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Abstract

Resource reservation has been proposed in the literature asa means to prevent temporal interference between applica-
tions. With applications consisting of one or more real-time tasks, resource reservation inherently involves multiple levels of
scheduling, i.e. a scheduling hierarchy.

This document considers two-level hierarchical scheduling for independent applications in cost-constrained systems, using
fixed-priority pre-emptive scheduling (FPPS) for tasks. Weaim at pragmatic solutions for such systems, which allow efficient
implementations of budgets and simple analysis for tasks. Given the complexity and pessimism of the analysis for tasks for
existing approaches and based on the observation that budgets are design artifacts, we consider a basic approach, where
budgets are time-triggered and all budgets have the same period. Using jitter analysis as an example, it is shown that
existing analytic results for real-time tasks under FPPS can be easily converted to two-level hierarchical schedulingfor this
approach by viewing the unavailability of a budget as an artificial highest priority task. We show that the conversion equally
well applies to the approaches described in [12, 17, 18], amongst others. We briefly consider an advanced approach where
budgets have harmonic periods, and show that the conversionis not straightforward for such an approach.

1 Introduction

1.1 Context and motivation

Today, fixed-priority pre-emptive scheduling (FPPS) is a de-facto standard in industry for scheduling systems with real-
time constraints. A major shortcoming of FPPS, however, is that temporary or permanent faults occurring in one application
can hamper the execution of other applications. To resolve this shortcoming, the notion ofresource reservation[14] has been
proposed. Resource reservation providesisolationbetween applications, effectively protecting an application against other,
malfunctioning applications. With applications consisting of one or more real-time tasks, resource reservation inherently
involves multiple levels of scheduling, i.e. a scheduling hierarchy [17]. Analytic methods for hierarchical scheduling are
a topic of current research [1, 6, 9, 12, 18]. In these papers,each application consists of a set of independent tasks and a
separate budget is allocated to each application. In this document, we consider two-level hierarchical scheduling, with FPPS
for tasks.

We observe that the literature can be subdivided in two groups depending on whether or not the principle oflocality of
scheduling analysis[17] is adhered to, i.e. whether or not no assumptions are made about the scheduling policy for budgets.
This principle facilitates independent design, analysis and validation of systems, but comes at the cost of pessimism of the
analysis. This principle is adhered to by [12, 18], and theirresults therefore also apply for FPPS for budgets. Conversely,
[1, 6, 9, 17] assume FPPS for budgets. Moreover, [1, 6, 9] assume arbitrary phasing of budgets, and assume that the other
characteristics of budgets are known, as well as their priorities. Although these assumptions allow for a reduction of the
pessimism in the analysis, this reduction comes at the cost of an increase in the complexity of the analysis, whilst the analysis
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remains pessimistic [6]. Note that for a specific phasing of budgets, i.e. when the phasing is known, analysis based on
arbitrary phasing of budgets typically gives rise to additional pessimism.

With FPPS for budgets, several server models have been considered for budgets, e.g. [1, 17, 9] consider deferrable servers,
[9, 17] sporadic servers, and [6, 9] periodic servers. Theseserver models differ in the rules for the preservation and replen-
ishment of server capacity, and therefore in the complexityand overhead of their implementation. From these models, the
periodic server is the easiest to implement and has the lowest overhead.

We aim at pragmatic solutions for reservation-based resource management for cost-constrained systems, allowing for
an efficient implementation of budgets and for simple analysis for tasks. To this end, we observe that budgets aredesign
artifacts, e.g. they serve as a means to solve the interference problembetween applications. We therefore conclude that the
selection of the scheduling policy and server model for budgets are primarily design decisions, which are constrained by
system requirements and have to be balanced with other design considerations. Similarly, we can also constrain the selection
of budget characteristics during design. In this document,we assume FPPS and a periodic server model for budgets, and
consider a basic approach, where budgets are time-triggered rather than event-triggered and have equal periods. We briefly
consider an advanced approach, where budgets have harmonicperiods.

1.2 Contributions

We briefly review existing approaches in the area of two-level hierarchical FPPS (H-FPPS), in which we compare the
worst-case(i.e. minimum) available capacity WCβ(t) of a budgetβ in an interval of lengtht. The term worst-case available
capacity originates from [3] and is also used in [6]. Other terms used in the literature for this notion areleast supply function
S∗(t) [15], characteristic function ZS(t) of a periodic serverS [12], (resource) supply bound functionsbfΓ(t) for a periodic
resourceΓ [18], andavailability function AS(t) of a serverS [1].

We consider a basic approach for two-level H-FPPS, that can be applied to systems that allow for a selection of a common
period and a specific phasing for budgets. We show that the worst-case available capacity for this approach improves on the
results of existing approaches. Next, we present analysis for real-time tasks for the approach. In particular, we show that we
can deal with a budget during the analysis of tasks by viewingtheunavailabilityof the budget as an artificial highest priority
task, similar to the worst-case response time analysis as presented in [17]. This view significantly simplifies the analysis,
and allows for a straightforward conversion of analytic results for tasks under FPPS to tasks of independent applications
under two-level H-FPPS, which we illustrate by converting jitter analysis of independent tasks. We subsequently show how
to convert jitter analysis for the approaches described in [12, 17, 18], sketch how this view applies to [1], and compare our
analysis with the analysis in [9]. Finally, we show by means of an example that the conversion of analytic results is not
straightforward for an advanced approach where all budget have harmonic periods.

1.3 Structure

The remainder of this document is organized as follows. We start by giving real-time scheduling models for FPPS and two-
level H-FPPS in Section 2. Next, we recapitulate analysis oftasks under FPPS in Section 3. We review existing approaches
for two-level H-FPPS in Section 4, and consider the worst-case available capacity for each approach. A basic approach for
budget scheduling is the topic of Section 5, and the analysisof tasks for this approach is presented in Section 6. In Section 7,
we revisit and extend the analysis of tasks as presented in [12, 17, 18], describe how to convert analytic results for FPPSto
two-level H-FPPS for [1], and compare our analysis with the analysis in [9]. We consider an advanced approach for budget
scheduling in Section 8. Finally, we conclude the document in Section 9.

2 Real-time scheduling models

2.1 A basic model for FPPS

We assume a single processor and a setT of n periodically released, independent tasksτ1,τ2, . . . ,τn with unique, fixed
priorities. At any moment in time, the processor executes the highest priority task that has work pending.

Each taskτi is characterized by a (releaseor activation) period Ti ∈ R
+, aworst-case computation time WCi ∈ R

+, abest-
case computation time BCi ∈ R

+, a (relative) deadline Di ∈ R
+, whereDi ≤ Ti , and aphasingϕi ∈ R. The set of phasingsϕi

is termed the phasingϕ of the task setT . For ease of presentation the worst-case and best-case computation times of tasks in
the examples are identical, i.e.WCi = BCi , and we therefore simply useCi in the examples.
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An activation timeis a time at which a taskτi becomes ready for execution. An activation of a task is also termed ajob.
The first job of taskτi is activated at timeϕi and is referred to as job zero. The activation of jobk of τi therefore takes place
at timeaik = ϕi +kTi , k ∈ Z. The (absolute) deadlineof job k of τi takes place atdik = aik +Di . Thefinalization time fik of
job k of τi is the time at whichτi ends the execution of that job. Theresponse time Rik of job k of τi is defined as the length
of the time span between the activation time of that job and its finalization time, i.e.Rik = fik −aik.

We assume that we do not have control over the phasingϕ, for instance since the tasks are released by external events, so
we assume that any arbitrary phasing may occur. This assumption is common in real-time scheduling literature [10, 11, 13].
We also assume other standard basic assumptions [13], i.e. tasks are ready to run at the start of each period and do not suspend
themselves, tasks will be preempted instantaneously when ahigher priority task becomes ready to run, a job of taskτi does
not start before its previous job is completed, and the overhead of context switching and task scheduling is ignored. Finally,
we assume that the deadlines are hard, i.e. each job of a task must be completed at or before its deadline. For notational
convenience, we assume that the tasks are given in order of decreasing priority, i.e. taskτ1 has highest priority and taskτn

has lowest priority.
Given these definitions and assumptions, we define the following derived notions. Theworst-case response time WRi and

thebest-case response time BRi of a taskτi are the largest and the smallest response time of any of its jobs under arbitrary
phasing, respectively, i.e.

WRi = sup
ϕ,k

Rik(ϕ) and BRi = inf
ϕ,k

Rik(ϕ). (1)

Note that the response timeRik has been parameterized in these equations to denote its dependency on the phasingϕ. A
critical instant[13] and anoptimal(or favourable) instant[5, 16] of a task are defined to be (hypothetical) instants that lead
to the worst-case and the best-case response time for that task, respectively. The (processor) utilization factor Uof a task set
T is the fraction of the processor time spent on the execution of that task set [13]. The fraction of processor time spent on
executing a periodic taskτi with a fixed computation timeCi is Ci/Ti , and is termed theutilization factor Uτ

i of taskτi , i.e.

Uτ
i =

Ci

Ti
. (2)

Thecumulative utilization factor Ui for periodic tasksτ1 till τi with fixed computation times is the fraction of processor time
spent on executing these tasks, and is given by

Ui = ∑
j≤i

Uτ
j = ∑

j≤i

Cj

Tj
. (3)

Therefore,U is equal to the cumulative utilization factorUn for n periodic tasks.
Because we distinguish best-case and worst-case computation times in this document, we get best-case and worst-case

versions of the various notions of utilization, i.e.

WU = WUn = ∑
j≤n

WUτ
j = ∑

j≤n

WCj

Tj
and BU = BUn = ∑

j≤n

BUτ
j = ∑

j≤n

BCj

Tj
. (4)

Based on the notion worst-case response time and the assumption that deadlines are hard, we conclude that a setT of n
periodic tasks can be scheduled if and only if

∀
i=1,...,n

WRi ≤ Di . (5)

Equation (5) represents anexactschedulability condition forT . A necessaryschedulability condition forT is given by

WU≤ 1. (6)

2.2 A periodic server model for budgets

In essence, a periodic budget may simply be viewed as an artificial periodic task with a fixed computation time (i.e
WC= BC), a worst-case (relative) deadline equal to the period (i.e. D = T), and aspecificphasing, i.e. we assume in this
document that we have control over the phasing of budgets. Because we also assume FPPS for budgets, all notions and
assumptions of our scheduling model for tasks can be reused for budgets. The fact that budgets are allocated and providedto
applications is not important for our model for budgets.
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Hence, we assume a single processor and a setB of n periodically released, independent budgetsβ1,β2, . . . ,βn with fixed,
unique priorities. Note that we assume that thecapacityof a budget (i.e. the equivalent of a computation time of a task)
is fixed, hence a budget is always entirely consumed, and never discarded or suspended. Because we only consider hard
real-time tasks in this document, we assume that any remaining capacity is idled away [9].

We assume a one-to-one relationship between budgets and applications, i.e. budgetβα is associated with applicationAα
with 1≤ α ≤ n. An applicationAα is assumed to consist ofnα tasks. Anecessaryschedulability condition forAα with an
associated budgetβα [4] is now given by

WUA
α ≤Uβ

α , (7)

whereWUA
α andUβ

α denote the (worst-case) cumulative utilization factor ofAα andβα, respectively.

2.3 Concluding remarks

In the remainder of this document, we assume that task sets and budget sets satisfy the necessary worst-case schedulability
condition as expressed by Equation (6). Moreover, we assumethat applications satisfy the necessary schedulability condition
as expressed by Equation (7). In this document, we will use a subscript to denote the application to which a task belongs and
with which a budget is associated, e.g.τα,i denotes taski of applicationAα andβα denotes the budget associated withAα.
Moreover, we will use superscriptsτ andβ to denote characteristics of tasks and budgets, respectively, e.g.Cτ

α,i denotes the

computation time of taskτα,i andCβ
α denotes the capacity of budgetβα.

3 Recapitulation of analysis for FPPS

In this section we recapitulate analysis of tasks under FPPS, based on [2, 5, 10, 13, 16], amongst others. We start with
worst-case and best-case response time analysis, using an example task setT1 with characteristics as given in Table 1 for
illustration purposes. The response time analysis is exactunder arbitrary phasing, but typically pessimistic under aspecific
phasing. We subsequently recapitulate finalization jitterand activation jitter.

task T = D C WR BR
τ1 3 1 1 1
τ2 4 1 2 1
τ3 10 3 8 5

Table 1. Task characteristics of T1 and worst-case and best-case response times of tasks.

3.1 Worst-case response time analysis

A critical instantof a taskτi is assumed whenτi is simultaneously released with all tasks with a higher priority than τi

[13]. Figure 1(a) shows a timeline ofT1 with critical instants for all tasks. Because the worst-case response times of all tasks
are smaller than their deadlines, we conclude from this timeline thatT1 is schedulable. From this notion of critical instant, it

task τ2

task τ3

2

8

1

task τ1

(a)
0 5

time
10

1

task τ2

task τ3

task τ1

-5
time

5

1

(b)
0

1

Legend:

preemption

execution

release

Figure 1. Timelines of T1 with (a) critical instants for all tasks and (b) an optimal in stant for τ3. The
numbers to the top right corner of the boxes denote the respon se time of the respective releases.
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has been derived in [10] that theworst-case response time WRi of taskτi is given by the smallest valuex∈ R
+ satisfying

x = WCi + ∑
1≤ j<i

⌈

x
Tj

⌉

WCj . (8)

Such a smallest value exists for taskτi if and only if WUi−1 < 1; see, for example, [3]. Because we assumeWU≤ 1 and
WCi > 0 for all tasks,WUi−1 < 1 holds for all tasks. To calculateWRi , we can use an iterative procedure based on recurrence
relationships [2].

wr(0)
i = WCi

wr(l+1)
i = WCi + ∑

1≤ j<i

⌈

wr(l)i

Tj

⌉

WCj , l = 0,1, . . .

The procedure is stopped when the same value is found for two successive iterations or when the deadline is exceeded. In the
latter case, taskτi is not schedulable.

3.2 Best-case response time analysis

An optimal instantof a taskτi is assumed when the completion ofτi coincides with the simultaneous release of all tasks
with a higher priority thanτi [5, 16]. Figure 1(b) shows a timeline ofT1 with an optimal instant for taskτ3.

Thebest-case response time BRi of taskτi is given by the largest valuex∈ R
+ satisfying

x = BCi + ∑
1≤ j<i

(⌈

x
Tj

⌉

−1

)

BCj . (9)

Such a smallest value exists for taskτi if and only if BUi−1 < 1; see [3]. BecauseBU ≤ WU by definition, and we assume
WU≤ 1 andBCi > 0 for all tasks, the relationBUi−1 < 1 trivially holds for all tasks. The best-case response timeBRi of task
τi can be found by the following iterative procedure, which stops when the same value is found for two successive iterations.

br(0)
i = WRi

br(l+1)
i = BCi + ∑

1≤ j<i

(⌈

br(l)i

Tj

⌉

−1

)

BCj , l = 0,1, . . .

3.3 Jitter analysis

Theworst-case(absolute) finalization jitter FJi of a periodically released taskτi is defined as

FJi = sup
ϕ,k,l

( fik(ϕ)− fil (ϕ)− (k− l)Ti). (10)

For a strictly periodically released taskτi , this can be rewritten to

FJi = sup
ϕ,k,l

(( fik(ϕ)− (ϕi +kTi)− ( fil (ϕ)− (ϕi + lTi)))

= sup
ϕ,k,l

(( fik(ϕ)−aik(ϕi))− ( fil (ϕ)−ail (ϕi)))

= sup
ϕ,k,l

(Rik(ϕ)−Ril (ϕ)). (11)

Because the largest and smallest response times are not necessarily taken on for the same phasing, an upper bound onFJi is
given by

FJi ≤ sup
ϕ,k

Rik(ϕ)− inf
ϕ,l

Ril (ϕ) = {(1)} WRi −BRi . (12)

For taskτ3 of T1, we findFJ3 ≤ WR3−BR3 = 8−5= 3.
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We note that Equation (11) would also be a sensible definitionfor worst-case(absolute) response jitter RJi of a periodic
taskτi . We observe that such a definition of the notion of worst-case(absolute) response jitterRJi differs from the notions of
absolute response time jitterRTJabs

i in [8] andabsolute finishing jitter AFJi in [7]. In [8], absolute response time jitter has
been defined as

RTJabs
i = max

k
Rik −min

k
Rik. (13)

The definition of absolute finishing jitter in [7] is similar.The main difference between these two notions and our notionis
that [7, 8] assume a specific phasing whereas we assume arbitrary phasing.

Next to finalization jitter, there can also beactivation (or release) jitter. In this case, the releases of a taskτi do not
take place strictly periodically, with periodTi , but we assume they take place somewhere in an interval of length AJi that is
repeated with periodTi . More specifically, the activation times satisfy

sup
k,l

(aik(ϕi)−ail (ϕi)− (k− l)Ti) ≤ AJi , (14)

whereϕi now denotes the start of the interval of lengthAJi in which job zero of taskτi is activated, rather than the time at
which job zero is activated, i.e.ϕi +kTi ≤ aik ≤ ϕi +AJi +kTi . We now assumeDi ≤ Ti −AJi , since otherwise there may be
too little time between two successive releases to completethe task. In case of activation jitter, the analysis to derive worst-
case and best-case response times, as well as finalization jitter, is slightly altered. For worst-case and best-case response
times, we extend the analysis as described in [2] and [5, 16],respectively.

A critical instantof a taskτi is assumed whenτi is simultaneously released with all tasks with a higher priority thanτi ,
all those task with a higher priority experience a maximum release delay at that simultaneous release and a minimum release
delay at subsequent releases. Theworst-case response time WRi of taskτi with activation jitterAJi of T is given by the
smallest valuex∈ R

+ satisfying

x = WCi + ∑
1≤ j<i

⌈

x+AJj

Tj

⌉

WCj . (15)

Similar to the case without activation jitter, there existsa smallest value if and only ifWUi−1 < 1 and the recursive equation
can than be solved by means of an iterative procedure, starting with a lower bound.

An optimal instantof a taskτi is assumed when the completion ofτi coincides with the simultaneous release of all tasks in
T with a higher priority thanτi , all those tasks with a higher priority experience a maximalrelease delay at that simultaneous
release and a minimal release delay at previous releases. The best-case response time BRi of taskτi is given by the largest
valuex∈ R

+ satisfying

x = BCi + ∑
1≤ j<i

(⌈

x−AJj

Tj

⌉

−1

)+

BCj , (16)

where the notationw+ stands for max(w,0). Similar to the case without activation jitter, there exists a smallest value if
WU≤ 1 and the recursive equation can than be solved by means of an iterative procedure, starting with an upper bound.

With activation jitter, we now derive from Equation (10)

FJi = sup
ϕ,k,l

( fik(ϕ)− fil (ϕ)− (k− l)Ti)

= sup
ϕ,k,l

((aik(ϕi)+Rik(ϕ))− (ail (ϕi)+Ril (ϕ))− (k− l)Ti)

= sup
ϕ,k,l

(aik(ϕi)−ail (ϕi)− (k− l)Ti +Rik(ϕ)−Ril (ϕ))

≤ sup
ϕi ,k,l

(aik(ϕi)−ail (ϕi)− (k− l)Ti)+sup
ϕ,k

Rik(ϕ)− inf
ϕ,l

Ril (ϕ).

Given the worst-case and best-case response times of taskτi including the effect of release jitter of higher priority tasks, and
given the release jitter ofτi itself, its worst-case (absolute) finalization jitter is therefore bounded by

FJi ≤ AJi +WRi −BRi . (17)

We note that for periodically released tasks with activation jitter, finalization jitter differs from response time jitter. We merely
mention that [7, 8] do not consider activation jitter.
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As an example of finalization jitter with activation jitter,consider a task setT ′
1 with the same characteristics asT1, except

that taskτ2 now has an activation jitterAJ2 = 1 and a deadlineD2 = T2−AJ2 = 4−1 = 3. Because the worst-case response
times ofτ1 andτ2 are independent of the activation jitterAJ2 of τ2 andWR2 ≤ D2, tasksτ1 andτ2 remain schedulable.
Figure 2 illustrates timelines ofT ′

1 with a critical instant and an optimal instant forτ3. From this figure, we conclude that the
finalization jitterFJ3 of taskτ3 is bounded byFJ3 ≤ AJ3 +WR3−BR3 = 0+9−4= 5.

task τ2

task τ3

2

9

task τ1

(a)
0 5

time
10

1

T2 T2

task τ2

task τ3

task τ1

-5
time

4

1

(b)
0

1

AJ2 T2AJ2 Legend:

2

activation jitter

Figure 2. Timelines of T ′
1 with (a) a critical instant and (b) an optimal instant for tas k τ3.

4 Recapitulation of analysis for two-level H-FPPS

In this section, we first briefly describe the worst-case response time of a task of an application with an associated budget
using the notion of worst-case (i.e. minimum) available capacity, and subsequently compare the worst-case available capacity
of existing approaches in the literature.

4.1 Worst-case response time analysis of tasks

Equation (8) for the worst-case response time of a taskτi of a setT assumes that the entire processor is available toT .
When only the capacity of a budgetβα is available to the tasks of an applicationAα, we can simply replace thex at the

left hand side of Equation (8) by the worst-case (i.e. minimum) available capacityWCβ
α(x), as explained in [1]. Hence, the

worst-case response timeWRτ
α,i of a taskτα,i of applicationAα with associated budgetβα is given by the smallestx ∈ R

+

satisfying

WCβ
α(x) = WCτ

α,i + ∑
i≤ j<i

⌈

x
Tτ

α, j

⌉

WCτ
α, j . (18)

For the approaches considered in the section, such a smallest value exists forτα,i whenWUα,i−1 < Uβ
α . Because we assume

WUA
α ≤Uβ

α , WUα,i−1 < Uβ
α holds for all tasks ofAα.

4.2 Worst-case available capacity analysis

We now determine theworst-case available capacity WCβ(t) that becomes available in an interval of lengtht from a
budgetβ. We first give a general characterization of a situation in which a minimum amount of capacity becomes available.
Next, we describe four classes of worst-case assumptions that are made in the literature for this situation, and illustrate the
assumptions by means of an example setB1 of three budgets. For ease of presentation, these budget characteristics are chosen
to be identical to the characteristics of our example setT1 of tasks as shown in Table 1. Finally, we determine the worst-case
available capacity for each of these classes, and characterize a critical instant for a task of the application associated withβ.

For t > 0, we may assume without loss of generality that the intervalhas an overlap with at least two periods of the budget
β [6]. A minimum amount of capacity becomes available in an interval of lengtht > 0 when the capacity becomes available
as early as possiblein a first period ofβ overlapping with the interval andas late as possiblein the last overlapping period.

Without any knowledge about scheduling at the budget level [12, 18], the capacity ofβ is assumed to become entirely
available at the beginning in the first period and at the end inthe last period, as illustrated in Figure 3(a) for two consecutive
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budget β3

time0 10 20

budget β3

time0 10 20

budget β3

time0 10 20

WR3

time
BR3

0 10 20

WR3

budget β3

C3C3

WR3

C3

C3

(a)

(b)

(c)

(d)

T3−C3

T3−C3 T3−C3 T3−C3

Legend:

preemption

release

capacity provision

WS3

WS3

T3

Figure 3. Worst-case assumptions for available capacity an alysis for budget β3 of our example B1 for
two consecutive periods of β3 according to (a) [12, 17, 18], (b) [1], (c) [9], and (d) [6].

periods ofβ3 of our exampleB1. In [17], the same assumptions are made for the availabilityof the capacity of a budget
based on a deferrable server model. For FPPS at the budget level, the capacity in the last period will become available no
later than its worst-case response time see Figure 3(b). Theanalysis in [1] corresponds to these assumptions by choosing a
so-called ‘initial latency’ equal toWRβ

3 −Cβ
3. The availability in the last period can be improved by usingworst-case analysis

techniques for that period [9]; see Figure 3(c). The termWS3 is this figure denotes theworst-case start timeof budgetβ3

[3]. Finally, the availability in the first period can be improved by using best-case analysis techniques for that period[6]; see
Figure 3(d).

We now turn to the worst-case available capacity for each of these four classes of assumptions. Let theworst-case exact
upper bound TWUB be defined as the largest value oft for whichWCβ(t) = 0, i.e.TWUB = sup{t | WCβ(t) = 0}. For the four
classes of assumptions, we derive from Figure 3 thatTWUB

3 = 2(T3−C3) = 14 for (a),TWUB
3 = T3−C3+WR3−C3 = 12 for

(b), TWUB
3 = T3−C3 + WS3 = 9 for (c), andTWUB

3 = T3−BR3 + WS3 = 7 for (d). Fort ≥ TWUB, worst-case situations for
t andt + kT only differ in the number of overlapping periods of budgetβ, beingk. Hence, the shape ofWCβ(t) is periodic
with periodT for t ≥ TWUB, i.e.

WCβ(t +kT) = WCβ(t)+kC.

Given the periodicity ofWCβ(t), we still need to determineWCβ(t) for t ∈ [TWUB,TWUB +T). For classes (a, b, c), we can
simply deriveWCβ(t) by considering a fixed starting point for an interval of length t ∈ [TWUB,TWUB +T), being the assumed
completion of the budget in the first interval, and by subsequently determining the amount of capacity provided in the overlap
with the last interval. For classes (a, b, c), acritical instantof a taskτα,i is assumed whenτα,i is simultaneously released
with all tasks inAα with a higher priority thanτα,i , and that simultaneous release coincides with the start of an interval with
a minimum amount of available capacity ofβα, i.e. with the completion of budgetβα in the first period overlapping with that
interval.

Unlike classes (a, b, c), it is not straightforward to determine a starting point for the interval for class (d) or a critical
instant of a taskτα,i . As examples, consider Figure 3(d) and two intervals of length 7 and 13, respectively. For a start of the
intervals at timets = 2, we find available capacities equal to 1 and 2, respectively, whereas for a start at timets = BR3 = 5,
we find 0 and 3. As described in [6], we can now determineWCβ(t) by a so-calledcognac-glass algorithm. For our example,
it suffices to consider two starting points of the interval, beingts = 2 andts = BR3 = 5, and determine the minimum of the
amount of capacity provided in the overlapping intervals for both cases.

An overview of the worst-case available capacityWCβ(t) for the four classes is shown in Figure 4. From these graphs
for WCβ(t), we conclude that the results gradually improve from class (a) till class (d). Unfortunately, the complexity of
the worst-case response time analysis of tasks also increases from class (a) till class (d). Moreover, the worst-case available
capacity analysis of class (d) need not yield a tight bound, and the worst-case response time analysis of tasks is therefore
typically pessimistic [6].



TU/e, CS-Report 07-19, August 2007 9
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T3−BR3+WS3 T3 T3
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6

time0 10 20 30
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T3−C3+WS3 T3 T3

6

(a) (c)

(b) (d)

WC3(t)WCβ WC3(t)WCβ

WC3(t)WCβWC3(t)WCβ

Figure 4. Worst-case available capacity WCβ
3(t) in an interval of length t from a budget β3 of our

example B1 according to (a) [12, 17, 18], (b) [1], (c) [9], and (d) [6].

5 A basic approach for budget scheduling

Given the complexity of the response time analysis of tasks for classes (c, d) and the inherent pessimism of that analysis,
combined with the fact that budgets are design artifacts, weconsider a class (e) of assumptions and present the available
capacity analysis for this class.

5.1 A class (e) of assumptions

For class (e), we assume FPPS at the budget level with arbitrary but fixed priority assignments. Moreover, we assume that
all budgets have the same period and the same phasing, and therefore only differ in their capacity.

These assumptions have five major advantages. Firstly, because the periods of all the budgets are the same, the schedula-
bility condition for budgets becomes trivial, i.e. a simpletest whether or not the cumulative utilizationU = ∑1≤α≤nCβ

α/Tβ
α for

budgets is at most 1. Secondly, because the capacities are fixed, the capacities of the budgets become available strictlyperiod-
ically. Thirdly, because the phasing of all budgets are equal, the capacities become available non-pre-emptively, minimizing
the cost of budget pre-emptions. Hence, fourthly, the available capacity analysis of budgets becomes trivial, in particular be-
cause that analysis for a budget is completely independent of the other budgets. Note that the latter two advantages alsohold
for any phasing satisfying 0≤ ϕβ

i ≤ ∑ j<i C
β
j , amongst others. Finally, the schedulability analysis of tasks using worst-case

response time analysis becomes much simpler, because we only need to consider the budget associated with the application
to which the tasks belong. We observe that this basic approach shares the last two advantages with the approaches described
in [12, 17, 18].

5.2 Worst-case available capacity analysis

We will illustrate the available capacity analysis for class (e) by assuming that the periods of all budgets are equal toT3 =
10. To facilitate comparison with the other classes, we assume that the capacities ofβ′

1 andβ′
2 satisfyC′

1+C′
2 = WR3−C3. As

a result, the worst-case available capacityWCβ(t) of classes (a, b) remains unchanged, andWCβ(t) for classes (c, d) become
equal toWCβ(t) of class (b).

Figure 5 illustrates that the capacity ofβ3 becomes available periodically and non-pre-emptively. The worst-case start
timeWS′3 of budgetβ3 is equal to the sum of the capacities of the higher priority budgets, i.e.WS′3 = C′

1+C′
2. The worst-case

available capacityWCβ(t) is illustrated in Figure 6. Note that the worst-case upper boundTWUB
3 = T3−C3 = 7. Compared to

Figures 4(a) and 4(b), the graph in Figure 6 is shifted to the left with an amountT3−C3 andWR3−C3, respectively. Hence,
we conclude that the result of class (e) improves on the existing results. Similar to classes (a, b, c), acritical instantof a task
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budget β3

time0 10 20
T3−C3C3 C3WS3WS’

Figure 5. Assumptions for available capacity of budget β3 for the basic approach.

time0 10 20

C3=3

T3−C3 T3 T3

6
WC3(t)WCβ

Figure 6. Worst-case available capacity WCβ
3(t) in an interval of length t for budget β3 when all periods

are equal to T3.

τα,i for class (e) is assumed whenτα,i is simultaneously released with all task inAα with a higher priority thanτα,i , and that
simultaneous release coincides with the completion of budgetβα.

6 Analysis for basic approach

In this section, we will show for the basic approach that we can deal with a budgetβα during the analysis of tasks of an
applicationAα by viewing theunavailabilityof the capacity ofβα as an artificial highest priority taskτα,0, similar to the
worst-case response time analysis in [17]. For this basic approach, the response time analysis of tasks is exact under arbitrary
phasing. For illustration purposes, we use an applicationAα with two tasksτα,1 andτα,2 and an associated budgetβα with
characteristics as given in Table 2.

T = D C
βα 3 2
τα,1 4 1
τα,2 10 3

Table 2. Budget and task characteristics of budget βα and tasks of application Aα.

6.1 Worst-case response time analysis

Figure 7(a) illustrates a timeline forβα andAα with a critical instant forτα,2. From this figure, we draw the conclusion

that the provision of the capacityCβ
α of budgetβα can be dealt with by viewing theunavailability of Cβ

α as an artificial

highest priority taskτα,0 with a periodTτ
α,0 = Tβ

α and a computation timeCτ
α,0 = Tβ

α −WRβ
α +WSβ

α = Tβ
α −Cβ

α, as illustrated

in Figure 7(b). Note that the computation timeCτ
α,0 includes both the worst-case start timeWSβ

α of budgetβα and the length

Tβ
α −WRβ

α of the interval during whichβα is depleted. Theworst-case response time WRτ
α,i of taskτα,i of applicationAα is

now given by the smallest valuex∈ R
+ satisfying

x = WCτ
α,i + ∑

0≤ j<i

⌈

x
Tτ

α, j

⌉

WCτ
α, j . (19)



TU/e, CS-Report 07-19, August 2007 11

0 5

task τα,1

task τα,2

time

2

8

1

Legend:
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Figure 7. Timelines with a critical instant of task τα,2 for (a) budget βα and application Aα and for (b)
an extension A′

α of Aα with an artificial task τα,0 that models the unavailability of capacity of βα.

Alternatively, we can introduce a dedicated termWIβα(x) which denotes the ‘worst-case interference’ of taskτα,0 in A′
α or

the ‘worst-case unavailability’ of the capacityCβ
α of budgetβα, i.e.

x = WCτ
α,i +WIβα(x)+ ∑

1≤ j<i

⌈

x
Tτ

α, j

⌉

WCτ
α, j , (20)

whereWIβα(x) is given by

WIβα(x) =

⌈

x

Tβ
α

⌉

(Tβ
α −Cβ

α). (21)

As usual, the recursive equation can be solved by means of an iterative procedure, starting with a lower bound.
In this document, we prefer the latter two equations (20) and(21) with a dedicated termWIβα(x) above Equation (19) for

three reasons. Firstly, the variablej only ranges over the tasks of applicationAα in Equation (20) whereas it ranges over the
tasks ofA′

α including the artificial task in Equation (19). Secondly, because the worst-case available capacityWCβ
α can be

conveniently expressed in terms ofWIβα as
WCβ

α(x) = x−WIβα(x), (22)

the relation between Equations (18) and (20) is obvious. Finally, Equation (20) can be reused for classes (a) and (b), as we
will see in a later section.

We finally observe that we can alsoderivea critical instant for a task ofAα from the fact that an artificial taskτα,0 models
the unavailability of capacity of budgetβα. Note that although a budget is assumed to have a specific phasing and taskτα,0

therefore has a specific phasing as well, we can still apply standard worst-case response time analysis under arbitrary phasing
for the tasks ofAα, because all tasks ofAα are assumed to have an arbitrary phasing.

6.2 Best-case response time analysis

For best-case response time analysis, we first consider the case with the artificial taskτα,0, and next convert back to the
case with a budgetβα. Hence, wederivean optimal instant for a task of an applicationAα with an associated budgetβα.

Figure 8(b) illustrates a timeline with an optimal instant for taskτα,2 for the extensionA′
α of Aα with the artificial task

τα,0 that models the unavailability of the capacityCβ
α of the budgetβα. The equivalent timeline with an optimal instant for

taskτα,2 for budgetβα and applicationAα is shown in Figure 8(a). Hence, anoptimal instantof a taskτα,i is assumed when
the completion ofτα,i coincides with the simultaneous release of all tasks inAα with a higher priority thanτα,i , and that
simultaneous release coincides with the completion of budgetβα. Moreover, thebest-case response time BRτ

α,i of taskτα,i of
applicationAα is therefore given by the largest valuex∈ R

+ satisfying

x = BCτ
α,i + ∑

0≤ j<i

(⌈

x
Tτ

α, j

⌉

−1

)

BCτ
α, j . (23)
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Figure 8. Timelines with an optimal instant of task τα,2 for (a) budget βα and application Aα and for
(b) an extension A′

α of Aα with an artificial task τα,0 that models the unavailability of capacity of βα.

Alternatively, we can introduce a dedicated term termBIβ
α(x) which denotes the ‘best-case interference’ of taskτα,0 in A′

α or

the ‘best-case unavailability’ of the capacityCβ
α of budgetβα, i.e.

x = BCτ
α,i +BIβ

α(x)+ ∑
1≤ j<i

(⌈

x
Tτ

α, j

⌉

−1

)

BCτ
α, j , (24)

whereBIβ
α(x) is given by

BIβ
α(x) =

(⌈

x

Tβ
α

⌉

−1

)

(Tβ
α −Cβ

α). (25)

As usual, the recursive equation can be solved by means of an iterative procedure, starting with an upper bound.
Similarly to the worst-case response time analysis, we prefer the latter two equations (24) and (25) above Equation (23).

6.3 Jitter analysis

As illustrated in the previous sections, the equivalence ofbudgetβα and an artificial taskτα,0 for the response time analysis
of tasks ofAα enabled an easy conversion of response time analysis results of a set of tasks under FPPS to tasks belonging to
an application with a dedicated budget under two-level H-FPPS. Given the worst-case and best-case response time analysis,
the conversion of jitter analysis of tasks is easy as well.

For the worst-case (absolute) finalization jitterFJτ
α,i of a strictly periodically released taskτα,i of an applicationAα, we

can convert Equations (10) and (12) by simply adding subscripts and superscripts. Similarly, we can convert Equation (14)
for the activation jitterAJτ

α,i . For the response time analysis of tasks with activation jitter, we now assumeDτ
α,i ≤ Tτ

α,i −AJτ
α,i ,

since otherwise there may be too little time between two successive releases to complete the task. The descriptions ofcritical
instantandoptimal instantcan also be easily transliterated. As an example, acritical instantof a taskτα,i is assumed when
τα,i is simultaneously released with all tasks inAα with a higher priority thanτα,i , all those task with a higher priority
experience a maximum release delay at that simultaneous release and a minimum release delay at subsequent releases, and
that simultaneous release coincides with the completion ofbudgetβα. Moreover, we can easily convert Equations (15) and

(16) by adding the termsWIβα(x) andBIβ
α(x), next to adding subscripts and superscripts, as illustrated below.

Theworst-case response time WRτ
α,i of taskτα,i with activation jitterAJτ

α,i of applicationAα is given by the smallest value
x∈ R

+ satisfying

x = WCτ
α,i +WIβα(x)+ ∑

1≤ j<i

⌈

x+AJτ
α, j

Tτ
α, j

⌉

WCτ
α, j , (26)

whereWIβα(x) is given by Equation (21). Similarly, thebest-case response time BRτ
α,i of taskτα,i of applicationAα is given

by the largest valuex∈ R
+ satisfying

x = BCτ
α,i +BIβ

α(x)+ ∑
1≤ j<i

(⌈

x−AJτ
α, j

Tτ
α, j

⌉

−1

)+

BCτ
α, j , (27)
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whereBIβ
α(x) is given by Equation (25). Finally, the worst-case (absolute) finalization jitter is now bounded by

FJτ
α,i ≤ AJτ

α,i +WRτ
α,i −BRτ

α,i . (28)

Note that we constructed our examples such that the characteristics of taskτα,i of applicationA′
α and of taskτi+1 of task

setT1 are identical. The timelines for task setT1 in Figure 1 are therefore the same as the timelines for applicationA′
α

in Figures 7(b) and 8(b). Similarly, the timelines for task set T ′
1 in Figure 2 apply for an applicationA′′

α with the same
characteristics asA′

α, except that taskτα,1 now has an activation jitterAJτ
α,1 = 1. The finalization jitter of taskτα,2 in A′′

α is
therefore also bounded byFJτ

α,2 ≤ 0+9−4= 5.

7 Existing analysis revisited and extended

In this section, we first revisit and extend the analysis of tasks as presented in [12, 17, 18]. Next, we describe how to
convert analytic results for FPPS to two-level H-FPPS for [1]. Finally, we compare our analysis with the analysis in [9].

7.1 Analysis for class (a) revisited and extended

We now revisit worst-case response time analysis for class (a), as described in [12, 17, 18], and subsequently present
best-case analysis and jitter analysis for that class.

7.1.1 Worst-case response time analysis

Figure 9(a) illustrates a timeline forβα andAα with a critical instant forτα,2. From this figure, we draw the conclusion that

the provision of the capacityCβ
α of budgetβα can be dealt with by viewing the unavailability of budgetβα as an artificial

taskτα,0, where taskτα,0 has a periodTτ
α,0 = Tβ

α , a computation timeCτ
α,0 = Tβ

α −Cβ
α, and an activation jitterAJτ

α,0 = Cβ
α, as

illustrated in Figure 9(b).

0 5

task τα,1

task τα,2

time

3

10

budget βα

task τα,1

task τα,2

10

2

task τα,0

(a) (b)

1

10 0 5
time

10

12 3

Tα,0TτAJα,0AJτ Tα,0Tτ Tα,0Tτ

Figure 9. Timelines with a critical instant of task τα,2 for (a) budget βα and application Aα according
to [12, 17, 18] and for (b) an extension A′

α of Aα with an artificial task τα,0.

The worst-case response timeWRτ
α,i of τα,i is therefore given by the smallestx ∈ R

+ satisfying Equation (20), where

WIβα(x) denotes the ‘worst-case interference’ ofτα,0 or the ‘worst-case unavailability’ ofCβ
α, i.e.

WIβα(x) =

⌈

x+Cβ
α

Tβ
α

⌉

(Tβ
α −Cβ

α). (29)

7.1.2 Best-case response time analysis

Similarly to the best-case response time analysis presented in Section 6.2, wederivean optimal instant for a task of an
applicationAα with an associated budgetβα.
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Figure 10(b) illustrates a timeline with an optimal instantfor taskτα,2 for the extensionA′
α of Aα with the artificial task

τα,0. The equivalent timeline with an optimal instant for taskτα,2 for budgetβα and applicationAα is shown in Figure 8(a).

The best-case response timeBRτ
α,i of τα,i is therefore given by the smallestx ∈ R

+ satisfying Equation (24), whereBIβ
α(x)
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Tα,0TτAJα,0AJτ

Figure 10. Timelines with an optimal instant of task τα,2 for (a) budget βα and application Aα according
to [12, 17, 18] and for (b) an extension A′

α of Aα with an artificial task τα,0.

denotes the ‘best-case interference’ of taskτα,0 or the ‘best-case unavailability’ ofCβ
α, i.e.

BIβ
α(x) =

(⌈

x−Cβ
α

Tβ
α

⌉

−1

)+

(Tβ
α −Cβ

α). (30)

7.1.3 Jitter

Given the worst-case and best-case response time analysis for tasks for class (a), we can now simply reuse the jitter analysis
described in Section 6.3 by applying Equations (29) and (30)for the termsWIβα(x) andBIβ

α(x) in the recursive equations (26)
and (27) for the worst-case and best-case response time of task τα,i in Aα.

7.2 Worst-case response time analysis for class (b) revisited

The unavailability of the capacity of budgetβα in [1] can be modeled by means of two artificial tasksτα,−1 andτα,0. If the

so-called ‘initial latency’ in [1] is chosen to be equal toWRβ
α −Cβ

α, then taskτα,−1 is characterized by a periodTτ
α,−1 = Tβ

α , a

computation timeCτ
α,−1 = Tβ

α −WRβ
α, and a relative phasingϕτ

α,−1 = WRβ
α −Cβ

α, and taskτα,0 is characterized byTτ
α,0 = Tβ

α ,

Cτ
α,0 = WRβ

α −Cβ
α, and an activation jitterAJτ

α,0 = Cβ
α. This is illustrated in Figure 11 for the worst-case assumption for

available capacity analysis for budgetβ3 of B1.
As described in Section 4, time zero in Figure 11(a) is a critical instant for a taskτ3,i of applicationA3 whenτ3,i is simul-

taneously released with all tasks inA3 with a higher priority thanτ3,i . Under the same conditions, time zero in Figure 11(b)
is a critical instant for taskτ3,i . The worst-case response timeWRτ

α,i of a taskτα, i is therefore given by the smallestx∈ R
+

satisfying Equation (20), whereWIβα(x) denotes the ‘worst-case interference’ of tasksτα,−1 andτα,0, i.e.

WIβα(x) =

(⌈

x−ϕτ
α,−1

Tτ
α,−1

⌉)+

Cτ
α,−1 +

⌈

x+AJτ
α,0

Tτ
α,0

⌉

Cτ
α,0. (31)

In terms of the characteristics of the budgetβα, the ‘worst-case unavailability’WIβα(x) of the capacityCβ
α can be written as

WIβα(x) =

(⌈

x− (WRβ
α −Cβ

α)

Tβ
α

⌉)+

(Tβ
α −WRβ

α)+

⌈

x+Cβ
α

Tβ
α

⌉

(WRβ
α −Cβ

α). (32)
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Figure 11. Timelines for (a) budget β3 of B1 and (b) artificial tasks τ3,−1 and τ3,0 that model the unavail-
ability of β3.

task Tτ = Dτ Cτ AJτ ϕτ

τα,−1 Tβ
α Tβ

α −λ−Cβ
α 0 λ

τα,0 Tβ
α λ Cβ

α 0

Table 3. Characteristics of tasks τα,−1 and τα,0 assuming an initial latency λ.

In this section, we assumed an ‘initial latency’λ equal toWRβ
α −Cβ

α. In general, however,λ ∈ [0,Tβ
α −Cβ

α]. We can therefore
also express the characteristics of the artificial tasksτα,−1 andτα,0 usingλ, as illustrated in Table 3. This generalization of
the analysis for class (b) unifies the analysis for classes (a) and (e), i.e. the analysis specializes to the analysis for class (a) for
λ = Tβ

α −Cβ
α, and it specializes to (e) forλ = 0.

7.3 A comparison with the worst-case response time analysis for class (c)

The worst-case response time analysis for our basic approach is basically the same as the analysis of (unbound) tasks of
an application associated with the highest priority budgetin [9]. Using our notation, the worst-case response timeWRτ

1,i of a

taskτ1,i in [9] is given byWRτ
1,i = x+(Tβ

1 −Cβ
1), wherex is the smallest non-negative value satisfying

x = L1(x)+

⌈

L1(x)

Cβ
1

⌉

(Tβ
1 −Cβ

1),

andL1(x) is given by

L1(x) = Cτ
1,i + ∑

1≤ j<i

⌈

x+(Tβ
1 −Cβ

1)

Tτ
1, j

⌉

Cτ
1, j .

Comparing these equations with Equations (20) and (21) for our basic approach, we conclude that it is not obvious that both
analyses actually yield the same result. Moreover, our analysis cannot simply be viewed as a specialization of the analysis in
[9] either.

8 Towards advanced approaches for budget scheduling

In this section, we consider the impact of selecting harmonic periods for budgets. For illustration purposes, we use an
example budget setB2, with characteristics as given in Table 4. Note thatB2 has a utilization equal to 1. Similarly to the
basic approach, the schedulability condition for such an advanced approach is trivial, i.e. a simple test if the cumulative
utilization is at most equal to 1. The capacities of the budgets also become available strictly periodically. Unfortunately, the
other advantages of the basic approach do not necessarily hold for the advanced approach.
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budget T = D C
β1 7 2
β2 14 3
β3 14 3
β4 14 4

Table 4. Budget characteristics of B2.

Figure 12 shows a timeline with the provision of the capacityof budgetβ3, assuming a simultaneous release of all budgets
of B2 at time zero. As illustrated in the figure, the provision of the capacity ofβ3 is pre-empted by budgetβ1. Moreover,
it is no longer straightforward to determine the worst-caseavailable capacity, and we therefore have to apply a cognac-glass
algorithm. Figure 13 shows that a worst-case available capacity is assumed for an interval of length 11 when that interval
starts at timets = 7. However, for an interval of length 18, a start at timets = 10 is required. For this example, it also suffices
to consider only these two starting points.

budget β3

time0 10 20 30

T1T
β

T3−T
β

WR
β

WR3T3T
β

Figure 12. Assumptions for available capacity of budget β3 of B2.

time0 10 20

C3=3

Cβ(t)

6
Legend

ts = 7

ts = 10

T3−WR3+WS3 T3

Figure 13. Construction of worst-case available capacity o f budget β3 of B2.
Hence, to determine the worst-case response times of tasks for this advanced approach for budget scheduling, we have to

extend the analysis for the basic approach in Section 6 in twoways. Firstly, we have to add an additional artificial task for
every additional pre-emption of the provision of the capacity. Secondly, we have to apply a cognac-glass algorithm.

We will also illustrate these extensions by means of our example. Similarly to the basic approach, we have an artificial task
τ3,0 with a periodTτ

3,0 = Tβ
3 = 14 and a computation timeCτ

3,0 = Tβ
3 −WRβ

3 +WSβ
3 = 14−10+5= 9. Because the provision

of the capacity has one additional pre-emption, we need one additional artificial taskτ3,−1 with a periodTτ
3,−1 = Tβ

3 = 14

and a computation time equal to the duration of the pre-emption of β3 by budgetβ1, i.e.Cτ
3,−1 = Cβ

1 = 2. This is illustrated

in Figure 14. Note that taskτ3,−1 has a phasingϕτ
3,−1 equal toTβ

3 −WRβ
3 + Tβ

1 = 14− 10+ 7 = 11 relative to taskτ3,0.

Conversely, we can state thatτ3,0 has a phasingϕτ
3,0 equal toWRβ

3 −Tβ
1 relative to taskτ3,−1. To determine the worst-case

response time of a taskτ3,i of the applicationA3 associated withβ3, we need to consider two potential critical instants
corresponding with the two starting pointsts = 7 andts = 10 mentioned above. To determine the response time for thesetwo
instances, we can use Equation (20), whereα = 3 andWIβ3(x) is given by

WIβ3(x) =

⌈

x−ϕτ
3,−1

Tτ
3

⌉

Cτ
3,−1 +

⌈

x−ϕτ
3,0

Tτ
3

⌉

Cτ
3,0.

For the instant with starting pointts = 7, we useϕτ
3,−1 = 0 andϕτ

3,0 = WRβ
3 −Tβ

1 = 3. Similarly, we useϕτ
3,−1 = Tβ

3 −WRβ
3 +

Tβ
1 = 11 andϕτ

3,0 = 0 for ts = 10. The worst-case response time of taskτ3,i is given by the minimum of the response times of
taskτ3,i for these two instances.

We observe that although the analysis becomes more complicated due to these extensions, it remains exact.
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Figure 14. Timeline with artificial tasks τ3,0 and τ3,−1 that model the unavailability of β3.

9 Conclusions

In this document, we considered two-level scheduling of independent applications in cost-constrained systems, using
FPPS for tasks. We focused on pragmatic solutions for such systems, allowing efficient implementations of budgets and
simple analysis of tasks. We first briefly reviewed existing approaches of two-level H-FPPS, in which we compared their
worst-case available capacity. We subsequently considered a basic approach, where all budgets have the same period and
each budget has a specific phasing, and showed that the worst-case available capacity for this approach improves on results of
existing approaches. Next, we presented analysis for tasks, and showed that existing analytic results for real-time tasks under
FPPS can be easily converted to H-FPPS by viewing theunavailabilityof a budget as an artificial highest priority task. As a
result, both the worst-case and best-case response time analysis of independent tasks with arbitrary phasing isexactfor this
basic approach. The conversion was illustrated by means of jitter analysis. We conclude that this view therefore significantly
simplifies the analysis of tasks for two-level hierarchicalscheduling.

We showed that the conversion equally well applies to the approaches described in [12, 17, 18], and sketched how it
applies to [1]. We briefly discussed how our analytical results compare to the results in [9], and concluded that although
the analysis for the highest priority budget is basically the same, our analysis cannot be simply viewed as a specialization of
that analysis. Finally, we considered an advanced approachfor budget scheduling, with harmonic periods for budgets, and
showed by means of an example that we may have to apply a cognac-glass algorithm during analysis.

In this document, we assumed independent tasks. Assuming independent applications, our results can easily be extendedto
cover dependent tasks. Given the analytic legacy for FPPS, the identified possibility to easily convert existing analytic results
for real-time tasks under FPPS to two-level hierarchical scheduling is considered the main contribution of this document.
Further work is required for dependent applications and advanced approaches for budget scheduling.
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