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Summary 

This thesis presents a general strategy to estimate and describe the quasi
static errors of multi-axis machines. The goal is a model for the errors in the 
position and orientation of the end-effector relative to the workpiece during 
an arbitrary taak. 

The core of the proposed strategy is the so-called kinematic model. This 
model relates errors in the relativa location of the end-effector to errors in 
the geometry of successive structural loop segments. The latter so-called 
parametrie errors describe the combined effect of all error sourees on the 
relevant geometry of machine components that constitute such a segment. The 
presented kinematic model can be applied to multi-axis machines consisting 
of an arbitrary serial contiguration of revolute and prismatic joints. 

The studied errors are those due to the limited accuracy of structural loop 
segmentsin a certain raferenee state, those due to static and slowly varying 
forces introduced by the dead weight of machine components and workpiece, 
and those due to thermally introduced strains in the structural loop. The 
respective error sourees are analysed separately and their combined effect on 
the parametrie errors is obtained by superposition. The adopted modelling 
strategy is founded on the empirica} estimation and description of the various 
errors. Only for the thermal errors an analytical approach is presented based 

on an assumed stress-free deformation of the structural loop. The presented 
empirical models for the thermal deformations are based on a state-space 
presentation. Due to the dynamic nature of these models, they only require a 
relatively small number of temperature sensors to predict the thermal errors. 
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A general metbod is presented to estimate the parametrie errors of multi
axis machines using artifact measurements. The use of standard regreesion 
techniques yields a uniform approach regarding the nature of the tested ma
chine ( e.g. the presence of revolute joints or finite stiffness effects ), and the 
choice and location of the artifacts. U sing statistical experimental design 
techniques, it is shown that the efficiency of the respective eaUbration can be 
unambiguously assessed and optimized. 

The modeHing strategy is applied to a fi.ve-axis milling machine and a three

axis CMM. For the milling machine, the roodels for the geometrie and finite
stiffness errors are validated by predicting the errors of hole plate measure
ments executed by the machine. The roodels for the thermal errors are vali
dated by predicting the observed zero-point drift of the tooi during character
istic duty cycles of the spindle. The accuracy of the machine is improved by 
software error compensation of the geometrie errors. The geometrie errors of 
the CMM are estimated by three different methods, all using length measure
ments. The respective roodels are validated by predicting the observed errors 
of a large number of length measurements executed by the machine. 
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Samenvatting 

Dit proefschrift presenteert een algemene strategie voor de schatting en be

schrijving van de quasi-statische afwijkingen van meer-assige machines. Het 
doel is een model dat, voor een willekeurige taak, de afwijkingen beschrijft in 
de positie en oriëntatie van het gereedschap ten opzichte van het werkstuk. 

De kem van de voorgestelde strategie is het zogenaamde kinematisch model. 
Dit model relateert de afwijkingen in de relatieve lokatie van het gereed
schap aan afwijkingen in de geometrie van opeenvolgende machineonderde
len. Laatstgenoemde zogenaamde parametrische afwijkingen beschrijven het 
effect van alle afwijkingenbronnen op de relevante geometrie van een dergelijk 
onderdeel. Het gepresenteerde kinematisch model kan worden toegepast op 
meer-assige machines die uit een willekeurige seriële combinatie van rotatie
en translatie-assen bestaan. 

Onderzocht zijn machineafwijkingen die worden veroorzaakt door: (1) de on
nauwkeurigheid van de machineonderdelen in een bepaalde referentietoe
stand, (2) de elastische deformatie van de machineonderdelen als gevolg van 
hun gewicht en het gewicht van het werkstuk en (3) de thermischè deformatie 
van de machineonderdelen. Deze afwijkingenbronnen zijn individueel geana
lyseerd. Hun gecombineerde invloed op de parametrische afwijkingen is door 
superpositie verkregen. De voorgestelde modellering is gebaseerd op een em
pirische schatting en beschrijving van de verschillende afwijkingen. Enkel de 
thermische afwijkingen worden gedeeltelijk analytisch gemOdelleerd. Hierbij 
wordt een spanningsvrije deformatie van de machineonderdelen veronder
steld. De empirische modellen van de thermische afwijkingen zijn gebaseerd 
op een toestandsbeschrijving. In de betreffende modellen is het dynamische 
karakter van thermische afwijkingen geïmplementeerd. Hierdoor is slechts 
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een gering aantal temperatuurssensoren benodigd om de thermische afwij
kingen te voorspellen. 

In het proefschrift wordt een algemene methode beschreven waarmee de pa
rametrische afwijkingen kunnen worden geschat uit de door de machine ge
meten afmetingen van testobjecten. De methode is gebaseerd op standaard 
regressie-technieken. Hierdoor kan de methode worden toegepast op wille
keurige machines, inclusief machines met rotatie-assen en machines met af
wijkingen als gevolg van de eindige stijfheid van machineonderdelen. Voorts 
kunnen zowel de aard als de lokatie van de toegepaste testobjecten willekeu
rig worden gekozen. Uitgaande van de statistische theorie van proefopzetten 
zijn criteria ontwikkeld waarmee de efficiëntie van de betreffende kalibratie 
ondubbelzinnig kan worden bepaald. Tevens zijn deze criteria gebruikt om de 
kalibratie te optimaliseren. 

De ontwikkelde strategie is toegepast op een vijf-assige freesmachine en een 
drie-assige coördinaten meetmachine. Voor de freesmachine zijn modellen 

ontwikkeld voor zowel de geometrische afwijkingen als de afwijkingen ten ge
volge van gewichtsbelasting. Deze modellen zijn geverifieerd door metingen 
aan een gatenplaat. Hierbij zijn de modellen gebruikt om de afwijkingen in 
de door de machine gemeten afmetingen van dit object te voorspellen. De 
modellen voor de thermische afwijkingen van de machine zijn geverifieerd 
door vergelijking van de voorspelde en gemeten nulpuntsdrift van het ge
reedschap bij karakteristieke toerentalspectra van de hoofdspil. Voorts is de 
nauwkeurigheid van de machine verbeterd door softwarecompensatie van de 
geometrische afwijkingen. De geometrische afwijkingen van de coördinaten
meetmachine zijn geschat met drie verschillende methoden, die allen gebruik 
maken van lengtemetingen. De betreffende modellen zijn geverifieerd door 
vergelijking van de voorspelde en gemeten afwijkingen van een groot aantal 
door de machine uitgevoerde lengtemetingen. 
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Introduetion 

This thesis presents a systematic approach to analyse the accuracy of multi
axis machines. The general goal is a model that describes the accuracy of a 

certain machine at a certain time and place. In this chapter, the need for such 

roodels is derived from general trends in modern manufacturing. An overview 
is presented of errors that affect the accuracy of an executed task. lt is shown 
that multi-axis machines possess certain unique characteristics, that require 
the use of special modelling and calibration techniques. The adopted strategy 
and related content of the thesis is summarized. Due to the large variety of 
both multi-axis machines and their applications, a general strategy can only 

he considered as a first stage in the development of a full error model for a 

certain application. Therefore a selection is made ofboth multi-axis machines 

and error sourees that are studied in more detail. 

1.1 Multi-axis machines in modern 
manufacturing 

Multi-axis machines, like Coordinate Measuring Machines ( CMMs ), machine 

tools, and industrial robots, are popular in modern manufacturing. They are 
used for a large variety of tasks, involving the positioning of an object or 
making it follow a specified trajectory in space. These objects can he tools 
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or parts. A multi-axis machine consistsof a series of mechanicallinks con
nected together by actuated joints. The joints either provide a translation or 
a rotation, and usually can be controlled independently. Thus a large variety 
of object locations or trajectories can be realized by the same machine. The 
result is a multi-purpose machine able to execute complex tasks in a flexible 
manner. This explains the popularity of these machines, especially in piece
and batch-production. The tasks of multi-axis machines can be divided into 

three classes: 

• Measurement. Here the tooi is a sensor able to detect the surface 
of the workpiece. The sensor is moved towards a specified part of the 
workpiece. If a point on the workpiece surface is detected, its coordinates 
are calculated from the position of the joints. The measured coordinates 
of various points are used to estimate the dimensions and geometry of a 
part. 

• Machining. Here the tooi follows a specified trajectory relativa to the 
workpiece while transforming, adding, or removing materiaL Typical 
applications are milling, turning, grinding, deburring, ( spot- ) welding, 
electrical discharge machining, and laser cutting. 

• Handling. Here the part is moved along a specified trajectory relativa 
to other parts or machines. Typical applications are assembly, and the 
toading and unloading of machines. 

An mustration of the versatile nature of multi-axis machines is that none 
of these classes can be attributed to one group of machines only. Dea [30] 
reports a milling retrofit for their coordinate measuring machines to perform 
light machining operations. Many milling machines can exchange their cut
ting tooi for a probe system, and thus perform measurements on the part. 
lndustrial robots are used for both machining and handling. Recently, Ke
ferstein [57] introduced an accurate industrial robot that can be used as a 
coordinate measuring machine. 

The accuracy ofthe task performed by the multi-axis machine obviously affects 
the accuracy of the finished product. Traditional methods to ensure part 
accuracy are based on the premise that the machine performs according to 
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specifications or on the iterative improvement of the realized part accuracy by 
changing the part program and manufacturing parameters. In general, little 
systematic knowledge is available about the various error sourees and their 
effect on the accuracy of the finished part. Especially for multi-axis machines, 
a number of trends can be identified that require a more in-depth analysis of 
error sources, error propagation, error estimation, and accuracy improvement 

techniques: 

• Part accuracy. There is an increasing demand for higher accuracy of 
parts produced. Typical examples of trends that require tighter toler
ances are interchangeability, automatic assembly, miniaturization, inte
gration, design simplicity, and improved product performance and relia
bility ( see e.g. [14, 72, 73, 74, 83, 113] ). To achieve the required accuracy 
improvement ofmanufacturing equipment, various error reduction tech

niques are actively studied [50). These techniques are either basedon 
error avoidanee or error compensation. Error avoidanee calls for the 
elimination of error sourees or on reducing the sensitivity of the machine 
structure to these sources. Error compensation attempts to cancel an 
error by predicting it. Here, the error is measured or estimated either 
before or during the manufacturing process. Using a model for the error 
propagation mechanism, the input or output of the machine is altered 
to eliminate the error. Recent developments of computer controlled ma
chines have increased the interest in error compensation techniques. 
Application of these techniques, however, requires reliable error models 
and error estimation techniques. 

• Part geometry. To reduce assembly efforts and the weight ofproducts, 
single parts with complex geometries tend to replace assemblies. These 
parts require complicated manufacturing operations often executed by 
multi-axis machines. The complex geometry limits the possibilities of in
process gauging techniques. 1t also severely complicates the selection of 
manufacturing parameters or part program changes that might improve 
the realized part accuracy. 

• Quality control. Historically, quality control and dimensional inspee
tion activities have been focused on post-process appraisal, i.e. finding 
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detective material after it has been produced [11]. Obviously this ap
proach is costly due to the large amount of scrap, rework and inspee
tion activities that result. Furthermore, the related inspeetion costs 
become excessive when, due to increased product liability requirements, 
it is necessary to certify that each part produced is functionally ade
quate. Therefore the focus is shifting towards an improved control of 
the manufacturing process using deterministic manufacturing princi
ples. Deterministic manufacturing [34] is based on the premise that, in 
an automated environment, the introduetion and propagation of errors 
is highly systematic. Thus quality assurance can be practised by process 
monitoring rather than part monitoring. This reduces scrap, rework 
and conventional inspeetion activities. The approach requires models 
and sensors to monitor the accuracy of the manufacturing process, and 
parameters that can be adjusted to improve this accuracy. 

• Automation. Due to the increased level of automation, machines are 
separated from human operators. This reduces the level of direct human 
intervention in the manufacturing process with associated increased reli
ability requirements. A1!J stated by McClure [71], the effect of automation 
goes beyond a 'mere' change in controlling intelligence. First, there is 
a difference in the structural loop that controls the size, and thus accu
racy, of the manufactured part. A typical example is the substitution 
of the hand-held micrometer for machine frame and scales. Second, 
automation enables complex operations that often prohibit a one-to-one 
translation of accuracy improving operator habits into automatic ma
chine instructions. McClure [71] mentions the continuons varlation of 
spindie speed to maintain nearly optimum cutting conditions when turn

ing complicated shapes under numerical control. Allowing a 'warm-up' 
period of the machine bas little effect under these conditions, since the 
machine is in a constant state of thermal transition. An advantage of the 
increased level of automation is that manufacturing processes become 
more deterministic. Such processes have, as discussed, better properties 
for quality control and quality improvement. 

• Batch production and flexibility. In modern manufacturing there 
is an increasing emphasis on smaller and more varied batch-production 
runs. This results in the use of multipurpose multi-axis machines that 
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are required to make a large variety of parts. In such an environment, 
the practiee of trial runs and iterative accuracy improvement is obviously 

difficult to apply. A situation that is aggravated by the increasing speed 
at which new products are introduced, and the related decrease in deliv
ery times. It is therefore necessary to be able to predict the accuracy of 

a eertaio manufacturing task before the part is produced. This informa

tion can be used to determine the correct manufacturing parameters and 
to select a suitable machine. Also traditional statistieal quality control 
techniques need to be expanded, so that deviations observed in a eertaio 
product family can be used to improve the accuracy of other products. 
This requires an approach where trends in the error sourees of a ma

chine are estimated from data on the realized accuracy of miseellaneous 
products. Furthermore, the large variety of products limits the possibil
ities of active error compensation using in-process gauging techniques. 

Therefore, error compensation techniques have to address error sourees 

and error propagation. Finally, the large variety of parts produced in an 
arbitrary sequence severely affects the nature of the error model. This 

model has to be able to predict the accuracy of an arbitrary task. This 
is a major complication, since the introduetion and propagation of errors 
in multi-axis machines are highly dependent on the executed task. Fur

thermore, some ( thermal) errors are afl'ected by previous manufacturing 

tasks. 

• Traceability. Various guidelines and standards address the inspeetion 
and evaluation ofthe accuracy ofmulti-axis machines. These procedures 

do not provide the respective user with the tools and data necessary to 
calculate the ( traeeable ) accuracy of an arbitrary task. Therefore they 
cannot be regarded as calibrations. Being inspeetion devices, the avail
ability of ( standardized) procedures to calculate the accuracy of a eertaio 
task is especially important for coordinate measuring machines. Such 

procedures have to ensure that traceability for coordinate metrology is 
just as sound as for any other aspect of dimensional metrology. Due 

to the versatile and multi-dimensional nature of multi-axis machines, 
there currently does not exist a ready-to-use reference with which they 

can be directly calibrated for every possible task. Therefore, it is gen
erally accepted that a complete calibration should result in a separate 
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description of the errors introduced in the components of the machine 
[136]. These errors are then combined to calculate the accuracy of a 
speci:fic task, using a suitable model of the machine. 

In reaction tothese trends, extensive research programs have been initiated to 
estimate, describe and improve the accuracy of multi-axis machines ( see e.g. 
[8, 20, 34, 51, 50, 60, 82, 92, 96, 101, 114, 122, 1441 ). Despite the large effort, 
progress has been slow due to certain 'unique' characteristics of multi-axis 
machines: 

• The large number of error sourees that affect the accuracy of these ma
chines in a complex manner. 

• The large variety of tasks typically executed by one machine, combined 
with the complex dependency of error introduetion and error propagation 
on current and, regarding error introduction, previous tasks . 

. • The multi-dimensional nature of the executed tasks, and the large num
ber of variables that define these tasks. 

1.2 Error classification 

The accuracy of a task executed by a multi-axis machine is primarily de
termined by errors in the trajectory of the end-effector relative toa certain 
reference. This reference is generally part of the object on which the task 
is performed, i.e. the workpiece. Especially in case of handling operations, 
different references are often used during various stages of the executed task. 
For example, during the first stage of an assembly task, the reference might 
be connected to a part or the pallet holding it. After picking up the part, 
the reference is usually changed to the assembly in which the part is to be 
integrated. 

For most tasks, only certain aspects of the trajectory accuracy are relevant: 
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• Repeatability. Some applications only require repeatability, i.e. the 
capability to reproduce an executed trajectory. A typical example is 
a robot programmed by teaeh-in techniques. Here only repeatability is 
required to ensure that the executed task resembles the taught task. Off
line programming, on the other hand, requires absolute accuracy of the 

robot and knowledge about the relative location of the robot peripherals. 
Therefore, link lengtbs and joint angles need to be accurately known. 

• Quasi-static accuracy. For certain applications, the accuracy require
ments are limited to discrete points ofthe trajectory reached at relatively 
low speeds. A typical example is the quasi-static measurement of points 
on the workpiece surface. Here the accuracy of the trajectory between 

the measurement points is of minor importance. Most machining op
erations, on the other hand, require good contour tracking capability or 
kinematic accuracy, since the tooi is in contact with the workpiece during 
oontinuous parts of the trajectory. 

• Sensitive direction. Most applications do not require accuracy of all 
six position and orientation components that determine the relativa loca
tion of the end-effector. For example, the diameter of a cylinder during 
turning is mainly determined by the radial distance of the tooi to the 
centerline of the part. Error components that only affect this distance 
act in the so-called sensitive direction. Relativa movements of the tooi 
in the feed and cutting speed directions do not influence the accuracy of 

the realized diameter ( to the fust order ). Hence, these errors act in 
nonsensitive directions [18]. 

The accura<zy of the relative end-effector trajectory is determined by the sensi
tivity of the so-called structural loop to various error sources. The structural 
loop oomprises the mechanica! components that realize the relative position 
and orientation ( location) between the end-effector and the reference. It con
siste of the workpiece, the fixtures and peripherals holding the workpiece rel

ative to the multi-axis machine, the multi-axis machine, and the end-effector 
( see Figure 1.1 ). The structuralloop is closed by, and usually affected by, the 
workpiece - end-effector interaction. 
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Figure 1.1: Example of the structuralloop duringa milling operation. 

As stated inSection 1.1, a multi-axis machine consists of a series of mechan

ica! links connected together by actuated joints. The nominal position and 
orientation of the end-effector is based on a model that assumes pure linear 
or angula,r motion of the joints, and an ideal geometry of the links and other 
components of the structural loop. The nominal trajectory of the end-effector 
is furthermore based on perfectly coordinated joint movements. In reality, 
several error sourees affect the geometry of the structural loop components 
and the coordinated action of the joints. The result is an actual ttajectory of 
the end-effector that differs from the nominal trajectory. 

In this thesis, the accuracy analysis is limited to so-called quasi-static er
rors. These errors are defined as those errors of relative position and ori
entation between end-effector and workpiece that are slowly varying in time 
and are related to the structure of the structural loop itself [50]. Besides 
these quasi-static errors, the realized trajectory has errors related to the dy
namic behaviour of the structural loop. Typical examples of the latter errors 
are dynamic spindie error motions, imperfections of the controller that coor
dinates the joint movements, servo tracking errors, acceleration dependent 
joint and link deflections, and vibrations, both self-induced and forced. These 
errors can be superimposed on the quasi-static errors and primarily affect the 
repeatability and kinematic accuracy of the machine. 
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The quasi-static errors can be divided into three general classes: those due to 
the geometrie accuracy of components, those due to static and slowly varying 
forees such as the daad weight of machine components and workpiece, and 
those due to thermally induced strains in the structural loop. 

Geometrie errors are due to the limited accuracy of the structuralloop compo
nentsin a certain reference state. Errors due to mechanica} and thermalloads 
are defined relative to this state. T,ypical examples of geometrie errors are the 
limited flatness of the guideways, incorrect link lengths, misalignment be
tween the guides, and the limited accuracy of the used maasurement systems. 
A special class of geometrie errors is due to incorrectly specified end-effector 
dimensions and workpiece location. 

The term geometrie errors is somewhat ambiguous, because most other error 
sourees affect the accuracy of the trajectory by changing the geometry of the 
structural loop. The distinctive property of geometrie error sourees is that 
the error souree remains constant during a manufacturing task. Over longer 

time intervals, however, they are subject to change due to waar and limited 
long-term dimensional stability. 

Although the geometrie error souree remains constant, its effect is dependent 
on the position of the joints. Three mechanisms are responsible. First, the 
geometry of the guideway and the accuracy of the used maasurement sys

tem introduce rotational and translational errors that are dependent on the 

position of the respective joint. Second, the introduced angular errors affect 

the position accuracy of the end-effector through Abbe offsets, that often are 
dependent on the position of the joints and the dimensions of the used end
effector. Finally, the direction in which errors act is affected by the position of 
revolute joints. 

The components of the structural loop are subject to a large variety of quasi
static mechanica! loads that affect the accuracy of the executed task due to 

the limited fini te stiffness of these components. These loads can be classified 
as: 
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• Weight effects. Quasi·static load variations are introduced by the 

weight of moving machine parts, the end·effector, and the workpiece. The 
resulting deformation of elements in the structural loop causes quasi· 

static errors in the relative trajectory of the end-effector. Errors due to 

the weight of moving components can be dependent on the position of one 

joint only, in wb,ich case their effect equals those of certain geometrie er

rors. This proparty is used by many manufacturers to compensate these 

weight effects by convex or concave machining of guides and guideways 

( for example the longitudinal guideway of a lathe ). Here the shape 

of these elements is corrected, using empirica! or analytica! models for 

their defiection. This technique is not possible in case the load acting 

on a guideway is dependent on the position of more than one joint or 
on the workpiece load. For example, in horizontal arm CMMs, errors 

due to bending of the column are usually dependent on both the position 

along the column and the extension of the ram. The workpiece gener

ally causes deformations dependent on its position and weight as well as 

the position of kinematic elements that support the workpiece. SimHar 

independent variables can be identified for deformations introduced by 

the weight of the end-effector. 

• Clamping deformations. In some multi·axis machines, joints are 

clamped during parts ofthe trajectory where they have to remain station

ary. These damping forces can cause deformations and displacements 
of the guided elements, thereby changing the accuracy of the machine. 

A second class of damping deformations is related to the fixturing of 

the workpiece. Especially machining operations require high clamping 

forces to maintain the proper position of the workpiece under action of 

the process forces. 

• Process loads. Dependent on the nature of the executed task, mechan

icalloads are usually generated at the interface between the end-effector 

and the workpiece. These loads cause distortions of components of the 
structuralloop, including the workpiece. In the case of measuring tasks, 

the load consists of the maasurement force. Although this force is rel
atively small ( typically several tenths of a Newton), it can cause sig

nificant defiections of thin walled workpieces and the used probe stylus. 

In many cases, machining operations both generata significant thermal 
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and mechanicalloads. The magnitude and direction ofthe cutting forces 
are related to the cutting parameters, and thus cause task dependent 
variations in the deCormation of the structuralloop. Tlusty [118] reports 
two additional mechanisms by which the cutting force causes variations 
in the relative deflection between tooi and workpiece. First, form errors 
of the blank result in a varying depth of cut. The related cutting force 
variation causes the form error of the blank to be only partly reduced 
after the cut. Especially grinding operations require a large number of 
passes to achieve a sufficient reduction of the blank form error. Second, 
the compliance between tooi and workpiece varies during the tooi tra vel. 
Therefore, even if the cutting force is constant, the deflection varies; 
thus leaving a form error of the workpiece. During assembly operations, 
mechanicalloads often occur when fitting a part into the assembly ( e.g. 
when inserting a pin into a hole ). 

A large number of internal and external heat sourees affect the tempersture 
distribution of the structural loop. Typical examples are the heat generated 
by electronic and hydraulic systems, friction in joints and gearboxes, drives, 
the machining process, the operator, and the machine environment. The 
resulting thermal distortions of the various components often produce errors 
that domina te the accuracy of the executed task. 

Major problems in the analysis of thermal errors are caused by the local action 
of the various heat sources, and the relative slow transfer of the generated 
heat through the structuralloop. The result is an inhomogeneous tempersture 
distribution with associated complex deformations. The dynamic relation 
between tempersture distribution and heat sourees is govemed by relatively 
large time constants. Hence, the resulting deformations of the structural 
loop are affected by the action of heat sourees during previous tasks. This 
requires either a dynamic approach to thermal error modelling, or 'complete' 
messurement of the tempersture distribution. 
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L3 Research objectives and content thesis 

A systematic approach is presented to estimate and describe the quasi-static 
errors ofmulti-axis machines. The goal is a model that describes the relevant 
errors in the relative location of end-effector and workpiece for any position of 
the machine axes. This model can be used to predict the part accuracies that 
can be achieved by the machine, to realize traceability of executed tasks, or 
to enhance the machine accuracy by software compensation of the modelled 
errors. The fust two applications require the estimation of the task accuraey 
from the errors in the relative trajectory of the end-effector. This usually 
requires additional modelling steps and, in some cases, the consideration 
of additional error sourees ( e.g. regarding the numerical properties of the 
estimation software used by a CMM ). Except for relatively simple tasks, this 
analysis is beyond the scope of this thesis. 

A basic philosophy in the presented analysis is that multi-axis machines 
have a highly deterministic nature, especially when they are numerically 
controlled. Many SYStematic errors are perceived as random due to limited 
information about the various error sources. A majortaskof error modelling is 
to explore how these errors can be described without resorting to an excessive 
number of sensors. 

The adopted modelling strategy is founded on the empirical estimation and 
description ofthe various errors. The physics of error generation is considered 
only when it contributes to a better model or a more ef:ficient estimation and 
compensation of the errors. Thus it is not intended to present a method to 
predict the accuracy of a machine in its design stage. However, many of the 
presented techniques can contribute to that purpose. 

Although the presented analysis is intended for the general class of multi
axis machines, only the errors of Coordinate Measuring Machines ( CMMs ) 
and milling machines are analysed in detail. Whereas many of the developed 
concepts can be readily applied to other multi-axis machines, experience has 
shown that each class of machines, and often each factory type, has certain 
particular error characteristics that require dedicated analysis. Therefore 
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a general modelling strategy, such as described in this thesis, can only be 
considered as a first stage in the development of a full error model for a 
certain application. 

The thesis is divided into three closely related parts. In part 1 ( Chapters 
2 and 3 ) a model of the machine errors is developed. Part 2 ( Chapter 4 ) 
addresses the estimation of the unknown parameters in this model using 
artifact measurements. In part 3 ( Chapter 5) the estimated model is verified 
by simulating and compensating the machine errors. Throughout the thesis, 
the developed techniques are applied to a three-axis CMM and a five-axis 
milling machine. 

In the first stage of the modeHing process ( Chapter 2 ), a so-called kinematic 
model of the machine accuracy is derived. This model relates the errors 
in the location of the end-effector relative to the workpiece to errors in the 
relative location of coordinate frames attached to successive components of the 
structuralloop. The latter so-called parametrie errors describe the combined 
effect of all error sourees on the geometry of the structural loop segment 
enclosed by two successive frames. The developed kinematic model can be 
applied to multi-axis machines composed of revolute and prismatic joints in 
an arbitrary serlal configuration. lt is completely defined by the nomina! 
geometry of the structuralloop. 

In Chapter 3, the parametrie errors are related to the status of the machine 
( e.g. the nominal position of the axes ) and its environment. This requires 
models for the geometrie, finite stiffness, and thermal errors. The thermal 
errors of multi-axis machines require a relatively large modelling effort. Es
pecially if these models have to descri he deflections under dynamic or transient 
conditions ( e.g. during the heating cycle of the machine ). This case either 
requires the use of many temperature sensors to assess the ( non-linear) tem
parature field under dynamic conditions, or models that relate the shape of 
the temperature field to changes in the process parameters, heat sources, or 
temperature readings in time. Both approaches are studied. Theoretical anal
ysis of the machine's thermodynamic behaviour and thermal deformations is 
included to improve the quality of the model and to reduce the experimental 
effort required for its estimation. 
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Direct maasurement of the parametrie errors is costly, both in terms of equip
ment and time. Practice has shown that especially geometrie errors can 
change signifi.cantly due to machine usage, and that the resulting accuracy 
varlation has to be checked periodically. Therefore, a general metbod is de
veloped in Chapter 4 to estimate the parametrie errors from relatively simple 
artifact measurements. Criteria are derived to evaluate the efficiency of such 
a calibration. These criteria address the accuracy of the estimated parametrie 
errors and the accuracy of the reauiting model for the machine errors. The 
criteria are applied to optimize the location and choice of the artifacts used. 

Chapter 5 covers the evaluation and verification of the estimated error models 
by romparing the predicted and actual errors of characteristic tasks executed 
by the studied milling machine and the CMM. Here the models are applied to 
enhance the machine accuracy by software error compensation. 

Finally, the research is summarized in Chapter 6. Conclusions are presented 
together with recommendations fu future research. 



2 

The kinematic error model 

In this chapter a so-called kinematic error model of the machine accuracy is 
derived. This model relates errors in the relative location of the end-effector 
to errors in the relative location of coordinate frames attached to successive 
elements of the structural loop. The latter, so-called parametrie errors, de
scribe the combined effect of all error sourees on the geometry of the structural 
loop enclosed by two successive frames. The kinematic model enables the sep
aration of the structural loop into different segments, whose errors can be 
measured and analysed independently. The developed kinematic model can 
be applied to multi-axis machines composed of revolute and prismatic joints 
in an arbitrary serlal configuration. It is completely defined by the nominal 
geometry of the structural loop. The model has been publisbed [108] and 
was successfully applied to model the geometrie errors of a five-axis milling 
machine [116, 94]. In Appendix A, the kinematic model is used to evalu
ate the uncertainty of a measured or realized end-effector location, given the 
uncertainty of the parametrie errors. 

2.1 Introduetion 

The accuracy of a task executed by a multi-axis machine is determined by 
errors in the trajectory ofthe end-effector relative toa certain reference. Two 
alternative approaches are possible to model these errors. 



16 The kinematic error model 

In the first instance, errors in the relativa position and orientation of the 
end-effector are measured fora suitable number of points within the working 
capacity. These measurements can be repeated for various loading and ther
mal conditions. U siDg these data, an empirica! model is estimated that relates 
the machine errors to the position ofthe machine axes and other relevant vari
ables that were varied during the measurements (e.g. workpiece weight ). In 
genera!, simple linear models ( e.g. polynomials ) are used for this purpose. 
The obtained 'black box' model, whose parameters are basically vehicles for 
adjusting the fit to the data, does not reflect any physicai considerations a bout 
error sourees and error propagation. 

A typical example of this approach is the 'error-matrix' metbod reported by 
Dufour [39]. Here, the position errors of a machine tooi are measured and 
stored at various positions in the machine workapace for different loading 
( workpiece weight and cutting force) and thermal conditions. The error in the 
position ofthe tooi under certain conditions is obtained by linear interpoiation 
between the stored values and used to compensate the trajectory of the tooi. 
The cited artiele does not describe experimental results nor a maasurement 
setup. 

Sata [92] describes a similar approach to model and compensate the geomet
rie errors of a machining centre in a single plane. A calibrated master part 

consisting of nine well-finished blocks placed in lattice form on a base plate is 
used to determine the errors in the position and orientation of the tooi. The 
spindie head is moved to the centre of each block, and errors in its realized 
position and orientation are calculated from the readings of seven displace
ment sensors attached to the spindie head. 'lb calculate the error components 
at an arbitrary point in the plane, it is assumed that these components can 
be expressed by quadratic functions of the axis coordinates ( including cross
terros ). U sing linear least squares regression, the unknown parameters in 
these functions are estimated from the experimental data. The choice of the 
model is not explained. 

A 'black box' approach using linear regression techniques is also used by 
Theuws [115] to model the thermal errors of a five-axis milling machine. At 
several positions in the machine workapace the thermal drift in the position of 
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the tool is measured using eddy current displacement transducers. The spin

die drive and spindie hearings were identified as the main heat souree of this 

machine. Therefore various load pattema of spindie speed are applied during 

the experiments. Using these data, a model is estimated tbat relates the drift 

of the tooi holder at the tested position to the values of various temperature 

sensors attached to the machine. The chosen model describes the tooi drift 

as a weighted sum of various temperatures. Extensive statistica! analysis is 

performed to identify the significant temperature sensors and to avoid overfit

ting of the data. The drift at an arbitrary position in the machine workspaee 

is obtained by linear or quadratic interpolation between the modelled drift at 

the tested positions. 

In the second modelling approach, known as parametrie error modelling, the 

machine errors are described as an analytica! synthesis of errors introduced 

in the structuralloop components. The core of this approach is the kinematic 

error model. This model relates the errors in the relative location of the end

effector to errors in the geometry of consecutive structuralloop segments. The 

latter so-called parametrie errors describe the combined effect of the various 

error sourees on the geometry of structural loop components tbat constitute 

such a segment, including the joints. The propagation of the parametrie er

rors to the errors in the realized end-effector trajectory is a geometrie problem, 

completely defined by the nominal geometry of the structural loop. The kine

matic model is therefore a known mathematica! entity. In general, the errors 

of multi-axis machines are small to such an extent that the parametrie er

rors of different structural loop segments do not affect each other. Thus, the 

kinematic model enables the separation of the structural loop into different 

segments whose errors can be individually measured and analysed. 

As shown in the next section, parametrie models are successfully applied to 

describe the geometrie errors of a large variety of multi-axis machines. The 

main reason for this success is that the kinematic model enables a significant 

reduction of the measurements required to estimate the machine errors. As 

explained in Section 1.2, the effect of a geometrie error on the geometry of a 

structuralloop segment is either constant or dependent on the position of the 

joint(s) in that segment. Dividing the machine into segments that contain only 

one joint, yields a model where the respective geometrie parametrie errors are 
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related to the position of one joint only. This greatly reduces the required 
calibration effort. For example, a machine consisting ofthree prismaticjoints 
requires a calibration where the geometrie errors are only measured along 
three lines in the workspace. In contrast, the 'black box' approach requires 
the errors in the location of the end-effector to be measured at many different 
positions in its workspace ( e.g. according to a three dimensionallattice ). 

In this thesis we have chosen for the parametrie modelling approach. The 
use of the known error propagation mechanism, as described by the kinematic 
model, results in an error model that is more reliable, requires less eaUbration 
effort, and yields more insight. Since the errors of the machine are explicitly 
related to the errors introduced in the components of the machine, the ap
proach facilitates the integration of analytica! and empirica! considerations 
concerning the effect of various error sourees on these components. Further
more, the errors of the machine can be directly related to the J>roperties and 
quality of the hardware components used and vice versa. 

The usefulness of a kinematic error model is determined by a number of 
properties, that can be summarized as: 

• Completeness. The model must contain a sufficient number of para
metrie errors to express any possible varlation in the geometry of the 
structural loop that results in a relative error in the location of the end
effector in its sensitive direction. 

• Proportionality. Small changes in the geometry of the structuralloop 
should be reflected by small variations of the parametrie errors [42]. 
This property is especially important to assure numerical stability of 
algorithms used for identification of the unknown parameters. 

• Equivalence. The first kind of equivalenèe reflects the ability to estab
lish a relationship between the functional form of the model and that 
of any other acceptable model [42]. For error compensation purposes, 
it is desirabie if this equivalence can be extended to the model used in 
the controller or programming unit of the machine. For example, in 
the case of industrial robots it is advantageous if the various error pa
rameters can be translated to an appropriate varlation of the popular 
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Denavit-Hartenberg parameters [32] often used to describe the nominal 
kinematics of the robot. The second kind of equivalence refers to the 
ability that the identified parametrie errors can be easily translated to 
the geometry ofthe components that constitute the structuralloop. This 
capability is obviously important if the accuracy of the machine is to 
be related to the quality of the hardware components used. It further 
facilitates the integration of models that describe the response of the 
machine components to various error sources. Finally the parametrie 
errors should have an easy geometrie interpretation and should be easy 

to measure. 

• lndependency. The parametrie errors used to describe errors in the 
geometry of structural loop segments should be mutually independent. 
Especially the parametrie errors of a segment should not be affected by 
those of another segment. 

• Modularity. In view of the large variety of multi-axis machines, the 
model should be modular and structured, so that it can be easily modified 
to be applicable to different machine structures. 

2.2 Literature overview 

The fundamentals of parametrie error modelling can be attributed to Ernst 
Abbe [1]. Abbe realized that the accuracy of measured or generated dis
placement& is affected by unwanted angular motions of the machine's moving 
elements. In single axis distance measuring problems, Abbe showed that first 
order measurement errors are introduced that approximately equal the prod
uct of the angular motion with the distanee between the line of motion and 
the effective axis of the displacement maasurement system. This distance is 
usually referred to as the 'Abbe offset' ( see Figure 2.1 }. 

In his paper, Abbe briefl.y notes that the displacement errors introduced by 
unwanted angular motions are not related to the position of the centre of ro
tation ( to the fust order). This for parametrie error modelling fundamental 
observation can be explained using rigid body kinematics. In general the in-
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Figure 2.1: Unwanted angular motion introduces an error in the X-position of 
point P that approximately equals the relative angular error times the Abbe 
offset. 

stantaneous axis of rotation of an angular error is unknown and its position 
is constantly changing. However, any rigid body displacement of the moving 
element can be described by the translation of an arbitrary reference point 
foliowed by the rotation around the translated point. In Abbe's analysis, the 
reference point { point M in Figure 2.1 ) is originally located on the effective 
axis of the displacement measurement system. The translation of the rafer
enee point during movement can be decomposed into a translation orthogonal 
to the axis of movement ( straightness error) and a translation in the direction 
of the displacement maasurement system. The latter translation is maasured 
by the maasurement system and its error is thus reduced to the maasurement 
error of that system. The change of the Abbe offset due to the straightness 
error of the guideway results in a second order effect on the evaluated dis
placement that usually can be neglected. In fact, the exact change of the 
Abbe offset is usually unknown, since the effective axis of the maasurement 
system is not necessarily straight nor aligned. Thus, the error in a generated 
displacement parallel to the axis of the maasurement system approximately 
equals the sum of the relative error introduced by the displacement maasure
ment system with the effect of the relative angular error as defined by the 
Abbe offset. 
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From Abbe's analysis it is evident that the errors in the displacement of a rigid 
body can he described by the errors in the position of an arbitrary raferenee 
point rigidly connected with that body, as well as angular errors whose centre 
ofrotation is coincidental with the actual position ofthe reference point. Thus, 
the errors in the actual location of a carriage moved by either a prismatic 
or a revolute joint are described by three rotational and three translational 
errors, conesponding to the degrees of freedom of that body. From these six 
parametrie errors, the translation of an arbitrary point on the carriage can 
he calculated, if its nominal position relativa to the raferenee point is known. 
For most multi-axis machines the parametrie errors are very small. It is 
sufficient to detine them as translations and rotations along/about mutually 
perpendicular axes, usually the machine axes ( See Figure 2.2 ). 

Figure 2.2: The three rotational and three translational errors in the location 
of a carriage. The used notation is according to the VDI-2617 guideline on the 
performance evalustion of CMMs [124]. Here the first character of each error 
denotes the axis of movement. 

As stated in the introduetion of this chapter, the accuracy of a task exe
cuted by a multi-axis machine is determined by errors in the trajectory of the 
end-effector relativa to a reference. In general, the location of this reference 
relative to the machine is determined by an alignment procedure using thema
chine. This implies that for a machine consisting of one joint, only variations 
of the various rotational and translational errors during a task are impor-
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tant, not their absolute values. In case of a prismatic joint, the workpiece is 
usually aligned to the average line of motion of the carriage. Therefore trans
lational errors orthogonal to the nominal movement { straightness errors ) 
are measured and defined relative to the average line of movement { usually 
specified in a least squares sense ). Similarly, the errors of a revolute joint 
are usually defined relative to the average axis of rotation. This implies that 
translational and rotational errors along/about axes orthogonal to the joint 
axis have no once-per-revolution sinusoidal component. In case of a revolute 
joint, however, constant errors in the geometry of the moving element are 
important. This is due to the change in the effect of these errors dependent on 
the position ofthejoint. The information that parametrie errors must contain 
to describe the relative errors in the end-effector location is more extensively 
discussed in Appendix B. 

When two or more axes are combined, other parametrie errors must be in
cluded to specify the relative location ofthe axes. Two ofthe most common are 
orthogonality ( also called squareness or perpendicularity ) and parallelism 
[50]. Usually the average axis of motion of one joint is defined as reference, and 
the other axes are defined from it. For a machine consisting of two nominally 
orthogonal prismatic joints, one squareness parameter is needed to describe 
the actual angle between the two average axes of motion. This parameter can 
be added as an offset value to the respective angular error of the first carriage. 
Similarly, a third joint would require two additional squareness parameters 
to describe its orientation relativa to the plane spanned by the first two axes. 

A number of the above concepts were collected by Schlesinger, who in 1932 
established a systematic framework of measurements for acceptance testing 
of machine tools [97]. Formulated from the viewpoint of machine tooi build
ing, these tests were focused on the straightnessof guideways, their mutual 
squareness, and their parallelism or squareness with the spindie axis [119]. 
Schlesinger's classic tests were intended for manually operated machines, 
where the skilied operator measured the workpiece during an operation and 
was able to eliminate functional effects, such as deformations due to weights, 
clamping farces, thermal influences, or dynamic displacement errors [59]. Es
pecially with the introduetion of NC machine tools, the maasurement and 
definition of parametrie errors were further refined, e.g. regarding the effect 
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of unwanted angular motions upon errors of positioning and straightness at 
various offsets, and spindie rotation accuracy ( see e.g. Bryan [17, 18, 15], 
Ericson [41], and Tlusty [117, 121, 122, 119] ). 

For analysis, prediction, and compensation purposes, kinematic models were 
introduced descrihing the combined effect ofthe parametrie errors on thema
chine accuracy. As in Abbe's analysis, the roodels are based on the fundamen
tal assumption that the various errors are small compared to the characteristic 
dimensions of a machine task. This enables the use of first order approxima
tions in the analysis of the effect of angular errors. Thus roodels are obtained 
where the errors in the relative location of the end-effector areexpressedas a 
known linear combination of the various parametrie errors. With the excep
tion of misalignment errors ( e.g. in the location of the workpiece relative to 
the machine ), we found no cases in the existing literature where errors have 
to be described with such a high relative accuracy that second or higher order 
effects have to be considered. In Section 2.3 it is shown that this would lead 
to nonlinear kinematic roodels and complex error definitions. 

Early approaches to kinematic modeHing presented by for example Leete [64], 
Wong [138], French [47], and Love [65] rely on trigonometrie techniques to 
individually analyse the effect of each parametrie error. Later work is either 
implicitly or explicitly basedon the use of coordinate frames. These frames are 
rigidly attached to various components of the structuralloop. The parametrie 
errors are defined as the three angular and three translational errors in the 
relative location of two successive frames. The rnathematics of rigid body 
kinematics is used to model the propagation of these parametrie errors to the 
errors in the relative location of the end-effector. This systematic approach 
allows a complete analysis of any machine structure without resorting to 
complicated and error prone geometrie arguments [51]. 

Examples of roodels based on the coordinate frame approach can be found in 
the workof Belforte [8], Busch [20], Donmez [33, 35}, Duffie [38, 37], Ferreira 
[45, 44, 46], Hocken [51], Kruth [60], Portman [86], Schuitschik [98, 99,100], 

and Zhang [144]. Only subtie differences between the various presentations 
can be identified, e.g. regarding the mathematica} apparatus used to derive the 
models, the place where the errors are defined, and the treatment of machines 
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with moving tables. In many cases, the models are intended for the analysis 
of geometrie errors only. 

In most reports the errors between two coordinate frames are mathematically 
described by a 3 x 1 translation vector foliowed by a 3 x 3 rotation matrix. The 
use of a homogenous coordinate representation enables Donmez and Ferreira 
to model the errors between two frames by a single 4 x 4 transformation 
matrix. 

The parametrie errors of a certain axis are generally defined in the tip of a 
reierenee end-effector, when all axes higher in the kinematic chain from work
piece to end-effector are at home position. They are defined along/about the 
axes of the machine coordinate system. Thus the various coordinate frames 
nominally coincide when alljoints are at home position. The advantage ofthis 
error definition is that Abbe offsets are only determined by the position of the 
machine axes and the dimensions of the used end ..:effector. Thus a relatively 
simple kinematic model is obtained that contains a minimum number of Abbe 
offsets and is largely independent of machine construction parameters ( e.g. 
the position of the scales relative to the machine workapace ). A disadvantage 
of this approach is that the parametrie translation errors cannot be directly 
related to the straightness of the used guideways, the quality of the posi
tion maasurement systems, and vice versa. This probably motivated Fereirra 
[45, 44, 46] to define the parametrie errors in the centroid of the joints. He 
furthermore separates these errors into those introduced by the shape of the 
joint guideway and those introduced in the link connecting two joints. In early 
work by Schuitschik [99], the parametrie errors are defined on the effective 
line of the position maasurement system of an axis, and thus can be directly 
related to the quality of that system. Various definitions of the parametrie 
errors are discussed in Section 2.4. 

Squareness errors are usually defined in the tip of a reference end-effector 
when all axes are at zero position. In some cases their definition equals that 
of related angular parametrie errors and is implemented as an offset value 2.3. 
Some researchers (e.g. Kunzmann [62] ) define and implament squarenessas 
the average angular error between two axes. 
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Figure 2.3: lmplementation of the squareness error xsy between the X- and 
Y- axis as an offset value for the xrz error. The squareness error between both 
axes at a certain position equals the sum of xsz and xrz. 

In the few cases where revolute joints have been considered ( spindie errors ), 
its parametrie errors are defined in a point on the ( average) axis of rotation. 
Neumann [79] characterizes the accuracy of a CMM rotary table by four error 
parameters ( two translations and two rotations ). These parameters are also 
used in the VDI-guideline on the performance evaluation of CMMs [125]. In 
our opinion this approach does not satisfy the completeness requirement. 

Researchers who have analysed machines with moving tables ( e.g. [51, 86, 
33, 45, 99] ) usually evaluate the kinematics of the machine from table to end
effector. Relative to the table, the definition of the parametrie errors equals 
that of a machine with a fixed table. Hocken [51] and Schuitschik [99] take a 
different approach. Here the structuralloop is separated into two kinematic 
chains, one from machine base to end-effector ( the tooi chain [99] ) and one 
from machine base to workpiece ( the workpiece chain [99] ). Both ebains are 
evaluated from machine base to respectively end-effector and workpiece. This 
implies that the parametrie errors of the workpiece chain will have an opposite 
sign to similar errors in models where the kinematic chain is evaluated from 
table to end-effector. 

The above kinematic models were generally developed for, and applied to, 

measuring machines and machine tools. Although, at least in principle, these 
models can also he applied to industrial robots, this has to our knowledge not 
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been tried in the existing literature. lnstead, the area of industrial robots 
is characterized by a different approach to kinematic modelling. Here much 
research is focused on descrihing the effect of constant errors in the nominal 
robot parameters used to calculate the trajectory of the end-effector as a runc
tion of the joint positions. Typ i cal examples are errors in the geometry of links 
and encoder offsets. Due to the a bundance of revolute joints, industrial robots 
are very sensitive to this class of errors. With the exception of finite stiffness 
effects and encoder errors, parametrie errors that change with the position of 
the joints have received relatively little attention. 

This different approach has resulted in kinematic models that usually contain 
fewer parametrie errors than the models used to describe machine tools and 
measuring machines. This can be explained by considering a robot consisting 
of R revolute joints and P prismatic joints. In accordance with the above 
paragraph, we only consider the effect of constant errors in the links andjoints. 
If all joints are at home position, 6 error variables are required to descri he the 
errors in the location of the end-effector relative to a reference. The trajectory 
of the end-effector due to the movement of a prismaticjoint requires two err9r 
variables that describe errors in the orientation of the joint axis. Note that 
all other constant errors introduced by the joint are already included in the 
initial location of the end effector. Similarly, a revolute joint needs only 4 
error varia bles. These errors describe the position and orientation of the axis 
of rotation. Again, the constant translation and rotation errors along/about 
the joint axis are already included in the initiallocation of the end-effector. 
Thus the robot requires a kinematic model with 6 +4R+ 2P parametrie errors, 
if its links and joints have constant errors. A formal proof of this condusion 
has been presented by Everett [42, 43]. If the reference frame of the task 
is determined by the machine ( without errors ), the number of ( constant ) 
parametrie errors can be reduced to 4R + 2P. 

The joints of an industrial robot are controlled by a computer which uses a 
kinematic model of the robot to compute the relationship between the values of 
the joint coordinates and the relative location ofthe end effector. The number 
and character of the parameters used in these models equals that of the above 
mentioned constant parametrie errors. Thus the effect of constant errors can 
be described by ( constant ) errors in these parameters. Researchers who 
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attempted to use this approach encountered serious probieros due to the Jack 
of proportionality and independenee of these parametrie errors. 

Since less than six parameters are used to describe the relative Iócation oftwo 
bodies, robot roodels have a set ofrules regarding the assignment of coordinate 
frames to these bodies. For example, the popular Denavit-Hartenberg con
vention [32, 81] requires the origin of a frame descrihing the location of a link 
to be at the intersection of a revolute joint axis and the common normal with 
a consecutive revolute joint ( see Figure 2.4 ). One of the model parameters 
describes the distance of this origin to a similar intersection defined by the 
common normal with a preceding revolute joint. This distance is infiuenced by 
the relative orientation of both the preceding and consecutive revolute joints. 
Thus the respective error is dependent on orientation errors and is infiuenced 
by the geometry of two links. Furthermore, if consecutive axes are nearly 
parallel, small changes in their relative orientation can cause large changes 
in this error. 

Figure 2.4: Coordinate frame placement according to the Denavit-Hartenberg 
convention. The relative location of two successive coordinate frames is de
scribed by the parameters d, cp, a, and a. 

To overcome these undesirable characteristics, a large number of alternative 
kinematic models have been proposed ( for a comprehensive review see e.g. 
[42, 146] ). These models use alternative frame placement rules (e.g. for near 
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parallel axes ) or require extra parametrie errors. However, only when six 
parametrie errors are used to describe the relative location of two frames, i.e. 
when there are no rules that restriet the relative location of frames attached 
to the actual machine structure, proportionality can be guaranteed for any 
machine contiguration [146]. In that case the sameerror model can be used 
if variabie errors have to be described. However, the various parametrie 
errors will be mutually dependent if the analysis is limited to machines with 
constant errors. Since a six-errors-per-joint error model is complete. it can 

describe any variation in the parameters of the kinematic model used in a 
robot controller. lf the errors are constant, both models are complete and the 
respective parametrie errors can be extracted from each other ( see e.g. Stone 
[112] ). 

2.3 Mathematica! description kinematic model 

2.3.1 The chosen approach 

In this section, a kinematic model is derived using an explicit coordinate 
frame approach. The obtained model relates errors in the relative location 
of coordinate frames attc~ched to end-effector and workpiece to errors in the 
relative location of coordinate frames attached to successive componentsof 
the structural loop. The latter ( parametrie ) errors describe the difference 
between the nominal and actual geometry of structural loop components en
closed by two successive frames. The modeHing metbod can be applied to 
multi-axis machines composed of revolute and prismatic joints in an arbitrary 
serial configuration. The explicit use of coordinate frames provides a highly 
systematic framework to assess the errors of multi-axis machines. Although 
the modeHing technique is more complicated than a trigonometrie or error vec
tor approach in case of machines consisting of prismatic joints in a cartesian 
configuration, it especially facilitates error modelling if the machine contains 
revolute joints. 

The derived model bas a number of characteristics that can be summarized 
as: 
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• Linear. The errors in the relative location of the end-effector are ex
pressed as a known linear combination of the various parametrie errors. 
This requires two approximations. First, a tirst order approximation is 
used for the effect of angular errors (i.e. cose ~ 1, sine ~ e ). Sec

ond, it is assumed that the difference between the nominal and actual 
structuralloop geometry does not significantly change the active arm of 
angular errors and the direction in which the various errors act. These 
approximations are valid for most multi-axis machines, even if they have 
significant tinite stiffness related errors. Only if the model has to pre
dict the errors with an extremely high relative accuracy, a nonlinear 
approach may be necessary. At the end of this section the merits and 
problems of a nonlinear approach will be discussed. 

• '1\vo kinematic chains. The multi-axis machine is divided into two 
kinematic chains. The so-calledA chain ortooi chain contains the com
ponents that support the end-effector relative to the base frame of the 
machine. Similarly the B chain or workpiece chain contains the com
ponents that support the workpiece. Both A and B chain are evaluated 
from machine base to respectively end-effector and workpiece. Oom
pared to one kinematic chain from workpiece to end-effector, the use of 
two ebains facilitates the integration of parametrie error measurements 
into the model. It is common praetice to measure these errors as [50]: 

- if the carriage function is to carry the tooi ( i.e. the carriage is part 
of the A chain ), measurements are made relative to a nominal 
workpiece position. 

- if the carriage function is to carry the workpiece ( i.e. the carriage is 
part of the B chain ), measurements are made relative toa nomina! 
tool position. 

Furthermore, the interpretation of the reauiting parametrie errors is 
intuitively more appealing. For both A and B chain they describe the 
errors in the location of a moving carriage relative to a guideway. 

• Actual minus nominal. The parametrie errors in the derived kine
matic model describe the difierence between the actual and nomina! 
geometry of parts enclosed by two successive coordinate frames. Here a 
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sign convention is used corresponding to actual geometry minus nominal 
geometry. Similarly, the errors in the relative location of the end-effector 
are defined as actual location minus nominal location. For measuring 
machines, however, the errors in the measured position of a point equal 
the reversed error in the realized position of a point ( see Figure 2.5 ). 
Therefore it is common practice to define the parametrie errors of CMMs 
according to a nominal minus actual convention ( See e.g. the VDI 2617 
guideline on the performance evaluation of CMMs [124] ). Since many 
machines are used both for measuring and positioning purposes, we de
cided to avoid confusion and treat all devices as positioning equipment. 
Dependent on the function of the machine, the errors in the relative lo
cation ofthe tooi are translated into the errors ofthe executed task with 
the appropriate signs. 

• Complete structural loop. The derived model describes the effect 
of errors introduced in the complete structural loop, including errors 

/ 

related to the location and deformation of the workpiece. 

• Squareness as offset. Squareness errors are implicitly contained in 
the model as an offset value for eertaio angular errors. This offset is 
adjusted such that the respective angular error describes the measured 
squareness error at a eertaio axis position. 

Error In realized distance 

' I 
I 
I 
I 
I 
I 
I 
I 
I 

' I 
I ___ l __ _ 

Realized distance 

Nomina! distance 

Error In measured distance 

Homlnal distonce 

Figure 2.5: The direction of the error in a realized distance is opposite to that 
in the measured distance. 
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2.3.2 Nomenclature coordinate frames 

The basic function of the kinematic model is to describe how errors in the 
geometry of structuralloop components affect the relative location of the tooi. 
Variations in the error propagation are only due to the position of the machine 
joints and the dimensions of the used end-effector ( to the tirst order ). There
fore, the number and position of the coordinate frames is chosen such that 
there is one kinematic element between every two frames. It should be noted 

that the analysis presented below can be applied to any choice of the number 
and orientation of the coordinate frames. 

Starting with the global coordinate frame 0 attached to the base of the multi
axis machine, the orthogonal frames are successively numbered. As depicted 
in Figure 2.6, a prefix is added to this number in order to identify the oorre
sponding frame as being part of chain A from machine base to end-effector 
or chain B from base to workpiece. Three additional frames tl, wr, and wf 

are used in the analysis. The tooi frame tl is attached to the end-effector and 
describes the location of its interaction with the workpiece. The workpiece 
reference frame wr is usually attached to the workpiece and represents the 
relerenee relative to which the manufacturing task is defined. In other words, 
only errors relative to this frame are important. Finally, the workpiece feature 
frame wf describes the location of the workpiece area where interaction with 

the end-effector is desired. 

The nominallocation ofthe tooi frame tl coincides with the nominal workpiece 
feature frame wf during those parts of the manufacturing task where there 
is an interaction between end-effector and workpiece. In reality, errors can 
be identified in the location of both frames relative to the workpiece reference 
frame wr that degrade the accuracy of the executed task. The errors in the 
location of frame tl relative to frame wr can be attributed to the multi-axis 
machine, the end-effector, and the location of the workpiece relative to the 
machine ( i.e. alignment errors ). Errors in the relative location of frames wf 

and wr are caused by the deformation of the workpiece, e.g. due to thermal 
expansion. 
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Figure 2.6: Nomendature of the coordinate frames attached to a multi-axis 
machine with n + m kinematic elements. 
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2.3.3 Derivation of the model 

In this subsection, the errors in the relative location of frames tl and wr are 
related to the errors in the relative location of successive coordinate frames 
that constitute the structural loop between these frames. Dependent on the 
task of the machine, these errors are combined with the workpiece deforma
tion, i.e. the errors between frames wf and wr, to describe the errors of either 
a realized or measured feature frame location on the undeformed workpiece. 

The spatial relationship between coordinate frames can be effectively de
scribed using homogeneous transformations ( see e.g. [81] ). A homogeneous 
transformation relates the homogeneaus coordinate representation of an ob
ject in two different coordinate frames by a single 4 x 4 matrix. The homoge

neous coordinate representation of an object can be viewed as the addition of 
an extra coordinate to each vector, a scale factor, such that the vector has the 
same meaning if each component, including the scale factor, is multiplied by 
a constant. 

The nominal relation between the homogeneons coordinates •.2 and 1p_ of a 
pointpin frames k: and l, respectively, is described by the 4 x 4 transformation 
matrix A: T, [81]: 

(2.1) 

where: 

= [ (2.2) 

(2.3) 

In this transformation the 3 x 3 matrix ~:R1 describes the orientation of frame 
l relative to frame k:. lts columns contain the unit direction vector components 
ofthe X, Y, and Z axes of coordinate frame I in termsof coordinate frame k. 

The 3 x 1 vector ~:.tz specifies the position of the origin of coordinate frame l 
relative to frame k. Since matrix 1cR1 is orthogonal, the inverse transformation 
can be expressed as: 

(2.4) 
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where: 

(2.5) 

Fora multi-axis machine with n kinematic elements in chainA and m elements 
in chain B, successive application of these transformations yields the following 
expression for the nominallocation wr T,t of the tooi coordinate frame tl in the 
workpiece reference coordinate frame wr: 

wrTtt = wrTo oTt~ 
1 n 

= wrTbm IT ( bieTbie-l) IT (alc-lT .. ~c) anTa 
lc=m lc=l 

(2.6) 

(2.7) 

In the actual multi-axis machine, errors in the geometry of structuralloop com
ponents cause errors in the relative location of successive coordinate frames. 
Because none of the contemporary multi-axis machines shows an absence of 
Abbe offsets, the relevant errors in the relative location of successive frames 
are not limited to those in the moving direction of an enclosed kinematic ele
ment. Consequently, the following errors are to be considered in the relative 
location of two successive frames k - 1 and k: 

• rotational errors Jc-lEJcz , Jc-lEJc11 , and Jc-lEJcz about the X, Y, and Z axes 
of frame k respectively. 

• translational erro:r:s 1c-1elcz, lc-le1c11 , and Jc-1e1c.., along the X, Y, and Z 
axes of frame k respectively. 

In the analysis of the effect of angular errors on the machine accuracy, a 
first-order approximation is used (i.e. cos(e) RS 1 and sin(e) RS e ). Applica
tion of this approximation yields additive and commutative properties for the 
various errors. Thus, the angular. errors can be defined as rotations about 
mutually perpendicular axes. Due to these properties, the various angular 
and translational errors between two frames can be combined into a single 
vector 1c-1E.t.. because they possess all the properties that veetors in a vector 
field must satisfy. Geometrically, the direction ofthe rotation subvector le-l"" 

represents the axis ofrotation, and its length represents the magnitude ofthe 
rota ti on. 
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The fust order approximation, yields the following relationship between the 

actual transformation lc-1Ta1c and its nominal lc-1T1c: 

1c-1Ta1c = 1c-1T1c · 

Trans [z,~c-lelc.,]· Trans [Y,Ic-lelc11] ·Trans [z,~c-lelc .. ]· 

Rot [x, lc-lêlc.,] ·Rot [y, lc-lêlc11] ·Rot [z, lc-lêlc .. ] (2.8) 

= 1c-1Tic (I+ 1c-lc5T~c) (2.9) 

where: 

Trans [z,~c-lelc.,] 

Rot [z,lc-lêlc.,] 

I 

translation along the local X axis by a distance lc-lelc., 

rotation about the local X axis by an angle lc-lêlc., 

(2.10) 

Similarly, the actual location ...,. Tat1 of the tooi coordinate frame relative to 

the reference can be expressed as: 

...,. Tatl = ...,. Ttl ( I + ...,.c5Tt1 ) (2.11) 

where: 

(2.12) 

Here transformation ...,.c5Ttl contains the errors in the location ofthe tooi frame 

tl relative to the workpiece reference frame wr. lt consists of angular errors 

wr§tl = [...,.êt/.,,wrêt111 ,...,.etl.o]T defined about the X, Y, and Z axes ofthe nominal 

tooi frame tl and translation errors wr~l = [wret/.,, wrea11 , wretl.s]T along these 

axes. Successive application of Equation 2.9 yields the following expression 

for the actual location wr Tatl of the tool frame relative to the workpiece 

reference frame: 

1 " 

""'Tatl = wr Tabm rr ( blc Table-l ) rr ( alc-1 Ta,.,. ) "" Tatl (2.13) 
lc=m lc=l 
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uw Ta,, = ( I - uw6T~>m ) ..". T1>m · 
1 

TI ( ( J- w.6T&k-l) bkTbk-1) . 
k=m .. 
TICak-lTakU+ak-lÖTG.k)) • 
k=l 

GnTtt (I+ (l .. 6T,,) (2.14) 

Transformation ..... 6Ta contains the errors in the location ofthe tooi coordinate 
frame tl relative to the last frame an of the tooi chain. It essentially describes 
the errors introduced by the used end-effector. In the case of coordinate roea
suring machines, these errors ( i.e. the position of the measured point relative 
to the ram) are generally related to the probe system and probe strategy used. 
For metal cutting machine tools, errors such as spindle-induced errors, tooi 
misalignment, tooi wear, and thermal tooi expansion can be included into this 
transformation. 

Transformation 1>m6T- contains the errors in the location of the workpiece 
raferenee relative to the last frame bm of the workpiece chain. It essen
tially describes the errors introduced by the peripherals used to support the 
workpiece relative to the machine table. The initia! value of these errors is de
termined by the alignment procedure of the workpiece. For a fully machined 
or measured workpiece, the workpiece reference frame is generated by the 
machine. In this case, the initia} errors in its relative location are determined 
by the errors of the machine during alignmenl Thus the accuracy of the re
spective task is fully determined by the variation in time and place of errors 
in the structural loop relative to those during alignment. 

In the elaboration of Equation 2.14, an approximation is made by ignoring 
higher order terms consisting of the product of a matrix 8T with one or more 
similar matrices. As explained in the introduetion of this section, this approx
imation is valid in the context of this research. The ignored terms describe 
the effect of the difference between the actual and nomina} geometry of struc
tural loop components on the active arm of angular errors and the direction 
in which the various errors act. They are discussed at the end of this sec
tion. Due to the approximation, the propagation of the errors is defined by 
rigid body movement, and a linear relationship between the various errors 
can be formulated. Combining Equation 2.11 with Equation 2.14 now yields 
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the following expression for the error ..".óTt1 in the relative loca.tion between 

end-effector and workpiece reference: 

..". óT tl = - tlT ..". ,_ óT ..". ..". T tl 
1 

- E ( "T,A: 6A:-1ÓT6A: 6A:Ttl) 
A:=m 

n 

+ E ( ,,T .. ~: t&A:-1c5T .. ~: .. ~:Ttl) 
1:=1 

+ 11nÓTtl (2.15) 

In Equation 2.15 the error ..".óT,, in the relative location of the end-effector 

are expressedas a known linear combination of the errors ~:- 1 c5T~: in the 

relative location of two successive coordinate frames. For each two successive 

coordinate frames Ie- 1 and Ie the respective contribution !".c5T11 to ..".c5T,1 is 

described by: 

(2.16) 

The nature of this contribution can be deduced from the transform graph [81] 

presented in Figure 2. 7. In order to obtain an explicit relationship between the 

various rotational and translational errors, Equation 2.16 is further expanded: 

(2.17) 

(2.18) 

Figure 2. 7: Differential transform graph for the con tribution !".óTtl of ~:- 1 óT~: 
to the errors between frames wr and tl. 
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Due to tbe first order approximation, tbe various errors have commutative 
and additive properties. Therefore the three angular errors can be combined 
into a single vector'-· The transformation t~óR.~c of a vector n can be expressed 
as the cross product of the respective angular error vector with that vector, 
i.e. d'-i x n. If the column veetors of transformation .~eRe! are denoted as n , 
.Q.., and A., Equation 2.18 can be further expanded to: 

Ie m'!l -..".u.Lt -

= 

[ 
~cRczT [ 4-1'-i X I! 4-1'-i X Q. i-1'-i X !i. ] 

0 0 0 

~c:Rc? ( .1c-1'-i x~~)+ ~cR:? 1:-1~] 

[ 

I!. ( A:-1'-A: x I!) n.. ( A:-1'-A: x .Q..) n.. ( A:-1'-.lc x .1!.) 
2.: ( i-1'-i: x I!) 2..' ( i-1'-k x .2.) .2... ( 4-1'-i x i!.) 
A.. ( A:-1'-4 x I!) A.. ( A:-1'-4 x .2.) .1!.. ( i-1'-i x .1!.) 

0 0 0 

[ !: ~ :=:: = :t: ~ l +~:Re? 4-1~ l 
i!.. ( A:-1'-i x lcÎtl ) 

0 

= [ i!.. ~1'-A: -.I!,. ~1'-A: -!: :=:: 
- Q: 4-1'-i I! . A:-1'-4 0 

0 0 0 

[ • .tt, x ,:a" r -~'-i+ .:ac? ·-1~ l 

(2.19) 

(2.20) 

(2.21) 

In Equation 2.21 dtt x ~:Rei denotes a 3 x 3 matrix whose columns contain the 
vector product of ~:1t1 with the respective columns of ~cR:z . Equating the 
individual matrix components of Equations 2.12 and 2.21 yields the following 
expression for the contributions !...'-:1 and !".!àt oftbe rotational errors 1:-1'-i 

and translational errors ~:- 1~ to the errors in tbe relative location of the 
end-effector: 

!...'-:1 = ,:a,,r A:-1'-A: 

!".!àl = [ .~c1t1 X ~cRtl ] T i-1'-i +~eRe? A:-1~ 
(2.22} 

(2.23) 

In Equations 2.22 and 2.23 the rotation matrix .~c:Rczr = tiR~c transfarms the 
errors 1:-1'-A: and ~:-1~ defined in frame k tothetooi coordinate frame tl. The 
effect of the angular errors .~c- 1 '-.lc on the position error of the end-effector is 
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determined by their active arm ,.;t,1 • The resulting error is again transformed 
to the tooi frame by the rotation matrix ~oRt?. 

According to Equations 2.15 and 2.16, the angular and translational errors 
between tooi and workpiece, combined in the 6 x 1 vector -E.u , ca.n now be 
expressed as a known linear combination of similarly denoted errors in the 
relative location between successive coordinate frames: 

m ,. 

-Etz = - ,,F_ ~omE-- L ( tzF~>~r blr-1EI>Ir) + L ( tzF .. ~r a~r-t.E...~r) + .. ..Etz (2.24) 
lr=l lr::l 

where: 

..... & = [ wrêtl111 wrêt111 -ea" wretlz wret/11 wretb ] T (2.25) 

J:-tE.è = [ J:-t€&111 lr-t€&11 a-tea" 1r-1ea111 lr-lea11 1r-1e1r" ]T (2.26) 

,,F,. = [ ~oRt? 0 l [ ,.;t,, x ,.Rt, r ,.R,,X 
(2.27) 

= [ ,,R,. 0 ] 
( tzb. x tzR~r ) tiR~o 

(6 x 6 matrix) (2.28) 

In Equation 2.24 the 6 x 6 matrices t1F1c describe how the errors ic-t.E~r in the 
relative location of two successive coordinate frames affect the errors ..".Et, in 
the relative location of end-effector and workpiece reference. These matrices 
are compietely defined by the nominal geometry of the structurai loop. The 
errorS .. ..Et! in the location of the end-effector relative to the last frame 
an of the kinematic chain are directly added to the errors -Etz , because 
both are deti.ned in the nominal tooi frame tl. For some applications it is 
necessary to transform the errors ..".E.u from the tooi coordinate system to 
another system l, e.g. the workpiece coordinate system. This can be achieved 
by premultiplying the orientation and translation subveetors of ..".E.u with 
the appropriate orientation transformation ,R,, . The same effect is obviously 
achieved by premultiplying each of the 3 x 3 submatrices of tiF~c with the 
same orientation transformation. 

From a practical viewpoint, it may be worth noticing that the F-matrices 
follow the usual transformation rule t/Fir-1 = ,,F~c ~cFic-t· The inverse F -matrix 
can be obtained by taking the transpose of its 3 x 3 submatrices. Since the 
nominal location of tooi frame and workpiece feature frame coincide, aF..". 
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equals VI/Fwr. The latter matrix is defined by the nominal machine task, so 
the explicit calculation of the nominal workpiece reference location relative to 

the machine ( i.e. ".,. T tor ) is not required. 

2.3.4 Errors of elementary measurement and positioning 
tasks 

'lb describe the errors of a manufacturing task, the errors tur!iUI between 
tooi frame and workpiece reference frame have to be combined with the er
rors turEw/ between workpiece feature frame and workpiece reference frame 
( i.e. the errors that describe the workpiece deformation ). Here we have to 
differentiate between measurement and positioning. 

Measurement 

Maasurement involves the estimation of the location of a workpiece feature 
frame wf relative to the workpiece reference frame wr. This location is cal
culated from the position of the machine joints when interaction is detected 
between workpiece and end-effector ( i.e. the when the actual frames wf and 
tl coincide ). Here a model is used basedon the nominal geometry ofthe struc
tural loop. Therefore, the measured relative location of the feature frame 
equals - Ttl . The real value of the measurand ( quantity to be measured ) 
equals the relative location of frame wf in the undeformed workpiece, i.e. 

turTwJ • 

Using the transform graph of Figure 2.8, the error :,.6Tw1 in the measured 
relative location of frame wf can be expressed as: 

{I+ :,.6Tw/) = (I+ tJJr6Twj) (I- wr6Tt/) =? 

:,.6Twf ~ wr6TwJ- tJJr6Ttl 

(2.29) 

(2.30) 

In the derivation of Equation 2.30, a first order approximation bas been made 
by neglecting thesecondorder term -6TwJ _6Tt~. Thus the errors :,.Esu1 in 
the measured relative location of frame wf approximately equal the errors due 
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Figure 2.8: Transform graph for measurement tasks. 

to the deformation of the workpiece minus the errors in the actuallocation of 
the end-effector during measurement: 

(2.31) 

Note that due to the various errors, the measured feature does not equal the 
feature defined in the NC program of the machine. U sually this does not lead 
to problems, unless the characteristic dimensions of the measured object are 
of the same order as the errors of the structural loop. 

Macbining and handling 

In case of machining and handling operations, the task of the machine is to 
realize a relative location .".. Twf of the workpiece feature frame wf in the 
undeformed workpiece. Assuming that the unwanted workpiece deformation 
."..llrwl during manufacturing is reversible, the error !:".c5Tw/ in the generated 
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Figure 2.9: Transform graph for machining and handling task.s. 

feature is determined by the actuallocation of the end-effector frame relative 
to the actual workpiece feature frame. Using the transform graph of Figure 
2.9, this error can be expressed as: 

(I+ ~6TwJ) = (I- ._6TwJ) (1 + ._6Ttd => 
~D'Tw/ R$ - wr6Tw/ + wrÓTtl 

(2.32) 

(2.33) 

Note that in the derivation of Equation 2.33, the second order term 
wróTwJ wr6T,, has again been neglected. Thus the errors t,,.EwJ in the re
alized relative location of the feature frame wf in the undeformed workpiece 
approximately equal the errors in the actuallocation of the end-effector during 
manufacturing minus the errors due to the deformation of the workpiece: 

(2.34) 

As expected, the errors during machining and handling tasks have an opposite 
sign to those during measurement. 
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2.3.5 Calculation of compensation parameters 

Software compensation of measurement tasks is relatively straightforward. 
lt can be achieved by directly subtracting the predicted errors from the mea
sured location of the feature frame. In contrast, software compensation of 
positioning machines requires the calculation of correction values for the joint 
coordinates from the predicted errors in the relative end-effector location. 
The required inverse kinematics analysis is relatively complicated in case 
the machine contains revolute joints. However, since the errors are small, a 
simpli:fied analysis is possible using the derived kinematic model. 

An unknown compensation variabie is added to each parametrie error in the 
kinematic model that describes the position error of an axis. U sing the kine
matic model, these variables are calculated as the values that minimize some 
measure of the resulting ( compensated ) errors in the realized relative lo
cation ( or trajectory ) of the feature frame. Software compensation is then, 
in principle, achieved by adding the optimized compensation values to the 
set-point position of each axis. Since the ( kinematic) model for the errors in 
the compensated feature location is linear in the correction variables, the op
timization problem is usually relatively straightforward and does not require 
an iterative procedure. Note the implicit assumption that the ( systematic ) 
errors of the machine do not change significantly over distances of the same 
order as these errors. Obviously, full software compensation of all six errors in 
the relative location of the end-effector is only possible if the machine contains 
the appropriate joints. Software compensation of measurement tasks can be 
achieved by a similar procedure. 

2.3.6 Higher order error terms 

Until now, only first order effects of the various parametrie errors have been 
considered. The result is a kinematic model that describes the errors in the 
relative location of the end-effector as a ( known ) linear combination of the 
various parametrie errors. This section is completed with a short discussion 
on the merits and problems of higher order error terms. 
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From a mathematical viewpoint, the incorporation of higher order error terms 
requires the following changes in the modelling procedure presented in this 
section: 

• Second or higher order error terms effectively destroy the additive and 
commutative properties of the errors between two coordinate frames 

(e.g. Trans [k-te~c.,] ·Rot [~c-tSk11] :f. Rot [~c-te~c11] ·Trans [k-telc.,] ). Thusthe 
definition of these errors should include their order ( i.e. they cannot be 
defined as rotations and translations along/about mutually perpendicu
lar axes). 

• In the first order model presented in this section, the effect of a paramet
rie error on the relative location of the end-effector is completely defined 
by the nomina} geometry of the structural loop. The incorporation of 
higher order effects causes the direction of a parametrie error and its 
Abbe offset to be dependent on the parametrie errors of other coordi
nate frames (i.e. the product ~r-1 c5T~r ,_1c5T, cannot be neglected ). Note 
that the dependency on parametrie errors belonging to the same frame 
combination has been discussed in the preceding item. 

• In the first order model, each matrix element of the error transformation 
uwÖT11 between end-effector and reference is related to only one of the 
three rotational and three translational errors between the respective 
frames. Thus each of the latter errors can be directly calculated from 
the combined error transformation of the parametrie errors ( which has 
the same structure ). Due to the incorporation of higher order terms, 
individual matrix elements of _sT" will contain the effect of several 
rotational and translational errors between end-effector and reference. 
Thus a more complicated analysis is necessary to extract these errors 
from the combined error transformation of the parametrie errors. A 
unique proportional solution of this procedure is not guaranteed. 

The second order models presented in the literature ( see e.g. [40, 103, 126, 
131] ) only consider the second of these items. Therefore the validity of the 
second order claim is suspect [105]. 
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Second or higher order terros lead to kinematic models where errors in the 
relative location of the end-effector are expressed as a nonlinear combination 
of the various parametrie errors. The second order terms typically contain 
the product of a nominal Abbe offset with the product of two rotational errors 
or the product of a rotational error with a translational error. We found no 
cases in the existing literature where the errors in the relative location of 
the end-effector have to be described with such a high relative accuraey that 
these terms beoome significant. It should also be noted that the inclusion 
of second or higher order terms is not only a mathematica! problem. From 
a metrological standpoint, the estimation of these effects presents a huge 
challenge. A typical example is the alignment of measurement equipment to 
the machine axes to avoid significant 'eosine' errors. Furthermore, traditional 
methods to measure an individual parametrie error will now be 'significantly' 
affected by other parametrie errors. Finally, if artiracts are used to estimate 
the parametrie errors of the machine, the measured location of the artifact 
cannot be directly used in the estimation since it is now 'signi:ficantly' affected 
by these errors ( see Chapter 4 ). 

2.4 Choice location coordinate frames 

The kinematic model presented in the preceding section is valid for any choice 
of the number and location of the coordinate frames. In this section various 
placement rul es for the coordinate frames are discussed. Note that the selected 
coordinate frame location affects the detinition of the respective parametrie 
error. 

The basic function of the kinematic model is to describe how ( parametrie) er
rors in the geometry of structuralloop components affect the relative location 
of the end-effector. Variation in the propagation of the parametrie errors is 
related to the position of the kinematic elements, the dimensions of the used 
end-effector, and the nature of the executed task. A number of mechanisms 
are responsible: 



46 The kinematic error model 

• Movement of a kinematic element changes the structural loop. For ex
ample, movement of a carriage along a guideway increases the section 
of the guideway that is part of the structural loop and thus changes the 
propagation of errors in the geometry of that guideway. 

• The Abbe offsets of angular errors are often dependent on the position of 
the joints and the dimensions of the used end-effector. 

• The position of revolute jointscan change the direction in which para
metrie errors act. 

• The location ofthe task relative to the reference de termines which part of 
the workpiece is part of the structuralloop. Similarly, the location of the 
task relative to the end-effector determines which part of the end-effector 
is part of the structural loop. 

• The location of the reference determines the position of the joints relative 
to which variation of accuracy is important. 

An efficient kinematic model should describe the known variation of the error 
propagation, as defined by the nomina! structural loop, to the fullest extent, 
using a minimal number of errors ( i.e. coordinate frames). Thus the number 
and location of the coordinate frames is chosen such that there is only one 
kinematic element between each two frames. Since multi-axis machines typi
cally use several end-effectors, the end-effector is also enclosed by two frames. 
The relevant characteristics of the task and the workpiece deCormation are 
taken into account by the use of a workpiece raferenee frame and a workpiece 
feature frame. 

The location of the workpiece reference frame is determined by the reference 

relative to which the task of the machine is defined. The location of the 
workpiece feature frame is determined by the location of the feature to be 
generated or measured. To facilitate the error analysis, the orientation of this 
frame is taken such that one or more of its axes point in the sensitive direction 
ofthetask. 

Tooi frame and feature frame coincide during those parts of the manufacturing 
taskwhere there is interaction between end-effector and workpiece. Since the 
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feature frame can change during a manufacturing task, the location of the 
tooi frame is generally not fixed relative to the end-effector. This property is 
required to describe the effect of a changed structuralloop through the end
effector (e.g. the effect of probe sphere roundness when measuring in different 
directions ). 

The location of the other coordinate frames is arbitrary, provided that their 
location is fixed relative to the component whose errors they have to describe. 
Some possible choices are: 

• machine coordinate frame. Here the various coordinate frames co
incide with the machine coordinate frame when the joints are at home 
position. The resulting model is relatively simple, since the Abbe off
set parameters in the model are only determined by the position of the 
machine axes and the dimensions of the used end-effector. 

• maasurement lines. Here the position of a coordinate frame coincides 
with the position where its errors are measured. The advantage of this 
approach is that the measured errors can be directly transferred to the 
model, without correcting the maasurement data for the position where 
they have been measured. This approach also facilitates the uncertainty 
analysis of the estimated error model ( see Appendix A). 

• machine scales. Here the position of a coordinate frame is on the ef
fective axis of the displacement maasurement system of the respective 
kinematic element. Thus the parametrie translation error in axis di
rection describes the errors of the maasurement system without being 
'contaminated' with the effect of angular errors. 

• centroid joints. Here the position of a coordinate frame coincides with 
the centroid of the respective joint. For revolute joints this choice is 
usually required to obtain a workable model. For prismatic joints, it has 
the advantage that the respective straightness errors can be 'directly' 
related to the straightness of the beam. 

The last two frame allocations are motivated by a desired close relation be
tween parametrie errors and errors in the geometry of machine components. 
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Although transformation of the latter errors to the respective parametrie er
rors is relatively straightforward, care should be taken in the analysis of 
machine components using parametrie error data. For example, the errors in 
the location of a carriage are introduced by several machine components, e.g. 
the carriage hearings, the guideway, and the oormeeting elements with a pre
vious carriage. The parametrie errors give no information on the individual 
contribution of each element. 

A generally useful model can be obtained by placing the coordinate frames in 
the centroid of the various kinematic elements, with one axis aligned with the 
respective axis of movement. Consistent application of this rule, requires a 
distinction between prismatic elements whose centroid moves with the joint 
coordinate and those where the joint centroid remains at a fixed location 
( Figure 2.10 ). In the first case, i.e; a carriage moving on a fixed guide, the 
position of the joint does not affect the active arm of the respective angular 
errors. In the second case, i.e. a guide moving in a fixed carriage, the active 
arm of the angular errors is affected by the position of the joint. By considering 
this distinction in the allocation of the coordinate frames, a known change in 
Abbe offsets due to movement of the kinematic element is described by the 
kinematic model and not by the parametrie errors. This is consistent with the 
purpose of the kinematic model, i.e. to describe the known error propagation 
mechanism as defined by the nomina! geometry of the structuralloop. 

Frame k 

Posltlon joint k Posltlon joint k 

Joinl k Joint kJ 
Figure 2.10: Prismatic joint with a moving and fixed coordinate frame. 

In the allocation of coordinate frames to revolute joints, it is also possible to 
differentiate between joints where the frame rotates with the joint and those 
where the nominallocation of the frame is unaffected by the joint position. In 
this case, it is not only the Abbe offset that is affected by the joint movement 
but also the direction in which the parametrie errors act. Revolute joints 
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used in multi-axis machines usually have hearing surfaces distributed along 
the complete perimeter of the joint. Here there is no distinction between a 
moving and a fixed carriage and the choice between a fixed and moving frame 
is arbitrary. Since the error in the relative location of the coordinate frame is 
not only introduced in the kinematic element but also in the structural loop 
segment that connects the kinematic element with the preceding element. 
we usually prefer the use of a fixed frame. Thus the errors introduced in 
the respective structural loop segment do not have to be transformed in a 
different coordinate frame ( note that the errors in the structuralloop segment 
that rotates with the joint are described by the relation with the consecutive 
coordinate frame ). 

The choice between a moving and a fixed coordinate frame can also be moti
vated by the function of a kinematic element rather than the mechanism by 
which errors are introduced and propagated. Here the criterion is whether 
the location of the workpiece - end-effector interaction moves or remains sta
tionary as a function of joint movement. Thus, a carriage used to move the 
end-effector calls for a moving coordinate frame, whereas a carriage used to 
move the workpiece is described using a fixed coordinate frame ( see Figure 
2.11 ). 

Jig-boring Turning 

Moving frame Fixed frame 

Figure 2.11: Modelling the spindie errors injig-boring a hole ( moving frame) 
and in turning ( fixed frame). 
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The distinction between moving and fixed coordinate frames is incorporated 

into the model by introducing so-called shape and joint transformations. The 

shape transformation ,y_1 S~c describes the relative nominallocation between 

frames k -1 and k in case their respective kinematic elements are at home po

sition. Joint transformation J ~c describes the nominal movement of kinematic 

element k ( see Figure 2.12 ). Dependent on the nature of the respective kine

matic elements, the nominal relative location ~c- 1 Tr. between two successive 

coordinate frames is expressed as: 

Moving ---. moving r.-1T~c = lc-ls. J~c (2.35) 

Moving ---. fixed •-tT~c = •-tS~c (2.36) 

Fixed ---t moving ~c-tT~c = J~c-t~c-ls. J~c (2.37) 

Fixed -+ fixed lc-tT~c = JA:-1 •-tS~c (2.38) 

Measurements of the parametrie errors can reflect the choice of a fixed versus 

Fbced frame 

\ \ 
Moving frame 

Figure 2.12: Nominal relative location of a fixed and moving coordinate frame. 

a moving coordinate frame. For example, the straightness of a guideway 

can be measured by monitoring its displacement relative to an external fixed 

straightedge using an indicator mounted on the carriage. Here the respective 
measurements describe the parametrie straightness error corresponding to 

moving coordinate frame. Alternatively, the parametrie straightness error of 

a fixed frame can be measured using a stationary indicator and a straightedge 
mounted on the carriage ( see Figure 2.13 ). 
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Indicator 

Straightedge Straightedge 

Moving frame Fïxed frame 

Figure 2.13: Measurement of a straigbtness error in case of a moving and a 
fixed coordinate frame. 
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3 

Modelling parametrie errors 

This chapter describes modelling procedures for the quasi-static portion of the 
parametrie errors identified in the former chapter. The analysed errors can 
be classified as those due to the limited geometrie accuracy of machine compo
nents in an unloaded reference state, those due to the static and slowly varying 
forces introduced by the dead weight of machine components and workpiece, 
and those due to thermally induced strains in the structural loop. The errors 
are analysed separately and their combined effect on the parametrie errors is 
obtained by superposition. The analysis is focused on the modelling steps and 
experiments required to obtain parametrie error models fora certain machine. 
The described strategy is founded on the empirical estimation and description 
of the various errors. 

3.1 Introduetion 

The kinematic model described in the former chapter relates errors in the 
relative location of the end-effector to errors in the relative location of succes
sive coordinate frames attached to the structural loop. The Jatter, so-called 
parametrie errors, describe the difference between the nominal and actual ge
ometry of the structural loop segment enclosed by two successive frames. 1b 
predict the accuracy of a certain task executed by a certain machine, models 
are required that relate these parametrie errors to the status of the machine 
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and its error sources. The formulation of these roodels is subject of this chap
ter. 

As stated in Chapter 1, the accuracy analysis presented in this thesis is limited 
to errors that are slowly varying in time. These quasi-static errors can be 
divided into three general classes: those due to the limited geometrie accuracy 
of components, those due to static and slowly varying forces such as the dead 
weight of machine components, end-effector, and workpiece, and those due to 
thermally induced strains in the structuralloop. In this thesis, the various 
errors are analysed independently, and the reauiting parametrie errors are 
obtained by superposition. This implies that mutual dependendes of the 
various errors are neglected. This approximation is based on the following 
assumptions: 

• Errors in the relative location of successive frames are small to such 
an extent that their effect on the position and orientation of mechanical 
loads does not affect the related deformation of the structuralloop. 

• The stiffness of the end-effector- workpiece interaction is low compared 
to the stiffness of the remaining structural loop. Errors in the relative 
location ofthe end-effector cause mechanicalloads due to the stiffness of 
the workpiece - end-effector interface. Dependent on the stiffness ratio 
of this interface and the remaining structural loop ( in the sensitive di
rection ), the resulting deflection ofthe complete structuralloop reduces 
the errors in the realized task. As explained in Section 1.2, the same 
mechanism causes the form error of the blank to be only partly reduced 
after a machining operation. From Tlusty's analysis of the latter effect 
[118], it can be deduced that during finishing cuts in milling and turn
ing operations, the errors in the relative location of the end-effector will 
be typically reduced with only a few percentage points of their original 
values. The relatively high cutting stiffness during grinding ( typically 
10 to 100 times higher than during turning ) can cause a relativa er
ror reduction in the order of 50%. Unfortunately, the large number of 
passes required to achieve a sufficient reduction of the original blank 
error will also reduce this error reduction in the relative location of the 
end-effector. Therefore, this interaction between the various errorscan 
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be neglected for most practical applications ( single pass grinding is the 
main exception ). During measurement tasks, interaction between end
effector and workpiece is usually detected when their mutual distance 
or interaction force equals a certain value. In this context, the stiffness 
of the end-effector - workpiece interaction equals zero and hence there 
is no mechanism that alters the relative errors of the end-effector ( to 
the first order ). During assembly and handling operations there is no 
interaction zone to accommodate errors in the relative location of the 
end-effector. Dependent on the nature of the task and the properties of 
the contact surfaces (friction), these errors result in detlections ofthe to
tal structuralloop and relative displacements between end-effector and 
workpiece. Analysis of the reauiting errors in the executed taskis beyond 
the scope of this thesis. 

As a fust approximation, errors arising from mechanica) and thermal loads 
are considered mutually independent. lt should be noted, however, that there 
are several mechanisms that cause interactions in both the introduetion and 
propagation of these error sources. First, the stiffness of ( fixed ) joints is 
affected by thermal deformations. The stiffness of a joint is determined by 
the effective cross-section of surface asperities of the mating surfaces. The 
joint changes its stiffness characteristics as thermal and mechanica! contact 
stresses are developed at the interface, due to deCormation of the contacting 
elements [3]. Second, the thermal contact resistance of a joint is affected by 
mechanical loads. Local values of the heat flux across ( fixed ) joints depend 
on the distri bution of the contact resistance between the surfaces which is af
fected by the pressure distri bution across the joint. Hence, mechanicalloads 
affect the temperature distribution of the structuralloop and thus its thermal 
deformation ( see e.g. [3, 4] ). Third, most thermal loads arise from fric
tion between moving elements and are thus affected by the mechanicalloads 
transferred by these elements. Finally, if components of the structural loop 
cannot deform freely, thermal and mechanica! deformations show interactions 
due to the nonlinear elastic behaviour of some structural elements ( typically 
the joints ). 

As stated in the introduetion of this thesis, geometrie errors describe the 
limited accuracy of the machine in a certain reference state. Part of these 
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errors is due to size and form tolerances of machine components. By their 
very nature, such errors require an empirical approach to error modelling. 
The other two error classes describe the change in machine accuracy due 
to thermal and mechanical loading. In most cases, these errors are largely 
determined by the nominal machine structure and not its actual realization. 
This enables, at least in principle, an analytica} approach to error modelling. 
The complex mechanics of multi-axis machines, however, puts restrictions on 
this approach: 

• The mathematical relation between structural loop deformations and 
thermal and mechanica! loading is formulated in equations of heat 
transfer and elasticity. The precise analytical salution of these differen
tial equations for this application is usually impossible, due to complex 
boundary conditions and the highly complex geometry of machine com
ponents. Therefore approximations have to be used. The most popular 
approach is based on finite difference or finite element techniques ( see 
e.g. [2, 55, 91, 127, 130, 129] ). Here the machine geometry and usually 
the time variabie are divided into discrete parts. The result is a large 
system of relatively simple algebraic equations that can be solved by a 
computer. As the real geometry of multi-axis machines is far too compli
cated to be reproduced exactly at a reasanabie expense, simplifications 
are necessary which need not to be identical for temperature and de
formation calculation [130]. The complex, three dimensional nature of 
multi-axis machines, however, usually requires geometrically fine divi
sions resulting in relatively large models. These models require a large 
effort both in their construction and evaluation. Venugupal [1271 offers 
a salution to the latter problem by summarizing the obtained model by 
relatively simple regression models estimated from the computed defor
mations. 

• A major cause of uncertainty in analytica! models for thermal deCorma
tions is the consideration of the thermal boundary conditions, that is the 
heat sourees and heat transfer. For the heat sources, problems arise 
in the determination of their intensity and spatial distribution [130]. 
For example, heat generation due to friction in roller hearings is depen
dent on the lubricating system, the transferred load, the viscosity of the 
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lubricant, and bearing play. The latter two are affected by the temper
ature. Determination of the heat transfer to the environment requires 
proper roodels for both surface geometry and -properties. Also the heat 
transfer across cavities requires special attention. Furthermore, forced 
convection with increased heat transfer rates occurs in many areas ( e.g. 
ventilation effects of spindles, belt drives and gears, coolant and lubti
cant circulation ), and is difficult to model. The properties of both fixed 
and moving joints pose special problems. Although their ( nonlinear ) 
static stiffness is well understood, the nonlinear heat transfer across the 
joint and its dependency on both mechanicalloads and temperature still 
requires further research ( see e.g. [2] ). Finally, heat dissipation and 
distribution by the coolant, chips, and workpiece is difficult to model, and 
usually dependent on the operating conditions. lt should be noted that 
the latter problem is also present in the empirica! modelling approach. 

• Similar uncertainty of analytica} roodels for the finite stiffness related 
deformation of the structural loop is due to the boundary conditions of 
machine installation and the ( nonlinear ) stiffness of joint assemblies. 
In the analysis of static deformations of large machine tools which do not 
have adequate inherent stiffness, it is necessary to include the physical 
properties of the foundation and mounting elements. Ground and soil 
data for this kind of computation are often not available. The static char
acteristics of joints ( particular hearings, guideways, and flanges ) have 
been subject to extensive experimental and analytical investigations ( for 
a comprehensive overview see [129] ). The transfer of these results to 
actual machines is difficult due to their dependency on manufacturing 
tolerances ( form errors, surface roughness, hardness etc. ) and assembly 
procedures (e.g. preload ). 

• A special problem in analytical roodels is the uncertainty of relevant 
material constants. For example, the thermal expansion coefficient of 
steel may vary from 10.5 to 13.5 ppm depending on the hardness and 
composition [16]. 

• A practical problem in the construction of analytica! roodels is that the 
required detailed information on the design of the machine is often not 
available to organisations other than the manufacturing company. 
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In summary, errors due to mechanica} and thermal loads depend on a large 
number of complex, influencing factors such as geometry, heat sources, heat 
transition and clamping conditions. Up to now, these values can pnly be 
accounted for in a computer model with a large factor of uncertainty. Hence the 
reliability of the calculation in its quantitative aspect should be judged with 
caution, especially regarding thermal deformations [16). Therefore we have 
chosen for an empirica} modelling approach. The physics of error generation 
is only considered when it contributes to a better model and more efficient 
estimation of the errors. Here it is tried to include those theoretica} concepts 
that are independent on detailed mechanical and geometrical properties of 
structural loop segments. 

An important step in the modelling procedure is the identifi.cation of so-called 
type dependent error characteristics. These comprise the common properties 
of errors reported for a certain class or series of machines. Especially the 
thermal and fini te stiffness related errors of machines belonging to the same 
series exhibit similar characteristics. Thus it is usually not necessary to spend 
the large modelling effort required to describe these errors on each individual 
machine. Caution should be taken regarding the stiffness, heat transfer and 
heat generation of joints and drives. As already discussed, these properties 
are dependent on parameters such as preload, clearance, lubrication, form er
rors, and surface roughness that differ for individual machines and are subject 
to change due to machine usage. The geometrie errors of machines belonging 
to the same manufacturer also exhibit type dependent characteristics. These 
can be often related to the nature and manufacturing of guideways and maa
surement systems. Although geometrie errors have to be determined for each 
individual machine, such properties can reduce the maasurement and mod
elling effort ( e.g. regarding the required sampling density and sensitivity of 
error components to wear and 'accidents' ). Suitable design, manufacturing, 
and assembly rules can significantly increase the ratio of type dependent er

rors and thus reduce the effort required to model the machine accuracy ( e.g. 
for error compensation purposes ). 
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3.2 Geometrie errors 

In this section, the modelling of geometrie errors is discussed. Geometrie er
rors are due to the limited accuracy of structural loop segments in a eertain 
referenee state. Errors due to thermal and mechanicalloads are defi.ned rela
tiveto this referenee state. The distinctive property of geometrie errors is that 
the error souree remains constant during a manufacturing task. Henee, the 
geometrie errors in the relative location of two successive coordinate frames 
are either constant or dependent on the position of the enclosed kinematic 
element. The latter dependency is due to variations in the guideway section, 
i.e. an error souree, that is part of the structuralloop. 

3.2.1 Choice reference state 

First, a definition is required regarding the referenee state of a machine. lt 
may be argued that this referenee should refiect the average or characteris
tic state of the machine during use. Thus, relative deviations in the actual 
state due to thermal and mechanicalloads are minimized, which reduces the 
accuracy requirements of models that describe their effect on the machine 
accuracy. On the other hand, the referenee state should be stabie and repro
ducible, in order to ensure repeatable measurements of the respective errors. 
Although both requirements can be metforsome mechanicalloads (e.g. work
pieee weight ), many thermalloads cause problems. For example, milling and 
turning machines reach a relatively stabie thermal state after both spindie 
and joints have been active for a long time ( typically 4 to 10 hours ). Di

rect measurement procedures of geometrie errors, however, often require a 
stationary spindie and joints. Unfortunately, the thermal distribution and re
lated deformations of the structural loop change rapidly when these motions 
are halted. Furthermore, error measurement of a heated-up machine poses 
problems due to the thermal sensitivity of the used measurement equipment. 

Alternatively, the thermal reference state may be defined as the state of the 
machine when all components of the structuralloop have a uniform tempera
ture distribution of 20 o C . This definition is motivated by a strict separation 
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of geometrie and thermal errors. Unfortunately, such a reference state cannot 
be achieved. 'Every' multi-axis machine has heat sourees that are not related 
to operational parameters such as spindie speed and joint movements, but 
that are present in relatively constant form whenever the machine is on. Typ

ical examples are electrical circuits, servo loops that maintain constant axis 
positions, and lubrication systems. These heat sourees cause deviations in 
the temperature distribution from 20 • C even if the machine environment is 
at exactly 20 • C . 

Some researchers (e.g. [24, 45, 63] ) avoid the necessity of a stabie and repro
ducible reference state by grouping the geometrie and thermal errors into one 
error class dependent on both temperature and position. Models forthese com
bined errors are estimated from measurements performed at different thermal 
states ( usually duringa heating up and cooling down period of several hours ). 
Thus, at least in principle, the thermal state during measurement needs not 
to be stabie nor reproducible. 

This approach obviously has advantages when the thermal state of the ma
chine changes significantly in response to the joint movements required to 
assess the various parametrie errors. Unfortunately it also has several prob
lems. First, the position dependency of geometrie errors is usually of a more 
irregular nature than that of thermal errors. Hence, the measurement of 
geometrie errors requires a relatively dense sampling distribution with asso
ciated long maasurement times. If during such measurements the thermal 
errors of the machine change significantly, the estimation of the position de
pendency of the various errors becomes difficult ( especially when significant 
backlash errors are present ). This situation is complicated by the relatively 
fast changes in the thermal errors after activatingor deactivating certain heat 
sourees ( e.g. spindie rotation ). Second, simultaneons estimation of geomet
rie and thermal errors increases the dimensionality of the estimation problem 
with associated problems (e.g. overfitting, stability of estimation algorithms ). 
Third, most maasurement equipment used to assess the position dependency 
of parametrie errors require a stabie thermal environment. Finally, measure
ments of parametrie errors ( especially the translation errors ) are generally 
'contaminated' with the effect of other parametrie errors. lf the various errors 
are measured at different thermal states, these errors have to be estimated 
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simultaneously which again increases the dimensionality, and problems, of 
the estimation problem. 

In our approach, the reference state corresponds to a mechanically unloaded 
machine ( i.e. no workpiece weight nor process forces ) in a thermally stabie 
state. The latter state corresponds to a machine which has been fully warmed 
up by its internal constant heat sources. This is achieved by switching on the 
machine several hours prior to the measurements, without activating variabie 
heat sourees such as those due to spindie rota ti ons and relatively fast joint 
movements. The thermal environment of the machine should be reproducible 
and constant during the heating up period and the maasurement session. 
Especially regarding the effect of the environment on thermal gradients in the 
structuralloop. The average temperature of the environment is, within limits, 
of minor importance, as long as it remains constant. This implies that both 
the temperature and thermal expansion coefficient ofthe machine scales need 
to be known, and that the temperature distribution caused by the constant 
internal heat sourees is assumed to be independent of the environmental 
temperature. Care should be taken regarding changes in the temperature 
distribution of the structural loop due to the relatively slow axis movements 
required to perform the geometrie measurements. In the studied machines, 
we encountered only slight changes in the related thermal deformations that 
could be compensated by relatively straightforward procedures. 

lt should be noted that the above reference state does not correspond to a 
machine whose structural loop has an uniform temperature. In our opinion 
such an ideal thermal state is both not practically achievable nor required. 

Since the thermal errors of the machine will be related to temperature changes 
relative to those of the reference state, the sole purpose of geometrie errors is 
to describe the accuracy of the machine at this reference state, not a certain 
ideal thermal state. 

3.2.2 'Ordinary' geometrie errors 

In this subsection, the modelling procedure of 'ordinary' geometrie errors is 
descri bed. Straightness, periodic and hysteresis errors are treated separately. 
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First a suitable choice of the respective model is discussed. Then the estima
tion of the unknown parameters in these roodels from individually measured 
geometrie errors is described. 

Despite the abundance of literature on the measurement of geometrie errors 
( see e.g. [5, 18, 52, 53, 121, 50] ), their modelling has received relatively 
little attention. In many studies ( see e.g. [19, 144] ), essentially a linear 
interpolstion is used between the measured or estimated values of these errors 
at discrete positions of the respective axes. 

In recent literature, this description is generalized by modelling each error as 
an estimated, usually linear, combination of arbitrary functions defined on the 
position of the joint. Thus, the dependency of an error Ei on the joint position 
z is expressed as: 

" 
Ei(z) = :E fJ1 p,(z) (3.1) 

1=1 

Here p,{z) is an 'arbitrarily' chosen function (e.g. a polynomial term) defined 
on the joint position z. The unknown parameter {J1 describes the contribu
tion of this function to the parametrie error. The various parameters f!_ are 
estimated from the eaUbration data, usually by least squares regression. 

This explicit use of functions in the description of the geometrie errors yields 
major advantages. The errors can be estimated more efficiently in the pres
enee of noisy calibration data. The location of the error measurements is not 
restricted to axis positions where the errors are defined. The resulting model 
of the machine accuracy is mathematically easier to handle ( e.g. regarding 
the number of coefficients ), has better properties for software error compen
sation (e.g. regarding its smoothness ), and can be readily used to design 
efficient calibrations ( see Chapter 4 ). Finally, besides using the functions 
as an approximation tooi ( i.e. a curve fitting tooi ), also statistica! testing 
procedures can be readily applied to investigate the accuracy of the estimated 
error model, error trends, points of structural change, or the significanee of 
certain errors or error components. 

A fundamental modelling choice reflects whether the errors are to bedescribed 
in the 'frequency' or 'time' domain. A description of geometrie errors using 
a Fourier series is presented in [48, 671. Such a transformation into the 
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frequency domain bas advantages if the respective error contains periadie 
components. Existing techniques of approximating transformations into the 
frequency range, however, will supply faulty results if the error variations 
in relation to the range of the machine axis are of low frequency [49]. Most 
parametrie errors belong to this class. An exception are position errors due 
to the displacement measurement system of the joint. These errors often 
show periadie components of relatively short wavelengths. Furthermore, the 
geometrie errors of revolute joints are by their very nature periodic. Periodic 
errors will be discussed at a later stage. For 'ordinary' geometrie errors, we 
have chosen fora description in the 'time' domain. 

A relatively straightforward approach is the use of an ordinary nth-order 
polynomial to approximate the relation between the geometrie error and the 
respective joint position. Such ordinary polynomial regreesion models have 
been used by some researchers ( see e.g. [38] ). They are very popular to model 
the relation between parametrie errors or end-effector errors and the value of 
certain temperature sensors ( see e.g. [33] ). A problem of ordinary polynomial 
regression is that as the order of the polynomial increases the estimation 
problem beoomes ill-conditioned due to the high correlation between some 
regression coeffi.cients. Thus matrix inversion calculations, necessary to solve 
the estimation problem, will beoome inaccurate, and considerable errors may 
be introduced into the parameter estimates [77]. Hence the use of higher 
order polynomial models ( n > 3 ), as reported by some researchers, is suspect, 
especially at the boundaries of the axis range. Nonessential ill-conditioning 
caused by the arbitrary choice of the origin can be removed by centring the 
data ( that is, correcting x for its average x), but usually this only partly solves 
the problem. Some of these diffi.culties can be eliminated by using orthogonal 
polynomials to fit the model [77]. This also facilitates statistica! tests to 
assess the significanee of certain parameters, and extension of the model with 
additional ( higher order ) terms ( note that due to the orthogonality of the 
various terms the value of each model parameter does notdepend on the other 
parameters in the model ). These properties probably motivated Kruth [60] 
and Sartori [89] to approximate each geometrie error as an estimated linear 
combination of ( orthogonal ) Legendre polynomials. 
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Although most mathematica} functions can be used to describe the general 
trend of an error, their application is limited to model the frequently disjointed 
or disassociated nature of the remainder. That is to say that the behaviour 
of an error in one region of the domain may be totally unrelated to the be
haviour in another region. Polynomials, along with most other mathematica! 
functions, havejust the opposite property. Namely their behaviour in a small 
region determines their behaviour everywhere [137]. Thus, in our opinion, 
the irregular nature of many geometrie errors requires the use of special rune
tions that possess this property to a lesser extend. A suitable approach to 
this problem is to divide the range of the joint position into segments and fit 
an appropriate function in each segment. This can be achieved by so-called 
piecewise polynomials. 

Piecewise polynomials can be described as a set of polynomials defined on lim
ited continuons parts of the domain. The various pieces join in the so-called 
knots, obeying continuity restrictions with respect to the function value and an 
arbitrary number of derivatives. The number and degrees of the polynomial 
pieces, the nature of the continuity restrictions, and the number and positions 
of the knots may vary in different situations, which gives piecewise polyno
mials the desired fiexibility. A straightforward mathematica} implementation 
of the continuity restrictions can be obtained by the use of truncated polyno
mials or '+' -functions as basic elements in the piecewise polynomial models. 
Their use allows the err0r data to be fitted by ordinary least squares, while 
still permitting tests regarding the significanee of certain terms to be easily 
made [104]. A potential disadvantage of this approach is that the regression 
problem beoomes ill-conditioned if there are a large number of knots. This 
problem can be overcome by using a different representation or basis of the 
spline called the B-spline [137]. We decided not to use this representation ( or 
similar alternatives ) due to its somewhat complicated properties in combina
tion with the low number of knots that are generally required to sufficiently 
describe the errors ( typically 2 to 5 knots ). 
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In genera!, with m knots tt, · · · , tm and m + 1 polynomial pieces each of de
gree n, the truncated power representation of the error E, with no continuity 

restrictions can be written as: 
n m n 

E,(z) = E Po,z :~:1 + E E P1r,1 (z- t~c)~ (3.2) 
1=0 lr=l 1=0 

where: 

(3.3) 

The presence of a term Plr,l (z - t~c)~ allows a discontinuity at knot t1r in the 
lth derivative of E,(z). Thus, different continuity restrictions can be imposed 
at different knots simply by omitting the appropriate terms. Usually it is 
sufficient to ensure that each model is continuous with respect to the function 
value and its fust derivative. 

An inherent problem in the construction of the functions is the unknown 
nature of the errors to be described. Experience with a number of similar 
machines or similar machine components from the same manufacturer can 
only partly eliminate this problem. The potential of the model to accommodate 
irregular errors is to an extensive degree determined by the number and 
degree of the polynomial pieces. If these properties are considered variable, 
the respective parameters enter the regression problem in a nonlinear fashion, 
and all the problems arising in nonlinear regression are present. The use of 
variabie knot positions also carries the practical danger of overfitting the 
data, and makes testing of hypotheses concerning areas of structural change 
virtually impossible [104]. 

Unless prior information is available, we use a basic model which contains 
enough polynomial pieces with a fixed length and a specified maximum de
gree, to accommodate the most complex error expected. In the parameter 
estimation process, which is now restricted to the unknown parameters /!_, a 
stepwise regressionprocedure is implemented to remove statistically insignif
icant parameters from the model. The reason for this removal is twofold: 

• including insignificant parameters hardly improves the quality ofthe fit, 
but increases the varianee of the estimated parameters and response. 
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• identüication of structural parameters enhances the diagnostic proper
ties of the model ( e.g. regarding areas of structural change ) and can 
be used in the design of the ( periodic ) performance evaluation ( see 
Chapter4). 

The knots of the original model are usually spaeed at equidistant intervals 
along the domain of the independent variabie ( i.e. the position of the joint). 
Visual inspeetion of the maasurement data and analysis of the model residuals 
also guide the knot placements. For complex errors ( typically errors of the 
maasurement systems ), adequate models have been obtained using quadratic 
piecewise polynomials with :five knots, which allow a discontinuity only in the 
second derivative of the function ( seven unknown parameters if only error 
variations as a function of the joint position are described ( 3-1 + 5 x 1 = 7 )). 
The smooth character of many observed errors, allows them to be accurately 
described by siiDilar models having only one or two knots ( three to four 
unknown parameters ). The latter description is also used if we are only 
interestad in the general trend of an error. The use of high-order polynomials 
( n > 2) should be avoided, unless they can be justi:fied for reasons outside the 
data. lt is recommended to have at least three observations at differentjoint 
positions between each two successive knots. 

In assessing the validity of the estimated model, the dateetion and analysis of 
outliers ( bad values in the maasurement data ) play an important role: 

• due to the inherent flexibility ofthe proposed model, in combination with 
the nature of the least squares estimation process, outliers have a large 
potential influence on the estimated model. 

• 'outliers' can indicate areas in which the proposed model is inadequate to 
describe a particular error, or in which the nature ofthe 'random' error in 
the various observations is incompatible with the use ofthe least squares 
estimation method. 

The latter item is especially important when modelling scale errors. These 
errors often e:xhibit an irregular dependency on the position of the respec
tive joint. Here clusters of outHers often indicate areas where the proposed 
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model is incapable to describe the observed irregularities. The problem is 
solved by including an extra number of suitably placed knots into the model 
in combination with a ( locally ) finer sampling distribution of the respective 
measurements. Although there are statistica! tests available to 'automati
cally' identify such areas, visual inspeetion of various residual plots usually 
works best. When the sampling distribution is relatively low, we use Cook's 
D-statistic [771. This statistic is a measure for the change in the residualsurn 
of squares after removal of an observation from the dataset. It thus identifies 
data-points that exert a disproportional influence on the fitted model. Due to 
the high flexibility of the proposed model, such points do not necessarily result 
in high residuals. In general, the estimated model is further verified using a 
validation dataset ( if possible measured on another day ) that has not been 
used in the parameter estimation. 

A problem when estimating the various parametrie errors is that it is usually 
not possible to measure these errors at the location where they are defined 
( i.e. in the origin of the respective coordinate frame ). Thus measurements 
of translational parametrie errors are 'contaminated' with the effect of sev
eral angular parametrie errors through their respective Abbe offsets. One 
approach to this problem calls for the sequentia} estimation of the various 

parametrie errors after compensating the measurement data for the effect 
of parametrie errors already estimated. Here the angular parametrie errors 
are estimated before the translation parametrie errors. By compensating 
displacement measurement data for the effect of ( angular ) errors already 
included in the model ( using this model), the residual data for the respec
tive translation parametrie error 'automatically' describes this error at the 
location where it is defined. We use this method when the various paramet
rie errors are individually measured. Alternatively, the various parametrie 
errors can be simultaneously estimated such that the observed errors in the 
relative location of the end-effector are optimally described. This approach is 
used in Chapter 4 to estimate the parametrie errors from errors observed in 
tasks executed by the machine. 

Based on the above concepts, regression software is developed. The software 
runs on an IBM compatible personal computer and uses the MATLAB [68] 
software package, whose various numerical algorithms allow relatively fast 
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prototyping. The software was tested on several datasets using the SAS 
[90] statistica! package as reference. Before estimating the parameters, unit 
length sealing [77] is applied to the response variabie ( i.e. the error to be 
modelled) and the various regressors ( the values of the known functions pz( x) 
for each observation ). Here each variabie is centred for its average and scaled 
for its variance. This procedure reduces problems arising from round-ofi 
problems when estimating the various parameters. It is especially important 
when using polynomial regression models, where the range of the various 
regressors difiers in orders of magnitude. The parameters are estimated 
using a QR factoriaation of the regressor matrix [102]. For each interval 
between two knots, the estimated piecewise polynomial model is transformed 
to an ordinary polynomial whose doniain is limited to this interval. Numerical 
evaluation ofthe resulting model is significantly faster than that ofthe original 
model based on a truncated power presentation. 

As a typical example of the estimation procedure we consider the modelling 
procedure for the angular error around the Y-axis when moving the Z-axis of 
the five-axis milling machine described Chapter 5. In accordance with the 
VDI-2617 guideline [1241 on the performance evaluation of CMMs, this error 
is denoted as zry. The error is measured with a laserinterf erometer using the 
setup depicted in Figure 3.1. A total of five back and forth measurements 
over the total range of the Z-axis ( 600 mm ) are automatically performed, 
using a sampling distance of 10 mm. At each maasurement point, the axis 
motion is halted. After a short delay to eliminate dynamic effects induced by 
the axis motion, five samples of the angular error are taken. The complete 
maasurement procedure is executed automatically using an IBM compatible 
personal computer that communicates with both the milling machine ( through 
an RS232 interface) and the maasurement equipment (IEEE interface). The 
required software was developed by Theuws [115]. 

Before estimating the model, the measurements are corrected for the drift 
of both maasurement equipment and machine. Here the maasurement data 
is divided into several cycles, each containing one back and forth run. The 
observed errors of each cycle are plotted as a function of the elapsed time at 
their maasurement since the start of the cycle. A least squares best fit line 
is estimated through this plot. This line is an estimate for the linear drift in 
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Figure 3.1: Experimental setup to measure the zry angular error. 
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Figure 3.2: Validation measurements of the zry error and the estimated model. 
The dashed lines present the 95 % confidence interval of the model for indi
vidual measurements. 
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time. The residuals of the observed errors with respect to this line represent 
the drift corrected error data. This approach is only allowed, and used, when 
the respective error shows no ( significant ) backlash. 

The proposed model for this error is a second order piecewise polynomial, 
continuous with respect to the fundion value and its fust derivative, having 
11 knots placed at 50 mm intervals. After the stepwise regression procedure, 5 
knots were retained (at a significanee level of99.99% for adding or removing 
a regressor ). The estimated model is presented in Figure 3.2 together with a 
validation dataset of also five back and forth measurements executed directly 
after those used to estimate the model. 

3.2.3 Straightness errors 

Errors in the end-effector trajectory due to the linear trend of a straightness 
error cannot be distinguished from those due to errors in the relative orien
tation of the respective joint axis. As described in Appendix B, both error 
sourees are allocated to the parametrie error descrihing the orientation of the 
joint axis. Hence, a parametrie straightness error has by definition no linear 
component ( specified in a least squares sense ). Similarly, the parametrie 
errors of a revolute joint that describe rotations and translations about/along 
axes orthogonal to the joint axis have no once-per-revolution sinusoidal terms 
( also specified in a least squares sense ). 

When parametrie errors are individually measured, these boundary condi
tions can be met by removing the respective trend from the maasurement 
data. However, the unique identification of individual parametrie errors from 
measurements of their combined effect on the relative end-effector trajectory, 
requires models where different parametrie errors do nothave the same effect 
on the trajectory, regardless the values of the unknown parameters f!.. that 
describe these errors. For straightness errors this constrains the unknown 
parameters f!.. to values where the respective linear combination of the known 
functions p,(x) has no linear trend in a least squares sense. Alternatively, 
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each known function p,(z) can be chosen such that it has no linear component, 
which ensures that the respective parametrie error has none, regardless the 
valnes of the unknown parameters. 

The latter approach is pursued in this thesis because it does not require any 
change to the least squares estimation procedure explained in the preceding 
subsection. A function p,( z) which has no linear component, can be divided 
into an arbitrary function g1(z), e.g. a piecewise polynomial term, and a linear 
term: 

(3.4) 

Here the parameters a1 and a2 describe the least squares best fit line through 
the function g1(z). Given a known function g,(x), their value minimizes the 
integrated squared function p,(z) over the domain [qi,min,qi,max] of the axis 
position. The respective least squares criterion is: 

(3.5) 

Hence their valnes &1 and &2 must satisfy: 

Which simplifies to: 

= [ 
1
(qi,max- qifin) t<1max- q~in) ] -l • 

2(qf.max- qi,min) g(qi,max- qi,min) 

1tt,max [ g1(x) ] dz 
Vi,min 91 (X )x 

(3.8) 

Similarly, a function p1(z) which has no once-per-revolution sinusoidal com
ponent, can be decomposed into an arbitrary function g1(x) and a sinusoidal 
term: 

(3.9) 

Where z denotes the position of the joint in radians. Given a known function 
g,(z), the parameters at and a2 again minimize the integrated squared func
tion PI( z) over the domain [qi,min, qi,max] of the axis position. Their valnes can be 
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calculated using a similar procedure as that described for straightness errors. 

If the range of the join position equals 2'lf rad, this yields: 

[ :~] = ~ fo
2

~ [ ::~=~=~=~] dx (3.10} 

Note that these parameters equal the fi.rst set ofFourier terms for 91(3:). 

3.2.4 Periodic errors 

Periodic errors are often introduced by the displacement measurement sys

tem of a joint. A typical example is the leadscrew-resolver arrangement often 

used in machine tools to monitor and change the position of a prismatic joint. 

Here periodic errors are introduced due to leadscrew misalignment, errors in 

the hearing elements between nut and screw, encoder errors, and defective 

coupling between leadscrew and resolver ( e.g. gear eccentricity and encoder 
shaft runout ). By their very nature, revolute joints exhibit periodic errors. 

The average error motion profile of revolute joints can only involve frequen

cies which are equal to or are whole-number multiplies of the axis rotational 

frequency [18]. The systematic residual error motion however is periodic with 

arbitrary frequencies. Drive components, hearings, and encoders can cause 

periodic systematic errors that are synchronized with the axis movement, but 

not necessarily of the same frequency. 

In the existing literature ( see e.g. [33] ), periodic errors are generally modelled 

as an estimated linear combination of trigonometrie functions. The unk.nown 

parameters in these models are either estimated from the ( approximated ) 

frequency domain description of the error data,.or by nonlinear least squares 

regression of individual trigonometrie terms ( note that the frequency of such 

a term enters the regression problem in a nonlinear fashion ). In this thesis 

we have generalized the latter approach by modeHing each periodic term as 

an estimated linear combination of arbitrary known functions. The argument 

of these functions equals the wavelength fraction of the periodic term at the 

current joint position. Here; the continuity restrictions at the interface be

tween two periods can be varied in accordance with the nature of the periodic 

term. This approach enables the approximation ofmany observed periodic er
rors using a significantly lower number of terms ( i.e. estimated parameters ) 
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than those based on a trigonometrie representation. Furthermore, it reflects 
the spirit of many existing commercial algorithms used for the software error 
compensation of periodic ( leadscrew) errors. 

Both periodic and non-periodic terms are estimated simultaneously. Individ
ual estimation of both terms ( e.g. by filtering the non-periodic components 
from the maasurement data) is difficult in case the wavelengtil of the periodic 
term is of the same order as the range of the joint position. The same argu

ment applies to the estimation of several periodic components with different 
wavelengths. 

The used regression model of a parametrie error Ei with m periodic terms is: 

n m ,.,. 

Ei(x) = EP1 Pt(:t) + EEP1:,1 VA:,t(:t,TJ,!J'A:,,) (3.11) 
1=1 k=ll=l 

Here, VA:,I(x,TJ,!J'A:,i) represents an 'arbitrarily' chosen periodicfunction with a 
frequency equal to or whole number multiplies of ".,-•. The phase parameter 
IPA:,I describes the location of this function in the domain of the joint position 
x. Since this parameter enters the regression problem in a nonlinear fashion, 
it is only used if the nature of the periodic terms is approximately known 
and changes rapidly in limited parts of its domain ( a typical example is the 
saw-toothed wave observed in position errors of machines ha ving an integer 
based software compensation algorithm ). In general, the phase of a periodic 
term is implicitly described by the linear regression parameters PA:,I belonging 
to functions of the same fundamental wavelengtil TJ. This approach is similar 
to the use of a eosine and sine function of equal wavelength and phase instead 
of one trigonometrie function with an appropriate phase shift. 

The periodic functions v( x, r, lP) are constructed in the following manner: 

where: 

ftC 

v(x, r,<p) = g(w(x, r, <p))- E w(x, r,<p)c O:c 

=1 
(3.12) 

(3.13) 

Here, g(w(x,r,<p,)) represents an arbitrary function. lts argument w(x,r,<p) 
equals the wavelength fraction of the periodic term at joint position z. The 



74 Modelling parametrie errors 

parameter a., and its polynomial term uf are introduced to ensure continuity 
of the ( c - 1 )th derivative of v( w) at the interface between two wavelengtbs 
( i.e. at w = 0 ). These parameters are fully defined by the chosen function 
g( w) and the respective continuity restrictions. For example, if continuity 
is required with respect to the function value and its first derivative, the 
respective parameters a1 and a2 are calculated as: 

{ 
g(O) = g(1)- a1- a2 ·12 

g'(O) = g'(1)- a1- 2a2 ·1 => 

[ 
a1 ] _ [ 1 1 ]-l [ g(l)- g(O) ] 
a2 - 1 2 g'(l)- g'(O) 

(3.14) 

(3.15) 

In general, piecewise polynomial terms are used for the functions g( w ). The 
respective knots, continuity restrictions, and maximum degree are fixed pa
rameters during the estimation. Thus, only the various wavelengtbs enter 
the regreesion in a nonlinear fashion. For the tested machines, visual analy
sis of the maasurement data provided sufficient information about a suitable 
choice of their initial values. After converganee of the estimation procedure, a 
significant parameter analysis is applied to eliminate 'unnecessary' parame
ters. Here the various wavelengths remain at a fixed value. Adequate models 
for periodic terms have been obtained using quadratic piecewise polynomials 
having one to four knots. 

As an example, we consider the X-axis linear displacement error of the milling 
machine described in Chapter 5. In accordance with the VDI-2617 guideline 
[124) this error is denoted as xtx. The error is maasured with a laserinter
farometer using the setup depicted in Figure 3.3. Again the maasurement is 
statie, i.e. the axis position is stationary during aach observation. The result 
·of two back and forth maasurements using a sampling distance of 10 mm are 
presented in Figure 3.4. The presented data are compensated for the effect 
of angular errors and the thermal expansion ofthe X-axis maasurement scale 
( using the values of three Pt-100 temperature sensors attached to the scale ). 
The Jinaar trend in the error data is largely due to the used scale mounting, 
which prohibits free thermal expansion ofthe scale ( The average temperature 
of the scale during maasurement was 25 o C ). This effect will be discussed in 
Chapter5. 
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Figure 3.8: Experimental setup to measure tbe xtx displacement error. 
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Figure 3.4: Measured xtx error ( two back and fortb measurements. sampling 
distance 10 mm ). Successive observations are connected by solid lines to 
highlight the periadie nature of the error. 
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The observations suggest that this error has a periodic component with a 
wavelength of approximately 40 mm. However, further analysis showed that 
in reality the observed periodic trend is due to a periodic error with a wave
length of 635 pm. This false interpretation, caused by the chosen sampling 
distance, underlines the recommendation in many guidelines on the perfor
mance evaluation of multi-axis machines to use 'random' sampling distances 
when assessing the quality of maasurement systems ( or whenever periodic 
errors are expected ). 

To estimate the periodic term, the error was maasured over a relatively short 
axis range of 50 .mm using a sampling distance of 0.01 mm. The estimated 
autopower spectrum ofthe error using these maasurements is depicted in Fig
ure 3.5. U sing the maasurement data, a model for the periodic component is 
estimated. The estimated model is based on a second order piecewise poly
nomial which has three knots and is continuous up to and including the first 
derivative. The estimated wavelength equals 635.025 pm ( this large number 
of digits is required since there are approximately 1100 wavelengtbs in the 
axis range ). This wavelength corresponds to the pitch of the maasurement 
scale and is probably caused by alignment errors between scale and the diode 
array sensor. 

The nonperiodic trend of the error is estimated using two back and forth 
measurements of the error with a sampling distance of respectively 1 and 3 
mm. Before estimating the respective model, the error data is compensated 
for the estimated periodic component. In contrast to aarlier remarks, we 
have chosen for this sequentia! estimation of periodic and nonperiadie terms 
because of the small dimension of the wavelength and a significant drift in 
the 50 mm maasurement. This drift is related to the long time required to 

execute the maasurement and might be affected by local self-haating of the 
scale-sensor combination. 

Due to the small wavelength ofthe periodic term, successful application ofthe 
model requires a repaatable homing procedure of the machine after powerup. 
In this case, the maasurement system uses a reference marker to find its zero 
position, and the repaatability of this process is quoted in the order of its 
resolution ( 1 pm ). To verify the estimated model, the error was maasured 
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Figure 3.5: Estimated power speetral density of the xtx error. The spectrum 
is scaled so that a sine wave having an amplitude of "i p.m corresponds to one 
unit. 

Figure 3.6: Measured xtx error ( one back and forth measurement over 25 
mm, sampling dist.B.nee 0.01 mm ). The model is presented by a solid line. 
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Figure 8.7: Measured xtx error ( two back and forth measurements, sam
pling distance 10 mm ). The observed and predicted errors are indicated by 
respectively '+' and 'D'. 

using a sampling distance of 0.01 mm and 10 mm ( both after rehoming the 
machine). The respective results are presented in Figure 8.6 and 8.7. 

3.2.5 Hysteresis and backlash 

Hysteresis errors are the residual errors that occur when a load acting on 
structural loop components is increased and decreased over a cyclic pattern. 
When such a pattem is established, these errors are usually highly repro
ducible [75]. The term backlash is generally used to describe the hysteresis 
errors that result from looseness between interacting mechanica) parts [27]. 
For an 'unloaded' machine, load variations are due to the weight and inertia 
of moving machine components, and the forces exerted by the drives. 

Clearance between components causes an error term whose sign changes with 
the sign of the applied load. For geometrie errors, the sign of the respective 
backlash error is dependent on the direction of the axis motion. lts value may 
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depend on the position of the machine axes due to variations in clearance (e.g. 
due to straightness errors ofthe guideway ), but is unrelated to the a:xis travel 
before motion reversal. 

Due to friction, an applied load can vary within a certain range without affect
ing the position of a component. Due to the compliance of machine components 
transferring the load, errors are introduced. Hence, hysteresis errors occur 

. whenever a component subject to friction changes its direction of motion ( ei
ther wanted or unwanted motion ). For geometrie errors, the sign of the 
respective hysteresis term is again dependent on the direction of axis motion. 
A typical example is the hysteresis error that arises when an axis is driven 
by a leadscrew whose angular position is used to monitor the position of the 
slide. Elastic deCormation of the leadscrew causes a position error whose sign 
changes with the direction of axis motion and whose value is dependent on 
the axis position ( note that the leadscrew length that is part of the structural 
loop is dependent on the axis position ). 

When friction is involved, the value of the hysteresis error generally depends 
on the ( apparent ) axis travel before motion reversal. Three mechanisms are 
responsible. First, from the leadscrew example it is apparent that axis motion 
may be detected without actual movement of the slide. Thus the hysteresis 
error after an apparent motion reversal is dependent on the position within 
this 'dead-zone'. Second, generally several components subject to friction 
are arranged in series. Due to the compliance of the connecting elements, 
hysteresis errors will occur that depend on the history of the applied load. 
The respective memory is embodied by the mutual distance ( load ) between 
the various components. Finally, the weight of the moving components causes 
loads that depend on the position ofthe slide(s). As the axis motion is reversed, 
it is not the load but the load varlation that changes its sign. Combined with 
the former mechanism, this generally results in a gradual change in hysteresis 
errors as the axis motion is continued. The changed contact conditions in a 
joint during loading and unloading cause a similar hysteresis error [128]. 
Further complications arise when the coefficient of friction is dependent on 
the speed of axis travel. Notorious are the stick-slip errors at low speeds. 
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Due to the highly reproducible nature of most hysteresis errors they can be 
predicted if the direction of axis motion is known and adequate pre-travel 
is made. The used approach is generally based on several back and forth 
measurements of a geometrie error over the complete range of the respective 
axis. Separate roodels are estimated for the error observed for positive and 
negative axis motion. Dependent on the direction of axis motion, one of these 
roodels is used to predict the respective error. This approach is used by many 
researchers ( see e.g. [33] ) and is an option in most commercial software error 
compensation algorithms ( especially for machine tools ). Successful applica
tion, however, requires that the hysteresis error is independent of the axis 
travel before and after motion reversal. Although, at least in principle, the 
respective 'memory' can be modelled, there are some dangers. The main prob
lem is that the effect of the axis travel history may change due to vibrations 
and other disturbances of the structural loop. Therefore we decided not to 
model the latter class of hysteresis errors. When it occurs, the average error 
is modelled and the respective hysteresis is treated as an uncertainty whose 
boundary values are estimated from the difference between the back and forth 
error. 

A typical example of such a hysteresis error occurred in the studied tive-axis 
milling. Due to wear, the adjustment of the Y-axis hearings changed, resulting 
in an angular hysteresis error around Z. The dependency of this error on the 
position ofthe X-axis carriage was measured with a laserinterferometer using 
the setup depicted in Figure 3.8. The results of back and forth measurements 
( static) over a decreasing range of the X-axis are shown in Figure 3.9. The 
observed hysteresis was highly reproducible. 

In this case, there is a gradual increase of the hysteresis error as axis motion 
is continued after a reversal in axis movement. Hence, a model that changes 
the error curve selection as motion is reversed will be inadequate. The na
ture of the observed hysteresis can be explained by considering the simplitied 
mechanism depicted in Figure 3.10. Here the Y-axis carriage C is connected 
with the Y-axis guideway G through a spring k and a clearance s. As force 
F is applied, an error e will occur between carriage and guideway. Due to 
the clearance s and friction W, the relation between the error e and applied 
force F will exhibit hysteresis as shown in tigure 3.11. In this case, force F 
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Figure 3.8: Experimental setup to measure the xrz angular error. 
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Figure 3.9: Measured xrz error ( average of two maasurement series, sampling 
distance 25 mm ). Presented are several back and forth measurements, start
ing at X = 0, over a decreasing axis range. Solid and dashed lines represent, 
respectively, positive and negative axis motion. 
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Figure 3.10: Mechanism that might be responsible for the observed hysteresis. 
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Figure 3.11: Relation between error e and force F of the described mechanism. 
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is introduced by the moment exerted by the X-axis carriage ( approximately 
500 kg). This moment is proportional with the position ofthe X-axis carriage 
relative to the Y-axis (i.e. Fis a measure for the relative X-axis position ). Due 
to this moment, the error e will differ for the various bearings resulting in an 
angu1ar error. The agreement between Figures 3.11 and 3.9 indicates that the 
described mechanism might be largely responsible for the observed hysteresis 
error, especia1ly if a spring is added parallel to the clearance. Fortunately, the 
observed hysteresis could be reduced to insignificant levels by adjusting the 
Y-axis bearings. 

3.3 Errors due to mechanicalloads 

The structural loop is subject to a large variety of mechanicalloads. These 
loads affect the accuracy of the executed task due to the compliance of struc
turalloop components. In this section the modelling procedure of the respec
tive parametrie errors is discussed. The analysis is limited to the effect of 
load variations introduced by the weight of moving machine components and 
workpiece. 

3.3.1 General considerations 

As stated in Chapter 1, the quasi static mechanicalloads acting on the struc
turalloop are classified as weight, clamping, and process forces. These cate
gones differ in both their effect and introduction. The deadweight of a machine 
component, the workpiece, or the end-effector generally 'only' affects the struc
turalloop segment that connects the respective component with the machine 
foundation. In contrast, process forces are transferred through the complete 
structural loop, and therefore cause deformation of all its components. Fur
thermore, the direction of process forces is dependent on the executed task. 
The effect of clamping forces is generally limited to the clamped object ( e.g. a 
carriage and the respective guideway section, or the workpiece ). 
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Variations in deadweight loads are related to the position of the joints that 
conneet the respective mass to the machine foundation, and the position and 
mass of workpiece and end-effector. Hence, the respective influence quantities 
are generally well defined. The main exception is the variation in workpiece 
load ( both its position and value) due to material removal during machining. 
Determination of the effective workpiece load using strain gauges is a possible 
solution to this problem ( see e.g. [109] ). Regarding the deformation of the 
workpiece table, the distribution of the workpiece load on the table needs to 
be known. Unless the workpiece is supported by well defined fixtures, this 
load distribution is influenced by form deviations of both workpiece and table 
and hence difficult to predict. 

As stated in Chapter 1, the process force during measurement tasks is rela
tively small ( typically several tentbs of a Newton). Significant deformations 
of the structural loop are generally confined to the used probe system, probe 
stylus, and workpiece. Regarding workpieces, significant errors have been 
observed for thin walled workpieces and workpiece materials of low stiffness. 
Deformations due to the measurement force can be predicted when both its 
value and direction are known. Estimation of this force, however, bas proven 
to be difficult. First, although maasurement probes are designed to detect the 
workpiece surface when a defined measurement force bas been reached, prac
tice bas shown that this 'trigger' force varles dependent on the direction and 
speed of probing. Due to the generally low stiffness of the probe stylus, this 
force variation causes errors dependent on the direction and speed of prohing 
and stylus properties ( e.g. its length ). This effect is usually referred to as 
probe lobing. These errors can be predicted and compensated by datuming 
the probe/stylus combination in various directions ( e.g. using a sphere ). Due 
to the weight of the stylus, probe lobing is generally affected by the orienta
tion of the probe. Second, friction between stylus tip and workpiece surface 
causes a deviation between the direction of the measurement force and the 
workpiece normal when the latter does not coincide with the probe approach 
direction. Combined with the preferred deflection direction of the probe, this 
also increases the measurement force and related errors. Significant fluctua
tions in the friction coefficient have been reported for combinations of simHar 
materials and surface roughness [87]. (Fora comprehensive review of these 
effects ( and other errors ofprobe systems) see e.g. [7, 21, 54, 84, 85]) 
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The process forces and related. structural loop deflections during machining 
operations have received much attention ( see e.g. [119, 128] ). Often, with 
light :finishing cuts, the effect of their static component on the deflection of the 
structuralloop is negligible due to the relative high static stiffness of modern 
machine tools [118, 121]. According to Tlusty [120], the strong periodically 
variabie force components during :finishing require a dynamic approach. The 
relation between a variabie force, variabie deflections and their imprints on 
the machined surface can be modelled but is rather complex. The force charac
teristics are furthermore affected by tooi wear. Hence, models of these errors 
based on static stiffness characteristics of the structural loop together with 

relatively simple process force calculations are usually notadequate [120]. 

In this thesis, the effect of process forces on the machine accuracy is not con
sidered. The required analysis of the probe system, machining process, and 
( dynamic ) structural loop stiffness ( in various directions ) is beyond the 
scope of this research. The same argument applies to the dedicated analysis 
required to predict the process forces of an assembly task. Clamping deCorma
tions of both workpiece and structuralloop elements are also not considered. 
In the next subsections the analysis is limited to the effect of load variations 
introduced by the weight of moving machine components and workpiece. Al
though many researchers report that the respective deflection of the structural 
loop may cause significant errors, their modelling has received little attention. 

3.3.2 Weight of moving machine components 

Variations in the deadweight load exerted by a machine component are related 
to the position of joints that position the respective mass relativa to the ma
chine foundation. The resulting deflection of the structural loop is generally 
con:fined to the segment that supports the máss relative to the foundation. 
Hence, the parametrie errors that describe the actual geometry of this seg
ment can be related to the position of more than one joint. The dependency 
of a parametrie error on the position of joints other than that enclosed by the 
respective coordinate frames can usually be summarized as: 
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• errors in the relative location of successive frames are not affected by the 

position of a revolute joint with a vertical axis or a prismatic joint with 

an arbitrary axis, provided that they are lower in the kinematic chain 

that provides the conneetion with the machine foundation. 

• The position of a prismatic joint with vertical axis of movement only 

affects errors in the relative location of frames directly oonnected to it. 

The :first item addresses the notion that the load transferred through a struc
turalloop segment is only affected by the deadweight of structuralloop oompo

neuts higher in the kinematic chain from the machine foundation. Hence the 

deB.eetion of this segment is not affected by the position of joints lower in the 

kinematic chain. However, movement of a revolute joint with a non-vertical 
axis changes the orientation ofthe deadweight load relative to the structural 
loop segment, and henee should be oonside,red even though it is lower in the 

kinematic chain. The load transferred by body 0, which is oonnected to the 

machine foundation, is affected by the deadweight of both tooi and workpiece 

chain. This implies that the parametrie errors that describe deviations in the 

actual geometry of this body ( i.e. E.-1 and El.1 ) can be related to the position 

of all joints in the structuralloop. 

The seoond item is motivated by the notion that the deadweight load acting 
on a structuralioop segment does not change if a mass is moved in the gravity 
direction. Note, however, that movement of a vertical prismatic joint changes 

the structuralloop between the successive coordinate frames that enclose this 

joint. Henee the respeetive defleetion, and thus parametrie errors, will be 

dependent on the position of this and other joints. 

It may be argued that the usefulness of the kinematic model is limited, or 

alternatively that the model should be changed, whenever a parametrie er

ror depends on the position of more than one joint. Mter all, two similar 

parametrie errors that are related to the same joint position can be lumped 

together without affecting the oompleteness of the error model. Ultimately, a 
parametrie error dependent on the position of alljointscan be used to fully de

scribe the respective translation or rotation error between tooi and workpiece 
without using the error propagation mechanism of the kinematic model and 
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other similar parametrie errors. Retaining the original kinematic model ( i.e. 
six parametrie errors per joint), however, has some advantages. The depen
dency of a parametrie error on the position of joints other than that enclosed 
by the respective coordinate frames is usually of a very regular, predictabie 
nature ( often linear ). This regularity is related to the notion that sueh joints 
only affect the load ( often its moment ) acting on the respective structural 
loop segment in a usually known way. Combining different parametrie errors 
will result in a more complex dependency that requires more effort in both its 
maasurement and modelling. 

In many cases there are no interaction terms in the dependency of a paramet
rie error on the position of two joints. Hence the respective independent terms 
can be allocated to different parametrie errors descrihing the same translation 
or rotation, but dependent on the position of one joint only. In fact, by measur
ing the end-effector trajectory relative to the workpiece, it is both not possible 
nor required to separate such terms from geometrie or other parametrie er
rors dependent on the samejoint position. Hence the geometrie parametrie 
errors discussed in the preceding section generally contain errors due to the 
compliance of the complete structuralloop. 

The combination of geometrie and finite stiffness related parametrie errors 
has an important, often overlooked, effect on error modelling. If errors in 
the geometry of structural loop segments are constant, there may exist an 
analytically defined relation between straightness and angular errors. Some 
researchers ( see e.g. [44] ) approximate straightness as an integrated angular 
error. For most carriage configurations, however, this relation is more com
plex and has to include the relative position of the bearings and their stiffness 
( in case of kinematically over-determined bearings ). Essentially, the rela
tion between straightness and angular errors is based on the assumption that 
the geometry of the guideway is constant and determines both these errors. 
Unfortunately, the compliance the structuralloop causes changes in the ge
ometry, position, and orientation of the guideway as the respective carriage 
is moved. Hence the discussed correlation between angular and straightness 
errors can generally not be assumed. 



88 Modelling parametrie errors 

Figure 3.12: Three axis gantry style CMM. 

As an example of errors due to the weight of moving components, we consider 
the gantry style coordinate measuring machine depicted in Figure 3.12. The 
tooi chain of this machine oomprises three prismatic joints, two with a hor
izontal and one with a vertical direction of movement. Using the preceding 
rules, the dependency ofthe respective parametrie errors on the position z, y, 

and z of the joints can be summarized as: 

E...t = E...t ( z, y ) 

Ea2 = L(z) 

Eaa = L(z) 

(3.16) 

(3.17) 

(3.18) 

Due to the compliance of the columns that support the Y-axis guideways, the 
parametrie errors Est between frames 0 and al are dependent on both the 
position of the Y- and X-axis. Especially the angular error e41", around the X
axis and the translation error e..t11 in Y-direction have significant interaction 
terms between both carriage positions. The latter dependency was determined 
by measuring the displacement of the Y-axis scale as a function of both the 
X and Y position. The respective maasurement setup is depicted in Figure 
3.13. The measured dependency of the Y-axis scale displacement on the X
axis carriage position is depicted in Figure 3.14 for several positions of the 
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x-axls guideway 

Figure 3.13: Experimental setup to measure the dependency. of the Y-axis 
scale displacement on the position of the Y- and X-axis carriage. 

Y-axis carriage. As expected, the dependency on the X -axis carriage position 
is linear. The model used to describe this error equals: 

(3.19-) 

The unknown parameters f!.. in this model were estimated by linear least 
squares regression using the measurement data depicted in Figure 3.14. Ob
viously, this model of e..t11 needs to be augmented with the scale error of the 
Y-axis. This is achieved by measuring the displacement error in Y-direction of 
the probe relative to the table along an arbitrary measurement line parallel 
to the Y-axis. From this data, the effect of parametrie errors already mod
elled ( i.e. the displacement of the Y-scale and various angular errors ) are 
subtracted. The estimated model of the residual error data is then combined 
with the model of Equation 3.19 to obtain the complete model of the ea~11 error. 
The measured e4 t.: angular error between frames 0 and al and its estimated 

model are depicted in Figure 3.15. This error was measured using electronic 
levels placed on the workpiece table and the X-axis guideway. Also in this 
case, the dependency of the error on the X-axis carriage position is linear. The 
irregular dependency of the error on the Y-axis carriage position is caused by 
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Figure 3.14: Measured translation of the Y-axis scale for various positions of 
the Y-axis carriage. The lines present the estimated model. 

Figure 3.15: Measured e.,tz error and the respective model ( presented by a 
solid grid ). 
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the geometrie errors of both Y-axis guideways. The estimated error model has 
a similar structure as that of Equation 3.19 although, in this case, piecewise 

quadratic terms are used for the various Y-axis dependencies. 

3.3.3 Workpiece weight 

The workpiece weight has a similar effect on the deflection of the structural 

loop as the weight of the machine table. Only in this case, both position and 
value of the load can be changed. The affected segment of the structural loop 
is generally confined to the components that support the workpiece relative 
to the foundation. When this segment ( i.e. the workpiece chain and body 
0 ) contains kinematic elements, the workpiece is a moving weight. Hence, 

the parametrie errors that describe the structural loop deflection due to the 
workpiece weight are not only dependent on the position and value of this 
weight but also on the position of kinematic elementsin the workpiece chain. 
The latter dependency is governed by similar rules as those discussed in the 

preceding subsection. 

To illustrate the errors introduced by the workpiece weight and the respective 

modelling procedure we consider the five-axis milling machine depicted in 
Figure 3.16 and described in Chapter 5. The workpiece chain of the machine 
contains two prismatic joints, one vertical and one horizontal, and one revolute 

joint B with a vertical axis. The presented analysis is limited to the effect of 
the workpiece load on the angular error around the X-axis in the orientation 

of the end-effector relative to the workpiece table. Only changes in this error 

relative to the situation with no workpiece load are analysed. lt is not our 
intention to present a generalized modelling procedure. Rather it is shown 
that errors introduced by the workpiece load can be assessed and modelled 
using relatively simple procedures. 

First an experiment is performed to assess whether the dependency between 

workpiece load and angular deflection is linear. Here, the orientation variation 

of the workpiece table relative to the end-effector is monitored at a certain 

fixed position of the machine axes as the workpiece load is increased and 
decreased. The analysed angular error is measured as the difference between 
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Figure 8.16: Five-axis milling machine. 

the indications of two electronic levels mounted on respectively the workpiece 
table and the end-effector ( see Figure 8.17 ). The error is measured relative to 
the end-effector sinçe the majority ofthe structuralloop detlection occurs in the 
workpiece chain. The applied workpiece loads equal 0, 1750, 8500, and 4900 
N. The latter load approximately equals the maximum load recommended 
by the manufacturer ( 5000 N ). The loads are applied to the centre of the 
workpiece table through a relatively small support of 150 x 100 mm ( X x Z ). 
The experiment was executed at the right edge of the machine workapace ( X 
= 650 mm ). The respective measurements are depicted in Figure 3.18. 

The results suggest a highly linear relation between workpiece load and angu

lar error which signiticantly simplities the succeeding analysis. There occurs 
hysteresis but this was not further analysed. The simultaneously measured 
angular defiection around the Y- and Z-axis ( using respectively a laserinter
farometer and two additional levels ) also show a linear dependency on the 
workpiece load. These errors are, however, signiticantly smaller in magnitude. 
The preceding experiment addressed the combined deflection of all structural 

loop segments in response to the workpiece weight. 'Th assess the dependency 
of this deflection on the position of the machine axes, further experiments are 
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Figure 3.17: Experimental setup to maasure the change in orientation of the 
workpiece table relativa to the end-effector due to the workpiece weight. 
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Figure 3.18: Angular error ofthe workpiece table relativa to the end-effector as 
a function of workpiece weight. Solid and dashed lines re present, respectively, 
the increase and decrease of the applied workpiece weight. ( Three runs, load 
at centre table, X = 650 mm, Y = 490 mm ). 
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required that focus on structural loop segments associated with individual 
parametrie errors. First the parametrie errors that describe the defiection of 
the machine frame ( body 0) are analysed. 

The machine frame supports the workpiece relative to the foundation. The 
respective deadweight load is determined by the position of the workpiece 
relative to this frame. The position where the load is introduced in the machine 
frame is furthermore affected by the position of the Y-axis. Hence the relative 
deformation of the machine frame due to the workpiece weight is related to the 
positions of all axes in the workpiece chain. Movement of the B-axis, however, 
can also be described by an appropriate translation of the workpiece on the 
table. Translation of the workpiece on the table in X-direction has a similar 
effect as movement of the X-axis ( excluding axis positions at the boundary of 
the workapace ). Hence the major dependencies that require analysis are the 
position of the Y- and X-axis, and the Z-position ofthe workpiece on the table. 

Regarding the studied angular error, deformation of the machine frame af

fects, in principle, the mutual squareness of the Y- and Z-axes, and the yrx 

and zrx errors ( rotation around X when moving respectively the Y and Z car
riage ). Dependency of the zrx error on the workpiece load is unlikely, since 
the respective guideway section is not part of the structural loop affected by 
the workpiece weight. Similarly, the effect of the workpiece weight on the 
yrx error and the YZ-squareness error is expected to be relatively small, since 
the respective guideway segment ( i.e. the machine frame between Y-axis and 
Z-axis carriage) is only marginally affected. Note that the machine frame 
between foundation and Y-axis carriage is not part of the structural loop. 
Bending of this frame section due to the workpiece load does not change the 
location of the end-effector relative to the workpiece. 

'lb assess the validity of the above assumptions, the yrx error is measured for 
several positions of the X-axis both without and with workpiece weight. The 
used measurement setup equals that of the preceding experiment ( see Figure 
3.17 ). The used workpiece weight of 4900 N is located at the centre of the 
workpiece table. The measurement results are depicted in Figure 3.19. In the 
unloaded case, the yrx error is affected by the position of the X-axis carriage. 
This cross-coupling is probably related to the different load distri bution of the 
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Figure 3.19: yrx error at several positions of the X-axis carriage. The solid 
and dasbed lines represent, respectively, the error withoutand with workpiece 
weight ( 4900 N, centre table ). The upper, middle, and lower curve of each 
set correspond to an X-axis carriage position of respectively X = 0, X = 350, 
and X = 700 mm. The various curves are estimated from 5 back-and-forth 
measurements using a sampling distance of 25 mm. 

Y-axis hearings due to the weight and position of the X-axis carriage. Appar

ently, the workpiece load does not change this dependency of the yrx error on 
the position of the X-axis carriage. However, the dependency of the error on 
the Y-carriage position is changed over approximately the same amount as a 

change in X-carriage position from centre to left ( X = 350 to X = 0 ). This 

similarity is not surprising, since the applied workpiece weight approximately 
equals that of the X-axis carriage ( 4850 N ). Basedon these measurements, 

the dependency of the yrx error on the workpiece weight is modelled as an er

ror proportional to the observed difference between the loaded and unloaded 
error at X = 0. Since the yrx dependency on the workpiece weight is relatively 

small and apparently related to the exerted moment of the workpiece weight 
around the Z-axis, its dependency on the workpiece position in Z-direction is 
not further analysed. 

Next we consider the deflection of the X-axis guideway due to the workpiece 
load. Regarding the studied angular error, this deflection affects the relative 
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change in the xrx roll error as the X-axis carriage is moved. The mechanism in 
this case is torsion of the X-axis guideway caused by the moment exerted by the 
workpiece load. The error was measured using the setup ofFigure3.17. Some 
results are depicted in Figures 3.20 and 3.21. Since the guideway is supported 
in its centre, the angular error increases as the carriage is moved from its 
centre position (X = 350 mm ). A uniform guideway cross-section woull:l result 
in a linear dependency. The observed, somewhat parabolic, error curve is 
due to the contribution of the Y-axis carriage to the guideway stiff'ness. The 
model used to describe the change in the xrx error due to a workpiece weight 
of Fw located at a position of b3E_ relative to the table centre ( i.e. relative to 
coordinate frame b3 ) equals: 

F.. 375- b3P~ 
xrx(X,F .. ,b3~ = xrx(X,4900,.o) · 4900 · 

375 
(3.20) 

Here xrx(X,4900,.o) represents the fitted piecewise polynomial model for the 
observed xrx error due to a workpiece weight of 4900 N located at the ta
bie centre. The used constant of 375 mm equals the distance between the 
table centre and the centroid of the X-axis guideway in Z-direction. lts use 
is somewhat suspect in the centre of the X-axis range where the Y-axis car
riage contributes to the guideway stiffness. In Figure 3.21 the predicted and 
observed xrx error is presented fora workpiece load of 2600 N. 

We now need to determine the constant deflection of the various structural 
loop segments between the Y-axis and the B-axis, i.e. the components that 
do not depend on the X- and Y-position of the machine axes. These compo
nents determine the parallelism error between the B-axis and Y-axis due to 
the workpiece load. They are measured as the orientation variation of the 
workpiece table relative to the end-effector at a certain fixed position of the 
machine axes as the workpiece load is increased and decreased. The respec
tive results are depicted in Figure 3.22. The linear dependency of the error on 
the position ofthe workpiece load in Z-direction suggests that the compliance 
of the X-axis and Y-axis hearings are the main contributing factors. Bending 
of the Y-axis or X -axis carriage would result in a nonlinear dependency. The 

model for this error is based on a fitted straight line though the error values 
corresponding to the maximum load case. Since the angular defl.ection is lin
ear in the workpiece load, the deflection under an arbitrary load is calculated 
as an appropriate fraction. The estimated error is implemented as an offset 
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Figure 3.20: Change in the xrx error due to a workpiece load of 4900 N. The 
symbols b,., +, and 0 repreaent the average of five back-and-forth runs with 
the load located at a X-position of reapectively -208 mm, 0 m.m, and 208 mm 
relative to the table centre. The line represents the predicted xrx for allload 
positions according to Equation 3.20. 
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Figure 3.21: Change in the xrx error due toa workpiece load of 2600 N. The 
symbols !:::., +, and c represent the average of five back-and-forth runs with 
the load located at a Z-position of respectively 208 mm, 0 mm, and -208 mm 
relative to the table centre. The linea represent the predicted errors according 
to Equation 3.20. 
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Figure 3.22: Angular error around X of the workpiece table relative to the 
. end-effector as a function of workpiece weight and -position. The symbols +, 
o, and !::. represent, respectively, a workpiece load of 1750, 3500, and 4900 
N. The various lines repreaent the respective model. (X = 650 mm, Y = 490 
mm). 

value for the various xrx error curves in such a way that the respective xrx 
error equals this offset at the tested position. 

'lb complete the model for the angular error around X, the deflection of the 
workpiece table relative to the B-axis has to be determined ( and the table 
deformation ). In contrast to the parallelism error between B-axis and Y
axis, the respective angular defiection has an axis of rota ti on that changes its 
orientation when the B-axis is moved. Note that the experiment described in 
the preceding paragraph assesses the combined value of both these errors. 

3.4 Thermal errors 

The structural loop is subject to a large variety of thermal loads. These 
loads affect the accuracy of the executed task due to the thermal deformation 
of structural loop components. In this section, the modelling procedure of 
the respective errors is discussed. Three models are derived. The first two 
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roodels are empirically estimated. They describe the dynamic response of 

respectively the temperature distribution and the thermal drift to various 
heat sourees. The third model reflects an analytica} approach to relate the 

thermal parametrie errors to the temperature distribution of the structural 

loop. The latter is either estimated from temperatures measured by sensors 
distributed over the complete structuralloop ordescribed by the output of the 
first empirica! model. The analytical model is based on the approximation of 

stress-free thermal deformation of the structuralloop. 

3.4.1 Introduetion 

The thermal deformation of the structural loop in response to various inter
nat and extemal heat sourees is a major error souree affecting the accuracy 

of measured or machined parts [16, 71, 50]. The respective mechanism is 
depicted in Figure 3.23. This tigure is a summary of the diagram compiled 
by Bryan [13, 16] and McClure [71]. The various heat sourees are presented 

at the top of the chart. Heat dissipation from these sourees by conduction, 
convection, and radiation results in a eertain temperature distribution of the 

structuralloop with consequent deforroations. 

A uniform temperature distribution different froro 20 o C does not affect the 

accuracy of the executed task, provided that all coroponents of the structural 

loop, including the workpieee, have the same coefficient of thermal expan
sion. In practice, the structural loop often contains components of different 

materials. Notorious is the respective dilTerenee inthermal expansion be
tween roeasureroent systero and workpiece. In case the various structural 
loop coroponents can expand freely, calculation of the reauiting uniform de
formation of each component is relatively straightforward, provided that the 

expansion coefficients are known. However, due to the uneertainty of these 
coefficients, errors will exist whenever tasks are executed at teroperatures 
other than 20 o C . McClure [70] reports uneertainties in coefficients of expan

sion that vary froro ± 5% for coromon steels to ± 25 % or more for non-roetals. 

A complicated situation arises when coroponents of different materials routu
ally restriet their thermal expansion. The resulting non-uniform deformations 
often introduce both angular and displacement errors. Their roodelling is dif-
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Figure 3.23: Diagram ofthermal effects in manufacturing and metrology [16]. 
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fieult, sinee the reauiting thermal stresses require stiffness analysis of the 
affeeted components. Espeeially the workpieee fixturing during machining 
requires special attention to avoid these effects. 

An uniform environmental temperature and ( well distrihuted ) coolant sys
tems ( e.g. an oil shower [13, 31, 71] ) are the only heat sourees that ean 

ereate uniform temperature distrihutions. This is indicated in the diagram 
of Figure 3.23 hy an unidirectional arrow. The local action of remaining heat 
sourees causes thermal gradients in the structural loop resulting in a non
uniform thermal deformation. If hoth the heat sourees and the struetural 
loop remain constant, steady-state gradients develop. These gradients cause 
a non-uniform thermal deCormation of the structural loop resulting in hoth 
angu1ar and displacement errors. Modelling the steady-state distortion of the 
structuralloop is, however, generallynota sufficient solution. Changes in the 
thermal environment, the structural loop, and the various ( internal ) heat 
sourees will result in transient effects, that need to he considered for most 
manufacturing tasks. 

A fust cause of transient changes in the thermal distrihution of the struc
tural loop is related to the environmental temperature variation, hoth in its 
gradients and average value. Due to differences in the volume-to-surfaee 
ratio, specific heat, and density of structural loop segments, their response 
to such variations will differ, resulting in transient thermal gradients. The 
same argument applies to the response of different structuralloop segments 

to changes in the internal heat sourees. Here the effect is usually even more 
profound due to the loeal action of these sources. The common practica of pre
warming the machine cannot he considered as a satisfactory solution, mainly 
due to the need to shut down eertain heat sourees ( e.g. the spindie ) to load 
the workpieee, change tools, measure, etc. [13]. Movement of machine car
riages poses an additional souree of transient effects. First, the structural 
loop changes, reauiting in different heat-flow pathways, time constants, and 
overall surface geometry. Second, a structural loop segment acting as a heat 
sinkat a eertain location may, alter movement to a cooler area of the machine, 
act as a heat souree for that area. In other words, the movement of carriages 



102 Modelling parametrie errors 

represents a special mode of heat transfer. Third, the frictional heat generated 
during movement represents a variabie heat source, whose position relative 
to structuralloop segments changes during movement. 

Dependent on the chosen input, either one, two, or three models are required 
to analytically describe the thermal errors. The first model relates the heat 
flows into the structuralloop to operating conditions like spindie speed, joint 
movements, and ambient temperature. The second model describes how these 
heat flows affect the temperature distribution of the structural loop. The 
third model relates the errors in the location of the end-effector relative to the 

workpiece to this temperature distribution. Empirica! models can be used to 
directly express the errors in the relative end-effector location as a function of 
either operating conditions, heat-flows, or temperature distribution ( or some 
measure thereot). 

Yoshida [141, 139,140] uses the assumption of stress-free thermal deCormation 
to analytically model the thermal errors of a lathe and a milling machine 

as a function of the temperature distribution under steady state conditions. 
Approximately 50 temperature sensors are used. A method to reduce the 
number of sensors is presented, based on an assumed exponential form for 
the temperature field around the heat source. Similar analytica! models are 
presented by Balsamo [6], Cresto [28], Sartori [88], and Trapet [1231 to model 

the thermal errors of CMMs. The first three authors use regressionprocedures 
to estimate various parameters in the analytica} model ( e.g. the coefficients of 
thermal expansion) basedon the observed errors ofthe CMM when measuring 
artifacts. All authors report a large number of sensors. Trapet and Loock [95] 

use their analytica} model to describe the thermal errors ofthe five-axis milling 
machine described in Chapter 5. Here they introduced a new description for 
the thermal roll error of a beam. Venugopal [127] presents analytica} solutions 

for the thermal deformation of thin walled cubic machine structures based on 
the measured temperature of the corner points in time. 

A number of empirica! models have been reported that relate the thermal 
errors to the temperature distribution ( see e.g. [24, 33, 45, 63, 80, 115, 
1271 ). Here either the parametrie errors or the resulting errors in the location 
of the end-effector are related to the readings of a number of characteristic 
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temperature sensors by relatively simple regression models. The presented 
models are statie, i.e. the thermal errors at a certain time are expressed as a 
function of the measured temperatures at that time. Some researchers ( e.g. 
[115} ) use various statistica} techniques to reduce the number of required 
sensors and to avoid overfitting. 

Finite element and finite difference techniques are used by many researchers 
to model the thermal errors ( see e.g. [2, 12, 22, 55, 69, 80, 93, 127, 130, 142] ). 
In general these techniques are used to calculate both the tempersture dis~ 
tribution and the resulting deformations. The input to these models are an~ 
alytically or empirically determined heat flows. In some cases, the measured 
tempersture distribution is taken as input. Sata [93] proposes a method to 
evaluate the intensity of the heat sourees based on the measured values of 
temperatures in close proximity to these sources. As stated in the introduc~ 
tion of this chapter, especially the prediction of the temperature distribution 
is difficult due to the many uncertainties in the thermal boundary conditions. 

A very interesting approach is presented by Meeture [71]. He proposes a 
model where the thermal errors in the relative location of the end~ffector 
at a certain position are related to the change of environmental temperature 
and oparating conditions in time. The parameters in this dynamic model are 
empirically estimated using ste~response tests. Many ofhis ideas have been 
incorporated in the presented analysis of this section. 

Obviously the effect of model uncertainty is minimized if the temperature 
distribution of the structural loop is taken as input. The inherent defects 
of this approach is that many temperature sensors are required to assess 
this field, especially under transient conditions. The heat flow modellooks 
promising, except for the requirement of heat-flux transducers. The costs of 
such devices and the problem of their proper location in the machine makes 
this approach not attractive. Taking operating conditions as input has the 
advantage that generally no extra sensors have to be attached to the machine. 
Unfortunately, the relation between oparating conditions and heat flows is 
often dependent on the temperature ( reauiting in nonlinear models ) and 
sensitive to wear. 
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In this thesis we have chosen for a modified version of the heat flow approach. 
Here temperature sensors are attached to the machine in close proximity to 
the various heat sources. The change in the sensor readings is taken as a 
measure for the respective heat flows. This approach requires two models. 
First, the temperature distribution of the structural loop has to be related 
to the values of a limited number of temperature sensors. Second, a model 
is required that relates the obtained temperature distribution to the various 
parametrie errors. 

The fi.rst model is empirically derived. Here a large number of additional tem~ 
perature sensors are temporarily attached to the machine at variouslocations. 
Based on the measured temperature elevations during a characteristic duty 
cycle of the machine, a dynamic model is estimated that relates the measured 
temperatures of the additional sensors to the values of the sensors located 
near the heat sourees and the ambient temperature. The additional sensors 
used to estimate the model can than be removed from the machine. This 
approach is motivated by the reluctance of manufacturers to place a large 
number of sensors on machines, mainly because of reliability problems and 
the coats of their installation. 

The second model, relating the modelled temperature elevations to the various 
parametrie errors, is analytically derived. Here we make the approximation of 
stress-free thermal deformation of the machine, which results in a model that 
is not related to detailed geometrie properties of the structural loop ( e.g. the 
beam cross-sections ). This model can also he used to predict the parametrie 
errorsusinga large number oftemperature sensors attached to the structural 
loop ( i.e. without using the first model ). 

A second approach to thermal error modelling is presented where errors in the 
relative location of the tooi are directly expressedas a function of the observed 
temperature elevations of a limited number of sensors ( including the ambient 
temperature ). Essentially this involves a combined estimation of the models 
discussed in the previous paragraph. The model is again dynamic, which en
ables a significant reduction of the required temperature sensors. The model 
is obtained by an empirica! modelling procedure. Since no parametrie errors 
are estimated, the validityofthe model is restricted toa limited partofthe ma-



3.4 Thermal errors 105 

chine workspace. Several of such models, and a suitable interpolation scheme, 
are required to describe the machine errors in the complete workspace. This 
approach is similar to that reported by McClure [71]. However, instead of 
oparating conditions, the observed thermal elevations near the heat sourees 
are taken as input. 

As a first approach, the various models are restricted to the following condi
tions: 

• No cooling liquid. 

• Movement of the carriages is either slow or restricted to a limited axis 
range. This restrietion is related to the described heat transfer due to 
carriage motion. 

3.4.2 Modelling the temperature distribution 

In this subsection we consider the estimation of the temperature distri bution 
ofthe structuralloop in response to various heat sources. The respective model 
describes the departure of the temperature distri bution from that during the 
raferenee state ( the machine accuracy in this state is already described by 
the geometrie model ). 

The heat transfer problem to be solved can be described as follows ( [71] ). 

The structuralloop is an object of rather complicated geometry that occupies 
a three dimensional region B bounded by a surface S. The surface is divided 
into n patches S; that are subject to different thermal boundary conditions, 
e.g. a heat flow q; or a temperature T;. Heat is transferred from the structural 
loop to the environment through the remaining portion Sn of the surface by 
convection and radiation. 

In this analysis we make the following assumptions: 

• the body B has no intemal heat generation. 

• the material properties are independent of temperature and isotropic. 
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• radiation and convection can be combined into one convective heat flow. 

Under these conditions, the energy balance of a differential volume of body B 

leads to the Fourier heat equation as follows [23]: 

:., (.x:)+ :11 (.x~;)+: .. (.x~)= pc~~ (3.21) 

Where T is temperature, t is time, p is density, À the thermal conductivity, and 
c the specific heat of the material The partial differential equation is linear 
in T and homogeneous. The various boundary conditions are sununarized as: 

St À:! = Ut(t) (3.22) 

s2 T = u2(t) (3.23) 

Sa À~= ua(t) (3.24) 

Sn. ~:;,. +T = T ...... = Un.(t) (3.25) 

Here n, is the outward-directed normal vector of surface element s,. The 
fust boundary condition describes a prescribed heat flux u1(t). The second 
boundary condition describes a prescribed surface tempersture u2(t). The 
final boundary condition corresponds to a convective heat transfer to the en
vironment having a temperature of T....... Here h denotes the convection heat 
transfer coefficient. The respective surface S,. oomprises the remaining por
tion of S where noother boundary conditions are specified. The specification of 
this boundary condition can he further refined in case the machine is subjected 
to environmental gradients, sunlight, etc. This can be achieved by dividing Sn. 
into different surface patches with different boundary conditions. However, 
the analysis presented below only requires the definition of additional inputs 
u.(t) that characterize these effects, not an exact formulation ofthe respective 
boundary condition. 

The body B has an initial temperature described by: 

T(ji, t = 0) = v(i) (3.26) 

Since both the boundary conditions and the heat equation are linear in T, the 
temperature at a certain point ji and time t can be obtained by superposition: 

.. 
T(ji, t) = L Ti(ji, t) + T'IJ(ji, t) (3.27) 

i=l 
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Here Tt(i, t) represents the temperature distribution of B when the initia! 
temperature and all functions u; equal zero except for j = i. T.,(j, t) represents 
the temperature distribution that results from the initial temperature v(j) 

when all functions u; equal zero. The principle of superposition can also be 
applied to describe the response of the temperature distribution Ti(p, t) to a 
time dependent boundary condition ui(t). Using Duhamel's ( convolution) 
theorem, this response equals: 

1i(i,t)= fo'hi(p,t-r)ui(r)dr (3.28) 

Here hi(j, t) equals the temperature distribution of body B at time t due to a 
unit impulse in the boundary condition Ui at t = 0 when all other inputs u; 
and the initial temperature equal zero. If these functions can be obtained, we 
have all the information required to calculate the response ofthe temperature 
distribution to the various time dependent boundary conditions. Unfortu
nately, the complex geometry of the structuralloop precludes their analytical 
derivation. 

'lb get a feeling for the nature of the impulse response, we take a closer look at 
the problem when all inputs Ui equal zero. Observe that, due to the linearity 
and homogeneity of this problem, if two functions w1(p, t) and w2(p, t) each 
satisfy the heat equation and the boundary conditions, any linear combination 
of these solutions does the same. The method of separation of variables makes 
use of the above by producing a lot of special solutions w;(p, t) that satisfy the 
heat equation and the boundary conditions. These solutions are then added 
with suitable constants c; to produce a solution that also satisfies the initia! 
condition v(j) [78]. The special solutions w;(i, t) have the form of a product of 
a function P(pj times a function 9(t): 

w;(p, t) = P(i) 9(t) (3.29) 

Substitution of this solution in the heat equation yields: 

(3.30) 

separating the variables, 

(3.31) 
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The left hand side of equation 3.31 only contains position dependent terms 
whereas the terms of the right hand si de are only functions of time. Hence 
both leftand right hand side can only equal a constant value -7. It is known 
that 7 is a positive real number to ensure that the salution will decay to zero as 
time increases ( note that we are still considering a problem where ali inputs 
equal zero ). Equating the right hand side of Equation 3.31 to -7 yields: 

(3.32) 

This equation has the solution: 

(3.33) 

Here the subscript 7 on the constant d indicates that this constant can be 
different for different values of '1· The product salution for WJ(i, t) can now be 
expressed as: 

WJ(P, t) = P;(i) e--rit (3.34) 

In general there are an infinite number of values for 7 that satisfy both the 
heat equation and the ( homogeneous ) boundary conditions. However, their 
value increases rapidly with j, so usually only a limited number m have to be 
taken into account. Hence the response T.,(P, t) ofthe temperature distribution 
toa certain initial temperature distribution v(i), while all inputs u•(t) remain 
zero, equals: 

m 

T"(P, t) = L Ct!J Pi (i) e--rit (3.35) 
J=l 

Here the constants Ct!J are estimated from the initial temperature v(jf). We 
now consider the solution for the step response Ts,;(p, t) of the temperature 
distribution toa certain input u•(t) when all other inputs and the initial tem
parature equal zero. This nonhomogeneous problem can often be converted 
into a homogeneaus one by the use of a partial solution TP,i(jf) to the nonho
mogenous problem. A suitable choice would be the steady-state solution which 
satisfies the ( nonhomogeneous ) boundary conditions but not the initial con
dition [78]. The total solution can be expressedas the sum ofthis steady-state 
solution and a solution T.,,;(P, t) of the homogeneaus problem with all inputs 
zero and an initial temperature that equals the negated steady-state solution: 

(3.36) 
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where: 
(3.37) 

The general solution to the problem with all inputs zero and a eertain initial 

temperature is presented in Equation 3.35. Henee the solution for Ts,i(i, t) is 

of the format: 
m 

Ts,ï(il, t) = Tp,ï(i) + E Ci.i Pi (i) e-"1;* (3.38) 
i=l 

Differentiating this step response yields the desired impulse response ~(il. t): 

m 

h;(il, t) = E -7; Ci.i P;(i) e-"~i* 
i=l 

(3.39) 

Combining equations 3.27, 3.28, 3.35, and 3.39 yields the following expression 
for the tempersture distribution of body B: 

T(il, t) = t 'È -'1; Ci.i Pi(Pl l e-"~i(t-.. ) u,( T) dr + 
i=li=l 0 " 
m 

E C"J P;(i) e-"~i' 
i=l 

(3.40) 

The response of this system in time is determined by a number of time con~ 

stants 7j1• The temperature distribution at a certain instanee is described 
by the so~called eigenfunctions P;(i). The combination of a time constant 7j1 

with the respective eigenfunction PJ(Pl can be viewed as a eertaio mode of 
the system. The various inputs u1 'excite' these modes in a different manner 
resulting in a eertaio temperature distribution. 

Equation 3.40 describes the response of a distributed multivariable system. 
An efticient framework to model such systems is the state-space description. 

Here the history of the system at a eertaio time is summarized in a so called 

state vector*-· The system is than described by two equations. First, an equa

tion that relates the time derivative of the state vector to both the state vector 
and the input signals at a eertaio time. Second, an equation that describes 

the output ofthe system at a eertaio time as a function ofthe respective state 
and input signal. Equation 3.40 suggests that the history of the input signal 

ut regarding the mode with time constant '1i1 can he summarized by the state 

ZiJ defined as: 

(3.41) 
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For input signal u, we now combine the various state components :~:1.; into one 
state vector ~· The respective state-space model can be expressed as: 

i. = ~+B&Ui (3.42) 

Tt(itt) = c~ (3.43) 

Where: 

A, = 
[ -11 . _J (3.44) 

B, = [;] (3.45) 

C; = [ c,,1(P') Gï,m(i) ] (3.46) 

C;,;(pj = -"'{; ctJ P;(i) (3.47) 

Combining the state veetors associated with the various inputs into one state 
vector f!. yields: 

Where: 

A = 

B = 

c = 

I!. = 

i = AI!.+By_ 

T(p,t) = 031... 

[A, ·.. J 
1 0 0 0 

1 0 0 0 

0 0 0 1 

0 0 0 1 

[ Ct,t (i) C1,2(pj • · • Gn,m(i) ] 

[Z] 

(3.48) 

(3.49) 

(3.50) 

(3.51) 

(3.52) 

(3.53) 
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It should be noted that the chosen state contains more components than re
quired to sufficiently describe the history of the system. The effect of input 
signals related to the same time constant ïi1 can be lumped into one state 
component without affecting the completeness of the model. This can be read
ily deduced from the response of the temperature distribution to its initia! 
value. We have chosen for the presented state definition because it contains 
no position dependent elements. 

From equation 3.49, the response T~(t) of a temperature sensor located at 
position i~ can be expressed as: 

(3.54) 

(3.55) 

Here the 1 x (nm) row vector 0 contains constant coefficients only dependent 
on the position of the temperature sensor. Hence the response of several 
temperature sensors is described by augmenting 0 with one row vector for 
each sensor. 

'lb determine the response of these sensors to various input signals, the el
ements of matrix C have to be estimated as well as the m time constants 
ïj1

• These parameters are empirically estimated using the observed change 
in sensor readings during a characteristic duty cycle of the machine. Here 
the machine axes are not moved which reatricts the estimated model to a lim
ited part of the machine workspace. The vector of input signals .Y. contains 
the observed readings of temperature sensors located in close proximity to 
the machine heat sources. Since the experiments start from a machine in 
its reference state (i.e. that described by the geometrie model), the compo
nents of the state vector at the start of each duty cycle are assumed to be 
zero. From the measurement data the parameters are simultaneously esti
mated by nonlinear least squares regression using the Levenberg-Marquardt 
metbod ( the time constants 1-1 enter the regression in a nonlinear fashion ). 
Here the various parameters are adjusted such that the least squares sum 
of the residuals between the observed and predicted temperature elevations 
is minimized. Since the various temperatures are measured at discrete time 
intervals, a discrete version of the state space model is used. 
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In Chapter 5, the metbod will be applied to estimate the temperature distri
bution of a five-axis milling machine in response to the heat generated by the 

spindie drive. 

3.4.3 Modelling the parametrie errors 

In this subsection, models are derived that describe the changes in the para

metrie errors due to a temperature distribution different from that in the 
reference state. Here the temperature distribution is assumed to be known, 
for example from the model described in the preceding subsection or by a suf

ficient number of temperature sensors distributed over the structural loop. 
In the latter two cases, the temperature distribution is approximated by a 
piecewise linear interpolation between the various sensor locations. 

In this subsection the various parametrie errors 'are analytically derived. 'Th 
facilitate the analysis, we make the basic assumption of stress-free thermal 
deformation of the structuralloop. Stress-free thermal deformation of a struc

tural loop component is only related to the temperature distri bution of that 
component and relatively global geometrie entities ( e.g. tbe length of a beam 
but not its cross-section ). Since multi-axis machines contain many compo

nents of relative complex geometry, this facilitates the analysis to a great 
extent. 

Stress-free thermal expansion requires that structural loop components hav
ing a differènt coefficient of thermal expansion do not restriet each others 
thermal deformation. Furthermore, stress free thermal expansion of a struc
turalloop component only occurs if its temperature distribution equals [10]: 

T(x,y, z, t) = a(t) + b(t)x + c(t)y + d(t)z (3.56) 

In this analysis we will consider tbe structural loop as consisting of several 
beam-like structures that can expand without mutual interaction. As a first 
approach, we make the Bernoulli-Euler assumption that sections which are 
plane and perpendicular to the axis before thermal loading remain so af

ter loading, and that the effect of lateral contraction may be neglected ( i.e. 
Poisson's ratio may betaken equal to zero). Under these assumptions, the 
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Figure 3.24: Bending of a beam due to a thermal gradient. 

restrictions on the thermal distribution required for stress-free deCormation 
can be relaxed to [10]: 

T(x,y,z,t) = a(x,t) + c(x,t)y + d(x,t)z (3.57) 

Here the X -coordinate is taken along the main axis of the beam. The extension 
of the beam due to the temperature distribution can be expressed as: 

e"' = Jo"' a.T dx (3.58) 

Where T denotes the temperature relative to that of the raferenee state. By 
relatively straightforward geometrie arguments, the angular deflection of the 
beam about the Y- and Z-coordinate can be derived as [116] ( see Figure 3.24 ): 

(3.59) 

(3.60) 

The deflection ( i.e. 'straightness') of the beam can be obtained by integration 

as: 

e, = fo:c êzdx (3.61) 

e,. = -l"'edx 0 11 
(3.62) 

Thus we have obtained expressions for five of the six errors that describe 
the relative location of two coordinate frames located on the beam axis. The 
sixth error ez describes torsion around the beam axis. lt can be shown that 
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grad(Tz) ~ 

Figure 3.25: Two beams that experience a different temperature gradient. 

under the above assumptions, thermoelastic torsional rotation of one end 
of the bar relative to the other does not exist [116]. In practica, however, 
thermoelastic roll errors do occur. This can be understood by visualizing two 
parallel beams in a horizontal plane ( see Figure 3.25 ). If there is a vertical 
temperature gradient the beams will bend. If this gradient differs between 
the beams their deflection will be different for the same X -coordinate. Hence 
a carriage supported by the two beams will experience a roll error as it moves 
in X -direction. These considerations suggest that torsion occurs in a beam 
whenever there is a differential gradient ( i.e. ;:;tz ). The description of this 
error is still under investigation. 

Using the above equations, the errors in the relative location oftwo coordinate 
frames due to stress-free thermal deformation can be modelled in a relatively 
straightforward manner. These parametrie errors are then entered in the 
kinematic model of Chapter 2 to obtain the errors between end-effector and 
workpiece. Here it is not necessary to remove the best fit straight line through 
the straightness errors. 

A problem in the application of this modelling procedure to multi-axis ma
chines is the effect of scale expansion and scale displacement on the machine 
accuracy. As depicted in Figure 3.26, the structural loop that describes the 
displacement error in a certain coordinate direction should include the re
spective scale and its mounting. However, the structuralloop that determines 
the displacement errors in other directions, and the various angular errors, 
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Figure 3.26: Different structural loops to describe displacement errors in X
and Z- direction. 

is determined by the guideway, not the scale. Hence, whenever scales are 
mounted at some distance from the guideway, the model should describe the 
expansion of several structural loops. 

The main advantage of the described method lies in its simplicity and the 
generation of parametrie errors. Hence deviations in the complete workspace 
of the machine can be derived using the kinematic model. It should be noted, 
however, that its application is rather time-consuming and involves several 
uncertainties ( e.g. the coefficients of thermal expansion ). It also may be 
argued that the assumption of stress free deformation limits the usefulness of 
the method, especially regarding the allowed temperature distributions. On 
the other hand, the limited information a bout the temperature distribution of 
structuralloop segments often results in a modelled temperature distri bution 
that belongs to the stress-free class. 

The method will be applied in Chapter 5 to model the thermal errors of a 
five-axis milling machine. 

3.4.4 Modelling the thermal drift 

In this subsection, errors in the relative location of the tooi are directly ex
pressed as a function of the observed temperature elevations of a limited 
number of sensors in time. This involves an implicit combination of both 
previous thermal error models and the kinematic model. 
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The derived state space model for the temperature distribution T(p, t) of the 

structuralloop equals: 

i. = A&+BJL 

T(i,t) = C& 

(3.63) 

(3.64) 

Here the state vector &summarizes the history of the inputs l&_and is a function 

of the timet. Matrix A contains the unknown time constants 'Y-1, and matrix 

B is k:nown. Each element of row vector C describes the contribution of a state 

variabie x, to the temperature T(p, t) at a point i of the structural loop. The 
elements of C are an unk:nown function of P. The model is only valid for fixed 

carriages. 

The thermal deCormation of the structuralloop at a certain time is determined 

by its temperature distribution at that time. The resulting errors wr.Etl in the 

relativa location of end-effector and workpiece are obtained by the integration 

of the temperature distri bution or its derivatives along certain paths through 

the structural loop. These paths are affected by the position ~ of the joints. 

Hence, errors in the relativa location of the end-effector are a function of the 

temperature distribution T(i) of the structural loop and the position of the 

joints ~· Combining these deliberations with the state-space model for the 
temperature distribution, yields the following state-space model for the errors 

",..E.,,: 

i. = A&+BJL 

wr.Etl(i, t) = CE& 

(3.65) 

(3.66) 

Here matrix CE describes how the elements of the state vector & affect the 
errors ",...E.,,. It contains six rows, of which each corresponds to a rotation or 

translation error of wr.Etl· For a certain machine, the matrix CE is a highly 
complicated function of the position of the joints. It should be noted that the 

time constants that define matrix A are also related to the position of the 

joints. 

The presented state-space model for the errors wr.E.t1 is used to predict these 
errors at a certain position of the joints. At this position, the elements of 

matrix CE need to be estimated as wellas the time constants 'Y-1 in matrix A. 
These parameters are again empirically estimated using the observed thermal 
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drift during a characteristic duty cycle of the machine. The used estimation 
algorithm is identical to that used to estimate the state-space model for the 
temperature distribution. 

In practice, models are estimated at several characteristic positions of the 
machine axes. The drift at an arbitrary axis position is obtained by linear 
interpolation between the modelled drift at the tested positions. In Chapter 
5, this approach is used to model the thermal errors of a five-axis milling 

machine. 
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4 

Artifact based calibration 

In this chapter a method is presented to determine the quasi-static errors of 
multi-axis machines using artifact measurements. The parametrie errors of 
the machine are estimated by standard linear regression analysis. An uni

form approach is obtained with respect to the nature of the studied machine, 
and the choice and location of the artifacts. Statistica! experimental design 
analysis provides unambiguous mathematically defined criteria to evaluate 
and optimize the capabilities and efficiency of the calibration. At the end of 
this Chapter, an example ofthe method is presented. The method is applied in 
Chapter 5 to estimate the geometrie errors of a three-axis CMM using a variety 
of artiracts and calibration strategies, all based on length measurements. 

4.1 Introduetion 

The tremendous growth in the application of numerically controlled multi-axis 
machines bas been accompanied by many studies on the modelling, identifi
cation, and (software) compensation oftheir errors. Results of these studies 
have been partially incorporated into various guidelines and standards which 
address the inspeetion and performance evaluation of such machines. In gen
eral, these procedures do not provide the respective user with the tools and 
data necessary to calculate the ( traceable ) accuracy of a specific task. There
fore they cannot be regarded as calibrations. Being inspeetion devices, the 



120 Artifact based calibration 

availability of standardized calibration procedures is especially important for 

Coordinate Measuring Machines. Such procedures have to ensure that trace

ability for coordinate metrology is just as sound as for any other aspect of 

dimensional metrology. 

Due to the versatile and multidimensional nature of multi-axis machines, 

there currently does not exist a ready-to-use reference with which they can be 

directly calibrated for every possible task.. Therefore, it is generally accepted 

that a complete calibration should result in a separate description of the 

errors introduced in the components ofthe machine (e.g., angular, squareness, 

straightness, and scale errors). These so-called parametrie errors are then 

combined to calculate the accuracy of a specitic task, using a suitable model 

of the machine's kinema tics. 

In this chapter we consider the estimation of the parametrie errors using ar

tifaet measurements. In recent years, a variety of such methods have been 

suggested and applied. They oomprise the maasurement of suitable reference 

artifacts, such as ring gauges [58], hole plates [62, 601, space frames [56, 8], 

and ( laserinterferometric ) step gauges [145], in various locations. From the 

observed deviations, the parametrie errors are calculated ( oftenat discrete 

positions of the machine axes ), usually by trigonometrie analysis. The large 

interest in these methods is due to a number of important advantages over 

the conventional direct messurement of the parametrie errors. Direct mes

surement provides comprehensive information on the machine condition with 

a possible high sampling density, but requires much time, skill, and expensive 

equipment. In contrast, the artifact measurements can usually be performed 

by a local operator, although the subsequent estimation and analysis of the 

parametrie errors still presents problems due to the lack of appropriate soft

ware. A fundamental advantage of artifact-based calibration methods is that 

the machine accuracy is estimated from observed deviations of tasks which 

resembie the intended opera ti on of the machine. Therefore, these methods 

can be directly applied to software error compensated machines. 

The chosen approach ( see also [8, 44, 56, 60, 106, 108, 1071 ) to the estimation 

of the parametrie errors from artifact measurements is essentially different 
from the usually applied trigonometrie analysis. In the first stage of the pro-
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posed method, a model is built of the machine accuracy, including a suitable 
description of its parametrie errors. According to the nature of the measured 
artifact(s), an algebraic linear relation is next established between the respec
tive deviations in their maasurement and the unknown parameters descrihing 
the parametrie errors. Finally, these parameters are estimated by standard 
linear regression techniques, such that the residual sum of squares between 
the modelled and observed errors in the measured feature(s) is minimized. 

It may be thought that the above degree of formality is not always necessary. 
This may be so. However, in our experience, its proper use confers a number 
of advantages: 

• Uniformity of approach affording meaningful comparative assessments. 
The same regression techniques are used regardless the nature and lo
cation(s) of the artifact(s) used, the desired detaillevel of the estimated 
errors, or the nature of the machine being studied. This includes ma
chines with revolute joints or machines with significant :finite stiffness 
related errors. 

• High eaUbration efficiency and results unaffected by the errors associ
ated with approximate or ad hoc approaches. For example, the often 
complicated separation of the simultaneous effect of various parametrie 
errors on the artifact measurements, is 'automatically' realized by the 
regression technique. Therefore, artifact locations where many errors 
affect the accuracy ofthe measurements can be meaningfully used in the 
estimation. 

• Standard linear regression analysis. Usually "off-the-shelf" software 
can be used to solve and analyse the complete estimation problem. An 
extensive amount of well known statistically based techniques can be 
readily applied, e.g. , in the design of the calibration setup, and the 
verifi.cation and analysis of the accuracy of the estimated error model. 

As indicated, the proposed estimation procedure can be applied to virtually any 
artifact, either calibrated or uncalibrated. Regarding the nature ofthe feature 
used to estimate the machine errors, we pref er length. Length can be realized 
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by dimensionally stabie artifacts that are easy to handle, can be accurately 
calibrated, and are cheap to produce. The possibility of measuring length 

by laserinterferometric means, implies that a high sampling density can be 

obtained, and that the procedure can be applied to machines of virtually any 

size. Many artifacts allow the automated measurement of different lengths in 
many locations. Finally, length can be measured or realized by almost every 
multi-axis machine. 

4.2 Estimation of parametrie errors 

In the fust stage of the estimation method, a model is built of the machine 

errors, including a suitable description of its parametrie errors. As indicated 

in the introduction, this model is used to inter- and extrapolate the calibration 
data in order to be able to predict the accuracy of an arbitrary machine task. 

This process is based on two assumptions: 

• The effect of a certain parametrie error on the location ofthe end-effector 
is completely defined by the kinematic model of the machine. 

• The relation between a certain paramètric error and the status of the 

machipe ( e.g. the position of its axes) can be 'accurately' approximated 

by a fini te amount of eaUbration data. 

The kinematic model presented in Chapter 2, describes the errors in the 

relative location of the end-effector as a known linear combination of the 

various parametrie errors E. Regarding the errors~ in a realized or measured 
end-effector position, this model can be summarized as: 

(4.1) 

In equation 4.1, the vector E contains the parametrie errors at the analysed 

position. The matrix F describes how these parametrie errors affect the er

rors "- in the relative position of the end-effector. As described in Chapter 2, 
this matrix is completely defined by the nominal geometry ofthe machine, the 
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end-effector dimensions, and the position of the axes. In Chapter 3, each para

metrie error E; was modelled as a linear combination of 'arbitrary' functions 
PI defined on the position of the machine axes and other relevant variables 
( contained in vector 1<.. ): .. 

E, = LPI(~ p, (4.2) 
1=1 

An important consideration in the choice of the parametrie functions pr(1!... is 
that components of different parametrie errors should nothave the sameeffect 
on the accuracy of the machine tooi. This would lead to singularities in the 
parameter estimation. For example, in the model for a straightness error, 
these functions should be constructed to ensure that the error has no linear 
component ( already described by a squareness error), regardless the values of 
the unknown parameters {i ( See Beetion 3.2 and Appendix B ). In this respect, 
special attention must be paid to the formulation of errors which, due to finite 
stiffness effects, are related to more than one axis position. 

'lb estimate the parameters {i from deviations observed when measuring or 
generating artifacts, we need a suitable model that relates these deviations 
to errors in the realized ( relative) position of the end-effector when 'measur
ing' these artifacts. Using the following approximation, a linear relation is 
obtained that greatly simplifies the subsequent estimation process: 

The difference between the measured and actual position and ori
entation of an artifact has a negligible effect on the measurement 
errors of its features. 

This approximation enables the separation of the artifact's location estimation 
from the machine's error analysis. Thus the measured position and orientation 
can be directly used in the estimation of the machine's errors, even though 
this location is affected by these errors. U sually, the approximation only yields 
problems for machines whose errors change significantly over intervals of the 
same order as its errors. Also if the eaUbration has to predict the errors with 
an extremely high relative accuracy, a nonlinear approach may be necessary. 

As an example, we consider an artifact whose length L is described by the 
distance between the points N1 and N2 ( see Figure 4.1 ). The coordinates 
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of these points are measured as P1 and P2 respectively. Using the above 
mentioned approximation, the observed error ó.L in the measured length 

L.."l!!4, can be modelled as a known linear combination of the maasurement 
errors ó.P1 and ó.P2: 

ó.L = (fl2- Pt) . (.P2- flt)- (G2- Nt) . (G2- Nt) 
L.."l!!4, L 

(4.3) 

(fl2-.Pl) (( .... ) ( .. ~~)) 
~:::; · P2 - Pt - N2 - 1Vt L_, 

(4.4) 

(fl2- flt) ( .. .. ) 
= · ó.P2 - ó.P1 

Lmetll 
(4.5) 

Figure 4.1: Measurement of a length. 

In relation 4.5, the observed error ó.L is approximated as the projection along 
the estimated feature of errors in the relative position of the probe tip. Al
though this result ( i.e., the neglect of eosine errors ) may seem trivial, it is 
essential to note that a linear relation is obtained. Also the kinematic model 
of the machine ( see equation 4.1) and the models for the various parametrie 
errors ( see equation 4.2 ) are linear in respectively the parametrie errors E 

and the unknown parameters(!.. that describe these errors. Thus, the appropri

ate combination of these models yields a relation in which the maasurement 
error ó.a. of a feature a; is expressed as a ( known ) linear combination of the 
unknown parameters[!..: 

p 

ó.a, = 2: iOk(~;) .Bk+ ïi (4.6) 
k=l 
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In equation 4.6, 'Yi represents the measurement error due to non-repeatable 
and non-modelled machine errors. Vector ~ contains the variables which 
describe the relevant status of the machine and its environment during the 
measurement of the artifact ( e.g., the position of the machine's axes for each 
measured point). The known function i91r(~) describes the effect of parameter 
fJ1c on the feature's measurement error. The computation of this function is 
a straightforward but rather tedious procedure. Basically the values of the 
related known function p,.(i) in relation 4.2, which describes the effect of 
parameter f3~c on the respective parametrie error, are calculated for the status 
of the machine when measuring the artifact's end points. These values are 
then inserted in relation 4.1 to obtain the effect of {3,. on the displacement 
error of the probe tip for the various measured points. In case of length 
measurements ( see equation 4.5 ), i91r(~) is computed as the dot product 
of the difference between both displacement errors with the direction vector 
along the measured length. 

The proposed calibration procedure, based on the measurement of m artifact 
features throughout the machine's workspace, can be presented mathemati
cally as: 

I' 

~ai = E i91r(~) f3,. + 'Yi 
lc=l 

= i9._(~)T /!_ + 'Yi 

Which we express in matrix notation as: 

i= 1,2, ... ,m 

i= 1,2, ... ,m 

(4.7) 

(4.8) 

(4.9) 

Here 2 is the vector of 'random' errors, assumed to be independent and iden
tically distributed with mean 0 and varianee u2• Row i of the m x p matrix 

X contains the function values i91 (~) •... , i9p(~). Since the above model is 
linear in the unknown parameters/!_, they can be estimated using linear least
squaresanalysis [77]: 

(4.10) 

In the case of calibrations which use artifacts of unknown constant dimen
sions, the vector f!_ has to be expanded to include these dimensions. Obviously, 
at least one measurement of a known dimension has to be made. 



l26 Artüact based eaUbration 

In genera!, the regression technique transfers the effects of errors or error 
components not present in the proposed error model to those that are. Thus, 
the estimated model optimally describes the observed errors in the artifact 
measurements. In case the calibration data is representative of the machine 
task.s, this yields a high predictive quality of the estimated model for the 
machine accuracy, even if a simplilled error model is used. In the latter case, 
the estimated parametrie errors describe 'average' properties, and will not be 
equal to the actual parametrie errors. In this respect, special care must be 
taken to avoid overfitting of the calibration data. 

4.3 CaHbration efficiency 

In this section mathematica) criteria are developed to describe and optimize 
the efficiency of a calibration. The efficiency and potential of a calibration with 
respect to the choice and location(s) ofthe artifact(s) used, can be assessed by 
two criteria: 

• the assembly of error parameters which can be estimated from the cali
bration's observations. 

• the accuracy of these estimators, given a certain repeatability of an arti
fact measurement. 

The proposed model for the systematic errors of the machine affects these 
criteria in a structural manner. Hence, every calibration is a rompromise 
between its efficiency in the estimation of modelled errors and its ability 
to detect errors not implemented in the proposed model. As an example 
of this concept, consider the problem of estimating the relation between an 
independent variabie x and a dependent variabie y. Suppose the experimentist 
is allowed to take 10 observations of y at certain discrete values of x ( assumed 
to be achieved without errors ). If the relation between x and y is known 
to be exactly linear, an experimental design of 5 observations at Xmin and 
5 observations at Xmax will result in the most accurate estimation of this 
relation, given a certain constant varianee in the observations of y. Note 
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however that a departure of the actual relation between 2: and 11 from the 
proposed model cannot be detected from these observations. In case there is 
no a priori information available about the possible relation between 2: and 
y, an experimental setup with the 10 observations uniformly distributed over 
the domain of 2: is preferred. Such a design has however a low efficiency in 
the estimation of this relation, if it is indeed linear. 

With respect to the calibration of multi-axis machines, there is a priori in
formation available regarding the kinematic model. Also type dependent 
properties usually provide information concerning the independent variables 
of a parametrie error and, in some cases, a class of suitable functions to be 
used in its model ( e.g. regarding the placement and number of knots ). Fur

ther specification of the proposed model for each error in the kinematic model 
is dependent on the goal of the performance evaluation or calibration. For 
example, if the value of a parametrie error has to be determined at certain 
discrete points, as is the case with most current performance evaluations, a 
:first order piecewise polynomial might be chosen with knots at these points. 
An impression of the various errors can be obtained when using low order 
piecewise polynomials whose complexity, i.e. the number of unknown param

eters f!., is restricted by the allowed messurement effort. In order to check the 
estimated software error correction, the model can be chosen in accordance 
with the functions associated with the identified significant parameters in the 
various models. 

From equation 4.10, the potential of the calibration to estimate the unknown 
parameters f!.. can be assessed by the following rule [61]: 

a linear combination !T f!.. o(the parameters {!. can be estimated from 
the eaUbration observations, if !T is part o(the veetorspace spanned 
by the rows of X. 

In case all the parameters f!.. can he estimated, the efficiency ofthe calibration 
can be further assessed by [61]: 
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• the variance-covariance matrix of the estimated parameters~: 

(4.11) 

• the varianee of the predicted deviation when measuring a feature at a 

certain location: 

(4.12) 

Both 4.11 and 4.12 depend on the design of the calibration setup only through 
the p x p matrix (XT x)-1• This suggests that a good calibration setup will be 

one that makes this matrix small. Since there is no unique size ordering of 

p x p matrices, various real-valued functions have been suggested as measures 
of 'smallness'. Some criteria ( see e.g. [110, 111] ) focus on the quality of the 

estimated parameters ( minimization of the determinant, trace, or maximum 

eigenvalue of (XX Xt1 ). Others address the quality ofthe estimated response 

surface for the errors in the artifact measurements ( minimization of the 
maximum or average varianee predicted errors ). 

In addition to the design of an efficient calibration, the criteria serve a major 

role in the statistica} verification of the estimated error model. For example, 

equation 4~12 can be used to determine whether the difference between the 

observed and predicted error of a eertaio artifact maasurement is consistent 
with the predicted uncertainty of the error model. Such inconsistencies may 

be due to errors not included in the model ( e.g., finite stiffness effects ). 

Regarding the optimization of calibrations, we generally prefer minimizing 

the determinant of (XX X)-1• One of the attractive features of this so-called 
D-criterion is that designs that are optimal with respect to it are invariably 

'good' in many respects (e.g. low variances for the parameters, low corre

lations among the parameters, low maximum varianee in the predicted er

rors ). Essentially the criterion tries to minimize the contents of the p -

dimensional confidence region associated with the estimated parameters. Al

though the comparison of existing calibrations using this or other criteria is 

quite straightforward, optimization is a very complicated process. The most 

frequently encountered difficulties are: 
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• The large number of parameters which must be handled and the associ
ated large size of the matrix (.xT X)- 1• 

• The complex nature of objectfunction det(.xT X), especially the existence 
of severallocal minima. 

• The large number of design variables which describe the contigura
tion of the artifact(s)'s measurable points, its location(s) in the machine 
worltspace and the probe extension(s) used to measure it. 

• The complex boundaries of the design space and the often discrete ebar
aeter of certain design variables ( e.g. available probe extensions and 
artifacts ). 

Here attention will be restricted to the optimization of the location(s) of ex
isting artefact(s). In the chosen approach ( see e.g. [76, 132, 133, 134] ) to 
the optimization problem, a discrete design space X is defined of r so-called 
candidates ZlJ ..... ,zr. Each candidate represents an artifact at a certain loca
tion in the machine workspace. The design problem can now be defined as 
the choice of n not necessarily distinct observations Z(t) ...... ,Z(n) from X. The 
adapted ( exchange ) algorithm oommences with an initial random design of n 

points ( observations ) and makes a number of excursions whereby the design 
is improved until no further progress can be made. Each excursion is a series 
of additions or subtractions of one or more candidates to the current coneetion 
of design points, eventually returning to a possibly new and better n-point 
design. 

4.4 An example 

As an example of the proposed estimation procedure and the optimization of 
the calibration setup, we consider the simplified two-dimensional coordinate 
measuring machine depicted in Figure 4.2. lts errors are limited to linear scale 
errors in the position of both axes and a constant squareness error in their 
respective orientation. The machine is calibrated using length measurements. 
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First, the kinematie model is used to deseribe how the parametrie errors affect 
the measured position of a point. Disregarding the probe offset, errors ~ in a 
measured position can be expressed as: 

where: 

[ 
ez ] [ _ 11 1 ,0 ] [ oet ... l 
e11 = - 0 0 1 ~:~: 

squareness error 
scale error X-axis 
scale error Y-axis 

(4.13) 

(4.14) 

Note that the minus sign in Equation 4.13 is introdueed because the error in 
a measured position is deseribed. 

The second step involves the formulation of a model for each relevant para
metrie error. In aceordanee with the introduetion of this section. the proposed 
parametrie models are: 

oeh = Pt (4.15) 

oe1e = fJ2x (4.16) 

1e211 = Pa 'IJ (4.17) 
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Here fJ denotes a parameter that has to be estimated from the calibration 
measurements. Inserting the parametrie error models into the kinematic 
error model yields: 

[~] = -[-~ ~ ~l[~] (4.18) 

Next, a model is required that relates the error tiL in a measured length 
L to the errors ~ and ~ in the measured end-points 1 and 2 of the length. 
According to Equation 4.5, this relation can be approximated as: 

tiL ~ [cos a sin a] [ e.2.,- et.,] +'Y 
e211 - e1 11 

(4.19) 

Here a denotes the orientation of the length relative to the X-axis of the ma
chine. By combining Equations 4.18 and 4.19, the error tiL in a measured 
length can be approximated as a linear combination of the unknown parame
ters {J: 

tiL [ . 1[Lsina -Lcosa 0 J[~'1 ] ~ cosa sma 0 0 -Lsina ~ +-y(4.20) 

= L [ cos asin a - cos2 a - sin2 a ] f!_ + 'Y (4.21) 

Note that this error is unrelated to the position of the length in the ma
chine workspace. If n lengtbs are m~sured, the regression problem can be 
expressed as: 

[ 

Lt cos7 sina1 -Lt c~s2 a1 -L1 s:n
2 

a 1 ]· 

Ln cos an sin an - Ln cos2 a,. - Ln sin2 On 

(4.22} 

(4.23) 

The least squares estimates of the parameters f!.. can be calculated according 
to Equation 4.10. 

We now consider the choice for the location of the lengtbs in the machine 
workapace to 'optimally' estimate the parameters f!_. In this analysis, the set of 
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candidates is confined to hall bars with a length of 400 mm. Their position and 
orientation are separated by intervals of 50 mm and 15 degrees respectively. 
As an example, the number ofball bar measurements to calibrate the machine 
is limited to six. In Table 4.1, the properties of two proposed experimental 
designs 1 and 2, and the calculated D-optimal design 3 ( See Figure 4.3 ) are 
shown. 

2 

Design 1 

2 2 

Figure 4.3: Proposed experimental designs 1 and 2, and the calculated D
optimal design 3. 

The calculated D-optimal design is superior to the proposed designs with 
respect to all criteria mentioned. In order to analyse this difierence, the 
variance-covariance matrices Cov@ of the designs are calculated: 

' [ 6 1 1 l Design1 : Covr}J = ~L-2 1 0 (4.24) 
1 

2 [4 0 
-0~7 l Design2: Cov@ = ~L-2 0.83 (4.25) 

0.83 
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Selected candidates of design 1 

Replications x y Anglea 
2 50 250 0 
2 100 100 45 
2 250 50 90 

Selected candidates of design 2 

Replications x y Angle a 
2 50 250 0 
1 100 100 45 
1 100 400 315 
2 250 50 90 

Selected candidates of design 3 

Replications x y Anglea 
2 50 150 45 
2 450 50 105 
2 450 50 165 

Design properties 

det
1
'
3 Average Maximum 

covariance varianee varianee 
Design matrix response response 

1 2.98 E-5 4.35 9.00 
2 2.60E-5 3.20 4.00 
3 2.50E-5 3.00 3.00 

Table 4.1: Properties ofthe proposed experimental designs 1, 2, and the calcu
lated D-optimal design 3. The X- and Y -coordinates correspond to the position 
of the first sphere. All results are scaled for the number of observations and 
error variance. 
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Design3 : Covt P' - -L - 2 u2 [ 2.67 
\!:;'.) - 2 (4.26) 

Although the :first design exhibits no covariance between the scale parameters 
fJ2 and fJa ( matrix element [ 2,3 ] ), the varianee of its squareness parameter 
/31 is quite high (matrix element [ 1,1] ) and shows significant covariance with 
both scale parameters ( matrix elements [ 1,2 ] and [ 1,3 ] ). This explains 
the higher efficiency of the calculated D-optimal design. The D-optimality 
of this design was proven by evaluating all possible designs based on six 
hall bar measurements whose orientation is limited to the above mentioned 
discrete angles. In Figure 4.4 values of the inverted optimality criterion ( i.e. 
det( XT X) ) are shown for a subset of these designs. Here two hall bars are 
located at a 45• angle with the X-axis of the machine. The remaining four 
hall bars are divided into two sets of two hall bars with the same orientation. 
Further analysis showed that, for this problem, any design consisting of a 
triangular arrangement of the various hall bars is D-optimal. 

t 40 •·•• 

0 20 40 60 80 100 120 140 160 180 

Angle of bal I bal$ 3 and 4 ( deg ) 

Figure 4.4: Contour lines of constant det(XT X) of experimental designs with 
six hall bars of which hall bars 1 and 2 are located at a 45° angle with the X -axis 
of the machine. The numerical values for this inverted optimality criterion 
are scaled for the number of parameters ( three) and observations ( six ). The 
calculated D-optimal design is denoted by the symbol '+'. 
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Validation 

Subject of this ehapter is the validation of both the modelling and estimation 
procedures presented in this thesis. In the tirst part of this chapter, models 
for the geometrie, finite stiffness, and thermal errors of the five-axis milling 

machine are estimated and verified. Here the geometrie error model is es
timated using calibration data for each individual parametrie error. Models 

that describe the change in the parametrie errors due to the weight of moving 
machine components and workpiece are also estimated from calibration data 
on each parametrie error ( see Section 3.3 ). The obtained geometrie and fini te 

stiffness error models are validated by camparing the predicted and observed 
errors in hole plate measurements executed by the machine. A software error 
compensation algorithm for the geometrie errors is implemented in the con
troller. The accuracy of the compensated machine is tested using hole plate 
measurements. Regarding the thermal errors, only the heat generated by the 
main spindie drive is considered. This is by far the major heat souree of the 
machine. The respective models are validated by camparing the predicted 
and observed zero-point drift of the tooi during characteristic duty-cycles of 
the spindle. 
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5.1 Error models of a five-axis milling machine 

In this seetion models for the geometrie, finite stiffness, and thermal errors of 
the five-axis milling machine are estimated and verified. The studied machine 
is depicted in Figure 5.1. The tooi chain of the machine contains a prismatic 
and arevolute joint, both with a horizontal axis. The workpiece chain consists 
of two prismatic joints, one vertical and one horizon tal, and a revolute joint 
with a vertical axis of rotation. Maasurement scales with a resolution of 1 pm 

are used to monitor the position ofthe prismatic joints. The machine can mill 
with a vertical and a horizontal spindle. In the latter case, the swiveling head 
is moved to a vertical position and a tooi holder contained in the ram is used. 
In this horizontal mode, the C-axis is not part of the structuralloop. 

5.Ll Geometrie errors 

In this subseetion the estimation and validation of the geometrie error model 
is discussed. Only the parametrie errors introduced by the three prismatic 
joints are analysed. 

Measurement procedure 

Each geometrie parametrie error associated with the prismatic joints is indi
vidually measured. The scale errors and most angular errors are measured 
using a laser interferometer. Electronic levels are used to assess the roll errors 
of the X- and Z-axis. This is not possible for the Y-axis roU error ( rotation in a 
horizontal plane ). This error is estimated from the observed difference of two 
straightness measurements ( in Z-direction ) executed with a different probe 
offset in X-direction ( after correction for the xrx roll error ). These and other 
straightness errors, and the three squareness errors, are measured using a 
square reference block and displacement transducers. The various errors (es
pecially scale errors ) are generally measured along lines through the center 
of the workspace. This to reduce the effect of angular error uncertainty on the 
uncertainty of the estimated model. 
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Figure 5.1: The studied five-axis milling machine and the location of the 
temperature sensors 
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As described in Cbapter 3, all measurements are executed fully automatically 
[115]. In general a sampling distance of 10 mm is used. At each maasurement 
point the axis movement is halted. After a short delay to eliminate dynamic 
effects caused by the axis motion, five samples are taken of the error. For most 
errors, five back-and-forth measurements are executed over the complete axis 
range. The measurements are executed at an ambient temperature of 23 
± 0.5 • C with the machine fully heated up by its ( constant ) internal heat 
sourees ( see Cbapter 3.1 ). To verify the expansion coefficient ofthe scales, the 
respective parametrie errors are also measured at an ambient temperature of 
18 ·c. 

5.---~----~----~--~----~----~---. 

-S 

B 
*' -10 

-15 

Positioo X-axis I mm I 

Figure 5.2: Measured xtx error at different ambient temperatures. The sym
bols o and x oorraspond to an average scale temperature of respectively 25.3 
and 20.4 •c. The measurements are compensated for the thermal expan
sion of the scale using the expansion coefficient supplied by the manufacturer. 
They are executed at the same position in the machine workspace. 

For the X-axis, maasurement ofthe scale errors at differentambient tempera
turas showed strange results. Some results of these experiments are depicted 
in Figure 5.2. Based on the measured temperatures at the start, middle, 
and end of the scale, the depicted scale errors have been compensated for the 
thermal expansion of the scale, and hence should reflect its errors at a tem
parature of 20 • C . The respective correction is based on a thermal expansion 
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coefficient of9.75 p.m m-1 K-1, supplied by the manufacturer. The depicted 
results, however, suggest that the real coefficient of expansion is significantly 
higher, namely 13.5 p.m m-1 K-1• It is unlikely tbat this is in fact the case. 
Furthermore, the large scale error of -15 p.m at 20 ·cis suspect ( the mea
surements are compensated for the effect of angular errors and should reflect 
the scale error ). Further experiments showed that both, the scale error at 
20 •c and its apparent coefficient of expansion, vary when the X-axis scale is 
subjected to significant temperature variations. 

The cause of these effects bas been traeed to the used scale mounting. The 
scale is attaehed to the machine frame by two fixed points. This construction 
does not allow a free thermal expansion of the scale. Thus the apparent 
thermal expansion coefficient of the scale is partly determined by tbat of the 
surrounding machine structure. The variation in its errors is due toa stick
slip effect in the scale mounting. 

Validation of tbe geometrie error model 

Based on the measurements described in the preceding section, models are 
estimated for the various parametrie errors using the procedure described 
in Cbapter 3. Combined with the kinematic model of Chapter 2, a model is 
obtained that describes the accuracy ofthe machine in its raferenee state (ex
cluding certain fini te stiffness related errors ). To assess the predictive power 
of this model, several validation measurements are executed. A powerlul val
idation method is based on the maasurement of a calibrated hole plate by the 
machine. 

A hole plate is a two-dimensional artifact that contains a grid of holes. The 
relativa position of these holes bas been measured with a laser interf erometer 
and a high accuracy CMM, and is known with a relativa error of less than 
10-6• The respective calibration was executed by the PTB [94]. The studied 
milling machine bas the capability to switch its tool for a probe system and 
thus perform measurements on a part. In this case, the machine is used to 
measure the relativa position of the various holes. The errors of the machine 
result in deviations in the measured hole positions relativa to their calibrated 
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Figure 5.3: Different hole plate locations 

values. lf the estimated error model is correct, we should be able to predict 
these errors. 

The holeplateis placed on the machine in three different planes: the XY-, XZ
and YZ-plane ( see Figure 5.3 ). Kunzman [62] showed that the measurements 
of the hole plate in these locations are highly sensitive to all geometrie errors 
of the machine. 

'lb determine whether deviations between the observed and predicted mea
surement errors of the hole plate are significant, we need to know the re
peatability of these measurements. This repeatability is affected by the used 
probe stylus. Three different probe styli are used to measure the hole plate 
in the described locations ( see Figure 5.4 ). Table 5.1 presents the results of 
repeatability tests for these styli when measuring the position of a hole. The 
largest uncertainty is observed for measurements in the YZ-plane. This is due 
to the complex stylus contiguration required to perform measurements in this 
plane. Figure 5.5 presents the measurement setup in this plane. 
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Figure 5.4: Different probe configurations 

Plane Repeatability 
2Sx 2Sy 2Sz 

XZ-plane 0.6J.Im O.BJ.Im 
XY-plane l.lJ.Im O.BJ.Im 
YZ-plane 1.3J.Im 2.4J.Im 

Table 5.1: Repeatability of the measured hole position in several planes 

Figure 5.5: Hole plate measurement in the YZ-plane 
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Figure 5.6: Observed and compensated errors in the XY-plane 

Software is developed that uses the estimated error model to predict errors 
in the measurements executed by the machine. These simulated errors are 
used to compensate the errors in the actual measurements of the hole plate. 
First, however, the raw maasurement data is compensated for errors due to 
the thermal expansion of both hole plate and machine scales. Also errors due 
to misalignment of the plate relative to the machine axes are compensated. 
If the developed roodels are correct, the compensated errors should be close 
to the observed repeatability of the hole plate measurements. Figures 5.6, 
5.7, and 5.8 present the observed errors for three different coordinate planes 
( compensated for misalignment ) and the residual errors after correction for 
the modelled thermal and geometrie errors. 

The maximum residuals between the observed and predicted errors are in 
the lOpm range. These residuals have a systematic pattern that indicates a 
squareness error. Especially in Figures 5.7 and 5.8 there is a significant error 
in the modelled squareness error of the machine. However, the uncertainty of 
the squareness measurements used to estimate the geometrie error model is 
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Figure 5.7: Observed and compensated errors in the XZ-plane 
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Figure 5.8: Observed and compensated errors in the YZ-plane 
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too small ( approximately 5 prad ) to explain the residuals. Further analysis 
showed that the residuals are mainly caused by variations in the geometrie 
errors d}le to wear. 

The error model is based on geometrie error measurements exeeuted several 
months prior to the hole plate measurements. During this period, the ge
ometrie errors of the machine have ehanged. Figures 5.6 and 5.8 indicate 
the presence of large geometrie errors in the investigated five axis milling 
machine. These errors are due to a large yrx error ( rotation around x when 
moving y) caused by worn hearing surfaces of the milling machine. These sur
faces are coated with a special synthetic material to enable smooth movement 
of the carriage. When this coating is worn, the hearing surfaces will show 
an increased wear rate resulting in quickly changing geometrie errors. Es
pecially the Y-axis suffers from this problem. This also caused the hysteresis 
error described in Chapter 3. 

Reai-time geometrie error correction 

An important application of error models is software error compensation. 'lb 

this effect, the geometrie error model is implemented in the controller of the 
machine [29, 96, 109]. In cooperation with the respective manufacturer, a 
reduced, efficient error model was developed. This model can be quickly 
evaluated, which is essential in the real-time environment of the controller. 
In order to validate the performance of the adapted model, the hole plate is 
measured withand without software compensation. 

Again the holeplateis measured in all three coordinate planes. In Figure 5.9 
the maasurement results of the YZ-plane are depicted. As predicted by the 
simulations, the software compensated machine still has a significant square
ness error. The maximum observed error of the software error compensated 
machine equals llpm versus 109pm before compensation. For the hole plate 
measurements, the model reduction has not deteriorated the predictive power 
of the error model. 
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Figure 5.9: Validation of the reai-time error compensation in the YZ-plane 

5.L2 Errors due to mechanicalloads 

Weight of moving machine components 

In Chapter 3, measurement results are presented that indicate that the an
gular error yrx ( rotation around X when moving Y ) is dependent on both the 
position ofthe X- and Y-axis. This so-called cross-coupling is due to the weight 
of the moving X-axis carriage. Due to this dependency on the X~axis position, 
the apparent scale error of the Y-axis ( i.e. the yty error ) is also related to 
the position of the X-axis. Furthermore, the apparent roll error of the X-axis 
will be dependent on the position of the Y-axis. For the more likely candidates 
for cross-coupling ( e.g. dependency yrz error on X, and yrx error on Z ) no 
significant interaction terms were observed. 

In order to validate the respective error model, the errors observed in the 
hole plate measurements are again compensated for the predicted errors ( off
line ). Two different models have been used for these simulations. A model 
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Figure 5.10: Compensation of hole plate measurement errors using a model 
with and without yrx cross-coupling 

that describes the geometrie errors of the milling machine without cross
coupling, and one that includes the described cross-coupling. The results of 
this comparison are presented in Figure 5.10. The residuals are smaller when 
cross-coupling is included in the model. 

Workpiece weight 

In Chapter 3, the effect of the workpiece weight on the accuracy of the milling 
machine is analysed. To validate the estimated error model, hole plate mea
surements are executed with workpiece weight. 

The milling machine is loaded with a workpiece weight of 3500 N located at a 
Z-position of -189 mm relative to the center ofthe workpiece table. Hole plate 
measurements are executed in the XY- and XZ-plane. Figures 5.11 and 5.12 
present the compensated maasurement errors in both planes. The measure-



5.1 Error models of a five-axis milling machine 147 

Hole plate measurements XY -plane 
450 

", ..................... , ..... ::--

r ...... ....... 
400 '• ,, ,, ,, ,, 

!) ,, ,, 
350 

,, 

f 
,, ,, ,, ,, ,, ,, 

300 '• 

ê 
,, ., ,, 
'• ,, 

~ 
250 •' l ,, 

~ 
,, 

10 IJill relative ,, 
•' . ,, 

~ 
200 

,, :: y Geometry !\ 
' : 

>- 150 : 
Geometry+ 

l\ 100 
finite stiffness 

' N~ma~-~. :~:: __ ~ 50 ~ '' ......... _":. ... >\ 
0 ~ 
100 200 300 400 500 

X - coordinate [ mm I 

Figure 5.11: Residual errors after compensation for geometry and workpiece 
weight. ( XY-plane, load 3500 N ) 

Hole plate measurements XZ-plane 
600 

500 
" ,, ,, ,, ,, 

ê 400 \ ~ 

~ 10 IJill relative (: 
300 

\ § Geometry 
' Geometry + N l 

200 
finite stiffness 

~ 

\ 
,;~.::!-~--- --· 

100 

100 200 300 400 500 600 

X - coordinate [ mm I 

Figure 5.12: Residual errors after compensation for geometry and workpiece 
weight. ( XZ-plane, load 3500 N ) 
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ments are compensated using the geometrie error model and the model de
scribing the errors due to workpiece weight. 

Both Figures 5.11 and 5.12 indicate a relatively small contribution ofthe finite 
stiffness errors to the total errors of the milling machine ( see Figure 5.6 ). In 
Chapter 3 it is shown that the workpiece weight mainly affects the parallelism 
error between the B-axis and the Y-axis. This parametrie error does not 
contribute to the observed errors, since the B-axis is not moved during the 
hole plate measurements. 

The residuals after compensation for the workpiece weight are smaller than 
the residuals observed during the validation of the geometrie error model 
without workpiece weight. This somewhat peculiar result is due to the age 
difference between both models. The measurements and validation of the fi
nite stiffness errors directly succeeded each other. The geometrie error model, 
on the other hand, is relatively old. The parametrie errors due to the workpiece 
weight are estimated from the difference between the observed parametrie er
rors with workpiece weight and without workpiece weight. The latter data is 
relatively old. Hence the fini te stiffness model contains both the effect of the 
workpiece weight and geometrie error variation due to wear. 

5.L3 Thermal errors 

In Chapter 3, two approaches are presented to model the thermal errors of a 
multi-axis machine. In the first instance, an empirica! dynamic model is esti
mated that relates the temperature distribution of the structuralloop to the 
valnes of a small number of temperature sensors. The estimated temperature 
distribution is the input of an analytica! model, which results in the various 
parametrie errors. These parametrie errors are then inserted in the kinematic 
model to obtain the errors in the relative location ofthe end-effector. The sec
ond modelling approach is based on the estimation of a dynamic model that 
directly relates the observed errors in the relative location of the end-effector 
to the valnes of a limited number of temperature sensors. 
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Figure 5.13: Measurement setup to measure zero--point drift 
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In order to estimate and verify the various models, several experiments are 
executed. Here only the heat generated by the spindie drive is considered. 
This is by far the major heat souree of the machine. Furthermore, only the 
horizontal spindie is analysed. The experiments are based on a setup devel
oped by Theuws [115]. This setup enables the simultaneons maasurement of 
temperature elevations and the zero-point drift of the tool bolder. 

A large number of Pt-100 temperature sensors are attached to the milling 

machine. The position of each sensor is depicted in Figure 5.1. The choice for 
these positions is determined by carefut consideration of both the location of 
the intemal heat sourees and the requirements of analytica} model. The model 
requires that the thermal gradients in all directions are measured. This is 
achieved by placing the sensors at the corners of each beam segment, so that 
linear temperature gradients in three orthogonal directions can be estimated. 
'lb measure the zero point drift, a cylinder is mounted inthetooi holder ofthe 
milling machine. The workpiece table contains a base with five eddy current 
displacement transducers. With these contactleas displacement transducers, 
the position ofthe tooi holder is measured in three orthogonal directions. Also, 
two relevant rotations can be measured. The maasurement setup is depicted 
in Figure 5.13. 
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The analytical model 

First the analytica! model for the thermal errors is validated, using the roea
sured temperatures of the various sensors as input. During the experiment, 
the machine is loaded with a constant spindie speed of 6000 rpm during six 
hours ( warming up ) and spindie stop during eight hours ( cooling down ). 
The Z..axis is fully extracted ( i.e. Z = 0 ). The position of the X- and Y-axis 
during all the experiments equal respectively 350 mm and 160 mm. The tem
parature elevations of five characteristic sensors are depicted in Figure 5.14. 
The predicted and observed zero-point drift of the tooi during this experiment 
are presented in Figure 5.15. 

Sensor Tl 

-5'----'----'---~---'-----'-----'-----' 

o 2 4 6 s ro u u 
Time I liours l 

Figure 5.14: Temperature elevation during a load of 6000 rpm for six hours 
(Z = 0) 

The agreement between the predicted and observed errors is quite good in X
and Y-direction. Here the maximum difference is in the order of 10 pm. In Z
direction, however, there are major problems, especially during warming up. 
This discrepancy is mainly due to the expansion of the tooi. The implemented 
model calculates the tooi expansion assuming that the temperature of the tooi 
equals that of the tooi holder. In reality, the tooi is much colder due to the 
forced convection that occurs when it is rota.ting at 6000 rpm. In the fust 
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Figure 5.15: Drift of the tool during a load of 6000 rpm for six hours ( Z = 
0 ). The observed and predicted errors are presented by respectively solid and 
dashed lines. Analytica! model. 

halfhourafter spindie stop, the tooi actually increases its temperature due to 
the absence of this convection, giving rise to an increased zero-point drift. An 
mustration of this effect is the change in tooi diameter during the experiment 
( see Figure 5.16 ). This diameter was measured using two opposite sensors. 

'lb assess the validity of the model for more practical situations, the machine 
is loaded with a spindie spectrum as defined in DIN 8602 ( see Figure 5.17 ). 
This spectrum contains a sequence of spindie speeds, varying from zero to 
the maximum spindie speed. The latter equals 6300 rpm for the investigated 
machine. The results of this test are presented in Figure 5.18. In Figures 
5.19 and 5.20 the analytical model is similarly verified when the Z-axis is 
fully retracted ( i.e. Z = 600 mm ). From these tests we can conclude that 
the analytical model is capable of descrihing thermal errors resulting from 
relatively fast load changes. 
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Figure 5.16: Change in tooi diameterduringa load of 6000 rpm for six hours. 
Note the sharp increase in diameter after spindie stop ( 6 hours ). 
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Figure 5.17: Duty cycle according to DIN 8602 
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Figure 5.18: Drift of the tooi duringa load according to DIN 8602 ( Z = 0 ). Tbe 
observed and predicted errors are presented by respectively solid and dasbed 
lines. Analytical model. 
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Figure 5.19: Zero-point drift during a load of 6000 rpm for six hours ( Z = 
600 ). The observed and predicted errors are presented by respectively solid 
and dasbed lines. Analytica! model. 
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Figure 5.20: Drift of the tooi duringa load according to DIN 8602 ( Z = 600 ). 
The observed and predicted errors are presented by respectively solid and 
dashed lines. Analytica} model. 

The empirlcal model for the temperature distributton 

The empiriciil model for the thermal distribution uses two temperature sen
sors to predict the temperature elevation of all other sensors: sensor 34, 
mounted on the ram, and sensor 52, mounted on the swiveling head. Both 
sensors are located in close proximity to gear transmissions and hearings in 
the main spindie drive. The model has three time constants. The parameters 
in this model are estimated from one experiment. During this experiment, 
the machine is loaded with a constant spindie speed of 6000 rpm during six 
hours (warming up) and spindie stop during eight hours ( cooling down). The 
predicted temperature elevations of three characteristic sensors are depicted 
in Figure 5.21. The predicted temperatures are now used as input for the 
analytica} model. The respective results for a duty cycle according to DIN 
8602 are presented in Figure 5.22. Using the predicted insteadof the actual 
temperatures only marginally affects the accuracy of the drift predictions. In 
X-direction the accuracy is even improved. 
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Figure 5.21: Temperature elevations during a load according to DIN 8602 ( Z 
= 0 ). The observed and predicted temperatures are presented by respectively 
solid and dashed lines. 
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Figure 5.22: Drift of the tooi during a load according to DIN 8602 ( Z = 0 ). 
The observed and predicted errors are presented by respectively solid and 
dashed lines. Analytica} model using the empirica} model for the temperature 
distribution. 
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The empirical model for the zero-point drift 

The empirica} model for the zero-point drift directly relates the measured 
temperatures to the displacement of the tooi holder. This model uses the 

same two temperature sensors as the empirical model for the temperature 
distribution. It is also estimated from one experiment where the machine is 

loaded with a constant spindie speed of 6000 rpm. Results obtained with the 
estimated model are presented in Figures 5.23 and 5.24. The use of spindie 
spectra to estimate the model parameters only slightly improved the predictive 
power of the model for other spectra. However, in these cases, the respective 
model showed problems when predicting errors during constant loads. 

10 

Time[hwrs] 

Figure 5.23: Drift of the tooi during a load of 6000 rpm for six hours ( Z = 
0 ). The observed and predicted errors are presented by respectively solid and 
dashed lines. Empirica} model ( estimation dataset). 
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Figure 5.24: Driftofthe tooiduringa load accordingto DIN 8602 (Z = 0 ). The 
observed and predicted errors are presented by respectively solid and dashed 
lines. Empirica! model ( validation dataset ). 

5.2 Error estimation of a three-axis CMM using 
artifacts 

The procedure outlined in Chapter 4 is applied to calibrate the bridge-type 
CMM depicted in Figure 5.25. The CMM has a resolution of 0.5J.'m, and its 
accuracy is stated by the manufacturer as [143]: 

1D 

3D 

U95 = 1.6pm + 3.3 10-6 
• L 

U95 = 2.6J.'m + 5.0 10-6 • L (5.1) 

Not included in the calibration are the errors introduced by the CMM's ( mea
suring) probe system. Furthermore a constant probe offset is used. Hence, 
angular errors which affect the maasurement accuracy only through the used 
probe offset ( in our case zrz and xrz ) are not estimated. When using a 
constant probe offset, it is not possible to separate the effect of the Z-axis 
straightness errors ztx and zty from respectively the zry and zrx angular er
rors. Hence these straightness errors are also not estimated. As with prohing 
errors, dedicated tests, using different probe offsets, are better suited to as-
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Figure 5.25: Investigated CMM and calibration equipment 
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sess the angular and straightness errors that are not considered. A correction 
was implemented for the thermal expansion of the scales, using two to three 
temperature sensors ( Pt-lOOs) per scale ( see Figure 5.25 ). 

In the subsequent sections, three different calibration setups based on length 
measurements are described. The calibrations use respectively a laserinter
ferometer in distance mode, a checking gauge, and a relatively small number 
of length measurements in optimized locations. The results will be compared 
with a conventional calibration based on the separate maasurement of the 
various parametrie errors ( using a laserinterf erometer and electronic levels). 

5.2.1 "Brute Force" calibration 

The philosophy of this method is to measure many lengths in many differ
ent locations uniformly distributed throughout the complete workspace ofthe 
machine. Thus, parametrie errors estimated with this data optimally de
scribe the length measuring capability of the machine, which represents the 
essence of its accuracy. Since the various lengths are measured throughout 
the workspace, analysis of the residuals between the observed and modelled 
deviations yields powerful information with respect to the accuracy ofthe error 
model (e.g., the presence offinite stiffness related errors not implemented in 
the model). The method represents an extreme of the fundamental calibration 
oompromise described in Chapter 4. Since little intelligence is used in select
ing the location and choice of the lengtbs measured, the calibration's efficiency 
in the estimation of modelled errors is rather low ( i.e., many measurements 
are required ). However this lack of assumptions in the experimental design, 
results in a maximum ability to detect from the calibration data ( unexpected) 
machine tooi errors not implemented in the proposed model. 

As a first approach to reduce the significant experimental effort necessary 
for calibrations of this kind, we used a laserinterferometer to measure the 
various lengths in combination with a mirror mounted on a motorized rotary 
table ( see Figure 5.26 ). A large retroreflector is attached to the machine's 
ram, and the interfarometer is placed between laser souree and mirror. The 
mirror setup is ( software ) aligned by measuring the location of the reflected 



160 

§. 

~ 
0 

~ 
§ 
~ 

Reflector 
attached to 
machine•s 
ram 

Laser Interfarometer 

V alldation 

Rotary table 
with mirror 

Figure 5.26: Experimental setup "Brute Force" calibration 

2 .... 

-4 

~OL-----~----~----~----~----~----~----~ 
200 400 600 800 1000 1200 1400 

MEASURED LENGTH [ mm] 

Figure 5.27: Errors in the measured lengtbs 



5.2 Error estimation of a three-axis CMM using artifacts 161 

beam for several angles of the rotary table. Each location is estimated from 
the machine's scale readings at two different, manually tuned, positions where 
the laser beam is optimally returned to the laser head. From this information, 
the host computer is able to calculate the position and direction ofthe refiected 
laser beam for any angle of the rotary table. At a certain fixed position of the 
rotary table, the machine's ram is now automatically moved along the refiected 
laser beam. At certain positions, the machine is stopped, and its indicated 
travel is compared with the respective laser reading. After a complete back 
and forth movement, the mirror is automatically rotated by a certain angle 
and the process is repeated. Thus, a large number of lengtbs can be measured 
fully automatically. 

Note that for this application the accuracy requirements of the rotary table 
are rather low. Since the position of the mirror is fixed during each length 
measurement, errors in its location only affect the calibration accuracy by 
eosine errors (in our setup < 10-7 • L ). Similarly, the accuracy requirements 
of the mirror surface and the retroreflector are rather low. A drawback of the 
metbod is the increased distance between the interf erometer and the starting 
point of the length measurements, due to mirror and rotary table. Significant 
'deadpath' errors may occur in case of an unstable environment and slow 
execution of the back and forth measurement. 

The total number of approximately 4000 lengtbs measured throughout the 
workapace is split into an estimation dataset and a validation dataset. The 
estimation dataset is used to estimate the unknown parameters /!_ that de
scribe the machine's error model. The validation dataset is used to study the 
predictive capabilities of the model. Figure 5.27 presents the observed errors 
in the measurement of these lengtbs ( average of five samples ). In Figures 
5.28 and 5.29, the residuals between the predicted and observed length de
viations of this dataset are depicted for models estimated with respectively 
the conventional calibration and the "Brute Force" calibration ( 73 estimated 
significant parameters/!_). 
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MEASURED LENGTH [ mm] 

Figure 5.30: Residuals calibration using a Machine Checking Gauge 

5.2.2 Calibration using a Machine Checking Gauge 

A Machine Checking Gauge consists of a fixed reference length of unknown 
dimeneion supported by respectively a pillar with pivot halland the machine's 
probe tip. Since three-point contact locations are used at either end, the MCG 
self-aligns to the probe and raferenee pivot and thus only one touch is needed 
to measure its current end position with respect to the pivot. The machine 
manipulates and measures the raferenee length in several orientations. This 
provides a truncated sphere of points centred around the reference pivot. 
From the many possible combinations of pivot position and reference length, 
we chose a set of 10 combinations ( three different lengtbs of 226, 380, and 532 
mm yielding a total of 932 measurements ). The effects of probe lobing and 
probe spbere roundness were compensated using the errors observed wben 
measuring the pivot spbere in the same approach directions as during the 
checking gauge measurements ( this was not possible for the -45° elevations ). 
Since the raferenee lengtbs used are not calibrated, tbe performance data was 
augmented with a set of laserinterferometric distance measurements taken 
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Figure 5.31: Residuals calibration using 50 length measurements 

along one line parallel to the machine's Y-axis. From this data, the error 
model was estimated. The proposed model had the same unknown parameters 
f!.. as the model used in the "Brute Force" calibration. Figure 5.30 depiets 
the residuals between the predicted and observed length deviations of the 
validation dataset. 

5.2.3 Calibration using a small number of measurements 

In this section, the optimal design theory presented in chapter 4 is applied to 
calibrate the CMM using a relatively small number of length measurements. 
Compared with the "Brute Force" calibration, this setup presents the other 
extreme of the fundamental calibration compromise. Since the choice and 
position of the measured lengths is optimized according to the proposed error 
model of the machine, the efficiency in the estimation of the unknown parame
ters f!.. ofthis model is high (i.e., a small number ofmeasurements is required ). 
However a too rigorous optimization, will significantly reduce the possibilities 
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to detect from the calibration machine tool errors not implemented in the 

model. 

In order to facilitate the comparison of the eaUbration methods described, 
the design space was defined as the total collection of length measurements 
performed during the "Brute Force" calibration. The number of lengtbs used 
in this calibration was chosen as 50 ( a number slightly higher than that 
allowed by the American standard for performance evaluation of CMMs ( 40 
measurements) [5) ). In order to determine the trend of the various errors, low 
order ( quadratic or linear ) polynomials were used in their proposed model, 
which yields a total of 32 unknown parameters to be estimated. The residuals 
between the predicted and observed length deviations of the validation dataset 
are depicted in Figure 5.31. 
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In this thesis a systematic approach is presented to analyse the accuracy of 
multi-axis machines. The general goal is a model for the errors in the relative 
location of end-effector and workpiece reference during an arbitrary task.. 

The core of the proposed approach is the so-called kinematic model. This model 
is a mathematica! entity that enables the separation of the structuralloop into 
different segments, whose so-called parametrie errors can be measured and 
analysed independently. The presented kinematic model can be applied to 
multi-axis machines consisting of an arbitrary serial contiguration of revolute 
and prismatic joints. It is completely defined by the nominal geometry of 
the structural loop. For a five-axis milling machine and a three-axis CMM, 
the model is successfully applied to describe the propagation of all studied 
parametrie errors. It is further shown that the model is an important tooi for 
the uncertainty analysis of multi-axis machines. 

The studied parametrie errors in this thesis are those due to the limited accu
racy of structural loop components in an unloaded reference state, those due 
to static and slowly varying forces introduced by the dead weight of machine 
components and workpiece, and those due to thermally induced strains in the 
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structural loop. The respective error sourees are analysed separately, and 
their combined effect on the parametrie errors is obtained by superposition. 

The roodels for geometrie parametrie errors are based on least squares fitted, 
piecewise polynomials defined on the domain of the joint enclosed by the re
spective coordinate frames. These roodels are simple to use, yet have a high 
degree of flexibility to accommodate the often irregular nature of geometrie 
errors. For straightness and periodic errors special versions of these roodels 
are presented. Software is developed to automate the estimation of the geo
metrie errors. Various statistica! tests are used to validate the accuracy of the 
estimated roodels and to remove statistically insignificant parameters. 

The modelling procedure for geometrie errors is applied to a five-axis milling 
machine and a three-axis CMM. In the first instance, the model is verified by 
predicting the errors of hole plate measurements executed by the machine in 
various coordinate planes. The observed errors of maximum 110 p.m can be 
predicted with a maximum uncertainty of 10 p.m. Using a simplified version 

of this model, an algorithm for software error compensation is implemented 
in the controller of the machine. Hole plate measurements executed by the 
compensated machine show a maximum error of 11 p.m. For the CMM, the 
model is verified by predicting the errors of a large number of length mea
surements executed by the machine in various locations. The observed errors 
of maximum 8 p.m can be predicted with a maximum uncertainty of 2 p.m. 

In both cases, we can conetude that the estimated roodels for the geometrie 
errors, in combination with the kinematic model of the machine, adequately 
describe the accuracy of the machines in an unloaded ( reference ) state. 

Parametrie errors introduced by the weight of moving machine components 
and workpiece are again described using piecewise polynomials. In the fust 
instance, parametrie error dependencies are introduced on the position of 
joints other than that enclosed by the respective coordinate frames ( cross
coupling ). These dependencies are generally of a very regular nature ( often 
linear ). In the second instance, also the position and weight of the workpiece 
are variables in the parametrie error models. 
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The analysed milling machine shows one significant cross-coupling error. By 
modelling this error, the uncertainty in the predicted hole plate maasurement 
errors is reduced from 10 pm to 4 pm in one coordinate plane. Assuming linear 
elastic behaviour, models are derived for the errors of the milling machine 
resulting from different workpiece weights, located at various positions on the 
machine table. The respective components of the affected parametrie errors 
are estimated from their variation when a certain load is applied. The change 
in the parametrie errors due to an arbitrary workpiece load is obtained by 
interpolation. With the exception of the parallelism error between rotary table 
and machine column, the effect of workpieée weight on the parametrie errors 
is relatively small. The respective change in these errors due to an arbitrary 
workpiece weight can be accurately predicted. The effect of the workpiece 
weight on the accuracy of hole plate measurements is small compared to the 
repeatability of the machine. 

The thesis presents three models to describe the errors introduced by thermal 
loads acting on the structuralloop. The fi.rst two models are empirically esti
mated. The input of these mode Is is the change in the measured temperatures 
of a small number of sensors ( two for the studied five-axis milling machine ) 
located in close proximity to relevant heat sources. The output is respectively 
the temperature distribution of the structural loop, or errors in the relative 
location ofthe end-effector. In both cases, the respective dynamic multi-input 
multi-output system is modelled using a state-space approach. The third 
model reflects an analytica! approach to relate the parametrie errors to the 
temperature distribution ofthe structuralloop. The latter is either estimated 
from temperatures measured by sensors distributed over the complete struc
tural loop or described by output of the first empirica! model. The analytica! 
model is based on the approximation of stress-free thermal deformation of the 
structuralloop. 

The three models are applied to predict the zero-point drift of a five-axis 
milling machine during characteristic duty cycles of the main spindle. The 
following conclusions can be drawn: 

• The observed thermal drift of maximum 80 pm can be predicted with a 
maximum uncertainty of 40 pm ( mainly due tothetooi expansion ), using 
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the analytical model in combination with approximately 30 temperature 
sensors. When using the empirical model to predict these sensor read
ings, based on the readings of two temperature sensors, this accuracy 
is only marginally affected. The latter two sensors are located in close 
proximity to the main heat sources. The empirica! model that directly 
prediets the thermal drift using the two sensors has a maximum uncer
tainty of approximately 10 pm. However, it should be noted that this 
model is only valid for a certain tooi and at a certain position of the 
machine axes. 

• Due to the dynamic nature of the empirica! models, they require a signif
icantly lower number of temperature sensors compared to other ( static) 
models used in this field. 

• The analytica} model results in parametrie errors. He nee it can be used in 
conjunction with the kinematic model to predict the errors in the relativa 
location of the end-effector at any position of the machine axes: Both 
empirica! models are only valid fora certain position ofthe machine axes. 
'lb describe the errors at other positions, models have to be estimated 
at different axis positions in combination with a suitable interpolation 
scheme. 

• When the various sensors are suitably placed, the analytical model is 
valid for moving axes, coolant, and various ambient temperatures and 
ambient temperature gradients. For the empirical models, these effects 
must be considered in the modelling procedure and included in the vari
ous experiments. 

• Although the basic principles of the analytical model are relatively sim
ple, its application requires experience and specific knowledge on the 
construction ofthe machine. Due to the large number ofunderlying as
sumptions, the analytica! approach often requires several iterations to 
derive an acceptable model. Problems are introduced due to the fact that 
it is usually not possible to position the sensors at their ideallocations. 
In contrast, the estimation of the empirica! models is relatively easy, 
can be largely automated, and requires little specific knowledge about 
the analysed machine. A drawback is the danger of overfitting. In this 
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respect, the estimation data should reflect the typical temperature loads 

during machine operation. 

• The analytica! model is probablyvalidfor all machines of a certain factory 
type. Wear, preload, and tolerances affect the intensity and distribution 
of the heat sources, not the thermal deformation given a certain tem
perature field. However, since the temperature field is estimated from 
a limited number of sensors, a significant change in the intensity and 
position of the heat sourees may affect the predictive power of the model. 

• The analytica! model provides insight in the thermal deformation of tbe 
structural loop. This information can be used to improve tbe design of 
tbe machine and the placement of temperature sensors. 

A general metbod is presented to estimate tbe quasi-static parametrie errors 
of multi-axis machines using artifact measurements. The use of standard re
gression techniques in tbe estimation of the parametrie errors yields a uniform 
approach regarding tbe nature of the machine being studied (e.g. the presence 
of revolute joints or 1inite stifl'ness effects ), and the choice and location of the 
artiracts measured. The metbod can be applied to most existing calibration 
procedures based on artifact measurements. In many cases a more efficient 
use of tbe calibration data will be achieved. Using statistica! experimental 
design techniques, it is shown that the efficiency of such procedures can be 
unambiguously assessed and optimized. Also statistica! techniques can be 

readily used to verify the estimated error model. 

The metbod is applied to calibrate a tbree-axis CMM by three different meth
ods, all using length measurements. The "Brute Force" calibration uses a 
large number oflength measurements in many different orientations. It yields 
better results than a conventional calibration based on the individual maa
surement of each parametrie error. The results obtained with respectively a 
Machine Checking Gauge and a limited number ( 50) oflength measurements 
in optimized locations are oomparabie with those obtained by conventional cal

ibration techniques, tbough require less effort and equipment. 



172 Conclusions and recommendations 

6.2 Recommendations 

Regarding the quality of the error models, their estimation, and their appli
cation, research on the following topics is recommended. 

General 

• Superposition. The proposed modelling procedure relies heavily on 
the assumption that the total error of the machine can be obtained by 
superposition of the effects of various error sources. This assumption 
needs to be verified with respect to the interaction of mechanical and 
thermalloads. 

• State-space approach. The presented empirical roodels for the tem
parature distribution and thermal drift are based on a state-space pre
sentation. Application of the state-space approach is obviously not lim
ited to thermal errors. The ( combined ) analysis of other ( dynamic ) 
error sourees and their interactions might benefit from the systematics 
of the state-space approach and the wealth of techniques developed in 
this field. In this context, it might be possible to develop a state space 
model where the respective state oomprises all information required to 
describe the combined effect of the various error sources, including their 
interactions. 

• Task accuracy. Models are required that relate errors in the relative 
trajectory of the end-effector to the resulting errors of an executed task. 
This requires analysis of the end-effector - workpiece interaction, and 
often the consideration of additional error sourees ( e.g. the numerical 
properties ofthe estimation software used by a CMM ). These roodels can 
be used to predict the accuracy ofparts produced by a machine (e.g. in or
der to select a suitable machine, to optimize manufacturing parameters, 
and to eliminate trial runs ), to realize traceability of coordinate mea
surements, and to facilitate quality control in a flexible manufacturing 
environment ( see next item ). 
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• Quality controL Traditional quality control techniques arebasedon 
trends in the realized accuracy of similar parts in time. These techniques 
are difficult to apply in a flexible manufacturing environment. Hence, 
techniques are required where trends in the error sourees of a machine 
are estimated from data on the realized accuracy of different products. 

• Uncertainty. Methods are required to quickly assess the uncertainty of 
the predicted errors. This is especially important for the realization of 
traceability of coordinate measurements. 

• Long time stability of error models. Due to wear and aging, the 
accuracy of a machine changes in time. Research is required as to which 
error sourees are sensitive and over which time intervals error models 
remain valid. 

• 'l)pe dependent errors. Research is required as to which error classes 
have type dependent characteristics. This in order to reduce the experi
mental and modelling effort for each individual machine. It is especially 
required for errors due to machanical and thermalloads, as the modelling 
effort for these errors is quite large. 

• Software compensation. An important application ofthe derived error 
models is software error compensation. Realization and implementation 
of the required compensation routines is relatively straightforward for 

measuring machines. Here the estimated errors can be used to compen
sate measured coordinates after the maasurement has been executed. 
However for positioning and handling tasks, the position of the joints 
needs to be compensated during the execution ofthe trajectory. This lim
its the time available to calculate compensation values. Furthermore, 
implementation ofthe required compensation in the motion controller is 
a hazardous problem. Care must be taken to avoid instahilities of the 
control algorithm, especially when errors change rapidly as a function 
of axis position ( compared to the resolution of the maasurement sys
tems ). The problem is aggravated whenever a joint coordinate requires 
compensation for more than one error. 

• Design for software compensation. Software error compensation can 
be a reliable, flexible, and cost-effective means to improve the accuracy 
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of multi-axis machines. Full use of its potential requires an approach 
where the possibilities and limitations of software compensation are con
sidered in the design, manufacturing, and maintenance ofboth machine 
and controller. Especially design and manufacturing rules should be 
tailored towards increasing the type dependent characteristics of errors. 
Nowadays, software error compensation is often viewed as an add-on 
feature rather than an integrated component of the machine. 

Kinematic model 

• Standardization. The kinematic model plays a key-role in the accuracy 
analysis of multi-axis machines. Successful application of this model by 
'ordinary' users is dependent on standardization. This affects not only 
the notation, but also the place where the various errors are defined. 

• Revolute joints. Except for industrial robots, errors of machines with 
revolute joints have received little attention. Standardization of the re
spective error parameters is required, especially when machines contain 
more than one revolute joint. Examples are the use of :fixed versus mov
ing frames, and the de:finition of parameters required to describe the 
position of the joint axis. In the latter case, also maasurement proce
dures need to be de:fined to assess these parameters. 

Mechanicalloads 

• Process forces. The effects of static process forces are not consid
ered in this thesis. Especially during single-pass machining operations, 
the structural loop deflections due to these forces may become signif
icant. The modelling of these forces is not structurally different from 
those due to the workpiece weight. Practical problems occur due to 
the increased number of independent variables in these models and the 
related increased experimental effort. In contrast to errors due to the 
workpiece weight, the complete structuralloop needs to he considered in
stead of only the part that supports the workpiece. Furthermore, process 
forces have a direction and magnitude dependent on process parameters. 
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Hence, the response of the structural loop to forces acting in different 
directions needs to be analysed. 

• Estimation mechanicalloads. Application of the error model, espe
cially for software error compensation, requires the estimation of the 
position and magnitude of the workpiece weight. Since it is usually not 

practical to let the user supply these characteristics, research is required 
on sensors to assess these variables ( e.g. strain-gauges ). 

Thermal errors 

• State-space approach. The presented empirica! roodels for the tem
parature distribution and thermal drift are based on a state-space pre
sentation. Hence both the model and its estimation might benefit from 
the extensive amount of techniques developed in this field. Opportu
nities lie in the fields of model estimation, state reconstruction, and 
augmented state estimation. In the latter case, the model parameters 
are considered to be variabie in time. During machine operation, these 
parameters are continuously adjusted such that temperatures measured 
by an additional number of temperature sensors are optimally described. 

The next items address various properties that affect the thermal errors of 
a multi-axis machine but are not considered in this thesis. Although these 
effects have been studied in various laboratories, implementation of the re
spective results to predict the accuracy of arbitrary tasks still requires further 
research. 

• Coolant. In this thesis, the effects of coolants on the temperature distri
bution of the machine and related deformations have not been studied. 
As coolants are a very etfective means of heat transfer, they have a large 
effect on the temperature distribution of machine and workpiece. When 
coolants are sprayed on the machine and the workpiece in a well de
fined constant manner, no changes in the presented empirica! methods 
are required. Probieros occur when the coolant flow over the machine 
during manufacturing varies. In that case, the use ofmany temperature 
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sensors may be the only solution to assess the resulting temperature 
distribution. 

• Tooi expansion. The thermal expansion ofthe milling tooi represents a 
major uncertainty in thermal error models and merits further analysis. 
Problems occur due to tooi changes ( cold tooi on a warm machine), and 

forced convection for rotating tools with increased heat transfer rates. 
The latter is influenced by the geometry of the tooi, spindie speed, and 
the amount of workpiece surrounding the tooi. 

• Workpiece expansion. Models are required that describe the thermal 
workpiece expansion. Especially the non·uniform thermai deformation 
during machining where no coolant is used represents problems. The 
analysis is complicated by the effect of workpiece fixturing, moving heat 
sourees of tooi and machining process, and forced convection with in· 
creased heat transfer rates for rotating workpieces ( which also limits 
the possibilities of temperature sensors ). 

• Machining process. The effect of heat generated by the machining 
process as well as heat transported by the chips has to be studied. Espe· 
cially for those cases where no coolant is used. Furthermore, the effects 
of tooi wear and built-up-edge need to be considered. 

• Moving axes. For the empirica! models, research is required regarding 
the effect of moving axes. Movement of an axis results in heat genera
tion, heat transport by the carriage, and a changed structuralloop with 
different thermodynamic properties. A possibie approach to this prob
lem is to divide the machine into several bodies, separated by kinematic 
elements. For each body, a model is estimated that relates its tempera
ture distribution to the temperatures measured by sensors located near 
its heat sourees and sensors near the boundary with other bodies. The 
latter sensors describe the heat sourees or heat sinks embodied by these 
neighbours. Thus a model might be obtained that is valid for any position 
of the machine axes as weii as moving axes. 

• Multiple heat sources. The empirica! thermal models have only been 
estimated and verified for a single dominant heat souree. Research is 
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required concerning the experiments and modelling procedures in case 

more independently variabie heat sourees are active. 

Artifact based eaUbration methods 

• Sequential update. A promising concept, that merits further research, 

is the sequentia} augmentation of a calibration with extra measurements 
based on calibration data already obtained. Here suitable software sug

gests additional artifact measurements at certain locations, when the 

estimated error model cannot descri he the observed errors of measure

ments already executed. Thus a sequentia! refinement of the error model 

can be achieved. The same concept can also be used to find artifact loca

tions where maximum errors are obtained. 

• Subsets of parametrie errors. Research is required regarding the 

evaluation and optimization of calibrations to estimate subsets of the 

parametrie errors. Especially those parametrie errors that are sensitive 
to wear ( typically scale and angular errors ). 

• Planning and evaluation of experiments in the face of model 

uncertainty. The presented optimization of a eaUbration assumes that 

the proposed error model of the machine contains all the parameters 

required to fully describe its accuracy. Research is required on model 

robust experimental designs that yield reasonable results for the model 

proposed even though it is k.nown to be inexact, and model sensitive 
designs that highlight suspect inadequacies. 

• Errors due tothermal and mechanicalloads. The proposed method 

to estimate the parametrie errors from artifact measurements is only 

valid when the machine has a constant temperature distribution. Re
search is required to also assess transient thermal errors using artifact 

measurements. Furthermore, the application of artifact measurements 

might reduce the extensive amount of experiments required to analyse 

the errors introduced by the workpiece weight. 
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A 

Uncertainty analysis 

In this Appendix, the kinematic model is used to evaluate the uncertainty of a 
measured or realized end-effector location, given the uncertainty of the para
metrie errors. Note that since the kinematic model is a known mathematica! 
entity, the propagation of the parametrie errors to the errors in the relative 
location of the end-effector is fully defined by this model. As an example, only 
the errors in a realized or measured position are considered. Extension of the 
results to problems involving orientation is relatively straightforward. 

A.l Introduetion 

In the international vocabulary of basic and general terms in metrology [9], 
uncertainty is defined as an estimate characterizing the range ofvalues within 
which the true value of a measurand ( quantity to be measured ) lies. This 
is after corrections have been made for all known systematic errors [135]. In 
accordance with this definition, the uncertainty of handling and machining 
operations will bedefinedas the range within which the realized task lies. 
In this Appendix we will consider uncertainty as a random variable, even if 
it is known to have ( unknown ) systematic components. This treatment is 
consistent with the approach recommended by the Comité International des 
Poids et Mesures [26] as described in the WECC-guideline on the expression 
ofthe uncertainty ofmeasurement in calibrations [135]. 
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Some applications, for which an uncerta.inty analysis is either useful or re
quired, are: 

• Measurement. The result of a maasurement has to be accompanied 
by a statement of its uncertainty. For CMMs the accuracy of a maa
surement is usually derived from the length maasurement uncertainty 
of the machine. The latter maasure describes the uncertainty of a length 
measured in an arbitrary location in the machine workspace. As sta.ted 
in Chapter 1, the use of coordinate measuring machines to certify com
ponents requires a more refined error analysis. Here the propagation 
of the parametrie errors to the errors· of a maasurement ta.sk has to be 
evaluated. The respective uncertainty of the parametrie errors is due 
to the uncertainty in their maasurement during calibration ( e.g. due 
to the limited accuracy of the equipment used ), the limited sampling 
density during calibration, and changes in the machine structure after 
eaUbration (e.g. due to environmental effects and waar). Another typi
cal uncertainty is caused by the uncertainty in the coefficient of thermal 
expansion of both machine components and workpiece. 

• Model validation. The validation ofmodels that describe the accuracy 
of a multi-axis machine require an uncertainty analysis to determine 
whether the difference between observed and modeled errors can be 
explained from the uncertainty of the parametrie errors. A sta.tistically 
significant difference may be due to errors not included in the model (e.g. 
certain finite stiffness effects ). A related application is statistica! process 
control, where it is necessary to determine whether a certain trend in 
the quality of raalized products can be explained by the uncertainty of 
the machine ( or that of its error model) or is due toa significant change 
in the errors of the machine. 

• Design. The toleranee of machine components can be determined such 
that the errors in a family of tasks do not exceed a certain error bound 
with certain probability. 

• Compact error models. Especially geometrie errors often show an 
irregular dependency on the position of the respective joint. This leads 
to complicated parametrie error roodels that limit the practical use of 
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the machine error model. A more simple error model can be obtained by 
expressing a parametrie error as the sum of a systematic trend ( e.g. as 
determined by a best fit line ) and a random variabie that describes the 
irregular remainder (even though it is known to be largely systematic in 
nature ). Thus a simplilled error model is obtained that contains fewer 
error parameters. This is obviously a compromise between ease of use 
and increased model uncertainty. These models can be used to quickly 
estimate the accuracy of a machine task, or to select the location where 
a task can be performed with the highest accuracy. 

• 'Random' errors. As stated in the introduetion of this thesis, certain 
systematic errors are perceived as random due to limited information 
a bout the status of machine and workpiece. Dynamic errors, backlash, 
cutting force variations, and errors due to relatively fast thermal fluc
tuations are difficult to assess, and therefore usually have to be treated 
as random variables. This is again a campromise between the costs 

of sensors and modelling versus uncertainty about the accuracy of the 
machine. 

A.2 Uncertainty of a measured or realized posi
tion 

The first step in the uncertainty analysis of a task is the uncertainty analysis 
of end-effector locations that comprise the task. In this section, the known 
kinematic model is used to calculate the uncertainty of a relative end-effector 
position from the uncertainty of the parametrie errors. With respect to the 
errors ~ in a realized or measured end-effector position S, the kinematic 
model derived in Section 2.3 can be summarized as: 

(A.l) 

Here the p x 1 vector E contains the p parametrie errors at the analysed 
position. lts 6 x 1 subveetors contain the parametrie errors ,._1& in the 
relative location of successive frames. The effect of the parametrie errors on 
the position error of the end-effector is described by the known 3 x p matrix 
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F • lts 3 x 6 submatrices contain the lower three rows of thematrices ,_1F~: 

described in Section 2.3 ( i.e. the components that determine the position 
errors of the end-effector). Since the above model is linear in the parametrie 
errors, the expected value E{.es} and the 3 x 3 covariance matrix Cov{.es} of 
.es are: 

E{.es} = F E{E} 

Cov{.es} = E {(.es- E{.es}) (.es- E{.es})T} 

= F Cov{E} FT 

(A.2) 

(A.3) 

(A.4) 

In equation A.4, Cov{E} represents the p x p covariance matrix of the para
metrie errors at location S. The lormulation of this covariance matrix, or 
alternatively that of the position error, is a major problem that requires mucb 
skill and insight in the errors of a machine. Numerous examples can be cited 
where this matrix has been incorrectly specified due to faulty assumptions 
on the joint distribution of the parametrie errors. One of the most notorious 
assumptions is that the various parametrie errors are mutually independent. 
Although in case of many parametrie errors, results obtained under this as
sumption are practically useful ( e.g. regarding the position uncertainty of 
the end-effector ), it must be noted that there are several mechanisms that 
cause correlated parametrie errors. For example, if an instrument is used to 
measure several parametrie errors, the ( unknown ) systematic error of the 
instrument causes the uncertainty of these measurements to be correlated. 
Changes in the parametrie errors due to a change in the thermal environment 
of the machine are generally correlated. Also dynamic and backlash errors 
usually affect several parametrie errors in a correlated manner. Finally, the 
straightness and angular errors of a joint are often correlated. 

In case the position errors in the various coordinate directions are strongly 
correlated, e.g. due to the presence of large angular errors [105], it may be 
useful to apply a principle components analysis. Here the original correlated 

coordinates are transformed to a new set of uncorrelated coordinates called 
principle components [25). The new coordinates are derived in decreasing or
der of importance so that, for example, the first coordinate direction describes 
the direction of the largest uncertainty. Thus the new coordinate axes can be 
interpreted as the main axes of the uncertainty zone. 
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Since the covariance matrix Cov{~} is symmetrie, it can be expressed. as: 

Cov{~} =rA rT (A.5) 

Here A is a diagonal matrix with the ( real ) eigenvalnes Àt ~ À2 ~ Às ~ 0 of 
Cov{~} in decreasing order on its diagonal. The columns of the orthogonal 
matrix r contain the conesponding eigenvectors. Combining Equations A.5 

and A.4 yields: 

E{(~- E{.~s}) (~ -E{~})T} = rArT => (A.6) 

E{rT (~- E{~}) (~- E{~}fr} = A=> (A.7) 

E{"..~"..~T} = A (A.8) 

Wh ere: 

"..~ = rT (~- E{~}) (A.9) 

Thus the principle coordinates in "..~ have zero mean, are uncorrelated, 
and their varianee equals the respective eigenvalnes of the covariance matrix 

Cov{~}. According to Equation A.9, they can be obtained from the original 
position error by a translation foliowed by an ( orthogonal) rotation rT. Henee, 

the rows of matrix rT ( i.e. the eigenveetors of Cov{~} ) describe the main 
axes of the uncertainty zone. The eigenvector conesponding to the largest 

eigenvalue points in the direction of the largest uncertainty. 

Hitherto, the presented results are valid for any distri bution of the parametrie 

errors. To further the analysis, it will be assumed that the errors in the 

position of the end-effector have a multivariate normal distribution, i.e. that 
any linear compound of ~ bas an univariate normal distribution [66]. Since 
~ itself is a known linear combination of the parametrie errors, a sufficient 

condition for the above statement is that each nontrivial parametrie error is 
normally distributed. 

Although this may sound very restrictive, the derived results are quite robust, 
and thus useful, even when the underlying assumptions are not strictly sat

isfied. Note that the position error of the end-effector is a linear combination 
of many parametrie errors, so one can appeal to the central limit-theorema 

to support the above statement. However there are cases where normality 
cannot be assumed. Donmez [36], for example, reports a significant deviation 
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from normality in the positioning errors of aNCmachine tooi due to backlash. 
Also, if only upper and lower limits can be estimated of an influence quan
tity (e.g. limits of errors of a measuring instrument used to estimate an error, 
temperature range), the WECC guideline on the determination ofuncertainty 
[135] recommends to treat the quantity as being uniformly distributed within 
these limits. 

Assuming that the position errors have a multivariate normal distribution, 
the probability density function of ~ is given by [66]: 

!(~) = v'l2rC:v{~}l exp ( -~ (~ -E{~}f Cov{~}-1 (~- E{~})) 
(A.lO) 

By setting the exponent of Equation A.lO equal to some constant, it can be 

seen that the probability of ~ has constant density on ellipsaids of the form: 

(A.ll) 

These ellipsaids are centred at the expected value E{~} = FE{E} of the 
position errors ~. In terms of the principle components contained in "..~ 

Equation A.ll becomes: 

"..~TA"..~ = t? => (A.12) 
2 2 2 

"..es8 "..es11 pres, = t? 
Àt + ).2 + .\a (A.13) 

Thus the coordinates of "..~ describe the axes of the ellipsoid ( See Figure 
A.l ). Note that Equation A.13 contains the sum of uncorrelated normally 
distributed squared variables normalized for their respective variance. Thus 

it follows a Chi-squared distribution whose degrees of freedom equals the 
number of nonzero eigenvalnes 11 of Cov{.!b} [66]. Hence the contidance region 
of ~ with probability a is described by: 

(A.l4) 

(A.15) 

Where x! ... is the upper 100a percentage point of the Chi-squared distribution 
with 11 degrees of freedom. 



A.2 Uncertainty of a measured or realized position 199 

y 

Figure A.l: Confidence region of normally distributed position errors 

Analysis of the error propagation from the end-effector trajectory to the ma
chine task is highly task dependent and complicated. Only for relatively 
simple tasks ( e.g. length measurements ) it is possible to derive explicit an
alytica! expressions ( see Chapter 4 ). Often, additional error soureesneed 
to be considered. Furthermore, the 'random' errors in different locations of 
the trajectory may be correlated ( e.g. due to the uncertainty in the expansion 
coefficient of a scale ), which complicates the analysis. As stated in Chapter 
1, analysis of the accuracy of executed tasks is beyond the scope of this thesis. 
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B 

Properties of parametrie errors 

Due to the relative nature of tasks executed by multi-axis machines, it is not 
required to completely describe each parametrie error identified in Chapter 
2. As stated in the introduction, most parametrie errors affect the accuraey 
of a task only through their variations not through their absolute values. In 

this appendix, the nature of these simplifications is discussed. Throughout 
this discussion it is important to realize that the varions parametrie errors 
are mathematica! entities whose sole purpose is to describe the errors in the 
relative trajectory ofthe end-effector. If certain aspectsof different parametrie 
errorscan be lumped together without affecting the completeness ofthe model, 
this process yields a simpler model and may even be required to ensure their 
identification from observed errors in the end-effector trajectory. 

For a machine consisting of m + n joints, the kinematic error model described 
in Chapter 2 contains m + n + 1 coordinate frames. Between each two succes
sive coordinate frames there is one kinematic element. The total number of 
parametrie errors describing the relative location of these coordinate frames 
equals 6 x (m + n). The geometry ofthe end-effector is described using an ex
tra coordinate frame, yielding 6 additional parametrie errors. 12 parametrie 
errors are further required to describe the relative location of the workpiece 
reference frame and the workpiece deformation. 

First, we consider the case where all parametrie errors have a constant value. 
When all joints are at home position, these errors result in certain errors in 
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the location of the tooi frame relative to the reference frame. Even though 
the parametrie errors are constant, the errors in the relative location of the 
end-effector change due to movement of the joints. The respective variation 
due to movement of a prismatic joint is determined by the combined values of 
parametrie errors that affect the orientation of the joint axis relative to the 
reference frame ( excluding those that only result in angular errors around the 
joint axis ). All other errors are already included in the initiallocation. Sim
ilarly, the error variation due to movement of a revolute joint is determined 
by the combined values of parametrie errors that affect the position and ori
entation of the joint axis relative to the reference ( again excluding those that 
only affect angular errors around the joint axis or translation errors in the 
direction ofthejoint axis ). Note that the effective arm ofthe revolutejoint is 
determined by the actual relative position of tooi frame and joint axis. This 
arm is known if both the errors in the location of the joint axis and those in 
the initiallocation of the tooi frame are known. 

An important concept in the analysis of multi-axis machines is, that from 
measured errors in the location of the end-effector relative to the reference it 
is not possible nor required to estimate the individual value of each (constant) 
parametrie error. Hence their combined contribution can be assigned to an 
arbitrary assembly of parametrie errors, provided the above errors in the 
relative location of the end-effector are properly described. Fora machine 
consisting of n + m joints, a possible choice is defined by the following rules: 

• There are 6 ( constant) parametrie errors in the location of the reference 
frame wr relative to frame bm attached to the machine table. These 
errors describe the location of the end-effector frame relative to the ref
erence frame when all other parametrie errors described below equal 
zero, for all positions of the joints. Hence they describe the location of 
the reference relative to the coordinate frame spanned by the machine 
axes, i.e. the location of the reference relative to the machine. 

• For each joint a maximum of two angular parametrie errors have a con
stant value. These errors describe the orientation of the joint axis rela
tive to two different preceding joints in the kinematic chain from frame 
bm. If the preceding joint axis is nominally parallel, both parametrie 
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errors are defined relative to this joint axis. These errors are usually 
referred to as squareness and parallelism errors. 

• For each revolute joint a maximum of two additional translation para
metrie errors have a constant value. These errors describe the radial 
position of its joint axis relativa to the position of a preceding revolute 
joint in the kinematic chain from frame bm. 

• There are 6 ( constant ) parametrie errors in the location of the tooi 

frame tl relative to frame an. These errors describe the location of the 
tooi frame tl relative to the reference frame wr when all joints are at 
home position. Note that errors in the effective arm of all revolute joints 
are included in these parametrie errors. 

• There are 6 (constant) parametrie errors in the location of the workpiece 
frame wf relative to frame wr. These errors describe the workpiece 
deCormation during the executed task. 

• All other parametrie errors equal zero. 

For a machine consisting of three prismatic joints, the above rules require 
3 + 6 + 6 + 6 nonzero parametrie errors. Three parametrie errors are used 
to describe the relative orientation of the machine axes. Six errors describe 
the location of the reference. Six errors describe the geometry of the end
effector, and a further six errors are required to describe the deCormation of 
the workpiece. If this machine is augmented with a revolute joint, e.g. a 
rotary table, two additional parametrie errors are required to describe the 
orientation of its axis relativa to two other joint axes. Since there is only one 
revolute joint, errors in the position of the joint can be described by errors in 
the dimensions of the end-effector or errors in the position of the reference. 
N ote that the error in the initial angle of the joint ( e.g. due to an encoder 
offset) is described by either an error in the relative location of the reference 
frame, or an error in the relative orientation of prismatic joints enclosing the 
revolute joint, or an error in the geometry of the end -effector. 

Now we consider parametrie errors between two successive coordinate frames 
whose values are dependent on the position of the enclosed kinematic element. 
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If the kinematic element is moved, the relative error in the location of the 
end-effector changes correspondingly. Hence it is both possible and required 
to determine the respective variation of all6 parametrie errors. However, also 
in this case some simplifications are possihle. 

The errors in the end-effector trajectory due to a constant error in the orien
tation of a prismatic joint cannot be distinguished from those due to a linear 
trend in a parametrie error descrihing the translation orthogonal to the joint 
axis ( see tigure B.l ). Hence the Jatter, so-called straightness errors, are 
measured and defined relative to the average axis of motion, usually specified 
in a least squares sense. Similarly, constant errors in the radial axis position 
of a revolute joint cannot be distinguished from trends in a parametrie er
ror descrihing the translation orthogonal to the joint axis having a sinusoidal 
component with a wavelength of 360". The term which is used to refer to such 
once-per-revolution error motion is fundamental error motion. Since a test 
ball on a rotating memher is perfectly centred when this component vanishes, 
it follows that fundamental radial motion of arevolute joint does not exist [18] 
( i.e. is described by the position of the joint axis ). Similar trends in paramet
rie errors descrihing the variation in the orientation of the joint axis yield the 
sameeffect on the end-effector trajectory as a constant error in the orientation 
of this axis. This can be understood by visualizing a perfect cylinder mounted 
on an axis of rotation. If the orientation of this cylinder is adjusted so that 
the cylinder has nocentring error at either end, then there is no once-per
revolution angular motion [18]. Hence, fundamental angular motion can be 
described by constant parametrie errors in the orientation of the joint. There
fore, parametrie errors descrihing angular and translation errors about/along 
axes orthogonal toa revolute joint are defined relative to respectively the aver
age orientation and average position of the joint axis, again specified in a least 
squares sense. Thus they have no once-per-revolution sinusoidal component. 

Due to the finite stiffness of structural loop segments, a parametrie error can 
be related to the position of more than one joint. For example, in horizontal 
arm CMMs, parametrie errors descrihing errors due to bending of the column 
are both dependent on the position along the column and the extension of the 
ram. From measured errors in the relativa trajectory of the end-effector, it is 
both not possible nor required to separate the effect of two similar parametrie 
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Figure B.l: Observed translation errors in the trajectory of the end-effector 
due to a linear trend in the 'straightness' errors, and the respective error 
model of the machine. 

errors whose values are related to the samejoint position. Thus, a parametrie 
error whose value is dependent on the position of one joint can be lumped 
together with a similar parametrie error dependent on the position of this and 
other joints. Since for angular parametrie errors their Abbe offset is likely to 
be different, this grouping will affect the value of parametrie errors descrihing 
translation errors. 

Dependent on the nature ofthe executed task, the number of parametrie errors 
can be further reduced. This reduction is atrected by: 

• the dimensionality of the task. 

• the sensitive direction(s) of the task. 

• the method used to generate the workpiece reference frame ( i.e. the 
alignment procedure ). 

• the method used to determine the dimensions and geometry of the end
effector(s). 

The ti.rst item addresses the number of axes which are moved during a task. 
If a certain axis remains at a fixed position during the entire task, the effect 
of this position on either the value or propagation of certain parametrie errors 
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is constant. This implies that these parametrie errors can be combined with 
other parametrie errors. A similar reduction is possible when the same end
effector is used during the entire task. A typical example is the elimination of 
angular parametrie errors associated with the ram of a machine by defining 
the respective translation parametrie errors in the tip of the end-effector. 
The second item addresses the elimination of those parametrie errors whose 
effect does not affect the relative location of the end-effector in its sensitive 
direction. Here, a further reduction can usually be achieved by a suitable 
Jumping of various angular and displacement parametrie errors. 

The location of the workpiece is usually determined by an alignment proce
dure using the machine. In that case, the parametrie errors descrihing the 
location of the workpieee reference frame are determined by the other para
metrie errors of the structural loop. In other cases, the respective parametrie 
errors in the location of the workpiece reference frame must be separately 
modelled. Part of these errors may be due to errors in the location ( espeeially 
orientation ) of the machine table relative to frame bm, errors of the table 
itself (e.g. its flatness ), and errors in the peripherals that support the work
piece. Note that the errors in the location of the workpiece reference relative 
to frame bm may change during the task, e.g. due to thermal deformation of 
the peripherals that support the workpiece. This variation must always be 

considered. 

A further simplification occurs, if the end-effector used to align the workpiece 
is also used to execute the manufacturing task. During alignment, the location 
of the reference frame relative to frame bm is adjusted such that at a certain 
position of the machine axes, tooi frame and raferenee frame partly coincide 
( usually only their respective position ). Thus the effect of certain paramet
rie errors associated with the end-effector is reduced to zero at this position. 
If both effect and value of these parametrie errors do not change during the 
executed task, they do not cause errors in the relative location of tooi frame 
and reference, and hence need not to be considered. Note that the effect of 
these parametrie errors changes if the machine contains revolute joints. Since 
errors in the arm of revolute joints are lumped in the end-effector geometry, it 
is not sufficient to estimate the end-effector errors using measurements of the 
end-effector geometry. Relevant revolute joints should be active during cali-
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bration of the end-effector geometry. No te that this process is only required for 
a single ( reference) end-effector. The errors of other end-effectors are defined 
by their difference relative to this end-effector. In Chapter 1 it is noted that 
the nominal location of the tooi frame can change during a manufacturing 
task. This changes the structuralloop through the end-effector and hence its 
parametrie errors. A typical example is the effect of probe sphere roundness 
and diameter when prohing in different directions during coordinate measure
ments. Obviously, changes in the dimensions ofthe end-effectorduringa task 
(e.g. due to thermal deformation) should always be considered. 
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Stellingen 
behorende bij het proefschrift van 

Hans Soons 



1. Zoals elk experiment is ook een kalibratie een compromis tussen 
een efficiênte schatting van bekende verschijnselen en de moge
lijkheid tot detectie van onbekende verschijnselen. 

Dit proefschrift 

2. Doeltreffend gebruik van softwarematige afwijkingencompensatie 
vereist een aanpak waarbij deze techniek een integraal onderdeel 
is van het ontwerp, de fabricage en het onderhoud van de machine. 

Dit proefschrift 

3. Methoden om de nauwkeurigheid van een machine te bepalen die
nen bet gebruik van de machine zo dicht mogelijk te benaderen. 
Volumetrische meetmethoden verdienen derhalve de voorkeur bo
ven parametrische meetmethoden. 

Dit proefschrift 

4. "There is a tendency to confuse the ability to correlate tempera
ture measurements and deflections under steady-state conditions 
with an ability to predict deflections under dynamic or transient 
conditions." 

E.R. McClure. "Manu{acturing Accuracy Through the Control of 
Thermal Effects", PhD thesis, Lawrence Livermore National Labo
ratory, 1969. 

5. Bij de huidige stand van zaken omtrent de schatting en modelle
ring van afwijkingen kunnen enkel specifieke meettaken verricht 
met een coördinatenmeetmachine gecertificeerd worden. 

6. De koppeling van frequentiemeting aan lengtemeting, zoals dat 
bij continue gaslasers mogelijk is, kan leiden tot een fundamentele 
verbetering van het meten van verplaatsingen in het nanometer
gebied. 

7. Research en optimalisatie hebben met elkaar gemeen dat bet be
wandelen van enkel veelbelovende paden veelalleidt tot een lokaal 
optimum van het resultaat. 



8. Het is maatschappelijk gezien de vraag of een verdere verweten
schappelijking van technische universiteiten wenselijk is. 

9. In het huidige universitaire technische onderwijs worden studen
ten te weinig met de praktische realisatie van de door hun ontwik
kelde modellen en ontwerpen geconfronteerd. Het vaak iteratieve 
proces van modelleren, ontwerpen en testen krijgt hierdoor te wei
nig aandacht. 

Adviesraad voor het Wetenschaps- en Technologiebeleid, "Technici 
en onderzoekers: kwaliteit en kwantiteit'~ pagina 13, december 
1992 

10. Experimenteel onderzoek met een praktische doelstelling is essen
tieel voor wetenschappelijke vooruitgang. 

11. De controlerende functie van de Eerste Kamer is emstig in het 
ongerede geraakt door het veelvuldig gebruik van het "machts
woord" door het kabinet. Mede gezien het volgzame karakter van 
de Tweede Kamer, is een vergelijking met het besturen per de
creet soms dan ook meer van toepassing dan het besturen met 
meerderheid van stemmen. 

12. Gescheiden afval wordt nog te vaak gecombineerd verwerkt. 

13. De laatste fase van een promotie doet het geloof in reïncarnatie 
versterken. 

Eigen ervaring 1993 

14. De fiscale afhandeling van parkeerboetes bevestigt het intuïtieve 
gevoel dat veel burgers hebben ten aanzien van belastingen in 
Nederland. 




