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Chapter 1

Introduction

In this thesis, the phase transition of vapor to liquid (condensation) and of liquid to vapor
(evaporation) in unsteady flows are studied both experimentally and numerically. For con-
densation, we focus on the case of homogeneous nucleation and subsequent droplet growth.
The evaporation process consists of droplet shrinkage and de-nucleation. In this chapter we
start with a brief description of the background and the literature. Then the motivations of
the research are presented. In the final section, an overview of the present thesis is given.

1.1 Background

Nucleation of vapor to liquid is the process of the formation of the smallest stable droplets
possible, so-called critical clusters. If this process takes place in the absence of foreign agents
like ions or dust particles, it is termed homogeneous nucleation. Otherwise, it is called
heterogeneous nucleation. Nucleation occurs when the vapor is brought in a supersaturated
state. In most cases, the homogeneous nucleation rate strongly depends on the degree of
supersaturation S, defined here as the ratio of the actual vapor pressure and the saturated
vapor pressure. If S > 1, the system is called supersaturated. If the supersaturation is high
enough, clusters that are large enough to act as condensation nuclei are formed spontaneously
in the gas phase.

Once a stable cluster has been formed, it will grow to a droplet if S remains larger than
unity. If a gas-droplet mixture is heated or adiabatically compressed, a state of subsaturation
(S < 1) may exist in which the droplets start to evaporate. The smallest droplets then will
fully disappear, a process we shall refer to as de-nucleation, which can be considered as the
counterpart of nucleation, the formation of new droplets.

Phase transitions of vapor-liquid are often observed in daily life, such as the formation
of clouds in the atmosphere, in which both evaporation and condensation are involved. The
water evaporates due to the heating of the earth by the sun, resulting in a mixture of air
and water vapor which forms the earth’s troposphere. Due to heterogeneous or homogeneous
nucleation water vapor condenses to small droplets, which form clouds. Small droplets may
grow in certain circumstances and return to earth as precipitation. Condensation is present
in a high-speed flow over jet aircraft [8] and in the core of tornados, where the pressure drops
to very low values. In the strong vortices, formed at the side edges of extended flaps of a
transport airplane during landing or taking off, condensation takes place and makes these
vortices visible for the passengers.
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2 Introduction

Phase transitions of vapor-liquid are also encountered in many fields of science and tech-
nology, such as transonic and supersonic flows, turbo-machinery and propulsion engines, sep-
aration of condensible gases, safety valves and venting of liquids in space.

Much work has been done in supersonic nozzle flow [1,6,15–18,28,35,36,41,42,68,82,91] and
in transonic flow around aircraft [64–67]. Oscillations in nozzle flows due to phase transition
are observed and can be accurately predicted by numerical methods. Condensation may have
a significant influence on the performance of transonic aircraft through its effect on the lift
and wave drag.

In steam turbines and combustion engines, the heat released by condensation results in
performance losses [69,92]. Moreover, an unsteady periodic wave pattern may be found due to
phase transition [89], which makes the performance even worse and might lead to structural
problems. In a gas phase chemical reactor, the undesired formation of liquid droplets might
severely reduce the reaction rate. Conversely, in gas purification plants the nucleation process
is deliberately induced to accomplish separation of toxic gases.

Natural gas in its original state consists of methane, a large number of other hydrocar-
bons and water. Both water and the condensible hydrocarbons have to be separated. Water
separation is traditionally realized by adding glycol. By leading the gas through a throttling
valve, the pressure and temperature are reduced as a result of Joule-Thomson cooling. It
is to be expected that inside the throttling valve the flow will be locally transonic and even
supersonic, which implies that a state of high supersaturation is achieved. The droplet num-
ber density in the cloud downstream of the valve is then directly related to homogeneous
nucleation. Traditionally, the liquid is removed by means of filters and gravity separators. In
the so-called ”Twister”, droplet formation due to the expansion of the gas in a supersonic
flow is combined with centrifugal separation of droplets employing a strong axial vortex in
the device. The vortex is generated by means of for example a delta-wing. As a result the
droplets in the flow will be swirled to the outside of the tube, while the core of the flow
becomes dry. By separating the outer layer, which contains most of droplets, from the core
of the flow, only dry gas remains in the main flow.

Further, it is useful to refer to ”safety analysis” in high pressure gas-transport system and
pipelines. Opening of safety valves, burning of ”breaking plates” or of segments of the tube
walls due to an accident, may lead to strong unsteady expansion waves, local acceleration to
transonic and supersonic speeds, shock waves and the formation of clouds of droplets.

Condensation may be important in free jets in Extreme Ultra-Violet (EUV) lithography
[12,32,58], a new way of printing circuit patterns onto silicon. In this relatively new application
the jet is formed by xenon flowing from a reservoir through a nozzle into a lower pressure
environment such that xenon is expanding rapidly and condensation takes place. The mixture
of vapor and droplets will form a plasma by heating it by a laser. Once the plasma is created,
electrons are generated and light is radiated at 13 nanometers (EUV-light).

Vapor-liquid phase transitions may have a strong impact on unsteady flows due to the
release or absorption of latent heat. The condensation process supplies heat to the flow field,
which affects temperature and pressure of the mixture. Release of latent heat may locally
lead to thermal choking and even to self-sustained oscillations. During evaporation, heat
is absorbed, which results in a decrease of the temperature. On the other hand, the rapid
change of flow properties like pressure or temperature in a gas dynamic experimental facility
may cause phase transitions in a gas-vapor mixture, which offer excellent opportunities to
study the physics of phase transitions. Examples are the nucleation pulse expansion wave
tube, supersonic nozzles and the shock tube.
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1.2 Literature review and motivation

In the literature, effects of phase transition in unsteady flows have been studied in detail,
including theoretical, experimental and numerical approaches.

Theoretical studies are related to heat addition in compressible flows. Sichel [68] studied
analytically unsteady nozzle flows with heat addition. Barschdorff and Filippov [4] provided
a semi-analytical solution and derived a simplified formula for the frequency of oscillation in
one-dimensional unsteady flows with condensation. Blythe and Shih [6] introduced the use
of asymptotic methods for the description of the condensation phenomena in nozzle flows.
This method was further developed and extended by Delale et al. [14–18]. The stability limit
of condensation induced shock waves in Laval nozzle flows and the bifurcations to unsteady
periodic flow were investigated analytically by Delale, Lamanna and van Dongen [15]. Young
and Guha [94] and Guha [22] presented studies on the structure of shock waves in wet-steam.

Experimentally, Prandtl [54] first reported a so-called x-shock in a supersonic arc-shaped
nozzle. The x-shock is caused by the nucleation and condensation of the water vapor in the
air flow. The phenomenon was later investigated intensively by Wegener and Pouring [91],
Adam and Schnerr [1], van Dongen et al. [82] and Lamanna et al. [35, 36]. Compressible
flows of moist air around thin airfoils or wings have been studied by Wegener and Mack [90],
Schnerr and Dohrmann [66,67].

The first reported numerical simulations of unsteady condensing flow are from Saltanov
and Tkalenko [65]. Skilling and Jackson [69] adopted a Lagrangian framework and tracked
the evolution of 25 different droplet classes in their 1D method for pure steam. The first
calculations of 2D wet steam flows were presented by White and Young [92]. Mundinger [45]
developed a 2D numerical scheme of high accuracy for the calculation of unsteady flows of
water vapor/carrier gas mixture. Using this method, he found that the lift and pressure drag
around an airfoil may vary by about 40% due to humidity and phase transition. Prast [55]
developed a method to simulate supersonic nozzle flows with condensation based on the work
of Mundinger. H.W.M. Hoeijmakers and his co-workers R. Hagmeijer, P.H. Kelleners and
F. Put [58, 59] developed a generally applicable numerical method to simulate 3D flows of a
condensing real gas. Lee and Rusak [64] studied transonic flow of moist air around a thin
airfoil using numerical simulation guided by a transonic small-disturbance theory.

A difficulty arises when the droplet cloud is compressed or heated, e.g. when a strong
shock wave passes the condensation zone. In that case, droplets are evaporating, which
implies that some droplets will disappear, i.e. completely evaporate! This de-nucleation
has to be accounted for, because otherwise erroneous heterogenous condensation will take
place in subsequent expansions of the flow. Therefore a physical model is needed to describe
both condensation and evaporation. The first motivation of this thesis is to extend the
existing theoretical models for unsteady compressible flows with phase transition such that
the evaporation and disappearance (de-nucleation) of droplets is incorporated. In order to
do so we shall investigate the method of moments for nucleation and droplet growth in detail
and generalize the interpretation of the source term in that approach.

The second aim of the present research is to implement the improved nucleation/conden-
sation model in a numerical method. To that end we combine the very successful numerical
method VAS2D of Sun and Takayama [74, 75] with the treatment of dropwise condensation
by Mundinger and Prast [45, 55].

The third objective is to validate the new numerical method. This is achieved by applying
the method to two different experiments: (i) an experiment in the Pulse-Expansion Wave
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Tube designed to study nucleation and droplet growth phenomena and (ii) experiments on
compressible starting vortices and starting flows realized by means of a Ludwieg tube.

Starting vortices are often found when a liquid or a gas starts moving around an obstacle.
Due to the action of viscous forces the flow separates at the sharp edge of the body generating
vorticity in the process. The vorticity convects with the local flow velocity into the flow
field and forms a free shear layer. The shear layer starts to roll up immediately into one
concentrated vortex. A mixture of water vapor and nitrogen will be used as test gas in order
to study effects of phase transition phenomena on this unsteady vortex shedding process.

1.3 Thesis overview

In chapter 2, the physical model for phase transitions is discussed. First, the equation of state
for a mixture of water vapor, carrier gas and liquid droplets is given. Especially the liquid
mass fraction and thermodynamic properties such as the temperature, pressure and the frozen
speed of sound are defined. Then, after a brief description of nucleation and droplet growth
theory, the method of moments is reinterpreted, starting from the General Dynamic Equation,
in order to describe both the condensation and evaporation process. Specifically, in case of
condensation the moments of the size distribution are taken according to Hill’s original model,
while in case of evaporation, a truncated uniform-size distribution is assumed to describe the
cloud properties. Finally combining the equations from the moments of the size distribution
with the Euler equations for time-dependent flow, the set of governing equations for the whole
system is obtained.

The numerical algorithms for discretizing the physical model given in chapter 2 are des-
cribed in chapter 3. The numerical algorithms mainly rely on the computational method
VAS2D (two-dimensional & axisymmetric vectorized adaptive solver) by M. Sun [74] and
a computational method developed by Prast/Mundinger [45, 55]. The latter method solves
the unsteady Euler equations combined with the moment equations by using an adaptive
unstructured quadrilateral mesh. The adaptation procedure refines the mesh in flow regions
with large truncation errors, and coarsens the mesh in regions with small truncation errors.
First, the data structure of the mesh and the adaptive procedure are explained. Then the
features of the numerical scheme and algorithm for the flow field are described. The MUSCL-
Hancock scheme [84], a second-order upwind scheme has been adopted. Two different numer-
ical schemes for evaluating the numerical fluxes through the cell interfaces are introduced.
The time marching strategy is outlined in section 3.4 and the treatment of the boundary
conditions is discussed in section 3.5. Finally, the method is verified by applying it to several
benchmark problems like Sod’s shock tube problem, the transitional regular shock reflection
over a double wedge and unsteady oscillations in the supersonic flow with condensation in
nozzle G2.

Chapter 4 is devoted to a pulse expansion wave tube problem. In the pulse-expansion
wave tube a gas vapor mixture is subjected to a strong expansion wave followed by a pulse-
shaped second expansion. In this way nucleation and droplet growth are separated in time. A
number of experiments in water-helium was carried out, yielding information on gas pressure,
droplet size and droplet number density. The principle of the nucleation pulse method is
described as well as the experimental setup. By applying the new computational method,
the performance of this wave tube will be investigated. The present numerical method is
validated by comparing the numerical results like nucleation rate, droplet growth rate with
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experimental results. In the final section the influence of the thermal boundary layer on the
determination of the temperature at the measuring position, close to the end wall of the
high-pressure section of the tube, will be evaluated by applying both theoretical analysis and
numerical simulation.

Chapter 5 focuses on the vortex shedding problem. In a Ludwieg tube a strong expansion
wave is generated in which a starting flow develops. A sharp-edged obstacle is placed in the
Ludwieg tube to generate the starting vortex. The principle of the Ludwieg tube and the used
experimental methods like holographic interferometry, schlieren photography and pressure
measurement are explained briefly. Both dry and humid test-gases will be considered and the
effects of humidity on the vortex shedding and on the formation of a free jet will be addressed.
The results of numerical simulations using the new numerical method are compared with the
experimental results, providing further validation of the computational method.

Finally, chapter 6 contains the concluding remarks and discussions.
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Chapter 2

Basic assumptions and governing
equations

2.1 Introduction

In numerical simulations for unsteady flows with phase transition, the condensed phase can
be described in three ways: the Lagrangian description of individual droplet transport; the
description of the Eulerian approach in combination with the droplet size distribution rep-
resented in terms of for example a finite number of droplet size classes; and the description
of the continuum approach in which the generation, transport and growth of droplets is de-
scribed by a finite number of moments of the droplet size distribution. Prast [55,56] has given
a very good overview on these different approaches, indicating that the third approach is the
most appropriate one for the present purpose.

In the continuum approach, the generation, transport and growth of droplets is described
by moments of the droplet size distribution. It is commonly used in research on aerosol
behavior in the earth’s atmosphere and in aerosol reactors. The conservation laws of the
liquid phase are written in terms of the moments of the size distribution function. Hill [28]
introduced this method for the study of nozzle flows with condensation. Hill’s method consists
of tracking the evolution in time and space of a small number of low-order moments of the size
distribution. Under certain assumptions it appears to be possible to give a full description of
the condensation processes in terms of transport equations for the first four moments of the
size distribution function. Many numerical studies based on this method have been reported.
Brown et al. [7] applied this method incorporating the effects of nucleation, condensation,
coagulation, diffusion, inertial impaction and thermophoresis in combination with a RANS
(Reynolds Averaged Navier-Stokes) method to 2-D, axi-symmetric and 3-D flows including
the flow in a nozzle. In the group of Prof. Schnerr, Mundinger’s work [45] is also based on
this method in combination with the Euler equations. In the group of Prof. Hoeijmakers,
Put [59] extended this method including the effects of real gases. In the group of Prof. van
Dongen, Prast [56] developed a computational method to simulate supersonic nozzle flows
with condensation based on the work of Mundinger.

Most of these numerical methods are able to describe nucleation and condensation phe-
nomena in unsteady flows, but they fully ignore the disappearance of droplets due to evapo-
ration! In order to describe these processes, Hill’s method of moments has to be reconsidered.

In this chapter, the physical model for phase transition is discussed for a mixture of water
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8 Basic assumptions and governing equations

vapor, an inert carrier gas (nitrogen or air) and liquid (water) droplets. An extensive body
of literature already exists on this subject [33,35]. The theory for nucleation, droplet growth
and evaporation plays an essential role in methods for the numerical simulation of flows
with phase transition and we have implemented the latest developments in our numerical
method. The fluid dynamical behavior of the two-phase mixture can be described by the
system of conservation laws, i.e. conservation of mass, momentum and energy, supplemented
with a description for the phase transition of the condensate mass. For the condensate mass
the conservation of the liquid phase is described by a finite number of moments of the size
distribution function. In order to deal with droplet shrinkage and droplet disappearance, an
extended method of moments is proposed.

First, the equation of state for a mixture of water vapor, carrier gas and liquid droplets
is given. Especially the liquid mass fraction and thermodynamic properties such as the
temperature, pressure and the frozen speed of sound are defined. Then, starting from the
General Dynamic Equation, the method of moments is reinterpreted in order to describe both
condensation and evaporation processes. In case of condensation, this method reduces to the
original Hill’s method of moments for condensation. Finally combining the moment equations
of the size distribution with the Euler equations for time-dependent flow, the set of governing
equations for the whole system is obtained.

2.2 Thermodynamic properties

Consider a fixed volume V which is small but sufficiently large to contain a considerable
number of droplets. The liquid mass fraction g can be defined as the ratio of the mass of the
liquid droplets Ml and the mass of the mixture M . The mass of the mixture consists of that
of the carrier gas Ma, the vapor Mv and the liquid Ml, with M = Ma +Mv +Ml:

g =
Ml

Ma +Mv +Ml
=
Ml

M
. (2.1)

The subscripts ”a”, ”v”, and ”l” refer to the inert carrier gas, the vapor and the liquid phase,
respectively.

The maximum attainable liquid mass fraction, gmax, can be written as the initial vapor
mass fraction Mv0 plus the initial liquid mass fraction Ml0 in the volume V :

gmax =
Mv0 +Ml0

M
, (2.2)

where the subscript ”0” refers to the initial conditions. The initial liquid mass fraction g0 is:

g0 =
Ml0

M
. (2.3)

The density of the mixture ρ is equal to:

ρ =
ρa + ρv
1− g

, (2.4)

where ρa and ρv are the partial densities of carrier and vapor components, respectively, which
can be expressed as:

ρa = (1− gmax)ρ, (2.5)
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ρv = (gmax − g)ρ. (2.6)

The static pressure of the mixture p is simply the sum of the partial pressures of the gas
components:

p = pa + pv. (2.7)

Assuming that the temperatures of the dry air and that of the vapor are equal (see [45]) and
the vapor and the inert carrier gas are calorically perfect gases (under the conditions of our
study, this assumption is reasonable), and neglecting the volume occupied by the liquid phase
(a good approximation for small wetness (g ≤ 0.1)), the equation of state of the mixture
becomes:

p = ρaTRa + ρvTRv

= ρT [(1− gmax)Ra + (gmax − g)Rv]

= ρT [R0 − (g − g0)Rv], (2.8)

with R0 the specific gas constant of the mixture:

R0 = (1− gmax)Ra + (gmax − g0)Rv. (2.9)

The internal energy of the mixture e consists of contributions from the three components:

ρe = eaρa + evρv + elρl, (2.10)

so that

e = (1− gmax)ea + (gmax − g)ev + gel. (2.11)

The definition for the latent heat of evaporation L (L > 0) is:

L ≡ hv − hl = ev − el +
pv
ρv
− pl
ρl
. (2.12)

Since ρ/ρl ¿ 1 for a dilute mixture and pl = p, L can be re-expressed as:

L ' ev − el +RvT. (2.13)

Applying this definition and using ea = CvaT and ev = CvvT , the internal energy of the
mixture can be written as:

e = (1− gmax)ea + (gmax − g0)ev + (g0 − g)ev + gel (2.14)

= (1− gmax)CvaT + (gmax − g0)CvvT + g0ev − gev + gel.

(2.15)

With

Cv0 = (1− gmax)Cva + (gmax − g0)Cvv, (2.16)

and using Eq. 2.13, the internal energy of the mixture can then be rewritten as:

e = Cv0T + g0CvvT + g(el − ev)

' Cv0T + g0CvvT + g(RvT − L). (2.17)
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Using a linear approximation for the latent heat of evaporation, L can be rewritten as:

L = L1T + L0, (2.18)

where L1 = (Cpv − Cl) is the coefficient of the temperature dependency of L, and L0 the
latent heat of evaporation at temperature zero.

Thus the internal energy of the mixture can be expressed as:

e = Cv0T + g0CvvT + g(RvT − L)

= Cv0T + g0CvvT + g(RvT − L1T − L0)

= T [Cv0 + g0Cvv + g(Rv − L1)]− gL0. (2.19)

Finally the temperature T , the pressure p and the frozen speed of sound cf can be written
as [45]:

T =
e+ gL0

Cv0 + g0Cvv + g(Rv − L1)
, (2.20)

p = ρ
e+ gL0

Cv0 + g0Cvv + g(Rv − L1)
[R0 − (g − g0)Rv], (2.21)

c2f =
p

ρ

Cp0 + g0Cpv − gL1

Cv0 + g0Cvv + g(Rv − L1)
, (2.22)

with

Cp0 = (1− gmax)Cpa + (gmax − g0)Cpv. (2.23)

More details on the derivation of the frozen speed of sound and the alternative derivation
of the thermodynamic properties can be found in Appendix B.

2.3 Saturation ratio, critical radius and nucleation rate

Saturation ratio

In vapor-liquid phase equilibrium the vapor pressure pv equals the saturated vapor pressure
ps, which is, in a one-component system, a function of temperature only: ps = ps(T ). If a
vapor is in a supersaturated state, pv > ps, droplets will be formed such that the system tends
to a new equilibrium. The non-equilibrium parameter for an ideal vapor is the saturation ratio
S, defined as:

S = pv/ps(T ). (2.24)

Critical radius

Vapor liquid equilibrium for a droplet of radius r is different from vapor liquid equilibrium
near a flat interface. This is due to the surface tension, that causes the pressure inside a
droplet to exceed the pressure outside the droplet.

Consider a spherical droplet with radius r which is surrounded by vapor molecules, as
shown in Fig. 2.1. The pressure inside this droplet pr can be expressed by the Laplace
equation as:

pr = pv +
2σ

r
, (2.25)
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r

P
v

P
r

Figure 2.1: A spherical liquid droplet with radius r surrounded by gas molecules. pr denotes
the pressure inside the droplet and pv the pressure outside the droplet.

with σ the surface tension of the liquid1.

During phase transition, we assume that the droplet and the vapor are in a metastable
equilibrium state. Then the chemical potentials of the droplet µl(pr) and of the vapor µv(pv)
are equal:

µl(pr) = µv(pv). (2.26)

For a flat surface, equilibrium implies:

µl(ps) = µv(ps). (2.27)

v

l

m

m
s

p
s

p
r

pp
v

Figure 2.2: The chemical potential of liquid and gas phases vs pressure at a constant temper-
ature. µs is the chemical potential in equilibrium, v denotes the vapor phase and l the liquid
phase.

According to the relation of Gibbs-Duhem [72], we have:

dµ = vmdp, (2.28)

1In fact we should use here pv + pa instead of pv. The carrier gas has an effect on the phase equilibrium
known as the Poynting Correction. For pv + pa near atmospheric pressure, this correction is small. We have
neglected it throughout this thesis.
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where vm is the molar volume. This relation applies to both the liquid and the vapor phases
separately.

The chemical potential of the liquid phase is approximately a linear function of pressure
since the molar volume of a liquid is nearly constant. Therefore, for a liquid the chemical
potential at pressure pr can be expressed as:

µl(pr) = µs + vml(pr − ps), (2.29)

with vml the molar volume of the liquid phase.
For a gas the chemical potential increases much faster with pressure. By using the equation

of state for an ideal gas vmv = RT/pv, the chemical potential for the vapor phase µv can be
formed by integrating Eq.2.28:

µv(pv) = µs +RT ln
pv
ps
. (2.30)

The chemical potentials µl and µv are shown in Fig. 2.2
Inserting the two expressions into Eq.2.26, we obtain :

vml(pr − ps) = RT ln
pv
ps
. (2.31)

Since the difference between pv and ps is usually very small compared with (pr − ps), then in
good approximation we have, with pr − ps ≈ pr − pv = 2σ/r:

2σ

r
vml = RT ln

pv
ps
. (2.32)

For a droplet with radius r in metastable equilibrium state we then find the so-called Kelvin
expression:

peqv
ps

= exp(
vml2σ

rRT
) = exp(Ke), (2.33)

where superscript ”eq” denotes equilibrium state and the Kelvin number is defined as Ke =
vml2σ
rRT .

From this expression, we see that the equilibrium vapor pressure is related to the size of
the droplet. For a given uniform vapor pressure, pv > ps, and for a cloud of droplets with
a wide range of sizes, there exists a metastable equilibrium for one particular droplet size:
pv = peqv = Sps. Inserting this into Eq.2.33 we find the critical size for a droplet r∗:

r∗ ≡ 2σvml

RT lnS
. (2.34)

Droplets with size r > r∗ will tend to grow. Droplets with r < r∗ are subsaturated and tend
to disappear. Droplets with a size r∗ are called critical droplets.

Nucleation theory

In all nucleation theories it is assumed that there is a proportionality between the number
density of critical clusters and the nucleation rate, the rate at which new droplets are formed.

In order to evaluate this number density, we have to consider the energy of formation of
a cluster of i molecules: ∆Gi [43]:

∆Gi = −i(µ̂v(pv)− µ̂l(pv)) + σAi, (2.35)
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with the symbol ”∧” denoting ”unit per molecule”, and Ai the surface area of the i -cluster.
For the chemical potentials per molecule µ̂v − µ̂l, we may write again kBT lnS, with kB

the Boltzmann constant(kB = R/NA, NA Avogadro’s number). For a spherical droplet, we
can write i in terms of the droplet radius:

i =
4

3
πr3/v̂ml, (2.36)

with v̂ml the molecular volume.
Then Eq.2.35 becomes:

∆Gi

kBT
= −4

3
πr3

1

v̂ml
lnS +

4πr2σ

kBT
. (2.37)

For S > 1, the energy of formation ∆Gi has a maximum. It is easily found that this maximum
corresponds with:

r =
2σv̂ml

kBT lnS
=

2σvml

RT lnS
= r∗. (2.38)

For the maximum itself, we find:

∆G∗

kBT
=

v̂2ml

(kBT )2(lnS)2
16π

3
(=

1

3
σA∗). (2.39)

For the nucleation rate, expressions are found of the form:

J = K exp(−∆G∗/kBT ). (2.40)

The factor K is called the kinetic prefactor. We specify here two different expressions for this
kinetic prefactor:

KCNT = S
p2s

(kBT )2
v̂ml(

2σ

πm
)1/2, (2.41)

which corresponds to the Classical Nucleation Theory (CNT)2; and

KICCT = KCNT exp(
σa0
kBT

), (2.42)

with a0 = (36π)1/3v̂
2/3
ml , which is referred to as the Internally Consistent Classical Nucleation

Theory (ICCT).

2.4 Droplet growth

Once a stable cluster has been formed, it will grow to a droplet. The process that governs
the growth depends to a large extent on an important parameter, the Knudsen number
Kn. This dimensionless group is defined as the ratio of the mean free path l of a vapor
molecule and the droplet diameter 2rd: Kn = l/2rd, where the mean free path is given by
l = 2µ

√
RT/ρ, with µ the dynamic viscosity of the gas. For small Kn, i.e. relatively large

droplets, droplets are growing by vapor molecules diffusing to the droplet surface in a more

2In CNT, the original expression for K contained a factor S2. It has been shown by Girshick and Chiu and
others [21], that it should be replaced by a factor S.
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or less continuous way. This is called the continuous or diffusion controlled regime. For large
Kn, i.e. small droplets, the growth is controlled by the kinetic process of impingement of
vapor molecules from the surrounding mixture onto the droplet. This is the free molecular
regime. Thus, a growth model applicable from the moment of nucleation (nm-scale) to the
time the droplets have grown to µm scale should cover the whole range of Knudsen numbers.
Since a simple and accurate solution of this problem at intermediate Kn numbers is not
available, an interpolating fit between the continuum limit(Kn ¿ 1) and the kinetic limit
(Kn→∞) is used to describe the droplet growth for this transition regime.

The droplet-growth model described here is Gyamathy’s model [24], which expresses the
growth rate at intermediate Kn numbers in terms of the growth rates in the two limiting
cases of Kn ¿ 1 and Kn → ∞. We will closely follow the treatment of Lamanna [35] in a
concise form.

During droplet growth there is a net flow of mass Ṁ and of energy Ė between the sur-
rounding mixture and the droplet. We first specify expressions for these flows.

Continuum limit

Ṁ ct = 4πrd(
Dm

RvTm
)(peqv − pv∞), (2.43)

Ėct =
1

2
(Td + T∞)Ṁ ctCpv + 4πkmrd(Td − T∞)

' Ṁ cthvs + Ḣct,

where the subscript ”∞” refers to the far field region, Td denotes the droplet temperature,
hvs is the vapor enthalpy at equilibrium, and Ḣct is the heat flow from the droplet to the
surrounding. Note that peqv is a function of the droplet temperature Td and the droplet
radius r: peqv (Td, r). The thermal conductivity km, and the binary diffusion coefficient Dm

are evaluated at the intermediate temperature Tm, defined as [30]:

Tm =
1

3
(2Td + T∞). (2.44)

Free molecular limit

Ṁfm = 4πr2d(
peqv√

2πRvTd
− pv∞√

2πRvT∞
), (2.45)

Ėfm = 4πr2d[
pv∞(Cpv − Rv

2 )√
2πRvT∞

+
pa∞(Cpa − Ra

2 )√
2πRaT∞

](Td − T∞) + Ṁfm(Cpv −
Rv

2
)Td

' Ḣfm + Ṁfmhvs.

Quasi-steady wet-bulb approximation

First we define the Nusselt numbers NuḢ and NuṀ as follows:

Ḣ = 4πr2dNuḢ(Td − T∞)
km
2rd

, (2.46)
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Ṁ = 4πr2dNuṀ
(peqv − pv∞)

p

Dmod

2rd
,

with Dmod the modified diffusion coefficient, defined as Dmod =
Dmp
RvTm

.

Expressions for the Nusselt numbers in the limiting cases follow by a comparison of Eqs.
2.43, 2.45 and 2.46. The expressions are listed in Appendix B.

In the formulation above, the droplet temperature Td is unknown and has to be calculated
from the energy conservation for the droplet:

Ė =
d

dt
(Mdhd) = Ṁhd +Mdḣd, (2.47)

where hd and Md denote the droplet enthalpy and mass, respectively.

By using the quasi-steady ”wet-bulb approximation”, which implies that the last term in
Eq.2.47 is neglected, the above equation can be rewritten as:

Ė = −ṀL+ Ṁhvs, (2.48)

with L the latent heat of condensation.

Using Eqs.2.48, 2.45 or 2.43, we find a simplified version of the wet-bulb equation:

Ḣ = −ṀL. (2.49)

Equations 2.49 and 2.46 provide an implicit formula to calculate the droplet temperature Td:

NuḢkm(T − Td) = −NuṀL(Td)Dm
pv∞ − peqv

p
. (2.50)

Droplet growth rate

Once the droplet temperature Td has been determined, the droplet growth rate directly follows
from:

drd
dt

=
Ṁ

ρl4πr
2
d

. (2.51)

We observe immediately that for the free molecular limiting case, the growth rate ( drddt )
fm is

in first order independent of droplet radius. There is a weak dependence for small droplets
because of the Kelvin-effect (see Eq.2.33). Then in the free molecular limit we have:

(
drd
dt

)fm =
1

ρl
(

peqv√
2πRvTd

− pv∞√
2πRvT∞

). (2.52)

For the continuum limit, it follows that
dr2d
dt is independent of droplet radius:

(
dr2d
dt

)ct =
2

ρl
(
Dm

RvTm
)(peqv − pv∞). (2.53)



16 Basic assumptions and governing equations

Transition regime

The Nusselt numbers for the transition regime can be expressed as a combination of the
Nusselt numbers for the free molecular and the continuum regimes:

Nutr =
NuctNufm

Nuct +Nufm
. (2.54)

This formula shows the correct asymptotic behavior for both small and large Kn numbers,
i.e. Nutr → Nufm as Kn→∞, and Nutr → Nuct as Kn→ 0.

The droplet growth rate can then be expressed either by the energy conservation law or
by the mass conservation law:

dr2d
dt

=
Nutr

Ḣ
km

ρlL
(Td − T ) = −

Nutr
Ṁ
Dmod

ρl

pv∞ − peqv
pa∞

. (2.55)

Explicit method for Td

To obtain the droplet temperature Td, the quasi-steady wet-bulb equation has to be solved.
Eq.2.50 can be solved accurately by an iterative method such as the SOR (Successive Over
Relaxation) method [56]. Unfortunately, this evaluation is very expensive in terms of com-
puting time, therefore explicit approximate expressions have been proposed by several au-
thors [3,23,40,87]. Smolders evaluated these explicit models and concluded that Gyarmathy’s
model gives the best results [70]. He formulated a second-order correction to this model:

(
Td
T∞
− 1) = f(S∞,Ke∞)[C1 + C2]

−1(1− δ1), (2.56)

where

Ke∞ = 2σ/(ρlRvT∞rd); (2.57)

δ1 ≈
1
2C

2
1 − C2

(C1 + C2)2
(lnS∞ −Ke∞);

f(S∞,Ke∞) = lnS∞ −Ke∞,

C1 =
T∞

θ∞S∞
(
p∞
ps∞

− S∞);

C2 =
L∞
RvT∞

,

with θ = DmodL
k

Nutr
Ṁ

Nutr
Ė

.

Prast [56] evaluated the accuracy of this explicit method (Eq.2.56) with respect to the
implicit solution and found that the error is always less than 5% in the whole range of relevant
growth. For processes including evaporation (S < 1), we did this check again, see Figs .2.3
to 2.5, in which the absolute relative error |δ2| is plotted as a function of the saturation ratio
S and the gas temperature T . The error parameter δ2 is defined in terms of the driving force
of droplet growth Td/T∞ as:

δ2 =
(Td/T∞ − 1)explicit
(Td/T∞ − 1)implicit

− 1. (2.58)
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Figure 2.3: The relative error |δ2| in (Td/T∞ − 1) for the explicit droplet growth expression.
Droplet radius: 0.1 µm. Pressure: 1 bar (a); 0.5 bar (b).
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Figure 2.4: The relative error |δ2| in (Td/T∞ − 1) for the explicit droplet growth expression.
Droplet radius: 0.01 µm. Pressure: 0.5 bar.
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In Fig.2.3, the absolute relative error |δ2| is plotted for a droplet radius of 0.1 µm and a
pressure of 1 bar and 0.5 bar. For the mixture temperature larger than 240K, the relative
error is smaller than 5%. Comparing Fig.2.3 and 2.4, we see that the lower the pressure
and the smaller the droplet radius, the smaller the error. For lower temperatures and higher
saturation ratios, it appears that using the implicit method is inevitable.
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Figure 2.5: The relative error |δ2| in (Td/T∞ − 1) of the explicit expression for droplet evap-
oration. Droplet radius: 0.1 µm. Pressure: 1.5 bar.

In case of evaporation, the pressure and temperature are higher. In addition, during
evaporation, the saturation ratio is less than unity. In Fig.2.5, the relative error is shown for
a pressure of 1.5 bar and a droplet radius of 0.1 µm for a high temperature range (250 ≤ T ≤
400) and for S < 1. For T > 300K and S > 0.2, the error is smaller than 5%. However,
it should be noted that for the strong evaporation associated with strong shock waves, the
saturation ratio is very small (for instance S < 0.1) and in that case the explicit method
causes large errors (> 10%) in estimating the temperature of the droplets Td. Adopting the
implicit method is again mandatory.

2.5 Size distribution function and moment method

Generally, a droplet cloud can be characterized by its size distribution function f defined
such that f(r; ~x, t) gives the number density of particles with radius between r and r+ dr at
time t at position ~x. The droplet number density n(~x, t) is defined as the number of droplets
exceeding a certain minimum radius rb, which generally is a function of space and time, and
will be specified later:

n(~x, t) =

∞∫

rb

f(r; ~x, t)dr. (2.59)

In a well-mixed volume, f(r; ~x, t) satisfies an equation known as the General Dynamic
Equation (GDE) [20]. This GDE describes the evolution of the size distribution in time when
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the particles undergo condensational growth, removal and coagulation [20]. For simplicity, we
consider the motion of non-slipping droplets that experience condensation/evaporation only.
In that case, the GDE reduces to:

∂f

∂t
+∇ · (f~v) + ∂

∂r
(f
dr

dt
) = 0. (2.60)

The mass-averaged velocity is denoted by ~v and dr/dt is the Lagrangian growth rate of
a droplet due to condensation or evaporation. Here it is assumed that the growth rate
(dr/dt) is independent of r, or weakly depending on r, which is certainly valid in the Hertz-
Knudsen regime (Kn > 2), neglecting the so-called Kelvin effect [24]. When condensation or
evaporation takes place, f(r)/ρ will shift in size space to the right or to the left, respectively,
as shown in Fig.2.6. We will assume that the ratio f(r)/ρ will not change when following a
mass-element in time, so that diffusion and velocity slip are excluded 3.

rrb

f(r)/r

t t+ tD

(a): Condensation

rrb

f(r)/r

t t+ tD

(b): Evaporation

Figure 2.6: The shift of the size distribution function in size space due to condensation (a) or
evaporation (b). rb denotes the lower bound of the droplet radius. Note rb is also changing
during condensation or evaporation.

The so-called moment equations are obtained by multiplying Eq.2.60 with rn and then
integrating over r from rb to infinity, which yields:

∞∫

rb

∂

∂t
(rnf)dr +

∞∫

rb

∇ · (rnf~v)dr = fbr
n
b (
dr

dt
)b +

∞∫

rb

nfrn−1 dr

dt
dr, (2.61)

with rb the lower bound of the size distribution function, fb the value of the size distribution
function at rb, and (drdt )b the growth rate at rb. Since rb = rb(t, ~x), the left-hand side can be
rewritten as:

∂

∂t

∞∫

rb

rnfdr +∇ ·
∞∫

rb

rnf~vdr + rnb fb
∂rb
∂t

+ rnb fb~v · ∇rb. (2.62)

The last two terms are equal to rnb fb
drb
dt . Therefore, Eq.2.61 can be rewritten as:

∂

∂t

∞∫

rb

frndr +∇ · [~v(
∞∫

rb

frndr)] = fbr
n
b [(

dr

dt
)b −

drb
dt

] +

∞∫

rb

nfrn−1 dr

dt
dr, (2.63)

3The size distribution function f denotes the number of droplets per unit volume, thus f/ρ represents the
number of droplets per unit mass.
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with drb
dt the rate of change of the lower bound rb when moving with the mass element. The

last term in Eq.2.63 can be approximated as dr
dt

∞∫

rb

frn−1dr with dr
dt an average growth rate,

i.e.

dr

dt
=

∞∫

rb

dr
dt f(r)dr

∞∫

rb

f(r)dr

. (2.64)

Introducing the moment Qn:

ρQn =

∞∫

rb

rnfdr, (2.65)

we then have:

∂

∂t
(ρQn) +∇ · (ρQn~v) = n

dr

dt
ρQn−1 + fbr

n
b [(

dr

dt
)b −

drb
dt

]. (2.66)

Following the proposal of Hill, a solution can be obtained by using the set of equations
for n = 0, 1, 2, 3:

∂

∂t
(ρQ0) +∇ · (ρQ0~v) = fb[(

dr

dt
)b −

drb
dt

], (2.67)

∂

∂t
(ρQ1) +∇ · (ρQ1~v) =

dr

dt
ρQ0 + fbrb[(

dr

dt
)b −

drb
dt

], (2.68)

∂

∂t
(ρQ2) +∇ · (ρQ2~v) = 2

dr

dt
ρQ1 + fbr

2
b [(

dr

dt
)b −

drb
dt

], (2.69)

∂

∂t
(ρQ3) +∇ · (ρQ3~v) = 3

dr

dt
ρQ2 + fbr

3
b [(

dr

dt
)b −

drb
dt

]. (2.70)

2.6 Physical model for condensation

If the saturation ratio S > 1, i.e. the flow is supersaturated, the condensation process
dominates. In this case, new droplets are formed which enter the size space by crossing the
lower boundary rb at the so-called critical radius r∗. At the same time, the distribution
function will shift to the right.

From the definition of the moments, the zeroth-order moment Q0 equals the number
density of droplets per unit mass n/ρ and therefore Q0 is fully determined by the nucleation
rate:

∂

∂t
(ρQ0) +∇ · (ρQ0~v) = Jn. (2.71)

Thus the nucleation rate Jn can be identified as: Jn ≡ fb[(
dr
dt )b−

drb
dt ]. It is a positive quantity

that can be directly derived from nucleation theory [35]. The lower bound rb is just the
critical radius r∗: rb ≡ r∗.

Then the four moment equations are identical with the original Hill’s moment equations
for nucleation and condensation [28]:

∂

∂t
(ρQ0) +∇ · (ρQ0~v) = Jn, (2.72)
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∂

∂t
(ρQ1) +∇ · (ρQ1~v) =

dr

dt
ρQ0 + r∗Jn, (2.73)

∂

∂t
(ρQ2) +∇ · (ρQ2~v) = 2

dr

dt
ρQ1 + r∗2Jn, (2.74)

∂

∂t
(ρQ3) +∇ · (ρQ3~v) = 3

dr

dt
ρQ2 + r∗3Jn. (2.75)

2.7 Physical model for evaporation

If the saturation ratio S < 1, then the evaporation process takes over and dr
dt < 0. In this case,

the droplets will cross the lower bound rb and disintegrate into vapor molecules. This implies
that the number density and the median size of the droplets will decrease, so the distribution
function will shift to the left. We define the de-nucleation rate Jdn as fb[(

dr
dt )b −

drb
dt ].

To evaluate Jdn, however, we have to find an estimate of fb and of [(drdt )b −
drb
dt ], which

means that we have to adopt a lower bound of the radius rb and a distribution function f in
size space. For simplicity, we first take the lower boundary radius rb to be constant, equal to
zero. Then [(drdt )b −

drb
dt ] reduces to (drdt )0 and Jdn can be defined as f0(

dr
dt )0.

f(r)/r

rr1 r2

f/r
f /t r

Figure 2.7: The simplified version of the size distribution: a uniform (top-hat) distribution
function.

In order to estimate f0 we approximate the real (unknown) size distribution by a simplified
version: a uniform (top-hat) distribution as sketched in Fig.2.7:

ft(r) =

{
ρn0/(r2 − r1) , r ∈ (r1, r2);

0 , r 6∈ (r1, r2),
(2.76)

with n0 the number of droplets per unit mass of the mixture. The bounding radii r1, r2 of
the distribution function are related to the mean radius rm and the width 2σ of this size
distribution:

r1 = rm − σ, (2.77)

r2 = rm + σ. (2.78)

The top-hat distribution function is fully characterized by n0, σ and rm. The values for n0,
σ and rm have to be found by utilizing our knowledge on the first four moments Q0, Q1, Q2

and Q3 that are known at the onset of evaporation.
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By inserting the uniform distribution function into the definition of the moments, the first
four moments can be expressed in terms of the droplet number density, the mean radius and
the width of this distribution function:

Q0,t ≡ n0, (2.79)

Q1,t ≡ rmn0, (2.80)

Q2,t ≡
σ2 + 3r2m

3
n0, (2.81)

Q3,t ≡ (r2m + σ2)rmn0, (2.82)

with the subscript ”t” denoting that we consider the top-hat distribution.
Because of our choice of a simplified size distribution function the four ”top-hat” moments

are fully determined by only three variables (n0, rm, σ). In order to estimate these three
variables on the basis of the known values for Qn at the onset of evaporation, we adopt the
following procedure: the number density n0 is taken equal to the actual number density of
droplets per unit mass of the mixture:

n0 = Q0, (2.83)

and the mean radius rm is set equal to the actual rm, i.e. rm = Q1/Q0. So we have matched:

Q0,t = Q0, (2.84)

Q1,t = Q1. (2.85)

For the half-width of the distribution σ, a least-squares method is adopted:

d

dσ2
{r2m(Q2,t −Q2)

2 + (Q3,t −Q3)
2}1/2 = 0. (2.86)

Thus the width of the size distribution function is taken as an averaged value and follows
from:

σ =

√

3Q2

10Q0
+

9Q3

10Q1
− 6Q2

1

5Q2
0

. (2.87)

As long as S < 1, evaporation occurs. We distinguish two stages in evaporation: shrinkage
without de-nucleation and shrinkage with de-nucleation, as shown in Fig.2.8. The first stage
corresponds to the size distribution shifting undistorted to smaller radii. In this stage the
lower bound r1 remains positive and the number density of droplets per unit mass is conserved
along a Lagrangian trajectory, i.e. Jdn = 0. Once the lower bound r1 becomes negative, de-
nucleation takes place, which means that the droplets corresponding to the shaded part of the
size distribution in Fig.2.8(b) have disappeared. The height of the size distribution f(r)/ρ
does not change and remains equal to n0/2σ with n0 and σ the number density of droplets
per unit mass and the distribution half-width defined at the onset of evaporation. Therefore
n0 and σ will remain constant along a Lagrangian trajectory as long as evaporation occurs.
In Eulerian notation, we may write:

∂

∂t
(ρn0) +∇ · (ρn0~v) = 0, (2.88)

∂

∂t
(ρσ) +∇ · (ρσ~v) = 0. (2.89)
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Figure 2.8: The uniform distribution function for evaporation: shrinkage without de-
nucleation(a) and with de-nucleation(b). r1 is the lower bound and is negative in case of
shrinkage with de-nucleation.

Now the de-nucleation rate Jdn can be expressed as:

Jdn = ρ
n0
2σ

dr

dt
. (2.90)

We now may write the de-nucleation rate Jdn for both stages of evaporation as:

Jdn = ρ(1−H(r1))
n0
2σ

dr

dt
. (2.91)

where H(r1) is the Heaviside function, defined as:

H(r1) =

{
0 , r1 < 0;
1 , r1 ≥ 0.

(2.92)

We used here that H(r1) equals H(rm − σ) with rm = Q1/Q0 and σ given by Eq.2.87.
In conclusion, for the evaporation process, the four moment equations are:

∂

∂t
(ρQ0) +∇ · (ρQ0~v) = Jdn, (2.93)

∂

∂t
(ρQ1) +∇ · (ρQ1~v) =

dr

dt
ρQ0, (2.94)

∂

∂t
(ρQ2) +∇ · (ρQ2~v) = 2

dr

dt
ρQ1, (2.95)

∂

∂t
(ρQ3) +∇ · (ρQ3~v) = 3

dr

dt
ρQ2. (2.96)

with the de-nucleation rate Jdn defined as:

Jdn = ρ(1−H(rm − σ))
n0
2σ

dr

dt
, (2.97)

with rm = Q1/Q0, n0 = Q0 and σ =

√

3Q2

10Q0
+ 9Q3

10Q1
− 6Q2

1

5Q2
0
.

The droplet shrinking rate (dr/dt) can be derived from the same droplet growth model [35]
which is employed in the condensation process.
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2.8 Summary and notes

Combining the moment equations of the size distribution with the Euler equations for time-
dependent two-dimensional flow, the governing equation for the complete system can be
written in the vectorial form:

∂U

∂t
+
∂F

∂x
+
∂G

∂y
= S, (2.98)

where U is the vector of unknowns, F and G represent the convective fluxes in the x- and y-
direction, respectively, and S is the source term:

U =















ρ
ρu
ρv
ρE
ρg
ρQ2

ρQ1

ρQ0















; F =















ρu
ρu2 + p
ρuv

(ρE + p)u
ρgu
ρQ2u
ρQ1u
ρQ0u















;

G =















ρv
ρuv

ρv2 + p
(ρE + p)v

ρgv
ρQ2v
ρQ1v
ρQ0v















; S =
















0
0
0
0

4
3πρl(Jr

3
b + 3ρQ2

dr
dt )

Jr2b + 2ρQ1
dr
dt

Jrb + ρQ0
dr
dt

J
















. (2.99)

Here we used that the liquid mass fraction g is directly related to the third-order moment
Q3, g = 4

3πρlQ3. When the saturation ratio S is larger than unity, the nucleation theory [35]
is employed to determine the nucleation rate J . In this case, the lower bound rb equals the
critical radius r∗, which follows from nucleation theory as well. The number density per
unit mass n0 and the half width of the size distribution σ are evaluated using Eq.2.83 and
2.87, respectively. In case S is less than unity, the evaporation model based on the truncated
uniform distribution function is used to evaluate the de-nucleation rate J (Eq.2.97), while the
lower bound rb is set equal to zero.

The extension of the model with the Euler equations for the flow of the mixture to a model
with the Navier-Stokes equations is quite straightforward, which can be found in Appendix
E.

It should be noted that the uniform distribution function is not the only possible choice
for the de-nucleation model. Other distribution functions such as a Gaussian distribution
function could also be considered. The reason we adopt the uniform distribution function
here is its simplicity. Appendix C gives the formula using a Gaussian distribution function
as another example.

For the details about the formulas used in our study, see Appendix B. Appendix A gives
all the physical parameters and the physical properties of the mixtures considered.



Chapter 3

Numerical method

3.1 Introduction

In this chapter, we discuss the numerical algorithms for discretizing the physical model
given in chapter 2. Basically, the numerical algorithms mainly rely on the computational
method VAS2D1 (two-dimensional & axisymmetric vectorized adaptive solver) by Sun and
Takayama [74, 75] and a computational method developed by Mundinger and Prast [45, 55].
Both computational methods use the MUSCL-type finite-volume method. VAS2D, devel-
oped for unstructured quadrilateral grids, can simulate unsteady/steady, inviscid/viscid,
frozen/equilibrium compressible flows in arbitrary geometries. Prast’s method can simulate
condensing flows in supersonic nozzles using structured grids. By combining these two compu-
tational methods, a new computational method ASCE2D (two-dimensional & axisymmetric
adaptive solver for condensation and evaporation) has been developed.

The governing equations Eq.2.98 are divided into a homogeneous and an inhomogeneous
part, according to the Fractional-Step-Method of Oran and Boris [46], yielding:

∂Uhom

∂t
+
∂F

∂x
+
∂G

∂y
= 0, (3.1)

∂U

∂t
= S(Uhom). (3.2)

The main strategy of our numerical method is that the homogeneous part is solved by the
same techniques as in VAS2D and the inhomogeneous part will be solved by applying the
same procedure as in the Prast’s method.

The data structure of the mesh and the adaptive procedure are explained in section 3.2.
For completeness, the basic features of the numerical scheme and algorithm for the flow field
are described briefly in section 3.3. The MUSCL-Hancock scheme [84], a second-order upwind
scheme has been adopted. Two different numerical schemes for evaluating the numerical fluxes
through the cell interface are introduced. For a more detailed description of the numerical
methods for the homogeneous part, the reader is referred to the thesis of Sun [74]. The
time marching strategy is outlined in section 3.4 and the treatment of boundary conditions
will be discussed in section 3.5. Finally, verification and validation of the new computational
method are carried out by a comparison of our results with those of experiments and numerical
methods from the literature.

1Dr. Mingyu Sun provided the source code of VAS2D, which is gratefully acknowledged.
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3.2 Data structure and adaptive procedure

Unsteady flows with phase transition may involve phenomena with disparate length and time
scales, for instance nucleation i.e. the formation of droplets may occur in microseconds and
condensation may lead to shock waves with a thickness less than one micrometer while the size
of the macroscopic computing domain can be of the order of meters. The phenomena are time
dependent. In order to capture the various flow features efficiently a time-dependent adaptive
grid is required, that yields high resolution at locations with large gradients. In principle,
both structured and unstructured meshes can be adaptive with time, while, considering the
possible extremely complicated computational domains, the unstructured mesh is selected in
our new computational method. In 2D the unstructured meshes usually consist of triangles or
quadrilaterals while hybrid meshes are also a possibility. In the present study the unstructured
quadrilateral mesh is adopted.

3.2.1 Data structure

A quadrilateral grid is automatically generated either by an in-house mesh tool QuadMesh or
by commercial software such as Gambit (A program in the commercial software FLUENT) for
any desired computational domain. An example for a wave tube with a sharp-edged obstacle
is shown in Fig.3.1.

Figure 3.1: Unstructured quadrilateral mesh generated by Gambit: wave tube with a sharp-
edged obstacle, 3014 cells.

Another example is a supersonic nozzle mesh with 861 cells, shown in Fig.3.2.

Figure 3.2: Unstructured quadrilateral mesh generated by QuadMesh: nozzle G2 [35], 861
cells.

The grid data provided by the mesh generation is transformed to the so-called cell-edge
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data structure used in the new computational method. A fundamental feature of this cell-edge
data structure is that every cell is associated with four edges, and every edge is associated
with its two neighboring cells. As shown in Fig.3.3, edges BC, DC, AD and AB are the four
edges of cell i denoting by NE1, NE2, NE3 and NE4, respectively. An edge k is associated
with two neighboring cells i and j. Every edge is defined as a directional segment and the
direction assures that to the left of edge NE1, NE4 and to the right of edge NE2, NE3 the
cell itself is located, while the region to the right of edge NE1, NE4 and that to the left of
edge NE2, NE3 correspond to the neighboring cells. This strict definition reduces conditional
statements in the algorithm especially in the adaptation procedure.

j

i
L R

R

L

a) b)

A B

C

D

i

NE1

NE2

NE3

NE4

k

Figure 3.3: The cell-edge structure: a). Cell i is associated with four edges; b). An edge k is
associated with two neighboring cells i and j. In calculation, i and j are the centroids.

The basic information stored for a cell is its location, defined here as the location of the
cell centroid, and the indices of four edges. Note that a cell is not directly associated with
another cell, association is through their common edge. For instance, as shown in Fig.3.3(b),
if cell i needs information of cell j, then cell i has to use the right index of edge k, NE1. It is
clear that one adjacent connectivity only needs two memory allocations during computation,
because of the unique definition of the geometry.
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Figure 3.4: An example illustrating the cell-edge data structure, the number in a box denotes
the index of the cell and a number without box denotes the index of the edge in the cell list
and edge list, respectively. Arrows indicate the direction of the edges.

To illustrate the basic concept of the cell-edge data structure used in the present method,



28 Numerical method

a simple example is shown in Fig.3.4.
The domain is a square with both x and y varying from 0 to 1, and the mesh consists

of 9 cells and 24 edges. The basic information stored for the cells is listed in Table 3.1,
which is consisting of the coordinates of the centroid and the indices of four edges. In this
particular case, only one cell is not a boundary cell, which is located in the center of the
computational domain. The basic information stored for edges is listed in Table 3.2, which
include the coordinates of the starting and the ending nodes, and the indices of the left and
right neighboring cells. A boundary edge is indicated by having an identical cell for both the
left and the right neighbors, for instance, edge 6 is a boundary edge, whose left and right
neighboring cells are the same, i.e. cell 3.

Cell X Y NE1 NE2 NE3 NE4

1 0.833 0.167 2 11 3 1

2 0.500 0.167 3 23 5 4

3 0.167 0.167 5 7 8 6

4 0.167 0.500 7 22 10 9

5 0.833 0.500 11 12 16 13

6 0.833 0.833 14 15 21 16

7 0.167 0.833 18 19 17 10

8 0.500 0.833 21 20 18 24

9 0.500 0.500 23 13 24 22

Table 3.1: List with basic information stored for the cells.

Edge Starting node Ending node Left neighbor Right neighbor

1 (0.667, 0.000 ) (1.000, 0.000) 1 1

2 (1.000, 0.000 ) (1.000, 0.333) 1 1

3 (0.667, 0.000 ) (0.667, 0.333) 2 1

4 (0.333, 0.000) (0.667, 0.000) 2 2

5 (0.333, 0.000) (0.333, 0.333) 3 2

6 (0.000, 0.000) (0.333, 0.000) 3 3

7 (0.000, 0.333) (0.333, 0.333) 4 3

... ... ... ... ... ... ... ... ...

22 (0.333, 0.667) (0.333, 0.333) 9 4

23 (0.333, 0.333) (0.667, 0.333) 9 2

24 (0.333, 0.667) (0.667, 0.667) 8 9

Table 3.2: Basic information stored for edge list.

3.2.2 Adaptation procedure

Adaptive criterion

The adaptation procedure refines the mesh in flow regions with large truncation errors, and
coarsens the grid in regions with small truncation errors, while the basis mesh is always
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retained.

A

B

i
j

C
l

Figure 3.5: Sketch of an interface AB and its two neighboring cells i and j. C is the center
of edge AB. ~l = ~xj − ~xi.

Consider two neighboring cells i and j with common edge AB, as illustrated in Fig.3.5. A
measure for the truncation error εTρ at edge AB is given by the ratio of the second derivative
and the first derivative in the Taylor series expansion of the density:

εTρ = max(
|~l · [(~∇ρ)c − (~∇ρ)i]|
αfρc + |~l · ( ~∇lρ)i|

,
|~l · [(~∇ρ)c − (~∇ρ)j ]|
αfρc + |~l · ( ~∇lρ)j |

), (3.3)

where ~l denotes the directional segment from cell i to cell j, and αf has been introduced to
prevent a zero denominator, and it also filters extremely small density variations. ρc is the
density at the center of the interface AB. Similarly, εTu and εTv are obtained by applying this
definition to the velocities in x-direction u and in y-direction v. The error sensor εT for edge
AB is taken the maximum of εTρ, εTu and εTv:

εT = max(εTρ, εTu, εTv). (3.4)

The criterion is, for cell i :
Refine if εT > εr for four neighboring edges ,
Coarsen if εT < εc for four neighboring edges ,
where Refine and Coarsen are logical flags which indicate whether the cell needs to be

refined or coarsened. εr and εc are threshold values for refinement and coarsening. If not
listed, εr = 0.08, εc = 0.05 and αf = 0.03 are chosen throughout the thesis. It will be
shown that this error sensor is powerful in detecting all important physical phenomena in
compressible flows, such as shock waves, contact surfaces and vortices.

Procedure

The refinement and coarsening procedures are handled separately with similar steps:
1. handling the inside of the flagged cells,
2. handling the edges of the flagged cells,
3. re-arranging memory.
We will take the refinement as an example to give a brief description of this procedure. As

shown in Fig.3.6, if cell ABCD is flagged as ”Refine”, then it has to be refined and therefore
it is called a father cell.
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Figure 3.6: The adaptive strategy: N1, N2, N3 and N4 are the four edges inside cell ABCD,
while the four subcells are indicated by numbers in circles. O is the centroid of cell ABCD,
E, F, G and H are midpoints of the four edges of cell ABCD.

In step 1, cell ABCD is refined into four subcells or sons, indicated by numbers in circles
in Fig.3.6. The information of the four new cells has to be initialized, which means that the
indices, indices of the four edges and some flags such as ”Refine” have to be defined in this
step. The refinement level2 of sons is equal to their father cell’s level plus one . Four new
edges inside this cell have to be inserted in order to form the new cells, which are denoted
by N1, N2, N3 and N4 see Fig.3.6. The other eight edges for the four sons are obtained by
splitting the four edges of cell ABCD. In step 1 we only flag the four edges to be split and the
splitting operation will be done in step 2. Therefore, at this stage the basic information for
the new cells and new edges inside cell ABCD is not complete (See Table 3.3, the remaining
will be specified in step 2.

Cell NE1 NE2 NE3 NE4 Edge LN RN Starting node Ending node

Son1 N1 N4 N1 2 1

Son2 N2 N1 N2 3 2

Son3 N2 N3 N3 4 3

Son4 N4 N3 N4 1 4

Table 3.3: Basic information stored for the new cells and new edges. LN: left neighbor; RN:
right neighbor.

Step 2 splits the flagged edges or mother edges into two sub-edges or daughters, which
results in four new nodes E, F, G and H. The new nodes are located at the centers of the
mother edges. The right neighboring cell of the daughter is just the right neighbor of its
mother edge. While the left neighbor is simply one of the new cells, i.e. sons. In order to
form the four new edges inside cell ABCD, i.e. N1, N2, N3 and N4, a new node O is inserted,
which coincides with the centroid of cell ABCD. Now the information table can be completed.
It should be noted that the sub-edges or daughters split from outside edges of the cell have
not been listed in this table. For the treatment of more complex case such as one edge that
has already been split before, see Sun’s thesis [74].

Step 1 and step 2 change the status of some cells and edges, for example from sons to
fathers. Step 3 just re-arranges the memory such as the cell list and the edge list according to

2The level of the initial mesh is set to zero, the maximum level of refinement is prescribed. If the maximum
level is three in one calculation, then it is called a 3-level refinement.
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Cell NE1 NE2 NE3 NE4 Edge LN RN Starting node Ending node

Son1 BF N1 N4 EB N1 2 1 O F

Son2 FC CG N2 N1 N2 3 2 O G

Son3 N2 DG HD N3 N3 4 3 H O

Son4 N4 N3 AH AE N4 1 4 E O

Table 3.4: Basic information stored for the new cells and new edges. LN: left neighbor; RN:
right neighbor.

their updated status. All cell indices are saved in the cell list, while edge indices are saved in
the edge list. Both lists have a fixed data structure, required for vectorization. The lists are
very efficient especially for a flow solver using a finite-volume method. Non-fathers are just
non-overlapping physical control volumes. These control volumes are numbered consecutively
in the cell list. On the other hand, all non-mothers are all interfaces of the control volumes.
Flux evaluations may be computed along the list of non-mother edges employing a vector
process.

In step 1, it is required that two neighboring cells do not differ by more than one refinement
level. This rule prevents pathologically large volume ratios.

If all four sons are flagged ”Coarsen”, then they are deleted and recovered to their father
cell. The coarsening procedure follows similar steps as the refinement. Step 1 deletes sons
and the inside edges N1, N2, N3 and N4. Step 2 deals with the outside edges, i.e. combining
daughters to mothers, and deletes the five nodes O, E, F, G and H. Step 3 just updates the
cell list and edge list, cleans and arrange the memory.

In both the refinement and the coarsening procedures, some new cells may appear. The
conservative variables at these cells have to be constructed from the information on the old
mesh. In the refinement procedure, the conservative variables of new sons are interpolated
from these of their fathers. While in the coarsening procedure, flow variables of a coarsened
father cell are simply the volume-weighted average of these of its ”removed” sons.

Example

An example of the grid adaptive procedure for the starting problem of the flow of air through
the A1-nozzle is demonstrated in Fig. 3.7. The initial mesh of the A1-nozzle [1], with an
additional divergent part at the exit, generated by Gambit, has 4141 cells and 4308 nodes (see
Fig.3.7 a). Initially, a diaphragm is mounted at x=-0.15 m to separate a high pressure section
(pH = 1 bar) and a low pressure section (pL = 0.02 bar) (see Fig.3.7 b). By instantaneously
removing the diaphragm, a shock wave is generated that travels to the right. At the same
time, an expansion wave is formed that runs to the left. The contact surface, running to the
right, is also presented in this flow. The shock wave will interact with the nozzle and the
reflected waves will further interact with the contact surface. Therefore, a very complicated
flow pattern is created. After 0.15 ms from diaphragm rupturing, the mesh is adapted to a
finer one with 24208 cells and 26259 nodes (see Fig.3.7 c). The corresponding density contours
are shown in Fig.3.7 d. The refinement of the contact discontinuity can be seen in this mesh.
After 0.5 ms, an even more complicated mesh is formed due to the complicated transient flow
pattern, see Figs.3.7 e and f.
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Figure 3.7: Mesh adaptive process in A1-nozzle with an additional divergent part. (a) and
(b): initial mesh with 4141 cells and 4308 nodes and conditions: pH/pL = 1/0.02, T0 = 298
K; (c) and (d): mesh with 24208 cells and 26259 nodes, and the corresponding density distri-
bution at 0.15 ms; (e) and (f): mesh with 43555 cells and 47753 nodes, and the corresponding
density distribution at 0.5 ms.
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3.3 Flow solver for unstructured mesh

The finite-volume method is used to discretize the conservation laws by directly applying
them to each non-overlapping control volume ∆Ω:

∂

∂t

∫

∆Ω
UdΩ =

∫

∆S
−Fxdy + Fydx, (3.5)

where ∆S denotes the bounding surface of this control volume. U, Fx and Fy are defined
here as:
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. (3.6)

Equation 3.5 is approximated by numerically evaluating the two integrals to second order
accuracy in space, which yields for control volume i :

∂

∂t
(Ui) = −

1

∆Ωi

∑

faces

F̂k, (3.7)

where F̂k is the column vector of outward fluxes through face k multiplied by the area of the
face. Eq.(3.7) states that the temporal change of the cell-averaged conservative variables in
control volume i is found by summing the fluxes through all faces.

Equation (3.7) is discretized in time as:

Un+1
i = Un

i −
∆t

∆Ωi

4∑

k=1

F̂
n+1/2
i,k , (3.8)

where F̂
n+1/2
i,k is the flux at the midpoint of the interface or the edge at an intermediate time

step obtained by a predictor step, which locally solves the two-dimensional Euler equations
at the interface. Since the variables are unknown at the face center, they are interpolated
from the centroids of the two cells associated with the interface. Both the interpolation and
the predictor step require an estimation of the gradient in each cell.

3.3.1 Gradient evaluation

The least-squares method is adopted to estimate the solution gradient within each control
volume. It simply consists of fitting a linear function to the values of the neighboring nodes
using the least-squares technique. The basic concept of this method is briefly described here.
More detail on this method can be found in Sun’s thesis [74].

Let V are primitive variables, V = (ρ, u, v, p, g,Q2, Q1, Q0)
T , and the gradient is ~∇V =

(Vx,Vy). Consider cell i and its four neighboring cells j1, j2, j3 and j4 as shown in Fig. 3.8.
Values Vi at cell i and Vj at the neighboring cells are known. The gradient is estimated by
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i
j1

j2

j3

j4

Figure 3.8: Cell i and its four neighboring cells j1, j2 ,j3 and j4 to determine the gradients
at cell i. The dotted points are located the cell centroids.

minimizing the difference between Vj and the approximation V
′

j

V
′

j = Vi + ~∇V · ~rji, (3.9)

with ~rji = (∆xji,∆yji) = (xj − xi, yj − yi), for all neighboring cells, i.e. j=j1, j2, j3 and j4.
The difference is expressed as:

∑

j

(Vj −V
′

j)
2 =

∑

j

[Vj − (Vi + ~∇V · ~rji)]2, (3.10)

where
∑

j represents summing over all neighboring cells, i.e. j=j1, j2, j3 and j4.
Then the gradient can be found by solving the following linear system of equations for Vx

and Vy:

(
∑

j

∆xji∆xji)Vx + (
∑

j

∆xji∆yji)Vy = (
∑

j

∆xji∆Vji) (3.11)

(
∑

j

∆yji∆xji)Vx + (
∑

j

∆yji∆yji)Vy = (
∑

j

∆yji∆Vji),

with ∆Vji = Vj −Vi.
Then we have

Vx =
(
∑

j ∆yji∆yji) ∗ (
∑

j ∆xji∆Vji)− (
∑

j ∆xji∆yji) ∗ (
∑

j ∆yji∆Vji)

(
∑

j ∆xji∆xji) ∗ (
∑

j ∆yji∆yji)− (
∑

j ∆xji∆yji)
2

, (3.12)

Vy =
(
∑

j ∆xji∆xji) ∗ (
∑

j ∆yji∆Vji)− (
∑

j ∆xji∆yji) ∗ (
∑

j ∆xji∆Vji)

(
∑

j ∆xji∆xji) ∗ (
∑

j ∆yji∆yji)− (
∑

j ∆xji∆yji)
2

For a split edge during the adaptation, it has two neighboring cells. In this case, the averaged
value has been taken during the summing operations in Eq.3.12, e.g. ∆Vji = (∆Vjs1i +
∆Vjs2i)/2 with subscript s1 and s2 denoting the sub-edges.

To determine the gradients at the interface, Sun proposed a compact stencil [74] called
the local modification of gradient. For example, the density gradient (~∇ρ)c at the midpoint
C of the interface AB can be expressed as:

(~∇ρ)c = (~∇ρ)avrc + [
ρj − ρi

|~lij |
− ((~∇ρ)avrc ) ·~lij ]~lij , (3.13)
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where (~∇ρ)avrc is simply the averaged density gradient of the two neighboring cells i and j,
i.e. (~∇ρ)avrc = [(~∇ρ)i+ (~∇ρ)j ]/2, and ~lij is the directional segment from the centroid of cell i
to the centroid of cell j. Other variables can be treated similarly.

3.3.2 Predictor

The MUSCL-Hancock scheme [84], a second-order upwind scheme has been adopted to com-
pute the flux through the cell interface. The MUSCL-Hancock scheme employs a midpoint
rule in time and linear reconstructions in each cell. First, variables at the center of the in-
terface, Vic, are extrapolated from Vi, variables from one of the two neighboring cells of the
interface:

Vic = Vi + (~∇V)c · rfi, (3.14)

where V are primitive variables, V = (ρ, u, v, p, g,Q2, Q1, Q0)
T , rfi denotes the directional

distance from the cell centroid to the midpoint of the interface.
The solution is then advanced by a half time step,

V
n+1/2
ic = Vic +

1

2
∆t(Vt)ic, (3.15)

where the time derivatives (Vt)c are determined by the two-dimensional quasi-linear Euler
equations,

Vt = −AVx −BVy, (3.16)

where Jacobian matrixes A and B are

A =















u ρ 0 0 0 0 0 0
0 u 0 1/ρ 0 0 0 0
0 0 u 0 0 0 0 0
0 γp 0 u 0 0 0 0
0 0 0 0 u 0 0 0
0 0 0 0 0 u 0 0
0 0 0 0 0 0 u 0
0 0 0 0 0 0 0 u















;B =















v 0 ρ 0 0 0 0 0
0 v 0 0 0 0 0 0
0 0 v 1/ρ 0 0 0 0
0 0 γp v 0 0 0 0
0 0 0 0 v 0 0 0
0 0 0 0 0 v 0 0
0 0 0 0 0 0 v 0
0 0 0 0 0 0 0 v















. (3.17)

In order to suppress possible numerical oscillations, all gradients used are locally limited. In
this limiting procedure which aims to maintain TVD (Total Variant Diminishing) [25,78,93]
conditions around sharp gradients, only gradients in the direction between two neighboring
cells associated with an interface are modified by MINMOD limiters [77]. The limited slopes
at two neighboring cells are then used to advance the solution in the two cells by half a time
step.

3.3.3 Flux evaluation

Given the state of the variables on both sides of an interface, the flux can be calculated by
different numerical schemes such as Harten-Lax-van Leer scheme (HLL) [19,26], HLLC scheme
(C denotes contact discontinuity) and artificial upstream flux vector splitting scheme(AUFS).
Differences between numerical schemes pertain to the way in which the numerical fluxes are
computed. Here we only briefly introduce HLL and AUFS.

A Riemann problem consists of computing the evolution of a discontinuous solution, which
initially separates two arbitrary constant states UL (left) and UR (right). The solution of the
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Riemann problem is self-similar and is denoted by R(x/t;UL, UR), which depends only on the
states UL, UR and the ratio x/t. Harten, Lax and van Leer have presented a new approach
to solve the Riemann problem approximately, which results in the HLL Riemann solver [26].

HLL scheme

The HLL scheme approximates the solution of the Riemann problem with two signal waves
with wave speeds s1 and s2, see Fig.3.9. The numerical flux of the HLL scheme, FHLL, can

t

xi+1/2

U
R

U
L

U
m

s
2 s

1

Figure 3.9: The approximate solution of HLL Riemann solver.

be expressed as:

FHLL =
s1FL − s2FR

s1 − s2
+

s1s2
s1 − s2

(UR −UL), (3.18)

where subscript ”L” and ”R” denote the left and right neighboring cells of the interface,
respectively.

In order to determine completely the numerical fluxes in Eq.3.18 we need to know the two
wave speeds s1 and s2. Depending on the choices of these two wave speeds, different schemes
are obtained. A direct wave speed estimate gives, following Davis [11]:

s1 = max(0, uL + cL, uR + cR), s2 = min(0, uL − cL, uR − cR), (3.19)

with c and u being the speed of sound and the velocity normal to interface, respectively.
A more sophisticated estimate proposed by Toro et al. [79] is based on the isentropic

equations of gas dynamics:

s1 = max(0, u∗ + c∗, uR + cR), s2 = min(0, uL − cL, u
∗ − c∗), (3.20)

where u∗ and c∗ are the exact solution for two isentropic waves:

u∗ =
1

2
(uL + uR) +

cL − cR
γ − 1

, c∗ =
1

2
(cL + cR) +

1

4
(uL − uR) (3.21)

The HLL scheme is very efficient and robust for many inviscid flow applications, but introduces
excessive diffusion errors around contact discontinuities so that these contact discontinuities
are smeared out. To overcome this, HLLC (C denotes contact) is proposed by Toro et al. [80].
Although the HLLC scheme improves the resolution of contact discontinuities, it encounters
the problem of carbuncle instability [48,49].
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AUFS scheme

Recently a new scheme called AUFS for the flux at an interface has been presented by Sun
et al. [76]. They propose to compute the wave speeds as:

s1 = u, (3.22)

s2 =

{
u− c , for s1 > 0,
u+ c , for s1 ≤ 0,

and then the two split flux vectors for the two-dimensional Euler equations, with U =
(ρ, ρu, ρv, ρE)T , become:

FAUFS = (1−M)[
1

2
(PL +PR) + δU] +M [Uα(ũα − s2) +Pα], (3.23)

α =

{
L , for s1 > 0,
R , for s1 ≤ 0,

where

M =
s1

s1 − s2
, (3.24)

P =







0
pnx
pny
pũ






,

δU =
1

2c̄







pL − pR
(pu)L − (pu)R
(pv)L − (pv)R

c̄2

γ−1(pL − pR) +
1
2 [(pq

2)L − (pq2))R]






,

with q2 = u2 + v2 and ũ = unx + vny.
For the present set of governing equations, the expression for the two split flux vectors

are the same but with different definitions of P and δU:

P =















0
pnx
pny
pũ
0
0
0
0















, δU =
1

2c̄
















pL − pR
(pu)L − (pu)R
(pv)L − (pv)R

c̄2

γ−1(pL − pR) +
1
2 [(pq

2)L − (pq2))R]

pLgL − pRgR
pLQ2,L − pRQ2,R

pLQ1,L − pRQ1,R

pLQ0,L − pRQ0,R
















. (3.25)

In order to determine completely the numerical fluxes in (3.23) the intermediate sound
speed c̄ and wave speed s1 are simply set to be their algebraic averages:

c̄ = (cL + cR)/2 (3.26)

s1 = (uL + uR)/2. (3.27)

Numerical values of s2 are computed from:

s2 =

{
min(0, uL − cl, u

∗ − c∗) for s1 > 0,
max(0, u∗ + c∗, uR + cR) for s1 ≤ 0.

(3.28)
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3.3.4 Procedure

According to the finite-volume method, the method computes the change of the control-
volume averaged state vectors of all cells by integrating their interface fluxes. This procedure
consists of eight basic steps:

1. Gradient evaluation by the least-squares method;

2. Calculation of error sensor εT for each edge;

3. Conduction of gradient limitation by MINMOD;

4. Predictor;

5. Flux evaluation by HLL or AUFS scheme:

5.1 Computing fluxes through edges which are not split up and not at boundary of the
computational domain;

5.2 Computing fluxes through boundary edges;

5.3 Computing fluxes through mother edges by adding their daughters’ fluxes;

5.4 Computing the sum of fluxes through the four edges for every cell.

6. Calculation of variables at new time level by Eq.3.8;

7. Flagging each cell for adaptation;

8. Grid adaptation.

In step 5, the computation of fluxes through an edge requires only its two neighboring
cells whose indices are explicitly saved for every edge, so that the vectorization of the flux
evaluation is easily obtained. A similar efficiency is also achieved for other steps by the cell-
edge data structure. Note that because of step 5.3, the following step 5.4 simply accumulates
the fluxes of the four edges. No matter whether the edge is split or not, the conservation
property is always preserved. The four steps 5.1 to 5.4 have only a conditional statement in
step 5.2, which deals with different types of boundaries. Thus, the data structure is highly
efficient for solving the conservation laws.

3.4 Time marching and phase transition source term

First the homogeneous part of the equations is integrated in time with time step dt which is
limited by the CFL condition,

dt = CFL
Ledge
|u|+ c

, (3.29)

where Ledge is the length of a cell edge. The actual time step is taken as the minimum of the
values for all cells.

For the second integration in time with the source term a different time step is used, which
is due to the stiffness introduced by the source term:

U(0) = Uhomo, (3.30)

then for ν = 0 . . . k − 1:

U(ν+1/2) = U(ν) + dt(ν)S(U(ν)), and

U(ν+1) =
1

2
{U(ν) +U(ν+1/2) + dt(ν)S(U(ν+1/2)),

Finally for ν = k − 1 :

U(n+1) = U(k),
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The release of heat per time step has to be limited in order to maintain a stable solution [1,56]:

dt(ν) · S5(U
(ν))

ρc
< 10−4, (3.31)

with ρc the characteristic density. This limitation for time step defines the maximum change
of the mass fraction of liquid in one time step.

Equation 3.30 is repeated until the total time reaches the time step used in the first time
integration, i.e.

k−1∑

ν=0

dt(ν) = dt. (3.32)

3.5 Boundary conditions

In a control volume approach the numerical fluxes must be evaluated at all cell interfaces,
and in particular also at cell faces lying on the domain boundaries. The flow at the outflow
boundary is defined entirely by the solution at and within the boundary of the computational
domain, while the flow at the inflow boundary depends on the solution exterior to the com-
putational domain. A more general discussion of boundary conditions may be found in [53]
and [29]. Here we closely follow the treatment from Sun [74].

h

k

ji

m

A BC

Figure 3.10: Schematic of the treatment of boundary conditions.

A schematic of boundary cells is shown in Fig.3.10. To determine the fluxes over the
boundary interface AB, the image node m of i reflected in the boundary AB is introduced.
Point C is the midpoint of edge AB. Cells j, k and h are three neighbors of cell i 3. The
reconstruction procedure for various types of boundaries depends on the definition of variables
at m, while the fluxes through AB depend on the definition of variables at the center C. Here
we only use information obtained from neighbor i to impose all boundary conditions at
the boundary edge. The method loses little spatial accuracy4 due to the limited information
utilized, but results in simplicity and locality. Therefore, flow variables that are not physically
specified at boundary edges are interpolated from interior neighboring cells in space, while
time accuracy is achieved by locally solving the Euler equations.

For inlet and outlet boundaries, image point m is not used, i.e., gradients at cell i are
calculated using gradients from neighboring cells and the gradient component normal to the
open boundary is forced to be zero.

3some of them may not exist in the case of complicated boundaries.
4In fact, if the order of approximation near the boundary is equal to the scheme order minus one, the overall

accuracy of the scheme is not affected [53,62].



40 Numerical method

For inviscid flow solid wall boundaries or symmetry lines, the velocity is decomposed in
a normal and a tangential component. At point m the tangential velocity component is the
same, and the normal component changes sign:

ρm = ρi, pm = pi, u
t
m = uti, u

n
m = −uni . (3.33)

In the flux evaluation, fluxes through edge AB are determined by the flow variables located
at the interface center C. The primitive variables there at time step n are extrapolated from
the neighboring cell i,

Vc = Vi + (~∇V)c · rci. (3.34)

To achieve second-order time accuracy, the final state at point C is given by further propa-
gating the solution by half a time step, i.e.

Vn+1/2
c = Vc −

1

2
∆t[A · (∇Vx)C +B · (∇Vy)C ], (3.35)

where A and B are the same as that in the predictor step.
For the inlet and outlet boundaries, the gradients are taken as the same as those at cell i

i.e. (~∇V)c = (~∇V)i, and the fluxes are identical to these through internal edges.
For an inviscid flow solid wall, only the gradients of density and pressure are set to be

the same as those at the center of cell i and the normal components of velocity gradients are
modified such that the normal component of the velocity obtained by the interpolation equals
zero at the boundary. The fluxes follow from

(0, p
n+1/2
C n1, p

n+1/2
C n2, 0, 0, 0, 0, 0)

T . (3.36)

3.6 Verification and validation

Several test-cases have been carried out to verify and validate this new numerical method.
First the new method is applied to the one-dimensional shock tube problem with dry nitrogen.
Then the case of humid air is investigated. More complex test cases are presented as well,
including cases for both dry and wet gas. Some information about the accuracy of the
numerical method is given in Appendix ??.

3.6.1 Sod’s shock tube problem

The first test case we consider is Sod’s shock tube problem [63] with initial conditions for
density, momentum and total energy in a dimensionless way:

(ρ, (ρu), ρE) =

{
(1.0, 0.0, 2.5), if x ≤ 0 ,
(0.125, 0.0, 0.25), if x > 0 .

(3.37)

The gas pressure p satisfies, assuming the gas to be a calorically perfect gas:

p = (γ − 1)

(

ρE − 1

2
ρu2
)

, (3.38)

where γ denotes the ratio of specific heats. For air, γ = 1.4.
This problem has been used as a benchmark for different numerical methods in the lit-

erature. The solution starts with a hot high-density gas in the region x ≤ 0 , and a cold
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low-density gas in the region x > 0. The gas is initially at rest. At t=0 the diaphragm sep-
arating the two regions is removed, causing a shock wave to propagate into the low density
medium and a rarefaction wave into the high density medium. These two flow regions are
separated by a contact discontinuity. At both ends of the shock tube we impose non-reflecting
boundary conditions. Analytic solutions can be obtained for the early phases of the evolution.

In the simulations, dimensional initial conditions are taken as:

(ρ, u, p) =

{

(1.14556 kgm−3, 0.0, 1.0 bar), if x ≤ 0 ,
(0.1432 kgm−3, 0.0, 0.1 bar), if x > 0 .

(3.39)

A 2D mesh is employed to calculate this 1D problem. Particularly the computational domain
has a larger range in x-direction (from -0.5 m to 0.5 m) and a smaller range in y-direction (
from 0 m to 0.03 m). The initial mesh is a uniform one with a cell size of 0.01 m × 0.01 m,
and 300 cells in total. The result is uniform in y-direction as we can see from the mesh and
the corresponding density contours shown in Fig.3.11. Near the shock wave and the contact
discontinuity the grids are refined to the maximum level of the setting. At the head and the
tail of the expansion wave, the mesh is also refined due to the large change in the gradient
of density. The mesh reflects the physical properties of the flow field, which proves that the
current adaptation criterion efficiently captures the phenomena such as shock waves, contact
discontinuities and expansion waves.

Figure 3.11: The mesh and the corresponding density contours of Sod’s shock tube problem
at 0.4 ms: AUFS; three level refinement.

Two kinds of schemes namely HLL and AUFS are applied to this shock tube problem
with the same initial conditions and employing the same 2D mesh. A 3-level refinement is
used in both calculations. Results are shown in Fig.3.12.

Both schemes give very nice and almost the same results for the shock wave, the contact
discontinuity and the expansion wave. Only minor differences are found near the contact
discontinuity. The contact discontinuity from AUFS is slightly sharper than the one from
HLL, as shown in the close-up.

3.6.2 Closed shock tube with humid nitrogen

The numerical method is applied to the flow of humid nitrogen in a closed shock tube. The
shock tube has a total length of 1 m and is divided into two equal parts. The test gas has a
uniform initial saturation ratio (S=0.8). Initial pressures are 1 bar and 0.4 bar in the high-
pressure (HPS) and low-pressure section (LPS), respectively, at a temperature of 298 K, as
shown in Fig.3.13.

After pressure equilibration, a right running shock wave and contact surface are gener-
ated. At the same time, an expansion fan propagates to the left into the high-pressure section
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Figure 3.12: The density distribution along the center line of the shock tube of Sod’s shock
tube problem at 0.4 ms(Upper) and 0.8 ms(Lower). Solid line: analytical solution; open
circle: HLL scheme; and solid square: AUFS scheme.
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Figure 3.13: The configuration and the x-t plot of the closed shock tube problem with the main
wave pattern. This tube has a length of 1 m and is divided into two equal parts, separated
by a diaphragm, D. S: shock wave; E: expansion wave; C: contact surface; Sr: reflected shock
wave; Srr: re-reflected shock wave; Er: reflected expansion wave; Err: re-reflected expansion
wave. t1=2.5 ms and t2=6.5 ms.

and causes the temperature of the gas to decrease significantly. The fast expansion causes
nucleation and condensation. After some time, the shock reflected from the end wall passes
the condensation zone and causes evaporation. Therefore, both condensation and evaporation
occur in this relatively simple example. Furthermore, this problem exhibits several interac-
tions of nonlinear waves: shock reflection from a solid wall, the interaction of a shock wave
with a contact discontinuity, and the reflection of a rarefaction wave from a solid wall, see
the schematic x-t diagram in Fig.3.13. The main waves are also indicated in this figure, in-
cluding the shock wave, the reflected shock wave at the LPS, the re-reflected shock wave at
the HPS, the contact surface, the expansion wave, the reflected expansion wave at the HPS
and the re-reflected expansion wave at the LPS. The interactions between these waves are not
considered in this schematic diagram. The corresponding data profiles at time 2.5 ms and 6.5
ms can be found at time t1 and t2 in this x-t plot.

Results are compared with results for the dry nitrogen case. In both cases, the HLL
scheme is adopted.

As shown in Fig.3.14, the homogeneous nucleation and condensation process causes a
condensation shock after a certain time. Due to the latent heat release caused by condensation,
pressure and temperature in the humid case are higher than in the dry case. As time proceeds,
this even affects the velocity of the shock. It can be clearly seen in Fig.3.15 that the position
of the starting shock in the case with condensation is different from that in the dry case.



44 Numerical method

Figure 3.14: The reduced pressure (left) and temperature (right) profiles along the tube at
2.5 ms. Dry nitrogen: solid line; Humid nitrogen: dashed line.

As shown in the x-t diagram Fig.3.13, at 2.5 ms, the reflected shock has already passed the
contact surface and the interaction between them results in an expansion wave, which is also
captured by the numerical method. The effect of this expansion wave can be seen in Fig.3.14
near the end wall of LPS.

Figure 3.15: The reduced pressure (left) and temperature(right) profiles along the tube at 6.5
ms. Dry case: solid line; Humid nitrogen: dashed line.

The evaporation process has a considerable influence on the temperature profiles as is
shown in Fig.3.14. After 6.5ms, Fig.3.15, the temperature in the humid nitrogen with evap-
oration is close to that in the dry nitrogen case because evaporation consumes most latent
heat released during condensation. From the profile of the liquid mass fraction, g, shown in
Fig.3.16, we can see that after the expansion, there is a certain amount of liquid water due to
condensation. When the reflected shock passes this region, droplets start evaporating. There-
fore, the liquid mass fraction drops. The tendency of the humid gas towards thermodynamic
equilibrium is also reflected in the profiles for the saturation ratio. When the liquid mass
fraction is positive, S tends to unity.
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Figure 3.16: Liquid mass fraction (left) and saturation ratio (right) profiles along the tube at
2.5 ms (solid line) and 6.5 ms (dashed line).

The effect of evaporation is more pronounced after a longer time. Due to the reflections
of the expansion waves and the shocks, the condensation and evaporation processes will
repeatedly take place. Therefore, in the evaporation case, g decreases when the shock passes
and increases again after the passage of the next expansion wave. The saturation ratio S
shows the same behavior.

3.6.3 Shock reflection

The shock reflection over a double wedge is considered, as shown in Fig.3.17(a). A plane
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Figure 3.17: (a): A plane shock wave with Mach number 1.52 moves towards a double wedge
with a top angle of 25o and 60o, respectively. (b): The wave configuration of a transitioned
regular reflection. i: incident shock wave; r: reflected shock wave; T*: triple point; s: slip
surface. R is the reflection point of RR. The foot of the additional shock, n, is at point Q.

shock with shock Mach number 1.52 is moving in the positive x-direction and interacts with a
double wedge with a top angle of 25o and 60o, respectively. When the shock wave passes the
first wedge, a Mach reflection (MR) takes place. Due to the second wedge, the Mach reflec-
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tion is terminated and a transition to a regular reflection (RR) is observed. The final wave
configuration of the reflection shown in Fig.3.17(b) consists of a regular reflection followed by
a Mach reflection. Because it is formed following the termination of a MR, and it has the
basic structure of a RR, it is called transitional regular reflection - TRR. This benchmark
problem has several points of interests. The first question is that this numerical method can
describe the shock reflection phenomena correctly. In this problem, both Mach reflection and
regular reflection occur. The final stage of this reflection results in a very complicated wave
configuration. The second objective is to compare two numerical schemes for numerical flux
evaluation: HLL and AUFS. In this problem, the shear layer (or slipstream) is present, which
can be used as a criterion for assessing the numerical scheme. For more detailed descriptions
on shock reflection, see [5].

(a) (b) (c)

(d) (e) (f)

Figure 3.18: Numerical schlieren pictures of the shock reflection TRR over a double wedge at
six different times illustrating the transition process from Mach reflection to regular reflection
using AUFS scheme.

The transition process from MR to RR is shown in Fig.3.18 by six numerical schlieren
pictures at different times5, which is obtained by using the AUFS scheme in our present nu-
merical method. After the planar incident shock has passed the first wedge, a Mach reflection
is present with a Mach stem straight to the first wedge surface, see Fig.3.18(a). The intersec-
tion point of the incident shock wave, the Mach stem and the reflection shock wave is called
the triple point. As time proceeds, this point moves upwards. When the Mach stem interacts
with the second wedge, a second Mach reflection occurs, see Fig.3.18(b), and results in the
Mach stem of the first MR moving downwards to the surface, see Fig.3.18(c). Thus this MR
is called Inverse-Mach reflection. Finally the Mach stem disappears and leads to a RR, see
Fig.3.18(f).

The problem was studied experimentally by K. Takayama and co-workers in the Shock

5The numerical schlieren picture are produced by simulating a schlieren system with a circular knife edge.
For details, see Chapter 5.



3.6 Verification and validation 47

Figure 3.19: The interferogram illustrating the wave configuration of a TRR from the reflec-
tion of a planar shock wave with Ms=1.52 over a double wedge with θ1 = 25o and θ2 = 60o in
air at T0 ≈ 290 K and p0 ≈ 760 torr (courtesy of Professor K. Takayama, Institute of Fluid
Science, Tohoku University, Sendai, Japan).

Wave Research Center, Sendai, Japan. A snapshot of iso-density contours obtained by means
of holographic interferometry is shown in Fig.3.19.

(a) (b)

Figure 3.20: Numerical iso-density contours of the shock reflection TRR over a double wedge
using AUFS (a) and HLL (b) scheme, respectively. The density increment between two
neighboring fringes is 0.1 kgm−3.

Numerical results for the same problem using different schemes are shown in Fig.3.20 as
holograms with fringe jump 0.1 kgm−3. Both HLL and AUFS schemes can correctly solve
this shock reflection problem with the basic wave configuration agreeing very well with the
experimental result.

Comparing the two different schemes, we found that the slip surface is much crisper
using the AUFS scheme than that using the HLL scheme, which implies that the numerical
dissipation of AUFS is less than HLL. The numerical schlieren pictures are shown in Fig.3.21
and apparently the result of AUFS is much better than the one of HLL.
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Figure 3.21: Numerical schlieren pictures of shock reflection TRR over a double wedge. (Left):
AUFS scheme, (Right): HLL scheme

3.6.4 Supersonic nozzle G2

Grazia Lamanna has investigated the compressible flow of humid nitrogen in a very slender
nozzle, referred as nozzle G2. This nozzle has a very low cooling rate. It has been extensively
employed to measure droplet sizes. Impressive holographic interferometric visualization has
been obtained by Lamanna [35], which makes it a very good benchmark for validating the
present method in the case of humid nitrogen.

The contour profile for Nozzle G2 can be found in Lamanna’s thesis [35] and the initial
mesh is shown in Fig.3.2. Experiment J41 has been chosen as the test case. It has the
stagnation conditions: T0 = 296.6 K, p0 = 0.867 bar, S0 = 1.102. According to the area ratio
of the inlet and the throat of nozzle G2, the Mach number at the inlet is 0.11552. Then we
can find the initial conditions in the supply tube, i.e., pini = 1.015 bar, Tini = 310 K, and
supersaturation Sini = 0.5113.

From the density history at the nozzle throat as shown in Fig.3.22, after the initial de-
crease in density due to the expanding flow, there is a sharp increase in density due to the
condensation induced shock in the starting expansion wave. Because a steady state solution
does not exist for the pertaining geometry and inlet condition, the density starts to oscil-
late with a constant amplitude of 0.06 kgm−3 and a frequency of 1120 Hz. The oscillation
frequency obtained by G. Lamanna in the experiment is 1248 Hz.

Fig.3.23 presents four density profiles along the nozzle centerline at different times. The
density change due to the condensation induced shock decreases when this wave moves up-
stream which means that this shock wave becomes weaker and weaker and finally will disap-
pear. Then a new shock wave is generated again downstream due to condensation and moves
upstream and disappears again. This process repeats itself and results in oscillations.

Simulations have been carried out for experiments Series I as well. The stagnation condi-
tions for this series are: T0 = 282.6 K; p0 = 88300 Pa; S0 = 1.363. The pre-shifted holograms
are compared in Fig.3.24. A very good agreement has been found in this comparison.
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Figure 3.22: Density history at the throat of Nozzle G2. Initial conditions are taken from
the experiment J41 by G. Lamanna [35]: pini = 1.0 bar, Tini = 310 K, and saturation ratio
Sini = 0.517.
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Figure 3.23: Density profiles at different times along the nozzle central line. Initial conditions
are taken from the experiment J41 by G. Lamanna [35]: pini = 1.0 bar, Tini = 310 K, and
saturation ratio Sini = 0.517. The throat of the nozzle is at X=0.
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(a) (b)

(c) (d)

Figure 3.24: Pre-shifted interferograms of the flow of humid nitrogen in nozzle G2 obtained
by Lamanna experimentally (Lower) and by numerical simulations (Upper) at two different
times : 10.0 ms (a, c) and 10.2 ms (b, d). The initial stagnation conditions are: T0 = 282.6
K; p0 = 88300 Pa; S0 = 1.363.

3.7 Summary

Based on the Fractional-Step-Method, the governing equations are split into two parts: the
homogeneous part without source terms and the inhomogeneous part with source terms due
to phase transition. The first part can be solved by applying the same method as using in
VAS2D, while the second part follows the treatment of the Mundinger-Prast method. The
new numerical method combines these two methods.

In the new method, the unstructured quadrilateral mesh is adopted, which is refined in
flow regions with large truncation errors, and is coarsened in regions with small truncation
errors. The adaptation criterion takes the maximum of the error sensor of density and two
velocity components. This has been shown to give good results in the starting flow of a
Laval nozzle and in several benchmarks, i.e. the method can handle all important physical
phenomena in compressible flows, such as shock waves, contact surfaces and vortices. Two
different schemes for evaluating numerical fluxes have been investigated. It appears that the
AUFS scheme better resolves contact discontinuities than the HLL scheme.

The physical model for condensation has been validated by comparing the numerical
results with experiments on condensation induced oscillations in a slender Laval nozzle by
Lamanna, and a good agreement is found for the frequency of oscillation, and for the density
fields at two different times.

It should be noted that it is relatively straightforward to extend the method to viscous
and/or axi-symmetric flows since the viscous term can be discretized by central differencing
and the source term appearing in the axi-symmetric formulation can be treated as the already
present source term. However, the treatment of boundary conditions for viscous and axi-
symmetric flows is different. The extended governing equations are listed in Appendix E.

It is also noteworthy mentioning that instead of using the Fractional-Step-Method of Oran
and Boris [46], we can also choose the source splitting technique of Strang [73].



Chapter 4

Pulse expansion wave tube problem

In this chapter, the computational method ASCE2D is applied to a pulse-expansion wave
tube (PEWT) problem. The pulse-expansion wave tube is a shock tube with a local increase
of cross-sectional area in the low pressure section close to the diaphragm. By this special
design, a pulse-shaped wave is generated that propagates in the high-pressure section which
makes this tube very suitable to investigate nucleation and condensation phenomena. This
method yields very accurate nucleation rates and droplet growth rates in dependence of the
thermodynamic state.

The nucleation pulse principle is briefly introduced in section 4.1. In section 4.2, the
pulse-expansion wave tube and the optical setup to detect the droplets formed in the tube
will be described. In collaboration with D.G. Labetski and V. Holten, several experiments
were carried out in humid helium. The results will be compared with the results from nu-
merical simulations in section 4.3. Finally, attention is given to check the possible influence
of thermal boundary layers on the measurement, in which both analytical and numerical
methods are involved. In the numerical analysis, the Space-time Conservation Element and
Solution Element method (CE/SE method) is adopted.

4.1 The nucleation pulse principle

One of the modern methods to study homogeneous nucleation experimentally is based on the
so-called nucleation pulse principle, originating from Allard and Kassner [2]. The gas-vapor
mixture of interest is brought in a supersaturated state during a very short time ∆t, the
so-called nucleation pulse, such that an appreciable number of critical nuclei is formed. After
this pulse the saturation ratio is reduced but still larger than unity. Therefore, the nucleation
process is effectively quenched, but the droplets formed all start to grow simultaneously to
macroscopic sizes since the state of the vapor remains supersaturated. The essential property
of the nucleation pulse method is that nucleation, i.e. the birth of droplets, and the droplet
growth process are separated in time. As a consequence, the droplet cloud formed is almost
monodisperse, which greatly facilitates the characterization of the cloud in terms of radius and
number density nd. The monodispersity also makes the optical measurement of the cloud by
light scattering and extinction reliable and accurate. The nucleation rate J can be obtained
by division of the droplet number density by the time duration of the pulse, i.e. J = nd/∆t.

The required pulse-like saturation history of the vapor is shown in Fig.4.1 in a some-
what idealized form. By creating a fast isentropic expansion in the gas-vapor mixture, the

51



52 Pulse expansion wave tube problem

temperature decreases isentropically with pressure. Due to the non-linear dependence of the
saturated vapor pressure on temperature, the saturation ratio can be brought to a very large
value. Then by a small recompression, the temperature will increase such that the saturation
ratio will decrease.

p

t

T
logJ

S

t

t

t1

Dt Dt Dt Dt

Figure 4.1: Principle of the nucleation pulse method: schematic pressure history and the
associated temperature, saturation ratio histories and the resulting nucleation rate profile.

Traditionally, the nucleation pulse method is implemented in expansion cloud chambers,
consisting of an expansion chamber with moving walls or pistons (e.g. [88]). A wave tube
facility, the pulse-expansion wave tube (PEWT) based on the nucleation pulse principle, was
designed and realized at the University of Technology Eindhoven [38] and has successfully
been applied to high pressure nucleation in different binary and ternary gas/vapor mixtures
[39, 51,52].

4.2 Experiment

4.2.1 Pulse-expansion wave tube

The pulse-expansion wave tube basically is a high pressure (100 bar) shock tube, with a fast
diaphragm-opening mechanism (opening time less than 0.1 ms), in which the high pressure
part acts as the test section. The plane of observation is at a short distance from the end
wall of the high pressure section (5 mm in our experiments). A schematic view of the tube
and the corresponding space-time diagram is shown in Fig.4.2).

The tube consists of a stainless steel high pressure section (HPS) (L=1.26 m, d=36 mm)
and an aluminum low pressure section (LPS) with a length that can be varied between 5 and
9 m. Details are given in [38]. The test gas-vapor mixture is brought in the high pressure
section, while the LPS is brought to a lower pressure level. Opening of the diaphragm causes
an expansion wave to travel into the HPS and a shock wave (starting shock) into the LPS.
The expansion wave reflects from the closed end wall of the HPS which decelerate the gas
particles to the stagnant condition. The gas-vapor mixture near the end wall is thus first
isentropically expanding to a first level of supersaturation chosen such that no appreciable
nucleation occurs. The nucleation pulse is obtained due to the presence of a local widening
part in the LPS, close to the diaphragm. This pulse is formed due to the reflection of the
starting shock from the entrance and exit transition of the widening, which will be explained
later. The test time for droplet growth is restricted by the arrival of the reflected starting
shock wave (reflected from the end wall of the LPS) in the HPS. The most important waves
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Figure 4.2: Right: Schematic x-t plot of the wave patterns in the pulse-expansion wave tube.
Left: resulting pressure history at the end wall of HPS.

are indicated in the x-t diagram of Fig. 4.2, that also shows the expected pressure history at
the end wall of the tube.

The essential part of this PEWT is the widening part, which has a length of 15 cm and
a diameter of 41 mm, positioned in the LPS at a distance of 14 cm from the diaphragm.
When the shock wave passes the entrance of this part, due to the sudden increase in area, the
shock wave is decreasing its strength and a weak expansion wave is generated, which travels
to the left into the HPS. This expansion wave will decrease the pressure of the HPS further.
The depth of the decrease depends on the strength of this expansion, determined by the area
ratio of the widening part of the tube. When the shock wave hits the exit of the widening,
a weak shock wave is produced due to the sudden convergence of the area. This weak shock
wave also travels to the left and results in an increase of the pressure in the HPS. In this
way, a pulse-shaped pressure signal is formed. Then the pressure in the HPS will recover to
the original value prior to this pulse. The duration of the pulse (d-e in the end-wall pressure
history) depends on the length of the widening part.

4.2.2 Thermodynamic state

It is extremely important to know the thermodynamic state at which the nucleation and
droplet growth rates are measured. Therefore the temperature and the saturation ratio have
to be determined. For each experimental run, the initial pressure p0, initial temperature T0,
initial molar vapor fraction yv,0 and pressure p(t) are measured. By applying the adiabatic
flow assumption, the temperature can be derived from the measured pressure p(t). For a
calorically perfect gas, we have:

dT

T
=

R

Cp

dp

p
=
γ − 1

γ

dp

p
. (4.1)

Then the temperature at any time can be determined by:

T (t)

T0
= (

p(t)

p0
)
γ−1
γ . (4.2)



54 Pulse expansion wave tube problem

Time (ms)

p
(b

ar
)

10 20 30 40
0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

∆t

Figure 4.3: Typical pressure history from experiment at the measuring point with a close-up
of the pulse. ∆t denotes the duration of the pulse. Initial conditions: pHPS = 1.669 bar;
pLPS = 1.0107 bar; T0=297.25 K; yv0 = 0.005; length of LPS: 9 m; carrier gas: helium.

Once the temperature and pressure during the pulse have been obtained, the saturation ratio
S can be determined by:

S =
pv

ps∞(T )
. (4.3)

There are two possible heat sources that might violate the adiabatic assumption: thermal
boundary layers developing along the tube walls and the latent heat released during con-
densation. Due to the larger heat capacity, the wall of the tube remains at almost ambient
temperature, so thermal boundary layers will develop. The possible influence of this will be
discussed in section 4.4. The released latent heat of condensation will increase the tempera-
ture of the mixture, and the correction of the temperature is given by [50]:

dT =
nd(t0)RT (t0)

p(t0)

Ė

Cp
dt, (4.4)

where Ė denotes the net energy flux between the gas mixture and the droplets, see Chapter
2.

4.2.3 Optical droplet detection

The droplets at the observation plane are detected by an optical setup. A schematic view of
this setup is shown in Fig.4.4. An argon-ion laser beam is first split into two parts: a reference
beam detected by photodiode D1 and one entering the tube through the side wall. The latter
one passes through the cloud of droplets and will result in two effects: light scattering and
light extinction. The transmitted light is recorded by photodiode D2. The light scattered
by the droplets (in the observation plane) at an angle of 900 is detected by a red extended
photomultiplier PMH. A detailed description of this optical setup can be found in the thesis
of P. Peeters [50].
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F

Figure 4.4: Schematic view of the optical setup at the observation plane. PMH: red extended
photomultiplier; d1,3: diaphragm; L1,3,4: lens; D1,2: photodiode; P1: polarizer; F: filter.

Three optical signals are measured during the experiment: the reference signal, the trans-
mission and the 900 light scattering signals. The reference signal is used to filter out the
noise, caused by the laser, in the transmitted and scattered light. By interpreting the ex-
trema of the scattering intensity as shown in Fig.4.5, droplet sizes at different times can be
determined by applying Mie theory [13,44]. Combining light scattering with light extinction,
the number density of droplets, nd, can be accurately obtained at each time corresponding to
an extremum in the plot of the scattering intensity.

4.3 Results

4.3.1 Performance check of PEWT

A simulation of the flow in the pulse-expansion wave tube was carried out. The length of the
LPS is set to 4.39 m. Initially, the pressure in the HPS is 1.7754 bar, the molar fraction of
water vapor pressure is 0.00325 ( Sini = 0.2) and the pressure in the LPS is 1.1 bar. The
carrier gas is Helium. An axi-symmetric method is used in our simulation to reduce the
computing time. The initial mesh has 2851 cells with a size of about 6 mm × 6 mm. The
refinement level is set to 4 so that the minimum cell size is 0.375 mm × 0.375 mm. Part
of the mesh of the widening section after local refining is shown in Fig.4.6. The vorticity
distribution in this section is shown in Fig.4.6 as well. In the latter, at a time the shock has
already passed the section, we can observe vortex shedding in both corners near the entrance
and exit.

For comparison, pressure histories of simulation and experiment at a distance of 5 mm
from the end-wall of the HPS are shown in Fig.4.7 for the same initial state, i.e. pressure in
the HPS, temperature and composition. The initial low pressure of the numerical simulation
is slightly higher than the experimental one (1.07 bar) in order to match the pulse pressure.
A good agreement is found for the expansion wave and the nucleation pulse. Even the small



56 Pulse expansion wave tube problem

Time [ms]

I E
xt

I S
ca

t

0 10 20 30 40
-0.16

-0.158

-0.156

-0.154

-0.152

-0.15

0.05

0.1

0.15

0.2

0.25

ShockPulse

Figure 4.5: Typical extinction (solid line) and scattering (dotted line) intensity. Initial condi-
tions: pHPS = 1.669 bar; pLPS = 1.0107 bar; T0=297.25 K; mole fraction of water yv0 = 0.005;
length of LPS: 9 m; carrier gas: helium. The arriving moments of the pulse and the reflected
shock are also indicated in the figure.

Figure 4.6: Refined mesh (upper) and azimuthal vorticity contours (lower) in the widening
part at t=0.7 ms.
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waves due to the interaction between the expansion wave with the contact surface are matched
well. There are discrepancies of strength and speed of the reflected shock wave, which are
due to viscous effects, that have been neglected in the numerical analysis.
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Figure 4.7: Pressure histories at a distance of 5 mm from the high pressure section end-wall.
Solid line: numerical simulation, dotted line: experiment. (For initial conditions, see text.)

4.3.2 Droplet growth and nucleation rates

Results for the mean droplet size and for the nucleation rate are shown in Fig.4.8. The
averaged nucleation rate in the nucleation pulse is 2×1015 m−3s−1 experimentally and about
2.2 × 1015 m−3s−1 in the numerical simulation. The numerical simulation confirms that
significant nucleation only occurs in the nucleation pulse. After some time, the shock wave
reflecting from the end of the LPS arrives at the plane of observation, then, droplet sizes start
to decrease rapidly due to evaporation.

4.3.3 Validation of evaporation model

Effects of evaporation can be clearly seen in Figs.4.8 and 4.9. The droplet size starts to
decrease due to the passage of the reflected shock wave. In the numerical simulation, the de-
nucleation rate, if present, appears to be δ-function shaped, since all droplets almost have the
same sizes and disappear simultaneously. This again proves the effectivity of the nucleation
pulse principle to create a monodisperse droplet cloud.

4.4 Thermal boundary layer

For the evaluation of the experiments carried out in PEWT, an isentropic relation is applied to
deduce at the observation plane the temperature from the pressure. Because the temperature
difference between the isothermal wall and the gas during droplet formation and growth is
about 50K, a thermal boundary layer will develop. Because the measuring position is quite
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Figure 4.8: (a):The experimental scattering intensity(solid line) and pressure(dotted line)
vs time. (b): Droplet radius and pressure (solid line) in simulation, and the experimental
pressure (dotted line). Droplet radius from experiment is marked by the solid triangles. Initial
conditions: pHPS=1.7754 bar, pLPS=1.1 bar; mole fraction of water yv0=0.00325; carrier gas:
helium; length of the LPS: 4.39 m.
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Figure 4.9: (a):The droplet radius(solid line) decreases with time. Since the cloud is monodis-
perse, the de-nucleation rate(dotted line) is δ-function shaped. (b): number density of
droplets(solid line) and de-nucleation rate(dotted line). The initial pressure is 1.7254 bar
in the HPS and 1.059 bar in the LPS, the molar fraction of water vapor pressure is 0.00325.
The length of the LPS is 4.39 m.
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close to the end wall (5 mm) and the experimental time is about 20-30 ms, it is possible that
the thermal boundary layer will affect the temperature at the measuring position and thus
affects the experimental accuracy. To check the possible influence of the thermal boundary
layer, an analytical study and a numerical simulation have been carried out.

4.4.1 Analytical solution

The analytical analysis is based on Keck’s method [34]. We consider an isentropically ex-
panding gas in which the pressure is reducing from its uniform initial value po to a new value
p(t). At the wall (x = 0), the temperature is not allowed to follow the isentropic temperature
change away from the wall, i.e.

x = 0, T = To (4.5)

x → ∞, T → T∞(t) = To(p(t)/po)
( γ−1

γ
)
.

As a consequence a thermal boundary layer will develop adjacent to the wall. According
to the usual boundary layer approximation we shall assume that the pressure in the boundary
layer equals the pressure outside the boundary layer: p = p(t).

The density at the wall changes from an initial value ρo to a new value equal to p∞(t)/(RTo).
The heat conduction equation, rewritten in Lagrangian coordinates (η, t) reads:

∂T

∂t
=

1

ρo

∂

∂η

(
λρ

Cpρo

∂T

∂η

)

+
1

ρCp

∂p

∂t
, (4.6)

with η(x, t) =
x∫

0

ρ(x′,t)
ρo

dx′.

If we assume that the thermal conductivity λ is proportional to the temperature, we can
write:

λρ

Cpρo
=

λoTρ

CpρoTo
=

λo
Cpρo

p

RTo
= αo

p

RTo
, (4.7)

where we have introduced a reference thermal diffusivity:

αo =
λo
ρoCp

. (4.8)

By introducing a dimensionless variable θ = T
T∞

, the heat conduction equation can be
rewritten as:

∂θ

∂t
+ θ

1

T∞

∂T∞
∂t
− R

Cp

θ

p

∂p

∂t
=

1

ρo

∂

∂η

αo
RTo

p
∂θ

∂η
. (4.9)

The second and third terms in the left-hand-side of Eq.4.9 cancel for a calorically perfect
gas. Therefore, we have:

∂θ

∂t
=

p

ρoRTo
αo
∂2θ

∂η2
=

p

po
αo
∂2θ

∂η2
. (4.10)

With s =
t∫

0

αo
p(x,t′)
po

dt′ , we arrive at

∂θ

∂s
=
∂2θ

∂η2
. (4.11)
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Let us assume that the pressure outside the boundary layer decreases in a step-wise manner
from a value p0 to a value p∞, while T∞ follows from Eq.4.5.

Eq.4.11 then has a similarity solution:

θ(η̂) = θo + (1− θo)erf(η̂), (4.12)

with η̂ = η
2
√
s
and θo = ( pop∞ )

γ−1
γ .

The relation between η and x, or η̂ and x̂ = x
2
√
s
follows from:

x̂ =

η̂∫

0

ρo
ρ
dη̂′ =

1

θo

po
p

η̂∫

0

θdη̂′. (4.13)

Inserting the solution for θ yields:

x̂ =
po
p
{η̂ + 1− θo

θo

η̂∫

0

erf(η̂′)dη̂′} (4.14)

=
po
p
{η̂ + 1− θo

θo
[η̂erf(η̂) +

1√
π
(e−η̂

2 − 1)]}.

The result for a pressure jump from po =1 bar to p∞ =0.61288 bar in helium is shown in
Fig.4.10. The initial temperature and the wall temperature are 298 K. The temperature in
the isentropically expanded gas is 245 K.
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Figure 4.10: Analytical result of the reduced temperature histories at three different probing
points for an initial pressure jump from po =1 bar to p∞ =0.61288 bar in helium. For the
initial conditions, see text.
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4.4.2 Numerical analysis

The numerical method explained in Chapter 3 can be extended with viscous and heat-
conductive terms, allowing us to study the possible effects of viscous and thermal boundary
layers along the side-wall of the tube and the thermal boundary layer adjacent to the end
wall. We shall again disregard effects of condensation.

We consider a shock tube with a length of 10 cm and a diameter of 3.6 cm. Initially
this tube is filled with helium and a diaphragm is placed at the position of 9 cm. The
pressure is 1 bar in the HPS and is 0.5 bar in the LPS. The initial temperature for the
whole tube is 298 K. The initial mesh is a uniform mesh with a cell size 0.4 × 0.4 mm2 and
the maximum refinement level is set to 5. To numerically simulate the boundary layers,
a stretched refinement is adopted, which means that when refining a cell along a viscous
boundary, the new node inserted in the refining cell is moved close to the boundary. Again
the axi-symmetric method is used in order to reduce the computational time. The viscous
boundary condition (isothermal) is applied both to the end wall of the HPS and to the side
wall of this tube. For the end wall of the LPS the open boundary condition is adopted. Part of
the mesh used is shown in Fig.4.11(a) at time 0.6 ms, and a highly stretched mesh is obtained
at the end wall of HPS due to the refinement of the viscous boundary cells. From this mesh,
we can see the development of the thermal boundary layer. The corresponding temperature
distribution is shown in Fig.4.11(b).

X [cm]

Y
[c

m
]

0 0.005 0.01 0.015
1.79

1.791

1.792

1.793

1.794

1.795

1.796

1.797

1.798

1.799

1.8

X [cm]

Y
[c

m
]

0 1 2 3 4 5
0

1

2

T: 254 258 262 266 270 274 278 282 286 290 294 298

(a) (b)

Figure 4.11: Numerical simulation by the extended numerical method: part of the mesh at
0.6 ms (a) and the corresponding temperature distribution (b). For initial conditions, see
text.

Because the dissipation in our numerical scheme is unavoidable and not sufficiently small
the thermal boundary layer develops too fast, see Fig.4.12(a). Compared with the analytical
solution, the lowest temperature cannot even reach 245K (T/T0 ≈ 0.822). Fig.4.12(b) shows a
result using a boundary layer mesh with an initial minimum edge size 0.02 mm. To reduce the
computational time, a even short tube with a length of 2 cm is used and initially a diaphragm
is placed at the position of 1 cm. As expected the thermal boundary layer grows much less
than before, but still faster than the analytical solution. In fact for an accurate numerical
solution an even finer mesh is required.

However, the simulation is very time consuming due to the requirement of a very fine mesh
in the boundary layer. Therefore a relatively new numerical framework for conservation laws
called the Space-time Conservation Element and Solution Element method (CE/SE method)
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Figure 4.12: The reduced temperature histories along the axi-symmetrical line at x=1, 2
and 5 mm from the end wall of the HPS in an initially uniform mesh (a) and in an initially
boundary layer and finer mesh (b). For initial conditions, see text. Dotted line denotes the
isentropic temperature T∞.

is selected for the further analysis. Nevertheless, we may deduce from Fig.4.11 that the
side-wall boundary layers do not directly influence the entropy at the measuring position.

CE/SE method

The CE/SE method, originally proposed by Chang [9,10,95], treats space and time coordinates
as equivalent. By introducing the conservation element and solution element, not only the
primitive variables like density, velocity and pressure but also their gradients in space and
time are solved as independent variables.

For the convection-diffusion equation,

∂u/∂t+ a∂u/∂x− µ∂2u/∂x2 = 0, (4.15)

an explicit scheme, referred to as a − µ scheme, has two independent marching variables unj
and (ux)

n
j which are the numerical analogues of u and ∂u/∂x at (j,n), respectively. The

inviscid a − µ scheme (µ = 0) is neutrally stable, i.e., free from numerical dissipation [9].
The a− µ scheme can be extended to solve the 1D time-dependent Navier-Stokes equations.
The stability of this explicit numerical scheme is only limited by the CFL condition. For
completeness, the final scheme using in our simulation is described below.

The 1D unsteady Navier-Stokes equation of a calorically perfect gas can be expressed as:

∂um
∂t

+
∂fm
∂x
− ∂2f̃m

∂x2
= 0, m = 1, 2, 3. (4.16)

with

u1 = ρ,



4.4 Thermal boundary layer 63

u2 = ρu,

u3 =
p

γ − 1
+

1

2
ρu2,

f1 = u2,

f2 = (γ − 1)u3 +
3− γ

2

u22
u1
,

f3 = γu2u3/u1 −
1

2
(γ − 1)u32/u

2
1,

f̃1 = 0,

f̃2 =
4µ

3

u2
u1
,

f̃3 =
2µ

3
(
u2
u1

)2 +
γµ

Pr
[
u3
u1
− u22

2u21
].

The integral form of Eq.4.16 in space-time E2 along the boundary S(V ) is:

∮

S(V )

~hm · d~S = 0, m = 1, 2, 3, (4.17)

with
~hm = (fm − ∂f̃m/∂x, um), m = 1, 2, 3. (4.18)

As a preliminary, let:
fm,k = ∂fm/∂uk, m, k = 1, 2, 3, (4.19)

(fmx)
n
j =

3∑

k=1

(fm,k)
n
j (ukx)

n
j , m = 1, 2, 3, (4.20)

(fmt)
n
j =

3∑

k=1

(fm,k)
n
j (ukt)

n
j , m = 1, 2, 3, (4.21)

f̃m,k = ∂f̃m/∂uk, m, k = 1, 2, 3, (4.22)

(f̃mx)
n
j =

3∑

k=1

(f̃m,k)
n
j (ukx)

n
j , m = 1, 2, 3, (4.23)

(f̃mt)
n
j =

3∑

k=1

(f̃m,k)
n
j (ukt)

n
j , m = 1, 2, 3, (4.24)

where (um)
n
j , (umx)

n
j , and (umt)

n
j are the numerical analogues of the values of um, ∂um/∂x,

and ∂um/∂t at (xj , t
n), respectively.

The explicit expression for (um)
n
j is:

(um)
n
j =

1

2
[(um)

n−1/2
j−1/2 + (um)

n−1/2
j+1/2 + (sm)

n−1/2
j−1/2 − (sm)

n−1/2
j+1/2 ], (4.25)

where, for all (j, n) ∈ Ω,

(sm)
n
j =

∆x

4
(umx)

n
j +

∆t

∆x
(f́m)

n
j +

(∆t)2

4∆x
(fmt)

n
j , m = 1, 2, 3, (4.26)
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(f́m)
n
j = (fm)

n
j − (f̃mx)

n
j . (4.27)

To proceed, for all (j, n) ∈ Ω, let

(u+mx)
n
j =

∆x

4
(umx)

n
j , m = 1, 2, 3, (4.28)

(f+m,k)
n
j =

∆t

∆x
(fm,k)

n
j , m, k = 1, 2, 3, (4.29)

(f̃+m,k)
n
j =

4∆t

(∆x)2
(f̃m,k)

n
j , m, k = 1, 2, 3, (4.30)

(amk)
n
j = δmk + (f̃+m,k)

n
j −

3∑

l=1

(f+m,l)
n
j (f

+
l,k)

n
j , m, k = 1, 2, 3, (4.31)

(bm)
n
j =

∆t

∆x
+

1

2
[(um)

n−1/2
j+1/2 − (um)

n−1/2
j−1/2 − (sm)

n−1/2
j−1/2 − (sm)

n−1/2
j+1/2 ], (4.32)

where δmk is the Kronecker-delta symbol. Then, the modified gradients (u+kx)
n
j can be obtained

by solving the following equation:

3∑

k=1

(amk)
n
j (u

+
kx)

n
j = (bm)

n
j , m = 1, 2, 3. (4.33)

Eqs.4.25 and 4.33 form the current numerical scheme. It should be noted that this scheme
uses a mesh staggered in time as shown in Fig.4.13.
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Figure 4.13: The staggered mesh of the current numerical CE/SE scheme. The dotted points
denote the grid points involved in the marching scheme.

4.4.3 Results and comparisons

First we consider a simplified problem with a sudden pressure jump from 1 bar to 0.61288
bar for the whole spatial domain. The initial temperature is 298 K and the wall temperature
is always kept equal to the initial temperature. The result is compared with the analytical
result of Keck, shown in Fig.4.14. The results are scaled with the initial temperature.

Then we consider a full 1D shock tube problem including thermal boundary layer devel-
opment at the end wall. The shock tube has a length of 16 m and the diaphragm is placed
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Figure 4.14: Comparison of analytical result (dotted lines) with numerical result (solid lines)
for the simplified problem by CE/SE method.

at the same position as in the PEWT, i.e. 1.26 m. Initial conditions are taken from one
experiment: pHPS = 1.7754 bar, pLPS = 1.1 bar, T0 = 296 K. The result is shown in Fig.4.15.
The fluctuations in pressure and temperature at 5 mm from the end wall are due to the
interaction of the expansion wave with the contact surface.

Now we can draw some conclusions for the possible influence of the thermal boundary
layer at the end wall on the experiment in PEWT. There is no influence on nucleation since
the temperature violates the isentropic assumption only after a long time period. For the
conditions investigated, the thermal boundary layers will affect the droplet growth because,
after 20 ms, the temperature will increase several degrees which can be seen in both the
analytical and numerical results.

4.5 Summary

In this chapter, the new numerical method has been applied to the pulse-expansion wave tube
problem. In collaboration with D.G. Labetski and V. Holten, several experiments have been
carried out in humid helium. Experimental results are compared with results of numerical
simulations. Good agreement between computational and experimental results is found for
the pressure time history, droplet radius and nucleation rate. After the arrival of the reflected
shock wave, evaporation is also observed both in experiments and in numerical simulations.
The evaporation model has been validated again and the δ-function type of de-nucleation
obtained in the simulations proves the effectivity of the nucleation pulse principle to create a
monodispersed droplet cloud.

Special efforts have been made into investigating the possible influence of the thermal
boundary layers on the experimental data obtained in PEWT. Both analytical and numerical
methods have been applied. To avoid unwanted numerical dissipation in the numerical anal-
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Figure 4.15: Numerical result for different distances from the end wall from 1D NS CE/SE
method for a shock tube problem: pHPS = 1.7754 bar, pLPS = 1.1 bar, T0 = 296 K. The
diaphragm is placed at the position of 1.26 m. T∞ is calculated from pressure using isentropic
relation.

ysis, the space-time conservation element and solution element method has been adopted to
solve the 1D unsteady Navier-Stokes equations. Good agreement between the analytical and
the numerical results has been found. It is shown in this analysis that the thermal boundary
layer at the end wall will not affect nucleation, but has some influence on droplet growth, for
the conditions investigated.



Chapter 5

Vortex shedding

5.1 Introduction

Vortex shedding is associated with unsteady flow around sharp edges or other locations with
high curvature. A particular example of vortex shedding is found when an object starts moving
with respect to its fluid environment. In that case, we observe the formation of a starting
vortex. Vortex shedding and starting vortices are directly related to aerodynamic forces and
to the generation of sound. One of the reasons to tackle the problem of vortex shedding with
phase transition is the observed flow instability inside the combustion chamber of the solid
propellant rocket of the Ariane 5 [86]. This instability may cause thrust fluctuations of about
5% and is believed to be caused by the interaction of the vortices shed from the solid fuel
inhibitors and the nozzle.

The strong starting vortices that are the subject of this chapter are generated due to the
passage of a strong expansion wave over a sharp edge. The expansion wave originates from
the sudden opening of a diaphragm separating a long tube (a Ludwieg tube) from a vacuum
vessel. In that sense, the present experiment can be seen as a benchmark for expansion wave
problems caused by accidents in high pressure gas networks or by the sudden opening of
pressure relief valves. The principle of the Ludwieg tube will be described in section 2.

The experimental methods consist of holographic interferometry, schlieren photography
and pressure measurements. The test gas consists of nitrogen and water vapor with initial
humidities varying from 0 to 1. The new numerical method will be applied to this vortex
shedding problem and results will be compared with results of experiments. It should be noted
that in the present work the main reason to study the vortex shedding problem is to verify
the new numerical method and to demonstrate its capability. Therefore, a thorough study of
the vortex shedding process and the effects of latent heat release on the vortex structure is
not included and will be the subject of a later publication.

5.2 The Ludwieg tube

A Ludwieg tube, shown in figure 5.1, consists of a long tube connected to a large low-pressure
reservoir. An orifice is used to locally decrease the cross-sectional area A to AT and a di-
aphragm is initially separating the tube from the reservoir. First, the tube is filled with the
test gas and the low pressure reservoir is evacuated. Then, by breaking the diaphragm, an
expansion wave is generated which travels into the tube, resulting in a flow from the tube

67
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DOP

low-pressure
reservoir

4 3 c

expansion
wave

head tail

Figure 5.1: Ludwieg tube connected to a low-pressure reservoir. OP = orifice plate, D =
diaphragm. Regions: 4 = rest, 3 = steady flow to the right, c = choked flow at orifice.

(high pressure) to the reservoir (low pressure). The orifice in the tube acts as a throat that
chokes the flow, i.e. the Mach number at the orifice equals unity, i.e. Mc = 1. Upon the
passage of the expansion wave, a steady flow is established in region 3 with a Mach number
that follows directly from the area ratio of the tube and the orifice A/AT [47]:

A

AT
=

1

M3

[
2

γ + 1

(

1 +
γ − 1

2
M2

3

)] γ+1
2(γ−1)

. (5.1)

An x-t diagram of the relevant wave pattern and a typical path of a gas ”particle” are shown
in Fig.5.2.

A limiting case is found if the area ratio A/AT is equal to 1. Then, according to (5.1), the
Mach number of the flow in front of the orifice is M3 = 1. For this particular case, the flow
in front of the orifice is always part of the expansion wave front and no steady flow upstream
of the orifice will be formed. In our experiments, nitrogen (γ = 1.4) is used in the tube under
atmospheric pressure at a temperature close to 20 ◦C. The orifice plate and the diaphragm
are located at almost the same axial position.

x

t

expansion fan
(head)

expansion fan
(tail)

particle
trajectory

OP

4

3

Figure 5.2: x-t diagram of waves in the expansion tube. OP is the orifice plate.

5.3 Phase transition in unsteady rarefaction waves

An expansion wave travelling in a humid gas may cause a state of supersaturation, leading to
nucleation and droplet growth. We shall investigate this wave induced phase transition in a
Ludwieg tube. After diaphragm rupture, the gas is accelerated, and adiabatically expanded
by the passing expansion wave. If the expansion is sufficiently strong and the supersaturation
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sufficiently high, droplets are generated which start to grow at an approximately constant
temperature in the expansion wave front. In gasdynamic terms this corresponds with a
particular characteristic, that propagates with the local speed of sound with respect to the
local gas velocity, i.e. u−c. The droplets formed will follow the gas particles. After some delay
the increase of liquid mass fraction will attain a maximum value. This also means that the
production of latent heat attains a maximum there. Due to the unsteady generation of heat,
compression waves will be generated, both in upstream (following the u − c characteristic)
and in downstream direction. The upstream moving waves overtake each other and form a
shock eventually. A ”simple” qualitative model for this unsteady heat addition process has
been given by van Dongen et al. [83].

Using the present numerical method ASCE2D, we can study the development of the
condensation phenomena in a rarefaction fan. Here a shock tube instead of a Ludwieg tube
is employed which is not fundamentally different. The initial conditions are: Sini = 0.82,
T0 = 298 K and the pressure in the HPS (the left side) is 1 bar and 0.4 bar in the LPS
(the right side). The carrier gas is nitrogen. Results are shown in Fig.5.3 and are plotted as
functions of a reduced coordinate: x/(ct) for three different times: 10, 37 and 88 ms, in which
c denotes the initial speed of sound in the HPS.
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Figure 5.3: Snapshots of pressure (a), saturation ratio (b) and nucleation rate (c) versus
reduced coordinate at t=10, 37 and 88 ms. Initial conditions are: Sini = 0.82, T0 = 298 K
and the pressure in the HPS (the left side) is 1 bar and 0.4 bar in the LPS (the right side).
The carrier gas is nitrogen.

From the snapshots of pressure, shown in Fig.5.3(a), we observe that there is a condensa-
tion induced upstream moving compression wave (see snapshot 1 of pressure) that steepens
up and eventually forms a shock wave (see snapshot 2 of pressure). As time proceeds the
local minimum in pressure, which is a compromise between shock wave and expansion wave,
becomes less deep (see snapshots 2 and 3 of pressure). Therefore, the local maximum in
saturation ratio S is reduced with time (Fig.5.3(b)). Because the nucleation rate Jn strongly
depends on the saturation ratio S, the upstream moving shock quenches the nucleation pro-
cess locally. From Fig.5.3(c), we observe that at 10 ms, the nucleation rate has a very high
value in a certain range (1). As time proceeds, the maximum of the nucleation rate decreases
and the spatial extent of the nucleation zone becomes smaller (2). At 88 ms, a second nu-
cleation process takes place while the first nucleation has become even weaker (3). The first



70 Vortex shedding

nucleation is gradually replaced by the second nucleation at a position more downstream (to
the right).

5.4 Experimental setup and method

5.4.1 The experimental equipment

A schematic description of the experimental setup is shown in Fig.5.4. The tube has a length
of 12 m and an internal cross section of 10 × 10 cm2. The tube is connected to a vacuum
tank which has a volume of 0.4 m3. A polyester diaphragm (Melinex polyester film) of 20 µm
thickness separates the test section from the vacuum vessel. The diaphragm can be quickly
broken by electrically heating the wires. A re-circulation system is also connected to the tube
by valves V1 and V3. It consists of a circulation pump CP, a water injector (H2O) and a
gas injector (N2), a pressure gauge P, and a Humicap sensor RH which is used to measure
the saturation ratio. Pressure measurements from Kistler transducers are performed in the
tube at three different locations Pk1,2,3, as indicated in Fig.5.4. Pk1,2 are placed in the test
section while Pk3 is near the diaphragm (15 cm from the diaphragm), and is used to trigger
the system.
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Figure 5.4: Sketch of Ludwieg tube. PS: pressurized section; TS: test section; VT: vacuum
tank; O: sharp-edged obstacle; D: diaphragm; OP: orifice plate; CP: circulation pump; P:
pressure gauge; RH: Humicap sensor; Pk1,2,3: pressure transducers; VP1,2: vacuum pumps;
V1,2,3,4: valves; Pd: Barocel (600A).

All dimensions are shown in Fig.5.5. To generate a starting vortex, a 2D sharp-edged
obstacle O is placed at 73 cm from the diaphragm. The obstacle has a top angle of 300

and a height of 4 cm. The sketch of the side view of the obstacle is shown in Fig. 5.6. To
measure the pressure in the vertical flow region, three Kulite transducers are employed. Fig.
5.7 displays a special designed window to mount these Kulite transducers. The inner plate
of this window can be rotated freely such that these transducers can be used to measure the
pressure of the transversal flow region at any angular direction. When the plate is fixed at
the position as shown in Fig. 5.7, the transducer in the top position is at a distance of 7 mm
from the center of the window and the distance with the neighboring transducers is 14 mm.
All data from the Kistler and from the Kulite transducers are recorded by means of a LeCroy
transient recorder (Model 8013A - modul 6810).
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The diaphragm rests against cross-shaped supports with resistance wires mounted on them
(Kanthal wires, φ = 0.1 mm, R = 150 Ω/m) as shown in Fig. 5.8. These supports have a
total area of about 15 cm2, which means that they will function as an orifice if orifice is not
used in experiments, which restricts the maximum attainable Mach number, M3.
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Figure 5.5: Dimensions of the Ludwieg tube in mm.
TS: test section; O: sharp-edged obstacle; D: di-
aphragm; Pk1,2,3: pressure transducers.
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Figure 5.6: Side view of the
sharp-edged obstacle which
has a top angle of 300 and a
height of 4 cm.
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Figure 5.7: Test window with one Kistler and
three Kulite pressure transducers.

“ ”+ “ ”-

Figure 5.8: Sketch of the cross-shaped sup-
ports with resistance wires mounted on them.
Note that these supports will function as an
orifice when no orifice is used.

5.4.2 Holographic interferometer

In the experiments the density field is recorded by means of holographic interferometry, a
recording method that stores both amplitude and phase of a wave. A holographic recording
is made by simultaneously illuminating the holographic plate with the object wave and the
reference wave. This results in an interference pattern which is stored on the plate. After
the recording, the plate is processed and the intensity pattern is converted to a transmission
pattern. Then, to view the recorded image, the reconstruction of the hologram has to be
carried out by re-illuminating the plate with the reference wave. A detailed description
of the principle of holographic interferometry can be found in Lamanna’s thesis [35]. For
completeness, a brief version is given in Appendix F, in which the reconstruction with a
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different wavelength is discussed. In the present study, a reconstruction with white light is
used in order to improve the quality of the interferogram. An example is given in Fig.5.9,
from which we can clearly see that the overall quality of the reconstruction greatly improves.

(a) (b)

Figure 5.9: Hologram reconstruction: (a) with HeNe laser; (b) with white light.

Configuration

Fig.5.10 shows the optical configuration for the holographic interferometry. The light source
consists of two lasers: a continuous He-Ne laser ( λ = 632.8 nm, 20 mW) and a pulsed ruby
laser (a 30 ns pulse at a wavelength of λ = 694.3 nm in an energy range of 0.01–1 J). The
He-Ne laser is used to align the setup and the pulse laser is used to record the hologram.

5.4.3 Schlieren

The schlieren method records gradients in the refractive index distribution of transparent me-
dia like air. Then this index distribution can be translated into a density gradient distribution
within the flow. A basic configuration for the schlieren method is given by Fig.5.11.

The white light source S is formed by a lamp and a circular orifice placed in the front
focal plane of lens L1. The parallel light beams originating from this source pass through
the test section. Lens L2 collimates the light in its focal plane into an image of the circular
orifice. A schlieren filter (a knife or an orifice) partially intercepts the light in the focal plane
of L2. Lens L3 provides a sharp image on a digital camera or on a recording plate.

Density gradients in the test section in the direction perpendicular to the direction of light
propagation cause the light rays to deflect. This deflection causes a shift of the orifice image,
which corresponds to the rays passing through a certain position in the test section. This
implies that more or less light is passing the knife edge, which leads to a variation in the local
brightness of the image on the recording plate.

Knife-edge

In Fig.5.11, the knife-edge is positioned in a vertical plane creating two half planes with
transmission zero and one. Such a knife-edge is only sensitive to the deflection of light rays



5.4 Experimental setup and method 73

M

HP

D

Obstacle

Cam
L6

dark laboratory

Vacuum tank

Window

HeNe laser

Pulse laser

PBS QLP

HLP

L1

Ludwieg tube

reference
beam

object beam

M5 M1 SM1

L2

M2M4

M7

M6

M3

L4

TM

SM2

L3

L5

OP

Figure 5.10: The configuration for holographic interferometry. L1,3,5,6: Convex lens; L2,4:
Concave lens; TM: Tilting mirror; M1,...,7: Mirror; SM1,2: Spherical mirror; HLP: λ

2 plate;

QLP: λ
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in the y-direction caused by ∂ρ/∂y. A starting vortex has both components of the density
gradients ∂ρ/∂x and ∂ρ/∂y. Therefore, for the study of a starting vortex a circular knife
(orifice) is used that is sensitive to both of these components or to the magnitude of the
density gradient (see Fig.5.12(a)).

Normally the circular knife is placed such that the spot (image of the light source) is in the
center of the knife as shown in Fig.5.12 and the difference between the two circles determines
the threshold sensitivity of this schlieren set-up. In our experiment, the circular knife is
placed such that the image partially intersects the plane of the circular knife (Fig.5.12). In
this particular case the sensitivity for the deflection in the y-direction is higher than for the
deflection in the x-direction.

Configuration

The top-view of the optical configuration is shown in Fig.5.13. A CCD camera records the
schlieren picture. The asymmetrical circular knife edge is employed here to capture the
components of the density gradient in both x- and in y-direction.
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Figure 5.11: A basic configuration of the schlieren method. K: knife-edge; L1,2,3: lenses; S:
light source.
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Figure 5.12: (Left): The circular knife; (Right): the asymmetrical knife-edge.

5.4.4 Procedure

Before starting a new experiment, a diaphragm has to be installed. Then both the tube
connected to the re-circulation circuit, and the vacuum tank are evacuated with pumps VP1
and VP2, respectively. Once the pressure in the tube is lower than 10 Pa, the evacuation
of the tube (including the re-circulation part) is stopped and distilled water can be injected.
The Humicap humidity signal is continuously monitored on a digital multimeter and on an
oscilloscope display. The oscilloscope is set to a large time scale (20s/div) in order to observe
the humidity as a function of time. After the humidity has stabilized, dry nitrogen is added
slowly into the tube. Then the circulation pump is turned off, and valves are all closed to
prevent any unwanted influence. The alignment of the optical setup can be checked and
adjusted during the stabilization of humidity which normally takes hours.

5.5 Numerical simulation

The numerical method ASCE2D has been applied to simulate the starting vortical flow over
the sharp-edged obstacle both for the dry and humid nitrogen. As shown in Fig.5.14, the initial
mesh has 6619 cells. The computational domain has a length of 110 cm (−10 ≤ x ≤ 100) and
a height of 10 cm (0 ≤ y ≤ 10). The sharp-edged obstacle is mounted at x=17 cm and the
diaphragm is placed at x=90 cm initially. The refining level is set to 4 if not specified. Open
boundaries are employed at both the left and the right ends of the computational domain.
To reduce the computational time, we only consider the condensation process in the humid
case.

Nine probing points are placed at the same positions as the pressure transducers in the
experiment, which are listed in Table 5.1.
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Figure 5.13: The configuration for schlieren. SM1,2: spherical mirror; M1,2: mirror; L1,2: lens.
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Figure 5.14: The initial mesh for the simulations of vortex shedding in the Ludwieg tube:
6619 cells, 13547 edges, 6929 points. Unit: cm.

No. p1 p2 p3 p4 p5 p6 p7 p8 p9

X (cm) 22 22 22 22 22 22 74.5 26.2 17.8

Y (cm) 1.5 2.9 4.3 5.7 7.1 8.5 10 10 10

Table 5.1: The positions of the probing points (pressure transducers) in the computational
domain.
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In the initial mesh, we omitted the orifice because it may cause some difficulties in the
simulation. The orifice is placed very close to the diaphragm such that the simulation for the
starting process of the tube becomes very time-consuming and may cause numerical problems
at the sharp edge. In particular, in the humid nitrogen case the saturation ratio may locally
be larger than 100! In order to avoid difficulties due to the singular behavior of the flow near
the orifice, we adopt an approximate method, which matches the Mach number of the steady
flow imposed upstream of the orifice. This can be realized in two different ways.

OP

4 3

E OP

4 3 2 1

E C S

D

D

4
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1

1

Figure 5.15: The approximation of the Ludwieg tube with an orifice (Upper) by a shock tube
(Lower). Left: initial state; Right: state at a moment following the diaphragm rupture. E:
expansion wave; C: contact surface; S: shock wave; OP: orifice plate; D: diaphragm.

The first one uses a shock tube to mimic the Ludwieg tube by matching the Mach number
M3 of the flow downstream of the expansion fan in the shock tube with that of the steady
state in the Ludwieg tube, as shown in Fig. 5.15, in which the left part shows the initial
state while the right part gives the state following the diaphragm rupture. According to the
steady state (region 3) in the Ludwieg tube, we can deduce the required initial pressure in
the low pressure section of the shock tube. For example, the Mach number in region 3 (M3)
is 0.21 for a Ludwieg tube with an orifice of 6× 6 cm2. Then we find that the initial pressure
ratio p1/p4 for the corresponding shock tube problem is 0.57. This method provides the same
steady state of the flow but the accurate simulation of the starting process still requires a
large amount of time.
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Figure 5.16: The approximation of the Ludwieg tube with an orifice (Upper) by an isentropic
simple expansion wave (Lower). Left: initial state; Right: state at a moment following the
diaphragm rupture. E: expansion wave; OP: orifice plate; D: diaphragm.

We can further simplify the first method by just specifying the steady state following the
expansion wave as the initial condition at the right part of the tube, see Fig. 5.16. Initially,
at E the flow solution is discontinuous. The gas in region 4 is at rest with a pressure of 1
bar. The initial condition in region 3 is related to the initial conditions in region 4 by the
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condition of isentropy and by the simple wave concept from gas dynamics [47]:

u3 +
2c3
γ − 1

=
2c4
γ − 1

, (5.2)

p3 = p4(
c3
c4
)2γ/(γ−1),

ρ3 = ρ4(
c3
c4
)2/(γ−1),

u3 = M3c3,

with c3 and c4 the speed of sound in regions 3 and 4, respectively. Since c4 is known and M3

is the desired Mach number, the initial conditions in region 3 are fully determined.
In the present study, three orifices with different sizes have been used. The initial condition

for these cases are listed in Table 5.2.

Case M3 p1/p4 p3/p4 Area Orifice (cm2)

1 0.093 0.77 0.88 0.162 4.0×4.0
2 0.21 0.57 0.75 0.36 6.0×6.0
3 0.36 0.39 0.61 0.58 7.6×7.6
4 0.61 0.22 0.45 0.85 No

Table 5.2: The initial condition for all the cases in numerical simulations. Area denotes the
area ratio of the orifice with the tube.

5.6 Results

In this section we present experimental results such as the pressure signals from the Kistler
and Kulite transducers, interferograms in which the fringes refer to iso-density contours, and
schlieren pictures. Both the dry and humid nitrogen cases are investigated. The numerical
results are also shown for comparison and analysis. It should be noted that the delay time
refers to the moment when the expansion wave front passes the sharp edge. Therefore, all
the delay times both for numerical simulations and for experiments are adjusted according to
this definition. For the numerical iso-density contours, the density increment is 0.029 kgm−3.

5.6.1 Vortex shedding in dry nitrogen

A. Interferograms

Fig. 5.17 shows the snapshots of the density field at six moments, i.e. with different delay
times, chosen such that the process of vortex shedding can be studied. The six snapshots
are obtained at six individual experiments for the same conditions but with different delay
times. All the experiments are carried out in the Ludwieg tube with an orifice of 6 × 6 cm2

(M3 = 0.21). Initially the tube is filled with dry nitrogen at an atmospheric pressure and the
ambient temperature is about 296 K. The corresponding numerical iso-density contours from
the simulation by the method ASCE2D are also shown in Fig.5.17. The first method, i.e.
using a shock tube to mimic the Ludwieg tube, is employed. Initial conditions are: p4 = 1
bar, p1=0.57 bar.
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After diaphragm rupture, an expansion wave is generated that travels into the tube. When
the expansion wave passes the sharp-edged obstacle, a starting vortex is created (Fig. 5.17(a))
which develops in time. The ”strength” of the starting vortex, defined here as the number of
closed iso-density contours, increases in time due to the vorticity feeding of the shear layer at
the early stage, see Figs. 5.17(b) and (c). In the experiments, secondary vortices also appear
in the shear layer from the sharp edge, which can be clearly seen at and after 3 ms delay.
Then the starting vortex decreases in ”strength” in time (Fig. 5.17(e)) and deforms severely
(Fig. 5.17(f)) due to secondary vortices and the extension of the vorticity. Although there
are some differences, a good agreement between the experimental results and the numerical
results is found regarding the evolution and the location of the starting vortex. The vortex
moves at a constant speed of 28 m/s. The shear layer instabilities observed experimentally
are not found in the numerical study, which is due to the numerical dissipation in our method.
This discrepancy could be reduced by using the Navier-Stokes method instead of the Euler
method.

(a): 0.4 ms (b): 1.4 ms (c): 2.4 ms

(d): 3.4 ms (e): 4.4 ms (f): 5.4 ms

Figure 5.17: Iso-density contours of the vortex shedding process in a Ludwieg tube for M3 =
0.21 in dry nitrogen at six moments. Upper: experiment; Lower: numerical simulation.

The vortex shedding process strongly depends on the strength of the expansion wave,
i.e. on the velocity of the main stream in the Ludwieg tube. By removing the orifice in the
Ludwieg tube, the strongest expansion wave in our setup is achieved (corresponding with
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(a): 1.25 ms (b): 1.75 ms (c): 2.25 ms

Figure 5.18: Iso-density contours of the vortex shedding process in a Ludwieg tube for M3 =
0.61 in dry nitrogen at three moments. Upper: experiments; Lower: numerical simulation.

M3 = 0.61). Fig.5.18 shows the iso-density contours in the Ludwieg tube for M3 = 0.61
at 1.25, 1.75, and 2.25 ms, in which we observe that more fringes are formed in the main
flow, which implies a larger density change in the main flow. The starting vortex is moving
faster (now about 45 m/s) for increasing M3 and is deforming earlier and more severe. The
corresponding numerical iso-density contours are shown in Fig.5.18 as well. Initial conditions
are: p4 = 1 bar, p1=0.22 bar. Again, a very good agreement between the results of the
experiments and those of the numerical simulations is found.

The number of fringes in the main flow increases with time, which means that the expan-
sion is continuing. After a certain time, the flow in the main stream has developed into a
supersonic jet (Fig.5.19). Because of a small concavity in the top wall1, three oblique Mach
waves are visible in the main flow.

Figure 5.19: Experimental iso-density contours at a long delay time (15 ms) in a Ludwieg
tube with M3 = 0.61 in dry nitrogen.

1This small concavity is due to the imperfection of the stem to seal the hole which is used to mount the
pressure transducers.
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B. Pressure measurements

Pressure measurements from Kulite transducers in the Ludwieg tube for M3 = 0.21 and
0.61 are shown in Figs.5.20(a) and (c), respectively. To acquire six signals with three Kulite
transducers, two different experiments but at the same initial and boundary conditions are
carried out for one case. The positions of the transducers corresponding to the pressure
signals are indicated in the figure as well. In both cases, transducers 2 and 3 both record
a low minimum pressure when the starting vortex passes their locations, which means that
the vortex core is located in between the two transducers. The pressure signals from the
numerical simulations are plotted in Figs.5.20(b) and (d) for comparison. A good agreement
between the results of numerical simulations and the results of experiments is found.
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(a): experimental result for M3 = 0.21. (b): numerical result for M3 = 0.21.

Time [ms]

P
re

s
s
u

re
[b

a
r]

0 1 2 3
0.3

0.4

0.5

0.6

0.7

0.8

1

2

3

1

3

2

Time [ms]

P
re

s
s
u

re
[b

a
r]

0 1 2 3
0.3

0.4

0.5

0.6

0.7

0.8

1

2

3

(c): experimental result for M3 = 0.61. (d): numerical result for M3 = 0.61.

Figure 5.20: Pressure measurements from Kulite transducers in a Ludwieg tube forM3 = 0.21
(a, b) and 0.61 (c, d) in dry nitrogen. Left: experiments; Right: numerical simulation.

In the case of M3 = 0.21, the pressure from transducer 3 drops very fast to a lowest
value of 0.59 bar when the vortex approaches it and then increases to a value of about 0.7
bar. For M3 = 0.61, the expansion wave is very strong and has a large spatial extent so
that the gas is expanding continuously. Therefore, the influence from the starting vortex is
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somewhat masked by the pressure drop caused by the expansion wave. Because transducer 4
is close to the shear layer, the secondary vortices will pass this transducer and cause pressure
oscillations (Fig.5.21). Because the mesh in the numerical simulations is not sufficiently fine,
the secondary vortices are not well resolved in the simulations.

It should be noted that the vertical location of the vortex core is different in the two cases,
which can be seen from the lowest pressure signals (Fig.5.21). Transducer 3 gives the lowest
pressure signal in the case M3 = 0.21 while for M3 = 0.61 it is transducer 2. This can also
be found in the interferograms by carefully comparing the two cases. This difference is due
to the different velocity of the main stream.
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Figure 5.21: Pressure measurements from Kulite transducers (a): 3 and 4 for M3 = 0.21; (b):
2 and 4 for M3 = 0.61.

C. Vorticity and temperature distributions

The vorticity field obtained in the numerical simulation (Fig.5.22) shows the evolution of the
starting vortex. At the early stage, the shear layer is continuously rolling up into the starting
vortex. The starting vortex is linked to the sharp edge through the shear layer. After a certain
time (2.4 ms), the link between the shear layer and the starting vortex becomes weaker so
that part of the vorticity in the shear layer is not encapsulated by the starting vortex. The
total vorticity of the main vortex is increasing with time since the feeding of the vorticity
from the shear layer continues. However, the minimum density in the vortex core increases
with time, i.e. the number of fringes apparently decreases, which is due to the dissipation and
the spread from a concentrated vorticity field to a less compact structure. This dispersion of
vorticity can also be seen in the interferograms, Fig. 5.17, in which the number of fringes of
the vortex decreases with time. For instance, there are 5 (closed) fringes in the vortex at 3.4
ms and only 2 fringes at 5.4 ms.

The temperature field and the corresponding mesh in a Ludwieg tube for M3 = 0.21 in
dry nitrogen at 2.4 ms (Left) and 4.4 ms (Right) are shown in Fig.5.23. The mesh reflects the
flow pattern very well. The vortex and the shear layer have very fine grids due to the large
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(a): 0.4 ms (b): 1.4 ms (c): 2.4 ms

(d): 3.4 ms (e): 4.4 ms (f): 5.4 ms

Figure 5.22: Vorticity fields from numerical simulation of vortex shedding process in a Ludwieg
tube for M3 = 0.21 in dry nitrogen at six moments.
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Figure 5.23: Temperature contours (Upper) and the mesh (Lower) of vortex shedding in a
Ludwieg tube for M3 = 0.21 in dry nitrogen at 2.4 ms (a) and 4.4 ms (b) by numerical
simulation. The lowest temperature in the vortex is 250 K and 254 K, respectively.
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gradient in density or velocity there. The temperature in the main stream almost remains
the same, while the temperature field in the vortex changes with the motion of the vortex.
The temperature in the vortex core is the lowest i.e. 250 K and 254 K, at 2.15 ms and 4.15
ms, respectively. Due to the dispersion of vorticity into a larger area, the temperature in the
vortex core increases with time.

The mesh, vorticity field and temperature contours for M3 = 0.61 are shown in Fig. 5.24.
The mesh resolves the flow pattern very well such as the shear layer and the vortex structure.
The roll-up of the shear layer into the starting vortex can be clearly seen in the mesh at
2.25 ms. Because the vortex is developing during the passage of the expansion wave, the
temperature is continuously decreasing. The lowest temperatures in the vortices are 223 K
and 200 K, respectively, the minimum being located at the vortex core.
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Figure 5.24: Mesh (Upper), vorticity distribution (Middle) and temperature contour (Lower)
of vortex shedding in a Ludwieg tube for M3 = 0.61 in dry nitrogen by numerical simulation.
The lowest temperature in the vortex is 223 K and 200 K, respectively.
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5.6.2 Vortex shedding in humid nitrogen

A. Interferograms

The density field of vortex shedding in the Ludwieg tube for M3 = 0.61 in humid nitrogen
is shown in Fig. 5.25. The strong expansion wave results in a fast and strong cooling. As
mentioned before, the temperature in the vortex is lower than that of the surroundings.
Condensation takes place in the vortex. We observe that the shape of the vortex is slightly
affected due to the heat addition by condensation. In the dry nitrogen case, the vortex has
an elliptical shape with the major axis in the vertical direction, while in the humid case, it is
in the horizontal direction. Another effect is that in the experimental results the secondary
vortices are more pronounced in the humid nitrogen case than in the dry nitrogen case, which
is because condensation takes place in the shear layer as well. Due to the presence of the sharp
edge, strong separation occurs, resulting in a large shear layer velocity. The temperature in
the shear layer is sufficiently low for nucleation and droplet growth to occur. Heat addition
to the shear layer will accelerate the formation of the secondary vortices. Iso-density contours
from numerical simulations are shown in Fig. 5.25 as well, which match the experimental
interferograms qualitatively. The secondary vortices are not well described in the numerical
simulation, for the same reason as in the dry case. The vortex deforms more severely in the
numerical simulation than in the experiment.

(a): Sini = 0.56 (b): Sini = 0.88

Figure 5.25: Iso-density contours of vortex shedding in a Ludwieg tube for M3 = 0.61 in
humid nitrogen at 1.75 ms: Upper: experiments; Lower: numerical simulations.

For a low saturation ratio, no significant peculiar phenomena are observed in the interfer-
ogram apart from the shape of the vortex and of the shear layer. If the initial saturation ratio
is sufficiently high, a condensation induced shock is formed in the 1D unsteady expansion
fan as explained in Section 5.3. The shock interacts with the starting vortex and the shear
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layer, generating a very complex flow pattern (Fig. 5.25(b)). It is an interesting example of
shock-vortex interaction2. The original shock wave, moving from right to left, has been fully
split by the vortex in two parts: an upper part, which is clearly visible and which reflects
from the transonic shear layer, and a much faster lower part that is not visible in this figure.

The density field after a long time delay (15 ms) for M3 = 0.61 in humid nitrogen is
shown in Fig.5.26. The initial saturation ratio is 0.92. A supersonic jet is observed, which
is only slightly different from in dry nitrogen. In comparison with the dry case, the shear
layer in the humid case is more oblique, which is due to the pressure increase resulting from
condensation in the main stream. In the main stream, the flow is supersonic, which means
that the temperature is very low and condensation is taking place there.

Figure 5.26: Experimental iso-density contours at long delay time (15 ms) in a Ludwieg tube
for M3 = 0.61: Sini = 0.92.

B. Pressure measurements

Pressure signals from Kulite transducers in the Ludwieg tube forM3 = 0.61 in humid nitrogen
are shown in Fig. 5.27. The minimum pressure during vortex passage is higher than in the
dry nitrogen case (e.g. Fig. 5.20(c)), which is caused by the release of latent heat. A sudden
pressure increase observed in all pressure traces is caused by a shock wave passage. The
condensation induced shock passage can be seen in traces 4, 5 and 6, but hardly seen in
traces 1, 2 and 3, which is due to the interaction of the vortex with the condensation shock.

Transducer 2 gives the lowest value, which implies that it is closer to the trajectory of the
vortex core. A comparison of the pressure near the vortex core in dry and humid nitrogen
is given in Fig.5.28 in a larger time period, from which we observe that the local minimum
in pressure due to the expansion and the passage of the vortex in the humid nitrogen case is
higher than that in the dry nitrogen case, which can be explained as the effect of latent heat
released due to condensation.

C. Condensation induced oscillations

For a relatively high flow Mach number M3 > 0.2 and for a relatively high humidity, a
condensation induced oscillation is observed. In Fig.5.29 pressure traces are shown for Kistler

2This has been reported at the 15th Mach Reflection Symposium.
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Figure 5.27: Pressure histories from Kulite transducers (a) and numerical simulation (b) for
M3 = 0.61 with Sini=0.87.
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transducers Pk1 and Pk2 for M3 = 0.21 and Sini = 0.88. It should be noted that Pk1
is located above and slightly downstream of the sharp edge (Pk1 is at the position 7 and
Pk2 at 8 (see Table 5.1) ). Both pressure traces from Pk1 and Pk2 show the oscillation. The
pressure traces from the numerical simulation give almost the same results as the experiments.
The oscillation frequency is about 1.75 kHz with an amplitude of 0.04 bar in the numerical
simulation.
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Figure 5.29: Pressure signals from Kistler transducers Pk1 (solid line) and Pk2 (dotted line)
for M3 = 0.21, Sini = 0.88.

For a higher main stream velocity, the oscillation is more pronounced. Fig. 5.30 shows the
pressure traces of transducer Pk1 forM3 = 0.36 and 0.61, respectively. Transducer Pk1 shows
the start of a pressure oscillation at t = 15 ms forM3 = 0.36 and somewhat earlier (t = 10 ms)
for M3 = 0.61. The initial saturation ratio is 0.87 for M3 = 0.36. The oscillation frequency is
about 3 kHz. At a higher main stream velocity (M3 = 0.61, Sini = 0.8), a higher frequency
(6 kHz) is found. Compared with the experimental result, the oscillation frequency from the
numerical simulation is much lower, for example about 2 kHz for M3 = 0.61. It should be
noted that the initial conditions are different, which can be clearly seen from the pressure
change due to the condensation induced shock and the pressure value during oscillation.

Condensation induced oscillations are well-known in slender Laval nozzles for gases with
a sufficiently high humidity. This phenomenon is directly related to the restricted capacity of
a flow to ”absorb” heat added to the flow e.g. by condensation. In particular for transonic
flows, this capacity is very limited, even completely vanishing for M = 1. If heat is added
to such a flow anyhow, unsteady pressure waves are generated, both in upstream and in
downstream direction which lead to the onset of self-sustained oscillations [1, 35, 68, 89]. To
our knowledge, a condensation induced oscillation for a flow separating from a sharp edge has
not been observed so far.

In spite of the poor agreement on the resonance frequency, the numerical simulation offers
the possibility to study the mechanism that produces the pressure signal in greater detail.
It should be noted that oscillations occur after a long time delay, which implies that a free
jet with a high velocity or even a supersonic jet has developed. Therefore, the temperature
in the main stream is low enough to lead to condensation. Moreover, in the vicinity of the
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Figure 5.30: Pressure signals from Kistler transducer Pk1 from experiments for M3 = 0.36
(a) and M3 = 0.61 (b) and from numerical simulations for M3 = 0.38 (c) and M3 = 0.61 (d).
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Figure 5.31: Oscillations induced by condensation in a Ludwieg tube for M3 = 0.61, Sini =
0.88 at three moments which are indicated in Fig. 5.30. Left: liquid mass fraction × 1000;
Right: Mach number.
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Figure 5.32: Oscillations induced by condensation in a Ludwieg tube for M3 = 0.61, Sini =
0.88 at three moments. (a): saturation ratio; (b): nucleation rate in log-scale.
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sharp edge, flow has a very low temperature (about 242 K). Nucleation will take place there
as well. Fig. 5.31 shows contours of liquid mass fraction and Mach number at three different
times which are indicated in Fig. 5.30(d) for M3 = 0.61 and Sini=0.88. The corresponding
contours of saturation ratio and nucleation rate at these moments are shown in Fig. 5.32.
Indeed, a very strong nucleation (Jn ≈ 2 × 1024 m−3s−1) occurs in the vicinity of the sharp
edge. A large amount of droplets is locally formed, which leads to a rapid growth of the liquid
mass fraction. As a consequence, latent heat is added to the flow at a rate which cannot be
”absorbed” by the transonic flow around the edge. As a result pressure waves are generated
which modulate nucleation locally. If that occurs, the whole flow field will also be modulated,
since waves are generated that propagate in all directions. It seems that the origin of the
oscillation is situated near the free shear layer around the sharp edge. As a consequence
the structure of the shear layer may have a strong influence on the local nucleation and
condensation process, and therefore on the frequency. Because the present numerical method
does not well resolve the secondary vortices in the shear layer, as mentioned in the dry case,
the oscillation frequency is not well predicted by the numerical simulation.

D. Further numerical analysis

The results of the numerical simulation give many details of the vortex shedding process in
humid nitrogen in the Ludwieg tube.

Condensation appears to take place in the vortex core even for a relatively low velocity of
the main stream flow. Fig.5.33 shows the saturation ratio and the mass fraction of liquid in
the Ludwieg tube for M3 = 0.21. The initial saturation ratio is Sini = 0.88. The maximum
wetness in this figure is g = 0.014 located in the vortex core.
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Figure 5.33: The temperature (a) and the mass fraction of liquid (b) in a Ludwieg tube for
M3 = 0.21 at 1.4 ms.

For a higher main stream flow velocity, condensation takes place in both the vortex core
and the main flow. Fig.5.34 shows the mass fraction of liquid in a Ludwieg tube forM3 = 0.61.
The initial saturation ratio is 0.88. Although the maximum wetness g = 0.012 in this figure
is still located in the vortex core, the wetness is distributed in a large area. Liquid appears
in the main stream, indicating that condensation occurs there as well.

As time proceeds, all water vapor in the vortex has condensed into liquid, which means
that the droplet size in the vortex will become constant. Therefore, a large number of droplets
with small size is trapped in the region of the vortex core. The modal radius and the wetness
distribution at 1.75 ms are shown in Fig. 5.35, in which we observe that the modal radius
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Figure 5.34: The temperature (a) and the mass fraction of liquid (b) in a Ludwieg tube for
M3 = 0.61 and Sini = 0.88 at 1.25 ms.

and the liquid mass fraction are almost uniform inside the vortex core (r=80 nm, g=0.0135).

20
40

80

60

80

80

10
0

10
0

100

12
0

14
0 16

0

18
0

20
0

200

22
0

24
0

(a): radius (nm) (b): liquid mass fraction

Figure 5.35: The radius (a) and the mass fraction of liquid (b) in a Ludwieg tube for M3 =
0.61 and Sini = 0.88 at 1.75 ms.

E. Schlieren and extinction field measurement

To validate the numerical analysis of wetness in the vortex, schlieren experiments and ex-
tinction filed measurements have been carried out. Fig. 5.36(a) shows a typical schlieren
snapshot at 1.25 ms for M3 = 0.61 with Sini = 0.88. Because there are many droplets in the
flow, the effect of light extinction is superimposed on the schlieren effect. A pure extinction
field measurement is done by focusing the schlieren setup at the center of the test window and
by replacing the circular knife edge by a centralized orifice with a diameter of 5 mm. In this
way schlieren deflection is not recorded and the setup becomes sensitive for light extinction
caused by the droplets. The extinction field (Fig. 5.36(b)) reflects the wetness distribution
with ”white” denoting less liquid and ”dark” more liquid. The wetness distribution agrees
qualitatively with the numerical result. In the vortex core we observe a bright spot which
indicates less extinction of light. This is not in agreement with the wetness distribution of
Fig. 5.35(b). This apparent discrepancy could be explained by two different possible effects:
droplet growth due to coalescence and centrifugal drift. Because a very strong vortex is
formed, all the droplets in the vortex core will drift outwards by the centrifugal force. This
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(a): Schlieren (b): Light extinction

Figure 5.36: Schlieren (a) and light extinction (b) of vortex shedding in a Ludwieg tube for
M3 = 0.61, Sini = 0.88 at 1.25 ms.

effect is ignored in the present numerical method. Another effect of the strong rotation is the
enhancement of collisions, which results in droplet coalescence. This extra growth may then
further lead to a larger centrifugal force and enhanced radial drift.

5.7 Summary

In the Ludwieg tube a strong expansion wave is generated, which results in a fast and strong
cooling. In the case of humid nitrogen, the expansion wave even leads to condensation induced
shock waves for a relatively high saturation ratio. When the expansion wave passes a sharp-
edged obstacle, a starting vortex is produced, which offers the possibility to study effects of
phase transition in vortex shedding. The vortex shedding process in a Ludwieg tube has been
studied experimentally and numerically both for dry and for humid nitrogen.

The experimental methods applied, holographic interferometry, schlieren photography,
light extinction field measurement and pressure measurements, give an accurate overview of
the most important processes, i.e. vortex formation, dispersion of vorticity and distribution
of liquid.

Experiments in dry nitrogen served as a reference both for the experiment and for the
numerical analysis. The main effect of the induced flow Mach number, M3 is that the higher
M3, the stronger the vortex, the lower the temperature and the more severe the vortex
deformation. In general, the Euler equations give a good description of the density and
pressure field, although the secondary vortices are not well described numerically. The lowest
temperatures are found in the vortex core. Temperature as low as T = 250 K for M3 = 0.21
at 2.4 ms and T = 205 K for M3 = 0.61 at 2.25 ms are found.

Adding water vapor to the test gas leads to the following phenomena. A condensation
induced shock is formed in the unsteady expansion fan, which interacts with the vortex and
the shear layer, resulting in a very complex flow field. The pressure and the temperature in
the vortex core are slightly higher than in the dry nitrogen case, which is due to latent heat
release. The secondary vortices are more pronounced than in the dry nitrogen case. The
structure of the vortex is slightly different from the dry nitrogen case, which agrees with the
numerical simulation. An extended wet region is formed after some time according to the
numerical simulation, which is qualitatively confirmed by the extinction field measurements.

At later times, a free jet is formed downstream of the sharp-edged obstacle due to the
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action of condensation. Instability is also found numerically, although the resonance frequency
does not yet agree. As a hypothesis, it is suggested that the origin of the oscillation is situated
in the free shear layer close to the sharp edge, where the nucleation rate is extremely high.
As a consequence the structure of the shear layer may have a strong influence on the local
nucleation and condensation process, and therefore on the frequency.



Chapter 6

Conclusions and recommendations

The thesis presents the study of vapor-liquid phase transitions (both condensation and evap-
oration) in unsteady flows. Both experimental and numerical techniques are employed. The
conclusions and the main results of the present work are summarized below.

The first aim of the present study was to extend the existing theoretical models for un-
steady compressible flows with phase transition such that the evaporation and disappearance
(de-nucleation) of droplets could be incorporated. The condensation/evaporation process is
described by a finite number of moments of the droplet size distribution function. In order
to describe droplet shrinkage and droplet disappearance, we have investigated the method
of moments for nucleation and droplet growth in detail and generalized the interpretation
of the source terms. Following this approach, an extended method of moments has been
proposed. When the saturation ratio is larger than unity (condensation takes place), the
nucleation theory is employed to determine the nucleation rate. In case the saturation ratio
is less than unity, droplets start to evaporate. This evaporation process is described as a
shift of the size distribution function in size space. The de-nucleation rate is just the rate
at which the droplets leave size space. As a first approach, the droplet size distribution has
been represented by a top-hat distribution with modal radius, number density and variance
as parameters. This approach appears to give physically correct results.

The improved nucleation/condensation model has been implemented in a numerical method.
Based on the Fractional-Step-Method, the governing equations are split in two parts: the ho-
mogeneous part without source terms and the inhomogeneous part with source terms due to
phase transition. The first part is solved by applying the same method as used in VAS2D,
while the second part follows the treatment of the Mundinger-Prast method. We have com-
bined the two methods and have developed a new numerical method ASCE2D. In the new
method, an unstructured quadrilateral mesh is adopted. The adaptation criterion takes the
maximum of the error sensor of density and two velocity components. This has been shown
to give good results in the starting flow of a Laval nozzle, i.e. the method can handle all
important physical phenomena in compressible flows, such as expansion waves, shock waves,
contact surfaces and vortices. Two different schemes for evaluating numerical fluxes have
been investigated. It appears that the AUFS scheme better resolves contact discontinuities
than the HLL scheme. The physical model for condensation has been validated by comparing
the numerical results with the results from experiments and results from literature, and a
good agreement is found.

The new method has been applied to three different problems.
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First, the effects of phase transition are demonstrated in the numerical simulation of
the flow in a shock tube with a humid driver gas. The time-dependent profiles of pressure,
temperature as well as the shock speed are affected by the condensation and evaporation
processes. The effects of nucleation, condensation, evaporation and de-nucleation on the
flow solution are clearly seen in this simulation. Especially, the de-nucleation process is well
revealed by the decrease of the droplet number density, i.e. the disappearance of droplets.

Second, the new numerical method is applied to the so-called pulse-expansion wave tube
(PEWT), an existing experimental facility to produce a cloud of equally-sized growing droplets.
A number of experiments in water-helium has been carried out, yielding information on gas
pressure, droplet size and droplet number density. All the phenomena observed experimen-
tally could be explained quite well numerically. Good agreement between computational and
experimental results is found for the pressure time history, droplet radius and nucleation rate.
The evaporation model has been validated again and the δ-function type of de-nucleation ob-
tained in the simulations proves the effectivity of the nucleation pulse principle to create a
monodispersed droplet cloud. One of the practical problems of PEWT operation is that no
reliable information is available on the possible disturbing effects of thermal boundary layers.
This subject has been investigated analytically and by applying different numerical methods.
It is found that the thermal boundary layer developing adjacent to the end wall of the high
pressure section will not affect nucleation, but has some influence on droplet growth, at least
for the low pressure conditions investigated.

The last problem investigated is vortex shedding in a Ludwieg tube. First, attention
is focused on vortex shedding in dry nitrogen caused by the passage of a strong unsteady
expansion wave. The development of the starting vortex has been observed by holographic
interferometry and by local pressure measurements, for different values of the imposed main
stream velocity. The higher the main stream velocity, the stronger the vortex, the lower
the temperature and pressure minima and the more severe the vortex deformation. These
dependencies are very well described quantitatively by the numerical solution of the Euler
equations. Only the secondary vortices, observed experimentally, are not found numerically.
It would be worthwhile to repeat the numerical simulation by means of the Navier-Stokes
equations. Then, the experiments have been repeated with humid nitrogen as a test-gas.
The direct effect of humidity on the density distribution in the vortex is not very strong.
There are differences caused by latent heat release, such as less extreme low temperature and
pressure minima and a slightly different shape of the starting vortex. Also, the secondary
vortices are more pronounced in the wet gas case. But, there are other interesting phenomena
caused by the condensation process. If the original expansion wave is sufficiently strong,
a condensation induced shock is formed that interacts with the starting vortex. This is
also found in the numerical analysis, although there are some differences that cannot be
fully explained. Another interesting phenomenon is that in the wet gas case the jet formed
downstream of the sharp-edged obstacle becomes oscillatory due to the action of condensation.
These oscillations are also found numerically, although the resonance frequencies do not agree.
As a hypothesis, it is suggested that the origin of the oscillation is situated in the free shear
layer close to the sharp edge, where the nucleation rate is extremely high. As a consequence
the structure of the shear layer may have a strong influence on the local nucleation and
condensation process, and therefore on the frequency. Numerically, we find that when the
free jet is formed, the droplets are dispersed over the whole domain downstream of the sharp-
edged obstacle in the wet gas case. In a qualitative sense, we have observed this experimentally
by means of light-extinction field experiments.
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The present numerical method, including a physical model for condensation and evapo-
ration, has proven to be very successful for investigating phase transitions in unsteady flows.
However, the numerical results are sensitive to the parameters in the nucleation and droplet
growth model, such as the modal radius and the number density. A systematic comparison
of different nucleation models should be made. Furthermore, we have applied an explicit
droplet growth model, which will certainly lead to errors for the most extreme conditions
investigated in this thesis. Numerical methods for 3D steady flows exist as well as models
for 2D flows in which the effects of turbulence [27] are included. Until now, these methods
are based on simplified models for nucleation and droplet growth and they do not take into
account de-nucleation. A combination of the models investigated in this study with those
methods is very much recommended.
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Appendix A

Physical properties

This appendix lists the physical properties used in the numerical simulations. In the present
study, two inert carrier gases are considered: nitrogen and helium. Their physical properties
and constants are listed below for the mass of a molecule m, specific gas constant R, specific
heat cv and cp, thermal conductivity k and dynamic viscosity η, including the units. The
physical properties of water vapor, liquid water and the surface tension of liquid water are
given as well.

Nitrogen

m = 28.013 kg kmol−1 [61]
Ra = 296.81 J/(kg K) [60]
Cpa = 1041 J/(kg K) [60]
Cva = 743.57 J/(kg K) [60]
k = 2.55× 10−2(T/295)0.838 W m−1K−1 [81]
η = 17.6× 10−6(T/295)0.767 kg m−1s−1 [81]

Helium

m = 4.003 kg kmol−1 [61]
Ra = 2077.077 J/(kg K) [61]
Cpa = 5192.69 J/(kg K) [61]
Cva = 3115.62 J/(kg K) [61]
k = −2.449× 10−2 + 1.124× 10−3T − 2.929× 10−6T 2

+4.493× 10−9T 3 − 2.518× 10−12T 4 W m−1K−1 [31]
η = 0.698k/Cpa kg m−1s−1

Water vapor

m = 18.015 kg kmol−1 [61]
Rv = 461.52 J/(kg K) [60]
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Cpv = 1859 J/(kg K) [60]
Cvv = 1397.5 J/(kg K) [60]
k = 7.341 · 10−3 − 1.013× 10−5T

+1.801× 10−7T 2 − 9.100× 10−11T 3 W m−1K−1 [61]

η = (1.823× 10−6
√
T/(1 + 673/

√
T )) kg m−1s−1 [37]

Latent heat of water

The latent heat of condensation or evaporation can be derived from the Clausius-Clapeyron
relation as [71]:

L(T ) = Rv(A10T
2 + 2A11T

3 +B1T − C0), [J/kg] (A.1)

where the value of the coefficients are: A10 = −2.7246× 10−2 K−1, A11 = 1.6853× 10−5 K−2,
B1 = 2.4576, C0 = −6094.4642 K.

Saturation pressure of liquid water

The saturation pressure is expressed, following Vargaftik [85], as:

psat = 610.8 exp [−5.1421 ln (T/273.15)− 6828.77 (1/T − 1/273.15)] , (A.2)

with T the temperature in K and psat the saturation pressure in Pa.

Density of liquid water

ρL(t) =

{
A0+A1t+A2t2+A3t3+A4t4+A5t5

1+B0t
, for t ≥ 0oC;

A6 +A7t+A8t
2 , for t < 0oC,

(A.3)

with ρl in kgm−3, t in oC and the constants:

A0 = 999.84 kg m−3 [57]
A1 = 8.224944 kg m−3 K−1 [57]
A2 = -7.92221×10−3 kg m−3 K−2 [57]
A3 = -55.44846×10−6 kg m−3 K−3 [57]
A4 = 149.7562×10−9 kg m−3 K−4 [57]
A5 = -393.2952×10−12 kg m−3 K−5 [57]
A6 = 999.84 kg m−3 [57]
A7 = 0.086 kg m−3 K−1 [57]
A8 = -0.0108 kg m−3 K−2 [57]
B0 = 18.159725×10−3 K−1 [57]

Binary diffusion coefficients

water-nitrogen:D = 24.5× 10−6(T/295)2.085/p, with p in bar m2s−1 [61]
water-helium: D = 398.38× 10−7T 1.75/p, with p in bar m2s−1 [85]



107

Surface tension of liquid water

For the surface tension, we adopt the so called Lamanna-Dohrmann fit [35]:

σLD(T ) =







8.52000× 10−2 − 3.54236× 10−4T
+3.50835× 10−6T 2 − 8.71691× 10−9T 3, for T < 250.0 K;

(76.1 + 0.155(273.15− T ))× 10−3, for T ≥ 250.0 K,

(A.4)

with σ in N/m.
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Appendix B

Formula list

B.1 Frozen speed of sound

The frozen speed of sound of the mixture cf is defined as:

c2f =

(
∂p

∂ρ

)

s,g

(B.1)

or

c2f =

(
∂p

∂ρ

)

e,g

+

(
∂p

∂e

)

ρ,g

(
∂e

∂ρ

)

s,g

. (B.2)

From thermodynamics, we have:

Tds = de+ pd
1

ρ
= de− p

ρ2
dρ, (B.3)

and (
∂e

∂ρ

)

s,g

=
p

ρ2
. (B.4)

Then the frozen speed of sound can be rewritten as:

c2f =

(
∂p

∂ρ

)

e,g

+

(
∂p

∂e

)

ρ,g

p

ρ2
. (B.5)

Alternative derivation of cf

Because both the inert carrier gas (a) and the vapor (v) are calorically perfect, we have the
following relations:

Cpa = Cva +Ra (B.6)

Cpv = Cvv +Rv (B.7)

Cp0 = Cv0 +R0 (B.8)

The frozen specific heat at constant volume of the mixture Cv is:

Cv =

(
∂e

∂T

)

ρ,g

=

(
∂ (Cv0T + g0CvvT + gRvT − gL1T − gL0)

∂T

)

ρ,g

. (B.9)
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Using the relation of the calorically perfect gas, we have:

Cv = Cv0 + g0Cvv + g(Rv − L1). (B.10)

Similarly, the frozen specific heat at constant pressure of the mixture Cp can be found as:

Cp =

(
∂h

∂T

)

p,g

=

(
∂e

∂T

)

p,g

+

(
∂{T [R0 − (g − g0)Rv]}

∂T

)

p,g

. (B.11)

Finally, Cp reads:

Cp = Cv +R0 − (g − g0)Rv = Cp0 + g0Cpv − gL1 (B.12)

From Eq.2.8, the gas constant of the mixture R can be expressed as:

R = R0 − (g − g0)Rv. (B.13)

From the expressions of Cv, Cp and R, we find the following relation:

Cp = Cv +R. (B.14)

Now we proved that the mixture is also a calorically perfect gas. So we can easily obtain the
specific heat and the speed of sound by simply applying the relation for a calorically perfect
gas.
The ratio of specific heats γ can be expressed as:

γ =
Cp0 + g0Cpv − gL1

Cv0 + g0Cvv + g(Rv − L1)
. (B.15)

The frozen speed of sound cf is defined as:

c2f = γRT = γ
p

ρ
, (B.16)

c2f =
Cp0 + g0Cpv − gL1

Cv0 + g0Cvv + g(Rv − L1)
[R0 − (g − g0)Rv]

e+ gL0

Cv0 + g0Cvv + g(Rv − L1)

=
p

ρ

Cp0 + g0Cpv − gL1

Cv0 + g0Cvv + g(Rv − L1)
. (B.17)

B.2 Formula list for droplet growth and shrinkage

The Knudsen number is defined as:

Kn =
l

2rd
, (B.18)

where l is the mean free path defined as:

l =
2η
√
RT

p
, (B.19)

with η the dynamic viscosity and R the specific gas constant.
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The vapor pressure at the droplet surface peqv and the vapor pressure at infinity pv∞ are
defined as:

peqv = pv∞(Td) exp(
2σ

ρlRvTdrd
), (B.20)

pv∞(Td) = Spsat(Td), (B.21)

with S the saturation ratio, Td the temperature at the surface of the droplet, rd the droplet
radius, σ the surface tension and ρl the density of liquid water.

For a droplet with a radius rd at a temperature Td, the Kelvin number Ke is defined as:

Ke(Td, rd) =
2σ

ρlRvTdrd
. (B.22)

The Nusselt number Nu for the mass and energy transfer, introduced by Gyarmathy [23], is
defined as:

NuḢ =
Ė

2πrdkm(T − Td)
, (B.23)

with T the gas temperature and Td the surface temperature of droplet.

NuṀ =
Ṁ

2πrdDmod(pv∞ − peqv )/pg
, (B.24)

with pg the total pressure of the mixture. The modified diffusion coefficient Dmod is defined
as:

Dmod =
Dmpg
RvTm

. (B.25)

The thermal conductivity km, and the binary diffusion coefficient Dm are evaluated at the
intermediate temperature Tm, defined as [30]:

Tm =
1

3
(2Td + T∞). (B.26)

For the free molecular flow regime, the Nusselt numbers have the following expressions:

Nufm
Ṁ

=

√

2Rv

πR̄

[

1 +

(

1−
√

T

Td

)

peqv
pv∞ − peqv

]

Sc

Kn
, (B.27)

Nufm
Ḣ

=

√

2

π

γ̄ − 1

γ̄

(

R3/2 γ+1
2(γ−1)

)

R̄3/2

Pr

Kn
, (B.28)

where a bar over a variable or a group of variables indicates that one should apply the mass
fraction averaged properties of the gas/vapor mixture, the Schmidt number Sc and Prandtl
number Pr are:

Sc =

(
ν

Dm

)

Tm

, (B.29)

Pr =
ηCp

k
=
(ν

a

)

Tm
. (B.30)
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The droplet temperature Td can be implicitly found from the following expression:

NuḢkm(T − Td) = −L(Td)NuṀDm
pv∞ − peqv

pg
. (B.31)

For the continuum regime, the Nusselt numbers are:

Nuct
Ḣ

= 2
ln
(

1 +
(
Cpv(T−Td)

L

))

(
Cpv(T−Td)

L

) ≈ 2, (B.32)

Nuct
Ṁ

= 2
ln
(

1 +
(
pv∞−peqv

pg

))

(
pv∞−peqv

pg

) ≈ 2. (B.33)

The Nusselt numbers for the transition regime can be expressed as a combination of the
Nusselt numbers for the free molecular and the continuum regimes:

Nutr =
Nuct

1 +Nuct/Nufm
. (B.34)

The droplet growth rate can then be expressed either by the energy conservation law or by
the mass conservation law:

dr2d
dt

=
Nutr

Ḣ
km

ρlL
(Td − T ) = −

Nutr
Ṁ
Dmod

ρl

pv∞ − peqv
pa∞

. (B.35)



Appendix C

Evaporation model for a Gaussian
droplet size distribution

The Gaussian distribution function for the droplet size is:

f(r)

ρ
=

n0√
2πσ

e−
(r−a)2

2σ2 , (C.1)

where n0 is the number density of droplets per unit mass, a is the modal radius and σ2 is the
standard variance.

According to the definition of the moment,

Qn =
1

ρ

∞∫

0

rnf(r)dr, (C.2)

the lowest four moments can be expressed as:

Q0 =
n0
2
erfc(a/

√
2σ), (C.3)

Q1 =
n0σ√
2π

e
−a2

2σ2 + aQ0, (C.4)

Q2 = σ2Q0 + aQ1, (C.5)

Q3 = 2σ2Q1 + aQ2. (C.6)

From the expressions for Q2 and Q3, the modal radius a and the variance σ2 can be obtained:

a =
Q0Q3 − 2Q1Q2

Q0Q2 − 2Q2
1

, (C.7)

σ2 =
Q2

2 −Q1Q3

Q0Q2 − 2Q2
1

. (C.8)

During evaporation, the size distribution function shifts undistorted to smaller radii, which
implies that the number density of droplets per unit mass n0 and the distribution variance σ
will remain constant along a Lagrangian trajectory as long as evaporation occurs. Therefore
n0 and σ have to be evaluated at the onset of evaporation. In Fig. C.1, the shaded area
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ρ
rb

f(
r)

/
r

Figure C.1: The Gaussian distribution function. The shaded area corresponds the disappeared
droplets due to de-nucleation.

indicates the disappeared droplets during de-nucleation. For simplicity, we take rb as zero
again, which means that the moment equations 2.67-2.69 become:

∂

∂t
(ρQ0) +∇ · (ρQ0~v) = f0(

dr

dt
)0, (C.9)

∂

∂t
(ρQ1) +∇ · (ρQ1~v) =

dr

dt
ρQ0, (C.10)

∂

∂t
(ρQ2) +∇ · (ρQ2~v) = 2

dr

dt
ρQ1, (C.11)

∂

∂t
(ρQ3) +∇ · (ρQ3~v) = 3

dr

dt
ρQ2. (C.12)

The value of the size distribution function at zero radius, f0, can be expressed as:

f0
ρ

=
n0√
2πσ

exp[−a2/2σ2] = Q1 − aQ0

σ2
, (C.13)

and the growth rate at zero radius, ( drdt )0, is taken the averaged growth rate:

(
dr

dt
)0 = (

dr

dt
). (C.14)

Finally, the de-nucleation rate Jdn using a Gaussian size distribution function is obtained:

Jdn =
Q1 − aQ0

σ2
(
dr

dt
), (C.15)

where the modal radius a is evaluated by Eq.C.7 and the variance σ2 equals its value at the
onset of evaporation evaluated by Eq.C.8.



Appendix D

Numerical accuracy

Although the present numerical method adopts a second-order upwind scheme, due to the
approximations (e.g. in the evaluation of gradients or in the treatment of boundary conditions)
and limiters, the accuracy of this method may be reduced locally. In this Appendix, we shall
investigate the accuracy of the present numerical method. Attention will be also given to the
influence of the adaptation on the accuracy.

D.1 Problem definition

The problem considered here is that of 1D expansion wave travelling in a tube. Initially, at
x = 0 the flow solution is discontinuous. The gas (dry nitrogen) in region 4 (x < 0) is at rest
with a pressure of 1 bar and temperature 298 K. The initial condition in region 3 (x > 0) is
related to the initial conditions in region 4 by the condition of isentropy and by the simple
wave concept from gas dynamics [47]:

u3 +
2c3
γ − 1

=
2c4
γ − 1

, (D.1)

p3 = p4(
c3
c4
)2γ/(γ−1),

ρ3 = ρ4(
c3
c4
)2/(γ−1),

u3 = M3c3,

with c3 and c4 the speed of sound in regions 3 and 4, respectively. Since c4 is known and
M3 is the desired Mach number, the initial conditions in region 3 are fully determined. Here
we specify the desired Mach number M3 as 0.5, then the initial conditions in region 3 are:
u3 = 156 ms−1, T3 = 246 K, p3 = 0.513 bar, ρ3 = 0.621 kgm−3.

The theoretical solution for this problem at time t can be divided into three regions, as
shown in Fig.D.1, the region at rest (x < −c4t), the steady flow region (x > (u3 − c3)t) and
the expansion fan region(−c4t < x < (u3 − c3)t). The solution in the expansion fan can be
expressed as:

c(x) = −γ − 1

γ + 1

x

c4t
+

2

γ + 1
, (D.2)

then the other variables can be directly obtained by applying the isentropic relation, e.g.
p(x)/p4 = (c(x)/c4)

2γ/(γ−1).
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Steady flow

(4)

(3)

0 x

t

Figure D.1: x-t diagram of this expansion wave problem for accuracy check of the numerical
method. Region 4: at rest; Region 3: steady flow.

As a measure for the accuracy the L2-norm of the truncation error of pressure is adopted,
defined as:

L2(p) =
1

N

√
√
√
√

N∑

i=1

(
pi − pe
p4

)2

, (D.3)

where N is the number of cells, pe is the value from the theoretical solution.

D.2 Accuracy without adaptation

In the first accuracy analysis, we switch off the adaptation. Four different mesh sizes are
used, 2 mm, 1 mm, 0.5 mm and 0.25 mm, respectively. Fig. D.2 shows the L2(p) on a
logarithmic scale at 1.95 ms. The linear fit coefficients give information on the accuracy of
the numerical method. The order of accuracy of the present numerical method (second order
upwind scheme) without adaptation is about 1.9.

D.3 Accuracy with adaptation

For the same mesh size, a 1-level refinement has been applied. The mesh refinement only
takes place in a very short period at the beginning of the calculation since there is a large
gradient initially and, when time proceeds, the mesh is coarsening to the original size and
remains. Therefore, the final cell number of the mesh with adaptation equals the one without
adaptation, i.e., the initial one.

The result is shown in Fig. D.3 with a comparison of the case without adaptation. The
magnitude of the truncation error is strongly reduced by using the adaptive-mesh method,
which implies that for a coarse mesh with adaptation method the same accuracy can be
achieved as with a very fine mesh without adaptation. For example ln(L2(p)) is -13.4 for a
mesh size of 2 mm with 1-level refining adaptation and is -13.5 for a mesh size of 0.25 mm
without adaptation. However, the order of accuracy is not improved by employing adaptation.

Now we can conclude that an adaptive-mesh method reduces the magnitude of the local
truncation error, determined by the order of accuracy of the numerical scheme employed
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ln(1/h)

ln
(L

2(
p)

)

-2 -1.5 -1 -0.5 0 0.5
-14

-13
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-11

-10

-9

POLYNOMIAL FIT DATA:

Power | Coef
0 | -12.62418098855
1 | -1.901643859026

Figure D.2: Accuracy analysis without adaptation: L2(p) as a function of mesh size (h) at
1.95 ms. The linear fit coefficients give information on the accuracy of the numerical method.
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ln (L2(p))= -12.62-1.9 ln (1/h)

ln (L2(p))= -16.31-1.83 ln (1/h)
Adaptation: 1-level

No adaptation

Figure D.3: Comparison of accuracy analyses without adaptation and with adaptation: L2(p)
as a function of mesh size (h) at 1.95 ms. The linear fit coefficients give the information of
accuracy of the numerical method.
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(second order here) and the magnitude of the derivatives of the local solution. However, it
retains the order of accuracy of the numerical scheme. The effect of mesh adaptation on error
norms of the solution is therefore to reduce their magnitude not their order of convergence
for decreasing (average) mesh size.



Appendix E

Extension of the 2D Euler method

It is relatively straightforward to extend the present 2D Euler method to viscous and/or
axi-symmetric flows since the viscous term can be discretized by central differencing and the
source term appearing in the axi-symmetric formulation can be treated similar to the already
present source term. In this appendix, the 2D Euler equations are first extended to the case of
axi-symmetric flow and then viscous terms are added. Finally the treatment of the boundary
conditions associated with the extension is briefly described.

E.1 Governing equations of axi-symmetric flows

The Euler equations for axi-symmetric flow without swirl in cylindrical coordinates can be
expressed as:

∂rρ

∂t
+
∂rρvr
∂r

+
∂rρvz
∂z

= 0; (E.1)

∂rρvr
∂t

+
∂rρv2r
∂r

+
∂rρvrvz
∂z

= −r∂p
∂r

;

∂rρvz
∂t

+
∂rρvzvr
∂r

+
∂rρv2z
∂z

= −r∂p
∂z

;

∂rρE

∂t
+
∂r(ρE + p)vr

∂r
+
∂r(ρE + p)vz

∂z
= 0.

To treat the axi-symmetic flow using the 2D flow method, we replace the coordinates (z,r)
with (x,y). Then we have the governing equations for axi-symmetric flows in the similar form
of the 2D flow, but with extra source terms in the right-hand side:

∂ρ

∂t
+
∂ρvx
∂x

+
∂ρvy
∂y

= −ρvy
y

; (E.2)

∂ρvx
∂t

+
∂ρv2x + p

∂x
+
∂ρvxvy
∂y

= −ρvxvy
y

;

∂ρvy
∂t

+
∂rρvxvy
∂x

+
∂ρv2y
∂z

= −
ρv2y
y

;

∂ρE

∂t
+
∂(ρE + p)vx

∂x
+
∂(ρE + p)vy

∂y
= −(ρE + p)vy

y
.
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For the complete system with phase transition, the governing equation can be rewritten as:

∂U

∂t
+
∂F

∂x
+
∂G

∂y
+
H

y
= S, (E.3)

where U is the vector of unknowns, F and G represent the convective fluxes in the x- and y-

direction, respectively, and H
y is the axi-symmetric source term and S is the source term due

to phase transition:

U =















ρ
ρu
ρv
ρE
ρg
ρQ2

ρQ1

ρQ0















;F =















ρu
ρu2 + p
ρuv

(ρE + p)u
ρgu
ρQ2u
ρQ1u
ρQ0u















;G =















ρv
ρuv

ρv2 + p
(ρE + p)v

ρgv
ρQ2v
ρQ1v
ρQ0v















; (E.4)

H =















ρv
ρuv
ρv2

(ρE + p)v
ρgv
ρQ2v
ρQ1v
ρQ0v















;S =
















0
0
0
0

4
3πρl(Jr

3
b + 3ρQ2

dr
dt )

Jr2b + 2ρQ1
dr
dt

Jrb + ρQ0
dr
dt

J
















.

E.2 Navier-Stokes equations

The two-dimensional Navier-Stokes equations including the moment equations are:

∂U

∂t
+
∂F

∂x
+
∂G

∂y
= S+

∂Fv

∂x
+
∂Gv

∂y
, (E.5)

where Fv and Gv, denote the viscous and heat-conduction (using Fourier’s law) terms in x-
and y- direction, respectively, are defined as :

Fv =















0
τxx
τxy

τxxu+ τxyv + kTx
0
0
0
0















;Gv =















0
τyx
τyy

τyxu+ τyyv + kTy
0
0
0
0















, (E.6)

with k the coefficient of thermal conductivity and τij the viscous shear stress tensor (using
Stokes’ hypothesis):

τxx =
2

3
η(2ux − vy), (E.7)
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τxy = τyx = η(uy + vx),

τyy =
2

3
η(2vy − ux),

with η the dynamic viscosity coefficient. k and η are functions of temperature, which can be
found in Appendix A.

In conclusion, the governing equations both for 2D flows and for the axi-symmetric flows
can be expressed as a unified form:

∂U

∂t
+
∂F

∂x
+
∂G

∂y
+ r

H

y
= S+

∂Fv

∂x
+
∂Gv

∂y
, (E.8)

with viscous shear stress tensor τij :

τxx =
2

3
η(2ux − vy − r

v

y
), (E.9)

τxy = τyx = η(uy + vx),

τyy =
2

3
η(2vy − ux − r

v

y
),

and the parameter r is defined as:

r =

{
0 , for 2D flows;
1 , for axi-symmetric flows.

(E.10)

E.3 Numerical treatment of boundary conditions

Again, for the numerical treatment of the boundary conditions associated with the extension,
we closely follow the method from Sun [74]. Here we only give the final formulae, while the
detailed description can be found in Sun’s thesis.

For a solid wall with constant temperature Tw i.e. an isothermal no-slip wall,

T = Tw; u = 0, v = 0, (E.11)

the conditions imposed at the image point m (see Fig.3.10) are:

ρm = 2pi/Tw, pm = pi, um = −ui, vm = −vi; (E.12)

For an adiabatic no-slip wall,

u = 0, v = 0, (E.13)

they are:

ρm = ρi, pm = pi, um = −ui, vm = −vi. (E.14)

In solving the Navier-Stokes equations, the treatment of gradients at the inlet or outlet
boundaries is the same as that in the Euler equations. By adding viscous terms in Eq.3.36,
the fluxes are:

(0, (pC − τxx)
n+1/2n1 − τn+1/2

xy n2, (pC − τyy)
n+1/2n2 − τn+1/2

xy n1, 0, 0, 0, 0, 0)
T . (E.15)
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To be consistent with the no-slip condition, the gradient of the velocity should be modified
such that velocity interpolated by Eq.3.34 is zero at the boundary. For the isothermal no-slip
wall, the modifications read:

(∇ρ)C = (∇ρ)i −
1

r2Ci
[ρi − pC/Tw + (∇u)i · ρrCi]rCi; (E.16)

(∇p)c = (∇p)i;

(∇u)c = (∇u)i −
1

r2Ci
[ui + (∇u)i · rCi]rCi;

(∇v)c = (∇v)i −
1

r2Ci
[vi + (∇v)i · rCi]rCi,

where local density gradients are calculated for the evaluation of the heat flux. The mass and
momentum fluxes are the same as those in Eq.E.15. The heat flux becomes:

kTxn1 + kTyn2, (E.17)

where the gradient of the temperature is given by:

∇T = [(∇p)C − Tw(∇ρ)C ]/ρC . (E.18)

For an adiabatic no-slip wall, the modifications read:

(∇p)c = (∇p)i; (E.19)

(∇u)c = (∇u)i −
1

r2Ci
[ui + (∇u)i · rCi]rCi;

(∇v)c = (∇v)i −
1

r2Ci
[vi + (∇v)i · rCi]rCi,

with fluxes the same as those in Eq.E.15.
For axi-symmetric flows, all the fluxes through the axis (y=0) are taken as zero.



Appendix F

Holography

Holography is a recording method that stores both the amplitude and the phase of a wave.
Conventional photography only records amplitude information, because recording media only
respond to irradiance. Holography records phase information by storing the interference
pattern of the unknown wave and another coherent wave, the reference wave. The brief
description given here is based on the thesis of Lamanna [35].

A holographic recording is made by simultaneously illuminating the holographic plate
with the object wave and the reference wave. This results in an interference pattern that is
stored on the plate. After the processing of the holographic plate, the intensity pattern is
converted to a transmission pattern. To view the recorded image, the plate is re-illuminated
with the reference wave. The plate now acts as a grating that will diffract the light. This is
called the reconstruction of the hologram.

F.1 Off-axis holography

In this holographic setup, both the object and the reference beams are collimated beams.
The recording wave or object wave impinges perpendicularly on the holographic plate. The
reference wave impinges on the hologram at an offset angle θ (off-axis).

F.1.1 Recording

Figure F.1: Off-axis configuration: (a) recording, (b) reconstruction.

As shown in Fig. F.1, the holographic recording plane is the x-y plane. The object wave
travels in z-direction. The complex amplitude of the object wave on the holographic plate
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can be written as:

Uh(x, y) = uh(x, y)e
−iϕ(x,y). (F.1)

The first part, uh(x, y), is the (real) amplitude of the object wave. The phase of the object
wave is given by ϕ(x, y). Note that we leave out the time dependence eiωt.

The reference wave is just a plane wave, which means that the phase of the beam is
constant in a plane perpendicular to the propagation direction. Because the reference beam
intersects with the holographic plate at an angle θ 6= 0, the phase over the plate varies. At
the plate, the complex amplitude of the reference wave is:

Ur(x, y) = ur(x, y)e
−ikx. (F.2)

The phase of the reference wave is proportional to x, because the reference wave illuminates
the holographic plate at an angle θ (around the y-axis). The wave number k is a function of
this angle and the reference beam wavelength λ:

k =
2π sin θ

λ
. (F.3)

The resulting intensity pattern on the plate, the interference of object and reference wave,
can be found by

I(x, y) = |Uh + Ur|2 = (Uh + Ur) (Uh + Ur)
∗

= u2h + u2r + uhur(e
−iϕeikx + eiϕe−ikx). (F.4)

F.1.2 Reconstruction

During the processing of the hologram, the intensity pattern is translated to a transmission
pattern:

τ(x, y) = βtI(x, y), (F.5)

where β is the sensitivity of the photographic material and t is the exposure time. We assume
that the amplitude transmittance is proportional to the exposure.

The plate is illuminated with the reference wave Ur. The resulting reconstructed waves
can be found by multiplying the transmission by the reconstruction wave:

UR(x, y) = τ(x, y) Ur(x, y)

= βt(u2h + u2r)ure
−ikx

︸ ︷︷ ︸

UR1

+βtuhu
2
re

−iϕ
︸ ︷︷ ︸

UR2

+βtuhu
2
re

iϕe−2ikx

︸ ︷︷ ︸

UR3

(F.6)

The reconstructed waves UR1, UR2, UR3 all travel in a different direction. The first wave UR1
is the transmitted reconstruction beam. The second wave UR2 contains all object information:

UR2 = βtu2rUh. (F.7)

This wave travels in the same direction as the original object wave.
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F.2 Double-exposure holographic interferometry

Using holography as described in the previous section, we can exactly reconstruct a recorded
object wave. If we are more interested in the differences between two object waves, we
can use double-exposure holographic interferometry. This method allows us to compare two
recordings made at different times.

During the first recording, the plate is illuminated with an object beam and a reference
beam, just as before. During the second recording, the plate is illuminated with the same
reference beam, but a different object beam. It will follow that during reconstruction, we
obtain a wave that is an interference of both object beams. This interference directly gives
us information about the phase differences of the object waves. This interferogram is also
referred to as infinite fringe interferogram.

F.2.1 Recording

Again we write the complex amplitude of the object wave as:

Uh(x, y) = uh(x, y)e
−iϕ0(x,y). (F.8)

Here uh(x, y) is the amplitude of the object wave and ϕ0(x, y) is the phase. We assume that
only the phase of the object wave is influenced by small disturbances. The second, modified
object wave then becomes

U ′
h(x, y) = uh(x, y)e

−i[ϕ0(x,y)+∆ϕ(x,y)], (F.9)

where ∆ϕ is the phase shift caused by disturbances of the object wave. As mentioned before,
the reference wave is the same for the two recordings:

Ur(x, y) = ur(x, y)e
−ikx. (F.10)

During the first recording, the object and reference wave interfere. The irradiance at the
plate can be found by

I1 = |Uh + Ur|2. (F.11)

Analogously, the irradiance during the second recording is

I2 = |U ′
h + Ur|2. (F.12)

The total irradiance is given by:

I(x, y) = I1 + I2 (F.13)

= (Uh + Ur) (Uh + Ur)
∗ + (U ′

h + Ur) (U
′
h + Ur)

∗

= |Uh|2 + UhU
∗
r + UrU

∗
h + |Ur|2 + |U ′

h|2 + U ′
hU

∗
r + UrU

′∗
h + |Ur|2

= u2h + 2u2r + u′2h + uhur [e
−iϕ0 + e−i(ϕ0+∆ϕ)]eikx + uhur [e

iϕ0 + ei(ϕ0+∆ϕ)]e−ikx.
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F.2.2 Reconstruction

For now, we reconstruct the hologram with the same reference beam used during the record-
ing. The resulting reconstructed waves can be found by multiplying the transmission by the
reconstruction wave:

UR(x, y) = τ(x, y) Ur(x, y) (F.14)

= βt I ure
−ikx = βt[...]e−ikx

︸ ︷︷ ︸

UR1

+βt uhu
2
r [e

−iϕ0 + e−i(ϕ0+∆ϕ)]
︸ ︷︷ ︸

UR2

+βt[...]e−2ikx

︸ ︷︷ ︸

UR3

.

The reconstructed waves UR1, UR2, UR3 all travel in a different direction. UR2, the wave that
travels perpendicular to the plate, contains all object information:

UR2 = βtu2r(Uh + U ′
h). (F.15)

This expression shows that UR2 is formed by the interference of the two reconstructed object
waves. This gives the following intensity distribution:

IR2 = |UR2|2 = C1 |Uh + U ′
h|2 = 2C1u

2
h(1 + cos∆ϕ). (F.16)

Assuming that ur and uh vary only slightly across the plate, IR2 directly gives us the phase
difference between the two object waves, at any point on the plate. As an example, a typical
interferogram is shown in Fig.F.2(a). The flow in the test section of the Ludwieg tube is
from left to right. The fringe pattern reflects the flow density distribution at 2.0 ms after the
diaphragm bursting.

F.3 Pre-shifted double-exposure holographic interferometry

In double exposure holographic interferometry, if the reference beam of the second recording
is tilted over a small angle, then a finite fringe interferogram is produced. This fringe pattern
is no longer proportional to variations in density as the infinite fringe is (see Fig.F.2(a), but
shows carrier fringes modulated by the phase difference (see Fig.F.2(b).

(a) (b)

Figure F.2: The infinite (a) and finite (b) interferograms. Dry nitrogen, delay 1.75 ms.



F.3 Pre-shifted double-exposure holographic interferometry 127

F.3.1 Recording

Assuming that both reference beams Ur and U
′
r are situated in the yz plane, we can write the

complex amplitudes of them as:

Ur(x, y) = ure
−i2π[fyy+fzz]; (F.17)

U ′
r(x, y) = ure

−i2π[f ′yy+f ′zz], (F.18)

where the primes denote the wavefronts in the second exposure and fy, fz, f
′
y and f ′z represent

the spatial frequencies (fi = cosαiλ
−1, i = y, z, see Fig.F.3.).

Holographic
plate

Uo

Ur

U’r

first exposure

second exposure

az

ay

y

z

k

Figure F.3: Schematic drawing of the recording process in the finite fringe interferogram.

Then the irradiance I recorded on the holograhic plate can be expressed as:

I(x, y) = (Ur + Uh)(Ur + Uh)
∗ + (U ′

r + U ′
h)(U

′
r + U ′

h)
∗. (F.19)

F.3.2 Reconstruction

Following the same procedure as in the previous case, we can find the reconstructed wave
which contains the object information UR2 :

UR2 = βtu2r(Uh + U ′
he

−iζe−i2π(fy−f
′

y)y)), (F.20)

where ζ = 2π(fz − f ′z)z0 is the constant along the photographic plate.

Then the intensity distribution of the interferogram is:

IR2(x, y) = 2C1u
2
h[1 + cos(∆φ(x, y) + 2π(fy − f ′y)y + ζ)]. (F.21)

The phase term ζ is constant everywhere on the holographic plate, which means that the
fringes are only dependent on the y-coordinate and result in a horizontal fringe pattern. An
example of this finite fringe pattern is shown in Fig.F.2(b). The flow is from left to right
and there is a starting vortex due to the presence of the sharp-edged obstacle in the flow. At
the inlet or the outlet of the test section the density of the flow is almost constant and thus
the fringe pattern remains horizontal, while in the region near the vortex, the fringe pattern
is curved. Comparing the infinite and finite interferograms shown in Fig.F.2, it is clear that
the finite fringe interferogram can give a better spatial resolution of the density distribution.
However, the analysis of the finite interferogram is less trivial.
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F.4 Reconstruction with a different wavelength

Now we will reconstruct the hologram using a reconstruction wave with a different wavelength,
but using the same angle. The new reconstruction wave is

U ′
r(x, y) = u′r(x, y)e

−ik′x, (F.22)

with k′ = 2π sin θ
λ′ and λ′ the new reconstruction wavelength. Using the I(x, y) we calculated

previously, the reconstructed wave is:

U ′
R = βt I U ′

r = βt[...]e−ik
′x + βtuhuru

′
r[e

−iϕ0 + e−i(ϕ0+∆ϕ)]eikx−ik
′x

︸ ︷︷ ︸

U ′R2

+βt[...]e−ikx−ik
′x.

(F.23)
Again, only considering U ′

R2:

U ′
R2 = βturu

′
r(Uh + U ′

h)e
−i(k′−k)x. (F.24)

This gives an interference pattern

I ′R2 = |U ′
R2|2 = C2|Uh + U ′

h|2 = 2C2u
2
h(1 + cos∆ϕ), (F.25)

which is the same intensity distribution as before apart from a constant factor.
Now, we want to know the direction of the reconstructed wave. The wave number of the

reconstructed wave is kR = k′ − k. Remember that k was the wave number of the reference
wave used for recording and k′ is the wave number of the reconstruction wave. The wavelength
of the reconstructed wave is equal to that of the reconstruction wave (λR = λ′), so:

kR = k′ − k,

2π sin θR
λ′

=
2π sin θ

λ′
− 2π sin θ

λ
,

sin θR =

(

1− λ′

λ

)

sin θ. (F.26)

Here θR is the angle of the reconstructed wave with the normal.

Example Reconstruction with a HeNe laser (λ′ = 632.8 nm) of a hologram recorded with
a ruby pulsed laser (λ = 694.3 nm, θ = 11.5◦) gives θR ≈ 1◦.

Reconstruction with white light In the case of reconstruction with white light (a broad
spectrum of wavelengths is present) it is convenient to write (F.26) as follows:

λ′ = λ

(

1− sin θR
sin θ

)

. (F.27)

Here λ′ is the wavelength we will ’see’ if we look at the hologram at an angle θR, and the white
light illuminates the hologram at an angle θ. Note that if we look straight at the hologram
(θR = 0) we see the original wavelength the hologram was recorded with.

The reconstruction can be recorded with a camera, which has a certain opening angle and
will therefore record information in a range of wavelengths. This has no effect on the sharpness
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of the recorded image, because according to Eq.F.25 the intensity information that is emitted
at each reconstruction angle is the same. In fact, this recording method can be used to remove
undesired disturbances from the reconstruction. Reconstruction with the HeNe laser is easy
because this beam follows the same optical path as the reference beam. However, due to the
interference in some optical components, disturbance fringes can be seen in the reconstructed
image as shown in Fig.F.4(a). Fig.F.4(b) shows the same hologram reconstructed with white
light. The undesired fringes disappear completely while the experimental information remains;
the overall quality of the reconstruction greatly improves. This is because the undesired fringes
are strongly dependent on the reconstruction angle or wavelength, whereas the desired image
is not. If the white light is used, the camera always records a small spectrum of wavelengths,
which smears out the undesired fringes while the holographic image is retained.

(a) (b)

Figure F.4: Hologram reconstruction: (a) with HeNe laser; (b) with white light.

F.5 Interferogram interpretation

The infinite interferogram is created by phase differences between the two object waves.
During the second exposure, the phase of the object beam is different from that of the
original object beam because the optical path length changes. This is because the refractive
index along the optical path has changed. If the refractive index during the first exposure
is n0 (independent of x, y), and during the second exposure n(x, y), the optical path length
difference ∆Φ is given by

∆Φ(x, y) = L [n(x, y)− n0], (F.28)

where L is the test section width. The path difference causes a phase difference

∆ϕ =
2π

λ
L∆n, (F.29)

with ∆n(x, y) = n(x, y)− n0, and λ the recording wavelength.

In the case of nitrogen with water vapor, the refractive index is related to the density by
the Gladstone-Dale relation:

n− 1 = Kρ, (F.30)
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where K is the Gladstone-Dale constant. A change in density is proportional to a change in
the refractive index: ∆n = K∆ρ. Combining this with (F.29), we get

∆ρ =
λ

2πLK
∆ϕ. (F.31)

Because the phase difference between two fringes is 2π, the equivalent density difference is
∆ρ = λ/LK.

For a nitrogen-water vapour mixture, the Gladstone-Dale constant is

K = (1− fv) KN2 + fv KH2O. (F.32)

Here fv is the vapor mass fraction, the ratio of the mass of the water vapor and the total
mass present in control volume: fv = Mv/Mtotal. The Gladstone-Dale constants for nitrogen
and water vapor [35] are KN2 = 0.236 · 10−3 m3 kg−1 and KH2O = 0.316 · 10−3 m3 kg−1.

Example In our experiments, the tube width is 0.10 m and the recording wavelength is
694.3 nm. Then for dry nitrogen (fv = 0) the density difference between two fringes is
∆ρ = 0.0294 kg m−3. In the experiments, fv is never higher than 0.02. For this vapour
fraction, ∆ρ = 0.0292 kg m−3, which differs less than 1% from the dry value. A value of
∆ρ = 0.029 kg m−3 can be used without large errors for any humidity.

For the finite interferogram, a semi-automatic fringe counting method proposed by G.
Lamanna [35] can be adopted. As mentioned before, in present study we focused on the
comparison of results of experiments and results of simulations. The detailed analysis of the
finite interferogram is not carried out here but the finite interferogram from the numerical
simulation is directly used for comparison.



Summary

Vapor-liquid phase transitions are important in many compressible flows, in turbo-machinery
and in propulsion engines, in separators of condensible components in gas mixtures, due
to the opening of safety valves and due to venting of liquids in space. Vapor-liquid phase
transitions may have a strong impact due to the release or absorption of latent heat. The
condensation process supplies heat to the flow field, which may locally lead to thermal choking
and even to self-sustained oscillations. The rapid change of the thermodynamic state in a
gas-dynamic experimental facility offers excellent opportunities to study the physics of phase
transitions. Examples are the nucleation pulse expansion wave tube, the supersonic nozzle and
the shock tube. The present investigation contains the study of vapor-liquid phase transitions
(both condensation and evaporation) in stationary and unsteady flows and consists of both
experimental and numerical analyses.

Vapor-liquid phase transitions are characterized by droplet formation or nucleation, droplet
growth, evaporation of droplets and the disappearance of droplets or de-nucleation. Numeri-
cal models for flows with phase transition are up to now only able to describe condensation
and evaporation, but they do not take the disappearance of droplets into account. In this
thesis a model is proposed, in which the processes of nucleation, condensation, evaporation
of droplets and de-nucleation are correctly described. The new model is based on a new
interpretation of Hill’s method of moments.

The new moment method has been implemented in a numerical method. The fluid dy-
namical behavior of the two-phase mixture is described by the system of conservation laws
such as the Euler equations or the Navier-Stokes equations, supplemented with a description
for the phase transition of the condensate mass. The condensation/evaporation process is
described by four moments of the droplet size distribution function. Based on the available
computational method VAS2D of Sun and Takayama and a method developed by Mundinger
and Prast, a new computational method ASCE2D (two-dimensional & axisymmetric adaptive
solver for condensation and evaporation) has been developed. This method uses an adaptive
unstructured quadrilateral mesh. The adaptation procedure refines the mesh in flow regions
with large truncation errors, and coarsens the mesh in regions with small truncation errors.
It is shown that the method gives good results for the starting flow in a Laval nozzle, i.e. the
method correctly describes shock waves, contact surfaces and vortices. The method is verified
by applying it to different benchmark problems like Sod’s shock tube problem, transitional
regular shock reflection over a double wedge and unsteady condensation induced oscillations
in the supersonic nozzle G2. Two different schemes for evaluating numerical fluxes have been
investigated. It appears that the AUFS (artificial upstream flux vector splitting) scheme
better resolves contact discontinuities than the scheme by Harten, Lax and van Leer. The
physical model for phase transition is validated by a comparison with results from literature.
Then, the new method is applied to three different problems.
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First, the effects of phase transition are demonstrated in the numerical simulation of the
flow in a closed shock tube with humid nitrogen as driver gas. In this tube, expansion waves
and shock waves are generated, which reflect at the end walls and which interact, leading
to a very complex flow field. The shock speed and the time dependent profiles of pressure,
temperature, wetness etc. are affected by the condensation and evaporation processes. Espe-
cially, the de-nucleation process causes a decrease of the droplet number density as a result
of shock compression.

Second, the so-called Pulse-Expansion Wave Tube (PEWT), designed to study nucleation
and droplet growth, is employed to validate the new method. In the pulse-expansion wave
tube a gas vapor mixture is subjected to a strong expansion wave followed by a pulse-shaped
smaller second expansion. In this way nucleation (during the pulse) and droplet growth
(after the pulse) are separated in time. A number of experiments in water-helium is carried
out, yielding information on gas pressure, droplet size and droplet number density. All the
phenomena observed experimentally are explained quite well numerically. In addition, the
development of a thermal boundary layer near the measuring position, i.e. near the back-end
of the high-pressure section, is considered analytically and numerically. It is shown in this
analysis that the thermal boundary layer at the end wall will not affect nucleation, but has
some influence on droplet growth, for the low pressure condition (1 bar) investigated.

Third, vortex shedding in a Ludwieg tube is investigated. In the Ludwieg tube a strong
expansion wave is generated, in which the gas is accelerating to an adjustable main stream
velocity. When the expansion wave passes a sharp-edged obstacle, a starting vortex is pro-
duced. First, attention is focused on vortex shedding in dry nitrogen. The development of the
starting vortex is observed by holographic interferometry and by local pressure measurements,
for different values of the imposed main stream velocity. The higher the main stream velocity,
the stronger the vortex, the lower the minimum values of temperature and pressure and the
more severe the vortex deformation. These dependencies are very well described quantita-
tively by the numerical solution of the Euler equations. Then, the experiments are repeated
with humid nitrogen as a test-gas. Due to the release of latent heat from condensation, the
vortex shape is slightly changed and the secondary vortices in the free shear layer separating
from the sharp edge are more pronounced than in the dry case. The pressure and density
minima in the vortex core are less deep. A condensation induced shock wave is found in case
of humid nitrogen for a sufficiently high initial saturation ratio and for a sufficiently large
main stream velocity. This shock wave interacts with the starting vortex. In the long term, a
free jet is formed downstream of the sharp-edged obstacle. An important observation is that
this free jet may become oscillatory for a relatively high main flow velocity, and for a suffi-
ciently high humidity. This is found both experimentally and numerically. The hypothesis is
that the oscillation is caused by the release of latent heat in the free shear layer close to the
sharp edge, where the nucleation rate is extremely high. As a consequence the structure of
the shear layer will have a strong influence on the local nucleation and condensation process,
and therefore on the frequency. In general, the numerical method describes the experimental
observed phenomena very well, including the shock-vortex interaction process.



Samenvatting

Damp-vloeistof fase-overgangen zijn van belang in tal van compressibele stromingen, in tur-
bines en in vliegtuigmotoren, in condensaatscheiders, bij het openen van veiligheidskleppen
en bij het vrijkomen van vloeistoffen in de ruimte. De fase-overgang kan de stroming sterk
bëınvloeden door het vrijkomen of absorberen van latente warmte. Het condensatieproces
voegt warmte toe aan de stroming, hetgeen lokaal kan leiden tot ”thermisch blokkeren” en
zelfs tot spontane oscillaties. De snelle verandering van de thermodynamische toestand in een
gasdynamische opstelling biedt uitstekende mogelijkheden om de fysica van fase-overgangen
te bestuderen. Voorbeelden daarvan zijn de nucleatiepuls expansiegolfbuis, de supersone noz-
zle en de schokbuis. Het in dit proefschrift beschreven onderzoek gaat over damp-vloeistof
fase-overgangen in stationaire en instationaire stromingen en bevat zowel experimentele stu-
dies als numerieke analyses.
Damp-vloeistof fase-overgangen worden gekenmerkt door druppelvorming of nucleatie, drup-
pelgroei, verdamping van druppels en het weer volledig verdwijnen van druppels of denucle-
atie. Numerieke modellen voor de berekening van stromingen met fase-overgang zijn tot nu
toe uitsluitend in staat condensatie en verdamping te beschrijven, maar houden geen reke-
ning met denucleatie. In dit proefschrift wordt een model beschreven waarmee in principe
ook denucleatie kan worden beschreven. Het model is gebaseerd op een nieuwe interpreatie
en een uitbreiding van de momentenmethode van Hill.
De nieuwe momentenmethode is verwerkt in een numerieke methode. Het stromingsgedrag
van het twee-fase mengsel wordt beschreven door een systeem van behoudswetten, zoals de
Eulervergelijkingen of de Navier-Stokes vergelijkingen, aangevuld met de beschrijving van
de fase-overgang door middel van een viertal momenten van de druppelgrootteverdelings-
functie. Uitgaande van de beschikbare numerieke methode VAS2D van Sun en Takayama
en een methode opgezet door Mundinger en Prast, is een nieuwe rekenmethode ASCE2D
(two-dimensional & axisymmetric solver for condensation and evaporation) ontwikkeld. De
methode maakt gebruik van een adaptief ongestructureerd vierhoekig rooster. De adap-
tatieprocedure verfijnt het rooster in gebieden van de stroming met een grote afbreekfout,
en maakt het rooster grover in gebieden met kleine afbreekfout. Aangetoond wordt dat deze
procedure goede resultaten geeft bij een startstroming in een Lavaltuit, i.e. de methode geeft
een correcte beschrijving van optredende schokgolven, contactdiscontinüıteiten en wervels.
De methode wordt geverifieerd door toepassing ervan op verschillende ”benchmark” proble-
men zoals het schokbuisprobleem van Sod, reflectie van een schokgolf aan een dubbele wig en
de beschrijving van condensatiegëınduceerde oscillaties in Lavaltuit G2. Twee verschillende
methodes voor de berekening van numerieke fluxen zijn onderzocht. Het AUFS-schema (artifi-
cial upstream flux vector splitting) blijkt beter in staat contactdiscontinüıteiten te beschrijven
dan het schema volgens Harten, Lax en van Leer. Het fysische model voor de fase-overgang
wordt gevalideerd door een vergelijking met literatuurgegevens. Vervolgens wordt het model
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toegepast op drie verschillende problemen.
Eerst worden de effecten van fase-overgang gedemonstreerd door de numerieke simulatie van
een gesloten schokbuis stroming met vochtige stikstof als hoge-druk gas. In de schokbuis wor-
den expansiegolven en schokgolven gevormd die reflecteren aan de wanden en die met elkaar
interageren, waardoor een complex stromingsveld ontstaat. De schoksnelheid en de plaats- en
tijdafhankelijke verdeling van druk, temperatuur, snelheid en vloeistoffractie worden redelijk
sterk door de condensatie en verdamping bëınvloed. De denucleatie komt tot uiting in een
afname van de druppeldichtheid als gevolg van schokcompressie.
Ten tweede wordt de ”Pulse-Expansion Wave Tube” (PEWT), ontworpen voor de bestudering
van nucleatie en druppelgroei, gebruikt om de nieuwe methode experimenteel te valideren.
In PEWT wordt een gas-dampmengsel onderworpen aan een sterke expansie, gevolgd door
een pulsvormige kleinere tweede expansie. Op deze wijze worden druppelvorming (gedurende
de nucleatiepuls) en druppelgroei (daarna) effectief in de tijd gescheiden. Een reeks experi-
menten is uitgevoerd in water-helium, waarbij het tijdsverloop van druk, druppeldichtheid en
druppelgrootte zijn gemeten. De waargenomen signalen worden redelijk met het numerieke
model beschreven. Daarnaast is numeriek en analytisch de invloed bestudeerd van thermi-
sche grenslagen in de nabijheid van de meetpositie op 5 mm van de eindwand van de hoge-
druksectie van de buis. Aangetoond wordt dat nucleatie niet door grenslagen wordt verstoord,
maar dat druppelgroei wel door de grenslaag wordt bëınvloed, althans bij de beschouwde lage
druk van 1 bar.
Ten derde is wervelafschudding bestudeerd in een Ludwiegbuis. In een Ludwiegbuis wordt
een sterke expansiegolf opgewekt, waarin het gas versnelt naar een instelbare hoofdstroom-
snelheid. Als de expansiegolf een scherpgerand obstakel passeert, ontstaat een startwervel.
Eerst wordt de aandacht gevestigd op wervelvorming in droge stikstof. De ontwikkeling van
de startwervel wordt vastgelegd met holografische interferometrie en met lokale drukmetin-
gen, voor verschillende waarden van de opgelegde hoofdstroomsnelheid. Des te hoger de
hoofdstroomsnelheid, des te sterker de wervel, des te dieper de minima in druk en dichtheid
in de wervelkern en des te sterker de deformatie van de startwervel. Het experiment wordt
goed met de numerieke simulatie beschreven. Vervolgens zijn de experimenten herhaald in
vochtige stikstof. Als gevolg van het vrijkomen van condensatiewarmte, is de wervel enigszins
vervormd en zijn de secundaire wervels in de vrije schuiflaag wat meer geprononceerd dan
in droge stikstof. De druk en dichtheidsminima in de wervelkern zijn minder diep. Als de
hoofdstroomsnelheid en de vochtigheidsgraad voldoende groot zijn, wordt een condensatie-
gëınduceerde schokgolf gevormd, die interactie heeft met de startwervel. Na lange tijd wordt
een vrije straal gevormd. Een belangrijke observatie is dat de vrije straal oscillerend wordt
voor voldoend grote vochtigheid en hoofdstroomsnelheid. Dit gedrag is zowel experimenteel
als numeriek gevonden. De hypothese is dat de oscillatie wordt veroorzaakt door het vrij-
komen van warmte in en nabij de vrije schuiflaag waar de nucleatiesnelheden extreem hoog
zijn. Als gevolg daarvan zal de structuur van de schuiflaag een sterke invloed hebben op
het lokale nucleatie- en druppelgroeiproces en daarbij op de oscillatiefrequentie. In het alge-
meen worden de experimenteel waargenomen verschijnselen goed door het numerieke model
beschreven, met inbegrip van de schokgolf-wervel-interactie.
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