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Preface 

Acoustics was originally the study of small pressure waves in air which can be 
detected by the human ear: sound. The scope of acoustics has been extend
ed to higher and lower frequencies: ultrasound and infrasound. Structural 
vibrations are now often included in acoustics. Also the perception of sound 
is an area of acoustical research. In our present introduction we will limit 
ourselves to the original definition and to the propagation in fluids like air 
and water. In such a case acoustics is a part of fluid dynamics. 

A major problem of fluid dynamics is that the equations of motion are non
linear. This implies that an exact general solution of these equations is not 
available. Acoustics is a first order approximation in which non-linear effects 
are neglected. In classical acoustics the generation of sound is considered to 
be a boundary condition problem. The sound generated by a loudspeaker 
or any unsteady movement of a solid boundary are examples of the sound 
generation mechanism in classical acoustics. In the present course we will 
also include some aero-acoustic processes of sound generation : heat trans
fer and turbulence. Turbulence is a chaotic motion dominated by non-linear 
convective forces. An accurate deterministic description of turbulent flows is 
not available. The key of the famous Light hill theory of sound generation by 
turbulence is the use of an integral equation which is much more suitable to 
introducing approximations than a differential equation. We therefore dis
cuss in some detail the use of Green's functions to derive integral equations. 

Next to Lighthill's approach which leads to order of magnitude estimate of 
sound production by complex flows we also describe briefly the theory of 
vortex sound which can be used when a simple deterministic description is 
available for a flow at low Mach numbers (for velocities small compared to 
the speed of sound). 

In contrast to most textbooks we have put more emphasis on duct acoustics, 
both in relation to its generation by pipe flows, and with respect to more 
advanced theory on modal expansions and approximation methods. This is 
particular choice is motivated by industrial applications like aircraft engines 
and gas transport systems. 



II 

This course is inspired by the book of Dowling and Ffowcs Williams: "Sound 
and Sources of Sound" [40]. We also used the lecture notes of the course 
on aero- and hydroacoustics given by Crighton, Dowling, Ffowcs Williams, 
Heckel and Leppington [32] . 

Among the literature on acoustics the book of Pierce [144] is an excellent 
introduction available for a low price from the Acoustical Society of America. 

In the preparation of the lecture notes we consulted various books which 
cover different aspects of the problem [10, 12, 14, 27, 37, 56, 73, 78, 83, 96, 
105, 122, 134, 138, 140, 174, 184]. 
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1 Some fluid dynamics 

1.1 Conservation laws and constitutive 
equations 

In fluid dynamics we consider gas and liquids as a continuum: we assume 
that we can define a "fluid particle" which is large compared to molecular 
scales but small compared to the other length scales in our problem. We can 
describe the fluid motion by using the laws of mass, momentum and energy 
conservation applied to an elementary fluid particle. The integral form of 
the equations of conservation are given in Appendix A. Applying these laws 
to an infinitesimal volume element yields the equations in differential form, 
which assumes that the fluid properties are continuous and that derivatives 
exist. In some cases we will therefore use the more general integral laws. A 
conservation law in differential form may be written as the time derivative 
of the density of a property plus the divergence of the flux of this property 
being equal to the source per unit volume of this property in the particle 
[10, 138, 144, 174, 184]. 

In differential form 1 we have for the mass conservation: 

or 

{)p 
- + '\7 · (pv) = m {)t 

{)p {) 
{)t + {)xi (pvi) = m 

(1.1) 

where p is the fluid density and v = (vi) is the flow velocity at position 
x = (xi) and time t. In principle as we consider a non-relativistic situation 
mass is conserved hence in general m = 0. The mass source term m can, 
however, be used as a representation for a complex process which we do 

· 
1 For convenience later we present the basic conservation laws here both in the Gibbs 

notation and the Cartesian tensor notation. In the latter, the summation over the values 
1,2,3 is rmderstood with respect to all suffixes which appear twice in a given term. See 
also the appendix of [10]. 



2 1 Some fluid dynamics 

not want to describe in detail. We will see, for example, that the action 
of a pulsating sphere or of heat injection is well approximated by such a 
mass source term. There is, on the other hand, some arbitrariness in the 
definition of m, which we will specify later when we discuss the conservation 
of momentum and energy. 

The momentum conservation law is2 : 

a at (pv) + \7 · (P + pvv) = f 

or (1.2) 

where f = (Ji) is an external force density (like the gravitational force) and 
P = (Pij) is minus the fluid stress tensor. In some cases one can represent 
the effect of an object like a propeller by a force density f acting on the fluid 
as a source of momentum. 

The fluid stress tensor is related to the pressure p and the viscous stress 
tensor T = ( Tij) by the relationship: 

p =pi-T 

or (1.3) 

where I = ( Oij) is the unit tensor, and Oij the Kronecker3 delta. In most 
of the applications which we consider in the sequel, we can neglect the vis
cous stresses. When this is not the case one usually assumes a relationship 
between T and the deformation rate of the fluid element, expressed in the 
rate-of-strain tensor \7v + (\7v )T. It should be noted that a characteristic of 
a fluid is that it opposes a rate of deformation, rather than the deformation 
itself, as in the case of a solid. When this relation is linear the fluid is de
scribed as Newtonian and the resulting momentum conservation equation is 
referred to as the Navier Stokes equation. Even with such a drastic simplifi
cation, for compressible fluids as we consider in acoustics, the equations are 
quite complicated. A considerable simplification is obtained when we assume 
Stokes' hypothesis, that the fluid is in local thermodynamic equilibrium, so 

2 The dyadic product of two vectors v and w is the tensor vw = (v;w;). 
3 £. . _ { 1 if i = j 1 

0
'
1 - 0 if i -:f. j . 
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1.1 Conservation laws and constitutive equations 3 

that the pressure p and the thermodynamic pressure are equivalent. In such 
a case we have: 

or (1.4) 

Tij = rt (avi + avj) _ ~rt (avk) 8ij 
axj axi 3 axk 

where ry is the dynamic viscosity. Equation (1.4) is what we call a constitu
tive equation. The viscosity ry is determined experimentally and depends in 
general on the temperature T and the pressure p. At high frequencies the 
assumption of thermodynamic equilibrium may partially fail resulting in a 
dissipation related to volume changes '\7 ·V which is described with a volume 
viscosity parameter not simply related tory (194, 144]. These effects are also 
significant in the propagation of sound in dusty gases or in air over large 
distances [184]. 

In general (m = 0) the energy conservation law is given by ([10, 138, 184]): 

:tp(e + ~v2) + '\7 · (pv(e + ~v2)) = 

- '\7 . (pv) - '\7 . q + '\7 · ( T • v) + f · v 

or (1.5) 

~p(e + lv2
) + ~(pvi(e + lv2

)) = at 2 axi 2 

a aqi a 
--a (pvi)- -a +-a (rijVj) + fivi 

Xi Xi Xi 

where v = I vi, e is the internal energy per unit of mass4 and q is the heat 
flux due to heat conduction. 

A commonly used linear constitutive equation for q is Fourier's law: 

q = -ICvT, (1.6) 

where J( is the heat conductivity which depends on the pressure p and tem
perature T. Using the fundamental law of thermodynamics for a reversible 
process: 

Td s = de+ pd(p-1
) (1.7) 

4 We call this further the specific internal energy, and simply the energy when there is 
no ambiguity. 
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4 1 Some fluid dynamics 

and the equation for mechanical energy, obtained by taking the inner prod
uct of the momentum conservation law (equation 1.2) with v, we obtain the 
equation for the entropy5 

pT(~: +v·Y's) = -Y'·q+r:V'v 

or (1.8) 

(as OS ) 8qi OVj 
pT 8t + Vi OXi = - OXi + Tij OXi 

where s is the specific entropy or entropy per unit of mass. When heat 
conduction V' ·q and viscous dissipation r: V'v may be neglected, the flow 
is isentropic6 . This means that the entropy s of a fluid particle remains 
constant: 

OS 
8t + v. V' s = 0. (1.9) 

Except for regions near walls this approximation will appear to be quite 
reasonable for most of the applications considered. If initially the entropy is 
equal to a constant value s0 throughout the fluid, it retains this value, and 
we have simply a flow of uniform and constant entropy s = so. Note that 
some authors define this type of flow isentropic. 

Equations (1.1-1.9) still contain more unknowns than equations. As closure 
condition we introduce an additional constitutive equation, for example e = 
e(p, s), which implies with equation (1.7): 

P = l (ae) 
8p s 

(l.lOa) 

T = (8e) 
OS p 

(l.lOb) 

In many cases we will specify an equation of state p = p(p, s) rather than 
e = e(p, s). In differential form this becomes: 

(1.11) 

5 
T: V7v = V7 • ( r ·v) -v • (V7 • r) since r is symmetric. Note the convention (V7v )ij= 8~ Vj. 

6 When heat transfer is negligible, the flow is adiabatic. It is isentropic when it is 
adiabatic AND reversible. 

RienstraHirschberg 4 Jan 1999 10:11 



1.1 Conservation laws and constitutive equations 5 

where 

c2 = (
8P) 
8p s 

(1.12) 

is the square of the isentropic speed of sound c. While equation (1.12) is a 
definition of the thermodynamic variable c(p, s), we will see that c indeed is 
a measure for the speed of sound. When the same equation of state c(p, s) 
is valid for the entire flow we say that the fluid is homogeneous. When the 
density depends only on the pressure we call the fluid barotropic. When the 
fluid is homogeneous and the entropy uniform (ds = 0) we call the flow 
homentropic. 

In the following chapters we will use the heat capacity at constant volume 
Cv which is defined for a reversible process by 

(1.13) 

For an ideal gas the energy e is a function of the temperature only 

e(T) =faT Cv dT. 

For an ideal gas with constant thermal properties we will often use the 
simplified relation 

e = CvT. (1.14) 

We call this a perfect gas. Expressions for the pressure p and the speed of 
sound c will be given in section 2.3. A justification for some of the simpli
fications introduced will be given in chapter 2 where we will consider the 
order of magnitude of various effects and derive the wave equation. Before 
going further we consider some useful approximations and some different 
notations for the basic equations given above. 
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6 1 Some fluid dynamics 

1.2 Approximations and alternative forms of 
the conservation laws 

Using the definition of convective (or total) derivative7 D/Dt : 

D a 
-=-+v·V 
Dt at (1.15) 

we can write the mass conservation law (1.1) rn the absence of a source 
(m = 0) in the form: 

1 Dp 
-- = -V·v 
p Dt 

(1.16) 

which clearly shows that the divergence of the velocity V ·V is a measure 
for the relative change in density of a fluid particle. Indeed, the divergence 
corresponds to the dilatation rate8 of the fluid particle which vanishes when 
the density is constant. Hence, if we can neglect density changes, the mass 
conservation law reduces to: 

V-v= 0. (1.17) 

This is the continuity equation for incompressible fluids. The mass conserva
tion law (1.16) simply expresses the fact that a fluid particle has a constant 
mass. 

By using the mass conservation law (1.1) without mass source (m = 0) 
we can write9 the momentum conservation law for a frictionless fluid (V ·T 

negligible) as: 

Dv 
p-=-Vp+f. 

Dt 
(1.18) 

This is Euler's equation, which corresponds to the second law of Newton 
(force = mass x acceleration) applied to a specific fluid element with a 
constant mass. The mass remains constant because we consider a specific 

. 
7 The total derivative D f /Dt of a function f = f(x;, t) and velocity field v; denotes just 

the ordinary time derivative df/dt of f(x;(t),t) for a path x; = x;(t) defined by X;= v;, 
i.e. moving with a particle along x; = x;(t). 

8 Dilatation rate = rate of relative volume change. 
9 (pv)t+Y'·(pvv) = PtV+pvt+Y'·(pv)v+p(v·\7)v = [Pt+Y'·(pv)]v+p[vt+(v·\7)v). 
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1.2 Approximations and alternative forms of the conservation laws 7 

material element. In the absence of friction there are no tangential stresses 
acting on the surface of the fluid particle. The motion is induced by the nor
mal stresses (pressure force) - \lp and the bulk forces f. The corresponding 
energy equation for a gas is 

Ds = 0 
Dt 

(1.9) 

which states that the entropy of a particle remains constant. This is a con
sequence of the fact that heat conduction is negligible in a frictionless gas 
flow. The heat and momentum transfer are dictated by the same molecular 
collisional processes. The equation of state commonly used in an isentropic 
flow is 

Dp 2 Dp 
-=e-
Dt Dt 

(1.19) 

where c = c(p, s), a function of p and s, is measured or derived theoretically. 
Note that in this equation 

(1.12) 

is not necessarily a constant. 

The presence of a non-vanishing mass production min the continuity equa
tion (1.1) implies an additional term -mv in the right hand side of (1.18) 
which should not be forgotten if we start a derivation from (1.18) instead 
of the original momentum conservation law (1.2). With external force and 
mass production equation (1.18) becomes: 

Dv 
pDt =-\lp+f - mv. (1.20) 

This corresponds to the hypothesis that the injected mass has no velocity 
in the laboratory frame of reference. The amount of momentum mv has to 
be provided to this mass by the surrounding fluid in order to accelerate the 
injected mass up to the local velocity v. 
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8 1 Some fluid dynamics 

In general the velocity v, like any vector field, can be split into an irrotational 
part and a solenoidal part: 

V = \i'cp+ \7 X tV 

or 

with V'·tV=O, 

with iN!j - 0 ox · - , 
J 

(1.21) 

where cp is a scalar velocity potential, tP = ('lli) a vectorial velocity poten
tial or vector stream function, and Eijk the permutation symboJl0 . A flow 
described by the scalar potential only (v = 'Vcp) is called a potential flow. 
This is an important concept because the acoustic aspects of the flow are 
linked to cp. This is seen from the fact that V' · (Y' x tP) = 0 so that the 
compressibility of the flow is described by the scalar potential cp. We have 
from (1.16): 

~ Dp = - V'2cp. 
p Dt 

( 1.22) 

From this it is obvious that the flow related to the acoustic field is an 
irrotational flow. A useful definition of the acoustic field is therefore: the 
unsteady component of the irrotational flow field V'cp. The vector stream 
function describes the vorticity w = V' x v in the flow, because V' x V'cp = 0. 
Hence we have11 : 

(1.23) 

It can be shown that the vorticity w corresponds to twice the angular ve
locity n of a fluid particle. When p = p(p) is a function of p only, like in a 
homentropic flow (uniform constant entropy ds = 0), and in the absence of 
tangential forces due to the viscosity ( T = 0), we can eliminate the pressure 
and density from Euler's equation by taking the curl of this equation, to 
obtain 

ow 1 - + V·Y'w = w·V'v- w'V·v + -V' X f. 
8t p 

· { +1 if ijk = 123,231, or 312, 
10 

t'. ijk = -1 if ijk = 321,132, or 213, 
0 if any two indices are alike. 

(1.24) 

Note that v x w = (t'.ijkVjWk) . 

11 For any vector field A: \1 x (\1 x A)= \1(\l·A)- \12 A. 
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1.2 Approximations and alternative forms of the conservation laws 9 

We see that vorticity of the particle is changed either by stretching12 or by 
a non-conservative external force field. In a two-dimensional incompressible 
flow (V' · v = 0), with velocity v = ( Vx, Vy, 0), the vorticity w = (0, 0, Wz) is 
not affected by stretching because there is no flow component in the direction 
of w. Apart from the source term V' x f, the momentum conservation law 
reduces to a purely kinematic law. Hence we can say that IJr (and w) is 
linked to the kinematic aspects of the flow. 

Using the definition of the specific enthalpy i: 

0 p 
z = e +

p 
(1.25) 

and the fundamental law of thermodynamics (1.7) we find for a homentropic 
flow (homogeneous fluid with ds = 0): 

di = dp. 
p 

Hence we can write Euler's equation (1.18) as: 

Dv n· lf -=-vz+-. 
Dt p 

( 1.26) 

(1.27) 

We define the total specific enthalpy B (Bernoulli constant) of the flow by: 

( 1.28) 

The total enthalpy B corresponds to the enthalpy which is reached in a 
hypothetical fully reversible process when the fluid particle is decelerated 
down to a zero velocity (reservoir state). Using the vector identity13 : 

(v·Y')v = ~V'v2 + w x v 

we can write Euler's equation (1.18) in Crocco's form: 

8v 1 
- = - V' B - w X v + -f at P 

(1.29) 

12 The stretching of an incompressible particle of fluid implies by conservation of angular 
momentum an increase of rotation, because the particle's lateral dimension is reduced. In a 
viscous flow tangential forces due to the viscous stress do change the fluid particle angular 
momentum, because they exert a torque on the fluid particle. 

13 ((v· )~v]; = Lj Vj 8~i v; 
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10 1 Some fluid dynamics 

which will be used when we consider the sound production by vorticity. The 
acceleration w x v corresponds to the acceleration of Coriolis experienced 
by an observer moving with the particle which is rotating at an angular 
velocity of n = ~w. 

When the flow is irrotational in the absence of external force (f = 0), with 
v = "V<p and hence w = V' x V<p = 0, we can rewrite (1.27) into: 

which may be integrated to Bernoulli's equation: 

= g(t), or (1.30a) 

(1.30b) 

where g(t) is a function determined by boundary conditions. As only the 
gradient of <p is important (v = V<p) we can, without loss of generality, 
absorb g(t) into <p and use g(t) = 0. In acoustics the Bernoulli equation will 
appear to be very useful. We will see in section 2.7 that for a homentropic 
flow we can write the energy conservation law (1.9) in the form: 

8 
ot(pB- p) + Y'·(pvB) = f.v, or (1.31a) 

:t (p(e + ~v2 )) + V · (pvB) = f.v. (1.31b) 

Exercises 

a) Derive Euler's equation (1.18) from the conservation laws (1.1) and (1.2). 

b) Derive the entropy conservation law (1.9) from the energy conservation law 
(1.5) and the second law of thermodynamics (1.7) . 

c) Derive Bernoulli's equation (1.30b) from Crocco's equation (1.29) . 

· d) Is the trace ~P;; of the stress tensor P;j always equal to the thermodynamic 
pressure p = (aejap- 1 

). ? 
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1.2 Approximations and alternative forms of the conservation laws 11 

e) Consider, as a model for a water pistol, a piston pushing with a constant 
acceleration a water from a tube 1 with surface area A1 and length £1 through 
a tube 2 of surface A 2 and length £2 . Calculate the force necessary to move 
the piston if the water compressibility can be neglected and the water forms 
a free jet at the exit of tube 2. Neglect the non-uniformity of the flow in the 
transition region between the two tubes. What is the ratio of the pressure 
drop over the two tubes at t = 0? 
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2 Wave equation, speed of sound, and 
acoustic energy 

2.1 Order of magnitude estimates 

Starting from the conservation laws and the constitutive equations given in 
section 1.2 we will obtain after linearization a wave equation in the next 
section . This implies that we can justify the approximation introduced in 
section 1.2, (homentropic flow), and that we can show that in general, sound 
is a small perturbation of a steady state, so that second order effects can be 
neglected. We therefore consider here some order of magnitude estimates of 
the various phenomena involved in sound propagation. 

We have defined sound as a pressure perturbation p' which propagates as a 
wave and which is detectable by the human ear. We limit ourselves to air 
and water . In dry air at 20°C the speed of sound cis 344 m/s, while in water 
a typical value of 1500 m/s is found. In section 2.3 we will discuss the de
pendence of the speed of sound on various parameters (such as temperature, 
etc.). For harmonic pressure fluctuations, the typical range of frequency of 
the human ear is: 

20 Hz :::; f :::; 20 kHz. (2.1) 

The maximum sensitivity of the ear is around 3 kHz, (which corresponds to 
a policeman's whistle!) . Sound involves a large range of power levels: 

when whispering we produce about 10- 10 Watts, 
- when shouting we produce about 10-5 Watts, 
- a jet airplane at take off produces about 105 Watts. 

In view of this large range of power levels and because our ear has roughly a 
logarithmic sensitivity we commonly use the decibel scale to measure sound 
levels. The Sound Power Level (PWL) is given in decibel (dB) by: 

PWL = 10log10 (Power/10- 12W). (2.2) 
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The Sound Pressure Level (SPL) is given by: 

(2.3) 

where P~ms is the root mean square of the acoustic pressure fluctuations 
p' , and where Pref = 2 · 10-5 Pa in air and Pref = 10-6 Pa in other media. 
The sound intensity I is defined as the energy flux (power per surface area) 
corresponding to sound propagation. The Intensity Level (IL) is given by: 

(2.4) 

The reference pressure level in air Pref = 2 · 10-5 Pa corresponds to the 
threshold of hearing at 1 kHz for a typical human ear. The reference intensity 
level Iref = 10-12 W 1m2 is related to this P~ef = 2 · 10-5 Pa in air by the 
relationship valid for plane waves: 

(2.5) 

where p0 c0 = 4 · 102 kglm2s for air under atmospheric conditions. Equation 
(2.5) will be derived later. 

The threshold of pain1 (140 dB) corresponds in air to pressure fluctuations 
of P~ms = 200 Pa. The corresponding relative density fluctuations p' I Po are 
given at atmospheric pressure p0 = 105 Pa by: 

p' I Po = p' hPo :::; 10-3 (2.6) 

where 1 = CpiCv is the ratio of specific heats at constant pressure and 
volume respectively. In general, by defining the speed of sound following 
equation 1.12, the relative density fluctuations are given by: 

(2.7) 

The factor 11 poc6 is the adiabatic bulk compressibility modulus of the medi
um. Since for water Po = 103 kglm3 and c0 = 1.5 · 103 mls we see that 
pqc6 ~ 2.2 ·109 Pa, so that a compression wave of 10 bar corresponds to rela
tive density fluctuations of order 10-3 in water. Linear theory will therefore 

1 The SPL which we can only endure for a very short period of time without the risk 
of permanent ear damage. 
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14 2 Wave equation, speed of sound, and acoustic energy 

apply to such compression waves. When large expansion waves are created 
in water the pressure can decrease below the saturation pressure of the liq
uid and cavitation bubbles may appear, which results in strongly non-linear 
behaviour. On the other hand, however, since the formation of bubbles in 
pure water is a slow process, strong expansion waves (negative pressures of 
the order of 103 bar!) can be sustained in water before cavitation appears. 

For acoustic waves in a stagnant medium, a plane wave involves displacement 
of fluid particles with a velocity u' which is given by (as we will see in 
equations 2.20a, 2.20b): 

I 'I u = p poco. (2.8) 

The factor p0c0 is called the characteristic impedance of the fluid. By divid
ing (2.8) by c0 we see by using (1.12) in the form p' = c5p' that the acoustic 
Mach number u' I co is a measure for the relative density variation p' I Po· In 
the absence of mean flow ( u0 = 0) this implies that a convective term such 
as p(v·V)v in the momentum conservation (1.18) is of second order and 
can be neglected in a linear approximation. 

The amplitude of the fluid particle displacement 8 corresponding to har
monic wave propagation at a circular frequency w = 2rr f is given by: 

8 = lu'llw. (2.9) 

Hence, for f = 1 kHz we have in air: 

SPL = 140 dB, P~ms = 2 · 102 Pa, u' = 5 · 10-1 mls, 8 = 8 · 10-5 m, 
SPL = 0 dB, P~ms = 2 · 10-5 Pa, u' = 5 · 10-8 mls, 6 = 1 · 10- 11 m. 

In order to justify a linearization of the equations of motion, the acoustic 
displacement 6 should be small compared to the characteristic length scale L 
in the geometry considered. In other words, the acoustical Strouhal number 
Sra = Ll8 should be large. In particular, if 6 is larger than the radius 
of curvature R of the wall at edges the flow will separate from the wall 
resulting into vortex shedding. So a small acoustical Strouhal number Rl6 
implies that non-linear effects due to vortex shedding are important. This 
is a strongly non-linear effect which becomes important with decreasing 
frequency, because 6 increases when w decreases. 

We see from the data given above that the particle displacement 6 can be 
significantly smaller than the molecular mean free path l which in air at 
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2.1 Order of magnitude estimates 15 

atmospheric pressure is about 5 ·10-8 m. It should be noted that a contin
uum hypothesis as assumed in chapter 1 does apply to sound even at such 
low amplitudes because 8 is not the relevant length scale. The continuum 
hypothesis is valid if we can define an air particle which is small compared to 
the dimensions of our measuring device (eardrum, diameter D = 5mm) or to 
the wave length A, but large compared to the mean free path l = 5 ·10-8 m. 
It is obvious that we can satisfy this condition since for f = 20kHz the wave 
length: 

A= co/ f (2.10) 

is still large (.X ~ 1.7 em) compared to l. In terms of our ear drum we can 
say that although a displacement of 8 = 10-11 m of an individual molecule 
cannot be measured, the same displacement averaged over a large amount 
of molecules at the ear drum can be heard as sound. 

It appears that for harmonic signals of frequency f = 1 kHz the threshold 
of hearing P~ef = 2 · 10-5 Pa corresponds to the thermal fluctuations P~h of 
the atmospheric pressure Po detected by our ear. This result is obtained by 
calculating the number of molecules N colliding within half an oscillation 
period with our eardrum2

: N "' nD2 c0 j2J, where n is the air molecular 
number density3

• As N ~ 1020 and p~h ~ p0/VN we find thatp~h ~ 10-5 Pa. 

In gases the continuum hypothesis is related to the assumption that the wave 
is isentropic and frictionless. In fact both the kinematic viscosity v = 7J/ p 
and the heat diffusivity a= K/ pCp of a gas can be estimated to be of the 
order of cl, the product of speed of sound c and mean free path l. This 
is due to the fact that in a gas c is a measure for the random (thermal) 
molecular velocity which controls both the diffusion processes of heat and 
momentum. Hence, the ratio of the acoustic wave length .X and the mean 
free path l, which is an acoustic Knudsen number, can also be interpreted 
as an acoustic Fourier number: 

v 
(2.11) 

2 The thermal velocity of molecules may be estimated to be equal to co. 
3

n is calculated for an ideal gas with molar mass M from: n = NA pf M = NA pf M FIT'= 
pfRT (see section 2.3) where NA is the Avogadro number 
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16 2 Wave equation, speed of sound, and acoustic energy 

which relates the diffusion length (v j f) 112 for viscous effects to the acoustic 
wave length .X. This ratio can also be considered as an order of magnitude 
estimate for the unsteady Reynolds number Ret: 

Ret= (2.12) 

which is, for a plane acoustic wave, the ratio of inertial and viscous forces 
in the momentum conservation law. For air v = 1.5 · 10-5 m2 /s so that 
for f = 1 kHz we have Ret = 4 · 107 . We therefore expect viscosity to 
play a significant role only if the sound propagates over distances of 107 

wave lengths or more (3 · 103 km for f = 1kHz). In practice the kinematic 
viscosity appears to be a rather unimportant effect in the attenuation of 
waves in free space. The main dissipation mechanism is the departure from 
thermodynamic equilibrium, due to the relatively long relaxation times of 
molecular motion associated to the internal degrees of freedom (rotation, 
vibration). This effect is related to the so-called bulk or volume viscosity 
which we quoted in chapter 1. 

In general the attenuation of sound waves increases with frequency. This 
explains why we hear the lower frequencies of an airplane more and more 
accentuated as it flies from near the observation point (e.g. the airport) away 
to large distances (10 km) . 

In the presence of walls the viscous dissipation and thermal conduction will 
result into a significant attenuation of the waves over quite short distances. 
The amplitude of a plane wave travelling along a tube of cross-sectional 
surface area A and perimeter Lp will decrease with the distance x along the 
tube following an exponential factor e-ax, where the damping coefficient a 
is given at reasonably high frequencies (A/ Lp ~ JV1W but wVA/co < 1) 
by [144]: 

(2.13) 

(This equation will be derived in section 4.5.) For air 1 = CpfCv = 1.4 
while vja = 0.72. For a musical instrument at 400Hz, such as the clarinet, 
a= 0.05 m- 1 so that a frictionless approximation is not a very accurate but 

RienstraHirschberg 4 Jan 1999 10:11 



2.2 Wave equation for a uniform stagnant fluid and compactness 17 

still a fair first approximation. As a general rule, at low amplitudes the vis
cous dissipation is dominant in woodwind instruments at the fundamental 
(lowest) playing frequency. At higher frequencies the radiation losses which 
we will discuss later (chapter 6) become dominant. Similar arguments hold 
for water, except that because the temperature fluctuations due to com
pression are negligible, the heat conduction is not significant even in the 
presence of walls ( 1 = 1). 

A small ratio p' I p0 of acoustic density fluctuations p' to the mean density 
Po implies that over distances of the order of a few wave lengths non-linear 
effects are negligible. When dissipation is very small acoustic waves can 
propagate over such large distances that non-linear effects always become 
significant (we will discuss this in section 4.2). 

2.2 Wave equation for a uniform stagnant fluid 
and compactness 

2.2.1 Linearization and wave equation 

In the previous section we have seen that in what we call acoustic phenomena 
the density fluctuations p' I p0 are very small. We also have seen that the fluid 
velocity fluctuation v' associated with the wave propagation, of the order of 
(p' I po)co, are also small. This justifies the use of a linear approximation of 
the equations describing the fluid motion which we presented in chapter 1. 

Even with the additional assumption that the flow is frictionless, the equa
tions one obtains may still be complex if we assume a non-uniform mean flow 
or a non-uniform density distribution p0 . A derivation of general linearized 
wave equations is discussed by Pierce (144] and Goldstein [56]. 

We first limit ourselves to the case of acoustic perturbations (p', p', s', v' ... ) 
of a stagnant (uo = 0) uniform fluid (p0 ,p0 ,s0 , ••. ). Such conditions are 
also described in the literature as a quiescent fluid. In a quiescent fluid the 
equations of motion given in chapter 1 simplify to: 

ap' 8t +Po V ·v' = 0 (2.14a) 

av' 
Po at + Vp' = 0 (2.14b) 

as' 
-=0 at (2.14c) 

RienstraHirschberg 4 Jan 1999 10:11 



18 2 Wave equation, speed of sound, and acoustic energy 

where second order terms in the perturbations have been neglected. The 
constitutive equation (1.12) becomes: 

I 2 I 
P =CoP· (2.15) 

By subtracting the time derivative of the mass conservation law (2.14a) from 
the divergence of the momentum conservation law (2.14b) we eliminate v 1 

to obtain: 

(2.16) 

Using the constitutive equation p1 = c~p1 (2.15) to eliminate either p1 or p1 

yields the wave equations: 

a2pl 2~2 I 0 
at2 -co v P = (2.17a) 

or 
a2 I 

p 2V'2 I 
at2 -Co p = 0. (2.17b) 

Using the linearized Bernoulli equation: 

ac.pl PI 
-+-=0 
at Po 

(2.18) 

which should be valid because the acoustic field is irrotational4 , we can 
derive from (2.17a) a wave equation for ac.p1 I at. We find therefore that c.p1 

satisfies the same wave equation as the pressure and the density: 

a2 I 
i.p 2~2 I 

at2 - co v c.p = 0. (2.19) 

Taking the gradient of (2.19) we obtain a wave equation for the velocity 
v 1 = Y'c.p1. Although a rather abstract quantity, the potential c.p1 is convenient 
for many calculations in acoustics. The linearized Bernoulli equation (2.18) 
is used to translate the results obtained for c.p1 into less abstract quantities 
s~ch as the pressure fl. uctuations p1

• 

4 ln the case considered this property follows from the fact that '\1 X (pofev' + '\lp) = 
po -fe('\1 x v') = 0. In general this property is imposed by the definition of the acoustic 
field. 
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2.2 Wave equation for a uniform stagnant fluid and compactness 19 

2.2.2 Simple solutions 

Two of the most simple and therefore most important solutions to the wave 
equation are d'Alembert's solution in one and three dimensions. In 1-D we 
have the general solution 

p' = f(x -cot) + g(x +cot), 

v' = -
1
- (f(x- c0t) - g(x +cot)), 

poco 

(2.20a) 

(2.20b) 

where f and g are determined by boundary and initial conditions, but oth
erwise they are arbitrary. The velocity v' is obtained from the pressure p' 
by using the linearized momentum equation (2.14b). As is seen from the 
respective arguments x ± c0t, the "f"-part corresponds to a right-running 
wave (in positive x-direction) and the "g"-part to a left-running wave. This 
solution is especially useful to describe low frequency sound waves in hard
walled ducts, and free field plane waves. To allow for a general orientation 
of the coordinate system, a free field plane wave is in general written as 

p' = f(n·x- cot), v' = ~ f(n·x- cot), 
PoCo 

where the direction of propagation is given by the unit vector n. Rather 
than only left- and right-running waves as in the 1-D case, in free field any 
sum (or integral) over directions n may be taken. A time harmonic plane 
wave of frequency w is usually written in complex form 5 as 

PI v' rv eiwt-ik·X 
' ) 

where the wave-number vector, or wave vector, k = nk = n.!:!C., indicates the co 
direction of propagation of the wave. 

In 3-D we have a general solution for spherically symmetric waves (i.e. 
depending only on radial distance r). They are rather similar to the 1-D 
solution, because the combination rp(r, t) happens to satisfy the 1-D wave 
equation (see section 6.2). Since the outward radiated wave energy spreads 
out over the surface of a sphere, the inherent 1/r-decay is necessary from 
el\ergy conservation arguments. 

5 The physical quantity considered is described by the real part. 

RienstraHirschberg 4 Jan 1999 10:11 



20 2 Wave equation, speed of sound, and acoustic energy 

It should be noted, however, that unlike in the 1-D case, the corresponding 
radial velocity v~ is rather more complicated. The velocity should be de
termined from the pressure by time-integration of the momentum equation 
(2.14b) , written in radial coordinates. 

We have for pressure and radial velocity 

p' = ~ f(r- c0t) + ~g(r +cot), 
r r 

(2.21a) 

v~ = -
1
- (~ f(r- c0t) - ]:_F(r- cot)) 

poco r r 2 

1 ( 1 1 ) -- -g(r +cot)- -G(r +cot) , 
poco r r 2 

(2.21b) 

where F(z) = J f(z)dz and G(z) = J g(z)dz. Usually we have only outgoing 
waves, which means for any physical solution that the field vanishes before 
some time to (causality). Hence, f(z) = 0 for z = r- c0t ~ r- coto ~ -coto 
because r ~ 0, and g(z) = 0 for any z = r + c0t :::; r + coto. Since r is not 
restricted from above, this implies that 

g(z) = 0 for all z. 

This solution (2.21a,2.21b) is especially useful to describe the field of small 
symmetric sources (monopoles), modelled in a point. Furthermore, by dif
ferentiation to the source position other solutions of the wave equation can 
be generated (of dipole-type and higher) . For example, since Jxr = ~. we 
have 

1 X ( '( 1 ) P = r 2 f r- cot) - -;: f(r- c0t) , (2.22a) 

v~ = -
1--=- (J'(r- cot)-~ f(r- cot)+ J:__F(r- cot)), 

pocor2 r r 2 
(2.22b) 

where f' denotes the derivative off to its argument. 

Since the role of r and t is symmetric in f and anti-symmetric in g, we 
may formulate the causality condition in t also as a boundary condition in 
r. A causal wave vanishes outside a large sphere, of which the radius grows 
linearly in time with velocity c0 . This remains true for any field in free space 
from a source of finite size, because far away the field simplifies to that of a 
point source (although not necessarily spherically symmetric). 
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2.2 Wave equation for a uniform stagnant fluid and compactness 21 

In the case of the idealization of a time-harmonic field we cannot apply this 
causality condition directly, but we can use a slightly modified form of the 
boundary condition in r, called Sommerfeld's radiation condition: 

. 8p' 8p') 
hm r(-a +co-a = 0. 

r-+oo t r 
(2.23) 

A more general discussion on causality for a time-harmonic field will be 
given in section 3.1.2. The general solution of sound radiation from spheres 
may be found in [122, ch7.2]. 

2.2.3 Compactness 

In regions -for example at boundaries- where the acoustic potential <p1 varies 
significantly over distances L which are short compared to the wave length>., 
the acoustic flow can locally be approximated as an incompressible potential 
flow. Such a region is called compact, and a source of size, much smaller than 
>., is a compact source. For a more precise definition we should assume that 
we can distinguish a typical time scale r or frequency w and length scale L 
in the problem. In dimensionless form the wave equation is then: 

(2.24) 

where t = tjr = wt and Xi = xi/ L . The dimensionless number He is 
called the Helmholtz number. When rand L are well chosen, 82 <p' j8f2 and 
82 <p' / 8x7 are of the same order of magnitude, and the character of the wave 
motion is completely described by He. In a compact region we have: 

He « 1. {2.25) 

This may occur, as suggested above, near a singularity where effectively 
(82 j8x7 ---too), at low frequencies when (8 2 j8t2 ---t 0), or in a fluid with a 
very high speed of sound ( c0 ---t oo). Within the com pact region the time 
derivatives, being multiplied by the small He, may be ignored and the po
te.ntial satisfies to leading order the Laplace equation: 

(2.26) 
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which describes an incompressible potential flow (V ·v' = 0). This allows us 
to use incompressible potential flow theory to derive the local behaviour of 
an acoustic field in a compact region. If the compact region is embedded 
in a larger acoustic region of simpler nature, it acts on the scale of the 
larger region as a point source, usually allowing a relatively simple acoustic 
field. By matching the local incompressible approximation to this "far field" 
solution (spherical waves, plane waves), the solutions may be determined. 
The matching procedure is usually carried out almost intuitively in the first 
order approximation. Higher order approximations are obtained by using 
the method of Matched Asymptotic Expansions (section 8.6, [32]). 

2.3 Speed of sound 

2.3.1 Ideal gas 

In the previous section we have assumed that the speed of sound c6 = 
(8pj8p)s is constant. However, in many interesting cases c0 is non-uniform 
in space and this affects the propagation of waves. We therefore give here a 
short review of the dependence of the speed of sound in gas and water on 
some parameters like temperature. 

Air at atmospheric pressure behaves as an ideal gas. The equation of state 
for an ideal gas is: 

p = pRT, (2.27) 

where pis the pressure, p is the density and T is the absolute temperature. 
R is the specific gas constant6 which is related to the Boltzmann constant 
kB = 1.38066 ·10-23 JjK and the Avogadro number NA = 6.022 ·1023 mol- 1 

by: 

(2.28) 

where M is the molar mass of the gas (in kg/mol). For air R = 286.73 Jjkg K. 
For an ideal gas we have further the relationship: 

R=Cp-Cv, (2.29) 

6 The universal gas constant is: 1<. = kBNA = 8.31431 JfK mol. 
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where Cp and Cv are the specific heats at constant pressure and volume, 
respectively. For an ideal gas the internal energy e depends only on the 
tern perature [138]: 

de= CvdT, (1.13) 

so that by using the second law of thermodynamics, we find for an isentropic 
process (ds = 0): 

dT R dp 
or T- Cv -;;· (2.30) 

By using (2.27) and (2.29) we find for an isentropic process: 

dp dT dp dp 
-+-=-=1-, 
P T P P 

(2.31) 

where: 

1 = CpfCv (2.32) 

is the Poisson ratio. Comparison of (2.31) with the definition of the speed 
of sound c2 = (f:Jpjop)s yields: 

(2.33) 

We see from this equation that the speed of sound of an ideal gas of given 
chemical composition depends only on the temperature. For a mixture of 
ideal gases with mole fraction Xi of component i the molar mass M is given 
by: 

(2.34) 

where Mi is the molar mass of component i. The Poisson constant 1 of the 
mixture can be calculated by: 

"£ Xnd (Ji - 1) I = ==:---'---'--'---,....:... 
"£Xi/(Ji- l) 

(2.35) 
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because 1;/('yi - 1) = MiCp,;/R and /i = Cp,;/Cv,i· For air 1 = 1.402, 
whilst the speed of sound at T = 273.15 K is c = 331.45 mjs. Moisture in 
air will only slightly affect the speed of sound but will drastically affect the 
damping, due to departure from thermodynamic equilibrium [184]. 

The temperature dependence of the speed of sound is responsible for spec
tacular differences in sound propagation in the atmosphere. For example, 
the vertical temperature stratification of the atmosphere (from colder near 
the ground to warmer at higher levels) that occurs on a winter day with 
fresh fallen snow refracts the sound back to the ground level, in a way that 
we hear traffic over much larger distances than on a hot summer afternoon. 
These refraction effects will be discussed in section 8.5. 

2.3.2 Water 

For pure water, the speed of sound in the temperature range 273 K to 293 K 
and in the pressure range 105 to 107 Pa can be calculated from the empirical 
formula [144]: 

c = co+ a(T - To) + bp (2.36) 

where c0 = 1447m/s, a= 4.0 m/sK, T0 = 283.16K and b = 1.6 ·10-6 m/sPa. 
The presence of salt in sea water does significantly affect the speed of sound. 

2.3.3 Bubbly liquid at low frequencies 

Also the presence of air bubbles in water can have a dramatic effect on the 
speed of sound ([97, 32]). The speed of sound is by definition determined by 
the "mass" density p and the isentropic bulk modulus: 

(2.37) 

which is a measure for the "stiffness" of the fluid. The speed of sound c, 
given by: 

(2.38) 

increases with increasing stiffness, and decreases with increasing inertia 
(density p). In a one-dimensional model consisting of a discrete mass M 
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connected by a spring of constant K, we can understand this behaviour in
tuitively. This mass-spring model was used by Newton to derive equation 
(2.38), except for the fact that he used the isothermal bulk modulus Kr 
rather than Ks. This resulted in an error of 7 1/ 2 in the predicted speed of 
sound in air which was corrected by Laplace [184]. 

A small fraction of air bubbles present in water considerably reduces the bulk 
modulus Ks, while at the same time the density p is not strongly affected. 
As the Ks of the mixture can approach that for pure air, one observes in 
such mixtures velocities of sound much lower than in air (or water). The 
behaviour of air bubbles at high frequencies involves a possible resonance 
which we will discuss in chapter 4 and chapter 6. We now assume that the 
bubbles are in mechanical equilibrium with the water, which allows a low 
frequency approximation. Combining this assumption with (2.38), following 
Crighton [32], we derive an expression for the soundspeed c of the mixture 
as a function of the volume fraction {3 of gas in the water. The density p of 
the mixture is given by: 

p = (1 - f3)Pt + {3pg, (2.39) 

where pe and p9 are the liquid and gas densities. If we consider a small 
change in pressure dp we obtain: 

dp dpe dp9 d{3 
- = (1- {3)- + {3- + (p - Pe)
dp dp dp 9 dp 

(2.40) 

where we assume both the gas and the liquid to compress isothermally [32]. 
If no gas dissolves in the liquid, so that the mass fraction ({3p9 / p) of gas 
remains constant, we have: 

(2.41) 

Using the notation c2 = dpjdp, c~ = dpjdp9 and c~ = dpjdpe, we find by 
elimination of d{3/dp from (2.40) and (2.41): 

1 1-{3 {3 
-=--+-
pc2 pee; p9c~ · 

(2.42) 

It is interesting to see that for small values of {3 the speed of sound c drops 
drastically from ce at {3 = 0 towards a value lower than c9 . The minimum 
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speed of sound occurs at f3 = 0.5, and at 1 bar we find for example in a 
water/air mixture c::: 24 mjs! In the case of f3 not being close to zero or 
unity, we can use the fact that p9c~ « peel and p9 « Pt., to approximate 
(2.42) by: 

(2.43) 

The gas fraction determines the bulk modulus p9c~/f3 of the mixture, while 
the water determines the density (1-f3)pe. Hence, we see that the presence of 
bubbles around a ship may dramatically affect the sound propagation near 
the surface. Air bubbles are also introduced in sea water near the surface by 
surface waves. The dynamics of bubbles involving oscillations (see chapter 4 
and chapter 6) appear to induce spectacular dispersion effects [32], which 
we have ignored here. 

2.4 Influence of temperature gradient 

In section 2.2 we derived a wave equation (2.17a) for an homogeneous stag
nant medium. We have seen in section 2.3 that the speed of sound in the 
atmosphere is expected to vary considerably as a result of temperature gra
dients. In many cases, when the acoustic wave length is small compared 
to the temperature gradient length (distance over which a significant tem
perature variation occurs) we can still use the wave equation (2.17a). It is 
however interesting to derive a wave equation in the more general case: for 
a stagnant ideal gas with an arbitrary temperature distribution. 

We start from the linearized equations for the conservation of mass, mo
mentum and energy for a stagnant gas: 

8p' 
7ft + \7 · (pov') = 0 (2.44a) 

8v' 
Po at + \7p' = 0 (2.44b) 

8s' 
7ft+ v' · \7 so= 0, (2.44c) 

w~ere Po and so vary in space. The constitutive equation for isentropic flow 
(Ds/Dt = 0): 

Dp' Dp' 
--c2-
Dt - 0 Dt 
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can be written as7 : 

{)pi I 2 ( {) P
1 

I ) 7ft + v · \1 Po = c0 7ft + v · \1 Po . 

Combining (2.45) with the continuity equation (2.44a) we find: 

(
{)pi 1 n ) 2n I 0 7ft + v · v p0 + p0 c0 v • v = . 

(2.45) 

(2.46) 

If we consider temperature gradients over a small height (in a horizontal 
tube for example) so that the variation in Po can be neglected (\lpo/Po « 
\lTo/To), we can approximate (2.46) by: 

I 1 8p1 

\J.y = -----. 
poc6 8t 

Taking the divergence of the momentum conservation law (2.44b) yields: 

:t (\l·vl) + \J. (:o \lpl) = 0. 

By elimination of \l·v1 we obtain: 

(2.47) 

For an ideal gas c6 = /Po/ p0 , and since we assumed Po to be uniform, we 
have that poc6, given by: 

2_ 
poco- /Po 

is a constant so that equation (2.47) can be written in the form: 

(2.48) 

This is a rather complex wave equation, since c0 is non-uniform. We will 
in section 8.5 consider approximate solutions for this equation in the case 

7 Why do we not use (2.15)? 
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(\7 c0 j w) ~ 1 and for large propagation distances. This approximation is 
called geometrical or ray acoustics. 

It is interesting to note that, unlike in quiescent (i.e. uniform and stagnant) 
fluids, the wave equation (2.48) for the pressure fluctuation p1 in a stagnant 
non-uniform ideal gas is not valid for the density fluctuations. This is because 
here the density fluctuations p1 not only relate to pressure fluctuations but 
also to convective effects (2.45). Which acoustic variable is selected to work 
with is only indifferent in a quiescent fluid. This will be elaborated further 
in the discussion on the sources of sound in section 2.6. 

2.5 Influence of mean flow 

In the presence of a mean flow, satisfying 

\7 · PoVo = 0, povo · Y'vo = - Y'po, vo · \7 so = 0, vo · Y'po = c6vo · V' Po, 

the linearized conservation laws become: 

apl ( I I ) 8t + \7 · PoV + p vo = pom (2.49a) 

(
avl I I ) I I 

Po at + Vo. V' v + v . V' Vo + p Vo. \7 Vo = - V' p + f (2.49b) 

asl I I 

8t + vo · V' s + v · \7 so = 0. (2.49c) 

A wave equation can only be obtained from these equations if simplifying 
assumptions are introduced . If m = 0 and f = 0, we find for a uniform 
medium with uniform flow velocity v 0 =/:. 0: 

D2pl 
_o __ c2\?2p1 = 0 Dt2 o (2.50) 

where 

Do= (~+vo·Y') 
Dt at ' 

i.e. a time derivative moving with the mean flow. 

RienstraHirschberg 4 Jan 1999 10:11 



2.6 Sources of sound 29 

2.6 Sources of sound 

2.6.1 Inverse problem and uniqueness of sources 

Until now we have focused our attention on the propagation of sound. As 
starting point for the derivation of wave equations we have used the lin
earized equations of motion and we have assumed that the mass source 
term m and the external force density f in (1.1) and (1.2) were absent. 
Without these restrictions we still can (under specific conditions) derive a 
wave equation. The wave equation will now be non-homogeneous, i.e. it will 
contain a source term q. For example, we may find in the absence of mean 
flow: 

82 I 
P 2n2 1 

8t2 -co v P = q. (2.51) 

Often we will consider situations where the source q is concentrated in a 
limited region of space embedded in a stagnant uniform fluid. As we will 
see later the acoustic field p1 can formally be determined for a given source 
distribution q by means of a Green's function. This solution p1 is unique. It 
should be noted that the so-called inverse problem of determining q from the 
measurement of p1 outside the source region does not have a unique solution 
without at least some additional information on the structure of the source. 
This statement is easily verified by the construction of another sound field, 
for example [50]: p1 + F, for any smooth function F that vanishes outside 
the source region (i.e. F = 0 wherever q = 0), for example F = q itself! This 
field is outside the source region exactly equal to the original field p1

• On 
the other hand, it is not the solution of equation (2 .51), because it satisfies 
a wave equation with another source: 

( 8
2 2 2) ( 1 ) ( 8

2 2 2) 8t2 - co V' P + F = q + 8t2 - co V' F. (2.52) 

In general this source is not equal to q. This proves that the measurement 
of the acoustic field outside the source region is not sufficient to determine 
the source uniquely [40]. 
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2.6.2 Mass and momentum injection 

As a first example of a non-homogeneous wave equation we consider the 
effect of the mass source term m on a uniform stagnant fluid. We further 
assume that a linear approximation is valid. Consider the inhomogeneous 
equation of mass conservation 

8 
8t p + \7 . (pv) = m (2.53) 

and a linearized form of the equation of momentum conservation 

8 
8t (pv) + V'p' = 0. (2.54) 

The source m consists of mass of density Pm of volume fraction {3 = f3(x, t) 
injected at a rate 

(2.55) 

The source region is where {3 =f. 0. Since the injected mass displaces the 
original mass p f by the same (but negative) amount of volume, the total 
fluid density is 

(2.56) 

where the injected matter does not mix with the original fluid. Substitute 
(2.56) in (2.53) and eliminate f3Pm 

8 8 
8t Pi + V' · (pv) = 8t (!3 P 1) · (2 .57) 

Eliminate pv from (2.54) and (2.57) 

82 82 
8t2PJ- \72p' = 8t2 (f3PJ)· (2.58) 

If we assume, for simplicity, that p' = c5pj everywhere, where pj is the 
fluctuating part of PJ which corresponds to the sound field outside the source 
re·gion, then 

(2.59) 
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which shows that mass injection is a source of sound, primarily because 
of the displacement of a volume fraction f3 of the original fluid Pi· Hence 
injecting mass with a large density Pm is not necessarily an effective source 
of sound. 

We see from (2.59) that a continuous injection of mass of constant density 
does not produce sound, because 82f3pJf8t 2 vanishes. In addition, it can 
be shown in an analogous way that the presence of a uniform force field 
(a uniform gravitational field, for example) does not affect, within a linear 
approximation, the sound field in a uniform stagnant fluid. 

2.6.3 Lighthill's analogy 

We now indicate how a wave equation with aerodynamic source terms can 
be derived. The most famous wave equation of this type is the equation of 
Light hill. 

The notion of "analogy" refers here to the idea of representing a complex 
fluid mechanical process that acts as an acoustic source by an acoustically 
equivalent source term. For example, one may model a clarinet as an ideal
ized resonator formed by a closed pipe, with the effect of the flow through 
the mouth piece represented by a mass source at one end. In that particular 
case we express by this analogy the fact that the internal acoustic field of 
the clarinet is dominated by a standing wave corresponding to a resonance 
of the (ideal) resonator. 

While Lighthill 's equation is formally exact (i.e. derived without approxima
tion from the Navier-Stokes equations), it is only useful when we consider 
the case of a limited source region embedded in a uniform stagnant fluid. At 
least we assume that the listener which detects the acoustic field at a point 
x at time t is surrounded by a uniform stagnant fluid characterized by a 
speed of sound c0 • Hence the acoustic field at the listener should accurately 
be described by the wave equation: 

82 I 
P 2n2 1 

[)t2 -co v p = 0 (2.17b) 

where we have chosen p1 as the acoustic variable as this will appear to be the 
most convenient choice for problems like the prediction of sound produced by 
turbulence. The key idea of the so-called "aero-acoustic analogy" of Lighthill 
is that we now derive from the exact equations of motion a non-homogeneous 
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wave equation with the propagation part as given by (2.17b). Hence the 
uniform stagnant fluid with sound speed c0 , density Po and pressure Po 
at the listener's location is assumed to extend into the entire space, and 
any departure from the "ideal" acoustic behaviour predicted by (2.17b) is 
equivalent to a source of sound for the observer [101, 102, 147, 67]. 

By taking the time derivative of the mass conservation law (1.1) and elimi
nating 8mj 8t as in (2.57) we find: 

82 8m 82p 82pj 82~PJ 
8t8xi (pvi) = 8t - 8t2 =- 8t2 + ~· (2.60) 

By taking the divergence of the momentum conservation law (1.2) we find: 

(2.61) 

Hence we find from (2.60) and (2.61) the exact relation: 

(2.62) 

Because p 1 = p0 + p' where only p' varies in time we can construct a wave 
equation for p' by subtracting from both sides of (2.61) a term c6(82p'j8xt) 
where in order to be meaningful c0 is not the local speed of sound but that 
at the listener's location. 

In this way we have obtained the famous equation of Lighthill: 

(2.63) 

where Lighthill's stress tensor Tij is defined by: 

(2.64) 

We used 

(2.65) 
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which is exact because c0 is a constant. Making use of definition (1.3) we 
can also write: 

(2.66) 

which is the usual form in the literature8 . In equation (2.66) we distinguish 
three basic aero-acoustic processes which result in sources of sound: 

the non-linear convective forces described by the Reynolds stress tensor 
PViVj, 

the viscous forces Tij, 

the deviation from a uniform sound velocity co or the deviation from 
an isentropic behaviour (p'- c6p'). 

As no approximations have been made, equation (2.63) is exact and not 
easier to solve than the original equations of motion. In fact, we have used 
four equations: the mass conservation and the three components of the mo
mentum conservation to derive a single equation. We are therefore certainly 
not closer to a solution unless we introduce some additional simplifying as
sumptions. 

The usefulness of (2.63) is that we can introduce some crude simplifications 
which yield an order of magnitude estimate for p'. Such estimation procedure 
is based on the physical interpretation of the source term. However, a key 
step of Lighthill's analysis is to delay this physical interpretation until an 
integral equation formulation of (2.63) has been obtained. This is an efficient 
approach because an order of magnitude estimate of 82Tij/8xi8Xj involves 
the estimation of derivatives which is very difficult, while, as we will see, in 
an integral formulation we will need only an estimate for an average value 
of Tij in order to obtain some relevant information on the acoustic field. 

This crucial step was not recognized before the original papers of Lighthill 
[101, 102]. For a given experimental or numerical set of data on the flow field 
in the source region, the integral formulation of Lighthill's analogy often 
provides a maximum amount of information about the generated acoustic 
field. 

Unlike in the propagation in a uniform fluid the choice of the acoustic vari
able appeared already in the presence of a temperature gradient (section 

8 The perturbations are defined as the deviation from the uniform reference state 
(po,po): p' = p- po, and p' = p- po. 
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2.4) to affect the character of the wave equation. If we derive a wave equa
tion for p' instead of p', the structure of the source terms will be different. In 
some cases it appears to be more convenient to use p' instead of p'. This is 
the case when unsteady heat release occurs such as in combustion problems. 
Starting from equation (2.62) in the form: 

where we assumed that m = 0 and f = 0, we find by subtraction of 
c02 

( 821 at2 )p' on both sides: 

where the term 82pol8x~ vanishes because p0 is a constant. 

Comparing (2.63) with (2.67) shows that the deviation from an isentropic 
behaviour leads to a source term of the type (82 18xy)(p'- c6p') when we 
choose p' as the acoustic variable, while we find a term ( 8 2 I 8t2)(p' I c6 - p') 
when we choose p' as the acoustic variable. Hence p' is more appropriate 
to describe the sound generation due to non-uniformity as for example the 
so-called acoustic "Bremsstrahlung" produced by the acceleration of a fluid 
particle with an entropy different from the main flow. The sound production 
by unsteady heat transfer or combustion is easier to describe in terms of p' 
(Howe [67]). 

We see that (818t)(p'lc6 - p') acts as a mass source term m, which is 
intuitively more easily understood (Crighton et al. [32]) when using the 
thermodynamic relation ( 1.11) applied to a moving particle: 

(1.11) 

We find from (1.11) that: 

~ (P~ _ p') = (c: _ 1) Dp' + p: (aT) Ds' 
Dt c0 c0 Dt c0 8 p s Dt 

(2.68) 
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where we made use of the thermodynamic relation: 

(2.69) 

derived from the fundamental law of thermodynamics (1.7) in the form: 

de= Tds- pd(p- 1
). (1.7) 

As a final result, using the mass conservation law, we find 

8
2

pe 8 [(c2 
Pe) Dp' p

2 (f)T) Ds' l --=- --1+- -+-- --+V'·(vpe) (2.70) 
8t2 ot c~ p Dt c~ op s Dt 

where the "excess density" Pe is defined as: 

I p' 
Pe = P- 2· 

co 

The first term in -82 Pel 8t2 vanishes for an ideal gas with constant heat 
capacity (because c2lc~- 1 + PeiP = 0). We see that sound is produced 
both by spatial density variations \7. (vpe) and as a result of non-isentropic 
processes (p2 I c~) ( 8T I 8 p) s (Ds' IDt), like combustion. 

2.6.4 Vortex sound 

While Light hill's analogy is very convenient for obtaining order of magnitude 
estimates of the sound produced by various processes, this formulation is not 
very convenient when one considers the sound production by a flow which 
is, on its turn, influenced by the acoustic field. In Lighthill's procedure the 
flow is assumed9 to be known, with any feedback from the acoustic field 
to the flow somehow already included. When such a feedback is significant, 
and in general for homentropic low Mach number flow, the aerodynamic 
formulation of Powell [147], Howe [67] and Doak [39] based on the concept 
of vortex sound is most appropriate. This is due to the fact that the vorticity 

· 
9 This is not a necessary condition for the use of Lighthill's analogy. It is the commonly 

used procedure in which we derive information on the acoustic field from data on the flow 
in the source region. 
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w = \7 x v is a very convenient quantity to describe a low Mach number 
flow. 

Considering a homentropic non-conductive frictionless fluid, we start our 
derivation of a wave equation from Euler's equation in Crocco's form: 

8v 
-+'VB= -w X v 
8t 

where B = i + ~v2 , and the continuity equation: 

1 Dp 
-- = -Y'·v. 
p Dt 

(1.29) 

(1.16) 

Taking the divergence of (1.29) and the time derivative of (1.16) we obtain 
by subtraction: 

8 ( 1 Dp) 2 - -- -\7 B=Y'·(wxv). 
8t p Dt 

(2.71) 

As the entropy is constant (ds = 0) we have, with (1.11) and (1.26): 

8 ( 1 Di) 2 - -- -\7 B=Y'·(wxv). 
8t c2 Dt 

(2.72) 

At low Mach number M = vjc0 we have for a homentropic flow: 

(2.73) 

because v2 ji «: 1, and: 

8 ( 1 Di) 1 82 
B - -- "'---

8t c2 Dt - c6 8t2 (2.74) 

when M «: 1. 

Hence, neglecting terms of O(lv/) in the wave region, we have the inhomo
geneous wave equation: 

1 82B' 
---- V'2B' = Y'·(w x v) 
c2 8t2 

0 
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which explicitly stresses the fact that the vorticity w is responsible for the 
generation of sound. (Note: i' = p' / p0 and B' = i' + vo · v'.) Some of the im
plications of (2.75) will be considered in more detail in the next section. The 
use of a vortex sound formulation is particularly powerful when a simplified 
vortex model is available for the flow considered. Examples of such flows 
are discussed by Howe [67], Disselhorst & van Wijngaarden [38], Peters & 
Hirschberg [141], and Howe [72]. 

In free space for a compact source region Powell [146] has derived this anal
ogy directly from Lighthill's analogy. The result is that the Coriolis force 
fc = po(w X v) appears to act as an external force on the acoustic field. 
Considering Crocco's equation (1.29) with this interpretation Howe [68, 71] 
realized that the natural reference of the analogy is a potential flow rather 
than the quiescent fluid of Lighthill's analogy. There is then no need to as
sume free field conditions nor a compact source region. Howe [67] therefore 
proposes to define the acoustic field as the unsteady scalar potential flow 
component of the flow: 

Ua = 'Vrp' 

where <p1 = <p- <po and <po is the steady scalar potential. For a compact 
source region this analogy provides an accuracy of the order O(M) outside 
the source region and an accuracy of the order O(He2

) in the source region. 
As high flow velocities are often concentrated in the source region this is 
quite useful. The accuracy is, however, limited to O(M2) in the case of self
sustained oscillations, for which M and He are coupled by a hydrodynamic 
resonance condition with M He= St = 0(1). 

At high Mach numbers, when the source is not compact, both Lighthill's 
and Howe's analogy become less convenient. Alternative formulations have 
been proposed and are still being studied [125]. 

2. 7 Acoustic energy 

2.7.1 Introduction 

Acoustic energy is a difficult concept because it involves second order terms 
in the perturbations like the kinetic energy density ~p0v'2 • Historically an 
energy conservation law was first derived by Kirchhoff for stagnant uniform 
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fluids. He started from the linearized conservation laws (2.49a-2.49c). Such 
a procedure is ad-hoc, and the result, an energy expression of the approxi
mation, is not an approximation of the total energy, since a small perturba
tion expansion of the full non-linear fluid energy conservation law (1.5) will 
contain zeroth and first order terms and potentially relevant second order 
terms 0 ( (p' / p0 ) 

2
) which are dropped with the linearization of the mass and 

momentum equations. However, it appears that for a quiescent fluid these 
zeroth, first and neglected second order terms are (in a sense) not impor
tant and an acoustic energy conservation equation may be derived which is 
indeed the same as found by Kirchhoff [144]. 

This approach may be extended to non-uniform flows as long as they are 
homentropic and irrotational. Things become much less obvious in the pres
ence of a non-uniform mean flow including entropy variations and vorticity. 
If required, the zeroth, first and neglected second order terms of the expan
sion may still be ignored, as Myer showed [127], but now at the expense of 
a resulting energy equation which is not a conservation law any more. The 
only way to obtain some kind of acoustic energy conservation equation (im
plying definitions for acoustic energy density and flux) is to redirect certain 
parts to the "right hand side" to become source or sink terms. In such a 
case the question of definition, in particular which part of the field is to be 
called acoustic, is essential and until now it remains subject of discussion. 

As stated before, we will consider as acoustical only that part of the field 
which is related to density variations and an unsteady (irrotational) poten
tial flow. Pressure fluctuations related to vorticity, which do not propagate, 
are often referred to in the literature as "pseudo sound". In contrast to this 
approach Jenvey [81] calls any pressure fluctuations "acoustic", which of 
course results in a different definition of acoustic energy. 

The foregoing approach of generalized expressions for acoustic energy for 
homentropic [127] and more general nonuniform flows [128, 129] by expand
ing the energy equation for small perturbations is due to Myers. We will 
start our analysis with Kirchhoff's equation for an inviscid non-conducting 
fluid, and extend the results to those obtained by Myers. Finally we will 
consider a relationship between vorticity and sound generation in a homen
tropic uniform inviscid non-conducting fluid at low Mach numbers, derived 
by Howe [68]. 
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2. 7.2 Kirchhoff's equation for quiescent fluids 

We start from the linearized mass and momentum conservation laws for a 
quiescent inviscid and non-conducting fluid: 

{)pi I I 

8t + Po V' · v = m , 

f}yl I I 

Po 8t + V' p = f ' 

(2.76a) 

(2.76b) 

where we assumed that f 1 and m 1 are of acoustic order. Since we assumed 
the mean flow to be quiescent and uniform there is no mean mass source 
(m0 = 0) or force (fo = 0). From the assumption of homentropy (ds = 0) 
we have10 

I 2 I 
P =cop· (2.15) 

After multiplying (2.76a) by p1 
/ p0 and (2.76b) by v 1

, adding the two equa
tions, and utilizing the foregoing relation (2.15) between density and pres
sure, we obtain the equation 

1 8p12 1 8v12 p1 m1 

---- + -po- + Y'·(p1v 1
) = -- + V 1·f1 

2poc5 8t 2 8t Po 
(2.77) 

which can be interpreted as a conservation law for the acoustic energy 

8E - + Y'·I = -V 
8t 

(2.78) 

if we DEFINE the acoustic energy density E, the energy flux or intensity11 I 
and the dissipation V as: 

Pl2 PoVI2 
E = -- + - (2.79a) 

2poc5 2 ' 

I= p1v 1
, 

plml 

V = ---- V
1·f1

• 

Po 

(2.79b) 

(2.79c) 

10 Note that in order to keep equation (2.15) valid we have implicitly assumed that the 
injected mass corresponding to m' has the same thermodynamic properties as the original 
fluid . The flow would otherwise not be homentropic! In this case m' / po corresponds to 
the injected volume fraction (3 of equation (2 .55). 

11 There is no uniformity in the nomenclature. Some authors define the acoustic intensity 
as the acoustic energy . flux, others as the time-averaged acoustic energy flux. 
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In integral form this conservation law (2.78) can be written for a fixed control 
volume V enclosed by a surface S with outer normal n as 

:t JJJ Edx+ JJ l·ndcr =- JJJ Ddx, (2.80) 

v s v 
where we have used the theorem of Gauss to transform JJJ \7 ·I dx into a 
surface integral. For a periodic acoustic field the average (E) of the acoustic 
energy over a period is constant. Hence we find 

P= jj(I·n)dcr=- Jjj(D)dx, (2.81) 

s v 
where P is the acoustic power flow across the volume surface S. The left
hand side of (2.81) simply corresponds with the mechanical work performed 
by the volume injection ( m' / p0 ) and the external force field f' on the acous
tic field. This formula is useful because we can consider the effect of the 
movement of solid boundaries like a piston or a propeller represented by 
source terms m' and f'. We will at the end of this chapter use formula (2.81) 
to calculate the acoustic power generated by a compact vorticity field. 

We will now derive the acoustic energy equation starting from the original 
nonlinear energy conservation law (1.5). We consider the perturbation of a 
uniform quiescent fluid without mass source term (vo = 0, m = 0, fo = 0, 
Po and p0 constant). We start with equation (1.5) in standard conservation 
form: 

:t (pe + ~pv2) + V' · ( v(pe + ~pv2 + p)) = 

-V'·q+V·(r·v)+f·v, (2.82) 

where we note that the total fluid energy density is 

1 2 
Etot = pe + 2 pv , 

and the total fluid energy flux is 

1 
ltot = v(pe + 2pv2 + p). 
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We have dropped here the mass source term m because, in contrast to the 
force density f, it does not correspond to any physical process. 

For future reference we state here some related forms, a.o. related to the 
entropy variation of the fluid. Using the continuity equation we obtain 

D ( v
2

) p- e + - = - V' · (pv) - V'. q + V' · ( T · v) + f · v, 
Dt 2 

(2.84) 

which by using the fundamental law of thermodynamics (1.7) may yield an 
equation for the change in entropy s of the fluid: 

Ds pDp pDv2 

pT-- -- + -- = -Y'·(pv)- Y'·q + Y'·(T·v) +f·v. 
Dt p Dt 2 Dt (2.85) 

By subtraction of the inner product of the momentum conservation equation 
with the velocity, this may be further recast into 

Ds 
pT Dt = -Y'·q+T:V'v. (2.86) 

In the absence of friction (r = 0) and heat conduction (q = 0) we have the 
following equations for energy and entropy: 

D ( 1 2 ) p- e + -v = - V' · (pv) + f · v 
Dt 2 

Ds = O. 
Dt 

(2.87) 

(2.88) 

We return to the energy equation in standard conservation form, without 
friction and heat conduction: 

(2.89) 

From the fundamental law of thermodynamics ( 1. 7): 

(1.7) 

we have for isentropic perturbations: ( oe) p and so op s- p2, 

(ope) p . op s = e + p = t, (~;:), = ~ (::).- ~ 
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where i is the enthalpy (1.25) or heat function. We can now expand the 
total energy density, energy flux and source for acoustic (i.e. isentropic) 
perturbations up to second order, to find (vo = 0): 

1 2 · I 1 2 ( P
1 

) 
2 

1 12 pe + 2PV = poeo +top + 2Poco - + 2Pov , 
Po 

v(pe + ~pv2 + p) = v 1(iopo + iop' + P1
), 

v·f = v 1·f1
• 

(2.90a) 

(2.90b) 

(2.90c) 

Noting that the steady state is constant, and using the equation of mass 
conservation 

{)pi n ( I I I) 0 7ft + v • pov + p v = 

in (2.89), with (2.90a-2.90c) substituted in it, we find that the zeroth and 
first order terms in p1 /Po vanish so that (2.89) becomes within an accuracy 
of O((p1

/ Po) 3
): 

{) 12 12 

( 
P PoV ) ( 1 1 1 1 

8t 2poc5 + -2- + \7 · p v) = v .f' (2.91) 

which demonstrates that Kirchhoff's acoustic energy conservation law (2.78) 
is not only an energy-like relation of the approximate equations, but indeed 
also the consistent acoustic approximation of the energy equation of the full 
fluid mechanical problem. 

2.7.3 Acoustic energy in a non-uniform flow 

The method of Myers [127] to develop a more general acoustic energy conser
vation law follows similar lines as the discussion of the previous section. We 
consider a homentropic flow (ds = 0, so that de = (pj p2 )dp) with v 0 'I 0. 
In this case the total enthalpy B = e + pj p + ~v2 appears to be a convenient 
variable. In terms of B the energy conservation law (2.89) becomes: 

{) 
{)t (pB- p) + \7. (pBv) = v .f. (2.92) 

The momentum conservation law in Crocco's form (1.29) also involves B: 

{)y 
Ft+\lB+wxv=fjp. 
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By subtracting p0v 0 times the momentum conservation law (2.93) plus Eo 
times the continuity equation (1.16) from the energy conservation law (2.92) , 
substituting the steady state momentum conservation law: 

\7 Eo + wo x vo = fo/ po, (2.94) 

subtracting the steady state limit of the resulting equation, and using the 
vector identity v· (w x v) = 0, Myers obtained the following energy corollary: 

8E"' "' * -+V'·I = -V 
8t 

where E"', I"' and V* are defined by: 

E* = p(E- Bo)- (p- Po)- PoVo· (v- vo) 

I*= (pv- povo)(E- Eo) 

V* = (pv- povo) · (w x v- wo x vo) - (v- vo) · (f- fo) 

(2.95) 

(2.96a) 

(2.96b) 

-(1- Pofp)vo·f- (1 - pfpo)v·fo. (2.96c) 

These auxiliary quantities E*, I* and V"' have the important property, as 

Myers showed, that their zeroth and first order terms in the acoustic per
turbation expansion in (p1 j p0 ) vanish, while the quadratic terms are only a 
function of the mean flow and acoustic (first order) quantities. As a result, 
the second order approximation of the exact quantities E*, I* and V* yield 
(for homentropic flow) a general acoustic energy definition12 : 

E 
c'5p'2 PoV12 

1 1 
= -- + -- +pvo·v 

2po 2 
2 I 

I= (poV1 + p1vo) coP + Vo·v1
) 

Po 

V = -povo· (w1 x v 1
)- p1V1

• (wo x vo) 

- ( V
1 + p1vo/ Po)· ( f1 

- P1fo/ Po). 

(2.97a) 

(2.97b) 

(2.97c) 

This equation is identical to the acoustic energy conservation law derived 
by Goldstein [56] starting from the linearized equations of motion (with 
fo. = 0) . It is important to note that, on the one hand, we have indeed 
obtained expressions entirely in first order quantities; on the other hand, 

12 Use the vector identity a·(b x c)= -c · (b x a). 
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however, these expressions represent only an acoustic energy conservation 
law if we adopt the definition that vorticity is non-acoustic and embodies 
possible acoustic sources or sinks. The present expressions for homentropic 
flow are further generalized by Myers in recent papers [128] and [129]. 

2.7.4 Acoustic energy and vortex sound 

Averaging (2.95) over one period for a periodic acoustic field and integrating 
over space yields, iff= 0: 

P= jj(I·n)da 

s 
=- jjj(povo·(w' X v') +p'v'·(wo X vo))dx 

v 
(2.98) 

where P is the acoustic power generated by the flow. It is interesting to 
compare this expression with the one derived by Howe [68] for a low Mach 
number compact vorticity distribution w in free space in the presence of 
compact solid surfaces: 

P =- jjj Po((w X v)·ua)dx 

v 
(2.99) 

where ua is the acoustic velocity defined as the part of the unsteady velocity 
field v' which is the gradient of a potential (irrotational V' X Ua = 0). 
While (2.98) is not restricted to low Mach numbers it only allows small 
time dependent perturbations w' of the time average vorticity w 0 and in 
this sense is more restrictive than Howe's formula. Furthermore, (2.98) is 
difficult to interpret physically because v' includes the solenoidal velocity 
perturbations w' = V' x v'. 

Howe's equation (2.99) has a simple physical interpretation which in the 
same way as Lighthill's theory can be called an aero-acoustic analogy (vortex 
sound). In the absence of vorticity the flow of an in viscid and non-conducting 
fluid is described by Bernoulli's equation (1.30b): 

ocp B = o 
at+ 
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if in the same way as in Lighthill's analogy13 we extend the potential flow 
v = \lcp in a region where vorticity is present (w =J. 0) then we can think of 
the vorticity term (w X v) in Crocco's equation: 

8v 
-+'VB= -w X v 
8t 

(1.27) 

as a result of an external force field f acting on the potential flow (acoustic 
field). Hence we have: 

f = -p(w X v) (2.100) 

which is the density of the Coriolis force acting on the fluid particle as a 
result of the fluid rotation. For a compact region at low Mach numbers we 
can neglect density variation and use the approximation: 

f = -po(w x v) (2.101) 

in the absence of mean flow outside the source region we see by application 
of the integral form of Kirchhoff's energy equation (2.81) that we recover 
Howe's formula (2.99): 

P= ~~~(f·ua)dx. (2.102) 

v 

This could also have been deduced from a comparison of the wave equation 
(2.75) in which we introduced the approximation B' = i' = p'fp0 because 
vo = 0: 

(2.103) 

and the wave equation (2.59) (without mass injection, m = 0): 

(2.104) 

13 In Lighthill's analogy the uniform quiescent fluid at the listener is extended into the 
source region. 
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This corresponds to Powell's approximation of the vortex sound theory in 
which we neglect terms of order M both in the wave region and in the source 
region (B' = p'fpo). In the presence of a uniform flow outside the source 
region, Goldstein [56] finds the wave equation: 

where 

Do 8 
-=-+vo·Y'. 
Dt IJt 

The energy equation corresponding to (2.105) is for fo = 0: 

(2.105) 

(2.106) 

which suggests a generalization of Howe's equation with f = po(w x v): 

P = -po !!! \ (w X v) · ( Ua + ;: vo)) dx, 
v 

(2.107) 

which corresponds with the use of B' = p' / p0 + Ua • vo as acoustical variable, 
and I= B'(pv)' as the intensity with (pv)' = poua + p'vo the fluctuation of 
mass flux. 

This generalization of Howe's equation is indeed derived by Jenvey [81]. Al
though the above discussion provides an intuitive interpretation of Jenvey's 
result, it is not obvious that Jenvey's definition of acoustic field agrees with 
Howe's definition. The range of validity of this energy corollary is therefore 
not obvious. 

In practice Howe's energy corollary is convenient because it is formulated by 
an integral. Similar to Lighthill's analogy in integral form, it is not sensitive 
to "random errors" in the model. Integration over the volume and averaging 
over a period of oscillation smooths out such errors. 
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Exercises 

a) Calculate the minimum speed of sound of air/water mixtures at a depth of 
100 m below sea surface. Assume a temperature To = 300 K. Is it true that 
this speed of sound is independent of the gas as long as 'Y = Cp/Cv is the 
same? 

b) Derive (2 .92) from (2.89) . 

c) Is the choice of co in the analogy of Lighthill arbitrary? 

d) Does the acoustic source {/.r (p' / c5 - p') vanish for isentropic flows? 

e) Is the acoustic variable p' the most convenient choice to describe the sound 
production by unsteady combustion at low Mach numbers? 

f) Is the definition of acoustic intensity I= p'v' valid in the presence of a mean 
flow? 

g) Is it correct that when using B' as acoustic variable instead of p', one obtains 
a more accurate prediction of vortex sound in a compact region with locally 
a high Mach number? 

h) Is the equation p' = c6p' always valid in a stagnant fluid? 

i) Is it correct that the acoustic impedance pc of an ideal gas depends only on 
the pressure p? 
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3 Mathematical auxiliaries 

3.1 Fourier transforms 

The linearity of sound waves allows us to build up the acoustic field as a 
sum of simpler solutions of the wave equation. The most important example 
is the reduction into time harmonic components, or Fourier analysis. This is 
attractive in several respects. Mathematically, because the equation simpli
fies greatly if the coefficients in the wave equation are time-independent, and 
physically, because the Fourier spectrum represents the harmonic perception 
of sound. 

Consider a function p(t) with the following (sufficient, not necessary) con
ditions [20, 82, 103, 139, 202]. 

- p is continuous, except for at most a finite number 
of discontinuities where p(t) = ~[p(t + 0) + p(t- 0)]. 

- lp(t) I and lp(t)J2 are integrable. 

Then the Fourier transform p(w) of p(t) is defined as the complex function 

p(w) = Fp(w) def _!_ ~oo p(t) e-iwt dt, 
27T -oo 

(3.1) 

while according to Fourier's inversion theorem, p(t) is equal to the inverse 
Fourier transform 

(3.2) 

The Fourier transform and its inverse are closely related. Apart from a 
sign change and a factor 27T, it is the same operation: Fi1(t) = 27r.1'p-(-t). 
It. is important to note that slight differences with respect to the factor 
1/27T, frequency w = 27Tf, and the sign of the phase iwt are common in 
the literature. Especially the prevailing e±iwt_convention should always be 
checked when referring or comparing to other work. 
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Some examples of Fourier transforms are: 

2_ 1= H(t) e-at e-iwt dt = 1 ' 
2rr - = 2rr(a + iw) 

(3.3a) 

1 1= H(t) -at -iwt d 1 
2rr - = yt e e t = 2y1ry'a + iw' 

(3.3b) 

1 1= 1 -iwt d - 1 -lwl - --e t--e , 
2rr -= 1 + t 2 2 

(3 .3c) 

1 1= _lt2 -iwt d 1 -lw2 - e 2 e t = --e 2 , 
2 7r - (X) y"[; 

(3.3d) 

where a > 0, the ordinary square root is taken, and H(t) denotes Heaviside's 
unit step function (3.23), which is H(t) = 1 fort> 0 and H(t) = 0 fort< 0. 

Although it may seem to be no serious restriction to assume that a physically 
relevant signal p(t) vanishes at t = ±oo, we deal in practice with simplified 
models, yielding expressions for p(t) which do not decay at infinity (e.g. 
a constant, sin(wot)). So we have on the one hand the "real" p(t) which is 
Fourier-transformable, and on the other hand the approximate "model" p(t), 
which is not always Fourier-transformable. Is there a way to approximate, 
or at least get an idea of, the real Fourier transform, using the approximate 
p(t)? One way is to assume p to vanish outside a certain large interval 
[-N, N], as for exam pie: 

1 1N -iwt d sinwN - e t=---
2rr -N rrw 

1 1N . ( ) -iwt d i (sin(wo + w)N sin(wo- w)N) - sm w0 t e t = - - ---'--------=-
2rr -N 2rr w0 + w wo - w 

We see a large maximum ("' Njrr) depending on N near the dominating 
frequencies, and for the other frequencies an oscillatory behaviour, also de
pending on N, that is difficult to interpret. This is too vague and too ar
bitrary for general use. Therefore, a mathematically more consistent and 
satisfying approach, not depending on the arbitrary choice of the interval 
size, will be introduced later in terms of generalized functions. 

Since a derivative to t corresponds to a multiplication by iw as follows 

d
d p(t) = 1= iwp(w) eiwt dw, 
t -= 

(3.4) 
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the wave equation reduces to the Helmholtz equation 

(3.5) 

Further reduction is possible by Fourier transformation in space variables. 

Fourier transformation is basically a linear operation and little can be said 
about other than linear combinations of transformed functions. Only for 
multiplication with powers of w we have 

!
oo . dn 

(iw)np(w) etwt dw = d np(t). 
-oo t 

(3.6) 

For multiplication with a general q(w) we find the convolution product of 
p(t) and q(t), also known as the Convolution Theorem 

(p*q)(t) = - p(t')q(t- t') dt' = p(w)q(w) e'wt dw. 1 !00 !00 . 
2rr -oo -oo 

(3.7) 

Note that in terms of generalized functions, to be introduced below, result 
(3.6) for the product with wn is a special case of the convolution theorem. 
A particular case is Parseval's theorem, obtained by taking1 q(t') = p*( -t') 
and t = 0: 

!oo liJ(wWdw = _.!._ Joo lp(t')l 2 dt' 
-oo 2rr -oo 

(3.8) 

which is in a suitable context a measure of the total energy of a signal p(t). 

Intuitively, it is clear that the high frequencies relate to the short time 
behaviour, and the low frequencies to the long time behaviour. An elegant 
result due to Poisson is making this explicit. 

f p(-\n) = 2; f iJC:n). 
n=-oo n=-oo 

(3.9) 

Sampling with large steps (,\ large) of p yields information about the low 
part of the spectrum and vice versa. 

1 z• = x- iy denotes the complex conjugate of z = x + iy. 
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3.1.1 Reality condition 

Although p(w) is complex, the corresponding p(t) is in any physical context 
real. Therefore, not any p(w) can occur. A given p(w) corresponds to a real 
signal p(t) if it satisfies the reality condition 

p(-w) = p(w)*. (3.10) 

This is just the consequence of p(t), given by equation (3.2), being identically 
equal to its complex conjugate. 

3.1.2 Causality condition 

The wave equation and the equation of motion do not impose a direction for 
the time, if dissipation effects are neglected. The fact that the sound should 
be produced before we observe it (causality) is not a property automatically 
implied by our equations, and it should be imposed to the solution. The 
problem is simple for an initial value problem, where it suffices to require 
a zero field before the switch-on time. However, when we consider a time
harmonic solution, or in general based on Fourier analysis, it is not obvious 
any more because we assume the solution to be built up from stationary 
oscillations. Stationary means that it exists forever and has always exist
ed. In such a case causality, i.e. the difference between cause and effect, is 
not readily clear. It is therefore of interest to investigate conditions for the 
Fourier transform that guarantees a causal signal. 

No physical process can exist for all time. A process p(t) that starts by some 
cause at some finite time t = t0 , while it vanishes before t 0 , is called causal. 
The corresponding Fourier transform 

p(w) = - p(t) e-Jwt dt 1 100 . 
211' to 

(3.11) 

has the property that, if p(t) = O(e-at) fort--+ oo, p(w) is analytic2 in the 
lower complex half-space 

Im(w) <a. (3.12) 

2 Infinitely often differentiable in the complex variable w. 
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Examples are the exponentially decaying functions, switched on at t = 0, 
of equations (3.3a) and (3.3b). The Fourier transforms are non-analytic in 
the upper half-plane (singularities at w = ia and a branch cut from ia up 
to ioo), but are indeed analytic in the half-plane Im(w) <a. 
This leads3 [139] to the following theorem. 

Theorem 3.1 (Causality Condition) 

If: p(w) is analytic in Im(w) :::; 0, 

I.P(w)l2 is integrable, 

there is a real to such that eiwto p(w) --7 0 for w --7 -ioo, 

then: p(t) is causal, and vanishes fort< to. 

Consider as a typical example the inverse transform of equation (3.3a). When 
t > 0 the exponential factor eiwt = ei Re(w)t e- lm(w)t decays in the upper half 

plane, so the contour can be closed via the upper half plane, resulting in 2rri 
times the residue of the pole in ia. When t < 0 the contour can be closed 
via the lower half plane, with zero result because the integrand is analytic 
there: causal as it should be. 

Joo ---,---e_iw_t--,-----,- dw = { e-at 

-oo 2rr(a + iw) 0 
ift > 0, 
if t < 0. 

It should be noted that in the limit of no damping (at 0) the singularity of 
(3.3a) and (3.3b) at w = ia moves tow= 0, which is on the real axis. This is 
a bit of a problem if we are interested in the inverse transform\ because the 
real w-axis is just the contour of integration, and a pole there would make 
the result of the integral ambiguous. The integral is to be interpreted via 

3 Cauchy's theorem [90] for analytic functions says that if f is analytic in the inner
region of a closed contour C in the complex plane, the integral of f along C is equal 
to zero: fc f(z)dz = 0. Under the conditions stated in theorem (3.1) (p.52) the function 
p(w) exp(iwt) is analytic in the lower-half complex w-plane. So its integral along the closed 
contour consisting of the real interval [-R, R] and the semi-circle w = Reie, -1r < B < 0, 
is equal to zero. 

Let R--+ oo while t < 0 ( = to; the case of a general to is similar). The factor eiwt = 
ei Re(w)t e- Jm(w)t decays exponentially fast to zero in the lower complex w-plane because 
- lm(w)t < 0. Hence, the contribution from the large semi-circle becomes exponentially 
small and vanishes. So the part along the real axis is also zero. However, this is just p( t), 
the inverse Fourier transform of p. 

4 We ignore for the moment the problem that for a = 0 the original time signal is only 
Fourier transformable in the context of generalized functions. 
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a suitable deformation5 of the contour, but this is either over or under the 
singularity, and the results are not the same. So, without further information 
this would leave us with two possible but different answers! 

We do know, however, that this singularity comes from the complex up
per half, so we have to indent the contour under the pole. This is exactly 
in agreement with the argument of causality: a causal signal has a Fourier 
transform that is analytic in the lower complex half-plane, so it is safe to 
indent the contour into the lower half-plane. The singularity is to be con
sidered to belong to the upper half-plane. 

This example is typical of the more general case of a signal p(t), described 
via the inverse transform of its Fourier transform. If it occurs that, due to 
inherent idealizations of the model, this Fourier transform has singularities 
along the real w axis, the causality condition tells us how to deal with this 
problem. Consider the following example. The transformed harmonic-like 
signal 

~() wo 1 p w - -- ---:------:=-
- 2rr w2 - w5 

has to be analytic in the lower half plane, so that the integration contour can 
be closed with zero result if t < 0. Therefore, the contour must be indented 
in Im(w) < 0 around w = w0 and w = -w0 (figure 3.1). The result is then 

-wo I wo 
re~l !!-'£.i~ - - - - - - - - - - - - -.- - - - - - - - - ~ - - - - - - - - -.- - - - - - - - - - - - - - - - - - -

I 
I 

I 

imagina~y 1 

ax•s: 

Figure 3.1 Integration contour in complex w-plane. 

5 The integral of an analytic function does not change with deformation of the integra
t ion contour within the region of analyticity. 
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p(t) = H(t) sin(w0t). 

A more subtle example, dealing with complicated manipulations in two com
plex planes, is the following. Consider the field p( x, t), described via a Fourier 
integral for both the x- and the t-dependence. 

p(x, t) = /_: i: p(k,w) eiwt-ikx dkdw. 

If p(k, w), the time- and space-Fourier transformed p(x, t), is given by: 

- 1 1 
p(k,w) = -4 2 2 k2 2j 2' rr c0 - w c0 

(3.13) 

then the time-Fourier transformed p(x, w), given by 

1 !00 e-ikx 
p(x,w) = -4 2 2 k2 2j 2 dk, 

rr c0 -oo - w c0 

must be analytic in Im(w) ~ 0. This means that the contour in the complex 
k-plane (the real axis) must be indented up-around k = wfco and down
around k = -wfco (figure 3.2). This is seen as follows. For any value of 

-wfco j I 
I 

I 

k E <I: 

real axis 
--- - -------------·-------\__) 

: n 
.J-c - - - - - - - - • - -'""'-~-~-~-'"""'-~-'""'-'""'-'""'-'"""""'-~-~-=-=- -

: 1 w/ca 
I 

imagina~y1 

ax1s: 

Figure 3.2 Integration contour in complex k-plane. The arrows indicate the path of the 
poles ±w/co in the k-plane, when w moves in its complex w-plane from the 
negative imaginary half onto the real axis, as Im(w)tO. 

±w/co not on the k-contour, the integral exists and can be differentiated to 
w any times, so p( x, w) is analytic in w. However, when a pole k = w /co or 
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k = -wfc0 crosses the contour, p(x,w) jumps discontinuously by an amount 
of the residue at that pole, and therefore p(x,w) is not analytic for any 
±wjc0 on the contour. So, here, the value of the integral may be either the 
limit from above or from below. Since causality requires that p(x,w) is the 
analytic continuation from Im(w) < 0, we have to take the limit Im(w) t 0, 
i.e. from below for the pole k = wfco and from above for the pole k = -wfco. 
Since a deformation of the integration contour for an analytic function does 
not change the integral, these limits are most conveniently incorporated 
by a small deformation of the contour, in a direction opposite to the limit 
(Fig. 3.2). The result is 

e-iwlxl/co 
p(x,w) = --,----,-

41l'ICoW 
(3.14) 

As before, the pole w = 0 belongs to the upper w-half plane, and we have 
(c.f. (4.84)) 

1 ~oo eiw(t-lxl/co) 
p(x, t) == -.- dw 

41l'ICo -oo w 
1 

= -
2 

H(t -lxl/co). 
co 

(3.15) 

If we read x- y for x and t- r fort, this is just the one-dimensional Green's 
function. (See also below). 

3.2 Generalized functions 

3.2.1 Introduction 

In reality dissipative effects will cause any discontinuity to be smooth and 
any signal to decay fort-too, while any signal can be regarded to be absent 
for t ---+ -oo. So the classical concept of (smooth) functions is more than 
adequate to describe any property of a real sound field. This is, however, 
not the case in most of our idealized models. For example, a point source of 
vanishing size but finite source strength cannot be described by any ordinary 
fu.nction: it would be something that is zero everywhere except in one point, 
where it is infinitely large. Another example is a non-decaying signal, even 
as common as sin(wt), which (classically) cannot be Fourier transformed: 
for some frequencies the Fourier integral is not defined and for others just 
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infinitely large. Still, the spectrum of sin (wt), consisting of two isolated peaks 
at w and -w, is almost a prototype! 

Does that mean that our idealized models are wrong, or too restricted to 
be useful? No, not at all. Only our mathematical apparatus of functions 
is too restricted. It is therefore convenient, even vital for a lucid theory, 
to extend our meaning of function to the so-called generalized functions 
[103, 82, 202, 86, 48]. 

Technically speaking, generalized functions or tempered distributions are 
not functions with a pointwise definition. Their meaning is always defined 
in an integrated sense. There are many definitions6 of generalized function 
spaces, mathematically not equivalent, but all containing the elements most 
important in applications (delta function, Heaviside function, etc.). See for 
example [48]. 

3.2.2 Formal definition 

In the present context we will follow the definition that is intuitively most 
appealing: the closure7 of a suitable function space 9 under a certain lim
it, such that (among others things) derivatives and Fourier transforms are 
always defined. 

This definition is, in a way, similar to the definition of real numbers by 
means of convergent sequences of rational numbers. Such a sequence may 
converge to a number that can be written down (a rational number), or that 
cannot be written down (an irrational number). In either case, we call the 
limit a "real number", and identify it to the sequences that define it. We do 
not really bother about a real number that cannot be written down, as long 
as we have a recipe to calculate it in any accuracy required. 

6 and terminology. For example: generalized functions and tempered distributions when 
Fourier transformation is guaranteed, weak functions and distributions when derivatives 
are guaranteed. 

7 The limit of a converging infinite sequence in set A may not be in A, if A is "too 
idle". By adding all such limits to A we obtain the set A which is "closed", because the 
limit of any converging sequence in A is now always element of it. Therefore, A is called 
the closure of A. For example, real numbers like ..J2 and rr are not rational but limits of 
rational sequences, and JR. = dJ. 
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The same ideas are behind the concept of generalized functions. We start 
with the space of the (real8 , smooth9 , and very fast decaying10

) good func
tions 

g def {f: lR -+IR I f(k) E C00 (-oo,oo) and (3.16) 

f(k) = O(lxl-n) (lxl -7 oo) for any n, k ~ 0 }. 

where f(k)(x) = dd:kf(x). A sequence (fn) C g is called regular if for every 
testfunction g E g the real sequence 

nl~~ /_: fn(x)g(x) dx (3.17) 

exists as a real number (depending on g, of course). A "generalized function" 
is defined as the limit in this sense of such a regular sequence (fn) in g. Care 
is to be taken: although it is the limit of a sequence of ordinary functions, 
a generalized function is not an ordinary function. In particular, it is not 
a function with a pointwise and explicit meaning. It is only defined by the 
way its corresponding regular sequence acts under integration. 

Another point to be noted is that a generalized function may be defined by 
many regular sequences because it is only the limit that counts. Of course, 
we do not wish to make any unnecessary distinction between equivalent 
sequences. Therefore, we identify all equivalent11 regular sequences to the 
same generalized function. 

Of course, generalized functions are meant to extend our definition of func
tion, so any reasonably behaving ordinary function is also a generalized 
function. Therefore, if the regular limit of a sequence exists as, or is equiv
alent to, an ordinary function f, it is natural to identify the generalized 
function with this limit, and also to refer to this generalized function with 
the same symbol f. More generally, it is convenient to retain this symbolism, 
and to write for a generalized function f defined by the sequence (fn) for 
any g E g 

1
00 

d f 100 

-oo f(x)g(x) dx e nl~~ -oo fn(x)g(x) dx. (3.18) 

8 IR denotes the real numbers. 
· 

9 A coo -function is infinitely often differentiable, and therefore very smooth. 
10 0(a(x)) = b(x) (x-+ oo) means: there are numbers x0 and C such that for all x > xo, 

a(x) is comparable to b(x) as: la(x)l ~ Clb(x)l. 
11 Formally, this is done in terms of equivalence classes. 
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3.2.3 The delta function and other examples 

A very important generalized function is the delta function 8(x), defined 
(for example) by 

(3.19) 

In the limit for n -+ oo all contributions in the integral except from near 
x = 0 are suppressed, such that 

/_: 8(x)g(x) dx = g(O). (3.20) 

The second expression of (3.19) illustrates that it is not necessary for a 
representation of 8(x) to vanish pointwise outside x = 0. Highly oscillatory 
behaviour outside the origin may be sufficient for the integral to vanish. 

A useful identity is 

1 
8(ax) = ~8(x), (3.21) 

which at the same time shows that a delta function is not necessarily dimen
sionless, as it has the inverse dimension of its argument (or put in another 
way: 8(x)dx is dimensionless). A generalization of this identity yields, for 
a sufficiently smooth function h with h' = ~~ =J. 0 at any zero of h, the 
following result: 

!
00 g(xi) 

-oo 8(h(x))g(x) dx = ~ lh'(xi)l' 
t 

(3.22) 

where the summation runs over all the zeros of h. This result may be derived 
from the fact that 8(h(x)) is locally, near a zero Xi, equivalent to 
8(h'(xi)(x- xi)), so that 8(h(x)) = L:8(x- Xi)/lh'(xi)l. 

The sequence 
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defines the Heaviside stepfunction H ( x). If the Heaviside generalized func
tion is used as an ordinary function it has the pointwise definition 

H(x) = H (x < 0) 
(x = 0) 

(x > 0) 

(3.23) 

Any C 00-function J, with algebraic behaviour for lxl -7 oo (for example, 
polynomials), defines a generalized function (also called f) via the sequence 
fn(x) = f(x) exp( -x2 /n2

), since for any good g 

J1~ i: fn(x)g(x) dx = i: f(x)g(x) dx. 

Any C 00-function h with algebraic behaviour for lxl -7 oo multiplied by a 
good function is a good function, so that the product of such a h with a 
generalized function f is well-defined. For example, the equation 

xf(x) = 0 

has a meaning in generalized sense, with the solution 

f(x) = C8(x) {3.24) 

which is unique, up to the multiplicative constant C. 

3.2.4 Derivatives 

Every generalized function f defined by Un) has a derivative f' defined by 
(!~), and also satisfying 

I: f'(x)g(x) dx =-i: f(x)g'(x) dx . (3.25) 

Although generalized functions do not have a pointwise meaning, they are 
n<?t arbitrarily wild. We have the general form given by the following theo
rem. 
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Theorem 3.2 (General representation) 
A necessary and sufficient condition for f ( x) to be a generalized function, 
is that there exist a continuous function h( x) and positive numbers r and k 
such that f ( x) is a generalized r-th order derivative of h( x) 

dr 
f(x) = -d h(x) xr 

while h( x) has the property that 

h(x) 

is bounded on JR. 

For exam pie: 

sign(x) = 1 + 2H(x) = d~ lxl, 
1 d2 

8(x) = --d 2 lxl. 
2 X 

By differentiation of the equation x8 ( x) = 0 we obtain for the n-th derivative 
8(n)(x) the identity 

3.2.5 Fourier transforms 

Every generalized function f defined by Un) has a Fourier transform f de
fined by (]n) which is itself a generalized function. Indeed, since the Fourier 
transform g of a good function g is a good function, we have using the 
convolution theorem a well-defined 

1 100 = - lim fn(x)g( -x) dx 
2rr n-+oo -oo 

1 100 =- f(x)g(-x)dx. 
27r -oo 

(3.26) 
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Examples of Fourier transforms are 

1 !00 . 1 - 8(x) e-•wx dx =-
2rr -oo 2rr 

1 !00 . - e-•wx dx = 8(w) 
2rr -oo (3.27) 

1 !00 . -
2 

cos(wox) e-•wx dx = t8(w- wo) + t8(w + wo), 
7r -oo 

_!_Joe H(x) e-iwx dx = P.v.(_;_) + t8(w) = 2 .( 
1 

·o) 
2rr -oo 7r!W 7rl W - I 

where P.V. denotes "principal value", which means that under integration 
the singularity is to be excluded in the following symmetric way: P.V. f~oo = 

lime.j.O J~:O + feoo. The notation w- iO means that the pole w = 0 is assumed 
to belong to the complex upper half plane, similar to (3.14). 

3.2.6 Products 

Products of generalized functions are in general not defined. For exam
ple, depending on the defining sequences of 8(x) and H(x), we may get 
8(x)H(x) = C8(x) for any finite C. Therefore, integration along a semi
infinite or finite interval, which is to be interpreted as a multiplication of 
the integrand with suitable Heaviside functions, is not always defined. 

Two generalized functions may be multiplied only when either of the two is 
locally equivalent to an ordinary function, or as a direct product when they 
depend on different variables. Some results are 

8(x)H(x + 1) = 8(x), 

j_:o 8(x)f(x) dx = j_: 8(x)J(x) dx if x0 > 0, 

j_: j_: 8(x)8(t)f(x, t) dtdx = j_: 8(x) (j_: 8(t)f(x, t) dt) dx, 

j_: 8(t- r)8(r) dr = 8(t). 
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3.2.7 Higher dimensions and Green's functions 

A generalization to several dimensions is possible [166], and many results 
are fairly straightforward after an obvious introduction of multi-dimensional 
good functions. For example, we may define a new generalized function 
f(x)g(y) in JR2 by the direct product of J(x) and g(y). For the delta function 
in JR3 this leads to 

8(x) = 8(x)8(y)8(z) 

Care is required near the singular points of a coordinate transformation. For 
example, provided 8'(r) is considered to be an odd function in r, the 2-D 
delta function 8(x- x 0) may be written in polar coordinates ([82, p.306]) as 

{ 

8(r- ro) ~ . 
~ 8(1J- 1Jo- 2rrn) 1f ro =f=. 0, 

8(x- x 0) = ro n=-oo 

8'(r) . 
--- (r > 0) 1f ro = 0. 

7r -

(3.28) 

Relevant in the theory of 2-D incompressible potential flow are the follow
ing identities. The line source is a delta function source term in the mass 
equation: 

v = ~(cosO,sinO,O) satisfies Y'·v = 2rr8(x,y). 
r 

The line vortex is a delta function type vorticity field: 

v = ~(-sinO,cosO,O) satisfies \7 x v = 2rr8(x,y)ez. 
r 

(3.29a) 

(3.29b) 

A most important application of (more-dimensional) delta functions in the 
present context is that they allow a very direct definition of Green's func
tions. Classically, the Green's function G is defined in a rather complicated 
way, but in the context of generalized functions it appears to be just the 
field resulting from a delta function source. Consider for example the one 
di.mensional wave equation (c.f. (4.81)) 
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After Fourier transformation tot and x we obtain 

which yields equation (3.13) (apart from the amplitude) and then, after 
the described transformation back into space and time domain, the Green's 
function given by expression (3.15). 

See Appendix D for a table of free field Green's functions in 1-,2-, and 3-D, 
for the Laplace, Helmholtz, wave, and heat equations. 

3.2.8 Surface distributions 

Of particular interest are the so-called surface distributions 8E(x) defined 
by the surface integral 

1m3 8~ (x)</>(x) dx = IE </>(x) da (3.30) 

where 4> is an arbitrary test function, and E denotes a smooth surface in 
m3 with surface element da. In practice, a surface is often defined by an 
equation S(x) = 0 (section A.3). Near a point x 0 on the surface, S(x) varies 
to leading order only in the direction of the surface normal e 11 = V'S/IY'SI, 

S(x) = (x- xo) · V'S + ... ~ IV' Slvev, 

where v = (x-x0 ) ·e11 • Since 8~ is locally, after a suitable rotation and trans
formation of coordinates, equivalent to a one-dimensional delta function in 
v, the coordinate normal to the surface, we have 

(3.31) 

Note that this result is in fact a generalization of formula (3.22). For suffi
ciently smooth h we have 

r '"' r g(x) 1m3 o(h(x))g(x) dx = L: lsi IY'h(x)l da (3.32) 

where the summation runs over all the surfaces Si defined by the equation 
h(x) = 0. 
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This concept of surface distributions has numerous important applica
tions. For example, integral theorems like that of Gauss or Green [86], 
and Reynolds' Transport Theorem (section A.l) may be derived very ele
gantly and efficiently. We show it for Reynolds' Theorem and leave Gauss' 
theorem as an exercise. 

Consider a finite volume V = V(t) with sufficiently smooth surfaceS= S(t), 
moving continuously in space. Introduce a (smooth) function J(x, t) such 
that 

{ 
> 0 if x E V ( t), 

f(x, t) = 0 if x E S(t), 
< 0 if X rf_ V ( t) 1 

but otherwise arbitrary. Since \7 fiJ=O is directed normal inwards into V, the 
outward normal ns of S is given by (section A.3) 

\7fl ns(x, t) = - l\7 !I f=O. 

Let the surface S(t) be parametrized in time and space, by coordinates 
(t; A, J-l). Like the auxiliary function J, this parametrization is not unique, 
but that will appear to be of no importance. A surface point xs(t) E S 
(consider A and J-l fixed), moving with velocity b = xs, remains at the 
surface for all time, so f(xs(t), t) = 0 for all t, and therefore also its time
derivative, and so 

of . I I 8t = - xs · \7 f = \7 f b · ns. 

The variation of a quality F(x, t), integrated over V, is now given by 

~t fv F(x, t) dx = ~t JIR3 H(J)F(x, t) dx 

= JIR 3 ( H(J) ~t F(x, t) + 8(!) ~{ F(x, t)) dx 

= fv~tF(x,t)dx+ Js(b·ns)F(x,t)da. (3.33) 

where H denotes the Heaviside function, and use is made of equation (3.31). 
Note that, although in general b is not unique, its normal component b · ns 
is unique, in particular it is independent of the selected function f and 
parametrization. 
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3.3 Fourier series 

A Fourier series (in complex form) is the following function f(x), defined by 
the infinite sequence { cn}~=-oo, 

00 

f(x) = L cne21rinxjL. (3.34) 
n=-oo 

If the series converges, f is periodic with period L. For sufficiently well
behaved functions f the coefficients are given by 

11L . Cn =- f(x)e-2mnxfLdx. 
L o 

(3.35) 

Classically, the Fourier series precedes both the Fourier transform and gen
eralized functions. The classic theory is, however, rather complicated. On 
the other hand, Fourier series appear to have a much simpler structure when 
they are embedded in the generalized functions, in the following sense. 

Fourier series are equivalent to the Fourier transform of periodic generalized 
functions. A generalized function f is said to be periodic, with period L, if 
a coordinate shift x + L yields the same generalized function 

f(x) = f(x + L). 

We have the following couple of theorems ([103, 202]), telling us when a 
Fourier series is a generalized function, and vice versa. 

Theorem 3.3 (From Fourier series to generalized function) 
A Fourier series (3.34) converges12 to a generalized function if and only if 
the coefficients Cn are of slow growth. This means, that there is a constant 
N such that Cn = O(lniN) for lnl -t oo. The generalized function it defines 
is periodic and unique. 

12 As the generalized limit of, for example, fm(x) = exp( -x2 /m2
) I:::m Cn e2

"inxf L. 
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Theorem 3.4 (From generalized function to Fourier series) 
The most general periodic generalized function is just the Fourier series: 
any periodic generalized function can be written as a Fourier series with 
Fourier coefficients cn, while the Fourier transform is a periodic array of 
delta functions: 

00 

f(x) = 2: c e2ninx/L 
n ' 

(3.36a) 
n=-oo 

~ 00 2rrn 
f(w) = 2: cno(w- L ), (3.36b) 

n=-oo 

1100 (X) . Cn = L -oo f(x)U L e-2mnxfL dx. (3.36c) 

Any Fourier series can be differentiated and integrated term by term. 
U E coo is an auxiliary smoothing function with the following properties: 

U(x) = 0 for lxl ~ 1, U(x) + U(x- 1) = 1 for 0 ~ x ~ 1, 

but otherwise arbitrary. U is necessary because a generalized function may 
not be integrable along a finite interval (for example, when singularities 
coincide with the end points). 

If we are dealing with a generalized function defined by a periodic absolutely
integrable ordinary function, then U is not necessary, and the expression for 
Cn simplifies to the classical form (3.35). Although in such a case the Fourier 
series may converge in ordinary sense, this is not guaranteed, and the Fourier 
series is still to be interpreted in a generalized sense. 

Examples are the "row of delta's" 

00 00 00 

I: o(x- n) = I: e2
7rinx = 1 + 2 I: cos(2rrnx), (3.37a) 

n=-oo n=-oo n=1 

with its Fourier transform 

00 1 00 

I: o(w- 2rrn) = 2rr I: eiwn, 
n=-oo n=-oo 

(3.37b) 
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and its N-th derivative 
00 00 

L 8(N)(x- n) = L (2rrin)N e21rinx. (3.37c) 
n=-oo n=-oo 

Furthermore, the sawtooth with simple discontinuities at x = n 

[
! - x] = oo ' e21rinx = oo sin (2rrnx)' 
2 1 L 2rrin L rrn 

n=-oo n=1 

(3.37d) 

and a sequence of parabola's, continuous at x = n 

00 e 21rinx 00 cos(2rrnx) 
Hx- x2

- ~L = n~~ (2rrin)2 =-E 2rr2n2 · (3.37e) 

E' denotes a sum excluding n = 0, [ · ]L denotes the £-periodic continuation 
of a function f(x) defined on the interval [0, L]: 

00 

[f(x)]L = L B(f- n)f(x- nL), 
n=-oo 

and B denotes the unit block function 

{ 
1 if 0:::; X :::; 1, 

B(x) = H(x)- H(x- 1) = 
0 otherwise. 

Apart from an additional x and ~x 2 , (3.37d) is the first integral and (3.37e) 
is the second integral of the row of delta's of (3.37a). In general it is true that 
any generalized Fourier series, with coefficients Cn = 0(/n/N)(/n/-+ oo), is 
the (N + 2)-th derivative of a continuous function. This shows that there is 
a limit to the seriousness of the singularities that these functions can have 
[103]. 

Related examples of some interest are: 

1 12 
. I_ ~ cos(2rrnx) 

- og Sin 7rX - L_. , 

n=1 n 
(3.38a) 

00 

~ cotg( rrx) = L sin (2rrnx), (3.38b) 
n=1 

00 

-~tan(rrx) = L(-1tsin(2rrnx), (3.38c) 
n=1 

I . I _ 2 ~ cos 2nx 
7r Sin X - - L_. 

2 1 . 
n --n=1 4 

(3.38d) 
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Until now we have considered only generalized Fourier series because of their 
more transparent properties. We have to be very cautious, however, when 
dealing in practice with divergent series. No attempt must be made to sum 
such a series numerically term by term! Numerical evaluation is only possible 
for classically convergent Fourier series. Some of the most important results 
are the following. 

For a given function f we have the following theorem. 

Theorem 3.5 (Existence of ordinary Fourier series) 
If a function f is piecewise smooth13 on the interval [0, L], such that f(x) = 
Hf(x+) + f(x- )], then the Fourier series off converges for every x to the 
L-periodic continuation off. 

For a given Fourier series we have the following theorem. 

Theorem 3.6 (Continuity of ordinary Fourier series) 
If a Fourier series is absolutely convergent, i.e. L: len I < oo, then it converges 
absolutely and uniformly to a continuous periodic function f, such that Cn 

are just f 's Fourier coefficients. 

An example of the first theorem is (3.37d). Note that the similar looking 
(3.38a) just falls outside this category. Examples of the second are (3.37e) 
and (3.38d). 

3.3.1 The relation to the Fast Fourier Transform 

The standard numerical implementation of the calculation of a Fourier trans
form or Fourier coefficient is the Fast Fourier Transform algorithm (24]. This 
algorithm calculates for a given complex array {xj},j = 0, ... , N- 1 very 
efficiently (especially if N is a power of 2) the Discrete Fourier Transform 

N-1 

xk = L Xj exp( -2rrijk/N), k = 0, ... , N- 1. (3.39) 
j=O 

13 f is piecewise smooth on [0, L] if there are a finite number of open subintervals 
0 < x < x,, ... , XN-! < x < Lon which f is continuous, while the limits f(O+ ),f(x,±), 
. .. ,f(L- ) exist. 
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A Fourier coefficient (3.35) is calculated by discretizing the integral 

11L . 1 N-1 
Cn = - f(x) e-2mnx/L dx ~ - L f(jLjN) exp( -2rrijn/N) 

L o N j=O 

and identifying Xj = f(jLjN) and Cn = XnfN. 

A Fourier transform (3.1) is determined as follows. Restrict the infinite inte
gral to a large enough finite interval [- ~ T, ~ T], and consider only the values 
w = 2rrkjT, fork= -~N, .. . , ~N- 1. Then we have 

1 100 
. 1 itT . p(w) = - p(t) e-'wt dt ~ - p(t) e-lwt dt 

2rr -oo 2rr -tT 
1 !otT . 1 ~T . = - p(t) e-lwt dt +- p(t- T) e-lwt dt. 

2rr o 2rr !.T 
2 

If we finally discretize the integrals 

2rrk T tN-1 

.P( T) ~ 2rrN ~ p(jTjN) exp(-2rrijk/N) 

T N-1 

+-N L p(jT jN- T) exp( -2rrijk/N). 
2rr . 1 

J='iN 

we obtain the required result by identifying 

{
p(jTjN) if 0 ~ j ~ ~N -1, 

Xj = p(jT jN- T) if ~N ~ j ~ N- 1, 

.P(2rrk) =_I_ { Xk+N if -~N ~ k ~ -1, 
T 2rrN Xk if 0 ~ k ~ ~N- 1. 

3.4 Evanescent waves and sound radiation from 
a surface 

The wave equation in 2-D has the very important property that a distur
bance of frequency w and wave number a in (say) x-direction is only radi
ating sound if frequency and wave number satisfy the inequality 

lal < lw/col 
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(a similar inequality holds in 3-D). Outside this regime the generated distur
bances are exponentially decaying (evanescent) in y without an associated 
sound field. This is seen as follows. 

Consider in the 2-D half spacey~ 0 the harmonic sound field p(x, y, w) eiwt 

satisfying the Helmholtz equation 

where k = wjc0 . If p, generated by (say) the surface y = 0, is given at y = 0 
as the Fourier integral 

p(x, 0) = Po(x) =/_:A( a) e-iax da, 

it is easily verified that the field in y ~ 0 may be written as 

p(x, y) =/_:A( a) e-iax-i)'y da (3.40) 

with the important square root (with branch cuts along the imaginary axis, 
and the real interval lal ~ lkl; see figure (3.3)) 

Im(!) ~ 0, !(0) = k. (3.41) 

We see that only that part of p0 (x) is radiated into y > 0 which corresponds 
to real positive/, i.e. with lal < lkl. The rest decays exponentially withy, 
and is undetectable for y ---+ oo. This near field with lal > lkl is essentially 
of hydrodynamic nature, and becomes just an incompressible flow field for 
lal » lkl. If this is true for all a, including the largest a-1 , which scales 
on the size of the object, it is equivalent to the condition of compactness 
(2.25), and shows that compact sources are acoustically inefficient. 

This distinction between radiating acoustic and non-radiating near field has 
far reaching implications. We give some examples. 

3.4.1 The Walkman 

The low frequencies of a small Walkman headphone are not radiated as 
sound. We do, however, detect the pressure when our ear is in the hydrody
namic near field. 
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Im('y) = 0 

!(0) = k 
Re(1) = 0 

R:::~:to / 
re_al ~~j~ - - - f -------::-__ ::-_=-:_=-:_:-:_:-:_:-::_:-::_,-::_,-::_,-::_-:-'_ T -

-k Re ( 1) > 0 k __________ _!_ __ 
branch cut 

Re(J) > 0 
Re('Y) = 0 Re(J) < 0 

~ 
Im('Y) = 0 

Im(J) ~ 0 
everywhere 

imagina~y 
axts• 

Figure 3.3 Branch cuts and signs of 1 = JP - a 2 in complex a-plane. The definition of 
1( a) adopted here is the branch of the multi-valued complex square root that 
corresponds to lm(1) :::; 0 for all a . lm('Y) = 0 along the branch cuts. 

3.4.2 Ill-posed inverse problem 

Infinitely many boundary conditions are equivalent in the far field. The 
above boundary condition p(x, 0) = p0 (x) and any other with the same 
a-spectrum on [ -k, k], for example 

p(x, 0) = fio(x) = Jk A( a) e-iax dx 
-k 

produce the same far field. Therefore, the inverse problem of determining 
Po from a measured far field is very difficult (ill-posed). Fine details, with a 
spatial structure described by lal > k, are essentially not radiating. Indeed, 
waves are in general more scattered by large than by small objects. 
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3.4.3 Typical plate pitch 

If a metal plate is hit by a hammer, bending waves are excited with time
and space-spectra depending on, say, frequency (w) and wave number (a) 
respectively. However, not all frequencies will be radiated as sound. As seen 
above, for any a only the frequencies larger than aco are radiated. Now, the 
smallest a occurring is by and large determined by the size of the plate (if 
we ignore fluid-plate coupling), say 1/ L. Therefore, the smallest frequency 
that is radiated is given by Wmin = OminCo = co/ L. 

3.4.4 Snell's law 

medium 2 

medium 1 

transmitted 
wave 

reflected 
wave 

Figw-e 3.4 Reflection and transmission at a discontinuity. 

Also the transmission of sound waves across an interface between two me
dia is most directly described via this notion of sub- and supersonic wave 
crests. If a plane wave is incident onto the interface, the point of reflection in 
medium 1 generates a disturbance in medium 2 (Fig. 3.4). With soundspeed 
c1 in medium 1 and angle14 of incidence t9 1 the disturbance velocity, mea
sured along the interface, (the phase speed) is ctf sin t9 1 • Depending on t9t 
and the ratio of sound speeds ctfc2 this disturbance moves with respect to 
m.edium 2 either supersonically, resulting into transmission of the wave, or 
subsonically, resulting into so-called total reflection (the transmitted wave is 

14 Traditionally, the angle used is between the propagation direction and the normal 
vector of the interface. 
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exponentially small). In case of transmission the phase speeds of the incident 
and transmitted wave has to match (the trace-velocity matching principle, 
[144]). This yields immediately Snell's Law ([40, 144]), from which we can 
determine the angle ()2 of the transmitted wave with the interface: 

sin '1?1 sin '1?2 
c1 c2 

(3.42) 

3.5 Integral representation by means of Green's 
functions 

Using Green's theorem we can construct an integral equation which com
bines the effect of sources, propagation, boundary conditions and initial con
ditions in a simple formula. The Green's function G(x, tly, r) is the pulse 
response of the wave equation: 

a2G 282G 
~- c0 £l2 = 8(x- y)8(t- r). 
ut uxi 

(3.43) 

Note that the Green's function is a generalized function! The pulse 8(x
y)8(t- r) is released at the source point y at time T and G is measured at 
the observation point x at time t. The definition of G is further completed 
by specifying suitable boundary conditions at a surface S with outer normal 
n enclosing the volume V in which x and y are localized: 

n · \7 G + bG = 0. (3.44) 

Furthermore, one usually assumes a causality condition for G that there is 
no field other than due to the 8-source: 

G(x, tly, r) = 0 and 
8 at G(x, tiy, r) = 0 (3.45) 

for t < T. When the boundary conditions defining the Green's function 
coincide with those of the physical problem considered the Green's function 
is. called a "tailored" Green's function. The integral equation is in such a 
case a convolution of the source q(y, r) with the pulse response G(x, tly, r). 
Of course, if the source q is known (and not dependent on the field) this 
integral equation is at the same time just the solution of the problem. A 
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tailored Green's function is, in general, not easy to find. It will, therefore, 
appear that sometimes, for certain specific problems, the choice of a Green's 
function which is not tailored is more convenient. 

Before we can discuss this, we have to consider some general properties of 
Green's functions, such as the important reciprocity relation: 

G(x, tly, r) = G(y, -rlx, -t). (3.46) 

For the free field this relation follows immediately from symmetry and 
causality. In general [121], this property can be derived by starting from 
the definition of the two Green's functions G1 = G(x, tly1, rt) and G2 = 
G(x, -tly2, -r2): 

82G1 282G1 
7)i2- Co ax~ = O(x- yt)o(t- rt) 

I 

(3.47a) 

and 

(3.47b) 

Multiplying (3.47a) by G2 and subtracting (3.47b) multiplied by G 1 yields 
after integration over x and t in V from t = -oo until a time t' larger than 
r1 and r2: 

Partial integration of the left-hand side yields: 

(3.49) 

where the first integral vanishes because for t = -oo both G1 and G2 
vanish because of the causality condition (3.45). At t = t' the first inte
gral vanishes because -t' is earlier than -r2 (t' > r 2) and therefore both 
G2 = G(x, -t'IY2, -r2) = 0 and 8G2/8tlt=t' = 0 because of causality. The 
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second integral vanishes because G1 and G 2 satisfy the same boundary con
ditions on boundary S. Replacing Yl and T1 by y and T and Y2 and T2 by x 
and t in the right-hand side of (3.48) yields (3.46). 

We now will prove that the Green's function G(x, tly, r) also satisfies the 
equation: 

a2G 2 a2G 
-a 2 -Co-a 2 = b(x- y)J(t- r). 

T Yi 
(3.50) 

We first note that because of the symmetry of 8(t - r) the time-reversed 
function G(x, -tly, -r) satisfies (3.43): 

a2 a2 
82a(x, -tly, -r)- c6a 2 G(x, -tly, -r) = 8(x- y)8(t- r).(3.51) 

t X; 

Using now the reciprocity relation (3.46) and interchanging the notation 
x H y and t H T we find (3.50). 

We have now all that is necessary to obtain a formal solution to the wave 
equation: 

a2pl 2 a2pl 
-a 2 -Co-a 2 = q(y, r). 

T Y; 
(3.52) 

After subtracting equation 3.50, multiplied by p1(y, r), from equation (3.52), 
multiplied by G(x, tly, r), and then integration toy over V and toT between 
+to and t, we obtain: 

P
1(x,t) = 1:+ jjj q(y,r)G(x,tly,r)dydr 

v 

1t+Jrff[ I a2G a2pl(y,r)] 
+ to } } p (y' T) ar2 - G ar2 dyd T 

v 
2 {t+ jr { { [ 1 a2G a2 p

1 (y, T)] 
-Co it. J J p (y, r) a ~ - G a ~ dydr. 

to V Yt Yt 
(3.53) 
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Partial integration over the time of the second integral and over the space 
of the third integral in the right-hand side of (3.53) yields: 

p'(x, t) = 1: jjj q(y , r)G(x, tiy, r) dydr 

v 
2 t ~~ r [ , ac a p' (y, r)] 

-cojt j p(y,r)~-G a. nidadr 
to S Y1 Y1 

-[!prp'(y, r) ~~- G8p'~· r)l dy L. (3.54) 

where the second integral vanishes for a tailored Green's function and the 
third integral represents the effect of the initial conditions at r = to. For 
a tailored Green's function, and if t 0 = -oo, we have the superposition 
principle over elementary sources which we expect intuitively: 

p'(x,t) = ~~oojjj q(y,r)G(x,tiy,r)dydr. 

v 
(3.55) 

In chapter 4 and 6 we will again reconsider the Green's functions in more 
detail. For the present time we should remember that (3.54) or (3.55) is only 
an explicit solution of the wave equation if q is given. When the sound source 
q depends on the acoustic field p' these equations are integral equations 
rather than an explicit solution. 

Even in such a case the integral representation is useful because we have split 
up the problem into a purely linear problem of finding a Green 's function and 
a second problem of solving an integral equation. Also as stated earlier the 
integral equation is most convenient for introducing approximations because 
integration tends to smooth out the errors of the approximations. 

The treatment given here is taken from the textbook of Morse and Fesh
bach (121]. An integral formula for the convective wave equation (2.50) and 
the corresponding Green's function and integral formulation are found in 
Goldstein [56]. 
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3.6 Acoustic impedance 

A useful quantity in acoustics is impedance. It is a measure of the amount 
by which the motion induced by a pressure applied to a surface is impeded. 
Or in other words: a measure of the lumpiness of the surface. Since fric
tional forces are, by and large, proportional to velocity, a natural choice 
for this measure is the ratio between pressure and velocity15 . A quantity, 
however, that would vary with time, and depend on the initial values of 
the signal is not very interesting. Therefore, impedance is defined via the 
Fourier transformed signal as: 

Z(w) = p(w) 
v(w) ·ns 

(3.56) 

point x on a surfaceS with unit normal vector ns pointing into16 the surface. 
The impedance is a complex number and a function of w and position . The 
real part is called the resistance, the imaginary part is called the reactance, 
and its inverse 1/Z is called the admittance. 

In the most general situation the ratio pj(v·ns) is just a number, obtained 
from the solution, with a limited relevance. We cannot say that the "surface 
has the impedance Z", but we have to add with which acoustic field. For 
the class of (so-called) locally reacting surfaces, however, this is not the case. 
The response of such a surface to an acoustic wave is linear and pointwise, 
with the result that in this case the impedance is indeed the same for any 
solution, and a property of the surface alone. 

Mathematically it is important to note that an impedance boundary condi
tion is of "mixed type". Via the general Green's function representation 

p = j j (pvc+ ikpocovG) · ns da 

s 
(3.57a) 

15 In mechanics, impedance denotes originally the ratio between a force amplitude and 
a velocity amplitude. In some texts, the ratio acoustic pressure/velocity is therefore 
called "impedance per area" or specific impedance. We reserve the nomenclature "specific 
impedance" to the (dimensionless) ratio of the impedance and the fluid impedance poco . 

. '
6 Note that usually the normal vector of a surface is defined out of the surface. 
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the Helmholtz equation reduces to an integral equation in p if surfaceS has 
an impedance Z: 

p= JJ (Y'G·ns + ik~c0 G)fida. 
s 

(3.57b) 

Sometimes it is instructive to describe the coupling between two adjacent 
regions of an acoustic field by means of an equivalent impedance. Suppose we 
place between these regions (say, region 1 and region 2) a fictitious interface, 
with an impedance such, that the presence of the surface would generate 
the same sound field in region 1 as there exists without surface. In that case 
we could say that the effect of region 2 onto region 1 is described by this 
impedance. 

For example, a free field plane wave eiwt-ikx, with k = wlco and satisfying 
iwpov+ V'p = 0, would not be reflected by a screen, positioned parallel to the 
y, z-plane, if this screen has the impedance Z = p0c0 • So for plane waves and 
in the far field (where the waves become approximately plane) the fluid may 
be said to have the impedance p0c0 . This inherent impedance of the fluid is 
used to make Z dimensionless leading to the specific impedance Z I poco. 

Many other examples are found in !-dimensional (pipe-) models of acous
tic systems where local 3-dimensional behaviour is "packed" in an effective 
impedance. It may be worthwhile to note that for such models many authors 
find it convenient to divide Z by the surface S of the pipe cross section. In 
such a case the impedance is the ratio of the acoustic pressure p and the 
volume flux (u· n)S leaving the control volume. The one-dimensional ap
proach then allows the use of all mathematical tools developed for electrical 
circuits if we assume p to be the equivalent of the electric voltage, (u· n)S 
the equivalent of the electric current, and a tube to correspond to a trans
mission line. Further, a compact volume is the equivalent of a capacity, and 
a compact diaphragm is a self induction. The pressure difference is in lin
ear approximation due to the inertia of the air in the diaphragm and hence 
proportional to the acceleration (a 1 ot)(u· n) (section 4.4.3). 
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3.6.1 Impedance and acoustic energy 

For a quiescent fluid the acoustic power flow across a surface S is for a 
time-harmonic field (2.81) 

2nfw 

P = jj ~ j Re(peiwt) Re((v·ns) eiwt) dtda 

s 0 

= jj ~(pv* + ft'v) ·ns da 

s 

= jj ~Re(ft'v·ns)da. 
s 

If the surface has an impedance Z this becomes 

P = jj ~ Re(Z)Iv·nsl 2 da. 

s 

(3.58a) 

(3.58b) 

(3.59) 

Hence, the real part of the impedance (the resistance) is related to the energy 
flow: if Re(Z) > 0 the surface is passive and absorbs energy, if Re(Z) < 0 it 
is active and produces energy. 

3.6.2 Impedance and reflection coefficient 

If we consider the acoustic field for x < 0 in a tube at low frequencies, we 
can write 

p(x, t) = p(x) eiwt = p+ eiwt-ikx +P- eiwt+ikx (3.60) 

where k = w/co, p+ is the amplitude of the wave incident at x = 0 from x < 0 
and p- is the amplitude of the wave reflected at x = 0 by an impedance Z. 
Using the linearized momentum conservation law p0 (8vj8t) = -8pj8x we 
find: 

v(x) = _1_ (p+ e-ikx -p- eikx). 
poco 

(3.61) 
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If we define the reflection coefficient R0 at x = 0 as: 

(3.62) 

we see that because Z = p(O)jv(O) : 

R 
_ Z- poco 

o- . 
Z +poco 

(3.63) 

In two dimensions we have a similar result. Consider a plane wave (amplitude 
p+), propagating in the direction (sin (), cos()) where () is the angle with the y
axis (c.f. Fig. 3.4), and approaching from y < 0 an impedance wall at y = 0. 
Here it reflects into a wave (amplitude p-) propagating in the direction 
(sin(),- case). The pressure field is given by 

The y-component of the velocity is 

v(x, y) = cos() e-ikxsinO (p+ e-ikycosO -p- eikycosO), 

poco 

so we have for the impedance 

z = p(x, 0) = poco p+ + p- _ poco 1 + Ro, 
v(x,O) cos()p+-p- cosel-Ro 

and for the reflection coefficient 

Ro = Z cos()- p0 c0 . 

Z cos()+ poco 
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3.6.3 Impedance and causality 

In order to obtain a causal solution of a problem defined by boundary con
ditions expressed in terms of an impedance Z, the impedance should have 
a particular form. 

Consider an arbitrary plane wave Pi = f(t - xfco) incident from x < 0, 
and reflecting into Pr = g(t + xjc0 ) by an impedance wall at x = 0, with 
impedance Z(w). The total acoustic field is given for x < 0 by: 

p(x, t) = f(t- xfco) + g(t + xfco), 

v(x, t) = -
1
- (f(t- xfco)- g(t + xfco)). 

PoCo 

(3.68a) 

(3.68b) 

The reflected wave g is determined via the impedance condition, and there
fore via the Fourier transforms of the p and v. As we have seen above (equa
tion 3.63), we have for the Fourier transforms j and g: 

g(w) = Z(w) -poco j(w). 
Z(w) +poco 

(3.69) 

More information can be obtained, however, if we transform the boundary 
condition back to the time domain 

p(O, t) = /_: p(O, w) eiwt dw (3.70a) 

= j_: Z(w)v(O, w) eiwt dw 

leading to the convolution product: 

1 !00 p(O, t) = 
2

11' -oo z(t- r)v(O, r) dr 

if the Fourier transform z(t) of Z(w) exists17 : 

z(t) = /_: Z(w) eiwt dw. 

(3.70b) 

(3.71) 

(3.72) 

17 lf Z is not Fourier transformable, we can try to find Fourier transformable A and B 

Z( ) = A(w) 
w B(w) 

and apply the same arguments to the moclified relation 

B(w)p(O,w) = A(w)v(O,w). 
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Since p(O, t) should only depend on the values of v(O, t) of the past ( r < t), 
the Fourier transform z(t) of the impedance Z(w) has to satisfy the causality 
condition: 

z(t)=O for t<O. 

which requires, under conditions as given in theorem (3.1) (p.52), 

Z(w) is analytic in Im(w) < 0. 

(3.73) 

(3.74) 

Furthermore, since both p and v are real, z has to be real, which implies 
that Z has to satisfy the reality condition: 

Z*(w) = Z( -w). (3.75) 

Equation (3.71) yields an integral equation for g if we use equations (3.68a) 
and (3.68b) to eliminate p and v: 

1 !00 f(t) + g(t) =- z(t- r)(J(r)- g(r))dr. 
PoCo -oo 

(3.76) 

For any incident wave starting at some finite time (t = 0) we have f(t) = 0 
fort < 0, so that all in all the infinite integral reduces to an integration over 
the interval [0, t]: 

1 lot j(t) + g(t) = - z(t- r)(J(r)- g(r)) dr. 
PoCo o 

(3.77) 

For any time t, g(t) is built up from f(t) and the history off and g along 
[0, t]. 

As an example, consider an impedance wall of Helmholtz resonator type 
which is widely used in turbo fan aircraft engine inlets [160]. Such a wall is 
described (see next chapter) by: 

Z(w) =poco ( R + iwm- i cot(wL)). (3.78) 

Note that indeed Z*(w) = Z(-w). From the causality condition it follows 
that the poles of cot(wL) belong to the upper half of the complex w-plane, 
so that we can Fourier transform back to the time domain to find: 

z(t) 00 

- = Ro(t) + mo'(t) + o(t) + 2 L o(t- 2nL) 
PoCo n=l 

(3.79) 

where o'(t) denotes the derivative of o(t). Substitution of (3.79) in (3.77) 
shows that g can be expressed as a finite sum. 
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3.6.4 Impedance and surface waves 

Part of sound that is scattered by an impedance wall may be confined to a 
thin layer near the wall, and behave like a surface wave, similar to the type of 
evanescent waves discussed in section 3.4. Examples of these type of solutions 
are found as irregular modes in lined ducts (section 7.3), or as sound that 
propagates with less than the usual 1/r2-decay along an acoustically coated 
surface. 

Consider in (x, y)-space, y ~ 0, a harmonic pressure field p(x, y) eiwt, satis
fying 

\12p + k2 p = 0, with ik p(x, 0) = _!_ Bp~x, O) 
poco Y 

where Z denotes the impedance of the wall y = 0, and k = wfco. Solutions 
that decay for y -+ oo are of the type discussed in section 3.4 

p(x, y) =A e-ietx-i-yy 

with the branch and branch cuts of 
1(a) = Jk2- a2 selected such that 
Im(!) ~ 0 (see equation 3.41 and fig
ure 3.3). From the boundary condition it 
follows that the solutions that can occur 
have to satisfy 

( ) _ kpoco I a-- --. z 
Since the imaginary part of 1 is negative, 
it appears that the only impedances that 
may bear a surface wave have to satisfy 

Im(Z) ~ 0. 

The solutions in a are given by 

a= ±k)1- (poco/Z) 2• 

1 2 3 4 5 

-1 

-2 

-3 

-4 

-5 
X=-OJ -...... __ 

Figure 3.5 Trajectories of a/k for 
varying Z = poco(R + iX). 
Fixed R & X=O,O.l,oo: -. 
Fixed X & R=O,O.l,oo:-- -. 

Trajectories as function of Z are plotted in figure 3.5. Note that un
attenuated waves occur for purely imaginary Z. The thickness of the layer 
occupied by the wave is of the order y = 0(,.\1 Im(Z)I/p0c0), where,.\= 2rr/k, 
the free field wave length. 
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Exercises 

a) Consider the sound produced by thunder, modelled as an infinite line source, 
fired impulsively. Explain the typical long decay after the initial crack . 

b) Consider in (x, y, z)-space the plane z = 0, covered uniformly with point 
sources which are all fired instantaneously at t = r: 
<S(t- r)<S(x- xo)<S(y- Yo)<5(z) (zo = 0). Calculate the sound field at some 
distance away from the plane. 

c) Consider an infinite equidistant row of harmonically oscillating line sources 
l:n <S(x- nd)<S(y) eiwt, placed in the x, z-plane a distanced from each other. 
Show that constructive interference in the far field will only occur in direc
tions with an angle 8 such that 

kdcosB = 21l'm; m = 0, 1,2, . . . 

where k = wfco. 

d) The same question for a row of alternating line sources. 

e) What is the dimension of <5 ( x) if x denotes a physical coordinate with dimen
sion "length"? 

f) Prove the identities (3.29a) and (3.29b). 

g) Consider a finite volume V with surface S and outward surface normal n. On 
V is defined a smooth vector field v . Prove, by using surface distributions, 
Gauss' theorem 

fv "Y'·vdx = fs v·ndG" 

h) Work out the expression (3 .77) for the reflected wave g in the case of formula 
(3.79) with m = 0. 

i) We define an ideal open end as a position at which p = 0 in a tube. Calculate 
reflection coefficient R and impedance Z for such an open end. 

j) The same question for an ideal closed end defined by v = 0. 

k) Given a uniform duct between x = -oo and x = 0, with impedance Z0 of 
the plane x = 0 seen from the x < 0 side. Calculate ZL, the impedance of 
the plane x = -L, seen from x < 0. 
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4.1 Plane waves 

Plane waves are waves in which the acoustic field only depends on the spatial 
coordinate (say: x) in the direction of propagation: p(x, t), p(x, t), v(x, t), .... 
Such waves may emerge, for example, as approximations for spheric waves at 
large distance from a point source, or as waves propagating at a frequency 
lower than a critical frequency fc called the cut-off frequency in a hard
walled pipe. As we will see from the discussion in section 6.4 and section 7.1 
the cut-off frequency fc is of the order of co/2d where d is the pipe width 
(or diameter). The exact value of fc depends on the shape of the pipe cross 
section. 

If we can neglect friction, then below the cut-off frequency, the (propagating 
part of the) acoustic field in a pipe consists only of plane waves. The condi
tion for the validity of a frictionless approximation yields a lower bound for 
the frequency we can consider. At high frequencies, the effect of viscosity 
is confined to boundary layers of thickness 6A = (2vjw) 112 (where v = TJ/P 
is the kinematic viscosity of the fluid) near the walls. In order to make a 
plane wave approximation reasonable we should have thin viscous bound
ary layers: 6A/d « 1. Hence the frequency range in which a plane wave 
approximation is valid in a pipe is given by: 

2v co 
7rd2 « f < 2d. 

For air v = 1.5 x 10-5 m2 /s while for water a typical value is v = 10-6 m2 js. 
Hence we see that a plane wave approximation will in air be valid over the 
three decades of the audio range for a pipe with a diameter d = 0(10-2 m). 
(Check what happens for larger pipes.) This implies that such an approx
ill_lation should be interesting when studying pulsations in pipe systems, 
musical acoustics, speech production, etc. 

We therefore focus our attention in this chapter on the one-dimensional ap
proximation of duct acoustics. For simplicity we will also assume that any 



86 4 One dimensional acoustics 

mean flow uo = uo ( x) is also one dimensional. We will consider simple mod
els for the boundary conditions. We will assume that the side walls are rigid. 
This implies that there is no transmission of sound through these walls. This 
is a drastic assumption which excludes any application of our theory to the 
prediction of environmental noise induced by pipe flows. In such cases the 
transmission of the sound from the internal flow to the environment is a 
crucial factor. A large amplitude in the pipe may be harmless if the acoustic 
energy stays inside the pipe! Extensive treatment of this transmission prob
lem is given by Norton [134] and Reethof [154]. In general the transmission 
of sound through elastic structures is described in detail by Cremer and 
Heck! [26], and Junger and Feit [84]. We further ignore this crucial problem. 

In principle the approximation we will use is limited to pipes with uniform 
cross sections A or, as we will see in section 8.4, to pipes with slowly varying 
cross sections (dA/dx ~VA~ .X). The most interesting applications of our 
approximation will concern sound generated in compact regions as a result 
of sudden changes in cross section or localized fluid injection. As we consider 
low frequencies (! < c0 j2d) a region with a length of the order of the pipe 
width d will be by definition compact. We will treat these regions separately, 
taking possible three dimensional effects into account. The (inner-) solution 
in the compact region is approximated by that of an incompressible flow or 
a region of uniform pressure1 • 

The boundary conditions for this compact region are related to the plane 
wave regions by means of integral conservation laws (Appendix A). In this 
way we will consider a large variety of phenomena (temperature discontinu
ities, jumps in cross sections, multiple junctions, air bubbles, turbulence ... ). 
In the present chapter we will assume an infinitely long or semi-infinite pipe. 
This is a pipe which is so long that as a result of friction the waves travelling 
towards the pipe end do not induce significant reflections. This will in fact 
exclude the accumulation of acoustic energy and phenomena like resonance. 
This effect is discussed in the next chapter. 

A consequence of this assumption is that the acoustic field will not have a 
large amplitude and that we can usually neglect the influence of the acoustic 
field on a source. The flow is calculated locally with our previously discussed 

1 For example, the air density fluctuations in an oscillating acoustically compact air 
bubble in water cannot be neglected, but we can assume that they are uniform within the 
bubble. 
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compact region approximation ignoring any acoustical feedback. This ex
cludes fascinating effects such as whistling. These effects will be discussed 
in chapter 5. 

If the end of the pipe is part of the problem, we will include this end by 
a linear boundary condition of impedance type. The acoustic impedance 
is a general linear relation in the frequency domain between velocity and 
pressure, i.e. a convolution product in the time domain (section 3.6). Since 
pressure cannot depend on the future of the velocity (or vice versa) the dis
cussion of such a linear boundary condition involves the concept of causality 
(section 3.6). 

We will show how the Green's function formalism can be used to obtain 
information on aero-acoustic sound generation by turbulence and to estimate 
the scattering of sound by a temperature non-uniformity. These problems 
will be reconsidered later for free field conditions in chapter 6. It will then be 
interesting to see how strong the effect of the confinement is by a comparison 
of the results obtained in this chapter and chapter 5 with those obtained in 
chapter 6. 

Convective effects on the wave propagation will be discussed in chapter 9. 
We restrict ourselves now to very low mean flow Mach numbers outside the 
source regions. 

4.2 Basic equations and method of 
characteristics 

4.2.1 The wave equation 

We consider a one-dimensional flow in a pipe with uniform cross section. If 
we neglect friction the conservation laws of mass and momentum are for a 
one dimensional flow given by: 

ap ap au a(p{3) 
-+u-+p-=--
at ax ax at 

(
au au) ap 

p 7ft + u ax + ax = fx 

( 4.la) 

(4.lb) 

where p{3 corresponds to an external mass injection in the flow and fx is an 
external force per unit volume. 
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We assume now that the field consists of a uniform state (po, Po, uo), plus a 
perturbation (p', p', u') small enough to allow linearization: 

P =Po+ p,' 

P =Po+ p', 
u = u0 + u'. 

(4.2a) 

(4.2b) 

(4.2c) 

a(Jjat and fx, being the cause of the perturbation, must therefore by defi
nition be small. We substitute (4.2a-4.2c) in (4.1a) and (4.1b). Neglecting 
second and higher order terms we obtain the linearized equations: 

ap' ap' au' a(J 
at+ Uo ax +Po ax = Po8t 
au' au' ap' 

Po at + pouo ax + ax = fx 

We can eliminate p' by using the constitutive equation: 

I 2 I 
P =CoP 

which implies that we assume a homentropic flow. 

( 4.3a) 

( 4.3b) 

( 4.4) 

A one-dimensional wave equation is obtained by subtracting the divergence 
of the momentum conservation law ( 4.3b) from the convected time derivative 
(at+ uoax) of mass conservation law (4.3a) (to eliminate u'): 

(4.5) 

4.2.2 Characteristics 

As an alternative we now show the wave equation in characteristic form. 
This allows a simple geometrical interpretation of the solution of initial 
condition and boundary condition problems with the help of a so-called (x, t) 
diagram. In acoustics this procedure is just equivalent with other procedures. 
However, when considering high amplitude wave propagation (non-linear 
acoustics or gas dynamics) the method of characteristic will still allow an 
analytical solution to many interesting problems [184, 96, 138]. Also the 
characteristics play a crucial role in numerical solutions as they determine 
optimal discretization schemes, and in particular their conditions of stability. 
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Using the constitutive equation 

8p + u 8p = c2 (8p + u 8p) 
8t 8x 8t 8x 

we can write the mass conservation law (4.1a) as: 

__!__ ( 8p + u 8p) + c 8u = !:_ 8(pf3) 
pc 8t 8x 8x p 8t 

by addition, respectively subtraction, of the momentum conservation law 
(4.1b) divided by p, we find the non-linear wave equation in characteristic 
form: 

(i_ + (u ±c)~) (u ±I dp) = fx ± !:_ 8(p{3). 
8t 8x pc p p 8t 

In the absence of source terms this simply states that along the character
istics c± the Riemann invariant r± is conserved: 

+ I I dp r = u + - = constant along 
pc 

1 ldp r- = u - - = constant along 
pc 

c+={(x,t)l~; =u+c}(4.6a) 

c- = { (x, t)l ~; = u- c} (4.6b) 

In the presence of source terms we have: 

(4.7) 

where the integration is along the respective characteristic. For an ideal 
gas with constant specific heat we find by using the fact that the flow is 
isentropic: 

In linear approximation in the absence of sources we have 

p1 ± dx r± = u1 ± -- along the lines defined by c : -dt = uo ±co. 
poco 
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4.2.3 Linear behaviour 

In the absence of source terms (the homogeneous problem) we can write 
the linear perturbation p' as the sum of two waves F and 9 travelling in 
opposite directions (along the c+ and c- characteristics): 

p' = F(x- (co+ uo)t) + 9(x +(co- uo)t), 

u' = -
1
- (F(x- (co+ uo)t)- 9(x +(co- uo)t)). 

PoCo 

( 4.8a) 

( 4.8b) 

This solution can be readily verified by substitution into the homogeneous 
wave equation. The functions F and 9 are determined by the initial and 
boundary conditions. As an example we consider two simple problems for 
the particular case of a quiescent fluid u0 = 0. 

t 

II 

----x 

Figure 4.1 Solution by means of characteristics. 

Let us first consider a semi-infinite pipe closed by a rigid piston moving 
with a velocity up(t) starting at t = 0 and x = 0. If upjc0 « 1 we can 
use an acoustic approximation to solve the problem. Using the method of 
characteristics we first observe in a (x, t) diagram (figure 4.1) that there are 
two regions for x > 0: 

region I below the line x = c0t 

and 

region II above the line x = c0 t. 
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Region I is a region in which perturbations induced by the movement of the 
piston cannot be present. The characteristic cf : x = cot corresponds to 
the path of the first disturbance generated at t = 0 by the starting piston. 
Hence the fluid in region I is undisturbed and we can write by considering 
a c- characteristic (c!) leaving this region: 

I I 0 p - pocou = . (4.9) 

This c1 characteristic will meet the piston path xp(t) = f~ updt1 where we 
have: 

I 
U =Up (4.10a) 

because we assume the fluid to stick to the piston (up~ c0 ). Hence from 
(4.9) and (4.10a) we have the pressure at the piston for any time: 

(4.10b) 

Now starting from a point xp(t) on the piston, we can draw a c+ character
istic (4) along which we have: 

(4.11) 

where te is the retarded or emission time, implicitly given by 

(4.12) 

This is the time at which the disturbance travelling along 4 and reaching 
an observer at (x, t) has been generated by the piston. At any point (x, t) 
along 4 we can find a c;- characteristic originating from the undisturbed 
region for which (4.9) is valid. Combining (4.9) and (4.11) we see that along 
ci we have: 

U
1 = up(te) 

P1 = pocoup(te)· 

(4.13a) 

(4.13b) 
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We could have obtained this solution directly simply by using (4.8a,4.8b), 
the general solution of the homogeneous equation. Because the tube is semi
infinite and the piston is the only source of sound, we have only waves 
travelling in the positive x direction so that (with u0 = 0): 

p1 = :F(x- cot) 

u1 = :F(x- cot)/ poco. 

(4.14a) 

(4.14b) 

Using the boundary condition u 1 = up at the piston x = Xp we find the 
retarded (or emission) time equation ( 4.12) and so the solution ( 4.13a,4.13b). 

t 

A 

c c+ _ ... _ - c+ 
3 ___ -...... c

3 
--_.- 2 

---- IV --- --
--c2- --><---- ----- --- ------ --- ---~- ---- -- --- + -- - B -- c L 
---- III ---- --- --- 1 

co --..E.t._ ---....._-- --~-
- - + --- ---- I I -- --- c P =Po P1 = 0 -._- 1 -_-..><..-- II 

-- -- - ...... ...... u1 = u1
0 u' = 0 - --...... --- .................... --- -- ....... 

L x-

Figure 4.2 (x, t) diagram for the initial value problem. 

We now consider an initial value problem in a semi-infinite pipe. Suppose 
that the pipe is closed at x = 0 by a fixed rigid wall (u1(x = 0) = 0) and 
that in the region 0 < x < L the fluid is undisturbed while for x > L there is 
originally a uniform disturbance (p~, u~) of the uniform quiescent fluid state 
valid for x > 0 (p~, u~ = 0) (figure 4.2). We can easily delimit the uniform 
regions I and II in which the initial state will prevail by drawing the ct and 
c1 characteristics emanating from the point (x, t) = (L, 0). 

The state in region IV at the closed pipe end is the next easiest one to 
determine. We draw the characteristic c2 emanating from region II along 
which we have: 

-. I I_ I I 
C2 • P - Pocou - Po - pocouo · (4.15) 

At the closed pipe end u' = 0 so that fort> Ljc0 : 

P~v(x = 0) = P~- Pocou~ (4.16) 
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In region III we obtain the solution by considering the intersection of the 
waves ct and c! emanating from regions I and II respectively: 

ct : p' + pocou' = 0 

- ' ' ' ' cl : p - pocou = Po - pocouo. 

Hence: 

' 1 ( ' ' ) Pm = 2 Po - pocouo 

' 1 ( ' ')/ um = -2 Po - Pocouo PoCo. 

(4.17a) 

(4.17b) 

(4.18a) 

(4.18b) 

Finally for any point in the region IV above the line x = co(t- Ljc0 ) we 
have: 

C+. 
3 . 

c3: 

' ' ' ' P + pocou =Po- pocouo 

' ' ' ' P - pocou = Po - pocouo 

so that we have: 

u:v = 0 

' ' ' P1v =Po- PoCouo 

(4.19a) 

(4.19b) 

(4.20a) 

( 4.20b) 

as we already found at the closed pipe end (x = 0). Of course we could have 
solved this problem without an (x, t) diagram, but this requires quite an 
intellectual effort. 

From the previous two examples simple rules are obtained to use an (x, t) 
diagram in combination with the method of characteristics: 

a) Indicate on the x and t axis the initial and boundary conditions. 

b) Draw the characteristics delimiting the undisturbed regions in which 
the initial conditions prevail. 

c) Consider reflection of these boundary characteristics at boundary con
ditions. (Contact surface delimiting regions of different uniform state 
po, po, co, ... will be discussed in section 4.4.) This yields a further sub
division of the ( x, t) plane in uniform regions. 

d) Determine the state at the boundaries at the moment the first message 
from the initial conditions arrives. 
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e) Determine the state in regions where two characteristics of opposite 
families c+ and c- emanating from regions where the solution is known 
meet. 

While for initial value problems the method of characteristics is most ef
ficient, we will use Fourier analysis when we consider boundary condition 
problems. For a steady harmonic perturbation equation (4.8a,4.8b) be
comes: 

p' = p+ eiwt-ikx +P- eiwt+ikx 

u' = _l_(p+ eiwt-ikx -p- eiwt+ikx). 
poco 

( 4.21a) 

(4 .21b) 

where p± are amplitudes which are functions of w, and k is the wave number 
(k = wfco). 

4.2.4 Non-linear simple waves and shock waves 

A general solution of the non-linear one dimensional homentropic flow equa
tions can only be obtained by numerical methods. In the particular case of a 
wave propagating into a uniform region the solution is considerably simpli
fied by the fact that the characteristics emanating from the uniform region 
all carry a uniform message. We will show that as a consequence of this the 
other characteristics in this wave are straight lines in the (x, t)-plane. Such 
a wave is called a simple wave. 

Let us for example consider a wave propagating along c+ -characteristics 
which meets c- -waves emanating from a uniform region. The message car
ried by the c- -characteristics is: 

r- = u - J dp = f() for all c-. 
pc 

(4.22) 

If we now consider a c+ -characteristic in the simple wave, we have in addition 
that r+ is equal to another constant, specific to that particular c+: 

r+ = u+J dp. 
pc 
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Addition and subtraction of ( 4.22) and ( 4.23) yields, along the c+, the result 

u = ~(r+ + r 0), 

f dp = ~(r+ - r 0). 
pc 

( 4.24a) 

(4.24b) 

Hence, the velocity u is constant along the c+ considered. As in addition to 
the thermodynamic quantity J(dpj pc) also the entropy sis constant along 
the c+ (because the flow is homentropic), we conclude that all thermody
namic variables2 are constant along the c+. In particular the speed of sound 
c = J(apjap)s is constant along a c+ in the simple wave. Therefore, the 
slope ( u +c) of the c+ characteristic is constant, and the characteristic is a 
straight line in an (x, t)-diagram. 

As an example of an application we consider the simple wave generated for 
x > 0 by a given boundary condition p(O, t) at x = 0, assuming a uniform 
quiescent fluid (uo = 0) with a speed of sound c = c0 fort< 0. The sound 
speed c(O, t) at x = 0 is calculated by using the equation of state 

p ( p )'Y 
Po= Po 

which implies 

The message from the c- -characteristics implies 

u = ~( ~- 1) = ~((}!_) "12~
1 

-1). 
{- 1 co {- 1 Po 

We can now easily construct the simple wave by drawing at each time t 

the c+ -characteristic emanating from x = 0. We see from these equations 
that a compression gtp(O, t) > 0 implies an increase of both c(O, t) and 
u(O, t), and of course the opposite for a decompression or expansion. As a 
result, characteristics at the peak of a compression wave have a higher speed 
( ~ + c) than those just in front of it. This results into a gradual steepening 
of the compression wave. This non-linear deformation of the wave will in 

2 For a homogeneous fluid the thermodynamic state is fully determined by two thermo
dynamic variables. 
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the end result into a breakdown of the theory because neighbouring c+
characteristics in a compression intersect for travelling times larger than ts 
or distances larger than Xs given by 

ts=-[(a(u+c)) J-1, 
OX t=O 

( 4.25a) 

=- 2 [(8(u+c)) ] Xs ts !::1 • ut x=O 
(4.25b) 

For weak compressions we find the approximation for an ideal gas with 
constant 1: 

rv _ 2/poco [(ap) ] -1 

X8 _Cots- !::1 
1 + 1 ut x=O 

(4.26) 

For t > ts or x > Xs the solution found by integration of the differential 
equations becomes multiple valued and loses its physical meaning. 

The approximation on which the equations are based will already fail before 
this occurs because the wave steepening involves large gradients so that heat 
conduction and friction cannot be ignored anymore. This limits the process 
of wave deformation. For large pressure differences across the wave the final 
gradients are so large that the wave thickness is only a few times the molec
ular mean free path, so that a continuum theory fails. The wave structure 
is in the continuum approximation a discontinuity with jump conditions de
termined by integral conservation laws. We call this a shock wave. Apart 
from discontinuous, the solution is also dissipative, as there is production of 
entropy in the shock wave. 

If the wave is initiated by a harmonic perturbation p'(O, t) = pcos(wt), the 
shock formation distance corresponding to the largest value of gtp' is given 
by 

X 8 W 2/Po 
co (I+ 1)j{ 

In a pipe segment, closed on both sides by a rigid wall, a wave travels easily 
hundreds of wave lengths before it is attenuated significantly by friction. 
Therefore, even at apparently modest amplitudes of pfpo = O(lo-2 ) shock 
waves can appear in a closed tube driven by a piston at its resonance fre
quency. Recent papers discussing such effects are the review of Crighton 
([32]) and the work of Ockendon e.a. ([137]). When the pipe segment is 
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open at one end, the wave is inverted each time it reflects at the open end. 
The non-linear wave distortion due to the wave propagation during half 
an oscillation period is compensated, at least in first approximation, in the 
following half period. Under such conditions non-linear effects due to flow 
separation at the open pipe termination (Disselhorst & Van Wijngaarden 
[38]) or even turbulence in the acoustical boundary layer ([114], [193], [3], 
[43]) can appear before non-linear wave distortion becomes dominant. 

horn exit pressure Ph However, when the pipe 
is driven by a strongly 

'2 1 
ff 

~ 0.5 
d 0 ~ ."-----
'2 1 

mf 

~ 0.5 
d 0 ~ 

'2 1 
p 

~ 0.5 '-" 

d 
0 

0 0.001 0.002 

t (s) 

0.003 

non-harmonic pressure sig
nal p' (0, t), the wave steepen
ing may lead to a shock wave 
formation before the open 
end has been reached. This 
may, for example, occur in 
a trombone where the pres
sure at the exit of the horn 
shows very sharp peaks, as 
shown in figure ( 4.3). The in
crease of the wave distortion 
with the amplitude explains 
in such a musical instru-

0.004 ment the increase of bright-

Figure 4.3 The pressure signal measured at the exit 
of the horn for three playing levels: piano 
(p), mezzo-forte (mf), and fortissimo (ff). 

ness (the higher harmonics) 
of the sound with increas
ing sound level (Hirschberg 
[63]). In open-air loudspeak

er horns wave propagate in non-linear way. In mufflers of combustion engines 
shock waves are also common. 

When the non-linear deformation is small, the generation of the first har
monic ih at 2wo by a signal p, originally harmonic with frequency w0 , is 
given by [144]: 

( 4.27) 
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4.3 Source terms 

While fx is a source term in (4.1b) which can be realized by non-uniform 
gravitational or electromagnetic forces, the source term 82(pf3)/8t 2 in (4.1a) 
does not correspond to the creation of mass (because we consider non
relativistic conditions). Hence if we introduce a source term 82 (pf3) / 8t2 this 
term will be a representation of a complex process which we include in the 
1-D inviscid flow model as a source term. For example the effect of fluid in
jection through a porous side wall in the pipe can be considered by assuming 
a source term in a uniformly filled pipe with rigid impermeable walls. 

In the case of fx we may also find useful to summarize the effect of a com
plex flow such as the flow around a ventilation fan by assuming a localized 
momentum source in a one dimensional model. This is called an actuator 
disk model. Of course, this kind of representation of a complex process by a 
simple source is only possible if we can find a model to calculate this source. 
This is only attractive if a simplified model or an order of magnitude esti
mate can be used. When the source region is compact we will be able to 
find such simple relationships between a simplified local flow model and the 
corresponding 1-D sources by applying integral conservation laws over the 
source region and neglecting variations in emission time over the source re
gion. The general treatment of the aero-acoustic sources has already been 
given in section 2.6. We focus here on some additional features which we 
will use in our applications of the theory. 

In a compact region of length Land fixed volume V enclosed by a surfaceS, 
we will use the conservation laws for mass and momentum in integral form 
(Appendix A): 

:t jjj pdx+ jj pv·nda = 0 (4.28a) 

v s 
:tJJJ pvdx+ jj(P+pvv)·nda= jjj fdx (4.28b) 

v s v 
where P is the stress tensor (Pij)· 

Within the volume V we describe the flow here in full three dimensional 
detail, so (4.28a) has no source term. However, the source term 82(pf3)/8t2 

in the one dimensional representation of the mass conservation law is sup
posed to include the effect of the volume integral (d/dt) JJJ pdx. In order to 
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understand this we compare the actual source region with a 1-dimensional 
representation of this source region (figure 4.4). Integration of ( 4.1a) over 

r·····-·······-------·-·-·--------------·-··-------' ' 

n• 
-----4 

L 

Figure 4.4 One dimensional representation of source region. 

~s 

:n ·' ' 

the source region yields for a uniform pipe cross section: 

(4.29) 

If we assume L to be small compared to the acoustic wave length (compact) 
and the source term 82(p{3)jot2 to be uniform we can write in linearized 
form: 

0{3 I 
- = ~u 6(x- y) at ( 4.30) 

for a small source region around x = y. The value of ~ u' = ( u~ - uD to be 
used in ( 4.30) is found by application of ( 4.28a) to the actual situation. If 
we assume the flow to be uniform at the planes 1 and 2 of cross-section A, 
where it enters and leaves the volume V, we obtain: 

A[(pu)2- (pu)I] = - :t JJJ p dx + 'Pex 

v 
(4.31) 

where 'Pex is the externally injected mass flux into V through the side walls. 
For identical fluids at both sides and in linearized approximation for a com
pact source region we have: 

Apo~u' =-! JJJ p' dx + 'Pex· 

v 
( 4.32) 
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Since typical wavelengths are much larger than the compact source region, 
density and pressure gradients are negligible and we can replace the volume 
integral by the averaged value. We can write for a homentropic flow 

!}.u' = -~ dp' + l.{)ex. 
Apoc0 dt Apo 

In a similar way, if we can neglect the volume contribution (d/dt) Jff pvdx 
to the integral conservation law, we obtain in linear approximation (neglect
ing pou~ 2 and pou~ 2 ): 

fx = !}.p'8(x- y). (4.33) 

This source term for the !-dimensional wave equation can be used as a 
representation of a complex flow such as that around a ventilation fan. 

As an example of a sound source we consider now the effect of the convection 
of a small fluid particle with a density p and speed of sound c (different from 
Po and co) passing through a sudden change in pipe cross section in which we 
assume a steady isentropic and subsonic flow u0 (x) (figure 4.5). We will first 

Figure 4.5 Particle convected with the main flow uo(x) through a nozzle. 

consider the problem by using the linearized form of the integral conservation 
laws for small differences in density and speed of sound ((p- Po)/ Po ~ 1 
and (c- co)/co ~ 1). A more formal discussion of this effect is given by 
Morfey in [118]. 

If the volume Vp of the fluid particle is much smaller than the nozzle volume 
V and if the properties of the fluid particle do not differ much from that of 
the rest of the fluid, we can assume that the particle is convected with the 
undisturbed steady flow velocity u0 (x). As the particle is small the pressure 
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over the particle will be uniform and in first approximation equal to the 
main flow pressure Po(x). Po(x) is given by Bernoulli's equation: 

Po(x) + ~pou5(x) =constant. ( 4.34) 

The variation in pressure p0 (x) will induce a volume variation of the particle, 
additional to that of the mean flow, which is related to the variation in the 
fluid compressibility 

K _ ~(ap) __ 1 
- p 8p s- pc2 

by: 

which implies a source term: 

where: 

8{3 

at 

(4.35) 

( 4.36) 

(4.37) 

(4.38) 

because we assume that the particle is convected with the mean flow velocity 
uo. Furthermore the particle will exert an additional force on the fluid due 
to the density difference (p- p0 ) which implies a force source term: 

f 's:( ) p-po Dup ) 
x = b..p u x- y = --A-Vp Dt 8(x- y 

P- Po duo 
= --A-Vpuo dx 8(x- y). ( 4.39) 

This force is due to the difference in inertia between the particle and its 
environment. Note that for an ideal gas the compressibility K is given by: 

1 
K=-. 

IP 
( 4.40) 

Hence for a small particle in this linear approximation the volume source 
term ( 4.37) is due to a difference in I· This term vanishes if we consider 
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the convection of a hot gas particle (not chemically different from the en
vironment) which we call an entropy spot. In that case sound production 
will be due to the difference of inertia between the entropy spot and the 
surrounding fluid. Howe [67] refers to this as acoustical "Bremsstrahlung". 

In a similar way we can describe the effect of a slow variation of the tube cross 
section area A on sound waves of low frequency (i.e. d~A ~VA~>.). With 
some care we can derive a suitable one-dimensional approximation, called 
Webster's horn equation, to describe the wave propagation (see section 8.5). 
To leading order the momentum conservation law is not affected by the cross 
section variation. The mass conservation law, however, becomes: 

op' Po oAu' 
-+---=0 ot A ox (4.41) 

This can be interpreted as the linearized continuity equation (4.3a) with a 
volume source term 

of] 

ot 
u'oA 
A ox 

4.4 Reflection at discontinuities 

4.4.1 Jump in characteristic impedance pc 

(4.42) 

The procedure described in the previous section to incorporate sources in a 
compact region into a one dimensional model can also be applied to deter
mine jump conditions over discontinuities in a pipe. It should be noted that 
a mathematically more sound derivation, allowing also higher order correc
tions, is obtained by using the method of Matched Asymptotic Expansions. 
This will be worked out in more detail in chapter 8. 

1 2 't' x----. 
x=y 

Figure 4.6 Jump in acoustic impedance. 

We first consider an abrupt change at x = y in speed of sound c and den
sity p between two media, 1 and 2, in a pipe with uniform cross section 

RienstraHirschberg 4 Jan 1999 10:11 



4.4 Reflection at discontinuities 103 

(figure 4.6). Considering a thin control volume (between the dotted lines 1 
and 2), enclosing the contact surface between the two media and moving 
with the fluid, we find from the laws of mass and momentum conservation, 
respectively 

A I I I 0 uu = u2 - u1 = , 
A I I I 0 up = P2- P1 = · 

(4.43a) 

( 4.43b) 

By using the general solution ( 4.8a,4.8b) of the homogeneous wave equation, 
we have at x = y for the jump conditions in the pressure and velocity, 
respectively: 

F1 (y- c1t) + g1(Y + c1t) = F2(Y- c2t) + g2(Y + c2t), 
FI(y- c1t)- g1(Y + c1t) F2(Y- c2t)- g2(Y + c2t) 

P2c2 

(4.44a) 

( 4.44b) 

If, for example, we have a source at x < y generating an incident wave F 1 , 

in a tube of infinite length so that g2 = 0, we obtain 

g1 (x + c1t) = RF1 (2y- (x + c1t)), 

F2(x- c2t) = TF1((1- ~)y + ~(x- c2t)), 

h R P2c2 - P1 c1 T 2p2c2 w ere = , = ---'---
P2C2 + P1 c1 P2c2 + P1 c1 

( 4.45a) 

(4.45b) 

The factor R between g1 and F 1 is called the reflection coefficient and the 
factor T between F2 and F 1 the transmission coefficient. We observe that if 
P1 c1 = p2c2 the acoustic wave is not reflected at the contact discontinuity. 
Inspection of ( 4.44a,4.44b) for p1 c1 = p2c2 also shows that the only solution 
is F1 = F2 and g1 = g2· This corresponds to results obtained already in 
section 3.6 when considering harmonic waves. 

4.4.2 Monotonous change in pipe cross section 

We now consider a compact transition in pipe cross sectional area from A1 

to A2. If the flow is homentropic and there is no flow separation (vorticity 
is zero) the pressure difference ~p1 = p~- p~ across the discontinuity can be 
calculated by using the incompressible unsteady Bernoulli equation (1.30b): 

A I 1 ( I 2 I 2) 0 A up =?,PO u1 - u2 - Poatu<p, ( 4.46) 
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Figure 4. 7 Abrupt cross sectional area change. 

where f}.cp = cp2 - cp1 is the potential difference. In linear approximation: 

A I,.._, 8 A up - -Poatucp. (4.47) 

For a compact smooth change in cross section as in figure (4.7) we have 
continuity of flux A1 u~ = A(x)u'(x), while the potential difference can be 
estimated as f}.cp = f1

2 u' dx ~ u~ f1
2(AtfA(x))dx"' u~L. The pressure dif

ference f}.p' is of the order of pawu~L, which is negligible when Lwfco ~ 1. 
We then have a pressure uniform over the entire region. Note that while this 
is a very crude approximation, this is a stronger result than just a continuity 
condition (see section 4.4.4). This condition f}.p' = 0 can be combined with 
the linearized mass conservation law in the low frequency approximation 

(4.48) 

to calculate the reflection at a pipe discontinuity. 

4.4.3 Diaphragm and high amplitude behaviour 

Instead of a monotonous variation of the pipe area A we consider a di
aphragm placed in the pipe with an opening area Ad and a thickness L (fig
ure 4.8). We start with the problem of acoustic wave propagation through a 
stagnant fluid ( uo = 0). In principle, if we use the approximations ( 4.47) and 
( 4.48) and if we neglect the potential jump f}.cp, we see that the diaphragm 
will be completely "transparent" to the acoustic waves. However, if Ad ~ A 
we find experimentally a significant effect of such a diaphragm which is due 
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A 

Figure 4.8 Diaphragm. 

to the inertia of the air in the opening. Assuming a uniform velocity and an 
incompressible flow without friction we have from (4.47): 

(4.49) 

where u' is the acoustic velocity in the pipe. We could also simply have 
obtained this result by considering the pressure difference b.p' necessary to 
accelerate the mass of fluid (poAdL) in the diaphragm and noticing that the 
particle velocity in the diaphragm is given by: 

( 4.50) 

In practice ( 4.49) yields a lower bound for the pressure drop across the 
diaphragm because we neglected the inertia of the air in the region outside 
the diaphragm. This effect can be taken into account by introducing an "end 
correction" 8 on both sides: 

Leff = L + 28 ( 4.51) 

where 8 appears to be of the order of (Ad/rr) 112• Typically (8/3rr)(Ad/rr) 112 

for a circular orifice and a larger value for a slit [77]. This explains why a 
thin diaphragm (L -7 0) also affects the propagation of acoustic waves in a 
pipe. For a circular orifice of radius a in a thin plate we have Leff = rra/2 
(see [144]). 

If we consider a narrow diaphragm the local velocity ud in the diaphragm 
may become quite large. When the acoustic particle displacement udjw be
comes comparable to the radius of curvature of the edges at the entrance 
and the exit of the diaphragm non-linear effects and friction will result in
to acoustically induced vortex shedding [79, 80, 38, 34]. When the fluid 
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particle displacement becomes comparable to the diameter of the orifice 
(Ad/rr) 112ud_jw = 0(1) the vortex shedding can be described in terms of 
the formation of a free jet, by assuming that there is no pressure difference 
across the boundaries of the jet. The shear layers enclosing the jet are not 
capable of sustaining a pressure difference. Furthermore, if Ad/ A « 1 we 
assume that the kinetic energy in the flow ~pud_2 is lost upon deceleration 
of the jet by turbulent mixing with the air in the pipe. This implies that 
in addition to the linear terms in Bernoulli we should add the non-linear 
effects: 

(4.52) 

A typical feature of this effect is that the pressure fj.p' has now a component 
~pud_ 2 which is in phase with the acoustic velocity, and therefore will involve 
(acoustic) energy losses that were absent in the situations discussed until 
now. These losses are due to the fact that the kinetic energy in the jet is 
dissipated by turbulence. 

The model proposed here appears quite reasonable but in many cases the 
surface area of the jet is smaller than Ad which implies additionallosses[34]. 
This effect can be as much as a factor 2. The jet contraction by a factor 2 
corresponds to the so called vena contracta at an unflanged pipe entrance. 
For a thin diaphragm with sharp edges the jet cross section is a factor 
n~z narrower than the diaphragm. When the edges are rounded off the 
contraction effect disappears rapidly. 

It is interesting to consider now how a mean flow affects the acoustic prop
erties of a diaphragm. We assume that the mean flow velocity uo in the 
pipe is so small compared to the speed of sound c0 that we can neglect all 
convective effects on the wave propagation (u0 jc0 « 1). As the diaphragm 
has a small aperture (Ad/ A), the mean flow velocity in the diaphragm is sig
nificant. We assume a stationary frictionless and incompressible flow. The 
assumption of a frictionless flow fails, however, to describe the flow at the 
exit of the diaphragm where as a result of friction the flow separates from 
the wall and a free jet of surface area Ad is formed. 

Assuming further no pressure difference between the jet and its environment 
we can write for the total pressure difference ~ p0 : 

( 4.53) 
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For acoustic velocity fluctuations u' we have, neglecting the higher order 
terms in u': 

I A au' ( A ) 2 I tlp =-po-L-- Po - uou. 
Ad at Ad 

(4.54) 

We see from this equation that even in the linear approximation energy is 
transferred (p0 (A/Ad) 2u0 u'2 ) from the acoustic field to the flow (where it 
is dissipated by turbulence). This effect is of course a result of the force 
p0 (w x v) in Howe's analogy (section 2.6). The vorticity responsible for this 
is located in the shear layer that confines the free jet. We will describe the 
formation of a free jet in section 5.1. The consequence of this effect is that 
a diaphragm placed in a tube with a mean flow is a very efficient damping 
mechanism. This device is indeed used downstream of a compressor in order 
to avoid the low frequency pulsations that may be induced by the compressor 
into the pipe system. As explained by Bechert [7], for any diaphragm placed 
at the end of a pipe one can find a Mach number at which the reflection 
coefficient for long acoustic waves vanishes. Such a diaphragm acts thus an 
anechoic termination for low frequencies! 

A beautiful property of this damping mechanism is that it is not frequency 
dependent as long as the frequency is low enough. This is not the case 
with the effect of friction and heat transfer which are strongly frequency 
dependent (equation 3.13), in a way that at low frequencies friction is quite 
inefficient. 

It is interesting, however, to note that under special flow conditions a di
aphragm can produce sound as a result of vortex shedding. This occurs 
in particular if the diaphragm has sharp edges at the entrance where the 
vortices are shed [5] (figure 4.9a) or when the edges are rounded at the 
downstream side [201, 62] (figure 4.9b). 

The frequency of the sound produced by the vortex shedding is such that 
the period of oscillation roughly corresponds to the travel time of a vortex 
through the diaphragm (a Strouhal number Sr = JL/(Au0 /Ad) = 0(1)). 
When this sound source couples with a resonator (see next chapter) large 
amplitudes may be generated. This is an explanation for human whistling 
[201, 176]. Flow instabilities of this type also occur around pipe arrays such 
aS used in heat exchangers [14]. Whistling corresponds to self-sustained flow 
instabilities. In the case of an externally imposed acoustic wave, the period
ic vortex shedding is a non-linear phenomenon which will generate higher 
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b) 

a) 

Figure 4.9 Vortex shedding at a diaphragm. 

harmonics. Hence, suppressing low frequency-pulsations (being mechanical
ly dangerous) with a diaphragm may be paid by the generation of high 
frequency noise which is an environmental problem. 

A generalization of the procedure which we introduced intuitively for the 
diaphragm can be obtained for an arbitrary compact discontinuity in a pipe 
system. The acoustical effect of this discontinuity can be represented in an 
acoustical model by a pressure discontinuity (~P)source which is calculated 
by subtracting from the actual pressure difference ~p the pressure difference 
(~P)pot, corresponding to a potential flow with the same velocity boundary 
conditions: 

(~P)source = ,6.p- (,6.p)pot· 

The actual pressure difference ,6.p can be measured or calculated as a func
tion of the main flow velocity u0 and the acoustical velocity fluctuation u'. 
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The potential flow difference (~P)pot is calculated. This procedure is in par
ticular powerful when we can use a quasi-stationary flow model. We then use 
the incompressible continuity equation and Bernoulli: Su = constant and 
p+ ~p0u2 =constant, to calculate (~P)pot, while ~pis measured in the form 
~p = CD~pu2 as a function of various parameters. When convective effects 
are taken into account in the wave propagation, it appears to be important 
to define the aeroacoustic source in terms of a discontuity (b.B)source in the 
total enthalpy rather than in the pressure. 

4.4.4 Multiple junction 

In the previous sections we used the equation of Bernoulli to derive pressure 
jump conditions for a discontinuous change in pipe diameter. We could also 
have obtained a similar expression by considering the law of energy con
servation. The use of Bernoulli is a stronger procedure. To illustrate this 
statement we consider the reflection of waves at a multiple junction. As an 
example consider aT shaped junction between three pipes of cross-sectional 
surface At, A2 and A3 , respectively (figure 4.10). 

1 3 

A, I 
---x-1 -.;....-...,xj;[------ 2 

A2 

tA3 
~~------------------

x3-

Figure 4.10 Multiple junction. 

We define along each pipe ax-coordinate with a positive direction outwards 
from the junction. The conservation of mass for a compact junction yields: 

( 4.55) 

while from the equation of Bernoulli we find: 

I I I 
Pt = P2 = P3 (4.56) 
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Note that closed side branches are very popular as reflectors to prevent the 
propagation of compressor induced pulsations. It is interesting to note that 
flow may also drastically affect the acoustic properties of a multiple junction 
and make the use of this device quite dangerous. In particular if we consider 
junctions with closed side branches, the shear layer separating the main flow 
from the stagnant fluid in the pipe is unstable. Coupling of this instability 
with a resonant acoustic field may result into pulsation levels of the order 
of p' ~ O(pcouo) ([17, 92, 203]). Again, the amplitude of these pulsations 
depends crucially on the shape of the edges of the junction, in the same way 
as the shape of the edges was crucial in the diaphragm problem. More about 
this will be explained in the next chapter. 

For aT -shaped junction of a main pipe with a closed side branch or a grazing 
flow along a diaphragm in the wall the quasi-steady theory for a main flow 
uo indicates that the shear layer can be represented by an acoustical pressure 
discontinuity: (~P)source = -Kpouou', where/( is unity for a uniform main 
flow. For a diaphragm small compared to the boundary layer thickness of 
the main flow /( is of the order of 0.7 because of the velocity defect in the 
boundary layer relative to the main flow velocity u0 . This effect is discussed 
by Ronneberger [167], Tijdeman [186] and Cummings [35]. 

4.4.5 Reflection at a small air bubble in a pipe 

Air bubbles in the water circuit of the central heating of a house are respon
sible for a very characteristic, high-frequency sound. As a first step to the 
understanding of this effect we now consider the reflection of a harmonic 
wave on a small air bubble of radius a (Volume VP = (4rr /3)a3) placed in a 
pipe filled with water at a static pressure p0 • If the bubble is small compared 
to the characteristic acoustic wave length we can assume that the pressure p/, 
in the bubble will be uniform. We neglect surface tension effects and assume 
that the bubble pressure pi, is equal to the surrounding water pressure. 

In the low frequency limit, when the inertial forces in the flow around the 
bubble can be neglected, the pressure induced by a passing acoustic plane 
wave in the water around the bubble will be practically uniform: ~p' = 0. 
The bubble will react quasi-statically to the imposed acoustic pressure vari
ation p'. Since the air-filled bubble is much more compressible than water, 
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the presence of the bubble results into a volume source term, giving rise to 
a jump in acoustic velocity across a control volume including the bubble: 

b.u' ~ _ ___2__ dp' 
kyp0 dt 

( 4.57) 

where we neglected the water compressibility compared to the air com
pressibility (Kair = 1/!Po) and we assume an adiabatic compression (taking 
1 = 1 would imply an isothermal compression as we expect for very low 
frequencies). The reflection coefficient for a wave F 1 incident to the bubble 
can now be calculated from the jump conditions for b.p' and b.u'. Assuming 
92 = 0 we find from the continuity of pressure: 

(4.58) 

and from (4.57): 

(4.59) 

By subtraction of (4.58) from (4.59) we can eliminate F2 and find: 

g = _PwCwVp i_(F g) 
1 

2A!Po dt 1 + 1 (4.60) 

The inertia of the water around the bubble will dramatically influence the 
interaction between the bubble and acoustic waves at higher frequencies. If 
we assume that the acoustic wave lengths in both air and water are very 
large compared to the bubble radius we still can assume a uniform pressure 
in the bubble. This implies also that the bubble will remain spherical. The 
oscillations of the bubble radius: 

a= ao + aeiwt (4.61) 

around the equilibrium value a0 will induce a radial flow of the water around 
the bubble if we assume that the bubble is small compared to the pipe 
diameter. In the low frequency approximation considered here, this flow is 
in-compressible. Hence we have for the radial velocity vr: 

(a)2 (aa) . (ao)2~ iwt Vr = - - ~ 1W - a e 
r at r 

(4.62) 
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where we have assumed aj a0 «:: 1. The pressure variation in the bubble: 

~ iwt 
Pb =Po+ Pbe (4.63) 

can be related to the incompressible far field (still near the bubble compared 
to the pipe radius) by applying the linearized Bernoulli equation : 

(4.64) 

Using (4.62) we can calculate (<p- <t?b): 

(4.65) 

so that: 

( 4.66) 

Assuming the air in the bubble to be an ideal gas with Pb "'i't and neglecting 
the dissolution of air in water so that a3 pb =constant, we find: 

1 8pb 
--
/Pb at 

or in linear approximation: 

38a 
a 8t 

( 4.67) 

(4.68) 

Combining (4.66) with (4.68) and assuming that p =Po+ P' eiwt we have: 

.-., ~( 2 2) p = Pwaoa w - w0 (4.69) 

where the resonance frequency w0 (Minnaert frequency) is defined by: 

2 3/Po 
wo = -2-. 

aoPw 
(4.70) 
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The reflection coefficient R = 9d F1 can now be calculated in a srmr
lar way as from (4.58) and (4.59) with the modified source term b.u' = 
47riwa6aA - 1 eiwt. Since b.p' = 0, we have: 

F1 + 91 - Fz = 0 (4.71a) 

and 

'L r. 'L _ 47riwao(Fl + 91) 
.r1 - ~1 - .rz - PwCw A ( 2 2) 

Pw w - Wo 
(4.71b) 

or 

(4.72) 

We see that at resonance w = w0 the wave is fully reflected by the bubble, 
and the reflection coefficient is R = -1. We have of course obtained such 
a dramatic result because we have neglected all the dissipation mechanisms 
which can limit the amplitude of the bubble oscillation. The compressibility 
of the water flow around the bubble yields already such a mechanism which 
limits the amplitude of the oscillation at the resonance frequency wo. This 
is, however, only one of the many amplitude-limiting mechanisms. 

For small bubbles, when the diffusion length for heat transfer into the bub
ble is comparable to the bubble radius, heat transfer is a significant energy 
loss [148]. This occurs for: a= O((Kair/WPairCP )112). For larger bubbles heat 
transfer is negligible. For smaller bubbles the compression occurs isothermal
ly and one should put 'Y = 1 in the theory. However, the change of 'Y from 1.4 
to 1 does not introduce damping. It is only in the intermediate range that 
the heat flux results in a significant rate of volume chan¥e in phase with the 
acoustic pressure. (As it is the work W = J p'dV = J0 p'(dV jdt)dt which 
determines the losses, a volume V proportional top' implies for a periodic 
oscillation w rv Jl p'(dp' jdt)dt = 0.) 

Another limitation of the amplitude of the oscillation is the highly non-linear 
behaviour of the pressure for oscillation amplitudes a comparable to ao. If 
a---+ 0 the pressure in the bubble increases dramatically (Pb"' a-3"'~). Linear 
t~eory fails and the bubble may start showing chaotic behaviour (referred 
to as acoustical chaos) [97]. 

As an isolated air bubble already has a strong effect on the acoustics of 
a water filled tube, a large amount of bubbles will have a dramatic effect. 
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In section 2.3 we already considered the low frequency limit for the speed 
of sound in a bubbly liquid. We have seen that a small volume fraction 
of bubbles can considerably reduce the speed of sound. This is due to the 
large compressibility of the air in the bubbles. As w reaches w0 this effect 
will become dramatic resulting in a full reflection of the waves (speed of 
sound zero) [32, 84] . In the frequency range wo < w < wocw/Cair no wave 
propagation is possible in an ideal bubbly liquid. Above the anti-resonance 
frequency wocw/Cair the bubble movement is in opposition to the applied 
pressure fluctuations. The radius increases when the pressure increases. This 
is just opposite to the low frequency behaviour (figure 4.11). As a result the 
bubbly mixture will be stiffer than water, and c > cw! Sound speeds of up 
to 2500 m/s were indeed observed in bubbly water with (3 = 2 X 10-4 ! 

w-

Figure 4.11 Idealized frequency dependence of the speed of sound in a bubbly liquid. 

Another fascinating effect of bubble resonance is its role in the very specific, 
universal, sound that rain is known to generate when it hits a water surface 
[149]. First it should be noted that bubble oscillation is such an efficient 
source of sound that any rain impact sound is dominated by it. Now, in 
spite of the wide range of velocities and sizes of rain drops that occurs, 
the universality of the sound of rain is due to the fact that only bubbles 
are formed of just one3 particular size. This is a result of the following 

3 i.e. a narrow range 
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coincidence. On the one hand, not any combination of drop size and drop 
velocity occurs: rain drops fall at terminal velocity (balance of air drag and 
drop weight) which is an increasing function of the droplet radius. On the 
other hand, not any combination of drop size and drop velocity generates 
bubbles upon impact on water. At each drop size there is one drop velocity 
where bubbles are formed. This bubble formation velocity is a decreasing 
function of the droplet radius. Combining these increasing and decreasing 
functions, we see that they intersect just at one combination of radius and 
velocity, with just one bubble size. 

4.5 Attenuation of an acoustic wave by thermal 
and viscous dissipation 

4.5.1 Reflection of a plane wave at a rigid wall 

Consider a pipe -oo < x ~ 0, closed at x = 0 by a rigid wall. Inside the 
pipe a plane wave p+(x,t) = F(t- xfc0 ) travels in positive direction and 
reflects into a left-running wave p-(x, t). Without visco-thermallosses, the 
boundary condition of vanishing velocity becomes 

u(O, t) = p+ (0, t) - p- (0, t) = 0. 
poco 

This implies a reflected wavep-(x,t) = F(t+xfc0), equal in amplitude and 
shape to the incident wave, and therefore a reflection coefficient of unity 

R = p- (0, t) = 1. 
p+ (0, t) 

In reality unsteady heat transfer at the wall will act as a sink of sound, 
slightly reducing the reflection coefficient. This heat transfer is a result from 
the difference between the wall temperature Tw, which remains practically 
constant, and the bulk temperature T of the gas, which varies with the 
adiabatic pressure fluctuations p' = p+ + p-. We will limit our analysis 
to small temperature differences (T- Tw) and small departures from the 
quiescent reference state. This allows a linearized theory, so that we can 
consider the reflection of a harmonic wave, denoted in complex form as 

p(x, t) = p(x) e-iwt 
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with amplitude p outside the neighbourhood of the wall being given by 
p(x) = p+ e-ikx +p eikx. (Likewise, in the following the hatted quantities 
with "~" will denote their corresponding, x-dependent, complex amplitudes.) 

We define (see also section 8.6) the thermal boundary layer thickness Or as 
the width of the region near the wall in which the rate of increase of internal 
energy is just balancing the net rate of heat conduction (in this region the 
wave equation is not valid): 

(poCp :t T rv wpoCpT') ~ ( Ko ::2 T rv Ko fi) · 
Hence, the characteristic length scale for the thermal boundary layer is 

or= (4.73) 
2Ko 

wpoCp · 

We will now calculate the temperature profile within the thermal boundary 
layer. This will allow us to calculate the deviation Pe = p- pj c6 between 
the density fluctuations in the boundary layer and the density fluctuations 
pfc6 corresponding to adiabatic compression of an ideal acoustic flow as 
found outside the boundary layer. This excess density Pe has to be supplied 
by a fluid flow towards the wall at the edge of the boundary layer. This 
velocity u00 can be interpreted by an observer, outside the boundary layer, 
as due to a displacement dr of the rigid wall in a hypothetical fluid without 
heat conduction. The work performed by this "virtual" wall displacement 
on the acoustic field corresponds to the sound dissipation by the thermal 
conduction in the boundary layer. 

This approximation is based on the key assumption that the acoustic wave 
length is much larger than the thickness 8r of the thermal boundary layer: 
w8r /co ~ 1. In such a case we can assume at the edge of the boundary layer 
a uniform adiabatic flow, (dujdx)co = 0, of a uniform fluid (p00 ,p00 ). The 
non-uniformity associated with the acoustic wave propagation is negligible 
on the length scale we consider. The boundary layer flow is described by the 
one-dimensional conservation laws (1.1,1.2,1.5,1.6) in linearized form: 

iwp=-po:~, (4.74a) 

. ~ dfJ 4 d2u (4 74b) 
Iwpou = - dx + 31Jo dx2' . 

. ~ du d2T 
1wCvpoT = -po dx + [(0 dx 2 • (4.74c) 
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Since in a liquid acoustic wave propagation is isothermal we can limit our 
analysis to a gas. We assume an ideal gas with: 

fJ fJ f -=-+-. 
Po Po To 

The boundary conditions are given by: 

T 00 1- 1 Poo ---
To I Po 

f(o) = f w, u(o) = o, 

P( X) -t Poo = p+ + P (x/OT -t -oo), 

where we have introduced, for generality, the fluctuation of the wall temper
ature T w· After the study of the reflection of a wave at an isothermal wall 
(T w = 0) we can use the same theory to calculate the sound generated by 
fluctuations of the wall temperature (T w-=/= 0). 

After eliminating u from the energy equation by using the mass conservation 
law, and eliminating p by means of an ideal gas law, we obtain 

iw ( T _ 1 - 1 p ) = ~0 ~ ( T ) 
To 1 Po dx2 To 

where ao = I<o/ poCp is the heat diffusivity coefficient. In terms of the excess 
density, with 

Pe 1 (~ P) P P / - 1 P T --- p-- ----------
Po - Po c~ - Po /Po - 1 Po To' 

this equation becomes 

~ d 2 ~ 1 d2 ~ 
iwPe = ao- (Pe) - aor.-=- _ (.!!.._). 

Po dx2 Po 1 dx2 Po 

Combining the momentum and mass conservation laws we have 

d2~ 4 d3~ 
2 ~ p u 

w p =-dx2 + 3170 dx3 " 

RienstraHirschberg 4 Jan 1999 10:11 



118 4 One dimensional acoustics 

Assuming that viscosity is not dominant - which we can check from the 
solution to be obtained - we see that 

The relative pressure variation across the boundary layer ( 4. 73) is of the 
order of 

p - Poo "J w
2 8} ( p ) 

Po c5 Po 

while Pel Po is of the same order of magnitude as PI po, because 1-1 = 0(1) . 
This implies that if we neglect terms of the order of w 28}1c5, we have 

~ d2 ~ 

· Pe (Pe) 
IW Po= aodx2 Po . 

This equation has the solution 

Pe = [Pe] exp((1 + i)xi8T) 
Po Po w 

(4.75) 

where [Pe] 
Po w 

Using the equation of mass conservation, the velocity u( -8y) at the edge of 
the boundary layer is given by the integral of the density across the boundary 
layer as follows. (Note that we have chosen the positive x-direction towards 
the wall.) 

0 ~ 

u(O)- u(-8y) = -iw { .f.dx. 
1-sT Po 

The difference between this velocity and the velocity -iw(Pool po)8y that 
would occur in the absence of heat conduction, can be interpreted as a 
fictitious wall velocity uy given by 

0 ~ ~ 0 ~ 

~ . d~ . 1 p - Poo d . 1 Pe d Uy = IW T = IW X = lW - X, 
-ST Po -oo Po 
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where dT is the fictitious wall displacement amplitude. Substitution of so
lution (4.75) yields 

- 1 [Pe] dT = 2(1- i)8T - , 
Po w 

(4.76a) 

1 ( ") r I - 1 Poo =- 1-I UT __ _ 
2 I Po 

if Tw = 0 (an isothermal wall). (4.76b) 

For an isothermal wall (T w = 0) these wall effects, leading to the effec
tive velocity uT, have the same effect to the incident acoustic wave as an 
impedance of the wall. This equivalent impedance ZT, defined as the ratio 
of the acoustic pressure fluctuations fico at the wall and the flow velocity UT 
directed towards the wall (c.f. Eq. 3.56), is then given by 

Z 
_ Poo _ fico _ ( 1 - i) Co 

T - -:::::- - --- - Po co--,-:..---:-'---::-
uT iwdT (I- 1)w8T 

The corresponding time averaged acoustic intensity is found to be 

(h)= (p'u') =! Re(1/ZT)Ifioo l2 

= !(I-1)W
8
Tifiool2 

4 poc5 

which indicates an energy flux from the acoustic field towards the wall and 
therefore an absorption of energy. 

4.5.2 Viscous laminar boundary layer 

The viscous attenuation of a plane acoustic wave propagating along a pipe 
can often be described in a similar way as the thermal attenuation by means 
of a displacement thickness dv of the wall. We consider first the simple case 
of a laminar boundary layer in the case of wave propagation in a stagnant 
and uniform fluid. The wave propagates in the x-direction and induces an 
acoustic velocity parallel to the wall which has an amplitude u00 in the bulk 
of the flow. The no-slip condition at the wall, Uw = 0, induces a viscous 
boundary layer of thickness 

(4.77) 

where Pr = vopoCpj K0 is Prandtl's number. This viscous boundary layer 
is usually referred to as the Stokes layer. Neglecting terms of the order of 
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(w8v / c0 ) 2 we can write the x-momentum conservation law in the boundary 
layer as 

where y is the direction normal to and towards the wall (so y ~ 0). The 
y-momentum conservation law reduces to the pressure being uniform across 
the viscous boundary layer. The boundary conditions are 

u(O) = uw = 0, u(y) -t u00 if yf8v -t -oo. 

The solution is then 

~ ~ [ ((1+i)y)] u = U00 1 - exp Sv . (4.78) 

The displacement thickness dv is defined as the fictitious wall position for 
which the acoustical mass flux of a uniform flow with the velocity u00 is 
equal to the actual mass flow. This implies: 

(4.79) 

4.5.3 Damping in ducts with isothermal walls. 

In section 4.5.1 we have considered the attenuation of an acoustic wave that 
reflects normally to a wall. This attenuation was due to the heat conduc
tion in the thermal boundary layer. In the previous section 4.5.2 we have 
described the laminar viscous boundary layer associated to a plane wave 
propagating along a duct (parallel to the wall). In a gas such a propaga
tion will also induce a thermal boundary layer, determined by the pressure 
fluctuations p~ in the bulk of the flow. The expression for the displacement 
thickness dr derived in section 4.5.1 can be applied. 

Using the concept of displacement thickness we will calculate the attenuation 
of a plane wave travelling in x-direction along a pipe of cross-sectional area 
A and cross-sectional perimeter Lp. We assume that the boundary layers 
are thin compared to the pipe diameter. 
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The bulk of the flow is described by the following plane wave, satisfying 
Euler's equation in linear approximation: 

I ~ iwt-ikx 
Poo = Poo e , 
• I 'k I 1Wpou00 = 1 Poo, 

where k is a complex wave number (the imaginary part will describe the 
attenuation). Incorporating the displacement thickness to the mass conser
vation law integrated over the pipe cross section yields (Lighthill [105]) 

In linear approximation for a harmonic wave this becomes 

where we made use of the isentropic relationship p00 = ca_p00 • After subs~i
tution of the expressions for the displacement thickness dT (4.76b) and dv 
(4.79) 

d~ I ( ') r I - 1 Poo 
T = - 1 - I VT---, 2 

I Po 

~ 1 
and dv=- 2(1-i)8v, 

and elimination of u00 by means of the Euler's equation, we find a homoge
neous linear equation for p00 , which yields the dispersion relation 

where ko = wfco. Expanding this expression for small 8T and 8v (using 
the fact that 8v /8T = ffr = 0(1)) and retaining the first order term, we 
obtain the result of Kirchhoff 

k - ko = ~ ( 1 - i) '18v ko ( 1 + ( 1 - 1) ~~ ) , (4.80) 

which corresponds to equation (2.13). More accurate expressions at low fre
quencies, when the acoustical boundary layers are not thin, are discussed 

RienstraHirschberg 4 Jan 1999 10:11 



122 4 One dimensional acoustics 

by Tijdeman [185] and Kergomard [88]. At high frequencies the viscosity 
becomes significant also in the bulk of the flow (Pierce [144]). 

At high amplitudes (uoo8v jv 2 400) the acoustical boundary layer becomes 
turbulent (Merkli [114], Eckmann [43], Akhavan [3], Verzicco [193]). In such 
a case the damping becomes essentially non-linear. Akhavan [3] presents 
results indicating that a quasi-stationary turbulent flow model provides a 
fair first guess of the wall shear stress. 

For an isothermal (liquid) flow the quasi-steady approximation yields 

where the friction coefficient CJ is defined (and determined) by 

4A dp0 
CJ =- 1 2-

Lp 2poU0 dx 

which relates the mean pressure pressure gradient (dp0 /dx) to the stagnation 
pressure ~p0UJ of a mean flow through the pipe. Note that since (k- k0 ) 

depends on the amplitude u00 of the acoustical velocity this model implies a 
non-linear damping. The transition from laminar to turbulent damping can 
therefore be a mechanism for saturation of self-sustained oscillations (see 
chapter 5). 

For smooth pipes, Prandtl proposed a correlation formula for CJ as a func
tion of the Reynolds number of the flow. The influence of wall roughness 
is described in the Moody diagram. Such data are discussed by Schlichting 
[17 4]. In the case of a turbulent gas flow the thermal dissipation is rather 
complex. This makes a low frequency limit difficult to establish. In the pres
ence of a mean flow various approximations describing the interaction be
tween the acoustic waves and the turbulent main flow have been discussed 
by Ronneberger [168] and Peters [142]. The formula of Kirchhoff derived 
above appears to be valid at low Mach numbers (U0 /c0 « 1) as long as the 
Stokes viscous boundary layer thickness 8v remains less than the laminar 
sublayer 8L::: 15v/vr;;;Po of the turbulent main flow (where the wall shear 
stress Tw = CJ~PoUJ). 

When 8 L « 8v, we can use a quasi-stationary approximation. The transition 
from the high frequency limit to the quasi-stationary limit is discussed in 
detail by Ronneberger [168] and Peters [141].These references also provide 
information about the Mach number dependence of the wave number. 
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4.6 One dimensional Green's function 

4.6.1 Infinite uniform tube 

We consider a one dimensional approximation for the propagation of waves 
in a pipe. This approximation will be valid only if the frequencies generated 
by the sources of sound in the pipe are lower than the cut-off frequency. 
As the acoustic field observed at position x far from a source placed at 
y is induced by a plane wave, the observer position in the cross section of 
the pipe is indifferent. Applying the reciprocity principle (section 3.5) we see 
that in the low frequency approximation the signal observed at x should also 
be indifferent for the position of the source in the cross section of the tube 
at y. Hence as the source position within a cross section is indifferent we can 
consider the source to be smeared out over this cross section resulting in a 1-
dimensional source. We therefore look for the corresponding one-dimensional 
Green's function g(x, tjy, r) defined by: 

(4.81) 

Comparison of this wave equation with the wave equation (4.5) in the pres
ence of source term poa{Jjat and forces fx: 

a2p' 2 a2p' 2 a2 {3 a fx 
at2 - Co ax2 = Co (Po at2 - ax ) (4.5) 

indicates that we can assume that (4.81) is a particular case of (4.5) for 
fx = 0 and: 

a{J 1 
- = - 2 H(t- r)8(x- y). 
at Po Co 

( 4.82) 

For an infinitely long tube the solution is: 

{ 

1 ( X- Y) -H t-r+--
2co co 

g(x, tjy, r) = 
1 ( X- Y) -H t-T---

. 2c0 c0 

for x < y, 

(4.83) 
for x > y. 

This result is obtained intuitively by using (4.30) which implies that g 
is the pressure wave generated by a piston moving with a velocity u' = 
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(2p0c6) - 1 H ( t - T) for x = y + c and a second piston with a velocity 
u' = -(2p0c6)- 1 H(t- r) for x = y- €. Equations (4.83) are then obtained 
by using the method of characteristics (section 4.2). 

Of course, the above result ( 4.83) is more efficiently written as: 

1 ( lx- Yi) g(x, tiy, r) = -
2 

H t- T- . 
co co 

(4.84) 

The combination t- ix- yifc0 is the time at which the signal observed at 
(x, t) has been emitted by the source at y. This time is called the retarded 
or emission time te: 

ix- Yi t e = t - .:_____:c..:. 

co 
(4.85) 

4.6.2 Finite uniform tube 

We can also fairly easily construct a Green's function for a semi-infinite pipe 
(x < L) terminated at x = L by an ideal open end at which by definition 
g(L, tiy, r) = 0. By constructing the wave reflecting at this ideal open end 
with the method of characteristics we find: 

1 { ( X- y) ( X- Y) g(x, tiy, r) = - H t- T + -- + H t- T- --
2co c0 co 

( 
x + y- 2L)} -H t- T + Co (4.86) 

which we can also write for x < L as: 

g(x, tiy, r) = _1 {H(t- T- ix- Yi) 
2co co 

-H(t- T- ix + ~o- 2LI)}. (4.87) 

This solution could also have been obtained by assuming the pipe to be part 
of an infinitely long pipe, in which at the point x = 2L - y a second point 
source is placed with opposite sign of and synchronous with the original point 
source at x = y. This second source, called image source, is constructed such 
that it generates the field due to reflection by the boundary at x = L in the 
original problem, and therefore brings into effect the boundary condition 
at x = L. This method of images can be generalized to the case of a finite 
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pipe segment (0 < x < L). In such a case we will have to consider the 
contribution of an infinite number of images corresponding to the reflections 
of the original waves at the boundaries. For example, the field in a finite pipe 
with hard walled ends is equivalent with the field in an infinite pipe with 
equal sources in x = -y, ±2L ± y, ±4L ± y, .... This comes down to a 
right-hand-side of equation 4.81 of 

00 

L 8 ( t - T) ( 8 (X - y - 2nL) + 8 ( x + y - 2nL)) 
n=-oo 

and a solution 

g(x,tiy,r) = _1 f {s(t- r- .:.._lx_-....o.y_-_2_nL--'-I) 
2co n=-oo Co 

+ H(t- T- lx + yc~ 2nLI)}. (4.88) 

The Green's function is clearly more complex now. Furthermore, the addi
tion of mass by the source in the finite volume results into a (roughly) linear 
growth of gin t. (Verify this for x = y = ~Land r = 0.) This is of particular 
interest in the time-harmonic case. When the end conditions are such that 
multiple reflections are physically relevant they imply that constructive and 
destructive interferences will select waves corresponding to standing wave 
patterns or resonances of the tube. This problem will be discussed further 
in the next chapter. 

4. 7 Aero-acoustical applications 

4. 7.1 Sound produced by turbulence 

We consider a turbulent jet in an infinitely extended pipe (figure 4.12). We 
suppose that the jet diameter d and the jet velocity u0 are such that the 
characteristic frequency u0 fd of the sound produced in the pipe is low enough 
to use a one dimensional approximation. We will use the integral formulation 
of Lighthill to obtain an order of magnitude estimate for the sound pressure 
level produced by this flow, assuming that the mean flow in the pipe is 
negligible. We also assume that the jet temperature and density is the same 
as that of the environment (homogeneous fluid and homentropic flow). If 
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Figure 4.12 Turbulent jet in a pipe. 

Reynolds number Re = u0djv ~ 1 and Mach number M = u0 jc0 « 1 we 
can use Lighthill's analogy in the form 4 : 

(4.89) 

As we use a tailored Green's function (we neglect the effect of the flow 
injection device) the density p' can be estimated by: 

1 t jr { { ()2 (poViVj) 
p (x,t) = lto }} OYiOYj G(x,tly,r)dydr. 

v 
( 4.90) 

Using the approximate Green's function derived in the previous section (Eq. 
4.84) we have: 

'( ) tjrf[82(poViVj) I -1 
p x, t =ito J J oyiOYj g(x, t y, r)S dydr. 

v 
(4.91) 

After two partial integrations, assuming the source to be limited in space, 
we obtain: 

p'(x, t) = 1: jjj ::2g(x, tly, r)S- 1p0 u2 
dydr. 

v 
( 4.92) 

4 Willie the assumption that friction is a negligible source of sound was already formu
lated by Lightrull, a reasonable confirmation of its validity was only provided thirty years 
later by the work of Morley [119] and Obermeier [136]. The exact range of validity is still 
subject of research. 
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We moved the differentiation from the unknown source term towards the 
known, and explicitly available, Green's function (4.84). We now note that: 

(4.93) 

so that from: 

alx- Yl = _ sign(x _ y) = _ alx- Yl 
ay ax 

(4.94) 

we have the following important symmetry in the Green's function of an 
infinite pipe: 

( 4.95) 

We substitute this result in (4.92). Since the integration is to the source 
position g, we can now remove one of the differentiations to x from the 
integral, resulting in the expression: 

p'(x, t) = :x 1: jjj ~~:~o(te- r) sign(x- y) dydr. 

v 
( 4.96) 

with te = t- lx- Yl/co. The time integration can now be carried out: 

p'(x, t) = :x jjj 
2
;c

6 
[pou2 ]r=te sign(x- y) dy 

v 
( 4.97) 

where we used the property (3.20) of the a-function. At sufficiently large 
distances the only length scale in the solution is the characteristic wave 
length cod/uo corresponding to the characteristic frequency 5 u0 jd of the 
turbulence in the jet. Hence we can estimate: 

a 1 a uo Mo 
ax ~ Co at rv Cod = d. ( 4.98) 

Because the sound production by turbulence decreases very fast with de
creasing mean flow velocity, the volume of the free jet contributing to the 

5 We assume a jet with circular cross section. 
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sound production is limited to a region of the order of d3 . In this region the 
turbulent velocity fluctuations are of the order of uo. Hence we find at large 
distances: 

( 4.99) 

implying: 

(4.100) 

This is the result obtained by Ffowcs Williams [49) . This Mach number de
pendence has indeed been observed in a pipe downstream of a diaphragm for 
sufficiently high Mach numbers. At low Mach numbers the sound production 
is dominated by the dipole contribution of O(M4 ) due to the interaction of 
the flow with the diaphragm [115). 

A discussion of the sound production by confined circular jets is provided by 
Reethof [154) for arbitrary jet Mach numbers. Reethof finds for subsonic jets 
(Mo < 1) a ratio of the radiated power to the flow power 77ac = 3 X 10-4Mg. 
For supersonic jets (Mo > 1) typical values are 77ac = 1.6 x 10-3 (MJ -1) 112

. 

In that case the Mach number is taken from MJ = "1~ 1 [(PI/P2)h-1)h - 1), 
where PdP2 is the ratio of the pressure across the diaphragm. 

The dependence of the sound production on the jet geometry is discussed by 
Verge [192) and Hirschberg [64) . For planar jets issued from a slit of height h 
the typical frequencies are of the order of 0.03u0 / h (Bj0rn0 [11), Sato [173]). 
This implies that correlations developed for subsonic circular jets are useless 
for planar jets. 

4. 7.2 Sound produced by an isolated bubble in a turbulent 
pipe flow 

Consider an isolated bubble of radius a0 small compared to the pipe diameter 
D. Assume a turbulent pipe flow. The sound produced by the turbulence 
will, locally, be enhanced by the presence of the bubble. If we assume that 
the frequencies in the turbulence, typically 0 ( u0 / D), are much smaller than 
the bubble resonance frequency w0 , we can calculate the sound produced by 
the interaction of the bubble with the turbulence. 

RienstraHirschberg 4 Jan 1999 10:11 



4. 7 Aero-acoustical applications 129 

The Green's function is calculated by using the reciprocity principle. We 
consider the acoustic response of the bubble for a plane wave emitted from 
the observer position x towards the bubble. For the sake of simplicity we 
consider this incident wave to be harmonic Pin = Pin eiwt-ikx. The bubble 
pressure response Pb is, as is shown in 5.4.5 (use ( 4. 72) with Pin = :F1 and 
p = :F2), given by: 

(w0 ) 2 

~ w ~ 

Pb = -1- (Wo)2- 2rriaocw Pin· 

w Sw 

(4.101) 

Using Bernoulli and the continuity equation we can calculate the pressure 
distribution around the bubble: 

(4.102) 

where : 

1
r · ~ 2 twaa0 • ~ ao 

c.p- <pb = --2 - dr = 1waa0 ( 1 - -). 
~ r r 

( 4.103) 

Furthermore, we have: 

a Pb 
-=---, 
ao 3/Po 

( 4.104) 

so that p( r) is given by: 

1- (wo) 2- ao 

fJ=fJb(1-(wwo)2(1-aro))= w r p· 
(
Wo)2 2rriaoCw m· 

1- - ----
w Sw 

(4.105) 

Taking for Pin the Fourier transform of (2c0S)-1 H(t- r- Jx- yJjc0 ) we 
obtain asp the Fourier transform G(xJy) of the Green's function G(x, tJy, r): 

1- (wwo)2- aro ~ e-iwr-iklx-yl 
G(xly) = . · . . 

2IwcwS 1 _ (wo) 2 _ 2rrwocw 
w Sw 

(4.106) 
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Using Lighthill's analogy we now can compare the response of the pipe to 
turbulence, with and without bubble. We obtain by partial integration: 

(4.107) 

If we consider a small turbulent spot in the direct neighbourhood of the 
bubble the ratio of the responses is given by: 

iPGb 82Gb 2 cwao 
8r2 8r2 w2r3 

(4.108) 
8 2Go 8 2Go 1- (:0)2- 2rriaoCw 

8y2 8x2 Sw 

At the resonance frequency w0 this yields a factor ( a0S / 4rrr3 )(pwc;/3[po) t 
while for low frequencies we find (ao/rV(Pwc;/3[po). If r = O(ao) we see 
that the sound produced by turbulence in the neighbourhood of the bubble 
will be dramatically enhanced. 

The major contribution of the bubble turbulence interaction will be at low 
frequencies. An important reason for this is that for typical conditions in 
water flow, the length scale of vortices corresponding to pressure fluctuations 
at the bubble resonance frequency w0 /2rr is much smaller than the bubble 
radius [33]. In such a case these pressure fluctuations are averaged out at the 
bubble surface and do not have any significant contribution to the spherical 
oscillations of the bubble. An example of sound production by bubbles in a 
pipe flow is the typical sound of a central heating system when air is present 
in the pipes. Also the romantic sound of water streams and fountains is 
dominated by bubbles. In those cases, however, we have a three-dimensional 
environment. 

4.7.3 Reflection of a wave at a temperature inhomogeneity 

As a last example of the use of the integral equation based on the Green's 
function formalism we consider the interaction of a wave with a limited 
region in which the gas temperature T(x) is non-uniform (0 < x < L). We 
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assume the pipe to be horizontal and that gravity is negligible. Hence, at 
rest the pressure is uniform. The gas density is given by: 

P!Po = T/To (4.109) 

and the speed of sound c is given by: 

I 
cjc0 = (TjT0)2 ( 4.110) 

where po, To and c0 are the properties of the uniform region. We now further 
assume that IT- Tal/To« 1 so that we can use a linear approximation in 
which we assume that the scattered sound wave p" is weak compared to the 
amplitude Pi of the incident wave. In such a case we can write p' =Pin+ p", 
so that the linearized 1-D wave equation (2.48): 

can be approximated by: 

a
2
p" _ 2a

2
P

11 
_ !.___(( 2 _ 2)ap(n) 

at2 Co ax2 - ax C Co ax . (4.111) 

The source term has been linearized by assuming that the pressure fluctua
tions are equal to the (undisturbed) incident wave amplitude. It is the source 
term considered by Powell [147] for the description of sound scattering at 
entropy spots. 

Using the integral formulation (3.55) and the one dimensional Green's func
tion g we find: 

100 1L a ap' p" = -(c2
- c6)~gdydr. 

-oo 0 ay 8y 
(4.112) 

Partial integration yields 

p" = -~oo {L (c2- c6) apfn ag dydr. 
-oo Jo ay ay 

(4.113) 

From equation (4.84) we have 

a
ag = 

2
\ sign(x- y)8(te- r) 

Y co 
(4.114) 
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(with te = t- ix- Yi/co) and hence 

p11 = -~ {L sign(x- y)(c2 - c6) {
00 

c5(te- r) [)!in drdy 
2c0 Jo 1-oo uy 

= -~ fL sign(x- y)(c2 - c6): Pin(y, te) dy. (4.115) 
2~k uy 

If we take for example 

(4.116) 

and use the relation c2/c5 = TjT0 , then we have for (say) x < 0 

, _ 1 ~. {L T- To c5 ( _ x +cot) d 
p - 4 Pm lo To y 2 y (4.117) 

{ 

1 ~ T(!(x+cot)) -1 
4Pin 7' 

= .LO 

0 

if 0 < x + c0 t < 2L 

otherwise. 

Exercises 

a) Show that for an acoustic wave travelling in the negative x direction we have: 
u' = -p' /poco . 

b) Consider a rigid piston at (x = 0) separating the fluid I for x < 0 from the 
fluid II at x > 0 in an infinitely long pipe of IQ-2 m2 cross section. Assume 
that the piston oscillates with a frequency w and an amplitude a. Calculate 
the force necessary to move the piston as a function oftime (Po,1 = 1.2kg/m3

, 

co,I = 344 m/s, Po,u = 1.8 kg/m3 and co,u = 279 m/s, w = 103 rad/s, a = 
10-3 m). Use linear theory and verify if it is indeed valid. 

c) Water hammer effect : 
Consider a steady flow of water in a rigid horizontal pipe which we stop 
suddenly by closing a valve. Calculate the pressure on both sides of the valve 
for flow velocities of 0.01 m/s and 1 m/s. What is the force on the valve for 
a pipe cross section surface of 10-2 m2 . 

d) The same problem as c) but with a slowly closing valve in an infinitely long 
pipe (figure 4.13). Assume the area of the valve opening to be a given function 
of time: 

A= A(t). 
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I 
2' 

Figure 4.13 Exercise d) 

Suppose further that the flow separates at the exit of the valve forming a 
free jet into the pipe downstream of the valve. If A « S we can neglect 
the recovery of dynamic pressure ( ~pv}) upon declaration of the fluid by 
turbulent mixing of the jet with the fluid in the pipe. Hence the pressure 
drop D.p across the valve is D.p = ~ pvJ if we neglect inertial effects in the 

valve (we assume VA(avifat) « vJ). 
e) Sow that, in the absence of aero-acoustic sources, the conservation of acoustic 

energy implies a continuity of pressure (D.p' = 0) across a compact disconti
nuity in a pipe, like a sudden change in diameter. 

f) Calculate the reflection coefficient R and the transmission coefficient T for 
a contact surface between water and air. Consider both the cases of a wave 
incident from the air and water sides in the direction normal to the surface. 

g) Same question as f) for a discontinuity in temperature of 30 J{ in air at at
mospheric pressure (corresponding to the temperature difference from inside 
our mouth to outside in the winter). 

h) Calculate the reflected and transmitted acoustic intensities I for questions f) 
and g). 

i) Consider a semi-infinite tube closed at x = 0 by a harmonically moving piston 
(up = up eiwt). The tube is filled with air. At a distance L from the piston 
there is a temperature jump of 30 f{. Calculate the amplitude of the waves 
in steady state conditions. 

j) Calculate the reflection coefficient R and the transmission coefficient T for a 
low frequency wave :F1 incident from the left to a stepwise area change from 
A1 to A2 in an infinitely long pipe. Assume linear behaviour and no mean 
flow . 

. k) Same exercise as j) for a combined stepwise change in cross section and 
specific acoustic impedance jump D.pc of the fluid. 

I) A closed pipe end can be considered as a change of area such, that A2/ A1 --t 0, 
while an open end can be approximated by a change with A2/ A1 --t oo. 
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Calculate in both cases the reflection coefficient R, using the result of exercise 
j) . 

m) Calculate the reflection coefficient for a harmonic wave at a diaphragm, as
suming linear behaviour and no mean flow. 

n) What are the conditions for which we can neglect friction in the diaphragm? 

o) Consider a diaphragm of d = 1 mm diameter, without sharp edges, in a pipe, 
of diameter D = 1 em, filled with air at room conditions. At which amplitude 
(in dB) one would expect non-linear losses due to acoustical flow separation 
for a harmonic wave (with a frequency of 10 Hz, 100 Hz and 1000 Hz) if 
there is no mean flow. Such diaphragms are used in auditive apparatuses as 
hearing protection device. 

p) When flow separation occurs as a result of mean flow, the end correction o is 
affected. At low frequencies by about a factor 3 compared to high frequencies 
or the linear behaviour without flow separation. Explain qualitatively this 
effect . (Why can we expect a decrease of o?) 

q) Consider a wave 9 1(t + xtfc0 ) incident on a junction of three semi-infinite 
tubes (with cross sections At,A 2 , and A3). Assuming no other incident wave 
(92 = 93 = 0) calculate the reflection and transmission coefficients . 

r) Consider a pipe of cross sectional area At (At = A3 ) with a closed side 
branch of section A2 and of length L (figure 4.14) . Calculate the reflection 

-xt x3-

L 

Figure 4.14 Tube with closed side branch. 

and transmission coefficients R = :Ftf9t and T = :F3 /9t for an incident 
harmonic wave 

if we assume that 93 = 0. The wave number k is defined ask= wfco. What 
are the conditions for which R = 0 ? What are the conditions for which 
R = 1 ? What are the conditions for which R = -1? 
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s) Calculate the low frequency limit of the reflection coefficient R = :Ft/91 for 
an air bubble of 1 mm in a pipe of 1 em diameter for a harmonic wave of 
frequency w. Assume Po= 1 bar. 
(Answer: R = -(1 + iw6A/2rrwcwao)- 1 with w6 = 3/Po/pwa~.) 

t) Calculate the pressure Pb in an air bubble of mean radius ao in water for an 
incident wave Pin= Pin eiwt-ikr in a pipe of cross section Ap » a6. 

u) In the model described above (section 4.4.5) the pressure in the bubble is 
assumed to be uniform . Is this a reasonable approximation for an air bubble 
of 1 mm radius in water up to the resonance frequency wo for Po = 1 bar? 

v) In the above model the acoustic pressure imposed on the bubble by the 
incident acoustic field is assumed to be uniform across the pipe diameter. 
Is this a reasonable approximation for a bubble with a radius ao = 1 mm 
placed in a pipe of diameter D= 1 em filled with water at ambient pressure? 
Assume a frequency w = wo. 

w) In the above model we assumed the bubble to be small compared to the pipe 
diameter, and far from the walls . Estimate w 0 for a bubble placed at the wall. 

x) Is the model valid for a bubble which is large compared to the pipe diameter? 
Why? 

y) Determine the physical dimensions of the Green's function by substitution 
in the wave equation (4 .81). 

z) Verify (4.84) by Fourier transformation of (4.81) and then using section 3.1. 

A) Construct the Fourier transformed Green's function for a semi-infinite (x < 
L) tube terminated at X= L by an impedance z£. 

B) Construct the Fourier transformed Green's function for a source placed left 
from a small bubble placed in an infinite tube. 

C) Show that for low frequencies G(x,tly,T) = g(x,tly,T)/S for lx- Yl » VS 
in a tube of uniform cross section S. 

D) Explain ( 4.95) in terms of the effect of displacement of the source or observer 
on the Green's function for an infinite tube. 

E) Calculate using (4.99) the sound pressure level in a tube of 10 em diameter 
due to the inflow of a air jet of 1 em diameter with a velocity of 10 m/s. 
Assume atmospheric conditions and room temperature. Are the assumptions 
valid in this case? Are the assumptions valid if u 0 = 102 m/s? 

· F) Same question as E) for a jet placed at the end of a semi-infinite pipe closed 
by a rigid wall, as indicated in figure 4.15. 
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J 
lL--------

Figure 4.15 Exercise F ) 

G) Calculate the amplification factor for turbulence noise at resonance 
(S/a6)(pwc~/31Po)!, and at low frequencies PwC~/3/Po for an air bubble of 
diameter 2a0 = 1 mm in a pipe of D = 1 em diameter filled with water at 
atmospheric pressure. 

H) In principle the turbulent pressure fluctuations in a pipe have a broad spec
trum with a maximum around a characteristic frequency u 0 / D. Consider a 
flow velocity of 1 m/s. Do you expect the characteristic frequency of turbu
lence to be large or small compared to the resonance frequency wo/2rr of an 
air bubble with 2ao = 1 mm as in question G)? 

I) For a small bubble the surface tension u contributes significantly to the 
internal pressure Pb of the bubble . For a spherical bubble we have: 

2u 
Pb = Pwater(a) + -. 

a 

In equilibrium Pwater(a) =PO · If we consider the oscillation of such a bubble 
we find a resonance frequency : 

( 
3')'po 4u ) ! 

wo = --2 + --3 . 
Pwao Pwao 

Derive this formula . Given the surface tension u of water is 7 x 10- 2 N/m, 
calculate the bubble radius for which the surface tension becomes important . 

J) The sound in bubbly liquid is often due to the oscillations of bubbles caused 
by a rapid local acceleration or to oscillations induced by the coalescence or 
collapse of bubbles. This yields the typical "bubbling" noise of a fountain or 
brook. As an example consider the difference in volume 6. V between the sum 
of the volumes of two bubbles of equal radii a0 = 10-4 m and a single bubble 
containing the same gas (after coalescence). This difference in volume is due 
to surface tension effects (see previous question) . Assume that the new bubble 
is released with a radius a corresponding to the original volume of the two 
smaller bubbles. The bubble will oscillate around its new equilibrium radius. 
The movement will be damped out by radiation . Calculate the amplitude of 
the acoustic pressure waves generated in a pipe of 1 em diameter filled with 
water as a function of time. 
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5 Resonators and self-sustained 
oscillations 

5.1 Self-sustained oscillations, shear layers and 
jets 

When using Lighthill's analogy to estimate the intensity of the sound pro
duced by a turbulent flow in section 4.7.1 we have assumed that the sound 
source is independent of the acoustic field. This assumption was not justi
fied but it seems reasonable if the acoustic velocities in the flow are "small 
enough". In fact this hypothesis breaks down in a large number of very in
teresting cases. In many of these cases the acoustic feedback (influence of 
the sound field on the sound source) results in the occurrence of a sharply 
defined harmonic oscillation, due to the instability of the flow. Whistling, 
jet-screech and reheat-buzz are examples of such oscillations. In general the 
maintenance of such oscillations implies the existence of a feedback loop as 
shown in figure 5.1. 

edge 
,,,·,·i',,,,.,, ,,,,,.,,,,,,, ,; .. , , \ ''Y' w.. ic \ ii 

-~ ~ 
· ;;;;' ' ' ": l .C• \ 

i : i ' ?,, .: ,., ..• , ·, · , · ·, · i'ii}i ~t;9' : < ·>' .,,, 

J~ ,, ,, 
hydrodynamic feedback 

acoustic feedback 

Figure 5.1 Flow-acoustic oscillator. 

In most cases the acoustic field interacts with an intrinsically unstable hy
drodynamic flow (jet, shear layer) at a sharp edge where the flow separates 
from the wall. This separation point appears to be a localized region where 
the acoustic flow and the hydrodynamic flow are strongly coupled. We will 
now consider this interaction in some detail. 



138 5 Resonators and self-sustained oscillations 

In principle, if the flow were frictionless and is 
described accurately by a potential flow, the 
velocity at an edge would be infinitely large. 
This can be understood by considering the flow 
in a pipe at a bend (figure 5.2). 

The fluid particles passing the bend feel a cen
trifugal force puJfr per unit volume. If the flow 
is stationary it is obvious that there should be a 
centripetal force compensating the centrifugal 

8p 
v 

8r 

force. In a frictionless flow the only force avail- Figure 5.2 Flow in a bend. 

able is the pressure gradient -8pj8r. Hence, 

r 

we see that the pressure at the outer wall in the bend should be larger than 
at the inner wall. Using the equation of Bernoulli for a stationary incom
pressible flow (p + ~pv2 =constant) we conclude that the velocity is larger 
at the inner wall than at the outer wall! (See figure 5.3.) 

Figure 5.3 Frictionless flow 
in a bend. 

We could also have found this result kinematically 
by noticing that if a particle in an irrotational flow 
follows a curved path there should be a gradient 
8vj8r which "compensates" the rotation which 
the particle undergoes by following a curved path. 

The fact that the pressure is larger at the outer 
wall can also be understood as a consequence of 
the inertia of the flow which is trying to follow 
a straight path and "hits" the wall. The pressure 
built up at the wall yields the force necessary to 
bend the streamlines. 

A particle in the flow close to 
the inner wall is just like a ball 
rolling into a well (figure 5.4). The 
Bernoulli equation, which repre
sents in this case the law of conser
vation of mechanical energy, tells 

v 

that the pressure decrease implies Figure 5.4 Ball passing along a well. 
a decrease of potential energy p 
which is compensated by an increase of kinetic energy ~pv2 • When leav
ing the well (bend) the kinetic energy is again converted into pressure as 
the particle climbs again (the adverse pressure gradient). 
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A frictionless flow is only possible far from the wall. Even at high Reynolds 
numbers there is always a thin region at the wall where friction forces are of 
the same order of magnitude as the inertial forces. We call this thin region 
of thickness 8 a viscous boundary layer. 

Uo'-: ----1 
0 

X 

Figure 5.5 Boundary layer 
velocity profile. 

It can be shown that because the flow is 
quasi-parallel the pressure in the bound
ary layer is uniform and equal to the local 
pressure of the frictionless flow just outside 
the boundary layer. More accurately: this 
implies that the normal pressure gradient 
n· \lp at the wall is negligible in the bound
ary layer. In the boundary layer the friction 
decelerates the flow to satisfy the "no-slip 
boundary condition" at the wall: v = 0 (for 
a fixed wall; figure 5.5). As is clear from fig-
ure 5.5 the flow in the boundary layer is not 

irrotational. The boundary layer is a region of concentrated vorticity. 

If we consider now a sharp bend the velocities following potential flow theory 
should now become infinitely large at the inner edge (figure 5.6). (This can 

.. 
------------- --,:""' ... ,, . . -------------- ~ ' \ \ 

a) 

------------------
----------------... 
------------------

Figure 5.6 Sharp bend. a) potential flow; b) actual flow. 

be verified by integration of the radial momentum conservation law.) The 
assumptions used to derive the flow pattern break down: the viscous term 
ry'9 2v which we have neglected in the equation of motion becomes dominant 
near the edge. This results into a flow separation. The flow separation can 
be understood qualitatively when we think of the ball in figure 5.4 in the 
case of a very deep well and in presence of friction. In such a case the ball 
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never succeeds in climbing up the strong pressure gradient just behind the 
edge. 

The separation of the boundary layer at the edge implies an injection of 
vorticity in the main stream. This vorticity is concentrated in the shear 
layer separating the mean flow from a dead water region (figure 5.6) just 
behind the bend. Taking the circulation along a path enclosing part of such a 
shear layer clearly shows that the circulation per unit length ( dr /de) in the 
shear layer is just equal to the velocity jump across the layer: df /de= ~v 
(figure 5.7). 

shear layer 

Figure 5. 7 Circulation in the shear layer 

This complex process of separation can be described within the frame of a 
frictionless theory by stating that the velocity at a sharp edge should remain 
finite. This so-called "Kutta condition" implies that a thin shear layer should 
be shed at the edge. The shear layer contains a distribution of vorticity such 
that the velocity induced at the edge by the vorticity just compensates the 
singularity of the potential flow (which would exist in absence of shear layer). 

It can be shown that this condition also implies that the shear layer is shed 
tangentially to the wall at the side of the edge where the flow velocity is 
the largest. The validity of a Kutta condition for an unsteady flow has been 
the subject of quite a long controversy. At this moment for a sharp edge 
this is an accepted principle. Hence if next to a stationary flow we impose 
an unsteady potential flow (acoustic perturbation) the amount of vorticity 
shed at the edge will be modulated because we modify the singular potential 
flow at the edge. 

We see therefore that within a potential flow theory the sharp edges play a 
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crucial role because they are locations at which a potential flow can generate 
vorticity_! It is not surprising therefore that in nature the feedback from the 
acoustic field on a flow will often be concentrated at an edge. 

Self-sustained oscillations imply an amplification of the acoustic perturba
tions of the main flow by flow instability (this is the energy supply in the 
feed back loop). The instability of a thin shear layer can be understood by 
considering as a model an infinitely long row of line vortices in a 2-D flow 
(figure 5.8). 

v= ~(~e+~+···) 
r b..f 

b..f 
v =- {rr (~e + 2~e + · ·-) 

v=--

r ----- ___ 2_rrAf r' + b..r 

-f;r:: :,!3--- -~----0----9---Q--:: _-f-?_-_-_-9_-_-: --9-
L~ b..r 
v = - 2rrb..f 

Figure 5.8 Instability of a vortex row induced by a non-uniformity of df / df. 

The velocity induced by a line vortex of strength r is calculated using Bio
Savart's law: 

r 
U-8=-, 

2rrr 
(5.1) 

where r is the distance between the point at which we consider the velocity 
and the vortex. As we see in figure 5.8a a row of vortices is (meta)stable be
cause the velocity induced on a given vortex by the vortices left of the point 
a~e just compensated by the velocities induced by the vortices at the right 
(by symmetry). This is, however, a metastable situation as any perturbation 

1 In a two dimensional frictionless incompressible flow DwfDt = 0 so that there is no 
interaction between the vortical and potential flow which can change w within the flow. 
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will induce a growing flow instability. For example a lateral displacement of 
one of the vortices out of the row is sufficient. Hence we understand (figure 
5.8b) that a modulation of the vorticity by acoustic perturbations can in
duce a roll up of the shear layer into a vortex structure as shown in figure 
5.9. 

Figure 5.9 Shear layer instability. 

The most unstable type of flows is the flow between two shear layers of 
opposite vorticity: jets and wakes (figure 5.10). A wake appears to be so 
unstable that when friction forces are sufficiently small (above a certain 
Reynolds number) it is absolutely unstable [74]. Hence, any perturbation 
will result in a break up of the wake structure shown in figure 5.10. A 
typical result of this is the occurrence of vortices, periodically shed from 
a cylinder for Re > 50, which is known as the Von Karman vortex street 
[14]. This periodic vortex shedding is responsible for the typical whistle of 
an empty luggage grid on a car. A jet left alone (free jet) will also exhibit 
some specific oscillations at moderate Reynolds numbers (Re = 0(103

)) 

[12]. Turbulence will, however, kill any clear structure at higher Reynolds 
numbers. A jet needs a little help to start whistling. However, there are 
many ways to persuade him to whistle! 
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Extensive reviews of these jet oscillations are given by Blake and Powell [13], 
Rockwell [164, 166), and Verge [189]. We consider here only two examples: 

- the edge tone; 

- the jet screech. 

In the first case the jet oscillations 
are controlled by placing a sharp edge 
in the jet. The interaction of the jet 
with the edge induces a complex time 
dependent flow. At low Mach num
bers the flow can be described local
ly as an incompressible flow (com
pact) and a description of the jet 
oscillation can be obtained without 
considering sound propagation or ra
diation [30]. As the phase condition 

jet 

in the feedback loop is determined wake 
by the travel time of perturbations 
along the jet, the oscillation frequency 
will be roughly proportional to the 
main flow velocity Vo in the jet. Self
sustained oscillations occur for those 
frequencies for which the phase of the Figure 5.10 Jet and wake. 

signal changes by a multiple of 21!" as 
the signal travels around the feedback loop. We assume an instantaneous 
feedback from the jet-edge interaction towards the separation point from 
which the shear layers bounding the jet emerge. The phase shift is therefore 
determined by the jet. 

As a rough first order estimate the perturbations travel in the shear layer 
with a compromise between the velocities at both sides of the shear layer 
(about ~Vo). A more accurate estimate can be obtained by considering the 
propagation of infinitesimal perturbations on an infinite jet as proposed by 
Rayleigh [12, 153]. In spite of the apparent simplicity of the geometry an 
exact analytical theory of edge tone instabilities is not available yet. 

Like in the case of many other familiar phenomena there does not exist 
any simple "exact" theory for jet oscillations. Actually, the crudest models 
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such as proposed by Holger [65] are not less realistic than apparently more 
accurate models. 

The most reasonable linear theory until now is the one proposed by Crighton 
[30). A major problem of such a linear theory is that it only predicts the 
conditions under which the system is stable or unstable. It is not able to 
predict the amplitude of self-sustained oscillations. At the end of this chapter 
we will discuss the model of Nelson [133) for a shear-layer which is very 
similar to the model of Holger [65] for an oscillating free jet. Both models 
do predict an amplitude for sound production by the oscillating flow. 

Placing such an edge tone configuration near an acoustic resonator will 
dramatically influence its behaviour. A resonator is a limited region of space 
in which acoustic energy can accumulate, just like mechanical energy can 
accumulate in the oscillations of a mass-spring system. The sound radiated 
by the edge-jet interaction results now in a second feedback path through the 
oscillations of the resonator. In such a case the resonator often imposes its 
resonance frequency to the system. The phase change that a signal undergoes 
as it travels around the feedback loop is now not only determined by the jet 
but also by the delay in the acoustic response of the participating resonator. 
The oscillation condition is still that the total phase change should be a 
multiple of 2rr. When the frequency is close to the resonance frequency of 
the resonator, a small variation in frequency results into a large phase shift 
and this easily compensates the change in travel time along the jet. An 
example of such a system is the flute or the recorder. 

In many textbooks the flute oscillation is described as an acoustically driven 
edge-tone system. It is rather tragi-comic that one describes a system which 
we would like to understand in terms of the behaviour of a system which 
we hardly understand. As stated by Coltman (23) this is "a rather circular 
procedure in view of the fact that there are many gaps in the theoretical 
basis for both". Simplified models of the recorder are proposed by Fabre 
[45) and Verge [191, 189, 190, 192). It indeed appears that a recorder is not 
simply an "edge tone" coupled to a resonator. 

We do not always need an edge for jet oscillations. In the jet screech we have 
a supersonic jet which has a cell structure due to the formation of shocks 
and expansions when the jet pressure at the exit is not equal to that of the 
environment (figure 5.11). The interaction of acoustic perturbations with the 
edges at the pipe exit results into the formation of periodically shed vortices. 
The vortex interaction with a shock wave appears to generate strong acoustic 
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Figure 5.11 Under-expanded supersonic jet with typical cell structure. 
We observe acoustic waves generated by the interaction of a vortex with the 
shock. The vortex is shed periodically at the nozzle lip. Acoustical feedback 
has been reinforced in this experiment of Poldervaart and Wijnands (TUE) 
by placing reflectors around the jet nozzle. 
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pulses. In particular the interaction with the third cell appears to result 
into a localized periodic source of sound. The acoustic wave travels back 
towards the pipe exit via the quiescent environment of the jet. This feedback 
loop can be blocked by placing a wall of absorbing material around the jet 
[145, 166]. This reduces the jet oscillations, demonstrating that the feedback 
loop described is the one which controls the jet oscillations. A review of some 
related supersonic flow oscillations is given by Jungowski [85]. 

Many of the features observed in a jet oscillation can also be observed in a 
shear layer separating a uniform main flow from a dead water region in a 
cavity [165] (closed side branch in a pipe system or open roof of a car). We 
will discuss these types of oscillations after we have discussed the acoustics 
of some elementary type of acoustic resonators. 

5.2 Some resonators 

5.2.1 Introduction 

Before considering other types of acoustically controlled flow instabilities we 
will focus our attention on the acoustic resonator. This is an essential step 
because in many applications the identification of the resonator is sufficient 
to find a cure to self-sustained oscillations. Furthermore resonators are also 
used to impede the propagation of sound or to enhance absorption. An 
example of this behaviour is the reflection of acoustic waves by an air bubble 
in a pipe filled with water (section 4.4.5). We start our discussion with 
explaining the occurrence of resonance in a duct segment. We then will 
discuss the behaviour of the Helmholtz resonator. 

5.2.2 Resonance in duct segment 

We will first discuss the behaviour of a pipe segment excited by an oscillating 
piston. The most efficient way to do this is to consider this behaviour in 
linear approximation for a harmonically oscillating piston. We will see at the 
end of this section that at critical frequencies the theory does not provide a 
solution if we neglect friction. In the time domain we can understand this 
so-called resonance behaviour more easily. For this reason we will start our 
discussion by considering the problem in the time domain. 
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Consider a pipe segment 0 < x < L closed at x = L by a rigid wall (u · n = 0) 
and at x = 0 by an oscillating piston with a velocity up(t): 

Up= upE(t) at X= 0 (5.2) 

where, in order to simplify the notation, we introduced in this subsection 
the auxiliary function 

E(t) = H(t) eiwt. (5.3) 

We assume that up/co <t: 1 so that an acoustic approximation is valid. We 
consider only plane waves (wA 112 jc0 <t: 1) and we neglect friction and heat 
transfer ( (v jwA) 112 <t: 1). The piston starts oscillating at t = 0 and we 
assume that initially the fl. uid in the pipe is quiescent and uniform ( uo = 0). 
In such a case at least for short times the linear (acoustic) approximation 
is valid. We can now calculate the acoustic field by using the method of 
characteristics as described in section 4.2. We will describe the calculation 
in detail. However, a reader only interested in the final result can jump to 
the final result, equation (5.16). The (x, t) diagram is shown in figure 5.12. 

In region I we have a quiescent fluid: 

PI = 0 and u1 = 0. (5.4) 

In region II we have the c+ waves generated at the piston: 

- +( X) Pn - Pn t - - . 
co 

(5.5) 

Using the boundary condition u11 = up for x = 0 we find: 

(5.6) 

In region III we have a superposition of the c+ waves emanating from region 
II and the c- waves generated at the wall x = L: 

Pm = P~ ( t - ~) + P~1 ( t + x ~ L) . (5.7) 

p~1 can be determined by application of the boundary condition Um = 0 at 
X= L: 

(5.8) 
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1 
t 

0 x- L 

Figure 5 .12 Wave pattern induced by a moving piston at x = 0, starting at t = 0. 

Hence we have: 

(5.9) 

In region IV we have a superposition of the c- waves from region III and 
the c+ waves generated at the piston x = 0: 

Prv = P~I ( t + x ~ L) + Pt ( t - ~) . (5.10) 

P"t is determined by applying the boundary condition u1v = Up at x = 0: 

(5.11) 

and so we find: 

~ { ( x) ( x-2L) ( x+2L)} P1v = pocoup E t- co + E t + co + E t- co .(5.12) 
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In region V we have the c+ waves from region IV superimposed on the c
waves generated at the wall x = L: 

_ + ( x) _ ( x- L) 
Pv - P1v t - Co + Pv t + ~ · (5.13) 

As before, p-; is determined by applying the boundary condition Uv = 0 at 
x = L. We find: 

(5.14) 

If we now limit ourselves to the position x = 0 we see that after each period 
of time 2L I c0 a new wave is added to the original waves reflected at the 
wall and piston. These original waves have now an additional phase of 2kL, 
where k = wlco. 

Substituting x = 0 in (5.13) and generalizing the structure of the formula 
we find for 2N Llco < t < 2(N + 1)Lico: 

P2N = 2pocofip eiwt { t e-2iknL H (t- 2nL) - ~}. 
n=O Co 2 

(5.15) 

This structure could also have been obtained by using the method of images 
described in section 4.6.2. We consider the piston as a volume source placed 
at x = o+. Placing image sources in an infinitely extended tube at x = 
±2nL I co and summing up all the waves generated yields: 

~ ( lxl) P = pocoupE t - ~ 

+pocoup E { E(t- lx -c:nLI) + E(t- lx +c:nLI) }. (5.16) 

Note that this series contains always only a finite number of non-zero terms, 
because for large n the argument of the Heaviside function in E becomes 
negative. So we have (for t > 0) 

N1 N2 
p ~ e-iwt = e-ikx ""'e-2iknL + eikx ""'e-2iknL 

P cu 6 6 ' 
0 0 P n=O n=l 

N = lcot- xJ N = lc0 t + xJ 1 
2L ' 

2 
2L ' 
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where lqJ denotes the integer part of q. It may be verified that after substi
tution of x = 0 in (5.16) we find (5.15), with N = lcat/2LJ. The geometric 
series may be summed2 , so we obtain: 

(5.17) 

if kL -=f. rr£, 

if kL = rr£, 

where e = 1, 2, 3 .... For kL -=f. rre, and allowing for a small amount of 
damping by giving w a small negative imaginary part, p converges towards 
a finite value. We call this the steady state limit. If kL = rr£ for any e = 
1, 2, 3 ... , the pressure increases without limit, at least as long as linear 
theory is valid. We call this a resonance of the tube, with the resonance 
frequencies given by !£c0 / L. The resulting equations are 

{ 

-i cos(~x- kL) 
P -iwt sm kL 

--~-e -t 
pacoup c0t 

cos(kx)L 

if kL -=f. rr£, 
( 5.18) 

if kL = rr£. 

When resonance occurs the linearized wave equation is only valid during 
the initial phase of the build up and if there are no losses at the walls. As a 
result of the temperature dependence of the speed of sound the compression 
waves tend to steepen up and shock waves are formed. Shock waves are very 
thin regions with large velocity and temperature gradients in which viscous 
force and heat transfer induce a significant dissipation [4, 22]. This extreme 
behaviour will, however, only occur in closed tubes at high pressures or at 
high amplitude (section 4.2). 

In an open tube at high amplitudes vortex shedding at the pipe end will 
limit the amplitude [36]. If we assume an acoustic particle displacement at 
the open pipe end which is large compared to the tube diameter d we can 
use a quasi-stationary model to describe (locally) the flow. This is a model 
similar to the one discussed for a diaphragm in section 4.4.3. 

Let's assume that the tube is terminated by a horn as shown in figure 5.13. In 

N { 1- aN+! 
2 Notethat: Lan= 1-a ifa-:f;1, 

n=O N + 1 if a = 1, 

N { 1- aN 
"' n _ a-- if a -:f; 1, L....ta - 1-a 
n=l N if a= 1. 
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Figure 5.13 Flow at an open pipe termination at high acoustic amplitudes. 

such a case flow separation will occur only while the acoustic flow is outgoing 
(figure 5.13a). Assuming a dominant fundamental harmonic u sin wt, the 
power We corresponding to the energy losses due to the formation of the jet 
can be calculated from: 

S {T 
We= T Jo u't:J.pdt (5.19) 

where t:J.p = -~p0u'2 for 0 < t < ~T and u' > 0 because a free jet is 
formed which cannot sustain a pressure difference3 . In terms of the Vortex 
Sound theory of Howe we would say that when the jet is formed during 
the outflow there is a deviation from potential flow resulting into p' = P~x, 
while potential flow theory would predict p' = P~x- ~p0u'2 • This is due to 
the vorticity in the jet which results into a source of sound, that we can 
represent by a pressure source t:J.p = -~p0u'2 • 

For ~ T < t < T and u' < 0 we have: 

t:J.p = 0 (5.20) 
3 We assume that due to turbulence all the kinetic energy in the jet is dissipated further 

downstream. We assume also that flow separation occurs at the junction between the pipe 
~d the hom. This is quite pessimistic, since the separation is expected to be delayed 
considerably by the gentle divergence of the hom. 
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because we have a potential inflow into the pipe. Hence: 

(5.21) 

The amplitude of the acoustic field in the tube can now be estimated by 
assuming that the losses We at the open end balance the acoustic power Wp 
delivered by the piston: 

S {T 
Wp = T lo upp'(x = 0) dt. (5.22) 

Assuming that friction losses at the pipe wall are negligible we have: 

(5.23) 

where u is measured at the open pipe exit. Hence we find from We+ Wp = 0: 

(5.24) 

The model proposed here is valid when the Strouhal number based on the 
diameter and the acoustical velocity is smaller than 1, i.e. wd < u. 
The non-linear behaviour of resonators, occurring for example with flow 
separation, makes such devices efficient sound absorbers. Sound is "caught" 
by the resonator and dissipated by vortex shedding. 

In many cases the most significant losses are friction losses at the wall. We 
will discuss the influence of radiation from an open pipe end in section 6.7. 
When a plane wave approximation is valid a harmonic acoustic field in a 
pipe with uniform cross section can in the absence of mean flow still be 
described by: 

(5.25) 

The wave number k, however, is now complex and is in first order approxi
mation given by: 

k = k0 + (1 - i)u (5.26) 
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where k0 = wjc0 and a is the damping coefficient given by equation (2.13), 
derived in section 4.5. (In a liquid one should assume 1 ~ 1.) 

Damping also affects the impedance Zc of an infinite tube. To leading order 
approximation one finds [105]: 

p' ko 
Zc =- = ±Zo-

u' k 
(5.27) 

where the sign indicates the direction of the wave propagation ( +x or -x) 
and Z0 = p0co. We further see that wave speed c is affected: 

Re(k) 
c=c0-

ko 
(5.28) 

While friction is relatively easily taken into account for harmonic waves, in 
the time domain friction involves a convolution integral which makes the 
solution of problems more difficult to analyse [22]. We will now further limit 
our discussion to the case of harmonic waves. Hence we seek only for a steady 
state solution and we assume that linear acoustics is valid. 

As an example we consider a piston with a velocity Up = Up eiwt at x = 0 
exciting a tube of cross sectionS closed at x = L by a rigid wall. We neglect 
the radiation losses at x = L (which we will discuss further in section 6.7). 
The boundary conditions at x = 0 and x = L can be written in terms of 
equation (5 .25) as: 

and 

p+- p
Up= 

so that we find: 

+ _ Zcup 
P - 1 _ e-2ikL' 

(5 .29) 

(5.30) 

(5.31) 

In contrast to our earlier example p+ does not become infinitely large with 
resonance because k is complex. The impedance Zp seen by the piston at 
x ·= 0 is given by: 

(5 .32) 
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Upon resonance, Re(k) 
aL « 1: 

mrjL with n 1, 2, 3, ... , we find for the case 

(5.33) 

When the damping ( aL) predicted by laminar boundary layer theory is small 
the oscillation amplitudes may become so large that the acoustical boundary 
layers become turbulent. This implies a non-linear energy dissipation as 
discussed in section 4.5.3. 

5.2.3 The Helmholtz resonator (quiescent fluid) 

The resonance conditions for a duct segment (5.25) imply that the tube 
length should be of the order of magnitude of the acoustic wave length (kL = 
0 ( 1)). In many technical applications this would imply that resonators used 
to absorb sound should be large (and expensive). A solution to this problem 
is to use a non-uniform pipe in the shape of a bottle. When the bottle is 
small compared to the acoustic wave length (for low frequencies), the body 
of the bottle acts as an acoustic spring while the neck of the bottle is an 
acoustic mass (figure 5.14). 

I 

u' Pex n 
v I -+-

sb Pin t Sn 
uin ~ 0 e 

Figure 5.14 Helmholtz resonator as mass-spring system. 

If the cross-sectional area Sb of the bottle is la rge compared to the cross 
sectional area Sn of the neck, the acoustic velocities in the bottle will be small 
compared to those in the neck. Hence we may in first order approximation 
assume that the pressure perturbation Pin and the potential 'Pin in the bottle 
are uniform (Bernoulli in compact region). Furthermore as we have assumed 
the bottle neck (length f) to be short compared to the wave length, kf « 1, 
we can neglect compressibility and apply Bernoulli in the form: 

(5.34) 
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Neglecting non-linear terms (i.e. urn and u2eJ we have: 

d ( ) 1 I Po dt 'Pin - 'Pex = Pex- Pin· (5.35) 

The potential difference 'Pex - 'Pin, given by 

l
ex 

'Pex - 'Pin = U
1

• dx, 
In 

(5.36) 

will evidently scale on a typical length times a typical velocity. If we use 
the neck velocity Un, assuming the flow to be uniform, frictionless and in
compressible in a pipe with uniform cross section, then the corresponding 
length will be the neck length£, added by a small endcorrection 8 (4.51) to 
take into account the inertia of the acoustic flow at both ends just outside 
the neck (inside and outside the resonator). Hence we have: 

'P~x - 'Pfn = (£ + 28)u~. (5.37) 

Intermezzo: Endcorrection 

As in many technical applications a diaphragm is used instead 
of bottle neck (£ = 0), the use of a reasonable estimate for 8 is 
important. For a diaphragm with a circular aperture: 

8 = 0.85 (~n) t. (5.38) 

For an unflanged thin-walled open-pipe end we can use the ap
proximation: 

8 = 0.61 (~n) t. (5.39) 

See also section 6.7. Values of 8 for various other geometries are 
given by Ingard [77]. 

Using (5.37) in Bernoulli (5.35) we find: 

(
0 ') dU~ I I Po{.+ 2u dt =Pin- Pex· (5.40) 

We can find a second equation by applying the integral mass conservation 
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law on the volume V of the bottle. In linearized form we find for the density 
perturbation Pin: 

V dPin IS dt = -poun n· (5.41) 

Assuming an adiabatic compression of the fluid in the bottle we can elimi
nate Pin by using the constitutive equation: 

I 2 I 
Pin= CoPin· (5.42) 

Elimination of Pin and u~ from (5.40) by using (5.41) and (5.42) yields: 

(£+2o)Vd2Pin 1 1 

Snc6 """'d't"2 +Pin = Pex· ( 5.43) 

Hence we see that the Helmholtz resonator reacts as a mass-spring system 
with a resonance frequency w0 given by: 

2 _ Snc6 wo - __ ..;:_____ 
(e + 2o)v · 

(5.44) 

5.2.4 Non-linear losses in a Helmholtz resonator 

The theory described in the previous section assumes that there is no-flow 
separation. Flow separation will certainly occur when the acoustic particle 
displacement has an amplitude comparable to the diameter of the neck. The 
Strouhal number Sr = w(Sn/rr) 112 ju~ yields a measure for this effect. When 
Sr « 1 flow separation will only occur locally at sharp edges of the neck (or 
diaphragm) . When Sr = 0(1) flow separation will occur even if these edges 
are rounded off. In principle the effect of flow separation can under these 
circumstances be described by assuming the formation of a quasi-stationary 
jet as for the pipe end (section 5.2.2). A multiple-scales solution for this 
problem may be found in section 8.3. 

In the case of a diaphragm with sharp edges, one should take into account 
the fact that the jet diameter tends to be smaller than the diaphragm di
ameter by a factor {3 called the vena contracta factor. For a thin diaphragm 
{3 ~ 0.6 [34]. Using a quasi-stationary Bernoulli equation this implies an 
enhancement of the pressure loss Llp by a factor {3- 2 • Furthermore losses 
occur for a diaphragm in both flow directions, while in a pipe with horn we 
assumed losses to occur only upon outgoing acoustic flow. 
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5.2.5 The Helmholtz resonator in the presence of a mean 
flow 

We consider a Helmholtz resonator of volume V, neck length £ and neck 
surface Sn in which we inject a continuous volume flow Qo = uoSn (figure 
5.15). Using the equation of Bernoulli we now find 

,~, 

~--------~-.---------~' 
uo+u~--.... 

r----------------------=, 
~~" 

Figure 5.15 Helmholtz resonator with a mean flow. 

(.e ') d U~ 1 ( I 2 I I Po +2udt+?.PoUo+un) +Pex=Po+Pin (5.45) 

where we have applied Bernoulli between a point at the entrance of the 
neck and a point just at the exit and we have neglected the velocities in 
the resonator (Sb » Sn). We have assumed that the pressure in the jet is 
uniform and equal to P~x• the fluctuations due to an external acoustic source. 
(This is a reasonable assumption for u0 jc ~ 1 and w(Sn/rr) 112 ju0 ~ 1). 
Separating the zero and first order terms in the acoustic perturbations and 
neglecting second order terms we find 

and 

1 2 
Po= ?.PUo (5.46) 

(£ 8) du~ I I I 
Po + 2 dt + pououn + Pex =Pin· (5.47) 

Using the linearized mass conservation law we have neglecting terms of order 
( 

. 2 
uo/ co) : 

vdPin ( I I )S dt =- PoUn + Pexuo n· (5.48) 
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Eliminating pfn by using the constitutive equation pfn = c6pfn and eliminat
ing pfn from (5.47) and (5.48) we find: 

w0 is defined by equation (5.44) and M0 = u0 j c0 . For a harmonic excitation 

P' = p~ eiwt we find· ex ex · 

Pex 
(5.49) 

where w 1 = co/(f+28). We see that the mean flow induces a damping factor 
which we might a priori not have expected because we did not assume friction 
losses nor heat transfer. 

The key assumption which has introduced damping is that we have assumed 
that the pressure perturbation at the pipe exit is equal to the environment 
pressure perturbation Pex· This is true, because the flow leaves the exit as 
a jet4 , which implies separation of the flow at the pipe exit and a Kutta 
condition to be added to an inviscid model (section 5.1)! This implies that a 
varying exit velocity Un modulates the vorticity shed at the edges of the pipe 
exit, which is, on its turn, a loss of kinetic energy for the acoustic field. This 
confirms that the Kutta condition is indeed a quite significant assumption 
[29]. 

5.3 Green's function of a finite duct 

Formally, the Green's function of a finite duct can be obtained if we neglect 
friction and losses at the pipe terminations by using the method of images 
(section 4.6.2 and section 5.2.2). For a pipe segment 0 < x < L closed by 
rigid walls a source at x = y in the pipe segment is represented by a row of 
sources (in an infinitely long pipe) at positions given by (figure 5.16) 

Xn=±(2n+l)L±y; n=0,1,2,3, ... (5.50) 

~A very interesting proof of the fact that a quasi-stationary subsonic free jet cannot 
sustain any pressure difference with the environment is provided by Shapiro (177]. 
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H~* ~x~------~x~x~------~i J~-4x~x~------~x~x~--

Figure 5.16 Images of source at x = y . 

The Green's function is the sum of all the contributions of these sources: 

( I ) 1 ~{ H ( x + (2n + 1)L- y) g X, t y, T =- LJ t- T + ----'----'----
2co n=O Co 

+ H (t _ T + x + (2n: 1)L + y) 

+ H (t _ r _ x- (2n: 1)L- y) 

+ H (t _ T _ x- (2n: 1)L + y) }. (5.51) 

It is clear that such a formal solution has no simple physical interpretation. 

Another representation for the 1-D Green's function on [0, L] that might 
be useful in some applications is found by a series expansion of the Fourier 
transform g of g: 

00 

g = 2: Anfn(x) (5.52) 
n=O 

in a suitable basis {fn}· In this case we will not start from elementary so
lutions of the wave equation. The functions fn we will consider will (only) 
satisfy the boundary conditions at x = 0 and x = L, so that their sum 
will automatically satisfy these conditions if this sum converges uniform
ly. Hence we will construct now a tailored Green's function (section 3.5). 
Furthermore, it is evidently necessary that the basis {in} is complete, and 
convenient that it is orthogonal to some suitable inner product. Let's now 
for simplicity assume that the pipe segment is limited by a rigid wall at 
x = 0 and an impedance ZL at x = L. Consider: 

fn = sin(/(nx) (5.53) 

with Kn determined by the equation 

tan(Y) . ZL ---'---'- = 1-
y kL 

(5.54) 

RienstraHirschberg 4 Jan 1999 10:11 



160 5 Resonators and self-sustained oscillations 

with KnL = Y. Note that for n -7 oo (ZL # 0) 

. 1 ikL 
KnL ~ (n+ 2)rr+ ( 1 ) + ··· 

n+ 2 rrZL 
(5.55) 

so that for large n, fn approaches the Fourier-sine series basis. The number 
of solutions between 0 and (n + ~)rr (for n -7 oo) is not always exactly n. 
Depending on ZL/kL it may differ by 1. For example, if ZL/kL = iC and C 
is real, there is no purely imaginary solution Y = iO" with tanh(O")/O" = -C if 
C > 0 or C < -1, and exactly one solution if -1 < C < 0, which disappears 
to infinity if C -7 0. Finally, we note that Un} is orthogonal to the L2 inner 
product: 

( 5.56) 

(Note: not .. f~(x) .. ),which is easily seen by direct integration: 
If n # m: 

foL sin(Knx) sin(Kmx) dx = 

sin(KnL- I<.:mL) _ sin(KnL + KmL) = O (
5

.
57

) 
2(Kn - Km) 2(Kn + Km) 

after application of (5.54). 
If n = m: 

1L . 2 (l" ) d _ lL _ sin(2KnL) _A 
Sin \nX X - 2 • - n· 

0 4An 
(5.58) 

We now seek an expression for the Green's function, defined by: 

(5.59) 

in the form (5.52). Substitution of the series, multiplication left- and right
hand side by fm, and integrating over [0, L] yields (because of orthogonality): 

(5.60) 

Hence we have: 

~( ) 1 ~ fn(x)fn(Y) 
g x,y = c2 L....t (K2- k2)A . 

0 n=O n n 
(5.61) 
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We see explicitly that: 

i) the Green's function is indeed symmetric in x and y (source and ob
servation points) as stated earlier in section 3.5 (reciprocity), and 

ii) any source with a frequency w = Kn co (so that Kn = k) yields an 
infinite field, in other words: resonance. Note that in general Kn is 
complex, so that such a source strength increases exponentially in 
time. 

When the frequency w of the source is close to a resonance frequency this 
resonance will dominate the response of the pipe segment and we can use a 
single mode approximation of the Green's function. This is the approxima
tion which we will use when discussing the thermo-acoustic oscillations in a 
pipe segment.(Rijke tube, section 5.5). 

5.4 Self-sustained oscillations of a clarinet 

5.4.1 Introduction 

The coupling of acoustic oscillations to mechanical vibrations is a technically 
important problem [197]. In some case such a coupling can cause the failure 
of a security valve. Instead of looking at a technical application we are going 
to consider a musical instrument. The model used is very crude and only 
aims at illustrating the principles of two methods of analysis: 

- the stability analysis; 

- the temporal simulation. 

In the first case we consider a linear model and deduce the minimal blowing 
pressure necessary to obtain self-sustained oscillations. In the second case 
we consider a simplified non-linear model developed by Mcintyre et al. [110] 
which can be used for time domain simulation. The aim of the simplification 
is to allow for a real time simulation of a clarinet! We will restrict our 
discussion to the principle of the solution of the problem. The results of the 
calculations can be found in the literature. 
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5.4.2 Linear stability analysis 

A simplified model of a reed instrument like a clarinet is a cylindrical pipe 
fed by a pressure reservoir Po (the mouth) through a valve (reed). The reed 
has a mass mr and is maintained at a rest position hr by a spring of constant 
Kr. The aperture h of the valve is assumed to be controlled by the pressure 
difference b.p = Po - p' between the mouth pressure Po and the acoustic 
pressure p' in the pipe just behind the reed (figure 5.17). The equation of 

Sr - u' 

h t UB- =: 1 
~: IJj.~P-'------------=L,----------• P~"' 0 

Figure 5.17 Simplified clarinet. 

motion of the reed is: 

(5.62) 

/r is the damping coefficient of the reed, Sr is the surface of the reed and his 
the aperture of the reed channel through which the air flows from the mouth 
to the pipe. We assume that the flow in the reed channel is quasi-stationary 
and that at the end of the reed channel a free jet is formed. Neglecting 
pressure recovery by mixing of the jet with the air in the pipe we assume 
the pressure p' to be uniform in the jet and equal to the pressure at the pipe 
inlet. 

The flow volume Qr of air into the pipe is given in this approximation (if 
we neglect friction) by the equation of Bernoulli: 

I 

Qr = UBhW = hw(2lb.pl/ p)'i sign(b.p) (5.63) 

where w is the width of the reed channel and UB the (Bernoulli) velocity 
of the air in the jet. The acoustic velocity u' at the entrance of the pipe 
(x = 0) is given by: 

1 Qr 
u =-s (5.64) 
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where Sis the pipe cross sectional area. If we consider a small perturbation 
of the rest position (p' ~ P0 ) we can linearize the equations and consider 
the behaviour of a harmonic perturbation p' = peiwt. 

The steady state values of h and Qr are given by: 

Qo = uohow, 
I 

uo = (2Po/ Po) 2. 

The linear perturbations are governed by the equations: 

( -w2mr + iW'i'r + Kr)h = Srfi 

~ uofi 
UB=--

2Po 

Qr = w(huo + houB)· 

(5.65a) 

(5.65b) 

(5.65c) 

We further assume that the acoustical behaviour of the pipe is described by 
an impedance Zp(w) so that: 

(5.65d) 

Since the system of equations 5.65a-5.65d is homogeneous, it can only be 
satisfied if the determinant vanishes. This condition yields an equation from 
which we can calculate w for a given Po: 

(5.66) 

If Im(w) > 0 the perturbations are damped, and if Im(w) < 0 the perturba
tions grow in time. It is clear that the steady state amplitude in a clarinet can 
only be reached by non-linear saturation of the system because linear theory 
predicts a monotonously growing or decaying amplitude. When Im(w) = 0 
the perturbations are neutral, they do not change in amplitude. If we as
sume Im(w) = 0 equation (5.66) becomes an equation for Re(w) and Po. 
This allows to determine the threshold of pressure above which oscillations 
occur and the frequency of the most unstable mode which starts oscillat
ing. A discussion of the solution of this clarinet model, including non-linear 
effects, is given by Gazengel [54] and Kergomard in [62]. 

It is interesting to note that in some cases the inertia of the flow in the 
reed which we neglected is the main driving force for instability. This is for 
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example the case in harmonium reeds [180] and for valves in water like river 
gates [91]. A discussion of the flow through double reeds and the vocal folds 
is given by Hirschberg [62]. 

5.4.3 Rayleigh's Criterium 

An interesting analysis of the problem of clarinet oscillation is already ob
tained by considering the very simple quasi-stationary reed model: 

h = h _ Sr6..P 
r [( 

and Qr = hwJ
2

I6..pl sign(6..p). 
Po 

When 6..p = 0 there is obviously no flow because u = )2l6..pl/posign(6..p) 
vanishes. When 6..p > hr[( / Sr = 6..Pmax the reed closes and h = 0. Between 
these two zero's of Qr it is obvious that Qr > 0 and should be a maximum at 
a pressure difference which we call critical 6..Pcrit ~ ~6..Pmax· The acoustical 
power 

W = ~~p'dV = ~ {T p,dV dt = ~ {T p'Q~dt 
T T Jo dt T Jo 

produced by the fluctuating volume flow Q~ = ~~ should at least be posi
tive. We consider here an oscillation period T in order to sustain oscillations. 
Fluctuations Q~ = (dQrfdp')p' in Qr induced by pressure fluctuations in the 
pipe are negative for 6..p < 6..Pcrit and positive for 6..p > 6..Pcrit· This ex
plains the presence of a blowing pressure threshold below which the clarinet 
does not play. The criterium f p'Qr dt > 0 is called the Rayleigh criterium 
for acoustical instability. We will use it again in the analysis of thermo
acoustical oscillations. 

5.4.4 Time domain simulation 

Early attempts to describe the non-linearity of a clarinet were based on 
a modal expansion of the acoustic field in the pipe. This implies that the 
Green's function was approximated by taking the contribution of a few (one 
to three) modes5 into account (equation (5.61)). The typical procedure is 
further to assume a weak non-linearity which implies that a perturbation 

5 Standing waves in the pipe closed at the reed end. 
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method like the method of averaging can be used to calculate the time 
dependence of the modes [53]. A full solution is obtained by the method of 
harmonic balance discussed by Gilbert [55]. 

As stated by Mcintyre [110] the non-linearity in a clarinet is not weak. 
In fact the most spectacular non-linearity is due to the limited movement 
of the reed upon closing. The collision of the reed against the wall of the 
mouthpiece can result in a chaotic behaviour [54]. The key feature of a 
clarinet mouthpiece is that this abrupt non-linearity is replaced by a softer 
non-linearity because upon touching the wall the reed gradually closes as it 
is bent on the curved wall of the mouthpiece (called the Jay) and its stiffness 
increases because the oscillating part is becoming shorter. 

However, the high resonance frequency of the reed w; = Kr/mr suggests 
that a quasi-stationary model of the reed could be a fair first approximation. 
Hence Mcintyre [110] proposes to use the steady approximation of (5.62): 

(5.67) 

combined with (5.63), (5.64) and (5.65d). The numerical procedure is further 
based on the knowledge that the acoustic pressure p' at the reed is composed 
of an outgoing wave p+ and an incoming wave p- (result of the reflection of 
earlier p+ wave at the pipe end): 

(5.68) 

The pipe has a characteristic impedance Zc (= p0c0 when friction is neglect
ed) so that: 

(5.69) 

If we now define the reflection function r(t) as the acoustic wave p- induced 
by a pressure pulse p+ = o(t), we find: 

(5.70) 

where * indicates a convolution (equation 3.7). Elimination of p+ and p
from (5.68)-(5.70) yields: 

(5.71) 
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where u1 is calculated at each time step by using (5.63), (5.66), and (5.67): 

1 = W (h _ SrC:::.p) (2IC:::.pl)t . (" ) 
u S r Kr Po sign w.p . (5.72) 

The solution is obtained by integrating (5 .71) step by step, using the pre
vious value of p1 to calculate u1 in the convolution of the right-hand side 
(5.71). 

The interesting point in Mcintyre's approach is that he uses a reflection 
function r(t) (which is the Fourier transform of R(w) = (Zp- pc)j(Zp+ pc)) 
rather than zp, the Fourier transform of Zp. Using Zp would have given the 
integral equation: 

I I 
p = Zp*U (5.73) 

which can be combined with (5.72) to find a solution . It appears, however, 
that (5.73) is a numerically slowly converging integral because Zp has an 
oscillatory character corresponding to the response p1 of a close tube to a 
pulse U

1 = o(t) (tube closed at pipe inlet). 

The reflection function r is in fact calculated in a semi-infinite tube and 
therefore has not such an oscillatory character (figure 5.18). So it appears 

a) 

y=O y= L 

-------~-----------------------------------
p+ = o(t) ~- P-

' 
b) 

Figure 5.18 Difference between zp and r. 

that a Green's function which is not tailored may be more appropriate than 
a tailored one. 
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5.5 Some thermo-acoustics 

5.5.1 Introduction 

'vVe have focused our attention until now on wave propagation and inter
action of acoustic fields with isentropic flows. In section 2.6 we have seen 
that variations s' in entropy should act as a volume sound source (if we use 
p' as acoustic variable). We will now discuss such effects as an interesting 
example of self-sustained oscillations in resonators. At low Mach numbers 
in gases, entropy variations due to dissipation are negligible (order 0.2 M2 ). 

Entropy fluctuations occur mainly as a result of combustion (or vapour con
densation) in the bulk of the flow or as a result of heat conduction at the 
wall. Mixing of hot and cold gases results into fluctuations of the entropy 
caused by the unsteady heat conduction (equation 2.86). For ideal gases 
one can, however, show that this sound source has a vanishing monopole 
strength (Morfey [118], Obermeier [135]). Convection of entropy spots dur
ing the mixing of a hot jet with the environment dominates the low Mach 
number behaviour {Crighton [32], Morfey [118]) . This sound source has the 
character of a dipole. 

Combustion instability is often triggered by the strong dependence of com
bustion processes on temperature. The reaction rates depend exponentially 
on T. Hence temperature fluctuations associated with pressure fluctuations 
will induce variation in combustion rate. This implies a source of sound 
which, if it is in phase with the acoustic field, can lead to instability. Even in 
free space this implies a strong increase in sound production. We experience 
this effect when we ignite the flame of a gas burner. Placed in a closed tube 
a flame can couple with standing waves. This type of instability is known 
in aircraft engine as a re-heat buzz (Keller [87], Bloxsidge et al. [15]). The 
"singing flame" has already been discussed extensively by Rayleigh [153]. 
More recent information on the interaction of combustion with acoustic is 
found in Crighton et al. [32], Candel & Poinsot [19], Mcintosh [109], and 
Putnam [150]. 

We will now focus our attention on the effect of unsteady heat transfer 
at walls. This type of interaction has already attracted the attention of 
Rayleigh [153] in the form of the Rijke tube oscillation. This experiment 
was carried our first by De Rijke around 1848. He found that placing an 
electrically heated gauze in the lower part of a vertical tube open at both 
ends would induce strong acoustical oscillations. De Rijke considered the 
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use of such a device as an organ pipe. The subject has been studied as 
a model for combustion instability by many scientists, among which Merk 
[113], Kwon and Lee [94], Bayly [6], Heck! (60], Gervais [143], and Raun 
[152]. 

Closely related phenomena of acoustical oscillations induced by a temper
ature gradient in a tube is used by scientists to detect the level of liquid 
Helium in a reservoir. This phenomenon has been extensively studied by 
Rott [124, 169, 170, 171, 172, 204], in a very systematic series of papers. 
The fascinating aspect of this phenomenon is that it can be inverted , acous
tic waves interacting with a wall induce a transfer of heat which can be used 
to design an acoustically driven cooling machine. Such engines have been 
studied by Wheatley [199], Radebaugh [151] and Swift (182]. The ultimate 
engine consists of two thermo-acoustic couples (elements with a a tempera
ture gradient) : one at the hot side which induces a strong acoustic field and 
a second at the cold side which is driven by the first (figure 5.19) [183]. This 
is a cooling machine without moving parts! 

driver cooler 

l 1 J l 
very hot cold very cold cold 

Figure 5.19 Heat driven acoustical cooling engine. 

We will limit our discussion to a simple analysis of the Rijke tube oscillation. 

5.5.2 Modulation of heat transfer by an acoustic flow and 
Rijke tube 

We consider a thin strip of metal of temperature Tw and width w aligned 
along the mean flow direction in a uniform flow u00 • Along the strip viscous 
and thermal boundary layers ov ( x) and oy ( x) will develop. We assume that 
ov jw and oyjw are small and that wwju00 ~ 1, while ov joy= 0 (1). For 
small fluctuations u' of u00 around an average value u0 the fluctuations in 
the heat transfer coefficient can be calculated as described by Schlichting 
[17 4] for any mean flow of the type u0 "' xn (wedge flow). We now limit 
ourselves to the flat plate (n = 0) and we use a low frequency limit from 
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5.5 Some thermo-acoustics 169 

which the memory effect will become more obvious than from Schlichting's 
solution. We further approximate the velocity and temperature profiles in 
the boundary layers by: 

u(y) = ~:y (5.74) 

T(y)- Tw y 
Too- Tw - 8T. (5.75) 

Such an approximation is only valid for low frequencies and small pertur
bation amplitudes, corresponding to wwju00 « 1 and u'fuo « 1. Outside 
the boundary layers the flow is uniform. In this approximation the viscous 
stress Tw at the wall is given by: 

Uoo 
Tw = T)-

8v 

and the heat transfer q at the wall by: 

_ 1.(/JT) _ 1.T00 - Tw q--\.- --\ . 
fJy y=O 8T 

(5.76) 

(5.77) 

Using an integral formulation of the conservation law in boundary layer 
approximation we find [174]: 

[~ + Uoo i_] 8~ = 4V _ 28~ OU00 

Ot 3 OX U00 Ot 

[~ + ~Uoo ( 8T) _2_]8} = 4a + !u00 (
8
T )

3 _2_8~ at 3 8v fJx 3 8v ox 

[:t +uoo(1- (!~f):x]8}=4a-uoo(~- !~):x8~ 

where a is the thermal diffusivity of the gas: 

/( 
a=--. 

pCp 

(5.78a) 

for 8T < 8v 
(5.78b) 

for 8T > 8v 
(5.78c) 

(5.79) 

Note that we have used the assumption (Tw - T00 )/T00 « 1 in order to 
keep the equations simple. This is certainly a very crude approximation in 
a Rijke tube. The boundary conditions are: 

8v(0) = 8T(0) = 0 at X= 0. (5.80) 
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In air we have Pr < 1 and hence in general 8v < 8T. We will, however, 
use further the assumption Pr = 1 because we do not expect an essentially 
different physical behaviour. 

The stationary solution of (5.78a) is: 

(5.81) 

while 8T can be calculated from (5.78b): 

(5.82) 

Using the notation 80 = 8T = 8v for the stationary solution we find in linear 
approximation: 

[ _§__ + ~uo~] 8~ = _ 8o ou' _ ~uo(8~ + !!!__) o8o 
ot 3 ox uo ot 3 8o uo ox 

where u00 = uo + u'. These equations can be solved 
by integration along the characteristics: (x = ~u0 t) 
for (5.83a) and (x = ~uot) for (5.83b). We see that 
the perturbations in 8Y, move along the strip with a 
phase velocity ~u0 which implies a "memory" of the 
heat transfer q for perturbations u' of the mean flow. 
This memory is crucial for the understanding of the 
Rijke tube instability. 

The Rijke tube is an open pipe of length 2L (figure 
5.20). In the pipe we place a row of hot strips (or a 

(5.83a) 

x=L 

x=O 

hot gauze). When the tube is vertical a flow u0 will be 
induced by free convection (the tube is a chimney). lllllllllllllllllll hot grid 

When the tube is horizontal we impose uo by blowing. l 
It appears that the tube starts oscillating at its fun-
damental frequency fo = cj4L when the heating ele- x=-L uo 

mentis placed at x = -~L, at a quarter of the tube 
Figure 5.20 Rijke tube. 

length in the upstream direction (at the lower part of 
the tube for a vertical tube). We will now explain this. 
Note that some excitation of higher modes can be obtained but these are 
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weak because of increased radiation losses at high frequencies. Hence we will 
assume that only the fundamental mode can be excited. This corresponds 
to a single mode expansion of the Green's function (5.61). As proposed by 
Rayleigh [153] we start our analysis by placing the warming element at the 
center of the tube (x = 0). 

x=L 

x=O 

1111111111111111111111 

t 
x = -L uo 

I 
I 

p' = p(x):coswt 

, dp sin wt 
u =~----

: dx pow 
I 

Figure 5.21 Pressure p' and acoustic velocity u' distribution for the fundamental mode. 

As shown in figure 5.21 the acoustic velocity u' at x = 0 will vanish for 
the fundamental mode. The variation of heat transfer q is only due to the 
temperature fluctuations T' = (!- 1)'y-1p' of the gas in the main flow. If 
we neglect the "memory" effect of the heat capacity of the boundary layers 
the heat flux q decreases when p' increases because Tw- Tis reduced. 

The acoustic effect of the unsteady heat transfer q is given in a quantitative 
way by the linearized equation 2.67 in which (2.68) has been substituted: 

(5.84) 

which corresponds to a volume source term 82(f3PJ)f8t 2 in (2.63) or in 
linearized form 8(mj p0)j8t. As derived in section 2.7 the power W produced 
by the source is (2.81): 

(5.85) 
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This equation can also be derived from the equation for the work A per
formed by volume variation dV: 

(5.86) 

which can be written as: 

(5.87) 

where dVjdt = J mjp0 dV and T = 2rr/w is the oscillation period. The rate 
of volume injection dVjdt corresponds to the volume integral fv 'V ·q dx = 
fs q · n dcr which is the integral of the heat transfer from the heating element. 
Furthermore, as the transfer of heat from the wall to the gas implies an 
expansion of the gas we can also understand (5.84) in terms of (5.87). 

We now easily understand that as q is opposite in phase with p' the presence 
of a hot element at x = 0 will damp oscillations of the fundamental mode 
of the pipe. Hence we understand that the Rijke tube oscillation is due 
to modulation of q by the acoustic velocity fluctuations u'. An optimal 
amplitude of q is obtained just at the end of the pipe at x = -L where u' 
has the largest amplitude. However, at this place p' is close to zero so that 
we see from (5.85) that the source is ineffective at this position. We therefore 
see that the position x = -~L is a compromise between an optimum for 
p' and an optimum for q. We still have to understand why it should be 
x = - ~ L and not x = ~ L. The key of this is that for x < 0 the pressure 
p' increases when the acoustic velocity u' enters the pipe (u' > 0) upwards 
while for x > 0 the velocity is downwards at that time. If the heat transfer 
would react instantaneously on u' then q would vary as sin(wt) while p' 
varies as cos(wt). As a consequence W integrated over a period of oscillation 
would vanish. Hence the occurrence of oscillations is due to a delay r in the 
reaction of q on u'. As the delay r is due to the "memory" of the boundary 
layer we expect that r > 0, since the boundary layer integrates, and cannot 
anticipate on perturbations of u'. 

As we see from the diagram of figure 5.22 for wr = ~rr, the delayed heat flux 
q is in phase with p' if x < 0. Pulsations induced by a hot grid placed at x > 0 
would involve a larger delay: wr = ~rr. As we will explain such a condition 
implies a very low flow velocity and hence much weaker oscillations. In 
practice this oscillation mode at low velocities is not observed. The time 
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u'(x > 0, t) q(x, t) 

' ·· · ·-/' ____ j______ // ... 1._>-·-~;;··· ... ·.< 
",_ ,/" ···-... ·--... r / .. ······ 'x"" ···.... ·--------... 
'-<·-~·-.. :_: ..... ">·-.. :: .......... . >·.-"< _'-¥-····.::-'···/ .. ·······:;:- / .. '-,< ... ">· .. ·-.:.:. .. ...... ·-•. t 

·., ··... /x', _..........._ p'(x t) ,/ '. ·· .. . 
',"-~-.... :.·.-.: .. ~:;.<_~ .... ><. __________ >-- ,, .... :::_.:.>:·:: 

u'(x < 0, t) 

Figure 5.22 Sketch of time dependence of p' and u' in the upper (x > 0) and lower 
(x < 0) part of the tube. A memory effect of trr will shift the phase of the 
heat transfer q from that of u' (the quasi-steady approximation) toward 
that of p' . It is the part of q which is in phase with p' that produces the 
sound in a Rijke tube. 

delay r is determined by the time that a perturbation in 8]. remains along 
the strip. When we blow very hard the residence time r of a perturbation 
8]. in the boundary layer on the strip will be very short because we expect 
from (5.83b) that: 

r = o(3w) 
2uo 

(5.88) 

where w denotes the length of the heated strip in flow direction. When we 
do not blow hard enough the boundary layers 80 will be very thick. The hot 
gas remains around the warming element blocking the heat transfer. Also 
when 1r :S wr :S 27r we expect that the oscillations will be damped out. 
Hence, an optimum of pulsations may be expected for wr = !1r: 

ww 
uo 3 

(5.89) 

This behaviour is indeed verified by experiments. Of course in order to 
obtain a stable oscillation the temperature Tw should reach a critical limit. 
For a horizontal tube at a fixed u0 , imposed by blowing through the pipe, 
this is less critical6 than in a vertical pipe where the temperature element 

• 
6 Since the design of a vertical Rijke tube driven by natural convection is not easy we 

provide here the dimensions of a simple tube. For a glass pipe of 2£=30 em length and 
an inner diameter of d =2.5 em, one should use a metal gaze made of wires of 0.2 mm to 
0.5 mm diameter, the wires being separated by a distance in the order of 1 mm. This gaze 
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also drives the main flow uo. In experiments with a horizontal pipe it is 
quite easily observed that blowing too hard reduces T such, that pulsations 
disappear. 

While we have seen that certain conditions are favourable for an oscilla
tion we did not yet discuss the non-linear effects leading to saturation. The 
most obvious effect is that when the acoustic particle displacement becomes 
comparable to the width of the strip: 

u' 
- = 0(1), 
ww 

(5.90) 

back flow will occur from the wake towards the strip. The strip is then 
surrounded by pre-heated gas and this blocks the heat transfer. Note that 
at very large amplitudes (u'jww > 1) there is a wake upstream of the strip 
during part of the oscillation period. We now understand, by combination 
of (5.89) and (5.90), why in the experiment one finds typical amplitudes 
of the order of u' = O(u0 ). The proposed saturation model has first been 
used by Heck! [60]. It is interesting to note that Rayleigh [153] describes this 
non-linear effect of saturation as a "driving" mechanism. 

A comprehensive theory of the Rijke tube oscillation, including non-linear 
effects and the influence of large temperature differences, has not yet been 
presented. We see that such a theory is not necessary to predict the order 
of magnitude of the oscillation amplitude. On the contrary, it is sufficient to 
isolate the essential limiting non-linearity. 

5.6 Flow induced oscillations of a Helmholtz 
resonator 

In view of the large amount of applications in which they occur, flow induced 
pulsations of a Helmholtz resonator or wall cavity have received considerable 
attention in the literature [8, 18, 36, 165, 41, 59, 69, 70, 75, 112, 132, 133, 
167]. In principle the flow instability has already been described qualitatively 
in section 5.1. We will now more specifically consider a grazing uniform flow. 

We will now discuss models which can be used to predict the order of mag
nitude of the pulsations. The configuration which we consider is shown in 

can be cut in a square of 2.5x2.5cm2 • The bended corners can be used to fix the gaze 
at its position (x = -tL). A small candle is a very swtable heat source. The pipe will 
produce its soWld after the candle is drawn back. 
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figure 5.23. Self-sustained oscillations with a frequency w close to the res
onance frequency w0 of the resonator occur when the phase condition for 
a perturbation in the feedback loop (shear layer/resonator) is satisfied and 
the gain is sufficiently large. When w = w0 we find a maximum of the pulsa
tion amplitude and the phase condition is entirely determined by the shear 
layer. In principle we should add to the convection time of the perturbation 
along the shear layer a phase shift at the "receptivity" point upstream and 
another at the "excitation" point downstream. These corrections are either 
due to "end corrections" or to the transition from a pressure perturbation 
p' in the resonator to a velocity or displacement perturbation of the shear 
layer. We now ignore these effects for the sake of simplicity and because we 
do not have available any theory that predicts these corrections. 

uo 

Figure 5.23 Helmholtz resonator in a wall with grazing flow. 

In both configurations of figure 5.23 in first order approximation perturba
tions of the shear layer (at the opening of the resonator) propagate with a 
velocity Uc of the order of ~u0 • It appears from experiment that when the 
travel time of a perturbation across the opening width w roughly matches 
the oscillation period 2rr jw0 of the resonator (or a multiple of 2rr fwo) pul-
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sations occur. Typically one finds a velocity Uc ~ 0.4uo. Hence the phase 
condition for instability is [62]: 

WoW 
--=2rrn; n=1,2,3, .... 
0.4uo 

(5.91) 

More complex phase condition depending on the geometry and the Mach 
number has been reported by [12, 165, 167]. The first hydrodynamic mode 
(n = 1) is usually the strongest because it corresponds with the highest ve
locity at which pulsations occur. Furthermore when the hydrodynamic wave 
length (w/n) becomes comparable to the gradient length o in the grazing ve
locity profile (boundary layer thickness at the wall) the flow becomes stable 
and the perturbations are damped. Typically for: 

owo 
-->2 
0.4uo 

(5.92) 

the flow is linearly stable. A currently used cure for pulsations is to place a 
device called "spoiler" which increases o just upstream of the cavity [17, 165]. 
Equation (5.92) can be used to choose a reasonable spoiler height. However, 
we found in some experiments that this is no guarantee for stability [17]. 
Equation (5.92) imposes an upper bound to the hydrodynamic mode in
stability. In most experiments mode numbers higher than n = 5 are not 
observed. A remarkable exception is the oscillation found inside solid pro
pellant rockets for which 6 ~ n ~ 12 [195]. 

It is often assumed that the perturbations along the shear layer grow ac
cording to a linear theory. It appears that a linear theory is only valid 
for low pulsation amplitudes, in the range of u' ju0 ~ 10-3 . In the experi
ments one observes in most cases for a grazing uniform flow a spectacular 
non-linear behaviour of the shear layer [17]. The vorticity of the shear lay
er is concentrated into discrete vortices. At moderate acoustic amplitude 
u'/u0 = 0(10- 1) one can assume that the acoustic field only triggers the 
flow instability but does not modify drastically the amount of vorticity r 
shed at the upstream edge of the slot. This leads to the model of Nelson 
[17, 62, 132, 133] in which one assumes a vortex of strength r given by: 

df dr dx 1 - = - . - = uo . -uo 
dt dx dt 2 

(5.93) 

travelling at a velocity Uc = 0.4u0 across the slot (see figure 5.7). A new 
vortex is generated following Nelson's experimental observations at the mo-
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ment that the acoustic velocity u' is zero and is increasing (directed into the 
resonator, p' in the resonator is at a minimum). 

Using Howe's analogy as described in section 2.6 and 2.7 one can calcu
late the acoustic pulsation amplitude. As the source strength \7 • (w x v) 
is independent of u' we find a finite amplitude by balancing the friction, 
radiation and heat transfer losses with the power generated by the vortices. 
As friction and radiation losses scale on u'2 , we would expect from this the
ory to find pressure amplitudes scaling with the dynamical pressure of the 
flow p' = O(~pu5). This occurs indeed when the edges of the slot are sharp. 
Typically, the acoustic power W generated by vortices due to instability of 
the grazing flow along an orifice of area ( w x B) is given by 

where u' is the amplitude of the acoustic velocity fluctuations through the 
orifice. 

uo ... 

-------...... --..... 
,-~, 

' ~!.' 1 vortex ,_, 
v 

Figure 5.24 Rounded upstream edge. 

The amplitude of the pulsations depends critically on the shape of the edge 
at which vortex shedding ocurs. This effect can be understood as follows. 
U pan formation of a new vortex the acoustic field u' is directed towards the 
interior of the resonator. Using Howe's formula: 

W = -po jjj((w x v)·u')dV, 

v 
(2.99) 

we see that the vortex is initially absorbing energy from the acoustic field 
(figure 5.25) because -(w x v) is opposite to u'. 
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-(w X v) w 
uction 

u' 

Figure 5.25 Absorption of acoustic energy by vortex shedding. 

At a sharp edge u' is large because the potential (acoustic) flow is singular. 
When an edge is rounded off u' is not singular and the initial absorption 
will be modest. 

The net sign of W over a period T = 2rr jw0 of oscillation depends of course 
also on the amount of energy produced by the vortex in the second half 
of the acoustic period when the acoustic velocity u' is directed outwards 
from the resonator [17, 92]. Of course, when u0 is so large that the travel 
time ( w /0.4uo) of the vortex across the slot is shorter than half a period 
( w /0.4uo < ~ T), then only absorption occurs. Self-sustained oscillations are 
impossible in this case. This effect can easily be experienced by whistling 
with our lips. If we increase the blowing velocity the sound disappears. 

The main amplitude limitation mechanism at high amplitudes, u' fuo > 0.2, 
is the shedding of vorticity by the acoustic flow. At the upstream edge this 
implies an increase of the shed vorticity r with u' and a dependence of the 
initial damping on u'3 . Howe [71] observes that at high amplitudes the vortex 
sound absorption scales on u'3 whereas the sound production scales on u'u6. 
Hence, when those effects balance each other, the amplitude u' scales on u0 . 

This behaviour is indeed observed [17, 92]. A typical amplitude observed in 
Helmholtz resonators is u'ju0 = 0(10- 1). This amplitude is also typical of 
a recorder flute or a whistle [62, 190]. 

In [92] it is observed that at very high amplitudes (u'fuo = 0(1)) in a 
resonator formed by side branches along a pipe, non-linear wave propaga
tion resulting into the generation of non-resonant cavity modes was a major 
amplitude limiting mechanism. Another possible mechanism at high ampli
tudes is the transition of acoustical flow from laminar into turbulent (section 
4.5.3). 

The discussion given here provides some qualitative indications for various 
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basic phenomena of cavity oscillation. Models as the one of Nelson [132, 133] 
provide insight but are not able to predict accurately the amplitude of the 
oscillations. In many engineering applications insight is sufficient for taking 
remedial measures. However, when a prediction of the amplitude is required 
a more detailed flow model is needed. Such models are not yet available. 

Exercises 

a) Calculate the impedance seen by a piston placed at the end x = 0 of a 
tube closed at x = L by an impedance Z(L) . Neglect friction in the tube. 
For Z(L) = oo (closed wall) calculate the power generated by the piston . 
Calculate the amplitude of the acoustic field for Z(L) -:j:. oo. 

b) When the impedance Z(L) at a pipe end is small, IZ(L)I «poco, one can 
consider the pipe being terminated at virtual position x = L + o by a purely 
resistive impedance Z ( L )' = Re Z ( L). o is called the end correction of the 
pipe. Derive a relationship between o and Z(L) . 

- - - - - r:-------------------- - - --- -
' 5 i t U tUp 

- -- - - tL.' ----t!ll]l-p---------illl]t---- - - - - - -
x=O x=L ---x 

Figure 5.26 Two pistons along a pipe. 

c) Consider two identical pistons of surface Sp placed at a distance L from each 
other along an infinitely extended pipe (figure 5.26) of cross sectional surface 
5. Assume that the two pistons move harmonically with the same velocity 
up eiwt. Show that under specific conditions the acoustic field vanishes for 
x > L and x < 0. How large is the amplitude of the acoustic field under 
these circumstances for 0 < x < L? 

d) Consider a piston placed at the end of a closed side branch of cross sectional 
surface 51 along a main pipe with a cross sectional surface 52 (figure 5.27). 
The side branch has a length L. The edges of the junction at the main 
pipe are rounded off. Calculate the amplitude p of the acoustic field at the 
piston following linear theory for w5112 f c < 1 as a function of 51/52 and 
L. Estimate the largest amplitudes that may be reached before linear theory 
fails. 

e) What is the impedance Zp of the piston for the configurations of figure 5.28a, 
b and c. Assume that radiation losses at the open ends are negligible. Neglect 
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Figure 5.27 T-junction. 
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Figure 5.28 Coupled T-junctions. 
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friction in the pipe. Are these configurations at certain critical frequencies 
equivalent to closed resonators? 
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f) Consider a clarinet as a cylindrical pipe segment of 2 em diameter and 1 m 
long driven by a piston with a velocity Up = Up eiwt. Assume that Up = 1 
m/s which is a typical order of magnitude. Assume that the pipe is driven 
at the first (lowest) resonance frequency. Calculate the pressure at the pis
ton assuming an ideal open end behaviour without radiation losses or flow 
separation . Calculate the amplitude of the fluid particle displacement at the 
pipe end. Calculate the same quantities if a quasi-stationary model is used at 
the pipe end to describe flow separation of the outgoing acoustic flow while 
friction is neglected. Is a quasi-stationary model reasonable? 

Up I; s, Is, s,; I (:1 • p' ::: 0 

L1 L2 L3 

L3 

Figure 5.29 Resonators in a pipe. 

g) A pipe segment with a different cross sectional area S2 than the cross section 
sl of the rest of the pipe can be used as a filter to prevent the propagation of 
waves generated by a piston. Two solutions can be considered S2 > S 1 and 
Sr < s2 (figure 5.29a and b). Assuming an ideal open end at X= Lr +L2+L3, 
provide a set of equations from which we can calculate the amplitude of the 
acoustic velocity u end at the pipe end for a given velocity up of the piston. 

h) Introduction: 
A possible 3-D model for a kettle drum consists of a cavity in free space, with 
acoustic perturbations p = peiwt in- and outside the cavity: 

iwpau + 'Vp = 0 

for k = w /co. The cavity is hard-walled on all sides (u · n = 0) except one, 
which is closed by an elastic membrane (tension T, mass density u). The 
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membrane displacement TJ = Tjeiwt is driven by (and drives ... ) the pressure 
difference across the membrane: 

T\1 2 TJ + W 2 0"TJ = Pupper- Plower 

The normal velocity u·n at both sides of the membrane is equal to OTJ/8t = 
iwTj eiwt, as the air follows the membrane. 

A basic musical question is: what is the spectrum of this system, i.e. for 
which (discrete) set {wn} does there exist a solution without forcing? Note 
that since the waves radiate away into free space any solution will decrease 
and die out (called "radiation damping"), and (in general) the possible wn's 
will be complex, with Im(wn) > 0. 

Problem: 
A 1-D variant of the kettle drum problem is a semi-infinite pipe (0 ::; x < oo) 
of typical radius a, closed at x = 0, and a piston-like element at x = L 
(modelling the membrane) driven by the pressure difference across x = L, 
and kept in position by a spring. 

Pxx + k2p = 0 for X E (0, L) U (L, 00) 

-8Ta- 2Tj + w 20"Tj = p(L+)- p(L-) at x=L 

Px = 0 at x=O 

~ 2 ~ 

Px = w PoT} at x=L 

outgoing waves for X --100. 

Determine the equation for w, solve this for some simple cases, and try to 
indicate the general solution graphically in the complex w-plane for dimen
sionless groups of parameters. Are there solutions with Im(w) = 0? How are 
these to be interpreted physically? 

i) Consider the Helmholtz resonator as an acoustic mass-spring system. What 
are the acoustic mass m and the spring constant J{ of this mass-spring sys
tem. 

j) Assuming that P~x = 0, how would the Helmholtz resonator react to a peri
odic volume injection Q = Q eiwt into the bottle (e.g. a piston moving in the 
bottom wall). 

k) Consider a Helmholtz resonator in a semi-infinite pipe driven by a piston at 
x = 0 (figure 5.30). Calculate the transmitted acoustic field following linear 
theory. What is the condition for which there is no transmission. 

I) Consider the volume V between two diaphragms of equal aperture surface 
Sd « Sp in a pipe of surface Sp (figure 5.31). Calculate the transmission 
coefficient and reflection coefficient following linear theory for an acoustic 
wave p+ eiwt-ikx incident from the left. 
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L 
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v 

Figure 5.30 Helmholtz resonator driven by a piston 

-_[~_;_-_-_-_----------~---v--~-*s_d __________________ _ 
--------------L-------~----------------------

Figure 5.31 Two diaphragms 

m) Consider a volume V filled with air connected by a short pipe of length e to a 
pipe filled with water (figure 5.32). Calculate the reflection and transmission 
coefficient following linear theory for a wave p+ eiwt-ikx incident from the 
left. 

n) Assuming powfu » ~p0 u2 , estimate the maximum acoustic velocity u which 

can be reached for given volume injection Q eiwt in a Helmholtz resonator 
if friction and heat transfer are neglected. Compare this with the maximum 
pressure which can be reached in a p, pipe resonator (with one open end). 

o) Calculate the value of Pin/Pex at resonance for a Helmholtz resonator in the 
presence of mean flow of velocity u 0 through the neck. 

p) Using the integral formulation (3.54) on [0, L] using the Green's function 9a 
corresponding to the geometry of figure 5.18a (with (8gaf8y)y=O = 0 and 

.... 
s 

Figure 5.32 Exercise m 
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(ga)y=L corresponding to the impedance of the pipe seen from the position 
y = 0) we find: 

p1 = -poc6 [too [ (~; )u1
(y, r)L=o dr. 

Derive this equation starting from (3.54). This equation is equivalent to 
(5.73). 

q) Calculate the expected acoustic optimal amplitude in a vertical Rijke tube of 
1 m length and 5 em diameter in which a gauze with a strip of width w = 1 
mm has been placed at x = -0.25 m. Do you expect that at this amplitude 
vortex shedding at the pipe end will be a significant acoustic energy loss 
mechanism? 

r) Consider a Helmholtz resonator with a volume V and a slot aperture w x B 
placed in a wall with a grazing flow (figure 5.23). Given that the maximum 
power is given by 

estimate the amplitude of the acoustic pressure pin the resonator for air if: 

V=3m3
, w=0.3m, B=0.5m. 

(A car with open roof!). Assume that the effective neck length is e ~ w. 

s) Give an order of magnitude of the acoustical pressure fluctuations in a clar
inet. 
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6 Spherical waves 

6.1 Introduction 

In the previous chapter we have considered the low frequency approxima
tion of the acoustics of pipes and resonators. Radiation of sound from such 
systems was assumed to be a small effect for the internal acoustic field, and 
therefore could be neglected in our analysis. However, if sound would not 
escape we would not hear it. Hence, for the calculation of environmental 
noise the radiation is crucial. Furthermore, as sound often is transferred 
through walls, the vibration of elastic structures is an essential part of the 
radiation path. We will not consider here the problem of prescribed wall 
vibrations from which we want to calculate the resulting sound field. As we 
want to keep things easy we will assume that the vibrating objects are small 
compared to the wave length (compact bodies) and that we radiate sound 
into an unbounded homogeneous quiescent fluid (free space). 

Starting from an exact solution of the acoustic field induced by the pulsation 
and translation of a sphere (section 6.2) we will derive an expression for the 
free field Green's function Go (6.36,6.37). Taylor's series expansion of Go will 
be used to introduce the concepts of monopole, dipole, quadrupole, etc, and 
multi pole expansion (section 6.3). The method of images will appear to be 
a very powerful tool to get insight into the effect of boundaries on radiation 
(section 6.4). After a summary of the classical application of Lighthill's 
analogy to free jets (section 6.5) we will consider the radiation of a compact 
body by using Curle's formalism (section 6.6). This will be used to get 
insight into the sound generated by a ventilator. Finally the radiation from 
an open pipe termination will be discussed (section 6.7). 

Note. Two-dimensional acoustic waves have a complex structure as may be 
seen from the Green's functions given in Appendix D (see the discussion by 
D9wling et al. (40]). 
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6.2 Pulsating and translating sphere 

The wave equation in 3-D allows quite complex solutions. However, for the 
particular case of a spherically symmetric acoustic field the wave equation 
reduces to: 

(6.1) 

where r is the distance between the observation point and the origin. The 
key for solving (6.1) is that we can formulate a 1-D wave equation for (rp'): 

(6.2) 

This result can easily be understood because acoustic energy scales with p'2 

(equation 2.79a). Hence, as the surface of a spherical wave increases with r 2 

the amplitude p'(r) should decrease as r- 1 to keep energy constant as the 
wave propagates. 

Compared to 1-D waves the relationship between pressure p' and acoustic 
velocity u' now shows a drastically new behaviour which depends on the 
ratio of r and the acoustic wave length. In three dimensions we have a 
region with rk « 1 called "near field" in which we find a behaviour of u' 
which is close to that of an incompressible flow, while for rk ~ 1 we find 
a "far field" region in which the waves behave locally as plane waves. The 
radius of curvature of the wave front is large compared to the wave length. 

These features may be derived from the radial component of the (linearized) 
momentum conservation law: 

au' 8p' 
po-=--

8t 8r 
(6.3a) 

and the linearized mass conservation law: 

(6.3b) 

The mass in a volume shell 4nT2dr changes as a result of the difference 
between 4rrr2u' and 4rr(r + dr) 2u'(r + dr) in flux. We eliminate p' by using 
the constitutive equation p' = c6p', and eliminate u' by subtracting the 
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6.2 Pulsating and translating sphere 187 

time derivative of r 2 times the momentum equation (6.3a) from the spatial 
derivative of the mass equation (6.3b). This yields the wave equation (6.1). 

The general, formal solution of (6.2) is: 

rp' = :F (t - _:._) + g (t + _:._), 
co co 

(6.4) 

combining an outgoing wave :F and an incoming wave Q. Far away there 
is no incoming wave, so we define the ''free field" as the region for which 
g = 0. This result of a vanishing incoming wave in free space may also be 
formulated as a boundary condition at r---+ oo (2.21a,2.21b,2.23). 

As already stated, the acoustic velocity u' has a rather complex behaviour, 
in contrast with the 1-D situation. This behaviour is found by substitution 
of (6.4) into the momentum conservation law (6.3a): 

au' 1 ( r ) 1 , ( r ) Po-= -:F t- - + -:F t-- . at r 2 Co Cor Co 
(6.5) 

We now observe that the first term of (6.5) corresponds, for rfco much 
smaller than the typical inherent time scale, to an incompressible flow be
haviour (r 2 u' = constant) while the second term corresponds to wave-like 
phenomena. Only the second term does contribute to the acoustic energy 
flux (I) = (p'u'). This may be verified by substitution of a harmonic solution 
into (6.5): 

. A . "k p' = pe•wt = - e•wt-1 r 

4rrr 
(6.6) 

we find 

(6.7) 

The first term in u is ~rr out of phase with p and therefore does not contribute 
to (I) = (p'u'). Hence: 

~ 

(p' u') = i ( uj)* + u* p) = _!!!!____. 
2poco 

(6.8) 

A very systematic discussion of this fundamental solution IS given by 
Lighthill [105]. 
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188 6 Spherical waves 

Using (6.5) we can now determine the acoustic field generated by a pulsating 
sphere of radius a(t). If (8aj8t)jc0 « 1, we can use linear acoustics, while 
the movement of the sphere boundary yields the equation derived from (6.5): 

8
2 
a 1 ( a ) 1 , ( a ) Po- = -F t- - + -F t- - . 

8t2 a 2 co coa co 
(6.9) 

For a compact sphere the first term is dominating (a(82aj8t2)/c6 « 1). We 
find exactly the result which we could anticipate from (2.59), the second 
derivative to time of the volume of the sphere is the source of sound. 

A steady expansion of the sphere (8aj8t = constant) does not (in this 
approximation) generate sound. The second term of (6.9) is dominating for 
large sphere radii (a(82aj8t2 )fc6 ~ 1) . In such a case the action of the wall 
movement is that of a piston which generates plane waves. For harmonic 
oscillations of the sphere (a = a0 +a eiwt), the amplitude A of the radiated 
field is found from (6.6) by substitution of u = iwa in (6.7) at r = a0 • 

A 2 ~ 
~( ) -ikao W Poa p a0 = --e =- . 

47rao 1 + ika0 

Hence 

2 ~ 

p(r) = _ w Poaao e-ik(r-ao) 
(1 + ikao)2 · 

(6.10) 

We can also determine the acoustic impedance Z 

Z(w) = p(a) = p(a) 
u(a) iwa 

(6.11) 

Using (6.7) we find: 

z ikao ika0 + (ka0 )
2 

= ----'----''---
1 + ikao 1 + (ka0 ) 2 • 

(6.12) 
PoCo 

We see that the real part of the radiation impedance of a compact sphere 
(kao « 1) is very small: 

(6.13) 
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6.2 Pulsating and translating sphere 189 

Hence (see (3.59)) a compact vibrating object in free space will be a very 
ineffective source of sound. This effect becomes even more dramatic when we 
consider the radiation of a compact vibrating object of constant volume. The 
most simple example of this behaviour is a translating sphere of constant 
radius a0 . This is what we call a dipole radiation source, in contrast to the 
monopole source corresponding to a compact pulsating sphere. 

The solution of the problem is easily obtained since we can generate from 
the spherically symmetric solution (6.4) non-spherically symmetric solutions 
by taking a spatial derivative (see equation 2.22b) . If <p1 is a (spherically 
symmetric) solution of the wave equation: 

~ {)2<pl - V'2 I - 0 
c2 {)t2 <p -

0 
(6.14) 

then any derivative of <p1, such as (acp1jaxi) or (acp1jat), is also a solution: 

1 82 
( acp1

) acp1 

c6 at2 a xi - V'
2 (a xi) = o, (6.15) 

in particular, any derivative of Eq. (6.6) is a solution. So if we try to find 
the field of a translating sphere with velocity u 0 (in x-direction), where at 
its surface the radial flow velocity is given by: 

I uo·rl u (ao, iJ) = -- = u0 cos iJ. 
ao lrl==ao 

(6.16) 

we can use the derivative in the x-direction. For a harmonic oscillation 
uo = uo eiwt with (u0 jwa0 ) « 1 the pressure field p1 is given by: 

{) e-ikr {) e-ikr 
p= A-(-)= A cos{)-(-) ax r ar r (6.17) 

because ~~ = cos {). This pressure is related to the acoustic velocity u1 by 
the momentum conservation law (6.3a): 

[)2 e-ikr 

iwp0u =-A cos{) ar2 (-r-) . (6.18) 

Using the boundary condition (6.16) for r = a0 we can now calculate the 
amplitude A for given 110 : 

. ~ A2 + 2ikao- (kao)2 
-ika 

1wu0 =- e o a5 (6.19) 
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190 6 Spherical waves 

so that the pressure field (6.17) can be written as: 

~- -iwp0 u0 a5cos{) {) (e-ik(r-ao)) 

p- 2 + 2ikao - (kao) 2 8r r · 
(6.20) 

In the limit of (kao) « 1 we see that: 

~ 1 (k )2 ~ ao cos{) ( i ) -ikr p ~ -- ao pocouo 1 - - e . 2 r kr 
(6.21) 

Again we observe a near field behaviour with a pressure decreasing as r-2 

and for which fi is ~1!' out of phase with u0 . This pressure field simply corre
sponds to the inertia of the incompressible flow induced by the movement of 
the fluid from the front towards the back of the moving sphere. From (6.21) 
for r = a0 with (ka0 ) « 1 we see that: 

(6.22) 

Hence, as the drag on the sphere, which is in phase with uo, scales as 
a6 Re[fi( ao)], we see that the acoustic power generated by the sphere scales 
as p0 cou6a6(ka0 ) 4 • This is a factor (ka0 ) 2 weaker than the already weak radi
ation power of a compact pulsating sphere. So we now understand the need 
of a body in string instruments or of a sound board in a piano. While the 
string is a compact oscillating cylinder (row of oscillating spheres), which 
does not produce any significant sound directly, it induces vibrations of a 
plate which has dimensions comparable with the acoustic wave length and 
hence is radiating with an acoustic impedance p0c0 which is a factor (kao) 4 

more efficient than direct radiation by the string. 

Note. In order to provide a stable sound one should avoid in string instru
ments elastic resonances of the body which are close to that of the string. 
If this is not the case the two oscillators sta rt a complex interaction, which 
is called for a violin a "wolf tone", because it has a chaotic behaviour [110]. 

Having discussed aspects of bubble acoustics in a pipe in section 4.4.5, we 
will now consider some specific free field effects. Consider the oscillation 
of a compact air bubble in water as a response to an incident plane wave 
Pin= Pin eiwt-ikx in free space (deep under water). We can locally assume the 
pressure Pb in the bubble to be uniform and we assume a spherical oscillation 
of the bubble of equilibrium radius a0 : 

a = ao + a eiwt . (6.23) 
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6.2 Pulsating and translating sphere 191 

The pressure in the bubble is given by: 

I I I ( ) Pb = Pin + Pr ao (6.24) 

where p~(a0 ) is the acoustic pressure due to the spherical waves generated 
by the bubble oscillation. We have neglected surface tension. Furthermore, 
we assume an ideal gas behaviour in the bubble: 

p' a' 
_..!!_ = -3,-
Po ao 

(6.25) 

where 1 = 1 for isothermal compression and 1 = CpfCv for isentropic 
compression. Pr(a) is related to a by the impedance condition: 

Pr(a) = iwaZ (6 .26) 

and Z(w) is given by equation (6.12). Hence combining (6.24) with (6.25) 
and (6.26) we find: 

or: 

and 

3/Po ~ ~ . ~z 
---a= Pin+ !wa 

ao 

~ ( ) . ~z Pin Pr ao = 1wa = - 3 1- i /Po 
wa0 Z 

~ - ~ ( ) ao -ik(r-ao) Pr- Pr ao -e . 
r 

Using (6.12) we can write (6.28) as: 

~ ( ) Pin 
Pr ao =- Wo 2 

1 - ( ~) ( 1 + ika0 ) 

(6.27) 

(6.28) 

(6.29) 

(6.30) 

where wo is the Minnaert frequency defined by: 

2 3/Po 
wo = --2. 

poa0 
(6.31) 

It is interesting to note that at resonance (w = w0 ) under typical conditions 
a bubble is compact because: 

(6.32) 
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192 6 Spherical waves 

is small as long as Po .Z: poc6. 

For water p0 c6 = 2 X 104 bar, hence up to Po= 100 bar one can still assume 
bubble oscillations at resonance to be compact. Equation (6.30) has many 
interesting further applications [40, 97]. For example, sonar detection of 
fishes by using a sweeping incident sound frequency yields information about 
the size of fishes because the resonance frequency w0 of the swim bladder 
yields information on the size a0 of the fish. Furthermore, at resonance sound 
is scattered quite efficiently: 

~ _ ·Pin -ik(r-a0 ) 
Pr- -1-k e . 

or 
(6.33) 

Hence the fish scatters sound with an effective cross section of the order of 
the acoustic wave length at w0 (an effective increase of the cross section by 
a factor (koao)- 1). As we know a0 from w0 the intensity of the scattered 
field yields information on the amount of fish. Another fascinating effect of 
bubble resonance is the very specific sound of rain impact on water [149]. 

6.3 Multipole expansion and far field 
approximation 

The free field Green's function G0 defined by equation (3.43) 

o2
Go 2 """"' 8

2
Go 7)2- c0 L.. ~ = 8(x- y)8(t- r) 

t uxi 
(3.43) 

and the Sommerfeld radiation condition (2.23), may be found in Appendix 
D, but can be derived as follows. We start with considering the Fourier 
transform Go of G0 , with 

1
00 ~ 

Go = Go eiwt dw 
-oo 

and satisfying 

2~ 

L 8 Go k2G~ 1 ~( ) iwT --+ o = - - - u x- y e- , oxf 2rrc6 
(6.34) 
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6.3 Multipole expansion and far field approximation 193 

where k = wjc0 . From symmetry arguments, Go can only be a function of 
distance r = /x- yj, so the solution of (6.34) has the form (see equation 
(6.6)) 

G~, A e-ikr 
o=-

4trr 
(6.35) 

"Yhere A is to be determined. Integration of (6.34) over a small sphere Be 
around y, given by, say, r = £, yields by application of Gauss' theorem 

2~ 

jjj L aa~o + k2G0 dx = jjj-
2
:c6c5(x- y) e-iwr dx = 

Be Be 

jj L ~~~ ni da + jjj k2G0 dx = 
aBe Be 

2 aGo 2 1 . 
4tr£ - + O(c ) =-A+ O(c) = -- e-•wr ar 2trc6 

where ni denotes the outward normal of Be, and we used the fact that£ is 
small. If we let£~ 0 we find that A= (2trc6)- 1 e-iwr. So we have: 

~ e-iwr-ikr e-iw(r+r/co) 

Go = 81r2c6r = 81r2c6r 

and, using equation (3.27), 

Go= c5(t-r-rfc0 ) 

4trrc6 

(6.36) 

(6.37) 

For a given source distribution q(y, r) in a compact region of volume V 
(enclosed by the surface S) we can find a representation based on a Taylor 
series expansion in which the source q(y, r) is replaced by a series of elemen
tary sources (monopole, dipole, quadrupole ... ) placed at the origin (y = 0). 
Of course, to be meaningful such a representation should converge rapidly, 
which corresponds to the condition that V is compact (k/y/ ~ 1). 

We start from the integral formulation (3.55) for a tailored Green's function 
and find: 

p' = =~ = [= JJJ Go(x, t/y, r)q(y, r) dydr. 

v 
(3.55) 

RienstraHirschberg 4 Jan 1999 10:11 



194 6 Spherical waves 

The expansion of (3.55) can be obtained by expanding the Green's function 
Go in a Taylor series or by carrying out first the time integral. Using (6.37) 
we find: 

1 = 1JJ q(y, t- r/co) d 
p 4 2 y. 

7lTCo 
v 

(6.38) 

By expansion of qjr around y = 0, this formal approach described by Gold
stein [56] yields: 

I 00 ai+k+l [ ( -1 )i+k+l ] 
P (x,t) = L 8 ia k{) t 4 I I 2 mjkt(t -lxl/co) 

j,k,l=O x1 x2 x3 rr x co 
(6.39) 

where ffijkt(t) is defined by: 

(6.40) 

The (jkl)-th term of the expansion (6.39) is called a multipole of order 
2i+k+l. Since each term is a function of lxl only, the partial derivatives to Xi 

can be rewritten into expressions containing derivatives to lxl. In general, 
these expressions are rather complicated, so we will not try to give the 
general formulas here. It is, however, instructive to consider the lowest orders 
in more detail as follows. 

Starting from the original formula (3.55), we expand the Green's function: 

{) 
Go(x, tly, r) = Go(x, tiO, r) + Yi-

0 
Go(x, tiO, r) + · · ·. 

Yi 
(6.41) 

and write (3.55) in the form: 

P
1 
= [00 Iff { Go(x, tiO, r) + Yi a:i Go(x, tiO, r) + .. ·}q(y, r) dydr. 

v (6.42) 

The first term corresponds to the monopole: 

p~ = ~~00 JJJ Go(x, tiO, r)q(y, r) dydr 

v 

= ~~oo Go(x, tiO, r) JJJ q(y, r)dydr. 

v 
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This becomes, by using the properties of the delta-function in ( 6.37): 

1 = Jr fj q(y, t -lxl/co) dy = mo(t -lxl/co) 
Po ?· 4rrc51xl 4rrc51xl 

(6.44) 

where we wrote for brevity m0 = m 000 . We have concentrated the source at 
the origin and 

mo(t) = jjj q(y,t)dy. 

v 
The next term is the dipole term: 

p~ = jt j' fj t Yi 
8
8

. Go(x, tiO, r)q(y, r) dydr. 
-oo ?J i=1 Yt 

Since Go is a function of r = lx- Yl rather than Yi we can write1: 

p\ = L !!f; Yi ( -1::1 afxiGo(x, tiO, r) )q(y, r) dydr 

=-t !i__i_ !r fj Yi q(y, t -lxl/co) dy 
._1 lxl81xl J. 4rrc61xl 
t- v 

= _ t !i__i_ (ml,i(t- lxl/co)) 
i=1 lxl81xl 4rrc61xl 

(6.45) 

(6.46) 

(6.47) 

where we wrote for brevity: m1,1 = m10o, m1,2 = mo10 and ml,3 = mool· If 
q is a point source this dipole term is easily visualized as shown in figure 
6.1. 

The dipole of strength m 1,i, which we should place at the origin (y = 0): 

ml,i(t) = jjj Yiq(y,t)dy, 

v 

oGo 
oy; 

or oGo or aGo 
--=---= 
oy; or ox; or 

aGo 
ox;. 

(6.48) 
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+ + 

I l! I I 

!Pl .. !m~ 
I I 

I + I + ..... . ~~~ I I 
I I 

+ ++ 
Figure 6.1 First step in the multipole expansion of a point source. 

is obtained by bringing the (point) source q towards the origin while increas
ing its strength and that of the opposite (point) source -q at the origin in 
such a way that we keep IYiq constant. 

A dipole field is not isotropic because in a direction normal to the vector y 
the two sources forming the dipole just compensate each other, while in the 
other directions due to a difference in emission time there is a net acoustic 
field. This effect of the difference in retarded time (figure 6.2) between the 

Figure 6.2 Retarded or emission time difference is (y ·x/lxl)/co = (IYI cos 19)/co. 

sources in the dipole simplifies in the far field as follows. Writing (6.47) as: 

p~ =- t
1 

1~1 JJJ 4;~~ {- co~xl :t q(y, t -lxl/co) 
t- v 

-
1
: 12 q(y, t- lxl/co)} dy (6.49) 

RienstraHirschberg 4 Jan 1999 10:11 



6.3 Multipole expansion and far field approximation 197 

we see that for large distances (klxl ~ 1) the acoustic field due to the dipole 
contribution is given by: 

p~ ~ t1 4rr~ixl2 :t jjj Yiq(y, t -lxl/co) dy 
t- v 

~ Xi [ d ] = ~ 4rrc51xl 2 dte m 1,i(te) te=t-lxl/co 
(6.50) 

where m 1,i(t) is the dipole strength. The source term for a force density fi 
is given by (2.63): 

Hence, we have by application of (3.55) and partial integration: 

p' = ~~00 jjj q(y, r)Go(x, tly, r) dydr 

v 

= Jt Jr fj t 88G~ fi(Y, r) dydr. 
-oo J. ._

1 
y, v t-

(6.51) 

(6 .52) 

The remaining surface integral terms vanish because we assumed a finite 
source region, outside which f = 0. By comparison of (6.52) with (6.41) and 
(6.50) we see that the force field fi is equivalent to an acoustic dipole of 
strength: 

m1,i = jjj f;dy (6.53) 

v 

which corresponds simply to the total force F on V. In a similar way it is 
clear that the Lighthill stress tensor T;j induces a quadrupole field because 
from (2.63) we have: 
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The strength of the quadrupole is: 

m2,ij = j j j Tij dx, 

v 
(6.54) 

where we wrote for brevity m2,11 = m2oo, m2,12 = mno, m2,13 = m 101, etc .. 
In the far field approximation, where the retarded (or emission) time effect 
can be estimated by replacing (&/&lxl) by -c01(&j&t), we find: 

(6.55) 

6.4 Method of images 

Using Go we can build the Green's function in presence of walls by using the 
method of images as discussed in section 4.6. The method of images is simple 
for a plane rigid wall and for a free surface. In the first case the boundary 
condition u'· n = 0 is obtained by placing an image of equal strength q at 
the image point of the source position (figure 6.3). For a free surface, defined 

u'.n =0 

+ 

p'=O 
~ 

+ 

a) hard wall 

b) free surface 

Figure 6.3 Images of sources in plane surfaces 

+ + 

+ 

by the condition p' = 0 (air/water interface seen from the water side), we 
place an opposite source -q at the image point. 
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For a rigid wall at x 1 = 0 we simply have the Green's function: 

G( I ) 8(t-r-r/co) 8(t-r-r*Jco) 
X, t y, T = 2 + 2 

4rrc r 4rrc r* 0 0 
(6.56) 

where 

r = V(x1 - yi) 2 + (x2 - Y2)2 + (x3- Y3) 2, 

r* = V(x1 + Y1) 2 + (x2- Y2) 2 + (x3- y3)2. 

We easily see from figure 6.3 that a source placed close to a rigid wall will 
radiate as a source of double strength (ly1 lk ~ 1) while a source close to a 
free surface will radiate as a dipole. 

When more than a wall is present the method of images can be used by 
successive reflections against the walls. This is illustrated in figure 6.4. When 

+ I + I -·-·-·-·---·-·r·-·-·-·-·-·-·· 

+ + 
a) comer 

b) duct 

Figure 6.4 Application of the method of images. 

a harmonic source is placed half way between two rigid walls separated by a 
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distance h (at y = ~h) the radiated field is equivalent to that of an infinite 
array of sources placed at a distance h from each other (figure 6.4b). We 
immediately see from this that there are directions {) in which the sources 
in the array interfere positively. The interference condition is simply: 

h sin{)= n.X; n = 0, 1, 2, ... (6.57) 

where .X is the acoustic wave length. For this symmetrically placed source 
only symmetric modes can occur. When the source is placed at one of the 
walls (y = 0 or h) we find the interference condition given by 

hsin {) = ~n.X; n = 0, 1, 2, ... (6.58) 

since the source and its images form an array of sources placed at a distance 
2h from each other. 

The condition n = 0 corresponds to plane waves in a tube. The conditions 
n > 0 correspond to higher order mode propagation in the "duct" formed 
by the two walls. This can also be seen for a duct of square cross section 
for which the image source array becomes two-dimensional. We clearly see 
from this construction that higher order modes will not propagate at low 
frequencies because when (h < ~.X), there are no other solutions than{)= 
0 to equation (6.58). This justifies the plane wave approximation used in 
chapter 4 (see further chapter 7). We see also that at low frequencies (for 
plane waves) the radial position of a source does not affect the radiation 
efficiency. For a higher mode, on the other hand, the sound field is not 
uniform in the duct cross section and the source radiation impedance is 
position dependent. The first non-planar mode has a pressure node on the 
duct axis and cannot be excited by a volume source placed on the axis 
(f p' dx = 0). This explains the difference between condition (6.57) and 
(6.58) for the excitation of a higher mode. A more comprehensive treatment 
of pipe modes is given in chapter 7. 

The method of images can also be used for a line source close to a compact 
cylinder of radius R or a point source near a compact sphere of radius a 
[116]. For a line source near a cylinder we should place an identical line 
source at the inverse point r* defined by: 

r* = r (R/Irl) 2 (6.59) 
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+ + 

Figure 6 .5 Image of a line source in a compact cylinder. 

and an opposite line source (i.e. a sink) at r = 0 on the cylinder axis (figure 
6.5). For a sphere we should place a source q* at r* defined by: 

q* = q afiri (6.60) 

and 

r* = r (a/lrl) 2 (6.61) 

while in order to keep the mass balance we place a line of uniformly spaced 
sinks of total strength q* stretching from r* to the center of the sphere 
(r = 0) [116]. 

6.5 Lighthill's theory of jet noise 

Consider a free turbulent jet formed at the exit of a circular pipe of diameter 
D. The mean flow velocity in the pipe is u0 . We assume that uo « c0 and 
that the entropy is uniform (air jet in air with uniform temperature). The 
key idea of Lighthill was that the sound produced by the turbulence was 
originated from a volume of order D3 and that the influence of the pipe 
walls on the sound radiation could be neglected. 

In such a case combining (2.63) with (3 .55) and using the free space Green's 
function Go given by (6.37) we find: 

(6.62) 
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Partial integration (twice) yields: 

(6.63) 

Because Go is only a function of r = lx - Yl we have: 

fJGo _ 8Go or _ (xi- Yi) fJGo _ 8Go 
OYi - Br fJyi - - r Br - - OXi · (6.64) 

Approaching the source towards the observation point has the same effect as 
approaching the observation point towards the source. Hence we can write 
(6.63) as: 

p'(x, t) = ax~;Xj /~00 Iff Go(x, tly, r)Tij(Y, r) dydr. 

v 
(6.65) 

The integration variable Yi does not interfere with Xi. Using now (6.37) we 
can carry out the time integration: 

p'(x,t)= 8
2 

jrf[Tij(y,t-rfco)dy. 
8xi8x j } J 47rc6r 

v 
(6.66) 

In the far field the only length scale is the wave length, hence we have 
replaced the problem of the estimate of a space derivative (a 1 8yi) at the 
source by the problem of the estimate of the characteristic frequency of the 
produced sound. In the far field approximation we have: 

(6.67) 

For high Reynolds number we can neglect the effect of viscosity (if it were 
not small turbulence would not occur!). If we assume a homentropic compact 
flow we have (2.66): 

The first estimates of Lighthill for a circular2 free jet are: 

2 See Bj0rn0 [11] for planar jets. 
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- the characteristic time scale for large eddy's in the flow is (D/uo). 
the Reynolds stress scales as pu6. 
the relevant volume V is of order D3 . 

Hence we should replace (8j8t) by u0 /D in (6.67) and we find: 

'( ) "'_1_ (uo)2pou6D
3 

p x, t 4 D I I 4rrc0 x 
(6.69) 

or in terms of intensity p' 2 and Mach number Mo = uofco: 

(6.70) 

This is the celebrated 8-th power law of Lighthill which " .. represents a tri
umph of theory over experiment; before the publication of us, most reports 
of measured jet noise data gave a U4 variation, which was then quickly rec
ognized, post us, as associated with noise sources within the engine itself, 
rather than with the jet exhaust turbulent mixing downstream of the engine. 
In fact, variation of intensity with us is now generally accepted as defining 
jet mixing noise .. " (Crighton, I.e.); see figure 6.6. Equation (6.70) tells us 
that turbulence in free space is a very ineffective source of sound. When a 
more detailed description of the flow is used to estimate Tij one can also find 
the directivity pattern of the radiation field [56, 12, 155]. This directivity 
pattern results from Doppler effects and refraction of the sound waves by 
the shear layer surrounding the jet. 

As the Mach number approaches unity the character of the sound production 
changes drastically because the flow is not compact any more (D /A. rv Mo) 
and because at higher Mach numbers shock waves appear if the jet is not 
properly expanded. These shocks generate noise by interaction with turbu
lence (random vorticity) and vortices (coherent structures) [52]. 

Moreover, it is obvious that the generated power cannot grow indefinitely 
with a power Ms. There is a natural maximum corresponding to the kinetic 
energy flux in the jet ~pu~·iD2 . This natural upper bound prevails above 
M > 1 and the sound intensity scales above M > 1 as Mg. The typical 
fraction of flow power transferred to the acoustic field at high Mach number 
by a properly expanded supersonic jet is 10-4 (M > 1). Following Goldstein 
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Figure 6.6 Sound power generated by a jet. 

[56] the acoustic power W generated by a subsonic homentropic jet is given 
by 

w -5 5 
1 3 2 

= 8 X 10 M0 • 
sPou0 rrD 

(6.71) 

Hence at Mach M0 = 0.1 we can estimate that only a fraction 10-9 of the 
hydrodynamic power is transferred to the acoustic field. This is the key of 
the problem of calculating the acoustic field from a numerical calculation 
of the flow pattern at low Mach numbers. In order to achieve this we have 
to calculate the flow field within an accuracy which is far above the typical 
score (5%) of turbulence modelling nowadays. However, the simple scaling 
law of Lighthill already tells us that in order to reduce turbulence noise we 
should reduce the Mach number. A very useful result as we will see from 
exercise k) below. 

Lighthill's analogy in the form of equation (6.67) is often used to obtain 
acoustical information from numerical calculations of turbulent flow. Such 
calculations can be based on an incompressible model which by itself does 
not include any acoustic component. 

When the jet has a different entropy than the environment (hot jet or differ
ent fluid) the sound production at low Mach numbers is dominated by either 
Morfey's dipole source term (&j&yi)((c2 - c6)/c6)(&p'j&yi) or by a volume 
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source term due to diffusion and heat transfer (entropy fluctuations). When 
a hot gas with constant caloric properties is mixed with the cold environ
ment the monopole sound source is negligible compared to the dipole due 
to convective effects ([118]). One finds then a sound power which at low 
Mach numbers scales at M8. Upon increasing the Mach number the turbu
lent Reynolds stress can become dominant and a transition to the cold jet 
behaviour (MS) can be observed in some cases. 

In hot jets with combustion, vapour condensation or strongly temperature 
dependent caloric gas properties the monopole source dominates ([32]), and 
a typical M6 scaling law is found for p'2 • 

The influence of the viscosity on the sound generation by a free jet has been 
studied by Morfey [119], Obermeier [136] and lafrati [76]. 

6.6 Sound radiation by compact bodies in free 
space 

6.6.1 Introduction 

In principle, when a compact body is present in a flow we have two possi
ble methods to calculate the sound radiation when using Lighthill's theory 
(section 2.6). In the first case we use a tailored Green's function which is 
often easy to calculate in the far field approximation by using the reciprocity 
principle (3.46). In the second case we can use the free field Green's func
tion Go which implies that we should take surface contributions in equation 
(3.54) into account. This second method is called Curle's method [56, 12]. 
The advantage of the method of Curle is that we still can use the symmet ry 
properties of G0 like: 

8Go 8Go 
0Yi =- OXi. (6.72) 

Furthermore, we will see that the surface terms have for compact rigid bodies 
quite simple physical meaning. We will see that the pulsation of the volume 
of the body is a volume source while the force on the body is an aero-acoustic 
dipole. In this way we can in fact say that if we know the aero-dynamic (lift 
and drag) force on a small propeller we can represent the system by the 
reaction force acting on the fl. uid as an aero-acoustic source, ignoring further 
the presence of the body in the calculation of the radiation. 
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6.6.2 Tailored Green's function 

The method of tailored Green's function has of course the nice feature of 
a simple integral equation (3.55). We will, however, in general not have a 
simple symmetry relation allowing to move the space derivative outside the 
integral. The construction of the tailored Green 's function in the far field 
approximation is in fact equivalent to considering the acoustic response of 
the body to a plane incident wave. In applications like the effect of a bubble 
on turbulence noise we already did this for a bubble in a duct (section 4.7). 

The method of images discussed in section 6.4 is an efficient procedure to 
construct a Green's function for simple geometries. This is obvious when we 
consider a plane rigid wall. Using the reciprocity principle we send a plane 
wave P:n and look at the resulting acoustic field in the source point y. The 
acoustic field in y is built out of the incident wave P:n and the wave reflected 
at the surface p~. In the method of images we simply assume that p~ comes 
from an image source, as shown in figure 6.7. 

y 

a) b) '• image 

Figure 6.7 a) Acoustic response to a plane wave. 
b) Sound emitted by the source in the same observers direction. 

When calculating the Green's function we should take in free space as a m
plitude of the incident wave P:n the amplitude calculated from (6.37). For 
compact bodies or sources close to a surface we can neglect the variation in 
travel time of P:n over the source region and we find: 

1 8( -t + T- lxl/co) 
Pin = 4rrlxlc6 (6.73) 
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where the signs oft and T have been changed because of reciprocity relation 
(3.46). When considering harmonic waves we have from (6.36) that: 

(6.74) 

where in the far field approximation r:::: lxl. The Green's function is found 
by adding the system response p~ (or Pr) to the incident wave pfn. Once a 
tailored Green's function has been obtained we find by using (3.55): 

p'(x , t) = j~co jjj q(y, r)G(x, tly, r) dydr. 

v 
(3.55) 

By partial integration and assuming that the sources are the volume sources 
IJ2Tij I 8xJJx j as defined in (2.63) which are limited to a small region of space 
we find: 

(6.75) 

Comparison of the space derivative of the tailored Green's function with 
that of the free space Green's function G0 yields an amplification factor A 
of the radiated field: 

82G 1 82Go 
A= I 8yi8Yj 111 c6 at2l (6.76) 

where we made use of the approximation 82G01 8xi8x j :::: ( 82G01 8t2 ) I c6 in 
the far field, and assumed that the flow is not influenced by the foreign body 
(Tij =constant). 

Using this procedure one can show [12, 40, 56] that turbulence near the 
edge of a semi-infinite plane produces a sound field for which p'2 scales 
as MJ which implies for M0 ~ 1 a dramatic increase (by a factor M03

) 

compared to free field conditions. This contribution to trailing edge noise is 
very important in aircraft noise and wind turbine noise. 

6;6.3 Curle's method 

When we place a cylinder of diameter d in a turbulent jet with a main flow 
velocity uo, the cylinder will not only enhance the radiation by the already 
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present turbulence. A cylinder will affect the flow. Behind the cylinder at 
high Reynolds numbers we have an unstable wake. Above a Reynolds num
ber of Re = u0djv = 40 the wake structure is dominated by periodic vortex 
shedding if 40 :S Re :S 3 x 105 and for Re 2 3.5 x 106 [12, 14, 61]. The 
frequency fv of the vortex shedding is roughly given by: 

fvd 
-=0.2. 
uo 

(6.77) 

Hence the sound produced by vortex shedding has in contrast with turbu
lence a well-defined frequency. The periodic shedding of vorticity causes an 
oscillating lift force on the cylinder, with an amplitude L per unit length 
given by 

L = -pofuo, (6.78) 

where r is the circulation of the flow around the cylinder. By definition the 
lift force is perpendicular to the mean flow direction ( u0 ). In dimensionless 
form the lift is expressed as a lift coefficient CL: 

L 
CL=~d· 

2PUo 
(6.79) 

The lift coefficient of a cylinder is in a laminar flow of order unity. However, 
CL is strongly affected by small disturbances and the lift force is not al
ways coherent along the cylinder. This results in a CL for a rigid stationary 
cylinder ranging 

from (CL)rms ~ 0.1 for Re < 2 x 105 

to (CL)rms ~ 0.3 for Re 2 5 x 105
, 

while (CL)peak ~ 1.0 for Re :S 2 x 105 

and (CL)peak ~ (CL)rms for Re > 2 x 105
• 

The drag force has a fluctuating component corresponding to (CD)rms ~ 
0.03. Elastic suspension of a cylinder enhance considerably the coherence of 
vortex shedding resulting into a typical value of CL ~ 1. The calculation 
of the sound production by vortex shedding when using a tailored Green's 
function is possible but is not the easiest procedure. We will now see that 
Curle's method relates directly the data on the lift and drag to the sound 
production. 
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s 

Consider a body which, for general
ity, is allowed to pulsate, and is en
closed by a control surface S (figure 
6.8). We want to calculate the field p' 
in the fluid and hence we define the 
control volume V at the fluid side of 
S. The outer normal n on S is di
rected towards the body enclosed by 

Figure 6.8 Control volume V and surface S 
S. (Nate that we use here the con- and outer normal n. 
vention opposite from Dowling et al. 
[40]!) Using equation (3.54) combined with Lighthill's analogy (2.63), ignor
ing external mass sources and force fields and taking t 0 = -oo yields 

p' =[too jjj ::~~j Go(x, tly, r) dydr 

v 
2 jt JJ [ ,aGo ap'] -co p --. - Go-. ni de7dT. 

- oo ayl ayt s 
(6.80) 

Applying partial integration twice yields: 

, jt 1JJ a
2
G0 jt JJ aTii aGo p = Tiia -8 .dydr+ {[Go-a. nj-Tii-a .ni] 

-oo Yt YJ -oo Yt YJ v s 
2[ ap' ,aGo]} 

+c0 Go ayi ni-p ayi ni de7dT. 

Using the definition (2.64) of Tij and its symmetry (Tij = Tji): 

Tij = Pij + PViVj - c6p' Oij 

- ~~oo j j ( Pij + pviVj) ~~jo ni de7d T. 

s 

(6.81) 

(2.64) 

(6.82) 

Using the momentum conservation law (1.2) in the absence of external forces 
Ui = o): 
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and the symmetry of Go (6.71), we obtain: 

' ft Jr { { f)2Go ft { { 8(pvi) 
P = _

00 
}} TijOXiOXjdydr- -oolJ Go~nidadT 
v s 

+ ~~00 jj (~j + pviVj) ~~jo ni dadr. 

s 
(6.83) 

The spatial partial derivatives (8j8xj) can be removed out of the integral 
and approximated by the far field time derivatives (xj/lxl)c01 (8/8t). Fur
thermore, in the second integral in (6.83) we can make use of the general 
symmetry in the time coordinate of any Green's function: 

aG aG 
(6.84) -=--8t OT. 

(The effect of listening later is the same as shooting earlier!) In order to use 
(6.84) we therefore first move the time derivative (8/8r) from pvi towards 
Go by partial integration. We finally obtain: 

p' ~ 1:i~~6 :t2

2 ~~00 jjj TijGo dydr- :t ~~= jj pviGoni dadr 
v s 

+~lj I aa ft Jr { (Pij + PViVj)Goni dadT. (6.85) 
cox t - = J · 

s . 
Using the o-function in Go of equation (6.37), we can carry out the time 
integrals and we have Curle's theorem 

(6.86) 

where the retarded time te is 

te = t- rfco ~ t -lxl/co. (6.87) 

The first term in (6.86) is simply the turbulence noise as it would occur in 
absence of a foreign body (except for the fact that the control volume V 
excludes the body). 
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The second term is the result of movement of the body. For a rigid body at 
a fixed position we have Vini = v·n = 0. This term is important when the 
body is pulsating. For a compact body we have then a simple volume source 
term. This term can be used to describe the flow out of a pipe. Note that p 

is the fluid density just outside the control surface so that we consider the 
displacement of fluid around the body, rather than a mass injection. 

The last integral in (6.86) is the momentum flux through the surface and the 
pressure and viscous forces. For a fixed rigid body PViVj = 0 because v = 0 
at a surface ("no slip" condition in viscous flow). In the case of a compact, 
fixed, and rigid body, when we can neglect the emission time variation over 
the surface, we have: 

Fi(te)~ JJ[Pij]t=tenjdCT 

s 
(6.88) 

where Fi is the instantaneous force of the fluid on the body (lift and drag). 
Hence, for a fixed rigid compact body we have: 

6. 7 Sound radiation from an open pipe 
termination 

(6.89) 

Horns and tubes are used as an impedance matching between a volume 
source and free space. We use such a device to speak! Without vocal tract 
the volume sourced ue to the vocal fold oscillation would be a very inefficient 
source of sound. We consider now the radiation of sound from such a tube. 

We know the behaviour of sound waves in a duct at low frequencies (chapter 
4) . We know how sound propagates from a point source in free space. We 
are now able to find the radiation behaviour of a pipe end by matching the 
two solutions in a suitable way. If the frequency is low enough compared to 
the pipe diameter, the flow near the pipe end is incompressible in a region 
large enough to allow the pipe opening to be considered as a monopole sound 
source. The strength of this monopole is determined by the pipe end velocity 
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u'. For convenience, we assume that the pipe end is acoustically described 
for the field inside the pipe by an impedance Zp. The pressure p' in the pipe 
consists of a right-running incident wave and a left-running reflected wave: 

(6.90) 

The acoustic velocity in the pipe is related to the acoustic pressure in the 
pipe by: 

u' = ueiwt (6.91) 

Assuming a redistribution of the acoustic mass flow u' S through the pipe 
end with cross section S into the surface of a compact sphere of radius r and 
surface 4rrr2 (conservation of mass), we can calculate the radiated power for 
a harmonic field in- and outside the pipe, by using (6.13): 

IS= (p'u')S = ~uu* Re(Zp)S 

(6.92) 

From this conservation of energy relation we find for the real part of the 
radiation impedance Zp of an unflanged pipe: 

1 2 
Re(Zp) = -k Spoco 

4rr 

which is for a pipe of radius a: 

(6.93) 

(6.94) 

This result is the low frequency limit of the well-known theory of Levine 
and Schwinger [100]. 

The imaginary part Im (Zp) takes into account the inertia of the air flow in 
the compact region just outside the pipe. It appears that Im(Zp) is equal 
to k8, where 8 is the so-called "end correction". This seen as follows. Just 
outside the pipe end, in the near field of the monopole, the pressure is a 
factor pocokr lower than the acoustic velocity, which is much smaller than 
the poco of inside the pipe (see equation (6.7)). Therefore, the outside field 
forces the inside pressure to vanish at about the pipe end. Although the 
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exact position of this fictitious point x = 8 (the "end correction"), where 
the wave in the pipe is assumed to satisfy the condition p = 0, depends on 
geometrical details, it is a property of the pipe end and therefore 8 = 0 (a). 
This implies that the end correction amounts to leading order in ka to 
nothing but a phase shift of the reflected wave and so to a purely imaginary 
impedance Zp. Up to order (ka) 2 this impedance can now be expressed as: 

(6.95) 

where it appears that3 : 

0.61a ~ 8 ~ 0.85a (6.96) 

for circular pipes [141]. The lower limit corresponds to an unflanged pipe 
while the upper limit corresponds to a pipe end with an infinite baffle 
(flanged). See also section 7.6. 

Exercises 

a) Note that the acoustic field generated by a compact translating sphere is 
a dipole (equation 6.21) we find the typical cos 19 = XiY;/IxiiYI directivity. 
What are the source and the sink forming the dipole? (Explain qualitatively.) 

b) A vortex ring with time dependent vorticity is a dipole. (Explain qualitative
ly.) 

c) An electrical dipole radiates perpendicularly to the axis of the dipole. What is 
the reason for this difference in directivity of electrical and acoustic dipoles? 

d) Why is the boundary condition p' = 0 reasonable for acoustic waves reflecting 
at a water/air interface (on the water side)? 

e) We have seen (section 6.2) that a translating sphere induces a dipole field. 
Moving parts of a rigid machine also act as dipoles if they are compact. 
Explain why a body translating in an oscillatory manner close to the floor 
produces more sound when it moves horizontally than vertically. 

f) The acoustic pressure p' generated by a monopole close to a wall increases 
by a factor 2 in comparison with free field conditions. Hence the radiated I 
intensity increases by a factor 4. How much does the power generated by the 
source increase? 

3 -~ J
0

00 
!og(2l!(x)K!(x))~ = 0.612701035 ... , 2 J

0

00 J1(x)~ = 3
8
1r = 0.848826363 ... 
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g) The cut-off frequency fc above which the first higher mode propagates in a 
duct with square cross section appears to be given by ~>. = ~cafe = h. figure 
6.4 suggests that this would be cafe = h for a source placed in the middle of 
the duct. Explain the difference. 

h) In a water channel with open surface sound does not propagate below a 
certain cut-off frequency fc. Explain this and calculate fc for a square channel 
cross section h = 3 m. 

h 

i) Consider a sphere oscillating (translating periodically) in an infinite duct 
with hard walls and square cross section. Discuss the radiation as function 
of the oscillation frequency and the direction of oscillation (along the duct 
axis or normal to the axis). Relate the dipole strength oQ to the amplitude 
of the acoustic waves for f < fc in a pipe of cross sectional area S. 

j) Explain by using the method of images why a line quadrupole placed near a 
cylinder, parallel to the axis of the cylinder (figure 6.9), will radiate as a line 
dipole. (This explains that turbulence near such a cylinder will radiate quite 
effectively [111]!) 

-+ +-

Figure 6.9 A line quadrupole near a cylinder. 
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k) Consider two jet engines developing the same thrust with diameters D1 and 
D2 = 2D1 , respectively. Assuming a low Mach number estimate the ratio of 
the sound power generated by both engines. 

I) Which scaling rule do you expect for the Mach number dependence of the 
sound produced by a hot steam in cold air? 

m) Which scaling rule do you expect for the Mach number dependence of the 
sound produced by a bubbly liquid jet in water? 

n) Typical entropy fluctuations due to friction at the pipe wall from which the 
jet is leaving correspond to temperature fluctuations T' /To ~ 0.2M2

• At 
which Mach number do you expect such effect to become a significant source 
of sound? 

o) A subsonic jet with M « 1 is compact if we consider the sound produced by 
turbulence. Why? 

p) Estimate the amplification of turbulence noise due to the presence of a cylin
der of diameter d near a free jet of diameter D at a main speed uo if we 
assume that the cylinder does not affect the flow . 

q) Same question for a small air bubble of diameter 2a near a free jet of diameter 
D and speed uo. Assume a low frequency response of the bubble. 

~L 
______ u~e~ff~--------~ 

/ ~- -- ----------v- -----------------.. 

Figure 6.10 The forces on a fan blade (Exerciser) 

r) Consider a small ventilator rotating at a radial frequency w in a uniform flow 
uo. The fan feels at a certain distance r from the axis of the ventilator an 
effective wind velocity Ueff which is a combination of the axial velocity u0 

and the tangential velocity wr (where we neglect the air rotation induced by 
the fan) (figure 6.10) . Assume that u0 = 0.1wR. If we concentrate on the tip 
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of the fan (r = R) we have a lift force L, per unit length, which is normal to 
Ueff· The magnitude of L is given by: 

1 2 
L = 2,PueffDCL 

where D is the width of the profile of the blade . Typically CL is 0(1) for 
a well-designed ventilator. Consider first a ventilator with a single blade. 
Discuss the contribution of the tangential and axial components of the lift for 
L on the noise. What is the effect of having a second blade on the ventilator? 
(See figure 6.11.) A well-designed ventilator has many blades:How does this 
affect sound production? 

Figure 6.11 Single and dual bladed ventilator (Exercise r) 

s) How does the presence of duct walls influence the low-frequency sound pro
duction of an axial ventilator placed in the duct. 

Figure 6.12 Propeller in pusher position (Exercise t) 

t) Consider an airplane with a rotor placed just behind the wing (figure 6.12) . 
Discuss the sound production (frequency, directivity ... ). 

u) Can we consider an aircraft propeller as a compact body? 

v) What is the Mach number dependence of the sound produced by a small 
(compact) body placed in a turbulent flow? 

w) Estimate the low frequency impedance Zp of a flanged pipe termination. 
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--u-p(t-) ------- I2a 
L 

Figure 6.13 Piston in cylindrical pipe (Exercise x) 

x) Assuming a low frequency, calculate the power radiated in free space by a 
piston placed at the end of a circular pipe of radius a and length L (figure 
6.13) . What is the ratio between this power at resonance koL = (n + ~)rr, 
and the power which would be radiated by the piston without a pipe. 

L 

Figure 6.14 Piston in conical pipe (Exercise y) 

y) Consider a conical pipe driven by a piston of surface 51 and with an outlet 
surface 52 (figure 6.14). Determine the sound field inside the pipe. Hint. Use 
spherical waves centred at the cone top! 

z) A small transistor radio is not able to produce low frequencies (why?). We 
hear low frequencies because our ear is artificially guessing these low fre
quencies when we supply a collection of higher harmonics (figure 6.15). On 
the other hand, when using a Walkman we are actually provided with re
al, low frequencies . Why is this possible even though the loudspeaker is a 
miniature device? 

A) Calculate the friction and radiation losses in a clarinet. Assume a tube radius 
of 1 em and a length of 1m. Carry out the calculation for the first three modes 
of the instrument. What is the difference between the radiation losses of a 
clarinet and of a flute with the same pipe dimensions . 

. B) How far can we be heard when we scream in quiescent air if we produce 10-5 

W acoustic power? 

C) Calculate the ratio between the acoustic impedance experienced by an air 
bubble of radius ao = 1 mm in water at atmospheric pressure: 
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fo 2/o 3/o 4/o !o 2/o 3/o 4/o 

Figure 6.15 We hear the missing fundamental! (Exercise z) 

- in free space; 
- in an infinite duct of cross sectional areaS= 10-4 m2. 

D) Consider two twin pipes of length L and radius a, placed along each other 
in such a way that corresponding ends of either pipe just touch each other. 
Assume that the pipes are acoustically excited and oscillate in opposite phase. 
How does the radiation losses of the system scale with L and a. 
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In the usual coordinate systems (Cartesian, circular, cylindrical, elliptic
cylindrical, spherical, and others) the Helmholtz (and Laplace) equation 
is separable. For coordinates (6, 6, 6) there exist solutions of the type 
p(~t,6,6) = Ft(6)F2(6)F3(6). These solutions are called modes. When 
the boundary conditions in p and/or Y'p· n are to be applied at coordinate 
surfaces ~i = constant, the equations for Fi may be decoupled, and the 
resulting field has the property that it retains its shape in a direction ~j. 

Mathematically, these solutions are interesting because (in general) they 
form a complete basis by which any other solution can be represented as a 
sum. 

Physically, they are interesting because the usually complicated behaviour of 
the total field is easier understood via the simple properties of the elements. 

7.1 Cylindrical ducts 

A practically very important problem of the class discussed above is that 
of sound propagation in ducts. We will consider in some detail here the 
configuration of a circularly cylindrical duct. 

Consider in a duct, with radius r = a, with uniform sound speed c0 , the 
time-harmonic acoustic waves 

p(x, r, {), t) = p(x, r, fJ,w) eiwt 

(with +iwt-sign convention, circular frequency w, free-field 
k = w /co), satisfying 

V'2p + k2p = 0, 

iwpou + 'Vp = 0, 

where in the present polar coordinates 

(7 .1) 

wave number 

(7 .2a) 

(7.2b) 

(7.3a) 
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(7.3b) 

Note that more general solutions may be constructed via Fourier synthesis 

1: p(x, r, '!9,w) eiwt dw. 

We start with a hard walled duct: 

8p = 0 
8r 

at r =a. 

In the usual way, solutions of the type p = F(x)G(r)H('!9) exist if 

d2 H 
( d'!92 )!H = -m2 

so that 

( d
2
G + ~ dG)/G = m

2 
_ 02 

dr2 r dr r 2 

( d2F)/F = a-2- k2 
dx 2 

(a) H('!9)=e-iml9,m=0,±1,±2,···. 
Use is made of the condition of continuity from '!9 = 0 to '!9 = 211'. 

(b) G(r) = Jm(Om!J.r), JL = 1, 2, ···,where: 

(3.2) 

(7 .4) 

(7.5a) 

(7.5b) 

(7.5c) 

Jm denotes the ordinary Bessel function of the first kind (Appendix C); 
Om!J.a = j:nll- is the JL-th nonnegative non-trivial zero of J:n, to satisfy 
the boundary condition G'(a) = 0. 

(c) F(x) = e'fikm~"x, with: 

km11- = l(am!J.) = Jr-k-2 ---o-~-11- such that Re(km!J.) ~ 0, Im(kmll) ~ 0. 

The sets { ( m, OmiJ.)} or { ( m, kmll)} are called the eigenvalues. The associated 
eigensolutions are called modes. Mathematically, they form a complete set of 
building blocks suitable for constructing any sound field in a duct. Physically, 
t~ey are particular shape-preserving solutions of the equations, with easily 
interpretable properties. 

Omll are called the radial wave number (all real), kmll are called the axial 
wave number (some real; see figure 7.1). The branch we selected here of the 
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Figure 7.1 Complex axial wave numbers (m = 0, ka = 5). 

complex square root is such that e-ikm~'x describes a right-running wave and 
eikm~'x a left-running wave. This will be further clarified later. 

These modes (normalized for convenience) 

(7.6) 

UmJ.L(r) = NmJ.LJm(O'.mJ.Lr), 

{
1 2 2 2 2}-1/2 

NmJ.L = 2(a - m famJ.L)Jm(O.mJ.La) , 

form (for fixed x) a complete set (in L2-norm over (r, "!9)), so by superposition 
we can write any solution as the following modal expansion: 

00 00 

p(x, r, "!9) = L L(AmJ.L e-ikml'x +BmJ.L eikm~'x)UmJ.L(r) e-imt9. 

m=-oo J.L=l (7. 7) 

The normalization factor NmJ.L is chosen such that a modal amplitude AmJ.L 
sc.ales with the energy content of the corresponding mode (see below). 

An important special case is the plane wave m = 0, J.l = 1, with 

· I 0 Jo1 = , O'.Ql = 0, ko1 = k, 7\T rn2/ In -ikx I lVOl = v L. a, po1 = v L. e a. 
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In fact, this is the only non-trivial eigenvalue equal to zero. All others are 
greater, the smallest being given by 

j~1 = 1.84118 .... 

Since the zeros of J:n form an ever increasing sequence both in m and in J.l 
(with j:nJ.L ~ (J.t+ ~m- t)1r for j.l-t oo) (see Appendix C), there are for any 
k always a (finite) J.l = J.lo and m = m0 beyond which a~J.L > k2

, so that 
kmJ.L is purely imaginary, and the mode decays exponentially in x. 

So we see that there are always a finite number of modes with real kmJ.L (see 
figure 7.1). Since they are the only modes that propagate (see below), they 
are called cut-on. The remaining infinite number of modes, with imaginary 
kmJ.L, are evanescent and therefore called cut-off. This cut-on and cut-off 
modes are essentially similar to the radiating and evanescent waves discussed 
in section 3.4. 

For low frequency, i.e. for 

ka < j~ 1 = 1.84118 · · · 

all modes are cut-off except for the plane wave. In this case a plane wave 
approximation (i.e. considering only the first mode) is applicable if we are 
far enough away from any sources, changes in boundary condition, or other 
scattering objects, for the generated evanescent modes to become negligible. 

From the orthogonality relation 1 

we find by integration of the time-averaged axial intensity 

(I· ex)= t(pu* + p*u) 

over a duct cross section x =constant the transmitted acoustic power 

1 8ij = { 

0
1 if I= ] 1 

if i f; j . 
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The summation over Re(km1.J contains only a finite number of non-zero 
terms: the cut-on modes. By taking either AmJL or Bmtt equal to zero, it is 
clear that a cut-on exp( -ikmJLx)-mode propagates in positive direction, and 
a cut-on exp(ikmJLX )-mode in negative direction (for the present +iwt-sign 
convention). Indeed, with Im(kmJL) :S 0, the respective cut-off modes decay 
in the propagation direction, and we can say that a mode propagates or 
decays exponentially depending on the frequency being lower or higher than 
the cut-off or resonance frequency 

., 
fc = lmttco. 

2rra 
(7.10) 

As is clear from the second part of expression (7.9), cut-off modes may 
transport energy by interaction between right- and left-running (Amtt and 
BmJL) modes. It should be noted, however, that (depending on the choice 
of the origin x = 0) usually either the right- or left-running cut-off modes 
Amtt or BmJL are exponentially small, and the product A':nJLBmJL is therefore 
quickly negligible. 

The axial phase velocity of a mode is that velocity for which the phase 
Re(wt- kmJLx) =constant (for cut-on modes; not defined for cut-off modes): 

(7.11) 

The axial group velocity is the speed of the energy, or pulse or any other finite 
wave package. For this we have to consider the time dependent problem of an 
almost harmonic problem, i.e. with a Fourier representation concentrated 
near a single frequency w = wo: 

p(x, t) = !00 f(w) eiwt-ik(w)x dw = 1wo+e f(w) eiwt-ik(w)x dw 
-oo wo-e 

. 'k 1wo+e '( ) '( )k' ~ J(wo) e1wot-1 OX e1 W-Wo t-1 W-Wo 0 x dW 
wo-e 

(7.12) 

with ko = k(wo), kb = dk(wo)/dw, so that 

sinc-(t- k' x) . . 
p(x, t) ~ 2f(wo) t k' o e1wot-1kox 

- oX 
(7.13) 
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which describes a wave package centred around t = k~x, and therefore trav
elling with the velocity 1/ k~. For a cut-on mode we thus have 

_ (dkmJ.L)-1 _ kmJ.L 2 
vg - ~ - -z:;-c0 . (7.14) 

Note that 

(7.15) 

The axial group velocity is lower than c0 because the modal wave fronts 
do not propagate parallel to the x-axis, but rather follow a longer path, 
spiralling around the x-axis, with a right-hand rotation for m > 0 and a 
left-hand rotation for m < 0. 

7.2 Rectangular ducts 

In a completely analogous way as in the foregoing section 7.1, the general 
modal solution, similar to (7.7), of sound propagation in a rectangular hard 
walled duct, can be found as follows. 

Separation of variables p(x, y, z) = F(x)G(y)H(z) applied to V' 2p+ k2 p = 0 
in the duct 0 S x Sa, 0 S y S b, results into Fxx = -a2 F, Gyy = -f32G and 
Hzz = -(k2

- a 2 - f3 2)H, where a and f3 are eigenvalues to be determined 
from the hard-wall boundary conditions. We obtain 

F(x) = cos(anx), an= n;, n = 0, 1, 2, .. . 

G(x) = cos(f3mx), f3m = 17r, m = 0, 1, 2, .. . 

H(z) = e=fiknmz, knm = (k2- a;- f3'frYI2, 

where Re(knm) ~ 0 and Im(knm) S 0. So the general solution is 
00 00 

p(x, y, z) = L L cos(anx) cos(f3mY)(Anm e-iknmZ +Bnm eiknmZ). 

n=Om=O (7.16) 

7.3 Impedance wall 

When the duct is lined with sound absorbing material of a type that allows 
little or no sound propagation in the material parallel to the wall, the ma
terial is called locally reacting and may be described by a wall impedance 
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Z(w). This gives in the acoustic problem the following boundary condition 
in the frequency domain: 

iwpopl_ = -Z(w) ~p~ , 
r-a ur r=a 

(7.17) 

the impedance being defined as pj(u·n) with n a normal pointing into the 
surface. A typical practical example is: the inlet of an aircraft turbojet en
gine. The previous concept of a modal expansion, with modes again retaining 
their shape travelling down the duct, is also here applicable. The general so
lution has a form similar to (7.6) and (7 .7), the hard walled case. Only the 
eigenvalues CXmJJ. are now defined by 

Jm(CXmJJ.a) iZ 
CXmJJ.aJ:n(amJJ.a) - kapoco' 

(7.18) 

related to kmJJ. by the same square root as before: 

but another normalization may be more convenient. A normalization that 
preserves the relation 

(note that now the modes are not orthogonal) is 

(7.19) 

Qualitatively, the behaviour of these modes in the complex kmJ1.-plane is as 
follows. 

If Im(Z) > 0, all modes may be found not too far from their hard wall values 
on the real interval ( -k, k) or the imaginary axis (that is, with CXmJL = i'mJL/ a, 
and lm(kmJL) ~ 0.) More precisely, if we vary Z from IZI = oo to Z = 0, 
CXmJJ. varies from its IZI = oo-value i'mJJ.fa to its Z = 0-value imJLfa. UmJL is 
the J.L-th zero of Jm.) These imJJ. and i'mJL are real and interlaced according 
to the inequalities i'mJL < imJL < im,JL+l <etc., so the corresponding kmJJ. are 
also interlaced and shift into a direction of increasing mode number J.L. 

RienstraHirschberg 4 Jan 1999 10:11 



226 7 Duct acoustics 

However, if Im(Z) < 0 (for +iwt-sign convention), a couple of two modes 
wander into their quarter of the complex plane in a more irregular way, 
and in general quite far away from the others. In figure 7.3 this behaviour 
is depicted by the trajectories of the modes as the impedance varies along 
lines of constant real part (figure 7.2). Compare this figure with figure 3.5 
of the related 2-D problem, which may be considered as the high-frequency 
approximation of the duct problem. For small enough Re(Z/ poco) (smaller 

imaginary 
axis 

I 

:Im(Z) =constant 

Figure 7.2 Complex impedance plane. 

ZE<I7 

real axis 

than, say, 2) we see the first (tt=l) mode being launched into the complex 
kmJ.L-plane when Im(Z) is negative, and then returning as a (for example) 
tt=4 or 2 mode when Im(Z) is positive. We will call these irregular modes 
surface waves: their maximum is at the wall surface, and away from the 
wall they decay exponentially ([159]). This is most purely the case for an 
imaginary impedance Z = iX. See figure 7.4. 

A solution O:mJ.L = iamJ.L' O'mJ.L real, may be found 2 satisfying 

X 

kapoco 
if _ kapoco <X < O. 

m 
(7.20) 

The modal shape in r, described by Jm(O:mJ.Lr) = im Im(O'mJ.Lr), is exponen
tially restricted to the immediate neighbourhood of r = a and indeed shows 
the surface wave character, since the modified Bessel function Im(x) has 
exponential behaviour for x -+ oo. It is interesting to note that the corre
sponding axial wave number kmJ.L = (k2 + a;,J.L) 112 is now larger than k, and 
hence is the group velocity (7.14) now larger than c0 ! 

2 The function h(z) = zi:,.(z)/Im(z) increases monotonically in z, with h(O) = m, and 
h(z) ~ z as z-+ oo. 
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Figure 7.3 Trajectories of km~ (m = 0, ka = 5) for Im(Z) varying from -oo to oo and 
fixed Re(Z/poco) =(a) 0.5, (b) 1.0, (c) 1.5, (d) 2.0. 
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Figure 7.4 Trajectories of km!' (m = 0, ka = 5) for Im(Z) varying from -oo to oo and 
fixed Re( Z /poco) = 0.0 

Usually, lining is applied to reduce the sound level by dissipation. It is a 
simple exercise to verify that the time-averaged intensity at the wall directed 
into the wall (i.e. the dissipation power density) of a mode is 

(7.21) 

A natural practical question is then: which impedance Z gives the greatest 
reduction. This question has, however, many answers. In general, the opti
mum will depend on the source of the sound. If more than one frequency 
contributes, we have to include the way Z = Z(w) depends on w. Also the 
geometry may play a role. Although it is strictly speaking not dissipation, 
the net reduction may benefit from reflections at discontinuities in the duct 
(hard/soft walls, varying cross section). 

A sim pie approach would be to look at the reduction per mode, and to 
maximize the decay rate of the least attenuated mode, i.e. the one with the 
smallest I Im(kmJ.L)I. A further simplification is based on the observation that 
the decay rate Im ( kmJ.L) of a mode increases with increasing order, so that a 
(relatively) large decay rate is obtained if the first and second mode (of the 
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Figure 7.5 Trajectories of km,.. ( m = 0, ka = 5) passing the Cremer optimum. At Z /poco 
= (1.4165, -0.6082) the first two modes coalesce as ko 1 =ko2=( 4.3057,-0.8857) . 
Im(Z) varies from -oo to oo and Re(Z) is fixed at 1.4165 . 

most relevant m) coalesce (Cremer's optimum). This is obtained if also the 
derivative to O:mJ.L of (7.18) vanishes, yielding the additional condition 

(7.22) 

An example is given in figure 7.5. Note that no mode is lost, as the two 
corresponding modes degenerate into 

J (o: r)N e-ikm,..x-im19 
m mJl. mJ.L ' 

( J ( ) 'k J' ( )) N -ikm,..x-im19 O:mJ.LX m O:mJ.Lr -I mJJ.r m O:mJ.Lr mJJ.e . 

(7.23a) 

(7.23b) 
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7.4 Source expansion 

7.4.1 Modal amplitudes 

A source at x = 0, defined by 

produces in a hard walled duct a sound field (7.7) with modal amplitudes 
given by (in x > 0) 

(7.24a) 

(7.24b) 

(use (7.8)), and the same in x < 0 but with A and B interchanged. Note that, 
similar to the evanescent waves of section 3.4, details of the source (averaged 
out for the lower modes in the process of integration), only contribute to 
higher order modes and do not generate sound if these modes are cut-off. 

7.4.2 Rotating fan 

Of practical interest, especially in aircraft noise reduction [187], is the fol
lowing model of a propeller or fan with B identical blades, equally spaced 
~ {) = 21r I B radians apart, rotating with angular speed n. If at some time 
t = 0 at a fixed position x the field due to one blade is given by the shape 
function q( {), r), then from periodicity the total field is described by 

p(r, {), 0) = q(fJ, r) + q({)- ~{), r) + · · · + q({)- (B- 1)~{), r) 

B-1 27rk 
= L q({)- B' r). 

k=O 

This function, periodic in {) with period 21r I B, may be expanded in a Fourier 
series: 

00 

p(fJ,r,O)= L qn(r)e-inB'19. 
n=-oo 
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Since the field is associated to the rotor, it is a function of{) - D.t. So at a 
timet 

B-1 2 k oo 

p(fJ,r,t)= Lq(fJ-D.t- ~ ,r)= L qn(r)einBnt-inB19 (7.25) 
bO ~-oo 

(with q_n = q~ because p is real). Evidently, the field is built up from 
harmonics of the blade passing frequency BD.. Note that each frequency 
w = nBD. is now linked to a circumferential periodicity m = nB, and we 
jump with steps B through the modal m-spectrum. Since the plane wave 
( m = 0) is generated with frequency w = 0 it is acoustically not interesting, 
and we may ignore this component. An interesting consequence for a rotor in 
ad uct is the observation that it is not obvious if there is (propagating) sound 
generated at all: the frequency must be higher than the cut-off frequency. 
For any harmonic (n > 0) we have: 

fm = mn > j:n1co 
2rr 2rra 

(7.26) 

which is for the tip Mach number Mtip the condition 

M 
an j:nl 

tip=->-. 
co m 

(7.27) 

Since the first zero of J:n is always (slightly) larger than m (Appendix C), 
it implies that the tip must rotate supersonically (Mtip > 1) for the fan to 
produce sound. 

Of course, in practice a ducted fan with subsonically rotating blades will 
not be entirely silent. For example, ingested turbulence and the turbulent 
wake of the blades are not periodic and will therefore not follow this cut-off 
reduction mechanism. On the other hand, if the perturbations resulting from 
blade thickness and lift forces alone are dominating as in aircraft engines, 
the present result is significant, and indeed the inlet fan noise level of many 
aircraft turbo fan engines is greatly enhanced at take off by the inlet fan 
rotating supersonically (together with other effects leading to the so-called 
buzzsaw noise ([178])). 

7.4.3 Tyler and Soffrin rule for rotor-stator interaction 

The most important noise source of an aircraft turbo fan engine at inlet side 
is the noise due to interaction between inlet rotor and neighbouring stator. 
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(core engine) 

nacelle 

Figure 7.6 Sketch of high by-pass turbo fan engine. Fan or inlet rotor of low pressure 
compressor is drawn. The other compressor stages (intermediate and high 
pressure) are only indicated. 

Behind the inlet rotor, or fan, a stator is positioned (figure 7.6) to compen
sate for the rotation in the flow due to the rotor. The viscous and inviscid 
wakes from the rotor blades hit the stator vanes which results into the gen
eration of sound ([175]). A very simple but at the same time very important 
and widely used device to reduce this sound is the "Tyler and Soffrin selec
tion rule" ([178, 187]). It is based on elegant manipulation of Fourier series, 
and amounts to nothing more than a clever choice of the rotor blade and 
stator vane numbers, to link the first (few) harmonics of the sound to duct 
modes that are cut-off and therefore do not propagate. 

Consider the same rotor as above, with B identical blades, equally spaced 
b. f) = 2rr / B radians apart, rotating with angular speed D, and a stator 
with V identical vanes, equally spaced b. f)= 2rr /V radians apart. First, we 
observe that the field generated by rotor-stator interaction must have the 
time dependence of the rotor, and is therefore built up from harmonics of 
the blade passing frequency BD. Furthermore, it is periodic in fJ, so it may 
be written as 

00 00 00 

p(r, f), t) = L Qn(r, fJ) einBnt = L L Qnm(r) einBnt-im19. 

n=-oo n=-oo m=-oo 

However, we can do better than that, because most of the m-components 
are just zero. The field is periodic in f) with the stator periodicity 2rr /V in 
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such a way that when we travel with the rotor over an angle D.{)= 2n /V in 
a time step D.t = D.{) jD the field must be the same: 

00 00 

( {) t) """ """ Qnm (r) einBn(t-~t)-im(t9-~t9) . p r, ' = L.., L.., 
n=-oo m=-oo 

This yields for any m the restriction: -inBDD.t + imD.fJ = 2nik, or 

m = kV +nB (7.28) 

where k is any integer, and n the harmonic of interest. By selecting B and V 
such that the lowest !ml possible is high enough for the harmonic of interest 
to be cut-off, this component is effectively absent for a long enough inlet 
duct. In practice, only the first harmonic is reduced in this way. A recent 
development is that the second harmonic, which is usually cut-on, is reduced 
by selecting the mode number m to be of opposite sign of n, which means: 
counter rotating with respect to the rotor. In this case the rotor itself acts 
as a shield obstructing the spiralling modes to leave the duct ([175]). 

In detail: for a cut-off n-th harmonic (we only have to consider positive n) 
we need 

nED j:n1co , 
-- < -- or nBMtip < jm1 . 

2n 2na 

Since typically Mtip is slightly smaller than 1 and j:n 1 is slightly larger than 
lml we get the analogue of evanescent wave condition k < Ia! (section 3.4) 

nB ~ !ml = lkV + nBI. 

The only values of kV for which this inequality is not satisfied automatically 
is in the interval -2nB < kV < 0. If we make the step size V big enough 
so that we avoid this interval fork= -1, we avoid it for any k. So we have 
finally the condition: V 2: 2nB. 

Consider, as a realistic example, the following configuration of a rotor with 
B = 22 blades and a stator with V = 55 vanes. The generated m-modes are 
for the first two harmonics: 

for n = 1: m 

for n = 2: m 

... ' -33, 22, 77, 

... ' -11, 44, 99, 

which indeed corresponds to only cut-off modes of the first harmonic (m = 
22 and larger) and a counter rotating cut-on second harmonic (m = -11). 
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7.4.4 Point source in a duct wall 

As a last example we consider the field from a source u·er = -co8(xja) in 
the duct wall. For simplicity we take a point source in x = 0, iJ = 0, r =a, 
so that 

1 ~Prlr=a = 8(x) f 8(iJ- 2rrn) 
iwpocoa u n=-oo 

1 !00 . 1 00 • = - e-t')'x di - L e-tml? . 
2rr -oo 2rr m=-oo 

(7.29) 

We solve equation (7.2a) formally via Fourier transformation in x, and Fou
rier series expansion in iJ (the modes will, unlike the previous case, appear 
naturally) 

!
00 00 

p(x , r,iJ) = L Pm(r,!)e-im11-i"(x di 
- oo m=-oo 

(7.30) 

From the (Fourier transformed) boundary condition (7.29) it follows that 

oAmJ~(oa) = -wpocoa/4rr2i, (7.31) 

( .a)- kapoc6 ~ -im19 Joo Jm(or) -hx d 
p x, r, ·u -- 2 . ~ e 1 ( ) e /· 

4rr I m=-oo -oo OJ m O:'a 
(7.32) 

Evidently, the poles of the meromorphic3 integrand are found at 1 = ±kmil' 
and since the waves must be outgoing the integration contour in the 1-plane 
must be located as in figure 7.7. 

Closing the contour via lm(J) ---t -oo for x > 0 and via Im (J) -+ +oo 
yields the solution, in the form of a series over the residue-contributions4 in 
1 = ±kmw This is indeed the modal expansion we could have anticipated: 

p(x r iJ) = _poc6 f e-im19 f kJm(0 mJ.Lr) e-ikm~tlx l 
' ' 2rr m=-oo J.L= l kmJ.LJ~ ( O:'m!la) 

(7.33) 

3 A meromorphic function is analytic on the complex plane except for isolated poles. 
4 Near "( = km~t is J:,(a('Y)a) ~ -a('Y- km")km"a;;,~J::,(am~ta). 
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Figure 7. 7 Contour of integration in the ")'-plane. 

= ka2poc6 f: f: Jm(O!mJ.i.r) e-ikmJ.Lixl-im19 

4tr m=-oo JJ.=l ~(a2 - m 2 jc/;.J.I.)Jm(O!mJ.i.a)kmJ.i. 

where the contribution of the m = 0, J.L = 1 plane-wave mode is 

7.4.5 Vibrating duct wall 

When, instead of a point, a finite part of the wall vibrates (e.g. [93]) as 

r =a- ry(x, -8) eiwt for - L < x < L (7.34) 

then the solution may be found as follows. We write as a Fourier sum 

00 00 !00 
ry(x, -a)= I.: e-im19 TJm(x) = I.: e-im19 17mb) e-i-yx d,. 

m=-oo m=-oo -oo 

Similar to above we find the solution p(x, r, -8) as a formal Fourier integral, 
which can be rewritten, by using result (7.33) and the Convolution Theorem 
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(3.7) (p.50), as 

with the plane-wave contribution 

k ~L . , ipoc6- 'Tlo(x') e-lklx-x I dx'. 
a -L 

A naive interpretation of this formula might suggest the contradictory result 
that the field, built up from hard-wall modes with vanishing r-derivative at 
the wall, does not satisfy the boundary condition of the moving wall. This is 
not the case, however, because the infinite series is not uniformly converging 
(at least, its radial derivative). Pointwise, the value at the value is not equal 
to the limit to the wall, while it is only the limit which is physically relevant. 

Although in the source region no simple modes can be recognized, outside 
this region, i.e. for lxl > L, the remaining integral is just the Fourier trans
form times exponential , 17m (±km1 . .) exp( -kmJ.!Ixl), and the solution is again 
just a modal sum of right- or left-running modes. 

7.5 Reflection and transmission at a 
discontinuity in diameter 

One single modal representation is only possible in segments of a duct with 
constant properties (diameter, wall impedance). When two segments of dif
ferent properties are connected to each other we can use a modal representa
tion in each segment, but since the modes are different we have to reformu
late the expansion of the incident field into an expansion of the transmitted 
field in the neighbouring segment, using conditions of continuity of pressure 
and velocity. This is called: mode matching. Furthermore, these continuity 
conditions cannot be satisfied with a transmission field only, and a part of 
the incident field is reflected. Each mode is scattered into a modal spectrum 
of transmitted and reflected modes. 

Consider a duct with a discontinuity in diameter at x = 0 (figure 7.8): a 
radius a along x < 0 and a radius b along x > 0, with (for definiteness) 
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Figure 7.8 Duct with discontinuous diameter. 

a > b. Because of circumferential symmetry there is no scattering into other 
m-modes, so we will consider only a single m-mode. 

The field Pin, incident from x = -oo and given by (see equation 7.6) 

00 

P. _ """' A U (r) e-ikm"x-im11 
In-~ ffiJ.I ffiJ.I , 

JJ=1 

is scattered at x = 0 into the reflected wave Pref 

00 

P _ """' B U (r) eikm"x-im11 ref-~ mf..L mf..L , 
J.L=1 

00 

Bmf..L = L Rmf..LvAmt/1 or B = RA, 
v=1 

and into the transmitted wave Ptr 

00 

P - """' c u~ (r) e-ieml'x-im11 
tr- ~ mf..L mf..L ' 

1-'=1 

Umf..L(r) = NmJ.LJm(f3mf..Lr), 
00 

Cmf..L = LTmJ.LvAmv, or C = 7 A. 
v=1 

(7.36a) 

(7.36b) 

(7.36c) 

UmJJ(r) and N mJ.L are the obvious generalizations of UmJ.L(r) and Nmf..L on the 
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interval [0, b]. Suitable conditions of convergence of the infinite series are 
assumed, while 

kmp, = Jk2
- a~~-'' 

emp, = Jk 2
- {3~1-'' 

Im(kmp,) :::; 0, 

Im(£mp,) :::; 0. 

The matrices Rand Tare introduced to use the fact that each incident mode 
reflects and transmits into a modal spectrum. When acting on the incident 
field amplitude vector A, they produce the reflection and transmission field 
amplitude vectors B and C. Therefore, they are called "reflection matrix" 
and "transmission matrix". 

At the walls we have the boundary condition of vanishing normal velocity. 
At the interface x = 0, 0 :::; r :::; b we have continuity of pressure and axial 
velocity. 

At the edges we have the so-called edge condition [117]: the energy integral 
of the field in a neighbourhood of an edge must be finite (no source hidden 
in the edge). This condition is necessary in a geometry with edges because 
the boundary conditions lose their meaning at an edge, whereas the differ
ential equation is not valid at the boundary. In the context of modal series 
expansions this condition is related to the convergence rate of the series. A 
8-function type of a spurious edge source generates a divergent series expan
sion (to be interpreted as a generalized function; section 3.2). Although its 
role remains in the usual engineering practice somewhat in the background, 
the edge condition is certainly important in the present problem. 

Since the problem is linear it is sufficient to determine the scattered field 
of a single JL-mode. It then follows that the continuity of pressure at the 
interface 

00 00 

L(Rmvp,+8vp,)Umv = LTmvp,Umv (7.37) 
v=1 v=1 

yields, after multiplication with Um:..(r)r, integration from 0 to b, and using 
orthonormality, the following relation5 to express Tm>.p, in the vector Rm·p,: 

00 

L (U m>., Umv)b(Rmvp, + 8vp,) = Tm>.p, 1 

v=1 

5 r. - { 1 if i = j, 
0

' 1 - 0 if i :f. j. 
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where 

(! ,g)b =fob J(r)g(r)rdr. 

This integral may be evaluated by using equations (C.50) and (C.51). The 
continuity of axial velocity at the interface 

00 00 

L kmv(RmvJ.L- 8vJ.L)Umv =- L fmvTmvJ.LUmv (7.39) 
v=l v=l 

yields, after multiplication with Um>.(r)r, integration from 0 to a of the left 
hand side, and from 0 to b of the right hand side, using Px = 0 on b ~ r ~ a, 
the following relation expressing Rm>.J.L in the vector Tm ·J.L: 

00 

km>.(Rm>.J.L- 8>.J.L) =- L(Um>.,Umv)bfmvTmvw (7.40) 
v=l 

Both equations (7.38) and (7.40) are valid for any A and J.t, so we can write 
in matrix notation 

M(R+ I)= T, 
k(R- I)= MTP.T, 

(7.41) 

for identity matrix I, matrix M and its transpose MT, and diagonal ma
trices k and £, given by 

So we have formally the solution 

(7 .42) 

which can be evaluated by standard techniques for any sufficiently large 
truncated matrices. 

A suitable choice of truncation [107, 108, 162], allowing for a certain balance 
between the accuracy in x < 0 and in x > 0, is to include proportionally 
more terms in the wider duct: a truncation of the series of (7.38) after, say, 
P terms and of (7.40) after Q terms, with Pja ~ Qjb. This gives truncated 
matrices MQxP, MpxQ' kpxp, P.QxQ, so that we obtain RPxP and TQxP· 
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It should be noted that if we take PjQ very much different from ajb, we may 
converge for P, Q--+ oo to another solution (7.42) than the physical one. This 
is not an artefact of the method: the solution is indeed not unique, because 
we have not yet explicitly satisfied the edge condition. The behaviour near 
the edge depends on the way we let P and Q tend to infinity, and the edge 
condition is satisfied if their ratio remains: P/Q ~ ajb. 

7.5.1 The iris problem 

When an abrupt contraction of the duct diameter is immediately followed 
by an expansion to the previous diameter (an infinitely thin orifice plate), 
we call this an iris. In this case one might be tempted to solve the problem 
directly by matching the modal expansions at either side of the iris plate. 
This solution will, however, either not or very slowly converge to the correct 
(i.e. physical) solution. 

The above method of section 7.5, however, is well applicable to this problem 
too, if we consider the iris as a duct (albeit of zero length) connecting the 
two main ducts at either side of the iris. Each transition (from duct 1 to the 
iris, and from the iris to duct 2) is to be treated as above. Since the matrices 
of each transition are similar, the final system of matrix equations may be 
further simplified [162]. 

7.6 Reflection at an unflanged open end 

The reflection at and radiation from an open pipe end of a modal sound wave 
depends on the various problem parameters like Helmholtz number ka, mode 
numbers m, IL and pipe wall thickness. A canonical problem amenable to 
analysis is that of a hard-walled, cylindrical, semi-infinite pipe of vanishing 
wall thickness. The exact solution (by means of the Wiener-Hopf technique) 
was first found by Levine and Schwinger (for m = 0) in their celebrated 
paper [100]. Generalizations for higher modes may be found in [198, 158]. 

Inside the pipe we have the incident mode with reflected field, given by 
p(x, r, {)) = Pm(x, r) e-iml? where 

00 

Pm(x, r) = Umi-L(r) e-ikm!JX + L Rmi-LvUmi-L(r) eikmvX. 

i-L=l 
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Outside the pipe we have in the far field 

(kfl--+ oo), (7.44) 

where x =(]COs~, r =(]Sin~, and DmJ.L(~) is called the directivity function, 
and IDmJ.L(~) I is the radiation pattern. 

The reflection matrix { RmJ.Lv} and the directivity function are both described 
by complex integrals, which have to be evaluated numerically. Some impor
tant properties are: 

• At resonance k = amJ.L we have total reflection in itself, RmJ.LJ.L = -1, and 
no reflection in any other mode, RmJ.Lv = 0. 

• Near resonance k ,......, amJ.L the modulus IRmJ.Lv(k)l behaves linearly from 
the left, and like a square root from the right side; the behaviour of the 
phase arg(RmJ.Lv(k)) is similar but reversed: linearly from the right and 
like a square root from the left. 

• A reciprocity relation between the f.l, v and the v, fl.-coefficients: 

kmvRmJ.LV = kmJ.LRmvw 
• In the forward arc, 0 < ~ < ~1!', DmJ.L(O consists of lobes (maxima inter

laced by zeros), while Do1(0) = ~J2i(ka) 2 and DmJ.L(O) = 0. 

• In the rearward arc, ~1!' ~ ~ < rr, DmJ.L(~) is free of zeros, and tends to 
zero for ~ --+ 1r if m 2: 1 and to a finite value if m = 0. 

• If kmv is real and v =f. J.l, the zeros of DmJ.L(~) are found at 

~ = arcsin(amv/k). 

• If the mode is cut on, the main lobe is located at 

~mJ.L = arcsin(amJ.L/k). 

• If ka --+ 0, the radiation pattern of the plane wave mJ.l = 01 becomes 
spherically shaped and small like O((ka) 2

), while the reflection coefficient 
becomes Rou ~ - exp( -i28ka), where 8 = 0.6127. 8a is called the end 
correction, since x = 8a is a fictitious point just outside the pipe, at which 
the wave appears to reflect with p = 0. See also (6.96,5.39). 

Based on the method presented in [158], plots of RmJ.Lv and IDmJ.L(~) I may 
be generated, as given in figures 7.9 and 7.10. 

Of the reflection coefficient we have plotted modulus IRmJ.Lv(ka) I and phase 
c/YmJ.Lv = arg(RmJ.Lv) as a function of ka = 0 ... 7., form= 0 ... 2 and J.l, v = 
1, 2. Note that the resonance (cut-off) frequencies are ka = 3.8317 and 7.0156 
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Figure 7.8 Modulus and phase of reflection coefficients Rm~-'"' form= 0 ... 2, p, v = 1, 2, 
as a function of ka = 0 . . . 7. 
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for m = 0, ka = 1.8412 and 5.3314 for m = 1, and ka = 3.0542 and 6.7061 
form= 2. 

The radiation pattern is plotted, on dB-scale, of the first radial mode (J.L = 1) 
form= 0 and m = 1, and ka = 2,4,6. Form= 0 the main lobe is at 
~01 = 0, while the zeros are found for ka = 4 at ~ = 73.3°, and for ka = 6 
at~= 39.7°. Form= 1 we have the main lobe at ~11 = 67.0°, 27.4°,17.9° 
for ka = 2, 4, 6. The zero is found at~= 62.7° for ka = 6. 

Furthermore, the trend is clear that for higher frequencies the refraction 
effects become smaller, and the sound radiates more and more like rays (21]. 
It is instructive to consider a modal wave front, travelling with velocity co 
and axial phase velocity Vph (7.11). As the mode spirals through the duct, 
the wave front makes an angle ~mJ.L with the x-axis such that cos(~mJ.L) = 
ca/vph = kmJ.L/k. Indeed, ~mJ.L = arccos(kmJ.L/k) = arcsin(amJ.L/k) is the angle 
at which the mode radiates out of the open end, i.e. , the angle of the main 
lobe. 

0 0 

270 270 

Figure 7.10 Radiation pattern 20 log 10 IDm"l + 71.7 for mp = 01, = 11 and ka = 2, 4, 6. 
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Exercises 

a) Consider a hard-walled duct of radius a = 0.1 m with an acoustic medium 
with co = 340mjs. A harmonic source with frequency f = 500Hz is positioned 
at x = 0 half-way the radius. A microphone is to be placed an axial distance 
x = D away from the source, such that the plane wave is detected at least 
20 dB louder than the other modes. 
- What is the cut-off frequency ? 
- Assuming that all excited modes have about the same initial amplitude, ig-

noring details like r-variation of higher-order modes: what is the necessary 
distanceD? 

- What is D for frequency f tending to zero ? 

b) Investigate the behaviour of kmJJ (equation 7.20) for ka-t oo. Find analyt ical 
approximate expressions of the surface waves. 

c) Find in a similar way as for equation (7.33), by Fourier transformation to x, 
the field of a harmonic point source inside a hard-walled infinite duct . Verify 
this by an alternative approach based on representation (C .69). 
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Almost any mathematical model of a physical phenomenon can be consid
ered as one in a hierarchy of increasing complexity. Either explicitly and 
systematically, or implicitly on a more intuitive basis, any modelling pro
cess consists of selecting a suitable model, and subsequently moving up or 
down in the hierarchy, investigating possible reductions or simplifications, 
or necessary extensions. 

It is important to realize that these levels of modelling are not discrete steps, 
but gradual and smooth changes from one form into another. 

Models and theories, applicable in a certain situation, are not "isolated 
islands of knowledge" provided with a logical flag, labelling it "valid" or 
"invalid" . There are always in the higher-level theory one or more inher
ent modelling parameters which become large or small and hence giving 
in the limit a simpler description [31]. Examples are numerous: simplified 
geometries reducing the spatial dimension, small amplitudes allowing lin
earization, low velocities and long time scales allowing incompressible de
scription, small relat ive viscosity allowing inviscid models, zero or infinite 
lengths rather than finite lengths, etc. 

The question is: how can we use this gradual transition between models of 
different level. Of course, when a certain aspect or effect, previously absent 
from our model, is included in our model, the change is abrupt and usually 
the corresponding equations are more complex and more difficult to solve. 
This is, however, only true if we are merely interested in exact or numerically 
"exact" solutions. But an exact solution of an approximate model is not 
better than an approximate solution of an exact model. So there is absolutely 
no reason to demand the solution to be more exact than the corresponding 
model. If we accept approximate solutions, based on the inherent small or 
large modelling parameters, we do have the possibilities to gradually increase 
the complexity of a model, and study small but significant effects in t he most 
efficient way. 

The methods utilizing systematically this approach are called "perturba
tions methods". Usually, a distinction is made between regular and singular 
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perturbations. A (loose definition of a) regular perturbation is where the 
approximate problem is everywhere close to the unperturbed problem. 

In acoustics we have as typical examples of modelling hierarchies: wave prop
agation in a uniform medium or with simple boundaries being considerably 
simpler than in a non-uniform medium or with complicated boundaries. For 
a uniform medium and simple boundary conditions, many exact analyti
cal results are available. For an arbitrary non-uniform medium or complex 
boundary conditions, we usually have to resort to numerical methods. An
alytical approximations and perturbation methods come into play for cases 
in between where the problem differs only a little from one which allows full 
analytical treatment. 

We will consider here three methods relevant in acoustical problems. The 
first is the problem of Webster's horn, an example of a regular perturbation, 
where the typical axial length scale is much greater than the transverse 
length scale. The others are examples of singular perturbations. The method 
of multiple scales (related to the WKB method) describes problems in which 
in the problem several length scales act in the same direction, for example 
a wave propagating through a slowly varying environment. The method of 
matched asymptotic expansions is used to analyse problems in which several 
approximations, valid in spatially distinct regions, are necessary. 

8.1 Regular Perturbations 

8.1.1 Webster's horn equation 

Consider the following problem of low frequency sound waves propagating 
in a slowly varying duct or horn. The typical length scale of duct variation 
is assumed to be much larger than a diameter, and of the same order of 
magnitude as the sound wave length. We introduce the ratio between a 
typical diameter and this length scale as the small parameter c, and write 
for the duct surface and wave number k 

r = R(X, r, 0), X= €X, k = £K,. (8.1) 

By writing Rasa function of slow variable X, rather than x, we have made 
our formal assumption of slow variation explicit in a convenient and simple 
way, since R-1 txR = cR-1 Rx = O(c). 

RienstraHirschberg 4 Jan 1999 10:11 



248 8 Approximation methods 

To obtain an equation for p0 in X we continue with the O(c-2)-equation and 
corresponding boundary condition 

The boundary condition can be rewritten as 

Pox RRx 

JR2 + R~ 

(8.7) 

where n.L = "V.LS/I"V.LSI is the transverse unit normal vector. By integrating 
equation (8.7) over a cross section A of area A(X), using Gauss' theorem, 
and noting that A= f~11" ~R2 dO, and that a circumferential line element is 
given by d£ = (R2 + R~) 112d0, we obtain 

I I "V1_pl + Pox x + K2Po da =I \7 .LPl · n.1 d£ + A(Pox x + K 2
po) = 

A a.A 
211" 

Pox j RRx dO+ A(Poxx + K2Po) =Ax Pox+ A(Poxx + K 2Po) = 0. 
0 

Finally, we have obtained for the leading order field p0 the Webster horn 
equation [144, 120), which is, for convenience written in the original variables 
x and k, given by 

1 d ( d ) 2 
Adx AdxPo +k Po=O. (8.8) 

This can be solved analytically for certain families of cross sectional shapes 
A. For example, with 

A= (aemx+be-mxr, Po=<P/VA 

(parameterized by a, b, and m) the equation (8.8) simplifies to 

<Pxx + (k2
- m2)¢ = 0 

which can solved by elementary methods. In the special case m --t 0 such 
that a= ~(Ao + Atfm) and b = ~(Ao- Atfm), the shape reduces to the 
conical horn A = ( Ao + A1 x) 2 • For b = 0 we have the exponential horn, and 
if b = a the catenoidal horn. 

The parameter m is clearly most important since it determines whether the 
wave is propagating (m < k) or cut-off (m > k). 
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The crucial step will now be the assumption that the propagating sound 
wave is only affected by the geometric variation induced by R. Any initial 
or entrance effects are absent or have disappeared. As a result the acoustic 
field p is a function of X, rather than x, and p-1 fxp = O(c). 

It is convenient to introduce the following function S and its gradients 

S = r- R(X, 0), (8.2) 
Ss Rs 

VS = c:Sxex + Srer + -es = -c:Rxex + er- -eo, (8.3) 
r r 

Ss Ro 
V1.S = Srer + -es = er- -eo. (8.4) 

r r 

At the duct surface S = 0 the gradient V S is a vector normal to the surface 
(see section A.3), while the transverse gradient V1.S, directed in the plane 
of a cross section X = canst., is normal to the duct circumference S(X = 
c, r, 0) == 0. 

Inside the duct we have the reduced wave equation (Helmholtz equation) 

(8.5) 

at the solid wall the boundary condition of vanishing normal velocity 

at S = 0. (8.6) 

This problem is too difficult in general, so we try to utilize in a systematic 
manner the small parameter c. Since the perturbation terms are O(c2), we 
assume the asymptotic expansion 

p(X, r, 0; c)= po(X, r, 0) + c-2pl(X, r, 0) + O(c:4
). 

After substitution in equation (8.5) and boundary condition (8.6), further 
expansion in powers of c:2 and equating like powers of c-, we obtain to leading 
order a Laplace equation in (r, 0) 

An obvious solution is p0 = 0. Since the solution of the Laplace equation with 
boundary conditions in the normal derivative are unique up to a constant 
(here: a function of X), we have 

Po= Po(X). 
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8.2 Multiple scales 

8.2.1 Introduction 

By means of the method of multiple scales we will consider problems typi
cally of waves propagating in a slowly varying but otherwise infinite medium 
(ray acoustics), or waves propagating in a slowly varying duct. 

In both cases there is a small parameter in the problem which is the corner 
stone of the approximation. This small parameter is the ratio between a 
typical wave length and the length scale over which the medium or duct 
varies considerably (say, order 1). 

Intuitively, it is clear that over a short distance (a few wave lengths) the wave 
only sees a constant medium or geometry, and will propagate approximately 
as in the constant case, but over larger distances it will somehow have to 
change its shape in accordance with its new environment. 

A technique, utilizing this difference between small scale and large scale 
behaviour is the method of multiple scales ([130, 9]). As with most approxi
mation methods, this method has grown out of practice, and works well for 
certain types of problems. Typically, the multiple scale method is applicable 
to problems with on the one hand a certain global quantity (energy, pow
er) which is conserved or almost conserved and controls the amplitude, and 
on the other hand two rapidly interacting quantities (kinetic and potential 
energy) controlling the phase. 

8.2.2 The method explained by an illustrative example 

We will illustrate the method by considering a damped harmonic oscillator 

y(O) = 0, dy(O) = 1 
dt 

with 0 < c ~ 1. The exact solution is readily found to be 

y(t) = sin(~t)e-d j~ 

A naive approximation for small c and fixed t would give 

y(t) =sin t- ct sin t + O(c2
) 

(8.9) 

(8.10) 

(8.11) 
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which appears to be not a good approximation for large t for the following 
reasons: 

1) if t = O(c1) the second term is of equal importance as the first term 
and nothing is left over of the slow exponential decay; 

2) if t = O(c2 ) the phase has an error of 0(1) giving an approximation of 
which even the sign may be in error. 

In the following we shall demonstrate that this type of error occurs also if 
we construct a straightforward approximate solution directly from equation 
(8.9). However, knowing the character of the error, we may then try to avoid 
them. Suppose we can expand 

y(t; c:) = Yo(t) + EY1 (t) + c:2y2(t) + · · ·. (8.12) 

Substitute in (8.9) and collect equal powers of c:: 

O(c:D) : d2 yo 
with Yo(O) = 0, 

dyo(O) = 1 dt2 +Yo= 0 dt , 

O(c:1) : 
d2y1 __ 

2
dyo 

dt2 + y1 - dt with Y1 (0) = 0, dy1 (0) = 0 
dt , 

then 

Yo(t) =sin t, yl(t) = -t sin t, etc. 

Indeed, the straightforward, Poincare type, expansion (8.12) that is gener
ated breaks down for large t, when c:t 2:: 0(1). As is seen from the structure 
of the equations for Yn, the quantity Yn is excited (by the "source"-terms 
-2dYn-ddt) in its eigenfrequency, resulting in resonance. The algebraically 
growing terms of the type tn sin t and tn cost that are generated are called 
in this context: secular! terms. 

Apart from being of limited validity, the expansion reveals nothing of the 
real structure of the solution: a slowly decaying amplitude and a frequency 
slightly different from 1. For certain classes of problems it is therefore ad
vantageous to incorporate this structure explicitly in the approximation. 

Introduce the slow time scale 

T=ct (8.13) 

1 From astronomical applications where these terms occurred for the first time in this 
type of perturbation series: secular =occurring once in a century; saeculum = generation. 
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and identify the solution y with a suitably chosen other function Y that 
depends on both variables t and T: 

y(t;c) = Y(t, T;c). (8.14) 

The underlying idea is the following. There are, of course, infinitely many 
functions Y (t, T; c) that are equal to y(t, c) along the line T = ct in (t, T)
space. So we have now some freedom to prescribe additional conditions. With 
the unwelcome appearance of secular terms in mind it is natural to think of 
conditions, chosen such that no secular terms occur when we construct an 
approximation. 

Since the time derivatives of y turn into partial derivatives of Y 

dy 8Y 8Y 
dt = &t +c 8T' (8.15) 

equation (8.9) becomes for Y 

(8.16) 

Assume the expansion 

Y(t, T; c)= Y0 (t, T) + cYl(t, T) + c2 Y2 (t, T) + .. · (8.17) 

and substitute this into equation (8.16) to obtain to leading orders 

82 Yo 
8t2 +Yo= 0, 

82Y1 8Yo 82Yo 
8t2 + y 1 =-27ft- 2 8t8T' 

with initial conditions 

Yo(O, 0) = 0, 

Y1(0, 0) = 0, 

The solution for Y0 is easily found to be 

Yo(t, T) = A0 (T) sin t with A0 (0) = 1, (8.18) 
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which gives a right-hand side for the Y1-equation of 

( aAo) -2 A0 + aT cos t. 

No secular terms occur (no resonance between Y1 and Yo) if this term van
ishes: 

aAo A -T 
Ao + aT = 0 ----t 0 = e . (8.19) 

Note (this is typical), that we determine Yo fully only on the level of Y1, 
however, without having to solve Y1 itself. 

The present approach is by and large the multiple scale technique in its 
simplest form. Variations on this theme are sometimes necessary. For ex
ample, we have not completely got rid of secular terms. On a longer time 
scale (t = O(c--2)) we have in Y2 again resonance because of the "source": 
e-T sin t, yielding terms 0 (c-2t). We see that a second time scale T2 = c2t 
is necessary. Clearly, this may go on and on. There is a way out of this 
problem, which is particularly important for some of the present acoustical 
problems. Since the occurrence of higher order time scales is really an arte
fact of the slowly varying phase (1- c-2 ) 112t (slowly moving away from t), 
it is advantageous to generalize the simple relationship T = c-t between the 
slow and fast time scales, and to introduce a fast time scale i, defined by a 
slowly varying phase function w that is to be determined: 

- 1 IT t = ~ w(r;c-) dr. (8.20) 

(The need for the 1/c-factor is immediately clear if we observe that i = 
C 1wc-t = wt for a constant w = 0(1).) For linear wave-type problems we 
may anticipate the structure of the solution and assume the WKB hypothesis 
(see [9, 66]) 

(8.21) 

We have 
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so that substitution in (8.9) and suppressing the exponential factor yields 

Note that the secular terms are now not explicitly suppressed. The neces
sary additional condition is here that the solution of the present type exists 
(assumption 8.21), and that each higher order correction is no more secular 
than its predecessor. With some luck and ingenuity this is just sufficient to 
determine A and w. In general, this is indeed not completely straightforward. 
So much freedom may be left that ambiguities can result. 

Finally, the solution is found as the following expansion 

A(T; c) = A0 (T) + cA1 (T) + c2 A2 (T) + · · · 
w(T; c)= wo(T) + c2w2 (T) + · · ·. 

(8.22) 

Note that w1 may be set to zero since the factor exp(i J[ w1 (r) dr) may be 
incorporated in A. Substitute and collect equal powers of c: 

(1- w5)Ao = 0 -two = 1, 

8Ao 
aT + Ao = 0 -tAo= e-T, 

2i(~~1 + A1) = (1 + 2w2) e-T -t w2 = -~, A1 = 0. 

The solution that emerges is indeed consistent with the exact solution. 

8.3 Helmholtz resonator with non-linear 
dissipation 

An interesting application of the multiple scale technique is the Helmholtz 
resonator, as discussed before (5.34), but now without linearization (section 
5.2.4). In this way we will be able to investigate the small non-linear terms 
that will be seen to represent a small damping. 

First we have to describe the model in a bit more detail. The oscillating 
internal pressure sucks and blows the flow inward and outward through 
the exit, with a jet formed respectively inside and outside the resonator. 
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For a low enough frequency the flow may be considered quasi-stationary, 
except in the transitional phase (which we will ignore) when the flow turns 
its direction and the jet isn't fully developed yet. Two points inside and 
outside may now be connected by Bernoulli's equation 

(5.34) 

If the exit is small enough compared to the volume V, and the volume is 
small compared to a typical wave length (i.e. compact), the internal density 
Pin is practically uniform, and therefore related to the neck flow velocity Un 

by 

(5.41) 

When the internal pressure is high and the flow is blown outward, we may 
neglect the internal velocity Uin· Furthermore, the neck velocity Un is effec
tively equivalent to the outside velocity Uex· On the other hand, when the 
internal pressure is low, the velocity Uex outside the resonator may now be 
neglected, while at the same time the neck velocity is equivalent to Uin· 

For simplicity we assume the effect of in- and outflow to be symmetric, 
and we introduce a length £, equal to the neck length plus any necessary 
endcorrection, that relates the potential difference to the neck velocity: 

l
ex 

<pex- <pin= U·dx =fun . 
10 

Following the same lines as for equation (5.43), we arrive at 

(8.23) 

As we will only consider the response to a stepwise change of external pres
sure, we will assume Pex = 0, and prescribe a (small) Pin at t=O. 

For a proper analysis it is most clarifying to rewrite the equation into non
dimensional variables. For this we need an inherent timescale and pressure. 
For vanishing amplitudes the equation describes a harmonic oscillator, so 
its period ( c6Sn/ £V) 112 is the obvious timescale of the nonlinear problem. 
By dividing the damping term by the acceleration term we find the pressure 
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level 2poc6fSn/V at which the damping would be just as large as the other 
terms. So for a pressure that is a small fraction of this level we have a 
problem with only little damping. So we make dimensionless 

( ev ) t 
t = c6Sn T, 

2 fSn ( ) Pin= 2Epoco-y-Y where 0 < E « 1, 8.24 

to obtain 

. dy(O) 
With y(O) = 1, ~ = 0. (8.25) 

By comparing the acceleration y" with the damping cy'ly'l it may be inferred 
that on a timescale ET the influence of the damping is 0(1). So we conjecture 
a slow timescale ET, and split up the time dependence in two by introducing 
the slow timescale T and the dependent variable Y 

T =ET, y(r; c)= Y(t, T; c), 

and obtain for equation (8.25) 

(8.26) 

The error of 0 (c2
) results from the approximation J.,. Y + E a~ Y :: J.,. Y, and 

is of course only valid outside a small neighbourhood of the points where 
J.,. Y = 0. We expand 

Y(t, T; c)= Yo(t, T) + cY1 (t, T) + O(c2) 

and find for the leading order 

with 
f) 

Yo(O, 0) = 1, fJr Yo(O , 0) = 0 (8.27) 

with solution 

Yo= Ao(T) cos(r- 8o(T)), where A0 (0) = 1, 8o(O) = 0. 
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For the first order we have the equation 

8
2
Y1 + y

1 
= _ 2 8

2
Yo _ 8Yo '8Yo I 

8T2 OTT OT OT 

dAo . d0o 
= 2 dT sm(T- 0o)- A0 dT cos(T- 0 0 ) 

+A6sin(T- 0o)l sin(T- 0o)l 

(8.28) 

with corresponding initial conditions. The secular terms are suppressed if 
the first harmonics of the right-hand side cancel. For this we use the Fourier 
series expansion (section 3.3) 

. . 8 I: sin(2n + 1)T 
sm T Ism Tj = -; n=O (2n- 1)(2n + 1)(2n + 3) 

(8.29) 

and we obtain the equations 

2dAo ~A2 = 0 
dT + 31T 0 and 

d0o 
dT = O (8.30) 

with solution 0 0 = 0 and 

1 
Ao(T) = 4 . 

1 + 31fT 
(8.31) 

All together we have finally: 

2£Sn COST 
Pin~ 2cpoco-v 4 , 

1 + 37rcT ( 

2 ) .!. . c0 Sn 2 

w1th T = ev t. (8.32) 

This approximation happens to be quite good. Comparison with a numer
ically obtained "exact" solution shows a relative error in the amplitude of 
less then 2 · 10-4 for € = 0.1. 

8.4 Slowly varying ducts 

Consider a hard-walled circular cylindrical duct with a slowly varying diam
eter (c.f. [161, 131]), described in polar coordinates (x, r, 0) as 

r = a(cx) (8.33) 
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with £ a dimensionless small parameter. In this duct we have an acoustic 
medium with constant mean pressure and a slowly varying sound speed 
c0 = c0 (cx) (for simplicity no variation in rand() is assumed). Sound waves 
of circular frequency w are described by a variant of the Helmholtz equation 

(8.34) 

where k = k(cx) = wfc0 (cx), with boundary condition a vanishing normal 
velocity component at the wall, so 

n·Vp=O atr=a(cx). (8.35) 

Since (section A.3) 

(where a'(z) = da(z)/dz) this is 

ap , 8p 
8r - ca (ex) ax = 0 at r = a(cx). (8.36) 

We know that for constant a and constant k the general solution can be 
built up from modes of the following type (chapter 7) 

(8.37) 

and "ve assume for the present problem, following the previous section, that 
there are solutions close to these modes. We introduce the slow variable 

X=cx 

so that k = k(X), and we seek a solution of slowly varying modal type: 

(8.38) 
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Since 

ap ( . a A) ( ) ax = -11 A+ c aX exp · · · 

8
2
p ( 2 . 8A . 81 2 8

2 
A) ( ) 

8x2 = -~A- 2Ic/8X -IE 8XA +c 8X2 exp ... 

we have for (8.34) after multiplication with k 2 : 

[ 
2 • 8A . 81 2 8

2 A 1 ak ( . 8A) 
-1 A-21q 0X -lc0XA+c {)X2 -2ckaX -I!A+ c 0x 

+ 82 A + ~ 8A - m2 A+ k2 A] exp (·. ·) = 0. 
8r2 r or r 2 

After suppressing the exponential factor, this is up to order O(c) 

. k2 8 1A2 

.C(A) =leA aX ( k2 ), 

8A . 8A 
a;:+Ic

0
x!A=O atr=a(X), 

(8.39) 

where we introduced for short the Bessel-type operator (see Appendix C) 

8
2 
A loA ( m

2
) 

.C(A) = 8r2 +-;:a;:+ k2- 12-~ A 

and rewrote the right-hand side in a form convenient later. Expand 

A( X, r; c) = Ao(X, r) + cA1 (X, r) + O(c2
) 

1(X; c)= !o(X) + O(c2
) 

substitute in (8.39), and collect like powers of c. 

0(1) : .C(Ao) = 0 

8Ao = 0 
or 
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Since variable X plays no other role in (8.40) than that of a parameter, we 
have for A0 the "almost-mode" 

Ao(X, r) = Po(X)Jm(a(X)r), 

a(X) = /mJJ.fa(X), (8.42) 

16(X) = k2 (X)- a 2 (X), Re(lo) ~ 0, Im(/o) :::; 0, 

The amplitude P0 is still undetermined, and follows from a solvability con
dition for A1 • As before, amplitude Po is determined at the level of A1 , 

without A1 necessarily being known. 

Multiply left- and right-hand side of (8.41) with rA0 jk2 and integrate tor 
from 0 to a(X). For the left-hand side we utilize the self-adjointness of£. 

{arAo 1 fa 
Jo k""2£(AI) dr = k2 Jo rAo£(Al)- rA1£(Ao) dr 

= _!__ [rAo 8A1- rAtaAo]a 
k2 or or 0 

__ .loa aa A2 
- 1 k2 aX o· 

For the right-hand side we apply Leibnitz's rule 

. fa__§____ ('oA6) d _ . _i_ fa qoA6 d _ ./oa aa A2 
1 Jo aX k2 r r- 1 dX }0 k2 r 1 k2 aX o· 

As a result 

1a rfoA6d = [ /o ?.2( 2 _ m 2
)J ( )2la k2 r 2k2 o r 2 m ar o a 

0 

ioPJ 2 ( m
2 

) ( ., ) 2 = 
2

k2 a 1 - ~ Jm JmJJ. = constant 
JmJl. 

or: 

Po(X) = const. k(X) = const. k(X)a(X) 
a(X) Jio(X) )!o(X) 

(8.43) 

It is not accidental that the above integral J0a (q0A6/ k2 ) dr is constant. The 
transmitted power of pis to leading order 

1211" 1a 7r 1a P = t Re(pu*) r drdO = - Im (P txP*) r dr 
o o wpo o 
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= _!!__ Re(lo) e2e-'foxlm{-yo) d< fa IAol2r dr. 
wpo Jo 

This is for propagating modes (10 real) constant: 

2 

P = _!!_lo1Pol
2 ~a2 (1- ":: 2)Jm(j:nll)2 

wpo Jmll 

(O k2 
2 1 

= const.--
2
-a = const.--2 =constant 

Po a lo PoCo 

(8.44) 

since poc6 is, apart from a factor, equal to the constant mean pressure. 

8.4.1 Reflection at an isolated turning point 

An important property of expression (8.43) for Po is that it becomes invalid 
when lo = 0. So when the medium and diameter vary in such a way that at 
some point X = X 0 wave number lo vanishes, the present method breaks 
down. In a small interval around X 0 the mode does not vary slowly and 
locally a different approximation is necessary. 

When 16 changes sign, and lo changes from real into imaginary, the mode is 
split up into a cut-on reflected part and a cut-off transmitted part. If Xo is 
isolated, such that there are no interfering neighbouring points of vanishing 
(o, it is clear that no power is transmitted beyond Xo (Re(lo) = 0 in (8.44)), 
and the wave has to reflect at X 0 . Therefore, a point where wave number 
(o vanishes is called a "turning point". 

Asymptotically, a turning point region is a boundary layer and the appro
priate analysis is that of matched asymptotic analysis (section 8.6), in the 
context of the WKB method (see [9, 66]). However, since the physics of 
the subject is most relevant in this section on slowly varying ducts, we will 
present the pertaining results here2 . 

Assume at X = Xo a transition from cut-on to cut-off, so a~ 16 < 0 or 

a'(Xo)- k'(Xo) > 0. 

2 As is explained in section 8.6, the steps in the process of determining the boundary 
layer thickness and equations, and finally the matching, are very much coupled, and usually 
too lengthy to present in detail. Therefore, to keep the present example concise, we will 
present the results with a limited amount of explanation. 
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Consider an incident, reflected and transmitted wave of the type found above 
(equations 8.38,8.42,8.43). So in X < Xo, where /o is real positive, we have 
the incident and reflected waves 

( ()) _ k(X)a(X)J ( (X) ) -im8 [ -ie- 1f~ l'o(X')dX' 
p x,r, - r.:::7V'\ m a r e e 

v!o(X) 

with reflection coefficient R to be determined. In X > Xo, where /o is 
imaginary negative, we have the transmitted wave 

I . 

with transmission coefficient T to be determined, while -J1o = e- 41r1 v1YoT 
will be taken. 

This set of approximate solutions of equation (8.34), valid outside the turn
ing point region, constitute the outer solution. Inside the turning point re
gion this approximation breaks down. The approximation is invalid here, 
because neglected terms of equation (8.34) are now dominant, and another 
approximate equation is to be used. This will give us the inner or boundary 
layer solution. To determine the unknown constants (here: Rand T), inner 
and outer solution are asymptotically matched. 

For the matching it is necessary to determine the asymptotic behaviour of 
the outer solution in the limit X --1 X0 , and the boundary layer thickness 
(i.e. the appropriate local coordinate). 

From the limiting behaviour of the outer solution in the turning point region 
(see below), we can estimate the order of magnitude of the solution. From 
a balance of terms in the differential equation (8 .34) it transpires that the 
turning point boundary layer is of thickness X- X 0 = O(c-213), leading to 
a boundary layer variable ~given by 

Since for c --1 0 
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where k0 = k(Xo), k~ = k'(Xo), etc., we have 

~ {x !o(X') dX' = { -~1{13/2 = -(, if~< 0 
c: lxo -i~e/2 = -i(, if~> o 

where we introduced 

The limiting behaviour for X t Xo is now given by 

while it is for X t Xo given by 

(8.48) 

Since the boundary layer is relatively thin, also compared to the radial 
coordinate, the behaviour of the incident mode remains rather unaffected in 
radial direction, and we can assume in the turning point region 

p(x, r, B)= Jm (o:(X)r)'l/J(~) e-imll. 

From the properties of the Bessel equation (C.1), we have 

EJ2p 1 op 1 o2p .2 _ 2 _ 2/3 
iJr2 +-;:or+ r2 iJB2 + k P-loP- O(c: )p. 

Hence, equation (8.34) yields 

k2\J. (__!_ Vp) + k2p"" c:2/3 iJ2p + 12P = k2 - ()~2 0 

c;2/3 Jm (o:(X)r) e-imll { ~~~ - 2ko(o:~- k~)~'l/J} = 0 

which is, written in variable~. equivalent to Airy's equation (C.71) 
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This has the general solution 

7/;(~) =a Ai(~) + b Bi(~), 

where a and b, parallel with R and T, are now determined from matching. 
Using the asymptotic expressions (C.72,C.73) for Airy functions, we find 
that for ~ large with 1 ~ ~ ~ c 213 , equation (8.48) matches the inner 
solution if 

Since e( --+ oo, we can only have b = 0, and thus 

I . 
2VifTko a0 e4m 

a - ....,.....--'----------,-
- {2cko(a~- k~)J116 • 

If-~ is large with 1 ~ -~ ~ c 213 we use the asymptotic expression (C.72), 
and find that equation (8.47) matches the inner solution if 

or 

So, finally, we have 

T = 1, R=i. (8.49) 

8.5 Ray acoustics in temperature gradient 

When a sound wave propagates in free space through a medium that varies 
on a much larger scale than the typical wave length (typically: temperature 
gradients, or wind with shear), the same ideas of multiple scales may be 
applied. In contrast to the duct, where the wave is confined by the duct 
walls, the waves may now freely refract and follow curved paths. These 
paths are called rays. This means that rays are not localized "beams" of 
sound, but only the tangents of the intensity vectors of a sound field. 
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Consider an infinite 3D medium with varying temperature (typical length 
scale L) but otherwise with a constant mean pressure, so that we have again 
equation (8.34), but now k varying more generally3 : 

\7 . ( :2 v p) + p = 0 

w 
k = k(c-x) = -

co(cx) 

(8.50) 

(8.51) 

for a time harmonic sound field p <X eiwt. The small parameter c relates the 
typical wave length ..\ rv 2rrc0/w to L, so c rv ..\j L. Assuming the field to 
be locally plane we try an approximate solution having the form of a plane 
wave but with slowly varying (real) amplitude A and phase T 

p(x) = A(X; c) e-ir(X;e)/" (8.52) 

where X= e-x the slow variable. The surfaces 

r(X) = c-wt (8.53) 

describe the propagating wave front. Note that the vector field Vr is normal 
to the surfaces T = constant (section A.3). Define the operator 

- ({) {) {)) 
V = {)X' {)Y' {)Z 

so that V = c-V. Substitute (8.52) in (8.50): 

\7p := (c-\7 A- iA'Vr) e-irf", (8.54a) 

\7 2p := (c-2 \7
2 
A- 2ic\7 A· \7r- icA \7

2
r- AI'Vrl 2

) e-ir/", (8.54b) 

to obtain 

(8.55) 

3 It should be noted that our point of view here is to think of the problem as a wave in 
a slowly varying medium, i.e. to consider L "large". Another, equally valid point of view 
is to think of a medium with a high-frequent wave, i.e. to scale the problem on Land to 
consider the wave length "short" or the frequency "high". 

RienstraHirschberg 4 Jan 1999 10:11 



8.5 Ray acoustics 265 

Expand 

A(X; c) = A0 (X) + cAI(X) + O(c2
) 

r(X; c) = r0 (X) + O(c2 ) 

and collect like powers in (8.55). We find to leading order ro and Ao: 

(8.56) 

(8.57) 

Equation (8.56) is the eikonal equation, which determines the wave fronts 
and the ray paths. Equation (8.57) is called the transport equation and de
scribes the conservation of wave action, which is here equivalent to conser
vation of energy [104, 200]. It relates the amplitude variation to diverging 
or converging rays. 

The eikonal equation is a nonlinear first order partial differential equation, 
of hyperbolic type, which can always be reduced to an ordinary differen
tial equation along characteristics [25]. This is summarized by the following 
theorem ([200, p.65]). 

Theorem 8.1 (General solution of 1st order PDE) 
The solution of the first-order partial differential equation 

H(q, r, x) = 0, q = \i'r, 

with consistent boundary conditions on a surface S, is given by the system 
of ordinary differential equations4 

dr 
dA = q·V'qH, 

dq 8H 
dA = -q or - Y'xH, 

where the curve x = x (A), with parameter A, is called a characteristic. 

A characteristic forms a path along which the information of the boundary 
values on S is transferred to the point of observation. In general the charac
teristic depends on the solution, and both characteristic and solution are to 
be determined together. If more than one point of a characteristic is part of 

4 '17 qH denotes the graclient in q: ( ~:,); similar for '17 x H. 

RienstraHirschberg 4 Jan 1999 10:11 



266 8 Approximation methods 

5, the boundary conditions are not independent, and in general inconsistent. 
If more than one characteristic passes through a point, the solution is not 
unzque. 

Note that since .X is only an auxiliary variable, other equivalent forms of the 
solution q ( x) exist. 

The characteristics are here identical to the rays. By rewriting equation 
(8.56) as ~c(c6/w)IY'rol 2 - ~cw = 0 and using theorem (8.1) (p.266), the 
characteristic variable is just the time t, and we have the expected 

r0 (X(t)) = cwt 

along a ray X= X(t) given by 

2 -dX c0 - Y'ro 
- =€-V'r0 =cc0~. 
dt w IY'rol 

(8.58) 

d- W-
-\i'ro = -€-V'co. 
dt co 

(8.59) 

Equations (8.58) and (8.59) are called: the "ray-tracing equations". 

Once we know the rays, the transport equation (8.57) can be solved as fol
lows. Consider a small area 5 1 of the surface r 0 = C1 , and connect the points 
of 5 1 via the rays (following the vector field V'r0 ) with the corresponding 
area 52 on the surface ro = C2. Then the volume of rays connecting 5 1 and 
52 is called a ray-tube. Since Y'r0 = 0 along its surface, except for 5 1 and 
52 where it is just Y'ro = kn, we have 

2- 2 2 

1 Y'·(Ao~ro)dX= { Aods- { Aods=O. 
tube k ls2 k ls1 k 

If we associate to a ray X(t) a ray-tube with cross section 5 = 5(X), the 
amplitude varies according to the relation 

2 5(X) 
Ao(X) k(X) =constant along a ray tube. (8.60) 

From equation (8.59) it can be inferred that a ray (with direction Y'ro) 
bends away from regions with higher sound speed. This explains why sound 
is carried far along a cold surface like water or snow, and not at all along for 
example hot sand. When the surface is cold there is a positive soundspeed 
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gradient which causes the sound waves to bend downwards to the surface. In 
combination with reflection at the surface the sound is trapped and tunnels 
through the layer adjacent to the surface. When the surface is hot there is a 
negative soundspeed gradient which causes the sound to bend upwards and 
so to disappear into free space 5 . 

We can make this more explicit when the sound speed varies in only one 
direction, say c0 = c0 (Y). Then rays in the (X, Y)-plane satisfy 

i_x c-c5 8r0 (8.61a) - -
dt w ax 

i_y c-c6 8r0 (8.61b) - -
dt w 8Y 

i_ (Oro) = O 
dt ax (8.61c) 

d (oro) _ c-w dco 
dt 8Y --~dY ' 

(8.61d) 

Since we have from equation (8.61a-8.61c) and (8.56) 

dY 8rojaY 
dX- arojaX' 

aro 
ax =constant, (aro )2 (()'0)2 = w

2 

8X + 8Y c5 ' 

it follows that the angle () with the vertical satisfies the relation 

I 

sin() 1 ((dY )2 ) -2 1 ar0 (0) -- = - - + 1 = ---=constant 
Co Co dX w aX 

(8.62) 

which is just Snell's Law. Furthermore, if c0 varies linearly, so that dc0/ dY is 
constant, then dX/dY can be integrated with respect toY, with the result 

2 (dco)2 2 (lar0(0))-2 
co+ dY (X- Xo) = -:;;----ax =constant (8.63) 

which corresponds with a circle in the (x, y)-plane. So rays in a linear sound 
speed medium follow circular paths. 

5 In the north of Mexico, in Chihuahua, there is a desert area called "Zona del Silencio" , 
a name that might well refer to this acoustic effect. 
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8.6 Matched asymptotic expansions 

8.6.1 Introduction 

Very often it happens that a simplifying limit applied to a more comprehen
sive model gives a correct approximation for the main part of the problem, 
but not everywhere: the limit is non-uniform. This non-uniformity may be 
in space, in time, or in any other variable. For the moment we think of 
non-uniformity in space. This non-uniformity may be a small region near a 
point, say x = 0, or it may be far away, i.e. for x -+ oo, but this is of course 
still a small region near the origin of 1/x, so for the moment we think of a 
small region. 

If this region of non-uniformity is crucial for the problem , for example be
cause it contains a boundary condition, or a source, we may not be able to 
utilize the pursued limit and have to deal with the full problem (at least 
locally). This, however, is usually not true. The local nature of the non
uniformity itself gives often the possibility of another reduction . In such a 
case we call this a couple of limiting forms, "inner and outer problems", and 
are evidence of the fact that we have apparently physically two connected 
but different problems as far as the dominating mechanism is concerned. 
(Depending on the problem) we now have two simpler problems, serving as 
boundary conditions to each other via continui ty or m atching conditions. 

8.6.2 An intuitive example 

Suppose we are interested in the solution of 

dy . 
c dx + y = Sill X 1 y(O) = 1, x ~ 0 

for small positive £, and suppose for the moment that we are not able to 
find an exact solution. It is natural to try to use the fact that c is small. 
For example, from the structure of the problem, where both the source and 
the boundary value are 0(1), it is very likely to conclude that y = 0(1). If 
also the derivative y' is not very large (which is t rue for the most, but not, 
as we will see, everywhere), then a first approximation is clearly 

Yo~ sin x. 
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We could substitute this into the original equation, and find a correction 

• I • Y1 ~ Sill x - c:y0 = Sill x - c: cos x. 

We can continue this indefinitely, and hope for a better and better approxi
mation of the real solution. However, this can not be true: the approximate 
solution found this way is completely determined without integration con
stants, and we cannot apply anywhere the boundary condition y(O) = 1. In 
fact, the value at x = 0 that appears is something like -E ... , and quite far 
away from 1. 

What's happening here? The cause of this all, is the fact that in the neigh
bourhood of x = 0, to be exact: for x = O(c:), the solution changes its 
character over a very short distance (boundary layer), such that the deriva
tive y' is now not 0(1), but very large: O(c1 ). Since equation and solution 
are evidently closely related, also the equation becomes essentially different, 
and the above approximation of the equation is not valid anymore. 

The remedy to this problem is that we have to stretch the variables such 
that the order of magnitude of the solution is reflected in the rescaling. In 
general this is far from obvious, and certainly part of the problem. In the 
present example it goes as follows. We write x = c:~ and y(x) = Y(~), so 
that 

~~ + Y = sin(c:O, Y(O) = 1, 

Now we may construct another approximation, locally valid for~= 0(1) 

dYo 
d~ +Yo~ 0, Yo(O) = 1, 

with solution Yo(~) = e-(. We may continue to construct higher order cor
rections. Then we will see that for ~ large, respectively x small, this inner 
solution Yo smoothly changes into the above outer solution y0 (matching), 
and together they form a uniform approximation. 

8.6.3 General methodology 

In the following we will describe some of the mathematical methodology 
in more detail ([130, 9, 42, 98, 32, 66, 95, 89]). We are interested in the 
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limiting behaviour for c .j_ 0 of a sufficiently smooth function <I>(x; c) with, 
say, O~x~1, 0<c~c0 • <I> has a regular asymptotic approximation on [0, 1] if 
there exists a gauge-function J.Lo(c) and a shape-function <I>0(x) such that 

lim I <I>(~;~) - <I>o(x) I = 0 uniform in x 
c-+0 J.Lo c 

or: 

<I>(x;c) = J.Lo(c)<I>0(x) + o(J.Lo) (c --t 0, uniform in x). 

A regular asymptotic series expansion, with gauge-functions J.Ln(c) and 
shape-functions <I>n ( x) is defined by induction, and we say 

N 

<I>(x;E) = L J.Ln(c)<I>n(x) + o(J.LN) (c --t 0, uniform in x). (8.64) 
n=O 

Note that neither gauge- nor shape-functions are unique. Furthermore, the 
series is only asymptotic in c for fixed N. The limit N --too may be mean
ingless. 

The functions that concern us here do not have a regular asymptotic expan
sion on the whole interval [0, 1] but say, on any partial interval [A, 1], A> 0, 
A fixed. We call this expansion the outer-expansion, valid in the "x = 0(1)"
outer region. 

N 

<I>(x;c) = L J.ln(c)cpn(x) + o(J.LN) c --t 0, x = 0(1). (8.65) 
n=O 

The functions do not have a regular expansion on the whole interval because 
the limit c --t 0, x --t 0 is non-uniform and may not be exchanged. There is a 
gauge-function o(c), with lim o(c) = 0, such that in the stretched coordinate 

c-+0 

the function 'll(~; c) = <I>(o(c)~; c) has a non-trivial regular asymptotic series 
expansion on any partial interval ~ E [0, A], A> 0, A fixed. The adjective 
non-trivial is essential: the expansion must be "significant", i.e. different 
from the outer-expansion in cpn rewritten in~· For the largest o(c) with this 
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property we call the expansion for \ll the inner-expansion or boundary layer 
expansion, the region ~ = 0(1) or x = 0(8) being the boundary layer with 
thickness o, and ~ the boundary layer variable. A boundary layer may be 
nested and may contain more boundary layers. 

Suppose, <I>(x; c) has an outer-expansion 

n 

<I>(x; c)= L J.Lk(c)<pk(x) + o(J.Ln) (8.66) 
k=O 

and a boundary layer x = 0(8) with inner-expansion 

m 

'l'(E;c) = L Ak(c)7/Jk(E) + o(Am) (8.67) 
k=O 

and suppose that both expansions are complementary, i.e. there is no oth
er boundary layer in between x=0(1) and x=0(8), then the "overlap
hypothesis" says that both expansions represent the same function in an 
intermediate region of overlap. This overlap region may be described by 
a stretched variable X=1](c)a, asymptotically in between 0(1) and 0(8), 
so: 8«77« 1. In the overlap region both expansions match, which means 
that asymptotically both expansions are equivalent and reduce to the same 
expressions. A widely used and relatively simple procedure is Van Dyke's 
matchings rule [188]: the outer-expansion, rewritten in the inner-variable, 
has a regular series expansion, which is equal to the regular asymptotic 
expansion of the inner-expansion, rewritten in the outer-variable. Suppose 
that 

n m 

L J.Lk(c)<pk(80 = L Ak(c)17k(E) + o(Am) (8.68a) 
k=O k=O 
n n 

L Ak(c)7/Jk(xf8) = L J.Lk(c)fh(x) + o(J.Ln) (8.68b) 
k=O k=O 

then the expansion of 17k back to x 

n n 

L Ak(c)1]k(xf8) = L J.Lk(c)(k(x) + o(J.Ln) 
k=O k=O 

is such that (k = fh for k = 0, · · ·, n. 
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The idea of matching is very important because it allows one to move 
smoothly from one regime into the other. The method of constructing local, 
but matching, expansions is therefore called "Matched Asymptotic Expan
sions" (MAE). 

The most important application of this concept of inner- and outer-expan
sions is that approximate solutions of certain differential equations can be 
constructed for which the limit under a small parameter is apparently non
uniform. Typical examples in acoustics are small Helmholtz number prob
lems where long waves are scattered by small objects or are otherwise con
nected to a small geometrical size. 

The main lines of argument for constructing a MAE solution to a differential 
equation + boundary conditions are as follows. Suppose ci> is given by the 
equation 

D(ci>', ci>, x;c) = 0 + boundary conditions, (8.69) 

where ci>' = dcJ?jdx. Then we try to construct an outer solution by looking 
for "non-trivial degenerations" of D under c --7 0, that is, find /1o(c) and 
vo(c) such that 

lim v01 (c)D(flocp~,flo<po, x; c) = Do( cp~, <po, x) = 0 
c-tO 

(8.70) 

has a non-trivial solution <po. A series cp = flo<po + f1 1cp1 +···is constructed 
by repeating the process for D- v01 D0 , etc. 

Suppose, the approximation is non-uniform (for example, not all boundary 
conditions can be satisfied), then we start looking for an inner-expansion 
if we have reasons to believe that the non-uniformity is of boundary-layer 
type. Presence, location and size of the boundary layer(s) are now found by 
the "correspondence principle", that is the (heuristic) idea that if ci> behaves 
somehow differently in the boundary layer, the defining equation must also 
be essentially different. Therefore, we search for "significant degenerations" 
or "distinguished limits" of D. These are degenerations of D under c --7 0, 
with scaled x and ci>, that contain the most information, and without being 
contained in other, richer, degenerations. 

The next step is then to select from these distinguished limits the one(s) 
allowing a solution that matches with the outer solution and satisfies any 
applicable boundary condition. 
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Symbolically: 

find 

xo, o(c), A(c), K(c) 

with 

X= Xo + o~, ci>(x;c) = A(c)'l!(~; c) 

such that 

Bo(1f;b, 1f;o,~) =lim K- 1 D(o-1 AW1
, AW, Xo + o~;c) 

E-t0 

has the "richest" structure, and there exists a solution of 

satisfying boundary and matching conditions. Again, an asymptotic expan
sion may be constructed inductively, by repeating the argument. It is of 
practical importance to note that the order estimate A of ci> in the boundary 
layer is often determined a posteriori by boundary or matching conditions. 

8.6.4 Simple example 

A simple example to illustrate some of the main arguments is 

I d2cp dcp 
D(cp ,cp,x; c) = € dx2 + dx- 2x = 0, cp(O) = cp(1) = 2. 

The leading order outer-equation is evidently (with J.Lo = v0 = 1) 

dcpo 
Do=- -2x = 0 

dx 

with solution 

(8.71) 

The integration constant A can be determined by the boundary condition 
cpo(O) = 2 at x = 0 or cpo(1) = 2 at x = 1, but not both, so we expect a 
boundary layer at either end. By trial and error we find that no solution 
can be constructed if we assume a boundary layer at x = 1, so, inferring a 
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boundary layer at x = 0, we have to use the boundary condition at x = 1 
and find 

The structure of the equation suggests a correction of O(c-), so we try the 
expansion 

2 
<p = <po + c<p1 + c <p2 + · · · . 

This results for <p 1 into the equation 

d<p1 d 2<po _ 
0 dx + dx 2 - ' 

which has the solution 

<p1 = 2- 2x. 

with <p1 (1) = 0 (the O(c)-term of the 
boundary condition), 

Higher orders are straightforward: 

d<pn - 0 with l.fJn(1) = 0 
dx - ' 

leading to solutions I{Jn = 0, and we find for the outer expansion 

(8.72) 

We continue with the inner expansion, and find with xo = 0, <p = >..'1/J, x = o~ 

Both from the matching ( l.fJouter--+ 1 for x t 0) and from the boundary con
dition (cp(O) = 2) we have to conclude that <pinner = 0(1) and so )... = 1. 
Furthermore, the boundary layer has only a reason for existence if it com
prises new effects, not described by the outer solution. From the correspon
dence principle we expect that new effects are only included if (d 2'1/J/de) is 
included. So c-o-2 must be at least as large as o- 1 , the largest of o- 1 and o. 
From the principle that we look for the equation with the richest structure, 

RienstraHirschberg 4 Jan 1999 10:11 



8.6 Matched asymptotic expansions 275 

it must be exactly as large, implying a boundary layer thickness 8 =c. Thus 
we have K. = c-1, and the inner equation 

From this equation it would seem that we have a series expansion without 
the O(c)-term, since the equation for this order would be the same as for 
the leading order. However, from matching with the outer solution: 

'Pouter--+ 1 + 2c + c2(e- 2~) + · · · (x = c~, ~ = 0(1)) 

we see that an additional O(c-)-term is to be included. So we substitute the 
series expansion: 

(8.73) 

It is a simple matter to find 

d21/Jo d'I/Jo 
de + d~ = 0 , 1/Jo(O) = 2 --7 1/Jo = 2 + A0 (e-< -1) 

d21/J1 d1/J1 < 
de + d~ = o, 1/J1(0) = o --+ 1/J1 = Al(e- -1) 

d21/J2 d1/J2 
de + d~ = 2~, 1/J2(0) = 0 --7 1/J2 = e- 2~ + A2 (e-< -1) 

where constants A0 , A1, A2 , ···are to be determined from the matching con
dition that outer expansion (8.72) for x--+ 0 : 

1 + x2 + 2c- 2cx + · · · 

must be functionally equal to inner expansion (8.73) for~--+ oo: 

A full matching is obtained if we choose: A0 = 1, A1 = -2, A2 = 0. 

It is important to note that a matching is possible at all! Only a part of the 
terms can be matched by selection of the undetermined constants. For ex
ample, the coefficients of the x and x2 terms are already equal, without free 
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constants. This is an important consistency check on the found solution, at 
least as long as no real proof is available. If no matching appears to be pos
sible, almost certainly one of the assumptions made with the construction of 
the solution have to be reconsidered. Particularly notorious are logarithmic 
singularities of the outer field, not uncommon in 2D acoustical radiation 
problems ([98]). Even for such a simple (looking) problem as that of a plane 
wave scattered by a static compact sphere a careful approach is necessary 
to get the right results ([28]). On the other hand, only in rather rare cases, 
probably related to exceptional physical phenomena, no matching couple of 
inner and outer solutions is possible at all. 

Summarizing: matching of inner- and outer expansion plays an important 
role in the following ways: 

i) it provides information about the sequence of order (gauge) functions 
{J.tk} and { >.k} of the expansions; 

ii) it allows us to determine unknown constants of integration; 

iii) it provides a check on the consistency of the solution, giving us confi
dence in the correctness. 

8. 7 Duct junction 

A very simple problem that can be solved with matched asymptotic ex
pansions is the reflection and transmission of low-frequency sound waves 
through a junction of two ducts with different diameter. The problem will 
appear to be so simple that the apparatus of MAE could justifiably be con
sidered as a bit of an overkill. However, the method is completely analogous 
in many other duct problems, allows any extension to higher orders, and is 
therefore a good illustration. 

Consider two straight hard walled ducts with cross section A1 for x < 0, cross 
section A2 for x > 0, in some (here rather irrelevant) way joined together 
at x = 0 (figure 8.1). Apart from a region near this junction, the ducts have 
a constant cross section with a wall normal vector nwall independent of the 
axial position. 

A sound wave with potential <pin = eiwt-ikx is incident from x = -oo. The 
wavelength is large compared to the duct diameter: 

kM =t: « 1. (8.74) 

RienstraHirschberg 4 Jan 1999 10:11 



8. 7 Duct junction 277 

Figure 8.1 Duct junction. 

To avoid uninteresting complications, we assume that in terms of € the 
ratio AdA2 is not close to 1 or 0: AdA2 = 0 (1), A1 =f. A2. Introduce 
dimensionless variables X := kx, y := y I .,Jif;, z := z I .,Jif;. Then for a 
uniform acoustic medium we have for a time harmonic scattered field <p 

(8.75) 

Y'<p·llwall = 0 at the wall. (8.76) 

In the outer region x = (X, y, z) = 0(1) we expand in powers of € (not c2 

as will be clear in the end) 

c.p(x; c) = <po(x) + c<p1 (x) + c2<p2(x) + · · · (8.77) 

and substitute in (8.75) to find that all terms are function of the axial co
ordinate X only: 

0(1) : 
EPI!., 82

r .''J } _ r_O + _r_O = O 
8y2 8z2 --7 

Y'<po· llwall = 0 

<po = <po(X), (8.78a) 

O(c) 82
<pl + 82

c.pl = 0} 
8y2 8z2 

--7 <fJ l = <p1(X), 

Y'<p1·llwall = 0 

(8.78b) 
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fJ2<p2 fJ2<p2 fJ2<po - 0} 'P2 = 'P2(X), 
f) 2 + f) 2 + fJX2 + 'Po -y z ----7 ~2 

u <po 
V'<p2·llwall = 0 fJX2 +'PO= 0. 

(8.78c) 

This last result is obtained from integration over a cross section A clef {X= 
constant} with surface IAI, and applying Gauss' theorem 

Evidently, this process can be continued and we obtain 

(X< 0) 

(X> 0) 

(X< 0) 

(X> 0) 

(8.79a) 

(8.79b) 

(where n 2: 1) . The region X= O(c:) appears to be a boundary layer, and 
we introduce 

X= Xjc:, 

<I>= cp(c:x, y, z; c:). 

The equation for <I> becomes 

(8.80) 

V'<I>·nwall = 0 at the wall. (8.81) 

but now with matching conditions for x ---+ -oo and x ---+ +oo, i.e. X t 0 
and X~ 0 of the outer solution (8.79a-8.79b): 

x ---+ -oo : <I>~ 1 + Ro + c:(R1 - ix + ixRo) 

+c2(R2 + ixR1- ~x2 - ~x2 Ro) + · · ·, 

x ---+ +oo : <I>~ To+ c:(T1 - ixT0 ) + c:2(T2- ixT1 - !x2To) + · · ·. 
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Guided by the behaviour under matching we assume the expansion 

then 

0(1) : \72
<1>0 = 0 ---+ <I>o ==constant ---+ 1 + Ro =To (8.82) 

O(c:) : \72<1>1 = 0 ---+ <1>1 =not necessarily constant. 

In general, the solution <1>1 is difficult to obtain . However, if we are for the 
moment only interested in the global effects on reflection and transmission, 
we can again make use of Gauss' theorem. Consider a large volume V, reach
ing from x = x 1 large negative, to x == x2 large posit ive (large in varia ble 
x but small in variable X, so that we can use the matching conditions) . At 
x = x1 the surface of V consists of a cross section A1, and at x == x2 a cross 
section A2. The size of V is denoted by lVI, the sizes of A1 and A2 by IA11 

and IA2I· We integrate over this volume to obtain: 

r \72<1>1 dx == - f a;;l ds + f a;;l ds 
Jv A1 uX A2 uX 

so that: 

(8.83) 

which, together with equation (8.82), determines Ro and To fully. We con
tinue with the O(c:2 ) term: 

Again, to obtain <1>2 is difficult in a general situation, but if we follow the 
same arguments as for <1>1 we find 

fv \72<1>2 dx == -<Po lVI = 

-J a<I>2 ds + J a<I>2 ds 
A1 ax A2 ax 

-IAd(iRl- x1- x1Ro) 

+IA2I(-iT1- x2To) -To(x2IA2I- x1IA1I + 01) 
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where el denotes the difference, due to obvious details of the junction ge
ometry, between lVI and the sum of the two duct parts x2IA2I- XtiAd. The 
above identity results into 

(8.84) 

This process can be continued, at least formally. For each n-th step more 
and more information of solution ~n-2 is needed. For example, the next 
step for ~3 gives a relation for R 1 and T1 , and R2 and T2, in terms of the 
integral (check yourself!) 

82 = { ~~ dx -1° (Rt - ix + iRox) dx- {x
2 

(Tt- iTox) dx 
lv x 1 lo 

Note that the corrections R 1 and T1 are imaginary and therefore appear as a 
phase shift in the reflected and transmitted (outer-) waves. So the reflection 
and transmission amplitudes (i.e. absolute value) are given by Ro and To 
up to O(c2

). 

8.8 Co-rotating line-vortices 

In an inviscid infinite 2D medium 
a stationary line vortex produces a 
time-independent velocity and pres
sure field. Two of such vortices, howev
er, move in each others velocity field. 
Two equally strong and equally orien
tated vortices rotate around a common 
centre, and produce a fluctuating ve
locity and pressure field (for a fixed 
observer). 

If the velocities are relatively low, this 
field will be practically incompressible. 
A small fraction of the energy, howev
er, will radiate away as sound [123, 27]. 

For a physically consistent problem (it 
is not possible in an inviscid medium 
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to change the total amount of circulation) we position at the common centre 
a third vortex with a double but opposite vortex strength. By symmetry this 
vortex will not move but of course will contribute to the rotating motion of 
the other two. 

In viscid compressible irrotational flow depending on X = r cos e, y = r sine 
and t is described by 

8p 2 
Bt + Y'cp· Y' P + p\7 cp = 0, (8.85a) 

p\7 (~~ + ~IVcpl 2) + Vp = 0, (8.85b) 

p ( p )"'~ 
Po= Po ' 

(8.85c) 

with density p, pressure p, velocity potential cp, sound speed c and gas con
stant I· Introduce the auxiliary quantity (c.f. (1.30b)) 

(8.86) 

then 

(constant) (8.87) 

where under the assumption that cp -7 0 for r -7 oo the constant c0 is the far 
field sound speed . Hence 

and so 

(8.88) 

We will consider two vortices with vortex strength -r, positioned opposite 
to each other on the circle r = a, and a vortex of strength 2f at the origin 
r = 0. Their motion around each other will be incompressible as follows. 
Typical induced velocities are of the order of r fa, and we assume this to be 
small enough compared to the sound speed for locally incompressible flow: 

r 
E=-~1. 

ac0 
(8.89) 
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Introduce dimensionless variables (where we keep for convenience the same 
notation): 

Equation (8.88) is then in dimensionless form 

(8.90) 

In the inner region r = 0(1), we have to leading order the Laplace equation 
for incompressible potential flow 

(8.91) 

with solution the sum6 of the contributions of the three co-rotating vortices 

1 y 1 y-yi(t) 1 y-yz(t) 
r.p = -arctan - - -arctan ( ) - -arctan ( ) . (8.92) 

7r X 27r X - X I t 27r X - X z t 

The position vector xi(t) =(xi (t), YI(t)) (and similarly xz(t)) is determined 
by the observation that a vortex is just a property of the flow and therefore 
the velocity xi (t) must be equal to the induced velocity of the other vort ices 
at X= XI : 

1 YI - Yz 1 YI 
27r (xi- x2)2 + (YI - Yz) 2 - ; xi+ Yf 

(8.93) 

1 XJ - X2 1 XJ 
---~----.....,. + - -;:--...,-

27r (xi - x2)2 + (YI - Yz) 2 7r xi+ Yf · 
(8.94) 

From symmetry x 2 =-xi. Apart from an irrelevant phase shift the solution 
along the circle lxl = 1 is given by 

xi= cos(~wt), YI = sin(~wt), where 
3 

w=-. 
27r 

(8.95) 

Solution (8.92) can now be written as 

1 () 1 ( r 2 sin 2() - sin wt ) 
r.p = - - - arctan . 

1r 21r r 2 cos 2() - cos wt 
(8.96) 

6 Equation (8.91) is linear. 
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For matching with the outer field we need the behaviour of inner solution <p 

for r-+ oo: 

sin (wt - 20) 
<p ':::::!. + ... 

2rrr2 
(r-+ oo). (8.97) 

For the outer region we first observe that the time scale is dictated by 
the source, so this is the same everywhere. Then, if we scale r = o(c:)r, it 
follows from matching with equation (8.97) that <p = 0 ( 82). A significant 
degeneration of (8.90) is obtained if 8 = c:, when 'V 2 <p and 82cpj8t2 balance 
each other. Together we have: 

r = rjc: 

<p = c2cp 

Q = c2 (~~ + ~c4 lt101 2 ) = c2Q 

which gives 

To leading order, cp satisfies the wave equation 

(8.98a) 

(8.98b) 

(8.98c) 

(8.99) 

(8.100) 

with outward radiation conditions for r-+ oo (no source at infinity), and a 
condition of matching with (8.97) for r ~ 0. This matching condition says 
that, on the scale of the outer solution, the inner solution behaves like a 
harmonic point source ex: e2iwt at r = 0, with properties to be determined. 

Relevant point source solutions are 

(8.101) 

with Hi2
) a Hankel function (Appendix C), and order n and amplitude A 

to be determined. For matching it is necessary that the behaviour for r ~ 0 
coincides with (8.97): 

c2 Re{-A (n ~ 1)! ( 2_)n eiwt-in£1} rv sin(wt- 20) 
11r wr 2rrr2 

(8.102) 
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(if n ~ 1). Clearly, there is no other possibility than n = 2, and hence 
A = - ~w2 . Note that this order 2 indicates an acoustic field equivalent to 
that of a rotating lateral quadrupole. In dimensional variables the acoustic 
far field is given by 

fM312 a 1/2 ) 
r..p ~ 

2 
Crr) cos(n(t- rjc0)- 28+ ~11' • 

where frequency nand vortex Mach number Mare given by 

M= na. 
2co 

(8.103) 

We see that for fixed () the waves radiate outwards (r- cot constant), for 
fixed r the waves rotate with positive orientation (0- ~nt constant), and 
at a fixed time t the wave crests are localized along spirals (r + 2Bcojn 
constant). This may be compared with a rotating lawn sprinkler. 

The outward radiating time-averaged energy flux or intensity is found from 
equation (8.103) to be 

(8.104) 

This functional dependence on U7 in 2D is to be compared with the U8-law 
of Lighthill for turbulence noise (equation 6.70), and forms a confirmation 
of the estimates for turbulence in the Lighthill analogy. 

We have now obtained the solution to leading order. Higher orders may be 
constructed in a similar fashion, but we will limit ourselves to the present 
one. For higher orders more and more equivalent far fields of higher order 
multipoles will appear. 

We finally note that from a simple calculation the outward radiated 2D 
power is equal to 1

9
6

1r2p0 c6aM7 • Strictly speaking, this amount of energy 
per time leaks away from the total energy of the system of vortices (which 
scales on pof2), and we could try to inc! ude a small decay in time of the 
vortex strength r. This is, however, impossible in the present model. 

Exercises 

a) Determine (using Webster's horn equation) the right-running wave p(x), with 
p(O) = Po, in an exponential horn with radius a emx . 
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b) In a hot desert, a man is giving a speech to an audience. The mouth of 
the man and the ears of the audience are at a height of y = h = 1.5 m 
above the flat ground, given by y = 0. The ground is so hot compared to the 
air that a vertically stratified uniform temperature profile is established in 
the air. We assume for the region relevant here that this profile corresponds 
to a sound speed which is linear in y. The sound speed profile is given by: 
c(y) = co(l- c:y), where co = 360 mjs and c = 2 ~ 0 m- 1

• Since the sound 
speed gradient is negative the sound waves are refracted upwards and will 
disappear into the air. Under the assumptions that the man speaks loud 
enough, that a typical wave length is small enough for ray acoustics to be 
applicable, and that we only consider rays that skim along the ground, what 
is the largest distance over which the man can be heard? 
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9 Effects of flow and motion 

Being a fluid mechanical phenomenon itself, an acoustic wave may be greatly 
affected by mean flow effects like convection, refraction in shear, coupling 
with vorticity, scattering by turbulence, and many others. We will briefly 
consider here some of these effects. 

9.1 Moving point source and Doppler shift 

Consider a point (volume) source of strength Q(t) (the volume flux) , moving 
subsonically along the path x = x 5 (t) in a uniform acoustic medium. The 
generated sound field is described by 

:& ~:; - \1
2
p =Po :t { Q(t)8(R(t)) }, R(t) =X- X 5 (t). (9.1) 

Using the free field Green's function (equation (6.37) or Appendix D) 

1 ( lx- Yl) G(x,tly,7) = 2 l l8 t -7- , 
47rc0 X- y Co 

the solution for potential cp, with p = -p0 g1
cp, is given by 

f oo Q(7) ( R(7)) 
47rcp(x, t) =- R( )8 t- 7--- d7, 

-oo 7 co 
R= IRI. (9.2) 

Using the 8-function integral (3.22) 

f oo g(7i) 
-oo 8(h(7))g(7) d7 = L lh'(7;)1' 

~ 

(3.22) 

this representation is very elegantly1 [40] reduced to the Lienard-Wiechert 
potential ([83, p.127]) 

1To appreciate the elegance the reader might compare it with the more traditional 
derivation as fonnd in [122, p.721] for the less general problem of a point source moving 
with constant speed along a straight line. 
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4mp(x, t) = - R ( _ ~ 
13 

) , (9.3) e 1 e COS e 

where the subscript e denotes evaluation at time te, given by the equation 

co(t- te)- R(te) = 0. (9.4) 

Absolute values are suppressed because we assumed IMel < 1. Restriction 
(9.4) is entirely natural and to be expected. If we trace the observed acoustic 
perturbation back to its origin, we will find 2 it to be created at time te by 
the source at position x 8 (te) and strength Q(te)· Therefore, te is usually 
called emission time, or retarded time. It is important to note that by its 
implicit definition (9.4), te is a function of both t and x. 

Other convenient notations used here and below are 

M = x~fco, M = IMI, RM cos13 = R·M, 

where M and M are, respectively, the scalar and vectorial Mach number of 
the source, while 13 is the angle between the source velocity vector and the 
observer's position, seen from the source. The combination M cos 13 is often 
also denoted by Mr. 

By applying the chain rule to equation (9.4) we obtain the identities 

After differentiation of equation (9.3) with respect to time, we finally have 

The first part is O(R-; 1) and dominates the far field. The second part is 
O(R-;2

) and dominates the near field [106]. A typical effect of motion is 

2 A generalization to supersonic motion of the source involves in general a summation, 
according to (3.22), over more than one solution of equation (9.4). 
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that both the pressure and the potential fields are increased by the "Doppler 
factor" (1- Me cos '19e)- 1 , but not with the same power. Furthermore, more 
Doppler factors appear for higher order multipole sources. (See Crighton 
[28].) 

The name "Doppler factor" is due to its appearance in the well-known fre
quency shift of moving harmonic sources. Assume 

Q(t) = Qo eiwot 

with frequency w0 so high that we can define an instantaneous frequency w 

for an observer of (9.5) at position x: 

d wo 
w(t) = dt (wote) = . 

1- Me cos'l9e 
(9.6) 

This describes the Doppler shift of frequency w0 due to motion. Expression 
(9.5) is quite general. The more common forms are for a straight source path 
with constant velocity x 3 (t) = (Vt, 0, 0) in which case Me is constant and 
X~= 0. 

Analogous to the above point volume source, or monopole, we can deduce 
the field of a moving point force, or dipole. For this we return to the original 
linearized gas dynamics equations in p, v, and p with external force 
F(t)8(x- x 3 (t)), and eliminate p and v to obtain: 

1 ()2p 
2~- ~2p= -~·{F(t)8(R(t))}. 
c0 ut 

(9.7) 

Following the same lines as in the monopole problem we have the solution 

47rp(x, t) = - ~ · ( Fe ) 
Re(1- Me COS '19e) 

(9.8) 

Here we see that a rotating force is not the same as a rotating ~ ·F -field, 
since te = te(x, t). By application of the chain rule to equation (9.4) we 
derive: 
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9.2 Rotating monopole and dipole with moving observer 289 

so that we have the general expression for a moving point force: 

1 [ 1 (Re·Fe)(Re·M~)l 4rrp(x,t) = c0R~(l- MecosfJe) 2 (Re·Fe) + Re(1- MecosfJe) 

1 [(Re·Fe)(1- M;) _ (M ·F)] (9 9) 
+ R~(l- MecosfJe) 2 Re(1- MecosfJe) e e · · 

The first part is O(R; 1) and dominates the far field, while the second part 
is O(R;2

) and dominates the near field [106]. 

It should be noted that the above distinction between a point source Q and 
a point force F is rather idealized. In any real situation Q and Fare coupled, 
since in general a real mass source also produces a momentum change (see 
[40]). 

9.2 Rotating monopole and dipole with moving 
observer 

An application of the previous section is a model for (subsonic) propeller 
noise, due to Succi and Farassat [47, 181]. 

Two main sources of sound may be associated to a moving propeller blade: 
the displacement of fluid by the moving body leading to thickness noise, 
and the moving lift force distribution leading to loading noise. See the next 
section 9.3, equation (9.13). A description of the loading noise is obtained 
by representing the propeller blade force by an equivalent distribution of 
point forces F j, followed by a summation over j of the respective sound 
fields given by equation (9.9). 

The thickness noise is a bit more involved. It can be shown (equation 9.17) 
that a compact moving body of fixed volume V generates a sound field, due 
to its displacement of fluid, given by the time derivative of equation (9.1) 
while Q = V, with solution the time derivative of equation (9.5). 

fJ2 1 
41rPth(x,t) = poV ot2 Re(1- MecosfJe) · 

(Equivalent forms in terms of spatial derivatives are also possible; see for 
example [16, 47].) By discretizing the propeller blade volume by an equiva
lent collection of volumes Vj, the thickness noise is found by a summation 
over j of the respective sound fields. 
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The method is attractive in its relative simplicity, and easy programming. 
The formulas are laborious, however. Therefore, to illustrate the method, 
we will work out here the related problems of the far field of a subsonically 
rotating and translating monopole Q = q0 and dipole fo. The position of 

····Z 

Figure 9.1 Trajectory of point, moving along helical path x,(t) . 

the point source, rotating in the x, y-plane along a circle of radius a with 
frequency w, and translating along the z-axis with constant velocity U (figure 
9.1), is given by 

x 3 (t) = (acoswt, asinwt, Ut). 

It is practically of most interest to consider an observer moving with the 
source, with forward speed Ut. Therefore, we start with the field of the 
source, given in the stationary medium by equation (9.5), and substitute 
for position vector x the position of a co-moving observer X 0 = (x 0 , y0 , z0 ), 

given in spherical coordinates by 

X 0 (t) = (rcos¢ sin{), rsin ¢sin fJ, rcos'/9 + Ut). 

With R~o) = x 0 (t)- Xs(te) we obtain the relations 

R~o) ·Me = MR r sin '19 sin ( </>- wte) + MF r sin '19 + M}R~o), 

R~o).M~ = coMk(l- ~sinfJcos(¢-wte)), 

M; = Mk + M}, where MR = wafco, MF = U/co. 
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The "far field" denotes the asymptotic behaviour for (ajr)--+ 0. Since 

c6(t- te)2 = (R~o))2 

= r 2
- 2arsin '!9cos(<P- wte) + a2 + 2Ur(t- te) cos{)+ U2(t- te) 2 

and noting that asymptotically t- te = O(rfco), we have for ajr--+ 0 

r a . 
te = t - - + - s1 n {)cos( <P - wt + kr) + ... 

co co 

where k = wfco and 

- 1 
a = a vh - M} sin 2 {). 

With this we find: 

R~o) ~ r- asin '!9cos(<P- wt + kr) 

Me cos {)e ~ [ (1- Mj..)MRsin '!9 sin(<P- wt + kr) + Mp cos{) 

+Mf..V1- M}sin 2 {) ]j[Mpcos{) + V.-1---M-}-si_n_2 _{)] 

Altogether in equation (9.5): 

pocoqo ((R~o).M~ 2) 
4rrp(x, t) = R2 ( ) 3 +Me cos {)e- Me 

e 1- Mecos{)e co 

"' _ p0c0q0 (1 - Mj..) 2 Mk sin{) cos( <P- wt + kr) (
9 

O) 
- 2 3 .1 

ar (Mpcos{) + J1- M}sin2 
{)) (1- Mecos'!9e) 

We do have a 0(1/r) decay, and in spite of the dQ(t)jdt = 0, a nearly 
harmonic signal. Note the 2-lobe radiation pattern, i.e. 2 maxima perpen
dicular to the axis of rotation where sin{)= 1, and minima in the direction 
of the axis where sin{) = 0. 

The rotating point force will portray a very simple propeller model. We 
assume the propeller to be concentrated in one point (this is a plausible 
approximation for the lowest harmonics) by a point force equal to the blade 
thrust force (the pressure jump across the blade integrated over the blade), 
in a direction perpendicular to the blade. Furthermore, the blade surface will 

RienstraHirschberg 4 Jan 1999 10:11 



292 9 Effects of flow and motion 
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Figure 9.2 Time history of sound pressure generated by spiralling point source 
(left) and point force (right). 

practically coincide with the screw plane described by the effective velocity 
field V = Uex- waeo. 

So we have a force 

F(t) = J 2 fo 
2

(Usinwt, -Ucoswt,wa) 
U + (wa) 

(9.11) 

In figure 9.2 plots are made of the time history of the sound pressure gen
erated by the above point source and point force, for the following param
eters: U = 145 m/s, c0 = 316 mjs, a= 1.28 m, w = 17-2rr/s, fo = 700 N, 
Po= 1.2kgjm3 , q0 = 1.8m3 js, for an observer moving with and in the plane 
of the source at a distance x0 = 2.5 m. No far-field approximation is made. 
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9.3 Ffowcs Williams & Hawkings equation for moving bodies 293 

9.3 Ffowcs Williams & Hawkings equation for 
moving bodies 

Curle (6.86) showed that the effect of a rigid body can be incorporated in 
the aero-acoustical analogy of Lighthill as additional source and force terms 
Qm and F. This approach has been generalized by Ffowcs Williams and 
Hawkings who derived [51] a very general formulation valid for any moving 
body, enclosed by a surface S(t). Their derivation by means of generalized 
functions (surface distributions, section 3.2.8) is an example of elegance and 
efficiency. Although originally meant to include the effect of moving closed 
surfaces into Lighthill's theory for aerodynamic sound, it is now a widely 
used starting point for theories of noise generation by moving bodies like 
propellers, even when turbulence noise is of little or no importance. 

There is no unique relation between a source and its sound field, because a 
given field can be created by infinitely many equivalent but different sources 
(section 2.6.1). Therefore, there is no unique way to describe the effect of 
a surface S(t) in terms of an acoustic source distribution, and a simpel 
and transparent choice is preferrable. The choice put forward by Ffowcs 
Williams and Hawkings was both simple and transparent: just force any 
flow variable to vanish inside the enclosed volume. The resulting equations 
are automatically valid everywhere, and use can be made of the free field 
Green's function. 

Consider a finite volume V = V(t) with sufficiently smooth surfaceS= S(t), 
moving continuously in space. Introduce a (smooth) function J(x, t) such 
that 

{ 

< 0 if x E V(t), 
f(x, t) = 0 if x E S(t), 

> 0 if X¢ V(t), 

but otherwise arbitrary. If we multiply any physical quantity by the Heav
iside function H (f) - such as p' H (f) - we obtain a new variable which 
vanishes identically within V because H(J) = 1 in the fluid, and H(J) = 0 
inside V. Since \7 fiJ=O is directed normal outwards from V, the outward 
normal n of S is given by (section A.3). 

'Vfl n(x, t) = I'V fl f=O. 
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Let the surface S(t) be parametrized in time and space, by coordinates3 

(t; >., J-l). A surface point xs(t) E S (consider >. and J1 fixed), moving with 
velocity U = xs, remains at the surface for all time, so f(xs(t), t) = 0 for 
all t, and therefore 

of=- xs ·"Vf= -(U·n)IVJI. at 
It is important to note that the normal velocity (U ·n) is a property of the 
surface, and is independent of the choice of f or parametrization. We now 
start the derivation by multiplying the exact equations (1.1,1.2) of motion 
for the fluid by H(f): 

[
f) p' ] H(f) 8t + \7. (pv) = 0, 

H(f) r:t (pv) + "V · (P + pvv)] = 0, 

where p' = p- Po and Po is the mean level far away from the body. Although 
the original equations were only valid outside the body, the new equations 
are trivially satisfied inside V, and so they are valid everywhere. By reorder
ing the terms, and using the identity g

1
H(f) = -V·Y'H(f), the equations 

can be rewritten as equations for the new variables p' H (f) and pv H (f) as 
follows. 

:t [p' H(J)] + "V · [pv H(J)] = [p0U + p(v- U)]. \1 H(J), 
f) 
ot [pv H(J)] + "V · [(pvv + P)H (!)] = [pv(v- U) + P]· \1 H(J). 

Using the same procedure (subtracting the time-derivative of the mass equa
tion from the divergence of the momentum equation) as for Lighthill's anal
ogy (2.63), we find the Ffowcs Williams-Hawkings equations [51]: 

:t22 p' H (f) - c6 V 2 p' H (f) = 

"V · ( "V · [ (pvv - T + (p' - c6p') I) H (f)] ) 

3 When S ( t) is the surface of a solid and undeformable body, it is natural to assume a 
spatial parametrization which is materially attached to the surface. This is, however, not 
necessary. Like the auxiliary function f, this parametrization is not unique, but that will 
appear to be of no importance. 
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+ :t [(p(v- U) + poU) ·VH(J)] 

- V · [ (pv(v- U) + p'I- r) · V H(J)]. (9.12) 

The sources at the right hand side consist of the double divergence of the 
common quadrupole-type Lighthill stress tensor, and a time derivative and 
divergence of sources only present at the surface f = 0. Of course, the right 
hand side contains all the unknowns, and in principle this equation (9.12) is 
not simpler to solve than the original Navier-Stokes equations. However, as 
with Lighthill's analogy, the source terms are of aerodynamic nature, and 
can be solved separately, without including the very small acoustic back
reaction. 

Very often, Lighthill's stress tensor pvv- T + (p'- c6p')I and the shear 
stresses at the surface are negligible. Moreover, if the surface S is solid 
such that v · n = U · n, and we change from density to pressure as our field 
variable, and define j5 1 = p' H (f), we have a reduced form of the Ffowcs 
Williams-Hawkings equation, which is widely used for subsonic propeller 
and fan noise (no shocks) [47] 

1 a2 a [ ]' [ ] c6 at2 f5'- V2f5' = at PoV ·niV !18(!) - V · p'niV !18(!) . (9.13) 

The first source term is of purely geometrical nature, and describes the noise 
generated by the fluid displaced by the moving body. The associated field 
is called thickness noise. The second part depends on the normal surface 
stresses due to the pressure distribution, and describes the noise generated 
by the moving force distribution. The associated field is called loading or 
lift noise. 

If we know the pressure distribution along the surface, we can in principle 
solve this equation, in a way similar to the problem of the moving point 
source of section 9.1. Let us consider first the following prototype problem 

1 a2 2 
c
6 

at2 r.p- V r.p = Q(x, t) IV JI8(J). (9.14) 

By using the free field Green's function we can write 

4nr.p(x, t) = J JJJ Q(~, r) 8(t- T- R/co)IV fi8(J) dydr, 
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where R = lx- y( r) I, the distance between observer's and source's position. 
Noting that I'V flo(!) is just equivalent to the surface distribution of S(t) 
(equation 3.31), we can integrate o(f) (equation 3.30 or 3.32) and write 

Jjf Q(y,r) 
4rr<p(x,t)= R o(t-r-R/co)dadT. 

S(t) 

The integral overT can be evaluated by noting that any contributions come 
from the solution T = te of the emission-time equation (the zero of the 
argument of the remaining o-function), given by 

c0 ( t - T) - R = 0, 

which describes (for given x, t) a surface in (y, r)-space, symbolically denot
ed by S(te)· Analogous to the point source field (9.3) we have then 

(9.15) 

As before, subscript e denotes evaluation at emission time te, and M cos{) is 
the component of the vectorial Mach number of the source in the direction 
of the observer (in some literature also denoted by Mr). From this auxiliary 
solution we can now formulate a solution for p' as follows 

_, a f) PoUe·ne 
4rrp (x, t) = -a R ( _ {) ) da 

t e 1 Me COS e 
S(te) 

- 'V. !" r PeDe da 
} Re(1- Me COS {)e) . 

S(te) 

(9.16) 

Extreme care should be taken in interpreting this equation, because for any 
x and t the emission time te varies over the source region, while at the same 
time the source varies its position! Other forms of the solution are available 
which might be easier to handle in certain applications; see e.g. Farassat 
[46, 47]. 

It is therefore interesting to consider the compact limit, in which case the 
typical wave length is much longer than the body size. The emission time 
does not vary significantly over the source region, and Re and Me cos {)e 
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refer only to a single typical source coordinate x 3 , for example the centre of 
gravity. The source becomes equivalent to a point source (section 9.1,9.2). 

A particularly interesting form (Farassat [47]) for the thickness noise com
ponent is found by writing the surface integral as a volume integral. Using 

{) 
Po U · ni'V JI8(J) = otpo(1 - H (!)), 

and noting that the function 1- H(J) equals unity inside the body V and 
zero elsewhere, we have for the thickness noise component of equation (9.16) 

Since the volume integral of the constant 1 is just V, the volume of V, and 
denoting the total force of the fluid on the body by 

F(t) = jj p·nda, 

S(t) 

we have the compact limit of equation (9.16) (see also section 9.2) 

_, 0
2 

( Po V ) ( Fe ) 47rp X t ""' - - 'V • 
( ' ) - 8t2 Re(l- Me COS {)e) Re(1- Me COS {)e) . 

(9.17) 

9.4 Silent vorticity 

The field of a moving point source may be entirely acoustical, with essential
ly no other than convection effects. It is, however, possible, and physically 
indeed usual, that a fluctuating moving line force generates a surface or sheet 
of trailing vorticity. This vorticity is generated in addition of the acoustic 
field and is itself also of acoustic order, but, apart from some coupling ef
fects, silent. Typical examples are (the trailing edge of) a fluctuating wing, a 
propeller blade, or a flag pole in the wind. The amount of generated vorticity 
is not a priori known but depends on details of the vortex shedding process 
(e.g. described by the Kutta condition), usually not included in an acoustic 
model. Indeed, this vorticity solution comes into the problem as an eigen
solution as soon as continuity of the potential along mean flow streamlines 
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is released as condition. A potential discontinuity corresponds to a vortex 
sheet. 

Although convected vorticity is silent (it exists without pressure fluctua
tions) its presence may still be acoustically important. Near a solid surface 
(typically the surface from which the vorticity is shed) the velocity corre
$ponding to the free vorticity cannot exist, as the field has to satisfy the van
ishing normal velocity condition. This induces a fluctuating pressure along 
the surface which radiates out as sound, apparently from the surface but of 
course really the vorticity is the source. Examples are the whistling sound 
produced by a thin pipe or wire in the wind (aeolian sound), and the trailing 
edge noise- as far as it is due to shed-vorticity- from a blunt-edged airfoil. 
See for example [156]. 

We will not consider the generation process here in detail, but only indicate 
the presence of the eigensolution for a distinct source far upstream. 

Consider in a 2D medium a uniform mean flow (U, 0) with velocity per
turbations V t.p and pressure perturbations p small enough for linearization. 
Bernoulli's equation and the mass conservation equation become then 

at.p a<p 
Po at + poU ax + p = 0, 

ap ap 2 2 
at + u ax + PoCo v t.p = 0 

t.p ---t 0 for IYI ---+ oo . 

(9.18a) 

(9.18b) 

(9.18c) 

This may be combined to a wave equation, although the hydrodynamic 
field is more easily recognized in the present form 4 • Possible eigensolutions 

4 Equations (9.18a,9.18b) may be combined to the convected wave equation 

c~ V\' - ( cpn + 2U 'Pzt + U2 
'P:n:) = o 

which reduces under the Prandtl-Glauert transformation cp(x, y, t) = t/J(X, y, T) with X= 
xj(3, T = (3t + M x/cof3, M = U fc0 , (3 = y'(l- M2

) to the ordinary wave equation for t/J, 
and a pressure given by p = -po(t/Jr + Ut/Jx)/(3. 

In this way we may obtain from any no-flow solution t/J a solution to the problem with 
flow. However, care should be taken. 

An integrable singularity in \11/J, as would occur at a sharp edge, corresponds without 
flow to a finite pressure. With flow it corresponds to a singular pressure (from the t/Jx
term). If this is physically unacceptable, for example if the edge is a trailing edge and 
the sound field induces the shedding of vorticity, a Kutta condition of finite pressure is 
required and the solution is to be modified to include the field of the shed vorticity (a 
discontinuous cp). 
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9.4 Silent vorticity 299 

(solutions without source) for the free field problem (no solid objects) are 
given by 

p(x, y, t) = 0 

cp(x, y, t) = f(x- Ut, y) 

\72 f(x, y) = 0. 

(9.19a) 

(9.19b) 

(9.19c) 

for suitable functions f(x, y). A non-trivial solution f decaying both for 
y -7 oo and y -7 -oo is not possible iff is continuous, but if we allow f to 
be discontinuous along, say, y = 0 (any surface parallel to the mean flow is 
possible), of course under the additional conditions at y = 0 of a continuous 
pressure p and continuous vertical velocity 8cpjfJy, then we may find with 
Fourier transformation 

cp(x, t) = /_: F(a) sign(y) e-aiyl-ia(x-Ut) da. (9.20) 

This discontinuity relates to a concentrated layer of vorticity (vortex sheet), 
and is a typical (hydrodynamic) phenomenon of acoustics with mean flow. 
The shedding of vorticity (on the scale of the linear acoustics) would not 
occur without mean flow. 

For a harmonic force (for example, a Von Karman vortex street modelled 
by an undulating vortex sheet) with frequency w we have only one wave 
number a= wjU in the problem: 

<p(x, t) = Fo sign(y) exp(iwt- i ~x- ~ IYI). (9.21) 

This important parameter w/U is called the "hydrodynamic wave number". 
Together with a suitable length scale L it yields the dimensionless number 
wL/U called "Strouhal number". 

It may be noted that this hydrodynamic field has an averaged intensity, 
directed in x-direction, equal to (note that p = 0) 

The total power output in flow direction is then 

(9.22) 
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300 9 Effects of flow and motion 

In the case of an acoustic field (for example the field that triggered the 
vortices associated to the hydrodynamic field) the intensity has a non-zero 
component in y-direction, and in addition to the purely hydrodynamic power 
(9.22) some acoustic energy disappears into, or appears from, the vortex 
sheet y = 0 ([99, 156, 71, 58]). 

9.5 Refraction in shear flow 

The propagation of sound waves in the atmosphere is greatly affected by 
wind. For example, the communication between two people, one downstream 
and one upstream, is not symmetric. The one upstream is easier to under
stand for the one downstream than the other way around. This is not because 

Figure 9.3 Refraction in shear flow. 

the wind "carries the waves faster", but it is due to refraction by the wind 
gradient (the atmospheric boundary layer). This is seen as follows ([104]). 

Consider the acoustic wave equations (2.49a-2.49c) for sound in an arbitrary 
mean flow. We assume the sound field to be time harmonic with a frequency 
high enough to adopt a ray approximation. The small parameter is now the 
ratio cofwL, with L a typical length scale for variations in the mean flow 
velocity va. Similar to the foregoing chapter we introduce 

p, p, v, s = P(x), R(x), V(x), S(x) X eiwt-iwT(x) 

which are substituted in (2.49a-2.49c), to obtain to leading order S = 0, 
P = c6R, and an eikonal equation for the phase function r: 

2 1 ( )2 l\7rl = 2 1- Vo· \lr . 
co 

{9.23) 
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9.6 Acoustic boundary condition in the presence of mean flow 301 

This equation is similar to equation (8.56) . By rewriting equation (9.23) as 

~c61\7rl 2 /(1- vo · \7r)- ~(1- v0 • \7r) = 0 and using theorem (8.1) (p.266), 
the characteristic variable is just the time t, and we have 

r(x) = t 

along the ray x = x(t), given by5 

dx V'r 
dt = vo + co IV' T I ' (9.24a) 

d 
dt Y'r = - Y'vo · Y'r- jY'rjY' co. (9.24b) 

For a simple parallel flow in x-direction, varying only in z: 

vo(x) = (Uo(z), 0, 0) 

this becomes 

d (ar) d (ar) 
dt ax = dt ay = o, (9.25a) 

i_ (ar) = _ dUo(z) (ar). 
dt az dz ax 

(9.25b) 

So, if we start with for example a vertical wave front T oc x, then a positive 
wind shear (dU0 jdz > 0) will decrease the z-component arjaz. In other 
words, the rays will bend towards the low wind-speed regions. Propagating 
with the wind, the waves bend down and remain near the ground; against 
the wind they bend up and disappear in the free space. 

9.6 Acoustic boundary condition in the 
presence of mean flow 

The boundary condition to describe a vibrating impermeable wall is that 
the fluid particles follow the wall motion. In linearized form it is applied at 
the wall's mean or unperturbed position. Without mean flow, the linearized 

condition simply says that acoustic and wall's normal velocity match. 

5 "ilv·"ilT=("' . ~Jtz_). 
L..,J lh:; &x; 
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With mean flow the situation is more subtle. Both the actual normal vector 
and the mean flow velocity at the actual position differ from the mean values 
by an amount of acoustic order, which has to be taken into account. This 
was recognized by several authors for various special cases. Myers gave in 
[126] the most general formulation, which we will summarize here. 

Consider the unsteady surface S(t), which is a perturbation, scaling on a 
small parameter c, of the steady surface S0 . Associate to So an orthogonal 
curvilinear co-ordinate system (a, {3, 1) such that a= 0 corresponds to Sa. 
The mean flow vo is tangent to the steady surface (section A.3), so 

at a= 0. 

Let S(t) be described, to leading order , by 

a= cg(/3, /, t) + O(c2
). 

The condition of fluid particles following the surface S(t) becomes 

(vo + cv') · \7(a- cg) = :t (a- cg) + O(c2
) at a=cg, 

where cv' is the acoustic velocity. The linearization we seek is the acoustic 
order, i.e. O(c) when c--+ 0. This appears to be [126] 

v' ·n = (~ + Vo· \7- n· (n·vo)) _g_ at l\7al at a= 0, (9.26) 

where n is the normal of S0 , directed away from So into the fluid. 

An important application of this result is an impedance wall (section 3.6) 
with inviscid mean flow. This can be found, for example, in the lined inlet 
duct of a turbo fan aircraft jet engine. The steady surface S0 coincides with 
the impedance wall; the unsteady surface S(t) is the position of a (fictitious) 
vortex sheet, modelling the boundary layer. 

Since a vortex sheet cannot support a pressure difference, the pressure at the 
wall is the same as near the wall in the flow. If the wall has an impedance Z i 
0 for harmonic perturbations "' eiwt (see 3.56), the velocity and therefore 
the position g of S(t) is known in terms of the pressure: 

g = -~z (l\7alp) . 
lW a-=0 
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9.6 Acoustic boundary condition in the presence of mean flow 303 

In the mean flow, the impedance wall is now felt as 

v'·ns = (iw+vo·'V- ns·(ns·vo))~ 
twZ 

at So. (9.27) 

As is usual, the normal vector ns of So is now selected to be directed into 
the wall. If Z = 0, the boundary condition is just p = 0. 

An application of this boundary condition (9.27) may be found in [161, 163]. 

Exercises 

Evaluate the expressions for the acoustic field of the propeller of equation 
9.11 without forward speed (U = 0) and find the approximation for the far 
field. What can you tell about the typical lobes in the radiation pattern? 
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A Integral laws and related results 

A.l Reynolds transport theorem 

Conservation laws such as mass conservation are understood most easily 
when they are applied to a volume V = V(t) (enclosed by the surfaceS= 
S(t)) which is contained in the fluid. We call this a material volume. The 
concept arises when considering a fluid particle which is large in number of 
molecules, but small compared to the macroscopic scales in the problem. For 
a certain -diffusion controlled- period of time the particle keeps its identity, 
and can be labelled. 

For an arbitrary single-valued scalar function F = F(xi, t) (denoting any 
property of the fluid) with continuous derivatives the following integral re
lation holds: 

:t jjj F dx = jjj (~~ + (\7 ·v)F) dx 

v v 
= jjj ~~ dx + jj Fv·nd~. (A.1) 

v s 
This theorem, known as Reynolds' Transport Theorem (see equation 3.33), 
is used to translate integral conservation laws into differential conservation 
laws. 

A.2 Conservation laws 

The conservation laws (mass, momentum, energy) in integral form are more 
general than in differential form because they can be applied to flows with 
discontinuous properties. We will give here a summary of the basic formulae. 
A detailed derivation may be found in [138) or [184). 
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Mass conservation ( F = p): 

:t jjj pdx = 0. (A.2) 

v 

Momentum conservation (F = pvi): 

(A.3) 

Energy conservation (F = p(e + ~v2 ), v 2 = ViVi): 

:t jjj p(e + ~v2 ) dx 

v 

For an arbitrary control volume V*(t) with surface S*(t), and where b is 
the local velocity of S*, Reynolds theorem becomes: 

(A.5) 

V* V* S* 

Applying {A.2) and (A.5) with F = p we find: 

:t jjj P dx = jjj ~ dx + jj pbini da (A.6) 

V* V* S* 

jjj ~ dx =- jj pvini da. (A.7) 

v 
At a given instant V* coincides with a given material volume V, hence (A.7) 
can be used to eliminate the first integral on the right-hand side of (A.6) to 
obtain: 

(A.8) 
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This can be applied to any volume V* and in particular to a fixed volume 
(b; = 0). In a similar way we have for the momentum: 

:t jjj pv; dx + jj pv;(vj- bj)nj da 

V* S* 

(A.9) 

and for the energy: 

:t jjj p(e + ~v2 ) dx + jj p(e + ~v2)(v;- b;)n; da 

V* S* 

= j jj fiv; dx- j j P;jVj ni da- j j q;n; da. (A.lO) 

V* S* S* 
For the entropy s we further find : 

(A.ll) 

where the equality is valid when the processes in the flow are reversible. 

A.3 Normal vectors of level surfaces 

A convenient way to describe a smooth surface S is by means of a suitable 
smooth function S(x), where x = (x, y, z), chosen such that the level surface 
S(x) = 0 is just equivalent to S. So S(x) = 0 if and only if xES. 

Consider a point x 0 and a neighbouring point x 0 + h, both on the surface 
S. Expand S(xo +h) into a Taylor series in h. We then obtain 

S(xo +h) = S(xo) + h· \7 S(x0) + O(h2
) ::= h· V' S(xo) = 0. 

Since in the limit for I hi -4 0 the vector V' S (x0) is normal to the tangent 
vector h, it is normal to the surfaceS. Furthermore, the unit normal vector 
ns = ~~~~ (at S = 0) is directed from the S < 0-side to the S > 0-side. 

If we expand S(x) near xo E S we have S(x) = (x- xo)·V'S(xo) + ... , 
so, near the surface, S(x) varies, to leading order, only in the coordinate 
normal to the surface. 
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B Order of magnitudes: 0 and o. 

In many cases it is necessary to indicate in a compact way the behaviour 
of some function f(x), of variable or parameter x, as x tends to some limit 
(finite or infinite). The usual way to do this is by comparing with a simpler 
function g ( x). For this we have the order symbols 0 and o. When f is 
comparable with or dominated by g, we have the 0-notation: 

j (X) = 0 (g (X)) as X --t a 

means, that there is a constant C and an 
interval (a - h, a+ h) such that for all 
x E (a- h, a+ h): IJ(x) I~ Clg(x)l. 

(B.l) 

When x .!-a the interval is one-sided: (a, a+ h); similarly for x t a. For the 
behaviour at infinity we have 

j (X) = 0 (g (X) as X --t 00 

means, that there is a constant C and an 
interval (xo,oo) such that for all x E (x0 ,oo): 
IJ(x)l ~ Clg(x)l. 

(B.2) 

Similarly for x ---+ -oo. When it clear from the context that the interval is 
one-sided, the notation x---+ ... is also used. 

Often, but not always, it is tacitly understood that the estimate is "sharp", 
z.e. 

f(x) = O(g(x)) implies lim f(x)jg(x) # 0. 
x-ta 

When f is essentially smaller than g we have the o-notation: 

f(x) = o(g(x) as x---+ a 

. f(x) 
means, that hm -( -) = 0, 

x-ta g x 

with obvious generalizations to x t a, x ---+ oo, etc. 

(B.3) 



C Bessel functions 

The Bessel equation for integer m 

d
2

y ldy ( m
2

) 
dx 2 + ;; dx + 1 - "X2 y = 0 (C.l) 

has two independent solutions [196, 1, 44, 57]. Standardized forms are 

Jm(x), ordinary Bessel function of the 1st kind, 

Ym(x), ordinary Bessel function of the 2nd kind. 

(C.2a) 

(C.2b) 

Jm is regular in x = 0; Ym is singular in x = 0 with branch cut along x < 0; 
form> 0 is: 

oo (-l)k(lx)m+2k 
J (x)- ~ 2 

m - t'o k!(m + k)! 
(C.3) 

1 m-1 ( k 1) I 
Ym(x)=~-L:: m-k,- '(~x)-m+2k 

7r k=O ' 

2 
+-log(~x)Jm(x) (C.4) 

7r 

1 oo (-l)k(~x)m+2k 
-;,{;{~(k+l)+~(m+k+l)} k!(m+k)! 

n-1 l 
with ~(1) = -1, ~(n) = -1 + L k' 

k=1 

!= 0.577215664901532 

Jm(-x) = (-l)mJm(x), 

_ { ( -1) m ( Y m (X) - 2 iJ m (X)) , 
Ym(-x)- ( ) 

( -1) m Y m (X) + 2 iJ m (X) , 

J_m(x) = (-l)mJm(x), 

Y_m(x) = (-l)mYm(x). 

O<arg(x):S rr, 

-rr<arg(x) :::;o. 

(C.5) 

(C.6) 

(C.7) 

(C.8) 
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Other common independent sets of solutions are the Hankel functions 

H~l(x) = Jm(x) + iYm(x), 

Hgl(x) = Jm(x)- iYm(x). 

Related are the modified Bessel functions of the 1st and 2nd kind 

(C.9a) 

(C.9b) 

Im(x) = i-mJm(ix), (C.lOa) 

Km(x) = 27rl m IX .' m -rr<arg X :S2rr, (C.lOb) 
{ 

1 ·m+1fi(1)(. ) ( ) 1 

, -27r!(-1) Im(x), ~rr<arg(x):S rr, 

= 2rr -1 m -1x , -2rr<arg x _ rr, (C.lOc) 
{ 

1 ( ·)m+1fi(2)( · ) 1 ( )< 

, +27r!(-l)mlm(x), -rr <arg(x):S-!rr, 

satisfying 

d
2
y ldy ( m

2) -+--- 1+- y=O 
dx2 x dx x2 

(C.ll) 

Im is regular in x = 0, Km is singular in x = 0 with branch cut along x < 0. 

Im( -x) = ( -l)m lm(x) 

. ( ) _ {(-l)mKm(x) + rrilm(x), 
Rm -X -

(-l)mKm(x)- rrilm(x), 

Lm(x) = lm(x), 

ICm(x) = Km(x). 

Wronskians (with prime' denoting derivative): 

O<arg(x):S rr, 

-rr <arg( x)::; 0, 

Jm(x)Y~(x)- Ym(x)J:n(x) = 2/rrx 

H~)(x)Hg)'(x)- Hg)(x)H~)'(x) = -41/rrx 

Im(x)K:n(x)- Km(x)I:n(x) = -1/x 

Jm(x)Ym+dx)- Ym(x)Jm+dx) = -2/rrx 

Im(x)Km+l(x) + Km(x)Im+dx) = ljx 

Asymptotic behaviour in x: 

(C.12) 

(C.l3) 

(C.l4) 

(C.l5) 

(C.l6) 

(C.17) 

(C.18) 

(C.19) 

(C.20) 

(x-+ 0), (C.21) 
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Jm(x) ~ (~1rx)-~ cos(x- ~m1r- t1r), 

Ya(x) ~ 2log(x)/7r, 

Ym(x) ~ -(m- 1)! (~x)-m j1r, 

Ym(x) ~ (~1rx)-t sin(x- ~m1r- t1r), 

H61
•
2)(x) ~ ±2i log(x)/7r, 

H~'2)(x) ~ =t=i(m- 1)!(~x)-m j1r, 

H~'2)(x) ~ (~1rx)-~ exp[±1(x- ~m1r- t1r)], 

lm(x) ~ (~x)m/m!, 

(lxl--+ oo), (C.22) 

(x--+ 0), (C.23) 

(x--+ 0), (C.24) 

(lxl--+ oo), (C.25) 

(x--+ 0), (C.26) 

(x--+ 0), (C.27) 

(lxl--+ oo), (C.28) 

(x--+ 0), (C.29) 

Im(x) ~ (27rx)-t ex, (lxl--+ oo, I arg(x)l < ~1r), (C.30) 

Ko(x) ~ -log(x), (x--+ 0), (C.31) 

Km(x) ~ ~(m- 1)! (~x)-m, (x--+ 0), (C.32) 

Km(x) ~ (2x/7r)-t e-x, (lxl--+ oo, I arg(x)l < ~1r). (C.33) 

Asymptotic behaviour for m--+ oo: 

1 
Jm(x) ~ (27rm)-2(ex/2m)m, 

I 2 I 
Jm (m) ~ 23 /(33r(~)m3), 

1 l 1 

{ 
( 21rm(+)- 2 cos( m(+ - m arctan(+ - 41r), 

Jm(mx) ~ 1 
(27rm(_)-2 exp(m(_- martanh(_), 

I 
Ym(x) ~ -(~7rm)-2(exj2m)-m, 

1 1 1 
Ym (m) ~ -23 /(36f(~)m3), 

1 

{ (~7rm(+)-2 sin(m(+- marctan(+ - t1r), 
Ym(mx)~ l 

-(~7rm(_)-2 exp(-m(_ +martanh(_), 

(C.34) 

(C.35) 

(C.36) 

(C.37) 

(C.38) 

(C.39) 

where(+ =~~valid for x > 1, and(_ =~~valid for 0 < x < 1. 

Jm(x) and J:n(x) have an infinite number of real zeros, all of which are 
simple with the possible exception of x = 0. The J.L-th positive (# 0) zeros 
are denoted by im~t and j:nJt respectively, except that x = 0 is counted as 
the first zero of Jb: jb1 = 0. It follows that ib,Jt = j1,~t-1· 
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Asymptotically the zeros behave like 

im11- ~ (J.L + ~m- ~)1r + O(J.L- 1
) 

j:nJJ. ~ (J.L + ~m- ~)1r + O(J.L- 1
) 

j:n1 ~ m + 0.8086 m 113 + O(m-113
) 

(J.L-+ oo) 

(J.L -7 00) 

(m-+ oo). 

311 

(C.40a) 

(C.40b) 

(C.40c) 

Not only asymptotically but in general it is true that j:n1 ~ m. 

Important recurrence relations are 

lm_t(x) + Jm+t(x) = 2~Jm(x), 

Jm_t(x)- Jm+t(x) = 2J:n(x), 

Ym-1(x) + Ym+t(x) = 2~Ym(x), 

Ym-1(x)- Ym+t(x) = 2Y~(x), 

lm_t(x) + Im+t(x) = 2I:n(x), 

lm_t(x)- Im+dx) = 2~Im(x), 

Km_t(x) + Km+1 (x) = -2J(:n(x), 

Km_t(x)- Km+1(x) = -2~Km(x). 

In particular: 

Jb(x) = -Jt(x), Y~(x) = -Yt(x), 

Jb(x) = ft(x), Kb(x) = -Kt(x). 

Relations involving integrals: 

J xCm(ax)Cm(,Bx) dx = 

(C.41) 

(C.42) 

(C.43) 

(C.44) 

(C.45) 

(C.46) 

(C.47) 

(C.48) 

(C.49) 

a 2 ~ !P {f3Cm(ax)C~(,Bx)- ac:n(ax)Cm(f3x) }. (C.50) 

J xCm(ax)Cm(ax) dx = 

~(x2 - m 2 ja2 )Cm(ax)Cm(ax) + ~x2 C:n(ax)C~(ax), (C.51) 

where Cm, Cm is any linear combination of Jm, Ym, H$;) and H~), 

j xVm(ax)Dm(f3x) dx = 
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312 C Bessel functions 

a 2 -_x ,62 {,6Vm (ax )i>~ (,6x) - aV~ (ax )Vm (,6x) }, (C.52) 

J xVm(ax)Vm(ax) dx = 

~(x2 + m 2 ja2 )Vm(ax)Vm(ax)- ~x 2 V~(ax)i>~(ax), (C.53) 

where Vm, v:n is any linear combination of Im and I<m, 

1rr eixcos'l9 cos(mt9) dt9 = rrimJm(x), (C.54) 

1
oo a . e-ikr 

- e-qlzl Jo(ea) da = -.-, 
o I -Ir i: e±ixcoshy dy = ±rriH61,2)(x), (C.56) 

1oo ~e-iax-iriYI da = rrH62)(kr), {I=Vk2- a2, Im(I)~O, (C.57) 
-oo I r=/x2 + y2, k>O, 

~roo 1 . . . e-ikr {l=vk2- a
2

- ,6
2

, 
-e-lax-l,6y-qlzl dad,6 = 2rr-.-, Im(I)~O, k>O, (C.58) 

oo I -Jr . I 2 2 2 - r=yx +y +z, 

1oo-iO (2 ) . H(t- r/c) 
H0 (wr/c) elwt dw = 4i , 

-oo-iO Jt2 - r 2 / c2 
(C.59) 

1
00 xJo(xr) { ~rriH6 1 )(kr) 

----,----'---'-dx= 
o x2 -k2 -~rriH62)(kr) 

(Im(k) > 0), 
(C.60) 

(Im(k) < 0), 

roo o(a ,6) Jo xJm(ax)Jm(,6x) dx = .jc;p (a,,6>0), (C.61) 

1oo 2 1 (,6)m xYm(ax)Jm(,6x) dx =-
2 

,6
2 

-
o rr a - a 

(Prine. Val.), (C.62) 

1
00 

J, (ax) sin(ax) dx = H(l,61- lal) 0 
fJ Ja2 2 ' o tJ -a 

(C.63) 

1
00 

J, (ax) cos( ax) dx = H(lal- 1,61) 
o fJ J 2 a2 ' o a -tJ 

(C.64) 

100 

Yo( ax) sin(,6x) dx 

RienstraHirschberg 4 Jan 1999 10:11 



313 

!
2 1 . (/3) - J arcsm -
rr a2 _ 132 a 

= 2 1 f3 /32 

- log(-- ~) 
1r J 132 _ a2 a Y ~ - 1 

(C.65) 

la
oo H(l/31- lal) 

Y0(ax) cos(f3x) dx =- . 
o Jf32- a2 

(C.66) 

Some useful relations involving series are 

00 

eixcos19= 2:.:: imJm(x)eim19, (C.67) 
m=-oo 

00 

Jo(kR) = 2:.:: eim(l?-cp) Jm (kr)Jm(k{!), (C.68) 
m=-oo 

where: R 2 = r 2 + {! 2
- 2r{!cos('!9- cp), 

~o(r- r ) = ~ JmU:nJ.Lro)JmU:nJ.Lr) (0 < r, ro < 1), (C.69) 
o L- 1 ( 1 2 I .,2 ) J ( ., ) 2 ro J.L=1 2 - m JmJ.L m JmJ.L 

(0 < r, ro < 1). (C.70) 

Related to Bessel functions of order ~ are the Airy functions Ai and Bi [1]. 
They are the solutions of 

(C.71) 

with the following asymptotic behaviour (introduce ( = ~lxj 312 ) 

{ 

cos((- ~rr) 

Ai(x) ~ v;~xjl/4 

2ylrrx1/4 

(x --7 -oo), 
(C.72) 

(x --7 oo), 

{ 

cos((+ ~rr) 

Bi(x) ~ ~lxj1/4 

y7fx1/4 

(x --7 -oo), 
(C.73) 

(x --7 oo). 
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0.5 

C Bessel functions 

' ' 

' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 
' ' ' ' ' 

Figuft C.l Bessel function ln(x) as function of order and argument. 
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D Free field Green's functions 

Some relevant Green's functions for the Laplace equation, the reduced wave 
equation (Helmholtz equation), the wave equation, and the diffusion equa
tion (heat equation) are summarized in the table below for 1-, 2-, and 
3-dimensional infinite space. The boundary conditions applied are (depend
ing on the equation): symmetry, the function or its derivative vanishing 
at infinity, outward radiating (assuming a eiwt convention) and causality 
(vanishing before t = 0). 

Equation 1-D 2-D 3-D 

V 2G = o(x) 
1 1 1 
-lxl 

2
rr log R --

2 4rrr 

V 2G + k2G = o(x) _.:__ e-iklxl lH~2)(kR) 
e-ikr 

---
2k 4rrr 

8 2G 1 1 H(t-Rjc) o(t- rjc) 
atz - c2 V 2G = o(x)o(t) -H(t- lxl/c) 

2rrc2 Jt 2 - R2 / c2 4rrc2r 2c 

ac H(t) e-x2f4at H(t) e-R2 /4 et t H(t) e-r2/4at 
7ft- a\12G = o(x)o(t) 

( 4rrat) 112 4rrat (4rrat)312 

Notation: R = Jxz + yz, r = Jxz + y2 + z2. 



E Answers to exercises. 

Chapter 1 

d) Only if thermodynamic equilibrium prevails. 

e) The pressure on the piston p 1 can be related to the atmospheric pressure P2 in the 
free jet by using the unsteady Bernoulli equation ( 1.30b) applied to an incompressible 
fluid (p=po) : 

ot::.¢J 1 2 2 P2 -PI --+ -(v2 -vi)+--= 0. ot 2 Po 

By neglecting the non-uniformity of the flow we have 

t::.¢J = !2 

v·dl ~ v,e, + v2e2. 

Using the mass conservation law (1.17) for an incompressible fluid we find by conti
nuity of the volume flux 

A,v, = A2v2 . 

Hence, the equation of BernoulJi becomes, with v 1 = at, 

Pt~P2 =a(t~+~:t2) +~((~:r -l)(at)2
. 

At t = 0 we have a ratio of the pressure drop, determined by the ratio of the potential 
difference, of 

Vtft Atft 

Chapter 2 

a) A depth of lOOm corresponds to a pressure of lObar, hence an air density Pg which is 
ten times higher than at 1 bar. Following (2.43) we have a speed of sound of 75 m/s. 
Note that pgc~ = 'YP so tha t c depends only on 'Y and not on other gas properties. 

c) Mathematically, any sound speed can be used, but the simple physical meaning only 
appears when we choose the value that prevails at the listener's position. 

d) Not necessarily. In an isentropic flow is g: = 0, but V·(vpo)) vanishes only for an 
homentropic flow. 

e) No, p' is more appropriate. 

f) Certainly not. 

g) Yes. 

h) No. The fluid should be stagnant and unifonn (quiescent). 

i) No. pc2 = 'YP so that pc depends also on the temperature because c = ,;:rFIT'. 
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Chapter 3 
a) Every point of the line source has a different distance, and therefore different trav

el time, to the observer. Note the tail of the 2-D wave-equation Green's function 
(Appendix D) (2rrc2

)-
1 H(t- Rfc)/ Jt2 - R2 fc 2 • 

b) The field P of one point source is given by (see Appendix D) 
P11 - c2 "il2 P = c5(t- r)c5(x- xo)c5(y- yo)c5(z) with solution 
P = c5(t- T- ro/c)/4rrc2 ro where ro = {(x- xo) 2 + (y- yo)2 + z2

}
112

• 

Integrate over all xo, yo, introduce xo = x + { r~ - z2
} 

1
/

2 cos Bo and 
yo = y + {r~ - z2

}
1

/
2 sin Bo, and obtain the total field 

P = JJ Pdxodyo = 4!:2 J1~ c5(t- T- ro/c)dro = (2c)-1 H(t- T -lzl/c). 
Tills could have been anticipated from the fact that the problem is really one dimen
sional. 

c) From Appendix D we find the total field 
00 00 

p(x, y, z) = tiL HJ2l(kRn) ~ tiL OrrkRn)-! exp{trri- ikRn) 
n= -oo n=-oo 

where Rn = ((x- nd? + y2 )! = (r2 
- 2rnd cos()+ n2 d2 )!. 

Consider the sources satisfying -r « nd « r, such that 

Rn ~ r- ndcos() (r-+ oo). 

Tills part of the series looks like 

· · · ~ tiL( trrkr)-! exp( trri - ikr + iknd cos B) 

and grows linearly with the number of terms if 
exp(ikndcosB) = 1, or kdcos() = 2rrm. 

d) The condition is now exp(-irrn + ikndcosB) = 1, or kdcosB =(2m+ 1). 
e) If we make x dimensionless by a length scale L, we have c5(x) = 8( fL) = tc5( f). So 

the dimension of c5(x) is (length)- 1
• 

f) Multiply by a test function ¢(x,y) and integrate 

· · · = - J J ~</>r dx dy = -12"1 00 

</>r dr d() = 2rr¢(0, 0). 

g) Let S be given by an equation f(x) = 0, such that f(x) > 0 if and only if x E V. 
The outward normal n is then given by n = -("ilf/l"ilfi)J=O· Since H(f)v vanishes 
outside V, we have 

0= J "il·(H(f)v)dx= J ( H(f)"il·v+c5(f)v·"ilf)dx 

= fv "il·vdx- fs v·ndu. 

h) Only the terms contribute willch satisfy 0 < 2nL :S t, so we obtain 

lt/2LJ 

(2+R)g(t)=Rf(t)+2 L (!(t-2nL)-g(t-2nL)). 
n=l 

i) p(x) = e-ik.l: +Reik:r. If p(xo) = 0, we have R =- e-2ik.l:o. 
Since p(xo) = 0 and v(xo) =f. 0 we have simply Z = 0. 
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j) v(x) = (poco)-1(e-ik.:r -Reik.:r). Ifv(xo) = 0, we haveR= e-2ik.:ro. 

Since v(xo) = 0 and p(xo) =f. 0 we have simply Z = oo. 
k) With p(x) = e-ik.:r +Reik.:r and v(x) = (p0 c0 )-1(e-ik.:r -Reik.:r) we have R = (Zo

poco)/(Zo +poco), so 

eikL +Re-ikL Zo + ipoco tan(kL) 
ZL =poco eikL -Re-ikL =poco poco+ iZo tan(kL) . 

Chapter 4 

a) For a wave p' = Q(x +cot) corresponding to a c- characteristic propagating in a 
uniform region with (Po, co) and uo = 0 the c+ characteristics carry the message: 
p' +pocou' = 0 in the entire wave region. This implies that p' = -pocou' along any c
characteristic . Alternatively, we have from the momentum conservation law: po ftu' = 
- :.:rp' = - t; ftp' because p1 is a function of (x + cot) along a c- characteristic. 

Integration with respect to time yields: pou' = -p'fco . 

b) The piston induces the pressures Pi = Po,1co,1u' and pi1 = -Po,11co,11u'. The force 

amplitude is: F = S(PIC! + pncn)wa = 9.15 N. Asp;- p;1 = 915 Pa « poc6 ~ 105 Pa 
we can use a linear theory. 

c) The flow perturbation u' is such that the total flow velocity uo + u' = 0 at the closed 
valve. Hence we have PI = -pwcwu' = PwCwUo and PI = -P2 · For uo = 0.01 m/s we 
find PI = -p2 = 1.5 x 104 Pa . For uo = 1 m/s we find PI = 1.5 x 106 Pa. The pressure 
P2 can reach -15 bar if there is no cavitation. Otherwise it is limited to the vapour 
pressure of the water. 

d) Vj = 2cw(A/S)(1- vr-i---,.(u_o_,./-cw...,..)) ~ uoA/S. !::..p ~ tPw(uoA/5)2. 

e) Energy conservation implies: A 1p; u; = A 2p;u;, while mass conservation implies: 
A1u; = A2u~ . Substitution of the mass conservation law in the energy conservation 
law yields: p; = p~ . 

f) R1,2 = T1 ,2- 1 = (p2c2- P1 c i)/(p2c2 + P1ci). 
Rair,water = 0.99945 , Tair,water = 1.99945. 
Rwater,air = -0.9989, Twater,air = 0.0011. 

g) T1 - Tz = 30 I<, Pi c1/ P2c2 = vr;JT; == 1.05. 
R1,2 = -0.03, T1 ,2 = 0.97. 

h) (!;-/In = Ri,2 = (p1 c1 - pzcz? f(pici + p2c2)2
, 

(Pi + p;-)(Pt - p;-); PiC! == It -I-; ==It, ut fin = 1- u-; 1 In. 
i) R1,2 = 0.0256,pi = (PiCiup)f(1-Ri,2 e-ZikL),p;- = R 1,2pi e-2ikL,pt = Pi e-ikL +p!eikL . 

j) T1,2 = 2A1/(A1 + A2) , R1,2 = 1- T1,2 = (A1- A2)/(A1 + Az). 
k) 
I) 

T1 ,2 = 2pzczAI/(PiCiA2 + P2c2A2), R1,2 = 1- T1,2 · 

lim R1,2 = 1, lim R1,2 = -1. 
A2/A1-+0 A2/At-+OO 

m) For a diaphragm with wall thickness L and orifice cross-sectional area Ad in a pipe 
of cross-sectional area Ap we have: R = p;-fpf = 

ik(L + 26)Apf[2Ad + ik(L + 28)Ap], where k = wfco, 8 ~ 3
8
" vx:;r;. 

p) Without mean flow (uo = 0): 
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, At low amplitudes, when linear theory is valid, friction is negligible when o~ = 
2v/w «Ad. 

, At large amplitudes, u2 /w2 Ad ;::: 1, flow separation will occur. Flow separation 
is induced by viscosity. If o~ « Ad then the exact value of the viscosity is not 
important to predict flow separation. We have reached a high Reynolds number 
limit. 

With mean flow (uo "# 0), we have the same answer as for large amplitudes. 

o) Flow separation always occurs when the particle displacement is of the order of the 
diameter of the diaphragm: u~ ""' wd. In the pipe we have: u~ = u~(d/ D)2. The 
critical level is given by p'""' pocowd(d/D?. 
At 10 Hz this corresponds to SPL = 110 dB. 
At 100 Hz this corresponds to SPL = 130 dB. 
At 1000 Hz this corresponds to SPL = 150 dB. 
In auditive apparatuses sound is transferred from the amplifier (at the back of the 
ear) to the ear-drum by means of a pipe of D = 1 mm. A diaphragm of d = 0.1 mm 
placed in this pipe, will protect the ear by limiting sound level around 1 kHz to SPL 
= 130 dB. Such devices are indeed used. 

p) In a stationary subsonic free jet induced by a mean flow we expect a uniform pressure. 
The first intwtive guess for a quasi-stationary theory is to assume that the inertial 
effects upstream of the diaphragm remain unchanged, while the inertial effects in the 
jet are negligible. This leads to the common assumption that the end correction of a 
thin diaphragm with a mean flow is at low frequencies half of the end correction in the 
absence of mean flow. Experiments by Ajello [2] indicate a much stronger reduction 
of the end-correction. In some circumstances negative end corrections are found ( 
Ajello [2], Peters [142]). Indeed the theory for open pipe termination of Rienstra [157] 
indicates that we cannot predict end corrections intwtively. 

q) R = p~ fp{ =(A, - (A2 + A3)]/[A, + (A2 + A3)]. 
r) R=p~fp{= 

[(A, - A3) cos(kL)- iA2 sin(kL)]/[(A1 - A3) cos(kL) + iA2 sin(kL)]. 
R = -1 for kL = 1l'(n + 0.5), R = 0 for A2 = 0 when A 1 = A3 and R = 1 for A3 = 0 
when kL = n1l' (n = 0, 1, 2, 3, ... ). 

s) pt +PI= Pi,+ Pww2aoa . .Pb/Po = -3-ya/ao. 
A(pt -Pi)= Apt - (PwCw)iw41l'a6a. Pi+ PI= pt. 

t) PbiPin = [1 + c;o ) 2 e~~o - 1W'. 
u) w6a6/cr = 3p,f Pw « 1. At po = 1 bar, PI/ Pw = 0(10-3). 

v) 3-y,po/PwC;, = 0(10-1
) hence aow/cw < w-2. 

w) w6::: 3-y,pof2pwa6. R = -[1 + A(w2 - w6)/21l'iwao]- 1
• 

x) When ao = O(D) we do not have a radial flow around the bubble. The approximation 
used for small bubbles fails. 

y) (g] = sfm. 

z) w2g- c5 fl•/9 = e-iWT O(X- y)/211'. 

Integration around x = y yields: -[dd:rg)~~ = e-iwr /21l'c6 . 

[d~m± = =Fikg±. At x = y we have g± = e-iwr /41l'iwc0. 
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Hence g± = g;=y e'fik(:r-y) with "+" for x > y and "-" for x < y. 
Therefore: g = e-iw,.. e-ikl:r-yj /4rriwco . 

A) Using the result of exercise z) we find: 

[i+(Ljy) = go(Ljy) with go(xjy) = e-iw,.. e-ikj:r-yj /47riwco. 

Furthermore: 

z L = r ( L) + f ( L) I R = z L - Po Co = ~- ( L) . 
poco g+(L)- g-(L) ZL +poco g+(L) 

Hence: g(xjy) = g+ + -g- = go(xjy) + Rgo(xj2L- y). 

This corresponds to the waves generated by the original source at y and an image 
source at 2L - y. 

B) The same answer as the previous exercise with (section 4.4.5) : 
R = -1/[1 + A(w2

- w5)/(27riwcwao )] where A is the pipe cross-sectional area, ao the 
bubble radius and wo the Minnaert frequency of the bubble. 

C) For jx, - y,j » v'si and k5 S « 1 the Green's function is independent of the position 
(y2, Y3) of the source in the cross section of the pipe. Hence we have: g(x,, tjy,, T) = 
f:'oo f:'oo G(x, tjy, T) dy2dy3 = SG(x, tjy, T) . 

D) Moving the source towards the observer by a distance 6.y should induce the same 
change 6.g in g(x, tjy, T) as a displacement 6.x = -6.y of the observer in the direction 
of the source. The distance lx - yj is in both cases reduced by the same amount. 
This implies that: 6.g = ~6.y = -~6.x. 

E) p' ~ p'c5"' MotpoUJ(d2 /S) = 2 x 10-2 Pa. SPL = 60 dB. 

F) SPL = 63 dB. 

G) (S/a5)(pwc~f3-ypo)! = 2.3 X 104 or 87 dB. Pwc~/3-ypo = 5.4 x 103 or 75 dB. 

H) f "'Uo/D = 0.1 kHz, wo/27r = 6.5 kHz. 

Chapter 5 

Z(o) 
(ZL +poco)+ (ZL- poco) e-2ikoL 

a) =poco . 
(ZL +poco)- (ZL- poco) e-2•koL 

For ZL = oo we have Z(O) = ip0 co cot(koL) . As Re Z(O) = 0 for ZL = oo the 
piston does in general not generate any acoustical power unless there is resonance, 
i.e. koL = (n + t)7r. 
The acoustical field in the pipe is given by: p = p+ e-iko:r +p eiko:r. 
The amplitudes p+ and p are calculated from the piston velocity up by using: 
pocoup = p+- p-, Z(O)up = p+ + p-. 
Hence: p+ = t(Z(O) + poco)up, p = t(Z(O)- poco)up. 

b) ZL~Z~+ipowb". 
c) For x < 0 we have p+ = 0 while: p = tpoco(SpfS)up(1 + e-ikoL). 

The condition that there is no radiation, p = 0, is obtained for: koL = (2n + 1)rr, 
where n = 0, 1, 2, .. .. 

d) P = p+ eik0 L +P e-ik0 L 
1 

with: :::+ _ pocoup(S + 25p) d ....__ 
p - (5+2Sp)-(S-2Sp)e-2ikoL' an p 
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Flow separation becomes dominant at the junction when: 
(pt - p)/ pc6 = O(ko~). The amplitude of the second harmonic PI, generated by 
non-linearities, can be estimated from: 
(p1jpt) "'koL(pt fpoc6). 

. (Z1 +poco)+ (Z1- poco)e-2ikoL 
e) ConfiguratiOn a): Zp =poco (Z ) (Z ) _2;k L, 

1 + poco - 1 - poco e 0 

where: zl = SIZ2Z3/(S2Z3 + S3Z2), z2 =PoCo, z3 = ipoco tan(koL). 
The system is not a closed resonator because the condition of zero pressure at the 
junction is never satisfied. 

. (Z1 +poco)+ (Z1- poco)e-2ikoL 
ConfiguratiOn b): Zp =poco (Z ) (Z ) _2·k L, 

1 + poco - 1 - poco e ' o 

where: zl = SIZ2Z3(0)/(S2Z3(0) + S3Z2), z2 =poco, 
z (Z3(2L) +poco)+ (Z3(2L)- p0 c0 )e-2ikoL 

3(0) = poco (Z3 (2L) + poco) - (Z3(2L) -poco) e-2iko L' 

Z3(2L) = S3Z4Zs/(S4Zs + SsZ4), Z4 = ipoco cot(koL), Zs =poco. 
The system is in resonance for koL = (n + t )rr. 
Configuration c): Zp = tpocoi tan(koL). 
The system is resonant for koL = (n + t )rr. 

f) At the mouthpiece we have: poco up = pt - p. 
If we assume friction losses to be dominant we have: p = pt e-2

c.L 

where: a= ~~(1+ N.) ~0.027m- 1 . 
Hence we find: pt ~ 7.6 x 103 Pa, and p = pt + p ~ 2pt. 
The corresponding fluid particle oscillation amplitude !::. at the open pipe termination 
is: !::. ~ P/(pocow) ~ 7 x 10-2 m. 
If we assume non-linear losses at the open pipe termination to be dominant we have 
(equation 5.24) ti = v(~rrupco) and p ~ pocou ~ 1.6 X 104 Pa. Friction losses and 
flow separation losses are comparable and the acoustical fluid particle displacement 
is of the order of the pipe diameter. 

g) pt _PI= pocoup, pt e-ikoL, +PI eikoL, = pt + P;, 
(pt e-ik0 L1 -PI eik0 L, )51 = (]Jt _ P;)S2, 
pt e -iko L 2 +iJ2 eik0 L 2 = pt + P;, 
(]Jt e-ik0 L2 -P; eikoL2)52 = (pt _ iJ;)S3, 
pt e-iko L3 +]); eik0 L3 = O, PoCoUe:r = pt e-ik0 L3 -P; eik0 L3 • 

h) p= Acos(kx) for x < L, while p= Be-ik:r for x > L. Suitable dimensionless groups 
are z = kL, a= CML/coa, A= poL/u, where the propagation speed of transversal 
waves in the membrane CM =~is introduced. The resonance equation is then 

(z- 8a2z-1) sin z =A eiz. 

A -+ 0 when the air density becomes negligible or when the membrane becomes very 
heavy. In that case we have the membrane-in-vacuum vibration z ~ aJB + ... and 
the closed pipe modes z ~ nrr + mr-8~2 /mr + ... (n = 1, 2, 3, .. ). 
So when A = 0 (no energy is radiated) there are indeed undamped solutions with 
Im(z) = Im(w) = 0. 

i) m = poSn(f + 28), K = poc6S~fV. 

RienstraHirschberg 4 Jan 1999 10:11 



· 322 E Answers to exercises. 

j) ~ iwpo(f+2o)Q 
Pin = Sn ( 1 _ ~) • 

Ptransmitted 2(1- w2 lw~)- (iwVIcoS) 
k) p0c0 up = (2(1- w 2 lw~)- (iwVIcoS)] eikoL -(iwVIcoS) e-iko L · 

There is no transmission when both w = w0 and ko L = ( n + t) rr. 

I) Transmission and reflection coefficient: 

T=pt= 1 
I pt (1 + ikofSpl Sd)[1- (w2 lw~) + (iko VI2Sp)] 

R _ Pt _ T (ikofSpiSn)- 1 - - + I pt (ikofSpiSn) + 1 

where: w~ = c52Sdl(fV) 1 and: f ~ 1.6vs;;r:; ~ ~. 

m) T = 2 ( 2- Sp(-rpo)~~(1c: w2 lw~)) -I I R = T- 11 w~ = ('~o) (p~f). 
n) An energy balance yields: tPinQ = 3

2"poiJ3Sn 1 where we assumed that Pin and Q 
are in phase and that vortex shedding at the neck can be described by means of a 
quasi-stationary model. The internal pressure Pin is related to the acoustical velocity 
u through the neck by the momentum conservation law: Pin = poiwfu. 
This yields: u = ../(3rrwfQ I4Sn) which is a factor ../(2Snkofl Sp) smaller than for a 
t .X. open pipe resonator. 
~ 2 

) Pin wo uo - co . ( Wo ) . 2 2 I( V) d I o o =---=1+----+t 1+2 1 Wtthw0 =c0 Sn f an Wt =co<.. 
Pex W1 tJo w1 

p) As there are no sources q = 0 1 we have: 
t 

'( ) 2 J [ '( )aga ( I )p'(y~r)] d p X 1 t =-c0 p Y1 T -a. -ga x 1 ty1 T -a-.- ni T 1 
y, y, y=O 

-oo 

where ga(X 1 tly1 r) = JJ G(x 1 tjy 1 r) dS(y). 
s 

Other contributions from the surface integral vanish if we assume that G has the 
same boundary conditions as the acoustic field on these surfaces. At y = 0 we have 
(agalaYi)ni = 0. Furthermore we have: Po :T u' = -c5 :Yp11 and nt = -1 at y = 01 

which yields: p' = c6p' = poc5 f
00

ga(x 1 tly 1 r)!u'dr. The final result is obtained 
by partial integration. 

q) f ~ coi(2L) 1 ul(ww) ~ 1 mls. p~ pocou ~ 4 x 102 Pa. 
The ratio of acoustical particle displacement to pipe diameter is wID = 2 X 10-2

. 

We expect vortex shedding at the pipe ends to be a minor effect in a Rijke tube. 

r) Using an energy balance between sound production and dissipation by vortex shed
ding we have: 0.05 tpou6uB x w ~ p0 u3 B x W 1 or: 
lui ~ 0.22uo. 
The hydrodynamic resonance condition fwluo ~ 0.4 combined with the acoustic 
resonance condition 2rr f = co../( wB I fV) and the order of magnitude estimate f "' 
2../(Bwlrr) = 0.44m yields: f ~ 18.5Hz and uo ~ 14mls = 50kmlh1 IPJ = pwflul ~ 43 
Pa. 
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For a slit-like orifice we have e"' w. 

s) The blowing pressure Po is a fair estimate. When preaches po the flow velocity through 
the reed vanishes at high pressures, which provides a non-linear amplitude saturation 
mechanism. 

Chapter 6 

a) The fluid pushed ahead of the sphere in the direction of the translation can be consid
ered as generated by a source. The fluid sucked by the rear of the sphere corresponds 
to the sink. 

b) Qualitatively we find that the streamlines as observed in the reference frame moving 
with the vortex ring are very similar to those generated by a dipole or a translating 
sphere. 
Quantitatively the circulation r = f v · dl of the vortex corresponds to a disconti
nuity t:J.¢ of the flow potential across a surface sustained by the vortex ring. Such a 
discontinuity can be generated by a dipole layer on this surface which replaces the 
vortex ring (reference Prandtl]. Assuming the dipole layer to consist out of a layer of 
sources at the front separated by a distance o from a layer of sources at the rear, the 
potential difference is given by t:J.¢ = w5. The velocity u is the flow velocity between 
the two surfaces forming the dipole layer. Taking the projection S of the surface on a 
plane normal to the direction of propagation of the vortex ring, we can represent in 
first approx.imation the dipole layer by a single dipole of strength uSS placed at the 
center of the ring and directed in the direction of propagation of the vortex ring. 

c) Electromagnetic waves are transversal to the direction of propagation like shear
waves . Acoustical waves are compression waves and hence longitudinal . 

d) R = (PairCair- PwaterCwater)/(PairCair + PwaterCwater), PairCair = 4 X 10
2 

kg/m
2 

s, 
PwaterCwater = 1.5 X 106 kg/m2 s, 1 + R = 10-4

• 

e) A dipole placed normal to a hard wall will radiate as a quadrupole because the image 
dipole is opposite to the original dipole. A dipole placed parallel to a hard wall will 
radiate as a dipole of double strength because the image has the same sign as the 
original. 

f) The radiated power increases by a factor two because the intensity is four times the 
original intensity but the radiation is limited to a half space. 

g) The first transverse mode of the duct has a pressure node in the middle of the duct. 
Hence a volume source placed on the axis of the duct experiences a zero impedance 
for this first mode . It cannot transfer energy to this mode. 

h) The vanishing acoustic pressure at the water surface p 1 = 0 precludes any plane 
wave propagation. The first propagating mode has a cut-on frequency fc = tco/h 
corresponding to a quarter wave length resonance. 

i) A dipole placed normal to the duct ax.is will not radiate at frequencies below the cut
off frequency of the first transverse mode in a duct with hard walls. This is explained 
by the destructive interference of the images of the dipole in the direction of the 
ax.is . On the other hand, however, when placed along the ax.is the dipole will very 
efficiently radiate plane waves at low frequencies. The amplitude of these waves are: 

IPJ = wpoQo / S. 
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j) Assume that the quadrupole is approximated by two dipoles (1 and 2) , one very close 
to the surface of the cylinder (r1 -::::= R) and one far away (r2 » R). If the dipoles 
are directed radially, the dipole at the surface forms a quadrupole with its image 
(r; = R2 lr 1 -::::= R), while the image of the other dipole is very close (r~ = R2 lr2 «: R) 
to the axis of the cylinder and very weak. The distance between the source and sink 
forming the second dipole is reduced by a factor (R2 lrD while the strength of each 
image is equal to that of the original source. As a result the dipole far away from the 
cylinder radiates independently of the dipole close to the cylinder. 
A very similar behaviour is found when the dipoles forming the quadrupole are normal 
to the radius of the cylinder (in tangential direction) . Then the radiation of the dipole 
close to the surface is enhanced by a factor two, while that of the other dipole is not 
affected. 

k) Equal thrust implies: p,uiDi = p2u~D~. If Pt = pz we have u,D, = u2Dz. Assuming 
subsonic free cold jets we have: I "' u8 D2 = ( uD) 8 I D6

• Hence: I, I Iz = Dgl D~ = 26 

or a difference of 36 dB . 
In practice a low sound production does also correspond to a lower power tpu3 D2 

"' 

(uD)3 I D. The introduction of high bypass jet engines was aimed to reduce the propul
sion costs, but it appeared to be also a very efficient noise reduction method. 

l) As the compressibility of an ideal gas is determined by the mean pressure there 
appears to be no monopole sound production upon mixing of a hot jet with a cold 
gas environment with equal Poisson ratio 'Y· The sound is produced [118, 135] by 
the difference in acceleration between neighbouring particles experiencing the same 
pressure gradient but having different densities. This corresponds to a force in terms 
of the analogy of Lighthill and a dipole source of sound. Therefore the radiation scales 
in a subsonic case at I "' M 6

• 

m) The large contrast in compressibility K. between the bubbly liquid and the surrounding 
water results into a monopole type source (fluctuating volume). This corresponds to 
a scaling rule I "' M 4 

• 

n) This effect is not significant in subsonic free jets. 

o) The characteristic frequency for turbulence in a free jet with circular cross section 
is uoiD which implies that: Dl>.. = Dflc"' u0 lc0 . Hence a subsonic free jet is a 
compact flow region with respect to sound production by turbulence. 
Note: for a free jet with a rectangular cross section w x hand w » h the characteristic 
frequency of the turbulence is 0.03uolh. 

p) Using Curle's formula: 

1 _ x;x1 a2 jjj .. ( lxl) Xj a . ( lxl) 
P - 4rrlxl 3 c6 at2 T,1 y' t- ~ dy + 4rrlxl 2 c5 at F1 t- ~ 

v 
and ft "' uol D, T;j "'pou6, Fj"' pou6dD, and V,...., D 3

, we obtain: 

1 Po ug D ( uo d ) 
P"'-- -+-4rrlxlc5 co D · 

The cylinder induces an enhancement of turbulence sound production by a factor 
(1 + dcol Duo). Blowing on a finger we indeed observe a significantly larger sound 
production than blowing without finger. 
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q) SoWld production due to volume fluctuations V' of the bubble is given by: p' 
( 4rrlxlc;,ater) -I ~ V', where, assuming isentropic oscillations of the bubble of initial 
volume Vo = 4rra~ 13 at po, we have: V' IVo = -p1 I 'YairPD. The typical pressure fluc
tuations in a free jet are of the order p'"' Pwu6. Assuming 818t"' uol D we find 

p D u~ a~ PwaterC~ater 
Pwater "' 4rrlxl c~ater D3 Po 

The enhancement in sound production, when compared to no bubbles, is by a factor 
(1 + (aoiD)3 (PwaterC~ateriPo)). 
Since Pwaterc;,ateriPo = 0(104

), even a small bubble will already enhance the solilld 
production considerably. 

r) With a single blade the solllld production as a result of the tangential component of 
the lift force (in the plane of the rotor) scales as: p' I Po "' CLD(koR)3 l8rrlxl. The 
solilld produced by the axial component is a factor uolco weaker. 
With two opposite blades, the lift forces in tangential direction form a quadrupole 
which result into a factor koR weaker solllld radiation than in the case of the sin
gle blade. The sound production in a ventilator is actually dominated by non-ideal 
behaviour such as the non-uniformity of the incoming flow. 

s) In a hard walled duct an ideal low speed axial ventilator will not produce any solllld. 
The effect of the tangential forces is compensated by images in the walls while the 
pressure difference t:.p induced by the axial force is constant. Non-uniformity of the 
incoming flow will induce fluctuations in the pressure difference t:.p which are very 
efficiently radiated away. Especially the supports of the ventilators are to be placed 
downstream of the fan. Further sources of flow non-uniformity are the air intake or 
bends. 

t) The solilld production will be dominated by the interaction of the rotor blades with 
the thin wake of the wing. The resulting abrupt changes in lift force on the blades 
of the rotor induce both radial and axial solilld radiation. The thinner the waker 
the higher the generated frequencies. As the ear is quite sensitive to relatively high 
frequencies an increase of the wake thickness can result into a significant reduction 
of noise (dBA). 

u) The tip Mach number wRico = koR is of order unity. The rotor is therefore not 
compact at the rotation frequency, and certainly not at the higher harmonics. 

v) The dominant contribution is from the unsteady force, given by Co tpou~ , on the 
body. This results into a solilld production scaling as (uolco)3 (see Curle's formula) . 

1 2 (ZL +poco)+ (ZL- poco) e-2ikoL 
w) ZL=poco4(koa), Zp=poco(Z ) (Z ) _2k L' L +poco - L -poco e ' o 

x) (I) = H?u + pu•] = t Re(Zp)lt:W, and (W) = rra2 (!). 
At resonance koL = (n + t)rr we find: Zp = poco(pocoiZL) 
(see previous exercise). This corresponds to an enhancement 
ZpiZL = [4l(koa)2]2 of the radiated power. 

y) Pr =A+ e-ikor +A- eikoL' iwpour = p + iko[A+ e-ikor -A- eikoL]. 

(r1lr2)2 = 5tl52 and r1 = r2- L, so r2 = Ll(1 - J5t/52). 

A+ = pocouprtf { [1 - il(kort)] e-ikor, -R[1 + il(kort)J eiko ' 1 } 

RienstraHirschberg 4 Jan 1999 10:11 



326 E Answers to exercises. 

R = A- = _ 1- t(koa2?[1- i/(kor2)] e-2ikor2 

A+ 1- 4(koa2)2[1 + i/(kor2)] 
z) Except for the highest frequencies, there is no radiation into free-space. Hence the 

size of the loudspeaker compared to the acoustical wave-length is not relevant for the 
sound transfer from loudspeaker to eardrum. The Walkman loudspeaker acts almost 
directly onto the eardrum. 

A) Friction losses are given by: (1- IP jp+ I)/ = 1- e-2
aL :: 2aL, where a can be 

calculated by using the formula of Kirchhoff. The friction is proportional to ..JW. 
Radiation losses are given by: (1 -IP jp+ l)r = ~(koa)2 , and are proportional to w2. 
Using the results of exercise (5.f) we find 
for fa : ( 1 - IP- fp+ I) f = 5 · 10-2, ( 1 - IP jp+ I) r = 1. 2 · 10-4

; 

for/! =3fa : (1-lp/i)+l)j= 9·10-2,(1-lp/i)+l)r= 1·10-3
; 

for h = 5fo: (1-lp/i)+l), =1.2 ·10-1, (1-lp/i)+l)r = 3 ·10-3
• 

In a flute of the same size as a clarinet the radiation losses are increased by a factor 
eight (two radiation holes and twice the fundamental frequency). The friction losses 
increase by a factor -./2 due to the higher frequency. 

B) Assuming a perfectly reflecting ground surface, the energy is distributed over a semi
sphere: I = Wr/{2rrr2 ). As /min = 10- 12 W /m2

, we find for Wr = 5 X 10-5 W that 
r:: 4 km. 

C) In free space the bubble experiences the impedance of a compact sphere: Re( Z) = 
PwaterCwater( ko ao )

2 
· 

In a pipe we have: Re( Z) = PwaterCwater 8rra~ / S. 
D) As the twin pipes oscillate in opposite phase the radiation has a dipole character and 

is a factor (ka2a)2 weaker than for an individual pipe. Such systems are therefore 
acoustically almost closed. In a duct a wall placed along the duct axis can form such 
a system of twin pipes if it is longer than the duct width. In such a case the oscillation 
of the system is called a Parker mode and does not radiate because the oscillation 
frequency is below the cut-off frequency for the first transverse mode. In fact the twin 
pipes forms with its images an infinite row of pipes . In a similar way such modes can 
occur in rotors or stators of turbines. This kind of oscillations have been reported by 
Spruyt [179] for grids placed in front of ventilators. 

Chapter 7 

a) {i) kca = 2rrfca/co = j; 1 = 1.84118, so fc = 996.3 Hz. 
{ii) k11 = -15.93i, so 20log 10 le-ik 11 D I= -20ik1dDlog 10 e = 

-138.3D = -20, and D = 14.5 em. 
(iii) ku = -18.4 i, so D = 12.5 em. 

b) Since <Tmpa -too, lm/1!, -t 1 and CXmp = i<Tmp:: -ikpoco/X. 
For r:: a 

Jm(CXmpr) e-ikm~X"' (~) l/2 -O"m~(o-r) -iJk2+ua.~x 
( ) 

_ e e . 
Jm CXmpa r 

c) A simple point mass source Qc5(x- x0) eiwt, where we take x 0 = 0, !9 0 = 0, gives rise 
to the equation 
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m:::::;-oo 

with solution 

Q 00 00 J ( )J ( ) -ikm,. lxl-im11 

( t9) = ~ "'""' "'""' m am,.ro m Cl!m"r e 
p X, t, 4 ~ ~ I ( 2 2j 2 )J ( )2k rr m~-oo "~' 2 a - m Cl!m}.' m Cl!m}.'a ·m" 

Chapter 8 

a) Since A(x) = rra2 e 2mx, we have p(x) = po e-iJkl-mlx-mx. 

b) Use the relation (8.63) 

c~(l- e:y)2 + c~(e:x- e:xo)2 =constant 

with y = h at x = 0 and L, such that xo = tL, and y = 0 at x = tL, to obtain 

L = J8hc 1 (1- te:h) = 54.7 m. 

Chapter 9 

With the propeller in vane position (no angle of attack) the lift force as defined in 
(9.11) is directed in z-direction only, and Me= MR. Using the results of section 9.2 
we find 

( t) 
foMksinOcosOcos(¢>-wt+kr) p X ~ - -'--.,..-'-''---:--...,..-..,.-....:.,:...---...,...-'':-7-::-

' - 4rrar(1-MRsinOcos(¢>-wt+kr))3 

The radiation pattern has zeros in the directions () = 0°, 90°, and 180°, while it has 
its main directions of radiation in (near) the canal surfaces B = 45° and 135°. 
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