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Chapter 1

Introduction

In most control applications, controllers are implemented in a time-triggered
fashion, in which the control tasks are executed periodically. In fact, in standard
control textbooks, e.g., [14,36], the periodic time-triggered paradigm is presented
as the only way to implement feedback control on digital platforms. However,
updating the control signal periodically incurs periodic utilization of the system’s
sensors, controllers, actuators and communication infrastructure. Therefore,
this design choice often leads to over-utilization of the available resources, as it
might not be necessary to execute the control task every period to guarantee the
desired closed-loop performance. In control applications with limited resources
one might want to reconsider this classical paradigm and search for aperiodic
control update schemes requiring less resources while guaranteeing a certain level
of closed-loop performance. In the present thesis, this search is tackled within
the scope of optimal control, where optimality is now defined not only in terms
of control performance but also in terms of implementation cost, i.e., the cost
of using resources to update control values. It is expected that the solutions
to these multi-objective problems result in control strategies that abandon the
periodic time-triggered control paradigm.

Aperiodic control strategies allow the inter-execution times of control tasks to
vary in time and offer potential advantages with respect to periodic control when
handling these resource limitations, but they also introduce many new interesting
theoretical and practical challenges. Before elaborating on the specific objectives
and contributions of this thesis, the next two sections discuss control areas where
resource limitations play a crucial role, and provide an introduction to resource-
aware control strategies.
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Fig. 1.1. Example of a NCS: Cooperative and automated driving cars
driving in a platoon (Courtesy of the Dutch Institute for Applied Scientific
Research (TNO)).

plant

controller

sensorsactuators

communication network

plant

controller

sensorsactuators

Fig. 1.2. Schematic representation of a classical control scheme (left)
and a NCS (right).

1.1 Motivation

A prime example of applications where control resources, such as communication
bandwidth or energy supplies, are scarce are networked control systems (NCSs).
NCSs are feedback control systems, in which the communication between spa-
tially distributed components, such as sensors, actuators and controllers, occurs
through a shared communication network. An example of a NCS is shown in
Figure 1.1, where cars communicate over a wireless network to perform cooper-
ative and automated driving. Over the last decade, the study of control systems
in which communication takes place via a shared network has been receiving
more and more attention, see, e.g., the overview papers [54, 100] and the recent
book [17]. The reason for this interest is that the use of networks offers many
advantages for control systems, such as low installation and maintenance costs,
reduced system wiring (in the case of wireless networks) and increased flexibil-
ity of the system. Figure 1.2 shows a schematic comparison between a classical
control scheme on the left, and a networked control system on the right. In a
classical control scheme, there are dedicated point-to-point connections between
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the sensor and the controller, and between the controller and the actuator. In
NCSs the control system no longer uses dedicated point-to-point connections to
transmit measurements and control updates. In fact, transmission of measure-
ments and control updates now requires utilization of (possibly shared) limited
bandwidth communication resources. In NCSs with spatially distributed wire-
less sensors, additional resource limitations stem from these sensors often being
battery-powered. Typically, the radio chip, used to communicate sensor data,
is the primary source of energy consumption in the sensors [80]. Clearly, using
periodic time-triggered feedback control in a NCS requires periodic utilization of
the system’s resources to sample and transmit measurements and compute and
update the control values at the actuators. Compared to time-triggered control,
aperiodic control strategies provide more flexibility in the timing for updating
the control values. Indeed, this flexibility can be exploited by reducing the num-
ber of times the control law needs to be executed in NCSs, leading to a lower
network resource utilization and enhanced lifetimes of battery-powered devices.

Besides NCSs, also in other areas certain types of control input profiles are
preferable from a resource point of view. The use of sparse or sporadically chang-
ing actuation signals can have several benefits, such as improved fuel efficiency
or a larger lifetime of actuators that are subject to wear and tear. For instance,
in [44] sparse thrust actuation signals are needed to use the fuel of a spacecraft
in an efficient manner. The desire to have sparse input profiles comes from the
fact that the booster rockets used for propulsion require a significant amount of
fuel while operational, even when no thrust is required. Operating a spacecraft
using control input profiles which utilize the boosters only when needed and
turn them off as often and as long as possible is beneficial for fuel consumption.
In [26] sporadically changing actuation is used in the control of an autonomous
underwater vehicle in order to decrease fuel consumption and increase the de-
ployment time. Also in overactuated systems, i.e., systems with more actuators
than system states, with actuators that are subject to wear and tear it can be
desirable to have a smart control allocation policy that does not require each
actuator to be updated continuously in order to realize a desired level of perfor-
mance. One specific example includes the usage of sparse actuation signals to
control the roll of an overactuated ship [37].

1.2 Resource-aware control approaches

Given the above motivations, in this thesis we are particularly interested in de-
signing aperiodic control strategies that only require resources when the system
really needs attention, e.g., to meet certain control performance levels or satisfy
constraints on states or inputs. In the design of these aperiodic controllers one
can use information on the (past) states or outputs of the system to determine
whether or not a control update should take place, thereby bringing feedback
in the utilization of the system’s resources. Such controllers taking the required
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utilization of resources into account are called resource-aware controllers.

It is no surprise that control areas in which resource limitations play a role
also provide a rich literature on resource-aware control design. For NCS, the
main two approaches that abandon the periodic time-triggered paradigm in order
to ameliorate the utilization of resources are event-triggered control (ETC) and
self-triggered control (STC). Other resource-aware control solutions stem from
fields where the controller is obtained by solving an optimization problem, such
as optimal control or model predictive control. These optimization-based areas
of control provide resource-aware control solutions by cleverly modifying the
optimization problems to include in the objective function not only the control
performance, but also the utilization of resources.

In the the next two sections, we discuss resource-aware control approaches
that have appeared in the NCS literature and in the literature on optimization-
based control, respectively. This is not a black and white distinction, as ETC and
STC approaches are derived from optimization-based approaches and, moreover,
optimization-based approaches intend to provide ETC or STC solutions. The
distinction in this chapter is mainly made for convenience. However, note that
the approaches in the NCS literature are mainly driven by applications and
implementation, whereas the approaches in optimization-based control focus on
solving a more technical problem of optimally allocating resources.

1.2.1 Networked control systems

Considering the NCS literature, two main approaches oriented towards aperiodic
input signals can be distinguished, namely, event-triggered control (ETC), see,
e.g., [12, 13, 29, 30, 50, 63, 78, 85, 98], and self-triggered control (STC), see, e.g.,
[3,7,31,68,86,93,95]. See also [24,48,49,62,71] for recent overviews. In ETC and
STC, the control law consists of two elements being a feedback controller that
computes the control input, and a triggering mechanism that determines when
the control input has to be updated. The difference between event-triggered
control and self-triggered control is that the former is reactive, while the latter
is proactive. In ETC, the triggering is based on current measurements and
consists of monitoring a specific condition and when it becomes true, the control
task is executed. In STC, at an update time the next update time is pre-
computed based on predictions using previously received data and knowledge
on the plant dynamics. Figure 1.3 shows a schematic representation of the
triggering mechanisms for ETC and STC. Interestingly, in self-triggered schemes,
the sensors may be shut down between updates, which allows to save additional
energy. This constitutes an advantage of self-triggered strategies over event-
triggered strategies. On the other hand, more information is available to the
controller in event-triggered setups, as the sensors not sending measurement
updates still allows conclusions to be drawn about the current measurements,
based on the event conditions, see, e.g., [82, 84].
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controller

sensorsactuators

controller

sensorsactuators
physical
system
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Fig. 1.3. Schematic representation of the triggering mechanism in ETC
(left) and STC (right).

At present ETC and STC form popular research areas. However, two im-
portant issues have only received marginal attention: (i) the co-design of both
the feedback law and the triggering mechanism, and (ii) the provision of perfor-
mance guarantees (by design). To elaborate on (i), current design methods for
ETC and STC are mostly emulation-based approaches, by which we mean that
the feedback controller is first designed without considering the scarcity in the
system’s resources. The triggering mechanism is only designed in a subsequent
phase, where the controller has already been fixed. Since the feedback controller
is designed before the triggering mechanism, it is difficult, if not impossible,
to obtain an optimal design of the combined feedback controller and trigger-
ing mechanism in the sense that the minimum number of control executions is
achieved while guaranteeing closed-loop stability and a desired level of perfor-
mance. Therefore such optimal design can only be pursued using a co-design
approach.

Regarding (ii), only a few available ETC/STC methods provide quantitative
analysis tools for control performance, such as quadratic cost, L2-gains or H2

type of criteria, and so on, see, e.g., [30,45,63,88,94,95,97,99]. For instance, in
[30] one can analyze the ETC/STC loop a posteriori and evaluate what the L∞-
gain is, and clearly by doing this for various choices of the triggering mechanism
one can (indirectly) synthesize a controller with a good closed-loop L∞-gain
(in balance with reasonable resource utilization) based on an iterative design
process. A similar procedure can be applied for the L2-gain, see, e.g., [95].
Alternatively, using [63,99], one can tune the parameters of the event-triggering
condition (once the controller is fixed) to obtain a desirable ultimate bound on
the state. In addition, a few ETC and STC methods exist that aim at minimizing
a criterion involving besides control cost also cost for utilizing resources [1, 11,
27, 61, 72, 96]. However, in most cases they do not provide guarantees in terms
of standard (LQR, L2, H2) control cost (i.e., without the presence of the added
cost related to resource utilization), and, in fact, due to the resulting absolute
threshold in the event-triggering mechanism, these control costs are typically not
finite. The case of continuous-time linear systems with a quadratic performance
measure (LQR) is studied in [93, 98]. Both papers aim at arriving at ETC
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laws that yield the same cost as the optimal LQR controller, but with less
resources than the continuously updating optimal LQR controller. The main
idea behind the approach is to maximize the time until the next control value
update, considering that the rest of the (future) controller executions will be
according to standard periodic time-triggered updates. In [93], the controller
design is emulation-based, whereas [98] studies a co-design method for both the
feedback law and the triggering condition. However, no formal guarantees are
given in these papers about the true cost realized by the ETC implementation,
and the framework in [93,98] does not offer a possibility to “trade” performance
for a lower resource utilization.

1.2.2 Optimization-based control

In the context of optimal control, a rollout approach based on combined opti-
mization over update patterns and control values was proposed in [8–10]. The
rollout algorithm is a suboptimal control method for deterministic and stochas-
tic problems that can be solved by dynamic programming [19]. In the rollout
algorithm a search for optimal decisions occurs only along a (finite) lookahead
horizon, assuming that from then on a “base policy” is used for which the cost-
to-go is typically simple to determine. Starting from a feasible base policy, the
rollout approach finds the optimal controller and cost for a set of policies that
yield the same or a lower resource utilization than the base policy. By ensuring
that the base policy is included in the set of policies that is considered for the
optimization problem, it is shown that if the base policy produces a feasible
solution, the rollout algorithm also produces a feasible solution, whose control
cost is no worse than the cost corresponding to the base policy [9,10,19], thereby
addressing (ii). Under certain assumptions, the methods in [8] outperform any
periodic policy as long as this policy is used as the base policy. Regarding (i),
rollout approaches are co-design approaches since they are based on a combined
optimization over update patterns and control values.

In many control systems there are constraints on states and inputs that
should not be violated. One of the most widely used techniques for control of
constrained systems is model predictive control (MPC). MPC is a form of optimal
control based on solving, at each sampling instant, a constrained finite horizon
open-loop optimal control problem, using the current state of the plant as the
initial state. The optimization yields an optimal control sequence and the first
control value in the sequence is applied to the plant [67]. Although the classical
receding horizon implementation of MPC is effective in dealing with systems
with state and input constraints, typically the sampling times are chosen in a
periodic time-triggered fashion, requiring the use of resources at each sampling
time.

Several works already exist in the literature addressing the control of con-
strained systems with scarce resources. For instance in [57], a self-triggered MPC
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scheme is proposed which maximizes the time until the next control execution,
while satisfying state and input constraints in the presence of additive distur-
bances. In [34, 35] a self-triggered decentralized MPC framework is presented
that aims at reducing the communication between agents, as well as the number
of times the agents update their control values. However, the most well known
approach is based on modifying the MPC problem by appending the original
MPC control cost with an `1 penalty on the input in order to obtain sparse
input signals. Regularizing by the `1-norm is known to induce sparsity in the
sense that, individual components of the input signal will be equal to zero, see,
e.g., [6,37,38,73–76], in which the focus is on discrete-time linear systems. Also
different types of sum-of-norms regularization can be used to obtain so-called
group sparsity, meaning that at many time instances the entire input vector
becomes zero, see, e.g., [77]. A self-triggered MPC approach for unconstrained
discrete-time linear systems that avoids frequent updating of the actuators by
sending only a single control value to the actuators and keeping this constant
until the next execution time is presented in [53]. The strategy in [53] solves a
co-design problem of simultaneously designing the control law and the triggering
condition and allows trading control performance and (communication and/or
actuation) resource utilization. In particular, [53] follows an `1-like regulariza-
tion to solve the co-design problem by augmenting the quadratic cost function
related to control performance with a penalty related to sampling the system
and updating the control law.

Although `1 regularization has proven to be effective in obtaining sparse input
profiles, no performance guarantees are given in terms of the original MPC cost
function due to the additional penalties in the cost function.

1.3 Objectives, contributions and outline

In this thesis, the goal is to provide systematic design methodologies for optimal
sampling, control and communication strategies, where optimality reflects both
implementation costs (related to the required resource utilization) and control
performance. In particular, the objective is to design resource-aware controllers
with the following properties:

• significant reductions in resource utilization compared to time-triggered
control;

• a priori closed-loop performance guarantees provided by design (in terms
of the original cost function), as well as asymptotic stability and constraint
satisfaction (if constraints are present);

• simultaneous design of both the feedback law and the triggering condition.
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In this thesis, several resource-aware control and estimation strategies are devel-
oped. The remainder of this section highlights these contributions and provides
an outline of the thesis.

In Chapter 2 we propose a self-triggered control strategy for unconstrained
discrete-time linear systems subject to stochastic additive disturbances, based
on performance in terms of a quadratic discounted cost. The control laws and
triggering mechanisms are designed such that an a priori chosen (suboptimal)
level of performance in terms of (discounted) quadratic cost is guaranteed. The
approach introduces scaling parameters that can be chosen to balance the usage
of resources and the degree of suboptimality compared to the optimal solution
that communicates state measurements and updates the control values at every
(discrete) time. The proposed methodology provides a solution to the problem
of co-design of the feedback law and the triggering condition and can easily be
implemented in practice as it results in a simple piecewise linear control law.
This chapter is based on [40].

In Chapter 3, the ideas underlying the self-triggered control strategy in Chap-
ter 2 are extended to a novel self-triggered MPC scheme that can deal with
discrete-time systems (without disturbances) that are subject to state and input
constraints. In fact, a general framework for the self-triggered MPC strategy is
proposed, addressing both sporadically changing and sparse input profiles. The
framework applies to discrete-time linear and nonlinear systems subject to state
and input constraints and possibly non-quadratic cost functions. This chapter
is based on [15,41].

We propose two resource-aware MPC strategies for discrete-time linear sys-
tems subject to state and input constraints exploiting rollout ideas in Chapter 4.
The rollout MPC approaches are based on a dynamic programming formulation
of the co-design problem of both determining the feedback law and the triggering
condition (see Section 1.2.2). One of the proposed rollout MPC strategies pro-
vides performance guarantees, in terms of the control cost, by design. The other
proposed rollout MPC strategy provides a guaranteed (average) resource utiliza-
tion, while cleverly selecting when to use the actuators in order to maximize the
control performance.

The approaches presented in Chapters 2, 3 and 4 rely on the availability of
the full state through measurements. In case the full state is not available it is of
interest to use a resource-aware estimator that reconstructs the plant state based
on measurements. In particular it is of interest to reduce the communication
between the sensors and the estimator. The final contribution of the thesis is a
self-triggered estimator for discrete-time linear systems subject to unknown but
bounded disturbances affecting both the system states and outputs, see Chapter
5. The proposed self-triggered estimator is a set-valued estimator that employs
rollout techniques to reduce the communication between the sensors and the
estimator with respect to a periodic sampling strategy. Moreover, at each time
instant it provides an estimate of the plant state and a guaranteed bound on the
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difference between the true plant state and the estimate. This information can
subsequently be used in a state-based controller. This chapter is based on the
paper [21].

Finally, in Chapter 6 conclusions and recommendations are presented.
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Chapter 2

Self-triggered linear quadratic
control

Abstract – Self-triggered control is a recently proposed paradigm that abandons the more

traditional periodic time-triggered execution of control tasks with the objective of reducing the

utilization of communication resources, while still guaranteeing desirable closed-loop behavior.

In this chapter, we introduce a self-triggered strategy based on performance levels described

by a quadratic discounted cost. The classical LQR problem can be recovered as an important

special case of the proposed self-triggered strategy. The self-triggered strategy proposed in this

paper possesses three important features. Firstly, the control laws and triggering mechanisms

are synthesized so that a priori chosen performance levels are guaranteed by design. Secondly,

they realize significant reductions in the usage of communication resources. Thirdly, we ad-

dress the co-design problem of jointly designing the feedback law and the triggering condition.

By means of a numerical example, we show the effectiveness of the presented strategy. In par-

ticular, for the self-triggered LQR strategy, we show quantitatively that the proposed scheme

can outperform conventional periodic time-triggered solutions.

2.1 Introduction

In many control applications, controllers are nowadays implemented using com-
munication networks in which the control task has to share the communica-
tion resources with other tasks. Despite the fact that resources can be scarce,
controllers are typically still implemented in a time-triggered fashion, in which
control tasks are executed periodically. This design choice often leads to over-
utilization of the available communication resources, and/or causes a limited
lifetime of battery-powered devices, as it might not be necessary to execute the

This chapter is based on [40].
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control task every period to guarantee desired closed-loop performance. Also in
the area of ‘sparse control’ [37], in which it is desirable to limit the changes in
certain actuator signals while still realizing specific control objectives, periodic
execution of control tasks may not be optimal either. In both networked control
systems with scarce communication resources and sparse control applications
the fundamental problem of determining optimal sampling and communication
strategies arises, where optimality needs to reflect both implementation cost
(related to the number of communications and/or actuator changes) as well as
control performance. It is expected that the solution to this problem results in
control strategies that abandon the periodic time-triggered control paradigm.

Two approaches that abandon the periodic communication pattern are event-
triggered control (ETC), see, e.g., [12,13,30,47,50,52,63,85,95], and self-triggered
control (STC), see, e.g., [2,3,7,31,68,92,95]. Although ETC is effective in the re-
duction of communication or actuator movements, it was originally proposed for
different reasons, including the reduction of the use of computational resources
and dealing with the event-based nature of the plants to be controlled. In ETC
and STC, the control law consists of two elements being a feedback controller
that computes the control input, and a triggering mechanism that determines
when the control input has to be updated. The difference between ETC and
STC is that in the former the triggering consists of verifying a specific condition
continuously and when it becomes true, the control task is triggered, while in the
latter at an update time the next update time is pre-computed. ETC laws have
been mostly developed for continuous-time systems, although they have also ap-
peared for discrete-time systems, see, e.g., [27,32,45,61,72,99] and [59, Sec. 4.5].
In addition, in [12,46,50,52] so-called periodic event-triggered control strategies
were proposed and analyzed for continuous-time systems.

At present ETC and STC form popular research areas. However, two im-
portant issues have only received marginal attention: (i) the co-design of both
the feedback law and the triggering mechanism, and (ii) the provision of per-
formance guarantees (by design). To elaborate on (i), note that current design
methods for ETC and STC are mostly emulation-based approaches, by which we
mean that the feedback controller is designed without considering the scarcity
in the system’s resources. The triggering mechanism is only designed in a sub-
sequent phase, where the controller has already been fixed. Since the feedback
controller is designed before the triggering mechanism, it is difficult, if not im-
possible, to obtain an optimal design of the combined feedback controller and
triggering mechanism in the sense that the minimum number of control execu-
tions is achieved while guaranteeing closed-loop stability and a desired level of
performance.

Regarding (ii), only a few available ETC/STC methods provide quantitative
analysis tools for control performance, such as L2-gains, quadratic cost, H2 type
of criteria, and so on. For instance, in [30] one can analyze the ETC/STC loop a
posteriori and evaluate what the L∞-gain is, and clearly by doing this for various
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choices of the triggering mechanism one can (indirectly) synthesize a controller
with a good closed-loop L∞-gain (in balance with a reasonable communication
usage) based on an iterative design process. A similar procedure can be applied
for the L2-gain, see, e.g., [95]. Alternatively, using [63, 99], one can tune the
parameters of the event-triggering condition (once the controller is fixed) to ob-
tain a desirable ultimate bound on the state. In addition, a few ETC and STC
methods exist that aim at minimizing a criterion involving besides control cost
also communication cost [27, 61, 72]. However, in most cases they do not pro-
vide guarantees in terms of standard (LQR, L2, H2) control cost (i.e., without
the presence of communication cost), and, in fact, due to the resulting absolute
threshold in the event-triggering mechanism, these control cost are typically not
finite. The case of continuous-time linear systems with a quadratic performance
measure (LQR) is studied in [93, 98]. Both papers aim at arriving at ETC laws
that yield the same cost as the optimal LQR controller, but require less com-
munication than the continuously updating optimal LQR controller. The main
idea behind the approach is to maximize the time until the next control value
update, considering that the rest of the (future) controller executions will be
according to standard periodic time-triggered updates. In [93], the controller
design is emulation-based, whereas [98] studies a co-design method for both the
feedback law and the triggering condition. However, no formal guarantees are
given in these papers about the true cost realized by the ETC implementation,
and the framework in [93,98] does not offer a possibility to “trade” performance
for less communication resource usage.
The main contribution of the present chapter is a novel STC strategy for discrete-
time linear systems in the presence of stochastic disturbances, addressing the
issues (i) and (ii) and allowing to trade guaranteed performance levels with uti-
lization of communication resources. The contribution of this chapter is three-
fold:

• The methods guarantee a desired performance level based on quadratic
(discounted) cost without an iterative design process. In fact, the presented
strategy aims at reducing the use of communication resources, while still
guaranteeing a prespecified suboptimal level of performance.

• For the considered control problem, we solve a co-design problem by jointly
designing the feedback controller and the triggering mechanism.

• By means of a numerical example, we demonstrate quantitatively that
aperiodic control can outperform periodic control when both control per-
formance and communication cost are important.

Nomenclature

Let R and N denote the set of real numbers and the set of non-negative integers
(including zero), respectively. The notation N≥s and N[s,t) is used to denote
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the sets {r ∈ N | r ≥ s} and {r ∈ N | s ≤ r < t}, respectively, for some
s, t ∈ N. The inequalities ≺,�,� and � are used for matrices, i.e., for a square
matrix X ∈ Rn×n we write X ≺ 0, X � 0, X � 0 and X � 0 if X is symmetric
and, in addition, X is negative definite, negative semi-definite, positive definite
and positive semi-definite, respectively. Sequences of vectors are indicated by
bold letters, e.g., u = (u0, u1, . . . , uM ) with ui ∈ Rnu , i ∈ {0, 1, . . . ,M}, where
M ∈ N∪{∞} will be clear from the context. Let X and Y be random variables.
The expected value of X is denoted by E(X) and the conditional expectation of
X given Y is denoted E[X | Y ]. The trace of a matrix A is denoted by tr(A).

2.2 Self-triggered linear quadratic control

In this section, we provide the problem formulation and the general setup for
the self-triggered control strategy. We consider the control of a discrete-time
LTI system given by

xt+1 = Axt +But + Ewt, (2.1)

for t ∈ N, where xt ∈ Rnx is the state, ut ∈ Rnu is the input and wt ∈ Rnw

is the disturbance, respectively, at discrete time t ∈ N. We assume that the
pair (A,B) is controllable and that wt, t ∈ N, are independent and identically
distributed random vectors (not necessarily Gaussian distributed) with E[wt] = 0
and E[wtw

>
t ] = I, t ∈ N, where I ∈ Rnw×nw is the identity matrix. In this

section, we are interested in control strategies that guarantee a certain control
performance in terms of a discounted quadratic cost function

J =

∞∑
t=0

E
[
αt
(
x>t Qxt + 2x>t Sut + u>t Rut

)
| x0

]
, (2.2)

involving the weighting matrices Q, R and S, where
[
Q S

S> R

]
� 0. The discount

factor 0 < α ≤ 1 is assumed to be strictly less than one when E 6= 0 to assure
that (2.2) is bounded. Note that E = 0 and α = 1 allow us to consider an
LQR-like framework. If we assume that the state is available at every t ∈ N and
also that the control input can be updated at every t ∈ N, it is well known (see,
e.g., [19, Sec. 3.2]) that the optimal cost for a given initial state x0 is given by

V (x0) := x>0 Px0 +
α

1− α
tr(PEE>), (2.3)

where P is the unique positive semi-definite solution to the discrete algebraic
Riccati equation (DARE)

P = Q+ αA>PA−
(
αA>PB + S

) (
R+ αB>PB

)−1 (
αB>PA+ S>

)
(2.4)
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and that the optimal feedback policy is described by

u∗t = K∗xt, (2.5)

K∗ = −
(
R+ αB>PB

)−1 (
αB>PA+ S>

)
. (2.6)

The control law given in (2.5) requires the transmission of measured states and
updates of control actions at each sample instant t ∈ N, which might not be nec-
essary to guarantee a certain (suboptimal) performance. In this chapter, we are
interested in synthesizing control laws that require (much) less communication
between sensors, controller, and actuators (and/or less actuator movements [37]),
while still providing guarantees on the quadratic performance criterion in (2.2).
More specifically, we are interested in reducing the number of times the input
is updated (which directly influences the number of required transmissions from
sensors to controllers and controllers to actuators), while still satisfying the fol-
lowing performance guarantee

∞∑
t=0

E
[
αt
(
x>t Qxt + 2x>t Sut + u>t Rut

)
| x0

]
≤ Vβ1,β2

(x0), (2.7)

where, for x ∈ Rnx ,

Vβ1,β2
(x) := β1x

>Px+ β2
α

1− α
tr(PEE>) (2.8)

and β1, β2 ≥ 1 are scaling factors of the state-dependent and constant parts,
respectively, in the optimal costs in (3). Note that β1 = β2 = 1 corresponds
to requiring the same costs as the optimal time-triggered control law given by
(2.5)-(2.6). The scaling factors β1, β2 can be chosen to balance the usage of
communication resources and the degree of suboptimality. In particular, the
choice β1 = β2 = β ≥ 1 specifies a degree of suboptimality that corresponds to a
percentage of the periodic control performance (2.3). This is automatically the
case when E = 0, since in that case β2 plays no role.

To address this problem, we propose a self-triggered strategy that aims at
reducing the number of input updates. The proposed strategy solves the co-
design problem of simultaneously synthesizing the next transmission time and
the next corresponding control value and is based on holding the control value
constant for as many steps as possible, while still guaranteeing the performance
guarantee (2.7) in the end.

2.3 Proposed setup

The self-triggered strategy is based on holding the current input value as long
as possible while still guaranteeing (2.7) given β1, β2 ≥ 1. In fact, the control
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strategy will have the structure{
tl+1 = tl +M(xtl),
ut = ūl ∈ U(xtl), t ∈ N[tl,tl+1)

(2.9)

with t0 := 0, M : Rnx → {1, . . . , M̄}, M̄ ∈ N, and U : Rnx ⇒ Rnu . Hence, U
is a set-valued map. Here, M(x) denotes the time between two transmissions
and U(x) denotes the set of possible control values when being in state x. The
integer M̄ is a predefined upper bound on the inter-transmission times, which
can be taken arbitrarily large. We are interested in solving the co-design problem
of both the next transmission time (through M) and the chosen control value
(through U).

Instrumental in the co-design of the mappings M and U will be the inequality

E
[( tl+1−1∑

t=tl

αt−tl
(
x>t Qxt + 2x>t Sūl + ū>l Rūl

) )
+ αtl+1−tlVβ1,β2(xtl+1

) | xtl
]
≤ Vβ1,β2(xtl) (2.10)

at transmission time tl, l ∈ N. Summing (2.10) over all events l ∈ N will give the
performance guarantee (2.7) as we will show in Theorem 2.1. At transmission
time tl with state xtl we aim at finding a maximal value for tl+1 such that there
is a ūl satisfying (2.10). This results in M(xtl) = tl+1 − tl.

To introduce the mappings U and M in (2.9) formally, we define for x ∈ Rnx ,
UM (x) as the set of control values that can be held constant for M steps, while
still satisfying (2.10) when in state x at time tl, i.e., after a shift in time, this
leads to

UM (x) :=

{
ū ∈ Rnu

∣∣∣∣ E[(M−1∑
j=0

αj(x̄>j Qx̄j + 2x̄>j Sū+ ū>Rū)
)

+ αMVβ1,β2
(x̄M ) | x

]
≤ Vβ1,β2

(x)

}
, (2.11)

where x̄j , j ∈ {1, 2, . . . ,M}, is the solution to (2.1) with x̄0 = x and ut = ū,
t ∈ N, i.e.,

x̄j = Ājx+ B̄j ū+ ĒMj wM , x̄0 = x (2.12)

where for j ∈ {1, 2, . . . ,M}, Āj := Aj , B̄j :=
∑j−1
i=0 A

iB and ĒMj ∈ Rnx×Mnw is
given by

ĒMj :=
[
Aj−1E . . . AE E 0 . . . 0

]
, (2.13)

where wM := [w>0 , w
>
1 , . . . , w

>
M−1]>. We now define in (2.9), for x ∈ Rnx and

M̄ ∈ N,

M(x) := max
{
M ∈ {1, 2, . . . , M̄} | UM (x) 6= ∅

}
, (2.14a)

U(x) := UM(x)(x). (2.14b)
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The control law is now given by (2.9) and (2.14).

Remark 2.1. Note that this STC strategy is of a “greedy” nature, as at time
tl the next transmission time tl+1 = tl + M(xtl), l ∈ N, is maximized while
guaranteeing (2.10) without taking into account the influence of this choice on
the required number of future transmissions after tl+1. C

Remark 2.2. In case multiple control commands can be sent in one control
packet, the STC approach can be extended towards packet-based control in
which a sequence of control values is transmitted to the actuators at times tl, l ∈
N. More specifically, for t ∈ N[tl,tl+1), the control strategy will have the structure{

tl+1 = tl +Mpb(xtl),

ut = upb,l
t−tl with (upb,l

0 , upb,l
1 , . . . , upb,l

M−1) ∈ Upb
M (xtl),

where for x ∈ Rnx we define

Upb
M (x) :=

{
[upb

0 , upb
1 , . . . , upb

M−1] ∈ Rnu

∣∣∣∣
E
[(M−1∑

j=0

αj(x̃>j Qx̃j + 2x̃>j Su
pb
j + (upb

j )>Rupb
j )
)

+ αMVβ1,β2(x̃M ) | x
]
≤ Vβ1,β2(x)

}
,

where x̃j , j ∈ {1, 2, . . . ,M}, is the solution to (2.1) with x̃0 = x and input

sequence (upb
0 , upb

1 , . . . , upb
M−1) ∈ Upb

M (x). Moreover,

Mpb(x) := max
{
M ∈ {1, 2, . . . , M̄pb} | Upb

M (x) 6= ∅
}
,

where M̄pb ≥ 2 denotes the number of control values that can be transmit-
ted in one packet. At time tl, l ∈ N, the state is measured and the sequence
(upb,l

0 , upb,l
1 , . . . , upb,l

M−1) ∈ Upb(xtl) is sent to the actuators that implement the
received input sequence one-by-one. The sensors can go in standby from time
tl + 1 until tl+1 − 1. At time tl+1 the state is measured by the sensors, and the
procedure is repeated. C

Theorem 2.1. For fixed β1, β2 ≥ 1, the control law (2.9) with (2.14) is well
defined, i.e., for all x0 ∈ Rnx and all disturbance realizations w = (w0, w1, . . . ),
UM (x) 6= ∅ for some M ∈ {1, . . . , M̄}. Moreover, the closed-loop system given
by (2.1), (2.9) and (2.14) satisfies the performance guarantee (2.7).

Proof. To prove well-definedness of the control law (2.9) with (2.14), for all
x ∈ Rnx we will show that

x>Qx+ 2x>Sū+ ū>Rū+ αE[Vβ1,β2
(x̄1) | x ] ≤ Vβ1,β2

(x) (2.15)
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holds for some ū ∈ Rnu showing that U1(x) 6= ∅ as (2.15) is the condition in
(2.11) for M = 1. Suppose we are at transmission time tl for some l ∈ N and
xtl = x. If ū is chosen as the optimal control value K∗x taken from (2.5)-(2.6),
then we have

x>Qx+ 2x>Sū+ ū>Rū+ αE[V (x̄1) | x ] = V (x),

Indeed, if ū = K∗x, then using (2.3), we have

x>Qx+ 2x>Sū+ ū>Rū+ αE[V (x̄1) | x ]

= x>
(
Q+ 2SK∗ + (K∗)>RK∗ + α(A+BK∗)>P (A+BK∗)

)
x

+ α tr(PEE>) +
α2

1− α
tr(PEE>)

= x>Px+
α

1− α
tr(PEE>) = V (x),

where in the second equality we used (2.4) and (2.6). Thus ū = K∗x satisfies
(2.15) for β1, β2 ≥ 1. Hence, K∗x ∈ U1(x). This shows that U(x) 6= ∅ and
M(x) ≥ 1 for all x ∈ Rnx .

We will now prove that the control law (2.9) with (2.14) satisfies the per-
formance guarantee (2.7). For x ∈ Rnx and u ∈ Rnu , we define g(x, u) :=
x>Qx+ 2x>Su+ u>Ru. We start by fixing a given L ∈ N, and notice that

E
[ tL+1−1∑

t=0

αtg(xt, ut) | x0

]
= E

[ L∑
l=0

αtl
tl+1−1∑
t=tl

αt−tlg(xt, ut) | x0

]

= E
[ L∑
l=0

αtlE
[ tl+1−1∑

t=tl

αt−tlg(xt, ut) | xtl
]
| x0

]
,

(2.16)
where we used the fact that for each l ∈ N

E
[
αtl

tl+1−1∑
t=tl

E[αt−tlg(xt, ut) | xtl ] | x0

]
= E

[
αtl

tl+1−1∑
t=tl

αt−tlg(xt, ut) | x0

]
.

(2.17)

Equation (2.17) follows from standard properties of conditional expectations [28,
p.16] and the fact that the underlying stochastic process defined by (2.1) and
(2.9), being a discrete-time Markov process, is also a strong Markov process [70,
p.72] (then the Markov property holds at the stopping times tl, l ∈ N).
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Using (2.10) in the last equation of (2.16) we obtain

E
[ tL+1−1∑

t=0

αtg(xt, ut) | x0

]
≤ E

[ L∑
l=0

αtl
(
Vβ1,β2

(xtl)− αtl+1−tlE[Vβ1,β2
(xtl+1

) | xtl ]
)
| x0

]
= E

[ L∑
l=0

αtlVβ1,β2(xtl)− αtl+1Vβ1,β2(xtl+1
) | x0

]
= Vβ1,β2(x0)− E[αtL+1Vβ1,β2(xtL+1

) | x0]

≤ Vβ1,β2(x0),

(2.18)

where in the first equality we again used standard properties of conditional
expectations and the strong Markov property and in the last inequality we used
the fact that Vβ1,β2

takes only nonnegative values.

Since L ≤ tL ≤ M̄L, from (2.18) we have that Vβ1,β2
(x0) is also an upper

bound on E[
∑L
t=0 α

tg(xt, ut) | x0], and, hence, we can interchange the expecta-
tion and (finite) summation operations. Taking the limit as L→∞ we obtain

∞∑
t=0

E[αtg(xt, ut) | x0] ≤ Vβ1,β2(x0).

This completes the proof.

The above theorem shows that the required control performance in terms of
the cost (2.2) is guaranteed by the proposed self-triggered control law.

For sparse control applications [37], the savings in updates of actuator values
are immediately clear from the chosen setup. In case the interest is in reduc-
ing the number of communications between sensors, controller and actuators,
one has to distinguish two cases. For the case of sensors co-located with the
controller, the next update time can be computed at or closely to the sensors.
For distributed sensors the controller can compute and broadcast the next up-
date time. Both these implementations result in communication from sensors to
controllers and controllers to actuators only at the transmission times tl, l ∈ N.

2.4 Online implementation

In this section, we discuss the on-line implementation of the proposed self-
triggered strategy. We start by showing how to test if, for a fixed value of M ,
UM (x) 6= ∅, for x ∈ Rnx , which is needed to evaluate (2.14). Clearly, UM (x) 6= ∅
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if and only if

min
ū∈Rnu

E
[(M−1∑

j=0

αj
(
x̄>j Qx̄j + 2x̄>j Sū+ ū>Rū

) )
+ αMVβ1,β2(x̄M ) | x

]
≤ Vβ1,β2(x). (2.19)

By using (2.8) and (2.12), we see that (2.19) is equivalent to

min
ū∈Rnu

x>FMx+ x>GM ū+
1

2
ū>HM ū+ cM ≤ Vβ1,β2

(x),

where

FM = αMβ1Ā
>
MPĀM +

M−1∑
j=0

αjĀ>j QĀj ,

GM = 2

[
αMβ1Ā

>
MPB̄M +

M−1∑
j=0

αj
(
Ā>j QB̄j + Ā>j S

) ]
,

HM = 2

[
αMβ1B̄

>
MPB̄M +

M−1∑
j=0

αj
(
B̄>j QB̄j + B̄>j S + S>B̄j +R

) ]
,

cM = dM + β2α
M α

1− α
tr(PEE>),

dM = αMβ1 tr
(
PĒMM (ĒMM )>

)
+

M−1∑
j=1

αj tr
(
QĒMj (ĒMj )>

)
. (2.20)

Note that HM � 0 since P � 0, α > 0 and
[
Q S

S> R

]
� 0. To find

ū∗ := argmin
ū∈UM (x)

x>FMx+ x>GM ū+
1

2
ū>HM ū+ cM ,

we solve
∂

∂ū

(
x>FMx+ x>GM ū+

1

2
ū>HM ū+ cM

)
= 0,

which leads to x>GM + ū>HM = 0, and thus

ū∗ = −H−1
M G>Mx =: KMx. (2.21)

The corresponding optimal cost in the left-hand side of (2.19) is x>P ∗Mx + cM
with P ∗M = FM − 1

2GMH
−1
M G>M . Hence, (2.19) holds, i.e., UM (x) 6= ∅, if and

only if
x>P ∗Mx+ c̄M ≤ β1x

>Px, (2.22)
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where

c̄M := dM − β2

M∑
j=1

αjtr(PEE>). (2.23)

We now see that (2.14a) can be rewritten as

M(x) = max
{
M ∈ {1, 2, . . . , M̄} | x>P ∗Mx+ c̄M ≤ β1x

>Px
}
, (2.24a)

and the control input (2.14b) is given by

KM(x)x ∈ UM(x)(x) (2.24b)

The proposed control strategy, taking the form (2.9), can be simply implemented
as {

tl+1 = tl +M(xtl),

ut = KM(xtl
)xtl , t ∈ N[tl,tl+1),

(2.25)

where the function M : Rnx → N is given by (2.24a).

Remark 2.3. (Deterministic case, i.e., E = 0) When no disturbances act on (2.1)
(E = 0), then from (2.20) and (2.23) we obtain that c̄M = 0 for all M . We can
conclude from (2.1) and (2.25) that any initial condition along the ray λx, λ > 0,
will lead to the same triggering sequence. C

Remark 2.4. (Effect of disturbances, i.e., E 6= 0) The effect of disturbances on
(2.22) is captured by c̄M , which is a linear function of the disturbance covariance
matrix given by EE> and can be influenced by β2 ≥ 1. In fact, from (2.20)
and (2.23) it is easy to see that c̄M , M ∈ {1, 2, . . . , M̄}, can be made smaller
by increasing β2 ≥ 1 (for fixed β1). Note that P ∗M , M ∈ {1, 2, . . . , M̄}, is
independent of β2 and only depends on β1. Hence, by increasing β2 (with same
β1) M(x) will generally become larger.

In general, c̄M 6= 0, M ∈ {1, 2, . . . , M̄}, which makes the triggering rule (2.22)
no longer invariant along rays (see Remark 2.3). However, if the magnitude
of the state is large compared to the magnitude of the disturbance covariance
matrix, then the triggering behavior is still similar to the deterministic case.
Suppose now that this is not the case, i.e., for a given (small) state x, c̄M plays
an important role in (2.22). From (2.20) and (2.13) we can conclude that an
unstable A will favor large dM and, hence, positive c̄M . If c̄M is larger, then for
the same state x, M(x) given by (2.24a), will be smaller, which is an indication
that the average inter-transmission interval will be smaller. We will observe this
in the example provided in Section 2.5. Contrarily, a stable A will favor smaller
dM , negative c̄M , and larger M(x) for the same state x, which is an indication
that the average inter-transmission interval will be larger. This corresponds well
with intuition, as unstable systems require more attention (control updates). C
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Remark 2.5. (Minimum inter-transmission interval) The minimum inter-trans-
mission interval for the closed-loop system given by (2.1), (2.9) and (2.14) is
defined as

Mmin := min
{
tx0,w
l+1 − t

x0,w
l | l ∈ N, x0 ∈ Rnx and

w = (w0, w1, . . .), wi ∈ Rnw , i ∈ N
}
,

where we now included the explicit dependence of the transmission times on x0

and w = (w0, w1, . . .). Based on the above reasoning, we obtain

Mmin = max{M ∈ {1, 2, . . . , M̄} | ∀x ∈ Rnx , x>P ∗Mx+ c̄M ≤ β1x
>Px}.

In the deterministic case, i.e., E = 0 and, as a consequence, c̄M = 0, for all M ,
this reduces to

Mmin = max{M ∈ {1, 2, . . . , M̄} | P ∗M � β1P}. (2.26)

C

Remark 2.6. (Effect of β1) For the sake of simplicity, consider that E = 0
yielding that c̄M in (2.22) is zero for all M . If β1 is large, then for a given state
x, the condition x>(P ∗M −β1P )x ≤ 0 may hold for large values of M . Hence, the
system may operate in open loop for a long time, with a control value obtained
from (2.19), possibly considerably moving away from the origin. We see that
this is possible since the final cost in (2.19) is bounded by β1 times the cost
of a periodic implementation after M steps. As a consequence, after a choice
of a large M ∈ {1, 2, . . . , M̄}, a considerable number of transmissions may be
required afterwards. This ‘greedy’ effect (see also Remark 2.1) can be observed
from the simulation results in Section 2.5. C

Note that (2.25) results in a “piecewise linear” control law, which can be
obtained by checking a finite number of inequalities as in (2.22). In fact, it is
easy to see that the state-space Rnx is partitioned in regions induced by the
inequalities

x>P ∗Mx+ c̄M ≤ β1x
>Px,

x>P ∗Nx+ c̄M > β1x
>Px, N = M + 1, . . . , M̄ ,

for M ∈ {1, 2, . . . , M̄}. Note that P ∗M , c̄M and P can be computed off-line. In
absence of disturbances (E = 0), c̄M = 0 and these regions are polyhedral (but
not necessarily convex).

2.5 A numerical example

In order to illustrate the self-triggered strategy presented in Section 2.2, we
consider a system consisting of two masses (m1 = m2 = 1) connected by a
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m1 m2
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σω̇
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d

Fig. 2.1. Schematic representation of the considered system.

spring and damper, of which the continuous-time dynamics are given by

ÿ1 = −ks(y1 − y2)− d(ẏ1 − ẏ2) + u+ σω̇,

ÿ2 = ks(y1 − y2) + d(ẏ1 − ẏ2),

or equivalently, using x = [y1 y2 ẏ1 ẏ2]>, by the state-space formulation

ẋ =


0 0 1 0
0 0 0 1
−ks ks −d d
ks −ks d −d

x+


0
0
1
0

 (u+ σω̇)

=: Acx+Bcu+ Ecω̇, (2.27)

where ks = 5 and d = 1 are the spring stiffness and damping coefficient, re-
spectively, and ω̇ is a scalar unitary variance white noise process1 and σ is a
positive constant. A schematic representation of the considered system is given
in Figure 2.1. The control performance is measured by a continuous-time infinite
horizon discounted cost function

Jc =

∫ ∞
0

e−αcsE
[ (
x>(s)x(s) + 25u>(s)u(s)

)
| x0

]
ds (2.28)

for αc ∈ R≥0. To convert this continuous-time setup into a discrete-time setup,
we apply exact discretization with sampling period h = 0.25, assuming a zero-
order hold input between two sampling instants, which leads to a discrete-

time LTI system of the form (2.1), where A = eAch, B =
∫ h

0
eAcsdsBc and

E =
∫ h

0
eAcsdsEc. Similarly, by exact discretization of the continuous-time cost

function (2.28), we obtain a discrete-time infinite horizon discounted cost func-
tion taking the form (2.2),with[

Q S
S> R

]
=

∫ h

0

e−αcse

[
Ac Bc
0 0

]> [
I 0
0 25I

]
e

[
Ac Bc
0 0

]
ds

1Formally, (2.27) corresponds to the stochastic differential equation dx = (Acx + Bcu)dt +
Ecdω, where ω is a scalar unitary covariance Wiener process.
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Fig. 2.2. Cost of implementation at (average) inter-transmission times
for different control strategies, averaged over 100 initial conditions.

and α = e−αch, which is exactly equal to (2.28) given the sampled-data im-
plementation. As a consequence, all statements on cost provided below are
expressed in terms of the continuous-time cost (2.28). In the remainder of this
section, we consider two cases. Firstly, we consider the case where there are
no disturbances acting on the system, i.e., E = 0, and as such, we recover an
LQR like framework; secondly, we study the case where the system is subject to
disturbances, i.e., E 6= 0.

2.5.1 Self-triggered LQR control

In this section, we evaluate the effectiveness of the self-triggered strategy in
the absence of disturbances. We take σ = 0 (which implies E = 0) and αc = 0
(which implies α = 1) and, as such, we recover an LQR like framework. To make
a fair comparison with standard periodic time-triggered LQR control, note that
an alternative way to reduce the required communication is to simply use larger
h, i.e., to sample the system with a larger sampling period. In this way fewer
communication resources are required as well, and we still obtain a guaran-
teed cost of the form (2.28) via (2.3) by solving the corresponding discrete-time
LQR problem using (2.5). In Figure 2.2 we compare this periodic time-triggered
LQR approach selecting larger sampling periods h with the STC approach with
M̄ = 150. We will plot the performance with respect to the average sampling
period havg. The results presented are obtained by averaging over 100 initial
conditions on the four dimensional unit hypersphere. Figure 2.2 shows the per-
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formance Jc of the continuous-time controller and the performance Jd(h) of the
optimal periodic LQR controller for various sampling periods h. Moreover, for
β1 ∈ {1, 1.05, . . . , 1.45, 1.50}, Figure 2.2 shows both the upper bound on the
(averaged) cost for the STC implementation Vβ1,β2

(x0) = β1x
>
0 Px0 and the (av-

eraged) true cost of the STC strategy (computed over a finite, but sufficiently
large, horizon) plotted against the ‘averaged’ inter-transmission times. Note
that, for E = 0, from (2.7)-(2.8) we see that β2 plays no role due to the ab-
sence of disturbances. In fact, for E = 0 we have that Vβ1,β2(x0) = β1V (x0).
From Figure 2.2 we can see that the STC strategy can achieve havg = 10.89
for β = 1.20 with guaranteed cost 9.68, whereas periodic control with cost 9.68
requires sampling at h = 4.46. Hence, on average we can sample and transmit
a factor 2.17 fewer by using the STC strategy while obtaining the same perfor-
mance guarantees. Moreover, the cost of the periodic LQR implementation at
h = 10.89 is 25.67, which is more than 2.5 times larger than the cost of the STC
strategy at havg = 10.89. Hence, this shows that the STC strategy can real-
ize combinations of average inter-transmission times havg and cost that cannot
be realized by periodic time-triggered LQR implementations. Table 2.1 shows
the results for β1 = 1 to 1.3, and moreover contains the guaranteed minimum
inter-transmission times hmin := Mminh for the STC strategy, determined us-
ing (2.26). Interestingly, the minimal inter-transmission time hmin for the STC
strategy with β1 = 1.20 is hmin = 3.75, which is not much lower than the corre-
sponding value h = 4.46 that is needed for a periodic LQR controller with the
same performance. From both Figure 2.2 and Table 2.1 we observe that for the
STC strategy, increasing β1 above 1.20 is not useful for this example. A possible
cause of this effect is the “greedy” behavior of the STC strategy as mentioned
in Remark 2.6.

Remark 2.7. (Other time-triggered solutions / Feedback in the triggering mech-
anism) In this section, we compared our self-triggered approach with the most
common time-triggered control scheme, namely, periodic (sampled-data) con-
trol, see Figure 2.2. In general, it is difficult to design alternative time-triggered
solutions that, over a range of initial conditions (or for various disturbance re-
alizations wt, t ∈ N), yield similar performance in terms of utilization of com-
munication resources and control performance as the proposed STC approach.
To illustrate this fact and the need for feedback in the triggering mechanism
(as opposed to the “open-loop” determination of the transmission times), con-

sider the initial conditions x
(1)
0 = [0.1126 0.0887 0.8330 − 0.5344]> and

x
(2)
0 = [−0.9178 − 0.3530 − 0.1422 0.1130]> and let tx

(i)
0 , i = 1, 2, de-

note the sequence of triggering times obtained from (2.25) for x
(1)
0 and x

(2)
0 ,

respectively. Table 2.2 shows the results for the STC approach for these initial
conditions for β1 = 1.20 and, moreover, contains the results of simulating the

system starting in x
(1)
0 but with the transmission times given by tx

(2)
0 , and vice

versa. We observe that the true costs for both initial conditions are higher when
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Table 2.1. Results for self-triggered LQR strategy with different values
of β1.

β1 havg hmin β1V (x0) True Cost
1.00 0.2500 0.2500 8.0694 8.0694
1.05 5.9777 1.7500 8.4729 8.4285
1.10 6.4252 2.5000 8.8763 8.8095
1.15 7.2258 3.2500 9.2798 9.2000
1.20 10.8945 3.7500 9.6833 9.5772
1.25 10.0702 4.0000 10.0868 9.9543
1.30 9.3188 4.7500 10.4902 10.3315

Table 2.2. Results for different transmission sequences for two initial
conditions.

x
(1)
0 x

(2)
0

havg(t
x
(1)
0 ) 11.1413 11.1413

havg(t
x
(2)
0 ) 10.6979 10.6979

β1(x
(i)
0 )>Px

(i)
0 , i = 1, 2 2.3872 4.6968

True Cost (tx
(1)
0 ) 2.3619 5.1760

True Cost (tx
(2)
0 ) 2.4171 4.6408

the transmission times used are based on the other initial condition. Compared
to time-triggered approaches, self-triggered control has the advantage of having
“feedback” in determining the transmission times, while a time-triggered control
approach selects the transmission times in an open-loop manner. Due to this
feedback, self-triggered control is able to obtain better performance in terms of
communication resources and control performance over a range of initial con-
ditions (or for various disturbance realizations) than time-triggered control, in
which one has to find one sequence of transmission times that works well for all
initial conditions (and/or all disturbance realizations). C

2.5.2 Self-triggered linear quadratic control with discounted
cost

In this section, we consider the influence of disturbances on the effectiveness of
the STC strategy, meaning that we now take E 6= 0. More specifically, we con-
sider the case where the actuation of the system is subject to disturbances. For
σ = 0.02, α = 0.99, h = 0.25 and M̄ = 120, Figure 2.3 shows the time response
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Fig. 2.3. State trajectories and inter-transmission times for STC strategy
in the presence of disturbances, with β1 = β2 = 1.1 and β1 = 1.1, β2 =
1.5.

of the states and inter-transmission times for the self-triggered strategy with

β1 = β2 = 1.1 starting from x0 =
[
0.49 −0.40 0.74 −0.25

]>
. We observe that

during the first 15 s the STC strategy significantly reduces the required number
of transmissions, despite the presence of the disturbance. However, after 15 s the
STC strategy is not able to significantly reduce the number of required transmis-
sions. This can be explained using the considerations provided in Remark 2.4.
In fact, when the state x is large in comparison to the noise covariance, i.e.,
for about the first 15 s, we observe that the triggering strategy shows a similar
average transmission rate and performance to the deterministic case. However,
after 15 s the states are close to the origin and the additional term c̄M due to
disturbances dominates condition (2.22). By increasing β2 (hence, giving away
a bit of performance in steady state, see (2.7)-(2.8)), we can decrease c̄M . The
results for the case where β1 = 1.1 and β2 = 1.5 are also shown in Figure 2.3.
For β2 = 1.5, we observe a significant reduction in communication resources,
even if the state is close to the origin. These observations are confirmed by 100
Monte Carlo simulations over a finite, but sufficiently large, horizon for each of
the 10 initial conditions on the four dimensional unit hypersphere. The averaged
results are given in Table 2.3. With only a slight degradation in performance
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Table 2.3. Results for self-triggered strategy, average over 10 initial
conditions and 100 Monte Carlo simulations for each initial condition.

β1 β2 havg havg Cost Total Vβ1,β2(x0)
t<15 s t>15 s t<15 s Cost

1.10 1.10 1.9539 0.3484 8.1106 8.1443 8.2951
1.10 1.50 3.1414 1.4447 8.1134 8.1560 8.3087

(β1 = β2 = 1.1), and despite the presence of disturbances, the STC strategy re-
duces the required communication during transients by a factor 7.8, on average,
when compared to time-triggered periodic control with h = 0.25. By studying
the second control configuration with an increased value of β2 to 1.5 we observe
that, on average, the required communication reduces also by a factor 5.8 after
transients.

2.6 Conclusions

In this chapter, we proposed a self-triggered control strategy for discrete-time
linear systems with (discounted) quadratic cost addressing two important issues:
the guarantee of desirable performance levels by co-design, and realizing a sig-
nificant reduction in utilization of the system’s communication and/or actuator
resources (compared to periodic time-triggered control). Regarding the perfor-
mance guarantees, the control laws and triggering mechanisms were designed
such that an a priori chosen (suboptimal) level of performance in terms of (dis-
counted) quadratic cost is guaranteed. Interestingly, our proposed methodology
provided a solution to the problem of co-design of the feedback law and the
triggering condition, a problem hardly addressed in the literature. The designed
self-triggered control strategy can easily be implemented in practice as it results
in a simple piecewise linear control law.

The effectiveness of the approach was illustrated by means of a numerical
example, showing a significant reduction in the usage of the system‘s communi-
cation and/or actuator resources, without trading much of the optimally achiev-
able performance. In fact, for the self-triggered LQR strategy, combinations of
average sampling periods and performance levels are obtained, which are not
achievable with standard periodic time-triggered LQR solutions. As such, this
work is one of the first providing quantitative evidence that aperiodic control
strategies, such as the STC strategy proposed in this chapter, can significantly
improve beyond time-triggered periodic control. In the presence of disturbances,
the self-triggered strategy also realizes a significant reduction in the usage of net-
work resources, even at only a slight degradation in performance. As such, the
proposed approach provides a viable control strategy to balance the usage of the
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system’s resources and control performance beyond the possibilities of standard
periodic time-triggered controllers.





Chapter 3

Resource-aware MPC for
constrained nonlinear systems:

A self-triggered control approach

Abstract – In systems with resource constraints, such as actuation limitations or limited

communication bandwidth, it is desired to obtain control signals that are either sparse or

sporadically changing in time to reduce resource utilization. In this chapter, we propose

a resource-aware self-triggered MPC strategy for discrete-time nonlinear systems subject to

state and input constraints that has three important features: Firstly, significant reductions in

resource utilization can be realized without modifying the cost function by input regularization

or explicitly penalizing resource usage. Secondly, the control laws and triggering mechanisms

are synthesized so that a priori chosen performance levels (in terms of the original cost function)

are guaranteed by design next to asymptotic stability and constraint satisfaction. Thirdly,

we address the co-design problem of jointly designing the feedback law and the triggering

condition. By means of numerical examples, we show the effectiveness of this novel strategy.

3.1 Introduction

In more and more control applications, it becomes essential to explicitly address
resource constraints in the implementation and the design of the control law.
Due to constraints on a system’s actuation resources it may be desirable to have
control signals that are either sparse or sporadically changing in time. The use
of sparse or sporadically changing actuation signals can have several benefits,
such as improved fuel efficiency or a larger lifetime of actuators subject to wear
and tear. For instance, in [44] sparse thrust actuation signals are obtained to use

This chapter is based on [41].
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fuel in the control of a spacecraft in an efficient manner, and in [26] sporadically
changing actuation is used in the control of an autonomous underwater vehicle
in order to decrease fuel consumption and increase the deployment time. Also
in overactuated systems, it can be desirable to have a smart control allocation
policy that does not require each actuator to be updated continuously in order
to realize a desired level of performance. One specific example includes the us-
age of sparse actuation signals to control the roll of an overactuated ship [37].
Next to systems with constrained actuation resources, also in the area of net-
worked control systems (NCSs) [54] with scarce communication resources there
is an interest in control signals that are sparse or sporadically changing in time,
depending on whether the control value is set to zero or held to the previous
value, respectively, when no new information is received by the actuators, see,
e.g., [81]. In case the communication in NCSs is wireless, a further resource con-
straint is often induced by battery-powered sensors. Indeed, the radio chip, used
to communicate sensor data required to update the control law, is the primary
source of energy consumption in the sensors [80]. Hence, reducing the number
of times the control law needs to be executed in NCSs leads to lower network
resource utilization and enhanced lifetimes of the battery-powered devices.

Given the above motivations, in this chapter, we are particularly interested
in resource-aware control strategies for discrete-time nonlinear systems that have
scarce (actuation and/or communication) resources, and, moreover, are subject
to state and input constraints. One of the most widely used techniques for
control of constrained systems is model predictive control (MPC). In fact, sev-
eral works already exist in the literature addressing the control of constrained
systems with scarce resources. The most well known approach is based on mod-
ifying the MPC problem by appending the original MPC control cost with an `1
penalty on the input in order to obtain sparse input signals. Regularizing by the
`1-norm is known to induce sparsity in the sense that, individual components of
the input signal will be equal to zero, see, e.g., [6, 37, 38, 73], in which the focus
is on discrete-time linear systems. Also different types of sum-of-norms regu-
larization can be used to obtain so-called group sparsity, meaning that at many
time instances the entire input vector becomes zero, see, e.g., [77]. Although a
regularization penalty on the input is effective in obtaining sparse solutions, due
to the altered cost function no performance guarantees are given in terms of the
original MPC cost function.

Considering the NCS literature, two main approaches oriented towards gen-
erating sporadically changing input signals (to save computation and communi-
cation resources) can be distinguished, namely, event-triggered control (ETC),
see, e.g., [12, 13, 30, 50, 63, 85, 98], and self-triggered control (STC), see, e.g.,
[3, 7, 31, 40, 68, 93, 93, 95], see also [48] for a recent overview. In ETC and STC,
the control law consists of two elements being a feedback controller that com-
putes the control input, and a triggering mechanism that determines when the
control input has to be updated. The difference between ETC and STC is that
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in the former the triggering consists of verifying a specific condition continuously
and when it becomes true, the control task is triggered, while in the latter at an
update time the next update time is pre-computed. In the context of NCSs, an-
other popular approach to reduce utilization of communication resources (with-
out resorting to sporadically changing input signals) in networks with messages
with a high payload is packet-based predictive control in which a sequence of
inputs and/or states is sent to the actuators (instead of a single input value),
see, e.g., [16,43,55]. In fact, there are several works available that combine ideas
from ETC and packet-based predictive control, see, e.g., [18, 32, 33]. In [32] an
event-triggered MPC setup for unconstrained systems was presented using tools
from input-to-state stability (ISS). Extensions of this work were presented in [33]
in which ETC schemes for constrained discrete-time systems were proposed. In
particular, the optimal control sequence coming from the MPC optimization
problem is applied in an open-loop fashion between the event times. In [18], an-
other ETC scheme based on using the sequence of optimal controls obtained from
the MPC optimization problem is presented, for discrete-time linear systems. In
addition to sending the computed MPC input sequence to the actuators, in [18],
also the predicated optimal state (or output) sequence is transmitted to the sen-
sors. An event-triggering mechanism, positioned at the sensors, is chosen such
that it detects if the true states deviate from the predicted states in the MPC
problem, using absolute thresholds. Note that in [18,32,33] the control law and
the triggering condition are designed independently, and also that no a priori
performance guarantees on the (original) control cost are provided.

The ideas in [18, 32, 33] are appealing for NCS applications, but they still
require the actuators to be updated in a periodic manner (at every time step),
which is undesirable in control applications with constrained actuation resources.
In addition the schemes in [18, 32, 33] would lead to bursts of communication
at certain points in time, which one may like to avoid, especially in networks
with messages with a low payload. To ameliorate this communication bur-
den, [73] proposes a packet-based predictive control scheme that combines a
classical quadratic MPC cost function with `1 input regularization and sends
the obtained sparse input sequences to the actuators. A STC approach for un-
constrained discrete-time linear systems that avoids bursts in communication
and frequent updating of the actuators by sending only a single control value
and keeping this constant until the next execution time is presented in [53]. The
strategy in [53] solves a co-design problem of simultaneously designing the con-
trol law and the triggering condition and allows trading in control performance
to obtain lower (communication and/or actuation) resource utilization. In par-
ticular, [53] follows an `1-like regularization to solve the co-design problem by
augmenting the quadratic cost function related to control performance with a
penalty related to sampling the system (and updating the control law). Due to
the additional penalties in [53,73], no performance guarantees are given in terms
of the original MPC cost function. In [8], a scheme with the same purpose as
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in [53] is considered, also for unconstrained discrete-time linear systems. Instead
of sending a single control value, [8] employs also an optimization-based approach
using rollout techniques for minimizing a desired quadratic cost function with
an explicit constraint on the average sampling/actuation rate. However, note
that [8, 53, 73] only apply to unconstrained discrete-time linear systems. All
these works focus on discrete-time systems, but note that also in the context
of continuous-time NMPC event-triggered implementations have been proposed
in [91] and [90].

This chapter provides an extension of our preliminary works [15,40]. In [40],
we proposed a self-triggered control scheme with an a priori guaranteed level of
performance, in terms of quadratic cost, for discrete-time linear unconstrained
systems, which was extended in [15] to a self-triggered MPC scheme that is ca-
pable of handling state and input constraints for linear systems. In this work,
we propose a general framework for the self-triggered MPC strategy applying
to discrete-time nonlinear systems subject to state and input constraints and a
possibly non-quadratic cost function. Moreover, in [15, 40], the focus is on ob-
taining sporadically changing input profiles, whereas this chapter shows also how
the framework can be extended to include the case where sparse input profiles
are desired. The proposed self-triggered control law possesses three important
features: (i) significant reductions in resource utilization are obtained, (ii) a pri-
ori closed-loop performance guarantees are provided (by design) in terms of the
original cost function, next to asymptotic stability and constraint satisfaction,
(iii) co-design of both the feedback law and triggering condition is achieved.
To elaborate on these features, we emphasize that the proposed STC approach
reduces resource utilization without modifying the cost function by input regu-
larization or explicitly penalizing resource usage, thereby being essentially dif-
ferent from [6, 37, 38, 53, 73, 77]. This feature enables that the proposed STC
strategy will not only realize stabilization towards a desired equilibrium, but it
also provides a priori guarantees on an infinite horizon cost directly related to
the MPC cost (feature (ii)). More specifically, one can choose a priori a desired
suboptimal level of control performance, and the controller design will auto-
matically take this into account, while at the same time aiming for a reduction
of the network and actuation resources (feature (i)). Regarding feature (iii),
we note that most existing design methods for ETC and STC are emulation-
based in the sense that the feedback controller is designed assuming a standard
time-triggered implementation, and thus not taking the eventual event- or self-
triggered implementation into account. The triggering mechanism in then de-
signed in a subsequent phase (in which the controller is already fixed). Since the
feedback controller is designed before the triggering mechanism, it is difficult, if
not impossible, to obtain an optimal design of the combined feedback controller
and the triggering mechanism in the sense that the minimum number of con-
troller executions is achieved while guaranteeing stability and a certain level of
closed-loop performance. In this chapter, we provide a synthesis technique that
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determines the next execution time of the algorithm and the applied control
value simultaneously, thereby selecting control values that are optimized for not
being updated for a maximal number of steps. The presented self-triggered MPC
framework offers the flexibility to configure it for limited actuator applications
(inducing the control input to be sparse) or networked control applications (by,
for instance, keeping the control input constant as much as possible) by selecting
proper admissible control sequences in the MPC optimal control problem. This
also further extends our results in the preliminary paper [15], where only the lat-
ter case was considered. Finally, compared to packet-based solutions, note that
in our solution bursts in communications can be avoided as it is the objective
of the control strategy to send just a single control value and not a sequence of
predicted future values to the actuators.

The remainder of the chapter is organized as follows. After indicating the no-
tational conventions used in this chapter, in Section 3.2 the problem formulation
is presented where a stabilizing MPC setup is described, which forms the basis
for developing the self-triggered MPC strategy. The proposed self-triggered ap-
proach is discussed in Section 3.3, while Section 3.4 contains the implementation
considerations. The effectiveness of the proposed approach is demonstrated by
means of numerical examples in Section 3.5. Finally, Section 3.6 presents the
conclusions.

Nomenclature

Let R and N denote the set of real numbers and the set of non-negative integers
(including zero), respectively. For s, t ∈ N, the notation N≥s, N[s,t), N(s,t) and
N[s,t] is used to denote the sets {r ∈ N | r ≥ s}, {r ∈ N | s ≤ r < t}, {r ∈ N | s <
r < t} and {r ∈ N | s ≤ r ≤ t}, respectively. Sequences of vectors are indicated
by bold letters, e.g., u = (u0, u1, . . . , uM ) with ui ∈ Rnu , i ∈ {0, 1, . . . ,M},
where M ∈ N ∪ {∞} will be clear from the context. A function α : R≥0 → R≥0

is a K-function if it is continuous, strictly increasing and α(0) = 0. The empty
set is denoted by ∅.

3.2 Problem formulation

Consider a discrete-time nonlinear system of the form

xt+1 = g(xt, ut), (3.1)

where xt ∈ Rnx and ut ∈ Rnu are the state and the input, respectively, at time
t ∈ N. We assume that g : Rnx ×Rnu → Rnx is continuous and that g(0, 0) = 0,
indicating that 0 is an equilibrium for (3.1) under zero input. The system (3.1)
is subject to input and state constraints given by

ut ∈ U and xt ∈ X, t ∈ N, (3.2)
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where X ⊆ Rnx and U ⊆ Rnu are compact sets containing the origin in their inte-
riors. For N ∈ N, xk(x,u) denotes the solution to (3.1) at time k ∈ N[0,N ] initial-
ized at x0 = x and with control input sequence given by u = (u0, u1, . . . , uN−1).

3.2.1 Standard stabilizing MPC setup

For the system (3.1), we now consider the MPC setup given by the following
optimization problem. For a fixed prediction horizon N ∈ N≥1, given state
xt = x ∈ X at time t ∈ N,

min JN (x,u) := F (xN (x,u)) +

N−1∑
k=0

L(xk(x,u), uk) (3.3a)

w.r.t. u ∈ UN (x) :=
{

u ∈ UN
∣∣∣ ∀k ∈ {1, 2, . . . , N − 1},

xk(x,u) ∈ X and xN (x,u) ∈ XT
}
. (3.3b)

Here, XT ⊆ X is the terminal set, which is assumed to be closed and to contain
the origin in its interior. The stage cost is given by L : Rnx×Rnu → R≥0, where
L(0, 0) = 0, and the terminal cost is given by F : Rnx → R≥0, where F (0) = 0.
We assume that L and F are continuous functions.

A state x ∈ X is called feasible for the optimization problem (3.3) if there
exists at least one admissible input sequence, i.e., UN (x) 6= ∅. The set of feasible
states is denoted by Xf , i.e., Xf = {x ∈ X | UN (x) 6= ∅}. As N is finite, for x ∈
Xf , the given conditions ensure the existence of a minimum for the optimization
problem (3.3). For x ∈ Xf , V (x) denotes the corresponding minimum value
for the optimization problem (3.3). Hence, V : Xf → R≥0 is the MPC value
function given by

V (x) := min
u∈UN (x)

JN (x,u). (3.4)

For any state x ∈ Xf , a minimizer to optimization problem (3.3) is known
to exist, and we use u∗(x) = (u∗0(x), . . . , u∗N−1(x)) to denote a particular one.
Hence,

JN (x,u∗(x)) = min
u∈UN (x)

JN (x,u). (3.5)

The resulting MPC law umpc : Xf → U is now defined as

umpc(x) := u∗0(x), (3.6)

which is implemented in a receding horizon fashion as

ut = umpc(xt), t ∈ N. (3.7)

To guarantee recursive feasibility and closed-loop stability in the above setup we
will use the terminal set and cost method, see, e.g., [67], for which we require
the following assumptions throughout the remainder of the chapter.
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Assumption 3.1. There exists K : XT → Rnu such that for x ∈ XT

F (g(x,K(x)))− F (x) ≤ −L(x,K(x)), (3.8a)

g(x,K(x)) ∈ XT , (3.8b)

K(x) ∈ U. (3.8c)

Moreover, there exist α1, α2 ∈ K such that

L(x, u) ≥ α1(‖x‖), for all x ∈ Xf , u ∈ U, (3.8d)

F (x) ≤ α2(‖x‖), for all x ∈ XT . (3.8e)

Under these standing assumptions, the optimal MPC law as in (3.7) results
in a closed-loop system given by (3.1) and (3.7), which

(i) is asymptotically stable in Xf , in the sense that

• [well-posedness]: for each x0 ∈ Xf the corresponding trajectory xt to
(3.1) and (3.7) exists for all t ∈ N;

• [Lyapunov stability]: for any ε > 0 there is a δ > 0 such that if
x0 ∈ Xf and ‖x0‖ ≤ δ then the corresponding trajectory xt to (3.1)
and (3.7) satisfies ‖xt‖ ≤ ε;

• [attractivity]: for any x0 ∈ Xf the corresponding trajectory xt to
(3.1) and (3.7) satisfies limt→∞ xt = 0.

(ii) satisfies input and state constraints, i.e., (3.2).

(iii) leads to performance guarantees of the form

∞∑
t=0

L(xt, ut) ≤ V (x0). (3.9)

See [67] and the references therein, for the proofs and further details on the
terminal set and cost method.

3.2.2 Resource-aware MPC with guaranteed performance

Clearly for all x0 ∈ Xf , the implementation of (3.7) requires the computation of
the control value umpc(xt) and uses communication and/or actuation resources
at each time instant t ∈ N. This is undesirable in systems with limited resources,
where it may be preferable to use input profiles that reduce the required resource
utilization. As already indicated in the introduction, such resource-aware input
profiles are typically sparse in case actuation resources are limited or sporadically
changing in case communication resources are limited.
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The main focus of this work is to synthesize control laws that take scarceness
of the available (actuation and/or communication) resources into account, but
still guarantee certain performance requirements in terms of the infinite horizon
cost as in (3.9), next to closed-loop asymptotic stability in Xf as in (i) and
constraint satisfaction as in (ii). In particular, regarding the former, we aim
at obtaining resource-aware input signals while still satisfying the performance
guarantee

∞∑
t=0

L(xt, ut) ≤ βV (x0), (3.10)

where a performance degradation index β ≥ 1 is introduced to balance the degree
of suboptimality and the resource utilization.

Remark 3.1. Although we focus on the MPC setup discussed in this section, the
proposed self-triggered strategy can be based on any asymptotically stabilizing
MPC setup that is recursively feasible such that for each x ∈ Xf there exists
u ∈ U such that V (g(x, u))− V (x) ≤ −L(x, u) and g(x, u) ∈ Xf . C

3.3 Self-triggered strategy

In this section we present a so-called self-triggered approach to solve the problem
formulated in Section 3.2.2, focusing on the case of sparsity. In Section 3.3.2, we
present variants of the self-triggered approach based on other input profiles rele-
vant for certain type of applications (e.g., requiring sporadically changing input
profiles) and in Section 3.3.3 we derive various important theoretical properties.

3.3.1 Approach and algorithm for self-triggered MPC

To introduce the approach, consider the set of execution times {tl | l ∈ N} ⊆ N
of the control algorithm that satisfies tl+1 > tl, for all l ∈ N, and t0 = 0, and
the corresponding control signal

ut =

{
ūl, if t = tl,
0, if t ∈ N[tl+1,tl+1),

(3.11)

where ūl ∈ U, l ∈ N. At an execution time tl the goal is to choose both the
next control value ūl and the next execution time tl+1 > tl. In fact, tl+1 will
be selected as large as possible while still leading to the guarantee (3.10). Note
that there is no actuation (and also no computation and communication) on
times tl + 1, tl + 2, . . . , tl+1 − 1. Instrumental in guaranteeing (3.10) will be the
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dissipation-like inequality

tl+1−1∑
t=tl

L(xt, ut) ≤ β
[
V (xtl)− V (xtl+1

)
]

(3.12)

subject to


ut =

{
ūl ∈ U, if t = tl,

0, if t ∈ N[tl+1,tl+1),

xt ∈ X, t ∈ {tl + 1, tl + 2, . . . , tl+1 − 1},
xtl+1

∈ Xf ,

as we will see. In particular, at execution time tl with state xtl the aim will now
be to maximize tl+1 such that there exists a ūl for which the conditions in (3.12)
are feasible. To formalize this setup, the notation

ŪM (x) :=
{

u ∈ UM | ∀i ∈ N[1,M−1],
(
Πiu = 0 and

xi(x,u) ∈ X
)
, and xM (x,u) ∈ Xf

}
(3.13)

is introduced, in which the projection operators Πi : (Rnu)
M → Rnu , i ∈

N[0,M−1], are given by Πiu = ui for u = (u0, u1, . . . , uM−1) with ui ∈ Rnu ,
i ∈ N[0,M−1]. Hence, the constraints in (3.13) specify, amongst others, that
u ∈ ŪM (x) is of the form (ū, 0, . . . , 0) for some ū ∈ U. An example of u ∈ ŪM (x)
is shown in Figure 3.1(a).

Using the notation in (3.13) and letting Ml := tl+1−tl and xtl = x, inequality
(3.12) can be rewritten as

Ml−1∑
k=0

L(xk(x,u),Πku) ≤ β
[
V (x)− V (xMl

(x,u))
]

(3.14)

subject to u ∈ ŪMl
(x),

where we used the time-invariance of both the system dynamics (3.1) and the
constraints (3.2) to apply a time shift. Hence, at time tl with state xtl = x we
aim at maximizing Ml ∈ N, say M∗l ∈ N, such that (3.14) is still feasible for
some u ∈ ŪM∗l (x). Naturally, tl+1 = tl + M∗l and ut in (3.11) is then taken as
ut = Πt−tlu, t ∈ N[tl,tl+1). To express this formally, we define for x ∈ Xf and
fixed Ml = M ,

U st
M (x) :=

{
u ∈ ŪM (x)

∣∣ (3.16) holds
}
, (3.15)

where
M−1∑
k=0

L(xk(x,u),Πku) ≤ β
[
V (x)− V (xM (x,u))

]
. (3.16)

Based on the above considerations, the following self-triggered MPC algorithm
is proposed, where we use an integer M̄ ∈ N≥1 as a predefined upper bound on
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the inter-execution times. The upper bound M̄ allows to limit the maximal time
allowed between two consecutive execution times. As a consequence, it limits the
number of optimization problems that are to be solved in evaluating Algorithm
3.1, on which we elaborate further in Section 3.4. In this way, the computational
resources required for evaluating Algorithm 1 can be appropriately adapted, e.g.,
based on the available hardware.

Algorithm 3.1. At execution time tl ∈ N, l ∈ N, with corresponding state
xtl = x, the next update time tl+1 and the corresponding control signal for
t ∈ N[tl,tl+1) are given by

tl+1 = tl +Mst(x), (3.17a)

ut = Πt−tlu, t ∈ N[tl,tl+1) for some u ∈ U st(x), (3.17b)

where
Mst(x) := max{M ∈ {1, 2, . . . , M̄} | U st

M (x) 6= ∅} (3.18)

and
U st(x) := U st

Mst(x)(x). (3.19)

Here, Mst : Rnx → {1, 2, . . . , M̄} and U st : Rnx → UMst(x) denote the time
between two executions and the set of possible control sequences, respectively.
Note that only Π0u with u ∈ U st(x) has to be transmitted to the actuators, as
afterwards only zero inputs are implemented until a new control value is received.

3.3.2 Variants of self-triggered strategy

The STC strategy proposed in the previous section, produces solutions with
input profiles that have the so-called group sparsity property [56] in the sense
that ut = 0, t = N[tl+1,tl+1), see Figure 3.1(a). In different applications it can
be preferable to have other profiles of the input than enforced by u ∈ ŪM (x)
in (3.15). Our framework is general in the sense that it offers the flexibility to
adopt such different input profiles. To make this more clear, consider NCS-type
applications, in which it is sometimes desirable to avoid frequent (continuous)
changes of the control input. Hence, it is desirable to keep the inputs constant
between two execution times. The approach presented in Section 3.3 can include
this easily by replacing ŪM (x) in (3.15) by

ŨM (x) :=
{

u ∈ UM | ∃ū ∈ U, ∀i ∈ N[0,M−1], Πiu = ū,

∀i ∈ N[1,M−1], xi(x,u) ∈ X and xM (x,u) ∈ Xf
}
. (3.20)

The constraints in (3.20) specify, amongst others, that u ∈ ŨM (x) is of the form
(ū, ū, . . . , ū), for some ū ∈ U, as depicted in Figure 3.1(b). Note that, for fixed
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M ∈ N, the strategy based on u ∈ ŨM (x) requires the same amount of data
to be transmitted as u ∈ ŪM (x). The only difference is that in the former the
actuators perform a “to hold” action, while in the latter a “to zero” strategy [81]
is followed.

Both the strategies based on ŪM (x) and ŨM (x) have nu free control variables,
but all elements of the input vector are updated simultaneously. A strategy
leading to sparse solutions (instead of group sparse solutions), i.e., allowing each
actuator to actuate independently but sporadically, can be obtained by replacing
ŪM (x) in (3.15) by

ÛM (x) =
{

u ∈ UM | ∀j ∈ N[1,nu], nz(u, j) ≤ 1 and

∀i ∈ N[1,M−1], xi(x,u) ∈ X and xM (x,u) ∈ Xf
}
, (3.21)

in which nz(u, j) denotes the number of non-zero elements in the set {u(j)
0 ,

u
(j)
1 , . . . , u

(j)
M−1}, where u = (u0, u1, . . . , uM−1) and ui = (u

(1)
i , u

(2)
i , . . . , u

(nu)
i ) ∈

Rnu , i = 0, 1, . . . ,M − 1. This strategy allows for sparse profiles of the form
depicted in Figure 3.1(c), which are relevant in, for instance, control of overac-
tuated systems, see, e.g., [37]. Note that due to the additional degree of freedom
in the input update times (compared to group sparse profiles), we now consider
(M + 1)nu possible discrete choices of input update patterns. However, for a
fixed M ∈ N, one could solve them in an ordered manner trying first the options
with a minimal number of actuators that require a non-zero value. Moreover,
for a fixed M ∈ N, it requires more data to be communicated, as both the
control values and the timing information of when the control values are to be
implemented should be sent to the actuators.

Although the discussed input profiles address (actuation and/or communi-
cation) resource constraints in all elements of the input, the framework can also
address problems where resource constraints only apply to certain elements of
the input (e.g., the case where only one element uj is transmitted over a wireless
link with limited bandwidth, or the case where only the actuator corresponding
to input uj is subject to wear and tear).

For ease of exposition, in the next section we focus on the algorithm discussed
in Section 3.3.1, but the resulting derivations apply mutatis mutandis to the cases
described in this section as well, see Remark 3.2 at the end of Section 3.3.3.

3.3.3 Theoretical properties

The self-triggered MPC law given by Algorithm 3.1 has the following important
properties. Recall that the conditions regarding the terminal set and terminal
cost (Assumption 3.1) are standing assumptions.

Theorem 3.1. (Recursive feasibility): Given β ≥ 1, the control law as in
Algorithm 3.1 is well posed, i.e., for all x ∈ Xf , Mst(x) ∈ N≥1 and U st(x) 6= ∅.



42 Chapter 3: Resource-aware MPC for constrained nonlinear systems

u1

M
0

u2

M
0

u1

M
0

u2

M
0

u1

M
0

u2

M
0

(a) (b) (c)

Fig. 3.1. Examples of: (a) u ∈ ŪM (x), (b) u ∈ ŨM (x), (c) u ∈ ÛM (x).

Proof. The proof is based on showing that for each x ∈ Xf there exists u0 ∈ U
such that

β [V (g(x, u0))− V (x)] ≤ −L(x, u0) (3.22)

and g(x, u0) ∈ Xf . Observe that (3.22) is equivalent to the condition (3.16) for
M = 1. In fact, we are going to show that (3.22) holds for u0 = umpc(x). We
will employ that umpc(x) was constructed based on (3.3) using the conditions
(3.8a)-(3.8c) related to the terminal set and cost method. We take u∗(x) :=
(u∗0(x), u∗1(x), . . . , u∗N−1(x)) ∈ UN (x) and thus u∗0(x) = umpc(x), see (3.5)

and (3.7). Moreover, we take ũ :=
(
u∗1(x), . . . , u∗N−1(x), K(xN (x,u∗(x)))

)
and note that as u∗(x) ∈ UN (x) we have that xN (x,u∗(x)) ∈ XT , now we can
invoke (3.8b) and (3.8c) to see that g (xN (x,u∗(x)),K (xN (x,u∗(x)))) ∈ XT
and K(xN (x,u∗(x))) ∈ U. Hence, we conclude that ũ ∈ UN (g(x, umpc(x))). By
following standard arguments, see, e.g., [67], we have that

V
(
g
(
x, umpc(x)

))
− V (x)

≤ F
(
xN

(
g
(
x, umpc(x)

)
, ũ
))

+

N−1∑
k=0

L

(
xk

(
g
(
x, umpc(x)

)
, ũ
)
,Πkũ

)

− F
(
xN (x,u∗(x))

)
−
N−1∑
k=0

L
(
xk(x,u∗(x)),Πku

∗(x)
)
,

= F

(
g
(
xN (x,u∗(x)),K

(
xN (x,u∗(x))

)))
− F

(
xN (x,u∗(x))

)
+ L

(
xN
(
x,u∗(x)

)
,K
(
xN (x,u∗(x))

))
− L

(
x, umpc(x)

)
. (3.23)

As xN (x,u∗) ∈ XT , we can invoke (3.8a) to obtain from (3.23)

V (g (x, umpc(x)))− V (x) ≤ −L(x, umpc(x)). (3.24)

Since β ≥ 1, we see that (3.24) implies (3.22) for u0 = umpc(x). Clearly,
umpc(x) ∈ U and since we already established ũ ∈ UN (g(x, umpc(x))), we also
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have g(x, umpc(x)) ∈ Xf . Therefore, umpc(x) ∈ Ū1(x) and due to (3.24) also
umpc(x) ∈ U st

1 (x). Hence, U st(x) 6= ∅ and Mst(x) ∈ N≥1 for all x ∈ Xf .

Theorem 3.2. (Suboptimality and constraint satisfaction): Let β ≥ 1.
The control law as in Algorithm 3.1 satisfies the performance guarantee given in
(3.10) as well as the constraints given in (3.2) for the closed-loop system (3.1)
with (3.17) for all x0 ∈ Xf .

Proof. Condition (3.12) with the control law in (3.17), yields for l ∈ N

tl+1−1∑
t=tl

L(xt, ut) ≤ β
[
V (xtl)− V (xtl+1

)
]

(3.25)

and by the definition in (3.15),

ut ∈ U for t ∈ N[tl,tl+1), xt ∈ X for t ∈ N(tl,tl+1) and xtl+1
∈ Xf ⊆ X. (3.26)

Summing (3.25) for l = 0 to L ∈ N and using t0 = 0 lead to

l = 0;

t1−1∑
t=t0

L(xt, ut) ≤ β
[
V (xt0)− V (xt1)

]
l = 1;

t2−1∑
t=t1

L(xt, ut) ≤ β
[
V (xt1)− V (xt2)

]
...

...
...

l = L;

tL+1−1∑
t=tL

L(xt, ut) ≤ β
[
V (xtL)− V (xtL+1

)
]

+
tL+1−1∑
t=0

L(xt, ut) ≤ β
[
V (x0)− V (xtL+1

)
]
≤ βV (x0),

where in the latter inequality we used that V takes only nonnegative values.
For L → ∞, the desired performance guarantee (3.10) is obtained. Since we
have (3.26) for all l ∈ N, also the input and state constraints as in (3.2) are
satisfied.

Theorem 3.3. Stability: Let β ≥ 1. The control law given by Algorithm 3.1
renders the closed-loop system given by (3.1) and (3.17) asymptotically stable
for initial conditions in Xf .

Proof. The proof is based on showing that V is a Lyapunov function for the
closed-loop system (3.1) and (3.17). We will first show that V (x) ≤ α2(‖x‖)
for all x ∈ XT , with α2 as in (3.8e). Let x̃ := (x̃1, x̃2, . . . , x̃N ) denote the
state sequence generated by the auxiliary system x̃t+1 = g(x̃t,K(x̃t)) starting
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from x̃0 ∈ XT and let ũ = (K(x̃0), K(x̃1), . . . , K(x̃N−1)) be the corresponding
input sequence. Note that as x̃0 ∈ XT , from (3.8b) and (3.8c) we have that
x̃ ∈ XNT and ũ ∈ UN . Now, we invoke (3.8a) to obtain

F (x̃1)− F (x̃0) + L(x̃0,K(x̃0)) ≤ 0,

F (x̃2)− F (x̃1) + L(x̃1,K(x̃1)) ≤ 0,

...

F (x̃N )− F (x̃N−1) + L(x̃N−1,K(x̃N−1)) ≤ 0,

and observe that by summing these inequalities we get −F (x̃0) + F (x̃N ) +∑N−1
k=0 L(x̃i,K(x̃i)) ≤ 0, implying that JN (x̃0, ũ) ≤ F (x̃0) for any x̃0 ∈ XT .

Using this fact and (3.8e), for x̃0 = x ∈ XT we have that

V (x) ≤ JN (x, ũ) ≤ F (x) ≤ α2(‖x‖). (3.27)

From (3.10) and (3.8d), we have that for all x ∈ Xf
∞∑
t=0

α1(‖xt‖) ≤
∞∑
t=0

L(xt, ut) ≤ βV (x), (3.28)

where xt is the solution to the closed-loop system (3.1) and (3.17) starting from
x0 = x ∈ Xf , and ut as in (3.17b). This immediately implies that we have the
attractivity property in Xf , i.e., for all x0 ∈ Xf we have limt→∞ ‖xt‖ = 0. To
establish Lyapunov stability we fix δ > 0 such that Bδ := {x ∈ Rnx | ‖x‖ ≤ δ} ⊆
XT and let ε > 0 be such that βα2(δ) ≤ α1(ε). Then for x0 ∈ Bδ, from (3.27)
and (3.28) we see that

∞∑
t=0

α1(‖xt‖) ≤ βV (x0) ≤ βα2(‖x0‖) ≤ βα2(δ) ≤ α1(ε), (3.29)

hence, α1(‖xt‖) ≤ α1(ε) for all t ∈ N, i.e., xt ∈ Bε for all t ∈ N. This completes
the proof.

Hence, Theorems 3.1, 3.2 and 3.3 establish the properties required in the
problem formulation given in Section 3.2. By maximizing at every execution time
tl the next value tl+1, also significant sparsity properties, and communication
reductions (following the variants in Section 3.3.2), will be realized (see the
examples in Section 3.5).

Remark 3.2. Regarding the theoretical properties for the variants resulting in in-
frequently changing input profiles and sparse input profiles, described by ŨM (x)
in (3.20) and ÛM (x) in (3.21), respectively, note that for x ∈ Xf and M = 1

we have that Ū1(x) = Ũ1(x) = Û1(x). The proof of Theorem 3.1 is based on
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showing that for x ∈ Xf a feasible solution exists for M = 1; hence, Theorem

3.1 applies directly to the variants ŨM (x) and ÛM (x) as well.
Note that by using u ∈ ŨM (x) or u ∈ ÛM (x) in (3.15), we see that (3.26)

holds. Moreover, as (3.15) implies that (3.16) is satisfied, the performance guar-
antee (3.10) can be obtained analogously to the proof of Theorem 3.2.

Both the variants based on u ∈ ŨM (x) and u ∈ ÛM (x) satisfy the perfor-
mance guarantee (3.10), and, moreover, are based on the terminal set and cost
method, subject to the conditions given in Assumption 3.1. As a consequence,
the stability proof for these variants can be obtained analogously to the proof
of Theorem 3.3, by using the properties related to the terminal set and terminal
cost method, i.e., (3.8a)-(3.8e), and the performance guarantee (3.10). C

3.4 Implementation considerations

In the implementation of the control law in Algorithm 3.1, the evaluation of
(3.16) plays a crucial role. Note that the term V (xM (x,u)) in the right-hand
side of (3.16) is a priori unknown due to the fact that it depends on u, which
is yet to be constructed. We rearrange terms in (3.16) to observe that each
u ∈ U st

M (x) is characterized by

βV (xM (x,u)) +

M−1∑
k=0

L(xk(x,u),Πku) ≤ βV (x), (3.30a)

and u ∈ ŪM (x). (3.30b)

To implement Algorithm 3.1, the objective is now for a given x ∈ Xf to find
the largest M ∈ N for which (3.30) is feasible. For fixed M ∈ N, feasibility of
(3.30) for some u ∈ ŪM (x) is equivalent to the minimum of the left-hand side of
(3.30a) subject to u ∈ ŪM (x) being smaller than the right-hand side of (3.30a).
More formally, U st

M (x) 6= ∅ if and only if

min
u∈ŪM (x)

βV (xM (x,u)) +

M−1∑
k=0

L(xk(x,u),Πku) ≤ βV (x). (3.31)

As we do not have an explicit formula for V (xM (x,u)), it is unclear how to
verify (3.31). To resolve this issue, we replace V (xM (x,u)) in (3.31) by the cor-
responding optimization problem (3.4), which effectively results in an extension
of the prediction horizon. To perform this replacement, a similar notation to
the one in (3.13) is introduced for the horizon M +N , leading to

ŪM,N (x) :=
{

u ∈ UM+N | ∀i ∈ N[1,M−1], Πiu = 0, ∀j ∈ N[1,M+N−1],

xj(x,u) ∈ X, and xM+N (x,u) ∈ XT
}
. (3.32)
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u

time
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Fig. 3.2. Example of u ∈ ŪM,N (x).

Figure 3.2 shows an example of u ∈ ŪM,N (x).
Replacing V (xM (x,u)) in (3.31) by the corresponding optimization problem

(3.4) and incorporating the notation in (3.32), the implementation of Algorithm
3.1 can be realized as follows.

Algorithm 3.2. At execution time tl and state xtl = x, find the largest M ∈
{1, 2, . . . , M̄}, denoted by M∗, such that

min
u∈ŪM,N (x)

βF (xN+M (x,u)) + β

M+N−1∑
k=M

L(xk(x,u),Πku)

+

M−1∑
k=0

L(xk(x,u),Πku) ≤ βV (x), (3.33)

holds and let u∗ ∈ ŪM∗,N (x) be a corresponding minimizer. The next execution
time tl+1 = tl +M∗ and ūl = Π0u

∗ in (3.11).

Note that in Algorithm 3.2, it has to be verified if the obtained minimizer
in the left-hand side is smaller than the right-hand side of the inequality (3.33),
i.e., smaller than βV (x), where V (x) obtained by solving the MPC problem in
(3.4). Hence, the algorithm is based on solving similar nonlinear optimization
problems as the original MPC setup (only over a somewhat larger horizon), but
with (almost) the same number of free variables.

Comparing the standard MPC setup in Section 3.2.1, which requires using
computation, actuation and/or communication resources at each time instant
t ∈ N, with the proposed self-triggered MPC scheme, we see that for the latter
scheme the resources are only needed at the execution times tl, l ∈ N, while
on times {tl + 1, tl + 2, . . . , tl+1 − 1} no computation, actuation and/or com-
munication resources are required. However, note that at the execution times
more computations are needed, i.e., more optimal control problems have to be
solved, although the average computational load might be roughly the same
as the optimal MPC setup that has to solve optimal control problems at each
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time instant. In this sense, (more bursty) computations are “traded” for (less)
resource utilization (cf. [99]).

In particular, to obtain M∗ =Mst(x) for the fixed upper bound M̄ ∈ N≥1,
it is necessary to solve M̄ + 1 optimization problems, corresponding to MPC
problems with prediction horizons N,N + 1, . . . , N + M̄ , respectively (having
N + 1 vectors of free control variables). Hence, at time tl and state xtl = x, one
has to solve M̄ + 1 optimization problems, and then the next Mst(x)− 1 steps,
no computation (and no actuation and communication) resources are needed.
This indicates that when Mst(x) is large and close to M̄ , the average number
of optimization problems be solved is almost the same as for the standard MPC
setup given in Section 3.2.1. However, the computations are more “bursty”
now (only at tl, l ∈ N), but this gives the advantage of obtaining sparse or
sporadically changing control signals with constraint satisfaction and guaranteed
performance in terms of the original MPC cost.

Remark 3.3. An alternative implementation scheme that preserves the properties
in Theorems 3.1, 3.2 and 3.3 is obtained by replacing Mst(x) in (3.18) by

Mst
incr(x) =

{
M ∈ N[1,M̄ ] | U st

m(x) 6= ∅, m ∈ N[1,M ]

}
and U st(x) in (3.19) by

U st
incr(x) = U st

Mst
incr(x)(x).

This scheme incrementally increases M until (3.33) ceases to hold, and does
not search for possibly larger values beyond Mst

incr(x) for which (3.33) can still
be guaranteed. This alternative implementation requires solving Mst

incr(x) + 1
optimization problems when in state x, while in the nextMst

incr(x) time instances
no computation, communication and actuation is needed. This indicates that
for the incremental scheme that when Mst

incr(x) is typically large, the average
number of optimization problems to be solved is almost the same as the optimal
MPC setup in Section 3.2.1. We will illustrate this quantitatively in Section 3.5.
C

Remark 3.4. In order to deal with the computational burden of standard MPC
problems, it is common practice to reduce the degrees of freedom of the opti-
mization problem by restricting the input to be constant over several time-steps.
This policy is referred to as “move blocking”, see, e.g., [64, 79, 87]. Move block-
ing is usually applied towards the end of the optimization horizon. In contrast
to move blocking, the proposed self-triggered strategy fixes the input at the be-
ginning of the optimization horizon (see Figure 3.2), while giving full flexibility
towards the end of the horizon. This is an interesting distinction. C

3.5 Numerical examples

In order to illustrate the effectiveness of the self-triggered MPC scheme, three
numerical examples are presented. In the first example, we consider a linear
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system subject to state and input constraints and we require u ∈ ŨM (x) (spo-
radically changing input profiles). In the second and third example we consider
non-linear systems subject to state constraints. In the second example we re-
quire u ∈ ŪM (x) (group sparsity) whereas in the third example we consider a
system with two inputs and consider the variant based on u ∈ ÛM (x) (sparsity).
For each of the examples, we consider a quadratic cost function (3.3a) of the
form

JN (x,u) := x>N (x,u)PxN (x,u) +

N−1∑
k=0

(
x>k (x,u)Qxk(x,u) + u>k Ruk

)
,

where Q � 0, R � 0 and P � 0 are weighting matrices.

3.5.1 Self-triggered strategy for u ∈ ŨM(x)

We consider the open-loop unstable discrete-time linear system dynamics xt+1 =
Axt +But, t ∈ N, taken from [32], where

A =

[
0.1 1.2

0.007 1.05

]
and B =

[
300 200
0.5 0.001

]
. (3.34)

The weighting matrices of the running cost are chosen as

Q =

[
1 0
0 1

]
, R =

[
1 0
0 1

]
, (3.35)

and P =

[
1.0002 0.0259
0.0259 4.9451

]
is the corresponding solution to the discrete algebraic

Riccati equation

P = Q+A>(P − PB(R+B>PB)−1B>P )A. (3.36)

Additionally, state constraints −1 ≤ x
(1)
t ≤ 1 and −10 ≤ x

(2)
t ≤ 10, t ∈ N, and

input constraints −1 ≤ u
(i)
t ≤ 1, i = 1, 2, t ∈ N, are imposed on the system,

where xt = [x
(1)
t x

(2)
t ]> and ut = [u

(1)
t u

(2)
t ]>. The prediction horizon is fixed to

N = 20 and the upper bound on the inter-transmission times is set to M̄ = 150.
The terminal set XT is obtained by calculating the maximal positively invariant
constraint admissible set (in terms of [39,58] the O∞ set) for xt+1 = (A+BK)xt,
with K the optimal unconstrained LQR state feedback gain for weights Q and
R as above, i.e., K = −(R + B>PB)−1B>PA. For the given state and input
constraints we obtain that XT = {x ∈ X |Wx ≤ w}, where

W =


−0.0064 −1

0.0064 1
−1 0

1 0

 and w =


1.1578
1.1578
1.0000
1.0000

 . (3.37)
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We consider 20 initial conditions randomly and uniformly distributed in Xf .
Figure 3.3 shows the time response of the states and inputs for initial condition
x0 = [0.58 − 4.70] with β = 1.25. We observe that even for a slight decrease in
performance (i.e., an increase of at most 25% of the guaranteed upper bound on
the infinite horizon cost, see (3.10)), we obtain input profiles that indeed change
infrequently in time.
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Fig. 3.3. Resulting states and inputs versus time, for β = 1.25.

Figure 3.4 shows the guaranteed upper bound on the infinite horizon cost and
the true cost versus the (average) inter-transmission time for β ∈ {1, 1.025, . . . ,
1.50} averaged over the 20 initial conditions. The true cost is obtained by

evaluating
∑H
k=0 x

>
k Qxk + u>k Ruk over (sufficiently large) simulation horizons

H. We see that for a slight decrease in performance (e.g., β = 1.1) compared to
the traditional MPC (with an average inter-transmission time of 1), we obtain
an average inter-transmission time Mavg of 7.5. By increasing β to 1.45, we
observe that we obtain an average inter-transmission time Mavg of 71.4. This
shows the algorithm’s capabilities of providing significant reductions in resource
utilization, even at only a slight decrease in performance.

3.5.2 Self-triggered strategy for u ∈ ŪM(x)

We consider an open-loop unstable discrete-time nonlinear system given by

g(xt, ut) =

{
x

(1)
t+1 = x

(1)
t + x

(2)
t + 1

4 (x
(1)
t )2,

x
(2)
t+1 = x

(2)
t + 1

4 (x
(2)
t )2 + ut,

(3.38)
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Fig. 3.4. Cost versus the (average) inter-transmission time, for β ∈
{1, 1.025, . . . , 1.50}.

where xt = [x
(1)
t x

(2)
t ]>, and the weighting matrices of the running cost are

chosen as

Q =

[
1 0
0 1

]
and R = 1. (3.39)

Additionally, state constraints −1 ≤ x
(i)
t ≤ 1, i = 1, 2, t ∈ N, are imposed on

the system and the prediction horizon is fixed to N = 20. The upper bound on
the inter-transmission times is set to M̄ = 50. The terminal cost and terminal
set satisfying Assumption 3.1 are computed based on linearization of the system
and upper bounding the linearization error, and are given by F (x) = x>Px,

x ∈ Rnx , where P =

[
5.8942 4.7384
4.7384 9.2263

]
, K = −[0.4221 1.2439] and XT = {x ∈

X | x>Px ≤ α}, with α = 0.2967. We consider 20 initial conditions selected
randomly and uniformly distributed in Xf . Figure 3.5 shows the time response
of the states and inputs for initial condition x0 = [−0.4121 0.9363]> with
β = 1.1. We observe that even for a slight decrease in performance (i.e., an
increase of at most 10% of the guaranteed upper bound on the infinite horizon
cost, see (3.10)), we obtain input profiles with significant sparsity.

Figure 3.6 shows the cost versus the (average) inter-transmission time for β ∈
{1, 1.010, . . . , 1.100, 1.125, . . . , 1.250} averaged over 20 initial conditions. The

true infinite horizon cost (cf. (3.10)) is obtained by evaluating
∑H
k=0 x

>
k Qxk +

u>k Ruk over (sufficiently large) simulation horizons H. We see that by increasing
β beyond β > 1.125 the cost increases, but there is no further reduction in
resource utilization. However, with at most a 12.5% increase on the infinite
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Fig. 3.5. Resulting states and inputs versus time, for β = 1.1.

horizon cost in (3.10) (i.e., β = 1.125), we obtain an average inter-transmission
time Mavg of 12.4. Hence, for this nonlinear example, we considerably reduce the
system’s resource utilization with only a slight decrease in performance compared
to the traditional MPC (with an average inter-transmission time of 1). This
shows the algorithm’s capabilities of providing significant reductions in resource
utilization, even at a slight decrease in performance.

3.5.3 Self-triggered strategy for u ∈ ÛM(x)

We modify system (3.38) by adding a second input to illustrate the effectiveness
of the sparsity variant based on u ∈ ÛM (x) (see (3.21)). Consider the system

g(xt, ut) =

{
x

(1)
t+1 = x

(1)
t + x

(2)
t + 1

4 (x
(1)
t )2 + u

(1)
t ,

x
(2)
t+1 = x

(2)
t + 1

4 (x
(2)
t )2 + u

(2)
t ,

(3.40)

where xt = [x
(1)
t x

(2)
t ]>, ut = [u

(1)
t u

(2)
t ]>, and the weighting matrices of the

running cost are chosen as

Q =

[
1 0
0 1

]
and R =

[
1 0
0 1

]
. (3.41)

Additionally, state constraints −1 ≤ x(i)
t ≤ 1, i = 1, 2, t ∈ N, are imposed on the

system and the prediction horizon is fixed to N = 10. Due to the combinatorial
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nature of the required optimization problem, the upper bound on the inter-
transmission times is set to M̄ = 8. The terminal cost and terminal set satisfying
Assumption 3.1 are computed based on linearization of the system and upper
bounding the linearization error, and are given by F (x) = x>Px, x ∈ Rnx , where

P =

[
3.1878 1.3464
1.3464 4.8938

]
, K = −

[
0.5939 0.6732
0.0793 0.7737

]
and XT = {x ∈ X | x>Px ≤ α},

with α = 1.9955. Figure 3.7 shows the time response of the states and inputs
for initial condition x0 = [0.8404 − 0.5880]> with β = 1.05. As we require
u ∈ ÛM (x), this allows each actuator to update independently but sporadically.
From Figure 3.7, we observe that the algorithm exploits this additional degree of
freedom (compared to group sparse input profiles). Moreover, we again observe
that, for a slight decrease in performance (i.e., an increase of at most 5% of the
guaranteed upper bound on the infinite horizon cost, see (3.10)), we obtain input
profiles with significant sparsity (i.e., 66% of the input values are zero).

3.6 Conclusions

In this chapter, we proposed a self-triggered control strategy for discrete-time
nonlinear systems subject to state and input constraints. The proposed strat-
egy has three important features: (i) significant reductions in resource utiliza-
tion are obtained, (ii) a priori closed-loop performance guarantees are provided
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(by design), (iii) co-design of both the feedback law and triggering condition is
achieved. Regarding the performance guarantees (feature (ii)), the control laws
and triggering mechanisms were designed jointly such that an a priori chosen
(suboptimal) level of performance in terms of the original infinite horizon cost
function is guaranteed, next to asymptotic stability and constraint satisfaction.
Interestingly, the presented framework is flexible in the sense that it can be con-
figured to generate both sparse and sporadically changing input profiles thereby
having the ability to serve various application domains in which different re-
sources are scarce or expensive, e.g., communication bandwidth in networked
control systems, battery power in wireless control, or fuel in space or under-
water vehicles. The effectiveness of the approach was illustrated by means of
numerical examples, showing a significant reduction in the usage of the system’s
resources, without trading much of the guaranteed achievable performance. As
such, the proposed approach provides a viable control strategy to balance the
usage of the system’s resources and control performance.





Chapter 4

Resource-aware MPC for
constrained linear systems:

Two rollout approaches

Abstract – In systems with resource constraints, such as actuation limitations in sparse

control applications or limited bandwidth in networked control systems, it is desirable to use

control signals that are either sparse or sporadically changing in time. Therefore, we propose

in this work two resource-aware MPC schemes for discrete-time linear systems subject to

state and input constraints. The MPC schemes exploit ideas from rollout strategies. Rollout

approaches are based on a dynamic programming formulation of the co-design problem of both

determining the time instants at which the control actions are updated, and determining the

new (continuous) control inputs. The first scheme provides performance guarantees by design,

in the sense that it allows the user to select a desired suboptimal level of performance, where

the degree of suboptimality provides a trade-off between the guaranteed closed-loop control

performance on the one hand and the utilization of (communication/actuation) resources on

the other hand. The second scheme provides a guaranteed (average) resource utilization, while

cleverly allocating these resources in order to maximize the control performance. By means of

numerical examples, we demonstrate the effectiveness of the proposed strategies.

4.1 Introduction

In more and more applications, it becomes essential to address resource con-
straints explicitly in the design and implementation of the control law. One
important domain in which this is apparent is the field of sparse control, where
certain control input profiles are preferable from a resource point of view. The
use of, for instance, sparse or sporadically changing actuation signals can have
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several benefits, such as improved fuel efficiency or a larger lifetime of actuators
that are subject to wear and tear. For instance, in [44] sparse thrust actuation
signals are considered to use fuel in the control of a spacecraft in an efficient
manner. In [26] sporadically changing actuation is used in the control of an
autonomous underwater vehicle in order to decrease fuel consumption and in-
crease the deployment time. Also in overactuated systems it can be desirable to
have a smart control allocation policy that does not require each actuator to be
updated continuously in time in order to realize a desired level of performance.
One specific example includes the usage of sparse actuation signals to control
the roll of an overactuated ship [37].

Another domain in which sparse control solutions are relevant is the domain
of networked control systems (NCSs). In such an networked control environment
controllers are no longer implemented using dedicated communication channels,
but use (shared) communication networks. Since the control task has to share
the communication resources with other tasks, the availability of these resources
is limited and might even change over time [54]. In these NCSs it is of interest
to reduce the number of times the control law is updated to lower the network
resource utilization.

In both sparse control applications and NCSs it is of importance to take the
resource constraints into account in the controller design. However, despite the
fact that resources can be scarce, controllers are typically still implemented in
a time-triggered fashion, in which control tasks are executed periodically. This
design choice often leads to over-utilization of the available resources, as it might
not be necessary to execute the control task every period to guarantee certain
closed-loop performance. In designing control strategies for systems with limited
actuation and/or communication resources, it is expected that resource-aware
control strategies abandon the periodic time-triggered control paradigm and use
aperiodic execution of the control tasks.

Two approaches that abandon this periodic communication pattern in NCSs
are event-triggered control (ETC) and self-triggered control (STC), see [48] for
a recent survey. In ETC and STC, the control law consists of two elements,
namely, a feedback controller that computes the control input, and a triggering
mechanism that determines when the control input has to be updated. The
difference between ETC and STC is that the former is reactive, while the latter
is proactive. ETC is reactive in the sense that the triggering consists of verifying
a specific condition continuously and when it becomes true, the control task is
triggered. In STC the next update time is pre-computed at the current update
time based on predictions using previously received data and knowledge on the
plant dynamics.

In this chapter we are particularly interested in the design of resource-aware
(aperiodic) control strategies for systems subject to constraints on states and
inputs. One of the most widely used control strategies for systems with such
constraints is model predictive control (MPC). MPC is a form of optimal control



4.1 Introduction 57

based on solving, at each sampling instant, a constrained finite horizon open-
loop optimal control problem, using the current state of the plant as the initial
state. The optimization yields an optimal control sequence and the first control
value in the sequence is applied to the plant [67].

Normally, the receding horizon implementation of MPC is time-triggered.
However, several works exist in the literature that address the control of con-
strained systems with scarce resources. For instance [91] proposed an event-
triggered MPC scheme for NCS which can cope with, and in fact, counteract
bounded delays and information losses. A self-triggered MPC scheme which
maximizes the time until the next control execution while satisfying state and
input constraints in the presence of additive disturbances is proposed in [57].
In [35] a self-triggered decentralized MPC framework is presented that aims at
reducing the communication between agents, as well as the number of times the
agents update their control values. However, the most well known approach is
based on modifying the MPC problem by appending the original MPC control
cost with an `1 penalty on the input in order to obtain sparse input signals.
Regularizing by the `1-norm is known to induce sparsity in the sense that, indi-
vidual components of the input signal will be equal to zero, see, e.g., [6,37,38,73]
and [74] in which the focus is on discrete-time and continuous-time linear sys-
tems, respectively. Also different types of sum-of-norms regularization can be
used to obtain so-called group sparsity, meaning that at many time instants the
entire input vector becomes zero, see, e.g., [77].

Although `1 regularization has proven to be effective in obtaining sparse
input profiles, no performance guarantees are given in terms of the original
MPC cost function due to the additional penalties included in the cost function.
In [53], a self-triggered MPC approach for unconstrained discrete-time linear
systems is proposed. The approach in [53] provides sporadically changing input
profiles by solving an MPC problem, involving standard quadratic control costs
and a penalty related to sampling the system and updating the control law.
We have previously proposed a self-triggered MPC framework for constrained
linear [15] and nonlinear [41] systems. The approaches in [15] and [41] are such
that a reduction in resource utilization can be realized without modifying the
cost function by input regularization or explicitly penalizing resource usage. The
control laws and triggering mechanisms are synthesized so that a priori chosen
performance levels (in terms of the original control cost function) are guaranteed
by design next to asymptotic stability and constraint satisfaction.

In this chapter, we propose two stabilizing MPC strategies for systems with
state and input constraints that are based on so-called rollout approaches. In
rollout algorithms optimal decisions are made along a (finite) lookahead horizon,
assuming that, from then on a “base policy” is used for which the cost-to-go is
typically simple to compute, see [19]. Exploiting the idea of rollout algorithms in
resource-aware control systems was used before in [8], but only for linear systems
without any constraints. In this chapter, the objective is to present resource-
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aware MPC strategies that can handle hard constraints on states and inputs. The
two novel strategies we propose solve the co-design problem of both determining
the time instants on which the updating/communication of the control action
take place, and selecting the new (continuous) control inputs. The first approach
provides performance guarantees by design (in terms of the original control cost
function), in the sense that it allows the user to select a desired suboptimal
level of performance. The degree of suboptimality provides a trade-off between
the guaranteed closed-loop control performance on the one hand and utilization
of resources on the other hand. The second approach provides a guaranteed
(average) resource utilization, while cleverly allocating these resources in order
to maximize the control performance. We will illustrate the effectiveness of both
approaches using a numerical example.

The remainder of this chapter is organized as follows. After indicating the
notational conventions used in this paper, in Section 4.2 we provide the problem
formulation and modeling preliminaries. For sparse input profiles, we present in
Sections 4.3 and 4.4 our rollout approaches with a priori guarantees on control
performance and guaranteed resource utilization rate, respectively. In Section
4.5 we discuss how the framework can be used to create sporadically changing
input profiles. The effectiveness of the proposed approaches is demonstrated by
means of a numerical example in Section 4.6. Section 4.7 contains a discussion
on the complexity of the presented algorithms. Finally, in Section 4.8 we present
the conclusions.

Nomenclature

By R and N we denote the set of real numbers and the set of non-negative integers
(including zero), respectively. For s, t ∈ N, the notation N[s,t] is used to denote
the set {r ∈ N | s ≤ r ≤ t}. The empty set is denoted by ∅. The inequalities
≺,�,� and � are used for matrices, i.e., for a square matrix X ∈ Rn×n we
write X ≺ 0, X � 0, X � 0 and X � 0 if X is symmetric and, in addition, X
is negative definite, negative semi-definite, positive definite and positive semi-
definite, respectively. Sequences of vectors are indicated by bold letters, e.g.,
u = (u0, u1, . . . , uM ) with ui ∈ Rnu , i ∈ {0, 1, . . . ,M}, where M ∈ N ∪ {∞}
will be clear from the context. The projection operators Πi : (Rnu)

M → Rnu

and Πi:j : (Rnu)
M → (Rnu)j−i+1 for i, j,M ∈ N with 0 ≤ i ≤ j ≤ M − 1,

are defined by Πiu := ui and Πi:ju := (ui, ui+1, . . . , uj), respectively, for u =
(u0, u1, . . . , uM−1) ∈ (Rnu)M .

4.2 Problem formulation and preliminaries

In this section, we provide the class of systems considered in this work. Moreover,
we present two problem formulations that are of interest in designing resource-
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aware controllers. Finally, in this section we present the modeling preliminaries
that are used throughout the remainder of the paper.

4.2.1 System description

In this chapter we consider a discrete-time linear system

xt+1 = Axt +But, (4.1)

where xt ∈ Rnx and ut ∈ Rnu are the state and the input, respectively, at time
t ∈ N. The system (4.1) is subject to input and state constraints given by

ut ∈ U and xt ∈ X, t ∈ N, (4.2)

where X ⊆ Rnx and U ⊆ Rnu are convex and compact sets containing the
origin in their interiors. For N ∈ N, xk(x,u) denotes the solution to (4.1) at
time k ∈ N[0,N ] initialized at x0 = x and with control input sequence given by
u = (u0, u1, . . . , uN−1).

4.2.2 Problem formulation for resource-aware control

Standard stabilizing MPC techniques require the use of communication and/or
actuation resources at each time t ∈ N to update the controller, see, e.g., [65,67],
which may be undesirable in applications where these resources are limited. In
this work, we propose resource-aware controllers that not only compute the
control inputs, but also decide at which times t ∈ N resources need to be used
to update the inputs to the plant ut in order to guarantee stability, constraint
satisfaction and a desired level of performance. To introduce the resource-aware
controllers, we introduce σt ∈ {0, 1}, t ∈ N, as a decision variable, indicating if
at time t resources are used to update the controller (σt = 1) or not (σt = 0).
We are interested in the design of a policy π := (µ0, µ1, . . .) which is defined as
a sequence of functions µt := (µut , µ

σ
t ), t ∈ N, that map the state at each time t

into control actions and resource decisions, i.e.,

(ut, σt) = µt(xt), t ∈ N.

Performance of the resource-aware controllers will be measured in terms of a
multi-objective cost criterion, as it should reflect both the infinite horizon control
cost

Jcontrol(x0, π) =

∞∑
t=0

x>t Qxt + u>t Rut, (4.3)

for Q � 0 and R � 0, and the (average) resource utilization

J
resource

(x0, π) = lim
γ→∞

1

γ

γ−1∑
t=0

σt. (4.4)
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In designing resource-aware controllers for system (4.1) subject to the constraints
(4.2) we consider two different multi-objective problem formulations, namely

(A) min
π

Jresource(x0, π) such that Jcontrol(x0, π) ≤ ccontrol(x0),

(B) min
π

Jcontrol(x0, π) such that Jresource(x0, π) = cresource,

for some control specification given by ccontrol : Rnx → R≥0 and resource speci-
fication given by cresource ∈ R(0,1]. For each problem, we assume that a periodic
solution exists, which yields a finite cost, i.e., it stabilizes the system (4.1), and
satisfies the state and input constraints, i.e., (4.2). Note that for Problem (B),
the existence of a feasible periodic solution will boil down to requiring feasibil-
ity of a periodic controller that only updates the input once every 1

cresource
time

instants. Hence, cresource ∈ R(0,1] should be selected large enough to guarantee
feasibility (using periodic feedback) for the set of states of interest. Similarly,
for Problem (A), the upper bound on the control cost ccontrol(x0) should be such
that set of states that are feasible for a periodic solution is large enough. These
periodic solutions are used as a base policy in our rollout approaches, where we
aim to improve over these policies in terms of Problem (A) or (B). The ap-
proaches for Problem (A) and (B) are presented in Section 4.3 and Section 4.4,
respectively.

4.2.3 Preliminaries

The problems (A) and (B) are intractable due to the (infinite) number of policies
over which the optimization takes place. Consequently, the true optimal policy
is hard to determine. This work provides approximate solutions by solving a
(tractable) finite-horizon problem in a receding horizon fashion. We do this
by considering optimization problems over a fixed prediction horizon N and
restrict the number of times that resources are used to update the control input
within the prediction horizon N . In fact, Nq ∈ N[1,N ] updates are allowed. To
formulate our optimization problems, we require a parameterization of input
profiles of length N with Nq control input updates. More specifically, we write
s = (s0, s1, . . . , sNq−1) ∈ SNq

, with SNq
:= {(s0, s1, . . . , sNq−1) ∈ (N[0,N−1])

Nq |
s0 < s1 < . . . < sNq−1} to denote the collection of (ordered) time schedules
at which the control values are updated within the prediction horizon N and
v = (v0, v1, . . . , vNq−1) ∈ (Rnu)

Nq to denote the corresponding control values.
Moreover, for s ∈ SNq

, Nq ∈ N[1,N ] we define Nq(s) := Nq as the number of
nonzero inputs in the schedule s.

There are many possible strategies for selecting the new control value at the
times when no input update is specified, i.e., when k ∈ N[0,N−1] \ {s0, s1, . . . ,
sNq−1}. A strategy resulting in sparse input profiles is based on setting the
control value to zero if k ∈ N[0,N−1] \ {s0, s1, . . . , sNq−1}; this will be referred to
as the “zero” strategy. Sporadically changing input profiles can be obtained by
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holding the previously applied control value if no input update is satisfied, i.e., if
k ∈ N[0,N−1]\{s0, s1, . . . , sNq−1}. This will be referred to as the “hold” strategy.
For ease of exposition, we focus on obtaining sparse input signals using a zero
strategy, although sporadically changing input signals can also be pursued, see
Section 4.5 for further details.

We introduce now the mappings MN,i : Si × Ui → UN , for N ∈ N and
i ∈ N[1,N ], converting the information in s ∈ Si and v ∈ Ui to obtain the
corresponding input sequence u = (u0, u1, . . . , uN−1) ∈ UN for (4.1). Given
s = (s0, s1, . . . , si−1) ∈ Si and v = (v0, v1, . . . , vi−1) ∈ Ui we define u :=
MN,i(s,v) = (u0, u1, . . . , uN−1) ∈ UN with

uk =

{
vj , when k = sj for some j ∈ {0, 1, . . . , i− 1},
0, when k ∈ N[0,N−1] \ {s0, s1, . . . , si−1},

for k ∈ N[0,N−1].
Standard receding horizon techniques in MPC are based on sampling the

state and computing an optimal sequence of control inputs for each t ∈ N,
and applying only the first element of the computed optimal sequence to the
plant, after which this procedure is repeated at time t + 1. We consider a
more general receding horizon implementation where the state is sampled and
an optimization problem is solved at periodic scheduling times tl = lH, l ∈ N,
for some H ∈ N[1,N ]. In Section 4.3 we present an MPC approach for Problem
(A) with H = 1 and in Section 4.4 we present an MPC approach for Problem
(B) for a fixed H ∈ N[1,N ].

4.3 Problem (A): Guarantees on control perfor-
mance

In this section, we propose a rollout MPC scheme that employs a one-step looka-
head to improve over a standard MPC setup, in terms of optimization problem
Problem (A). Our solution is based on sampling the state deciding at each time
t ∈ N if the next control value can be zero or not (i.e., H = 1) and, consequently,
each time t ∈ N is a scheduling time.

At each (scheduling) time t ∈ N, given state xt, our approach aims at re-
ducing the number of times the control input is nonzero by solving an opti-
mization problem based on two different schedules. The two schedules only
differ in whether the input in the first step of the prediction horizon is zero or
not, assuming resources are used in the remainder of the steps (i.e., the inputs
are nonzero). Hence, we consider the set of schedules Sos := {s0

os, s
1
os}, where

s0
os := (0, 1, . . . , N − 1) ∈ SN−1 and s1

os := (1, 2, . . . , N − 1) ∈ SN , note that
SN = {s0

os}.
As mentioned at the end of Section 4.2.2, our approach relies on the existence

of a stabilizing periodic solution. In this case, this periodic solution is a stan-
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dard MPC scheme, which we will introduce in the next section before stating
our rollout approach and its theoretical properties in Sections 4.3.2 and 4.3.3,
respectively.

4.3.1 A standard stabilizing MPC setup

For the system (4.1), we now consider the MPC setup given by the following
optimization problem. For a fixed prediction horizon N ∈ N≥1, given state
xt = x ∈ X at time t ∈ N,

min JN (x,u) (4.5a)

w.r.t. u ∈ UN (x) :=
{

u ∈ UN
∣∣ ∀k ∈ {0, 1, 2, . . . , N − 1},

xk(x,u) ∈ X and xN (x,u) ∈ T
}
. (4.5b)

Here

JN (x,u) := F (xN (x,u)) +

N−1∑
k=0

L(xk(x,u),Πku), (4.6)

and T ⊆ X is the terminal set, which is assumed to be compact, convex and to
contain the origin in its interior. In this work we focus on the case where the
running cost L : Rnx×Rnu → R≥0 is chosen as a quadratic function of the states
and inputs and for x ∈ Rnx and u ∈ Rnu is given by

L(x, u) = x>Qx+ u>Ru (4.7)

with Q � 0 and R � 0. Furthermore, the terminal cost F : Rnx → R≥0 is taken
for x ∈ Rnx as

F (x) = x>Px, (4.8)

where P � 0 will be defined later in this section. A state x ∈ X is said to be
feasible for the optimization problem (4.5) if UN (x) 6= ∅, i.e., there is at least
one admissible input sequence. The set of feasible states is denoted by Xf , i.e.,

Xf = {x ∈ X | UN (x) 6= ∅} . (4.9)

As N is finite, for x ∈ Xf , the given conditions ensure the existence of a unique
minimizer u∗(x) =

(
u∗0(x), . . . , u∗N−1(x)

)
for the optimization problem (4.5) for

given x ∈ Xf . For x ∈ Xf , V (x) denotes the corresponding minimum value
for the optimization problem (4.5). Hence, V : Xf → R≥0 is the MPC value
function given by

V (x) := min
u∈UN (x)

JN (x,u) = JN (x,u∗(x)). (4.10)

The resulting MPC law umpc : Xf → U is defined for x ∈ Xf as

umpc(x) := u∗0(x), (4.11)
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which is implemented in a receding horizon fashion, leading to the policy

ut = umpc(xt), (4.12)

σt = 1, (4.13)

for t ∈ N.
To guarantee recursive feasibility and closed-loop stability we will use the

terminal cost and set method [65,67], which typically assumes for the linear case
considered here, that there is a K ∈ Rnu×nx such that

(A+BK)>P (A+BK)− P � −K>RK −Q, (4.14a)

(A+BK)T ⊆ T, (4.14b)

KT ⊆ U and T ⊆ X. (4.14c)

Here, we take P as the solution to the discrete algebraic Ricatti equation (DARE)

P = A>PA− (A>PB)(R+B>PB)−1(B>PA) +Q, (4.15)

and select
K = −(R+B>PB)−1B>PA. (4.16)

Note that P satisfies (4.14a) with equality.
Under these standing assumptions, the optimal MPC law as in (4.12) results

in a closed-loop system given by (4.1) and (4.12), which

(i) is recursively feasible in the sense that for each x0 ∈ Xf the corresponding
solution to (4.1) and (4.12), denoted by {xt}t∈N, exists for all t ∈ N;

(ii) is asymptotically stable in Xf , in the sense that

• [Lyapunov stability]: for any ε > 0 there is a δ > 0 such that if x0 ∈ Xf
and ‖x0‖ ≤ δ then the corresponding trajectory {xt}t∈N to (4.1) and
(4.12) satisfies ‖xt‖ ≤ ε;

• [attractivity]: for any x0 ∈ Xf the corresponding trajectory {xt}t∈N to
(4.1) and (4.12) satisfies limt→∞ xt = 0;

(iii) satisfies input and state constraints, i.e., (4.2);

(iv) satisfies the performance guarantee

∞∑
t=0

(
x>t Qxt + u>t Rut

)
≤ V (x0). (4.17)

See [65, 67] and the references therein, for the proofs and further details on the
terminal set and cost method.
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4.3.2 Approach

The rollout strategy proposed in this section aims at reducing the utilization of
resources compared to the standard MPC setup in Section 4.3.1, while still meet-
ing certain performance guarantees, next to asymptotic stability and constraint
satisfaction. More specifically, we require that

∞∑
t=0

(x>t Qxt + u>t Rut) ≤ (1 + β)V (x0), (4.18)

for some β ≥ 0, with V (x0) in (4.10). Hence, in the formulation of Problem (A)
in Section 4.2.2 it holds that ccontrol = (1 + β)V (x0) for x0 ∈ Xf . Here, β ≥ 0
is a design parameter that allows to relax the obtained performance guarantee
with respect to the performance (4.17) of the stabilizing MPC setup in Section
4.3.1, in order to reduce the utilization of resources.

To realize the constraint (4.18) next to a reduction in resource utilization,
we multiply the cost function in (4.6) by (1 + β) and include a discount for not
updating the first control value in the prediction horizon. Hence, for x ∈ Rnx

and for s ∈ Sos and v ∈ UNq(s) we consider the cost function

Jos
N (x,MN,Nq(s)(s,v)) = (1 + β)JN (x,MN,Nq(s)(s,v))

−Π0sβL(x,Π0MN,Nq(s)(s,v)).

Note that Π0s
0
os = 0 and Π0s

1
os = 1.

For fixed N ∈ N≥1 and given state xt = x ∈ X at time t ∈ N, we solve

min Jos
N (x,MN,Nq(s)(s,v)) (4.19a)

w.r.t. (s,v) ∈ SVos
N (x), (4.19b)

where
SVos

N (x) = {s0
os} × UN (x) ∪ SV0

N,N−1(x),

and
SV0

N,N−1(x) = {(s,v) ∈ SVN,N−1(x) | Π0s = 1},

and where for fixed N ∈ N≥1 and Nq ∈ N[1,N ], and given state x ∈ X we define

SVN,Nq
(x) := {(s,v) ∈ SNq

× UNq | ∀k ∈ {0, 1, 2, . . . , N − 1},
xk(x,MN,Nq

(s,v)) ∈ X, xN (x,MN,Nq
(s,v)) ∈ T}. (4.20)

Observe that for x ∈ Rnx ,

{u ∈ UN | ∃(s,v) ∈ SV0
N,N−1(x),u = MN,N−1(s,v)}

⊆ {u ∈ UN | ∃(s,v) ∈ {s0
os} × UN (x),u = MN,N−1(s,v)} = UN (x)
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and, consequently, the feasible states for (4.19) are

Xos
f := {x ∈ X | SVos

N (x) 6= ∅} = Xf .

For x ∈ Xf , a minimizer to (4.19) is known to exist, and we write (s∗os(x),v∗os(x))
to denote a particular one. For x ∈ Xf , V os(x) denotes the corresponding value
for the optimization problem (4.19). Hence, V os : Xf → R≥0 is the rollout MPC
value function given by

V os(x)= min
(s,v)∈SVos

N (x)
Jos
N (x,MN,Nq(s)(s,v))=Jos

N (x,MN,Nq(s∗os(x))(s
∗
os(x),v∗os(x))).

An optimal sequence of inputs corresponding to (s∗os(x),v∗os(x)) is given for x ∈
Xf by

u∗os(x) := MN,Nq(s∗os(x))(s
∗
os(x),v∗os(x)). (4.21)

For t ∈ N, the policy for (4.1) is now given by

ut = Π0u
∗
os(xt), (4.22a)

σt = 1−Π0s
∗
os(xt). (4.22b)

4.3.3 Theoretical properties

The rollout MPC policy given by (4.22) has the following important properties.

Theorem 4.1. (Recursive feasibility and constraint satisfaction): For
β ≥ 0 and under the conditions (4.14) with K in (4.16), the control law given
by (4.22) is recursively feasible for all x0 ∈ Xf in the sense that the closed-loop
system (4.1) and (4.22) leads to a trajectory {xt}t∈N defined for for all x0 ∈ Xf .
Moreover, the closed-loop system (4.1) and (4.22) satisfies the constraints (4.2).

Proof. The proof is based on showing that for each x ∈ Xf , it holds that
x1(x,u∗os(x)) ∈ Xf .

Let u∗os(x) := (u∗os,0(x), u∗os,1(x), . . . , u∗os,N−1(x)) as in (4.21) and u∗os(x) ∈
UN (x) and we define ū(x) = (u∗os,1(x), . . . , u∗os,N−1(x),KxN (x,u∗os(x))). Since
u∗os(x) ∈ UN (x), we have that xN (x,u∗os(x)) ∈ T. We invoke the conditions
(4.14b) and (4.14c) related to the terminal cost and set method to see that
KxN (x,u∗os(x)) ∈ U and x1(xN (x,u∗os(x)),KxN (x,u∗os(x))) ∈ T. Note that both
u∗os(x) and ū(x) contain the same sequence (u∗os,1(x), . . . , u∗os,N−1(x)). Conse-

quently, ū(x) ∈ UN (x1(x, u∗os,0(x))) and thus (s0
os, ū(x)) ⊆ SVos

N (x1(x, u∗os,0(x))).
Hence, we have that x1(x,u∗os(x)) ∈ Xf , which proves recursive feasibility. Be-
cause ut = Π0u

∗
os(xt) for t ∈ N, we can conclude that the input and state

constraints as in (4.2) are satisfied.

Theorem 4.2. (Performance guarantee): For β ≥ 0 and given the con-
ditions in (4.14), the closed-loop system given by (4.1) and (4.22) satisfies the
performance guarantee in (4.18) for all x0 ∈ Xf .
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Proof. Let u∗os(x) = (u∗os,0(x), u∗os,1(x), . . . , u∗os,N−1(x)) ∈ UN (x) as in (4.21) and
ū(x) = (u∗os,1(x), . . . , u∗os,N−1(x),KxN (x,u∗os(x))) ∈ UN (x1(x,u∗os(x))), where
the latter inclusion is established in the proof of Theorem 4.1. Moreover, let
x̄N := xN (x,u∗os(x)) ∈ T.

To show (4.18), we will use that for x ∈ Xf

(1 + β)V (x) = Jos
N (x,u∗(x)) ≥ Jos

N (x,u∗os(x)) = V os(x), (4.23)

Moreover, we can write for all x ∈ Xf

V os(x)− V os(x1(x,u∗os(x))) ≥ V os(x)− Jos
N (x1(x,u∗os(x)),MN,N (sN , ū(x))).

(4.24)
The right-hand side of the inequality (4.24) can be rewritten as

V os(x)− V os(x1(x,u∗os(x)))

≥ V os(x)− Jos
N (x1(x,u∗os(x)),MN,N (sN , ū(x)))

=
(
1 + β(1−Π0s

∗
os(x))

)
L(x, u∗os,0(x)))

+ (1 + β)

(
N−1∑
k=1

L(xk(x,u∗os(x)), u∗os,k(x)) + F (xN (x,u∗os(x)))

− F (xN (x1(x,u∗os(x))))−
N−1∑
k=0

L(xk(x1(x,u∗os(x)),ΠkMN,N (sN , ū(x)))

)
=
(
1 + β(1−Π0s

∗
os(x))

)
L(x, u∗os,0(x)))

+ (1 + β)
(
L(x̄N ,Kx̄N ) + F (x̄N )− F (x1(x̄N ,Kx̄N ))

)
=
(
1 + β(1−Π0s

∗
os(x))

) (
x>Qx+ (u∗os,0(x))>Ru∗os,0(x)

)
− (1 + β)x̄>N

(
Q+K>RK − P + (A+BK)>P (A+BK)

)
x̄N

Because x̄N = xN (x,u∗os(x)) ∈ T, using (4.14a) related to the terminal cost and
set method gives

V os(x)− V os(x1(x,u∗os(x))) ≥(
1 + β(1−Π0s

∗
os(x))

) (
x>Qx+ (u∗os,0(x))>Ru∗os,0(x)

)
.

Since Π0s
0
os = 0, Π0s

1
os = 1 and β ≥ 0, using (4.22), for t ∈ N it holds that

(xos
t )>Qxos

t + (uos
t )>Ruos

t ≤ V os(xos
t ) − V os(xos

1 (xt,u
∗
os(x

os
t ))), (4.25)

where {xos
t }t∈N[0,T ]

and {uos
t }t∈N[0,T ]

are the state and input trajectories produced
by the closed-loop system given by (4.1) and (4.22) for some T ∈ N, with xos

0 =
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x0 ∈ Xf . Summing (4.25) from t = 0 to t = T leads to

x>0 Qx0 + (uos
0 )>Ruos

0 ≤ V os(x0)− V os(xos
1 )

(xos
1 )>Qxos

1 + (uos
1 )>Ruos

1 ≤ V os(xos
1 )− V os(xos

2 )
...

...
(xos
T )>Qxos

T + (uos
T )>Ruos

T ≤ V os(xos
T )− V os(xos

T+1)
+∑T

t=0

(
(xos
t )>Qxos

t + (uos
t )>Ruos

t

)
≤ V os(x0)− V os(xos

T+1) ≤ V os(x0),

where in the latter inequality we used that V os takes only nonnegative values.
Using V os(x0) ≤ (1 + β)V (x0) as established in (4.23), and letting T → ∞, we
obtain

∞∑
t=0

(
(xos
t )>Qxos

t + (uos
t )>Ruos

t

)
≤ (1 + β)V (x0), (4.26)

which is the performance guarantee in (4.18).

Theorem 4.3. (Closed-loop stability): For β ≥ 0, and given the conditions
in (4.14), the closed-loop system given by (4.1) and (4.22) is asymptotically
stable for initial conditions in Xf .

Proof. From (4.26) and Q � 0 we obtain the existence of a c1 ≥ 0 such that for
all x0 ∈ Xf

c1

∞∑
t=0

‖xos
t ‖2 ≤

∞∑
t=0

(
(xos
t )>Qxos

t + (uos
t )>Ruos

t

)
≤ (1 + β)V (x0) (4.27)

where {xos
t }t∈N and {uos

t }t∈N are the state and input trajectories produced by
the closed-loop system (4.1) and (4.22) with xos

0 = x0 ∈ Xf . From (4.27) we
immediately obtain that limt→∞ xos

t = 0. In addition, since we have V (x) ≤
c2‖x‖2 for all x ∈ T and since 0 is in the interior of T we also obtain Lyapunov
stability from (4.27). Therefore, the closed-loop system given by (4.1) and (4.22)
is asymptotically stable for all x0 ∈ Xf .

Remark 4.1. (Required feedback) Note that the approach presented in this section
requires access to the state xt for all t ∈ N. In the context of NCS, this means
lower communication resource utilization is only obtained between the controllers
and actuators, whereas the communication resources between the sensors and
the controller are still used at each time t ∈ N. Our solution to Problem (B) also
realizes reduced resource utilization between sensors and controller, see Section
4.4. C
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4.4 Problem (B): Guarantees on resource uti-
lization

In this section, we propose a rollout MPC scheme that addresses Problem (B)
with (average) actuation resource utilization c

resource
= 1

q , q ∈ N. The communi-
cation resources are used at the scheduling times tl = lH, l ∈ N with H ∈ N[1,N ];

hence, the communication rate is 1
H , where we require the following assumption

on the variables N , q and H.

Assumption 4.1. N ∈ N≥1, q ∈ N≥1 and H ∈ N≥1 are such that Nq := N
q ∈

N[1,N ], Hq := H
q ∈ N[1,N ] and NH := N

H ∈ N[1,N ].

The proposed rollout MPC scheme is based on the assumption that there
exists a stabilizing periodic multi-rate solution (“base policy”) to Problem (B)
with update rate 1

q and exploits ideas from rollout strategies [19] to obtain sta-
bility, constraint satisfaction and performance guarantees. Here, that periodic
solution is a stabilizing multi-rate MPC scheme that utilizes resources at a (com-
munication and actuation) rate 1

q , while satisfying state and input constraints

for all t ∈ N, i.e., (4.2). The multi-rate base policy is introduced in the next
section. After that we state our rollout MPC approach in Section 4.4.2 and
discuss important theoretical properties of our scheme in Section 4.4.3.

4.4.1 Periodic solution to Problem (B): Multi-rate MPC

We consider a multi-rate MPC approach that allows the periodic utilization of
resources at a rate 1

q . The schedule for the multi-rate approach is given by

s̄ = (0, q, 2q, . . . , (Nq − 1)q) ∈ SNq
and we define Smr

Nq
= {s̄} ⊆ SNq

.
For fixed N, q and H satisfying Assumption 4.1, and given state xtl = x ∈ X

at time tl = lH, l ∈ N, we consider

min
v
JN (x,MN,Nq

(s̄,v)) (4.28a)

s.t. (s̄,v) ∈ SVmr
N,Nq

(x), (4.28b)

where

SVmr
N,Nq

(x) := {(s̄,v) ∈ Smr
Nq
× UNq | ∀k ∈ {0, 1, 2, . . . , N − 1},

xk(x,MN,Nq
(s̄,v)) ∈ X, xN (x,MN,Nq

(s̄,v)) ∈ Tmr}

and where JN is given by (4.6), for L in (4.7) with Q � 0, R � 0 and where
F (x) = x>Pmrx, for x ∈ Rnx , where Pmr = P>mr � 0 is taken as the solution to
the following discrete algebraic Riccati equation

Pmr = Qq + (Aq)>PmrA
q−

((Aq)>PmrBq + Sq)(Rq +B>q PmrBq)
−1(B>q PmrA

q + S>q ). (4.29)
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Here, Bq := Aq−1B, Qq :=
∑q−1
k=0(Ak)>QAk, Sq :=

∑q−1
k=1(Ak)>QAk−1B and

Rq := (
∑q−1
k=1B

>(Ak−1)>QAk−1B) +R, see e.g., [42].
By Tmr ⊆ X we denote the terminal set, which is assumed to be compact,

convex and to contain the origin in its interior. The set of feasible states is
denoted by Xmr

f , i.e.,

Xmr
f = {x ∈ X | SVmr

N,Nq
(x) 6= ∅}. (4.30)

For x ∈ Xmr
f , the given conditions ensure that a unique minimizer v∗mr(x) =(

v∗mr,0(x), v∗mr,1(x), . . . , v∗mr,Nq−1(x)
)

to the optimization problem (4.28) exists.

By V mr(x) we denote the corresponding minimum in (4.28), i.e., V mr : Xmr
f →

R≥0 is the multi-rate MPC value function given by

V mr(x) = min{JN (x,MN,Nq
(s̄,v)) | (s̄,v) ∈ SVmr

N,Nq
(x)} (4.31)

= JN (x,MN,Nq (s̄,v∗(x))). (4.32)

The corresponding optimal sequence of control inputs for the multi-rate approach
is given by

u∗mr(x) = MN,Nq
(s̄,v∗mr(x)). (4.33)

For t ∈ N, the resulting MPC policy for (4.1) is now given by

ut = Πt−tlu
∗
mr(xtl), t ∈ N[tl,tl+1), l ∈ N, (4.34a)

σt =

{
1, if t = kq, k ∈ N,
0, otherwise.

(4.34b)

To guarantee recursive feasibility and closed-loop stability of this multi-rate
MPC scheme we will use a terminal set and cost method. We assume that there
is a Kmr ∈ Rnx×nu such that

Ā>q PmrĀq − Pmr � −Qq −K>mr(Sq)
> − SqKmr −K>mrRqKmr, (4.35a)

ĀqTmr ⊆ Tmr, (4.35b)

ĀkTmr ⊆ X, k = 1, 2, . . . , q − 1, (4.35c)

KmrTmr ⊆ U, (4.35d)

where Āk := Ak+B̄kKmr and B̄k := Ak−1B, k = 1, 2, . . . , q. Note that B̄q = Bq.
For our approach, we use a particular choice of Kmr, namely

Kmr = −
(
Rq +B>q PmrBq

)−1 (
B>q PmrAq + S>q

)
, (4.36)

which satisfies (4.35a) with equality.
It is not hard to show that the multi-rate MPC policy proposed in this

section provides input profiles using the actuation resources at a rate of 1
q and
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the communication resources at a rate 1
H , while still satisfying constraints on

states and inputs for all t ∈ N, i.e., (4.2). The schedule of update times s̄ is fixed
and as a result, the obtained resource-aware input profiles for the multi-rate
MPC scheme are periodic with times tl = lH, l ∈ N, and actuation updates at
kq, k ∈ N.

4.4.2 Approach

In this section, we propose an MPC scheme that addresses variant (B), with
cresource = 1

q , q ∈ N[1,N ], which is the same (average) actuation rate as the
multi-rate MPC scheme in Section 4.4.1. However, the MPC scheme we propose
allows for control update patterns that are aperiodic, and in doing so we aim
to obtain better performance than the multi-rate scheme at the same update
rate 1

q . To obtain stability, constraint satisfaction and performance guarantees,

we will exploit ideas from rollout strategies [19], as already mentioned. For the
proposed rollout MPC strategy, we consider the class of schedules

Sro
Nq,Hq

= {(s0, s1, . . . , sNq−1) ∈ SNq
| s0 = 0 < s1 < s2 < . . . < sHq−1 < H,

and ∀i ∈ {Hq, Hq + 1, . . . , Nq − 1}, si = iq}. (4.37)

Note that the set of schedules Sro
Nq,Hq

contains all schedules of length N with
Nq control updates, where the last Nq − Hq input updates are periodic with
period q.

For fixed N, q and H ∈ N≥1 satisfying Assumption 4.1 and given state xtl =
x ∈ X at time tl, l ∈ N, we consider the following optimization problem

min JN (x,MN,Nq
(s,v)) (4.38a)

w.r.t. (s,v) ∈ SVro
N,Nq,Hq

(x), (4.38b)

where

SVro
N,Nq,Hq

(x) := {(s,v) ∈ Sro
Nq,Hq

× UNq | ∀k ∈ {0, 1, 2, . . . , N − 1},
xk(x,MN,Nq (s,v)) ∈ X and xN (x,MN,Nq (s,v)) ∈ Tmr}.

Note that Smr
Nq
⊆ Sro

Nq,Hq
, and that, as a consequence, for x ∈ X, it holds that

SVmr
N,Nq

(x) ⊆ SVro
N,Nq,Hq

(x). Moreover,

Xmr
f ⊆ Xro

f := {x ∈ X | SVro
N,Nq,Hq

(x) 6= ∅}.

For x ∈ Xro
f , a combination of an optimal sequence of schedules and control values

is known to exist, and we denote s∗ro(x) =
(
s∗ro,0(x), s∗ro,1(x), . . . , s∗ro,Nq−1(x)

)
and v∗ro(x) =

(
v∗ro,0(x), v∗ro,1(x), . . . , v∗ro,Nq−1(x)

)
as a particular one, i.e.,

(s∗ro(x),v∗ro(x)) ∈ argmin
(s,v)∈SVro

N,Nq,Hq
(x)

JN (x,MN,Nq
(s,v)). (4.39)
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For x ∈ Xro
f , we use V ro(x) to denote the corresponding minimum of (4.38).

Hence, V ro : Xro
f → R≥0 is the MPC value function given by

V ro(x) = min
(s,v)∈SVro

N,Nq,Hq
(x)
JN (x,MN,Nq (s,v)) = JN (x,MN,Nq (s∗ro(x),v∗ro(x))).

(4.40)
The optimal sequence of control inputs corresponding to the optimal schedule
s∗ro(x) = (s∗ro,0(x), s∗ro,1(x), . . . , s∗ro,Nq−1(x)) is given by

u∗ro(x) := MN,Nq
(s∗ro(x),v∗ro(x)). (4.41)

As x ∈ Xmr
f ⊆ Xro

f and SVmr
N,Nq

(x) ⊆ SVro
N,Nq,Hq

(x), it holds that

V ro(x) ≤ V mr(x). (4.42)

For t ∈ N, the resulting MPC policy for (4.1) is now given for t ∈ N[tl,tl+1) with
l ∈ N by

ut = Πt−tlu
∗
ro(xtl), (4.43a)

σt =

{
1, if t− tl = s∗ro,k(xtl) for some k = 0, 1, . . . , Nq − 1,

0, otherwise.
(4.43b)

4.4.3 Theoretical properties

The rollout MPC policy given by (4.43) has the following important properties.

Theorem 4.4. (Recursive feasibility and constraint satisfaction): Under
Assumption 4.1 and the conditions (4.35) with Kmr as in (4.36), it holds that
the control law given by (4.43) is recursively feasible for all x ∈ Xro

f in the sense
that the closed-loop system (4.1) and (4.43) leads to a trajectory {xt}t∈N defined
for all t ∈ N. Moreover, the closed-loop system (4.1) and (4.43) satisfies the
constraints (4.2).

Proof. The proof is based on showing that for each x ∈ Xmr
f , it holds that

xH(x,u∗ro(x)) ∈ Xro
f .

Let ŝ = (0, q, . . . , (Hq−1)q) ∈ Smr
Hq

and v̂(x) = (Kmrx̂0,Kmrx̂1, . . . ,Kmrx̂Hq−1)

∈ (Rnu)Hq , where x̂0 := xN (x,u∗ro(x)) and x̂i+1 = Āqx̂i, i = 0, 1, . . . ,Hq − 2.
We denote s̃(x) = (ΠH:N−1s

∗
ro(x), ŝ) and ṽ(x) = (ΠH:N−1v

∗
ro(x), v̂(x)).

We start by showing that (s̃(x), ṽ(x)) ∈ SVro
N,Nq,Hq

(xH(x,u∗ro(x))). As
(s∗ro(x),v∗ro(x)) ∈ SVro

N,Nq,Hq
(x), we have that x̂0 = xN (x,u∗ro(x)) ∈ Tmr. Due to

(4.35b), this implies x̂i ∈ Tmr, i = 1, 2, . . . ,Hq−1, and, consequently, v̂(x) ∈ UH ,
using (4.35d) and the fact that the origin is contained in U. As x̂i ∈ Tmr, i =
0, 1, . . . ,Hq−1, we can invoke (4.35c) to see that xj(x̂i,Mq,1(0,Kmrx̂i)) = Āj x̂i ∈
X, j = 1, 2, . . . , q − 1, i = 0, 1, . . . ,Hq − 1. Lastly, note that xN (xH(x,u∗ro(x)),
MN,Nq

(s̃(x), ṽ(x)) = xH(x̂0,MH,Hq
(ŝ, v̂(x)) = (Āq)

Hq x̂0 ∈ Tmr due to (4.35b).
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Hence, (s̃(x), ṽ(x)) ∈ SVro
N,Nq,Hq

(xH(x,u∗ro(x))) and thus xH(x,u∗ro(x)) ∈ Xro
f .

Because x0 ∈ Xro
f and ut = Πt−tlu

∗
ro(xtl), for t ∈ N[tl,tl+1), l ∈ N, we can

conclude that the input and state constraints as in (4.2) are satisfied.

Theorem 4.5. (Closed-loop stability) Under Assumption 4.1 and the con-
ditions (4.35) with Kmr as in (4.36), the closed-loop system given by (4.1) and
(4.43) is asymptotically stable for initial conditions in Xro

f .

Proof. Let x = x0 and ûi(x) = (Kmrx̂i, 0, 0, . . . , 0) ∈ (Rnu)q, i = 0, 1, . . . ,Hq−1,
where x̂0 := xN (x,u∗ro(x)) and x̂i+1 = xq(x̂i, ûi(x)) = Āqx̂i, i = 0, 1, . . . ,Hq−2.
We denote û(x) = (û0(x), û1(x), . . . , ûHq−1(x)) and ũ(x) = (ΠH:N−1u

∗
ro(x), û(x))

as in the proof of Theorem 4.1.
To show asymptotic stability, we will first study V ro(xH(x,u∗ro(x)))−V ro(x) ≤

0 for x ∈ Xro
f . We have that

V ro(xH(x,u∗ro(x)))− V ro(x)

≤ JN (xH(x,u∗ro(x)), ũ(x))− V ro(x)

= F (xN (xH(x,u∗ro(x)), ũ(x))) +

N−1∑
k=0

L(xk(xH(x,u∗ro(x)), ũ(x)),Πkũ(x))

− F (x̂0)−
N−1∑
k=0

L(xk(x,u∗ro(x)),Πku
∗
ro(x))

= F (xH(x̂0, û(x)) +

H−1∑
k=0

L(xk(x̂0, û(x)),Πkû(x))

− F (x̂0)−
H−1∑
k=0

L(xk(x,u∗ro(x)),Πku
∗
ro(x))

= −
H−1∑
k=0

L(xk(x,u∗ro(x)),Πku
∗
ro(x)) + x̂>0

(
(Ā>q )HqPĀHq

q − Pmr

+

Hq−1∑
i=0

(
(Ā>q )i

(
Qq +K>mrS

>
q + SqKmr +K>mrRqKmr

)
Āiq

))
x̂0

≤ −
H−1∑
k=0

L(xk(x,u∗ro(x)),Πku
∗
ro(x)), (4.44)

where in the last step we used that

(Ā>q )HqPmrĀ
Hq
q − Pmr �

−
Hq−1∑
i=0

(
(Ā>q )i

(
Qq +K>mrS

>
q + SqKmr +K>mrRqKmr

)
Āiq

)
, (4.45)
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which can be derived from (4.35a) by pre-multiplication with (Ā>q )i and post-

multiplication with Āiq and observing that

(Ā>q )i+1PmrĀ
i+1
q − (Ā>q )iPmrĀ

i
q �

− (Ā>q )i
(
Qq +K>mr(Sq)

> + SqKmr +K>mrRqKmr

)
Āiq, (4.46)

for i ∈ {0, 1, . . . ,Hq−1}. By summing (4.46) from 0 to Hq−1 we obtain indeed
(4.45).

Given xtl ∈ Xro
f , note that xtl+1

= xH(xtl ,u
∗
ro(xtl)) and thus from (4.44) we

obtain

V ro(xtl)− V ro(xtl+1
) ≥

H−1∑
k=0

L(xk(xtl ,u
∗
ro(xtl)),Πku

∗
ro(xtl)). (4.47)

Summing (4.47) from l = 0 to L and using t0 = 0 we obtain

V ro(x0)− V ro(xtL+1
) ≥

L∑
l=0

H−1∑
k=0

L(xk(xtl ,u
∗
ro(xtl)),Πku

∗
ro(xtl)),

=

LH−1∑
t=0

((xro
t )>Qxro

t + (uro
t )>Ruro

t ), t ∈ N,

where {xro
t }t∈N and {uro

t }t∈N are the state and input trajectories produced by
the closed-loop system (4.1) and (4.43) for xro

0 = x0. Taking the limit L → ∞
and using the fact that V ro(x) only takes nonnegative values, we obtain

V ro(x0) ≥
∞∑
t=0

((xro
t )>Qxro

t + (uro
t )>Ruro

t ). (4.48)

As Q,R � 0, this proves for all xro
0 ∈ Xro

f that limt→∞ xro
t = 0. In addition,

since we have V ro(x) ≤ c‖x‖2 for x ∈ Tmr and since 0 is in the interior of Tmr we
also obtain Lyapunov stability from (4.48). Therefore, the closed-loop system
given by (4.1) and (4.22) is asymptotically stable for all x0 ∈ Xf .

Theorem 4.6. (Performance) Under Assumption 4.1 and the conditions (4.35)
with Pmr taken as the solution to (4.29) and Kmr as in (4.36) it holds that

∞∑
t=0

L(xro
t , u

ro
t ) ≤

∞∑
t=0

L(xmr
t , umr

t ) = x>0 Pmrx0, (4.49)

for x0 ∈ Tmr, where {xmr
t }t∈N, {umr

t }t∈N and {xro
t }t∈N, {uro

t }t∈N are the state
and input trajectories produced by the closed-loop system (4.1) and (4.34), and
the closed-loop system (4.1) and (4.43), respectively, for initial state x0 ∈ Tmr.
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Proof. Note that with Pmr taken as the solution to (4.29) and Kmr as in (4.36),
we have that (4.35a) holds with equality. The first inequality in (4.49) can be
obtained by combining (4.42) and (4.48) for x0 ∈ Xmr

f to obtain

∞∑
t=0

((xro
t )>Qxro

t + (uro
t )>Ruro

t ) ≤ V ro(x0) ≤ V mr(x0).

As x0 ∈ Tmr, we can use the conditions (4.35) (where (4.35a) holds with equality)
with Kmr as in (4.36) to see that V mr(x0) =

∑∞
t=0 L(xmr

t , umr
t ) = x>0 Pmrx0.

Hence, in terms of Problem (B), both the proposed rollout MPC approaches
and the multi-rate MPC approach provide a solution for cresource = 1

q , however,
the proposed rollout MPC approach provides a guaranteed upper bound on the
control cost Jcontrol that is not worse than the upper bound provided by the
multi-rate MPC approach. Moreover, for x0 ∈ Tmr the control cost Jcontrol of
the proposed rollout MPC approach cost is less than, or equal to the control
cost of the multi-rate MPC scheme.

Remark 4.2. One can impose restrictions on the set of schedules Sro
Nq,Hq

, for
instance for computational reasons. In fact, all theorems in this section are also
valid for a reduced set of schedules Sro,red

Nq,Hq
that satisfies Smr

Nq
∈ Sro,red

Nq,Hq
⊆ Sro

Nq,Hq
,

see Section 4.7 for a discussion on the computational complexity of the presented
algorithms. C

4.5 Sporadically changing input profiles

So far, the focus has been on obtaining sparse input profiles. However, the
rollout approaches in both Section 4.3 and 4.4 can also be used to obtain
sporadically changing input profiles. As mentioned before, these sporadically
changing input profiles can be obtained by employing a “hold” strategy be-
tween input updates. For the hold strategy we introduce now the mappings
Mhold
N,i : U × Si × Ui → UN , for N ∈ N and i ∈ N[1,N ], converting the in-

formation in vold ∈ U, s ∈ Si and v ∈ Ui to obtain the corresponding input
sequence u = (u0, u1, . . . , uN−1) ∈ UN for (4.1) based on the hold strategy.
Given vold ∈ U, s = (s0, s1, . . . , si−1) ∈ Si and v = (v0, v1, . . . , vi−1) ∈ Ui we
define u := Mhold

N,i (vold, s,v) = (u0, u1, . . . , uN−1) ∈ UN with

uk =

{
vold, when k < s0,

vj , when sj ≤ k < sj+1, for j ∈ {0, 1, . . . , i− 1},

for k ∈ N[0,N−1], and some vold ∈ Rnu . Note that for the hold strategy it is
necessary to keep track of the last input value, as this value is to be applied
until the first update s0 in the schedule s.
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The base policy used in Section 4.4 is a periodic policy with cresource = 1
q .

In obtaining sparse control profiles using the zero strategy, this implies that the
input profile contains one nonzero control value every q time steps. However,
when aiming for sporadically changing input profiles using a hold strategy, this
base policy is a periodic policy updating the control value once every q steps,
but keeping the value constant between updates. For the hold strategy, the
parameters Bq :=

∑i−1
k=0A

kB, Rq := (
∑q−1
k=1B

>∑k−1
i=0 (Ai)>Q

∑k−1
i=0 (Ai)B +

R) + R and Sq :=
∑q−1
k=1(Ak)>Q

∑k−1
i=0 A

iB are to be used for obtaining Pmr

from the Riccati equation (4.29) and Kmr in (4.36). Moreover, for the conditions
related to the terminal set and terminal cost, i.e., (4.35), Āk := Ak + B̄kKmr

where B̄k :=
∑k−1
i=0 A

kB, k = 1, 2, . . . , q. Note that no changes are needed for
the base policy used in Section 4.3, as it is based on a standard MPC setup that
updates at every time.

The theoretical properties derived in Sections 4.3 and 4.4 also apply (mutatis
mutandis) for our strategies when sporadically changing inputs are used. In
the next section, we demonstrate the effectiveness of our rollout approaches in
obtaining both sparse and sporadically changing input profiles.

4.6 Numerical examples

To illustrate the effectiveness of the rollout approaches proposed in this chapter,
we consider an open-loop unstable discrete-time system as in (4.1) with

A =

[
1.0221 0.25
−0.01 0.9988

]
and B =

[
0
1

]
.

Additionally, state constraints −10 ≤ x(i)
t ≤ 10, i = 1, 2, where xt = [x

(1)
t x

(2)
t ]>,

and input constraints −2 ≤ ut ≤ 2 are imposed. The weighting matrices of the
running cost are chosen as

Q =

[
1 0
0 1

]
and R = 0.1.

Sections 4.6.1 and 4.6.2 show the results for the rollout strategies in Sections 4.3
and 4.4, respectively, where we consider both sparse and sporadically changing
input profiles. For the hold strategy, we set u−1 := 0.

4.6.1 Rollout approach variant (A)

In this subsection we we will illustrate the approach of Section 4.3. The predic-
tion horizon is fixed to N = 60. The terminal cost and terminal set satisfying

(4.14), are given by P =

[
6.2683 1.3785
1.3785 1.4530

]
, K = [−0.8979 − 1.1564] and T is
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Fig. 4.1. Sparse inputs and resulting states versus time for x0 =
[4.7239 7.0892]> and g = 0.05.
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Fig. 4.2. Sporadically changing inputs and resulting states versus time
for x0 = [−4.9630 0.9892]> and β = 0.01.
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Fig. 4.3. Control cost Jcontrol versus the (average) actuation rate Jresource

for sparse input profiles for β ∈ {0, 0.025, 0.050, . . . , 0.800}.

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
340

345

350

355

360

365

resource cost

co
nt

ro
l c

os
t

 

 

(1+β) V(x
0
)

true cost

β=0,00325
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rate Jresource for sporadically changing input profiles for β ∈
{0, 0.0025, 0.0050, . . . , 0.0500, 0.0750, 0.1000, . . . , 0.1000}.
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chosen as {x ∈ X | Dx ≤ E}, where

D =


−0.9525 0.3044

0.9525 −0.3044
0.6133 0.7898
−0.6133 −0.7898

 and E =


14.4157
14.4157
1.3660
1.3660

 .
We consider 25 initial conditions randomly and uniformly distributed in Xf .
For β = 0.05, Figures 4.1 and 4.2 show the state trajectories and corresponding
input signals versus time, for sparse and sporadically changing input signals,
respectively. We observe that even for a slight decrease in performance (i.e.,
at most 1% and 5% of the guaranteed upper bound on the infinite horizon
control cost (see (4.18)), for sparse and sporadically changing input profiles),
both approaches obtain input profiles with a significant reduction in resource
utilization. Note that the obtained sparse input profile in Figure 4.1 tends to a
periodic profile when the state converges the origin (and constraints no longer
play a role).

Figures 4.3 and 4.4 show both the guaranteed upper bound on the con-
trol cost (1 + β)V (x0) as well as the control cost (4.3) evaluated over a fi-
nite but sufficiently long simulation horizon versus the average resource cost
(4.4), averaged over 25 initial conditions, for sparse input profiles with β ∈
{0, 0.025, 0.050, . . . , 0.800} and sporadically changing input profiles with β ∈
{0, 0.0025, 0.0050, . . . , 0.0500, 0.0750, 0.1000, . . . , 0.1000}, respectively. From Fig-
ure 4.3 we observe that for β = 0.075 we obtain an average resource utilization
Jresource of 0.53. For higher values of β the resource utilization is even lower,
e.g., for β = 0.8 we obtain Jresource = 0.39. However for β = 0.8 this also
implies a significantly increased control cost. From Figure 4.4 we observe that
for β = 0.00325 we obtain an average resource utilization of 0.62, indicating a
tremendous decrease in resource utilization at only a very slight increase in per-
formance. However, similarly to the case of sparse input profiles, increasing β
further only yields minor reductions in resource utilization. These results show
that the proposed rollout approach fcan realize significant reductions in the uti-
lization of resources, even at only a slight degradation in performance. Note also
that, in both Figures 4.3 and 4.4 the guaranteed upper bound is conservative as
the actual control cost remains well below the bound.

4.6.2 Rollout approach variant (B)

In this subsection we we will illustrate the approach of Section 4.4. The predic-
tion horizon is fixed to N = 48, and we choose H = 12 and q = 4 (satisfying
Assumption 4.1). This means that cresource = 1

4 and that SNq,Hq,ro contains 220
schedules that are used for our rollout approach.

For the zero strategy, the terminal cost and terminal set satisfying (4.35) are

given by Pmr =

[
6.4514 1.4028
1.4028 1.4594

]
, Kmr = [−0.6928 − 1.1614] and T is chosen as
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Fig. 4.5. Sparse inputs and resulting states versus time for x0 =
[5.1174 3.2030]>.

{x ∈ X | Dzx ≤ Ez}, where

Dz =


−0.9785 −0.2064

0.9785 0.2064
0.5123 0.8588
−0.5123 −0.8588

 and Ez =


4.2056
4.2056
1.4789
1.4789

 .
We consider 25 initial conditions randomly and uniformly distributed in Xmr

f .
Figure 4.5 shows the sparse input signal and corresponding state trajectories
versus time, for x0 = [5.1174 3.2030]>. The average control cost over 25 initial
conditions is 423.98 for the multi-rate strategy and 241.11 for the rollout strategy.
This clearly shows the advantage of using aperiodic control updates, as with the
same resource utilization the rollout approach obtains a significant reduction in
the control cost.

For the hold strategy, the terminal cost and terminal set satisfying (4.35)

(see Section 4.5) are given by Pmr =

[
7.4716 2.7326
2.7326 2.9789

]
, Kmr = [−0.2148 −0.401]

and T is chosen as {x ∈ X | Dhx ≤ Eh}, where

Dh =


−0.7812 −0.6243

0.7812 0.6243
0.4715 0.8819
−0.4715 −0.8819

 and Eh =


7.8371
7.8371
4.3896
4.3896

 .
Again, we consider 25 initial conditions randomly and uniformly distributed
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Fig. 4.6. Sporadically changing inputs and resulting states versus time
for x0 = [−2.7010 8.0463]>.

in Xmr
f . Figure 4.6 shows the sporadically changing input signal and correspond-

ing state trajectories versus time, for x0 = [−2.7010 8.0463]>. The average
control cost over 25 initial conditions is 277.71 for the multi-rate strategy and
268.62 for the rollout strategy. For sporadically changing input profiles, the
rollout strategy based on a “hold” approach is able to improve slightly over the
multi-rate MPC approach, in terms of Problem (B).

4.7 Discussion

This section provides a discussion on the computational complexity and the
implementation of both rollout approaches.

At each time t ∈ N, the rollout approach presented in Section 4.3 samples
the state xt and solves 2 quadratic programing (QP) problems with N and N−1
free control variables. Although sampling the state at each time t ∈ N implies
communication resources are used at each time step, see Remark 4.1, having
feedback can be beneficial in case disturbances act on the system or if there is a
mismatch between the system model (4.1) and the physical plant.

The rollout approach presented in Section 4.4 samples the state at times
tl = lH, l ∈ N, with H ∈ N[q,N ]. At the sampling times it solves H!

(H−Hq)!Hq !

QPs with Nq free control variables, where ! denotes the factorial operator. How-
ever, note that the next H time steps no computations are required. Moreover,
(suboptimal) variants based on solving less QPs can also be used, by using less
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Table 4.1. Average actuation, communication and scheduling rates for
variants of the rollout approach in Section 4.4.

OL in H CL in H CL in H WR

Actuation rate 1
q

1
q

1
q

Communication rate 1
H

1
q

1
q

Scheduling rate 1
H

1
H

1
q

schedules, see Remark 4.2. The obtained optimal control sequence is then ap-
plied to the system in open-loop, for the next H time steps, see (4.43). We
will refer to this approach as open-loop in H (OL in H) . From a NCS per-
spective, OL in H implies that communication resources are used at a rate 1

H .
When disturbances act on the system, we envision that variants based on more
frequent feedback may provide better robustness with respect to these distur-
bances. Two of these variants are discussed briefly below, and their average
actuation, communication and scheduling rates are summarized in Table 4.1.

Closed-loop in H (CL in H): Instead of applying the optimal rollout control
sequence obtained at time tl, l ∈ N, in open loop for H steps, one can sample the
state at the Hq times when the input is to be updated (according to the optimal
schedule at time tl) until time tl+1. Based on the sampled state, the remainder
of the control values until time tl+1 can be re-computed using the remainder of
the optimal schedule decided at time tl, see, e.g., [22].

Closed-loop in H with rescheduling (CL in H WR): This variant is also based
on sampling the state at the Hq times when the input is to be updated. However,
next to re-computing the control values also the remaining schedule until time
tl+1 is re-computed based on the obtained samples of the state.

The principles of implementing these variants are similar to the ones dis-
cussed in Section 4.4.

4.8 Conclusions

In this chapter, we proposed two resource-aware MPC policies for discrete-time
linear systems subject to state and input constraints. The strategies solve the
co-design problem of both determining the time instants on which the updat-
ing/communication related to the control tasks take place, and selecting the new
(continuous) control inputs. The first approach provides performance guarantees
by design, in the sense that it allows the user to select a desired level of sub-
optimality for the performance (in terms of the original control cost function),
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where the degree of suboptimality provides a trade-off between the guaranteed
closed-loop control performance on the one hand and the utilization of (commu-
nication/actuation) resources on the other hand. The second approach provides
a guaranteed (average) resource utilization, while cleverly allocating these re-
sources in order to maximize the control performance (i.e., minimize the control
cost). Interestingly, the presented framework is flexible in the sense that it can
be configured to generate both sparse and sporadically changing input profiles
thereby having the ability to serve various application domains in which different
resources are scarce or expensive, e.g., communication bandwidth in networked
control systems, battery power in wireless control, or fuel in space or underwa-
ter vehicles. The effectiveness of both approaches was illustrated by means of
numerical examples. In particular, the first rollout strategy led to significant
reductions in the usage of the system’s resources, without trading much of the
guaranteed achievable performance. Moreover, the rollout strategy with guaran-
teed resource utilization shows that allocating these resources cleverly can lead
to significant reductions of the control cost. As such, the proposed approaches
provides viable control strategies for systems where both control performance
and limited resource utilization are important.



Chapter 5

Resource-aware set-valued
estimation for discrete-time

systems

Abstract – In this chapter, we propose a self-triggered estimator for discrete-time linear

systems subject to unknown but bounded disturbances affecting both the system states and

outputs. The proposed self-triggered estimator is a set-valued estimator that employs rollout

techniques to reduce the communication between the sensors and the estimator with respect

to a periodic sampling strategy. Moreover, at each time instant it provides an estimate of the

plant state and a guaranteed bound on the difference between the true plant state and the

estimate

5.1 Introduction

In setups where the system state is estimated by an estimator that receives mea-
surements from the system via a communication link, the cost of communication
has to be weighed against the quality of the estimation. Measurements have to
be sent over a communication link for example if it is not possible or not desired
to include the observer directly in the sensor or, if multiple, spatially distributed
sensors are connected to a single observer. If the transmissions are made over
a communication network that is shared with other components, managing the
amount of communication becomes especially relevant in this case as network
usage is a shared and limited resource. Other components might for example be
controllers communicating with actuators over the network. A detailed survey
of communication issues in networked control systems can be found in [54].

This chapter is based on [21].
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Several means of reducing the required communication in control and esti-
mation have been proposed in recent years. Two methods in particular have
emerged, that is event triggering, where the sensor decides, based on the current
measurement, whether to send an update to the observer/controller or not, and
self triggering, where the observer/controller decides, based on the current state
(estimate), when the next sensor update will take place. For a recent overview
on self- and event-triggered control, including event-triggered estimation, please
refer to [48]. Interestingly, in self-triggered schemes, the sensors may be shut
down between updates, which allows to save additional energy. This constitutes
an advantage of self-triggered strategies over event-triggered strategies. On the
other hand, more information is available to the estimator in event-triggered
setups, as the sensors not sending measurement updates still allows conclusions
to be drawn about the current measurements, based on the event conditions,
see, e.g., [82], [84].

In this chapter, we propose a self-triggered set-valued estimator which sched-
ules its future measurements based on the current state estimate. In particular,
at each point in time, the estimator computes an estimate of the system state
and an upper bound on the estimation error. At periodically recurring schedul-
ing time points, the estimator decides on the time points at which measurements
are required from each sensor in the time span until the next scheduling time
point. The selection of this measurement schedule is made based on the cur-
rent known bound on the estimation error. The objective is to minimize the
overall number of measurements subject to the constraint that the estimation
error does not exceed a certain bound in the time span until the next schedul-
ing time point. Thus, it is guaranteed that the actual estimation error always
stays below this bound. The parameters of the set-valued estimator and the
scheduling function are designed based on a certain well-chosen base schedule
of measurements which is always a feasible choice for the scheduler, thereby
guaranteeing an upper bound on the average sampling frequency. Additional
constraints on the measurement schedules may be included such that for ex-
ample at most one sensor can send its measurements over the communication
system at a given point in time or that there exists a lower bound on the time
between communications. The set-valued estimator used in this work is based
on linear programming, while the scheduling function requires the evaluation of
scalar inequalities, allowing an efficient implementation of the proposed scheme.

The optimization over update patterns in self-triggered control and estima-
tion was proposed in [8–10], where the disturbances and noise are assumed to
be Gaussian distributed, and thus, unbounded. Other recent results on self-
triggered state estimation can for example be found in [4,5], where input-to-state
stability under self-triggered output-feedback control is shown. The estimators
used in [4,5] are a type of Kalman filter and do not provide an online bound on
the current estimation error. Hence, the current bound on the estimation error
cannot be used to reduce future communications, as is proposed in the present
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chapter. In [25], asymptotic stability of uncertain systems under self-triggered
output-feedback control with continuous output measurement is shown. For an
introduction to set-valued estimation see for example Chapter 10 of [20] and the
references therein. Set-valued estimation based on self-triggered measurements
is proposed in [69], where interval estimators are employed to estimate the state
of a special class of nonlinear systems. There, each time a measurement is taken,
the time until the next measurement is maximized, while guaranteeing a certain
bound on the estimation error. However, the results rely on the assumption
that a measurement at any given point in time ensures the estimation error to
be bounded by an a priori given bound that decreases with time. In [83], a set-
valued self-triggered estimator for linear parameter-varying systems is presented,
using ellipsoidal bounding techniques. Measurements are required at each point
in time, while the self-triggered mechanism decides how much computations have
to be performed at a given point in time, based on the current bound on the
estimation error.

As the estimator proposed in this chapter provides an upper bound on the
estimation error, it may be used in a control scheme that guarantees hard con-
straints on the system state and input. Model predictive control (MPC) is an
example of a class of such control schemes. It is straightforward to combine the
results in this chapter with for example the robust output feedback MPC scheme
in [66] in order to obtain a robust self-triggered output feedback MPC scheme.

The remainder of this chapter is organized as follows. After indicating the
notational conventions used in this chapter and providing an important lemma,
Section 5.2 provides the problem formulation. A set-valued estimator is proposed
in Section 5.3, which forms the basis for developing the scheduler presented in
Section 5.4. The effectiveness of the approach is demonstrated by means of
numerical examples in Section 5.5. Section 5.6 presents a discussion on the
implementation and computational aspects of the approach. Finally, Section 5.7
presents the conclusions and an outlook.

Notation: The set of non-negative integers is denoted by N, the set of real
numbers by R. For a, b ∈ R we define N[a,b] := N ∩ [a, b]. By N>0, R>0, R≥0 we
denote the positive integers, positive reals, and nonnegative reals, respectively.
For n ∈ N, the n-dimensional identity matrix is denoted by In and 1n denotes a
vector of length n, where each element is 1. The Kronecker product is denoted by
⊗. For a square matrix X ∈ Rn×n we write X � 0 and X � 0 if X is symmetric
and, in addition, X is positive definite and positive semi-definite, respectively.
For X ∈ Rm×n, inequalities of the type X ≥ 0, should be interpreted element-
wise, i.e., all entries of X are nonnegative. For a symmetric matrix X, we

write

[
X1 X2

? X3

]
to denote

[
X1 X2

X>2 X3

]
. For Ai ∈ Rn×n, and a, b ∈ N, a ≤ b, we

denote Πb
i=aAi = Aa . . . Ab. For a > b, we define Πb

i=aAi := In. For a vector
µ = [µ(1), µ(2), . . . , µ(M)]>, M ∈ N, µ(i) ∈ {0, 1}, i = 1, 2, . . ., we use S = diag(µ)
to denote a matrix with µ(1), µ(2), . . ., on its diagonal. The following Farkas-type
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lemma will be used multiple times in this chapter.

Lemma 5.1 ([51]). Let G ∈ Rm×n, g ∈ Rm, F ∈ Rr×n, f ∈ Rr. If {x ∈
Rn | Gx ≤ g} 6= ∅, then the following two statements are equivalent.

(i) {x ∈ Rn | Gx ≤ g} ⊆ {x ∈ Rn | Fx ≤ f}

(ii) There exists a matrix P ∈ Rr×m, P ≥ 0, such that PG = F and Pg ≤ f

5.2 Problem formulation

Consider the system

xt+1 = Axt + wt, (5.1a)

yt = Cxt + vt, (5.1b)

where xt ∈ Rnx is the state, yt ∈ Rny is the output, and where wt ∈ W and
vt ∈ V are the unknown but bounded disturbances affecting the system state
and output, respectively, at discrete time t ∈ N. Here the sets W and V contain
the origin and are given by W := {w ∈ Rnx | Hww ≤ hw} and V := {v ∈ Rny |
Hvv ≤ hv}, for Hw ∈ Rnw×nx , hw ∈ Rnw , Hv ∈ Rnv×ny , and hv ∈ Rnv .

In this chapter, we consider the case where output measurements are not
available to the estimator for all t ∈ N. Consider the periodic scheduling times
tl = lM , l ∈ N, M ∈ N>0. At time tl, l ∈ N, let µl = [µl,1, . . . ,µl,M ] ∈
M ⊆ {0, 1}ny×M , µl,i ∈ {0, 1}ny , i ∈ N[1,M ], denote the schedule determining
which output measurements are available to the estimator at time instances
t = tl+ i, i ∈ N[1,M ]. HereM denotes the set of allowed measurement schedules.
In particular, the information about the plant output that is available to the
estimator at time t = tl + i is given by [ȳl,1, . . . , ȳl,i], where ȳl,i = Sµl,i

ytl+i
for i ∈ N[1,M ], where Sµl,i

= diag(µl,i). At every time instant t ∈ N, the
estimator should provide an estimate of the state x̂t ∈ Rnx combined with a
bound at ∈ R≥0, such that the estimation error et := xt−x̂t satisfies et ∈ atG for
a fixed set G ⊆ Rnx . The information available to the estimator at time t consists
of the available output information in the time span N[tl+1,tl+i], where t = tl+ i,
the state estimate and the bound on the estimation error at time tl, i.e., x̂tl and
atl . Here G = {x ∈ Rnx | Gx ≤ g} with G ∈ Rng×nx and g ∈ Rng

≥0 is a bounded
polyhedron with the origin in its interior. The self-triggered set-valued estimator
is defined by the functions Γi : {0, 1}ny×M×Rnx×R×Rny× . . .×Rny → Rnx+1,
i ∈ N[1,M ], and Ω : R→ {0, 1}ny×M , such that for l ∈ N, i ∈ N[1,M ],

[x̂>tl+i, atl+i]
> = Γi(µl, x̂tl , atl , ȳtl+1, . . . , ȳtl+i), (5.2a)

µl = Ω(atl), (5.2b)

given x̂0 ∈ Rnx and a0 ∈ R≥0, such that G(x0 − x̂0) ≤ a0g. The goal of this
chapter is to design Γi, i ∈ N[1,M ], and Ω, such that the number of non-zero
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elements in µl is minimized at times tl, l ∈ N, while guaranteeing G(xt − x̂t) ≤
atg and at ≤ amax, for all t ∈ N, for a given amax ∈ R>0. We make the following
technical assumption on the output disturbances.

Assumption 5.1. For all v ∈ Rny and all µl ∈ M, l ∈ N, it holds that
Hvv ≤ hv implies that HvSµl,i

v ≤ hv, for all i ∈ N[1,M ].

Remark 5.1. This assumption is for example satisfied in the case where the out-

put yt is composed of ny independent scalar measurements, i.e., y
(j)
t = C(j)xt +

v
(j)
t , where v(j) ∈ [v(j), v(j)], v(j), v(j) ∈ R, 0 ∈ [v(j), v(j)], j ∈ N[1,ny ], t ∈ N.

Then it can be assumed without loss of generality, that Hv = Iny
⊗
[

1
−1

]
∈

Rnv×ny and hv ∈ Rnv

≥0, where nv = 2ny. The structure of Hv and Sµl,i
then

readily implies that the statement in the assumption holds.

5.3 Set-valued estimator

In this section, we design the functions Γi, i ∈ N[1,M ], defining the set-valued es-
timator. Moreover, we provide a priori bounds on the future guaranteed bounds
atl+i, i ∈ N[1,M ], on the estimation error for a given schedule µl.

Given x̂tl , atl and a schedule µl, l ∈ N, the information available to the
set-valued estimator at times t ∈ N[tl+1,tl+M ] is given by

G(xtl − x̂tl) ≤ atlg (5.3a)

Hwwj ≤ hw, j ∈ N[tl,t−1], (5.3b)

Hvvj ≤ hv, j ∈ N[tl+1,t], (5.3c)

ȳl,j = Sµl,j

(
C(Ajxtl +

j−1∑
k=0

Aj−1−kwtl+k) + vtl+j

)
, j ∈ N[1,t−tl], (5.3d)

from which our set-valued estimator should obtain x̂t and the smallest at ≥ 0
such that

G(xt − x̂t) ≤ atg, (5.4)

for all t ∈ N[tl+1,tl+M ].

5.3.1 Optimization problem for set-valued estimator

In the following, we will derive the optimization problem that defines the set-
valued estimator. Using Assumption 5.1, from (5.3c) and (5.3d) it follows that

Hv ȳl,j − HvSµl,j

(
C(Ajxtl +

∑j−1
k=0A

j−1−kwtl+k)
)
≤ hv, j ∈ N[1,t−tl]. Hence,

the prior information given at times tl + i, i ∈ N[1,M ], l ∈ N, according to (5.3)
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can be expressed as

F
µl,prior
i


xtl
wtl
...

wtl+i−1

 ≤ fprior
i (x̂tl , atl , ȳl,1, . . . , ȳl,i), (5.5)

where

F
µl,prior
i =



G 0 0 · · · 0
0 Hw 0 · · · 0
0 0 Hw

...
...

. . .

0 0 0 . . . Hw

Ξ1,1 Ξ1,0 0 · · · 0
...

...
Ξi,i Ξi,i−1 Ξi,i−2 · · · Ξi,0


(5.6)

with Ξi,j := −HvSµl,i
CAj , and

fprior
i (x̂tl , atl , ȳl,1, . . . , ȳl,i) =



Gx̂tl + atlg
hw
hw
...
hw

−Hv ȳl,1 + hv
...

−Hv ȳl,i + hv


. (5.7)

Using the expression

xtl+i = Aixtl +

i−1∑
j=0

Ai−1−jwtl+j , (5.8)

for i ∈ N[1,M ], the posteriori information that the estimator should determine
at time t = tl + i is x̂tl+i and atl+i such that (5.4) is satisfied, which can be
expressed as

F post
i


xtl
wtl
...

wtl+i−1

 ≤ fpost
i (x̂tl+i, atl+i), (5.9)

where
F post
i = G

[
Ai Ai−1 . . . I

]
(5.10)
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and
fpost
i (x̂tl+i, atl+i) = Gx̂tl+i + atl+ig. (5.11)

By Lemma 5.1, (5.5) implies (5.9) if and only if there exists a matrix Pi ∈
Rng×ng+i(nw+nv) with Pi ≥ 0, such that PiF

µl,prior
i = F post

i and Pif
prior
i (x̂tl , atl ,

ȳl,1, . . . , ȳl,i) ≤ fpost
i (x̂tl+i, atl+i). Hence, the problem of finding an estimate

x̂tl+i based on the given prior information such that the estimation error de-
scribed by atl+i is minimized, can be expressed as the following linear program.

Problem 5.1. Given x̂tl , atl , µl and ȳl,1, . . . , ȳl,i, for i ∈ N[1,M ], l ∈ N, solve[
x̂tl+i(µl, x̂tl , atl , ȳl,1, . . . , ȳl,i)
atl+i(µl, x̂tl , atl , ȳl,1, . . . , ȳl,i)

]
= argmin

[x̂>,a]>∈Rnx+1

min
Pi∈Rng×ng+i(nw+nv)

a (5.12)

s.t. a ≥ 0,

Pi ≥ 0,

PiF
µl,prior
i = F post

i ,

Pif
prior
i (x̂tl , atl , ȳl,1, . . . , ȳl,i) ≤ f

post
i (x̂, a).

This optimization problem defines the functions Γi, i ∈ N[1,M ], in (5.2a).
The following lemma states that the proposed estimator provides a valid bound
on the estimation error.

Lemma 5.2. Let x̂tl ∈ Rnx , atl ∈ R≥0, wj ∈ Rnx , j ∈ N[tl,t−1], vj ∈ Rny ,
j ∈ N[tl+1,t] and ȳl,j+1 ∈ Rny , j ∈ N[0,t−tl−1] be given for some t ∈ N[tl+1,tl+M ]

and l ∈ N such that the constraints in (5.3) are satisfied. Let further i = t−tl, let
x̂ ∈ Rnx and a ∈ R satisfy the constraints in Problem 5.1, and let xt satisfy (5.8).
Then it holds that G(xt − x̂) ≤ ag.

Proof. The statement follows from the derivations leading up to Problem 5.1.

5.3.2 A priori bounds on the estimation error

At times tl, l ∈ N, the scheduling function Ω proposed in Section 5.4 pro-
vides a schedule µl that minimizes the required communication in the time span
N[tl+1,tl+M ] while guaranteeing bounds on at, t ∈ N[tl+1,tl+M ]. We want these
bounds to be explicit functions of atl , such that they can be evaluated efficiently
online for a large number of schedules. In the following, we derive affine func-
tions for the bounds on at, t ∈ N[tl+1,tl+M ], based on the assumption that the
optimization in Problem 5.1 only takes place over atl+i, and that x̂tl+i is chosen
(suboptimally) as the output of some linear estimator1. This is formalized in
the following assumption.

1Note that Problem 5.1 is feasible for any fixed x̂ ∈ Rnx if a ∈ R≥0 is chosen sufficiently
large.
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Assumption 5.2. For any schedule µl ∈ M, l ∈ N, there exist Luenberger-
like estimator gains L

µl
i ∈ Rnx×ny , λ

µl
i and ρ

µl
i , i ∈ N[1,M ], such that for

any wtl+i−1, vtl+i, i ∈ N[1,M ], satisfying Hwwtl+i−1 ≤ hw and Hvvtl+i ≤ hv,
i ∈ N[1,M ], and any xtl , x̂tl and atl with G(xtl − x̂tl) ≤ atlg, the inequality

G(xtl+i − x̂tl+i) ≤ (λ
µl
i atl + ρ

µl
i )g (5.13)

is satisfied for all i ∈ N[1,M ], where

xtl+i = Axtl+i−1 + wtl+i−1, (5.14)

x̂tl+i = Ax̂tl+i−1 + L
µl
i

(
ȳl,i − Sµl,i

CAx̂tl+i−1

)
(5.15)

with
ȳl,i = Sµl,i

(Cxtl+i + vtl+i) . (5.16)

Remark 5.2. Less conservative a priori bounds on at, t ∈ N[tl+1,tl+M ], based
on atl for l ∈ N, can be achieved by employing computation-heavy min-max
optimization. This matter is subject to future research.

In the following, we will show how, for a given schedule µl and given estimator
gains L

µl
i , i ∈ N[1,M ], minimal λ

µl
i , ρ

µl
i , i ∈ N[1,M ], satisfying Assumption 5.2,

can be obtained by linear programming. The inequalities in (5.3a) to (5.3c) can
be written as

FLP,prior
i ztl,i ≤ f

LP,prior
i , (5.17)

where
ztl,i := [x>tl − x̂

>
tl
, atl , w

>
tl
, . . . , w>tl+i, v

>
tl+1, . . . , v

>
tl+i+1]>,

FLP,prior
i :=


G −g 0 0
0 −1 0 0
0 0 Ii ⊗Hw 0
0 0 0 Ii ⊗Hv

 (5.18)

and

fLP,prior
i :=


0
0

1i ⊗ hw
1i ⊗ hv

 . (5.19)

Using the recursive procedure in (5.15) to obtain the estimates x̂tl+i leads to the
error dynamics

(xtl+i − x̂tl+i) = (A− Lµl
i Sµl,i

CA)(xtl+i−1 − x̂tl+i−1)

+ (Inx
− Lµl

i Sµl,i
C)wtl+i−1 − Lµl

i Sµl,i
vtl+i, (5.20)



5.3 Set-valued estimator 91

for i ∈ N[1,M ], or, equivalently,

(xtl+i − x̂tl+i) =

i−1∏
j=0

(A− Lµl
i−jSµl,i−j

CA)


︸ ︷︷ ︸

=:Θi

(xtl − x̂tl)

+

i−1∑
j=0

(
i−2−j∏
k=0

(A− Lµl

i−kSµl,i−k
CA)

)
(Inx

− Lµl
j+1Sµl,j+1

C)︸ ︷︷ ︸
=:Φi,j

wtl+j

+

i−1∑
j=0

(
i−2−j∏
k=0

(A− Lµl

i−kSµl,i−k
CA)

)
(−Lµl

j+1Sµl,j+1
)︸ ︷︷ ︸

=:Ψi,j

vtl+j+1 (5.21)

for i ∈ N[1,M ]. Hence, the inequality in (5.13) can be written as

FLP,post
i (λ

µl
i )ztl,i ≤ f

LP,post
i (ρ

µl
i ), (5.22)

where

FLP,post
i (λ

µl
i ) :=

[
GΘi −λµl

i g GΦi,0 . . . GΦi,i−1 GΨi,0 . . . GΨi,i−1

]
(5.23)

and fLP,post
i (ρ

µl
i ) := ρ

µl
i g. By Lemma 5.1, if there exists a ztl,i ∈ Rnx+1+i(nw+nv)

satisfying (5.17), then (5.17) implies (5.22) if and only if there exists a matrix

Pi ∈ Rng×ng+1+i(nw+nv) with Pi ≥ 0, such that PiF
LP,prior
i = FLP,post

i (λ
µl
i ) and

Pif
LP,prior
i ≤ fLP,post

i (ρ
µl
i ). Hence, given estimator gains L

µl
i , i ∈ N[1,M ], the

following linear program can be used to obtain minimal λ
µl
i , ρ

µl
i , i ∈ N[1,M ],

satisfying Assumption 5.2.

Problem 5.2. [
λ
µl
i

ρ
µl
i

]
= argmin

[λ,ρ]>∈R2

min
P∈Rng×ng+1+i(nw+nv)

λ+ ρ (5.24)

s. t. λ ≥ 0, ρ ≥ 0, P ≥ 0,

PFLP,prior
i = FLP,post

i (λ),

PfLP,prior
i ≤ fLP,post

i (ρ).

Note that due to the block-structure of FLP,prior
i and the zero entries in

fLP,prior
i , there is no interdependence between the variables λ and ρ in the

optimization problem, such that they could be minimized using independent
optimization problems yielding the same results.

The following lemma establishes that λ
µl
i and ρ

µl
i computed according to

Problem 5.2 actually provide a bound on atl+i.
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Lemma 5.3. Let Assumption 5.2 hold true and let (5.5) be satisfied. Then, the
constraints of Problem 5.1 are feasible for a = λ

µl
i atl +ρ

µl
i , i ∈ N[1,M ], and some

x̂ ∈ Rnx .

Proof. By noting that ȳl,i = Sµl,i
ytl+i and that Sµl,i

Sµl,i
= Sµl,i

, i ∈ N[1,M ],
it follows that satisfaction of (5.5) implies the existence of vtl+j ∈ Rny for
j ∈ N[1,i], with Hvvtl+j ≤ hv such that ȳl,j satisfies (5.3d) for j ∈ N[1,i]. From
this it follows that (5.17) is satisfied. By Assumption 5.2, (5.17) implies that
G(xtl+i − x̂tl+i) ≤ (λ

µl
i atl + ρ

µl
i )g for the specific choice of x̂tl+i in (5.15).

The last inequality is, noting the definition of xtl+i, equivalent to (5.9) with
atl+i = λ

µl
i atl + ρ

µl
i . As xtl and wtl+j for j ∈ N[1,i] were arbitrary, we can

conclude that (5.5) implies (5.9) with atl+i = λ
µl
i atl +ρ

µl
i (and the specific choice

of x̂tl+i in (5.15)). By Lemma 5.1, this implies the existence of a matrix Pi ∈
Rng×ng+i(nw+nv) satisfying the constraints in Problem 5.1, thereby completing
the proof.

The scheduling function Ω proposed in Section 5.4 is defined by a minimiza-
tion problem with the number of communications in the schedule as its cost
function. By guaranteeing that a certain base schedule µ̄ := (µ̄1, . . . , µ̄M ) ∈ M
is always a feasible solution of this optimization problem, it is ensured that the
actual number of communications in the selected schedule is less than or equal
to the number of communications required for the base schedule. The require-
ment that at ≤ amax, t ∈ N, is enforced through constraints in this optimization
problem. Hence, it is necessary, that there exists some estimator using the base
schedule µ̄, that has certain convergence properties. In particular, we assume
the existence of a linear estimator using the base schedule such that the set G
is contractive (see, e.g., [20]) under the associated estimation error dynamics in
the absence of disturbances. That is, there exists a λ̄ ∈ [0, 1) such that

Gx ≤ g ⇒ G

M−1∏
j=0

(A− Lµ̄l

M−jSµ̄i−j
CA)x ≤ λ̄g, (5.25)

where Lµ̄i , i ∈ N[1,M ] are the Luenberger-like gains in Assumption 5.2, associ-
ated with the base schedule µ̄. The following assumption provides a concise
characterization of the required properties of G and µ̄.

Assumption 5.3. It holds that λµ̄M < 1.

The question remains how to compute the Luenberger-like gains. For the
base schedule we assume that these gains are computed using the periodic Riccati
equation [89]

Xi = AXi+1A
> −AXi+1C

>
i (CiXi+1C

>
i +Ri)

−1CiXi+iA
>, (5.26)
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with weighting matrices Qi ∈ Rnx×nx , Ri ∈ Rny×ny , where Qi, Ri � 0, i ∈
N[1,M ], for the periodic time-varying system

xt+1 = Axt, (5.27a)

yt = Ctxt, (5.27b)

where Ct+M = Ct, t ∈ N and Ci = Sµ̄i
CA, i ∈ N[1,M ], moreover, the gains are

given by
Lµ̄i = (CiXi+1C

>
i +Ri)

−1CiXi+iA
> (5.28)

This approach, while guaranteeing a converging estimation error, also allows in-
cluding knowledge about the disturbance distributions in the form of the weight-
ing matrices Qi and Ri. The gains Lµi for schedules µ other than the base sched-
ule µ̄, can in principle be chosen arbitrarily. However, it makes sense to choose
them in way such that the estimation error remains small when using these par-
ticular gains in a Luenberger-like estimator, even if it can not be guaranteed that
the estimation error converges. In order to achieve a small estimation error, we
select the gains Lµi based on the following semi-definite program.

Problem 5.3. Find

max
Y0,Yi∈Rnx×nx ,Di∈Rnx×nx ,Zi∈Rnx×ny ,i∈N[1,M]

M∑
i=0

trace(Yi) (5.29)

s. t. Yj = Y >j � 0,

1

α
Y0 − YM � 0, (5.30)
Di +D>i − Yi−1 DiQ

1
2
i ZiR

1
2
i DiA− ZiSµiCA

? Inx 0 0
? ? Iny

0
? ? ? Yi

 � 0,

i ∈ N[1,M ], j ∈ N[0,M ],

where µ := (µ1, . . . , µM ), Qi = Q>i � 0 and Ri = R>i � 0, i ∈ N[1,M ], are given
matrices of appropriate dimensions, and α ∈ (0, 1].

Besides the constraint 5.30, this type of LMI is standard in the literature, see
for example [60] and the references therein. A bisection approach is employed
to obtain the maximal value of α for which the problem is still feasible. The
estimator gains are then obtained as Lµi := D−1

i Zi, i ∈ N[1,M ]. The reasoning
behind Problem 5.3 is the following. For α = 1 the feasibility of the constraints
implies convergence of the estimation error, if the resulting gains are employed.
Maximizing α aims for resulting estimators that are as close to convergence as
possible.
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The necessary offline computations are summarized in the following algo-
rithm.

Algorithm 1 Offline computations

1: Solve the periodic Riccati equations (5.26) for the base schedule µ̄ and obtain
the Luenberger-like gains Lµ̄i , i ∈ N[1,M ], from (5.28).

2: Compute a contractive polytope G := {x ∈ Rnx | Gx ≤ g} containing the
origin in its interior satisfying (5.25).

3: For all schedules µ ∈M\{µ̄}, solve Problem 5.3 to obtain the Luenberger-
like gains Lµi , i ∈ N[1,M ].

4: For all schedules µ ∈M, solve Problem 5.2 and obtain λµi , ρ
µ
i , i ∈ N[1,M ].

5.4 Self-triggered set-valued estimation

In this section, we will propose a scheduling function that decides online, based
on the current bound on the estimation error atl , which measurement sched-
ule µl to use in the time span N[tl+1,tl+M ]. For any µl ∈ M, with µl,i =

[µ
(1)
l,i , . . . ,µ

(ny)
l,i ]>, i ∈ N[1,M ], we define s(µl) :=

∑M
i=1

∑ny

j=1 µ
(j)
l,i indicating

the total number of sensor measurements communicated during the time span
N[tl+1,tl+M ]. At time tl, l ∈ N, given an estimate x̂tl , and an error bound atl ,
the measurement schedule for the times t ∈ N[tl+1,tl+M ] is given as the solution
of the following optimization problem, which defines the function Ω in (5.2b).

Problem 5.4. At time tl, given x̂tl and atl ,

µl(atl)=arg min
µ∈M

{s(µ) | λµMatl +ρ
µ
M ≤ amin, λ

µ
i atl +ρ

µ
i ≤ amax, i ∈ N[1,M−1]},

with the additional parameter amin ∈ R>0, amin ≤ amax.

That is, the schedule with the least number of required measurements is se-
lected which still guarantees the upper bound at ≤ amax for t ∈ N[tl+1,tl+M ].
The inclusion of the additional parameter amin and its associated constraint in
Problem 5.4 endows the optimization problem with the property of recursive fea-
sibility, meaning that if the problem is feasible at t0, it will remain feasible for all
tl, l ∈ N. In particular, the following assumption ensures that the base schedule
µ̄ is always a feasible (but not necessarily optimal) solution to Problem 5.4.

Assumption 5.4. It holds that

1. amin ≥
ρµ̄M

1−λµ̄
M

and

2. amax ≥ max{amin, λ
µ̄
i amin + ρµ̄i | i ∈ N[1,M ]}.
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Lemma 5.4. Let x̂tl and atl be given such that G(xtl − x̂tl) ≤ atlg, where
atl ≤ amin for some l ∈ N. Then µ̄ is a feasible solution to Problem 5.4.
Moreover, if µl is computed by Problem 5.4 and at is computed by Problem 5.1
using schedule µl for all t ∈ N[tl+1,tl+M ], then it holds that at ≤ amax for all
t ∈ N[tl+1,tl+M ] and Problem 5.4 is feasible for atl+M . Moreover, it holds that
G(xtl+M − x̂tl+M ) ≤ atl+Mg, where atl+M ≤ amin.

Proof. By Assumption 5.4, if atl ≤ amin, then it holds that λµ̄Matl + ρµ̄M ≤
λµ̄Mamin + (1− λµ̄M )amin = amin ≤ amax and λµ̄i atl + ρµ̄i ≤ λµ̄i amin + ρµ̄i ≤ amax,
i ∈ N[1,M−1], such that the base schedule µ̄ is a feasible, but not necessarily an
optimal solution of Problem 5.4. By Lemma 5.3, it holds that at ≤ λµl

t−tlatl+ρ
µl
t−tl

for all t ∈ N[tl+1,tl+M ] and all µl ∈ M, l ∈ N, such that the satisfaction of the
constraints in Problem 5.4 implies that at ≤ amax for all t ∈ N[tl+1,tl+M ] and
atl+M ≤ amin, which implies feasibility of Problem 5.4 for atl+M . Finally, by
Lemma 5.2, it holds that G(xtl+M − x̂tl+M ) ≤ atl+Mg, thereby completing the
proof.

The following theorem states the main results about the self-triggered set-
valued estimation scheme.

Theorem 5.5. Let x̂t0 and at0 be given such that G(xt0 − x̂t0) ≤ at0g, where
at0 ≤ amin. Let µl be decided by Problem 5.4 for all l ∈ N and let x̂t and at
be computed by Problem 5.1 using schedule µl for all t ∈ N[tl+1,tl+M ] and all
l ∈ N. Then, it holds that s(µl) ≤ s(µ̄) for all l ∈ N. Furthermore, it holds that
G(xt − x̂t) ≤ amaxg for all t ∈ N.

Proof. As the requirements in Lemma 5.4 are satisfied at initialization, it follows
by induction that µ̄ is a feasible solution to Problem 5.4 for all l ∈ N. As
the scheduler selects a schedule µl with the least number of measurements, it
follows that s(µl) ≤ s(µ̄) for all l ∈ N. Furthermore, by Lemma 5.2, it holds
that G(xt − x̂t) ≤ atg for all t ∈ N. By Lemma 5.4 it follows that at ≤ amax

for all t ∈ N[tl+1,tl+M ], l ∈ N, and, hence, G(xt − x̂t) ≤ amaxg, t ∈ N, thereby
completing the proof.
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The overall self-triggered estimation algorithm can be summarized as follows.

Algorithm 2 Self-triggered set-valued estimator

1: Initialize x̂0 and a0 such that G(x0 − x̂0) ≤ a0g.
2: t0 := 0.
3: for l ∈ N do
4: Obtain µl(atl) by solving Problem 5.4.
5: for i ∈ N[1,M ] do
6: Obtain measurement ȳl,i according to tl, i and µl.
7: By solving Problem 5.1, compute x̂tl+i(µl, x̂tl , atl , ȳl,1, . . . , ȳl,i) and

atl+i(µl, x̂tl , atl , ȳl,1, . . . , ȳl,i).
8: end for
9: tl+1 := tl +M .

10: end for

Remark 5.3. The properties of the self-triggered estimation scheme are deter-
mined by the design parameters M and µ̄. The former contains all possible
communication schedules, which allows any type of constraints on the commu-
nication to be imposed, such as restrictions on the number of sensors that can
communicate simultaneously, an upper bound on the average number of measure-
ment updates in a given time span, or a lower bound on the time between two
measurement updates. Via Assumption 5.4, the latter provides an upper bound
on the estimation error.

5.5 Numerical examples

In this section we provide two numerical examples demonstrating the effective-
ness of the proposed scheme.

5.5.1 Single-output system

In the first example, we consider a system as defined in Section 5.2 with the
system matrices given by

A =

[
1 1
0 1

]
and C =

[
1 0
]
. (5.31)

The bounds on the disturbances are given by W = [−0.01, 0.01]2 and V =
[−0.5, 0.5]. The base schedule was chosen as µ̄ = [1 1 1 1 1 1]. For the periodic
Riccati equation and the LMIs in the offline computations in Algorithm 1, we
chose Qi = I2 and Ri = 0.546, i ∈ N[1,6]. We chose Ri = R, i ∈ N[1,6], and
tuned R in order to minimize the minimally possible amax in Assumption 5.4.
For all examples in this chapter, we used 10 bisection steps for obtaining α in
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Fig. 5.1. The upper plot shows the evolution of the real (dashed) output
error ‖xt−x̂t‖1 and the upper bound at (solid) computed by the estimator.
The lower plot shows the times at which measurements are sent.

Problem 5.3, starting from α = 1. We chose M to be the set of all possible
schedules of length M = 6. We chose G = {e ∈ R2 | ‖e‖1 ≤ 1}, such that
et ∈ atG ⇔ ‖et‖1 ≤ at. The values for amin and amax in Assumption 5.4 were

chosen as amin =
ρµ̄M

1−λµ̄
M

= 0.8869 and amax = max{amin, λ
µ̄
i amin + ρµ̄i | i ∈

N[1,M ]} = 1.2638. With this choice of parameters, the self-triggered set-valued
estimator guarantees bounds on the estimation error which are comparable to
those guaranteed by a well-tuned Luenberger estimator receiving measurements
at every point in time. The initial conditions were set to x̂0 = x0 = [0 0]> and
a0 = amin. We ran 100 simulations for t ∈ N[0,59] with uniformly independently
distributed random disturbances wt ∈ W and vt ∈ V. Plots of the guaranteed
and actual estimation error for one of the simulations are shown in Figure 5.1,
as are the times when measurements were transmitted. The average number of
transmitted output measurements was 88% of that for the base schedule. This
example shows that a self-triggered set-valued estimator is able to reduce the
number of communicated measurements while guaranteeing the same (worst-
case) bounds on the estimation error as a set-valued estimator that receives
measurements at every point in time. Note that increasing the maximal bounds
on the estimation error allows to further reduce the number of communicated
measurements, as we show in the next example.

5.5.2 Multiple-output system

In the second example, we show that our self-triggered set-valued estimation
scheme can be employed to decide on which sensors to choose for future measure-
ments under the constraint that only one sensor may send its measurements at
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a given point in time. Let a∗min =
ρµ̄M

1−λµ̄
M

and a∗max = max{a∗min, λ
µ̄
i a
∗
min +ρµ̄i | i ∈

N[1,M ]}, i.e., a∗min and a∗max satisfy Assumption 5.4 with equality. In this exam-
ple we will furthermore show that by selecting amin > a∗min and amax > a∗max,
our self-triggered set-based estimator is able to significantly reduce the required
communication, at the price of obtaining a larger (but guaranteed) bound on
the estimation error. We again consider a system as defined in Section 5.2, the
system matrices are given by

A =

1 1 0
0 1 0
0 1 1

 and C =

[
1 0 0
0 0 1

]
. (5.32)

Note that the system is not detectable if only one the two output channels of the
system is used. The bounds on the disturbances are given by W = [−0.01, 0.01]3

and V = [−0.5, 0.5]2. The base schedule was chosen as µ̄ = [ 1 0 1 0
0 1 0 1 ]. For the

periodic Riccati equation and the LMIs in the offline computations in Algo-
rithm 1, we chose Qi = I3 and Ri = I2, i ∈ N[1,4]. We chose M to be the
set of all possible schedules of length M = 4, where at most 1 sensor is up-
dated at any given point in time. We chose G = {e ∈ R3 | ‖e‖∞ ≤ 1}, such
that et ∈ atG ⇔ ‖et‖∞ ≤ at. We obtain a∗min = 1.0978 and a∗max = 2.6410,
and we chose amin = 2 and amax = 4.5. The initial conditions were set to
x̂0 = x0 = [0 0 0]> and a0 = amin. We ran 100 simulations for t ∈ N[0,59] with
uniformly independently distributed random disturbances wt ∈ W and vt ∈ V.
Plots of the guaranteed and actual estimation error for one of the simulations
are shown in Figure 5.2, as are the times when measurements were transmitted.
The average number of transmitted output measurements was 63% of that for
the base schedule. In comparison, running a simulation for amin = a∗min + ε, and
amax = max{a∗min, λ

µ̄
i a
∗
min + ρµ̄i | i ∈ N[1,M ]} + ε, for ε = 0.5 · 10−4, yielded an

average number of transmitted output measurements was 99.23% of that for the
base schedule. Here, ε is included for numerical reasons.

5.6 Discussion on computational complexity and
implementation

In this section we briefly discuss issues regarding the computations involved with
and the implementation of the proposed scheme. The offline computations in
Algorithm 1 scale with the number of schedules. IfM = {0, 1}ny×M the number
of possible schedules scales exponentially with nyM .

The online computations require solving the LP related to the set-valued
estimator once for each t ∈ N, as given in Problem 5.1. These computations can
be done efficiently. For the examples in Section 5.5, the required computation
times are in the order of milliseconds on a desktop computer. At times tl, l ∈ N,
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Fig. 5.2. The upper plot shows the evolution of the real (dashed) output
error ‖xt − x̂t‖∞ and the upper bound at (solid) computed by the esti-
mator. The lower plot shows the times at which measurements are sent
over each of the two output channels.

it is required to solve Problem 5.4 to obtain the next schedule. This schedule
selection involves checking scalar inequalities, M for each schedule, which can be
done in milliseconds on a desktop computer, even when the number of schedules
is in the order of 104.

The measurement schedules that result from the self-triggered set-valued
estimator have to be communicated to the sensors at times tl, l ∈ N, as these
inform the sensors at which times they should communicate their measurements
in the timespan N[tl,tl+M ]. Communicating the schedules to the sensors will incur
additional communication. As the schedules are sequences of binary values with
length M , the amount of information that is to be communicated to the sensors
is rather small. The efficiency with which this information can be communicated
will strongly depend on the communication protocol that is used, which is beyond
the scope of this work.

5.7 Conclusions and outlook

In this chapter, we have proposed a self-triggered set-valued estimator with guar-
anteed bounds on the estimation error and the number of required measurement
updates. As shown in the examples, the estimator is able to exploit its current
knowledge of the size of the estimation error in order to decrease the average
number of required measurements when compared to a periodic update schedule.
The scheme is also able to schedule the measurements of multiple sensors.

Future work includes the improvement of the a priori bounds on the esti-
mation error based on (offline) min-max optimization. Further, the prediction
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of the estimation error bounds may also be improved by more involved online
computations based on solving linear programs similar to those of Problem 5.1,
which then leads to a trade-off between computational demand and network us-
age. Finally, the set-valued estimator might benefit from an increased number
of parameters describing the estimation error, when compared to the scalar at
currently used. This also requires careful study in the future.



Chapter 6

Conclusions, recommendations
and final thoughts

In this chapter, we present concluding remarks, recommendations for future work
and final thoughts.

6.1 Conclusions

In this thesis, control strategies have been developed that are tailored to control
problems where communication and/or actuation resource limitations play an
important role. The need for these strategies is motivated by applications and
developments in the area of NCSs and sparse control applications. In these areas
of control the communication and/or actuation resources available for executing
the control tasks are limited. Despite the fact that these resources are scarce,
they are still typically used at each periodic sampling instant based on con-
ventional time-triggered control strategies. In this thesis we provided aperiodic
control strategies that only require resources when the system really needs at-
tention, e.g., to meet a certain level of control performance or satisfy constraints
on states or inputs.

More specifically, we provided systematic design methodologies for optimal
sampling, control and communication strategies, where optimality reflects both
implementation costs (related to the required resource utilization) and control
performance. In fact, several resource-aware control strategies were developed
with the following crucial properties:

• significant reductions in resource utilization compared to time-triggered
control;
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• a priori closed-loop performance guarantees provided by design (in terms
of the original cost function), as well as asymptotic stability and constraint
satisfaction (if constraints are present);

• simultaneous design of both the feedback law and the triggering condition.

We will now describe these contributions in more detail.
Motivated by the three desired properties, in Chapter 2 we proposed a STC

strategy for obtaining sporadically changing input profiles for discrete-time lin-
ear systems with (discounted) quadratic cost. Regarding the performance guar-
antees, the control laws and triggering mechanisms were designed such that
an a priori chosen (sub-optimal) level of performance in terms of (discounted)
quadratic cost is guaranteed by design. Our proposed methodology provided a
solution to the problem of co-design of the feedback law and the triggering con-
dition, a problem hardly addressed in the literature. The designed STC strategy
can easily be implemented in practice as it results in a simple piecewise linear
control law. The effectiveness of the approach was illustrated by means of a
numerical example, showing a significant reduction in the usage of the system’s
resources, without trading much of the optimally achievable performance. In
fact, for the self-triggered LQR strategy, combinations of average resource uti-
lization and control performance levels are obtained, which are not achievable
with standard periodic time-triggered LQR solutions. As such, this work is one
of the first providing quantitative evidence that aperiodic control strategies, such
as the STC strategy proposed in this thesis, can significantly improve beyond
time-triggered periodic control. Also in the presence of disturbances, the STC
strategy realizes a significant reduction in the usage of network resources with
only a slight degradation in performance.

In Chapter 3, the ideas underlying the self-triggered control strategy in Chap-
ter 2 were extended to a novel self-triggered MPC scheme that can deal with
discrete-time nonlinear systems (without disturbances) that are subject to state
and input constraints and possibly non-quadratic cost functions. In fact, a
general framework for the self-triggered MPC strategy was proposed that can
be configured to generate both sparse and sporadically changing input profiles,
thereby having the ability to serve various application domains. The effective-
ness of the approach was illustrated by means of numerical examples, again
showing a significant reduction in the usage of the system’s resources, without
trading much of the achievable performance.

Two resource-aware MPC strategies for discrete-time linear systems subject
to state and input constraints exploiting rollout ideas were presented in Chap-
ter 4. For both sparse and sporadically changing input profiles, the strategies
provided a solution to the co-design problem. The first strategy allows the user
to select a desired level of suboptimality for the performance (in terms of the
original control cost function) and minimizes the number of times resources are
used to update the input, while guaranteeing the desired level of performance
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(as well as stability and constraint satisfaction). The second strategy provides
a guaranteed (average) resource utilization, while cleverly allocating these re-
sources in order to maximize the control performance (i.e., minimize the control
cost). The effectiveness of both approaches was illustrated by means of numer-
ical examples. In these examples, we observe that the first rollout strategy led
to significant reductions in the usage of the system’s resources, without trading
much of the guaranteed achievable performance. The second strategy demon-
strates that clever allocation of the available resources can lead to significant
reductions of the control cost.

In conclusion, the approaches proposed in Chapters 2-4, provide viable con-
trol strategies to balance the usage of the system’s resources and control perfor-
mance beyond the possibilities of standard periodic time-triggered controllers.
Interestingly, the presented frameworks are flexible in the sense that they can
be configured to generate both sparse and sporadically changing input profiles,
thereby having the ability to serve various application domains in which differ-
ent types of resources are scarce or expensive, e.g., communication bandwidth
in networked control systems, battery power in wireless control, or fuel in space
or underwater vehicles.

In Chapter 5, we proposed a resource-aware estimator for discrete-time linear
systems that reconstructs the plant state based on measurements, in situations
where the full state is not available to the controller. To reduce the communica-
tion between the sensors and the estimator with respect to a periodic sampling
strategy, we proposed a set-valued estimator that employs rollout techniques
in deciding at which times to take measurements. Moreover, at each time in-
stant an estimate of the plant state and a guaranteed bound on the difference
between the true plant state and the estimate were provided. This information
can subsequently be used in a state-based controller. As demonstrated by means
of numerical examples, the proposed estimator was able to exploit its current
knowledge of the size of the estimation error in order to decrease the average
number of required measurements when compared to a periodic update schedule.

6.2 Recommendations for future work

“In theory, there is no difference between practice and theory.
In practice, there is.”

J.L.A. van de Snepscheut

Although various relevant contributions to the field of resource-aware control
design are made in this thesis, a comprehensive system theory for resource-aware
control is currently not (yet) available. Therefore, several recommendations for
future research are given below, which can contribute to the deployment of
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resource-aware controllers in a large variety of control applications.

(Robustness w.r.t. model mismatch) The resource-aware control laws pro-
posed in this thesis employ information about the current state or output in
combination with a model of the plant in order to make decisions on future
control values and the times at which they are to be applied. A mismatch be-
tween the model that is used in the design of the resource-aware control laws
and the actual plant to be controlled might lead to errors in both the control
values as well as the times at which they are applied. In comparison, for model
based-time triggered control strategies only the control values are affected by
this mismatch (as the timing at which they are applied is already fixed). The
resource-aware control approaches developed in this thesis demonstrate that, by
using knowledge about the plant state combined with a model of the plant dy-
namics, significant reductions in resource utilization can be obtained (without
sacrificing much of the obtainable performance). The effects of a mismatch be-
tween the model used in the control design and the plant to be controlled were
not treated in this thesis. However, this issue requires careful study in the future.

(Robustness w.r.t. disturbances) Similar to a mismatch between the model
and the plant to be controlled, also disturbances acting on the system can cause
errors in both the control values as well as the times at which these values are
applied. In situations where the system is affected by disturbances, it is impor-
tant to include any available knowledge on these disturbances in the design of
the resource-aware controllers. Chapters 2 and 5 study resource-aware control
and estimation strategies, respectively, where the presence of disturbances is ac-
counted for in the design of the controller/estimator. Moreover, in [23], a robust
self-triggered MPC approach is presented along the lines of the ideas in Chapter
3 and a robust rollout MPC scheme in line with 4 is presented in [22]. In spite
of the availability of these results, further exploration of robust resource-aware
control techniques is required in order to cope with the many different types of
disturbances present in various control applications.

(Including network-induced artifacts) Due to the inherent limitations of
resources in NCSs, the results in this thesis offer great potential in this area of
control. However, in NCS there are many challenges such as packet dropouts,
time-varying delays and communication constraints, which were not considered
in this thesis. Of course, by reducing the network usage the effects of these arti-
facts are smaller. For instance, if the network usage is smaller also the number
of packet losses will decrease. Still these artifacts can have a major influence on
stability and performance, if they are not carefully addressed in the design of the
controller and are deserving a rapidly growing interest in the NCSs literature.
In implementing the presented results in the context of NCSs, it is important
that these network-induced phenomena are included in the analysis and design
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of resource-aware control approaches.

(Compare with methods available in the literature) Many interesting
results on resource-ware control have appeared in the recent literature, inspired
by a large variety of areas in control where resource limitations play a role.
Although the effectiveness of the resource-aware control laws in this thesis has
been demonstrated by means of various numerical examples, a study comparing
the proposed strategies with similar strategies available in the literature is not
treated in this thesis. Such a comparison study could provide further insight in
the particular advantages and disadvantages of the techniques developed in this
thesis.

6.3 Final thoughts

Many theoretical and experimental results appearing in the recent literature on
resource-aware control show that these strategies are capable of reducing the
utilization of resources required to execute the control tasks, while retaining a
satisfactory closed-loop performance. In spite of these recent developments, the
actual deployment of this novel control paradigm in relevant applications is still
rather marginal. To foster the further development of resource-aware control
approaches in the future, it is therefore important to validate these strategies
in practice. Moreover, even though many interesting results are currently avail-
able, the system theory for resource-aware control is far from being mature,
certainly compared to the vast literature on time-triggered (periodic) control.
The contributions in this thesis and future explorations, possibly along the lines
of the recommendation given above, can lead to such a mature system theory for
resource-aware control strategies. However, most importantly, the results in this
thesis demonstrate that combinations of average resource utilization and con-
trol performance levels can be obtained, which are not achievable with standard
periodic time-triggered solutions.
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Summary

Resource-aware control and estimation:
An optimization-based approach

Recent developments in computer and communication technologies are leading
to an increasingly networked and wireless world. In the context of networked
control systems this raises new challenging questions, especially when the com-
putation, communication and energy resources of the system are limited. Similar
questions also arise in sparse control, where the system’s actuation resources are
limited.

In both networked control and sparse control it is important to efficiently
use the available resources by limiting the control actions to instances when the
system really needs attention. Unfortunately, the classical time-triggered control
and estimation paradigms are based on executing sensing and actuation actions
periodically in time (irrespective of the state or output of the system) rather
than when the system needs attention. Therefore, it is of interest to consider
aperiodic control and estimation schemes as a resource-aware alternative, as it
seems much more natural to sample the state or output based on well-designed
event conditions. By determining the executing times based on state or output
information, we effectively bring feedback in the sensing, communication and
actuation processes. The conditions specifying the event conditions considered
in this thesis are of a self-triggered nature, meaning that the controller and/or
estimator decide, based on the information currently available, when to schedule
the next sensing and/or actuation instance. We will design the triggering condi-
tions leading to optimal sampling, control and communication strategies using
an optimization-based approach, where optimality will reflect both implementa-
tion costs (related to the number of communications and/or actuator changes)
as well as control performance.

Firstly, we propose a self-triggered control strategy for discrete-time linear
systems subject to disturbances, based on performance in terms of a quadratic
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discounted cost. The presented self-triggered strategy possesses three important
features, namely: the control laws and triggering mechanisms are synthesized so
that a priori chosen performance levels are guaranteed by design; they realize
significant reductions in the usage of communication/actuation resources; and
finally, the co-design problem of jointly designing the feedback law and the trig-
gering condition is addressed. The ideas underlying this self-triggered control
strategy are also exploited to derive a novel self-triggered control scheme that
can deal with nonlinear systems that are subject to state and input constraints
(without disturbances).

Secondly, we propose two resource-aware MPC strategies for discrete-time
linear systems subject to state and input constraints exploiting rollout ideas.
The presented rollout approaches are based on a dynamic programming formu-
lation of the co-design problem of both determining the feedback law and the
triggering condition. One of the proposed rollout approaches provides perfor-
mance guarantees, in terms of the control cost, by design. The other proposed
rollout approach provides a guaranteed (average) resource utilization, while clev-
erly selecting when to use each of the actuators in order to maximize the control
performance.

Finally, all the approaches above rely on the availability of the full state
through measurements. In case the full state is not available it is of interest
to use a resource-aware estimator that reconstructs the plant state based on
measurements. The final contribution of the thesis is a self-triggered estimator
for discrete-time linear systems subject to unknown but bounded disturbances
affecting both the system states and outputs. The proposed self-triggered esti-
mator is a set-valued estimator that employs rollout techniques to reduce the
communication between the sensors and the estimator compared to a periodic
sampling strategy. Moreover, at each time instant it provides an estimate of
the plant state and a guaranteed bound on the difference between the true plant
state and the estimate. This information is relevant for further use in state-based
controllers such as the ones proposed in other parts of the thesis.

In summary, this work presents several optimization-based approaches to ob-
tain optimal resource-aware control and estimation strategies, where optimality
reflects both implementation costs and control performance. The effectiveness
of the presented strategies is demonstrated by means of various numerical ex-
amples.
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