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Summary

Energy has grown into one of the most important resources required for the
survival of our species today. Last few centuries have witnessed tremendous in-
crease in the world energy consumption mostly driven by fossil fuels. Since its
discovery, use of crude oil has rapidly gained traction and today it is one of the
most essential materials used by us. It has fuelled industrial and technological
revolution and substantially increased our quality of life.

Multiphase flows through porous media are widely encountered in nature and
technology. Few examples include falling rain drops, trickle bed reactors, atom-
izers and oil recovery. Oil deposits are generally found in beds of sedimentary
porous rocks (also termed as oil reservoir). Oil recovery from such reservoir is
quite complex as it involves subsurface multiphase flows with material transport,
rock-fluid interactions and thermal variations. Water flooding is a secondary oil re-
covery process in which high pressure water is used to displace oil out of the pores
of the reservoir rocks. Due to significantly different density/viscosity along with
strong surface tension and wettability effects among various phases/components,
it is very difficult to describe the behaviour of such flows. Largely different length
scales varying from pore scale (in microns) to reservoir scale (in kilometres) add
another element of complexity to it. Historically, the development of models for
multiphase flows have been mostly carried out using experiments. However due
the recent advancement of computing capabilities, computational fluid dynamics
(CFD) has rapidly evolved into an effective tool to reduce time and cost involved
in experiments. The objective of this thesis is development of numerical methods
to accurately simulate multiphase flows through porous media.

We have developed an in-house code to simulate 3D multiphase flow of im-
miscible fluids through porous media by modelling a) the interactions between
fluid(s) and porous media, b) fluid-fluid interface tracking and c) wettability ef-
fects at three phase contact lines. The direct numerical simulations (DNS) ap-
proach is considered to resolve the fine scale interactions, employing finite vol-
ume methodology (FVM) on a staggered Cartesian computational grid. Boundary
conditions at the surface of the porous structures are imposed using a second or-
der, direct forcing and implicit immersed boundary method (IBM). IBM models
the interactions between fluid(s) and solid surfaces on a non-body conformal grid,
allowing for the better computational efficiently without compromising on simu-
lation accuracy. Advection of the fluid-fluid interface is carried out by the volume
of fluid (VOF) method, which is the most mass conservative method among all
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interface tracking/capturing methods. IBM and VOF are coupled by imposing the
apparent contact angle as a boundary condition at the three-phase contact line
to include wettability effects. The developed solver is also extended to handle
any arbitrarily shaped complex solid boundaries represented in stereolithographic
(STL) surface mesh format. The coupled IBM-VOF method has been verified and
validated on a wide range of test cases with a special focus on oil recovery through
complex porous structures.

The Water flooding process is simulated at typical pore-scale Reynolds and cap-
illary numbers on a variety of different porous structures with increasing order of
complexity. First, we used the most simplistic porous structures i.e. periodic body
centered cubic (BCC) and face centered cubic (FCC) arrays of spheres to show that
the oil recovery strongly depends on the shape of the porous structures. Next, we
compared the viscous finger(s) penetration through model periodic porous struc-
tures made of a) a regular single pore and b) random multipores. We have also
quantified the effect of the capillary number, viscosity ratio and wettability on the
mobility of multiphase flow through random multipore structures. Finally, we have
considered digitized rocks of Fontainebleau sandstone to quantify the effect of rock
porosity on flow mobility, viscous finger characteristics and energy exchanges.

The VOF method uses a discrete and sharp volume fraction field to represent
the fluid-fluid interface on a Eulerian grid. The most challenging part of the VOF
method is the accurate computation of the local interface curvature which is essen-
tial for evaluation of the surface tension force at the interface. We have identified
specific problems pertaining to the conventional curvature computation methods
and devised two novel methods to overcome them. These methods include a) a
hybrid CV-GHF approach which combines the convolution and generalized height
function methods and b) a data driven machine learning (ML) approach which
uses a two-layer feed-forward neural network to predict the local interface cur-
vature from neighboring volume fractions. For the ML approach, a novel data
generation methodology is devised that generates well-balanced randomized data
sets comprising of spherical interfaces of different configurations/orientations for
training/testing the ML model. We have characterized the nature of curvature er-
rors and their convergence behavior for different curvature computation methods.
The performance of our curvature computation methods is also tested with the
multiphase flow solver using a wide variety of test cases. Our results demonstrate
that the hybrid CV-GHF approach provides a high degree of robustness at lower
grid resolutions with first-order convergence and high accuracy at higher grid res-
olutions with second-order convergence. Machine learning is a feasible approach
for a fairly accurate curvature computation. The ML approach easily outperforms
the convolution method and even matches the accuracy of the height function
method for some test cases.

Overall, this thesis presents novel numerical methods for the DNS of 3D mul-
tiphase flows through complex porous media along with new insights into the
fine-scale interactions during the water flooding process.



Samenvatting

Energie is uitgegroeid tot een van de belangrijkste bronnen die nodig is voor
het overleven van onze soort. De laatste paar eeuwen zijn getuige geweest enorme
toename van het wereldwijde energieverbruik, voornamelijk aangedreven door
fossiele brandstoffen. Sinds de ontdekking is het gebruik van ruwe olie snel
toegenomen en vandaag is het een van de meest essentiële materialen die door
ons wordt gebruikt. Het heeft een industriële en technologische revolutie aange-
wakkerd en onze kwaliteit van leven aanzienlijk verhoogd.

Meerfasestromen door poreuze media komen veel voor in de natuur en tech-
nologie. Enkele voorbeelden zijn vallende regendruppels, trickle-bed reactoren,
verstuivers en oliewinning. Olie wordt meestal aangetroffen in sedimentaire pore-
uze rotsen (ook wel oliereservoirs genoemd). Oliewinning uit een dergelijk reser-
voir is vrij complex omdat wordt bepaald door een samenspel van ondergrondse
meerfasestromen met materiaaltransport, rots-vloeistof interacties en thermische
variaties. Water ‘flooding’ is een secundair oliewinningproces waarbij water onder
hoge druk wordt gebruikt om olie uit de poriën van de rotsen te duwen. Van-
wege de aanzienlijk verschillende dichtheden / viscositeiten, samen met sterke
oppervlaktespanning en ‘wetting’ seffecten tussen verschillende fasen / compo-
nenten, is het heel moeilijk om het gedrag van dergelijke stromen goed te beschri-
jven. De verschillende lengteschalen variërend van porieschaal (in micron) tot
reservoirschaal (in kilometers) voegt nog een extra complexiteit toe. Historisch
gezien werd de ontwikkeling van modellen voor meerfasestromingen meestal uit-
gevoerd met behulp van experimenten. Vanwege de recente verbetering van de
rekenkracht van computers is ‘computational fluid dynamics’ (CFD) echter snel
geëvolueerd naar een effectief gereedschap om tijd en de kosten verbonden aan
experimenten te verminderen. Het doel van dit proefschrift is om nauwkeurige nu-
merieke methoden te ontwikkelen voor het simuleren van meerfasestroming door
poreuze media.

We hebben een eigen code ontwikkeld om 3D meerfasestroming van niet-
mengbare vloeistoffen door poreuze media te simuleren door a) de interacties te
modelleren tussen vloeistof(fen) en poreuze media, b) vloeistof-vloeistof interface-
tracking en c) bevochtigseffecten op driefase contactlijnen. De ’directe numerical
simulation’ (DNS) -benadering wordt geruikt om de kleine-schaal interacties op
te lossen, met behulp van de eindige-volume methode (FVM) op een gespreide
Cartesiaanse grid. Randvoorwaarden aan het oppervlak van de poreuze structuren
worden opgelegd met behulp van een tweede orde, impliciete ’direct forcing im-
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mersed boundary’ methode (IBM). IBM modelleert de interacties tussen vloeistof
(en) en vaste oppervlakken op een ‘body-conforming’ raster, waardoor de betere
rekenefficiëntie wordt bereikt zonder in te leveren op simulatienauwkeurigheid.
Advectie van de vloeistof-vloeistof grensvlak wordt uitgevoerd door de ‘volume of
fluid’ (VOF) methode, die de meest massa-behoudende methode is van alle meth-
oden voor het volgen van grensvlakken . IBM en VOF zijn gekoppeld door het
opleggen van de (schijnbare) contacthoek als randvoorwaarde bij de driefase con-
tactlijn om bevochtigseffecten te incorporeren. De ontwikkelde solver is ook uit-
gebreid voor het verwerken van willekeurig gevormde complexe rotsoppervlakken
die worden gerepresenteerd in het zogenaamde stereolithografisch (STL) filefor-
maat. De gekoppelde IBM-VOF-methode is geverifieerd en gevalideerd voor een
breed scala van test cases met een speciale focus op oliewinning uit complexe
poreuze structuren.

Het water flooding proces is gesimuleerd voor typische porie-schaal Reynolds
en capillaire-kentallen in verscheidene poreuze structuren met toenemende mate
van complexiteit. Eerst gebruikten we de meest simpele poreuze structuren d.w.z.
periodieke body-centered-cubic (BCC) en face-centered-cubic (FCC) configuraties
van bollen om aan te tonen dat de oliewinning sterk afhankelijk is van de vorm
van de poreuze structuren. Vervolgens vergeleken we de penetratie van viskeuze
vinger(s) door model periodieke poreuze structuren gemaakt van a) een regel-
matige enkele porie en b) random poriestructuren. We hebben ook het effect van
het capillaire kental, alsmede de viscositeitsverhouding en ‘wettability’ gekwan-
tificeerd op de mobiliteit van meerfasenstroming door willekeurige porie-structuren.
Ten slotte hebben we gedigitaliseerde rotsen van Fontainebleau-zandsteen onder-
zocht om het effect van rots-porositeit op stromingsmobiliteit, karakteristieken van
‘viscous fingers’ en de energie-budgetten te kwantificeren.

De VOF-methode maakt gebruik van een discreet en scherp volumefractie-veld
om de vloeistof-vloeistofinterface op een Euleriaans rooster weer te geven. Het
meest uitdagende deel van de VOF-methode is de nauwkeurige berekening van
de lokale kromming van het grensvlak die essentieel is voor de evaluatie van de
oppervlaktespanningskracht op het grensvlak. We hebben specifieke problemen
geïdentificeerd met betrekking tot de conventionele methoden voor het bereke-
nen van de kromming en hebben twee nieuwe methoden bedacht die te over-
winnen. Deze methoden omvatten a) een hybride CV-GHF-benadering die de
convolutie- en gegeneraliseerde hoogtefunctie-methoden combineert en b) een
‘data-driven machine learning’ (ML) benadering die een tweelaags feed-forward
neuraal netwerk gebruikt om de lokale interface kromming te voorspellen ge-
bruikmakend van naburige volume-fracties. Voor de ML-benadering is een nieuwe
methodologie voor het genereren van gegevens ontwikkeld die goed gebalanceerde
gerandomiseerde gegevenssets genereert bestaande uit bolvormige interfaces met
verschillende configuraties / oriëntaties voor het trainen en testen van het ML-
model. We hebben de krommingsfouten en hun convergentiegedrag gekenmerkt
voor verschillende methoden van krommingsberekening. De prestaties van onze
kromming-berekening methoden is ook getest met de meerfase-stroming solver
met behulp van een breed scala aan test cases. Onze resultaten tonen aan dat
de hybride CV-GHF-benadering een hoge mate van robuustheid beidt bij lagere
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grid resoluties met eerste-orde convergentie en hoge nauwkeurigheid bij hogere
grid resoluties met tweede-orde convergentie. Machine learning is een toepasbaar
voor een redelijk nauwkeurige krommingberekening. De ML-aanpak overtreft
gemakkelijk de convolutiemethode en bereikt zelfs de nauwkeurigheid van de
hoogte-functiemethode voor sommige testgevallen.

In het kort, presenteert dit proefschrift nieuwe numerieke methoden voor de
DNS van 3D-meerfasestroming door complexe poreuze media, alsmede nieuwe
inzichten in de fenomenen die plaatsvinden op kleine schaal tijdens het water-
flooding proces.





Chapter 1
Introduction

1.1 Oil recovery

Crude oil is one of the most important feedstocks that we use today. Most of
the man made things around us contains some or the other derived product from
crude oil. A few examples include fuels, asphalt, lubricants, fertilizers, plastics
etc. Since the first discovery of oil in 1859, its usage has been increasing day by
day and it has been serving as our primary energy source since multiple decades.
The demand of oil is mainly driven by population growth, improving standard
of living and volatile geo-political/socio-economic developments. Since 1990, oil
contributes for more that 30% to the world energy demand and this scenario is
likely to remain unchanged until 2040, despite increased usage of renewable en-
ergy sources (Fig. 1.1). As the world total energy demand is growing, the demand
of oil is projected to increase around 1% every year till 2040. Current projections
estimate that the proven oil reserves can last for the next 50 years.

Crude oil is found in large underground deposits in sedimentary basins (usu-

Figure 1.1: World energy consumption by source (Capuano, 2018).
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ally known as reservoirs). Most of the reservoirs have already been explored and
chances of finding new reserves are quite unreliable. (Capuano, 2018). It is gradu-
ally becoming more difficult to extract oil from these aging reservoirs. This in-turn
creates ample opportunities to improve oil recovery processes that will bridge the
gap between oil supply and demand in the coming years.

Oil is recovered from a reservoir in three main stages (Alvarado and Manrique,
2010). In the primary stage, oil flows through the producer well automatically
with little to no effort due to the natural pressure difference between reservoir and
surface. Only a small fraction of total reservoir oil (5−15% depending upon the
nature of the reservoir) is recovered by this way as the natural pressure difference
gradually reduces with time. In secondary oil recovery, a driving fluid (commonly
gas or water) is injected into the oil wells, which increases the reservoir pressure
and displaces more oil. By the means of such gas or water flooding additional 15−
25% of the total oil can be recovered. Efficiency of water flooding mainly depends
on the reservoir rock structure and physico-chemical properties of the involved
components/phases. Water flooding is currently the preferred recovery technique
for most of the reservoirs around the world due to higher sustained oil production
rates and higher recovery factor (Muggeridge et al., 2014). In the ternary or
enhanced oil recovery (EOR), any of various chemical agents, polymer solutions
or pressurized steam is injected into an oil well, which provides an opportunity to
further recover 20−30% of oil. Most of the EOR processes were developed during
the oil crisis and their usage is only justified in an era of high oil prices, because
of the relatively high production costs compared to the secondary oil recovery
processes.

Figure 1.2: Different length scales involved in the oil recovery process (Zitha et al., 2011).

Oil recovery is governed by the combined effect of various factors e.g. interplay
between different components/phases of multiphase flow, rock type, rock-fluid in-
teractions and thermal effects. On top of this, there are vastly different length
scales involved in this process ranging from microscopic (pore) scale to the field
scale (Fig. 1.2). For example, world’s largest oil field (the Arab D limestone in
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Ghawar in Saudi Arabia) is around 230 km long, 30 km wide and 90 meters thick
(Durham, 2005) whereas oil-bearing pores (Fig. 1.3) have a length scale of mi-
crons. To understand the mechanisms governing such a complex process occurring
on different length scales, researchers have relied on various experimental and nu-
merical techniques. Generally, experiments are performed using X-ray tomography
(Akin and Kovscek, 2003) or magnetic resonance imaging (Oswald et al., 2007)
on a small section of the rock. Due to the advancement of computing capabilities,
numerical modelling of oil recovery has gained traction in academia and industry
(Druetta et al., 2016). There are mainly two approaches in the numerical mod-
elling depending upon the length scale of the simulations: i) pore scale and ii)
reservoir scale approach. In the pore scale approach, detailed simulations are per-
formed on a small section of the reservoir rock (few representative pores). Such
simulations include the effects of all physical and physio-chemical interactions be-
tween various fluids flowing in the pores and rock structure. The oil displacement
phenomenon observed at such a small scale may form the basis to understand the
overall mechanism behind it. Results of such simulations can be compared with ex-
periments and together they help in developing upscaling models that are essential
for the reservoir scale simulations. A coarse-grained approach is used in reservoir
scale simulations where each representative volume models several pores. Flow
and pressure fields are simulated on an volume-averaged basis neglecting the fine
interactions between various components/phases.

Figure 1.3: Section of oil bearing sandstone (Muggeridge et al., 2014): oil (in blue) and
water (in yellow) occupy the pore spaces between sand grains.

1.2 Thesis objective and outline

The primary objective of the thesis is development of numerical methods to ac-
curately simulate multiphase flows as encountered during the water flooding pro-
cess. The direct numerical simulation (DNS) approach used in the thesis focuses
on the microscopic (pore) scale interactions of different components/phases. It
provides in-depth understanding of the underlying displacement mechanisms and
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also helps in quantifying the effects of rock structure and physico-chemical prop-
erties on the efficiency of the water flooding process. Special focus is given to the
development of novel curvature computation techniques, which are essential for
accurately calculating the surface tension force at the fluid-fluid interface. Numer-
ical methods devised during the course of our research are sufficiently general to
be used for a broad class of multiphase systems involving flow of two immiscible
fluids in complex porous media.

The thesis is divided into two parts. Part I of the thesis consists chapter 2-4
and focuses on the DNS of the water flooding process. Chapter 2 describes nu-
merical method and implementation details of the coupled immersed boundary
method (IBM) and volume of fluid (VOF) method to simulate multiphase flow of
immiscible fluids through porous media with wettability effects. Exploratory sim-
ulations of water flooding process are performed through simple/ideal geometries
using the developed method. Chapter 3 quantifies the effect of flow and fluid
properties i.e. capillary number, viscosity ratio and wettability on the mobility of
the multiphase flow through model porous structures comprised of repeated sin-
gle and multiple random pores. Chapter 4 includes the extension of the coupled
IBM-VOF method for any arbitrarily shaped complex solid boundary in stereolitho-
graphic (STL) surface mesh format. The water flooding process through real dig-
itized rocks has been simulated to quantify the effect of rock porosity on the oil
mobility, viscous finger characteristics and energy exchange rates. Chapter 2-4
include extensive validation and verification test cases specifically related to oil re-
covery to ascertain the accuracy and applicability of our coupled IBM-VOF method.

Part II of the thesis consists of chapter 5 and 6 which focuses on the devel-
opment of novel curvature computation techniques for VOF to overcome specific
problems of the conventional methods. We have devised two techniques: i) the
hybrid convolution and generalized height function (CV-GHF) method detailed in
chapter 5 and ii) the machine learning approach using neural networks detailed
in chapter 6. Both of these techniques are coupled with the multiphase flow solver
and supported with a wide range of validation and verification test cases. At the
end, chapter 7 gives a general outlook of the research undertaken and also defines
possible future directions.



Part I

Direct Numerical Simulations
of the Water Flooding Process





Chapter 2
A coupled IBM-VOF method

Abstract

A numerical methodology is presented for simulating 3D multiphase flows through
complex geometries on a non-body conformal Cartesian computational grid. A direct
forcing implicit immersed boundary method (IBM) is used to sharply resolve complex
geometries, employing the finite volume method (FVM) on a staggered grid. The fluid-
fluid interface is tracked by a mass conservative sharp interface volume of fluid (VOF)
method. Contact line dynamics at macroscopic length scale is simulated by imposing
the apparent contact angle (static or dynamic) as a boundary condition at the three-
phase contact line. The developed numerical methodology is validated for several test
cases including the equilibrium shape of a droplet on flat and spherical surfaces, the
temporal evolution of a droplet spreading on a flat surface. The obtained results show
an excellent correspondence with those derived analytically or taken from literature.
Furthermore, the present model is used to estimate, on a pore-scale, the residual oil
remaining in idealized porous structures after water flooding.

This chapter is based on:
Patel, H. V., Das, S., Kuipers, J. A. M., Padding, J. T., Peters, E. A. J. F., 2017. A coupled
Volume of Fluid and Immersed Boundary Method for simulating 3D multiphase flows with
contact line dynamics in complex geometries. Chemical Engineering Science 166, 28-41.
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2.1 Introduction

Multiphase flows in complex geometries are encountered widely in nature and
technology. Examples include enhanced oil recovery (EOR) (Alvarado and Man-
rique, 2010), trickle bed reactors (Herskowitz and Smith, 1983), microfluidics
devices (Stone et al., 2004) and biological systems (Fauci and Gueron, 2001).

Focusing on oil recovery, during the primary recovery process, oil comes out
of the porous rocks automatically due to its own natural pressure. Gradually,
the natural pressure of the oil reduces and the automatic flow of the oil stops.
There is still a large amount of oil which remains trapped in the porous rocks.
To recover this residual oil secondary and ternary (also known as EOR) processes
are used. There is a wide variety of secondary/EOR processes available e.g. gas
injection, thermal processes, water flooding, chemical flooding etc. and the choice
is generally based on economy. In water flooding (Sheng, 2014) high pressure
and/or high temperature water is pushed through porous rocks to recover residual
oil. Focus of the current work is to devise a methodology for pore-scale simulations
of oil-water multiphase flows through complex rock structures during such a water
flooding process. To serve this purpose, three different things need to be resolved:
i) oil-water multi-fluid interface tracking, ii) interactions between fluids (oil and
water) and complex solid geometries, and iii) three-phase contact line dynamics.

Accurate simulations of sharp interface multi-fluid flows are particularly diffi-
cult for the following reasons: i) the fluid-fluid interface needs to be tracked ac-
curately without introducing excessive computational smearing, and ii) accurate
calculation of surface tension force is necessary in case of highly curved interfaces.
A wide range of numerical methods has been developed and successfully applied
to a variety of multi-fluid flow problems (Wörner, 2003). The front tracking (FT)
method (Tryggvason et al., 2001) uses triangular shaped markers (in 3D) on the
Lagrangian interface to track it. However, the Navier-Stokes equations are solved
on a fixed Eulerian grid. Necessary information is exchanged between the La-
grangian interface markers and neighboring Eulerian grid cells for advection of
the interface and computation of the surface tension force. This method is very
accurate, but it requires dynamic remeshing of the interface markers. Also, inter-
face breakup and coalescence is not automatic and it requires a proper sub-grid
model to resolve them. The level set (LS) method (Sussman et al., 1994) defines
the interface as the zero level set of a distance function from the interface. A
numerical solution is found for the advection of this distance function. The LS
method is conceptually simple and relatively easy to implement but it suffers from
loss of mass in case of highly deformed interfaces. The volume of fluid (VOF)
method (Hirt and Nichols, 1981; Youngs, 1982) uses a color function F (x, y, z, t )
which denotes the fractional amount of particular fluid present at spatial location
(x, y, z) at time t . Advection of F is governed by the same equation as for the LS
method but it is solved by pseudo-Lagrangian geometrical advection schemes to
minimize numerical diffusion. This particular feature makes VOF the most mass
conservative among all multi-fluid interface tracking methods. Interface recon-
struction is required for geometrical advection of F which is done by simple line
interface calculation (SLIC) by Noh and Woodward (1976) or piecewise linear in-
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terface calculation (PLIC) by Youngs (1982). The accuracy of the PLIC algorithm
is higher compared to SLIC and is used in the present work. A drawback of LS and
VOF methods are that they produce numerical coalescence when two interfaces
are less than one grid cell apart. The surface tension force (Baltussen et al., 2014)
can be numerically calculated by the continuum surface force (CSF) model, height
function model or tensile force model. The density-scaled CSF model proposed by
Brackbill et al. (1992) is used here due to its simplicity and robustness especially
in the presence of complex solid boundaries.

Fluid-fluid interfaces in contact with solid boundaries produce a three-phase
contact line and thus the contact line dynamics needs to be resolved in addition to
solving interface motion. The contact line behavior is determined by microscopic
physico-chemical interactions between molecules of two different immiscible flu-
ids and the solid substrate, and it can drastically affect the statics and dynamics
of the bulk flow (Snoeijer and Andreotti, 2013). The result of these microscopic
interactions at the contact line can be seen as an apparent contact angle on macro-
scopic length scales. Multiple attempts have been made to describe the effect of
the contact line on macroscopic length scales by giving a single/static (Renardy
et al., 2001) or dynamic (Dussan, 1979) value for apparent contact angle. An
interesting review on simulations with moving contact lines is presented by Sui
et al. (2014) where the main approach is to apply the apparent contact angle as
a boundary condition at the grid cells located at the contact line. However, the
majority of the available literature focuses on the numerical simulations of the
contact line dynamics for simple solid geometries on a body conformal grid and
still a significant amount of work is needed for complex solid geometries.

The immersed boundary method (IBM) is a well-established computational
technique which uses non-body conformal structured (mainly Cartesian) grids for
simulating flow through complex geometries. The main advantages of IBM over
the traditional unstructured body conformal grids are simplicity in grid generation
and discretization of the Navier-Stokes equations, ease of code development, less
memory requirement to store the grid information and higher computational ef-
ficiency. An excellent review is presented by Mittal and Iaccarino (2005) on the
large variety of IBMs. The methods can be broadly classified in two categories: i)
continuous forcing approach, first proposed by Peskin (1972), where the no-slip
condition at the immersed boundary (IB) is applied by introducing a continuous
forcing function as a source term in the momentum equation and ii) discrete (or
direct) forcing approaches where the effect of the IB is imposed at the level of the
discretized momentum equation. The direct forcing approach produces a sharp
solid interface without spatial spreading. So, in the present work the direct forc-
ing implicit IBM is used which is second order accurate, stable, easy to implement
and does not require calibration of the geometry, which is useful for complex ge-
ometries.

Very few attempts have been made to integrate multi-fluid interface track-
ing methods with IBMs to simulate multiphase flows with contact line dynamics
through complex solid geometries. Deen et al. (2009) used the FT method with
direct forcing IBM to simulate interactions of bubbles with a solid particle bed.
However, contact line dynamics was not incorporated in their simulations. Suh
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and Son (2009) used the LS method to describe both fluid-fluid and fluids-solid
interface (IB) to simulate a piezoelectric inkjet process. The VOF method with
IBM was used by Sun and Sakai (2016b) to simulate flow through a twin screw
kneader, Washino et al. (2011) for a wet granulation process and Karagadde et al.
(2012) for modeling motion and growth of dendrites in a solidifying melt. How-
ever, the effect of the IB is explicitly imposed by modifying the velocity using local
solid fractions which produces a diffuse fluids-solid interface.

In this chapter, a methodology is presented to couple the VOF method with
direct forcing, implicit and sharp interface IBM with contact line dynamics. The
chapter is organized as follows: First, we describe the governing Navier-Stokes
and VOF advection equations for multiphase flows. Subsequently, numerical and
implementation details are presented for the solution methodology, IBM, VOF and
contact line dynamics. Next, an extensive validation of the current numerical
model is reported for both static and dynamic contact angles. Last, we present our
findings for numerical simulations of a water flooding process through periodic
body centered cubic (BCC) and face centered cubic (FCC) structures and estimate
the residual oil.

2.2 Governing equations

For incompressible multiphase flows the Navier-Stokes equations can be com-
bined into a single equation for the velocity field u in the entire domain, taking into
account the effect of surface tension by a local volumetric surface tension force Fσ
accounting for the presence of a curved deformable fluid-fluid interface. The gov-
erning mass and momentum conservation equations for unsteady, incompressible,
Newtonian, multiphase flows are expressed as follows:

∇·u = 0 (2.1)

ρ
∂u

∂t
+ρ∇· (uu) =−∇p +∇·τ +ρg+Fσ (2.2)

where τ = µ[∇u+ (∇u)T ] is the fluid stress tensor and g is the acceleration due to
gravity. The local averaged density ρ and dynamic viscosity µ depend on the local
fluid phase distribution and hence are evaluated from the local phase fraction
F between fluid phases. The volumetric surface tension force appearing in the
momentum equation acts only in the vicinity of the interface. Advection of F is
governed by the following equation:

DF

Dt
= ∂F

∂t
+u ·∇F = 0 (2.3)

This equation expresses that the interface is advected with the local fluid velocity.
To evaluate the local averaged density ρ, linear averaging of the densities of the
fluid 1 (F = 1) and fluid 2 (F = 0) is used:

ρ = Fρ1 + (1−F )ρ2 (2.4)
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Similarly, the local average dynamic viscosity µ could also be evaluated by linear
averaging of the dynamic viscosities of individual fluid phase. Alternatively, fol-
lowing a fundamental approach proposed by Prosperetti (2002), the local average
kinematic viscosity is evaluated by harmonic averaging of the kinematic viscosities
of the individual fluid phases:

ρ

µ
= F

ρ1

µ1
+ (1−F )

ρ2

µ2
(2.5)

In all the computations reported in this thesis, Eq. (2.4) and Eq. (2.5) are used to
evaluate the local average density and dynamic viscosity, respectively.

2.3 Numerical details

In this section numerical details for the coupled VOF and IBM framework are
presented. The section is divided into four main parts: i) solution methodology
focusing on discretization and numerical solution of the incompressible Navier-
Stokes equations, ii) IBM dealing with the dynamic interactions between fluids
and non-deformable solids, iii) VOF dealing with the dynamics of deformable fluid-
fluid interface, and iv) contact line dynamics dealing with the coupling of VOF and
IBM by appropriate contact angle boundary condition.

2.3.1 Solution methodology

In the current implementation, the finite volume method (FVM) is used to solve
the mass and momentum conservation equations in each control volume (CV)
of a staggered computational grid. The time-discretized form of the momentum
equation is obtained as:

ρuk+1 = ρuk + ∆t

∆V

{
−

∫
A

pk+1 ŝd A

− ρ

∫
A

[
Ck+1

FOU +
(
Ck

min−mod −Ck
FOU

)]
d A

+
∫
A

τ k,k+1 · ŝd A

}
+ ∆t

{
ρgk +Fk

σ

}
(2.6)

where ∆V represents the volume of each CV, A and ŝ are surface area and outward
pointing unit cell surface normal respectively, superscript k indicates the time in-
dex and C indicates the net-convective flux: C = (u·ŝ)u. A deferred correction
method has been incorporated in the convection term, where both the first order
upwind (FOU) scheme and total variation diminishing (TVD) min-mod scheme
are used to calculate the convection flux; the flux by the FOU scheme (CFOU) is
treated implicitly and, based on the higher order min-mod scheme, a correction is
introduced (Cmin−mod −CFOU) which is treated in an explicit manner. A second or-
der accurate central difference scheme is used for discretizing diffusive terms. The
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volumetric surface tension force is treated explicitly and its discretization is ex-
plained in the subsequent section. Eq. (2.6) is solved by a fractional step method,
where at the first-step the tentative velocity field u∗ is computed from:

ρu∗ = ρuk + ∆t

∆V

{
−

∫
A

pk ŝd A

−ρ
∫
A

[
C∗

FOU +
(
Ck

min−mod −Ck
FOU

)]
d A

+
∫
A

τ k,∗ · ŝd A

}
+∆t

{
ρgk +Fk

σ

}
(2.7)

Here the stress tensor is split into an implicit part and an explicit part. In the
momentum equation for each of the 3 directions (i.e., x, y or z), only the velocity
component in the direction under consideration is treated implicitly, whereas the
other velocity components are treated explicitly. For Eq. (2.7) we need to solve a
set of linear equations. The enforcement of the no-slip boundary condition at the
IB wall is handled at the level of discretization of the momentum equation which
is detailed in the next section. We use a robust and efficient Block-Incomplete
Cholesky Conjugate Gradient (B-ICCG) solver that is OpenMP-parallelized to solve
the resulting sparse matrix for each velocity component.

The velocity at the new time level k +1 can be obtained from:

uk+1 = u∗− ∆t

ρ
∇(
δp

)
(2.8)

where δp = pk+1−pk represents the pressure correction. Since uk+1 needs to satisfy
the continuity equation, the pressure Poisson equation is obtained as:

∇·
{
∆t

ρ
∇(
δp

)}=∇·u∗ (2.9)

which is again solved by the B-ICCG sparse matrix solver. The periodic bound-
ary conditions for both velocity and pressure are taken care of during the flux
calculation and treated implicitly in the sparse matrix solving steps. A detailed
implementation of periodic boundary condition for pressure-velocity coupling is
presented in Das et al. (2016b). Note that the periodic boundary condition for the
VOF method is applied in an explicit manner.

2.3.2 Immersed Boundary Method (IBM)

An implicit (direct) second-order accurate IBM proposed by Deen et al. (2012)
and described in details by Das et al. (2016b) has been used to apply no-slip
boundary conditions for fluids-solid interactions at immersed boundaries. Initially,
all the cells are marked/flagged as either ‘solid-cell’ (cell-center inside the solid
body) or ‘fluid-cell’ (cell-center in the fluid zone) in the staggered computational
grid. ‘IB-cells’ are a special type of fluid-cells, as they have at least one neighboring
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Figure 2.1: 2D schematic representation of the fluid-fluid interface in contact with a solid
surface in a Cartesian computational grid to illustrate implementation details.
 = scalar (pressure/phase fraction) CV, ■ = x-velocity CV on the staggered
grid and × = cell vertices. Interface between two fluids is piecewise linear
according to the PLIC algorithm.

solid-cell. It is in these IB-cells where the no-slip boundary condition is imposed
as shown in Fig. 2.1. Note that because staggered positions are used for the ve-
locity components, the CV is different for different components. Fig. 2.1 shows an
example for the case of the x-component of the velocity. The algebraic form of the
discretized momentum equation, Eq. (2.7), at the CV center c can be represented
as:

acφc +
∑
nb

anbφnb = bc (2.10)

where φ corresponds to one of the fluid velocity components and nb indicates
the cell-center of surrounding neighboring cells. a represents the fluids- and
geometry-dependent matrix coefficients and all the explicit terms are collected
in bc . From the perspective a fluid-cell c, if one of the surrounding cells nb is a
solid-cell, the no-slip condition is imposed by changing the central coefficient (ac)
and neighboring coefficient (anb) of Eq. (2.10).

An example is given in Fig. 2.1, where a fluid-cell c is neighboring a solid-cell
w . The value of φ in the solid-cell is expressed as a linear combination of relevant
fluid-cell values, in such a way that it satisfies the no-slip boundary condition at
the solid surface (s). For this purpose a quadratic interpolation polynomial is used:
φ= p ξ2+q ξ+r , where ξ is a non-dimensional distance from solid-cell w , as shown
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in Fig. 2.1. The values of the coefficients p, q and r are obtained from the known
values of φ at the solid boundary (φ = 0 at ξ = ξs) and the two nodes in the fluid
(φ=φc at ξ= 1 and φ=φe at ξ= 2). As a result we find the extrapolated value:

φw =− 2ξs

1−ξs
φc + ξs

2−ξs
φe (2.11)

where ξs corresponds to the non-dimensional distance from the solid-cell to the
point where the grid line intersects the solid boundary. The modified coefficients
(â) for Eq. (2.10) become

âc = ac +aw

(
− 2ξs

1−ξs

)
âe = ae +aw

(
− ξs

2−ξs

)
âw = 0

(2.12)

Note that Eq. (2.10) is also solved for solid-cells. To enforce zero velocity for the
solid-cells, central coefficient (ac) is modified to 1 and all other coefficients (i.e.
anb , bc) to 0. For a complex geometry it is also possible that a fluid-cell near the
immersed boundary has more than one neighbor lying inside a solid body. In that
case the implementation details are more involved and readers are referred to Das
et al. (2016b).

2.3.3 Volume of Fluid (VOF)

The VOF part of the simulation consists of three main subparts: i) solution
of fluid phase fraction F -advection equation, ii) computation of the volumetric
surface tension force, and iii) smoothing of fluid phase fraction F .

Solution of fluid phase fraction F -advection equation

The integration of the hyperbolic F -advection equation, Eq. (2.3), is the most
critical part of the VOF model and is based on geometrical advection which can be
viewed as a pseudo-Lagrangian advection step. The advantage of the geometrical
advection is given by the fact that a sharp interface is maintained during the simu-
lations. First, for each Eulerian cell containing an interface the unit normal vector
n̂ to the interface is estimated from the gradient of the fluid phase fraction F as

n̂ = ∇F

|∇F | (2.13)

In our model first the components of the normal vector are computed at the ver-
tices of the Eulerian cell and then the cell-centered components are computed by
averaging over the eight (four in 2D) surrounding vertices. An example is given
for a 2D case in Fig. 2.1, where n̂ at cell-center q is computed by averaging n̂
over vertices 3, 4, 5 and 6. Note that the direction of n̂ points from fluid 2 (F = 0)
towards fluid 1 (F = 1).
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By combining the information of the normal direction in an Eulerian cell and its
phase fraction F the PLIC surface cutting through the Eulerian cell is constructed.
Here transformations of the coordinate system are applied to reduce the number
of possible configurations of a PLIC surface from 64 to 5 generic configurations.
These steps are described with all necessary geometrical and mathematical details
by Van Sint Annaland et al. (2005).

Note that F -advection is carried out for all fluid-cells. In presence of immersed
boundaries the VOF method is no longer conservative as a small local mass error
may occur due to the presence of partially filled cells at boundaries, which may
further accumulate over time. If strict mass conservation is needed, we find the
mass error after each time step and compensate for it by subtracting the mean
mass error from each cell at the interface (i.e. cells where 0 < F < 1). We observed
that this mass compensation does not have a significant influence on the overall
flow dynamics. The procedure is similar to that used by Bunner and Tryggvason
(2002) for the front-tracking method, Fujita et al. (2015) for the level set method
and Sun and Sakai (2016b) for the IBM-VOF method. It is important to emphasize
that all the validation/verification test cases presented in section 2.4.1 have been
simulated without such mass compensation and the maximum mass error is merely
in the order of 10−3 % relative to initial mass.

Computation of the volumetric surface tension force

In the density-scaled continuum surface force (CSF) model (Brackbill et al.,
1992) the surface tension force acts via a source term Fσ in the momentum equa-
tion which only acts in the vicinity of the interface. The expression for Fσ is given
by:

Fσ = ρ〈
ρ
〉σκn (2.14)

where σ is the coefficient of surface tension, n = ∇F is the interface normal vec-
tor and

〈
ρ
〉

is the average density of the two fluid phases. The expression for
the curvature κ is obtained from the divergence of the unit normal vector to the
interface:

κ=−(∇· n̂) =−(∇· n

|n| ) = 1

|n|
[

n

|n| ·∇|n|− (∇·n)

]
(2.15)

The normal to the interface is actually computed from the gradient of the smoothed
phase fraction F̃ . So, the formulas above hold with n = ∇F̃ . The smoothing tech-
nique used in this thesis will be discussed in the next section. The density scaling
used in the CSF model distributes the acceleration due to surface tension (i.e.,
Fσ/ρ) symmetrically across the interface while conserving the total surface tension
force. This improves the stability of the numerical model by reducing the parasitic
currents (Yokoi, 2014) especially for the case when there is a high density ratio
between the two fluid phases. The density scaled CSF model is used in chapter
2 and 3 to compute surface tension forces. Balanced force concept proposed by
Francois et al. (2006) is also another approach to reduce parasitic currents. It uses
CSF model without density scaling and discretizes surface tension and pressure
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force at the same computational location. Details of the balanced force concept is
available in chapter 5 and it is used in chapter 4, 5 and 6.

Smoothing of fluid phase fraction F

As indicated before, the interface orientation (i.e. the normal to the inter-
face) is computed from the gradient of the fluid phase fraction F according to
Eq. (2.13). Basically this involves numerical differentiation of a discontinuous
function, leading to inaccuracies. This problem can be overcome by making use of
a smoothed phase fraction F̃ for the computation of the unit interface normal, i.e.
using Eq. (2.13) with F replaced by F̃ obtained from:

F̃ (x, y, z) =∑
m

D(x −xm)D(y − ym)D(z − zm)F (xm , ym , zm) (2.16)

Here the smoothing function D is given by the polynomial expression proposed by
Deen et al. (2004) as follows:

D(x) =


15

16

1

h

[( x

h

)4
−2

( x

h

)2
+1

]
, |x| ≤ h

0, |x| > h
(2.17)

where h represents the width of the computational stencil used for the smoothing.
We typically use h = 2∆ where ∆ is the Eulerian grid size, unless otherwise stated.
The width of the computational stencil for the smoothing should be selected care-
fully. When the width is too small numerical instabilities may still arise, especially
in the case where coefficient of surface tension is high. On the other hand when
the width of the computational stencil is chosen too large, excessive smoothing
(thickening) of the interface is obtained, which is undesirable.

In presence of immersed boundaries, the smoothing stencil used for the fluid-
cells near a boundary may contain some solid-cells. However, solid-cells do not
have any physical value of the fluid phase fraction F . To overcome this problem,
F is extended in the solid region at any general contact angle using a method
proposed by Sussman (2001). An ’extension’ Eq. (2.18) in the form of advection
Eq. (2.3) is solved for the solid region using an artificial extension velocity uextend

and artificial timestep ∆τ. Note that this extension is carried out using the same
pseudo-Lagrangian geometrical advection scheme used to advect F in the fluid
region as described in section 2.3.3.

∂F

∂τ
+uextend ·∇F = 0 (2.18)

For all computations reported in this thesis, extension is carried out up to 4 grid
cells in the solid region using ∆τ= 0.5∆. Applying this method eliminates the need
to modify the smoothing stencil for the fluid-cells near the immersed boundary
while maintaining the continuity of F̃ across it. For more clarification, Fig. 2.2 (a),
(b) and (c) represents original fluid phase fraction F , extended fluid phase frac-
tion and smoothed fluid phase fraction F̃ , respectively. For the diffuse interface
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Figure 2.2: Stepwise evolution of fluid phase fraction field: a) Original fluid phase fraction
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Figure 2.3: Contact angle boundary condition implementation at solid boundaries. The
fluid-fluid-solid contact line runs perpendicular to this figure.

treatment of the immersed boundary (Sussman, 2001), this procedure would also
apply the contact angle boundary condition as the fluid forcing is continuous and
spread over few grid cells across the immersed boundary. So, fluid-cells near the
boundary can experience the surface tension force due to the interface curvature
(governed by extended and smoothed phase fraction F̃ ) from solid region. How-
ever, in the present sharp IBM we have discontinuity at the immersed boundary
between fluid and solid regions and hence contact angle boundary condition needs
to be explicitly enforced as described in the subsequent section.
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2.3.4 Contact line dynamics

In presence of a fluid-fluid interface with immersed solids, contact line dynam-
ics plays a major role in wetting-dewetting phenomena. It can be easily incorpo-
rated in the current framework of CSF model by applying the appropriate contact
angle boundary condition at contact lines. The contact angle may have a single
value (static) or different values (dynamic) depending upon the local contact pa-
rameters and fluid properties. The effect of the contact angle is taken into account
by modifying the interface normals at the solid boundaries as follows:

n̂ = n̂s cosθ+ t̂s sinθ (2.19)

where θ is the contact angle, n̂s is the unit solid surface normal pointing inside the
solid as seen from the fluid and t̂s is the unit tangent which lies on the solid surface
and is normal to both n̂s and the contact line as shown in Fig. 2.3. n̂s can be easily
found analytically for simple shapes such as spherical or cylindrical surface. For
more complicated geometries it follows from the surface mesh that describes it or
can be computed using the solid fraction as proposed by Washino et al. (2011).
The tangential unit vector, t̂s , can be found as

t̂s = ∇F − (n̂s ·∇F )n̂s

|∇F − (n̂s ·∇F )n̂s |
(2.20)

If one would have a body conformal grids, contact angle boundary condition could
applied at all the cell vertices which are conformal with solid boundaries. For
our case this holds for the outer boundaries of the computational domain. For
a general immersed object its boundaries do not align with the Cartesian grid as
shown in Fig. 2.1, In this case, the contact angle boundary condition is applied on
all the vertices of the solid-cells which have at least one immediate neighbor in the
fluid. In this way, the contact angle boundary condition is applied very close to the
solid boundaries (if not exactly on it). Fig. 2.1 shows the solid-cell p has one of its
neighbors q as a fluid-cell. So, the contact angle boundary condition is applied on
all the vertices 1, 2, 3 and 4 of the solid-cell p.

Contact line dynamics is a molecular phenomenon, which suggests that the
macroscopic flow can be strongly affected by interactions at molecular scales be-
tween fluids and solid substrate (Snoeijer and Andreotti, 2013). It is essential
to take into account the effect of this sub-grid phenomenon for macroscopic-grid
modeling. Different theoretical and experimentally inspired models are available
in the literature (consolidated by Saha and Mitra (2009)) and they differ in the
approach taken to connect the molecular and macroscopic length scales.

Apart from molecular scale phenomena, the flow field varies significantly on
small (but macroscopic) distances from the contact line. When using a large grid
size the flow field near the contact line is under resolved and also hydrodynamic
phenomena should be accounted for in the model for the contact line dynamics. As
we are interested in flows in complex porous geometries with low Reynolds Re and
capillary C a numbers, a model developed by Voinov (1976) and Cox (1986) has
been adopted which links the dynamic contact angle θd with equilibrium contact
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angle θe using a slip length λ and slip capillary number C acl as follows:

θ3
d = θ3

e +9sgndir C acl ln

(
L

λ

)
with

C acl =
µ |Ucl|
σ

,

Ucl = (ucl · t̂s )
t̂s

|t̂s |
and

sgndir =−sign(Ucl · n̂)

(2.21)

where |Ucl| is contact line velocity, i.e., the magnitude of the slip velocity parallel
to the tangent direction t̂s which is found out using a density weighted average
velocity ucl of the fluid nodes in the vicinity of the contact line. sgndir signifies
the direction of the contact line motion, with: sgndir =+1 or −1 for advancing and
receding contact lines, respectively. L is the macroscopic or grid length scale. For
the slip length λ, as observed by Lauga et al. (2007), we have taken a fixed value
of λ= 10−9 m in Eq. (2.21) for all the simulations reported in this chapter.

When a no-slip condition is specified at the wall, the stress generated by the
moving contact line with certain velocity can lead to a stress singularity for in-
finitely small grid resolution. The stress (τs) generated by a moving contact line
with velocity |Ucl| can be estimated as

τs ≈ µ |Ucl|
∆

(2.22)

where ∆ is the grid length. The stress near the contact lines is clearly singular when
∆→ 0, and in a finite grid resolution the results will never be converged with grid
resolution. To avoid this, several researchers (Afkhami et al., 2009; Spelt, 2005;
Sui et al., 2014) introduce the Navier-slip condition which allows contact line to
slip proportional to the wall shear-stress as follows:

us =λ du

dns

∣∣∣∣
wall

(2.23)

where us is the fluid velocity component tangent to the wall and and λ is the slip-
length that defines the extent to which the no-slip condition is relaxed. Most of the
VOF implementations (including the present one) use the face-centre velocity to
advect the interface; as a result, it includes an effective slip-length that is propor-
tional to grid resolution for the body conformal grids. The complexities increase
even further in the present case due to the presence of non-body conformal grids at
complex solid boundaries. Extending the interface inside the solid object (Fig. 2.2
b) to apply the contact angle boundary condition changes the contact line position
on the solid surface while keeping the contact angle prescribed. This is equivalent
to introducing a finite slip distance numerically at the length scale of grid spacing.
In this way, the paradox between the moving contact line and the no-slip velocity
condition could be avoided (Sun and Sakai, 2016b).
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2.4 Results

2.4.1 Verification and validation

The IBM implementation has been thoroughly tested by Das et al. (2016b) for
various cases. They validated their simulations with existing numerical and/or
experimental results from literature. In 2D, they have considered a case of flow
past a cylinder and validation has been performed for the non-dimensional drag
and lift forces, unsteady vortex shedding frequency and length of the recirculation
zone. In 3D, the case of flow past a sphere has been validated by comparing the
non-dimensional drag force for Reynolds numbers as high as 500. Implicit im-
plementation of the periodic boundary conditions for IBM has been validated for
the case of flow past a simple cubic (SC) array of spheres by comparing the non-
dimensional drag force for the Stokes flow regime with two different porosities.
The IBM was found to be 2nd order accurate with an error less than 2% for 15 cells
across the sphere diameter. They have also simulated the flow through periodic
complex porous structures, i.e. an open cell foam for a wide range of porosities,
and compared the obtained results with the well-known Carman-Kozeny and Er-
gun correlations.

Van Sint Annaland et al. (2005) did an extensive validation of their 3D VOF
model, starting from basic problems such as advection tests and the Laplace pres-
sure difference across a curved fluid-fluid interface. They also investigated gas
bubbles rising in quiescent viscous liquids and computed the terminal rise velocity
and the shape of the rising bubble for high density and viscosity ratios. The ob-
tained results agreed very well with the Grace diagram for a very wide range of
Eötvös and Morton numbers. They also tested their model successfully for cases
where the interface experiences substantial deformation, i.e. co-axial and oblique
coalescence of two gas bubbles rising in a viscous liquid, and obtained good agree-
ment with experimental results published in literature. Baltussen et al. (2014)
performed bubble advection test with 30 grid cells across the bubble diameter and
found the global mass error to be negligible (10−7 %).

In this section we present verification/validation test cases for the 3D VOF with
contact line dynamics, both with and without IBM. To test the static contact angle
boundary condition two problems are investigated: i) the equilibrium shape of a
droplet on a flat surface, and ii) the equilibrium shape of a droplet on a spheri-
cal surface. The simulations are compared with known analytical expressions. To
check the dynamic contact angle boundary condition we investigate the problem
of droplet spreading on a flat surface and compare the temporal evolution of di-
mensionless droplet contact radius with experimental and other numerical results
available in literature. A grid dependence study for the same test case is shown in
the Appendix. As our interest lies in oil-water flows through complex structures,
oil-water systems are used for these simulations by default, unless otherwise spec-
ified. For all simulations reported in this thesis, the time step ∆t has been chosen
such that it satisfies both Courant–Friedrichs–Lewy (CFL) and capillary criteria as
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follows:

∆t < min(∆tCFL,∆tσ) = min

(
∆

Umax
,

√
(ρ1 +ρ2)∆3

4πσ

)
(2.24)

Here, ∆tCFL and ∆tσ are the minimum required time steps according to the CFL
and capillary criteria, respectively. ∆ is the computational grid size and Umax is the
maximum fluid velocity in the computational domain.

Equilibrium shape of a droplet on a flat surface

0R

fR

fh

fr

sθ

Figure 2.4: Schematic representation of the initial (−) and equilibrium (−−) shapes of the a
droplet on a flat surface with static contact angle without gravity (Eo = 0).

In this section, we investigate the equilibrium shape of an oil droplet in water
on a flat surface with static contact angle θs . Physical properties of an oil-water
system used for the simulations are as follows: water density ρw = 1000 kg/m3,
water dynamic viscosity µw = 0.001 Pa · s, oil density ρo = 950 kg/m3, oil dynamic
viscosity µo = 0.02 Pa · s and coefficient of surface tension σ= 0.03 N/m. The Eötvös
number Eo, defined with respect to initial droplet radius R0, has been used to
quantify the relative effect of gravitational force compared to surface tension force:

Eo = (ρw −ρo) g R2
0

σ
(2.25)

First, simulations are performed for the case where gravity is absent (Eo = 0).
Initially, the droplet is placed in the computational domain such that its center is
at the distance equal to the initial droplet radius R0 from the flat surface. In this
condition, the droplet will just touch the flat surface. As the initial contact angle
is different from the static contact angle, the droplet will spread until it reaches
equilibrium. Schematic diagrams of the initial and equilibrium droplet shapes are
presented in Fig. 2.4. All the geometrical and computational parameters used for
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the simulations are listed in Table 2.1. No-slip boundary conditions are applied
at all computational domain boundaries. Note that the contact angle boundary
condition is applied without the use of IBM, because the contact line is located
on the lower (flat) boundary of the computational domain. As the total drop
volume V = 4

3πR3
0 is constant, all equilibrium shape parameters such as droplet

contact radius r f , radius of curvature R f and height h f can be derived analytically
according to the following relations:

V = 4
3πR3

0 =πR3
f

( 2
3 −cosθs + 1

3 cos3θs
)

(2.26)

h f = R f (1−cosθs ) (2.27)

r f = R f sinθs (2.28)

The droplet height h f and contact radius r f for the equilibrium shape have been

Table 2.1: Geometrical and computational parameters used for the simulations of equilib-
rium shape of a droplet on a flat surface without gravity (Eo = 0).

Parameter Value Unit
Computational grid (nx , ny , nz ) (120, 60, 120) cell

Grid size (∆) 5×10−5 m
Timestep (∆t ) 10−5 s

Droplet initial radius (R0) 0.001 m
Droplet initial position (x0, y0, z0) (0.003, 0.001, 0.003) m

Static contact angle (θs ) 30, 60, 90, 120, 150 degree

found numerically and compared with the analytical results of Eq. (2.27) and
Eq. (2.28), respectively. The obtained numerical results show an excellent match
with the analytical results, as shown in Fig. 2.5. The numerical and analytical
equilibrium droplet shapes are compared in Fig. 2.6 which shows very satisfactory
qualitative matching. Note that the numerical profiles are generated by computing
the iso-contours of the smoothed phase fraction F̃ = 0.5. The quantitative error in
equilibrium droplet shape is defined by the mean difference as follows:

E = 1

N

N∑
i=1

|y F̃=0.5
i − yanalytical

i |
R f

(2.29)

where N is the number of points discretizing the interface. y F̃=0.5
i and yanalytical

i
the are numerical and analytical y-coordinate of the interface point whose x-
coordinate is x F̃=0.5

i . For the shapes shown in Fig. 2.6, the mean differences are
0.69%, 0.36%, 0.33%, 0.49% and 2.76% for θs = 30◦, 60◦, 90◦, 120◦ and 150◦ respec-
tively.

As the CSF model distributes the volumetric surface tension force smoothly
across the interface as per Eq. (2.14), one would expect the pressure distribution
also to be smooth. However, in reality, a droplet would experience the Laplace
pressure difference ∆Panalytical = 2σ

R f
(in 3D) as a step function across the interface

(at least at macroscopic scales). The expected value of 4Panalytical is compared
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Figure 2.5: Dimensionless droplet parameters for the equilibrium shape of a droplet on a
flat surface without gravity (Eo = 0): analytical height (−), numerical height (�),
analytical contact radius (−−), numerical contact radius (#).

Figure 2.6: Analytical (−) and numerical (−−) equilibrium droplet shapes on a flat surface
without gravity (Eo = 0) for static contact angles θs = 30◦, 60◦, 90◦, 120◦ and
150◦.
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Figure 2.7: Dimensionless pressure difference for a droplet on a flat surface in equilibrium
without gravity (Eo = 0) : 4Panalytical (−), ∆P0 (#), ∆Ppartial (�) and ∆Ptotal
(4).

with the numerical pressure difference (Fig. 2.7), evaluated in three different
ways:

1. ∆P0: Pressure difference between the center of the droplet and boundaries
of the simulation domain. This totally eliminates the effect of the interface
distribution, because interface cells are excluded from the calculation.

2. ∆Ppartial: Average pressure difference between the computational cells in
regions for which 0.95 ≤ F ≤ 1.0 and regions for which 0.0 ≤ F ≤ 0.05. This
will only have a partial effect of the interface distribution, because most of
the interface cells (0.05 < F < 0.95) are excluded from the calculation.

3. ∆Ptotal: Average pressure difference between the computational cells in re-
gions for which 0.5 ≤ F ≤ 1.0 and regions for which 0.0 ≤ F ≤ 0.5. This will
have the full effect of the interface distribution, because all interface cells
are included in the calculation.

There are two main sources of error in the numerical calculation of the pressure
difference across the interface: i) Error due to the inaccuracy in numerical value
of R f . Fig. 2.6 qualitatively shows that this error is highest in the case of θs = 30◦,
and ii) as pressure varies smoothly across the interface, inclusion of computational
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cells from and near the interface in the calculation would reduce the numerical
pressure difference across the interface. Fig. 2.7 reports on this behavior with
∆P0 >∆Ppartial >∆Ptotal.
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Figure 2.8: Equilibrium droplet shapes and dimensionless droplet height (h∗) on a flat
surface with Eötvös number: numerical results (�), asymptotic solutions of
Eq. (2.27) (−) and Eq. (2.30) (−−).

Last, we present the simulations to compute the equilibrium droplet shapes
under the influence of gravity (Eo > 0). Simulations have been performed for
static contact angle θs = 120◦ for a wide range of Eötvös numbers. The analytical
equilibrium droplet shape for θs = 120◦ without gravity (shown in Fig. 2.6) is taken
as initial condition to reduce the computation time. The computational domain is
divided in (nx , ny , nz ) = (300, 80, 300) grid cells in x, y and z direction, respectively,
with a grid size ∆ = 2.5× 10−5 m. Simulations have been performed with a time
step ∆t = 5×10−6 s. No-slip boundary conditions are applied at all computational
domain boundaries. At lower Eötvös numbers (Eo ¿ 1) the droplet maintains its
original spherical cap shape as the surface tension forces are dominant and the
droplet height in this case is controlled by Eq. (2.27). At higher Eötvös numbers
(Eo À 1) the droplet forms a puddle under the influence of gravity whose height is
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proportional to the capillary length scale and given by the following expression:

h∞ = 2

√
σ

(ρw −ρo)g
sin

(
θs

2

)
(2.30)

Fig. 2.8 shows the equilibrium droplet shapes and dimensionless droplet height
(h∗) for a wide range of Eötvös numbers. h∗ is defined as the ratio of the droplet
height for a given Eötvös number to the droplet height without gravity (Eo = 0)
given by Eq. (2.27). The obtained results show an excellent agreement with two
asymptotic solutions given by Eq. (2.27) and Eq. (2.30). As expected, the transi-
tion between spherical cap and puddle is observed at Eo ∼ 1.

Equilibrium shape of a droplet on a spherical surface

In this section, we simulate the equilibrium shapes of an oil droplet in water on
a spherical surface with different static contact angles θs . The influence of gravity
is not taken into account. The physical properties of the oil-water system are the
same as used in section 2.4.1. The radius of the solid sphere is the same as the
initial radius of the droplet R0.

Initially, the droplet is placed in the computational domain such that its cen-
ter is at a distance equal to R0 from the spherical surface. In this condition, the
droplet will just touch the spherical surface. As the initial contact angle is different
from the static contact angle, the droplet will spread until it reaches equilibrium.
Schematic diagrams of the initial and equilibrium droplet shapes are presented
in Fig. 2.9. As the total drop volume V = 4

3πR3
0 is constant, the final equilibrium

shape can be derived analytically by solving the following nonlinear equations:

α+β= θs (2.31)

r f = R f sinβ= R0 sinα (2.32)

πR3
f

3
(1+cosβ)2(2−cosβ)+ πR3

0

3
(1+cosα)2(2−cosα)− 4πR3

0

3
= 4πR3

0

3
(2.33)

Table 2.2: Geometrical and computational parameters used for the simulations of equilib-
rium shape of a droplet on a spherical surface.

Parameter Value Unit
Computational grid (nx , ny , nz ) (80, 80, 80) cell

Grid size (∆) 5×10−5 m
Time step (∆t ) 10−5 s

Droplet initial radius (R0) 0.001 m
Droplet initial position (x0, y0, z0) (0.002, 0.0025, 0.002) m
Solid sphere position (xs , ys , zs ) (0.002, 0.0005, 0.002) m

Static contact angle (θs ) 30, 60, 90, 120, 150 degree
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Figure 2.9: Schematic representation of the initial (left) and equilibrium (right) shapes of
the a droplet on a spherical surface with static contact angle.

Figure 2.10: Analytical (−) and numerical (−−) equilibrium droplet shapes on a spherical
surface for static contact angles θs = 30◦, 60◦, 90◦, 120◦ and 150◦.
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Figure 2.11: Dimensionless droplet parameters for the equilibrium shape of a droplet on a
spherical surface: analytical height (−), numerical height (�), analytical con-
tact radius (−−), numerical contact radius (#).

All the geometrical and computational parameters used for the simulations are
listed in Table 2.2. Note that the contact line moves on the spherical surface which
is modeled as an immersed boundary. Therefore the IBM implementation of the
contact angle boundary condition is applied here. No-slip boundary conditions
are applied at all computational domain boundaries as well as at the solid sphere
boundary. Numerical and analytical equilibrium droplet shapes are presented in
Fig. 2.10, which shows an excellent qualitative match. Mean differences in equi-
librium droplet shape, defined by Eq. (2.29), are 1.35%, 1.03%, 0.78%, 0.57% and
1.57% for θs = 30◦, 60◦, 90◦, 120◦ and 150◦, respectively.

The contact radius r f and the droplet height h f for the equilibrium shape have
been found numerically and compared with analytical results of Eq. (2.32) and

h f = R f (1+cosβ)−R0(1−cosα) (2.34)

respectively. The obtained numerical results have an excellent match with the
analytical results, as shown in Fig. 2.11. This validates the coupled IBM-VOF im-
plementation for static contact angles.
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Droplet spreading on a flat surface

In this section, we simulate the transient behavior of a squalene oil droplet in
air spreading on a flat surface with a dynamic contact angle. Physical properties
used for the simulations are: squalene oil density ρsq = 809 kg/m3 , squalene oil
dynamic viscosity µsq = 0.034 Pa · s, air density ρa = 1.2 kg/m3, air dynamic viscosity
µa = 2×10−5 Pa · s and air-oil surface tension σ= 0.032 N/m. Initially, a droplet with
radius R0 = 0.001 m is placed on a flat surface such that its center is at the height h =
0.95R0 from the flat surface. In this condition it has an initial contact radius of r0

with the flat surface. The droplet will spread with dynamic contact angle θd until it
reaches the equilibrium contact angle θe with the flat surface and in this condition
the final contact radius is r f . Schematic diagrams of the initial and equilibrium
droplet states are presented in Fig. 2.12. Simulations have been performed in
absence of gravity with a grid size ∆= 5×10−5 m and time step ∆t = 5×10−7 s. The
Cox and Voinov model, given by Eq. (2.21), has been used to calculate the local
θd using the value of θe = 41.5◦. Lavi and Marmur (2004) performed experiments
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Figure 2.12: Schematic representation of the initial (−) and equilibrium (−−) states of the a
droplet spreading on a flat surface with dynamic contact angle.

for different liquids (including squalene oil) droplets spreading on a coated silicon
wafer and gave the following relation for the temporal evolution of the contact
area:

A(τ)

A f
= 1−exp

[
− K

A f
τm

]
(2.35)

where A f is the the final value of the contact area, A(τ) is the contact area at
dimensionless time τ = σt/(µsq V

1
3 ), and K and m are fitting parameters which

depend on the spreading liquid. Legendre and Maglio (2015) performed 2D ax-
isymmetric VOF simulations for the same test case with different h values (0.99R0,
0.98R0 and 0.95R0) and showed that the droplet spreading is independent of its



30 A coupled IBM-VOF method

10
-1

10
0

10
1

10
2

10
3

τ

0

0.2

0.4

0.6

0.8

1

r*

Figure 2.13: Dimensionless contact radius r∗ with dimensionless time τ for Dynamic con-
tact angle: present without IBM (−), present with IBM (×), experiments by Lavi
and Marmur (2004)(#), simulations by Legendre and Maglio (2015) (· · · ) and
Static contact angle: present without IBM (−−), present with IBM (2).

initial position for dimensionless contact radius r∗ defined as:

r∗ = r (τ)− r0

r f − r0
(2.36)

In the present simulations, a flat surface is defined in two different ways: i) as a
body conformal computational domain boundary where the IBM implementation
is not used, and ii) as a non-body conformal IB plane passing though the com-
putational domain where the IBM implementation is used to apply contact angle
boundary condition.

Fig. 2.13 shows the temporal evolution of r∗ with τ for both cases with static
and dynamic contact angles. The obtained results are compared with the experi-
mental results of Lavi and Marmur (2004) and numerical results of Legendre and
Maglio (2015). A significant difference has been observed between the spreading
with dynamic and static contact angles. The total dimensionless spreading time
for a dynamic contact angle is almost four times that for a static contact angle. The
obtained results with a dynamic contact angle show a very satisfactory match with
the results reported in literature. Note that there is a very small difference between
the obtained results with and without IBM implementation for a static contact an-
gle, while this difference is somewhat higher in the case of a dynamic contact
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angle. The reason is that spreading with a dynamic contact angle is greatly influ-
enced by the magnitude of the contact line velocity |Ucl| according to Eq. (2.21),
and the numerical calculation of |Ucl| is more accurate on body conformal grids
compared to non-body conformal grids.

For the present simulations with IBM, capillary number based on the maximum
magnitude of the spurious velocity in steady state is less than 2×10−3. It is in the
same order as reported by Baltussen et al. (2014) for the stationary bubble test
case (without IBM). So, the presence of immersed solid boundaries doesn’t change
the order of spurious velocities in the current coupled IBM-VOF implementation.
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Figure 2.14: Grid dependence study for the test case of a droplet spreading on a flat surface
(generated by IB plane) with dynamic contact angle: a) Dimensionless contact
radius r∗ with dimensionless time τ and b) Contact radius r with time t for
different grid resolutions G1(· · · ), G2(−−) and G3(−).

A grid dependence study has been performed for the same test case with dy-
namic contact angle. Here, a flat surface generated by a non-body conformal IB
plane is considered to test the coupled VOF-IBM implementation. Three differ-
ent grid resolutions, G1(50×50×50), G2(75×75×75) and G3(100×100×100) are
investigated, each corresponding to a number of grid cells across R0 equal to 10,
15 and 20, respectively. All other physical and computational parameters are kept
constant for all cases. Fig. 2.14(a) shows the temporal evolution of dimensionless
contact radius r∗ with dimensionless time τ, whereas Fig. 2.14(b) represents the
same in dimensional form as contact radius r with time t . All grid resolutions pro-
duce almost overlapping results in the dimensionless form where r∗ is normalized
using r0 and r f as specified in Eq. (2.36). However, the difference due to grid res-
olution is appreciable when the same quantities are plotted in dimensional form.
The L2 relative error norm (defined with respect to the finest grid G3) is used to
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quantify this difference as follows:

L2 =

√√√√√√√√
N∑

i=1
(rG3,i − rG ,i )2

N∑
i=1

r 2
G3,i

(2.37)

where G stands for the grids G1 or G2, i is the index to represent i th sampling
point and N is total number of sampling points. Note that the sampling points are
chosen on logarithmic scale as droplet spreading is governed by the exponential
Eq. (2.35). Calculated L2 relative error norms for grids G1 and G2 are 2.56%
and 0.86%, respectively which shows that the grid G2 is good enough to produce
accurate results. So, all the simulations reported in this chapter use a number of
grid cells across R0 greater than or equal to 15.

2.4.2 Water flooding simulations

In this section, we present pore-scale simulations of a water flooding process
such as encountered in enhanced oil recovery. Flooding simulations of periodic
body centered cubic (BCC) and face centered cubic (FCC) structures showcase the
capabilities of the present method.

The physical properties of an oil-water system are same as in section 2.4.1. Ini-
tially the BCC and FCC structures are fully saturated with oil, as shown in Fig. 2.15.
Flow parameters are chosen such that the Reynolds number Re = ρoUinD/µo and
capillary number C a =µoUin/σ defined with respect to the sphere diameter D and
water inlet velocity Uin are 1 and 0.01, respectively. A neutral (90◦) static contact
angle is used at the three phase contact line. Inlet and outlet boundary conditions
are applied in the flow (x) direction and periodic boundary conditions are applied
in the cross-flow (y and z) directions. The domain size for BCC and FCC struc-
tures are (nx , ny , nz ) = (240, 60, 60) and (288, 72, 72), respectively, and chosen such
that the number of grid cells across a sphere radius R is at least 25.

Oil from the pores will be displaced as the inlet water front progresses and
penetrates into the pores. The Simulations have been performed until a steady
state is achieved. Fig. 2.15 shows the residual oil in the pores after the water
flooding process through both BCC and FCC structures.

To characterize the pore-scale water flooding process in detail, the amount of
residual oil present in the porous bed is plotted as a function of dimensionless time
τ in Fig. 2.16. For this graph we use a representative fluid volume in the center
of each bed that we will refer to as the ‘pore’ below (indicated in Fig. 2.17). The
dimensionless time is defined as: τ = (t − t0)/T , where t0 is the time when water
front enters the pore and T = Vpore/Q is the residence time scale with Vpore and
Q are the pore volume and volumetric flow rate, respectively. Note that Vpore for
the BCC and FCC structure is ( 8

3
p

3
− π

3 )D3 ≈ 0.4924D3 and (
p

8− 2π
3 )D3 ≈ 0.7340D3,

respectively.
As shown in Fig. 2.16, the line AG represents the case where all the pore oil

is displaced by the incoming water. This type of oil recovery is called ideal or
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X
Y

Z

Figure 2.15: Initial (top) and steady state (bottom) conditions for the pore-scale water
flooding process through periodic BCC (left) and FCC (right) structures. Oil,
water and solid spheres are represented by grey, transparent blue and brown
color respectively.

piston-like recovery. In case of the FCC structure, the oil recovery plot AF almost
coincides with the line AG and hence we observe almost piston-like oil recovery
for the FCC structure with residual oil amounting to only 1.33% of Vpore. However,
in the case of the BCC structure, the oil recovery plot ABC DE is a blend of a few
different processes. Segments AB and C D are not parallel to the ideal recovery
line AG, which suggests that some amount of oil remains in the pore during AB
and C D. For a brief period during BC , the slope is almost parallel to line AG which
shows that the oil recovery process during BC is almost piston-like. The amount
of oil in the BCC pore increases slightly through DE which corresponds to the
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Figure 2.16: Residual oil in the pore as a percentage of Vpore with τ for periodic BCC (−)
and FCC (−−) structures. Dotted line (· · · ) represents the ideal (piston-like)
recovery.

retracement of oil from surroundings into the pore. The residual oil in the BCC
pore is 38.01% of Vpore at the end of the recovery process. For extra clarification,
Fig. 2.17 shows subsequent images of the pore-scale water flooding process for
the BCC and FCC structures at τ = 0, 0.25, 0.5, 0.75 and 1. Note that the oil-water
interface makes 90◦ contact angle with the solid surface in all images.

The packing factors of BCC and FCC structures are π
p

3
8 ≈ 0.6802 and π

3
p

2
≈

0.7404, respectively. Moreover, the number of solid spheres per pore are 2 and 4
for BCC and FCC structures respectively. So, FCC has a higher solid volume and
twice the surface area per pore compared to the BCC structure. Thus, one might
reason that the residual oil in case of FCC would be higher than BCC. However, the
opposite behavior is observed, with the FCC structure showing almost a piston-like
recovery whereas the residual oil for BCC is 38.01% of Vpore. The main reason for
this behavior is the difference in the minimum gap between spheres in the flow
direction for the BCC (SBCC ) and FCC (SFCC ) structures, as shown in Fig. 2.17. This
gap will govern the strength of the local velocity field in the pore and its higher
value suggests a stronger local velocity in the pore. In case of higher local velocity,
oil is less likely to be held within the pore. From a geometric calculation it can be
shown that SBCC = ( 2p

3
−1)D ≈ 0.1547D and SFCC = (

p
2−1)D ≈ 0.4142D. As SFCC

is quite high compared to SBCC , the water from the surrounding penetrates easily
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Figure 2.17: Pore-scale water flooding process for BCC (left) and FCC (right) structures at
τ= 0, 0.25, 0.5, 0.75 and 1 (from top to bottom). 1 and 2 are BCC and FCC pores
used for calculation of residual oil. SBCC and SFCC are the minimum pore gap
in flow direction for BCC and FCC structures respectively.
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into the FCC pore compared to BCC and hence oil recovery is higher for FCC than
BCC structure.

It is also important to understand that SFCC and SBCC are dependent on the
flow direction and for a different flow direction than the present case residual oil
would be different. Thus, the pore-scale oil recovery is dependent on the flow
direction. However, for large heterogeneous porous media (which oil reservoirs
generally are) this directional effect would be statistically neutralized.

2.5 Conclusions

In this chapter, a novel methodology is presented to numerically simulate mul-
tiphase flows through complex geometries, employing a finite volume methodol-
ogy on a staggered grid. A second order, implicit, direct forcing and sharp interface
immersed boundary method (IBM) is used to resolve the complex solid structure
on a non-body conformal Cartesian computational grid. The fluid-fluid interface is
tracked by a sharp interface and mass conservative volume of fluid (VOF) method.
The volumetric surface tension force is numerically calculated using the contin-
uum surface force (CSF) model, which is picked because of its simplicity and ro-
bustness especially with complex solid boundaries. Density scaling is used with
the CSF model to reduce the parasitic currents. An apparent contact angle (static
or dynamic) is applied as a boundary condition at the three-phase contact line in
this coupled VOF-IBM framework to effectively reproduce contact line dynamics at
macroscopic length scale.

Different test cases involving static and dynamic contact angles are simulated
to validate the developed methodology. Simulation results match quite well with
those obtained analytically or from literature. Pore-scale simulations of the water
flooding process used for enhanced oil recovery (EOR) have been performed. The
dynamics of oil-water flow through periodic body centered cubic (BCC) and face
centered cubic (FCC) structures are simulated and the amount of residual oil is
estimated. The present work provides a framework to further investigate the effect
of Reynolds number, capillary number, contact angle/wettability, viscosity ratio,
porosity etc. on the water flooding process. The developed methodology can also
be extended for other EOR processes e.g. polymer or chemical flooding through
complex porous structures.



Chapter 3
Water flooding from model
porous structures

Abstract

In this chapter we quantify the effect of capillary number (C a), contact angle (θ) and
viscosity ratio (M) on the mobility of multiphase flow through porous media. The
focus is mainly on oil-water flows through porous rocks observed during the water
flooding process. Simulations are performed using a finite volume method employing
a staggered grid formulation. Interactions between fluids and complex solid bound-
aries are resolved by a direct forcing, implicit and sharp interface immersed boundary
method (IBM). The fluid-fluid interface is tracked by a mass conservative sharp inter-
face volume of fluid (VOF) method. IBM and VOF are coupled by imposing the contact
angle as a boundary condition at the three phase contact line. Our methodology has
been verified/validated for several test cases including multiphase Poiseuille flow in
a channel, a viscous finger in a channel and mesh convergence of the contact force.
Two types of porous structures are considered: i) a repeated single pore and ii) a ran-
dom multi-pore arrangement. Temporal evolution of phase pressure difference and
oil saturation have been studied as viscous fingers penetrate the pores. We observed
that the residual oil saturation for different capillary numbers shows exactly the op-
posite trend for the single and multi pore arrangement. The residual oil saturation
for multi-pore shows a well defined linear trend with logC a, θ and log M .

This chapter is based on:
Patel, H. V., Kuipers, J. A. M., Peters, E. A. J. F., 2019. Effect of flow and fluid properties
on the mobility of multiphase flows through porous media. Chemical Engineering Science
193, 243-254.
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3.1 Introduction

Multiphase flow through porous media is a subject of significant interest among
several scientific communities and industries. Examples include underground wa-
ter flows (Høst-Madsen and Jensen, 1992), enhanced oil recovery (EOR) (Al-
varado and Manrique, 2010), fluidized bed reactors (Pyle, 1972), microfluidics
devices (Stone et al., 2004), soil remediation (Mulligan et al., 2001; Kumpiene
et al., 2008) and many more.

The oil recovery process is generally carried out in multiple stages. In the
primary stage, oil flows out of the porous rocks automatically due to its own nat-
ural pressure. Gradually, this natural flow decreases/stops due to rock pressure
normalization. A lot of oil still remains trapped inside the porous rocks after the
primary recovery due to capillary effects. To recover this residual oil variety of sec-
ondary and ternary (EOR) processes are used e.g. water flooding (Sheng, 2014;
Jerauld et al., 2006), surfactant or polymer flooding (Shah, 2012; Keshtkar et al.,
2016; De et al., 2017), thermal recovery (Prats, 1982; Zhu, 2011), gas injection
etc. Water flooding is one of the most common secondary oil recovery processes in
which a high pressure water is used to displace the oil out of the porous rocks. This
chapter focuses on direct numerical simulations (DNS) of oil-water flow through
porous media. To perform these simulations the following challenges need to be
resolved efficiently: i) oil-water interface tracking, ii) modeling of the interactions
between fluid (oil or water) and porous media and iii) wettability effects at three
phase contact lines.

Numerical simulations of multi-fluid interfaces are especially challenging be-
cause of the requirements of mass conservative interface advection and accurate
computation of interfacial tension forces. A wide range of numerical methods
has been developed and successfully tested for this purpose and an overview is
presented by Scardovelli and Zaleski (1999). Frequently applied methods are
front-tracking (Tryggvason et al., 2001), level-set (Sussman et al., 1994), volume
of fluid (Hirt and Nichols, 1981; Youngs, 1982), Lattice-Boltzmann (Chen and
Doolen, 1998) and phase field (Singer-Loginova and Singer, 2008). The Volume
of fluid (VOF) method is used for the present simulations as it has a sharp interface
representation and is the most mass conservative method among all multi-fluid in-
terface tracking/capturing methods. Immersed boundary methods (IBM) (Mittal
and Iaccarino, 2005) use non-body conforming structured (mostly Cartesian) com-
putational grids to resolve fluid-solid interactions. Main advantage of IBM is the
ease of grid generation, discretization of the Navier-Stokes equations and com-
puter code implementation. IBM uses simple data structures due to structured
grids which increases computational efficiency and decreases computational time.
IBM can be categorized into two types: i) continuous forcing approach where an
explicit forcing function is used to apply the no-slip boundary condition at solid
boundaries and ii) direct forcing approach where the no-slip boundary condition
is applied at the level of the discretized momentum equation. Present IBM is di-
rect forcing, 2nd order accuracte and implicit which sharply resolves fluid-solid
interactions. There are other methods available to model fluids-solid interactions
but they either require calibration of the geometry (Lattice-Boltzmann method) or
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produce a diffuse interface (level-set method). Three phase contact line dynamics
plays a major role in wetting-dewetting phenomena when a multi-fluid interface
comes in contact with a solid boundary. The contact line motion is determined by
the microscopic physicochemical interactions of the interface with substrate and
it can drastically alter the bulk flow (Snoeijer and Andreotti, 2013). The effect
of contact line dynamics at the macroscopic length scale can be represented by
an apparent contact angle which may also depend on surface topology, surface
roughness or contact line hysteresis. For fully-resolved numerical simulations, this
effect can be incorporated by imposing a single/static (Renardy et al., 2001) or a
dynamic (Saha and Mitra, 2009) value for the apparent contact angle as a bound-
ary condition at three-phase contact line. A review on multiphase flow simulations
with moving contact line is presented by (Sui et al., 2014).

Accurate and efficient simulations of heterogeneous oil reservoir flow poses
many challenges (Gerritsen and Durlofsky, 2005): i) length scale of the reservoir
(kilometers) compared to that of pores (micrometers) ii) presence of many phases
in flow e.g. gas pockets, water, soil particles, oil iii) uncertain rock properties and
iv) inter-solubility of fluid phases. Usage of coarse-scale models offers one option
to model multiphase flow through oil reservoirs where a grid cell is (many fold)
larger than the finest scale of the porous media. Effects of fine-scale interactions
e.g. wettability, pore size distribution, pore arrangement are imposed in a vol-
ume averaged manner as a source term for coarse-scale simulations. Although
coarse-scale models can simulate flow through heterogeneous reservoirs, a lot of
work is still required in coarse-graining of multiphase flows with wettability ef-
fects and material transport. Recently, fully resolved fine-scale simulations of (a
small part of) oil reservoirs have attracted many technologists and researchers.
These simulations can accurately model wettability and material transport which
may further help in developing upscaling models. The Lattice-Boltzmann method
(Yiotis et al., 2007; Huang and Lu, 2009; Huang et al., 2009) is the most com-
mon technique used for fully resolved simulations. Pores are typically modeled
by randomly arranging multiple solid unit squares/cubes in 2D/3D and the oil-
water flows through the voids between them. Even though the Lattice-Boltzmann
method is computationally fast because of being fully explicit, it is unable to strictly
enforce continuity of velocity and shear-stress at the fluid-fluid interface. Very few
attempts have been made to simulate pore-scale multiphase flow with wettability
effects using VOF. Lv and Wang (2015) used the VOF method to simulate hot wa-
ter flooding process through a single 2D pore and quantified the residual oil for
the flooding at different temperatures. Ferrari and Lunati (2013) simulated mul-
tiphase flow through a 2D porous bed consisting of multiple cylindrical particles
to link capillary pressure and total surface energy. Both of these papers use body-
fitted unstructured grid for simulations in CFD software packages e.g. Fluent or
OpenFOAM.

In this chapter, we present simulations of multiphase flow through 3D porous
media with wettability effects on a non-body fitted Cartesian computational grid
using a coupled IBM-VOF method developed in-house. We will first present some
verification/validation test cases specifically pertaining to the oil-water flows throu-
gh the porous media. We will then simulate multiphase flows with wettability
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effects through a single and multi pore structures to quantify its mobility.

3.2 Verification and validation

The IBM and VOF methods have been tested individually by Das et al. (2016b)
and Van Sint Annaland et al. (2005), respectively. The coupling between IBM and
VOF with contact line dynamics has been tested in chapter 2 with static and/or
dynamic contact angles for i) the equilibrium shape of a droplet on a flat surface,
ii) the equilibrium shape of a droplet on a spherical surface and iii) temporal
evolution of droplet spreading on a flat surface. Their results revealed an excellent
agreement with analytical, numerical and/or experimental results published in
literature.

In this chapter, we investigate additional verification/validation test cases per-
taining to the multiphase flows in porous media. First, a test case of multiphase
Poiseuille flow is considered to compare the velocity profiles and relative perme-
abilities with analytical expressions. Further, a viscous fingering phenomenon is
simulated in a channel and finger characteristic parameters, i.e. dimensionless fin-
ger width and tip radius have been compared with results published in literature.
Finally, a grid independence study for the contact force is presented for 3D coupled
IBM-VOF implementation.

3.2.1 Multiphase Poiseuille flow

Wetting Fluid

a

L

Wetting Fluid

Non-Wetting Fluid

y
x

Channel Wall

Channel Wall

(Flow Direction)

Figure 3.1: Schematic diagram of 2D multiphase Poiseuille flow.

In this section, we investigate the co-current multiphase Poiseuille flow of two
immiscible fluids in a 2D channel of width L. The wetting fluid (w) is in contact
with the channel walls (a < |y | < L) whereas the non-wetting fluid (nw) resides
between the layers of wetting fluid (0 < |y | < a) as shown in Fig. 3.1. The no-slip
boundary condition is applied at the channel walls (|y | = L) and the flow in x-
direction is periodic. Both fluids have the same density (ρw = ρnw ) and different
dynamic viscosities. The viscosity ratio (M) is defined as M = µnw /µw . A constant
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Figure 3.2: Analytical (−) and numerical (#) velocity profiles for M = 100 and Sw = 0.5.
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Figure 3.3: Relative permeability with Sw for M = 100: analytical kr,w (−), numerical kr,w
(#), analytical kr,nw (−−) and numerical kr,nw (2).
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and equal body force G is applied to both fluids in the x-direction such as the flow
remains in the Stokes regime (Re << 1). Here, Re = ρnwUnw L/µnw with Unw being
the average interstitial velocity of non-wetting fluid through the channel. Due to
the existence of a flat fluid-fluid interface, the interfacial tension force is essentially
zero in this problem.

For the given wetting and non-wetting saturations (Sw = (L − a)/L and Snw =
a/L), the analytical expressions for the velocity of the wetting and non-wetting
fluids (uw and unw ) are given by:

uw (y) = G

2µw
(L2 − y2)

unw (y) = G

2µw
(L2 −a2)+ G

2µnw
(a2 − y2)

(3.1)

Permeability (k) is a proportionality constant in Darcy’s law (Q =−k∇p/µ) which
relates volumetric flow rate (Q) through porous media with fluid viscosity (µ) and
pressure gradient (∇p). In multiphase porous media flows, the relative permeabil-
ity is defined as a ratio of effective permeability of a particular fluid at a particular
saturation to the absolute permeability of that fluid at total saturation. For the
present case, analytical expressions for the relative permeability of each fluid (kr,w

and kr,nw ) can be given as,

kr,w = 1

2
S2

w (3−Sw )

kr,nw = Snw

[
3

2
M +S2

nw

(
1− 3

2
M

)] (3.2)

Readers are referred to Yiotis et al. (2007) for the detailed derivation of Eq. (3.1)
and (3.2). Eq. (3.2) suggests that kr,w is always bounded between 0 to 1. However,
kr,nw may become greater than 1 in case M > 1 due to the ’lubricating’ effect of the
wetting fluid.

Simulations have been performed for M = 0.01,1 and 100 with Sw ranging
from 0 to 1 with increment of 0.1. Total 100 grid cells have been taken across
L. Fig. 3.2 shows analytical and numerical velocity profiles for the case of M = 100
and Sw = 0.5. Fig. 3.3 compares analytical and numerical relative permeabilities
for wetting and non-wetting fluids for M = 100. Our simulations show an excellent
agreement with analytical results with a maximum error in relative permeability
to be less than 0.2%. Huang and Lu (2009) reports this error to be nearly 7%
using the multiphase Lattice-Boltzmann method. Also, in their results, continuity
of the shear stress is not maintained at the interface and hence a velocity jump is
observed. In the present simulations, continuity of the shear stress at the interface
can be attributed to the harmonic averaging of the kinematic viscosities (Eq. (2.5))
as suggested by Prosperetti (2002).

3.2.2 Viscous finger in a channel

A viscous finger is an instability that may occur when a low viscosity fluid
displaces a high viscosity fluid. In this section, we simulate the single viscous
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finger formation phenomenon in a 2D channel. Initially, a channel with finite
width H is fully saturated with high viscosity fluid 2. Fluid 1 with low viscosity is
introduced at the channel inlet with a fully developed velocity profile and displaces
Fluid 2 from channel. During this displacement process the viscous finger becomes
fully developed and produces a steady state shape (constant finger tip velocity) as
shown in Fig. 3.4.

x

y

H W RFluid 1 Fluid 2

Channel Wall

Channel Wall

Figure 3.4: Schematic diagram of steady state viscous finger in 2D channel.

Average velocity of the inlet fluid 1 is V1. Viscosity ratio M = µ2/µ1 is 20 which
is generally experienced during the water flooding process where water displaces
oil. No-slip boundary conditions are applied at the channel walls in y-direction
whereas velocity inlet and pressure outlet boundary conditions are applied in x-
direction. Densities of fluid 1 and 2 have been chosen equal (ρ1 = ρ2 = ρ) for
simplicity as the density ratio does not affect the finger formation and its prop-
erties. Capillary and Reynolds numbers defined using the steady state finger tip
velocity Vt are C a = µ2Vt /σ and Re = ρVt H/µ2. From the mass balance, one can
find Vt = V1H/W . To remain in the Stokes regime, the values of C a and Re have
been chosen such that ReC a ≈ 10−3.

Simulations have been performed with different C a ranging from 0.025 to 3
with 64 grid cells across the height H . The length of the channel (= 8H) is suffi-
cient for the finger to attain steady shape. The steady state finger width W and
finger tip radius R have been obtained from the simulations. Fig. 3.5 compares
the same finger characteristic parameters in dimensionless form with the results
from literature obtained using different numerical methods. Note that Halpern
and Gaver (1994) uses a boundary element method; Yang and Boek (2013) uses
a color gradient and free energy model within the Lattice-Boltzmann framework
and Kang et al. (2004) uses the Shan-Chen model within Lattice-Boltzmann frame-
work for the same simulations. Our results of W /H show an excellent match with
maximum deviation to be less than 2%. Also, R/H shows an excellent match at
low C a. However at higher C a, the observed deviation is higher due to higher tip
curvatures.
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Figure 3.5: Dimensionless characteristic parameters of steady state viscous finger in a 2D
channel with C a i) finger width W /H: present (#), Halpern and Gaver (1994)
using boundary element method (−), Yang and Boek (2013) using color gradi-
ent (×) and free energy (O) model of Lattice-Boltzmann method, Kang et al.
(2004) using Shan-Chen (+) model of Lattice-Boltzmann method ii) finger tip
radius R/H: present (2), Halpern and Gaver (1994) using boundary element
method (4).

3.2.3 Contact force calculation

In numerical simulations of multiphase flows involving solids and multiple flu-
ids, it is essential to compute the contact force at the three phase contact line
accurately. Hence, we present a grid independence study of the contact force
in 3D for our IBM-VOF coupling. Initially, an oil droplet of equivalent radius
Req = 1 mm (Volume V = 4

3πR3
eq) is placed on the solid sphere of radius Rs = 1 mm

such that it inscribes θ = 60◦ as shown in Fig. 3.6. In this position, droplet radius
Rd = 1.1082Req , contact radius Rc = 0.9069Req and ψ= 35.08◦. Readers are referred
to section 2.4.1 for the detailed calculation. The oil droplet is surrounded by water
with σ= 0.03 N/m. Here, physical properties of the fluids as well as droplet loca-
tion are chosen such that the computations proceed efficiently. Changing these
parameters doesn’t affect the final results. The analytical expressions for the con-
tact force derived by a simple force balance are as follows,

Fy, anal y ti cal = 2πσRc sinψ

Fx, anal y ti cal = Fz, anal y ti cal = 0
(3.3)
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Figure 3.6: Schematic diagram of droplet on solid sphere for contact force calculation (x y
cross section).
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Simulations are performed to compute the numerical value of contact force in
all three directions using the method proposed by Washino et al. (2013). The rel-
ative error in the contact force in the y-direction is given by following expression,

Er r or (%) = |Fy, anal y ti cal −Fy,numer i cal |
Fy, anal y ti cal

×100% (3.4)

Fig. 3.7 shows the relative error in the contact force in y-direction with different
grid resolutions. It follows a 1st order trend. However, even at low grid resolution
(Rc /∆≈5) the relative error is lower than 4%. Moreover, the maximum value of
the numerical contact forces in x− and z−directions (Fx /Fy and Fz /Fy ) is less than
10−6, which affirms the accuracy of our coupled IBM-VOF implementation.

3.3 Results

In this section, we present results on the mobility of multiphase flow through
porous media. Our focus will be specifically on the oil-water flow through porous
media as experienced in water flooding process. Depending upon the capillary
number of the flow and viscosity ratio of oil and water, four different types of
flow regimes are observed (Zhang et al., 2011; Lenormand et al., 1988): i) stable
displacement, ii) unstable displacement, iii) viscous fingering and iv) capillary fin-
gering. In the stable displacement regime almost all oil is removed from a porous
media, whereas in the viscous and capillary fingering regimes a (nearly) constant
amount is displaced. Present simulations are performed in the unstable displace-
ment regime as the mobility of fluids has a strong correlation with its physical
properties in this regime. Two types of pore structures have been selected for this
purpose: i) a repeated single pore and ii) a random multi-pore arrangement. The
reason for this selection is to understand the difference how viscous fingers pen-
etrate through an individual pore in contrast to a pore network. For the present
results, readers are advised to consider ‘oil’ and ‘water’ as two general immiscible
fluids with their own physical properties rather than any specific fluids.

3.3.1 Repeated single pore

In this section, we simulate a viscous finger penetrating an array of 3D pe-
riodically repeated single pores as shown in Fig. 3.8. An individual pore is the
void in the center of the cube with size H that has spheres of diameter D at its
eight vertices. Here the ratio H/D is chosen such that the porosity (φ) is 0.6. A
channel like computational domain comprises of two regions: i) the entry region
and ii) the pore region. Initially, the whole computation domain is considered to
be fully saturated with oil (a high viscosity fluid). Water (a low viscosity fluid) is
introduced into the domain from the entry region with a constant velocity Vi n . A
no-slip boundary condition is applied at the channel walls in y- and z-directions
for the entry region. This will result into the generation of a viscous finger in the
entry region as water displaces oil. Sufficient length (5H) is provided in the entry
region for the viscous finger to achieve steady state before it penetrates the pore
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region. Periodic boundary conditions are applied in y- and z-directions for the
pore region and a constant pressure boundary condition is applied at the outlet.
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Figure 3.8: Schematic diagram of a viscous finger penetrating an array of periodic single
pores.

Simulations are performed with different capillary numbers (C a = µoi l Vi n/σ)
ranging from 0.1 to 2.5. The viscosity ratio of oil and water (M =µoi l /µw ater ) is 20,
densities are equal (ρoi l = ρw ater = ρ) and the Reynolds number (Re = ρVi n H/µoi l )
is 1. The spheres’ surfaces and no-slip channel wall (in entry region) are oil-wet
with a contact angle of 30◦. However, Kang et al. (2004) shows that the wetting
properties of the no-slip wall doesn’t affect the finger properties. It is important
to note that there is no contact between the viscous finger and pore structure
during penetration for the given set of simulation parameters. We look at mainly
two criteria to quantify the mobility of oil-water flows through porous media: i)
oil saturation in the pore (Soi l ) and ii) dimensionless phase pressure difference
(∆Pphase ). Soi l is a fraction of oil present among the total fluid (oil+water) in a
pore. From Fig. 3.9, ∆Pphase is defined as below,

∆Pphase =
〈Pw ater 〉−〈Poi l 〉
〈Pi n〉−〈Pout 〉

(3.5)

where 〈Pw ater 〉 and 〈Poi l 〉 are volume averaged water and oil phase pressures re-
spectively for multiphase flow. 〈Pi n〉 and 〈Pout 〉 are area averaged pore inlet and
outlet pressures respectively for single phase flow of oil in the same operating
conditions. Note that the phase pressure difference (〈Pw ater 〉− 〈Poi l 〉) for multi-
phase flow is non-dimensionalized by the pore pressure difference (〈Pi n〉−〈Pout 〉)
of single phase flow to obtain ∆Pphase . Fig. 3.8 shows that the pore region of
the computational domain has total 7 pores arranged in series. Our first target
is to verify weather this many pores is enough to mimic the periodic behavior of
the viscous finger in a single pore. For this purpose, a simulation is performed at
C a = 0.5 with 50 grid cells across H to compute Soi l and ∆Pphase for each indi-
vidual pore. Fig. 3.10 shows a plot of ∆Pphase with Soi l for the individual pores
in the pore region. Note that the numbers 1 to 7 indicate the pores in ascending
order along the flow direction. That means viscous finger will first penetrate pore
1 and then travel further downstream towards pore 7. During the initial penetra-
tion, plots for pore 1 and 2 shows a large deviation. However, as the finger goes
further downstream the deviation between subsequent pores (4 to 7) decreases.
The finger attains periodic behavior in the pore region from pore 4 and hence all
the further results will be presented only for the representative pore 4. Note that
the simulation is performed until the viscous finger reaches the outlet to eliminate
the outlet effects on final results.
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Figure 3.9: Definition of different pressures in a pore: a) single phase flow (only oil) with
〈Pi n〉 and 〈Pout 〉 as area averaged inlet and outlet pore pressures respectively
b) multiphase flow (oil+water) with 〈Poi l 〉 and 〈Pw ater 〉 to be volume averaged
oil and water phase pressures respectively.
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in the flow direction.
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Simulations are also performed to check for sufficient grid independence of the
present results. Total three grid resolutions (H/∆ = 32, 50 and 75) with C a = 0.1
and 0.5 are chosen for this purpose. Obtained results are presented in Fig. 3.11
as plots of (a) ∆Pphase with Soi l and (b) Soi l with τ. Note that, τ = t/Tr es is a
dimensionless time with Tr es = φH/Vi n being the pore residence time. Character-
istics of these plots will be explained in the subsequent text. The L2 relative error
norm (defined with respect to the finest grid) is used to quantify the difference as
follows:

L2 =

√√√√√√√√
N∑

i=1
(qG75,i −qG ,i )2

N∑
i=1

q2
G75,i

(3.6)

where G75 is the finest grid corresponding to H/∆= 75, G is any grid correspond-
ing to H/∆ = 32 or 50, q is the quantity on which the norm is defined, i is the
index for sampling points and N is total number of sampling points. Table 3.1 lists
the L2 relative error norm for the data presented in Fig. 3.11 (a) and (b). It is
clear that H/∆= 50 can produce sufficiently grid independent results considering
both accuracy and computational time. Hence, all the subsequent simulations are
performed with H/∆= 50 which is equivalent to D/∆= 45.7078.

Table 3.1: L2 relative error norm for the grids corresponding to H/∆ = 32 and 50 with
respect to H/∆= 75 (finest grid) for single pore simulations.

∆Pphase with Soi l (Fig. 3.11 (a)) Soi l with τ (Fig. 3.11 (b))
H/∆ C a = 0.5 C a = 0.1 C a = 0.5 C a = 0.1
32 5.5076 6.2137 1.7393 0.5110
50 1.9339 2.5723 0.6277 0.1391

Further simulations are performed to quantify the effect of C a on the single
pore water flooding process. A wide range of C a (from 0.1 to 2.5) is chosen
for this purpose and relevant quantities (∆Pphase and Soi l ) are measured up to
τ = 1. Fig. 3.12 (a) shows a plot of ∆Pphase with Soi l and (b) a plot of Soi l with
τ for all C a. Initially, the pore is fully saturated with oil and hence the results
starts with Soi l = 1. As the viscous finger tries to enter the pore, it has to squeeze
through the pore and overcome the pore resistance. While doing so, the shape of
the finger changes and becomes more concave (increased curvature). Due to this
shape change the capillary pressure of the water increases which in-turn increases
∆Pphase during the initial penetration. We term this initial resistance as an ‘en-
try barrier’ (∆Pphase,max) which a finger needs to overcome to penetrate the pore.
With decrease in C a, this ‘entry barrier’ keeps on increasing due to the increase
in capillary pressure. As the finger passes through the pore at fixed C a, ∆Pphase

keeps on decreasing mainly due to two reasons: i) oil (with higher viscosity) is
being replaced by water (with lower viscosity) which has a lower hydrodynamic
pressure gradient and ii) the finger shape relaxes and its curvature reduces which
decreases the capillary pressure of the water phase. We consider the pore drainage
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Figure 3.11: Grid independence study for single pore simulations with grid resolutions
(H/∆) of 32, 50 and 75: a) ∆Pphase with Soi l plot and b) Soi l with τ plot
for C a = 0.1 and 0.5.
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Figure 3.12: Effect of C a on single pore water flooding process: a) ∆Pphase with Soi l plot
and b) Soi l with τ plot for C a = 0.1 to 2.5.
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process to have ended at τ= 1 as the oil displacement process mostly occur up to
this time. At the end of the drainage process, ∆Pphase for higher C a shows some
oscillations. Capillary forces are lower compared to hydrodynamic forces at higher
C a. Hence the finger can’t hold its shape steady and keeps on oscillating around its
mean position. At lower C a, finger retains its shape and hence these oscillations
are minimal or non-existent. One interesting thing to note is that at the end of
drainage process, Soi l is higher for higher C a. In other words, more oil is remain-
ing in the pore after drainage at higher C a. This is contrary to what is observed in
the multi-pore setup, details of which will be discussed in the section 3.3.2.

3.3.2 Random multi-pore

Entry region Pore region Exit region

Water

y

xz

Oil H

Figure 3.13: Schematic diagram of water flooding process through multi-pore structure.

In this section, we present the drainage of oil from a model porous media
(multi-pore structure) as shown in Fig. 3.13. The pore structure of porosity 0.6
is made of multiple spherical particles (total 100) with diameter D arranged in
random fashion. The random arrangement has been obtained from the standard
hard sphere Monte-Carlo method (Frenkel and Smit, 2001) and is periodic in y-
and z-directions. The computational domain (lateral dimension H) is comprised
of total 3 regions: i) entry region (H), ii) pore region (3H) and iii) exit region (3H).
The values between brackets indicate the length of a particular region in the flow
direction. Similar to the single pore simulations, the whole computational domain
is fully saturated with oil initially. Water is introduced into the domain from the
entry region with a constant velocity (Vi n). Flow is periodic in y- and z-directions.
Water from the entry region penetrates the pore region with multiple fingers and
displaces oil into the exit region. Sufficient length is provided in the exit region to
avoid the direct contact of displaced oil (coming out of the pore region) with the
flow outlet. Constant pressure boundary condition is applied at the outlet.

Simulations are performed to quantify the effect of capillary number (C a =
µoi l Vi n/σ), contact angle (θ) and viscosity ratio (M = µoi l /µw ater ) on the mobil-
ity of oil. Densities of both fluids are set equal (ρoi l = ρw ater = ρ) for the sake
of simplicity and the Reynolds number (Re = ρVi nD/µoi l ) is 1. 80 grid cells are
placed across the lateral height of the computational domain (H/∆ = 80) which
results into D/∆= 22.72. Each simulation is performed on multi-pore structures of
three different random arrangements to obtain better averaged results. Standard
deviation of the obtained results with respect to their individual mean value are
presented in Table 3.2 of the appendix. ∆Pphase , Soi l and τ are measured during
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the simulations to quantify the mobility of oil. These quantities are defined similar
to section 3.3.1 but calculated over the full multi-pore structure. Obtained results
are discussed in the subsequent sections.

Effect of capillary number

To quantify the effect of C a on the mobility of oil, water-flooding simulations
are performed over a range of C a from 0.01 to 1 with a fixed M = 20 and θ = 30◦
(oil-wet structure). The results are presented in Fig. 3.14 as plots of (a) ∆Pphase

with Soi l and (b) Soi l with τ. Both plots start with Soi l = 1 as the multi-pore struc-
ture is fully saturated with oil initially. Fig. 3.14 (a) shows that the ‘entry barrier’
(∆Pphase,max) keeps on increasing as C a is decreased. It becomes progressively
more difficult for the viscous fingers to penetrate the multi-pore structure as C a
is decreased. After the initial penetration, ∆Pphase continuously reduces with Soi l .
The reason for this behavior in multi-pore structure is similar to what is observed
for the single-pore case (section 3.3.1). Note that simulations are performed until
Soi l in the multi-pore structure attains a (near) constant value with time. This is
referred as residual oil saturation (Soi l ,r ) subsequently. We consider the flow to be
at steady state when the difference of average Soi l between two consecutive 5000
time-steps windows is less than 1%. This criterion is used to define steady state
for the simulations presented in section 3.3.2 and 3.3.2 as well.

Fig. 3.14 shows that the Soi l ,r keeps on increasing as C a is decreased. This
means that water flooding at higher C a yields more oil from the multi-pore struc-
ture. Li et al. (2005) and Lenormand et al. (1988) reported a similar trend in their
simulations and experiments. However, Fig. 3.12 shows the exactly opposite trend
for the single pore simulations. The reason for this behavior is as follows. In the
single pore water flooding simulations a viscous finger can only travel one path i.e.
subsequent pores arranged in series. This arrangement is similar to the test case
presented in section 3.2.2 where a viscous finger travels into a 2D channel. Hence,
the results obtained for a viscous finger penetrating an aligned pore arrangement
(Fig. 3.12) and a 2D channel (Fig. 3.5) show a similar trend i.e. higher residual oil
at higher C a. However, in the present random multi-pore arrangement viscous fin-
gers have choice to select their own path depending on local flow conditions and
pore structure. Naturally, these viscous fingers choose to penetrate the pores with
lower ‘entry barriers’ and desaturate them. In this process, the pores with higher
‘entry barrier’ don’t get penetrated and the oil in them remains as it is. Due to the
random nature of the pore geometry, the ‘entry barrier’ for each individual pore
of the multi-pore structure will be different. These differences will become even
more pronounced at lower C a due to the higher absolute value of the ‘entry bar-
rier’ (Fig. 3.12 (a)). Hence, viscous fingers in the multi-pore structure at lower C a
will be thin and elongated. They will only penetrate the series of (random) pores
with the least ‘entry barriers’ and keep the rest of the pores untouched which will
result into higher Soi l ,r . At higher C a, differences of ‘entry barriers’ between pores
are small. So the viscous fingers will penetrate almost all pores of the multi-pore
structure and desaturate them resulting into lower Soi l ,r . Fig. 3.14 (b) shows that
the plot of Soi l for different C a follows the same path up to a fixed τ (< 1) and
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Figure 3.14: Effect of capillary number (C a) on multi pore water flooding process: a)
∆Pphase with Soi l plot and b) Soi l with τ plot for C a = 0.01 to 1 with θ = 30◦
and M = 20.
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Figure 3.15: Residual oil saturation (Soi l ,r ) with C a at θ = 30◦ and M = 20 for multi pore
water flooding process: i) Present (◦) and ii) best fit line (· · ·): Soi l ,r =
−0.2454log10(C a)+0.06890 with R2 = 0.9934.
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after this time the difference becomes apparent. The oil recovery process at higher
C a is quite slow and takes a lot of time to reach steady state. Note that τ is plotted
on a logarithmic scale in Fig. 3.14 (b).

Finally, Fig. 3.15 concludes the investigation into the effect of C a on the water
flooding process through multi-pore structure. It shows the Soi l ,r with C a along
with the best fit line. Note that C a is plotted on a logarithmic scale. The coefficient
of fitting (R2 = 0.9934) is very close to 1 which shows the linear trend of Soi l ,r with
logC a is intact for the selected range of parameters. A similar trend has been
observed by Lenormand et al. (1988).

Effect of contact angle

In this section, we will discuss the effect of the contact angle (θ) on the water
flooding process through a multi-pore structure. Simulations are performed with
different θ varying from 15◦ (oil-wet structure) 90◦ (neutrally-wet structure) with
a fixed C a = 0.1 and M = 20. The contact angle boundary condition is applied at
the three-phase (oil-water-solid structure) contact line. For the parametric range
selected in this chapter, the water-wet structure shows (close to) full oil recovery
hence all simulation are performed for either oil-wet or neutrally-wet structures.
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Figure 3.16: Effect of contact angle (θ) on multi pore water flooding process: a) ∆Pphase
with Soi l plot and b) Soi l with τ plot for θ = 15◦ (oil-wet) to 90◦ (neutrally-wet)
with C a = 0.1 and M = 20.

Fig. 3.16 (a) shows a plot of ∆Pphase with Soi l for different θ. Similar to the
previous simulations, this plot also starts with Soi l = 1 as the multi-pore structure
is fully saturated with oil initially. Examination of the plot reveals that the ‘entry
barrier’ or ∆Pphase,max is the same for all θ. In other words, the ‘entry barrier’ is
independent of θ. Plots for different θ follows almost the same path with different
end points and hence different Soi l ,r . Fig. 3.16 (b) shows a plot of Soi l with τ.
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Figure 3.17: Residual oil saturation (Soi l ,r ) with θ at C a = 0.1 and M = 20 for multi pore
water flooding process: i) Present (◦) and ii) best fit line (· · ·): Soi l ,r =
−0.005073θ+0.4654 with R2 = 0.9928.

Similar to the results of section 3.3.2, plots for different θ follows a same path
up to a certain τ (< 1) and after this time they deviate from each other. As θ is
decreased, the porous structure becomes more oil-wet and oil tends to stick to the
porous structure due to higher contact forces. This will lead to lower oil recovery
and higher Soi l ,r . For the neutrally-wet structure (θ = 90◦), contact forces between
oil and solid structure are not as strong and hence almost all oil gets displaced from
the structure. The oil recovery process at higher θ lasts for a longer time whereas
it completes faster for smaller θ. However, the difference of drainage time with θ

is not as sharp as observed in section 3.3.2 with C a. Note that θ is plotted on a
linear scale in Fig. 3.16 (b). Fig. 3.17 presents the Soi l ,r with θ along with best
fit line. The coefficient of fitting (R2 = 0.9928) is very close to 1 which shows that
Soi l ,r follows a well defined linear trend with θ for the selected parametric range.

Effect of viscosity ratio

In this section, we will quantify the effect of viscosity ratio (M = µoi l /µw ater )
on the mobility of oil through a multi-pore structure. Simulations have been per-
formed for M ranging from 0.3125 to 80 with a fixed C a = 0.025 and θ = 45◦ (oil-
wet structure). Note that M < 1 would mean that the oil is less viscous than water.
Fig. 3.18 (a) shows a plot of Pphase with Soi l for different M . First thing to note
is that ∆Pphase is strongly influenced by M . As M decreases, ∆Pphase,max rapidly
increases and attained at progressively lower Soi l . Results presented in Fig. 3.18
(a) match quite well with those obtained by Ferrari and Lunati (2013) using 2D
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Figure 3.18: Effect of viscosity ratio (M) on multi pore water flooding process: a) ∆Pphase
with Soi l plot and b) Soi l with τ plot for M = 0.3125 to 80 with C a = 0.025 and
θ = 45◦.

10
0

10
1

10
2

M

0

0.1

0.2

0.3

0.4

0.5

0.6

S
o

il
, 

r

Figure 3.19: Residual oil saturation (Soi l ,r ) with M at C a = 0.025 and θ = 45◦ for multi
pore water flooding process: i) Present (◦) and ii) best fit line (· · ·): Soi l ,r =
0.2421log10(M)+0.06450 with R2 = 0.9921.
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multiphase simulations through porous media. Fig. 3.18 (b) shows a plot of Soi l

with τ for different M . As M decreases Soi l ,r in the multi-pore structure decreases.
In other words, lower M would result in better oil recovery. Note that no specific
trend is found in the time to reach the steady state. As M decreases, oil becomes
less viscous compared to water. Specifically for the case of M < 1, oil with lower
viscosity is displaced out of the pore by water with higher viscosity. Due to the
higher viscosity of the pore fluid i.e. water, ∆Pphase increases. Even though a
higher amount of oil is recovered at lower M , it is achieved at the cost of higher
∆Pphase . Obtained results for the steady state are concluded in Fig. 3.19 with a
plot of Soi l ,r with M . Note that M is plotted on a logarithmic scale. Best fit line
(R2 = 0.9921) shows that a linear trend of Soi l ,r with log M is well maintained for
the present parametric range.

3.4 Conclusions

In this chapter, we have simulated multiphase flow through porous media to
quantify the effect of capillary number (C a), contact angle (θ) and viscosity ratio
(M) on its mobility. Fully resolved simulations are performed using a finite volume
methodology with pressure-velocity coupling on a staggered Cartesian computa-
tional grid. This grid structure is non-body fitting to the complex solid boundaries
hence an immersed boundary method (IBM) is used to resolve the interactions
between (multiple) fluids and solid. The fluid-fluid interface is tracked by a mass
conservative and sharp interface volume of fluid (VOF) method. The fluid-fluid
interface gives rise to three-phase contact lines at the solid boundaries and ex-
periences contact forces due to wettability effects. IBM and VOF are coupled by
imposing the contact angle as a boundary condition at the contact line to include
wettability effects on the macroscopic length scale. The present IBM-VOF coupling
is verified/validated in this chapter for the following test cases specifically related
to the multiphase flow through porous media: i) multiphase Poiseuille flow in a
channel to validate the continuity of velocity and shear stress at the fluid-fluid
interface, ii) viscous finger formation in a channel to verify the accuracy of the
interfacial tension model and iii) contact force calculation to check its grid conver-
gence.

Water flooding simulations are performed on two type of periodic porous struc-
tures: i) a repeated single pore and ii) a random multi-pore arrangement. We first
presented the pore selection (to mimic periodic behavior) and grid convergence
study for the single pore. Temporal evolution of dimensionless phase pressure dif-
ference (∆Pphase) and oil saturation (Soi l ) have been measured for different C a
as a viscous finger penetrates the single pore. With decrease in C a, the ‘entry bar-
rier’ (∆Pphase,max) for the viscous finger to penetrate the single pore increases and
residual oil saturation (Soi l ,r ) decreases.

For the random multi-pore arrangement we observed a similar trend for the
‘entry barrier’ with C a as for the single pore but opposite trend for Soi l ,r . The
reason for this behavior was discussed in detail as well. Even though a higher
amount of oil is removed at higher C a, the drainage time also increases with C a.
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As the contact angle (θ) varies from 15◦ (oil-wet structure) to 90◦ (neutrally-wet
structure), the contact force between the oil phase and solid structure decreases
and hence higher oil recovery resulting into lesser Soi l ,r . Drainage time increases
with θ but the increase is not as sharp as observed with C a. The ‘entry barrier’
remains unaffected with θ. With decrease in viscosity ratio (M = µoi l /µw ater ),
water viscosity increases compared to oil and hence it becomes easier to displace
more oil out of the multi-pore structure. ∆Pphase is greatly influenced by M; the
‘entry barrier’ increases rapidly and attained at lower Soi l as M decreases. For the
present parametric range Soi l ,r shows a well defined linear trend with logC a, θ and
log M which matches well with the numerical and experimental results presented
in Lenormand et al. (1988) and Ferrari and Lunati (2013).
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Appendix: Standard deviation of the reported data

Table 3.2: Standard deviation of the obtained results using three different random multi-
pore configurations with respect to their individual mean value presented in
Fig. 3.14 to 3.19.

C a 0.01 0.025 0.1 0.25 1
Fig. 3.14 (a) 1.13E-01 8.67E-02 8.19E-03 5.97E-03 4.78E-03
Fig. 3.14 (b) 4.62E-03 1.09E-02 7.80E-03 6.31E-03 7.30E-03

Fig. 3.15 1.16E-02 4.05E-03 5.76E-03 5.32E-03 2.43E-03
θ 15◦ 30◦ 45◦ 60◦ 75◦ 90◦

Fig. 3.16 (a) 8.47E-03 8.67E-02 3.65E-02 4.37E-02 3.45E-02 3.19E-02
Fig. 3.16 (b) 6.91E-03 1.09E-02 1.14E-02 1.35E-02 1.81E-02 1.89E-02

Fig. 3.17 4.92E-03 4.05E-03 1.84E-02 2.43E-02 2.75E-02 1.64E-02
M 0.3125 1.25 5 20 80

Fig. 3.18 (a) 9.63E-02 6.55E-02 6.36E-02 6.06E-02 5.71E-02
Fig. 3.18 (b) 1.27E-03 9.24E-03 1.14E-02 1.31E-02 1.29E-02

Fig. 3.19 2.13E-03 1.66E-02 2.58E-02 1.51E-02 1.04E-02





Chapter 4
Water flooding from digitized
rocks

Abstract

Water flooding is a secondary oil recovery process where oil from porous rocks is
displaced by high pressure water. In this chapter we focus on the direct numerical
simulation (DNS) of the water flooding process through porous rocks to quantify the
effect of porosity on the mobility of oil. The finite volume method is used to discretize
the governing Navier-Stokes equations on a staggered Cartesian computational grid.
The porous rock is represented as a surface mesh that is obtained from a digitized CT
scan. The no-slip boundary condition for fluids (oil or water) at the non body-fitting
complex solid boundaries is applied using a second order, implicit and direct forcing
immersed boundary method (IBM) whereas the dynamics of the oil-water interface
is tracked by a sharp interface and mass conservative volume of fluid (VOF) method.
The effect of wettability is included by coupling IBM and VOF using a contact angle
boundary condition at the three phase contact line. The developed methodology is
tested for a wide range of validation/verification test cases including i) the equilib-
rium shape of a droplet on a sphere, ii) transient spreading behaviour of a droplet
on sphere and iii) single phase flow through the digitized porous rocks. The water
flooding process is simulated through the digitized rocks of Fontainebleau sandstone
(porosity between 0.15 to 0.25) with representative pore-scale Reynolds and capillary
numbers. First, we quantify the temporal change in oil saturation, phase pressure dif-
ference and oil/water interstitial velocities to study the mobility of oil through the
rocks. Further, we focus on the oil-water interfacial surface area and the specific
length scale to study the growth of viscous fingers inside pores. Finally, we evaluate
different energies and dissipation rates to understand the energy exchange encoun-
tered in the water flooding process.

This chapter is based on:
Patel, H. V., Das, S., Kuipers, J. A. M., Peters, E. A. J. F.. Direct numerical simulations of
water flooding process through digitized porous rocks. In preparation.



62 Water flooding from digitized rocks

4.1 Introduction

Oil recovery from the subsurface reservoirs comprised of porous rocks gener-
ally proceeds in three stages. During the primary recovery stage oil comes out of
the rocks due to its own natural pressure. With the passage of time, the natural
pressure in the rocks reduces and so does the flow rate of oil. This first stage has
a very limited oil extraction potential as only around 5-15% of the oil is recovered.
In the secondary stage of oil recovery, oil from the subsurface rocks is displaced by
injecting high pressure water or gas. Around 30% of the potential oil is recovered
in this stage. When water is used as a driving fluid, it is termed as water flooding
(Bankoff and Lee, 1986; Sheng, 2014; Katende and Sagala, 2019). In the ternary
stage of oil recovery, which is also known as enhanced oil recovery (Alvarado and
Manrique, 2010), oil is recovered by various different techniques, such as: a) ther-
mal recovery (Prats, 1982) where oil is heated using steam or by burning part
of the oil to reduce its viscosity or b) injecting chemical agents like polymer or
surfactant to recover oil by altering surface and/or bulk properties (Shah, 2012).
The oil recovery is a very complex process that involves multicomponent and/or
multiphase flow through the reservoirs. It is very difficult and often impractical to
replicate oil recovery processes at the lab-scale to perform accurate experiments.
So, numerical simulation of the oil recovery processes (Druetta et al., 2016) has
been a primary focus of academia as well as industries.

Accurate simulation of oil transport in reservoirs poses immense challenges
due to multiple factors (Gerritsen and Durlofsky, 2005): i) length scale of the
oil reservoir (kilometers) with respect to the length scale of the pores (microns),
ii) heterogeneous rock structure and uncertain rock properties, iii) interactions
of multiple phases (oil, water, gas pockets, particles) at different length scales
and iv) inter-solubility of phases. There are two main approaches to simulate
oil recovery processes through reservoirs, namely the pore-scale and large-scale
approach. In the pore-scale approach (Su et al., 2018; Meakin and Tartakovsky,
2009) only a small part of the reservoir is considered for the simulations. In most
pore-scale models presented in literature different fluid phases involved in the re-
covery process are considered immiscible with a distinct interface between them.
Fluid phases have their own physical and surface properties. Each fluid phase
might be a homogeneous mixture of several chemical components e.g. oil being
a mixture of a variety of hydrocarbons. Depending on the type of reservoir rock
(oil-wet or water-wet), wettability effects present at the three phase contact line
are also modelled. Complex physical and chemical changes with heat and mass
transfer can also be included in this approach. Information on the mobility of
different fluid phases and their distribution at the pore-scale can help in devel-
oping upscaling models for the overall reservoir behavior. Pore-scale simulations
are generally performed using one of the following methods: a) pore-network
model (Blunt, 2001) b) Lattice Boltzmann method (Succi et al., 1989) c) Interface
tracking/capturing methods based on Navier-Stokes equations and d) smoothed
particle hydrodynamics (Zhu and Fox, 2002). In the large-scale approach, coarse-
grain simulations are typically performed on the length scale of an actual reservoir
using Darcy’s relation (Darcy, 1856). Each grid cell of the computational domain
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is considerably larger than the finest (pore) length scale and stores volume av-
eraged quantities (porosity, saturation or pressure). The effect of the fine-scale
interactions e.g. pore size distribution, rock heterogeneity, wettability is included
in volume averaged manner for the coarse-grain simulations. This approach re-
quires closure relations, which are typically generated by pore-scale simulations
or experiments on same rock samples.

The present work focuses on pore-scale fully resolved simulations of oil-water
flow encountered during the water flooding process through digitized porous rocks.
There are three main problems to be tackled for such simulations: i) oil-water in-
terface tracking ii) enforcing the no-slip boundary condition for fluid (oil or water)
flow at the complex rock surface and iii) incorporating wettability effects arising
at the three-phase (oil-water-rock) contact line.

Various multifluid interface tracking/capturing methods are developed and
successfully in use to simulate a wide spectrum of problems (Scardovelli and Za-
leski, 1999). Few examples include the front-tracking method (Tryggvason et al.,
2001), the volume of fluid (VOF) method (Hirt and Nichols, 1981; Youngs, 1982)
and the level-set method (Sussman et al., 1994). Major challenges associated with
these methods are the accurate computation of interface forces and mass conser-
vative advection of the interface. The VOF method uses a volume fraction field
to identify and advect fluid phases. For this work we have used the VOF method
as it is the most mass conservative method among all interface tracking/captur-
ing methods with a sharp interface representation. For the flow of fluids through
porous rocks, it is of prime importance to accurately model the interactions be-
tween fluids and rock surface. The immersed boundary method (IBM) is widely
used for this purpose. IBM is specifically useful because no-slip boundary con-
ditions can be imposed at the complex solid boundaries while using a non-body
conformal grid. This allows for the usage of structured meshes (mostly Cartesian),
which reduces the complexity of mesh generation, discretization and coding while
increasing the computational efficiency. In this work, we have used a second or-
der, direct forcing and implicit IBM to model fluid-solid interactions. A fluid-fluid
(oil-water) interface in contact with a solid (rock) surface produces a three-phase
contact line and the microscopic interactions at the contact line can drastically
affect the bulk flow (Snoeijer and Andreotti, 2013). The effect of contact line dy-
namics at the macroscopic length scale can be observed as an apparent contact
angle, which may depend on various parameters such as contact line velocity, sur-
face roughness or surface topology. For fully resolved simulations, this effect can
be incorporated by imposing the apparent angle as a boundary condition at the
three-phase constant line (Sui et al., 2014).

Recently fully resolved pore-scale simulation of oil recovery processes has gain-
ed traction as it can accurately model wettability and material transport. The ma-
jority of the work on this topic is performed using the Lattice-Boltzmann method
with two main approaches to represent the pore space. The first approach is to
approximate the pore space of a certain porosity by randomly arranging unit solid
squares/cubes in 2D/3D. This approach is very popular (Yiotis et al., 2007; Huang
and Lu, 2009) as it eliminates the treatment of complex solid boundaries, but
the geometry is rather artificial. Another (more realistic) approach is to sim-
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ulate multiphase flow using a digitized representation of a real rock (Li et al.,
2015; Harting et al., 2005). The digitized rock model is either reconstructed
from CT-scan images of real rock samples (Okabe and Blunt, 2005) or generated
by stochastic modelling of the natural rock formation process (Øren and Bakke,
2002). Even though the Lattice-Boltzmann method is computationally fast due its
explicit time-discretization and efficiency per time-step, it very difficult to strictly
enforce continuity of velocity and shear stress at fluid-fluid interfaces. A more
accurate approach is to perform fully-resolved pore-scale simulations by solving
the multiphase Navier-Stokes equations with the VOF method albeit this approach
is relatively less explored. Ferrari and Lunati (2013) performed multiphase flow
simulations through a model 2D porous structure (made of cylindrical particles) to
link capillary pressure with total surface energy. Chapter 3 presents water flooding
simulations through a model 3D porous bed (made of spherical particles) to quan-
tify the effect of capillary number, viscosity ratio and wettability on the mobility of
multiphase flow through porous media. Piller et al. (2014) focus on preliminary
simulations of single and multiphase laminar flow through the digitized porous
rock using ANSYS Fluent (a commercially available CFD software package).

In this chapter, we present simulations of a water flooding process through the
3D digitized porous rocks using an in-house developed coupled IBM-VOF method.
First, we introduce the governing equations and numerical methodology. We also
explain the stereolithography (STL) surface mesh structure that is used to repre-
sent digitized rocks. Next, we verify/validate the present methodology specifically
for the problems where solid objects are represented by the STL mesh structure.
Finally, we simulate the oil-water flows with wettability effects (as encountered in
the water flooding process) through the digitized rocks of different porosities and
quantified mobility of multiphase flow, viscous finger characteristics and different
energy exchanges.

4.2 Stereolithography (STL) mesh

There are variety of CAD formats to represent 3D complex geometries. The
present IBM can handle any arbitrarily shaped triangulated surface mesh repre-
sented in the stereolithography (STL) file format. Each triangular element of the
STL mesh stores coordinates of its 3 vertices and a surface normal (Fig. 4.1). Ver-
tices are ordered by the right-hand rule and the normal always points outward
(from solid to fluid region). For proper representation of the solid geometry, the
size of the triangular elements should be at least of the same order as the Eulerian
grid cells. One of the most important task is to correctly identify solid-cells (cell
center inside the solid region) and fluid-cells (cell center inside the fluid region)
using the relative positions of the Eulerian grid cells with respect to the surface
mesh (Fig. 2.1). Das et al. (2016a) present a systematic approach in 3D to tackle
this point-in-polygon problem that generalizes even for the special case in which
sharp edges are present in the surface mesh. n̂s is required for each Eulerian grid
cells where contact angle boundary condition (Eq. (2.19)) is to be applied whereas
it is available on the surface mesh representing solid. Currently, we find n̂s using
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the surface normal of the nearest triangular element of the surface mesh (n̂stl) as
n̂s =−n̂stl. One may also find n̂s by extrapolation using several nearby (triangular
elements’) surface normals.

Figure 4.1: Sphere represented by stereolithography (STL) surface mesh (left) and a trian-
gular element of the STL mesh (right) with 3 vertices (v1, v2 and v3) ordered
by right-hand rule and a unit surface normal (n̂stl) pointing from solid to fluid
region.

4.3 Verification and Validation

The developed methodology has been extensively tested for each module using
a wide range of validation/verification cases. The present IBM and VOF methods
have been individually tested in detail by Das et al. (2017) and Van Sint Annaland
et al. (2005), respectively. Extension of the IBM method to handle stereolithogra-
phy (STL) surface mesh is tested by Das et al. (2016a). Note that Das et al. (2016a)
and Das et al. (2017) only focus on the flow of single fluids in and around complex
solid objects. The coupling between IBM and VOF with contact line dynamics has
been tested in chapter 2. It includes test cases for IBM that can handle only regular
solid objects, but not STL surface meshes, which is the focus of the present work.
Further, chapter 3 includes few validation test cases particularly related to the
multiphase flow through porous media. Obtained results in these literature match
very well with respective analytical, numerical and/or experimental results, which
highlights capability of our methodology and multiphase flow solver to handle
complex three-phase flows.

In this section, we present few more validation/verification test cases specif-
ically focusing on IBM-VOF coupling where the solid is represented by the STL
surface mesh. First, we simulate equilibrium shapes of a droplet spreading on a
sphere for different contact angles and compare it with analytical results. Next, we
evaluate the dynamics of the coupled IBM-VOF solver by simulating the transient
spreading behaviour of the droplet on a sphere. Finally, we simulate the flow of
single fluid through digitized porous rocks and compare the obtained macroscopic
properties of the rock at different porosities with the numerical/experimental re-
sults and/or models available in literature. These test cases form a basis to further
proceed with simulating multiphase flow through digitized rocks.
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4.3.1 Equilibrium shape of a droplet on a sphere

In this section, we will perform qualitative and quantitative comparisons of the
equilibrium shape of a droplet on a solid sphere for different contact angles. The
effect of gravity is not considered for this test case. Note that the solid sphere
is modelled by IBM and represented by a triangulated surface mesh. The length
scale of any triangle of the surface mesh is less than the Eulerian grid spacing
(∆). No-slip boundary conditions are applied at the solid surface as well as at all
computational domain boundaries.

Fig. 2.9 shows an initially spherical droplet with radius R0 just touching a solid
sphere of the same radius. As the initial contact angle (180◦) is different from the
specified static contact angle (θs), the droplet will start spreading on the solid sur-
face and finally attain an equilibrium position. In this position the droplet radius
is R f , spreading radius on solid sphere is r f and height is h f . The droplet fluid
is oil with density 950 kg/m3 and viscosity 0.02 Pa · s. The droplet is surrounded
by water with density 1000 kg/m3 and viscosity 0.001 Pa · s. Surface tension (σ)
between oil and water is 0.03 N/m. However, these physical properties of the
fluids will not affect the equilibrium shape. As the total drop volume (V = 4

3πR3
0)

is constant, the final equilibrium shape, R f , r f and h f can be derived analytically
(see Eq. (2.32) and (2.34)). Table 2.2 presents the geometrical and computational
parameters used for the simulations.

30o
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Figure 4.2: Analytical (—) and numerically simulated (−−) equilibrium droplet shapes on
a solid sphere for different contact angles.
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Fig. 4.2 shows the qualitative comparison of the analytical and numerically
simulated equilibrium droplet shapes on a solid sphere. Mean differences in the
equilibrium droplet shapes defined by Eq. (2.29) are 1.58%, 1.56%, 1.09%, 1.14%
and 1.17% for θs = 30◦, 60◦, 90◦, 120◦ and 150◦, respectively. Fig. 4.3 presents
the comparison of the analytical and numerically simulated dimensionless droplet
height (h f /R0) and spreading radius (r f /R0) at equilibrium for different contact
angles. The obtained numerical results match quite well with the analytical ones.
Moreover, the errors are in the similar range as reported previously in chapter 2.
That method, however, can model only regular surfaces as immersed boundary
while here we consider a triangulated representation of a sphere.
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Figure 4.3: Dimensionless parameters for the equilibrium shape of a droplet on a solid
sphere at different contact angles: i) analytical (—) and numerical (ä) dimen-
sionless height (h f /R0) and ii) analytical (−−) and numerical (◦) dimensionless
spreading radius (r f /R0).

4.3.2 Droplet spreading on sphere

In multiphase flow simulations, it is very important to accurately capture the
spreading behaviour of three phase contact lines on solid surfaces. For this purpose
we have tested the dynamics of a droplet spreading on a solid sphere. Fig. 4.5 (a)
shows a spherical droplet with initial radius R0 just in contact with a solid sphere
of radius Rs . The droplet fluid is isopropyl alcohol with density 780.8 kg/m3 and
viscosity 0.0022 Pa · s. It is surrounded by air with density 1.184 kg/m3 and vis-
cosity 1.82×10−5 Pa · s. The surface tension between isopropyl alcohol and air is
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Table 4.1: Geometrical and computational parameters used for the simulations of a droplet
spreading on a solid sphere.

Parameter Value Unit
Computational grid (nx , ny , nz ) (96, 64, 64) cell

Grid spacing (∆) 6.25×10−5 m
Time step (∆t ) 5×10−6 s

Droplet initial radius (R0) 0.00105 m
Solid sphere radius (Rs ) 0.005 m

Droplet initial position (x0, y0, z0) (0.00305, 0.004, 0.004) m
Solid sphere position (xs , ys , zs ) (−0.003, 0.0004, 0.004) m

0.0236 N/m. We have considered contact angle of 5◦ (quite close to 0◦) for simu-
lations as the solid surface is fully wetting. Contact angles very close to 0◦ or 180◦
cause numerical instability arising due to the extrapolation of phase fraction on fi-
nite grid resolutions. The droplet has an initial velocity of 0.4646 m/s towards the
solid sphere which corresponds to the Weber number of 15. The no-slip boundary
condition is applied at the solid surface and free-slip at all computational domain
boundaries. Table 4.1 presents other geometrical and computational parameters
used for the simulations.

0 2 4 6 8 10

time (ms)

0

0.5

1

1.5

2

2.5

3

r f/R
0

Figure 4.4: Dimensionless spreading radius (r f /R0) with time for a droplet spreading on a
solid sphere: Present (—), Sun and Sakai (2016a) simulations (−−), Mitra et al.
(2013) experiments (◦) and simulations (ä).
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Fig. 4.4 shows the dimensionless spreading radius (r f /R0) of droplet on solid
sphere with time. Obtained results are compared with the experimental and nu-
merical results of Mitra et al. (2013). They use a body-fitted grid in FLUENT (a
commercially available software package) to perform their simulations. Results
are also compared with numerical simulations of Sun and Sakai (2016a) that uses
a smooth IBM-VOF method on a Cartesian grid. Fig. 4.5 shows the droplet position
on sphere at different time instances (0, 2, 4, 6, 8 and 10 ms) for the qualitative
comparison with the aforementioned literature. Our simulations results are very
close to those obtained experimentally/numerically by other researchers which
validates the present sharp IBM-VOF coupling for contact line spreading.

a b

c d

e f

Figure 4.5: Snapshots of a droplet spreading on a solid sphere at different time instances:
a) 0, b) 2, c) 4, d) 6, e) 8 and f) 10 ms.

4.3.3 Single phase flow through porous rock

In this section, we will verify the flow of a single fluid through digitized porous
rocks. We have used 3D rock models of Fontainebleau sandstone with porosities
ranging from 0.08 to 0.25. Berg (2014) generated the rock models of 480×480×480
voxels using a commercially available software e-Core. Voxelization is a very pop-



70 Water flooding from digitized rocks

Inlet Outlet

el elrl

a b
Entry
region

Pore
region

Exit
region

1 2

Figure 4.6: a) Digitized porous rock and b) computational domain used to simulate the
flow through Fontainebleau sandstone.

ular method for volumetric representation of the digitized rocks. For the present
rock samples, each voxel has a length of 5.7 µm and stores a binary values; 1
for rock and 0 for pore region. We have used non-overlapping cubical subsec-
tions from these rocks (Fig. 4.6 (a)) for our simulations. As our solver uses a
surface mesh, we first convert the voxel representation to a surface mesh (in STL
format). This is achieved by generating iso-surface of voxel value 0.5 at the rock-
pore boundary and then triangulating it. Fig. 4.6 (b) shows our simulation set-up
where a digitized rock of length lr is placed in a computational domain with an
equal entry and exit lengths of le . Entry and exit regions are provided to reduce
entry and exit effects. Fluid enters the domain from the inlet with a uniformly
constant superficial velocity (Vs) and exits from the outlet. All other boundaries
of the domain are of the free-slip type. No-slip boundary condition is applied at
the surface of the digitized rock using IBM. Note that fluid enters the porous rock
from face 1 and exits from face 2. The density (ρ) of the fluid is 1000 kg/m3 and
viscosity (µ) is 0.01 Pa · s. The Reynolds number of the flow can be defined as
Re = ρVs rh/µ where rh is the hydraulic radius of the porous rock. rh is determined
by the ratio of connected volume of the pores (between face 1 and 2 in the pore
region as shown in Fig. 4.6 (b)) to the surface area of the connected volume. The
connected volume ignores the unreachable/blocked dead zones and is computed
using the flood-filled algorithm (Legland et al., 2011; Ohser and Mücklich, 2000).

Permeability (k) of the porous media is defined as k =µVs lr /∆p where ∆p/lr is
the pressure gradient in the direction of flow across rock at steady flow conditions.
Subsurface flows generally fall into the Stokes regime (Re << 1) where fluid inertia
is negligible. In this regime, ∆p/lr scales almost linearly with Vs and hence the per-
meability remains nearly constant. To ensure our simulations are also in the Stokes
regime, we performed parametric study to quantify the effect of Reynolds number
on the permeability of the rock. We considered a rock sample of 80×80×80 vox-
els with porosity of 0.1549 for the simulations. Note that the connected porosity
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Table 4.2: Effect of Reynolds number on the permeability of the porous rock.

Vs (m/s) Re Remax k (µm2) Error (%)
10−1 1.1899×10−1 1.9283×101 1.148006 1.3364×101

10−2 1.1899×10−2 2.0932×100 1.317992 5.3559×10−1

10−3 1.1899×10−3 2.1110×10−1 1.324620 3.5364×10−2

10−4 1.1899×10−4 2.1132×10−2 1.325059 2.2447×10−3

10−5 1.1899×10−5 2.1133×10−3 1.325089 -

Table 4.3: Grid independence study for the porous rock.

Grid/voxel Grid spacing (µm) k (µm2) Error (%)
1 5.7 1.9693 5.1777×101

1.5 3.8 1.4531 1.1993×101

2.25 2.5333 1.3251 2.1239×100

3.375 1.6889 1.2975 -

Table 4.4: Effect of entry/exit length on the permeability of the porous rock.

le /lr le /rh k (µm2) Error (%)
0.125 4.7539×100 1.318326 5.0984×10−1

0.25 9.5078×100 1.324033 7.9212×10−2

0.5 1.9016×101 1.324962 9.0866×10−3

1 3.8031×101 1.325059 1.7445×10−3

2 7.6062×101 1.325082 -

(connected volume divided by the total volume) for this rock sample is 0.1533 and
hydraulic radius is 11.899 µm. Computational domain size (540×180×180) is such
that le /lr = 1 and the computational grid to voxel ratio is 2.25. In the later part of
this discussion, we will also quantify the effect of le /lr and grid to voxel ratio on the
rock permeability. Simulations are performed with Vs ranging form 10−5 to 10−1

m/s corresponding to the Reynolds number of 1.1899×10−5 to 1.1899×10−1 and the
obtained results are presented in the Table 4.2. Note that Remax is the maximum
Reynolds number observed in the whole domain defined using the maximum local
velocity. We have also presented relative errors in the permeability at any Re with
respect to the permeability at the lowest Re. It is safe to assume for the flow to be
in the Stokes regime up to Vs = 10−2 m/s (Re = 1.1899×10−2) as the errors are less
than 1%. Next, we performed a grid independence study to check the effect of grid
resolution on the permeability of rock using the same rock sample. Here, the grid
resolution was altered by changing the grid to voxel ratio. For these simulations,
we have considered Vs = 10−4 m/s (Re = 1.1899× 10−4), which is sufficiently low
for the flow to be in the Stokes regime and le /lr = 1. Simulations are performed
with the grid to voxel ratio varying from 1 to 3.375 and obtained results are pre-
sented in Table 4.3. It also includes the relative errors computed with respect to
the finest grid resolution (grid to voxel ratio 3.375). It is clear from the results
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that the errors have a rather strong dependence on the grid resolution and choos-
ing a high grid resolution is essential for the accuracy of the present simulations.
Hence, For all subsequent simulations we have chosen the grid to voxel ratio of
at least 2.25 considering both accuracy and computational cost. Finally, we exam-
ine the effect of entry/exit length on the rock permeability. The entry/exit length
is altered by changing le /lr . Our aim is to have the smallest possible entry/exit
length so as to reduce the computational domain size while maintaining sufficient
accuracy. Simulations are performed by varying le /lr between 0.125 to 2 using
the same rock sample. Note that the grid to voxel ratio is 2.25 and Vs = 10−4 m/s
(Re = 1.1899×10−4) for these simulations. Table 4.4 presents the obtained results
along with the relative error in permeability with respect to the highest le /lr . It is
evident from the results that le /lr = 0.125 (le /rh = 4.7539) is sufficient for the errors
to be less than 1%. From these preliminary simulations, we have determined Re,
the grid to voxel ratio and le /lr to achieve a good trade-off between computational
cost and accuracy for the Darcy flow through the present rock samples.
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Figure 4.7: Connected porosity (φc ) with porosity (φ) for the Fontainebleau sandstone:
Present (◦), Sun and Wong (2018) (×), Kieffer et al. (1999) (+) and the line
representing φc =φ (· · · ).

With this knowledge, we simulated the flow of single fluid through 3D digi-
tized rocks of size 180×180×180 voxels. A total of 21 different rock samples of
Fontainebleau sandstone have been considered with the porosity (φ) ranging from
0.08 to 0.25. For these simulations, we chose Vs = 10−3 m/s (Re = 1.0366× 10−3

to 1.5346×10−3 for different rocks) which keeps the flow well within the Stokes



4.3 Verification and Validation 73

0.05 0.1 0.15 0.2 0.25
8

10

12

14

16

r h
 (

m
)

Figure 4.8: Hydraulic radius (rh) with porosity (φ) for the Fontainebleau sandstone:
Present (◦), best fit line for present results (· · · ), Sun and Wong (2018) (×)
and Arns et al. (2005) (+).

a b

Figure 4.9: Streamlines of the flow (colored by local velocity magnitude) through the digi-
tized rocks of a) φ = 0.08574, φc = 0.06982 and b) φ = 0.2378, φc = 0.2376.

regime. Grid to voxel ratio is 2.5 and le /lr = 0.1889 which corresponds to the com-
putational domain of 620×450×450 grid cells. First, we computed the connected
volume and subsequently connected porosity (φc) of the individual rock sample.
Fig. 4.7 presents the plot of φc with φ for the present rock samples. It also includes
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Figure 4.10: Permeability (k) with porosity (φ) for the Fontainebleau sandstone: Present
(◦), Berg (2014) (—), Bourbie and Zinszner (1985) (· · · ), Sun and Wong
(2018) (×) and Gomez et al. (2010) (+).

the results of Sun and Wong (2018) obtained from the CT scan images and Kieffer
et al. (1999) obtained from laboratory measurements for the same type of rock.
At lower porosities (φ< 0.1), there is a large difference between φc and φ as most
of the pores are separated without connectivity whereas at higher porosities, φc is
very close to φ. Next, we have computed the hydraulic radius (rh) of the present
rock samples and results are presented in Fig. 4.8. It also includes the best fit line
for our results: rh = 25.83φ+8.413µm with correlation coefficient (R2) of 0.9612.
Obtained results are compared with the results of Sun and Wong (2018) and Arns
et al. (2005) inferred from the CT scan images. Fig. 4.9 shows the streamlines of
the flow through the rocks of a) φ = 0.08574, φc = 0.06982 and b) φ = 0.2378, φc

= 0.2376. At lower porosity, flow is localized along a few preferential paths which
are more tortuous and have high local velocities whereas flow is more uniform
and less tortuous at higher porosity. Finally, we computed the permeability (k) of
our rock samples using the simulated pressure gradient across the rock. Fig. 4.10
shows the variation of k with φ for the present rock samples. It also includes the
following results for the same type of rock from literature: i) network model by
Berg (2014), ii) experimental closure by Bourbie and Zinszner (1985), iii) numer-
ical simulations by Sun and Wong (2018) using hybrid lattice Boltzmann/finite
element method and iv) laboratory measurements by Gomez et al. (2010). It is
evident from Fig. 4.7, 4.8 and 4.10 that our results are well within the range of
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the results from other researchers, which were obtained using variety of methods.
This affirms the capability of our solver to handle complex solid boundaries.

4.4 Results

In this section, we will simulate the water flooding process to quantify the
mobility of fluids through the digitized porous rocks. In the water flooding process
oil entrapped in pores is displaced by the pressurized water. For the scope of the
present work, we have considered oil and water to be pure, incompressible and
immiscible fluids. Depending on the capillary number of the flow and viscosity
ratio of oil and water (µoil/µwater), four different flow regimes are observed in
the water flooding process: i) capillary fingering, ii) viscous fingering, iii) stable
displacement and iv) unstable displacement (Zhang et al., 2011; Lenormand et al.,
1988). Capillary fingering occurs when the flow capillary number is very low. On
the other hand, viscous fingering occurs at very high viscosity ratio i.e. displaced
fluid (oil) has a very high viscosity compared to the displacing fluid (water). For
both the capillary and viscous fingering regime, a (nearly) constant amount of
residual oil is found in the porous medium after displacement irrespective of the
capillary number or viscosity ratio. The stable displacement regime occurs at high
flow capillary number and/or low viscosity ratio. Almost all oil is displaced from
the porous media in this regime. It is only in the unstable displacement regime
where the mobility of the fluids has a strong dependence on the flow, fluid and/or
rock properties. In chapter 3, we have already quantified the effect of flow and
fluid properties (capillary number, viscosity ratio and wettability) on the mobility
of the multiphase flow through a model porous media (a bed of randomly arranged
spheres). In this chapter, we present the effect of porosity on the mobility of
multiphase flow through digitized porous rocks.

4.4.1 Problem setup

We have simulated 3D multiphase flow through digitized rock samples of Fonta-
inebleau sandstone of size 100×100×100 voxels. Details of the rock samples and
how we use it with the present multiphase flow solver is covered in section 4.3.3.
A total of 8 different rock samples with porosities ranging from 0.15 to 0.25 have
been considered. The problem setup is similar to section 4.3.3 where a digitized
rock of length lr is placed in a computational domain with certain entry/exit length
of le as shown in Fig. 4.6. Fluid enters the domain from inlet with uniform constant
superficial velocity (Vs) of 10−3 m/s and exits from the outlet. All other boundaries
of the domain are of the free-slip type. The no-slip boundary condition is applied at
the surface of the digitized rock using IBM. To obtain sufficiently grid-independent
results, the grid to voxel ratio is chosen to be 2.5 and le/lr is 0.34, which corre-
sponds to a computational domain of 420× 250× 250 grid cells. Initially, porous
rock, entry and exit regions are fully saturated with oil. The density of oil (ρoil)
is 1000 kg/m3 and viscosity (µoil) is 10−3 Pa · s. The hydraulic radius (rh) of the
rock samples varies between 12.180 to 15.369 µm, which corresponds to the flow



76 Water flooding from digitized rocks

Reynolds number (Re = ρoilVs rh/µoil) of 1.218×10−2 to 1.5379×10−2. So, it is safe
to assume that the flow remains in the Stokes regime.

First we obtain the steady state solution (local velocity components and pres-
sure) of the flow of only oil through the digitized rocks. Before starting the tran-
sient water flooding simulations, oil in the entry region is replaced by the water
keeping local velocity and pressure unchanged. The porous rock and the exit re-
gion are still fully saturated with oil. This small trick reduces the computational
time by eliminating the oil-water interface traversal time in the entry region. As
the flow is already in the Stokes regime, this modification has negligible effect
on the overall flow behaviour. Next, water from the entry region penetrates the
pores and displaces oil from the pore region, which leaves the rock through the
exit region. Note that only the pore region has been analyzed to obtain all re-
sults presented in the subsequent sections. The viscosity of water (µwater) is 10−4,
which gives a viscosity ratio (M =µoil/µwater) of 10. The densities of both fluids are
chosen equal, as the effect of fluid density on the flow is negligible in the Stokes
regime. The surface tension (σ) between oil and water is 10−5 N/m which corre-
sponds to the capillary number (C a = µoilVs /σ) of 10−1. Porous rocks are oil-wet
with a contact angle of 30◦. This viscosity ratio and capillary number are selected
such that the water flooding process remains in the unstable displacement regime.

4.4.2 Oil saturation and phase pressure difference

First, we look at the oil saturation in the pores (Soil) and dimensionless phase
pressure difference (∆Pphase) for the multiphase flow through digitized rocks. Soil

is a ratio of amount of oil to the amount of total fluid (oil+water) present in the
pores. ∆Pphase is defined as follows:

∆Pphase =
〈Pwater〉−〈Poil〉
〈P1〉−〈P2〉

(4.1)

where 〈Pwater〉 and 〈Poil〉 are volume-averaged phase pressures of water and oil
respectively for the multiphase flow. 〈P1〉 and 〈P2〉 are area averaged pressures at
face 1 and 2 of the porous rock (Fig. 4.6 (b)) respectively for single phase flow of
oil. So, the phase pressure difference (〈Pwater〉− 〈Poil〉) observed during the mul-
tiphase flow is non-dimensionalized by the single phase pore pressure difference
(〈P1〉−〈P2〉) across rock.

Fig. 4.11 (a) shows the plot of Soil with dimensionless time (τ) for the rocks of
different porosities (φ). Note that τ = t/Tres where Tres = φlh/Vs is the fluid resi-
dence time in the pore region. Plots for different porosities are colored according
to the value of porosity. Simulations are performed up to τ = 1 as the majority
of the transient flow dynamics studied in this work lies within this time frame.
Initially the pore region is fully saturated with oil and hence all plots start with
Soil = 1. As water enters the pore region, it forms multiple viscous fingers which
penetrates through pores and displaces oil, which in-turn reduces Soil with τ.

Fig. 4.12 presents snapshots of the water flooding process through the rocks of
different porosities (a) 0.1496 and (b) 0.2421 at different times to understand it
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Figure 4.11: (a) Soil with τ and (b) ∆Pphase with τ for the water flooding process through
the rocks of different porosities (φ).

a1 a2 a3

b1 b2 b3

Figure 4.12: Snapshots of the water flooding process for the rocks of porosities a) 0.1496
and b) 0.2421 at different times: τa1 = 0.0831, τb1 = 0.1927, τa2 ≈ τb2 ≈ 0.5
and τa3 ≈ τb3 ≈ 1. Water (in blue) is penetrating through the porous rock (in
transparent brown) and displacing oil (in transparent grey).
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in more details. Fig. 4.12 (a1) and (b1) correspond to the time when the first/pri-
mary viscous finger in the respective rock reaches the exit of the pore region. At
lower porosity, we can clearly visualize a long and thin primary viscous finger
penetrating through the pore region whereas there are few small auxiliary viscous
fingers. Most of the incoming water would flow through the preferred path es-
tablished by the primary finger that slows down the growth of auxiliary viscous
fingers. So, the water would not be able to penetrate through most of the pores,
which results into a low oil recovery. At higher porosity, all viscous fingers are
nearly of the same size (including the one touching the exit of the pore region first)
and distributed uniformly. So, all viscous fingers have nearly the same potential to
grow and would later penetrate most of the pores resulting into a high oil recov-
ery. To observe how the viscous fingers grow and spread inside the pore region,
we have also included more snapshots of the water flooding process; Fig. 4.12 (a2,
b2) at τ≈ 0.5 and (a3, b3) at τ≈ 1. As expected, long and tortuous viscous fingers
follow few preferential paths in the rock of lower porosity. They grow very slowly
and leave the rock without penetrating most of the oil saturated pores. On the
other hand, rock with higher porosity has thick and less tortuous viscous fingers
that penetrate the majority of the pores displacing most of the oil.

We could find the trend in Fig. 4.11 (a) to a large extent. However, the corre-
lation between rock porosity and Soil is rather weak. For example, rocks with very
nearby porosities (consider 0.2386 and 0.2421) can observe considerable differ-
ence in Soil over time. This difference mainly occurs due to large variations in the
local pore structure. For the same reason one can also observe large differences in
the permeability for rocks samples of (practically) the same porosities in Fig. 4.10.

Fig. 4.11 (b) shows the plot of ∆Pphase with dimensionless time (τ) for the
rocks of different porosities (φ). These plots either start with the maximum value
of the ∆Pphase or the maximum value is attained immediately after the viscous
fingers penetrates the pores. Depending on the local pore structure, the oil-water
interface has to change its shape (from the initially flat interface shape in the en-
try region) to penetrate the pores. Due to the change in shape capillary pressure
difference increases, which results into an increase of ∆Pphase during the initial
penetration. However, this phenomenon is not very dominant at C a = 10−1 as re-
ported in chapter 3 and so we do not see large peaks in ∆Pphase either for the
present results. ∆Pphase reduces with time mainly due to two reasons: i) oil (a
higher viscosity fluid) is replaced by water (a lower viscosity fluid) which reduces
the hydrodynamic pressure gradient and ii) viscous fingers slowly relax and at-
tain their equilibrium shape in the pores after penetrating. This initially reduces
the capillary pressure difference and then keeps it nearly unchanged. It can be
observed that ∆Pphase changes rapidly during the initial penetration. Once the vis-
cous fingers establish their paths in the pore region and try to attain equilibrium
in the pores, ∆Pphase changes very slowly.

4.4.3 Interstitial velocity

Next, we will examine the time evolution of the oil and water interstitial veloc-
ities inside the porous rock. The phase averaged interstitial velocities for the oil
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(Voil) and water (Vwater) are defined as follows:

Voil =
∑

i FiVflow,i

Vint
∑

i Fi

Vwater =
∑

i(1−Fi)Vflow,i

Vint
∑

i (1−Fi )

(4.2)

where i is the index of the computational cell in the pore region and Vflow is the
fluid velocity in the direction of flow. Vint =Vs /φ is the interstitial velocity through
the porous rock. Note that we use F = 0 and 1 for water and oil phase respec-
tively in our simulations. Fig. 4.13 (a) and (b) show Voil and Vwater, respectively,
with time for the rocks of different porosities. Initially, all porous rocks are fully
saturated with oil that is flowing with the interstitial velocity (Vint). Also, water is
injected with the same initial velocity as oil. Due to this both Voil and Vwater start
with value 1. For the oil-wet rocks in consideration, oil has a higher affinity to
stick to the rock surface compared to water due to wettability effects. So, when
the viscous finger (water) penetrates pore(s), it displaces bulk of the oil (oil away
from the rocks surface) and leaves behind the oil in the vicinity of the rock sur-
face. Bulk oil moves with the local fluid velocity whereas oil near the rock surface
is practically stagnant. As time progresses, the amount of bulk oil in the rock re-
duces, which also reduces Voil with time. The relative amount of bulk oil and oil
in contact with rock surface can be quantified by the ratio of pore volume to its
surface area i.e. hydraulic radius (rh). At lower porosities, rh is lower (Fig. 4.8)
which means pore surface area is relatively higher compared to pore volume. So
at lower porosities, the amount of bulk oil displacement will be lower compared to
the oil in contact with the rock surface. Due to this reason, Voil, at lower porosities
are lower in Fig. 4.13 (a). Initially as the viscous fingers penetrate the pore region
and try to grow, Vwater rapidly increases and attains a maximum. The value of this
maximum and the time when it is attained depends on the local pore geometry of
each rock. As time progresses, viscous fingers establish paths in the pore region
and also tries to attain an equilibrium shape. This slowly reduces Vwater towards a
near constant value. Note that the water only flows through the paths established
by the viscous fingers and hence Vwater is multiple times higher than Vint.

4.4.4 Interfacial surface area

Further, we investigate the growth of fingers in the pore region by quantifying
the oil-water interfacial surface area (Aint) and specific length of the viscous fingers
(lsp). To compute Aint, we reconstruct the oil-water interface in the pore region
by generating the contour at F = 0.5 and finds its area by surface integration. The
length scale, lv , of the viscous fingers can be defined as,

lv = l 3
r φ

Aint
. (4.3)

A specific length of viscous fingers can then be computed by making this length
dimensionless using the hydraulic radius, lsp = lv /rh . Note that by means of the



80 Water flooding from digitized rocks

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

V
o
il

0.1496

0.1703

0.1798

0.1883

0.2022

0.2104

0.2386

0.2421

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

6

V
w
a
te
r

a b

Figure 4.13: a) Oil (Voil) and b) water (Vwater) interstitial velocities with time for the rocks
of different porosities.
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Figure 4.14: a) Oil-water interfacial surface area (Aint) and b) specific length scale of the
viscous fingers (lsp) with time for the rocks of different porosities.

definition of the hydraulic radius, lsp = Arock/Aint, where Arock is the area of the
internal rock surface.

Fig. 4.14 (a) presents the plot of Aint with time for the rock of different porosi-
ties. Initially, there is no oil-water interface inside pore region hence the plots start
at 0. As the viscous fingers penetrates and grow inside the pores, Aint increase with
time. d Aint/dτ is highest at the beginning of the water flooding process when the
viscous fingers try to reach as many pores as possible. It gradually decreases as



4.4 Results 81

there are no more pores to penetrate and the viscous fingers try to attain equilib-
rium shape inside pores. At the end, d Aint/dτ approaches to 0 which in-turn makes
Aint nearly constant. As porosity increases, the oil-water interface can potentially
expand into more pore volume which also increases Aint. To compare the growth
of viscous fingers relative to the available pore space, Fig. 4.14 (b) presents the
(dimensionless) specific length scale of the viscous fingers (lsp) with time for the
rocks of different porosities. As Aint is very low at the beginning, lsp starts with a
very high value. However, it decreases rapidly as the viscous fingers penetrate and
grows in the pore region. At the end, it finally approaches a near constant value
as viscous fingers reaches equilibrium in pores. At lower porosities, viscous fingers
only penetrate few pores in the pore region which results into large lr (ratio of
pore volume to the oil-water interfacial area). Moreover, rh is also relatively low
at lower porosities (Fig. 4.8) which in-turn results into large lsp. Exactly opposite
reasoning can be drawn for the rocks of higher porosities. Again, the trend is not
followed strictly as there are few exceptions due to unique pore geometry for each
rock sample. We have observed the final value of lsp to be varying between 2.1919
to 3.4024. So, for all of the present rock samples, the length scale of the viscous
fingers is higher than the rock length scale (lsp > 1). The value of lsp describes how
viscous fingers are distributed in the pore region. A lower value of lsp is observed
when the viscous fingers are distributed uniformly in the pore region (higher oil
recovery) whereas lsp is higher when few thin, long and tortuous viscous fingers
are observed (lower oil recovery). At τ= 1, Soil and lsp are strongly correlated with
coefficient of determination of 0.8585.

4.4.5 Energy budget

Last, we examine the energy budget of the water flooding process by quanti-
fying the different energy exchanges in the pore region. There are in total four
different types of energies associated with the multiphase flow through the porous
rock: i) kinetic energy of individual phases corresponding to their velocities, ii)
viscous dissipation in individual phases due to the velocity gradients, iii) surface
energy related to the oil-water interface and oil-rock and water-rock interface en-
ergies and iv) work done by pressure. Using the transient velocity (u), pressure
(p) and phase fraction (F ) fields, various energies/energy rates can be defined as
follows:

Ek =
1

2

∫
V
ρ|u|2 dV

Ėk =
d

d t

(1

2

∫
V
ρ|u|2 dV

)
+ 1

2

∫
A

ṁ|u|2 d A

Ėµ =µ
∫

V

[
2
(∂ui

∂xi

)2 +
(∂ui

∂x j
+ ∂u j

∂xi

)2]
dV

Ėp =
∫

V
∇p ·udV

(4.4)

The volume integral is performed over the pore region and area integral is per-
formed over the boundaries (control surfaces) of the pore region. ρ and µ are
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local fluid density (Eq. (2.4)) and viscosity (Eq. (2.5)) respectively computed us-
ing phase fractions. Ek is the kinetic energy and Ėk is the rate of change of kinetic
energy. First term of Ėk is the rate of change of kinetic energy of the fluids in-
side the pore region and the second term is the rate of kinetic energy exchanged
across the control surfaces. ṁ is the local mass flow rate normal to the control
surfaces of the pore region. Velocity gradients for the viscous dissipation rate (Ėµ)
are represented in Einstein notation for compactness. Ėp is the rate of work done
by pressure. Energy/energy rates associated with the individual fluid phases i.e.
oil or water can be computed by including the factor F or (1−F ) respectively in
the integrand of Eq. (4.4). Using the mechanical energy balance of the system, the
rate of change of surface energy (Ėσ) can be computed as following:

Ėσ(t ) =−(Ėk(t )+ Ėµ(t )+ Ėp(t )) (4.5)

where Ėσ includes contribution of all energy rates arising due to the presence of
oil-water interface in contact with rock surface i.e. i) change of surface energy due
to the change in oil-water, oil-rock and water-rock interfacial area and ii) unac-
counted viscous dissipation rates at the three phase contact line due to unbounded
viscous stresses (Snoeijer and Andreotti, 2013).
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Figure 4.15: Kinetic energy (Ek) of oil (—) and water (−−) with time in the rocks of differ-
ent porosities. Unit of energy is Joules.

Fig. 4.15 shows the plot of kinetic energy (in Joules) of oil and water phase
with time in the rocks of different porosities. Initially, all pores are fully saturated
with oil and hence kinetic energy of water is zero. As time progresses, kinetic
energy of oil reduces and approaches to zero mainly due to two reasons: i) amount
of oil in the pore region reduces with time and ii) for the oil-wet rocks the residual
oil tends to stick with rock surface (no-slip wall). On the contrary, the kinetic
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energy of water increases with time and approaches a near constant value as the
viscous fingers penetrates through the pores and establishes (stable) paths for the
flow of water through the rock. Note that the total kinetic energy (oil+water)
remains almost constant during the whole water flooding process and it appears
that water gains its kinetic energy at the expense of oil’s. This kinetic energy
exchange is more rapid and prominent for the rocks of lower porosities due to the
higher interstitial velocities.
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Figure 4.16: Energy rates (in Joules/second) with time for the rocks of different porosities:
a) viscous dissipation rate in oil phase (Ėµ,oil), b) viscous dissipation rate in
water phase (Ėµ,water), c) rate of work done by pressure (Ėp) and d) rate of
change of surface energy (Ėσ).

Fig. 4.16 shows different energy rates (in Joules/second) with time for the wa-
ter flooding process through the rocks of different porosities. Similarly, Fig. 4.17
compares the dimensionless energy exchanges in the rocks of porosities a) 0.1496
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Figure 4.17: Comparison of different (dimensionless) energy rates with time for the rocks
of porosities: a) 0.1496 and b) 0.2421.

and b) 0.2421 for better understanding. Non-dimensionalization has been per-
formed by dividing all energy rates by the respective Ėµ at τ = 0. For the con-
tinuously flowing system, it is more logical to compare energy rates rather than
energies. As there is only oil in the pores initially, viscous dissipation rate of water
and the rate of change of the surface energy should be zero. Eq. (4.5) can be
modified for the flow of single fluid (oil) as: Ėp + Ėk + Ėµ = 0. It means at τ = 0,
the work done by pressure is spent in transmitting kinetic energy to oil (which
is negligible in the Stokes regime) and viscous dissipation in the oil phase. We
found this balance to be maintained with the maximum error less than 1.4% (of
the magnitude of Ėµ at τ = 0) among all rock samples. The inaccuracy in the nu-
merical computation of Ėµ arises due to the discretization errors especially in the
regions of sharp velocity gradients (at the rock surface). So, when we compute
Ėσ at τ = 0 using Eq. (4.5), we encounter a finite value (error) instead of exact
zero. This is visible in Fig. 4.16 (d). Another thing to note is that Ėk is insignificant
for the present (and also in general) water flooding process through the porous
rocks. We observed the maximum value of Ėk at any time to be around two orders
of magnitude lower than the respective Ėµ for all simulations. This observation
is inline with the fact that the Reynolds number for the present simulations is in
the order of 10−2. So, we will ignore Ėk from the further discussion. As presented
in Fig. 4.17, at any particular time the work done by pressure is mainly spent
in viscous dissipation in the oil+water bulk, dissipation at the contact line and
changing the surface energy of the system. As the viscous fingers penetrate the
pore region, oil from the pore is replaced by water. Note that the water is 10 times
less viscous than oil. So, as the time progresses the pressure gradient across the
pore region reduce which in-turn reduces Ėp. The viscous dissipation rate of the
oil (Ėµ,oil) and water (Ėµ,water) is maximum and zero respectively at τ= 0. As time
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progresses, Ėµ,oil approaches to zero as the residual oil in the pores becomes im-
mobile and Ėµ,water approaches to a constant value as water starts to flow with the
near constant velocities from the path established by viscous fingers. The scale of
Ėµ,oil is an order of magnitude higher than Ėµ,water due to the oil viscosity being 10
times of water’s. Ėσ also increases as the viscous fingers spreads in the pore region
and oil-water interface interact with the rock surface due to wettability effects. We
found the Ėσ represents as much as 30% to 40% of the total energy budget at τ= 1
which affirms the importance of wettability effects in the water flooding process.
It clear from Fig. 4.16 and Fig. 4.17 that at lower porosities the energy exchanges
are very quick (with respect to time) whereas they becomes progressively slower
as the rock porosity increases.

4.5 Conclusions

In this chapter, we have simulated multiphase flow encountered during the wa-
ter flooding process through the digitized porous rocks. A finite volume method
is employed to perform fully resolved direct numerical simulations (DNS) using a
pressure-velocity coupling on a staggered Cartesian computational grid. A second
order, direct forcing, implicit immersed boundary method (IBM) is used to impose
no-slip boundary conditions at the non-body fitting complex solid (rock) bound-
aries. The interface between multiple fluids (oil and water for the water flooding
process) is tracked by the volume of fluid (VOF) method, which has sharp rep-
resentation of interface and has a strict mass conservative nature. The oil-water
interface in contact with the rock surface produces a three-phase contact line and
for such cases contact line dynamics becomes important. To incorporate the wet-
tability effects (contact forces) experienced at the contact line, the IBM and VOF
methods are coupled using the contact angle boundary condition. The coupled
IBM-VOF methodology has been extended to handle complex solid surfaces rep-
resented by a stereolithography (STL) surface mesh format. It has been verified
and validated for the following test cases specifically involving STL meshes: i)
equilibrium shape of a droplet on sphere at different contact angles to check static
behaviour, ii) transient spreading of a droplet on sphere to check dynamic be-
haviour and iii) flow of single fluid through the digitized porous rocks of different
porosities. This is done to check the performance of our method with complex
surface meshes such that it could form a basis for the multiphase flow simulations
through digitized rocks. Comparison of the obtained results with the respective
analytical/numerical/experimental results confirm the ability of our method to
accurately simulate multiphase flow through complex porous structures with wet-
tability effects.

The water flooding process is simulated through the digitized rocks of Fontaine-
bleau sandstone with porosities ranging from 0.15 to 0.25. The capillary number
(≈ 10−1) and Reynolds number (≈ 10−2) are chosen such that the flow experiences
unstable displacement in the Stokes regime. We have quantified i) oil saturation
(Soil), ii) phase pressure difference (∆Pphase), iii) interstitial velocities of the oil
(Voil) and water (Vwater) phase, iv) oil-water interfacial surface area (Aint) and its
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specific length scale (lsp) and v) energy exchanges during the water flooding pro-
cess through oil-wet rocks. The obtained trends of Soil and ∆Pphase match well with
results obtained in chapter 3 for simulations of multiphase flow through a model
porous medium (a bed of spheres) at the same capillary number. We observed
the residual oil saturation to be broadly decreasing with the increase in porosity,
but the correlation is very weak due to vastly different local pore geometries of
different rocks. During the water flooding process the oil interstitial velocity grad-
ually decreases as viscous fingers displace bulk of the oil and leaving behind the
immobile oil in contact with oil-wet rock surfaces. The water interstitial veloc-
ity rapidly increases during the initial penetration and then gradually approaches
a constant value as the viscous fingers establishes stable flow paths through the
pores. During the water flooding process, Aint increases as fingers expands into
pores and finally reach a near constant value as the distribution of oil and wa-
ter approaches a steady state. Aint is higher for the rocks of higher porosities as
the viscous fingers can potentially expands into more available pore volume. The
value of lsp shows the distribution pattern of the viscous fingers in the rocks and
it is highly correlated with Soil. Higher value of lsp means that there are very few,
thin, long and tortuous viscous fingers present in the rock, which results into low
oil recovery. On the other hand, a lower value of lsp indicates uniform distribution
of viscous fingers in the pores resulting into high oil recovery. Towards the end of
the chapter, we also present the interplay between different energy/energy rates
encountered during the water flooding process. As the (immobile) oil in contact
with rock surface is left behind by the growing viscous fingers, the kinetic energy
of oil decreases and at the same time kinetic energy of water increases keeping
total kinetic energy nearly constant. The viscous dissipation rate of oil keeps on
decreasing (from the maximum at the beginning), whereas the viscous dissipation
rate of water increases (from zero at the beginning) and approaches a constant
value. The scale of viscous dissipation rate of oil is an order of magnitude higher
than that of water due to oil being 10 time more viscous than water. Rate of
change of surface energy is a significant (around 30-40%) compared to other en-
ergy rates which emphasize the importance of wettability effect in water flooding
process. We noted the energy exchanges are very quick (in time) for the rocks of
lower porosities compared to the rocks of higher porosities.

Results presented in this chapter reveal detailed scientific insights of what re-
ally happens during the water flooding process. To the best of our knowledge, it
is one of the first attempts for fully resolved simulations of multiphase flow with
wettability effects through real-digitized subsurface rocks. We feel that the present
results can be improved by reducing their statistical dependence in following ways:
i) choosing bigger rock size increases number of pores which reduces boundary ef-
fects and generalizes volume-averaged behaviour and ii) choosing a larger number
of rock samples reduces statistical errors and reveals the underlying trends more
clearly. With sufficiently big rock size and enough number of samples, it will not
be very hard to generate accurate closure relations, which can be directly used in
the large (reservoir) scale simulations.
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Chapter 5
Computing interface curvature:
A hybrid approach

Abstract

The Volume of Fluid method is extensively used for the multiphase flows simulations
in which the interface between two fluids is represented by a discrete and abruptly-
varying volume fractions field. The Heaviside nature of the volume fractions field
presents an immense challenge for the accurate computation of the interface curva-
ture and induces the spurious velocities in the flows with surface-tension effects. A
3D hybrid approach is presented combining the Convolution and Generalized Height
Function method for the curvature computation. The volumetric surface tension forces
are computed using the balanced-force continuum surface force model. It provides a
high degree of robustness at lower grid resolutions with first-order convergence and
high accuracy at higher grid resolutions with second-order convergence. The present
method is validated for several test cases including a stationary droplet, an oscillating
droplet and the buoyant rise of gas bubbles over a wide range of Eötvös (Eo) and
Morton (Mo) numbers. Our computational results show an excellent agreement with
analytical/experimental results with desired convergence behavior.

This chapter is based on:
Patel, H. V., Kuipers, J. A. M., Peters, E. A. J. F., 2018. Computing interface curvature from
volume fractions: a hybrid approach. Computers & Fluids 161, 74-88.
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5.1 Introduction

Multiphase flows involving fluid-fluid interfaces are ubiquitous in nature and
technology. Rain drops, atomizing water jet, spray driers, emulsions, bubble
swarms and trickle bed reactors are just a few examples. Typically these flows
have high density and/or viscosity ratios with high surface tension effects which
tend to produce topologically complex and dynamically evolving interfaces. So,
the accurate numerical simulation of such flows has attracted a lot of attention
among researchers.

Numerical simulations of multiphase flows need to address two primary chal-
lenges: i) mass-conserving advection of the fluid phases and ii) accurate compu-
tation of the surface tension forces at the fluid-fluid interface. A wide range of
multi-fluid interface tracking/capturing methods have been developed to simu-
late multiphase flows and they mainly differ with respect to the way they tackle
aforementioned challenges. A holistic overview of these methods is presented
by Scardovelli and Zaleski (1999). Examples include the Volume of Fluid (Hirt
and Nichols, 1981), Level Set (Sussman et al., 1994), Front-Tracking (Tryggva-
son et al., 2001), multiphase Lattice-Boltzmann (Li et al., 2016) and moving-grids
(Takagi et al., 1997) methods.

The volume of fluid (VOF) method uses a discrete and abruptly-varying volume
fractions (F ) field to represent the fractional amount of a reference fluid present
in each computational cell. Advection of F is treated by a pseudo-Lagrangian
geometrical advection schemes to minimize numerical diffusion. Interface recon-
struction is required for geometrical advection of F which is done by piecewise
linear interface calculation (PLIC) following Youngs (1982). Weymouth and Yue
(2010) shows that the VOF method can be ’exactly’ mass conservative however
negligible mass errors may arise due to finite machine precision during numerical
computations.

The volumetric surface tension force is computed using the continuum surface
force (CSF) model proposed by Brackbill et al. (1992). CSF model suggests that
the accuracy of the surface tension force is mostly determined by the computed
local interface curvature. Accurate computation of the curvature is particularly
difficult due to the discontinuous nature of F field. Inaccurate curvature, how-
ever, along with the improper discretization of the surface tension force creates an
imbalance of pressure and surface tension forces at the interface which induces
spurious velocities in the flow field. A detailed analysis of generation and scaling
of spurious velocities in VOF simulations can be found in Harvie et al. (2006).
So, to reduce/eliminate these spurious velocities two problems need to be tack-
led distinctly: i) surface tension and pressure forces need to be discretized at the
same location (balanced-force concept by Francois et al. (2006)) and ii) accurate
computation of the interface curvature.

Interface curvature can be computed as a second order spatial derivative of
the abruptly-varying F field. Different methods are available for the numerical
computation of interface curvature and an excellent comparison is presented by
Cummins et al. (2005); Francois et al. (2006). The Convolution (CV) method uses
a smoothing kernel to convolute the F field before differentiating it. This removes
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the high frequency aliasing error which otherwise would occur due to the numeri-
cal differentiation of F (Heaviside function). Accuracy and convergence of the CV
method depends upon the length of the smoothing kernel. The Height Function
(HF) method computes the heights by summing the F field across the interface
which produces differentiable heights from an abruptly-varying F field. A Stan-
dard Height Function (SHF) method uses a fixed 7× 3 stencil in 2D (7× 3× 3 in
3D) for this summation process. A Generalized Height Function (GHF) method
(Popinet, 2009) uses an adaptive stencil to compute heights which produces a bet-
ter curvature estimate especially in the case of complex topologies and interface
merging/breakup. Reconstructed distance function (RDF) method computes a dis-
tance function from the interface in the VOF framework. This distance function
is smoothly varying and hence curvature is directly computed from the numerical
differentiation of the same. RDF method is similar to the one used for the coupled
VOF-Level Set simulations by Sussman and Puckett (2000). A Least Squared (LS)
method is another option which computes the curvature by fitting a parabola in 2D
(paraboloid in 3D) either on the volume fractions directly (Renardy and Renardy,
2002) or on a set of interfacial points (Popinet, 2009).

Only a few attempts have been made to develop hybrid methods for curvature
computation. Popinet (2009) presents a hybrid method on adaptive grids which
uses the GHF method at higher grid resolutions and the LS method at lower grid
resolutions. The LS method is computationally expensive and requires a com-
plex implementation compared to other methods. Owkes and Desjardins (2015)
presents a mesh decoupled HF method where HF stencils are constructed in the
direction of the interface normal which may not be aligned with the underlaying
Eulerian grid. Embedded height-function technique by Ivey and Moin (2015) con-
structs HF stencils on unstructured non-convex polyhedral meshes. This method
embeds traditional HF stencils in the unstructured mesh and geometrically inter-
polates the volume fraction information from the mesh to the HF stencil. Both of
these methods uses fixed length HF stencils which drastically reduces the curva-
ture accuracy during interface merging or breakup.

Cummins et al. (2005) concluded that the CV or RDF method exhibits a greater
robustness over the HF method and doesn’t breakdown catastrophically when the
interfacial length scale (radius of curvature) is not adequately resolved by the
grid. On the other hand, the HF method computes very accurate curvatures which
converges with second-order when the interface is adequately resolved. So, the
choice of appropriate curvature finding method depends on the number of grid
cells across the radius of curvature. They called for a hybrid/unified curvature
finding method which uses a robust CV or RDF method at lower and an accu-
rate HF method at higher grid resolutions. Such a hybrid method should have a
branching algorithm to decide which curvature finding method is to be used based
on the local interface topology.

In this chapter, a 3D hybrid approach (CV-GHF) is presented which combines
the CV and GHF methods for the curvature computation. The volumetric sur-
face tension force is computed using the balanced-force CSF model. The present
method computes highly accurate curvatures with second-order convergence at
higher grid resolutions. A branching algorithm is an in-built part of the present
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method which automatically switches the curvature computation method from
GHF to CV at lower grid resolutions. The method is quite robust and shows first-
order convergence at lower grid resolutions. The chapter is organized as follows:
First, we describe the balanced-force CSF model in VOF framework. Subsequently,
we discuss the CV, HF and hybrid CV-GHF method with the branching algorithm
in detail. Next, we lay down different scenarios where the GHF method exhibits
better performance than the SHF method. Curvature errors are then quantified
for the present CV-GHF method to check the convergence behavior. Finally, an
extensive validation of the method is reported with different test cases including a
stationary droplet, an oscillating droplet and the buoyant rise of gas bubbles over
a wide range of physical properties of the gas-liquid system.

5.2 Balanced-force concept

The volumetric surface tension force (Fσ) is computed using the continuum
surface force (CSF) model (Brackbill et al., 1992):

Fσ =σκn (5.1)

where σ is the coefficient of surface tension, κ is local interface curvature and n
is the interface normal. Fσ is non-zero only at the interface. n and κ are first and
second order derivative of F respectively as follow:

n =∇F (5.2)

κ=−∇· ∇F

|∇F | = −∇· n

|n| =
1

|n|
[

n

|n| ·∇|n|− (∇·n)

]
(5.3)

Spurious velocities are an undesired by-product of all interface tracking/cap-
turing methods including VOF (Harvie et al., 2006) and arises due to two reasons:
i) improper discretization of Fσ and ii) inaccuracy in the curvature computation.
Here, we will focus on the first problem. Due to the improper discretization of Fσ
there might be an imbalance of pressure and surface tension forces at the inter-
face which would act as a source of spurious velocities. The balanced-force con-
cept (Francois et al., 2006) eliminates this problem by discretizing the pressure
and surface tension forces at the same computational location. In the staggered
grid arrangement the pressure force (arising due to ∇p) is discretized at the face
centers and hence Fσ also needs to be discretized at the same location as shown
in Fig. 5.1. So, Eq. (5.1) can be discretized on the face center in x direction as
follows:

Fσx,(i+1/2, j ) =σκ(i+1/2, j )

[
F(i+1, j ) −F(i , j )

∆x

]
(5.4)

where Fσx is the surface tension force in x direction. Note that Fσx will only be
non-zero in the vicinity of the interface where the gradient term,

F(i+1, j )−F(i , j )

∆x is
non-zero. A similar formulation can also be adopted for the surface tension force
in y direction (Fσy ). κ(i+1/2, j ) in Eq. (5.4) is the face-centered curvature. However,
all the curvature finding techniques detailed in section 5.3 focus on computing
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Figure 5.1: Discretization of surface tension force in balanced-force concept. Volume frac-
tion F is stored at cell center ( ). Surface tension force in x (Fσx ) and y (Fσy )
directions are discretized at face centers in x(■) and y(N) directions, respec-
tively.

cell-centered curvatures. Hence, the following weighted interpolation technique
is used for interpolating the cell-centered curvatures to face centers:

κ(i+1/2, j ) =
w(i , j )κ(i , j ) +w(i+1, j )κ(i+1, j )

w(i , j ) +w(i+1, j )
(5.5)

w(i , j ) =
√

F(i , j )(1−F(i , j )) (5.6)

Note that the weight (w) tends to 0 as F tends to 1 or 0. The advantage of using
F (1−F ) as a weighing function will be explained in the subsequent sections.

5.3 Curvature computation

In this section we will focus on the cell-centered curvature computation from
the abruptly-varying volume fraction (F ) field. We will first discuss the convolu-
tion and height function method in necessary details and subsequently propose a
hybrid CV-GHF method.

5.3.1 Convolution method

To compute the interface normal (n) and curvature (κ) in accordance with
Eq. (5.2) and Eq. (5.3) respectively one needs to perform numerical differenti-
ation of the Heaviside F field which leads to high frequency aliasing errors. The
convolution (CV) method uses a smoothing kernel to convolute the F field which
generates a smoothly varying F̃ field. n and κ are then computed by replacing
F with F̃ in Eq. (5.2) and Eq. (5.3). Different smoothing kernels are developed
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and they can be classified based on two main parameters: i) type of smoothing
function and ii) smoothing stencil length (h). Francois et al. (2006) and Cummins
et al. (2005) use sixth and eighth order polynomials as a smoothing kernel, respec-
tively. They have presented the convergence behavior of CV method with different
smoothing lengths: i) h = constant, ii) h ∝ p

∆ and iii) h ∝ ∆. Here, ∆ denotes
the grid spacing. Both reported similar findings which suggests that h = constant
shows second-order convergence with relatively high errors at the lower grid reso-
lutions. h ∝p

∆ shows first-order convergence. h ∝∆ shows positive convergence
at the lower grid resolutions when the interface is not adequately resolved by the
grid but, once resolved, shows divergence at higher grid resolutions. So overall,
the CV method doesn’t converge for h ∝ ∆ due to the fixed size of discretization
stencil. Note that, h = constant and h ∝p

∆ maintains the convergence by increas-
ing the size of the smoothing stencil which might be computationally prohibitive
at higher grid resolutions.

In the present work, the smoothing process is performed using the following
equation:

D(x) =


1

2

(
1−

∣∣∣ x

h

∣∣∣) , |x| ≤ h

0, |x| > h
(5.7)

F̃ (x, y, z) =∑
m

D(x −xm)D(y − ym)D(z − zm)F (xm , ym , zm) (5.8)

where the smoothing length of h = 2∆ is used. So, the smoothing process would ef-
fectively be restricted within a compact 3×3×3 stencil in 3D. Due to this advantage
of locality the present CV method is quite robust as to produce stable interfaces
even at extremely low grid resolutions in 3D (see section 5.5.2 for details). As
reported by other researchers (Francois et al., 2006; Cummins et al., 2005) and
observed by us, due to the fixed smoothing stencil the present CV method doesn’t
converge. However, we will show in section 5.5.1 that the hybrid CV-GHF method
does converge. The reason for this convergence behavior will also be discussed.

5.3.2 Height function method

In the Height Function (HF) method heights are computed by summing the
volume fractions (F ) across the interface. The preferred direction of summation
is the direction of the largest component of interface normal (n). This produces
a differentiable set of heights from an abruptly-varying F field. Curvature is then
computed from heights by a standard second-order finite difference scheme. The
HF method can be classified in two ways according to the type of summation
stencil used to compute heights: i) fixed stencil (Francois et al., 2006; Cummins
et al., 2005) and ii) adaptive stencil (Popinet, 2009; Sussman and Ohta, 2007).
Francois et al. (2006) illustrates the performance of the HF method using fixed 3×
3, 5×3 and 7×3 stencils in 2D and concludes that 7×3 stencil is essential to compute
accurate curvatures. In the present work the HF method with a fixed 7×3 stencil in
2D (7×3×3 in 3D) is referred as the Standard Height Function (SHF) method. The
Generalized Height Function (GHF) method by Popinet (2009) uses an adaptive
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stencil which changes its size depending on the local interface topology. A 2D
implementation of both methods is explained in subsequent sections using Fig. 5.2.
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Figure 5.2: Summation stencil to compute heights: A fixed 7×3 stencil for SHF (−) and an
adaptive stencil for GHF (−−) methods. Different scenarios for the interfacial
cell (i , j ) (�) in SHF method: (a) height belongs to the cell (b) height doesn’t
belong to the cell.

Standard height function method

Consider a cell (i , j ) on the interface (0 < F < 1) where we seek to compute
heights using the SHF method. To do so, a fixed 7×3 stencil is constructed around
the cell (i , j ) in the direction of the largest component of n. This stencil would
include 3 cells above and 3 cells below the reference cell (i , j ) in each column.
For the cell (i , j ) in Fig. 5.2), |ny | > |nx | and hence the stencil is constructed in y
direction. Height (Hi ′ ) is then computed in each individual column (i ′) by summing
F using the following expression:

Hi ′ =
j ′= j+3∑
j ′= j−3

F (i ′, j ′)∆y for i ′ = i −1, i , i +1 (5.9)

One important thing to note is that the curvature is computed only if the in-
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terface position in the central column derived from the height is located in cell
(i , j ). This condition eliminates a lot of interfacial cells (especially in 3D) from the
curvature computation. For the case (a) of Fig. 5.2 height in the central column
does belong to cell (i , j ) and for case (b) it doesn’t. So, the curvature will only be
computed for case (a) whereas for case (b) it would be non-existent (numerically
zero).

Generalized height function method

Consider the same cell (i , j ) on the interface (0 < F < 1) where we now seek to
compute heights using the GHF method. In the GHF method, we first try to build
an adaptive stencil in the direction of the largest component of n. This procedure
is followed column-wise and involves a central and all neighboring columns (total
3 in 2D or 9 in 3D). A column is called consistent if it has a base (F = 1) and a
top (F = 0) with a strictly monotonic variation of F between the base and top. If
all columns in this direction are consistent then the height (Hi ′ ) is computed by
summing F from the base to top in each individual column (i ′) using the following
expression:

Hi ′ =
j ′=top∑

j ′=base

F (i ′, j ′)∆y for i ′ = i −1, i , i +1 (5.10)

The computed heights needs to be normalized relative to the origin (base of the
central column) of the adaptive stencil using:

Hi ′ = Hi ′ − sign(ny )(basei ′ −or i g i n)∆y for i ′ = i −1, i , i +1 (5.11)

If at least one column is found to be inconsistent while trying to build an adap-
tive stencil in the particular direction then the same procedure is repeated for the
alternative directions in the decreasing order of the componental magnitude of n.
The ultimate goal is to search the direction for which all columns are consistent.
For the cell (i , j ) in Fig. 5.2), |ny | > |nx | and hence we first try to build an adaptive
stencil in y direction. For the cases presented in Fig. 5.2 (a) and (b), all columns
in y directions are consistent and hence there is no need to try for the alternative
direction. But if, by chance, at least one column in y direction would have been
found to be inconsistent then we would have tried the alternative (x) direction
to find all consistent columns. This type of consistency check is not embodied in
the SHF method and hence GHF method computes substantially more accurate
heights especially for highly curved interfaces. See section 5.4.2 for more details
on this subject.

If it is impossible to find all consistent columns in any direction then the GHF
method for cell (i , j ) is termed inconsistent and won’t be used for computing the
curvature. This would generally happen at low grid resolutions when the interface
is not adequately resolved on the Eulerian grid.

For the consistent GHF formulation, curvatures are computed irrespective of
the location of the height (within or outside cell (i , j )) in the central column. So,
for both cases (a) and (b) of Fig. 5.2 curvature will be computed. This subtle
difference in implementation (compared to SHF method) drastically improves the
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performance of GHF method by eliminating the spurious velocities for the station-
ary interfaces (Popinet, 2009). A detailed discussion on this topic is presented in
section 5.4.3.

Height function curvature

Once heights are obtained from either SHF or GHF method, curvature is com-
puted using following expression:

κ=


− Hxx

(1+Hx
2)

3
2

, in 2D

−
Hxx +Hy y +Hxx H 2

y +Hy y H 2
x −2Hx y Hx Hx

(1+Hx
2 +Hy

2)
3
2

, in 3D
(5.12)

Note that in 2D Eq. (5.12) is valid for the case where a HF stencil is constructed
in the y direction as shown in Fig. 5.2. Similarly, in 3D Eq. (5.12) would be used
when a HF stencil is constructed in the z direction for a 3D curvature computa-
tion. Eq. (5.12) can be extended straightforwardly for other directions and all the
derivatives (Hx , Hy , Hxx , Hy y or Hx y ) are computed using central finite differ-
ences. The HF curvature is second-order accurate and a formal proof of the same
is presented by Bornia et al. (2011).

5.3.3 Hybrid CV-GHF method

In this section, a novel hybrid CV-GHF method is presented combining the con-
volution (CV) and the generalized height function (GHF) method. As reported
by Cummins et al. (2005) and observed as well by us, the CV method exhibits a
high degree of robustness compared to the HF method when the interface is not
adequately resolved on the grid. This typically happens at lower grid resolutions.
However, the HF method is quite accurate and exhibits second-order convergence
at higher grid resolutions. So, we propose to use a hybrid approach which har-
nesses the robustness of the CV method at regions where the interface is poorly
resolved and computes accurate curvature using the HF method at regions where
the interface is well resolved.

A branching algorithm is an integral part of the the hybrid method that decides
which method (CV or HF) is to be used depending on the local interface topology.
The reason for choosing GHF over SHF method is due to two reasons: i) GHF
has an in-built branching algorithm as a consistency check and ii) GHF method
computes substantially more accurate heights (and in-turn curvature) than the
SHF method (section 5.4).

A straightforward procedure to implement hybrid CV-GHF method is presented
henceforth. Consider a cell (i , j ) on the interface (0 < F < 1) where curvature is to
be computed using CV-GHF method. The first step is to check if a consistent GHF
formulation is possible for the cell (i , j ). If the outcome is positive, compute the
curvature using GHF method. If the outcome is negative, use CV method instead.
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This way, the present hybrid approach automatically switches the curvature com-
putation method from GHF to CV at lower grid resolutions.

5.4 Comparison of standard and generalized height
function methods

In this section, we will present different cases for which the generalized height
function (GHF) method computes substantially more accurate heights (and in-turn
curvature) compared to standard height function (SHF) method. Direct compar-
ison between GHF and SHF would affirm our choice of using GHF in the present
hybrid CV-GHF method.

5.4.1 Nearby interfaces
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Figure 5.3: Comparison of SHF and GHF methods for nearby interfaces. A fixed 7×3 stencil
for SHF (−) and an adaptive stencil for GHF (−−) are constructed around cell
(�) for curvature computation.
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In the numerical simulations of multiphase flows it is quite normal to have
multiple fluid-fluid interfaces nearby each other. A practical example would be
merging or breakup of interfaces. Fig. 5.3 presents a 2D case to illustrate such sce-
nario using circular interfaces. It also includes heights and curvatures computed
using SHF and GHF methods for the reference cell. Note that the summation sten-
cil to compute heights is constructed in y direction as |ny | > |nx | for the present
case. It is clear that the SHF method computes quite an inaccurate curvature due
to the presence of multiple interfaces in the large 7×3 stencil. It has been observed
that this problem with SHF method typically arises when interfaces are less than 4
grid cells apart. GHF method eliminates this problem by constructing an adaptive
stencil which is quite compact for the present case. It would exclude the presence
of nearby interfaces in the heights computation and hence computes very accurate
curvature.

5.4.2 Direction of height function stencil

SHF method constructs a fixed 7×3 stencil strictly in the direction of the largest
component of n. However, GFH is more flexible on this particular aspect. It would
first try to construct an adaptive stencil in the direction of the largest component
of n (same as SHF). But if at least one column is inconsistent in that direction then
it also tries alternative directions in the decreasing order of the componental mag-
nitude of n until a direction with all consistent columns is found. This flexibility
helps GHF method in computing more accurate curvatures especially for highly
curved interfaces.

Fig. 5.4 presents a 2D case to demonstrate such scenario using an elliptical
interface. It also includes heights and curvatures computed using the SHF and
GHF methods for the reference cell. For this cell, |nx | > |ny | and hence the SHF
method constructs a fixed 7×3 stencil in x direction to compute heights. Note that
the highly curved elliptical interface passes through the SHF stencil two times. Due
to this, a poor estimation of heights (and hence curvature) is obtained compared
to the exact curvature (κexact ), which is analytically calculated for the nearest
point on the elliptical interface from the cell center of the reference cell. GHF
would also start with the x direction and tries to construct an adaptive stencil for
each individual column. However, one of the columns in x direction is inconsistent
because it doesn’t show monotonic variation of F across the interface. Hence, the
GHF method is inconsistent in the x direction. However, the GHF method doesn’t
stop here and tries to find all consistent columns in an alternative (y) direction. For
the present case, the GHF method successfully constructs an adaptive stencil with
all consistent columns in y direction. Heights and curvature computed using such
consistent GHF formulation are by far more accurate than the curvature estimated
by the SHF method.

5.4.3 Curvature convergence behavior

In section 5.3.2 a condition is mentioned which suggests to compute the HF
curvature only if the height in the central column (of the HF stencil) belongs to
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Figure 5.4: Comparison of SHF and GHF methods based on the direction of HF stencil.
A fixed 7 × 3 stencil for SHF (−−) and an adaptive stencil for GHF (−−) are
constructed around cell (�) for curvature computation.

the cell where the curvature is to be computed. This condition will be refereed as
‘HF condition’ for further discussion. SHF (in its original form) follows this con-
dition and hence eliminates a lot of interfacial cells (0 < F < 1) from the curvature
computation. However, GHF doesn’t follow this condition and computes curvature
for all the cells on the interface. In this section, we will focus on the convergence
of the HF curvature for the different cases described in Table 5.1. It is important
to note that Francois et al. (2006); Cummins et al. (2005) use SHF with HF condi-
tion (Case 1) as explained in section 5.3.2. A 3D spherical interface is considered
as a model test problem for this purpose. A sphere of radius (R) is initiated with
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Table 5.1: Case description to analyze HF curvature convergence behavior.

Cases
Method to
compute
heights

Is HF condition
followed while

computing
curvature ?

Curvature
error (L2)

Curvature
error (L∞)

Case 1 SHF Yes Eq. (5.13) Eq. (5.14)
Case 2 SHF No Eq. (5.13) Eq. (5.14)
Case 3 GHF No Eq. (5.13) Eq. (5.14)
Case 4 SHF No Eq. (5.15) -

Liovic et al. (2010) SHF - Eq. (5.15) -

4 8 16 32 64

R/∆

10 -4

10 -3

10 -2

10 -1

R
e

la
ti
v
e

 c
u

rv
a

tu
re

 e
rr

o
r 

(L
2
)

4 8 16 32 64

R/∆

10 -3

10 -2

10 -1

10 0

R
e

la
ti
v
e

 c
u

rv
a

tu
re

 e
rr

o
r 

(L
∞

)

Figure 5.5: Convergence of L2 and L∞ curvature error norms for case 1 (�), case 2 (4), case
3 (3), case 4 (#) and Liovic et al. (2010) (+). Details of each case is presented
in Table 5.1. Second-order line (−−) is shown as a reference.

different grid resolutions (R/∆) and curvature error norms are defined as follows:

L2(κ) = 1

κexact

√∑
i (κi −κexact )2∑

i
(5.13)

L∞(κ) = 1

κexact
max

i
(|κi −κexact |) (5.14)

where i is the interfacial cell index which considers cells in accordance to the HF
condition (being followed or not) for different cases listed in Table 5.1. κexact is
the analytical curvature which is equal to 2/R for the spherical interface. Liovic
et al. (2010) uses a multiplying factor of F (1−F ) to define the L2 error norm. So, to
make the present discussion more enriching, we have also defined L2 error norm
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similarly:

L2,F (1−F )(κ) = 1

κexact

√∑
i Fi (1−Fi )(κi −κexact )2∑

i Fi (1−Fi )
(5.15)

Fig. 5.5 shows the convergence of L2 and L∞ error norms for the cases listed
in Table 5.1. We have considered grid resolutions (R/∆) of 6, 12, 24 and 48, same
as Liovic et al. (2010)) for this study. However, using different grid resolutions
would not change the presented outcome. As reported by other researchers, HF
curvature obtained from the heights computed using SHF method converges with
second-order (Case 1). However, it does so only while following the HF condition.
If we don’t follow the HF condition and use SHF method to compute heights for
all the cells on the interface (Case 2) then the curvature doesn’t converge. Now,
in the same scenario if we use GHF method to find heights (Case 3) then the
curvature retains second-order convergence when GHF method is consistent for
all the interfacial cells (R/∆ > 16). Note that the GHF method is not consistent
for all interfacial cells at lower grid revolutions (R/∆< 16) and hence error norms
have been calculated considering those interfacial cells where GHF is consistent.

The local curvature error (δκi ) for an individual cell (i ) is defined as follows:

δκi = 1

κexact
(|κi −κexact |) (5.16)

Fig. 5.6 (a), (b) and (c) show the contours of δκi with the azimuth angle (θ) and
polar angle (φ) indicating the (projected) positions of the interfacial cells on the
sphere for the case 1,2 and 3, respectively. A spherical interface with R/∆ = 24 is
considered here. Total number of interface cells (0 < F < 1) for this case is 10712. It
is evident that the point density in case 1 is less than that of case 2 or 3. The reason
for this is that the case 1 follows HF condition and hence eliminates 4664 (≈ 44%)
interfacial cells from the curvature computation. δκi shows a similar pattern for all
the cases. It is highest for the cells where |nx | ≈ |ny | ≈ |nz | as the interface normal
is oriented away from the (Cartesian) direction of HF stencil (López et al., 2009).
For a spherical interface this condition would arise in the diagonal directions (|x| ≈
|y | ≈ |z|). Interestingly, SHF in case 2 computes very inaccurate curvature near the
diagonal directions and the errors don’t converge with increased grid resolution
because a limited 7×3 stencil is not sufficient to capture the full interface topology
in this region. However, GHF in case 3 computes quite accurate curvature (on
the same interfacial cells as case 2) using a large adaptive stencil. The computed
curvature in case 3 also shows second-order convergence.

Case 4 uses the SHF method for heights and computes curvature for all the
interfacial points (same as case 2). However, the only difference compared to case
2 is the definition of L2 error norm. Case 4 uses a multiplying factor F (1−F ) to
define the L2 error norm (Eq. (5.15)) and case 2 doesn’t (Eq. (5.13)). Due to
this subtle difference case 4 maintains the second-order convergence in curvature
error. However, curvature errors in case 2 don’t converge. This suggests that the
inaccuracy in curvature computation is prone to increase for the cells where F is
close to 0 or 1. Hence, it would be more logical to use F (1−F ) as a weighing factor
instead of the simple arithmetic averaging used by Francois et al. (2006); Popinet
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Figure 5.6: Contour of the local curvature error (δκi ) for (a) case 1, (b) case 2 and (c) case
3 for the spherical interface with R/∆= 24. Details of each case is presented in
Table 5.1.

(2009) to interpolate the computed cell-centered curvatures to face centers in the
balanced-forced concept (section 5.2).

5.5 Results

In this section a variety of 3D test cases will be presented to verify/validate
the present hybrid CV-GHF method. First, a curvature convergence study is pre-
sented using 100 randomly initiated droplets. Subsequently, a classical test case
of a stationary droplet is presented to check the accuracy of the present method
with respect to various parameters i.e. magnitude of spurious velocity, Laplace
pressure difference across the interface and droplet shape distortion. Next, a test
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case of droplet oscillation is presented and the obtained results are compared with
the analytical solution of Lamb (1932). Lastly, a test case of buoyant bubble rise
in a quiescent liquid is presented. Simulations are performed for a wide range
of Eötvös and Morton numbers to compare the terminal rise velocity with experi-
mental (Grace, 1973) and numerical (Baltussen et al., 2014) results. Readers are
referred to Das et al. (2016b) for the validation/verification of the Navier-Stokes
solver and (Baltussen et al., 2014) for the mass conservation in VOF advection.

5.5.1 Convergence of CV-GHF curvature

In this section, a grid convergence study is presented to check the accuracy of
the curvature computed using the present hybrid CV-GHF method. This test is car-
ried out using 100 randomly placed droplets with a fixed radius (R). The location
of the center of the droplet (x0, y0, z0) varies in the region of (2R±∆/2, 2R±∆/2, 2R±
∆/2) in the computational domain of 4R ×4R ×4R. The volume fraction (F ) field
is initiated using a second-order accurate method explained in the appendix. The
random initiation takes all the different relative alignments of grid and interface
into account. The grid convergence study has been performed for a wide range of
grid resolutions (R/∆ from 2 to 64) and the curvature error norms are computed
as follows:

L2(κ) = 1

κexact

√∑
n

∑
i (κn,i −κexact )2∑

n
∑

i
(5.17)

L∞(κ) = 1

κexact
max

n,i
(|κn,i −κexact |) (5.18)

where indexes n and i denote i th interfacial cell (0 < F < 1) on nth droplet. Fig. 5.7
shows L2 and L∞ curvature error norms for the CV-GHF method. It also shows the
fraction of interfacial cells using the CV method (as GHF method is inconsistent) for
the curvature computation. At extremely low grid resolutions (R/∆≤ 2), all of the
interfacial cells use the CV method. As grid resolution is increased (R/∆ between
2 to 16), more cells can have consistent GHF formulation but CV method will still
be actively used. At higher resolutions (R/∆ ≥ 16), all of the interfacial cells use
the GHF method. The L∞ error norm shows first-order convergence for R/∆ < 16
and is mostly governed by CV method. However, second-order convergence is
observed for R/∆ > 16 due to the GHF method. L2 error norms show a smooth
transition from first-order at lower (R/∆< 4) to second-order at higher (R/∆> 16)
grid resolutions.

Balanced-force concept needs face-centered curvatures to apply the surface
tension force on the staggered computational grid as explained in section 5.2.
The present method uses a weighing factor of F (1−F ) to interpolate the computed
cell-centered curvatures to face centers. To measure its effectiveness, L2 and L∞
error norms are also computed for the face-centered curvature using the same
Eq. (5.17) and (5.18) with index i denoting the face center. Compared to the cell-
centered L2 curvature error norm, the face-centered one is 17.57%, 9.87%, 5.88%
and 4.73% more accurate in the cases of R/∆ = 2, 4, 8 and 16, respectively. As
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the grid resolution increases, this improvement becomes less significant. Unfortu-
nately, the factor F (1−F ) couldn’t reduce the face-centered L∞ error norm as the
maximum curvature error occurs for the cells where F is near to 0 or 1. For such
cells, face-centered curvature using Eq. (5.5) will only include that cell (F is near
to 0 or 1) as the curvature value for the neighboring cell (F = 0 or 1, respectively)
doesn’t exist.

It is interesting to note that the present CV method uses a fixed length (h ∝∆)
smoothing kernel. Curvatures from such a CV method don’t convergence (Cum-
mins et al., 2005). We have also observed the same for the present CV method
(if used alone). However, in conjunction with GHF the hybrid CV-GHF method
shows convergence. The possible reason for this behavior is the nature of the lo-
cal curvature error (δκi ) for the CV method. Fig. 5.8 shows the contours of δκi

with θ and φ for the present CV method for the same test case presented in section
5.4.3. Curvatures computed from the CV method are most inaccurate in the region
where θ or φ are close to 0◦ or 90◦. It complements the GHF curvature (Fig. 5.6)
which is most inaccurate in the diagonal directions (≈ 45◦). We believe due to this
complementary behavior the hybrid CV-GHF method is more accurate compared
to the individual ones.

5.5.2 Stationary droplet

In this section, we will present a classical test case of a stationary droplet to
check the accuracy and robustness of the present CV-GHF hybrid method for static
interfaces. Ideally, for a stationary droplet pressure and surface tension forces
balances each other producing a Laplace pressure difference across the droplet
interface. But exact force balance is difficult to obtain in the numerical simulations
which leads to undesired spurious velocities. Using GHF method in conjunction
with balanced-force discretization, Popinet (2009) obtained the exact numerical
balance of pressure and surface tension forces (within round-off errors) for static
interfaces. However, GHF method is applicable only at the higher resolutions as
discussed before.

A spherical droplet of radius R = 1 is placed at the center of 4R×4R×4R domain.
Boundaries of this domain are of the free-slip type. The physical properties of
the droplet (1) and the outside fluid (2) are as follows: density ρ = ρ1 = ρ2 =
500 kg/m3, viscosity µ= µ1 = µ2 = 0.1 Pa · s and surface tension σ= 0.01 N/m. With
these properties, the Laplace number (La = 2Rσρ/µ2) is 1000. Simulations are
performed for a wide range of grid resolutions with R/∆ ranging from (as low as)
2 to 64. Interestingly, we could obtain a stable droplet interface even at extremely
low grid resolution of R/∆= 2. We attribute this to the robustness of the present CV
method which uses a quite compact stencil for the curvature computation. First,
we focus on quantification of the spurious velocities for the present hybrid method.
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RMS (L2) and maximum (L∞) spurious velocity norms are defined as follows:

L2(V ) =
√∑

i |Vi |2∑
i

(5.19)

L∞(V ) =max
i

(|Vi |) (5.20)

where |Vi | is the magnitude of the dimensionless spurious velocity of the i th grid
cell. Note that the non-dimensionalization is performed by

√
σ/ρD which denotes

the scale of velocities associated with a capillary wave of wavelength comparable
to the diameter of the droplet (D). Fig. 5.9 (a) shows the transient evolution of
the maximum spurious velocity as a function of dimensionless time (t/Tv ). Here,
Tv = ρD2/µ is the viscous time-scale of the droplet. Popinet (2009) suggests that
the stationary droplet simulations should at least be run up to the time comparable
to Tv to check the accuracy of the surface-tension implementation. This provides
sufficient time for the droplet to attain equilibrium (if it can) by slowly dissipating
the kinetic energy. Most of the literature (Francois et al., 2006; Liovic et al., 2010;
López et al., 2009) doesn’t adopt this criterion and reports the spurious velocity
magnitude only for the initial time steps. For the present test case, simulations are
run up to t/Tv = 1 and Fig. 5.9 (a) shows it is sufficient for the droplet to stabilize.
Table 5.2 reports L2 and L∞ spurious velocity norms at t/Tv = 1. It’s clear that
the spurious velocities decrease with increasing grid resolution for R/∆< 16. This
is due to the gradual switch form the CV to the GHF method for the curvature
computation as shown in Fig. 5.7. For R/∆≥ 16, spurious velocities becomes zero
(up to round-off errors) as for all of the interfacial cells the GHF method is used.
We have considered numerical values less than 10−10 to be essentially zero due to
round-off errors.

Table 5.2: Spurious velocity and curvature standard deviation for a stationary droplet at
t/Tv = 1. ∗Up to round-off errors.

R/∆
Spurious velocity

(L2)
Spurious velocity

(L∞)
Curvature standard

deviation
2 5.754×10−2 2.030×10−1 2.417×10−1

4 1.582×10−2 7.522×10−2 1.031×10−1

8 6.464×10−5 1.277×10−3 1.670×10−2

12 7.600×10−7 2.842×10−5 1.319×10−3

16 0∗ 0∗ 0∗

Next, we compute L2 and L∞ curvature error norms using Eq. (5.13) and
(5.14), respectively at t/Tv = 1. Fig. 5.9 (b) shows the convergence of curvature
error norms with grid resolution. The behavior is similar to the one observed in
Fig. 5.7. However, the absolute value of the error norms are lower. Interestingly,
in presence of surface tension force, the F field gradually rearranges itself from
the initial exact distribution (Fexact ) to minimize the curvature standard devia-
tion (std(κ)) and in-turn reducing the curvature error norms. std(κ) is defined as
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Figure 5.9: Results for a stationary droplet test: a) maximum spurious velocity (L∞) with
dimensionless time (t/Tv ) for R/∆ = 2 (+), 4 (−−), 8 (· · · ), 12 (−·) and 16 (−);
b) curvature error norms: L∞ (#) and L2 (�); c) pressure error E(∆p) (#) and
d) droplet shape error norms: L∞ (#) and L2 (�). Note that b), c) and d) are
plotted at t/Tv = 1 and second-order (−−) line is shown as a reference.

follows:

std(κ) = 1

κexact

√∑
i (κi −〈κ〉)2∑

i
(5.21)

where κi is the computed curvature for the i th interface cell whereas 〈κ〉 is the
mean curvature of all interface cells. The temporal evolution of std(κ) for different
grid resolutions follows a similar trend as spurious velocities in Fig. 5.9 (a). Ta-
ble 5.2 reports std(κ) for different grid resolutions at t/Tv = 1. As grid resolution
increases std(κ) reduces because more and more interface cells use the highly ac-
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curate GHF method for curvature computation. For R/∆≥ 16, std(κ) becomes zero
(up to round-off errors) as all of the interface cells use the GHF method. This can
also be verified by an equal L2 and L∞ curvature error norms in Fig. 5.9 (b) for
R/∆≥ 16. As std(κ) approaches zero, all interfacial cells possess the same curvature
and hence same surface tension force. In this case surface tension and pressure
forces can balance each other exactly and the droplet is in equilibrium. So, even
if the computed curvature is not exact (Fig. 5.9 (b) presents non-zero curvature
error norms), spurious velocities becomes zero as std(κ) is zero. Hence, it is more
precise to state that the source of the spurious velocities is spatial fluctuations of
the computed curvature rather than the curvature errors itself.

A stationary droplet should ideally experience a Laplace pressure difference
(∆pexact = 2σ/R) across the interface. For the present simulations, the maximum
Laplace pressure difference (∆pmax ) and pressure error E(∆p) are defined as fol-
lows:

∆pmax =max
i

(pi )−min
i

(pi ) (5.22)

E(∆p) = 1

∆pexact
|∆pmax −∆pexact | (5.23)

where pi is the pressure of the i th grid cell. Fig. 5.9 (c) shows the convergence of
E(∆p) with grid resolution at t/Tv = 1. The convergence behavior is same as exhib-
ited by curvature as shown in Fig. 5.9 (b). Interestingly, at higher grid resolutions
(R/∆≥ 16) L2 and L∞ curvature error norms become exactly equal to the pressure
error. This shows that the error in the curvature computation is exactly translated
into the pressure error.

As discussed before, in presence of a surface tension force F field rearranges
itself from the initial exact distribution (Fexact ) which suggests that the equilibrium
droplet shape at t/Tv = 1 is not exactly equal to the initial spherical shape. So, it is
important to compute the droplet shape errors. L2 and L∞ shape error norms are
defined as follows:

L2(shape) =
√∑

i (Fi −Fi ,exact )2∑
i

(5.24)

L∞(shape) =max
i

(|Fi −Fi ,exact |) (5.25)

where Fi ,exact and Fi represent the volume fraction of the i th interface cell at
t/Tv = 0 and 1, respectively. Fig. 5.9 (d) shows the convergence of L2 and L∞
shape error norms with grid resolution. Again, it follows the same trend as Fig. 5.9
(b) or (c) at lower grid resolutions. However, at higher grid resolutions (R/∆≥ 16)
less than second-order convergence is observed.

It is important to note that we have presented the characteristics of the present
CV-GHF hybrid method for a stationary droplet in 3D covering the whole range of
grid resolutions (R/∆ from 2 to 64). This includes all possible cases for the cur-
vature computation i.e. CV alone (R/∆≤ 2), both CV and GHF (2 < R/∆< 16) and
GHF alone (R/∆≥ 16). Popinet (2009) reports similar results for his hybrid LS-GHF
method considering a 2D circular droplet. However, the presented results cover
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only higher grid resolutions where GHF method alone is used for the curvature
computation.

5.5.3 Oscillating droplet

In this section, we consider a test case of an oscillating droplet with no external
force to test the present CV-GHF hybrid method for dynamic interfaces. Initially,
the viscous droplet is given a small perturbation from its equilibrium (spherical)
shape and hence it will experience a damped harmonic oscillation. The shape of
the droplet is initialized according to:

R = R0[1+ηP2(cosφ)] (5.26)

where R0 is the equilibrium radius, φ is the polar angle, η is the perturbation
amplitude and P2 is the Legendre polynomial of second order. The droplet is
initially placed at the center of 4R0×4R0×4R0 domain. Simulations are performed
with R0 = 1 m and η= 0.04 m with all free-slip boundaries. The physical properties
of the droplet (1) and the outside fluid (2) are as follows: density ρ1 = 1, ρ2 =
0.01 kg/m3; viscosity µ1 = 0.01, µ2 = 0.0001 Pa · s and surface tension σ = 1 N/m.
Physical properties are the same as taken by López et al. (2009) and Liovic et al.
(2010) for the identical problem. Lamb (1932) presents an analytical solution of
this problem given by:

r (t ) = ηexp(−t/τ)cos(w t ) (5.27)

w =
√

24σ

R3
0 [3ρ1 +2ρ2]

(5.28)

τ= ρ1R2
0

5µ1
(5.29)

where r (t ) is the location of the oscillating interface (with respect to its equilibrium
position) at φ = 0◦ and time t , w is the angular frequency of oscillation and τ is
the relaxation time-scale.

Simulations are performed with different grid resolutions i.e. R0/∆ = 8, 16
and 32. Fig. 5.10 shows the dimensionless location of the interface (r (t )/R0) with
dimensionless time (t/τ). An excellent qualitative match is observed compared to
the analytical solution given by Eq. (5.27). For a quantitative comparison, time
period of the oscillation (T = 2π/w) given by Eq. (5.28) is compared with the
numerical value (T ∗) and the percentage error (|T −T ∗| × 100/T ) is presented in
Table 5.3. It also shows the L2 and L∞ interface location error norms defined as
follows:

L2(r ) = 1

η

√∑
i (r (ti )− r∗(ti ))2∑

i
(5.30)

L∞(r ) = 1

η
max

i
(|r (ti )− r∗(ti )|) (5.31)
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Figure 5.10: Dimensionless interface location (r (t )/η) with dimensionless time (t/τ) for an
oscillating droplet. Analytical solution (Eq. (5.27)) by Lamb (1932) (· · · ) and
present numerical results with R0/∆ = 8 (−·), 16 (−−) and 32(−).

where i is the index to denote time step during the first oscillation period, r (t ) is
the analytical location given by Eq. (5.27) and r∗(t ) is numerical location from the
simulations. Table 5.3 shows a good grid convergence behavior and the obtained
results are more accurate compared to those of López et al. (2009) and Liovic et al.
(2010).

Table 5.3: Error in time period and interface location with different grid resolutions for an
oscillating droplet.

R0/∆
Time period error

(%)
Interface location

error (L2)
Interface location

error (L∞)
8 6.956×10−1 8.101×10−2 1.633×10−1

16 4.283×10−1 2.899×10−2 5.361×10−2

32 1.309×10−1 1.662×10−2 3.141×10−2

5.5.4 Rising Bubble under gravity

In this section, we consider a test case of a rising bubble under the influence
of gravity to test the present CV-GHF hybrid method for highly dynamic inter-
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faces. Grace (1973) collected experimental data on freely rising single bubbles
and characterized the shape and terminal rise velocity. The bubble will attain dif-
ferent shapes i.e. spherical, ellipsoidal, skirted, wobbling etc. based on Eötvös
(Eo) and Morton (Mo) numbers. These experimental results are combined into the
well-known “Grace diagram” which is often used to validate numerical models for
multiphase flows. Baltussen et al. (2014) performed VOF simulations of the same
test case using several curvature finding methods i.e. CV, HF and Tensile Force
(TF). They characterized different regions in the Grace diagram with respect to
the performance of the curvature finding methods. Their results provide a good
basis for a ‘one-on-one’ comparison of the hybrid CV-GHF method with the indi-
vidual curvature finding methods (CV, HF or TF).

Table 5.4: Details of the simulations for a rising bubble under gravity.

Parameter Value Unit
Computational grid (nx , ny , nz ) (320, 100, 100) cell

Droplet initial diameter (D) 20 cell
Droplet initial position (x0, y0, z0) (20, 50, 50) cell

Eo 0.1 to 40 -
log(Mo) -11 to 1 -

Viscosity ratio (µ2/µ1) 100 -
Density ratio (ρ2/ρ1) 100 -

An initial spherical bubble (1) is released in a viscous fluid (2) under the in-
fluence of gravity. Simulations are performed over a wide range of Eo and Mo
and the terminal rise velocity is characterized as a Reynolds number Re in dimen-
sionless form. Additional information for the simulations is provided in Table 5.4.
Definitions of the dimensionless numbers are as follows:

Mo = gµ4
2(ρ2 −ρ1)

ρ2
2σ

3
(5.32)

Eo = g (ρ2 −ρ1)D2

σ
(5.33)

Re = ρ2V1,∞D

µ2
(5.34)

where V1,∞ is the terminal rise velocity of the bubble opposite to the direction of
gravitational acceleration (x). Boundaries of the computational domain are of the
free-slip type. van Sint Annaland et al. (2006) performed simulations for the same
test case with different computational domain sizes and showed that the present
domain size is sufficient to eliminate the boundary effects on V1,∞.

Table 5.5 shows the terminal rise velocity (expressed as Re) for a wide range
of Eo and Mo. It compares the results obtained using the present hybrid CV-GHF
method with the experimental results of Grace (1973) and numerical results of
Baltussen et al. (2014) from CV, HF and TF methods. Simulation cases with differ-
ent combinations of Eo and Mo are selected directly from the results of Baltussen
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Table 5.5: Bubble terminal rise velocity for a wide range of Eo and Mo. The present hybrid
CV-GHF method is compared with experimental results of Grace (1973) (G) and
numerical results of Baltussen et al. (2014) from CV, HF and TF methods. − is
used when the particular curvature finding method fails.

Case Eo log(Mo) G CV HF TF CV-GHF
1 1 -7 8.0×101 8.1×101 7.9×101 8.0×101 8.16×101

2 1 -3 1.8×100 2.0×100 2.0×100 2.0×100 2.00×100

3 1 -1 1.8×10−1 2.2×10−1 2.1×10−1 1.9×10−1 2.09×10−1

4 10 -11 2.8×103 2.2×103 - 2.3×103 2.77×103

5 10 -9 9.0×102 - 7.3×102 7.4×102 8.67×102

6 10 -7 2.9×102 - 2.3×102 2.3×102 2.76×102

7 10 -3 2.4×101 2.3×101 2.3×101 2.2×101 2.35×101

8 0.1 -11 1.4×102 2.6×102 2.5×102 - 2.64×102

9 4 -11 1.7×103 1.6×103 - 1.7×103 1.85×103

10 40 -11 7.0×103 5.8×103 5.9×103 5.8×103 6.93×103

11 0.1 -7 4.6×100 5.8×100 5.5×100 - 6.02×100

12 4 -7 2.1×102 - 1.9×102 1.9×102 1.89×102

13 40 -7 7.2×102 5.9×102 5.7×102 5.7×102 6.73×102

14 0.2 -3 1.6×10−1 2.0×10−1 1.9×10−1 - 1.86×10−1

15 40 -3 6.5×101 6.0×101 5.9×101 6.0×101 5.87×101

16 4 1 1.4×10−1 1.7×10−1 1.7×10−1 1.7×10−1 1.67×10−1

17 40 1 3.0×100 3.7×100 3.7×100 3.8×100 3.76×100

et al. (2014) for ‘one-on-one’ comparison. They report multiple cases where one
of the individual curvature finding methods (CV, HF or TF) fails to deliver a stable
bubble interface. Also, their results suggests that the inaccuracy in the computed
terminal rise velocity is higher for highly dynamic interfaces (generally at higher
Re). So, we have selected the present simulation cases such that they span the
whole Grace diagram and also include the critical cases reported by Baltussen
et al. (2014). Note that, Baltussen et al. (2014) performed simulations with 30
grid cells across the initial spherical bubble diameter. However, the present simu-
lations are performed with only 20 grid cells to include the effect of both CV and
GHF method in curvature computation.

It is clear from the obtained results that the hybrid CV-GHF method computes
more accurate terminal rise velocities in almost all the cases. The difference is
specifically noticeable in cases with highly dynamic interfaces prevailing at higher
Re. For these cases, it is essential to dynamically switch to the appropriate curva-
ture finding method based on the local interface topology and the hybrid CV-GHF
method does just that. Bubble shapes obtained from the present simulations are
practically the same as those reported by Baltussen et al. (2014). More impor-
tantly, the hybrid CV-GHF method produces stable bubble interfaces for all the
cases which demonstrates its robustness for highly curved interfaces. So, a sin-
gle curvature description (CV-GHF) is more accurate and robust then any of the
individual one (CV, HF or TF) for the whole range of Grace diagram.



114 Computing interface curvature: A hybrid approach

5.6 Conclusions

The Volume of fluid (VOF) method uses an abruptly-varying volume fraction
field to represent a fluid-fluid interface. A sharp interface poses an immense chal-
lenge for the accurate computation of the local curvature. Different curvature
finding methods (i.e. convolution (CV), height function (HF), reconstructed dis-
tance function (RDF), tensile force (TF)) exists but individually they all lack in
either robustness or accuracy.

In this chapter, a hybrid (CV-GHF) curvature finding method is presented com-
bining the CV and HF method. For the HF curvature, generalized height function
(GHF) approach is chosen over the classical standard height function (SHF) due
to various important reasons explained in this chapter. A branching algorithm, an
inherent part of the GHF method, decides the appropriate method for curvature
computation based on the local interface topology. This hybrid approach uses a
robust CV method at lower grid resolutions where the interface is not adequately
resolved by the grid. However, it automatically switches to the accurate GHF
method at higher grid resolutions. The hybrid CV-GHF method is first-order accu-
rate at lower grid resolutions (R/∆ ≤ 4) and second-order accurate at higher grid
resolutions (R/∆≥ 16) with a smooth transition in between (4 < R/∆< 16).

The hybrid CV-GHF method is used in conjunction with the balanced force dis-
cretization for the surface tension force. It gives an exact equilibrium between
the surface tension and pressure force for the static interfaces at higher grid res-
olutions (R/∆ ≥ 16). This fully eliminates the spurious velocities (up to round-off
errors) which is one of the biggest challenge in VOF simulations. The CV-GHF
method is validated for several test cases i.e. a stationary droplet, an oscillating
droplet and the buoyant rise of gas bubbles. Obtained results shows an excellent
agreement with analytical/experimental results available in the literature. Specif-
ically, the rising bubble test case shows the real advantage of the hybrid CV-GHF
method in terms of both robustness and accuracy compared to the individual cur-
vature finding methods.
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Appendix: Volume fraction initiation

It is quite important to discuss the accuracy of volume fraction (F ) field initia-
tion as it dictates the accuracy of the curvature computation. We used local mesh
refinement technique to initiate F field in 3D. Each Cartesian computational cell
containing interface (0 < F < 1) is subdivided to the l th level and interface is recon-
structed using piece-wise linear segments (plane in 3D or line in 2D) at the finest
level. F for a cell (i , j ) can computed from the following expression:

F(i , j ) =
∑

k ∆Vk

∆V
(5.35)

where ∆Vk is the volume under the piece-wise linear segment in each subdivision
k and ∆V =∆x∆y∆z is the cell volume. Fig. 5.11 is presented in 2D to understand
this procedure more clearly. First thing is to decide if the computational cell con-
tains the interface or not. If all the vertices of the cell are either in fluid 1 (F = 1) or
in fluid 2 (F = 0) then it doesn’t contain the interface otherwise it does (0 < F < 1).
For a single computational cell (i , j ) presented in Fig. 5.11, 1 vertex (P ) is in fluid
1 and 3 vertices (M , N and O) are in fluid 2 and hence this cell contains the in-
terface. To compute the accurate F at the cell center of this cell, it is subdivided
to the l th level. For simplicity, Fig. 5.11 uses l = 2, however in practice we have
used l = 4. For each subdivision, we can decide if it contains the interface (or not)
using the same method described before (for cell). Subdivision a and b have all
their vertices in fluid 2 and 1, respectively. So, they don’t contain the interface.
However, subdivision c contains the interface as it has vertices lying in both fluid
1 and 2. For each subdivision (like c), interface is approximated as a piece-wise
linear segment. F for cell (i , j ) can then be computed using Eq. (5.35) in 2D by
summing the area under these segments.

This procedure is quite robust and produces a second-order accurate F field.
For the test case presented in section 5.5.1, we can define the L2 volume error
norm using 100 randomly initiated droplet as follows:

L2(V ) = 1

Vexact

√∑
n(Vn −Vexact )2∑

n
(5.36)

where Vn is the initiated volume using the present method for nth droplet and
Vexact = 4

3πR3 is the analytical volume. Fig. 5.12 shows the convergence of L2

volume error norm using different grid resolutions. The volume initiation is quite
accurate even at lower grid resolutions and converges exactly with second-order.
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Figure 5.11: Local mesh refinement technique to initiate F field. A single Cartesian compu-
tational cell (i , j ) is presented with l = 2 (two levels of refinement): level 1 (−)
and level 2 (−). Circular interface (−) is approximated by a linear segment (−−)
in the subdivisions.  represents the cell center where F needs to be initiated,
■ represents vertices of the cell/subdivision and × represents the intersection
points of the interface with subdivision boundaries.
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Figure 5.12: Convergence of the L2 volume error norm (#) with grid resolution. Second-
order (−−) line is shown as a reference.



Chapter 6
Computing interface curvature:
A machine learning approach

Abstract

The volume of fluid (VOF) method is widely used to simulate the flow of immiscible
fluids. It uses a discrete and sharp volume fractions field to represent the fluid-fluid
interface on a Eulerian grid. The most challenging part of the VOF method is the
accurate computation of the local interface curvature which is essential for evalua-
tion of the surface tension force at the interface. In this chapter, a machine learn-
ing approach is used to develop a model which predicts the local interface curvature
from neighbouring volume fractions. A novel data generation methodology is devised
which generates well-balanced randomized data sets comprising of spherical inter-
face patches of different configurations/orientations. A two-layer feed-forward neural
network with different network parameters is trained on these data sets and the de-
veloped models are tested for different shapes i.e. ellipsoid, 3D wave and Gaussian.
The best model is selected on the basis of specific criteria and subsequently compared
with conventional curvature computation methods (convolution and height function)
to check the nature and grid convergence of the model. The model is also coupled with
a multiphase flow solver to evaluate its performance using standard test cases: i) sta-
tionary bubble, ii) oscillating bubble and iii) rising bubble under gravity. Our results
demonstrate that machine learning is a feasible approach for fairly accurate curva-
ture computation. It easily outperforms the convolution method and even matches
the accuracy of the height function method for some test cases.

This chapter is based on:
Patel, H. V., Panda, A., Kuipers, J. A. M., Peters, E. A. J. F., 2019. Computing interface cur-
vature from volume fractions: a machine learning approach. Computers & Fluids, 104263.
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6.1 Introduction

The detailed study of multiphase flows has received a lot of attention due to
their common occurrence in many natural as well as industrial applications. Exam-
ples include: falling drops, breaking waves, atomizing jet, spray dryer, trickle bed
reactor, bubble column etc. Given the advances in computational power and lim-
itations of experiments, numerical simulations of multiphase flows have become
one of the focus research areas in academia and industry. A wide range of numer-
ical methods exists for tracking/capturing the fluid-fluid interface in flows involv-
ing immiscible fluids (Scardovelli and Zaleski, 1999; Tryggvason et al., 2006). The
most common approach is to solve the mass and momentum conservation equa-
tions (also known as the Navier-Stokes equations) on a fixed computational grid
using a single field formulation where different fluids are treated as a single fluid
with spatially varying physical properties. The surface tension force arising at the
interface is added to the momentum equations as a source term. The numerical
methods mainly differ with respect to the representation of the interface to iden-
tify different fluids. Gibou et al. (2019) presents a nice overview of the recent
advances in sharp interface approach and deep learning techniques for multiphase
flow simulations. Interface tracking methods such as front tracking (Tryggvason
et al., 2001) and local front reconstruction (Shin et al., 2011) use Lagrangian
points to represent the interface between fluids. The motion of the interface is
governed by advection of the markers using the local (interpolated) fluid velocity.
Interface capturing methods such as the volume of fluid (Hirt and Nichols, 1981)
uses a volume fraction field and level set (Sussman et al., 1994) uses a signed
distance function to represent interfaces on an Eulerian grid. The interface is ad-
vected by solving a transport equation for the volume fractions/distance function.

The volume of fluid (VOF) method uses a discrete and sharp volume fraction
field (F ) to represent the interface on a computational grid. Volume fraction repre-
sents the fractional amount of a particular fluid present in Eulerian grid cells. Ad-
vection of F is governed by a pseudo-Lagrangian geometrical advection scheme to
minimize numerical diffusion. Interface reconstruction is required for the geomet-
ric advection of F which is carried out by the piece-wise linear interface calculation
(PLIC) technique by Youngs (1982). At the interface, fluids experience a surface
tension force (Fσ) which is computed by the volumetric continuum surface force
(CSF) model (Brackbill et al., 1992) as Fσ = σκn. Here, σ is the surface tension,
κ is the local interface curvature and n is the interface normal vector. Accuracy
of any multiphase flow simulation is strongly dependent on the accuracy of the
computed surface tension force which in-turn relies on the following aspects: i)
accuracy of the local interface curvature and ii) proper discretization of the surface
tension force. The balanced-force concept proposed by Francois et al. (2006) takes
care of the latter by discretizing pressure and surface tension forces at the same
location. Accurate computation of the interface curvature is particularly difficult
due to the discontinuous nature of the volume fraction field and hence the primary
scope of improvement lies in the development of accurate curvature computation
methods.

Interface curvature is typically computed from the second-order spatial deriva-
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tive of the volume fraction field. Cummins et al. (2005) presents a nice review on
the characteristics of the conventional curvature computation methods i.e. convo-
lution (CV) and height function (HF) methods. The CV method uses a smoothing
kernel to smooth the volume fraction field before differentiating it. Smoothing is
carried out to reduce the high-frequency aliasing errors arising due to numerical
differentiation of the abruptly-varying volume fraction field. Accuracy and grid
convergence of the CV method depends on the type of smoothing kernel used for
convolution. In the HF method, differentiable heights are computed by summing
the volume fractions in one direction across the interface. The HF method typically
uses a fixed 7×3 stencil (a group of computational cells) in 2D or 7×3×3 in 3D for
this purpose. A least-squared (LS) method is another option which fits parabola in
2D or paraboloid in 3D using the local interface topology/orientation to compute
the curvature. Few hybrid methods have also been devised to overcome specific
problems of the individual conventional methods. The hybrid LS-GHF method by
Popinet (2009) combines the LS and generalized height function (GHF) method
for more accurate curvature computation on adaptive grids. The GHF method uses
an adaptive stencil to compute heights which changes its size according to the lo-
cal interface topology. The hybrid CV-GHF (chapter 5) combines the robust CV
and accurate GHF method to compute curvatures. A branching algorithm decides
the appropriate method for curvature computation based on the local interface
topology and grid resolution. It uses the robust CV method at low grid resolutions
when the interface is not adequately resolved and automatically switches to the
accurate GHF method at higher grid resolutions.

The history of machine learning, neural networks and artificial intelligence
goes back multiple decades (Solomonoff, 1957; Minsky, 1961; Cowan, 1990).
However, in the present information age following advancements made the use of
these techniques widespread: i) Exponential growth of data mainly due to world
wide web, ii) advancement in parallel computing specifically with graphical pro-
cessing units (GPUs) and iii) development of user-friendly tools which drastically
reduce time and efforts to access these techniques. Nasrabadi (2007) presents an
overview of the fundamentals of machine learning along with different machine
learning techniques and their applications. There are mainly two types of learning
processes in machine learning: i) supervised learning where a mapping function
between input and output variables is to be learned/developed from the data and
ii) unsupervised learning where only input data is available and there are no cor-
responding output variables; goal is to learn the underlying pattern or structure of
the data for exploratory analysis. Neural network is a machine learning technique
that is inspired by the structure of the brain and uses a network of artificial neu-
rons to learn from data. Basheer and Hajmeer (2000) present a nice review of the
various types of neural networks with their design and applications.

Aim of the present work is to develop a functional relationship between vol-
ume fractions (in a 3×3×3 stencil) and local interface curvature using a neural
network with supervised learning. Fig. 6.1 presents a 3D schematic diagram of the
fluid-fluid interface passing through the computational grid. The functional rela-
tionship can be symbolically written as κ(i , j ,k)∆= f (F(l ,m,n)) where l ∈ {i −1, i , i +1},
m ∈ { j −1, j , j +1} and n ∈ {k −1,k,k +1}. ∆ is the grid spacing. f is the mapping
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Figure 6.1: Schematic diagram of the fluid-fluid interface (in blue) passing through the
computational grid. Curvature at cell (i , j ,k) (in red) is computed using the
volume fractions in the 3×3×3 stencil (in light yellow) around cell (i , j ,k). ∆ is
the grid spacing.

function which relates the volume fractions in the 3×3×3 stencil (total 27 values
of F(l ,m,n)) to the dimensionless curvature (κ(i , j ,k)∆) at the center of stencil. In
the past, there have been few attempts in this direction. Meier et al. (2002) uses
circles of different sizes to fit a polynomial function for curvature computation in
2D. However, instead of using volume fractions in 3× 3 stencil (total 9 values),
they use the variable reduction technique to perform this fitting by only 5 inde-
pendent variables. Svyetlichnyy (2018) uses a neural network to determine the
interface normal vector from volume fractions for any general computational ge-
ometry application. A recent article by Qi et al. (2019) focuses on the applicability
and development of the neural network model for curvature computations in 2D.
They also use their curvature prediction model with a multiphase flow solver to
simulate an oscillating interface. Their work is one of the first in this field showing
a promising future of machine learning models for curvature computation. How-
ever, we feel that an in-depth analysis on the a) data generation methodology, b)
neural network model development, selection and testing along with c) its per-
formance when incorporated in a multiphase flow solver is still missing from the
present literature. We will focus on these aspects in our work.

In this chapter, we will present a systematic approach to develop a machine
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learning model (using a neural network) which predicts the interface curvatures
in 3D using volume fraction from a 3×3×3 stencil. First, we will discuss a data
generation methodology which generates a well-balanced data set using spherical
interface patches of different configurations/orientations. Next, we will focus on
the design choices (structure and type) of the neural network being used. We
will also discuss the training process and define selection criteria to choose the
best possible model. The selected model will then be tested on different shapes
(ellipsoid, 3D wave and Gaussian) and compared with the conventional curvature
computation methods. Finally, we will couple the machine learning model with
the multiphase flow solver and assess its performance using the test cases of i)
stationary bubble, ii) oscillating bubble and iii) rising bubble under gravity.

6.2 Machine learning model

In this section, we will discuss a step-wise procedure to develop a machine
learning (ML) model for computing interface curvature. We will first focus in detail
on the methodology to generate a training data set. Further, we will discuss the
neural network topology used to train the model. The discussion will then proceed
towards model testing and selection based on certain training parameters. Finally,
we will compare the performance of the ML model with conventional curvature
computation methods (convolution and height function) for the test cases of a
spherical interface and 3D wave.

6.2.1 Data Generation

Data generation is one of the most important parts of the ML model develop-
ment process and it directly determines the performance of the model. Here we
present a methodology to generate the training data set which spans a large range
of interface curvatures and orientations. A well-defined geometry is needed to
generate this data set whose curvatures and volume fractions can be computed.
We use spheres with center (xc , yc , zc ) and radius R. The azimuth angle and polar
angle are denoted by θ and φ, respectively. Spherical interfaces with radii ranging
from Rmi n to Rmax are constructed on a Cartesian grid of fixed grid spacing (∆)
such that Rmi n/∆ and Rmax /∆ is 4 and 1000, respectively. For spherical interfaces
the curvature (κ) is equal to 2/R and so κ∆ varies from 0.002(κmi n∆) to 0.5(κmax∆).
This range of curvatures suits the purpose to cover realistic interfaces encountered
in multiphase flow simulations. Following steps show how we chose randomized
points on the spherical interfaces and generated a well-balanced data set. The
reasoning behind each step will be explained subsequently.

1. Choose a seed to start generating real random numbers with a uniform dis-
tribution in the range of 0 to 1. Let’s call this distribution as unif[0,1] (Sahoo,
2013). Let U be a random variable having uniform distribution on the inter-
val [0,1] i.e. U ∼ unif[0,1]. Consider each appearance of U in the subsequent
steps is an independent stochastic number from unif[0,1].
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2. Find a random radius R = Rmi n + U (Rmax −Rmi n).

3. Find a random center of sphere (xc , yc , zc ) = (XC ,YC , ZC ) + (U ,U ,U )∆. Here
XC , YC and ZC are constants.

4. Find a random azimuth angle (θ) and a random polar angle (φ) according to
θ = 2πU and φ= cos−1(2U −1). Note that this uniformly samples the surface
of the sphere.

5. Determine location of a point (x, y, z) on the spherical interface with the
computed random values of R, (xc , yc , zc ), θ and φ: x = xc + R cosθ sinφ,
y = yc +R sinθ sinφ and z = zc +R cosφ.

6. Locate the Cartesian cell (i , j ,k) in which the point (x, y, z) lies.

7. Compute volume fractions F(l ,m,n) in the 3×3×3 stencil around the cell (i , j ,k)
(refer appendix of chapter 5). Here l = i − 1, i , i + 1, m = j − 1, j , j + 1 and
n = k −1,k,k +1. Also compute the local curvature, κ(i , j ,k) = 2/R.

8. Find sign=U −0.5. If sign< 0, F(l ,m,n) = 1−F(l ,m,n) and κ(i , j ,k) =−κ(i , j ,k).

9. Store the set of inputs (volume fractions of 27 cells from F(l ,m,n)) and target
(κ(i , j ,k)∆) in the data set.

10. Repeat step 2 to 9 for Ns times to generate a data set of size Ns .

Using this procedure a total of 3 data sets, DS1,DS2 and DS3 of size 10000,
100000 and 1000000 respectively, were generated such that DS1 ⊂ DS2 ⊂ DS3.
These data sets will be used to find the effect of data size on the ML model in
section 6.2.3. Here, the discussion on data generation will be continued with
reference to the data set DS3. However, any data set generated using the afore-
mentioned procedure would have similar statistical behaviour.

For training an accurate ML model, the training data set should be well-balanced
i.e. spread uniformly within the limits of the target(s). Our aim is to train the ML
model using F(l ,m,n) as inputs and κ∆ as target. So ideally, κ∆ should be sam-
pled from the uniform distribution between κmi n∆ and κmax∆. So for a random
variable κ∆,

κ∆∼ unif[κmi n∆,κmax∆]

=⇒ 2/κ= R ∼ 2/unif[κmi n ,κmax ]

Inverse of unif[κmi n ,κmax ] would span from 1/κmax to 1/κmi n . Let’s call this in-
verse uniform distribution as iunif[1/κmax ,1/κmi n].

=⇒ R ∼ 2 iunif[1/κmax ,1/κmi n]

=⇒ R ∼ iunif[Rmi n ,Rmax ]

For iunif[Rmi n ,Rmax ], the probability density function P1(R) ∝ R−2. So the proba-
bility of finding sampling points for higher R is low which means this distribution
will most likely exclude many unique orientations of spherical interface patches
at higher R. This problem can be resolved by taking sampling points such that
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their areal density on the spherical interfaces of different R remains constant.
The probability density function of such distribution: P2(R) ∝ R2. To accommo-
date both of the aforementioned constraints, the combined probability density
function is introduced: P (R) ∝ P1(R)P2(R) =⇒ P (R) = Constant. For a uniform
distribution between Rmi n and Rmax i.e. unif[Rmi n ,Rmax ], the probability density
(P (R) = 1/(Rmax −Rmi n)) is indeed constant. So, unif[Rmi n ,Rmax ] is a suitable dis-
tribution to sample radius of spherical interfaces as shown in step 2. Fig. 6.2 (a)
shows the histogram of R/∆ for 1000000 samples of data set DS3. It affirms that
R/∆ follows uniform distribution between Rmi n/∆ and Rmax /∆.
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Figure 6.2: a) Histogram of R/∆ indicating R/∆ is sampled from uniform distribution be-
tween Rmi n /∆= 4 and Rmax /∆= 1000. b) Center of spherical interfaces varying
within a grid cell distance. Only 10000 samples from data set DS3 have been
presented for better visualization.

If the center of the spherical interface is changed arbitrarily keeping all other
parameters same then the translated interface would be represented by a differ-
ent set of volume fractions on a Cartesian grid. By translating the center within a
grid cell distance in each/any cardinal direction, a unique set of volume fractions
can be obtained representing the same interface. But, these configurations will
be repeated if the center is translated over a distance more than the grid cell. To
accommodate this behaviour, each coordinate of the center of the spherical inter-
face (xc , yc and zc) is varied within a grid cell distance with uniform distribution
as shown in step 3. Fig. 6.2 (b) shows the centers of spherical interfaces varying
within a grid cell distance.

It is essential to spread the sampling points evenly on the entire surface of
the sphere. Step 4 presents the sampling method for θ and φ to obtain points
such that any small area on the sphere is expected to contain the same number of
points (Weisstein, 2002). This would result in the distribution of θ and φ as shown
in Fig. 6.3. Note that θ follows a uniform distribution whereas φ doesn’t.

Spherical interfaces discussed so far are convex (κ > 0) in nature. However,
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Figure 6.3: Histogram of a) azimuth angle (θ) and b) polar angle (φ) for data set DS3.

an interface of any arbitrary shape (convex or concave) might be present during
multiphase flow simulations. So, Step 8 randomly flips volume fractions and cur-
vature to ensures a well-balanced data set comprised of nearly equal samples of
convex and concave surfaces.

6.2.2 Model training

After generating a well-balanced randomized data set, the next task is to train
the ML model. We have used a two-layer feed-forward neural network with Nh

neurons in the hidden layer and one neuron in the output layer for this purpose.
A schematic diagram of this neural network is presented in Fig. 6.4. To model any
function that contains a continuous mapping from one finite space to another, as
required in the present case where a functional relationship is to be developed to
compute curvature from a set of volume fractions, one hidden layer is found to be
sufficient (Heaton, 2008). To introduce non-linearity in the model, each neuron
of the hidden layer has the hyperbolic tangent function as an activation function.

Let DS be any data set of size Ns generated using section 6.2.1. It would have
Ns ×27 volume fractions (inputs) and corresponding Ns curvatures (targets). For
inputs (xi j ), the outputs (yi ) of the neural network can be written as,

yi =
Nh∑

k=1
wo

k tanh
( 27∑

j=1
wh

k j xi j +bh
k

)+bo (6.1)

where wh and bh are the weights and biases of the hidden layer. Similarly, wo

and bo are the weights and bias of the output layer. Using targets (ti ) and outputs
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Figure 6.4: Schematic diagram two-layer feed-forward neural network.
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Figure 6.5: Mean squared error (MSE) with epochs for the training (—), validation (—)
and testing (—) splits of data set a) DS1 (10000 samples) and b) DS3 (1000000
samples) with Nh = 80. © shows when the training process has been stopped.

from Eq. 6.1, the mean squared error (MSE) can be defined as,

MSE= 1

N

N∑
i=1

(ti − yi )2 (6.2)

where N is the size of the data set on which MSE is defined.
DS is divided into 3 parts, namely the training, validation and testing data

sets comprising 70%, 15% and 15% of the data, respectively. Weights and biases
are variables of the ML model and the aim of the training process is to optimize
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Figure 6.6: Plots of curvatures predicted by neural network (outputs) with the correspond-
ing exact curvatures (targets) for data set DS3 with Nh = 80. Regression line
and correlation coefficient (R) is presented for the training, validation, testing
splits and complete data set.

their values to minimize the cost function (MSE of training data set for the present
case). The training process starts by initializing weights and biases by the Nguyen-
Widrow algorithm (Pavelka and Procházka, 2004). Better initialization may lead
to lower training time and/or better accuracy. Training is an iterative process car-
ried out by a backpropagation algorithm which computes the gradient of the cost
function and modifies the weights and biases accordingly. Various backpropaga-
tion (optimization) algorithms available in MATLAB deep learning toolbox and
Google’s Tensorflow (Abadi et al., 2016) framework have been tested. The second
order Levenberg-Marquardt algorithm (Roweis, 1996) from MATLAB was found
to give the best results for the present case and hence all neural networks con-
sidered in this chapter are trained using MATLAB. The backpropagation algorithm
passes the entire training data set multiple times through the neural network and
one such pass is called epoch. During the training process, MSE of the training,
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validation and testing data set is continuously monitored. The training process is
stopped when the validation MSE stops improving for 6 consecutive epochs or if
the total epoch reaches 1000.

Fig. 6.5 (a) and (b) shows the change of MSE with epoch for the training, val-
idation and testing splits of the data set DS1 and DS3, respectively. For these plots,
training has been carried out with a fixed Nh = 80. However, the detailed discus-
sion on the effect of Nh and Ns on the accuracy of the ML model will be carried
out in section 6.2.3. For DS1, the training process stops at epoch = 283 as there is
no further improvement in the validation MSE. However, for DS3 it stops at epoch
= 1000, which is the maximum specified limit of epochs. It is evident from Fig. 6.5
(b) that, at around 1000 epochs, improvement in the MSE is negligible so it can be
safely assumed that the training process is almost converged. Another interesting
aspect to notice is that for DS3, the training, validation and testing MSE are very
close to each other at the end of the training process. However, for DS1, the train-
ing MSE is quite low as compared to the validation or testing MSE. It means that
the ML model trained on DS1 is overfitting i.e. the model works well for the lim-
ited (training) data set but doesn’t generalize well for other (testing/validation)
data sets. Overfitting is a serious problem in ML model development and further
discussion on this topic will be carried out in section 6.2.3. Fig. 6.6 shows the
plots of curvature predicted by the trained neural network (outputs) against the
corresponding exact curvatures (targets) for DS3 with Nh = 80. The regression line
and the correlation coefficient (R) have been computed for the individual train-
ing, validation and testing data set as well as for the complete data set. R is quite
close to 1 and all regression lines have a slope of 45◦ with a negligible value of the
intercept. The maximum value of the regression line intercept is observed for the
testing data set which is still less than 0.1% of κmi n∆. So, it is possible to train a
highly accurate ML model albeit, a detailed parametric study on the network and
data set size (Nh and Ns) needs to be carried out to obtain the best possible one.

6.2.3 Model testing and selection

There are two main criteria to select a good ML model: i) the model should
have the least error based on its cost function (MSE for the present case) and ii) the
model should not overfit the training data set. Performance of the neural network
based ML models is highly influenced by the size of the training data set and the
number of neurons. So, we have trained ML models on three different data sets
(DS1, DS2 and DS3) of sizes (Ns) 10000, 100000 and 1000000, respectively. For
each data set, the number of neurons in the hidden layer (Nh) is varied between
10 to 160. Table 6.1 presents the MSE for the training, validation and testing splits
of the data sets DS1, DS2 and DS3 with different Nh . It also includes the training
time per epoch for each neural network. To understand the results more clearly,
data cells in the table are coloured by values where green, white and red colours
signify favourable, neutral and unfavourable results, respectively. As Nh increases,
the number of computations through the neural network also increases accord-
ing to Eq. 6.1. Hence, higher Nh has an adverse effect on the computation time.
Note that the training time increases with both Nh and Ns as the MSE has to be
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minimized considering all samples in the training dataset. However, the curvature
prediction time for the trained model will only increase with Nh and is indepen-
dent of Ns (see section 6.3.1 for details). Increasing Nh does decrease the MSE
to a large extent. Table 6.1 also includes the ratios of the validation and testing
MSE with training MSE to check if the model is overfitting. For a model with an
optimum fit, these ratios should be near to 1 whereas higher ratios would indicate
overfitting. It is evident that the problem of overfitting is prominent for smaller
data sets with higher Nh . Thus it can be concluded from these results, that the
ML models trained on DS2 with Nh = 80 and DS3 with Nh = 80 or 160 are better
in accurately predicting curvatures without overfitting. We have trained the ML

Table 6.1: Mean squared error (MSE) of the training, validation and testing splits of the
data sets (DS1, DS2 and DS3) of different sizes (Ns) and hidden layer neurons
(Nh). Ratios of validation and testing MSE with training MSE are presented to
check for overfitting. Training times per epoch are also included. *Cases for
which epoch reached maximum value of 1000.

Dataset    
(Ns) 

Nh 

Mean squared error (MSE) Training 
Time/Epoch 

(sec) Training Validation Testing Validation/
Training 

Testing/ 
Training 

DS1       
(10000) 

10 2.56 x 10-4 2.89 x 10-4 2.96 x 10-4 1.13 1.15 0.04 
20 1.10 x 10-5 2.67 x 10-5 2.32 x 10-5 2.43 2.11 0.08 
40 2.02 x 10-6 1.01 x 10-5 9.66 x 10-6 4.98 4.79 0.23 
80 3.60 x 10-7 1.04 x 10-5 9.01 x 10-6 28.99 25.01 1.56 
160 2.93 x 10-8 3.78 x 10-6 1.22 x 10-5 129.13 418.22 6.03 

DS2       
(100000) 

10 6.26 x 10-5 5.59 x 10-5 6.23 x 10-5 0.89 0.99 0.25 
20 6.86 x 10-6 7.10 x 10-6 7.57 x 10-6 1.04 1.10 0.61 
40 2.69 x 10-6 2.96 x 10-6 3.44 x 10-6 1.10 1.28 1.80 
80 7.13 x 10-7 1.19 x 10-6 1.24 x 10-6 1.67 1.73 12.26 
160 1.33 x 10-7 6.06 x 10-7 5.84 x 10-7 4.57 4.40 45.77 

DS3       
(1000000) 

10 3.24 x 10-5 3.17 x 10-5 3.02 x 10-5 0.98 0.93 2.32 
20 1.06 x 10-5 1.07 x 10-5 1.04 x 10-5 1.00 0.97 5.73 
40* 2.18 x 10-6 2.30 x 10-6 2.17 x 10-6 1.05 0.99 16.59 
80* 7.84 x 10-7 8.72 x 10-7 8.61 x 10-7 1.11 1.10 116.24 
160* 2.00 x 10-7 2.81 x 10-7 2.87 x 10-7 1.40 1.43 443.76 

 

model on the data sets generated using the spherical interface patches of differ-
ent configurations/orientations. So far, model testing has also been carried out
on the data sets from the same sample space i.e. spherical interfaces. However,
the intended use of the model is to predict the curvature of any arbitrarily shaped
interface accurately. To check the accuracy of the trained ML models on data sets
from a different sample space, 3 different surfaces namely 3D wave, ellipsoid and
Gaussian have been considered. Table 6.2 lists the equations and parameters cho-
sen to generate these surfaces. A composite data set (DSC ) is generated having
nearly equal samples from each type of surface. Trained ML models listed in Ta-
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Table 6.2: Details of the 3D surfaces used to generate data from the different sample space.

Type Equation Parameters Samples

3D Wave
z = a +b sin[(cx +
d)π]cos[(c y +e)π]

Domain size = 1×1×1,
grid size = 100×100×100,
a = 0.5,b ∈ { 2

24 , 4
24 , 8

24

}
,c =

2,d = 0 and e = 0.5

33936

Ellipsoid
( x

a

)2 + ( y
b

)2 + ( z
c

)2 = 1

Data generation is carried
out similar to

section 6.2.1 with
randomly selected
radiuses a, b and c

having maximum aspect
ratio of 16

33936

Gaussian
z = a +b exp[c{(x +d)2 +

(y +d)2}]

Domain size = 1×1×1,
grid size =

100×100×100, a = 0.1,b ∈p
2π

{ 3
40 , 6

40 , 12
40

}
,c =−12.5

and d =−0.5

32964
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Figure 6.7: MSE of the composite data set (DSC ) for the ML models trained on different
data sets DS1 (—), DS2 (—) and DS3 (—) with different number of neurons in
the hidden layer (Nh).
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ble 6.1 have been tested on DSC and the obtained MSE is plotted in Fig. 6.7. For
all ML models, initially the MSE decreases with increase in Nh (underfitting), be-
comes minimum at Nh = 80 (optimum fit) and increases thereafter(overfitting).
As the training data set size (Ns) increases from 10000 to 100000, the trained
models become more accurate. However, this improvement diminishes when Ns

is increased from 100000 to 1000000. It is evident from Fig. 6.7 that ML models
trained on data set DS2 (100000 samples) or DS3 (1000000 samples) with Nh = 80
are the most accurate. Training ML model on DS3 (with higher Ns) would natu-
rally take more time than on DS2 but training a neural network is only a one time
process. Both of these models would take the same computation time to predict
curvatures as Nh is same for both. Considering these factors, we have chosen the
ML model trained on DS3 with Nh = 80 for further use as this model has seen more
generalized data which possibly turns into better predictions. For this model, MSE
on the testing split of DS3 (spherical interfaces) is 8.61×10−7 whereas MSE on DSC

(composite data) is 3.15×10−5. Higher errors for the composite data set is the re-
sult of (only) spherical shapes being used for training. So, there is still some scope
to improve the ML model by training it on surfaces of different shapes so that it
can predict the curvature for any arbitrarily shaped interface equally well.

6.2.4 Comparison with conventional methods

After choosing the best possible ML model, the next task is to compare the
performance of the ML model with conventional methods. Convolution (CV) and
height function (HF) methods are the most widely used curvature computation
methods for the multiphase flow simulations with VOF (Cummins et al., 2005). A
detailed description of the used implementations of the present CV and HF meth-
ods is available in chapter 5. CV and HF methods considered for comparison in
this chapter compute curvatures using 3×3×3 and 7×3×3 stencils in 3D, respec-
tively. It is possible to have a one-on-one comparison of the ML method with CV as
both methods use the same stencil size. We have considered two test cases for this
purpose: i) spherical interface and ii) 3D wave.

Spherical interface

In this test case, we will compare the pattern of local curvature errors using a
spherical interface. The CV and HF methods have a particular distribution of local
curvature errors. Higher curvature errors for the CV method are localized where
the interface normal is oriented in any of the cardinal directions whereas, for the
HF method higher errors are localized at positions with normal oriented at 45◦ to
all the cardinal directions. This behaviour is explained in detail in chapter 5. In a
similar way, to test the local curvature error distribution for the ML model, we have
considered 1000000 random sample points on the spherical interface of R/∆= 64
generated with the same methodology detailed in section 6.2.1. Local curvature
error for each sample has been calculated as |ti−yi |∆, where ti and yi are the target
(exact value) and output (predicted value) for the i th sample, respectively. We also
know the azimuth angle (θ) and the polar angle (φ) corresponding to each sample
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Figure 6.8: Local curvature errors for 1000000 random sampling points on the spherical
interface: a) variation with azimuth angle (θ) and polar angle (φ) for R/∆= 64,
b) histogram of errors for R/∆= 64 and c) histogram of errors for R/∆ from 4 to
1000 for the 1) ML, 2) CV and 3) HF methods.

point. Fig. 6.8 (a1) shows the variation of local curvature errors with θ and φ for
the ML method. Note that only 10000 samples are plotted for better visualization.
For one-on-one comparison, we have also included similar plots for the CV and
HF methods for the same sampling points in Fig. 6.8 (a2) and (a3), respectively.
It can be observed that the errors for the ML method are randomly distributed
over the entire surface of the sphere and consequently they are unbiased (do not
exhibit any directional preference) unlike CV or HF. Fig. 6.8 (b1), (b2) and (b3)
present the histogram of local curvature errors on the spherical interface of R/∆=
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64 for the ML, CV and HF methods, respectively. To cover a more general range
of interface curvatures encountered in the multiphase flow simulations, we have
also considered another set of 1000000 random sample points on the spherical
interface with R/∆ ranging from 4 to 1000. Histograms of the local curvature
errors for these samples are presented in Fig. 6.8 (c1), (c2) and (c3) for the ML,
CV and HF methods, respectively. For the ML method, shape (a skewed bell curve),
location of the peak and range of the histogram is almost independent of R/∆. It
doesn’t show any distinct feature such as double peak observed for the CV method.
We are unsure about the reason behind the presence of two peaks for the CV
method. The HF method has a steep histogram for a specific (R/∆ = 64) radius
which means that the HF method exhibit the smallest standard deviation in local
curvature errors. Popinet (2009) showed that non-constancy of curvatures act as
a source for spurious currents (artificial velocities) in multiphase flow simulations.
For a range of radii, error histogram for the HF method appears as a skewed bell
curve.

3D wave

In this section, we compare the performance of the ML method with respect
to CV and HF for the data set from a different sample space i.e. other than a
spherical interface. For this purpose we have used the 3D wave as described in
Table 6.2. First, a grid convergence study has been carried out for the 3D wave
of fixed amplitude (b = 4

24 ) on different grid sizes varying from 50 × 50 × 50 to
800×800×800. The relative L2 and L∞ curvature error norms are defined as

L2 = 1

κmax

√∑N
i=1(ti − yi )2

N

L∞ = 1

κmax
max

i
(|ti − yi |)

(6.3)

where ti and yi are the target and output for the i th sample, respectively. N is
the total number of samples and κmax = 13.16 is the maximum value of curvature
which is used to normalize the error norms.

Fig. 6.9 presents the plots of relative L2 and L∞ error norms with the dimen-
sionless grid spacing ( 1

κmax∆
) for different curvature computation methods. Note

that 1
κmax∆

varies from 3.78 to 60.79 corresponding to grid sizes from 50×50×50
to 800×800×800. One may also use the mean of the absolute values of the local
curvature (< |κi | >= 0.3127 for the present case) for non-dimensionalization which
would then vary 1

<|κi |>∆ from 159.88 to 2558.13. So, the finest grid resolution
corresponding to 1

<|κi |>∆ = 2558.13 is already outside of the training data range of
the ML model. It is evident that the HF method is best among all methods studied
here and converges with first order. However, it does so by using a larger (7×3×3)
stencil which can represent the local interface topology more accurately. Evrard
et al. (2017) also found the HF method to be converging with first order for a
2D sine wave. It has been reported by many researchers (Francois et al., 2006;
Cummins et al., 2005) that the CV method using a fixed stencil size (3×3×3 for
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Figure 6.9: Grid convergence of relative a) L2 and b) L∞ error norms for the ML(◦), CV(ä),
and HF(+) method on a 3D wave. First order converging (—), non-converging
(−−) and first order diverging (· · ·) lines are shown for reference.

the present case) diverges with first order. We also found that the L2 and L∞ error
norms for the CV method diverge with first order. Interestingly, the ML method
using the same stencil size as CV doesn’t diverge. It exhibits non-convergence be-
haviour for all grid resolutions within the training data range of the ML model.
Moreover, the values of the L2 and L∞ error norms for the ML method are lower
than that of CV to a large extent. This affirms the superiority of the ML method
compared to the conventional CV method.

Table 6.3: Relative L2 curvature error norms for the 3D wave of different amplitudes.

Amplitude κmax
L2

CV ML HF
1/3 2.63×101 4.24×10−2 2.83×10−2 1.87×10−3

1/6 1.32×101 1.15×10−1 3.41×10−2 2.28×10−3

1/12 6.58×100 5.43×10−1 4.22×10−2 1.98×10−3

1/24 3.29×100 9.89×10−1 5.95×10−2 1.22×10−3

Fig. 6.10 presents the qualitative comparison of different curvature compu-
tation methods using a 3D wave of the same amplitude (b = 4

24 ) generated on
200×200×200 grid. Fig. 6.10 (a) shows the normalized (with κmax) local analyti-
cal curvatures on the 3D wave. The magnitude of the local curvature is maximum
at the peaks and valleys of the surface and minimum around the center plane.
Fig. 6.10 (b), (c) and (d) presents the magnitude of the local curvature errors
( 1
κmax

|ti − yi |) for the CV, ML and HF methods, respectively. It is evident that both
CV and HF methods have a specific pattern of the error distribution on the 3D
wave, similar to the observation on the spherical interface (section 6.2.4). CV
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d

Figure 6.10: Qualitative comparison of the different curvature computation methods using
3D wave: a) normalized analytical curvature and local curvature errors for the
b) CV, c) ML and d) HF methods.

Table 6.4: Relative L∞ curvature error norms for the 3D wave of different amplitudes.

Amplitude κmax
L∞

CV ML HF
1/3 2.63×101 2.50×10−1 2.96×10−1 9.69×10−3

1/6 1.32×101 4.86×10−1 3.12×10−1 5.79×10−3

1/12 6.58×100 9.37×10−1 3.19×10−1 4.52×10−3

1/24 3.29×100 1.79×100 3.58×10−1 3.05×10−3

method shows the highest errors around the local/global peaks and valleys of the
surface. Compared to CV and HF, errors for the ML method are distributed ran-
domly over the entire surface of the 3D wave without any specific pattern.

Table 6.3 and 6.4 present the relative L2 and L∞ curvature error norms for the
3D wave of different amplitudes on a fixed 200×200×200 grid, respectively. These
error norms have been computed using Eq. 6.3 with κmax corresponding to each
of the individual surfaces. With this test case, we can quantify the effect of the
sharpness of the interface for different curvature computation methods. Results
show that the L2 norm of the HF method stays nearly the same with a decrease in
amplitude whereas the L∞ norm decreases gradually. So, the HF method is more
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accurate for a flatter (less sharp) interface. Error norms for the HF method are at
least an order of magnitude lower than the other methods, but this comes at the
cost of using larger stencils for the curvature computation. For both CV and ML
methods, the L2 and L∞ error norms increase with a decrease in amplitude. So, the
CV or ML method produces less accurate results for flatter interfaces unlike the HF
method. Note that errors increase faster for the CV method compared to the ML
method and thus errors for the CV method at lower amplitudes are nearly an order
of magnitude higher than the ML method. For the CV method, volume fractions
are smoothed before computing curvature to reduce the high frequency aliasing
errors (Cummins et al., 2005). Due to this smoothing process, flatter interfaces
e.g. 3D wave with lower amplitudes are more prone to lose the local interface
topology which results in higher errors in the curvature computation. Note that
the ML method does not suffer from this problem as there is no smoothing of
volume fractions involved.

6.3 Performance with flow solver

In this section, we will evaluate the combined performance of the ML model
coupled with the multiphase flow solver. We have used our in-house developed
multiphase flow solver for this purpose. For immiscible, unsteady, incompressible
and Newtonian multiphase flow, the single field formulation of the Navier-Stokes
equations is used. The finite volume method is used to discretize the governing
equations on a staggered computational grid. The fluid-fluid interface is repre-
sented by a discrete and abruptly varying volume fraction field (F ) on the grid.
F is advected under the influence of local velocity by a mass conservative and
sharp interface volume of fluid (VOF) method (Van Sint Annaland et al., 2005).
The surface tension force at the interface is calculated by the volumetric contin-
uum surface force (CSF) model (Brackbill et al., 1992) and discretized using the
balanced-force method (Francois et al., 2006). Local interface curvatures, required
to calculate the volumetric surface tension force, can be computed by any of the
curvature computation methods. For the ML method, MATLAB provides a function
containing optimized weights and biases of the neural network after the training
process is finished. As our in-house flow solver is written in the C programming
language, we convert the MATLAB output function into C before using it. Details
of the governing equations, discretization and solution methodology used in the
present solver can be found in chapter 2. In our solver i) diffusion is second order,
ii) advection is between first and second order, iii) temporal discretization is first
order and iv) volume fraction initialization is second order accurate.

We have compared the performance of the ML method with the conventional
methods (CV and HF) and a hybrid CV-GHF method (detailed in chapter 5). CV-
GHF method automatically chooses between the robust convolution (CV) method
and an accurate generalized height function (GHF) method based on the local
interface topology and grid resolution. In total three different test cases have been
considered: i) stationary bubble, ii) oscillating bubble and iii) rising bubble. Each
test case serves a unique purpose, details of which will follow in the subsequent
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sections.

6.3.1 Stationary bubble

Ideally, a stationary bubble would experience zero velocity at the interface and
a constant Laplace pressure difference (∆pexact = κσ = 2σ

R ) across the interface.
Here, R is the radius of bubble and σ is surface tension at the interface. How-
ever, due to inaccuracy in the numerical computation of the interface curvature,
volumetric surface tension force and pressure gradient don’t balance exactly for
a stationary bubble. This leads to the generation of spurious currents (artificial
velocities) and inaccurate pressure difference (Harvie et al., 2006). The aim of
this test case is to compare these quantities for different curvature computation
methods.

A spherical bubble of R = 0.01 m is placed at the centre of 8R × 8R × 8R do-
main. Density (ρb) and viscosity (µb) of the bubble is 10 kg/m3 and 0.001 Pa · s,
respectively. The bubble is surrounded by a liquid of density (ρl ) 1000 kg/m3 and
viscosity (µl ) 0.1 Pa · s. Surface tension at the interface (σ) is calculated such that
the Laplace number (La = Dσρb/µ2

b) varies between 101 to 105 where D = 2R is
diameter of the bubble. The computational domain is divided in 120× 120× 120
grid cells which results into R/∆= 15 where ∆ is the grid spacing. Popinet (2009)
suggests that the stationary bubble simulations should be run at least up to the
timescale comparable to the viscous timescale (Tv = ρbD2/µb). This gives ade-
quate time for the bubble to attain equilibrium (if it can) by slowly dissipating the
kinetic energy associated with spurious currents. So, the present simulations are
run up to the time t = Tv with the timestep (∆t) as follows:

∆t <min (∆tCFL,∆tσ) =min
(

∆

Umax
,

√
(ρb +ρl )∆3

4πσ

)
(6.4)

where ∆tCFL and ∆tσ are the minimum required timesteps according to the Courant-
Friedrichs-Lewy (CFL) and capillary criteria, respectively. Umax is the maximum
magnitude of the velocity in the entire computational domain. All simulations
performed in the subsequent sections also follow the same criteria for ∆t . At the
end of the simulations, the L2 and L∞ error norms of the spurious currents are
computed as follow:

L2(V ) =
√∑

i |Vi |2∑
i

L∞(V ) =max
i

(|Vi |)
(6.5)

where |Vi | is the magnitude of the velocity at i th cell of the computational domain.
Error norms defined by Eq. 6.5 are made dimensionless by multiplication with
µl /σ. Similarly, the errors in the pressure difference compared to the Laplace
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pressure difference (∆pexact ) can be defined as,

∆pmax = max
i

(pi )−min
i

(pi )

E(∆pmax ) = 1

∆pexact
|∆pmax −∆pexact |

∆pphase =< pb >−< pl >
E(∆pphase ) = 1

∆pexact
|∆pphase −∆pexact |

(6.6)

where < pb > is the average pressure inside the bubble (cells where F = 1) and
< pl > is the average pressure outside the bubble (cells where F = 0). Note that
the cells at the interface (0 < F < 1) are excluded from this calculation. E(∆pphase )
and E(∆pmax ) signify the error in average phase pressure difference and maximum
pressure difference, respectively.
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Figure 6.11: Results of the stationary bubble test case for different La: a) dimension-
less L∞(◦) and L2(ä) error norms of spurious currents (Eq. 6.5) and b) errors
E(∆pmax )(◦) and E(∆pphase )(ä) of pressure difference (Eq. 6.6) for the CV(•),
ML(•), HF(•) and CV-GHF(•) methods. Note: colour mapping for each method
is provided in parenthesis.

Fig. 6.11 (a) presents the obtained results of L2(V ) and L∞(V ) for different
La. It is clear that the CV method has the highest amount of spurious currents
due to the most inaccurate curvature computation (section 6.2.4). Overall, the
hybrid CV-GHF method has the least spurious currents especially at higher La.
Note that the performance of the CV-GHF method is strongly dependent on the
grid resolution (Fig. 5.7). For the grid resolution (R/∆ = 15) used in the present
case, almost all cells on the interface use the GHF method and very few cells use
the CV method. GHF uses variable size stencils to accommodate the local interface
topology which in-turn computes the most accurate curvatures. At lower grid reso-
lutions, results of the CV-GHF method might differ but they would be mostly better
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than the individual CV or HF method. Using the same sized stencil as CV, the ML
method outperforms it. However, the HF method shows lower spurious currents
compared to the ML method possibly due to the larger stencils. Fig. 6.11 (b) shows
the obtained results of E(∆pmax ) and E(∆pphase ) for different La. Again, the CV
method turns out to be the worst performing method. Surprisingly, errors for the
ML method are lower compared to the HF method. On top of that, E(∆pphase ) for
the ML method is lowest among all methods to a large extent. A possible reason
for this behaviour might be the random/unbiased distribution of the curvature er-
rors for the ML method as observed in section 6.2.4. The performance of the ML
method is comparable even to the hybrid CV-GHF method considering errors in
the pressure difference. Finally, following conclusions can be drawn considering
both spurious currents and errors in the pressure difference: i) CV shows the worst
performance, ii) CV-GHF has arguably the best performance and iii) overall per-
formance of the ML and HF methods are comparable to each other as ML shows
less error in the pressure difference but HF has less spurious currents.

For the present test case, the average curvature computation time per interfa-
cial cell for the ML, CV, HF and CV-GHF method is 1.98×10−6, 9.43×10−6, 7.19×10−7

and 9.72×10−6 seconds, respectively. Higher time for the CV and hybrid CV-GHF
method is attributed to the additional volume fraction smoothing step required
for convolution. We would like to emphasize that the curvature computation part
takes very small time per timestep e.g. 0.05% for the ML method. So, the focus of
the curvature computation should be more on improving accuracy than decreas-
ing compute time. Note that the ML model used here is trained on the dataset DS3

using 80 neurons in the hidden layer. The curvature prediction time for the ML
model only depends on the number of neurons irrespective of the training dataset
size. With 10, 20, 40 and 160 neurons in the hidden layer, the average curva-
ture computation time per interfacial cell is 7.21×10−7, 8.78×10−7, 1.24×10−6 and
3.39×10−6 seconds, respectively.

6.3.2 Oscillating bubble

After evaluating the performance of different curvature computation methods
for static interfaces, the next step is to compare them for a dynamic case. An
initially non-spherical bubble experiences oscillations and eventually, due to the
combined effect of surface tension and viscous dissipation, it comes to rest in a
spherical shape. We have considered an ellipsoidal bubble having principle semi-
axes: R1 = Rmi n = 0.01 m, R2 = 0.02 m and R3 = 0.02 m. This bubble is placed at the
center of an 8Rmi n×8Rmi n×8Rmi n domain. The bubble and the surrounding liquid
have the same density and viscosity as used in section 6.3.1. Surface tension at
the bubble-liquid interface (σ) is 0.1 N/m. Interface location is measured in the
direction in which the initial semi-axis of the ellipsoidal is Rmi n .

Fig. 6.12 (a) shows the interface location with time for different curvature
computation methods. Note that these simulations have been performed for an
ellipsoidal bubble of Rmi n/∆ = 15. It is evident that the result obtained from the
ML method is very close to the highly accurate CV-GHF or HF method. The peaks
of the oscillations also align with each other. Results obtained for the CV method
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Figure 6.12: Results of the oscillating bubble test case: a) Comparison of different curva-
ture computation methods and b) grid convergence of the ML method.
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Figure 6.13: Results of the oscillating bubble test case for 5 different ML models (in differ-
ent colours) showing effect of data randomization (seed).

is quite off from the results of other methods. Also, peaks of the oscillations don’t
align with the other methods. This again proves the superiority of the ML method
over the CV method. Fig. 6.12 (b) shows the grid convergence study for the ML
method using the grid resolution Rmi n/∆ from 3.75 to 60. Fig. 6.12 (b1) shows
the zoomed view of the same plot for better visualization. To quantify the errors,
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the relative L2 and L∞ error norms have been computed with respect to the finest
grid resolution (Rmi n/∆= 60) as follows:

L2(R) = 1

Rmi n

√∑
i (RG (ti )−R60(t ))2∑

i

L∞(R) = 1

Rmi n
max

i
(|RG (ti )−R60(t )|)

(6.7)

where RG (ti ) is the interface location for any grid resolution at time t correspond-
ing to the i th timestep and R60(t ) is the interface location for the finest grid res-
olution (Rmi n/∆ = 60) at the same time. Table 6.5 presents the computed error
norms for the ML method with different grid resolutions. It can be observed that
the magnitude of these error norms are quite low as the relative L2 and L∞ er-
ror norms for Rmi n/∆= 15 are already less than 1%. Moreover, these error norms
seem to be converging between first and second order even though the curvature
computed by the ML method doesn’t converge (section 6.2.4). The reason for this
behavior is the convergence of other aforementioned operators/parameters (dif-
fusion, advection, temporal discretization and volume fraction initiation) in our
multiphase flow solver. L2 and L∞ error norms presented in Table 6.5 experience
the combined effect of all these parameters.

Table 6.5: Relative L2 and L∞ error norms for the oscillating bubble test case.

Rmi n/∆ L2 L∞
3.75 2.70×10−2 7.31×10−2

7.5 8.67×10−3 2.28×10−2

15 4.01×10−3 8.89×10−3

30 1.73×10−3 3.98×10−3

In section 6.2.1 randomized data sets have been generated using one specific
seed. By choosing a different seed, one would obtain a different set of random
numbers from the same distribution. To test if the ML model is trained on a suf-
ficiently randomized data set, 5 different data sets of size 1000000 (same as DS3)
using 5 different seeds were generated. 5 different ML models have been trained
on the generated data sets using a neural network with 80 neurons in the hidden
layer. Fig. 6.13 presents the results of the ellipsoidal bubble (Rmi n/∆= 15) oscilla-
tions with these ML models. Naturally, the obtained results are slightly different
due to different random data sets used for the training of each ML model; still they
are quite close to each other. The standard and maximum deviation of the inter-
face location for different ML models compared to their mean value is 0.73% and
2.76%, respectively, which shows that the training data set is indeed sufficiently
randomized.

6.3.3 Rising bubble

In this section, we will test the performance of the ML method for highly dy-
namic interfaces and compare it with experiments. A test case comprising of a
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single bubble rising under gravity has been considered for this purpose. Grace
(1973, 1976) performed experiments of freely rising single bubbles under gravity
and found that bubbles attain different shapes e.g. spherical, ellipsoid, wobbling
etc. depending on the Eötvös (Eo) and Morton (Mo) numbers. The experimen-
tal results are combined into the well-known Grace diagram to characterize the
bubble shape and the terminal rise velocity. It is often used for qualitative and
quantitative validation of the numerical models for multiphase flow simulations.
Definition of the relevant dimensionless numbers are as follows:

Mo = gµ4
l (ρl −ρb)

ρ2
l σ

3

Eo = g (ρl −ρb)D2

σ

Re = ρl Vb,∞D

µl

(6.8)

where subscript b and l are used for the bubble and surrounding liquid, respec-
tively. g = 9.81 m/s2 is the acceleration due to gravity, σ is the surface tension
at the bubble-liquid interface, D is the equivalent bubble diameter, µ is viscosity
and ρ is density of (any) fluid. Re is the Reynolds number based on the bubble
terminal rise velocity (Vb,∞).

To perform numerical simulations of rising bubble, an initially stationary bub-
ble of spherical shape with diameter D/∆ = 30 is centered at the location (x0/∆,-
y0/∆, z0/∆) = (100,75,75) in a computational domain of size 150×150×150 grid cells.
Bubble and the surrounding liquid have the same density and viscosity as used in
section 6.3.1. Gravity is acting in the negative x-direction. All domain boundaries
are of the free slip type and the window shifting technique (Deen et al., 2004) is
used to keep the bubble center at its initial position with respect to the compu-
tational domain throughout the whole simulation. Under the influence of gravity
bubble will rise in the pool of liquid, thus attaining a terminal rise velocity and a
final shape. Eo and Mo (Eq. 6.8) of the bubble are varied by varying the values
of D and σ. We have considered a wide range of Eo (0.1 to 40) and Mo (10−11

to 101) which spans nearly the whole Grace diagram to include all bubble shapes.
For each combination of the Eo and Mo, one can find Re from the Grace diagram
and compare it with simulations.

Table 6.6 presents the Re based on the terminal rise velocity of the bubble
computed using the ML method. Obtained results have been compared with the
experimental results of Grace (1973, 1976) and the numerical results of the CV-
GHF method reported in Table 5.5. Total 17 test cases have been considered for
this comparison and they are shown on the Grace diagram in Fig. 6.14. Readers
are further referred to Baltussen et al. (2014) for the numerical results obtained
by the CV and HF methods for the same test cases. It is evident from Table 6.6 that
the results obtained by the ML method are quite close to the experimental results
from the Grace diagram. Also, the performance of the ML method is comparable to
CV-GHF as the ML method is closer to the Grace result than CV-GHF for nearly half
of the test cases. Interestingly, most of the test cases for which the ML method is
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Figure 6.14: Comparison of the final bubble shapes obtained by the ML method (in blue)
with the CV-GHF method (in red). Different test cases used for the simulations
are also shown on the Grace diagram.

better are bubbles with a final spherical shape which results from the fact that the
present ML model has been trained using spherical interface patches. These results
suggest training the ML model on different types of shapes so that it works equally
well for any arbitrarily shaped interfaces. Baltussen et al. (2014) reports that both
CV and HF fail to deliver stable bubble interfaces for multiple test cases, especially
at high Re (highly dynamic interface). We did not encounter such problem for
the ML method as all bubble interfaces were found stable. Fig. 6.14 compares
different bubbles shapes obtained by the ML and CV-GHF method. These shapes
include sphere (case 3 and 11), ellipsoid (case 7), dimpled ellipsoid (case 17),
wobbling (case 9), intermediate skirted + ellipsoid (case 15) and spherical cap
(case 13). A nice qualitative match has been observed between the bubble shapes
for all the test cases except case 9. During the numerical simulations of case
9, we have noticed that the bubble interface remains almost stationary (doesn’t
wobble) for both ML and CV-GHF methods. Baltussen et al. (2014) had the same
observation on wobbling bubbles for the CV and HF methods. So, none of the
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Table 6.6: Reynolds number (Re) based on the terminal rise velocity of the bubble for i) ex-
perimental results of Grace (1973, 1976), ii) numerical results of the ML method
and iii) results of the CV-GHF method.

Case Eo log10Mo
Re

Grace ML CV-GHF
1 1 -7 8.00×101 7.22×101 8.16×101

2 1 -3 1.80×100 1.83×100 2.00×100

3 1 -1 1.80×10−1 1.94×10−1 2.09×10−1

4 10 -11 2.80×103 2.58×103 2.77×103

5 10 -9 9.00×102 8.61×102 8.67×102

6 10 -7 2.90×102 2.72×102 2.76×102

7 10 -3 2.40×101 2.27×101 2.35×101

8 0.1 -11 1.40×102 1.19×102 2.64×102

9 2 -11 1.20×103 1.34×103 1.49×103

10 40 -11 7.00×103 6.88×103 6.93×103

11 0.1 -7 4.60×100 3.48×100 6.02×100

12 4 -7 2.10×102 1.75×102 1.89×102

13 40 -7 7.20×102 6.86×102 6.73×102

14 0.2 -3 1.60×10−1 1.53×10−1 1.86×10−1

15 40 -3 6.50×101 5.73×101 5.87×101

16 4 1 1.40×10−1 1.60×10−1 1.67×10−1

17 40 1 3.00×100 3.68×100 3.76×100

curvature computation methods discussed in this chapter can accurately capture
the wobbling bubble interface. It would require either adaptive grid refinement
with the VOF method (Popinet, 2009) or an all-together different set of method
to represent/advect the interface and compute the resulting curvatures e.g. Front
tracking method by Tryggvason et al. (2001) to address this problem.

6.4 Conclusions

Due to recent advancements in computing capabilities and machine learning
(ML) algorithms, it is now possible to train highly accurate ML models on huge
data sets using parallel computing. In this chapter, we have used the ML approach
to develop a model which predicts the interface curvatures using volume fractions
for the VOF method. The model takes volume fractions on 3×3×3 stencil (total
27 values) as inputs to compute the curvature at the center of the stencil. We
have focused on a systematic approach for the development of the ML model.
First, a data generation methodology is devised which generates well-balanced
randomized data sets comprising of spherical interface patches of different con-
figurations/orientations. Next, a two-layered feed-forward neural network with
different hidden layer neurons and one output layer neuron is used for training
the ML model. The reasoning behind choosing this specific topology of the neural
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network is also covered. Further, we discuss the training procedure and define the
well-known problem of overfitting for the present case by using the mean squared
error (MSE) of the training, validation and testing splits of the data sets. Finally,
we present a comprehensive study on the effect of training data set size and the
number of neurons in the hidden layer. These trained models have been tested for
the data from the same sample space (spherical interfaces) as well as from the dif-
ferent sample spaces (3D wave, ellipsoid and Gaussian). From these tests the best
ML model having the least MSE and not suffering from the problem of overfitting
is selected for further studies. Performance of this ML model has been compared
with the conventional CV and HF methods for two test cases: i) spherical inter-
face to check the morphology of curvature errors and ii) 3D wave to perform grid
convergence study and to test the effect of the sharpness of the interface. The
errors of the ML method are found to be distributed randomly unlike the CV and
HF methods which show error localization based on interface orientations. Having
used the same stencil size to compute curvatures, the ML method outperforms the
CV method on two fronts: i) errors in the curvatures computed by the ML method
shows non-convergence while for the CV method they diverge with first order and
ii) the ML method performs better than the CV method for nearly flat interfaces.
The HF method performs better than the ML method as it uses a larger 7×3×3
stencil for curvature computation.

We have also evaluated the combined performance of the ML method coupled
with a multiphase flow solver. Three different test cases have been considered
for this purpose: i) stationary bubble, ii) oscillating bubble and iii) rising bubble.
Obtained results with the ML method have been compared with the CV, HF and
hybrid CV-GHF methods. The ML method outperforms CV in all of these test cases.
Its performance is even comparable to the highly accurate HF or CV-GHF method
which uses larger stencils for curvature computation. It was found that the error
in phase average pressure difference for the ML method is least among all meth-
ods, possibly due to the random spatial distribution of the curvature errors. In
the oscillating bubble case, we compare the transient behaviour of different cur-
vature computation methods. A grid convergence study has also been performed
for the ML method and the computed transient errors show the convergence to
be in between first and second order. Possible reasons for this behaviour are also
discussed. For the same test case, we compared different ML models trained by
the data generated using different seeds and it was inferred from the obtained
results that the training data sets are sufficiently randomized. We have also tested
the ML model for highly dynamic interfaces encountered during a single bubble
rising under gravity. A wide range of Eötvös and Morton numbers (total 17 cases)
are considered which includes all different bubble shapes on the Grace-diagram.
Bubble shapes and the Reynolds number corresponding to the terminal rise veloc-
ities have been compared with the experimental results obtained by Grace (1973,
1976) and the numerical results with the hybrid CV-GHF method. We found that
the ML method works better than CV-GHF for nearly half of the test cases and
most of them are spherical bubbles. This might be expected from the fact that the
ML model has been trained only on spherical interface patches. Hence, training
the ML model on other generic shapes so as to increase the prediction accuracy for
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any arbitrarily shaped interface leaves a future scope of improvement.
Further, the ML model to predict interface curvatures can be improved by the

following ways,

• The cost function in this work (Eq. 6.2) is defined to minimize the absolute
curvature errors. As a result of this, we experience higher relative curvature
errors while predicting lower (near zero) curvature values of the nearly flat
interfaces. This problem may be eliminated by redefining the cost function
for the relative curvature errors as 1

N

∑N
i=1(1− yi /ti )2.

• The present ML model uses volume fractions from the smallest possible sten-
cil (3×3×3) to compute curvatures. Larger stencils e.g. 5×5×5 or 7×3×3
(same as the HF method) can be used to check if the ML method can out-
perform the HF method. It would be a major advancement if the curvature
errors for the ML method converges with the grid resolution similar to the
HF method.

• By performing certain geometric transformations on the volume fractions,
it is possible to reduce the total number of possible interface configurations
from 64 to 5 generic ones (Van Sint Annaland et al., 2005). This may dras-
tically reduce the training data size and the number of hidden layer neurons
to achieve the same accuracy as obtained in the present ML model. The VOF
method already performs these operations for the interface advection. So,
there is only a little extra work involved to use it with the ML model.

• The VOF method uses mean curvature to compute the surface tension force.
Mean curvature at any point on a 3D surface/interface is defined as κmean =
(κ1+κ2)/2, where κ1 and κ2 are the curvatures in two independent directions
(1 and 2) on the tangent plane at that point. For the training data set used
for the present ML model i.e. spherical interface patches, κ1 and κ2 are
always the same. So, the present ML model predicts the curvatures of the
spherical interfaces better than other shapes. In future, a composite data set
of different shapes may be used to train the neural network on interfaces
for which κ1 and κ2 are not same. A good example would be ellipsoidal
interfaces of different aspect ratios. However, it would be more difficult
to generate a well-balanced data set for this case as the parameter space
becomes too big.





Chapter 7
Epilogue

Multiphase flow through porous media is an inherent part of nature and tech-
nology. A few examples are ground water flows, oil recovery processes and chem-
ical reactors. Typically, these flows include all types of material phases (gas, liquid
and solid) with multiple components in each phase. They also have high viscos-
ity and/or high density ratios along with strong surface tension effects at highly
dynamic interfaces. Due to the sheer complexity it is very difficult and expensive
to perform accurate experiments of such flows. In this thesis we have used an al-
ternate approach i.e. numerical simulations to examine multiphase flows through
porous media.

In the first part of the thesis, we initially focused on the development of a cou-
pled IBM-VOF method to simulate fully-resolved flow of immiscible fluids through
complex solid geometries. A second order, direct forcing, implicit immersed bound-
ary method (IBM) solves the interactions of the fluid/s with solid boundaries.
The volume of fluid (VOF) method, which is one of the most mass conservative
methods, tracks the evolution of the (sharp) fluid-fluid interface. Fluid-fluid in-
terfaces in contact with solid boundaries produce three-phase contact lines and
hence wettability becomes important in such flows. We have incorporated the ef-
fect of wettability by coupling IBM and VOF using an apparent contact angle as a
boundary condition at the contact line. The developed method has been verified
and validated with a wide range of test cases and the obtained results showcase
the capability of our solver to tackle multiphase flows through complex porous
media. Using the coupled IBM-VOF solver, we have simulated the water flood-
ing process (a secondary oil recovery process) at a range of pore-scale Reynolds
and capillary numbers. Different types of porous media of increasing order of
complexity were used. First, we have modelled ideal structured porous media i.e.
periodic body centered cubic (BCC) and face centered cubic (FCC) structures to
show that the porosity is not the only deciding criterion to estimate residual oil.
Next, we have compared the model porous media of a structured single pore and
a random multi-pore arrangement. Temporal evolution of phase pressure differ-
ence and oil saturation have been studied as viscous fingers penetrate the pores.
We observed that the residual oil saturation for different capillary numbers shows
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exactly the opposite trend for the single and multi-pore arrangement. We have
also quantified the effect of capillary number, wettability and viscosity ratio on the
residual oil saturation in the multi-pore arrangement. Next, the capability of the
solver is extended to handle any arbitrarily shaped complex solid boundaries in
stereolithography (STL) surface mesh format. Using this solver, the water flooding
process through digitized porous rocks of Fontainebleau sandstone (porosity be-
tween 0.15 to 0.25) has been simulated. We have quantified the temporal change
in oil saturation, phase pressure difference and oil/water interstitial velocities to
study mobility of oil through the rocks. We then focus on the oil-water interfacial
surface area and the specific length scale to study the growth of viscous fingers
inside pores. We have also evaluated different energy/energy rates to understand
the energy exchanges encountered in the water flooding process.

The second part of the thesis is dedicated to the development of novel cur-
vature computation techniques. The VOF method uses a discrete and abruptly-
varying volume fractions field to represent the interface between two fluids. The
Heaviside nature of the volume fractions field presents a big challenge for the
accurate computation of the interface curvature. It induces spurious velocities
in the flows with surface-tension effects. We have devised two new approaches
in 3D to tackle this problem: i) A hybrid CV-GHF method, which combines the
convolution and generalized height function method and ii) a data driven ma-
chine learning (ML) method, which uses two-layer feed-forward neural network
to predict the local interface curvature from neighboring volume fractions. A novel
data generation method is devised that generates well-balanced randomized data
sets comprising of spherical interfaces of different configurations/orientations for
training/testing the ML model. We have characterized the nature of curvature er-
rors and their convergence behavior for different curvature computation methods.
We have also tested the performance of these methods with the multiphase flow
solver using standard test cases: i) stationary bubble, ii) oscillating bubble and
iii) rising bubble under gravity. Our results demonstrate that the hybrid CV-GHF
approach provides a high degree of robustness at lower grid resolutions with first-
order convergence and high accuracy at higher grid resolutions with second-order
convergence. Machine learning is a feasible approach for a fairly accurate curva-
ture computation. The ML approach easily outperforms the convolution method
and even matches the accuracy of the height function method for some test cases.

The numerical methods presented in this thesis can be directly extended to the
other fields of research. Presently, a lot of research is ongoing on the enhanced
oil recovery processes like surfactant or polymer flooding. In the case of surfac-
tant flooding, interfacial tension is reduced by adding surfactant solution in the
flooding fluid which reduces the wettability of oil towards rocks. This process can
be simulated by extending the present IBM-VOF method with interfacial tension
being function of the local surface concentration of the surfactant. Similarly, in
polymer flooding viscoelastic fluid is used that enhances the oil recovery due to
elastic instabilities. Efforts can also made in the direction of simulating polymer
flooding where viscoelastic stresses are added (De et al., 2017) to the fluid phase
containing polymer solutions. Apart from oil recovery, the present coupled IBM-
VOF method has already been used to study capillary imbibition and spreading
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of a droplet in a porous substrate (Das et al., 2018) for its application to inkjet
printing, surface coating and wet impregnation. It can also been used to simulate
liquid bridges and their capillary actions (Sun and Sakai, 2016b) as observed in
fluidized beds, rotating drums and pelletizers. It is possible to simulate reactive
multiphase flows from porous media with temperature variations e.g. trickle bed
reactors. This would require extending the present solver with energy balances
and phase transitions. We have already done some work in this direction that is
outside of the scope of this thesis. The curvature computation techniques (hybrid
CV-GHF and machine learning approach) can be directly used for any VOF simu-
lations for robust and accurate curvature computation. Although, we believe that
the machine learning approach is yet to mature and it has a great potential for
further research as outlined in chapter 6.

Overall, the coupled IBM-VOF method and the novel curvature computation
techniques look very promising to simulate fully resolved multiphase flows. In
future, the numerical methods presented in the thesis can be improved on the
following fronts to obtain more accurate/realistic results,

• Water flooding simulations presented in the thesis have been performed with
the static contact angles as our focus was mainly on the general multiphase
flow systems. For more realistic simulations pertaining to any specific sys-
tem, the effect of dynamic contact angle with hysteresis can be included.
Dynamics contact angle is typically dependent on multiple factors e.g. slip
velocity at the three-phase contact line, slip length, surface properties of the
substrate and fluid properties. A dynamic contact angle model (linking the
aforementioned parameters) for the specific system under investigation has
to be developed/used. Note that the present IBM-VOF solver has already
been validated for the Cox (Cox, 1986) and Vivnov (Voinov, 1976) dynamic
contact angle model.

• In the present coupled IBM-VOF method, fluid-fluid interface curvature is
computed by the convolution (CV) method. The CV method computes local
curvature by numerically computing (using the finite difference method) di-
vergence of the fluid-fluid interface normals. In the context of the present
direct forcing sharp IBM, the contact angle boundary condition is applied by
modifying the normals in the vicinity of the solid surface. Note that the local
curvature and surface tension force in the vicinity of the solid surface are
computed using these modified normals. So in a way, application of the con-
tact angle boundary condition is intrinsic to the CV method, but not straight-
forwardly extendable to other more accurate curvature computation meth-
ods i.e. height function (HF) or generalized height function (GHF) method.
Afkhami and Bussmann (2008) presents a HF method for applying contact
angle boundary condition in the VOF framework. However, their method is
only applicable to the body-fitted Cartesian computational grids where grid
cells are conformal to the solid boundaries. More work is required to extend
this method for the present IBM to cater to the non body-fitted grids which
can further improve the accuracy of the coupled IBM-VOF solver.



150 Epilogue

• Another feasible approach is to apply the contact angle boundary condition
with the hybrid CV-GHF method. Here, the CV method is (strictly) used in
the vicinity of the solid surface (keeping the present implementation of the
contact angle boundary condition same) whereas CV-GHF method is used for
the interfaces in bulk flow away from the solid surface. Some efforts have
already been made by us in this direction, details of which are not included
in this thesis.

• Currently the coupled IBM-VOF solver is parallelized using OpenMP instruc-
tions, which parallelizes the solution process for a shared memory environ-
ment. More efforts are required in the parallelization using MPI instructions,
which distribute the solution process on multiple computing nodes. This way
we can extend the capability of our solver to simulate large systems.
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