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Vehicle routing problems (VRP) concern the pickup and/or the delivery of goods
from/to customers with vehicles. In the literature, most approaches consider the road
network implicitly. Specifically, so-called customer-based graphs are used where
nodes represent customers (plus the depot) and arcs represent best paths between
customers. This model can affect solution quality when several attributes are defined
on road segments (like travel time and distance). To handle that, two approaches
are proposed in the literature. The road network can be represented using a multi-
graph that extends the customer-based graph and where an arc is introduced for
every efficient path between two nodes. Alternatively, the problem can be solved
on a graph that mimics the original road network. In this paper, we investigate
the latter approach. We consider the VRP with time windows (VRPTW) and we
develop a branch-and-price scheme. An extensive computational study based on sev-
eral types of instances is conducted in order to evaluate this approach compared to
the multigraph-based approach. As far as we know, our branch-and-price scheme is

the first exact method for the VRPTW with the road-network model. Also, our com-
putational study provides the first comparison between the two models: multigraph
and road-network.

KEYWORDS

branch-and-price, multigraph, road-network graph, vehicle routing problems

1 | INTRODUCTION

Vehicle routing problems (VRP) aim to design an optimal set of routes to be used by a fleet of vehicles to visit a set of geo-
graphically dispersed customers. These routes must start and end at a depot and satisfy a set of constraints (vehicle capacity,
customer’s time windows, route duration, etc.). Since the introduction of the first VRP by Dantzig and Ramser [7], hundreds of
papers and books have been devoted to these problems [14]. Many variants have been proposed to address the numerous issues
that arise in real-life applications, such as the VRP with time windows (VRPTW) where transportation plans are constrained to
satisfy customer requests within their time windows [19], the multidepot VRP where vehicles are based at different depots [6],
and so on. Extensive reviews on the most common variants of the VRP are available in [12, 21].

Conventionally, VRP are tackled using a simple graph, abstracting the underlying road network. In this graph, called
customer-based graph, a node is introduced for each point of interest (customer, depot, etc.) and an arc represents the best path
in the road network between two nodes. This model implicitly assumes that these best paths can be defined a priori. Yet, in
practice several attributes can be given on road segments (e.g., travel time, travel cost, energy consumption, etc.). Thus, alter-
native paths exist between pairs of points of interest. Not considering these alternatives may discard potentially good solutions
from the solution space and may have a negative effect on the solution quality.
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In the literature, an increasing number of papers investigate the effects of using the customer-based graph on the solu-
tion quality for VRP when several attributes are defined on road segments [4]. Two modeling approaches have been proposed
to handle these effects. The first approach consists in representing the road network with a multigraph that extends the
customer-based graph by adding additional arcs for every nondominated path between two nodes. The second approach consists
in tackling the problem directly on a graph that mimics the road network, and that we call road-network graph. Theoretically,
both approaches provide the same optimal solutions, that are at least as good as those obtained with the customer-based graph.

To the best of our knowledge, Garaix et al. [11] were the first to point out that using the customer-based graph leads to losing
optimality when several attributes are defined on road segments. They investigated this for a dial-a-ride problem. The authors
proposed to consider all alternative routes using a multigraph structure. They develop a branch-and-price procedure compatible
with this multigraph. Later, Ben Ticha et al. [20] examined more extensively the same issue for the VRPTW, again with a
branch-and-price algorithm. Their experimental analysis, conducted on several types of instances, confirm the gains achieved
with the multigraph, compared to two customer-based graphs: a min-cost-path-based graph and a min-time-path-based graph.

Recently, Letchford et al. [15] revisited the branch-and-price approach presented by Garaix et al. [11]. They suggest that
it could be more “natural” and more efficient to tackle the problem with a graph that mimics the road network. They explain
how it would impact both the pricing problem and branching rules. However, they only explore the pricing problem. They
demonstrate their approach for a multiple traveling salesman problem with time windows (m-TSPTW). The pricing problem is
addressed with a dynamic programming algorithm adapted to the road-network graph. In the computational experiments, the
efficiency of their method is compared with the approach of Garaix et al. [11]. Results confirm and illustrate the efficiency of
pricing routines, applied in the road-network graph.

Although the results obtained by Letchford et al. [15] are insightful, their conclusions can hardly be generalized for many
reasons. First, the problem that they consider, the m-TSPTW, involves a single resource in the pricing problem (namely, time),
which has significant impacts on algorithm efficiency. Secondly, their experiments are based on instances with relatively high
densities of customers: two sets of instances are considered with densities equal to 33% and 66% respectively. Real life applica-
tions are defined on large scale road networks in which a few number of nodes are associated with customer locations. Third, they
only investigate the nonelementary-route version of the pricing problem (a route is said nonelementary when the service can be
performed several times at customers). The case with only elementary routes is not considered. Finally, they only solve the pric-
ing problem and leave the branching scheme for future researches. By the way, it is worth noting that, when nonelementary routes
are allowed, lower bounds at the root node of the branch-and-price tree with the road-network graph and multigraph approaches
are not guaranteed to be the same. It makes any comparison between the two approaches difficult if branching is not carried out.

This first study by Letchford et al. [15] thus leaves two important open questions: How can a complete branch-and-price
scheme be developed based on the road-network graph? Would this be consistently more efficient than an equivalent
branch-and-price scheme applied to the multigraph?

In this paper, we propose to follow the direction initiated by Letchford et al. [15] and aim to answer these questions. We
indeed believe that it is crucial to better understand the pros and cons of these two models. Our main objectives are thus to:
(1) investigate more in depth the relative efficiency of the two graphs, and (2) develop a complete branch-and-price solution
methodology for the case of the road-network graph.

We consider as our test-bed problem the VRPTW, because it is probably the most studied VRP with two attributes (travel
time and cost), and also because it admits the m-TSPTW (considered by Letchford et al. [15]) as special case. As we include
road-network information in the VRPTW, we follow [2] and call it VRPTW with road-network information (VRPTWgy). We
develop a complete branch-and-price algorithm based on the pricing routines presented in Letchford et al. [15] and with an
innovative methodology to manage the branching scheme. For the sake of comparison, we use the branch-and-price scheme
developed in Ticha et al. [20] for the solution of the VRPTWgy with a multigraph.

We propose an extensive computational study with three types of instances: instances generated by Letchford et al. [15]; a
large set of instances similar to those of Letchford et al. [15]; instances derived from a real road network. On all these bench-
mark sets, we propose an empirical analysis of the impact of different factors (allowing or not nonelementary routes, capacity
constraints, customer density, etc.) on the relative efficiency of the two branch-and-price algorithms.

The remainder of the paper is organized as follows. In Sections 2 and 3, we describe the branch-and-price algorithms for
the road-network graph and multigraph, respectively. In Section 4, we report the computational results and we analyze the
efficiency of the two models.

2 | BRANCH-AND-PRICE ALGORITHM FOR THE VRPTW ON THE
ROAD-NETWORK GRAPH

The VRPTWygy is defined as follows. Let G=(V, A) be a directed graph that represents the road network. Arcs in A represent
road segments, and nodes in V the extremities of these segments. With each arc (i, j) € A is associated a travel time #; and a
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travel cost c;. Let node O represents the depot location. Let C C V\{0} represents the set of customers. With each customer
i € Cis associated a demand d;, a time window [e;, [;] and a service time s;. A homogeneous fleet of K vehicles with a loading
capacity Q is given. The aim is to find a set of routes of minimal total cost, starting and ending at the depot, and that serves each
customer exactly once.

As for the standard VRPTW, the branch-and-price scheme for the VRPTWgy is based on the following set covering
formulation:

min Y cx, (1
reQ
5.t Y ax > 1 VieC )
reQ
Q<K 3)
reQ
x- € {0,1} Vr e Q )

In this context, €2 represents the set of feasible vehicle routes in the road-network graph, c, represents the cost of route » € Q
and a;, is a binary parameter equal to 1 if and only if customer i € C is served along route r. Binary decision variables x, take
value 1 if route r is selected in the solution, O otherwise.

Due to the exponentially growing size of Q, the optimal solution for the LP relaxation of (1) to (4), the so-called master
problem (MP), cannot be computed using a standard linear programming procedure (e.g., the simplex method). This issue is
handled using a column generation technique. Column generation is embedded into a branch-and-bound framework to obtain
the optimal integer solution of (1) to (4).

In the column generation procedure, only a subset of columns €; C € is considered and a restriction of MP to €, is solved
at each iteration. Q| consists of all the columns generated at previous iterations and is iteratively enlarged by solving the pricing
problem. The pricing problem aims at finding new routes with negative reduced costs, that is, routes that offer better ways to
visit customers. For a detailed description of the column generation algorithm, the reader is referred to [9].

2.1 | Pricing problem

Let A;, i € C, be the dual variables associated with constraints (2) and Ay be the dual variable associated with constraint (3).
The reduced cost of a route r is given by:
&= Y airki= A )
ieC

The purpose of the pricing problem is to generate routes r € Q\Q; with ¢, < 0. Note that in the standard version of the
VRPTW, the pricing problem is equivalent to an elementary shortest path problem with resource constraints (ESPPRC). This
becomes clear by replacing ¢, and g; , in (5), by Z(,. J)eAbi jrCij and ZjeV|(i e Abijr respectively, with by, =1 if route r traverses
arc (i, j) and O otherwise. Using this notation, the reduced cost of route r can be expressed as:

C/’\r = Z bijr(cij - A) (6)
(i)EA

Thus, the pricing problem is equivalent to the problem of finding: elementary paths starting and ending at the depot O,
satisfying time windows and capacity constraints and having a negative cost, with arc costs equal to c¢;; — ;. This problem can
efficiently be addressed with a dynamic programming approach [10, 17]. Desrochers et al. [8] show that the ESPPRC is NP-hard
in the strong sense, however it can be solved in a pseudo-polynomial time when the elementary condition is relaxed. In this
case, the pricing problem is reduced to a shortest path problem with resource constraints (SPPRC). Desrochers et al. [8] notice
that, with the SPPRC, the enlargement of the set of feasible routes €2 does not affect the validity of the set covering formulation
and of the branch-and-price scheme, but, it weakens significantly the lower bound. Also, slight modifications must be made to
the branch-and-price framework: b;, must represent the number of times arc (i, j) is traversed along route r and a;, , the number
of times customer i is served in r.

With the VRPTWgy and the road-network graph setting, two main issues arise. First, a customer node can be visited more
than once in a route (but it is not necessarily served at each visit). Second, an arc can be traversed several times along a route.
Thus, the pricing problem cannot be reduced to an ESPPRC. In this case, a route r is called elementary if every customer in
r is served only once otherwise it is called nonelementary. To handle the road-network graph setting, the branch-and-price
framework is modified as follows: b;; represents the number of times arc (7, j) is traversed along route r and g; = 1 if customer
i is served in r, O otherwise.
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To solve the pricing problem, we adapt the algorithm proposed by Feillet et al. [10]. The solution procedure is based on a
modified label correcting algorithm. A label represents a partial route from the depot node 0 to anode v € V. It is defined using
the following information, L= (v, t, c, g, S) with:

e v is the last node visited in the partial route represented by L;

t represents the arrival time at v. When v is a served customer, 7 includes waiting and service times;
c represents the reduced cost of the partial route represented by L;
q is the total demand of served customers along the partial route represented by L;

S represents the set of served customers along the partial route represented by L. S contains also the unreachable cus-

tomers, that is, customers that cannot be served along the partial route represented by L without violating time or capacity

constraints.

Algorithm 1 Pricing procedure in the road-network graph

1:
2:
3:
4:
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

L =(0,0,0,0,0)

Labels|0].add(L)

for all ¢ € V do
Labels|i] < 0

- while W # () do
u = W.extract()
for all L = (u,t,¢,q,S) € Labels[u| do
if L is not processed then
for all (u,v) € A do

if veCU{0}andwv ¢ S then
if t+t, <Il,and ¢+ g, < Q then

L' = (v,max{e,, t + typ} + Su, ¢+ Cup —

L’ updateUnreachableNodes()
if Labels[v].insert(L’) then
W« WU {v}
end if
end if
end if
L" = (v, t + tuw, ¢+ Cuv, ¢, 5)
L" updateUnreachableN odes()
if Labels[v].insert(L") then
W+ W u{v}
end if

end for
end if
end for

29: end while
30: return Labels|0]

Av7 q + an S U {U})

The developed algorithm is based on an exhaustive enumeration in which, for every label, all feasible extensions are per-
formed. Once all labels are processed the algorithm terminates and all routes with negative reduced costs are constructed. Using
this search strategy, the number of generated labels can be very large. To reduce this number, a dominance check is used. The
dominance rule is defined as follows:

Definition 1. A label Ly = (v, t1, c1, q1, S1) dominates a label Ly = (v, t, ¢2, g2, S2) if t1 Ltr,¢c1 L ¢c2,q1 L qrand S; C 5.

The general scheme of the pricing algorithm is described in Algorithm 1 where Labels[v] is the list of labels whose last
visited node is v and W is the list of active nodes, that is, at which there is a nonprocessed label. Labels[v].insert(L) is a procedure
that updates labels in Labels[v] and keeps only nondominated labels. This procedure returns ‘False’ if L is dominated and has not
been inserted. W.extract() is a procedure that extracts a node from W. L.updateUnreachableNodes is a procedure that updates
the set of unreachable nodes in label L. In Algorithm 1, when the destination node is a customer v € C, every label is extended
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FIGURE1 Example of a fractional solution supported by an integer arc flow

twice: in the first extension the customer v is served, if it is possible regarding time and capacity constraints, and in the second
extension v is visited without being served.

Note that this pricing procedure can be easily adapted to allow for nonelementary routes. To do this, we do not need to
check if customer v was already served at each extension of a label along an arc (u, v) € A (line 12 of Algorithm 1). Also, the
comparison of sets of unreachable nodes is not considered for the dominance checks.

2.2 | Branching scheme

The branching rule is one of the important components of the branch-and-price scheme. It iteratively splits the solution space
to restrict the search and tighten the bounds. It is important to make sure that the added constraints are compatible with the
column generation procedure.

For VRP, the standard branching rule relies on the property that in a feasible solution each arc is at most traversed by one
vehicle (see [13] for more details). Let ¢;; denotes the flow on arc (i, j), that is, ¢;; = Zreﬂlbi jrXij. The standard branching
rule consists in selecting an arc (i, j) such that 0 < ¢;; <1 then, deriving two branches: in the first branch, the use of arc (i, j)
in the solution is forbidden, and in the second branch, arc (i, j) is enforced in the solution. This branching rule is very easy to
manage in both the pricing and the master problems.

Unfortunately, the standard branching rule cannot be used with the road-network graph since an arc can be tra-
versed several times and by several vehicles. In our implementation, we propose to use a branching rule that works
as follows:

e Select an arc (i, j) € A with fractional flow ¢; > 0
e Derive two branches:
e In the first branch, the upper limit on flow on arc (i, j) is fixed to | ¢;]
e In the second branch, the lower limit on flow on arc (i, j) is fixed to |¢;;] + 1

This branching rule is very easily managed in the column generation scheme. Constraints

Z bijrxr < | ¢ij ] W
reQ,;
and
D bk 2 [¢y] + 1 ®)
re,;

are added to MP in the first and second branches, respectively. At the pricing problem level, ﬂ;’f (resp., /17;’ ) is subtracted to the
cost of arc (i, j), where Af;w < 0 is the dual variable associated with constraint (7) (resp. /l'l-‘f > 0 is the dual variable associated
with constraint (8)).

Note that, it is shown (see [1]) that for the standard VRPTW, an integer flow corresponds to an integer routing solu-
tion. Thus, when no arc with a fractional flow is found, the obtained solution is optimal for the associated branch. With the
road-network graph, this property does not hold. A fractional routing solution could be supported by an integer flow. To
illustrate this, let us consider the example provided in Figure 1 (note that this example is somewhat artificial because deriving
a small example is not easy).

In this example, the depot is located at node 0, and customers are located at nodes 1, 2 and 3. Other nodes represent road
junctions. Suppose that we are given a fleet with enough vehicles and let us consider the following routes (assumed to be feasible
regarding time windows and capacity constraints):

o 11 =(0, 2, 0), represented with thin lines;
e 1, =(0,5,3,2,0), represented with dashed lines;
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i

FIGURE 2 Road network of the central urban area of Aix-en-Provence [Colour figure can be viewed at wileyonlinelibrary.com]

o 3 =(0,2, 1,4, 0), represented with dotted lines;
e r,=(0,5,3,2,1,4,0), represented with thick lines.

The solution given by x,, = x,, = x,, = x,, = 0.5 is fractional, feasible for MP and defines an integer flow.
To tackle this difficulty, we propose a procedure based on a specific branching scheme. Suppose that at a certain node of
the search tree, the obtained solution X = (¥,)eq, is fractional and the associated flow is integer, that is, ZrGQ] b;jr%, is integer

for all arcs (i, j) € A. Let G = (v, Z) be the graph induced by this solution, that is, A= {(i,j) €A Zreglb,—j,}?, > 0}. The

proposed procedure derives two branches:

o In the first branch, we seek for a feasible solution defined on graph G. For this aim, we apply Algorithm 1 (in which the
dominance rule is deactivated in the insertion procedure) to enumerate the complete set of feasible routes that may exist
in 6, denoted by Q C Q. Then, a set covering problem is solved based on set Q with an IP solver;

e In the second branch, we enforce the use of at least one arc that is not used by solution X. To do this, constraint (9) is
added to the master problem.

Z Z bijrx, 21 )

(ij)EA\A TELQ,

At the pricing problem level, a dual variable 74 > 0is subtracted from the cost of each arc a appearing in constraint (9).

It is worth mentioning that Bode and Irnich [5] propose a branching scheme for the Capacitated Arc Routing Problem
(CARP), whose graph is also a road-network graph. Their proposed branching scheme is based on three levels of decisions:
(1) branching on node degrees, (2) branching on edge flows, and (3) branching on followers and nonfollowers. The first level
consists in branching once a node with a noneven (fractional or odd) degree is found. The second level is similar to the one
described by constraints (7) and (8). These two branching rules are mainly used to improve the quality of the lower bound and
do not guarantee the integrality of the solution. The followers and nonfollowers branching rule consists in deciding whether two
required edges are serviced consecutively in the same route or not. Bode and Irnich [5] show that this branching rule can ensure
the integrality of the routing solution for the CARP. Unfortunately, this branching rules is not suitable for our problem. Indeed,
several alternative paths can exist between each pair of customer nodes. To address the follower constraint between two nodes
i and j, one would need to compute all nondominated paths linking i to j, which involves solving a (NP-hard) multi-objective
shortest path problem [18]. In addition, the number of efficient paths grows exponentially with the number of nodes in the
network, which makes the pricing problem computationally very expensive.
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Conversely, our approach would probably not be practical for the CARP. Indeed, we exploit the fact that in our context
vehicles only traverse a very limited part of the network. Hence, generating all feasible routes in G makes sense. In the CARP,
vehicles typically cover a large proportion of arcs and G is very similar, if not equal, to G.

3 | BRANCH-AND-PRICE ALGORITHM FOR THE VRPTWgy ON A
MULTIGRAPH

In this section, we briefly describe the branch-and-price scheme for the VRPWTgy when a multigraph is introduced. A full
description can be found in [20]. The multigraph GM¢ = (VMG AMG) ig defined as follows. VMY = C U {0}. AMC contains parallel
arcs between each pair of nodes: AM% = U;jeymeA} ¢, where AMC = {(ij)’,p = 1,...,m;;} is the set of efficient paths linking
customer locations i and j in the road network. Each arc (i, j)’ € AMC is given a travel time tf'j and a travel cost c‘l”j that represent
respectively the time needed and the cost induced to travel from i to j using the path indexed by p.

With the multigraph, the Master Problem is the same as for the standard VRPTW. However, some modifications are needed
for the column generation scheme. First, the pricing problem is an ESPPRC applied on multigraph G¥¢, where we generate
elementary routes that satisfy:

Iyl
> D (- ) <0 (10)
(i)EAME p=1

with aj;, = 1 if route r uses arc (i, j)” and 4; is the dual variable associated with constraint (2).

Algorithm 1 is adapted to handle the multigraph setting: a label at some node i € VMC is extended along all arcs (i, j)’ € AMC
(instead of A in line 11 of Algorithm 1) and labels are only extended with a service or to the depot (lines 21-25 of Algorithm 1
are not considered).

The branching rule is like the standard one. If for any arc (i, j)’ € AMG the flow is fractional, two branches are generated. In

the first branch, the use of arc (i, j)” is forbidden and in the second branch arc (i, j)* is imposed in the solution.

4 | COMPUTATIONAL EXPERIMENTS

In this section, we present the computational experiments to evaluate the performance of the branch-and-price algorithm applied
on the road-network graph, and to compare it with the branch-and-price on the multigraph. In Section 4.1, we present the
datasets used in the experiments. In Section 4.2, we report the results. A discussion follows in Section 4.3.

Branch-and-price algorithms are implemented in the C++ programming language. Tests are run on an Intel CORE i5
2.6 GHz computer with 4 GB of memory. We use ILOG CPLEX 12.6 as the linear programming solver for restricted master
problems.

4.1 | Datasets

In our experiments, we use three sets of instances. The first set is provided by Letchford et al. [15]. The second set is generated
using the procedure proposed in [15] (described below). The third set consists of instances derived from the real road network
of the city of Aix-in-Provence, France. The three sets are respectively called LET, NEWLET, and AIX.

4.1.1 | LET and NEWLET instances

LET instances were generated by Letchford et al. [15] with the objective of simulating real-life road networks, using the
following procedure:

1. Insert nodes at random positions in the Euclidean space;

2. Consider all possible arcs and insert new arcs sequentially (to represent road segments) on condition that the new inserted
arc does not intersect with any other arc and has sufficiently large angles with other arcs at its endpoints;

3. Set arc costs to the Euclidean distance between arc endpoints.

Using this procedure, Letchford et al. [15] generated different sparse graphs of different sizes. In each graph, a node is
randomly selected to be the depot and other nodes are given a probability p to be customers. For each sparse graph, Letchford
et al. [16] generated three different sets of travel times with different levels of correlation with travel costs. These travel times
are computed with formula #;; = v¥c;; + u*y;;*c where y;; is a random number in [0, 1], ¢ = max jeac;;, and parameters v,
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u € [0, 1] define the correlation degree. Finally, Letchford et al. [15] associate with each graph two m-TSPTW instances: a
first instance with wide time windows (WTW) and a second instance with narrow time windows (NTW). Time windows are
defined such that a set of routes, constructed in a greedy way, are feasible. An integer service time in {1, 2} is defined for each
customer node.

In our experiments, we consider six of these LET instances with IVI=200 and p=0.66: two instances with noncor-
related travel times, two instances with weakly-correlated travel times and two instances with strongly-correlated travel
times. In order to define VRPTWgy instances, we introduce a vehicle capacity, set to 200, we consider a fleet with a large
number of vehicles, and we assign a demand to each customer such that the routes defined by the time windows remain
feasible.

Using the procedure described above, we generated 450 NEWLET instances. We consider the same values for |VI and p as
in [15]: P=0.66 for IVl € {50, 100, 150, 200, 250} and P =0.33 for IVl € {100, 200, 300, 400, 500}. Considering the three
correlation levels and the two types of time-windows, it gives a first subset of 60 instances. We also generated 30 additional
instances for 1Vl =250, by varying customer density p: p € {0.1, 0.2, 0.3, 0.4, 0.5}. Finally the graph generation procedure is
repeated five times to obtain five replications of these 90 instances.

4.1.2 | AIX instances

AIX instances are based on the real road network of the central urban area of Aix-en-Provence (a city-commune in the south
of France). Spatial data are extracted from the OpenStreetMap®! database. It provides a road-network graph G =(V, A) with
VI =5437 and IAl=10 181. In the database, each arc represents a road segment and has known length and maximum allowed
speed. These values are used to define travel costs c¢;; and travel times #;;. The network is depicted on Figure 2.

Using this graph, we generate 20 instances with ICl € {5, 10, 25, 50} (five instances for each |Cl). For each instance, depot
and customer locations are randomly selected. Problem characteristics (time windows, customer demands, service times and
vehicle capacity) are defined in the same way as for NEWLET instances.

4.2 | Result tables

To complete the results presented by Letchford et al. [15] and to derive comprehensive conclusions, we propose the following
experimental plan, composed of four parts. In the four parts, we compare the solutions obtained with the branch-and-price
algorithms designed for the road-network graph and for the multigraph:

We consider the m-TSPTW and only compute the LP relaxation, with nonelementary routes allowed;
We consider the m-TSPTW and compute the LP relaxation with elementary routes only;

We consider the VRPTWgy and compute the LP relaxation with elementary routes only;

We consider the VRPTWgy and apply the complete branch-and-price with elementary routes only.

o=

Note that in the case of the m-TSPTW, the demand resource is removed from label definition.

In the first three parts of our experimental plan, we use LET and NEWLET instances only. AIX instances are added for the
last part, when integer solutions are searched. For all experiments, computing times are expressed in seconds and limited to
7200 seconds.

Multigraphs are generated with the method described in [3] for all instances. We do not include multigraph construction
time in the reported computing times.

4.3 | Part 1: m-TSPTW, LP relaxation, nonelementary routes

Results are reported in Tables 1 and 2. In Table 1, results for LET and most NEWLET instances are presented. Table 2 concerns
NEWLET instances with |Vl =250 and varying customer density.

In these tables, each line gives average results on five instances. The first three columns describe the instance characteristics,
with average values reported for Al and IAMC]. NC, WC and SC respectively stand for noncorrelated, weakly-correlated and
strongly-correlated travel times and costs. In Table 1, triplet (IV1, |Al, ICl) is marked with an asterisk for LET instances, in order
to better distinguish them. Following columns are repeated for the two types of time windows: narrow and wide.

Column Gap gives the average gap between the lower bounds obtained with the multigraph (LB)s) and the road-network

graph (LBgy):
LBry — LByg

Gap(%) = LBuc

x 100 (11)

'OpenStreetMap is a collaborative project wich creates and distributes freely available geo-spatial data. www.openstreetmap.org/
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Note that, this gap is because, with the road-network graph and when nonelementary routes are allowed, a customer can
be served several times consecutively (with intermediate crossroads), while in the multigraph one has to serve at least one
intermediate customer.

Columns CPU(s) provide average computing times for the multigraph (MG) and the road-network graph (RN). Additional
columns report the minimal, average and maximal ratios between these computing times. Minimal and maximal ratios are not
given for the LET instances if not replicated five times.

Tables 1 and 2 show that the lower bounds obtained with the multigraph are better in most cases. Average gaps can
reach very large values as —59.3% for strongly correlated instances with 1VI=250, IC1=25 and WTW. From Table 1,
we also observe that gaps generally increase with the correlation level. We also see that gaps are larger when time win-
dows are wide. For NEWLET instances with IVl =250, Table 2, we see that the average gap decreases with the number of
customers.

From Tables 1 and 2, computing times are larger for road-network graphs. Ratio CPUyg/CPUgy is less than 1 for the
majority of instances: over the 456 instances, the ratio is greater than 1 for only 27 instances. The average ratio is larger when time
windows are narrow, and it increases when the correlation between travel times and costs decreases. Another observation is that

TABLE 1 LP relaxation with nonelementary routes for the m-TSPTW

Narrow time windows Wide time windows

CPUyq CPUyq

CPU (s) CPUzy CPU (s) CPU gy
v, 1A, ICT) Corr |AMG| Gap(%) MG RN Min Avg Max Gap(%) MG RN Min Avg Max
(50,135,33) NC 2362 -0.3 03 04 056 083 122 -39 05 09 0.39 049 0.60
WC 1864 -0.7 04 05 043 0.67 096 -—-82 0.5 1.3 0.26 042 0.52
SC 1266 =22 03 04 045 065 091 -109 05 13 033 041 048
(100,278,66) NC 11795 -0.1 14 14 072 118 208 -34 22 42 0.37 0.55 0.71
WC 9581 0.0 1.6 19 063 088 116 =50 29 64 0.34 055 0.75
SC 5265 2.2 1.8 23 051 079 1.03 -72 3.7 112 029 0.34 042

(150,429,100) NC 32346 -0.1 45 52 073 095 144 =37 93 197 038 055 0.80
WC 25561 —0.1 45 53 067 088 111 =52 104 195 041 0.55 0.72
SC 13193  -2.6 48 55 056 087 123 -62 11.3 278 035 041 044
(200,574,133) NC 68979 —04 109 11.7 081 095 1.12 -=3.7 282 565 036 057 097

WC 52742 -0.1 121 135 072 094 132 -39 249 459 040 058 0.89
SC 23798 =35 120 122 051 1.05 179 -6.5 257 750 025 039 0.67
(200,582,133)* NC 50368 2.1 45.1 34.6 1.30 —4.3 543 437 1.24
WC 38748 -13 16.2 179 0.91 =27 44.0 29.7 1.48
SC 24758 =2.0 133 164 0.81 -23 312 2738 1.12
(250,714,166) NC 116300 0.0 239 265 062 1.06 156 -24 441 624 055 079 1.02
WC 92500 -0.1 250 222 078 124 193 -39 444 718 048 0.65 0.85
SC 37254 2.1 145 199 035 080 121 -54 50.1 1353 032 039 0.55
(100,278,33) NC 2994 -0.3 02 05 029 041 050 -=5.1 03 1.1 021 029 0.53
WC 2400 -1.0 02 05 036 044 056 -—123 03 1.7 0.14 022 0.35
SC 1315 -3.8 03 1.1 020 029 041 =192 05 29 0.14 0.17 0.20
(200,574,66) NC 16954 —0.1 1.7 46 022 041 0.64 -6.3 22 125 016 0.18 0.24
WwC 13076 -0.1 14 42 023 035 044 -112 27 132 009 022 030
SC 5806 —4.1 12 53 019 023 029 -138 22 213 007 0.11 0.15

(300,869,100) NC 50418 —0.1 68 119 043 057 071 -4.1 78 246 024 033 043
WC 39084 -03 45 99 035 047 059 -7.6 7.7 279 021 030 042
SC 14545 =25 37 128 022 031 045 -132 75 689 009 0.2 0.18
(400,1165,133) NC 103356 0.0 134 289 034 053 0.69 -7.3 25.1 80.0 025 035 0.52
wC 77037 -0.1 150 26.6 045 0.60 093 -938 237 1004 0.16 027 034
SC 26583 4.2 78 174 032 044 0.64 -12.1 21.6 1139 0.15 020 0.25
(500,1458,166) NC 196267 —0.1 388 56.7 0.61 0.73 106 -4.7 443 1349 026 037 059
WC 145782 -0.1 30.1 751 031 055 097 -9.0 463 1747 0.18 030 041
SC 44751 =32 20.5 62.0 0.19 040 058 -12.9 328 2714 009 0.13 0.17

Abbreviation: TSPTW = traveling salesman problem with time windows.
LET and NEWLET instances.
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TABLE 2 LP relaxation with nonelementary routes for the m-TSPTW (NEWLET instances with [Vl =250)

Narrow time windows Wide time windows
CPU (s) g’;‘ljf:: CPU (s) gigg
ICI  Corr 1AM6]  Gap(%) MG RN Min Avg Max Gap(%) MG RN Min Avg Max
25 NC 2553 0.0 0.1 1.1 0.09 0.14 0.19 -12.8 02 25 0.05 0.07 0.09
wC 2123 0.0 0.1 1.0 011 0.15 0.19 -493 02 32 0.03 0.05 0.06
SC 878 -17.7 0.1 1.4 0.08 009 0.10 -593 0.1 59 0.02 0.03 0.05
50 NC 10704  —0.5 0.8 33 009 023 034 -80 1.0 74 0.11 0.14 0.19
WC 8697 —0.1 0.7 32 011 025 037 -152 1.3 1.7 0.09 0.13 0.20
SC 3478 =55 06 37 013 0.18 030 -21.5 1.3 160 0.05 0.08 0.12
75 NC 24267 —0.2 24 59 022 041 064 -62 3.0 125 0.16 0.18 0.24
wC 19333 0.0 1.8 55 023 035 044 -99 35 218 009 022 030
SC 7815 -3.4 1.7 7.1 0.19 023 029 -175 39 418 007 0.11 0.15
100 NC 42367 -0.3 58 93 034 043 056 -64 83 23,6 021 032 048
WC 34163 0.0 49 95 023 034 053 -8.6 9.0 337 0.15 0.21 0.30

SC 13716  -3.0 31 94 020 037 055 -10.9 99 633 0.5 0.18 022
125 NC 66248 —0.2 105 133 047 0.62 084 —4.7 158 364 0.18 035 048
WC 52534 0.7 99 129 046 059 093 -6.0 188 450 020 0.31 046
SC 21336 -1.5 74 129 039 0.63 089 -9.0 185 844 0.5 024 034
166 NC 116300 0.0 239 265 0.81 095 1.12 -2.6 441 624 036 0.57 097
wC 92500 —0.1 250 222 072 094 132 —42 444 718 040 0.58 0.89
SC 37254 =22 145 199 051 1.05 1.79 =59 50.1 1353 025 039 0.67

Abbreviation: TSPTW = traveling salesman problem with time windows.

the ratio increases with the number of customers. Figure 3 depicts the evolution of CPU ;/CPUgy with the number of customers
for instances with 1Vl =250 and for both types of time windows. The figure tends to show that applying branch-and-price on
the road-network graph might only be beneficial for instances with NTW and high density of customers.

4.3.1 | Part2: m-TSPTW, LP relaxation, elementary routes

Results are reported in Tables 3 and 4. When only elementary routes are allowed, the LP bound is the same whether the
road-network graph or the multigraph is used. For that reason, the Gap column is removed. Apart from that, the structure is the
same as in Tables 1 and 2.

The first observation with Tables 3 and 4 is that computing times increase when elementary-path restrictions are intro-
duced. The computing time increase is however much stronger for the road-network graph. Indeed, ratios CPUy;G/CPUgn
tend to become very small, especially for large instances and NTW. The impact of the time window width is more limited for
road-network graphs. It is not surprising since time constraints only apply at a small subset of nodes in these graphs, while they
apply at all nodes in multigraphs.

(a) (b)
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FIGURE 3  Evolution of the ratio

C’;U M& with the number of customers for instances with n =250 [Colour figure can be viewed at wileyonlinelibrary.com]

CPUgy
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TABLE 3 LP relaxation with elementary routes for the m-TSPTW
Narrow time windows Wide time windows
CPU CPU
CPU (s) c PU: ; CPU (s) e PU:;;

(IV1, 141, 1Cl) Corr [AMG| MG RN Min Avg Max MG RN Min Avg Max
(50,135,33) NC 2362 02 09 0.16 022 033 04 1.5 0.18 029 041
wC 1864 02 1.7 0.09 0.12 021 0.6 2.1 0.21 0.28 047
SC 1266 0.1 1.1 0.06 0.13 0.21 0.5 2.1 0.13 0.24 0.60
(100,278,66) NC 11795 0.8 5.8 0.08 0.14 0.19 2.6 7.7 0.23 034 047
WC 9581 09 65 0.10 0.14 021 5.6 109 0.28 0.52 0.76
SC 5265 0.7 94 0.04 007 021 74 14.6 037 0.51 0.81
(150,429,100) NC 32346 34 232 0.09 0.15 024 244 418 043 058 0.69
wWC 25561 35 29.1 0.10 0.12 0.14 268 424 042 0.63 0.83
SC 13193 2.8 427 0.03 0.07 0.12 382 563 0.59 0.68 0.76
(200,574,133) NC 68979 9.6 59.1 0.11 0.16 045 750 995 043 0.75 1.02
WC 52742 75 742 0.08 0.10 022 855 96.0 040 0.89 1.60
SC 23798 7.1 958 0.04 0.07 038 123.5 140.7 043 0.88 1.36

(200,582,133  NC 50368 758 175.0 0.43 456.5 265.1 1.72
WC 38748 255 129.6 0.20 239.6 194.6 1.23
SC 24758 19.7 101.6 0.19 199.2 1327 1.50

(250,714,166) NC 116300 20.6 1864 0.05 0.11 022 1228 188.8 0.19 0.65 1.25
wWC 92500 202 1385 0.13 0.15 0.19 1655 211.8 024 0.78 1.24
SC 37254 132 1346 006 0.10 0.16 268.8 2789 0.61 096 1.11
(100,278,33) NC 29936 02 1.8 0.07 0.10 0.16 0.3 2.3 0.10 0.12 0.17
wWC 23996 02 19 0.07 0.10 0.19 03 3.1 0.09 0.10 0.11
SC 13146 02 52 0.01 0.04 0.09 04 4.1 0.07 0.10 0.17
(200,574,66) NC 16954 0.5 122 004 004 037 1.0 17.4  0.04 0.06 0.77
wC 13076 03 159 0.01 002 051 13 184 0.03 0.07 0.69
SC 5806 03 194 001 0.02 042 1.6 20.7 0.04 0.08 0.70
(300,869,1000 NC 50418 34 915 0.03 0.04 0.05 8.7 94.1 0.05 0.09 0.20
WC 39084 28 677 0.02 0.04 0.06 11.7 100.6 0.05 0.12 0.24
SC 14545 19 842 002 002 003 11.3 1452 0.06 0.08 0.13
(400,1165,133) NC 103356 11.1 169.7 0.05 0.07 008 386 239.7 0.11 0.16 029
WC 77037 102 1968 0.04 0.05 0.11 544 2967 0.08 0.18 0.30
SC 26583 59 1444 003 004 0.05 580 267.6 0.12 022 0.34
(500,1458,166) NC 196267 28.0 3915 0.06 0.07 0.09 849 4154 0.13 0.20 0.31
WC 145782 25.1 4175 0.06 0.06 0.07 1129 656.0 0.12 0.17 0.20
SC 44751 148 4072 0.03 0.04 0.05 1382 4995 0.18 028 042

Abbreviation: TSPTW = traveling salesman problem with time windows.
LET and NEWLET instances.

Table 4 also shows that increasing the number of customers for a fixed network size |VI globally increases the ratio
CPU g/CPUgy. This ratio is 0.02 on average for NC instances with ICl =25 and reaches 1.25 for NC instances with |Cl = 166.

4.3.2 | Part 3: VRPTWgy, LP relaxation, elementary routes

We now address the computation of the LP relaxation for the VRPTWgy. Results are presented in Tables 5 and 6.

From these tables, it is observed that, when adding vehicle capacity, the average computing time required by column genera-
tion increases for both modeling approaches. This increase is more important for the road-network graph than for the multigraph.
For example, regarding instances with NTW, CPU is on average three times higher for the VRPTW than for the m-TSPTW
and CPUpgy is on average six times higher. Consequently, the ratio CPUy;;/CPUgy decreases for the VRPTWgy, which indi-
cates that the pricing algorithm is much faster with the multigraph. For all test-problem configurations, the ratio does not exceed
0.22 for NTW and 0.70 for WTW.

Table 6 shows that increasing the density of customers limits the difference between CPUy; and CPUgy. Seeing NC
instances with NTW for example, the column generation procedure is 9.1 times faster when applied to the multigraph for
IC1=166 and 50 times faster for IC|=25.
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TABLE 4 LP relaxation with elementary routes for the m-TSPTW (NEWLET instances with

IV1=250)
Narrow time windows Wide time windows
CPU (s) —gf,‘lj:;: CPU (s) _ggf,f

ICIl Corr IAM6] MG RN Min Avg Max MG RN Min Avg Max
25 NC 2553 01 69 001 002 002 0.1 83  0.01 002 002
wWC 2123 01 89 001 001 002 02 79 001 002 002
SC 878 01 88 001 001 002 0.1 102 0.01 001 0.02
50 NC 10704 04 17.6 002 0.02 003 1.1 235 002 005 0.09
WC 8697 04 155 002 003 004 13 257 002 005 0.08
SC 3478 03 206 001 002 003 12 334 003 004 0.06
75 NC 24267 16 334 003 005 007 36 409 005 010 0.16
WC 19333 13 336 004 004 004 41 440 0.07 009 O0.11
sC 7815 1.1 449 001 002 003 73 696 004 011 0.17
100 NC 42367 35 639 003 006 008 107 797 006 0.14 023
WC 34163 33 583 004 006 007 201 731 013 024 0.5
SC 13716 2.5 608 0.03 004 007 259 973 020 026 0.34
125 NC 66248 7.7 872 006 009 015 281 870 0.6 031 052
WC 52534 73 1013 005 0.08 0.10 522 1272 024 041 053
SC 21336 49 950 003 006 008 725 1594 028 050 0.84
166 NC 116300 20.6 1864 005 0.14 022 122.8 188.8 0.19 0.67 125
WC 92500 202 1385 0.3 0.15 0.19 1655 211.8 024 083 1.24
SC 37254 132 1346 006 0.11 0.16 2688 2789 0.61 094 1.11

Abbreviation: TSPTW = traveling salesman problem with time windows.

4.3.3 | Part 4: VRPTWgy, branch-and-price, elementary routes

In Tables 7-9, we now solve the VRPTWpgy with the complete branch-and-price algorithm.

Tables 7 and 8 report results for LET and NEWLET instances. In these tables, columns Solved indicate the number of
instances solved within the time limit (7200 seconds) using the multigraph or the road-network graph.

In these tables, we observe that, when time windows are narrow, 227 instances out of 228 are solved with the
multigraph-based branch-and-price, against 207 for the road-network-based branch-and-price. When time windows are wide,
127 and 99 instances out of 228 are solved, respectively. This clearly shows the superiority of the multigraph model on these
instances and with this algorithm. We also observe that average computing times increase for both approaches when extending
the customer time windows.

Table 9 reports results for AIX instances. In these instances, customer density is much smaller. Even with ICl =50, the
density is less than 0.01. In our opinion, these low levels of density are much more representative of real-world situations than
those of LET and NEWLET instances.

Columns Savyc and Savy,r indicate the savings on solution cost achieved when using the multigraph or the road-network
graph compared to two customer-based graphs: the min-cost-path customer-based graph (MC) and the min-time-path
customer-based graph (MT), respectively. We introduce these columns to illustrate the interest of considering full road-network
information. In this table, each line reports results for a single instance.

We see that all instances are solved very quickly using the multigraph. The large size of the road network does not complicate
the solution with the multigraph. On the contrary, solution with the road-network graph is slow, even for very small instances
with five customers. Two instances with 50 customers could not be solved in 2 hours.

Table 9 also shows that the solution quality is significantly improved when considering road-network information. The
savings reach 17.6% against the min-cost graph and 17.4% against the min-time graph. These results confirm what have already
been observed on similar instances in [20].

4.4 | Discussion

The computational study does not confirm that a road-network-graph-based branch-and-price scheme is more efficient than a
multigraph-based branch-and-price, as previously stated by Letchford et al. [15]). Numerical results show that the efficiency
depends on several factors.
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TABLE 5 LP relaxation with elementary routes for the VRPTW
Narrow time windows Wide time windows
CPU (5) o CPU (5) o
V1, 141, ICl) Corr |AMG| MG RN Min Avg Max MG RN Min Avg Max
(50,135,33) NC 2362 0.3 2.6 0.07 0.15 022 2.0 9.2 0.15 023 0.38

WC 1864 0.4 5.4 0.06 0.08 0.10 3.9 14.3 0.13 021 0.38
SC 1266 0.2 2.6 0.06 0.09 0.12 28 19.1 0.12 0.17 0.31
(100,278,66) NC 11795 13 11.1 0.08 0.12 0.19 8.9 42.1 0.11 020 0.27
WC 9581 1.7 20.5 0.06 0.09 0.10 165 82.1 0.16 0.19 0.22
SC 5265 2.8 58.4 0.02 0.06 008 453 2275 0.2 020 0.32
(150,429,100)  NC 32346 6.5 78.8 0.06 0.10 0.13 121.6 3141 020 033 046
WC 25561 6.0 90.0 0.04 0.07 009 1165 3189 028 034 0.50
SC 13193 8.7 1414 0.04 0.06 0.07 2243 830.0 0.15 031 045
(200,573.6,133) NC 68979 243 2475 006 0.10 0.14 2888 941.1 0.13 030 047
WC 52742 225 2924 0.05 0.08 0.12 367.7 1147.0 0.23 0.33 042
SC 23798 284 4120 0.04 0.08 0.11 9634 23055 031 040 0.3

(200,582,133)* NC 50368  327.4 1228.7 0.27 5071.6 3112.2 1.63
WC 38748 765 7878 0.10 975.6  1443.6 0.68
SC 24758 372 4693 0.08 7204 11178 0.64

(250,714,166)  NC 116300 51.3 4820 0.09 0.11 0.13 686.8 1371.7 0.23 040 0.68
WC 92500 432 4639 0.07 0.11 0.18 775.7 1428.0 0.30 0.50 0.70
SC 37254 299 4205 0.05 0.07 0.11 1218.7 3531.1 0.27 035 047
(100,278,33) NC 2994 0.2 32 0.05 0.07 0.10 04 59 0.06 0.08 0.10
WC 2400 0.2 3.9 0.05 006 0.10 0.5 10.4 0.03 0.07 0.14
SC 1315 0.3 9.7 0.02 0.03 0.06 1.1 16.1 0.04 0.06 0.10
(200,574,66) NC 16954 1.6 55.6 0.02 003 0.04 82 112.7  0.03 0.07 0.09
wC 13076 1.5 459 0.03 0.03 0.04 118 156.0 0.05 0.08 0.12
SC 5806 1.4 58.7 0.01 0.02 004 153 211.7  0.05 0.07 0.10
(300,869,100)  NC 50418 6.5 1759 0.03 0.04 0.06 31.8 362.0 0.05 0.09 0.12
WC 39084 48 166.1 0.02 0.03 0.04 289 466.1 0.03 0.09 0.14
SC 14545 2.8 163.3  0.01 0.02 0.02 49.2 767.5 0.04 0.07 0.10
(400,1165,133) NC 103356 19.5 4584 0.03 0.05 0.06 179.2 1331.8 0.10 0.15 0.26
wC 77037 223 5402 0.03 0.05 0.06 2082 18335 0.08 0.13 0.18
SC 26583 10.7 3151 0.03 0.04 0.04 2157 1909.7 0.07 0.13 0.19
(500,1458,166) NC 196267 499 1093.8 0.04 0.05 0.08 3735 28019 0.12 0.14 0.17
WC 145782 61.8 16973 0.03 0.04 0.04 821.8 6150.6 0.10 0.13 0.15
SC 44751 229 13923 0.01 0.02 0.04 5870 6190.8 0.10 0.11 0.14

Abbreviation: VRPTW = vehicle routing problem with time windows.
LET and NEWLET instances.

Allowing nonelementary routes in the pricing problem could be advantageous for the road-network approach in terms
of computing time, however, it has a negative impact on the quality of the lower bound and thereafter could lead to
longest branching times. Increasing the density of customers in the road network is also advantageous for the road-network
approach. Another factor is the width of time windows. We observe that when time windows are wider, the growth in
the number of feasible label extensions is more important with the road-network. Thus, the acceleration factor of the
multigraph-based column generation compared to the road-network-graph-based column generation is larger. We also show
that introducing additional resources, like vehicle capacity, influences the relative efficiency of the two approaches. Exper-
iments on the m-TSPTW and on the VRPTW show that the increase in computing times is stronger with the road-network
graph.

Experimentations on real road-networks (AIX instances) are even more in favor of the multigraph. When the road-network
is large (thousands of nodes and arcs), searching for new columns in the road-network graph becomes very detrimental. Note
that, computing the multigraph efficiently remains possible, as shown in [3].
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TABLE 6 LP relaxation with elementary routes for the VRPTW (NEWLET instances with

VI =250)
Narrow time windows Wide time windows
CPU CPU
CPU (s) TU:'; CPU (s) rU:;

ICl  Corr 1AM6] MG RN Min Avg Max MG RN Min Avg Max
25 NC 2553 01 7.8 001 002 003 02 13.8 001 0.02 0.03
WC 2123 02 121 001 002 002 03 151 002 0.02 0.03
SC 878 01 93 001 001 002 02 189 001 001 003
50 NC 10704 0.6 325 001 002 004 23 689  0.02 003 0.05
WC 8697 07 318 002 002 003 35 1295  0.02 0.03 0.04
SC 3478 04 309 001 001 002 34 974  0.02 0.04 0.06
75 NC 24267 24 782 002 003 004 88 1647 004 006 0.09
WC 19333 25 677 0.02 004 005 19.1  287.6 0.06 0.08 0.10
sC 7815 1.6 762 001 002 003 223 3204 0.04 007 0.10
100 NC 42367 7.0 1263 0.04 006 008 294 3135 0.08 0.10 0.14
WC 34163 64 1331 0.03 005 006 862 5886 0.11 0.14 0.16
SC 13716 4.8 128.0 003 0.04 005 1303 8167 007 0.15 022
125 NC 66248 19.8 2450 0.05 008 0.0 928 5384 0.12 0.17 023
WC 52534 142 1990 0.06 0.07 008 179.6 759.9 0.19 025 0.30
SC 21336 93 1804 004 0.05 006 2554 14959 0.09 0.18 0.26
166 NC 116300 51.3 4820 0.09 0.11 0.13 6868 1371.7 023 040 0.68
WC 92500 432 4639 007 0.11 0.18 7757 14280 030 0.50 0.70
SC 37254 299 4205 0.05 0.07 0.1 12187 3531.1 027 0.35 047

Abbreviation: VRPTW = vehicle routing problem with time windows.

The obtained results thus show that for a large panel of test instances, it is consistently more interesting to tackle the problem
using the multigraph, which is in contrast with the conclusions drawn by Letchford et al. [15]. Many reasons can explain this
discrepancy.

First, Letchford et al. [15] generate only one route with negative reduced cost at each iteration of the column gen-
eration, while in our experiments (following common practices) all nondominated routes with negative reduced cost are
generated for each iteration. Secondly, computational experiments in [15] are based on a single instance for each param-
eter configuration, which limits the scope of their conclusions. In addition, Letchford et al. [15] only consider instances
with high densities of customers, which is not representative for real road-networks. Finally, by comparing our results to
those reported in [15], we observe that the computing times are extremely high in Letchford et al. [15] for the multigraph
approach. It might be due to the nature of data structures and details of implementations that are not adapted to the multigraph
setting.

S | CONCLUSIONS

In this paper, we investigated routing problems with road-network information for the VRPTWgy. We identified two possible
models to capture this information: multigraph or road-network graph.

In this paper, we elaborated on the road network approach and complemented the results presented in [15]. We pro-
posed a complete branch-and-price algorithm based on the road-network graph. We conducted computational experiments
based on different types of instances to compare this algorithm to a similar solution scheme relying on the multigraph.
We analyzed the impact of different instance characteristics, such as customer density in the road network, time and
capacity constraints, on the relative efficiency of the two algorithms. Results showed a clear advantage for the multi-
graph, especially for the more realistic instances. Results however show that using the road-network is also a tractable
option.

In future works, we plan to investigate other types of VRP for which the customer-based graph shows some limits. Many
examples are given in Ben et al. [4], including problems with multiple attributes, but also problems with complex cost functions
or constraints (e.g., energy consumption for electric vehicles, time-dependent or stochastic travel times, management of driver’s
working-hour regulation). In some problems, the only possible option could be the road-network graph, which motivates the
development of more efficient solution schemes for this case.
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TABLE 7 Branch-and-price with elementary routes for the VRPTW
Narrow time windows Wide time windows
CcPU cPU
Solved CPU (s) e PU‘:}? Solved CPU (s) c PU:S

(IV1, 141, 1Cl) Corr |AMG| MG RN MG RN Min Avg Max MG RN MG RN Min Avg Max

(50,135,33) NC 2362 5 0.4 3.0 0.07 0.15 0.22 5 11.1 41.5 021 033 046
WC 1864 0.8 12.3 0.05 0.08 0.13 132.0 386.0 0.03 025 049
SC 1266 0.3 24 0.08 0.11 0.14 1515 5094 0.14 0.19 0.25
(100,278,66) NC 11795 1.4 10.9 0.10 0.13 0.18 110.0 153.1 0.02 0.19 029
WC 9581 33 1412 0.01 0.10 0.16 2169 5296 0.14 0.16 0.20
SC 5265 786.2 13112 0.00 0.04 0.07 7200.0 72000 - - -
(150,429,100) NC 32346 73 77.4 0.06 0.11 0.15 3140 22850 0.14 0.14 0.14
WC 25561 12.1 1129 0.04 0.09 0.15 4289.8 7200.0 - - -
SC 13193 17.5 265.8 0.04 0.07 0.08 7200.0 7200.0 - - -
(200,573.6,133) NC 68979 32.7 296.1 0.06 0.12 0.20 930.8 940.7 0.12 0.12 0.12
WC 52742 123.0 1096.4 0.03 0.07 0.10 7200.0 7200.0 - - -
SC 23798 2089 7541 0.06 0.10 0.15 7200.0 72000 - - -
(200,582,133)*  NC 50368 767.5  4208.2 0,18 7200 7200 -
WC 38748 1434 7200.0 - 7200 7200 -
SC 24758 7200.0 7200.0 - 7200 7200 -

5
5
5
5
5
5
5
5
5
5
5
5
1
1
0
(250,714,166)  NC 116300 5 183.1 1821.8 0.04 0.10 0.14
wC 92500 5 1299 6828 0.07 0.15 0.32
5 1125.8 2270.5 0.06 0.08 0.09
5 0.2 25 0.08 0.10 0.12
5 0.3 4.0 0.05 0.08 0.12
5 0.3 7.9 0.03 0.05 0.08
5 22 58.2 0.02 0.03 0.05
5 1.7 1106.5 0.00 0.03 0.04
5 2.1 63.6 0.01 0.03 0.07
5 10.7 1843 0.05 0.06 0.10
5 8.7 213.0 0.04 0.05 0.05
5 59 4055 0.01 0.02 0.03
5 66.4 1981.6 0.01 0.06 0.10
5 89.6 1338.5 0.04 0.07 0.12
5 39.0 848.5 0.04 0.04 0.05
5 102.8 177577 0.04 0.07 0.10
5 2414 16642 0.04 0.05 0.06

5

56.5 4596.4 0.00 0.02 0.03

159.1 22583 0.07 0.07 0.07
7200.0 7200.0 - - -
7200.0 72000 - - -
1.4 162.3  0.00 0.08 0.12
1.0 2352 0.00 0.05 0.11
2.7 142.8  0.02 0.06 0.10
40.9 3524  0.02 0.07 0.11
53.8 1016.5 0.04 0.05 0.06
1494  6155.7 0.01 0.01 0.02
1374 499.0 0.07 0.13 0.18
256.8 1379.7 0.19 0.19 0.19
1466.8 6723  0.06 0.06 0.06
2477 14994 0.11 0.15 0.20
4572.8 72000 - - -
7200.0 72000 - - -
3005.8 2934.6 0.19 0.19 0.19
1643.0 72000 - - -
7200.0 7200.0 - - -

SC 37254
(100,278,33) NC 2994
WC 2400
SC 1315
(200,574,66) NC 16954
wWC 13076
SC 5806
(300,869,1000 NC 50418
WC 39084
SC 14545
(400,1165,133) NC 103 356
wC 77037
SC 26583
(500,1458,166) NC 196267
WC 145782
SC 44751

LT R Y Y A RV Y Y BV BV R, Y B VS Y S = e - T - LV LV, BV, B B~V BV, BV, BNV}
O = W O W R WW LR WU LU NO O = O O O O O NDO = =O B~ LW
(= e e == U T S N R L A Y B e R e R e R R = R = = = R U S e

Abbreviation: VRPTW = vehicle routing problem with time windows.
No solution have been found within the time limit.
LET and NEWLET instances.

Another interesting perspective would be to evaluate the adaptability to the road-network context of the large number of
tools developed for the solution of VRP with branch-and-price (and-cut): subset-row inequalities, ng-paths, and so on. Also,
new techniques specifically designed for the road-graph case might be developed. Maybe, with more advanced implementation
of the branch-and-price and new techniques, opposite results could be observed, and the road-network could appear as a better
choice than the multigraph.

A final perspective is to develop approaches that would mix, in some fashion that has to be defined, the three types of graphs:
customer-based graph, multigraph and road-network graph.

We believe that pursuing this stream of research is especially important regarding the new challenges faced by vehicle routing
optimization. The pressure for efficient and carbon-aware city distribution systems, the availability of huge amount of data, the
possibility offered by this data to develop stochastic/dynamic models, makes the traditional customer-based graph increasingly
questionable. Developing efficient solution methods for the two alternative models, road-network graph and multigraph, and
identifying the respective pros and cons of these models could have a deep impact on the development of modern distribution
systems.
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TABLE 8 Branch-and-price with elementary routes for the VRPTW (NEWLET instances with VI =250)

ICI  Corr
25 NC
wC
SC
50 NC
wC
SC
75 NC
wC
SC
100 NC
wC
SC
125 NC
wC
SC
166 NC
wC
SC

1AMC
2553
2123
878
10704
8697
3478
24267
19333
7815
42367
34163
13716
66248
52534
21336
116 300
92500
37254

Narrow time windows

Wide time windows

Solved  CPU (s) if’—’éif‘j Solved  CPU (s) g’;—%

MG RN MG RN Min Avg Max MG RN MG RN Min Avg Max
5 5 02 9.7 001 002 003 5 5 02 149 001 002 002
5 5 02 124 001 002 002 5 4 04 201 001 002 0.03
5 5 01 1.7 001 001 002 5 5 03 219 001 002 004
5 5 07 352 001 002 003 5 5 97 1167.8 0.01 003 0.06
5 5 08 416 001 002 003 5 4 373 12193 002 003 0.03
5 5 08 2966 000 001 002 5 3 8434 10807 0.02 004 0.04
5 5 26 784 003 004 006 4 4 97 179.7  0.03 005 0.8
5 5 24 719 003 004 004 3 3 130 1513 008 008 0.10
5 4 38 828 001 002 002 1 1 281 6657 004 004 004
5 5 125 3124 003 006 011 5 4 1068 5628 006 0.6 025
5 5 71 1444 004 005 006 2 2 15059 20912 0.13 046 0.80
5 4 2747 1979 002 085 333 0 0 72000 72000 - - -
5 5 350 4391 006 009 016 3 1 12858 241.1 0.14 0.4 0.14
5 5 172 2898 004 006 009 1 1 10l.1 3994 025 025 025
5 4 108 2173 003 004 005 0O O 72000 72000 - - -
5 3 1831 1821.8 004 0.0 014 1 1 1591 22583 0.07 0.07 0.07
5 5 1299 6828 007 0I5 032 0 0 72000 72000 - - -
5 3 11258 22705 006 008 009 0 0 72000 72000 — - -

Abbreviation: VRPTW = vehicle routing problem with time windows.
No solution have been found within the time limit.

TABLE 9 Branch-and-price with elementary routes for
the VRPTW (AIX instances: |VI=5437, |Al=10 181)

ICl  Inst.
5 1
2
3
4
5
10 1
2
3
4
5
25 1
2
3
4
5
50 1
2
3
4
5

CPUy CPUgy

0.05
0.07
0.05
0.06
0.05
0.09
0.08
0.07
0.09
0.08
0.20
0.20
0.17
0.39
0.18
0.99
3.33
2.11
1.03
17.36

5.48
4.16
4.28
8.77
14.84
11.87
7.08
6.03
11.57
25.65
56.85
51.35
35.10

111.84

80.95

113.46
7200.00
147.63
252.03
7200.00

CPUyq
CPUgy

0.009
0.016
0.011
0.007
0.003
0.008
0.011
0.011
0.007
0.003
0.004
0.004
0.005
0.004
0.002
0.009
0.014
0.004

Savye Savyr

17.6
12.0
0.0
0.0
0.0
8.7
6.2
0.0
0.5
0.0
3.8
1.9
6.5
5.1
11.2
5.6
1.1
1.1
8.5
5.5

7.3
4.7
17.4
11.8
9.4
7.0
58
11.9
6.8
11.5
7.3
6.0
79
13.0
9.5
16.2
74
6.3
10.8
5.5

Abbreviation: VRPTW = vehicle routing problem with time

windows.
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