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Error metrics quantify the difference between a reproduced image and the corresponding unprocessed original
image. A drawback of the commonly used metrics such as the mean square error is their poor correlation with
the perceived quality of the reproduced image. We present a framework for an alternative metric that uses
the distance in a perceptual space to predict the perceived impairment of reproduced images. The perceptual
space is spanned by perceptual artifacts that are introduced by image-reproduction techniques. For image
reproduction using sampling and interpolation it is shown how such a multidimensional space can be deter-
mined from the image. The sensory strengths of the artifacts’ periodic structure and blur are two of the or-
thogonal dimensions of this space. In addition, we demonstrate that, after the perceptual-error metric is cali-
brated to a particular observer, this metric can successfully predict experimentally determined subjective
image quality of sampled and interpolated simple black-and-white images. © 1997 Optical Society of America
[S0740-3232(97)04109-4]
1. INTRODUCTION
Displays often reproduce images that are visually im-
paired compared with the originals, i.e., images produced
by a hypothetical ideal display. For example, the major-
ity of electro-optical displays, including liquid-crystal
video displays and CRT’s, produce sampled and interpo-
lated images in which typical artifacts such as blur, peri-
odic structure, and moiré may be visible. Measurements
of perceptual image quality, i.e., the degree of excellence
of an image,1 should be used to evaluate the images re-
produced by displays. Perceptual image quality also
makes possible the perceptual optimization of the physi-
cal parameters that specify the display.

Error metrics that predict perceptual image quality are
popular, because they make time-consuming experiments
involving human subjects redundant. In general, the
perceptual-image-quality values predicted by error mea-
sures such as the mean square error (e.g., Oakley and
Cunningham2) do not correlate well with the results of
subjective tests, because these measures do not incorpo-
rate properties of the human visual system (e.g., Pratt3

and Mannos and Sakrison.4)
At present, there is a growing interest in error mea-

sures that use properties of the visual system. A descrip-
tion of one of these properties is the modulation transfer
function of the eye (e.g., Campbell and Robson5 and
Kelly6), which specifies the threshold modulation depth of
sine gratings as a function of spatial and temporal fre-
quencies of the sine grating. It is a popular description
in the frequency domain that can easily be included in er-
ror measures by using a Fourier description of the sam-
pling and interpolation problem (e.g., Watson et al.7).

Although such error metrics successfully model proper-
ties of the front end of the visual system, these models
generally cannot handle properties of high-level vision
0740-3232/97/0902111-17$10.00 ©
such as personal preference and cognitive aspects.
Therefore we introduce a perceptual-error measure that
is characterized by an intermediate perceptual space
spanned by the relevant perceptual attributes underlying
perceptual image quality. Front-end properties are then
used to determine the strengths of these attributes from
physical parameters that specify the image and the dis-
play. The process that combines the underlying at-
tributes into perceptual quality reflects properties of
high-level vision. The perceptual-error measure uses
only a single parameter to account for individual differ-
ences in high-level vision. The perceptual-error measure
is based on global knowledge about the structure of the
perceptual process that leads to judgments about the
quality of images. This new measure models the percep-
tual processes that are relevant to quality judgments
rather than modeling the functions of (groups of) cells in
the visual system (e.g., Ref. 8). Although the latter ap-
proach may work well for low-level vision, it is difficult to
model high-level vision (grouping, cognition) in such a
way.

In this paper we will specify the perceptual-error mea-
sure and work it out in detail for sampling and interpola-
tion. Before the performance of the model is tested, we
will first determine and study its parameters. We re-
strict ourselves to a simple black-and-white image con-
sisting of a single edge. This single-edged image is rela-
tively easy to describe yet it does not oversimplify the
problem since both of the most dominant sampling and
interpolation artifacts, periodic structure and blur, can
appear in this image.

2. RATIONALE OF SINGLE-EDGED IMAGES
A single-edged image as indicated in Fig. 1(a) is formed
by two adjacent uniform regions with different lumi-
1997 Optical Society of America
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nances L1 and L2 that are separated by a horizontal
straight edge. The image is completely specified by these
two physical parameters or, alternatively, by the average
luminance L̄ 5 (L1 1 L2)/2 and some luminance–
contrast measure such as the Michelson contrast C
5 (L1 2 L2)/(L1 1 L2). The horizontal orientation of
the edge has been chosen for convenience.

Besides the fact that the image content of the single-
edged image is completely specified by only two param-
eters, the single-edged image can offer additional advan-
tages if we make appropriate choices for the sampling and
interpolation process. For the columnar sampling struc-
ture and Gaussian interpolation of Figs. 1(b) and 1(c),
only the most dominant sampling and interpolation arti-
facts, periodic structure and blur, can appear. Further-
more, the strengths of these artifacts can be controlled in-
dependently, since (1) the structure is perpendicular to
the edge and (2) we can control the degree of interpolation
in the horizontal and vertical directions separately.

3. PERCEPTUAL ERROR MEASURE
In this section we review the perceptual error measure for
sampled and interpolated images presented in Refs. 9–11.
The diagram in Fig. 2 shows the computational steps used
for determining the perceptual image quality Q from the
physical parameters F i that specify both the image and
the sampling and interpolation process. The perceptual-
error measure is distinguished from conventional error
measures by a perceptual space with the sampling and in-
terpolation artifacts as orthogonal dimensions. Hence
the perceptual-error measure explicitly incorporates the
dimensions underlying the visual impairment of the im-
ages.

As mentioned, typical sampling and interpolation arti-
facts that may occur in the single-edged image are peri-
odic structure and blur. If we vary the Michelson con-
trast or the average luminance of this image, we also
expect some effect of these variations on perceptual image
quality. Therefore we also include in the error measure
the perceptual attributes induced by the Michelson con-

Fig. 1. (a) Single-edged image with two uniformly illuminated
regions separated by a horizontal straight edge. The lower re-
gion has luminance L1 , the upper region luminance L2 (L1
. L2). (b) Magnified part of the single-edged image with a co-
lumnar sampling structure with sampling distance d and column
width w. The luminance of the columns is a factor d/w higher
than the uniform regions in (a), so that the average luminances
of the lower and upper regions remain equal to L1 and L2 , re-
spectively. (c) Impulse response of an elliptical optical Gaussian
interpolation filter with spread parameters sh (horizontal) and
sv (vertical).
trast and the average luminance. These attributes are
brightness contrast and brightness, respectively. The in-
fluence of these attributes is intuitively expected to be
second order if the values for both L1 and L2 are repre-
sentative for standard monitors and TV sets, which have
a relatively small luminance range. We expect that the
total perceptual impairment of the single-edged image
will decrease if the brightness or the brightness contrast
increases. We therefore use the complementary percep-
tual attributes as artifacts. Since proper terminology for
these artifacts is lacking, we adopt the terms complement
of brightness and complement of brightness contrast.

Perceptual image quality Q is related linearly to per-
ceptual impairment I12,13:

I 5 1 2 Q. (1)

The perceptual attributes are defined in the interval [0, 1]
for computational convenience.

Besides judging total perceptual impairment, people
can also distinguish among the various underlying arti-
facts and are able to judge the perceptual impairments of
these underlying artifacts separately. Minkowski met-
rics can be used to combine the M underlying perceptual
impairments into the total impairment I13,14:

Ia 5 (
i51

M

Ii
a , (2)

which reduces to

Ia 5 Ip
a 1 Ib

a 1 IC*
a

1 IB*
a , (3)

if we consider only the impairments of the artifacts’ peri-
odic structure Ip , blur Ib , complement of brightness con-
trast IC* and complement of brightness IB* . Since the
artifacts are the orthogonal dimensions of a perceptual
space, the total impairment can alternatively be inter-
preted as the distance in this perceptual space between
the sampled and interpolated image and the original im-
age that is placed in the origin. The original image is an
image produced by a hypothetical ideal display. For a
5 2 the distance is Euclidean.

The perceptual impairment of the underlying artifacts
periodic structure and blur was found to be linearly re-

Fig. 2. Schematic diagram of the computational steps of the
perceptual-error measure that relates perceptual image quality
Q or total perceptual impairment I to the physical parameters
F i , with use of an intermediate perceptual space with sensory
strengths Si or impairments Ii of the individual sampling and in-
terpolation artifacts along the orthogonal axes. The most domi-
nant artifacts, periodic structure and blur, are indicated by the
indices p and b, respectively.
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lated to the perceptual strengths of these artifacts.11 We
assume that this linear relation holds for other artifacts
as well:

Ii 5 aiSi . (4)

The interpretation is that the strengths of the perceptual
attributes are attributes of low-level vision, whereas the
impairments are cognitive attributes. The constants ai
represent the relative weights of the artifacts in the total
perceptual impairment.

According to Eqs. (3) and (4) the total perceptual im-
pairment of a sampled and interpolated image can be
written as

Ia 5 ap
aSp

a 1 ab
aSb

a 1 aC*
a SC*

a
1 aB*

a SB*
a . (5)

We assume that I 5 0 for the original image. If both the
average luminance and the Michelson contrast have fixed
values, then we can use a simplified version of Eq. (5) for
calculating the difference between the original and the
sampled and interpolated images:

Ia 5 ap
a~Sp

a 1 lbSb
a!. (6)

The perceptual parameter lb 5 ab
a/ap

a expresses the
observer’s weight with respect to the quality of the blur
artifact relative to the observer’s weight with respect to
the quality of the periodic-structure artifact. Equation
(6) shows that the optimization of the sampling and inter-
polation problem is equivalent to minimizing the cost
function

Sp
a 1 lbSb

a . (7)

Minimization of cost functions is a well-known variational
regularization solution method for ill-posed problems.15

The solution is a compromise between conflicting de-
mands, i.e., between the absence of periodic structure and
the absence of blur. The regularization parameter lb
controls the relative importance of the constraints. It
tells us something an observer’s weight for periodic struc-
ture compared with the observer’s weight for blur. Note
that the value of lb may depend both on the observer and
on image content.

On the basis of Eq. (1) the difference in perceptual
quality between an original image and a sampled and in-
terpolated version of this image simply equals the total
impairment caused by sampling and interpolation.
Equation (6) can be written to represent this difference as

I 5 ap~Sp
a 1 lbSb

a!1/a. (8)

The interpretation of the error measure as a distance
measure in a perceptual space is straightforward. If
both periodic-structure and blur artifacts are visible, the
resulting loss in perceptual quality is proportional to the
a norm of a vector (Sp , Aa lbSb) in a perceptual plane
spanned by these artifacts.

4. SENSORY-STRENGTH FUNCTIONS
Explicit expressions for the sensory strengths of periodic
structure and blur for a columnar sampling structure and
Gaussian interpolation (see Fig. 1) were derived and ex-
perimentally verified in Refs. 9 and 11. Details of the
derivation of the expressions can be found in Appendix A.
Appendix B contains a method for finding the values of
the parameters in the expressions. A columnar structure
means that the image is sampled in the horizontal direc-
tion only. Gaussian interpolation can, for instance, be
implemented by an optical filter placed in front of the dis-
play. The expressions for the perceptual strengths of
blur and periodic structure are, respectively,

Sb 5 1 2
1

@~sv /s0!2 1 1#0.25 , (9)

Sp 5 c
@1 1 ~m/m0!3#1/3 2 1

~m/m0!b
, (10)

where sv is the spread parameter of the Gaussian inter-
polation filter in the vertical direction, m is the modula-
tion depth, b ' 0.7, and c is a constant such that 0
< Sp < 1. The parameter m0 is a periodic-structure-
threshold parameter, and s0 is the spread parameter of a
Gaussian interpolation function representing the intrin-
sic blur of the early visual pathway and including the op-
tics of the eye. These last two parameters depend on the
observer and must be determined experimentally. The
modulation depth m is equal to

m 5 2mp exp@22~p/d !2~s h
2 1 s 0

2!#, (11)

where d is the sampling distance and sh is the spread of
the Gaussian interpolation filter in the horizontal direc-
tion. We use the modulation depth of the first harmonic
of the columnar structure because the first harmonic is a
good predictor of the visibility of any periodic structure of
not too low frequency.5 The attenuation factor mp that
accounts for the interpolation of the columns of width w
in Fig. 1 equals

mp 5 sinc~w/d ! 5
sin~pw/d !

~pw/d !
. (12)

This factor is the attenuation of the spectral component at
the sampling frequency (1/d) caused by a filter with a
rectangular impulse response of width w, i.e. the columns
of the structure.

For the sensory strengths of the complement of bright-
ness and the complement of brightness contrast, we use

SB* 5 1 2 ~L̄/L̄max!0.3, (13)

SC* 5 1 2 C0.3, (14)

where L̄max is the maximum average luminance of a set of
single-edged images that is used in an experiment (see
Appendix A for further details).

The sensory strengths of periodic structure and blur
are a function of the physical display parameters. The
expressions for these strengths in Eqs. (9) and (10) do not
depend on the physical parameters average luminance
and Michelson contrast of the image. Such dependences
have, however, been reported. Watt and Morgan,16 for
instance, found just noticeable differences (jnd) of blur to
be a power function of edge contrast with an exponent of
20.5. Watanabe et al.17 and van Nes18 showed that
contrast-detection thresholds for sine gratings are lower
for higher average luminances. The influence of the
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image-content parameters, average luminance, and Mich-
elson contrast on the impairments of blur and periodic
structure will be included in the relative-weight
parameters ai of the perceptual-error measure: ap

5 ap(C, L̄) and ab 5 ab(C, L̄). Although it would be
more appropriate to include the image-content param-
eters in the sensory-strength functions, the parameters
will be included in the relative-weight parameters ai of
the perceptual error measure, because we think that the
effects are second-order effects. If experimental data in-
dicate that the relative weight parameters depend
heavily on average luminance or Michelson contrast, then
this factor should be transferred from the relative-weight
parameters in the sensory-strength functions.

5. EXPERIMENTAL VALIDATION
Although it is possible to obtain all data necessary to
check the performance of the model as well as to study the
values of the parameters and their dependences on image
content and observers from one experiment, we opted for
a stepwise approach. Instead of one there were two ex-
periments. The first experiment addressed the funda-
mental problem of the value of the exponent in the com-
bination rule for impairments. In the second experiment
we determined the values of the intrinsic blur parameter,
the periodic-structure threshold parameter, and the rela-
tive weight parameters and studied the dependence of
these parameters on observers, average luminance, and
Michelson contrast. In addition, we checked how well
the model predictions fit the experimental data.

In both experiments, subjects were instructed to rate
perceptual image quality of the stimuli. Since it is not
trivial for subjects to be able to use the concept of percep-
tual image quality of a single-edged image, we experimen-
tally verified whether subjects can employ the concept for
simple images such as the single-edged image. In a
small experiment, three subjects judged the perceptual
quality of 24 black-and-white stimuli. The stimuli were
sampled and interpolated versions of the portrait of a
woman (‘‘Wanda’’) and a simple (‘‘Mondrian’’) image.
The simple image consisted of seven partially overlapping
rectangles of varying size. Only three different lumi-
nance levels were used for the seven rectangles. Before
the experiment, subjects viewed a test series that in-
cluded the extreme stimuli to familiarize themselves with
the images and to adjust the sensitivity of their scale.
Experimental results indicate that the trends for the data
of Wanda and the Mondrian image are similar. There
are no unexpected effects. We thus conclude that the
subjects are able to use a stable perceptual-quality crite-
rion for simple images. Since the Mondrian image al-
ready has little meaning from a cognitive point of view,
we assume, in addition, that subjects can also use the con-
cept of perceptual quality for other simpler images such
as the single-edged image.

Scaled perceptual-quality values can be converted into
impairments by use of Eq. (1). In the following, these im-
pairment values are referred to as measured impair-
ments.
6. MINKOWSKI EXPONENT EXPERIMENT
With the experiment described below we determine the
value of the Minkowski exponent a in the combination
rule for impairments as given in Eq. (3). Since it is suf-
ficient to vary the impairments of two artifacts in order to
be able to determine this exponent, we varied only the
most dominant artifacts, periodic structure and blur.
Therefore the luminances of the two half-planes of the
single-edged image are constant for all stimuli. Equa-
tion (3) then reduces to

Ia 5 Ip
a 1 Ib

a . (15)

A. Method

1. Image
Only one type of image, a single-edged image as shown in
Fig. 1, was used in this experiment. This single-edged
black-and-white image consists of two uniform regions
with luminances L1 and L2 separated by a horizontal
edge. The average luminance was L̄ 5 (L1 1 L2)/2
5 9.6 cd/m2, and the Michelson contrast was C 5 (L1
2 L2)/(L1 1 L2) 5 0.21.

2. Equipment
Single-edged black-and-white images were generated and
displayed with use of a Gould DeAnza IP 8400 image-
processing system. An image consisted of 512 3 512
eight-bit pixels. During the experiment only the center
496 3 496 pixels (size 0.28 m 3 0.28 m or 4° by 4°) were
shown on a Conrac model 2400 high-resolution 50-Hz in-
terlace monochrome monitor. The viewing distance was
4 m and the pixel pitch was 0.49 arc min. The system
was calibrated in such a way that there was a power-law
relation L } gg, with an exponent g 5 2.5, between the
eight-bit pixel value g and the luminance L of a pixel.

3. Stimuli
The stimulus set consists of different versions of the
single-edged image that was defined above. Besides this
original image the set contained single-edged images with
a blurred edge varying in filtering of the edge and with a
periodic structure varying in modulation depth of the
structure. The experiment had a complete factorial de-
sign, i.e., all combinations of periodic structure and blur
were presented. Besides a nonsampled version there
were four sampled versions with varying modulation
depth. A vertical periodic structure was introduced by
imposing a columnar sampling structure with a sampling
distance of 8 pixel pitch units (3.92 arc min) and a column
width of 4 pixel pitch units (1.96 arc min). The modula-
tion depth was varied by optical Gaussian filtering in the
horizontal direction. Gaussian filtering was simulated
on the Gould De Anza system by transforming pixel val-
ues into luminance values, filtering in the horizontal di-
rection with a binomial impulse response filter of length
l,19 and finally transforming the filtered luminance val-
ues into pixel values. The filter length is related to the
spread parameter s of the Gaussian impulse response fil-
ter by s 5 1/2Al 2 1. Filter lengths were 14, 23, 33, and
43 pixel pitch units. In addition to the five stimuli speci-
fied above, the stimulus set contained four blurred ver-
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sions for each of these five stimuli. Blur of the horizontal
edge was varied by a similar filter in the vertical direction
with filter lengths 10, 18, 33, and 60 pixel pitch units.
The lengths were chosen such that for both periodic struc-
ture and blur the difference in perceived strength be-
tween successive filter lengths was approximately equal.

4. Procedure
Six male subjects between 27 and 43 years of age rated
perceptual quality of the displayed images on a 10-point
numerical category scale ranging from 1 to 10. Subjects
had normal or corrected-to-normal vision and visual acu-
ity, measured on a Landolt chart, between 1.25 and 2.
Although two of the subjects (FB and GS) had a slight
red–green deficiency, their results did not differ signifi-
cantly from those of the other subjects. Subjects received
an instruction form in which the quality of the single-
edged image was defined as depending only on the peri-
odic structure in the uniform regions and the blur of the
edge. Before the start of the actual experiment, subjects
judged a test series of four stimuli containing the extreme
stimuli in order to adjust the sensitivity of their scale.
Each test stimulus was presented twice. All 25 stimuli
were presented 4 times. The sequence of the images was
random. Images were presented for 5 s and were fol-
lowed by an adaptation field with a luminance of
15 cd/m2 that lasted until subjects pressed a key but had
a minimum duration of 2 s. The viewing conditions sat-
isfied Comité Consultalif International Radio (CCIR) rec-
ommendation 500 (Ref. 20) except for the viewing dis-
tance, which was 4 m. All category data were
transformed into an interval scale on the psychological
continuum with use of Thurstone’s law of categorical
judgment. We applied a class I model involving replica-
tions over trials within a single subject with condition D
constraints.21 These constraints limit the number of
model parameters by the assumption that the correlation
between the momentary position of stimuli and the cat-
egory boundaries as well as the dispersion of both cat-
egory boundaries and stimuli are constant. Before the
Thurstone correction, data were processed in accordance
with Edwards’ method22 so that scale values of the ex-
treme categories could be corrected. It was found that
the trends in the Thurstone-corrected data of the indi-
vidual subjects were similar. It was therefore permis-
sible to average the Thurstone-corrected data over sub-
jects.

B. Results
We use the perceptual impairments that can be derived
from the scaled quality values to determine the value of
the Minkowski exponent. Figure 3 displays the data av-
eraged over subjects of the Minkowski exponent experi-
ment and shows that a Minkowski exponent a 5 2 yields
a fair fit. Unless otherwise stated, the length of an error
bar in this and other figures is twice the standard error of
the mean averaged over the data points. In the geo-
metrical representation in Fig. 3, each data point is char-
acterized by a Euclidian distance from the origin of the
plot and a direction. The distance is equal to the total
perceptual impairment. The direction is determined by
the constituent impairments of the artifacts periodic
structure and blur. In Fig. 3 the constituent impairment
values are indicated by the horizontal and vertical lines.
The positions of the lines are determined by an iteration
process. Initially, the positions are equal to the data val-
ues on the axes. The intersections of the lines are the
predicted impairment values. The measured impair-
ments that have the same direction as the corresponding
predictions are decomposed into a periodic-structure com-
ponent along the horizontal axis and a blur component
along the vertical axis. The new position of a line is the
average of the five components along this line. In each
iteration, new values are determined for all lines. Itera-
tion stops when the positions of the lines do not vary sig-
nificantly between variations.

Although a Minkowski exponent a 5 2 is satisfactory,
it may not be optimal. We therefore determined the
value of the exponent for which the model best fitted the
data. To this end a measure of fit must be chosen. A
measure of fit is the root mean square of the differences
between the measured impairments and impairments cal-
culated from constituent impairments with Eq. (15).
This root mean square of differences is plotted in Fig. 4 as
a function of the Minkowski exponent. There is a curve
for each subject and for the data averaged over subjects.
The symbols indicate the optimal values of the exponent
for which the root mean square of differences is minimal.
The curves in Fig. 4 are similar to those found by
Ronacher and Bautz,23 who estimated the Minkowski ex-
ponent from multidimensional scaling data for the dis-
similarity of pairs of disks that differed in both size and
luminance. The curves in Fig. 4 yielding the two highest
values of the exponent are very flat near the minima.

Ronacher and Bautz23 explained the flat curves from
the fact that as the exponent increases, two Minkowski

Fig. 3. Perceptual impairments, h determined from experimen-
tal scaling data of the Minkowski exponent experiment averaged
over subjects. The impairment is equal to the Euclidian dis-
tance of a data point from the origin of the plot. Impairments
caused by the artifacts periodic structure and blur are on the
horizontal and the vertical axis, respectively. The intersections
of horizontal and vertical lines represent the calculated impair-
ment values for a Minkowski exponent a 5 2. Unless otherwise
stated, the length of an error bar in this and other figures is twice
the standard error of the mean averaged over the data points.
For correct interpretation of the error bar, the direction of the
bar must coincide with that of the line through the data point
and the origin.
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metrics of a constant difference in exponents become
more and more similar, and therefore differences in the
minima shown in Fig. 4 become less significant.
Ronacher and Bautz show that the confidence intervals
for the optimal values of the Minkowski exponent in-
crease from left to right as shown in Fig. 4. Owing to the
less pronounced minima, the estimates for the two high-
est values of the Minkowski exponent are less accurate.

The optimal values for the exponent of Fig. 4 are in
good agreement with optimal values determined by using
another measure of fit, namely, the mean of differences
between the measured and the calculated impairments.

Fig. 4. Root mean square of differences between measured and
calculated impairments of the Minkowski exponent experiment
as a function of the Minkowski exponent a. The symbols indi-
cate the minima of the curves for each subject and for the data
averaged over subjects. ,, FB; L, GS; 3, HR; ^, MB; s, MN;
n, RS; h, average. Dashed curve, data averaged over subjects.
The standard errors of the mean of the measured impairments
for each subject and for the data averaged over subjects are
shown for comparison.

Fig. 5. Mean of differences between measured and calculated
impairments of the Minkowski exponent experiment as a func-
tion of the Minkowski exponent a. The symbols indicate the
zero-axis crossings of the curves for each subject and for the data
averaged over subjects. ,, FB; L, GS; 3, HR; ^, MB; s, MN;
n, RS; h, average. Dashed curve, data averaged over subjects.
The standard errors of the mean of the measured impairments
for each subject and for the data averaged over subjects are
shown for comparison.
This mean of differences is plotted in Fig. 5 as a function
of the Minkowski exponent. Again there is a curve for
each subject and for the data averaged over subjects.
The symbols indicate values for which the mean of differ-
ences is zero. The use of the mean of differences as a
measure of fit is based on the fact that if a model fits the
data well, there will be no systematic errors but only ran-
dom normally distributed errors with an average value of
zero. Consequently, we use the zero crossings for deter-
mining the values of the Minkowski exponent. Note that
none of the curves in Fig. 5 is flat near the zero crossings.
Small variations in the experimental data will therefore
only slightly change the estimated value of the exponent.
The standard deviation of the estimated values is smaller
if the slope of the curve near the zero crossing is larger.
Since the slopes of the curves in Fig. 5 are approximately
equal near the zero crossing, the estimates are approxi-
mately equally accurate. In addition, the slopes in Fig. 5
are sharper than those of the corresponding curves in Fig.
4. Therefore we think that the values estimated from
Fig. 5 are more reliable.

The values of the Minkowski exponent determined
from Figs. 4 and 5 are listed in Table 1. Apart from the
values for subjects HR and MB, which have flat curves
near the minima in Fig. 4, the results from the root-mean-
square-of-differences criterion are consistent with the
mean-of-differences criterion.

From Table 1 and Figs. 3–5, we conclude that the
Minkowski exponent should have a value a . 1. Within
experimental error, an exponent a 5 2 is acceptable for
all subjects, excluding HR and MB. In the following we
will use a 5 2, which is consistent with values found by
de Ridder.13 This value has the additional advantage
that it allows for an easy geometrical interpretation of the
impairments in a Euclidean space. In Section 8 (the dis-
cussion) we will indicate that a 5 2 can also be used for
the data of subjects HR and MB.

7. CONTRAST AND LUMINANCE
EXPERIMENT
In the second experiment the perceptual error measure
based on Eqs. (1), (5), (9), (10), (13), and (14) with param-
eters s0 , m0 , ap , ab , aC* , aB* , and a is fitted to the ex-
perimental data for six subjects and the ‘‘average’’ sub-

Table 1. Minkowski Exponent Values Determined
with a Root-Mean-Square-of-Differences Criterion
(Fig. 4) and a Mean-of-Differences (Fig. 5) for Data
of Individual Subjects and for Data Averaged over

Subjects

Subject
Root Mean Square

of Differences
Mean of

Differences

FB 1.5 1.7
GS 2.4 2.9
HR 6.3 5.2
MB 8.6 3.6
MN 2.5 2.5
RS 1.3 1.3
Average 2.3 2.3
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ject, with use of the m, s, L̄, and C values corresponding
to the stimuli. For the parameter a we use the value a
5 2 obtained from the Minkowski exponent experiment.
The parameters s0 , m0 , aC* , aB* , and lb 5 ab

a/ap
a are

unique for each subject, and lb is also unique for each
combination of L̄ and C. The experimental data were ob-
tained in an experiment in which subjects judged percep-
tual quality of single-edged images that were varied in
sampling distance, modulation depth, filtering of the
edge, average luminance L̄, and Michelson contrast C.

A. Method

1. Image
Only one type of image, a single-edged image, was used in
this experiment. This single-edged black-and-white im-
age consists of two uniform regions with luminances L1
and L2 that are separated by a horizontal edge. We used
eight versions of this single-edged image, each having a
different combination of values for average luminance
and Michelson contrast. The average luminance of the
images L̄ 5 (L1 1 L2)/2 was 2.1 cd/m2, L̄ 5 9.7 cd/m2,
and L̄ 5 43.9 cd/m2. The Michelson contrast C 5 (L1
2 L2)/(L1 1 L2) was 0.10 and C 5 0.21. For the im-
ages with L̄ 5 9.7 cd/m2 there were two additional con-
trast levels, C 5 0.43 and C 5 0.90.

2. Equipment
The stimuli in this experiment were generated and dis-
played by use of a Gould DeAnza IP 8400 image-
processing system. An image consisted of 512 3 512
eight-bit pixels. During the experiment only the center
496 3 496 pixels (size 0.36 m 3 0.29 m or 9.7° 3 7.9°)
were shown on a Conrac model 2400 high-resolution
50-Hz interlace monochrome monitor. Although the
monitor was of the same type as in the Minkowski expo-
nent experiment, it was a different apparatus. The view-
ing distance was 2.1 m. The pixel pitch was 1.18 arc min
in the horizontal direction and 0.94 arc min in the vertical
direction. The system was calibrated in such a way that
there was a power-law relation L } gg, with an exponent
g 5 2.5, between the eight-bit pixel value g and the lumi-
nance L of a pixel.

3. Stimuli
The stimulus set consists of different versions of the
single-edged images defined above. For each of these
eight ‘‘original’’ (nonsampled and nonfiltered) images with
a specific L̄C combination, the set contained this original
image as well as single-edged images with a blurred edge
varying in filtering of the edge and with a periodic struc-
ture varying in sampling distance and modulation depth
of the structure (see Fig. 1). Figure 6 shows some of the
stimuli. A vertical periodic structure was introduced by
imposing a columnar sampling structure with a sampling
distance of 2 and 4 horizontal pixel pitch units (2.36 and
4.72 arc min). In both cases the width of the columns
was half the sampling distance. The modulation depth
was varied by optical Gaussian filtering in the horizontal
direction. Gaussian filtering was simulated on the Gould
DeAnza system by transforming pixel values into lumi-
nance values, filtering in the horizontal direction with a
binomial impulse response filter of length l,19 and then
transforming the filtered luminance values into pixel val-
ues. The filter length of the binomial filter is related to
the spread parameter s of the Gaussian filter by s
5 1/2Al 2 1. Filter lengths were 2, 3, 7, and 15 pixel
pitch units. In addition to the stimuli specified above,
the stimulus set contained blurred versions of each of
these stimuli. Blur of the edge was varied by an identi-
cal filter in the vertical direction with filter lengths 5, 11,
25, and 60 pixel pitch units. In order to reduce the num-
ber of stimuli, we conducted the experiment without a
complete factorial design. For each of the eight lumi-
nance contrast combinations there were 27 different com-
binations of sampling distance, modulation depth, and
edge blur as indicated in Table 2.

In practice, the luminance profiles of the sampled im-
ages are not exactly rectangular as would be expected for
a columnar sampling structure. The rectangular corners
of the profile were rounded. Consequently, the modula-
tion depths of the sampling structures are somewhat
lower than the theoretical modulation depths. This ef-
fect is included in the factor that accounts for the width of
the columns relative to the sampling distance. According
to Eq. (12) this factor is, ideally, sinc(w/d) 5 sinc(1/2)
' 0.637 for ideal rectangular profiles with a width of half
the sampling distance. We measured some of the dis-
played luminance profiles and calculated this factor. The
value that we found and that is used in calculations
throughout this paper was 0.50. The factor turned out to
be relatively independent of the frequency of the struc-
ture and the peak luminance of the profile.

Fig. 6. Four of the 216 stimuli from the contrast-and-
luminance-effect experiment. (a) L̄ 5 2.1 cd/m2, C 5 0.21, zero
modulation depth, and no filtering of the edge (V01);
(b) L̄ 5 43.9 cd/m2, C 5 0.21, zero modulation depth, and maxi-
mum filtering of the edge (V60); (c) L̄ 5 9.7 cd/m2, C 5 0.10,
maximum modulation depth of the coarsest sampling structure
(d 5 4.72 arc min), and maximum filtering of the edge;
(d) L̄ 5 9.7 cd/m2, C 5 0.10, maximum modulation depth of the
finest sampling structure (d 5 2.36 arc min), and maximum fil-
tering of the edge.
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4. Procedure
In four sessions, six male subjects between 27 and 43
years of age rated perceptual quality of the displayed im-
ages on a 10-point numerical category scale ranging from
1 to 10. Subjects had normal or corrected-to-normal vi-
sion and visual acuity between 1.25 and 2, measured on a
Landolt chart. Although two of the subjects (FB and GS)
had a slight red–green deficiency, their results did not
differ significantly from those of other subjects. Subjects
received an instruction form in which the quality of the
single-edged image was defined as depending only on the
periodic structure in the uniform regions and the blur of
the edge. Before the start of the actual experiment, sub-
jects judged a test series of 16 stimuli containing the ex-
treme stimuli in order to adjust the sensitivity of their
scale. The 216 stimuli were presented once in each ses-
sion. The sequence of the stimuli was random. Images
were presented for 5 s and were followed by an adaptation
field with a luminance of 15 cd/m2 that lasted until sub-
jects pressed a key but had a minimum duration of 2 s.
The viewing conditions satisfied CCIR recommendation
500.20 The viewing distance was 2.1 m. All category
data were transformed into an interval scale on the psy-
chological continuum with use of Thurstone’s law of cat-
egorical judgment. We applied a class I model involving
replications over trials within a single subject with condi-
tion D constraints.21 These constraints limit the number
of model parameters by the assumption that the correla-
tion between the momentary position of stimuli and the
category boundaries as well as the dispersion of both cat-
egory boundaries and stimuli are constant. Before the
Thurstone correction, data were processed in accordance
with Edwards’ method22 so that scale values of the ex-
treme categories could be corrected. It was found that
the trends in the Thurstone-corrected data of the indi-
vidual subjects were similar. It was therefore permis-
sible to average the Thurstone-corrected data over sub-
jects.

B. Parameters of the Sensory-Strength Functions
Below we will determine the values of the intrinsic blur of
the early visual pathway parameter s0 and the periodic-

Table 2. 27 Sampling and Interpolation
Combinations Used for Each of the Eight

Combinations of Average Luminance
and Michelson Contrast in the

Contrast-and-Luminance Experimenta

V60 sn sn h

V25 sn n h

V11 sn sn h

V05 sn n h

V01 sn n sn n sn h

H01 H02 H03 H07 H15 H`

a The numbers indicate the filter lengths of the binomial impulse re-
sponse filters in the horizontal (H) and vertical (V) directions in horizontal
and vertical pixel pitch units. If the filter length is unity, then the image
is not filtered. The infinite filter length in the horizontal direction, h,
corresponds to the nonsampled image, which can alternatively be seen as
a periodic structure with zero modulation depth. s and n indicate
stimuli with a sampling distance of 2 and 4 horizontal pixel pitch units,
respectively.
structure-threshold parameter m0 in the sensory
strength functions for periodic structure Sp and blur Sb
as given in Eqs. (9) and (10) by using a method described
in Appendix B. In addition, we will illustrate that these
functions are adequate for predicting the experimental
data.

We will first determine the s0 parameter of the blur
function by using sets of stimuli that vary only in the de-
gree of filtering and thus only in the degree of blur of the
edge. These stimuli are in the same column of Table 2
and have the same symbol. We used the set with the
nonsampled stimuli shown in the right-hand column of
Table 2. Since there are eight luminance–contrast com-
binations, there are eight such sets.

For all stimuli within a set, luminance, Michelson con-
trast, sampling distance, and modulation depth are iden-
tical. Hence Eq. (5) can be rewritten as

I2 5 ab
2Sb

2 1 ~ap
2Sp

2 1 aC*
2 SC*

2
1 aB*

2 SB*
2

!, (16)

where the second term on the right-hand side is constant.
Consequently, Sb

2 and I2 are related linearly. Since the
stimuli are completely specified, we can make a graph of
the calculated strength of blur [Eq. (9)] versus the experi-
mental blur values. The value of the intrinsic blur pa-
rameter s0 is taken such that the points on this graph are
closest to a straight line. More specifically, the value of
the parameter s0 is taken such that the coefficient of de-
termination of the regression line of Im

2 on Sb
2 is closest to

unity. Here Sb is the calculated strength and Im stands
for the measured impairment, which, according to Eq. (1),
can be calculated from the quality values measured in the
experiment. The coefficient of determination measures
how well a straight line fits the data. It is equal to the
ratio of the explained variation to the total variation (e.g.,
Chatfield24). The total variation is often called the total
corrected sum of squares, and the explained variation is
equal to the difference between the total variation and the
residual sum of squares. See Appendix B for further de-
tails of the fitting procedure and the calculation of the
variance.

Since there are eight sets, we obtain eight estimates for
s0 for each subject. These s0 values and the correspond-
ing variances were averaged over the sets. Table 3
shows the s0 values and the standard deviations ss0

.

Figure 7 shows the corresponding curves of Sb
2 versus Im

2

for the data averaged over subjects with the s0 value from
Table 3. The fact that the points in Fig. 7 are on a
straight line within the experimental error as indicated
by the error bars implies that the sensory-strength func-
tion for blur is adequate.

The impulse response of a Gaussian filter with the in-
trinsic blur values of Table 3 as spread parameter is in
good agreement with the point-spread function deter-
mined by Blommaert et al.25 Moreover, the intrinsic blur
values are consistent with the visual acuity of the sub-
jects (1.25 for subject SP and 2.0 for the other subjects).
The variation of the s0 values over subjects is not un-
usual for psychophysical experiments.

For determining the s0 and m0 parameters of the
periodic-structure function [Eq. (10)] we use sets of
stimuli that vary only in sampling distance and modula-
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tion depth and thus in the visibility of periodic structure.
Such stimuli are in the same row of Table 2. We used the
set with the stimuli with the nonfiltered edge, which are
at the bottom row of Table 2. For each luminance–
contrast combination there is a separate set. Since the
luminance, Michelson contrast, and filtering of the edge of
the stimuli in such a set are constant, Eq. (5) can again be
rewritten in a form where the second term on the right-
hand side is constant:

I2 5 ap
2Sp

2 1 ~ab
2Sb

2 1 aC*
2 SC*

2
1 aB*

2 SB*
2

!. (17)

In this case Sp
2 and I2 are related linearly. Since the

stimuli are completely specified, we make graphs of the
calculated strength of periodic structure [Eq. (10)] versus
the experimentally measured periodic-structure values,
using a procedure similar to the one discussed above.
The m0 and s0 values are taken such that the points in
this graph are closest to a straight line. Specific details
of the procedure can be found in Appendix B. The pa-
rameter values and the corresponding variances were av-

Fig. 7. Squared measured perceptual impairment versus the
squared perceptual strength of blur for the data of the contrast-
and-luminance experiment averaged over subjects (s0
5 0.59 arc min). The horizontal error bar is twice the standard
deviation in Sb

2 calculated from ss0
with use of standard error-

propagation methods. For each increase in L̄ or C the curves
are shifted vertically by 0.2 unit. The bottom curve has not been
shifted. The average luminance L̄ is given in candelas per
square meter.

Table 3. Values for the Intrinsic Blur Parameter
s0 and the Standard Deviation ss0

in the
Perceptual-Strength-of-Blur Function Determined

in the Contrast-and-Luminance Experiment for
Data from the Individual Subjects and for Data

Averaged over Subjects

Subject s0 (arc min) ss0
(arc min)

FB 1.09 0.47
GS 0.50 0.18
HR 0.70 0.23
MB 0.36 0.14
RS 0.60 0.22
SP 0.50 0.27
Average 0.59 0.14
eraged over the sets for different luminance–contrast
combinations. The values for each subject and for the
data averaged over subjects are listed in Table 4. Curves
of Sp

2 versus Im
2 for the data averaged over subjects are

drawn in Fig. 8. Since the lines in this figure are
straight within experimental error, we conclude that the
sensory-strength function for periodic structure describes
the data well.

The m0 values in Table 4 are consistent with Wilson’s
results.26 The s0 values yield Gaussian impulse re-
sponse filters that are consistent with point-spread func-
tions determined by Blommaert et al.25 Although the in-
trinsic blur parameters were determined as parameters of
two different sensory-strength functions for blur (Table 3)
and for periodic structure (Table 4), the values are similar
within experimental error, except perhaps for subject MB.

Fig. 8. Squared measured perceptual impairment versus the
squared perceptual strength of periodic structure for the data of
the contrast-and-luminance experiment averaged over subjects
(s0 5 0.81 arc min and m0 5 0.013). The horizontal error bar
is twice the standard deviation in Sp

2 calculated from ss0
, sm0

,
and their covariance with use of standard error-propagation
methods. For each increase in L̄ or C the curves are shifted ver-
tically by 0.2 unit. The bottom curve has not been shifted. The
average luminance L̄ is given in candelas per square meter.

Table 4. Values for the Intrinsic Blur Parameter
s0 , the Periodic-structure-threshold Parameter
m0 , and the Standard Deviations ss0

and sm0
in

the Perceptual-Strength-of-Periodic-Structure
Function Determined in the Contrast-and-
Luminance Experiment for Data from the

Individual Subjects and for Data Averaged over
Subjects

Subject m0 sm0
s0 (arc min) ss0

(arc min)

FB 0.005 0.008 0.91 0.16
GS 0.209 0.658 0.42 0.25
HR 0.024 0.014 1.00 0.10
MB 0.028 0.018 0.79 0.10
RS 0.044 0.030 0.56 0.13
SP 0.010 0.022 0.76 0.56
Average 0.013 0.007 0.81 0.08



2120 J. Opt. Soc. Am. A/Vol. 14, No. 9 /September 1997 M. R. M. Nijenhuis and F. J. J. Blommaert
In the following we use the average of these s0 values in
the sensory-strength functions for blur and periodic struc-
ture.

C. Perceptual Strength of Complement of Brightness
and Complement of Brightness Contrast
In this subsection we check how well the sensory-strength
functions for the artifacts complement of brightness and
complement of brightness contrast can be used to predict
the total perceptual impairment that is due to variations
in average luminance and Michelson contrast. To this
end we use the eight stimuli that differ in luminance and
contrast but are all nonsampled and nonfiltered in the
vertical direction. These stimuli occur in the lower right-
hand box of Table 2. Since the sensory strengths of both
blur and periodic structure are zero for these stimuli, Eq.
(5) for the total perceptual impairment reduces to

I2 5 aC*
2 SC*

2
1 aB*

2 SB*
2 . (18)

Fig. 9. Squared measured perceptual impairments versus
squared calculated perceptual impairments of the nonsampled
and nonfiltered stimuli of the contrast-and-luminance experi-
ment for the data averaged over subjects. h, Michelson contrast
C 5 0.10; s, C 5 0.21; 1, C 5 0.43, n, C 5 0.90. The three
stimuli for C 5 0.10 as well as C 5 0.21 differ in average lumi-
nance (L̄ 5 2.1 cd/m2, L̄ 5 9.7 cd/m2, and L̄ 5 43.9 cd/m2). Lu-
minance increases as the horizontal position of the stimulus in
the group of three is more to the right. The dashed line indi-
cates points with Ic 5 Im .

Table 5. Values of the Squared Relative Weight
Parameters aC*

2 and aB*
2 in the Contrast-and-

Luminance Experiment for Each Subject and for
the Data Averaged over Subjects

Subject aC*
2 aB*

2

FB 0.16 20.01
GS 0.65 20.08
HR 0.26 20.07
MB 0.31 20.12
RS 0.33 0.06
SP 0.78 0.09
Average 0.39 20.04
The sensory strengths of complement of brightness con-
trast and complement of brightness can be calculated di-
rectly, since the functions contain no parameters and the
stimuli are completely specified. Since the quality and
thus the impairments of the stimuli are experimentally
measured, we can solve the relative weight parameters
aC* and aB* from the set of eight linear equations in aC*

2

and aB*
2 . The results are listed in Table 5. Figure 9

shows a comparison of the measured and the predicted
perceptual impairments of the eight stimuli for the data
averaged over subjects.

Table 5 indicates that the squares of the relative
weights of complement of brightness (aB*

2 ) are relatively
small compared with those of complement of brightness
contrast (aC*

2 ) for all subjects and the data averaged over
subjects. The negative values for parameter aB*

2 are
most likely caused by statistical fluctuation, although
perhaps for subject MB the aB*

2 parameter actually has a
negative value, meaning that the impairment increases
instead of decreases with increasing average luminance.
Since the aB*

2 values in Table 5 are relatively small com-
pared with the aC*

2 values, we conclude that the influence
of average luminance is small. This is in accordance
with the data in Fig. 9, where the impairment varies only
little within the two groups of stimuli with the same sym-
bol. Figure 9 further shows that the impairment caused
by variation of the average luminance and of the Michel-
son contrast is relatively small yet is too large to be called
second order. Note that only a part of the total range of
the squared impairment (0 < I2 < 1) is plotted in Fig. 9.
The sensory-strength functions for the complement of
brightness in Eq. (13) and the complement of brightness
contrast in Eq. (14) are considered satisfactory, since the
difference in Fig. 9 between calculated and measured im-
pairments is within the experimental error.

D. Regularization Parameter
Below we determine unique values for the regularization
parameter for blur lb 5 ab

2/ap
2 for each combination of

subject, luminance, and Michelson contrast. We start by
rewriting Eq. (5), using a 5 2 from the Minkowski expo-
nent experiment:

I2 2 aC*
2 SC*

2
2 aB*

2 SB*
2

5 ap
2Sp

2 1 ab
2Sb

2. (19)

Except for ap and ab , all factors and terms in Eq. (19)
are known. The impairments are calculated from the ex-
perimentally determined quality data. The relative
weights aC* and aB* are taken from Table 5. All four
sensory strengths can be calculated with Eqs. (9)–(14)
since the stimuli are completely specified and the s0 and
m0 values are known.

For each subject there were 27 stimuli with the same
luminance and contrast values (see Table 2). For each
luminance–contrast combination we thus have a set of 27
simultaneous equations in ap

2 and ab
2. We solved these

sets for the relative weights and calculated the regular-
ization parameter as the quotient of these squared
weights. Details on the calculation of the standard de-
viations of the regularization and weight parameters can
be found in Appendix C.

The parameter data are represented in three ways.
Figure 10 shows the interaction between the relative
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weight parameters and the regularization parameter as a
function of average luminance and Michelson contrast for
the data averaged over subjects. Figure 11 plots the
regularization parameter for each luminance–contrast
combination. There is a separate curve for each subject
and for the data averaged over subjects. The relation be-
tween the regularization parameter for blur and for ob-
servers is illustrated in Fig. 12. Parameter values for
the same luminance–contrast combination are connected.
We conclude that the regularization parameter depends

Fig. 10. Values of the squared relative weights for periodic
structure (ap

2) and blur (ab
2) and the regularization parameter for

blur (lb 5 ab
2/ap

2) of the contrast-and-luminance experiment for
each luminance–contrast combination for the data averaged over
subjects. The average luminance L̄ is given in candelas per
square meter.

Fig. 11. Regularization parameters for blur in the contrast-and-
luminance experiment as a function of the luminance–contrast
combination with the observer as a parameter. ,, FB; L, GS;
3, HR; 1, MB; n, RS; s, SP; h, average. The average lumi-
nance L̄ is given in candelas per square meter. Dashed curve,
data averaged over subjects. The error bar is twice the standard
deviation in lb for the data averaged over subjects.
on the observer. If the perceptual-error measure is used
to determine optimal display parameters, we must study
the effect of changes in the regularization parameter on
the optimal display parameters.

Despite the relatively large standard error of the mean,
Figs. 10 and 11 suggest that there is a systematic ten-
dency for the regularization parameter for blur to in-
crease if the Michelson contrast increases. The values of
the regularization parameter for blur corresponding to
the extreme Michelson contrasts are approximately 2
standard errors of the mean apart. To a lesser extent,
this tendency may hold also for an increase in average lu-
minance.

According to Fig. 10, the increase of the regularization
parameter as a function of Michelson contrast is caused
by both an increase of the weight parameter for blur and
a decrease of the weight parameter for periodic structure.
The increase of the relative weight parameter for blur
with Michelson contrast is consistent with the finding,
mentioned earlier, that jnd’s of blur are a power function
of edge contrast with an exponent of 20.5: Ds
} 1/AC.16 This can easily be shown to imply that the
relative weight of blur should be proportional to the
square root of the Michelson contrast: ab } AC. In Fig.
13 we have replotted the square of the relative weight of
blur for an average luminance of 9.7 cd/m2 from Fig. 10 as
a function of Michelson contrast. There is a systematic
tendency for the points to be close to a straight line, indi-
cating that ab

2 } C and hence ab } AC.

Fig. 12. Regularization parameters for blur in the contrast-and-
luminance experiment as a function of observer with the
luminance–contrast combination as a parameter. h, C5 0.10,
L̄ 5 2.1 cd/m2; s, C 5 0.21, L̄ 5 2.1 cd/m2; n, C5 0.10,
L̄ 5 9.7 cd/m2; 1, C 5 0.21, L̄ 5 9.7 cd/m2; 3, C5 0.43,
L̄ 5 9.7 cd/m2; L, C 5 0.90, L̄ 5 9.7 cd/m2; ,, C5 0.10,
L̄ 5 43.9 cd/m2; ^, C 5 0.21, L̄ 5 43.9 cd/m2. The error bar is
twice the standard deviation in lb for the data averaged over
subjects.
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E. Performance of the Perceptual-Error Measure
In this subsection we compare the experimentally mea-
sured impairment values (Im) with the impairments (Ic)
calculated with the perceptual-error measure [Eqs. (1),
(5), (9), (10), (13), and (14)]. We use the parameter val-
ues specified in the previous sections. The Minkowski
exponent is a 5 2. The s0 values are the average of the
corresponding values in Tables 3 and 4. All parameters
(s0 , m0 , ap , ab , aC* , aB* ) are unique for each subject,
and lb 5 ab

2/ap
2 is also unique for each luminance–

contrast combination. Note that for each subject we used
all 216 measured data values to estimate the 20 param-
eters of the perceptual error measure, and we now use
these parameters to calculate the impairments of all 216
stimuli.

In Fig. 14 we directly compare measured and calcu-
lated impairments for all stimuli of the data averaged
over subjects. Figure 15 contains a similar plot but now
for the data of a specific subject. From these figures we

Fig. 13. Square of the relative weight parameter of blur (ab
2) of

the contrast-and-luminance experiment for the data averaged
over subjects for an average luminance of 9.7 cd/m2 as a function
of Michelson contrast (C).

Fig. 14. Squared measured perceptual impairments versus
squared calculated perceptual impairments of the contrast-and-
luminance experiment for the data averaged over subjects. The
dashed line indicates points with Ic 5 Im .
conclude that the predictions of the perceptual-error mea-
sure correlate quite well with scaling data.

The comparison in Figs. 14 and 15 is an overall one
that does not give any insight into whether the deviations
are random or whether there is some systematic error in
the calculated values. Figures 16 and 17 therefore give
some comparisons of calculated and measured impair-
ments as a function of the sensory strengths. In these
figures the squared values of impairments and squared
sensory strengths are along the axes, and only one arti-
fact is varied at a time so that the relations should be lin-
ear. Again we conclude that the perceptual-error mea-
sure performs well. Since the average value for the
intrinsic blur parameter was used for the curves in Figs.
16 and 17, the maximum values of the sensory strengths
differ slightly from those in Figs. 7 and 8. The slopes in

Fig. 15. Squared measured perceptual impairments versus
squared calculated perceptual impairments of the contrast-and-
luminance experiment for the data of subject HR. The dashed
line indicates points with Ic 5 Im .

Fig. 16. Squared perceptual impairments plotted as a function
of the squared sensory strength of periodic structure for the data
averaged over subjects participating in the luminance–contrast
experiment. h and 3, measured and calculated impairments,
respectively. For each increase in L̄ or C the curves are shifted
vertically by 0.2 unit. The bottom curve has not been shifted.
The average luminance L̄ is given in candelas per square meter.
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Figs. 16 and 17 show little variation, as would be expected
since the regularization parameter for blur is only
slightly influenced by variations in average luminance
and Michelson contrast.

8. DISCUSSION
In this paper we have presented a model that satisfacto-
rily predicts the perceptual image quality of columnar
sampled and Gaussian interpolated single-edged black-
and-white images. The model uses a Minkowski expo-
nent a 5 2. According to Figs. 4 and 5 this value was ac-
ceptable for all subjects except HR and MB. By
reinterpreting the data of the Minkowski exponent ex-
periment and using the results from the contrast-and-
luminance experiment, we show that a 5 2 is also accept-
able for subjects HR and MB. In the Minkowski
exponent experiment we used a relatively low sampling
frequency. Consequently, the columns of the structure
were clearly visible. On either side of the columns there
is a vertical edge. Hence vertical edges in addition to the
horizontal edge were visible. We think that subjects HR
and MB, who are considered to be sharpness experts, also
used the blur level of the vertical edges for determining
the quality of the stimuli. We assumed that the sharpest
edge(s) determine(s) the blur in the sampled and interpo-
lated single-edged images, and we corrected the measured
impairments in the Minkowski exponent experiment ac-
cordingly. This was possible because the filter lengths
and the sampling distance of the stimuli as well as m0 ,
and s0 , and lb were known. When we redetermine the
Minkowski exponents using the corrected data set, we
find values very close to a 5 2 for both HR and MB.

The model in this paper was tested only for a particular
image, namely, the single-edged image. In other
experiments—the complex black-and-white11 and the
complex color27 experiment—we used several complex
color as well as black-and-white images. These experi-
ments have an experimental setup similar to that of the
contrast-and-luminance experiment. However, in com-
plex images it is not possible to control the artifacts blur
and periodic structure independently. Figure 18 gives an
example of a columnar sampled and Gaussian interpo-
lated image used in the complex black-and-white experi-
ment. The sampled and interpolated images in the
complex-black-and-white experiment are derived from
nonsampled and nonfiltered so-called original images.
These originals consist of 512 3 512 pixels and depict
scenes such as the woman’s portrait ‘‘Wanda’’, a terrace
with a yellow parasol, pseudotext images, Mondrian-like
images, and the simple single-edged image. A coarser co-
lumnar sampling structure with a sampling distance of 4,
6, and 8 pixels was imposed on these original images.
The column width was half the sampling distance. The
height of an element in the columns was one pixel. Pix-
els outside the columns were made black. All pixels in
one element have the same luminance, which is equal to
the average luminance of the pixels in the original image
corresponding to that element. After sampling, the im-
ages were filtered with a filter with a binomial impulse re-
sponse, which is the discrete equivalent of a Gaussian fil-
ter. Interpolation is the combined effect of the spatial
extent of the columns and filtering, which simulates an
optical filter placed in front of the display.

Figure 19 shows both the experimental data and the
predictions of the model for the complex black-and-white
woman’s portrait Wanda. In this figure we have plotted
1 minus the impairment, i.e., quality versus the spread s
of the optical Gaussian interpolation filter. The plots in
Fig. 19 are similar to the plots for the other complex im-
ages, text images, single-edged images, and Mondrian im-
ages in both black and white and color.11,27 Figure 19
clearly illustrates the effect of the columnar sampling
structure and the optical Gaussian filter on perceptual
image quality. For the nonfiltered stimuli (s 5 0), im-
age quality drops if the sampling distance increases. The
effect of filtering on the sampled images is twofold. First,
the perceptual quality of the sampled images increases as

Fig. 17. Squared perceptual impairments plotted as a function
of the squared sensory strength of blur for the data averaged
over subjects participating in the luminance–contrast experi-
ment. h and 3, measured and calculated impairments, respec-
tively. For each increase in L̄ or C the curves are shifted verti-
cally by 0.2 unit. The bottom curve has not been shifted. The
average luminance L̄ is given in candelas per square meter.

Fig. 18. One of the stimuli used in the complex black-and-white
experiment.11 The woman’s portrait Wanda was first sampled
by a columnar structure and subsequently interpolated by a
Gaussian filter.
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the spread parameter increases until it reaches some
maximum. Beyond this point, quality decreases as the
filtering becomes stronger. The first part of the curves
corresponds to a decrease in the perceptual strength of
the periodic structure while the sensory strength of blur
remains relatively small. In the second part of the
curves the perceptual strength of blur increases while the
perceptual strength of periodic structure hardly de-
creases. The value of the spread parameter for which the
quality is maximal increases monotonically with the sam-
pling distance. For nonsampled images the quality is
highest if the image is not filtered.

The predicted impairment and hence image-quality
values were calculated with Eq. (6), which has terms only
for the artifacts’ periodic structure and blur. In Ref. 11
we argue how the perceptual-error measure for single-
edged images presented in this paper can be generalized
into an error measure for complex images that considers
only the artifacts’ periodic structure and blur. The basic
idea is that a complex image can be seen as a collection of
straight edges with various contrasts, average lumi-
nances, and orientations. Equation (5) applies to all
these local areas. The total impairment of the entire
complex image is considered to be a weighted sum of the
local impairments for the single-edged images. The
weighting coefficients may depend on the position of the
local area in the image, the conspicuity of the local area,
or the observer’s attention. Note that a cognitive factor
such as the recognition of a contour in a complex image
may, for instance, yield higher weighting coefficients for
the local areas containing the edges that make up this
contour. An experiment11 involving independent blur-
ring of horizontal and vertical edges in an image indicates
that a set of weighting coefficients that are all equal or al-
most equal is more likely than an alternative extreme set
in which all coefficients but one are zero. Consequently,
the terms for the impairments of complement of bright-
ness and complement of brightness contrast average out
into a sampling- and interpolation-independent impair-

Fig. 19. Comparison of measured (h) and calculated (3) percep-
tual quality. The perceptual quality averaged over subjects is
plotted versus the spread parameter s of the optical Gaussian in-
terpolation filter for the Wanda image of the complex black-and-
white experiment. From top to bottom the four pairs of curves
are for the nonsampled images and the sampled images with d
5 1.81 arc min, d 5 2.72 arc min, and d 5 3.63 arc min.
ment that expresses the lack of average luminance and
average contrast in the image. This impairment has a
fixed value for each particular scene. The squares of the
relative weight parameters for periodic structure and blur
are the weighted sums of the corresponding squares of the
relative weights of local areas.

The error measure for complex images does not contain
terms for other artifacts such as the staircase effect. In
an experiment,11 we showed that the staircase depends
closely on orientation. When an edge in an image coin-
cides almost but not completely with the vertical direction
of the columns of a columnar sampling structure, the
staircase impairment is of the same order of magnitude as
the periodic-structure impairment. The staircase im-
pairment decreases as the orientation of the edge is more
perpendicular to the columns. The staircase impairment
will therefore be large only for a relatively small number
of local areas for which the direction of the edge is almost
the same as the direction of the periodic structure. Since
all local areas have equal weights, the average contribu-
tion of the staircase impairment will be small compared
with that of the periodic structure and blur impairments,
which are present in all local areas.

The error measure for complex images contains one
regularization parameter for blur that equals the ratio of
weighted sums of the relative weights of periodic struc-
ture and blur for the local areas. Since this lb parameter
varies for different L̄C combinations, as indicated by Fig.
10, it seems sensible to test how well the measured im-
pairments of the contrast-and-luminance experiment can
be predicted by using only one lb value. Figure 20 shows
that the model still adequately predicts the experimental
data if only one value l ' 1.5 is used.

The perceptual-error measure for sampled and interpo-
lated images is a specific example from a class of general
image-quality models that predict perceptual image qual-
ity from physical parameters. An important feature of
these models is a perceptual space intermediate between
the physical parameter space and perceptual image qual-

Fig. 20. Squared measured perceptual impairments versus
squared calculated perceptual impairments of the contrast-and-
luminance experiment for the data averaged over subjects. Con-
trary to Fig. 14, only one single lb value is used for all L̄C com-
binations. The dashed line indicates points with Ic 5 Im .
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ity. Such a concept is also present in Engeldrum’s
model.28 The sensory strengths of the perceptual at-
tributes underlying perceptual image quality are along
the axis of this space. In our case we chose periodic
structure, blur, brightness, and brightness contrast as the
relevant dimensions, because these attributes were domi-
nantly visible when we looked at sampled and interpo-
lated single-edged images. This choice is supported by
the predictions of the model.

The sensory-strength functions model the front end of
the visual system. Bottom-up processing of images in
this part of the visual system is relatively independent of
image content and is basically the same for different ob-
servers. We therefore expect small variations in the per-
ceptual parameters (s0 and m0) of the strength functions.
The Minkowski metric for combining the strengths of the
attributes underlying perceptual quality reflects proper-
ties of high-level vision. Top-down processing in this
part enables observers to express their personal prefer-
ences, which may depend on image content. Hence we
expect larger variations in the perceptual parameter
(lb) in the combination rule.

We would like to stress that the variations in the regu-
larization parameter are not a shortcoming of the model
but represent real variations that exist among observers.
Apart from variations in the low-level parameters s0 and
m0 and in two parameters aB* and aC* that account for
quality variations of the nonsampled and nonfiltered
single-edged images owing to contrast and brightness
variations, the current model uses only a single regular-
ization parameter to account for individual differences.
The variations put a certain constraint on the optimiza-
tion of image-reproduction techniques, namely, that opti-
mal solutions should also possess a certain robustness
against variations in lb .

On the basis of the results with sampling and interpo-
lation, we think that the structure of the general image-
quality model is an adequate reflection of the perceptual
process that leads to image quality. Hence we expect it
also to work for other image-processing problems. In or-
der to be of practical value, the relations between the
physical parameters and the sensorial strengths must be
determined either empirically or analytically as in the
case of sampling and interpolation. In addition, the
physical parameter values must be known. In the case of
sampling and interpolation, the sampling distance and
the spread of the Gaussian filter are known. If physical
parameter values are not available, these parameters
must be extracted from the images. Kayargadde29 gives
an example how the spread of a Gaussian filter can be de-
termined from an arbitrary image.

APPENDIX A: INFERENCE OF SENSORY-
STRENGTH FUNCTIONS
In what follows we will show how the strategy introduced
by Fechner30 and recently advocated by Watt31 can be
used9 to derive quantitative expressions for the sensory
strengths of the artifacts as a function of the physical pa-
rameters. We start with the derivation of Eq. (9) for the
sensory-strength function for blur.
We assume that the perceptual strength of blur is a dif-
ferentiable function of the physical spread parameter s of
the Gaussian filter:

Sb 5 Sb~s!. (20)

Variations in the perceptual variable Sb are then related
to variations in the physical variable s by

DSb 5
dSb

ds
Ds. (21)

According to Fechner, a key property of perceptual at-
tributes is that jnd of the perceptual variable are indepen-
dent of the strength of the attribute: DSb 5 k. Conse-
quently, the sensory-strength function for blur can be
constructed by measuring the jnd’s Ds as a function of s
and deriving Sb from the equation

dSb

ds
5

k
Ds~s!

. (22)

Experimental results from Morgan16 show that for larger
s values (2.5 < s < 10 arc min), Ds is proportional to
s1.5. Therefore Sb can be described by

Sb 5 a
1

As
1 b. (23)

For smaller values of s (0 < s < 2.5 arc min) the data of
Watt and Morgan indicate that Ds has a minimum. To
describe this dipper-shaped part of the Ds curve, we use a
slightly modified version of Eq. (23) in which s is replaced
by (s2 1 s 0

2)1/2:

Sb 5 1 2
1

@~s/s0!2 1 1#0.25 . (24)

For convenience, the constants are chosen such that 0
< Sb < 1.

The sensory-strength function for periodic structure
Sp in Eq. (10) is derived similarly from the jnd’s Dm as a
function of the modulation depth m. Experimental re-
sults of Legge32 and of Carlson and Cohen33 show that for
larger m values, Dm is proportional to mb. A typical
value for the exponent is 0.7. However, the exponent in-
creases slightly with the frequency of the sine grating.
Consequently, for larger values of m, Sp is of the form

Sp 5 am12b 1 b. (25)

For small values of m at threshold, the jnd’s Dm are no
longer proportional to mb. Wilson26 derived a sensory-
strength function valid for both threshold and supra-
threshold values. We use a simplified version:

Sp 5 c
@1 1 ~m/m0!3#1/3 2 1

~m/m0!b . (26)

The constant c is chosen such that 0 < Sp < 1. Note
that for higher values of m the perceptual strength is pro-
portional to m12b.

In Eq. (13) the second term on the right-hand side in
the perceptual-strength function for the complement of
brightness is based on the 1976 CIE definition of light-
ness used in the L* u* v* color space.34 The minus sign
is included since we are interested in the complement of
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brightness. When the luminance is divided by the maxi-
mum average luminance of the stimuli in an experiment,
the function is normalized such that 0 < SB* < 1. The
sensory-strength function for the complement of bright-
ness contrast in Eq. (14) is derived from measurements of
DC as a function of C, i.e., the contrast-discrimination
function. The procedure is identical to the derivation of
the sensory-strength function for periodic structure de-
scribed above. Note that the Michelson contrast of a sine
grating is the modulation depth. Legge and Kersten35

measured contrast discrimination of light and dark bars
with a rectangular luminance profile and concluded that
the data closely resemble the corresponding result for
sine gratings. For the larger C values in which we are
interested, DC is approximately proportional to C0.7.
Hence we use 2C0.3 for the perceptual strength of comple-
ment of brightness contrast. The strength function was
normalized such that 0 < SC* < 1.

APPENDIX B: VALUE AND STANDARD
DEVIATION OF THE s0 AND m0
PARAMETERS
The procedures for the estimation of the s0 and m0 pa-
rameters in the sensory-strength functions for blur and
periodic structure as well as the calculation of the corre-
sponding variances are described in this appendix. They
are described only for the periodic-structure case. The
procedures for blur are identical but simpler, since we do
not have to consider the m0 parameter.

We want to find the parameter values s0 and m0 such
that the squares of the calculated sensory strengths of pe-
riodic structure Sp

2 are identical to the squares of the
measured impairments Im

2 but for a linear transforma-
tion. This linear transformation is characterized by the
parameters a0 and a1 . The method of least squares is
applied to determine the four parameters:

min
s0 ,m0 ,a0 ,a1

RSQ~s0 , m0 , a0 , a1!, (27)

where the residual sum of squares (RSQ) is equal to

RSQ~s0 , m0 , a0 , a1! 5 (
sc51

SC

@a1Sp
2~sc; s0 , m0!

1 a0 2 Im
2 ~sc!#2. (28)

The summation is over the different stimulus conditions
(sc). Note that in practice the minimization is split in
two:

min
s0 ,m0 ,a0 ,a1

RSQ~s0 , m0 , a0 , a1!

5 min
s0 ,m0

@ min
a0 ,a1

RSQ~s0 , m0 , a0 , a1!#. (29)

The minimization over a0 and a1 corresponds to finding
the linear regression of Im

2 on Sp
2(s0 , m0). Subse-

quently, s0 and m0 minimize the linear regression re-
sidual sum of squares.

The approximate variances and covariances of the
least-squares estimates s0 , m0 , a0 , and a1 are specified
in the 4 3 4 variance matrix V, which equals36
V 5 @JT~sc; ŝ0 , m̂0 , â0 , â1!J~sc; ŝ0 , m̂0 , â0 , â1!#21

3
RSQ~ ŝ0 , m̂0 , â0 , â1!

SC2NP
, (30)

where ŝ0 , m̂0 , â0 , and â1 are the least-squares esti-
mates. The superscripts T and 21 denote matrix trans-
position and matrix inversion, respectively. The ele-
ments of the Jacobian matrix J are the partial derivatives
of the residual sum of squares to the parameters evalu-
ated for the stimulus conditions and with use of the least-
squares estimates of the parameters. The partial deriva-
tives were computational approximations. The RSQ is
divided by the number of stimulus conditions (SC) minus
the number of estimated parameters (NP), which is four
in this case. Note that the number of parameters is only
three for the perceptual-strength function for blur.

The expression for V in Eq. (30) is an approximation
that is valid only when the residuals a1Sp

2(sc; s0 , m0)
1 a0 2 Im

2 (sc) are linear in the parameters or when the
residuals are small. Since the residuals are already lin-
ear in two parameters and, according to calculations, are
small, we adopt this approximation.

APPENDIX C: STANDARD DEVIATION OF
THE REGULARIZATION PARAMETER
FOR BLUR
To determine the standard deviation of the regularization
parameter for blur (lb) we need the variances of the
squares of the relative weight parameters for periodic
structure (ap) and blur (ab), since the regularization pa-
rameter for blur is the squared quotient of these weight
parameters:

lb 5 ab
2/ap

2. (31)

The squares of the relative weight parameters are
solved from a set of linear equations:

I 5 SS ap
2

ab
2 D . (32)

The elements of the vector I are the squares of the mea-
sured impairments for each stimulus condition. The ele-
ments of the matrix S are the squares of the sensory
strengths of periodic structure and blur for each stimulus.

The variances and covariances of the squared relative
weight parameters are approximated by the 2 3 2 vari-
ance matrix V:

V 5 @STS#21s 2, (33)

where s2 is the variance of the measured impairments1

and the superscripts T and 21 denote matrix transposi-
tion and matrix inversion, respectively. The variance of
the measured impairments is identical for all stimuli that
are due to the Thurstone correction.

The sensory strengths that constitute the elements of
the matrix S depend on the parameters s0 and m0 .
Since there is some variation on these parameters (see
Appendix B), the matrix S is a noisy matrix. Hence Eq.
(33) for the variance matrix is not correct. Calculation
shows that the variation of the matrix elements is rela-
tively small compared with the matrix elements and is of
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the same order as the variance of the measured impair-
ments. The variance matrix of Eq. (33) is therefore con-
sidered a close enough approximation.

The variance of the regularization parameter for blur
can be calculated by using standard error-propagation
methods (e.g., Chatfield24):

slb

2 ' S ab
2

ap
2 D 2F sab

2
2

~ab
2!2

1

sap
2

2

~ap
2!2

2 2
sab

2ap
2

ab
2ap

2G , (34)

where sap
2

2 , sab
2

2 , and sab
2ap

2 are the variances of ap
2 and ab

2

and their covariance, respectively. The variances are on
the diagonal of matrix V. The covariance is equal to the
off-diagonal elements.

The authors can be reached at tel: 31-0-43-3557027;
fax: 31-0-43-3557444; e-mail: m.nijenhuis@libertel.nl.
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kopf & Härtel, Leipzig, 1907, first published 1860).

31. R. J. Watt, Visual Processing: Computational, Psycho-
physical and Cognitive Research (Erlbaum, Hove, UK,
1989).

32. G. E. Legge, ‘‘A power law for contrast discrimination,’’
Vision Res. 21, 457–467 (1981).

33. C. R. Carlson and R. W. Cohen, ‘‘Visibility of displayed in-
formation: image descriptors for displays,’’ Rep. ONR-
CR213-120-4F (U.S. Office of Naval Research, Arlington,
Va., 1978).

34. CIE, Colorimetry, CIE Publication No. 15.2 (CIE, Vienna,
1986).

35. G. E. Legge and D. Kersten, ‘‘Light and dark bars: con-
trast discrimination,’’ Vision Res. 23, 473–483 (1983).

36. D. M. Bates and D. G. Watts, Nonlinear Regression Analy-
sis and Its Applications (Wiley, Chichester, UK, 1988).


