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Summary 

In the field of adaptive filtering the most commonly applied filter structure is the transver
sal filter, also referred to as the tapped-delay line (TDL). The TDL is composed of a cascade 
of unit delay elements that are tapped, weighted and then summed. Thus, the output of a 
TDL is formed by a linear combination of its input signal at various delays. The weights 
in this linear combination are called the tap weights. The number of delay elements, or 
equivalently the number of tap weights, determines the duration of the impulse response 
of the TDL. For this reason, one often speaks of a finite impulse response (FIR) filter . In a 
general adaptive filtering scheme the adaptive filter aims to minimize a certain measure of 
error between its output and a desired signal. Usually, a quadratic cost criterion is taken: 
the so-called mean-squared error. There exists an extensive literature on the subject of 
adaptive optimization of the tap weights. 

A problematic aspect of the TDL is that its associated basis functions, delayed versions 
of a unit pulse function, are extremely localized in time. As a consequence, a large number 
of delay elements or tap weights is required to mimic the dynamic behavior of systems 
that exhibit a large memory. For adaptive filtering a large number of weights may be 
undesirable for the following reasons. First, a lot of costly memory is needed to store 
the previous input samples and the values of the tap weights. Second, a large number of 
weights implies a large computational burden to perform the convolution with the input 
signal. Third, once the adaptive filter has reached its optimum, each adaptive weight 
fluctuates around its steady state value in this way causing a certain noise contribution 
at the output of the adaptive filter. The cumulative effect of the noise contributions of a 
large number of weights is a limiting factor in terms of the performance of the adaptive 
filter. 

In this thesis alternative adaptive filter structures are studied. We specifically inves
tigate linear regression models of which the output is a weighted summation of filtered 
versions of the input signal, were the tap filters are Infinite Impulse Response (IIR) fi l
ters. Due to the similarities between the TDL and the linear regression model, we may 
use adaptation algorithms such as the Least-Mean-Square (LMS) or the Recursive Least
Squares (RLS) algorithms that were initially developed for the TDL, to optimize the 
weights of the linear regression model. When the tap fi lters are chosen appropriately for 
a specific application, one can suffice with less adaptive weights compared to the TDL. 
We investigate candidate sets of filters for linear regression models . We find that for the 
purpose of adaptive filtering specifically those sets of filters are interesting, of which the 
the impulse responses form (complete) systems of orthonormal functions. We consider 



VI 

(generalized) Laguerre, Kautz, Jacobi, Legendre, and Meixner-like filters and treat their 
relevant properties. These filters contain parameters (for example poles) that need to be 
chosen beforehand and therefore we consider some methods to find good values for them. 
As a by-product of the treated methods we propose a way to find good values for the 
free parameters in truncated expansions of finite support signals with orthonormal Her
mite functions. The behavior of the LMS algorithm for the optimization of the weights 
in linear regression models is studied, where we consider the rate of convergence and the 
misadjustment. Further, we propose an adaptive optimization algorithm for the free pa
rameter (a multiple pole) of a Laguerre filter. Finally, the adaptive optimization of a 
complex pole pair is considered for a specific second-order IIR adaptive filter, namely an 
adaptive line enhancer. 
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Chapter 1 

Introduction 

1.1 Adaptive Filters in General 

An adaptive filter is a data-manipulating device that relies on a recursive algorithm to 
adjust its characteristics to an unknown environment. An adaptive filter can be trained 
to perform a specific filtering task and in this respect an adaptive filter is self-designing. 
Also, it can automatically adjust itself in the face of a time-varying environment. It is for 
these properties that adaptive filters perform better than fixed filters in those situations 
where complete knowledge about the environment is lacking or where the environment is 
changing in time. 

In the past decade, technological advances in electronic circuit design and production 
have resulted in cheap, powerful and versatile Digital Signal Processors (DSP's). This 
development has set the path for a rapid-growing field of digital signal processing appli
cations, including adaptive filters. Adaptive filters have been successfully applied in fields 
as communications, radar, sonar, seismology and biomedical electronics. Due to their 
versatility and low cost, adaptive filters have earned an important place in digital signal 
processing applications. 

._ ________ __, 

Figure 1.1: General scheme of an adaptive filter. 

Fig. 1.1 shows the general scheme of an adaptive filter with the system function F(~; z ). 
The adaptive filter contains a set of free parameters denoted by the vector ~. The scalar 
input signals d(k) and x(k) are sampled values of some real continuous-time signals. The 
output of the adaptive filter is denoted by y(k) . 



2 Introduction 

The so-called desired response d(k ) is partly correlated with the input signal x(k) via 
some unknown dynamical system called the reference filter. An error signal e( k) is formed 
by subtracting y(k) from d(k): 

e(k) = d(k)- y(k). 

By appropriately updating the parameter vector fl., the adaptive filter aims to remove from 
e(k) those signal components that are correlated with x(k). Ideally, the output y(k) of 
the adaptive filter represents the correlated part of d(k ) and, conversely, e(k) represents 
the uncorrelated part of d(k). The mechanism just described operates by virtue of the 
minimization of the so-called mean-squared error (MSE), given by 

where E{.} stands for expectation. 
Many recursive optimization algorithms to minimize .J are found in t he literature. 

Most of them revolve around a standard coefficient update formula of the form 

fl.(k + 1) = fl.(k ) + p(k) e(k) V(k), 

where p(k) is a sequence of so-called step-sizes and \l(k) is a gradient vector. Generally 
speaking, large step-sizes provide the adaptive filter with the ability to learn fast during 
the initial learning phase or track fast in a non-stationary environment. However, in 
a stationary environment large step-sizes imply large asymptotical fluctuations of the 
adaptive parameters around their steady-state solution. In other words, the choice of the 
step-sizes involves a trade-off between learning speed and accuracy. 

The degree to which the signal components in e(k) which are correlated with x(k) 
are removed depends on how well the adaptive filter is able to imitate the behaviour of 
the reference system under the given excitation x(k). Better resemblance of the reference 
system usually imposes more complexity on the adaptive filter. Among other difficulties, 
a large complexity may result in a large number of parameters that need to be adapted . 
Similar to large step-size parameters, a large number of adaptive coefficients leads to large 
fluctuations in the behaviour of the adaptive filter around its steady-state solution. For this 
reason, one could search for that structure of F that, with the smallest possible number 
of adaptive coefficients, can resemble the reference system satisfactorily well under all 
occurring conditions. This is the problem of selecting the proper model set, the collection 
of attainable models. The chosen model set should at the same time permit the use of 
efficient, well-performing and easy-to-implement adaptive optimization methods. 

1.2 Applications of Adaptive Filters 

Adaptive filters find a wide range of applications. In (Haykin 1996), four basic classes of 
adaptive filtering are distinguished: 



1.2 Applications of Adaptive Filters 

Identification, 
Inverse modelling, 
Prediction, 
Interference cancelling. 

They will be described next, together with some applications. 

1. 2.1 Identification 

3 

System identification deals with the problem of building a mathematical model that de
scribes the behaviour of a dynamical system using observed data from the system (Eykhoff 
1974; Ljung 1987). Such a model should describe the behaviour of the system as closely 
as possible within its intended use. When a model of a system is available, it can be used 
for various purposes, e.g. for controller design or diagnosis. 

In practice the environment of the system (and thus its excitation) often varies in time. 
Also, the system itself may be subject to time variations, e.g. due to wear of the system 
components . This calls for the need of modelling schemes that can adjust the model 
parameters when the current parameters are no longer optimal. In Fig. 1.2 it is shown 
how an adaptive filter can be employed. The adaptive filter aims to imitate the behaviour 
of the unknown system by recursive minimization of the power of the error signal e(k). 

Figure 1.2: System identification or adaptive modelling. 

In order to arrive at a good choice for the model set, the designer should use all 
available a priori knowledge of the unknown system and occurring operating conditions. 
The choice of the model set is very important for various reasons, such as keeping the 
model uncertainty small and ensuring good tracking capabilities for adaptive modelling. 
It is probably the most important, and at the same time most difficult step in system 
identification. 

1.2.2 Inverse Modelling 

Inverse modelling deals with providing an inverse model of an unknown system that is 
possibly corrupted by noise. In Fig. 1.3 t he general scheme of adaptive inverse modelling 
is shown. Ideally, the inverse model yields in cascade with the unknown system a perfect 
transmission medium. 



4 Introduction 

x(k) 

Figure 1.3: Inverse modelling. 

An example of inverse modelling is predictive deconvolution, which deals with removing 
the effect of some previously performed convolution on a given time series. Predictive de
convolution can e.g. be applied to seismic data to arrive at a layered earth model (Haykin 
1996). Another example is adaptive equalization in digital communication systems: a 
higher data transmission rate can be achieved by removing (or at least mitigating) in
tersymbol interference (lSI) caused by dispersion in the transmission line. Once proper 
lSI cancelling is achieved, small variations in the transmission line characteristics can be 
tracked with an adaptive filter. 

Again, for a good performance of the adaptive filter , the model set should be matched 
as closely as possible to all occurring characteristics of the unknown system (in the previous 
example the transmission line) and its excitation. 

1.2.3 Prediction 

In Fig. 1.4 the general adaptive prediction scheme is depicted. The adaptive fi lter is used 
here to predict the current value of a signal x(k) on the basis of past values of the signal 
only. To this end, the input of the adaptive filter is formed by a delayed version of x(k ), 
while the desired response is x( k) itself. 

x(k) 

Figure 1.4: Prediction. 

An application of adaptive prediction filters is signal detection. Consider a signal 
composed of a sinusoid corrupted by additive broad-band noise. On the basis of the 
difference in correlation lengths between the two signal components, the sinusoid can be 
separated from the noise with the aid of an adaptive prediction fil ter. Such a filter is called 
an adaptive line enhancer (ALE). In the optimal situation it forms a bandfilter with center 
frequency equal to the frequency of the sinusoid. For a high signal-to-noise ratio (SNR) 
at the output it is important that the adaptive filter can obtain a high quality factor, in 
other words: a sharp band-pass filter must be in the model set. Chapter 8 of this thesis 
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deals with an IIR (infinite impulse response) adaptive line enhancer, see also (den Brinker, 
Belt, and Benders 1994; Belt, den Brinker, and Benders 1995). 

1.2.4 Interference Cancelling 

Finally, an adaptive filter can be employed to suppress an undesired interference signal 
from a primary signal, see Fig. 1.5. The primary signal d(k), composed of an information 
bearing signal and the interference signal, serves as the desired response for the adaptive 
filter . A sensor is placed near the source of the interference signal that feeds the adaptive 
filter with the input x(k). In the ideal situation the adaptive filter has adjusted itself in 
such a way that the primary signal is disposed of the interference signal. 

Figure 1.5: Interference cancelling. 

An application is adaptive noise cancelling, see e.g. (Widrow et al. 1975). As an exam
ple, suppose the primary signal d( k) is a microphone signal, say the voice of the captain of 
an aircraft. The noise in the cockpit originating from the engines can considerably reduce 
the intelligibility of the captain on the ground. A second microphone is placed near the 
engine to yield the input signal x(k) of the adaptive filter . The adaptive filter ' learns' 
to imitate the behaviour of the acoustic propagation path from the engine through the 
airplane to the cockpit microphone. In the optimal situation the engine noise is cancelled 
and the signal e(k) , the captain's voice, can be transmitted to the ground. Another appli
cation is found in the cancellation of echos caused by improper balancing of the hybrids 
in two-way communication systems, see e.g. (Haykin 1996). 

1.3 The Adaptive Transversal Filter 

In the field of adaptive filtering the most commonly used filter has an impulse response 
of finite duration. For this reason such a filter is referred to as a Finite Impulse Response 
(FIR) filter. Examples of adaptive FIR filters comprise the Tapped-Delay-Line (TDL) or 
transversal filter, the lattice filter and the Frequency Domain Adaptive Filter (FDAF) . 
FIR filters are characterized by the fact that they don't contain any feedback loops. Their 
popularity can be contributed to the fact that they are always stable, easy-to-implement 
and linear-in-the-parameters (these parameters are the so-called weights ). In combination 
with a quadratic error criterion, this last property is especially desirable since it leads to 
simple adaptation algorithms and a unique optimal solution for the weights. In Fig. 1.6 a 
TDL of length M is shown. 
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x(k) 

Figure 1.6: The tapped-delay line. 

The output y(k) of the TDL is formed by a weighted summation of the M tap signals , 
delayed versions of the input signal x(k). The tap signals and the weights are written in 
vector notation 1 as 

;r.(k) [x(k), x(k- 1), ... , x(k- M + l)f , 
1Q = [wo ,WJ, .. . ,WM_i]T, 

where T denotes a transpose. The output of the TDL is a linear function of the tap signals 
and the weights: 

M-i 

y(k) = L Wmx(k- m) = :!QT ;r_(k) . 
m =O 

For the error signal we may thus write 

e(k) = d(k) -:!QT ;r.(k). 

1 .3.1 The Wiener Filter 

Consider the minimization of the MSE, given by 

(1.1) 

It is assumed that the input x(k) of the TDL is a zero-mean, wide-sense stationary stochas
tic process. Its auto-correlation function for lag l is given by 

Pxx(l) = E{x(k)x(k -l)}. 

Since Pxx(l) is an even function of the lag l, the power spectral density function <l>xx(D) of 
x(k), obtained by Fourier transforming Pxx(l) , is a real function of the frequency D: 

00 00 

<l> xx(D) = L Pxx(l)e-jfll = L Pxx(l) cos(Dl). 
1=-oo 1=0 

1Care should be taken with the notation used here. Henceforth, Wm (with m = 0, 1, 2, .. . ) will denote 
the ( m+ 1 )-th element of the vector Y!.· Likewise, Rmn (with m , n = 0, 1, 2, . . . ) will denote the ( m+ 1, n+ 1 )
th element of the matrix R . 
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Figure 1.7: The cost function :1 for two weights. 

The power of x(k), given by Pxx(O) = E{x 2(k)}, will henceforth be denoted by O";. 

R 

Let R denote theM x M (auto-)correlation matrix of x(k): 

Pxx(O) 
Pxx(1) 
Pxx(2) 

Pxx(1) 
Pxx(O) 
Pxx(1) 

Pxx(2) 
Pxx(1) 
Pxx(O) 

Pxx(M- 1) Pxx(M- 2) Pxx(M- 3) 

Pxx(M- 1) 
Pxx(M- 2) 
Pxx(M- 3) 

Pxx(O) 

7 

Clearly, the matrix R is symmetric, meaning that R = Rr. Also, R has a Toeplitz 
structure as a result of x( k) being wide-sense stationary. Finally, R is nonnegative definite 
as a consequence of the dyadic form of :"f.(k):J?(k) . 

Let p_ denote the following correlation vector 

p_ = E{d(k):"f.(k)} . 

Now the MSE in (1.1), also often referred to as the cost function, can be explicitly written 
as a quadratic form, reading 

When R is positive definite the cost function :1 is convex, implying that there exists 
only one stationary point with respect to !Q. This stationary point corresponds to the 
global minimum of :1. A typical cost function is plotted in Fig. 1.7 for the case that there 
are two weights. The two horizontal axes represent the values of two weights w 0 and w 1 , 

and the vertical axis represents the corresponding value of :1 . This so-called performance 
surface has the shape of a paraboloid . If there are more than two weights, the performance 
surface becomes a hyper-paraboloid . 

At the bottom of the performance surface the function :1 attains its minimum value, 
denoted by Jmin· This minimum can be found by setting the derivative of :1 with respect 
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to 1£ equal to zero. This yields a set of M linear equations, the so-called Wiener-Hop/ 
equations (Wiener 1949), which read in matrix form: 

RYl.., = P..· ( 1.2) 

The weight vector Yl.., = [wo,o, W 0 , 11 . .. , wo,M-1JT is called the Wiener solution and the 
corresponding optimal filter is called the Wiener filter. The minimum MSE is given by 

Solving the Wiener-Hopf equations in (1.2) implies a matrix inversion, which can be 
cumbersome. However, there exists an efficient recursive method to solve (1.2) exploiting 
the fact that R is a symmetric Toeplitz matrix (Levinson 1947). 

Some other interesting properties of R related to its eigenvalues are described next. Let 
theM eigenvalues of R be denoted by Am (m = 0, 1, ... , M -1) and theM corresponding 
eigenvectors by q , which are assumed to be normalized so that qT q = 1. Note that all 

-m -m-m 
eigenvalues are real because R is real and symmetric2 Consequently, the eigenvectors of 
R are also real. We compose an M x M diagonal matrix A from the eigenvalues: 

A= diag{Ao, ... , AM-d, 

and an M x M matrix Q with the M corresponding eigenvectors as its columns: 

Q = [~'~I' ... ' ~M _J 
For the case that all eigenvalues of R are distinct, it is a simple matter to prove t hat the 
eigenvectors of R are mutually orthonormal. Consider two distinct eigenvalues of R , say 
A; and Aj, with their corresponding eigenvectors q. and q .. We may write 

-'4 - ] 

R(_L A;{_{; --t qTRq = A;qT q ' 
-J -'-' -J -~ 

Rq Ajq . --t qTRTq Aj qTq. 
-1 -] -] -'-' -J _, 

With R = RT we see that the left-hand sides of the two equations on the right are 
identical. Therefore, since A; -=f. Aj for i -=f. j we must have that qT q. = 8;j which implies 

-J-'-' 

that the eigenvectors of R are mutually orthonormal. With I the identity matrix, the 
orthonormality of the eigenvectors can also be expressed in matrix notation by 

With RQ = QA, R can be decomposed as R = QAQT. Since the trace of a matrix 
is invariant under an orthogonal transformation, we find 

M(]'; = trace{R} = trace{QAQT} 

2 In fact, the eigenvalues of any Hermitian matrix are real. 
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Even when the eigenvalues are not distinct, it is still possible to obtain a diagonalization 
of R of the form R = QAQ- 1

, where Q- 1 = QT Proof of this can be found in standard 
books on matrix theory, e.g . in (Franklin 1968). 

Another useful property of the matrix R is that its eigenvalues are bounded by the 
maximum and the minimum of the power spectrum of x(k): 

max{.Am} < max{«flxx(fl)} 
m n 

mln{>.m} > mJn{«flxx(fl)} 

( 1.3) 

( 1.4) 

This property will be proved in Chapter 2 in a more general context. In this thesis the 
signal x( k) is always assumed to be persistently exciting: «flxx(fl) > 0 for all frequencies 
and thus ).min > 0. This means that R is assumed to be strictly positive definite and thus 
its inverse R- 1 exists. 

An important quantity is the eigenvalue ratio ry: 

A max 
Ti- -

- Amin. 

This ratio is called the condition number of the correlation matrix R of the signal x(k) ; 
it determines how well the Wiener-Hopf equations can be solved numerically. Also, ry 
will turn out to be important with respect to the convergence properties of adaptive 
optimization algorithms for the weights . With ( 1.3) and ( 1.4) we see that ry is upper 
bounded, which means that adding more weights does at a certain point not decrease the 
accuracy of a numerical solution of the Wiener-Hopf equations, nor does it influence the 
convergence properties of adaptive optimization algorithms for the weights. In the ideal 
situation we have ry = 1, which corresponds to x(k) being white noise. 

Much can be said about the asymptotic distribution of the eigenvalues of a (symmetric 
and Toeplitz) correlation matrix of a wide-sense stationary process. These eigenvalues can 
be shown to asymptotically follow the distribution of the power spectral density «flxx(fl), 
see (Gray 1972). 

1.3.2 The Method of Steepest Descent 

Solving the Wiener-Hopf equations by inversion of the correlation matrix in (1.2) may be 
a tedious job due to computational difficulties, especially when the number of weights is 
large or when R is ill-conditioned . Instead of directly solving the Wiener-Hopf equations, 
the method of steepest descent, which is an iterative gradient-based optimization procedure, 
can be adopted to search for the minimum MSE Jmin (see e.g. (Widrow eta/. 1975)) . The 
method proceeds as follows. An initial weight vector .!Q.(O) is chosen as a first estimate of 
the Wiener solution. In most cases, when no a priori knowledge is available that could 
give a good idea about the Wiener solution, the initial weights are made zero . Starting 
from the initial weight vector, a new weight vector !!!.(1) is formed by taking a small step in 
the direction opposite to that of the gradient vector of .:7 at .!Q.(O). Subsequently, the new 
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weight vector :!Q(l) is the starting-point for the formation of the next weight vector :!Q(2). 
Iteratively applying the procedure just described yields the method of steepest descent: 

:!Q.(k + 1) = :!Q.(k)- ~11\l.J, k = 0, 1,2, ... , ( 1.5) 

where 11 is a small positive number (the step-size) and \1.] is the gradient vector, given 
by 

(1.6) 

The method strives to make the gradient equal to zero, so that ultimately the weights 
become such that the Wiener-Hopf equations in (1.2) are (nearly) satisfied. 

Of course, in practical situations the exact gradient in (1.6), determined by Rand p, is 
unknown. Consequently, the gradient must be approximated with the aid of some sort of 
estimation procedure. In addition, the environment of the adaptive filter is generally non
stationary and the performance surface is subject to some drift. The gradient estimation 
procedure must be designed in such a way that it can cope with the nonstationarities . 

1.3.3 The LMS Algorithm 

The method of steepest descent makes use of a purely deterministic gradient for the op
timization of the weights, given by (1.6). The Least-Mean-Square (LMS) algorithm on 
the other hand, relies on a stochastic gradient. The expected values in the matrix Rand 
in the vector !!. are simply replaced by the instantaneous values of their arguments. The 

estimates of R and p at instant k, to be denoted by R (k) and p(k) respectively, then 
become - -

and i!_(k) = f.(k)d(k). 

Also the expectation E{e2 (k)} is replaced by the instantaneous value e2(k). At each 
instant k an estimate for the gradient \1.] is obtained with 

o~~k) = 2e(k)\le(k) = -2e(k)f.(k) . (1. 7) 

Inserting (1.7) in (1.5) results in the following updating rule for the LMS algorithm, see 
e.g. (Widrow et al. 1975) or (Haykin 1996): 

:!Q.(k + 1) = :!Q.(k) + 11f.(k)e(k). (1.8) 

It is for its robustness and extreme simplicity that the LMS algorithm is the most widely 
used optimization algorithm in the field of adaptive filtering. Unfortunately, the implemen
tational simplicity of the LMS-algorithm does not imply a simple analysis of its behaviour. 
For such an analysis, most authors rely on an (improper) independence assumption, stat
ing that successive input vectors ;f.(k) are statistically independent. Due to the shifting 
mechanism of a TDL this is never true: successive input vectors are even dependent in a 
deterministic way1 In (Butterweck 1995; Butterweck 1996c; Butterweck 1996b) a steady
state analysis of the LMS-algorithm (for small step-sizes) is performed without making 
use of this disputed independence assumption. 
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To study the convergence behaviour of the LMS algorithm operating in a steady-state 
environment, one needs a convergence criterion. Usually, convergence in the mean square 
is considered. The LMS algorithm is convergent in the mean square when 

lim E{ e2
( k)} = constant. 

k--+oo 

To ensure convergence in the mean-square of the LMS algorithm, the step-size p must 
satisfy (Haykin 1996): 

0 < 1-L < 
2 

The analysis leading to the upper bound for the step-size is unfortunately based on the 
independence assumption again. As a simple working rule, a more conservative upper 
bound is also given, of which the correctness is justified by computer simulations: 

2 2 
0 < 1-L < = --. 

trace{ R} M a}, 

In (Douglas 1995) a method is presented to determine the exact statistical expectations of 
an FIR LMS adaptive filter. With this method an exact step-size bound for stability can 
be found, and this bound is tighter than that derived with the independence assumption. 
Unfortunately, the method does not yield an analytical bound; moreover, it is computa
tionally extremely demanding for filter lengths larger than only a few taps. 

The step-size parameter p involves a trade-off between convergence speed and accuracy: 
a. large value for p yields fast convergence, but the weight fluctuations around t he Wiener 
solution in the steady state are large and vice versa. The correction term p;r(k)e(k) in 
(1.8) is responsible for these weight fluctuations. This term is dependent on the power of 
the input signal x(k) . To overcome this , the correction term can be normalized leading to 
the so-called Normalized Least-Mean-Square (NLMS) algorithm (Haykin 1996): 

Here, [l is theN LMS step-size and Eisa small positive constant to prevent division by zero. 
Under the independence assumption, convergence in the mean square requires 0 < [l < 2 
(Haykin 1996). 

1.3.4 The Standard RLS Algorithm 

The standard Recursive Least-Squares (RLS) algorithm is characterized by a deterministic 
error criterion for each sampling instant k, given by 

k 

L >..k-1 (d(l)- ~(k + 1)T ;r(l))2) (1.9) 
1=-oo 
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where >. is the so-called forgetting factor with 0 < >. < 1. By setting the derivatives of 
JRLs(k) with respect to the elements of the weight vector Yd.(k + 1) equal to zero, we find 
that the minimum of JRLs(k) is attained when 

' -1 
Yd.(k + 1) = R (k ) f!_(k), (1.10) 

where 

k 

R(k) L ,xk-l!f(l) ;£T(l) = >.R(k- 1) + !f(k)!f_T(k), 
1= - oo 

k 

f!.(k) = 2:: ,xk-ld(t) !£(!) = >-f!.(k- 1) + d(k) !f(k). 
1=-oo 

Equation (1.10) gives the standard RLS algorithm. In contrast with the method of steepest 
descent and the LMS algorithm, the RLS algorithm does not perform a gradient search. 
Instead, it directly optimizes the cost function in (1.9) that is, however, slightly different 
at each sampling instant. 

The RLS algorithm in (1.10) may be formulated in a recursive way by observing that 

and 

R(k)Yd.(k + 1) 

R( k - 1) Yd.( k) 

f!_(k), 

f!_(k- 1). 

(1.11) 

(1.12) 

We multiply (1.12) by>. and subtract the result from (1.11). Then with p(k)- >.P(k-1) = 
d(k)!f(k) and with >.R(k-1) = R (k) -!f_(k }!f_T(k) the resulting equation yields th;following 
updating rule for the RLS algorithm: 

'-1 
Yd.(k + 1) = Yd.(k) + R (k) !f(k) e(k). 

Note that when comparing the RLS algorithm with the LMS algorithm in (1.8) the 
step-size f.L has been replaced by the inverse of R (k). In some cases the RLS algorithm 
outperforms the LMS algorithm. The price to pay is an increase in computational com
plexity. With the aid of the matrix inversion lemma it is possible to track the inverse of 
R, avoiding the need of matrix inversion, see e.g. (Haykin 1996): 

For use of the RLS algorithm an initialization is required. Usually, R-
1 
(0) = o- 1 I is 

taken , where o is a small positive number (Haykin 1996). 
Similar to the choice of the step-size f.L for the LMS algorithm described in the previous 

section, the choice of the forgetting factor >. for the RLS algorithm involves a trade-off 
between convergence speed and accuracy: a small value for >. yields fast convergence but 
large fluctuations around the steady-state solution, and vice versa. 
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The convergence behaviour of the RLS algorithm is greatly influenced by the numerical 
precision with which the calculations are performed. For instance, due to round-off errors 
R(k) may loose its symmetry property resulting in bad or no convergence of the RLS 
algorithm. Numerous modifications of the RLS algorithm have been reported in the liter
ature that yield an increase in the robustness of the RLS algorithm for finite wordlength 
implementations. 

1.4 Adaptive Linear Regression Models 

The major drawback of adaptive TDLs is that many taps are required in case the reference 
filter has a long memory. The use of many taps has a few undesirable implications. First, 
a lot of costly memory is needed to store the previous input samples and the adaptive 
weights. Second, the calculation of the convolution yielding y(k) and the calculation of 
the weight updates involves a large computational burden. Third, each adaptive weight 
fluctuating in the steady state gives rise to a certain noise contribution at the output of 
the adaptive filter. A large number of adaptive weights thus limits the performance of the 
adaptive filter in the sense that the misadjustment becomes large (Haykin 1996). 

For these reasons interest has grown for adaptive Infinite Impulse Response (IIR) filters. 
IIR filters are well suited to approximate systems with infinitely long impulse responses 
using only a few (recursive) parameters. However, the adaptation of these parameters is 
far more complicated. Generally, the error function is multimodal, meaning t hat local 
minima exist . As a consequence a gradient based adaptation algorithm can get stuck in 
such a local minimum giving rise to poor performance of the adaptive filter. Another 
obstacle for adaptive IIR filters is formed by the potentially unstable behaviour of the 
adaptation algorithm. 

x(k) y(k) 

Figure 1.8: Discrete linear regression model. 

Fortunately, the attractive properties of the adaptive TDL and the adaptive IIR filters 
can be combined in an adaptive Linear Regression Model (LRM). In Fig. 1.8 t he general 
scheme of an LRM is shown. The input signal x(k) is filtered by the set of linearly 
independent and stable tap filters F0 ( z) to FM _1 (z) resulting in the tap signals u0 (k) to 
UM _ 1(k). The output signal y(k) is obtained as a weighted sum of the tap signals. Due 
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to the structural similarities between the TDL and the LRM, most of the adaptation 
algorithms for the TDL (such as the LMS or the standard RLS algorithm) can be applied 
to an LRM with adaptive weights. 

The tap filters F0 (z) to FM- 1(z) can either be of the FIR or the IIR type, as long as 
they are stable. Since we are interested in applying adaptive filters to those situations 
where the reference filter has a long memory, we will concentrate on tap filters of the IIR 
type. These tap filters contain one or more (fixed) parameters (e.g. in the form of pole(s)) 
that need to be chosen beforehand. 

The tap signals of the LRM are combined in the following tap signal vector: 

As in a TDL, the output signal y(k) is formed by a weighted summation of the tap signals 
and is thus linear in the weights: 

M-i 

y(k) = L WmUm(k) = Y!_T g(k). 
m=O 

With reference to Fig. 1.1, we may now write for the error signal 

e(k) = d(k)- Y!.T g(k ) 

and the mean-squared error (MSE) becomes 

.J E{e2(k)} = E{[d(k) - Y!.r(k)g( kW} ( 1.13) 
= £{ d2

( k)} + Y!.T RY!_- 2Y!_T P.· 

Here the vector p_ is given by 
P. = E{d(k)g(k)}, 

where the (p + 1)-th element denotes the covariance between the desired signal d(k) and 
the tap signal up( k). The matrix R is the M x M covariance matrix of the tap signal 
vector g( k): 

(1.14) 

and thus the (p+1,q+1)-th element of R is given by Rpq = E{up(k)uq(k)} . The covariance 
matrix R again is symmetric (R = RT) and nonnegative definite, but not necessarily 
Toeplitz. However , certain choices for the filters Fm(z) yield a Toeplitz covariance matrix 
R, as will be shown in Chapter 2. This is true if Fm+ 1(z) = A(z)Fm(z ), where A(z) is an 
all-pass function, independent of m. 

For the LRM the LMS updating algorithm reads 

Y!.(k + 1) = Y!.(k) + 1-ll!(k) e(k) , 

while for the NLMS algorithm we have 

_ g(k)e(k) 
Y!.(k + 1) = Y!.(k) + 1-l € + y,T(k)g(k), 



1.5 Filter Length and MSE: an Example 15 

where E is a small positive number. Under the independence assumption, convergence in 
the mean square requires 0 < fJ < 2/trace{R} and 0 < iJ, < 2. 

The standard RLS algorithm is given by 

' -1 
1Q(k + 1) = 1Q(k) + R (k)Y:(k) e(k), 

where R-1
(k) = I:~=-oo >..k-tg(l)l?(t), with>.. the forgetting factor satisfying 0 < >.. < 1. 

1.5 Filter Length and MSE: an Example 

In the previous section it has been made clear that the adaptive TDL has its shortcomings 
in that its FIR structure may not particularly be matched to the unknown reference system 
that it is required to resemble. If the reference system has an (infinitely) long memory, 
a large filter length M is required for a small approximation error. Next, an illustrative 
example will show that a large number M of required adaptive weights is indeed a limiting 
factor in terms of the performance of an LMS adaptive TDL. 

n(k) 

I 
L _________ ...J 

Figure 1.9: Adaptive filter configuration. The reference filter is not in the model set. 

Consider the adaptive filtering configuration depicted in Fig. 1.9. The reference filter is 
assumed to be stable, linear and time-invariant. Its impulse response, denoted J h(k), is 
of infinite duration. In this example we take a first-order low-pass filter h(k) = 1- ~2e 
with~= 0.995 (note that I:;;"=0 h

2(k) = 1) . The excitation signal x(k) has power O"; and 
is assumed to be white to make this example mathematically tractable. The signal n(k) 
with power O"~ is independent of x(k) and need not be white. 

The adaptive filter is of the TDL type with M taps. The weights wm(k) with m = 
0, 1, ... , M -1 are updated using the LMS algorithm in (1.8) with step-size f.J. It is assumed 
that the adaptation process has been finished implying that the weights have reached a 
steady state in which they fluctuate around the Wiener solution3 . Since x(k) is white, the 

3 Actually, in contrast to common belief, the weights do not fluctuate symmetrically around the Wiener 
solution in the steady state in the sense that the Wiener solution is the mean value of the fluctuating 
weight vector: this is true only if the reference system is in the model set! However, when the adaptive 
filter contains enough weights to be able to approximate the reference system to a relatively high degree, 
the deviation from the Wiener solution is small compared to the fluctuations of the weights (without 
proof). 
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Wiener solution is the truncated version (length M) of h(k). For the error signal we may 
now write 

e(k) d(k)- y(k) 
n(k) + r (k)- YJ(k), 

where r(k) = L:::=M h(m)x(k- m) is due to the unmodelled part of the reference filter 

and YJ(k) = L:;;;,:-~(wm(k)- h(m))x(k- m) is due to the weight fluctuations around the 
Wiener solution. For white x(k) it can be verified that E{r(k)y1(k)} = 0 and thus we 
may apply superposition of powers when evaluating the MSE: 

( 1.15) 

The power of r(k) is a decreasing function of the number of taps M (remember that x(k) 
is white): 

00 

E{r2 (k)} = a;(M) = a; L h2 (m) . 
m=M 

As will be shown in Section 7, for sufficiently small values of J1 the power of YJ(k) is given 
by (see also (Butterweck 1996a; Belt and Butterweck 1996)): 

(1.16) 

In the very exceptional case that a~ = 0, E{y](k)} becomes a monotone decreasing 
function of M, and thus for an MSE in (1.15) as small as possible M should be taken as 
large as possible. In practice however, we always have a~ > 0. In applications of adaptive 
interference cancelling (see Section 1.2.4) , n(k) even is the signal of interest! For larger 
values of M the power a;(M) becomes smaller and at a certain point a~ is dominant in 
the expression for E{y](k)} . From this point on the MSE will grow without bound when 
M is increased. 

In Fig. 1.10 the MSE 

E{e2(k)} a~+ a;(M) + E{yJ(k)} 

= (1 + t11Ma;) (a~+ a;(M)) ( 1.17) 

is plotted as a function of the number of taps M in the TDL for three different values of 
the step-size 11· Here, we took white noise for n(k) with power a~ = 1, and a; = 1 so 
that a;(o) = 1. The maximum considered number of taps is 600, so that for stability it is 
required that J1 < 2/(Ma;) = 1/300. 

For low values of M the MSE in Fig. 1.10 is mostly determined by the modelling error 
of the adaptive filter, see equation (1.17) . For larger values of M the power of the noise 
YJ (k) due to the weight fluctuations becomes dominant, which limits the number of useful 
adaptive weights : above a certain number of adaptive weights an additional tap weight 
results in a higher MSE. 
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Figure 1.10: The MSE as a function of the number of adaptive weights for three different 
step-sizes. The upper, middle and lower curves correspond to J-l = 10-4 , J-l = 10-3 and 
J-l = 2 · 10-3 , respectively. 

In practical adaptive filtering applications the designer demands a certain speed of 
convergence, and thus J-l is given before-hand. The designer can then use a plot like 
Fig. 1.10 to determine the optimal number of adaptive weights in a TDL. In some cases 
this yields an MSE that is unsatisfactorily high. A possible approach towards a solution 
would be a modification of the LMS algorithm so that with the same convergence speed 
a lower value for E{y](k)} in (1.16) can be obtained (e.g. with a variable step-size LMS 
algorithm). However , such an approach does not tackle the problem at its source, that is 
a large number M of adaptive weights. Thus, this example clearly motivates the research 
of IIR alternatives to the adaptive TDL, especially, as motivated before, adaptive LRMs. 

1.6 Scope of this Thesis 

The aim of this thesis is to investigate adaptive filters based on linear regression models 
(LRMs) that may serve as alternatives to the commonly applied adaptive tapped-delay 
line (TDL) . More specifically, we will study adaptive LRMs that, by their nature, are 
better suited than the adaptive TDL to imitate systems with a long memory. 

We will invest igate several sets of orthonormal basis functions that can be generated 
as the impulse responses of (IIR) filters with rational transfer functions . These orthogona.l 
filters contain free design parameters, e.g. in the form of poles. The choice of the set 
of orthonormal filters for a specific application and their parametrization are of crucial 
importance towards better adaptive filters . 

In Chapter 2 a few general concepts concerning orthogonal series expansions and ap
proximations are treated . In this context some theory on orthogonal polynomials is pre
sented, with emphasis on classical orthogonal polynomials. Two specific sets of orthonor-
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mal functions, namely Laguerre and Kautz functions, are treated. The Laguerre and 
Kautz functions can be generated as the impulse responses of a Laguerre and Kautz net
work, respectively. The suitability of Laguerre and Kautz networks for adaptive filtering 
is demonstrated. Also, some methods known in literature to parametrize these filters are 
briefly discussed. 

Chapter 3 deals with orthonormal Jacobi fun ctions constructed from the classical Ja
cobi polynomials, that can be generated as the impulse responses of a network of filters 
with rational transfer functions . A special case of this so-called Jacobi network is given 
by the Legendre network. Being constructed from continuous polynomials, the Jacobi 
network is continuous. We search for a discrete-time equivalent of the Jacobi (and the 
Legendre) network, so that it can serve as the basis of an adaptive filter. 

As was indicated above, a good parametrization of the IIR filters in the LRM is im
portant. In Chapter 4 so-called generalized Laguerre networks (CT) and Meixner-like 
networks (DT) are considered. These are generalizations of the (CT and DT) Laguerre 
networks. The generalized Laguerre networks and Meixner-like networks have a free design 
parameter in the form of a pole. The problem of how to choose this pole is considered 
and an optimality condition is found . Chapter 4 is a slightly extended version of a paper 
in cooperation with A.C. den Brinker (Belt and den Brinker 1995). 

In Chapter 5 we consider approximations of functions that are rather concentrated in 
time by truncated Hermite series. The (classical) Hermite polynomials are orthogonal on 
( -oo, oo) under the weight function e-x". The Hermite functions used in t he approxima
tion are constructed by multiplying the Hermite polynomials with the weight function, 
followed by a translation and a change of scale in the x-axis and finally, a normalization. 
The choice of the scale and the translation is important in view of a fast convergence of 
the series. A method is given to arrive at a good scale and translation for the Hermite 
functions on the basis of a few moments of the function to be approximated. Chapter 5 
is the precise text of a paper in cooperation with T . Oliveira e Silva (Oliveira e Silva and 
Belt 1996). 

So far we have only concentrated on the bases for the adaptive LRMs. In Chapter 6 
the behaviour of the LMS adaptive algorithm applied to orthonormal LRMs is studied. 
We look at convergence speed and steady-state weight fluctuations. It is argued that the 
orthonormal adaptive LRM can outperform the adaptive TDL in those situations where a 
priori available knowledge of the unknown system can be used to parametrize the LRM. 
Chapter 6 is the (slightly modified version of the) text of a paper in cooperation with H .J. 
Butterweck (Belt and Butterweck 1996). 

Chapter 7 is concerned with an adaptive Laguerre filter. A Laguerre filter has a free 
design variable in the form of a real pole. A method described in Chapter 2 can be used 
to select this pole based on off-line measurements performed on the unknown reference 
system. However, after some time this pole may no longer be optimal. To this end an 
adaptive optimization procedure for the Laguerre pole is proposed. Chapter 7 is based on 
a paper in cooperation with A.C. den Brinker (Belt and den Brinker 1996). 

As was indicated in Section 1.2, an application of adaptive filters is adaptive prediction . 
In Chapter 8 we will present a certain adaptive prediction filter that is used for signal 
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detection, namely an adaptive line enhancer (ALE). An ALE can separate a narrow
band signal from additive broadband noise on the basis of their difference in correlation 
lengths. The proposed ALE is a second-order IIR filter, of which the center frequency 
and bandwidth can be controlled separately. The convergence and tracking capabilities of 
the ALE are demonstrated with computer experiments. Chapter 8 is based on a paper in 
cooperation with A.C. den Brinker and F.P.A. Benders (Belt, den Brinker, and Benders 
1995) . 

In this thesis Chapters 4, 5, 6, 7 and 8 are based on scientific publications. Conse
quently, now and then the reader can expect to encounter small portions of previously 
presented material. 
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Chapter 2 

Orthogonal Filters 

2.1 Introduction 

In Chapter 1 we have presented a brief introduction to adaptive filters . It was demon
strated that the character of the commonly used FIR filter can be problematic when 
systems with long memory need to be approximated. To cope with such systems, an 
adaptive filter of a more general form was introduced, namely the adaptive linear regres
sion model (LRM). The adaptive LRM can, under some circumstances, suffice with much 
less adaptive parameters than an adaptive FIR filter. 

This chapter deals with the choice of the set of (IIR) filters in an LRM . First, some 
notational conventions will be introduced. Next , orthogonal expansions of some relevant 
Hilbert spaces related to continuous-time (CT) and discrete-time (DT) signals and their 
connections will be considered. A function belonging to such a Hilbert space can be 
represented by an orthogonal series expansion . This leads to a treatment of orthogonal 
polynomials and their most relevant properties. Some of the classical orthogonal polyno
mials form the origin of orthonormal basis functions that appear to be very well suited as 
a basis for the construction of adaptive LRMs. 

2.2 Some Relevant Hilbert Spaces 

"A Hilbert space is an inner product space which is a complete metric space with respect to 
the metric induced by its inner product" (Young 1988). An inner product space (or pre
Hilbert space) is a linear vector space with an inner product defined between any two of its 
elements. The inner product is used to define a norm of an element of the inner product 
space. This norm is then used to define a distance (a m etric) between any two elements of 
the inner product space. Finally, a Hilbert space is a complete inner product space, which 
means that any convergent Cauchy sequence of elements of that space converges towards 
an element of that space. For a first introduction to Hilbert spaces see (Young 1988). 

In this section some Hilbert spaces are introduced that are relevant to the remaining 
chapters. Henceforth, lR will denote t he set of real numbers and JR+ t he set of positive real 
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numbers. The set of integers will be denoted by Z and the set of nonnegative integers by 
No . 

A continuous-time (CT) signal x(t) with t E lR is square-integrable if 

co I lx(tW dt < oo. (2.1) 
-co 

The Laplace transform of x( t) and its inverse transform are defined by 

co 

X(s) = .C{x(t)} = I x(t)e-stdt, (2.2) 

- co 

jco 

x( t) C 1{X(s)} 
1 I X(s) est ds. (2.3) = 27rj 

- joo 

A discrete-time (DT) signal x(k) with k E Z is square-summable if 

00 

L lx(kW < oo. (2.4) 
k=-co 

The z-transform of x(k) and its inverse transform are defined by 

00 

X(z) Z{x(k)} L x(k)z-k, (2.5) 
k=-co 

x(k) z-'{X(z)} = 1 i k dz (2.6) = -. X(z)z - , 
211") c z 

where the contour integral C is taken counter-clockwise around the unit circle. 

The Hi! bert space of square-integrable functions on lR is denoted by L2 (1R ). An inner 
product between two fun ctions belonging to L2 (1R ), say 91 ( t) and 92 ( t ), is defined by 

00 

(91 ( t), 92 ( t)) = 1 91 ( t) 9; ( t) dt. (2.7) 
- co 

In this thesis we often consider impulse responses of causal stable filters . Such an impulse 
response, say h(t), is only defined for t E JR+ The Hilbert space of square-integrable 
causal functions is denoted by L2(JR+). We define for a causal function that h(t) = 0 for 
t < 0, so that the inner product definition of (2. 7) can be used for square-integrable causal 
fun ctions, where the integral effectively extends from 0 to oo. 

The norm of a member of L2 (IR), say 9(t) , is defined as the square root of the inner 
product of 9(t) with itself: 

ll9(t)ll = V(9(t),9(t)). 
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The distance between two members of L2 (1R), say g1(t ) and g2(t) , is then defined by 
llg1 ( t) - g2 ( t) II - If the inner product between two functions vanishes, the two functions are 
said to be orthogonal. If, in addition, these functions have unity norms they are said to 
be orthonormal. 

According to Parseval's theorem the inner product between two functions in L2 (IR), 
say g1(t) and g2(t), can be written as 

jcx:> OC> 

(g1(t),g2(t)) = 
2
:j I G1(s)G;(-s*)ds = 2~ I GI (jw) a;(jw) dw. 

- OC> 

This can be seen as follows: 
OC> 

(g,(t),g2(t)) = I 9I(t)g;(t ) dt _l { ,:j l G,(<) ," d<} g;(t ) dt 
-OC> z G,(,{Z g,(t) , ••• dt r d< = 

-joo 

The Hilbert space of square-summable functions on Z is denoted by f 2 (Z). The inner 
product between two members of f2(Z), say f 1(k) and f 2(k), is defined as1 

OC> 

(fi(k),h(k)) = ~ fi(k)J;(k). (2.8) 
k=- cx:> 

In this thesis we often consider impulse responses of causal stable systems. Stability 
of a DT system is ensured by the requirement that its impulse response is absolutely 
summable2

. This is sufficient to ensure that such an impulse response is a member of 
f 2 (N0 ), the Hilbert space of causal square-summable functions3

. We define for a causal 
function that h( k) = 0 for k < 0, so that the inner product definition of (2 .8) can be used 
for square-summable causal functions, where the summation effectively extends from 0 to 
00. 

A norm of a member of £2 (Z) and a distance measure between two members of £2 (Z) 
can be defined in a similar way as for members of L2 (!R). With Parseval's theorem we have 
that the inner product between two functions belonging to £2 (Z), say f 1(k) and h(k), can 
be written as 

" 
(f1(k), h(k)) = -1

-. j F1(z ) F;(l/z*) dz = __!___I F1(eiD.) F;(eiD.) dD.. (2.9) 
2-rrJ Jc z 2-rr 

- 1r 

1 For clarity it is mentioned here that all inner products appearing in this thesis are taken with respect 
to either the continuous time index t or the discrete time index k . 

2T his requirement implies that a bounded input of the system yields a bounded output. 
3 A causal absolutely summable function h(k) satisfies I:::'=o lh(k)l < oc, which implies t hat h(k) is 

absolutely bounded: lh(k)l < M lfk E No. Consequently, I:::':o lh(kW :=; M I:::':o lh(k)l < oc, and thus 
h(k) is a member of e2 (No). 
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A specific isomorphism can be considered between the CT signal space and the DT 
signal space via Laplace and z-transforms, see (Steiglitz 1965). Let's start with the bilinear 
transformation that maps the variable s onto z according to 

z- 1 
s =a--, 

z + 1 
so that 

The inverse transformation is given by 

a+s 
z = - - , 

a - s 
so that 

2a 
ds = ( )2 dz . 

z + 1 
(2.10) 

2a 
dz = ( )2 ds. a -s 

With a E ~+, the bilinear transformation maps the left-half s-plane onto the unit disc 
in the z-plane and the imaginary axis onto the unit circle. This means that a transfer 
function G(s) of a causal and stable CT system is mapped onto a transfer functions F( z) 
of a causal and stable DT system. 

We consider the functions g1(t) and g2 (t) belonging to L2 (~) with Laplace transforms 
G1 (s) and G2 (s) according to (2.3), and the functions h (k) and h(k) in £2 (Z) with z

transforms F1 (z) and F2 (z) according to (2.6). By making a change of variable with (2.10), 
we can write for the inner product between g1 (t) and g2 (t): 

joo 

(g1(t),g2(t)) = 2~j I G1(s )G;(-s•)ds 
-JOO 

1 i G ( z - 1 ) c· ( 1 I z• - 1) 2a d - 1 a-- a z 
2tr j c z + 1 2 1 I z• + 1 ( z + 1 )2 

_1 1 {ffazG1 (a~)} {.../2a1 lz•G
2 

(a 1lz• -1)}• dz 
2tr)lc z+1 z+1 1lz•+1 1lz•+1 z 

-
1
- . 1 FI(z)F;(l lz•) dz _ 

2trJ l c z 

Thus, via the mapping M of a function G(s) onto a function F(z) according to 

ffaz ( z -1) M : G(s) H - - G a--
1 

= F(z), 
z + 1 z + (2.11) 

it is found that 

00 

2
:j I G1(s)G;(-s•)ds = 

2
:j i F1(z) F;(1 Iz•) d;, 

-co 

see (Steiglitz 1965). This mapping is called the Modified Bilinear Transform (MBT). The 
MBT produces an isomorphism that preserves inner products between the CT and DT 
signal spaces. 
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Along similar lines of reasoning an inverse mapping M- 1 is found that maps a function 
F( z) onto a function G( s) with preservation of inner products : 

M- 1 : F(z) >--+ ...j'E;, F (a+ s) = G(s). (2.12) 
a+s a-s 

Further, we will need the Hilbert space of all zero-mean, stationary stochastic processes 
with finite variances. Here we confine ourselves to the DT case. The inner product between 
two such stochastic processes f 1(k) and h(k) is defined by their covariance: 

E {fi ( k) J; ( k)} , k E Z. 

If, in addition, f 1 ( k) and h(k) are ergodic, the ensemble average may be replaced by a time 
average denoted by A { ·}. The cross-correlation function of two (wide-sense stationary) 
stochastic signals x(k) and y(k) is defined by 

Pxy(l) = E{x(k)y*(k+l)}, k,lEZ. 

The corresponding cross-power spectral density function <l>xy(D) is obtained after Fourier 
transformation of Pxy (l), 

00 

1=-oo 

and has periodicity 2rr. In a similar way the auto-correlation function Pxx( l) of a wide-sense 
stationary stochastic process x(k) and the corresponding power spectral density function 
<l>xx(D) are defined. 

We now consider the output y(k) of a causal linear time-invariant (LTI) system with 
(real) impulse response h(k). The output y(k) is related to the input x(k) through a 
convolution : 

00 

y(k) = h(k)u(k) = L h(l)x(k- l). 
1=0 

Consider two LTI systems with impulse responses h1(k) and h2(k), that are excited by the 
stationary stochastic excitations x 1(k) and x2 (k), respectively. For the covariance matrix 
of an LRM in (1.14), we need to determine covariances of the form E{y 1(k) Yi(k)} . These 
can be calculated as follows: 

E {[h1(k)u1(k)] [h2(k)*x;(k)]} 

E {~ hl(ll)x!(k -!1) ~ h2(12)x;(k -l2)} 
~ [~hl(ll)E{x!(k-ll)x;(k-12)}] h2(12) 

( h1 (/)*Px 1x2 (l), h2(l)) 
1f 

2~ / H1 ( ejn) Hi( ejn) <l>x,x2 (D) dD . 
-'If 

(2.13) 
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Note that apart from the additional weight function <I>x,x2 (!1), the covariance in (2.13) is 
similar to the inner product in (2.9). 

2.3 Orthogonal Series Expansions 

For the approximation of the impulse responses of stable causal systems, expansions in 
terms of orthogonal functions are of great interest . We treat such expansions in discrete 
time. The treatment of continuous-time systems follows similar lines of reasoning. 

We start with a causal function h(k) belonging to f 2 (N0 ), the sampled impulse response 
of a stable causal system, and a set of orthonormal functions {<Pm(k)}~=o belonging to 
f 2 (N0 ). The approximation of h(k) by a linear combination of the first M orthonormal 
functions <Pm(k) involves the minimization of the error 

(2.14) 

The minimum of (2.14) is achieved when the coefficients Cm are given by 

Cm = (h(k), </Jm(k)) , m = 0, 1, ... , M- 1. 

It has the value min(M = llh(k)ll 2
- 2:;;:~~ lem l2 , so that 

M - 1 

L lcml2 :S llh(k)ll2
· 

m=O 

Particularly, with M--+ oo , we obtain Bessel's inequality 

00 

L lcml 2 :S llh(k)ll 2 (2.15) 
m=O 

As a consequence of the orthogonality of the basis functions, the value of Cm minimizing 
(2.14) does not depend on the order M of the approximation. Therefore, addition of an 
extra term cM<PM(k) improves the approximation without the necessity to recalculate all 
previous coefficients Cm (m = 0,1, ... , M- 1). 

Apart from the orthogonality of the basis functions, an important desired property 
is that of complet eness. The set of basis functions {<Pm(k) }~=O is complete in e2(No) if 
any function h(k) belonging to f 2 (N0 ) can be approximated to any desired accuracy by a 
linear combination of the functions <Pm( k ). Consequently, the set of functions { <Pm(k) }~=O 
is complete in f 2(N0 ) if 

(h(k),</>m(k)) = 0 Vm E No 

implies that h(k) E f2(N0 ) vanishes. When functions <Pm(k) are orthonormal and complete 
in f2(N0 ), they form a so-called orthonormal basis of f2(N0 ). In this case Bessel's inequality 
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in (2.15) becomes an equality and we may write for the squared norm of h(k) 

00 

L icml2 = llh(k)ll2 · (2.16) 
m=O 

Eq. 2.16 is known as Parseval's relation. 

2.4 Orthogonal Polynomials 

We will now seek for sets of complete orthogonal functions , starting with some theory on 
(classical) orthogonal polynomials. First we focus on the continuous orthogonal polynomi
als in Section 2.4.1, and then we treat the discrete orthogonal polynomials in Section 2.4.2. 

2.4.1 Continuous Polynomials 

Let's consider a so-called weight function or norm function w( x ), that is real, nonnegative 
and integrable on the interval (a, b). It is also assumed that w( x) > 0 on a sufficiently 
large sub-interval of (a, b), so that 

b I w(x)dx > 0. 
a 

Further, in the case that the interval (a,b) is infinite (meaning that a 
b = oo), we require that all following moments of w(x) are finite: 

b I xmw(x ) dx < oo, Vm E No. 

a 

-oo and/or 

Now, we associate with w(x) a sequence of m-th order polynomials of the form 

( ) 
m m-1 + Pm X = CXm,mX + CXm,m-JX .. . + CXm,O , m=0,1,2, . .. , 

that obeys the generalized orthogonality relation 

b 

I Pm(x)p,(x)w(x)dx = { O, h;,, 
a 

form =f n, 
form= n , 

(2.17) 

where hm is a (nonzero) normalization constant called the norm. The polynomial Pm(x) 
is of order m and its leading coeffi cient is strictly positive ( CXm,m > 0). The polynomials 
Pm( x) are said to constitute a system of orthogonal polynomials on the interval (a, b) with 
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weight function w(x) (Szego 1959; Gradshteyn and Ryzhik 1980). For an inner product of 
the form in (2.17) a short-hand notation is introduced: 

b 

(J(x),g(x))w(x) = / f(x)g(x) w(x) dx. 
a 

According to the theorem of Weierstrass, the system of orthogonal polynomials Pm ( x) 
is complete when the orthogonality interval (a, b) is finite, see (Szego 1959; Beckmann 
1973). When the interval (a, b) is infinite the system is not necessarily incomplete: such a 
system requires a special investigation to check completeness. The orthogonal polynomials 
on an infinite interval that will be described hereafter, namely the (generalized) Laguerre 
polynomials and the Hermite polynomials, can both be shown to form complete systems, 
see (Beckmann 1973). 

We may define functions fm(x) as the polynomials Pm(x) multiplied by the square root 
of the weight function w(x). In this way, a new system of orthogonal functions is obtained 
that is complete in the Hilbert space of square-integrable functions on the interval (a, b). 
When a= 0 and b = oo this corresponds to the Hilbert space L2 (IR+). 

An arbitrary polynomial gr(x) of degree r can be expressed as a linear combination of 
polynomials Po(x), PI(x), .. . , Pr(x): 

gr (X) = L CnPn (X) 1 

n= O 

with en = (gr(x),Pn(x))w(x)· As a consequence, an orthogonal polynomial Pm(x) is or
thogonal (with weight w(x)) to any polynomial g(x) of degree r lower than m. , since when 
r < m. 

(Pm(x),gr(x))w(x) = (Pm(x), L CnPn(x))w(x) L Cn(Pm (X), Pn( X ))w(x) 0. 
n=O n =O 

We now show that all orthogonal polynomials satisfy a recurrence relation of the form 
(m. E No) 

(2.1 8) 

where we define p_ 1 (x) = 0. Since the function xpm(x) is a polynomial of order m. + 1 it 
may be expanded as follows: 

m+l 

XPm(x) = L CnPn(x), 
n=O 

where the expansion coefficients en are given by 

C, = (xpm(x),Pn(x)) = (Pm(x),xp.,.( x )), n = 0,1, . .. , m.+ 1. 
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Since the polynomial Pm(x) is orthogonal to all polynomials of order lower than m, we 
find Cn = 0 for n = 0, 1, .. . , m- 2, thus proving (2.18). 

Next we consider a subclass of all orthogonal polynomials, called the classical orthog
onal polynomials, containing the Jacobi polynomials, the Hermite polynomials and the 
generalized Laguerre polynomials. In Table 2.1 the weight functions for these polynomials 
are presented, together with the orthogonality interval. The corresponding normaliza
tion constants are given in Table 2.2. In this table, f(x ) stands for the Gamma function 
(Abramowitz and Stegun 1970). Explicit expressions for t he classical orthogonal poly
nomials are provided in Table 2.3.4 Finally, Table 2.4 presents the coefficients for the 
recurrence relation (2.18). In this table, (x)n stands for the Pochhammer symbol5

. 

Special cases can be considered. The Jacobi polynomials contain the (shifted) Legendre 
polynomials for a= c = 1, the (shifted) Chebyshev polynomials of the first kind for a.= 0, 
1 = ! and of the second kind for a. = 2, 1 = ~. and the shifted Gegenbauer polynomials 
for a. = 2{3, 1 = (3 + ~ with (3 > ~- The generalized Laguerre polynomials contain the 
Laguerre polynomials for a= 0 (Szego 1959; Beckmann 1973). 

All classical orthogonal polynomials satisfy a differential equation of the form (m = 
0, 1, 2, ... ) 

(2.19) 

where a prime denotes differentiation with respect to x. Historically, (2 .19) served as the 
starting point of the classical orthogonal polynomials. The functions fo( x ), / 1 ( x) and 
h( x) are specified for the classical orthogonal polynomials in Table 2.5. 

I Name I Symbol I (a, b) I Weight w( x) I Conditions 

Jacobi P!:'"Y)(x) (0, 1) (1- x)a-"Yx"Y-l a.- ~ >-1 

i > O 

(shifted) Legendre fm( x) (0, 1) 1 

(generalized) Laguerre L!:l(x) (O,oo) xae- x a> -1 

Hermite Hm(x) ( -oo, oo) e_"', 

Table 2.1: The classical orthogonal polynomials. 

As we notice from Table 2.1 , the orthogonality intervals of the sets of orthogonal 
polynomials differ. We are particularly interested in an orthogonality interval of (0, oo) 

4 The binomial coefficients in Table 2.3 are defined by (!) = b(b- I) ... (b - a+ I)/a!, so that b is not 

necessarily an integer. 
5The Pochhammer symbol (x)n, with x E IR and n E l'lo, is defined by (x)n = x(x + 1) ... (x + n- 1). 
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I Symbol 

p;:·"~l(x) m!f(m + 1)f(m + a)r(m +a - 1 + 1) 
(2m+ a)f2(2m +a) 

Tm(x) 
1 

2m+ 1 

t~\x) 
r(m +a+ 1) 

m! 

Hm(x) .j7r2mm! 

Table 2.2: Normalization constants of the classical orthogonal polynomials. 

IPm(x) IN I 9n(x) 

P!:·"~l(x) r(l + m) ( _ 1)m+n (m) r(a + m + n) xn m 
r(a +2m) n f (i+n) 

Tm(x) m 1 (-1)m+n(:) (m: n) xn 

{~) (X) m 1 (-1t(m+a)!._ 
m-n n! 

xn 

Hm(x) l m J 
2 

m! (-1t 
1 

n!(m- 2n)! 
(2x)m-2n 

Table 2.3: Explicit expressions for the classical orthogonal polynomials of the form Pm( x) = 
dm L~:O Cn9n(x). 

to represent impulse responses of causal LTI systems. The orthogonality interval (0, 1) 
of the Jacobi polynomials and their special cases can easily be changed to the interval 
(0, oo) by scaling the independent variable x according to x = e-"t, where a-, t E lR + The 
orthogonality relation in (2.17) then becomes 

00 I p~,c)( e- "t) p~a,c)( e-"t) w( e-"t) a-e- ut dt == 

0 

{ 
0, 
h?,., 

form -=f. n, 
form== n. 
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I Pm(x) 

pJ:·'Y)(x) -[2m(m+ a) +r(a-1)] 
1 

m(m+a-1)(m+r-1)(m+a-l) 
(2m+a-1 )(2m+a+ 1) (2m+ a-2h(2m+a-1) 

'Tm(x) 
-2m-1 4m+2 m 

-- --
m+ 1 m+ 1 m+ 1 

t!;l(x) 2m+ a+ 1 -1 m +a -- --
m+ 1 m+ 1 m+1 

Hm(x) 0 2 2m 

Table 2.4: Coefficients in the recurrence relat ions for the classical orthogonal polynomials 
of the form Pm+i(x) ={Am+ Bmx} Pm(x ) - CmPm-i(x), where Po(x ) = 1. 

I Pm(x) I h(x) !1 (x) fo(x) 

pJ;•'Y)( X) x(1 - x) l-(a+1)x m(m +a) 

'Tm(x) x(1-x) (1 - 2x) m(m+ 1) 

t}:l(x) X a+ 1-x m 

Hm(x) 1 -2x 2m 

Table 2.5: Coefficients in the differential equations for the classical orthogonal polynomials 
of the form h(x)p:(x) + f1(x)p~(x) + fo(x)pm(x) = 0. 

2.4.2 Discrete Polynomials 

Analogous to the continuous orthogonal polynomials discussed in the preceding section 
such polynomials can also be constructed for a discrete variable. 

We consider the weight function v (k) defined on the interval [A, B], which is required 
to be real, nonnegative and finite fork E [A , B]. It is assumed that v(k) > 0 on a subset 
of [A, B], so that 

B 

Lv(k) > 0. 
k= A 

Further , if the interval [A, B] is infinite (meaning A = - oo and/ or B = oo) we require 
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that all following moments of v(k) are finite: 

Vm E No. 

Now, a sequence of discrete polynomials qm(k) associated with v(k), with 

can be constructed, that satisfy the following orthogonality relation: 

B 

"\"' m(k) n(k)v(k) = { 0, for m f=. n, 
L q q h2 for m = n. 
k=A m > 

Here, hm is a (nonzero) normalization constant called the norm. The polynomial qm(k) is of 
order m and its leading coefficient is strictly positive ( am,m > 0). The discrete polynomials 
qm(k) are said to constitute a system of orthogonal polynomials on the interval [A, B] 
with weight function v(k). An inner product as above is henceforth written in short-hand 
notation as 

B 

(J(k),g(k))v(k) = L J(k)g(k)v(k). 
k=A 

Note that if the orthogonality interval [A, B] is finite, the system of discrete orthogonal 
polynomials qm(k) contains a finite number (namely B- A+ l) of elements. 

All discrete orthogonal polynomials satisfy a recurrence relation of the form ( m = 
O,l, ... ,B-A-1): 

(2.20) 

where we define q_ 1(k) = 0. Proof of this can be obtained in a similar way as in Section 2.4 
for continuous polynomials. 

Next we consider the classical discrete orthogonal polynomials, containing the Cheby
shev, the Krawtchouk, the Hahn, the Charlier and the Meixner polynomials (Beckmann 
1973). In Table 2.6 the weight functions for these polynomials are presented, together with 
the orthogonality interval. We see that for all classical discrete orthogonal polynomials 
the orthogonality interval starts at A = 0. The corresponding normalization constants 
are given in Table 2. 76 . The coefficients for the recurrence relation in (2.20) are shown in 
Table 2.8. Note that for b = 1 the weight function belonging to the Meixner polynomials 
becomes an exponential decay. This corresponds to the weight function of the continu
ous Laguerre polynomials. The Meixner polynomials with b = 1 are therefore called the 
discrete Laguerre polynomials. 

6The Hahn polynomials are omitted in Tables 2.7, 2.8, and 2.9, since the expressions are of an unelegant 
form, see e.g. (Weber and Erdelyi 1952). 
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I Name I Symbol I A B Weight v(k) Conditions 

Chebyshev CJJm (k) 0 N -1 1 

Krawtchouk K-m (k) 0 N (~) pkqN-k p, q > 0, p + q = 1 

Hahn 1-lam(k) 0 N 
( - N)k(f3)k 

0 < {3, 6 < 1 - N 
k!(6)k 

Charlier Cm(k) 0 00 e-aakjk! a> 0 

Meixner Mm(k) 0 00 (Jk (b)k/k! 0<B < 1,b>0 

Table 2.6: The classical discrete orthogonal polynomials. In the expression for the weight 
function of the Hahn polynomials , ({3)k stands for the Pochhammer symbol or forward 
factorial function: (f3)n = {3({3 + 1) · · · ({3 + n- 1) . 

All classical discrete orthogonal polynomials satisfy a difference equation of t he form 

k ,m E [O,B] . 

Note that B may be finite or infinite. The functions fo(k ), f 1 (k) and h(k) are specified 
in Table 2.9. In the difference equation a problem may arise when k = 0 or when k = B 
if B is finite, since qm( -1) and qm(B + 1) have not been defined. Fortunately, for none of 
the classical discrete polynomials it is necessary to define qm( - 1) nor qm( B + 1), since it 
can be deduced from Table 2.9 that f0 (0) = 0 and f 2(B) = 0. 

As stated before, we are particularly interested in orthogonal bases on the semi-infinite 
interval [0, oo ). Unlike the situation in the continuous case, in the discrete case a finite 
orthogonality interval cannot be mapped onto a semi-infinite interval by scaling of the 
(discrete) independent variable . Therefore, of the classical discrete orthogonal polyno
mials on ly the Charlier polynomials and the Meixner polynomials are suitable for the 
representation of physical impulse responses. From the Charlier and the Meixner poly
nomials, the square root of their weight function and a normalization constant , so-called 
Charlier and Meixner functions can be obtained that form an orthonormal basis on [0, oo ). 
For the purpose of filter synthesis it is important that the basis functions have rational z

transforms. Of all Charlier and Meixner functions, on ly the Meixner functions with b = 1 
(these are the so-called Laguerre functions and will be treated hereafter) have rational 
z-transforms. In Chapter 4 so-called Meixner-like functions (den Brinker 1995) will be 
introduced, that are very similar to the Meixner functions, but have rational z-transforms. 



34 Orthogonal Filters 

I Symbol I 

OJm(k) 
N(N2- 12)(N2- 22) ... (N2- m2) 

2m+ 1 

Table 2. 7: Normalization constants of t he classical discrete orthogonal polynomials. 

OJm(k) -(N _ 1) 2m+ 1 2
2m+ 1 (N2 - m2)___!!2:_ 

m+ 1 m+ 1 m+ 1 

Km(k) 
p(N- m) + qm 1 N -m+ 1 

- - - pq 
m+ 1 m+ 1 m+ 1 

Cm(k) 
m+a 1 

vm:1 
-

Ja(m + 1) Ja(m + 1) 

M m(k) b B + 1 B- 1 m 
+m--

B 
-(b+m - 1) 

B B 

Table 2.8: Coefficients in the recurrence relations for the classical discrete orthogonal 
polynomials of the form qm+l(k) ={Am+ Bmk} qm(k ) - Cmqm- !(k), where qo(k ) = 1. 

2.5 Orthonormal Laguerre Functions 

2.5.1 The Continuous Laguerre Functions 

In Section 2.4.1 the classical Laguerre polynomials were discussed. The Laguerre polyno
mials can also be defined by Rodriguez' formula for the classical orthogonal polynomials, 
see (Szego 1959) or (Abramowitz and Stegun 1970): 
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j,(k) fo(k) 

OJm(k) (k + 1)(/V- 1 - k) 2k2
- (2k + 1)(/V- 1) + m(m + 1) k(!V- k) 

Km(k) p(!V- k) m-p(!V-k) -qk qk 

Cm(k) a m-a-k k 

Mm(k) B(k +b) m(1 - B) - bB- (1 + B)k k 

Table 2.9: Coefficients in the difference equations for the classical discrete orthogonal 

polynomials of the form h(k)qm(k + 1) + J.(k)qm(k) + fo(k)qm(k- 1) = 0. 

where m E N0 and x E JR+ From Section 2.4.1 we know that the Laguerre polynomials 
are orthonormal under the weight w( x) = e-x, thus 

00 J e-x lm(x) ln(x)dx = <~'mn · 
0 

Here, <~'mn is the Kronecker delta symbol7
. The Laguerre polynomials satisfy the recurrence 

relation (see Table 2.4 with a= 0) 

(m + 1)lm+l(x) = {2m+ 1- x} lm(x)- mlm-l(x), (2.21) 

and the differential equation (see Table 2.5 with a= 0) 

xt;;.(x) + (1 - x)t;,.(x) + mlm(x) = 0, (2.22) 

where a prime denotes differentiation with respect to x. 

From the Laguerre polynomials lm(x) and the weight function w(x) we construct func
tions on the interval (0, oo) that are orthonormal with respect to a unity weight function. 
These functions are obtained by multiplying the Laguerre polynomials by the square root 
of their weight function and changing the scale of the independent variable x according to 
x = O't with 0' > 0 and t E JR+, followed by a normalization . As a result we obtain the 
(continuous) Laguerre functions (see (Lee 1932; Kautz 1954; Lee 1960)) 

>-m(O';t) = fo lm(O't) e-"112 = vui) - 1t(m) (O'tr e- "112
, (2.23) 

n n. 
n=O 

which form a complete orthonormal set for each fixed 0' in the Hilbert space L2(JR+), 
see (Clement 1963) and Section 2.6.1. Therefore, any function f(t) in L2(JR+) can be 
approximated to any desired degree by a linear combination of Laguerre functions. 

7 T he Kronecker delta symbol is defined by: Omn = 1 for m = n and Omn = 0 form f; n. 
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An important property of the Laguerre functions is that they have rational Laplace 
transforms, given by (Lee 1932; Kautz 1954) 

fo (s-o-j2)m 
i\m(O";s) = s+~>/2 s+~>/2 ' (7 > 0. (2.24) 

With (2.24) it is a simple matter to verify the orthonormality of the Laguerre functions. 
We find for the inner product between An(~>; t) and Am(~> ; t) that 

The integral can be evaluated by closing the contour over the left half s-plane and applying 
Cauchy 's residue theorem. For n < m the singularity in the left half s-plane is cancelled 
and the integral vanishes. For n = m it is found that // Am(~>; t)/1 2 = 1, which proves that 
the Laguerre functions are orthonormal. 

The specific form of (2.24) allows a very efficient cascade implementation of the set of 
filters that have the Laguerre functions as their impulse responses. This so-called Laguerre 
network is depicted in Fig. 2.1, see e.g. (Lee 1960; Eykhoff 1974). Note that the Laguerre 
network is composed of a first-order low-pass section followed by a cascade of identical 
first-order all-pass sections. In the Laguerre network the parameter -O" /2 appears as a 
pole, and will therefore be referred to as the Laguerre pole. Hereafter, we will mean by 
a continuous Laguerre filter the combination of a continuous counterpart of the LRM in 
Fig. 1.8 with a Laguerre network. Thus, the output of a continous Laguerre fi lter is formed 
by a weighted sum of the individual outputs of a continuous Laguerre network. 

o( t) 

Figure 2.1: Laguerre network composed of a first-order low-pass section followed by a. 
filter line of identical first-order all-pass sections. The individual impulse responses are 
the Laguerre functions. 

The Laguerre functions can also be generated with the aid of the following recurrence 
relation that is directly obtained from (2.21) and (2.23): 
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with .\0 (a; t) = ,JUe-utfz. Note that it is not necessary to define .\_ 1 (a ; t) . 
Also, the following useful differential equation for the Laguerre functions can be derived 

from (2.22) and (2.23): 

(2.25) 

A further useful result is obtained when a Laguerre function is different iated with 
respect to its scale a (King and O 'Canainn 1969; Oliveira e Silva 1994b; Wang and Cluett 
1994): 

00" 0" 
(2 .26) 

Again it is not necessary to define .\_1 (a; t). Higher-order derivatives can be obtained by 
iterative application of (2.26). 

2.5.2 The Discrete Laguerre Functions 

The discrete Laguerre polynomials are a special case of the Meixner polynomials described 
in Section 2.4.2, namely with b = 1: The discrete Laguerre polynomials are here defined 
by the discrete counterpart of Rodriguez' formula for the classical (continuous) orthogonal 
polynomials , see (Abramowitz and Stegun 1970): 

where 0 < fJ < 1, m, k E N0 , and 6 m is the m-th forward difference operator8 . The discrete 
Laguerre polynomials satisfy the following orthogonality relation: 

It is noted that alternative discrete Laguerre polynomials are defined by Gottlieb as 
(frjm!)im(k) with normalization constant h'!. = rrj(l- fJ) (Gottlieb 1938). 

The recurrence relation for the discrete Laguerre polynomials can be foun d by setting 
b = 1 in the recurrence relation for the Meixner polynomials, see Table 2.8: 

(2.27) 

From Table 2.9 we conclude that the discrete Laguerre polynomials satisfy the difference 
equation 

fJ(k + 1)-ym(k + 1) + [m(1- fJ)- fJ- (1 + fJ)k]Tm(k ) + k{m(k- 1) = 0. (2.28) 

Through multiplication of the discrete Laguerre polynomials by the square root of the 
weight function and a normalization constant, discrete fun ctions can be construct ed that 

8T he m-th forward difference operator is recursively defined by t,m [f(k)] = t,m - l [f(k + l} - f(k }j, 
with t.0 [f(k)] = f (k}. 
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are orthonormal on the interval [0, oo) with respect to a unity weight function. These 
functions are given by (Gottlieb 1938; Broome 1965) 

9m(~; k) = ( -
1t .J1=12 ~m+k/m(k), 

m. 
-1 < ~ < 1, (2.29) 

where ~ = ±VB. For ~ = VB the fun ctions are called the (discrete) Laguerre functions. 
For~ = -VB the functions are often called the alternating Laguerre fun ctions. Henceforth, 
for simplicity, the alternating Laguerre functions will also be referred to as the Laguerre 
fun ctions. 

The discrete Laguerre functions form a complete set in the Hilbert space £2 (N0 ). Proof 
of completeness is given in a more general context in (Oliveira e Silva 1995c), see also 
Section 2.6.2. Any function h(k) in £2 (N0 ) can be approximated arbitrarily well by a 
linear combination of discrete Laguerre functions . 

The discrete Laguerre functions have rational z-transforms, given by (Broome 1965): 

Gm(~; z) = .J1=12 z ( 1 - ~z) m 
z -~ z - ~ 

(2.30) 

Although ~ = 0 is not allowed for the Laguerre polynomials, we will allow this value as a 
natural extension for the Laguerre funct ions. We can use (2 .30) to verify that the discrete 
Laguerre functions are indeed orthonormal. For the inner product between 9n (~; k) and 
9m(~; k) we obtain 

(gn ( ~j k), 9m ( ~j k )) -
2

1 
. 1 Gn(~; z) c;:, (~; 1/ z*) dz 

7rJ Jc z 

1- e 1 z 1 (1 -~z)n-mdz 
2:;;- Jc z- ~ 1- ~z z - ~ --;· 

For n < m the integral vanishes with Cauchy 's residue theorem. For n =m it is fou nd that 
119m(~; k)ll 2 = 1, which completes the proof of the orthonormality of the discrete Laguerre 
functions. 

Similar to the case of the Laplace transforms of the continuous Laguerre fun ctions 
in (2.24), the specific form of the z-transforms in (2.30) of the discrete Laguerre func
tions allows an efficient implementation of a filter to generate the Laguerre funct ions. 
This so-called discrete Laguerre network, depicted in Fig. 2.2, is composed of a first-order 
low-pass section followed by a cascade of identical first-order all-pass sections (King and 
Paraskevopoulos 1977). In the Laguerre network the parameter~ appears as a pole. For 
this reason the parameter ~ will throughout be referred to as the Laguerre pole. Note 
that when ~ = 0 the Laguerre functions simply become delays and the Lag uerre network 
reduces to a delay line. Hereafter, we wi ll mean by a discrete Laguerre filter the combi
nation of the LRM in F ig. 1.8 with a discrete Laguerre network. Thus , the output of a 
discrete Laguerre filter is formed by a weighted sum of the individual outputs of a discrete 
Laguerre network. 
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9o(~; k) 

Figure 2.2: Discrete Laguerre network composed of a first-order low-pass section followed 
by a filter line of first-order all-pass sections. The individual impulse responses 9m(~; k) 
are the discrete Laguerre functions. 

Using the recurrence relation for the discrete Laguerre polynomials in (2.27) and the 
relation between the discrete Laguerre polynomials and the functions in (2.29), a recurrence 
relation for the Laguerre functions can be derived . This recurrence relation yields another 
way to generate the discrete Laguerre functions: 

(m + 1)~9m+l(~;k) = {(1- e)k- e- (1 + e)m} 9m(~;k)- m~9m-l(~;k), 

with g0 (~;k) =~e. Note that it is not necessary to define g_ 1 (~;k). 
In Fig. 2.3 the first four discrete Laguerre functions (m = 0, 1, 2, 3) with ~ = 0.9 are 

shown. As can be seen from this plot, Laguerre functions are well-suited for approximations 
of exponentially decaying functions, when the rate of decay-determined by ~-is properly 
chosen. In other words: the convergence rate of a Laguerre series of an exponent ially 
decaying function is expected to be high . 

t 0.4 

-0.4 L__~~-~~-~--~~~-
0 10 20 30 40 50 60 70 80 90 I 00 

k --+ 

Figure 2.3: An example of the first four discrete Laguerre functions 9m(~ ; k) with~= 0.9. 
The continuous, dotted, dashed and dash-dotted lines correspond tom= 0, m = 1, m = 2 
and m = 3, respectively. 

For later use the difference equation for the Laguerre functions is given , derived from 
(2.28) and (2.29): 

-(k + 1 )~gm(~; k + 1) + {k- m + e(k + m + 1)} 9m(~; k)- k~gm(~; k- 1) = 0. (2.31) 
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Differentiating a discrete Laguerre function with respect to ~ yields the following useful 
identity (Oliveira e Silva 1994b): 

(m + 1)gm+l (~; k)- mgm_I(~; k) 
1- e (2.32) 

We see that g_ 1 ( ~; k) need not be defined. Higher-order derivatives can be obtained by 
iterative application of (2.32). 

Using the MBT in (2.11) and the inverse mapping in (2.12) the discrete and the continu
ous Laguerre functions can be mapped onto each other via their z- and Laplace transforms 
and 

M : A (cr s) f-4 y'2a z A (CT · a z - 1) 
m ' z+ 1 m ' z +1 

M-1 
: Gm(~; z) f-4 ffa Gm(C a+ s) 

a+s a-s 

Note the remarkable fact that the functions z -m, the z-transforms of the discrete Laguerre 
functions with ~ = 0, are mapped onto the Laplace transforms of continuous Laguerre 
functions with a = 2a. 

2.5.3 Optimal Truncated Laguerre Series 

The exact representation of an impulse response of a causal stable system by a Laguerre 
series is in practice not feasible. The series must be truncated to a finite number of terms 
resulting in an approximation. In view of a small approximation error, it is important that 
the scale factor a for the continuous Laguerre functions or the ~ for the discrete Laguerre 
functions, ls optimally chosen. 

First we consider t he DT case. The impulse response h(k) of a DT causal stable system 
can be approximated by an M-term truncated Laguerre series according to 

M-1 

h(k) ~ hM(k) = L Cm(O 9m(~ ; k) . 
. m=O 

The coefficients em(O are given by em(O = (h(k),gm(~ ; k)) . The squared norm of hM(k) 
is a function of the Laguerre pole: 

M -1 

EM(O = llhM(k)ll 2 = L c;,(o. 
m=O 

To synthesize hM ( k ), the impulse response of a Laguerre filter with weights Cm ( 0 can be 
used. 

Remark: When approximating a DT function h(k) by a t runcated Laguerre series, usually only a 
limited number of samples, say N , of h(k) is available. Assuming N is large enough so that all the 
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Laguerre functions in the expansion are sufficiently close to zero for k > N , we may approximate the 
expansion coefficients by 

N-I 

Cm((} f::J 2: h(k)gm(Ck) , m = 0, 1, ... , M- 1. 
k:O 

These inner products can be calculated efficiently in the following way. TheN samples of h(k) are fed in 

reverse order to the Laguerre network in Fig. 2.2. The M expansion coefficients are then given by the M 

outputs of the Laguerre network at instant k = N - 1. 

The M-term truncation error is a function of the Laguerre parameter~: 

00 

(M(O = lih(k)- hM(k)ll 2 = llh(k)ll 2 - EM(O = L c~(O. 
m=M 

For a small truncation error given a certain number M of expansion terms, or equivalently, 
for a small number of expansion terms given a certain truncation error, (M(O needs to be 
minimized. Minimization of (M(O is equivalent to maximization of EM(O. As a first step, 
one could search for the stationary points of EM(O by setting its derivative with respect 
to the Laguerre parameter ~ equal to zero: 

(2.35) 

Knowing that cm(O = (h(k), gm(~; k)) and with the aid of the specificform of the derivative 
of a Laguerre function with respect to ~ in (2.32) we find 

Using this , eq. (2 .35) becomes 

(m + 1)Cm+I (0- mem-1 (~) 
1-e 

a telescopic series of which only the last term remains uncancelled, so that 

(2 .36) 

Thus, for any stationary point of EM(O (and of (M(0) with respect to~ it is necessary 
and sufficient that at least one of the following two conditions is satisfied (Masnadi-Shirazi 
and Ahmed 1991 ; Oliveira e Silva 1995a): 

(2.37) 

In words: The truncation error associated with an M -term Laguerre expansion of a discrete 
function in £2 (N0 ) has a stationary point with respect to the free parameter ~ if the last 
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coefficient eM _ 1 ( 0 in the expansion is zero or if the last coefficient eM( 0 of an ( M + 1 )-term 
expansion is zero (or both). Consequently, when cM(O = 0, theM-term and (M + 1)-term 
Laguerre approximations of h(k) are identical. Similarly, when CM-t(O = 0, the (M -1)
term Laguerre approximation of h(k) is identical to theM-term Laguerre approximation. 
This is further made clear by an example. Let h(k) be the impulse response of the system 

H(z) = (-z-) 4 

+ (~)
4

, where p = 0.9 + 0.1i. 
z -p z-p 

In Fig. 2.4 the normalized M-term truncation error (M(0/ II h(k)ll 2 is plotted for the first 
eight values of M. Note that a pair of curves pertaining to neighbouring M-values touches 
at the stationary points with respect to ( For clarity, the curve corresponding to (5(0 
is highlighted. The stationary points of (5(0 are local minima when c5(0 = 0, which 
correspond to local maxima of (6 (0 . Similarly, the stationary points of (5 (0 are local 
maxima when c4 (0 = 0, which are the local minima of ( 4 (0. [From this example one 
might suspect that CM-t(O = 0 and CM(O = 0 always correspond to local maxima and 
local minima of (M(O, respectively. However, this is not true in general.] 

0.4 

0 .2 
\ ·• (\ . , } 
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Figure 2.4: The normalized truncation error curves associated with theM -term truncated 
Laguerre expansions of the impulse response h(k) in the example, where M = 1, 2, . . . , 8. 
The top curve corresponds with M = 1, the bottom curve with M = 8. The curve 
corresponding with M = 5 is highlighted. 

The problem of finding a stationary point of the truncation error with respect to ~ is 
now reduced to finding the zeros of either CM-t(O or cM(O with respect to ( To thi s 
end, the gradient in (2.36) can be used . Higher-order derivatives can readily be obtained 
by iterative application of (2.36). If an idea of a good pole ~ is available, a better one can 
be found using one or more iterations of Newton's method. 

In the CT case an equivalent result is obtained . The truncation error of an M-term 
Laguerre expansion of h(t) is given by (M(O") = L::'=M c~(O"), where the expansion co
efficients a re given by cm(O") = (h(t), ,\m(O"; t)). For any stationary point of (M (O") with 
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respect to !7 it is necessary and sufficient that at least one of the two following conditions 
is satisfied (Clowes 1965; King and O'Canainn 1969; Wang and Cluett 1994): 

(2.38) 

The optimality conditions in (2.37) and in (2.38) are associated with the problem 
of approximating the output of a causal stable system with the output of a Laguerre 
filter under an impulsive excitation. Curiously, the problem of approximating the system 
output with the output of a Laguerre filter under (almost) any excitation yields optimality 
conditions of the same form (O liveira e Silva 1994b; Oliveira e Silva 1995a). Let CM-I,m( !7) 

with m = 0, 1, ... , M- 1 be the optimal weights of an M-tap Laguerre filter. Since x(k) 
is generally non-white, these optimal weights are dependent on M, hence the extra index. 
In the CT case, for any stationary point of the mean-squared error E { e2

( t)} with respect 
to the Laguerre parameter !7 it is necessary and sufficient that at least one of the two 
following conditions is satisfied: 

In the DT case, for any stationary point of the mean-squared error E{ e2
( k)} with respect 

to the Laguerre pole t it is necessary and sufficient that at least one of the two following 
conditions is satisfied: 

CM-l ,M-1(0 = 0 or CM,M(O = 0, 

where CM-I,M-I(t) and CM,M(O are the M-th and (M +1)-th optimal weights of a Laguerre 
filter with M and M + 1 taps, respectively. In Chapter 4 the details will be presented in 
a more general context . 

In (Parks 1971) a method is presented to make a choice for !7 on the basis of certain 
moments of h(t). The !7 that is found is the best for the class of functions h(t) with the 
same moments. For the derivation leading to this result it is essential that the Laguerre 
functions are orthonormal and that they satisfy a second-order differential equation of a 
specific form , see eq. (2 .25). 

An alternative procedure to find a pole for Laguerre expansions has been presented 
in (Fu and Dumont 1993a; Fu and Dumont 1993b ). The authors consider a weighted 
quadratic error criterion of the form .1(0 = 2..:::'=0 (m + 1)c;.(t). Intuitively, a fast con
vergence rate of the Laguerre expansion is then expected. This specific error criterion 
results in an explicit expression for the optimal Laguerre pole in terms of certain moments 
of the function to be approximated. For the derivation leading to this optimal Laguerre 
pole it is essential that the Laguerre functions are orthonormal and satisfy a second-order 
difference equation of a specific form, see eq. (2.31 ). 

In (Tanguy, Vilbe, and Calvez 1995) it is shown that if the number of basis functions 
is chosen sufficiently large , then the weighted error criterion presented in (Fu and Dumont 
1993a) is related to a certain upper bound of the truncation error. This upper bound is 
precisely that minimized in (Parks 1971). Then, a general method is given to minimize 
the upper bound of the truncation error for a wide class of CT or DT orthonormal basis 
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functions which depend on one or more free parameters. The basis functions must satisfy a 
differential ( CT) or difference equation (DT) of a specific form. It is observed that several 
basis functions related to the classical orthogonal polynomials are suitable. The method 
by Tanguy et al. is presented in Appendix A, and is applied in (Belt and den Brinker 1997) 
to parametrize the generalized Laguerre functions (see Chapter 4) in truncated generalized 
Laguerre series of functions in L2 (JR+). 

2.6 Orthonormalized Exponentials 

In the previous section the continuous and discrete Laguerre functions were introduced. 
It was stated that any function in L2(JR+) or £2(N0 ) can be approximated to any desired 
degree by a linear combination of (discrete) Laguerre functions. Unfortunately, because 
the Laguerre pole is real, the Laguerre functions are not particularly suited for approxima
tions of functions that show a strong oscillatory behaviour. In this section more general 
orthonormal basis functions will be introduced that are associated with complex poles. 
These basis functions are much better suited for approximations of functions with oscilla
tory behaviour. 

2.6.1 Continuous Kautz Functions 

Consider the sequence {O'm}:=o of complex numbers with positive real parts. These com
plex numbers need not necessarily be distinct. Let nm be t he number of times that O'm 

appeared before in the sequence. Then the (generalized) exponentials tnme-umt are lin
early independent. A Gram-Schmidt orthonormalization procedure can be applied to these 
(generalized) exponentials. The resulting functions, denoted by ¢m(t) , are hereafter called 
the Kautz fun ctions and have Laplace transforms given by (Kautz 1954; Oliveira e Silva 
1994a) 

m -1 ,.. "'- ( ) _ ~ II S - O'n 
'!'m S - Km ' 

S + O'm n=O S + O'n 
(2.39) 

where am = JO'm + 0';;, and Km is a complex number with IKml = 1. ·For convenience 
we take Km = 1. We see that in the special case that all O'n are equal and real-valued 
(O'n = 0'/2 for n = 0, 1, 2, ... with 0' > 0) the Laguerre functions in (2.24) are obtained . 

To prove the orthogonality of the continuous Kautz functions it is sufficient to show 
that the m-th Kautz function ¢m(t) is orthogonal to all previous Kautz functions ¢n(t) 
(0 ~ n < m ). Taking the inner product between the n-th and the m-th Kautz function 
and using Parseval's theorem we find 

joo 

(¢n(t), ¢m(t)) = 
2
!j I ~n(s)~:,( - s*) ds 

- joo 
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joo n -1 m-1 

= anam I _1_ 1 rrs-a:rrs+a"ds 
27fj s +an -s + a• s +a" s - a• · 

m u=O v=O v -;oo 

The integral can be evaluated by closing the contour over the left half s-plane and applying 
Cauchy's residue theorem. For n <mall singularities in the left half s-plane are cancelled 
and the integral vanishes. When we take m = n we find 

joo 

( ( )) = a~ I _1- 1 ds = (<Pm t), <Pm t 21fj . s+am -s+a;;. 1' 
-}00 

which proves that the continuous Kautz functions are orthonormal. 
The continuous Kautz functions can be generated as the impulse responses of the so

called continuous Kautz network depicted in Fig. 2.5. In the Kautz network the complex 
parameters - am appear as poles, and are therefore called Kautz poles. Hereafter , we will 
mean by a continuous Kautz filt er the combination of a cont inuous counterpart of the LRM 
in Fig. 1.8 with the continuous Kautz network of Fig. 2.5. Thus, the output of a continous 
Kautz filter is formed by a weighted sum of the individual outputs of a continuous Kautz 
network. 

Figure 2.5: Continuous Kautz network composed of a filter line of first-order all-pass 
sections tapped by first-order low-pass sections. The individual impulse responses <Pm(t) 
are the continuous Kautz functions. 

For the exact representation of fun ctions in L2 (J~+ ) by a Kautz series, it is important 
that the Kautz funct ions <Pm(t) form a complete set. If the am are distinct (am =f. an when 
m =f. n), the exponentials e - umt form a complete set in L2 (JR+) if and only if (Huggins 
1956; Clement 1963; Young 1968) 

~ Re(am) 
L 1 + Ia - 112 
m=O m 2 

= (X) . (2.40) 

Because a Gram-Schmidt orthonormalization procedure applied to the exponentia ls e-um t 

yields precisely t he Kautz functions <Pm ( t), it follows directly that t he Kautz functions 
with distinct am are complete in L2 (JR+) if and only if (2.40) is satisfied. It was proved in 
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(Oliveira e Silva 1995c) and in (Sarroukh 1996) that the Kautz functions are complete in 
L2 (1R+) under the condition (2.40), even when the am have arbitrary multiplicities. Note 
that this also guarantees the completeness of the Laguerre functions Am( a; t ). 

To represent real impulse responses with a Kautz series, we require that the Kautz 
poles Um are either real or appear in complex-conjugated pairs. In the latter case a unitary 
transformation can be applied to the set of Kautz functions such that the resulting set 
contains real functions only. This set of real functions is subdivided in two sets containing 
the so-called Kautz functions of the first and second kind, denoted by q,~l(t) and q,~l(t), 
respectively. Their Laplace transforms are given by ( m = 0, 1, 2, ... ): 

D(ll s IT (s- an)(s- a~) 
m (s + am)(s +a;;.,) n=O (s + an)(s +a~)' 

(2.41) 

(2) D(2) 1 mrr-
1 
(s- Un)(s- a~) 

<I>m (s) = 
m (s +am )(s +a;;.,) n=O ( s+an)(s +a~)' 

(2.42) 

where D~) and D~) are the following normalization constants: 

In the case that am = a;, = a /2 for all m, where a /2 > 0, we find that the continuous 
Kautz functions above are related to the continuous Laguerre functions defined in (2.24) 
according to 

<I>~l(s) + <I>~l(s) 
J2 

2.6.2 Discrete Kautz Functions 

<I>~)(s)- <I>~\s) 

J2 

Consider the sequence {Pm}: =o of complex numbers that all satisfy IPml < 1. These 
complex numbers need not necessarily be distinct. Let nm be the number of times that Pm 
appeared before in the sequence. Then the sequence of (linearly independent) generalized 
geometric progressions (k + 1tmP~ with k = 0, 1, 2, . .. can be formed. In (Broome 1965) 
a Gram-Schmidt orthonormalization procedure is applied to these generalized geometric 
progressions, resulting in the so-called Kautz functions 1/Jm(k) with z-transforms (see also 
(Oliveira e Silva 1994a)) 

m-1 

.T, ( ) - ~ II 1 - p~ z 
'*'m Z - K.m 

z - Pm n=O z - Pn 
(2.43) 

where am = vfl - PmP;;., and K.m a complex number with IK.m I = L For convenience we 
henceforth take K.m = 1. In (Heuberger and Bosgra 1990; Heuberger 1991 ; Heuberger, 
van den Hof, and Bosgra 1993; Heuberger, van den Hof, and Bosgra 1995; van den Hof, 
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Heuberger, and Bokor 1995) the authors take a sequence Pm that is periodic. The obtained 
fun ctions are called the generalized orthonormal basis functions. 

To prove the orthogonality of the discrete Kautz functions it is sufficient to show 
that the m-th Kautz function 1/Jm(k) is orthogonal to all previous Kautz funct ions 1/Jn(k) 
(0 <::; n < m) . Ta.king the inner product between the n-th and the m-th Kautz function 
leads to 

= 2~ 1 \ll,(z)'l!;,(l/z*) dz 
7rJ fc z 

n-1 m -1 
anam 1 z 1 II 1 - p:z II z - Pv dz 
2n-j J'c z - Pn 1 - p;,z u=O Z - Pu v=O 1 - p~z z 

With n < m all singularities of the integrand inside the unit circle are cancelled. Conse
quently, with Cauchy's residue theorem the integral vanishes. Form= n we obtain, again 
using Cauchy's residue theorem, 

(1/Jm(k), 'I/Jm(k)) = a~. 1_z _ 1 • dz 
27rJ J'c z - Pm 1 - Pm Z z 

1, 

which proves that the Kautz functions are orthonormal. 
The discrete Kautz functions can be generated as the impulse responses of the so

called discrete Kautz network depicted in Fig. 2.6 . In the Kautz network , t he complex 
parameters Pm a ppear as poles and will therefore be called Kautz poles. Hereafter, we will 
mean by a discrete Kautz filt er the combination of the LRM in Fig. 1.8 with the discrete 
Kautz network of Fig. 2.6. Thus, the output of a discrete Kautz filter is formed by a 
weighted sum of the individual outputs of a discrete Kautz network. 

6(k) 

Figure 2.6: Discrete Kautz network composed of a filter line of first-order all-pass sections 
tapped by first-order low-pass sections. The individual impulse responses 1/Jm(k ) are the 
discrete Kautz functions. 

The functions 1/Jm(k) form a complete (orthonormal) set in the Hilbert space £2 (N0 ) if 
and only if the followi ng condition is satisfied (Oliveira e Silva 1995c; Sarroukh 1996): 

00 

L (l - IPm l) = 00. (2 .44) 
m=O 
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Therefore, if the sequence {Pm}~=o has an accumulation point within the uni t circle or if 
this sequence approaches the unit circle sufficiently slowly, then the Kautz functions form 
a complete set in £2 (N0 ). Note that with this the completeness of the discrete Laguerre 
functions gm(~; k) is guaranteed. 

The Laplace transforms of the continuous Kautz functions in (2.39) can be mapped 
onto the z-transforms of the discrete Kautz functions in (2.43) using the modified bilinear 
transform: 

.J2az (z - 1) M: <I>m(s) H -- <I>m a- = (-1)m 
z +1 z +1 

1 + Pm \ll (z) 
1 + p;, m ' 

(2.45) 

where Pm = (1 - IJ"m/a)/(1 + IJ"m/a). Note that the constant preceding Wm(z) has unity 
modulus. The inverse MBT yields 

(2.46) 

where IJ"m/a = (1- Pm)/(1 + Pm )· The constant preceding <I>m(s) has unity modulus. 
To represent real impulse responses the numbers Pm must either be real or appear in 

complex conjugate pairs. In the latter case a unitary transformation can be applied to 
the set of Kautz functions such that the resulting set contains real functions only. These 
functions are the discrete Kautz functions of the first and second kind, and are denoted by 
'!f;!;.l(k) and 1f;};l(k) , respectively (see also (Young and Huggins 1962)). Their z-transforms 
are given by 

C(l) z (z - 1) fr (1- Pnz)(1- p~z) 
m (z- Pm)(z - p;,) n=l (z- Pn)(z- P~) ' 

(2.47) 

(2 ) C(2) z(z + 1) rrm (1- Pnz)(l- p~z) 
\lim (z) = 

m (z- Pm)(z - p;,) n =I (z - Pn)(z- P~) ' 
(2.48) 

where c!;.l and cJ:l are the normalization constants given by 

C~) J(l + Pm)(1 + p;,)(1- Pm p:r,)/2, 

C!,;l V(1 - Pm)(1 - p:r, )(1 - Pm p:r,)/2. 

If all poles Pm are identical and real, Pm = p;,. =~form = 0, 1, ... , M - 1 with 1~1 < 1, 
we find that the Kautz functions are related to the Laguerre functions defined in (2.30) 
according to 

\ll~)(z) + \ll~) (z ) 

V2 
(2)( ) (I) ( ) 

G (
t. ) _ Wm Z - Wm Z 

2m+I ., ,z - V2 

Using the MBT in (2.11) the Laplace transforms of the continuous Kautz functions in 
(2.41) and (2.42) can be mapped onto the z-transforms of the discrete Kautz functions in 
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(2.41) and (2.48) as follows: 

M:~~l(s) H J2az~(l)(a z - 1 ) llJ~l(z ) , 
z+1 m z +1 

M: ~~l(s) H J2az~(2)(az- 1 ) = llJ~l(z) , 
z+ 1 m z+1 
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with Pn = (a- an)/(a +an) for n 
(2.12) is given by 

0, 1, 2, ... , m. The inverse mapping according to 

M- 1 : llJ~l(z) H J2a llJ~) (a+ s) = ~~l(s), 
a+s a-s 

1 (2) J2a ,y,~2) (a + s) M- : \lim (z) H ~ 
a+s a- s 

with an = a(1 - Pn)/(1 + Pn) for n = 0, 1, 2, . .. , m . 
In Fig. 2. 7 an example of the first two discrete Kautz functions of the first kind and 

the first two discrete Kautz functions of the second kind is presented. As can be seen from 
this plot, Kautz functions are well-suited for approximations of exponentially decaying 
functions with an oscillatory behaviour. 

· ...... ·· 

- 0.2 

-o.4 o~--:1'::-o ---::2'::-o ---::3'::-o ~4':"'0 ~so=---:'6o=---=-7o=----:so=----:9o-,-J• oo 

k -+ 

Figure 2. 7: An example of the first two discrete Kautz functions of the first ( i = 1) and 
of the second kind (i = 2) with p0 = p1 = 0.9ei"18

. The continuous , dotted, dashed and 

dash-dotted lines correspond to 1j;~ 1 ) (k), 1j;~2)(k), 1j;~ 1)(k) and 1j;~2)(k), respectively. 

2.6.3 Optimal Truncated Kautz Series 

An exact Kautz series representation of a function is in practical situations not feasible. 
The Kautz series must be truncated to a finite number of terms resulting in an approx
imation. In view of a small approximation error, it is important that the free design 
parameters in the Kautz functions are chosen well. 
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We will concentrate on discrete Kautz approximations of real functions in £2 (N0 ). 

The results to be presented next are very similar for continuous Kautz approximations 
of real functions in L2 (JR+) and are therefore omitted. Consider the Kautz fu nctions 
given in (2.47) and (2.48), with Pm = p and p';, = p* (Jpj < 1). With these poles the 
completeness condition in (2.44) is satisfied and thus any real function h(k) E f 2(N0 ) can 
be approximated to any desired degree by a linear combination of these Kautz functions. 
In an M-term Kautz expansion the following approximation hM(k) of h(k) is obtained: 

M - 1 

h(k) ~ hM(k) = 2::::: { c~l~~l(k) + c~)~~l(k)}. 
m =O 

The expansion coefficients are given by c),!l = (h(k), ~~)(k)) and ~) (h(k ), ~~)(k)) . 
The squared norm EM(P) of the approximation hM(k) is a funct ion of p: 

M-1 

EM(P) = llhM(k) JI 2 = 2::::: ( {c~l} 2 
+ {c~l} 2 ). 

m=O 

Minimization of the error Jjh(k)- hM(k)JI 2 is equivalent to maximation of EM(P) with 
respect to the complex parameter p. In (den Brinker, Benders , and Oliveira e Silva 1996) 
it is found that for a stationary point of EM(P) with respect to p it is necessary and 
sufficient that at least one of the two following conditions is satisfied: 

(2.49) 

This result is also found when p and p* are replaced by p1 and p2 , respectively, where both 
p1 and p2 are real-valued and jp1 j, IPzl < 1 (den Brinker, Benders, and Oliveira e Silva 
1996). 

Remark: The optimality conditions in (2.49) are associated with the problem of ap
proximating the output of a causal stable system with the output of a Kautz filter (with 
Pm = p and p';, = p*) under an impulsive excitation. In a more general system identifica
tion framework, the problem of approximating the system output with the output of the 
Kautz filter under (almost) any excitation y ields optimali ty conditions of the same form , 
see (Oliveira e Si lva 1995b). 

In (den Brinker 1994) and (den Brinker 1996) the optimality conditions for a more 
general truncated Kautz series are derived. The Kautz functions are obtained as the 
impulse responses of a Kautz network based on identical N-th order all-pass sections. It is 
found that for a stationary point of EM with respect to the N complex poles it is sufficient 
that at least one of the following two conditions is satisfied: 

ct;}_ 1 = 0 or 

where i = 1, 2, ... , N . These conditions are sufficient, however for N > 2 they are not 
necessary. See also (Oliveira. e Silva 1994a) and (Oliveira e Silva 1995c). 
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2. 7 Adaptive Orthonormal Filters 

The networks treated in this chapter all have orthonormal impulse responses at their tap 
outputs. As we will see, this property is very attractive for the behaviour of adaptive 
optimization algorithms for the weights in an LRM. Let's again consider t he LRM with 
M tap outputs, depicted in Fig. 1.8. The M orthonormal impulse responses are denoted 
by 9m(k) (m = 0, 1, ... , M- 1) with Fourier transforms Gm(ei11 ). The excitation x(k) 
is a zero-mean, stationary stochastic signal with power 17;. Its power spectral density 
function is denoted by <1>,,(!1). Furthermore, it is assumed that the LRM operates in the 
steady state, so that all initial conditions can be neglected and the M tap outputs can be 
considered stationary. 

The tap outputs are written in vector notation as Y<(k) = [u0(k), u1(k), . .. , UM_ 1(k)f. 
The corresponding M x M covariance matrix R = E{Y<(k) Y<T(k)} is symmetric and 
(semi-)positive definite. In general R is not Toeplitz. However, the Kautz network with 
identical poles Pm = pin (2.43) (when Pm =~ with ~ a real number satisfying 0 < ~ < 1 a 
Laguerre network is obtained) yields a Toeplitz covariance matrix. Such Kautz functions 
can be written as 

az 
Wm( z) = -Am(z), 

z-p 

where a= )1 -lpJ2 and A(z) = (1- p*z)/(z- p) an all-pass function . Thus we find for 
the (p + 1, q + 1 )-th element of R that 

a 2 !" ejn 1 ( 1 - p* ei11
) p- q 

E{up(k)uq(k)} = -
2 

- .-n- 11 11 <I>,x(!1)d!1, 
rr e1" - p 1 - p* eJ eJ - p* 

which is a function of p- q only. Consequently, the covariance matrix of a Kautz network 
with identical poles is Toeplitz. 

We know from Chapter 1 that the eigenvalues of R determine the convergence be
haviour of the adaptive filter, in particular the maximum eigenvalue >-max and the mini
mum eigenvalue >-min· A consequence of the orthonormality of the basis functions is that 
these are bounded by 

< max <1>,,(!1), 
!1 

> min <I>xx (!1). 
!1 

(2 .50) 

(2.51) 

Proof: The maximum and minimum eigenvalues of a symmetric matrix R are given by 
the maximum and minimum values of the Rayleigh quotient (see e.g. (Franklin 1968)): 

A max 
(Rg_, g.) 

(2.52) = max-(--) , 
!! Q.,Q. 

A min 
. (Rg_, g_) 

(2 .53) mm-(- -), 
!! Q., Q. 
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where~= [a0 , a 1, ... , aM_ 1jT and~-/= Q. With (2.13), the (p + 1, q + 1)-t h element of R 
is given by 

,. 

;1[' I Gp(e3n) c;(e3n) <~>xx (D) d.\1 , 

so that we may now write 

(R~,~) 2~ j ~~ amGm(<'"{ ~ .. (!l) dfl 
-7r 

p=O q=O 

< 2~ j ~~ a...Gm(d"{ d!l m,rx~ .. (!l) ~ (•,•) maax<l> .. (!l) 
-7r 

We have used that the fun ctions 9m(k) are orthonormal. By combination of (2.54) and 
(2.52) the proof of (2.50) is completed. The same line of reasoning can be used to prove 
(2.51). Note that this proof also holds for the TDL, see eq. 1.3 and eq. 1.4. 

With the discrete Laguerre and Kautz networks we now have at our disposal a few 
filter structures that may serve as the basis of an adaptive linear regression model (LRM). 
We have indicated that adaptive Laguerre filters are well suited to imitate systems with 
impulse responses that show a certain exponentia l decay towards infinity, see e.g. (den 
Brinker 1993). Of course, before the adaptive Laguerre filter can be used, one needs to 
make a choice of the (fixed) Laguerre pole ~ · The Laguerre pole should be in accordance 
with the memory of the unknown reference system. In practice, this choice will often be 
made on the basis of some off-line measurements performed on the unknown reference 
system. With the collected input/out put data, a choice for ~ can be made using the 
method described in (Oliveira e Silva 1995a), see also Section 2.5.3. If the collected data 
is in the impulse response form, one can use the alternative method in (Fu and Dumont 
1993a; Fu and Dumont 1993b) to directly a rrive at the Laguerre pole that minimizes the 
criterion .2::::;';'=0 (m + l)c~(O , see also Appendix A of this thesis. 

By using a fixed Laguerre pole, it is ass umed that the environment of the adaptive 
filter is stationary or at most weakly nonstationary. In the situation where, for example, 
the memory of the unknown reference system changes in t ime, the advantage of using a 
adaptive Laguerre filter instead of an adaptive TDL is lost. In Chapter 7 an algorithm 
is presented for the adaptive optimization of the Laguerre pole, so that slow variations of 
the environment of the adaptive filter can be tracked. 

To imitate systems with impulse responses that, in addition to an exponential decay, 
show strong oscillatory behaviour, adaptive Kautz filters are expected to do better for 
obvious reasons, see also (den Brinker 1993) . For a good performance of an adapt ive Kautz 
filter , is is crucial to select good positions of the Kautz poles. Again, off-line measurements 
can be performed on the unknown reference system to yield t he input/out pu t data on the 
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basis of which the Kautz poles are selected. To this end, standard system identification 
techniques can be adopted to a rrive at some sort of system description, e.g. an impulse 
response, a transfer function or a state space description (Wi lliamson and Zimmerman 
1996). 

An example of such an identification technique is the popular method by Steiglitz and 
McBride (Steiglitz and McBride 1965). The popularity of this method can be contributed 
to the fact that it is a simple and robust iterative procedure, yet it gives (if it converges) 
the solution to the difficult nonlinear output error problem. After convergence, a model 
of the unknown system is found in the form of a rational transfer function , say H(z), of a 
prescribed order. T he poles for the Kautz filter can then be obtained as the roots of the 
denominator polynomial of H(z). 

Sometimes an impulse response of the reference system is available. In (Beliczynski, 
Kale, and Cain 1992) a method is proposed to obtain from a high-order FIR model a 
low-order IIR model. First, a balanced state space realization is constructed from the 
FIR model. Second, by inspection of the Hankel singular values the reduced system order 
is determined. This is then followed by truncation of the high-order state space form to 
a lower-order state space form. Finally, the suitable poles for the Kautz filter can be 
obtained as the eigenvalues of the system matrix of the state space equations. 

As was already indicated by Kautz (Kautz 1954), an alternative way to arrive at an 
IIR model from a (noisy) impulse response, say h(k), is via Prony's method, see e.g. 
(Marple 1987). This (non-iterative) method consists of estab lishing a linear difference 
equation of prescribed order that is nearly satisfied by h(k ). It is well known that if 
we use Prony's method with an order close to the order of the reference system, then 
the damping parameters of the poles tend to be overestimated (van Blaricum and Mitra 
1978). However, we can use Prony's method with an order that is substantially larger than 
the order of the reference system. As a consequence, not only the system dynamics are 
modelled but also the noise. It turns out that if the Prony order is substantionally larger 
than the order of the reference system , a subset of the poles given by the denominator 
polynomial are close to the true system poles (Marple 1987) . These poles can be found 
with the method for model reduction proposed in (den Brinker and Belt 1996) , from 
which we cite: "The method is based on the representation of the original model in an 
(exact) Kautz series. · · · The Kautz model is nonunique: it depends on the ordering of 
the poles. The ordering of the poles can be chosen such that the first sections contribute 
most to the overall impulse response of the original system in a quadratic sense. Having a 
specific ordering, the reduced model order, say n, can be chosen by considering the energy 
contained in a truncated representation. The resulting reduced order model is obtained 
simply by truncation of the Kautz series at the n-th term." 

An important short-coming of the Laguerre and Kautz functions is that they have an 
abrupt start at k = 0. This means that a Laguerre or Kautz filter is not well suited to 
imitate a system that has an impulse response with a. gradual start . In Chapter 3 and 
Chapter 4 two other networks will be introduced that may serve as the basis of an adaptive 
LRM. These are the so-called Jacobi networks (with the special case of Legendre networks) 
and the Meixner-like networks . The Jacobi and the Meixner-like functions have a gradual 
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start and an exponential decay towards k = oo. Therefore, if properly parametrized, 
Jacobi and Meixner-like filters are well suited to model systems of which the impulse 
responses have a gradual start and a certain exponential decay towards k = oo. 
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Chapter 3 

Jacobi and Legendre Filters 

3.1 Introduction 

In Chapter 2 the Laguerre and Kautz filters were introduced. It was demonstrated that 
these filters are well suited to imitate systems that have impulse responses with an ex-

. ponential decay. A Laguerre filter contains a (multiple) real pole, and is therefore less 
suited to approximate systems with oscillatory impulse responses. Such systems are much 
better approximated by Kautz filters, because Kautz filters may contain a whole set of 
complex-valued poles. However, due to the abrupt start of their basis functions, neither 
Kautz filters nor Laguerre filters are suitable to imitate systems with gradually starting 
impulse responses. 

In this chapter we construct a continuous-time and a discrete-time linear regression 
model (LRM) based on a set of orthonormal functions on a semi-infinite interval which 
exhibit a gradual start and an exponential decay towards infinity. In Section 3.2 we 
construct a set of continuous orthonormal functions from the classical Jacobi polynomials, 
in a way similar to the construction of the Laguerre functions from the classical Laguerre 
polynomials in Section 2.5.1. The obtained orthonormal functions show a gradual start 
and then an exponential decay. In Section 3.3 we develop a (new) discrete counterpart of 
the continuous Jacobi functions. Based on these discrete Jacobi functions we construct a 
discrete LRM for adaptive filtering purposes . 

3.2 Continuous Jacobi Filters 

First we introduce the system of classical Jacobi polynomials with the system of classical 
Legendre polynomials as a special case. We then construct, from the system of Jacobi 
polynomials and the associated weight function, a set of orthonormal functions on the 
interval (0, oo ), the contin uous Jacobi functions, with the continuous Legendre functions 
as a special case. If the parameters satisfy certain conditions, the Laplace transforms of the 
obtained orthonormal fun ctions are rational functions of s. Then, the continuous Jacobi 
functions can be generated as impulse responses of a realizable network. This network 
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may serve as the basis of a linear regression model resulting in what will be called a Jacobi 
filter which, under a certain parametrization, reduces to a Legendre filter . 

3.2.1 Classical Jacobi and Legendre Polynomials 

The classical Jacobi polynomials are orthogonal under the weight function given by 

w(x) = (1- x)'\1 + x)1
-', 

with orthogonality interval ( -1 , 1), see (Szego 1959). Integrability of w(x) is guaranteed 
for ,\ > -1 and 11 > -1. The classical Jacobi polynomials include as special cases the 
Gegenbauer or ultraspherical polynomials (..\ = J.L = o- ~ with o > -~) , the Chebyshev 
polynomials of the first kind (..\ = J.L = -~), the Chebyshev polynomials of the second 
kind (..\ = J.L = ~), and the Legendre or spherical polynomials(..\= J.L = 0) (Abramowitz 
and Stegun 1970). 

The classical shifted Jacobi polynomials (Abramowitz and Stegun 1970; Beckmann 
1973) are orthogonal on the interval (0, 1) under the weight function 

and follow from the Jacobi polynomials by the substitution x = 2y + 1. For integrability 
of w( x) it is required that a -1 > -1 and 1 > 0. The shifted Jacobi polynomials, denoted 

by p~·"~>(x) with m = 0, 1,2, ... , are given by (see also Table 2.3) 

r(! + m) f) -lt (m) r(a +2m- n) xm-n 
f(a+2m) n=O n f(!+m-n) 

r(! + m) ~( -1)m+n (m) r(a + m + n) xn. 
r( a + 2m) ~ n r (! + n) 

(3 .1) 

Special cases of the shifted Jabobi polynomials are the shifted Chebyshev polynomials of 
the first kind (a = 0 and 1 = ~ ), the shifted Chebyshev polynomials of the second kind 
(a = 2 and 1 = D, the shifted Gegenbauer polynomials (a = 2{3 and 1 = {3 + ~ with 
{3 > ~),and the shifted Legendre polynomials (a= 1 = 1). · 

The orthogonality relation of the shifted Jacobi polynomials reads (1::/m, n E N0 ): 

I J w(x) Pt·"~>(x) P~"'·"~)(x) dx = Omn h!., (3.2) 

0 

where Omn is the Kronecker delta. The normalization constant is given by (see Table 2.2) 

h2 = m!r(m+l)r(m+a)r(m+a-1+1) 
m (2m+ a) f2(2m +a) 
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For our purposes the shifted Legendre polynomials T,,( x) appear to be of special in
terest. Following Table 2.3 they are defined as 

l m(x) == ~~~}; P~ ·l)(x) == ~( -1)m+n (:) (m: n) xn. (3.3) 

Thus apart from a constant multiplier, t hey are shifted Jacobi polynomials for a = "/ == 1. 
The constant multiplier is so chosen that they satisfy the orthogonality relations 

I 

! Tm(x) l,.(x) dx == -
1
- 6mn· 

2m+ 1 
0 

3.2.2 Continuous Jacobi and Legendre Functions 

Consider the orthogonality relation of the shifted Jacobi polynomials in (3 .2). After the 
substitution x == e-ut with u > 0, the orthogonality interval is changed from (0, 1) to 
(O,oo). Note that with this substitution the weight function becomes 

w(e-"1) == e-u(-y-l)t (1- e- "1)"--y. (3.4) 

Clearly, this weight function exhibits an exponential decay for large t. Also, note that when 
a-"(> n with n == 0, 1, ... , all m-th order derivati ves amw(e- "1)/otm with m = 0, 1, .. . ) n 
vanish at t == 0. This means that with a-"( we can control t he "speed" with which w(e- "1) 
starts. 

Multiplied by the square root of the weight fun ction in (3.4) and a normalization 
constant, the shifted Jacobi polynomials in (3.1) with x == e- ut pass into orthonormal 
functions on (0, oo ). These continuous Jacobi functions are given by (Armstrong 1957; 
Armstrong 1959; Mendel 1964) 

(3.5) 

Since the shifted J acobi polynomials are complete on (0, 1), the continuous Jacobi fun c
tions form a complete orthonormal set in the Hilbert space L2 (IR+). Consequently, a ny 
function h(t) belonging to L2 (IR+) can be approximated to any desired degree by a linear 
combination of continuous Jacobi fun ctions . 

Using the recurrence relat ion of the shifted J acobi polynomia ls in Table 2.4 and the 
definition of the Jacobi functions in (3 .5) we find a recurrence relation for t he Jacobi 
functions: 

p::.;."~/(u ; t) == {Am+Bme-" 1 }p~·"~l (u ;t) - Cmp::.:_"~/(u ; t), m=0,1,2, .. . , (3 .6) 

where 

Am - [2m(m +a)+ "!(a -1)] J2m +a F (m, a,"(), 

Bm (2m+a +1)(2m + a-1)J2m+aF(m,a,"(), 

(2m+a+1) 
m(m + a - 1)(m+ "(- 1)(m+a - 'Y) F(m a ) 

(2m + a - 2) ' '"/ : 
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and 

F(m,a,1) = 
2m+ a- 1 

2m+ a+ 2 

(m + 1)(m + a)(m + l)(m +a -1 + 1) · 

Note that C0 = 0 so that it is not necessary to define p~"'/Y) ( 0'; t). The function Pb01
>r) ( 0'; t) 

follows from (3.5). 
The first four continuous Jacobi functions for four different choices of a and 1 are 

depicted in Fig. 3.1. In Fig. 3.1A and Fig. 3.1 C we have (a, 1) = (5, 1) and (a, 1) = (10, 6), 
respectively, so that a -1 = 4 in both cases. Similarly, in Fig. 3.1B and Fig. 3.1D we have 
(a, 1) = (10, 1) and (a, 1) = (15, 6) so that a -1 = 9. We see that with a larger value for 
a- 1 the functions have a more gradual start. Further, a larger value for 1 results in a 
faster exponential decay, as was to be expected from (3.4) . 

2 

-I 

(D) 
-4~~~----~--~~--~~~~ 

0 2 3 6 7 8 9 10 6 7 8 9 10 

t-+ t-+ 

Figure 3.1: Examples of the first four continuous J acobi funct ions p~'")(O'; t ) with 0' = 1. 
The solid, dashed, dotted and dash-dotted lines correspond tom = 0, m = 1, m = 2 and 
m = 3, respectively. Further, (A) a= 5 and 1 = 1, (B) a= 10 and 1 = 1, (C) a = 10 
and 1 = 6, (D) a = 15 and 1 = 6. 

With (3.3) the shifted Jacobi polynomials p(OI>Yl(x) with a 1 pass into the 
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shifted Legendre polynomials T(x) (apart from a constant multiplier). Likewise, with 
a = 1 = 1 the continuous Jacobi functions p!:·'Y)(u; t) reduce to the so-called continuous 
Legendre functions, henceforth denoted by tm(<~ ; t) . The continuous Legendre functions 
are given by 

tm(<~; t) p~·l)(u; t) 

= Ju(2m+1)~(-1)m+n(:)(m:n)e-u(n+l/2)t, (3.7) 

and form an orthonormal basis of L2 (IR+). They are related to the shifted Legendre 
polynomials according to 

(3.8) 

By combining the recurrence relation of the shifted Legendre polynomials (see Ta
ble 2.4) with the relation between the continuous Legendre functions and the shifted 
Legendre polynomials in (3.8), we arrive at the following recurrence relation: 

V2m+3 -J(2m + 1)(2m + 3) ( -1 + 2e-ut) tm(<~; t)- m 
2
m_ 

1 
tm-i(u; t), 

(3.9) 
with m = 0, 1, 2, .. . and t0 ( u; t) = foe-utf 2 . Note that it is not necessary to define 
L 1(u; t). 

The first four continuous Legendre functions tm(<~; t) with <1 = 1 are plotted in Fig. 3.2. 
We observe that the functions jump at t = 0 and decay exponentially. Also, for larger m 
the functions tm(u; t) become more oscillatory. 

t 

b-
~ 

~ ! 

-:~- ·""" "··-· ··· .. 
: t • ..... · •· ....... :: :~:. :: • •• ~ ~. 

-JL-~----~~--~~~~~--~ 

0 3 6 7 8 9 10 

t--+ 

Figure 3.2: The first four continuous Legendre functions with <1 = 1. The solid, dashed, 
dotted and dash-dotted lines correspond to t0(u; t), t 1(u; t), t2 (u; t) and t3 (u; t), respec
tively. 
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Finally, the continuous Legendre functions satisfy a differential equation that can be 
obtained from the differential equation for the Legendre polynomials in Table 2.5 and the 
relation between the continuous Legendre functions and the Legendre polynomials in (3.8): 

3.2.3 Continuous Jacobi and Legendre Networks 

In this section we present the Laplace transforms of the continuous Jacobi functions with 
( a-1)/2 E N0 and of the continuous Legendre functions (a= 1 = 1). Using these Laplace 
transforms we construct networks with the continuous Jacobi functions and Legendre 
functions as impulse responses. These networks may serve as the basis of a linear regression 
model (LRM) as that depicted in Fig. 1.8. 

For (a -1)/2 E N0 the continuous Jacobi functions in (3.5) can be written with the 
aid of (3 .1) in the following form: 

Here L(a,-y) is given by , m,n 

£(<>,"1)(0") 
m,n 

where 

while B~~n-;/ is given by 

m (a--y)/2 

"'L(a,-y)(O") "' B(a--y)e-O"(I+-y/2+n)l_ 
L.....t m,n L.....t n,n+l 
n=O 

ifm < n, 

if m 2: n, 

O" (2m+ a) r(m + 1) f(m +a) 
m!r(m+a-!+1) 

if -n:::; l < 0, 

{ 

0, 

B(a--y) = (- 1)1 ((a -1)/2) 
n,n+l / ' 

ifO:::; l:::; (a-1)/2, 

if l > (a -1)/2. 0, 

(3.10) 

The coefficients L~;;:l are the entries of the lower-triangular matrix L(a ,-y) , with the under
standing that the subscript { m , n} denotes the ( m + 1, n + 1 )-th element. The coefficients 

B~~n-+~) are the entries of the upper-band matrix B(a--y). 

After introducing the vector functions 

l!.(cx,-y) [ p~cr,-y)(O"; t), P\cr,-y)(O"; t), p~cr,-y\O"; t), ... r' 
1_ [ e-.,.("1/2)1, e-.,.b/2+1)1, e-.,.b/2+2)1, ... ] T 
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we can express the Jacobi functions in (3.10) in the product form 

P..(a,'Y) = £(<>,"!) B(a-"1) [. 

The Laplace transforms of the Jacobi functions in (3.10) with (a- 1)/2 E N0 are 
rational functions of s: 

so that the Jacobi functions can be generated as the impulse responses of the Jacobi 
network shown in Fig. 3.3. 

Figure 3.3: Continuous Jacobi network. The impulse responses p~·"~)(O' ; t) are the contin
uous Jacobi functions for (a -1)/2 E N0 . 

Hereafter, we will mean by a continuous Jacobi filt er the combination of the LRM in 
Fig. 1.8 with a continuous J acobi network. Thus, the output of a continuous Jacobi filter 
is formed by a weighted sum of the individual outputs of a Jacobi network . 

The Laplace transforms of the continuous Legendre functions in (3 .7) are given by 

m - 1 

= ~ _1 _ IT s - 0'/ 

S + (fm S + O'l ' 
1= 0 

(3.11) 

where O'm = 0'( m + t). The continuous Legendre functions can be generated as the impulse 
responses of a so-called continuous Legendre network (Lee 1960), cf. Fig. 3.4 . It consists 
of a cascade of first-order all-pass sections tapped by first-order low-pass filters . Due to 
the specific relation between the poles of successive sections, the transfer function from 
the input to the (m+ 1)-th output (m = 0,1 ,2, ... ) has a low-pass character with (-3 dB) 



66 Jacobi and Legendre Filters 

cut-off frequency W e = O"m = CJ(m + ~). When comparing Fig. 3.4 and Fig. 2.5 we see that 
the continuous Legendre network is a specific continuous Kautz network . Note that in the 
continuous Legendre network only one parameter, namely CJ, can be chosen and that all 
fi lter sections then directly follow from this choice. 

o(t) 

ao 

s + CJo 

t0 (CJ; t) 

Figure 3.4: A continuous Legendre network composed of a filter line of first-order all
pass sections tapped by first-order low-pass sections with O"m = u(m + ~ ) and CYm = 
( CJ(2m + l) )1 12 for m E N0 . The impulse responses tm( CJ; t) are the continuous Legendre 
functions. 

Hereafter, we will mean by a continuous Legendre filter the combination of the LRM in 
Fig. 1.8 and a continuous Legendre network . Thus , the output of a continuous Legendre 
filter is formed by a weighted sum of the individual outputs of a continuous Legendre 
network . 

3.3 Discrete Jacobi Filters 

We search for a discrete-time counterpart of the system of continuous Jacobi functions 
which should meet the following constraints. First, we require that the discrete fu nctions 
can be generated as impulse responses of a discrete network . This implies that their z
transforms must be rational functions of z with all singularities inside the unit circle in the 
complex z-plane. Second, in conformity with the continuous Jacobi fun ctions we demand 
that the discrete functions can be expressed as the square root of a weight function v( k) 
times polynomials orthogonal under v(k). 

3.3.1 Discrete Jacobi Functions and Networks 

A possible approach towards discrete Jacobi functions would be to start with the Laplace 
tral'lsforms of the continuous Jacobi functions and apply to these Laplace transforms the 
modified bilinear transformation (MBT) in (2.11). The resulting functions are the z
transforms of discrete orthonorm al functions. These are rational stable transfer functions, 
because the MBT maps rational stable transfer fun ctions in the s-domain (which the 
Laplace transforms of the continuous Jacobi functions are) onto rational stable transfer 
functions in the z-domain . Unfortunately, the discrete Jacobi functions obtained in thi s 
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way do not meet our second requirement: they cannot be expressed as the square root of 
a weight function times a polynomial. 

We will follow an alternative approach to arrive at a discrete--time counterpart of the 
continuous Jacobi functions. We start with the weight function 

v(a,c)(O ; k) = o2ck(1- Ok+l )2a, (3.12) 

where k, a E N0 , 0 < 0 < 1 and c > 0. This weight function resembles the weight function 
associated with the continuous Jacobi polynomials after the substitution x = e-"t (see 
(3.4)): for large values of kit decreases exponentially, and the speed with which it starts 
at k = 0 can be ~ontrolled with the parameter a. 

Discrete functions, called the discrete Jacobi functions, can be constructed from the 
square root of the weight function in (3 .12) and polynomials in Ok: 

H C(a) . . b 
ere, n,n+l lS gJVen y 

m 

m a 

"'M(a,c) "' C(a) oU+c+n)k. 
~ m,n L__, n,n+l 
n=O 1=0 

if -n < l < 0, 

if 0 .::; l.::; a, 

if l >a. 

(3.13) 

The not yet specified coefficients M!:.~l are the entries of the lower-triangular matrix 
M(a,c), with the understanding that the subscript { m, n} denotes the ( m + 1, n + 1 )-th 
element . Likewise, the coefficients Cn,n+l are the entries of the upper-band matrix c(a ). 

Note the similar form of the discrete Jacobi functions in (3.13) and the continuous 
Jacobi functions for (a - 1) E N0 in (3 .10). 

From (3.13) we conclude that the system of discrete Jacobi functions is obtained from 
the system of sequences p!;_. with Pm = oc+m, m = 0, 1, 2, ... , 0 < 0 < 1 and c > 0. 
Conversely, the system of sequences p!;_. can always be recovered from the system of discrete 
Jacobi functions. The system of sequences p!;_. is complete in e2 (N0 ) if 

00 

L (1 - jpml) = 00. (3.14) 
m = O 

Since 
00 00 

m=O m =O 

we may conclude that the discrete Jacobi functions form a complete orthonormal set on 
£2 (N0 ) . Thus, any function belonging to £2 (N0 ) can be approximated to any desired degree 
by a linear combination of discrete Jacobi functions. 
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After introducing the following vector functions 

9.
(a,c) [ (a, c)((}· k) (a,c)((}· k) (a,c)((}· k) ]T Qo , , qi , , q2 , , · · · 

fj_ [(}ck
1 

(J(c+i)k
1 

(}(c+2)k
1 

• • • f 

we can express the discrete Jacobi functions in the following product form : 

9.(a,c) = M(a,c) c(al fl.: 

The matrix M(a,c) is such that the functions g_(a,c) are orthonormal. Therefore, M(a,c) 

satisfies 
9.(a,c){g_(a,c)v = M(a,c) c(a) fj_fj_T {eta) } T { M(a,c)} T =I, 

where M(a,c) is calculated as the inverse of the first Cholesky factor of c (a)g gT { c(alv. 

We did not find an explicit expression for M(a,c), but with the wide avai labiiity of well
behaving numerical algorithms M(a,c) can be determined numerically once a choice for a 

and c has been made. 
The calculation of M(a,c) becomes numerically unstable when (} is close to unity since 

then the matrix g gT is ill-conditioned . To avoid this, we may start with a near-orthogonal 
set of functions ~given by 

~ = M(a,cJ c(aJ fl 

where M(a,c) is proportional to £(cr,-y) with a= 2a + 2c and 1 = 2c: 

Jl1(a,c) = ( -l t (m) (2a + 2c + m)n. 
m,n n r(2c + n) 

The obtained discrete functions are almost orthogonal. They can be considered as sampled 
continuous Jacobi functions with t = kD , a= 2a + 2c, 1 = 2c and e-uD =B. For shorter 
sampling intervals (smaller value forD thus(} closer to but smaller than unity) these func
tions form a better resemblance of the orthonormal continuous Jacobi functions and are 
therefore closer to being orthogonal. A Gram-Schmidt orthonormalization procedure can 
be applied to orthonormalize the set of functions g, after which M(a,c) can be calculated. 

The z-transforms of the discrete J acobi functi;;-ns are given by 

a 

Q(a,cl(B · z) = ""M(a,c) "" c(aJ . z 
m > 6 m,n 6 n ,n+; z _ (};+c+n 

n=O j =O 

The discrete Jacobi functions can be generated as the impulse responses of the discrete 
Jacobi network shown in Fig. 3.5. 

In Fig. 3.6 four examples of the first four discrete Jacobi functions are plot ted. We 
conclude, as we had already expected from (3.12), that for larger value for a the functions 
become more gradually starting. Further, a larger value for c results in a faster exponential 
decay for large k . 
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Figure 3.5: Discrete Jacobi network. The impulse responses q~,c)(8; k) are the discrete 
Jacobi functions. 

0.4 .---~-~-~-~-~-~-........, 

0.3 

(A) 

(C) 
- 0.4 '----~-~-~-~-~-~-..__, 

0 20 40 60 80 100 120 140 

k -t 

0.4 

0 .3 

0 . 1 

-0.1 

-0.3 (B) 
-0.4 

0.4 

0 .3 
i; 

-0.3 (D) 
-0.4 L_ _ ___ _ _ _ _ _ _ _ _ _ ..___J 

0 W ~ W W 100 IW I~ 

k -t 

Figure 3.6: Examples of the first four discrete Jacobi functions q~ ·cl(e; k) withe = 0.95. 
The solid, dashed, dotted and dash-dotted lines correspond to m = 0, m = 1, m = 2 and 
m = 3, respectively. Further, (A) a = 2 and c = 1, (B) a = 8 and c = 1, (C) a = 2 and 
c = 3, (D) a = 8 and c = 3. 
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3.3.2 Discrete Legendre Functions and Networks 

In conformity with the continuous Legendre functions that are a special case of the con
tinuous Jacobi functions , the discrete Legendre functions (Perez and Tsujii 1988; Perez 
and Tsujii 1991; Davidson and Falconer 1991) are a special case of the discrete Jacobi 
functions, namely for a= 0 and c = ~ (compare with (3.13) and observe that c(o) is the 
identity matrix): 

n=O 

The z-transforms of the discrete Legendre functions read: 

Q (()· ) = Q(o,tJ((J· ) = ~ M(o,tJ _z_ 
m , Z m 1 Z L....t m ,n () 

n =O z - n 

(3.15) 

where Bm = om+t . The matrix M(o.tJ is given by 

ifn = m, 

0, ifn > m, 

which after substitution m (3.15) yields for the z-transforms of the discrete Legendre 
fun ctions: 

(3.16) 

Due to the specific form of the z-transforms in (3.16), the discrete Legendre fu nctions 
can be generated as the impulse responses of the elegant network presented in 3. 7 called 
a discrete Legendre network. The network is composed of a cascade of first-order all
pass sections tapped by first-order low-pass sections. Similar to the continuous Legendre 
network that is a specific continuous Kautz network, the discrete Legendre network is a 
specific discrete Kautz network (compare Fig. 3.7 and Fig. 2.6). Note that in the discrete 
Legendre network only one parameter, namely(), can be chosen and that all filter sections 
directly follow from this choice. 

We have used a discrete Legendre network to generate an example of the first four 
discrete Legendre funct ions with () = 0.95. These functions are depicted in Fig. 3.8. We 
observe that with an increasing function index m the discrete Legendre fun ctions become 
more oscillatory. In conformity with this, the transfer function from the input of the 
discrete Legendre network to the ( m + 1 )-th output ( m = 0, 1, 2, .. . ) is a low-pass function 
of which the ( -3 dB) cut-off frequency grows for la rger m. 
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Figure 3.7: A discrete Legendre network composed of a filter line of first-order all-pass 
sections tapped by first-order low-pass sections. The impulse responses qm(B; k) are the 
discrete Legendre functions. Further, Om= gm+l/Z and am= (1- gzm+l)l/Z with mE N0 . 
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Figure 3.8: The first four discrete Legendre functions with 8 = 0.95. The solid, dashed, 
dotted and dash-dotted lines correspond to q0(8; k), q1(0; k), q2(8; k) and q3(0; k), respec
tively. 

In Chapter 2 it was demonstrated that via the MBT the Laplace transforms of the 
continuous Laguerre functions are mapped onto the z-transforms of the discrete Laguerre 
functions, see (2.33). The inverse mapping was given in (2 .34) . It was also demonstrated 
in (2.45) and (2.46) that such a mapping exists between the Laplace transforms of the 
continuous Kautz functions and the z-transforms of the discrete Kautz functions . 

When the MBT is applied to the Laplace transforms of the continuous Legendre func
tions in (3.11), we find 

v'2"az ( z -1) Tm(r.Y; s) >--+ -- Tm rJj a--
z+l z+1 

= ~-z_miT-l 1- z1'J1 
m Z -'!9 Z -1'J1 ' 

m 1=0 

where '!9m = (1- r.Ym/a)/(1 + r.Ym/a). At first sight these functions appear to be the z
transforms of the discrete Legendre functions as in (3.16). However, we see that for large 
m the poles '!9m accumulate towards -1, while the poles Bm in (3.16) accumulate towards 
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0. Therefore, the MBT does not map the Laplace transforms of the continuous Legendre 
functions defined in (3.11) onto the z-transforms of the discrete Legendre functions in 
(3.16). 

3.4 Discussion 

In this chapter we have introduced the continuous Jacobi functions and a special case 
of these functions, namely the continuous Legendre functions. These functions were ob
tained from the classical Jacobi and Legendre polynomials and are orthonormal bases of the 
Hilbert space 12 (~+). It was demonstrated that under certain restrictions of their param
eters the continuous Jacobi functions have Laplace transforms that are rational functions 
of s , and that these functions can be generated as the impulse responses of a continuous 
Jacobi network. Likewise, being a special case of the continuous Jacobi functions, the 
continuous Legendre functions have Laplace transforms that are rational functions of s 
and can be generated as the impulse responses of a simple continuous Legendre network. 

We have presented a discrete counterpart of the continuous .Jacobi functions. These 
discrete Jacobi functions are also associated with orthogonal polynomials and form an 
orthonormal basis of the Hilbert space f 2(N0). We have demonstrated that the discrete 
Jacobi functions have z-transforms that are rational functions of z so that they can be 
generated as the impulse responses of a so-called discrete Jacobi network. The discrete 
Legendre functions are a special case of the discrete Jacobi functions and can be generated 
as the impulse responses of a discrete Legendre network that resemble t·he continuous 
Legendre network. 

A discrete Legendre filter is a discrete Legendre network of which the tap outputs are 
weighted and summed to yield the filter output. In an adaptive (discrete) Legendre filter 
the weights are adaptively optimized using algorithms as (N)LMS (Perez and Tsujii 1988; 
Perez and Tsujii 1991) or standard RLS. Before an adaptive Legendre filter can be used, 
one has to make a choice of the parameter B. If, e.g. an impulse response of the reference 
system is available, one could select B on the basis of the asymptotic exponential decay 
of this impulse response. An NLMS adaptive Legendre filter was proposed by Davidson 
and Falconer (1991) for the cancellation of echos in two-way communication systems. 
The authors found a considerable reduction in the required number of adaptive weights 
compared to the adaptive TDL. 

A discrete Jacobi filter is a discrete Jacobi network of which the tap outp uts are 
weighted and summed to yield the filter output. Again, the weights can be adaptively 
optimized using (N)LMS or standard RLS. Before the adapt ive Jacobi filter can be used, 
three parameters need to be chosen. These are a, c, and B. We do not have available 
a ready-to-use procedure to select these parameters from e.g. measured impulse response 
data. Instead, these parameters must be roughly chosen on the basis of a priori knowl
edge and physical insight concerning the reference system. A further fine-tuning can be 
performed with off-line numerical search algorithms using measured input/ output data of 
the reference system in operation. 
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Concerning practical use of continuous and discrete Jacobi filters there is an important 
remark to make. For higher values of cx - 1 and a, the continuous and discrete Jacobi 
functions become more gradually starting, see Fig. 3.1 and Fig. 3.6, respectively. From 
Fig. 3.3 and Fig. 3.5 we observe that the Jacobi functions are synthesized by a linear 
combination of the abruptly starting impulse responses of first-order filters . In order to 
arrive at the desired gradual start of the Jacobi functions by a linear combination of 
abruptly starting functions, there must be destructive interference near the start. This 
leads to high demands on the accuracy of the coefficients in the matrices B(a--v) and L(a,-v) 

or c(a) and M(a,c). 
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Chapter 4 

Optimal Generalized Laguerre 
Filters* 

Abstract 

The optimality condition for the pole in a Laguerre filter both in continuous-time and 
discrete-time has recently been established. This condition is of a very simple form and 
is independent of the power spectrum of the input signal, which makes it attractive for 
system identification purposes. The simple form of the optimality condition stems from 
the following property. The derivative of a Laguerre function with respect to the pole 
parameter can be expressed in the previous and next Laguerre function. We show that 
this property not only applies to the Laguerre functions but also to specific generalizations 
of the Laguerre functions. In particular we consider the generalized Laguerre functions 
and what will be called the Meixner-like functions. Further, we derive the optimality 
conditions for the pole in a generalized Laguerre filter and in a Meixner-like filter. 

4.1 Introduction 

It is sometimes desirable to have a compact description of a function defined on either 
the continuous intervaJJR+ or the discrete interval N0 that exhibits an exponent ial decay 
towards infinity. Such a function could for example be the impulse response of a time
invariant stable system. A good approach is to approximate the function with a t runcated 
Laguerre series, because the Laguerre fun ctions also show an exponential decay. The rate 

•This chapter is based on a paper with A.C. den Brinker, entitled " Optimality Condition for Truncated 
Generalized Laguerre Networks", Int. J. Circuit Theory Appl., Vol. 23, pp. 227-235 , 1995. Part of this 
work , entitled "Optimal Truncated Meixner-Like Networks" , was presented in cooperation with A.C. den 
Brinker at the ProRISC/IEEE Benelux Workshop Circuits, Systems and Signal Processing, Mierlo, The 
Netherlands, March 23-24, 1995. Another part of this work, entitled " Filter Synthesis by Discrete-Time 
Generalized Laguerre Networks", was presented in cooperation with A.C. den Brinker at the European 
Conference on Circuit Theory and Design (ECCTD) , Istanbul, Turkey, August 27-31, 1995. See references 
(Belt and den Brinker 1995c; Belt and den Brinker 1995b; Belt and den Brinker 1995a) . 
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of decay of the Laguerre functions is determined by a free design parameter (the "pole") . 
For fast convergence of the series expansion, the choice of this Laguerre parameter is 
essential. 

The best possible choice of the Laguerre parameter must satisfy a certain condition. 
This so-called optimality condition has been derived for both continuous Laguerre ex
pansions (Clowes 1965; King and O'Canainn 1969) and discrete Laguerre expansions 
(Masnadi-Shirazi and Ahmed 1991; den Brinker 1994), see also Section 2.5.3 of this the
sis. The result is obtained for an impulsive input signal of the system and is therefore of 
limited use in the field of system identification. Oliveira e Silva (1994) demonstrates that 
a similar optimality condition holds for any deterministic or stationary stochastic input 
signal satisfying some mild conditions. 

Some systems have impulse responses that show a gradual start and an exponential 
decay towards infinity. A Laguerre series expansion of such an impulse response cannot 
be expected to show a fast convergence, since the basis functions have an abrupt start . 
A much better basis in these cases would be the set of generalized Laguerre functions in 
the continuous time or as a discrete-time counterpart the set of the recent ly introduced 
Meixner-like Junctions (den Brinker 1995) in the discrete time. These basis functions 
can be obtained as the impulse responses of a network. Like the Laguerre functions, they 
contain a free design parameter (a pole) that determines the rate of decay towards infinity. 
Additionally, they contain a parameter that determines how fast the functions start. 

In this chapter we extend the result obtained by Oliveira e Silva (1994) to generalized 
Laguerre and Meixner-like approximations of systems under any excitation satisfying some 
mild conditions. The chapter is organized as follows. In Section 4.2 the generalized 
Laguerre functions and the Meixner-like functions are introduced. In Section 4.3 the 
derivatives of the basis functions with respect to the pole are determined. In Section 4.4 
the optimality condition for a generalized Laguerre filter and the optimality condition for 
a Meixner-likefilter are derived . The results are illustrated with an example in Section 4.5. 
F inally, some concluding remarks are made in Section 4.6. 

4.2 Two Orthonormal Bases 

In this section two sets of orthonormal functions are presented . For the continuous case the 
generalized Laguerre functions are considered. For the discrete case we use the recently 
introduced Meixner-like functions . We will see that the two sets of functions can be 
generated as the impulse responses of very similar networks . 

4.2.1 The Generalized Laguerre Functions 

The generalized Laguerre polynomials I~) ( x) belong to the class of the classical orthogonal 
polynomials and are given by (Szegi:i 1959) 

[~l(x ) = ~(-lt(m+a) xn, 
L m - n n' 
n = O 

( 4.1) 
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with m E N0 , a a real parameter satisfying a > -1 , and x E lR + The parameter a is 
called the order of generalization. In t he special case where a = 0 the polynomials in 
(4.1) reduce to the Laguerre polynomials lm( x), see (Szego 1959; Abramowi tz and Stegun 
1970). 

The generalized Laguerre polynomia ls are orthogonal under the window w("l( x) = 
x"e-x, in particular 

00 

~l~l(x) l~"l(x)w("l(x)dx = 
0 . 

0 
f(m+a+1) 

mn I , 
m. 

where Omn is the Kronecker delta. 
From the generalized Laguerre polynomials and the weight function w("l(x) it is pos

sible to construct functions on JR+ that are orthonormal with respect to a un ity weight 
fun ction. These functions are obtained by multiplying the generalized Laguerre polynomi
als by the square root of their weight function , followed by a change of scale in t he x-axis 
(x = O"t) and a normalization. As a result we obtain the so-called generalized Laguerre 
functions, given by 

(]" m. 2:) -1r m 0' (]" e- (7!/2 1 m ( + ) ( t)n+a/2 

r( m + a + 1) n=O m - n n! ' 
(4.2) 

were t stands for the time variable (t E JR+) . These functions have two free parameters , 
namely the order a (a > - 1) and the scale factor O" ( O" > 0). For a = 0 the functions in 
( 4.2) reduce to the Laguerre functions (Lee 1932), denoted by .\m( O"; t ). The orthonormality 
of the generalized Laguerre functions is expressed by 

00 

( .\~)(0"; t), .\!,")((]"; t)) = ~~~~)(O"; t) .\~")(0"; t) dt Omn· 

0 

The generalized Laguerre functions form a complete orthonormal set in the Hilbert space 
L2 (JR+) of square-integrable functions on JR+ (Clement 1963). Consequently, any function 
h(t) belonging to L2 (JR+) , e.g. the impulse response of a time-invariant stable system, can 
be approximated to any desired accuracy by a linear combination of generalized Laguerre 
functions. 

After Laplace transformation of ( 4.2) we obtain 

( ) 

l+a/2 m 

A (a)(O"· s) = {J(a) 1 "'M(a) 
m ' S + 0"/2 L._.; m,n 

n=O 

(4.3) 

Here (3(<>) = O"(l+a)/2 a nd M!:,~ is given by 

ifm < n, 

if m 2: n . 
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The coefficient M!:,~ can be regarded as the ( m + 1, n + 1 )-th element of a lower-t riangular 
matrix M(o) 

When a is even (a= 0,2,4, . .. ) the Laplace transform in (4.3) is a rational fun ction 
of s, and the generalized Laguerre functions in ( 4.2) can be generated as the impulse 
responses of the so-called generalized Laguerre network shown in Fig. 4 .1. 

{J{o) ( 1 ) !+o/2 

s + a/2 

Figure 4.1: Generalized Laguerre network. The individual impulse responses are the 
generalized Laguerre functions. The constant a may only take on the even values 0, 2, 4, · · ·. 
Further, f3( o ) = a(l+o )/2 and M{o ) is a (memory less) lower-t riangula r matrix . 

Note that the generalized Laguerre network is constructed around a cascade of identical 
first-order low-pass sections. This can be transformed to a cascade of identical first-order 
all-pass sections using the identity ' 

c +aa/2) m = ~(:}-It(:~ :j~r' mE No . ( 4.4) 

The resultant network, equivalent to the network in Fig 4 .1, is depicted in Fig. 4.2A . The 
lower-triangular m atrix L(o ) can be written as L(o ) = M {o) Q, where Q is also a lower

triangular matrix of which the ( m + 1, n + 1)-th element follows from ( 4.4) and is given 
by 

if m < n, 

ifm 2': n. 

Finally, the network presented in Fig. 4.28 is also equivalent to the network of Fig. 4.1 and 
it demonstrates that the system of generalized Laguerre fun ctions >.tl(a; t) is obtained 
from the system of Laguerre functions >.m( a; t) by the transformation with the matrix A (a ) 

given by A(o ) = L (oJ u(o J, where 

ul•l ( ~ ~ 1 ~ 1 ~ 1 ° r/2 

1The relation in (4.4) follows from (1 - x)"' = L~=D (';;')( - lrxn with the substitution x = (s 
!7/2 )/(s + !7/2) . Note the interesting inverse relation when x = !7/(s + !7/ 2) is substitu ted instead. 
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Since both the Laguerre and the generalized Laguerre functions form orthonormal sets, 
we conclude that A (a) is orthonormal: 

The fact that the Laguerre functions form a complete orthonormal set in L2 (JR+) (see 
(Clement 1963) or also Section 2.6.1 of this thesis), and the fact that the generalized 
Laguerre functions with even a are obtained from the Laguerre functions by a (reversible) 
orthonormal transformation, confirms the statement by Clement (1963) that for even a 
the generalized Laguerre functions are also complete. 

1 

(B) 

Figure 4.2: Equivalent generalized Laguerre networks. (A) The cascade of first-order low
pass sections in Fig. 4.1 is transformed to a cascade of first-order all-pass sections; (B) The 

system of generalized Laguerre functions >.~)(cr; t) is obtained from the system of Laguerre 
functions >.m( cr ; t) by an orthonormal transformation. 

Increasing the value of a results in a more gradually starting weight function xa e-x 
under which the generalized Laguerre polynomials are constructed. This leads to more 
gradually starting generalized Laguerre functions. Thus, with a, the center of gravity of 
these functions can be shifted in time. Equivalently, a larger value for a results in more 
emphasis on the lower frequency components of the basis functions at the expense of the 
higher frequency components. In Fig. 4.3 four examples are presented of the first four 
generalized Laguerre functions with different orders of generalization. 

Finally, from a generalized Laguerre network we may construct what will be called a 
generalized Laguerre filter. Let x(t) be the excitation signal of the network. The output 
of the generalized Laguerre filter is then formed by a linear combination of the outputs of 
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Figure 4.3: Examples of the first four generalized Laguerre funct ions .A~\cr ; t) with cr = 5. 
The solid , dashed , dotted and dash-dotted lines correspond tom= 0, m = 1, m = 2 and 
m = 3, respectively. The orders of generalization are given by (A) o: = 0, (B) o: = 2, (C) 
o: = 4 and (D) o: = 6. 

the generalized Laguerre network, according to 

M 

YM(t) L Wm .A~l(cr; t) * x(t), 
m=O 

where * denotes a convolution. For o: = 0 t he generalized Laguerre filter reduces to a 
Laguerre filter. 

4.2.2 The Meixner-Like Functions 

In the previous section it was shown that the generalized Laguerre fun ct ions l~)(cr; t) are 
obtained from the Laguerre functions lm( cr; t) by an orthonormal transformation. The dis
crete Laguerre functions, denoted by gm(~; k) with m, k E N0 , are the inverse z-transforms 
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of (see (2.30) or (Broome 1965)) 

Gm(~;z) = jl=12z (1 -~z)m , 
z -~ z -~ 

where ~ is the Laguerre parameter satisfying -1 < ~ < 1. In this section we consider 
an orthonormal transformation applied to the discrete Laguerre functions as proposed by 
den Brinker (1995) . The obtained orthonormal fun ctions will be denoted by g~l(~; k) with 

z-transforms a~l(Cz ). Analogous to the parameter a in the previous sect ion, a is called 
the order of generalization (a E N0 ). Again, for a= 0 the generalized functions reduce to 

the discrete Laguerre functions: g~)(~; k) = 9m(C k). The orthonormality of the functions 

g~)(~; k) is expressed by 
00 

L9!:)(~; k)g~a)( ~; k) = bmn· 
k=O 

The funct ions g~)(C k) are called the M eixner-like Junctions (den Brinker 1995) for the 
following reason. In Chapter 2 the classical Meixner polynomials were introduced. The 
Meixner polynomials contain a free parameter b, and for b = 1 the Meixner polynomials 
reduce to the discrete Laguerre polynomials. By multiplying the Meixner polynomials with 
the square root of their weight function w(bl(O; k) = Okbk /k! followed by a normalization 
Meixner funct ions are obtained that form an orthonormal set on N0 . However, among all 
Meixner functions only the discrete Laguerre functions ( b = 1) have rational z-transforms. 
Therefore, the Meixner fun ctions cannot be generated as the impulse responses of a digital 
network. The Meixner-like functions on the other hand , do have rational z-transforms. 
As demonstrated by den Brinker (1995) they are associated with orthogonal polynomials 
and weight fun ction v<al(~; k) = [(k + 1)a]2 ek. The weight functions w<bl(O; k) with b = 
2a + 1, and v(a)(~; k) withe = 0 are both polynomials in k of order 2a multiplied by the 
exponential sequence Ok . Also, these functions are very similar of shape. As a consequence, 
the Meixner-like functions look very much like the Meixner functions, which justifies the 
choice of their name. 

The Meixner-like functions g~) (~; k) can be obtained as the impulse responses of the 
Meixner-like network depicted in Fig. 4.4A, where L(a) is a lower-triangular matrix (den 
Brinker 1995). Similar to the generalized Laguerre network in Fig 4.2A, the M~xner-like 
network of Fig. 4.4A is constructed around a filter line composed of a cascade of identical 
first-order all-pass sections preceded by a )ow-pass filter of order a+ 1. The z-t ransforms 
of the Meixner-like functions g~l(~ ; k) are given by 

Q(a)(l:· z) = b(a) (-z-)a+l ~£(a) (1- ~Z ) n 
m ~' Z _ ~ ~ m,n Z _ ~ , 

n =O 

(4 .5) 

where b(a) = (1 - e )a+l/2 and L~!n is the (m + 1, n + 1)-th element of t he matrix L(a) 

Since 
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we see that the Meixner-like functions are obtained by a transformation on the Laguerre 
domain . The resulting equivalent Meixner-like network is presented in Fig. 4.4B . The 
matrix A (a) is given by A (a) = L(a)U(a), where 

The matrix A (a) has at its m-th row m +a+ 1 non-zero elements, which implies that the 
system function cl:l(~ ; z) has a pole in z = ~ with multiplicity m +a+ 1. Unfortunately, 
no closed-form solution of £(a) (and thus A(a)) is known. We do know that A (a) must be 
orthonormal, and therefore 

( 4.6) 

The matrix u<al{U(a) V is positive definite. With ( 4.6) we may determine £ (•) as the 
inverse of the first Cholesky factor of u <•l{U(alV. This can be done with stable numerical 
algorithms. 

When the order of generalization a = 0, we obtain from the trivial Cholesky decompo
sition of the identity matrix that L (o) = I , and in (4.5) the discrete Laguerre functions a re 

obtained. ln the specia l case where~ = 0 we obtain L (a) = I, and with G~)(O; z ) = z - m 
the Meixner-like network reduces to a delay line for all values of a. 

The facts that the discrete Laguerre functions form a complete orthonormal set in 
£2 (N0 ) (see (Oliveira e Silva 1995) or also Section 2.6.2 of this thesis), and t hat the 
Meixner-like fun ctions are obtained from the discrete Laguerre fun ctions by a (reversible) 
orthonormal transformation, imply that the Meixner-like functions also constitute a com
plete orthonormal set in £2( No) . 

In F ig. 4.5 four examples are presented of the first four Meixner-li ke functions with 
different orders of generalizat ion. We noti ce that a has a similar effect on t he Meixner-like 
fun ctions as a has on the generalized Laguerre functions. With a, the speed with which 
the basis functions start can be controlled. Equivalently in the frequency domain, the 
lower-frequency components of the basis functions can be emphasized at t he expense of 
the higher-frequency components . 

From a Meixner-like network we may construct what will be called a Meixner-like filt er. 
Let x(k) be the excitation signal of t he network. The out put of the Meixner-like filter is 
then formed by a linear combination of t he outputs of the Meixner-like network, according 
to 

M 

YM(k) = L Wm g~l(~; k) * x(k), 
m=O 

For a = 0 the Meixner-like filter reduces to the (discrete) Laguerre filter (King and 
Pa raskevopoulos 1977). 
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(
_z )a+l 
z-t 

(A) 

z 
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(B) 

Figure 4.4: Two equivalent Meixner-like networks. The individual impulse responses are 
the Meixner-likefunctions. The order of generalization a may take on the values 0, 1, 2, · · · . 
Further, b(a) = (1- C)a+l/2 . 

4.3 The Derivatives of the Basis Functions 

The remainder of this chapter will be devoted to the problem of how to choose CJ in gener
alized Laguerre filters and tin Meixner-like filters. For this , we will need the derivatives 
of the generalized Laguerre functions with respect to CJ and the derivatives of the Meixner
like functions with respect to t. In this section it will be shown that these derivatives are 
of a remarkably simple form. 

Consider the set of real-valued orthonormal functions J.,(x; 7) that constitute a com
plete basis in U(JR+) or £2 (N0 ) for the continuous-time case and discrete-time case, re
spectively. Here, m is the function index with m E N0 ; x is the free parameter that needs 
to be optimized, and 7 stands for the continuous-time variable t E ~+or the discrete-time 
variable k E N0. We demand that fm(X ; 7) be a continuously differentiable function of X· 
We introduce the vector L(x; 7) (with infinite length) as 

The orthonormality of the functions fm(X ; 7) can be expressed by the following property 
of the corresponding inner product matrix: 

(4.7) 

The (m + 1, n + 1)-th element of the inner product matrix is given by (J., (x; 7), fn( X; 7)) , 
the inner product between fm(X; 7) and fn(x; 7) with respect to the time variable 7 . With 
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Figure 4.5: Examples of the first four Meixner-like functions g~)(~; k) with~ = 0.95. The 
solid, dashed, dotted and dash-dotted lines correspond to m = 0, m = 1, m = 2 and 
m = 3, respectively. The orders of generalization are given by (A) a= 0, (B) a = 1, (C) 
a = 2 and (D) a= 3. 

the definition of the matrix 

aJ(x; T) T 
D(x) = ( a , J (x;T )) . 

X -

we obtain, after differentiating (4 .7) with respect to x, 

D(x ) = - {D(x)}T. 

Thus D(x) is skew-symmetric. Consequently, the diagonal elements of D(x) all vanish. 
The derivative of the n-th basis function with respect to X can be expanded according to 

aJn(X;T) = ~(afn(X;T) f (. )) f ( . ) a ~ a , m X,T mX,T. 
X m = O X 

Such an expansion can be obtained for the derivatives of all basis functions with respect 
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to x, leading to 
8f(x; T) 

8 
= D(x) J(x ; T). 

X -
( 4.8) 

We now derive the D-matrices of the generalized Laguerre functions and the Meixner-like 
functions, denoted by D(ex)(O') and D(a)(O, respectively. 

Inspection of ( 4.3) reveal s that the derivative of the m-th generalized Laguerre function 

A~)( O'j s) with respect to 0' is a power series of 0' I( s + 0' 12). The lowest and highest powers 
in this series are al2 + 1 and m + al2 + 2, respectively. This implies that the derivative 
can be expressed in a finite series of generalized Laguerre basis functions (with order of 

generalization a) up to and including A~L(O'; s). Using the skew-symmetry property of 

the matrix D(ex)(O'), we conclude that the matrix must be of the form 

( 

0 D(ex)(O') 
0,1 

(ex) -D~~f(O') 0 D\~](o-) 
D (0') = -D\~](0') 0 Dt](O') 

~ . . YJ • • 

( 4.9) 

where the elements D!:'.~+ 1 ( 0') are functions of m, et, and 0', only. In particular, the 
derivative of the m-th basis function can be exp ressed in the (m- 1)-th and (m + 1)-th 
basis function according to 

81\~\0'; s) 
80' 

D(ex) ( ) I\( ex) ( . ) D(ex) ( ) /\(ex) ( . ) 
- m-1,m 0' m -1 O' ,S + m,m+1 0' m+1 O',S · (4.10) 

with the definition D~ex/0 (0') = 0. Differentiating the functions i\~)(O';s) in (4.3) with 
respect to 0' gives 

81\~)(0'; s) = _ m + al2 + 1 {J(ex) M(ex) ( 1 ) l+ex/
2 

( 0' ) m+
1 

lower-order 
80' 2 0' m,m s + 0' 12 s + 0' 12 + terms. 

( 4.11) 
We also know that 

(ex) . - (ex) (ex) ( 1 ) l+ex/2 ( 0' ) m+1 
i\m+ 1(0',s)- {3 Mm+ 1 m+ 1 I I +lower-orderterms. (4.12) 

' s+O' 2 s +O' 2 

Substituting (4.12) in (4.10) and then combining (4.10) and (4.11) yields 

M(ex) 
m + al2 m-1,m-1 

20' M!:,!n 
dex) (0') = m-l,m 

Jm(m +a) 
= 20' 

( 4.13) 

Foret= 0, we obtain D~~ 1 ,m(O') = ml20', and (4.13) reduces to the result obtained by 
Oliveira e Silva (1994). 
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In a similar way we arrive at the D-matrix of the Meixner-like functions , given by 

with 

Dt/(0 
0 

-D\~1w 
D\~1(0 

o DtJ(O 

L(a) 
D(a) (t) = m +a m-t,m-t 

m-t ,m ., 1 _ e L(a) 
m,m 

(4.14) 

( 4.15) 

and D{_:'{ 0 (0 = 0. When a= 0, we obtain D~~~ mW = m/(1- C), and (4.15) reduces to 
the resul't obtained by Oliveira e Silva (1994). ' 

4.4 The Optimality Condition 

In this section we look at the problem of finding the best values of !7 and e in generalized 
Laguerre filters and Meixner-like filters , respectively. As in the previous section, T will 
denote either t or k, and x will denote either !7 or ( Let x( T) be a stationary stochastic 
signal with a strictly positive power spectral density function . For the output of either a 
generalized Laguerre filter or a Meixner-like filter we write 

M 

YM(X;T) = l.:::wM,m(X)<f>m(X;T )*X(T) 
m=O 

M 

2..:::: WM,m(X) Um(X; T ). 
m=O 

The fun ctions <f>m(x; T) are the M + 1 individual impulse responses of the ort hogonal 
network and the WM,m(X) are the weights. 

The desired signal is denoted by d(T) . For the error signal we write 

The optimization goal is to minimize the mean-squared error (MSE) given by 

The optimal weights follow from the so-called normal equations: 

m = 0,1 , ... , M. (4.16) 

The optimal weights depend on the number of filter sections (note the additional subscript 
Min WM,m), since the filter outputs are not orthogonal for non-white excitations x(T) . 
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We seek the stationary points of JM(X) with respect to x- Thus 

aJM(X) = 2£ { ( 0 ) aeM(X;T)} = O 
ax eM X, T ax 0 

When the normal equations in ( 4016) are satisfied, we may write this as 

00 

Using (4.8) with the knowledge that the matrix D has the special form as in (4.9) and 
(4.14) and again using the fact that the normal equations in (4016) are satisfied, we obtain 
the gradient as 

aJ;(x) = -2wMM(X) DMM+IE{eM(X;T)uM+I(X;T)} = 0. (4°17) 
X ' ' 

Here, DM,M+I denotes either D);~M+ 1 (a) or Dt~M+ 1 (() . We now know that the stationary 
points of JM(X) satisfy the normal equations (4.16) and 

WM,M(X) = 0 or E { eM(X; T) UM +I (x; T)} = 0. ( 4.18) 

The second equation in ( 4.18) tells us that a proper choice for x, say X= Xo, makes the er
ror signal orthogonal to UM+I (xo; T ). We will now prove that E{ eM(Xo; T) UM+I (xo; T)} = 

0 implies that WM+!,M+I(Xo) = 0. For this, consider a filter with one extra section and 
with weights 

WM+I ,m(Xo) = WM,m(Xo), 

WM+I,M+I(Xo) = 0. 

m=0,1, .o .,M, 

( 4.19) 

Then eM+I(Xo;T) = eM(Xo;T) and as a consequence of (4016) and the second equation in 
( 4.18) 

( 4.20) 

with m = 0, 1, ... , M + 1. Thus, using the weights defined by (4019), the normal equations 
in ( 4.20) are satisfied for a filter with one extra section. Therefore, using one extra section 
with x = xo, the weights in (4.19) are the optimal weights in the sense that JM+I(Xo) is 
minimal. 

Consequently the stationary points of the mean-squared error Ji;l( a) of the generalized 
Laguerre filter satisfy the normal equations in (4016) and 

w);~M(a) = 0 or w);~I,M+l(a) = 0. 

Similarly, the stationary points of the mean-squared error Ji;l ( ~) of the Meixner- like filter 
satisfy the normal equations ( 4.16) and 

wt~M(O = 0 or wt)+l.M+I(O = 0. (4.21) 

This optimality condition is exactly the same as the one obtained by Oliveira e Silva 
(1994). In fact, any filter based on a set of orthogonal functions of which the matrix D(x) 
has the same structure as in (4.9) and (4.14) will yield this optimality condition, since the 
analysis in this section depends solely on the specific structure of D(x) . 
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4.5 An Example 

As an example we consider the system given by the transfer function 

H(z) = (-z )4 

+ (-z )4

, 
z-p z-p* 

( 4.22) 

where p = 0.9 + O.li . This system is not within the model set of the Meixner-like filters 
because the poles are complex-valued. However, a good approximation should be feasible, 
since p is chosen close to the real axis . For this example the system in (4.22) is excited 
by colored noise x(k) obtained by low-pass filtering white noise with normal distribution 
N(O, 1). The low-pass filter that is used here is given by 

z 
G(z ) = z-0.5. 

The system H(z) in (4 .22), excited by x(k), is imitated by Meixner-like filters with a 
different number of sections ranging from one to four. The following results are obtained 
with a single run of 5000 samples. The first 2000 samples are only used to initialize the 
filters in order to avoid problems with initial conditions. The remaining 3000 samples are 
used to solve the normal equations ( 4.16) for the determination of the optimal weights. In 
Fig. 4.6A an approximation of the normalized MSE 

E{eit(~;k)} 
E{d2 (k)} 

is plotted for a = 3 and M = 0, 1, 2, 3 as a function of the pole ~· From the plot with 
M = 3 we see that in the optimal situation, namely when ~ ~ 0.84, the normalized 
MSE is approximately given by 0.07 (or -l1.5 dB). In Fig. 4.6B the weight product 

w~:M(t)w~)+I ,M+!(O is plotted for a= 3 and M = 3. As expected from (4.21 ), we notice 
that the zero-crossings in this plot correspond to the extrema of the normalized MSE for 
M = 3 in Fig. 4.6A. 

4.6 Discussion 

In this chapter the optimality condition for the pole of generalized Laguerre filters in 
continuous time and of Meixner- like filters in discrete time has been derived. T he result 
is valid for any stationary stochastic input signal satisfying some mild condit ions. We 
conclude that the optimality condition is exactly the same as that for continuous-time and 
discrete-time Laguerre filters (Oliveira e Silva 1994). We have shown that, very gene rally, 
a filter based on an orthogonal set of functions for which the derivative of the m-th basis 
function with respect to any free parameter can be expressed as a linear combination of 
the (m- 1)-th and (m + 1)-th basis function satisfies the same optimality condit ion. 

The use of a generalized Laguerre filter (continuous-time) or a Meixner-like filter 
(discrete-time) rather than a more restricted Laguerre filter (continuous-time and discrete
time) gives the designer an extra free parameter, namely the order of generalization. As 
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Figure 4.6: (A) Normalized MSE curves of the approximation of the output of the system 
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has been indicated in Section 4.2, this parameter can be used to enhance the low-frequency 
components of the basis functions at the expense of the high-frequency components. Equiv
alently, in the time domain the basis functions can be made more gradually starting. The 
problem of finding the optimal order of generalization is not addressed in this chapter. 
In (Belt and den Brinker 1997) a method is presented to obtain the best order of gen
eralization for truncated generalized Laguerre expansions of a class of L2 (!R+)-functions 
satisfying certain moments. 

The Meixner-like filter can be employed advantageously for adaptive filtering purposes. 
The weights can be optimized adaptively using algorithms such as LMS and RLS (Hay kin 
1996). For adaptive optimization of the pole the gradient given by ( 4.17) can be used. The 
expected value can be estimated by time averaging over the product eM(~;k)uM+I(~;k) . 

Care must be taken to ensure that the normal equations in (4 .16) are (with in a good 
approximation) always satisfied while the pole is adjusted, since only then the derived 
gradient is applicable. Belt and den Brinker (1996) proposed an algorithm for the adap
tation of the pole in a Laguerre filter, see also Chapter 7 of this thesis. 
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Chapter 5 

Optimal Truncated Hermite 
Expansions* 

Abstract 

Signals that are fairly concentrated in time or space can often be conveniently described 
by a truncated Hermite series. The rate of convergence of such series depends on the 
center and scale factor of the Hermite functions . In this paper we present some results 
concerning the determination of the optimal values of these two important parameters. 
We address the problem of the approximation of one-dimensional functions defined in the 
continuous interval ( -oo, oo) . 

5.1 Introduction 

In some signal and image processing applications it is necessary to approximate signals 
which either have a finite support or are very concentrated (in time or space). One 
way to approximate this type of signals is to use a truncated Hermite series, since the 
factor exp( -x2/2) in the Hermite functions approaches zero rather quickly when lx I is 
substantially larger than 1. There is, however, one problem with this approach: it is 
necessary to find a good center and a good scale factor for the Hermite functions in order 
to have fast convergence of the series. This is the point we will address in this paper. 
We note that truncated Hermite expansions were used recently in the approximation of 
biomedical signals (Lo Conte, Merletti , and Sandri 1994). Other applications of Hermite 
series can be found in (Martens 1990b; Martens 1990a). 

•This chapter is the precise text of a paper by T. Oliveira e Silva·· and H.J .W. Belt that appeared 
under the title "On the Determination of the Optimal Center and Scale Factor for Truncated Hermite 
Series" in Signal Processing Vlll, Theories and Applications, Proc. EUS!PC0-96, Eighth European Signal 
Processing Conference, Trieste, Italy, pp. 1563- 1566, 1996. See reference (Oliveira e Silva and Belt 1996) . 

.. Dr. T . Oliveira e Silva is with the Departamento de Electr6nica e Telecomunica~.oesflNESC-Aveiro, 

Universidade de Aveiro, Portugal. 
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The results of this paper were inspired by similar results for truncated Laguerre ex
pansions (Clowes 1965; King and O'Canainn 1969; Parks 1971; Wang and Cluett 1994) . 
Due to lack of space we will discuss the approximation of one-dimensional signals only. 

The structure of this paper is the following. Section 5.2 is concerned with the Hermite 
functions, and with some of their properties. Section 5.3 presents the stationarity con
ditions of the squared error of a truncated Hermite series. In Section 5.4 we describe a 
method to find a "good" center and a "good" scale factor for the Hermite funct ions based 
on measurements of the function to be approximated . Lastly, in Section 5.5 we present a 
simple example of the main results of the paper. 

5.2 Hermite Polynomials and Functions with some 
Properties 

The Hermite polynomials form one of the families of classical orthogonal polynomials and 
may be defined for n > 0 by the recurrence relation (Szego 1959) 

with H0 ( x) = 1. Another useful recurrence relation is 

Hn+z(x) = [4x2
- 2(2n + 1)] Hn(x) - 4n(n- 1) Hn-z (x) 

with H0 (x) = 1 and H1(x) = 2x, and for n ~ 0. It is also easy to prove that 

H~(x) = 2n Hn-I(x). 

It is well known that the Hermite polynomials obey the orthogonality condition 1: Hm(x)Hn( x) e-"'
2 

dx = 2nn!ft Omn, m, n ~ 0. 

(5.1) 

(5.2) 

(5.3) 

(5.4) 

From the Hermite polynomials, which are orthogonal w.r.t. the weighting function 
e -x~ it is possible to construct families of functions in the interval ( - = , =) which are 
orthonormal with respect to a unity weighting function. These functions are obtained 
by multiplying the Hermite polynomials by the square root of their weighting function, 
followed by a translation and a change of scale in the x axis, and, finally, by a normalization. 
The end result of all these operations are the so-called Hermite functions, given by 

(5.5) 

where x = (t - t0 )/).. and O'n = (2nn!>.J1ft 112
. These functions have two free parameters: 

t 0 , the center of the functions; and >., their scale factor. 
The Hermite functions form a complete orthonormal set in L2

( -=,=), i.e., any square 
integrable function f(t) can be expressed in the form 

()() 

f(t) = I>n(>.,to)Hn(>.,to;t ) (5.6) 
n = O 
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where 

en(\ to)= 1: j(t)Hn(A,t0 ;t)dt. (5.7) 

The partial derivatives of the Hermite functions w.r.t. their three parameters are given 
by the following interesting formulas 

and 

where 

a'Hn(A, to; t) 
at = f3n Hn-1(>-. ,to;t)- f3n+i Hn+ 1(>-.,t 0 ;t), 

a'Hn(\ to; t) a'Hn(\ to; t) 
ato at 

a'Hn(A, to; t) ( ( ) 
a).. =In 'Hn-2 A, to; t) -ln+2 Hn+2 A, to; t , 

..;n 
fJn = )...j2' and .fiivn=T 

In=-
2

).. 

(5.8) 

(5.9) 

(5.10) 

(5.11) 

These formulas express the partial derivatives of the Hermite fun ctions as linear combina
tions of other Hermite functions, and can be proven easily by differentiating (5.5) w.r.t. 
the appropriate variables and simplifying the results with (5.1), (5.2), and (5.3). In a few 
words, these formulas are a consequence of the special form of the Fourier transform of 
the Hermite functions and of their orthonormality. Note that a similar result exists for the 
Laguerre functions (King and O'Canainn 1969; Wang and Cluett 1994; Oliveira e Silva 
1995 ). 

The Hermite fun ctions satisfy the following differential equation (a prime denotes dif
ferentiation w.r.t. t) 

(5.12) 

[remember that x = (t- t0 )/ >..]. This follows from the differentiation of (5.8) w.r.t. t and 
from (5.1) and (5 .3). 

5.3 Stationarity Conditions for Truncated Hermite 
Series 

In practice we are forced to use a finite number of terms, say N + 1, in (5.6). We then 
obtain an approximation to f(t) of the form 

N 

!N(\ to; t) ='Len( A, to) Hn(A, to; t) (5 13) 
n=O 

that has a squared error of 

(5 .14 ) 
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This squared error is clearly a function of the center and of the scale factor of the Hermite 
functions . It makes then sense to try to minimize it w.r.t. these two parameters. A 
preliminary step towards this goal is the deduction of the stationarity conditions of the 
squared error w.r.t. >. and to t0 . 

Let 8 = >. or 8 = t0 . Then we have 

N 
a~N(>.,to) = _2 " (>. )acn(\to) 

a8 L...t Cn ' to a8 
n=O 

(5.15) 

and [cf. (5 .7)] 
aen(>., to) = 100 

f( )81-ln(>., to; t) d 
a8 t a8 t. 

- 00 

(5.16) 

Using (5.9) and (5.10) in the previous formula yields 

acn(A,to) ) 
a to = - /3.,. Cn-1 ( >., to + f3n+ 1 Cn+ 1 ( >., to), (5.17) 

and 
8cn(>., to) ( ) ( ) a>. = In Cn-2 >.,to + ln+2 Cn+2 >.,to . (5.18) 

Using these remarkable formulas in (5.15) it is possible to verify that in both cases the 
summation appearing there becomes a telescopic series, giving the simple results 

(5.19) 

and 

a~N(A, to) 
a>. =2/N+I CN-1()., to) CN+I()., to) 

+ 2/N+2 CN(\ to) CN+2()., to). (5.20) 

It is easy to prove that these two partial derivatives vanish simultaneously if and only if 
at least one of the following three conditions is satisfied 

q(>., to) = Ck+l (>.,to)= 0, k = N- 1, N, N + 1. (5.21) 

Intuitively, we would expect that at local minima of ~N(>. , t 0 ) the condition corresponding 
to k = N + 1 is the one satisfied, since for the other two cases one or more coefficients 
used in the approximation vanish. Unfortunately, this is not always the case. 

If we suspect that the global minimum of ~N (>.,to) satisfies condition (5.21) for a 
specific k, and if we have one reasonably good estimate of the optimal values of >. and 
t0 , then it is possible to refine these estimates using one or more iterations of Newton's 
method to solve a system of (two) nonlinear equat ions. This is possible because it is very 
easy to compute the partial derivatives of ~N(>., t 0 ) w.r.t. these two parameters [it is only 
necessary to compute two extra coefficients of the Hermite series, cf. (5.19) and (5.20)]. 
Of course, we can also use Newton's method to try to find solutions of (5.21) by starting 
at some random values of >. and t0 . 
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5.3.1 Approximation of Even and Odd Components of a Func
tion 

If it is known that a function is even (or odd) around a certain point t0 then half of the 
expansion coefficients of the truncated Hermite series will be zero. In such cases it makes 
sense to use in the approximation only even (or odd) Hermite functions , which can be 
computed directly with recursion (5 .2) . Again, the partial derivative of the squared error 
of the approximation w.r.t. >.will be a telescopic series, and the stationarity condition will 
simply be 

(5.22) 

where N is the index of the last term used in the expansion. 
Since even and odd functions (around the same point) are orthogonal to each other it 

is possible to approximate the even and odd components of a function using even and odd 
truncated Hermite expansions with different scale factors and with different numbers of 
terms (but with the same center). The two independent stationarity conditions will have 
the same form as (5 .22). This idea was suggested to the authors by Dr. A. C. den Brinker. 

5.4 Optimum Value of A and t0 for a Class of Func
tions 

Based on the ideas of (Parks 1971) (see also (Tanguy, Vilbe, and Calvez 1995) for a more 
general result) it is possible to estimate a "good" center and scale factor for the Hermite 
functions used in the approximation of a function f(t). Let 

(5.23) 

and 

m 3 = 1: [f'(tW dt = -1: f(t)J"(t) dt. (5.24) 

We assume that these integrals exist and are absolutely convergent . The purpose of this 
section is to derive formulas for the best center and scale of the Hermite functions when 
the only information about f(t) is the four "measurements" m0 , .. . , m 3 introduced above. 
Note that m 0 is the energy of f(t) and that m 1 will vanish if f(t) is an even or an odd 
function. Note also that a translation and change of scale affect these measurements in 
the way shown in Table 5.1. 

Table 5.1: Effect of a translation and change of scale in the measurements mk. Note that 
x = (t - t 0 )j>.. The second line of this table then represents a translation of f (t) by t0 

followed by an amplification of the t axis by a factor of >. . 
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Using the differential equation (5.12) that the Hermite functions satisfy it is possible 
to prove that 

00 2 
"'( 1) 2(' )-m2-2tom1 +t0 m0 , 2 
L..., 2n + Cn A, to - ).2 + /\ ffi3. 

n=O 

But 
00 

(2N + 3)~N(>., to) ::; L (2n + 1)c~(>., t0 ) 

n=N+! 
with equality if and only if en(>., to)= 0 for n > N + 1. Also 

N N 

L(2n + 1)c~(>., t0 ) ~ L c~(>., t 0 ) 

n=O n=O 
with equality if and only if en(>., t0 ) = 0 for 1::; n::; N. Combining all these results yields 

t (>. t ) < m3 >.4 - mo >.
2 

+ (m2- 2to m1 + t5 mo) (5.25) 
c,N , o - 2(N + 1)>.2 

This upper bound for ~N(>., t 0 ) is attained if f(t) is a linear combination of 'H0 (>., t0 ; t) and 
'HN+I(>.,t0 ;t). Minimizing this bound w.r.t. to yields 

(5.26) 

which is independent of >.. Hence the "best" center for the expansion can be determined 
quite easily and requires only two measurements. Note that (5.26) has a very simple and 
elegant interpretation, and is widely used in wavelet theory. Minimizing the upper bound 
also w.r.t. >. yields 

mom3 
(5.27) 

Using the data presented in Table 5.1 it is reassuring to verify that translations and 
changes of scale of J(t) are reflected in the appropriate way in the values of t0 and ~' as 
we invite the reader to check. Also, for the Hermite functions themselves we have m 0 = 1, 
m 1 = t0 , m2 = 2nt >.2 + t5, and m3 = 2;_0i, which gives i0 =to and ~=>.,which is also 
reassurmg. 

These results can be extended easily to the problem of the determination of a "good" 
center and scale factor for the simultaneous approximation of several functions by trun
cated Hermite series (with the same center and scale factor). Let 

L 

M k = Lwlmk,l, k = 0,1,2,3, (5.28) 
I= I 

where mk,l is the k-th measurement for the l-th function and w1 is a positive weight that 
quantifies the relative importance of the l-th function. Then, estimates for a "good" center 
and scale factor for the Hermite functions can be obtained using (5.26) and (5.27), but 
replacing the (individual) lower-case mk "measurements" by the (collective) upper-case 
Mk "measurements". 
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Scale factor ( ,\) 

Figure 5.1: Normalized squared error of the approximation of f 1; 2(t) by truncated Hermite 
series with up to 26 even terms, i.e., for N = 0, 2, ... , 50. Note that consecutive curves 
touch only in stationary points (in this case, local extrema) of both curves. This is a 
consequence of (5.22). 

5.5 An Example 

Consider the problem of approximating the following function (a raised cosine) 

{ 

1, 
fb(t) = & [1- sin(~~)], 

0, 

if It I < 1 - b 
if 1 - b :::; ltl < 1 + b 
otherwise 

by a truncated Hermite expansion. Since this is an even function around t = 0 we will 
set t 0 = 0 and work with Hermite series with even terms only. In Fig. 5.1 we depict the 
normalized squared error, which is given by JN(>.) = eN()..,O)/mo, for several values of 
N. Although it may be dangerous to extrapolate, the figure suggests that the optimal 
).. approaches zero when N increases. If true, this may be explained by the fact that 
the Hermite functions become wider and wider when N increases, with a "width" that 
is roughly proportional to J2N + 1 [the magnitude of their largest zero, cf. (5.3)]. If 
the function being approximated has finite support, which is the case here, then it may 
happen that the best ).. decreases to compensate for this increase in the "width" of the 
last Hermite functions used in the approximation. 

For Jb(t) it is possible to show that 

mo 
4-b 

2 
0 
(6 - 1r 2W + (121r2 

- 96W- 37r2 b + 41r2 

61r2 
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0 
4b[6- 1r

2W + (12rr2
- 96)62- 3rr2 b + 4rr2

] 

3rr4 

as a "good" center and a "good" scale factor for the Hermite functions . Note that ~ tends 
to zero when b tends to zero, i.e., when fb(t) tends to a rectangular function. We believe 
that the same phenomenon occurs for other discontinuous functio ns, since for these the 
"natural" value of m3 is infinity. For b = 1/2 we have ~ ~ 0.672, which is not a good 
estimate of the best .A for almost all values of N (cf. Fig. 5.1). However, for small N, 
it gives a reasonably good indication of the magnitude of the optimal values of the scale 
factor. 
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Chapter 6 

Cascaded All-Pass Sections for LMS 
Adaptive Filtering* 

Abstract 

The behaviour of the LMS adaptive algorithm is analyzed for a class of adaptive filters 
that is based on a cascade of identical N-th order all-pass sections. The well-known 
tapped-delay-line is a special case of this class. We look at the rate of convergence and 
the steady-state weight fluctuations. It is shown that in the steady state the weight-error 
correlation matrix satisfies a Lyapounov equation for sufficiently small values of the step
size. Sometimes a priori knowledge of the unknown reference system is available that 
can be used to select the N parameters of the all-pass section. It is motivated that in 
these cases the LMS adaptive filter based on a cascade of identical all-pass sections can 
outperform the LMS adaptive tapped-delay-line. 

6.1 Introduction 

The widespread use of the LMS adaptive algorithm applied to a tapped-delay-line (TDL) 
is a direct consequence of its simplicity and good performance. For the analysis of the 
behaviour of the LMS algorithm most authors rely on an "independence assumption" 
stating statistical independence of successive input vectors (Haykin 1996). It is argued 
that for the analysis to be tractable this assumption must be made. However, due to the 
(deterministic) coherence between successive input vectors, the independence assumption 
cannot be justified. This logical inconsistency has recently led to alternative approaches. 
Particularly the weight fluctuations in the fully adapted state are studied by Butterweck 
(1995) without making use of the independence assumption. An iterative procedure is used 

*This chapter is the (slightly modified version of t he) paper in cooperation with H.J . Butterweck that 
appeared under the same title in Signal Processing VIII, Theories and Applications, Proc. EUSIPC0-96, 
Eighth European Signal Processing Conference, Trieste, Italy, pp. 1219- 1222, 1996. See reference (Belt 
and Butterweck 1996) . 
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to arrive at a power series of the weight-error correlation matrix (WECM ) in terms of the 
step-size. 

In this paper we study the behaviour of the LMS algorithm applied to a more general 
class of adaptive filters. The delay line is replaced by a cascade of identical all-pass sections 
of order N and each tap signal is filtered to yield N outputs. In Section 2 this structure is 
introduced and a few relevant properties are given. In Section 3 some notational aspects 
concerning the LMS algorithm applied to the all-pass filter bank are treated. Section 4 
deals with the WECM, which is shown to be the solution of a Lyapounov equation. Two 
explicitly solvable cases of the Lyapounov equation are considered. Section 5 contains a 
performance analysis of the LMS algorithm applied to the all-pass filter bank in terms of 
adaptation speed and misadjustment. Finally, some concluding remarks are made in the 
Discussion. 

6.2 The All-Pass Filter Bank 

Consider a filter bank of P sections, cf. Fig. 6.1. Compared to the TDL each delay element 
has been replaced by an N-th order all-pass section with the transfer function 

A(z) = n:-;;(1- zp, ) 
n.=l(z- p,) 

The (not necessarily distinct) poles p; are real or occur in complex conjugate pairs and 
lie inside the unit circle. Each tap signal in the cascade is filtered by a section B(z) with 
one input and N outputs. The latter is chosen such that theN P impulse responses of the 
filter bank form an orthonormal set. These functions are usually referred to as "Kautz 
functions" (Kautz 1954; Broome 1965). 

Figure 6.1: Orthonormal Kautz network based on a cascade of identical N -th order all-pass 
sections 

If we t ake A(z) = (1 - ~z)/(z - 0 and B(z ) = ~ z j(z- 0 with 1~1 < 1 we 
have N = 1 and we obtain a "Laguerre network" (King and Paraskevopoulos 1977). Its 
orthonormal impulse responses are called the "discrete Laguerre functions" (Broome 1965). 
Note that for ~ = 0 the Laguerre network degenerates into a TDL. 

Although most of the following analysis applies to more general structures, that of 
Fig. 6.1 deserves special attention: all-passes imply energy conservation along the filter line 
and good numerical properties, while the repet itive structure can be easily implemented . 
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The Kautz network is assumed to be excited by a zero-mean, stationary stochastic 
signal x(k) with autocorrelation function X1 = E{x(k)x(k- l)}, power O"; = Xo, and 
power spectral density function <I>xx(D). Furthermore, it operates in the steady state 
such that also the M = N P outputs of the filter bank can be viewed as stationary. These 
outputs are written in vector notation as g(k) = [gf(k) , ... , g~(k)jT, where .Y.p(k) denotes 
theN x 1 output vector of the (p + 1)-th section (p = 0, 1, . .. , P -1) . The corresponding 
M x M covariance matrix R = E{g(k).Y.7 (k)} is symmetric and (semi-)positive definite . 
It has a block-Toeplitz structure where the size of the blocks is N x N. Its eigenvectors are 
orthogonal and its eigenvalues >.0 to >-M-t are non-negative. For white x(k) the covariance 
matrix becomes R = 0";1 because the filter bank is orthonormal. 

We now show that the smallest eigenvalue >-min of R satisfies the inequality (Oliveira 
e Silva 1994) 

a7 Ra 
>-min = min- T - 2: min{ <I>xx(D) }. (6 .1) 

g_;tQ Q. Q. 

Let 9m(k) with m = 0, 1, ... , M- 1 denote the impulse response of the (m + 1)-th filter 
bank output, and Gm( ein) its Fourier transform. We then find 

where the am are the M components of the vector g_. Using the orthogonality of the 
impulse responses 9m(k) implying that of the system functions Gm(ein), we easily obtain 

g_7 Rg_ 2': g_7 
Q min{ <l>xx(fl)}, 

which implies (6.1). The counterpart of (6.1) , not used in this paper, reads as (Oliveira e 
Silva 1994) 

>-max :::; max{ <I>xx(D) } . 

Hereafter we assume that x(k) is "persistently exciting", which means that <I>xx(D) > 0 
for all frequencies, or equivalently, >-min > 0. 

6.3 The LMS Adaptive All-Pass Filter 

Let x(k) simultaneously excite an adaptive filter of the above-mentioned type and a linear 
and time-invariant "reference system" whose output, corrupted by additive noise n(k), 
yields the "desired signal" d( k). The noise n(k) is a zero-mean, stationary stochastic 
process with autocorrelation function N1 = E{n(k)n(k -l)}, power O"; =No, and power 
spectral density function <I>nn(D). The weight vector of the adaptive filter is denoted by 
YL(k) = [w 1(k), .. . , wM(k)jT. The output y(k) of the adaptive filter can be written as 
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YLT(k)-y,_(k) . By subtracting y(k) from the desired signal we construct the "error signal" 
e(k) = d(k)- y(k), which can be used to update Yd.(k). In the (optimal ) Wiener solution 
Yd.= Yd., the weights are such that the Mean-Squared Error (MSE) E{ e2(k)} is minimal. 

The weight error vector 11.( k) is defined as the instantaneous difference between the 
weight vector of the adaptive filter and the Wiener solution: 'Q(k) = Yd.(k)- Yd.o · Assuming 
that the reference system can be modelled by the Kautz filter set used for the adaptive 
filter, so that its output equals Yi£ :!!(k) , the error signal can be written as 

e(k) = n(k) + yZ -y,_(k) - Yd.T -y,_(k) 
n(k) Y.T(k)-y,_(k). 

The LMS adaptive algorithm is given by 

Yd.(k + 1) = Yd.(k) + fl-e(k)-y,_(k). 

Here fl- is the adaptation constant or step-size. We may write for the weight-error vector: 

Y.(k + 1) = Y.(k) - fl-'!l(k)-y,_T(k)'Q(k) + fl-n(k)-y,_(k) 
(.I - fl- R(k))'Q(k) + fl- [(k), (6.2) 

where we have used the short-hand notation R(k) = -y,_(k )-y,_T(k) and f(k) = n(k)-y,_(k ). 
As in (Butterweck 1995), equation (6.2) is the starting point for the determination of the 
positive (semi-)definite WECM, given by V = E{'Q(k)Y.T(k) }. 

6.4 The Weight-Error Correlation Matrix 

For sufficiently small values of fL the time-varying term R (k) in (6.2) can be replaced by its 
constant average R. Then in the limiting case fl- -t 0, the WECM satisfies a Lyapounov 
equation (henceforth all summations extend from - = to = unless stated otherwise): 

RV + VR = fl-F, (6.3) 

where F = "'L,1 Ft, Ft = NtRt, Rt = E{-y,_(k)-y,_T(k- l)} , and R = Ro. Proof of this is 
presented in the appendix to this chapter. This Lyapounov equation was already found in 
(Butterweck 1995) and (Butterweck 1996b) for the special case of the TDL. We consider 
two explicitly solvable cases: 
• If n(k) is white, the right-hand side of equation (6.3) equals {1-0"?,R , and the WECM 
becomes 

v = ~ fl-0"?, 1. 

• If x(k) is white we get 
(6.4) 

where R is the covariance matrix of the outputs u0 (k) to UM- t(k) of the Kautz network 
in the imaginary situation that it is excited by n(k) instead of x(k) . Here we have used 
that the impulse responses of the filter bank are orthonormal. 
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Proof: For the (p + 1, q + 1)-th element of the matrix Fin (6.3) we may write 

00 00 

L Nt L L9v(s)gq(t)Xs-1-t 
s=O 1=0 

00 00 

a-; LL9v(s)gq(t)Ns-t, (6.5) 
s=O t=O 

which represents a-; times the covariance between the (p + 1 )-th and the ( q + 1 )-th output 
of the filter bank as if it had been excited by n(k) instead of x(k). Also, from (6.3) with 
R = a-;1 we know that 

J..L{F}pq = za-;{v}pq· 

Combination of (6.5) and (6.6) concludes the proof of (6.4). 

6.5 Performance Analysis 

(6.6) 

In this section our interest will be focussed on the terminal behaviour of the LMS algorithm. 
The performance of an adaptation algorithm is usually characterized by two measures : the 
rate of convergence and the misadjustment. As is well known, the rate of convergence of 
the LMS algorithm is determined by the smallest eigenvalue of R, which, in our case, is 
lower-bounded by the minimum of <l>xx(D) , see (6.1). Therefore, the rate of convergence 
of the LMS algorithm remains bounded even when the number of adaptive weights M is 
continuously increased. 

For a discussion of the misadjustment we decompose the steady-state output of the 
adaptive filter as 

y(k) yZ g(k) + :JLT(k)g(k) 

Yw(k) + YJ(k), 

where Yw(k) is the contribution due to the Wiener coefficients !Q, and YJ(k) is that due to 
the weight fluctuations. As proposed by Butterweck (1996a), for a small step-size J..L the 
misadjustment should be defined as 

We then obtain 

misadj ustment 
E{y}(k)} 

a-; 

E{ YJ(k)} = E{ gT(k):JL(k):JLT(k) g(k) } . 

For sufficiently small values of J..L the vector :JL(k) varies so much slower than g(k) that we 
may write (Butterweck 1996b), using (6.3) 

E{yJ(k)} ::::: E{gT(k)Vg(k)} = ~trace{RV+VR} 
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~ L N, E{y?{k)y_(k -l)} 
I 

M-1 " 

~ L 2~ I il>nn(D) il>xx(D) IGm(ejf!W dD. 
m=O - 1r 

(6.7) 

Note the symmetry with respect to the excitation signal and the additive noise signal. 
Because all contributions to the summation in (6 .7) are strictly positive, we can draw the 
important conclusion that the misadjustment grows without bound with increasing M . 

In the special case "x(k) white" the result in (6.7) becomes ~1-lMu;trace{R}. When 
n(k) is white we obtain ~1-lMu~trace{R} . When both x(k) and n(k) are white the result 
in (6.7) reduces to ~1-lMu~u;. 

In the Laguerre case where N = 1 we have that IGm(eif!W = IB(eif!W for all frequen
cies, which is a consequence of the all-pass structure. As a result we obtain 

7r 

E{y~(k)} = 1-l~ ;11" I il>nn(D) il> xx(D) IB(e1nW dD. 
-7r 

For ~ = 0 the Laguerre filter reduces to the TDL, and we find (see also (But terweck 
1996b)) 

7r 

E{ y~(k)} = /-l~ 
2
1
71" I il>nn(D) il> xx(D) dD, 

which becomes ~1-lMu~u; when either x(k) or n(k) is white. 

6.6 Discussion 

We have analyzed the LMS adaptive algorithm for a class of adaptive fi lters that is based 
on a cascade of identical N-th order all-pass sections. We have shown that the rate of con
vergence remains bounded even when the number of weights M is continuously increased. 
We have also shown that the misadjustment grows without bound with increasing M, and 
thus for a small misadjustment M should be kept smal l. 

Observe, however, that besides the rate of convergence and the misadjustment a third 
criterion has to be reckoned with , viz. a good approximation of the reference system. In 
the Wiener solution, the adaptive filter imitates the reference system such that a prop
erly defined approximation error is minimized . For a given reference system each of the 
competitive adaptive filter structures yields an approximation error that decreases mono
tonically with the number of fi lter sections M. Conversely, for a given approximation error 
the minimally required number of filter sections Mmin depends on the chosen structure. If 
this structu re contains one or more extra free parameters (in our case the poles p0 to PN- I ), 

Mmin becomes a function of these parameters and can be minimized when appropriate a 
priori knowledge of the reference system is avai lable. When this knowledge is not available, 
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it is sometimes possible to adaptively optimize the free parameters. This is done for the 
pole of an adaptive Laguerre filter by Belt and den Brinker (1996). Compared with the 
classical TDL the more general all-pass filter banks often turn out to yield substantially 
lower values of Mmin · As we have shown, a smaller Mmin leads to a better LMS adaptive 
filter. 

Appendix 

We prove that the WECM satisfies a Lyapounov equation in the limiting case 11 --+ 0. It 
is assumed that the filter operates in the steady state since -oo, such that the influence 
of the initial conditions can be neglected. With (6.2) we may write for the weight error 
vector 

00 00 

Q(k+1) = 11 2.)r- 11 R)1[(k-t) = 11 "£D
1
[(k-t ), 

1=0 1=0 

where Dis the symmetric "damping matrix". We will use the short-hand notation D 1 = 
D 1 for l ?: 0 and D , = 0 for l < 0. For later use the following properties of D , are noted 
here: 

DT = D, and DD1 = D 1D and D I+I = DD1 + 81+11, 

where 81 is the Kronecker delta function. We find for the WECM 

m 

m m 

where 

Tm "£D,Fm D m+l = "£DI+1FmDm+l+1 
I I 

DTm D+FmDDm- 1 +D-m-1Fm +Fo8m. (6.8) 

For the first term in (6 .8) we may use the following approximation when 11 is sufficiently 
small: 

DTmD = (1-~-LR)Tm(1 -~-LR) ~ Tm-f-LRTm - 1-'TmR. (6.9) 

The second and the third term in (6 .8) can be approximated as follows: 

F mDDm- 1 ~ F m((m- 1), 

DD_m-1 F m ~ F m(( -m - 1) , 

(6.10) 

(6.11) 

where (( m) is the unit step function. This last approximation is valid when it is assumed 
that the matrix sequence Fm damps faster than D m (this is true for small values of f-L). 
We now obtain from (6.8) with (6.9), (6.10) and (6 .11) that 

11RTm +11TmR = F m((m - 1) + Fm((-m - 1) + Fo8m = F m. 
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Multiplying the previous equation by f.L and summating from -oo to oo we find 

m m m 

from which the Lyapounov equation in (6.3) follows directly. 

Bibliography 

Belt, H. J. W. and H. J. Butterweck (1996). Cascaded all-pass sections for LMS adaptive 
filtering. In Signal Processing VIII: Theories and Applications, Proc. E USIPC0-96, 
Eighth European Signal Processing Conference, Trieste, Italy, pp. 1219-1222. 

Belt, H. J. W . and A. C. den Brinker (1996). Laguerre filters with adaptive pole opti
mization . In Proc. IEEE International Symposium on Circuits and Systems (ISCAS), 
Atlanta (GA), U.S.A ., pp. 37-40. 

Broome, P. W. (1965) . Discrete orthonormal sequences. Journal of the A ssociation fo r 
Computing Machinery 12, 151-168. 

Butterweck, H. J. (1995). A steady-state analysis of the LMS adaptive algorithm without 
use of the independence assumption. In Proc. IEEE International Conference on 
Acoustics, Speech and Signal Processing (ICASSP), Detroit (MI) , U.S.A. , pp. 1404-
1407. 

Butterweck, H. J. (1996a). A new interpretation of the misadjustment in adaptive fil
tering. In Proc. IEEE International Conference on Acoustics, Speech and Signal 
Processing (ICASSP), Atlanta (GA) , U.S.A., pp. 1641-1643. 

Butterweck, H. J . (1996b). An approach to LMS adaptive filtering without use of the 
independence assumption . In Signal Processing VIII: Theories and Applications, 
Proc. EUSIPC0-96, Eighth European Signal Processing Conference, Trieste, Italy, 
pp . 1223- 1226. 

Haykin, S. (1996) . Adaptive Filter Theory, Third Edition. London, U.K.: Prentice-Hall 
Int. 

Kautz, W. (1954). Transient synthesis in the time domain. IRE Trans. Circuit Theory 1, 
29- 39. 

King, R. E. and P. N. Paraskevopoulos (1977). Digital Laguerre fi lters . Int. J. Circuit 
Theory Appl. 5, 81- 91. 

Oliveira e Silva, T. (1994) . Kautz filters. English translation of a work written in Por
tuguese for the "Premio Cientffico IBM 94". 
URL: ftp: I /inesca. inesca. pt/pub/tos/English/ibm94e . ps. gz . 



Chapter 7 

Laguerre Filters with Adaptive Pole 
Optimization* 

Abstract 

In the field of adaptive filtering the most commonly applied structure, the Tapped-Delay 
Line (TDL) or transversal filter, has an impulse response of finite duration. This is prob
lematic when the adaptive filter is required to resemble a system with long memory. An 
adaptive Laguerre filter is a specific generalization of the adaptive transversal filter. The 
delay elements in the transversal filter are replaced by first-order Infinite Impulse Re
sponse (IIR) all-pass sections with (real) pole ~' and the resulting structure is preceded 
by a first-order IIR low-pass section, again with pole(. Due to its IIR character, an adap
tive Laguerre filter can show superior performance compared to the TDL when imitating 
a system with long memory. The degree of superiority depends critically on a proper 
parametrization of the pole (. 

In this chapter a new method is proposed to adaptively optimize the pole (. To this 
end we employ a sign algorithm. We perform an analysis of the transients at the output 
of the Laguerre filter that are caused by the continual tuning of the Laguerre pole. The 
analysis leads to a choice of the step-size in the sign algorithm. This step-size is such that 
the cumulative transient signal at the output of the Laguerre filter remains sufficiently 
small. Also, with this step-size, stability of the Laguerre filter is ensured. A computer 
experiment shows that the proposed algorithm performs well, both in the steady state and 
under tracking conditions. 

*This chapter is based on a paper with the same title presented in cooperation with A.C. den Brinker 
at the IEEE International Symposium on Circuits and Systems (ISCAS), Atlanta, GA, USA, May 12-15, 
1996. See reference (Belt and den Brinker 1996). 



112 Laguerre Filters with Adaptive Pole Optimization 

7.1 Introduction 

In an adaptive filter the number of weights should be kept as small as possible for three 
reasons (den Brinker 1993; Belt and Butterweck 1996). First, the use of many weights 
will result in a large computational load. Second, with many weights the requirements 
to be imposed on the input signal of the adaptive filter to prevent an ill-conditioned 
approximation problem might be too severe. Third, the better approximation of the 
unknown reference filter due to adding more weights might be counteracted by the increase 
of the total weight fluctuations and the resulting misadjustment. 

The TDL is a linear regression model in its simplest form . Its output signal is formed by 
a linear combination of the input signal at various delays. A more general linear regression 
model consists of a set of IIR filters of which the outputs are weighted and then summed. 
A reduction in the number of weights can be achieved when these IIR filters contain the 
most important characteristics of the reference filter. Among the IIR regression models 
the discrete Laguerre filters (King and Paraskevopoulos 1977) deserve special attention 
because of their implementational simplicity. Similar to the impulse responses at the 
taps of a TDL, the impulse responses at the taps of a discrete Laguerre filter form an 
orthonormal set of functions. As a consequence, much of the theory developed for the 
adaptive TDL can be taken over to the adaptive Laguerre filter. 

In this chapter we consider an adaptive Laguerre filter. A Laguerre filter contains 
a recursive parameter in the form of a (multiple) real pole. To obtain a Laguerre filter 
with only a few adaptive weights, it is useful to adapt the Laguerre pole as well. However, 
adapting a recursive parameter will result in transients that may deteriorate the adaptation 
process. We will develop an algorithm to adaptively optimize the Laguerre pole while 
keeping the transients negligibly small. 

In Section 7.2 we introduce the discrete Laguerre functions and the discrete Laguerre 
filter. Section 7.3 concerns the adaptive use of the Laguerre filter. First, the adaptation 
of the weights is discussed. Then, the adaptive optimization algorithm for the Laguerre 
pole is presented. In Section 7.4 the proposed algorithm is illustrated by a computer 
experiment. Finally, Section 7.5 contains a brief discussion. 

7.2 Laguerre Functions and Filters 

7.2.1 Laguerre Functions 

Let N0 denote the set of nonnegative integers. The classical discrete Laguerre polynomials 
are given by (Abramowitz and Stegun 1970) 

(k) = ~,0.m [(k){}k] lm {}m+k m l 
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where 0 < {) < 1, m E No, n E N0 ; ~ m is the m-th forward difference operator1 . The 
polynomials are orthogonal under the weight function 1'Jk : 

()() 

L {)k /m(k)in(k) = limn h'!,, 
k=O 

where Omn is the Kronecker delta. From the polynomials and the square root of the weight 
function and the normalization constant hm, discrete functions can be constructed that 
are orthonormal on the interval [0, oo) with respect to a unity weight function. These 
function are given by 

(7.1) 

where~ = V7J so that 0 < ~ < 1. The functions in (7.1) are called the discrete Laguerre 
functions, see e.g. (Gottlieb 1938; Broome 1965) . The orthonormality of the Laguerre 
functions is expressed by 

00 

Lgm(~; k) gn(~; k) = limn· 
k=O 

The Laguerre functions form a complete orthonormal set in the Hilbert space £2 (N0 ) of 
square-summable functions. This means that any function in £2 (N0 ) can be approximated 
to any desired degree by a linear combination of Laguerre functions. An important feature 
of the Laguerre functions is that they have rational z-transforms: 

B(z ) = ~-z-, 
z-~ A(z ) = Cz-=-~:) . (7.2) 

With Parseval's theorem the orthonormality of the Laguerre functions can also be ex
pressed in the z-domain: 

()() 

L gm(~; k) gn(~; k) = f f Gm(~; z) G~(~; l/z*) dz = limn· (7.3) 
k=O ~J Z 

As a result of the specific form of their z-transforms in (7.2), the Laguerre functions can 
efficiently be generated as the impulse responses of a Laguerre network, cf. Fig. 7.1. It 
consists of a cascade of identical first-order all-pass sections A(z) preceded by a first
order low-pass section B(z). In the Laguerre network the parameter~ appears as a pole 
henceforth q referred to as the Laguerre pole. Note that when~ = 0 the Laguerre functions 
simply become delays ( Gm(O; z) = z-m) and the Laguerre network reduces to a delay line. 

1The m-th forward difference operator is recursively defined by t,.m [f(k)] = t,.m-J [f(k + 1)- f(k)]. 
with 6° [f(k)] = f(k) . 
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go(~ ; k) 

~ 
t ~ t 

92(~; k) 93(~; k) 

Figure 7.1: Discrete Laguerre network. The impulse responses gm(~; k) are the discrete 
Laguerre functions. Further, a= (1- e)!. 

7.2.2 Laguerre Filters 

Consider a Laguerre network with M a.ll-pass sections (M + 1 outputs). The excitation 
x(k) is a zero-mean, stationary stochastic signal with power 17;. Its power spectral density 
function is denoted by <l>xx(!t), where !1 is the normalized frequency (0 < !1 ::;; 21r). The 
M + 1 outputs of the network , henceforth referred to as the tap signals , are denoted by 
um(k) with m = 0, 1, ... , M. In vector notation these tap signals are written as 

By a linear combination of the tap signals an output signal y(k) is formed. The weights 
in the linear combination are denoted by Wm with m = 0, 1, ... , M or, in vector notation, 

The output signal y(k) is given by 

M 

y(k) = L WmUm(k) = Y!._T Y:.(k). 
m =O 

The resulting structure is called a discrete Laguerre filter. In Fig. 7.2 the Laguerre filter 
is depicted in an adaptive filtering setup. 

wM(k) 

y(k) 

Figure 7.2: Discrete Laguerre filter with a= (1- e)t . 

The error signal e(k) is formed by subtracting from the desired signal d(k) the output 
y(k) of the adaptive filter: e(k) = d(k)- y(k) . Consider the minimization of the Mean
Squared Error (MSE), given by 

(7 .4) 
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It is well known that the weights that minimize (7.4) are given by the Wiener-Hopf or 
normal equations , which read in matrix form 

RY2. = l!: (7.5) 

Here, p = E { d( k )g( k)} and R is the covariance matrix of the tap signals of the Laguerre 
netwo;:k 

R 
( 

E{u5(k)} E{uo(k)ut(k)} ... E{u0 (k)uM(k)} ) 
E{u 1(k)uo(k)} E{u~(k)} ... E{u 1(k)uM(k)} 

= . . . . . . . . . . . . . 
E{uM(k)u0 (k)} E{uM(k)u 1(k)} . . . E{u~(k)} 

Clearly, the matrix R is symmetric. Also, because x(k) is stationary the matrix R is 
Toeplitz, meaning that all elements on a diagonal are equal. This is a direct consequence 
of the all-pass structure and can easily be seen as follows: 

E{up(k)uq(k)} = 
2

1
7r 1: <I>xx(D)Gp(~ ;e1n )Gq(~;e-jn)dD 

2

1
7r 1: <I>xx(D) IGo(e1ni 2 IA(e1n)IP-q dD, 

which is a function of the difference between p and q only. 
Solving the normal equations in (7.5) involves the inversion of R which can be a tedious 

job, especially when the number of weights is large. Fortunately, the symmetric Toeplitz 
structure of R allows an efficient recursive method to solve the normal equations, see 
(Levinson 1947). 

Since R is associated with a dyadic product the matrix is always nonnegative definite. 
To ensure that R is strictly positive definite , so that its inverse exists, its smallest eigen
value must be strictly positive. Let Am with m = 0, 1, ... , M be the eigenvalues of R . In 
Section 2.7 it was proven that the orthonormality of the individual impulse responses of 
the Laguerre network (the Laguerre functions) implies that the eigenvalues of R satisfy 

m=0,1, ... ,M. 

We will henceforth assume that x(k) is persistently exciting, meaning that <I> xx( D) > 0 for 
all frequencies. As a result minm Am > 0 and R is strictly positive definite , so that R- 1 

exists and the Wiener-Hopf equations can be solved. Note that the condition number of 
R, defined by maxm Am/ minm Am, is upper-bounded. 

In view of a small MSE the choice of the Laguerre pole is essential. In (Oliveira e Silva 
1994) and (Oliveira e Silva 1995) the problem of how to find the optimal Laguerre pole is 
addressed. Assuming that the normal equations in (7 .5) are satisfied , the following useful 
expression has been derived by Oliveira e Silva (1994): 

8.] = _ 2(M + 1)wM E{ (k) (k)} 
8~ 1 _ e e UM+I . (7.6) 

The signal UM+l (k) occuring in (7.6) can be obtained using one additional all-pass section. 



116 Laguerre Filters with Adaptive Pole Optimization 

7.3 Adaptive Laguerre Filters 

In this section we study the discrete Laguerre filter in an adaptive environment, as is done 
in e.g. (den Brinker 1993) or (den Brinker 1994) . The weights can be optimized using 
well-known adaptation algorithms such as the (Normalized) Least-Mean-Square ( (N)LMS) 
algorithm or the standard Recursive Least-Squares (RLS) algorithm. We will add more 
flexibility to the adaptive Laguerre filter by simultaneously optimizing the Laguerre pole. 
To this end the derivative in (7.6) can be used when it is assumed that the weights are 
(near) optimal. Care must be taken to ensure stability of the Laguerre filter, i.e. 1~1 < 1. 
Also, transients due to the tuning of the recursive parameter must remain sufficiently small 
in a sense to be discussed below. 

7.3.1 Adapting the Laguerre Weights 

The Laguerre weights :JQ can be optimized adaptively using the LMS algorithm. This 
algorithm is given by (Haykin 1996) 

w_(k + 1) = w_(k) + !-L'Id.(k) e(k), 

where f-L is the step-size. 
Alternatively, the Laguerre weights can be adapted using the standard RLS algorithm, 

given by (Haykin 1996) 

• -1 
w_( k + 1) = w_( k) + R ( k) "d.( k) e( k) , 

where 
k 

R(k) L )..k-l'ld.(l)'ld.T(l) = >..R(k- 1) + 'ld.(k)'ld.T(k), 
1=-co 

and ).. is the exponential weighting or forgetting factor satisfying 0 < ).. < 1. Instead of 
updating R(k) and then performing a matrix inversion for the weight vector update, it is 

• -1 
possible to keep track of R (k) with 

R-1(k) = ~ {k-\k- 1)- R-
1
(k- 1) "d.(~) ~T(k) k-\k- 1)}. 

).. >..+'ld.T(k)R (k-1)1d.(k) 

7 .3.2 Adapting the Laguerre Pole 

Similar to the Laguerre weights, the Laguerre pole is updated at each sampling instant. 
A sign algorithm is used in order to keep complete control of the step-size with which 
the Laguerre pole is changed. The sign of the derivative given in (7 .6) determines the 
direction of the pole update. With V(k) an estimate for E{e(k)uM+1(k)}, the proposed 
sign algorithm is given by (0:::; B < 1): 

V(k + 1) B V(k) + (1- B) e(k) uM+1(k), 

~(k + 1) = ~(k)- ll~(k) sign{ -wM(k) V(k)}. (7. 7) 
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The update of the pole in (7.7) is thus based on the method of steepest descent: the new 
pole is formed by the old pole plus a small step in the opposite direction of the derivative 
of the error criterion with respect to the pole. 

Due to the recursive nature of the Laguerre filter, adaptation of the Laguerre pole 
inevitably leads to transients. Our goal is to design the step-size !::.~(k) in (7.7) in such 
a way that the effect of these transients remains negligibly small at the output of the 
adaptive Laguerre filter. 

A single abrupt pole change causes a transient in each Laguerre section and each of 
these transients contributes to the transient in the next section. For this reason we expect 
the most dominant transient to occur at the output of the last Laguerre section. We will 
hereafter perform a transient analysis for the Laguerre filter. In this analysis we assume 
that the Laguerre pole fluctuates around its steady state value, and that subsequent pole 
fluctuations are uncorrelated. We will investigate at the last output UM+ 1(k) the power 
of the cumulative transient signal tM+I ( k) that is composed of currently and previously 
evoked transients in all Laguerre sections. The power E{ tii+I (k)} will then be related to 
the power of the response at the last output to the input x(k). The latter power equals 
O"; when x(k) is white because the Laguerre function 9M+J(~; k) has unity norm. 

Let !::.~(k) be a stationary white noise sequence with variance O"ie that is small com
pared to ~0 . We will arrive at the following bound 

E{tii+ 1(k)} O"ie {2(M+2)(2M
2

+5M+6)} 
0'; < (1 - a)3 3 . 

(7.8) 

This upper bound provides us the means to make a choice for !::.~(k) in (7.7) such that the 
cumulative transient signal at UM+ 1(k) remains much smaller in power than the response 
to x(k), and can therefore be neglected. In (7.7) we take 

t:.~(k) 

f-Ie « 

f-Ie (1- e(k))~, 

3 

2(M + 2)(2M2 + 5M + 6). 

Note that with (7.9) stability of the Laguerre filter is guaranteed. 

(7.9) 

We now perform the analysis leading to (7.8). Consider a Laguerre network with 
fixed pole ~ = ~0 excited by x(k). The network is assumed to operate in the steady 
state, meaning that all initial conditions have been 'forgotten'. In Fig. 7.3 a direct form 
implementation of a Laguerre low-pass and a Laguerre all-pass section is shown. The m-th 
internal state at instant k of the network operating in the steady state with fixed pole ~ 
is denoted by sm(~; k), where m = 0, 1, ... , M, M + 1 (remember that one extra all-pass 
section is required for the gradient in (7.6) ). Now it will be demonstrated that an abrupt 
change of the pole causes a transient at each tap output, and that such a transient can be 
expressed in a Laguerre series. 

Assume that at instant k = ko the Laguerre pole is abruptly changed from ~o to 
~ 1 = ~0 +!::.~,where!::.~ is a small number (1!::.~1 « ~o). This abrupt pole change can be 
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Um-t(k) 

(A) (B) 

Figure 7.3: (A) Direct form implementation of a Laguerre low-pass section with a = 
(1- e)~; (B) Direct form implementation of the m-th Laguerre all-pass section with 
m = 1, 2, .. . , M + 1. 

expressed by 
~(k) = ~o + 6.~ t(k- ko), 

where t(k) is the unit step function (t(k) = 0 fork< 0 and t(k) = 1 fork 2': 0). Since the 
internal states of the Laguerre network are determined by the complete past, they are not 
associated with the new pole ~ 1 = ~0 + 6.~; the internal states are erroneous with respect 
to the pole 6 . We define the m-th state error at instant k = ko, denoted by 6.sm(k0 ), as 

(7.10) 

In words: 6.sm(k0 ) is the difference between the m-th state at instant k0 of an imaginary 
Laguerre network that is operating in the steady state with pole 6 (same excitation), and 
the m-th state at instant k = k0 of the Laguerre network under consideration. 

We could replace all erroneous states sm(~o;ko) by the correct states sm(6;ko). Then 
at each state a correction term is required of the form fm(k) = -6.sm(k0 )o(k- k0 ), where 
o(k) is the unit pulse function. The situation is depicted in Fig. 7.4. 

(B) 

Figure 7.4: Laguerre low-pass (A) and all-pass (B) section. A single abrupt pole change 
according to ~(k) = ~0 + 6.~t(k- k0 ) causes a transient at each Laguerre section that can 
be thought of as caused by the impulse excitation fm(k) at each section. 

The impulsive excitation fm(k) at a summator in the m-th section causes a transient 
signal starting at instant k = ko at each following tap output Um+n(k) (n = 0, 1, ... , M + 
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1-m). Conversely, at each tap output um(k) a transient signal Tm(k0 ; k) is observed that 
is composed of a sum of transients originating from the section under consideration and 
all preceding sections. From this we expect the most dominant transient signal to occur 
at the last tap output UM+t(k). 

It can easily be verified that the transfer function from the m-th state to the tap output 
Um+n(k) is given by (1- ~?)- 1 /2 Gn(~t;z). Consequently, the transient TM+t(ko; k) at the 
tap output UM+t(k) can be expressed by Laguerre series according to 

k 2:: k0 . 

Next we consider the case that at each instant k the Laguerre pole is varied according 
to ~(k) = ~0 + ~~(k), where ~~(k) is zero-mean, stationary white noise with small power 
cri< (small compared to ~o). In the practical situation where the pole is varied by the sign 
algorithm in (7.7), subsequent pole variations are not completely uncorrelated . However, 
for the purpose of a traceable analysis we assume that they are. We look at the cumulative 
transient signal at theM +1-th tap output, denoted by tM+t(k), as a result of the continual 
tuning of the Laguerre pole ~(k) around its steady-state value ~0 , and find: 

k 

tM+I(k) = L TM+!(I ; k) 
1=-oo 

k 1 M+l 

~ - ~ ~sm(l) 9M+I-m(~(l); k -I). 
~~ J1- e(l) f:o 

For the power of tM+ 1(k) we may thus write 

Replacing ~(I) by its mean value ~0 in the previous expression introduces only a small 
error (since cri< is small), and thus 

Further, the whiteness of ~~(k) implies that E{~sm, (II) ~Sm2 (12)} = 0 when l1 =I l2, 
meaning that at different sampling instants all state errors are mutually uncorrelated. 
Using this and the fact that the Laguerre functions are orthonormal we arrive at the 
following approximate expression for the power of the cumulative transient signal at tap 
output UM+I(k): 
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1 
M+l k 

~ 
1

_e6 L_ f.= E{6.sm,(1)6.sm2 (1)}gM+l-m,(eo;k-l)gM+l-m2 (eo;k-1) 
m1 ,m2-0 1--oo 

1 
M+l k 

1
_e L E{6.sm,(k)6.sm2(k)} L 9M+1-m,(eo;k-l)gM+1- m2 (eo;k-l) 

0 m1,m2=0 l=:-oo 

1 
M+l 

--2 L E{6.s~(k)}. 
1 -eo m=O 

(7.11) 

Apparently, under our assumption that subsequent pole fluctuations are uncorrelated, the 
power of the cumulative transient signal is obtained simply by a superposition of the 
powers of the state errors. This justifies our previous reasoning that the largest transients 
occur at the output of the last Laguerre all-pass section. 

We now determine E{6.s~(k)}. Let Hm(e; z) be the transfer function from the input 
x(k) to the m-th state sm(k) with impulse response hm(e; k). We may write for Hm(e; z) 
(see Fig. 7.3) 

Hm(e; z) = {z=:HGm(e; z) + Gm-1 (e; z) }, m = 1, 2, ... 
z {eGo(e; z) }, m = 0. 

(7.12) 

Further, we need the following remarkable property of the Laguerre functions (Oliveira e 
Silva 1994): 

(m+1)Gm+l(e;z)- mGm-l(e;z) 

1- e 
We may write with (7.10) and (7.12) 

E{ [sm(eo + 6.e; k)- sm(eo; k)]
2

} 

mE No. 

E{ [hm(eo + 6.e; k) * x(k)- hm(eo; k) * x(k)]
2 

}. 

Here the * denotes a convolution. In a first-order approximation we have that 

so that the whiteness of 6.e(k) leads to 

(7.13) 

E{6.s~(k)} ~ 0"; 0"~€ 1 (8Hm(e; z) oH;,.(e; 1/z*)) I dz (7.14) 
27rJ !c ae ae €=€o z 

where integration is performed counter-clockwise along the unit circle C in the z-plane. 
We now find from (7.12), (7.13) and (7.14) that 

2 2 

E{6.s~(k)} ~ (;~0"~<) 2 {(eci- e6 + 2- J(m)) + m
2
(2e6 + 2)}. (7.15) 



7.4 An Example 

With the standard summation 

(M + 1)(M + 2)(2M + 3) 
6 

we find after combining (7.11) and (7.15) that 

E{t2 (k)} :::::: u;u~~ {-1 + (M + 2)3e~ +(2M
2

+ 5M)(e~ + 1) + 9} M+• . (1 - m3 3 . 

Using the fact that e~ < 1 we arrive at the bound given in (7.8). 
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Important remark: To allow simultaneous use of the RLS algorithm for the weights 
and the sign algorithm for the pole, these two algorithms must operate on completely 
different time scales. This follows from the fact that in the derivation leading to the 
gradient in (7.6) the weights are assumed to satisfy the normal equations (7.5). For an 
accurate determination of the weights() should be chosen such that the memory of the RLS 
algorithm2 is larger than the memory of the adaptive filtera The parameter f.Jo~ must be 
chosen sufficiently small to ensure that the weights have converged towards their optimal 
values given in (7.5) long before the pole can make any relevant change. 

7.4 An Example 

As an example of the proposed algorithm a computer experiment has been performed. In 
the experiment both the adaptation and tracking behaviour of the algorithm are tested. 

The reference filter used for the experiment was a Laguerre filter with 4 sections and 
weights 1£ = [ -1, 1, 2, 3]t. The excitation signal x( k) was zero-mean, white, Gaussian noise 
with unity variance. Zero-mean, white Gaussian noise with variance 0.1 was added to the 
output of the reference filter. The pole of t he reference filter was varied as indicated by the 
dotted line in Fig. 7.5A. The adaptation parameters that were used are given by: () = 0.98, 
,\ = 0.90 and f.Jo~ = 10-4

. 

As can be seen in Fig. 7.5A, in the initial adaptation phase the Laguerre pole moves 
from its initial value 0.8 towards its optimal value 0.9. In this adaptation phase the 
weights (Fig. 7 .5B vary rapidly since t he optimal weight vector changes when the pole of 
the adaptive filter changes. When the pole reaches the steady state the weights settle at 
their optimal values [-1 , 1, 2, 3]t . As can also be seen from Fig. 7.5A the pole adaption 
algorithm performs well under tracking conditions. 

2The inverse of 1 - 0 is , roughly speaking, a measure of the memory of the RLS algorithm (Haykin 
1996). 

3 In this respect it could be advantageous to extend the algorithm such that () is adapted on the basis 
of current and past values of the Laguerre pole ~(k). 
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Figure 7.5: (A) Convergence and tracking behaviour of the adaptive Laguerre pole. The 
dotted line indicates the variations of the pole of the reference filter; (B) The behaviour 
of the weights. 

7.5 Discussion 

In this chapter we have presented an adaptive optimization method for the Laguerre pole 
in an adaptive Laguerre filter. The gradient required for the pole adaptation can easily be 
obtained, which makes the method simple and easy to implement. We have used a sign 
algorithm to update the Laguerre pole to have control of the step-sizes with which the pole 
is varied. These step-sizes have been designed in such a way that the cumulative transient 
signal caused by the continual tuning of the pole remains negligibly small in power. 

The analysis in this chapter is done assuming that the excitation signal x(k) is white 
noise. However, x(k) may also have a low-pass character, as long as the power spectral 
density function of the output of the first Laguerre section (i.e. a first-order low-pass 
section) is not noticeable affected. 
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Chapter 8 

A Second-Order IIR Adaptive Line 
Enhancer* 

Abstract 

A new Adaptive Line Enhancer (ALE) is proposed for the separation of a low-level sinu
soid or narrow-band signal from broad-band noise. A specific second-order IIR filter is 
considered as the basic component of the (ALE). A new feature is that both the radius 
and the angle of a complex pole are adapted. To this end a sign algorithm is used . The 
step-size in the sign algorithm is pole dependent such that transients resulting from this 
adaptation remain sufficiently small. Also, with this step-size the poles are guaranteed to 
remain within the unit circle. Depending on the radius, we have either a fast adaptation 
(or tracking) or a high signal-to-noise improvement ratio. As an additional feature, a fre
quency estimate can be obtained by a simple procedure. Simulation results demonstrate 
the good performance of the proposed ALE with respect to convergence and tracking 
behaviour. 

8.1 Introduction 

Separation of a low-level sinusoid or narrow-band random signal from broad-band noise 
is a classical problem in the field of signal processing, see e.g. the introductory chapter in 
(Hay kin 1996). If the frequency of the sinusoid is known, then the matched filter approach 
provides the best solution. If, however, the frequency of the sinusoid is unknown or time
varying, one could resort to adaptive filtering techniques. An Adaptive Line Enhancer 
(ALE) is widely used for this purpose. The ALE was first proposed by Widrow et a!. 
(1975). The general scheme of the ALE is depicted in Fig. 8.1. 

The ALE input d(k) is assumed to be the sum of a narrow-band random signal s(k) 

•This chapter is based on a paper presented in cooperation with A.C. den Brinker and F.P.A. Benders 
at the IEEE International Conference on Acoustics, Speech and Signal Processing (ICASSP), Detroit , MI , 
USA, 9-12 May 1995. See reference (Belt , den Brinker, and Benders 1995). 
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Figure 8.1: The general scheme of the adaptive line enhancer. 

and a noisy broad-band random signal n(k) . The signal d(k) is delayed by z-t., where 
z- 1 represents a unit delay and !::. is a fixed positive integer. The prediction filter P(z) 
operates on d(k- !::.), yielding the ALE output y(k). The error signal e(k) is obtained by 
subtracting y(k) from d(k). This error signal is used to adapt the prediction filter in such 
a way that the Mean-Squared Error (MSE), given by 

(8.1) 

is minimized. The ALE operates by virtue of the difference between the correlation lengths 
of s( k) and n( k) . The delay parameter !::. should be chosen larger than the correlation 
length of the noise, but smaller than the correlation length of s(k ). Then , it is possible for 
P(z) to make a !::.-step ahead prediction of s( k) based upon the present and past samples 
of d( k- t:.). However, P( z ) will not be able to predict n( k) from knowledge about present 
and past samples of n(k- !::.) . As a result, the noise is suppressed at the output y(k) after 
adaptation of P(z). 

Ideally, when the parameters of P( z) are optimal in MSE sense, y(k) is approximately 
equal to s(k) and e(k) is approximately equal to n(k). Thus, ideally P(z) is a band
pass filter with center frequ ency corresponding to the frequency of s(k). As a result, 
H(z) = 1- z -t.p(z ) is a notch filter. When e(k) is taken as the output we speak of an 
adaptive notch filter. 

Often a transversal filter or Tapped-Delay-Line (TDL) is used for the prediction filter 
P(z), see e.g. (Widrow et al. 1975; Griffiths 1975; Treichler 1979; Zeidler 1990). The 
major drawback of the TDL is the large number of required weights to obtain the desired 
sharp band-pass characteristics. Recently, much attention has been paid to ALEs based on 
second-order IIR filters. An IIR filter with (only a few) appropriately chosen parameters 
has sharp band-pass characteristics, see (Friedlander 1984; Rao and Kung 1984; Nehorai 
1985; David, Stearns, and Elliot 1983; Hush, Ahmed, David, and Stearns 1986; Cho, Choi, 
and Lee 1989). In most of these contributions the filter center frequency is optimized, 
whereas the filter bandwidth is fixed at a predetermined value based upon assumed a 
priori knowledge of the bandwidth of s(k). In (Nehorai 1985) the bandwidth is varied by 
letting the radius of the poles grow exponentially in time towards its final predetermined 
value in order to get faster convergence. In none of the studies we know of, the filter 
bandwidth is optimized simultaneously with the peak frequency. 
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In this chapter an ALE based on a second-order IIR filter is proposed that includes 
adaptation of the filter bandwidth. In contrast to previous studies on IIR based ALEs, no a 
priori knowledge about the bandwidth of s( k) is required. Also, it is shown that including 
adaptation of the filter bandwidth yields the possibility to combine fast adaptation with 
accuracy. Stability monitoring needs special attention when varying the filter bandwidth; 
in the proposed adaptation algorithm the filter P(z) is guaranteed to be stable. This 
algorithm also guarantees that transients caused by the tuning of the filter remain much 
smaller than the response to the input signal. 

In Section 8.2 the IIR filter is introduced, together with its properties. Sections 8.3 
and 8.4 describe the update rules for the various parameters of the filter. In Section 8.5 
it is explained how an estimate of the frequency parameter of a single sinusoid can be 
obtained. The experimental results in Section 8.6 show that the proposed ALE performs 
well. Finally, Section 8. 7 contains a brief discussion. 

8.2 The Second-Order IIR Prediction Filter 

The proposed second-order IIR prediction filter is shown in Fig. 8.2. The second-order 
section A(z) is given by 

z2 
A(z) -

- (z-p)(z-p•)' 

where p is the pole and • denotes a complex conjugate. For the pole we write 

p = rei¢>_ 

Here, r is the pole radius ( 0 < r < 1) and <P is the pole angle ( 0 < <P < 1r). 

d(k-6): 

Figure 8.2: The second-order IIR prediction filter, with A(z) = z2/(z- p)(z- p*). 

As is shown in Fig. 8.2, P(z) has two internal signals u1(k) and u2(k) composing the 
vector y_(k) = [u 1(k),u2 (k)f. Under the assumption that b(k) is a stationary stochastic 
process, it can easily be verified that u 1(k) and u2(k) are mutually orthogonal, meaning 
that their cross-power E{ u 1 (k )u2 (k)} vanishes. As will be shown in Section 8.3, this 
property gives rise to a very easy-to-implement optimization algorithm for the weights. 
The weights w 1 and w2 compose the weight vector :!Q = [w1 , w2 f. The inner product of 
y_(k) and :!Q yields the ALE output signal y(k). For the error signal shown in Fig. 8.1 we 
may write 

e(k) = d(k)- :!QT y_(k). (8.2) 



128 A Second-Order IIR Adaptive Line Enhancer 

The transfer function P( z) is given by 

P( ) G z(z - zo) 
z = ( z - p) ( z - p•) ) 

where G = (w 1 + w2) is the gain and zo = (w 1 - w2)/G is a real zero of P(z). 
The bandwidth B of P(z) is defined by the two half-power (-3dB) frequencies. To 

guarantee band-pass characteristics for both the transfers from d( k) to u 1 (k) and from 
d(k) to u 2(k), we assume that <P is not too near the values 0 and 1r. In that case a good 
approximation of the bandwidth is given by 

B ~ 2(1- r), (8.3) 

and thus B is linearly related to the pole radius only. This approximation is a lower bound 
for the real bandwidth and is increasingly accurate for r -+ 1. 

The signal to noise ratios at the ALE input d(k) and the ALE output y(k) are denoted 
by SNRd and SNRy, respectively. When the weights and the pole angle are optimal in 
MSE sense (see Section 8.3) and again assuming that <P is not too near the values 0 and 
1r, then the Signal to Noise Improvement Ratio (SNIR) of the ALE can be approximated 
by (Nehorai 1985) 

SNIR = SNRy ~ - 1-. 
SNRd 1- r 

(8.4) 

This approximation is increasingly accurate for r -+ 1. 
In the next two sections we consider the optimization of the four free parameters of 

P(z), namely w 1, w2 , r, and rjJ. To analyze the adaptation of the weights and the poles 
separately, different time scales are introduced. This is possible because the weights are 
adapted much faster than the poles. 

8.3 Adapting the Weights 

During the time interval in which the weights !Q are adapted, the poles are assumed to 
be fixed . This assumption is justified by the different time scales on which the weights 
and pole adaptations take place. For this case the optimal weights !!Z.a with respect to the 
MSE (8.1) are given by the Wiener-Hopf equations, which read in matrix form 

The matrix R is referred to as the (2 x 2) power matrix , since it contains the pow
ers E{ui(k)} and E{u~(k)} on the diagonal. Because u 1(k) and u 2 (k) are orthogonal 
(assuming b( k) is a stationary, stochastic process), the off-diagonal elements of R, 1.e. 
E{u 1(k)u2 (k)} and E{u2(k)u 1(k)}, vanish. Thus, R is given by 
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This simple structure of R leads to an easy-to-implement RLS algorithm for the weights, 
as will be shown hereafter. The vector!!. is referred to as the cross-power vector , with 

( 
E{u 1(k)d(k)} ) (PI ) 

!!. = E{u2(k)d(k)} = P2 . 

Evidently, R and !!. are functions of the poles . Solving the Wiener-Hopf equations may 
generally lead to numerical problems. In our case however, the matrix inversion is not 
expected to pose numerical problems since R is just a 2 x 2 diagonal matrix . Obviously, 
we have to choose a method to estimate the ensemble averages occuring in R and p and 
preferably an ea.Sily implementable procedure. -

It is assumed that the stochastic processes n( k) and s( k) are ergodic. Then, time 
averaging can replace ensemble averaging of Rand l!: These estimates are denoted by R 
and p, respectively. An exponential window is used for efficient implementation leading to 
an RLS algorithm : 

3£(k) 

Ok;;(k- 1) + (1- O)uf(k), 
Op;(k- 1) + (1- O)u;(k) d(k), 

( )

T 
PI(k) P2(k) 
R11(k) ' Rn(k) 

(8 .5) 

(8 .6) 

(8.7) 

where i = 1, 2 and 0 < 0 < 1. The constant 0 is a measure of memory of the updating 
algorithm . It determines the effective time interval over which time averaging is performed. 
In this context we define the center of energy kc of a causal discrete time signal h(k) as 

k _ L:~~;;o klh(kW 
c- L:~:;;"lh(k)l2 . 

In our case the exponential window in (8.5) and (8.6) is given by h(k) = Ok, and thus 

02 
kc = 1 -02. 

The parameter 0 should be chosen sufficiently large to obtain accurate estimates of R 
and p. A large 0 yields a large suppression of the noise and the second harmonics caused 
by the multiplications in (8.5) and (8.6). However , 0 must be sufficiently small to ensure 
that the poles have not made any relevant changes in the effective time interval over which 
R and p are estimated. For example, with 0 = 0.99 we obtain kc ~ 50. This implies that 
the pol;;-s are not allowed to make relevant changes within 50 samples. 

Consider the special case that s(k) is a sinusoid with amplitude A0 and frequency l10 

according to 
s(k) = A0 sin(l10 k+1f). (8.8) 

Here the phase 1/> is a random variable uniformly distributed on the interval [0 , 27r ). Now 
the MSE as a function of the weights can be expressed as 

(8.9) 



130 A Second-Order IIR Adaptive Line Enhancer 

We require no to approximately satisfy the bounds 0.2 :::; no :::; 1r - 0.2. At these 
boundary frequencies the suppression of second harmonics at 2n0 approximately equals 
-30dB with B = 0.99 . For frequencies closer to 0 or 1r, a larger value forB should be taken 
for the same suppression of second harmonics, resulting in a lower adaptation speed. 

8.4 Adapting the Poles 

The poles determine the filter bandwidth and the center frequen cy. The filter bandwidth 
should match the bandwidth of s(k) and the filter center frequency should be adjusted to 
the center frequency of s(k). 

Consider the special case that s(k) is a single sinusoid according to (8.8) with A0 = 1 
and no= 0.5, and n(k) is zero-mean white noise (thus 6. = 1 will be large enough) with 
variance CT~ = 1. For each pair of complex conjugate filter poles inside the unit circle 
we can calculate the optimal weights !!!.o· From (8.9) the MSE is known . The function 
:T(r ; ¢>) IJ!L=l!Lo is shown in Fig. 8.3 as a function of the pole angle ¢> for different fixed values 
of the pole radius r. This function clearly is unimodal, meaning that only one optimum 
exists . 
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Figure 8.3: The MSE as a functions of¢> for various values of r. 

The minimal MSE that can be reached equals the noise power CT~ = 1. The maximal 
MSE evidently equals the noise power plus the power of s(k), here equal to 1.5. When the 
poles are close to the unit circle the transition in the MSE becomes very sharp. This fact 
will give serious convergence problems when using a gradient-based optimization algorithm 
such as LMS . In the flat area of Fig. 8.3 the gradient is small, therefore a large step-size is 
desirable for fast adaptation. However, near the optimum the gradient is large , so a small 
step-size should be chosen here to obtain an accurate final solution. With the choice for 
the step-size a trade-off must be made between adaptation speed and accuracy of the final 
solution. When the poles move closer to the unit circle, then at a certain point a useful 
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trade-off cannot be made anymore. In order to circumvent this problem a sign-algorithm 
is proposed. 

The proposed algorithm adapts r and 1 = cos</>. We prefer to adapt 1 instead of </> 
since this simplifies calculating a gradient as will become clear later on in this section. In 
the remainder of this section the general symbol x represents r or f. The sign-algorithm 
is given by 

x(k+1) = x(k)-p.x(k)sign(e(k)a~~))· (8.10) 

The sign-function returns the value 1 when its argument is larger than 0, the value -1 
when its argument is smaller than 0, and the value 0 when its argument equals 0. The 
sign-function controls the direction of adaptation and the step-sizes of the pole angle and 
radius are equal to p..r(k) and P-r(k), respectively. 

A change in the poles will cause a transient at the output of P(z) due to errors in
troduced in the internal states. Since the poles are changed at each iteration step, a 
cumulation of transients is obtained. In order to prevent the filter from tracking its own 
transients it is required that this cumulated transient signal is much smaller than the filter 
response of s(k). The choices for P-x(k) that satisfy this requirement are given by 

IJ-r(k) = Cr(l- r(k)) 2
, 

p..r(k) = c..y(l- r(k)? sin </>(k), (8.11) 

where Cr and c..y are constants satisfying Cr = c..y « tJ2. These choices are motivated by 
the analysis in the Appendix. For a small radius the sign-algorithm can quickly move the 
poles to the correct angle since the step-sizes are large. Then the pole radius will increase, 
hereby enlarging the SNIR. Subsequently, the step-sizes become smaller yielding a more 
accurate final solution . Thus by variation of the bandwidth, adaptation speed is combined 
with accuracy. As an extra advantage it is noted that (8.11) ensures that the poles never 
move outside the unit circle, therefore P(z) is guaranteed to remain stable. 

In Section 8.2 the concept of different time scales between the adaptation process of 
the weights and the poles has been motivated. This concept allows us to assume that 
the weights have reached their optimal values 1!!.c (for the current pole position) when 
optimizing the poles. Using (8.2), the gradients of the instantaneous value of e(k) with 
respect to the pole parameters r and 1 are given by 

ae(k) = -Ylay_(k) _ uT(k) a'!£c. 
ax ax - ax 

With reference to Fig. 8.2, we define U1(z), U2(z) and B(z) as the z-transforms of u1(k), 
u2(k), and b(k), respectively. The gradients ag(k)/ax can be obtained by filtering b(k) 
with certain sensitivity filters. In the remainder of this section we take i = 1, 2. The 
z-transforms of the outputs of the above-mentioned sensitivity filters are given by 

aU;(z) 

a:t 
aU;(z) 

ar 
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Using (8.7) we obtain for the derivatives of the optimal weights with respect to the pole 
parameters ( i = I , 2) : 

awopt,i _ .!!__ { J!.i_} _ _I { a pi _ w . a R;i } 
ax - ax R;; - R;; ax opl,t ax . 

The derivatives ap;j ax and aR;;j ax at sample moment k can be estimated recursively as 
follows 

api(k) 

8X 
ak.i(k) 
---

ax 

8api(k- I) + (1 _ B)d(k/ui(k), 
ax ax 

(8 .I2) 

BaR,;~:- I) + 2(1- B)ui(k) a~~k). ( 8.I3) 

The complete adaptation algorithm for the pole radius and angle is now given by (8 .10)
(8.13). 

The adaptation algorithm describes the update of the poles; an initial value for the 
poles remains to be chosen. When a prion: information about s(k) is available (such as an 
idea of its center frequency or its bandwidth) the initial poles can be chosen accord ingly. 
When no a priori information is available, then the initial poles are put on the imaginary 
axis (</>(0) = ~)for reasons of symmetry. The initial pole radius is chosen equal to 0.42. 
For this pole radius the bandwidth has numerically been shown to approximately equal 
2.7 (equation (8 .3) does not hold for such a small r), thus the whole frequency span 
0.2 < D0 < 1r - 0.2 is covered. Also, for such a small value of r the incorrect initial 
conditions of the IIR filter are soon 'forgotten ' . 

For reasons of robustness we also included a lower bound for r(k). In the initial 
adaptation phase of the ALE we thus prevent r(k) from accidently becoming smaller than 
its initial choice. In view of previous remarks a value of r(k) smaller than the initial value 
0.42 is meaningless. 

8.5 The Zero of the Notch Transfer 

In this section we present a method to obtain an estimate of the dominant frequency of 
the signal s(k) from the weights and poles . Cons ider the notch transfer H(z) from d(k) 
to e(k) given by 

H(z) _ NH(z) 
- zLI. -l(z -p)(z- p*)' 

where the numerator polynomial NH(z) is given by 

(8.14) 

When s(k) is a sinusoid according to (8.8), H(z) ideally has a complex conj ugate zero pair 
on the unit ci rcle at an angle near D0 . Therefore, instead of</>, the positive angle of this 
zero pair should be used as an approximation of D0 . Also, the zeros of NH(z) (the zeros of 
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H(z)) are partly determined by the weights. From Section 8.3 we know that the weights 
converge much faster than the poles. It is therefore expected that during the adaptation 
process, the roots of NH(z) will yield an accurate estimate of no at a much earlier instant 
than </J. 

For t:, = 1, NH(z) is a second-order polynomial and its two zeros can explicitly be 
calculated. However, for larger values of t:, an iterative procedure has to be used. In 
Fig. 8.4 the typical zeros of H(z) after convergence are shown together with the two 
complex poles. Here we took t:, = 10 and thus H( z) has 11 zeros. 

Im 

Re 

Figure 8.4: The zeros ( o) and the two dominant poles ( x) of the notch filter H(z) . The 9 
poles of H(z) in the origin are not shown. 

We notice that the zeros are approximately equally distributed on a circle with a radius 
that is clearly smaller than 1, except for the two complex conjugate zeros that have a radius 
near the value 1. The angles of these zeros correspond to n0 . The complex poles lie at 
approximately the same angles as the two zeros near the unit circle, only at a slightly 
smaller radius. This produces the desired sharp band-pass characteristics. 

Using a Newton-Raphson iteration procedure it is possible to calculate a complex zero 
of NH(z). For the result of such a procedure it must be checked whether it has t he proper 
radius (e.g. larger than r(k)) and the proper angle (e.g. within the bandwidth of P(z)). 
Unfortunately, this method involves a lot of time-consuming calculations and therefore it 
will not be used. Instead, we use as an estimate of no the frequency w at which INH(ejwW 
is minimal. The minimum of IN H ( ejw) 12 occurs when its derivative with respect tow equals 
zero. The following notation will be used: 

a INH( ejw)l
2

1 

ow 
w=w(k) 
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fJ21N;~;3w)l2 1 = N}il(k). 

w=w(k) 

These derivatives can easily be determined explicitly from the squared modulus of (8.14) 
with z = e3w. Using a first-order Taylor series approximation around w(k- 1) we obtain 

As an estimate for Do at sample moment k, we may thus use 

Initially, we take w(O) = 4>(0). To avoid problems with local m1mma, the calculated 
frequency estimate is restricted to lie within the prediction filter bandwidth (8 .3). For 
lw(k)- <f>(k)l > 1- r(k) we take w(k) = <f>(k). 

8.6 Computer Experiments 

We consider the case that s(k) is a sinusoid according to (8.8) with Ao = 1, and that 
n(k) is white, zero-mean Gaussian noise with variance cr~ = 1. Consequently, we have 
SNRd = -3dB. We take/::;. = 10 and (} = 0.99 so that kc ~50. With Cr = c..y = 0.01 the 
pole parameters r(k) and <f>(k) will vary more slowly than 1!2.(k). 

To test the convergence behaviour of the algorithm we perform the following experi
ment. As motivated in Section 8.4, the initial poles are put on the imaginary axis (thus 
4>(0) = I) with r(O) = 0.42. For the initial weights we take !Q(O) = Q.. In Fig. 8.5 the 
results of a single run are shown. In Fig. 8.5A the pole angle 4>( k) is plotted together with 
the frequency estimatew(k). We notice that w(k) is tracki ng a local minimum twice. This 
is corrected near the sampling instants k = 1500 and k = 2800 when lw(k) - <f>(k) l > r(k) 
by making w(k) = <f>( k) . After approximately 3000 samples w(k) has converged towards 
the proper end value 0.5. In Fig. 8.5B the pole radius r(k) is plotted. We observe an 
initial adaptation phase where the radius remains virtually constant with a lower bound 
as discussed in Section 8.4. Thereafter r(k) increases, in this way enlarging the SNIR. 
The mean value of <f>(k) measured over the last 5000 samples is 0.513, the mean value of 
w( k) measured over the last 5000 samples is 0.501. Apparently 4>( k) is a biased estimate 
of D0 , and therefore w( k) is preferred. The variance of w( k) is somewhat larger than the 
variance of <f>(k), but this can easily be solved by filtering, e.g. with a low-pass or median 
filter. 

In a second experiment we test the tracking behaviour of the algorithm . The frequency 
D0 is changed abruptly from 0.5 to 0.55 or vice versa at samples 3000, 6000, 9000, 12000, 
and 15000. Again we take Ao = 1, cr~ = 1, /::;. = 10, (} = 0.99 , and Cr = c..y = 0.01. Initially 
we choose r(O) = 0.92, 4>(0) = 0.5 , and w 1 = w2 = 0. In Fig. 8.6A the behaviour of <f>( k) 
and w(k) in a single run is shown. We see that <f>(k) is not able to track the rapid changes 
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Figure 8.5: The convergence behaviour of the ALE parameters. (A) The pole angle ~(k) 
(solid) and frequency estimate w(k) (dotted) . (B) The pole radius r(k). 

in n0 . Therefore, ~(k) moves towards the mean of n0 . However, with 8 = 0.99, and thus 
kc ~ 50, the weights :!Q(k) can quickly converge towards their new optimal values when 
no changes. This fast adaptability of the weights makes it possible for w(k) to track n0 . 

The pole radius plotted in Fig. 8.6B , converges towards a value determined by the degree 
of stationarity of no. 

We observe that using identical adaptation parameters the filter is able to obtain sharp 
band-pass characteristics when no is constant (experiment 1) and the adaptation algorithm 
is suited for frequency tracking when no is varied as well (experiment 2). 
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Figure 8.6: The tracking behaviour of the ALE parameters. (A) The pole angle ~(k) 
(dotted), the frequency estimate w(k) (dashed), and the true frequency (solid ) . (B) The 
pole radius r(k) . 
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Finally, we consider the case that s(k) is a narrow-band signal, i.e. s(k) is white Gaus
sian noise filtered by a 16-th order Butterworth band-pass filter. The center frequency of 
the band-pass filter is taken Tr/2. Further, n(k) is white Gaussian noise. Given a certain 
bandwidth of s(k) we may numerically search for the optimal parameters of the prediction 
filter P( z), where we keep the pole angle fixed at 1r /2. In Fig. 8. 7 the -3dB bandwidth 
of the optimal prediction filter P(z) is plotted as a function of the bandwidth of s(k) for 
various input SNRs 1

. Note that a larger bandwidth of s(k) leads to a larger bandwidth 
of P(z), which was to be expected, and that the relation between these two bandwidths 
is approximately linear. Note that also a larger input SNR leads to a larger bandwidth of 
P(z). This is a consequence of the fact that P(z) is of second order only and must there
fore find a compromise between a good suppression of the unwanted noise n(k) and a good 
enhancement of s(k): for a large input SNR this compromise favours a good enhancement 
of s(k), for a small input SNR this compromise favours a good suppression of n(k). 
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Figure 8.7: The bandwidth of the optimal prediction filter P(z) as a function of the 
bandwidth of s(k) for various input signal-to-noise levels . The solid, dashed, dot ted and 
dash-dotted lines correspond to input SNRs of OdB, -3dB, - 6dB, and - 9dB, respectively. 

In Fig. 8.8 the SNIR for the optimal prediction filter is plotted as a function of the 
bandwidth of s(k) for various input SNRs. We notice that a larger input SNR and a 
larger bandwidth of s(k) both lead to a smaller SNIR. For a large bandwidth of s(k) the 
SNIR becomes so small that at a certain point the ALE can no longer achieve a sensible 
separation of s(k) and n(k). Thus, Fig. 8.8 gives us a quantitative impression of how 
large the difference in bandwidths of s(k) and n(k) should at least be to expect a usable 
separation of the two signal components. 

1 With thanks to t he student Pedro Ignacio Gracia Latorre of the university of Zaragoza in Spain , who 
prepared Figures 8.7 and 8.8. 
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8. 7 Discussion 

In this chapter a second-order IIR filter has been considered as the basic component 
of an ALE. Two separate optimization algorithms have been derived, namely a sign
algorithm for the poles and an RLS algorithm for the weights. The algorithms were 
analyzed separately though performed simultanously. This can be justified by the fact 
that the adaptation processes operate at completely different time scales. 

The step-size for the sign-algorithm is chosen such that the ALE remains stable and 
that the cumulative transient signal caused by the continual retuning of t he poles remains 
much smaller in amplitude than the filter response to its input signal. The results of two 
experiments have been shown, illustrating the convergence behaviour and the frequency 
tracking behaviour of the ALE. It has been shown that fast frequency tracking is possible 
due to the capability of the weights to rapidly adjust the notch frequency. Finally, it was 
demonstrated that the ALE can also separate from broad-band noise a narrow-band signal 
(instead of a sinusoid). The ALE automatically adjusts its bandwidth according to the 
bandwidth of t he narrow-band signal. Plots of the bandwidth of the optimal ALE and 
the signal-to-noise improvement ratio as functions of the bandwidth of t he narrow-band 
signal for various input SNR.s were presented. 

Initial experiments have proved that extension of the proposed scheme towards a re
alization capable of tracking multiple sinusoids is feasible using the scheme proposed in 
(Soderstrand, Rangarao, and Loomis 1991 ). In that case a total number of 2N - 1 sections 
of the type proposed in this chapter are required for an input signal s(k) consisting of N 
sinusoids. 
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Appendix 

T he recursive nature of the prediction fi lter makes a pole change cause a transient at the 
output. In Fig. 8.9, A(z) is shown implemented in the direct form 2. A similar analysis as 
the following can be applied to any other implementation of A(z), yielding the same final 
result. We write d'(k) = d(k- .6.) for reasons of simplicity. The signals x 1(k ) and x 2 (k) 
are the internal state variables of A(z). 

Figure 8.9: The second-order section A(z) implemented in the direct form 2. 

We define the transfer function from d'(k) to x 1(k) and x 2(k) as A1(z) and A2 (z), 
respectively. These transfers are given by 

z 
(z- p)(z- p•) ' 

1 

(z - p)(z - p•)" 

and 

A change of the poles results in a change of A1(z) and A2(z). This change evaluated at 
the unit circle is defined by the derivatives 

2sin¢ j e-2i¢ 
~ 

(1 - r)2 (1- r e-2i¢)2' 
(8.15) 

-2r sin </> e- 2i¢ 

(1 - r 2) (1 - re-2i¢)2" 

The approximation in (8.15) is valid for r close to but smaller than 1. With i = 1, 2 and 
using the notation 

we obtain 

2r sin 4> 

(1 - r)2 (1 + r 2 - 2r cos(2¢ )) 
7r 

~ 1/J1r + 2' 

~ rNJr, 
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and 

We take 
d'(k) = A0 Re{ei(<PkH)}, 

with A0 E IR+ and 1/J a random variable uniformly distributed on the interval [0, 27r). 
Suppose that the pole radius and angle are changed at k = 0 with 6r and 6</J, respectively. 
As a consequence of these changes, the state errors 6x1 and 6x2 are given by (with i = 1, 2) 

or equivalently 

6x1 ~ -AoNirJ(r6<jJ)2 + (6r)2 Re { ei(.Por+H<l1/l)} , 

6x2 ~ -AoNirJ(r6<jJ)2 + (6r)2 Re { ei(.Po,H+<l1/l)e-i<P}, 

with 61/J = arg{6r + jr6</J}. By letting 6x 1 and 6x2 be complex-valued, yielding a 
complex valued transient tc(k), and taking the real part afterwards, we obtain for the 
transient 

t(k) = Re{tc(k)} Re { Cpk + Dp*k} 

Apk + (Apk)*, 

with A = H C + D*) and C and D are determined by 

6x 1 t(-1) C/p+D/p*, 

6x2 = t( -2) = C fp 2 + D jp*2 

It can readily be shown that 

IAI = ~ {AoNJrJ(r6<jJ)2 + (6r)2} )(2- r)2 + r 2 - 2r(2- r) cos(2</J). 
4sm '~-' 

During the adaptation process of the poles a pole change is made at each iteration step. 
Therefore, the total disturbance will be the sum of all the separate transients . In the worst 
case we obtain for the disturbance 

(8.16) 

Remark: in the more restricted case that <P is not too near the value 0 or 1r, a good 
approximation of the left hand side of the inequality (8.16) can be shown to be given by 
4IAI/7r(l- r). 
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We require that this disturbance is relatively small compared to the response of the 
si nusoid, thus 

This leads to 

I;;;=O lt(k)l 
AoiA( ei.P) I 

I;:;;':0 \t( k) \ « I 
AoiA(ei<P)i . 

< rJ(2- r)2 + r 2 - 2r(2- r)cos(2</>) J(6 r) 2 + (r6 </>) 2 

(I- r)2J1 + r 2 - 2r cos(2</>) 

~ (1~r)2J(6r)2+(6<f>)2 « 1. 

Again, the approximation is valid for r close to but smaller than 1. Therefore , we choose 
6r and 6 </> to be equal to c,.(1- r)2 and c.p(1- r)2 , respectively, with Cr = c.p « ~V2. In 
Section 8.4, 1 = cos</> is updated, instead of</>. This yields as a first-order approximation 
that 61 = c..y(1- r) 2 sin</>(k), where c-y = c.p. 
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Appendix A 

Optimal Orthonormal 
Approximations 

This appendix is concerned with the approximation of one-dimensional signals by trun
cated series of orthonormal basis functions. The considered basis functions satisfy a certain 
differential or difference equation. Also, they contain certain free parameters that need to 
be chosen beforehand. This can be done with the method proposed by Tanguy, Vilbe, and 
Calvez (1995), which yields an upper bound for the (quadratic) truncation error. This 
upper bound is a function of the free parameters in t he basis functions and some simple 
signal measurements (moments) . It is also demonstrated that this upper bound is ident ical 
to a certain enforced convergence rate error criterion that was first introduced by Fu and 
Dumont (1993) for approximations with truncated Laguerre series. Minimization of either 
the above-mentioned upper bound or the enforced convergence rate error criterion as a 
function of the free parameters yields the same optimal parameters. 

We consider orthonormal series expansions of the Hilbert space L2 (JR+) of real, square
integrable functions on JR+ and of the Hilbert space f 2 (N0 ) of real, square-summable func
tions on N0 . We start with the set of real basis functions <l>m (O; x) that satisfy 

00 

(</>m (O;x) ,</>n(O;x)) ~ J </>m(O;x)</>n(O;x) dx = bmn 1 

0 

where () denotes one or more free parameters that need to be selected optimally. It is 
required that the parameters () are continuous real variables and that the <l>m ( 0; x) are 
continuous functions of these parameters. A parameter could for example be the scale 
factor 0' as in the (generalized) Laguerre functions (see Chapter 4) . It could be the 
Laguerre pole in the discrete Laguerre functions or in the Meixner-like functions (see 
Chapter 4 ). Also, it could be the order of generalization a of the generalized Laguerre 
functions (see Chapter 4) . Another example is the center of time t0 and the scale A for 
the Hermite functions1 in Chapter 5. 

1The Hermite functions are defined on ( - =, =), so for the Hermite functions the domain of the inner 
product should be altered . 
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A square-summable or square-integrable function f( x) can be expanded as 

00 

f(x) = I>m(O) </>m(O; x), (A.1) 
m=O 

where the generalized Fourier coefficients em( 0) depend on the free parameters 0 and are 
given by 

cm(O) = (f(x ), </>m( 0; X)). (A.2) 

In an M-term truncated expansion the following approximation is obtained: 

M-1 

f(x) ~ fM(x) = :L c,(O) <l>m(O; x). (A.3) 
m=O 

For a given 0, (A.3) is the best M-term approximation of f(x) m the sense that the 
truncation error , given by 

00 

(M(O) = 2: c?,.(O), (A.4) 
m=M 

is minimal. The truncation error can be reduced by optimization of the free parameter 0. 
In most cases, the truncation error depends on 0 in a nonlinear way. In the following , the 
use of (iterative) nonlinear optimization techniques, afflicted with problems such as local 
minima, is avoided. 

The key observation is that orthonormal functions related to the classical orthogonal 
polynomials satisfy the noteworthy relation 

S{</>m(O;x)} = )..(m) </>m(B;x), (A.5) 

where S is a linea r operator defined by 

S {4>m(O; x)} = A(O; x)TP<t>m(O; x) + B(O; x)TJ'4>m(O; x) + C(O; x)1J0 4>m(O; x). (A.6) 

The )..(m) in (A .5) are independent of x and they form a sequence of increasing numbers : 

)..(0) < )..(1) < )..(2) < )..(3) < .... 

Without loss of generality we can take )..(0) = 0 since if )..(O) =J 0 this term can be absorbed 
in the linear operatorS. The coefficients A(B;x), B(O;x) and C(O;x) are characteristic 
for the chosen basis and are independent of m . In the context of CT signals, 1Ji stands for 
ff jfJti and (A.5) becomes a differential equation. In the context of DT signals , we have 
that P f(k) = f(k + i- 1) and (A.5) becomes a difference equation. We require that the 
coefficients A( 0; x ), B( 0; x), and C( 0; x) are all a finite sum of separable functions in x 
and the free parameters 0, i.e. they can be written as 

K 

l:g,(O)g2(x). 
k=O 
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In Table A.1 the coefficients A, B and C in (A.6) and the corresponding >.(m) are given 
for some orthonormal basis functions used in this thesis. These functions are the continu
ous Laguerre functions, denoted by Am ( O"; t), the generalized Laguerre functions, denoted 

by >.~) ( O"; t), the Hermite functions, denoted by Hm ( >., t0 ; t), and the discrete Laguerre 
functions, denoted by 9m(~; k). 

I </Jm( X) A B c I >.(m) I 

Am(O"; t). 
t 1 O"t- 2 

-- -- -- m 
(} (} 4 

).~)((}; t) 
t 1 O"t-2(o:+1) o:2 

-- --
4 + 40"t m 

(} (} 

Hm ()., to; t) 
).2 t2

- 2tot + t5- >. 2 

-- 0 m 
2 2).2 

9m(~; k) 
(k + 1)~ k(1 +e)+ e k~ 

- --- m 
1- e 1-e 1-e 

Table A.l: Some orthonormal basis functions on L2(JR+) and £2(No) with the coefficients of 
their differential or difference equations of the form AD2<Pm( X)+ B'D1</Jm( X)+ CD0<Pm( X) = 

>.(m). 

Applying the linear operatorS to both sides of (A.1) results in 

00 

S {f(x)} = L >.(m) c,..(B) <Pm(B; x). 
m=O 

Then, 
00 00 

F(B) ~ (f(x),S {f(x)}) = L >.(m) c;,(B) > >.(M) L c;,(B). 
m=O 

Thus, the truncation error given in (A.4) is upper-bounded: 

F(B) 
(M(B) :::; >.(M)" 

m=M 

(A.7) 

Note that to get a useful bound in (A.7), M must be sufficiently large to guarantee that 
>.(M) > F(B) IIJ(x)ll-2

. 

It is easy to prove the existence of signals f( x) for which the bound in (A. 7) is attained. 
To this end, f(x) must satisfy 

00 00 

>.(M) L (f(x ), <Pm(x ))2 L >.(m)(f(x), <Pm(xW. 
m=M m=O 
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Remembering that >.(0) = 0, and that >.( m + 1) > >.( m) for m E N0, we find that in order 
to attain the bound in (A.7) f(x) must be of the form 

f(x) = a<Po(x) + b<PM(x), 

where a and b may take on any real value. 

The best value of() is given by that value which minimizes F(O) . Let this value of() 

be ()0 . From (A . 7) we now see that the maximum truncation error over the class of all 
functions with the same F( 00 ) is given by F( 00 )/ >.( M). 

The method will now be illustrated with an example. Suppose we wish to approximate 
the function f(t) E L2 (JR+) by a linear combination of Laguerre fun ctions, according to 

M-1 

J(i) ~ L Cm( 0") Am( <7; i). 
m=O 

With Table A.1 the linear operator S applied to a Laguerre function yields: 

S {>.m(<7; i)} A(<7; i) >.:(<7; i) + B(<7; i) A~(<7; i) + C(<7; t) Am(<7; i), 
t " 1 ' O"t - 2 = --Am(<7; i)- ->.m(<7; t) + --Am(<7; t), 
(j (j 4 

and since f(t) can be represented by a Laguerre series: 

t " 1 ' O"t - 2 s {f(t)} = --;;! (t)- -;;! (t) + -4-f(t) . 

We now obtain that F(<7) is dependent on some limited number of moments2 of f(t), 
namely 

1 (j 1 
F(<7) = (f(t),S {f(t)}) = --mo + -m1 + -mz. 

2 4 (j 

The moments m 0, m 1 and m 2, are given by 

mo = (f(t), f(t)), m1 = (f(t), tj(t)) , mz = (f'(t), tf'(t)) . 

We now have at our disposal an upper bound for the truncation error associated with the 
approximation of f(t) by a linear combination of Laguerre functions : 

Setting the derivative of F(<7) with respect to <7 equal to zero yields the best <7 for Laguerre 
approximations of the set of functions with the same moments m 0 , m 1 and m 2 . This 
optimal <7, denoted by & , is obtained as 

(A.8) 

2Note that this is a consequence of the fact that the coefficients A(<7;t), B(<7;t), and C(<7;t) are 
separable in <7 and t. 
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This result was obtained earlier by Parks (1971 ), where the notation a = p/2 was used. 
It is noted here that in (Belt and den Brinker 1997) the method above is applied to 
approximations of functions f(t) E L2 (IR+) by a linear combination of generalized Laguerre 

functions .>-!:l(a; t) to obtain a good a and a. 
In (Fu and Dumont 1993), the authors also consider approximations of functions f(t) E 

L 2 (!R +) by a linear combination of Laguerre functions . Only, a different error criterion is 
used. Instead of using the truncation error defined in (A.4) they minimize the enforced 
rate error criterion 

00 

((0) = L .>-(m) c~(O), (A.9) 
m=O 

where in the Laguerre case .>-(m) = m and 0 =a. Intuitively, from (A.9) one may expect 
an enforced convergence rate of the series expansion of f(t ). Note that the criterion ((0) 
in (A.9) is identical to the upper bound F(O). As a consequence, it is found by Fu and 
Dumont (1993) that the a that minimizes ((a) is also given by (A .8) . 

We thus have two criteria to obtain optimal parameters in the considered series ex
pansions, namely F(O) and ((0) . Both criteria yield the same parameters. However, the 
starting point in both cases is different . In the first case the optimality is defined over a 
class of functions satisfying the same moments. In the second case, the optimality is de
fined by a criterion over an individual function . From a practical point of view the second 
interpretation is more interesting since one usually has to deal with the approximation of 
a single function instead of a whole class of functions . 
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Samenvatting 

In de praktijk wordt voor adaptieve filters meestal gebruik gemaakt van de zogeheten 
tapped-delay line (TDL). De TDL is opgebouwd uit een cascade van vertragers. Ieder 
vertragingselement bevat aldus een sample-waarde van een vertraagde versie van het in
gangssignaal. AI deze vertraagde versies van het ingangssignaal worden gewogen en opge
teld. Dientengevolge wordt de uitgang van de TDL gevormd door een lineaire combinatie 
van verschillend vertraagde versies van zijn ingang. Het aantal vertragingselementen, dus 
ook het aantal gewichten, bepaalt de duur van de impulsresponsie van de TDL. In een 
algemeen adaptief filterschema probeert het adaptieve filter een bepaalde maat van een 
fout tussen zijn uitgangssignaal en een gewenst signaal te minimaliseren. Meestal wordt 
voor deze maat een kwadratisch criterium genomen, de zogeheten mean-squared error. Er 
is een uitgebreide literatuur over de adaptieve optimalisatie van de gewichten. 

Een problematisch aspect van de TDL is dat zijn geassocieerde basisfunkties, ver
traagde versies van de eenheidspulsfunktie, extreem gelokaliseerd zijn in de tijd. Dienten
gevolge is een groot aantal vertragingselementen benodigd om het gedrag van dynamische 
systemen met een groot geheugen na te bootsen. Een groot aantal gewichten kan om 
verschillende redenen problematisch zijn voor een adaptief filter. Ten eerste omdat vee! 
( duur) geheugen vereist is om de gewichten en oude waarden van het ingangssignaal op 
te slaan. Daarnaast leidt een groot aantal gewichten tot een groot aantal rekenkundige 
bewerkingen om de convolutie met het ingangssignaal uit te voeren. Bovendien fluctueert 
ieder gewicht in de stationaire toestand rond zijn eindwaarde en Ievert hierdoor een bij
drage aan een ruissignaal op de uitgang. Het cumulatieve effect van de ruisbijdragen van 
een groot aantal gewichten is een beperkende factor met betrekking tot de prestaties van 
het adaptieve filter. 

In dit proefschrift wordt een aantal alternatieve structuren voor adaptieve filters bestu
deerd. In het bijzonder worden lineaire regressiemodellen onderzocht, waarvan de uitgang 
een gewogen sommatie is van gefilterde versies van het ingangssignaal. De filters in de be
schouwde lineaire regressiemodellen hebben impulsresponsies van oneindige lengte, hetgeen 
goed past bij systemen met een lang geheugen. Door de overeenkomsten tussen de TDL 
en een lineair regressiemodel kunnen adaptatie-algoritmen zoals het Least-Mean-Square 
(LMS) algoritme en het Recursive Least-Squares (RLS) algoritme, die oorspronkelijk wa
ren ontwikkeld voor de TDL, worden gebruikt. Een goede keuze van de filterset in het 
regressiemodel bij een bepaalde applicatie leidt ertoe dat men met minder adaptieve ge
wichten kan volstaan dan met een TDL. In dit proefschrift worden verschillende mogelijke 
sets van filters voor een adaptief lineair regressiemodel onderzocht. Voor adaptieve filters 
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zijn met name die sets van filters interessant, waarvan de impulsresponsies complete syste
men van orthonormale funkties vormen. We beschouwen (generaliseerde) Laguerre, Kautz, 
Jacobi, Legendre en Meixner-like filters en behandelen hun relevante eigenschappen. Deze 
filters bevatten parameters (bijvoorbeeld polen) die vantevoren gekozen dienen te worden . 
We beschouwen enige methoden om goede waarden voor deze parameters te vinden . Als 
bijprodukt van de behandelde methoden stellen we een manier voor om goede waarden 
te vinden voor de vrije parameters in afgekapte Hermiet-expansies van signalen met een 
eindige support. Het gedrag van het LMS algoritme ten behoeve van de optimalisatie 
van de gewichten in lineaire regressiemodellen wordt bestudeerd. Hierbij wordt gekeken 
naar convergentiesnelheid en naar de misadjustment. Vervolgens stellen we een adaptief 
algoritme voor om de vrije parameter ( een meervoudige pool) van een Laguerre filter te 
optimaliseren. Tenslotte beschouwen we de adaptieve optimalisatie van een complex pool
paar voor een specifiek tweede orde IIR adaptief filter , te weten een zogeheten adaptive 
line enhancer. 
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1. De in de praktijk gebruikte adaptieve filters hebben vrijwel altijd een 
impulsresponsie van eindige duur. Adaptieve filters met oneindig lange 
impulsresponsies en gebaseerd op lineaire regressiemodellen passen vee! 
beter bij de fysische werkelijkheid en zouden daarom meer moeten wor
den toegepast. 

- Dit proefschrift . 

2. Voor analyses van het convergentie-gedrag van adaptieve filters wordt 
vaak aangenowen dat het onbekende refereptiesysteem in de model
set. ligt en dat ·de exciterende signalen een stationair spectrum hebben. 
Echter, in de praktijk leidt de combinatie van een tijdvarierend excita
tiespectrum en undermodeling tot een vee! slechter convergentiegedrag 
dan men op grond van deze analyses zou verwachten. 

- Hoofdstuk 1 van dit proefschrift. 

3. De hoge eisen die bij acoustic echo cancellation worden gesteld aan 
de onderdrukking van de echo (20 tot 30 dB) , in combinatie met het 
grote aantal vrijheidsgraden van het akoestische systeem, maken dat 
de coefficientenreductie bij het gebruik van een adaptief Kautz filter 
in plaats van een transversaal filter te gering is om de benodigde com
plexiteitsverhoging te rechtvaard.igen . 

- Hoofdstuk 2 van dit proefschrift. 

4. Gebruikelijke analyses van het Least-Mean-Square algoritme steunen 
op de inconsistente independence assumption. Hoewel deze aanname 
tot resultaten leidt die experimenteel bevestigd worden, is het gebruik 
ervan niet verdedigbaar en bovendien, naar inmiddels is gebleken, on
nodig. 

- S. Haykin , Adaptive Filter Theory, Third Edition. London, U.K.: 
Prentice-Hall Int ., 1996. 

- H.J. Butterweck, An approach to LMS adaptive filtering without 
use of the independence assumption. Proceedings EUSIPC0-96, 
Trieste, Italy, 10-13 September 1996, pp. 1223-1226. 

- Hoofdstuk 6 van dit proefschrift . 

o. Adaptieve systemen zijn voortdurend aan het leren. Zij danken echter 
hun kracht voor een groot dee! aan hun vermogen om te vergeten. 



6. De telecommunicatie maakt een ware revolutie door met middelen als 
e-mail, de GSM-telefoon, teleconferentiesystemen en internet-telefoon. 
Gezien de hiermee gepaarde groei van bereikbaarheid van mensen ver
dient het aanbeveling nog even te wachten met de beraamde uit breiding 
van Schiphol. 

7. In het voor de digitale signaalverwerking vaak gebruikte softwarepakket 
MatLab zou met het oog op zijn gebruikers, ter preventie van de veel
vuldig voorkomende off-by-one bug, de array-indexering bij 0 in plaats 
van bij 1 moeten beginnen. 

8. Wanneer men bij het bellen van een willekeurige informatielijn te horen 
krijgt: 'Er zijn nog x wachtenden v66r u' , dan zijn dater slechts x- 1. 
Immers, na het bericht: 'Er is nog een wachtende v66r u', is altijd de 
volgende stap dat je aan de beurt bent en was er dus helemaal geen 
wachtende meer v66r je. 

9. Het systeem Yan de .\ir Miles. hoe dubieus ook. heeft voor de deelne
mende bedrijven een vergroting van hun marktaandeel opgeleverd. :VIet 
dit in gedachten zouden de TFs, om meer studenten aan te trekken, 
voor elk behaald studiepunt Air ~tiles moeten verstrekken. 

10. Het snel verouderen van computers heeft weinig te maken met de ap
paratuur zelf. De consument is hieraan debet door het telkenmaal in 
gebruik willen nemen van de nieuwste software die met vee! meer moeite 
hetzelfde kan. 




