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Abstract

'vVe prove lower bounds on the competitive ratio of randomized algorithms for several on-line
scheduling problems. The main result is a bound of ej(e - 1) for the on-line problem with objec
tive minimizing the sum of completion times of jobs that arrive over time at their release times and are
to be processed on a single machine. This lower bound shows that a randomized algorithm designed
in [Chekuri et al. 19971 is a best possible randomized algorithm for this problem.
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1 Introduction

This paper concerns on-line versions of scheduling problems in which jobs become known only at their
release time. The jobs are indexed by non-decreasing release times. At the release time also the processing
time becomes known. In [Feuerstein et al. 1999] this on-line paradigm is called the REAL-TIME-model.
At any point in time t there is only information available about jobs that have been released up to t.
Nothing is known about future jobs, neither if there will be any future jobs. Based on the information
up to time t the schedule up to t must have been decided upon, history is irrevocable. We will refer
to the problem with a priori complete information as the off-line problem. A beautiful survey of on-line
scheduling problems is given in [Sgall1998].

The performance behaviour of algorithms for on-line problems is measured through competitive analysis
(see [Borodin and EI-Yaniv 1998]). The outcome of an algorithm for an on-line problem is compared to
that of an adversary, who, knowing the algorithm, provides the sequence of requests and schedules them
himself in an optimal -off-line- way. An algorithm is said to be p-competitive for an on-line problem if
for any instance of the problem its solution value is no more than p times the optimal off-line solution
value (possibly plus some constant).

Usually the lack of information makes that the optimal off-line solution can not be obtained by any
algorithm on every input sequence. There exists a lower bound on the competitive ratio of any algorithm
for the on-line problem. We call an algorithm best possible if its competitive ratio is equal to the lower
bound. For many problems there are no matching lower and upper bounds known.

In case the adversary plays against a deterministic algorithm he knows exactly the algorithm's be
haviour, thus being a very powerful adversary. Here we consider randomized algorithms and measure
their competitive ratio by playing against an adversary that is called oblivious in the literature (see a.o.
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[Borodin and El-Yaniv 1998]). Such an adversary knows the probability distribution defining the ran
domized algorithm but none of the outcomes of the random experiments involved are revealed to him.
Thus, he will not be able to adapt the input sequence since he is not informed how the algorithm has
performed on the input sequence he has presented sofar. He selects the optimal off-line solution on
the input sequence he provides.

We present a general result in Section 2 that allows us to derive lower bounds on competitive ra
tio's through probabilistic analysis of algorithms on random input sequences. The random instances
that we use to establish the various lower bounds are all variations on a common theme. We ex
plain this theme also in Section 2.

The most prominent result, presented in Section 3, is a lower bound of e/(e - 1) on the competitive
ratio of randomized algorithms for the on-line scheduling problem of minimizing the sum of completion
times, also called the latency, of a sequence of jobs to be processed on a single machine. Within the
classification of [Lawler et al. 1993] the off-line problem is denoted by llri I L OJ. It is NP-hard, [Garey
and Johnson 1979]. An enormous research effort has recently shown that polynomial time approximation
schemes exist for this problem and for its extensions to parallel machines and to weighted completion
times (even on uniform machines and on a fixed number of unrelated machines) [Skutella and Woegin
gel' 2000], [Afrati et al. 1999].

Our lower bound proves that a randomized algorithm designed in [Chekuri et al. 1997] for
this problem is best possible.

In a recent paper [Seiden 1999] provides a general framework for proving lower bounds for on-line
REAL-TIME optimization problems and from there reproves our lower bound. He also reproves some of the
other results in this paper and improves the bound for the maximum delivery time problem, and hence for
the two machine flow shop problem.

The other results we establish here in Section 4 are:

• A lower bound of 1.302 for the on-line maximum delivery time problem on a single machine and
a lower bound of 1.265 for the same problem on identical parallel machines. The first bound is
improved to 1.349 in [Seiden 1999]

• A lower bound of n(y'Ti) for the on-line flow time problem on a single machine.

• A lower bound of 4 - ,j2 for the on-line makespan problem on identical parallel machines.

• A lower bound of 1.302 for the on-line flow shop scheduling problem on two machines minimizing
makespan. The bound is improved to 1.349 in [Seiden 1999].

• A lower bound of 5/4 for the on-line open shop scheduling problem on two machines minimizing
makespan.

2 Deriving lower bounds

It is general practice in on-line optimization to use Yao's Minimax PrinciplE to derive lower bounds
on competitive ratio's of randomized algorithms. Yao's Minimax Principle has been introduced in [Yao
1977]. Applications of the principle in on-line optimization can be found in [Borodin and El-Yaniv 1998].
However, as pointed out in [Borodin and El-Yaniv 1999], straightforward application of the principle
is often not possible. In many on-line problems some subtle care has to be taken, which leads to an
noying technical details. Instead we will use here a much more direct argument to get the desired re
sult given in the following lemma.

We introduce some notation first. For an on-line optimization problem, let I be the class of possible
input input sequences, and A be a class of possible deterministic algorithms, both possibly infinite. A
random input sequence I p is defined as a probability distribution p over I, and a randomized algorithm
Aq is defined as a probability distribution q over A. Let ZA(I) and ZOPT (I) denote the solution value
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produced by algorithm A and the optimal solution value on instance I, respectively. The competitive ratio
of a randomized algorithm A q against an oblivious adversary is defined as

Lemma 2.1 Given an on-line optimization problem, with possible input sequences X, and possible al
gorithms A, both possibly infinite, for any random sequence Ip , and any randomized algorithm Aq , we
have

provided that the left hand side is bounded.

PROOF. Suppose that there exists a randomized algorithm Aq with competitive ratio c. Then VI E X

Hence also

cElp[ZOPT(Ip)] > Elp[EAq[ZA q(Ip)]]

EAq[Elp[ZAq(Ip)]]

> min EI [ZA(Ip)].
AEA p

o

Through this lemma, computing strong lower bounds boils down to choosing adversar
ial random input sequences.

The random input sequences used in the following sections for establishing the lower bounds for the
various problems are all variations on a common theme. They all start with one job or a set of jobs with
unit processing time. Anyon-line algorithm must start processing this job (or set of jobs) at some time t.
Such an algorithm is denoted by OL(t). Then with some probability another job or set of jobs arrives at
some random time. We calculate the expected value of the optimal off-line solution, and the expected value
of the solution produced by OL(t). We then choose the best value for t, to obtain a lower bound on the
ratio between these two expected values. The argument is then finished by application of Lemma 2.1.

In the following sections we derive lower bounds on competitive ratio's of randomized algorithms for
various scheduling problems following the above recipe. We will prove in detail the one for the problem of
minimizing latency on a single machine. For the other problems we just give the random instance.

3 Minimizing latency on a single machine

[Phillips et al. 1995] [Hoogeveen and Vestjens 1996] and [Stougie 1995] (see [Vestjens 1997] for a concise
overview) independently devised 2-competitive deterministic algorithms for the on-line scheduling problem
of minimizing latency on a single machine while jobs arrive over time. In [Vestjens 1997] it is proved that
2 is best achievable as a competitive ratio for deterministic algorithms for this problem.

In [Chekuri et a1. 1997] a randomized algorithm for this on-line scheduling problem is designed that is
e-=-l -competitive. They also showed that no randomized algorithm can be less than !-competitive against
an oblivious adversary. We prove that, actually, no randomized algorithm can be less than e-=-l -competitive,
thus settling that the randomized algorithm of [Chekuri et a1. 1997] is best possible.
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Theorem 3.1 Any randomized algorithm for the on-line single machine latency problem must have com
petitive ratio greater or equal to e-=-1 ~ 1.582 against an oblivious adversary.

PROOF. Consider the following class of random input sequences depending on n.

• At time 0 one job with processing time 1 arrives.

• With probability 1 - e~1 no further jobs arrive.

• \Vith probability e~1 one set of n - 1 jobs with processing time 0 arrives at some time x, which is a
random variable over the interval (0,1] having probability density function f(x) = e-=-1 e- X

•

First we derive the expected optimal objective value E[2: C.?PT] on the random instance. Observe
that if only the first job is released the optimal value is equal to 1. If at any time x ::; 1 - ~ the set of n - 1
jobs is also released then it is profitable to schedule the n - 1 jobs before the first job, yielding objective
value nx + 1. If the n - 1 jobs arrive between time 1 - .1 and 1 it is better to process the first job firstn
giving a sum of completion times equal to n. These observations lead to the following upper bound on the
expected optimal solution value.

(
e-l) e-111< 1 - -- . 1 + -- (nx + 1) f (x )dx

n n 0

e -1 e 11

1 - -- + - e-X(nx + l)dx
n n 0

e-l e 1 1 11---+-(-ne- -ne- -e- +n+l)
n n

e - 1.

Any deterministic on-line algorithm will have to start scheduling the first job at some point in time.
Consider an algorithm that starts processing the first job at time t, unless the set of n -1 jobs arrives before
t. In the latter case it is obviously better for the algorithm to schedule the n - 1 jobs first, before starting
the (big) first job. Moreover, since the deterministic algorithm knows the distribution, he will start the
first job immediately after having processed the other jobs since no further jobs will arrive. In this case a
cost of nx + 1 will be attained. In case the set of n -1 jobs arrives after t then these jobs have to wait until
the first job is finished producing an objective value of (t + l)n. Obviously, if the set of n - 1 jobs does not
arrive the only job will be completed at time t +1. We will denote the expected solution value of an on-line
algorithm that does not start the first job before time t by E[2: CfL(t)]. Now,

e - 1 e -11
t

e(1- --)(t + 1) + -- --e-X(nx + l)dx
n n 0 e-l

e -111
e+-- --e-X(t + l)ndx

n t e-l
t(e - 1) + e1- t - 1

e - --'------'-----
n

e-l
e---.

n

This last inequality follows from minimizing the expected value with respect to t over the interval [0,1].
The minimum is obtained at either t = 0 or t = 1. Thus, for any t E [0,1],

E[2: CfL(t)]

E[2: C.?PT]

e _ e-1
n

e-l

The ratio can be made arbitrarily close to e-=-1' by choosing n large enough. This is true for any fixed t.
The observation that it is useless for any algorithm to start the first job after time 1 shows that the above
ratio holds for the best possible deterministic algorithm on this random instance.
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That the ratio derived above is indeed a lower bound on the competitive ratio of any randomized
algorithm follows from application of Lemma 2.1. 0

4 Lower bounds for other scheduling problems

In this section we establish lower bounds for some other on-line scheduling problems. Our guess is that
these bounds are strong. However, for none of these problems randomized algorithms with matching
competitive ratio's have been designed so far.

Minimizing flow time on a single machine
The setting is the same as in the problem of the previous section. The objective is to minimize the sum of
completion times of jobs minus their release times. This sum is called the flow time. The corresponding
off-line problem (1 h I'L, Fj ) has the same optimal solution as the latency problem of the previous section,
but not the same optimal solution value. This leads to dramatically different approximability properties. In
[Kellerer et al. 1999] it is shown that any off-line polynomial time algorithm has a worst-case performance
ratio of D(n 1

/
2

- E
), for any E > 0, unless P = NP.

For the on-line version of the problem there is an obvious lower bound of D(n) on the competitive ratio
of any deterministic algorithm, which to the best of our knowledge is common knowledge in the field of
on-line scheduling, but has never been published. We show that randomization will not be able to bring
the competitive ratio down to a constant.

Theorem 4.1 Any randomized algorithm for the on-line single machine Bow time problem has a compet
itive ratio against an oblivious adversary of D(vn).

PROOF. The lower bound is obtained using the following random instance:

• At time 0 a job arrives requiring processing time 1.

• One set of n - 1 jobs all requiring processing time 0 arrives at some random time x in the interval
[0, vnJ, with probability density function f(x) = e1- x / vn j((e - l)vn)·

o

Minimizing delivery time on a single machine
In this problem a job consists of two different operations. The first is processing on a single machine to
manufacture a product and the second is delivering the product. Like processing of the job, also delivering
requires a specific time. There is no limit on the number of jobs that can be delivered simultaneously. The
objective is to minimize the time at which the last job is delivered. We give the following result only for
historical reasons, since very recently Seiden has improved the bound (see Introduction).

Theorem 4.2 Any randomized algorithm for the on-line maximum delivery time problem on a single
machine has a competitive ratio against an oblivious adversary of at least approximately 1.302.

PROOF. The lower bound is obtained using the following random instance, where a is the solution of
the equation e-a + 2a - 2 = O.

• At time 0 a job with processing requirement 1 and delivery time 0 arrives.

• With probability e-a no further jobs arrive.
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• With probability 1 - e-a one job with processing requirement 0 and delivery time 1 arrives at some
random time x in the interval [0, a] according to the probability density function f (x) = ea - x / (e a -1).

D

The bound compares with a best possible competitive golden ratio deterministic algorithm for the
problem [Hoogeveen and Vestjens 2000] .

Remark 4.1 By the way the random instance for the maximum delivery problem on a single machine
is constructed it can also be used for the on-line two-machine flow shop problem minimizing makespan,
leading to the same lower bound for this problem.

Minimizing delivery time on identical parallel machines
Here we consider the same problem as the previous one but now on identical parallel machines.

Theorem 4.3 Any randomized algorithm for the on-line maximum delivery time problem on identical
parallel machines has a competitive ratio against an oblivious adversary greater or equal to 1.265.

PROOF. The lower bound is obtained using the following random instance, with m the number of machines
and a the solution of the equation 2e-a + 3a - 3 = 0:

• At time °a set of m jobs is presented all having processing time 1 and delivery time 0.

• With probability e-a no further jobs arrive.

• With probability 1 - e-a at some random time x E [0, a], another set of m jobs arrives all requiring
some random processing time x and having delivery time 1, where x has probability density function

f(x) = ::~~ on the interval [O,a].
D

Minimizing makespan on identical parallel machines
The on-line version of the classical problem of minimizing makespan of a schedule on identical paral
lel machines is considered here.

Theorem 4.4 Any randomized algorithm for the on-line makespan problem on identical parallel machines
has a competitive ratio against an oblivious adversary greater or equal to 4 - 2V2.
PROOF. The lower bound is obtained using the following random instance:

• At time a a set of m jobs is presented all having processing time 1.

• With probability 2 - V2 no further jobs arrive.

• With probability V2 - lone job requiring processing time 3 - V2 arrives at time V2 - 1.

D
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Minimizing makespan in a two-machine open shop
Finally, we derive a lower bound for another shop scheduling problem. It concerns the open shop problem
on two machines, Machines 1 and 2. Each job consists of two operations. The first operation is to be
processed on Machine 1 and the second on Machine 2. The operations can be executed in any order, but
cannot be executed simultaneously. The objective is to minimize makespan when jobs arrive over time.
The best possible deterministic on-line algorithm for this problem is 3/2-competitive [Vestjens 1997] . If
preemption is allowed the best possible deterministic algorithm has competitive ratio 5/4. We show that
the latter is also a lower bound for any randomized algorithm for the problem without preemption.

Theorem 4.5 Any randomized algorithm for the on-line two machine open shop problem minimizing
makespan has a competitive ratio against an oblivious adversary greater or equal to 5/4.

PROOF. The lower bound is obtained using the following random instance:

• At time 0 one job arrives requiring processing time 1 on both machines.

• At time 1 another job arrives. With probability ~ this job requires processing time 1 on Machine 1
and 0 on Machine 2. With equal probability, it requires processing time 0 on Machine 1 and 1 on
Machine 2.

o

5 Conclusion

This work shows that for on-line scheduling problems randomization may give improvements in competitive
ratio if compared to their deterministic counterparts. We can not be conclusive on this statement since we
have not found randomized algorithms for the problems discussed here with good competitive ratio. This
remains work for the future. Only for the on-line latency problem on a single machine our lower bound
shows that a randomized algorithm in [Chekuri et al. 1997] is best possible and indeed its competitive ratio
is lower than the lower bound of 2 on the competitive ratio's of deterministic algorithms for this problem.

Acknowledgements. We thank Jiri Sgall for drawing our attention to Lemma 2.1. We also gratefully
acknowledge the people that referred to a manuscript of this paper from 1996, as well as those that asked
and are asking for copies. They encouraged us to write this paper eventually and submit it to a journal.

References

[1] F. Afrati, E. Bampis, C. Chekuri, D. Karger, C. Kenyon, S. Khanna, I. Milis, M. Queyranne, M. Skutella,
C. Stein, and M. Sviridenko [1999], Approximation schemes for minimizing average weighted completion time
with release dates, Proceedings of the 40th Annual IEEE Symposium on Foundations of Computer Science,
32-43.

[2] A. Borodin and R. EI Yaniv [1998], Competitive analysis of on-line algorithms, Cambridge University Press,
Boston.

[3] A. Borodin and R. EI-Yaniv [1999], On randomization in online computation, Information and Computation
150, 244-267.

[4] C. Chekuri, R. Motwani, B. Natarajan, and C. Stein [1997], Approximation techniques for average completion
time scheduling, Proceedings of the 8th ACM-SIAM Symposium on Discrete Algorithms, 609-618.

[5] E. Feuerstein, M. Mydlarz, and L. Stougie [1999], On-line multi-threaded scheduling problems, COSOR
Memorandum 99-21, Technische Universiteit Eindhoven, Eindhoven.

7



[6J M.R. Garey and D.S. Johnson [1979], Computers and Intractability: A Guide to the Theory of NP
completeness, Freeman, San Francisco.

[7J J.A. Hoogeveen and A.P.A. Vestjens [1996], Optimal on-line algorithms for single-machine scheduling, in
W.H. Cunningham, A.T. McCormick, and M. Queyranne (eds.), Integer Programming and Combinatorial
Optimization: Proceedings, Lecture Notes in Computer Science 1084, Springer, Berlin, 404-414.

[8J J.A. Hoogeveen and A.P.A. Vestjens [2000J, A best possible deterministic on-line algorithm for minimizing
delivery time on a single machine, SIAM Journal on Discrete Mathematics 13, 56-63.

[9] H. Kellerer, T. Tautenhahn, and G.J. Woeginger [1999J, Approximability and nonapproximability results for
minimizing total flow time on a single machine, SIAM Journal on Computing 28, 1155-1166.

[10J E.L. Lawler, J.K. Lenstra, A.H.G. Rinnooy Kan, and D.B. Shmoys [1993], Sequencing and scheduling: Algo
rithms and complexity, in S.C. Graves, A.H.G. Rinnooy Kan, and P.H. Zipkin (eds.), Logistics of Production
and Inventory, Handbooks in Operations Research and Management Science 4, North-Holland, Amsterdam,
Chapter 9, 445-552.

[l1J C. Phillips, C. Stein, and J. Wein [1995], Scheduling jobs that arrive over time, Proceedings of the Fourth
Workshop on Algorithms and Data Structures, Lecture Notes in Computer Science 955, Springer-Verlag, Berlin,
86-97.

[12] S.S. Seiden [1999], A guessing game and randomized online algorithms. Manuscript.

[13J J. Sgall [1998], On-line scheduling, in A.Fiat, and G.J. Woeginger (eds.) [1998], Online algorithms: The state
of the art, Springer-Verlag, Berlin, Chapter 9, 196-231.

[14] M. Skutella and G.J. Woeginger [2000], A PTAS for minimizing the total weighted completion time on identical
parallel machines, Mathematics of Operations Research 25, 63-75.

[15J L. Stougie [1995], On-line minimizing sum of completion times, Manuscript.

[16J A.P.A. Vestjens [1997], On-line machine scheduling problems, PhD-Thesis, Department of Mathematics and
Computing Science, Technische Universiteit Eindhoven, Eindhoven.

[17] A.C-C. Yao [1977], Probabilistic computations: Towards a unified measure of complexity, Proceedings of the
11th Annual Symposium on Foundations of Computer Science, 222-227.

8


