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Chapter 1

Introduction
It is hard to imagine today’s life without fast electronic devices. Computers,
mobile phones, navigational equipment, all these devices only exist on account of very fast chips. The speed of chips is amongst other things obtained
by decreasing the size of the devices. These decreasing feature sizes make
designing chips and other electronic devices a very demanding task. Layout
effects of interconnect that could be neglected years back, now start playing
a decisive role in the design. Simulation of these effects plays a vital role in
the design process of chips.
Simulation is done for two reasons. The first is to understand the process.
After one has formulated the relevant physical laws into equations the computer can handle, we are able to imitate the behavior. For instance, by taking
small steps in time, one is able to see how the state of the object evolves in
time. One can see that simulation and modeling go hand in hand.
The second reason for simulation is that a design can be improved by simulating it first. Usually, simulation is cheaper than making a prototype which
can be tested. In the simulation phase one tries to predict behavior and if
any errors are foreseen the design can perhaps be changed.
This last point can be explained further by the example of a chip. The size
of chips decreases more and more. In the meantime the speed of chips
increases. This involves higher frequencies and tighter limits for a signal
to reach the receiver. Besides, the behavior of the interconnect structures
is influencing the behavior of the full circuit more and more, because of
the higher frequencies. Since the production of a chip is expensive, the
design must be ’first time right’. Therefore the layout of the interconnect
is included in the design of the full circuit. Nowadays, the design of many
electrical components is ‘layout-driven’, meaning that more and more the
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layout dictates the choices a designer must make. Consequently, simulation
forms a considerable part of the manufacturing of a chip.
Having said so, we have to remark that the complexity of modeling interconnect structures is rather extensive. First of all, this complexity comes
from the fact that the interconnect structure is complicated. For instance,
nowadays on a chip of 1 square centimeter, there is over a kilometer of wire,
connecting the active components of a chip. On top of that, these interconnect structures can have very complex geometries. Here we still only speak
about the interconnect structures, however, as feature sizes decrease, the
presence of currents in the substrate may cause undesired behavior as well.
Next to the complexity of the problem at hand, the mathematical modeling
is inevitably complex in many cases as well, for which the high frequency
is the main reason. Due to that high frequency, only very small parts of
the structure can be formulated in one relation. Mathematically said: the
discretization has to be very fine. This all leads to models with many details,
while all these details are not of interest in the view of the designer. In the
case of interconnect modeling we are only interested in the input and output
behavior of the interconnect, not in the very detailed current distributions
halfway the interconnect.
There is a third reason for complexity. Truly reliable simulation does not
only consider the separate parts, but also the parts together. Therefore,
the desire to couple two or more different physical phenomena is growing.
However, such coupling involves a lot of computational effort. Besides the
fact that the size of the problem increases, the computational complexity
increases as well. One has to deal with different time scales, different physical laws and different needs for detail. Furthermore, every physical problem
has its own dedicated solver, tailored to the needs and difficulties of this
phenomenon. Coupling two solvers is time-consuming and tricky. A small
model describing the one phenomenon, included in the other solver would
be a way out of this challenging problem.

1.1 Model Order Reduction
Obviously, there is a need for smaller models. Smaller models are models
that describe the behavior of a system accurately, without the disadvantage
of unnecessary detail. This enables the modeling of coupled complex phenomena in a reasonable time. First of all, these models should be smaller
than the original model, meaning that they are computationally less demanding. Their behavior must in at least one way be comparable to the
behavior of the original model. Preferably, the smaller models are physically
as well as mathematically motivated. This makes the models interpretable
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and efficient.
The host of mathematical processes to derive smaller models form the field of
what we call “Model Order Reduction” (MOR). The reason for the name is that
the model is reduced in size by some technique. The model is assumed to
be already present, being derived by physical laws and assumptions. Sometimes the methods are abusively called ”Reduced Order Modeling”, which
should then account for the task of modeling in such a way that the derived
models are smaller right away.
In many cases it is very well possible to reduce the size of a model. We
already saw that mathematical rules of discretization may lead to models
which are too large and have too much detail for the required precision. Also
the final output of the model has some flexibility in the required accuracy.
In applications a small error is often admissable. This flexibility gives room
for smaller approximations and faster methods. Furthermore, we are often
only interested in certain states of the model, for instance only in the output
due to a certain input. This, while the model contains information of inputs
that are never imposed.
Model Order Reduction tries to quickly capture the essential features of a
structure. This means that in an early stage of the process, the most basic
properties of the original model must already be present in the smaller approximation. At a certain moment the process of reduction is stopped. At
that point all necessary properties of the original model must be captured
with sufficient precision. All of this had to be done automatically, by using
a computer.

Figure 1.1: Sometimes very little information is needed to describe a model.
This example with pictures of the Stanford Bunny shows that with a few
points the rabbit can still be recognized as such. Graphics credits: Harvard
University, Microsoft Research

In the history of mathematics we see the desire to approximate a complicated
function with a simpler formulation already very early. In the year 1807
Fourier (1768–1830) published the idea to approximate a function with a
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few trigonometrical terms. In linear algebra the first step in the direction
of model reduction came from Lanczos (1893–1974). He looked for a way to
reduce a matrix in tridiagonal form [64, 65]. He did not realize that a smaller
matrix could be a good approximation of the orginal matrix. W.E. Arnoldi
was the first to notice that [2]. He is less well-known, although his ideas are
often used by many numerical mathematicians. The ideas of Lanczos and
Arnoldi were already based on the fact that a computer was available to do
the computations. The question therefore was how the process of finding a
smaller approximation could be automated and speeded up.
Related to the ideas of Fourier is the Harmonic Balance method, developed
just before the seventies [5, 69]. This method is often applied in non-linear
circuit simulation, but can also be seen as an approach to try to describe a
model by a small number of terms.
The fundamental methods in the area of Model Order Reduction were published in the eighties and nineties of the last century. In 1981 Moore [71]
published the method Truncated Balance Realization, in 1984 Glover published his famous paper on the Hankel-norm reduction [38]. In 1987 the
Proper Orthogonal Decomposition method was proposed by Sirovich [94].
All these methods were developed in the field of System Theory. In 1990 the
first method related to Krylov subspaces was born, in Asymptotic Waveform
Evaluation [80]. However, the focus of this paper was more on finding a
Padé approximation than on the Krylov spaces. Then, in 1993, Freund and
Feldmann proposed Padé Via Lanczos [28] and showed the relation between
the Padé approximation and Krylov subspaces. In 1995 another fundamental method was published. The authors of [73] introduced PRIMA, a method
based on the ideas of Arnoldi, instead of those of Lanczos. This method,
which will be considered in detail in Section 3.5, is mentioned frequently in
this thesis, together with the Laguerre-SVD method [61].
In more recent years much research has been done in the area of the Model
Order Reduction. Consequently a large variety of methods is available. Some
are tailored to specific applications, others are more general. One of the most
promising directions of research in the area is the desire to have physically
motivated reduced models. For instance, in the field of electromagnetism
there is knowledge about the behavior of certain circuits or of the electromagnetic field in certain geometries. The so-called “modes” are known to
propagate or to be filtered out in a specific waveguide. Reduction methods
can be made more efficient by adopting this knowledge. The process can
still be automated with a computer, but the algorithms can be more effective
since they are motivated by physical arguments.
The choice of Krylov subspace methods for our application was decided by
pragmatism. One of the goals of this research is the application. Therefore,
one has to look for feasibility, next to other criteria like mathematical elegance and accuracy. The application limits us in what is possible. If we can
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permit ourselves to wait indefinitely for the answer, everything is possible.
But since a result should be realized within reasonable time, a pragmatic
solution has to be used. One sees this pragmatism also in the choice for
the BDF method for circuit simulation, instead of the Runge-Kutta method,
which is mathematically more elegant. Because BDF methods are easier to
implement, many circuit simulators choose this method. For model order reduction, Grammian-based methods, also known as truncation methods, are
mathematically more elegant, but in practice the cheaper Krylov subspace
methods are chosen.

1.2 This thesis
As already mentioned, the field of Model Order Reduction is a lively one,
where a vast amount of development is taking place. On one hand there
is a growing demand or even necessity for methods to reduce the size of a
model. On the other hand, a lot of work needs to be done in deriving sufficiently good reduction methods; although the variety of available methods is
large, only a few meet the standards set by the current demand for reduction
methods: being accurate, cheap, robust and flexible. Moreover, implementation of the methods has to be done with care to be able to benefit truly
from its advantages. This thesis tries to contribute to that development in
the field of Model Order Reduction.
This is done in three different ways of approach:
1. We will propose a robust algorithm for known reduction techniques.
Chapter 4 and 5 are devoted to this gaol.
2. We will propose a more efficient variant of an existing method. The
main contribution to this goal is derived in Chapter 6.
3. We will discuss ways to make reduced models more directly available
and easier to use. This is the work described in Chapter 7.
Model Order Reduction is applied in many application areas. As examples can be given Circuit Design, Computational Fluid Dynamics (CFD) and
Structural Mechanics. We will base our considerations on circuits. Circuit
equations provide a general approach for linear models, also EM effects of
interconnect structures can often be formulated in terms of circuit equations. Besides, the need for MOR is especially apparent in circuit simulation
applications. Therefore, in the following chapter the equations for a circuit
are discussed. Immediately some properties of these equations, which will
be needed further on, are derived. Once the system of equations is derived,
some attention is given to the numerical time integration of these equations.
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Next, we will see that the system of equations can be derived from electromagnetic field solvers, of which two examples are shown in section 2.4.
Finally, some examples are shown that will be used in the remainder of this
thesis as examples to validate our assertions.
Chapter 3 briefly explains the state of the art in the field of Model Order
Reduction. The methods mentioned in this chapter are not the latest developments in the field, they are rather fundamental methods. In Chapter 4
the behavior of Krylov subspace methods is investigated. Here we focus on
systems with one input. We propose a new algorithm which improves the
accuracy of the methods. In Chapter 5 a robust variant of this algorithm
is considered, especially for systems with more than one input. The propositions made in this chapter mainly improve the robustness of Krylov subspace methods and holds well-known methods in suspicion. In the second
part of this chapter an efficient stopping criterion for the reduction process
is derived. Although the size of a model has been reduced, it can still contain too much information, information that is not needed for an accurate
approximation. In Chapter 6 we will focus on this problem. First, a more
efficient algorithm for the reduction process is derived. This algorithm is
able to generate smaller models, with the same accuracy. Second, a different method to remove redundancy is proposed. Translating the reduced
system to a circuit, in order to make it more easily accessible is explained
in Chapter 7. Finally, in Chapter 8 some examples are given to make the
validity of our work evident.

Chapter 2

System equations and
application
Although Model Order Reduction methods can be applied more generally
than only to circuits, we start our consideration with some analysis of circuit equations. There are two main reasons for this. The first reason is
that the EM behavior of passive interconnect structures can be modeled
well by a circuit consisting of resistors, capacitors and inductors. The circuit can then be analyzed easily by a standard tool like a circuit simulator.
Consequently, a reduced model can also be analyzed by a circuit simulator.
Secondly, circuit equations form an intuitive example of the class of linear
time invariant system. Model Order Reduction techniques can be applied
nicely to the latter class. By means of circuit equations, the general effect of
MOR techniques can be explained.
Therefore, in this first section we will start with a derivation of the equations for circuits. Once the equations are derived, some properties of these
equation can be reviewed. Next, the numerical solving of these equation
is discussed. Then two basic electromagnetic field solvers are featured in
section 2.4. The models derived by these methods, can be formulation in a
state space representation, which can be treated similarly as circuit equations. Finally, in section 2.5 some example are introduced which will be
used throughout this thesis.
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2.1 Circuit Equations
The theoretical concept of a circuit consists of a number of nodes, which are
mutually connected by wires or components. These connections are termed
branches. The basic assumption for a circuit is that no charge can be stored
in the nodes of the network. The flow of charge is defined as current, so this
basic assumption can be formulated in a law, Kirchhoff’s Current Law : the
sum of the currents flowing to and from a node is zero. When we write down
these laws for all the nodes, this leads to a set of equations, which can be
written in matrix form:
(2.1)

Ai = 0,

with Aij ∈ {−1, 0, 1}. Here the vector i consists of all the currents in the
branches of the circuit. The rows of the matrix A consists of ones, minusones and zeros, such that for every node in the system the associated Kirchhoff Current Law is formed.

Figure 2.1: A simple circuit

Example 2.1 Consider the simple circuit in Figure 2.1. The Kirchhoff Current
Laws for this circuit are:
i1 − i 2 = 0
i2 + i 3 = 0
−i1 − i3 = 0.

The incidence matrix A is then given by:


1 −1 0
1
1 .
A= 0
−1 0 −1

(2.3)

Because of its structure A will be called an incidence matrix. This definition
is not fully conform the standard in the field of Graph Theory, on the other
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hand, it is the commonly used term in the field of circuit theory and will
not lead to confusion. If we take a close look to the matrix A we see that
all the graph information is contained in the matrix. If there is a branch
or a connection from one node to the other, then one of the columns in A
represents this connection. In this column, there will be a 1 in the row of
the starting point and a −1 at the position where the branch ends. A direct
corollary of this is that A has column sum 0.
Together with Kirchhoff’s Current Law often Kirchhoff’s Voltage Law is mentioned: The total voltage around a closed loop must be zero. If this would
not be the case, we could travel around a closed loop, ending up with an
indefinite voltage. The voltage v over a component or a branch from node
a to node b, is defined as the difference of the potential at one side of the
branch and the other side:
v = w a − wb .

(2.4)

AT w = v,

(2.5)

Since the columns of A contain the information about the position of the
branches, relations 2.4 can be accumulated for the whole system as:

where w defines the voltages on the nodes and v the voltage difference over
the branches.
A corollary of this definition is that the sum over the branch voltages multiplied by the branch currents is zero:
n
X

vj ij = vT i = wT Ai = 0.

(2.6)

j=1

This result is known as Tellegen’s Theorem for circuits [22].
Although it seems from this example that the direction of the vertices in the
graph matters, it does not in the application we consider here. The direction
can therefore be chosen arbitrarily. Of course, once a directions is chosen
the KCL and KVL are fixed as well.
We will take into account five kinds of components: resistors, capacitors,
inductors, currents sources, and voltage sources. Likewise, the incidence
matrix A can be split into five parts. Then, AR is the incidence matrix
of the circuit from which all components are removed except the resistors.
Likewise, AC defines the position of all the capacitors and so on. This boils
down to separating A in its specific columns:
A = [AR |AC |AL |AE |AI ]

The vector with currents is split likewise. Eq. (2.1) can now be written as:
AC iC + AR iR + AL iL + AE iE + AI iI = 0.

(2.7)
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Next to this, the relations which hold for all the components are added. For
capacitors we have:
iC =

d
qC (vC ),
dt

(2.8)

for resistors:
(2.9)

iR = jR (vR ),
and for inductors:
vL =

d
qL (iL ).
dt

(2.10)

For the sources we define:
vE = s E

and iI = sI ,

(2.11)

for voltage and current sources respectively.
In all these definitions the branch voltages v are used. The equations can
be defined in node voltages by applying Eq. (2.5) applied to the different
components:
(2.12)

vp = A T
p w,

for all p ∈ {C, R, L, E, I}. Aggregating the equations (2.7) – (2.12) we get:


 
 

AI s I
AR jR (AT
A q (AT w)
R w) + AL iL + AE iE
d  C C C
 +  0  = 0.
+
AT
−qL (iL )
Lw
dt
T
−sE
AE w
0
(2.13)

This formulation is generally called Modified Nodal Analysis (MNA) [56]. MNA
is a modified version of Nodal Analysis, where current controlled components, such as inductors, could not be included. For this set of equations a
state space vector x is defined as [w iL iE ]T .
The form of the matrices belonging to this state space, will be derived for
linear components. For convenience we leave out the voltage and current
sources. For linear components we have the following definitions:
iC = c

d
vC ,
dt

(2.14a)

iR = gvR ,
d
v L = l iL .
dt
For all components in the circuit this leads to:
iC = diag(c1 , . . . , cn )

d
d
vC = Ĉ vC ,
dt
dt

(2.14b)
(2.14c)

(2.15a)
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(2.15b)

iR = diag(g1 , . . . , gn )vR = ĜvR ,
vL = L

d
iL .
dt

(2.15c)

With these equations a linear system can be defined:


AC ĈAT
C
0

0
−L



d
dt w
d
dt iL



+



AR ĜAT
R
AT
L

AL
0



w
iL



=



B
0



u.

(2.16)

Finally, the system can be formulated as:


 
 
 
d
w
w
G PT
B
C 0
u.
+
=
iL
P 0
0
0 −L dt iL
|
{z
}
{z
}
|


e
C

(2.17)

e
G

e ∈ IRn+m×n+m and G
e ∈ IRn+m×n+m are symmetric matrices. L is
We see that C
symmetric, but may be dense. The off-diagonal elements in L then represent
the mutual inductive couplings of the components.
In the latter derivation a branch could contain only an inductor. In real-life
physical applications it is very natural to model an inductor in series with a
resistor. Incorporating this in Eq. (2.17) is very straightforward: for a branch
consisting of an inductor and a resistor in series the following holds:
vbranch = (l

d
+ r)ibranch .
dt

(2.18)

The values of the resistances can be accumulated in a matrix R for all
branches. The MNA formulation for the complete system is:
 


 
 
d w
C 0
B
G PT
w
u,
+
=
0 −L dt
0
P −R
i
i
|
|
{z
}
{z
}


e
C

(2.19)

e
G

where i now stands for the current of the inductor-resistor-branch. An
important remark can be made on the matrix C. The matrix can be singular;
it can have zero rows and columns.
Example 2.2 Consider a circuit, with two capacitors. In Figure 2.2 they are
depicted in black. The matrix AC associated with this circuit is:




AC = 



1
0
−1 0
0
0
0
1
0 −1





,



(2.20)

12

System equations and application

Figure 2.2: A circuit with two capacitors

and so C becomes:

C=

AC ĈAT
C

= AC



c1
0

0
c2



AT
C





=



c1
−c1
0
0
0

−c1
c1
0
0
0

0
0
0
0
0
0
0 c2
0 −c2

0
0
0
−c2
c2





 . (2.21)



e a symmetric positive semidefinite matrix. In the problems forThis makes C
e is singular. This
mulated in this thesis it is very common that C, and so C,
makes that the properties of the equation system change and besides, not
all reduction techniques can be applied to these equations, if C is singular.
Eq. (2.19) is formulated as a symmetric, but indefinite system, i.e., the eigene and G
e are real but can be both positive and negative. This holds
values of C
T
e is given by:
since the LDL -decomposition of G


 T

 
T
I 0
L11 LT
L11
0
21
e = G P
,
(2.22)
G
=
0 −I
0 LT
P −R
L21 L22
22

T
such that L11 LT
11 is the Cholesky decomposition of G, L22 L22 is the Cholesky
T
decomposition of R and L21 is such that P = L21 L11 . It is well-known that the
matrix D in the LDLT -decomposition preserves the signs of the eigenvalues
(Sylvester’s Law of Inertia [39]).

If the second block row of the matrix equation is multiplied by −1, a system
consisting of (semi)definite matrices can be formulated:

 
 

 

d w
C 0
G PT
w
B
+
=
u.
(2.23)
0 L dt
i
−P R
i
0
| {z }
|
{z
}
e
C

e
G

2.2 Some properties of the circuit equations

13

There are some advantages in using the latter formulation, which will be
addressed extensively in the sequel of this thesis.
MNA is not the only way to formulate these circuit equations. For instance
the Sparse Tableau formulation [9] can also be used. This formulation is less
compact than MNA, but the matrices are much more sparse. The voltages
of the branches and the voltages on the nodes, are both included in the
formulation. The Mesh Method can also be used [15, Chapter 4]. This
method uses loop currents; this may be more attractive from a mathematical
point of view.

2.2 Some properties of the circuit equations
We will briefly mention some properties of the derived equations, which will
be helpful later on in this thesis or enlarge the understanding of the system
considered in this thesis. In general we will consider the following time
invariant linear differential algebraic equation, with arbitrary matrices C
and G:
C

d
x(t) + Gx(t) = Bi u(t).
dt

(2.24)

Since we are interested in certain elements of the state, an output relation
is defined:
(2.25)

y(t) = BTo x(t)

The matrix Bo selects the state entries from the vector x and is therefore in
general sparse. Often, Bo = Bi .
If C ∈ IRn×n is non-singular, this is an ODE. The general solution of (2.24)
is:
Z t
−1
−1
e−C G(t−τ ) C−1 Bi u(τ )dτ.
(2.26)
x(t) = e−C G(t−t0 ) x0 +
t0

For our problems C is singular in general. This makes (2.24) a differential
algebraic equation (DAE). We will come back to the treatment of DAE shortly.
The system defined by the general equations in the form of (2.24) and (2.25),
d
x(t) is called a descriptor system.
so with the matrix C in front of dt
A common way to solve the differential equation, is by transforming the
equation from the time domain to the frequency domain, by means of a
Laplace transform. The Laplace transform is defined by:
Z ∞
L[f (t)](s) =
f (t)e−st dt.
(2.27)
0
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If we apply this transform to the system and under the condition that x(0) =
0, the system is then transformed to a purely algebraic system of equations:
(G + sC)X(s) = Bi U(s)
Y(s) = BT
o X(s),

(2.28)

where X(s) = L[x(t)](s), U(s) = L[u(t)](s) and Y(s) = L[y(t)](s) denotes the
Laplace transformed variables.
Eliminating the state space vector X(s) gives us a direct relation between
input U(s) and output Y(s):
−1
Y(s) = BT
Bi U(s).
o (G + sC)

(2.29)

From this it follows that we can define a so called transfer function H(s) as:
−1
H(s) = BT
Bi .
o (G + sC)

(2.30)

This transfer function represents the direct relation between input and output in the frequency domain and therefore the behavior of the system in
frequency domain. In general this function is called transfer function. If
we are dealing with a transfer from currents to voltages, this function is
called the impedance and is denoted by Z(s). If the transfer from voltages
to currents are at stake, the transfer function is called admittance function,
denoted by Y (s).
Note that if the system has more than one input or more than one output,
then Bi and Bo have more than one column, respectively. This makes H(s)
a matrix function. The (i, j)-th entry in H(s) denotes the transfer from input
i to output j. We will not make a clear distinction between the transfer function and the transfer matrix in the remainder of this thesis, unless explicitly
stated. All relevant properties hold both for a single-input-single-output
system, as well as for a multiple-input-multiple-output system. A system
with N input-output ports is commonly called N-port. For an N-port, often
Bi = B o .
The transfer function is a function in s and can therefore be expanded into
a moment expansion around s = 0:
H(s) = M0 + sM1 + s2 M2 + . . . ,

(2.31)

The matrices Mi , i = 0, 1, 2, . . . are called the moments of the transfer function.
M0 is the DC solution, i.e. the solution of the system for s = 0, so for a zero
frequency. In that case the inductors are considered as short circuits and
capacitors as open circuits. Also M1 is important, since this is the Elmore
delay: it represent the time for a signal at the input port to reach the output
port. The Elmore delay is defined as:
Z ∞
telm =
th(t)dt,
(2.32)
0
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where h(t) is the impulse response, which is the response of the system
to the Dirac delta input. The transfer function in frequency domain is the
Laplace transform of the impulse response:
Z ∞
H(s) =
h(t)e−st dt.
(2.33)
0

If we expand e−st in a Taylor polynomial we get:

H(s) =

Z

∞
0

1
h(t)(1−st+ s2 t2 +. . .)dt =
2

Z

∞

h(t)dt−s

0

Z

∞
0

1
th(t)dt+ s2
2

Z

∞
0

t2 h(t)dt+. . .
(2.34)

We see that the Elmore delay is equal to the first moment of the moment
expansion. At least these two moments should be preserved in a reduction
step.
The transfer function H(s) can also be expanded around another point s0 ∈ C
or s0 ∈ IR:
H(s) = M0 + (s − s0 )M1 + (s − s0 )2 M2 + . . .

(2.35)

In this case we still speak of moments Mi , i = 0, 1, 2, . . ..
If from Eq. (2.19) or (2.23) the current is eliminated, then the system in
frequency domain can be formulated as:
1
(G + sC + K)V(s) = Bi u.
s

(2.36)

This is analogous to a second order differential equation for the voltages.
Although this offers some advantages, in most cases we will consider the
formulation given in (2.23).

2.2.1 AC analysis
Consider again the circuit equations in general form:
C

d
x(t) + Gx(t) = Bi u(t).
dt

(2.37)

Often we are interested in the steady state behavior of a circuit. This is the
behavior of a circuit due to the excitation by a source with fixed frequency.
This process is called Alternating Current or AC analysis. We are then seeking the solution that is reached after a long time, when the initial effects are
died out. The superposition property of circuits gives that the solutions at
different frequencies can be added to get the solution of an input containing different frequencies. AC analysis is a powerful tool because finding the
steady state of a circuit is much cheaper than a full time domain analysis.
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Consider an input at fixed frequency ω: u(t) = a cos(ωt + φ). The input can be
written as the real part of a complex function:
a cos(ωt + φ) = Re(aeiωt+φ ) = Re(Aeiωt ).

(2.38)

Since we also allow for sine functions, we consider a more general complex
input u(t) = Aeiωt :
C

d
z(t) + Gz(t) = Bi Aeiωt .
dt

(2.39)

For the state space variable we denote z(t) in stead of x(t) to indicate that
the variable is now complex: z(t) = x(t) + iy(t). Replacing z(t) by a complex
exponential, we obtain:
C



d
Z(ω)eiωt + G Z(ω)eiωt = Bi Aeiωt .
dt

(2.40)

By propagating the derivative, we get:

iωCZ(ω)eiωt + GZ(ω)eiωt = Bi Aeiωt

(2.41)

We then eliminate eiωt and obtain:
(iωC + G)Z(ω) = Bi A.

(2.42)

The solution Z(ω) can be obtained by solving this linear system of complex
matrices:
Z(ω) = (iωC + G)−1 Bi A.

(2.43)

The solutions scale with A, so normally we take A = 1. We see immediately a
strong relation with the transfer function, where now s is equal to iω. When
we plot the transfer function, then in general we only plot it for values s = iω,
with ω ≥ 0.

2.2.2 Poles and residues
The transfer function can be also written in the following form:
H(s) =

n
X
j=1

rj
.
s − pj

(2.44)

Here the values pj are called poles and the values rj are called residues. To
find this form we assume that the generalized eigenvalue decomposition for
the matrix pencil C and G ∈ IRn×n exists:
CE = GED,

(2.45)
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where D ∈ C n×n is a diagonal matrix with the generalized eigenvalues on it.
E ∈ C n×n is a matrix consisting of the associated eigenvectors. Note that,
since the matrices G and C are real, the eigenvalues and eigenvectors come
in conjugate pairs. When we suppose that G is non-singular, the transfer
function (2.30) can be written as:
(2.46)

−1
H(s) = BT
C)−1 G−1 Bi .
o (I + sG

If we further assume that E is non-singular, then (2.45) can be written differently:
(2.47)

G−1 C = EDE−1 .
When we substitute this in the transfer function, then:

(2.48)

−1 −1 −1
−1 −1 −1
H(s) = BT
) G Bi = B T
E G Bi .
o (I + sEDE
o E(I + sD)

For now suppose that Bo and Bi are single column matrices. Then:
H(s) =

n
X
i=1

li r i
,
1 + sDii

with n the size of the matrices,
ri = (E−1 G−1 Bi )i ∈ C n×1 .

(2.49)
and li

=

(BT
o E)i

∈

C 1×n and

G may be singular. However, there is always a scalar s0 ∈ C for which
G + s0 C is nonsingular. The transfer function can be reformulated as:
−1
H(s) = BT
C)−1 (G + s0 C)−1 Bi .
o (I + (s − s0 )(G + s0 C)

(2.50)

Subsequently, the following generalized eigenvalue decomposition can be
utilized:
CE = (G + s0 C)ED.

(2.51)

If the matrix E, which contains all the eigenvectors, is non-singular, (G +
s0 C)−1 C is diagonalizable, i.e., there is a transformation that transforms
(G + s0 C)−1 C to a diagonal matrix:
(G + s0 C)−1 C = EDE−1 ,

(2.52)

with D a diagonal matrix in C n×n , with on the diagonal the complex eigenvalues of (G+s0 C)−1 C. The regularity of E is in general not dependent on the
choice of s0 . This latter result can be substituted in the transfer function:
−1 −1
H(s) = BT
E (G + s0 C)−1 Bi .
o E(I + (s − s0 )D)

(2.53)

Again suppose that Bo and Bi are single column matrices. Then:
H(s) =

n
X
i=1

li ρ i
,
1 + (s − s0 )Dii

(2.54)
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−1
with n the size of the matrices, and li = (BT
(G + s0 C)−1 Bi )i .
o E)i and ρi = (E
To get (2.44) the poles pj are defined as:

pi = s 0 −

1
Dii

(2.55)

and the terms rj as:
ri =

li ρ i
,
Dii

(2.56)

if Dii 6= 0. The terms ri are the residues. With every pole a residue is related.
This entire formulation derived here is called the pole-residue formulation.
If Dii = 0 this results in a constant term. In many cases this term is zero,
because li ρi = 0.
We see that there is a one-to-one relation between the poles and the generalized eigenvalues of the system. Since the poles appear directly in the poleresidue formulation of the transfer function, there is also a strong relation
between the transfer function and the poles, or stated differently, between
the behavior of the system and the poles. If one approximates the system,
one should take care to approximate the most important poles. There are
some methods that do this; we will see examples of that later on.
Once the pole residue formulation is obtained, the contributions of every
pole to the full transfer function can be plotted separately. This shows how
important a pole is for a good approximation. Later on in this thesis this
technique will be used to investigate the information content of a reduced
system.
Since the transfer function is usually plotted for imaginary points s = iω, the
poles that have a small imaginary part dictate the behavior of the transfer
function for small frequency values. Consequently, the poles with a large
imaginary part are needed for a good approximation at higher frequencies.
Therefore, a good reduction method captures the poles with small imaginary
part earlier than the poles that are further away. Finally, poles with a small
residue may be left out of the reduced model.
If both G and C are singular, then the transfer function is not easily represented in this form. In this case an extra linear term must be added to the
transfer function:
h(s) = a + bs +

N
X
j=1

rj
.
s − pj

(2.57)

Since the poles only depend on the matrix pencil {G, C}, the poles of a
multiple-input-multiple-output (MIMO) system are the same for every entry
in the transfer matrix. In case of a MIMO system the residues are matrices.

2.2 Some properties of the circuit equations
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2.2.3 Stability
Poles and eigenvalues of a system are strongly related to the stability of the
system. Stability is the property of a system that ensures that the output
signal of a system is limited. Eigenvalues and poles play an essential role in
the analysis of stability.
Consider the system:
d
x = Ax + Bi u
dt
y = BT
o x.

(2.58)

A system is said to be stable if and only if for all eigenvalues λA of A holds
Re(λA ) ≤ 0 and all eigenvalues with Re(λA ) = 0 are simple. The matrix A
is called Hurwitz or stable. If λA is an eigenvalue of A, λ1A is an eigenvalue of A−1 . So, if A ∈ C n×n is stable and A−1 exists, then A−1 is stable.
Furthermore, since σ(A) = σ(AT ), A ∈ C n×n is stable if and only of AT is
stable. Since σ(A) = σ(A∗ ), A is stable if and only if A∗ is stable. Finally,
σ(AB) = σ(BA) and therefore: AB is stable if and only if BA is stable.
Given the definition of stability for the system in Eq. (2.58), for the matrix
G and C is the MNA system a similar property can be defined. The more
general MNA system is formulated as.
C

d
x = −Gx + Bi u
dt
y = BT
o x.

(2.59)

The system is stable if and only if for all generalized eigenvalues holds
Re(λ(G, C)) ≥ 0 and the eigenvalues Re(λ(G, C)) = 0 are simple. A set of
generalized eigenvalues σ(A, B) is defined as all values λ for which:
(2.60)

Ax = λBx.

The set of eigenvalues σ is also called spectrum. The pair of matrices {A, B}
is called a pencil. A pencil is said to be regular if there is at least one λ ∈ C
for which λA + B is regular.
According to what was derived in the previous section, the poles are equal
to the eigenvalues of the system:
(2.61)

Gx = −pj Cx.
To see this, substitute (2.55) in (2.51):
Cxj = λj (G + s0 C)xj =

1
(G + s0 C)xj ,
s0 − p j

(2.62)
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where the eigenvector xj is a column of E and λj is an element of D. This
can be rewritten to Eq. (2.61). As a consequence, poles can be defined as all
the values of s for which det(G + sC) = 0.
The following relation between stability and the poles holds:
Theorem 2.3 The system in (2.59) is stable if and only if for all the poles pj
of that system: Re(pj ) ≤ 0, and all poles for which Re(pj ) = 0 are simple.
An interesting question is, under which assumptions the MNA system is
stable. We will have a closer look to the system matrices for that.
Theorem 2.4 Let G be a matrix of which the eigenvalues have non-negative
real part and not more than one eigenvalue is equal to zero. Let C be a symmetric positive semi-definite matrix. Further we assume that the pencil {G, C}
is regular. Then the system in (2.59) is stable.
Proof.
{G, C}:

We are interested in the generalized eigenvalues of the pencil

Gx = λCx.

(2.63)

We may assume that the eigenvalue decomposition of G exists, so G =
EDE−1 . Then, D is a diagonal matrix with at the most one diagonal element equal to 0. The generalized eigenvalue problem can be written as:
EDE−1 x = λCx.

(2.64)

And so:
Dy = λE−1 CEy,

(2.65)

where y = E−1 x. Next, we pre-multiply this equation by y∗ :
y∗ Dy = λy∗ E−1 CEy,

(2.66)

Since C is positive semi-definite, E−1 CE is a matrix with non-negative real
eigenvalues and so y∗ E−1 CEy is a non-negative real scalar. Besides, y ∗ Dy
has non-negative real part. Since the pencil {G, C} is regular y ∗ Dy and
y∗ E−1 CEy can not both be zero.
Concluding, if both y∗ Dy and y∗ E−1 CEy are non-zero, then Re(λ) > 0. If
y∗ Dy = 0, then λ = 0. This happens at most once. The event y ∗ E−1 CEy = 0
corresponds with a pole at −∞. Therefore the system is stable.
Theorem 2.5 If Re(x∗ Ax) > 0 for all x ∈ C n , then all eigenvalues of A have a
positive real part.
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Proof.
Let x be an eigenvector of A, then Ax = λx. Since, for every
vector y, Re(y∗ Ay) > 0 holds, then for x also Re(x∗ Ax) > 0. Consequently,
Re(λx∗ x) = Re(λ)kxk > 0 and so Re(λ) > 0
Consider the example:
 1

− 3 −1
A=
1
2
and
x=



1
0



,

to see that the theorem does not hold the other way around. We will call
matrices A for which Re(x∗ Ax) > 0 for all x ∈ C n holds, positive real. We see
that the class of positive real matrices is smaller than the class of matrices
with eigenvalues of which the real part is always positive. If A is positive real
and A−1 exists, then A−1 is positive real. Furthermore, A is positive real if
and only if A∗ is positive real. If both A and B are positive real, then αA+βB
for α and β ∈ C and Re(α) > 0 and Re(β) > 0, is also positive real. The class
of positive definite matrices forms a subclass of positive real matrices.
Similar to this definition we define a matrix A as non-negative real if
Theorem 2.6 Let G be a block matrix defined by:


Gg P T
G=
,
−P R

(2.67)

where Gg and R are positive semi-definite. Then, G is non-negative real.
Proof.
∗

x Gx =

x∗1

x∗2





Gg
−P

PT
R

of

z.



x1
x2



=

x∗1 Gg x1 + x∗1 PT x2 − x∗2 Px1 + x∗2 Rx2 = x∗1 Gg x1 + 2iIm(x∗1 PT x2 ) + x∗2 Rx2 ,
(2.68)
where Im(z) stand for the imaginary
Re(x∗ Gx) = Re(x∗1 Gg x1 + x∗2 Rx2 ) ≥ 0.

part

So

now

Theorem 2.7 A matrix A ∈ C n×n is positive real if and only if the Hermitian
part of A (i.e. 12 (A + A∗ )) is symmetric positive definite. We then write 21 (A +
A∗ ) > 0.
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Proof.

It can be shown that x∗ (A + A∗ )x is equal to 2Re(x∗ Ax):

x∗ (A + A∗ )x = x∗ Ax + x∗ A∗ x = x∗ Ax + (x∗ Ax)∗ = 2Re(x∗ Ax).
So, x∗ (A + A∗ )x > 0 if and only if Re(x∗ Ax > 0
Likewise, a matrix is non-negative real if and only if the Hermitian part is
symmetric positive semi-definite.
The following theorem obviously follows from Theorems 2.4 and 2.5.
Theorem 2.8 Let G be a non-negative real matrix with at most one zero eigenvalue, further let C be a symmetric positive semi-definite matrix and let the
pencil {G, C} be regular, then the system in (2.59) is stable.
This theorem proofs to be very useful for our applications. The systems we
consider in this thesis have this property and, moreover, this property is
preserved during reduction. This will be shown in Chapter 4.
A symmetric positive real matrix is symmetric positive definite, i.e. all eigenvalues are positive and real.
We have seen that having G in a positive real form and C in a positive definite
form has advantages. Nevertheless, we may use a different formulation. If
the pencil {G, C} is written in the form:




Gg P T
Cc 0
G=
and C =
(2.69)
P −R
0 −L
the system is still stable. Although these two matrices are indefinite, the
poles of this system are in the left half plane. The negative eigenvalues of
the one matrix, exactly compensate the negative eigenvalues of the other
matrix. This can be seen by considering the generalized eigenvalue problem
−Gx = λCx:






Gg P T
x
Cc 0
x
−
=λ
.
(2.70)
P −R
y
0 −L
y
Further, we may assume that that R and L are positive definite matrices and
R + λL is non-singular for all λ, which is in general true. The generalized
eigenvalue problem can then be written as:
−PT (R + λL)−1 Px = (Gg + λCc )x.

(2.71)

We will show stability by contradiction, namely by assuming Re(λ) > 0 and
trying to reach a contradiction.
From Re(λ) > 0 it follows that (Gg + λCc ) + (Gg + λCc )∗ is symmetric positive
(semi-)definite. Further:
(−PT (R + λL)−1 Px)∗ = −x∗ (PT (R + λ̄L)−1 P)

(2.72a)

2.2 Some properties of the circuit equations
((Gg + λCc )x)∗ = x∗ (Gg + λ̄Cc ),
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It follows from (2.71) that:


−x∗ (PT (R + λ̄L)−1 P) + (PT (R + λL)−1 P) x = x∗ (Gg + λ̄Cc ) + (Gg + λCc ) x.
(2.73)
This is equivalent to:


−y∗ (R + λL) + (R + λ̄L) y = x∗ (Gg + λ̄Cc ) + (Gg + λCc ) x,

(2.74)

with y = (R + λL)−1 Px. ForRe(λ) > 0 the matrices (R + λL) + (R + λ̄L)
and (Gg + λ̄Cc ) + (Gg + λCc ) are positive definite. Therefore, the real part
of the left-hand side is less than 0. The real part of the right-hand side is
greater or equal to 0. This gives a contradiction. Therefore Re(λ) ≤ 0.

2.2.4 Passivity
Stability is a very natural property of physical structures. However, stability is not strong enough for electronic structures, that contain no sources.
A stable structure can become unstable if non-linear components are connected to it. Therefore, another property of systems should be defined that
is stronger than stability. This property is called passivity. Being passive
means being incapable of generating energy. If a system is passive and stable, we would like a reduction method to preserve these properties during
reduction. In this section the principle of passivity is discussed and what is
needed to preserve passivity.
The total instantaneous power absorbed by a real N-port, i.e. a system with
N ports, is defined by:
winst (t) =

N
X

vj (t)ij (t),

(2.75)

j=1

where vj (t) and ij (t) are the real instantaneous voltage and current at port j.
An N-port contains stored energy, say E(t). If the system dissipates energy
at rate wd (t) and contains sources which provide energy at rate ws (t), then
the energy balance of a time interval [t1 , t2 ] looks like this:
Z

t2
t1

(winst + ws − wd )dt = E(t2 ) − E(t1 ),

(2.76)

An N-port is called passive if we have
Z

t2
t1

winst dt ≥ E(t2 ) − E(t1 ),

(2.77)
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over any time interval. This means that the increase in stored energy must
be less than or equal to the energy delivered through the ports. The N-port
is called lossless if (2.77) holds with equality over any interval. Assume that
the port quantities exhibit purely exponential time-dependence, at a single
complex frequency s. We may then write:
v(t) = v̂est

and i(t) = ı̂est ,

(2.78)

where v̂ and î are the complex amplitudes. We define the total complex
power absorbed to be the inner product of ı̂ and v̂:
(2.79)

w = ı̂∗ v̂
and the average or active power as:

(2.80)

hwi = Re(ı̂∗ v̂),

where ∗ denotes transpose conjugation. For an N-port defined by an
impedance relationship, we may immediately write hwi in terms of the
voltage and current amplitudes:
hwi = Re(ı̂∗ v̂) =

1 ∗
1
1
(ı̂ v̂ + v̂∗ ı̂) = (ı̂∗ Zı̂ + ı̂∗ Z∗ ı̂) = (ı̂∗ (Z + Z∗ )ı̂).
2
2
2

(2.81)

For such a real linear time invariant (LTI) N-port, passivity may be defined in
the following way. If the total active power absorbed by an N-port is always
greater than or equal to zero for frequencies s such that Re(s) ≥ 0, then it is
called passive. This implies that:
Z + Z∗ ≥ 0 for Re(s) ≥ 0.

(2.82)

Hence, the matrix Z is positive real. If the average power absorbed is identically zero for Re(s) ≥ 0, or, in terms of impedances, if
Z + Z∗ = 0 for Re(s) ≥ 0,

(2.83)

then the N-port is called lossless.
Given our discussion and the definition of passivity based on an energy
argument, we can formulate the following theorem.
Theorem 2.9 The transfer function H(s) of a passive system is positive real;
that is H∗ (s) + H(s) ≥ 0, for Re(s) > 0.
Sometimes another definition of passivity is used, for instance in [35]. Under
certain assumptions these definitions are equal. However, our definition of
passivity is suitable for the MNA-formulation.
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To show positive realness for MNA systems, we first have to do some work.
−1
Suppose the transfer function of an N-port, given by H(s) = BT
Bi
o (G + sC)
is positive real:
(2.84)

−∗
−1
x∗ (BT
Bi + B T
Bi )x ≥ 0.
o (G + sC)
o (G + sC)

This is equal to:
−∗
x ∗ BT
((G + sC) + (G + sC)∗ )(G + sC)−1 Bi x =
o (G + sC)

y∗ ((G + sC) + (G + sC)∗ )y ≥ 0,
with y = (G + sC)−1 Bi x, if Bo = Bi . Obviously, it is sufficient to prove the
positive realness for:
(2.85)

W(s) = G + sC.

Now, reconsider the MNA-formulation, formulated non-symmetrically as in
(2.23). For W(s) = G + (σ + iω)C with σ > 0 and Gg , Cc , R and L we have:




Gg
−P

Gg
−P

PT
R





Cc
0

0
L





Gg
+s
+
−P


 
Cc
Gg −PT
PT
+s
+
0
P
R
R



Gg 0
Cc
2
+ 2σ
0 R
0

PT
R
0
L





+s

+ s∗

0
,
L





Cc
0

0
L

Cc
0

0
L

∗


=

=

which is nonnegative definite.
The MNA-formulation can also be formulated symmetrically. Since the
transfer function is independent of the formulation, the transfer function is
also passive if the symmetric formulation is used. However, our derivation
here is less straightforward for that case.
Theorem 2.10 If the system matrices G and C of a passive system are projected by a projection matrix V ∈ C n×q , such that Gq = V∗ GV,Cq = V∗ CV
and Bq = V∗ Bi = V∗ Bo then the system with system matrices Gq and Cq is
also passive.
Proof. We define W(s) = G + sC. Since the system is passive, x∗ (W∗ (s) +
W(s))x ≥ 0 for all x. Next, we define Wq (s) as Wq (s) = (Gq + sCq ) then
Wq = V∗ W(s)V. Consequently,
x∗ (Wq∗ (s) + Wq (s))x = x∗ (V∗ W∗ (s)V + V∗ W(s)V)x =
x∗ V∗ (W∗ (s) + W(s))Vx = y∗ (W∗ (s) + W(s))y ≥ 0,
with y = Vx.
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2.3 Numerical integration of circuit equations
e in (2.17) is non-singular, then the system of equations can
If the matrix C
be rewritten as a first order Ordinary Differential Equation (ODE):
d
e −1 Gx
e +C
e −1 Bi .
x = −C
dt

(2.86)

There is a host of numerical integration methods, for solving an ODE numerically, including Runge-Kutta methods. In our area of application it is
e is singular. In that case we deal with a sohowever very common that C
called Differential Algebraic Equation (DAE).
Differential Algebraic Equations are defined as equations:
f (ẋ, x, t) = 0,

(2.87)

where ker( ∂f
∂ ẋ ) 6= ∅. In that case the equation consists of a differential part
and an algebraic part. Some DAE’s can be formulated such that the differential part and the algebraic part are separate. As an example the so-called
semi-explicit formulation is given here:
ẋ = f (x, t)
0 = g(x, t).

(2.88)

The second equation, the algebraic equation, defines a manifold. The solution of the first equation, the differential equation, is only defined on this
manifold. Another important class of DAE’s in this context are the linear
DAE’s:
Aẋ(t) + Bx(t) = u(t),

(2.89)

where A and B are constant matrices. If the pencil λA + B is regular, then
the DAE is solvable. Another important property of DAE’s is their index.
It is a measure for the complexity of the DAE. There are more than one
definition for the index [10]. The tractability index is the most practical
index to analyze MNA systems. An ODE has index 0, a DAE index 1 or
higher.
Since the initial condition of the DAE must lie on the manifold defined by
the algebraic equation, not all initial conditions for a DAE are admissible.
This required consistency of the initial condition shows that numerically
solving DAE’s must be done with special care. Not all numerical integration
methods suitable for ODE’s can be used for DAE’s.
The numerical integration methods for DAE’s are implicit and must solve the
algebraic part exactly. Furthermore, the index of the problem may give rise
to the phenomenon of order-reduction, where the convergence of the error is

2.4 Electromagnetic field solvers
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orders lower than the order of the method. Backward Difference Formula’s
(BDF) methods do not suffer from reduction of the order of integration and
generate consistent solutions [101]. They are therefore suitable for DAE’s.
The most simple BDF scheme one can think of is the Implicit Euler scheme.
An extensive treatment of numerical integration methods for DAE’s is given
in [45].
From the large variety of numerical integration methods, BDF methods are
the most commonly used for circuit simulation, this although BDF methods
are not optimal with respect to stability and accuracy. The main reason
for this choice, is that in a complicated application one has to compromise
between speed and accuracy. Since a solution should be obtained quickly,
many methods are tailored for specific problems. There is no method which
solves all the problems within the desired boundaries. For instance, Implicit Runge-Kutta methods, to be more precise algebraic accurate RungeKutta methods, can be used to solve circuit equations as well. Examples are
Radau methods and Rosenbrock-Wanner schemes. In practice however, one
chooses more often for the BDF methods.
For oscillating problems BDF methods are less attractive, since they damp
the oscillations of the system [58]. CHORAL [89, Chapter 6], has the ability
to damp unwanted oscillations at high frequencies while the oscillations of
the structure are less damped.

2.4 Electromagnetic field solvers
Characteristic effects of the electromagnetic field, neglected earlier, become
important to model, due to the increasing frequencies in nowadays circuit
designs. Solving the full Maxwell equations is often infeasible due to the involved high complexity. For some problems the Electromagnetic field solvers
can be formulated as state space models, enabling us to apply model reduction techniques and couple them to a circuit simulation process. Here the
Finite Difference Time Domain Method and the Partial Element Equivalent
Circuit method are treated briefly.

2.4.1 Finite Difference Time Domain Method
Probably the most extensively applied method to solve the Maxwell equations
is the Finite Difference Time Domain Method (FDTD). The method is used to
calculate E and H field in time domain. However, the method can also be
used to model the underlying problem in a state space formulation. In order
to explain the method, we consider the Maxwell’s equations in differential
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form:
dH(x, t)
+ ρ(x, t)H(x, t) = −Ms
dt
dE(x, t)
∇ × H(x, t) − σ(x, t)E(x, t) − (x, t)
= Js .
dt

∇ × E(x, t) + µ(x, t)

(2.90a)
(2.90b)

Here Ms , Js represent the magnetic and electric current density sources.
Furthermore, we allow for materials with isotropic, non-dispersive electric
and magnetic losses that attenuate E and H-fields via conversion to heat
energy. Therefore we will use:
J = Js + σE

(2.90c)

M = Ms + ρH,

(2.90d)

and

where σ is the electric conductivity and ρ is the equivalent magnetic loss.
 is the electrical permittivity and µ is the magnetic permeability. We also
used that D = εE and B = µH.
In 1966, Yee [107] introduced a discretization method that became known
as the Yee-cell, see Figure 2.3. The method is based on a discretization of

Figure 2.3: The Yee cell
the three-dimensional space in cubes and a set of finite difference equations
to solve the time-dependent Maxwell’s equations in (2.90).
As can be seen from the picture, the E and H components are positioned
such that every E component is surrounded by four H components and
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every H component is surround by four E components. These neighboring
components define loops. With these loops Faraday’s Law and Ampere’s Law
are discretized. In this way the space is filled with contours all linked to each
other.
FDTD is equipped with the central-difference rule for the spatial derivatives.
This scheme is second-order accurate. Continuity conditions of E and H
across material boundaries are maintained in the scheme. Therefore, every
location in the grid has its own local material properties, which may differ
over the grid.
In [100] it is pointed out that FDTD can be used to calculate the circuit
parameters of high-speed digital and microwave circuits. There are two
approaches to use FDTD for circuit parameter extraction. These two approaches are of interest since the result is formulated in a state space formulation right away. We will describe both.
Cangellaris [11] considers the equations (2.90a) and (2.90b) in the frequency
domain:
(2.91a)
(2.91b)

∇ × E(x, s) + µ(x, s)sH(x, s) + ρ(x, s)H(x, s) = −Ms
−∇ × H(x, s) + σ(x, s)E(x, s) + (x, s)sE(x, s) = −Js .

When the space is discretized for this approach, the following system of state
equations is derived:


Sm
−Dh

De
Se



+s



Pm
0

0
Pe

 

H
E



=



−Ms
−Js



u(s),

(2.92)

where De and Dh represent the curl-operator, Sm are the discretized magnetic conductivity, Se is the discretized electric conductivity, Pm the magnetic permeability and Pe is the electric permeability.
In [20] a finite domain terminated by perfect electric conductors (PEC) is
considered. In the FDTD equations the spatial derivatives are incorporated
and the time derivation is kept. As an example we give here the FDTD
∂Hy
x
equations for the ∂E
∂t and the ∂t term, instead of for all 6 equations:


∂Hz
∂Hy
∂Ex
=
−
− (Jsx + σEx )
∂t
∂y
∂z

(2.93a)

∂Hy
∂Ez
∂Ex
=
−
− (Msy + ρHy ).
∂t
∂x
∂z

(2.93b)

µ
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The discretized equations for the Yee-cell are then given by:


∂ex |i+1/2,j,k
1
1
1
=−
hz |i+1/2,j−1/2,k +
hz |i+1/2,j+1/2,k +
hy |i+1/2,j,k−1/2 + ...
∂t
∆y
∆y
∆z
1
hy |i+1/2,j,k+1/2 − (jsx |i+1/2,j,k + σex |i+1/2,j,k )
−
∆z
(2.94a)

µ

∂hy |i+1/2,j,k+1/2
1
1
1
=−
ez |i,j,k+1/2 +
ez |i+1,j,k+1/2 +
ex |i+1/2,j,k − ...
∂t
∆x
∆x
∆z
1
ex |
− (msy |i+1/2,j,k+1/2 + ρhy |i+1/2,j,k+1/2 ).
∆z i+1/2,j,k+1
(2.94b)

With a certain scaling of the time and the magnetic field and due to the PEC
boundary conditions, both equations are “spatially reciprocal”. For instance,
the coefficient of hy |i+1/2,j,k+1/2 in (2.94a) is exactly opposite to the coefficient
of ez |i+1/2,j,k in (2.94b). This allows for the following formulation:


D
0

0
Dµ



ė
ḣ



=−



Dσ e
−KT

K
Dσ m



e
h



−



js
ms



,

(2.95)

where the electric field variables are grouped in the vector e and the magnetic
field variables are grouped in the vector h. The spatial reciprocity can be
seen from the observation that K acts on h and −KT acts on e.

2.4.2 Partial Element Equivalent Circuit method
Although the method was already published in 1974 [84], the Partial Element Equivalent Circuit (PEEC) method has received a great interest over
the last years. Besides being a powerful full-wave 3-D numerical method
which competes with other popular techniques (FDTD, FEM, MoM) it is especially suited for electromagnetic-circuit problems in both the time and
frequency domains. The PEEC method is described here briefly as a tool for
modeling passive electronic structures and can under some assumptions be
formulated as a state space model and even as an RLC-circuit.
A very similar approach of PEEC is described in [16]. The application mentioned there is extensively used in this thesis. All practical examples are
derived with this tool and recently model order reduction techniques are
implemented in the tool. A description of the tool and its mathematical
background is also given in [89, Chapter 7].
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We start from the Maxwell’s equations:
∂
D=J
∂t
∂
∇×E+ B=0
∂t

∇×H−

∇·D=ρ
∇ · B = 0,

(2.96)

and equations describing the microscopic behavior of the medium:
D = E

and

µH = B.

(2.97)

As a first step to solve these equations a vector potential A and a scalar
potential φ are introduced. They are defined by:
B=∇×A
∂
E = − A − ∇φ.
∂t

(2.98a)
(2.98b)

Then, in the Lorentz gauge, the Maxwell equations can be written as a set of
wave equations:
1
1 ∂2
φ=− ρ
c2 ∂t2

2
1
∂
∇2 A − 2 2 A = − µJ,
c ∂t
∇2 φ −

(2.99a)
(2.99b)

and the continuity equation
∇·J+

∂
ρ =0,
∂t

(2.99c)

where c = (µ)−1/2 . The solutions of the Helmholtz equations (2.99a) and
(2.99b) can be formulated in terms of a Greens function, i.e. solutions of the
Helmholtz equation with a Dirac delta-function as right-hand side:
Z
A(x, t) =µ G(x, t, x0 , t0 )J(x0 , t0 )d3 x0 dt0
(2.100a)
Z
1
G(x, t, x0 , t0 )ρ(x0 , t0 )d3 x0 dt0 .
(2.100b)
φ(x, t) =

With this, the EFIE (Electric Field Integral Equation) can be composed, using
the definition of the potentials (2.98b):
Z
∂
E(x, t) = −µ
G(x, t, x0 , t0 )J(x0 , t0 )d3 x0 dt0 − . . .
∂t Γ
Z
(2.101)
1
0 0
0 0 3 0 0
E
∇ G(x, t, x , t )ρ(x , t )d x dt + E (x, t)

Γ
In a next step the domain is discretized and the current density J and the
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charge density φ are expanded into basis functions:
J(x, t) =

Nb
X

Ii (t)Ψi (x)

(2.102a)

Qs (t)Φs (x).

(2.102b)

i=1

φ(x, t) =

Nn
X
s=1

Equation (2.101) consequently becomes a linear differential equation:
Lİ(t) − CQ(t) + RI(t) = −V e

(2.103a)

DI(t) + Q̇(t) = 0,

(2.103b)

using definitions:
Z Z
Ψi (x)G(x, t, x0 , t0 )Ψj (x0 )d3 x0 d3 x
Lij (t, t0 ) = µ

(2.104a)

Γ

Cis (t, t0 ) = −
Z

Rij =
Dsj =
Vie (t)

1


Ψi (x)
Γ

Z

Γ

Z Z

Γ

(∇ · Ψi (x))G(x, t, x0 , t0 )Φs (x0 )d3 x0 d3 x

1
Ψj (x)d3 x
σ(x)

Φs (x)∇ · Ψj (x)d3 x

=−

Z

Ψi (x)EE (x, t)d3 x.

(2.104b)
(2.104c)
(2.104d)
(2.104e)

Γ

Notice that Lij and Cij are time dependent, they have a retardation effect, a
certain time-delay. An approximation would be the neglected the time-delay
of the problem. In that case the quasi-static approximation of the Green’s
function is applied. This comes down to the assumption that the signal
propagates with an infinite speed. This non-retarded model can be represented by an RLC-network. Then, roughly said, equation (2.103b) forms the
KCL’s of the circuit and (2.103a) the branch current relation. The circuit
will consists of nodes, capacitively coupled, with each other and the ground.
These node coincide with the mesh-elements. A mesh element has a given
capacitance and two mesh elements can be capacitively coupled. If, in the
mesh, between two elements current can flow, a branch with an inductor
and a resistor in series represents this current flow.

2.5 Test structures
In this section a number of examples is introduced. The collection of examples serves as a test bench and is used throughout this thesis, to validate
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the proposed algorithms of the Model Order Reduction techniques and the
proposed improvements. They are also used to validate the realization techniques proposed to present the reduced models in terms of a circuit simulator. The choice of these examples are mainly based on the fact that the
example are large enough to be reduced and small enough, such that they
can still be easily analyzed. In Chapter 8 more complicated examples are
reviewed.
Many examples are generated by the lay-out simulator Fasterix, which is a
Philips in house tool for circuit extraction of printed circuit boards (PCB).
The tool is described in detail in [89, Chapter 7] and [16]. A mesh is generated such that for the maximum frequency of interest the mesh elements
are still electrically very small, i.e. variations of the potential over one mesh
element are very small. Hence, the mesh elements can be treated as circuit
nodes and the properties of the mesh can be lumped to be represented as
circuit components. The size of the mesh is therefore dependent on the maximum frequency which the user can give in. The method used to calculate
the values of the lumped elements circuit is a boundary element method,
almost similar to PEEC.
A reduction method was implemented in the tool to represent the circuit
models in a compact way. The technique, the so-called super node algorithm, selects a small number of geometrically well distributed circuit nodes
from the mesh [70]. These points, together with the ports of the structure,
form the nodes of the reduced circuit. In between the super nodes, circuit
branches are build which approximate the behavior of the original circuit
in frequency domain. The physically motivated reduction technique is very
accurate in frequency domain and leads to very compact RLC-circuits. However, it may suffer from instabilities in time domain, since the approximation
it represents is only valid in frequency domain. The values of the RLCcomponents, used in the reduced circuit are not all positive, which might
lead to instabilities. The reduction methods proposed in this thesis will be
compared to the resulting circuit from Fasterix.

2.5.1 Transmission line model
The first example is a model for a single transmission line. Under certain
restrictions a transmission line can be modeled in small sections, which are
represented by lumped elements. Therefore, the example can be formulate
as large or a small as desired. Still a very small models gives a transfer
function with an interesting behavior. Here we fix the values of the the
lumped elements. Every section consists of one resistor with value g =
2.5 · 10−13 and one capacitor with value c = 3.75 · 10−12 , both connected to the
ground and one RL-branch, with values r = 2.5 and ` = 1.25·10−9, connecting
the successive sections. Let n be the number of sections.
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The MNA formulation of this model is formed by the following matrices.
G ∈ IR2n+1×2n+1 consists of blocks of sizes n and n + 1:


G11
G12
G=
,
(2.105)
−GT
12 G22 ,

where the blocks are given by:


g


g


G11 = 
,
.
..


g

−1 1

−1 1

G12 = 
..
..

.
.
and

−1 1




G22 = 

r

..

(2.106a)








.
r


.

The matrix C is defined conformally as:


C11
0
,
C=
0
C22
with C11 ∈ IRn×n as:

c

..
C11 = 
.


c




and C22 ∈ IRn+1×n+1 as:


`


..
C22 = 
.
.
`

(2.106b)

(2.106c)

(2.107)

(2.108a)

(2.108b)

Further, Bi = Bo is a vector of length 2n + 1 with a 1 at position n + 1 and 0
everywhere else.

2.5.2 Two parallel striplines
This example consists of two printed striplines, which are parallel to each
other. The striplines are 1 mm wide and the longest is 15 mm long. The
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Figure 2.4: Mesh of the two parallel striplines

maximum frequency for modeling the strips is set to 10 GHz. Hence, a very
fine mesh is given, yielding a system of size 106. The mesh is shown in
Figure 2.4. The black dots are the super nodes, defined with the mesh. A
voltage source at the two ports of the lower strip. The voltage is measured
over the upper strip. As expected, for increasing frequency of the input
source signal, the potential over the upper rising.

2.5.3 Double LC filter
The printed circuit board in Figure 2.5 is a printed version of the ideal double LC-filter shown schematically in Figure 2.6. This filter behaves like a
lowpass-filter.
The feature sizes of the PCB are 2.2 by 3.8 cm. The inductors of the layout are printed in metal. Two capacitors are added to the
netlist to complete the circuit simulator input. These capacitors are connected to the board at the ports c1a, c1b, c2a and c2b.
A mesh is generated for the printed circuit board, based on a given maximum
frequency of 1GHz. This yields a circuit model consisting of 223 circuit
nodes and 236 branches with inductors in it. So in total a system of size
459 is formulated. In this thesis sometimes a finer mesh for this PCB is
considered as well, leading to a system of size 695. The behavior of that
model is identical to the smaller version.
In Figure 2.7 the result of the AC analysis of the ideal circuit (lower line)
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Figure 2.5: Printed circuit board of lowpass model

Figure 2.6: Ideal lowpass model

and the printed circuit (upper line) is shown. We see that, because of the
lay-out effects, the printed version does not behave ideally. It sweeps up
again around 800 MHz.
Since components are added to only 8 of the 15 ports, the columns from
the input matrix Bi and the output matrix Bo associated with these ports
can be selected and only these columns are used in the reduction process.
This strongly diminishes the size of the reduced mode. With the reduction
method described in Chapter 5 a reduced system of size 48 was generated,
which is an excellent approximation of the original model.
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Figure 2.7: Frequency domain behavior of printed circuit board in comparison with the ideal circuit

Figure 2.8: Mesh of lowpass structure

2.5.4 Lowpass structure
As a next example a piece of metal is considered of approximately 10 mm
length. The structure has two ports, one complete left and the middle, the
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other opposite on the right side. The mesh is generated with a maximum
frequency of 1010 Hz. The size of the MNA formulation of the circuit model is
finally 709.
This example is chosen here since it is reasonably large, while the number
of ports is very small. It is expected that the detailed description of the
current distribution due to the fine mesh can easily be replaced by a smaller
representation.

2.6 Concluding remarks
In this chapter we derived the MNA formulation of a circuit and discussed
properties for an RLC-circuit. Also, the numerical integration of circuit equations was highlighted. Next, electromagnetic field solvers were described. It
was seen that under certain assumptions the solvers can be used to formulate the EM-field in a state space formulation and even in terms of an
RLC-circuit. Finally, some test structures were defined that will be used
throughout this thesis.

Chapter 3

Model Order Reduction
In this thesis we will focus on Krylov subspace methods. However, these
methods only form a selection of all available reduction methods. Furthermore, they stem from more basic methods and gave rise to new methods.
To embed the Krylov subspace methods into the broad spectrum of Model
Order Reduction, several methods from the host of available methods are
listed in this chapter. Two larger groups of methods can be distinguished
in the nowadays existing reduction methods. On one hand there are the
Krylov subspace methods, using a Krylov space to find the basic properties
of a system. On the other hand, we have truncation methods, using a sort of
singular value decomposition to select the important directions of the system
and neglecting the others. Of course, like every generalization, this division
is too coarse. There are methods which cannot be classified as any of the
two mentioned. An example of these is Proper Orthogonal Decomposition,
which we will discuss later on.

3.1 The purpose of Model Order Reduction
The purpose of Model Order Reduction is to replace a large model by a
smaller one, which preserves the essential properties of the original model.
This smaller system must be an approximation of the larger system, in a
sense that the input-output behavior of this system is comparable to the
original, within a certain accuracy. Therefore, the methods try to capture
the essential features of the model in a small model and preferable as quick
as possible. One could further define extra properties, like stability, that
have to be preserved in the reduction step. Often the frequency domain
input-output behavior of the system is considered, but sometimes the time
domain results of the system are approximated instead.
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Reduction methods are often computational methods, run by a computer.
Hence, it is desirable to have a method which is automatic. The interference of the user must be limited. Consequently, parameters that have to
be chosen, like the size of the model, must occur as few as possible or be
automatically chosen as well.

3.2 Asymptotic Waveform Evaluation
One of the basic and earliest methods in Model Order Reduction is Asymptotic Waveform Evaluation (AWE), proposed by Pillage and Rohrer in 1990
[14, 80]. The underlying idea of the method is that the transfer function can
be well approximated by a Padé-approximation. A Padé approximation is a
P (s)
ratio of two polynomials Q(s)
. AWE calculates a Padé approximation of finite
degree, so the degree of P (s) and Q(s) is finite and deg(Q(s)) ≥ deg(P (s)).
There is a close relation between the Padé-approximations and Krylov subspace methods. To explain this fundamental property, consider the general
system:
(G + sC)X(s) = BU(s).

(3.1)

Expand X(s) around some expansion point s0 ∈ C in a moment expansion:

(G + s0 C + (s − s0 )C) X0 + (s − s0 )X1 + (s − s0 )2 X2 . . . = BU(s).
(3.2)

The terms Xi are called the moments of the expansion. Assuming U(s) = 1
for the moment and collecting the terms according to the powers of (s − s0 ),
gives:
(G + s0 C)X0 = B,

(3.3)

for the zeroth order and
CX0 + (G + s0 C)X1 = 0,

(3.4)

for the first order, (s−s0 ). From these equation first X0 can be found, then X1
and so on. One can easily see that with the following recursive relationship
the moments Xi can be derived:
(G + s0 C)X0 = B
(G + s0 C)Xi = −CXi−1 for i > 0.

(3.5)

This leads to generating a Krylov space:
Kq ((G+s0 C)−1 B, (G+s0 C)−1 C) = [(G+s0 C)−1 B, (G+s0 C)−1 C(G+s0 C)−1 B, . . .].
(3.6)
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After finding a certain number of moments, the transfer function H(s) can
be written as:
H(s) =

n
X

k=0

or simply
H(s) =

n
X

m̃k (s − s0 )k ,

(3.7)

mk s k .

(3.8)

k=0

Once the moment expansion is available, a Padé approximation is calculated. A Padé approximation consists of a ratio of two polynomials:
H(s) =

P (s)
Q(s)

(3.9)

and is in general a more compact representation of a transfer function than
a moment expansion or a Taylor polynomial.
The polynomials P (s) and Q(s) of the Padé approximation can be taken such
that the zeros of P (s) are the zeros of the transfer function H(s) and the
zeros of Q(s) are equal to the poles of H(s). But also, smaller polynomials
can be taken, which form an appropriate approximation of H(s). In order to
find such an approximation we assume P (s) to have order p, so P (s) can be
written as:
P (s) =

p
X

(3.10)

ak sk .

k=0

Meanwhile Q(s) is a polynomial of one degree higher, so of degree p + 1. From
(3.9):
(3.11)

P (s) = H(s)Q(s),
or
p
X

k=0

ak sk =

n
X
k=0

mk s k

!

p+1
X
k=0

bk sk

!

.

(3.12)

The equation can be solved for different powers of s. Setting b0 = 1 this leads
to the following matrix equation:





mp+1
bp+1
m0
m1
···
mp
 mp+2 


 m1
m2
. . . mp+1 


  bp 

(3.13)
=
−
.




 ..
..
..
..
..
..





 .
.
.
.
.
.
m2p+1
b1
mp mp+1 · · · m2p

Solving this system gives us the coefficients bi , i = 1, . . . , p + 1 of Q(s), after
that the polynomial P (s) can be found with Eq. (3.12). The matrix in (3.13) is
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called the moment matrix. Here is the bottleneck in the method, because the
matrix has been seen the become extremely ill-conditioned for sizes larger
then 8. Therefore, more than 8 poles can not be approximated by AWE.
AWE can be made more accurate by Complex Frequency Hopping (CFH)
[80]. In this method not only the origin is taken as an expansion point for
the Taylor polynomials, but also some other points on the imaginary axis
are. Some of the disadvantages of AWE are remedied with this approach,
but the method is computationally demanding.

3.3 Padé Via Lanczos
The use of Krylov spaces is a good remedy for the problems in AWE. This
was already seen in 1993, when Freund and Feldmann published PVL [28].
PVL stands for ’Padé via Lanczos’. In this method the Padé-approximation
is calculated by means of the two-sided Lanczos Algorithm.
This algorithm requires approximately the same amount of computations as
AWE, but it generates more poles and can be increased in accuracy.
Consider the transfer function of a single input single output system:
H(s) = lT (G + sC)−1 b.

(3.14)

Let s0 ∈ C be the expansion point of the approximation. With the condition
that G + s0 C is non-singular, the transfer function can be written as:
(3.15)

H(s) = lT (I − (s − s0 )A)−1 r,
where
A = −(G + s0 C)−1 C and r = (G + s0 C)−1 b.

(3.16)

This transfer function can, as seen with AWE, very well be approximated
by a rational function with a Padé-approximation. In PVL this approximation is found via the Lanczos algorithm. By running q steps of the Lanczos
algorithm an approximation of A is found: the tridiagonal matrix Tq . The
Lanczos algorithm for a single starting vector, as given in [28], is given here:
Set ρ1 = krk2 , η1 = klk2 , v1 = ρr1 , and w1 =
Also set v0 = w0 = 0 and δ0 = 1
For n = 1, 2, . . . , q:
Compute δn = wnT vn
wT Av

l
η1 .

δn
δn
ηn and γn = δn−1
ρn .
Set αn = nδn n , βn = δn−1
Compute the temporary vectors v and w:
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v = Avn − αn vn − βn vn−1
w = AT wn − αn wn − γn wn−1
Set ρn+1 = kvk2 ,
ηn+1 = kwk2 ,
v
vn+1 = ρn+1
w
wn+1 = ηn+1
end (of for-loop)

This algorithm generates two set of bi-orthogonal vectors {vn }q+1
n=1 and
{wn }q+1
n=1 :

δj , if j = k,
T
wj v k =
j, k = 1, 2, . . . , q + 1.
(3.17)
0, if j 6= k,
Two Krylov-spaces can be formed with these vectors:
Kq (v1 , A) = span{v1 , Av1 , . . . , Aq−1 v1 }

Kq (w1 , A ) = span{w1 , A w1 , . . . , (A )
T

T

T q−1

(3.18)
w1 }.

(3.19)

The algorithm also generates two important matrices Tq and T̃q :


and





Tq = 









T̃q = 




α1

β2

0

ρ2

α2

0
..
.

ρ3
..
.

β3
..
.

..

0

···

0

α1

γ2

0

η2

α2

0
..
.

η3
..
.

γ3
..
.

0

···

..

0

.

.

···
..
.
..
.
..
.
ρq

···
..
.
..
.
..
.
ηq


0
.. 
. 


0 


βq 

(3.20)


0
.. 
. 


.
0 


γq 

(3.21)

αq

αq

The matrix Tq is the projection of A onto Kq (v1 , A) and orthogonal to
Kq (w1 , AT ). Therefore, Tq forms a good approximation of A and higher
orders Am .
The matrices Tq and T̃q have properties that will be needed in Theorem 3.1:
AVq = Vq Tq + [0 . . . 0 vq+1 ]ρq+1
T

A Wq = Wq T̃q + [0 . . . 0 wq+1 ]ηq+1 ,

(3.22)
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where
Vq = [v1 v2 . . . vq ]
(3.23)

Wq = [w1 w2 . . . wq ].
Further:

(3.24)

−1
T̃T
q = D q T q Dq ,

where
Dq = WqT V = diag(δ1 , δ2 , . . . , δq ).

(3.25)

Theorem 3.1 Given a system with a transfer function as defined in (3.14).
After q steps of the PVL algorithm the approximated transfer function is given
by:
(3.26)

−1
Hq (s) = lT r · eT
e1 .
1 (I − (s − s0 )Tq )

Therefore, the moments of the reduced system are given by:
k
lT Ak r = l T r · e T
1 Tq e1

(3.27)

for k = 0, ..., 2q − 2.

Proof.
To prove this result, first the original transfer matrix is expanded
in a Neumann series:
H(s) = lT (I − (s − s0 )A)−1 r =

∞
X

k=0

(lT Ak r)(s − s0 )k .

(3.28)

What is now left to prove, is that the moments of this expansion can be
rewritten as:
(3.29)

k
lT Ak r = (lT r)(eT
1 Tq e1 ).

The term Ak can be divided into two parts:
lT Ak r = (lT Ak1 )(Ak2 r) with k1 + k2 = k.

(3.30)

Consider the first part and use (3.22):
T k1
T k1
T
lT A k1 = η 1 w T A k1 = η 1 e T
= η 1 eT
1 Wq A
1 (T̃q ) Wq

for k1 = 0, ..., q −1 (3.31)

and with (3.24):
T k1
T
T
−1 T k1
T
η1 eT
1 (T̃q ) Wq = η1 e1 ((Dq Tq Dq ) ) Wq =
T k1 −1
T
T k1 −1
T
η1 eT
1 Dq (Tq ) Dq Wq = η1 δ1 e1 Tq Dq Wq .

For the second part can be used:
Ak2 r = ρ1 Ak2 v1 = ρ1 Ak2 Vq e1 = ρ1 Vq Tkq 2 e1

for k2 = 0, ..., q − 1.

(3.32)
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And so:
k1 −1
T
k2
(lT Ak1 )(Ak2 r) = (η1 δ1 eT
1 Tq Dq Wq )(ρ1 Vq Tq e1 ) =
k2
T k1
k2
k1 −1
T
η1 δ1 ρ 1 e T
1 T q Dq W q Vq T q e 1 = η 1 δ 1 ρ 1 e 1 T q · T q e 1 .
| {z }

(3.33)

=Dq

Note that η1 δ1 ρ1 = lT r and so our proof is completed:
k
lT Ak r = l T r · e T
1 Tq e1

for k = 0, ..., 2q − 2.

(3.34)

We see from this theorem, that in every iteration 2 additional moments are
preserved. This makes PVL a very efficient algorithm. However, there are
some disadvantages to the method as well. It is a known fact that PVL does
not always preserve the stability of the method. The reason for that is that
PVL is based on a two-sided Lanczos process and therefore the system matrices are projected with two different matrix on each side of the operator, W
and V. Symmetric matrices can be handled by a one-side Lanczos process,
which would preserve stability. The authors of [28] suggest to simply delete
the poles which have positive real part. One can also change the sign of the
real part of the positive poles.
T
If wn+1
vn+1 = 0 or ≈ 0 while wn+1 6= 0 and vn+1 6= 0 (even not approximately 0) the Lanczos algorithm breaks down. To avoid this, ”look-ahead” is
proposed in [29]. The basic idea is to leap over the iterations where a breakdown occurs. Therefore, it is needed that the Lanczos vectors are generated
in blocks and the matrix T will not be a perfect tri-diagonal matrix anymore. Note that for every Lanczos vector in the Krylov space vn = Φn−1 (A)v1
and wn = Ψn−1 (AT )w1 . The occurrence of breakdown is analog to the nonexistence of monic polynomials for vn or wn bearing this relation. These
vectors are not added to the Krylov space, but other vectors, so called freely
chosen inner vectors are added, to complete the Krylov space. A detailed
algorithm is described in [1].

The Lanczos algorithm can be extended by a “deflation-check” procedure:
this procedure detects and deletes linearly dependent vectors in the two
Krylov-spaces.
For the approximation generated by PVL an error bound can be defined.
This is done in PVL-WEB [4].

3.3.1 Matrix PVL
The original PVL algorithm is only applicable to single-input-single-output
systems. In stead of calculating a Padé approximation for every entry in the
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matrix, Freund and Feldmann propose in [29] an algorithm for the approximation of a matrix transfer function. In [1] a more extended version of MPVL
with look-ahead and deflation is described.
Given the definitions in (3.16), the algorithm generates again two sequences
of bi-orthogonal Lanczos vectors {vj }1≤j≤q and {vj }1≤j≤q , such that they
2
span the Krylov spaces spanned by: R, AR, A2 R, . . . and L, AT L, AT L, . . ..
The Krylov spaces defined in this way are Block Krylov spaces, the vectors
occur in blocks, containing the moment of all input and output vectors. Yet,
the vectors in the Block Krylov space generated in MPVL are not generated
in blocks of vectors, but one vector at the time.
The MPVL algorithm generates two sets of Lanczos vectors {vk } and {vk }, for
which holds:
AVk = Vk Tk + [0 . . . 0 v̂k+1 , v̂k+2 , . . . , v̂k+m ]
AT Wk = Wk T̃k + [0 . . . 0 ŵk+1 , ŵk+2 , . . . , ŵk+p ],

(3.35)

where Vk = [v1 , v2 , . . . , vk ] and Wk = [w1 , w2 , . . . , wk ] and m the number of
columns in R and p the number of columns in L. Furthermore:
(3.36)

WkT Vk = D.

The initial matrices Vm and Wp are obtained by bi-orthogonalizing R and L
by a modified Gram-Schmidt process. We then have:
R = Vm ρ

and

L = Wp η.

(3.37)

The matrices T and T̃ are matrices with m sub-diagonals.
Analogously to PVL, in every iterations, two moments of the transfer function
are preserved. Finally, the reduced transfer function can be shown to have
this form:




ρ
Hq (s − s0 ) = η T 0 Dk (I − (s − s0 )Tk )−1
.
(3.38)
0

The matrices in GCBL-form are then defined by:
G̃ = I + s0 T

(3.39a)

C̃ = −T

(3.39b)

B̃ = ρ

(3.39c)

L̃ = Dη

(3.39d)

3.3.2 SyMPVL
The Lanczos process can be formulated more efficient if the matrix A is symmetric. Furthermore, we have the possibility to formulate our system as a
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symmetric system and therefore one expect to profit from a more efficient
Lanczos process for Model Order Reduction. In the meantime the new approach is possibly able to cure the stability problem reported in PVL. This
forms the idea underlying the methods SyPVL [33] and SyMPVL [34, 35, 36].
SyPVL is the single-input-single-output method, we will leave it out of our
considerations. We will first explain briefly how SyMPVL works. In conclusion we will discuss the implication of this method.
We are aware of the fact that symmetry in our formulation means indefiniteness. Projecting an indefinite matrix, gives an indefinite matrix and therefore
preservation of stability is not directly guaranteed. We will elaborate on this
in section 4.2. SyMPVL tries to circumvent this problem with indefiniteness
by working with an indefinite inner product.
Consider the system formulated symmetrically, see Eq. (2.19). Since the
product of two symmetric matrices does not need to be symmetric, G is
decomposed in an LDLT -decomposition. Once G is decomposed the system
can be written as:
(G + sC)x = (LDLT + sC)x = Bu
y = BT x,

(3.40)

and further be written as:
L(I + sL−1 CL−T D−1 )DLT x = Bu
y = BT x.

(3.41)

This manipulation preserves the symmetry of the problem. However,
G can be singular or arbitrary close to singular.
In that case the
LDLT -decomposition does not exist. A simple change to the proposed
algorithm would be to work with G + s0 C for a certain choice of s0 , such
that G + s0 C is non-singular. In that case D can be chosen such that it is a
diagonal matrix with ±1 on the diagonal, without loss of accuracy.
Call A = L−1 CL−T D−1 . Since this matrix is positive real and the matrix is
D−1 -symmetric, i.e., D−1 A = AT D−1 , this seems like a good starting point
for SyMPVL. Hence, a D−1 -orthogonal set of Lanczos vectors is generated:
VT D−1 V = ∆ or:

δn if i = n,
viT D−1 vn =
for all i, n = 1, 2, . . .
(3.42)
0 if i 6= n,
Finally, after we defined T = ∆−1 VT D−1 AV, the reduced system can be
written as:
(∆−1 + sT∆−1 )x̄ = ∆−1 VT D−1 L−1 Bu
y = (VT D−T L−1 B)T ∆−1 x̄ = (∆−T VT D−T L−1 B)T x̄.

(3.43)
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Define R = ∆−1 VT D−1 L−1 B. This all results in the reduced system, which
was mentioned in [35]:
(∆−1 + sT∆−1 )x̄ =Ru
y =RT x̄.

(3.44)

It can be proved that A is positive real, however T is not. It is frustrating to
see that one has to choose between definiteness and symmetry. The system
can be either projected with VT . . . V, but then the process is not a Lanczos
process anymore. Or the system is projected with V T D−1 ...V which makes it
indefinite. Therefore, the stability problem is here still not solved. Stability
can only be preserved if an RL, an RC or and RL-circuit is considered.
However, as proposed later in [30] after generating V, a good choice would
be to do the following:
−1 T
H(s) = (VT B)T VT (DG)V + sVT (DC)V
(V B).
(3.45)

So, the Krylov space generated in SyMPVL is applied on the non-symmetric
definite system. In that case stability and passivity are indeed preserved.
This was proposed recently in [31]. The explicit projection of the system
matrices slows down the SyMPVL algorithm. Another disadvantage of this
option is that, because orthogonality is so poor, in the proposed algorithm,
even this does not work. We need an extra orthogonalisation step to avoid
bad results. A QR or SVD step will do.

3.3.3 Two-Step Lanczos
If the matrix C is easily invertible the Lanczos Algorithm can be implemented
without matrix inversion. This method is called Two-Step Lanczos [105,
106].
If the inverse of C can be calculated at computationally low cost, the following formulation can be derived:
sx(s) = − C−1 Gx(s) + C−1 Bi u(s)
y(s) =BT
o x(s).

(3.46)

Then, the ideas from [108] are used to apply PVL and first take an expansion
point at infinity. For that choice of expansion point quite a large amount
of moment is needed for a good approximation, but no matrix inversion is
needed. Hence, a reduced model of medium size can be calculated quickly.
In a second step, a PVL with an appropriate shift is applied to further reduce
the system.
The advantage of the method is that relatively large problems can be handled
with it. This is because in the first step of the process no matrix inversion

3.4 Arnoldi method
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is needed. Because of the strong demands on the matrix C (in most of
our applications this matrix is not even invertible, while it must be cheaply
invertible), the practical use of this method for our applications is minor.

3.4 Arnoldi method
A Lanczos process is most suitable for symmetric matrices, but for general
matrices one can apply the Arnoldi method. Similar to PVL one can define an
expansion point s0 and work with the shift-and-inverted transfer function:
−1
−1
H(s) = BT
Bi = B T
R,
o (G + sC)
o (I + (s − s0 )A)

(3.47)

Kq (R, A) = [R, AR, . . . , Aq R].

(3.48)

with A = (G + s0 C)−1 C and R = (G + s0 C)−1 Bi . Therefore in the Arnoldi
process a Krylov space associated with the matrices A and R is generated:

Big difference with PVL is that only one Krylov space is generated; only the
one associated with the input matrix Bi . The Krylov space is generated by a
(Block) Arnoldi process [88]. Block methods are well-known in the context
of solving linear systems [75]. In [92] the following algorithm is proposed:
V1 U = qr(R)
for j = 1..q − 1
W = AVj
for i = 1..j
Hij = ViT W
W = W − Vi Hij
end
Vj+1 R = qr(W)
end
Vtot = [V1 , ..., Vq ]
Cq = H
Gq = I − s 0 H
Bq = V T Bi
L q = V T Bo
The matrix H is directly taken as an approximation for the system matrix
C. In order to formulate the system in the standard GCBL-form, i.e., the
form given in Eq. (2.59), G is defined dependent on the selected shift s0 as
I − s0 H. The input and output matrices Bi and Bo are projected onto the
Krylov space: Bq = VT Bi and Lq = VT Bo .
The expansion point s0 can be chosen either real or complex, which will lead
to different approximations of the poles of the system. In [40] the author
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argues that a real shift is favorable over a complex shift. With a real shift, the
convergence of the reduced transfer function towards the original transfer
function is more global.

3.5 Block Arnoldi Model Order Reduction
In 1998 PRIMA was proposed in [73]. The same Krylov space is built up
as in Arnoldi and PVL, and the Arnoldi process in used for the generation.
Fundamental difference is that the projection of the system matrices is done
explicitly, in contrast to PVL and Arnoldi, where the tridiagonal or Hessenberg matrix is used directly.
Let us have a look at the actual algorithm proposed in [73]:
Solve GR = Bi
V1 U = qr(R)
for j = 1..q − 1
Solve GW = CVj
for i = 1..j
Hij = ViT W
W = W − Vi Hij
end
Vj+1 R = qr(W)
end
Vtot = [V1 , ..., Vq ]
Cq = VT CV
Gq = VT GV
Bq = V T Bi
L q = V T Bo
Given here is the version for s0 = 0, but s0 can be chosen unequal to 0.
Then, G must be substituted by G + s0 C. We see that an orthonormal basis
of the Krylov space Km = [(G + s0 C)−1 Bi , (G + s0 C)−1 C(G + s0 C)−1 Bi , . . .] is
generated. For the orthogonalisation the so called Block Arnoldi process
is used. Afterward, instead of taking the Block Hessenberg matrix H as
approximation of (G + s0 C)−1 C, the system matrices G and C are explicitly
projected onto the basis V:
Gq = VT GV
T

Cq = V CV.

(3.49a)
(3.49b)

Although more expensive, the explicit projection onto the Krylov space, as
done here, has strong advantages. It makes PRIMA more accurate than the

3.6 Rational Krylov subspace method
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Arnoldi method and, as we will see in section 4.2, it ensures preservation
of stability and passivity. Explicit projection comes down to pre-multiplying
the equation of the system by VT and replacing the state space vector x by
Vx̃:
VT (G + sC)Vx̃ = VT Bi u
ỹ = BT
o Vx̃

(3.50)

Since x = Vx̃, the approximation of the original state space can be found if
x̃ is available.
The following theorem is proved in [73].
Theorem 3.2 Let H(s) = M0 + (s − s0 )M1 + (s − s0 )2 M2 + . . . be the moment
e q (s) = M
f 0 + (s − s0 )M
f 1 + (s −
expansion of the original transfer function and H
2f
s0 ) M2 + . . . the moment expansion of the reduced transfer function, then:
f i = Mi
M

for 0 ≤ i ≤ q.

(3.51)

Stated differently, the algorithm preserves one moment of the original transfer
function in every iteration.
The proof makes use of Lemma 6 from [8]. From this result we can conclude
that the projection onto the smallest possible Krylov space, consisting of only
one block preserves the first moment of the system. Then, the projection
onto the Krylov space after two iterations, preserves the first two moments.
Sequentially, a moment more is preserved every time a large Krylov space is
used to project on.
For the Lanczos process in Padé Via Lanczos in every iteration two moments
are preserved. This however is not surprising if one realizes that in one
iteration of the Lanczos process both A and its transposed AT are used to
compute the consequent block in the Krylov space. This makes PVL more
efficient than PRIMA, since the LU-decomposition for A can be reused for
AT .

3.6 Rational Krylov subspace method
Instead of choosing one expansion point, also multiple expansion points can
be chosen. The option is given in by the wish to have a better approximation
in a broader range of frequencies. For the Arnoldi process this has been
investigated thoroughly in many publications [24, 40, 86, 87, 95] and also
for the Lanczos process approaches exist [37]. These methods are called
Rational Krylov subspace methods.

52

Model Order Reduction

Since for one expansion point the range of a good approximation is limited,
the goal to apply Rational Krylov methods for Model Order Reduction is to
have a good approximation around more than one expansion points. This is
reached in general by a space which is a union of Krylov spaces:
ı̄
[

i=1

K̄i ((G + si C)−1 C, (G + si C)−1 b).

(3.52)

Since the spaces for the different expansion points are glued together, before
the system matrices are projected onto it, the total space is not a Krylov
space anymore. In Chapter 5 we will come back to this point. For imaginary
shifts the experiments show that indeed the approximation is good around
the chosen expansion points. For real shifts the convergence is more global.
Therefore the usefulness of Rational Krylov spaces in the case of real shifts
is less clear.

3.7 Laguerre-SVD
In [61] and [62] Laguerre-SVD is proposed, this is another model order reduction methods which is interesting to mention here. The transfer function
is not shift-and-inverted as done in PRIMA and PVL, but the method is based
on the Laguerre expansion of the transfer function.
For the expansion scaled Laguerre functions are used, defined as:
√
φα
2αe−αt `n (2αt),
n (t) =

(3.53)

where α is a positive scaling parameters and `n (t) is the Laguerre polynomial:
`n (t) =

et dn −t n
(e t ).
n! dtn

In [47] it was shown that the Laplace transform of φα
n (t) is:
√

n
2α s − α
.
Φα
n (s) =
s+α s+α

(3.54)

(3.55)

Furthermore, it was shown in [47] that the Laguerre expansion for the transfer function looks like this:
−1
H(s) = BT
Bi =
o (G + sC)

n
∞
X
n
2α
s−α
−1
−1
BT
(G
+
αC)
(G
−
αC)
(G
+
αC)
B
.
i
s + α o n=0
s+α

(3.56)

One can see that this expansion naturally gives raise to generating a Krylov
space starting with the matrix (G + αC)−1 Bi and using a generating matrix
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(G + αC)−1 (G − αC). The number of linear systems of equations to be solved
is equal to that in PRIMA, so the method is comparable in computational
demand. In [13] a similar but less general approach is given.
In [61] the following algorithm is proposed:
Select a value for α and q.
Solve (G + αC)R1 = Bi
for k = 2, . . . , q
Solve (G + αC)Rk = (G − αC)Rk−1
end
Define R = [R1 , . . . , Rq ] and calculate the SVD of R: VΣWT = R.
C̃ = VT CV
G̃ = VT GV
B̃ = VT Bi
L̃ = VT Bo
In [61] it is pointed out that the best choice for α is α = 2πfmax , where fmax
is the maximum frequency the approximation is valid on.
Special attention must be paid to what happens after R is generated. Here
a Singular Value Decomposition of R is calculated. Consequently, V is an
orthonormal basis of R. There are several options to calculate an orthonormal basis, e.g. QR or Modified Gram-Schmidt. SVD is known to be a very
stable and accurate way to perform this calculation [81]. Nevertheless, SVD
is computationally expensive and, as we will see in Section 4.3, it is overdue
to do the orthogonalisation afterwards.
Analogously to the PRIMA method, the system matrices are explicitly projected onto the generated Krylov subspace. Consequently, stability and passivity are preserved. Because α is real the matrices stay real during projection, which makes it suitable for circuit synthesis.

3.8 Truncation Methods
Truncation methods differ strongly from Krylov subspace methods. The basic idea is to truncate the system at some point, keeping the valuable part
and throwing away to less valuable part. In general, before this truncation
the system is transformed into a certain desired shape, which allows for
truncating an unwanted part. Most of these methods were developed in the
area of System and Control theory.
In general truncation methods work with a slightly less general system Σ,
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based on an ODE, instead of a DAE:
d
x = Ax + Bu
dt
y = Cx + Du.

(3.57)

This system is sometimes also referred to as the system (A, B, C, D).
If we apply a state space transformation T ∈ C n×n :
Tx̃ = x,

(3.58)

then this transformation does not affect the input-output behavior of the
system.

3.8.1 Modal Truncation
We have seen that the eigenvalues of the system in some case the generalized
eigenvalues, play an important role in the analysis of the system. The idea
behind Modal Truncation is to calculate the eigenvalue decomposition of A
and to use the eigenvectors of A as a state space transformation:
AT = TΛ.

(3.59)

When T is non-singular T−1 AT is a diagonal matrix consisting of the eigenvalues of A. Because we are free to order the eigenvectors in T, the eigenvalues can be ordered such that the absolute value of the eigenvalues is in
decreasing order. If we then partition the state space vector, we truncate
the system in order to keep the important modes and remove the unwanted
ones.

3.8.2 Balanced Truncation
A second method in this group is the Balanced Truncation method, also
known as Truncated Balanced Realization (TBR) method. Balanced Truncation is based on the observation that only the large singular values of a
system are important to incorporate into the system. After calculating the
singular values a similarity transform is derived that balances the system.
In order to derive a method we have to define some extra entities.
The Controllability Grammian and the Observability Grammian associated
to the linear time-invariant system (A, B, C, D) are defined as follows:
Z ∞
∗
P=
eAt BB∗ eA t dt
(3.60a)
0
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and
Q=

Z

∞

∗

eAt C∗ CeA t dt,

(3.60b)

0

respectively. For a descriptor system these grammians can also be defined
[99].
The matrices P and Q are the unique solutions of two Lyapunov equations:
AP + PA∗ + BB∗ = 0

(3.61a)

A∗ Q + QA + C∗ C = 0.

(3.61b)

The Lyapunov equations for the both grammians arise from a stability assumption of A. Stability in the matrix A implies that the infinite integral
defined in (3.60) is bounded. Finding the solution of the Lyapunov equation
is quite expensive. There are direct ways and iterative ways to do this. One of
the interesting iterative methods to find a solution is vectorADI [27, 67, 97].
After finding the grammians, we look for a state space transformation which
balances the system. A system is called balanced if P = Q = Σ = diag(). The
transformation will be applied to the system is follows:
A0 = T−1 AT
B0 = T−1 B
C0 = CT
D0 = D.

(3.62)

This transformation also yields transformed grammians:
P0 = T−1 PT−∗
Q0 = T∗ QT.

(3.63)

Because P and Q are positive definite, a Cholesky factorization of P can be
calculated, P = RT R, with R ∈ IRn×n . Then the Hankel singular values are
derived as the singular values of the matrix RQRT , which are equal to the
square root of the eigenvalues of RQRT and QP. So:
RQRT = UT Σ2 U.

(3.64)

Then the transformation T ∈ IRn×n is defined as:
T = RT UT Σ−1/2 .

(3.65)

The inverse of this matrix is:
T−1 = Σ1/2 UR−1 .

(3.66)
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This procedure is called balancing. It can be shown that T indeed balances
the system:
Q0 = TT QT = Σ−1/2 URQRT UT Σ−1/2 = Σ−1/2 Σ2 Σ−1/2 = Σ
P0 = T−1 PT−T = Σ1/2 UR−T PR−1 UT Σ1/2 = Σ1/2 Σ1/2 = Σ.

(3.67)

Since a transformation was defined which transforms the system according
to the Hankel singular values, now very easily a truncation can be defined.
Σ can be partitioned:


Σ1 0
Σ=
,
0 Σ2

(3.68)

where Σ1 contains the largest Hankel singular values. This is the big contribution of this method, since now we can manually choose an appropriate
value of the size of the reduction, instead of guessing one.
A0 , B0 and C0 can be partitioned in conformance with Σ:


A11 A12
0
A =
A21 A22


B1
B0 =
B2

0
C = C1 C2 .

(3.69)
(3.70)
(3.71)

The reduced model is then based on A11 , B1 and C1 :
x̃˙ = A11 x̃ + B1 u
y = C1 x̃.

(3.72)

This is a very general description of the method and the method described
here can only applied to systems in the form (3.57). Descriptor systems, as
arise in modeling of electronic structures, are harder to approximated with
this method. There are however approaches to do Balanced Truncation for
descriptor systems [99].
It was proposed often to apply Balanced Truncation-like methods, also
called Grammian-based methods, as a second reduction step, after a Krylov
method. Nevertheless, if the C matrix in the MNA-system is singular,
the projected matrix will very likely be ill-conditioned. Therefore, it is
not possible to work with a system in the form (3.57). Besides, finding a
solution for the Lyapunov equations in an iterative way, with for instance
vectorADI, was seen to be cumbersome in our research.
Instead of
converging, the iterative process stagnated in many cases.
A second remark should be made on solving the Lyapunov equation. These
equations are normally solved by first calculating a Schur decomposition
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for the matrix A. Therefore, finding the solution of the Lyapunov is quite
expensive, the number of operations is at least O(n3 ), where n is the size
of the original model. Hence, it is only feasible for small systems. Furthermore, because we arrived at this point using the inverse of an ill-conditioned
matrix we have to be careful. B can have very large entries, which will introduce tremendous errors in solving the Lyapunov equation. Dividing both
equations by the square of the norm of B spreads the malice a bit, which
makes finding a solution worthwhile.
As final remark: since the matrices are projected by a similarity transform,
preservation of passivity is not guaranteed in this method. In [78] a Balanced
Truncation method is presented which is provably passive. Here also Poor
Man’s TBR [79] should be mentioned as a fruitful approach to implement
TBR is a more efficient way.

3.8.3 Optimal Hankel Norm Reduction
Closely related to Balanced Truncation is Optimal Hankel Norm reduction
[38]. In the Balanced Truncation norm is was not clear if the truncated
system of size say k was an optimal approximation of this size. It is seen
that this optimality can be calculated and reached given a specific norm,
the Hankel norm.
To define the Hankel norm we first have to define the Hankel operator H:
H:u→y=

Z

0
−∞

H(t − τ )u(τ ),

(3.73)

where H(t) is the impulse response in time domain: H(t) = C exp(At)B for
t > 0. This operator considers the past input, the energy that was put into
the system before t = 0, in order to reach this state. The amount of energy
to reach a state tells something about the controllability of that state. If,
after t = 0, no energy is put into the system and the system is stable, then
the corresponding output will be bounded as well. The energy that comes
out of a state, gives information about the observability of a state. The
observability and controllability grammians were defined in (3.60).
Therefore, the maximal gain of this Hankel operator can be calculated:
kΣkH =

kyk2
.
kuk
2
u∈L2 (−∞,0]
sup

(3.74)

This norm is called the Hankel norm. Since can be proved that kΣkH =
1/2
λmax (P Q) = σ1 , the Hankel norm is nothing else that the largest Hankel
singular value of the system.

58

Model Order Reduction

There exists a transfer function and a system belonging to it, which minimizes this norm. In [38] an algorithm is given which explicitly generates this
optimal approximation in the Hankel-norm. Since the algorithm is based on
a balanced realization, we left it out of considerations for the reasons mentioned earlier.

3.9 Selective Node Elimination
Reduction of a circuit can be done by explicitly removing components and
nodes from the circuit. If a node in a circuit is removed, the behavior of
circuit can be preserved by adjusting the components around this node.
Recall that the components connected to the node that is removed, are also
removed. The value of the remaining components surrounding this node
must be changed to preserve the behavior of the circuit. For circuits with
only resistors this elimination can be done exactly.
We explain the idea for an RC circuit. For this circuit we have the following
circuit equation Y(s)v = (G+sC)v = J. The vector v here consists of the node
voltages, J is some input current term. Suppose the n-th node is eliminated.
Then, we partition the matrix such that the (n, n) entry forms one part:


 

ṽ
J1
Ỹ
y
=
.
vn
jn
yT γn + sχn
Then the variable vn is eliminated, which leads to:
(Ỹ − E)v̂ = (J1 − F),

(3.75)

with
(gin + scin )(gjn + scjn )
yi yj
=
γn + sχn
γn + sχn
yi
gin + scin
Fi =
jn =
jn .
γn + sχn
γn + sχn

Eij =

(3.76a)
(3.76b)

If node n is not a terminal node jn is equal to 0 and therefore F = 0 for all i.
We see that the elimination can also be written in matrix notation. Hence,
this approach is analog to solving the system by Gaussian elimination. This
approach can be used to solve PDE’s in an efficient way [59].
After the elimination process the matrix is not in the form G + sC anymore,
but is a fraction of polynomials in s. To get an RC-circuit representation an
approximation is needed. Given the approximation method that is applied,
removing one node leads to a larger error than removing the other. In [91] a
distinction is made between slow and fast nodes in order to find an appropriate approximation. In [26] a nice derivation is given for the moments in
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the expansion of the admittance matrix Y(s) after one elimination. In [25]
an error function is defined, which estimates the error made if only the two
first moments (so the resistive part and the capacitive part of the admittance
matrix) are kept. If this error is smaller than some threshold, the node is
removed. A pure RC-circuit approximation can be derived in this way in
which the error is controllable. Therefore the reduction can proceed until a
certain error has accumulated.
Many others have investigated methods which are strongly related to the
approach described here, for instance a more symbolic approach in [82].
The strong attributes of the methods described above is that an RC circuit
comes directly out of it. The error made with the reduction is controllable,
but can be rather large. Disadvantage is that reducing an RLC-circuit is
this way is more difficult and it is hard to get an RLC-circuit back after
reduction.

3.10 Proper Orthogonal Decomposition
Apart from Krylov subspace methods and Truncation methods, there is
Proper Orthogonal Decomposition (POD), also known as Karhunen-Loeve
decomposition [6, 94]. This method is developed within the area of Computational Fluid Dynamics and nowadays used frequently in many CFD problems. The method is so common there, that it should at least be mentioned
here as an option to reduce models derived in an electronic setting. The
strong attribute of POD is that it can be applied to non-linear partial differential equations and is at the moment state-of-the-art for many of such
problems.
The idea underlying this method is that the time response of a system given
a certain input, contains the essential behavior of the system. The most
important aspects of this output in time are retrieved to describe the system
with. Therefore, this set of outputs serves as a starting-point for POD. The
outputs, these are called ’snapshots’, must be given or else be computed
first.
A snapshot consists of a column vector describing the state at a certain
moment. Let W ∈ IRN ×K be the matrix consisting of the snapshots. N is the
number of snapshots, K is the number of elements in every snapshot, say
the number of state variable. Normally N < K.
Let X be a separable Hilbert space with inner product (., .) and with an
orthonormal basis {ϕi }i∈I . Then, any element T (x, t) ∈ X can be written as:
X
X
(T (x, t), ϕi (x))ϕi (x).
(3.77)
ai (t)ϕi (x) =
T (x, t) =
i

i
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The time dependent coefficients ai are called Fourier coefficients. We are
looking for an orthonormal basis {ϕi }i∈I such that the average of the
Fourier-coefficients are ordered:
ha21 (t)i ≥ ha22 (t)i ≥ . . . ,

(3.78)

where h.i is an averaging operator. In many practical application the first
few element represent 99% of the content. Incorporating these elements in
the approximation gives a good approximation. The misfit, the part to which
the remaining elements contribute to, is small.
It can be shown, which among others is done in [3], that this basis can be
found in the first eigenvectors of this operator:
C = h(T (t), ϕ)T (t)i.

(3.79)

In case we consider a finite dimensional problem, in a discrete and finite set
of time points, this definition of C comes down to:
C=

1
WWT .
N

(3.80)

Because C is self-adjoint, the eigenvectors are real and can be ordered, such
that:
λ1 ≥ λ 2 ≥ . . .

(3.81)

A basis consisting of the first, say q eigenvectors of this matrix form the
optimal basis for POD of size q.
This leads to the following POD algorithm:
1. Input: the data in the matrix W consisting of the snapshots.
2. Define the correlation matrix C as:
C=

1
WWT .
N

3. Compute the eigenvalue decomposition CΦ = ΦΛ.
4. Output: The basis to project the system on, Φ.
This algorithm contains an eigenvalue problem of size K × K, which can be
computationally expensive. Therefore the ’method of snapshots’ is designed.
The reason underlying this different approach is that the eigenvalues of C
are the same as the eigenvalues of K = N1 WT W but K is smaller, namely
N × N.
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Let the eigenvalues of K be Ψi , then the eigenvectors of C are defined as:
ϕi =

1
kWsnap Ψi k

(3.82)

Wsnap Ψi .

However, also the singular value decomposition of the snapshot matrix W is
a straightforward way to obtain the eigenvectors and eigenvalues of C.
(3.83)

W = ΦΣΨT ,
1
1
1
WWT = ΦΣΨT ΨΣΦT = ΦΣ2 ΦT .
N
N
N
The eigenvectors of C are in Φ:

(3.84)

C=

CΦ =

1
1
ΦΣ2 ΦT Φ = Φ Σ2 .
N
N

From which can be seen that the eigenvalues of C are

(3.85)
1
2
NΣ .

Once the optimal orthonormal basis is found, the system is projected onto it.
For this, we will focus on the following formulation of a possibly non-linear
model:
d
C(x) x = f (x, u)
dt
y = h(x, u).
(3.86)
x consists of a part in the space spanned by this basis and a residual:
x = x̂ + r,
(3.87)
PQ
where x̂ = k=1 ak (t)wk . When x̂ is taken as state space in (3.86) an error is
made:
d
(3.88)
C(x̂) x̂ − f (x̂, u) = ρ 6= 0.
dt
This error is forced to be perpendicular to the basis W. Forcing this ded
fines the projection fully. In the following derivation we use that dt
x̂ =
PQ d
k=1 dt ak (t)wk :
!


Q
X
d
d
ak (t)wk − f (x̂, u), wk =
0 = C(x̂) x̂ − f (x̂, u), wk = C(x̂)
dt
dt
k=1
(3.89)
Q
X
d
ak (t) (C(x̂)wk , wk ) − (f (x̂, u), wk ) ,
dt
k=1

for j = 1, . . . , Q. Therefore the reduced model of order Q can be formulated
as:
d
A(a) a = g(a, u)
dt
Q
X
y = h(
ak wk , u),
(3.90a)
k=1
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where:
Aij =

C(

Q
X
k=1

ak (t)wk )wi , wj

!

aj = aj (t)
g(a(t), u(t)) =

f(

Q
X

ak (t)wk , u(t)), wj

k=1

!

(3.90b)
(3.90c)
(3.90d)

Obviously, if the time domain output of a system has yet to be calculated,
this method is unreasonably expensive. Fortunately, the much cheaper to
obtain frequency response can be used. Consider therefore the following
linear system:
(G + jωC)x = Bu
y = LT x.

(3.91)

Calculate a set of frequency states, for certain choices of ω:
xωj = [jωj C + G]−1 B,

(3.92)

where xωj ∈ C n×1 . As proposed in [104, Sect. 3.4.1] we can take the real
and imaginary part, or linear combinations of both, for the POD process.
We immediately see that the correlation matrix is an approximation of the
controllability Grammian:
K=

M
1 X
[jωj C + G]−1 BB∗ [−jωj C∗ + G∗ ]−1 .
M j=1

(3.93)

This approach solves the problem of chosing which time-simulation is the
most appropriate.

3.11 Model order reduction for non-linear models
It has to be noted here that, although the model in (3.90) is smaller in a
mathematical sense, this does not mean that the model is cheaper in computational sense. This holds especially for non-linear models. If we consider
(3.90d) we seen that the reduced model is represented in terms of the original model and the model parameters ai . Every times ai is changed, the
non-linear functions have to be updated, making use of the original, unreduced model. In case of a linear model the projection is done once and can
be used, without this update. This updating for the non-linear model is computationally demanding and makes that the gain is not as large as wanted.

3.12 Parameterized MOR
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In [3] a remedy for this is proposed for the application of a CFD model for
glass furnaces.
Piece-wise linear models [83] do have the advantage that they can be projected once and be used as such. However, many linearisation points and
equally many models are needed in very active areas of the non-linear model.

3.12 Parameterized MOR
The gain of parameterized MOR is clearly that models can be reused easily
for different values of one parameter. For instance, if the width of a stripline
changes, one is forced to generated a new reduced model, unless the width
is a parameter in the reduced model. Creating a reduced model is quite
expensive. It is therefore very costly, if we have to do this work again after
some parameter has changed. For that reason we want to be able to incorporate some parameters into the model. The model, more specifically the
system matrices, will be dependent on these parameters.
In [42] the most straightforward idea for parameterized model order reduction is given. The approach gives room to both parameterized and non-linear
models. Parametrized MOR is also presented in [19].
Suppose we have the following very general formulation of a system:
(3.94)

Y(s, λ)X(s, λ) = B.

As done normally we make a Taylor expansion of Y and a moment expansion
of X. In this case the series is developed for both s and λ:
Y(s, λ) = Y(si , λj ) + (s − si )Y(1,0) + (λ − λj )Y(0,1) +

(λ − λj )2 (0,2)
(s − si )2 (2,0)
Y
+ (s − si )(λ − λj )Y(1,1) +
Y
+ . . (.3.95)
2!
2!
X(s, λ) = M(0,0) + (s − si )M(1,0) + (λ − λj )M(0,1) +
(s − si )2 M(2,0) + (s − si )(λ − λj )M(1,1) + (λ − λj )2 M(0,2) + . .(3.96)
.

Substitute this in (3.94) and group the coefficients of every term. Then, the
following relations are derived:
Y(si , λj )M(m,n) = −
Y(si , λj )M

(0,0)

n
m
m
X
1 X Y(q,r) M(m−q,n−r) X Y(q,0) M(m−q,n)
−
r! q=0
q!
q!
r=1
q=1

= B.

(3.97)
(3.98)

These equations can be solved to find M(n,m) , for every desired value of n
and m. For every step a linear system with constant matrix Y(si , λj ) must
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be solved. Hence, one can spend effort in a decomposition for this matrix.
The moments of X are found successively for increasing n and m. First M(0,0)
is found, then M(1,0) and M(0,1) can be found, then M(2,0) , M(1,1) and M(0,2) ,
and so on.
Note that for an un-parameterized, linear system Y(s) is equal to G + sC, so
then only Y(0,0) and Y(1,0) are non-zero.
The number of terms in the Krylov space can obviously be much larger than
for the standard approach. For every parameter in the model, s and λ a set
of moments must be calculated.
One has to realize that the approximation can be rather local. Especially if
non-linear functions are considered, the approximation can only be shown
to be accurate in a neighborhood of the point (si , λi ).
This approach is especially useful
√ in case skin effect is included in the
model. In that case a parameter s is included
in the model. In that case for
√
instance, the resistance is dependent on s. Very naturally the expansions
for Y and X will consists of s to the power 12 ,1, 23 and so on.

3.13 Conclusion
In this chapter we reviewed a number of reduction methods. We mentioned
methods that form the history of the field of Model Order Reduction. The
mentioned methods are basic methods; still a vast amount of research is going on and new methods are still discovered. An important class of methods
is formed by the Krylov subspace methods. Especially PRIMA and LaguerreSVD will be studied in detail in the remainder of this thesis.

Chapter 4

Laguerre method with
intermediate
orthogonalisation
In chapter 3 several state-of-the-art Model Order Reduction methods were
described. Krylov subspace methods play an important role in practical applications of reduction methods and, among others, Laguerre-SVD was mentioned in the previous chapter. In this specific Krylov subspace method an
orthogonal basis of the Krylov space was calculated via a Singular Value Decomposition (SVD). In this chapter we develop a modified Laguerre method
that uses intermediate orthogonalisation. We will show that it is essential to
use re-orthogonalisation, especially when subsequent time domain simulations have to be performed. The method is robust with respect to the choice
of the parameter α used in the Laguerre series.

4.1 Orthogonal projections
In many Krylov subspace methods an orthonormal basis of the Krylov space
is sought, in order to perform a so-called orthogonal projection, or congruence
transform. Still one might wonder whether it is really so important to have
an orthogonal projection.
Projection with a non-orthogonal matrix, a so-called oblique projection, still
gives a linear combination of the columns spanning the subspace on which it
is projecting. Methods based on oblique projections are for instance used in
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eigenvalue computations. One of the reasons to use them, is that they may
be able to compute good approximations of the left and right eigenvalues
simultaneously. Besides, they can be more efficient than orthogonal projection. In some cases they require less storage than orthogonal projection
methods, since the sparse representation of the vectors can be stored.
The most important reason for the use of an orthogonal basis to project an
operator on is stability. Orthogonal projection preserves the inner product.
Hence, it preserves the norm and therefore the error made by the approximation is bounded. Instead, the resulting matrix of an oblique projection
can be ill-conditioned and some errors can be unexpectedly large.
Furthermore, orthogonal projections preserve the spectrum of an operator
[39]. Let X : V → V be an operator working in the n-dimensional vector
e := WT XW we define a ’smaller’ operator X
e : W → W,
space V. Then, with X
e
where W is a k-dimensional subspace of V. The operator X is used as an
approximation of X since the solution x̃ ∈ W can be projected back to V via
x̃ = WT x.

4.2 Projection by a rectangular matrix
The most interesting case here of course is what happens if the projection
matrices are not square, so in the case the size of the matrix is reduced. In
PRIMA and Laguerre-SVD this projection was done explicitly, bearing strong
advantages.
The following result is known, but essential for the rest of the chapter. We
will therefore give it, with the elementary proof.
Theorem 4.1 Let V ∈ C n×q . If A ∈ C n×n is positive real, then VT AV is
positive real. Likewise, if A ∈ C n×n is non-negative real, then VT AV is
non-negative real.
Proof.
Re(y∗ VT AVy) = Re(x∗ Ax),

(4.1)

with Vy = x. The rest follows automatically.
The non-negative realness of G, defined in (2.67), was shown in Theorem 2.6
in Sect. 2.2.3. Consequently, this property of G is preserved in a congruence
transform. Moreover, the number of zero eigenvalues is zero or one after the
congruence transform, due to Sylvester’s Law of Inertia. Therefore, the stability of a system is seen to be preserved during reduction by a congruence
transform.
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Because of the special form of G, we can prove in a different way that positive
realness for G is preserved. This can be shown by splitting the projection
matrix V conformally to the structure of G:




Gg P T
V1
T
T
V1 V2
= V1T Gg V1 +V1T PT V2 −V2T PV1 +V2T RV2 .
−P R
V2
(4.2)
This projected matrix consists of a symmetric part V1T GV1 +V2T RV2 which is
positive real and an anti-symmetric part: V1T PT V2 − V2T PV1 . The symmetric
part is positive definite and therefore, from Theorem 2.7 in Sect. 2.2.3 it
follows that VT GV is positive real.
Since in general the sign of the real part of the eigenvalues is not preserved in
an orthogonal projection we have to take care how a projection is performed.
For instance, consider the following transfer function:
−1
−1
BT
Bi = B T
C)−1 (G + s0 C)−1 Bi .
o (G + sC)
o (I + (s − s0 )(G + s0 C)

(4.3)

However, the matrix A = (G + s0 C)−1 C is not positive real in general. The
matrix:

VT (G + s0 C)−1 C V
(4.4)
will therefore not be stable in general.

Example 4.2 As an example, consider the transmission line model presented
in Sect. 2.5.1 with n = 4, so the size of the model is 9. Then, take an orthogonal
matrix:


1 0
 0 0 


 0 √1 
2 

 0 0 



V=
 0 0 .
 0 0 


 0 0 


 0 √1 
2

0

0

The projection of A is then equal to


7.8634 · 10−12
VT (G + 108 C)−1 C V =
3.3034 · 10−12

−1.7348 · 10−10
−3.1961 · 10−10



,

of which the eigenvalues are 6.10 · 10−12 and −3.18 · 10−10 .
We also like to note here that the definiteness of a matrix is not preserved in
transforms of the form WT AV, where W and V are bi-orthogonal.
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We make a small detour. We already saw that two formulations can be chosen for G and C. We saw that methods like PRIMA and Laguerre-SVD project
the two system matrices with an orthogonal projection. If the symmetric indefinite formulation is used for the system matrices, then the stability of the
system is not guaranteed.
Two indefinite matrices can form a stable system if the negative eigenvalues
of the one matrix exactly compensate the negative eigenvalues of the other.
To have that, at least the number of negative eigenvalues of both matrices
should be equal. What happens in practice if indefinite matrices are projected, is that the number of negative and positive poles of the two matrices
differ might differ. The projected matrix may have m negative eigenvalues,
while the other one has m+1 negative eigenvalues. The difference in number
is often only one, but this one generalized eigenvalue will appear in the left
half plane.

Example 4.3 Consider the following pencil consisting of two indefinite matrices:

 

1 0 0
 1 0 1

{G, C} =  0 1 0  ,  0 1 0 


1 0 −1
0 0 −1

and the orthogonal matrix V:

−1
1
V = √  −1  .
3
1


G and C form a stable pencil, with generalized eigenvalues σ(G, C) = {1±i, 1}.
Nevertheless, VT GV = − 31 and VT CV = 31 , which results in a generalized
eigenvalue of −1. Also:


− √13

V2 =  − √13
√1
3

√1
2
− √12

0





gives instable results; in that case the projected G has one positive and one
negative eigenvalue, while C has two positive eigenvalues.

For this reason, we will only use the un-symmetric, positive real formulation
for G and C.
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4.3 Krylov spaces
The Krylov space for a matrix A and a starting vector b is defined as:


Kn (b, A) = b, Ab, A2 b, ..., An b .
For every Krylov space there exist a matrix H such that:

 

A b, Ab, A2 b, ..., An b = b, Ab, A2 b, ..., An+1 b H.
For this case the matrix

0 0 ···
 1 0 ···


..
.
H=
 0 1
 . .
.
..
..
 ..
0 ···
0

H can be easily found:

0
0 

.. 
. 
,

0 
1

(4.5)

(4.6)

(4.7)

but there exist more general cases, for which the shape of H is more complicated. For instance, as a result of the Block Arnoldi algorithm the matrix
H is a Block upper Hessenberg matrix.
The vectors in this space, once they are normalized, tend to one specific
vector, namely the eigenvector associated to the eigenvalues with the largest
absolute value. This is a very well-known fact. Here a brief derivation is
given. Suppose b can be written as a linear combinations of eigenvectors:
b=

n
X

(4.8)

α i xi ,

i=1

where we suppose that α1 6= 0 and xi are the eigenvectors of A with kxi k = 1
and they are ordered such that |λ1 | ≥ |λ2 | ≥ . . . ≥ |λn |. Then:
Ab =

n
X

αi Axi =

i=1

and

Aj b =

n
X

n
X

α i λi x i

(4.9)

i=1

αi λji xi .

(4.10)

i=1

For increasing j the first term α1 λj1 x1 of the normalized vector is the dominant term. To normalize the vector it is predominantly divided by α1 λj1 , so
the vector tends to x1 . This result could be used in calculating the largest
eigenvalue of the system. The method derived from this is called the Power
Method [102].
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The consequences of this event on the approximating abilities of the
Krylov space are quite dramatic. First of all, the Krylov space becomes
ill-conditioned. In practice, this means that in an orthogonalisation step,
after the space is generated, a lot of columns can be neglected because
they have a very small singular value. The information added to the space,
namely columns which are very similar to the dominant eigenvector,
obscures all the other information.
The new information, which is
perpendicular to the dominant eigenvector, forms an increasingly smaller
part of the added vector. The length of this part of the vector is rapidly
decreasing and becomes smaller than the machine precision. At that
moment it is not distinguishable anymore. There is a second effect, which
happens just before the first effect: the perpendicular part is so small, that
rounding errors form a significant part of its length. Normalizing this vector
to length one, makes that the numerical round-off errors are also blown up.
As a consequence the algorithm stagnates and only a small number of moments can be approximated well.
Now we know this, consider the Laguerre-SVD algorithm as given in [61]:
Select a value for α and q.
Solve (G + αC)R1 = B
for k = 2, . . . , q
Solve (G + αC)Rk = (G − αC)Rk−1
end
Define R = [R1 , . . . , Rq ] and calculate the SVD of R: VΣWT = R.
C̃ = VT CV
G̃ = VT GV
B̃ = VT B
L̃ = VT L
As was already pointed out on page 53, doing an SVD step afterwards is too
late. The algorithm given here suffers exactly from the behavior described
before: the column of Rk for increasing k will more and more look like each
other, this may jeopardize convergence of the process for large q.
Example 4.4 Consider the MNA formulation of a transmission line model, as
was described in Sect. 2.5.1. Here we consider the model with n = 4, so
with size 9. The Laguerre-SVD algorithm is applied, with α = 105 and with 8
iterations. To avoid numerical round-off error, we normalized the new vector
after every iteration.
We indeed see that the columns in R tend to the same vector. The first 3
decimals of the columns to not differ from each other. The difference of the
last two columns has norm 1.5 · 10−5 . From the singular values of R, plotted
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in Figure 4.1 can also be seen that the latter columns do not really add new
content to the matrix. In the following example we will see consequences of
this effect.
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Figure 4.1: Singular values of the R matrix

4.4 Intermediate orthogonalisation
The mentioned problem is a matter of robustness. In [61] an optimal choice
for α is pointed out. For such a choice of α the effect described here is less
strong and the Laguerre-SVD algorithm gives an excellent approximation
over the frequency range of interest. For different choices of α the effect,
that the method will look like a Power Method, is stronger. With a simple
modification of the algorithm, the effects can be avoided and the Laguerre
method will be more accurate for a broader range of values of α.
Since an orthogonal basis of the Krylov space is desired, we are not interested in information contained in already generated vectors. On the contrary, we are interested in information perpendicular to the existing space.
Hence, the evident solution to the mentioned problem is simple: only add
the information to the space, which is perpendicular to it. This is done in
practice by subtracting the part of the new column which is already spanned
by the space. After normalization, the remainder is added to the space. This
can be done via the well-known Gram-Schmidt procedure. As an example
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we show an algorithm to calculate a Krylov space with starting vector b and
matrix A, where the new column is orthogonalized before it is added:
function V = Gram-Schmidt(A,b)
b
v1 = kbk
for j = 1 : q − 1
w = Avj
for i = 1 : j
hij = viT w
w = w − vi hij
end
w
vj = kwk
end;
V = [v1 , v2 , . . . , vq ]

% first column only has to be normalized
% generate new column
% orthogonalize w.r.t. previous columns

% finally, normalize and add to the space

After this process, the following relation holds: There exists a matrix H (here
consisting of the entries hij ), such that:
A [v1 v2 . . . vm ] = [v1 v2 . . . vm+1 ] H for m = 1, . . . , q − 1.

(4.11)

We see that before a vector is added the inner product with all previous
vectors is calculated and the proportion of this vector is subtracted. Finally
the vector is normalized and added to the space V. This modification greatly
improves the Krylov space method.
Example 4.5 To show the improvement of intermediate orthogonalisation we
again consider the transmission line model presented in the previous section.
We choose α = 105 , in stead of the suggested α = 2π1010 . The algorithm is
run for 8 iterations, the approximations are shown in Figure 4.2. Although the
choice for α is probably not the wisest one (i.e., not according to the optimal
choice discussed in [61]), since we are interested in the frequency range from
0 to 1010 , this example nicely shows the difference in approximation when the
columns are intermediately orthogonalized.

4.5 Re-orthogonalisation
Due to the finite arithmetic it might happen that two columns are not exactly
orthogonal after the numerical process of orthogonalisation. In the GramSchmidt orthogonalisation process the inner product between the first column and the new column is small, but might still be around 10−15 , around
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Figure 4.2: Comparison of transfer functions (— = original, · · · = Laguerre
without intermediate orthog., - - = Laguerre with intermediate orthog.)

the machine precision for standard computers. In a next step the new column is changed during the orthogonalisation process with the second column. This changes also the inner product with the first column. This cumulative effect can be quite dramatic. Within a few iterations, for example
6, the inner product between the first column and the new column can increase to 10−6 or even more. The same can happen for other columns than
the first one.
If we take a look at the matrix VT V, theoretically an identity matrix, we
see that the loss of orthogonality results in elements in the left lower corner
and the right upper corner of this matrix that are substantially larger than
zero. The matrix which is in theory equal to the identity matrix, deviates
substantially from this ideal form.

Example 4.6 To show the impact of this deviation, consider the following system of which the matrix G ∈ IR12×12 is given as:
G=



G11
I6

−I6
G22



,

(4.12)

where I6 stands for the identity matrix of size 6 and where G11 and G22 ∈
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IR6×6 defined as:

G11



105


 0

= .
 ..

0

0
105
..
.
..

.

···
..
.
..
.
0


0
.. 
. 


0 


105

and G22






=



10−5

0

0
..
.

10−5
..
.

0

..

.

···
..
.
..
.
0

0
..
.
0









10−5
(4.13)

and C is a diagonal matrix with first 6 elements equal to 10−5 and then 6 elements equal to 1. For Bi = Bo we choose the all-ones vector with appropriate
length.
Then, 4 iterations of the Laguerre algorithm are performed, where orthogonalisation with Gram-Schmidt is applied, but with only one orthogonalisation
step. For α the value 102 is chosen. Again, this choice is only made to make
our improvements clear and is not based on the maximum frequency of interest. With this choice of α the robustness of our algorithm can be tested. For
this choice of α the condition number of G + αC is 1000, so the systems in the
algorithm should be solvable without problems. The condition number for G
and C are 5 · 109 and 105 respectively.
For this implementation we see that the orthogonality is quickly lost. Here we
show the first 5 digits of the difference between VT V and the identity matrix
of size 4:


0.0000 0.0000 1.0000
0.0000
 0.0000 0.0000 0.0002 −0.0116 
.
(4.14)
V T V − I4 = 
 1.0000 0.0002 0.0000
0.0000 
0.0000 −0.0116 0.0000 −0.0000

From this it can be seen that within 3 iterations the orthogonality is lost. As a
result, the poles of this reduced system are not all negative anymore:
−2.0000 · 10−5
−1.0000 · 1010
0.4810
−1.0000 · 1010 .

(4.15)

To ensure orthogonality up to machine precision, it is necessary to
re-orthogonalize the vectors [18, 57, 85]. If n vectors are orthogonalized in a
sequential way, so first v1 , then v2 and so on, then the orthogonality of the
vectors further on in the sequence with respect to the first vectors often has
to be cured.
The effect of numerical round off errors is strongest when, after orthogonalisation a large part of the vector is removed. Therefore, re-orthogonalisation

4.5 Re-orthogonalisation
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is most needed if the length of a vector is relatively small after orthogonalisation. In [102, Sect. 14] a very useful implementation of re-orthogonalisation
is given, which utilizes a re-orthogonalisation parameter κ:
Orthogonalize v1 , . . . , vq
Select a vector for κ, e.g. κ = 0.25
for j = 1 : q
τin = kvj k2
for i = 1 : j − 1
hij = viT vj
vj = vj − hij vi
end
if kvj k2 ≤ κτin
for i = 1 : j − 1
ρ = viT vj
vj = vj − ρvi
hij = hij + ρ
end
end
hj+1,j = kvj k
vj
vj = hj+1,j
end;
It was shown that for adding a vector to an orthogonal set, it is enough to
re-orthogonalize once [76, 85]. It was shown there that the orthogonalisation process with Modified Gram-Schmidt is comparable to the Gauss-Seidel
process of a very diagonally dominant matrix. During the second run of the
orthogonalisation the inner product of two different vectors will be around
10−15 . This will not improve much in a third run.
We saw in the previous example that orthogonality up to machine precision
is needed in the case systems are critically stable; if poles are very close to
the imaginary axis.
Example 4.7 Consider again the matrices as in example 4.6, but now after
4 iterations of the Laguerre algorithm with re-orthogonalisation. We see that
with re-orthogonalisation the resulting projection matrix V, is orthogonal up to
machine precision:
kVT V − I4 k2 ≈ 10−15 .

(4.16)

Orthogonalizing more than twice does not show significant improvement of
this result. The poles of the reduced system all have a negative real-part:
−2.0000 · 10−5
−1.0000 · 1010
−1.0000 · 1010
−2.0000 · 10−5 .

(4.17)
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In practice we did not implement the re-orthogonalisation parameter as proposed earlier. We just orthogonalize twice, independent of the problem. This
can be done, since the orthogonalisation part is not the most expensive part
of the algorithm and checking whether orthogonalisation is needed would involve a check for every column in the new block. The time spent on orthogonalisation is small compared to solving the system: (G + αC)w = (G − αC)vj .
The improved Laguerre algorithm for single-input-single-output can now be
given:
Select values for α and q
Solve (G + αC)w = b
w
v1 = kwk
for j = 1 : q − 1
Solve (G + αC)w = (G − αC)vj
for i = 1 : j
hij = viT w
w = w − hij vi
end
for i = 1 : j
ρ = viT w
w = w − ρvi
hij = hij + ρ
end
hj+1,j = kwk
w
vj+1 = hj+1,j
end;
V = [v1 , v2 , . . . , vq ]
Example 4.8 A more practical example where re-orthogonalisation is needed
is shown here. Consider the example described in Sect. 2.5.2. The model has
size 106. We consider the transfer function in the frequency range from 0 to
5 · 1010 . The best choice for α is therefore α = π · 1011 . We choose α = 109 in
stead, for this example, to show the need for re-orthogonalisation in a robust
algorithm. For this choice of α the condition number of G+αC is approximately
190. The Laguerre algorithm with single and double intermediate double orthogonalisation is run for 20 iterations. As input matrix only the first column
of Bi is considered. The real parts of the poles of the reduced system which
is generated with re-orthogonalisation lie between −9 · 105 and −3 · 105 . This
is in good comparison with the original poles, that lie between −13 · 105 and
−3 · 105 .
The model generated without re-orthogonalisation has a positive pole: 5.6 · 109.
Another striking instance is a pole at −5.99 · 103 , much closer to zero than the
poles of the re-orthogonalized version of this reduced model. If we consider the
matrix VT V, we see that already in the 12-th iteration we lost orthogonality
completely: the inner-product between the first and the 12-th column of V is
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approximately 0.9.
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Figure 4.3: Comparison of transfer function (— = original, · · · = with reorthogonalisation, - - = without re-orthogonalisation)
The transfer functions of the two reduced models can be compared to the
transfer function of the original model. In Figure 4.3 the magnitude of the
three transfer functions is plotted from s = 0 to s = 5 · 1010 . The solid line
is the original model, the dotted line is the output of the reduced model with
re-orthogonalisation and the dashed line the one without re-orthogonalisation.
One can clearly see that the reduction method with intermediate double orthogonalisation gives a better approximation of the original transfer function
than the reduced model without re-orthogonalisation.

4.6 Conclusions
In this chapter we developed an alternative Laguerre-based method that has
very favorable properties as far as efficiency and robustness is concerned.
To this end, we have shown that intermediate orthogonalisation ensures that
the information of higher moments is not obscured by numerical round-off
errors, but incorporated in the model in full detail. Besides, since numerical
round-off errors could cause instabilities in the reduced model and worsen
the approximation, re-orthogonalisation plays a vital role in the robustness
of the model order reduction method.
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As a result an algorithm is derived which is robust with respect to the parameter α. For a sophisticated choice of α the danger is less that the Krylov
subspace method has a Power-Method-like behavior. In the proposed algorithm the parameter can be chosen more freely, while the accuracy of the
method is still good. For a robust algorithm the proposed justifications are
vital.
We showed that orthogonal matrices should be used in the congruence
transform of the reduction algorithm, since that is the most optimal choice
for these matrices. Besides, we pointed out that the system that is to be
reduced, should be formulated with non-negative real and positive semidefinite matrices. Only in that way essential properties, like stability and passivity, can be preserved. This all can be done in a robust way.

Chapter 5

Block-Arnoldi Krylov
methods
In the previous chapter we saw two issues which improve the robustness
and accuracy of the Laguerre-SVD algorithm and of Krylov subspace methods in general. We focused on systems with single-input-single-output. In
this chapter, systems with more than one input and output are considered.
For multiple-input-multiple-output (MIMO) systems some extra issues must
be taken care of. In general, the proposed improvements make the Block
Krylov subspace methods more robust.
In the second part of the chapter an error control for the convergence of
Krylov subspace methods for Model Order Reduction is derived, which is
relatively cheap and therefore feasible to use for larger examples.

5.1 Block Arnoldi Orthogonalisation
If B has more than one column, the transfer function is a matrix, representing the transfers from all the input port to all the output ports. This
set of transfer functions can be approximated separately, leading to a set of
reduced models, for every pair of input and output ports. We believe that using one approximate system for the whole original system is more efficient.
Therefore, the behavior of all the input ports is incorporated in the Krylov
space. Hence, the Krylov space consists of blocks of columns and is called
Block Krylov space [88]. For example, suppose B consists of three columns:
[b1 , b2 , b3 ]. Then AB will be [Ab1 , Ab2 , Ab3 ] and so the Block Krylov space
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for this matrix B looks like:


K(B, A) = B, AB, A2 B, ..., An B .

(5.1)

We mentioned before that vectors in the Krylov space tend to one direction.
This also holds in the case that a block of starting vectors is given. The vectors in a block will become similar to each other and to columns in previous
blocks.
Fortunately, we have the possibility to orthogonalize during the generation
of the Block Krylov space as well. Yet, in the case of the Block Krylov space
we have several options for the order in which the columns are generated
and orthogonalized to form an orthonormal basis of the space in (5.1):
1. All columns are generated first and orthogonalized afterwards, as done
in [61, 62]. This method is the most easy to implement, but we have
already seen that this is not a good option.
2. Every vector in the block is treated separately. We begin by building
the Krylov space for the first vector in the starting block. Every column
which is added is of course first orthogonalized with respect to all existing columns and then added to the space. After a certain amount of
iterations the second starting vector is taken and handled in the same
way, until the last column of the starting block.
3. Every column in the Krylov space is generated per moment. The first
step consists of adding all starting vectors column by column. Then,
the first moment is added, also column by column. Each column added
is orthogonalized with respect to all vectors already in the space. This
approach can be found in [1, 29].
4. The blocks in the Block Krylov space are treated as blocks. First a
full new block is generated at once. Then this block is orthogonalized
with respect to every existing block. Finally the block is orthogonalized
within itself [73, 88].
A descriptive algorithm for option 2 could look like this:
function [Vtotal , Ht ] = Option2(A, B, k)
% p is the number of columns in B
for m = 0 : p − 1
vmk+1 = bm+1
Orthogonalize with respect to v1 to vmk
Normalize vmk+1
for j = mk + 1 : k(m + 1) + 1
vj+1 = Avj
Orthogonalize with respect to v1 to vj

5.1 Block Arnoldi Orthogonalisation
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Normalize vj+1
end
end
V = [v1 , . . . , vpk ]
The problem with this option lies with the matrix H for which the basic relation for Krylov spaces (4.6) should hold. Unfortunately, it does not exist! To
explain why, consider two input vector b1 and b2 . From these, the referred
algorithm first generates a Krylov space [b1 , Ab1 , A2 b1 , ...]. Orthogonalizing
this space will ensure the existence of an upper Hessenberg matrix H. At a
certain moment, the generation of this Krylov space stops and a new column
b2 is added:
[b1 , Ab1 , ..., An b1 , b2 ] .

(5.2)

Notice that the vector b2 is new to the space; it does not have a relation
with the columns in the Krylov space. Now, let V be an orthogonal basis of
[b1 , Ab1 , . . . , Aq b1 , b2 ]. Then, given the fact that AV1:q = V1:q+1 H must hold,
the matrix H would be:
T
H = V1:q+1
AV1:q ,

(5.3)

where the notation V1:q stands for the q columns of V. In general, the matrix
H given here does not fulfill the relation (4.6). Since the theory of Krylov
space heavily relies on this basic property, the problem sketched here is
quite serious. Approximations still can be made by the algorithm described
above, but the robustness on the method is in danger. In fact, several things
could happen:
• The convergence slows down

• The accuracy becomes strongly dependent on the choice of the expansion point

• Spurious information is generated
After describing the remaining options, examples for these statements will
be given.
In practical implementations the third option does not really differ from the
fourth option. This is due to the fact that in both methods first the columns
in one block are added and then orthogonalized. Besides, orthogonalisation
of a block, as in option 4, also operates column by column in practice.
The fourth option is called Block Arnoldi factorization [88]. In this procedure
an orthogonal basis of the Krylov subspace is calculated during the time the
Krylov subspace itself is generated. It starts by orthogonalizing the starting
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block B. Every new block of the Krylov space is generated by multiplying the
previously generated block with the generating matrix A. Then, the block is
orthogonalized with respect to every earlier generated block and finally it is
orthogonalized in itself using a QR decomposition:
function [Vtotal , Ht ] = BlockArnoldi(A, B, q)
[V1 , R] = qr(B)
Ht = [ ]
for j = 1 : q − 1
W = AVj
Hsub = [ ]
for i = 1 : j
H = ViT W
W = W− Vi H 
Hsub
Hsub =
H
end
[Vj+1 
, H] = qr(W)

 
Hsub
Ht = Ht
H
end
Vt = [V1 , V2 , . . . , Vq ]
The orthogonalisation process implemented here is Modified Gram-Schmidt.
According to the last line in the previous algorithm, the matrix Vt consists
of blocks Vi . The matrix Vt is now an orthonormal basis of the Block Krylov
subspace Kq (B, A), i.e., every column in Kq (B, A) is a linear combination
of the columns in Vt and VtT Vt is the identity matrix. Furthermore, if we
define V1:j as the matrix consisting of all the blocks of Vt from the first to
the j-th block, then the property AV1:j = V1:j+1 H holds, which makes V a
Krylov space.

5.1.1 Examples
We would like to go back to the second option and compare it with the fourth
one. Both options for the generation of a Krylov space while orthogonalizing
during the generation can be used as a substitution for the Laguerre-SVD
algorithm. Both options will be compared for three different examples. We
compare the difference between the original and the reduced system with
different sizes, for which we use the following error definition:
e=

4
X

k=1

H



ks0
4



− H̃



ks0
4



∞

,

4
X

k=1

H



ks0
4



.
∞

(5.4)
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Example 5.1 (Convergence slows down)
For this example the double LC filter model is considered, see Sect. 2.5.3. In
Figure 5.1 and Figure 5.2 the relative errors are plotted of the reduced models
related respectively to option 4 and option 2. Here the Laguerre method is
applied with α = 3 · 109 . The horizontal axis represents the size of the reduced
model. We see that the algorithm according to option 4 has reached a relative
error of 10−8 with a size of 66. The algorithm we obtain by choosing option 2
is more accurate for small sizes, like 11 and 22, but converges much slower.
Even within the sizes 0 to 200 the relative error remains larger that 10−5 .
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Figure 5.1: Error of reduced system (option 4) of different sizes
Eventually, the method according to option 2 will converge, since we project
then on the full space, which will give the original transfer function. It will
take until sizes of more than 600 for the method to fully converge. This is
unwanted since convergence should be as fast and robust as possible.
Example 5.2 (Dependence on choice of expansion point)
The second effect can be illustrated by fixing the size of the approximation to
20. Here we use the two striplines example described in Sect. 2.5.2. The
original system has size 106 and the transfer function is considered in the
domain s = 0 to s = 2 · 1010 . The fourth option for the Laguerre algorithm
gives good results for all choices of α ranging from α = 109 to 5 · 1010 . For
the second option α = 2 · 1010 is probably the best choice, although it is still
far off. Other choices for α give considerable worse results. In Figure 5.3 a
comparison between the original transfer function (solid line) and the Laguerre
method approaches are given. At the horizontal axis the frequency is plotted
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Figure 5.2: Error of reduced system (option 2) of different sizes

from s = 0 to s = 2 · 1010 and at the vertical axis the magnitude of the transfer
function is plotted in decibels. The solid line represents the unreduced transfer
function. The dotted line shows the option 4 approximation with α = 109 . All
the dashed lines represent option 2 approaches for different values of α. The
approximation for α = 2 · 1010 seems to be the best one, but this is still far off
compared to the approximation generated with option 4.

Example 5.3 (Spurious information)
For the third example we consider also the two striplines example. The system
is reduced to size 8 with the Laguerre algorithm with α = 109 . We compare
the algorithm according to option 2 and option 4 once more. The transfer
function is plotted up to a maximum frequency of 3 · 1010 . In Figure 5.4 the
original transfer function is compared with the two reduced transfer functions
of size 8. The solid line is the original transfer function. The dashed line and
the dash-dotted line represent the reduced system generated by the Laguerre
algorithms according respectively to option 4 and to option 2.
We see that an unexpected effect is shown around s = 3·109 . This effect can be
studied in more detail when we plot the individual contributions of the poles
of the reduced system. A pole-residue expansion can be made as done in Eq.
(2.44). Then every element in the sum can be plotted separately. Here a pair
of conjugate poles is plotted together in one line. The result for the reduced
system of size 8, is shown in Figure 5.5. The four solid lines represent the
poles of the reduced system generated with option 2. The dashed lines do this
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Figure 5.3: Comparison between the original transfer function (solid line),
the Laguerre approach (option 4, dotted line, almost coincides with solid
line) and several option 2 approaches (dashed lines)

for the reduced system via option 4. We see that a spurious pole is generate
which give a large contribution to the approximation of size 8, generated via
option 2. The contribution of this pole will strongly decrease for increasing size
of the model, nevertheless, this effect is unwanted.
Re-orthogonalisation was applied in all the implementations mentioned.
Therefore, this decrease in the convergence rate was not due to a loss of
orthogonality.
It was shown here that adding a new starting vector to the already generated Krylov subspace, violates the Krylov space property (4.11). This places
Rational Krylov subspace methods (see Sect. 3.6) in suspicion. Examples of
Rational Krylov subspace methods can be found in [24, 37, 40, 86, 87, 95].
In these methods the space where the system is projected on can be a collection of several Krylov subspaces, without any relation. On top of that, there
is no error bound known for Rational Krylov subspace methods. We have to
insure that the spaces in Multipoint Arnoldi are generated in a thoughtful
way. Provided a good choice for the expansion points, in practice we still see
effects as to ones pointed out before in the approximation given by the Rational Krylov subspace method. For equal sizes, the Rational Krylov subspace
method is not necessarily better.
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Figure 5.4: Comparison of original transfer function (solid line) with two
reduced transfer functions (-.- = option 2, — = option 4)
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Figure 5.5: Contribution of the poles of two reduced systems
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5.2 Error control
Since Krylov subspace methods for Model Order Reduction converge to the
original model, we observed that often a larger reduced model forms a better
approximation than a smaller reduced model. However, it is not immediately
clear for which size of the model the approximation is accurate enough. The
decision when to stop iterating is therefore of utmost importance for an optimal model. We therefore propose here a way to monitor the error between
the original model and the reduced model during the iterative process. This
enables the automatic process of determining the size of a model.
In [74] a closed form of the difference between the transfer functions of the
original system and the reduced system is derived. In the derivation the
shift-and-inverted system is considered:
(I + (s − s0 )(G + s0 C)−1 C)x = (G + s0 C)−1 Bu

(5.5)

y = BT
o x.

We consequently define the matrices A and R as A = −(G + s0 C)−1 C and
R = (G + s0 C)−1 B. The error function E(s) is derived as:

BT
o (I

− (s − s0 )A)

−1

(s −

T
s0 )(VG−1
q V GW

E(s) = H̃(s) − H(s) =

− W)(I − (s − s0 )Aq )−1 VT R,

(5.6)

where Gq = VT GV, Aq = −(Gq +s0 Cq )−1 Cq and W is defined according to the
result of the Block Arnoldi factorization: AV = VH + W. Here W is a matrix
with only the last columns non-zero. This expression is still expensive to
calculate because of the (I − (s − s0 )A)−1 term. A more practical estimate for
this error is derived by replacing (I − (s − s0 )A)−1 by V(I − (s − s0 )Aq )−1 VT .
This is not a bound, but a fairly good approximation. After this, the error
function can be rewritten as:
−1 T
E(s) = (s − s0 )BT
V (G + s0 C)W(Gq + sCq )−1 Bq .
o V(Gq + sCq )

(5.7)

Exploring this error function during the iterative process as a measure of
convergence, would involve the calculation of the function after every iteration. This can be replaced by calculating the function in a few interesting
points, to check the convergence of the method.

5.2.1 More practical error definition
A disadvantage of the latter error definition is that this error is still quite
expensive to calculate. Furthermore, in the calculation of E(s) an extra
block of the Krylov space is needed, W, since for the error associated with
Vm the block Vm+1 , or W, is needed. Here we will derive a measure which is
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relative, it will therefore give a measure of the convergence, independent on
the problem. Furthermore, it is as cheap to calculate as the latter method.
The first step in the derivation is to see that the reduced system can be
made available during the iteration process of PRIMA and Laguerre-SVD.
The Krylov subspace is composed of blocks Vi , i = 1, 2, . . ., in the following
way:
Vtotal = [V1 , V2 , . . .].

(5.8)

After the third iteration the reduced matrices have the following form:
 T 
V1


T
Gq = Vtotal
GVtotal =  V2T  G V1 V2 V3 =
V3T
  T 

 T 
(5.9)


V1
V1
G V1 V2
GV3 
T
T

V2
V2

.


T
V3 G V1 V2
V3T GV3
It can be seen that in the i + 1-st iteration the matrix from the ith iteration:
 T 
V1

 ..  
 .  G V1 · · · V i ,
ViT

is updated by adding columns to the right and rows below. The terms:


GGV
= G V1 · · · V i
i

and

GVi G


V1T


=  ...  G
ViT


are calculated and stored in iteration i. Then, in iteration i + 1 a new block
Vi+1 is calculated and the matrix Gq is updated by adding a block for Vi+1 :


Gq
GVi G Vi+1
.
Gq =
T
T
Vi+1
GGV
Vi+1
GVi+1
i
and GVi G are updated:
Finally, the terms GGV
i
 GV

GVi+1
Gi
GGV
i+1 =


GVi G
VG
Gi+1 =
.
T
Vi+1
G

The treatment of the matrix C is identical. For the matrices Bi and Bo in
every iteration a block is added below. Concluding, the reduced matrices
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can be obtained cheaply in every iteration of the Block Arnoldi process, by
adding columns and rows to the reduced matrices of the previous iteration.
Although many choices for the definition of the error are possible, we choose
the following. We know that for a choice of the expansion point s0 , the
transfer function H(s) will be well approximated in the range from s = 0 to
s0 . Therefore, we choose points equally divided in that interval. Since we can
be both interested in a linear scale of frequencies and a logarithmic scale of
frequencies we can choose the points:
s0 s0 3s0
, ,
, s0
4 2 4
or alternatively,
1/4

1/2

3/4

s0 , s0 , s0 , s0 .
Eventually, we choose only the first set of points. This is a choice given in
by practice, for two reasons. First, in many practical situations the transfer
around s = 0 is very large, compared to the transfer around s = s0 . Examples
of that can be seen in Figures 5.3 and 6.1. The second choice of measure
points puts emphasis on the lower frequencies, leading to large errors which
do not reflect the true behavior of the convergence. Secondly, the first choice
of points was seen to reflect the convergence of the process perfectly.
The transfer function is calculated in these points. The error ereal is then
defined as the infinity norm of the sum of the differences between the orige q (s) in each
inal transfer function H(s) and the reduced transfer function H
of the mentioned points:
, 4






4
X
X
4s0
4s0
4s0
H
.
(5.10)
ereal =
− H̃q
H̃q
k
k
k
k=1

∞

k=1

∞

The choice for this error is justified by practice: calculating the error must
not be too time consuming and it must still give an appropriate approximation of the real error. This formulation of the error allows for a calculation
of the original transfer function outside the iteration loop of the Krylov subspace method.
Furthermore, it is a known fact that the real error can be approximated.
Consider a sequence {xn } and some exact solution x∗ we want to approximate with the sequence. We are interested in the difference between x n and
x∗ :
|xn − x∗ | = |xn − xn−1 + xn−1 − x∗ | ≤ |xn − xn−1 | + |xn−1 − x∗ |.

In the same way:

|xn − x∗ | = |xn − xn+1 + xn+1 − x∗ | ≤ |xn − xn+1 | + |xn+1 − x∗ |
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and
|xn − x∗ | = |xn − xn−1 + xn−1 − x∗ | ≥ |xn − xn−1 | − |xn−1 − x∗ |
|xn − x∗ | = |xn − xn+1 + xn+1 − x∗ | ≥ |xn − xn+1 | − |xn+1 − x∗ |.

Define en := |xn − x∗ | and ên := |xn − xn−1 |. Then:
en ≤ ên + en−1

en ≤ ên+1 + en+1
en ≥ ên − en−1

en ≥ ên+1 − en+1 .

This can be reformulated in the following inequalities:
(5.11)

|en−1 − en | ≤ ên ≤ en−1 + en

We observed in practice that ên is indeed well approximated by en−1 and so,
that |xn − x∗ | is well approximated by |xn − xn−1 |. We will therefore approximate ereal by a newly defined relative error:
, 4






4
X
X
4s0
4s0
4s0
− H̃q−1
H̃q
ereal =
H̃q
.
(5.12)
k
k
k
k=1

∞

k=1

∞

In the following section it will be shown by two examples that this gives a
better approximation for the error than the error derived in [74].
This results in the fact that the expensive measure points of H(s) do not
need to be calculated anymore, but we can compare the two approximations
of H̃(s) on two successive iterations. After the reduced matrices are updated,
the difference between this current reduced model and the previous reduced
model is calculated. This is done in every iteration, from the second on. This
allows us to conclude that is it not expensive to monitor the error of MOR
methods like PRIMA and Laguerre-SVD.

5.2.2 Results
The benefit of the proposed error control will be illustrated by two examples.
The first example is the low-pass structure presented in Sect. 2.5.4. The
matrices of the original model have size 709 and two ports. We apply PRIMA
to reduce the size of this model and monitor the error during the process.
After every iteration three kinds of errors are calculated. First ereal and eappr1
are computed. Finally, the error function E(s) defined in (5.7) is calculated
in four points to define the relative error:
, 4




4
X
X
4s0
4s0
H̃q
.
(5.13)
eappr2 =
E
k
k
k=1

∞

k=1

∞
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Figure 5.6: Different errors for reduction process: — = real error, defined by
(5.10), - - = approximated error, defined by (5.12) · · · = approximated error,
defined by (5.13)

The iterative process is continued until a reduced size of 40 is reached. The
parameter s0 for PRIMA is set equal to 2 · 109 . In Figure 5.6 the three errors
are plotted. The size of the approximation is on the horizontal axis. On the
vertical axis the errors for the different sizes are plotted and connected to
each other with a straight line. The solid line is ereal , the dashed line is eappr1
and the dotted line is eappr2 . We see that eappr1 is a good approximation of
ereal . For smaller error the approximation is less accurate, but still much
better than the error eappr2 .
The second example is the double LC filter described in Sect. 2.5.3. Here
a 695 sized model with 11 ports is considered. The iterative process is
continued until the reduced matrices have size 165. The results are shown
in Figure 5.7. We see again that eappr1 is a very good approximation of ereal .
For this definition of the error, the error might be a rather monotonic function. This is seen in the two examples. However, this is not in true in
general. Theoretical results about the Arnoldi process can be found in Saad
[88]. These results do not guarantee monotonicity. Furthermore, the error we define here, based on the transfer function, uses a derivation of
the entities used in theoretical proofs for the process. This makes it even
more impracticable to derive proofs on the monotonicity of this error. Nevertheless, in practice we observed that, due to the choice of taking only
linearly distributed measure points, the error very often behaves monotoni-
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Figure 5.7: Different errors for reduction process: — = real error, defined by
(5.10), - - = approximated error, defined by (5.12) · · · = approximated error,
defined by (5.13)

cally. Therefore, a stopping criterion can be derived for this definition of the
error.

5.3 Conclusions
In this chapter we considered the orthogonalisation of a Block Krylov subspace. The order in which the Block Krylov subspace is generated is seen
to be of importance. One has to take care that the Krylov space properties
hold for the orthogonalized space. If this property is violated, the reduction
technique becomes inaccurate or might stagnate. Block Arnoldi factorization is seen to be the right way to generate the Krylov space for multiple
input columns.
Furthermore, we have derived a more practical error control. Error control is
useful since we want to be able to stop the process automatically and as soon
as possible. This derived error function is suitable since it is relatively cheap
and meanwhile accurate. Although we cannot proof anything rigorously for
this error definition, the error behaves monotonic in general. Therefore, the
derived error control provides a stopping criterion for the Krylov subspace
method.

Chapter 6

Redundancy
In chapter 3 Krylov subspace methods, such as PRIMA and Laguerre-SVD,
were introduced. Krylov subspace methods have often shown their use as
Model Order Reduction techniques for interconnect modeling. This is mainly
because of their attributes, such as the preservation of stability and passivity. Also because they are applicable to many different problems and they
are relatively cheap. One of the main drawbacks of the method is that they
produce larger models than strictly needed.
In this chapter we will show how to overcome this disadvantage and how
to make Krylov subspace methods more efficient. One of the approaches
described in this chapter is via the detection of deflation. Deflation is wellknown in iterative processes for matrix computations and is described and
handled in many flavors. Examples can be found in [66, 77, 98]. In this
chapter a correct way to handle deflation is reviewed and the effects of deflation on the approximation of the reduced model are discussed. Next to that,
two other methods to avoid redundancy are shown.

6.1 Introduction
Krylov subspace methods are often favored when really large systems have
to be replaced by smaller ones. These methods are popular because they
are relatively cheap and can be applied to different kinds of systems. Nevertheless, they have some disadvantages. First of all, there is no error bound
known for many of the Krylov subspace methods. Furthermore, these methods lack the ability to distinguish between necessary and redundant information. As a consequence, the approximations generated by Krylov sub-
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space methods contain many poles which are not relevant for a good approximation.
Example 6.1 To give an example of this, we take a close look to the contributions of the poles to the system approximation. Some poles are more important
for the approximation than others. To see this one has to realize that the transfer function is usually plotted for pure imaginary values of s, so s = iω. This
was explained in section 2.2.1. Therefore, the poles with small imaginary part
play a role at first. Poles with a large imaginary part only contribute to the
transfer function for high frequencies. Finally, if the residue of a pole is small,
the pole is contributing less to the transfer function. So, if a pole-residue expansion as shown in Eq. (2.44) is calculated, the contributions of the poles
can be visualized.
We consider a single-input-single-output system, to make sure that poles
which seem redundant, are not needed in the approximation of other ports.
For this example we consider the PCB described in Sect. 2.5.3. The original
system has size 695 by 695 and only the first port is taken into account. An
approximation of size 45 with PRIMA is seen to be an excellent approximation
of the original system. In Figure 6.1 the magnitude of the transfer function of
this single-input-single-output approximation is given.
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Figure 6.1: The magnitude of the transfer function of the 1-input-1-output
system
In Figure 6.2 the pole-residue expansion for this transfer function is given.
Every element in the sum is plotted separately and pairs of conjugate poles
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are summed and plotted together in one line.
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Figure 6.2: The contributions of the all the poles
Adding the function values of every line in Figure 6.2 will give a resulting line
as given in Figure 6.1. The magnitude is plotted in decibels (dB). With that
in mind consider the lowest lines, the monotonically decreasing lines. One
might realizes that a contribution of around -100 dB is very small, too small to
contribute. The poles associates with these lines are redundant.
For the two reasons mentioned, Krylov subspace methods are redundant,
i.e., the approximations generated by especially Block Krylov subspace
methods still contains many poles which are not relevant for a good
approximation. While other Model Order Reduction methods have explicit
or inherent possibilities to select the most useful information, for instance
Truncated Balanced Realization [71], in Krylov subspace methods this
is much harder. However, the big disadvantage of Truncated Balanced
Realization (TBR) is that a Lyapunov or Sylvester equation must be solved,
which is expensive, especially for a multiple-input-multiple-output system.
Since the number of operations is at least O(n3 ) the method can only be
applied to small systems.
If the number of ports is large, the effect of redundancy is larger. In this
context the method proposed in [93] is worthwhile to mention. When the
behavior of ports is correlated to each other, an approach is given to make
a selection of these ports. The selected ports are used for the reduction
algorithm. The method is based on TBR, but the ideas can applied more
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general.
In this chapter we will see that redundancy can partly be avoided within the
Krylov subspace method. The idea underlying this method can be found in
the generation of a Krylov space. When a system has more than one port,
we have the possibility to treat every port separately, which would give different reduced models for every transfer from each input port to each output
port. Incorporating all the ports in one model is believed to be more efficient.
However, if a Krylov space is built up in a block fashion, for instance with
a Block Arnoldi algorithm [88], a column could be generated which already
exists. This event is called deflation. Obviously, at that moment we want to
stop iterating with this column and subsequently continue with the remainder of the columns. Convergence of columns is a desirable event in the area
of eigenvalue approximation and approximate solutions of linear systems,
but in a Model Order Reduction setting this event has to be treated with
care.
In this chapter we will describe how this deflation of converged columns
can be treated correctly, within the area of Model Order Reduction. So,
deflation should be handled without the danger of violating the Krylov space
property. Once a decent method to remove these columns is derived, this
method can be used to our advantage, because smaller approximations can
be derived. A similar approach as described here can be found in [17]. There
deflation is mentioned in combination with the Arnoldi factorization and
Model Order Reduction, although the effect of the deflation is not discussed
and no results are given.

6.2 Block Arnoldi Orthogonalisation
The Krylov subspace associated with a starting vector b and a generating
matrix A is defined as:


Kn (b, A) = b, Ab, A2 b, ..., An b .
(6.1)

In a Krylov space for the MIMO system the Krylov spaces for all the ports
are collected. Generally speaking, this will be the Krylov space:


Kn (B, A) = B, AB, A2 B, ..., An B .
(6.2)

If B has more than one column, the Krylov space consists of blocks of
columns and is therefore called Block Krylov space. Further, an orthogonal basis of the Krylov space must be generated. For this purpose the
Block Arnoldi factorization can be used. In that procedure the generation of
the Krylov space starts by orthogonalizing the starting block B. Every new
block of the Krylov space is generated by multiplying the previously generated block with the generating matrix A. Then the block is orthogonalized

6.2 Block Arnoldi Orthogonalisation
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with respect to every earlier generated block and finally it is orthogonalized
in itself using a QR decomposition. The algorithm for this procedure can be
formulated as follows:
function [Vtotal , Ht ] = BlockArnoldi(A, B, q)
[V1 , R] = qr(B)
Ht = [ ]
for j = 1 : q − 1
W = AVj
Hsub = [ ]
for i = 1 : j
H = ViT W
W = W− Vi H 
Hsub
Hsub =
H
end
[Vj+1 
, H] = qr(W)
 

Hsub
Ht = Ht
H
end
Vt = [V1 , V2 , . . . , Vq ]
According to the last line in this algorithm, the matrix Vt consists of blocks
Vi . The matrix Vt is now an orthonormal basis of the Block Krylov subspace
Kq (B, A). Furthermore, at the end of the algorithm the following property for
Krylov subspaces holds:
A[V1 , V2 , . . . , Vj ] = [V1 , V2 , . . . , Vj+1 ]H.

(6.3)

If we take a closer look at the algorithm, we see that after the second step,
the step in which the new block is orthogonalized with respect to all previously generated blocks, there is a possibility that all entries in a column of
W become almost zero. This is the case if a column of the newly generated
W is spanned by the columns of the previously generated space. Consequently, the column becomes zero during orthogonalisation, i.e., the norm
of the column becomes small. In the area of eigenvalue problems, where we
are searching for approximate eigenvalues via a Krylov subspace method,
this event is desirable, because it indicates that a direction has converged
and so an accurate approximation of the corresponding eigenvalue is found.
This eigenvalue can be stored or locked. The numerical round-off errors,
which constitute a considerable part of the converged column, are blown up
to length one. This can be utilized to search for eigenvalues in a new direction. In the setting of searching for an approximate solution via a Krylov
subspace method, this event can also be exploited. When a search direction
has converged, parts of the solution - or the full solution - are found and
one can stop searching in this direction.
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For the application of Model Order Reduction techniques this event is not
immediately useful. First of all, normalizing a vector with small Euclidian
length to length 1 magnifies the numerical cancellation and introduces a
completely new direction, which is not desirable in an MOR setting. Furthermore, because we are projecting the original problem onto the Krylov
subspace, we would like this space to be as small as possible. Bearing in
mind that every column in each block of the Krylov space corresponds with
a single port, convergence means that the behavior of this specific port is
sufficiently described and the behavior of this port is fully incorporated into
the Krylov space. Consequently, we want to stop iterating with this column.
Hence, a negligible columns gives information on the inherent structure of
the underlying system.
Apart from being zero, a column can also be completely dependent on other
columns. In that case the column is spanned by the other columns in the
block and this column has to be removed as well.
In both cases the matrix W does not have full column rank. The orthonormal basis of the Krylov subspace can therefore be smaller. We saw that
convergence for columns in the Block Arnoldi algorithm for Model Order Reduction has to be treated with care. Convergence indicates that the behavior
of one port is approximated enough and we can stop iterating with this column. As soon is this column is removed from the Krylov space is a sensible
way, this can finally be used in our advantage.

6.3 Properties of the Arnoldi factorization
After m steps of the Block Arnoldi algorithm the following proves to hold:
A[V1 , V2 , . . . , Vj ] = [V1 , V2 , . . . , Vj+1 ]H.

(6.4)

We saw in chapter 5 that violating this basic property of the Krylov space
during orthogonalisation can lead to strange results. For a proper derivation
of a method for deflation of redundant columns, we first take a closer look
at the (Block) Arnoldi algorithm.
In the Arnoldi process the matrix H is a Hessenberg matrix. This is a matrix
which has nonzero elements in the upper triangular blocks and on the first
block sub-diagonal. The matrix H resulting from a Block Arnoldi process
is a Block Hessenberg matrix, which can have more nonzero sub-diagonals.
Furthermore, relation (6.4) is an essential property for [V1 , V2 , . . . , Vm ] being a Krylov space. If a matrix H exists, such that this relation holds,
then [V1 , V2 , . . . , Vm ] is a Krylov space. We see that the space spanned
by [V1 , V2 , . . . , Vm ] multiplied by A is contained in the space spanned by
[V1 , V2 , . . . , Vm+1 ].
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This property must hold for the Krylov space also after a column is removed.
We will therefore investigate the Block Arnoldi Factorization in detail, in
order to make clear what relation should hold after deflation of columns.
T
Since V1:m+1 is orthonormal, H is equal to V1:m+1
AV1:m . In terms of the
blocks in V1:m+1 the Hessenberg matrix can be written as:
 T

V1 AV1 V1T AV2 · · ·
V1T AVm
..
 T

 V2 AV1

···
.




.
.
T
H=
(6.5)
.
0
V3 AV2 · · ·
.




.
.
.
.
..
..
..
..


T
0
···
0 Vm+1 AVm

Now, we will show that (6.4) and (6.5) hold when the Block Arnoldi Factorization is applied. This can be seen by following the steps of the Arnoldi
factorization:
V1 R = B such that V1T V1 = I
W = AV1

(6.6)
(6.7)

H11 = V1T W = V1T AV1

(6.8)

W = AV1 − V1 H11 = AV1 −

V1 V1T AV1 .

(6.9)

From this, it can be easily verified that V1T W = 0, which ensures that the
new columns are perpendicular to the previously generated columns.
Then, the algorithm continues with a QR-decomposition of W:
(6.10)

W = V2 H21 .

Since V2 is orthonormal, we can write H21 = V2T W and because V2T V1 =
V1T V2 = 0 the next block of (6.5) is filled with:
H21 = V2T (AV1 − V1 V1T AV1 ) = V2T AV1 .

(6.11)

Also, after substituting (6.8) and (6.10) in (6.9) the validity of the first column
of (6.4) is proved:
AV1 = W + V1 V1T AV1 = V2 H21 + V1 H11 .
Then, the second iteration of the Arnoldi process gives us:
(6.12)

W = AV2
H12 =

V1T W

W = AV2 −

(6.13)

= V1T AV2
V1 V1T AV2

(6.14)

H22 = V2T W = V2T AV2 because V2T V1 = 0
W = AV2 −

V3 H32 = W

V1 V1T AV2
and so

− V2 V2T AV2
H32 = V3T AV2 .

(6.15)
(6.16)
(6.17)
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From (6.16) the second column of the relation in (6.4) can be proved to hold:
AV2 = W + V1 V1T AV2 + V2 V2T AV2 = V3 H32 + V1 H12 + V2 H22 .
This derivation can be repeated for all iterations, by induction.
Concluding, in equations (6.10) and (6.17) we have shown that the subdiagonal sub-block of H, i.e., the last block of a block-column in H, can be
calculated as:
T
Hj+1,j = Vj+1
W

(6.18)

and that then (6.4) and (6.5) hold. This gives us a way to calculate the blocks
in H that can also be used when columns are removed.

6.4 An algorithm to remove columns
Relation (6.18) gives us a way to calculate the blocks in H after removal of
an unwanted column from V. This ensures that the matrix H still exists
after this removal.
We have to make sure that Eq. (6.5) holds for Hj+1,j , when a column from
Vj is removed. Furthermore, as already stated, it can occur that after orthogonalisation, a column of W is not zero, but it is already in the span of
the other newly generated columns. In that case, W does not have full column rank either. For an efficient detection of the rank of the matrix W, an
orthogonal basis is needed. Therefore, we propose to append the determination of the column rank to the orthogonalisation of W. This is well-known
as rank-revealing QR or RRQR , see [7] and the references in that article.
We start with the first column and normalize this column. Then, the next
column is orthogonalized with respect to all previous ones. Columns with a
small norm are removed:
function [W, R] = qr4mor(W,tol)
R11 = kW1 k
W1
W1 = R
11
nrc = 0
j=2
while j <= m − nrc
T
R1:j−1,j+nrc = W1:j−1
Wj
Wj = Wj − W1:j−1 R1:j−1,j+nrc
if kWj k < tol
nrc = nrc + 1
Wj = [ ]
else
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end

Rj,j+nrc = kWj k
W
Wj = kWjj k
j =j+1
end

In this algorithm nrc is an integer that is equal to the number of removed
columns. The variable tol is the threshold for the norm of the removed
columns. If the Euclidian length is under this threshold, the column is
removed. We typically used values ranging from 10−14 to 10−12 . This algorithm is given here with orthogonalisation by Gram-Schmidt. Modified
Gram-Schmidt, with or without re-orthogonalisation, or orthogonalisation
via Givens rotations, can be implemented just as easily. As can be seen, the
associated block in the matrix H here is equal to the matrix R.
Of course, RRQR is only suited for applications where we really want to remove columns. In an eigenvalue approximation setting this would be a bad
idea. But for Model Order Reduction this very simple implementation is already enough to make the algorithm more efficient. The resulting algorithm,
when RRQR is incorporated in the original Block-Arnoldi algorithm, is as
follows:
function [Vtotal , Ht ] = NewBlockArnoldi(A, B, q)
[V1 , R] = qr4mor(B)
Ht = [ ]
for j = 1 : q − 1
W = AVj
Hsub = [ ]
for i = 1 : j
H = ViT W
W = W− Vi H 
Hsub
Hsub =
H
end
[Vj+1 
, H] = qr4mor(W)

 
Hsub
Ht = Ht
;
H
end;
V = [V1 , V2 , . . . , Vq ]

⇐ RRQR

⇐ RRQR

The blocks in the matrix V do not necessarily have the same size. For the
matrices V and H generated by this algorithm, the relation AV1:m = V1:m+1 H
still holds, because we obeyed the full derivation of H given in the previous
section. Due to the application of RRQR, W = Vj+1 Hj+1,j still holds. Hence,
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after an iteration where a column is removed, the following holds:
AVj = W + V1 V1T AVj + . . . + Vj VjT AVj =
Vj+1 Hj+1,j + V1 H1,j + . . . + Vj Hj,j .

(6.19)

As in the standard algorithm, the Hessenberg matrix H is composed as follows:


H11 · · · · · ·
H1m


..
 H21 . . .

.




.
.
.
.
H= 0
.
.
H32
.


 .

.
..
..
..
 ..

.
.
0

···

0

Hm,m−1

In the proposed algorithm, the shape of the matrix no longer has to be an
exact Block Hessenberg matrix. For example, when the second column of
the new block is removed in the second iteration, the sparsity structure of
H have this form:


∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 


 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 


 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 


 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 


 0 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 

H=
 0 0 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗ .


 0 0 0 0 x ∗ ∗ ∗ ∗ ∗ 


 0 0 0 0 0 0 ∗ ∗ ∗ ∗ 


 0 0 0 0 0 0 0 ∗ ∗ ∗ 


 0 0 0 0 0 0 0 0 ∗ ∗ 
0 0 0 0 0 0 0 0 0 ∗

From this we see that the Hessenberg-shape of the matrix is preserved. The
entry x in this matrix can be either zero or non-zero, depending on which
column in the block is removed, that is, it will be non-zero if the last column
is removed. Note that the sub-diagonal becomes zero after the removal of a
column.

Since the proposed method only differs from the original Block Arnoldi algorithm in the sense that the standard QR-decomposition is replaced by
RRQR, the method is very generally applicable.

6.5 Numerical results
The proposed adjustment of the Block Arnoldi factorization was tested in
two Krylov subspace methods for Model Order Reduction, PRIMA [73] and
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Laguerre-SVD [61]. The Model Order Reduction method is applied on systems in the frequency domain of the form:
(iωC + G)X(iω) = BU(iω)
Y(iω) = LT X(iω).

(6.20)

With the new feature, the generation of the Krylov subspace can be continued up to the size of the original system, without running into (numerical)
problems. What happens is that once a column in the block is converged
the algorithm will simply stop iterating. In this way the full Krylov space
for all ports is calculated. It is worth mentioning that the system derived in
this way is in many cases smaller than the original system. The frequency
response of the small system is identical to the somewhat larger, original
system for all ports. The projected system can be somewhat smaller since
it only considers the input/output behavior of the original model. It therefore seems that some state space variables of the system are not needed
for an accurate description of the behavior of the system and are therefore
redundant.
This could make one wonder what kind of circuit have this property. In
other words, which of the Krylov subspaces belonging to this circuits are
degenerate. One expects a simple circuit to quickly run into degeneracy.
For instance, a circuit having two ports, which are almost identical, will
be described efficiently by one port. Degeneracy tells us something about
the complexity of the structure. The proposed improvement of the Krylov
subspace methods can make this degeneracy clear.
We tested this idea on a randomly generated circuit with arbitrary size. The
circuit has two ports, which are both connected to one node in the circuit.
The connection between the ports and this node consisted of a resistance
and a capacitor, in parallel. If the values of the resistance and the capacitor
of the two ports are the same, a second column of W is already removed in
the first iteration. In the case they differ, the second column is removed in
the second iteration of the proposed algorithm. Therefore, we can state that
the proposed algorithm automatically detects strongly dependent ports and
deletes information that is not necessary.
Furthermore, we tested the proposed algorithm on an MNA formulation of
the RLC-circuit introduced in Sect. 2.5.3. The formulation consisted of matrices with size 695. The system has 11 input/ouput ports. We generated
a reduced model with 7 iteration of the PRIMA algorithm. In the standard
algorithm this would lead to a 77-sized system. Columns with norm smaller
than the absolute tolerance 5 10−13 were removed. Then in the 3-th iteration
a column is removed and the system size is eventually 72. However, the
approximation is identical to the approximation of size 77, generated by the
ordinary PRIMA algorithm.
For a slightly larger absolute tolerance of 10−12 a reduced system of size
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66 is generated. In the Fig. 6.3, the magnitude of the (1,2) entry of the
transfer function of this system (dashed line) is compared with the transfer
function of the system of the same size, but generated by ordinary PRIMA
(dotted line) and with the transfer function of the full system (solid line). The
transfer functions are plotted for values of the frequency ω ranging from 0 to
2 GHz on the horizontal axis. We see that the approximation of the system
where the redundant columns are removed, forms a better approximation of
the original transfer function than an approximation of the same size, but
without removal of redundant columns.
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Figure 6.3: Comparison of three transfer functions (— = original, · · · = reduced without removal (size 66), - - = reduced with removal (size 66)

6.6 Relation between threshold and convergence
We already mentioned earlier that the tolerance in the RRQR decomposition
can be chosen arbitrarily. Because the essential Krylov space properties are
preserved during removal of columns of a certain length, there is no problem
in removing columns which have a larger Euclidian norm. Actually, an arbitrary column can be removed. Of course, this may harm the approximation
of the transfer function, if the removed column is an essential contribution
to the Krylov space. Nevertheless, we still have the freedom to do so. In this
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section we investigate the effect on the convergence of the process, if the
threshold is chosen too high. For this, we use the error as defined in the
previous chapter:
, 4






4
X
X
4s0
4s0
4s0
eappr1 =
H̃q
− H̃q−1
.
(6.21)
H̃q
k
k
k
k=1

∞

k=1

∞

In Fig. 6.4 the same example as in the previous section is considered, where
the tolerance was chosen equal to 5·10−13 . In the figure the error is plotted of
the original process and of the process with tolerance 5·10−13 . On the vertical
axis the error is given, on the horizontal axis the size of the approximation is
given. We see from this figure that the errors of the both reduced models are
comparable with each other and so that the a smaller model can be obtained
with the same error compared to the original model.
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Figure 6.4: Error curve for PRIMA algorithm (— = standard PRIMA, - - =
with removal of columns), where in the third iteration a redundant column
is removed.

In Fig. 6.5 the error of two reduced models is plotted. The dashed line is the
error of the reduced model, where in the 8-th iteration the second column
of the block is forcely removed from the block. The solid line is the error
made by the approximations of an original PRIMA algorithm for a different
number of iterations.
The first observation is that occasionally after removal of an arbitrary col-
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Figure 6.5: Error curve for PRIMA algorithm (— = standard PRIMA, - - = with
removal of columns), where in the 8-th iteration a column is removed, which
was not redundant.

umn a reduced model could exist, which has smaller size but is a better
approximation. Secondly, if we then increase the size of the approximation further, we see that the improvement in the reduced model stagnates,
while the ordinary PRIMA is able to improve the approximation further. The
stagnation remains for the corrupted Krylov space.
The stagnating error in the corrupted approximation can be explained as
follows. Every vector in the Krylov subspace Km (v, A) can be written as
p(A)v, where p is a monic polynomial of degree not exceeding m − 1. This
monic polynomial is uniquely associated with the Krylov subspace and is
called the characteristic polynomial. Now suppose we had not needed any
orthogonalisation during the generation of the Krylov subspace, then p(A)
would have been equal to I + A + . . . + Am−1 . If we remove a column from the
Krylov subspace, this is equivalent to removing a term from the polynomial
p. Because only higher degrees are added in the continuation of the Krylov
subspace method, this removed degree will not be recovered and the error
will persist. If the column we remove is small, as proposed, there is no
problem because then the error we make is also small.
The third observation is that for the error there is no real difference between
the behavior of the different ports. This is not really what was expected, because we are corrupting the space associated with one port. The explanation
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is in the fact that we project the input matrix Bi and the output matrix Bo
onto the corrupted Krylov space. Therefore, all columns in these matrices
suffer from the error in the space.
Perturbing a column in the Krylov space, instead of removing it, leads to
comparable behavior in the error: it stagnates after a while. The same explanation can be given for this as was given for removing columns.
With this last example we would like to point out that the threshold must
be chosen with care. A threshold should be defined which is small enough
to reckon with the accuracy of the approximation. If the threshold is chosen too large, the convergence will stagnate. In practice we typically define
the threshold relative to the norm of the second block in the Block Krylov
space. The second block is chosen because we see in practice that the first
block has a much larger norm compared to all the other blocks. A reasonable choice for our applications is to define the threshold as 10−2 times the
mentioned norm.

6.7 Removal of redundant poles
Poles play an important role in this problem. As we have pointed out before,
there are some poles which have an immediate result in the behavior of the
system, some play a role in the high frequency behavior of the system and
some can be neglected. In this last category fall poles that are far away from
the origin or poles with a small residue. In practice, we see that reduced
models generated by Krylov subspace methods contain poles that could have
been neglected. In the first part of this chapter we showed that a part of the
redundancy can be already cured in the orthogonalisation phase. Here we
show that, after a reduced model is generated, poles can also be removed
explicitly.

6.7.1 A full eigenvalue decomposition
If the system is small we are allowed to calculate the poles and residues
of the system, as was explained in Sect. 2.2.2. This will reveal where the
large poles are and which can easily be removed because they have a small
residue. Since we take into account the contribution of the residues, this
approach is different from Modal Truncation, explained in Sect. 3.8.1.
To recapitulate, in Sect. 2.2.2 we considered the following generalized eigenvalue problem:
CE = (G + s0 C)ED.

(6.22)
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The diagonal matrix D contains the generalized eigenvalues and E the eigenvectors. Since we diagonalized the system, it can be represented with a
transfer function in the pole-residue formulation:
H(s) =

N
X
j=1

rj
.
s − pj

(6.23)

Arrived at this point, contributions to the transfer function which are small,
can be removed. Poles with small residues and poles with a large imaginary
part can be removed.
By making use of the generalized eigenvalue decomposition of C and (G +
s0 C), the system can be written as follows:
(I + sEDE−1 )x = Ru
v = BT
o x,

(6.24)

with R = (G + s0 C)−1 Bi . This is analog to:
(I + sD)y = E−1 Ru
v = BT
o Ey.

(6.25)

Here can be seen exactly what removal of a pair of poles and residues means.
Namely, to remove a rows and column in I and D and a row in E−1 R and
BT
o E. However, if we do this directly, this will lead to complex arithmetic,
also if a conjugate pair is removed at the same time.
We therefore propose to use the basis of remaining eigenvectors a the basis
to project the system on. To avoid complex arithmetic, we define a real basis
by treating a complex pair of columns as a complex combination of two real
columns. We define one column in the space of eigenvectors equal to the
real part of this pair and one column equal to the imaginary parts of these
pair. This is analog to post-multiplying by a unitary matrix with ones on the
diagonal or blocks like this:
!
√1
√1
−i
2
2
.
(6.26)
√1
i √12
2
If we apply this on the eigendecomposition EDE−1 , then we get:
EJJ∗ DJJ∗ E−1 .

(6.27)

Still this holds: (EJ)−1 = J∗ E−1 and J∗ DJ is a real block diagonal matrix,
with the same eigenvalues as D.
This real matrix EJ will be used to project the system on. For every pole
that is removed, the corresponding column(s) of EJ is removed. The matrix (EJ)T GEJ forms the reduced G-matrix. The other system matrices are
treated similarly. In this way a considerable reduction can be achieved.
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Example 6.2 To show in practice how the latter described method works, let
us consider again the example shown at the start of this chapter in Sect. 6.1.
The residues can be ordered such that the absolute value of these residues increases. Then the first 9 contributions of these residues are removed from the
pole-residue expansion. In Figure 6.6 the remaining contributions are plotted.
We see that the lines which are too small to contribute to the approximation
are removed. The approximation is still very accurate, the size, however, is
decreasing with 9, from 45 to 36.
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Figure 6.6: The contributions of the remaining poles

Here we have to make a remark about Vector Fitting [43, 23]. Vector Fitting
is a method to find the pole-residue formulation of a transfer function, given
a set of function values of this transfer function. In a sense, Vector Fitting
can be seen as a Model Order Reduction strategy, since a small number of
poles can be chosen. We validated the latter example with a variant of the
Vector Fitting algorithm [21] which was able to come up with an excellent
approximation of equally large size 36. The non-redundant poles of the
reduced system were accurately found by the Vector Fitting algorithm. We
see that Vector Fitting can not do much better than the reduction in two
steps proposed in this section.
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6.7.2 Implicitly Restarted Arnoldi factorization
In the previous section it was proposed to remove negligible information
from the already reduced system. But also in an early stage of the process
something can be done, to avoid redundancy. The idea is to remove the
eigenvalue from the Arnoldi factorization in a restart fashion [66, 96].
After k steps the Arnoldi factorization has the following form:
(6.28)

AVk = Vk Hk,k + vk+1 hk+1,k eT
k.

In the case we are almost converged, the residue vk+1 hk+1,k eT
k is small in a
sense that |hk+1,k | is small, since all other terms are normalized.
The k columns of V are used as a projection onto the Krylov subspace they
span. This projection is applied on the system matrices G and C:
G̃ = VkT GVk

(6.29)

C̃ = VkT CVk .

Let us consider the Arnoldi factorization, while the system matrices are projected:
AVk = −(G + s0 C)−1 CVk = Vk Hk,k + vk+1 hk+1,k eT
k

−CVk = (G + s0 C)Vk Hk,k + (G

−VkT CVk = VkT (G + s0 C)Vk Hk,k +

−(G̃ + s0 C̃)

−C̃ =

−1

C̃ =

(6.30a)

+ s0 C)vk+1 hk+1,k eT
(6.30b)
k
T
T
Vk (G + s0 C)vk+1 hk+1,k ek

(G̃ + s0 C̃)Hk,k + VkT (G + s0 C)vk+1 hk+1,k eT
k
Hk,k + (G̃ + s0 C̃)−1 VkT (G + s0 C)vk+1 hk+1,k eT
k

(6.30c)

(6.30d)
(6.30e)

We see that if the last term, the residue, is small, then Hk,k is a good
approximation of −(G̃ + s0 C̃)−1 C̃. Therefore, removing eigenvalues from
−(G̃ + s0 C̃)−1 C̃ is approximately equal to removing eigenvalues from Hk,k .
With neglecting the residue we make an error. Let us call this error the
residual error. The error is introduced, as soon as Vk is used for projection
of the system matrices. Therefore, the error due to removing eigenvalues
can therefore be of the order of the residual error.
In an Implicitly Restarted Arnoldi process, the process is restarted with a
smaller Krylov subspace containing only the ’wanted’ Ritz-values. The complementary ’unwanted’ Ritz-values are removed from the space. This idea
can be applied for the removal of unwanted poles in a Model Order Reduction setting as well. To remove specific unwanted Ritz-values from the
approximation we apply the so called exact shift strategy. The shift in the
QR-decomposition is chosen equal to the unwanted Ritz-value. The Hessenberg matrix becomes singular and the factorization decouples such that this
eigenvalue can be removed.

111

6.7 Removal of redundant poles

The principle is best explained with one restart only. Therefore, suppose we
run the Arnoldi process one step further, then the standard k steps. We then
get the following Arnoldi factorization:
(6.31)

AVk+1 − Vk+1 Hk+1,k+1 = vk+2 hk+2,k+1 eT
k+1 .
Then, a shift is chosen, preferable equal to an eigenvalue of Hk+1,k+1 :
(A − µI)Vk+1 − Vk+1 (Hk+1,k+1 − µI) = vk+2 hk+2,k+1 eT
k+1
(A − µI)Vk+1 − Vk+1 QR =

(A − µI)(Vk+1 Q) − (Vk+1 Q)(RQ) =
A(Vk+1 Q) − (Vk+1 Q)(RQ + µI) =

vk+2 hk+2,k+1 eT
k+1
vk+2 hk+2,k+1 eT
k+1 Q
vk+2 hk+2,k+1 eT
k+1 Q

(6.32a)
(6.32b)
(6.32c)
(6.32d)

Defining Ṽ = VQ and H̃ = RQ + µI we get a new, restarted factorization of
A:
(6.33)

AṼk+1 − Ṽk+1 H̃ = vk+2 hk+2,k+1 eT
k+1 Q.

Because the shift is chosen such that H − µI is singular, the last row of RQ
is zero. Hence the last row of RQ + µI has only a non-zero element on the
last entry, which is equal to µ. Consider the factorization (6.33):
h

i

h

A Ṽ1:k Ṽk+1 = Ṽ1:k Ṽk+1

i

H̃1:k,1:k
H̃k+1,1:k

H̃1:k,k+1
H̃k+1,k+1



+ vk+2 hk+2,k+1 eT
k+1 Q.
(6.34)

Now suppose that after an appropriate restart H̃k+1,1:k is small (or even zero),
then the factorization will decouple. Because H̃k+1,k+1 is equal to µ we guarantee that it will be the eigenvalue µ which is removed in the truncation.
Removing the small eigenvalues of H − µI is the same as removing the eigenvalue µ from H. The truncated factorization has the form:
AṼ1:k ≈ Ṽ1:k H̃1:k,1:k .

(6.35)

This approximation of A is comparable in quality to the one in (6.31).
This idea of restarting can be used to remove large poles, i.e., small eigenvalues of A = −(G + s0 C)−1 C, at the end of an Arnoldi procedure in a MOR
application. So, in our case, where we want to remove very small Ritz values, we have two choices for the shifts. The shift can be chosen equal to the
(very small) Ritz value, or just equal to 0. In this last case the restart procedure is therefore nothing more than a simple unshifted QR-decomposition,
H = QR. Applying an unshifted restart, saves us the calculation of the Ritzvalues, which is computational favorable. The restarted factorization (6.28)
becomes:
A(Vk+1 Q) − (Vk+1 Q)(RQ) = vk+2 hk+2,k+1 eT
k+1 Q.

(6.36)
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Note that the norm of the residue, and so the residual error, stays the same
under an orthonormal projection. After defining H̃ = RQ = QT HQ we see
that this restart is nothing more than a reordering of the eigenvalues. The
eigenvalues of RQ are the same as the eigenvalues of H. The almost zero
eigenvalues appear at the end of the reordered Hessenberg matrix. At the
end, the matrix Vk Q = Ṽk is used to generate the reduced model.

6.8 Conclusions
In this chapter we have shown an algorithm that can partly remedy the
redundancy of Krylov subspace methods. With a small extra effort, part
of the degeneracy of Block Krylov subspace methods can be removed, by
deflating converged columns from the Krylov subspace. This deflation is
done in such a way that the basic property of the Krylov space is preserved.
This was needed to guarantee that the reduced system generated with this
Krylov space is still a correct approximation of the original system. Note that
the matrix H needs not be an exact Hessenberg matrix anymore.
The proposed deflation makes our MOR methods more efficient: the same
level of approximation can be achieved with a smaller Krylov subspace. Besides, the implementation in the Block Arnoldi Factorization is very easy,
because only an RRQR is replacing the standard QR decomposition in the
algorithm.
In the RRQR algorithm a threshold should be defined which is large enough
to allow redundant columns to be removed and small enough not to harm
the accuracy of the approximation. This value can be very dependent on
the problem. Degeneracy in the Krylov subspace can occur more easily in
small problems. For large problems a MOR approximation will almost never
encounter small columns, because far before that point we will have stopped
iterating. Furthermore, small columns will not appear instantaneously, but
will gradually decrease in length. Therefore, the use of our proposed improvement of the Block Arnoldi method is limited. Nevertheless, existing
methods could be made more efficient with this revision. The proposed
method works best for problems with relatively many ports and where relatively many iterations are needed. Finally, not all redundancy is removed in
this way. Several other remedies can be applied to cure the redundancy or a
part of it. Therefore explicit removal of poles was proposed. A cheaper, but
less accurate method is the Implicitly Restarted Arnoldi factorization.

Chapter 7

Realization
We have seen in previous chapters that reduction methods have the ability
to capture the important features of a large model in a smaller version. We
can profit from this when the reduced model is used and reused in practical
applications. The usability of the reduced models however needs still some
consideration, since a reduced model does not necessarily have a physical
interpretation. In this chapter we will discuss how a reduced model can be
translated into an electrical circuit.

7.1 The importance of realization
The system formulation of an RLC-circuit contains a state space vector
consisting of voltages and currents. Projecting this state space onto some
smaller space, mixes voltages and current after which the physical meaning
of the state space is lost and so the realizability of the reduced system is
lost. Loosing the realizability of a model is quiet serious. In the case one
can mathematically prove that the physical properties of a model, like stability, are preserved, the physical interpretation is lost. The circuit itself
is replaced by a mathematical concept, a way to formulate a mathematical
equation. However, the most important property of a circuit, the property
of being a circuit, where current flows and charge is stored, is lost. This
makes the models less useful in a practical sense. An electrical engineer
cannot easily adjust values in the circuit. Furthermore, it is also not obviously clear how a model works. Hence, the user is alienated from the model.
We have to remark here that there are reduction method tailored to preserve the circuit properties, such as Selective Node Elimination, described
in section 3.9. However, these methods are not generally applicable for
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RLC-circuits and are less accurate than Krylov subspace methods.
In the reduction step we have replaced the mathematical description of a
large circuit, by one for a smaller model. Realization, also known as equivalent circuit synthesis (ECS) is needed to be able to use the results of the
reduction step. The purpose of realization is to find a circuit, with exactly or
approximately the same behavior as the original system. This description in
terms of a circuit makes it possible to use the (reduced) model in a circuit
simulator. Essentially, in this step one tries to find a realization of a mathematical description. One of the advantages of using a circuit simulator is
that they have well developed and fast methods for numerical integration.
We have to be more precise in what is desirable or acceptable and what
is not. The most important and most general aim of ECS is to formulate
the mathematical description in a way that a circuit simulator can accept.
Once that is achieved, the user can at least work with the model. He can
for instance connect components to it and do time domain simulations with
it. However, a realization understandable for a circuit simulator is a bit too
general. Strange components, like controlled capacitors, frequency dependent Z-components or entire matrices that are plugged in into the circuit
simulator are not desirable in this setting, because it is not clear how these
components react to user controlled variations. Controlled current or voltage sources for instance are acceptable, because they are in the basic set of
components of a circuit simulator. An ultimate goal would be to have only
RLC-components, or at least as few other components as possible. This ensures the stability of the model and on top of that, the speed of the model
will also be higher.
In case of a reduced system, the system is only available as a mathematical
formulation, in particular, by a set of equations. These equations form an
approximation of the system in frequency domain, but the system can also
be considered in time domain, by simply replacing the s term by a derivation
d
:
operator dt

(Cq

d
+ Gq )xq = Biq u
dt
yq = B T
oq xq .

(7.1)

The main observation here is that the characteristics of the inputs u and
outputs yq are defined; for instance, if they were voltages in the original
model, they will be voltages in the reduced model. The state space vector
allows different ways of treatment in terms of the given set of equations.
There are several ways to treat the state space vector and there are many
ways to represent the separate equations. Several ways to do this will be
considered in this chapter.
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7.2 The limits
In order be able to combine the circuit model with every possible other component or circuit we have to formulate it as general as possible, i.e., as a
so-called n-port model. An n-port model has n terminals. Then, given the
n currents over the terminals, there is a unique set of n voltages on the
terminals nodes, induced by the given set of currents. Conversely, if the n
voltages on the terminal nodes are given, the currents of the terminals are
uniquely determined as well. The output variables, be it currents or voltages, can be determined by solving the system. In this way a general model
is defined which can be combined with any arbitrary component, connected
to the system via the terminals.
The most simple example of a 2-port is a resistor:

v
1

r

v
2

A set of the potentials on the terminals v1 and v2 will induce a current over
the resistor and consequently a current over the two terminals.
The realization methods in this chapter will consist of an internal circuit and
- separated from this internal circuit - a set of terminals. This splitting of
internal nodes and terminals is inherent to the problem. A general system
can not be transformed back to a circuit where external components can
directly be connected to the internal nodes, at least not in general. To make
this clear, consider a general system:
(G + C

d
)x = Bi u
dt
y = BT
o x,

(7.2)
(7.3)

where all matrices may be dense and non-symmetric, for instance, when
this system is the result of a MOR method. To enable the direct coupling of
external components, it should be clear where these components should be
added; therefore Bi must be in a form consisting of only 1’s and 0’s, perhaps
also −1’s. For a full rank Bi the following form would be appropriate:


I
,
(7.4)
0
which has the same dimensions as Bi .
Yet, there are two reasons that make it unlikely that Bi can be transformed
into the desired form. In the first place, there is no orthogonal projection
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that transforms Bi in this desired form, since then QT Bi = [I 0]T and consequently Q = Bi1 , where Bi1 consists of the first rows of Bi . So, there must
be a block in Bi which is orthogonal, which is not true in general. Secondly,
if we also allow for oblique projections, it is still hard to transform G, C, Bi ,
and eventually Bo , simultaneously in the desired form. Once we have transformed C and G into a form representable by a circuit, we are not allowed
to change Bi any further.
Therefore, we will concentrate on the shape of G and C; every transform
on these matrices will be done similarly for Bi and Bo . Consequently, the
input matrix will most likely remain dense. To represent the input matrix
Bi , input sources are connected to the internal nodes.
The realization of the terminals will consist of a node, which is the terminal
of the reduced system and a current or voltage source connected to it:

v

i1
1

where this specific diamond shape represents a current source. The separate modeling of the terminals allows for an easy implementation of the
transfer. An n-port can have either currents or voltages as input and consequently voltages or currents as output, respectively. This defines the transfer. In the first case the currents over the terminals are taken as inputs
for the internal system and voltages sources are connected to the terminals
which represent the output values. In the second case the potentials on the
terminals determine the inputs of the internal circuit and current source
connected to the terminals take care of the output.
The value of the source is determined by the sum of the values of the input
variables, multiplied by the associated values of Bi :
p
X

(Bi )kj iterm,k

p
X

(Bi )kj vterm,k

for k = 1, ..., p

(7.5)

for k = 1, ..., p

(7.6)

j=1

or for voltage inputs:

j=1

for current and voltage inputs, respectively. p denotes the number of input
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ports. The value of the output source is determined by the sum of the state
space variables multiplied by the associated value in Bo .
With this representation, the implementation can very easily be extended
to multiple inputs and outputs. All methods in this chapter are realized in
this way. If only the internal nodes are mentioned, the realization of the
terminal is assumed to be known: it is done the same way as was done in
other realization methods.

7.3 Stamping
We concentrate first on the shape of the matrices G and C. We have seen
in Chapter 2 that the matrices for a circuit consisting of only resistors and
capacitors, are symmetric matrices with a specific form. Every component
corresponds with a stamp in the matrices C and G. A capacitor with value
c between node k and l corresponds with a stamp:


c −c
−c c
which is placed on the k-th and l-th column and row of the matrix C:








c

−c

−c

c



.



A resistor with value r corresponds with the stamp:

 1
− r1
r
1
− r1
r
in G. Components connected to the ground are represented by values on
the diagonal of the matrices. Hence, the matrices G and C are symmetric
positive (semi-)definite.
If the original system consists of only two of the three possible components
R, L and C, then the system can always be formulated as a system of two
symmetric positive (semi-)definite matrices. This makes the realization of a
reduced system much less complicated. To make this clear, we consider an
RC-circuit. The original circuit equations consist of only Kirchhoff’s Current
Laws and no branch equations:
(G + C

d
)v = Bi(term) .
dt

(7.7)
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Because of the specific form of the matrices the values of the components
and their position be read from the matrices directly, via the stamps.
Consider the following C matrix as an example:


a + b −a −b
 −a
a
0 .
−b
0 b+c

(7.8)

It is obviously that there is a capacitor with value a between node 1 and 2, a
capacitor with value b between 1 and 3, and a capacitor between 3 and the
ground node, which has a voltage equal to zero, with value c.
Symmetry and definiteness are preserved during reduction with a similarity
transform, including PRIMA and Laguerre. After reduction we are still able
to deduce stamps from the matrix, although for arbitrary projection matrices
negative values for resistors and capacitors are inevitable.
In the realization method, the set of equations (Gq + sCq )xq = Bq u is again
considered as a set of only Kirchhoff Current Laws. Hence, the elements
in xq are represented as node-voltages, the stamps in Cq give the values of
the capacitors and in the stamps in Gq represent the values of the resistors. The right-hand side can be interpreted as (voltage controlled) current
sources. So, the stamps of the capacitors and the conductors are deduced
from the matrices Cq and Gq , respectively, regardless if their value is positive
or negative. Note that the remaining values on the diagonal are represented
by components to the ground. The current sources in the right-hand side
are also attached. The circuit as proposed here, is represented in Figure
7.1(a). For all methods represented here, the connection to the terminals
in done in the same way: A set of current sources which depend on x are
attached to the terminals. So, a circuit is attached to all terminals as in
figure 7.1(b).

7.4 Decomposing the C matrix
In general Gq and Cq are not symmetric. Moreover, the matrix Cq may be
singular. In the following slightly more general method the elements of the
state space vector are represented as node voltages and the equations are
treated separately as Kirchhoff Current Laws.
In the first step we slightly rewrite the equation. With Gauss-Jordan elimination of Cq ∈ C n×n , two matrices V and W are obtained, of size equal to
Cq , such that:


I 0
VCq W =
.
(7.9)
0 0
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x
k

x

x

v
k

ik

m

l1kx
l

(a)

l2kx
1

...
2

lqkx
q

(b)

Figure 7.1: Equivalent circuit with r’s and c’s

We are not restricted to the use of Gauss-Jordan. Also an SVD can be used.
The zero-part of the resulting matrix only exists if Cq is singular. If Cq is
non-singular, W = I or W is a simple permutation. If Cq ∈ IRn×n then V and
W are also real. Now we write:
VCq WW−1

And so:


I 0
0 0



dxq
= VGq WW−1 xq + VBiq v
dt
−1
i = BT
xq .
oq WW

(7.10)

dx̃
=VGWx̃ + VBi v
dt
i =BT
o Wx̃,

(7.11)

with x̃ = W−1 xq .
The circuit equations then become:
q

n

q
X

n
X

X
X
dx̃j
=
gkj x̃j +
bkj vj for k = 1, ..., q1
dt
j=1
j=1
0=

gkj x̃j +

j=1

ik =

j=1
q
X

(7.12a)

bkj vj for k = 1, ..., q2

(7.12b)

ljk x̃j for k = 1, ..., n,

(7.12c)

j=1

with q1 + q2 = q, gkj are the entries of VGq W, bkj are the entries of VBiq and
ljk are the entries of WT Boq .
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Equation (7.12c) represents the output current and is therefore represented
by current sources which are connected to the terminals. In Figure 7.2 (c)
it is shown how the terms in the summation are added to the terminal. The

v = x

v = x

k

-1

1 /g

k k

g

k 2

x

g
1

(a)

v

k 2

x

...

k

b

2

k n

v

-1 /g
n

k k

k

g

k 2

x
1

g

k 2

x

...
2

b

k n

v
n

(b)

ik
l1kx

l2kx
1

...
2

lqkx
q

(c)
Figure 7.2: Equivalent circuit of a model
first equations give rise to extra subnetworks, with xk the voltages of the
node k. The equations are dealt with as current relations. For Eq. (7.12a)
a capacitor with value -1 is added. The diagonal element is treated as a
1
. The gkj xj term and the bkj vj term are both added
resistor with value gkk
as current sources. All these elements are connected between ground and
node k. Figure 7.2 (a) and 7.2 (b) show the representation of the two sets of
equations, respectively.

7.5 Realization with controlled components
In some circuit simulators1 the user has the possibility to define components
(R’s and C’s) which are dependent on other currents and voltages. This
option can be used to find a representation for any matrix G:


g11 g12 · · · g1n

..  .
(7.13)
G =  ...
. 
gn1

gn2

···

gnn

We restrict ourselves to the following options:
1 Like

Pstar, the Philips in house circuit simulator
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• The current through a resistor is a function of the voltages of all the
nodes
• The potential over a resistor is a function of the currents through all
the branches
• The charge on a capacitor resistor is a function of the voltages of all the
nodes
• The potential over the capacitor is a function of the charges through all
the branches.
Furthermore, we can restrict ourselves to linear relations, to represent the
matrices G and C. We will first consider the representation of the G matrix.
The C is then treated analogously. We will take the example of an arbitrary
3 by 3 matrix G to be represented.
For a standard linear resistor with value R between node 1 and 2 the relation
between current and potential is given by:
i=

v1 − v 2
.
R

(7.14)

Consider the 3-node circuit displayed in Figure 7.3. An arbitrary 3 by 3 ma-

1

2
1

3
2
3

Figure 7.3: A 3-node circuit
trix G has 9 degrees of freedom because a reduced matrix is not necessarily
symmetric. An additional term, dependent on v3 , could be added to (7.14) in
1
order to obtain i1 = R
(v1 − v2 ) + γ3 v3 . In general we will consider relations in
this form:
ij = γj1 v1 + γj2 v2 + γj3 v3 .

(7.15)
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Then, completing the KCL, i.e., adding the contributions of the functions ij ,
the matrix of a simple 3 point circuit will look like:


γ11 − γ21 γ12 − γ22 γ13 − γ23
 γ21 − γ31 γ22 − γ32 γ23 − γ33  .
(7.16)
γ31 − γ11 γ32 − γ12 γ33 − γ13

This is a singular matrix, since summing up each row gives zero. This is to
be expected, since the 3-point circuit has no ground-node. Hence, the value
of the node voltages is not fully determined and any constant vector can be
added to the vector of node voltages.

This singularity can be removed by simply adding one extra connection to
the ground. However, note that completing the set of equations for a 4-point
circuit, would likewise lead to a singular set of equations. The current loss
to the ground is essential. Since the voltage of the fourth node is forced to
zero, the KCL for this ground node is not incorporated in the system, see
Figure 7.4. The following KCL’s hold for this circuit with ground node:
i1 − i 3 + i 4 = 0
−i1 + i2 + i5 = 0

−i2 + i3 + i6 = 0.

Since v4 is forced to be zero always, the current over component 1 is given
1

2
1
2

3
3
4

5
6

g n d

Figure 7.4: 3-node circuit with ground
by i1 = γ11 v1 + γ12 v2 + γ13 v3 , in which the value for γij must be determined.
The other functions are defined analogously. The KCL’s for this circuit can
explicitly be written in terms of v1 , v2 , and v3 :



v1
γ11 − γ31 + γ41
γ12 − γ32 + γ42
γ13 − γ33 + γ43
 −γ11 + γ21 + γ51 −γ12 + γ22 + γ52 −γ13 + γ23 + γ53   v2  . (7.17)
v3
−γ21 + γ31 + γ61 −γ22 + γ32 + γ62 −γ23 + γ33 + γ63
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Hence, we are looking for values γij that represent the values gij of G. The
equation we have to solve has 3 × 6 = 18 unknowns and there are 3 × 3 = 9
equations.
Given the values γij , the

γ11 − γ31 + γ41
 −γ11 + γ21 + γ51
−γ21 + γ31 + γ61

matrix in (7.17) is determined by:

γ12 − γ32 + γ42
γ13 − γ33 + γ43
−γ12 + γ22 + γ52 −γ13 + γ23 + γ53  =
−γ22 + γ32 + γ62 −γ23 + γ33 + γ63


γ11 γ12 γ13
  γ21 γ22 γ23 



1
0 −1 1 0 0
 γ31 γ32 γ33 

 −1 1
0 0 1 0 
 γ41 γ42 γ43  .


0 −1 1 0 0 1
 γ51 γ52 γ53 
γ61 γ62 γ63

(7.18)

We are looking for values of γij which resemble a given matrix G. One simple
solution can be seen immediately:


0
.
(7.19)
G=
Γ
This choice leads the circuit shown in Figure 7.5.
1

2
1
2

3
3
4

5
6

g n d

Figure 7.5: Solution for realization problem

This procedure can be extended easily to bigger matrices. But there are of
course more solutions because we are dealing with under-determined sets
of equations.
The circuit is built up as follows. Each row in the reduced system is treated
as a current relation, a KCL. So the currents Gx and sCx, represented as
controlled resistors and capacitors, should be equal to the right-hand side
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Figure 7.6: An example of a realization with controlled components

Bi v, represented by controlled current sources. In this way the set of equations (G + sC)x = Bv is represented as a set of nodes and three components
connected to those nodes, representing the terms Gx, sCx and, Bv.
The whole procedure can be represented in a picture. In Figure 7.6 an
example of a system with 3 states and 2 terminals is shown. Since we
used general definitions for components, the circuit simulator will treat this
circuit representation as a non-linear circuit. This causes longer simulation
times. As a cure, the definitions of controlled resistors for the matrix G
can be replaced by voltage controlled current sources. If the matrix C is
symmetric, then we can also avoid the use of controlled capacitors. In that
case the stamps of the capacitors can be read form the C matrix as shown
before.

7.6 Vialardi’s realization
There is also another possibility to avoid strangely defined capacitors. This
was described by Vialardi [103]. We have:
Ci,i v̇i +

q
X

j=1,j6=i

Ci,j v̇j + Gi,i vi +

q
X

j=1,j6=i

Gi,j vj =

N
X
j=1

Bi,j vpj .

(7.20)
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We know that for the current over a capacitor with value Cj,j the following
holds:
1
v̇j =
ij ,
(7.21)
Cj,j
where ij is defined as the current over capacitor j. When this is substituted
in (7.20), it leads to:
Ci,i v̇i +

q
X

j=1,j6=i

q
N
X
X
Ci,j
Bi,j vpj .
ij + Gi,i vi +
Gi,j vj =
Cj,j
j=1

(7.22)

j=1,j6=i

This comes down to a circuit for every node, with one branch for every term
is this equation. In Figure 7.7 an example is shown. In the original circuit
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Figure 7.7: Vialardi’s realization
of Vialardi, a voltage source of value 0 was added, to be able to define ii .
This is not necessary, since in many circuit simulators the current over the
capacitor can be taken as quantity. vj is defined as the voltage between the
node an the ground. This circuit is repeated for a number of nodes.

7.7 Splitting the Krylov subspace
One of the main reasons for the difficulties in finding a realization of the
reduced RLC-circuit is that the voltages and currents are mixed in projection. Consequently, the physical interpretation of the model is lost during
reduction. One way to prevent this mixing is to split the space we project
on. The Krylov subspace columns V are partitioned according to the original
system:


V1
.
(7.23)
V=
V2
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Then, a new basis is formed in the following specific form:
V=



Ṽ1
0

0
Ṽ2



(7.24)

,

such that span(Ṽi ) = span(Vi ) for i = 1, 2. Although this matrix could have
twice as many columns as V, twice as many moments are preserved too and
most important projection with a matrix of this form, preserves the structure
of the matrix:



 T
Ṽ1 0
G + sC
PT
Ṽ1
0
=
−P
R + sL
0 Ṽ2
0 Ṽ2T
(7.25)
 T

Ṽ1 (G + sC)Ṽ1
Ṽ1T PT Ṽ2
.
−Ṽ2T PṼ1
Ṽ2T (R + sL)Ṽ2
The first to notice the advantages of split Krylov subspaces were the authors
of [60], and in [68] a well-founded approach is presented. Also of interest
here is SPRIM [32]. In this article a proof for the preservation of moments in
given.
Note that the skew-symmetry property of the (1,2) and (2,1) block of the
reduced G matrix is still preserved, since:
(7.26)

(Ṽ1T PT Ṽ2 )T = Ṽ2T PṼ1 .

Also properties like definiteness and symmetry of the blocks are preserved.
The input and output vector Bi and Bo stay in a nice form also. Of course,
the reduced system is now twice as large. This is not a problem since it can
be proved that 2q moments are preserved [32].

7.7.1 Writing equation as second order differential equation
We have preserved the structure of the full equation, but not necessarily the
shape of the blocks in the matrix. Hence, we do not have an RLC-circuit
in a straightforward manner. The projected incidence matrix, as defined in
(7.26), say Pq , is not in the right shape to lead directly to an RLC-circuit.
However, since we have retrieved the block structure of a DAE system again,
we have the possibility to write it as a second order differential algebraic
equation. Suppose that the second part of the right-hand side Biq is zero,
then the reduced system (7.25) can be written as:


(Gq + sCq )
−Pq

PT
q
(Rq + sLq )



x1
x2



=



B1
0



u.

(7.27)
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Details are omitted here, but the resistive values in Rq can be replaced such
that they appear in the Gg -block. Then, by eliminating the second row of
the system, the following form can be obtained:
1
sC̃v + G̃v + Kv = Bi u
s
y = BT
o v.

(7.28)

Here the state space consists of only voltages, so it is immediately clear how
the contributions of the terms in the equation should be interpreted. The
−1
matrix K is a square matrix defined as PT
PL , where PL is a certain
LL
part of P. The proposed transformation is not always possible and some
tedious book-keeping is involved as well. However, if the formulation can
be done, then the state space consists of only voltages, so it is immediately
clear how the state space should be interpreted. The resistive values are in
the matrix Gg , the capacitive values are in the Cc matrix and K represents
the inductive values. It is very likely that the system matrices are dense, so
almost every node will be connected to almost every other node with all the
three components.
In [90] the Model Order Reduction technique ENOR is proposed, which is
tailored for such kind of systems. In this paper a generalized moment expansion is derived. The system is projected onto these moments. However,
while most Krylov subspace methods have the ability to preserve terms in
their moment expansion, ENOR lacks this ability. So, while the convergence
of ENOR is fast compared to PRIMA, no evidence for this convergence can
be proved. Especially the behavior around s = 0, the DC point, is hard to
approximate with ENOR, because of the 1s term in (7.28). Yet, a DC solution
is the least that should be preserved in the reduction phase of an electrical
circuit.
Although every system considered in this thesis can in theory be formulated
like the system in Eq. (7.28), it is not always advantageous to do so. First of
all, the transformation to this form can be quite time consuming. Secondly,
the formulation is less flexible with respect to the choice of input and output.
Thirdly, no theoretically well-based Model Order Reduction techniques are
available for second order differential algebraic equations. Furthermore, no
unique representation of the K matrix is available and matrix inverses are
needed to accomplish a realization.

7.7.2 Realization in two circuits
Another option to realize the system in Eq. (7.25) is to represent them as a
set of two RC-circuits. Consider again the reduced system:

 


(Gq + sCq )
PT
B1
x1
q
.
(7.29)
=
B2
x2
−Pq
(Rq + sLq )
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If V is a real matrix, the elements in the projected system matrices are
also real and can be interpreted as values of resistances, capacitors, and
current sources. As a first step in this realization approach, a Singular
T
Value Decomposition of the block PT
q is calculated. Pq is in general a square
and dense matrix. An SVD is feasible since it is small. The choice for an
SVD is arbitrary; another decomposition can be used as well.
T
T
Let the SVD of PT
q be given by Pq = USV , with U and V orthogonal and S
a real, diagonal matrix. This SVD is substituted in (7.29):

 


B1
(Gq + sCq )
USVT
x1
.
(7.30)
=
B2
x2
−VST UT (Rq + sLq )

Then, the first row is pre-multiplied by UT and the second row by VT :

 T
  T

x1
U (Gq + sCq )
SVT
U B1
=
.
(7.31)
−ST UT
VT (Rq + sLq )
x2
V T B2

Since UUT = I and VVT = I this leads to the following system:

 T
  T
 T
U (Gq + sCq )U
S
U B1
U x1
.
=
V T B2
V T x2
−ST
VT (Rq + sLq )V

(7.32)

UT x1 will be the new state space x̃1 and VT x2 will be called x̃2 .

A way to represent the formulation is via two coupled systems, consisting of
R’s, C’s and coupled with current sources, represented in i1 and i2 :
(G̃q + sC̃q )v1 + Si1 = B1 u1
T

(R̃q + sL̃q )v2 − S i2 = B2 i2

(7.33a)
(7.33b)
(7.33c)

The terms Si1 and ST i2 are represented via current sources. The values of
the current sources are dictated by the node voltage of the other circuit, via
the following two relations:
v1 = i 2
v2 = i 1

(7.33d)
(7.33e)

The right-hand side is also represented with sources, depending on the desired transfer of the realization. In Figure 7.8 the result is shown.
The state space consists of all voltages: the node voltages of all the internal
nodes of the two circuit. The output matrix has still to be transformed to
match the former transformation. The output was defined as y = BT
oq x.
Then, incorporating the new state space, we have that:




 UUT x1
 x̃1
T
T
T
T
y = L1 L2
= L1 U L 2 V
.
(7.34)
VVT x2
x̃2
Therefore, the output matrix Boq has to be transformed analogously to the
input matrix Biq .
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Figure 7.8: Two coupled RC circuits

7.7.3 The incidence matrix
Since we have accomplished that the dependency of s only exists in the (1,1)block and the (2,2)-block, we also want to cast the (1,2) and (2,1) block in the
form of an incidence matrix, a matrix where each row has one entry equal to
1, one equal to −1 and the remainder zero. Once we have this, the reduced
matrices can really be interpreted as an RLC-circuit.
Due to its form, an incidence matrix is always singular: it has a null space
consisting of an all-one vector for every connected part of the circuit. Besides the singularity of the incidence matrix, the projected incidence matrix
Pq = Ṽ2T PṼ1 is close to singular as well and tends to a singular matrix for
increasing dimensions of the Krylov subspaces Ṽ2 and Ṽ1 .
However, the multiplicity of the singularity is similar to that of an incidence
matrix. If we calculate the singular values of Pq we see that almost all
singular values are of value around 1 and a very small number of them is
very small. The singular values of a an arbitrary chosen incidence matrix
b show the same pattern. For every connected graph there is one singular
P
value equal to zero, the rest is of value around 1. It will be exactly this
singular value decomposition which gives us an acceptable transformation
from one singular matrix to the other.
Depending on the number of singular values of Pq close to zero, say m, we
b with the same dimensions as Pq . The matrix
choose an incidence matrix P,
b
P is associated with a graph which consists of m fully connected subgraphs.
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The singular value decompositions of both P and Pq have to be calculated:
b = U 1 Σ1 W T
P
1

Pq = U2 Σ2 W2T .

(7.35)

Since the matrices Ui and Wi , i = 1, 2, are orthogonal, the diagonal matrices
Σ1 and Σ2 can be obtained via:
b
Σ1 = U T
1 PW1

(7.36)

FΣ2 = Σ1 .

(7.37)

Σ2 = U T
2 P q W2 .

The first n − 1 elements of Σ1 and Σ2 can be easily projected onto each other.
The last elements of both diagonal matrices are zero or almost zero and they
will be ignored. Therefore, we can define a diagonal matrix F such that:

The last element of F is taken equal to 1. Then:
Tb
FUT
2 Pq W2 = U1 PW1 .

(7.38)

T
b
U1 FUT
2 Pq W2 W1 = P.

(7.39)

b
XT
2 Pq X1 = P.

(7.40)

b
And so, we have identified a transformation which casts P into P:

So, if we define X1 = W2 W1T and X2 = U2 FUT
1 we have found a transformab
tion from the almost singular Pq to the singular P:
If we project the system in (7.25) with


X1 0
,
0 X2

(7.41)

then


XT
1
0

0
XT
2





(Gq + sCq )
PT
X1 0
q
=
0 X2
−Pq
(Rq + sLq )
 T

T
X1 (Gq + sCq )X1
XT
1 P q X2
.
T
T
−X2 Pq X1
X2 (Rq + sLq )X2

(7.42)

In this way we have preserved the symmetry of the C, G and L block, which
is important for the next step in our realization. However, we have to remark
that X2 is not orthogonal. Nevertheless, the inverse of X2 can be easily
obtained and is provably bounded.
In this way we have formulated the reduced system in a circuit with q internal nodes, fully connected with capacitors and fully connected with resistances and there are q branches with an inductor and a resistor in series.
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7.8 The closest realization
The realization problem can be formulated as a minimization problem.
Namely, one tries to find a representation in a set of realizable circuits, for
which the transfer function approximately matches the transfer function of
the system we want to realize.
The system that we want to realize has a transfer function, say H(s). Some
configuration of a circuit is called B. This is a description of the location
of a component and the values of these components. The set of all possible
circuit configurations is called B. The realization problem is denoted as:
min |H(B, s) − H(s)|.
B

(7.43)

Defining the norm also dictates the range of s over which this norm is minimized. Although we can formulate and calculate this minimum, it is a very
demanding task. The minimization algorithm we applied had difficulties in
finding a reasonable solutions. The algorithm was stuck at boundaries or
in other local minima, even if a very good initial guess was provided. This
procedure is very difficult to control and therefore convergence can not be
enforced.

7.9 Realization via eigenvalue decomposition
In the following section a realization method is derived which is compact and
consists of passive elements with provably positive values. The number of
elements in this realization scales with n, where n is the size of the system
that is to be realized.
After the projection onto the Krylov subspace we have reduced matrices G 2 ,
C2 , B2 , and L2 . In the previously described realization methods, we are
looking for matrices G1 , C1 , B1 , and L1 that form the matrices of a realizable
circuit, such that in some norm k.k:
−1
−1
kLT
B1 − L T
B2 k
1 (G1 + sC1 )
2 (G2 + sC2 )

(7.44)

is minimal.
Actually, finding the matrices is a very difficult and error prone process.
Besides, minimizing the given norm is not exactly what we are looking for.
With this formulation only the shape of the transfer function is approximated. The shape of a transfer function can theoretically also be found by
poles in the right half plane. Of course, dictating the shape of the matrices
G and C can also dictate the search space and, therefore, also the sign of
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the poles can be controlled. Nevertheless, we will take a closer look at the
generalized eigenvalues of the system, to see how they can be used in the
realization of the system.
Consider the eigendecomposition CE = (G + s0 C)ED corresponding to the
shift-and-inverted system:
(I + (s − s0 )(G + s0 C)−1 C)x = (G + s0 C)−1 Bi u
y = BT
o x.

(7.45)

Calculating an eigendecomposition is a computational procedure that scales
with n3 , it is therefore feasible for systems with sizes not more than a few
hundreds and can therefore be applied to reduced systems. If (G + s0 C) is
diagonalizable, E is non-singular and so E−1 exists. Then:
EDE−1 = (G + s0 C)−1 C.

(7.46)

Hence, without transforming the state space we can reach:
(I + (s − s0 )EDE−1 )x = (G + s0 C)−1 Bi u
y = BT
o x.

(7.47)

In the next step the first (oblique) transformation is needed. We need to
pre-multiply the first row of the system by E−1 to get:
(I + (s − s0 )D)z = E−1 (G + s0 C)−1 Bi u
y = BT
o Ez,

(7.48)

here we used z = E−1 x. Although this transform is non-orthogonal in general, the spectrum of the system is preserved.
In general the matrices D and E are complex. There are two reasons to avoid
working with complex matrix. First of all, we started with real matrices and
we like to maintain this. Secondly, complex matrices are much harder to
realize than real matrices. Therefore, the system will be transformed to a
system with real matrices only. The matrix D is a diagonal matrix constituting the generalized eigenvalues. The eigenvalues are real and positive or
conjugate pairs of complex poles a ± ib, with a > 0 and b > 0. Remind here
that the complex eigenvalues come from inductors in the circuit. If a circuit would only consist of resistors and capacitors, all eigenvalues are real.
If the eigenvalues are complex, we will see shortly that inductors come in
naturally.
The first step to avoid complexity, is to define J as a block diagonal matrix
in C n×n , which has a 1 on the diagonal if the corresponding element in D is
real and which has a 2 by 2 block defined as:


1
1 −i
√
(7.49)
1 i
2
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on the diagonal if there is a conjugate pair at the corresponding position in
D. J is unitary, consequently JJ∗ = I.
Post-multiplying E by J gives a real matrix, consisting of the real part and
the imaginary part of the eigenvectors. Consider Eq. (7.48), pre-multiply the
first equation by E and substitute z = Jw:
(E + (s − s0 )EJJ∗ D)Jw = (G + s0 C)−1 Bi u
y = BT
o EJw.

(7.50)

e = EJ and
In between E and D we put JJ∗ which is equal to identity. Now, E
∗
e
e
D = J DJ are both real matrices. The matrix D is a block diagonal matrix,
with positive real 1 by 1 elements or 2 by 2 blocks in this form:


a b
,
(7.51)
−b a
with a > 0 and b > 0, coming from the eigenvalues a ± ib. The system can be
transformed analogously as done before, to get:
e =E
e −1 (G + s0 C)−1 Bi u
(I + (s − s0 )D)z
e
y = BT Ez.
o

(7.52)

We have shown here a way to write the eigen-decomposed system as two
real block diagonal matrices and two dense input and output matrices. Note
that we used a non-orthogonal projection, to reached this point. Yet, the
spectrum is preserved.
e the transformed D or D
e is
If, on top of the restrictions on E or E,
non-singular, then we are able to formulate the system in the following
form:
e −1 + (s − s0 )I)z = D
e −1 E
e −1 (G + s0 C)−1 Bi u
(D
e
y = BT Ez.
o

(7.53)

Now, the C-matrix is the identity matrix and G consists of elements on the
diagonal or 2 by 2 blocks on the diagonal of the form:


1
a −b
,
(7.54)
b a
a2 + b 2
where a > 0 and b > 0, since they are derived from conjugate pairs of eigenvalues with a positive real-part. From the structure of the block, it is evident
that we need inductors in our realization. The eigenvalues of such systems
are complex, which can only be obtained by inductors, since a circuit of
only resistors and capacitors has real eigenvalues. To find the realization,
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we need a 1 and a −1 at position (1,2) and (2,1). Pre-multiplying by a diagonal scaling matrix can lead to the following system, which can be realized:


a
b

1



−1
a
b

a2 +b2
b

+s

0
a2 +b2
b

0

!! 



v1
i1

=



y(t) =

b˜1
b˜2



l̃1

l̃2

u(t)




v1
i1



.

(7.55)

One has to note that the input and output matrix B and L are in general
dense. The form of this equation can be realized by the two circuits given in
Figure 7.9.
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Figure 7.9: Realization of a 2 by 2 block and a single element

The equations for these circuit have the form:


g −1
1 r



+



c 0
0 l



d
dt



v1 (t)
i1 (t)



=

y(t) =
and
(g + c

d
)v1 (t) = b̃1 u(t)
dt
y(t) = ˜
l1 v1 (t),



b̃1
b̃2
l̃1



u(t)


 v1
l̃2
i1

(7.56a)

(7.56b)

respectively. The term b̃1 u(t) is realized by a current source, b̃2 u(t) is represented by a voltage source. The number of elements in this realization
scales with n, in stead of n2 for many other realization methods.
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7.9.1 Preservation of passivity and stability
In the preceding derivation of an RLC circuit, stability and passivity of the
system were preserved. This can be shown. Stability is seen to be preserved,
since the poles of the system are preserved. This is due to the fact that the
e as given in (7.53). Since D
e is directly derived
poles of the system are in D
from the eigenvalues of the system, they are preserved and so stability is
preserved. Passivity can be seen to be preserved since the circuit which was
derived only consists of passive components and sources. One could argue
that the sources are still able to generate energy, which would violate the
passivity of the system.
For a stable system is it enough to proof that the Hermitian part of the
transfer matrix is non-negative definite on the imaginary axis:
(H(jω) + H∗ (jω)) ≥ 0.

(7.57)

Besides, the transfer function is preserved. It can be shown that the transfer
function belonging to the system in (7.53), which is:
−1

e −1 E
e −1 (G + s0 C)−1 Bi ,
e −1 + (s − s0 )I
e D
D
(7.58)
H2 (s) = BT
E
o

−1
is equal to H1 (s) = BT
Bi . Since the transfer function is preserved,
o (G + sC)
passivity is preserved.

7.9.2 Some practical remarks
In practice we have to deal with very small elements and singular or almost
singular matrices. To avoid large numerical round-off errors some care must
be taken. To obtain the formulation in (7.55), with the ones at their specific
places, we transformed the 2 by 2 blocks. To keep the condition number of
the matrices bounded, we simultaneously transform the 1 by 1 elements on
e in (7.52) can be singular or almost singular. We
the diagonal. However, D
deal with this situation in two ways.

As a first case we consider the case that this singularity is due to a 1 by 1
diagonal element. This element will be very small and we therefore choose
to leave it unchanged. For this row we will not perform the transformation
as done to obtain (7.53). The equation we have to solve in this specific node
is a row from Eq. (7.52):
(g + ε

d
)v(t) = b̃u(t),
dt

(7.59)

with ε  1. In that case the derivative term can easily be neglected or be
realized with a very small capacitance. For very small values of ε the solution
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for v(t) has a boundary layer around t = 0. This means that if the solution
starts at some initial value v(0) = v0 , which is not equal to the right-hand
side at t = 0, g1 b̃u(0), it will approach the function g1 b̃u(t) very rapidly. If the

initial value is consistent with the right-hand side, to solution will be

1
g b̃u(t).

e is due to a very small complex
It can also be shown that the singularity in D
eigenvalue. First we show that the 2 by 2 blocks will never be singular. A
conjugate pair of eigenvalues a ± ib always results in a matrix:


a b
,
(7.60)
−b a

with singular value decomposition:


a b
−b a



=

√ b
a2 +b2
√ a
a2 +b2

− √a2a+b2
√ b
a2 +b2

! √

a2 + b 2
0

√ 0
a2 + b 2



0 1
−1 0



.

(7.61)

From which one can easily see that the condition number, which is the
ratio of the smallest and the largest singular value, is always 1. Therefore
the inverse of this block always exists and can be calculated numerically
without any problem. The singularity will be due to very small values of a
e −1 in (7.54) will be big. In this case the
and b. Consequently, the inverse D
derivative term can also be neglected, like in the 1 by 1 case. In these two
cases we choose to leave the rows of the matrices unchanged, for reasons of
numerical accuracy. Division by a small number can make things worse as
they already are.
Some final remarks. The eigendecomposition is expensive and this algorithm
has two strong restriction on C and E. However, for reduced systems the
computational effort is reasonable, since the system is small. Furthermore,
we see in practice that in general the restriction on the eigendecomposition
are fulfilled for reduced systems. This is due to the fact that every pole in
the reduced system is normally only approximated once. Therefore, multiple poles and multiple eigenvector hardly occur, which makes the matrix E
non-singular in general.
Furthermore, the eigenvalue decomposition was used in a similar way to detect redundant poles and remove them, as was described in Sect. 6.7.1, the
two approaches can easily be combined. This gives an approach which cures
redundancy and gives a compact representation of the reduced models.

7.9.3 Results
The realization approaches that were described in sections 7.5 and 7.6 are
rather straightforward, not much computation is needed for them. Com-
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pared to these two, the realization method proposed in this section involves
much more transformations. In every transformation a small numerical error is made. As a result this realization method is less robust. This means
that, in practice, the numerical integration tool can suffer from convergence
problems. On the other hand, since the derived circuits are compact, the
storage is considerable less compared to other methods. Also, the simulation time is shorter.
In the table below the results of the realization methods using the eigenvalue
decomposition, is compared to other realization techniques. ’xqcct’ stands
for the realization method described in Sect. 7.5 and ’vialardi’ stands for the
realization method of Vialardi, described in Sect. 7.6. We compared the file
sizes and the comparative simulation time, which are timings on the same
system.
The first example is from Sect. 2.5.3. The original model has size 459, 90
iterations of PRIMA are applied, with s0 = 109 .
method
vialardi
xqcct
realviaeig

file size
605810 B
613389 B
101481 B

sim. time (AC)
6.45 sec
5.68 sec
1.18 sec

sim. time (TR)
108.40 sec
43.83 sec
13.10 sec

Next is the example shown in Sect. 2.5.4.
Since the structure
has a small number of ports, many iterations of the Krylov subspace
reduction methods can be done, while still a reasonably small
approximation is obtained. If 30 iterations are done, a reduced model of
size 60 is obtained, which forms a very good approximation (s0 = 109 ).
method
vialardi
realviaeig

file size
238509 B
15055 B

sim. time (AC)
2.45 sec
0.25 sec

This table is for a reduced system of size 40 for the same example (s0 = 1010 ):
method
vialardi
xqcct
realviaeig

file size
108809 B
110188 B
10215 B

sim. time (AC)
0.89 sec
0.88 sec
0.18 sec
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7.10 Conclusions
In this chapter we proposed ways to
circuit simulator terms. Finally, we
model in terms of RLC-components.
to represent the connections between
the N-port.

make the reduced model available in
showed a way to realize the reduced
It was seen inevitable to use sources
the actual circuit and the terminals of

By the use of controlled resistors and controlled capacitors, the reduced
system matrices can be represented in a circuit simulator in a straightforward manner. With a slight change, the use of controlled capacitors can be
avoided. This last method is called Vialardi’s representation.
The complexity of representing a reduced RC-model is much less than that
of an RLC-model. The stamps of an RC-model can directly be used to find
a representation. For RLC-models the matrices are not symmetric and an
ordinary congruence transform mixes the voltages and currents of the state
space. As a result, the physical interpretation of the reduced system is
lost. Split congruence transforms can help to preserve the block structure
of RLC-circuits, but in that case the structure of the incidence matrix must
still be retrieved.
Via a generalized eigenvalue decomposition of the two system matrices, a
representation in terms of RLC-components can be achieved. All RLCcomponents have provably positive values. This ensures that the models
are stable and passive. Moreover, the number of components in these realization is much less, which leads to shorter computation times and less
storage costs. Since there exists a direct relation between poles and blocks
of circuits in the realization, this realization method can be combined with
a method that removes contributions of redundant poles and redundant
residues.
Although the latter realization method is less robust, it can be used in practice. However, if the user is not interested in having an RLC-circuit, the very
robust representation with controlled components or Vialardi’s representation should be used.

Chapter 8

Results
The evidence and relevance of the improvements that were stated in this
thesis can best be shown by real-life examples of interconnect structures
and passive components. In this chapter results are shown of the proposed
implementations of PRIMA and the Laguerre algorithm.

8.1 Two parallel striplines
First of all we revert to the stripline examples introduced in Sect. 2.5.2. This
example is used to show that the supernode algorithm indeed generates instable circuits. This is due to the fact that the supernode method is designed
to give a smaller but accurate approximation of the behavior of the system
in frequency domain. It can therefore not be garanteed that stability is preserved. So, although the full circuit, generated with a boundary element
method is stable, the compressed circuit, with the supernode algorithm, is
not.
A voltage source in series with a 50 Ω resistor is connected between the
ground node and a terminal of one of the strips. The other end of the strip
is also terminated with a 50 Ω resistor to the ground. The potential over the
other strip is measured and regarded as output. In Figure 8.1 the result of
the transient simulation of the circuit simulator is given. One can see that at
t = 1ns, as soon as the input pulse starts, the signal blows up exponentially
to a very high value, after which the simulator gives an error. The reduction
methods proposed in this thesis preserve stability. In Figure 8.2 the results
of a reduced order model is given. This model is generated by PRIMA, with
s0 = 109 , it has size 40.
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Figure 8.1: Transient simulation result of the supernode circuit
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Figure 8.2: Transient simulation result of reduced system

8.2 EM interference on a PCB
Cross-talk, or the more general phenomenon of electromagnetic interference can be modelled with a layout simulator. The next structure is a nice
instance where EM behavior influences the signal. In Figure 8.3 the layout
of a printer circuit board is given, which has dimensions 55 × 23, 5 mm. A
mesh is generated according to a maximum frequency of 1GHz. A detail of
the meshed layout is shown in Figure 8.4. The MNA formulation of the RLC
model has size 2380. The number of ports of the PCB is large, around 100

8.2 EM interference on a PCB
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Figure 8.3: Meshed layout of a printed circuit board

Figure 8.4: A detail of the layout

in total. To 55 of these ports devices are added. The behavior of the devices
is non-linear and only defined in time domain. To be able to do time domain
simulations, it is important to have a stable reduced model.
The geometry can be simplified. In that case the small notches are removed
and the number of mesh-elements is therefore decreased. This simplified
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geometry is considered here. In the generation of the Krylov space, only the
55 ports that are used, are taken to build up the space. This number of ports
is large, but fortunately only a very small number of iterations is needed in
the Krylov subspace method, to approximate the problem accurately. With
4 iterations a reduced model of size 220 is generated. This reduced model
gives an accurate description of the behavior in time of the model. The
parameter s0 was automatically set to 109 .
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Figure 8.5: A signal distorted by cross-talk

The EM interference effect can be seen in the signal shown in Figure 8.5.
There, the reduced model shows that a slow wave is distorted by high frequency noise. These high frequency signals are caused by the switching of
the components, which are connected to the board.
After four iterations an appropriate reduced model of size 220 is obtained.
However, since the number of ports is large we have a chance that many
ports are redundant, after a number of iterations. Columns in the Krylov
space that are smaller than a certain threshold are deflated from the Krylov
space. If the tolerance is set to 3·10−13, in the second iteration, 5 columns are
removed and in the third iteration another 3 columns are removed. Finally,
a reduced system of 55 + 50 + 47 + 47 = 199 is generated. If the threshold is
set a little higher, on 5 · 10−13 , in the second iteration 6 columns are removed
and in the third iteration another 7 columns are removed. This results in a
reduced system of size 55 + 49 + 42 + 42 = 188. Both smaller reduced systems
give good results in the time domain simulation.

8.3 RF Transformer
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8.3 RF Transformer
The benefit of Krylov subspace methods for MOR is best shown on examples
with a small number of ports and a large circuit in between these ports. The
circuit in between the ports can very well be reduced to a small equivalent,
since we are only interested in the port-behavior of the system. Moreover,
since there are only a few ports, after a number of iterations, the reduced
system is still small. As an example, an RF transformer is presented here.
The layout of the example is shown in Figure 8.6. Only the top layer can
be seen, beneath it are two more narrow strips to complete the second loop.
The loop has a diameter of 340 µm. The mesh consists of 1865 elements.
The equivalent circuit generated by the layout simulator consists of 1865
circuit nodes and 3337 branches with inductors in it. This constitutes a
system of 5202 equations. The mesh is generated such that input signals

Figure 8.6: Mesh of RF Transformer example
with maximum frequency of 30 GHz can be applied. The system has 4 ports.
With 10 iterations of the PRIMA or Laguerre algorithm, the system is approximated well. No difference can be seen between this approximation and
approximation of larger size. s0 and α are automatically chosen equal to 30
GHz. The reduced system then has size 40.
A voltage source is connected to two of the four ports. One of these ports
and a third port are terminated with a 50 Ω resistance. Finally, the voltage
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Figure 8.7: Transfer function of RF Transformer, supernode approximation,
reduced model and stabilized reduced model

on the fourth port is measured. In Figure 8.7 the frequency reponse of the
system is pictured. There are three lines in the figure. The upper line is
the approximation of the supernode algorithm of the layout simulator. The
middle line is the approximation of size 40, mentioned here. The slight
deviation between the two lines can be attributed to errors in the supernode
approximation, since the approximation found by PRIMA is converged to the
original transfer function.
Since the full circuit, generated by the boundary element method, is instable, the reduced system is also instable. Therefore, it is not possible to
generate stable time domain results. The instability is due to the calculation of the matrix L, as in (2.104a). Because of the irregular form of the
mesh elements, the calculation of the elements in L may lead to negative
values. This makes that the whole matrix L is not positive definite anymore.
Via the eigendecomposition of the L matrix, a stable approximation can be
calculated, given the eigenvalue decomposition of L:
L = EL DL E−1
L

(8.1)

Define a diagonal matrix J with entries: jii = sign(Re(dii )). Then:
e = EL DL JE−1 ,
L
L

(8.2)

forms a stable approximation of L. The transfer function for this stable system is slightly different: the lower line in Figure 8.7 represents the frequency
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e the process can be repeated, this leads to a stadomain output. With this L
ble reduced system, which can be used for transient analysis. In Figure 8.8
the results of the transient analysis is given. The input signal generated
by the voltage source was a pulse with a rise time of 10ps. As before, we
e is of
measure the voltage on the fourth port. Approximating L by a stable L
course only feasible for small problems.
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Figure 8.8: Transient analysis result of reduced model RF transformer

8.4 PEEC example
In the SLICOT Benchmark library [12] one can find a nice collection of state
space systems. One tough example is copied here. The model arises from
a PEEC model of a patch antenna [46]. It contains 2100 capacitors, 172
inductances and 6900 mutual inductance values. The system is a singleinput-single-output-system and the matrices has size 480.
The transfer function of the system is shown in Figure 8.9. The problem is
interesting because it is hard to approximate. Note that the behavior around
1 Hz is very wild. This is due to many poles, close to each other. Further,
note that the transfer is very small for frequencies greater than 10 2 . These
two parts are very hard to approximate. We have to note here that the condition number of G is approximately 1014 , while C is singular. The problem
is therefore prone to numerical round-off errors and the reduction process
might stagnate because of it. The reduction of this challenging example is
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Figure 8.9: Transfer function of the PEEC example

also considered in [63]. As done there, we will consider both magnitude and
phase of the transfer function.
To approximate the area around the frequency s = 1, the expansion point
must not be chosen too high. Empirically, for PRIMA s0 = 102 is seen to be
a good choice. To be able to see the difference between the original transfer
function and the reduced model of size 80, we zoomed in on the frequency
range from 0.2 Hz and 1.5 Hz. The two lines of the magnitude of the transfer
function are shown in Figure 8.10. Determining the phase of the transfer
function correctly may give additional problems in some cases. However,
for this example we see good agreement with the proposed method. The
comparison between the phases of the two transfer functions is depicted in
Figure 8.11.
Concluding, a reduced size of 80 and s0 = 102 gives a reasonable approximation. From the development of the error we see again the complexity of this
example. The error changes rapidly and we are more or less lucky to find a
good approximation with a rather small size of the reduced model. Nevertheless, we are able to capture the transfer function in a stable and robust
way, also for complicated examples like this one.
The problem regarded here is seen to be very hard to approximate well
around both lower and higher frequencies at the same time. Consequently,
a Rational Krylov space approach looks promising. This is however less obvious than expected. None of the implementations of rational Krylov space
methods we used were able to generate a better approximation, for the same
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size of the reduced model, as the single point PRIMA and Laguerre algorithms proposed in this thesis. The convergence of the method is not accel-
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erated by choosing multiple expansions points, this convergence even seems
to stagnate, as we pointed out in Sect. 5.1.

8.5 Conclusion
In this chapter we showed results for a set of challenging and real-life examples. Concludingly, we saw that the PRIMA and Laguerre method are indeed
able to preserve stability, in contrast with the performances of the super
node algorithm. Furthermore, complex models can be reduced in a robust
way and we also saw that the removal of columns is profitable for systems
with many ports. Finally, the proposed algorithms for PRIMA and Laguerre
are accurate enough to handle difficult problems.

Chapter 9

Conclusions and future
work
This thesis discusses linear models. Linear models arise naturally from the
modeling of passive electronic structures, but they are also present in many
other physical areas. Linear models lend themselves very well for reduction methods like projection methods, as shown in this thesis. Reducing
other kinds of models rapidly becomes a much more comprehensive task.
Although many methods are available from the host of methods in the area
of Model Order Reduction, the reduction step is costly and will only pay
off when the reduced model will be used frequently. Calculating the reduced
model can still be as expensive as solving the whole system, for instance in a
time domain simulation. This thesis considers the group of Krylov subspace
methods. In comparison with other methods, Krylov subspace methods are
cheaper, while still accurate enough and they can also be applied to more
general models.
We have considered issues that could harm the robustness and efficiency of
the methods and we have proposed ways to implement robust and efficient
algorithms, which enables the reduction of really large models. This fulfills
the growing demand for simulation of nowadays designs in electrical engineering. Besides, robust algorithm might be able better to simulate badly
posed models, for instance models with ill-conditioned system matrices. In
the final step, the reduced models are made more directly available and easier to use by realization techniques that represent the model in terms of a
circuit simulator or as an RLC-circuit.
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9.1 Contributions of this work
The issues that have been mentioned in this thesis will be summarized here.
First of all, we saw that orthogonal matrices should be used to project the
system matrices. Besides, it is advisable to formulate the system such that
the system matrices are positive definite or positive real. Moreover, the system matrices should be projected separately. In this way essential properties
like stability and passivity are preserved during the reduction step.
Secondly, intermediate orthogonalisation improves the robustness of the
method. Only adding columns perpendicular to the already existing space
ensures that higher order moments are not obscured by numerical round-off
errors.
Thirdly, re-orthogonalisation is seen to be important for the stability and
the accuracy of the system. If the columns are orthogonalized once, orthogonalisation can be lost within a few of iterations. Double orthogonalisation
cures this. The computational cost of an extra orthogonalisation is small
compared to solving a full system.
Fourth, the order in which the Block Krylov space is generated is seen to be
of importance. If the Krylov space property is violated by the order in which
the space is generated, three things were seen to occur. The convergence of
the method slows down, the accuracy of the method tends to depend more
strongly on the choice of the expansion point and spurious information can
be generated. Block Arnoldi Factorization was seen to be a correct way to
generate a Block Krylov subspace.
Fifth, it was shown that a cheap error control can be built in the algorithms.
This provides a way to measure the converge of the process and to automate
the decision when to stop the iterative process. The error is defined in such
a way that it is cheap to calculate and still monitors the convergence in the
whole range of interest.
Redundancy is inherent to Krylov subspace methods for Model Order Reduction. By deflating converged columns in a way that preserves the properties
of the Krylov space, the methods can be made more efficient. The threshold
for removal of columns should be chosen with care. Explicit removal of poles
was seen as an other option to remedy the redundancy of Krylov subspace
methods.
Finally, the matrices of the reduced system can almost without any further
calculus be formulated in general circuit terms, understandable for a circuit
simulator. This provides in a need to incorporate the reduced model in a
larger simulation. It is also possible to formulate the reduced model as an
RLC-circuit, which needs some more calculus. This makes the realization
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method less robust, but it can be used in practice as well.

9.2 Future work
This thesis focuses on the reduction of linear time-invariant models. These
models arise under certain assumptions from the modeling of passive electronic structures. Many extensions to such models are available, which describe their behavior more accurately, incorporate effects exhibited at higher
frequencies and respect the nature of the underlying physics. Unfortunately,
these models are often non-linear and time-invariant. In future perspective
we can state that applying Model Order Reduction techniques on these models is much more difficult and the gain one can get is far less than for the
application on linear models.
Many ideas from linear Model Order Reduction can be used in non-linear
model order reduction. An example can be found in [83], where a non-linear
model is linearized around certain points and then reduced, with reduction
methods via projection. It is therefore of great importance to have wellbased, efficient and robust reduction methods for linear models. This thesis
tries to contribute to that goal. Nevertheless, the need for reduction methods for non-linear models is still present. The non-linear models might be
smaller than the linear models, since the non-linear parts of a circuit can
be split from the full-circuits and be reduced separately. This might be a
way to fulfill the demands of being able to simulate circuits that are partly
non-linear.
Parametrized models, a class of models outside the range of linear models,
are very likely to be candidate for future generations of reduction methods.
Parametrized models, as already mentioned in Sect. 3.12 are models determined by an extra parameter. One can think of the width of a strip, next
to the dependency on the frequency. If the dependency of this parameter
is linear, or at least weakly non-linear, a reduction with projections can be
very well applied. Care must be taken on how the parametrized model is formulated, in order to make the dependency on the parameter in the model as
explicitly available as possible. For example, one can imagine that the mesh
of a design changes with the width of a strip. This may lead to different sizes
of the original model. In that case the relation between two different models
for two different widths is not given straightforwardly.
Passivity was mentioned in the thesis as a property that must be preserved
by reduction methods. Other methods produce non-passive reduced models, like for instance the super node algorithm of Fasterix. Recently, an
approach to enforce passivity to these models has gained interest [41, 44].
Given a transfer function that is slightly non-passive, in these approaches,
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the system is changed slightly, such that the transfer function is passive
afterwards. It is uncertain if this approaches will work for strongly nonpassive models, like the models provided by the super node algorithm of
Fasterix.
My final conclusion is that Krylov space methods are very well suitable for
reducing the size of linear models. It would be desirable to have the efficiency of Krylov space method and the optimality of grammian-based methods, combined in one method. Until that method is found, Krylov space
methods are best suited to reduce very large linear systems.
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Summary
Due to the decreasing sizes of electrical devices used nowadays and the
increasing frequency, the influence of the interconnect on the behavior of
devices can no longer be neglected. For this reason, the simulation of passive structures must be combined with the simulation of active components,
such as diodes and transistors. To truly couple these inherently different
physical models, the generally large model of the interconnect structure has
to be replaced by a smaller equivalent model. In performing this reduction,
it is of importance to preserve the most important properties of the model as
good as possible.
Under certain assumptions the interconnect can be modeled as a linear system of differential algebraic equations. Even voor small parts of the interconnect structure, the number of equations in such a system can easily be
a few thousand. Within the vast amount of available techniques to reduce
the sizes of a model, Krylov subspace methods are the most suitable for this
application, since they are relatively cheap and more generally applicable
than other reduction methods. Moreover, Krylov subspace methods have
the ability to preserve properties like stability and passivity for the classes
of models considered here, something many other reduction techniques are
not able to do. To fulfill the demands set by the industrial application, reduction techniques should be robust, accurate, efficient and flexible. In this
thesis several algorithmic issues with respect to this robustness and efficiency are considered. Furthermore, the synthesis of the reduced models in
general circuit terms and as an RLC-circuit are proposed.
The results of the research can be summarized as follows. Firstly, it is
shown that the intermediate orthogonalisation of the columns in the Krylov
subspace improves the robustness of the methods. Secondly, the order in
which the Krylov subspace is generated is seen to be of importance. In
addition, in the application of reduction methods, it was seen that an orthogonalisation that is done twice is essential for the robustness. As fourth
relevant result, it was shown that a careful removal of deflated columns can
make the reduction methods more efficient. Also an error control is derived.
With this error control a stopping criterion for the iterative proces can be
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derived. When the error is below a certain threshold, the iterative process
stops. Finally, two methods are constructed that make the reduced models
more easily available. One of the methods translates the reduced model in
general terms, understandable for a circuit simulator. The second method
uses RLC-circuit components with positive values. As a consequence, stability and passivity of this realization are evident. Since the synthesis method
using RLC-circuit components needs an eigenvalue decomposition of the
system, it can be combined easily with a method to remove redundant poles
and residues.
With all the propositions made in this thesis, an algorithm is developed
which is able to handle large and complex problems in a robust and relatively efficient way. Examples are shown for the simulation of the EMbehavior of printed circuit boards, using a tool developed within Philips
Research.

Samenvatting
Door steeds kleiner wordende afmetingen van de elektrische componenten
en de toenemende frequenties waarmee deze componenten werken, kan de
invloed van de interconnect op het gedrag van de chip tegenwoordig niet
langer meer verwaarloosd worden. Er is daarom een wens binnen de elektronische industrie om de effecten van de vorm van de interconnectstructuren
in toenemende mate te integreren in de simulatie van de elektrische componenten. De simulatie van deze passieve structuren moet daarom gecombineerd worden met de simulatie van de actieve componenten. Om twee
verschillende fysische simulaties echt met elkaar te kunnen koppelen, is het
nodig het van zichzelf grote model voor de interconnect te vervangen door een
kleiner equivalent model. Model Orde Reductie probeert om via wiskundige
methoden snel het essentiële gedrag van dit gedeelte te herformuleren in een
compact model. Daarbij is het van belang de belangrijke eigenschappen van
het model zo veel mogelijk te behouden.
Onder zekere voorwaarden zijn de interconnectstructuren te modelleren als
lineaire systemen van differentiaal-algebraı̈sche vergelijkingen. Het aantal vergelijkingen in zo’n systeem kan, zelfs voor delen van de interconnect structuur, al gauw oplopen tot enkele duizenden. Binnen de grote
hoeveelheid van beschikbare reductietechnieken, zijn voor deze toepassing
Krylov-deelruimte methoden interessant, omdat ze relatief goedkoop zijn en
meer algemeen toepasbaar zijn dan andere reductietechnieken. Daarnaast
bezitten Krylov-deelruimte methoden eigenschappen die vele andere reductiemethoden niet hebben, zoals behoud van stabiliteit en passiviteit voor de
problemen die hier beschouwd worden. Willen de bestaande reductiemethoden voldoen aan de eis ze te kunnen gebruiken in industriële toepassingen,
dan zullen deze robust, nauwkeurig, efficiënt en flexibel moeten zijn. In dit
proefschrift zijn verschillende kwesties met betrekking tot deze robuustheid
en efficiëntie van deze algoritmes onderzocht. Ook is de synthese van de
gereduceerde modellen in algemene circuit-termen en als een RLC-circuit
voorgesteld.
De verschillende resultaten van dit onderzoek kunnen als volgt opgesomd
worden. Allereerst is bewezen dat tussentijdse orthogonalisatie van de
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kolommen in de Krylov-deelruimte de robuustheid van de methode vergroot.
Ten tweede is de volgorde waarin de Krylov-deelruimte opgebouwd wordt
van belang voor de robuustheid van de methode. Daarnaast is een tweede
keer orthogonaal zetten van kolommen ook gunstig voor de robuustheid van
deze iteratieve methoden. Als vierde relevant resultaat kan genoemd worden
dat het verwijderen van geconvergeerde kolommen de Krylov-deelruimte
methoden efficiënter maakt. Ook is een foutencontrole afgeleid. Via deze
foutencontrole kan een stopcriterium voor de methoden worden afgeleid.
Wanneer de fout klein genoeg is, stopt het proces automatisch. Tot slot
zijn twee methoden geconstrueerd waardoor de gereduceerde modellen
eenvoudiger gebruikt kunnen worden. Een van de methoden gebruikt
algemene circuit-termen, terwijl de tweede een RLC-circuit-representatie
gebruikt, waardoor de passiviteit van het circuit evident is. Omdat de
realisatiemethode die een RLC-circuit levert een eigenwaarde-decompositie
van het model berekent, kan deze methode eenvoudig gecombineerd worden
met het expliciet verwijderen van redundante polen en residuen.
Door alle voorstellen is een algoritme ontwikkeld dat in staat is grote en complexe problemen op een robuuste en relatief efficiënte manier te reduceren.
Resultaten daarvan zijn de simulatie van het elektro-magnetisch gedrag van
printplaten, gebruikmakend van een simulatieprogramma dat ontwikkeld is
binnen Philips Research.

Curriculum Vitae
Pieter Jacob Heres was born on June 29, 1977, in Ermelo, the Netherlands.
After he finished secondary school (atheneum) in July 1995, at the GSG
“Guido de Brès” in Amersfoort, he started his study in Applied Mathematics at the Eindhoven University of Technology in August 1995. During his
study he was a member of the student union Vereniging van Gereformeerde
Studenten te Eindhoven of which he was the chairman from October 1998 to
October 1999.
In October 2001 he graduated in Applied Mathematics on the topic Reduced
Order Modelling of RLC-networks using an SVD-Laguerre method under supervision of Prof. Dr. Wil Schilders. Besides the engineering part of his study,
he also received his teacher’s degree in Mathematics from the Technische
Universitaire Lerarenopleiding (TULO).
In December 2001 he started his PhD research project in the Scientific Computing Group, this group later merged with other groups to become the Center for Analysis, Scientific computing and Applications (CASA). The results
of the research are reported in this thesis. Part of the research was done in
cooperation with Philips Research Digital Design & Test (DD&T) and Philips
Electronic Design & Tools/Analogue Simulation (ED&T/AS). During his PhD
research he spent three months, from September 2003 to December 2003,
at the University of Oxford as a guest of Dr. Andy Wathen in the Oxford
University Computing Laboratory. As a result of his research, the improved
PRIMA and Laguerre-SVD methods were implemented in the EM-based layout simulator F ASTERIX maintained by Philips ED&T/AS.

Acknowledgments
On this last page of my thesis I would like to thank all the people that were
involved in my research project.
First of all, I thank Wil Schilders, my supervisor during my PhD research
and my MSc research project. He gave me the opportunity to proceed with
the work done in my MSc project for four years in a PhD research. He
gave me many other opportunities, like visiting conferences and the visit to
Oxford. His friendly and relaxed way of supervision gave me a lot of freedom
in choosing the subjects of my research and created a pleasant working
environment.
My second promotor Henk van der Vorst definitely deserves a place in this
list. I thank him for all the helpful discussions we had and the warm personality he showed. Next to that, I thank him for reading, discussing and
correcting my thesis so meticulously.
I am very grateful for the input of Prof. Bob Mattheij, Prof. Tom Dhaene and
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