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Chapter 1 

Introduction 

1.1 Nuclear fusion 

In the search for new energy sources for the next century, controlled nuclear fusion is one 
of the few options, along with e.g. nuclear fission and "renewable" energy sources such 
as wind, water and solar energy. All these options have advantages and disadvantages 
and nuclear fusion is not an exception to this. Advantages of fusion are the abundancy 
of the fuel and the inherent safety of a fusion reactor, whereas the low radioactivity of 
reactor components may count as a disadvantage. Other drawbacks are the technological 
complexity of a reactor and the large scale of a fusion power station. Time and progress 
in all disciplines of research and technology on new energy sources will decide whether 
or not all the characteristics will sum up in favour of fusion. The route to energy from 
fusion is not easy, but if we manage to get nuclear fusion under our control we have a 
nearly inexhaustible energy source. 

I\uclear fusion is concerned with the fusion of light nuclei to heavier nuclei. The 
easiest reaction, to which all attention is focussed, is the fusion of the two hydrogen 
isotopes deuterium and tritium which produces helium and a free neutron with a lot of 
energy. The energy is the result of the conversion of mass into energy, which occurs 
because the total mass of the helium nucleus plus the neutron after the reaction is lower 
than the total mass before the reaction, i.e. the mass of both hydrogen isotopes together. 
The energy is distributed between the helium nucleus and the neutron. Extracting the 
energy of the neutron via heating of a suitably chosen medium by the neutron gives the 
final product: consumable energy. 

Modern fusion research is mainly directed at "thermonuclear" fusion, for which the 
fuel must be heated to a temperature of more than hundred million degrees centigrade. 
At these extreme temperatures the atoms are decomposed in their constituents, the nuclei 
(ions) and electrons and this mixture is called a plasma. At these high temperatures the 
nuclei are energetic enough to overcome their repulsive Coulomb forces so that they can 
fuse. To keep a plasma at such temperatures, devices have to be constructed that avoid 
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2 INTRODUCTION 

direct contact between the plasma and the walls of the vessel containing it. The most 
effective apparatuses are based on magnetic confinement. 

1.2 Magnetic confinement and the tokamak 

Magnetic confinement is based on the property that the charged plasma particles closely 
follow the lines of force (field lines) of the magnetic field. Thus a magnetic field for which 
the field lines do not hit the container wall is able to separate the hot plasma from the 
wall and therefore the plasma can reach the necessary high temperatures. The simplest 
geometry for the magnetic field is the torus. Indeed, the successful magnetic confinement 
devices at present are all of toroidal shape. However, as a consequence of the curvature 
(and gradients) of a purely toroidal magnetic field, the particles move away from the field 
lines to the top or bottom of the container, depending on the sign of their charge. This 
charge separation causes the plasma to hit the wall. The solution that has been used for 
decades is to add a second circular magnetic field that connects the top and the bottom 
of the torus such that the average up and downwards motion of the particles is zero. It 
is the nature of this second magnetic field that puts present day machines into different 
classes. Among these are the stellarator and the tokamak. In the former the second field 
is applied by external coils whereas in the tokamak the plasma itself induces the field. 

Over the past decades, the tokamak, as a Russian invention from the fifties, has reached 
the region of reactor relevant conditions. It is this concept that is most promising to first 
enter the stage in which more energy is released by the fusion reactions than is put in to 
keep the plasma away from the material wall and to sustain its high temperature. 

The principal components of a tokamak are plotted in Fig. 1.1. The toroidal field 
is generated by external magnetic coils and it falls off with the distance from the axis 
of symmetry. The value of the magnetic field at the centre in the vessel ranges from 
1 T to more than 5 T in various tokamaks. By using the principle of a transformer it is 
possible to induce a current inside the plasma. The plasma column acts as the secondary 
winding of the large transformer. This induced current generates the poloidal magnetic 
field but it also heats the plasma by Ohmic heating. The plasma undergoes deformations 
and compressions such that it will adjust itself to the new electromagnetic forces causing 
the current, the particle density and the temperature to peak at the centre of the plasma 
column. The gradients in these profiles can be sustained by a special effect of the combined 
toroidal and poloidal magnetic fields. 

The field lines of the combined magnetic field have the remarkable property that they 
lie on nested surfaces, i.e. the field lines on one surface are parallel and they do not step 
over to another surface. The geometry of the surfaces is one of a torus. Obviously the 
particles that follow the field lines on tori with small minor radii belong to the hot core of 
the plasma whereas the field lines on surfaces with large minor radii prescribe the motions 
of the particles belonging to the relatively cold edge. The only way energy and particles 
can be transported from the core to the edge is by particle collisions. After a collision the 
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transformer 

vacuum vessel 

Figure 1.1: A schematic view of a tokamak, showing the vacuum vessel to prevent 
contact between the hot plasma and the cold air, the magnetic coils for the toroidal 
magnetic field and the transformer yoke for the creation of the plasma current. 
This current inside the plasma generates the poloidal magnetic field and heats the 
plasma. 
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particles continue to move along the field lines of a neighbouring surface. This classical 
transport, which is diffusive by nature, can be calculated theoretically and is found to be 
very low. Based on such small transport processes a minimum size for a fusion reactor can 
be calculated. The reality of the experiments happens to be that the transport of energy 
and particles is one to two orders of magnitude larger than the theoretically calculated 
values. As a result the minimum size tokamak, that came out of classical theory, cannot 
meet the requirements for fusion and a much larger tokamak fusion reactor is needed. 
The wish to understand and control the anomalous transport is what drives many plasma 
physicists in fusion research and it is of major importance to reach the final goal. 

1.3 Anomalous transport 

Research into anomalous transport is aimed at two totally different possible sources: 
turbulent fluctuations in either the electric or the magnetic field. These fluctuations can 
be in space and/ or time. In each class a number of models have been developed describing 
different aspects of the anomalous transport problem: the value of the transport itself, but 
also the growth rate of the fluctuations, the source of the fluctuations and so on. At present 
there is not one model that predicts all the effects taking place in a tokamak plasma, and 
models are being adapted continuously whenever new experimental observations become 
available. 

In the models describing transport due to fluctuations in the electric field it is postu-
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lated that the magnetic field lines stay on their surfaces but that the particles move across 
the surfaces due to the electric field fluctuations. On the other side, the magnetic fluctu
ation models assume that the magnetic field is not perfect, causing the field lines not to 
lie on nested surfaces and this should cause the large transport from the core to the edge 
region. A total description most probably would unite aspects of both classes of models: 
particle motions across the surfaces might introduce small electric fluctuations as well as 
fluctuations in the plasma current, which are accompanied by magnetic fluctuations. In 
turn these fluctuations influence the particle motions. Experimental observations indicate 
that magnetic fluctuations might be the dominant source of anomalous transport in the 
core of the plasma, whereas electric fluctuations would effect transport in the edge region. 

It should be noted that it is not all negative that is created by electromagnetic fluc
tuations. Once a plasma is burning, i.e. it is in a state with fusion reactions, the helium 
ions should be removed from the hot core after they have thermalized. Otherwise the 
helium ions choke the fusion reactions like a fire that dies out when ashes accumulate. It 
is thus the anomalous transport of energy that is of major concern. 

In this thesis work is described that has been done to investigate the role of spatial 
magnetic fluctuations as a cause of anomalous transport. 

1.4 Outline of this thesis 

A detailed description of a general magnetic field as it would occur in a tokamak is 
given in Chapter 2. This chapter captures the basic elements from the literature. It 
starts by introducing a model for an ideal magnetic field of a tokamak. The majority of 
the following sections deal with the nomenclature of field lines, magnetic fluxes and flux 
surfaces and Hamiltonian mechanics, especially nonintegrable Hamiltonians which exhibit 
chaotic motion in phase space. It has been demonstrated decades ago that the magnetic 
field lines in a toroidal geometry, like in a tokamak or stellarator, can be described by 
equations that are similar to Hamiltons equations for the motion of a system in phase 
space. This analogy has important consequences for the behaviour of magnetic field lines 
in space: every perturbation to the ideal magnetic field, no matter how small, causes a 
chaotic behaviour of the field lines. 

In Chapter 3 a 'new model for magnetic field perturbations is introduced. In this 
model the perturbations are generated by perturbations in the plasma current, in contrast 
with the ad hoc perturbations on the magnetic flux that are used in the literature. A 
new numerical integration scheme is introduced that solves the highly nonlinear and 
nonintegrable magnetic field line equations. Characteristic properties of chaotic magnetic 
fields are discussed. Based on further studies of the behaviour of chaotic field lines, a 
transport model is described in Chapter 4. This model deviates from previous models 
in that it uses the detailed knowledge of the behaviour of the field lines that we have 
obtained with the numerical integration programs. The behaviour of chaotic magnetic 
field lines turns out to differ significantly from the behaviour that is usually assumed in 
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the literature and this has important consequences for transport. 
Up to here it has been assumed that particles follow the field lines, but in reality they 

move on orbits that deviate from the field lines. In Chapter 5 the effect of magnetic 
perturbations on particle motions is discussed. The outline of Hamiltonian mechanics 
in Chapter 2 is used in this chapter where a new analytical Hamiltonian description of 
the particle motions is introduced. The discussion focuses on the trajectories of highly 
energetic, relativistic particles in chaotic magnetic fields. 

In Chapter 6 a discussion is devoted to the use of analysis techniques, in particular 
dimension estimators, normally used to assess low dimensional chaotic systems. Because 
the evolution of the plasma in general and of the magnetic field in particular are both 
described by nonlinear differential equations, as are the evolution equations of chaotic 
systems, the thought rises that analysing experimental data with these tools might give 
information about the chaotic behaviour of the plasma or the magnetic field. Chapter 6 
discusses the feasibility of this approach, and treats in detail one effect that limits its 
applicability. Finally, Chapter 7 puts the conclusions of the previous chapters in a broader 
perspective. 

1.5 Publications 

A list of publications is given that were the products of the work leading to this disserta
tion. 

Journals 

N.J. Lopes Cardozo, F.C. Schiiller, C.J. Barth, C.C. Chu, F.J. Pijper, J. Lok, A. Montvai, 
A.A.M. Oomens, M. Peters, M. de Rover and RTP team 
Evidence for small scale magnetic structures in the RTP tokamak, 
Plasma Phys. Contr. Fusion 36 (1994), p. B133. 

M. de Rover and W. van de Water, 
Systematic error of dimension estimates using fixed mass scaling methods, 
Phys. Rev. E 51 (1995), p. 4132. 

M. de Rover, N.J. Lopes Cardozo and A. Montvai, 
Hamiltonian description of the topology of drift orbits of relativistic particles in a tokamak, 
submitted for publication in Phys. Plasmas. 

M. de Rover, N.J. Lopes Cardozo and A. Montvai, 
Motion of relativistic particles in axially symmetric and perturbed magnetic fields in a 
tokamak, 
submitted for publication in Phys. Plasmas. 
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Chapter 2 

Description of the magnetic field 
and the relation with 

Hamiltonian mechanics 

2.1 Model of an ideal magnetic field of a tokamak 

To a lowest order approximation the electrons and ions of a plasma follow the field lines 
of a magnetic field. 1 The simplest structure that confines the plasma to a finite volume is 
then a toroidal configuration of the magnetic field. However, in a purely toroidal magnetic 
field charge separation of ions and electrons, due to particle drifts, will result in a fast loss 
of the plasma. Therefore a second component to the magnetic field is required to stop 
the charge separation. This component, the poloidal magnetic field, can be formed by 
basically two different methods: induction by currents in external coils, or by a current 
in the plasma itself. In a tokamak the latter method is used. 

In a tokamak plasma a current is induced, primarily flowing in the toroidal direction, 
which forms the poloidal magnetic field. Together, the externally applied toroidal and 
internally induced poloidal magnetic fields form a helical magnetic field. The current 
density of the induced current inside the plasma is not uniform, but is peaked in the 
centre of the poloidal cross section. The result is that the pitch of the magnetic field is 
not uniform, but a function of the position. 

The unperturbed magnetic field used in this thesis has the form 

B(x, 8) = Bo 
8 

(eq,- (x )ee) , 
l+xcos qx 

(2.1) 

in the toroidal coordinates (x r/Ro,</>,8), the distance from the magnetic axis, the 
toroidal and poloidal angle, respectively [Fig. 2.1]. The toroidal magnetic field has a 

1 For further details of particle motions see Chapter 5. 
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(a) (b) 

Figure 2.1: The definition of the coordinate systems. {a) Cylindrical coordinate 
system (R,c/>,z). {b) Toroidal coordinate system (x = r/Ro,c/>,8). 

strength of B0 at the magnetic axis, located at a distance Ro from the toroidal axis and 
falls off as Ro/ R = (1 + X cos o)-1. The plasma current runs parallel to the toroidal 
magnetic field, resulting in a poloidal magnetic field in the -eo direction. Because the 
poloidal field is generated by an internal plasma current, the magnetic field Eq. (2.1) is 
not a vacuum field. q(x) is called the safety factor, and gives the pitch of the magnetic 
field [Sec. 2.2.1]. The expression Eq. (2.1) is often used in literature and is known as 
the standard model [1, 2]. It gives the magnetic field correctly in the large aspect ratio 
approximation a/ Ro « 1 with a the minor radius of the tokamak, and satisfies V'· B = 0. 

The function q(x) is a dimensionless function whose form can be chosen arbitrary, but 
in this thesis the form has been chosen to be parabolic [3]: 

(2.2) 

where q0 denotes the safety factor on the magnetic axis (usually 0.8 < q0 < 1.0) and qa 
the safety factor at the plasma edge (usually 2 < qa < 10). Because there is no plasma 
current for x > a/R0 the safety factor in this region is of the form q(x) = qax2 RUa2 . In 
the model we approximate qa by the value given for a cylindrical plasma (a/ R0 = 0) with 
a total plasma current lp1: qcyl = 21ra2 B0/(Rot-tolpl)· The local value of the safety factor 
at the edge depends on the poloidal angle and differs from qcyl by a factor of the order 
a/Ro. 

In the standard model for the magnetic field the magnetic axis coincides with the 
geometrical axis of the tokamak, i.e. there is no so called Shafranov shift. In this respect 
the standard model is a lowest order approximation of the real magnetic field in a tokamak. 
Because in a tokamak the aspect ratio a/ R0 is finite, the current profile is not a symmetric 
profile peaking at the geometrical axis but its peak is shifted outward. The magnetic axis 
is in that case shifted outward with respect to the geometrical axis. This shift is called 
the Shafranov shift. 
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An ideal axially symmetric magnetic field, i.e. a field which does not have any if>
dependence, cannot be realized. In an experiment perturbing components to the field 
are always present, either of an internal or external origin. What the effects of these 
perturbing fields are, is described qualitatively in Sec. 2.3 and quantitatively in Chapters 
3, 4 and 5. 

2.2 Characteristics of the magnetic field of a 
tokamak 

2.2.1 Magnetic field lines 

In a time independent magnetic field the concept of field lines is of great importance to 
describe the topology of the magnetic field. For a given magnetic field B(r) the field 
lines are the integral curves of the magnetic field, given by the solution of the differential 
equation drfdr B(r). r is a running coordinate along a field line and simply labels the 
points along this field line. For a generic coordinate system (o:1 , o:2 , o:3), the change of the 
coordinate o:i along a field line is 

dai dr ...,.; 
vo: · dr' (2.3) 

With the help of Eq. (2.3) the field line can be described by the (two) equations 

dai B(r) · Vai 

dai B(r) · Vo:J' 
(2.4) 

In an orthogonal coordinate system one has Vo:i = t;)ea•, where a scale factor l,; is 
introduced. In the (orthogonal) cylindrical coordinate system (R, rp, z), the magnetic field 
lines in a tokamak are characterized by the equations 

dR RBR 
drf> B<~>' 
dz RBz 
drf> Bq,. 

with R = R0 + r cos 0, and in toroidal coordinates (x, rp, 9) by 

dx 

d(} 

drf> 
= 

(1 + xcosO)Br 

B<l> 
(1 +X cos O)BIJ 

xBq, 

(2.5) 

(2.6) 

In these equations it is not necessary to use Eq. (2.1), but a more general form for the 
magnetic field can be used. 
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Magnetic 
fieldline 

I . . ... j9 ...... 
····· ~ ..... ·· ..... . ... ............................. 

Magnetic 
axis 

Figure 2.2: Nested tori and the different twist of the field lines on each surface. 

However, using Eq. (2.1) gives 

d(} 1 + X COS (} 

d<f> q(x) 
dx 

d<P 
0. (2.7) 

The field lines stay on the same radius x: the field lines are confined to two-dimensional 
toroidal surfaces. These surfaces form a set of nested concentric tori with a circular cross 
section [Fig. 2.2]. If a field line has completed one poloidal rotation in the -8 direction 
it has moved over an angle 21rq(x) in the toroidal direction (to zeroth order in x). More 
precisely, the field lines do not move along a straight line in a tjr-9 plane, they move more 
slowly in the poloidal direction on the inside, R < Ro, than on the outside of the torus; 
q(x) gives the average pitch of the field line over a complete poloidal rotation. 

Another property is that a field line at a distance x from the magnetic axis with 
a rational q( x) closes upon itself after a finite number of toroidal rotations. If q( x) is 
irrational the field line will never close. 

There is another useful coordinate system [1, 4, 5] in which the magnetic field line 
equations are similar to Hamiltons equations for a time dependent Hamiltonian with one 
degree of freedom. A vast amount of knowledge of Hamiltonian systems is therefore also 
applicable to the magnetic field of a tokamak. Furthermore, this coordinate system will 
be used in Chapter 5 for the description of relativistic particle motions in a magnetic 
field. There is in general no function H(x, </>, 9) for the field line equations in an axially 
symmetric field Eq. (2.7) such that they can be written as 8x/8<P = -8HJ88 and 88/8</> = 

8HJ8x, Hamiltons equations. It is possible, however, to transform the field line equations 
to a Hamiltonian form by defining another poloidal coordinate, as shown below. 
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The vector potential A is written in the form2 

(2.8) 

After defining a gauge function with the property 8G / 8x = Ax [5], the vector potential 
becomes 

(2.9) 

where B0 R~7/Jt = -A0 + 8Gj8B and B0R~7/Jp =A</>- 8G/8f/J are functions of (x, f/J, B). In 
Sec. 2.2.2 it will become clear that 7/Jt can be seen as a radial coordinate. The poloidal 
coordinate B is not identical to the poloidal angle() [Sec. 2.2.2], but we choose B to increase 
from 0 to 27r if() completes a poloidal rotation. 7/Jp can now be written as a function of the 
right-handed coordinate system (7/Jt, f/J, B). The magnetic field B = V' XA in this latter 
coordinate system will thus be 

B = B0R~ ( -V'7/JtXY'B + V'7/JpXY'f/J), (2.10) 

Using Eq. (2.10) together with the relations ((V'7/Jt) X (V'f/J))·(V'B) = (J)-1 for the Jacobian 
of the transformation to the coordinates (x, f/J, 9) and 

the field line equations Eq. (2.4) can be written as 

- 87/Jp 
8B' 

87/Jp 
87/Jt. 

(2.11) 

(2.12) 

These equations have the form ofHamiltons equations with 7/Jp(7/Jt. f/J, B) the "Hamiltonian" 
and fjJ the "time coordinate". The implications of this equivalence will be outlined in 
Sec. 2.3. All information of the magnetic field is hidden in the function 7/Jp· If the 
magnetic field line Hamiltonian 7/Jp = 7/Jp(7/Jt) depends on the radial coordinate 7/Jt only, 
the field lines move along straight lines in the fjJ-B plane, contrary to the appearance in 
the fjJ-() plane [Eqs. (2.7)]. The slope of the lines depends on 87/Jp/87/Jt. 

2.2.2 Magnetic surfaces and ftuxes 

If a surface in space is defined by a function F(r) = const., then this surface is a magnetic 
surface whenever B ·V' F(r) = 0 everywhere, or in words; a magnetic field line that passes 

2The basis vectors '\la (with a= x,</>,0) are called contravariant basis vectors and the vector com
ponents Aa are the covariant components. If the coordinate system (x, </>,B) is orthogonal, Aa = laAa, 
with Aa the physical component of A. 
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Figure 2.3: Toroidal and poloidal magnetic fluxes. 

a point belonging to a magnetic surface "moves"3 along the same surface. In the case 
that F(r) is a monotonic function, every value of this function corresponds to a unique 
magnetic surface and this value is called the surface quantity. From Eqs. (2.10) and (2.11) 
it is easily seen that 1/Jp const. and 'if!t const. are magnetic surfaces or flux surfaces 
simultaneously, only if 1/lp = 1/Jp('I/Jt)· In that case d'if!t/d<f:i = 0 and the field lines lie on 
(torus-shaped) nested magnetic surfaces and cannot leave these surfaces. This existence 
of magnetic surfaces defined by 1/Jp = const. and 'if!t = const. in at least part of the plasma 
volume is (supposedly) necessary for good confinement of the plasma. In the general 
case where 1/Jp is a function of ( 'if!t, </:!, 8) the functions 'if!t and 1/Jp cannot be identified with 
magnetic surfaces. 

1/Jp and 'if!t can be identified with the poloidal and toroidal magnetic flux, respectively 
[Fig. 2.3]. For both 1/Jp and 'if!t the magnetic axis has been chosen for the position of 
zero flux. For an arbitrary magnetic field, where the position of the magnetic axis is not 
known a priori, it is best to define the poloidal flux as the flux through the equatorial 
plane bounded by the dashed curve in Fig. 2.3 [4,5]. The magnetic axis is then the curve 
where the derivative of the poloidal flux with respect to the radial coordinate is zero. 
Because the total poloidal flux through an infinite (equatorial) plane is zero, it is then 
trivial to define the poloidal flux as the magnetic flux through a ribbon as defined in 
Fig. 2.3. The poloidal magnetic flux can be calculated by computing the volume integral4 

of B · \liJ over the volume enclosed by the magnetic surface 'if!t(r) = 'if!t = const. 

~ f d'ifi!d<fidB J B . \1 iJ 1 f d'ifi' d</!dUd'I/Jp ( 1/JD 
211' },p, 211' 1.;,, t d'ifi~ 

21r Bom'I/Jp( 'if!t), (2.13) 

and a similar integration of B · \1 </:! relates the toroidal flux to 'if!t 

(2.14) 

3 Although a field line does not move in space in the real sense of the word, the behaviour of a field 
line is in the literature often referred to as "field line motion" . 

4Using Gauss theorem the magnetic fluxes can also be calculated by a surface integral [Fig. 2.3] 
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To describe the magnetic field of the standard model in the coordinate system ( '1/Jt, c/>, iJ) 
the coordinates '1/Jt and iJ have to be known as functions of x and 8. The Hamiltonian '1/Jp 
will then automatically follow from the integral Eq. (2.13). Because any surface quantity 
F(x) is a magnetic surface for the standard magnetic field, we make the choice '1/Jt = F(x). 
Upon substituting Eq. (2.1) into Eq. (2.14) the toroidal flux reads 

( ) 
1 { - xB0 Rg (89) -l 

'1/Jt x = 4w2 BaR~ }..;,, dxdcf>d() ~ 8() ' (2.15) 

where J = xR~R(8'!f;t/8x)- 1 (8iJj8B)- 1 and d'!f;; = (8'!f;;/8x)dx have been used. The 
integrand is only a function of x if 

_ loo 1 
8 = dB' () ~ 8- xsinB + O(x2

), 
o 1+xcos' 

(2.16) 

and the toroidal flux is thus given by 

(2.17) 

The poloidal flux follows to be 

(2.18) 

which is also a magnetic flux surface of the standard magnetic field, as is to be expected. 
The field lines in the standard model are straight in the canonical coordinates and have 
a pitch (or slope) in the 4>-iJ plane given by 8'1/Jp/8'1/Jt = - (q(l/Jt)f1

. The field line 
equations (2.7) are recovered if the transformation equations (2.16) and (2.17) and the 
functional form Eq. (2.18) for '1/Jp are substituted into Hamiltons equations (2.12). 

The canonical coordinates defined by Eqs. (2.16) and (2.17) are used to describe the 
magnetic field in its Hamiltonian representation. Perturbations to the magnetic field are 
added in these coordinates to the unperturbed Hamiltonian given in Eq. (2.18). 

2.3 Hamiltonian mechanics and the KA,M theorem 

2.3.1 Hamiltonian mechanics 

In this section the basic principles of Hamiltonian mechanics will be reviewed. Suppose, 
we have constructed a Hamiltonian H = H(p, q, t) in a 2N-dimensional phase space con
structed by the N canonical momentum coordinates Pi and N canonical space coordinates 
qi (i = 1, · · ·, N). The evolution of the system is then determined by Hamiltons equations 

Qi 
8H 
8pi ' 

Pi 
8H 

(2.19) 
8qi ' 
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where the dot represents the time derivative. 
One might consider that a particular set of canonical coordinates (p, q) is not appro

priate to study the physical system at hand. In that case a transformation of phase space 
coordinates can be made for a more appropriate description. For Hamiltonian mechanics 
the only coordinate transformations (p, q) --+ (P, Q) of interest are the ones where (P, Q) 
are again canonical coordinates, i.e. the new equations of motion are of the Hamiltonian 
form Q; = 8K/8P; and F; = -8Kf8Q;. The function K = K(P, Q, t) is the Hamil
tonian in the new coordinates. Such a coordinate transformation is called a canonical 
transformation. The new and old set of coordinates are connected by the relation [6] 

""' . ( ) ""' · ( ) dF(p, q, P, Q, t) L.Jp;q;-Hp,q,t =LJP;Q;-KP,Q,t + dt , 
• • 

(2.20) 

which follows from a variational principle in which both the new and old set of coordinates 
are present. F is called the generating function of the transformation. E.g. if F = 
F2 ( q, P, t) - 'L.; Q;P;, the last term in Eq. (2.20) is 

(2.21) 

such that p; = 8F2/8q;, Q; = 8F2/8P; and K(P, Q, t) = H(p, q, t) +8F2 (q, P, t)fot. The 
first expression is used to solve the momentum coordinates of the new set as function of 
the old set, after which the new spatial coordinates are provided by the second expression. 

There is a particular class of Hamiltonian systems for which a well specified canonical 
transformation results in a set of very simple equations of motion. For these systems the 
Hamiltonian depends only on the new momentum coordinates J, such that the equations 
in the so called action-angle variables ( J, 9) read 

8Ho 
8J; = w;(J), 

i; = 0, (2.22) 

where H0 = H0 (J) is the new Hamiltonian. A system for which the Hamiltonian can 
be brought in such a form after a canonical transformation (p, q) --+ (J, 9) is called an 
integrable system. The motion is then confined to a N-dimensional subspace of the 2N
dimensional phase space, as the momentum coordinates are constants of motion. Moreover 
if the subspace has a finite volume it is topologically equivalent to aN-torus. If N = 2 is 
taken as an example, and J2 as well as the Hamiltonian H0 (Jr, J 2 ) = E, with E the energy, 
are set to a constant value, J1 is fixed automatically and the only variables that depend on 
time are the angles 01 ,02 [Fig. 2.4(a)]. Closed trajectories only occur if after a complete 
revolution of 01 the trajectory has moved over an angle /::;.(}2 = 27rw2/w1 = 21rmjn in the 
direction of positive 02 • The trajectory closes upon itself after n revolutions in 02 and m 
revolutions in 01 . If the ratio of frequencies w2/w1 is not rational, the trajectory never 
closes upon itself. The motion is said to be ergodic on the torus, i.e. the trajectory passes 
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(a) 

Trajectory 

C!h irrational 
(1)1 

(b) 

Figure 2.4: {a} Motion of a phase space point for an integrable system with two 
degrees of freedom {N = 2}. The motion lies on a torus with J, = const. and 
J2 = const. {b) Poincare plot for 82 = const. Adapted from {6}. 
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every point on the surface arbitrarily closely and infinitely many times. From here on we 
will choose w1 negative and w2 positive. Therefore the trajectory moves in the negative 
01 direction if it moves in the positive 02 direction. 

A useful instrument to study the system is the Poincare plot. This is a plot of the 
intersections of the trajectories with a surface. For the N = 2 case, this surface is chosen 
to be a 02 = const. surface. A closed trajectory will be seen as a collection of m points 
on a circle, whereas an ergodic motion on a torus traces out a full circle [Fig. 2.4(b) ]. 

The construction of a Poincare plot can be described formally by Maser's twist map [6]. 
Maser's twist map uses the J1-01 plane as the surface of intersection ( 02 = const.). If 
H0 (J1 , J2 ) and J2 are fixed the ratio of frequencies is a function of J1 : w2 /w1 = -q(J1). 

Successive intersections of the orbit with the Poincare cross section can then be described 
by (dropping the subscript '1') 

(2.23) 

If q(Jk) = m/n we see clearly that Ok+m = Ok - 27rn, i.e. m points appear in the plot 
on a circle with radius Jk. A very important property of the twist map is that it is area 
preserving, which is a result of Liouvilles theorem for Hamiltonians. 

There is a clear correspondence between the motion of a N = 2 integrable system in 
phase space and the trajectory of a magnetic field line in an unperturbed magnetic field 
in a tokamak in the physical space. However, the Hamiltonian function '1/;p('I/Jt) of the 
magnetic field has a N = 1 nature. Furthermore, for the general case '1/Jp('I/Jt, </J, 0), the 
Hamiltonian is explicitly dependent on the "time" </J. To make the correspondence exact, 
it can be proven that the motion described by a time dependent Hamiltonian H(p, q, t) in 
a 2N-dimensional phase space is equivalent to the motion of a time independent Hamil-
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tonian in a (2N + 2)-dimensional phase space [6]. 
For a short illustrative proof, construct the (2N + 2)-dimensional extended phase space 

by the coordinates 

P; = p;, Q; = q; 

PN+l = -H, 

for i = 1, · · · , N, 

QN+l = t. (2.24) 

The flow in the new phase space is parametrized by a new "time" ~ and - H and t are 
handled in the same way as any other phase space coordinate, i.e. all new coordinates 
are mutually independent. If we choose a generating function F2 = 1:~1 P;q; + PN+lt we 
obtain, using the equations for canonical transformations described previously, the new 
Hamiltonian 'H(Q, P) = H(q, p, t)- H. The new equations of motion are 

dQ; 81£ 

d~ 8P;' 
dP; 81£ 

(2.25) 
d~ - 8Q;' 

which fori= N + 1 gives t(~) =~and the new Hamiltonian 1l is independent of the new 
"time" ~· 

If the Hamiltonian H is only a function of the action J, and thus integrable, the new 
Hamiltonian 1l only depends on the new actions ( J, -H) and is again integrable. 

In conclusion we may say that the magnetic field line trajectories described by the 
Hamiltonian 1/Jp( 1/Jt, 4J, B) are completely analogous to the motion of anN = 2 Hamiltonian 
system. In the following sections we restrict the discussion to those systems. 

2.3.2 Nonintegrable systems 

The class of integrable Hamiltonian systems is a very small part of all Hamiltonian 
systems. In many Hamiltonian systems the Hamiltonian cannot be made integrable 
in the whole phase space. In order to see what happens in this wide class of sys
tems consider an Hamiltonian of an integrable system H0 (J1 , J2) that is slightly per
turbed by a nonintegrable part H<(J1, J 2 , 81 , fh) such that for the total Hamiltonian 
H(Jb J2, Bb 82) = Ho(Jb J2) + H<(J1, J2, Bb 82) there is no global canonical coordinate 
transformation (J, 8) --+ (I, a) to make it integrable. For convenience, the perturbing 
part is assumed to be "small" and as an illustration, taken of the form 

(2.26) 

We try to eliminate the angle dependence by a canonical transformation (J, 8)--+ (I, a), 
which is close to the identity transformation, such that the new Hamiltonian is only 
dependent on the new momenta Ib ! 2 and close to the original Hamiltonian. If this can 
be done the perturbed motion lies close to the motion on the unperturbed tori in part of 
the phase space. As generating function for the transformation we take [7] 

(2.27) 
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The function /3nm(/1,12) is to be determined. It is easy to see that for zero perturba
tion this function generates the identity transformation. Calculating the transformation 
equations that connect the old and new sets and substituting these into the Hamiltonian 
gives, to first order in €, a new Hamiltonian 

K(Ib /2, all a2) = Ho(JI, /2) + E (!mw1 + nw2]f3nm(Ib /2) + fnm(II, /2)) cos(ma1 + na2), 

(2.28) 
where w; w;(/11 12) = 8H0 (11,12 )/8l; denote the unperturbed frequencies. If the fre
quencies are linearly independent (mw1 + nw2 =J 0 with w1 chosen to be negative), the 
angle dependencies can be eliminated by choosing f3nm =- fnm/(mw1 + nw2 ). However if 
ef3nm is not small, i.e. lmw1 + nw2l ~ 1€fnml, the transformation generated by Eq. (2.27) 
is not close to the identity transformation. So, for a band of frequencies w1 and w2 that 
satisfy this inequality the perturbation term H, distorts a zone of tori with the correspond
ing frequency ratios lw2/w11 ~ mjn. The inequality gives a resonance condition which, 
when satisfied, couples the unperturbed tori to the perturbation when their frequencies 
lie inside the frequency band. If efnm is very small, the resonance zones are narrow. For 
those parts of the phase space where the inequality does not hold the perturbed motion 
is indeed close to the unperturbed motion. 

If there are more perturbing modes with different mode numbers m; and n; there will be 
a nonlinear interaction between all these modes. As a result, resonance zones will not only 
emerge around the ratios m;/n; but also around the ratios give by the Fibonacci sequence 
(m;+ mi)/(n; + nj)· All tori with their frequency ratio lw2/w11 in one of these resonance 
zones will be destroyed. Thus the nonlinear interaction between multiple perturbation 
modes causes more tori to grow unstable. However, the width of every new resonance 
zone in the Fibonacci sequence decreases with the order in the sequence. 

Because any arbitrarily small perturbation destroys resonant tori, the question arises 
if more perturbing terms in the Hamiltonian will cause all tori to grow unstable such 
that the resonance zones fill the entire phase space, because the rational numbers are 
densely distributed among the tori. For more than one term in the perturbation H. 
the KAM theorem5 shows that the measure of all resonance zones under a perturbation 
E ~ 1 is small, relative to the measure of the total allowed phase space, although the 
resonances are densely distributed among the tori. If the perturbation parameter grows, 
the measure of the resonance zones grows until, under the influence of many resonances 
and large perturbation amplitudes, the phase space is filled with complicated trajectories. 
In between the resonant regions the tori are slightly deformed but still have a torus 
topology. The conditions under which these stable nonresonant tori (KAM tori) exist, 
are [6]: (a) linear independence or sufficient nonlinearity of the frequencies of the tori 
over some domain of (11 , / 2 ), (b) sufficient number of continuous derivatives of H, and (c) 
a frequency ratio wdw2 that is irrational and sufficiently far from the resonance zones: 
lmw1 + nw2l > f(t)(m + n)-" with f(e = 0) = 0 and monotonically increasing with €, 

5 KAM refers to Kolmogorov, Arnol'd and Moser who proved the theorem. 
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Figure 2.5: fllustration of the formation of elliptic and hyperbolic points !,or a 
perturbed twist map. Adapted from {6]. 

and v some positive number. This last condition depends very much on the perturbation 
parameter: a frequency ratio that is far from the resonance zones for E can be inside a 
resonance zone for a perturbation with E

1 > E. 

We have seen that for a small perturbation there are tori that are stable under the 
perturbation, but what happens to the motion in the resonant zones? To answer this 
question we return to the Poincare section and the twist map which, under a perturbation, 
reads 

27r 
fh- q(Jk) + Eg((}k. Jk), 

jk + Eh((}k, Jk), (2.29) 

where the functions g(8k, Jk) and h(8k, Jk) are determined by the perturbing part of the 
Hamiltonian, H,. In the case of zero perturbation every point on the rational circle 
q( Jk) = m/n is a fixed point of period m, i.e. returning to the initial position after m 
iterations. Assuming that the pitch q( J) increases with increasing J, points on circles 
with a radius J larger than the radius of the rational circle are mapped in the counter 
clockwise direction after m iterations, whereas points on circles with smaller radii move in 
the clockwise direction after m iterations [Fig. 2.5]. If such circles belong to (stable) KAM 
tori under the perturbation H., points on these circles will move in the same directions 
after m iterations in the perturbed twist map Eqs. (2.29) as in the unperturbed case, 
although the exact positions of every mth iterate (ltm, 8tm), with£.= 0, 1, ... , are now 
also dependent on the functions g and h. Because the signs of these directions is different 
on both sides of the resonant circle (counter clockwise for larger J and clockwise for 
smaller J), somewhere in between those KAM tori, there must be a torus for which the 
angular coordinates of the cross sectional curve in the Poincare plot remain unchanged 
after m iterations: 8tm = ()(f-l)m· This curve is depicted as a solid curve in Fig. 2.5. 
After m iterations this curve is mapped to the dashed curve where the radial coordinate 
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is not the same. In Sec. 2.3.1 we mentioned the area preserving property of the twist map, 
and this forces that the areas enclosed by the solid curve and its mth iterate, the dashed 
curve, must be equal and generally they intersect at an even number of points. These 
points are the fixed points after m iterations of the perturbed twist map Eq. (2.29). Thus, 
the original rational circle q(J) mfn with infinitely many fixed points is replaced by a 
finite number of fixed points when the map is perturbed by even the smallest perturbation. 
Because there must be an even number of fixed points, and m can be odd, there is a total 
of 2m fixed points divided in two classes. 

In Fig. 2.5 two classes of fixed points with different behaviour of the motion around 
them are shown. Near the points called elliptic points, the trajectories with q =f; mfn 
tend to move towards the q mfn torus and circle around these fixed points. This 
behaviour forms so called island structures in which there exists a similar behaviour as 
in the main system (KAM tori and resonant zones) but on a finer scale. The elliptic 
points are stable fixed points, contrary to the hyperbolic points, as can be shown with 
the following mathematical reasoning (for a more thorough proof see [6]). 

We again start from the integrable Hamiltonian H0 (Jr, J2 ) perturbed by one pertur
bation mode given by Eq. (2.26). A coordinate transformation (J, 6) ~(I, a) generated 
by the generating function F2 = (m01 + n82)!1 + 02 / 2 is a transformation that puts the 
observer in a frame that is rotating with the frequency ratio w2fw1 = -m/n of the un
perturbed torus. The motion in a a 2 02 = const. plane (i2 = 0) can we written 
as 

8H = 8H0 + O(c), 

(2.30) 

with the Hamiltonian in the new coordinates 

H(/1,!2, a1, a2) = Ho(mlr, !2 + nl1) + t'fnm(m/1,!2 + n/1) cos a1. (2.31) 

At the resonant surface ltnm the derivative 8H0/811 mw1 + nw2 vanishes, such that the 
points (/r, at) = (I1nm 1 0 mod .. n') are fixed points of Eqs. (2.30). These points represent 
exactly 2m fixed points in the original coordinates, as described above. Points with initial 
conditions on a KAM surface with / 1 > I 1nm move in the positive a 1 direction under the 
assumption that q(/1) = -w2/w1 increases with the radial coordinate / 11 whereas they 
move in the opposite direction if / 1 < 11nm, which is also mentioned earlier for the motion 
of points in the twist map. 

In the presence of the perturbation, 1::!../ / 1 11nm is of the order t' and the equations 
of motion Eqs. (2.30) in the a 2 = ()2 const. plane close to the resonant torus can be 
written, up to the most significant order in .:, as 

cYj ~ a;~ol l::!..h, 6.!1 ~ t fnml sinal. (2.32) 
1 ftnmtl2 ltnm,/2 
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Close to the fixed points these equations can be written as 0: ~ F 1::.11 and li.I 1 ~ ±Go: 
around the fixed points (1::./1 0, o:1 = 0, 1r), respectively. Here, o: = o:1 around the fixed 
point (1::./1 , o:1) = (0, 0) and o: = o:1 1r if the motion is considered around the other 
fixed point (!::.It. o:I) (0, 1r). F and G are functions of I1nm and lz which follow trivially 
from Eqs. (2.32). Assuming that F > 0 and G > 0, the equations around the fixed points 
o:1 0 are of a hyperbolic form. Points are first drawn to the fixed point, but never reach 
it, after which they are repulsed again. Close to the other class of points, o:1 = 1r, the 
equations describe an ellipse with a ratio of the semi axis ( G / F)112 in the coordinates 
(/11 o:1), or 

!::.J1 _ l€fnm(Jl,J2) 1

112 

-m 2 / 2 , 
1::.(}1 8 Ho 8J1 Jtnm,J2 

(2.33) 

in the coordinates (J1,01) around the fixed points fh 1r/m mod 27r/m. The two classes 
of points are called hyperbolic points and elliptic points for obvious reasons. 

Although two neighbouring hyperbolic points are in reality not connected by the same 
curve, it is a good assumption, resulting from the approximate equations (2.32). This 
curve can be used to compute the maximum excursion in the radial direction, !::./1max· 

The equations of motion near the resonant surface Eqs. (2.32) can be described by the time 
independent Hamiltonian fi = ~F(!::.II)2 + G coso:b with the same functions F and G. 
The time-independency of this Hamiltonian guarantees the constancy of the Hamiltonian 
along a trajectory. Because the Hamiltonian has the value fi = G at a hyperbolic point, 
the maximum value or half the island width is given by !::.11max = 2( G /F) 112 at a = 1r in 
the coordinates (/1, o:I), which is 

(2.34) 

in the normal coordinates (J1 , 01), for angles 91 1r /m mod 21r /m. The width of the 
island, !::.J1max, and the ratio of the semi axis, !::.Jrf 1::.91 close to the elliptic point, are 
related by !::.J1ma:x 2/m (!::.Jd !::.81). 

The motion in the neighbourhood of a hyperbolic point is very complex. A hyperbolic 
point in phase space has an analogy with a saddle point in physical space: two lines move 
towards the point (stable separatrix branch '+') and two are moving away (unstable 
separatrix branch '-') [6], as in Fig. 2.6. A point on the unstable line moves away from 
the hyperbolic point after each iteration. It will move towards another hyperbolic point 
but will never reach it. The unstable line intersects with the stable line of the neighbouring 
hyperbolic point at so called homoclinic points. Because the homoclinic points are not 
stable points of the map and sit on the stable line of the neighbouring hyperbolic point, 
they will move towards this point under the action of the map. However, because of the 
area preserving property of the map (shaded areas in Fig. 2.6), the oscillations around the 
stable line becomes wilder and wilder producing an infinite sequence of homoclinic points 
on the stable line, that prevents points on this line from reaching the hyperbolic point 
[Fig. 2.6]. The oscillations near the hyperbolic point result in a very complex behaviour 
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KAM curve 

KAM curve 

Figure 2.6: fllustrating the complex motion and generation of stochasticity near 
a separatrix. A picture of this type was first drawn by M el 'nikov {8}. Adapted 
from {6}. 
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Figure 2. 7: A numerical example of the structure of a Poincare section 82 = 0 of 
a nonintegrable Hamiltonian. 
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of the system between the stable KAM tori. A similar behaviour accounts for an infinite 
number of iterations necessary for leaving a hyperbolic point along its unstable line. This 
wild behaviour near hyperbolic points is also illustrated by a numerical example of Dragt 
and Finn [9]. 

An example of the complexity that results from perturbing an integrable system is 
shown in Fig. 2.7, obtained from a numerical calculation of the Hamiltonian 

(2.35) 
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with E = 0.01. For growing perturbation amplitude the islands grow, as indicated by 
Eq. (2.34) until the islands of the neighbouring resonances overlap, i.e. until the sum 
of their half widths exceeds the separation between the resonances, destroying the last 
KAM torus between the islands [10]. The motion becomes even more complex. The 
chaotic motion that was previously only present near the separatrices is now also present 
in the area of overlap, resulting in a decrease of the island and an increasing chaotic region 
along the islands. The minimum perturbation amplitude to satisfy the criterion of overlap 
can be calculated easily by using Eq. (2.34) ifthe function q(J1 ) is known. Because of the 
nonlinear interaction between multiple modes, resulting in secondary island chains, this 
minimum perturbation amplitude will be an overestimate [11]. 

2.4 Consequences of the Hamiltonian description of 
the magnetic field 

We have seen in Sec. 2.2 that the ideal magnetic field of a tokamak can be described by 
an integrable Hamiltonian '1/Jp('I/Jt) [Eq. (2 .18)] in the coordinates '1/Jt and(} (Eqs. (2.17) and 
(2.16)]. In the previous section it has been demonstrated that the topology of nested tori 
will break up at positions near resonant tori if there is even the smallest perturbation. 
Islands and chaotic regions will emerge together with KAM tori. Increasing the pertur
bations will destroy more and more KAM tori until the last one will be destroyed [12]. 
Connecting both results leads to the conclusion that the magnetic field of a tokamak 
is prone to the slightest perturbation (external or internal), resulting in topologies with 
magnetic islands, chaotic motion of field lines and still intact flux surfaces as the analogue 
of KAM tori. 

The consequence of large scale chaotic regions in a magnetic field is that plasma in the 
core of the machine is not separated anymore from the edge by intact flux surfaces and this 
causes transport across large regions in space. The actual magnitude and nature of this 
transport will depend on the perturbation spectrum. In Chapter 3 the effect of different 
sorts of perturbations on the topology of the magnetic field is discussed. Chapter 4 deals 
with the effect of chaotic regions on transport of particles. In this chapter the particles 
are assumed to follow the field lines exactly between collisions. 

The real particle trajectories can also be described with a Hamiltonian. Moreover, 
for a special class of particles, the passing or un-trapped particles, this motion, or rather 
their guiding centre motion, can be described by aN= 1 Hamiltonian, like the magnetic 
field line Hamiltonian. Passing particles are those particles whose motion in the toroidal 
direction is not periodically reversed in time [Sec. 5.1]. Individual particle trajectories for 
passing particles in perturbed magnetic fields will be assessed in Chapter 5, with a special 
emphasis on relativistic electrons, using a Hamiltonian description. 



REFERENCES 

References 

[1] R. Balescu, Transport processes in plasmas, Vol. 2, (North-Holland, Amsterdam, 1988). 

[2] J.H. Misguich, B.Weyssow and R. Balescu, Report no. EUR-CEA-FC-1438 (1992). 

25 

[3] F.C. Schiiller et. al., in Proc. of 18th Eur. Conf. on Contr. Fusion and Plasma Phys., Berlin 
(1991), part IV, p. 185. 

[4] A.H. Boozer, Phys. Fluids 26 (1983), p. 1288. 

[5] R.B. White, Theory of tokarnak plasmas, (North-Holland, Amsterdam, 1989). 

[6] A.J. Lichtenberg and M.A. Lieberman, Regular and chaotic dynamics, 2nd Ed. (Springer 
Verlag, New York, 1992). 

[7] G.H. Walker and J. Ford, Phys. Rev. 188 (1969), p. 416. 

[8] V.K. Mel'nikov, Dokl. Akad. Nauk. SSSR 114 (1962), p. 747 [English translation: Soviet 
Physics-Doklady, Vol. 7 (1962), p. 502]. 

[9] A.J. Dragt and J.M. Finn, J. Geophys. Res. 81 (1976), p. 2327. 

[10] B.V. Chirikov, Phys. Rep. 52 (1979), p. 263. 

[11] D.F. Escande and F. Doveil, J. Stat. Phys. 26 (1981}, p. 257. 

[12] J.M. Greene, J. Math. Phys. 20 (1979), p. 1183. 





Chapter 3 

Effect of perturbations on the 
magnetic field 

3.1 Introduction 

In Chapter 2 it was shown from Hamiltonian theory that any perturbation that breaks 
the symmetry of an axially symmetric field destroys the topology of nested flux surfaces 
in the neighbourhood of all flux surfaces resonant with the perturbation. For not too 
large perturbations the topology will then (macroscopically) consist of islands embedded 
in chaotic regions, and still intact flux surfaces (the equivalent of KAM tori). In the 
islands and on flux surfaces the field lines lie on two-dimensional surfaces, whereas field 
lines in the chaotic regions explore a finite volume of the three-dimensional space. The 
effect of magnetic perturbations on the motion of field lines in the chaotic region will be 
discussed in this chapter. 

L" nder the assumption that plasma particles follow the field lines, the existence of 
chaotic regions in the topology enhances transport in the radial direction as compared to 
the collision dominated transport in the case of perfect flux surfaces. The magnitude of 
this additional transport depends only on the microscopic structure of the field line motion 
in these chaotic regions. For example, if the field lines cross the chaotic region within a few 
times around the torus the additional transport will be much larger compared to the case 
where the field lines would take hundreds of turns around the torus to cross this region. 
Also the existence of many chains of (small) magnetic islands can influence transport 
as they can effect the average step length in the radial direction after each collision. 
The actual transport will, of course, also depend on the collision frequency. If, as an 
example, the radial magnetic field has a magnitude B./ B0 ""' 10-5-10-4 (corresponding 
to measurements in [1]) a field line in the chaotic region will roughly be displaced by 
0.1 mm in the radial direction after proceeding once around the torus. A passing particle 
will make a step in the radial direction in the order of a gyro radius, which is of the same 

27 



28 EFFECT OF PERTURBATIONS ON THE MAGNETIC FIELD 

order or smaller. In the event that the collision frequency is very large (a particle mean 
free path of at most a few times around the torus or less), transport will still be dominated 
by collisions, whereas the influence of the chaotic magnetic field will dominate transport 
in the case of long mean free paths of tens to hundreds of turns around the torus. In 
the latter case the particles follow the field lines much longer, allowing them to move 
along the field line in the radial direction much farther. For a typical thermal electron 
in RTP the mean free path along the field line is vurcoi ~ 27 m for a "cold" 500 eV high 
density plasma up to 2000 m for a "hot" 3 keV low density plasma. This corresponds 
to 6-450 times around the torus. The thermal velocity in the direction parallel to the 
magnetic field is v11 ~ (0.9-2.3) · 107 ms-1 and the time between successive collisions 
Tcol ~ 3-100 f.LS. 

In a healthy tokamak plasma there are many more processes that play a role in trans
port than in the picture of collisional particles moving along field lines. Fluctuations 
of the electric potential in the plasma will cause transport across field lines: the par
ticles do not follow the field lines, but they also drift across them. A similar effect of 
drift motion across field lines occurs due to the gradients and curvatures in the magnetic 
field of a tokamak. Perturbations to the magnetic field, with their effect on gradients 
and curvatures, therefore changes the particle motion across the field lines in addition 
to the radial motion induced by moving along the chaotic field lines. Another effect on 
transport that should be mentioned is the existence of trapped particles, moving along 
so-called banana orbits, bouncing between the tips of the orbit. The typical step length in 
the radial direction after a collision is one order of magnitude larger than the gyro radius, 
and these particles therefore give a considerable contribution to transport. Because these 
particles move on average once or twice around the torus, before returning, the effect of 
a small perturbing field will probably not increase the transport of these particles. In the 
discussion on enhanced transport due to magnetic perturbations we will consider passing 
particles, moving along field lines, i.e. drifts will be neglected. Chapter 5 will be devoted 
to the actual motion of particles in a magnetic field, but the above approximation is valid 
for passing particles with thermal energies. 

Not only the properties of the chaotic regions are of importance to the overall trans
port, but also the existence of intact flux surfaces separating them. Regions with intact 
flux surfaces act as transport barriers as here the transport is dominated by collisions. 
Particles are "hopping" from one flux surface to another without movement in the ra
dial direction between successive collisions. In the absence of'other turbulent transport 
mechanisms, transport in this region is the usual (neo-)classical transport. These regions 
of intact flux surfaces can only act as transport barriers if their width is larger than the 
average distance particles "step" after each collision in the radial direction. 

In this chapter two types of perturbations are used to create chaotic regions, and the 
differences and similarities between the chaotic regions of both types are studied. The 
first type is the commonly used finite series of Fourier terms of the form cos{mO + mp), 
which are resonant on the flux surfaces with safety factor q = mjn. The amplitude 
is usually chosen to have no (or a weak) radial dependence, and the perturbations will 
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Figure 3.1: Measurement of the electron temperature profile along a vertical cord in 
an additionally heated plasma with the Thomson scattering diagnostic at RTP {13}. 
The temperature profile is not a monotonic function of the minor radius but has 
large deviations (filaments). 
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therefore be called global. This type ofperturbations are used in practically all (numerical) 
studies on chaotic magnetic fields (e.g. [2-7]). The second type of perturbations are local 
perturbations: perturbations with a limited range of influence. These can be created by 
Fourier terms with a strong (e.g. exponential) decay in the radial direction [7, 8], or, 
as is done in this thesis, local magnetic perturbations can be produced by local current 
perturbations. 

The possibility of current perturbations as the source of chaotic magnetic fields has 
been proposed earlier (e.g. [9, 10]), in particular as a result of current filamentation [11, 
12]. However, only recently experimental evidence has been found for the existence of 
filaments [13] [Fig. 3.1]. The existence of irregularities in the current profile makes it 
legitimate to ask what the magnetic field topology will look like in the presence of current 
filaments and what the differences are between global Fourier perturbations and local 
current perturbations. 

The strong nonlinear behaviour of the field line equations in the presence of pertur
bations makes it impossible to solve the motion of the field lines analytically. The mi
croscopic structure can therefore only be assessed numerically. A new numerical scheme 
[14, 15] is used. This scheme is accurate and allows very fast access to the topology of 
complex magnetic fields. This scheme will be explained in Sec. 3.2. Also in this section the 
current perturbations will be introduced. The basic differences and similarities between 
the effects of global (Fourier) and local (current filaments) perturbations are discussed in 
Sec. 3.4 and in Sec. 3.5 with the emphasis on the chaotic regions. 
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3.2 The numerical magnetic field model 

This section is divided into three parts. First the numerical integration scheme for solving 
the field line equations is described. Two subsections follow for the introduction of global 
and local perturbations. 

3.2.1 Numerical integration scheme 

For the study of stochasticity in the magnetic field, direct integration of the magnetic field 
line Eqs. (2.5) in the physical space is used. Other studies make .use of the Hamiltonian 
property and integrate Hamiltons equations for a well chosen Hamiltonian, and translate 
their findings to the magnetic field (e.g. [4~6]). The choice is a matter of taste. 

To investigate the behaviour of the chaotic regions in general and the motion of field 
lines in particular, it is necessary to integrate the field line equations over a long "time" 
<P and for many initial conditions. The choice of the "right" initial conditions is one of 
trial and error, especially in the chaotic region. If, for example, one wishes to study 
the behaviour of field lines in the neighbourhood of island separatrices, it is necessary to 
follow a number of field lines, until one hits a field line which motion is close enough to 
the separatrix for the specific study. Conventional integration techniques, that integrate 
the field lines for each initial condition separately, obviously are very time consuming. 

A new technique is used. This technique was originally developed by Montvai [14, 15] 
for the integration of Hamiltons equations. The main (and most time consuming) part 
is the construction of so-called mapping functions on a discretized toroidal phase space. 
These functions are then used for the reconstruction of the motion in phase space which is 
referred to as mapping. This mapping is very fast and efficient, and this is an advantage 
over conventional integration techniques. The motion starting from any initial condition 
is calculated within a few CPU seconds on a workstation, and this speed compensates 
for the time needed for the construction of the mapping functions [14]. Another welcome 
advantage is the better accuracy of the method [14]. It is easy to adapt the mapping 
technique to make it suitable for the computations of the magnetic field line motions in 
real space. 

Assume that the magnetic field B(r) is known in cylindrical coordinates (R, 4>, z). 
The magnetic field_ may have the axially symmetric form of Eq. ( 2.1), but any type of 
perturbation may be added. The 3D toroidal space is covered by a grid of Nq, planes, 
equally spaced in the 4> coordinate with angular separation 1:!..4> = 21f / N.p and each plane 
is covered-with a rectangular grid in the R and z coordinates. The minimum size of the 
grid is chosen to cover the entire plasma volume. Using indices ij k, the coordinates of the 
grid points in the coordinates (R, 4>, z) are labeled Rt and z!j on cross section k at the 
toroidal angle <P = (k- 1)Llo/. The magnetic field B(r) is evaluated on each grid point. 

The next step is the construction of the mapping functions MA(R, z) and M~(R, Z). 
These functiOns compute the position (Rk+l,zk+1) (MMRk,zk),M;(Rk,zk)) of the 
field line intersection with the ( k + 1 )th plane, knowing that it has crossed the kth plane 
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Figure 3.2: Graphical illustration of the mapping technique used for computing the 
magnetic topology. The field lines are mapped from a grid point (i,j) on section
k to section k + 1 by integration of the field line equations. Also shown are the 
directions of the unit vectors. 
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at (Rk, zk). This set of functions is created by numerically integrating the field line 
equations (2.5) from a grid point (R;j, zt) on the kth plane to the point on the (k + l)th 

plane ( M~(Rt, zt), M:(R:j, zt)) [Fig. 3.2]. Spline interpolation schemes between grid 
points are used to construct the functions over the whole plane. In this way the function 
M~(R, z) gives the R coordinate at plane (k + 1) for a field line started at (R, z) on plane 
k, and similarly for M:(R, z) and the z coordinate. The functions M~ and M: with 
k = Nq, complete the circle in the toroidal direction. 

For the integration, the magnetic field components are interpolated with a spline 
interpolation scheme over the poloidal planes and with a fourth order Lagrange polynomial 
interpolation between planes. It may seem odd to first discretize the magnetic field and 
then use interpolation techniques to make the magnetic field again continuous in 3D space. 
However, this procedure is the only way to incorporate the magnetic field due to helical 
current filaments. 

Using the mapping functions, the motion of a field line is described by the series of 
points (Rl, zl) for f.= 1, ... , NtorNq, of crossings with the poloidal planes, starting from 
the initial point ( R1

, z1). Ntor gives the total number of revolutions around the torus. 

Instead of using a cylindrical coordinate system (R, if>, z) it is also possible to create 
the mapping functions M:(r, 8) and lt·I;(r, 8) in a toroidal coordinate system (r, if>, 8). The 
advantage of this system is that the grid does not necessarily have to be rectangular in 
(r, 8), but that it is possible to increase the density of grid points around specific regions in 
the radial direction to increase the accuracy around, for example, resonant flux surfaces. 

The numerical scheme can be used for any type of toroidal magnetic field. However, 
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to make the discussions more concrete RTP parameters (Ro/a = 0.72/0.16) have been 
used in most of the magnetic field studies. For the q-profile a quadratic form has been 
chosen: q(x) = q0 + (qa- q0)x2 R5ja2 with q0 and Qa the values of the safety factor at the 
magnetic axis and plasma edge, respectively. The latter is related to the plasma current 
Ip1 and has been approximated by the value it would have in a cylindrical plasma column: 
Qcyl = 21l"a2B0 /(Rop,0 /p1). Unless stated otherwise we took: B0 2.2 T, lpl = 90 kA and 
qo 0.8. 

In Chapter 5 the mapping technique is extended to compute the motion of guiding 
centres of untrapped particles in (chaotic) magnetic fields. 

3.2.2 Global magnetic perturbations 

The global perturbations are modelled by 

BoRo ( a a) Be(x, 1/J, 0) = xR ~ -e, ao + xee ax C:nm(x) cos(mO + ni/J- m~nm), (3.1) 

with amplitude C:nm(x) and R/Ro = 1 + xcosO. The phase shift for each perturbing 
mode n, m is given by {nm· The magnetic field Be is added to the axially symmetric field 
Eq. (2.1). 

If the magnetic field is described in the canonical form Eq. (2.10), the Hamiltonian 
1/Jp, in the presence of the perturbation Eq. (3.1), reads 

I d'I/Jt "' . -
(.;.) + L...C:nm(Wt) cos(mO('I/Jt, fJ) + ni/J 

q o/t nm 
(3.2) 

in the coordinates ( 1/Jt, 1/J, 9}, where 8 is a function of the canonical coordinates Wt and 9 by 
inverting the transformation equations (2.16) and (2.17): 0 = 0 + (21/Jt)l/2 sin 0 + 0( 1/Jt)· 
If this inversion is substituted then, after a series expansion in (21/Jt) 112 sin 6, it is obvious 
that the perturbation Eq. (3.1) is not only resonant on flux surfaces with safety factor 
q m/n but also on the flux surfaces with q (m± k)/n with k = 0, 1, ... This is 
a consequence of the toroidal geometry of the magnetic field. The amplitudes of the 
sideband resonances, however, decrease as xk (x < 1). After the substitution and the 
series expansion the Hamiltonian reads 

(3.3) 

with, up to first order in x, 

if all phase angles €nm are taken zero. For high poloidal mode numbers m, the sideband 
resonances play an important role because their amplitudes get rather large. 
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Figure 3.3: Poincare plot of the magnetic topology at rp = 0 for a magnetic field 
perturbed by Be with n 2 and m = 3 and a perturbation amplitude E23 = 0.005 in 
{a} cylindrical coordinates and {b) toroidal coordinates. The X-points are located 
at po[oidal angles {j ~ 9 X sin 9 with {j = 0, 27r /3, 41r /3 whereas for the 0-points 
8 = 1r /3, rr, 57r /3. The 0-points and X-points are not uniformly distributed in 
e as they are in 8. For the resonant flux surfaces with q (3 ± k)/2 identical 
considerations apply. 
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2.0 

If there is one global perturbation Eq. (3.1) with mode numbers n and m, the resonant 
flux surface with safety factor q = m/n will break up and only 2m (fixed) points with 
the same periodicity will remain, i.e. points that are related to field lines that are not 
influenced by the perturbation [Chapter 2]. In fact these points are the crossings of only 
two separate field lines with a poloidal plane. Half of the points, connected by one field 
line, will be the so-called X-points, while the other field line will form the island axis 
and connects the 0-points of the island chain. Naturally this island chain consists of m 
islands in a poloidal plane, that are connected with each other when following the islands 
in the toroidal direction. The fixed points are equally distributed in the poloidal angle 
(J = (}- x sin(}+ O(x2). Taking the Hamiltonian representation Eq. (3.3), the 0-points 
are at the positions where cos( me+ nrfJ) -1 and the X-points where cos( me+ nr/J) 1 
[Sec. 2.3.2]. The nonlinear dependence of(} on the angle (J is responsible for the fact that 
in the physical coordinate system the 2m fixed points are not equally distributed in (} 
[Fig. 3.3]. 

The island half width 1::.'1/Jtnm> defined as the maximum distance between the 0-point 
and the separatrix, 1 is independent of the poloidal angle, and is easily deduced by using 

1The separatrix is the imaginary surface that separates the distorted region of islands and the region 
of still intact flux surfaces. It is the same imaginary curve that connects the X-points in a poloidal cross 
section (Sec. 2.3.2]. 
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the formula for the Hamiltonian '1/Jp into Eq. (2.34) 

b.'l/Jtnm = 21 Snm('l/Jtnm) 11/2 
aw M I 8'1/Jtnm 

(3.5) 

The rotational transform of the magnetic field is given by the inverse pitch or safety factor, 
WM = 1/q, and '1/Jtnm determines the surface of resonance in the unperturbed magnetic 
field: WM('l/Jtnm) = n/m. The corresponding island width in the physical coordinate xis 
given by b.~m = (b.'l/Jt:nm)(8x/8'1/Jt)· 

The current density that produces the field B, has a toroidal component to lowest 
order in the aspect ratio jq,,..., x-2 [m2£nm(x) xc~m(x)- x2c~m(x)] cos(mO + nif>) where 
the prime indicates a derivative with respect to x. Non-divergent perturbation currents 
exist only for perturbation amplitudes Enm(x) "'a! with C 2 2. For an amplitude that does 
not depend on the radial coordinate, the current density is always higher in the X-points 
of the island chain than it is in the 0-points. However, for the choice Enm(x) = ~Enmx2 , 
the current density of Be is negative in the X-point of an m = 1 island chain, zero (to 
lowest order in the aspect ratio) for m 2, and positive for m 2 3. The total current 
due to the perturbation through a cross section, J dxdO xjq,, is zero to lowest order in x. 

We saw that a quadratic dependence of the perturbation amplitude enm(x) on the 
radius takes away the divergency in the current density profile at the magnetic axis, and 
from Eq. (3.1} we see that this choice also guarantees a nondivergent magnetic field at the 
magnetic axis. In contrast, this is not the case for the commonly used constant amplitude 
C:nm(x) = tnm [2-7], where both the magnetic field and the current density diverge at the 
magnetic axis. As magnetic field perturbations are usually assumed to be small, a '1/Jt 
(or x) dependence is required to remove the divergency. We use Enm(x) = ~t'nmX2 with 
Enm ~ 1, which takes away these difficulties and creates a smooth field across the entire 
cross section. A drawback of this choice, is that the perturbed field tends to become 
rather large near the plasma edge. We note that it is in fact only necessary to have such 
a dependency near the magnetic axis x 0; away from the magnetic axis a constant 
amplitude, or any other dependency, may be taken. The cited works that use a constant 
amplitude are concerned with the magnetic field away from the magnetic axis, and this 
may be the reason that this constraint on Enm(x) was not reported before. Furthermore 
we mention that a constant perturbation amplitude does not give any difficulties when 
using Hamiltons equations for the field lines in the ( '1/Jt, if>, iJ) coordinate system (used 
in [2, 4-6]). However, the fields and currents associated with the perturbed Hamiltonian 
are unphysical near the magnetic axis. As a final remark, it should be noted that the 
choice for a constant, quadratic or other dependency is rather arbitrary at this stage, as 
little is known about the real x-dependence. 

Before discussing the local perturbations used in this thesis [Sec. 3.2.3], a brief de
scription is given of local Fourier perturbations. The perturbation amplitude, as given in 
this section, should then be multiplied by an exponentially or other fast decaying function 
in the radial direction 

(3.6) 
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with q(x.,m) = m/n and a a small number. Again the factor x2 is necessary to avoid a 
diverging magnetic field and current density at the magnetic axis. Depending on the value 
of a in the exponential function, these perturbations will hardly affect the flux surfaces 
q (m ± k) / n. In [7, 8]local perturbations, of a similar form, have been used. 

3.2.3 Local magnetic perturbations due to local current 
perturbations 

The global perturbations of the previous section are very instructive and useful for the 
study of chaotic magnetic fields, however, it is unsatisfactory that there is no clear physical 
picture of the likely sources of magnetic perturbations in a plasma. To put it stronger, · 
it is very unlikely that such large scale global perturbations exist naturally in a plasma. 
Possible physical sources of the magnetic perturbations are perturbations of the current 
density created by the plasma itself, or imperfections in the externally applied magnetic 
fields. In the remainder we consider perturbations of the current density. Although in 
reality these perturbations create fluctuations on the magnetic field which in return change 
the current density by the altered particle motions and so on, we use, as a computational 
model, static perturbations and study their influence on the magnetic field. We will avoid 
studying the self-consistency between the magnetic field and the current density profile. 

Current filaments are perturbations of the current density profile. At the location 
of the filament the current density is lower or higher than the current density of the 
unperturbed magnetic field, depending on the sign of the current in the filaments: it is 
higher if the current in the filament runs in the same direction as the main plasma current 
(positive 4> direction) and lower otherwise. In the model one must ensure that the total 
current density at the position of the filament remains positive if the current through the 
filament is negative. The magnetic field in the presence of one or more filaments is a 
summation of the unperturbed axially symmetric field and the fields due to each current 
filament separately. 

A filament is modelled as a helical current carrying wire with a circular cross section 
and uniform current distribution. The assumption is made that each filament follows the 
same path as a closed field line on a rational flux surface of the unperturbed magnetic 
field. This introduces the helical structure of the filaments. The magnetic field of a 
(helical) filament is extremely complex and can in general not be calculated analytically. 
Only a filament that follows the magnetic axis, and which is thus a circular current, can 
be expressed in an analytical way, but even that is rather complex, involving elliptical 
functions. For the general case only numerical techniques can be used, and the use of a 
discretized space, as is used in the mapping technique, is by far the most flexible method. 

Using the discretisation of physical space in N<P planes with a rectangular grid in 
(R, z) the resulting perturbation to the magnetic field of the helical current perturbations 
is modeled by the following procedure [Fig. 3.4]: 

( i) A filament with current Ifil starts at the first plane, e = 1, at ( R 1
' z1

) (Ro + 
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1#·+:::::::::::::::::::::::::::::::::::::::::] 
(i,j) 

B(Rkij•tj>=k&tj>,zkij) = Bo + ··· + ~)Bl + oBl+ 1 + ... 
Figure 3.4: Graphical illustration of the calculation of the magnetic field due to 
a current filament. The magnetic field is calculated in the same discretized 3D 
space as used in the mapping technique. A detailed description is given in the 
main text. 

r q cos 01, r q sin 01 ), where r q( = xql4J) is the radius of the flux surface with the chosen 
pitch q. The initial poloidal angle (jl depends on Xq and the phase ~nm as 01 

~nm + Xq sin .;nm· (This choice will become clear in the next step.) In order to have 
closed filaments the value of the pitch is rational q(xq) m/n. 

(ii) The position of the filament at the next plane, f = 2, is given by (R', zl) (J4J + 
Tq COSO', Tqsin 0') With Of. -f_~c/J/q + .;nm + Xq sin( -f~cP/q + .;nm), which is the 
position of a field line in an unperturbed field on a flux surface with pitch q, started 
at (R1, cjJ 0, z1 ). This representation of 0' is, to first order in the aspect ratio, the 
solution of the magnetic field line equations (2.7).2 Between the planes the filament 
is assumed to be straight and is called a current element. The error, introduced 
by not taking into account the curvature of the current elements, can be neglected 
when typically 50 planes or more are used. 

( iii) The distance vector rfjk between a current element and each grid point ( Rt, zt) is 
calculated and the magnetic field due to this element is added to the field at the 
grid points, using the Biot-Savart law 

J.toltndl x rfjk 

47rlrfjkl 3 
(3.7) 

with dl the vector in the direction of the current. The current /fil is uniformly 
distributed within a radius OTII· This is done to overcome divergencies close to the 

2This form also comes naturally by substituting the solution {j = -</>Jq(7f;1) + ~ of the field line 
equations {2.12) for the unperturbed Hamiltonian 7/Jp(7/;1) = - J d7/lt q(7/Jt)-1 into the transformation 
equations (2.16) and (2.17). 
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Figure 3.5: Example of a Poincare section for a set of filaments at q 

1/1,7/5,2/1, 12/5,7/2, all with ~nm = 0. 
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filament. The lrfjkl-2 dependence of the Biot-Savart law makes current filaments 
strong local perturbators. 

( iv) These steps are repeated between the planes f = 2 and f = 3 etc., until the filament 
is closed upon itself. Thus a filament on q = m/n is build up of mNt/J current 
elements. 

This procedure is followed for every filament and the total magnetic field is made up of 
the unperturbed axially symmetric field with a large number of additions 6B£ of the fields 
due to all current elements. As an example, Fig. 3.5 gives the Poincare section at cjJ = 0 
for a magnetic field perturbed by a collection of filaments. 

A large number of planes Nt/J will improve the accuracy of the approximation of the 
filament as a collection of straight current elements. However, because the magnetic field 
of the filaments is used as a perturbation to the magnetic field it is not necessary to 
know the exact nature of the "additional perturbation" due to the non-smoothness of the 
filament model. When filaments are used, it is usually accurate enough to divide space in 
typically 40 planes covered with a 40 x 40 grid in (R, z), i.e. there is no large improvement 
with a denser grid, although grids of 50 x 50 x 50 or more are used throughout. 

3.3 Current Filaments 

Before proceeding with the comparison between global and local (current filament) per
turbations, this section discusses the fast radial decay of the high m components of the 
magnetic field of a filament as well as a "stability" criterion for the existence of filaments. 
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Figure 3.6: Absolute value of the magnetic field produced by different filaments: 

(a) filament of 200 A at the magnetic axis, (b)-(d) filaments on r = 6 cm with 
m = 2, 4, 12 and Ifi! = 100, 50, 17 A respectively. The higher m the faster the 
magnetic field decays to that of a single circular current on the magnetic axis (a). 

3.3.1 Fast radial decay of the high poloidal modes of a filament 

In general it is possible to decompose the magnetic field produced by the filaments into 
an (infinite) Fourier series with frequency components exp(imB + incjJ) multiplied by spa
tially dependent functions. Although these functions may be difficult, there is one simple 
property: the higher the mode number m the faster these modes decay radially. This is 
illustrated in Fig. 3.6. In this figure the absolute values of the magnetic field produced by 
different filaments are plotted. The current through the filament is (200/m) A such that 
the total current through one plane is the same in all cases. For all cases the magnetic 
field far from the perturbation is identical to the field of a filament at the magnetic axis 
[Fig. 3.6(a)]. The figure clearly shows that this state is reached first for filaments with 
higher mode numbers, which is a sign of the faster decay of high m modes. 
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In the examples in Fig. 3.6 the filaments carried currents between 17 A and 200 A, 
corresponding to current densities of approximately 0.3 MAm-2 up to 4 MAm-2 , whereas 
the average current density is 1.2 MAm-2 for a plasma with a current of 90 kA in RTP. 
In order to have a stable filament, the current inside the filament must be strong enough 
to "break" the local (unperturbed) field such that at the position of the filament the 
field lines form a tube. Under the assumption that plasma particles follow the field lines, 
the particles that move along the field lines in this tube carry the current and they are 
confined within the tube, such that, in this simple picture, the filament can be sustained 
in our model. The minimum current inside a filament that produces a flux tube, depends 
on the position in space. 

3.3.2 Magnetic field near a current filament 

To model the magnetic field around a filament with a current running in the direction 
of the plasma current, the background field is assumed to be cylindrical along the z
coordinate 

B( ) B B Ycart B Xcart 
X cart' Ycart. Zcart = oezca.t + 0 ( 2 + 2 ) eXca.t - 0 ( 2 + 2 ) eYca.t. 

q Xcart Ycart q Xcart Ycart 
(3.8) 

(xcart, Ycart, Zcart)3 defines a cartesian coordinate system with the coordinates normalized 
to Ro. The safety factor is q(x~art + Y;art) = qo + (qa - qo)(x~art + Y;art)RUa

2
. The 

field lines are given by the usual equations OXcart/8zcart = Bxm,/Bzc.,, = Ycart/q and 
OYcart/ OZcart = Bye_,,/ Bzca.t = -Xcart/q. Solving these equations, a field line on a flux 
surface with safety factor qc is running as Xcart = Xq cos(Bq + ~) and Ycart = Xq sin(Bq + 0 
with q(xq) = qc and Bq = -Zcart/qc. Assume that a filament is running parallel to the field 
line with~= 0. Before introducing the magnetic field due to the filament, the (xcart, Ycart) 

coordinates will be transformed to new coordinates with respect to the rest frame of the 
field line. 

The coordinates ( u, v) define a rectangular rest frame with the u-axis in the direction of 
r (eu 11 er), the v-axis perpendicular to this direction, and with the origin at the position 
of the field line. The rest frame is rotating with respect to the (xcart, Ycart) coordinate 
system if Zcart is varied. In the rest frame, however, the magnetic axis and all field lines at 
the flux surface qc are not moving. Furthermore, near the field line at the flux surface qc, 
the field lines at flux surfaces with q(x~art + Y;art) > qc (i.e. u > 0) are moving more slowly 
in the negative B direction than the field lines with q(x~art + Y;art) = qc which causes them 
to move in the positive v direction after the transformation to the rest frame. Likewise 
the field lines with q(x~art + Y;art) < qc (i.e. u < 0) move in the negative v direction. 
Specifically, the transformation ( Xcart, Ycart) -+ ( u, v) follows from 

(xcart, Ycart) = (xq cos Bq + u cos Bq -V sin Bq, Xq sin Bq + u sin Bq +V cos Bq)· (3.9) 

3 the subscript "cart" has been used to make the distinction with the normalized radial coordinate 
x = r / Ro in a toroidal system. 
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Figure 3. 7: (a} The orientation of the symmetric background magnetic field with 
respect to the field on the resonant flux surface, together with the orientation 
of the magnetic field due to a filament with a positive current. (b) The resulting 
orientation of the field lines when adding both fields in (a). The filament coincides 
with the X-point. 

Substituting this transformation into the field line equations and using 8Bq I 8zcart = -1 I qc, 
the field lines in ( u, v) will be given by 

(3.10) 

with Q = (qa- q0 )R5/a2 • The equations indeed show that the magnetic axis (v = 0, 
u = -xq) and all field lines on the qc flux surface (x;art + Y;art = x; + u2 + v2 + 2XqU = x~) 
are not moving in ( u, v). Furthermore, they show the change of sign of the field line 
motion on both sides of the qc flux surface. 

The magnetic field of the filament, in the ( u, v) coordinates, is approximated by the 
field Bfil(u,v) = tJolfil(27rR0(u2 + v2))-1[veu- ue.,] of a straight current carrying wire 
with the current uniformly distributed across its area 1ra~1 (in m2). The orientation of 
the magnetic field lines in the ( u, v) coordinates of both fields and the orientation of the 
sum of these fields are schematically plotted in Fig. 3.7. The effect of the magnetic field 
of the filament is that it connects field lines of the background field on either side of the 
flux surface. A filament with a positive current therefore coincides with the X-points of 
the island chain. The field near the filament strongly depends on the current strength. 

The field line equations near the filament now read 

(3.11) 
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where the current Jfil should be replaced by Jfil ( u2 + v2
) / ( a~1/ ~) if u2 + v2 < a~d R~. If 

the current is strong enough the equations describe a motion around the origin, but on 
the other side, if the current is small the field lines will only be distorted slightly. A rough 
estimate for the minimal current density, such that the field lines at u2 + v2 a~1 / R5 
move around the origin, can be given by the equality fJv/fJzcart 0 at (u, v) = (aft!/ Ro, 0). 
For 8 0 = 2.2 Tin a RTP plasma, this would give IfiJ/(7ra~1 ) ~ 9.5(qc q0 )/qc MAm-2 or 
100 Ampere for a filament with a radius of 4 mm at qc 1. Note that this current density 
is additional to the local current density already present due to the background plasma 
current. For a 90 kA plasma in RTP the total current density would be 5.4 MAm-2 

inside the filament and 3.4 MAm-2 just outside if qc = 1, whereas these numbers for qc=2 
are 6.4 MAm-2 and 0.7 MAm-2, respectively. These high current densities needed for 
filaments at higher qc would result in very high gradients in the total local current density 
which results in a fast relaxation to the equilibrium state due to normal transport. In 
this picture, it is expected that as soon as the current in the filament has dropped below 
the minimal current, the filament is destroyed because it can no longer form its own flux 
tube. The remaining energy will be further redistributed along the field lines. 

The minimal current density depends here on qc rather than on the poloidal or toroidal 
mode numbers separately. However, it should be mentioned that neighbouring filaments 
on the same resonant surface, i.e. the other m-1 intersections of the filament at qc m/n 
with the plane ~ 0, have an increasing influence on the field near a filament if m is high. 
The effect of the other filaments (with the current flowing in the same direction) is an 
increase of the field in the -e11 direction (and decrease in the eu direction). This can be 
understood qualitatively by looking to the orientation of the fields of three filaments in a 
row. Because the field in the -ev direction is now stronger, the minimal current density, 
needed to balance the background magnetic field at the filament edge, can be somewhat 
smaller. 

A closer look at the equations (3.11) shows that they approximately describe an el
liptical motion around the origin. Rewriting the equations in a Zcart = const. plane and 
close to the origin, 

fJv u 
fJu ~ --;; (1 C), {3.12) 

with 
C = 47TBoRo(qc- qo) u

2 + V 2 
(3.13) 

P,oqc 

the motion in ( u, v) is an ellipse if the current density lfiJ/ a~1 is larger than the minimal 
current density, such that C < 1 and it becomes more circular for increasing current as C 
reaches zero. The minimal current density, as mentioned above, corresponds to C 1. For 
current densities lower than the minimal current density, the equations as such describe 
a hyperbola. If we consider, for simplicity, only the field lines inside the filament (and 
thus /fil can be changed by Jfi1(u2 + v2)~/a~d the factor (1- C)-112 gives the ratio of 
the semi axes of the ellipse. For an example where qc 1 and Ifit/a~1 = 9.4 Am-2 the 
major radius is a factor 1.7 larger than the minor radius, whereas this factor is 1.1 for 
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I6J/a~1 = 37.5 Am-2• These results are comparable with results of directly integrating 
Eqs. (3.11) numerically. The same numerical integrations show that the ratio does not 
diverge when C approaches unity. For large currents the limit C = 1 is reached outside 
the filament. We note here that including the fields of neighbouring filaments (on surfaces 
with high m) results in a more circular ellipse, i.e. in a reduction of the ratio of the semi 
axes. 

The solution of Eq. (3.12) can be written as u = p(l- C)-112 cos( and v = psin( 
where pis a constant. This solution is only valid if C < 1, i.e. if the current density of 
the filament is larger than the minimal current density. Substituting these solutions in 
the equations gives an equation for [)(j[)z which gives the local pitch of the field lines 
around the axis of the filament 

[)( 

[)z 
(3.14) 

Inside the filament the pitch is constant and it is larger for larger currents. Outside the 
filament (but inside the flux tube) the pitch drops roughly as the second power of the 
distance to the filament axis. Further away from the axis, i.e. where C reaches unity, 
the pitch decreases to zero faster, indicating that the field line looses contact with the 
filament and is not confined to the flux tube. 

Summarising, a filament must have (to lowest order) a minimal current density given 
by C = 1 [Eq. (3.13)]. If the tokamak configuration has been chosen (fixing B0 and 
Ro) the minimal current density is solely dependent on the value of qc at the resonant 
surface, and it is in this respect thus independent of other parameters like the total plasma 
current and the minor radius. If the radius afit is fixed, this limits the current Jfil to values 
above some minimal current as a consequence. However, because it is this current that 
determines the perturbations to the magnetic field it is better to use the current as a free 
parameter and adjust the radius to a maximum value such that C ~ 1. For a typical 
current of 100 A the limit is 4 mm if qc 1 and 2 mm if q., = 3. 

The appearance of the flux tube as an ellipse, where the filament was assumed to be 
circular, poses a problem. Indeed if / 61 150 A and ltfiJ = 4 mm, where the last closed 
ellipse has a major radius of 4 mm, the area of the flux tube is smaller than the area 1ra~1 
of the filament, which causes a self consistency problem for the filament forming its own 
flux tube. For an example where the current density is a factor 4 larger this problem does 
not occur because the area of the flux tube exceeds the area of tl:le filament. Increasing the 
current density in the filament is probably one of many solutions to solve the problem of 
this self-consistency of the filament and its flux tube. Other solutions might be sought in 
the direction of noncircular or nonuniform current distributions. However, the existence 
of flux tubes formed by filaments give enough confidence that there is a solution where 
the filament is confined entirely by its own flux tube. 

For the study of the effect of filaments on the total magnetic field it is not necessary 
to know the exact form of the filaments. The form will only be of importance for the 
magnetic field very close to the filament, whereas further away, i.e. outside the flux tube, 
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it is only the total current of the filament that is important. It is this reason that validates 
the use of circular filaments for the study of the total magnetic field. 

3.4 Global versus local perturbations: single mode 

Both the global perturbations Eq. (3.1) and current filaments break the topology of nested 
flux surfaces, and therefore both classes of perturbations are able to create islands and 
chaotic regions in the magnetic field topology. Because the perturbations are different in 
nature it is expected that the magnetic topology will be different in its appearance for both 
classes. This section describes the differences and similarities between one perturbation 
mode Enm or one current filament. 

We already mentioned that a filament with a positive current coincides with the 
m X-points, similar to fnm > 0 where the X-points for </:> 0 are located at iJ = 
~nm/m mod 2n /m. A filament with a negative current resides in the 0-points of the 
island chain. Whether the filament is strong enough or not to confine itself in a flux 
tube, the magnetic field due to even the smallest current produces a chain of islands, but 
a current of 100 A in a filament already give significant islands in a 90 kA plasma. If 
the plasma current is higher, i.e. the q-profile is flatter, the same current produces an 
island with almost the same width ("" 20% increase if Qa - Qo is halved) whereas a global 
perturbation produces a larger island (,...., 40% increase if Qa q0 is halved) because of the 
reduced shear in the background field. 

Another difference regarding the island width is the opposite effect of an equally strong 
perturbation on different resonant surfaces. For a 90 kA plasma, a filament of 100 A at 
the q 1 surface produces an n = 1, m = 1 island with a width of,...., 1.9 cm while the 
same current at the q = 2 surface produces an n = 1, m 2 island of""' 0.9 cm. This 
is consistent with the observations for the requirements to form a flux tube around the 
filament [Sec. 3.3]. A Fourier perturbation with an amplitude €11 = 0.014 produces a 
n 1, m = 1 island of 2.0 cm wide, while ~: 12 = 0.014 results in a n 1, m = 2 island of 
4.0 cm. 

In the observations of the islands formed by filaments, only the width of the actual 
island is mentioned above. However, the region that is affected by the filament is larger. 
This is visually clear from the Poincare plot of a 200 A filament on the q = 2 surface in 
Fig. 3.8. The actual island is embedded in a thin chaotic layer around the resonant flux 
surface. The width of the total region (island and chaotic layer) is found to decrease with 
m for equally strong filaments on different rational flux surfaces. A chaotic layer will also 
show up around an island chain produced by a single filament with a negative current. 
The reason for the thin chaotic layer can be understood by returning to the Hamiltonian 
nature of the magnetic field. 

If an Hamiltonian is perturbed by multiple resonating modes, overlapping of these 
modes can occur if the amplitudes are large enough, i.e. the sum of the half widths of 
islands on two neighbouring resonant surfaces is larger than the separation between the 
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Figure 3.8: Poincare plot of a magnetic field perturbed by a 200 A filament on the 
q = 2 surface (r2 ~ 9.3 cm). A stochastic layer exists around the island due to 
resonant flux surfaces in the neighbourhood of the q = 2 surface. 

surfaces. In the region of overlap, the motion is no longer regular but chaotic. The closer 
the resonant surfaces, the smaller the amplitude needed to produce overlap. A chaotic 
layer around the principal island therefore suggests that there is a broad spectrum of 
modes that are resonant on the dense distribution of rational flux surfaces close to the 
main resonance surface (q = 2 in Fig. 3.8). The nature of the magnetic field of a helical 
current filament already suggests that it cannot be represented by a pure single mode. 
Figure 3.9 illustrates the broad spectrum of toroidal and poloidal mode numbers of the 
magnetic field of a filament around the mfn = 2 resonance, whereas a global Fourier 
perturbation has only nonzero amplitudes at frequencies (m± k)fn. Furthermore, this 
figure shows once again that the strength of the filament decays radially, as it is obvious 
from the decrease of the powers with the distance from the resonant surface. The fastest 
decay is observed for the amplitudes corresponding to the high mode number components. 
Global perturbations, in contrast, have a nearly constant spectrum across the entire cross 
section. 

The principal differences in the mode spectra will remain if overlapping modes cause 
large scale stochasticity; a broad spectrum for local filament perturbations and a spectrum 
of discrete modes for the global perturbation Be. The local nature of the filaments causes 
the shape and magnitude of the mode spectrum to change with the spatial position. An 
observer moving along a field line in the chaotic region will therefore experience an ever 
changing spectrum of modes. If the same observer moves along a field line in a chaotic 
region produced by overlapping modes of global perturbations he sees that the amplitudes 
are varying but not the distribution of modes. 
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Figure 3.9: Power spectra (logarithmic scale} of the radial component of the per
turbed magnetic field on a cp-(} plane at different constant radii x - x 2 , where 

q(xz) = 2 for (a) a 200 A filament at q = 2 and {b) a global perturbation B~ with 
t:1z = 0.007, that produces a distorted region with the same width. Because the 
magnetic field is periodic in (} and cp with periods of 21r, only integer frequencies 
corresponding to poloidal and toroidal mode numbers are present. The spectrum 
of the field of the filament is broad along the line m = 2n indicating that a large 
number of flux surfaces with a safety factor q close to the main resonance is de
stroyed. For the global perturbations the spectrum consists of separate peaks with 
the same toroidal mode number n and different poloidal mode numbers m. 

3.5 Global versus local perturbations in chaotic . regions 

45 

To study the differences in perturbation levels for global and local perturbations it is nec
essary that we have diagnostics available to measure the stochasticity. With the problem 
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of global particle transport in the back of our minds, we have chosen for a diagnostic 
that gives answers on a macroscopic scale. Although any macroscopic property depends 
on the structure on a microscopic level, it is not a one to one representation: similar 
macroscopic properties might be induced by different structures of the field line motion 
on a microscopic scale. 

Transport of particles is enhanced in a chaotic region if particles move across a chaotic 
layer between successive collisions, assuming that they are following the :field lines. It 
appears to be a good diagnostic to identify a chaotic layer by the average "time" 4> it 
takes for field lines to cross this layer. We calculate this average time (4>) by following 
2000 field lines with initial coordinates distributed randomly in () but all with the same 
radial coordinates x1 inside the chaotic layer. The 4> coordinate of the ith field line is 
registered when it first crosses an imaginary torus with a minor radius x2 > x 1. Then (4>) 
is calculated using an ordinary average. In this average only those field lines are taken into 
account that have crossed the imaginary surface within 200 toroidal revolutions, meant as 
an estimation of an average mean free path length for a thermal electron. More precisely, 

we will choose x1 and X2 such that q(xi) = Qmin and q(x2) = Qmax· Here Qmin and Qmax are 
rational and represent the minimum and maximum values of the resonant q's of the set 
of perturbations modes, respectively. For example, if we add perturbations with q = 9/7, 
13/10 and 11/8 to the axisymmetric field, then Qmin = 9/7 and Qmax = 11/8. 

Because the average time (4>) is very sensitive to the values of x1 and x2 inside the 
chaotic layer, we will also give the results for Rox1 ± 2 mm, but with the same width 
x 2 - x1 . To discriminate between the three values for (4>) the notation is changed to 
(4>)-, (4>) 0 and (4>)+, for a shift of the imaginary surfaces by -2 mm, 0 mm and +2 mm, 
respectively. 

There are a number of other diagnostic tools that measure the stochasticity in chaotic 
layers. Basically, they all give average values over the region. Related to the average time 
needed to cross an imaginary surface, are the exit time [16) and the recurrence time [17], 
that measure the time to exit or re-enter a certain region in (phase) space, respectively. 
Although these three "times" are different, it is likely that interdependencies might show 
up after a detailed study. 

Besides using (4>) to measure the macroscopic effect of the microscopic structure of the 
magnetic field lines, another macroscopic quantity is used as a measure for the changes 
in the magnetic field. This is the level of perturbation relative to B0 

(3.15) 

averaged over a volume V. The volume V is either taken to be the volume occupied by 
the stochastic region with width w centered at r CV'in = 4n2rwR0 ) or the volume outside 
this region (Vout = 2n2 Roa2 - Vin). This quantity makes it also possible to compare the 
perturbation levels of the magnetic field models to those experimentally measured [1]. 

In the analysis of the different chaotic regions we found that "it is possible to get what 
ever you want" in the sense that (almost) all possible combinations of the width w of the 
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chaotic layer, (if>) and b.(V) can be obtained if the right mode spectrum is chosen. To 
compare the effect of local and global perturbations we were forced to choose a rather 
unorthodox and arbitrary criterion for similarity: visually the region in the Poincare plots 
where the field lines move freely in the chaotic layer appear (almost) the same (It is never 
possible to get identical Poincare plots). We thus allow for the existence of some small 
structures in the layer. Furthermore, the perturbations are chosen to satisfy: ( i) the main 
resonances have the same mode numbers4 , ( ii) the X-points and 0-points are located at 
the same positions if there would not be any overlap between these resonances and ( iii) 
the perturbation level €nm and current Jfil are chosen to give a chaotic region of the same 
width w. For current filaments there is the additional requirement that the total extra 
current through a cross section due to the filaments is approximately zero (within less 
than 0.1%). For the global Fourier perturbations this is already the case to lowest order 
in the aspect ratio, as discussed in Sec. 3.2.2. 

For four chaotic layers the results of the numerical simulations are summarized in 
Table 3.1. The layers are located around the same radial position, but have been produced 
by different sets of perturbation modes. For a visual illustration of the stochasticity in 
the layers, Poincare plots are printed in Fig. 3.10. It should be observed that only a part 
of the total cross section [Fig. 3.11] is plotted. 

A result that stands out, but is not unexpected, is the difference of the perturbation 
level inside and outside the chaotic layer if we compare local and global perturbations. 
The locality of current filaments is unmistakenly clear from the fact that the perturbation 
level inside the chaotic layer is one order of magnitude larger than it is (on average) 
outside. For global perturbations the difference is less dramatic, basically because our 
field B .. has the largest amplitudes in the region that contributes most to the average. 

If we extrapolate the results found for a topology with one chaotic layer, to a topology 
with six or seven layers, to fill up the RTP plasma volume, we find that on the whole 
local perturbations need a lower perturbation level. For these perturbations, where the 
perturbation levels to produce one layer only count in the layers themselves, the total 
perturbation level would be at most ,...., 7 · w-4 . For global perturbations the levels that 
build up other layers are also important, such that the average level is,..._, 8·10-3 • Recalling 
that measurements show a perturbation level b.-(Vin + Vout) b8 ,..._, w-4 (e.g. [1]) it is clear 
that global perturbations would need a too large perturbation level to produce a topology 
with several chaotic layers. In other words, only if the perturbing field in a tokamak is due 
to local (current) perturbations, is a perturbation level of b .. "-' w-4 sufficient to produce 
significant chaotic field regions. 

We stress that with the infinite number of possibilities to create a chaotic layer it is 
impossible to make a rigorous quantitative study of a chaotic magnetic field as it might 

4The main resonances are meant to be the resonances that are explicitly perturbed and they are 
not meant as the resonances with the largest amplitudes. This distinction must be made because the 
amplitudes of the side band resonances [Sec. 3.2.2] can exceed the amplitude of the main resonance if the 
poloidal mode number m is very large [Eq. (3.4)). This fact does not occur for the sideband resonances 
produced by the filaments. 
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Table 3.1: Comparison of chaotic layers produced by perturbing the magnetic field 
with local current filaments or global Fourier perturbations {Fig. 3.10}. For both 
types of perturbations the principal overlapping resonances have the same mode 
numbers. The total width of the chaotic layers are similar. Measured are (4>) and 
the perturbation level be(V) averaged over the volume Vln occupied by the chaotic 
layer and the volume Vout outside this layer. 

b,(V) (4>) (rad) 
V= Vln V= Vout - 0 + 

q = 9/7: I m 45 A 
q 13/10: /fil -73 A 7.1·10-4 3.2 ·10-5 129.8 133.5 406.3 
q = 11/8: Jfil 50 A 
q 9/7: €7,9 1.2 ·10 3 

q 13/10: €10,13 = -1.5 . 10-3 7.1 ·10-4 1.4. 10-3 100.5 247.5 320.6 
q 11/8: fs,n = 4 · w-4 

q 6/5: Jfii = 60 A 
q = 13/10: I m -75 A 8.1·10-4 1.0. 10-4 273.5 203.0 170.7 
q 7/5: lfi1 75 A 

q = 6/5: €5,6 1. 10 3 

q = 13/10: €w,13 = -2 · w-3 9.1· w-4 1.7. w-3 513.1 520.4 369.2 
q = 7/5: €5,1 = 6 · w-4 

exist in a tokamak. One can only guess what the magnetic field would be like, and in 
that sense experimental observations can act as a guide. The hypothetical model we used 
for local perturbations due to current filaments must, in this respect, be seen as a first 
attempt to come to a better understanding of the magnetic field structure. 

3.6 Summary 

A point by point summary is given of the subjects discussed in this chapter. 

( i) Perturbations used in the literature to produce chaotic magnetic fields lack a physical 
model of the process producing these perturbations. To partially overcome this 
problem we have used current filaments as local perturbations to the current density. 
At the base of this choice lie recent measurements in the RTP tokamak, showing 
large temperature fluctuations with a small scale spatial structure [13]. 

( ii) The local perturbations to the current density run parallel to the field lines on ratio
nal flux surfaces q mfn and hence produce island chains of m islands. The spec
trum of all exited modes shows a broad band around the line m= qn [Fig. 3.9(a)]. 
All flux surfaces with a pitch close to the main resonance m/n are broken up into 
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Figure 3.10: Poincare plots of perturbed magnetic fields with the main resonant 
modes at {a) q 9/7,13/10,11/8 and (b) q 6/5,13/10,7/5. The perturba
tions were either global (top) or local {bottom} and the strengths can be found 
in Table 3.1. Only a part of the total cross section is plotted. A full cross sec
tion of the upper left plot is shown in Fig. 3.11. The existence of oscillations on 
the unperturbed flux surfaces in the topology with global perturbations is an indi
cation that global perturbations effect the nonresonant flux surfaces on a larger 
scale. In the chaotic layers the level of perturbations are approximately the same 
(b, (Vin) "" 8 . w-4 ) for all realisations. 

chains of very small islands. Because these flux surfaces are densely distributed 
around the main islands, it is very likely that they overlap with each other, produc
ing a small layer where the field lines are chaotic. The width of the region that is 
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Figure 3.11: Cross section of the magnetic topology of a magnetic field perturbed 
by filaments on q = 9/7,13/10,11/8 with Ifil = 45,-73,50 A, respectively. See 
also the upper left Poincare plot in Fig. 3.10. 

destroyed by the current filament is found to decrease with m. 

( iii) Based on a simple model for the magnetic field around a current filament it was 
demonstrated that a flux tube can be formed by the field lines inside the filament 
if the current density is high enough. 

( iv) The different ways to create a chaotic layer are countless. It is therefore impossible 
to make a thorough study of the differences caused by perturbing the magnetic 
field with global or local perturbations. One particular thing is clear: the level of 
perturbation that is needed to create several chaotic layers is far too high when 
global perturbations are used. 

References 

[1] X.L. Zou et al., Phys. Rev. Lett. 75 (1995), p. 1090. 

[2] A.J. Lichtenberg, Nucl. Fusion 24 (1984), p. 1277. 

[3] P.H. Rebut et al., in Plasma Phys. and Contr. Nucl. Fusion Res. (Proc. 11th Int. Conf. 
Kyoto, 1986), IAEA, Vienna (1987), Vol. 2 p. 187. 

[4] K. Elsasser, D. Diichs and C. Sack, Phys. Lett. A 120 (1987), p. 57. 

[5] D.F. Diichs, A. Montvai and C. Sack, Plasma Phys. Control. Fusion 33 (1991), p. 919. 

[6] M.N. Bussac and L. Zuppiroli, Phys. Lett. A 161 (1992), p. 365. 

[7] R.B. White and Y. Wu, Plasm. Phys. Control. Fusion 35 (1993), p. 595. 

[8] A.H. Boozer and R.B. White, Phys. Rev. Lett. 49 (1982), p. 786. 



REFERENCES 

[9] A.B. Rechester and T.H. Stix, Phys. Rev. Lett. 36 (1976), p. 587. 

[10] J.M. Finn, Phys. Fluids 20 (1977), p. 1749. 

[11] T.H. Stix, Phys. Rev. Lett. 30 (1973), p. 833. 

[12] J.B. Taylor, Phys Fluids B 5 (1993), p. 4378. 

[13] N.J. Lopes Cardozo et al., Phys. Rev. Lett. 73 (1994), p. 256. 

[14] A. Montvai, JET Report JET-R(92)05 (1992). 

[15] A. Montvai and D.F. Diichs, in Proc. Physics Computing, Prague (1992), p. 417. 

[16] S. Benkadda et al., Phys. Rev. Lett. 72 (1994), p.2859. 

[17] G.M. Zaslavsky and M.K. Tippett, Phys. Rev. Lett. 67 (1991), p. 3251. 

51 





Chapter 4 

Transport in a nondiffusive 
chaotic magnetic field 

In Chapter 3 several aspects of a chaotic magnetic field have been discussed. The present 
chapter discusses the way in which a chaotic magnetic field may influence the transport 
processes in the plasma. In Sec. 4.1 a brief discussion is given of results that can be found 
in the literature regarding this topic. We highlight some of the assumptions leading to 
these results in Sec. 4.2. In Sec. 4.3 we use a set of filaments to make several realisations 
of a magnetic field with chaotic layers. By varying the currents in the filaments we change 
the thickness of the layers as well as the degree of stochasticity. The behaviour of the 
field lines in the chaotic layers is described and based on this information we introduce 
a model that describes the average behaviour of the field lines in a chaotic layer. This 
model will serve as a "generic" magnetic field with multiple chaotic layers. On the basis 
of this field, a model for transport in the chaotic layers themselves is introduced [Sec 4.4]. 

4.1 Transport under the assumption of diffusive 
magnetic field lines: Literature overview 

4.1.1 Collisionless magnetic diffusion 

A brief overview is given of the state of the literature regarding transport in a chaotic 
magnetic field. There are a large number of articles dealing with this important subject 
and it is not our aim to review them all, but we believe that what is compiled in this 
section covers the main aspects. 

One of the first descriptions of transport in a static stochastic magnetic field is due 
to Rechester and Rosenbluth [1] who base their analysis on the assumption that a strong 
overlap of many magnetic islands causes a random walk behaviour of the field lines. Due 
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to the diffusive behaviour of the field lines their mean squared radial displacement would 
read (~r2 ) = 2DML, where DM would be the "magnetic diffusion coefficient" and L the 
path length along the field line. Note that DM has the dimension of length. This diffusion 
of field lines is presumed to take place for lengths L much larger than the longitudinal 
correlation length Lcll of the perturbed magnetic field. If particles follow the field lines 
over a distance VIITcoi » Lcll' i.e. if the mean free path is much longer than the longitudinal 
correlation length, the physical diffusion coefficient of test particles can be characterized 
as x = DMvll· The problem of transport would thus be reduced to the determination 
of the magnetic diffusion coefficient. Under the assumption that the effect of shear can 
be neglected, it is often approximated by DM ~ Lcub; (see e.g. [1-3]). This is the so
called quasi-linear estimate1

, which requires that beLcii/ Ld « 1, where Ld denotes the 
perpendicular correlation length, and the magnetic perturbation level be « 1. The above 
arguments really apply to transport of test particles, which can be equated to thermal or 
heat transport in a tokamak. For particle transport of electrons and ions the problem is 
further complicated by the influence of ambipolar potentials that would build up due to 
the large velocity differences between electrons and ions. 

The diffusion coefficient x given above is referred to as "collisionless magnetic diffu
sion", its derivation presuming VIITcol » Lcll· 

4.1.2 Classification of transport due to magnetic diffusion 

Collisionless magnetic diffusion is in fact one of four regimes that can be distinguished 
[2, 5]. The classification of the regimes is made through the ratio of the "decorrelation 
time" td to the collision time Tcol and the ratio of z(td) to the longitudinal correlation 
length Lcll, where z(td) is the distance travelled by the particle during the decorrelation 
time. The decorrelation time is the time during which a particle deviates from the initial 
field line over a distance Ld [2, 3, 5]. This can be due to collisions or perpendicular 
motions by drifts in the combination with the exponentially diverging and converging 
actions of the chaotic field. The effects of (curvature) drift motions have never been 
considered until recently [5]. The first hi-partition is between z( td) / Lcll larger or smaller 
than unity. If z(td)/ Lcll < 1 the particle decorrelates from the field line before the effect 
of the chaotic field line motion (the "diffusional walk" of the field lines) dominates the 
perpendicular transport completely. This partition is referred to as "quick decorrelation". 
Isichenko [2] showed that for a stationary stochastic magnetic field there are no quick 
decorrelation regimes that enhance the perpendicular transport significantly, but that 
there is an increasing transport due to quick decorrelation of the particle and the field 
line if the perturbed field also fluctuates in time. 

When the particles decorrelate from the field lines after the "diffusional walk" (i.e. 

1 Regarding the calculation of the magnetic diffusion coefficient for stochastic field lines via the quasi
linear theory, Riedel [4] recently questioned whether all the mathematical requirements for the use of the 
quasi-linear theory are fulfilled in a system of chaotic field lines and thus if the quasi-linear estimate of 
the magnetic diffusion coefficient is valid. 
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z(td) / Lc!l > 1) the magnetic diffusion significantly increases the perpendicular transport 
and the magnetic diffusion coefficient DM plays a major role. A new partition can be 
made depending on whether the decorrelation takes place before or after a collision. If 
the decorrelation time is shorter than the collision time, particles follow the field lines for 
several decorrelations, such that the transport is entirely due to the "diffusional walk" of 
the field lines and can thus be described as a collisionless magnetic diffusion2 • On the 
other hand, if the decorrelation time is longer than the collision time the decorrelation 
takes place mainly due to collisions. The effect is that z(td) is not given by vutd as in the 
collisionless case but by (2xutd) 112 due to the parallel diffusion as a result of the collisions. 
The diffusion coefficient then is x = DM(2xu/td) 112

• This regime is referred to as "double 
diffusion" [2,6]. Using physical arguments, Rechester and Rosenbluth [1] were the first to 
express the decorrelation time in terms of the parallel and perpendicular classical diffusion 
coefficients and characteristic lengths in the parallel and perpendicular direction. After 
the phenomenological work of Rechester and Rosenbluth several attempts have been made 
by various authors to derive the diffusion coefficients X from first principles. The work of 
Wang et al. [3] comes closest to this target. 

4.2 Can field lines in a tokamak be diffusive? 

4.2.1 Can the quasi-linear limit be satisfied in a tokamak? 

It would be interesting to know if the magnetic field in a tokamak could satisfy the quasi
linear limit: b,Lcn/ Ld «: 1. Because there are no experimental indications, mainly due 
to a lack of good estimates for the correlation lengths, we try to answer this question with 
simulations. But, also here we miss the exact knowledge about the mode spectrum of 
perturbations in a tokamak. It should thus be kept in mind that the answer really applies 
to the magnetic field model, although this model contains some basic characteristics of an 
experimental magnetic field. Let us take a numerical example based on numerical simu
lations of a magnetic field perturbed by current filaments. The field has a perturbation 
level of "' L5 · w-3 producing a chaotic region of "" 9 cm. The auto correlation length 
for the radial coordinate of the field lines, r(</J), is computed to be in the order of 250 m 
(55 times around the torus), whereas the auto correlation length for r(<P) ex: B, ·e./ B0 

is 5-10 m. The latter correlation length is taken for LciJ· This, at first sight surprising, 
difference between the correlation lengths owes to a difficulty in defining a correlation 
length. The difficulty is that the correlation function does not decay exponentially. The 
decorrelation length has then be defined as the length after which the correlation function 
has decreased to a low value, chosen to be 0.1. The perpendicular correlation length 
has been estimated to be the average distance between the perturbation modes in this 

et al. showed that the diffusion for a weakly collisional plasma cannot be described by the 
collisionless limit X= DMvthll [3]. Moreover, they showed that the diffusion coefficient does not have a 
continuous limit if Teol -t oo. The weakly collisional diffusion coefficient goes to zero in this limit whereas 
the purely collisionless case has a nonzero diffusion coefficient. 
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field: LcJ.. ~ 1 cm. We thus get b,Lcii/ LeJ.. ~ 1. Note that this value is obtained with 
the smallest estimate for the parallel correlation length Lcll· For other chaotic magnetic 
field simulations, with different distributions of mode numbers, both global and local, and 
amplitudes, we obtained similar estimates. 

For a lower perturbation level, i.e. in the limit b, ~ 0, it becomes even more difficult 
to satisfy the condition b,Lcl!l Lc.l «: 1. The reason is that both the parallel and the per
pendicular correlation lengths are functions of the perturbation level. The exact functions 
are unknown but reasonable guesses can be made. The perpendicular correlation length 
most probably scales as the width of a single mode, i.e. like W2 • It is likely that the 
parallel correlation length increases as b;112 , but possibly even faster: quasi-linear theory 
itself predicts Lcll ex: b;213 [7]. Thus, using the estimate beLcl!l Lcl. ~ 1 for a magnetic 
field realisation with be ~ 10-3, we conclude that decreasing the perturbation level most 
probably does not lead the system towards the quasi-linear condition beLcl!l Lcl. «: 1. 

A second requirement that should be fulfilled for the quasi-linear estimate of DM to 
be valid is a weak shear in the poloidal magnetic field component [2, 6]. The correct 
statement for a weakly sheared field in the framework of the quasi-linear estimate of the 
magnetic diffusion coefficient is that the shear length is much larger than b.£~11 / Lcl. [2, 6], 
which is typically 5 m with the above estimates. The shear length [q-1 (8q/8r)]-1 of the 
field in our model, however, is typically of the order of 10 cm (RTP, 0.05 < r/a < 1, 
/pi= 90 kA). 

4.2.2 Is the perturbation spectrum of the magnetic field a 
perturbation spectrum of a Brownian process? 

The results in the cited literature are all based on the assumption that the motion of 
magnetic field lines is diffusive like a Brownian process and, moreover, that the magnetic 
diffusion coefficient can be approximated by the quasi-linear estimate. This assumption 
relies on the more fundamental assumption that the magnetic field of a tokamak can, 
a-priori, be described by a Gaussian random function. Only if this is t.he case, a magnetic 
diffusion coefficient can really be defined [3]. This assumption postulates a perturbing 
field with an infinite spectrum of modes, i.e. there are infinitely many perturbation 
terms distributed over all possible combinations of toroidal and poloidal mode numbers 
with amplitudes that do not vary over a poloidal section. In the most random case the 
spectrum of amplitudes would be "white" without any dependence on the mode number. 

Such a perturbation of the magnetic field seems very unlikely. We base this statement 
on the knowledge that magnetic perturbations are created by perturbations in the current 
density profile and that these current perturbations only have a limited spatial influence, 
like we have seen for filaments in Chapter 3. To create an infinite mode spectrum of mag
netic perturbations across the entire poloidal section, the current density profile should 
be perturbed locally by an equally large mode spectrum. This fact, of a locally random 
mode spectrum of current perturbations, however, cannot be produced self-consistently 
with the magnetic field: current and magnetic perturbations are self-consistent if they 
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have a mode structure that is locally in harmony. This means that a current perturbation 
with a given mode structure can only be excited near the position where it is in resonance 
with the magnetic field: a m/n current perturbation can only be excited where the local 
safety factor is q = mfn. Because of the limited spatial range of influence of the perturba
tions, only the modes in the neighbourhood of the field line affect its motion [Chapter 3] 
and a field line will thus never experience all the modes that are present in the tokamak. 

In the construction of a chaotic field the q-profile is important. In Sec. 4.3 we will 
demonstrate that the field line motion due to the poloidal magnetic field is very well 
noticeable. Contrary to what is often presumed (e.g. [1,3]), we find a finite (average) 
magnetic shear in a chaotic layer. The importance of such a sheared poloidal magnetic 
field component, is that there is still a relevant local resonant condition for perturbations. 

In conclusion, we could not find basic arguments that underpin the assumption of 
diffusive magnetic field lines. We found that the quasi-linear condition is not met, that 
the mode spectrum of the perturbations does not have the properties of the mode spectrum 
of a Brownian process and that shear is important in a chaotic layer. As a consequence, 
we cannot rely on the concept of magnetic diffusion beforehand, and in the next section 
we will therefore investigate the actual motion of field lines, using a numerical modeL 

4.2.3 Magnetic diffusion coefficient as a measure for 
stochasticity? 

In literature, several numerical attempts have been made whether or not the stochasticity 
of field lines can be characterized by a magnetic diffusion coefficient in case the magnetic 
field is perturbed by a finite number of modes [7-9].3 

At first sight it does not seem to be likely that a Brownian process is still underlying 
the radial magnetic field line motions if the magnetic field is perturbed by a finite number 
of (global) modes. A Brownian process in the radial direction can formally be described by 
r ex R(r), where R(r) represents the forces "kicking" the field lines at random. One of the 
properties of R(r) is that it has an infinite spectrum of modes with amplitudes that are 
not or only weakly dependent on the mode frequency. In any case high frequency modes 
should be present. For the radial coordinate of the field lines, described by dr/dr/> rv Br, 
however, the radial component of the magnetic field does not comply with this requirement 
(maybe [8] excepted). As the radial component of the field has only a limited number 
of modes, of which none has very high frequencies, the field lines have a long memory of 
their past; in fact field lines do not lose this knowledge as the system is conservative and 
deterministic in the case of a non-random spectrum. For a Brownian process, a rapid loss 
of memory is essential, as are very short correlations. Generally, Hamiltonian systems 
(such as the magnetic field) usually do not have such short correlation lengths [10]. 

The numerical studies in [9] do agree with these first thoughts: the field lines do not 
spread according to a diffusive process and long-time correlations exist. It is mentioned 

(8,9] the authors are really concerned whether the motion in phase space of a perturbed Hamilto
nian is a diffusive process. In (8] 600 perturbation modes are used. 



58 TRANSPORT IN A NONDIFFUSJVE CHAOTIC MAGNETIC FIELD 

that the long-time correlations might introduce convection. On the other hand diffusive 
behaviour was found in [8, 7]. The discrepancy may lie in the level of perturbation; slightly 
above stochastic threshold island structures may have a large influence, whereas far above 
stochastic threshold their effect would be negligible. This explanation, however, does not 
seem to hold: Diichs et al. [9] found long time correlations and structures more reminiscent 
of flow far above stochastic threshold, whereas White and Wu [7] found diffusive behaviour 
for magnetic fields with be "' 10-3 8 2 with S = 1-10, where S 1 corresponds to a 
topology just above stochastic threshold. For S > 1.5 the diffusion coefficient equaled the 
quasi-linear estimate. 

We see that there is no definitive answer whether field lines behave diffusively. The 
question that naturally follows is, can we provide a useful description of the behaviour of 
chaotic field lines? 

4.3 Behaviour of field lines in chaotic layers 

4.3.1 Introduction of the numerical models 

In this section we investigate the average behaviour of the field lines in a chaotic layer 
using several numerical simulations. We introduce three realisations of a chaotic magnetic 
field, model I, II and III, using the numerical techniques described in Chapter 3. The 
three models differ from each other by different distributions of the perturbing modes. 

For model I a set of in total19 filaments [Table 4.1] on different rational flux surfaces 
has been used to produce a topology of (small) island chains, chaotic layers and intact 
flux surfaces. By varying the currents in the filaments we created four realisations, mod
els la through Id, with different levels of perturbation and thus with different magnetic 
topologies. Model Id corresponds to the most strongly perturbed realisation. The ratios 
of the currents through the filaments have been kept constant and they have been chosen 
such, that the total perturbing current through a poloidal plane is almost zero. As such 
there is only one parameter, chosen to be the current through the m/n 1/1 filament, 
that can be varied. Increasing this current increases the perturbation level b.: linearly 
[Table 4.2] and it thus changes the topology by more and more destruction of islands and 
good flux surfaces [Figs. 4.1-4.4(a)]. 

Model 11 is constructed by perturbing the magnetic field with seven large filaments, 
i.e. with absolute currents ranging from 100 A to 300 A with an average around 150 A. 
The direction of the currents was chosen such, that the total additional current through 
a poloidal plane was zero. The mode numbers and strengths of the different filaments 
were lm(l/l) = 300 A, Ifil(s/3) = 100 A, Im(ZfJ) = 200 A and two filaments with different 
phases on 6/5 with Ifil(6; 5) -100 A and two filaments on with different phases on 3/2 
with Jfi1(3/2) ±200 A. The topology that was produced by this set of filaments with 
b, ::::::: 1.5 · w-3 had one chaotic layer with a width of 9 cm. 

The third model, model Ill, too has one chaotic layer. It is 10 cm wide in the radial 
direction, and was produced by five Fourier perturbations totaling be ::::::: 5 · 1 o-3 . The main 
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Table 4.1: Shown are the data for the set of 19 filaments on different rational flux 
surfaces q = m/n belonging to model I. The current is given as a fraction of the 
current through the m/n = 1/1 filament [Table 4-2 and Figs. 4.1-4.4(a)j. 

11 m/n I Ifi.l(mfn)/ fti1(1/1) 11 m/n I lfi.l(mjn)/ /fil(1/1) 11 m/n I ffi.l(m/n)/ /fil(1/1) IJ 

11/13 -1.0 7/5 1.0 11/4 0.8 

6/7 1.0 13/8 -0.8 14/5 -0.2 

7/8 1.0 5/3 0.8 3/1 1.0 

1/1 1.0 9/5 -0.8 7/2 0.8 
13/12 -1.2 2/1 0.6 11/3 0.8 

9/7 1.0 11/5 -0.4 

13/10 -1.4 7/3 0.8 

Table 4.2: For the set of filaments for model I in Table 4.1 the only free parameter 
is the current Ifil(l/1) through the m/n = 1/1 filament. As a function of this 
current the perturbation level b" is given as well as the average absolute current 

per filament -{g L:nm IIfil(m/n) I/ Ipl and the total current L:nm mifi.l(mfn)/ Ip!, both 
relative to the total plasma current Ipl = 90 kA. 

model 11 /fil(1/1) (A) I 

la [Fig. 4.1] 2.5 rv5·10 5 2.4. 10 5 -7.2. 10 5 

lb [Fig. 4.2] 10 rv 2. w-4 9.6. w-5 -2.9. w-4 

le [Fig. 4.3] 25 rv 5. w-4 2.4. w-4 -7.2. w-4 

Id [Fig. 4.4] 50 rv 1· w-3 4.8. w-4 -1.4. w-3 
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perturbing modes were E1; 1 = 0.033, E12; 10 = -0.007, E5; 3 = 0.002, E2; 1 = 0.002, and two 
perturbations E3; 2 = ±0.005 with different phases. 

The average field line motion that will be used in the calculation of test particle 
diffusion coefficients in Sec. 4.4 is based on the results we will obtain from models la 
through Id. The two other models are only used to check whether the results we find for 
model I are not typical for this realisation, but if they are valid in a more general sense. 

Before computing the radial motion of the field lines we mention that (large) island 
structures still exist in the topologies of models Id, II and Ill [see e.g. the Poincare plot 
for model Id, Fig. 4.4(a)]. Thus, even magnetic fields with perturbation levels 20-100 
times larger than observed experimentally do not produce full stochasticity. As a result 
one must conclude that island structures will still play an essential part in the chaotic 
motion of the field lines. 
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4.3.2 Motion of field lines in the radial direction 

The effect of the perturbations on the radial motion of the field lines is assessed by 
calculating the mean radial displacement of the field lines as a function of the running 
toroidal angle. Five hundred field lines randomly distributed in the poloidal direction but 
all at the same initial radius r0 are followed for 400 times along the torus. After every 
D.<P = 1r the average displacement is calculated as 

( 4.1) 

with N = 500 the number of field lines and r; ( <P) the radial position of the ith field line after 
a "time" </J. The results that are discussed below are independent of the initial toroidal 
angle <Po and of the step .0.</J, as was found from several reruns with different choices for 
<Po and .0.</J. For the realisations of model I, mentioned in Table 4.2, ar0 ( <P) is plotted as 
a contour plot in Figs. 4.1-4.4(b) as a function of the radial starting position r 0 and the 
running toroidal angle </J. To better discuss the behaviour of ar0 ( <P), Figs. 4.1-4.4( c) and 
(d) show some projections of the contour plot. 

Three different regions are seen in the behaviour of the average displacement: ( i) no 
or a small increase [e.g. ar0 (</J) with r0 = 88 mm in Fig. 4.1(d)], corresponding to field 
lines starting in regions with intact flux surfaces or with very small island chains (order 
0.1 mm). The small periodic "jiggling" of the distorted flux surfaces, or of the motion near 
the small islands, cause ar0 ( <P) to be different from zero. ( ii) A periodic behaviour of ar0 ( <P) 
as function of <P after an initial fast rise [e.g. ar0 ( <P) with r 0 = 36 mm in Figures 4.1 (c) and 
4.2(c)], which is only present when the starting points are positioned near the edge of an 
island chain. Part of the field lines lie on periodic surfaces inside the island that have local 
pitches close to each other causing the field lines to move in a "coherent" motion around 
the island axis with the result that ar0 ( <P) increases and decreases periodically. ( iii) The 
regime with field lines in a chaotic region [e.g. ar0 (rp) in Fig. 4.4(d)]. The remainder of 
the discussion will focus on this regime. 

In the entire chaotic layer (besides some small parts) it is clearly observed that the 
radial displacement starts with a large step, typically within 25 times around the torus. 
This is true for the numerical examples both with and without large scale stochastic 
regions. After the initial step there is a much slower rise in the displacement. On average 
the step in the initial phase is as large as the step in the subsequent phase. 

The observed behaviour of a fast initial rise and a slow subsequent increase in the radial 
displacement ar0 ( rp) could well be a behaviour of the specific choice of perturbations that 
were taken in model I. To see whether this is the case or not we have calculated the 
same quantity ar0 (rp) for models II (b, ~ 1.5 · w-3 due to seven large filaments) and Ill 
(b, ~ 5 · w-3 due to five resonant Fourier perturbations). For the initial values of r 0 

inside the chaotic layers the same behaviour was found: a large initial step and a slower 
rise after that. Also the periodic behaviour in ar0 ( rp) was observed for some initial radii 
r 0 close to large magnetic islands. Because the distribution of perturbations is totally 
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Figure 4.1: For the magnetic field of model la (be= 5 · 10-5) {Table 4-1 and 4.2} 
this figure shows (a) the Poincare plot and (b) the contour plot of the average 
displacement O"r0 (</J) (in mm) as a function of the initial radial position ro and the 
running toroidal angle </J. For clarity, plots (c) and (d) both show projections of 
the contour plot (b) for 5 different starting positions ro each. 
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(d) 

800 

different for all three models we may conclude that the observed behaviour is not typical 
of a small class of perturbations but that it is more generally valid. 
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Figure 4.2: Same as Fig. 4.1 for model Ib (be= 2 · w-4
) [Table 4.1 and 4.2]. 

A generic model for the average radial displacement of 
field lines 

The qualitative behaviour of the field lines is the same for all models, but, as can be 
observed in Figs. 4.1-4.4 the value of the radial step, depends on the perturbation level 
be (the step increases with increasing be). The value of the step is also different in different 
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Figure 4.3: Same as Fig. 4.1 for model l e {b, = 5 · 10-4 ) (Table 4.1 and 4.2]. 

800 

chaotic layers as the local mode spectrum varies between them. In order to be able to 
assess the average radial transport of test particles in a chaotic layer, we have calculated 
an average over a ll chaotic layers: 

(4.2) 
ro 
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Figure 4.4: Same as Fig. 4 .1 for model Id (b, = 1·10- 3) [Table 4.1 and 4. 2}. 
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where the prime indicates that only those initial conditions r 0 are taken that fall inside a 
chaotic layer, as it appears by carefully looking at the chaotic behaviour of the field lines, 
using the Poincare plots and aro · Further, Nro = 150 is the number of initial conditions 
and ( gives the fraction of these initial radii that fall inside a chaotic layers. To justify 
this average over all chaotic layers, we have first calculated a similar average per chaotic 
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Table 4.3: Tabulated are the values of a(if> = SOOn) and <P1;2 where a(if>lf2) = 
~a( q'J = SOOn) as well as the fraction occupied by the chaotic layers (. The 
same has been done for the fields of models II and IIJ. As a comparison with 
a quasi-linear radial diffusive motion of field lines the value of a( q'J = SOOn) 
(2DMRoSOOn) 112 is given for DM = Lcnb; and the choice Lcll = 5 m. For the 
functions a1n and al/4 the value of cP1j2 is given. 

11 a(cfo=8007r) (mm) I 61;2 ( 

model la: 5. 10-5 0.7 217r 0.42 
model lb: 2 . w-4 2.2 1971' 0.61 
model le: 5 . w-4 5.2 2671' 0.75 
model Id: 1 · 10-3 9.7 307r 0.82 

model II: 1.5 · 10 3 29.5 3671' 0.75 
model III: 5 · 10-3 31.2 1971' 0.75 

5 ·10 5 7 20071' 
2 ·10-4 27 20071' 

a1;2: 5 ·10-4 67 20071' 
1 ·10-3 134 20071' 

1.5. 10-3 200 20071' 
s. 10-3 673 20071' 

3471' 

O"tf4 5071' 
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layer; an average of all functions ar0 (cfo) with r 0 within the same chaotic layer. As a result 
we observed that for model lb (b" ~ 2 · 10-4) the radial behaviour of most of the 11 
chaotic layers was within a band of only 25% around the average. The biggest difference 
was found to be 50%. For model le (be ~ 5 ·10-4

) the results in different layers were even 
more similar: the behaviour of ar0 (,P) in the layers was the same within 20%. In models lb 
and le some chaotic layers showed large scale oscillations due to the presence of a rather 
pronounced island chain. For model Id (be ~ w-3) both layers had radial displacements 
well within 10% of the total average. As a conclusion it may be said that the radial 
motion of field lines in individual chaotic layers is similar in character and magnitude, 
thus justifying a global average a(cfo). 

For the realisations of model I the result is plotted in Fig. 4.5 and tabulated in Table 4.3 
where c/J1; 2 satisfies a( cPI;2) = !a( cP = 8001r). As a comparison three functions are given: 
a1n(cP) ex ln(1 + 0.2tj>), a 1; 4 ex cfo114 and a 1; 2 ex ,P112

• The latter function represents 
a diffusive behaviour of the field lines. Also tabulated are the results for the fields of 
models II and III showing that the average behaviour is not specific for the realisations 
of model I. 

Before we draw any conclusions some aspects have to be noted. Firstly, the chaotic 
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Figure 4.5: Plotted are the functions o-(<t>), normalized to o-(<P = 8001r), for the 
various realisations of model I. Likewise O"Jn and o-1; 4 are plotted. To obtain the 
absolute value of o-(<P) in mm one has to multiply the curves by 0. 7, 2.2, 5.2 and 
9. 7 for be R:j 5·10-5 , 2·10-4 , 5·10-4 and 10-3 (models la through Id), respectively 
{Table 4.3}. Furthermore, we have plotted o-112 ex: <t>112 as a comparison for a radial 
diffusive process. If, in addition, one would like to compare our results with quasi
linear diffusion, one has to multiply 0'1/2 by (2DMRo8001r) 112 with DM Lcllb;. 
For the choice Lcll = 5 m, the quasi-linear multiplication factors for o-1; 2 are 
{in mm) 7, 27, 67 and 134 for fields with be R:j 5 ·10-5, 2 ·10-4 , 5 ·10-4 and 10-3 , 
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layers for the mildly perturbed cases (models la and Ib) are influenced by the magnetic 
islands. The average function a( <P) exhibits signs of oscillations. As the islands vanish in 
favour of chaotic layers for higher perturbation levels, the influence of these oscillations 
diminishes. 

Secondly, one might suspect that after the initial "jump" a large number of field lines 
have reached either side of the layer. The finite width of the chaotic layer will certainly 
bound the maximum value of o-( <P) and the effect might be more pronounced in the case 
with low level perturbations and thus with small chaotic layers. However, for model Id 
(be ~ 10-3 ) the distribution function of the radial coordinates of the field lines does not 
show an effect of the finite width of the layer just after the jump: for <P = 50?r, 80% of 
the field lines, started near the centre of the thick layer extending from r = 4-·14 cm 
[Fig. 4.4(a)], is still more than 2 cm away from the edges, for <P 8001r this has decreased 
to some 65%. These high percentages suggest that the influence of the boundary is 
marginal, at least until 400 turns around the torus. This is expected on the basis of a 
large ratio of the layer thickness over the step after 400 times around the torus: ""' 10 
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(b, :::::: w-3). For fields with a lower level of perturbation, this ratio is smaller: "' 4 for 
model Ib (bE :::::: 2 · w-4

) and ""' 2.5 for model le (bE :::::: 5 · w-4
). It is still high enough 

to exclude a dominant effect of the finite layer thickness, which is also supported by the 
similar behaviour of u( <P) for all realisations of model I. 

Finally, one observes that t/;112 increases with an increasing level of perturbation. An 
explanation is not important for our purposes, but two possible reasons could be that 
with increasing perturbation levels, the number of edges decreases as layers overlap or 
that the widths of the remnants of magnetic islands decreases. 

In conclusion, the behaviour of the radial displacement of the field lines in our simu
lations is not diffusive.4 There is no indication that the nondiffusive behaviour is due to 
the finite thickness of the layers. Two intervals show a clear scaling behaviour of o(<f;): 
<P/1r < 10 and 150 < <P/1r < 800. In the first one the radial displacement is reasonably 
well described by u1n(</>), whereas for the latter interval u114 ex: <f;114 is a good fit. 5 The 
behaviour is said to be subdiffusive in this interval. As an important remark we need to 
say that the character of the average function u( rf>) for the chaotic field lines in model 11 
(seven large filaments, bE :::::: 1.5 . w-3 ) and model Ill (five global Fourier perturbations, 
be :::::: 5 · 10-3

) follows the above scalings (which were derived for the realisation of model 
I) remarkably close. 

For model Id (b, :::::: w-3) we checked the scaling behaviour up to 12000 times around 
the torus. The exponent 1/4 slightly increases (to 0.35) for t/; = l041r, after which it 
slowly decreases again for higher t/;, probably due to boundary effects of the chaotic layer. 
However, u114 fits the data within 10% up to <P:::::: 24007r and within 25% after 12000 times 
around the torus. 

4 For model Id we have also calculated 

where the average is done over a set of 1000 initial conditions in the thickest chaotic layer. I:!. a is the 
average step a field line moves in the radial direction after an angle t!.<f> in the toroidal direction. For 
1:!.4> = n: /25, we found that, as a function of <f;, the step size t!.a was on average 0.8 mm over an interval 
of 400 revolutions around the torus. The actual step was within 10% of this average. The nondiffusive 
behaviour of a( 4>), as observed from Fig. 4.5, suggests that the direction of the steps is not distributed 
according to a Brownian process. A possible explanation can be given in terms of (remnants of) islands. 
Every t!.</> a field line steps to the other side of the island, hence giving an equal I:!. a, but it only moves away 
from the island once in a while. Only the latter steps contribute to the transport. Such an underlying 
complexity in the distribution of the direction of the steps may be the reason of the nondiffusive process. 

5 Also in the standard map different regions are found [11]. The standard map is a set of iterative 
equations that is often used to model a stochastic magnetic field. The functional dependence of the 
averaged displacement was found to change from t 114 via lnt slightly above stochastic threshold to a 
diffusive t 112 with t the iteration parameter. The spectrum of islands, introducing trapped behaviour 
near the islands, was found to be the reason for the logarithmic behaviour. 
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Figure 4.6: An average q value is plotted as a function of the average radial 
coordinate (r} of a field line. The full line shows the q-profile of the unperturbed 
magnetic field (Ipl = 90 kA} whereas the circles show the results for 150 initial 
radial positions after 100 times around the torus for model Id {b, :::::: w-3 ). 

4.3.4 Motion of field lines in the poloidal direction 

Non-constant q-profile in a chaotic magnetic field. In various articles that are 
concerned with transport in a chaotic magnetic field, the effect of shear, a nonuniform q, 
is said to be no longer essential in a chaotic topology. The argumentation behind this 
statement is that due to the radial motion of the field lines an average q is felt and this 
average q is independent of the position in the chaotic layer. We have found this to be 
wrong. 

As an illustration of a nonuniform q in a chaotic magnetic field we have plotted the 
average q as a function of the average radial position (r) in Fig. 4.6. This figure is plotted 
for model Id. For all models I, II and Ill with different initial conditions and different 
number of revolutions around the torus similar profiles can be given. Between r 1 cm 
and 16 cm a total of 150 points were followed several times around the torus. The average 
radial position (r} :was computed as well as the number of revolutions in the poloidal 
direction, from which q can be determined. The similarity that exists between the com
putations for different models, which differ in the magnitude of the radial displacement, 
clearly suggests that the existence of a q-profile is not due to a limited integrating prop
erty as the result of only small radial displacements. In fact, the existence of finite shear 
in a chaotic layer should be expected. The poloidal field component is still existing and 
it is much larger than the perturbation: Be/ B >=:::: 10-1 versus b, < w-2 • 

Stretching due to shear or exponentiation In transport studies the following prin
ciple is of key importance [Sec. 4.4]: a circle, formed by initial starting points, gets 
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deformed if it is followed in fj! due to the different motion of the field lines starting on 
the circle. Because of the divergence free nature of a magnetic field the total area will be 
conserved.6 Thus, if the circle is stretched in one direction due to the field line motion 
it will be compressed in the perpendicular direction. The amount of compression as a 
function of fj! is important for transport studies. 

In the absence of shear the stretching and compression of the circle is entirely due to 
the chaotic motion of field lines. Consequently, there is not one direction of stretching, but 
the stretching takes place in many directions, deforming the circle in a "squid" with many 
arms. The arms will get longer in the evolution of fj! and because of the area conservation 
they will get thinner with increasing f/J. For a chaotic field the increase of the arm length is 
exponential: exp( Af/J) where A is the Lyapunov exponent or Ro/ A the Kolmogorov length. 
The thickness of the arms thus decreases as bexp(f/J) ""'exp(->.f/J). 

In an unperturbed magnetic field with shear the circle will evolve into an ellipse when 
followed in f/J, due to the different poloidal "velocity" 88j8fj! :x -1/q(r) on different flux 
surfaces [Fig. 4. 7]. If we start with a circle of radius s0 the field line started at r - s0 

will go faster in the poloidal direction than the centre started at a radius r, whereas 
a field line started at r + s0 will go slower. The difference in the poloidal speed is 
s0q-2(8qj8r), which accounts for a poloidal separation of the field lines of the order 
rfj!s0 (8qj8r)q-2 . The circle will thus evolve into an ellipse7 with a length that increases 
with fj! as s0 [1 + (f/!r(8qj8r)q-2

)
2 Jl1 2

• Because the area of the ellipse, lengthxwidth, should 
equal the area of the initial circle, ( s0 ) 2 , the width decreases as 

so 
bshear(f/J) = [1 + (f/!r(8qj8r)q-2)2J112' (4.3) 

which scales as 8(fjJ) :x f/J- 1 if fj! is large. For RTP parameters and parabolic q-profile 
(q0 = 0.8 and qa = 4.35), we can approximate r(8qf8r)q- 2 by 0.46. 

In a chaotic field with shear, the decreasing thickness of the arms is a combined 
effect of shear and the chaotic motion of the field lines, primarily in the radial direction. 
Because the large poloidal magnetic field compared to the perturbation (B8 j B :::::! w-1 

versus be < w-2 ) it is expected that at the beginning of the stretching the linear effect of 
shear is important and that only afterwards the chaotic motion becomes dominant. The 
cross-over between these regions is not known exactly. 

To check the effect of shear, we have followed a large number of initial conditions 
lying on a circle and plotted some results in Fig. 4.7 for model Id (be :::::! 10-3 ). For the 
other models and with different initial radii r the plots are similar. It is clear that the 
interplay of shear and radial chaotic motions results in complex "streaming patterns". 
The mixing effect of the radial chaotic motion of the field lines and the unperturbed 
"flow" result in the folding of the thin arms. A correct description of the decreasing arm 
width must incorporate both effects, but we see that shear plays a very important role 

6 Actually it is the toroidal magnetic flux through the circle that is conserved. To zeroth order in the 
aspect ratio, this is identical to the requirement of area conservation. 

7ln reality this ellipse is bent in the poloidal direction. This effect will be neglected. 
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Figure 4.7: The combined effect of shear and chaotic field line motions on the 
stretching of an initial circle, after {a) one, five and {b) ten revolutions around 
the torus. The light grey curve shows the effect of shear only. Calculations are 
for model Id (be ~ 10-3) and an initial radiu.~ s0 = 6.5 mm. 

and perhaps is the dominant actor. Due to the presence of chaotic motions of field lines 
in the radial direction, which may have (locally) an exponential effect, and because any 
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radial excursion due to the perturbations is accelerated by the shear, one might suspect 
an exponential decay of the arm width in which the characteristic shear length plays a 
role. Whether it really is exponential and how the shear length would enter the exponent 
is not known for general magnetic field perturbations. Krommes et al. [6] have computed 
the effect of a sheared background field and a random magnetic field perturbation in the 
quasi-linear limit. They found an exponential decay of the arm width with a typical 
Kolmogorov length R0 />. = (LKL;) 113

, where LK and L. denote the Kolmogorov length 
in the absence of shear, and the shear length, respectively. 

We have tried to obtain the exponent >.. A field line together with 30 other field 
lines lying on a circle with a radius of s0 = 1 mm, are mapped forward in the toroidal 
direction over a step f:l.r/> = 1r /25. The largest distance between the center of the 
ellipse and the other 30 points is measured. For the next steps in r/>, a new circle is 
used that has its centre at the origin of the ellipse of the previous step and we obtain 
a sequence s:,ax. For the average growth away from the central field line we computed 
>. = (nl:l.r/>)-1 ln(s:,.,Js0). The disadvantages of this algorithm are: (i) it does not 
discriminate between a linear and an exponential divergence due to the finite step size 
and ( ii) changes in the orientation of the ellipse due to the perturbations are not detected. 

2500 field lines started from different initial conditions were followed over n = lOONq, 
steps. In the case without any perturbations, we found that the exponent >. has a mean 
value over the cross section of (>.) = 0.26. The maximum value was found to be Amax = 
0.31. When perturbations were added, in the configuration of seven large filaments (model 
II, b. ~ 1.5 · 10-3), the mean value in the chaotic layer only increased up to (>.) = 0.27, 
whereas the maximum increased up to Amax = 0.35. 

Summarizing we have found that the separation of different field lines as a function of 
the toroidal angle is largely influenced by the effect of shear, not only in the unperturbed 
case with flux surfaces, but also in the presence of perturbations. Altogether, the effect 
of shear is very important in a chaotic region. 

4.3.5 Summary of the behaviour of field lines in a chaotic 
magnetic field 

Based on what we have discussed in this section the following picture emerged for a (static) 
magnetic field in a tokamak configuration. Our simulations indicate that (remnants) of 
islands have a major influence on the field line motions, even in highly perturbed fields. 
The field lines jump in a short "time" to a large radial displacement. After this initial 
phase, additional radial displacement is slow and seems to be subdiffusive. No signs of 
diffusive behaviour were found in various models with different perturbations. It has 
been argued that the finite width of the chaotic layer is not the cause of this nondiffusive 
behaviour. The finite width will certainly limit the maximum displacement, but this was 
not found to happen after at least 400 revolutions around the torus. As a final result we 
observed that shear plays a very important role in the stretching of a collection of field 
lines. The common assumption that shear is negligible in a chaotic field is therefore not 
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justified. 

4.4 Test particle transport in a chaotic layer 

4.4.1 Description of the computational steps leading to 
transport coefficients 

In this section we will compute the transport of test particles in a chaotic magnetic field. 
The diffusion coefficient is the result of five successive steps in the computation. To better 
understand the differences between the steps used in literature studies and the steps that 
are involved in our approach, we will describe both approaches step by step, starting with 
the former. 

To obtain the radial diffusion coefficient XM of test particle in a chaotic magnetic field 
the computation in the literature [1-3, 5, 6] basically comes down to the following steps: 

( i) The first step is the identification of the magnetic field model. In the cited literature 
the magnetic field is usually shearless in a slab geometry and the field lines exhibit 
a diffusional walk characterized by the quasi-linear magnetic diffusion coefficient 
DM = b;Lcll· Shear has been mentioned in [2, 6] but its influence was restricted by 
requiring that DM was still a correct description for the diffusivity of field lines. 

( ii) A particle does not follow a field line for a long time, but it is moving away from 
the field line perpendicularly. The mechanisms can be numerous, but collisions are 
frequently used in this respect. We will refer to the perpendicular mechanism as the 
decorrelation mechanism. Collisions make the particles move away from the field 
line and with increasing time, the separation grows as 8col(t) (2x.Lt)ll2

, where the 
classical diffusion coefficient for collisions is given by X.L ~PLTc-;,l, defined for a 
random process with step size PL, the Larmor radius, in a time Tcol• the collision time. 
Other examples of decorrelation mechanisms are perpendicular drifts and temporal 
fluctuations. Step two is the identification of the decorrelation mechanism. 

( iii) Due to the decorrelation mechanism a particle moves away at the field line from 
which it started, and when the separation is sufficiently large the particle is decor
related from the field line. The time, it takes for the particle to decorrelate from the 
field line is called the decorrelation time td. The actual decorrelation is determined 
as follows: consider an imaginary circle with an initial radius s0 = Lc.L around the 
initial field line. All the field lines starting inside the circle are correlated to the 
initial field line, and all the field lines outside the circle are not correlated. If the 
particle moves outside the circle it is said to become decorrelated. However, be
cause of the different behaviour of field lines in the circle, the circle deforms as was 
mentioned in Sec. 4.3.4. The particle now only has to separate from the field line 
by a distance equal to the arm width. In time, the separation from the initial field 
line increases and the arm width decreases exponentially. The decorrelation time is 
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defined as the time at which both are equal: e.g. for collisions, bcol(ta) bexp(l/>(td)). 
Step three is the determination of ta. 

(iv) Knowing the decorrelation time, the distance z(td) over which the particle was 
correlated to the field line can be computed. Normally this is z(td) = vutd but in 
the case of collisions this is z(td) = (2xutd) 112 with the parallel classical diffusion 
coefficient given by XII !vrrrcoi· The distance z determines the radial step o-(ta) = 
(2DMz(td)) 112 due to the diffusive behaviour of the field lines.8 

( v) Steps two to four are reiterated and the particle thus makes a step a-( td) in the 
radial direction every time interval td. The diffusional behaviour of the magnetic 
field model implies that the direction of this step is random. The diffusion of 
test particles due to a chaotic magnetic field is then determined by the diffusion 
coefficient 

(4.4) 

Initiated by the results in Sec. 4.3, we asked the question what the transport is in a 
chaotic layer with a nondiffusive behaviour of the field lines and with a pronounced effect 
of shear. We therefore propose to alter steps one and three into: 

( i) The radial motion of field lines is governed by a large step at the beginning and 
it is subdiffusive afterwards. More precisely: for l/>/1r < 10 the step is determined 
by o-1n(4>), resembling the large initial step, whereas for 4> > 1001r the subdiffusive 
behaviour is described by o-1; 4 • In between both functions are used for a comparison 
and results are found to be comparable. Note that in step four, these functional 
dependences are used for the step a- after a longitudinal distance z Ro4>, instead 
of the square root dependence. 

( iii) The importance of shear for the decorrelation of the test particle from the field 
line should be clear from Fig. 4.7. Because of lack of a good description for the 
decreasing arm width due to shear and chaotic motions simultaneously, and because 
shear seems to be an important effect, we determine the decorrelation time td via 

(4.5) 

where c.lshea.r( 4>(ta)) is given by Eq. ( 4.3). As such we only take the mixing effect 
of the chaotic field into account in step ( v) and not anymore in the decorrelation 
mechanism. Because the chaotic nature of the field lines would cause a faster de
crease of the width, this will give an upper bound to the decorrelation time and 
therefore a lower bound to the diffusion coefficient X· The subscript 'dm' stands for 
decorrelation mechanism, e.g. collisions (col) or electrostatic drifts (EB). 

8If z(ta) < Lcll• the diffusional behaviour of the field lines has not set in and accordingly O"(ta) = 
b,z(td). 
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Observing the vortices in Fig. 4. 7, we see an ever increasing folding pattern, leading 
to the question if decorrelation of the test particle from the field line in this region would 
really mean decorrelation, as it is easy to re-enter into a region with initially correlated 
field lines. One could propose that a test particle has decorrelated if it has travelled 
radially over a distance that is the average width of the envelope of the pattern. Anyhow, 
this folding instead of just spreading has important new consequences for the actual 
decorrelation. 

The changes in the magnetic field model in the first step results in a problem con
cerning the validity of the final step, step five. In this step, a diffusional behaviour of the 
magnetic field lines justified the randomisation of the direction of the step, something that 
is important to define a diffusion coefficient based on a random walk process. In the newly 
proposed magnetic field, which is not diffusive, one cannot be certain that the direction 
of the step is random. The problem that should be solved is: what is the combined effect 
of a random process that describes the separation between field line and test particle, 
and a nondiffusive wandering of the field line on the actual transport of the test particle. 
The solution of this problem should justify step five in the new setting. Until the above 
problem is solved we assume that the final step is justified in the case of a nondiffusive 
magnetic field. 

In the remainder of this section we will describe three different decorrelation mecha
nisms. In numerical examples we will assume that the perpendicular correlation length 
is the distance between the filaments of model I on average: Lc1. = 6.5 mm. For chaotic 
layers that are thinner, this choice is not very appropriate, but for qualitative arguments 
we will use it. 

4.4.2 Decorrelation by collisions 

Particles that depart from the field lines due to collisions are decorrelated from the initial 
field line after a time td obtained by solving Eq. (4.5) 

[1 + (z(td)R0 
1r(8q/8r)q-2)2jl/2' 

(4.6) 

where the longitudinal length z(td) is given by (2xlltd) 112
. The solution for td is given by 

m ( q
2 

)

2

[( X11L~.L(r(8qj8r)) 2)
112 

4xn r(8qj8r) l + 4 
X.L m q2 

::::::l RoLc.1. ( q
2 

) 

2(XIIX.L)1/ 2 r(8q/8r) · 
(4.7) 

With the kowledge of the decorrelation time we can deduce the scaling of XM with the 
parallel particle velocity and compare this for a diffusive and nondiffusive magnetic field. 
Before doing so we have to know the dependencies of Xi! and X.L on the parallel velocity. 
Firstly, the collision time 'Tcol scales as v[ [12]. Secondly, we assume that the Larmor radius, 
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Figure 4.8: The test particle diffusion coefficient XM for model Id (b, >:::: 10-3 } is 
plotted as a function of the parallel velocity. The step a has been approximated 
by a1n whenever z(td) < 107!-Ro and by a 1; 4 for z(td) > 1007r Ro and both have 
been used for comparison in the intermediate region (dashed lines}. To obtain the 
absolute values for be >:::: 5 . w-5 ' 2 . w-4 and 5 . w-4 (models la through le} 
the curve must be multiplied by 5 · 10-3 , 0.05 and 0.3 respectively. The kink in 
the curve represents the position where one collision is enough for decorrelation. 
In this regime XM scales differently whether one considers particle collisions as 
discrete head-on collisions or continuous small angle Coulomb scatterings. For 
comparison, the dotted line shows the diffusion coefficient for diffusive field lines 
with D M = Lcllb~. For the choice Lcll = 5 m, the quasi-linear multiplication 
factors are 2. 7 ·10-3 , 0.04 and 0.25 for fields with b, >:::: 5 ·10-5 , 2 ·10-4 and 5·10-4 , 

respectively. Furthermore, we choose Lc1_ = 0.0065 m and ne = 4 · 1019 m-3 for 
the computations. For the lines indicated with "8shear" the decorrelation time is 
computed by Eq. (4.5} with the solution Eq. (4. 7}. For the other lines, with "8exp ", 
the decorrelation time is computed using an exponential decrease of the arm width: 
ll"col(td) = ll"exp(</>(td)) ~ exp(-.\cf>) with.\= 0.26. 
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needed for the calculation of Xl. scales as v11 with the following argument: the present 
transport analyses are only valid for particles that are not trapped in the magnetic field 
mirrors. These particles satisfy (locally) v1. < vii(~R0 /r) 112 which is averaged over the 
cross section and all possible velocities v1. = ~vii(~R0 /a) 1 12 . We thus have the following 
dependencies for the classical diffusion coefficients: XII ex: v~ and X..L ex: v

1
11

· 

Substituting the dependencies for XII and X..L, it follows that the decorrelation time 
scales as td ex: v11

2
. The following results simply follow after each other: z = (2xlltd) 112 ex: 

v~/2 such that, using a 1; 4 [see also Fig. 4.8] for the radial step, we finally obtain XM ex: v 1~
1 /4 . 

As a remark we mention that for a diffusive field, with a radial step a 1; 2 , one finds 

XM ex: v~ 12
. A comparison is presented in Fig. 4.8. The total diffusion coefficient in a 
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chaotic layer is the sum of the two parts: ( i) the magnetic part XM and ( ii) the classical 
diffusion X.L· 

For particles with a high velocity it can happen that td < Tcol· The calculation of the 
decorrelation time as above is in fact not valid, because no collisions have occurred and 
thus no perpendicular motion away from the field line during a time td. It only states 
that after a collision time the arms are thinner than one Larmor radius. One collision 
is enough for decorrelation such that, actually, one should use td = Tcol· The minimum 
velocity can be computed by solving PL Oshear(tf>(rcol)) and for a plasma with an electron 
density n. 4 ·1019 m-3 this is vllmin ~ 1.6 · 107 ms- 1. A particle with this velocity has a 
mean free path along the field line in the order of 250 m. For so many revolutions around 
the torus, it it clear that one should incorporate the effect of the chaotic motions on the 
arm widths and this will result in a lower value of this minimum velocity. The effect of 
an exponential decrease of the arm widths is also plotted in Fig. 4.8 (A 0.26). We see 
that transport may increase by one order. 

During one collision time the motion of the test particle along the field line is ballistic, 
z = vutd, instead of diffusive. In a diffusive magnetic field this leads to XM ~a~/2/td = 
DMz/td = DMvll> the so-called collisionless magnetic diffusion. It is observed that the 
actual value of td is of no concern. The opposite is true for a nondiffusive field: XM = 
!af14/td ex z112jtd = (vu/td)112. In our discussion the test particle follows the field line 
until it collides. If one collision brings decorrelation (vu > Vllmin) we should fill in td = Tcol 

to obtain XM ex v11 1 [see also Fig. 4.8]. 
Instead of the picture of head-on collisions every collision time and a ballistic motion 

in between collisions, one could invoke a model of continuous perpendicular diffusion 
away from the field line due to small angle Coulomb scattering. This would introduce 
a different dependence of XM on the parallel velocity in a nondiffusive field. To obtain 
the decorrelation time one should solve Ocaulomh(td) Oshear(tf>(td)). As an illustration, 
assume that the small angle scatterings do not effect the parallel velocity, z = v

11
td, 

and that they cause a diffusive motion resulting in a final step of order PL within an 
ordinary collision time, 8coulomb(t) = PL(t/rcol) 112. Simple algebra gives XM ex v~13 [see 
the curve labelled "continuous scattering" in Fig. 4.8]. Such a change in the concept of 
perpendicular transport away from the field line has no effect on test particle diffusion in 
a diffusive magnetic field. 

Concluding, the behaviour of test particle transport is observed to be totally differ
ent for diffusive and nondiffusive magnetic fields. Quantitatively, we observe that our 
magnetic field model I, clearly enhances radial transport, but not so much as a diffusive 
magnetic field does. 

4.4.3 Decorrelation due to perpendicular E x B-drifts 

Apart from collisions, also perpendicular drifts can result in a decorrelation of the test 
particles from the field lines. The results of magnetic curvature drifts are given in [5]. In 
this subsection we introduce decorrelation by electrostatic fluctuations as a mechanism 
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causing a diffusive motion in the radial direction due to ExB-drifts. Under the assump
tions of our model this mechanism has an effect on test particle diffusion in a nondiffusive 
magnetic field, whereas it would have no influence on transport in a diffusive magnetic 
field. 

The effects of electrostatic fluctuations on test particle diffusion have been studied in 
a different way by Myra et al. [13] and Wooton et al. [14]. Spatially random fluctuations 
in the electric potential in a plasma generate a fluctuating electric field, E., which in turn 
give rise to a fluctuating drift VE E./ B. The randomly fluctuating drifts VE translate 
into a diffusion coefficient XE ~Lcllv}/vii due to electrostatic fluctuations. In [13] the 
radial step a was a sum of the step due to electric fluctuations and the step due to 
magnetic fluctuations. In the case where both fluctuating fields are uncorrelated the total 
test particle diffusion coefficient is X~ DMvll + XE· It was stated in [13] that a minimum 
parallel velocity is required such that the particles are not trapped in the wells of the 
potential fluctuations that lead to the poloidal electric field fluctuations. 

We propose a different effect of electrostatic fluctuations, namely that XE plays a 
synergetic role in the determination of XMi the decorrelation is determined by the electro
static fluctuations and the radial step by the magnetic fluctuations. The objective here 
is to sketch another source for decorrelating from the initial circle and we will therefore 
make the following approximations: ( i) decorrelation can only occur due to movements in 
the radial direction; the effect of poloidally directed drifts are omitted. ( ii) a consistent 
treatment of the electric and magnetic fields is left out and the fields are assumed to be 
disconnected. Furthermore, it is assumed that the fluctuations of the fields are uncorre
lated. In the absence of a detailed knowledge of the mode spectrum of the electrostatic 
perturbations, the problem is even further simplified by assuming that the fluctuations 
can be described by a Gaussian random function and that they have a parallel correlation 
length that is of the order of Lcll, the correlation length for the magnetic perturbations. 
For the latter the value given in Sec. 4.2.1 is used, i.e. rv 5 m. 

Decorrelation is thus due to a randomly fluctuating radial drift9 vE In 
compliance with literature, we assume that a particle makes a step vEt in the radial 
direction during the time t = Lcii/vu that it moves in the longitudinal direction. The 
property of random fluctuations makes it then possible to estimate a radial diffusion 
coefficient XE !Lcuv}/vu due to electrostatic fluctuations. The decorrelation mechanism 
is thus defined by JEB(t) = (2xEt) 112 and thereby the decorrelation time as the solution 
of dEB ( td) dshear ( </>( td)); 

LcJ..Ro q 
( 

2 2 ( 2 ) 2) 1/
3 

td ~ 2XEVff r(8qj8r) ' (4.8) 

with the toroidal angle 4> = vutd/ Ro. For the choice VE = 500 ms-l [14] the decorrelation 
is extremely fast, in the order of 1~3.5 p,s (RTP parameters) for v11 = 2-100 ·106 ms-1 

with the fastest particles decorrelating first. In order to determine whether the framework 

9The principal electric field component in this velocity is the poloidal component E,o. 
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of diffusive motion due to electrostatic perturbations is properly used, it should be verified 
that z > Lcll· For the indicated velocity range this is indeed the case: z = vutd > 7 m. 

The diffusion coefficient is XM = ~a(z(td))2/td which is a function of the decorrelation 
time if a is given by atn or a1; 4 in a nondiffusive field. In a diffusive field, a = a1; 2 , we 
have the collisionless magnetic diffusion coefficient XM Dm vu. 

Concluding, the effect of electrostatic fluctuations is important as a decorrelation 
mechanism in nondiffusive magnetic fields, whereas it is not in a diffusive magnetic field. 
We mention that total transport is only enhanced by the chaotic magnetic field if XM » 
XE· For low perturbations levels this is usually not the case, because the fast decorrelations 
prevents a substantial displacement of the field line in the radial direction. Nevertheless, 
values for XM are found that are substantially larger than what was seen for collisional 
decorrelation, mainly due to the extremely short decorrelation times. 

4.4.4 Decorrelation due to temporal fluctuations 

As a last example for a decorrelation mechanism, we briefly discuss the effects of temporal 
fluctuations of the magnetic field. A pioneering study was given by Isichenko [2] based 
on exponential decay of the width of the initial circle and in a diffusive magnetic field. A 
more extensive study in this framework is presented in [15]. 

If the characteristic frequency of the fluctuations is f then the decorrelation time can 
be given as 1/ j, in the absence of other mechanisms. Typical frequencies are in the range 
of ten to hundreds kHz. If another mechanism is present causing a decorrelation within td 
in a steady state magnetic field there are in principal three different regimes: ( i) td « 1/ f 
the slow fluctuations justify an assumption of a constant magnetic field during the time 
interval of decorrelation. Decorrelation as described by electrostatic fluctuations lie just 
in this range. (ii) td » 1/ f the decorrelation is governed by the temporal fluctuations and 
all particles have the same decorrelation time. This is the case for collisional decorrelation 
with small or large velocities. ( iii) The intermediate regime where both mechanisms are 
influencing the speed of decorrelation. 

4.5 Summary and discussion 

In the introduction of this chapter the question was raised whether the magnetic field of a 
tokamak is diffusive, assuming a static description in harmony with present day literature. 
One could then ask how the field lines behave and what happens with transport in this 
case. These two questions were the subjects of our numerical studies in Secs. 4.3 and 4.4. 
Several magnetic field models were realized, to study the general behaviour of the field 
lines. 

Independent of the level of perturbations the behaviour of the average radial displace
ment of the field lines inside a chaotic layer was found to scale with the running toroidal 
angle. This enabled us to propose this behaviour as "universal" with only the absolute 



4.5. SUMMARY AND DISCUSSION 79 

values changing with the perturbation level [Table 4.3]. After an initial jump it was ob
served that the average displacement as a function of 4> behaved subdiffusively, i.e. a "' 4>a 
with a < ~. Fields with other sets of perturbations had the same scaling. 

A second important result is the importance of shear in chaotic magnetic fields. Shear 
strongly affects the motion of the field lines, because of the low levels of perturbation 
compared to the unperturbed part of the poloidal magnetic field. The effect is that field 
lines almost "flow" as if there was no perturbation. We say "almost", because the presence 
of chaotic motions in the radial direction accounts for complex structures in the mapping 
of a circle followed along the torus. 

Before we summarize the effects on test particle transport, the observation of nondif
fusive field line motions has important consequences for some measurements that have 
been made of the actual level of the perturbed magnetic field: namely those which deduce 
the level of perturbation indirectly, by comparing experimental observations of transport 
coefficients of test particles (usually fast electrons) with simulations using a quasi-linear 
magnetic field. Naturally, such estimates of be would come out higher with our formalism. 
The only direct measurements of be in the core of the plasma is done by Zou et al [16]. 

Based on a numerical, nondiffusive magnetic field with shear, we altered the commonly 
applied picture for computing test particle diffusion coefficients. It should be noted that 
for quantitative conclusions one problem has to be tackled: what is the effect of a ran
dom process that describes the separation between field lines and test particles, and a 
nondiffusive wandering of the field lines on the final test particle transport? We have 
assumed that the combined effect results in a random process for the direction of the 
step due to the magnetic field. The validity of the quantitative results about the actual 
magnitude of test particle transport in such a field, therefore, hangs on the truthfulness 
of this assumption. Our improvements on the magnetic field model do not give the final 
answer towards the understanding of transport in a chaotic magnetic field in particular 
or of anomalous transport in general but we hope that it is a step in the right direction. 

Transport coefficients are evaluated as a combination of a suitably chosen decorrelation 
process and the actual behaviour of the chaotic magnetic field. We have looked at the 
effect of three different decorrelation mechanisms An overview is given in Fig. 4.9. 

Decorrelation due to electrostatic fluctuations or temporal fluctuations of the magnetic 
field results in high transport due to the very short decorrelation times. With a collisional 
decorrelation process, td is much longer and transport is lower. Another effect of the short 
decorrelation times with electrostatic fluctuations is that the radial displacement for the 
field lines in low perturbed magnetic fields can be smaller than the thickness of the ellipse 
at the time of decorrelation. Thus the radial step due to the decorrelation process is larger 
than the radial step due to the magnetic fluctuations, such that overall transport would 
be governed by XE· The modelling of the effects of electrostatic fluctuations or temporal 
fluctuations as a decorrelation mechanism can be improved; the implications, however, 
are clear. 

The values of the diffusion coefficient x, although they are higher than (neo-)classical 
transport, require a level of perturbation of be rv w-3 to get in the range with experimental 
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Figure 4.9: The diffusion ccefficient XM is plotted as a function of the velocity for 
be ~ 10-3 • Three different deccrrelation mechanisms are used for the calculation 
of td: collisions, electrostatic fluctuations and temporal fluctuations. X.L and XE 

have been plotted for comparison. For the computations ne= 4 · 1019 m-3 , VE = 
500 ms-1 and f = lOO kHz are used. Changing VE or f within a factor of 10, 
changes the curves for electrostatic and temporal fluctuations by a factor of 1.5 
and 3, respectively. A change of ne over a factor 3 does not bring significant 
changes. 

measurements (x"" 1 m2s-1 ). With respect to the low values for x, we make two remarks. 
Firstly, we have calculated the decorrelation time td using a linear effect of shear, as in the 
unperturbed case. However, the effects of chaotic radial motions will introduce a faster 
decorrelation, which, in turn, will increase the value of X· 

Secondly, a different set of filaments can give different absolute values, but most likely 
not a different behaviour. A field with a few strong filaments would give a diffusion 
coefficient that is one order of magnitude higher than discussed here [Table 4.3]. It is 
therefore important to know which perturbations might occur in a tokamak. Are there 
several large perturbations, or many smaller ones and what is their distribution? 
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Chapter 5 

Drift orbits in axially symmetric 
and chaotic magnetic fields 

In studies of test particle transport in chaotic magnetic fields the most common assump
tion, which has also been chosen in Chater 4, is the assumption that particles follow the 
field lines between collisions. However, the nonuniformity of the magnetic field causes the 
particles to drift away from the field lines. For a complete understanding of test particle 
transport it is thus necessary to investigate the effect of magnetic perturbations on the 
particle orbits. Moreover, as a part of this study, special attention should be paid to the 
experimental observation that relativistic electrons are better confined in the plasma than 
thermal electrons. 

Starting in Sec. 5. 2, a study of the orbits of (relativistic) electrons in axially symmetric 
and chaotic magnetic fields is presented in this chapter, using analytical and numerical 
methods. Before discussing the orbits of (relativistic) particles, a general introduction 
about charged particle motions in magnetic fields will be given in Sec. 5.1. 

5.1 Particle orbits and guiding centre motions 

This section will introduce the concepts of gyro motions, guiding centres and drifts as it 
is given in standard text books about plasma physics (e.g. [1, 2]). 

The equations of motion for a particle with charge e, mass m and velocity v in an 
electric field E and a magnetic field B are1 

dr 
dt 

v, 
dv e 

-(E+vxB). 
m 

(5.1) 

equations can also be written in Hamiltonian form with a Hamiltonian H = (2m)-1 jp-eAj2 + 
qq, in the canonical coordinates (p, q) with p = mv +eA the canonical momentum, q = r and the vector 
potential A and electric potential q,. 

83 
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Because in the sections following this introduction only static electromagnetic fields are 
considered the case of time-varying fields will not be discussed. First consider a zero 
electric field E(r) = 0 and a uniform magnetic field B(r) B0e. in the z-direction, 
reducing the equations of motion (5.1) in Cartesian coordinates to 

v, = (eB/m)vy, Vy::::: -(eB/m)v,., Vz = 0, (5.2) 

where the dot represents the time derivative. The parallel motion is not affected by the 
vxB-force. The equations of motion in the perpendicular direction with respect to the 
magnetic field describe a simple harmonic oscillator with a frequency 

We ieiB/m, (5.3) 

the cyclotron or gyration frequency and a radius 

(5.4) 

the Larmor radius of the gyro motion of the particle around its guiding centre. In the 
case of a uniform field the guiding centre moves in the direction of the magnetic field with 
a constant velocity vu. As will be seen shortly a nonuniform field or an additional electric 
field will cause a motion of the guiding centre perpendicular to the magnetic field. The 
combined motion of the guiding centre and the gyration is a helix. The gyrating particle 
can be considered as a current carrying loop with an average current ltoop = ewc/(27r). 
With this current loop that encloses an area S = 1rp'i a magnetic moment is associated 

t-t = ltoopS mv'i/(2B), (5.5) 

that is directed opposite to the magnetic field B (diamagnetic effect). The magnetic 
moment is an adiabatic invariant, i.e. it is constant as long as the change in the magnetic 
field as seen by the particle is on a time scale much longer than one gyration period. 

An additional uniform electric field can be decomposed into the directions parallel and 
perpendicular to the magnetic field. The parallel component introduces an acceleration 
in the parallel motion (vu = vu(t)), whereas the perpendicular component introduces a 
perpendicular (constant) drift motion in the direction Ex B. With Fig. 5.l(a) the physical 
reason can be understood. An electron that moves during the gyro motion in the direction 
of the electric field loses perpendicular energy, resulting in an ever decreasing Larmor 
radius. In the other half of its gyro motion the electron gains energy and, consequently, 
PL increases again. The difference in PL between both half cycles of the gyro motion 
causes a perpendicular drift. 

The magnetic field of a tokamak is particularly nonuniform: it is curved and exhibits 
gradients in B. Both properties introduce a particle drift perpendicular to the magnetic 
field. The reason is the different Larmor radius between both half cycles of the gyro 
motion as was the case for ExB-drifts [Fig. 5.1]. \7 B drifts result from the fact that the 
change in the Larmor radius is due to the change of the field strength during the gyro 
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Figure 5.1: Illustrations for the cause of drifts due to {a) the electric field, {b) 
nonuniform and (c) curved magnetic field for an electron. For an ion the ExB
drift i.~ in the same direction, the other two are in the opposite direction due to 
the opposite sign of the charge. 
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motion. This drift is larger for particles with large perpendicular velocities and thus with 
larger Larmor radii. The so-called curvature drift due to a curved magnetic field,2 on the 
other hand depends on the parallel velocity. A particle experiences a centrifugal force that 
is directed outwards. The additional force periodically increases and decreases the Larmor 
radius [Fig. 5.1(c)] and thus introduces a curvature drift. Because the force is larger for 
small radii of curvatures and fast electrons the drift also increases with decreasing radii of 
curvatures and increasing parallel velocities. The three drifts that have been mentioned 
are the drifts important for the discussions of particle motions in the next sections. For 
relativistic runaway electrons (vll ~c) the curvature drift is far more important than the 
VB drift. The theoretical expressions for these three drifts are 

ExB 
(5.6) VE B2 ' 

mv2 

V'i7B B~bx'VB, (5.7) 2e 
mv2 

Vcurv eri1 bx (b ·'V) b. (5.8) 

From the previous considerations it is clear that a fusion device with only a toroidal 
component of the magnetic field will lead to fast particle losses due to the opposite 'VB 
and curvature drifts for ions and electrons: ions move upwards, electrons downwards, or 
vice versa depending on the orientation of the magnetic field. As a consequence of this 

reality a curved magnetic field also has gradients such that a curvature drift is always accompanied 
by \1 B drifts. 
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charge separation a vertical electric field builds up, such that EX B-drifts cause the whole 
plasma to move in the horizontal direction against the wall of the vacuum vessel. To 
overcome this problem a poloidal field is needed. However, a particle with its principal 
motion along the magnetic field now can move into a stronger magnetic field when it 
moves from the low field side of the torus to the high field side. Using the fact that 
the magnetic moment p, remains constant we see from Eq. (5.5) that the perpendicular 
velocity V.L increases. Because the energy of a particle remains constant in the absence of 
electric fields it has the unavoidable effect that the parallel velocity decreases. Depending 
on the initial ratio of v11/v.L the parallel velocity might become zero, and the particle 
reverses its path. The parallel velocity increases at the expense ofv.L because the particle 
feels a weaker magnetic field and when the particle has crossed the equatorial plane of 
the torus, moving again into a region of a stronger field, the parallel velocity decreases 
again until the next reversion: the particle is trapped between two points and the effect is 
called a bouncing of particles between magnetic mirrors. Because it depends on the ratio 
of the velocities not all particles are trapped in the magnetic mirror, especially particles 
with large enough parallel velocities. The effect of other drift components causes a slight 
shift in both branches of the motion making the trapped motion, projected on a cross 
section, look like a banana. In fusion plasma physics the orbits of trapped particles are 
therefore called banana orbits. If a trapped particle collides and it remains trapped it 
moves from one banana orbit to another separated by a distance larger than the Larmor 
radius. Transport thus increases due to the larger step after each collision. The transport 
theory that accounts for the presence of trapped particles is called neo-classical theory. 
The predictions by neo-classical theory regarding particle and energy transport are larger 
than the predictions made by classical theory, but they do not explain the even larger 
anomalous transport that is experimentally observed. 

The magnetic drifts of the guiding centres, as they are discussed, are obtained by 
averaging over a gyro period and are valid if the length scale L 8 over which the magnetic 
field changes is much larger than the Larmor radius. Furthermore, the EX B / B2 drift as 
it is given for a uniform electric field is also approximately valid for nonuniform electric 
fields if the length scale of the inhomogeneity in the electric field LE is also much larger 
than PL· What this means is: the effect of the real position of the particle on the motion 
of its guiding centre is of a higher order in p£/ min(L8 , LE)· As the electromagnetic fields 
in a tokamak generally fall in this class, it is thus only sufficient to calculate the motion 
of guiding centres to obtain an accurate knowledge of the partide motions in a tokamak. 
This not only reduces the complexity of analytical calculations for particle orbits but it 
also reduces the time needed for numerical computations by at least a factor 100 because 
the gyro motion does not need to be resolved. The theory that is concerned with the 
motion of guiding centres is called the guiding centre or drift approximation. 
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5.2 Motion of relativistic particles in axially 
symmetric and perturbed magnetic fields in a 
tokamak: Introduction 

Magnetic confinement is based on the fact that in a uniform magnetic field, charged 
particles follow field lines. However, the magnetic field of a tokarnak is nonuniform: it 
has gradients and curvatures. Due to these, the particles do not move along the magnetic 
field lines but drift across the magnetic field. For thermal particles the drift is small, 
so that these, or rather their guiding centres, do follow the field lines closely. For a 
relativistic particle, however, the drift causes the guiding centre to move away from the 
field line within one toroidal transit. It is an interesting question how this decoupling of 
field line and particle motion affects the transport and behaviour of relativistic particles 
in a tokamak. 

Relativistic particles are produced naturally in a tokamak: for electrons exceeding 
a critical velocity the collisional drag becomes smaller than the acceleration in the DC 
toroidal electric field, leading to the phenomenon of electron "runaway" [3]. The runaway 
electrons reach energies of tens of Me V, and are usually well confined. 

To describe the motion of particles it is a common practice to separate the time scales 
of gyration and drift. The gyration period is several orders of magnitude smaller than a 
toroidal transit time. It is therefore often sufficient to study the behaviour of the guiding 
centres only, which greatly simplifies the calculation of particle motions. This approach 
is allowed if the gradient lengths of the electromagnetic fields are much longer than the 
gyroradius. Similarly, temporal variations of the fields must be required to occur on a 
time scale long compared to the gyration period to justify the use of the guiding centre 
approximation. 

Relativistic particles are characterized by a large drift velocity and a large gyroradius 
as a result of the relativistic mass increase. As a consequence, the validity of the guiding 
centre approximation may become questionable. This is even more so if the magnetic 
field topology has so called magnetic islands or chaotic regions as a result of short scale 
perturbations of the magnetic field. In this case the magnetic field may vary over distances 
comparable to the gyroradius of the runaway electrons. 

In an experiment in the TEXTOR tokamak [4], it was observed that after injection of 
a hydrogen pellet into a low density discharge, all runaway electrons were lost from the 
plasma, except for a narrow beam of relativistic electrons (~ 25 Me V) with a m n 1 
mode structure. The rapid loss is evidence for a short period of strong field stochastization, 
while the persistent beam was associated with a large m n 1 magnetic island. For the 
interpretation of this (and similar) experiments it is necessary to have a mathematical 
description linking the orbits of relativistic electrons to the magnetic topology. More 
specifically, the question is how a beam of relativistic electrons can survive the period of 
field stochastization. 

The existing literature on runaway electron orbits is insufficient to deal with these 



88 DRIFT ORBITS IN AXISYMMETRIC AND CHAOTIC MAGNETIC FIELDS 

problems. The analytic approach in [5) only treats the case that the magnetic topology 
consists of perfect magnetic flux surfaces. A numerical study of runaway orbits in toroidal 
geometry in the presence of magnetic perturbations is given in [6, 7]. It was found that 
the topology of the guiding centre trajectories is very similar to the magnetic topology, 
including ''drift islands", which are shifted with respect to their magnetic counterparts. 
As a result, part of the drift island can be situated in a region with chaotic magnetic field 
lines [6]. Zweben et al. [7] treated relativistic electrons in cylindrical geometry, with a 
single n 1, m = 2 magnetic perturbation added to a cylindrically symmetric poloidal 
field. In this case there was no chaotic region. They found that if the energy of the 
runaway electrons is high enough, the drift island and the magnetic island can be entirely 
separated in physical space. 

In this chapter we first develop a Hamiltonian description of the guiding centre motion 
of relativistic particles in toroidally symmetric and perturbed fields. There is an extensive 
literature on the Hamilton approach to guiding centre orbits [8-14]. We use Littlejohn's 
results [11, 12) to describe the motion of relativistic runaway electrons with velocities, 
parallel to the magnetic field, close to the velocity of light. We write the equations of 
motion of the guiding centres with a Hamiltonian with one degree of freedom, analogous to 
the magnetic field line Hamiltonian. We compute rotational transforms and drift surface 
shifts due to the magnetic drift in the case of unperturbed magnetic fields, and the shifts 
and widths of drift islands as a result of magnetic perturbations. A limitation of the 
theory is that it is only applicable to passing particles, the particles that are not trapped 
in the magnetic mirror existing between the outside and inside of the tokamak. 

Secondly, to check the analytical results, a fast numerical scheme was developed to 
compute the guiding centre motion of runaway electrons. This code also gives new and 
interesting results when magnetic perturbations introduce chaotic regions in the magnetic 
field topology. 

Thirdly, as both methods employ the guiding centre approximation, we checked its 
validity by numerically solving the Lorentz equations for a number of cases. All three 
methods have their advantages and limitations, but together give a consistent picture of 
the motion of runaway electrons in a (perturbed) magnetic field of a tokamak. 

In Sec. 5.3 we summarize the formulation of the analytical model of the magnetic 
field. Although it is not a general model it exhibits the basic features of the magnetic 
field of a tokamak. In Sec. 5.4 we develop our Hamiltonian description to explicitly 
study the response of guiding centre motions to magnetic perturbations. In Sec. 5.5 a 
description is given of the numerical models, after which we can compare these models 
with the Hamiltonian theory in Sec. 5.6. In Sec. 5.7 the results are applied to interpret 
the measurements of the runaway beam in TEXTOR. 
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5.3 Magnetic field model 

The magnetic field that is used in the computation of the guiding centre motions is the 
field that was described in Secs. 2.1, 2.2 and 3.2.2. In this section we will summarize all 
the aspects of this model that are used in the following sections. The magnetic field is an 
axially symmetric model that generates circular magnetic flux surfaces to which a small 
symmetry breaking perturbation can be applied. The main part of the magnetic field in 
the righthanded toroidal coordinate system (x = r/Ro,</>,9) [Fig. 2.1] is given by 

BoRo ( x ) B(x, 9) = j:l eq,- q(x) eo , (5.9) 

with R/ Ro = 1 + x cos() and orthonormal basis vectors e.,, eq, and eo. The poloidal mag
netic field is generated by a plasma current parallel to the toroidal magnetic field resulting 
in a sheared field with the safety factor given by q(x). This model for the unperturbed 
axially symmetric field has all characteristics of the magnetic field of a tokamak except 
a Shafranov shift and a magnetic field ripple due to the finite number of toroidal field 
coils of a tokamak. We expect that all the results that follow remain valid in a qualitative 
sense when introducing a shift and/or a ripple. 

The perturbing part destroying the axial symmetry of the magnetic field was chosen 
to be of the analytical form [Eq. (3.1)] 

B,(x, </>, 8) = ~:0 ~ (c:nm(x)msin(mO + n</>)e., + x Bc:~:(x) cos(mO + n<f>)eo) , (5.10) 

in which we choose Enm(x) = !~'nmX2 with l~'nml « 1. The reasons for this choice were, 
as it was explained in Sec. 3.2.2, to take away the divergencies in the magnetic field (and 
current density profile) at the magnetic axis, x = 0, that would exist when taking a 
constant amplitude enm(x) Enm (e.g. in [10, 15-17]). 

As it was shown in Sec. 2.2, every magnetic field, perturbed or unperturbed, with a 
nonzero toroidal component can be written in the so-called canonical form [18] 

B(r) = ( -\71/JtXViJ + \71/JpXV</>) B0R~, (5.11) 

where the factor B0R~ has been chosen to make the functions VJt and 1/Jp dimensionless. 
The functions 1/Jp and VJt are functions of position and are proportional to the poloidal and 
toroidal magnetic fluxes, respectively [Sec. 2.2.2]. Furthermore, iJ is a poloidal angular 
coordinate which is not identical to the ordinary toroidal angle. If we use a coordinate 
transformation between the physical coordinate system (x, </>, 8) and the new, to be de
fined, righthanded coordinate system ( 1/Jt, <f;,ii),3 we may write 1/Jp as a function of VJt, </> 
and e. To be more specific we have adopted the transformation [Eqs. (2.16) and (2.17)] 

VJt = !x2
, iJ ho dO' Ro/R ~ 8- xsinO + O(x2

). (5.12) 

--- ·----------
3In the literature differences in the orientations of the three unit vectors only result in a change of 

signs in the definition of the magnetic field Eq. (5.11). 
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for '1/Jt and 0 as the radial coordinate and poloidal coordinate up to first order in x, 
respectively. 

In the new coordinate system the field line equations, 

dr(r) 
dr 

B(r(r)), (5.13) 

parametrized by r, can be written in a Hamiltonian form by eliminating r in favor of one 
of the spatial coordinates. The (two) remaining equations in the canonical coordinate 
system are 

B(r) · V'I/Jt 
B(r) · V4> 

- 8'1/Jp 
80 ' 

80 B(r) · VfJ 8'1/Jv 
84> = B(r) · V4> = 8'1/Jt' 

(5.14) 

which have the form of Hamiltons equations with the Hamiltonian '1/Jp, the canonical 
coordinate 0, the canonical momentum '1/Jt and canonical time 4>. If the Hamiltonian 
'1/Jv is a function of the toroidal magnetic flux '1/Jt only, the equations 8'1/Jt/ 84> = 0 and 
8iJf84> = 8'1/;p('I/;1)/8'1/Jt show that the field lines lie on magnetic flux surfaces with constant 
'1/Jt· For our unperturbed magnetic field '1/Jp('I/Jt) f d'I/Jt lfq('I/Jt) [Eq. (2.18)]. The 
derivative 80/84> = -q('l/Jt)-1 gives the pitch of the field lines on each flux surface. 

A perturbation of the form (5.10) to the magnetic field changes '1/Jv to (Eq. (3.3)] 

I d'I/Jt ~ -- -(-) + L..Enm('l/lt)cos(m8('1/Jt,9) +n4>) 
q '1/Jt nm 

I d'I/Jt ~ ~ -
- (·I· ) + L.. Enm( '1/Jt) cos(m9 + n4>), 

q '1-'t nm 
(5.15) 

with up to first order in x, the new perturbation function tmn('l/lt) [Eq. (3.4)] 

As explained in Sec. 3.2.2, this means physically that a perturbation of the form (5.10) 
not only destroys the flux surface with q = mfn but also all other surfaces q = (m± k)/n 
which are resonant. 

In Sec. 2.3.2 we reviewed the effect of perturbations on an integrable Hamiltonian. A 
perturbation that is-resonant on a surface with q = mfn will destroy this surface and form 
an island structure that has the same rotational transform as the original surface [19]. 
For the explicit form of the Hamiltonian (5.15) the half width of such an island is given 
by [Eqs. (2.34) and (3.5)] 

A ( / ) 11/2 
/:::,.1}; = 2 1 Enm 'lj}tnm 

. tnm a /8·1· ' WM '1-'tnm 

in the flux coordinate '1/Jt and in physical space it is given by 

!:::.'1/Jtnm 
(2'1/JtnmJlfZ' 

(5.17) 

(5.18) 
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where WM -8'!f;p(Wtnm)/8tf;tnm is the rotational transform for the unperturbed field, and 
Wtnm determines the surface of resonance in the unperturbed magnetic field: wM(Wtnm) 
nfm. If islands of neighbouring resonant layers overlap, i.e. if the sum of their half widths 
is larger than the distance between the resonant layers, stochasticity occurs in the region 
of overlap as a result. 

The Hamiltonian form of the magnetic field will be used in the next section, whereas 
the physical formulations (5.9) and (5.10) will be used in the numerical procedures of 
Sec. 5.5. 

5.4 Hamiltonian approach to guiding centre motion 

In this section we construct a Hamiltonian view of the motion of guiding centres of 
untrapped particles that gives us the ability to describe the topology of the guiding centre 
motion analogous to the magnetic field line topology in terms of surfaces and rotational 
transforms in unperturbed magnetic fields and island widths in the case where magnetic 
perturbations are present. 

Littlejohn developed a Hamiltonian formulation in physical coordinates using an av
eraging method (8]. Later he used a much simpler variational principle [11] to obtain the 
same results. The variational principle can easily be generalized to obtain the guiding 
centre equations for relativistic particles [12]. Canonical coordinates in the guiding centre 
phase space were used by Boozer and White [10] and White et al. [9] for special repre
sentations of the magnetic field. Later White [13] and Meiss and Hazeltine [14] obtained 
canonical phase space coordinates for general magnetic fields. 

We will start from the guiding centre equations of Littlejohn [11, 12] in their relativistic 
form. For the moment we assume that there is only a time-independent magnetic field 
present, with small variations in space. Later we introduce a weak toroidal electric field 
and discuss the alterations it gives to our description. The drift equations can be written 
as 

dr v11B* 
dt = (b · B*) 

j(r)B*, 
dU 
dt=O, (5.19) 

where U ( m~c4 + 72m~dlv[ + m~ehB(r)) 112 
is the energy and by inverting this for

mula the parallel velocity vll is given as a function of position r, energy U and the 
transverse adiabatic invariant J 1. = 72vl, B-1, which is an adiabatic constant of the mo
tion [20]. B* = VxA* is a "modified magnetic field", that completely describes the 
guiding centre motion, with the modified vector potential of Morozov and Solov'ev [20] 
A* A+ ('Ym0 fe)v 11 b. Here"' (1- v2 fdl)- 112 is the relativistic mass factor and b is the 
unit vector along B. For a toroidally symmetric magnetic field the toroidal component of 
the modified vector potential, RA*, is a conserved quantity [20] and thus determines the 
topology of the guiding centre motion in an unperturbed magnetic field. Such a conserved 
quantity does not exist when magnetic perturbations are present. 

The close analogy between the field line equations Eq. (5.13) and the equations of 
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motion for the guiding centre Eq. (S.19) suggests that the guiding centre equations can 
be written in a Hamiltonian form analogous to Eq. (5.14). This can only be done if 
f(r)B* · \lif> i= 0, which implies that f(r) =/= 0, because in general B* · \lif> =/= 0 if the 
toroidal component of the magnetic field is finite. The function f(r) ,...., v11 is nonzero if 
passing particles are considered. For the study of the topology of the drift motions the 
function f(r) is irrelevant for these particles. We can then write 

B*(r) = ( -V'WtX\18 + \1\llpX\lif>) B0R~, 

and thus the equations for the guiding centre motions are 

(5.20) 

(5.21) 

These equations have a Hamiltonian form with theHamiltonian \liP in the coordinates Wt 
and 8 and "time" if>. We want to stress that these equations only describe the topology 
of the guiding centre motion in a torus and not the time behaviour. Therefore, we will 
speak of "drift lines", "drift topology" and "drift islands" analogous to magnetic field 
lines, magnetic field topology and magnetic islands. 

To connect Eq. (5.20) to B* = B + (m0 /e)\lx (/'vu b) the newly introduced functions 
have been taken of the form 

1/;p + ..\R0 1 [bt~>]o + ..\R01[b4>h, 
1/Jt- ..\Ri]1[be]o, 

iJ + ..\R0
1[b.p,]o, 

(5.22) 

where ..\ = (l'm0vu)/(B0 R0e) is a dimensionless parameter, b; are the covariant compo
nents of b in ( 1/Jt, if>, iJ) and where [ ]o stresses the use of the axially symmetric part of the 
magnetic field only. Furthermore, [ h gives the first order response due to the perturba
tions, which is included only in the Hamiltonian Wp. 

Using Eqs. (5.22) gives the modified magnetic field B* correct up to first order in the 
"modification" term ( m0 / e) \l X (/'vu b). This restricts the formulation to the description 
of the guiding centre motion of particles with energies up to ..\ ,...., 0.15 (150 MeV for 
B 0 ,...., 2.25 T, Ro,...., 1.75 m) and well below the trapping limit (v.L/vu ::S 0.2). For higher 
energetic particles the second order (error) terms, that result from using Eqs. (5.22) in 
Eq. (5.20), become-too large. This is also true for particles just below the trapping limit as 
\l X (vu b) becomes too large near the banana tips. Indeed, for trapped particles this term 
would become infinite at the banana tips. The effects of small magnetic perturbations to 
the first order terms in ..\ are negligible, and are therefore only taken into account in the 
Hamiltonian Wp, to which they are important. 

5.4.1 Unperturbed magnetic field '1/;p = '1/;p('l/;t) 

If we make the approximation Wt ~ 1/Jt, 8 ~ iJ and [b1]0 ~ R0 + R0 (21/Jt) 112 cos iJ, we 
see that the equations for the drift lines display a circular motion that is shifted by 
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ll'I/Jt ~ >.qv(2'1/Jt) 112 in the '1/Jt coordinate, which relates to an outward shift of 6 = >.qv 
in x, where 1lqv is the rotational transform of the drift lines. This shows that for 
an axially symmetric unperturbed magnetic field the drift topology is just the shifted 
magnetic field topology [21]. As will become clear in Sec. 5.6, however, the drift topology 
is more complex. Still, it suggests that for an unperturbed magnetic field there should 
be an approximate canonical transformation (Wt, B) -+ (I, a) that brings the drift line 
equations in an integrable form in the action-angle coordinates (I, a). The transformation 
(Wt, B) -+ (I, a) is done in Appendix 5.A using classical perturbation theory. The new 
Hamiltonian K(I; >.) that describes the drift topology in the canonical momentum I and 
angle a with the parameter>. is given by [Eq. (5.A14)] 

K(I; >.) =- j q~~) ->.(I- q(~)2) + p 2 (q(I) + q'(I)I + q(I)I + ~q'(I)I2), (5.23) 

This clearly is the Hamiltonian of an integrable system as 8I I 8cjJ = -8K I 8a = 0. It 
shows that for a given ).. the drift topology in an unperturbed magnetic field, with safety 
factor q, is that of a set of nested tori. The rotational transform wv(I; >.) of the drift 
topology is defined as minus the derivative of the Hamiltonian K(I; >.) with respect to I 

1 ( 1 2q'(J)I) 
wv(I; >.) = q(I) + >. 1- q(I)2 + q(I) 3 

-~>.2 (q"(I)I + 2q'(I) + q(I) + 2q'(I)I + ~q"(I)I2), (5.24) 

which for >. = 0 reduces to the rotational transform WM of the axially symmetric magnetic 
field. The influence of the magnetic field is reflected in the dependence on q. 

The generating function S(I, B; >.) belonging to the transformation (Wt, B) -+ (I, a) is 
given in Eq. (5.A15) and defines the transformation equations 

111 - oS( I, B; >.) 
t- [)B ' 

8S(I, B; >.) 
a= [)I . (5.25) 

Although the original Hamiltonian WP was given to first order in >., the terms of 
second order in >. in the Hamiltonian K(I; >.) and in the generating function S(I, B; >.) 
are necessary to give a good agreement between the analytical and numerical calculations 
[Sec. 5.6]. Starting from K(I; >.) and wv(I; >.) we can in principle calculate the drift 
topology in physical coordinates by inverting all the transformations used in obtaining 
Eqs. (5.23), (5.24) and (5.A15): (I, a) -+ (Wt, B) -+ ('1/Jt, 0) -+ (x, 9) as described in 
Eqs. (5.25), (5.A6) and (5.12), respectively. 

The functions x(I, a;>.) and 9(I, a;>.), obtained by the successive transformations, 
turn out to be valid only for low values of >. (>. "' 0.02-0.03). For higher values, the 
first and second order terms in >. become of the order of the zeroth order term, violating 
the validity of the perturbation theory. This implies that only for low values of ).. the 
transformations, given up to second order in >., preserve the topology of nested tori. 
However, it was found that x(I, a = 0, 1r; >.) [Eq. (5.A16)], the position of the low and 



94 DRIFT ORBITS IN AXISYMMETRIC AND CHAOTIC MAGNETIC FIELDS 

high field side of the orbit respectively, gives excellent results for much higher values 
of A [Sec. 5.6]. For large values of A (A rv 0.05-0.1) and small I it can happen that 
x(I, a= 1r; A) becomes negative. Although strictly speaking Eq. (5.A16) cannot be used 
anymore, the interpretation is that the drift orbit lies entirely on the low field side of the 
magnetic axis (i.e. 5 > p). This gives us confidence in characterising drift orbits by their 
radius and shift relative to Ro 

p(I;A) 

5(!; A) 

respectively. 

~ (x(I, a= 0; A)+ x(I, a= 1r; A)) 

(2I) 112 (1 +A [lq(I) - -
1-] 

2 q(I) 

+ ~A2 [ ~q(I)q'(I) _ ~q(I)2 
_ q(~)2 + ±q(I)q'(I)I]) , 

~ (x(I, a= 0; A)- x(I, a= 1r; A)) 

Aq(I) + A2q(I)q' (I) I, 

(5.26) 

(5.27) 

In Sec. 5.6 we will return to the drift topology for an unperturbed magnetic field in 
detail, using the relations derived here. 

5.4.2 Perturbed magnetic field '1/Jp = '1/Jp('l/Jt, cjy, 0): 

The Hamiltonian K(I; A) is sensitive to perturbations that break the integrability. There 
are two sources that can destroy the drift topology of nested tori. One is the introduction 
of perturbations in the electric potential [22], the other source are magnetic perturbations 
that break the axial symmetry of the unperturbed field. The magnetic perturbations 
affect the drift topology via two terms in the Hamiltonian Wp: via the magnetic field line 
Hamiltonian 1/Jp asgiven in Eqs. (5.15) and (5.16), and via [bcf>h [Eq. (5.22)]. This leads to 
a perturbation 5nm = (€mn(1/Jt) + (2A'lj;t/q(1/Jt))[dtmn(1/Jt)/d1/Jt]) cos(mO + n4>) to first order 
in A and the perturbation parameter tnm· Successive coordinate transformations finally 
give the effect of the magnetic field perturbations on the drift Hamiltonian K(I; A) 

K(I, 4>, a; A)= K(I; A)+ L 5nm(I; A) cos(ma + n4>). (5.28) 
nm 

The precise formulation of 5nm(I; A) in terms of tnm is given in Appendix 5.B. Analogous 
to the treatment of the magnetic perturbations with the calculation of magnetic island 
widths in Sec. 2.3.2 and 3.2.2, we can calculate the width of the drift island as 

f:).Inm = 215nm (/nmi A) 11/2 
8wD/8Inm ' 

(5.29) 

in the canonical coordinate I and in physical space, using Eq. (5.A16), up to first order 
in A, for a= 0,1r (s = ±1) 
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(1 +A [sq
1
(/11m)(2lnm)

1
1
2 + ~q(I,..m) + q'(Inm)lnm + 2q(~nm)- q'~~;:~~;m]), 

(5.30) 

where Inm determines the surface of resonance in the unperturbed drift Hamiltonian: 
wn(Inmi >.) = nfm. Whenever Inm is very close to zero, such that IJ.lnm and Inm become 
of the same order, it is better to calculate the half width of the island as t::.;?m x(I + 
!:::.Inmi >.)- x(I; >.) using Eq. (5.A16). In any case we see that the width t::.;?m of the drift 
island depends on the poloidal angle, whereas the magnetic island with width t::.t:"m does 
not in our model. 

5.4.3 Finite electric field 

To complete this section suppose that a time-independent electric field is present, gen-
- 1/2 

erated by a potential <P(r). The formula U ( m~c4 + ·lm~c2v[ + m~c2hB(r)) still 
gives the parallel velocity, but the kinetic energy U is changing according to U + e<P = 
U0 = constant where U0 is the initial energy of the particle. As a consequence, >. now 
varies with position because both v11 and 'Y change due to the electric field E = \7<1?. 
Straightforward substitution of these dependencies introduces the EX B-drift and the 
acceleration/decelaration of a particle due to the electric field. 

Assume that we have a weak toroidal electric field generated by a potential <P = 
V4>/(2n), that is uniform over a poloidal cross section. During one toroidal transit an 
electron gains an energy of !J.U = eV and as a consequence the relativistic mass factor 
changes as 'Y(4>) 'Yo(l+eV4>/(27r'Yom0c2

)), where 1> is not restricted to the interval 
[0, 2n] and the initial relativistic mass factor is given by 'Yo· We now assume that a 
runaway electron already has a relativistic energy (vll ~c), such that the energy increase 
due to the electric field will practically only contribute to an increase of the mass rather 
than the parallel velocity. Therefore, the effect of a toroidal electric field can to a very 
good approximation be described by a linear increase of>. via the linear increase of 'Y· 

When adding a toroidal electric field to the guiding centre equations there is in princi
ple a perpendicular drift E4>Bqj B 2 that could alter the expressions for p(l; .X) [Eq. (5.26)] 
and 8(!; >.) [Eq. (5.27)]. However, for runaway electrons with relativistic energies the 
magnitude of this additional drift is, under normal tokamak conditions, many orders of 
magnitude smaller than the most important drift, the curvature drift. Consequently, one 
expects that the alterations to the particle orbit due to this drift are minimal. Further
more, we have to keep in mind that the electric field is small, so that the EX B-- drift 
velocity VE is small compared to the particle velocity: VE « v11 (i.e. the electric field 
changes over length scales, much larger than typical drift length scales), in order to jus
tify the neglection of so-called relativistic drifts (see e.g. [23]). 

We want to stress that in obtaining the expressions in this section we did not assume 
any particular form for the safety factor q(x), and therefore for the current distribution, 
or for the perturbation function enm(x). 
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5.5 Numerical procedures 

We developed two numerical codes: a code that calculates the drift topology of the guiding 
centres of passing particles, referred to as the GC-code, and a code that calculates the 
full particle orbit, the FO-code. The GC-code is used to check our analytical work in 
Sec. 5.4 and to extend our insight of guiding centre motions in a magnetic field with 
chaotic regions. The FO-code is used to verify the results obtained by the guiding centre 
approximation. 

5.5.1 Guiding centre code 

We are interested in the drift topology in a physical coordinate system. Therefore, it is not 
necessary to study the time behaviour of the guiding centre motion. For the coordinate 
system we choose the cylindrical coordinate system (R, rp, z) were rjJ equals the toroidal 
angle. From Eq. (5.19) we obtain the equations that describe the topology 

dR _ RBR + ('Ymo/e)[Vx(vnb)]R dz 
drp- B41 + ('Ymo/e}[Vx(vnb)],.' 

RBz + bmo/e)[Vx(vub)]z 
B.p + ('ym0/e)[Vx(vllb)]q,' 

(5.31) 

where [· · ·]i denotes component i of the vector product. The parallel velocity is a function 
of position r, energy U and h 

( 
2 2 4 2 2 ) l/2 ) vu = ± U - m0c m0c hB(r) /bmoc . (5.32) 

In the following we choose the minus sign, corresponding to runaway electrons running 
opposite to the plasma current. The magnetic field is given by Eqs. (5.9) and (5.10). 

The calculation of the drift lines is done by using the mapping technique, as it was 
described in Sec. 3.2.1 for solving the field line equations. For the drift topology, however, 
we use B* instead of B. Calculating the magnetic field on each grid point by using 
Eqs. (5.9) and (5.10) we then use this to compute B* numerically on each grid point 
without any additional approximation. We want to note here that this computation 
of the modified magnetic field on a discrete grid is only useful if passing particles are 
considered, because only for these particles the parallel velocities can be computed over 
the entire cross section. Knowing each component of the modified magnetic field B* at 
each grid point we translate this into a set of functions M*M R, z) and M*; ( R, Z) that 
tell us at what point (R"+\zk+l) = (M*~(R"',zk),M*;(Rk,zk)) a drift line intersects 

section k + 1, knowing the initial point ( Rk, zk) on cross section k. The set of functions is 
created by numerical integration of the drift line equations, Eqs. (5.31), from a grid point 
( Rfi, zt) to the intersection at the next cross section k + 1: ( M*A(Rt, zt), lvf*;(Rt, zt)) 
[similar to Fig. 3.2]. Also now, interpolation schemes between grid points are used to 
construct the functions across the whole cross section. The functions labeled with k = Nq, 
complete the circle in the toroidal direction. The advantages of this mapping technique are 
appreciated best once the set of functions M*~ and M*zk has been created. A large number 
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of field line trajectories can be followed simultaneously and the computations can be done 
more accurately and much faster when compared with conventional integration schemes, 
making this mapping technique more flexible than directly integrating Eqs. (5.31). 

5.5.2 Full orbit code 

In a full orbit calculation there are no restrictions on the length scales over which the 
magnetic field may vary, as it is the case for the guiding centre approximation used in the 
analytical calculations and the GC-code. However, there is a restriction on the use of a 
FO-code because calculations can take up tens of CPU hours on a workstation for a good 
accuracy of the computations. We numerically integrated the full equations of motion 
of a particle including the gyro motion in the magnetic field given by Eqs. (5.9) and 
(5.10) with a time step of 10-4-2 · 10-3 of a gyro period. This gave a numerical energy 
conservation of better than 10-12• Approximately 10 data points per gyro period were 
used to determine the guiding centre position of the particle at a chosen cross section. 

Pointwise comparison of individual guiding centre positions of identical particles in the 
GC-code and the FO-code is not feasible. The reason is that the motion of the guiding 
centre in the FO-code depends on the actual initial position of the particle. There are 
thus infinitely many initial positions of the electron that have the same initial guiding 
centre position. After a time t the positions of the guiding centres are not necessarily the 
same. This is especially true in a chaotic field, where small changes in the initial condition 
may result in large deviations at a later time. However, we can compare the results~ of 
the codes in orbit characteristics like radii of drift surfaces, drift island widths and shape 
and so on. 

5.6 Analytical and numerical results 

We will divide our analysis in a part concerning drift motions in an unperturbed magnetic 
field [Sec. 5.6.1] and a part with additional perturbations [Sec. 5.6.2]. The magnetic 
field depends on the choice of the strength on the magnetic axis (B0 ) the aspect ratio 
(Ro/a), the functional dependence of q{x) on x which reflects the current profile and, 
in the case of perturbations, on the perturbation amplitudes enm(x). For simplicity of 
the discussion we discuss the results for the following set of parameters based on the 
TEXTOR tokamak: Bo = 2.25 T, Rofa = 1.75/0.46, q(x) qo + (qa qo)R5x2 ja2

, 

or q('l/Jt) = qo + 2(qa - q0)R5V;t/a2 in flux coordinates, with q0 0.82 and q, = 3.89 
(corresponding to a plasma current of approximately 350 kA) the values of the safety 
factor at the magnetic axis and the plasma edge respectively. We have chosen this set for 
comparison with the results of Jaspers et al. [4] in Sec. 5.7. For other choices, the results 
can be obtained easily with Eqs. (5.26), (5.27) and (5.30). 

The amplitude of the perturbations we choose to depend on x as C:nm(x) = !enmx2 

with lenml « 1. This corresponds to a global perturbation, i.e. a perturbation that is felt 
everywhere in the plasma. 
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The runaway electrons of interest have a parallel velocity very close to the velocity 
of light c, so that the parameter >. = 'fmovn/(eBoRo) = 'fmoc/(eB0Ro) is a measure of 
energy U as ('Y U(m0€?)-1). Furthermore, because the analytical expressions are not 
sensitive to variations in the transverse adiabatic invariant J 1_ (as long as the pitch angle 
is small), we performed all numerical computations for one choice of the magnetic moment 
J.L = mohh ~ 10-14Am-2 , both in the GC-code and in the FO-code. 

In the discussion, the motion in the poloidal plane is described in the canonical coor
dinate system (I, a) and the physical coordinate system (x, 0). The coordinates I and a 
are the action and angle coordinates of the drift motion. I is a coordinate analog to the 
canonical coordinate '1/Jt for the magnetic field and it equals '1/Jt for zero energy (>. 0). In 
that case, the motion described by I and a is the "motion" of the magnetic field lines. 

5.6.1 Drift topology in an unperturbed magnetic field 

In this subsection the results are presented for the drift topology in an unperturbed 
magnetic field using the analytic results of Sec. 5.4. The GC-code was used to check the 
correctness of the analytical expressions for different values of >., whereas the FO-code 
has been used in one case to check the validity of the guiding centre approximation. 

The pitch of the drift surfaces qv(I; >.) is defined as the inverse of the rotational 
transform (qv(!;>.) 1/wv(I; >.))and can be calculated using Eq. (5.24), with the choice 
q(I) = q0 + 2(q,. q0)mi Ja2

. We observe that qv is only identical to the safety factor q 
of the magnetic field in the case >. = 0. A consequence is that the drift topology cannot 
be seen as a shifted magnetic topology. In Fig. 5.2 the profile of qv(/;>.) is plotted versus 
I for different values of the parameter >.. For increasing >., i.e. increasing energy, the 
qv-profile of the drift topology becomes a nonlinear function of I. 

If I qv ( >.) denotes the value of I for a drift surface with a fixed pitch qv as a function of 
>., Fig.-5.2 shows that I qv(>.) decreases with increasing >. as it "moves" along a horizontal 
line from right to left in Fig. 5.2, starting from the curve labeled >. = 0. This means that a 
drift surface with a pitch qv has a smaller radius than a magnetic flux surface with safety 
factor q qv. Because I can only be positive, it must be concluded that the drift surface 
with this pitch cannot exist anymore for >. > Ac with I qv (>..c) = 0. For the chosen set of 
variables to model the magnetic field, we see that there is no drift surface with qv = 1 
fm a particle with >. ,;::, 0.05. 

To illustrate the decreasing radius, Fig. 5.3 shows p(lqv (>.); >.) as a function of>. for two 
values of qv (solid lines) and numerical results obtained with the GC-code (boxes). The 
radius of a drift surface with fixed qv is decreasing with increasing .\ and it is decreasing 
faster for higher energies, as is consistent with the observations from Fig. 5.2. The result 
is that eventually the drift surface does not intersect the flux surface with q = qv, but 
falls entirely inside it; negative dqv (>.) x(lqv (.\),a = 0; >.) - Xnmo For >. exceeding a 
critical value the radius becomes zero and the drift surface ceases to exist. 

Also plotted in Fig. 5.3 are the shift 8(/qv(>.); >.)and the distance dq0 (>.) between the 
low field side intersection with the equatorial plane of the drift and flux surfaces with 
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Figure 5.2: qD-profile, 1/wD, of the drift topology as function of I for several 
values of the parameter >.. The curve labeled >. = 0 corresponds to the q-profile 
of the magnetic field in flux coordinates. Starting from the ">. = 0 "-curve drift 
surfaces "move" along horizontal lines from right to left for increasing energy 
{increasing >.), whereas particles move along vertical lines from bottom to top. 
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the same rotational transform. For comparison, the commonly used expression for the 
shift, J qD>., is also shown. The dependence of the shift J(/9D(>.);.A) is linear up to 
>. 0.02-0.03 (Corresponding to U ~ 24-36 MeV for the TEXTOR parameters). For 
larger A the shift increases less than linearly. The full particle orbit of an electron near 
the qD 1 drift surface with A ~ 0.035 confirms these observations. 

For qD = 1 there is excellent agreement between our analytical and numerical calcu
lations, whereas for qD 2 the analytical and numerical calculations start to disagree for 
A /!:., 0.05. The reason for this disagreement is the slow convergence of the perturbation 
series for higher energies and large qD-values because the higher order terms in A are 
comparable in value to the zeroth order term. 

In Fig 5.4 we plotted p(l9D(>.); .X) and 8(190 (.\); .A) for qD 1 for other values of 
the aspect ratio R0 / a and the edge value of the safety factor qa. The appearances of 
p(/90 (.\); .X) and 8(/90 (>.); A) as function of A are similar for different values of the aspect 
ratio and edge value of the safety factor. A change in the aspect ratio mostly contributes 
to a rescaling of the parameter >.. At lower qa the radius of the q = 1 flux surface is larger, 
such that the qD = 1 drift surface reaches a zero radius at larger values of .\. 

From Fig. 5.2 we see that the so-called drift separatrix in the drift topology (qD 

oo) approaches the plasma boundary when >. is increased. For our set of variables for 
the magnetic field, all drift surfaces with a negative derivative 8I<(I; A)/81 are lost for 
A > A00 ~ 0.11 (Corresponding to U ~ 130 MeV for TEXTOR parameters). According 
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Figure 5.3: Plots of p(IqD(>.);>.), o(IqD(>.);>.) and dqD(>.) as a function of). for 
two values of the qn-profile of the drift topology: {a) qn = 1. {b) qn = 2. The 
solid symbols are obtained by analyzing the numerical drift topology of the GC
code. The solid curve and boxes refer to the radius p(IqD(.A.); >.) of the drift surface 
showing a decreasing dependence with >.. The dashed-dotted curve and triangles 
show the shift of the midpoint o(lqv (>.);A) of the drift surface, whereas the dashed 
curve with the circles show the difference dqD ( >.) of the low field side positions 
of flux and drift surfaces. The dotted line shows the commonly used dependency 
8 = qn>.. for the shift of the drift surface, which is only valid for low energies. 

to numerical simulations with the GC-code the remaining drift surfaces, with positive 
· 8K(I; A)/81, intersect the plasma edge at x = af 14>, such that runaway electrons with 
energy A > A00 cannot be confined to the plasma. The numerical simulations provided 
0.081 ::::_ A00 ::::_ 0.085 as a more accurate value. It should be realized that in an experiment, 
other processes such as synchrotron radiation and resonant interaction with the magnetic 
field ripple may limit the maximum energy even further [24]. 

The decrease of the radius of the drift surface is connected to the observation that the 
orbit of an accelerated electron has a continuously changing pitch during the acceleration; 
more precisely, the pitch increases. The precise motion of an accelerated electron can be 
obtained easily from the results of Sec. 5.4.3 with the substitution 'Y -t 7(4>). During 
acceleration by a toroidal electric field, the canonical momentum I remains a constant 
of motion, because 81 /84> -8K(I, 4>; .A)/8a 0. Therefore the motion is in Fig. 5.2 
along a vertical line upwards with increasing A, starting from the curve labeled A = 0, 
with a constant action 10 • During the acceleration the electron moves instantly on drift 
surfaces parametrized by the same value 10 but with increasing A. Consequently, Fig. 5.2 
shows that the pitch qe(A) = qn(I0 ; A) of the electron orbit changes continuously during 
the acceleration. For high energetic particles the toroidal velocity, and therefore the 
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Figure 5.4: Plots of p(IqD(.X); >.) (solid lines} and o(IqD (.X);.>.) {dashed-dotted lines) 
as a function of A for qv 1 and qa = 2.5 and qa = 7 with (a) Ro/a = 2.5 and 
{b) Ro/a = 5 . The decrease of the radius of a fixed qv drift surface as well as 
the nonlinear increase of the shift with increasing A is similar as in Fig. 5.3. 

toroidal transit frequency, can hardly be altered during acceleration. The increase of 
qe(A.) therefore must be realized by a decreasing poloidal transit frequency. 

We characterize the particle motion by calculating the radius p(/0 ; .X) and the shift 
8(10 ; .X) of the particle drift orbit. In Fig. 5.5 all the quantities p(/0 ; .X) and J(/0 ; .>.) are 
plotted, together with their counterparts p(IqD(>.); .>.) and 8(/qD(.>.); .>.) for constant qv 
drift surfaces. Six initial points start from different magnetic flux surfaces with different 
q. At A = 0 these surfaces correspond to drift surfaces with qv = q such that / 0 can be 
obtained from Eq. (5.24) with wv(/0 , >. = 0) = ljq. The positions of the drift surfaces 
are calculated, as before, by keeping qv constant and computing lqD(>.) via Eq. (5.24) for 
different values of.>.. From Fig. 5.5 we see that, during the acceleration of an electron, the 
electron indeed moves instantly on drift surfaces. Because 10 is constant for an accelerating 
electron, and >.is a small parameter, the shift 8(/0 ; .>.) is practically linearly dependent on 
A [Eq. (5.27) and Fig. 5.5(b)] whereas 8(IqD(>.); >.)is not, because I9D(>.) depends on the 
energy. 

The disappearance of a drift surface, e.g. qv 1, near >. R:J 0.05, corresponds to the 
point where an accelerated electron started on the magnetic axis, i.e 10 0, reaches an 
energy that satisfies qe(..\c) = qv(Io = 0; Ac) 1. Because the pitches qe of the electron 
orbits are continuously increasing there is no drift surface with qv 1 for energies higher 
than >.c. This fact says: there is no electron with energy >. > Ac moving on an orbit with 
a pitch qv(Io 0; ..\c). 

These results are consistent with the results of Zehrfeld et al. [5J. They state that 



102 

0.8 

---

0.2 

DRIFT ORBITS IN AXISYMMETRIC AND CHAOTIC MAGNETIC FIELDS 

0.4 

d? 
-m 
• 0.2 

----);, 1 .. ~'~ 
0.0-+----__;;;=,. _ __;;;;;=-=::........; 0.0--l"'--------.-----1 

0.0 0.05 0.1 
A 

0.0 0.05 
A 

Figure 5.5: Motion of accelerated electrons (solid lines) characterized by the energy 
dependence of {a) the radius p(Ic; .\) and (b) the shift 8(Ic; .\). The motion of 
six electrons are plotted that started with zero energy (>. = 0) on the magnetic 
flux surfaces with q = 0.82, 1, 1.5, 2, 2.5, 3. For the corresponding drift surfaces, 
qv= 1, 1.5, 2, 2.5, 3, the radius p(Iq0 (>.); >.) and the shift 8(Iqo)(>.i >.) are plotted as 
dashed-dotted lines if the analytical and numerical results are in agreement within 
10% and as dotted lines otherwise. During the acceleration the electrons move on 
drift surfaces with decreasing rotational transform. 

0.1 

during a weak acceleration the cross sectional area of the orbit of an electron remains 
constant under acceleration. Thus the area of the drift surfaces qv(I0 ; A1) and qv(I0 ; >.2) 

are the same for constant 10 and >.2 > >.1. The radius p(/0 ; A), increases during the 
acceleration [Fig. 5.5(a)J, hence the extent of the orbit in vertical direction must decrease. 
This is precisely what is found in Poincare plots obtained with the GC-code. The fact 
that the pitch of the particle orbit changes for accelerated electrons, is new. 

5.6.2 Drift topology in a perturbed magnetic field 

Perturbations to the magnetic field given in Eq. (5.10) change both the magnetic and 
drift topology according to Hamiltonian theory. One important observation is that our 
perturbations not only destroy the surfaces in primary resonance, but all surfaces with the 
same toroidal mode number n will degenerate into island structures. This degeneration 
of resonant surfaces is the only similarity between the magnetic and drift topologies; the 
qualitative as well as the quantitative response of the topologies to perturbations are 
different. The physical reason is the nonzero mass of a particle resulting in drifts, which 
in turn have their effect on the drift topology. We already saw the change of the rotational 
transform with energy. However, also the amplitude, 5nm(I), of the resulting perturbation 
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in the drift topology changes, as seen in Eq. (5.B3): besides the magnetic perturbation 
term Enm(I), there are additional terms as a result of the complex motion of a nonzero 
mass particle in a magnetic field. 

We discuss the effects of magnetic perturbations that break the axial symmetry by 
considering ( i) a perturbation with a single mode and ( ii) a perturbation with multiple 
modes and stochasticity. 

Perturbation with one mode 

We consider a perturbation with a single mode Enm, and look at the effect on the corre
sponding resonant flux and drift surfaces for >. = Ac where the radius of the drift surface 
is zero. 

The perturbation amplitude for the drift topology, due to one mode Enm, is given by 
substituting Eq. (5.16) into Eq. (5.B3) with the result 

(5.33) 

From Fig. 5.2 we know that the value of Inm for the resonant drift surface 1/wv(Inm) = 
m/n decreases to zero as>. increases. Using this information, the perturbation amplitude 
c5nm(Inm) on the resonant surface decreases to zero as c5nm rv Inm for increasing >.. As 
a result the island width of the resonant island b.lnm decreases with increasing >., until 
>. reaches the value at which both the resonant drift surface qv = m/n and the island 
have disappeared. Obviously, the perturbation does not disappear, it has, however, no 
destructive effect on the remaining drift surfaces. We note here that in the case of multiple 
magnetic perturbations with the same toroidal mode number, c5nm(Inm) approaches to zero 
as c5nm rv I~f; if Cnm rv I. 

Magnetic perturbation with multiple modes 

The drift topology is very sensitive to global magnetic perturbations, and even more 
sensitive to these perturbations than the magnetic topology itself. From Eq. (5.B3) it 
can be seen that c5nm(I) is nonzero to lowest order for every nonzero perturbation sn,m+k 
with k = 0, ±1, ±2, ±3, or said otherwise, every magnetic perturbation cnm destroys all 
drift surfaces with qv = (m+ k)/n. The sensitivity of the sideband resonances (k -j. 0) 
to magnetic perturbations can result in stochasticity in the drift topology due to overlap 
of drift islands whereas the magnetic topology may still possess closed flux surfaces. This 
depends on the strengths of the magnetic perturbations and on >.. 

The width of the drift islands [Eq. (5.30)], resulting from magnetic perturbations, have 
been checked with numerical calculations for a number of different values of >. and per
turbation amplitudes. One example is given in Fig. 5.6, showing good agreement between 
both. The same agreement was found for other energies and perturbation amplitudes, 
which includes the width of sideband resonances. 

For growing mode amplitudes, islands will overlap when the sum of the half widths 
of two neighbouring resonant drift surfaces, computed with Eq. (5.30), is larger than 
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Figure 5.6: Poincare plot of a drift topology for electrons with >. = 0.025 
(corresponding to 30 Me V electrons in TEXTOR) with perturbation amplitudes 
En = w-2 , E12 = 3 · 10-3 , f13 = 4 · 10-4 , €23 = 10-3 • The thick lines give the 
island widths of the principal islands using Eq. {5.30). 

the separation between these surfaces. In the overlapping region chaotic motion of drift 
lines will occur and this reduces the remnants of the principal islands. Because multiple 
perturbation modes can alter the magnetic field over short ranges, and because the gyro 
radius of a runaway electron can be rather large, it is necessary to check the validity of the 
guiding centre approximation, especially if the perturbation amplitudes are large enough 
to cause stochasticity. 

The FO-code has been used for different energies and perturbation amplitudes to check 
the validity of the guiding centre approximation in the magnetic field used in this chapter. 
The results confirm the guiding centre calculations. For a magnetic field with not too high 
mode numbers a Poincare plot has been made for a particle with a guiding centre just 
outside a drift island (Fig 5.7). There is a good agreement between the GC-code and the 
FO-code. Due to the "stickiness'' of the island, the guiding centre stays close to the island 
for a large number of toroidal transits. The differences between the codes in pointwise 
comparisons can be explained by the sensitivity on initial conditions in the chaotic region 
around the island: a small mismatch in the initial guiding centre positions results in 
differences between their Poincare plots. Inside the island there is also good agreement 
between both codes. 
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5. 7 Beam of runaway electrons in a chaotic 
magnetic field 
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In [4] experiments in the TEXTOR tokamak are reported, in which runaway electrons with 
energies up to 30 Me V are diagnosed by means of the synchrotron radiation they emit. A 
particularly interesting experiment, to which the theory developed in this chapter is fully 
applicable, involves the observation of a narrow beam of runaway electrons U ~ 25 Me V. 
The beam has an= 1, m 1 mode structure, and is interpreted as an= 1, m= 1 drift 
island. The beam is created by injecting a pellet into a low density discharge. This induces 
a short period of field stochastization, in which all runaway electrons are lost, except those 
in the drift island. The runaway beam appears to have nearly perfect confinement: it does 
not decay or spread out. The unique aspect of this experiment is that, because of the 
mode structure, qn is known exactly for the electrons in the beam (i.e. qv = 1). Thus, 
it is possible to compare the radius (p) and shift (6) of the drift surface directly to those 
of the q = 1 magnetic surface. p and 6 can be determined experimentally. For the 
interpretation of these measurements the theory developed in this chapter deviates from 
the conventional theory for the energy of interest. This is summarized in Table 5.1. An 
interesting observation is that the theory predicts the radius of the qv = 1 drift island 
to be smaller than that of the q = 1 flux surface, while experimentally the opposite was 
found, but it should be stressed that the radii were not determined at the same time in 
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Table 5.1: Comparison of experimental data (4] with conventional theory for run
away electrons and with the results obtained in Sec. 5.4. Conventional theory 
predicts that the drift surfaces with a pitch qv have a linear shift with energy 
(8 = qv>.) and a radius p that is the same as the radius Xq of the flux surface with 

q =qv: q(xq) = qo+(qa-qo)x~R6/a2 =qv. In Sec. 5.4 corrections are given that 
lead to Eqs. {5.26} and {5.27}. It is observed that the theory of Sec. 5.4 predicts 
a smaller radius of the drift surface, whereas the experiments show the opposite. 
However, the radii of the flux and drift surfaces are determined in different parts 
of the plasma discharge. 

Experiment [4] I Conventional theory I Results of Sec. 5.4 

Roxq=l = 9 ± 1 cm Roxq=l = 9 ± 1 cm Roxq=l = 9 ± 1 cm 
(measured sawteeth (qa = 3.89, Qo = 0.88 ± 0.03) 

inversion radius) 
R0§ = 4± 1 cm U= 27±7 MeV U = 27 ± 7 Me V (.A= 0.023 ± 0.006) 
R0 p = 11 ± 2 cm Rop = 9± 1 cm R0 p = 7.5 ± 1.2 cm 

the plasma discharge and that the error bars are too large to make a firm conclusion. A 
new setup of the diagnostics may give a more definitive answer in the near future. 

A question left open in [4] is whether the beam is physically located inside a magnetic 
island or in a region with chaotic field lines. We will discuss this for a drift island with a 
n = 1, m= 1 structure. The distance between the q = 1 magnetic surface and the QD = 1 
drift surface at the low field side of the torus is given by dqv=l (.A = 0.021) ::::::: 0.054 a/ R0 
for the same parameter set as in Sec. 5.6 [Fig. 5.3(a)]. With a perturbation E11 = 2 · 10-3 

only the q = 1 magnetic island and QD = 1 drift island just touch each other. This can 
be calculated by solving dqv= 1 (.A = 0.021) = ~f{ + ~fL where the half width of the 
magnetic island becomes ~f{ ::::::: 0.026 a/ R0 and of the drift island ~ft ::::::: 0.028 a/ R0 for 
the above perturbation E11 • At toroidal angles qy = 1r /2, 37r /2 the islands will overlap, 
but the island axes will be shifted and at qy = 1r the islands are separated again. By 
introducing additional perturbations with toroidal mode numbers n #1 and high enough 
amplitude, the magnetic field topology, and also the drift topology, can be made chaotic 
leaving the n = m = 1 structure unaffected. In this theoretical procedure one creates a 
drift island of runaway electrons in the region of a chaotic magnetic field. 

Because there are no n = 1 perturbations other than n = 1, m = 1 there is no 
significant q = 2 magnetic island, in contrast with the experiments. The above imagi
nary procedure is not more difficult if other perturbations with the same toroidal mode 
number n are included, although, to solve dqv= 1 (.A) = ~f{ + ~ft for the island widths, 
all perturbation amplitudes but one have to be fixed in order to adjust the last one by 
satisfying the touching condition. Stochasticity can again be introduced by overlapping 
perturbations with different toroidal mode numbers resonant at surfaces between the main 
islands but without overlap with the main islands. A second possibility to include a large 
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Figure 5.8: Poincare plots for the magnetic and drift topology for perturbation 
amplitudes as in Fig. 5. 7 for an electron with >.. = 0.021 {corresponding to 25 Me V 
electrons in TEXTOR). Only the regions with islands or intact surfaces are plotted 
for clearness. (a) Magnetic topology. (b) Drift topology. 

n = 1, m = 2 island and touching n = m = 1 drift and magnetic islands, is by fixing 
the amplitudes of these two perturbations and adding higher mode number perturbations 
that overlap with the n m = 1 island to reduce its width such, that the drift and mag
netic islands just touch. As an example we considered two perturbations c:11 = 3 · 10-3 

and ~:12 = 10-2 that produce two separate islands with half widths b.~ = 0.056 af Ru 
and D.fi = 0.14 af R0 with intact flux surfaces between them. These flux surfaces can 
then be destroyed by adding perturbations with toroidal mode number n :f= 1, such that 
overlapping islands introduce a chaotic region and reduce the q 1 magnetic island to the 
width b.~ ~ 0.028 af R0 while simultaneously reducing the width of the drift island. In 
Fig. 5.8 the results are plotted for a computation by the GC-code. One observes secondary 
islands inside the qv 2 drift island, indicating the sensitivity of the drift topology to 
global perturbations. It should be noted that the separation of the drift islands from the 
magnetic islands is energy dependent. 

5.8 Discussion 

In this chapter we computed the characteristics of the motion of runaway electrons in a 
magnetic field by using the general expressions derived in Sec. and checked it against 
numerical computations of the drift topology and full particle orbit computations. All 
three methods gave consistent results in their region of validity. Our analytical expressions 
give a good quantitative description of the drift topology up to ,\ 'Ymoc/(eB0R0 ) "' 
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0.06 for the magnetic field parameters chosen, and satisfactory qualitative predictions for 
higher values. For the stochasticity produced by magnetic perturbations of low mode 
numbers as used in Sec. 5.6, the guiding centre approximation is valid. 

The drift topology cannot be seen as a shifted magnetic topology; it is much more 
complex even for an unperturbed magnetic field. The shear in the Qv-profile does not 
remain constant, but it increases with a growing particle energy. Furthermore, the radii of 
the drift surfaces decrease with increasing energy. As a consequence, accelerated electrons 
move across drift surfaces and therefore change their rotational transform We continously. 
This can be understood by the conservation of the canonical momentum I. The decrease 
of the radius of the drift surface continues until it is zero, after which the drift surface 
no longer exists for higher energies. The zero radius coincides with the point where the 
pitch of an accelerated electron, started at the magnetic axis, 10 = 0, with zero energy, 
matches the pitch of the drift surface: qe(I0 0; >.) Qv. This loss of drift surfaces is a 
consequence of the fact that there are no electrons with energies >. > Ac moving on orbits 
with a pitch Qe < Qv(Io = 0; Ac)· 

Global perturbations to the magnetic field destroy the topology of nested drift surfaces. 
In the case that there is no overlap between the resulting islands, the island widths can be 
calculated accurately. The drift topology is more sensitive to global perturbations than 
the magnetic field, as is observed in Fig. 5.8. Islands in the drift topology have been 
found in the regions with chaotic magnetic field lines, produced by perturbations with 
several modes. However, if stochasticity is introduced by island overlapping of only a 
few large magnetic islands with low mode numbers, the drift islands will partly coincide 
with the magnetic islands as the large perturbation amplitudes, necessary for the overlap 
criterion, create islands bigger than the separation between the drift and flux surfaces in 
real space. This is the reason that the runaway snake in [4], with a half width of""' 2.5 cm 
(.!lfi ""0.054 a/ Ro), in the order of the separation dqD=l (>. = 0.021), has probably overlap 
with the magnetic island and only partially exists in the region with chaotic magnetic field 
lines. 

Although global perturbations were used, the effect of local perturbations can be 
understood qualitatively. From Eq. (5.33) it is observed that global perturbations have 
a larger influence on the drift topology than on the magnetic topology (>. = 0). A local 
perturbation to the magnetic field like C'nm(x) "-' x2 exp[-(xnm- x)2 /a-] with the radius of 
the resonant flux surface Xnm, i.e. q(xnm) mjn, and a- a small number, transforms into 

(5.34) 

for the drift topology. The value for Inm of the resonant drift surface will decrease with 
growing >., starting at ~x;m for ).. = 0. This results in an exponential decay of the 
destructive effect of the perturbation on the resonant drift surface. It is therefore expected 
that very localized perturbations, with a short range, leave the motion of high energetic 
electrons unaffected. The reason is that, due to the shifts, the runaway electrons only feel 
the perturbation for a very short period during their motions when their orbits intersect 
the resonant band. For very high energies, when dqD(>.) < 0, there is no intersection with 
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the perturbation area. If stochasticity in the magnetic field is introduced by overlapping 
of localized resonant perturbations, the drift topology for runaway electrons will be less 
sensitive to stochastization than the drift topology of thermal electrons. This might 
explain the better confinement of runaway electrons over the confinement of thermal 
electrons (see also [25, 26]). 

As a last remark we note that our analysis is also true for the ions in a plasma. 
A 3.5 MeV a-particle (v..L/vil "' 0.1) corresponds to >. ~ 0.068 in the chosen magnetic 
field parameters. Furthermore, other magnetic field configurations can be considered by 
changing the values of Ro/a and B0 and taking other q(r)-profiles. This will only change 
quantitative results, but not the qualitative results like the disappearance of drift sur
faces, changing rotational transforms of accelerated particles, and the existence of drift 
islands inside a chaotic magnetic field. Also other radial dependencies of the perturba
tion amplitudes C:nm(x) might be considered, that might better represent experimental 
observations. 

5.A Transformation equations for (Wt, 0) -t (I, a) 

In this appendix a transformation is made from the coordinates 

'1/Jt - >.R01 (bu]o, 
lJ + >.R;)1[b,u,]o, (5.Al) 

to new coordinates (I, a) such that the Hamiltonian that describes the unperturbed drift 
topology 

(5.A2) 

can be written as a function K(I; >.) of the new coordinate I only. In this way the drift 
topology will become a set of nested tori in the phase space spanned by (/,</>,a). The 
transformation equations will only change the shape of the tori. 

Before constructing the transformation equations, 1]! 11 , '1/Jt and {j have to be written 
as functions of Wt and ii. The covariant components of b are therefore expanded up to 
second order in x 

(blb]o (J-1b · ('VOX'V'I/Jt)]o 

~ Ro ( 1 + (2'1/Jt) 112 cos{} 

[bo]o (J-1b · ('V'I/JtX'Vc,&)]o 
2Ro'I/Jt 

~ - q('I/Jt), 

[b,u,]o [r 1h · ('Vc,&x'VO)]o 

~ -~ (C2'1/Jt) 112 sin0 
q('I/Jt) 

(5.A3) 

{5.A4) 

2'1/J/} + '1/Jt sin 28) , (5.A5) 
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where we used (} ::::::: iJ + (21Pt)112 siniJ. J = (R0R2)-1 is the Jacobian for the coordinate 
transformation (x, c/>, B) -+ ( 1/Jt, c/>, B). The safety factor of the axially symmetric magnetic 
field is given by the function q( 1/lt)· The above relations enable us to give 1/Jt and lJ as 
functions of the coordinates Wt and 0 up to first order in A 

(5.A6) 

Note that the term 21/!tB in Eq. (5.A5) makes that 0 is not a proper angle. In principle it is 
possible to construct a coordinate transformation in which the radial covariant component 
[b.p,]o vanishes (see [14]) and this would eliminate this difficulty of 0. Because of this fact 
and because Eq. (5.A5) is only used up to order (21Pt) 112 , we will not go into more detail 
about this problem. 

Substitution of Eqs. (5.A6) and (5.A3) into Eq. (5.A2) gives up to first order in A and 
second order in x 

(5.A7) 

where the constant part, which is of no use, has been left out. In view of perturbation 
theory WP is a Hamiltonian that consists of an integrable part 'l'po = - f d'l't q('l't)- 1 

and a small additional nonintegrable part 'l'pb such that 'l'p = 'l'po + -X'I'pt· The aim is 
to find a transformation ('1ft, B) -+ (I, a) such that the Hamiltonian, K(I; .\) = K0(I) + 
.\K1(I)+A2 K 2 (I)+· ··,in the new coordinates is a function of I alone. The transformation 
equations are generated by the generating function S(I, B; .\) = I0+.\S1 (I, B)+.\2 S2 (J, B)+ 
· · · and the transformation equations 

\If - 8S(I, B; -X) 
t- ae ' 8S(I, B; .\) 

a= 8! . (5.A8) 

It is clear that for A 0 the generating function generates the identity transformation 
and that K = WP as expected. For nonzero A we obtain K and S by classical perturbation 
theory [19) 

wpO(I), 

(wpt(I, iJ) )9, 

I~ 82\lfpO(I) (asl c:_, B)) 2 
+ f)'lfpl (I, 0) asl <:. 0)) 

\2 &I2 aB &I ae 9' 

and for the generating function 

as1 (I, 8) 
oB = 

8S2 (I, iJ) 
aiJ = 

(5.A9) 

(5.A10) 

(5.All) 
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Here (F)0 = (21r)-1 J dO F refers to an average ofF over e, and {F}o = F- (F)0 gives 
the oscillating part of F. 

The final result of these calculations will be 

K(I; A.)=- I q~~)- A(/- q(~)2) + ~).2 (q(I) + q'(I)I + q(I)I + ~q'(I)I2)' (5.A14) 

for the new Hamiltonian and 

S(I, 0; A.) = !0 

+A. (q(I)(2!) 112 sin0+~q(I)Isin20) 

+A.2 ((2/) 112sin0 [1- ~q(/) 2 + ~q(I)q'(I)I- qtl)q'(I)I] 

+~sin 20 [ ~q(I? + ~q(l)q' (I) I+ I- q(I? I- q~) q' (!)!2
] 

+~q(I)(2!) 1 12 sin30 [~q(I) + q'(I)I] 

+~q(I)Isin40 [q(I) + ~q'(I)I]), (5.A15) 

for the generating function, where q'(I) = dq(I)/dl. Because of the complex generating 
function, the transformation equations (5.A8) cannot be inverted. For our purposes, 
however, this will not be a problem and the transformations as described by Eqs. (5.12), 
(5.A6) and (5.A8) with Eq. (5.A15) have been carried out for a= 0, 1r (s = ±1), to obtain 

x(I, a = 0, 1r; A.) = (2!) 112 

+A. ( sq(I) + ~q(I) (2!)1/2 - (2/)1/2 / q(I)) 

+~A.2 Oq(I)q'(I)(2!) 112 + 2sq(l)q'(I)I- ~q(/) 2 (2!) 1 12 

+~q(I)q'(I)(2J?I2 - (2!)112 fq(/) 2
). (5.A16) 

For large values of A and small I, the higher order terms can become of the order of 
the zeroth order term, indicating that a perturbation theory is not applicable or should 
be carried out to include even higher order terms. However it turns out that Eq. (5.A16) 
is still valid over a large range of values for A.. 

5.B Calculation of the perturbation amplitude 8nm 

The perturbation amplitude tSnm(I; A.) belonging to cos(ma +ne/>), as a response of the 
magnetic perturbations Enm, will be calculated up to first order in A and the magnetic 
perturbation amplitudes. Starting from the the perturbation in \liP 

(5.B1) 
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we substitute the transformation equations (5.A6) to obtain 

L (enm(Wt)- (~) (2Wt)112 [(m+ l)in,m+l(Wt)- (m- l)in,m-1(\llt)]) cos(mB +ne/>). 
nm 2q t 

(5.B2) 
The term with dimn('I/Jt)/d'I/Jt canceled by substitution of '1/Jt as a function of Wt. We 
see that, analog to the magnetic field perturbations, all drift surfaces with pitch (m± 
k)/n are sensitive to a magnetic perturbation m/n. Using the transformation equa
tions (5.A8) with Eq. (5.A15) and writing B as a function of a up to first order in >. gives 
2:nm c5nm(I; >.) cos(ma +ne/>), with 

c5nm(I; >.) = inm(l)- 2q~J) (2!)1/2 [(m+ l)i(I)n,m+l - (m- l)i(I)n,m-1] 

+~). ( q(/)(2/)112 din,~~ 1 (J) - 2(m- l)in,m-1 (/)(2/)-1/2 [~q(J) + q'(I)J]) 

+P (q(I)(2I) 112 din,~;1 (I) + 2(m + l)in,m+1(I)(2I)-112 [~q(I) + q'(I)Ij) 

+~>. (q(I)Idin,~~2 (I) -~(m- 2)in,m-2(I) [q(I) + q'(I)I]) 

+~>. (q(I)Idin,~;2 (I) +~(m+ 2)in,m+2(I) [q(I) + q'(I)I]). (5.B3) 
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Chapter 6 

Application of chaos analysis 
to experimental data 

of tokamak plasmas 

6.1 Introduction 

In the previous chapters the possibilities and consequences of a chaotic magnetic field 
have been studied in a simplified model: no consistent treatment of the interactions of 
the plasma particles with the magnetic field and no temporal dependence. But even 
this simplified model gives complex problems and interesting results. The complexity 
arises as soon as perturbations are added to the unperturbed axially symmetric magnetic 
field, making the equations for the field lines nonintegrable. Chaotic motion can be 
a consequence of this nonintegrability. Along a chaotic trajectory there is an average 
sensitive dependence on the initial conditions. 

Chaotic behaviour is not only observed in nonlinear conservative systems, as our model 
of a tokamak magnetic field, and nonintegrable Hamiltonian systems, but also in the 
enormous class of dissipative systems. After the discovery of chaos in a simple set of three 
nonlinear coupled ordinary differential equations by Lorenz [1], the search for chaotic 
behaviour in physical systems began. The systems in which chaos is found are in no way 
random; they are in principle deterministic. It became obvious that the standard tools to 
analyse erratic time-signals , such as correlation functions and power spectra, could not 
discriminate between noise and chaos. Typically noise is caused by the interplay of a very 
large number of degrees of freedom, whereas chaos in nonlinear deterministic systems can 
be the result of a very small number of degrees of freedom. It is very important to know 
if erratic behaviour is actually chaos. If that is indeed the case, it makes sense to find 
the relevant (low dimensional) phase space, which, in turn, allows efficient strategies to 
control the dynamics. 

115 
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In principle all systems that are described by (a set of coupled) nonlinear differen
tial equations can exhibit chaotic behaviour,1 the actual appearance of which depends 
on the equations and system parameters. In the following discussion we assume that 
unpredictable behaviour is observed. One of the features that is often seen is that the 
trajectory of the system collapses to a subspace (attractor) of the phase space that can 
have a lower dimension than the dimension of the phase space itself. As the dimension 
of the initial phase space increases with the number of equations, it means that the sys
tem, in principle, can be described by a set of equations less in number. Also systems 
that have a phase space of infinite dimension can collapse to a low dimensional attractor. 
Examples of such systems are a delay-differential equation first studied by Mackey and 
Glass [2, 3] and turbulent solutions of the Navier-Stokes partial differential equation [4]. 
The dimension of these systems, however, depends on the system parameters and vary 
from low (3-4) to very high. A first measure of low dimensional chaos is thus naturally 
the determination of the dimension of the attractor. 

In the fluid approximation of a plasma the evolution is described by the partial dif
ferential equations of magnetohydrodynamics. The introduction of electromagnetic fields 
into the equations of ordinary hydrodynamics, completed with Maxwell's equations for 
the fields, form the equations of magnetohydrodynamics. The resemblance between ordi
nary hydrodynamics and magnetohydrodynamics together with the identification of low 
dimensional chaos and simple determinism in ordinary hydrodynamic systems (numeri
cal [4] and experimental [3, 5]) give reasons enough to search for low dimensional chaos 
in fusion plasmas. If a low dimension is found, this would indicate that the evolution of 
a plasma can be described by a set of only a few ordinary coupled, but nonlinear, differ
ential equations, instead of a set of coupled nonlinear partial differential equations as in 
magnetohydrodynamics. In plasma models based on drift wave turbulence the existence 
of low dimensional chaos has already been found [6, 7] for a small region in parameter 
space. Outside this region no signs of low dimensional chaos was found [6]. 

During 1985-1990 several groups have reported on attempts to find evidence of low 
dimensionality in fusion type plasmas [8]. The results range from positive, i.e. low 
dimensions, to inconclusive. Presently much more is known about the application and 
limitations of the methods that were used, such that, quoting Watts [7], "in light of this 
new understanding several of the reported positive results may not stand up to more 
rigorous tests". The most studied source of possible errors on dimension estimates is the 
(lack of enough) number of data points in a measured time series. All dimension estimators 
are mathematically defined to give correct estimates in the limit of infinite data points. 
The finiteness of practical time series introduces errors that lead to an underestimation 
of the dimension [Sec. 6.2]. Estimates for the minimum number of points required vary 
significantly between claims, but they all agree that this number grows exponentially with 
the dimension [see also Sec. 6.2]. 

In the recording of the time series there is the subtlety that it is not known a-priori 

1 In general, nonlinearity is a necessary but not a sufficient condition for chaotic motions 
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and often not a-posteriori which system variables are the relevant signals to measure to 
construct the total phase space. A mathematical result proven by Takens [9] circumvents 
this practical problem. It states that any one-dimensional signal can be used to construct 
a "pseudo phase space". Correct implementation of this method is well documented 
(e.g. [10]). 

The most extensive search to date for evidence of low dimensional chaos and simple 
determinism in plasmas was carried out by Watts [7], who used several fluctuating sig
nals from reversed field pinch plasmas. All methods failed to detect any sign of simple 
determinism. Moreover, the signals had more in common with coloured or filtered noise, 
which is high dimensional and not deterministic, than with low dimensional deterministic 
systems. Watts used several methods for calculating dimensions, Lyapunov exponents2 

and short term predictability3 and checked the results with so-called surrogate data sets. 
To identify if positive results are not an artifact of the methods used, it is customary 

to check the analysis methods with surrogate data sets. One tries to simulate a time 
series that has as much in common with the original time series except the dynamical 
behaviour. A widely used method of constructing a surrogate set is randomizing the 
phase information of the Fourier components of the original time series, followed by an 
inverse transformation to generate a new time series. The power spectrum and correlation 
function of this new, surrogate, time series is identical to that of the original time series, 
however, it represents completely different dynamics. All the analyses methods, that were 
able to detect possible signs of low dimensional chaos, are redone on the surrogate data set. 
Only if these methods cannot detect any sign of low dimensional chaos in the surrogate 
time series, one is certain that the detection of simple determinism in the original time 
series is not an artifact of those methods. 

In this chapter we have discussed so far the implications of low dimensional chaos, we 
have touched on the methods and very briefly mentioned previous results. The negative 
results in the literature, or the positive ones which may not stand up to rigorous tests, 
may lead one to the conclusion that the evolution of fusion oriented plasmas is not low 
dimensional. However, this conclusion might be premature, as it is well possible that 
internal or external effects, taking place before the data recording, keep us from observing 
low dimensional chaos. We will sum up several reasons that make chaos analysis of hot 
plasma experiments very difficult. 

A problem with recording experimental data is possible added instrumental noise of the 
diagnostic tool. Although, the existence of noise in the recorded data can obscure a correct 
estimate for the dimension [11], there are several schemes for noise reduction (lO,H]. Note 

2Lyapunov exponents measure the average exponential divergence and convergence of two initially 
dose trajectories. A positive Lyapunov exponent is a measure of chaotic behaviour and reflects the 
sensitive behaviour on initial conditions. A negative Lyapunov exponent reflects the collapse of the 
trajectory on a lower dimensional subspace. 

3Chaotic system are in principle deterministic and it should be possible to make predictions of the 
future behaviour, knowing the past. However, only short time predictions are obtainable as small errors 
at the beginning of the prediction grow exponentially. In the existence of short term predictability one 
discriminates the low dimensional chaotic systems from the random systems. 
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that for our purpose, the use of the dimension as an estimate for the number of coupled 
ordinary differential equations, we only need to know the dimension to the nearest integer, 
and small levels of noise probably have a minor effect. 

One of the (most) likely reasons for the inability to capture possible low dimensional 
chaos in plasmas is the effect of fluctuating system parameters or system noise. Parameter 
drifts cause the system to move on a nonstationary attractor and identification of the 
dimension of this at tractor may become impossible. As the "noise" in this case is inherent 
to the system none of the noise reduction schemes is of any use. The meaning of a drifting 
parameter is that the model of the system in which this parameter was supposed to be 
constant is not correct and the model must be extended to accommodate for the dynamical 
behaviour of the "parameter". Such an extension raises the number of degrees of freedom 
by at least one. We remind ourselves that the minimum number of points, needed for a 
good estimate of this dimension, increases exponentially with the dimension, i.e. with the 
number of degrees of freedom. The question then is if a plasma can reach a stationary 
state that lasts long enough for the collection of sufficient statistics on chaotic trajectories. 
Another source of nonstationarity is the usage of feedback control systems in present 
day plasma experiments. These aspects severly restrict the application of the standard 
chaos analysis tools. The problem, of course, is that these tools are based on asymptotic 
properties of very long chaotic trajectories. It may very well be that a practical plasma 
slowly evolves between different low dimensional states and it is clear that the standard 
chaos analysis tools are unable to detect this. What is needed, are tools that are able to 
map out the local and temporal dynamics in a more efficient way. 

In the above reasons, it was really presumed that a plasma is a single chaotic system 
with either a low or a high dimension. In view of the previous chapters on chaotic 
magnetic fields, we may also look at a plasma as a collection of subsystems (e.g. nested 
magnetic layers). For the interpretation of dimension measurements it is important to 
know: ( i) what will happen to a local dimension measurement, i.e. of one subsystem, if 
the given subsystem is coupled to its neighbours and ( ii) what will be the outcome of a 
global dimension measurement for both uncoupled or coupled subsystems. The dynamical 
behaviour of a set of coupled subsystems is a relatively new area in chaos analysis. 

In a system with coupled subsystems a local dimension measurement will in principle 
measure the overall dimension, which scales proportionally with the number of subsystems 
if all subsystems do equally contribute to the overall dynamics. The actual dimension can 
thus get very high and a more suitable well-established quantity, that can be measured, 
is the "dimension density", the dimension per subsystem, which is not (necessarily) equal 
to the dimension of the isolated subsystem. 

The second question is more difficult; how does the dimension increase when a signal is 
composed of signals from a number of subsystems. Theoretically, with infinitely long time 
series one will measure the largest dimension, as a result of the scaling properties [Sec. 6.2]. 
However, for finite lengths of the time series, the answer is not known and depends, 
for one thing, on the contributions of the local signals to the total signal. If all local 
signals contribute equally, one would say that the dimension increases with the number 
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of local signals, much the same way as dimension density. For tokamak plasmas, line
integrated measurement diagnostics (e.g. soft X-ray emission or interferometry) would 
certainly produce a signal that is composed of many local signals. Other diagnostics (e.g. 
ion beam probes, reflectometry, cyclotron emission measurements) give signals that are 
strongly weighted towards some small part in the plasma, but the fluctuating surrounding 
plasma might influence the overall signal. It is thus important to develop ideas how to 
incorporate possible effects of neighbouring subsystems in the use of dimension estimators 
and which deviations in the method tell you something about the dimension. However, 
the emphasis is still on asymptotic behaviour of chaotic trajectories and this may not be 
the right framework for tokamak experiments. 

In conclusion, tools for dimension estimates must be used with caution. In recent years 
much became known about their limitations and the correct way to use them and we have 
briefly touched on these subjects. In the search for low dimensional chaos in plasmas we 
are faced with the following implications: if a plasma is low dimensional (dimension 1-4) 
we might find evidence for this, provided that the plasma is stationary over a sufficiently 
long time to gather enough data points. The requirement of stationarity will probably be 
difficult to meet, in which case the dimension will be larger, asking for even more data 
points. If the plasma is higher in dimension (either due to nonstationarity, or because 
it is a high dimensional system) the outlook to actually determine the dimension with 
standard chaos analysis tools seems hopeless. 

In the next section we will discuss the effect of a finite number of points in the time 
series on the estimate of dimensions in detail. 

6.2 Systematic error of dimension estimates using 
fixed mass scaling methods 

The text in this section is reprinted with permission from 

M. de Rover and W. van de Water, Physical Review E 51 (1995), p. 4132-4140. 

Copyright @1995 The American Physical Society. 

ABSTRACT 

Methods to estimate the number of degrees of freedom of chaotic dynamical 
systems suffer from intrinsic errors. The errors are due to the finite extent 
of phase space and are felt at any finite number of phase space points. We 
compare the errors of two methods to extract dimensions from scaling prop
erties. One is based on the scaling of the number of points in spheres with 
varying radius and the other one concerns the scaling of the radius of spheres 
that contain a varying number of points. We argue that the latter method 
is preferable and we derive an analytic expression for the error. We compare 
both this systematic error and the error due to statistical fluctuations in 
different realizations of random sets to the results of numerical simulations. 
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6.2.1 Introduction 

Temporal disorder in physical systems can be caused by the nonlinear interplay of just 
a few degrees of freedom. The estimate of a lower bound of their number from a signal 
produced by the system is a worthwhile goal. If this number indeed turns out to be small, 
one could try to determine the unstable periodic orbits of the system, try to influence the 
system by stabilizing these orbits, try to predict future states of the system, or even try 
to find a model in the form of nonlinear ordinary differential equations. The estimate of 
the number of degrees of freedom, therefore, is a first step towards a better understanding 
of the source of disorder. 

The dimension estimates that we will discuss in this paper are based on scaling argu
ments. For example, the well known Grassberger-Procaccia correlation integral [12] is the 
scaling of the number C(r) of phase space points in balls of radius r, C(r) "'rv, where 
D is the dimension of the phase space. An alternative way, the practical implementation 
of which predates the Grassberger-Procaccia algorithm (GPA), is based on the scaling of 
the radius r of balls that contain a given number of points k, r(k) rv k11D [13]. The first 
method is called a fixed size method, the second a fixed mass method. 

For a given number N of phase space points, the fluctuations of the scaling function 
C ( r) increase with decreasing r. This is because the filling of phase space becomes in
creasingly sparse at smaller distances. On the other hand, at large distances the boundary 
of phase space is felt. Scaling behavior, therefore, is restricted to an interval bounded by 
these extremes. The problem is that the scaling region shrinks rapidly with increasing 
dimension of phase space. 

Crudely, the nearest neighbor distance in D dimensions is 61 = N-1/D, and the av
erage distance to the boundary of aD-dimensional hypercube is 62 = 1/(2D + 2). With 
increasing D the size of the scaling interval for a given number of points N shrinks to 
zero if 61 = 62 , or 

N-1/D = - 1
- N = (2D + 2)D. 

2D+2' 
(6.1) 

The number of phase space points where the scaling interval has just collapsed increases 
superexponentially with increasing dimension. 

Smith [14] pointed out the restriction on the accessible range of dimensions. The 
simple Eq. (6.1) was refined by allowing for an error in the estimated dimension and 
requiring a finite scaling dynamic range. Nerenberg and Essex [15] argue that Smith's 
approach is too restrictive. Scaling may actually extend to distances smaller than 81 and 
distances larger than 62 • For the correlation integral C(r), the small-distance limit is then 
given by the maximum allowable statistical fluctuations of C(r). 

As was realized in [15], the effect of the proximity of the phase space boundary is not 
a sharp cutoff at large scales but is felt at all values of r. Therefore, the effect of the 
boundary proximity is to introduce a deviation from scaling that, unlike the expression 
for 62 , depends on N. 

Compared to the correlation integral, the scaling of fixed mass methods extends to 
the smallest mean nearest neigbor distance of the set and is not a compromise involving 
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the size of statistical errors. For fixed mass methods, the lower bound is close to <51 but 
scaling extends to much larger distances. It is therefore a worthwhile goal to estimate 
the boundary error for this method. However, because the distance is now the dependent 
variable, the effect of the proximity to the boundary is much harder to estimate. 

Geometric limits on scaling are but one problem in detecting the presence of low
dimensional chaos in experimental data. We have designed an expression for the bound
ary effect for data that consists of white noise that is uniformly distributed in hypercubes. 
However, it is well known that the correlation integral for colored noise can lead to spu
riously small dimensions [16]. 

The scaling of asymptotic orbits of dynamical systems concerns their organization in 
phase space. A point in phase space represents the projection of the system on (maybe 
linear) modes of motion. In theory, a faithful representation of the instantaneous state 
of a D-dimensional system with at least D independently measured projections could 
be bypassed by embedding a measured time series [9]. The proper choice of embedding 
parameters presents yet another problem in an estimate of D from a time series [ 17]. We 
will not dwell upon the question of embedding because we believe that well instrumented 
experiments in physics can actually measure spatially distributed information that can 
be put to use to more effectively reconstruct the underlying phase space. 

In Sec. 6.2.2 we will review the analysis of Nerenberg and Essex [15]. In Sec. 6.2.3 we 
give a brief derivation of the near-neighbor (NN) method and we examine the geometrical 
effects that lead to systematic errors. For an analytical calculation we have been forced to 
make some approximations. We check our analysis in Sec. 6.2.3 by comparing its results 
with those of numerical simulations involving random white noise. 

6.2.2 Correlation integral 

The correlation dimension de derives from the scaling with r of the average number of 
points C(r) in spheres with radius r, C(r) ""rdc [12]. Practically, one fixes the radius rand 
measures the mass contained in those spheres. Therefore, r is the independent variable 
and C is the dependent one. This observation serves to distinguish the correlation integral 
(GPA) from fixed mass methods, where the role of independent and dependent variables 
is exchanged. 

The correlation integral C ( r) is defined as 

2 N 
C(r) = lim ;u2 L 8(r IXi xil), 

N-+oo H i<j=l 
(6.2) 

where 8(r) is the Heaviside step function and the xi's are state vectors in the system's 
phase space. Figure 6.1 shows the correlation integral for N = 104 points that are 
distributed randomly in a D = 6 dimensional hypercubic space. It is seen that before 
the slope of C(r) in a log-log plot starts approaching its nominal value de = 6 at small 
distances, the size of its fluctuations has increased catastrophically. 
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Figure 6.1: (a) Correlation integral C(r) for N = 104 points distributed randomly 
in a hypercubical space with dimension D = 6. (b) Local slope of scaling curve of 
(a). 

The range of distances r over which scaling can be observed is bounded from above 
by the proximity of the phase space boundary. The reason is that for radii r that are 
comparable to the total size of phase space R, the correlation integral C(r) no longer 
increases with r. For a finite number of phase space points N, the value of C(r) at small 
distances is strongly fluctuating due to the sparseness of points at small scales. Therefore, 
the behavior of C(r) at small distances cannot be used to extract a dimension. Based on 
the idea that a dimension derived from scaling acquires a systematic error when these two 
regions have started to overlap, Smith [14] derived a criterion for the minimum number 
of points Nmin needed to be able to conclude a dimension D within 5%, Nmin 42D. 

In [15] an attempt is made to quantify more accurately the error in the correlation 
dimension of finite size data sets. The key point is the shape of the correlation function in 
the presence of boundaries. An equation was derived for C( r) in the case of D-dimensional 
hypercubic spaces that are uniformly filled with points. Using this formula, an estimate 
was made for the dimension underestimation for a given Nand D. The dimension error 
has two contributions: one t::..bdc, due to the boundary proximity and one, t::..,dc, due to 
the statistical fluctuations of the value of the correlation integral. 

The systematic part of the dimension error t::..bdc can be made smaller by moving the 
interval [r0 , ~r0] over which the slope of C(r) is determined in a log-log plot to smaller r0 . 

However, C(r) at the smallest values of r is most affected by statistical fluctuations and 
the contribution !::..sdc to the error in de will be largest. A compromise between the two 
types of error then leads to an optimal choice of the interval [r0 , ~r0]. 

In the next section we will demonstrate that no such compromise is needed for the 
fixed mass method, and we will derive an expression for the dimension error in this 
complementary method. 
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6.2.3 Near-neighbor method 

The near-neighbor (NN) method for estimating the dimension of a set is concerned with 
the scaling of the mean near-neighbor distance 5 as a function of the size n of the set and 
as a function of the neighbor order k (nearest neighbor is k = 1, next-nearest neighbor is 
k = 2, and so on). Crudely, 

(6.3) 
A more precise analysis involves important finite size corrections that play an explicit 
role in the resulting scaling functions. These corrections are important for small values 
of k. Also, the fixed radius method has finite size corrections, but those disappear for the 
correlation integral (which is but one version of the fixed radius method) [18]. 

Let us assume that we have a set of N points that are distributed uniformly in a 
D-dimensional phase space. Consider a subset of n phase space points from the original 
set and a reference point i. The probability to find k elements of this subset within a 
radius r of the reference point i is 

Si(r; k, n) = ( ~ ) P7(1- Pit-k. (6.4) 

Here Pi is the probability to find one phase space point of the subset in a sphere of radius 
r around i. This probability is proportional to the ratio of the volume of the sphere and 
the volume of phase space Pi= pKvrD with p = (VvRDt\ and Kv = (1r)DI2 /f(1+D/2) 
the volume of the unit sphere. The geometrical factor Vv is Vv = 2D for a hypercubic 
space and Vv = Kv for a hyperspheric space. It is important to notice that near each of 
the reference points i, we have assumed the probability Pi to scale as Pi ~ rD. Therefore, 
we ignore the issue of multifractality which we believe is a moot point when trying to 
estimate the nearest integer value of the dimension of a large-dimensional attractor. 

The probability to find the kth near-neighbor with a distance between r and r + dr 
from the point i is is the probability to find k - 1 elements within the sphere around 
the point i times the probability to find the kth element of the set in the spherical shell 
[r, r + dr]. This last probability is proportional to the volume of the hyperspherical shell 
times n. 

Pi(r; k, n)dr 

(6.5) 

where we have used the Poisson approximation for Si(r; k- 1, n), for large values of n, 
n » k, such that (1 - Pi)n-k ~ exp( -npi) and (k0:1) ~ nk-1 /f(k). Averaged over 
different realizations of the distribution of n points over the attractor, the value of the 
kth near-neighbor distance of reference point i is 

ri(k,n) = la 00

drrPi(r;k,n) 

f(k + tJ) (npK )-1/D 
r(k) v · (6.6) 
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For a single reference point i, Eq. (6.6) defines the pointwise dimension. A more adequate 
definition will more faithfully sample the attractor, and an average over reference points 
needs to be done. Here we will use a simple linear average. Averaging r;(k, n) over M ref
erence points defines r(k, n) =it 2:~ 1 r;(k, n). For large k we have f(k+ iJ)/r(k) "'k11D 
and we regain Eq. (6.3). Scaling behavior can be found by measuring then dependence of 
r(k, n) at fixed k or by studying its k dependence at fixed n. As the latter involves finite 
size corrections for finite k [the factor r( k + 1/ D) /r( k)], we will concentrate on the first. 
Incidentally, these finite size corrections are trivially accounted for in a fitting procedure 
that is used to derive dn from a in a log-log plot of r(k, n) vs k [19]. 

More general averages, that are averages of r; raised to a certain power, r(k, n) = 

(it 2:~1 rJ(k, n) rh, lead to a whole spectrum of dimensions Dq [19, 20]. For the cor
relation integral q takes the value q = 2. For the scaling of nearest neighbor distances 
that are averaged with "( = 1, the value of q depends on the dimension as q = 1 - 1/ D. 
Effectively, therefore, the dimension that is estimated with the near-neighbor method is 
close to the information dimension when D is large. It can be shown that for all choices 
of"(, the value q = 2 is an upper limit [19]. 

Practically, the NN method is implemented by first selecting randomly a set of ref
erence points. Next, a random subset of n points is selected from the total number of 
N phase space points and the near-neighbor distances to each member of the set of ref
erence points is computed. The number n is (exponentially) increased and the process 
is repeated. Of course, when the size n of the subset approaches the total number of 
points N, subsequent random sets are no longer independent. One would expect that 
these dependencies affect the scaling, however, we have found this effect to be negligible. 
We have designed an analytical model for it whose results are consistent with those of 
numerical simulations. 

Figure 6.2 shows a scaling curve of the nearest neigbor distance J(n) = r(k = 1, n) 
for a uniform random distribution of 104 points in a six-dimensional unit cube. Clearly, 
the slope of the scaling curve for the largest n tends to the nominal value -1/6, but is 
everywhere smaller. The corresponding value of the estimated dimension, therefore, is 
always smaller than 6. The scaling curve of Fig. 6.2 is complementary to the correlation 
integral: the slope most closely approaches -1/6 where its statistical fluctuations are 
smallest. Because the average is taken over distances, the smallest distance of Fig. 6.2 is 
much larger than the smallest r of Fig. 6.1, which is the pair distance of the single, most 
dense spot of the attractor. On the other hand, the scaling of the near-neighbor distance 
extends to much larger r. Unlike for the correlation integral, there is no ambiguity as to 
the relevant scaling range of near-neighbor distance curves; it is [ N / ~, N], where ~ is the 
scaling dynamical range. 

Dimension error 

To understand the reason of the underestimation of the dimension, we notice that the 
volume ofhyperspheres that intersect the boundary of phase space is reduced. Crudely, the 
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Figure 6.2: {a) Full line: nearest neighbor distance o(n) for N = 104 points 
distributed randomly in a hypercubical space with dimension D = 6. Dashed 
line: prediction of Eq. {6.11}. Dash-dotted line: prediction of Eq. {6.11} without 
correction for the effect of the boundary proximity. {b) Local dimensions that 
follow from scaling curves in {a), where the slope is the local slope of the scaling 
curves in (a). 

(b) 

104 

nearest neighbor distance is given by the requirement that nC(r) ~ 1, where C(r) is the 
probability to find one point in a sphere with radius r. When n is small, r is large and the 
chances that such a sphere intersects a boundary are large. To compensate for the volume 
reduction due to the intersection, r becomes larger compared to the situation where no 
boundaries are present. Conversely, when n is large, the probability for intersection is 
drastically reduced, and r approaches the unbounded situation. Therefore, the boundary 
effect causes the slope of the scaling curve In 8 ( n) versus Inn to be more negative, resulting 
in an underestimate of the dimension. 

Naively, the fraction of reference points that see the boundary decreases with decreas
ing r as rD-l. Therefore, it is in principle possible for fixed radius methods to exclude 
from the average at given r those reference points that are closer to the boundary than r. 
Because r in the near-neighbor method is the dependent variable, no such separation in 
points whose apparent neighborhood scaling is not affected by the boundary proximity is 
possible. This circumstance also makes an analytical estimate of the boundary effect for 
the NN method much harder. Such an analytical estimate is precisely what is attempted 
here. 

From now on we will consider nearest neighbors ( k = 1) only and we will accordingly 
drop the k dependence. The effect of the boundary is that the function r;(n) depends on 
the location of the reference point i with respect to the boundary. Because we will consider 
intersections with a single bounding hyperplane only, r;(n) only depends on the distance 
l of the reference point i to its nearest phase space bounding hyperplane. Therefore, we 
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define a function r(l;n) = ri(n). The phase space average then takes the form 

o(n) = loRdl g(l)r(l; n), (6.7) 

where the geometric structure factor g(l)dl expresses the probability to find a reference 
point that has a distance l' to the nearest boundary, with l' in the interval l' E [l, l + dl]. 
For homogeneously and isotropically randomly filled hypercubic or hyperspheric spaces 
with linear size R this is 

g(l) (6.8) 

The function r(l; n) is the near-neighbor distance of reference points that are at a distance l 
from the boundary. The l dependence of this function merely expresses that the scaling for 
reference points near the boundary will be different from points in the interior of the phase 
space volume. For a reference point at a distance l from the boundary, the probability 
to find a nearest neighbor at distance r in a set of n points is a slight generalization of 
Eq. (6.5), 

8V(r; l) 
P(r;l;n)=np ar exp[-npV(r;l)], (6.9) 

where V(r; l) is the volume of a sphere of radius r with its center at a distance l from the 
boundary. For r < l the sphere does not intersect the boundary and we have V(r; l) 
KvrD, for r > l the volume V(r; l) is the volume of a chopped hypersphere. 

For the calculation we take for the phase space a D-dimensional randomly filled hy
percube with edge length 2R or a hypersphere with radius R. The hypercube is bounded 
by 2D different hyperplanes; the hypersphere by a single spherical boundary. 

For a reference point that is at a distance l from the boundary, the expression for the 
ensemble-averaged near-neighbor distance r(l; n) separates into two terms, one where the 
presence of the boundary is not yet felt, and one that involves the volume of a chopped 
sphere around the reference point: 

{! {2R-l 
r(l; n) = lo dr rP(r; l; n) + }

1 
dr rP(r; l; n) (6.10) 

Note that the upper integration limit 2R-l of the second integral is given by the restriction 
that in the case of hypercubical spaces we consider intersections with a single boundary 
only. In general, multiple intersections lead to the necessity of evaluating (2D + 1 )-fold 
integrals for r(l; n), in which case calculations would no longer be tractable. The error 
resulting from our approximation of the volume will be largest for large r and large D, 
where we overestimate the volume of the hypersphere around reference point i. However, 
because of the exponential behavior of P(r; l; n), the effect on r(l; n) for large r in the 
integration will be small. The effect of our approximation of the chopped volume will, 
however, become sizable for any r at large D. This is because in high-dimensional phase 
spaces most points are near the edge of phase space. Finally, for a hyperspheric space 
we will neglect the curvature of the boundary for r > l. This again will result in an 
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overestimate of V(l; r), especially for large r and large D. The given expression for 
r(l; n) needs to be averaged over phase space using the structure factor g(l). Both the 
computation of r(l; n) and the averaging are described in the Appendix 6.2.A with the 
simple result Eq. (6.A11), 

(6.11) 

with 

Az(D) = (6.12} 

and where the function A( D) is explicated in Eq. (6.A12). The effect of the boundary is 
given by the second term of Eq. (6.11). Because it is O(n-21D) and the regular scaling 
is O(n-1/D), the relative effect of the boundary on the scaling function vanishes as n-1/D 

for large n. 
From Eq. (6.11) we compute the dimension dn by fitting a straight line in a plot 

of In tS(n) versus Inn over an assumed scaling interval [N/{, N]. Obviously, however, 
Eq. (6.11) does not display simple scaling behavior, but our choice is motivated by the 
standard practice of analyzing experimental data. 

ln(N) -ln(N/{) 
dn = -lntS(N) -lno(N/f.)' 

(6.13) 

The boundary effect leads to a systematic error b.bdn = dn- D in this dimension estimate, 

(6.14) 

where we have assumed that IN-1/D A2 (D)/A1(D)I « 1. In the Appendix 6.2.A we will 
show that A2(D) is positive, therefore, the error has negative sign. In agreement with 
our qualitative arguments the proximity of the boundary leads to an underestimate of the 
dimension. 

Apart from the systematic error on the dimension due to the boundary proximity, 
there exists a statistical error due to the fluctuations of the near-neighbor distances in 
different realizations of D-dimensional random sets. Unlike for the fixed radius method 
(the correlation integral), however, the choice of the scaling interval does not depend on 
this statistical error. It is precisely this circumstance that renders application of fixed 
mass (near-neighbor) methods less ambiguous than dimension estimates with fixed radius 
methods. The scaling interval is simply located at the smallest possible distances (largest 
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possible n), where the statistical error and the errror due to the boundary proximity are 
smallest. 

An estimate of the statistical error in 8(n) due to sample-to-sample fluctuations can be 
computed from the distribution function of near-neighbor distances P;(r; k, n), Eq. (6.5), 

[ 2]~ 
b-8; fo"" r2P;(r;k,n)dr (fo"" r?;(r;k,n)dr) (6.15) 

We assume that these fluctuations are uncorrelated for different reference points. The 
statistical contribution b.sdn to the dimension error then is 

2D2 -1/2 1 [ ( I ) 2( I )] 1/2 
b.sdn = In,; N f(l + 11 D) r 1 + 2 D - r 1 + 1 D , (6.16) 

where the factor N-112 is the reduction of the statistical error due to the average over N 
reference points. 

Numerical results 

We have used numerical simulations to ascertain our estimates of systematic dimension 
errors. In these simulations we have randomly filled D-dimensional hypercubes and hy
perspheres with N points. All N phase space points are used as reference points. No 
average was done over different random subsets. Such an average will only work at small 
sizes n and serves to reduce the fluctuations in the scaling function such as shown in 
Fig. 6.2(b). However, the dimension is estimated using the large-n behavior of the scaling 
function. Averaging over subsets at large n is not effective because different subsets are 
then no longer independent. 

In Fig. 6.2 the analytic expression for 8(n) [Eq. (6.11)] is compared to the result of a 
numerical simulation. It is seen that the addition of the term O(n-2/D) not only results 
in a better approximation of the local slope, but also in a better approximation of the 
absolute size of 8(n). Of seven realizations ofrandom sets with 1 :5 D :5 10 and N = 104 

we have measured the apparent dimensions dn and the error b.dn = dn- D. It is important 
to notice that we have not used embedding of a random time series in D dimensions using 
the method of delays [9]. 

In Fig. 6.3 the results of simulations on hypercubes are compared with the prediction 
of Eq. (6.14). Our analytic estimate of the boundary proximity effect is for values of D 
up to 6 in good agreement with the result of the simulation. The apparent dimension 
of our simulated phase space fluctuates from realization to realization. The size of the 
fluctuations decreases with increasing.;, i.e., with enforcing a larger dynamical range. The 
result for an analogous simulation but now for hyperspherical spaces is shown in Fig. 6.4. 
Clearly, our analytic expression Eq. (6.14) performs better for hypercubical spaces. For 
other choices of N and ~ the results are the same. 

In the case of phase spaces with a hyperspherical boundary there does not exist the 
problem of finding out with which of the bounding surfaces the neighborhood sphere in
tersects and it is possible to improve upon our analytic formula. The result of a numerical 
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Figure 6.3: Dimension error of the near-neighbor method. Dots: results of numer
ical simulations for the error made when estimating the dimension of randomly 
filled hypercubes with dimension D. The number of points is N = 104, the scaling 
dynamical range is e = 2. Solid line: prediction of Eq. {6.14} with Vv zD. 
Dashed lines: D..bdn + D..sdn and D..bdn - D..sdn, respectively, with the statistical 
error D..8 dn given by Eq. {6.16}. 

evaluation ofEq. (6.A3) is also shown in Fig. 6.4. It is in better agreement with the results 
of the simulation and demonstrates that Eq. (6.14) may be performing poorly for large 
dimensions D. 

Figure 6.5 shows the results of simulations for the correlation integral. The under
estimate of the dimension is slightly less than for the near-neighbor method, but, as 
explained, the G PA method suffers from an ambiguous choice of the scaling interval. The 
choice made in [15] of the lower bound of the scaling interval has made the size D...dc of 
the fluctuations of the dimension estimate comparable to that of Fig. 6.3. Shifting it to 
smaller r results in an increase of D..8 dc. 

When comparing the results of Figs. 6.3 and 6.5 it should be realized that straight 
lines were fitted to the scaling curves. As the abscisca of the fixed mass scaling function 
in Fig. 6.2(a) spans a much larger dynamical range than that of the fixed radius method 
in Fig. 6.1(a), the relative dynamical ranges used in the dimension estimates are very 
different. 

6.2.4 Conclusion 

The underestimation of dimensions is a serious flaw of scaling methods for dimension 
measurements. Due to this effect one may be tempted to conclude a small number of 
degrees of freedom when this number is actually so large that it eludes measurement. 

The underestimation is partly caused by geometric effects. We have shown that the 
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Figure 6.4: Dimension error of the near-neighbor method. Dots: results of numer
ical simulations for the error made when estimating the dimension of randomly 
filled hyperspheres with dimension D. The number of points is N 104

, the scal
ing dynamical range is e = 10. Solid line: prediction Llbdn of Eq. {6.14) with 
Vv = Kv. Dashed lines: ilbdn + Llsdn and tlbdn !:l.sdn, respectively, with the 
statistical error Llsdn given by Eq. (6.16). Dotted line: boundary error computed 
from numerically evaluating Eq. (6.A3). 

fixed radius (the correlation integral) and fixed mass methods (the near-neighbor method) 
suffer from this problem to approximately the same degree. However, the correlation 
integral has the additional problem of the ambiguity in the choice of the scaling interval. 
No such ambiguity is present for the fixed mass method, where the scaling is always 
determined by the smallest distances where both the fluctuations of the scaling function 
and the boundary effect are smallest. 

We summarize our result in Fig. 6.6 by displaying the systematic dimension error 
(Eq. (6.14)] for several values of N. Assume an unknown dynamical system that has 
produced N samples of a D-dimensional trajectory. If for this set of N points an apparent 
dimension d' is found with tld < d! - D < 0, it falls within the systematic error bound of 
the dimension estimate and it follows that the measured trajectory cannot be distinguished 
from one produced by space filling white noise. It is a striking observation that the 
convergence of Llbd to zero with increasing N is so slow; hardly anything is gained when 
increasing N from 1010 to 1012 • 

It is also a striking and counterintuitive observation that decisions about large dimen
sions can be made on basis of a few phase space points. For example, Fig. 6.6 suggests 
that it is possible to distinguish D = 8 from D = 10 using only 104 phase space points. 
From applying these methods of dimension estimate to experimental data we have learned 
that such a small error may be too optimistic. It illustrates the necessity of considering 
other sources of error in dimension estimates. A well documented source of error is the 
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Figure 6.5: Dimension errror of the correlation integral. Dots: results of numer
ical simulations for the error made when estimating the dimension of randomly 
filled hypercubes with dimension D. The number of points is N = 104 , the scaling 
dynamical range is { = 2. Line: prediction of {15]. 
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Figure 6.6: Underestimation of dimensions using the near-neigbor method in case 
of D dimensional randomly filled hypercubes. The scaling range is { = 2; the 
number of phase space points varies from N = 104 to N = 1012 • 

effect of time correlations of the phase space signaL It has been studied extensively in 
the context of the correlation integral [16]. 

The effect of the boundary on dimension estimates depends on the shape of the bound
ary. From our simulations it appears that the effect is slightly smaller in spherically 
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bounded spaces than in spaces with a cubical boundary. Large-dimensional systems are 
in general systems that explore many degrees of freedom, i.e., systems that are described 
by partial differential equations. Strings of coupled nonlinear maps of length L are now 
widely accepted as faithful models of spatiotemporal chaotic dynamics. For such systems 
the dimension grows in proportion to their size, here D rv L. It has been suggested [21] 
that the chaotic attractors of coupled map lattices for finite L may have zero thickness 
in some directions of £-dimensional phase space. It is clear that the existence of such 
internal boundaries would aggravate the problem of dimension estimates using scaling 
methods. 

An interesting recent suggestion [22] has been to divide out the effect of boundaries 
on dimension estimates by normalizing the correlation integral on its value for uniform 
noise in the given phase space. For the near-neighbor method such a normalization may 
be done by fitting measured scaling curves with Eq. (6.11). If this method appears 
viable, dimension estimates may remain a valuable tool for analysis of spatially extended 
nonlinear systems. However, as the present paper again shows, they should be applied 
with great caution. 
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6.A Appendix 

In this appendix we will calculate the effect of the boundary on the scaling of the nearest 
neighbor distance &(n), where n is the size of a random subset of the total set with N 
elements. The average nearest neighbor distance for a subset of size n is 

8(n) foR dlg(l) ldrrP(r;l;n)+ foR dlg(l) tR-ldrrP(r;l;n), (6.Al) 

with the structure factor 
D ( l )D-l 

g(l) = R 1 - R (6.A2) 

The effect of the proximity of the boundary is contained both in the structure factor 
g(l) and in the volume of hyperspheres V(r; l) that enters the definition of P(r; l; n). In 
order to compute the boundary effect in hyperspherical spaces we first have to estimate the 
volume of a sphere that is at a distance l from the spherical boundary of a D-dimensional 
phase space. This computation is illustrated in Fig. 6.7. 
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Figure 6.7: Geometry for the calculation of V(r;l) for r > l in the case of a 
hyperspheric phase space 
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In the case that r < l, there is no intersection and V(r; l) = KDrD; for the case r > l 
we have 

1(!-h)/r 11 
V(r;l) = Kv_ 1rD dy(l-y2 )(D-l)/2 +KD-lRD dy(l-y2)(D-l)/2 , (6.A3) 

-1 (R-h)/R 

with h = (r2 l2)/[2(R- l)] (see Fig. 6.7). If r « R and l « R, we have h ~ 0 and 
the intersection of a sphere with radius r with the spherically bounded phase space with 
radius R is a plane. In this approximation the curvature of phase space is neglected and 
finally gives 

r < l 
r ?:. l. 

(6.A4) 

From Eq. (6.A3) and Fig. 6.7, we see that 2R -lis the maximum value of the radius r. 
In the case of hypercubic spaces in principle we have to take into account intersections 

with more than one bounding plane. This would require the calculation of (2D + 1 )-fold 
integrals. We will use the approximation that spheres intersect with a single bounding 
hyperplane only. In our approximation, therefore, hypercubical and hyperspherical phase 
spaces are treated similarly. The only distinction is the substitution of the appropriate 
geometrical factor VD that equals 2D in case of hypercubic phase spaces and KD for 
hyperspherical spaces. 

In the case of nearest neighbors the distribution function P(r; l; n) can be written as 

P(r; l; n) 
8 

exp[-npV(r; l)], (6.A5) 

and performing partial integrations in Eq. (6.Al) gives 

8(n) = - foR dl g(l) (2R- l) exp[-pV(2R -l; l)] 



134 APPLICATION OF CHAOS ANALYSIS TO EXPERIMENTAL DATA OF TOKAMAK PLASMAS 

+ foR dlg(l) ldr exp[nsV(r;l)] 

+ foR dl g(l} lR-!dr exp[nsV(r; l)]. (6.A6) 

Because V(2R l; l) = O(RD), the volume of phase space, the first term is of order 
e-n and will accordingly be neglected. The computation of the remaining two terms of 
Eq. (6.A6) is simplified if we write the structure factor 

dG(l) . ( l )D 
g(l) =- eqdelta' w1th G(l) = 1- R (6.A7) 

The second term of Eq. (6.A6) involves the volume V(r; l) of spheres that are not inter
sected by a boundary. Using partial integration, 

(6.A8) 

Approximating G(l) ~ (1- Dl/ R) and extending the upper integration limit to infinity, 
we at once recognize the emergence of two r functions, one multiplying the ordinary 
scaling n-l/D and the other one associated with the boundary effect n-2/D. 

The third term of Eq. (6.A6) involves the volume of a sphere that is chopped by a 
bounding hyperplane. The double integral can be simplified considerably by taking R 
instead of 2R -l as the upper limit of the integration over r. This is justified because the 
neglected part becomes exponentially small with increasing n. The double integral over 
the region [0, R; l, R] can be done by introducing a new integration variable a= lfr. 

{R 12R-l lo dlg(l) 
1 

drexp(-npV(r;l)) 

where 

foR dr r [ da g(ar) exp ( -npKv_1rD f(a)), 
(6.A9) 

(6.A10) 

When the integration over r is extended to infinity, a power series in n-I/D results with 
r functions as coefficients. The lowest order term is n-2/D and involves the zeroth order 
term of the power series expansion of g(l). Collecting all terms up to order n-2/D we 
finally have 

(6.All) 

with 

A(D) = [ da f(at 2
fD, (6.A12) 
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which has been calculated numerically for different values of D. Using the fact that 
Kv/ Kv_ 1 f(I), it is trivial to show that the term between square brackets in Eq. (6.All) 
is positive. As argued in Sec. 6.2.3, this implies that the boundary proximity causes di
mensions to be underestimated. We note that the only way that the shape of the phase 
space volume (hyperspherical or hypercubical) enters in Eq. (6.All) is through the geo
metrical factor Vv. This is because of our assumption that a sphere cuts a (much) smaller 
sphere as a plane. However, for other geometries one would have to consider different 
functions g(l). 
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Chapter 7 

Evaluation 

7.1 Results presented in this thesis 

The work described in this thesis was undertaken to contribute to a better understanding 
of the role of magnetic fluctuations in the anomalous transport processes in tokamaks. The 
complexity of the problem forced us to make the following simplifications, in conformity 
with present day literature: ( i) the magnetic field is stationary in time, ( ii) the interaction 
between particles and magnetic field has not been treated self-consistently, and, related 
to both, ( iii) the j X B forces on the (perturbed) current density profile were neglected. 

With these simplifications a numerical model for the magnetic field is built [Chapter 3]. 
The properties of this field are studied using a recently introduced algorithm, the so called 
mapping technique [1, 2], which allows a fast and accurate integration of field line trajec
tories. The field consists of a dominant axially symmetric part, and a small perturbing 
part. Two distinct types of perturbation fields were studied: ( i) global perturbations in 
the form of harmonic functions and ( ii) local perturbations induced by current filaments 
at rational flux surfaces. Both types of perturbation lead to the destruction of resonant 
flux surfaces and formation of chains of magnetic islands. The global perturbations are 
often used in the literature and are easy to implement numerically, but have the drawback 
that they do not correspond to a physical current distribution in the plasma. This was 
the reason to look for a perturbation that does correspond to a physical model, for which 
it is necessary to take the current distribution in the plasma as the generating function. 
Current filaments are our choice in this class. 

Comparing the two classes of perturbing fields, we found the following differences. The 
global perturbations result in the destruction of all flux surfaces with the same toroidal 
mode number n. Current filaments, on the other hand, destroy the rational surfaces in 
the neighbourhood of the filament that have a ratio of the toroidal and poloidal mode 
numbers close to that of the filaments. The resulting chains of small islands create a thin 
chaotic layer around the principal island chain. 

The radial extent of the perturbation due to a set of current filaments decreases with 
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increasing poloidal mode number, and is generally much smaller than that of global per
turbations which are felt everywhere in the plasma. One important consequence of this 
difference is that the perturbation level B./ B needed to create a similar topology of 
chaotic regions is smaller in the case of current filaments than with global perturbations. 

The current filaments in the magnetic field model are used as a generic local source 
of field perturbations. However, they might correspond to a physical reality, since there 
are experimental indications that plasmas in general (e.g. [3]) and tokamak plasmas in 
particular [4] have a filarnentary structure. In this light, we have discussed the idea of a 
stable current filament by the formation of a local flux tube around it. This occurs when 
the current density in the filament is sufficiently high. The minimum current density 
inside the filament needed to actually form a flux tube depends on the local safety factor, 
and is derived in Chapter 3. 

Behaviour of magnetic field lines and the implications for transport Using 
the magnetic field model and the numerical techniques described above, we studied the 
behaviour of magnetic field lines and the implications on transport. These studies were 
mostly based on a perturbation field generated with current filaments, but the results 
were also checked to hold qualitatively in the case of global perturbations. The results 
are: 

• In our simulations, comprising a broad range of different sets of perturbing modes, 
we have found that the radial motion of field lines is not diffusive. This is important, 
since many studies of transport in chaotic fields start from the assumption that the 
field line motion is diffusive. 

We wondered whether the field lines in a (static) tokamak configuration could be 
modelled by a random walk process of the field lines resulting in an average diffusive 
motion, but we did not came across an argument in favour of this model. 

• We have therefore used our quantitative numerical results in a further study of the 
effect of a chaotic magnetic field on test particle transport. 

• The radial displacement of magnetic field lines in various perturbing fields was found 
to be superdiffusive on a very short initial scale in the toroidal angle and subdiffusive 
afterwards. The exact behaviour of the average radial displacement varied between 
chaotic layers, but the average behaviour, calculated over all chaotic layers, was 
found to correctly describe an individual layer within 25% for Be/ B ~ 2 · 10-4 and 
within 10% for B./ B ~ w-3 • For low levels of perturbation, the overall average 
was influenced by chaotic layers with pronounced islands, visible as oscillations. 
Although the existence of (remnants of) islands does influence the average radial 
displacement, there was no sign that the onset of the subdiffusive behaviour after 
the initial "jump" was due to the finite thickness of the chaotic layers. 

The qualitative behaviour of the radial displacement was found to be nearly identical 
for different sets of perturbations, although the quantitative behaviour, i.e. the 
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magnitude of the radial step, varied. To arrive at a quantitative conclusion regarding 
the transport due stochastic magnetic fields it is therefore important to identify a 
realistic perturbation field for a tokamak 

• It was found that the finite magnetic shear plays a major role in transport in chaotic 
magnetic fields. The effect of shear cannot be neglected, even when the magnetic 
field perturbations are at a level of B./ B ~ w-3 , which may be regarded as an 
upper level of experimentally observed perturbations. At this level of perturbation 
the q-profile, and hence the shear, is hardly affected in a chaotic layer. As a result of 
the shear, two field lines that are close together at one point will diverge extremely 
fast. In an unperturbed magnetic field the divergence due to shear is linear. In a 
chaotic field without shear the divergence will be locally exponential, and this is 
what is usually assumed to be the case in the literature (e.g. [5, 6]). In a chaotic 
magnetic field with shear the combined effect is that small radial excursions due 
to the perturbations are accelerated by the effect of shear. In this case the exact 
functional dependence of the divergence is unknown. In our numerical examples we 
found that a linear divergence gives a lower bound of the actual, very complicated 
process. Therefore we have assumed the divergence to be linear in the transport 
calculations. 

The question that follows naturally from these results, and that we have tried to an
swer, concerns the effect of a nondiffusive chaotic magnetic field on test particle transport. 
In the literature on transport in stochastic fields, it is assumed that the field line excur
sions are diffusive. Test particle transport is then computed by evaluating the transport 
of particles along the field lines, and the decorrelation of the particle from the field line, 
or the "loss of identity" of a field line, due to various decorrelation mechanisms. We have 
gone through the same steps, only with two alterations: ( i) the decorrelation is the result 
of the combined action of the linear divergence due to shear and a decorrelation mecha
nism, instead of a decorrelation mechanism and an exponential divergence of field lines. 
As mentioned before this linear behaviour is not entirely correct in the presence of radial 
chaotic motions. It will, however, give a lower bound for the diffusion coefficient. ( ii) For 
the radial step a we take the behaviour we have found from the simulations: subdiffusive 
after an initial superdiffusive step in the radial direction. 

We considered the various decorrelation mechanisms that are treated in the literature: 
collisions and temporal fluctuations of the perturbing field. Moreover, we considered a 
new decorrelation mechanism, namely fluctuating drifts due to electrostatic turbulence. In 
this picture transport is the result of a synergetic effect of electrostatic and magnetostatic 
turbulence: the electrostatic turbulence determined the decorrelation time, while the 
magnetostatic turbulence determines the radial step. Because there is no hint whether the 
direction of the step a is random in a nondiffusive field, we assume that a has a nondiffusive 
dependence on the path length along the field line, but with a random direction. With 
these assumptions we are able to define a diffusion coefficient XM = a2 /(2td), with the 
decorrelation time td. 
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The value of XM the depends on the decorrelation process and the distribution of the 
perturbing modes: 

• Fast decorrelation processes (random electrostatic fluctuations and fast temporal 
fluctuations) result in higher values of XM. The reason is that for the shorter 
time td, the radial displacement a is in the superdiffusive regime. Decorrelation by 
collisions is much slower and leads to significantly lower transport. 

Interestingly, decorrelation due to electrostatic fluctuations is important only be
cause of the nondiffusive magnetic field; in diffusive magnetic fields its role is in
significant. It should further be noted that for low levels of magnetic perturbation 
the distance travelled due to the fluctuating radial ExB-drift can be larger than 
the step a. In these situations, chaotic magnetic fields do not play any role in the 
enhancement of radial transport. 

• The values of XM we find are much lower than the predictions of transport theories 
based on the assumption that field line excursions are diffusive. Moreover, the 
scaling of XM with the particle velocity is essentially different. As said before, the 
quantitative estimates given in this thesis depend on the specific choice of the mode 
structure of the perturbations. E.g., comparing the transport resulting from a set 
of 7 current filaments and a set of 19 filaments, dimensioned such that the level of 
magnetic perturbation was comparable, it was found that the set with few filaments 
gives rise to 10 times larger values of XM. For reliable quantitative estimates insight 
in the distribution of perturbing modes is therefore essential. 

The values of the diffusion coefficient that were found (XM ""'0.1-10 m2s-1 for b, :::::; 
w-3 ) are right in the range of the experimental values, but for a perturbation level that 
is somewhat higher than is usually assumed to be realistic for a tokamak. However, two 
remarks should be made here. First, the estimates of XM we have calculated are a lower 
bound. The combined action of different decorrelation mechanisms would e.g. lead to 
higher values, as would a correct implementation of the complicated process of field line 
spreading. Secondly, the only independent measurement of Be/ B in the literature that 
we know of is that of Zou et al. [7], who report B,f B ~ 5 · 10-5 with a new and complex 
measurement. Other values in the literature are derived from measured transport of test 
particles (usually fast electrons), using the transport predictions based on the diffusive 
motion of stochastic field lines. Naturally, such estimates of B,J B would come out higher 
with our formalism. 

(Relativistic) particles in axially symmetric and chaotic magnetic fields In 
Chapter 5 a new theoretical description is given to assess particle orbits in (chaotic) 
magnetic fields. The results are obtained with analytical and numerical methods. A 
theoretical description of drift orbits in axially symmetric magnetic fields and a qualitative 
evaluation of the effects of magnetic perturbations is presented, based on the theory of 
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Hamilton systems. The results were checked with several numerical codes. The most 
important results are: 

• As has been known for several decades, constant energy particles in axially symmet
ric magnetic fields move on so-called drift orbits that lie on drift surfaces, which are 
analogs of the flux surfaces of magnetic fields. However, we found that electrons that 
are accelerated, have the property of a continuously decreasing rotational transform 
of their orbit, which can only be realized by a decreasing poloidal transit frequency. 
At the same time the radius of drift surfaces decreases with particle energy. Combin
ing these two effects leads to the following picture: during an infinitesimal period of 
time an accelerating particle moves on a drift surface with a given rotational trans
form, but the acceleration makes it to move to the next drift surface with a different 
(lower) rotational transform. If there is no change in the radius of the orbit this 
process of continuously moving on to other drift surfaces can only take place if the 
radius of a drift surface of a given rotational transform depends on the particle en
ergy. This seems to be the only explanation for combining the ever changing orbital 
rotational transform and the ever changing (decreasing) radius of fixed rotational 
transform drift surfaces. 

• The Hamiltonian description of the drift surfaces in axially symmetric fields was con
structed in such a way that we were able to compute the changes in the drift topology 
induced by magnetic perturbations. These predictions were in good agreement with 
numerical simulations. Global magnetic perturbations create larger islands in the 
drift topology than in the magnetic topology. 

• We have found that the effect of localized magnetic perturbations on drift surfaces 
decreases with increasing particle energy. This decrease is the result of the increasing 
horizontal shift of the drift surface with respect to the magnetic surface. Such an 
effect of local perturbations has been invoked in the literature as an explanation of 
the better confinement of runaway electrons compared to thermal electrons. 

• We also showed that islands in the drift topology are disconnected from the magnetic 
islands in the physical space. In particular, in a perturbed field it is possible that 
drift islands are situated in the regions with magnetic stochasticity. This could be a 
possible explanation for the experimental observations in the TEXTOR tokamak [8] 
of a stable beam of runaway electrons in a magnetic field that has undergone large 
scale stochastization. 

Chaos analysis on experimental data of plasmas Chapter 6 is devoted to the 
possible use of chaos analysis tools, and in particular of dimension estimators, to exper
imental measurements of fluctuating quantities in tokarnak plasmas. The aim of such 
an analysis is to get more information about the plasma state in general or about the 
magnetic field in particular. However, the application is not without its limitations. In 
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Chapter 6 possible problems that can arise are briefly discussed. Of these, the problem 
of stationarity is probably the most significant. It may very well be that a plasma slowly 
evolves from one low dimensional state to the next, and it is clear that the standard chaos 
analysis tools are unable to detect this because they are based on asymptotic properties 
of chaotic trajectories in stationary systems. If the experimental time series is not long 
enough, the dimension estimators will be biased by the edges of the phase space. We have 
shown that for one class of dimension estimators, the effect decreases with the number of 
points. 

For standard dimension estimators the minimum number of points increases exponen
tially with the dimension, resulting in 1000 points for a dimension D "" 2 up to more 
than a million for D "" 5 or 6. As typical events in a plasma occur with frequencies of at 
most several 100 kHz, there is no need to collect data points faster than 1 MHz. For large 
tokamaks, where big events occur on time scales of several milliseconds one could· say 
that the plasma is stationary during some part of the discharge and enough data points 
might cover this state. If a plasma is a very low dimensional chaotic system (D""' 2), one 
would expect this to come out of the data. However, for higher dimensions one cannot be 
sure whether the plasma has evolved between states during the sampling time that was 
needed to gather the necessary number of data points. Standard chaos analysis methods 
may therefore not be the right tools for tokamak experiments. 

7.2 Possible directions for future research 

We will briefly mention possible extensions and refinements of the present work. 

• The magnetic field model is almost at a stage of being complete, at least in a 
static description. Because we have found that the absolute value of the radial dis
placement and thus of the diffusion coefficient, may depend on the distribution of 
perturbing modes, one should gather (via experimental means) possible recommen
dations for the actual distribution. 

• For accurate computations of transport it is possible to circumvent the problem 
whether the radial step in a nondiffusive field has a random direction, by doing 
Monte-Carlo simulations of real test particles. 

• The effect of magnetic perturbations on trapped particles has been said to be neg
ligible, because the particles do not trace out full mode spectra; in fact one could 
say that on average the perturbations are integrated out. To actually investigate 
the effect of perturbations on trapped particles, the mapping technique as it was 
used in Chapter 5 for the simulation of passing particles can be put to good use. 
The problem with the present set up of the mapping technique, is that the turning 
points may lie between planes, making a correct computation very difficult. Two 
approaches seem possible. The first one is to make a hybrid code, that uses the 
mapping technique up to the last plane before the turning point and than switches 
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to a direct integration until the particle has again crossed the same plane, but from 
the other side. Then, reverse mapping can be used to continue the motion. A second 
approach is the extension to a complex plane in the mapping technique. Ordinary 
mapping then would give a complex solution when the particle "has passed" the 
turning point. Interpolation techniques in the complex plane should than give the 
position of the turning point between the planes, from which it should be possible 
to compute the new cross point with a plane in the reverse mapping direction. 

• The development of new chaos analysis tools that do not rely on the asymptotic 
behaviour of trajectories should give an answer to the question whether a plasma 
can be described as a chaotic system and if something can be said about the actual 
dimensionality. Also the assessment of the effects of nonlocal measurements fits in 
this framework. 
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Summary 

This thesis describes research on the structure of the magnetic field in a tokamak. In a 
tokamak, a hot (100 million degrees centigrade) ionized gas, a plasma, is confined to a 
finite toroidal volume by magnetic fields. The charged plasma particles move freely along 
the lines of force (field lines) of the magnetic field, but their motion perpendicular to the 
field lines is restricted. Therefore, the toroidal geometry of the magnetic field prevents 
contact between the plasma and a material wall, such that a plasma reaches the high 
temperatures. The extreme high temperatures of the plasma make it possible that light 
nuclei fuse to heavier nuclei under the release of large amounts of energy. It is this process 
of nuclear fusion that may have the possibilities of an energy source for the future. 

In the "ideal tokamak" the magnetic field has a toroidal and a poloidal component, 
both of which do not intersect the material wall. The toroidal component is externally 
applied by magnetic coils, whereas the poloidal component is induced by a current inside 
the plasma itself. Particles escape from confinement only by collisions. The number of 
collisions per time unit, however, is very small, and also the step in the radial direction 
is that small, that collisionallosses are not a serious problem for reaching and sustaining 
the high temperatures. 

The real tokamak, however, is not the ideal tokamak described above: experiments 
show such large radial transport of heat and particles, that in present day tokamaks it 
is not possible to obtain net energy from fusion. Research efforts at the FOM-Institute 
for Plasma Physics "Rijnhuizen" are aimed at the understanding and control of this 
anomalous transport. One of the possible explanations is that the confining property 
of the magnetic field is destroyed by a radially directed magnetic field in (at least part 
of) the plasma. In that case, the charged particles can escape from the confinement 
region by doing what they are supposed to do: follow the magnetic field lines. This 
enhances transport considerably over collisional transport. To study the properties and 
consequences of a nonideal magnetic field on particle motions and transport, numerically 
and analytically, a model magnetic field is used in this thesis. 

It has been known for decades that small perturbations to the ideal magnetic field, 
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introduces chaotic behaviour of the field lines. In this thesis the magnetic perturbations 
are modelled by perturbations in the current profile (filaments) in the plasma, and as 
such the plasma itself generates the perturbation. This is one step further than similar 
studies in the literature where some (physically unjustified) analytic form is taken for the 
magnetic perturbation. For simplicity the self consistency between the perturbed current 
profile and the perturbed magnetic field have been neglected, although, the minimum 
current density inside a filament, required to sustain this filament, has been computed. 

In the presence of magnetic perturbations the topology changes from the ideal case 
with nested tori, to the perturbed case with large and small magnetic islands, large scale 
chaotic regions with increased transport and small chaotic layers around islands due to 
the rich harmonic content of the filaments. The transport of field lines in chaotic layers 
was found to be nondiffusive, contrary to other observations in the literature. In these 
chaotic fields transport was studied as an interplay between the chaotic motion of the field 
lines with processes that decorrelate the test particles from the field lines. An example of 
such a process are ordinary collisions. It was found that the transport of test particles in 
a chaotic magnetic field was lower than the transport in other literature studies, but it 
is still higher than purely collisional transport. The transport coefficients depend on the 
level of perturbations, as expected, but also on the set of perturbations that were used 
(several large ones, or many small perturbations) and on the decorrelation process. 

In the transport studies it is often justified to assume that the plasma particles follow 
the magnetic field lines. However, due to the nonuniformity of the magnetic field, particles 
move away from the field lines. Because this effect increases with the particle energy it 
is, especially for high energetic (relativistic) particles, necessary to compute the actual 
particle orbit in order to study the effect of magnetic perturbations on their motion. The 
topology of the particle trajectories is qualitatively similar to the magnetic topology of 
field line trajectories; it is in the quantitative nature that they differ and this was the 
subject of theoretical and numerical studies. It is important to stress that a knowledge 
of the magnetic topology may not give a clue about the motion of (relativistic runaway) 
electrons, or vice versa. The reason is that magnetic perturbations have a totally different 
effect on magnetic field lines than they have on (relativistic) electron orbits, although both 
are described by sets of equations that are formally the same. 

Both the evolution of a plasma in general and the behaviour of magnetic field lines 
in particular show erratic behaviour. It is important to know if this erratic behaviour is 
chaos. In the magnetic field model in this thesis, the field lines are chaotic. A knowledge 
about the nature of the erratic behaviour of plasma experiments might give valuable 
information about the plasma state and maybe on the magnetic field (perturbations). 
Therefore the possibility of using chaos analysis tools, as a way to learn more about the 
turbulent plasma state, is discussed. For a plasma, however, it seems to be a problem to 
obtain sufficient statistics of the chaotic plasma state. For estimates of the phase space 
dimension it was found that this will bias the methods, leading to an underestimate of 
the dimension, or even worse, inconclusive results. As such, present day chaos analysis 
tools seem to be inappropriate to analyse the tokamak plasma as a chaotic system. 



Samenvatting 

De structuur van het magneetveld in een tokamak is het onderwerp van dit proefschrift. 
In een tokamak wordt een heet (100 miljoen graden Celsius) geioniseerd gas, een plasma, 
door middel van magneetvelden opgesloten in een volume met een toroidale vorm. De 
geladen plasma deeltjes kunnen vrij bewegen langs de krachtlijnen (veldlijnen) van het 
magneetveld, terwijl de beweging in de richting loodrecht op de veldlijnen beperkt is. 
Dit is de reden dat juist de toroidale geometrie van een magneetveld het plasma van een 
materiele wand kan scheiden, zodat het plasma de hoge temperaturen kan halen. Door de 
extreem hoge temperatuur is het mogelijk dat lichte atoomkernen fuseren tot zwaardere, 
waarbij grote hoeveelheden energie vrijkomen. Dit proces van kernfusie heeft eventuele 
toekomstmogelijkheden als energiebron. 

Het magneetveld in de "ideale tokamak" bestaat uit een toroidale en een poloidale com
ponent. De toroidale component wordt aangelegd met behulp van externe spoelen, terwijl 
de poloidale component wordt geinduceerd door een stroom door het plasma zelf. De 
deeltjes kunnen nu alleen door botsingen ontsnappen uit het opgesloten volume. Echter, 
het aantal botsingen per tijdseenheid en de radiele stap zijn zo klein, dat botsingen geen 
probleem zullen vormen voor het bereiken en vasthouden van de hoge temperaturen. 

Het plasma in een echte tokamak gedraagt zich echter anders dan in de ideale tokamak: 
experimenten laten zulke grote radiele warmte- en deeltjes-transporten zien, dat het in de 
huidige tokamaks niet mogelijk is om netto energie te halen uit de fusiereacties. Op het 
FOM-Instituut voor Plasmafysica "Rijnhuizen" wordt onderzoek gedaan naar de oorzaak 
van dit anomale transport met het doel het te leren beheersen. Als een van de mogelijke 
verklaringen wordt aangevoerd dat de opsluitende werking van het magneetveld wordt 
vernietigd door de aanwezigheid van een radiele component in (een deel van) het plasma. 
In dat geval kunnen de deeltjes dus ontsnappen uit het opgesloten volume door simpelweg 
langs de veldlijnen te bewegen. Dit vergroot het transport aanmerkelijk vergeleken met de 
situatie met botsingen. Om de eigenschappen en gevolgen van een niet-ideaal magneetveld 
op de beweging van deeltjes en het resulterende transport te bestuderen, zowel numeriek 
als theoretisch, wordt in dit proefschrift een model genomen voor het magneetveld. 
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AI vele decennia is bekend dat kleine verstoringen van het ideale magneetveld een 
chaotisch gedrag van de veldlijnen tot gevolg hebben. De modellering van de magneti
sche verstoringen gebeurt in dit proefschrift door het aanbrengen van verstoringen in het 
stroomprofiel (filamenten) in het plasma, zodat het plasma in feite de verstoringen zelf 
genereert. Dit model gaat daarom een stap verder clan de modellering van het mag
neetveld in soortgelijke onderzoeken in de literatuur, waar een (natuurkundig gezien niet 
gerechtvaardigde) analytische vorm wordt genomen voor de magnetische verstoringen. 
De zelf-consistente wisselwerking tussen het verstoorde stroomprofiel en het verstoorde 
magneetveld is wel verwaarloosd. 

De magnetische topologic van het ideale geval van geneste tori verandert door de 
verstoringen in een topologie met grote en kleine magnetische eilanden, grootschalige 
chaotische gebieden met toegenomen transport en dunne chaotische lagen rond de mag
netische eilanden ten gevolge van de rijke harmonische structuur van de filamenten. In 
tegenstelling tot de resultaten in de literatuur, blijken de veldlijnen in de chaotische lagen 
zich niet-diffusief te gedragen. Het transport van testdeeltjes in zulke chaotische mag
neetvelden is bestudeerd als een som van twee processen: het chaotische gedrag van de 
veldlijnen en de decorrelatie van testdeeltjes van de veldlijnen, bijvoorbeeld tengevolge van 
botsingen. Het resultaat was dat het transport in een chaotisch magneetveld veellager is 
clan soortgelijke studies voorspellen, maar wel hoger clan het transport bij enkel botsingen. 
De grootte van het transport hangt af van de mate van verstoring, zoals verwacht, maar 
ook van de aard van de verstoringen (enkele grote of vele kleine verstoringen) en van het 
decorrelatie-proces. 

In het onderzoek naar transport in een (chaotisch) magneetveld is het vrijwel altijd 
gerechtvaardigd om aan te nemen dat de deeltjes de veldlijnen volgen. Echter, de niet
uniformiteit van het magneetveld resulteert in een verwijdering van de deeltjes van de 
veldlijnen, en dit effect, dat toeneemt met de energie van de deeltjes, dwingt men er 
toe om de echte deeltjes banen van relativistische electronen te beschouwen, wil men 
het effect bestuderen van het magneetveld op deze electronen. Kwalitatief gezien zijn 
de topologieen van de deeltjes banen en het magneetveld gelijk; in kwantitatieve zin 
verschillen ze en dit is onderzocht met theoretische en numerieke beschouwingen. Ondanks 
het feit dat de vergelijkingen voor het beschrijven van de magnetische topologie of van 
de topologie van (relativistische) deeltjesbanen formeel aan elkaar gelijk zijn, hebben 
magnetische verstoringen niet hetzelfde effect op beide topologieen. Dit heeft tot gevolg 
dat de kennis die men heeft van de magnetische topologie niets hoeft te zeggen over de 
topologie van deeltjesbanen en vice versa. 

Zowel het tijdsgedrag van het plasma in het geheel, als het gedrag van de magneet
veldlijnen in het bijzonder, kunnen een willekeur vertonen. Het is belangrijk om erachter 
te komen of er een mate van geordendheid (chaos) bestaat in dit willekeurige gedrag. De 
magneetveldlijnen in het gebruikte magneetveld-model vertonen chaotisch gedrag. Een 
beter begrip van het ontstaan van het chaotische gedrag in experimentele plasma's zou 
relevante informatie kunnen geven over de toestand van het plasma of misschien over 
(de verstoringen van) het magneetveld. Het gebruik van methodes uit de chaosanalyse 



149 

lijkt daarvoor een eerst geeigende manier en is daarom nader bekeken. Het lijkt erop dat 
er niet genoeg statistiek kan worden verkregen over de plasma toestand voor een juiste 
afschatting van de dimensie van de fase ruimte. Een onderschatting van de dimensie is 
het gevolg. De huidige analyse middelen lijken daarom niet geschikt om een antwoord te 
geven op de vraag of een tokamak plasma een chaotisch systeem is. 
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1. Van alle mogelijke figuren die Rechester en Rosenbluth konden tekenen om bun 
"evolution of area mapping" voor een divergentievrij veld te illustreren, tekenen ze 
juist die figuur die, door het ontstaa.n van een gat in een voorheen gesloten oppervlak, 
behoort tot de evolutie van een niet-divergentievrij veld. 

I cl 

A.B. Reche&ter m M.N. Rosmbluth, Phys. Rev. Lett. 40 (1978}, p. 98. 

2. Het gebruik van een diffusief model voor de beschrijving van stochastische magneet
veldlijnen .in een tokamak is niet alleen principieel onjuist, maar leidt bovendien tot 
een overschatting van het warmtetransport met een orde van grootte. 
Dii proefschrift, hooftlstr.tk 4· 

3. Het is een misvatting dat de topologie van magneetveldlijnen in een tokamak iets 
zegt over de topologie van driftbanen van (hoog energetische) electronen in een toka
mak of vice versa, ondanks het feit dat beide worden bepaald door het magneetveld. 
Dii proefschrift, hooftlstr.tk 5. 

4. De invloed van de randen van de faseruimte op de bepaling van de dimensie van een 
chaotisch systeem is sterker indien men weinig datapunten heeft verzameld van het 
systeem, dan wanneer men zeer veel data.punten heeft verkregen. 
Dit proefschrift, hoofdstuk 6. 

5. Gebieden in de faseruimte van een niet-integreerbaar Hamilton systeem die bij ge
geven verstoringsamplitude stochastisch zijn, hoeven dat bij hogere verstoringsam
plitudes niet te blijven. 
A. Montvai m M. de Rover, in 7ransport, Chaos and Plasma Physics, eds. S. Benkadda, F. Doveil 

en Y. Elskms, World Scientific, Singapore (1994), p. tOR. 

6. Op termijn is de patient niet gebaat bij de door de overheid opgelegde maatregel, 
gebaseerd op met name politieke overwegingen, om de prijzen van geneesmiddelen 
met 20% te reduceren. 

7. De gekke-koeien ziekte heeft de Europese gevoelens van de Britten naar boven ge
bracht. 



8. Het op de juiste hoogte instellen van de hoofdsteun is een kopzorg voor de Iange 
automobilist. 

9. De kwaliteit van een foto wordt bepaald door de fotograaf en niet door het feit dat 
hij fotografeert met merk C of merk N. 

10. Aangezien huurverhogingen de grootste bijdragen leveren aan de infiatie, staat het 
toelaten van huurverhogingen lijnrecht tegenover het streven van de overheid en de 
centrale bank om de infiatie in toom te houden. 


