (0)) = tr
(
J>VkΓkVk

)
= −

1

2
tr
(
Γ>k Γk

)
= −

1

2
‖Γk‖2F , (4.27)∣∣J̈(V (α))

∣∣ 6 ∥∥J̇V (α)

∥∥
F
‖Γk‖F +

∥∥JV (α)

∥∥
F

∥∥Γ2k∥∥F . (4.28)

Therefore, determining a suitable α requires the values of
∥∥JV (α)

∥∥
F

and∥∥J̇V (α)

∥∥
F

, which are presented in the following Lemma.

Lemma 4.10. Consider the optimization problem in (4.19) with the Euclidean
gradient given by (4.20). Let V (α), α ∈ [0, 1] be a geodesic in Gn,r, which is
certainly differentiable with respect to α. Then the Euclidean gradient JV (α) and
its derivative J̇V (α) have the upper bounds

‖JV (α)‖F 6 ζ1, (4.29)

‖J̇V (α)‖F 6 ζ2‖ ˙V (α)‖F, (4.30)

where

ζ1 =
4
√
rc2‖B‖22‖C‖22(µ+ c2‖A‖2)

(µ− η2c2)2
, (4.31)

ζ2 =
2‖B‖22‖C‖22
(µ− η2c2)3

(
3(µ+ η2c2 + 2c2‖A‖2)2+

c2(µ− η2c2)(µ+ 3η2c2 + 2c2‖A‖2)
)

.
(4.32)
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Proof. Applying Theorem 4.2 and Corollary 4.4, we can derive the upper
bounds for the reduced-order Gramians Rr, Qr and the solutions of the
generalized Sylvester equations X and Y, which are

max(‖X‖F, ‖Rr‖F) 6
√
rc2‖B‖2F
µ− η2c2

, max(‖Y‖F, ‖Qr‖F) 6
√
rc2‖C‖2F
µ− η2c2

;

(4.33)

max(‖X‖2, ‖Rr‖2) 6
c2‖B‖22
µ− η2c2

, max(‖Y‖2, ‖Qr‖2) 6
c2‖C‖22
µ− η2c2

. (4.34)

Recall the Euclidean gradient given by (4.20). Rewrite it as a sum of
JV = JV ,1 + JV ,2, where

JV ,1 =A
>V (Y>X+QrRr) +AV (X>Y + RrQr)+

BB>(Y + V Qr) +C
>C(−X+ V Rr),

JV ,2 =

ni∑
j=1

N>j V (Y>NjX+QrV
>NjV Rr)+

ni∑
j=1

NjV (X>N>j Y + RrV
>N>j V Qr).

Applying the bounds in (4.33) and (4.34), the upper bound for JV ,1 is
derived as

‖JV ,1‖F 6
4
√
rc2‖B‖22‖C‖22(c2‖A‖2 + µ− η2c2)

(µ− η2c2)2
.

The upper bound for JV ,2 is computed as follows:

‖JV ,2‖F 6 2‖
ni∑
j=1

N>j V (Y>NjX+QrV
>NjV Rr)‖F

6 2
ni∑
j=1

‖NjN>j ‖2(‖Y‖2‖X‖2 + ‖Qr‖2‖Rr‖2)‖V ‖F

6
4η2
√
rc4‖B‖22‖C‖22

(µ− η2c2)2
.

As a result, the upper bound for JV is

‖JV ‖F 6 ‖JV ,1‖F + ‖JV ,2‖F 6
4
√
rc2‖B‖22‖C‖22(µ+ c2‖A‖2)

(µ− η2c2)2
:= ζ1.
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To derive ‖J̇V ‖F, we need to calculate the upper bounds on ‖Ẋ‖F, ‖Ẏ‖F,
‖Ṙr‖F and ‖Q̇r‖F. To make it short, we take Ẋ(α) and Ṙr(α) as an example.
Denote the matrix Φ(α) as

Φ(α) =

(
0 X(α)

X>(α) Rr(α)

)
.

From the generalized Sylvester equation in (4.17a) and the generalized
Lyapunov equation in (4.18a) we know that

AeΦ+ΦA>e +

ni∑
j=1

NejΦN
>
ej +Ψ0 = 0, (4.35)

where

Ψ0 =

(
0 BB>V

V >BB> V >BB>V

)
. (4.36)

Noting that here, matrices Ae,Nej,Φ and Ψ0 all depend on α. Taking the
derivative of (4.35) with respect to α, we have

AeΦ̇+ Φ̇A>e +

ni∑
j=1

NejΦ̇N
>
ej +Ψ1 = 0, (4.37)

where

Ψ1 =

(
0 0

0 V >L1(A, Γk)V

)
Φ+Φ

(
0 0

0 V >L1(A
>, Γk)V

)
+

ni∑
j=1

((
0 0

0 V >L1(Nj, Γk)V

)
ΦN>ej +NejΦ

(
0 0

0 V >L1(N
>
j , Γk)V

))
+

(
0 BB>ΓkV

−V >ΓkBB
> V >L1(BB

>, Γk)V

)
,

(4.38)

with the Lie bracket operation L1(A,B) defined as

L1(A,B) = AB−BA. (4.39)
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Again, applying Theorem 4.2 and Corollary 4.4, it is not difficult to derive
that

‖Ẋ‖F 6
‖B‖22(µ+ η2c2 + 2c2‖A‖2)

(µ− η2c2)2
‖ ˙V ‖F, (4.40)

‖Ṙr‖F 6
2‖B‖22(µ+ η2c2 + 2c2‖A‖2)

(µ− η2c2)2
‖ ˙V ‖F. (4.41)

In the same way, it can be computed that

‖Ẏ‖F 6
‖C‖22(µ+ η2c2 + 2c2‖A‖2)

(µ− η2c2)2
‖ ˙V ‖F, (4.42)

‖Q̇r‖F 6
2‖C‖22(µ+ η2c2 + 2c2‖A‖2)

(µ− η2c2)2
‖ ˙V ‖F. (4.43)

Differentiating JV ,1 and computing its Frobenius norm, we obtain

‖J̇V ,1‖F 6
‖B‖22‖C‖22
(µ− η2c2)3

(
6(µ− η2c2 + 2c2‖A‖2)(µ+ η2c2 + 2c2‖A‖)

+2c2(µ− η2c2)2 + 4c2‖A‖2(µ− η2c2)
)
‖ ˙V ‖F.

Now differentiate JV ,2 and compute its Frobenius norm to obtain

‖J̇V ,2‖F 6
2c2‖B‖22‖C‖22
(µ− η2c2)3

(
4η2c2(µ− η2c2) + 6η2(µ+ η2c2 + 2c2‖A‖2)

)
‖ ˙V ‖F.

Summing them up yields the constant ζ2 in (4.32). Note that here, we
abbreviate V (α) as V and ˙V (α) as ˙V .

Now we are ready to give an upper bound of α, which guarantees
convergence of Algorithm 3.

Theorem 4.11. Let ζ1 and ζ2 be given by Lemma 4.10. In the optimization
process, let Vk denote the projection matrix at the kth iteration and ξk be the
corresponding steepest descent direction. The projection matrix in the k+ 1st
iteration is given by V (α) := V (α,Vk, ξk) with V (0) = Vk in (4.21) with α
the step size. If the step size satisfies

0 < α <

√
2

ζ1 +
√
2ζ2

, (4.44)
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then the objective function J is non-increasing, i.e., J(V (α)) 6 J(Vk), k =

0, 1, . . .. The equality holds if and only if Vk is the critical point of J.

Proof. According Lemma 4.10, we can infer that∣∣J̈(V (α))
∣∣ 6 ∥∥J̇V (α)

∥∥
F
‖Γk‖F +

∥∥JV (α)

∥∥
F

∥∥Γ2k∥∥F
6 ζ2

∥∥ ˙V (α)
∥∥
F
‖Γk‖F + ζ1

∥∥Γ2k∥∥F
6 ζ2 ‖Γk‖2F + ζ1 ‖Γk‖2 ‖Γk‖F .

Since the matrix Γk is skew-symmetric, all its eigenvalues are on the
imaginary axis. Thus, the multiplicity of its nonzero singular values is at
least 2, which implies that ‖Γk‖ 6 ‖Γk‖F/

√
2. Therefore we have

J(V (α)) − J(Vk) 6 −
α

2
‖Γk‖2F +

α2

2

(
ζ2 ‖Γk‖2F +

ζ1√
2
‖Γk‖2F

)
6 0,

which yields (4.44).

The step size in (4.44) is uniformly upper bounded by a constant, which
is independent of the number of iterations and the projection matrices in
each iteration. Sometimes this constant can be very small, which makes
the step size too conservative. Although Algorithm 3 is guaranteed to
converge under such a step size, the convergence speed is not guaranteed
to be fast. Hence, theoretically, one can only conclude that Vk → V? if
k→∞.

Convergence Guaranteed Adaptive Line Search Step Sizes

To obtain a more effective and practical line search step size, the basic
idea is to use the higher-order Taylor expansion of J(V (α)) as a function
of α. Consider the third-order Taylor expansion of the objective function
J(V (α)). By Taylor’s Theorem, at the kth iteration, ∃τk ∈ R+, for any
0 6 α 6 τk, we have [187]

J(V (α)) 6 J(V (0)) +αJ̇(V (0)) +
α2

2
J̈(V (0)) +

α3

6
max

06α6τk

∣∣∣J(3)(V (α))
∣∣∣ .

(4.45)
Again, we need to find a step size α such that J(V (α)) − J(V (0)) 6 0.
From (4.45), we know that the step size α must satisfy 0 6 α 6 τk. Hence,
we first discuss how to find such a τk and then consider the Taylor
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expansion (4.45) to find the upper bound of α. We start the discussion by
defining the Lie bracket operation Lk(A,B),k > 2 as

Lk(A,B) = Lk−1(A,B)B−BLk−1(A,B), k > 2,

with L1(A,B) defined in (4.39).

Lemma 4.12. Let V (α), α ∈ [0, 1], be the geodesic equation which satisfiesExistence of the
unique positive
real root can be

proved by using
Vieta’s formula.

(4.23), where V (α) is orthogonal and Γk is skew-symmetric, and let sk denote
the unique positive real root of the polynomial

µ− η2c2 − 2β0s
4
kc
2 − 2β1s

3
kc
2 − 2β2s

2
kc
2 − 2β3skc

2, (4.46)

where the constants βi, i = 0, 1, 2, 3, are given as

β0 = ‖L4(A, Γk)‖2 +
ni∑
j=1

(∥∥Nj∥∥2 ∥∥L4(Nj, Γk)∥∥2
+4
∥∥L1(Nj, Γk)∥∥2 ∥∥L3(Nj, Γk)∥∥2 + 3 ∥∥L2(Nj, Γk)∥∥22) ,

(4.47)

β1 =4 ‖L3(A, Γk)‖2 +
ni∑
j=1

(
4
∥∥Nj∥∥2 ∥∥L3(Nj, Γk)∥∥2

+12
∥∥L1(Nj, Γk)∥∥2 ∥∥L2(Nj, Γk)∥∥2) ,

(4.48)

β2 =6 ‖L2(A, Γk)‖2 + 6
ni∑
j=1

(∥∥Nj∥∥2 ∥∥L2(Nj, Γk)∥∥2 + ∥∥L1(Nj, Γk)∥∥22) ,

(4.49)

β3 =3 ‖L1(A, Γk)‖2 + 3
ni∑
j=1

∥∥Nj∥∥2 ∥∥L1(Nj, Γk)∥∥2 . (4.50)

Then for any τk ∈ (0, sk), J(3)(V (α)) is bounded from above:

max
06α6τk

∣∣∣J(3)(V (α))
∣∣∣ 6 1

2
θk. (4.51)
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Denote BB> and C>C as B and C, respectively. The constant θk is defined by

θk =



∥∥∥(2Γ3kC L3(C, Γk)
)∥∥∥
F

3
∥∥∥(2CΓ2k L2(C, Γk)

)∥∥∥
F

3
∥∥∥(2CΓk L1(C, Γk)

)∥∥∥
F√

5‖C‖F



>


max
06α6τk

‖W(α)‖F

max
06α6τk

∥∥W(1)(α)
∥∥
F

max
06α6τk

∥∥W(2)(α)
∥∥
F

max
06α6τk

∥∥W(3)(α)
∥∥
F


, (4.52)

where W(α) =
(
X>(α) Rr(α)

)
is the second block row of Φ(α). The upper

bounds on W(α) and its first three derivatives satisfy

max
06α6τk

‖W(α)‖F

max
06α6τk

∥∥W(1)(α)
∥∥
F

max
06α6τk

∥∥W(2)(α)
∥∥
F

max
06α6τk

∥∥W(3)(α)
∥∥
F


6 Θ−1


‖W(0)‖F∥∥W(1)(0)

∥∥
F∥∥W(2)(0)
∥∥
F

‖Ωk‖F +
∥∥∥(Γ4kB L4(B, Γk)

)∥∥∥
F

 ,

(4.53)

where

Θ =


1 −τk 0 0

0 1 −τk 0

0 0 1 −τk

−2β0τkc
2 −2β1τkc

2 −2β2τkc
2 µ− η2c2 − 2β3τkc

2

 .

(4.54)

Proof. The above lemma and the Taylor expansion in (4.45) requires up to
the third-order derivative of the objective function J(V (α)) with respect
to α. These derivatives are computed as

J(V ) =
1

2
tr
(
CR+

(
0 −CV

−V >C V >CV

)
Φ(α)

)
, (4.55a)

J̇(V ) =

1

2
tr
(( 0 −CΓkV

V >ΓkC V >L1(C, Γk)V

)
Φ(α) +

(
0 −CV

−V >C V >CV

)
Φ̇(α)

)
,

(4.55b)
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J̈(V ) =
1

2
tr
(( 0 −CΓ2kV

−V >Γ2kC V >L2(C, Γk)V

)
Φ(α)+(

0 −CΓkV

V >ΓkC V >L1(C, Γk)V

)
2Φ̇(α) +

(
0 −CV

−V >C V >CV

)
Φ̈(α)

)
,

(4.55c)

J(3)(V ) =
1

2
tr
(( 0 −CΓ3kV

V >Γ3kC V >L3(C, Γk)V

)
Φ(α)+(

0 −CΓ2kV

−V >Γ2kC V >L2(C, Γk)V

)
3Φ̇(α) +

(
0 −CΓkV

V >ΓkC V >L1(C, Γk)V

)
3Φ̈(α)+(

0 −CV

−V >C V >CV

)
Φ(3)(α)

)
.

(4.55d)

Noticing that Γk is skew-symmetric and ‖V ‖ = 1, we can derive that

∣∣∣J(3)(V (α))
∣∣∣ 61
2


‖W(α)‖F∥∥W(1)(α)

∥∥
F∥∥W(2)(α)
∥∥
F∥∥W(3)(α)
∥∥
F


>


∥∥∥(2CΓ3k L3(C, Γk)
)∥∥∥
F

3
∥∥∥(2CΓ2k L2(C, Γk)

)∥∥∥
F

3
∥∥∥(2CΓk L1(C, Γk)

)∥∥∥
F√

5‖C‖F

 . (4.56)

Thus, the upper bound of |J(3)(V (α))| depends on the upper bound of
W(α) and its first three derivatives. Since W(α) depends on the step size,
it is reasonable to consider max06α6τk ‖W(α)‖F and its derivatives for
some positive scalar τk. To do so, we consider the generalized Lyapunov
equations in (4.35) and (4.37). Then, the derivatives Φ̈(α) and Φ(3)(α)

satisfy the following generalized Lyapunov equations

AeΦ̈+ Φ̈A>e +

ni∑
j=1

NejΦ̈N
>
ej +Ψ2 = 0, (4.57)

AeΦ
(3) +Φ(3)A>e +

ni∑
j=1

NejΦ
(3)N>ej +Ψ3 = 0, (4.58)
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with

Ψ2 =2

(
0 0

0 V >L1(A, Γk)V

)
Φ̇+ 2Φ̇

(
0 0

0 V >L1(A
>, Γk)V

)

+ 2

ni∑
j=1

((
0 0

0 V >L1(Nj, Γk)V

)
Φ̇N>ej +NejΦ̇

(
0 0

0 V >L1(N
>
j , Γk)V

))

+

(
0 0

0 V >L2(A, Γk)V

)
Φ+Φ

(
0 0

0 V >L2(A
>, Γk)V

)

+

ni∑
j=1

((
0 0

0 V >L2(Nj, Γk)V

)
ΦN>ej +NejΦ

(
0 0

0 V >L2(N
>
j , Γk)V

))

+ 2

ni∑
j=1

(
0 0

0 V >L2(Nj, Γk)V

)
Φ

(
0 0

0 V >L2(N
>
j , Γk)V

)

+

(
0 BΓ2kV

V >Γ2kB V >L2(B, Γk)V

)
,

(4.59)

and

Ψ3 =3

(
0 0

0 V >L1(A, Γk)V

)
Φ̈+ 3Φ̈

(
0 0

0 V >L1(A
>, Γk)V

)

+ 3

ni∑
j=1

((
0 0

0 V >L1(Nj, Γk)V

)
Φ̈N>ej +NejΦ̈

(
0 0

0 V >L1(N
>
j , Γk)V

))

+ 3

(
0 0

0 V >L2(A, Γk)V

)
Φ̇+ 3Φ̇

(
0 0

0 V >L2(A
>, Γk)V

)

+ 3

ni∑
j=1

((
0 0

0 V >L2(Nj, Γk)V

)
Φ̇N>ej +NejΦ̇

(
0 0

0 V >L2(N
>
j , Γk)V

))

+ 6

ni∑
j=1

(
0 0

0 V >L1(Nj, Γk)V

)
Φ̇

(
0 0

0 V >L1(N
>
j , Γk)V

)

+

(
0 0

0 V >L3(A, Γk)V

)
Φ+Φ

(
0 0

0 V >L3(A
>, Γk)V

)
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+

ni∑
j=1

((
0 0

0 V >L3(Nj, Γk)V

)
ΦN>ej +NejΦ

(
0 0

0 V >L3(N
>
j , Γk)V

))

+ 3

ni∑
j=1

(
0 0

0 V >L2(Nj, Γk)V

)
Φ

(
0 0

0 V >L1(N
>
j , Γk)V

)

+ 3

ni∑
j=1

(
0 0

0 V >L1(Nj, Γk)V

)
Φ

(
0 0

0 V >L2(N
>
j , Γk)V

)
+

+

(
0 BΓ3kV

−V >Γ3kB V >L3(B, Γk)V

)
. (4.60)

Denote the second row of Ψi, i = 0, 1, 2, 3, as ZΦi , i = 0, 1, 2, 3. According
to Theorem 4.2,

∥∥W(3)(α)
∥∥
F

is bounded by

(µ− η2c2) max
06α6τk

∥∥∥W(3)(α)
∥∥∥
F
6 c2 max

06α6τk
‖ZΦ3(α)‖F .

Now applying Lemma A.3 in [187] and denoting ZΦ3(0) as Ωk, then we
obtain

(µ− η2c2) max
06α6τk

∥∥∥W(3)(α)
∥∥∥
F
6 c2 ‖Ωk‖F + c

2τk

∥∥∥(Γ4kB L4(B, Γk)
)∥∥∥
F

+ 2c2τk

(
β0 max
06α6τk

‖W(α)‖F +β1 max
06α6τk

∥∥∥W(1)(α)
∥∥∥
F

+β2 max
06α6τk

∥∥∥W(2)(α)
∥∥∥
F
+β3 max

06α6τk

∥∥∥W(3)(α)
∥∥∥
F

)
,

(4.61)

where βi, i = 0, 1, 2, 3 are given by (4.47) to (4.50). Again, repetitively
applying Lemma A.3 in [187] we derive that

max
06α6τk

‖W(α)‖F 6 ‖W(0)‖F + τk max
06α6τk

∥∥∥W(1)(α)
∥∥∥
F

,

max
06α6τk

∥∥∥W(1)(α)
∥∥∥
F
6 ‖W(0)‖F + τk max

06α6τk

∥∥∥W(2)(α)
∥∥∥
F

,

max
06α6τk

∥∥∥W(2)(α)
∥∥∥
F
6 ‖W(0)‖F + τk max

06α6τk

∥∥∥W(3)(α)
∥∥∥
F

.
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Substituting the above inequalities into (4.61), it can be concluded that
the coefficient of max06α6τk

∥∥W(3)(α)
∥∥
F

,

µ− η2c2 − 2β0τ
4
kc
2 − 2β1τ

3
kc
2 − 2β2τ

2
kc
2 − 2β3τkc

2,

must be positive. Then if sk is the unique positive real root of the
above polynomial, τk < sk must hold. Furthermore, the relations of
max06α6τk ‖W(α)‖F and its derivatives yield the linear inequality in
(4.53).

Next, we show that in some cases, the constant θk in (4.51) depends on
‖Γk‖3F proportionally, which indicates how fast the third-order derivative
of J decays.

Proposition 4.13. If the matrices A+A> and Nj +N>j , j = 1, 2, . . . ,ni are
unitarily diagonalizable and τk = ρ1sk, for some constant ρ1 ∈ (0, 1), then
there exists a Vk-independent constant ψ such that

θk < ψ ‖Γk‖3F .

Proof. Now consider the constant θk in (4.52). First, by direct calculation,
we can show that there exists a Vk-independent constant c1 such that

∥∥∥(2CΓ3k L3(C, Γk)
)∥∥∥
F

3
∥∥∥(2CΓ2k L2(C, Γk)

)∥∥∥
F

3
∥∥∥(2CΓk L1(C, Γk)

)∥∥∥
F√

5‖C‖F

 6 c1


‖Γk‖3F
‖Γk‖2F
‖Γk‖F
1

 .

From the last row of (4.53), we know that there holds

µ− η2c2 − 2β3τkc
2 > 0.

Substituting (4.50) into the above inequality, we have

τk ‖L1(A, Γk)‖2 +
ni∑
j=1

∥∥Nj∥∥2 τk ∥∥L1(Nj, Γk)∥∥2 6 µ− η2c2

6c2
,

Assuming that A + A> is unitarily diagonalizable, then there exist a
unitary matrix U satisfying U>U = UU> = I such that

U>(A+A>)U = diag(µ1,µ2, . . . ,µn).
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Then we can derive that

L1

(
diag(µ1,µ2, . . . ,µn),U>ΓkU

)
= L1

(
U>(A+A>)U,U>ΓkU

)
= U>L1

(
A+A>, Γk

)
U,

which means that the ijth entry of U>L1
(
A+A>, Γk

)
U equals the ijth

entry of U>ΓkU multiplied by µi − µj. Hence, there holds∥∥∥U>ΓkU∥∥∥
•
6 max
16i6j6n

(
1

µi − µj

)∥∥∥U>L1 (A+A>, Γk
)
U
∥∥∥
•

⇒‖Γk‖• 6 2 max
16i6j6n

(
1

µi − µj

)
‖L1(A, Γk)‖• .

Similarly, with the assumption that Nj +N>j , j = 1, 2, . . . ,ni are uni-
tarily diagonalizable, one can also prove that ‖Γk‖• is no larger than∥∥L1(Nj, Γk)∥∥• multiplied by some positive constant. Then there exist
positive constants a and nj, j = 1, 2, . . . ,ni such that

τk ‖Γk‖2 6
µ− η2c2

6c2(a +
∑ni
j=1 nj‖Nj‖2)

,

which implies that there exists a positive constant c2 such that

τk ‖Γk‖F 6 c2.

Now we apply Theorem 4.2 to the generalized Lyapunov equations in
(4.35), (4.37), (4.57) and (4.58) for the step size α = 0. By knowing that
τk ‖Γk‖F is upper bounded by a constant, we can derive that

‖W(0)‖F∥∥W(1)(0)
∥∥
F∥∥W(2)(0)
∥∥
F

‖Ωk‖F +
∥∥∥(Γ4kB L4(B, Γk)

)∥∥∥
F

 6 c3


1

‖Γk‖F
‖Γk‖2F
‖Γk‖3F
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for some Vk-independent constant c3. To compute the upper bound of θk,
we still need to compute the inverse of Θ in (4.54), which is

Θ−1 =
1

det(Θ)


c3 + c2τk + c1τ

2
k c3τk + c2τ

2
k c3τ

2
k τ3k

−c0τ
2
k c3 + c2τk c3τk τ2k

c0τk −τk(c1 + c0τk) c3 τk

−c0 −c1 − c0τk −c2 − c1τk − c0τ
2
k 1

 ,

(4.62)
where the determinant is

det(Θ) = µ− η2c2 − 2β0τ4kc
2 − 2β1τ

3
kc
2 − 2β2τ

2
kc
2 − 2β3τkc

2 > 0,

since τk = ρ1sk and the constants ci, i = 0, 1, 2, 3 are simply the entries
in the last row of Θ, i.e.,

ci =

{
−2βic

2τk, i = 0, 1, 2,

µ− η2c2 − 2β3c
2τk, i = 3.

Note that c3 > 0 and ci < 0, i = 0, 1, 2. Since the determinant det(Θ) is
positive, every entry of Θ−1 is positive. Let dij denote the ijth entry of
the matrix det(Θ) ·Θ−1. From the fact that τk ‖Γk‖F is upper bounded by
a Vk-independent constant, we can find that there exists a Vk-independent
constant c4 such that

dij 6

{
c4τ

j−i
k , i 6 j,

c4 ‖Γk‖i−jF , i > j.

Then from (4.52) to (4.54), we can compute that

θk 6
c1c3 ‖Γk‖3F

∑
16i6j64 dij ‖Γk‖

j−i
F

det(Θ)

6
c1c3(10+ 3c2 + 2c

2
2 + c

3
2)c4 ‖Γk‖

3
F

det(Θ)

<
c1c3(10+ 3c2 + 2c

2
2 + c

3
2)c4

(µ− η2c2)(1− ρ1)
‖Γk‖3F .

The proof is thus completed.

The above proposition shows that the maximum absolute value of the
third-order derivative max06α6τk

∣∣J(3)(V (α))
∣∣ converges to zero as fast
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as ‖Γk‖3F as long as the matrices A+A> and Nj +N>j , j = 1, 2, . . . ,ni are
unitarily diagonalizable. Now we are ready to discuss how to find an
effective upper bound for the step size α in the line search by considering
the Taylor expansion of J in (4.45). Recall that J̇(V (0)) = −1/2 ‖Γk‖2F. And
for convenience, we denote J̈(V (0)) as 1/2γk, which can be computed
from (4.26). Then an effective step size α which guarantees J(V (α)) −

J(V (0)) 6 0 satisfies

αk(− ‖Γk‖2F +
αk
2
γk +

α2k
6
θk) 6 0. (4.63)

Let φk be the unique positive root of the polynomial in (4.63), which is

φk =
−3γk +

√
9γ2k + 24θk ‖Γk‖

2
F

2θk
. (4.64)

Then if 0 6 α 6 φk, the inequality (4.63) is satisfied. Combining the fact
that 0 6 α 6 τk, we have the adaptive upper bound of the step size α.

Theorem 4.14. Let τk be the constant given by Lemma 4.12 and φk be given
by (4.64). Then, if the line search step size α satisfies

0 6 α 6 min(τk,φk),

then there holds J(V (α)) − J(V (0)) 6 0,k = 0, 1, 2, . . . , for any initial guess
V0 ∈ Rn×r with V>0 V0 = Ir. Furthermore, for any smaller step size α =

min(ρ1τk, ρ2φk) with ρ1,2 ∈ (0, 1), the objective function J is non-increasing.

Proof. In Lemma 4.12, we have already proved that the step size α should
satisfy α = ρ1τk for some constant ρ1 ∈ (0, 1). Hence, here we only
show that if ∀ρ2 ∈ (0, 1) α 6 ρ2φk, then the objective function J is non-
increasing. To do so, we consider the inequality in (4.63). If there exists
such a constant, then we have

θkαk
6

αk + 3γk +
√
9γ2k + 24θk‖Γk‖2F
2θk

 (αk −φk)

6
3γk +

√
9γ2k + 24θk‖Γk‖2F
12

αk(αk −φk)

6
3γk +

√
9γ2k + 24θk‖Γk‖2F
12

φk(ρ2 − 1)αk = (ρ2 − 1)‖Γk‖2Fαk 6 0.
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It is immediate that 0 < ρ2 < 1 is the condition to guarantee the decrease
of the objective function, which means that for k→∞, Γk → 0.

4.2.3 Matching Steady State

In Chapter 3, we addressed matching the steady state for time domain
simulations. For MOR of bilinear dynamical systems, matching the steady
state is still relevant, as time domain simulations are usually used to
demonstrate the approximation accuracy of the reduced-order system. If a
bilinear dynamical system is obtained by transforming an LPV system, the
input signals are generally not Dirac functions. When the low frequency
behavior of the system is dominant or the system reaches its steady state
for a non-impulsive input, the reduced-order system can introduce extra
bias in the time domain simulation. To overcome such a problem so as to
make the reduced-order model more accurate, one can match the steady
state by adding an input-dependent feedthrough term to the output
equation of (4.3).

Consider the bilinear dynamical system in (4.2). Suppose that the
steady state is x̄(t), then from ˙̄x(t) = 0 we have

x̄(t) = −

A+

ni∑
j=1

Njuj(t)

−1

Bu(t).

The steady state output is ȳ(t) = Cx̄(t). Similarly, the steady state of the
reduced-order system in (4.3) is

x̄r(t) = −

Ar + ni∑
j=1

Nrjuj(t)

−1

Bru(t).

Correspondingly, the reduced-order steady state output is ȳr(t) = Crx̄r(t).
If the steady states of the full-order and the reduced-order systems are
matched, we have ȳ(t) = ȳr(t). Then the next corollary directly follows.

Proposition 4.15. Define an input-dependent matrix Dss(t) by

Dss(t) = Cr

(
Ar +

ni∑
j=1

Nrjuj(t)
)−1

Br −C
(
A+

ni∑
j=1

Njuj(t)
)−1

B. (4.65)
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The steady states of the full-order and the reduced-order systems are matched if
the output of the reduced-order system in (4.3) is given by

yr(t) = Crxr(t) +Dss(t)u(t).

By matching the steady state, the reduced-order system can mimic the
low frequency behavior of the original system. If only the high frequency
behavior of the system is of interest, matching the steady state can make
the approximation worse, which is not advisable.

Although a large-scale system (A+
∑ni
j=1Njuj(t))z = B needs to be

solved at each time instant, the computational effort is still much less than
solving the original bilinear dynamical system. A more effective method
would be only computing the steady state of the full-order system at
some sampled values of u(t) offline and then applying an interpolation
technique or the reduced basis method [165] online to achieve a speedup,
which can be a future research direction.

To close this section, we provide a complete algorithm for reducing a
bilinear dynamical system by the proposed method. As for the constant
step size method, one can compute the step size by Lemma 4.10 and
Theorem 4.11, and then simply substitute it into Algorithm 3. Thus, only
the adaptive step size case is discussed.

In Algorithm 4, λ(·) stands for the eigenvalue of a matrix. If A+A> is
negative definite, µ = λmin(−A−A>) is used. Otherwise, µ < 2λmin(−A)

must hold. For the constant c, only if A is unitarily diagonalizable, c = 1
holds. In case that the matrix A is not unitarily diagonalizable, c depends
on ‖T‖‖T−1‖, if A = TΛT−1 for some diagonal matrix Λ. For the case of
A having non-trivial Jordan blocks, c cannot be computed numerically.
The algorithm is considered to be converged when the norm of the
Riemannian gradient Gk is smaller than a user-specified tolerance or a
maximum number of iterations is reached. Similar to BIRKA, one can also
check the eigenvalues of the reduced-order matrix Ar. If the change of
the eigenvalues is small enough, the resulting projection matrix Vk is
also close to the optimal one.

The computational cost of Algorithm 4 is mainly dominated by solving
the second row of the generalized Lyapunov equations in (4.35), (4.37),
(4.57) and (4.58), i.e., the corresponding generalized Sylvester equations
and the reduced-order generalized Lyapunov equations for the matrices
Xk,Rrk, Yk,Qrk and their derivatives. Since the reduced-order r is usually
much smaller than n, the computational cost mainly comes from solving
the generalized Sylvester equations. In this thesis, we use direct solvers
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naively, that is, solving the matrix equations by vectorizing them first and
then solving the corresponding linear system of equations directly. Hence,
the computational cost is scaled with n3. Other efficient methods such as
the fixed point method in [159], ADI-preconditioned Krylov method in
[63] and even an extended version of the residual approximation-based
iterative Lyapunov solver (RAILS) in [16] can be employed to reduce the
computational complexity.

Algorithm 4 H2 MOR by Gradient Descent on Gn,r with adaptive step
size
Input: State space matrices A,B,C,Nj, j = 1, 2, . . . ,ni and initial guess

of the projection matrix V0. Two constants ρ1,2 ∈ (0, 1).
Output: H2 optimal reduced-order system matrices Ar,Br,Cr,Nrj, j =

1, 2, . . . ,ni and the optimal projection matrix V?.

1: Compute µ 6 2λmin(−A), η =
√
‖
∑ni
j=1NjN

>
j ‖2 and the constant c.

2: Compute the Gramians Re and Qe to evaluate the objective function
J in (4.19).

3: while not converged (k = 0 : K− 1) do
4: Compute the Gramians Xk,Rrk, Yk,Qrk according to the general-

ized Lyapunov equations in (4.16a) and (4.16b), respectively.
5: Compute the Euclidean gradient JVk by (4.20).
6: Compute the Riemannian gradient Gk = ∇J(Vk) by (3.26). Set the

line search direction as ξk = −Gk.
7: Compute Γk = VkJ

>
Vk

− JVkV
>
k .

8: Compute βi, i = 0, 1, 2, 3 by (4.47) – (4.50) and solve (4.46) to derive
sk.

9: Solve the second row of the generalized Lyapunov equations in
(4.35), (4.37), (4.57) and (4.58).

10: Compute γk = 2J̈(Vk) by (4.55c). Compute θk by (4.52) and (4.53).
11: Compute φk by (4.64). Set α = min(ρ1sk, ρ2φk).
12: Set Vk+1 = V (α,Vk, ξk) by (4.21).
13: end while
14: Set V? = VK and compute the optimal reduced-order system matrices

by (4.3).

During the reduction, the reduced-order r needs to be determined.
One heuristic method is to investigate the decay rate of

√
λ(QR), which

can be considered as a generalization of the Hankel singular values of LTI

systems. Although these values are not really the Hankel singular values
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of the system in general, they still provide a hint on how well a system
can be approximated at a certain order. Another method would be trial
and error. By reducing the system to different orders and considering
the computational cost, one could determine r. In the numerical exam-
ples, we investigated the decay rate of the aforementioned generalized
Hankel singular values. For both examples, a reduced-order system of
dimension 10 can guarantee the approximation accuracy as well as the
low computational cost.

Remark 4.4. An important point we would like to address is that during the
MOR process, the bilinear dynamical system only serves as an auxiliary system.
It is clear that if, e.g., the parameters are constant (like material parameters), the
resulting auxiliary input function cannot be an L2 function unless the parameter
were zero. Nevertheless, once we have the form of a bilinear system, we ignore
this discrepancy and assume that we have L2 inputs and that the H2 norm of the
auxiliary bilinear system exists. This allows us to compute an H2-(sub)optimal
reduced-order model. We use the projection subspaces that lead to the reduced
bilinear system then for the original LPV system to obtain a reduced-order LPV

system. There are no claims about stability of the reduced-order LPV system,
and also not about optimality with respect to any norm that could measure the
approximation quality. The usage of the associated low-dimensional subspaces
in order to compute a reduced-order LPV system is only a heuristic, but the
numerical experiments in the next section, also in the literature introducing
this “trick" (see, e. g., [49, 50]), demonstrate that it often works very well.
Furthermore, by considering the bilinear dynamical systems from, it is possible
to keep the physical relevance of the parameters. For example in the example
of a heat equation with Robin boundary conditions, the parameter comes from
convective boundary conditions. Its physical interpretation is preserved in the
reduced-order model.

4.3 case studies i

Two numerical examples are studied to demonstrate the effectiveness of
the proposed method. The first example is modified from the synthetic
example in [57]. The second example is from the heat equation model.
To make the case more interesting we study a 2D heat equation with
Dirichlet boundary conditions and Robin boundary conditions, so the
convection effect enters the system from Robin borders. In both exam-
ples, the system matrix A is unitarily diagonalizable. Hence, the related
constant c is c = 1.



4.3 case studies i 129

4.3.1 The Synthetic Model

In this case study, we introduce another modification of the synthetic
model in [57] to make it suitable for our assumptions in this chapter. The
detailed information of the system matrices have already been introduced
in Chapter 3. The system is modified to

ẋ(t) = (A0 + 50 ·A1)︸ ︷︷ ︸
A

+N1u1(t)x(t) + 0.01 ·A1︸ ︷︷ ︸
N2

u2(t)x(t)+

(
B 0

)(u1(t)
u2(t)

)
,

y(t) =Cx(t),

where u1(t) is the original input signal and N1 = 0. The second input
u2(t) ∈ (0, 100] is the time-varying parameter. In this setting, 1000 = µ >
η2 = 100 and the matrix A is Hurwitz. Hence, the Gramians exist. The
system dimension is reduced from n = 100 to r = 10 with the cut-off
generalized Hankel singular values smaller than 10−9. In Figure 4.1 we
show the time domain simulations of the full-order and the reduced-order
systems for the parameter variation u2(t) = 50+ 50 sin(0.8πt+ 4π/3) and
the input u1(t) = 16+ 20 cos(0.4πt), which is a sinusoidal signal as well.
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reduced-order model
rom matching steady state
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100
Absolute response error

without matching steady state
matching steady state

Figure 4.1. Time domain simulation and the absolute response error of the
synthetic model in bilinear dynamical systems setting.
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In this example, the steepest descent optimization terminates when the
norm of the gradient is less than 10−4 and it takes 474 iterations. Let the
relative approximation error in the H2 norm sense be defined as

‖Σbl − Σ̂bl‖H2

‖Σbl‖H2

.

The relative approximation error for this example is about 0.0066.
Both the input and the parameter variation are low frequency signals

in this test. Hence matching the steady state would be relevant. It can be
seen that without matching the steady state, although the dynamics are
captured, there is a mismatch in the amplitude of the output. By matching
the steady state, this mismatch (in the absolute value) is reduced from
10−1 to 10−3. The uniform line search step size given by Theorem 4.11 in
this example is around 1.18 · 10−6. The minimal value for the adaptive
step size is about 0.0197 which is much larger. Although the uniform step
size can guarantee convergence, the convergence speed is very slow. By
proposing the adaptive step size, the convergence rate has a significant
speed up. If we compare the convergence speed in the first 100 iterations,
the adaptive step size method is about 4 million times faster than the
uniform step size method.

4.3.2 2D Heat Transfer Model

The second example is a 2D heat transfer model, which is a modified
version of the one in [47]. The system is governed by the PDE

ρCTt = κ(Txx + Tyy), (x,y) ∈ [0, 1]2,

with the boundary conditions:

• Dirichlet boundary conditions on left and right, T = 0;

• Robin boundary conditions on top and bottom,
n · ∇T = 0.25(T − 1)S(t, x,y),

with S(t, x,y) the space and time-dependent source term and n the
normal vector. Spatial discretization leads to a bilinear dynamical system

ẋ(t) = Ax(t) +N1x(t)u1(t) +N2x(t)u2(t) +Bu(t),

y(t) = Cx(t).
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Suppose that the number of grid points is ng = 10, then the system has
102 = 100 states. The output is taken as the sum of the temperature at
all the grid points scaled by 1/n2g, i.e., the average temperature. Again,
we reduce the system dimension to 10. The cut-off generalized Hankel
singular values are all less than 10−5. In 250 iterations, the relative
H2 approximation error is reduced from about 0.9717 to about 0.1619.
Admittedly, the relative error is rather large, but qualitatively, the reduced-
order system can still capture the dynamical behavior of the original
system.

In this example, the uniform line search step size is 0.0015. However,
the minimal value of the adaptive step size is about 25.3831 and the
step sizes are within the interval [10, 103], which certainly exceed 1, but
convergence is still guaranteed. We observed that the magnitude of the
step size is closely related to the scaling of the output. If we scale the
output by a factor of 100, the step sizes will lie in the interval [10−3, 10−1].
For testing purposes, the first input channel is set to a step function
with amplitude 100. The second input signal is set to a sinusoidal wave
u2(t) = 10 sin(πt) + 15. Time domain simulation results and the absolute
response errors are depicted in Figure 4.2. In this numerical test, the
system response reaches the steady state and only varies according to
the second input, which is a sinusoidal wave. Hence matching steady
state would give a better time domain approximation. It can be seen
that without matching the steady state, the mismatch in the output
amplitude is really non-negligible. In this case the mismatch is at the
same level as the output signal (10−1). By matching the steady state,
although there is still a mismatch in the amplitude, the absolute response
error is suppressed to the level of 10−3, which results in the relative
response error at the level of 10−2.

In both examples, it is showed that the adaptive line search step size
method solves the H2 MOR problem for bilinear dynamical systems more
effectively than the uniform line search step size method. However, a
large number of iterations is still needed to reach the local optimum. To
further reduce the number of iterations so as to speed up the optimization
algorithm, the Newton-like methods proposed in [21, 22] is of great
interest in the future work.
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Figure 4.2. Time domain simulation and the absolute response error of the 2D
heat transfer model.

4.4 a special parametric case : model order reduction for

bilinear dynamical systems with inhomogeneous ini-
tial conditions

As we briefly discussed at the beginning of this chapter as well as in
Chapter 2, the zero initial condition assumption can cause large simu-
lation deviations in the reduced-order model when the system initial
condition is no longer zero. For LTI systems, this problem has been ad-
dressed and solved by different methods proposed in [102] and [29]. The
key idea to deal with the nonzero initial condition is to consider it as
an additional input which lives in a lower dimensional subspace and
decompose the system responses by applying the superposition principle.
For nonlinear systems, however, the superposition principle does not
apply anymore. Then to deal with the nonzero initial condition issue, the
authors in [26] propose to augment the system with an auxiliary input
which corresponds to the initial condition effect. However, this method
may still fail to capture the initial condition effect or over-emphasize it.
Furthermore, for certain nonlinear systems, such as bilinear dynamical
systems, we show that one can still decompose the system responses and
reduce each corresponding system to achieve a higher accuracy.

We start the discussion with SISO bilinear dynamical systems. Later
we will generalize the idea to MIMO cases. Consider a SISO bilinear dy-
namical system given by the state space form in (4.2) with nonzero initial
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condition x0 6= 0. Hence ni = no = 1. Again, we assume that the system
is BIBO stable, which means that the matrix A is Hurwitz and the matrix
N = N1 is sufficiently bounded. The goal is to find a reduced-order
system, or a group of reduced-order systems such that the reduced-
order system response yr(t) provides an accurate approximation of y(t)
without specifying the input u(t) and the initial condition x0. A natural
idea to tackle this problem is to translate the state vector from x(t) to
z(t) = x(t) − x0, which is proposed in [26]. Then the problem amounts
to finding a reduced-order model of the following bilinear dynamical
system

Σ̃bl :


ż(t) = Az(t) +Nz(t)u(t) +

(
B+Nx0 Ax0

)(u(t)
1

)
,

y(t) = Cz(t) +Cx0, z(0) = 0.

(4.66)

Such a method is quite restrictive since it requires the exact knowledge of
the initial condition. When the initial condition changes, it is not expected
to provide a good approximation of the system anymore. Thus a new
reduction is necessary. In multi-query applications, multiple reductions
need to be computed as long as the initial condition has different values,
which causes a large amount of computational effort. In such a case,
the initial condition can be regarded as a parameter entering the sys-
tem. Hence, one can consider this problem as a special parametric MOR

problem.
The key concept to tackle this problem is to assume that the initial

condition lives in a low dimensional subspace X0 = span{X0} ⊂ Rn with
dimension n0 � n. Then the initial condition can be expressed as x0 =
X0u0. For LTI systems, [29] showed that by applying the superposition
principle, the system responses to the input and the initial condition
can be fully decoupled. Correspondingly, two systems can be built to
represent the original system response, which is simply the sum of the
responses of those two systems. A schematic plot is shown in Figure 4.3a
to demonstrate this concept. For bilinear dynamical systems, although the
superposition principle is not applicable anymore, the system response
can still be decomposed by applying the Volterra series analysis. Again,
the response contains the one only corresponding to the input and
the one only corresponding to the initial condition. However, there is
still a remaining part, which describes the coupling effect of the initial
condition and the input. Hence, three instead of two systems are obtained
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to describe the full response of a bilinear dynamical system with a
nonzero initial condition. The schematic plot in Figure 4.3b shows this
decomposition.

ΣLTI

x0 = X0u0

u(t) yu(t)

yx(t)

a. Schematic plot of decompo-
sition of LTI systems. The
output is y(t) = yu(t) +
yx(t).

Σbl

x0 = X0u0

u(t) yu(t)

yx(t)
yxu(t)

b. Schematic plot of decomposi-
tion of bilinear dynamical sys-
tems. The output is y(t) =
yu(t) + yx(t) + yxu(t).

Figure 4.3. Schematic plot of system decomposition.

4.4.1 System Response Decomposition

Since a BIBO stable bilinear dynamical system has a convergent Volterra
series, its response or output y(t) can be explicitly decomposed as [62]

y(t) = yx(t) + yu(t) + yxu(t),

where
yx(t) = Ce

Atx0 = Ce
AtX0u0 (4.67)

is the zero input response,

yu(t) =

∞∑
k=1

∫t
0

∫τk
0

· · ·
∫τ2
0

CeA(t−τk)NeA(τk−τk−1)N · · ·

·Neτ2−τ1Bu(τ1) · · ·u(τk−1)u(τk)dτ1 · · ·dτk−1dτk

(4.68)

is the zero initial condition response, and

yxu(t) =

∞∑
k=1

∫t
0

∫τk
0

· · ·
∫τ2
0

CeA(t−τk)NeA(τk−τk−1)N · · ·Neτ2−τ1

· B̃(τ1)u(τ1) · · ·u(τk−1)u(τk)dτ1 · · ·dτk−1dτk,

(4.69)
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with B̃(t) = NeAtX0u0 describes the coupling effect of the input and the
nonzero initial condition. First, we notice that the response yx(t) in (4.67)
is the output of the following LTI system

Σx :

{
ẇx(t) = Awx(t) +X0ux(t),

yx(t) = Cwx(t), wx(0) = 0,
(4.70)

with the input ux(t) = u0δ(t), i.e., the scaled Dirac function. Second,
the response yu(t) is the response of the system Σbl in (4.2) with x0 =

0, i.e., it follows the bilinear dynamical system having the state-space
representation

Σu :

{
ẇu(t) = Awu(t) +Nwu(t)u(t) +Bu(t),

yu(t) = Cwu(t), wu(0) = 0.
(4.71)

Lastly, the response yxu(t) is the output of a time-varying bilinear dy-
namical system with the state-space representation

Σxu :

{
ẇxu(t) = Awxu(t) +Nwxu(t)u(t) +Bxu(t)u0u(t),

yxu(t) = Cwxu(t), wxu(0) = 0,
(4.72)

where Bxu(t) = NeAtX0. In the decomposed setting, the initial conditions
of Σx, Σu and Σxu are all zero.

Remark 4.5. There exists another method to decompose the system response,
which does not require to carry out the Volterra series analysis of the system
(4.2). Clearly we know that the input-to-state response of the system contains the
zero-input response wx(t) = eAtX0u0, which is the response of the differential
equation ẇx(t) = Awx(t) with wx(0) = x0 and the zero initial condition
response wu(t) which can be obtained from the state equation of (4.71). Then
defining the remaining part of the system state as ε(t) = x(t) −wx(t) −wu(t),
we can derive that

ε̇(t) = ẋ(t) − ẇx(t) − ẇu(t) = Aε(t) +Nε(t)u(t) +Nwx(t)u(t)

= Aε(t) +Nε(t)u(t) +NeAtX0u0u(t).

It is immediate that ε(t) satisfies the state equation in (4.72). Hence, ε(t) =
wxu(t).



136 a bilinear H2 model order reduction approach to lpv systems

4.4.2 Kernel Energy Averaging

The time-varying behavior of system Σxu in (4.72) causes extra difficul-
ties when the system needs to be reduced. In the following, we consider
the Gramians of the system and introduce the kernel energy averaging
concept to find a time invariant bilinear dynamical system, which is
equivalent to system Σxu in the sense of the averaged (or total) Volterra
kernel energy. Then MOR can be performed on the equivalent time invari-
ant bilinear dynamical system.

The reachability and observability Gramians still follow the conven-
tional definitions [62, 67] for bilinear dynamical systems. Let

P1(t, τ1) = eA(t−τ1)Bxu(τ1),

Pk(t, τ1, . . . , τk) = eA(t−τk)N · · ·NeA(τ2−τ1)Bxu(τ1), k > 2.
(4.73)

Upon existence, for any t > 0 the time-varying reachability Gramian is
defined as

R(t) =

∞∑
k=1

∫t
−∞
∫τk
−∞ · · ·

∫τ2
−∞ PkP>k dτ1 · · ·dτk−1dτk. (4.74)

Similarly, let tk−1 denote τk − τk−1, k > 2, let tk denote t − τk, the
observability Gramian Q is still defined as the one in (4.13). Notice
that here, only the reachability Gramian R(t) is time-varying because
the matrix Bxu(t) defining system (4.72) is time-dependent. Both of the
Gramians R(t) and Q are symmetric and positive semi-definite.

Proposition 4.16. The time-varying reachability Gramian R(t) given by (4.74)
is the solution of the generalized DLE:

Ṙ(t) = AR(t) + R(t)A> +NR(t)N> +Bxu(t)B
>
xu(t), R(0) = 0, (4.75)

if it exists. The observability Gramian Q is the solution of the generalized
Lyapunov equation (4.14).

Proof. Differentiating R(t) in (4.74), applying the Leibniz integral rule
and using the fact of a Hurwitz A matrix, the DLE (4.75) can be obtained.
The condition R(0) = 0 is from the fact that if t = 0 in (4.74), we steer the
system from zero state to zero state (initial state is always zero), hence
no input is required. The observability part is a standard result.



4.4 mor for bilinear systems with inhomogeneous initial conditions 137

Recalling the system response yxu(t) in (4.69), the system Σxu in (4.72)
has the Volterra kernels:

hxu,1(t, τ1) = CeA(t−τ1)Bxu(τ1),

hxu,k(t, τ1, . . . , τk) = CeA(t−τk)N · · ·NeA(τ2−τ1)Bxu(τ1), k > 2.
(4.76)

We define the energy of the Volterra kernels as

Exu :=

√√√√ ∞∑
k=1

∫∞
0

∫t
0

· · ·
∫τ2
0

hxu,kh
>
xu,kdτ1 · · ·dτkdt, (4.77)

which can be seen as the averaged (or total) kernel energy for t ∈ [0,∞).

Theorem 4.17. The Volterra kernel energy given by (4.77) satisfies

Exu =
√
CR̄C> =

√
tr
(
X>0 Q̄X0

)
, (4.78)

where R̄ is the solution of

AR̄+ R̄A> +NR̄N> +NPN> = 0, (4.79)

with
AP+ PA> +X0X

>
0 = 0, (4.80)

and Q̄ is the solution of

A>Q̄+ Q̄A+N>QN = 0, (4.81)

with Q the solution of (4.14).

Proof. The kernel energy Exu defined by (4.77) can be written as

Exu =

√
C

∫∞
0

R(t)dtC> =

√
tr
( ∫∞
0

B>xu(t)QBxu(t)dt
)

.

Denoting
∫∞
0 R(t)dt as R̄ and integrating (4.75), we have

R(∞) − R(0) = AR̄+ R̄A> +NR̄N> +

∫∞
0

Bxu(t)B
>
xu(t)dt.
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Note that here the matrix A is Hurwitz, so R(∞) = 0 = R(0). The integral
term

∫∞
0 Bxu(t)B

>
xu(t)dt is computed as∫∞

0

Bxu(t)B
>
xu(t)dt = N

∫∞
0

eAtX0X
>
0 e
A>tdtN> = NPN,

where P is the solution of (4.80). Similarly, another integral term∫∞
0

B>xu(t)QBxu(t)dt

is computed as∫∞
0

B>xu(t)QBxu(t)dt = X
>
0

∫∞
0

eA
>tN>QNeAtdtX0 = X

>
0 Q̄X0,

where Q̄ is certainly the solution of (4.81).

Corollary 4.18. The Volterra kernel energy Exu in (4.77) also satisfies

Exu =

√
tr
(
NPN>Q

)
, (4.82)

where P and Q are solutions of (4.80) and (4.14), respectively.

Proof. The kernel energy Exu can be computed as

Exu =

√
tr
( ∫∞
0

B>xu(t)QBxu(t)dt
)

=

√
tr
( ∫∞
0

Bxu(t)B>xu(t)dtQ
)
=

√
tr
(
NPN>Q

)
.

The Gramians R̄ and Q̄ quantify the averaged reachability and observ-
ability for t ∈ [0,∞), respectively. Now we are at the position where we
can give a time invariant bilinear dynamical system that is equivalent to
Σxu in (4.72) in the sense of the averaged Volterra kernel energy Exu.
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Theorem 4.19. Assume that the system Σx in (4.70) is reachable. Then the
Gramian P is positive definite. Let P = LL> be the solution of (4.80) and
L ∈ Rn×n be its Cholesky factor. The Volterra kernel energy of the system

Σ̄xu :

{
˙̄wxu(t) = Aw̄xu(t) +Nw̄xu(t)u(t) +NLūxu(t),

ȳxu(t) = Cw̄xu(t), w̄xu(0) = 0,
(4.83)

with ūxu(t) = w(t)u0u(t) for an unknown matrix function w(t) ∈ Rn×n0 ,
equals Exu in (4.77). That is, the two systems Σxu and Σ̄xu are equivalent in
the sense of the averaged Volterra kernel energy.

Proof. It can be checked that the Volterra kernel energy of system Σ̄xu is

Ēxu =

√
tr
(
CR̆C>

)
=

√
tr
(
L>N>QNL

)
,

where R̆ is the solution of

AR̆+ R̆A> +NR̆N> +NLL>N = 0.

Noticing that P = LL>, we have R̆ = R̄ and Ēxu = Exu. If we consider√
tr
(
L>N>QNL

)
, then it is not difficult to see that

√
tr
(
L>N>QNL

)
=

√
tr
(
NLL>N>Q

)
=

√
tr
(
NPN>Q

)
.

Then by Corollary 4.18, we also have Ēxu = Exu.

As a result, when considering H2 norm based MOR methods for system
Σxu, one can construct the projection matrices for system Σ̄xu, which
completely avoids the time-varying matrix Bxu(t). Then using the pro-
jection matrices to reduce system Σxu. Another merit of considering the
equivalent system Σ̄xu is that if Lyapunov-type approximation method
is applied to system Σx in (4.70) (for example balanced truncation), the
matrix P or its Cholesky factor L is immediately available. Since the
Cholesky factor L often has low rank, one can approximate P by P ≈ L̂L̂>
with L̂ ∈ Rn×nL and nL � n to gain more numerical advantages.
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4.4.3 Model Order Reduction for System Σxu

The reduction of systems Σx in (4.70) and Σu in (4.71) follows the con-
ventional MOR methods for LTI systems and bilinear dynamical systems,
respectively. To reduce system Σx, one can apply the balanced truncation
method, which provides an error bound in terms of the H∞ norm (energy-
to-energy gain) or the IRKA method for an H2 norm (energy-to-peak gain)
optimal approximation, for example see [12, 98]. If balanced truncation
is applied, the reachability Gramian P can be used in constructing the
equivalent system as well as reducing the system Σxu. IRKA seems a
better choice here because only the impulse response of Σx in (4.70) is of
interest. The H2 optimal approximation minimizes the impulse response
energy of the error system [98]. To reduce the bilinear dynamical system
Σu in (4.71), balanced truncation, truncated-Gramian balanced truncation
([44]), BIRKA and truncated-BIRKA ([79]) can be applied. Again, if the
balanced truncation is applied, the observability Gramian Q can be used
to reduce system Σxu. In the rest of this section, we concentrate on the
reduction of system Σxu.

Consider system Σxu given by (4.72). After the projection-based MOR

method is applied, we can obtain the reduced-order system matrices

Âxu =W>xuAVxu, N̂xu =W>xuNVxu,

B̂xu(t) =W
>
xuBxu(t), Ĉxu = CVxu,

(4.84)

with W>xuVxu = Irxu and rxu is the dimension of the reduced-order
approximation of Σxu. The matrix B̂xu(t) is defined as

B̂xu(t) =W
>
xuBxu(t) =W

>
xuNe

AtX0, (4.85)

where the full-order matrix exponential function eAt still needs to be
evaluated in the simulation of the reduced-order model. To solve this
problem, we propose to reduce the computational complexity of Bxu(t)
by reducing another LTI system, which has the state-space representation

ΣB :

{
ẇB(t) = AwB(t) +X0uB(t),

Bxu(t) = NwB(t), wB(0) = 0,
(4.86)

with uB(t) = In0δ(t). The reachability Gramian of system ΣB is again
P, i.e., the solution of (4.80). Hence, if balanced truncation is applied to
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reduce system ΣB, we only need to compute the observability Gramian
by solving

A>QB +QBA+N>N = 0,

which saves almost half of the computational effort. The difference be-
tween Bxu(t) and its balanced truncation approximation B̂xu(t) is [12]

‖Bxu − B̂xu‖L2 6

2 n∑
i=rB+1

σB,i

 ‖uB‖L2 ,
where σB,i, i = 1, 2, . . . ,n are the Hankel singular values of system ΣB.
If matrix N is sparse and has low rank, which is often the case, rB is
usually much smaller than n.

One may notice that again we are only interested in the impulse
responses of system ΣB. Hence, IRKA can be more effective than balanced
truncation. Although there is no prior knowledge of the approximation
error, IRKA provides an optimal approximation of system ΣB in the sense
of the impulse response energy. The second advantage of IRKA is that
the reduced-order system only depends on the subspace spanned by the
projection matrices. Then one can first get a low rank matrix LN ∈ RnN×n

with span{L>N} = span{N>} and then use LN as the output coefficient
matrix to construct the projection matrices.

To reduce system Σxu given by (4.72), we propose two methods in the
following.

1. The first one is a balanced truncation type method. Instead of bal-
ancing the original time-varying reachability Gramian R(t) in (4.74)
and the observability GramianQ in (4.13), we consider the averaged
Gramians R̄ and Q̄. Although two more Lyapunov equations need
to be solved, we avoid solving the generalized DLE (4.75), which is a
far more complicated and numerically expensive task. By balancing
the averaged Gramians R̄ and Q̄, the projection matrices can be
obtained by using the conventional algorithms which are designed
for LTI systems, e. g., the square-root method (see, e. g., [12]).

2. The second method is a BIRKA type of method (see, e. g., [47]).
As it is only applicable to constant coefficient bilinear dynamical
systems, we propose to use the system matrices in (4.83) rather
than the system matrices of system Σxu itself. Notice that in (4.83),
the system has two types of inputs, the first is the original input
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u(t) and the second is ūxu(t). To apply BIRKA, we treat them as
two independent inputs and augment the state equation as

˙̄wxu(t) = Aw̄xu(t) +
1+nL∑
j=1

Njw̄xuūi(t) + B̄xuū(t),

whereN1 = N andNj = 0n×n, j = 2, 3, . . . ,nL+1, B̄xu = (0n×1,NL̂)
and ū(t) = col(u(t), ūxu(t)). In the augmentation we use the low
rank factor L̂ of P. The Volterra kernel energy is expected to be
quite close to the averaged kernel energy Exu. And a tall matrix
B̄xu may reduce the computational complexity of BIRKA.

In conclusion, the MOR problem for the bilinear dynamical system Σ

in (4.2) with inhomogeneous initial conditions can be recast as reducing
systems Σx, Σu, Σxu (or Σ̄xu) and ΣB independently. Up to now, all
the discussions were carried out for SISO bilinear dynamical systems. In
fact, all results can be generalized to MIMO systems. In the following
subsection, we briefly explain this generalization.

4.4.4 Generalization to MIMO systems

In the MIMO context, the bilinear system in (4.2) has more than one input
and output channels, i.e., ni > 1 and no > 1. Then the system Σx is still
as same as the one given by (4.70). However, with more input and output
channels, the system Σu becomes

Σu :


ẇu(t) = Awu(t) +

ni∑
j=1

Njwu(t)uj(t) +Bu(t),

yu(t) = Cwu(t), wu(0) = 0,

(4.87)

and Σxu(t) has the state-space representation

Σxu :


ẇxu(t) = Awxu(t) +

ni∑
j=1

Njwxu(t)uj(t) +

ni∑
j=1

Bj,xu(t)u0uj(t),

yxu(t) = Cwxu(t), wxu(0) = 0,
(4.88)

where Bj,xu(t) = NjeAtX0 for j = 1, 2, . . . ,ni. Hence, one can reduce the
homogeneous systems Σx, Σu and Σxu instead of reducing the bilinear
system (4.2) with nonzero initial conditions. In this context, all of the
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results derived earlier in this section can be easily generalized to MIMO

systems. Moreover, if the system Σx is reachable, then the positive definite
matrix Gramian P in (4.80) has the Cholesky factorization P = LL> with
L ∈ Rn×n, the system

Σ̄xu :


˙̄wxu(t) = Aw̄xu(t) +

ni∑
j=1

Njw̄xu(t)uj(t) +

ni∑
j=1

NjLūk,xu(t),

ȳxu(t) = Cw̄xu(t), w̄xu(0) = 0,
(4.89)

with ūk,xu(t) = w(t)u0uj(t) for an unknown matrix function w(t) ∈
Rn×n0 , is equivalent to Σxu in the sense of the averaged Volterra kernel
energy. Hence, the MIMO system (4.2) will be associated to the averaged
Gramians R̄ and Q̄ satisfying

AR̄+ R̄A> +

ni∑
j=1

NjR̄N
>
j +NPN> = 0,

A>Q̄+ Q̄A+

ni∑
j=1

N>j QNj = 0,

where P and Q are the solutions of (4.80) and (4.14), respectively.
Finally, the reduction of systems Σx and Σu can again be done by con-

ventional MOR methods for LTI systems and bilinear dynamical systems,
respectively. The reduction of system Σxu can be done in two different
way:

(i) by a balanced truncation type of method using the averaged Grami-
ans R̄ and Q̄;

(ii) by a BIRKA type of method using the time-invariant bilinear system
Σ̄xu instead of Σxu.

Remark 4.6. When reducing the systems Σu and Σ̄xu by H2 optimal approxi-
mation methods, instead of BIRKA, we can certainly apply the Galerkin projection
method developed earlier in this chapter. However, from the interpolation point
of view, a Petrov–Galerkin projection can always achieve a higher accuracy than
the Galerkin projection. We can infer this from interpolating the Volterra kernels
[79] or the generalized transfer functions [48]. Hence, as long as there is no
serious convergence issue in the numerical tests, we use BIRKA.
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4.5 case studies ii

The theoretical aspects are demonstrated by two numerical examples, a
nonlinear RC transmission line circuit and again the 2D heat equation
model with Dirichlet and Robin boundary conditions. To make the legend
of our figures more compact, we define the following abbreviations. The
full-order model is denoted by "FOM". For each FOM, we apply

• reduction without considering the initial condition effect, denoted
by "ROM-BT" and "ROM-H2" for balanced truncation and (B)IRKA,
respectively,

• balanced truncation by assuming the exact knowledge of the initial
condition and applying the method in [26], denoted by "ROM-
AugBT",

• reduction by applying balanced truncation to all the decomposed
systems Σx,Σu, Σ̄xu and ΣB, denoted by "InhROM-BT",

• reduction by applying (B)IRKA to all the decomposed systems,
denoted by "InhROM-H2".

4.5.1 Nonlinear RC Transmission Line Circuit

The first example we show is a nonlinear RC transmission line circuit
model. The circuit has nonlinear resistors (or diodes) which have expo-
nential behaviors. A detailed model can be found in [97]. In [17], the
Carleman bilinearization is applied to approximate the system by a bi-
linear dynamical system. The system has a current source at the first
node as the input and the output is the voltage on the first node. The
system tested has 10 nodes, which means that the state space dimension
is n = 110. The detailed bilinearized model can be found in [17]. Figure
4.4 shows a schematic plot of the circuit.

For testing purposes, we choose X0 as X0 = (e10, e110), i.e., the 10th
and 110th unit vectors in R110. Physically, it means that the 10th node
has a nonzero initial voltage and its squared value should be nonzero as
well. Hence, the vector u0 must be chosen as col(v, v2) for some v ∈ R.
Here we assume that initially we know that v = 1, so the method in [26]
can be applied. We investigate the relative Hankel singular values of Σx
and ΣB and the relative generalized/averaged Hankel singular values of
Σ and Σxu and set the truncation threshold as 10−6 uniformly for all the
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Figure 4.4. A schematic plot of the nonlinear RC circuit.

systems. The relative (generalized/averaged) Hankel singular values are
defined as

σ̃i =
σi
σmax

, i = 1, 2, . . . ,n,

where σi, i = 1, 2, . . . ,n are the original (generalized/averaged) Hankel
singular values. The resulted reduced-order models have dimensions rx =

8, rB = 17, r = ru = 17 and rxu = 20. For H2 optimal approximations,
we use the same reduced dimensions and set the maximal number of
iterations as 200 and the convergence tolerance as 10−8. It turns out that
both IRKA and BIRKA converge within 70 iterations.

After reduction, the input is fixed as a sinusoidal function u(t) =

5 cos(π/5t) + 5. We first fix the initial condition by using v = 1. The
time domain responses and the absolute response errors are shown
in Figure 4.5 and Figure 4.6, respectively. It can be seen that all the
reduced-order models can capture the steady state of the full-order
model very well. However, without considering the effect of the initial
condition, the reduced-order models ROM-BT and ROM-H2 cannot
approximate the full-order model well in the transient. In this case, the
augmented method also performs well because the initial condition is
fixed. However, the generalized Hankel singular values of the augmented
system show that if we set the truncation threshold at 10−6, the required
dimension is raug = 31, which is larger than the reduced dimensions of
the decomposed systems.

To show that the augmented method may over-emphasize the effect
of the initial condition, we change the initial condition by setting v = 2.
The absolute response errors in Figure 4.7 show that in the transient
simulation, the augmented method results in even larger deviations than
the method assuming zero initial condition. Since the initial condition is
still in the subspace spanned by X0, the approximation accuracy of the
proposed method is higher.



146 a bilinear H2 model order reduction approach to lpv systems

0 1 2 3 4 5 6 7 8 9 10
Time (sec)

-0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

O
ut

pu
t a

m
pl

itu
de

Time-domain responses

FOM
InhROM-BT
ROM-BT
InhROM-H2
ROM-H2
ROM-AugBT

0.1 0.2 0.3 0.4

0.04

0.045

0.05

0.055

Figure 4.5. Time domain responses of the full-order and reduced-order models
of the nonlinear RC circuit with a fixed initial condition (v = 1).
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Figure 4.6. Absolute response errors of the reduced-order models of the nonlin-
ear RC circuit with a fixed initial condition (v = 1).

4.5.2 2D Heat Transfer Model

The second example we studied is again the 2D heat equation model
given in Section 4.3.2. Here, we consider a simpler version of it. In this
test, only the bottom boundary has the Robin boundary condition, the
other boundary conditions are all zero Dirichlet boundary conditions.
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Figure 4.7. Absolute response errors of the reduced-order models of the non-
linear RC circuit with a possible inhomogeneous initial condition
(v = 2).

Again, we semi-discretize the PDE model by ng = 10 grid points. Thus
the resulted ODE model has n = 100 states. The output, this time, is taken
as the sum of the temperature at all the grid points, so the system is SISO.

Assuming that the initial temperature profile is homogeneously dis-
tributed, but nonzero, then we have X0 = C> = 1n×1. The input is
selected as u(t) = 10e−0.2t. To apply the augmented method, we assume
that in certain cases the initial temperature at the grid points is 1. By
truncating the tails of the (generalized/averaged) Hankel singular values
of the systems in (4.2), (4.70), (4.72) and (4.86), the reduced-order dimen-
sions are rx = 6, rB = 14, r = ru = rxu = 15. The truncation thresholds
are selected independently and they are all less than 10−8. However, the
generalized Hankel singular values of the augmented system flattens
out after raug = 17 and the value is around 6 · 10−7. As a consequence,
we expect that balanced truncation of the augmented system will not
outperform the other methods even for a fixed initial condition. For H2
optimal approximations we select the same reduced-order dimensions
and set the maximal iteration as 200 and the convergence tolerance as
10−8 again. In such a case, only the system ΣB does not converge in
200 iterations, but the change of the eigenvalues of the reduced-order
matrix ÂB reaches 10−3. The absolute response errors are depicted in
Figure 4.8. It can be seen that when the inhomogeneous initial condition
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is considered, although balanced truncation models are not as accurate as
the H2 optimal approximations, they still outperform the methods with-
out considering the initial condition effect. In addition, the augmented
method results in a lager approximation error than the other methods at
the steady state. This is probably caused by the relatively large trunca-
tion error. This problem cannot be fixed by increasing the reduced-order
dimension because the generalized Hankel singular values flatten out
after raug = 17.

Now suppose that we only know the initial temperature profile is
homogeneously distributed but the exact value is unknown. To demon-
strate the performance of the proposed method, the initial temperature
is randomly taken as 8.1681. Figure 4.9 and 4.10 show the time domain
responses and the absolute response errors, respectively.
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Figure 4.8. Absolute response errors of the reduced-order models of the 2D heat
transfer system with a fixed initial condition (initial temperature is
1).

Clearly in this example, the augmented method over-emphasizes the
initial condition effect and even cannot approximate the steady state of the
system. Balanced truncation for this example is slightly worse than the H2
optimal approximation in the transient. The proposed method certainly
outperforms the methods without considering the initial condition and
the augmented method. In addition, from the selection of the reduced-
order dimensions, one can set the truncation threshold for each of the
decomposed systems independently.



4.6 conclusions and outlook 149

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time (sec)

0

100

200

300

400

500

600

700

800

900
O

ut
pu

t a
m

pl
itu

de
Time-domain responses

FOM
InhROM-BT
ROM-BT
InhROM-H2
ROM-H2
ROM-AugBT

Figure 4.9. Time domain responses of the full-order and reduced-order models
of the 2D heat transfer system with a random initial condition.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time (sec)

10-15

10-10

10-5

100

105
Absolute response errors

InhROM-BT
ROM-BT
InhROM-H2
ROM-H2
ROM-AugBT

0 0.1 0.2

100

Figure 4.10. Absolute response errors of the reduced-order models of the 2D
heat transfer system with a random initial condition.

4.6 conclusions and outlook

In this chapter, two topics were discussed. First, we considered to trans-
form a special class of LPV systems into bilinear dynamical systems. By
neglecting the discrepancy of the parameters and the input functions, we
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can use the bilinear dynamical system as an auxiliary system to construct
the projection matrix or subspace to reduce the original LPV system. In
the bilinear dynamical system setting, the reduced-order model results
in an H2 optimal approximation, i.e., the difference between the full-
order and the reduced-order bilinear dynamical systems is minimized in
the sense of the H2 norm, or in the time domain, the L2 energy of the
Volterra kernels. However, the H2 norm difference between the original
LPV system and the reduced one is not necessarily minimized. Hence,
we cannot conclude any optimality in the original LPV system setting.
Nevertheless, the numerical tests showed promising results. Although
there has already been some research in H2 optimal approximation of
bilinear dynamical systems, our method is the only one that guarantees to
find at least a local optimum, i.e., the optimization algorithm converges.
Different upper bounds on the line search step size are proposed to solve
the convergence problem. The convergence rate could still be improved,
which needs further research.

Second, we discussed a very special parametric MOR case, i.e., MOR

for bilinear dynamical systems with inhomogeneous initial conditions.
The key concept of our method aligns with the method proposed for LTI

systems in [29]. By decomposing the system response into three different
parts, MOR of the original bilinear dynamical system with inhomoge-
neous initial conditions amounts to MOR of three dynamical systems
independently. Among these three systems, one is an LTI system, one
is a time invariant bilinear dynamical system and the remaining one is
a time-varying bilinear dynamical system. To reduce the time-varying
bilinear dynamical system, we proposed to reduce an equivalent system,
which has the same averaged Volterra kernel energy. Case studies showed
that our method outperforms the existing methods which either assume
a zero initial condition or augment the system with extra inputs (i.e.,
assuming the exact knowledge of initial condition). Another merit of
the proposed method is that as long as the subspace where the initial
conditions live remains unchanged, the reduced-order models are valid.
Certainly, this is the most desired property for multi-query applications.

Although the proposed methods are successful, there are still open
questions or potential research directions related to them. For example,
when matching the steady state is essential, large-scale parametric lin-
ear system of equations needs to be solved. Efficient solution methods
is demanded to handle this problem. Another point is that we solved
the generalized Lyapunov equations for bilinear dynamical systems by
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employing a brute force method, which is not applicable even for inter-
mediate scale systems (with n at the level of 103). Efficient numerical
methods on solving these matrix equations certainly deserve more at-
tention. Currently the proposed Galerkin projection method may still
require many iterations to converge. Further research is needed to find
more effective line search step size to speed up the convergence rate
further. Or as mentioned at the end of Section 4.3, the methods proposed
in [21, 22] might provide a solution to reduce the number of iterations.
The last point we would like to emphasize for the future research is MOR

for bilinear descriptor systems. In these systems, the coefficient matrix
of ẋ(t) in (4.2) is a singular matrix E and the Kronecker index of the
matrix pencil (E,A) is larger than 1. For this kind of systems, the initial
condition is constrained by the input. Hence, it’s not free to be chosen.
Then it is of great interest to investigate MOR methods for these systems.





5
M O D E L O R D E R R E D U C T I O N F O R Q UA S I - L P V
S Y S T E M S : A Q UA D R AT I C B I L I N E A R A P P R O A C H

In the previous two chapters, we only considered LPV systems with pa-
rameters which are not functions of the system state, hence, free variables.
In this chapter, we consider LPV systems with state-dependent parameters.
Many of these systems can be polynomialized as nonlinear systems with
linear, bilinear and quadratic vector fields. Then by applying either the
growing exponential approach or the variational equation approach [150], gener-
alized transfer functions can be defined, which characterize the frequency
behavior of the system. If only the first two generalized transfer func-
tions are of interest, linear Krylov subspace methods can be employed
to interpolate these two transfer functions. However, the accuracy that
can be achieved by the linear Krylov method is quite limited. To achieve
a higher accuracy and select the interpolation points automatically, we
propose to interpolate the weighted sum of all the Volterra kernels or
the generalized transfer functions so as to minimize the H2 difference
between the original and the reduced-order systems. The MOR problem
then amounts to solving two generalized Sylvester equations. We test
several examples to demonstrate the proposed methods.

5.1 introduction

In many applications of systems and control, LPV systems with the form
given in (3.1) are often used to approximate nonlinear dynamical systems.
In such a modeling framework, the state space model is still linear, while
the time-varying parameters capture the nonlinearities. In certain applica-
tions such as the twin rotor system [145] and the continuous stirred tank
reactor [65], the parameter p(t) is a function of the system state x(t). Then
the system is called quasi-LPV (qLPV). Some other nonlinear systems such
as the RC transmission line circuit introduced in the previous chapter,
the FitzHugh–Nagumo model [56] and the mass-spring-damper system
[99] with Duffing springs characterized by k(x)x = αx+βx3,β 6= 0, can
be considered as qLPV systems as well.

153



154 mor for qb systems

In the qLPV setting, the state space representation is still linear, but the
time-varying parameters complicate the MOR process. Hence, instead of
using the qLPV representation, we also directly consider the nonlinear
dynamical system. By polynomializing the nonlinear vector field and
augmenting the state space, many nonlinear systems can be transformed
into the so-called quadratic-bilinear system [35], which is in the following
state space form

Σ :


ẋ(t) = Ax(t) +H(x(t)⊗ x(t)) +

ni∑
q=1

Nquq(t)x(t) +Bu(t),

y(t) = Cx(t), x(t0) = x0,

(5.1)

where x(t) ∈ Rn is the state, u(t) = col(u1(t),u2(t), . . . ,uni(t)) ∈ Rni

is the input and y(t) ∈ Rno is the output. The real-valued system ma-
trices are with compatible dimensions, i.e., A ∈ Rn×n,B ∈ Rn×ni ,H ∈
Rn×n

2
,Nq ∈ Rn×n and C ∈ Rno×n. The coefficient matrix H ∈ Rn×n

2

is called the Hessian matrix. The symbol ⊗ stands for the Kronecker
product.

Example 5.1. To demonstrate how to transform a nonlinear dynamical system
into the QB system, let us consider a simple mass-spring-damper system

mq̈+ bq̇+ k(q)q = u,

with a Duffing spring. Let x1 denote the displacement q and x2 denote the
momentum of the mass, i.e., mq̇. The system in the state space form is(

ẋ1

ẋ2

)
=

(
0 1/m

−k(x1) −b/m

)(
x1

x2

)
+

(
0

u

)
,

where b is the positive damping constant, u is the external force and k(x1) =
α+βx21 is the nonlinear spring characteristic. Defining a new state x3 = x21,
the system can be written as

ẋ1 =
1

m
x2,

ẋ2 = −αx1 −
b

m
x2 −βx1x3 + u,

ẋ3 =
2

m
x1x2.
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Then explicitly, we have the system matrices

A =

 0 1/m 0

−α −b/m 0

0 0 0

 , B =

01
0

 ,

the matrix N is a 3-by-3 zero matrix and the Hessian matrix H ∈ R3×9 satisfies

H23 = H27 = −β/2, H32 = H34 = 1/m,

and zero elsewhere. Matrix C depends on the selection of outputs. For example,
if both the displacement and the momentum are quantities of interest for the
output, C is

C =
(
1 1 0

)
.

Clearly, in the above equations, the system has the quadratic nonlinearity in the
vector field instead of the cubic nonlinearity αx1 +βx31 in the spring restoring
force.

The Hessian matrix H is often sparse and by construction, symmetric,
which means ∀u, v ∈ Rn, there holds that

H(v⊗ u) = H(u⊗ v). (5.2)

Partitioning H as
H =

(
H1 H2 . . . Hn

)
, (5.3)

with each Hi ∈ Rn×n. Then the matrix H can be treated as the mode-
1 matricization of a 3-tensor HT , i.e., H := H(1). Each layer of HT is
Hi, i = 1, 2, . . . ,n. For the tensor HT , the mode-2 matricization is defined
as

H(2) =
(
H>1 H>2 . . . H>n

)
. (5.4)

The mode-2 matricization H(2) is extensively used later when we con-
sider the adjoint system, generalized Lyapunov equations and Sylvester
equations. Throughout this chapter, we assume that the Hessian matrix H
satisfies the symmetric property in (5.2). Another assumption we would
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like to make is that the initial condition is zero, i.e., x0 = 0. The MOR

problem is to find another QB system

Σr :


ẋr(t) = Arxr(t) +Hr(xr(t)⊗ xr(t)) +

ni∑
q=1

Nrquq(t)xr(t) +Bru(t),

yr(t) = Crxr(t), xr(t0) = xr0,
(5.5)

with state space dimension r� n meanwhile the system response yr(t)
is close enough to y(t) in (5.1) for all input u(t) and also subject to
xr0 = 0. If the qLPV system representation is of interest, after reduction,
the nonlinear system can still be rewritten as a qLPV system.

In recent years, MOR for QB systems has attracted a lot of attention.
In [97], the author proposed to approximate a nonlinear dynamical
system by QB systems and then construct a Galerkin projection by the
nonlinear Krylov subspace method to reduce it. The Krylov subspace
in [97] is constructed based on the generalized transfer functions of
the system. This problem was later addressed in [35, 4], where the
first K > 2 generalized transfer functions were considered. Nonlinear
Krylov subspace methods were again used to construct Petrov–Galerkin
projections for MOR. Without stability problems, the Petrov–Galerkin
projection method provides a more accurate reduced-order system, which
has already been proved for LTI systems, for example in [82, 98]. Very
recently, the authors in [39] proposed to interpolate the first two and the
quadratic part of the third generalized transfer functions of a QB system
in the H2 optimal approximation framework. The balanced truncation
MOR method is also generalized for QB systems. For interested readers,
we refer to [38].

In the following, we propose two methods to reduce the QB system,
which are different from those in the literature. In the first method, we
only consider the first 2 generalized transfer functions. They can be
interpolated by just using the linear Krylov subspaces rather than the
nonlinear Krylov ones. The second method generalizes the work for bilin-
ear dynamical systems in [79]. This method focuses on interpolating the
weighted sums of the generalized transfer functions, which amounts to
solving two generalized nonlinear Sylvester equations. This interpolation
method is closely related to the H2 optimal approximation of QB sys-
tems. We also discuss the computational aspects of the proposed method,
which further leads to the truncated H2 approximation of the QB system.
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5.2 interpolation by linear krylov method

Since for a MIMO QB system, the generalized transfer functions are defined
channel-wise, i.e., from the ith input to the jth output, it suffices to start
the discussion with the SISO QB system, that is, Σ given in (5.1) with only
1 input and 1 output, so ni = no = 1.

The growing exponential approach [150] is used to find the first two
generalized transfer functions directly instead of performing Laplace
transform on the Volterra kernels. Suppose that the input signal u(t) is
composed by multi-frequency exponential functions, i.e.,

u(t) =

K∑
i=1

esit, s1, . . . , sK > 0. (5.6)

Then, according to [150], the state x(t) of (5.1) is calculated by

x(t) =
∑

m1,...,mk

Gm1,...,mK
(s1, . . . , sK)e

∑K
i=1misit, (5.7)

with 0 6 mi 6 K and
∑K
i=1mi = K. Here, we only consider the sym-

metric generalized transfer functions. For example, the Kth symmetric
input-to-state generalized transfer function is defined as

HKsym(s1, . . . , sK) =
1

K!
G1,1,...,1(s1, . . . , sK). (5.8)

Then the Kth symmetric generalized transfer function is

TK(s1, . . . , sK) = CHKsym(s1, . . . , sK). (5.9)

In particular, the first two (so K = 1 and K = 2) generalized transfer
functions of the system in (5.1) can be obtained as follows. Let u(t) be
given by (5.6) with K = 2. Then the state vector is expressed as

x(t) = G10e
s1t +G01e

s2t +G20e
2s1t +G02e

2s2t +G11e
(s1+s2)t.

Substitute the expression of u(t) and x(t) in (5.1) to infer that

G10(s1) = F(s1)B, G01(s2) = F(s2)B,

G11(s1, s2) = F(s1 + s2)H(F(s1)B⊗ F(s2)B)+
F(s1 + s2)H(F(s2)B⊗ F(s1)B)+
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F(s1 + s2)N(F(s1)B+ F(s2)B), (5.10)

where F(s) = (sI−A)−1. Then HKsym(s1, s2) = 1
2G11(s1, s2) and the

first two generalized transfer functions of the QB system are given by

T1(s1) = CF(s1)B = C(s1I−A)
−1B,

T2(s1, s2) =
1

2
CF(s1 + s2)H(F(s1)B⊗ F(s2)B)+

1

2
CF(s1 + s2)H(F(s2)B⊗ F(s1)B)+

1

2
CF(s1 + s2)N(F(s1)B+ F(s2)B).

(5.11)

It follows that T1(s1) only contains the linear part of the system. T2(s1, s2)
contains the bilinear and the quadratic part of the system. This is the
reason why it often suffices to only consider the first two generalized
transfer functions T1 and T2.

For MIMO systems, the only difference occurs in the bilinear part. Again,
let N define the concatenation of all the matrices Nq, q = 1, 2, . . . ,ni as

N =
(
N1 N2 . . . Nni

)
.

Then, T1(s1) is still given by (5.11), but T2(s1, s2) becomes

T2(s1, s2) =
1

2
CF(s1 + s2)H(F(s1)B⊗ F(s2)B)+

1

2
CF(s1 + s2)H(F(s2)B⊗ F(s1)B)+

1

2
CF(s1 + s2)N (Ini ⊗ (F(s1)B+ F(s2)B)) ,

(5.12)

where Ini is the ni-dimensional identity matrix. With the first two gener-
alized transfer functions defined above, we seek to construct a reduced-
order QB system Σr with the state space representation in (5.5) such that
the first two generalized transfer functions of Σr interpolate the first two
generalized transfer functions of Σ in (5.1) at the prescribed interpolation
points σi ∈ C, i = 1, 2, . . . ,L.

For a SISO QB system, this problem coincides with the conventional
rational interpolation problem for LTI systems in [96].

Problem 1 (Rational interpolation of SISO QB systems). Let T1(s1) and
T2(s1, s2) defined in (5.11) be the first two generalized transfer functions of the
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QB system Σ in (5.1). Let T̂1(s1) and T̂2(s1, s2) denote the first two generalized
transfer functions of the reduced-order QB system Σr in (5.5). Given the interpo-
lation points {σ1i,σ2i}Li=1 * Λ(A)∪Λ(Ar) and the integers Kj > 0, j = 1, 2,
find r and the QB system (5.5) of reduced-order r� n such that its generalized
transfer functions satisfy

∂kj

∂skj
T1(σji) =

∂kj

∂skj
T̂1(σji), (5.13a)

∂k1+k2

∂sk11 s
k2
2

T2(σ1i,σ2i) =
∂k1+k2

∂sk11 s
k2
2

T̂2(σ1i,σ2i) (5.13b)

for kj = 0, 1, . . . ,Kj, j = 1, 2.

The equations in (5.13a) are the rational interpolation conditions for
the transfer function T1(s1), which means that the reduced-order transfer
function T̂1(s1) is supposed to interpolate T1(s1) and its derivatives up
to a certain order at the interpolation points σji, j = 1, 2. Similarly, the
equations (5.13b) show that the reduced-order transfer function T̂2(s1, s2)
interpolates T2(s1, s2) together with its partial derivatives up to a certain
order. To make sure that the interpolation points σji /∈ Λ(A) ∪Λ(Ar),
usually we choose σji ∈ C+ since both the full-order and the reduced-
order systems are assumed to be stable in the neighborhood of the
equilibrium point x = 0, i.e., the eigenvalues of the matrices A and Ar
only have negative real parts. Then the interpolation points are not in the
spectra of the original and the reduced systems.

In the MIMO case, the tangential interpolation framework is considered.
The basic concept for tangential interpolation is that at each prescribed
interpolation point, two tangential directions are associated. Then the
MIMO system can be considered as a SISO system at each interpolation
point. For LTI systems, this method was originally proposed by [92]. By
iteratively selecting the interpolation points and the tangential directions,
the optimal H2 approximation can be achieved for LTI systems [98]. Here,
we generalize the concept of tangential interpolation to the generalized
transfer functions given by (5.11) and (5.12). First, we split the transfer
function in (5.12) as

T21(s1, s2) = CF(s1 + s2)H(F(s1)B⊗ F(s2)B), (5.14a)

T22(s1, s2) = CF(s1 + s2)H(F(s2)B⊗ F(s1)B), (5.14b)
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T23(s1, s2) = CF(s1 + s2)N(Ini ⊗ F(s1)B), (5.14c)

T24(s1, s2) = CF(s1 + s2)N(Ini ⊗ F(s2)B). (5.14d)

For convenience, the factor 1/2 is left out as it does not affect the interpo-
lation conditions. For this case, the tangential interpolation problem is
stated as follows.

Problem 2 (Tangential interpolation of MIMO QB systems). Let T1(s1) and
T2(s1, s2) given by (5.11) and (5.12) be the generalized transfer functions of the
QB system Σ. Suppose that T2(s1, s2) is decomposed as (5.14a) – (5.14d). Cor-
respondingly, let T̂1(s1), T̂21(s1, s2), T̂22(s1, s2), T̂23(s1, s2) and T̂24(s1, s2)
be the corresponding transfer functions of the reduced-order system Σr. Given
the interpolation points in pair as {σ1i,σ2i}Li=1 * Λ(A) ∪Λ(Ar) and the in-
tegers Kj > 0, j = 1, 2 together with the left and right interpolation directions
{lji}

L
i=1 ∈ C1×no , {rji}

L
i=1 ∈ Cni×1, j = 1, 2, respectively, find r and the QB

system (5.5) of reduced-order r� n such that

lji
∂kj

∂skj
T1(σji)rji = lji

∂kj

∂skj
T̂1(σji)rji, (5.15a)

lji
∂k1+k2

∂sk11 s
k2
2

T21(σ1i,σ2i)r̃1i = lji
∂k1+k2

∂sk11 s
k2
2

T̂21(σ1i,σ2i)r̃1i,

lji
∂k1+k2

∂sk11 s
k2
2

T22(σ1i,σ2i)r̃2i = lji
∂k1+k2

∂sk11 s
k2
2

T̂22(σ1i,σ2i)r̃2i,

lji
∂k1+k2

∂sk11 s
k2
2

T23(σ1i,σ2i)r̃3i = lji
∂k1+k2

∂sk11 s
k2
2

T̂23(σ1i,σ2i)r̃3i,

lji
∂k1+k2

∂sk11 s
k2
2

T24(σ1i,σ2i)r̃4i = lji
∂k1+k2

∂sk11 s
k2
2

T̂24(σ1i,σ2i)r̃4i,

(5.15b)

for kj = 0, 1, . . . ,Kj, j = 1, 2 and the direction vectors r̃mi,m = 1, 2, 3, 4 are
defined as where

r̃1i = r1i ⊗ r2i, r̃2i = r2i ⊗ r1i, r̃3i = Ini ⊗ r1i, r̃4i = Ini ⊗ r2i. (5.16)

It is immediate that for the transfer function T1(s1), the tangential
interpolation conditions literally follow from the conventional method
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for LTI systems. For the second transfer function T2(s1, s2), the Kronecker
product property

(A⊗B)(C⊗D) = (AC)⊗ (BD), (5.17)

simplifies the tangential interpolation conditions.
Now let us discuss how the aforementioned interpolation problems

can be solved by applying the projection-based MOR method. Hence, we
consider to construct the reduced-order system matrices by applying
either the Galerkin or the Petrov–Galerkin projection. This leads to the
reduced-order system in (5.5) with the system matrices

Ar =W
>AV , Hr =W>H(V ⊗ V),

Nrj =W
>NjV , Br =W>B, Cr = CV ,

(5.18)

provided V ,W ∈ Rn×r with W>V = Ir; V ,W full column rank. The
computational cost of V ⊗ V is O(n2r2), which is quite high. An efficient
computational method can be found in [35].

Next, we show how to solve Problem 1 and 2 by the Petrov–Galerkin
projection framework. For convenience, we define the subspaces V :=

span{V} and W := span{W}. For SISO QB systems, the rational interpola-
tion problem proposed in Problem 1 can be solved as follows.

Theorem 5.1. Let the subspaces V and W spanned by the projection matrices
V ,W ∈ Rn×r be defined as

V ⊇
2⋃
j=1

span
i=1,2,...,L

{
F(σji)B, F(σji)2B, . . . , F(σji)Kj+1B,

}
, (5.19)

and

W ⊇

span
i=1,2,...,L

M(

2∑
j=1

σji)C
>,M(

2∑
j=1

σji)
2C>, . . . ,M(

2∑
j=1

σji)
K1+K2+1C>

 ,

(5.20)
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where M(s) = F>(s). Then the rational interpolation conditions given by
(5.13a) and (5.13b) hold. In addition, there holds

∂k1+k2

∂sk1+k2
T1(

2∑
j=1

σji) =
∂k1+k2

∂sk1+k2
T̂1(

2∑
j=1

σji) (5.21)

for kj = 0, 1, . . . ,Kj, j = 1, 2.

We prove Theorem 5.1 in a constructive way by using the next lemma.

Lemma 5.2 ([92]). Let V ∈ Cn×r and V := span{V}. If the vector v belongs to
V, then for any matrix Z ∈ Cn×r such that Z>V = Ir, there holds

v = VZ>v.

Proof. Since Z>V = Ir, Π = VZ> is the projection onto V. Hence, ∀v ∈ V,
Πv = VZ>v = VZ>Vv = Vv = v.

Proof of Theorem 5.1. Let vji = F(σji)B, j = 1, 2. Then vji belongs to V by
(5.19). Construct Zji by

Z>ji =
(
W>(σjiI−A)V

)−1
W>(σjiI−A), j = 1, 2.

Then Z>jiV = Ir. Applying Lemma 5.2 to T1(s1), we obtain that

T1(σji) = C(σjiI−A)
−1B = CVZ>ji(σjiI−A)

−1B

= CV(σjiIr −Ar)
−1W>B = T̂1(σji).

To prove the interpolation condition for T2(s1, s2), we prove it only for
T21(s1, s2) as an example. Applying Lemma 5.2 to T21(s1, s2), we have

T21(σ1i,σ2i) = CF(σ1i + σ2i)H(v1i ⊗ v2i)
= CF(σ1i + σ2i)H[(VZ

>
1iv1i)⊗ (VZ>2iv2i)]

= CF(σ1i + σ2i)H(V ⊗ V)(Z>1iv1i ⊗Z>2iv2i)

= CF(σ1i + σ2i)H(V ⊗ V)(F̂(σ1i)B̂⊗ F̂(σ2i)B̂),

where F̂(s) = (sIr − Ar)
−1. Clearly, the one-sided projection cannot

achieve the rational interpolation for T21(s1, s2). Note that until now W
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is free to choose. Let wi = M(σ1i + σ2i)C
> ∈ W. We can construct Yi

with Y>i W = Ir by

Y>i =
(
W>((σ1i + σ2i)I−A)V

)−>
V>((σ1i + σ2i)I−A)

>.

Then we have the following equations:

T21(σ1i,σ2i) =CF(σ1i + σ2i)H(V ⊗ V)(F̂(σ1i)B̂⊗ F̂(σ2i)B̂)

=w>i YiW
>H(V ⊗ V)(F̂(σ1i)B̂⊗ F̂(σ2i)B̂)

=CVF̂(σ1i + σ2i)W
>H(V ⊗ V)(F̂(σ1i)B̂⊗ F̂(σ2i)B̂)

=T̂21(σ1i,σ2i).

Analogously, the proofs for T22(s1, s2), T23(s1, s2) and T24(s1, s2) imme-
diately follow by applying Lemma 5.2. For derivatives of T1(s1), the
proof is standard, we refer to [96] for the details. For the derivatives
of T2(s1, s2), again we take T21(s1, s2) as an example, the proof for the
others are analogous. The derivatives of T21(s1, s2) can be computed as

∂k1+k2

∂sk11 s
k2
2

T21(s1, s2) =CF(s1 + s2)k1+k2+1H(F(s1)B⊗ F(s2)B) + . . .+

CF(s1 + s2)H(F(s1)
k1+1B⊗ F(s1)k2+1B).

Then by applying Lemma 5.2 and following the same procedure for the
proof of T21(s1, s2), it is not difficult to prove that V and W are given by
(5.19) and (5.20), respectively.

To prove (5.21), suppose that T1(s1) is interpolated from the left, which
means W is defined by (5.20) and V is spanned by an arbitrary full
column rank matrix V ∈ Rn×r and W>V = Ir. Applying Lemma 5.2
again, one can easily show that (5.21) holds.

Based on Theorem 5.1, once the interpolation points {σji}
L
i=1, j = 1, 2

are specified, the right Krylov subspace is constructed by interpolating
T1(s1) at {σji}Li=1, j = 1, 2 from the input side. To construct the left Krylov
subspace, one simply needs to interpolate T1(s1) at {σ1i + σ2i}Li=1 from
the output side. The rational Krylov algorithm from [96] can be used to
generate the projection matrices V and W.

For MIMO systems, we see that the tangential interpolation concept
transforms the MIMO interpolation problem into a SISO interpolation
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problem in certain directions. The following result provides a complete
solution to Problem 2.

Theorem 5.3. Given the tangential directions lji and rji from Problem 2,
let B̃ji = Brji and C̃ji = ljiC, i = 1, 2, . . . ,L and j = 1, 2. Construct the
projection matrices V ,W ∈ Rn×r such that

V ⊇
2⋃
j=1

span
i=1,2,...,L

{
F(σji)B̃ji, F(σji)2B̃ji, . . . , F(σji)Kj+1B̃ji,

}
(5.22)

and

W ⊇

span
i=1,2,...,L

M(

2∑
j=1

σji)C̃
>
ji,M(

2∑
j=1

σji)
2C̃>ji, . . . ,M(

2∑
j=1

σji)
K1+K2+1C̃>ji

 .

(5.23)

Then the tangential interpolation conditions in (5.15a) and (5.15b) hold. Fur-
thermore, we have

lji
∂k1+k2

∂sk1+k2
T1(

2∑
j=1

σji)rji = lji
∂k1+k2

∂sk1+k2
T̂1(

2∑
j=1

σji)rji, (5.24)

for kj = 0, 1, . . . ,Kj, j = 1, 2.

Proof. The proof is similar to the proof of Theorem 5.1. Specifically, we
consider T21(s1, s2). We show the conditions given by (5.15b) and (5.16)
with k1 = k2 = 0.

Let ṽji = F(σji)Brji = F(σji)B̃ji. Define w̃ji, Z̃ji and Ỹji correspond-
ingly. Consider the Kronecker product structure of T21(s1, s2), applying
Lemma 5.2 and using the property of the Kronecker product given by
(5.17), we have

ljiT21(σ1i,σ2i)(r1i ⊗ r2i)

=C̃jiF(σ1i + σ2i)H(F(σ1i)B⊗ F(σ2i)B)(r1i ⊗ r2i)

=C̃jiF(σ1i + σ2i)H(F(σ1i)Br1i ⊗ F(σ2i)Br2i)

=C̃jiF(σ1i + σ2i)H(ṽ1i ⊗ ṽ2i)

=w̃>jiỸjiW
>H(V ⊗ V)(F̂(σ1i)W>B̃1i ⊗ F̂(σ2i)W>B̃2i)

=C̃jiVF̂(σ1i + σ2i)Ĥ(F̂(σ1i)W
>B̃1i ⊗ F̂(σ2i)W>B̃2i)
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=ljiT̂21(σ1i,σ2i)(r1i ⊗ r2i).

By applying Lemma 5.2 and (5.17) and following the same procedure for
the other transfer functions and high order derivatives, the proof can be
completed.

5.3 volterra series interpolation and H2 optimal approxi-
mation

In the previous section, we showed that the linear Krylov subspace can
be used to interpolate the first two generalized transfer functions of a QB

system. However, as long as more than two generalized transfer functions
are of interest, the linear Krylov subspace framework is not applicable
anymore. Another disadvantage of the linear Krylov subspace method is
that the interpolation variables such as the interpolation points and the
tangential directions are usually difficult to choose. To solve these two
problems, we generalize the multi-point Volterra interpolation method
proposed for bilinear dynamical systems in [79]. Namely, we interpolate
the weighted sums of the generalized transfer functions, which amounts
to solving two generalized Sylvester equations. Then we discuss the
connection between such an interpolation framework and the H2 optimal
MOR problem for QB systems. Computational challenges as well as the
truncated H2 optimality conditions are discussed as well.

5.3.1 Generalized Transfer Functions and the H2 Norm

We start the discussion on the generalized transfer functions. We already
saw that by applying the growing exponential approach [150], it is possible
to derive all the symmetric generalized transfer functions. An alternative
way to compute the generalized transfer functions is to derive the Volterra
kernels of the QB system first by applying the variational equation approach,
and then perform the Laplace transform on the Volterra kernels. Again,
it suffices to discuss the SISO cases first and then generalize the results to
MIMO systems later.

Recall the QB system given in the state space representation in (5.1).
It can be checked that the QB system satisfies the linear-analytic system
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structure in [150]. As a result, if the input is scaled by a scalar α, i.e., the
input is αu(t), then the state vector satisfies

x(t) =

∞∑
k=1

αkzk(t),

where zk(t) ∈ Rn is defined as response to the systems in (5.25). Substi-
tuting αu(t) and the above expression for x(t) into the state equation of
(5.1) and equating the coefficients, it leads to

ż1(t) = Az1(t) +Bu(t),

ż2(t) = Az2(t) +H(z1(t)⊗ z1(t)) +Nu(t)z1(t),

żk(t) = Azk(t) +
∑
i,j>1
i+j=k

H(zi(t)⊗ zj(t)) +Nu(t)zk−1(t), k > 3.
(5.25)

The equation for z1(t) describes an LTI system. With the zero initial
condition assumption, it has the solution

z1(t) =

∫∞
0

eAt1Bu(t− t1)dt1. (5.26)

Substituting z1(t) into the ODE for z2(t) in (5.25), we have the expression
for z2(t) as

z2(t) =

∫∞
0

∫t−t2
0

eAt2NeAt1Bu(t− t2)u(t− t2 − t1)dt1dt2 +

∫t
0

∫t−t3
0

∫t−t3
0

eAt3H(eAt2B⊗ eAt1B)(u(t− t3 − t2)⊗ u(t− t3 − t1))dt1dt2dt3.
(5.27)

Remark 5.1. Notice that the convolution kernel of z2(t) already has three in-
tegration variables t1,2,3. The reason is that we assume that in the Kronecker
product z1(t)⊗ z1(t), the convolution kernels of two z1(t) has different in-
dices. Then later the Laplace transform of the convolution kernels leads to the
generalized transfer functions. Those generalized transfer functions have dif-
ferent variables from those obtained by the growing exponential approach.
However, in the growing exponential approach, if one assumes that for ex-
ample s1 + s2 = s3 is independent of s1 and s2, the same generalized transfer
functions can be obtained.

Repeating the same procedure, the expressions for zk(t),k > 3 can be
derived. It has been discovered by [39] that in the above computational
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way, the input-to-state Volterra kernels of QB systems satisfy a recursive
structure

f1(t1) = e
At1B,

f2(t1, t2) = eAt2NeAt1B,

fk(t1, . . . , tk) =
(
eAtkH

( ∑
i,j>1

i+j=k−1

fi(tk−i−1, . . . , tk−1)⊗ fj(t1, . . . , tj)
)

,

eAtkNfk−1(t1, . . . , tk−1)
)

, k > 3.

(5.28)

Note that here, for k > 3, the Volterra kernels are covectors and N = N1.
The input-to-output Volterra series is

gk(t1, . . . , tk) = Cfk(t1, . . . , tk), k ∈ Z+. (5.29)

Definition 5.1 (Multivariate Laplace transform). The unilateral multivariate
Laplace transform is defined as

Fk(s1, . . . , sk) = L [fk(t1, . . . , tk)]

=

∫∞
0

. . .

∫∞
0

fk(t1, . . . , tk)e
∑k
i=1−sitidt1 · · ·dtk.

(5.30)

Since tk,k ∈ Z+ are well-separated from each other, applying the
Laplace transform to the convolution kernels in (5.28) and (5.29) results
in the generalized transfer matrices and transfer functions, which can be
used to characterize the frequency behavior of the system.

Proposition 5.4. The input-to-state generalized transfer matrices are

F1(s1) = (s1I−A)
−1B,

F2(s1, s2) = (s2I−A)
−1N(s1I−A)

−1B,

Fk(s1, . . . , sk) =(
(skI−A)

−1H
( ∑

i,j>1
i+j=k−1

Fi(sk−i−1, . . . , sk−1)⊗ Fj(s1, . . . , sj)
)

,

(skI−A)
−1NFk−1(s1, . . . , sk−1)

)
, k > 3. (5.31)
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And correspondingly, the input-to-output generalized transfer functions are

Gk(s1, . . . , sk) = CFk(s1, . . . , sk), k ∈ Z+. (5.32)

For LTI systems, interpolation of a system can be carried out from the
input-to-output direction as well as the output-to-input direction. For QB

systems, interpolation from the output-to-input direction is thus of our
interest as well. Similar results can be generalized from LTI systems to QB

systems. Furthermore, considering the interpolation from two directions
makes it possible to construct a Petrov–Galerkin projection scheme to
reduce the system. Based on the work of [91], the authors of [38] showed
that the adjoint of system (5.1) has the state space representation

Σa :


ẋ(t) = Ax(t) +H(x(t)⊗ x(t)) +Nu(t)x(t) +Bu(t),
ẋa(t) = −A>xa(t) −H

(2)(x(t)⊗ xa(t)) −N>u(t)xa(t) −C>ua(t),
ya(t) = B

>xa(t), xa(∞) = 0,
(5.33)

where xa(t) and ua(t) are the adjoint state and input with the same
dimension as x(t) and y(t). The matrix H(2) ∈ Rn×n

2
is the mode-2

matricization of the tensor HT ∈ Rn×n×n, whose mode-1 matricization
is the Hessian matrix H.

Again, applying the variational equation approach, the input-to-state
Volterra kernels of the adjoint system (5.33) are derived as [39]

fa,1(t1) = e
A>t1C>,

fa,2(t1, t2) = eA
>t2N>eA

>t1C>,

fa,k(t1, . . . , tk) =(
eA
>tkH(2)

( ∑
i,j>1

i+j=k−1

fi(tk−i−1, . . . , tk−1)⊗ fa,j(t1, . . . , tj)
)

,

eA
>tkN>fa,k−1(t1, . . . , tk−1)

)
, k > 3. (5.34)

By applying the multivariate Laplace transform on the Volterra kernels
of the adjoint system, the adjoint generalized transfer functions can be
obtained.
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Proposition 5.5. The input-to-state generalized transfer functions of the adjoint
system (5.33) are

Fa,1(s1) = (s1I−A
>)−1C>,

Fa,2(s1, s2) = (s2I−A
>)−1N>(s1I−A

>)−1C>,

Fa,k(s1, . . . , sk) =(
(skI−A

>)−1H(2)
( ∑

i,j>1
i+j=k−1

Fi(sk−i−1, . . . , sk−1)⊗ Fa,j(s1, . . . , sj)
)

,

(skI−A
>)−1N>Fa,k−1(s1, . . . , sk−1)

)
, k > 3. (5.35)

The input-to-output generalized transfer functions of the adjoint system are
simply defined as

Ga,k(s1, . . . , sk) = B>Fa,k(s1, . . . , sk),k ∈ Z+. (5.36)

To quantify the approximation accuracy, we still focus on the H2 norm.
For the QB system, as the generalized transfer functions are already
defined, the H2 norm is given as follows.

Definition 5.2. Consider the SISO QB system Σ given in (5.1), the H2 norm of
Σ is defined as

‖Σ‖2H2
:=

∞∑
k=1

1

(2π)k

∫∞
−∞ · · ·

∫∞
−∞

〈Gk(iω1, . . . , iωk),Gk(−iω1, . . . ,−iωk)〉dω1 · · ·dωk,

(5.37)

where Gk(s1, . . . , sk) is the kth generalized transfer function defined in (5.28)
and (5.29) and 〈·, ·〉 denotes the standard Euclidean inner product of two complex
vectors or co-vectors.

From Parseval’s Identity in several variables, the H2 norm of Σ is
equivalent to the L2 norm of its Volterra kernels in the time domain
which is defined as

‖Σ‖L2 :=

( ∞∑
k=1

∫∞
0

· · ·
∫∞
0

〈gk(t1, . . . , tk),gk(t1, . . . , tk)〉dt1 · · ·dtk

) 1
2

,
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with gk(t1, . . . , tk) is the kth Volterra kernel given in (5.31) and (5.32).
Similar to LTI and bilinear dynamical systems, the computation of the H2
norm can be achieved by solving Lyapunov equations.

Proposition 5.6 ([39]). The H2 norm of QB systems can be computed in terms
of the Gramians of the system as

‖Σ‖2H2
= ‖Σ‖2L2 = CRC

> = B>QB = ‖Σa‖2H2
= ‖Σa‖2L2 , (5.38)

where R and Q are solutions of the generalized Lyapunov equations

AR+ RA> +H(R⊗ R)H> +NRN> +BB> = 0, (5.39a)

A>Q+QA+H(2)(R⊗Q)
(
H(2)

)>
+N>QN+C>C = 0. (5.39b)

One may notice the asymmetric term R⊗Q in (5.39b), which is caused
by the asymmetric term x(t)⊗ xa(t) in the state equation of xa(t) in
(5.33). Note that the H2 norm is finite if and only if the Gramians R
and Q exist. Efficient numerical methods for solving the QB generalized
Lyapunov equations (5.39a) and (5.39b) are still under-developed. The
existence and uniqueness of the solution is unknown either. Following the
method for bilinear dynamical systems in [189] and Chapter 4, we derive
sufficient conditions for the existence of the reachability Gramian R and
observability Gramian Q based on the absolute convergence analysis.

Theorem 5.7. The reachability Gramian R given by (5.39a) exists if

• the system is locally stable, i.e., A is Hurwitz, so ∃c,µ > 0, such that∥∥eAt∥∥ 6 ce−µt/2 for all t > 0;

• the following two inequalities hold,

η <
µ

c2
, µ− c2η > 2c2

√
 hβ,

where η =
∥∥NN>∥∥, β =

∥∥BB>∥∥,  h =
∥∥HH>∥∥.

Upon existence, the norm of the reachability Gramian R is upper bounded by

‖R‖ 6 µ− c2η−
√
(µ− c2η)2 − 4c4 hβ

2c2 h
. (5.40)

Proof. If the system is locally stable, then there exist two positive constants
c and µ = −λmax(A+A>) or µ 6 −2λmax(A) such that

∥∥eAt∥∥ 6 ce−µt/2.
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Consider the reachability Gramian R, according to the Volterra series, it
satisfies R =

∑∞
k=1 Rk with

AR1 + R1A
> +BB> = 0,

AR2 + R2A
> +NR1N

> = 0,

ARk + RkA
> +H

( ∑
i,j>1

i+j=k−1

Ri ⊗ Rj
)
H> +NRk−1N

> = 0,k > 3.

If
∑∞
k=1 ‖Rk‖ < ∞, then R =

∑∞
k=1 Rk converges, which means the

Gramian R exists. By applying the method in Chapter 4 and ‖A⊗B‖ =
‖A‖ ‖B‖, we can show that the upper bounds pk of ‖Rk‖ satisfy

p1 =
c2β

µ
, p2 =

c2η

µ
p1, pk =

c2 h

µ

∑
i,j>1

i+j=k−1

pipj +
c2η

µ
pk−1, k > 3.

(5.41)

It leads to the following quadratic equation

∞∑
k=1

pk =
c2β

µ
+
c2η

µ

∞∑
k=1

pk +
c2 h

µ

( ∞∑
k=1

pk

)2
. (5.42)

Since p =
∑∞
k=1 pk is positive real, two conditions must hold:

µ− c2η > 0 and (c2η− µ)2 − 4c4 hβ > 0,

which results in the two-inequality conditions. To complete the proof,
we compute the roots of the quadratic equation (5.42) for p =

∑∞
k=1 pk,

which are

p± =
µ− c2η±

√
(µ− c2η)2 − 4c4 hβ

2c2 h
.

Then ‖R‖ 6
∑∞
k=1 ‖Rk‖ 6 p− leads to the upper bound in (5.40).

From (5.39b), it can be seen that the observability Gramian Q depends
on R. And so are the existence conditions on Q.

Corollary 5.8. The observability Gramian Q given by (5.39b) exists if

• the system is locally stable, i.e., A is Hurwitz;

• the reachability Gramian R defined in (5.39a) exists;
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• the following inequality holds

µ− c2η− c2 hp > 0,

where p =
∑∞
k=1 pk with pk given by (5.41), c and η given in Theorem

5.7 and  h =
∥∥H(2)(H(2))>

∥∥.

The norm of the observability Gramian Q is then upper bounded by

‖Q‖ 6 c2θ

µ− c2η− c2 hp
, (5.43)

where θ =
∥∥C>C∥∥.

Proof. Let qk denote the upper bound of ‖Qk‖, i.e., ‖Qk‖ 6 qk,k ∈ Z+.
It is not difficult to derive that

∞∑
k=1

qk =
c2θ

µ
+
c2η

µ

∞∑
k=1

qk +
c2 h

µ

∞∑
k=1

qk

∞∑
k=1

pk.

Then it holds that

∞∑
k=1

qk =
c2θ

µ− c2η− c2 hp
> 0.

Since c2θ > 0, the inequality µ− c2η− c2 hp > 0 must hold.

Remark 5.2. In [38], the authors solved the generalized Lyapunov equations
in (5.39a) and (5.39b) by the fixed point method. The convergence conditions of
the fixed point method coincide with the existence conditions of the Gramians
proposed in Theorem 5.7 and Corollary 5.8.

Upon the existence of the reachability and the observability Gramians,
the H2 norm is readily computed by (5.38). Hence, in the MOR problem,
as long as the Gramians for the error system exist, we can use the H2
norm to measure the approximation accuracy. From the work in Chapter
3 and 4, again, based on the H2 norm computation, the MOR problem
can be considered or reformulated as an optimization problem on the
Grassmann manifold Gn,r. The upper bounds on R and Q even show
the possibility to generalize the Galerkin projection method proposed
in Chapter 4 to find effective upper bounds of the line search step size
if we solve the optimization problem by the steepest descent method.
However, in this chapter, we consider the problem from a different



5.3 interpolation and H2 optimal approximation 173

point of view. As we already discussed in Section 5.2, the linear Krylov
subspace method can be applied to interpolate the first two generalized
transfer functions. How to select the interpolation parameters such as
the interpolation points and the tangential directions is not clear. In
addition, as we addressed, interpolation of all the generalized transfer
functions needs further investigation. To answer these questions, we focus
on the interpolation-based MOR framework and propose a connection
between the interpolation of the generalized transfer functions and the
H2 optimal approximation. In the following, we show how the pole-
residue representation of the generalized transfer functions plays a role
here.

In both the generalized transfer functions of the original system (5.32)
and its adjoint (5.36), the frequency variables sk,k ∈ Z+ are separated
from each other. Hence, we investigate a common way to represent
the generalized transfer functions, which is the so-called pole-residue
representation. Based on this representation, there exists an alternative
to express the H2 norm, which inspires our interpolation scheme of the
generalized transfer functions.

Applying the Cramer’s rule and writing (skI−A)
−1 as the adjugate

of skI−A over the determinant, it follows that

Gk(s1, . . . , sk) =
(
PQD(s1,...,sk)∏k

i=1 P(si)

PBL(s1,...,sk)∏k
i=1 P(si)

)
,

where P(si) = det(siI−A)−1, the subscriptQD and BL stand for quadratic
and bilinear, respectively. Note that as long as k > 4, both PQD(s1, . . . , sk)
and PBL(s1, . . . , sk) are vector functions. The entries of the numerators
are k-variate polynomials with maximum order k(n− 1). Hence, each
entry of the generalized transfer functions Gk(s1, . . . , sk) is a proper
k-variate rational analytic function with singularities involving tensor
products of the simple zeros λ1, . . . , λn of the polynomial P(si). The ten-
sor product structure allows us to define the residues of the generalized
transfer functions, analogous to the single variable case.

Definition 5.3. The residues of the kth-order generalized transfer function
Gk(s1, . . . , sk) at λlk , λlk−1 , . . . , λl1 are defined as

φklklk−1···l1 := lim
sk→λlk

(sk − λlk) lim
sk−1→λlk−1

(sk−1 − λlk−1)

· · · lim
s1→λl1

(s1 − λl1)Gk(s1, . . . , sk).
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Proposition 5.9 (pole-residue representation). Re-expressing the generalized
transfer functions Gk(s1, . . . , sk) as adjugate over determinant, assume that
P(si) is an order-n polynomial with simple roots λ1, . . . , λn ∈ C. Then

Gk(s1, . . . , sk) =
n∑
lk=1

· · ·
n∑
l1=1

φklk···l1∏k
i=1(si − λli)

. (5.44)

Proof. The proof is given in a constructive way with computation of
residues. The generalized transfer functions are input-output invariant.
Hence, state transformations do not affect the transfer functions. Since the
polynomial P(si) only has simple roots, we can assume that the matrix
A = diag(λ1, . . . , λn) is in the diagonal form. For k = 1, the transfer
function G1(s1) has the expression

G1(s1) =

n∑
l=1

clbl
s1 − λl

,

where bl and cl are the lth entry of the matrix B and C, respectively. The
first residues thus are

φ1l = clbl. (5.45)

For k = 2, the transfer function G2(s1, s2) has the pole-residue represen-
tation

G2(s1, s2) =
(

c1
s2−λ1

· · · cn
s2−λn

)
N11 · · · N1n

...
. . .

...

Nn1 · · · Nnn




b1
s1−λ1

...
bn

s1−λn


=

n∑
l=1

n∑
l1=1

clNll1bl1
(s2 − λl)(s1 − λl1)

.

Correspondingly, the second residues are

φ2ll1 = clNll1bl1 . (5.46)

When k > 3, the transfer functions consist of a quadratic and a bilinear re-
cursive term. To get more insight, we present the residue for G3(s1, s2, s3)
and then provide the general formula. For k = 3, the quadratic part is
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G
QD
3 (s1, s2, s3) =

(
c1

s3−λ1
· · · cn

s3−λn

)
HT111 · · · HT1n1 · · · HT11n · · · HT1nn

...
. . .

...
. . .

...
. . .

...

HTn11 · · · HTnn1 · · · HTn1n · · · HTnnn

 ·



b1
s2−λ1

...
bn

s2−λn

⊗


b1
s1−λ1

...
bn

s1−λn




=
(

c1
s3−λ1

· · · cn
s3−λn

)


n∑
l2=1

n∑
l1=1

HT1l2l1

bl2bl1
(s2−λl2)(s1−λl1)

...
n∑
l2=1

n∑
l1=1

HTnl2l1

bl2bl1
(s2−λl2)(s1−λl1)


=

n∑
l=1

n∑
l2=1

n∑
l1=1

clHTll2l1bl2bl1
(s3 − λl)(s2 − λl2)(s1 − λl1)

,

where HT is the 3-tensor which defines the Hessian matrix H in system
Σ, i.e., each layer of HT is a n-by-n matrix Hi given by (5.3), and HTijk

is the (i, j,k) entry of the tensor HT . The final expression is obtained
based on the symmetry of H in (5.2). By calculation, we can show that
the bilinear recursive part can be represented as

GBL3 (s1, s2, s3) =
n∑
l=1

n∑
l2=1

n∑
l1=1

clNll2Nl2l1bl1
(s3 − λl)(s2 − λl2)(s1 − λl1)

.

Correspondingly, the third residues are

φ3ll2l1 =
(
clHTll2l1bl2bl1 clNll2Nl2l1bl1

)
. (5.47)

Let ψk denote the kth residue of the input-to-state transfer functions
Fk(s1, . . . , sk). For example, for k = 1, 2 and 3, the residues ψk are

ψ1 =


b1
...

bn

 , ψ2 =


∑n
l1=1

N1l1bl1
...∑n

l1=1
Nnl1bl1

 , (5.48)
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ψ3 =




n∑
l2=1

n∑
l1=1

HT1l2l1bl2bl1

...
n∑
l2=1

n∑
l1=1

HTnl2l1bl2bl1




n∑
l2=1

n∑
l1=1

N1l2Nl2l1bl1

...
n∑
l2=1

n∑
l1=1

Nnl2Nl2l1bl1



 .

(5.49)

Then for k > 3, the residues φkllk−1···l1 are defined as

φkllk−1···l1 =(
clHTllk−1lk−i−1

( ∑
i,j>1

i+j=k−1

ψilk−1 ⊗ψ
j
lk−i−1

)
clNllk−1ψ

k−1
lk−1

)
.

(5.50)

Since P(si) only has simple roots, the pole-residue representations in
(5.44) hold for k ∈ Z+.

The pole-residue representation of the generalized transfer functions
gives another possibility to express the H2 norm.

Theorem 5.10. Let Σ be a SISO QB system given by (5.1) with a finite H2
norm defined in (5.37) and λl1 , . . . , λlk be roots of the polynomial P(si). The
H2 norm can be expressed as

‖Σ‖2H2
=

∞∑
k=1

n∑
lk=1

· · ·
n∑
l1=1

〈
φklklk−1···l1 ,Gk(−λlk ,−λlk−1 , . . . ,−λl1)

〉
,

(5.51)
where 〈·, ·〉 is the standard Euclidean inner product defined on Cm for a compat-
ible dimension m.

Proof. The proof is similar to the proof of Theorem 2.10 in [78]. It is a
generalization of the linear system case by applying the multivariable
Cauchy’s Integral Theorem.

Based on the H2 norm expression given by (5.51), the H2 approxima-
tion error has a new expression as well. Suppose that the reduced-order
approximation of Σ is given by Σr in (5.5) with r� n and the reduced-
order system only has simple poles at {λ̃i}ri=1 as well. Applying Theorem
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5.10, the H2 norm of the error system Σ−Σr yields the following expres-
sion

‖Σ− Σr‖2H2
=∞∑

k=1

n∑
lk=1

· · ·
n∑
l1=1

〈
φklk···l1 ,Gk(−λlk , . . . ,−λl1) −Grk(−λlk , . . . ,−λl1)

〉
−

∞∑
k=1

r∑
lk=1

· · ·
r∑

l1=1

〈
φ̃klk···l1 ,Gk(−λ̃lk , . . . ,−λ̃l1) −Grk(−λ̃lk , . . . ,−λ̃l1)

〉
,

where φ̃klk···l1 is the kth residue of the reduced-order system Σr and
Grk(s1, . . . , sk) is the kth reduced-order generalized transfer function.
Hence, the approximation error is introduced by the mismatches between
the original and the reduced-order generalized transfer functions at the
mirror images of the original poles and the reduced-order poles. The total
error is a weighted sum of these mismatches, where the weights are the
original and the reduced-order residues. In the H2 optimal approximation
framework, elimination of the mismatches at the reduced-order poles
is of more interest, which has already been shown in the work for LTI

systems [98] and bilinear dynamical systems [79]. The reason is that
when we take derivatives of the squared H2 error with respect to the
reduced-order residues, the necessary optimality condition is

Gk(−λ̃lk , . . . ,−λ̃l1) −Grk(−λ̃lk , . . . ,−λ̃l1) = 0, k ∈ Z+.

When the derivatives are taken with respect to the reduced-order poles
λ̃i, the reduced-order model needs to satisfy

∞∑
k=1

r∑
lk=1

· · ·
r∑

l1=1〈
φ̃klk···l1 ,

k∑
ik=1

∂

∂sik
(Gk(−λ̃lk , . . . ,−λ̃l1) −Grk(−λ̃lk , . . . ,−λ̃l1))

〉
= 0.

As a result, the first-order necessary optimality conditions of the H2
approximation require to interpolate the zeroth and first-order derivatives
of the generalized transfer functions around the mirror images of the
reduced-order poles.
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5.3.2 Volterra Series Interpolation

The H2 norm expression in Theorem 5.10 shows that the H2 opti-
mal reduced-order model needs to interpolate the weighted sum of
the generalized transfer functions and their first-order derivatives, i.e.,
the zeroth and first moments. We start the following discussion by
defining the weighted zeroth moments of the input-to-output gener-
alized transfer functions in (5.32). Given a set of interpolation points
{σl}

r
l=1 * Λ(A)∪Λ(Ar) together with a matrix U ∈ Rr×r and a symmet-

ric 3-tensor ΞT ∈ Rr×r×r, we define the following vectors

v1l = (σlI−A)
−1B, (5.52a)

v2l = (σlI−A)
−1N

r∑
l1=1

ull1(σl1I−A)
−1B, (5.52b)

where ull1 is the (l, l1) entry of U and

vkl = (σlI−A)
−1N

r∑
lk−1=1

ullk−1v
k−1
lk−1

+

(σlI−A)
−1H

∑
i,j>1

i+j=k−1

r∑
lk−1=1

r∑
lk−i−1=1

ξllk−1lk−i−1

(
vilk−1 ⊗ v

j
lk−i−1

)
,

(5.52c)

with k > 3, l = 1, 2, . . . , r and ξllk−1lk−i−1 is the (l, lk−1, lk−i−1) entry of
the multi-array ΞT . Assuming convergence, a vector vl is then defined
as vl :=

∑∞
k=1 v

k
l . Then from input to output, the zeroth moments are

defined as

γl =

∞∑
k=1

γkl =

∞∑
k=1

Cvkl , k ∈ Z+, l = 1, 2, . . . , r. (5.53)

Consider the output-to-state generalized transfer matrices in (5.35). Sup-
pose that the interpolation points are {σ̂l}

r
l=1 * Λ(A) ∪Λ(Ar) and the

weighting matrix and tensor are given as Û and Ξ̂T , respectively. Similar
to vkl , a series of vectors can be defined according to the adjoint system,
which are

w1l = (σ̂lI−A)
−>C>, (5.54a)
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w2l = (σ̂lI−A)
−>N>

r∑
l1=1

ûll1(σ̂l1I−A)
−>C>, (5.54b)

wkl = (σ̂lI−A)
−>N>

r∑
lk−1=1

ûllk−1w
k−1
lk−1

+

(σ̂lI−A)
−>H(2)

∑
i,j>1

i+j=k−1

r∑
lk−1=1

r∑
lk−i−1=1

ξ̂llk−1lk−i−1

(
vilk−1 ⊗w

j
lk−i−1

)
,

(5.54c)

with k > 3 and l = 1, 2, . . . , r. A vector wl is defined as wl :=
∑∞
k=1w

k
l ,

if it converges. Hence, from the output-to-input direction, the zeroth
moments are defined as

ζl =

∞∑
k=1

ζkl =

∞∑
k=1

B>wkl , k ∈ Z+, l = 1, 2, . . . , r. (5.55)

Definitions of the zeroth moments show that if a system is interpo-
lated from the input-to-out direction (in the following we refer to it as
interpolation from right), the vectors vl can be used to construct the right
projection matrix V ; if a system is interpolated from the output-to-input
direction (correspondingly, we refer it as interpolation from the left), we
can use the vectors wl to construct the left projection matrix W. Similar
to bilinear dynamical systems, it is possible to construct the vectors vl
and wl by solving generalized Sylvester equations.

Lemma 5.11. Let Σ be a SISO QB system given by (5.1) with dimension n,
which is stable. Given the interpolation points {σl}

r
l=1 * Λ(A) ∪Λ(Ar) and

{σ̂l}
r
l=1 * Λ(A)∪Λ(Ar) with r� n together with two matrices U, Û ∈ Rr×r

and two symmetric tensors ΞT , Ξ̂T ∈ Rr×r×r such that the vectors vkl are
defined according to (5.52a) – (5.52c) and the vectors wkl are defined as in
(5.54a) – (5.54c). For each σl and σ̂l, the series vl =

∑∞
k=1 v

k
l and wl =∑∞

k=1w
k
l converge. Let diag(σ1, . . . ,σr) and diag(σ̂1, . . . , σ̂r) be denoted as

Ω and Ω̂, respectively. Then the matrices V =
(
v1, . . . , vr

)
∈ Rn×r and

W =
(
w1, . . . , wr

)
∈ Rn×r satisfy the generalized Sylvester equations

VΩ−AV −NVU> −H(V ⊗ V)(Ξ(1)T )> = B1>r , (5.56a)

WΩ̂−A>W −N>WÛ> −H(2)(V ⊗W)(Ξ̂
(1)
T )> = C>1>r , (5.56b)
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where 1r is a column vector of r ones.

Proof. The proof follows the construction of vl =
∑∞
k=1 v

k
l and wl =∑∞

k=1w
k
l directly.

Theorem 5.12. If V and W are solutions of the generalized Sylvester equations
in (5.56a) and (5.56b), respectively and V>W is invertible, the system matrices
of the reduced-order model Σr in (5.5) are obtained by

Ar = (W>V)−1W>AV , Nr = (W>V)−1W>NV ,

Hr = (W>V)−1W>H(V ⊗ V), Br = (W>V)−1W>B, Cr = CV .
(5.57)

then the resulted reduced-order system satisfies γrl = γl and ζrl = ζl for
l = 1, 2, . . . , r. Namely, the zeroth moments for both the original system and the
adjoint system are interpolated.

Proof. We follow the method in the proof of Theorem 3.1 in [79]. Define
the projector Π = V(W>V)−1W> by the fact that

(W>V)−1W>V = Ir.

Then left-multiplying (5.56a) by Π we have

Π
(
VΩ−AV −NVU> −H(V ⊗ V)(Ξ(1)T )> −B1>r

)
=V

(
Ω−Ar −NrU

> −Hr(Ξ
(1)
T )> −Br1

>
r

)
= 0.

Since V has full column rank, it is immediate that Vr = Ir satisfies

VrΩ−ArVr −NrVrU
> −Hr(Vr ⊗ Vr)(Ξ(1)T )> −Br1

>
r = 0.

Hence, the construction of vrl directly follows the construction method
of vl. Then

γrl := Crvrl = CVvrl = Cvl := γl.

For the matrix W, left-multiplying (5.56b) by Π>, it can be obtained that

Π>
(
WΩ̂−A>W −N>WÛ> −H(2)(V ⊗W)(Ξ̂

(1)
T )> −C>1>r

)
=W(V>W)−1

(
(V>W)Ω̂−A>r (V

>W) −N>r (V
>W)Û>−

H
(2)
r (Ir ⊗ (V>W))(Ξ̂

(1)
T )> −C>r 1

>
r

)
=0.
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Note that here, for the tensor product term we used the fact that

V>H(2)(V ⊗W) =V>H(2)(V ⊗W(V>W)−1(V>W))

=V>H(2)(V ⊗W(V>W)−1)(Ir ⊗ (V>W))

=H
(2)
r (Ir ⊗ (V>W)).

Denote V>W as Θ. Since W(V>W)−1 has full column rank, Θ satisfies

ΘΩ̂−A>r Θ−NrΘÛ
> −H

(2)
r (Ir ⊗Θ)(Ξ̂(1)T )> −Cr1

>
r = 0.

Hence, the construction of θl directly follows the construction of wl.
Then we have

ζrl := B
>
r θl = B

>W(V>W)−1θl = B
>wl := ζl.

As a result, as long as the interpolation points, the weighting matrices
and tensors are specified, the interpolation-based MOR problem of QB

systems can be solved by solving the generalized Sylvester equations
(5.56a) and (5.56b). Notice that when H = 0, the system is bilinear, the
interpolation scheme coincides with the one proposed by [79].

For LTI systems, the zeroth moments defined from left and right co-
incide with each other. The following shows that this fact holds for QB

systems as well if the zeroth moments are defined in the aforementioned
way.

Corollary 5.13. For the interpolation conditions proposed in Lemma 5.11, if
σ̂l = σl, l = 1, 2, . . . , r, Û = U> and Ξ̂(1)T = Ξ

(2)
T , then γl = ζl, l =

1, 2, . . . , r.

Proof. From Lemma 2.4 of [39], we know that for two arbitrary matrices
X, Y ∈ Rn×r, if a permutation matrix T(n,r) ∈ {0, 1}n

2r2×n2r2 is defined
as

T(n,r) = Ir ⊗
(
Ir ⊗ e1, . . . , Ir ⊗ en

)
⊗ In,

where ei is the ith-column of the n-dimensional identity matrix In, then

vec(X⊗ Y) = T(n,r)(vec(X)⊗ vec(Y)).
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Direct application of the above result shows that (5.56a) can be vectorized
as (

Ω⊗ In − Ir ⊗A−U⊗N− (Ξ
(1)
T ⊗H)T(n,r)(Inr ⊗ vec(V))

)
vec(V)

=vec(B1>r ).

Let the operator A be defined as

A := Ω⊗ In − Ir ⊗A−U⊗N− (Ξ
(1)
T ⊗H)T(n,r)(Inr ⊗ vec(V)),

then vec(V) = A−1(vec(B1>r )) = A−1(1r ⊗ B). Thus, one can compute
that

tr
(
1rCV

)
= tr

(
CV1r

)
= (1>r ⊗C)vec(V)

=(1>r ⊗C)A−1(1r ⊗B) = (1>r ⊗B>)A−>(1r ⊗C>).

Let A−>(1r ⊗C>) = W̃vec, we have

vec(C>1>r ) = 1r ⊗C> = A>W̃vec

=
(
Ω⊗ In − Ir ⊗A> −U> ⊗N>

)
W̃vec−(

(Ξ
(1)
T ⊗H)T(n,r)(Inr ⊗ vec(V))

)>
W̃vec.

Let vec(W̃) = W̃vec, the above equation can be written as

vec(C>1>r ) =vec(ΩW̃ −A>W̃ −N>W̃U)−(
(Ξ

(1)
T ⊗H)T(n,r)(Inr ⊗ vec(V))

)>
W̃vec.

In the proof of Lemma 3.2 in [39], it has been shown that(
(Ξ

(1)
T ⊗H)T(n,r)(Inr ⊗ vec(V))

)>
W̃vec = vec(H(2)(V ⊗ W̃)(Ξ

(2)
T )>),

which implies

vec(C>1>r ) = vec(ΩW̃ −A>W̃ −N>W̃U−H(2)(V ⊗ W̃)(Ξ
(2)
T )>).
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Hence, W̃ satisfies (5.56b) with the condition that Ω̂ = Ω, Û = U> and
Ξ̂
(1)
T = Ξ

(2)
T . Since we assumed that the solution of (5.56b) is unique,

W̃ =W, which yields that

tr
(
1rCV

)
= (1>r ⊗B)A−>(1r ⊗C) = (1>r ⊗B)vec(W) = tr

(
1rB

>W
)

.

Furthermore, noting that tr(A) + tr(B) = tr(A+B), we have

tr
(
1r(CV −B>W)

)
= 0,

which yields that CV = B>W because 1r has full column rank. Then
there holds Cvl = B>wl, l = 1, 2, . . . , r, i.e., γl = ζl, l = 1, 2, . . . , r.

5.3.3 H2 Optimal Approximation

In the proposed interpolation scheme, selection of suitable interpolation
points, the weighting matrices and tensors is not a trivial task. In [39],
a truncated H2 optimal approximation method is introduced, which is
based on interpolating the first 2 and the quadratic part of the third
generalized transfer functions. The authors of [39] claimed that if the
interpolation points are the mirror images of the reduced-order poles and
the weighting matrix and tensor are given by the reduced-order N matrix
and H matrix, respectively, the truncated H2 optimality is achieved. In
the following, we show that by considering the proposed interpolation
scheme, if the interpolation points, the weighting matrix and tensor are
selected as those in [39], H2 optimal approximation is achieved.

Suppose that the reduced-order system given by (5.5) only has simple
poles {λ̃l}

r
l=1 and the matrix Ar is diagonalizable. Then we can assume

that the reduced-order system is already in the form with a diagonal
matrix Ar = Ω = diag(λ̃1, . . . , λ̃r). Correspondingly, the other system ma-
trices are all transformed by the eigenvectors of Ar. Our analysis shows
that the H2 optimality conditions can be considered as a generalization
of the LTI case introduced by Meier and Luenberger in [125].

Lemma 5.14. Let Σ and Σr be SISO QB systems with dimensions n and r
with r� n. And T−1ArT = Ω is a diagonal matrix. Correspondingly, Ñr =
T−1NrT , H̃r = T−1Hr(T ⊗ T), B̃r = T−1Br and C̃r = CrT . If a matrix V
satisfies the generalized Sylvester equation

V(−Ω) −AV −NVÑ>r −H(V ⊗ V)H̃>r = BB̃>r , (5.58)
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then

C̃r(CV)
> =

∞∑
k=1

r∑
lk=1

· · ·
r∑

l1=1

〈
φ̃klk...l1 ,Gk(−λ̃lk , . . . ,−λ̃l1)

〉
, (5.59)

where φ̃klk...l1 are the kth residues of Σr and Gk are the generalized transfer
functions of Σ.

Proof. Let vl denote the lth column of V , since vl =
∑∞
k=1 v

k
l (we only

show it for k = 1, 2, 3 for demonstration purposes), we have

Cv1l = b̃rlC(−λ̃lI−A)
−1B,

Cv2l =

r∑
l1=1

Ñrll1 b̃rl1C(−λ̃lI−A)
−1N(−λ̃l1I−A)

−1B,

Cv3l =

r∑
l2=1

r∑
l1=1

Ñrll2Ñrl2l1 b̃rl1C(−λ̃lI−A)
−1N(−λ̃l2I−A)

−1·

N(−λ̃l1I−A)
−1B+

r∑
l2=1

r∑
l1=1

H̃rll2l1 b̃rl2 b̃rl1C(−λ̃lI−A)
−1·

H
(
(−λ̃l2I−A)

−1B⊗ (−λ̃l1I−A)
−1B

)
,

Notice that the subscript r here means the reduced-order quantities. Since
the system under consideration is SISO, it is not difficult to obtain that

(CV)> =

∞∑
k=1

r∑
lk−1=1

· · ·
r∑

l1=1

〈
ψ̃kllk−1...l1 ,Gk(−λ̃l,−λ̃lk−1 , . . . ,−λ̃l1)

〉
.

Use the property that φ̃kllk−1...l1 = C̃rlψ̃
k
llk−1...l1

, clearly (5.59) holds.

The next lemma is essential to prove the optimality conditions as well.

Lemma 5.15. For any 1 6 k1,k2 6 k ∈ Z+ satisfying k1 + k2 = k+ 1 and
the interpolation conditions satisfying those in Lemma 5.14, if W satisfies

WΩ+A>W +N>WÑr + 2H
(2)(V ⊗W)

(
H̃

(2)
r

)>
+C>C̃r = 0, (5.60)
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then

(wk1l )>vk2l =

r∑
lk−1=1

· · ·
r∑

l1=1

〈
φ̃kllk−1...l1 ,

∂

∂sk2
Gk(−λ̃lk , . . . ,−λ̃l1)

〉
.

(5.61)

Proof. Let wl be the lth column of W, wl =
∑∞
k=1w

k
l and Ũr = Ñ>r . The

vectors wkl are constructed as (again, we only show it for k = 1, 2, 3 for
demonstration purposes)

w1l =c̃rl(−λ̃lI−A)
−>C>,

w2l =

r∑
l1=1

Ũrll1 c̃rl1(−λ̃lI−A)
−>N>(−λ̃l1I−A)

−>C>,

w3l =

r∑
l2=1

r∑
l1=1

Ũrll2Ũrl2l1 c̃rl1(−λ̃lI−A)
−>N>(−λ̃l2I−A)

−>N>

(−λ̃l1I−A)
−>C> + 2

r∑
l2=1

r∑
l1=1

H̃
(2)
rll2l1

b̃rl2 c̃rl1(−λ̃lI−A)
−>H(2)

(
(−λ̃l2I−A)

−1B⊗ (−λ̃l1I−A)
−>C>

)
,

For k1 = 1, 2, it is not difficult to prove (5.61) by direct computations.
For k1 > 3, from Corollary 5.13 we know that if W satisfies (5.56b), V
satisfies (5.56a) and the interpolation conditions for the system and the
adjoint system are the same, there holds B>wkl = Cvkl . Since the system
is SISO, there also holds (wkl )

>B = Cvkl . Let ṽkl B = Cvkl , then ṽkl can be
define as

ṽ1l = C(σlI−A)
−1,

ṽ2l = C(σlI−A)
−1N

r∑
l1=1

ull1(σl1I−A)
−1,

ṽkl = C(σlI−A)
−1
(
N

r∑
lk−1=1

ullk−1v
k−1
lk−1

B†+

H
∑
i,j>1

i+j=k−1

r∑
lk−1=1

r∑
lk−i−1=1

ξllk−1lk−i−1(v
i
lk−1
⊗ vjlk−i−1B

†)
)

, k > 3,
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where B† stands for the right pseudo-inverse of B. One can see that with
a factor 2 in front of the quadratic term in (5.56b), for k > 3, ṽkl is defined
as

ṽkl = C(σlI−A)
−1
(
N

r∑
lk−1=1

ullk−1v
k−1
lk−1

B†+

H
∑
i,j>1

i+j=k−1

r∑
lk−1=1

r∑
lk−i−1=1

ξllk−1lk−i−1(v
i
lk−1
⊗ vjlk−i−1B

† + vilk−1B
† ⊗ vjlk−i−1)

)
.

Then for any positive integers 1 6 k1,k2 6 k satisfying k1 + k2 = k+ 1,
it can be computed that

ṽk1l v
k2
lk−k1

=
∂

∂sk2

∣∣∣∣
sk2=σlk2

Cvkl

Therefore, if W satisfies (5.60) and V satisfies (5.58), only the weights of
vectors ṽkl need to be changed. Notice that the weights of wkl and vkl are
both uniquely determined by the residue of the system, then (5.61) can
be proved.

Applying Lemma 5.14 together with Lemma 5.15, it can be shown that
when the interpolation points are the mirror images of the reduced-order
poles, the weighting matrix and the tensor are the reduced-order bilinear
and quadratic term coefficient matrix and tensor, respectively, the H2
necessary optimality conditions are achieved.

Theorem 5.16. Let Σ be a SISO QB system with dimension n which is given
by (5.1) and Σr is its H2 optimal approximation of dimension r� n which is
computed by (5.57). The projection matrices V and W satisfy (5.58) and (5.60),
respectively. Then Σr interpolates the zeroth and first moments of Σ, i.e.,

∞∑
k=1

r∑
lk=1

· · ·
r∑

l1=1

〈
φ̃klk...l1 ,Gk(−λ̃lk , . . . ,−λ̃l1)

〉
=

∞∑
k=1

r∑
lk=1

· · ·
r∑

l1=1

〈
φ̃klk...l1 ,Grk(−λ̃lk , . . . ,−λ̃l1)

〉
,

(5.62a)
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∞∑
k=1

r∑
lk=1

· · ·
r∑

l1=1

〈
φ̃klk...l1 ,

k∑
j=1

∂

∂sj
Gk(−λ̃lk , . . . ,−λ̃l1)

〉

=

∞∑
k=1

r∑
lk=1

· · ·
r∑

l1=1

〈
φ̃klk...l1 ,

k∑
j=1

∂

∂sj
Grk(−λ̃lk , . . . ,−λ̃l1)

〉
,

(5.62b)

where Grk is the kth generalized transfer function of Σr which has a diagonaliz-
able Ar matrix.

Proof. Again, we consider the projection-based model reduction method,
i.e., the reduced-order system matrices are obtained by applying the right
projection matrix V and the left projection matrix W(V>W)−1 accord-
ingly, with the assumption that V>W is nonsingular. Left-multiplying
the projector Π = V(W>V)−1W> to (5.58), we have

V(Ω+Ar +NrÑ
>
r +HrH̃

>
r +BrB̃

>
r ) = 0.

Since V has full column rank, then Vr = Ir satisfies

Ω+Ar +NrÑ
>
r +HrH̃

>
r +BrB̃

>
r = 0.

Applying Lemma 5.14, we have

C̃r(CrVr)
> =

∞∑
k=1

r∑
lk=1

· · ·
r∑

l1=1

〈
φ̃klk...l1 ,Grk(−λ̃lk , . . . ,−λ̃l1)

〉
.

Noting that
CrVr = CVIr = CV ,

it is immediate that
C̃r(CrVr)

> = C̃r(CV)
>,

which implies (5.62a). To prove the first moments are interpolated as
well, consider the left projection W, which is the solution of (5.60). From
Lemma 5.15, (5.62b) can be derived. Here we show the computation of
the first a few terms of (wl)>vl to give more intuitions. Instead by using
(wl)

>, we use ṽl =
∑∞
k=1 ṽ

k
l and ṽkl with suitable weights. Then

w>l vl = c̃rlb̃rlC(−λ̃lI−A)
−2B+

r∑
l1=1

c̃rlÑrll1 b̃rl1
(
C(−λ̃lI−A)

−2N(−λ̃l1I−A)
−1B+

C(−λ̃lI−A)
−1N(−λ̃l1I−A)

−2B
)
+
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r∑
l2=1

r∑
l1=1

c̃rlÑrll2Ñrl2l1 b̃rl1

(
C(−λ̃lI−A)

−2N(−λ̃l2I−A)
−1·

N(−λ̃l1I−A)
−1B+

C(−λ̃lI−A)
−1N(−λ̃l2I−A)

−2N(−λ̃l1I−A)
−1B+

C(−λ̃lI−A)
−1N(−λ̃l2I−A)

−1N(−λ̃l1I−A)
−2B

)
+

r∑
l2=1

r∑
l1=1

c̃rlH̃rll2l1 b̃rl2 b̃rl1

(
C(−λ̃lI−A)

−2·

H
(
(−λ̃l2I−A)

−1B⊗ (−λ̃l1I−A)
−1B

)
+

C(−λ̃lI−A)
−1H

(
(−λ̃l2I−A)

−2B⊗ (−λ̃l1I−A)
−1B

)
C(−λ̃lI−A)

−1H
(
(−λ̃l2I−A)

−1B⊗ (−λ̃l1I−A)
−2B

) )
+ · · ·

As a result of Lemma 5.15,

w>l vl =

∞∑
k=1

r∑
lk−1=1

· · ·
r∑

l1=1

〈
φ̃kllk−1...l1 ,

k∑
ik=1

∂

∂sik
Gk(−λ̃l, . . . ,−λ̃l1)

〉
.

Left-multiplying (5.60) by Π> and denoting V>W as Θ, we have

ΘΩ+A>r Θ+N>r ΘÑr + 2H
(2)
r (Ir ⊗Θ)

(
H̃

(2)
r

)>
+C>r C̃r = 0.

Let θl denote the lth column of Θ and vrl be the lth column of Vr = Ir.
Then we have that

θ>l vrl =

∞∑
k=1

r∑
lk−1=1

· · ·
r∑

l1=1

〈
φ̃kllk−1...l1 ,

k∑
ik=1

∂

∂sik
Grk(−λ̃l, . . . ,−λ̃l1)

〉
.

Recalling that vrl is the lth unit vector in Rr, we obtain that θ>l vrl is
the (l, l) entry of Θ>, i.e., θ>l vrl = w>l vl. Hence, the first moments are
interpolated.

Hence, in the SISO case, by introducing the suitable weights, the pro-
posed MOR method can achieve the first-order necessary H2 optimality
conditions. Both the zeroth and first moments are interpolated.
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5.3.4 Extension to MIMO Systems

Many systems have more than one input and/or more than one output.
In such cases, the MIMO QB systems are represented in the state space
form (5.1) with ni > 1 inputs and no > 1 outputs. Similar to SISO systems,
the generalized input-to-state transfer functions are defined as

F1(s1) = (s1I−A)
−1B,

F2(s1, s2) = (s2I−A)
−1N(Ini ⊗ (s1I−A)

−1B),

Fk(s1, . . . , sk) =(
(skI−A)

−1H
( ∑

i,j>1
i+j=k−1

Fi(sk−i−1, . . . , sk−1)⊗ Fj(s1, . . . , sj)
)

,

(skI−A)
−1N(Ini ⊗ Fk−1(s1, . . . , sk−1))

)
, k > 3,

(5.63)

where
N =

(
N1 N2 · · · Nni

)
.

Then the input-to-output generalized transfer functions are still defined
as Gk(s1, . . . , sk) = CFk(s1, . . . , sk). Accordingly, the adjoint generalized
transfer functions can be defined as well. For a MIMO QB system, the H2
norm can be computed as

‖Σ‖2H2
= tr

(
CRC>

)
= tr

(
B>QB

)
,

by using the reachability Gramian R and the observability Gramian Q
which are solutions of the generalized Lyapunov equations:

AR+ RA> +H(R⊗ R)H> +

ni∑
q=1

NqRN
>
q +BB> = 0, (5.64a)

A>Q+QA+H(2)(R⊗Q)
(
H(2)

)>
+

ni∑
q=1

N>qQNq +C
>C = 0. (5.64b)

To solve the MOR problem, we again generalize the tangential inter-
polation concept from LTI systems in [92]. Namely, we associate each
interpolation point with a left and a right tangential direction. Hence,
the resulted reduced-order model only interpolates the original system
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along these directions. We first consider to interpolate the original system
Σ from right. To interpolate all the generalized transfer functions, for
each interpolation point σl, a direction vector dRl ∈ Cni×1 is associ-
ated, for l = 1, 2, . . . , r. Then we can construct the right projection vector
v̆l =

∑∞
k=1 v̆

k
l as

v̆1l = (σlI−A)
−1BdRl, (5.65a)

v̆2l = (σlI−A)
−1

ni∑
q=1

Nq

r∑
l1=1

uql,l1(σl1I−A)
−1BdRl1 , (5.65b)

v̆kl =(σlI−A)
−1

ni∑
q=1

Nq

r∑
lk−1=1

uql,lk−1 v̆
k−1
lk−1

+

(σlI−A)
−1H

∑
i,j>1

i+j=k−1

r∑
lk−1=1

r∑
lk−i−1=1

ξl,lk−1,lk−i−1

(
v̆ilk−1 ⊗ v̆

j
lk−i−1

)
,

(5.65c)

with k > 3 and uql,lk−1 is (l, lk−1) entry of a matrix Uq. Analogously,
for each interpolation point σ̂l, a direction vector dLl ∈ Cno×1 can be
associated as well. Then we construct the projection vectors for the adjoint
transfer functions as w̆l =

∑∞
k=1 w̆

k
l , which are defined as

w̆1l = (σ̂lI−A)
−>C>dLl, (5.66a)

w̆2l = (σ̂lI−A)
−>

ni∑
q=1

N>q

r∑
l1=1

ûql,l1(σ̂l1I−A
>)−1C>dLl1 , (5.66b)

w̆kl = (σ̂lI−A)
−>

ni∑
q=1

N>q

r∑
lk−1=1

ûql,lk−1w̆
k−1
lk−1

+

(σ̂lI−A)
−>H(2)

∑
i,j>1

i+j=k−1

r∑
lk−1=1

r∑
lk−i−1=1

ξ̂l,lk−1,lk−i−1

(
v̆ilk−1 ⊗ w̆

j
lk−i−1

)
,

(5.66c)

with k > 3, and ûql,lk−1 is defined in the same manner as uql,lk−1 .

Lemma 5.17. Let Σ be a MIMO QB system given by (5.1) with dimension n,
which is stable. Given the interpolation points {σl}rl=1 * Λ(A)∪Λ(Ar) with
directions {dRi}

r
i=1 ∈ Cni×1 and {σ̂l}

r
l=1 * Λ(A) ∪Λ(Ar) with directions

{dLi}
r
i=1 ∈ Cno×1 together with two set of matricesUq, Ûq,q = 1, 2, . . . ,ni ∈

Rr×r and two symmetric tensors ΞT , Ξ̂T ∈ Rr×r×r such that the vectors v̆kl
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are defined according to (5.65a) – (5.65c) and the vectors w̆kl are defined as
in (5.66a) – (5.66c). For each σl and σ̂l, both v̆l =

∑∞
k=1 v̆

k
l and w̆l =∑∞

k=1 w̆
k
l converge. Let diag(σ1, . . . ,σr) and diag(σ̂1, . . . , σ̂r) be denoted as

Ω and Ω̂, respectively. Then the matrices V̆ =
(
v̆1, . . . , v̆r

)
∈ Rn×r and

W̆ =
(
w̆1, . . . , w̆r

)
∈ Rn×r satisfy the generalized Sylvester equations

V̆Ω−AV̆ −

ni∑
q=1

NqV̆U
>
q −H(V̆ ⊗ V̆)(Ξ(1)T )> = BDR, (5.67a)

W̆Ω̂−A>W̆ −

ni∑
q=1

N>q W̆Û
>
q −H(2)(V̆ ⊗ W̆)(Ξ̂

(1)
T )> = C>DL, (5.67b)

where

DR =
(
dR1 dR2 · · · dRr

)
and DL =

(
dL1 dL2 · · · dLr

)
.

Proof. Again, the proof is directly from the construction of the vectors v̆l
and w̆l, l = 1, 2, . . . , r.

Assuming that the reduced-order Ar matrix is diagonalizable, i.e.,
∃Ω = T−1ArT , by properly choosing the interpolation points, the associ-
ated tangential directions and the weighting matrices and tensors, the
optimal H2 approximation can again be achieved.

Corollary 5.18. If the projection matrices V̆ and W̆ satisfy the generalized
Sylvester equations

V̆Ω+AV̆ +

ni∑
q=1

NqV̆Ñ
>
rq +H(V̆ ⊗ V̆)H̃>r +BB̃>r = 0, (5.68a)

W̆Ω+A>W̆ +

ni∑
q=1

N>q W̆Ñrq + 2H
(2)(V̆ ⊗ W̆)

(
H̃(2)

)>
+C>C̃r = 0,

(5.68b)
and the reduced-order system matrices are obtained by applying the Petrov–
Galerkin projection in (5.57). Furthermore, upon the assumption of a diagonaliz-
able Ar we have

Ω = T−1ArT , Ñrq = T−1NrqT ,

H̃r = T
−1Hr(T ⊗ T), B̃r = T−1Br, C̃r = CrT .
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Then both the zeroth and first moments are interpolated, i.e., the first-order
necessary H2 optimality conditions in (5.62a) and (5.62b) are satisfied.

Proof. Corollary 5.18 is a direct generalization of Theorem 5.16. The
multiple inputs result in the multiple weighting matrices Uq, which are
the transformed reduced-order Nrq matrices, i.e., Ñrq. When the system
is interpolated from right, the tangential directions are the columns
of B̃>r = B>r T

−>. When the system is interpolated from the left, the
tangential directions are the columns of C̃r = CrT . And the interpolation
points are again the mirror images of the reduced-order poles.

5.4 computational aspects

It has been shown that both the interpolation scheme and the H2 optimal
approximation require to solve two generalized QB Sylvester equations,
which is not a computationally trivial task. Therefore, in the first part of
this section, we focus on solving the generalized QB Sylvester equations by
the fixed point method. In the second part, we show another alternative.
Namely, if the solution of the Sylvester equation does not converge in the
fixed point scheme, instead of interpolating all the generalized transfer
functions, we choose to interpolate the first a few generalized transfer
functions. The H2 norm criterion can still be used to find interpolation
conditions. The last part of this section presents two algorithms that we
use to solve the MOR problem in the proposed interpolation schemes.

5.4.1 Solving QB Sylvester Equations

Consider the generalized QB Sylvester equation in (5.68a). A simple and
naive approach to solve the matrix equation is to vectorize it, which gives
the following equation

(H̃r ⊗H)vec(V ⊗ V) +
(
Ω⊗ In + Ir ⊗A+

ni∑
q=1

(Ñrq ⊗Nq)
)

vec(V)

=− vec(BB̃>r ).
(5.69)

The above system of equations is a second-order polynomial system with
nr unknowns and nr equations. Geometrically speaking, the solution is
the intersection of nr ellipsoids in Rnr. For small scale problems (i.e.,
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both small n and r), one may apply the Buchberger’s algorithm [51] to
find the Gröbner basis and then solve a transformed problem rather than
the original set of polynomial equations to get the solutions. However,
as n and r increase, the symbolic calculation easily becomes compu-
tationally unfeasible. The methods which transform the problem into
eigenvalue decomposition problem (see, e. g., [68, 69]) are not suitable in
our context mainly because the uniqueness of the solution is difficult to
be guaranteed.

To overcome the above problems, we consider the fixed point iteration
method, which is used to solve bilinear Lyapunov equations in [159] and
quadratic bilinear Lyapunov equations in [38]. Let L : Rn×r → Rn×r

and N : Rn×r → Rn×r be two operators defined as

L (X) = XΩ+AX, N (X) = −

ni∑
q=1

NqXÑ
>
rq −H(X⊗X)H̃>r .

Clearly, L is the conventional Sylvester (or Lyapunov) operator, which is
linear and N describes the bilinear and quadratic part of (5.68a). Then
(5.68a) can be represented in the abstract form as

L (V) −N (V) +BB̃>r = 0.

Applying the fixed point method, suppose that in the k− 1th iteration,
the solution Vk−1 is known, then in the kth iteration, we only need to
solve the equation

L (Vk) = N (Vk−1) −BB̃
>
r ,

which is now linear in the unknown entries of Vk. Since the right-
hand side is known, the equation can be easily solved by the existing
Sylvester equation solvers. The major problem of the fixed point method
is convergence. If the spectral radius of the operator L −1N satisfies
ρ(L −1N ) < 1, the fixed point method is guaranteed to converge. How-
ever, for the generalized QB Sylvester equations under consideration, the
spectral radius depends on the solution V . Recall the generalized QB

Sylvester equation (5.68a) in the vectorized form given by (5.69). In the
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kth fix point iteration, the spectral radius ρ(L −1N ) is thus as same as
the spectral radius of

(Λ⊗ In + Ir⊗A)−1
( ni∑
q=1

Ñrq⊗Nq + (H̃r⊗H)T(n,r)(Inr ⊗ vec(Vk−1))
)

,

which depends on Vk−1. When the Lyapunov equations are of interest,
i.e., Ω = A>, Ñrq = Nq, H̃r = H and B̃r = B, sufficient conditions on
the convergence of the fixed point iterations are proposed in [39], which
coincide with the sufficient conditions on the existence of the reachability
Gramians. When the solution V exists, if the initial guess is close to V ,
we are more likely to find a solution from the fixed point iteration that is
close enough to V . However, in many cases, the solution V may not exist.

In [39], the authors proposed a scaling technique to solve a scaled
Sylvester equation for which the solution exists, which is a generalization
of the method in [60]. Simply speaking, we can scale the input and the
state vector simultaneously by

x(t) = αxα(t), u(t) = αuα(t),

for some small scalar 0 < α < 1. From the variational equation approach
[150], we can already see that this is not true in general. Therefore, instead
of considering the original system, we actually work on a scaled system
Σα: ẋα(t) = Axα(t) +αH(xα(t)⊗ xα(t)) +α

ni∑
q=1

Nqxα(t)uαq(t) +Buα(t),

yα(t) = αCxα(t).
(5.70)

If the reduced-order system is scaled by the same factor α, then the
Sylvester equation (5.68a) becomes

H (X,α2) :=

VαΩ+AVα +α2
ni∑
q=1

NqVαÑ
>
rq +α

2H(Vα ⊗ Vα)H̃>r +BB̃>r = 0.
(5.71)

As a result, as long as the spectral radius ρ(L −1N ) < 1/α2, the fixed
point method is guaranteed to converge. Now the problem boils down to
finding a maximum α such that the fixed point iteration converges. One
possibility is to use the sufficient conditions in Theorem 5.7. However,
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usually it results in a very conservative α � 1. Another possibility is,
from the homotopy continuation theory [118], that if Vα depends on α
continuously, as α→ 1, Vα → V . Denoting

G (X) = L (X) +BB̃>r , F (X) = L (X) −N (X) +BB̃>r ,

then
H (X,α2) = α2F (X) + (1−α2)G (X), α2 ∈ [0, 1]

defines a homotopy map. By applying the numerical continuation method
(see, e. g., [7]), one may push α2 to its boundary. From a practical point
of view, too much computational effort is required to find the boundary
of α2 numerically. In some cases, the increase of α2 is not so significant
when it is close enough to its boundary. Hence, in most cases we use a
heuristic method. Namely, first, we select α2 by choosing a small scalar,
for example α2 = 10−4, then solving the Sylvester equation (5.71) by the
fixed point method. Then, if it converges fast, we increase α2 by a factor
of 10. If it does not converge, decrease α2 by a factor of 10 until a suitable
α2 is found.

5.4.2 Truncated H2 Optimality Conditions and Approximation

Instead of solving the generalized QB Sylvester equations in (5.68a) (or
(5.71)) and (5.68b) (or its scaled version), we can consider to interpolate
the first a few generalized transfer functions. In [39], the authors proposed
to interpolate the first two and the quadratic part of the third generalized
transfer functions in an H2 quasi-optimal sense. In the following, we
discuss when the first K generalized transfer functions are of interest,
how to interpolate them optimally by defining a truncated H2 norm. The
merit of considering the truncated H2 optimal approximation is that we
need not solve the QB Sylvester equations.

Suppose that the first K generalized transfer functions are of interest,
so we consider a system ΣK which maps inputs u(t) to outputs yK(t) :=
C
∑K
k=1 zk(t) by the first K Volterra kernels of system Σ, where the

evolution of zk(t) is given by the ODEs in (5.25). The reduced-order model
is supposed to interpolate the first K generalized transfer functions in the
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“truncated H2 norm” sense. The truncated H2 distance between ΣK and
its approximation ΣKr is then defined as

EK :=
∥∥ΣK − ΣKr

∥∥2
H2

=

K∑
k=1

∫∞
0

· · ·
∫∞
0

‖gk(t1, . . . , tk)‖2F dt1 · · ·dtk

= tr
(
Ce

K∑
k=1

RekC
>
e

)
,

(5.72)

where Ce is the observation matrix of the error system and Rek are the
corresponding reachability Gramians. The detailed definition of Ce and
Rek,k ∈ Z+ are provided after the definition of the error system. The
error system is defined as

Σe :


ẋe(t) = Aexe(t) +He(xe(t)⊗ xe(t)) +

ni∑
q=1

Neqxe(t)uq(t) +Beu(t),

e(t) = Cexe(t) =
(
C −Cr

)
xe(t).

(5.73)
And the corresponding system matrices are

Ae =

(
A 0

0 Ar

)
, He =

(
H(F⊗ F)
Hr(Fr ⊗ Fr)

)
, Neq =

(
Nq 0

0 Nrq

)
, Be =

(
B

Br

)
(5.74)

with
F =

(
In 0n×r

)
, Fr =

(
0r×n Ir

)
. (5.75)

The reachability Gramians Rek,k ∈ Z+ are solutions of the Lyapunov
equations

AeRe1 + Re1A
>
e +BeB

>
e = 0, (5.76a)

AeRe2 + Re2A
>
e +

ni∑
q=1

NeqRe1N
>
eq = 0, (5.76b)

AeRek + RekA
>
e +

ni∑
q=1

NeqRek−1N
>
eq +He

( ∑
i,j>1

i+j=k−1

Rei ⊗ Rej
)
H>e = 0,

(5.76c)
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with k > 3. Correspondingly, if the squared truncated H2 norm is com-
puted by

EK = tr
(
B>e

K∑
k=1

QekBe

)
,

the following Lyapunov equations need to be solved

A>eQe1 +Qe1Ae +C
>
e Ce = 0, (5.77a)

A>eQe2 +Qe2Ae +

ni∑
q=1

N>eqQe1Neq = 0, (5.77b)

A>eQek +QekAe +

ni∑
q=1

N>eqQek−1Neq+

H
(2)
e

( ∑
i,j>1

i+j=k−1

Rei ⊗Qej
)
(H

(2)
e )> = 0, k > 3.

(5.77c)

However, since Qek,k > 3 depends on Rek, as long as more than three
generalized transfer functions are interpolated, Rek,k = 1, 2, . . . ,K− 2

need to be solved if we compute the truncated H2 norm from Qek,k =

1, 2, . . . ,K. Hence, when the truncated H2 norm need to be computed,
we only compute it from the reachability Gramians. The H2 optimal
approximation of ΣK must satisfy the first-order necessary optimality
condition ∂EK/∂Mr = 0 where Mr stands for the reduced-order system
matrices. Next, we show how to compute the reduced-order system
matrices based on the truncated H2 optimality conditions, which can be
considered as a generalization of the LTI cases introduced in [180].

Theorem 5.19. Let Rek and Qek,k ∈ Z+ denote the kth reachability and
observability Gramian of the error system Σe in (5.73), respectively. If ΣKr is the
rth-order H2 optimal approximation of system ΣK, then the following equations
hold.

K∑
k=1

Qrk

K+1−k∑
l=1

Rrl +

K∑
k=1

Y>k

K+1−k∑
l=1

Xl = 0, (5.78a)

K∑
k=1

QrkBr +

K∑
k=1

Y>k B = 0⇒ Br = −

(
K∑
k=1

Qrk

)−1 K∑
k=1

Y>k B, (5.78b)

Cr

K∑
k=1

Rrk = C

K∑
k=1

Xk ⇒ Cr = C

K∑
k=1

Xk

(
K∑
k=1

Rrk

)−1

, (5.78c)



198 mor for qb systems

K∑
l=3

K+1−l∑
k=1

QrkHr
∑
i,j>1

i+j=l−1

(Rri⊗Rrj)+
K∑
l=3

K+1−l∑
k=1

Y>k H
∑
i,j>1

i+j=l−1

(Xi⊗Xj) = 0,

(5.78d)
K−1∑
k=1

QrkNrq

K−k∑
l=1

Rrl +

K−1∑
k=1

Y>k Nq

K−k∑
l=1

Xl = 0, q = 1, 2, . . . ,ni, (5.78e)

where

Rek =

(
Rk Xk

X>k Rrk

)
, Qek =

(
Qk Yk

Y>k Qrk

)
,k ∈ Z+

are the partitions of the reachability and observability Gramians, respectively.

Before proving Theorem 5.19, two lemmas are stated which serve as
the foundation of our proof. These two lemmas can be proved by direct
calculations.

Lemma 5.20 ([187]). If P and Q satisfy

AP+ PB+X = 0 and A>Q+QB> + Y = 0,

then there holds
tr
(
X>Q

)
= tr

(
Y>P

)
.

Lemma 5.21. Given a tensor HT ∈ Rn×n×n and arbitrary matrices X, Y,Z ∈
Rn×n, there holds

tr
(
H(1)(X⊗ Y)(H(1))>Z

)
= tr

(
H(2)(X⊗Z)(H(2))>Y

)
.

Proof of Theorem 5.19. For each reduced-order system matrix Mr, we con-
sider the directional derivative DEK(Mr)[∆Mr], i.e., the derivative of EK
with respect to Mr in the direction of ∆Mr, that is, the change of Mr. Set-
ting the directional derivative to zero, the first-order necessary optimality
conditions on each reduced-order system matrix can be obtained.

Necessary condition on Cr. The condition on Cr is the simplest case.
Taking the directional derivative in terms of Cr, we have

(
∂EK
∂Cr

)>
∆Cr = tr

( K∑
k=1

RrkC
>
r ∆Cr −

K∑
k=1

XkC
>∆Cr

)
= 0,

which implies (5.78c).
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Necessary condition on Br. Taking the directional derivative with
respect to Br, we have

(
∂EK
∂Br

)>
∆Br =tr

(
C>r Cr

K∑
k=1

DRrk(Br)[∆Br]
)
−

2 tr
(
C>r C

K∑
k=1

DXk(Br)[∆Br]
)

.

Here we focus on the computation of tr
(
C>r Cr

∑K
k=1 Rrk(Br)[∆Br]

)
, the

other part can be calculated analogously. For k = 1, taking the directional
derivative of (5.76a) with respect to Br, we have

ArDRr1 +DRr1A
>
r +∆BrB

>
r +Br∆B

>
r = 0,

which implies

tr
(
C>r CrDRr1

)
= 2 tr

(
B>r Qr1∆Br

)
.

For k = 2, taking the directional derivative of (5.76b) with respect to Br
and applying Lemma 5.20, we have

tr
(
C>r CrDRr2

)
= tr

( ni∑
q=1

NrqDRr1N
>
rqQr1

)

=tr
( ni∑
q=1

N>rqQr1NrqDRr1

)
= 2tr

(
B>r Qr2∆Br

)
.

For k > 3, taking the directional derivative of (5.76c) with respect to Br,
recalling the symmetry ofHr, i.e.,Hr(X⊗Y) = Hr(Y⊗X), and repetitively
applying Lemma 5.20 and Lemma 5.21, we have

tr
(
C>r CrDRrk(Br)[∆Br]

)
=tr
( ni∑
q=1

NrqDRrk−1N
>
rq +

∑
i,j>1

i+j=k−1

Hr(DRri ⊗ Rrj + Rri ⊗DRrj)H>r Qr1
)

=tr
( ni∑
q=1

N>rqQrk−1NrqDRr1 +
∑
i,j>1

i+j=k−1

Hr(DRr1 ⊗ Rri + Rri ⊗DRr1)H>r Qrj
)
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=2 tr
(
B>r Qrk∆Br

)
.

Hence

tr
(
C>r Cr

K∑
k=1

DRrk(Br)[∆Br]
)
= 2tr

(
B>r

K∑
k=1

Qrk∆Br

)
.

Analogously, one can derive that

tr
(
C>r C

K∑
k=1

DXk(Br)[∆Br]
)
= tr

(
B>

K∑
k=1

Yk∆Br

)
.

Then (5.78b) can be obtained. In the same way, the conditions on Ar, Hr
and Nrq,q = 1, 2, . . . ,ni can be calculated.

So far, there is still no condition on Ar. In the following, we show that,
under a relaxed condition on Br, the condition on Ar can be obtained.

Corollary 5.22. Assume that ∀1 6 L 6 K ∈ Z+, there holds

L∑
k=1

Y>k B+

L∑
k=1

QrkBr = 0. (5.79)

Then the reduced-order matrix Ar satisfies

K∑
k=1

Y>k A

K+1−k∑
l=1

Xl +

K∑
k=1

QrkAr

K+1−k∑
l=1

Rrl = 0. (5.80)

Proof. From (5.76a) – (5.76c) we know that Xk satisfy the Sylvester equa-
tions

AX1 +X1A
>
r +BB>r = 0, (5.81a)

AX2 +X2A
>
r +

ni∑
q=1

NqX1N
>
rq = 0, (5.81b)

AXk +XkA
>
r +

ni∑
q=1

NqXk−1N
>
rq +H

( ∑
i,j>1

i+j=k−1

Xi ⊗Xj
)
H>r = 0, k > 3.

(5.81c)
And Rrk are solutions of the Lyapunov equations

ArRr1 + Rr1A
>
r +BrB

>
r = 0, (5.82a)
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ArRr2 + Rr2A
>
r +

ni∑
q=1

NrqRr1N
>
rq = 0, (5.82b)

ArRrk + RrkA
>
r +

ni∑
q=1

NrqRrk−1N
>
rq +Hr

( ∑
i,j>1

i+j=k−1

Rri ⊗ Rrj
)
H>r = 0,

(5.82c)
with k > 3. Then for an arbitrary integer 1 6 L 6 K, it is not difficult
to get the equations for

∑L
l=1 Xk and

∑L
l=1 Rrk. Applying the truncated

optimality conditions in (5.78a), (5.78d) and (5.78e), we can derive that

K∑
k=1

Y>k A

K+1−k∑
l=1

Xl +

K∑
k=1

QrkAr

K+1−k∑
l=1

Rrl+

K∑
L=1

(
L∑
k=1

Y>k B+

L∑
k=1

QrkBr

)
B>r = 0.

Therefore, with the relaxed condition (5.79) on Br, the truncated H2
optimality condition on Ar in (5.80) can be derived.

Remark 5.3. When only the first two and the quadratic part of the third
generalized transfer functions are of interest, which is the case in [39], the
resulted truncated optimality conditions are a special case of Theorem 5.19. In
such a case, the conditions are given by [39, Theorem 3.7].

Dissimilar to the linear and bilinear cases, truncated optimality con-
ditions here only give explicit representations of Br and Cr. However,
from the projection-based MOR point of view, the reduced-order matrices
Ar,Nrq and Hr can be obtained by using a projection method. For exam-
ple, the matrix Ar can be seen as projecting A onto subspaces spanned
by
∑L
l=1 Xl, 1 6 L 6 K and correspondingly, the test spaces are spanned

by
∑K+1−L
k=1 Yk. Then the general formula for Ar,Nrq and Hr are

Ar =
1

K

∑
k,l>1

k+l=K+1

W>k AVl,

Nrq =
1

K− 1

∑
k,l>1
k+l=K

W>k NqVl, q = 1, 2, . . . ,m,

Hr =
1

K− 2

∑
k,l>1

k+l=K+1

W>k H
∑
i,j>1

i+j=l−1

(Pi ⊗ Pj),

(5.83)
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where span{Wk} = span
{∑k

i=1 Yi

}
, span{Vk} = span

{∑k
i=1 Xi

}
and

span{Pk} = span{Xk}. For example, if K = 3, we have

Ar =
1

3

(
W>3 AV1 +W

>
2 AV2 +W

>
1 AV3

)
,

Nrq =
1

2

(
W>2 NqV1 +W

>
1 NqV2

)
, Hr =W>1 H(V1 ⊗ V1).

When K increases, such a construction method for the reduced-order
system matrices can be very tedious. A simple and alternative way is to
only use span

{∑K
i=1 Xi

}
as trial space and span

{∑K
i=1 Yi

}
as test space,

that is

Ar =
(
W>KVK

)−1
W>KAVK, Nrq =

(
W>KVK

)−1
W>KNqVK,

Hr =
(
W>KVK

)−1
W>KH(VK ⊗ VK).

(5.84)

Although the truncated H2 optimality is not achieved in the projection
method given in (5.84), an IRKA-like method can still be applied to com-
pute the interpolation points, tangential directions, weighting matrices
and tensor iteratively. As long as the iterative algorithm converges, the
interpolation points converge to the mirror images of the eigenvalues of
matrix Ar.

5.4.3 H2 Approximation Algorithms

Based on the theoretical results, two algorithms are provided to solve the
H2 optimal or truncated H2 optimal approximation problems as follows.
Similar to IRKA in [98], the algorithms are both converged when change
of the spectrum of Ar is small enough. In Algorithm 5, we solve either
the generalized QB Sylvester equations or its scaled version. The scaling
factor α is found by trial and error.

In Algorithm 6, although we do not use the exact truncated optimality
conditions in Theorem 5.19 and Corollary 5.22, the heuristic method
provides an approach to compute the interpolation variables.
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Algorithm 5 αQB-IRKA

Input: System matrices: A,B,C,Nq,H.
Output: Reduced-order system matrices Ar,Br,Cr,Nrq,Hr.

1: Symmetrize the Hessian matrix H (see [35]) and compute the mode-2
matricization H(2).

2: Give an initial guess of the projection matrices V and W such that
the reduced-order system is at least locally stable and Ar is diagonal-
izable.

3: while NOT converged do
4: Compute Ω = T−1ArT and

B̃r = T
−1Br, C̃r = CrT , Ñrq = T−1NrqT , H̃r = T−1Hr(T ⊗ T).

5: Compute the mode-2 matricization H̃(2)
r .

6: Choose a suitable α and solve the Sylvester equations

AX+XΩ+α2
ni∑
q=1

NqXÑ
>
rq +α

2H(X⊗X)H̃>r +BB̃>r = 0,

A>Y + YΩ+α2
ni∑
q=1

N>qYÑrq + 2α
2H(2)(X⊗ Y)

(
H̃

(2)
r

)>
+C>C̃r = 0.

7: Orthonormalize V and W, V := orth(X) and W := orth(Y).
8: Compute the reduced-order matrices

Ar =
(
W>V

)−1
W>AV , Hr =

(
W>V

)−1
W>H(V ⊗ V),

Nrq =
(
W>V

)−1
W>NqV , Br =

(
W>V

)−1
W>B, Cr = CV .

9: end while

5.5 case studies

The proposed methods are demonstrated by three numerical examples.
The first example is the 1D Fisher–Kolmogorov—Petrovsky—Piskunov
(Fisher–KPP) equation, which has an exact quadratic nonlinearity. Semi-
discretization of such an equation results in a QB system with N = 0. The
second example under consideration is the FitzHugh–Nagumo model.
The model has a cubic nonlinearity. However, by defining new states and



204 mor for qb systems

Algorithm 6 Truncated QB-IRKA

Input: System matrices: A,B,C,Nq,H and a positive integer K.
Output: Reduced-order system matrices Ar,Br,Cr,Nrq,Hr.

1: Symmetrize the Hessian matrix H (see [35]) and compute the mode-2
matricization H(2).

2: Give an initial guess of the projection matrices V and W such that
the reduced-order system is at least locally stable and Ar is diagonal-
izable.

3: while NOT converged do
4: Compute Ω = T−1ArT and compute

B̃r = T
−1Br, C̃r = CrT , Ñrq = T−1NrqT , H̃r = T−1Hr(T ⊗ T).

5: Compute the mode-2 matricization H̃(2)
r .

6: Solve the Sylvester equations

AX1 +X1Ω+BB̃>r = 0, AX2 +X2Ω+

ni∑
q=1

NqX1Ñ
>
rq = 0,

AXk +XkΩ+

ni∑
q=1

NqXk−1Ñ
>
rq +H

∑
i,j>1

i+j=k−1

(Xi ⊗Xj)H̃>r = 0, k > 3.

7: Solve the Sylvester equations

A>Y1 + Y1Ω−C>C̃r = 0, A>Y2 + Y2Ω+

m∑
q=1

N>qY1Ñrq = 0,

A>Yk + YkΩ+

ni∑
q=1

N>qYk−1Ñrq+

2H(2)
∑
i,j>1

i+j=k−1

(Xi ⊗ Yj)(H̃
(2)
r )> = 0, k > 3.

8: Compute and orthonormalize VK and WK, VK = orth
(∑K

k=1 Xk

)
and WK = orth

(∑K
k=1 Yk

)
.

9: Compute the reduced-order matrices

Ar =
(
W>KVK

)−1
W>KAVk,Hr =

(
W>KVK

)−1
W>KH(VK ⊗ VK)

Neq =
(
W>KVK

)−1
W>KNqVK, Br =

(
W>KVK

)−1
W>KB, Cr = CVK.

10: end while
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augmenting the state space, it is possible to transform the system into
the QB system form. The last case study is on the nonlinear transmission
line circuit that was tested in Chapter 4. The circuit has diodes with the
exponential nonlinearity. By defining new states and augmenting the
state space, we can bring the system into the QB system form as well.

In the test, we compare the linear Krylov subspace method of Section
5.2, the αQB-IRKA and the truncated QB-IRKA algorithms in Algorithm
5 and 6. The truncated QB-IRKA method approximates the system by
interpolating the first 3 generalized transfer functions. In the figures and
tables, to make the legend compact, we use the following abbreviations:
full-order model simulation is denoted as QB FOM; reduced-order model
simulations are denoted as

• αQBIRKA if it is obtained by Algorithm 5;

• truncQBIRKA if it is obtained by Algorithm 6;

• LK if it is obtained by the linear Krylov subspace method.

5.5.1 Fisher–KPP Equation

The first example we consider is the Fisher–KPP equation, which is a
reaction-diffusion equation widely used in population dynamics [77],
plasma physics and combustion. The 1D equation is described as follows
together with its boundary and initial conditions

ut(x, t) = αuxx(x, t) +βu(x, t)(1− u(x, t)) + vin(x, t),

u(x, 0) = 0,u(0, t) = 0 = u(L, t).

The parameter values are taken as L = 1, α = 1 and β = 3. The input is
assumed to be put on the first node and the state of the last node is the
quantity of interest. Hence, by applying the central difference method on
the spatial domain, the system can be rewritten as an ODE model

U̇(t) = AU(t) +H(U(t)⊗U(t)) +BVin(x, t), y(t) = CU(t),
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where U(t) = col(u1(t),u2(t), . . . ,un−1(t),un(t)) and

A =
α

h2



−2+ βh2

α 1

1 −2+ βh2

α 1
. . . . . . . . .

1 −2+ βh2

α 1

1 −2+ βh2

α


,

B =
(
1 0 · · · 0 0

)>
, C =

(
0 0 · · · 0 106

)
,

with h = 1/(n+ 1) and n = 100 is the number of nodes. Here we choose
the maximum entry of C to be 106 to scale the output. In such a setting,
the largest eigenvalue of A is

(n+ 1)2
(
−2+ 2 cos

(
π

n+ 1

))
+β ≈ −6.8688 ∈ C−.

Thus the system is locally stable near the origin. The matrix H is the
mode-1 matricization of a 3-tensor HT . Its (i, j,k) entry satisfies

HTijk =

{
−3, i = j = k,

0, elsewhere.

The conditions in Theorem 5.7 and Corollary 5.8 are all satisfied. By apply-
ing the fixed point method, the reachability and observability Gramians
can thus be computed. The norm of the reachability Gramian is ‖R‖ =
3.5094 · 10−5 and its upper bound computed from Theorem 5.7 is 0.07664.
Similarly, the norm of the observability Gramian is ‖Q‖ = 3.5094 · 107,
which is also much smaller than its upper bound 7.664 · 1010. This indi-
cates how conservative the conditions in Theorem 5.7 and Corollary 5.8
can be. The H2 norm of the original system is then computed as

‖Σ‖H2
=
√
CRC> =

√
B>QB = 2.8462.

To test the MOR performance, we reduce the system from order n = 100

to order r = 12. The full-order and reduced-order systems are simulated
with a sinusoidal input

Vin(t) = 50 sin(0.4πt+ π/3) + 60.
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The time domain responses and the relative approximation errors are
depicted in Figure 5.1. To avoid division by zero, the relative error here
is defined as

e(t) =
|y(t) − yr(t)|

‖y‖L2
.
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Figure 5.1. Time domain simulations and the relative errors of the proposed
MOR methods for the Fisher–KPP equation.

When applying the linear Krylov method, i.e., the rational interpola-
tion method, we generate 12 interpolation points from −103 to −1 in the
logarithmic scale to cover the spectrum of matrix A. Hence, we only in-
terpolate the first two generalized transfer functions in (5.11) rather than
their derivatives. For the QB-IRKA and the truncated QB-IRKA methods,
they both converge in 50 iterations. It can be seen from Figure 5.1 that
the performance of the three methods are quite close to each other. In the
H2 norm sense, the relative H2 error defined as

error =
‖Σ− Σr‖H2

‖Σ‖H2

,

are shown in Table 5.1.
Clearly, Algorithm 5 gives the smallest relative H2 error, which is

expected because Algorithm 5 provides the H2 optimal approximation
of the original system. The truncated H2 approximation methods in
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Table 5.1. Relative H2 errors of three different MOR methods for the Fisher–KPP
equation.

Methods αQBIRKA truncQBIRKA LK

Relative H2 error 8.2436 · 10−7 1.5830 · 10−6 5.4389 · 10−4

Algorithm 6 performs better than the linear Krylov method in the H2
norm sense although we only interpolate the first three generalized
transfer functions by Algorithm 6.

5.5.2 FitzHugh–Nagumo Model

The next system we studied is the FitzHugh–Nagumo model, which
models the excitation of neurons. This system is described by two coupled
PDEs:

εvt(x, t) = ε2vxx(x, t) + f(v(x, t)) −w(x, t) + g(x, t),

wt(x, t) = hv(x, t) − ξw(x, t) + g(x, t),

where f(v) = v(v − 0.1)(1 − v) is a cubic polynomial. The initial and
boundary conditions are

v(x, 0) = 0 = w(x, 0), vx(0, t) = −i0(t), vx(L, t) = 0.

The model parameters are taken from [56], which are

ε = 0.015, h = 0.5, ξ = 2, g(x, t) = 0.05.

The input signal is i0(t) = 50t3e−15t, which stimulates the system in
a very short time period. It is well known that for this model, if the
external stimulus, i.e., the input, exceeds a certain threshold, the system
exhibits a limit cycle behavior in phase space, representing activation and
deactivation of the neuron [56]. In other words, the voltage v(x, t) and
the recovery voltage w(x, t) show period behavior in the time domain.
The PDE model is semi-discretized by the finite difference method with
100 nodes. Hence the resulted ODE system has 200 states. To transform
the original cubic nonlinearity into quadratic-bilinear nonlinearities, we
define the new state variables zi(t) = v2i (t) at each node. Then the ODE

model has 300 states. The first output is chosen as the sum of vi(t) and
the second is chosen as the sum of wi(t). Since the system has two
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inputs u1(t) = i0(t) and u2(t) = 0.05, the example under consideration
is a MIMO system. The state space model is locally stable. However, the
fixed point method does not converge when solving the QB generalized
Lyapunov equations. Hence, we do not show the H2 norm of the original
system or the error systems. To test the αQB-IRKA method in Algorithm
5, we use the scaling factor α = 10−3.

Again, we test all three methods. For the linear Krylov method, i.e., the
tangential interpolation method, initially we generate 4 points between 1
and 100 in the logarithmic scale. At each point, the first two generalized
transfer functions in (5.11) and their first and second derivatives are
interpolated. Then we use an IRKA-type method to refine the interpolation
points. Namely, when the reduced-order model is obtained, we compute
the eigenvalues of the matrix Ar and select the mirror images of its first
4 eigenvalues as the new interpolation points. Eventually, after a few
iterations, the interpolation points converge to

σ = {396.2694, 474.7754, 552.7474, 626.1809}.

The tangential directions are chosen naively as col(1, 1) for both sides.
These directions are fixed when we refine the interpolation points. For the
tangential interpolation method and the αQB-IRKA method, the system
is reduced to order r = 12. Both reduced-order systems can capture
the periodic behavior of the outputs. Namely, the periodic activation
and deactivation of the neuron. However, for the truncated QB-IRKA

method, we barely find a reduced-order model with 12 states capturing
the periodic behavior. As a result, the original system is reduced to order
r = 36 for the truncated method, which results in a reduced-order model
still capturing the periodic activation and deactivation of the neuron.

For this example, it is very difficult to find Petrov–Galerkin projections
which can stabilize the reduced-order models for all the three methods
even though the reduced systems are all locally stable. From [55], we
know that for an LTI system with a symmetric negative definite system
matrix A = A> ≺ 0, Galerkin projection preserves stability. Besides,
in [56], when the Galerkin projection by POD is applied, the reduced-
order model is also stable. Hence, heuristically, we tried the Galerkin
projection framework and the reduced-order models are all stable. One
disadvantage of using the Galerkin projection is that we lose part of
the approximation accuracy. For the αQB-IRKA and the truncated QB-
IRKA methods, only zeroth moments are interpolated. For the linear
Krylov method, only the transfer function T1(s) in (5.11) and its first and
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second derivatives are interpolated. Nevertheless, we at least obtain stable
reduced-order systems. Another difficulty for this example is to choose a
suitable reduced-order r. We already seen that different reduced-orders
need to be taken when applying the αQB-IRKA and the truncated QB-
IRKA methods. This problem may be caused by transforming the system
with cubic nonlinearity to the QB representation. Further investigation
is required if the entire interpolation framework can be generalized
to higher-order polynomial systems, for example, system with cubic
nonlinearity.

In Figure 5.2 we show the time domain responses of the full-order
and the reduced-order systems as well as their relative approximation
errors. The output behavior of the FitzHugh–Nagumo model can also
be depicted by the relation between vi(t) and wi(t). When the spatial
coordinate x is fixed at xi, this relation is described by a limit cycle, so is∑n
i=1 vi(t) and

∑n
i=1wi(t). This behavior is plotted in Figure 5.3.
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Figure 5.2. Time domain simulations and the relative errors of the proposed
MOR methods for the FitzHugh–Nagumo model.

It can be seen that the linear Krylov method although captures the
periodic behavior and the amplitude of the original system, there is
still a mismatch in the period of the outputs. For the αQB-IRKA and the
truncated QB-IRKA methods, although the truncated method results in a
system with 3 times more states, it is still not as accurate as the αQB-IRKA

method. However, all three methods capture the limit cycle behavior of
the original system. Especially for the linear Krylov method, by only
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interpolating the first generalized transfer function, i.e., the linear part
of the system, the nonlinear characteristics can still be captured in the
reduced-order system.
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Figure 5.3. Relation between v(x, t) and w(x, t) for x ∈ [0, 1] described by limit
cycles.

5.5.3 Nonlinear RC Transmission Line Circuit

The last application presented in this chapter is the reduction of the
nonlinear RC transmission line circuit which has already been introduced
in Chapter 4. The schematic plot of such a circuit is shown in Figure
4.4. To clarify how to transform the original system into the QB system
form, we present more details of the system. The nonlinearity of the
system is caused by the nonlinear diodes, which is characterized by its
current-voltage relation, iD(t) = e40vD(t) − 1. In Figure 4.4, at each node,
the voltage is denoted as vi(t), i = 1, 2, . . . ,N. Between every two nodes,
there is a nonlinear diode. There is also a nonlinear diode before the first
node. Hence, we define the current of the diodes as state variables, i.e.,

z1 = e
40v1 − 1, zi = e40(vi−1−vi) − 1, i = 2, 3, . . . ,N.

Then we can compute that

ż1 = 40v̇1(z1 + 1), żi = 40(v̇i−1 − v̇i)(zi + 1).
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Noticing that v̇1 and v̇i−1,i := v̇i−1 − v̇i, i = 2, 3, . . . ,N depend on v1,
vi−1,i := vi−1 − vi and zi linearly, we can transform the system into a QB

system. For the state equations of the model, we refer to [97].
For testing purposes, the full-order model is chosen to have 50 nodes.

Hence the dimension is n = 100. In Chapter 4, when we considered
a bilinear approximation of such a system, a 10 nodes circuit already
has 110 states. Therefore, transforming it into the QB system form is a
better idea. The system is reduced to r = 10 states. For the linear Krylov
method, since this example is SISO, we can apply the rational interpolation
method. We generate 5 interpolation points from 10−8 to 1 again in the
logarithmic scale to cover the spectrum of the linear part of the system. At
each point, the two generalized transfer functions in (5.11) and their first
derivatives are interpolated. For the αQB-IRKA method, we set α2 = 10−5.
The original system has poles on the imaginary axis. To avoid numerical
problems, in the MOR process, we shift the matrix A to A− 10−3In. Then
the projection matrices are applied on the original A to reduce the system.
Both the αQB-IRKA and the truncated QB-IRKA methods converge within
40 iterations with a tolerance of 10−10. To simulate the system, the input
signal, i.e., the current source, is set to iin(t) = 0.5 cos(0.2πt) + 0.5. The
time domain responses and the relative errors are shown in Figure 5.4.
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Figure 5.4. Time domain simulations and the relative errors of the proposed
MOR methods for the nonlinear transmission line circuit.

In this test we can see that the truncated method and the αQB-IRKA

method have equally good performance. They both outperform the linear
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Krylov method, which also results in a relatively accurate approximation
of the original system. Again, for this example, the fixed point method
does not converge when solving QB generalized Lyapunov equations.
Hence, we do not show the H2 norm of the original system or the error
systems.

5.6 conclusions

The attention of this chapter is on MOR for qLPV systems. As the parame-
ters are actually functions of states, we considered the original nonlinear
system rather than its qLPV form. We showed that by defining new state
variables and augmenting the state space, many nonlinear dynamical
systems can be transformed into the QB system form. For this class of
nonlinear systems, the transfer functions are well defined either from the
growing exponential approach or by applying the Laplace transform on the
Volterra kernels. In one way, we discussed the interpolation problems
of the generalized transfer functions obtained by the growing exponential
approach. These problems can be solved by applying the Krylov subspace
methods designed for LTI systems, namely, the rational interpolation ap-
proach in Theorem 5.1 and tangential interpolation method in Theorem
5.3. In the other way, when the Volterra kernels are used to generalize
the transfer function concept, we showed that the H2 norm of the sys-
tem is defined in a proper manner. The subsequent H2 optimal model
order reduction problem is reformulated as an interpolation problem.
The corresponding interpolation conditions are proposed in Lemma 5.11,
Theorem 5.12, Corollary 5.13 and Lemma 5.14, 5.15 and Theorem 5.16

for SISO systems and Lemma 5.17 and Corollary 5.18 for MIMO systems.
Two computational methods are proposed in Algorithm 5 and 6 to de-
rive either the H2 optimal approximation for the scaled version of the
original system, or the truncated H2 optimal reduced-order model for
the original system. The results are demonstrated and compared on
three nonlinear dynamical systems, namely the Fisher–KPP equation, the
FitzHugh–Nagumo model and the nonlinear transmission circuit. They
all show satisfactory and promising performance.

Some aspects in the context of this chapter deserves more attention in
the future. When the system does not have an exact QB nonlinearity, the
system needs to be transformed. The transformation is often done manu-
ally, so an automatized transformation method would be a possible future
research direction. The second point is that some systems already have
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polynomial nonlinearities, for example the FitzHugh–Nagumo model.
Transforming such systems into QB system form introduces more state
variables and more difficulties for MOR. In the future, we would like to
consider the MOR problem for systems with polynomial nonlinearities
directly. As we have seen, solving the QB generalized Lyapunov/Sylvester
equations is quite computationally challenging. Hence, numerical meth-
ods on solving these nonlinear matrix equations deserve more investiga-
tion as well.



6
M O D E L O R D E R R E D U C T I O N F O R PA R A M E T R I C
W E A K LY N O N L I N E A R S Y S T E M S

In this chapter, we attempt to solve the MOR problem for parametric
weakly nonlinear systems, which include bilinear and quadratic-bilinear
dynamical systems. Although we use the name weakly nonlinear system,
it does not mean the original system only contains bilinear and QB

nonlinearities because many dynamical systems with more complicated
nonlinearities such as cubic and exponential can be approximated by
bilinear dynamical systems or transformed into the QB system format
(see Chapter 5). The parametric system we consider in this chapter only
has time-independent parameters.

As a follow-up work of the previous chapter, the method discussed in
this chapter is again Volterra series interpolation and H2 optimal approx-
imation. The Krylov subspaces or more precisely their basis vectors are
constructed to approximate the original system. When the frequency in-
terpolation points are fixed, the reduced-order model derived can match
the parameter sensitivity at prescribed parameter sample points; while
by adding more basis vectors into the Krylov subspaces, the reduced-
order model can even match the Hessian, i.e., second-order sensitivity
with respect to the parameters at sampled parameter points. When the
parameter samples are selected, at each parameter sample, the truncated
H2 quasi-optimal approximation can be achieved by a suitable selection
of the frequency interpolation points, the weighting matrices and tensor.
By concatenating all the basis vectors at the parameter samples, a global
Krylov subspace can be obtained, which results in a piecewise truncated
H2 optimal approximation of the original system in the parameter space.
A simple parameter sampling technique based on the greedy algorithm
[61] is discussed in this chapter as well. A numerical example shows the
effectiveness of the proposed method.

6.1 introduction

In the previous chapter, we focused on the so-called qLPV systems. Such
systems only have state-dependent parameters. Hence, it is reasonable

215
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to consider the nonlinear representation of the system and perform MOR

on the nonlinear system directly. In certain cases, a qLPV system may
have both state-dependent and state-independent parameters. Then the
system under consideration is a parametric nonlinear system with time-
independent parameters. A simple example is the 1D Fisher–KPP equation
introduced in Section 5.5.1, where the diffusion coefficient α and the
reaction rate β can be considered as time-independent parameters. As it is
the case that many nonlinear dynamical systems can be brought into the
QB system form by defining new states and augmenting the state space,
we directly consider the parametric quadratic-bilinear system, which has
the state space representation

Σ(p) :


ẋp(t) =A(p)xp(t) +H(p)(xp(t)⊗ xp(t))+

ni∑
q=1

Nq(p)xp(t)uq(t) +B(p)u(t),

yp(t) = C(p)xp(t), xp(0) = 0,

(6.1)

where for notational convenience, we abbreviate x(t, p) and y(t, p) as
xp(t) and yp(t), respectively. The system is assumed to have n states, ni
inputs and no outputs. The system matrices are all real and with compati-
ble dimensions, i.e.,A(p) ∈ Rn×n,B(p) ∈ Rn×ni ,H(p) ∈ Rn×n

2
,Nq(p) ∈

Rn×n and C(p) ∈ Rno×n. The parameter subspace is denoted as P ⊆
Rnp , so it is an np-dimensional vector.

The goal of MOR is to find two projection matrices or more precisely,
two subspaces spanned by V and W such that the reduced-order para-
metric QB system

Σr(p) :


ẋp(t) =Ar(p)xrp(t) +Hr(p)(xrp(t)⊗ xrp(t))+

ni∑
q=1

Nrq(p)xrp(t)uq(t) +Br(p)u(t),

yrp(t) = Cr(p)xp(t), xrp(0) = 0,

(6.2)

with W>V = Ir and

Ar(p) =W>A(p)V , Hr(p) =W>H(p)(V ⊗ V), Nrq(p) =W>Nq(p)V ,

Br(p) =W>B(p) and Cr(p) = C(p)V with r� n,
(6.3)
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approximates the system Σ(p) well in the input-output sense. Namely,
the difference between yp(t) and yrp(t) is small enough for all possible
inputs. In many applications such as variability analysis for circuit simu-
lation, optimal experimental design for chemical process, robust control,
controller synthesize for LPV systems and etc., parameter sensitivity is an
important feature that one would like to keep in the reduced-order sys-
tem. Therefore, meanwhile the output is well approximated, we also aim
to approximate the parameter sensitivity in the reduced-order QB system.
To achieve this purpose, again, we focus on Volterra series interpolation
based MOR methods.

6.2 interpolation and piecewise truncated H2 optimal ap-
proximation

When the parameter p is fixed at any sampled point pm ∈ P, the QB sys-
tem Σ(p) in (6.1) becomes a non-parametric QB system. Then, following
the results in Chapter 5, we can define the transfer functions (or matrices)
and H2 norm for Σ(p) for each parameter sample pm. In the following,
we start the discussion by providing the parametric weighted zeroth mo-
ments of the generalized input-to-state transfer matrices and show how
to interpolate the first three of them by constructing Krylov subspaces.
We show that when the Petrov–Galerkin projection scheme is applied, the
zeroth moments and their derivatives with respect to both the frequency
variable and the parameters can be interpolated. By adding more basis
vectors into the Krylov subspace, even the second-order derivatives of
the weighted moments with respect to the parameters can be matched.
Again, suitable selection of the interpolation points, weighting matrices
and tensor leads to the truncated H2 approximation for each parameter
sample. The discussion is directly on MIMO systems.

6.2.1 Volterra Series Interpolation

For any parameter p ∈ P, given a set of interpolation points {σl}
r
l=1 *

Λ(A(p)) ∪ Λ(Ar(p)) together with ni parametric weighting matrices
Uq(p) ∈ Rr×r, q = 1, 2, . . . ,ni and a parametric symmetric 3-tensor
ΞT(p) ∈ Rr×r×r, and for each interpolation point σl, we associate a right
tangential direction dRl(p) ∈ Cni×1. Notice that here, the right tangential
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direction can be parameter dependent as well. Then we can construct the
following parametric vectors

v1(σl, p) = (σlI−A(p))−1B(p)dRl(p), (6.4a)

v2(σl, p) = (σlI−A(p))−1
ni∑
q=1

Nq(p)
r∑

l1=1

uqll1(p)v
1(σl1 , p), (6.4b)

where uqll1(p) is the (l, l1) entry of Uq(p) and

vk(σl, p) = (σlI−A(p))−1
( ni∑
q=1

Nq(p)
r∑

lk−1=1

uqllk−1v
k−1(σlk−1 , p)+

H(p)
∑
i,j>1

i+j=k−1

r∑
lk−1=1

r∑
lk−i−1=1

ξllk−1lk−i−1(p)
(
vi(σlk−1 , p)⊗ vj(σlk−i−1 , p)

) )
,

(6.4c)

with k > 3, l = 1, 2, . . . , r and ξllk−1lk−i−1(p) is the (l, lk−1, lk−i−1) entry
of ΞT(p). Assuming convergence, a vector v(σl, p) is then defined as
v(σl, p) :=

∑∞
k=1 v

k(σl, p). Then from input to output, the zeroth moments
are defined as

γ(σl, p) =
∞∑
k=1

γk(σl, p) =
∞∑
k=1

C(p)vk(σl, p), l = 1, 2, . . . , r. (6.5)

And γk(σl, p) is called the kth weighted zeroth moments.
For the adjoint system, analogously, for any parameter p ∈ P, given an-

other set of interpolation points {σ̂l}
r
l=1 * Λ(A(p))∪Λ(Ar(p)) together

with ni parametric weighting matrices Ûq(p) ∈ Rr×r, q = 1, 2, . . . ,ni
and a parametric symmetric 3-tensor Ξ̂T(p) ∈ Rr×r×r, and for each inter-
polation point σ̂l, we associate a left tangential direction dLl(p) ∈ Cno×1.
Then, another series of vectors can be constructed as follows.

w1(σ̂l, p) = (σ̂lI−A(p))−>C>(p)dLl(p), (6.6a)

w2(σ̂l, p) = (σ̂lI−A(p))−>
ni∑
q=1

N>q (p)
r∑

l1=1

ûqll1(p)w
1(σ̂l1 , p), (6.6b)
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where ûqll1(p) is the (l, l1) entry of Ûq(p) and

wk(σ̂l, p) = (σ̂lI−A(p))−>
( ni∑
q=1

N>q (p)
r∑

lk−1=1

ûqllk−1w
k−1(σ̂lk−1 , p)+

H(2)(p)
∑
i,j>1

i+j=k−1

r∑
lk−1=1

r∑
lk−i−1=1

ξ̂llk−1lk−i−1(p)
(
vi(σ̂lk−1 , p)⊗wj(σ̂lk−i−1 , p)

) )
,

(6.6c)

with k > 3, l = 1, 2, . . . , r and ξ̂llk−1lk−i−1(p) is the (l, lk−1, lk−i−1)
entry of Ξ̂T(p). Assuming convergence, a vector w(σ̂l, p) is then defined
as w(σ̂l, p) :=

∑∞
k=1w

k(σ̂l, p). Then from output to input, the zeroth
moments are defined as

ζ(σ̂l, p) =
∞∑
k=1

ζk(σ̂l, p) =
∞∑
k=1

B>(p)wk(σ̂l, p), l = 1, 2, . . . , r. (6.7)

Correspondingly, ζk(σ̂l, p) is the kth adjoint weighted zeroth moment.
It has been demonstrated in both Chapter 5 and [39] that usually

interpolation of the first three weighted moments, i.e., γk(s, p) and
ζk(s, p),k = 1, 2, 3, can already provide an accurate enough reduced-
order model meanwhile consumes less computational power. Hence, in
the following, we only show how to interpolate the first three weighted
moments and their derivatives with respect to both the frequency and
the parameter up to certain orders.

Corollary 6.1. Taking an arbitrary parameter sample pm ∈ P, for any right
and left interpolation points {σl}

r
l=1, {σ̂l}rl=1 * Λ(A(pm)) ∪Λ(Ar(pm)) as-

sociated with their tangential directions dRl(pm) ∈ Cni and dLl(pm) ∈
Cno , l = 1, 2, . . . , r,

(a) if
vk(σl, pm) ∈ span{V}, k = 1, 2, 3,

then C(pm)vk(σl, pm) = Cr(pm)vkr (σl, pm), where vkr (σl, pm) is con-
structed in the same way as vk(σl, pm) for the reduced-order system (6.2);

(b) if
wk(σ̂l, pm) ∈ span{W}, k = 1, 2, 3,
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then B>(pm)wk(σ̂l, pm) = B>r (pm)wkr (σ̂l, pm), where wkr (σ̂l, pm) is
the same construction of wk(σ̂l, pm) for the adjoint of the reduced-order
system (6.2).

Proof. The corollary can be seen as a direct result from Theorem 5.12.
However, we proceed the proof by following the method for parametric
LTI systems in [27], which is also used to prove further results later in
this chapter.

Let A(s, p) = sI−A(p) and Ar(s, p) be its reduced-order duplicate, so
Ar(s, p) =W>A(s, p)V . Define the skew projectors

P(s, p) := VA−1
r (s, p)W>A(s, p) and Q(s, p) := A(s, p)VA−1

r (s, p)W>.
(6.8)

Hence, A(s, p)P(s, p) = Q(s, p)A(s, p). Since there holds vk(σl, pm) ∈
span{P(σl, pm)} for k = 1, 2, 3. Then we have

P(σl, pm)vk(σl, pm) = vk(σl, pm), k = 1, 2, 3.

For k = 1, we can show that

Cr(pm)v1r(σl, pm) = C(pm)VA−1
r (σl, pm)W>B(pm)dRl(pm)

=C(pm)P(σl, pm)v1(σl, pm) = C(pm)v1(σ, pm).

For k = 2, it can be computed that

Cr(pm)v2r(σl, pm)

=C(pm)VA−1
r (σl, pm)W>

ni∑
q=1

Nq(pm)

r∑
l1=1

uqll1(pm)Vv1r(σl1 , pm)

=C(pm)P(σl, pm)A−1(σl, pm)

ni∑
q=1

Nq(σl, pm)·

r∑
l1=1

uqll1(pm)P(σl1 , pm)v1(σl1 , pm)

=C(pm)P(σl, pm)v2(σl, pm) = C(pm)v2(σl, pm).

From the above results, we can conclude that

Vvkr (σl, pm) = P(σl, pm)vk(σl, pm) = vk(σl, pm), k = 1, 2.
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Then for k = 3, we can easily show that

Cr(pm)v3r(σl, pm) = C(pm)P(σl, pm)v3(σl, pm) = C(pm)v3(σl, pm).

The proof for B>(pm)wk(σ̂l, pm),k = 1, 2, 3 is analogous.

Remark 6.1. By induction, one can prove that if ∀k ∈ Z+, vk(σl, pm) ∈
span{V}, then

Vvkr (σl, pm) = P(σl, pm)vk(σl, pm) = vk(σl, pm).

And analogously, if ∀k ∈ Z+, wk(σ̂l, pm) ∈ span{W}, then

Wwkr (σ̂l, pm) = Q>(σ̂l, pm)wk(σ̂l, pm) = wk(σ̂l, pm).

In Chapter 5, we showed that by using the Petrov–Galerkin projection
scheme, i.e., constructing V and W at same interpolation points and
applying them on both sides, the first weighted moments are matched as
well. Namely, the derivatives of the zeroth moments with respect to the
frequency variable are matched. In the parametric case, such a projection
framework can even interpolate the derivative of the zeroth moments
with respect to the parameter.

Theorem 6.2. Take an arbitrary parameter sample pm ∈ P, for both left and
right interpolation, select the interpolation points as {σl}rl=1 and the associated
tangential directions as dRl(pm) and dLl(pm), l = 1, 2, . . . , r. For the right
interpolation, the weighting matrices and tensor are Uq(pm) ∈ Rr×r,q =

1, 2, . . . ,ni and ΞT(pm) ∈ Rr×r×r. Correspondingly, the weighting matri-
ces and tensor for the left interpolation are selected such that Ûq(pm) =

U>q (pm),q = 1, 2, . . . ,ni and Ξ̂(1)T (pm) = Ξ
(2)
T (pm). Assume that all the

system matrices and the weighted moments are continuously differentiable in
the neighborhood of pm. If both

vk(σl, pm) ∈ span{V} andwk(σl, pm) ∈ span{W}, k = 1, 2, 3, l = 1, 2, . . . , r,

then

∂

∂s

(
d>Ll(pm)C(pm)vk(s, pm)

)∣∣∣
s=σl

=
∂

∂s

(
d>Ll(pm)Cr(pm)vkr (s, pm)

)∣∣∣
s=σl

,

(6.9a)
∂

∂s

(
d>Rl(pm)B>(pm)wk(s, pm)

)∣∣∣
s=σl

=
∂

∂s

(
d>Rl(pm)B>r (pm)wkr (s, pm)

)∣∣∣
s=σl

,

(6.9b)
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∇p

(
d>Ll(p)C(p)v

k(σl, p)
)∣∣∣

p=pm
= ∇p

(
d>Ll(p)Cr(p)v

k
r (σl, p)

)∣∣∣
p=pm

,

(6.9c)

∇p

(
d>Rl(p)B

>(p)wk(σl, p)
)∣∣∣

p=pm
= ∇p

(
d>Rl(p)B

>
r (p)w

k
r (σl, p)

)∣∣∣
p=pm

,

(6.9d)

for k = 1, 2, 3 and l = 1, 2, . . . , r.

Proof. We only prove (6.9a) and (6.9c). The proof for the other two equa-
tions are analogous. The right hand side of (6.9a) can be computed as

d>Ll(pm)Cr(pm)A−1
r (s, pm)vkr (s, pm) =

(
w1r(s, pm)

)>
vkr (s, pm)

=
(
w1r(s, pm)

)>
W>Vvkr (s, pm)

=
(
w1(s, pm)

)>
vk(s, pm),

which is exact the left hand side of (6.9a). Hence, (6.9a) requires that
w1(σl, pm) ∈ span{W} and vk(σl, pm) ∈ span{V},k = 1, 2, 3. Similarly,
(6.9b) requires that wk(σl, pm) ∈ span{W},k = 1, 2, 3 and v1(σl, pm) ∈
span{V} hold.

For the parameter sensitivity, we first define the following directional
derivative

d · ∇p :=

np∑
i=1

di
∂

∂pi
,

where d = col
(
d1, . . . ,dnp

)
∈ Cnp×1 is an arbitrary direction. Notice

that as long as P(s, p) and Q(s, p) are sufficiently smooth for all s ∈ C

and p ∈ P, there hold [27]

span
{
(d · ∇p)P(s, p)

}
⊂ span{P(s, p)},

and

Ker{Q(s, p)} ⊂ Ker
{
(d · ∇p)Q(s, p)

}
.

Furthermore, from A(s, p)P(s, p) = Q(s, p)A(s, p), we have

A(s, p)(I−P(s, p)) = (I−Q(s, p))A(s, p).
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As a result,

(d · ∇p) ((I−Q(s, p))A(s, p)(I−P(s, p)))

=(I−Q(s, p))
(
(d · ∇p)A(s, p)

)
(I−P(s, p)).

(6.10)

Observing that

Q(s, p)A(s, p)P(s, p) = A(s, p)P(s, p) = Q(s, p)A(s, p),

so we have, for k = 1, 2, 3

d>Ll(pm)C(pm)vk(σl, pm) − d>Ll(pm)Cr(pm)vkr (σl, pm)

=
(
w1(σl, pm)

)>
(I−Q(σl, pm))A(σl, pm)(I−P(σl, pm))vk(σl, pm).

Denote (d · ∇p)f(s, p)|s=σl,p=pm as (d · ∇p)f(σl, pm). Then, it can be com-
puted that

(d · ∇p)
(
d>Ll(pm)C(pm)vk(σl, pm) − d>Ll(pm)Cr(pm)vkr (σl, pm)

)
=
(
(d · ∇p)w

1(σl, pm)
)>

(I−Q(σl, pm))A(σl, pm)(I−P(σl, pm))vk(σl, pm)

+
(
w1(σl, pm)

)>
(I−Q(σl, pm))

(
(d · ∇p)A(σl, pm)

)
(I−P(σl, pm))vk(σl, pm)

+
(
w1(σl, pm)

)>
(I−Q(σl, pm))A(σl, pm)(I−P(σl, pm))

(
(d · ∇p)v

k(σl, pm)
)

=0,
(6.11)

because(
w1(σl, pm)

)>
(I−Q(σl, pm)) = 0 and (I−P(σl, pm))vk(σl, pm) = 0.

Since d is an arbitrary vector, as long as w1(σl, pm) ∈ span{W} and
vk(σl, pm) ∈ span{V},k = 1, 2, 3, (6.9c) holds. Applying the same method,
one can easily prove that if wk(σl, pm) ∈ span{W},k = 1, 2, 3 and
v1(σl, pm) ∈ span{V}, then (6.9c) holds.

Remark 6.2. From Remark 6.1, it is not difficult to generalize the results in
Corollary 6.1 and Theorem 6.2 to the first K > 4 weighted moments. However,
the more weighted moments are interpolated, the larger the spaces spanned by
V and W are. As a consequence, one may end up with a reduced-order model
which still has many states.
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Theorem 6.2 shows that without additional cost, the reduced-order
model matches the parameter sensitivity of the original system in the
neighborhood of the parameter samples and the prescribed frequency
interpolation points. In the context of design optimization (see, e. g., [11]),
when second-order optimization methods are applied, the second-order
derivatives with respect to the parameters need to be calculated, which
is known as the Hessian or the curvature information. Next, we show that
by adding a few basis vectors to the matrix V and W, the curvature can
be matched by the reduced-order model.

Theorem 6.3. Suppose that all the assumptions in Theorem 6.2 hold. In addition,
all the system matrices and the weighted moments are twice continuously
differentiable in the neighborhood of any parameter sample pm ∈ P. Given two
directions d1, d2 ∈ Cnp×1,

(a) if either

(di · ∇p)v
k(σl, pm) ∈ span{V}, i = 1, 2, k = 1, 2, 3 and l = 1, 2, . . . , r,

(6.12)
or

(di · ∇p)w
1(σl, pm) ∈ span{W}, i = 1, 2 and l = 1, 2, . . . , r, (6.13)

then

∇2p
(
d>Ll(pm)C(pm)vk(σl, pm)

)
= ∇2p

(
d>Ll(pm)Cr(pm)vkr (σl, pm)

)
.

(6.14)

(b) if either

(di · ∇p)w
k(σl, pm) ∈ span{W}, i = 1, 2, k = 1, 2, 3 and l = 1, 2, . . . , r,

(6.15)
or

(di · ∇p)v
1(σl, pm) ∈ span{V}, i = 1, 2 and l = 1, 2, . . . , r, (6.16)

then

∇2p
(
d>Rl(pm)B>(pm)wk(σl, pm)

)
= ∇2p

(
d>Rl(pm)B>r (pm)wkr (σl, pm)

)
.

(6.17)
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Proof. Again, we only prove the conditions in (a). The conditions in (b)
can be proved analogously. From (6.11) and the fact vk(σl, pm) ∈ span{V}
and wk(σl, pm) ∈ span{W}, we can compute that

(d2 · ∇p)(d1 · ∇p)
(
d>Ll(pm)C(pm)vk(σl, pm)−

d>Ll(pm)Cr(pm)vkr (σl, pm)
)

=2
(
(d1 · ∇p)w

1(σl, pm)
)>

(I−Q(σl, pm))A(σl, pm)

(I−P(σl, pm))
(
(d2 · ∇p)v

k(σl, pm)
)

+2
(
(d2 · ∇p)w

1(σl, pm)
)>

(I−Q(σl, pm))A(σl, pm)

(I−P(σl, pm))
(
(d1 · ∇p)vk(σl,pm)

)
. (6.18)

Since the directions di ∈ Cnp , i = 1, 2 are arbitrary, it is clearly that when
(6.12) or (6.13) holds, the curvature at (σl, pm) are matched. Following
the same path, the conditions in (b) is easily proved.

In order to make sure that the curvature in (6.14) and (6.17) are both
matched by the reduced-order system, the vectors in (6.12) and (6.15) are
used to augment the right and left Krylov subspace, respectively.

6.2.2 Piecewise Truncated H2 Optimal Approximation

As one has seen that for any parameter sample pm ∈ P the interpolation
scheme requires many interpolation variables, such as the frequency
interpolation points, tangential directions, weighting matrices and tensor.
The attempt in this section is that again we connect the interpolation
scheme to the truncated H2 optimal approximation problem. Then, for
any fixed parameter values, the interpolation variables can be selected
automatically in an iterative manner.

Recall the truncated H2 norm defined in (5.72). The aim we would
like to achieve by the interpolation scheme proposed in this chapter is
that ∀K ∈ {1, 2, 3}, the reduced-order model at the parameter sample
pm provides an H2 optimal approximation of ΣK(pm). Namely, the first
three generalized transfer functions are interpolated in the truncated H2
norm sense.

Corollary 6.4. Suppose that a reduced-order model is given by (6.2) with its
system matrices defined in (6.3). Fix the parameter at an arbitrary sample
pm ∈ P. Let Xk(pm),k = 1, 2, 3 solve the parametric version of the Sylvester
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equations in (5.81a) – (5.81c), respectively and let Yk(pm),k = 1, 2, 3 be the
solutions of

A>(pm)Y1(pm) + Y1(pm)Ar(pm) +C>(pm)Cr(pm) = 0, (6.19a)

A>(pm)Y2(pm) + Y2(pm)Ar(pm) +

ni∑
q=1

N>q (pm)Y1(pm)Nrq(pm) = 0,

(6.19b)

A>(pm)X3(pm) +X3(pm)Ar(pm) +

ni∑
q=1

N>q (pm)Y2(pm)Nrq(pm)+

2H(2)(pm) (X1(pm)⊗ Y1(pm)) (Hr)
>(pm) = 0.

(6.19c)

If

span{V} =
3⋃
k=1

span{Xk(pm)} and span{W} =

3⋃
k=1

span{Yk(pm)}, (6.20)

then the first three generalized transfer functions are interpolated optimally in
the truncated H2 norm, which is defined in (5.72).

Proof. Corollary 6.4 is a direct result of Theorem 5.19. From Theorem
5.19 we know that if the first three generalized transfer functions are
interpolated optimally in the truncated H2 norm sense, then the subspace
spanned by the right projection matrix contains the subspaces spanned
by
∑K
k=1 Xk(pm),K = 1, 2, 3 and the left projection subspace contains the

subspaces spanned by
∑K
k=1 Yk(pm),K = 1, 2, 3. These two conditions

are guaranteed by (6.20).

Corollary 6.4 does not show how the interpolation variables can be
selected explicitly at fixed parameter points. However, from the Sylvester
equations in (5.81a) – (5.81c) and (6.19a) – (6.19c), we can conclude that
as long as the reduced-order system matrix Ar(p) is diagonalizable and
it only has distinct eigenvalues for any parameter p ∈ P, the interpo-
lation points are the mirror images of the eigenvalues of Ar(p). Now
assume that T spans the eigenspace of Ar(p) so that T−1(p)Ar(p)T(p)
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is a diagonal matrix. Correspondingly, the other reduced-order system
matrices are transformed as

Ñrq(p) = T−1(p)Nrq(p)T(p), H̃r(p) = T−1(p)Hr(p)(T(p)⊗ T(p)),
B̃r(p) = T−1(p)Br(p), C̃r(p) = Cr(p)T(p).

Then for each interpolation point σl, l = 1, 2, . . . , r, the associated tan-
gential directions are the columns of B̃>r (p) and C̃r(p). The weighting
matrices are Ñrq(p) and the weighting tensor has the mode-1 matriciza-
tion H̃r(p). Unfortunately, another problem arises when the subspaces
are constructed according to (6.20). In (6.20), V and W are both n-by-3r
matrices, but in the Sylvester equations (5.81a) – (5.81c) and (6.19a) –
(6.19c), Ar(p) is assumed to be an r-by-r matrix. A possible way to solve
this problem is to only use the first r eigenvalues of Ar(p) as the interpo-
lation points. Correspondingly, the first r columns of B̃>r (p) and C̃r(p)
are taken as tangential directions. And the first r-by-r block of Ñrq(p)
and r-by-r2 block of H̃r(p) are the weighting matrices and tensor. By ap-
plying such a method, at each parameter sample, although there are only
r interpolation points, the projection matrices have 3r basis vectors. To
control the reduced-order dimension, instead of applying the subspaces
in (6.20), we can again use the subpaces spanned by

∑3
k=1 Xk(pm) and∑3

k=1 Yk(pm) as proposed in Section 5.4.2.
As a result, in the neighborhood of each parameter sample pm ∈ P,

the reduced-order model can be considered as a truncated pseudo-H2
optimal one. Combining all the projection subspaces for the parameter
samples, globally, for all the parameter values, the reduced-order model
is a piecewise truncated pseudo-H2 optimal system. Algorithm 7 sketches
how the global projection subspaces are constructed when the parameter
samples are available.

6.2.3 Sampling of the Parameter Space

A crucial ingredient of MOR for parametric dynamical systems is the
choice of the parameter samples. In [27], the authors proposed an H2⊗L2
strategy for parameter sampling. Namely, the H2 approximation error in
the frequency domain is averaged over the parameter space to quantify
the global approximation accuracy. In general, such a method requests to
evaluate the H2 approximation error for each possible parameter value,
which is not computationally feasible. Only for ad hoc scenarios [27], the
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Algorithm 7 Piecewise Truncated QB-IRKA

Input: System matrices: A(p), B(p), C(p), Nq(p), H(p), ns parameter
samples {pm}nsm=1 and reduced-orders {rm}nsm=1

Output: Reduced-order system matrices Ar(p), Br(p), Cr(p), Nrq(p),
Hr(p).

1: for m = 1 : ns do
2: Compute the projection matrices Vm and Wm by applying Algo-

rithm 6.
3: end for
4: Concatenate the projection matrices to obtain the global projection

matrices

V =
(
V1 . . . Vns

)
and W =

(
W1 . . . Wns

)
.

5: Apply SVD or the rank-revealing QR factorization to remove the rank
deficient part of V and W.

6: Compute the reduced-order system matrices by (6.3).

H2⊗L2 strategy boils down to the H2 approximation of a non-parametric
LTI system.

Recent years, the greedy approach (see, e. g., Chapter 16 of [61]) has
been widely used in the reduced basis community for the selection of
both the parameter samples and the reduced basis. See for example [136,
148, 101, 100] and the references therein. The greedy approach highly relies
on the training set of the parameter space and an effective a posteriori
error estimator. The training set is either taken as a large subset of the
parameter space P which is assumed to contain enough information
[136], or is first selected as a small subset of P and then extended by an
adaptive approach [100]. A key assumption for applying the a posteriori
error estimator is that the vector field of the original system has affine
dependence on the parameters. For non-affine parameter dependence,
EIM [23]/DEIM [56] are usually used to provide an affine approximation.
In the context of ODEs, [75] presented several a posteriori error estimators
for LTI systems and parametric LTI systems.

In the following, we propose a novel adaptive or more precisely auto-
matic parameter sampling strategy which is aligned with the H2 optimal
approximation concept in this thesis. The method can be considered
as a similar method for training set generation proposed in [100]. The
procedure is described as follows:
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Step 1. Give a small set of parameter samples Ps0. For example, Ps0

only contains one parameter sample;

Step 2. Compute the truncated H2 optimal approximation of the system
according to Algorithm 6 (for K = 3) and obtain the projection
matrices V0 and W0;

Step 3. Solve the optimization problem

p? = arg max
p∈P
‖Σ(p) − Σr(p)‖2H2

; (6.21)

Step 4. Add p? to Ps0, so the new parameter sample set is Ps1 = Ps0 ∪
{p?};

Step 5. Compute the truncated H2 optimal projection matrices V1 and
W1 at p = p? according to Algorithm 6;

Step 6. Concatenate V1 to V0 as V = (V0,V1) and W = (W0,W1);

Step 7. Apply SVD or the rank-revealing QR factorization to remove the
rank deficient part of V and W and compute the reduced-order
model by (6.3);

Step 8. Repeat Step 3 – 7 until

max
p∈P
‖Σ(p) − Σr(p)‖2H2

< εtol,

where εtol indicates the global approximation error in the H2
norm sense. Denote the final parameter sample set as Ps.

Convergence of the above method depends on the tolerance εtol. When
both Σ(p) and Σr(p) are stable, i.e., the H2 norm of Σ(p) − Σr(p) is well
defined for any parameter point, εtol provides a trivial upper bound for
convergence.

The optimization problem in (6.21) is in general difficult to solve. To
compute the H2 error, QB Lyapunov and Sylvester equations need to
be solved. To simplify the problem, since the projection matrices are
constructed by the truncated H2 optimal algorithm, instead, we use
truncated H2 norm in (5.72) with K = 3 to quantify the approximation
accuracy. Furthermore, the truncated H2 error at every parameter point
may be very different from each other. If the absolute approximation error
is used, only the parameter values which result in large truncated H2
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error are selected. To avoid such a problem, we use the relative truncated
H2 error ∥∥Σ3(p) − Σ3r(p)∥∥2H2

‖Σ3(p)‖2H2

to replace the objective function. Notice that the truncated H2 norm
is defined in (5.72). Then the optimization problem is reformulated as
follows

max
p∈P

∥∥Σ3(p) − Σ3r(p)∥∥2H2

‖Σ3(p)‖2H2

= max
p∈P

Ce(p)
∑3
k=1 Rek(p)Ce(p)

C(p)
∑3
k=1 Rk(p)C(p)

subject to Ae(p)Re1(p) + Re1(p)A>e (p) +Be(p)B
>
e (p) = 0,

Ae(p)Re2(p) + Re2(p)A>e (p) +
ni∑
q=1

Neq(p)Re1(p)N>eq(p) = 0,

Ae(p)Rek(p) + Rek(p)A>e (p) +
ni∑
q=1

Neq(p)Re2(p)N>eq(p)+

He(p) (Re1(p)⊗ Re1(p))H>e (p) = 0,
(6.22)

where Rek(p),k = 1, 2, 3 are the first three reachability Gramians of the
error system Σe(p) := Σ(p) − Σr(p). The system matrices of the error
system are constructed according to (5.73) – (5.75).

To evaluate the objective function in (6.22), three Lyapunov equations
need to be solved, which, for large-scale problems is already computa-
tionally challenging. If gradient-based optimization methods are applied
to solve the optimization problem in (6.22), even more Lyapunov equa-
tions need to be computed to evaluate the gradient. A simple alternative
is to apply the derivative-free optimization (DFO) methods. For a com-
prehensive introduction to the DFO methods, we refer to [131]. In the
numerical test, we use the particle swarm optimization (PSO) method
[110], for which the computation of the objective function can be easily
paralleled. A tutorial of the PSO algorithm and its implementation can
be found in [123]. For the readers who are interested in the convergence
of the PSO algorithm, we point to, for example, [134] and the references
therein. Another reason for using PSO is that the concept of PSO is related
to the consensus-based (distributed) optimization methods (see, e. g., [54,
175]), which can be used to find global optimum in a computationally
efficient way.
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Along with the sampling of the parameter space, two global projection
matrices V and W are constructed to reduce the full-order system. When
the system is simulated at a parameter point p̂ /∈ Ps, i.e., not in the
parameter sample set, two types reduced-order models can be used. For
the first type, the global projection matrices are directly used to compute
a reduced-order model, which may contain redundant information since
it is supposed to be a good approximation of the original system at each
possible parameter point. In the second type of reduced-order model, this
issue can be solved by proposing an effective a posteriori error estimator.
Then only a few basis vectors from V and W are selected to form the
projection matrices to build a reduced-order system, which is of smaller
dimension and more computationally efficient. At this moment, we leave
the construction of the effective a posteriori error estimator as a future
research direction. In the numerical case studies, only the first type
reduced-order models are used to approximate the system.

6.3 case studies

A numerical case study is carried out to demonstrate the performance of
the proposed parameter sampling technique and the interpolation-based
MOR method. The example is the parametric Fisher–KPP equation with
an extra advection term, with the diffusion, convection and reaction
coefficients as the parameters. With different parameter values, the sys-
tem can show very different behaviors. For example, if the advection
coefficient is zero, then the system is only governed by diffusion and
reaction. If both the advection and the diffusion coefficients are small, the
system behavior is dominated by reaction. However, with a rich enough
parameter sample set, the parametric reduced-order models can still
provide accurate approximations for the full-order model at different
parameter points.

In the legend of the figures, we use “QB FOM" to denote the simulation
of the quadratic-bilinear full-order model. And “trunc QB ROM" stands
for the simulation of the quadratic-bilinear reduced-order model which
is obtained by the truncated H2 approximation method in Algorithm 6.
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6.3.1 Parametric Advection-Diffusion-Reaction Equation

The numerical example we tested is a parametric advection-diffusion-
reaction equation system, which is described as

ut(x, t) + γux(x, t) = αuxx(x, t) +βu(x, t)(1− u(x, t)) + vin(x, t),

u(x, 0) = 0, u(0, t) = 0 = u(L, t).

Hence, the PDE system has zero Dirichlet boundary conditions and zero
initial condition. The spatial domain is x ∈ [0, 1], so L = 1. For the
parameters, we assume that

α ∈ [
1

4
,
3

2
], γ ∈ [0, 5] and β ∈ [2, 4].

We denote the parameter as p = col(α,γ,β) ∈ P := [1/4, 3/2]× [0, 5]×
[2, 4]. Notice that when γ = 0, the advection phenomenon vanishes and
the system is the parametric Fisher–KPP equation.

In the test, the PDE model is semi-discretized by the finite difference
method with 100 nodes in the spatial domain. Hence, the ODE model has
100 states. Denote the state vector as

U(p, t) = col(u1(p, t),u2(p, t), . . . ,un(p, t))

and set h = 1/(n+ 1) with n = 100 and and ui(t) the solution of the PDE

at the ith cell in the discretization. The parametric QB ODE model can be
written as

U̇(p, t) = A(p)U(p, t) +H(p)(U(p, t)⊗U(p, t)) +BVin(t),

y(p, t) = CU(p, t).

The system matrix A(p) is A(p) = αAd + γAc +βIn with

Ad =
1

h2



−2 1

1 −2 1
. . . . . . . . .

1 −2 1

1 −2


, Ac =

1

2h



0 −1

1 0 −1
. . . . . . . . .

1 0 −1

1 0


,
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and In is the n-by-n identity matrix. The Hessian matrix is H(p) =

−βH
(1)
T with the (i, j,k) entry of the tensor HT satisfying

HTijk =

{
1 i = j = k,

0 elsewhere.

The other system matrices are

B =
(
1 0 · · · 0 0

)>
, C =

(
0 0 · · · 0 106

)
.

Again C is used to scale the output at the last node. Since A(p) is a
tridiagonal-Toeplitz matrix, its eigenvalues can be explicitly computed as

λk(p) =
−2α

h2
+

√
4α2 − γ2h2

h2
cos(

kπ

n+ 1
) +β, k = 1, 2, . . . ,n

It can be checked that λk ∈ C−,k = 1, 2, . . . ,n for all the possible pa-
rameters in P. The maximum of the absolute value of the Peclét number
|Pe| = |γh/α| is 0.033.

In the following test, we initialize the parameter sample set at ps0 =
col(1/2, 0, 2). Then set the reduced order at r0 = 4 to construct V0 and
W0 by Algorithm 6. A reduced-order model Σr0(p) is thus obtained. To
find the next parameter sample, we maximize the relative truncated H2
error ∥∥Σ3(p) − Σ3r0(p)∥∥2H2

‖Σ3(p)‖2H2

,

by applying the standard PSO algorithm [123]. The second parameter
sample is then selected as ps1 = col(1.0015, 5, 2). Such a parameter sam-
ple is expected because the initial parameter sample results in a system
only with diffusion and reaction behaviors and at this parameter sample,
the advection plays an important role in the system dynamics. At this pa-
rameter sample, again, we apply Algorithm 6 to construct the projection
matrices V1,W1 ∈ R100×4. Hence the reduced-order dimension at this
parameter value is r1 = 4. Defining the projection matrices as

V :=
(
V0 V1

)
and W :=

(
W0 W1

)
,

we obtain a reduced-order model Σr1(p), which has dimension r0 + r1 =
8. After obtaining these two samples, the maximum relative truncated
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H2 error between Σ(p) and Σr1(p) is 0.1085, which is still quite large.
Repeating the same procedure by applying PSO, we obtain the next
parameter sample, which is at ps2 = col(1.5, 0, 2). At this parameter value,
the reduced-order dimension is set to 10, then we construct V2,W2 ∈
R100×10 again according to Algorithm 6. Then by redefining V and W as

V :=
(
V V2

)
and W :=

(
W W2

)
,

a reduced-order model Σr2(p) is obtained, which has dimension 18.
The maximum relative truncated H2 error between Σ(p) and Σr2(p)
is 6.8408 · 10−7. And the maximum error is at the parameter value
ps3 = col(0.25, 1.2355, 4). At this parameter sample, reaction seems dom-
inate the other two dynamics in the system, so we construct projection
matrices at this parameter sample as well. Then by setting r3 = 4, two pro-
jection matrices V3,W3 ∈ R100×4 are constructed. Eventually, defining
the projection matrices together as

V :=
(
V V3

)
and W :=

(
W W3

)
,

the maximum relative truncated H2 approximation error is reduced to
1.849 · 10−7, which is not very large and almost all the dynamics of the
original system are contained in the reduced-order model. Hence, the
parameter sample set is taken as Ps = {ps0, ps1, ps2, ps3}. To show the
time domain simulations of the full-order and the reduced-order models,
the input is set as a multi-sinusoidal signal

Vin(t) = 30 sin(2πt+ π
3 ) + 20 cos(12πt+

π
6 ) + 60.

For the sampled parameter values, the simulation results are shown in
Figure 6.1.

From the simulations, we see that the system behaves quite different at
different parameter sample. For all the parameter samples, the reduced-
order system provides an accurate approximation for the full-order model.
However, the results are expected because the projection matrices are
constructed around these parameter sample points. Hence, in Figure 6.2,
we show the time domain simulations of the full-order and the reduced-
order models together with the relative response errors at four parameter
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Figure 6.1. Time domain simulations and relative response errors for the para-
metric advection-diffusion-reaction equation at sampled parameter
values.

points which are not in the sample set Ps. Three of the parameter points
are taken as the vertices of the parameter domain, which are

p̂1 = col
(
1
4 , 0, 4

)
, p̂2 = col

(
1
4 , 5, 4

)
and p̂3 = col

(
3
2 , 5, 4

)
.

The last parameter point we used to validate the performance of the
reduced-order model is

p̂4 = col
(
7
8 , 52 , 3

)
,

which is the center of the parameter domain. Again, we found that
the reduced-order models provide accurate approximations for the full-
order models at the aforementioned parameter points. This procedure
indeed validates that the parametric reduced-order model is an accurate
approximation of the full-order parametric model.

Hence, the numerical simulations show that the parameter sample set
is rich enough and so is the projection subspaces constructed around
these parameter sample points. A final remark of the parameter sampling
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Figure 6.2. Time domain simulations and relative response errors for the para-
metric advection-diffusion-reaction equation at three unsampled
parameter values.

procedure is that if at one parameter sample point, the constructed
projection subspaces are not rich enough, the PSO algorithm will show
that the relative truncated H2 approximation error is maximized at the
same parameter point, so more basis vectors are needed.

6.4 conclusions

The intention of this chapter is to set a starting point for interpolation-
based model order reduction for parametric quadratic-bilinear systems.
Based on the interpolation scheme in Chapter 5, we propose to first
sample the parameter space and then at each parameter sample, to
construct projection subspaces which is then combined together as global
projection subspaces for the entire parameter space.

In the interpolation scheme, there are two difficulties. The first is
on selecting the frequency interpolation points. Since the truncated H2
approximation usually can achieve high accuracy (see both Chapter 5

and [39]), it is used to select the frequency interpolation points in our
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method. We discussed the truncated H2 optimality conditions if only
the first three generalized transfer functions or the first three weighted
moments are interpolated in Corollary 6.4. Theorem 6.2 also shows
that with no additional cost, the parameter sensitivity is interpolated at
the sampled parameter points and the frequency interpolation points.
To further interpolate the second-order parameter sensitivity, i.e., the
Hessian information, how to construct the Krylov subspaces is given in
Theorem 6.3. To tackle the parameter sampling problem, we proposed
an iterative method. By selecting the parameter sample, constructing
the truncated pseudo-H2 optimal reduced-order models and projection
matrices, and then maximizing the relative error in (6.22), new parameter
samples can be found. Repeatedly using such an iterative procedure, a
rich enough parameter sample set can be obtained. The theoretical aspects
are reflected by the parametric advection-diffusion-reaction equation
example, which shows promising results.

At this stage, when the reduced-order model is simulated at the param-
eter point which is not in the parameter sample set, the global projection
matrices are used to reduce the full-order model. To achieve a further
speedup, an important step is to find a computationally efficient and ef-
fective a posteriori error estimator (see, e. g., [136]). Then the basis vectors
of the global projection matrices can be considered as a dictionary. For
any parameter point which is not in the parameter sample set, the a pos-
teriori error estimator can be used as an objective function in the greedy
algorithm to find a subset of the basis vectors from the global projection
subspaces. Then for each possible parameter point, a smaller dimensional
reduced-order model can be possibly obtained, which achieves further
reduction and speeds up the simulation. In the existing literature, for
parametric nonlinear systems, EIM or DEIM is usually applied to obtain
an approximated affine parametric system[136, 121, 104, 75]. From the
Volterra series analysis for QB systems, we see that the system can be
decomposed as infinitely many LTI systems with nested input-output
relations. As a consequence, when the truncated H2 approximation is ap-
plied, construction of an error estimator based on the first a few Volterra
series deserves more investigation in the future research.





7
C O N C L U S I O N A N D O U T L O O K

7.1 conclusions

The focus of this dissertation was on MOR for parameter-varying systems.
The aim was to develop novel MOR methods for parameter dependent
dynamical systems such that

1. solid theory on accuracy measure for different classes of dynamical
systems such as LTI, LPV, bilinear and QB systems can be developed;

2. the reduced-order modeling method is computationally feasible
and generic for classes of systems;

3. the physical relevance of the parameters can be preserved in the
reduced-order models;

4. even the parameter sensitivity and curvature information can be
approximated by the reduced-order system.

The core concept of this work was to employ the projection-based MOR

framework and use the H2 system norm, or equivalently, the impulse
response energy, to quantify the difference between the original system
and its reduced-order duplicate. Then the H2 optimal MOR problem can
be recast either as an optimization problem on the Grassmann mani-
fold or as an interpolation problem of the generalized transfer functions.
From the system theoretic point of view, we followed two paths ap-
proaching the solution to the MOR problems, which led to four research
chapters (Chapter 3, 4, 5 and 6) of this dissertation. Variants of the
advection-diffusion-reaction equation were tested throughout the thesis
as numerical examples. In Chapter 1 we raised several research questions
and they were answered by different chapters, so following, we conclude
the dissertation in a chapter-wise manner.

Chapter 2 provided fundamentals of parametric linear dynamical sys-
tems, including the concepts of stability, reachability and observability,
definition of the H2 norm and its equivalence to the impulse response
energy. Several selected MOR methods for LTI systems, parametric LTI

239
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systems, and nonlinear systems were briefly introduced. We also dis-
cussed a special parametric MOR problem, i.e., MOR for LTI systems with
inhomogeneous initial conditions, which was later generalized to bilinear
dynamical systems in Chapter 4.

Chapter 3 started discussing the main research points conducted in
this work. It was also the first path we followed. Namely, by considering
the general LPV systems in the state space form, MOR can be achieved by
assuming the knowledge of the parameter trajectory, which answered
our very first research question. We proposed a novel projection frame-
work to reduce the system, which resulted in a construction method
of the parametric projection matrices or subspaces based on the trial
function method and geometry of Grassmann manifolds. Due to the
selection of the trial functions, if an nth-order model is reduced to an
rth-order system, the maximum number of parameters we can deal with
is log2(n/r), which is the answer of our second research question. To
compute the projection matrices or subspaces, we reformulated the H2
optimal MOR problem as an optimization problem on the Grassmann
manifold. Then gradient descent based algorithms were proposed to solve
the optimization problem. Numerical examples showed the effectiveness
of the proposed method. The work in this chapter has been presented
in the Benelux Meeting on Systems and Control and the International
Conference on Adaptive Modeling and Simulation in 2017. See item 7

and 8 in List of Publications.
Next, from Chapter 4, our attention was directed to the second path.

Namely, we considered the physical relevance of the parameters and
investigated the benefits that MOR could gain from these knowledge. The
research focus of Chapter 4 was on LPV systems which only has free time-
dependent parameters in the system matrix A. Then the LPV system was
represented or approximated by a bilinear dynamical system. The discus-
sion was thus directed to H2 optimal MOR for bilinear dynamical systems.
We again reformulated the MOR problem as an optimization problem
on the Grassmann manifold. When the Galerkin projection framework
is employed, two types of line search step sizes can be used in solving
the optimization problem by the steepest descent method. The proposed
step sizes guarantee the convergence of the steepest descent algorithm.
The adaptive step size also provides a guarantee on the convergence
speed. The selection of the step sizes answered the fifth research question
proposed in Chapter 1. The aforementioned work has been submitted



7.1 conclusions 241

to the journal “Advances in Computational Mathematics”. See item 2 in
List of Publications.

The second part of Chapter 4 was about MOR for bilinear dynamical sys-
tems with inhomogeneous initial conditions. We generalized the method
in [29] for LTI systems to bilinear dynamical systems. To incorporate the
initial condition effects into the reduced-order model, MOR needs to be
performed on four systems independently, which offers great flexibil-
ity and accuracy. We demonstrated the theoretical aspects by various
numerical examples.

In Chapter 5 we concentrated on the so-called quasi-LPV systems, i.e.,
LPV systems only with state dependent parameters. We assumed that the
parameters only enter the system matrix A. Then the original qLPV system
can be considered as a nonlinear dynamical system. By polynomializing
the nonlinearity and augmenting the state space, the system can be
transformed into the QB system state space representation. Then based
on the growing exponential approach [150] or the Volterra series analysis of
the system, generalized transfer functions are well defined and so is the
extension of the H2 norm definition.

Two interpolation framework of the generalized transfer functions were
proposed to reduce the system which resulted in different construction
of Krylov subspaces. When considering the first two generalized transfer
functions obtained from the growing exponential approach, linear Krylov
subspaces are sufficient to interpolate these transfer functions and their
derivatives up to a certain order. This part of work has been published
and presented in the IEEE Conference on Decision and Control in 2018.
See item 5 in List of Publications.

In case that the Volterra series is under consideration, we proposed
to interpolate the weighted sums of the generalized transfer functions,
which resulted in solving two generalized Sylvester equations. Hence the
sixth research question was answered in this chapter. Minimization of the
H2 difference between the original and the reduced-order systems led to
an automatic selection procedure of the interpolation points, tangential
directions and the interpolation weights. As a result, H2 norm can be
used to quantify the approximation accuracy for almost all classes of
systems considered in this thesis. We also discussed the computational
challenges of solving the generalized Sylvester equations, which resulted
in the truncated H2 optimal approximation method. Two algorithms
were proposed to summarize the H2 optimal and the truncated H2
optimal approximation methods. Three nonlinear dynamical system
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examples were tested to compare the three proposed methods. All the
methods showed promising performance. And surprisingly, the linear
Krylov subspace methods can capture complex nonlinear dynamical
behaviors such as limit cycles in the reduced-order system. This work
has been presented in the SIAM Conference on Computational Science
and Engineering in 2019. See item 6 in List of Publications.

The last research chapter, i.e., Chapter 6, discussed MOR on qLPV sys-
tem with both state-dependent and time-independent parameters, which
can be transformed into the parametric QB system form. We proposed
to first sample the parameter space and then construct global Krylov
subspaces at the sampled parameter points by the truncated H2 opti-
mal approximation method. Hence we answered the last two research
questions proposed in Chapter 1. To sample the parameter space, H2
norm or its truncated counterpart was used as a cost function in the
greedy algorithm. In case that the system is stable at each parameter
point, by iteratively sampling the parameters and constructing the global
Krylov subspaces, a parametric reduced-order model which guarantees
the global approximation accuracy in the H2 or truncated H2 norm sense
can be obtained. The effectiveness of the theoretical results is reflected by
the tests on the parametric advection-diffusion-reaction equation.

7.2 outlook for future research

This work shows several first attempts in solving the MOR problems for
parameter-varying systems and it is still far from a full solution of such
problems. Several related problems arose during our research, which
deserve further investigation in the future.

In Chapter 3, the MOR problem is reformulated as an optimization
problem and solved by the gradient descent based methods. Solving the
optimization problem is quite computationally involved and challenging.
In each iteration, DLEs or DSEs need to be solved, which requires an
efficient solution scheme. Since the H2 norm is not defined for unstable
systems, during the optimization, as long as the projection matrices result
in unstable reduced-order systems, the whole process has to be shut
down and restarted again. In addition, no convergence on the algorithm
is guaranteed. Hence at this stage the method we used is more or less
like a brute force method. In the future work, one may focus on finding
projection matrices which only result in stable reduced-order systems and
convergence criteria on the optimization method. As we have pointed out
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at the end of Chapter 3, the data-driven modeling method on Grassmann
manifolds, for example, neural networks, may pave a way towards the
construction of the parameter-varying projection matrices.

For MOR of bilinear and QB dynamical systems, nonlinear Sylvester
or Lyapunov equations need to be solved. The current most common
method is either to vectorize the matrix equation and then solve it or to
solve it directly by the fixed point method. Further actions are required
to find efficient solution methods on these nonlinear matrix equations.

In several cases, we only considered that matrix A is parametric. When
all the system matrices are parametric, the current developed methods
may not be applicable. Hence, in the future, one can concentrate on LPV

systems with parameter dependence in every system matrix and try to
find a way to reduce such systems. In addition, for QB systems with
inhomogeneous initial conditions, it is still not clear how to develop
an effective MOR method to capture the initial condition effect in the
reduced-order model, which proposes a question for the future research.

Regarding the MOR method developed for parametric QB systems
in Chapter 6, we employed global projection matrices to reduce the
system, which might still end up with a system with too many states for
online simulations, real-time control or other purposes. One possibility
to further reduce the system is to treat the global projection subspaces
as a dictionary of the basis vectors. By constructing an effective and
computationally efficient a posteriori error estimator, for each parameter
point that need to be considered in the online application of the system,
a subset of the projection basis vectors is selected to reduce the system.
Then most probably a smaller dimensional system can be obtained to
achieve further speedup.

The last point we would like to address in the future work is the con-
nection between the signal generator based nonlinear moment matching
method in [14] and the generalized Sylvester equations.

Consider the QB system in (5.1) with only 1 input. To interpolate the
system from right, let us construct an LTI signal generator

ΣSG :

{
ω̇(t) = Ωω(t),

l(t) = 1
>
r ω(t),

(7.1)
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where Ω = diag(σ1,σ2, . . . ,σr) are constructed from the interpolation
points. Let the output of the signal generator ΣSG be the input of the SISO

QB system under consideration. We assume there is a mapping

Π : Rr → Rn, ω 7→ x,

defined as Π(ω) = Vω = x. Using the fact that ẋ = Vω̇ = VΩω(t), we
have

VΩω(t) =AVω(t) +H(V ⊗ V)(ω(t)⊗ω(t)) +NVω(t)1>r ω(t)+

B1>r ω(t).

Let ω†(t) be the right pseudo-inverse of ω(t), i.e., ω(t)ω†(t) = Ir. Then
we can derive that

VΩ−AV −H(V ⊗ V)(ω(t)⊗ω(t))ω†(t) −NVω(t)1>r −B1>r = 0,

which is very similar to the Sylvester equation in (5.56a). The same can
be done for the adjoint system in (5.33). Then a matrix equation which
is quite similar to the Sylvester equation in (5.56b) can be obtained.
As a result, we conjecture that there is a close relation between the
signal generator based moment matching method and the interpolation
of the weighted generalized transfer functions. This idea can even be
generalized to nonlinear system with polynomial nonlinearities, which
certainly is of our interest and can be one of the future research directions.
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S U M M A RY

The development and application of computational modeling and simula-
tion usually require to solve dynamical systems described by differential
equations. Those systems are often of high dimension, nonlinear and
even parametric. In the last three decades, projection-based model order
reduction (MOR) has been considered as a major solution to reduce the
computational complexity of LTI systems. In the projection-based MOR

framework, either one (Galerkin) or two (Petrov–Galerkin) low dimen-
sional subspaces are required to project the system onto a much smaller
dimensional solution manifold. How to construct the subspaces is the
main challenge meanwhile the reduced-order models are required to be
an accurate approximation the original system. Remarkable progresses
have been made to conquer this challenge for LTI systems and parametric
LTI systems. However, there is still a lack of efficient and effective MOR

techniques to simplify dynamical systems with time-dependent parame-
ters and/or nonlinear dynamics, which is addressed in this dissertation.

This research begins with MOR for general LPV systems. In contrast
to the methods in the literature, no specific parametric dependence is
assumed and the most general problem is considered. To enable MOR

in such a general case, the knowledge of parameter variation and an
accuracy measure, i.e., in our case the H2 norm, are necessary. It is
possible to construct either constant projection matrices or parameter-
varying projection matrices to reduce the system. The MOR problem is
reformulated as an optimization problem and solved by employing the
optimization methods on the Grassmannian manifold. The computational
cost is often very high, which is a bottle neck of this method. When
the number of parameters increases, to maintain enough accuracy, the
dimension of the reduced-order model increases exponentially.

When it is assumed that only the autonomous vector field is parametric
and it has an affine parameter dependence, an LPV system is transformed
into a bilinear dynamical systems. In the bilinear dynamical system
format, the time-dependent parameters are considered as exogenous
input signals. Again, the H2 optimal MOR problem is reformulated as
an optimization problem on the Grassmannian manifold. As most of the
existing methods in the literature suffer from the convergence problem,
an iterative method which is guaranteed to converge is proposed. The
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convergence issue is solved by bound the step size in a steepest descent
optimization framework. Both static and adaptive line search step sizes
are proposed. The adaptive method speeds up the convergence signifi-
cantly. Another relevant problem for MOR of parametric systems is MOR

for bilinear dynamical systems with inhomogeneous initial conditions.
By decomposing the system responses into three independent parts, MOR

can be applied to each part independently. Such a method offers a great
flexibility to reduce the system meanwhile keep the accuracy of the
reduced-order system response at a desired level.

The attention then is directed to the so-called qLPV systems, where
the parameters are functions of the system states. Such systems are
transformed into QB dynamical systems. The Volterra series analysis is
carried out to interpret the system in a generalized multi-dimensional
frequency domain. The resulted transfer functions are interpolated by
solving generalized QB Sylvester equations. By minimizing the H2 differ-
ence between the original system and the reduced-order system, suitable
choices of interpolation variables can be made automatically. To solve
the generalized QB Sylvester equations, fixed point iteration method is
employed. Sufficient conditions on the existence of the solution are also
proposed. Computationally challenges are addressed, which results in
the truncated H2 optimal approximation method.

The research topic is closed by investigating the MOR problem for
parametric weakly nonlinear (bilinear and QB) dynamical systems with
time-independent parameters. An adaptive strategy is proposed to sample
the parameter space while the truncated H2 optimal approximation is
employed to reduce the system. The derived reduced-order system is
guaranteed to be accurate globally in the parameter space.

Throughout the thesis, the advection-diffusion-reaction equation with
different complexities are tested to reflect the effectiveness of the pro-
posed methods.
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