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Summary
Nuclear fusion is the process where two light nuclei collide to form one heavier
nucleus. The process is accompanied by the release of energy, which scientists
have tried to harness in a controlled way since the 1950s. In a fusion machine the
fuel is heated to millions of degrees Celsius, at which it is in the plasma state. In
the most advanced fusion reactor design, the tokamak, the plasma is confined in a
torus by a magnetic field which is created by external coils and a current induced
in the plasma. The configuration of the magnetic field has a direct influence on
the performance of the reactor, measured by how long the energy can be confined
by the system. The magnetic field is, however, not accurately known, because
the current density profile, resulting from self-organisation of the plasma, is not
known to high accuracy. To understand and control the performance-enhancing
effects of the magnetic field on the energy confinement, it must first be determined
experimentally, either by a direct measurement, or by an indirect reconstruction
of the plasma equilibrium.
The research in the first part of this thesis is focussed on the reconstruction of
the magnetic field using the motional Stark effect (MSE) diagnostic. The MSE di-
agnostic measures the emission of fast neutral particles injected into the plasma.
The particles experience a Lorentz electric field 𝐸𝐿 = 𝑣×𝐵, depending on their
velocity 𝑣 and magnetic field 𝐵, resulting in a Stark splitting of the emission lines.
The degenerate emission is polarised with respect to 𝐸𝐿, from which information
about the pitch of the magnetic field can be inferred. The magnetic field is re-
constructed from measurements of the polarisation angle in combination with a
physical model of the system. Research has been done on MSE systems at two
different tokamaks: KSTAR in Daejeon, South Korea and
ASDEX Upgrade in Garching, Germany.

Measuring the polarised emission with an accuracy of only a few tenths of degrees,
required for a physical evaluation, is challenging due to the many error sources
and because the polarisation angle itself is a small quantity. At KSTAR, a multi-step
calibration routine has been developed for the commissioning of a newly installed
MSE system. The calibration involves an in-vessel calibration to correct changes
in the measured polarisation angle induced by optical components, elimination
of Faraday rotation caused by changes in the retardance of optical components
exposed to magnetic fields, a calibration of the (hardware) bandpass filters used
to select the polarised emission from the background emission, as well as a cross-
check of the reconstructed magnetic field against magnetic instabilities recorded
by secondary diagnostics, which is required to eliminate systematic uncertainties
of currently unknown origin. With the calibration routine the polarisation angle
can be reconstructed with an accuracy of 0.2◦ in 10 ms intervals. The diagnostic
was used to measure changes in the magnetic field structure during the sawtooth
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instability, a plasma instability which expels the hot plasma core when too much
current is driven in the plasma centre. No conclusive theories describing the phe-
nomena have been established since it was first measured in 1974. The developed
theories make different predictions of changes of the magnetic topology in the
plasma centre, which could not be confirmed experimentally with the required
accuracy. In this work so-called monster sawtooth instabilities (sawtooth insta-
bilities with exceptionally long durations) have been analysed and the change in
magnetic topology is shown to be in accordance with the Kadomtsev model of
magnetic reconnection.
Secondly, at ASDEX Upgrade an "MSE observer" has been implemented to provide
accurate estimates of the pitch angle in situations where only noisy measurements
are available. A state observer estimates the state of a system based on input and
output measurements. The implemented observer uses an extended Kalman filter
(EKF) to combine polarisation angle measurements with predicted measurements
from the plasma simulator RAPTOR (which solves the poloidal flux diffusion and
electron transport equation). It is shown that by combining (noisy) measurements
and (inaccurate) model predicted measurements a more accurate estimation of the
magnetic topology is possible than by either alone. The implemented design is able
to reconstruct the current density profile with high accuracy in situations where
the measurement uncertainty is as high as 0.5◦ and the model is (deliberately)
severely perturbed. This is an important first step towards a robust, real-time MSE
constrained equilibrium reconstruction, for which both the EKF and RAPTOR code
are suitable, owing to their high speed. Furthermore, the measurement predicted
by RAPTOR can be used in situations, or at machines, where no MSE diagnostic is
available. Then, the EKF will provide the measurement predicted by RAPTOR to
the Grad-Shafranov solver as a physics-based constraint to the internal magnetic
field. This can improve today’s equilibrium reconstruction, where, if no MSE di-
agnostic is available, information about the magnetic field is only available at the
plasma edge and the magnetic topology in the plasma centre is estimated based
on predefined profiles matching the boundary condition at the edge.

The tokamak is only one of many fusion concepts. Devices commonly referred
to as Fusors confine ions with static electric fields. This confinement principle is
called inertial electrostatic confinement (IEC). IEC devices consist of a grounded,
typically spherical, vacuum vessel in which a transparent grid is centred. The ves-
sel is filled with the fuel gas at low pressures and a negative potential is applied
to the grid. If the potential difference between the grid and vacuum vessel is high
enough, plasma breakdown occurs and ions accelerate towards the centre of the
device where they can collide with other ions or neutrals and might fuse. Fusors
are not under consideration as a fusion power plant due to their low performance,
but could serve for industrial applications requiring a cheap neutron source.
In this work the influence of experimental and geometric parameters on the neu-
tron production rate is analysed. A model is developed to determine the ion
source-function, describing at which distance from the cathode grid ions are cre-
ated. The model matches spectroscopic observations, which show that the bulk of
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the ions are created in the vicinity of the grid, and thus have little kinetic energy
when passing through the cathode. The model shows a weak dependence of the
source function on experimental parameters (pressure, grid potential and grid ra-
dius), but predicts a decrease in slow ion current (i.e. ions generated inside the
cathode and colliding with the grid) at low pressures. Then, more current is avail-
able for high energy ions and an increased fusion rate is expected, which is exper-
imentally confirmed. Furthermore, the influence of the high voltage feedthrough
(which connects the grid to the power supply) on the ion trajectories is analysed.
It is shown that an insulator surrounding the stalk is necessary to restore radial
symmetry of the electric field. Without such an insulator, the majority of the ions
will collide with the stalk and not oscillate at all.

A fundamental problem with IEC devices are scattering losses caused by collisions
between ions and electrons. Fusors were designed with the goal to sustain a non-
Maxwellian ion velocity distribution. However, ions quickly thermalise due to the
large Coulomb scattering cross section and their reduced energy lowers the fusion
cross section and thus the performance. To overcome this principal limitation, a
redesign based on the geometry of a fusor is proposed. The conceptual design
confines pure ion bunches in a spherical geometry at low pressures in an electron
free system. Similar to a classical IEC device, the ion bunches are confined on
oscillatory trajectories and collide in the centre of the device. However, additional
pulsed grids are used to spatially compress the bunches during each oscillation
and to retain them at a non-Maxwellian velocity distribution. This increases the
efficiency by reducing energy losses to electrons, mitigates thermalisation caused
by ion-ion collisions and maximises the fusion cross section. A spherical geometry
is chosen to compress the bunches transversal to the oscillatory direction and to
ensure that all ions converge in the centre of the device. The design is simulated
with the General Particle Tracer (GPT©), code. The simulations are used to deter-
mine the timing and strength of the pulsed electric field to compress and sustain
the ion bunches. It is shown that a geometry similar to the TU/e fusor can be used
to confine pure ion bunches with densities up to 1 ·1014 m−3 for thousands of oscil-
lations. The concept is limited to confining only ions with equal mass, effectively
limiting the available fuel to deuterium. Fuel composed of different species, such
as the favoured deuterium-tritium, would result in different oscillation periods
and consequent debunching. A workaround for this limitation could be to collide
the species at their lowest common oscillation time, e.g. pure deuterium-tritium
bunches at a period of 2×3 = 6 times the hydrogen oscillation time.
In the current design the density is limited by transversal bunch confinement.
For the advancement of the concept, for example to an industrial viable neutron
source, design modifications are required. Such can be an increased number of
bunches, or the addition of high-density targets in the centre of the device. With
the later, the largest gains are possible, but the principle challenge of removing
the electrons from the target must be overcome to keep the losses low. Now that
the feasibility has been shown, an experimental proof of principle and design op-
timisations are required as the next steps.
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Introduction



2 Introduction

I.1 Prelude

I.1.1 The dream of never-ending energy

Figure I.1.1: Cropped view of the most complete picture of the observable
universe by P. Budassi [1]. Our local gravitational fusion reactor – the sun –
is shown centred amidst millions of other fusion devices brightening up our
nights.

Since the beginning of time, humans were fascinated by the sun, its importance
manifested by an array of solar deities [2]. Kiloyears later, once the old gods were
shaken off, and a new god called science took over, we strived to understand the
sun and its processes. At last, breakthrough came when Eddington [3, 4] and
Bethe [5], with the help of a little E = mc2, explained the suns energy production
cycle based on nuclear fusion: the process of combining light particles into heavier
ones accompanied by a release of energy.

The curiosity of mankind has however not stopped here, but one wonders if we
can tame the old gods and ignite the fire of the sun on earth to produce energy for
generations to come. After the fast success with fission power plants and achieving
the first stellar fire on earth, the hydrogen bomb, in 1952 [6], scientists were
optimistic to create a stable, burning fusion reactor soon after.
And thus began a long journey riddled with stepping stones and setback which is
still ongoing at the time of writing ...

I.1.2 Harnessing fusion on earth

Creating a machine which can produce net power based on nuclear fusion offers
the promise of never-ending energy due to the abundance of hydrogen. There
are a variety of approaches pursued today. The technologically most advanced
concepts are designed to fuse two heavy hydrogen isotopes, specifically:
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D+T−→ 4He(3.5 MeV)+n(14.1 MeV) (I.1.1)

This reaction is favoured because it has the highest fusion cross section (a charac-
terisation for the probability that a fusion reaction will occur) at the lowest particle
energy (or temperature).

The reasons why after 60 years of intense research we have not been able to
achieve a stable, power generating fusion discharge are manyfold, but the funda-
mental physics limitation is captured in figure I.1.2.
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Figure I.1.2: Comparison be-
tween fusion power gain and the
losses due to Coulomb scattering
of a fast deuterium ion transvers-
ing through a deuterium or tri-
tium target. In a charge neu-
tral system the losses always out-
weigh the gains (see red line),
leading to fast thermalisation of
the fuel and the requirement for
confinement of high temperature
plasmas.

Figure I.1.2 compares the power lost due to Coulomb collisions against the power
gained from fusion reactions of a fast deuterium particle transversing through a
stationary deuterium and tritium target. In a charge neutral target, i.e. when elec-
trons are present, the losses always exceed the gains independent of the incidents
particle energy. This is a fundamental limitation and direct result of the (unfortu-
nately) small fusion cross sections. Since the fusion reaction between deuterium
and tritium has the highest cross section, the situation worsens for other fuels.

However, the sun does shine and achieving energy gain through fusion reactions
is possible, but it is not as simple as firing fast particles at each other. Because
the particles always thermalise faster as fusion reactions take place, reactors are
designed to confine a thermal plasma. Whether the gains outweigh the losses
in a thermal plasma depends on the plasma density n, its temperature T , and the
energy confinement time τE . Fusion reactors are designed to reach "ignition" of the
plasma, which is achieved when the plasma temperature is sustained by α-particle
heating alone. The requirements on the density, temperature and confinement
time to ignite the plasma are [7]:
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nτE ≥ 12

〈σv〉
T

E f
, (I.1.2)

where 〈σv〉 is the over the temperature averaged cross section and velocity of the
ions and E f the energy released per fusion reaction. For deuterium-tritium, the
minimum is expected at temperatures between 10−20 keV, where equation I.1.2
can be approximated as

nτE T > 3 ·1021 keV m−3s. (I.1.3)

This gives a clear requirement on the density, temperature and confinement time
when designing a fusion reactor. Numerous different designs have been concepted
over the years to overcome the losses and create an energy producing fusion re-
actor. Two of them, which are subject to this thesis, are the tokamak and IEC
devices:

Part A: Tokamaks A tokamak is a type of fusion reactor which confines a ther-
mal plasma with magnetic fields. The performance of a tokamak and sta-
bility of the plasma confinement are strongly interlinked with the magnetic
topology, which is generated by external coils and a current induced in the
plasma. The distribution of the current is however not known, as is the re-
sulting magnetic field. In the first part of the thesis the magnetic field struc-
ture in a tokamak is calculated by constraining plasma equilibrium solvers
with the motional Stark effect (MSE) diagnostic.

Part B: IEC and EdC devices Due to the high cross section of Coulomb scatter-
ing, plasmas quickly thermalise. Inertial electrostatic confinement (IEC) de-
vices confine ions with static electric fields and are believed to be able to
uphold a non-Maxwellian ion velocity distribution, although this is a con-
troversial claim. In part B of the thesis, ways to increase the performance
of IEC devices are explored, and secondly, a novel design confining ions us-
ing electrodynamic confinement (EdC) is proposed. The EdC reactor uses
pulsed electric fields to uphold a non-thermal distribution of ions in order
to optimise the fusion cross section and minimises other loss mechanisms
dominant in IEC devices.

In the next two sections, both parts of the thesis are introduced with their associ-
ated research question.
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I.2 Part A: Reconstruction of the current density pro-
files in tokamaks

The technologically most advanced concepts for a net energy generating fusion
machine is the tokamak. In a tokamak, magnetic fields are used to confine a
deuterium-tritium plasma, which is heated to approximately 150.000.000◦C. A
schematic of a tokamak is shown in figure I.2.1.
To confine both electrons and ions, a helical magnetic field is required. Using
solely a toroidal field would lead to charge separation in the plasma, resulting
in a drift of the plasma column into the wall [8]. The toroidal component of
the field is generated by toroidal magnetic field coils surrounding the plasma. To
generate the poloidal magnetic field, a current is induced in the plasma by the
transformer principle: The inner poloidal field coils, also referred to the central
solenoid, act as the primary winding of a transformer, the plasma is the secondary
winding. The induced current creates the poloidal magnetic field required for
plasma confinement.

Figure I.2.1: Schematic of a tokamak. The helical magnetic field required for
plasma confinement is generated by the toroidal field coils and a current in-
duced in the plasma. The plasma current is induced through the inner poloidal
field coils. Additional magnetic coils are required for plasma positioning and
shaping. Image reprinted from [9].

Tokamaks have made tremendous progress since their inception. However, their
operation is difficult due to numerous instabilities in the plasma and energy break-
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even has not been demonstrated, yet. To list all difficulties associated with toka-
mak operation is out of the scope of this thesis; three problems directly associated
with the conducted research are:

Tokamak plasmas are pulsed by design, rather than continuous:
The plasma current required to uphold the poloidal magnetic field is induced
via the transformer principle. This requires a constantly changing current
in the central solenoid, which is not indefinitely possible. These ohmically
driven discharges are limited to ≈ 1000 s for a reactor the size of ITER (the
largest tokamak to date, currently being built in Cadarache, France).

The performance of tokamaks strongly depends on plasma configuration:
In an ohmic scenario, the current density profile is peaked in the plasma
centre and monotonically decreases towards the plasma edge. Using various
actuators it is possible to manipulate the current density profile in such a
way, that it is peaked off-axis. It was found that this can improve the energy
confinement time, the metric of how well energy is confined in the system,
leading to increased core temperatures and ultimately higher fusion output.
These so-called advanced scenarios are also investigated as a way to increase
the pulse length, or even operate the tokamak continuously.

Plasma instabilities decrease the performance and can cause structural damage:
A number of current driven instabilities exist which degrade plasma confine-
ment and lead to a decrease in performance. The most severe instabilities
can lead to disruptions - the sudden loss of confinement. During a disrup-
tion the energy stored in the plasma is deposited in the tokamak structure.
For the current generation of devices this is still acceptable and a frequently
occurring event. However, in the next generation device ITER, the energy
stored in the plasma is so large, that a disruption can lead to structural dam-
age of the reactor and must be avoided [10].

To understand and control these problems as well as to optimise the performance
of a tokamak, the current distribution in the plasma must be known, and con-
trolled. However, even 60 years after the first tokamak was built, no direct, lo-
cal measurement of the current density profile is available. Instead, equilibrium
solvers, which solve the plasma force balance

∇𝑝= 𝑗×𝐵 (I.2.1)

are used to calculate the pressure and current distribution in the plasma. In equa-
tion I.2.1, 𝑝 is the plasma pressure, 𝑗 the current density and 𝐵 the magnetic
field. To solve the force balance, i.e. reconstruct the equilibrium, the solver must
be constrained by internal and external measurements to arrive at meaningful re-
sults. The Motional Stark Effect (MSE) diagnostic can be used as a constraint on
the current density profile. The MSE diagnostic provides a measure of the mag-
netic pitch angle, the angle between the poloidal and toroidal magnetic field. It
analyses the emission of fast neutral particles injected into the plasma which is
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polarised with respect to the magnetic field. The first MSE system was designed
and built by Levinton in 1989 [11] and similar diagnostics have been built at a
number of different tokamaks [12, 13, 14, 15].

Depending on the investigated physics, the tolerable measurement uncertainty
can be as low as 0.1◦, a challenging task at hand due to numerous sources of
measurement uncertainties. Furthermore, offline reconstruction is merely the first
step, towards control of current density profile where real-time measurements are
required. Real-time capable MSE diagnostics have been built at ASDEX Upgrade
[16] and JT-60 [17] and DIII-D [18]. Unfortunately, the MSE system at ASDEX
Upgrade can only be used in a limited number of discharges because polarised
background light distorts the measurement. With this in mind, the author investi-
gates:

Research questions and approach

Q1: Can the polarisation angle be measured with an un-
certainty of ∆γ≤ 0.2◦ on a newly installed MSE system at
the KSTAR tokamak?

Q2: Is it possible to use model-based prediction to reduce
the high uncertainties at the MSE diagnostic at ASDEX-
Upgrade tokamak?

These questions are investigated in Part A of the thesis. A brief summary of the
research on the two tokamaks is:

KSTAR (Q1): An MSE system was designed and built in collaboration with Eind-
hoven University at the KSTAR tokamak. For the commissioning of the di-
agnostic a device independent calibration routine was developed. The cal-
ibration accounts for systematic uncertainties arising from the diagnostic
assembly, measurement deviations due to the strong magnetic fields of the
tokamak as well as systematic uncertainties of unknown origin. With this, it
was possible reduce ∆γ below 0.2◦ for measurements averaged over 10 ms
and accurately reconstruct the current density profile.
The diagnostic is used to investigate the sawtooth instability, a current driven
instability which expels the hot plasma core if too much current is driven in
the plasma centre. For this event, theoretical models have different predic-
tions of the response of the current density profile. The results of the analysis
point towards the Kadomtsev model of magnetic reconnection.

ASDEX Upgrade (Q2): The ASDEX Upgrade tokamak has a real-time capable
MSE system. However, since the wall surrounding the plasma has been
equipped with metallic tiles, measurements of the MSE system are perturbed
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due to polarised reflections originating from the wall opposite of the MSE di-
agnostic window. To obtain accurate estimates of the polarisation angle, a
model-based observer is implemented. It combines error-prone measure-
ments with predicted measurements from a model describing the system to
obtain accurate estimates of the system. As a model the plasma simulator
RAPTOR is used to estimate the current density profile and by using an ex-
tended Kalman filter, the predicted measurement and real measurement are
combined to improve the accuracy of the MSE diagnostic. With this approach
an accurate estimation of the current density profile is demonstrated in sit-
uations where the model was deliberately perturbed and the uncertainty ∆γ
is as high as ∆γ= 0.5◦.

These topics are discussed in detail in the first half of the thesis: After a more in
depth introduction to tokamaks in section A.1, the MSE diagnostic and the setup
at the KSTAR tokamak are explained in section A.2. Challenges and recent de-
velopments of MSE systems are reviewed in section A.3 before the reconstruction
algorithm, used to calculate the polarisation angle from the raw data, is explained
in section A.4. The work at the KSTAR tokamak (research question Q1) is pre-
sented in section A.6, followed by the implementation of the observer at the AS-
DEX Upgrade tokamak in section A.6 (research question Q2). Part A is concluded
in A.7.

I.3 Part B: Design of a non-thermalising fusion reac-
tor based on the concept of inertial electrostatic
confinement

The previously introduced tokamak reactor is only one of a whole zoo of fusion
concepts; an overview of various concepts grouped by confinement principle is
shown in figure I.3.1. Two of the confinement principles are magnetically con-
fined (MFE) or inertial confined (IFE) devices. The tokamak is a type of closed,
magnetically confined machine: the plasma is closed upon itself in a torus and
confined by magnetic fields. In inertial confinement reactors, the fuel, usually
provided in the form of a solid pellet, is heated in a very short time by an external
energy source, for example a laser. The pellet implodes upon itself and for a very
short time fusion relevant conditions are reached. During this time the plasma
is confined by the inertia of the particles. Thus the name, inertial confinement
fusion.
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Figure I.3.1: Taxonomy of various fusion machines, reprinted from [19]. The
different concepts are grouped into closed and open systems, inertial fusion
experiments and smaller subcategories. As depicted, in comparison to open
systems, closed systems do not have open ends to reduce the losses. In closed
and open systems the fuel is confined by electric or magnetic field. In inertial
fusion experiments the fuel is rapidly heated and fusion conditions are achieved
for only a short time, in which the ions are confined by their own inertia.

A subset of the described inertially confined fusion machines are inertial electro-
static confinement (IEC) devices, often referenced as fusors (top right in figure
I.3.1). The concept stems from designs by Farnsworth and Hirsch [20, 21] from
the 1960s. In a fusor, a highly transparent grid at negative potential is placed in
a grounded vacuum chamber. The chamber is filled with the fusion fuel. If the
right experimental settings are chosen for the pressure, the distance between elec-
trodes and a high enough potential difference is applied between the grid and the
vacuum chamber, plasma breakdown occurs. The ions are attracted towards the
centre, electrons accelerate towards the vacuum vessel. Ions missing the grid will
pass through the cathode region due to their inertia (thus the name IEC) and will
begin to oscillate (they are confined). Amongst others, fusion collisions can occur
between two fast ions or a fast ion and the background gas. The design of a typical
fusor is shown in figure I.3.2.

Fusors have been built in a number of laboratories around the world [22, 23, 24,
25], and due to the relatively simple setup, the fusor is a popular device amongst
fusion enthusiasts [26]. The University of Eindhoven has built its own device in
2013 [27]. Unfortunately, as Rider showed, fusors are unlikely to be operated
in a regime with net energy gain [28]. His analysis concludes, amongst other
things, that fast ions thermalise through collisions with other ions 2-3 orders of
magnitude faster than they fuse. In an ideal fusor ions oscillate indefinitely until
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they fuse and loose only little energy along the way. However, as Rider showed,
thermalisation occurs on fast timescale and contrary to previous reports [29, 30],
a non-Maxwellian energy distribution amongst ions cannot be sustained. This
should not come as a surprise since no external drivers exist to hinder the ions
from thermalising.

to pump

stalk

stalk support
and HV feedthrough

to pump

to power supply

grid at 
neg. potential

diagnostic 
port

Figure I.3.2: Schematic of a fu-
sor. Ions are attracted to the cen-
tre by the negative potential ap-
plied at the grid. If they do not
collide with the grid, the ions can
get confined on oscillatory trajec-
tories.

Even though fusors may not be suitable as a fusion power plant, they may be
used as compact neutron generators for industrial applications, when operated
with deuterium as a fuel. Deuterium has a ≈50% probability to produce a neutron
when fusing:

D+D−→ 3
2He(0.82 MeV)+n(2.45 MeV) [50%] (I.3.1)

D+D−→T(1.01 MeV)+p(3.02 MeV) [50%] (I.3.2)

However, besides the already mentioned fast thermalisation, other loss mecha-
nisms are limiting the performance of fusors: two of them are ion losses through
neutralisation and an unfavourable ion velocity distribution. The high charge ex-
change cross section will, at typical operating pressures, only allow for a few oscil-
lations before ions are neutralised. Secondly, spectroscopic measurements suggest
that the majority of the ions are created close to the cathode and thus only gain a
fraction of the available potential energy. The slow ions will use-up a large fraction
of the supplied power, but only make a small contribution to the reaction rate (a
more detailed description of both loss mechanisms is provided in section B.1.3).
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Research question and approach

To improve the performance in IEC devices, the losses must be reduced and the
number of fast ions must be increased. As part of this research, two approaches
are pursued:

(i) Performance optimisation
of IEC devices

(ii) Design reconception to reduce
intrinsic losses

Thermalisation and neutralisation
losses are difficult to reduce because
they are determined by the (fixed)
cross sections and pressure required
for plasma breakdown. Secondly, the
low number of fast ions, caused by a
peaking of the ion birth radius towards
the cathode can be influenced. As part
of this research on increasing the per-
formance in a fusor, it is investigated
whether ...

Energy losses via Coulomb scattering
and fast ion losses through charge ex-
change collisions are difficult to miti-
gate because the working principle of
a fusor relies on a high gas pressures
for ion creation. To reduce these losses,
a new confinement principle in an elec-
tron free system is proposed. The sec-
ond part of the IEC research tackles the
questions, whether ...

... the ion birth radius, and thus
the ion velocity distribution, can be
influenced by experimental parame-
ters?

... oscillating, colliding, pure
ion bunches can be sustained at
a non-Maxwellian velocity distribu-
tion?

To answer the question, model and ex-
perimental results are analysed to un-
derstand the influence of the pressure,
cathode potential and cathode radius
on the ion velocity distribution, and
furthermore the influence of the stalk
on the symmetry of the vacuum electric
field is evaluated.

Herefore a design is proposed which
uses pulsed electric fields to compress
ion bunches in real- and velocity-space
during every oscillation. The design
hinders thermalisation and also re-
duces charge exchange losses by using
external ion sources in a high vacuum
system. The feasibility of such a sys-
tem is demonstrated with particle sim-
ulations.

Part B of the thesis is structured as follows: after an introduction to IEC devices in
section B.1, the experimental setup at TU/e as well as the research on shifting the
ion velocity distribution is summarised in section B.2. The feasibility of the con-
finement of non-Maxwellian ion bunches is demonstrated in section B.3, followed
by the conclusions in section B.4.





Part A:
q-profile reconstruction using
the motional Stark effect
diagnostic



14 Part A: q-profile reconstruction using the MSE diagnostic

A.1 Introduction to tokamaks and the safety factor

The most successful and advanced concept for an energy producing fusion reactor
is the tokamak. Tokamaks are designed to confine a deuterium-tritium plasma at
approximately 150.000.000◦C with magnetic fields. The tokamak was invented
by soviet physicists Igor Tamm and Andrei Sakharov in the 1950’s in Russia. After
its outstanding performance was confirmed by western physicists, tokamaks were
built in laboratories around the world. The tokamak principle is depicted in A.1.1.
The plasma is confined inside a donut shaped vacuum vessel by a helical magnetic
field. The field is generated in part by toroidal field coils encircling the plasma
and in part by a current carried by plasma. Only the toroidal component of the
magnetic field, generated by the toroidal field coils, can be measured directly.
The poloidal magnetic field is not known, because the current distribution in the
plasma, i.e. the current density profile 𝑗, is the result of the self-organisation in
the plasma which is not controlled externally [31].

Figure A.1.1: Magnetic field required to confine a plasma in a tokamak. A
helical field is required for the confinement of ions and electrons. The toroidal
component is generated by external magnetic coils, the poloidal component is
generated by a current which is induced in the plasma. Reprinted from [32].

Knowledge of the magnetic field is important for tokamak research, as will be
explained via the safety factor q. Instead of evaluating the magnetic fields or
current density, its derived quantity, the safety factor q(ψ) is used as a figure of
merit in tokamak research:

q(ψ) = 1

2π

∮
1

R

Bφ

Bp
dl , (A.1.1)

with toroidal magnetic field Bφ and poloidal magnetic field Bp , poloidal mag-
netic flux ψ (introduced later in this section), and major radius R (the distance
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from the geometric centre of the tokamak to the geometric centre of the vac-
uum vessel). The integration is carried out over one poloidal turn on a flux tube,
see figure A.1.3. In a circular tokamak the safety factor can be approximated as
q = m/n ∝ 1/ j , where m and n are the number of toroidal and poloidal turns a
field line makes before closing on itself.

The safety factor q is preferred over the current density j for a number of reasons:

Stability: As the name implies, q is an important figure for plasma stability.
Magnetic islands can form rational values of q, which reduce plasma con-
finement. If the central q-value approaches unity, the so-called sawtooth
instability occurs, which periodically expels the hot plasma core [33, 8]. If
q at the edge drops below 2 the plasma will disrupt, i.e. a sudden loss of
confinement occurs, which can lead to structural damages in future devices.

Performance: In a "classical" tokamak discharge (the current is only inductively
driven resulting in a high temperature and large current density in the plasma
centre), the safety factor monotonically decreases from the edge to the cen-
tre. Advanced operation modes (AT) have been discovered which have im-
proved confinement, leading to higher temperatures in the plasma core. In
these advanced scenarios, regions within the plasma exist in which radial
transport is suppressed by so-called internal transport barriers (ITB). ITB’s
occur in regions with low, zero, or reversed magnetic shear s, defined as
s = r /q ·d q/dr . In AT operation, the q-profile does not decrease monoton-
ically, but is flat or has a minimum as shown in figure A.1.2. To access
advanced operation modes, the q-profile is modified by heating and current
drive actuators. To study the phenomena of radial transport suppression,
access advanced operation modes, and later control the current distribution,
knowledge (and control) of the q-profile is required.

Dimensionless parameter: The pitch of the magnetic field, expressed in the safety
factor, is a dimensionless parameter and is useful to compare different toka-
maks. The same stability criteria apply to all machines, making q a good
figure of merit.

𝑞-profile reconstruction
No direct measurement of q, J , or is available, and direct measurements of the
magnetic field are typically not available, but in principle possible [34]. To calcu-
late the safety factor, the magnetic field structure is required, which in combina-
tion with the pressure profile is commonly referred to as the plasma equilibrium.
The plasma equilibrium is obtained by solving the force balance in the plasma, for
which numerous numerical solvers exist [35, 36]. The force balance states that at
any point in the plasma, the plasma pressure p must be balanced by the magnetic
pressure:

∇p = 𝑗×𝐵, (A.1.2)
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with current density 𝑗 and magnetic field 𝐵. For axisymmetric equilibria (i.e.
equilibria independent of the toroidal angle), the magnetic field lines lie in nested
toroidal magnetic surfaces, so-called flux tubes or flux surfaces (the magnetic flux
within a flux tube is constant), shown in figure A.1.3. From equation A.1.2 it is
clear that 𝐵 ·∇p = 0 and 𝑗 ·∇p = 0, i.e. the pressure and the current are constant
on a flux tube. When analysing tokamak equilibria the poloidal flux ψ= Î

S B dsz

is commonly used as radial coordinate. The poloidal flux is also a flux quantity.
i.e.

Î
S1 B dsz =

Î
S2 B dsz .

With this knowledge and by using Ampere’s law, H. Grad, H. Rubin (1958), and
Vitalii Dmitrievich Shafranov (1966) reformulated equation A.1.2 for 2D equilibria

Figure A.1.2: The core temperature can be elevated by the formation of ex-
ternal (ETB) or internal transport barriers (ITB), i.e. zones of reduced radial
transport. ETB’s lead to the formation of the so-called H-mode and occur if
enough power is deposited in the plasma. ITB’s form in advanced scenarios
which typically require a zero or reversed shear q-profile. Reprinted from [37,
38]

Figure A.1.3: Illustration of magnetic fields and flux surfaces in a tokamak
plasma. The flux tubes are, amongst others, surfaces of constant current, pres-
sure and poloidal flux . Adapted from [39]
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in an axisymmetric torus [40, 41]:

∆∗ψ=−µ0R2 d p

dψ
− 1

2

dF 2

dψ
, (A.1.3)

(A.1.4)

with the elliptic operator

∆∗ψ= R2~∇·
(

1

R2
~∇ψ

)
. (A.1.5)

Here, µ0 is the magnetic permeability, p(ψ) the pressure and F (ψ) = RBφ (major
radius times toroidal magnetic field).
Equation A.1.3 is the [famous] Grad-Shafranov (GS) equation, which any plasma
equilibrium reconstruction code must solve. The solution of the GS equation is
determined by the free functions p and F , which can, in principle, be arbitrarily
chosen1. These internal profiles are parametrised based on physical modelling and
experience, and must be constrained by measurements to obtain experimentally
correct results. Reconstructing the plasma equilibrium involves solving a least
square problem of the type

min
p ′,F F ′ ||y −h(ψ(r, z))|| (A.1.6)

where p ′ and F F ′ are minimised by fitting a measurement y to an expected mea-
surement h in order to best match the pressure balance and parametrised internal
profiles.
A whole family of Grad-Shafranov solvers are available, for example EFIT [36],
IDE [42], or LIUQE [43], to name only three. The measurement constraints on
the solution can be grouped into internal and external measurements. External
measurements are, for example, magnetic coils on the plasma edge or vacuum
chamber. With external measurements the equilibrium can be reconstructed with
good accuracy at the plasma edge, but they do not provide information on the
profiles in the plasma centre. Internal measurements, for example temperature,
density or polarimetry measurements from the Motional Stark Effect (MSE) di-
agnostic are required to constrain the profiles in the plasma. Without them, the
reconstructed profiles are only as good as the initial guesses and they can in prin-
ciple take any form. Grad-Shafranov solvers are typically constrained by measure-
ments from the MSE diagnostic to reconstruct the current density and q-profile.
Part A of this thesis focuses on equilibrium reconstruction using the MSE diagnos-
tic, which is described in the next section.

1In practice appropriate p and F are chosen, depending on the analysed discharge.
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A.2 The Motional Stark Effect (MSE) diagnostic

The most common local measurements to constrain the q-profile during equilib-
rium reconstruction is the Motional Start Effect (MSE) diagnostic. In a nutshell,
MSE systems measure the pitch of the magnetic field by analysing the visible emis-
sion of neutral particles, which are injected into the plasma. Through interaction
with the plasma, the injected neutrals get excited and emit light. The particles
experience a Lorentz electric field 𝐸′ = 𝑣beam ×𝐵, causing the emission to be de-
generate and polarised due to the Stark effect. Measurements of the polarisation
angle at the points of emission are used to locally constrain the q-profile in the
equilibrium reconstruction. The outlined processes will now be explained in de-
tail.

A.2.1 The Stark effect

As the name implies, the MSE diagnostic exploits the Stark effect to provide a
constraint on the magnetic field. The Stark effect describes the splitting of degen-
erate emission lines in an external electric field. MSE systems commonly image the
emission of the Balmer alpha lines, i.e. the emission generated from n = 3 → 2 tran-
sition, n being the principal quantum number. The Balmer-α lines are favoured
because they are the most intense in the visible spectrum for hydrogen, allowing
the use of standard optical components. The nine emission lines are shown in
figure A.2.1.
The lines are split into two groups, so-called π– and σ–lines. When viewed trans-
versely to the applied electric field, the σ-lines are polarised perpendicular and
π-lines parallel to it. The polarisation is exploited to measure the direction of the
magnetic field inside the plasma.

Figure A.2.1: Degeneration of the Balmer-α emission in an electric field due to
the Stark effect. The single emission line is split into 9 lines, which are polarised
parallel or perpendicular to the electric field. Reprinted from [44]
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A.2.2 Principle of the MSE diagnostic

Due to the high temperatures, the plasma is fully ionised and no line emission of
hydrogen (or hydrogen isotopes) is measured (except at the plasma edge). For
the MSE diagnostic, fast neutral hydrogen isotopes are injected into the plasmas.
Therefore either dedicated diagnostic beams are used, but commonly the emis-
sion from particles injected by the neutral beam (NBI) heating system is imaged.
As the neutral particles enter the plasma, they emit light along their propaga-
tion direction due to collisional excitation and charge exchange reactions between
beam neutrals and plasma ions. The particles experience a Lorentz electric field,
described by

𝐸′ =𝐸𝑟 +𝑣×𝐵, (A.2.1)

where 𝐸𝑟 is the background electric field in the plasma, 𝑣 is the particle velocity
and 𝐵 = 𝐵𝜑 +𝐵𝑝 is the magnetic field, composed of the toroidal and poloidal
field, respectively. In first approximation the contribution of 𝐸r can be neglected:
Neutral particles from the NBI system enter the system with a velocity of ≈ 106 m/s
and today’s tokamaks have a magnetic field of ≈ 3 T, resulting in Lorentz electric
fields on the order of 3 ·106 V/m. In comparison, Eb ≈ 1 ·105 V/m [45]2.

The injected particles experience an electric field proportional the magnetic field
according to equation equation A.2.1. The equilibrium reconstruction can be con-
strained by the measured polarisation angle in combination with the (known)
velocity vector.

Although the plasma itself does not emit any visible light in the centre, the cooler
plasma edge does radiate strongly. The light emitted by the injected fast neutrals
is Doppler-shifted, separating it from the high intensity background. Figure A.2.2
shows a measured spectrum from the KSTAR tokamak. Three Stark multiplets are
visible, originating from D1, D2 and D3 molecules, which are created and injected
by NBI system. Due to their different masses and resulting different velocities, the
multiplets are Doppler shifted by different wave lengths. Typically, the emission of
atomic deuterium is analysed because it has the highest intensity.

To reconstruct the magnetic pitch angle, the polarisation angle of one of the π- or
σ-triplets must be measured. The challenge of the MSE system is to provide a fast
and accurate measurement of the polarisation angle. Levinton [11, 47] proposed
an elegant solution for this: Instead of measuring the polarisation angle directly,
it is converted to an intensity modulated signal by photoelastic modulators (PEM)
and a linear polariser.

2It was shown that neglecting radial electric field components can lead to high uncertainties in
advanced scenarios [46]
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Figure A.2.2: Recorded spectrum of shot #12640 at KSTAR: Visible are the
Stark multiplets from atomic and molecular deuterium (the molecular Stark
peaks partly overlap). The MSE system at KSTAR measures the polarisation of
the blue shifted π peak at λ≈ 660.5 nm.

A PEM is composed of a transparent crystal (typically fused silica) which is con-
nected to a piezoelectric transducer. The transducer is tuned to the resonance
frequency of the crystal. The underlying principle of a PEM is the photoelastic
effect: A mechanically stressed material becomes birefringent depending on the
strain on the material. This causes a time-varying phase shift between the x- and
y- direction of the electric field of electromagnetic waves traveling through the
crystal, or in other words, a time varying rotation of the polarisation. A linear
polariser placed behind the PEM converts the rotation of the polarised light into
an intensity modulation. The process is illustrated in figure A.2.3.

Intensity 
modulated light

Light with rotating
polarisation

PEM Linear polariserLinear polarised
light source

Signal of unknown
polarisation

ω

Figure A.2.3: Principle of the MSE diagnostic: The polarisation of linear po-
larised light is rotated in time by the time depending retardance of the PEM
crystal. It transformed into an intensity modulated signal with an amplitude
A(t ) = A0 sin(ωt ) by a linear polariser. Through knowledge of the optical system
the polarisation angle can be reconstructed.

The intensity modulated signal can easily be guided by optical fibres for data
recording. The sought polarisation angle can be reconstructed from knowledge
of the optical system (the reconstruction process is explained in section A.4). The
practical implementation of an MSE system is explained on the example of the
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KSTAR diagnostic.

A.2.3 MSE diagnostic as KSTAR

As part of the research, an MSE diagnostic was commissioned at the KSTAR toka-
mak in 2015. Figure A.2.4 shows an equatorial cut of the reactor. The optics for
the MSE system are located in the "M"-port of the vacuum vessel, imaging the
emission from particles of the neutral beam injector NBI-1.
Because polarisation preserving guidance of light is difficult and the space in the
port is limited, the PEM setup is contained in the port with as few optical elements
between the port window and the PEMs as possible. The system is sketched in
figure A.2.5. The emission entering the port is focussed through two photoelastic
modulators followed by the linear polariser before it is imaged onto an array of 25
fibre bundles, each representing one radial channel. The resulting measurement
span across the magnetic axis, ranging from R = 1.74 m to 2.28 m with a spacing
of 2 cm.
The PEMSs are mounted in an angle of β = 45◦ with respect to each other and
oscillate with 23 kHz and 20 kHz. The linear polariser is rotated by α= 22.5◦ with
respect the first PEM. The angles are chosen to simplify the mathematical descrip-
tion of the system, which is in detail explained in appendix .

Figure A.2.4: Equatorial cut of the KSTAR vacuum vessel. Schematically drawn
are the NBI trajectories (three NBI injectors are present at KSTAR) and the lines
of sight of the MSE diagnostic.

The amplitude of the modulated light can be either proportional to the sine or co-
sine of the angle of polarisation of the incident light, depending on the orientation
to the PEM. Two PEMs at slightly different frequencies and different angles are
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used to measure both the sine and cosine of the polarisation angle simultaneously.
The transmitted intensity I is

I ∝ sin(2γ)cos(2ω1t )−cos(2γ)cos(2ω2t )+ ..., (A.2.2)

with polarisation angle γ and oscillation frequencies of the two PEMs ω1 and ω2.

To obtain γ from the intensity modulated light, the light leaving the fibres is guided
through a wave-length tuneable, 2 cavity Lorentzian shaped, 4 Å FWHM bandpass
filter before being focused onto an avalanche photo diode (APD) with a sampling
rate of 2 MHz. The narrow bandpass filter is tuned to block all radiation except
the blue shifted π-lines of the Stark spectrum. At KSTAR, this is the only Stark
component which is not overlapping with emission from other neutral beams. The
wavelength of the bandpass filter must be adjusted to match the Doppler shift of
the emission, which depends on energy of the neutral beam, the applied magnetic
field, and the angle between the NBI and the line of sight.

After a lengthy calculation3 it can be shown that γ can be obtained from the har-
monics of the recorded signal (see equation A.2.2):

tan(2γ) ∝ I2ω1

I2ω2

. (A.2.3)

The intensity of the signal harmonics I2ω1 and I2ω2 are determined from the re-
corded signal with a digital lock-in amplifier (described in section A.4.1). The
polarisation angle γ can then be used to constrain the current density profile in
the equilibrium reconstruction, explained next.

3The detailed calculations to derive equation A.2.3 are included in appendix .
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Figure A.2.5: Setup of the MSE diagnostic. The light emitted from the fast
neutrals is guided through 2 PEMs which are rotated by β = 45◦ to each other.
The modulated light passes through a linear polariser which converts the po-
larisation modulated signal to an intensity modulated signal before the light is
imaged onto fibre optic cables. In the diagnostic laboratory, two lenses guide
the light through a tuneable bandpass filter and focus it on an APD for record-
ing. In the figure only one recording unit is shown, in reality each of the 25
fibre bundles has its own APD setup. A detailed description of the optical setup
has been published in [48].

A.2.4 MSE constrained q-profile reconstruction

The MSE diagnostic measures the polarisation angle γ of the emitted light, relative
to the Lorentz electric field experienced by the injected neutral particles. Taking
the geometry of the system into account, it can be shown that the polarisation
angle is directly proportional to the magnetic pitch angle γm , defined as:

tan(γm) = Bz

Bφ
. (A.2.4)

To derive the relation between the polarisation angle and magnetic pitch angle,
the geometry of the diagnostic setup in the tokamak must be known. Important
are the angle between the NBI beam and the toroidal unit vector, as well as the
angle between the lines of sight of the diagnostic and the NBI trajectory. The
geometric relationship between the polarisation angle and the magnetic field can
be written as4 [50]:

tanγ= A0Bz + A1Br + A2Bφ

A3Bz + A4Br + A5Bφ
. (A.2.5)

In equation A.2.5, the A-coefficients reflect the geometry of the diagnostic and

4Note that the A-coefficients can vary depending on the used equilibrium solver. For EFIT, they are
described in [49].
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contain information about the radial electric field Er , Bz is the vertical component
of the magnetic field, Br the radial and Bφ the toroidal component.
Equation A.2.5 can be simplified if the neutral beam injectors and viewing optics
are located on the mid-plane and by neglecting the radial electric fields to

tanγ= A0

A5
tan

(
γm

)
, (A.2.6)

directly relating the polarisation angle to the magnetic pitch angle.

To reconstruct the q-profile, GS solvers are constrained by MSE measurements
via equation A.2.5, following the approach described in section A.1. Since the
MSE diagnostic only measure the local direction of the magnetic field but not the
magnitude, the q-profile cannot be calculated directly from γ, but it does provide
a strong constraint on the solution of the GS equation.

A.3 Challenges and recent developments

Challenges
The MSE diagnostic is the default diagnostic to constrain the q-profile during equi-
librium reconstruction. Routine operation is, however, often challenging due to
the high requirements on the measurement accuracy. The requirements depend
on the investigated physics, and whether a qualitative or quantitative analysis is
required. A perfect example for the difficulty is the sawtooth instability: During a
sawtooth crash the hot core of the plasma gets expelled leading to a drop in the
core temperature, causing increased resistivity and thus a rise of q in the plasma
centre [33]. Theoretical models have been developed to explain the instability,
however, one key question for model validation remains unanswered: What is the
evolution of the safety factor at the magnetic axis, q0, during a sawtooth crash?
Specifically, whether it relaxes above unity or not during the crash [51, 52]. As
Ko showed, q0 is extremely sensitive to changes in γ and measurement accura-
cies of ∆γ< 0.1◦ are required to detect changes of ∆q = 0.1 [53], which is difficult
to achieve. Since the MSE diagnostic was first available, this question has been
tried to be answered, but no conclusive results have been found, yet [54, 55, 56,
57, 58, 12]. Another example with similar requirements on the accuracy are ad-
vanced scenarios with low or zero magnetic shear. One envisioned future scenario
is a low magnetic shear q-profiles with ITB formation and q0 close to, but above
unity. To control impurity accumulation, q0 is periodically lowered to trigger a
sawtooth instability to expel the hot plasma core with the accumulated impurities.
This requires accurate tuning of the q-profile with precise tuning of the available
actuators, for which high quality sensors (i.e. MSE) are required.

Sources of measurement uncertainties
Sources for measurement uncertainties of the MSE systems are manifold and make
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accurate q-profile reconstruction a challenging task. The most important sources
of uncertainty are:

Polarisation changes due to optical components: Until the signal has been trans-
formed into an intensity modulated signal, any change in polarisation caused
by the optical components in the optical path lead to deviations in the anal-
ysed signal. By performing an in-vessel calibration, the response function of
the optical system can be determined. At KSTAR, a light source of known,
tuneable polarisation was placed on a rail aligned in the path of the NBI
inside the vacuum chamber. At the position of each MSE channel, the MSE
diagnostic was illuminated with light from the polarised light source and the
response function for various incident polarisation angles measured [48].
The calibration results are provided in section A.4.3. The recorded calibra-
tion can change during operation due to stresses on the window originating
from evacuating the vacuum vessel or temperature changes during opera-
tion, which cannot be accounted for at KSTAR.

Faraday rotation: The Faraday effect describes a change of polarisation in light
passing through media at the presence of magnetic fields. In tokamaks, the
strong magnetic fields lead to changes in polarisation angle above accept-
able levels as the light passes through the vacuum windows and mirrors. At
KSTAR a polarised light source opposite of the MSE optics is used to record
the changing polarisation angle during the ramp-up of the magnetic field.
With this, a decrease of ∆γFR ≈ 1.5◦ was measured when changing Bφ from
0−2 T [59]. Similar findings are reported at DIII-D [60]. Changes due to the
poloidal field are expected to be one order of magnitude less and cannot be
corrected for.

A-coefficients: The A-coefficients, see equation A.2.5, required for the q-profile
reconstruction are calculated from the geometry of the setup. They depend
on the lines of sight of the individual MSE channels as well as the injection
angle of the NBI. The accuracy with which the A-coefficients can be deter-
mined depends on how precisely the geometry is known, but also on the
volume of the imaged neutral beam.

Radial electric field: Going back once more to the A-coefficients in formula A.2.5,
it was already mentioned that they include dependencies on the radial elec-
tric field Er . These contribution are usually neglected, because measure-
ments of Er are often unavailable and Er is expected to be a factor of 10
weaker than the Lorentz electric field. However, Rice showed that the effect
of Er can be far greater in advanced scenarios. In his analysis the recon-
structed q-profile dropped by 0.3 when taking the radial electric field into
account [46].

Signal noise Statistical noise is depending on the integration time of the mea-
surement. The MSE system at KSTAR was designed to have a statistical
uncertainty of ∆γ≤ 0.1◦ for 10 millisecond averaging intervals.
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Signal contamination: Signal contamination due to background polarised light
has been identified as the major problem at the CMOD and ASDEX Upgrade
tokamaks, which both have been equipped with fully metallic walls. It was
shown that reflections on the walls opposite of the diagnostic port can lead
to contamination of the signal to the point where it can no longer be used
for q-profile reconstruction [61, 62].

To correct for the uncertainties at KSTAR, a calibration technique has been devel-
oped which is presented in section A.4.3 and A.6.

Recent developments in MSE polarimetry
In addition to the described "classical" MSE system, a number of variants have
been developed to tackle the described problems.

MSE polychromator: The measurement principle of the MSE polychromator is
identical to the standard MSE system. Looking at figure A.2.5, the differ-
ence is in the last stage of the setup where the wavelength selection and
data recording take place. The MSE polychromator was developed at the C-
MOD tokamak, where polarised reflections from the metallic wall opposite
to the MSE viewport render the recorded signal unusable. The polychro-
mator setup measures multiple wavelength bands simultaneously on each
channel, typically the π and σ component, as well as two wavebands red-
and blue-shifted of the Stark multiplet to measure the background polarisa-
tion. Assuming a uniformly polarised background, the Stokes vector can be
corrected by subtraction of the background polarisation [63]. Similar prob-
lems have been reported at ASDEX Upgrade [61], where a polychromator is
being tested as well [64].

Spectral MSE: Besides measuring the pitch angle from the polarisation of the
emitted light, γ can also be obtained from the MSE spectrum. The MSE-LS
diagnostic, short for MSE Line Shift, measures the line shift between individ-
ual emission lines of the Stark spectrum to calculate γ [65]. Advantageous of
the MSE-LS diagnostic are the reduced requirements on the optical system,
since no care on polarisation conservation must be taken. This makes it suit-
able for next generation tokamaks where long distances with many optical
elements between the vacuum window and the imaging of the emission onto
optical fibres are expected. Unfortunately, due to spectral broadening, indi-
vidual lines cannot be observed individually. Accurate models of the spectral
emission are required to fit the spectrum, which can introduce uncertainties
and make the analysis more time consuming and challenging for real-time
applications.

Imaging MSE: The imaging MSE (IMSE) diagnostic does not filter out a spectral
component of the Stark spectrum, instead it uses a combination of Savart
plates and a delay plates to create a 2D interference pattern of the π and σ
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peaks on a CCD camera [66]. IMSE provides a 2D measurement of the mag-
netic pitch angle, requires only a single calibration (rather than a channel-
by-channel calibration), does not require the magnetic field and beam de-
pendent filter calibration, and because the full spectrum is used, a brighter
signal is recorded. IMSE systems are being investigated at AUG [67] and
KSTAR [68]

Laser polarimetry: The laser polarimetry diagnostic is not based on the Stark
effect, but will be mentioned for completeness since it is capable of con-
straining the current density profile in the plasma centre. Polarised laser
light transmitted through the plasma experiences a change in polarisation
∆γ due to the Faraday effect. Measuring ∆γ provides information about the
magnetic field, however, unlike the MSE diagnostic the laser polarimetry is
not a local, but an integrated measurement.

The future of MSE
For future tokamaks, such as ITER, polarimetry based MSE system are more diffi-
cult to implement. The high neutron flux from the burning plasma requires a thick
blanket where no direct lines of sight between plasma and the outside are permit-
ted. As a result, viewports to the plasma are connected to the outside world via
long pathways with multiple turns to provide adequate neutron shielding. Light
collected by the MSE diagnostic has to be guided through this labyrinth by optical
elements. The influence of mirrors on the polarisation must be known in order
to obtain accurate measurements. These polarisation changes are difficult to cal-
ibrate because the optical properties of the plasma facing mirror(s) are expected
to change due to plasma depositions in such extent, that the polarisation could
change during shots.
Damages and deposition to the mirrors have been studied theoretically and exper-
imentally. Experiments performed in 2004 used an MSE setup similar to the one at
JET [69]. Measurements were performed with fresh mirrors and mirrors that were
exposed to plasmas at Tore Supra for twelve hours. The experiments concluded
that mirror erosion cannot be neglected and that if an MSE system based on polar-
isation measurement is used, an in-situ calibration is required [70]. A theoretical
analysis performed in 2008 used the latest labyrinth design to analyse the effect
of various impurities on the reflectivity and polarisation conversation of the first
mirrors [71]. It was concluded that the LLNL-4b labyrinth design [72] reduced
all particle fluxes significantly and the critical species to consider is Helium. How
severe the influence on the polarisation angle is could not be concluded with sig-
nificant accuracy and further research is required. If a labyrinth can be designed
which reduces the incoming particle fluxes to acceptable levels, and an in-situ cal-
ibration is available to recalibrate the system, background polarised light similar
to the findings at C-MOD and AUG is expected to induce high uncertainties in the
measurement. For this, Thorman proposed a variation of the MSE polarimetry for
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ITER which eliminates broadband background polarisation by using a birefringent
delay plate which creates a sinusoidal spectral filter [73].
As already described earlier, spectral MSE is being investigated as an alternative
since it does not require polarisation conserving optics. Moreover, the larger mag-
netic fields at ITER will lead to a larger line splitting, increasing the accuracy of
the line splitting MSE.

A.4 Polarisation angle reconstruction algorithm

The MSE diagnostic measures light emitted by fast neutral particles which are
injected into the plasma. The particles experience a Lorentz electric field, and due
to the Stark effect the Balmer-α emission is degenerated into nine different lines.
The emitted light is polarised with respect to the direction of the magnetic field.
The diagnostic is composed of two photoelastic modulators (PEM) and a linear
polariser, which converts the polarised emission into an intensity modulated signal
which is recorded using avalanche photodiodes (APD).
This section describes the algorithm used to calculate the polarisation angle γ from
the recorded signal.

A.4.1 Signal processing using digital lock-in technique

Digital lock-in amplifier
The modulation of the polarisation induced by the PEMs into the emission of the
neutral beam particles is converted into an intensity modulated signal by the lin-
ear polariser. As already stated in section A.2.3 and calculated in appendix , the
polarisation angle can be calculated from the intensity of the harmonics of the
recorded signal. The recorded signal is generally low in intensity and noisy. To
retrieve the signal harmonics, a digital lock-in amplifier is used.

Lock-in amplifiers [74, 75] are used to extract low intensity signals of a known
carrier wave from noisy data. The principle is illustrated in figure A.4.1 on the
example of an ideal sine wave.
First, the input signal Vin, shown in A.4.1(a) is multiplied by a known reference
signal Vref, shown in A.4.1(b). The output, equivalent to the recorded signal Vrec,
is the product of two sine waves:

Vrec = Asig Aref sin
(
ωin · t +ϕin

) · sin
(
ωref · t +ϕref

)
(A.4.1)

= 1

2
Asig Aref cos

(
[ωin −ωref] · t +ϕin −ϕref

)
+ 1

2
Asig Aref cos

(
[ωin +ωref] · t +ϕin +ϕref

)
(A.4.2)

To reconstruct the original signal, the recorded signal is multiplied by the carrier
signal, resulting in A.4.1(d), the downshifted or rectified signal VDS. This process
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is also called heterodyne detection.

VDS =Vrec ·Vref (A.4.3)

=−1

2

[
sin

(
ωinx +ϕin

) ·cos
(
2ωrefx +2ϕref

)+ sin
(
ωint +ϕin

)]
(A.4.4)

The input signal is equal to the envelope of the downshifted signal. It is obtained
by applying a convolution filter to the data. In our case, a Hann filter is used [76].
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Figure A.4.1: Principle of the
lock-in technique. The input sig-
nal is modulated by a known
reference signal. To reconstruct
the input signal from the recor-
ded signal, the recorded signal is
multiplied by the reference sig-
nal. The envelope is equivalent to
Vin. A convolution filter is used
to determine the envelope of the
downshifted signal.

In the case of the MSE diagnostic, the emission of the NBI is modulated by the
PEMs and the linear polariser. This results in the recorded signal Vrec. The refer-
ence signal, i.e. the oscillation frequency of the PEMs, is recorded from the PEM
controllers. Phase shifts between the controller signal and the actual oscillation of
the PEMs, originating from transmission delays, must be corrected.
These steps and the calculation of the polarisation angle γ are described next.

Determination of the reference signal
The crystals of the PEMs are set to oscillate with a fixed frequency, which is defined
at the PEM controllers. The PEM controllers send a rectangular signal to the PEMs
which induces a sinusoidal oscillation of the birefringent crystal. The controller
signal is recorded by the data acquisition system (DAQ) for every shot, an example
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is shown in A.4.2.

Recorded reference signal

Sine fit using Fourier extracted 
frequency

Developed sine fitting routine

Figure A.4.2: Reconstruction of the PEM reference signal. The signal sent to the
PEMs from the controllers is a square wave, leading to a sinusoidal oscillation
of the PEM’s crystal. The motion of the crystal is reconstructed by fitting a sine
wave to the square wave. This can be done by Fourier analysis of the square
wave to obtain the frequency and calculating the matching sine ( ). Extract-
ing the average frequency throughout the whole shot proved to be inaccurate.
A new sine fitting routine has been developed, which fits a sine to the reference
signal by analysing the zero-crossings of the signal, producing fast and accurate
results ( ).

The carrier wave signal, i.e. the sinusoidal motion of the crystals in the PEMs,
has the same frequency as the signal sent from the controller. Although the fre-
quency is in principle known (it is set at the PEM controller), deviations between
the configured and the actual signal can occur. For this reason, the carrier signal
is reconstructed directly from the recorded reference signal.
Since the frequency is roughly known, the reconstruction is typically done by
Fourier transforming the recorded carrier signal and finding the strongest fre-
quency component in the vicinity of the frequency set at the PEM controller. After
the frequency has been determined, a sine wave is fit to the recorded signal ( )
in figure A.4.2).
At KSTAR, minor variations were found to occur in the controller signal during a
shot, which lead to increased uncertainties if only a single Fourier analysis was
used to determine the average oscillation frequency throughout the full shot. In-
stead of determining the frequency for a full shot, small samples of the signal
(similar to the way a spectrogram is created) can be Fourier transformed and the
sinusoidal fit can be made for each sample. This was tested and accurate results
were obtained, but the process proved computationally too expensive. For this
reason, a new signal reconstruction routine has been developed:
First, all downwards zero-crossings of the reference signal are determined. Next,
the signal is chopped into blocks, each containing 100 zero-crossings. For each
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block, the frequency and phase for a sine wave matching the zero-crossings is cal-
culated and a the matching sine wave is calculated for each sample. With this
method, accurate results are achieved and computation time reduced ( in fig-
ure A.4.2).

Calculation of the signal harmonics
The polarisation angle γ is calculated from the Stokes vector S, which is calculated
from the harmonics of the recorded signal I . The Stokes vector is used to describe
the polarisation state of light and has the form S = (S0,S1,S2,S3). The individual
components are:

S0 = I (A.4.5)

S1 = I ·pl ·cos(2γ)sin(2χ) (A.4.6)

S2 = I ·pl · sin(2γ)sin(2χ) (A.4.7)

S3 = I ·pl · sin(2χ) (A.4.8)

Here I is the total intensity, pl the linear polarisation fraction, γ is the polarisation
angle with respect to the horizontal axis and χ the polarisation angle with respect
to the vertical axis. The Stokes vector can be visualised in the Poincaré sphere,
shown in figure A.4.3.

Figure A.4.3: Poincaré sphere visualising S1, S2 and S3. Reprinted from [77].

From equations A.4.6 and A.4.7 the sought polarisation angle γ can be calculated
as:

γ= 1

2
tan−1

(
S2

S1

)
(A.4.9)

As demonstrated in appendix , the Stokes vector can be reconstructed from the
harmonics of the recorded signal, resulting in
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γ= 1

2
tan−1

(
J2(|A2|)I2ω1

J2(|A1|)I2ω2

)
(A.4.10)

= 1

2
tan−1

(
J4(|A2|)I4ω1

J4(|A1|)I4ω2

)
. (A.4.11)

Here, Ji is the i -th Bessel function, Ak is the retardance of the 1st or 2nd PEM and
I jωk is the j -th harmonic of the recorded signal of the 1st or 2nd PEM.

The harmonics are extracted from the signal using the previously introduced digi-
tal lock-in amplifier. Because the phase information must be preserved, the calcu-
lated controller signal is first converted to a complex signal before being multiplied
with the recorded signal, resulting in the complex downshifted signal. The com-
plex amplitude is determined using a Hann filter, which was found to be a suitable
solution as it combines properties of a Gaussian and Rectangle filter: low leakage
and frequency cut-off, respectively.

Phase correction
Equation A.4.10 & A.4.11 requires signed amplitudes, otherwise the polarisation
angle can only be determined between 0 and π/2. Sign changes of γ, which occur
when crossing the magnetic axis, can otherwise not be resolved.
The recorded signal is out of phase with the reference signal due to propagation
delays in the transmission lines. This phase difference must be corrected. The
phase correction is done by "rotating" the complex harmonics to the real axis - the
rotation angle is equal to the phase difference between reference and input signal.
The rotation is performed as follows:
The first harmonic is shifted by π and it is checked whether the original or π shifted
signal is closer to a guessed phase-shift. Next, since all harmonics experience the
same phase lag, the process is repeated for all other harmonics to improve the
accuracy. Here, the degeneracy of the harmonics, described by

φ= φmeasured,n +kπ

n
(A.4.12)

must be considered. In equation A.4.12, φmeasured,n is the measured phase for the
n-th harmonic, and k ∈ [−n,n]. k is chosen such that the resulting φ is closest to
the guessed value.
The phase is determined for each channel individually, then weighted depending
on the signal amplitude of the channel and combined into a single phase per PEM.
An example of the original complex amplitude and the phase corrected amplitude
is given in figure A.4.4. In the graph, the uncorrected complex amplitudes of all
channels and all times are drawn in red. The phase is equal to the angle between
the real axis and the complex amplitude. The determined average phase is drawn
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in green and the phase corrected amplitudes in blue. In this example one mea-
surement channel was disconnected (circled in pink). Channels which phase lies
outside of 0.5◦ of the determined median phase are ignored in the analysis.

With the phase corrected harmonics and the Bessel function of the PEM retardance
the polarisation angle can be calculated. The PEM retardance is set on the PEM
controller, however it was found that the set retardance can deviate from the
actual retardance of the PEM. To improve the accuracy, the retardance of the PEMs
is calculated from the harmonics, described next.

Figure A.4.4: Original and phase corrected complex amplitude. The complex
amplitude of the reconstructed signal for all channels and all times is drawn in
red. The phase, the angle between the real-axis and complex amplitude is used
to shift all data points to the real-axis. In the shown example one channel of
the MSE diagnostic was disconnected (circled in pink). Channels are excluded
from the analysis if their phase differs by more than 0.5◦ from the determined
average phase.

A.4.2 Determination of the PEM retardance

For an accurate calculation of γ, precise knowledge of the retardance of the PEMs
is required, see equations A.4.10 and A.4.11.
Furthermore, the amplitudes of the signal harmonics itself depend on the set re-
tardance. For example,

I2ω1 =− J2|A1|p
2

Ipl sin(2γ). (A.4.13)

Similar relations hold for the other harmonics (see appendix for the complete
list). Figure A.4.5 shows the first four Bessel functions for retardances from [0,2π].
The polarisation angle can be calculated using either the 2nd or the 4th harmon-
ics of the signal, whose intensity depends on the 2nd and 4th Bessel function, see
equation A.4.10 and A.4.11. In practice, γ is calculated using both sets of harmon-
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ics, and the average weighted, depending on the amplitude of the harmonics. By
optimising the product of J2+ J4 the overall signal-to-noise ratio can be maximised.
From figure A.4.5, the maximum of J2 + J4 is determined at Aopt = 207◦, which is
the configured retardance of the PEM’s.

The retardance configured at the PEM controller can differ from the true retar-
dance of the PEM, which was demonstrated at KSTAR by measuring the retardance
of the PEMs in a test setup [78]. Instead of relying on the retardance configured
at the PEM controllers, it can be determined from the recorded signal using the
relations:

J1(|A1|)
J3(|A1|)

=− Iω1

I3ω1

, (A.4.14)

J2(|A1|)
J4(|A1|)

=− I2ω1

I4ω1

, (A.4.15)

J1(|A2|)
J3(|A2|)

=− Iω2

I3ω2

, (A.4.16)

J2(|A2|)
J4(|A2|)

=− I2ω2

I4ω2

. (A.4.17)

Through an iterative process, the retardance of the PEM controller was stepwise
adjusted until the calculated retardance was approximately equal to Aopt. The re-
tardances calculated from the signal are shown in figure A.4.6 for all 25 channels.
Achieving a uniform retardance for all channels is unfortunately not possible, be-
cause the light corresponding to the individual channels passes through the PEM
crystals at different radial positions and the retardance is not constant throughout
the crystal [78].
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Figure A.4.5: First to fourth Bessel function. The 2nd and 4th Bessel function
are used for the calculation of γ. The signal intensity is maximised by choosing
the maximum of J2 + J4. The ideal PEM retardance is Aopt = 207◦.

This concludes the reconstruction routine of the polarisation angle. In summary:
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By using a digital lock-in amplifier the input signal is extracted from the recorded
noisy signal. From the harmonics of the signal the PEM retardance is calculated
and the PEM controllers are tuned to maximise the signal intensity. The polarisa-
tion angle γ is calculated from the weighted, averaged 2nd and 4th harmonics.
Before the reconstructed polarisation angle can be used for the reconstruction of
the q-profile, it must be corrected for systematic uncertainties arising from the
setup by using an in-vessel calibration and correcting for Faraday rotation caused
by the strong magnetic field. Both processes are described next.

Figure A.4.6: Measured retardance for PEM 1 & 2 at KSTAR shot #13689.
The set retardance at the PEM controller is 305◦ and 290◦ for PEM1 and PEM2,
respectively. The measured retardance Ameas ≈ Aopt = 207◦ differs from the
configured retardance at the PEM controller. For an accurate reconstruction of
γ knowledge of the true retardance, calculated from the signal, is important.

A.4.3 Correction of γ for systematic uncertainties

In section A.4.1 the harmonics extraction from the recorded signal has been ex-
plained with which the polarisation angle γ can be calculated. To eliminate sys-
tematic uncertainties, an in-vessel calibration was performed and the polarisation
angle is corrected for polarisation changes caused to Faraday rotation.

In-vessel calibration
As already outlined in section A.3, misalignment or imperfections in the optical el-
ements, which are not included in the description of the optical system can result
in differences between the true and measured polarisation angle.
To correct for these effects, an in-vessel calibration is performed. While the Toka-
mak was accessible during maintenance time (no vacuum and no magnetic field),
a rail was placed in the path of the NBI. A light source with known, variable
polarisation was placed on the rail and moved through all radially imaged MSE
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locations. At each measurement location the light source was positioned to illu-
minate the MSE viewport at the emission angle expected from the NBI emission.
The polarisation angle of the light source was varied from 60◦ − 120◦ and com-
pared to the reconstructed angle by the MSE system, shown in figure A.4.7. A
non-linear response function is visible for which the measurements are corrected
during operation: During plasma operation, the polarisation angle (= input po-
larisation angle) is interpolated from the measured polarisation angle (= output
polarisation angle) using the calibration curve.

Figure A.4.7: In-vessel calibration curves. A linear polarised light source of
known and variable polarisation ("input polarization") was shined on the port
window of the MSE diagnostic. The "Output polarization" is the from the re-
corded signal reconstructed polarisation angle. The calibration curves for all
25 channels are shown. The transition from red to blue corresponds to chan-
nels from the plasma centre to the plasma edge. During plasma operation the
true polarisation angle (=input angle) is interpolated from the reconstructed
polarisation angle (=output angle).

Faraday correction
The Faraday effect describes the change in retardance of optical elements, which
are exposed to a magnetic field. The previously determined in-vessel calibration
was performed without any applied magnetic field and does not compensate for
this effect. To calibrate for changes in transmitting materials, a polarised light
source is installed opposite of the MSE port. During the ramping-up of the mag-
netic field γ is measured over time. Figure A.4.8 shows the changes in γ as the
magnetic field is increased from 0 T to 2 T. The calibration curve can be recorded
daily and is used to correct the recorded polarisation angles, depending on the set
toroidal magnetic field.
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Figure A.4.8: Magnetic field dependent changes in γ over time during the
ramping-up of the magnetic field. γ changes over 1◦ when the field is increased
to ∆B = 2 T.
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A.5 Evolution of the central safety factor during sta-
bilized sawtooth instabilities at KSTAR

Messmer M.C.C., Ko J. Chung J. Woo M. H., Lee K.-D. and Jaspers R.J.E
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Abstract:
A Motional Stark Effect (MSE) diagnostic has recently been installed in the KSTAR
tokamak. A difficulty faced at KSTAR and common to other MSE diagnostics is
calibration of the system for absolute measurements. In this report we present our
novel calibration routine and discuss first results, evaluating the evolution of the
the central safety factor during sawtooth instabilities. The calibration scheme en-
sures that the bandpass filters typically used in MSE systems are aligned correctly
and identifies and removes systematic offsets present in the measurement. This is
verified by comparing the reconstructed safety factor profile against various dis-
charges where the locations of rational q surfaces have been obtained from MHD
markers. The calibration is applied to analyse the evolution of q0 in a shot where
the sawteeth are stabilized by neutral beam injection. Within the analysed saw-
tooth periods q0 drops below unity during the quiescent phase and relaxes close
to or slightly above unity at the sawtooth crash. This finding is in line with the
classical Kadomtsev model of full magnetic reconnection and earlier findings at
JET.

A.5.1 Introduction

One of the outstanding challenges in tokamak research is the control of the cur-
rent density profile for plasma control and its optimisation for high performance
discharges. To resolve the internal magnetic field structure in a tokamak and
reconstruct the current density profile, optical spectroscopy measuring the light
emitted by fast neutral particles injected into the plasma is used. The technique
proposed by Levinton [11] exploits the Stark Effect and is dubbed the Motional
Stark Effect (MSE) diagnostic. It enables a direct, local measurement of the mag-
netic pitch angle γm(r ) ≡ tan−1(Bθ(r )/Bφ(r )), where Bθ and Bφ denote the poloidal
and toroidal components of the magnetic field, respectively. From γm in combi-
nation with a Grad-Shafranov equation solvers, such as EFIT [36], the current
density profile can be reconstructed. KSTAR recently showcased its capabilities by
setting a new record for long pulse H-mode operation [79], however to support
the ITER project in exploring advanced scenarios, current profile measurements
are of essence. For this reason, a 25 chord MSE polarimeter has been installed
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in 2015 [48] and commissioned during the 2015 plasma campaign. Owing to
the digital data acquisition system combined with digital lock-in analysis, the full
Stokes vector is reconstructed on a millisecond timescale. From this the magnetic
pitch angle can be calculated with a statistical uncertainty below 0.2◦ on 10 ms
time averages, resulting in an accuracy of the safety factor at the magnetic axis of
∆q0 ≈ 0.1 [53]. In this report, after giving an overview of the experimental setup at
KSTAR, a generic two-step calibration and verification method is presented: First
the bandpass filters used to single out the red-shifted Stark peak are calibrated
such, that the measured pitch angle displays a physically reasonable slope. In the
second step it is investigated whether systematic offsets are present by comparing
the reconstructed q-profile (constrained by MSE) against rational q-values obtain-
able from independent diagnostics during MHD instabilities in the plasma. After
successful calibration, the q-profile evolution of a sawtooth crash is analysed in
section A.5.4.

A.5.2 Experimental Setup

The MSE system at KSTAR has been installed prior to the 2015 plasma campaign
during which it was commissioned. It measures the emission of high velocity
neutral deuterium particles injected by one of KSTAR’s neutral heating beams. A
detailed report of the setup, including a description of the in-vessel calibration and
correction of the Faraday rotation, can be found at [48, 80, 13]. A brief overview
of the setup will be given for completeness. Figure A.5.1 shows an equatorial cut
of the tokamak torus and the three available heating beams. Due to the different
injection angles and the induced doppler shift, the Balmer-α emission of NBI-1
can be separated from the other beams and the background emission. The emit-
ted light is captured by collection optics located in the M-port of the vessel. It
is guided through two photoelastic modulators (PEM) oscillating at 23 kHz and
20 kHz and after passing through a linear polariser projected onto 25 fibre bun-
dles. The resulting 25 radial channels span across the magnetic axis to the plasma
edge, from R=1.74 m to 2.28 m with a spacing of 2 cm. Through the fibres, the
light is transmitted to the optics laboratory for signal processing. It propagates
through wavelength-tuneable 2 cavity Lorentzian shaped, 3 Å FWHM bandpass
filter and is recorded by APD’s with 2 MHz sampling rate. For the reconstruction
of the Stokes vector and calculation of the magnetic pitch angle, the polarisation
of the red-shifted π-peak is calculated. This line is chosen as it provides the low-
est overlap with emission from the other neutral beams. The filters are initially
rotated such that their central wavelength (CWL) matches the wavelength were
we expect the highest emission intensity in the π spectrum, shown in figure A.5.2.
This position is forth on denoted as λ0 or 0◦ offset. Deviations from λ0 will be
denoted as offsets ∆λOff. First measurements showed that the initial filter posi-
tion λ0 was leading to unphysical results and thus a more elaborate calibration is
required. The system is calibrated using a two-step approach: First, the optimal
CWL of the bandpass filters is found, based on the linear polarisation fraction of
the recorded signal (section A.5.3) and second it is ensured that no systematic
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offsets are present in the recorded signal by cross-calibrating the reconstructed
q-profile against independent diagnostics available at KSTAR (section A.5.3).
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Figure A.5.1: Equatorial cut of the KSTAR vessel including NBI-1 marked in
blue and the MSE lines of sight. Adapted from [80].

A.5.3 Calibration of the MSE system

Alignment of the bandpass filters

Of crucial importance for the performance of the system is the correct alignment
of the bandpass filters. From figure A.5.2 one expects better signal-to-noise ratio
by blue-shifting the filter function, but at the cost of signal quality as the recorded
light will be contaminated by emission from the σ-peaks. To find the optimum
filter position, four calibration shots with equal plasma equilibrium at a magnetic

Figure A.5.2: Recorded spectrum of shot #12692, channel 12 and filter func-
tion of the bandpass filter. To calibrate the bandpass filters, the CWL of the
filters are stepwise red-shifted from their initial position λ0 by increasing off-
sets ∆λOff.
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field strength Bφ = 2.9 T and NBI acceleration voltage UNBI = 100 keV were per-
formed. In these L-mode discharges only NBI-1 beam was active and the CWL of
the filter was incrementally red shifted between the shots. To increase the num-
ber of calibration points, the filter’s CWL was additionally changed in the middle
of each shot. Figure A.5.3 shows the time evolution of the polarisation angle of
shot #13691, where the filter position was shifted by ∆λOff = 1 Å at t ≈ 4.5 s. Al-
though the plasma equilibrium did not change during the measurement, a clear
shift in the recorded polarisation angle during the time of the filter rotation can
be observed.

Figure A.5.3: Time evolution of shot #13691. Top: line averaged density.
Middle: Plasma current and injected NBI power. Bottom: polarisation angle
and filter offset of channel 6. Note: The blips in the neutral beam are for charge
exchange measurements.

This behaviour has been observed for all channels throughout the calibration dis-
charges. The effect on the radial profile is shown in figure A.5.4, which displays
the measured polarisation angle profile for shot #13691 shortly before and after
the filter was rotated. Aside the described shift in polarisation angle, the profiles
show an oscillating pattern in the central and outer channels, whereas one would
expect a smooth gradient from the nature of the plasma equilibrium.
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Figure A.5.4: Radial polarisation angle profile of shot #13691 before (4.2 s)
and after (5.6 s) the filter rotation.

To calibrate the system, we make use of the digital data acquisition system, with
which the full Stokes vector can be reconstructed. From this, the linear polarisa-

tion fraction (LPF)
√

S2
1 +S2

2/S0, where the Si are the i -th component of the Stokes
vector S = (S1,S2,S3,S4), can be calculated. The LPF is evaluated for each offset
∆λOff and each channel. Figure A.5.5 shows the LPF and total intensity over the
filter offsets for channel 6†.

Figure A.5.5: Linear polarisation fraction (circles) and total intensity S0 (dia-
monds) of channel 6, shot #13691 over ∆λOff. The signals are been averaged
over 300 ms.

As expected, the total intensity decreases by red-shifting the CWL of the filter. The
LPF displays a quadratic dependence on the filter rotation (as it is expected from

†Alternatively it would be possible to use a non-MSE-constrained equilibrium solver to calculate
the q-profile (and the magnetic pitch angle) for each shot and each time step and compare it to the
measured magnetic pitch angle to find the optimum. However, since the q-profile obtained by an equi-
librium solver such as EFIT without MSE is even in L-mode shots only an educated guess, a different
method has been chosen.
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simulations [81]) and has its maximum, for channel 6, at ∆λOff ≈ 0.3 nm. A sec-
ond order approximation is used to determine the optimum offset, defined as the
position where the LPF has its maximum, for each channel. The obtained filter
calibration was tested two consecutive shots with identical plasma equilibrium.
Here, the optimal filter settings were applied only to the later shot to see the effect
of the calibration in comparison to the original filter settings, used at the first shot.
Figure A.5.6 compares the polarisation angle profile of the two at similar times of
the discharge.

By optimising the filter rotation we almost completely eliminated the oscillations
in the pitch angle profile. The measured radial profile has a continuous gradi-
ent and reduced uncertainties compared to the non-optimised discharge, giving
confidence in the calibration method.

Figure A.5.6: Polarisation angle profile for shots #13695, #13696 at t= 1.65s.
The calculated, optimal filter settings have been applied to shot #13696, result-
ing in a smooth pitch angle profile with reduced uncertainties.

Post-shot calibration algorithm
The calibration of the filters was completed mid-campaign, which meant that
roughly half of the campaign shots are have been recorded using misaligned band-
pass filters. To enable an analysis of these shots an algorithm has been developed
to correct for the filter misalignment. The algorithm is illustrated in figure A.5.7.
The graph shows an analysis of the calibration shots similar to figure A.5.5, but
instead of plotting the dependency of the LPF on the filter rotation, the polari-
sation angles (averaged over the intervals of constant filter rotation) are plotted
over the filter rotation. The graph shows a linear dependence of the polarisation
angle over the offset, assuming that all shots have a similar plasma equilibrium
over time. From physical intuition a flattening of the curve for higher values of
∆λOff is expected, once none of the light emitted by the σ-peaks overlaps with the
envelope of the bandpass filters. However, this relationship cannot be deduced
from the recorded data due to the low signal strength and increasing uncertainties
at big filter offsets.
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To re-calibrate the polarisation angle of an incorrectly calibrated shot, the po-
larisation angle matching the determined ideal offset and the one matching the
set offset of the shot are interpolated from the calibration curve in figure A.5.7,
marked exemplary by the dotted and dashed line. The recorded polarisation an-
gles of the discharge are then corrected by ∆γ.
The correction algorithm is demonstrated on one of the four calibration shots in
figure A.5.8. The top figure shows the effect of the correction algorithm on the
time evolution of γ. Here, the polarisation angle is now at a constant value before
and after the change in filter rotation, lasting from t ≈ 4.4s− 5.5s, and lowered
by approximately one degree. Note that the jump of the corrected polarisation
angle at t = 5s is due to the change in the correction factor ∆γ. Because of the
change in filter rotation, the set offset must be adapted in the algorithm, which has
been done at an arbitrary time point during the filter rotation. The re-calibrated
γ-profile is shown in figure A.5.8(b). In contrast to the profile shown in figure
A.5.6, the uncertainty in the measurement is not reduced due to the interpolation
mechanism.

Determination of systematic offset

After calibrating the bandpass filters to achieve physically sensitive measurements,
the last step in the calibration procedure is to ensure that no systematic offsets are
present in the recorded data. These could arise from inaccurate determination of
the measurement location in the vessel or from changes in the refractive index of
the port window due to stress on the material induced from evacuating the vessel.
To validate our measurements we compare the plasma equilibrium against tearing
modes (TM) of known mode number and location. The plasma equilibrium is re-
constructed with the Grad-Shafranov solver EFIT [36], which can be constrained
by magnetic pitch angle measurements to reconstruct the current density profile.
Initial attempts to reconstruct the MSE-constrained plasma equilibrium did not re-

Figure A.5.7: Dependence of the measured polarisation angle γ from channel
6 on the filter offsets in the calibration shots.
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sult in a converging solutions, which lead to the hypothesis of a systematic offset
in the measurement. To determine the offset we repeatedly analysed the same
shot with varying, channel independent offsets and compared the mode number
and location of rational q-surfaces (determined by Mirnov Coils and ECE analy-
sis) against the reconstructed equilibria. With this method a systematic offset of
−1.95◦ was found. A detailed description of the analysis is presented in appendix
A.5.7. This finding has been verified by evaluating the position of the magnetic
axis (which can be determined directly from the pitch angles) against the axis po-
sition determined by magnetics only EFIT. The result, shown in figure A.5.9, shows
good agreement between the magnetic axis location determined by EFIT (∗∗∗)
and the axis position reconstructed from the polarisation angle measurements af-
ter the filter rotation correction and systematic offset correction have been applied
( ). The full description of the analysis is included in appendix A.5.7.

A.5.4 Evaluation of q0 during sawtooth instabilities

After having successfully calibrated and verified the results obtained by the MSE
diagnostic, the evolution of q0 during sawtooth instabilities [33] is evaluated as
a first application of the commissioned system. Despite tremendous effort, the
underlying physics of the sawtooth instability have still not been fully understood
and in the past 40+ years since its discovery various models have been proposed.
Kadomtsev [51] explained the phenomena with full magnetic reconnection, how-
ever his model falls short of explaining the fast timescales of the sawtooth crash.
Wesson [52] later suggested that a destabilising potential builds up during the
ramp phase, which is released by a magnetic trigger and reconnection does not

(a) Time evolution of the recorded and post-
shot corrected polarisation angle of channel 6.

(b) Radial polarisation angle profile at t = 3 s.

Figure A.5.8: Post-shot filter correction for shot #13691. In the time evolution
(a) the times during which the filter rotation was changed is shaded in red. In
(b) the uncorrected data has been shifted by −2◦ for improved readability of the
graph.
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take place during the crash, but rather during the current ramp phase. Both mod-
els assume q0 to rise to or above unity, however initial polarimetry measurements
by Soltwisch [54] resulted in q0 remaining well below unity on Textor. Measure-
ments at TFTR [55] and JET [56] (and again Textor [57]) confirmed Soltwisch’s
findings. DIII-D initially reported similar results [58], but later claimed q0 rising
to unity after the sawtooth collapse [12].
Various other models have been proposed, however none was able to fully explain
the measured observations. The presented analysis is focused on the investigation
of the principal question, whether the evolution of the central safety factor evolves
to or around unity during the sawtooth cycle. The short sawtooth period at KSTAR
of typically 5 ms complicates spectroscopic analysis of the safety factor evolution,
however a suitable discharge with a sawtooth period of τs ≈ 150ms−300ms (see
fig. A.5.10, A.5.11) has been identified.
The characteristics of the increased sawtooth period are similar to the monster
sawteeth reported by Campbell [82], where a stabilisation of the sawteeth by
NBI injection was observed. In the analysed discharge the fast particle pressure
pfast was estimated from the injected NBI power, acceleration voltage and slowing
down time. With a back-of-an-envelope calculation pfast is estimated to account
for up to 10% of the total pressure. This non-negligible fast particle pressure may
be the reason for the relatively long sawtooth period in this particular discharge.
However, the presented method of deducing the q-profile and magnetic axis does
not rely on the fast particle content, but only on the total pressure.
In Campbell’s analysis the evaluation of the safety factor was limited to magnetic
measurements by which q0 was determined to approximately 0.9−1.0 during the
quiescent time.
This can be compared to the reconstructed evolution of safety factor at KSTAR,

Figure A.5.9: Comparison of the magnetic axis calculated from MSE measure-
ments against the position obtained from magnetics only EFIT. The MSE mea-
surements have been corrected by the post-shot filter rotation correction and
the determined systematic offset of −1.95◦.
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shown in figure A.5.11, where q0 has been reconstructed using three different
analysis methods: the curves marked as polynomial ( ) and spline ( ) result
from the equilibrium reconstruction using EFIT, where for the first a second order
polynomial is used to describe the basis function of the current density profile and
for the later three splines have been chosen as basis function. The spline location
is chosen at the plasma centre, at the edge and roughly at the location of the
sawtooth inversion radius. The remaining parameters have been kept constant
during the EFIT analysis. The third curve labelled analytical ( ) is the analytical
solution of q0 derived by Petty [83]:

q0 =− κ

R0

(
∂

∂R
tan(γm)

)−1 ∣∣∣
R=Rm

. (A.5.1)

Here, κ is the plasma elongation, R0 the major radius and γm is the magnetic pitch
angle at the magnetic axis Rm . κ has been obtained by reconstructing the plasma
equilibrium using EFIT only constrained by magnetic measurements, which is be-
lieved to give the most accurate solution for the plasma boundary. For the analyt-
ical analysis a three point moving mean filter has been applied to the MSE data
and for all three analysis methods the polarimetric data is averaged over 10 ms.
The three solutions follow the evolution of the electron temperature closely, a
sharp increase of q0 can be observed at the time of the sawtooth crash followed
by a steady decline until the next expulsion of the plasma core. The polynomial
and analytical solutions match well in absolute value, whereas q0,spline is raised
by ∆q0 ≈ 0.04. Independent of the analysis method, q0 drops well below unity
between the sawtooth crashes. However, since the error on q0 is estimated to be
on the order of ∆q0 = 0.1 no definite conclusion can be drawn whether q0 stays
below unity during the entire sawtooth cycle. It is important to point out that this
result appears to be in contradiction with results published earlier at KSTAR [53],

Figure A.5.10: Time evolution of shot #16499. Top: Plasma current and line
averaged density. Bottom: NBI power. The sawtooth evaluation is limited to the
area shaded in green.
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where q0 has been determined to stay above or close to unity by using the analyt-
ical solution. Possible explanations for this difference include: a) a difference in
the discharge regime. b) in reference [53], κ was calculated by KSTAR’s real-time
version of EFIT, which is considered to be less accurate than the post-shot analysis
version. c) possible the treatment of the radial electric field, which was assumed
to be negligible in [53].

Figure A.5.11: Top: Time evolution of the electron temperature from a central
ECE channel. Centre: q0 determined form EFIT reconstruction and analytical
solution. Bottom: Change in q0 at the sawtooth crash. Note that the q-profile
cannot be reconstructed during the NBI blips at t = 3.5,4.0,4.5,5.0 s.

As the last analysis step, the location of the sawtooth inversion radius is compared
between the reconstructed q-profile and ECE measurements. Figure A.5.12(a)
shows the time evolution of the normalised temperature profile using KSTAR’s ECE
system from which the inversion radius is determined to ri ,ECE = 1.92 m. Figure
A.5.12(b) shows the q-profile before and after a sawtooth crash (polynomial basis
functions), which is in good agreement with the inversion radius determined by
ECE. The analysis shows a broadened safety factor profile, similar to observations
by Mc Cormick et al. at the ASDEX tokamak [84], where sawteeth were stabilised
with Lower Hybrid Current Drive (LHCD). However, in Mc Cormick’s analysis q0

relaxed to values above unity after the sawtooth crash, whereas our analysis is
in agreement with the q0 evolution at JET’s stabilized sawteeth [82]. An impor-
tant difference between the experiments at KSTAR and JET compared to ASDEX is
the amount of non-inductive driven current which was reported to be almost fully
non-inductive at ASDEX, but negligible at KSTAR and JET. Dedicated experiments
are required to check whether a change in sawtooth behaviour can be observed at
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KSTAR during non-inductive operation.

(a) Normalized time evolution of the electron
temperature profile. The inversion radius has
been determined from the graph to ri ,ECE = 1.92
m, the position at which the change in temper-
ature at the sawtooth crash inverses.

(b) Reconstructed q-profile (polynomial
method) before and after a sawtooth crash.
The green shaded area marks the approximate
location of the sawtooth inversion radius
determined from (a).

Figure A.5.12: Comparison of the sawtooth inversion radius determined from
ECE analysis (a) and q-profile reconstruction (b).

A.5.5 Conclusion

In conclusion we have shown that with a two-step calibration procedure the MSE
diagnostic at KSTAR provides physically sensible magnetic pitch angle measure-
ments with a resolution of 10 ms and an accuracy of 0.1◦−0.5◦. The diagnostic is
now ready for routine operation and has been used to measure the evolution of
the central safety factor of a discharge with sawteeth instability with exceptionally
long sawtooth periods. The MSE measurements show an increase in q0 from 0.9
to 1 at the time of the sawtooth crash, where the uncertainty of q0 is estimated to
be ∆q0 ≈ 0.1. This is in line with the reconnection model proposed by Kadomtsev,
however it was shown that the analysis is very sensitive to the choice of the basis
functions used to describe the current density. For the future a more in-depth anal-
ysis of the sawtooth behaviour at KSTAR is required to gain further insight on the
evolution of the current density profile. The focus should clearly be on the analysis
of multiple shots to get a higher statistical confidence in the result, the analysis of
non-stabilized sawteeth as well as the sawteeth behaviour during non-inductive
operation to see if a raised q-profile, similar to the results measured at ASDEX is
obtained.
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A.5.7 Appendix

Detailed description of the determination of the systematic offset

Section A.5.3 briefly described the determination of a systematic offset in the mea-
sured polarisation angles. The detailed procedure is described here. As afore men-
tioned, a reconstruction of the current density profile using the equilibrium solver
EFIT constrained by polarisation angle measurements was initially unsuccessful
due to non-convergence of EFIT. This has been attributed to an unaccounted sys-
tematic offset in the measurement. A channel independent, constant offset is
assumed due to the shape of the polarisation angle profiles obtained after the
bandpass filter calibration in section A.5.3, which imply physically sensible mea-
surements.
To verify the hypothesis of the systematic offset, the plasma equilibrium of a shot is
calculated with varying systematic offsets applied to the MSE data. The resulting
q-profiles are compared to tearing modes of known mode number and location.
The ideal offset is found where the best match is made.

Tearing mode analysis

Reference values for the by EFIT reconstructed, expected q-profile are obtained by
an independent tearing mode (TM) analysis. The MHD mode numbers are deter-
mined by analysis of Mirnov Coil (MC) signals and the location of the instability
is obtained by cross-correlating electron cyclotron emission (ECE) measurements
with the MC data. The result of the analysis is shown in figure A.5.13, where the
spectrogram of one of the toroidal MC is plotted, labelled with the determined
mode numbers and locations. A 2/1 mode at approximately 1.98 m is present be-
tween 1.5s−3s and a 3/2 mode at 1.93 m has been observed between 7s−9s. In
the intermediate time interval the modes were suppressed by ECRH.

Determination of the systematic offset

To determine the systematic offset in the polarisation angle measurements, a
stepwise increasing, channel independent correction factor ∆corr ∈ [−3.8◦,+2.4◦]
is added to the measured polarisation angles. For each step in ∆corr the plasma
equilibrium is reconstructed and the following quantities are evaluated:

1. The difference ∆rq between the MHD mode location obtained from MC+ECE
analysis and the location of the q-surface from the EFIT reconstructed q-
profile.

2. The convergence of EFIT, reflected by the fit value χ2 (lower is better).
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3. The number of time steps for which EFIT converged.

4. The value of safety factor at the plasma edge q95, more precisely the differ-
ence ∆q95 = |q95,mag −q95,MSE|. Here, q95,MSE is the value of q95 determined
by MSE constrained EFIT and q95,mag the edge safety factor determined by
magnetics only EFIT. This is an important benchmark quantity as magnetics
only EFIT is expected to give accurate results for the plasma edge.

For the analysis a combined total of 61 time points for the 2/1 and 3/2 TM are
evaluated, where for each time the measurement signals are averaged over 50ms.
For the final evaluation of the four criteria listed above, the 61 individual time
steps are averaged for each correction factor.
The analysis has been performed for correction factors ∆corr ∈ [+2.4◦,−3.8◦], how-
ever only the results of the analysis from −2.4◦ to −1.6◦ are discussed as it has
been found to be the relevant interval. Figure A.5.14 shows ∆rq as well as χ2 and
the number of time steps for which EFIT converged over ∆corr; ∆q95 over ∆corris
plotted in figure A.5.15.

The difference in the tearing mode location ∆rq has a minimum of ∆rq,min ≈ 2.7 cm
at ∆corr = −1.85◦, showing good agreement between MSE EFIT and the TM loca-
tion determined via MC and ECE. However, ∆q95 has a minimum at ∆corr =−2.3◦,
which is in line with the observation that χ2 decreases for smaller values of ∆corr.
For offsets greater than −1.6◦, χ2 rises rapidly and EFIT is unable to find a con-
verging solution.
From the analysis no conclusive ideal offset can be determined and thus a com-
promise solution was made and ∆corr, opt = −1.95◦ has been selected as the ideal

Figure A.5.13: Spectrogram of one of the toroidal MC of shot #13728: From
Mirnov Coil and ECE analysis a 2/1 mode between 1.5s−3s and a 3/2 mode
between 7s−9s has been determined. The MHD activity was suppressed from
3s−7s by ECRH.
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correction factor. With this, ∆rq is close to its minimum, the difference in ∆q95 is
acceptable low and EFIT shows good convergence.

Figure A.5.14: Calibration anal-
ysis for shot #13728: Difference
in boundary ∆rq, χ2 and the num-
ber of time steps for which EFIT
was able to converge are plotted
over the systematic correction fac-
tor ∆corr. The uncertainties are
above what one would expect by
purely looking at the spread of the
data for both quantities, however
they do represent the statistical
spread of the data and no system-
atic error could be determined.

Figure A.5.15: Calibration anal-
ysis for shot #13728: Difference
in ∆q95 over the systematic
correction factor ∆corr. ∆q95 as a
minimum at ∆corr ≈−2.3◦.

Applying the determined optimal correction factor to the recorded polarisation
angles, figure A.5.16 shows the comparison of the MSE constraint and magnetics
only reconstructed q-profile for t= 1.9s of the calibration shot. The location of the
2/1 TM is in good agreement with the MSE EFIT reconstructed q-profile.
To further verify that the chosen offset does indeed provide sensible results, the
now fully calibrated system is tested by comparing the location of the magnetic
axis calculated from the measured polarisation angles against the axis location
determined from magnetic probes.
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Figure A.5.16: Comparison of reconstructed q-profile for shot #13728 at t =
1.9s with and without MSE constraint. The indicated location of the 2/1 mode
(red) is the position determined by MS+ECE diagnostic.

Independent verification of ∆Off and ∆corr

For an independent test of the filter rotation calibration and the determined sys-
tematic offset in the polarisation angles, the position of the magnetic axis is ver-
ified by comparing the location calculated from the polarisation angle profiles
against magnetics only EFIT. For the comparison, one of the MSE calibration shots
described in section 2 is evaluated. For this L-mode discharge magnetics only EFIT
is expected to provide accurate results. The position of the magnetic axis from the
MSE data is obtained by interpolation the zero crossing of a third order polyno-
mial fit to the first 10 channels neighbouring the magnetic axis as shown in figure
A.5.17. A third order fit was chosen as it resembles the shape of the measured
profile, although a second order fit provides similar results.

Figure A.5.18 compares of the time evolution of the magnetic axis with the two
corrections applied to the MSE data: marks the time evolution obtained from
the uncorrected pitch angles. The measured data was first corrected to account for
the incorrect filter rotation (described in section A.5.3), resulting in the graph.
Secondly, the pitch angles are corrected to account for the systematic −1.95◦ offset,
resulting in the graph. This is in excellent agreement with the EFIT result ∗∗∗,
giving confidence in both filter calibration and the determined systematic offset.
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Figure A.5.17: Determination of the magnetic axis. The 10 innermost channels
are interpolated by a third order polynomial fit from which the magnetic axis
can be derived by calculating the intersection of the fit with the x-axis, indicated
by the dashed line.

Figure A.5.18: Comparison of the magnetic axis for shot #13691 between MSE
analysis and the axis location reconstructed from magnetics only EFIT. The MSE
measurements are corrected to account for the incorrectly set CWL of the band-
pass filter and the systematic offset.
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Abstract:
Accurate q-profile reconstruction is of importance for the development of ad-
vanced scenarios, but continues to be a challenge in tokamak research. To con-
strain the q-profile in the plasma centre the Motional Stark Effect diagnostic (MSE)
is often used, however achieving routine measurements with the required accuracy
proves to be difficult in many devices. We present a novel approach to obtain ac-
curate estimates of the q-profile using an observer-based approach. The observer
combines MSE measurements with model-based prediction of the system. For this
the plasma transport simulator RAPTOR is coupled with a fixed boundary equi-
librium solver to create a model-based prediction of the MSE measurements. An
Extended Kalman Filter (EKF) is used to merge profile evolution predictions from
the RAPTOR code with measurements. Using synthetic data we demonstrate ac-
curate q-profile estimations in situations where the model is purposely disturbed
and only erroneous MSE measurements are available. For shots at ASDEX Upgrade
we show that by constraining RAPTOR with MSE measurements, the evolution of
the model’s q-profile is in close proximity to reference profiles of reconstructed
equilibria from an integrated diagnostic suite.

A.6.1 Introduction

Of the available concepts for nuclear fusion reactors, the most matured one is the
Tokamak. It confines the plasma by a helical magnetic field which is created by
external coils and a current running through the plasma. The externally applied
toroidal component of the magnetic field is known, however the field components
generated by the plasma current are difficult to measure and manipulate. Tai-
loring the plasma’s current density profile J , or its derived quantity, the q-factor
q = dΦ/dψ, with toroidal magnetic flux Φ and poloidal magnetic flux ψ, is essen-
tial for plasma stability and performance [8].
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Unfortunately, no direct measurement of q (or J) is available. The plasma equi-
librium, specifically the distribution of poloidal flux ψ(R,Z) and the free functions
p ′(ψ), F F ′(ψ), are estimated using (real-time) equilibrium reconstruction codes
that solve the 2D Grad-Shafranov equation, a two-dimensional, nonlinear, ellip-
tic partial differential equation describing the force balance in the plasma [35,
36]. This process usually involves parametrising the internal profiles and solving
a least-square problem constrained by internal and external measurements of the
plasma. External measurements are magnetic probes, flux loops and Rogowski
coils, internal measurements are for example temperature and density measure-
ments. By using magnetic probes, the plasma equilibrium can be reconstructed
with good accuracy at the plasma boundary, however in order to constrain the
internal current distribution, knowledge of the internal magnetic field is required.
In the plasma centre, Grad-Shafranov solvers are typically constrained by mea-
surements from the Motional Stark Effect (MSE) diagnostic [11] or polarimetric
measurements [85]. MSE systems locally measure the polarisation angle γ of light
emitted by externally injected neutral particles, which is aligned with respect to
the magnetic field. A continuous challenge of the MSE diagnostic is to record
data with sufficient accuracy for a good q-profile reconstruction. For a precise re-
construction, for example to accurately resolve the evolution of the central safety
factor during sawtooth events, a measurement accuracy of 0.1◦ on a millisecond
timescale is required [53, 86].

In this article we propose a novel way to use a model-based observer to obtain
accurate estimates of the magnetic pitch angles. This approach results in higher
quality estimates than can be achieved by using only measurement or model data
and can also complement situations where direct measurements from MSE are not
available. The observer combines MSE measurements with model-based predic-
tion of the system for better estimates of the state of the system. This provides:

• a check of the measurement quality (or the simulation quality),

• better estimates of the state of the model by combining the real and pre-
dicted measurement,

• a real-time capable filtering solution,

• a constraint on the q-profile by the model in cases where MSE data is not
available,

• a correction of the model in case of model mismatch.

As a physics model describing the process, we use the poloidal flux diffusion equa-
tion and electron transport equation [87], implemented in the RAPTOR code [88].

A recently developed approach, similar to the one described in this paper, is im-
plemented in the IDE code [42, 89]. In this approach, a Bayesian approach is used
to merge diagnostic measurements related to the core current density with a one-
step-ahead prediction based on the poloidal flux diffusion equation. Important
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differences between both approaches are that RAPTOR is capable to run in real-
time and the physics model in IDE only includes the poloidal flux diffusion equa-
tion, while the kinetic core profiles are obtained from a Bayesian reconstruction
using several diagnostics for individual time slices. The approach of combining
RAPTOR with an Extended Kalman Filter contains a predictive model for the elec-
tron temperature (with future versions including also ion temperature and particle
transport equations [90]), allowing the EKF approach to be applied to reconstruct
all the core profiles. At the same time, it is important to realise the similarities be-
tween the Bayesian approach of IDE and the Kalman Filter approach in this paper.
Indeed, it can be shown that the Kalman Filter can be written as a special case of
a Bayesian estimator assuming the noise is Gaussian [91]. The great advantage
of Kalman Filter above more general Bayesian reconstruction is its speed, which
allows real-time implementation. In previous work [92], RAPTOR has been used
on TCV to estimate the core electron temperature and q-profile, constrained by
measurements of core density and temperature. The code is also used at AUG
[93], JET [90] and ITER [94].
In this work, we show for the first time that RAPTOR can be constrained by MSE
measurements to accurately model the q-profile evolution. A prediction of γ is
not possible from the state of the model (RAPTOR) alone, but requires knowledge
of the 2D magnetic field structure. To be able to calculate γ, RAPTOR has been
coupled to a Grad-Shafranov solver (CHEASE [95]) in a self-consistent way, which
ensures that the geometry-dependent terms that enter the current diffusion equa-
tion (CDE) evolve consistently with the 2D equilibrium, and at the same time the
equilibrium is correctly constrained by the q-profile from the CDE. This coupling
allows a fast and accurate calculation of γ from the current density profile given
by the CDE in combination with the plasma equilibrium.
In the future we want to couple RAPTOR to a real-time capable equilibrium solver
for real-time q-profile prediction and control. Then, instead of constraining the
GS solver by RAPTOR’s q-profile, the filtered polarisation angle would be used as
a constraint to ensure consistent q-profiles between RAPTOR and the equilibrium
solver.

The remainder of this article is structured as follows:
Section 2 introduces the EKF, followed by a description of the RAPTOR code and
a brief outline of the MSE diagnostic and the difficulties present at the ASDEX
Upgrade Tokamak. In section 3 the EKF is first tested on a virtual MSE diagnostic,
where γ is calculated from the model, and lastly the EKF is used to constrain RAP-
TOR’s q-profile with MSE measurements from ASDEX Upgrade. The conclusions
are presented in section 4.

A.6.2 Methodology

Extended Kalman Filter

To provide the best estimate of the state of a system, an Extended Kalman Filter
(EKF) can be used to filter real measurements with model predicted measurements
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of the system. The EKF, the non-linear extension of the Kalman Filter (which is
used for systems described by linear ODE’s), has been described in literature ex-
tensively [96]. The EKF has the advantage that it not only takes the measurement
and model into account, but it is also recursive, fast and can handle asynchronous
measurements. Only the main concepts of the EKF algorithm are outlined here,
the interested reader is referred to [96, 97] for a more detailed description.
The EKF algorithm is illustrated in figure A.6.1. For every time step k, the EKF
algorithm consists of 4 steps. Our notation follows the one of Simon [96], the hat
denotes a predicted quantity from the model and the subset, e.g. k|k −1, denotes
that the quantity is evaluated for time k, taking into account the history of the
quantity up to time k −1.

Step 1: The EKF uses a model of the system in the form of a nonlinear ODE
xk = f (xk−1,uk−1, wk−1), where xk describes the state of the system, u are inputs to
the model and w is the noise vector of the state. First, the partial derivatives of
the model function are calculated

Fk−1 =
∂ fk−1

∂x

∣∣∣∣
x̂k−1

, (A.6.1)

Gk−1 =
∂ fk−1

∂w

∣∣∣∣
x̂k−1

. (A.6.2)

(A.6.3)

Step 2: Predict the state estimate and estimation-error covariance matrix:

x̂k|k−1 = f (x̂k−1,uk−1,0), (A.6.4)

Σk|k−1 = Fk−1Σk−1F T
k−1 +Gk−1Qk−1GT

k−1. (A.6.5)

Here, Σ is the estimation-error covariance matrix and Qk is the covariance matrix
of the model.

Step 3: Calculate the partial derivatives of the predicted measurement function
ŷk = h(x̂k , v):

Hk = ∂hk

∂x

∣∣∣∣
x̂k|k−1

, (A.6.6)

Mk = ∂hk

∂v

∣∣∣∣
x̂k|k−1

, (A.6.7)

with v being the noise vector of the measurement.
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Step 4: Update the state and error covariance estimate:

Lk =Σk|k−1H T
k

(
HkΣk|k−1H T

k +Mk Rk M T
k

)−1
, (A.6.8)

x̂k|k = x̂k|k−1 +Lk
(
yk −hk (x̂k|k−1)

)
, (A.6.9)

Σk|k = (I −Lk Hk )Σk|k−1, (A.6.10)

where Lk is the so-called Kalman gain and yk the real measurement of the system.
For a smooth initialisation of the EKF, the Kalman gain is multiplied with a time
dependent function:

L′
k = Lk ·exp(−0.12 · (t − t0)) , (A.6.11)

where t0 is the first active time step of the observer and the factor 0.12 was chosen
to provide a smooth initialisation.
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Figure A.6.1: Overview of the Extended Kalman Filter: The predictive model
(RAPTOR) simulates the state of the system from which the measurement (po-
larisation angles γ) is predicted. In combination with the real measurement the
EKF updates the state to obtain an improved estimate.

The system is described by the current diffusion equation and heat transport equa-
tions, implemented by the transport simulator RAPTOR. The state of the model x̂
is a representation of the poloidal flux ψ and the electron temperature Te , from
which various plasma parameters - for this article most importantly the safety fac-
tor q - can be derived. As measurements yk , the polarisation angle measurements
from the MSE diagnostic are used. The model, measurement and measurement
prediction, will be explained in the following sections.

A central quantity for the EKF algorithm are the noises of the state and measure-
ment, wk and vk respectively, from whose covariance matrices the Kalman Gain
Lk is calculated (equation A.6.8). The covariance matrices are essential for the
performance of the EKF. They determine the weighting of the model, or measure-
ment, and are used to tune the EKF.
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The process covariance matrix Qk of the model has previously been defined in
[97]. It is designed to enforce a high correlation between neighbouring spatial
points based on physical and numerical consideration of the problem.
The covariance matrix of the measurement is a diagonal matrix containing the
square of the standard deviation of each measurement channel as diagonal en-
tries. It is described in more detail in section A.6.2.

Plasma evolution model: RAPTOR

The observer is based on a model of the system (the tokamak), which provides
estimates of the state of the system from which the expected measurement can be
derived. The system is modelled by the transport simulator RAPTOR. This faster
than real-time capable code solves the coupled 1D poloidal flux

(
ψ

)
, electron- and

ion- temperature (Te , Ti ) equations, as well as particle transport equations for
electrons and multiple ion species [90]. For the present work, we solve only the
equations for ψ (equation A.6.12) and Te (equation A.6.13).

σ||
(
∂ψ

∂t

∣∣∣
ρ̂
− ρ̂Φ̇b

2Φb

∂ψ

∂ρ̂

)
= F 2

16π2µ0Φ
2
b ρ̂

∂

∂ρ̂

[
g2g3

ρ̂

∂ψ

∂ρ̂

]
− B0

2Φb ρ̂
V ′
ρ̂ ( jaux + jbs) (A.6.12)

In equation A.6.12, σ|| is the neoclassical conductivity, jaux is the non-inductive
driven current by auxiliary systems, jbs the bootstrap current, and g2, g3, F , V ′

ρ̂

define the geometry of the simulation and are calculated from magnetic equilibria.
The electron energy transport equation is written as:

3

2

(
V ′
ρ̂

)−5/3
(
∂

∂t

∣∣∣
ρ̂
− Φ̇b

2Φb

∂

∂ρ̂
ρ̂

)[(
V ′
ρ̂

)5/3
ne Te

]
+ 1

V ′
ρ̂

∂

∂ρ̂

(
− g1

V ′
ρ̂

neχe
Te

∂ρ̂
+ 5

2
TeΓe g0

)
= Pe (A.6.13)

With electron temperature, density, thermal diffusivity, convective flux Te , ne , χe ,
Γe and geometric terms g0, g1. Pe denotes the sum of the power density sources
and sinks. Φb , ρ̂ =

√
Φ/Φedge, and B0 are the toroidal flux enclosed by the LCFS,

the normalised square root of the toroidal flux and toroidal magnetic field at the
magnetic axis, respectively. The particle flux Γe is neglected in this work.
Equation A.6.12 and A.6.13 follow the notation of [90], where a detailed descrip-
tion of the individual terms is provided.

The equations are solved on a radial grid corresponding to the normalised toroidal
flux and are depending on the plasma and flux surface shape.
The thermal transport coefficient χe is provided by a gradient based empirical
transport model [93] with free parameters tuned to match the temperature pro-
files calculated by the IDE code. The equilibrium calculated by IDE is taken as
reference for this analysis.
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MSE diagnostic

Equilibrium solvers reconstruct the magnetic equilibrium in the plasma by solving
the Grad-Shafranov equation, constrained by various measurements. As a con-
straint for the current density in the plasma centre, the Motional Stark Effect (short
MSE) diagnostic is commonly used. It provides a measure for the local magnetic
pitch angle γm , the angle between Bφ and Bθ. The MSE diagnostic measures the
light emitted by neutral particles, which are injected into the plasma. Typically,
the radiation of the particles injected by the neutral beam injectors is analysed.
Due to the Stark effect the emitted light is polarised relative to the magnetic field;
measurements of the polarisation angle γ can be linked to the pitch angle of the
magnetic field projected in a plane perpendicular to the diagnostic’s line of sight
[11]. The MSE diagnostic at AUG can measure the polarisation angles at 8 differ-
ent radial positions, with up to two channels per radius. The diagnostic measures
the radiation of the Balmer-α line, which, due to the Stark effect, is degenerate
into a total of 9 lines with different polarisations. The lines can be grouped in two
components: π- and σ-lines, which are polarised perpendicular and parallel to the
electric field vector. The setup at AUG allows simultaneous measurement of both
spectral components at similar radial and vertical positions [98, 99, 61].

The configuration of the MSE channels for the shot analysed in this article is shown
in figure A.6.2. 6 channels of the diagnostic are configured to record the σ lines
of the stark spectrum and 2 the π emission. The measurement location of the π

channels are in proximity to the σ channels. In a shot with high quality MSE data,
the relationship σn ≈πn −90◦ holds, where n = 1,2 refers to one of the two channel
pairs marked in purple in figure A.6.2.
A challenge at AUG is the contamination of the recorded signal with background
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Figure A.6.2: Poloidal plane, CHEASE flux surfaces and corresponding toroidal
ρ values. Plotted are the spatial locations of the MSE channels and contour
lines of constant ρ intersecting the MSE channels. Note that the values of ρ are
subject to change during the shot, shown is the reconstructed grid for t = 3.7
s, shot #33134. The q-profile cannot be constrained by MSE signals in the
vicinity of the plasma edge. No MSE channels are available here, however q95
is constrained by the total plasma current.
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polarised light, originating from reflections on the inner metallic wall of the de-
vice. This background polarised light can render the recorded signals unusable in
discharges where the line averaged central electron densities exceeds 〈ne〉' 5·1019

[61] (a shot-by-shot analysis is required to determine the quality of the MSE sig-
nal). One extreme example of a contaminated measurement is shown in figure
A.6.3: The diagnostic was configured to record five π−σ measurement pairs si-
multaneously, which should display a 90◦ difference. During the shot, this can
only be observed within the first 1.7 s, after which the density is increased and the
lines begin to diverge [61], rendering the measurement unusable¶.
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Figure A.6.3: Example of the high-noise contaminated MSE measurements,
recorded in AUG shot #31313 (adapted from [61]).

The simultaneous measurement of π and σ lines is used to derive a time-varying
estimate of the variance of each MSE measurement: The measurement covariance
matrix Rk , required by the EKF (equation A.6.8), is calculated from the two avail-
able π−σ pairs (see figure A.6.2) by calculating their time averaged difference:

∆γ(t ) = 1

2

2∑
n=1

∣∣∣(γσn − (
γπn −90◦

))∣∣∣ (A.6.14)

≡ 1

2
∆Γ, (A.6.15)

where the overline denotes that for each time t , ∆Γ is averaged over the previous
20 ms (the averaging window was chosen to provide statistically relevant results
for simulations where the time step is one millisecond, but proved to work well in
simulations with a time step of 5 ms). The diagonal elements of the covariance
matrix, corresponding to the covariances of the individual MSE channels, are then
Rk = (∆γ)2.

¶For completeness we like to mention that similar problems have been reported at Alcator C-Mod,
whereas a solution the MSE polychromator has been developed [100]. The MSE polychromator mea-
sures the π+σ emission as well as the background polarisation in wavebands close to the measurement
wavelengths for every channel. The polarisation angles are then corrected by subtraction of the back-
ground.
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Measurement prediction

The EKF requires the calculations of the predicted measurement from the model.
The polarisation angle is calculated by

γ= tan−1
(

a0Bz +a1Br +a2Bφ

a3Bz +a4Br +a5Bφ

)
, (A.6.16)

where the ai are known device specific geometric coefficients, that depend on the
setup of the MSE diagnostic. Bz (r, z) and Br (r, z) are the vertical and radial compo-
nents of the poloidal magnetic field Bθ, and Bφ(r, z) is the toroidal magnetic field
at the measurement location r, z||.
From equation A.6.16 it is clear that γ cannot be derived from the RAPTOR state
alone, since RAPTOR calculates 1D profiles and does not reconstruct the 2D equi-
librium. The plasma equilibrium, constrained by RAPTOR’s q-profile, must be
calculated in order to calculate the predicted measurement. Then, by rewriting
the poloidal magnetic field as

Bθ = eφ× (2πR)−1q−1∇Φ, (A.6.17)

the polarisation angle can be calculated by using Φ = ΦEQ (i.e. the toroidal flux
is obtained from the plasma equilibrium) and q = qRAPTOR. The required coupling
between RAPTOR and an equilibrium solver is described next.

Coupling between RAPTOR and CHEASE

The RAPTOR code does not evolve the plasma geometry, but instead assumes it to
be fixed throughout the simulation. A time dependent coupling between RAPTOR
and an equilibrium reconstruction code is required to calculate the spatial distri-
bution of magnetic fields required to estimate γ locally. This requires constraining
an equilibrium solver with RAPTOR’s q-profile and updating geometry terms in
the transport equations from the calculated equilibrium before continuing the it-
eration of the transport equations. In practice this can be achieved by constraining
both codes with the same MSE angles. Since the flux surface shape and Φ changes
slowly compared to ψ, and thus q, updates of the plasma equilibrium are not re-
quired with every iteration of the CDE.
For the presented analysis, RAPTOR has been coupled to CHEASE [95], a fixed-
boundary equilibrium solver, which solves the GS equation using specified bound-
ary conditions and internal profiles. The last-closed flux surface and magnetic
fields are used as inputs by CHEASE and are directly provided by RAPTOR. The
pressure profile in terms of normalised toroidal flux p(ρ̂) can also be used as input
profile. The use of ρ̂ allows a direct coupling with RAPTOR, since it is RAPTOR’s

||Note that equation A.6.16 is a reduced form which neglects contributions from electric fields, which
can lead to high uncertainties in advanced plasma scenarios [46]. The radial electric fields cannot be
obtained from RAPTOR. For improved accuracy Er can be estimated from ion pressure profiles and
toroidal and poloidal velocities [101].
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radial coordinate, and is less sensitive to changes in the q-profiles. This requires
CHEASE to transform internally to profiles with respect to the poloidal flux, a so-
lution of the GS equation. Another new option has recently been introduced in
CHEASE, namely to provide the q(ρ̂) profile as input [102]. In this case CHEASE
computes the current density profile I∗, related to jφ, such as to match the input
q-profile and iterates until convergence (see equation 50 in [102]). This usually
leads to a finite current density at the plasma boundary which can be reduced
by slightly modifying the radial derivative of q near the edge. This is sometimes
used to study the sensitivity of plasma stability on the edge current density, for
example, but it is not needed for this routine since the I∗(qtarget) matching per-
formed by CHEASE provides the target q-profile without unphysical edge surface
currents. Also, CHEASE can use the previous equilibrium as an initial guess which
will significantly accelerate the equilibrium calculation.

The implementation allows dynamic updates of the geometry at arbitrary time
steps of the simulation; it is illustrated in figure A.6.4. The implemented coupling
calculates the plasma equilibrium based on RAPTOR’s q- and pressure profiles ev-
ery n-th RAPTOR iteration **. The equilibrium update frequency is chosen by the
user. Too few updates can cause jumps in the calculated polarisation angle, a high
update frequency leads to long simulation times. For the presented work it was
found sufficient to update the equilibrium every 5th RAPTOR time step.
From the calculated equilibrium, the geometry, i.e. the shape of the poloidal flux
surfaces as well as the toroidal flux they enclose (in detail terms g1, g2, g3, V ′ and
F in equation A.6.12, A.6.13) are calculated and updated in RAPTOR before the
iteration of the transport equations is continued. This asynchronous implementa-
tion allows for a fast and accurate calculation of the polarisation angle, which can
be used in offline and real-time simulations alike.
The importance of the equilibrium update is shown figure A.6.5. Here, RAPTOR
was run twice with identical simulation parameters, however, in one case the ge-
ometry was prescribed and fixed throughout the simulation, and in the second
case the geometry terms were updated during the simulation.
The geometry updates do not change the q-profile evolution, but result in correc-
tions of γ of multiple degrees, essential for a sensitive analysis.

A.6.3 Implementation of the MSE observer

EKF tuning using synthetic data

The MSE observer is implemented and the performance is evaluated with synthetic
data. The aim is to test and validate the implementation and investigate the effect
of various settings of the EKF. For this, artificial MSE measurements are gener-
ated by simulating an AUG shot with RAPTOR, used in purely predictive mode,

**Technically CHEASE was constrained by the parallel current density j|| and p, which is computa-
tional easier and available from RAPTOR. We verified that constraining CHEASE with j|| or q results in
similar results.



A.6 Optimal MSE polarisation angle and q-profile estimation using Kalman
Filters and the plasma simulator RAPTOR 65

as in [93]. Matching plasma equilibria are calculated with CHEASE. From the
simulation result and equilibria, the expected polarisation angles are calculated as
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Figure A.6.4: Flow diagram of the implemented coupling between RAPTOR
and CHEASE.
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Figure A.6.5: RAPTOR simulations with and without equilibrium update: Top:
q values for different ρ values. Bottom: calculated γ. No simulation parameters
were changed resulting in the equal evolution of q. The a priori calculated
geometry ( ) is based on equilibria from IDE which were loaded in half-
second intervals. This is manifested in step-wise changes in γ. In the coupled
simulation ( ) the geometry is updated every 5th simulation step.
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described in section A.6.2 and A.6.2. This simulation and synthetic diagnostic are
assumed to correspond to the true evolution of the plasma profiles (q, Te , ...) and
corresponding true measurements, i.e. the nominal case.
A normal distributed random noise with standard deviation of ∆γ= 0.5◦ is added
to the polarisation angles to simulate the effect of measurement noise. This noise
level is arbitrarily chosen and approximately 5 times higher than the acceptable er-
ror margins on MSE signals. Furthermore, the model used by the EKF is perturbed
with respect to the nominal simulation: Firstly, the q-profile used to initialise the
simulation at t0 = 1.5 s is elevated, see figure A.6.6 (d) and A.6.7 at t0. Addition-
ally, the electron temperature transport coefficient is reduced by 30%, which yields
a higher temperature, higher conductivity and correspondingly different q-profile
evolution.
The input to the EKF are the perturbed simulation and noisy polarisation angles.
The q-profile is evaluated to verify that the EKF is able to provide a good estimate
of the nominal q-profile.
The time evolution of various quantities of the nominal and observer simulation
are shown in figure A.6.6. The model mismatch due to the reduced transport
is clearly visible in the central electron temperature evolution in figure A.6.6 c).
For the observer case, the initially perturbed q-profile, figure A.6.6 d), converges
within ≈ 80 ms to the q-profile of the nominal simulation, only a slight mismatch
is visible at the q values towards the plasma centre, which is the most affected by
the reduced heat transport.
The innovation sequence I= zk −h(x̂k|k−1), the difference between measured and
model predicted MSE data, shown in fig. A.6.6 e), is expected to be zero mean
if the underlying system is linear. For the non-linear case it still serves as an
indication on the performance of the EKF. In the analysed scenario I does not
converge to a zero mean, but stays close to zero. This implies that a constant
correction from the observer on the q-profile is required. Contradictory to [97],
no disturbance estimation is required due to the relatively large timescales of the
current diffusion time.
The q-profile of the nominal and perturbed simulation as well as the observer
results are compared for various time steps in figure A.6.7.
The observer corrects the perturbed q-profile to closely approximate the nominal
case. The difference in q for each time step between the nominal case and the
observer/perturbed case is calculated using the standard deviation figure of merit
[103, 104]

σ(t ) =
√∫ 1

ρ=0
dρ (qobs,pert −qnom)2/

√∫ 1

ρ=0
dρ q2

nom . (A.6.18)

Averaged over all times t > 75 ms, σ nom|obs = 0.02 (between the nominal and ob-
server simulation) is very low compared to σ nom|pert = 0.19 (between the nominal
and perturbed case).
The convergence time depends on the choice of the covariance matrix, which is
used to tune the EKF. To illustrate the influence of the model covariance, figure
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A.6.8 shows the innovation sequence for varying σJ , the value of the diagonal ele-
ments of the model covariance matrix Qk (see equation A.6.5). Decreasing covari-
ance results in an increase convergence time. Tuning of the covariance (matrix) is
crucial for the operation of the EKF.

q-profile reconstruction of AUG discharge

After the initial verification using synthetic measurements, the q-profile of a full
AUG discharge is reconstructed using the MSE observer. A shot with low noise
MSE signals is analysed, for which a reference equilibria (reconstructed by MSE
constrained IDE [89]) is available. IDE is a GS solver, which, apart from being con-
strained by the measurements, also evolves the poloidal flux diffusion equation
in-between consecutive equilibria reconstructions. The evolved current density
profile is used to constrain the next equilibrium solution. The goal of this analysis
is for the observer to obtain a q-profile comparable with the IDE reference. For
the analysis, RAPTOR’s heat transport model, non-inductive current density de-
position profiles from ECRH and NBI as well as the non-inductive driven currents
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Figure A.6.6: Summary of the MSE observer results using synthetic MSE data
(based on AUG shot #33134). a) Plasma current and aux. power. b) calculated
polarisation angle without ( ) and with 0.5◦ noise ( ). c) central electron
temperature of the nominal and perturbed simulation. d) comparison of the q-
value evolution at ρ = 0,0.2,0.4,0.6 between the nominal simulation, perturbed
simulation and MSE observer. e) Innovation sequence, the difference between
measured and model predicted MSE data.
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have been tuned to approximate IDE estimates. The density profiles are fixed to
match IDE. A comparison between IDE and the RAPTOR simulation without the
EKF is shown in figure A.6.9. Here, qedge matches well due to the constraints at
the plasma boundary, however, in the plasma centre, RAPTOR diverges from the
reference.

The MSE observer is run with the same RAPTOR configuration used to create fig-
ure A.6.9 and the measured polarisation angles of shot #33134. The goal of the
analysis is to obtain a q-profile matching the IDE analysis. The safety factor evolu-
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the observer is the perturbed simulation, input measurements are the noisy
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tion of the MSE observer is shown in figure A.6.10. The observer is active between
1.2 s−7 s, the time during which MSE measurements are available.

The q-profile evolution estimated by the MSE observer is in good agreement with
the IDE reference. Only in the vicinity of the magnetic axis, where the difference
between the pure RAPTOR simulation and IDE is highest, a significant deviation
from the IDE reference is notable. At the plasma edge, a match in q between
RAPTOR and IDE is guaranteed by the boundary conditions.
The q-profiles are compared in figure A.6.11 at four times. The q-values in the
vicinity of the magnetic axis differ by ∆q ≈ 1 between the RAPTOR simulation with-
out MSE and IDE. The MSE observer corrects the q-profile significantly. To com-
pare the correction, the standard deviation figure of merit (see equation A.6.18)
is calculated. Since the observer only corrects the q-profile in the plasma centre,
the integral in equation A.6.18 is evaluated like

∫ 0.7
ρ=0 (for larger values of ρ, no
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MSE channels are available and the observer result matches the RAPTOR simu-
lation without MSE.). As it was previously done, the resulting σ(t ) are averaged
over all times. We find a significant improvement from σ OBS|IDE = 0.05 (differ-
ence between observer and IDE reference), compared to σ RAP|IDE = 0.19 (disabled
observer and IDE reference).

Figure A.6.10: q-profile evolution at ρ = 0, 0.2, 0.6, 0.8. Compared are three
cases: RAPTOR without MSE, the reference IDE solution and the observer re-
sult. The times where the observer is inactive are shaded in red, here no MSE
measurements are available. The RAPTOR time resolution is 5ms; every 35th
time step is plotted for improved visibility.
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Figure A.6.11: q-profile comparison between the nominal simulation ( ),
IDE ( ) and MSE observer ( ). Due to the high number of constraints, IDE
is able to resolve the plasma edge more accurately than RAPTOR, leading to the
divergence of q for ρ > 0.8.
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Observer behaviour at signal loss

Lastly, the behaviour of the MSE observer after the loss of the MSE signal is anal-
ysed. The previous scenario is repeated, but the MSE input to the observer is cut
at t = 5 s. The resulting time evolution of q is shown in figure A.6.12. Immediately
after the loss of the measurement signals, the q-profile of the observer begins to
converge towards the non MSE-constrained case.
An advantage of using the MSE observer is the constant availability of polarisation
angles which can be passed to a (real-time) Grad-Shafranov solver. In the worst
case, i.e. no valid measurements are available, the q-profile is predicted solely by
the model, whose information of the transport in the plasma can greatly enhance
the equilibrium reconstruction. In other words: with the approach described in
this article almost any GS solver can easily be constrained by the evolution of the
poloidal flux calculated by RAPTOR.

A.6.4 Conclusion & outlook

In this article we have shown that RAPTOR can be constrained by polarisation
angle measurements to provide an improved estimation of the q-profile. The
implemented observer is able to accurately estimate the q-profile in simulations
where both the measurement and model have been perturbed. Furthermore, it
was shown, that in shots where reliable MSE data is available, the MSE observer
constrains RAPTOR’s q-profile to match reference equilibria with minimal offsets.
The MSE diagnostic at ASDEX Upgrade suffers from parasitic polarised reflections
from the metallic walls, which can render the diagnostic unusable in several sce-
narios. Due to the setup of the MSE system, which can simultaneously measure
π and σ emission at the same radial location, an (real-time capable) estimate of
the measurement quality is obtained. With this, the observer continuously updates
the covariance matrices and it can provide estimates of the polarisation angle mea-
surements to a GS solver in any discharge scenario, even if physical measurements

Figure A.6.12: q-profile evolution at ρ = 0, 0.2, 0.6, 0.8. At t = 5 s the measure-
ment input to the observer is disabled and the simulation continues without
being constraint by MSE measurements.
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are unavailable.

While the work presented here uses the CHEASE equilibrium code, which is fixed-
boundary solver and not capable to run in real-time, this approach can readily
be ported to a real-time capable equilibrium code such as LIUQE [105] or JANET
[106]. Then, instead of using RAPTOR’s q-profile, the filtered polarisation an-
gles can be used to constrain the q-profile of the equilibrium reconstruction. In
principle, this allows any Grad-Shafranov solver to be constrained by the current
diffusion, heat and particle transport between consecutive equilibria reconstruc-
tion by coupling it to RAPTOR via a virtual MSE diagnostic. The only requirement
is that the GS solver can be constrained by MSE measurements.

In the future we plan to implement the observer in AUG’s real-time control system,
where the RAPTOR code is already implemented, a real-time capable MSE diag-
nostic is installed and the real-time equilibrium reconstruction code JANET [106]
are readily available. For this, the observer must be converted to a Simulink model
prior to execution in RT and the corrected MSE signals from the observer passed to
JANET, which is already capable of MSE constrained equilibrium reconstruction.
Once implemented, a model-based q-profile controller can be designed, similar
to the already implemented electron temperature controller at ASDEX Upgrade
[107], or a plasma profile controller developed for ITER [108]. The RAPTOR
code has no constraint on the plasma scenario and can be used to model (and
control) monotonic and advanced (e.g. reversed shear) q-profiles, using real-time
estimates of the driven current from codes such as RT-TORBEAM for electron cy-
clotron heating [109, 110] and RABBIT for NBI [111]. In advanced scenarios, it is
important to follow and control the q-profile evolution close to the magnetic axis.
Here, small uncertainties on the MSE signal can lead to large uncertainties in the
q-profile reconstruction. The model-based approach can help to gain more accu-
rate insight and control in advanced scenarios. To reduce uncertainties, a central
DCN polarimetry channel [112] could possibly be added to the observer, this is
however currently not planned.
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Tokamaks are the leading type fusion reactors for future power plant designs. They
confine a thermal plasma at millions of degrees Celsius using magnetic fields. The
magnetic field structure, or its derived quantity, the q-profile, is in general not
known accurately, because it is in part generated by a current of unknown spatial
distribution running through the plasma. Knowledge of the q-profile is important
for the stability and performance of the plasma and the first step towards control-
ling the current distribution through external actuators.
In this work the feasibility of the MSE diagnostic for use as a real-time measure-
ment of the q-profile of a tokamak, with a view on using it as the sensor for
real-time q-profile control, has been assessed.
The central conclusion is that the MSE diagnostic does indeed provide valuable
information that can be used to advantage in such a scheme, especially if it is
combined with a real-time equilibrium solver, i.e. if the MSE data is used in consort
with e.g. magnetic measurements to constrain the equilibrium reconstruction.
In order for such an application of MSE to be successful, it is necessary that sev-
eral data processing steps are taken in order to suppress the effects of systematic
errors from polarisation changes due to optical components and experimental in-
fluences on the optics, which are difficult to approximate a-priori. In this work a
calibration routine has been developed which consists of an in-vessel calibration,
correction of Faraday rotation caused by the magnetic field, a filter calibration
based on maximising the linear polarisation fraction of the transmitted light, as
well as a cross-validation against known MHD modes determined by secondary
diagnostics. While these corrections are complex, once established the results can
in principle be reused and no recalibration is required. Only polarisation changes
caused by depositions on the transmitting vacuum window throughout the plasma
campaign must be corrected for, which can be detected by the daily available
Faraday calibration measurement. The calibration routine was developed for the
commissioning of the newly installed MSE system at the KSTAR tokamak where
polarisation angles with accuracies of ∆γ= 0.2◦ over 10 ms averages are obtained.
With the newly installed diagnostic, changes in the central q-value (q0) during the
monster sawtooth instability were evaluated, and it is shown that the change in
q0 is in line with the Kadomtsev model of magnetic reconnection. These findings
were later confirmed by a follow-up investigation which is not part of this thesis
[113].

As a step towards real-time q-profile reconstruction it is shown that the q-profile
reconstruction can be significantly improved by using filter techniques from con-
trol theory on the MSE data. An extended Kalman filter (EKF) is implemented at
ASDEX Upgrade which combines predicted measurements from the RAPTOR code
and measurements from the MSE diagnostic. The EKF is able to reduce the error
in the reconstructed q-profile from 19% to 5% (compared to established reference
equilibria). For the measurement prediction, RAPTOR, a 1D plasma transport sim-
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ulator, is coupled to a predictive equilibrium solver. The coupling allows updates
of the magnetic topology, and consequently the geometry on which RAPTOR solves
the transport equations, in between simulations steps, which was previously not
possible. Instead, the geometry (including, among other parameterisations, the
shape of the poloidal flux surfaces) used to be based on reference equilibria of
similar plasma scenarios and be fixed throughout the simulation. The new cou-
pling allows dynamic, asynchronous updates of the geometry. This can result in a
more accurate prediction of the plasma profiles, which is essential for the calcula-
tion of the polarisation angles.
The connection between RAPTOR and the equilibrium solver can in principle be
ported to any other Grad-Shafranov solver, as long as it is constrainable by polar-
isation angle measurements. Using RAPTOR in conjunction with an equilibrium
solver in situations where no MSE measurements are available, or even at devices
without an MSE diagnostic, will allow for more accurate reconstruction of the q-
profile, because the internal profiles are no longer only constrained by predefined
profiles and magnetic measurements at the plasma edge, but also by the evolution
of the poloidal flux diffusion modelled by RAPTOR.

From the research it is evident that implementing a polarimetry based MSE system
on today’s tokamaks is challenging and will be more so for the next generation de-
vice, ITER. Like ASDEX Upgrade, ITER will feature a fully metallic wall [114] and
stray radiation can be an issue. Therefore, implementing a classical MSE system
(i.e. polarimetry based) could be challenging, possibly requiring an MSE poly-
chromator setup. This will, however, not be able to correct inter-shot drifts of the
signal caused by depositions on the first mirror, the severity of which requires fur-
ther investigation. If it proves that these depositions cannot be ignored, it must be
investigated whether an observer is able to provide accurate estimates in the case
of a signal with unknown drift. An alternative can be the line-shift MSE (MSE-LS),
which is being investigated by the US (tasked with implementing the MSE system
at ITER) [65]. MSE-LS systems require reliable and fast models of the spectrum to
extract the shift between the individual emission lines from the broadened spec-
trum. Spectral models have been created at ASDEX Upgrade [115], KSTAR [116]
and MAST [117] and as part of the MSE-LS study for ITER [65], showing promis-
ing first results. However, further investigations are required on the achievable
accuracy of both line-shift and polarimetry based MSE systems.

Even though further research is required for the next generation devices, the con-
ducted research is of value for current generation tokamaks with a view on ITER,
for which the plasma scenarios are still being developed. The presented research
is the first step towards the final goal of real-time q-profile control. At ASDEX
Upgrade, RAPTOR is already able to run as a plasma controller and a real-time
capable MSE diagnostic, as well as a real-time equilibrium solver, are available.
The following next steps are proposed to advance the implemented observer to a
real-time q-profile controller at ASDEX Upgrade:

Model validation: In high-density scenarios at ASDEX Upgrade the MSE diag-
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nostic is so error prone, that the data cannot be used as an input to the
Grad-Shafranov solver. In these situations a real-time observer can comple-
ment the q-profile reconstruction by constraining the equilibrium solver with
the model predicted polarisation angle. For a routine operation, a validation
of RAPTOR in a broad range of plasma scenarios is required to determine
the applicable parameter space and ensure consistent results.

Conversion to real-time observer: The developed observer currently only works
offline. For real-time operation the algorithm must be converted to a Simulink
model, which is compatible with the plasma control system, and the link be-
tween real-time diagnostic and the observer must be established.

MSE polychromator: Due to the high uncertainties of the MSE diagnostic, an
upgrade to a polychromator based system is currently carried out. With the
new system reliable polarisation angles measurements are expected for a
wide range of plasma scenarios. Once the hardware upgrade is complete, the
real-time polarisation angle reconstruction algorithm must be adapted and
an improved uncertainty estimator should be implemented in the observer.
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B.1 Introduction

B.1.1 Inertial electrostatic confinement machines
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Figure B.1.1: Schematic drawing
of a fusor. Fusors consist of a
grounded spherical or cylindrical
vacuum vessel in which a trans-
parent grid is centred. Plasma
breakdown is achieved by apply-
ing high negative potentials to
the grid. The electric field ac-
celerates ions towards the device
centre where they can fuse with
other ions or neutral gas particles.
Ions missing the grid oscillate un-
til they get neutralised, fuse, or
collide with the grid or stalk. The
working principle is in more de-
tail explained in section B.2.

Fusors, a type of inertial electrostatic confinement (IEC) machine have been an
active topic of research since the 1960s. Compared to thermonuclear, or (laser)
inertial confinement devices, they are appealing due to their small size and com-
parably simple design. In an IEC device ions are accelerated and confined with
static electric fields. They can be categorised into two classes:

Gridded devices: The most common type of IEC experiments, and the focus of
this research, consists of a vacuum vessel in which a transparent grid is cen-
tred. The concept is sketched in figure B.1.1. A negative potential is applied
to the grid, the electric field accelerates ions towards the centre and elec-
trons to the vacuum vessel. Ions and electrons are created by filling the
vacuum vessel with the fuel (for example deuterium) at low pressures and
applying high enough potential on the cathode for plasma breakdown to oc-
cur. A more detailed explanation of the principle, as well as an overview of
the experimental setup at TU/e, is given in section B.2.

Virtual electrode devices: A disbenefit of the gridded design are losses due to ions
colliding with the grid or stalk. To reduce the losses, gridless machines have
been developed which create a virtual cathode by trapping electrons. Two
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variations are an original design by Farnsworth [118], which can best be
described as a classical fusor with reversed polarity (creating a virtual cath-
ode via converging electrons), and the Polywell [119], which forms a virtual
cathode by magnetically trapping electrons in a quasi-spherical-cusp.

Fusion mechanisms in IEC devices

The fusor theory assumes that fast ions will converge towards centre of the device
and move on oscillatory trajectories through the device until they collide with the
grid or are neutralised. Fusion collisions can occur, amongst others, by collisions
between two fast ions (beam-beam fusion), the collision between a fast ion and
a neutral gas particle (beam-gas fusion), or the collisions between ions and fuel
particles embedded or absorbed in the grid (embedded fusion). To estimate which
of these collisions is dominant, the reaction rate R, used to calculate the number
of reactions per unit time, is estimated:

R =
Ñ

f1(v1) f2(v2)σ(|v2 −v1|)|v2 −v1|dv1dv2dV (B.1.1)

= n1n2〈σv〉V , (B.1.2)

Here, the fi are the distribution functions of the two reactants with densities ni ,
σ(v) the velocity dependent cross section and v the relative velocity. The reaction
rate is estimated assuming deuterium as a fuel. The density of species one is
proportional to the current of the fast ions, n1 ∝ Ifast, and the density n2 is collision
dependent:

beam-beam fusion: n2 ∝ Ifast

beam-gas fusion: n2 ∝ pgas

embedded fusion: n2 ∝ nemb

Figure app.2.1 shows the calculated reaction rate for increasing grid currents, as-
suming a gas pressure pgas = 0.2 Pa (ngas ≈ 1019 m−3) and an embedded deuterium
density in the cathode grid nemb = 1 ·1025 m−3. The calculation is described in ap-
pendix .
Typically, fusors are operated with tens to hundreds of milliamperes of current,
for which beam-beam fusion is negligibly low. In the analysis, the contributions of
beam-gas and embedded fusion differ by one order of magnitude, however, it must
be stressed that tuning of the free parameters, for example the embedded density,
can lead to significant shifts in the reaction rate. Whether embedded fusion plays
a dominant role in fusors is unclear because results in literature vary. Measure-
ments from Krupakar Murali show that beam-gas fusion and collisions between
neutralised fast ions with gas particles are the dominant contribution to the reac-
tion rate [120], whereas a recent publication by Bowden-Reid suggests that 80%
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of the fusion rate originates from the grid surface [121]. Preliminary results from
the TU/e fusor show no evidence of a large contribution from embedded fusion
and it is not further considered in the remainder of this thesis.
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Figure B.1.2: Estimated reaction rate for beam-beam, beam-gas and embedded
fusion. Beam-beam fusion is negligibly low for fusor typical currents of tens to
hundreds or milliamperes. Whether embedded fusion plays a dominant role is
not fully understood and requires further research. The model used to calculate
the reaction rate R is described in appendix .

In theory, thermal fusion can also play a (significant) role in a fusor: The central
potential focusses ions to the centre of the cathode, where one or more virtual
electrodes can form. In the resulting potential structure a thermal plasma can
be confined. More information is provided in section B.2.1, including a visual
representation of the potential structure in figure B.2.2. For the confinement of a
thermal plasma with a significantly contributes to the reaction rate, potential wells
with tens of keV are required. These have experimentally not been observed and
thus thermal fusion is neglected for the remaining discussion.

B.1.2 Applications and global research

Even though, as Rider showed, fusors are likely not suitable as a fusion power
plant because bremsstrahlung losses are prohibitively large and thermalisation
of the fuel leads to too high fast-particle losses [28], a number of industrial ap-
plications are foreseen as a compact neutron generator. Some applications are
shown in figure B.1.3. Noteworthy developments are a compact landmine detector
[122] and PHOENIX*, a spin-off from the IEC research department in Wisconsin-
Madison, which after research on fusors shifted to the production of linear accel-
erators producing up to 3 ·1011 n/s.

*https://phoenixwi.com

https://phoenixwi.com
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Figure B.1.3: Industrial applications for various neutron fluxes. Currently fu-
sors can produce up to 109 neutrons / s.

The main research contributors to field of IEC are the Tokyo Institute of Technol-
ogy, the university of Wisconsin-Madison, the university of Illinois and the univer-
sity of Sydney. A summary of fusor research until 2014 is given in a book by Miley
and Krupaker Murali [123]. Selected research topics of the different groups are:

Tokyo Institute of Technology Four IEC devices, a spherical, a cylindrical, a co-
axial double cylinder, and a magnetically assisted device were built [124].
Yamauchi et al. developed a pulsed system for landmine detection with a
maximum neutron yields of 2 ·108 n/s [122].

University of Wisconsin-Madison The University of Wisconsin-Madison is running
a fusor program since 1991. The group developed the eclipse disk diagnos-
tic with which the source of D-3He fusion was determined to be embedded
fusion and D-D fusion was determined to originate from volume processes
[125]. The group also built a steady-state D-3He reactor producing up to
7 ·106 protons/s [126].

University of Illinois The group at the University of Illinois has been exploring
the viability of IEC devices as space thrusters for over 20 years [127, 128,
129] and as part of their fundamental research on IEC devices was able to
measure the formation of a virtual cathode within the inner grid [130].

University of Sydney Amongst other research, the IEC group in Sydney did a va-
riety of research on Polywell type devices, in which electrons get confined to
form a virtual electrode [131, 132].

B.1.3 Performance limitations of IEC devices

The IEC theory assumes that ions are confined on oscillatory trajectories by static
electric fields until they collide with the grid, get neutralised, or fuse. To gain a
better understanding of the severity of different loss mechanisms, the mean free
path λmfp = 1/(σn), and from it the number of possible oscillations, is estimated for
them. For the calculations, the parameters of a typical discharge at the TU/e fusor
are taken: pressure p = 0.2 Pa (from which the density is calculated to n ≈ 3.6 ·1019
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m−3), applied potential U =−50 kV, fusor radius r f = 25 cm, cathode radius rc = 5
cm, grid transparency η= 95%, and a partially ionised plasma within the cathode
grid with 1% ionisation degree and a temperature of 1 eV.

Mean free path for fusion collisions:
The mean free path until a fusion reaction occurs is calculated under the assump-
tion that the dominant fusion process is the collision of fast ions with gas particles.
For a kinetic energy Efast = 50 keV, the cross section is σ= 1 ·10−30 m2, resulting in
λfusion ≈ 2.8 ·1010 m, or the equivalent of Npass = 5.6 ·1010 passes through the fusor
at maximum energy. Note that Npass is a low estimate since not all ions reach the
maximum energy (resulting in a lower cross section), and also ions are only at
their maximum energy while transversing the grid.

Grid losses:
With a grid transparency of η = 95% an ion can make statistically Γ = η/(1−η2) ≈
10 oscillations before colliding with the grid. Note that here only the geometric
transparency is considered and effects such as micro channeling are neglected,
which can lead to higher effective transparencies [133].

Neutralisation via charge exchange:
From the ALADDIN database [134], the cross section for the reaction
H+

2,fast+H2 → H2,fast+H+
2 is evaluated†. To provide an upper estimate for the mean

free path, the lowest cross section σmin = 1.55 ·10−20 m2 for ion energies between
EH+

2
= 1−50 keV is used for the calculation. With this, λmfp = 1.8 m. Thus, before

an ion is neutralised it can do at most ≈ 3.5 oscillations. Note that ions spend a
significant time at low energies, for which the cross section is higher.

Thermalisation via Coulomb scattering:
During every oscillation the fast ions travel through the cathode region where
a weakly ionised plasma exists. With the made assumptions, and following the
approach of Freidberg (ch. 9) [8], the energy loss over time dE/dt of a 50 keV
deuterium ion passing through a 1 eV plasma with density ne = ni = 0.01 ·ngas is
calculated.
It is assumed that an ion does no longer contribute to the reaction rate once the
fusion cross section drops by a factor of 10 from the initial cross section at Eion =
50 keV, which happens after the ion has travelled a distance of 1.05 m through
the plasma. Assuming the plasma is approximately confined within the cathode
grid (2 · rc = 0.1 m path length per oscillation), approximately ≈ 10 oscillations are
possible until the ion has thermalised.

Unfavourable ion birth radius:
For the estimation of the mean free path it is assumed that ions travel constantly

†From the considered reactions the charge exchange collision has the highest cross section.
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at Ekin = 50 keV. Besides the fact that ions only reach the full potential energy af-
ter accelerating from the anode to the cathode, spectroscopic measurements show
that the majority of the ions do not accelerate through the full potential and only
reach a low velocity when arriving at the cathode. The peaking of the ion birth
radius close to the cathode is modelled in section B.2.3. In summary, the peaking
is caused by the increasing ionisation cross section for collisions between ions and
neutrals with increasing ion energies, and the decreasing ionisation cross section
for collision between electrons and neutrals with increasing energies.

These estimates show that the basic principle of an IEC device, the assumption
that ions move on oscillatory trajectories through the device only holds for few os-
cillations. The majority of the ions is created close to the cathode and cannot reach
the full potential energy and ions with larger birth radius will quickly thermalise
or neutralise through charge exchange collisions.
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B.2 Influence of experimental and geometric param-
eters on the fast ion distribution in IEC devices

Messmer M.C.C., Rouwette S.M.M., Huisman A., Alers B., Hermans E.C.G., Ooster-
beek J. W., de Jong H.M.M. and Jaspers R.J.E

This chapter will be submitted to Fusion Science and Technology

Abstract:
Fusion machines based on the concept of inertial electrostatic confinement have
long attracted interest due to their simple design, however, elevating fusion rates
to industry relevant levels proves to be difficult. The fusion group at TU/e has set
up an IEC device in 2013 to study the performance-limiting physics experimentally
and theoretically. This device has the classical fusor configuration, i.e. a spherical
vacuum vessel (radius 25 cm) in which a single spherical grid (radius 5 cm, vari-
able) is centred. The grid is at a negative potential (0 to -100 kV) w.r.t. the vacuum
vessel, accelerating ions towards the centre of the device. In this article we present
experimental and modelling results aimed at increasing the fast ion population. To
gain a better understanding of the ion velocity distribution, the influence of exper-
imental parameters (pressure, grid potential, grid radius) on the ion birth radius is
modelled. The model shows a reduction of the number of slow ions for decreasing
pressures, resulting in more current being available for fast particles. This scaling
is verified experimentally by achieving so-called star-mode operation at, for our
device, atypically low pressures, made possible by the injecting of ions at the an-
ode. Here, a tripling of the neutron production rate is recorded. Other predictions
made by the model are a marginal influence of the cathode potential on the ion
birth radius and an increase of fast ions with increasing grid radius. An important
component of IEC experiments is the stalk, connecting the grid to the power sup-
ply. Simulation of ion trajectories show that the concept of oscillating ions in the
fusor does not hold if the stalk is not insulated (in this case the majority of the
ions collide with the stalk), and we show that radial symmetry of the electric field
is restored by dielectric shielding of the stalk. This is explained by charging-up of
the insulator until the symmetry of the vacuum potential is restored.
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B.2.1 Introduction

Inertial electrostatic confinement (IEC) devices, commonly referred to as fusors,
are designed to accelerate, collide and confine ions using static electric fields. The
design was proposed and patented by Farnsworth [20] and first built by Hirsch
[21] in 1960 and 1967, respectively. The schematic of a fusor is shown in figure
B.2.1. Fusors consist of a (typically) spherical vacuum vessel, which is electri-
cally grounded. A spherical grid, which is connected to the cathode of a power
supply through the high voltage feedthrough, the stalk, is centred in the vacuum
vessel. The vacuum vessel is filled with the fusion fuel (e.g. deuterium gas) at
low pressures. Plasma breakdown occurs when a high enough negative potential
is applied to the grid, leading to the acceleration of ions towards the centre, and
the acceleration of electrons towards the vacuum vessel.

to pump

stalk

stalk support
and HV feedthrough

to pump

to power supply

grid at 
neg. potential

diagnostic 
port

Figure B.2.1: Basic anatomy of a fusor: Within a grounded vacuum chamber a
transparent grid is connected to the cathode of an external power supply. Ions
are accelerated towards the centre of the device and may begin an oscillatory
motion if they do not collide with the grid. Fusion reactions can occur through
ion-ion or ion-gas collisions.

The number of fusion collisions R occurring per unit time of two colliding, mono-
energetic species with densities n1 and n2 and relative velocity v is:

R =
∫

n1 ·n2 ·σ(v) · v ·dV , (B.2.1)

where σ(v) is the velocity dependent cross section and the volume V depends
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on the fusion mechanism. Above equation only holds for constant velocities, a
more precise definition must take the velocity distribution into account, too. The
densities depend on the participating reactants. The reactions occurring in a fusor
can be grouped into five different categories:

Beam–Beam fusion (BB): Two accelerated ions collide (inside the cathode)
and fuse. The reaction rate for beam-beam fusion is proportional to the square
of the fast ion densities: R ∝ n2

i,f. The fast ion density ni,f is estimated by
assuming all ions are focussed to a sphere of 5 mm radius inside the cathode
[130]. Then, for an ion current Iion = 100 mA and cathode potential U =−100
kV, ni,f = I /(ev A) ≈ 6.5 ·1014 m−3. Compared to a typical gas pressure p ≈ 0.2 Pa
in the fusor, the fast ion density is 5 orders of magnitude lower than the neutral
density, making BB fusion negligible except for very high currents.

Beam–Gas fusion (BG): An accelerated ion collides with a neutral gas particle
and they fuse. For BG fusion, the reaction rate is proportional to the fast ion
density ni,f and the gas pressure, which determines the density of neutrals ngas:
R ∝ ni,f ·ngas. Due to the large value of ngas compared to ni,f, beam-gas fusion
is expected to make a large contribution to the total reaction rate.

Fast neutral–Gas (FN-G): An accelerated ion gets neutralised through a charge
exchange collision, the resulting fast neutral collides and fuses with a gas par-
ticle. If the mean free path for charge exchange reactions λmfp = 1/(ngas ·σcx )
is on the order of, or shorter than the radius of the fusor, FN-G fusion can con-
tribute significantly to the reaction rate, as the distance that fast neutrals travel
is similar to the distance they have travelled as ions.

Embedded fusion: A high-density of the fusion fuel can accumulate in the
cathode, stalk and wall of the vacuum vessel through ion bombardment, ab-
sorption and adsorption. Fast ions or neutrals colliding with the solid targets
can fuse with embedded or adsorbed fuel. The reaction rate is proportional to
the embedded density nemb and the flux of ions hitting the target material. De-
pending on nemb, embedded fusion can make a substantial contribution to the
reaction rate. Preliminary results at our fusor showed no indication that em-
bedded fusion makes substantial contribution to the reaction rate at our device
and it is not further considered in this article.

Thermal fusion: At high currents, virtual electrodes can form inside the cath-
ode grid, leading to a single or double potential well, illustrated in figure B.2.2.
This process was postulated by Hirsch [21] and measured by Nadler and Mi-
ley [135, 136]. The virtual electrodes can confine a thermal plasma, which,
depending on the plasma temperature, could contribute significantly to the re-
action rate. In this article thermal fusion is neglected because we do not see
evidence that it plays a significant role in our experiments. Spectroscopic mea-
surements show no indication of a high temperature thermal plasma. Fitting
a thermal distribution to the Doppler-broadened Balmer-α peak in our experi-
ments has resulted in plasma temperatures of a few electron volt.
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Figure B.2.2: Illustration of the potential structure in a fusor, including a dou-
ble potential well inside the cathode grid formed by virtual electrodes. The
virtual electrodes form due to the central vacuum potential, which focusses the
ions to the centre of the cathode. A thermal plasma can be confined by the vir-
tual electrodes, which, if at sufficient temperature, can contribute significantly
to the fusion rate.

With this in mind, the operating principle of a fusor can be described as follows:
if the applied potential is high enough, plasma breakdown occurs and ions get
accelerated to the energy of the potential difference between anode and cathode.
Reaching the centre, they fuse via one of the processes listed above. Due to the
spherical symmetry of the device, all ions converge to the centre of the device.
The ions which do not collide with the grid will oscillate through the device until
they fuse, collide with the grid, or get neutralised via charge exchange.
Assuming BG or FN-G fusion is the dominant process, the fusion yield scales lin-
early with the background pressure since both reaction rates are proportional to
ngas.

However, experiments and simulations performed in our group show that the ac-
tual operation of a fusor is quite different from the simple picture:

• Spectroscopic measurements and modelling of the ion birth radius presented
in section B.2.3 show that the bulk of the ions is created in the vicinity of the
cathode and do not accelerate through the full potential. This leads to a low
energy distribution of the ions, which will have a low fusion cross section.
From the model we learn that the ion birth radius can be influenced by vary-
ing the applied potential, the gas pressure, or the cathode radii, however,
these actuators are limited in their effectiveness.

• Due to the linear scaling of the reaction rate with the gas pressure, the fu-
sion rate is expected to increase with increasing pressure. By installing an
ion source at our fusor we are able to reduce the pressure at which plasma
breakdown occurs, with the added ions acting as a kick-start for the plasma
formation. Against expectations, the unlocked low-pressure regime shows
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a tripling in the reaction rate. The results are presented and interpreted in
section B.2.4

• Due to the stalk, which is at the same potential as the grid, the radial symme-
try of the electric field is broken. We will demonstrate that a large fraction
of the ions is accelerated towards the stalk and only ions created in the mid-
plane are able to oscillate, if the stalk is not insulated by a dielectric. Simu-
lations of the ion trajectories and experimental comparison of an insulated
vs. a non-insulated stalk are presented in section B.2.5.

Before discussing the results of the experiments and simulations, a description of
our experimental setup is given in B.2.2.

B.2.2 Experimental setup

Fusors have been built in a number of universities, for example the University of
Wisconsin [22], Sydney [23], Kyoto [24], the MIT [25], and by numerous ama-
teurs (including 12-year olds) [26]. The TU/e fusor was built in 2013. The current
setup of the fusor lab is shown in figure B.2.3 and has the following specifications:

Fusor

Grounding 
hammer

Resistor
stack PE shielding

Control area

Power supply

Figure B.2.3: View from within the fusor lab. Visible are the control area and
safety fence, the power supply, resistor stack and grounding hammer, as well as
the fusor and the disassembled polyethylene (PE) shielding. The PE shielding
was disassembled when the picture was taken and normally surrounds the fusor
on all sides which are facing the building.

Vacuum vessel
The vacuum vessel of the fusor is double walled with inner radius Rin = 250 mm
and outer radius Rout = 263 mm. A water-cooling system is available to cool the
vessel by pumping water through the double wall. The vessel has 10 access ports
of which the top and bottom port are reserved for the high voltage feedthrough
and vacuum pump, respectively.

Power supply and stalk
The power supply can supply a maximum of 12 kW at Umax = −120 kV. A 210



B.2 Influence of experimental and geometric parameters on the fast ion
distribution in IEC devices 89

kΩ ballast resistor is connected in-series between the fusor and power supply to
stabilize the discharge.
The design of the stalk connecting the cathode with the power supply is shown in
figure B.2.4. The grid is connected to a stainless-steel pipe which is slid over a 5
mm steel rod. A spring is mounted inside the pipe, clamping the two together. The
spring is tight enough for the pipe to be suspended on the rod but flexible enough
to allow a manual translation of the grid. A quartz glass cylinder can be slid over
the pipe for electrical insulation.

Ceramic insulator

Flange

1.4 cm steel pipe

Spring
mechanism 

Power supply

quartz glass cylinder
0.2 cm

Figure B.2.4: Schematic drawing of the stalk and high voltage feedthrough of
the TU/e fusor. All current carrying elements are drawn in grey. The power
supply is connected to a copper tube outside the fusor. A ceramic insulator
prevents arcing between the copper tube and the vacuum vessel. On the inside,
a stainless steel rod with �5 mm is attached to the copper tube. A steel pipe
on which the grid is attached is slid over the rod. The rod and pipe are held
together by a spring mechanism mounted inside the pipe, allowing the grid to
be moved up and down to adjust for different grid sizes. A cylinder made out
of quartz glass can be added to insulate the stalk.

Neutron detection and neutron shielding
The neutron counts are registered by a Boron-Trifluoride neutron counter and
digitally recorded. The neutron counter is mounted in the midplane of the vacuum
vessel. The neutron detector was calibrated with an Am241-Be reference source.
For the calibration the source was placed in a thin plastic gripper arm and lowered
into the centre of the fusor to the position where the grid is normally placed. It is
assumed that both the reference source and the fusor radiation are isotropic. The
calibration factor is determined from the known total radiation of the Am241-Be
source and the measured neutron counts by the detector.
For radiation protection of the experimentalist, the fusor is surrounded by 10 cm
thick blocks of polyethylene (which is almost completely disassembled in figure
B.2.3). Furthermore, the vacuum vessel is covered in a lead blanket to absorb
x-ray radiation produced by the fast electrons impacting on the vacuum vessel.

Diagnostics
The available diagnostics are the already described neutron detector, a webcam
for optical observation of the plasma and a spectrometer. The spectrometer has
F/6.5 aperture, a 1200 lines/mm grating and an entrance slit width of 50 µm,
resulting in a maximal resolution of 0.06 nm. The experimental parameters are



90 Part B: Performance optimisation of IEC machines

digitally recorded for each discharge. The pressure is obtained from a pressure
gauge, current and potential are directly read-out from the power supply.

Operating regimes
The fusor can be operated in three distinct operation modes called glow-, jet- and
star-mode, which have also been reported on other IEC devices [123]. The three
modes are shown in figure B.2.5.

(a) Glow-mode: occurring for
pressures of tens of pascal to
≈ 0.5 Pa

(b) Jet-mode: occurring for
pressures of several pascal to
≈ 0.5 Pa

(c) Star-mode: occurring for
pressures (. 0.5 Pa)

Figure B.2.5: The operating modes of the fusor are depending on the pressure
inside the vessel. Star-mode is most commonly used in experiments, because
here the highest neutron production rate can be achieved.

Similar to other IEC devices, the operation mode depends on the gas pressure. At
high pressures, a uniform glow discharge from the emission of neutralised or ex-
cited hydrogen, in and around the cathode grid, is observed. This regime is called
glow-mode. If the pressure drops, the discharge switches to jet-mode. In addition
to a uniform glow inside the grid a single intense jet-like emission is observed.
The jet is exiting the grid at the largest opening and is explained by electrons
leaving the cathode region, forming a virtual cathode, dragging ions along with
them [137, 138]. Further decreasing the pressure leads to star-mode, the switch
occurs around 0.5 Pa. In star-mode a bright glow is observed in the centre of the
grid and spokes of light emerge through the grid openings. The spokes have been
attributed to ions, which are confined on oscillatory trajectories due to focusing
caused by electric field inhomogeneities between the grid wires [123].

In our experiments, the highest fusion rates were achieved in star-mode, which is
accessible for pressures between 0.15 Pa / p / 0.5 Pa over a large range of grid
potentials and currents. An overview of the parameter space is given in figure
B.2.6.
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Figure B.2.6: Operation range of the TU/e fusor, provided by A. J. Wolf. Plotted
are value pairs of (U,I) where plasma breakdown occurs, grouped by the set gas
pressure. For pressures above 0.5 Pa the discharge is in glow- or jet-mode, for
pressures below 0.5 Pa star-mode is accessible. Around 0.5 Pascal a transition
region exists where all modes can be achieved depending on the grid potential
and current.

B.2.3 Modelling the ion birth radius and current contributions

Model description

To increase the ion energy, and thus the fusion cross section and reaction rate, it
is advantageous if gas particles get ionised close to the vessel wall. These ions
accelerate through the full electric potential and reach the maximum possible en-
ergy. Unfortunately, this is not the case for most ions. Figure B.2.7 (a) shows the
recorded spectrum of a hydrogen discharge with U =−45.2 kV.
The central peak at the Balmer-α wavelength, λBα = 656.28 nm, originates from
emission of the plasma in the cathode grid (compare with figure B.2.5 (c)). The
line broadening stems from Doppler-shifted Bα emission of fast ions neutralised in
the cathode. Marked in the figure is the maximum possible Doppler shift ∆λmax for
H+

2 which has accelerated through the full potential. The intensity at ∆λmax is close
to the background noise; only a small fraction of the ions are accelerated through
the full potential. In contrast, figure B.2.7 (b) shows the calculated spectrum
for the (ideal) case where all ions gain the full potential energy. The spectrum
is calculated under the assumption of a uniform angular influx of ions into the
cathode, and that neutralisation and emission are a point source in the centre
of the grid. The spectra is calculated from the non-relativistic Doppler-shifted
wavelength λDS:
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λDS =λBα
(
1−βcosθ

)
, (B.2.2)

with unshifted Balmer-α wavelength λBα, β = v/c, ion velocity v , speed of light
c, and the viewing angle between the line of sight and ion trajectory θ ∈ [0,360]◦
(θ = 0◦ corresponding to the case where the ion is moving away from the observer).
The peaking at ±∆λmax results from the slope of the cosine whose gradient is
lowest for θ→ 0 (corresponding to λDS →λBα±∆λmax).

(a) Recorded spectrum
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(b) Calculated spectrum for a mono energetic ions
distribution and a thermal plasma

Figure B.2.7: Left: Spectrum of a hydrogen discharge with gas pressure p =
0.13 Pa and applied potential U = −45.2 kV. The central peak originates from
emission of the low temperature plasma in the cathode region, the spectral
broadening is caused by emission of neutralised fast ions. Right: Calculated
spectrum for the case that all ions are created at the edge of the vacuum vessel
and reach the centre with Ekin = eU . The doppler shifted emission is calculated
under the assumption of a uniform angular distribution of ions. The central B-α
peak is calculated for a 1 eV plasma. Note that the graph is normalised to the
thermal emission, which has been arbitrarily scaled to be 5x higher in intensity
than the maximum of the doppler shifted spectrum.

Not only the velocity distribution of the ions is unknown, but also their current.
Only the total current measured at the power supply is known. According to
Krupakar Murali, the oscillating ion current can be estimated from the measured
current Imeas [139] via:

Iion = η(Imeas − Ith − Ip − If)

(1−η2)(1+γ)
. (B.2.3)

Here, Iion is the current of oscillating ions, Ith the thermic emission of the grid, Ip
the photoemission of the grid, If the field emission, η the grid transparency and γ



B.2 Influence of experimental and geometric parameters on the fast ion
distribution in IEC devices 93

the secondary electron emission (SEE) coefficient of the grid material. Equation
B.2.3 gives an estimate of the oscillating ion current, but does not provide any
information about the velocity distribution and, as we will see later, neglects an
important contribution to the measured current.

No further experimental results or theoretical predictions of the ion velocity dis-
tribution and current fractions are found in literature. Therefore, a model based
on the theory developed by Emmert and Santarius [140, 141] was created to de-
termine the influence of experimental parameters on the ion birth radius, and
understand how the individual current fractions contribute to the total current.
Their formalism describes the interaction between ions and a neutral gas for the
case of nearly transparent electrodes. We extended the original work with a more
precise and self consistent model of the cathode current and temperature [142].
A full description of the original model from Emmert and Santarius is out of the
scope of this article, but a summary is provided.

The model by Emmert and Santarius describes the ion flow between two nearly
transparent electrodes in a spherical geometry. It assumes two classes of ions:
Class I ions, which are created close to the vacuum vessel and class II ions, which
are created by charge exchange or ionisation interaction of class I ions with the
background gas. Class II ions may oscillate until they hit the cathode grid or have a
collision with the background gas, while class I ions are considered lost after they
reach the vessel opposite of their origin. Collisions between class II ions and the
background gas lead to the next generation of class II ions, thus the model sums
over an infinite number of passes and generations to obtain the total ion density.
The model result is the source function S f , radially specifying the number density
of D+ and D+

2 ions created per incoming class I ion.
Our analysis extends the original work, by analysis of the ion birth radius and an
extension of the model by including a self-consistent current model, including the
thermal effect of the cathode.
Shortcomings of the model are the fixed electric potential at the vacuum value, i.e.
no potential well inside the cathode is considered, and that no ionisation or neu-
tralisation of ions through electrons are considered (similar to the original work).
These are neglected because electrons gain energy quickly when leaving the cath-
ode due to the inverse square scaling of the electric field. As a result, the cross
section for ionisation and dissociation through electron collisions quickly drops be-
low the corresponding ion-gas collisional cross sections for energies above 1 keV
(see figure B.2.27).

The modelled interactions, the implemented current, and the temperature model
are in detail described in appendix B.2.7. At this point only the results are pre-
sented, namely the scaling of the ion birth radius and an analysis of the current
contributions. For the analysis, a nickel cathode (work function W = 5.2 eV) with
98% effective transparency is used in the model. The background gas is D2 with
an initial class I ion distribution of 10% D+, 30% D+

2 and 60% D+
3 (taken from
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[143]). The gas temperature is Tgas = 300 K. Due to limitations of the model, it
is not known whether plasma breakdown occurs for the used parameters. Also,
asymmetries in the electric field caused by the stalk are not included in the model.
Analysed is the dependence of S f on the grid potential, background pressure and
cathode radius.

Results I: Dependence of S f on the grid potential

Figure B.2.8 shows the source function S f of D+ and D+
2 for varying cathode po-

tentials at constant pressure p = 0.5 Pa, cathode radius rc = 5 cm and fusor radius
r f = 25 cm. For both species S f depends only weakly on the applied potential
and drops quickly outside the cathode. With rising potentials a minor shift of S f

towards larger radii is observed, explained by the increased cross section for ion
induced ionisation. From figure B.2.8 a small fraction of fast ions is expected,
consistent with the spectroscopic measurements shown in figure B.2.7.
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Figure B.2.8: Dependence of the ion birth radius for D+
2 (left) and D+ (right)

on the grid potential U . The source function depends only weakly on the applied
potential. Higher potentials are favourable because at similar birth radii the ions
can reach higher energies increasing the fusion cross section.

From the model the individual contributions to the total current are obtained,
shown in figure B.2.9. At low potentials, the dominant contribution to the total
current is secondary electron emission, caused by D+

3 ions hitting the cathode.
With increasing potential, an increasing number of slow ions is created in the
cathode region due to the increased cross section for

H+
2 +H2 → 2H+

2 +e, (B.2.4)

making slow ion impact the dominant current contribution for |U | > 50 kV.
Overall, only a small fraction of the current is caused by the collision of fast ions
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with the cathode and most of the available current is used by slow ion impact and
secondary electron emission.
Comparing the results from figure B.2.9 to the relationship between the measured
and fast ion current derived by Murali (see equation B.2.3), our results show that
neglecting the slow ion current in Murali’s work leads to an overestimation of the
fast ion current.

Figure B.2.9: Dependence of the four dominant current fractions on the grid
potential. With increasing potential more slow ions are created inside the cath-
ode due to the increasing ionisation cross section. The slow ions take up a large
fraction of the total current, reducing the number of fast particles.

Results II: Dependence of S f on the pressure

The pressure dependence is analysed at a grid potential U =−50 kV and the cath-
ode and fusor radius are again rc = 5 cm and r f = 25 cm, respectively. S f for D+
and D+

2 is shown in figure B.2.10.
With increasing pressure the total number of ions is increased due the reduced
mean free path λmfp = 1/(σn(p)). Increasing pressures result in an increase of the
absolute number of ions created at larger radii. However, the large fraction of slow
ions will take up a large fraction of the available total current Itot. Experimentally
it is observed that the NPR drops significantly for p > 0.3 Pa because the current
limit of the power supply is reached which subsequently limits the grid potential
because the total power is limited (see section B.2.4 for a detailed description).
To provide more qualitative insight, the area normalised source function

(∫ r f
rc

S f = 1
)

is plotted in figure B.2.11. This is motivated by the fact that the total current in
the fusor is limited and the large amount of class II ions for increasing pressures is
likely not sustainable by the power supply. The normalised source function shows
a (weak) favourable shift of the ion birth radius for r ' 0.08 m with decreasing
pressures.
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Figure B.2.10: Pressure dependence of the ion birth radius. Left: source func-
tion for D+

2 , right: source function for D+. The total number of ions increases
with pressure due to the reduced mean free path for ionisation collisions.
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Figure B.2.11: Normalised D+
2 birth radius: The source function is normalised

such that
∫ r f

rc
S f = 1, motivated by the limited total current. The minor shift of

S f to larger radii is likely insignificant in experiments.

The dependence of the current fractions on the pressure is plotted in figure B.2.12.
Similar to the potential scan, the dominant contributions to the current are the
secondary electron emission and slow ions current. The slow ion contribution in-
creases with pressure due to the reduced mean free path λmfp ∝ 1/p. For low
pressures the class I & II current increases and a favourable scaling of the NPR.
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Figure B.2.12: Scaling of the current fractions for varying pressure. Higher
pressures reduce the mean free path for ionising collisions, increasing the num-
ber of slow ions created in the cathode and thus the slow ion current. An
increased NPR is expected at lower pressures due to the increase in class I & II
current.

Results III: Dependence of S f on the cathode radius

Lastly, the effect of varying cathode radii is examined. For the analysis p = 0.5
Pa, the cathode potential is -50 kV, and the fusor radius is again r f = 25 cm. To
compare different grid radii, the normalised source function (

∫ r f
rc

S f = 1) is plotted
in figure B.2.13 as a function of the ion energy.
For increasing cathode radii, more high energy D+ and D+

2 ions are created and
an increase in the NPR is expected due to the increased cross section. In addition,
with increasing grid radii ions will travel longer at their maximum energy, further
increasing the NPR. An increased NPR with increasing cathodes has experimen-
tally been observed by Wehmeyer. In his experiments with a fusor of radius 25
cm, a 20% increase in the NPR was observed when doubling the grid radius from
5 cm to 10 cm [144].

A feature not captured by the normalised source function is a drop of S f for rg = 15
cm, shown in figure B.2.14. For too large cathode radii S f decreases, because
the distance between grid and vacuum vessel is too short for sufficient ionisation
events to occur. This can hinder plasma breakdown in experiments. In fact, in
experiments not included in this article we were unable to achieve plasma break-
down using a grid with radius rgrid = 15 cm.

The changes in current fractions for varying cathode radius are shown in figure
B.2.15. Increasing grid radii result in longer travel distances of ions within the
cathode and a consequent increase in the creation of slow ion. Although smaller
grid radii provide improvements in the class I & II ion current, the associated
decrease of S f is expected to outweigh the benefits of small grids on the current
fractions.



98 Part B: Performance optimisation of IEC machines

0 10 20 30 40 50

E
kin

(D
2

+
) [keV]

0

20

40

60

80

|S
f| [

a.
u

.]

|D
2

+
| birth radius

r
g
=3 cm

r
g
=6 cm

r
g
=9 cm

r
g
=12 cm

r
g
=15 cm

(a) D+
2 source function for varying rg

0 10 20 30 40 50

E
kin

(D
+
) [keV]

0

20

40

60

80

|S
f| [

a.
u

.]

|D
+
| birth radius

r
g
=3 cm

r
g
=6 cm

r
g
=9 cm

r
g
=12 cm

r
g
=15 cm

(b) D+ source function for varying rg

Figure B.2.13: Source function for varying cathode radii rg . To compare dif-
ferent radii, S f is plotted over the ion energy, calculated from the birth radius.
Left: source function for D+

2 , right: source function for D+. Relatively more
fast ions are created with increasing cathode radii. However, as is shown in fig-
ure B.2.14, the absolute number of ions drops for too large cathodes, possibly
hindering plasma breakdown.
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Figure B.2.14: Source function of D+
2 as a function of the ion energy. S f (D+

2 )
scales favourably for grid radii until rg = 0.12 cm, for larger cathodes the spacing
between grid and vacuum vessel is too short for sufficient ionisation reactions
to occur and an overall decrease in S f (D+

2 ) is observed.
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Figure B.2.15: Current fractions for increasing grid radii. The probability of
ionising collisions between class I & II ions with gas particles in the cathode
grid increases with larger radii, resulting in a higher slow ion current fraction
for larger radii. The small improvements in class I & II ion current for smaller
radii are not expected to compensate for the shift of S f to lower energies.

B.2.4 Experimental scaling of the neutron production rate in
low-pressure star-mode operation

As discussed in the introduction, if beam-gas or fast neutral-gas fusion are the
dominant fusion mechanisms, a positive scaling of the fusion rate for rising back-
ground pressures is expected. However, the analysis of the ion birth radius showed
an increasing fast ion current at reducing pressures.
To gain further insight, the dependence of the neutron production rate on the
gas pressure p, the grid potential U , and the measured current I is investigated
experimentally. The results are shown in figure B.2.16. In the graph, the size
of the markers placed at (U , I , p) triplets represents the neutron yield, a higher
neutron count corresponding to a larger sphere. All neutron measurements are
taken in the star-mode operating regime. The figure shows an increased NPR with
increasing potential and current, as it is expected from the reaction rate for beam-
gas and fast neutral-gas fusion: R ∝ nfast(I ) · v(U ). Furthermore, the NPR scales
favourably with decreasing pressures: Increasing pressures leads to increasing cur-
rents, which limit the performance by two effects: First, for too high currents, the
grid potential is limited by the power supply, and second, in experiments where a
high NPR is expected by the achievable combinations of a high current and a high
potential, the grid quickly overheats and thus the NPR could not be measured.
These results are in line with the discussed pressure dependence of the ion birth
radius (section B.2.3), where large pressures resulted in a manyfold increase of the
total number of ions (limiting the available power), with a birth profile peaked at
small radii (resulting in small contribution to R due to their low energy).
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Figure B.2.16: Dependence of the NPR on the potential, current and pressure
in star-mode operation. The size of the spheres indicates the relative neutron
count; a larger diameter (linearly) corresponds to a higher NPR. Higher NPR’s
are observed for lower pressures. At large pressures the current limit of the
power supply is reached and because the available power is fixed, the grid po-
tential is reduced, subsequently reducing the ion energy which leads to the
decreasing NPR.

In the experiments no stable star-mode discharge could be achieved for p / 0.24
Pa. To extend the available parameter space and explore the scaling of the NPR
at low pressures, an ion source has been installed. The commercially available
ion source is capable of delivering a current of 6−10 mA [145]. It is mounted at
one of the lower ports, in the line of sight of the spectrometer, shown in figure
B.2.17. The additional ions created at large radii (to be treated as class I ions
in the model of chapter B.2.3) are expected to a) assist the plasma breakdown
and enable star-mode operation at lower pressures; and b) add ions at large radii
which will accelerate through the full potential and increase the NPR.

Spectroscopic analysis of fast ions
Prior to measuring the NPR in low pressure star-mode, the shift in the ion birth
radius caused by the ion source is analysed. Therefore the fusor is operated at
pressures too low for plasma breakdown to occur (p = 0.13 Pa for hydrogen, and
p = 0.17 Pa for deuterium). At these settings a single light emitting beam is ob-
served, originating from the ion source and passing through the grid, and a large
fraction of the fast ions is expected to originate from the ion source. Figure B.2.18
compares recorded spectra in hydrogen and deuterium discharges.
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Ion source

Spectrometer

Figure B.2.17: Schematic setup of the ion source. The spectrometer measures
the emitted light along the path of the fast ions.

To associate the peaks with particle species, the kinetic energy Ek of ions with
atomic mass mu = 1,2,3,4 is calculated from the recorded Doppler shift ∆λ and
central wavelength λ0 as:

Ek = 1

2
mc2

(
∆λ2 +2λ0∆λ

∆λ2 +2λ0∆λ+λ2
0

)2

. (B.2.5)

With this, we have identified peaks "1" and "2" of the hydrogen spectrum to belong
to particles of mass H and H2, respectively, and peaks "1" and "2" of the deuterium
spectrum to be consistent with masses of D and D2, respectively. To ensure that
the peaks do truly originate from fast ions accelerating through the full potential,
a scan of increasing grid potentials was performed which showed a linear shift of
the peaks "1" and "2" with the applied potential, verifying the identified species.

With this knowledge, the hydrogen spectrum of figure B.2.18 can be interpreted.
The blue shifted peaks correspond to particles moving from the ion source towards
the spectrometer. The H∗ emission is likely due to charge exchange processes
between accelerated H+ particles and neutral H2 background gas. Since Balmer-α
emission is only possible for atomic hydrogen peak "2" and it’s plateau require the
dissociation of H+

2 .
The plateau is interpreted as fast H+

2 particles colliding with the background gas
H2 while accelerating towards the grid. The reaction with the shortest mean free
path is

H+
2,fast +H2,bg −→ H++H∗+H2 (B.2.6)

The peak corresponding to Ekin = e ·Ufusor is likely due to dissociation of H+
2 within

the cathode region. Inside and surrounding the cathode a plasma is visible from
optical observations. In this region, in addition to process B.2.6, the dissociation
of H+

2 through collisions with can H+ occur:
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H+
2,fast +H+ −→ H++H∗+H+ (B.2.7)

The spectrum in figure B.2.18 shows that a large fraction of the ions is H+
2 . This

can also be observed in a star-mode discharge, see figure B.2.7 (a), and in the
model of the ion birth radius, compare figure B.2.8. H+

2 will have a lower relative
velocity at similar grid potentials compared to H+ and thus a lower cross section.
This must be considered in modelling efforts of the NPR.

Neutron production rate in low pressure star-mode operation
With the installed ion source, stable star-mode operation at lower pressures is pos-
sible. The previous parameter scan, see figure B.2.16, is extended and the results
are presented in figure B.2.19. Again, the marker diameter symbolises the NPR,
bigger spheres corresponding to higher NPR. The measurements are categorised
into four sets:

red: Star-mode discharges without the ion source (same as figure B.2.16). The
maximum measured neutron yield is (0.50±0.05) ·106 n/s.

blue: The parameter space of (p, I , U) is similar to the red data set, but the

Figure B.2.18: Recorded spectra of a hydrogen and deuterium discharge. The
gas pressure is low and only a single beam on the line of sight between the ion
source and the spectrometer is visible. The discharge parameters are: a ) for the
hydrogen discharge: p = 0.13 Pa, U =−33.7 kV. b) for the deuterium discharge:
p = 0.17 Pa, U = −33.7 kV [146]. The peaks labelled as 1 have been identified
to belong to atomic hydrogen and deuterium, the peaks labelled as 2 belong to
molecular hydrogen H+

2 and deuterium D+
2 . Peaks 3 are assumed to originate

from water impurities, but further analysis is required. The central wavelength
corresponding to the B-α transition differs by 0.29 nm from the literature value
for both Deuterium and Hydrogen. The difference between both peaks of 0.18
nm matches the literature, pointing to an error in the absolute calibration of
the spectrometer. The calibration error is not further investigated since only
relative wavelength measurements will be used.
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ion source is operated at the maximum power. The maximum measured NPR is
(0.76±0.06)·106 n/s. With higher currents the grid was observed to glow white-
hot and is expected to melt at prolonged operation, which limits the available
parameter space.

green: The ion source is used at low power. Its primary use is the stabilisation
of the plasma in discharge regimes otherwise inaccessible. Without the ion
source, star-mode either can’t be achieved at all or is unstable, characterised by
rapid drops in the current and an optical observed flickering of the discharge.
In this region of the parameter space higher than usual voltages can be reached
and the neutron yield is increased. The maximum measured NPR is (1.43±0.34)·
106 n/s.

cyan: The pressure in the cyan data set is further reduced. Star-mode break-
down does not occur for potentials below 55 kV. For lower potentials only a
single beam, originating from the ion source, is visible. The maximum mea-
sured neutron yield was (0.88±0.34) ·106 n/s. At potentials below -60 kV arcing
is observed and no stable discharge was achieved, limiting the recorded NPR.
For pressures below 0.1 Pa no stable discharge could be achieved.
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Figure B.2.19: NPR in star-mode operation, larger markers correspond to
higher NPR (linear scaling). The different colours correspond to different dis-
charge regimes: Red: star-mode without the ion source. Blue: star-mode op-
eration in a similar parameter space as the red markers but the ion source is
operated at maximum current. Green: lower pressure than red and blue with
the ion source at a minimal current required to achieve a stable star-mode.
Cyan: lowest pressure. Star-mode is only possible for potentials below -55 kV.
The maximum NPR was achieved was (1.43±0.34) ·106 n/s (green markers).

The unlocked low-pressure regime allows higher grid potentials before the current
limit of the power supply is reached. Figure B.2.19 suggests that the NPR increases
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for 0.1 Pa≤ p ≤ 0.2 Pa and decreases for 0.2 Pa≤ p ≤ 0.5 Pa.
To evaluate the pressure dependence of the neutron production rate, the NPR is
decoupled from the current and potential by normalising it with the current I and
potential dependent cross section σ(Eion(U )/2) :

|NPR| = I0

I
· σ0

σ(U /2)
·NPR (B.2.8)

A normalisation with I0/I and σ0/σ is chosen to preserve the units of the NPR in
s−1. I0 = 15 mA and σ0 =σ(30 [keV]) have been chosen arbitrarily as these values
are approximately centred in the experimental parameter space. The cross section
is taken at half the grid potential, because we expect that most fusion reactions
will be due to collisions of fast D+

2 with the background gas (see figure B.2.18),
whereas the cross sections are provided for D+. The NPR is not normalised by the
potential, because R ∝ v(U ) ·nfast ∝ v(U ) · I /v(U ), with fast ion density nfast. For
the determination of σ it is assumed that all ions have accelerated though the full
potential and that beam-gas fusion is dominant. Note also, that the normalisation
neglects any changes in the ion birth radius due to changes in U and p.
The normalised NPR is shown in figure B.2.20. Blue and cyan data points from
figure B.2.19 are excluded, because they distort the NPR by the addition of a large
amount of fast ions, or are not recorded in star-mode, respectively.
Assuming R ∝ ngas, the NPR is expected to increase by a factor of ×1.5 when the
pressure is increased from 0.2 Pa to 3 Pa. The graph shows a better than expected
tripling in the normalised NPR. The scaling can be explained with the ion birth
radius model: The measurements at low pressures are obtained with the highest
grid potentials, for which the model predicts a reduction of the fast ion current (see
figure B.2.9), resulting in the lower than expected NPR for decreasing pressure.
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Figure B.2.20: Normalised neutron production rate as a function of p. The
blue and cyan dataset of figure B.2.19 are excluded from the plot, since the
large amount of fast ions may lead to inconclusive results. The normalised NPR
scales favourably with increasing pressures, as it is expected for BG fusion.
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The increase in absolute NPR (see figure B.2.19) is in line with the prediction of
the ion birth radius model: For low pressures the number of slow ions created
in the cathode region is reduced (see figure B.2.12) and an absolute decrease in
low energy ions is expected (compare figure B.2.10). Thus, for low pressures, the
current limit of the power supply is no longer reached due to the reduction of
ions in the system and higher grid potential can be applied. For further reduction
of the pressure (cyan data set in figure B.2.19) star-mode operation cannot be
achieved, and rather a single ion channel between ion source and grid is visually
observed. The drop of the NPR is attributed to the reduction of (fast) ions in the
system, deduced from the low achievable currents and the absence of star-mode.
It is unclear if the NPR can be further increased (compared to the green data set)
by achieving star-mode, for example by adding more ion sources.

Scaling law for the neutron production rate
From the data points in figure B.2.19 a scaling law is derived to estimate the
NPR from the experimental settings by approximating the free parameters in the
reaction rate (see equation B.2.1). First, the reaction rate is multiplied with the
volume and the energy dependent cross section of the neutron producing branch
D(d,n)3He, σn(E), is used:

NPR= ni ·ngas ·σn(E) · v ·V , (B.2.9)

Assuming beam-gas fusion as the dominant fusion process, the densities are the
fast ion density ni and the gas density ngas. The fast ion current is estimated
from the ion birth radius model and the current model from Krupakar Murali
(see equation B.2.3): Hereby the current of class I & II ions is (conservatively)
estimated to 10% of the total current, with which equation B.2.3 is rewritten as

Ifast =
η(0.1 · Imeas)

1−η2 . (B.2.10)

At higher pressure ions can make less oscillations before they are neutralised by
charge exchange. As a first-order approximation, the fast ion current is normalised
with the pressure to account for the reduced mean free path.

Ifast =
η(0.1 · Imeas)

(1−η2)
· 1[Pa]

p
. (B.2.11)

To approximate the ion density, it is assumed that the fast ion current is carried in
one single star-mode ion beam with beam diameter A:

ni = Ifast

ev A
. (B.2.12)
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The gas density is estimated by using the ideal gas law ngas = p/(kbT ) with a
constant gas temperature T ≈ 300 K. The cross section is calculated using the R-
matrix parametrisation from Bosch [147] and all ions are assumed at energy E =
eU . The collisional energy is taken as half the kinetic energy, because it is assumed
that the dominant ion fraction is molecular H+

2 (see figure B.2.18). The volume is
estimated as the grid diameter dgrid = 0.1 m times the beam diameter A.
Plugging all parameterisations in equations B.2.9, eliminating A, v and p, and
using a grid transparency η= 0.95, the NPR is estimated as:

NPR= 0.1 ·η ·dgrid · Imeas ·σ(0.5eU )

(1−η2) ·e ·kb ·T
(B.2.13)

≈ 1.5 ·107 · Imeas[mA] ·σ(0.5eU )[b] (B.2.14)

The NPR is calculated for every data point in figure B.2.19 from the discharge pa-
rameters I and U and compared against the measured NPR. the result is plotted
in figure B.2.21. The colour of the points reflects the parameter space of the mea-
surement point in figure B.2.19 and a 1:1 line is plotted, representing a perfect
fit between model and measurement. The simple model gives a good estimate
of the measured NPR, but it must be stressed that this can be purely coinciden-
tal because the assumptions ignore key physics which are unknown. For one, the
cross section is calculated based on the assumption that all ions have accelerated
through the full grid potential, which has previously been shown to be incorrect.
Secondly, the cross section is underestimated by assuming all ions are D+

2 , which
have a lower relative velocity, and thus a lower cross section, than D+. Further-
more, the interaction volume is limited to the grid area, and collisions outside the
grid are neglected. Lastly, an approximation of the fast ion current is made which
can experimentally not be verified.
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Figure B.2.21: Comparison between the calculated NPR (see equation B.2.14)
and measured NPR for all data points from figure B.2.19. The simple model,
which only depends on the current and potential, provides a good estimate of
the measured NPR.
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For the experiments at our device the scaling law provides a good expectation of
the neutron production rate and it will be interesting to see how well this scaling
holds at other devices.

B.2.5 Influence of the stalk on the ion trajectories

An aspect not considered by the model of the ion birth radius, and neglected by
the simple picture of oscillating ions in a symmetric electric field, are field inho-
mogeneities caused by the stalk and consequent trajectory changes of ions. The
asymmetry of the electric potential caused by the stalk is shown in figure B.2.22,
as well as the force exerted on ions (red arrows). Looking at figure (b), the sim-
ple approximation made by the ion oscillation model becomes questionable: ions
born in the upper half of the fusor seem to be accelerated towards the stalk and it
is anticipated that ions created in the lower half of the fusor will pass through the
grid only once before accelerating towards, and colliding with, the stalk.

A previous study by Kurt [148] and Ohnishi [149] showed an electric field pertur-
bation similar to the results shown in figure B.2.22. Kurt’s analysis focused on the
field structure in the centre of the grid and did not consider the perturbations of
the stalk on the symmetry of the vacuum field and the consequent changes in the
ion trajectories. Ion losses to the stalk have been reported by Osawa [150], in the
simulations 50% of the ions collided with the stalk, however the initial distribution
is not clear from the presented results and no further assessments on the number
of ion oscillations are made. This analysis follows-up on Osawa’s work to provide
more insight on the influence of the stalk on the ion confinement, and also shows
how symmetry to the vacuum electric field can be restored by dielectric insulation
of the stalk.

Ion trajectory simulations with unshielded stalk
Using the simulation suite Comsol [152] the influence of an uninsulated stalk on
the ion trajectories is simulated with various grid sizes. The simulations are per-
formed in 2D. Tracked are the total number of passes ions make cumulatively
through the grid region. The geometry of our fusor is replicated in the simulation
and 100 hydrogen ions (test particles with mass mH , charge 1.6×10−19 C and ini-
tial energy E0 = 0 eV) are initialised in a circle close to the wall with a uniform
spacing between ions. The vacuum electric field inside the fusor is calculated for
a grid and stalk potential of -60 kV, which was chosen because it is achievable
with our experimental setup. At t = 0 s the ions are released, and their trajectory
in the field simulated. The total number of passes through the grid is calculated
from the trajectories. Ions colliding with the stalk are lost, the grid is assumed
to be fully transparent and Coulomb interactions between particles are neglected.
Figure B.2.23 shows the simulated geometry and particle trajectories after a few
time steps. The colour indicates the ion energy, red corresponding to high kinetic
energies.
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The simulations are run for an arbitrarily chosen duration of 7µs, in which a sin-
gle ion can do at most 23 oscillations, allowing a maximum of 4600 cumulative
passes through the grid. Simulated are three cathode grids with radius 5 cm, 9.5
cm, and 19 cm. The resulting number of passes for each grid is given in table
B.2.1. Larger grids perform better in the simulation because the electric field in
the northern hemisphere becomes more homogeneous, resulting in fewer particles
being accelerated towards the stalk. To gain a better understanding of the results,
figure B.2.24 shows a detailed analysis of the simulation with the 5 cm grid. Fig-
ure B.2.24 (a) shows the initial particle location, colour coded by the number of
passes the ions made in the simulation. Here, a brighter colour corresponds to
more passes. In the histogram in figure B.2.24 (b) the particles are grouped by the
number of grid transitions they make in the simulated time. The majority of the
particles makes 0 passes (22 particles), or 1 pass (32 particles). These correspond
to the particles initialised in the upper and lower half of the fusor, respectively.
Only few particles, the ones initialised close to the mid-plane, are able to oscillate
multiple times.
Related results were experimentally obtained by Krupakar Murali [153]. In his
experiments the NPR was measured for vertical translations of the grid. The ex-
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Figure B.2.22: Influence of the stalk on the electric potential. The vacuum ves-
sel is drawn in white, the grid and stalk are coloured grey. For the calculations
the cathode is approximated as a solid sphere. The figures show the strength
of the electric potential, the red arrows represent the Coulomb force exerted on
ions due to the electric field. The electric potential was calculated using CST
Studio suite [151].
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periments showed a maximum NPR when the grid was centred in the vacuum
vessel. Comparing this result with the simulations, Murali’s experiments can be
interpreted such that only when the grid is placed in the midplane a symmetric
field region capable of confining ions on oscillatory trajectories exists.

Figure B.2.23: Snapshot of a par-
ticle simulation. First, the vac-
uum electric field is calculated for
a potential difference of -60 kV
between the grid and vacuum ves-
sel. 100 hydrogen-like ions are
initialised in a circle in the vicinity
of the wall with a uniform spac-
ing. Their motion in the field is
simulated, the grid is assumed to
be fully transparent and ions col-
liding with the stalk are removed
from the system. The cumulative
number of passes of all particles
through the grid is calculated for
varying grid radii. In the plot the
particles are colour coded by their
energy, red representing high ki-
netic energies.

rgrid [cm] Cumulative # of passes

5 176
9.5 706
19 3011

Table B.2.1: Cumulative number of passes for various grid sizes. The field
asymmetry caused by the stalk reduces with increasing grid size, less ions are
attracted to the stalk and the number of passes is increased.
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(a) Colour coded dependence of the number
of oscillations on the initial particle location

(b) Histogram showing how many passes
were made by how many particles.

Figure B.2.24: Detailed analysis of a simulation: The simulation results are
shown for rgrid = 5 cm. (a): Correlation between initial particle location and
the number of oscillations. Brighter colours correspond to a larger number of
oscillations. Only particles initialised on the mid-plane are able to oscillate.
Particles initialised in the upper hemisphere are accelerated directly towards
the stalk, particles initialised in the lower hemisphere pass the grid once before
being accelerated to the stalk. (b): Histogram summarising how many passes
are made by how many particles.

Symmetry restoration through dielectric insulation of the stalk
In addition to the simulation of varying grid radii, different insulator materials
(glass, alumina, air) surrounding the stalk were simulated to determine the effect
of the dielectric on the ion confinement. In the simulations the number of ion
oscillations was independent of the dielectric. We attribute this to the fact that the
effect of (positive) charge build-up on the insulator caused by ion impact is not
included in the simulations.
The influence of dielectric shielding of the stalk is tested experimentally. In the
experiments a 3-ring grid made out of nichrome (rgrid = 3 cm, grid wire diameter
0.7 mm) was used. The NPR was measured with and without a quartz glass cylin-
der isolating the stalk (see figure B.2.4).
A doubling of the NPR was measured when the stalk was shielded, explained by
the different operation modes of the fusor. Two distinct changes in the discharge
characteristic were observed:

• Visual observation shows the plasma is only in star-mode when the stalk is
isolated, shown in figure B.2.25.

• When the stalk is insulated, the grid temperature is strongly increased, de-
duced from a white-hot glow of the grid, which is not observed when the
stalk is unshielded.
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From the experiments we conclude that ions are attracted to the stalk and deposit
their charge on the insulator until the built-up charge counteracts the electric po-
tential of the stalk, and radial symmetry of the vacuum electric field is restored.
This explains the strong heating of the grid when the insulator is installed: In the
radial symmetric field all ions accelerate towards the grid on which the full power
(caused by ion impact heating and ohmic heating) is deposited. If the stalk is not
shielded, the power is distributed over the grid and stalk, which can be effectively
cooled by radiative cooling due to the large surface. In this case, no star mode
is achievable because ion micro channels are unable to form due to the strongly
asymmetric field.

(a) Discharge without insulator (b) Discharge with insulator

Figure B.2.25: Comparison of the optical emission of two discharges. (a) Un-
shielded stalk. (b) Stalk is shielded by a quartz glass cylinder. In both discharges
the pressure was 0.20 Pa, the measured current 11 mA, the potential 22 kV and
the same grid was used. The ion source was used at the minimal required cur-
rent to provide a stable discharge at 11 mA. In the discharge without quartz
cylinder only a single beam of light is visible, likely caused by ions accelerat-
ing from the ion source towards the grid. If the stalk is insulated, star-mode
operation is achieved and the NPR is doubled.

Assuming the energy distribution of ions colliding with the stalk or grid is similar
for the insulated and non-insulated experiment, the increased NPR in the shielded
configuration points towards beam-gas fusion as the dominant fusion process. In
the radial symmetric field ions can oscillate, increasing the path length for BG
fusion. If embedded fusion was the dominant process the number of oscillations
would not matter.

B.2.6 Summary and Discussion

IEC devices do not operate at the idealised principle described by a non-Maxwellian
distribution of oscillating ions in a spherically symmetric field with energies equiv-
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alent to the potential energy supplied by the grid. In fact, spectroscopic measure-
ments show that the majority of the ions are at a low temperature thermal dis-
tribution and calculations of the vacuum electric field show a strong asymmetry
of the electric field caused by the stalk. To better understand these performance
limiting factors we have developed a model to determine the influence of the ex-
perimental parameters (pressure, grid potential, and cathode radius) on the ion
birth radius, investigated the scaling of the neutron production rate (NPR) at low
pressures, and determined the influence of the stalk on the ion recirculation.
The ion birth radius is calculated by modelling the interaction between ions and a
neutral gas background in a system with nearly transparent electrodes. The model
predicts that the majority of ions are created in, or close to the cathode, qualita-
tively matching with experimental observations. The model shows only a minor
influence of the grid potential and pressure on the ion birth radius, but favourable
performance is predicted at low pressure because the number of slow ions created
inside the cathode is reduced, and more current is available for fast ions. This has
been verified experimentally. By installing a low current ion source, star-mode op-
eration was achieved at lower than usual pressures. Here the power supply current
is no longer saturated and higher potentials can be applied to the grid. Another
prediction by the model is an increased fraction of fast ions for larger grid radii. In
the work of Wehmeyer [144] and Egle [154] an increased NPR for increasing cath-
ode radii was observed, however, no comparison between the emission spectra is
provided and it is thus not immediately clear whether a shift in the birth radius
is responsible for the performance increase, or if other effects play a role. Lastly,
it is worth mentioning that a large fraction of the power supply current will be
used up by secondary electron emission (SEE) caused by ion impact on the grid.
In the model nickel grids were used. Comparison of the SEE coefficients found in
literature, titanium is a favourable material having one of the lowest SEE (20%
lower than Ni at 20 keV) [155, 156].
In addition, we’ve analysed the effects of the stalk, and dielectric shielding of the
stalk, on the symmetry of the vacuum electric field. The central conclusion is that
if the stalk is not surrounded by a dielectric, ions can only oscillate on the mid-
plane of the device, and only if the grid is centred in the vacuum vessel. From
measurements with and without dielectric shielding of the stalk we conclude that
the dielectric will charge-up positively by ion impact until the electric potential
of the stalk is cancelled out and symmetry of the electric field is restored. From
this we conclude that simple stalk designs are sufficient, if insulated, and that ad-
vanced designs, such as condenser bushings or the conical-shaped stalk used in
Kyoto and Illinois [149, 157] are of limited additional value.
These results are also interesting for the operation of fusors with pulsed power
supplies, for which various laboratories have reported experimental results [158,
159, 160]. If too short pulses are applied and the stalk insulator does not have
sufficient time to charge, oscillating ions will not exist in the device, leading to
worse performance than anticipated.
Lastly, the findings are viewed in the context of embedded fusion, which was not
considered in this article. For embedded fusion an uninsulated stalk can be ben-
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eficial because the fusor can be operated at higher potentials and currents while
keeping the target (grid and stalk) at a low temperature. The beneficing of low
temperatures on embedded fusion has recently been reported by Bowden-Reid
[121]. An uninsulated stalk will essentially turn the fusor into a linear collider,
for which the ion birth radius profile should be re-evaluated. Whether a fusor-like
design is of advantage over a linear machine will be left open for future investiga-
tions.
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Appendix

B.2.7 Description of the current and cathode temperature model

We refrain from a complete description of the model and refer the interested
reader to the original publications [140, 141]. Here, only the implemented current
and cathode model expanding the original work are explained.

B.2.8 Modelled ion-gas interactions

Collisions between electrons and ions are not included and only collisions between
charged deuterium ions D+,D+

2 and D+
3 and the background neutral D2 gas are

taken into account because of the low ionisation and dissociation cross sections
for electron with energies above 1 keV (see figure B.2.27 (c)). This is justified
because for a cathode radius of 5 cm and vacuum vessel radius of 25 cm, electrons
created at the grid will reach 1 keV after traveling 1 cm, whereas the mean free
path for the ionisation of H2 is over 30 m at p = 0.2 Pa, and increasing with energy.
The initial isotope distribution is 10% D+, 30% D+

2 and 60% D+
3 , taken from ex-

periments at the university of Wisconsin [143].
The collisions included in the model are:

D+ impact on D2

D++D2 → D +D+
2 (B.2.15)

D++D2 → D++D++D++2e (B.2.16)

D++D2 → D++D+
2 +e (B.2.17)

D++D2 → D++D +D++e (B.2.18)

(B.2.19)
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D+
2 impact on D2

D+
2 +D2 → D2 +D+

2 (B.2.20)

D+
2 +D2 → D+

2 +D+
2 +e (B.2.21)

D+
2 +D2 → D2 +D+

2 (B.2.22)

D+
2 +D2 → D++D +D2 (B.2.23)

D+
2 +D2 → D +D++2D++2e (B.2.24)

D+
3 impact on D2

D+
3 +D2 → D+

3 + ... (B.2.25)

D+
3 +D2 → D++ ... (B.2.26)

D+
3 +D2 → D+

2 + ... (B.2.27)

(B.2.28)

The cross sections for D+ and D+
2 are obtained from the Aladdin database [134],

D+
3 cross sections are taken from [161], and the +... is used to specify a cumulative

cross section, e.g. in equation B.2.27 the sum of all cross section in which a D+
2 is

produced. The Aladdin database contains cross section for the interaction between
H+, H+

2 and H+
3 and neutral H2. The same cross sections are used for the modelling

of deuterium, however the corresponding energy was adjusted to account for the
heavier Deuterium mass.
The modelled collisions are only the most relevant interactions. For completeness,
all available cross sections from the Aladdin database and ref. [161] for hydrogen
isotopes are given in figure B.2.27 and figure B.2.26.
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Figure B.2.27: Comparison between all available atomic and molecular colli-
sions of H and H2 from the Aladdin database [134] as well as ref. [161]. All
graphs have been scaled to the same x- and y-axis for better comparison of the
dominant processes.
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B.2.9 Current model

To analyse the ion birth radius knowledge of the different contributions to the
total, i.e. measured current, is required. In the model the following contributions
to the total current Itot are taken into account:

Itot = IT + IF + IPISEE + IImp + IEISEE + IIISEE, (B.2.29)

with

IT: thermionic emission current due to electrons leaving the cathode

IF: field emission current

IPISEE: photon induced secondary electron emission current

IImp: ions implanted in the grid

IEISEE: electron induced secondary electron emission current

IIISEE: ion induced secondary electron emission current

The individual terms are calculated as follows:

Thermionic emission current IT
Thermionic emission occurs when the surface of the material reaches temperatures
where electrons can have energies higher than the work function, allowing them
to leave the material. The thermionic current is described by the Sommerfeld
formula [162]:

J = 4πme ek2
b

(2πħ)3 ·T 2 · (1−R) ·exp

(
− W

kbT

)
. (B.2.30)

Here, J is the current flux from the surface, me the electron mass, e the elementary
charge, T the temperature of the material, R the internal reflection coefficient and
W the work function. Figure B.2.28 shows an upper estimate of the thermionic
emission by assuming R = 0.
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Figure B.2.28: Application of formula B.2.30. The used values for the work
function W are taken from [163]. Equation B.2.30 gives the thermionic emis-
sion in units of A/m2. For the calculation of I the surface area of one of our
titanium grids was used - a 5 ring grid with wire diameter �2 mm and grid
diameter �3 cm.

Even for grid temperatures above 1000 K, the calculated thermionic emission is
orders of magnitude lower than the Itot, which is typically above 10 mA. For com-
pleteness it is included in the model. IT requires knowledge of the cathode tem-
perature, which is calculated based on a power balance. The temperature model
is described in section B.2.10.

Field emission current IF
Depending on the strength of the electric field in the vicinity of a conductor, emis-
sion of electrons caused by strong electric fields occurs due to two different effects:
Modification of the work function via the Schottky effect and, for fields E > 108

V/m, tunnelling of electrons through the potential barrier.
For fusor operating with grid potential of tens of kV, the electric field at the cathode
is on the order 106 V/m and only the change in the work function W is considered
[162]:

W =W0 −3.8 ·10−4
√

(E [V/cm]), (B.2.31)

where W0 is the work function without external electric fields. For the Titanium
grid, this results in an increase in thermionic emission by a factor of ≈ 1.5−3.

Electron induced SEE (EISEE) current IEISEE
Electrons impacting on the cathode can transfer enough energy to electrons in the
metal to overcome the work function. Lin and Joy developed a semi-empirical
model to calculate the number of emitted secondary electrons, depending on the
energy of the colliding electron [164]:

δ

δm
= 1.28

(
EPE

E m
PE

)−0.67 (
1−exp

(
−1.614

(
EPE

E m
PE

)1.67))
(B.2.32)



118 Part B: Performance optimisation of IEC machines

Here, δ is the secondary electron emission coefficient, δm the maximal secondary
electron coefficient for a given maximum energy E m

PE , and EPE is the energy of the
incoming electron. For molybdenum δm = 1.14, E m

PE = 0.5 keV [140].
In the fusor the electron current to the grid is limited to electrons originating from
within the cathode. Due to the low plasma density within the cathode, the number
of electrons hitting the cathode is estimated to be negligible. The EISEE formula is
presented for completeness as it can be important for electrons colliding with the
vessel. For a significant effect, electron energies in the keV range are required.

Photon induced SSE (PISEE) current IPISEE
Photons produced due to CX processes or other excitation processes in the plasma
with energies above the work function of the cathode material can free electrons
from the cathode upon impact. The work function of different metals and corre-
sponding wavelength is given in table B.2.2.

Metal Work function W [eV] Wavelength [nm]

Ti 4.33 268
Ni 5.15 240
Mo 4.6 270
W 4.78 260

Table B.2.2: Work function of different metals [163] commonly used as grid
materials and corresponding photon wavelength.

IPISEE is estimated under the assumption of a 1% ionisation degree of the gas
in the cathode and an electron temperature between 1-6 eV. The excitation rate
coefficients from electron impact on neutral hydrogen atoms are known from lit-
erature [134]. With this, the number of deexcitations, i.e. the photon emissions,
per second with energies above 10 eV are estimated to 1018 m−3s−1. Taking into
account that not all photons produce an electron when hitting the cathode (e.g.
the photon emission coefficient for molybdenum is 10% [165]) and the geometric
transparency of the cathode, the PISEE current is estimated to be IPISSE ≈ 1 ·10−2

mA, a negligible current compared to Itot.

Ion induced currents
Ions impacting on the cathode get neutralised and can cause an electron to be
emitted. No general formula describing the effect is available, however, measure-
ments for a variety of target materials and impacting ion species are available.
Figure B.2.29 shows the energy dependence of the secondary electron coefficient
for H+ and H+

2 impacting on Titanium and Molybdenum.
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Figure B.2.29: Ion induced secondary electron emission for hydrogen ions col-
liding with titanium and molybdenum targets [166]

Furthermore, ions with energies below 1 keV can produce an Auger electron. The
SEE coefficient γaug is [167]

γaug = 0.016 · (Eb −2W ), (B.2.33)

with binding energy Eb and work function W . For Molybdenum, γaug = 0.07.
All secondary electron emission coefficients are for the case of perpendicular im-
pact. Due to the lack of data, e.g. surface roughening during operation, the effect
of non-perpendicular impact has not been examined and it is assumed that all ions
hit the cathode perpendicular.
To calculate the ion induced secondary electron emission, the energy distribution
of impacting ions must be known. The approach by Emmert and Santarius is fol-
lowed to calculate the distribution function for both cases of atomic and molecular
hydrogen.

Neglecting Auger electrons, the ion current is made up of 6 different components:
Implantation of class I and class II ions hitting grid, implantation of ions created
in the cathode regions by class I and class II ions which collide with the grid and
contributions from secondary electron emission due to fast class I and class II ions
impacting on the grid. In case of molecular deuterium, the 6 terms have to be
evaluated for D+, D+

2 and D+
3 .

B.2.10 Cathode temperature model

The remaining unknown in equation B.2.29 is the cathode temperature, required
to calculate the thermionic emission IT . The cathode is heated by ohmic heating
and by class I and II ions hitting the surface. Cooling processes are convection,
radiative cooling, secondary electron emission and thermionic field emission. With
this, the power balance is
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PΩ+Pion +PISEE +PTFE +Prad +PC = 0, (B.2.34)

with ohmic heating power PΩ, ion bombardment Pion, secondary electron emission
PISEE, thermionic field emission PTFE, radiated power Prad and convection PC . The
individual terms are modelled as follows:

Ohmic heating
The ohmic heating power PΩ is calculated using Ohms law:

PΩ = lcρ

A
I 2
tot, (B.2.35)

with the total length of the cathode wire lc, wire cross section A, resistivity ρ and
cathode current Itot. To describe the resistivity of molybdenum for temperatures
250K< T < 2894K the following parametrisation is used [168]:

ρ =−1.7021+2.3319 ·10−2 ·T +2.5507 ·10−6 ·T 2 −2.5930 ·10−10 ·T 3. (B.2.36)

Ion impact heating
From the current model described in the previous section B.2.9 the currents of
class I and class II ions, I I

i and I I I
i , hitting the cathode are determined. As a

reminder, class I ions are ions created in the vicinity of the anode. Multiplying I I
i

with the acceleration voltage results is the power P I transferred to the cathode.
For class II ions, i.e. ions created in the region between the vessel and the cathode,
the power delivered to the cathode is equal to the class II ion current times an
accelerating voltage depending on their birth radius, P I I ∝ I I I

I (r ) ·U (r ).
The third contribution to ion impact heating is due to slow ions created in the
cathode region which collide with the grid. Their average energy is estimated to
be equal to the temperature of the background gas Tgas. The background current
Islow ion is again obtained by the current model. The power is estimated to be
Pslow ion = 3/2kbTgasIslow ion.
With this, the total power deposition on the cathode due to ion impact is

Pion = P I +P I I +Pslow ion. (B.2.37)

Thermionic field emission cooling
The average energy released per electron Ee due to thermionic field emission is
described by the Nottingham effect [169]:

Ee[J]=W0 +2kbT, (B.2.38)

The total cooling due to thermionic field emission in electron volt is calculated



B.2 Influence of experimental and geometric parameters on the fast ion
distribution in IEC devices 121

with

PTFE = 1

q

Ee

ITF
, (B.2.39)

with the thermionic field emission current ITF (see equation B.2.30) using the
reduced work function due to the Schottky effect (see equation B.2.31).

Radiative cooling
Assuming cathode temperatures above 1000 K, the cathode can be described as
a black body radiator. The radiated power is described by the Stefan-Boltzmann
Law:

Prad = εσAeff
(
T 4

vessel −T 4
cathode

)
. (B.2.40)

Here, ε is the emissivity, σ is the Stefan-Boltzmann constant, Aeff the effective
surface of the emitting surface, Tvessel and Tcathode the temperature of the vacuum
vessel and cathode, respectively.
We define the effective cathode surface because radiation from the inner side of the
cathode will in part radiate onto the cathode. To define Aeff, the cathode surface is
divided into two halves: the outer half radiates towards the vessel. Radiation from
the inner half has a chance equal to the geometric transparency ηgeom to reach the
vessel. With this, the effective geometry is

Aeff =
1+ηgeom

2
Asurf, (B.2.41)

with the geometric surface area of the wires Asurf.

Convection
Convective cooling is expected to be insignificant for pressures below 1 Pa, but
is included in the model to evaluate higher pressures. We follow the approach of
Krupakar Murali [143], which, under the assumption of a collisional gas, estimates
the power loss due to convection Pc as

Pc = 2kngas

√
kTgas

2πm
(Tcath −Tgas)Asurf. (B.2.42)

The atom specific constants k and mass m for deuterium are: k = 1,38 ·10−23 J/K
and m = 4 ·1,67 ·10−27 kg.

Benchmark of the temperature model
The individual power contributions are plugged into equation B.2.34 to calculate
the cathode temperature. Unfortunately, no cathode temperature measurements
are available at our fusor, instead the model is tested against measurements from
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Krupakar Murali [143]. Here, a spherical fusor was operated at various pressures
with a constant cathode potential U = −40 kV and measured current I = 30 mA.
The comparison is shown in figure B.2.30 and agrees within a few percent for
pressures below 0.4 Pa. The model assumptions are less valid for higher pressures
where an increasing mismatch to the measurement is observed, but the difference
is still below 10%.

Figure B.2.30: Benchmark of the cathode temperature model against exper-
iments from reference [143]. The model matches the measured temperature
within a few percent, no measure for the uncertainty of the measurement is
available.
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B.3 Conceptual design of an electrodynamic confine-
ment machine sustaining a non-Maxwellian ion
populations with applications for nuclear fusion

Messmer M.C.C., Jaspers R.J.E and Lopes Cardozo N.J.

This chapter will be submitted to Physical Review Accelerators and Beams

Abstract:
Fusion machines are typically designed to confine a thermal plasma because Cou-
lomb collisions between ions and electrons quickly thermalise the fusion fuel.
The presented research explores the feasibility of a non-thermal fusion reactor
by eliminating the dominating electron losses from the system. A novel concept
is presented which confines a pure ion plasma. The ions are confined in oscillat-
ing bunches which remain longitudinally and transversally compressed by pulsed
electric fields and the symmetry of the system, respectively. The design ensures
that all ions remain at a monoenergetic velocity distribution and that different
bunches collide at their maximum energy during every oscillation. We dub this
concept BEACON, for Bunched ElectrodynAmic CONfinement. In this article the
feasibility of confining a pure ion plasma is demonstrated by using particle trac-
ing simulations. The simulations show that bunches with densities close to 1014

m−3 can be confined in the simulated geometry, which matches our calculated esti-
mates within a factor of two. We find that, depending on the size of the device, ion
densities up to 1015 m−3 can remain bunched for thousands of oscillations. The
confinable densities are, however, more than 107 orders of magnitude too small
for break-even operation. This hurdle could be overcome by modifying the de-
sign to collide bunches with a solid density target in the device centre, which will
also make the concept viable as a very efficient neutron generator for industrial
applications.

B.3.1 Introduction

For decades the idea of constructing a machine able to achieve stable nuclear fu-
sion and produce clean energy has spurred scientists. The fundamental physical
challenge is to overcome the Coulomb repulsion between two ions, requiring large
kinetic energies for them to come sufficiently close to each other. A less explored
concept to achieve nuclear fusion is based on electrostatic confinement of ions. In
so-called fusors, ions are confined by a static electric field on oscillatory trajecto-
ries. This concept can however not work as an energy source because Coulomb
collisions with electrons lead to fast thermalisation of the ions. The dominating
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power losses to electrons from Coulomb scattering vs. the power gain by fusion
reactions are compared in figure B.3.1 for deuterium colliding with a stationary
deuterium or tritium target‡. To make a fusor-like concept viable, a beam-like,
non-maxwellian energy distribution maximising the cross sections is desired, and
minimising the energy losses is required. This motivates a novel design of a spher-
ical accelerator. Even though the concept stems from considerations made for
fusion applications, the design is not limited for these, but applicable to all sys-
tems requiring high frequency, high flux collisions. All quantities will be derived
in a general way, but solutions for fusion collisions between DT and DD are sup-
plementary provided.
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Figure B.3.1: Power gain from fusion reactions and losses due to Coulomb
scattering in beam-target fusion. In a classical system (composed of electrons
and ions), the losses to electrons always outweigh the gains due to the higher
Coulomb cross section, resulting in fast thermalisation of the system.

Motivated by figure B.3.1, the Coulomb losses can be reduced by 3 orders of mag-
nitude by removing the electrons, which in principle allows a positive power bal-
ance for DT collisions. Conceptually this can be realised by colliding ion beams,
sketched in figure B.3.2 a).

‡A derivation of the Coulomb power losses and fusion power gain are given in appendix B.3.6
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Figure B.3.2: Step-by-step build-up of the bunched, spherical accelerator, start-
ing from two colliding ion beams (a). Cathode grids are added to increase the
interaction time between ions (b), and instead of continuously oscillating ions
beams, the ions are confined in non-thermal bunches to maximise the cross
section and reduces losses (c). Additional grids are added to maintain the non-
Maxwellian velocity distribution and keep the ions bunched (d). The linear de-
sign is adapted to a spherical one to circumvent radial expansion of the bunches
(e).

In such a linear system, the reaction rate R is

R = n1n2σ(v)vV , (B.3.1)

with beam densities n1 and n2, cross section σ, relative velocity v = |v1 − v2|, and
interaction volume V . With colliding beams, different issues spring to mind:

1. The interaction volume is limited. The addition of grids and resulting oscil-
latory confinement of ions, sketched in figure B.3.2 b), increases the reaction
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rate by Nosz, the number of oscillations ions can be confined in the system:

R = n1n2σ(v)vV ·Nosz (B.3.2)

2. Coulomb scattering between ions and the resulting thermalisation will lead
to two effects: Fast ions in the tail of the velocity distribution can gain suf-
ficient energy to overcome the confining potential and are lost by colliding
with the anode. Secondly, slow ions have a low contribution to the reaction
rate. By modifying the design to use non-thermal bunches which collide in
a central, field free collision zone, both issues are overcome. The modified
concept is sketched in figure B.3.2 c). For such a system, the reaction rate is

R = n1n2σ(vopt)voptVbunch ·Nosz ·∆t · f (B.3.3)

with oscillation frequency f and interaction time ∆t = Lbunch/(2v); the time
it takes for the bunches to pass through each other.

3. In the bunched design, the energy transfer in Coulomb collisions between
ions in the collision zone will still lead to thermalisation and eventually de-
bunching of the ions. To keep the ions bunched, additional grids are added
to compress the bunches at every oscillation in real- and velocity-space. In
section B.3.3 a multi-grided concept is worked out and the feasibility demon-
strated, for now a sketch of the system is given in B.3.2 d).

4. In a linear pure ion plasma space charge effects will lead to radial expan-
sion of the bunch necessitating an electric field which counteracts bunch
expansion. As we will show in section B.3.2, and later confirm by particle
simulations, this is achievable by moving to a spherical geometry, illustrated
in figure B.3.2 e). In section B.3.2 an analytical model will be developed to
estimate the maximum bunch density nbunch to:

nbunch = 2ε0U

q

1

r−1
a − r−1

c
· 1(√

h2
b + z2 − rc

)2

· 1√
h2

b + z2
. (B.3.4)

In equation B.3.4, U is the potential applied to the cathode grid, ε0 the vac-
uum permittivity, q the elementary charge, ra and rc the anode and cathode
radius, respectively, hb the bunch width and z the radial bunch position. In
the (later) simulated geometry we find a maximum sustainable density of
nbunch ≈ 5 ·1013 m−3, which matches the analytical estimate within a factor
of 2.
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Moving to a spherical system has another advantage, namely that (small) angle
scattering from Coulomb collisions no longer leads to particle losses, as long as the
accelerating and compressing potentials ensure that ions converge in the collision
zone simultaneously.

In this article, theoretical estimates for the reaction rate, the maximum sustainable
bunch density and an energy gain criteria are derived in section B.3.2. Based
on physical intuition a multi-grid structure capable of confining non-Maxwellian
ion bunches is proposed in section B.3.3. Particle tracing simulations are used
to simulate thousands of different combinations of timings and potentials of the
pulsed grids to determine a suitable parameter range to compress ion bunches
in real- and velocity-space. The determined parameters are used to demonstrate
bunch sustainment for >150 oscillations with minimal losses for bunches close to
the theoretical density limit. The results are used to reflect on the feasibility energy
producing fusion reactor in section B.3.4 before concluding in section B.3.5.

B.3.2 Theoretical consideration

Expected fusion reaction rate

The reaction rate for two oscillating, colliding, cylindrical ion bunches is estimated
in a linear geometry. In a spherical system no instructive solution for the time of
flight for ions traveling from the anode to the cathode is available due to the
inverse square scaling of the electric field E ∝ r−2. The geometry is sketched in
figure B.3.3, the full derivation is provided in appendix B.3.7. Here only the result
is presented and discussed.

v1 v2

Oscillating bunches

Cathode grid

Anode

Field free region

Collision zone

lbunch

2rcolldaccdacc dacc

nbunch nbunch

Figure B.3.3: The reaction rate R is derived based on two oscillating ion
bunches in a linear system. Loss mechanisms are not considered and the ions
are assumed to be monoenergetic.

The general reaction rate as well as the reaction rate for deuterium-deuterium and
deuterium-tritium fusion are:
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R =
√

2e

m
·
σ(Ecm)E 1/2

bunchn2 Abunchl 2
bunch

0.5rcoll +dacc
(B.3.5)

D→D*≈
3E 7/6

bunch[eV ]n2 Abunchl 2
bunch ·10−29(

dacc +0.5rcoll
) (B.3.6)

D→T †
≈

2n2 Abunchl 2
bunch ·10−21(

dacc +0.5rcoll
) (B.3.7)

The reaction rate scales favourably with the density, bunch volume, and bunch
length, equivalent to a larger number of particles in the bunch Npart = nV , and
longer interaction times ∆t ∝ lbunch. Larger systems lead to smaller oscillation
frequencies decreasing R, reflected by the denominator.

Density limit of the bunches

The bunch density nbunch is a central quantity for the performance of the collider.
For the proposed spherical design no expression on the maximum bunch density
is found in literature. We estimate it by analysing the force balance on bunched
ions, and later verify the derived expression with particle simulations.
A thin 2-D bunch of ions moving with velocity v on the z-axis towards the cathode
is sketched in figure B.3.4. The cathode with radius rc and applied potential U is
centred in the vacuum vessel with radius is rv . The position of the bunch along
the z-axis is denoted as z. The bunch is accelerated in the region rc < r < rv

§.
The electric field Eacc in the acceleration region at radius r is well known from
spherical capacitors:

Eacc = U

r−1
v − r−1

i

· 1

r 2 . (B.3.8)

Bunch expansion along the z-axis will not be considered in this analysis, the lon-
gitudinal compression will be determined by the particle simulations in section
B.3.3.

*For deuterium energies between 150 keV - 400 keV
†For a centre of mass energy Ecm ≈ 110 keV, where the cross section is highest.
§The compression region with r < rc is excluded from the analysis, because it is yet to be specified.

Assuming no transversal bunch compression occurs in the compression region, the electric field in
the acceleration region has to compensate for bunch expansion while the bunch travels through the
cathode.



B.3 Conceptual design of an EDC machine sustaining a non-Maxwellian ion
populations with applications for nuclear fusion 129

z

Bunch

ri

α

rhb Fc,

rv

Potential U

vb

Fc,bunch

Figure B.3.4: Sketch of the geometry used to estimate the maximum bunch
density.

Transversal bunch expansion will occur due to Coulomb force FC ,bunch caused re-
pulsion between the ions, and the bunch will be compressed due to the radial
character of the accelerating electric field. The field component balancing FC ,bunch
is denoted as Facc,⊥. The bunch will not expand when the force balance

FC ,⊥(hb , z) = FC ,bunch(hb). (B.3.9)

is fulfilled. Equation B.3.9 is analysed for an ion at the edge of the bunch at
distance hb from the z-axis, where the FC ,bunch is strongest.
The compressing force FC ,⊥ experienced by a particle at distance hb perpendicular
to the oscillatory direction at distance z from the centre is obtained from equation
B.3.8 and geometric considerations from figure B.3.4:

FC ,⊥(hb , z) = q ·Eacc · sin(α) (B.3.10)

= q · U

r−1
v − r−1

i

· 1

(r − ri )2 · hb

r
(B.3.11)

= q · U

r−1
v − r−1

i

·

1(√
h2

b + z2 − ri

)2 · hb√
h2

b + z2
, (B.3.12)

where q is the elementary charge. To estimate FC ,bunch(hb), the bunch is approx-
imated as a cylinder with charge density nbunch, length l and radius hb . Using
Maxwell’s equation, the electric field in the bunch for h < hb is readily calculated
to

Ebunch(h) = qnbunchhb

2ε0
, (B.3.13)

where ε0 is the vacuum permittivity.



130 Part B: Performance optimisation of IEC machines

Combining equations B.3.12 & B.3.13 in equation B.3.9 results in the sought rela-
tion between the ion density nbunch and geometric parameters of the system:

nbunch = 2ε0U

q

1

r−1
v − r−1

i

· 1(√
h2

b + z2 − ri

)2

· 1√
h2

b + z2
(B.3.14)

The derived expression for nbunch scales favourably with the applied potential U ,
but is inversely proportional to the bunch width hb . For increasing hb the con-
finable bunch density decreases due to the increased Coulomb repulsion between
particles and the increasing radial distance between the outermost ions and the
device centre, leading to a decrease in the compressing field FC ,⊥. However, a
decrease in hb will lead to a decrease in the number of particles in the bunch and
consequently lower reaction rates.
Aside from increasing the applied potential, nbunch can be increased by decreasing
r−1

v − r−1
i , i.e. the distance between vacuum vessel and compression region, which

is limited by the bunch length. Too short grid spacing might hinder longitudinal
compression.
The calculated limit on the bunch density will be used in section B.3.4 to estimate
whether an engineering design of a power producing fusion reactor is feasible.

Energy gain criterium

Due to the low losses the concept is interesting for applications in nuclear fusion
and an interesting question is if, and under which conditions, the design could
produce net energy.
For the derivation of an energy gain criteria, the energy balance is evaluated. For
break-even operation, the energy generated by a fusion reaction must exceed the
losses:

Wfusion >Wloss (B.3.15)

The generated fusion energy per fusion collision Wfusion = E f · fbu equals the re-
leased energy per reaction E f times the burn-up fraction fbu, the probability that
a particle will fuse before it is lost. Looking at a single bunch ion colliding with
an oncoming bunch with length L and density nbunch (see figure B.3.5), the single
pass burn-up fraction fsp is

fsp = nbunch ·L ·σ f , (B.3.16)

where σ f is the fusion cross section.
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Figure B.3.5: Single ion colliding head-on with a bunch of density nbunch and
length L. The single pass burn-up fraction, i.e. the probability of the ion f, is
fsp = nbunchLσ f .

The energy loss of an ion Wloss is the energy Eion used to accelerate the ion plus
the bremsstrahlung losses Eb from trajectory changes due to Coulomb collisions.
Additionally, Coulomb collisions cause a transfer of energy ∆Ec between colliding
ions, which must be compensated for by the compressing electric fields to keep
the ions bunched. The bremsstrahlung losses of an ion transversing through a
colliding ion bunch are derived by integrating the power losses Pb of a single ion-
ion interaction over all scattering events and impact parameters occurring between
the ion and the bunch. The derivation closely follows the approach of Freidberg
[8], chapter 3 (not all steps are reproduced in this work, all units are in SI units
unless stated otherwise).
The radiated power of an accelerated or decelerated particle is calculated with the
Larmor formula [170].

Pb = q2a2

6πε0c3 , (B.3.17)

with charge q, acceleration a, vacuum permittivity ε0, and speed of light c. From
the radiated power Pb , the energy loss per ion-ion collision is obtained: Wb =
Pb ·∆t . The generalised reaction rate per unit volume and per unit time, w , is
obtained by integrating the energy change W of a single ion-ion collision over the
distribution functions of all particle species and scattering angles:

w = 2π
∫

W (v,b) f1(𝑣1) f2(𝑣2) v b db d𝑣1d𝑣2 (B.3.18)

Here fi are the distribution functions, v = |𝑣1 −𝑣2| the relative velocity, and b the
impact parameter. Assuming two colliding ion bunches with density n1 and n2 and
a constant ion velocity distribution with vion,1 =−vion,2, the integration is straight
forward. The energy loss Eb of a single ion passing through a colliding bunch with
length L is:

Eb = wb · t (B.3.19)

= Z 2q6nL

12πhε3
0c3mion

[J], (B.3.20)
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with charge Z , density n, Planck constant h, and ion masses mion. A deuterium
ion traveling L = 1 m through a target at solid state density n ≈ 1 · 1028 m−3 will
only radiate Eb ≈ 1 eV. Thus, the bremsstrahlung losses are negligible compared to
Eion.

The second loss mechanism is due to energy transfer in Coulomb collisions be-
tween colliding bunches (the energy transfer in a single ion-ion collision is cal-
culated in appendix B.3.6). The net energy loss in a system of colliding bunches
is however argued to be zero: transversal energy transfer results in a fast and a
slow ion after the collision. When compressing the bunches, the energy required
to speed up the slow particle is equal to the energy gained by the system when
slowing down the fast particle.

With this, the energy loss Wloss is:

Wloss = Eion, (B.3.21)

and equation B.3.15 becomes

n ·L ·Npass > Eion

E f σ f
(B.3.22)

(D→D)min
' 3.7 ·1027 m−2 (B.3.23)

(D→T )min
' 5.9 ·1024 m−2 (B.3.24)

The requirements on n ·L ·Npass in equation B.3.22 are plotted in figure B.3.6 for
various ion energies Eion. The minimal values (see equation B.3.23 and B.3.24) are
determined from the graph. An estimate for the achievable values of the density,
bunch length and number of passes will be made in section B.3.4, after a concept
for a non-Maxwellian, bunched, confinement device, and its feasibility, is shown
in the next section.
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Figure B.3.6: Energy dependent minimal values of n · L · Npass required for
energy break-even for colliding deuterium and deuterium-tritium bunches at
different energies.

B.3.3 Feasibility study

Conceptual design

Based on the previous considerations, a design is proposed to investigate the fea-
sibility of a device confining oscillating ion bunches. The design is based on an
idealised spherical vacuum vessel in which three grids of different radii are used
to accelerate and compress the ions. An illustration of the concept is given in fig-
ure B.3.7. The vacuum vessel (at ground potential) has a radius rv in which the
three spherical grids with radius r1, r2, r3, henceforth referred to as inner, middle,
and outer grid, are centred.
Ions are injected into the system by two ion guns, placed on the equatorial plane.
A constant potential is applied on the outer grid to accelerate the ions to their
target energy (acceleration region shaded in red). The inner and middle grid are
initially at the same potential as the outer grid, creating a field free region in the
compression area (purple shaded area). Three grids area required for bunch com-
pression to create a symmetric electric field between the middle and outer, and
between the middle and inner grid, when a pulsed potential is applied to the mid-
dle grid. When applying a pulsed potential at grid 2 at the right time, the fast,
leading ions of the bunch will decelerate between grid 2 and grid 3, while slow,
trailing ions accelerate between grid 1 and grid 2. If the timing and applied po-
tential is set correctly, the slower ions are expected to catch-up with the fast ones
and the ions remain bunched.

The motion of an ion bunch through the vessel can be described in 4 steps, which
are marked in figure B.3.7:
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1 Injection & acceleration: The potential of the three inner grids are at equal
negative potential. Particles are injected into the system and accelerate to their
maximum energy between the vessel and outer grid.
2 Constant motion: The potentials of the inner, middle and outer grid remain

constant, creating a field free region within the outer grid. Particles travel with
constant energy through the inner grid and collide with oncoming bunches.
3 Compression: After the passage through the inner grid, the potential of the

middle grid is pulsed in such a way that the ions remain in a bunched state and
that all bunches arrive simultaneously in the centre of the device during their next
oscillation.
4 Deceleration & acceleration: After leaving the outer grid, the particles get

decelerated and begin to accelerate back towards the centre of the device.
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Figure B.3.7: Top: The working principle of the proposed design. Ions are in-
jected at the edge and accelerate until they reach grid 3. After having passed
through grid 1, a pulsed potential is applied to grid 2 to compress the bunch.
The requirements on the pulsing will be explored in section B.3.3. In this sketch
only one ion bunch is drawn to clarify the individual steps. In an actual imple-
mentation more bunches are required for bunch collisions in the centre. Bot-
tom: The electric potential required to accelerate and compress the bunch(es).
The figure is scaled for the simulations of sections B.3.3 & B.3.3.

The feasibility of this concept is evaluated in two steps: First, by simulating low
density bunches without Coulomb interactions between particles, the timing and
strength of the pulsed potential required for transversal bunch compression are
determined in section B.3.3 (step 3 ). Second, we evaluate whether the ions re-
main radially bunched (as calculated in section B.3.2). For this, simulations where
Coulomb interactions between particles are taken into account are performed for
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bunches with initial densities up to nb = 1 ·1017 m−3 in section B.3.3.

Determination of the pulse parameters for bunch compression

The conceptual design is implemented in the particle tracer GPT [171] with the
goal to numerically determine the viability of keeping an ion bunch compressed
and at a non-maxwellian velocity distribution. GPT is a commercially available
3D particle tracer which can track the trajectories of particles in external electric
and magnetic fields. It includes modules for particle-particle interaction via the
Coulomb force and can be extended with custom modules. The code uses a 5th
order Runge-Kutta driver with adaptive stepsize control to ensure fast and accu-
rate computation. GPT was originally developed for the design of accelerators and
beam lines for which a number of components are built in. Due to its modularity
the software can be extended for a wide variety of problems [172].

Figure B.3.8 shows the expected averaged ion motion along the z-axis of a single
bunch. A pulsed electric potential (simulated as a block wave; simulation step
& potential shape 3 in figure B.3.7) is applied to the middle grid while the
bunch passes through the compression region. The unknowns to be determined
by the simulation are the strength of the electric potential and the timing of the
pulse. The probed timing parameters are visualised in figure B.3.8. A numerical
parameter scan is used to determine the starting time ts of the first pulse, the
period T , the duration of the pulse ∆t and the strength of the potential ∆U . The
goodness of a simulation is evaluated by the transversal bunch length at the end
of the simulation, where a lower bunch length along the direction of propagation
corresponds to a better bunch compression.

z
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t [a.u.]
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t

T

Figure B.3.8: Expected average ion motion of a bunch along the z-axis. A
parameter scan is made to determine the time ts when the potential ∆U is first
applied at the middle grid, with which period T , and the duration of the pulse
∆t .

The geometry of the simulation is based on an available vacuum chamber in our
group, which can provide a future testbed for the device. The radii of the three
grids and vacuum vessel are: r1 = 0.05 m, r2 = 0.10 m, r3 = 0.15 m, and rv = 0.3 m
(which is the radius of the available vacuum vessel). The scaling of the grids is
shown in figure B.3.7. An equal spacing between the inner, middle and outer grid
is chosen to obtain symmetric electric fields in the compression region. The dis-
tance between outer grid and vacuum vessel was chosen 3× the distance between
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the inner grids to obtain small gradients of the electric field for r → rv (later, the
potential required for longitudinal bunch compression will be estimated based on
this).
The vacuum vessel is at ground potential, grids 1, 2, and 3 are initially at U0 =−10
kV. The chosen U0 is too low to obtain appreciable fusion rates, instead it is based
on the premise of designing an easy to implement first experiment to demonstrate
the feasibility of sustaining oscillating ion bunches.

For the determination of the pulsed field parameters only a single bunch is sim-
ulated. The particle bunch is initialised at (x0, y0, z0) = (0,0,0.25) m at t = t0 = 0 s.
The bunch has a dimension of ∆x = ∆y = 10µm and ∆z = 0.01 m and consists of
100 hydrogen ions which are uniformly distributed in the volume. Coulomb inter-
actions between ions are disabled to decrease the computation time (high-density
simulations with particle-particle interactions are analysed in section B.3.3).

The electric field E(r ) acting on the particle is equivalent to the field inside a
spherical capacitor and calculated analytically for each particle at each simulation
step:

E(r ) =U · rb − ra

ra · rb
· 1

r 2 , (B.3.25)

with the diameter of the larger sphere rb , diameter of the smaller sphere ra and
radial location of the particle r . The fields are calculated in the same way for both
the acceleration region between the outer grid and vacuum vessel and the com-
pression region within the outer grid.

As an initial guess for ∆U the potential difference between leading and tailing par-
ticle (bunch length ∆z = 1 cm) is taken. The starting time ts is chosen to allow the
particles one oscillation before the first pulse is applied, the period T is estimated
from the oscillation frequency of the bunch and the duration ∆t is estimated from
the time it takes a particle to travel the distance between the inner and outer grid.
The evaluated parameter ranges are:
The duration of each simulations is t = 10µs (the equivalent of 16 oscillations),
this short simulation time was chosen to complete the simulations in a reasonable
time.

For all simulations the figure of merit, the bunch length at the end of the sim-
ulation, has been calculated. Only the result with the best bunch compression is
presented in figure B.3.9. Shown is the averaged ion motion of the bunch along
the z-axis (top) and the evolution of the particle density function (PDF) for eight
different times when the bunch crosses the centre of the device at z = 0 m. Two
evolutions of the PDF are shown: In b): the evolution of the PDF for a static
accelerating field between the vessel and outer grid and no pulsed compression
potential. A spread of the bunch over the whole volume is observed within a few
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Parameter Start End nsteps

∆U [V] 226 254 14
ts [ns] 990 1010 10
T [ns] 620 640 10
∆t [ns] 0 40 20

Total # simulations: 28000

Table B.3.1: Evaluated parameter ranges of the electric potential and the timing
of the potential. Each parameter range was discretised into nsteps equal steps,
resulting in a total of 28000 simulated combinations.

oscillations due to the finite initial bunch length, leading to different oscillation
times of the ions. In c): the evolution of the PDF with active compression for the
numerically determined ideal parameters of the pulsed potential. The determined
parameters are: ∆U = 254 V, with timing ts = 1002 ns, T = 628 ns → f = 1/T ≈ 1.6
MHz and ∆t = 38 ns. The ions remain bunched throughout the whole simulation
and only a spread in length to approximately the inner grid diameter is observed.
In addition to the compression along the z-direction the ions must also remain
bunched transversal to the oscillatory direction. Figure B.3.10 shows the evolution
of the bunch width in the x and y direction. Within the simulation time the bunch
stays compressed, with 84% of the particles remaining within an 80 µm diameter
after 16 oscillations.
To conclude this section, figure B.3.11 shows the energy distribution of the par-
ticles from the reference simulation and compressed simulation. In the reference
simulation the majority of the particles has the maximum energy during the last
zero crossing of the bunch, due to the large diameter of the outer grid within
which all particles are at the maximum energy. As expected from the spread of
the particles along the z-direction in the bunched simulation, all particles are at
their maximum energy at the last pass when the compression field is activated (the
visible spread is due to the finite bunch length).

High-density simulation with Coulomb interactions between particles

The previously determined parameters are used to investigate whether bunches
can be sustained if Coulomb interactions between ions are included in the simula-
tion. The GPT code is used to determine the maximum sustainable charge density
in a bunch, and whether bunches at the density limit can be sustained for longer
times than previously simulated.
The applied potential, grid geometry and initial bunch geometry are equivalent to
the simulations in the previous section. Varied are only the number of particles
initialised in the bunch volume.
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Density scan
In section B.3.2 a theoretical limit on the maximum bunch density was derived.
Now, bunches with different initial charge densities are simulated and compared
to the calculated density limit.
In figure B.3.12, the theoretical limit on the bunch density, calculated by equation
B.3.14, is plotted for various bunch widths hb , depending on the radial location
of the bunch in the acceleration region. The density converges for hb → 0 m to
nb,max ≈ 4.9 ·1013 m−3 at z = rv = 0.3 m. During the acceleration from the edge to
the centre, the compressing Coulomb force FC ,⊥ increases, which is expected to
partly compensate for the bunch expansion in the compressing region.
The compressing electric field is in its shape similar to the electric field in the
compression region (central field, E ∝ r−2), but due to low potential required to
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Figure B.3.9: Determined field parameters using GPT to maintain an oscillating
ion bunch. a) Averaged z-coordinate of all particles over time. The bunch
oscillates along the z-axis of the device. b) and c): Particle density function
(PDF) without and with the pulsed electric field in the compression region. The
PDFs are plotted for eight different times when the bunch crosses the centre
of the device. The colour of the PDFs corresponds to the times marked in a).
The bunch compression in c) is obtained with ∆U = 254 V, ts = 1002 ns, T = 628
ns, and ∆t = 38 ns. These field parameters resulted in the lowest bunch length
along the z-axis at the end of the simulated time.
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compress the bunches and short pulse duration it will not significantly contribute
to the transversal compression.
To test the developed formalism for the maximum bunch density, bunches with
varying initial charge density n0 are simulated. Simulated is a single bunch con-
sisting of 1000 macro particles for δt = 5µs, the equivalent of 4 full oscillations.
The charge of the macro particles is adjusted to match the desired initial charge
density of the bunch. The density nend and volume Vend of the bunch at the end
of the simulation are compared to the initial density n0. The results of the simu-
lations are shown in figure B.3.13. For starting densities up to n0 = 1017 m−3 the
bunch volume increases in order to equilibrate nend below nb,max. In the graph,
the maximum bunch density nb,max is plotted for hb → 0 m and z = 0.25 m (the
initial bunch location), see equation B.3.14 and figure B.3.12. It was verified that
the bunch length, i.e. the spread of particles in the direction of motion, remains
almost constant due to the longitudinal bunch compression, and that the increased
volume is due to a larger bunch width. For n0 > 1017 m−3 the ions can no longer
be transversally confined, leading to debunching characterised by an increase in
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Figure B.3.10: GPT results showing the bunch spread in the x- and y-direction
of the compressed simulation at the first and last oscillation. The majority of
the ions are confined within ∆x =∆y = 30µm, a three times increase compared
to the initial bunch width of 10µm. The small radial expansion is attributed to
the lack of Coulomb interaction between the ions.
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volume and a drop in nend.

Long-time, high-density simulation with colliding ion bunches
The density scan only simulated a single bunch for a total of 4 oscillations to
investigate transversal bunch confinement. Now, the bunching is evaluated for

a) reference

 38 particles

E [eV]

10

20

30

40

50

N
P

S

1

16

Oscillation

b) compressed

2000 3000 4000 5000 6000 7000 8000

E [eV]

10

20

30

40

50

N
P

S

1

16

Oscillation

Figure B.3.11: Energy spread of the reference and the compressed simulation
at the first and last oscillation (compare to figure B.3.9). In the compressed
simulation all particles are at the maximum energy. In the reference simulation
all particles within the outer grid are at the maximum energy.
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Figure B.3.12: Analysis of the derived density limit (see equation B.3.14). Plot-
ted is the calculated limit on the bunch density nbunch for various bunch widths
hb as the bunch moves from the vacuum vessel to the outer grid. Due to the
falloff of the electric field the sustainable bunch density decreases for larger z.
Due to the lower total charge slimmer bunches can sustain higher densities (see
equation B.3.13).
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colliding ion bunches over longer simulation times.
Two bunches are initialised at z =±0.25 m, the bunch dimensions are equivalent to
the bunch dimension in the previous sections. As in the density scan, each bunch
consists of 1000 macro particles. Each macro particle has a charge of 10.000.000 q,
resulting in an initial bunch density of n = 1016 m−3. Coulomb interactions between
all particles are calculated by the GPT code at every time step. The system is
simulated for 100µs, approximately 160 oscillations.
The simulation results are presented in figure B.3.14 and B.3.15. Figure B.3.14
shows the PDF of the two colliding bunches along their trajectory of motion. The
PDFs show that both bunches remain bunched throughout the entire simulation
with a final bunch length of ≈ 10 cm. Throughout the simulated time, no change
in bunch length is observed and it can be assumed that longer confinement is
feasible.
Figure B.3.15 shows the spread of the ions in the x- and y-direction. Compared to
the simulation without space charge effects (see section B.3.3), a larger transversal
spread is observed. The increased spread is already visible in the first oscillation
and attributed to Coulomb repulsion of the particles. The transversal spread re-
mains constant throughout the simulated time.
In summary, the simulations show that colliding ion bunches can be sustained with
minimal losses over a long period of time with densities close to the theoretical
limit.

Macro particle validation
In the simulation macro particles are used to reduce the computational time. How-
ever, the use of macro particles in GPT is known to give inaccurate estimates of
the Coulomb interaction. To verify that the use of macro particles does not falsify
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Figure B.3.13: Comparison of the bunch density nend and bunch volume
Vend of a bunch after 4 oscillations for varying initial bunch densities n0. For
n0 < 1017 m−3 the bunch volume increases, keeping the density below the cal-
culated maximum density nb,max. For initial bunch densities of n0 > 1017 m−3,
transversal bunch confinement is no longer possible, characterised by a large
increase in bunch volume and a corresponding drop in nend.
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the presented results, three checks have been performed comparing the behaviour
of ion bunches with 100.000 real particles against ion bunches composed of 1.000
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Figure B.3.14: Evolution of the PDF of the two simulated high-density bunches
along the z-axis at the first 4 and the last oscillation. The initial bunch density
is n = 1016 m3 and Coulomb interactions between particles are simulated. Both
bunches remain bunched with a bunch length of ≈ 0.1 m. The parameters for
the timing of the pulsed fields and electric potential are ∆U = 254 V, ts = 1002
ns, T = 628 ns and ∆t = 38 ns, equivalent to the ideal parameters determined
in section B.3.3. At the 159th oscillation, 986 particles of bunch #1 and 976
particles of bunch #2 remain within an interval ∆z = [−0.05,0.05] m.
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Figure B.3.15: Spread of the two bunches in the x- and y-direction. Most of
the particles remain bunched. Compared to the simulation without space charge
effects a larger expansion is visible due to the Coulomb repulsion between ions.
At the 159th oscillation, 991 particles of bunch #1 and 985 particles of bunch
#2 remain within the plotted interval ∆x =∆y = 10 mm.
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macro particles with total charge 100.000 q, resulting in equal charge densities
for both cases. In the three described simulations no external fields are present
and the resulting trajectories of all ions are due to Coulomb interactions between
particles.
First, the radial expansion of a stationary ion cloud with initial radius r = 0.01 m
(equivalent to the initial bunch length in the previous simulations) is simulated.
The average particle displacement in the macro particle simulation was overesti-
mated by 7%.
Second, the scattering of two colliding bunches was simulated to estimate the effect
on the scattering angle during collisions in the centre of the device. The simulated
bunches have the same dimensions as the ones used to demonstrate the bunching
of high-density bunches in this section (∆x = ∆y = 0.00001 m and ∆z = 0.01) and
collide head-on. Compared was the averaged scattering angle of all ions after the
collision. On averaged the scattering angle was overestimated by ≈ 35% in the
macro particle simulation.
Third, for a simulation time of 10µs, using the parameters for the pulsed electric
field determined in section B.3.3, the simulation was run with 10.000 macro parti-
cles and a charge of 100.0000 q. The result was compared to the simulation with
1000 macro particles of equal total charge and no significant difference was found
in the bunch spread along the x, y and z direction.
The three simulations show an overestimation of the Coulomb interaction when
macro particles are used. In the performed simulation of the colliding bunches,
smaller scattering effects from the ion-ion interaction are expected when no macro
particles are used - a desirable result. It is concluded that the simulations give a
good indication that the macro particle simulations are valid.

Sensitivity study

In the initial determination of the ideal field configuration for bunch sustain-
ment number of other timings and field strengths were found which confined
the bunches, but at worse performance (i.e. a larger transversal spread of the
bunches). For an experimental implementation it is important to know how accu-
rately the determined parameters must be met. A Monte Carlo scan is performed
to map the parameter space where bunching occurs. Varied parameters are the
electric potential ∆U , the pulse period T and the duration of the pulses ∆t .

As previously shown, the results achieved with a single bunch of 100 ions with-
out particle-particle interaction provided results which are directly transferable to
high-density simulations with space charge effects enabled. To obtain a fast, first
estimate, the simulations in the Monte Carlo analysis are again run with only a
single bunch of 100 particles and without space charge effects. The simulations
are run for 10µs.

A total of 1000 simulations were run and checked whether the ions remain bunched.
A simulation is said to be bunching if the bunch length along oscillatory direction,
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i.e. the z-axis, does not exceed the inner grid diameter, i.e. ∆zbunch < 0.10 m,
at the end of the simulation. This criteria was chosen because the bunch length
at the end of the simulation in both the parameter scan (section B.3.3) and the
high-density simulation (section B.3.3) was comparable to the inner grid diameter.

The Monte Carlo scan showed that a large parameter window exists in which
bunching occurs. Electric potentials as low as 100 V and up to 800 V are able to
compress the bunch, the compression period T can be varied 600 ns - 640 ns, and
the pulse duration ∆t can vary between 30 ns - 130 ns. Note, that the parameters
are interlinked and not all combinations are possible.
These findings allow for some freedom in an experimental implementation and
further more let us assume that the pulses can have a finite rise and fall time,
unlike the perfect rectangle pulse shape used in the simulations. The results of
the Monte Carlo scan will not be presented in further detail because they are not
relevant for the conceptual study presented in this work.

B.3.4 Application to an energy producing fusion reactor

After having shown the feasibility of maintaining colliding ion bunches with a non-
Maxwellian velocity distribution, the energy gain criteria derived in section B.3.2
is revisited to discuss the requirements on an energy producing fusion machine.

The proposed concept uses a symmetrical triple grid configuration to compress
the bunches during each oscillation, requiring an equal oscillation period of all
ions. This limits the available fuel to a single species. For energies below ≈1
MeV, deuterium-deuterium fusion has the highest cross section. For D-D fusion
reactions, the minimum requirements on the density, bunch length and number of
oscillations have been determined to (see equation B.3.23):

n ·L ·Npass = 3.7 ·1027 m−2, (B.3.26)

at a centre of mass energy Ecm ≈ 130 keV. Based on the simulations, a maximum
value for Npass is estimated and the maximum density is calculated based on the
theoretical considerations from section B.3.2. With Npass,max and nb,max the re-
quirements on the bunch length L are determined.

Maximum number of oscillations Npass: The maximum number of possible
passes are estimated from the high-density simulations (see figure B.3.14). Here,
≈ 2% of the particles were lost after 160 oscillations. We verified that the decrease
in particles is approximately linear in the simulated time. Assuming a continued
linear loss of particles in the bunch, all particles will be lost after ≈ 8000 oscilla-
tions, resulting in an average Npass,max = 4000 oscillation per ion before it lost.
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Density n: In section B.3.2 an estimate for the maximum achievable bunch den-
sity per unit length was developed, which is recited here for convenience:

nbunch = 2ε0U

q

1

r−1
v − r−1

i

· 1(√
h2

b + z2 − ri

)2 · 1√
h2

b + z2
(B.3.27)

The maximum density nmax is estimated under the assumption that the aspect ra-
tio between the vacuum vessel and outer grid is 0.5 (equivalent to the simulated
design). With this condition, equation B.3.27 is evaluated for different rv and hb ,
the result show in figure B.3.16. In the figure, no data points are calculated for
rv < hb . As previously shown, nb has its minimum at rv , for which the values
nb,max are calculated. Because the electric field E ∝ 1/r 2, the maximum bunch
density increases with decreasing chamber radius rv .
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Figure B.3.16: Calculated maximal transversally compressible bunch density
nb,max depending on the radius of the vacuum vessel rv . It is assumed that
ri = rv /2. nb,max is plotted for various bunch widths hb . The graph shows an
increase in nb,max for smaller rv due to the increasing gradients of the electric
field for z → rv .

Bunch length L: By plugging Npass,max into equation B.3.26, we find

n ·L = 9 ·1023 m−2 (B.3.28)

Comparing with figure B.3.16 it is clear that no achievable combination of L and
n can fulfil equation B.3.28.

With the proposed concept of a bunched spherical particle collider, achieving net
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energy gain with deuterium–deuterium collisions is not possible. A way to relax
the criteria for net energy is to switch to deuterium-tritium as a fuel. Then,

n ·L ·Npass
(D→T )min= 5.9 ·1024 m−2 (B.3.29)

However, even then the achievable density and bunch length would not suffice.
A solution to increase the density could be to modify the concept to accelerate
deuterium bunches through a stationary tritium target, for example a cryogenic
hydrogen jet, which have been reported with radii as low as 5µm [173]. These tar-
gets are however not electron free and the fundamental limitation of beam-target
fusion (i.e. dominating Coulomb power losses - see figure B.3.1) will prevent net
energy gain unless a way is found to remove the electrons. Assuming one is able
to remove the electrons during the time the oscillating ions pass through the tar-
get, e.g. by pulsed lasers, and if the remaining pure ion plasma remains close to
solid state density due to the inertia of the ions while the bunches pass through
the target, net energy gain could be possible. An in-depth analysis is required to
evaluate the feasibility of such a system, which is outside the scope of this work.

B.3.5 Discussion

In this article a novel concept for a fusion machine based on electrodynamic con-
finement of ion bunches is proposed. Analytical estimates of the expected fusion
rate, maximum bunch density and requirements on the bunches for net energy
gain are made. By using a particle tracing code, it is shown that ions can remain
longitudinally and transversally bunched over 160+ oscillations with only 2% par-
ticle losses while remaining at a non-Maxwellian energy distribution in an electron
free system.
Using both the energy gain criteria and simulation results, the requirements for
break-even operation of a fusion reactor based on deuterium-deuterium fuel is
made. However, with the proposed concept achieving break-even conditions are
not possible because the confinable density is over 8 orders of magnitude too low.
A more efficient design could be a storage ring, which can fulfil the energy gain
criteria due to the increased confinement time and higher focus density¶. How-
ever, due to the overall low number of particles and bunch volume, a storage ring
cannot produce a substantial amount of fusion power. In future investigations
for a collider-type fusion power plant, increasing the density and volume are of
paramount importance.
Due to the low losses the concepted design could be implemented as an efficient
neutron generator, however the absolute neutron yield will again be limited by the
low densities and the low duty cycle compared to a steady state device.
For a practical implementation particle losses to the grid must be investigated and
mechanisms derived on how to minimise them. The so-called star-mode of inertial

¶The evaluation of the energy gain criteria and resulting power output on the example of the Large
Hadron Collider is included in appendix B.3.8
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electrostatic confinement (IEC) devices is proposed as a possible solution: in IEC
devices, which are a type of gridded spherical accelerators, good ion confinement
with low grid collision has been reported through the formation of microchannels,
in which the ions are confined on oscillatory trajectories with low grid collisional-
ity [174]. Furthermore, an actual implementation will require connectors between
the grids and power supply, which will, similar to a fusor, introduce an asymme-
try in the vacuum electric field. If the stalk is surrounded by a dielectric, charge
deposition of ions colliding with it will mitigate the perturbing field in the acceler-
ation region. In the compression region the field asymmetry will play a lesser role
because of the tighter grid spacing and the low strength of the compressing field.

Appendix

B.3.6 Coulomb power losses and fusion power gain in a beam-
target experiment

Coulomb power losses

The power loss due to Coulomb collisions of a charged particle traveling through
a stationary target is calculated. In the derivation, first the energy losses between
two interacting particles are calculated from which the power loss of an ion trav-
eling through a target with density n is derived.
The scattering between a particle with mass m1, velocity v1 and charge q1, and a
particle at rest with mass m2, velocity v2 = 0 and charge q2 is sketched in figure
B.3.17.
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m2, q2

v2 =0

θ

Figure B.3.17: Coulomb scattering between a moving and a stationary particle.

Depending on the impact parameter b, particle one will not only change its trajec-
tory, but also transfer energy ∆E to particle two [175]:

∆E = 1

2
m1v1

2m1m2

(m1 +m2)2 (1−cos(θ)) (B.3.30)

Using the relation

tan(θ/2) = q1q2

4πε0

1

mr v2
1b

, (B.3.31)
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equation B.3.30 can be rewritten as

∆E = 2
m2

r

m2

v2
1

1+K 2m2
r v4b2

(B.3.32)

= 2∆Ec,90◦

1+ (b/b90)2 (B.3.33)

with K = 4πε0/(q1q2) , relative mass mr = (m1m2)/(m1 +m2), and b90 = 1/(K mr v2)

To calculate the power loss of two colliding ion bunches, equation B.3.33 is plugged
into equation B.3.18:

Pc = 2π
∫

W (v,b) f1(𝑣1) f2(𝑣2) v b db d𝑣1d𝑣2 (B.3.34)

= 4πm2
r

m2

∫ v3
1b

1+K 2m2
r v4b2

f1(𝑣1) f2(𝑣2)db d𝑣1d𝑣2 (B.3.35)

For the case of an ion beam with velocity vx = vy = 0, and vz = v0 impacting on a
stationary target, v = |𝑣1 −𝑣2| = v0, the integral

∫
f2(𝑣2)d𝑣2 = n2, and furthermore

f1
(
𝑣1) = f1(δvx = 0,δvy = 0,δvz = v0

)
. With this, equation B.3.35 becomes
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(B.3.37)

For b → ∞ the logarithm diverges and b must be cut-off. This is done in the
usual way by limiting the impact parameter to the Debye length λD . With ln(1+
λ2

D /b2
90◦ ) ≈ 2ln(λD /b90◦ ) ≡ ln(Λ), equation B.3.37 is rewritten as

Pc =σc∆Ec,90◦n1n2v0 (B.3.38)

where the Coulomb cross section has been defined as σc = ln(Λ)
(
q2

1 q2
2

)
/
(
4πε2

0m2
r v4

0

)
and the energy loss for perpendicular scattering is ∆Ec,90◦ = m2

r v2/m2. Note that
equation B.3.38 was derived under the assumption of quasi neutrality, i.e. an
equal electron and ion density ne = ni . In the case of a pure ion (or electron)
plasma, the Debye length changes as λD,pur e = 0.5λD [176].
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Fusion power gain

The fusion power gain is calculated via

P f = E f nσv, (B.3.39)

where E f is the released energy per fusion reaction (summed over all reaction
channels), n the density, σ f the velocity dependent fusion cross section and v the
centre of mass velocity. Values for σ f are taken from [177].

B.3.7 Derivation of the reaction rate in a linear system with
oscillating bunches

The reaction rate is estimated in a linear system with two oscillating ion bunches.
The geometry is sketched in figure B.3.18: The ions are accelerated between the
anode and cathode and collide in a field free region in the centre.

v1 v2

Oscillating bunches

Cathode grid

Anode

Field free region

Collision zone

lbunch

2rcolldaccdacc dacc

nbunch nbunch

Figure B.3.18: Linear geometry used to estimate the reaction rate of two col-
liding, oscillating ion bunches.

The reaction rate R in this system is:

R =Cpass · f [s−1] (B.3.40)

Where Cpass are the number of collisions during one oscillation and f the oscilla-
tion frequency. Cpass is calculated in the usual way:

Cpass = n1n2σ(v)vVbunch∆t (B.3.41)

Here, ni are the densities of two colliding beams, σ(v) the cross section, v = |v1−v2|
the relative velocity, Vbunch the bunch volume and ∆t = lbunch/(2v) the collision
time between the bunches, i.e. the time it takes an ion with velocity v to transverse
through the oncoming bunch with length lbunch.
Assuming the bunches have equal density n1 = n2 ≡ n, equal velocity v1 =−v2 and
approximating the bunches as cylinders, (the bunch volume is expressed as bunch
length lbunch times bunch cross section Abunch), equation B.3.41 becomes:
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Cpass =σ(v)n2 Abunchl 2
bunch (B.3.42)

The frequency can be expressed as

f = (tcoll +2tacc)−1, (B.3.43)

where tacc is the time the bunches spend accelerating between the anode and
cathode and tcoll the time of flight through the collision region.
The calculation of tcoll is straight forward:

tcoll =
2rcoll√

2Ebunch/m
, (B.3.44)

where the velocity has been substituted for the kinetic energy Ebunch. In the linear
design, the accelerating electric field is equivalent to the field of plate capacitor
E =U /dacc, with potential difference U and distance dacc between the electrodes.
With acceleration a = qU /(md), tacc becomes

tacc =
√

2md 2
acc

eU
, (B.3.45)

resulting in

f =
√

2eEbunch

m

(
0.5rcoll +dacc

)−1 (B.3.46)

Combining equation B.3.42 and B.3.46 leads to the final expression for the reac-
tion rate:

R =
√

2e

m
·
σ(Ecm)E 1/2

bunchn2 Abunchl 2
bunch

0.5rcoll +dacc
(B.3.47)

D→D*≈
3E 7/6

bunch[eV ]n2 Abunchl 2
bunch ·10−29(

dacc +0.5rcoll
) (B.3.48)

D→T †
≈

2n2 Abunchl 2
bunch ·10−21(

dacc +0.5rcoll
) (B.3.49)

*For energies 150-400 keV the D-D cross section can be approximated within 10% by σDD = 2 ·
10−33 ·E2/3

cm , with centre of mass energy Ecm.
†The maximum D-T cross section is σmax

DT ≈ 5 ·10−28 m−2 at Ecm ≈ 110 keV was used.
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B.3.8 Energy gain criteria and power generation in a storage
ring

The analysis in section B.3.4 concluded that design modifications are required to
achieve a positive energy balance. An example for devices having excellent ion
confinement and high focus densities are storage rings. On the example of the
Large Hadron Collider (LHC) we will examine whether such a device fulfils the
energy gain criteria and how much power output could be achieved.
For the analysis the LHC geometry and its bunch parameters will not be changed,
only the bunch energy is adapted to maximise the fusion cross section. Because
LHC has two beamlines, we assume that deuterium and tritium can be used as
a fuel, one species per beamline. For simplicity it is assumed that both species
have approximately the same kinetic energy Ekin ≈ 50 keV and equal velocity. No
modifications of the energy gain criteria (derived in section B.3.2) is required,
which, for colliding deuterium and tritium bunches is:

n ·L ·Npass ' 5.9 ·1024 m−2. (B.3.50)

First, the density n, bunch length L and number of oscillations Npass for LHC are
given to evaluate whether equation B.3.50 can be fulfilled before calculating the
possible power generation. All values for LHC are taken from the [178, 179, 180,
181].

Evaluation of the energy gain criteria at an LHC-like device

Bunch length L and density n
At LHC, each bunch is composed of Nion = 1.15 ·1011 protons and has a length of
L = 30 cm. When colliding, the bunches are focussed to 3.5 µm diameter, resulting
in a density of n ≈ 3.1 ·1022 m−3.

Number of turns Npass
The bunches at the LHC are confined for 10 h and make 11245 turn / second (at
7 TeV) in the 27 km long ring. At Ekin = 50 keV, ions make ≈ 81 turns / second.
Assuming an equal confinement time of 10 h for our DT bunches, Npass ≈ 2.9 ·106.

Energy gain criteria
The minimal required density nmin for energy gain is calculated by plugging Npass
and L into equation B.3.50, resulting in:

nmin = 6.7 ·1018 m−3, (B.3.51)

which is four orders of magnitude lower than the bunch density during collisions
at LHC. Thus, by using an LHC like setup energy gain is, in principle, possible.



152 Part B: Performance optimisation of IEC machines

Whether substantial fusion energy can be produced by a storage ring is calculated
next.

Fusion power generation in an LHC-like storage ring

To calculate the generated fusion power, first the number of fusion collisions (see
equation B.3.41) per bunch collision is calculated. The equation is repeated here
for convenience:

C = n1n2σ(v)vVbunch∆t (B.3.52)

The densities of the deuterium and tritium bunch, n1 and n2 are assumed to be
equal and have already been calculated to n = 3.1 · 1022 m−3. The velocity and
bunch volume are calculated from the energy and beam dimensions, the interac-
tion time is ∆t = L/(2v) = 6.9 ·10−8 s. With this, the number of fusion collisions per
bunch collision C is:

C ≈ 2 ·105. (B.3.53)

At LHC, there are 2808 bunches confined simultaneously in one beamline. To
calculate the power, C is multiplied with the number oscillations per second, the
number of bunches per beamline and the power gain per fusion collision (17.9
MeV), resulting in

P = 0.1 Watt. (B.3.54)

Although LHC could be turned into a fusion power plant, the output is low com-
pared to the power required to keep the device running. The bottleneck is the
small number of particles per bunch, which, could result in a viable concept if it
can be increased. As an example: using the same design parameters to generate
100 MW would require ≈ 3 ·1015 particles / bunch.
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B.4 Conclusion B

So-called fusors are a type of fusion machines based on the principle of inertial
electrostatic confinement (IEC). In IEC devices, ions are accelerated and trapped
with static electric fields. They typically consist of a spherical, grounded vacuum
vessel in which a transparent cathode grid at negative potential is centred. Ions
accelerate towards the centre where they may fuse with other ions or gas particles.
Fusors are attractive thanks to their small size as well as their cheap and robust de-
sign, but they experience high particle and energy losses caused by, among others,
geometric effects, neutralisation of fast ions through charge exchange collisions,
thermalisation of ions and bremsstrahlung losses by electrons. The research in-
vestigated the influence of experimental parameters (pressure, cathode potential,
ion current) and the experimental configuration (cathode size and the influence
of the stalk) on the performance of the TU/e fusor.
The research concludes that improving the performance of IEC devices is chal-
lenging and it is unclear whether substantial gains, required to make industrial
IEC devices with a neutron production rate above the current record of 109 n/s
are possible. The limiting factors are the unfavourable velocity distribution of ions,
caused by a peak in the ion birth radius close to the cathode grid, as well as high
losses of fast ions and quick thermalisation due to the large operating pressure.

Because most ions are created close to the cathode, they will accelerate to en-
ergies below the grid potential resulting in low fusion cross sections, decreasing
their contribution to the reaction rate. A model of the ion birth radius, which has
been qualitatively validated by experiments, shows that experimental parameters
(pressure, cathode potential and cathode radius) have a minor influence on the
birth radius. A significant shift of the birth radius towards the anode requires an
external ion source and operation at low pressure. At high pressure, a large num-
ber of slow ions are created through ionisation and dissociation collisions within
the cathode, which take up a significant fraction of the total current and limit
the effectiveness of an external ion source. These results also show that an ap-
proximation of the fast ion current by Krupaker Murali [139] overestimates the
oscillating ion current by neglecting the impact of these slow ions on the cathode.
Furthermore, high pressure causes fast neutralisation (through charge exchange
collisions) and thermalisation (through Coulomb collisions with electrons) of the
ions. As a result, ions are only able to make a few oscillations before they are lost.

To increase the NPR, these limitations must be overcome. If a fusor should be
operated as intended, i.e. confining fast ions at, or close to, a non-Maxwellian ve-
locity distribution, it must be operated at low pressures to enable ions to perform
a meaningful number of oscillations. Low gas pressures will also reduce scattering
between ions and electrons, resulting in slower thermalisation of the ions. How-
ever, as the experiments in this work showed, plasma breakdown is increasingly
difficult to achieve. Lower pressures will require one or more strong ion sources
and, without star-mode breakdown, the current will be limited by the available
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ion source power.
Operating the fusor at pressures where the current from ionising gas collisions
is limited also increases the need for ion re-circulation. A large number of grid
collisions would diminish the positive effects of low pressures and thus grid de-
signs are required which allow a high number of ion oscillations. Current lit-
erature provides only a limited insight into the influence of the grid on the ion
confinement: Wehmeyer investigated whether symmetric, latitudinal or longitudi-
nal alignment of the grid wires influences the neutron production, however only
minor differences were found [144]. Egle measured the changes in NPR for dif-
ferent combinations of cylindrical and spherical anodes and cathodes. In these
experiments spherical grids in spherical cathodes outperformed cylindrical config-
urations [154], and Krupaker Murali showed that symmetric grids increase the
NPR [182]. Further research is clearly required, for example investigating the ef-
fect of different grid shapes.
It is, however, not immediately clear how much lowering the pressure will increase
the NPR, because the assumed dominant fusion collision, the collision between fast
ions and neutral gas particles, scales unfavourably with decreasing pressure. As-
suming good ion confinement, the increased number of ions (due to the decreased
charge exchange losses) and reduction in the NPR might balance out. In this case,
gains in the NPR are expected due to the more favourable ion birth radius (the
gross of the ions are injected at the anode) and the reduced thermalisation.

Building on the gained knowledge, a new confinement principle is proposed to
reduce the fundamental loss mechanisms of IEC devices. Similar to a fusor, the
conceptual device accelerates ions with static electric fields in a spherical geometry
towards the centre, but it distinguishes itself by confining pure ion bunches in
an electron-free system. Periodic pulsed electric fields spatially compress the ion
bunches during each oscillation, sustaining them at a non-Maxwellian velocity
distribution. Named after the pulsed nature of the electric fields, the confinement
principle is dubbed electrodynamic confinement (EdC). This scheme reduces ion
losses through neutralisation, actively suppresses thermalisation caused by ion-
ion scattering, and mitigates Coulomb power losses by 3 orders of magnitude due
to the absence of electrons. In addition, the fusion cross section is increased by
accelerating all ions through the full grid potential.
Particle tracing simulations in an idealised, gridless geometry show that a system
confining pure ion bunches can be realised by using three concentric cathode grids
of which the middle grid is pulsed. The bunches are compressed during every
oscillation as they pass-through the inter-grid region. The simulated design is able
to maintain and confine the ion bunches for thousands of oscillation through the
active compression. Depending on the device and bunch geometry, this scheme is
able to confine ion bunches with densities up to 1015 m−3.
The low losses make the design come into question for a power plant feasibility
study. Similar to a tokamak, the energy gain criteria for oscillating colliding ion
bunches depends on the bunch density and confinement time, i.e. the number
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of oscillations ions perform before they are lost, and also on the bunch length.
When applying the simulation results for bunch length and confinement time,
the required bunch density is 9 orders of magnitude higher than the confinable
density. This is in part due to the requirements on the fuel: The EdC principle only
allows the confinement of bunches composed of equal mass ions. For different fuel
components, such as the favoured deuterium-tritium mix, the varying oscillation
times will cause the ions to debunch. This limits the fuel to pure deuterium or
helium-3, which, even at high energies, have a more than 10× lower fusion cross
section than D-T. A workaround for this limitation could be to oscillate bunches,
which are each composed of only one species, at different oscillation frequencies
and to collide them at their smallest common transition period. For example,
for deuterium-tritium at 2×3 = 6 times the hydrogen oscillation frequency. This
requires adjustments on the pulsing of the grids and ions would not collide at
the ideal collisional during every oscillation, but the increases in the reaction rate
would be substantial. For this scheme to work adjustments on the geometry can
be required to ensure that only one species resides in the compression region at
any given time.
Apart from using different species to increase the reaction rate, required to make
the design viable as a high-performance neutron source (or a fusion power plant),
the density must be increased. Only marginal increases can be achieved by scaling
the device and design modifications of the concept are required. An advantage
of IEC devices, which are essentially a type of beam-target collider, is the high
target density, i.e. the density of the background gas. On the other hand, the EdC
concept relies on beam-beam fusion where the density is low. For future research
it should be investigated whether a combination of both concepts is possible, i.e.
an EdC device with a high-density target. For thin targets injected in the centre,
e.g. pellets, drops, or liquid jets, the bunching mechanism is still applicable as long
as the energy lost during the transition of the target can be replenished. This will
not only result in a manyfold increase of the reaction rate, but also enable fuels
composed of different species, such as DT, or advanced fuels such as proton-boron.





Appendix 1:
Reconstruction of the
polarisation angle from the
signal

The polarised emission of the injected neutral particles is guided through two
PEMs and a linear polariser. Each PEM has a time varying retardance A = A0 cos(ωt ),
with amplitude A0 (typically a halve wave) and oscillation frequency ω. The PEMs
are mounted under an angle of β= 45◦ with respect to each other and the polariser
is at an angle α= 22.5◦ with respect to the first PEM.

The by the system induced changes in polarisation of the incoming light are eval-
uated with the Müller formalism. In Müller calculus, each optical element is
described by a Müller matrix Mi . The changes in the Stokes vector after light
has passed through an optical element are obtained by matrix multiplication:
Sout = Mi ·Sin. The Müller matrices required to describe the MSE system are:

Rotator
A rotator Mα describes an optical element that changes the polarisation angle of
incoming light by an angle α:
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Mα =


1 0 0 0

0 cos(2α) −sin(2α) 0

0 sin(2α) cos(2α) 0

0 0 0 1

 (app.1.1)

Rotators can also be used to calculate the Müller matrix of an optical element
which is aligned at an arbitrary angle, when their Müller matrix is given with
respect to the horizontal axis. The Müller matrix, rotated by an angle ϕ with
respect to the horizontal axis, can be written as My = Mϕ ·Mx ·M−ϕ.

Retarders
Retarders (e.g. waveplates, PEMs, ...) describe optical elements that cause a phase
shift between the orthogonal components of the transmitted light. The Müller
matrix is:

Mr (A) =


1 0 0 0

0 1 0 0

0 0 cos(A) sin(A)

0 0 −sin(A) cos(A)

 (app.1.2)

Polarisers
The Müller matrix of a polariser, transmitting light along the horizontal axis, is:

Mp = 1

2


1 1 0 0

1 1 0 0

0 0 0 0

0 0 0 0

 (app.1.3)

Müller matrix for the KSTAR MSE system
At KSTAR two PEMs and one linear polariser are used to encode the polarisation
of the incoming light into an intensity modulated signal. The calculation can be
simplified by choosing angles between the PEMs and the polariser that simplify
the Müller matrix of the rotator. At KSTAR, the first PEM is mounted along the
horizontal axis, the angle between the two PEMs is β= 45◦ and the angle between
the first PEM and the polariser is α= 22.5◦. With this, the Müller matrix describing
the system becomes:
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MMSE = Mπ/8 ·Mp ·M−π/8 ·Mπ/4 ·Mr (|A2|cos(ω2t )) ·M−π/4 ·Mr (|A1|cos(ω1t ))

= 1

2


1 cos(A2)p

2
sin(A1)sin(A2)+cos(A1)p

2
sin(A1)−cos(A1)sin(A2)p

2
1p
2

cos(A2)
2

sin(A1)sin(A2)+cos(A1)
2

sin(A1)−cos(A1)sin(A2)
2

1p
2

cos(A2)
2

sin(A1)sin(A2)+cos(A1)
2

sin(A1)−cos(A1)sin(A2)
2

0 0 0 0

 (app.1.4)

Multiplying equation app.1.4 with the incoming stokes vector (see equation A.4.5
- A.4.8) results in the total intensity after the light has passed through the MSE
system:

IMSE = I

2

(
1+ cos

(|A2|cos(ω2t )
)

p
2

pl cos(2γ) (app.1.5)

+ sin
(|A1|cos(ω1t )

)
sin

(|A2|cos(ω2t )
)+cos

(|A1|cos(ω1t )
)

p
2

pl sin(2γ)

(app.1.6)

+ sin
(|A1|cos(ω1t )

)−cos
(|A1|cos(ω1t )

)
sin

(|A2|cos(ω2t )
)

p
2

pc

)
(app.1.7)

The modulated signal contains terms sin
(
X cos(ω)

)
and cos

(
X cos(ω)

)
which are

expanded into their harmonics:

sin
(
X cos(ωt )

)= ∞∑
n=1

(−1)(n−1) J2n−1(X )cos
(
(2n −1)ωt

)
, (app.1.8)

cos
(
X cos(ωt )

)= J0(X )+2
∞∑

n=1
(−1)n J2n(X )cos(2nωt ), (app.1.9)

where Jn(X ) is the n−th order Bessel function. The amplitudes up to the four
harmonic of the intensity modulated signal are:
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I0 = I

2

(
1+ J0(|A1|) pl sin(2γ)p

2
+ J0(|A2|) pl cos(2γ)p

2

)
(app.1.10)

Iω1 =
I J1(|A1|)p

2
pc (app.1.11)

Iω2 =
I J0(|A1|)J1(|A2|)p

2
pc (app.1.12)

I2ω1 =− I J2(|A1|)p
2

pl sin(2γ) (app.1.13)

I2ω2 =− I J2(|A2|)p
2

pl cos(2γ) (app.1.14)

I3ω1 =− I J3(|A1|)p
2

pc (app.1.15)

I3ω2 =− I J0(|A1|)J3(|A2|)p
2

pc (app.1.16)

I4ω1 =
I J4(|A1|)p

2
pl sin(2γ) (app.1.17)

I4ω2 =− I J4(|A2|)p
2

pl cos(2γ) (app.1.18)

(app.1.19)

From this, the original Stokes vector is calculated:

I = 2I0 + J0(|A1|)
J2(|A1|)

I2ω1 +
J0(|A2|)
J2(|A2|)

I2ω2 (app.1.20)

Q =−
p

2

J2(|A2|)
I2ω2 =

p
2

J4(|A2|)
I4ω2 (app.1.21)

U =−
p

2

J2(|A1|)
I2ω1 =

p
2

J4(|A1|)
I4ω1 (app.1.22)

V =
p

2

J1(|A1|)
Iω1 =−

p
2

J3(|A1|)
I3ω1 (app.1.23)

=
p

2

J0(|A1|)J1(|A2|)
Iω2 =−

p
2

J0(|A1|)J3(|A2|)
I3ω2 (app.1.24)

The polarisation angle γ is calculated by:

γ= 1

2
arctan

(
U

Q

)
= 1

2
arctan

(
J2(|A2|)I2ω1

J2(|A1|)I2ω2

)
= 1

2
arctan

(
J4(|A2|)I4ω1

J4(|A1|)I4ω2

)
(app.1.25)
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Furthermore, the retardance of the PEMs can be calculated from the harmonics
which is expected to be more accurate than the retardance specified at the PEM
controller:

J1(|A1|)
J3(|A1|)

=− Iω1

I3ω1

(app.1.26)

J2(|A1|)
J4(|A1|)

=− I2ω1

I4ω1

(app.1.27)

J1(|A2|)
J3(|A2|)

=− Iω2

I3ω2

(app.1.28)

J2(|A2|)
J4(|A2|)

=− I2ω2

I4ω2

(app.1.29)





Appendix 2:
Estimation of the neutron
production rate in a fusor

The NPR is estimated for beam-beam (BB), beam-gas (BG) and embedded fusion
(EMB). Therefore the reaction rate R is evaluated for the three processes. R is
defined as:

R = n1 ·n2 ·σ(v) · v ·V , (app.2.1)

with densities n1 and n2, cross section σ, relative velocity v and interaction volume
V . Deuterium is used as a fuel gas with pressure p = 0.2 Pa for which, using the
ideal gas law, the density is calculated to ngas = 3.6 ·1019 m−3. Furthermore, mono-
energetic ions with energy ED+ = 100 keV, a grid transparency of η= 95%, and an
embedded density nemb = 1 ·1025 m−3 is assumed. For the three collision types, the
reaction rate is calculated as:

RBB = n2
fast,osc ·σ(v) · v ·Vbb (app.2.2)

RBG = nfast,osc ·ngas ·σ(v) · v ·Vbg (app.2.3)

Remb = nfast,grid ·nemb ·σ(v) · v ·Vemb (app.2.4)

The parameters are approximated as:

Oscillating ion density nfast,osc
Assuming all fusion collisions occur inside the cathode grid, the fast ion density is
approximated as
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nfast,osc =
Ifast,osc

ev A
, (app.2.5)

with fast ion current Ifast,osc, elementary charge e, area A = 4/3πr 3. For beam-
gas fusion it is assumed that all fusion processes take place in the cathode and
r = rgrid = 5 cm, for beam-beam fusion it is assumed that all ions are focused to a
sphere of radius r = 0.5 cm in which the collisions take place.

Oscillating ion current Ifast,osc
From the experiments only the total measured current is known. The oscillating
ion current is calculated following Krupaker Murali [139] as

Ifast,osc =
η · Ifusor

(1−η2)(1+γ)
, (app.2.6)

with measured current Ifusor, grid transparency η and secondary electron emission
γ= 2.

Grid-impact ion current density nfast,grid
The current density of ions colliding with the grid is required for the calculation
of Remb. The current of ions colliding with the grid is approximated as Iimpact =
Ifusor/γ, with which the current density is calculated:

nfast,grid = Iimpact

ev Agrid
. (app.2.7)

Here, Agrid = AC · (1−η) is the surface area of the grid wires.

Interaction volume V
The calculation of the interaction volume depends on the collision type:

beam-beam fusion: For the calculation it is assumed that all fast ions are fo-
cused to a sphere of radius 0.5 cm where the fusion collisions take place.

beam-gas fusion: The beam-gas fusion processes are assumed to take place
inside the cathode grid, thus V = 4/3πr 3

grid.

embedded fusion: It is assumed that an ion does no longer contribute to the
reaction rate once the cross section has dropped by a factor of 10 from its
initial value at ED+ = 100 keV. Applying the Bethe-Bloch formula [183, 184]
to a titanium grid results in a penetration depth of dx ≈ 0.6 µm until the ion
energy is reduced to 30 keV, at which σ ≈ 0.1 ·σ0. The volume is calculated
from the grid wire surface and penetration depth: V = dx · Agrid
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Results
With the above assumption, equation app.2.1 is calculated for increasing fusor
currents. The result is plotted in figure app.2.1.
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Figure app.2.1: Dependence of the reaction rate of beam-beam, beam-gas and
embedded on the fusor current.
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