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1 . INTRODUCTION 

l.l.Resea~ch motivation and set up of the thesis 

Dewate~ing and d~ying of slu~~ies bas been a technological p~oblem 
. 1, 2) . 

fo~ a long t1me It is usually pe~fo~med by evapo~at1ng the wate~ 

by heating. This is a ~athe~ ene~gy consuming method. A metbod which bas 

~eceived little attention and can be less ene~gy consuming is 

elect~oosmotic dewate~ing. To unde~stand elect~oosmotic dewate~ing, 

fi~st will be explained what is meant by a double layer with an example. 

When a po~ous bed is filled with an elect~olyte solution, the negative 

ions may p~efe~entially be adso~bed on the solid surface. By this 

p~ocess, the po~e wall will be negatively cha~ged (fig.l.l). 

fig. 1.1. 

A schematic pictu~e of a po~e in a po~ous bed. 

Negative ions will then be repelled by the wall and positive ions will 

be att~acted causing a su~plus of positive ions· nea~ tlie negative wall 

in the solution. Due to the the~mal motion the positive and negative 

ions a~e mo~e o~ less diffusely distdbuted (fig. 1.2). 
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fit· 1.2. 

Tbe concentration of tbe positive and negative ions 
as a function of tbe distance from tbe wall. 

Tbe negative wall, togetber witb tbe net positive charge in tbe 

salution is called tbe double layer, tbe part in tbe salution is tbe 

diffuse double layer (D.D.L.). Fora more advanced treatment see tbe 

textbooks of Hunter3) and Derjaguin and Dukhin4). If a potentlal 

difference is applied, tbe positive part of tbe double layer will move 

tangentially allong tbe pore surface towards tbe negative electrode, 

wbere it will be decbarged. Due to viscous drag a net liquid transport 

will occur, called electroosmosis. Bleetroosmotie dewatering is a metbod 

in wbicb an electrical potentlal difference is applied across a slurry. 

This results in water transport wbicb, if taking place in tbe correct 

direction, facilitates tbe removal of water until too mucb of it bas 

been replaced by air and tbe process stops. 

In the past, electroosmotie dewatering bas been used and studled at 
S-10) . 

a bardly succesfull degree . Tb1s lack of success was mainly due to 

a lack of understanding of tbe fundamental processes involved. For 
11) 

example it bas been sbown by Wittmann , tbat if one does not reduce 

tbe capillary forces it is even impossible to dewater by electroosmosis. 
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To fill this gap, in this thesis first a number of fundamental 

stationary transport phenomena through packed beds of quart~ particles 

are studied. The knowledge obtained in this way is used to explain the 

electroosmotie dewatering results on slurries consisting of sand,cement 

and an aqueous surfactant solution to reduce, among other things, 

capillary forces. Slurries of this type will subsequently be indicated 

as "mortar". 

This thesis is divided in three parts. In the first part (chapter 2) 

the preparation of the samples and determination of the partiele si~e is 

descri bed. 

The second part (chapter 3) is devoted to a fundamental study of 

electrokinetic, electrical and hydrodynamic investigation of transport 

through porous beds. 

The third part (chapter 4) describes the electroosmotie dewatering of 

mortar. 

Chapter 5 contains a summary of the most important conclusions. 
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2. PREPARATION OF POROUS BEDS AND PARTICLE SIZE AHALYSIS 

?.1. Porous bed preparation. 

The guartz used for model experiments was Herck pro analysi. 

Fractions smaller than 100 ~ were obtained by grinding for 48 hours in 

an agate ball mill filled with ethanol p.a .. The ethanol was removed by 

decantation and evaporation. The ground guartz was divided into 

fractions by wet sieving and sedimentation. All guartz fractions were 

etched for 30 minutes in cold concentrated HN0
3 

to remove any iron 

contamination from the sieves1). Cold concentrated HN03 was used, so 

that the small amorphous layer, which is present on the guartz 

. 2 - 5 ) d h' h d h d th h part1cles was not remave . T 1s a t e a vantage at t e zeta 

i 
6, 7) 

potentlal of the particles hardly changed with t me .The HN03 was 

removed by leaching with twice distilled water until the conductivity 

became constant. Then each fraction was heated in air for 24 hours at 

600 ÓC to remove any organic traces. The quartz was left to cool down in 

air. The amorfous layer was still intact since the zetapotential was 

constant over a period of three weeks. The isoelectric point as 

determined by electroosmosls was 2.0. Porous beds of each fraction were 

prepared by depositîng 2.50 g. quartz under horizontal ultrasonic 

vibratîon8 ) performed by a Sonicor SC-50-22 vibrator in a lîquid filled 

U-tube. Vibration was contînued for 30 min. No segregation was observed. 

Portland B cement was obtained from Braat Bouwstoffen N.V. and was 

used as received. 

Sand was obtained as "Haaszand" from Braat Bouwstoffen N.V. It was 

separated in various fractîons by dry sievîng. Then it was used without 

any further pretreatment. 

Quartz powder used for electroosmotie dewatering experîments was 

obtained from Van Neerbos Beton Chemie and will subsequently be referred 

to as quartz NBC. The fraction 100-200 ~ was separated by dry sieving. 
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375 g of sand or quartz NBC was mixed with 125 g portland B and 100 

g. 0.05 M Sodium Dodecyl Sulfate (subsequently abbreviated as S.D.S.) 

unless stated else. S.D.S. was chosen, because it increases the absolute 

value of the zeta potential of the solid compounds, decreasas the 

surface tension and provides all minerals present with a zetapotential 

which is approximately of the same sign and eausas a large saturation 

gradient. It should be noted that a large saturation gradient means that 

the saturation changes over a large part of the porous bed. See e.g. 

ref. 9. 

This slurry was deposited under horizontal vibration performed by a 

A.S. Vibromixer at 40 W on the bottorn electrode (fig.2.1) supported by a 

coarse sand filter. 

fig. 2.1. 

Schematic picture of the electrode system and the slurry. 
~V is the potential difference applied. 

The sand filter was kept wet so that no air was enclosed between the 

filter and the slurry. A measuring sensor (see chapter four) together 

with the upper electrode was inserted and vibration was continued for 5 

minutes. Longer vibrating would cause segregation. 
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2.2. Partiele size analysis 

Various methods are available for analysing partiele size and shape 

distributions. As in eacb method the partiele size is interpreted in a 

different way, the method chosen should be appropriate to tbe property 

studied. E.g. a property which is related to the hydrodynamic surface 

area or tbe electroosmotie surface area. To test some equivalent methods 

for providing the hydrodynamic surface area of tbe particles, tbe 

average partiele size <D> of some quartz fractions was determined. 

In the first metbod the partiele size was obtained from tbe average 

of the bounderies of the sieve fraetion. 

The second metbod employed the mass distribution curve of tbe 

partiele size as obtained with a sedigrapb 5000 partiele analyser. The 

partiele radius obtained in this way is equivalent 

d . d . .. . 10) eterm1ne w1tb rontgen scatter1ng . Tbe average 
• 11) 12) 

calculated accord1ng to Exner and Allen . 

to the Stokes radius 

number diameter was 

Tbe specific surface area was also inferred from B.E.T. 

. b 13- 15 . d b 1 tt d b 1sot erms w1th krypton as an a sorbate. T e a er was use ecause 

the particles were too large for nitrogen adsorption. If the particles 

are larger than 100 ~ it was also not possible to use krypton. Tbe 

linearity of tbe isotherms (see e.g. fig.2.2) indicated tbat tbere was 

no surface porosity as far as it could be " seen" by the Krypton 

molecules. The B.E.T. surface is equivalent to the surface on a 

molecular level. 

All fractions were analysed with a Hewlett Packard 9874A Digitizer. 

A representative sample of each quartz fraction was taken. Then the 

particles were fotograpbed after optical enlargement with a microscope. 

With the digitizer the length, width and projected area of each partiele 

were measured. The equivalent diameter of eaeh partiele was determined 

by equating tbe projected area to that of a sphere of eertain diameter. 

The data of 100 to 400 measurements were taken, the measurements were 

fitted toa lognormal distribution (see e.g. fig.2.3 for the thiekness). 

7 -



f 

4 

... . 
0 

G!~--------------~----~~~~----~------~--------~-------
G 12 

fig. 2.2. 

Linearised plot of the B.E.T. adsorption isotherm on 
quartz sieve fraction 50 - 74 wm. 

V is the volume adsorbed at pressure p and temperature T. 
p is the vapor pressure of krypton at temperature r. 

0 

-a 100 

9 9 

fig. 2.3. 

Linearised plot of the log normal distribution of the thickness 
as a function of the percentage occurance. 

What is meant by thickness is shown in the figure. 
Quartz sieve fraction 43 ss wm. 
• is mass distribution, A number distribution. 
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If the fit was reasonable, then the median o50 and standard deviation 

a of the equivalent sphere diameter of the partiele size distribution 
11,12) 

were calculated . The surface area per unit volume was calculated 
• ll, 16) 

accord1ng to 

S=6/<D> 

and 

With lhe digitizer it was also possible to determine other 

distributions, like length, thickness etc. 

(2-l) 

(2-2) 

Then each fraction was analysed with a Leitz Texture Analysis system 

(which will subsequently be abbreviated as T.A.S.). From each quartz 

fraction a representative sample was smeared out on a microscope slide. 

With the add of the T.A.S.,the equivalent sphere diameter of each 

partiele was calculated. The distribution of sphere radii obtained in 

this way was plotted as a histogram. By using equation 2-3: 

(2-3) 

and equation 2-l and 2-2 the surface area per unit volume can be 

calculated. If the lognormal distribution gave no reasonable fit, the 

data were fitted toa normal distribution (fig. 2.4). 
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fig. 2 .4. 

Linea~ised plot of the no~mal dist~ibution of the p~ojected area as a 
function of the pe~centage occurrence. 

Sand sieve fraction 400 - SOO ~. 6 = mass distribution. 
0 numbe~ dist~ibution. 

This only occu~red if the f~actions we~e very narrow. In that case the 

median of the distribution was taken as the average. 

Fo~ each method the surface area per unit volume was calculated with 

equation 2-1. In fig. 2.S the various data are compared with the 

hyd~odynamic su~face area obtained f~om hydrodynamic conductance 

d . 2 16, 17) . h . . measurements an equat1on -4 • wh1c 1S the Blake-Kozeny equat1on 

for a Kozeny constant of S. 

s (2-4) 
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10 20 30 40 

flg. 2.5. 

Tests of various methods for determining the hydrodynamic 
specific surface area. 

0 B.E.T., 0 digitizer, 6. T.A.S., 0 sedigraph, 
X sieves. 

As the surface area obtained by the various methods should be 

proportional to the surface determined from eq. 2-4 a straight line 

should be obtained if one plots the surface area determined with the 

various methods against the hydrodynamic surface area. Fig. 2.5 shows 

this is not the case for the sieve fraction analysis, sedigraph 

measurements and krypton adsorption measurements. Only the digitizer and 

T.A.S. measurements gave a straight line and were found to be correct 

methods to determine the hydrodynamic surface area. One may argue that 

the curves in fig. 2.5 are greatly influenced by the measurements at the 

largest specific area, thus the conclusion being less significant. But 

it should be realised that those points are also the most accurate. 
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This can be explained if one assumes that the hydrodynamic 

streamlines are not very sensitive to partiele roughness on a molecular 

scale. This is opposite to the behaviour of electrical field lines which 

are known to follow the exact surface
17

) as determined with B.E.T. So it 

can be concluded that if hydrodynamic properties of the porous beds are 

important the digitizer or T.A.S. surface area should be used and if 

electrical transport properties are important the B.E.T. surface area 

should be used. 

f'rom the compari son of the various methods i t was concluded that 

only the B.E.T. surface area for the electrical properties and T.A.S. 

and digitizer measurements for hydrodynamic properties are important. 

The specific surface area determined from the T.A.S. and digitizer 

measurements is given in table 2.1, together with their average, which 

will be used in the subsequent chapters. 

Fr action speelf ie surface spec if ie surface average 
T.A.S. Digi tizer specific surface 

-----

10-20 0.42 10
6 

0.45 10
6 

0.435 10
6 

36-42 0.199 106 0.213 106 0.206 10
6 

43-55 0.190 10
6 

0.183 10
6 0.187 10

6 

50-74 0.125 10
6 

0.149 10
6 

0.137 10
6 

80-100 0.106 10
6 

0.105 10
6 

0.105 10
6 

100-200 0.057 10
6 

0.064 10
6 0.060 10

6 

315-400 0.0265. 10
6 0.0300. 10

6 0.028 10
6 

The specific surface area of the quartz fractions determined with 

the Krypton measurements is given in table 2.2. In addition the partiele 

roughness is shown. The partiele roughness is defined bere as the B.E.T. 

surface area devided by the average of the T.A.S. and digitizer surface 

area. 
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sieve fraction (pm) 

10-20 

36-42 

43-55 

50-74 

80-100 

Table 2.2 

B.E.T. surface area per 

unit volume(106m-1 > 

0.907 

0.290 

0.239 

0.233 

0.152 

surface 

roughness 

2.08 

1.41 

1.28 

l. 70 

1.45 

In table 2.3 some characteristics of each quartz fraction are given 

and in table 2.4 of each sand fraction, the quartz NBC fraction and 

Portland B. 

Table 2.3 

sieve aver-aging leng tb thickness lengt hl eq. sphere eq. sphere 
fraction procedure thickness diameter volume 

nm.104 nm.104 nm.104 nm3 .1o12 

10-20 number l. 74 1.10 2.22 1.35 1.33 

10-20 volume 1.86 1.21 2.09 1.22 0.84 

36-42 number 3.24 2.31 2.03 2.82 11.8 

36-42 volume 3.39 2.06 1.91 

43-55 number 4.03 2.74 1.84 3.29 8.6 

43-55 volume 4.49 3.13 1. 78 3.63 12.4 

50-74 number 4.83 3.37 1.96 4.04 29.5 

50-74 volume 5.38 3.86 1.81 4.58 31.1 

80-100 number 7.03 4.84 2.01 5. 71 367 

80-100 volume 7.85 5.01 1.88 5.43 47.0 

100-200 number 12.6 8.02 1.95 9.29 224 

100-200 volume 15.0 9.12 2.06 10.9 386 

315-400 number 21.0 14.7 1. 76 20.0 

315-400 volume 22.0 15.4 1. 78 
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sieve averaging 
fract ion proc. 

leng tb 
( lUJI) 

Table 2.4 

thickness 
(lUJI) 

length/ eq. sphere eq. sphere 
thickness diameter volume 

-------------------------------~------

250-315 number 

volume 

315-400 number 

aantal 

400-500 number 

volume 

500-600 number 

volume 

600-1000 number 

volume 

Porti. B number 

volume 

Quartz number 

NBC volume 

279 

333 

371 

403 

469 

532 

630 

677 

893 

1036 

5.64 

9.34 

85 

162 

201 

252 

259 

275 

344 

386 

479 

506 

653 

782 

3.37 

5.55 

55.6 

118 

1.42 

l. 37 

1.49 

1.50 

1.43 

1.40 

1.35 

1.34 

1.38 

l. 35 

1.68 

1.72 

1.64 

1.46 

244 

300 

321 

347 

393 

451 

566 

606 

776 

950 

4.49 

7.38 

70.1 

147 

0.0989 

0.1701 

0.0191 

0.0238 

0.0317 

0.0481 

0.0901 

0.114 

0.292 

0. 548 
-7 

0.911*10 
-7 

3. 210*10 
-3 

0. 725*10 
-3 

0.750*10 

lt should be noted that in column 5 of table 2.3 and 2.4 for each 

partiele the length devided by the thickness is taken and then averaged. 

This is not equal to the average length devided by the average thickness. 
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~ ~ATIONARY HYDRODYNAHIC, ELECTROKINETIC AND ELECTRICAL TRANSPORT 

PHENOMENA. 

3.1. Introduetion 

The transport of 1iquid and electricity together with the 

electroosmotie transport through porous beds has for long attracted much 

attention 1- 5). The theoretica! description of these processes however 

presents problems. In the past, the transport properties of porous beds 

were described with roodels in which the pores were viewed as cylinders 
ó-8) 

. These roodels could predict the qualitative trends, but were unable 
. . 7,9,10) 

to correlate quantitatively w1th exper1mental results . Later 
. ll-17) 

constricted tube roodels have been appl1ed . In these models, the 

pores have periodic constrictions. They could predict transport 

properties better than the cylinder models. Unfortunately these roodels 

were theoretically unsatisfactory due to sharp angles in the streamlines 

or smooth pore walls. In this paper a pore model is proposed called the 

semisinusoidal pore model, which has the advantage that the streamlines 

are everywhere continuous and differentiable except at the pore wall. 

The pores are viewed as shown in fig. 3.1. 

C(.=const. 

A 

r:const. 

B 
Fig. 3.1. 

The parameter curves a en B are constant in the cylindrical system 
(A) and the parameter curves r and z are constant in the semisinusoidal 
system (8) The broken curves are the streamlines (a= const.) 
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The walls contain sharp constrictions and the streamlines are smooth 

except at the wall. It is believed that this is more realistic than the 

constricted tube models employed previously, because in practice the 

streamlines do not have sharp angles and the pore walls do have sharp 

edges due to the packing of the particles. 

Although a pore as represented in fig. 3.1 still represents a very 

idealized picture of a real pore, it is thought worthwhile to calculate 

some properties of a porous bed with a model based on this picture, 

because it enables us to apply the equation of motion and thus to 

investigate by comparison with other models, the influence of sharp 

angles at the pore wall combined with continuous streamlines. The 

rnathematics of the model is formulated in such a way that it is easily 

changed to calculate various other transport properties like 

electroosmosis and electrical resistance complicated by surface 

conductance. 

As a first test the semisinusoidal pore model will be used to 

predict quantitatively the hydrodynamic and electrical conductances of 

some porous beds and to compare them with experimental measurements. 

Then the model will be extended to predict the quantitative behaviour of 

electrokinetic transport and an attempt will be made to correct 

electrical en electrokinetic transport for surface conductance and 

convective charge transport. Next a section will be devoted to some 

thermadynamie considerations. The last section of this chapter will 

describe the frequency dep11red resistance of the beds. 

~~he model 

In the semisinusoidal pore model (s.s.p.) the pores are viewed as is 

shown in fig.3.1. The streamlines are indicated as broken curves in this 

figure. The velocity and current profiles are axially symmetrie around 

the z-axis. The velocity vector in any point forms a tangent vector to 

the streamline in that point. It is clear that in general the velocity 

bas a radial as well as an axial component. 
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Tbis also applies to tbe p~essu~e g~adient and tbe elect~ical 

field.Tbe~efo~e it makes sense to set up tbe equation of continuity, tbe 

equation of motion and tbe cba~ge t~anspo~t equation in a diffe~ent 

coo~dinate system tban tbe cylind~ical. 

A coo~dinate system is chosen, in which one set of parameter curves 

represents the streamlines and another set is orthogonal to them. This 

bas the advantage, that each vecto~ equation will be transformed into a 

scala~ equation and the continuity equation is automatically satisfied. 

The new coo~dinate system will be called the semisinusoidal system. In 

this system ~vector a has components (a, 6. ~>. where 

a R ( (sin nz ) 2 + si nh 2 ( c + 8~) ) 
s L 

(3-1) 

r and z are cylindrical coo~dinates, L is the periodicity and C and B 

are constants, whicb are determined from the pore characteristics Rs and 

R
1 

(fig. 3.1). The periodicity L is taken equal to the average pa~ticle 

diameter; Rs is the smallest pore radius and R
1 

is the largest pore 

radius. a has the dimeosion of a length. 

The othe~ coordinates, ~ and 6, are chosen as follows: 

~ is tbe ~otation angle about the pore axis and 6 is chosen such as to 

satisfy the requirements that the coordinate system be orthogonal and 

that d6 can be expressed as a total differentlal in r and z. 

That the lines a = const a~e a good approximation to the streamlines 

will be sbown in section 3.S. 

Tbe pa~ameter cu~ves with a= constant and 6 
fig. 3.1A in the cylindrical system. 

constant are given in 

The pa~ameter curves with r constant and z = constant togethe~ 

with the po~e wall and the velocity profile in the semisinusoidal system 

a~e given in fig. lB. Fig. 18 clea~ly shows that the t~ansport equations 

for the semisinusoidal pore should be g~eatly simplified after 

transformation to the (a, 6, ~) system as the po~e is transformed into a 

cylinde~. 

The following p~ope~ties can be derived: 
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a) On tbe pore axis r = 0, a equals aa with 

1TZ. 2 • 2 - 2 aa = R
9 

( ( sin L) + Slnh c ) - R
9
sinh c (3-2) 

So it follows that if c ~ 2.8 the average deviation of a straight 

axis due to the sin
2 

1T z./L term is smaller than 1~. It is believed 

that this is sufficiently small, as tbe accuracy of most experiments 

is usually much lower. 

b) At the largest pore radius a 

integer. So from equation 3-1 

B 

L/2 + nL with n an 

{3-3) 

It follows then that sinh (C + B r) is a monotonously decreasing 

function of r. 

c) At the smallest pore radius a 

R s 
arcsinh(l) - C } R 

C L 

Rs' z. 0 + n L and r 

(3-4) 

If C ~ 2.8 is fulfilled it follows from 4 that Rs/Rl bas to be larger than 

0.68. 

From the foregoing it is clear, that our model describes the movement in 

a pare with roughened walls in a coordinate system based on equation 

3--1, in which L and C are parameters descrihing the geometry of the pore 

(C ~ 2.8) and the streamlines are thought to be characterized by 

constant a, which is a good approximation as is shown in section 3.5. 

C describes the degree of roughening of the pore wall; it increases with 

increasing Rs/Rl ratio. Fora cylindrical pore C ?® (see table 1). 
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Tabel 3 .1. 

The relative ratio of the smallest and largest pore 
radius as a function of the parameter C. 

c 

1 

10 

100 

R
1 

can be derived in the following way: 

R /R 
s L 

0.12 

0.912 

0.992 

The average pore radius <R> in axially symmetrie pores equals twice the 

hydraulic radius. The hydraulic radius is defined as the area available 

f . . 1 6) or flow dev1ded by the wetted per1meter. It fol ows that 

<R> ?. ______L 
s 1 - p 

(3- 5) 

where S is the surface area per unit volume solid and p is the porosity. 

A lso 

L/2 

Jo Rdz 
<R> 

L/2 
(3-6) 

Jo 
dz 

then from equations 3-1 and 3-3 with a 

3-5 

1 at the wall, substitution of 

in 3-6 gives: 

?__JL 
s l-p 

1 

1 

arcsinh cos ll dz 
L 

(3-7) 

Consequently as soon as C is chosen for a porous plug of porosity p, 

containing a powder of surface area S, R
1 

is fixed through equation 3-7 

and Rs is fixed through equation 3-4. 
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3.3. Derivation of the transformation equations 

r·or the parameter curves a. constant i t follows from equat ion 3-1 wi th 

f = <aa.taz> and g = <aa.tar) 
r~ z,~ 

R 1t 21TZ 
f _s_ sin 

L L 

g 

where f is on1y a function of z and g only a function of r. 

Also if a. constant 

dr ) 
dz a..~ ' f 

(3-8) 

(3-9) 

(3-10) 

This is the tangent in the cylindrica1 system along the curves a. = constant. 

lf the parameter curves a constant are orthogonal to these curves, then the 

tangents along the curves a constant are equal to: 

dr 
>a.~ 

1 f 
dz dr ) g 

dz a.,~ 

since 

( ~) 
dr az r,~ 

dz >a.~ ( 00. -) --
ar z.~ 

an obvious choice is 

00.) ! 
az r,~ f 

00.) ! 
ar z.~ g 

Because a 2ataraz a 26/azar, the total differentlal of 6 is in 

general 

d6 = < ~a > dr + < OO.a > dz r z.~ z r,~ 

or after substitution of 3-8, 3-9, 3-13, 3-14 and integration 

- 22 

{3-11) 

(3-12) 

(3-13) 

(3-14) 

(3-15) 



-
L2 

ln I tan ~ I + ln I tanh C ( 1 
21T2 R L 2<f' R 

(3-16) 

s s 

where the inlegration constant is taken equal to zero so a and 6 are 

re1ated with equation 3-1 and 3-16 to the cylinder coordinates r and z. 

6 bas the dimeosion of a 1ength. To set up the various transport 

equations in section 3-4, the transformations r ~ r<a,B> and z 

are needed. 

z(a,f3) 

To calculate them it is observed that in genera!, with 3-8, 3-9, 3-13, 

3-14, 

da g dr + f dz (3-17) 

dl3 l dr -
g 

l dz 
f (3-18) 

so: 

dr dl3 + _____!__ da (3-19) 
2 + f2 2 + f2 g g 

dz dl3 + 
f 

da (3-20) 
(" 2 2 f2 + g g + 

Fr om tb is the partial derivatives are obtained as: 

(3-21) 

ar ) 
aa a,(jl (3-22) 

az f 
aa ) a.(jl = f 2 + g 2 

(3-23) 

az ) = 
aa a,(jl (3-24) 
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To derive the transport properties, the lengtbs of <a:;aa>a , ,..,!(1 
<a:;aa> , <a;;a!fl) e. have to be determined, in which a,!fl a,.., ... 
a bas the cartesian components <x, y, z). The relations between the 

cartesian components and the components in the cylindrical system (r, z, 

q>) are 

x 

y 

z 

so 

r cos lP 

r sin q> 

z 

so with Eqs. 3-21, 3-23, 3-25 to 3-27 this gives: 

' ... 
Let ha be the length of <aalafl>a,!fl· Tben 

b a 

... 
If he. is the length of <aa/afl) and h,n is the length 

"' a,!fl T 

of ca~;ao:p> A• hA and h can be obtained in a similar way as 
a,,.. "' lP 

gf 
ha : <f2 + g2)l.t 

h ~ r 
!fl 

0-25) 

(3-26) 

(3-27) 

(3-28) 

(3-29) 

(3-30) 

(3-31) 

0-32) 

Equation 3-30 to 3-32 will be used to transform the transport equations. 
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Hydrodynamic and electrical transport phenomena not complicated 

by surface conductance. 

In this section, the model will be used to predict first the 

hydrodynamic and electrical transport phenomena which are not 

complicated by surface conductance or conveelive charge transport. 

The first reason to do this is, that the poisson Boltzmann equation 

to obtain the diffuse double layer potential does not have to be solved 

for these two transport processes. The second reason is, that the model 

contains one free parameter, the parameter C. 

To test the model properly first the model will be fitled to the 

hydrodynamic measurements to obtain a value for C. Then the model is 

used to predict the electrical conductance measurements with the same 
. . • • 6) 

value of C as obta1ned above. It 1s compared wtth the straight and 
7) . d d tortuous cyl1n er mo el. 

3.4.1 Derivation of the hydrodynamic transport equations 

To set up the hydrodynamic transport equations in the semisinusoidal 

system equation (3-30) (3-32) will be used. At this stage it should be 

remarked, that the equation of continuity is automatically satisfied, 

because the parameter curves a 
19) 

constant are taken as the streamlines 

To set up the equation of motion for the s. s. p. the gradient and ':he 

Laplace operator in the (a, 3, ~) system are needed. 

Let P be a scalar field which describes the pressure distribution in the 

pore in sofar as it is related with viseaus flow. Then it has the 

properties 

aP > o 
~ a,6= (3-33} 

The hydrastatic pressure in the direction of increasing a is exactly 

counterbalanced by the normal stress of the wall. The gradient of P in 

the (a, 13, ~) system equals: 18 •19
> 
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'VP 0 LaP 0 ) 
• h aa • a 

with equation 3-31 this gives: 

'VP 

(3-34) 

(3-35) 

Let V be a vector field which describes the velocity distribution in the 
~ 

pore. Then V bas the properties 

4 ~ 

<a> v<P va. o 

(b) 
av 

<a<P > a.,e 
av 

<aa>a.,q> 0 

The Laplace operator is, for an incompressible fluid 

v-v = - v x " x -v 

In the (a., a, q>) system this equals (17, 18) 

_1_ 
'\fv ... = < o, h h 

a.tp 

h ahrl 
a~ . 

ha.hL_ aa. 
aa.·---

Insartion of 3-30 to 3-32 gives 

,o ) 

• 0 ) 

(3-36) 

(3-37) 

(3-38) 

(3-39) 

For stationary and incompressible flow the velocity distribution is 

related to the pressure distribution through the equation of motion 
6, 19 

(3-40) 

were ~ is the dynamic viscosity. 
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After insertion of (3-34) and (3-39) the following differential equation 

is obtained: 

hV 

(3-41) 

with the boundary conditions: 

0 for a. a. <3-4la) 

V = 0 for a. "' R (3-4lb) 
s 

The differential equation tagether with the boundary conditions can be 

rewritten in the integral equation 

... 
V 

3.4.2. 

(3-42) 

Correlation of the velocity distribution with experimentally 

accessible parameters 

To calculate the volumetrie flow Jv it is enough to sumover all the 

streamlines from a.= 1 toa. a.a at one particular z value (e.g., z = 

0). To do this the surface element dA bas to be transformed into the (a., 

13, q>) system. 

At z = 0: 

! arcsinh ( g,_ ) % ) 
C R 

(3-43) 
s 

and 
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* ( 

R2 
_1_ ( 1 
R C 

s 

a. % 
R ) + 

s 

1 

* ( __ 1 ___ + 

2( g_ ) % 
R s 

! arcsinh (g_ )A ) * 
C R 

s 

a surface element equals 

dA 2 lf r dr 2 'Ir h d a. 

The volumetrie flow Jv in n equal pores equals 

J 
V 

(3-44) 

(3-45) 

(3-46) 

As (1/~)(aptaa> is the same for all a. in the a., a, • system insertion 

of Eq. (3-42) into (3-46) gives: 

J 
V 

The pressure gradient equals: 

(3-47) 

(3-48) 

with ~P is the pressure difference across the porous bed, l is the 

length of the bed, L is the wavelength of the pore and <La> is the 

average length of a parameter curve a. = constant from 0 to L in the 

cylinder system. 

The infinite small streamline length is: 

dLA "' { 1 + ( ~ 2 } %dz .., dz 
(3-49) 
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with equation 3-8 to 3-10, averaging the length over r from r 0 to 

r = R1 gives 

L/2 nl\ sin < 2~z.) 
J r { 1 + { ----"'----=---r-} Ï y" dz.dr. 
0 LC sinh 2C (1 - --) 

R1 

(3-50) 

The number of pores n equals: 

n (3-51) 

where A is the cross-sectional area of the bed and <1TR 2
> is the average 

cross-sectiona1 area of the pore. Averaging 1TR
2 

over z from 0 to L/2 gives: 

2nt\ L/2 
--J (arcsinh(cos ~z. ) - C) 2 dz. 
C

2
L 0 

Insertion of (3-48), (3-50), (3-52) in (3-47) gives: 

L/2 
4)J.i J ( arcsinh(cos~-C) 2dz. 

0 

Q. 
J a h(f 2 2)% R 

+IS J s 
fg 

R
1 

L/2 
I J r{1+{ 
0 0 

Q. 

. ( 21Tz.) 
nl\s1n L 2 y" 

----=----=--} } drdz. 
LC sinh 2C(1- ; ) 

1 

(3-52) 

<3-53) 

Equation (3-53) expresses the hydrodynamic conductance of a porous bed 

as a function of the viscosity )J., the model parameters C, R1 and L and 

the measurable parameters p, A and L. 
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3.4.3. Derivation of the electrical conductance not complicated by 

!urface conductance. 

To calculate the electrical conductance of the porous bed, first the 

current density i through the s.s.p. is derived. When only conductive 

transport of ions is assumed, the current density equals : 

= E l z. l en~ ( 
• 1 1 
1 

wbere z. is the valency of ion i, e is tbe absolute value of tbe 
1 

(3-54) 

electronic charge, no is the number of ions per unit volume in the bulk and 
~ 

ai is the position vector of ion i; <aai/at> is the average velocity of ions 

of type i. 

~ 

In the s.s.p. coordinates, <aai/at> bas only a component in tbe a 
direclion: 

00. <o, ha at• o> 

Tbe electrical current tbrougb one pore I equals 
p 

1 p 

(1 

Ja idA 
R s 

(3-55) 

(3-56) 

wbere dA is tbe surface element given in equation 3-45. Substitution of 

3-45, 3-54 and 3-55 into 3-56 gives : 

I p 

(1 

2TT 1: I z. I erP J a b.. 
1 1 R I' 

s 

h(<l)d<l 

Tbe electrical mobility is defined as tbe velocity per unit field 

strengtb, or 

where B is tbe local field strengtb, 

If 6v is tbe potentlal difference across the pores 
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(3-59) 

in equivalence witb eq. (3-48). 

Tbe total current tbrougb one pore follows from (3-57) to (3-59); 

<1 

---=------ I ah ( a)oo 
R s 

(3-60) 

If F is defined as Faradays constant, ~ is tbe equivalent conductance of 

ion i and n is tbe number of pores, the total current I is given by ; 

2Trnet.VL E lz.!n? ~-
1. l l <1 

I --..,.-----=~---- I ah< a> aa (3-61) 
R s 

If c? is the concentration of ion 
1 

0 
and equals ni/NAV eq. 3-50 to 3-52 

and 3-61 give : 

L 
t.v 

4l I 
0 

L/2 
( arcsin 

0 
c 
1 

<1 

! h(a)oo 
s 

R 
2 L/2 

cosTiz )-C) 2 dz IO. I r (1 + 
L 

0 0 

whicb is tbe electrical conductance. 

. 2m:. 
TIRo_SlnL 

2 
% 

--~---- ) ) dzdr 
LC sinb 2C{l-~ ) 

1 

(3-62} 

It sbould be noticed, that tbere is a marked similarity between eq. 

(3-53) and (3-62}. If the triple integral, which describes the 

frictional modification is neglected and tbe dynamic viscosity is 

replaced by the reelprocal conductance ( E 1 1z.1~. c?> equation (3-53) 
1 1 1 

transfarms to eq. (3-62). 
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3.4.4 Numerical solution 

Equation (3-53) was solved numerically on a Burroughs 7700 system. The 

process time was about 35 seconds. The f and g values corresponding with 

each a and a value were determined with Aitken extrapolation 
20

>. The 

triple integral was solved with a standard procedure from the NAG 
21) . 22) 

library whtch makes use of Pattersans method . 

The single integral was computed with a standard Burroughs procedure 

based on Sirnpsons rule. The double integral was also solved with a 
23) 

Burroughs standard procedure The program is written in Algol 60. 

Kquation (3-62) was solved with a program written in Fortran IV. The 

integrals were solved with a similar procedure as used in the Algol 

program. Program texts and user guides are available on request from the 

author. 

3.4.5. Experimental 

The electrical and hydrodynamic conductivity measurements were 

performed on quartz beds filled with a solution of 10 - 3 M HCl 
-1 -2 -3 -4 containing 10 , 10 , 10 , 10 M KCl. Surface conductance did not 

play a significant role, as was evidenced by the absence of an influence 

of the partiele size on electroosmosis. The electrical conductance was 

measured by sending a small current through the beds and measuring the 

potential difference across the porous bed. The hydrodynamic conductance 

was measured by applying a pressure difference across each bed and 

measuring the volumetrie flow. 

3.4.6 Results and discussion 

a. Hydrodynamics 

Equation 3-53 was solved for various values of C. The best 

correlation with the experiments is obtained for C = 2.83. From equation 

4 it follows that Rs/R1 = 0.68. The difference between Rs/R1 = 0.68 and 

Rs/R
1 

0.5 (which is to be expected on the basis of the simple cubical 

packing of equal spheres) is probably due to nonregular packing and the 

non-spherical nature of the particles. The phenomenon is also known from 
. 10 11) capillary section expertments ' 
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An important parameterfora porous bed is the Kozeny constant Kc' 

defined by the semi-empirical Kozeny equation 6 • 7) 

K 
c 

(3-63) 

With this relation the experimental Kozeny constant was found to be 
7) 

4.8 . Carman bas shown , that for the tortuous (t.c.) cylinder model 

the following expression is valid : 

K c 
k 

0 
(3-64) 

with k is the shape factor and ~ is the tortuosity. For cylinders k 
0 0 

2. For straight cylinders ~ 1, so K = 2.0. For tortuous cylinders the 
c 

experiments can be fitted lf ~ = l.SS which amounts to K = 4.8. 
c 

The s.s.p. model with C = 2.83 also gave a Kozeny-constant of 4.8. 

The Kozeny constants are summarized in table 3.2. 

Table 3.2. 

The Kozeny constant as predicted by the various model 
and the experimental Kozeny constant. 

model 

cylinddcal 

tortuous cylinder 

semisinusoidal model 

expedmental 

Kozeny constant 

2.0 

4.8 

4.8 

4.8 

From table 3.1 and fig. 3.2 it is clear, that the hydrodynamic 

measurements are poorly described by the straight cylinder (s.c.) model, 

but equally well by the t.c. model with ~ = l.SS and the s.s.p. model 

with c = 2.83. 
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Fig. 3.2. 

The hydrodynamic conductance as a function of f(D,p) with 

The dasbed line indicates the theoretica! curve calculated with the 
straight cylinder model {-----) is calculated with the s.s.p. model 
with c = 2.83 and the t.c. model with ~ = 1.55. 6 are exp. 
measurements. 

To discriminate between the latter two, a second transport process is 

needed als both models have one free parameter. 

b. Electrical transport 

It is tried to describe the electrical resistance measurements with 

all three models mentioned: the straight cylinder, the tortuous cylinder 

and the s.s.p. model. The s.c. and t.c. predictions were calculated from 
4. 7 
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L 
t:J.v 

l:J.pA 

h2 
(3-65) 

wi th ~ 1.0 for the s.c. model, ~ 1.55 for the t.c. model, which 

gives the best fit for the hydrodynamic measurements. The s.s.p. value 

was calculated by equation 3-62 using C = 2.83 as obtained from the fit 

of the hydrodynamic experiments. From fig. 3.3 it is clear, that the 

s.s.p. model prediets the experimental value better than the t.c. model, 

so it can be concluded that the s.s.p. model gives a more realistic 

description of hydrodynamic and electrical transport processes than the 

t.c. and s.c. models. 

> 
<l -....... 

~ 

0.5 

b 
\ 

\ 
\ 
\ 
\ 

I 

\ 

\ 

--
Fig. 3.3. 

The electrical conductance at pH : 3 as a function of the KCl 
concentrat ion. 

( -) 

(-) 

(-- -) 

l:J. 

theoretica! curve calculated with the s.c. model. 
calculated with the s.s.p. model 
calculated with the t.c. model. 
exp. points. 
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3.4.7 Conclusions 

A pore model combining periodic constrictions and discontinuities at 

the pore walls with continuous streamlines describes transport through a 

porous medium better than cylindrical pore models, either with straight 

or with tortuous pores. 

This appears from a comparison of hydrodynamic and electrical 

transport through the medium. Both tbe tortuous cylinder model and the 

new semisinusoidal pore model comprize one adjustable parameter. If tbis 

is adjusted for both roodels from the hydrodynamic data, the electrical 

transport is described better by the semisinusoidal pore model than by 

the tortuous cylinder model. 
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Electrokinetic transport properties, surface conductance and 

convective charge transport. 

3.5.1 Introduetion 

In the past, electrokinetic transport through porous beds was 
26 28) 

described either by semi-emperica1 models or use was made of 

very simple pore forms like straight cy1inders (s.c.) or tortuous 
1, 28) cylinders (t.c.) . A better pore model was used by O'Brien and 

Perrins (29). They employed a cell theory. Unfortunately, their 

predictions of the streaming potentlal were in quantitative disagreement 

with van der Puts measurements 9) despite of the advanced electrostatle 

part of their model. In the opinion of the author of this may be due to 

difficulties at the contact points of the particles as the flow pattern 

at the boundery is highly influenced by neighbouring particles
81

. In 

this chapter and ref. 30 a more advanced semisinusoidal pore (s.s.p.) 

model bas been introduced. This model does not cause any complications 

in the transport equations at the contact points between the particles 

as attention is focussed on the pore form and not on the partiele form. 

The validity of the pore model bas been tested with hydrodynamic and 

electrical measurements. In the present chapter the model is further 

tested by comparing it with electrokinetic conductance measurements 

under such conditloos that surface conductance bas no influence. These 
31) conditloos are similar to those described by Van der Put and 

Derjaguin and Dukhin 1). In addition an attempt is made to describe the 

influence of surface conductance and the contrlbution of convective 

charge transport in terms of the s.s.p. model. 

Calculation of the electrokinetic conductance 

The electrokinetic conductance will be defined as the stationary 

volumetrie flow divided by the applied potentlal difference at zero 

pressure difference in order to rnaintaio consistency with the concepts 

of irreversible thermodymamics. It is sometimes colloquially called 

electroosmosis but we believe this to be incorrect, because in the 

terminology of irreversible thermodynamics electroosmosis should be 

rcstricted to the volume flow per unit current (i.e. L12 tL22 in 
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ref. 32 ). To calculate the electrokinetic conductance, first the charge 

density pin the diffuse double layer (D.D.L.) has to be known. This 

charge density is given by the Poisson equation 3
) 

p <3-66) 

where t is the permittivity and V is the D.D.L. potential. It also has 
1, 28) 

to obey Boltzmanns equation 

n. 
1 

ni exp.-

combined with 

P = E z. e n. 
1 1 

kT 

where z. is the number of unit charges of ion i, n. ~ its bulk 
1 1 

(3-67) 

{3-68) 

concentration, e the electronic charge, k is Boltzmanns constant and T 

the absolute temperature. 

18 19) 
The scalar Laplace operator in curvilinear coordinates equals ' 

~ 2!1! 
h h 

2!1! haha 2!1! a~ a a h aa. h~ aa. h'l! aq, 
'\i'v 1 

( 
a. {3-69) 

=ha.hrf; aa. aa acp 

Combining eq. (3-66) to (3-69) and assuming that there is only a 

potential gradient in the a. direction gives 

a~ 2!1! 
1 ha. aa. 

hh:h' aa. a. p q> 
(3-70) 

The assumption that there is only a potentlal gradient in the a. 

direction means that the equipotential surfaces of the D.D.L. contain 

the parameter curves a. = constant, which are orthogonal to the a. 

direct ion. 

This was verified by solving eq. (3-70) numerically <see later) for 

various values of a. It was found, that the variatien of the potential 

along a parameter curve a. = constant is smaller than 1 ~. so the 

assumption is reasonable. 
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This also shows that the curves a = constant are a good approximation 

for the actual streamlines, since the equipotential surfaces are 

parallel to the streamlines. 

Insertion of eq. (3-30) to (3-32) into eq. (3-70) gives 

f
2 2 

_--±JL.. 
rgf 

with houndary conditions 

at the wall and 

a = a.a: ~= 0 

at the pore axis. 

- E 
z.e n:" 

l l 

t 
exp (3-71) 

(3- Ha) 

(3-7lh) 

The Navier Stokes equation, with no pressure gradient and an applied 

electric potentlal gradient is 

... 
pE 0 ( 3-72) 

... 
where ~ is the dynamic viscosity,V a vector descrihing the velocity 

... 
field in the pore and E a vector, tangent to the curves a = const, 

descrihing the electrical field in the pore. 

For an incompressihle liquid tbe equation of contlnuity is 

0 (3-73) 

Eq. 3-72 and 3-73 give 

(3-74) 

.... 
As V only has a component in the 6 direction, denoted as V eq. (3-71) 

and 3-72 give 
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with boundary conditions 

a = a 
av 

0 a ; aa 

at the axis and 

a = R s; V = 0 

at the wall. 

Solution of this eq. gives 

V 
a 

AVL R 
I s 
a a 

a 
I 
a a 

(3-75) 

(3-75a) 

(3-75b) 

(3-76) 

If the D.D.L. thickness is small compared with the local pore radius the 

velocity profile is approximately flat in the a, a. ~ coordinate system. 

Then for the volumetrie flow through the pore Jpore one obtains for a 
V 

flat velocity profile : 

(3-77) 

where 2nh(a) aa is a unit surface element of a surface with its normal 

in the ~ direction. If there are n pores the electrokinetic volume flow 
e.k. 

J equals 

J
pore 

n V (3-78) 

eq. (3-67), (3-68) and (3-30) to (3-32) combined with (3-77), {3-78) and 

(3-50) to (3-52) give 
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L/2 
(J (are s i nh (cos "z. ) 

L 

R L/2 
C) '3z. I 1 

Jr { 1 + { 
0 0 0 

} 
2 

} y, drdz. ) - 1 

LCsinh 2C( 1 - ~ ) 
Rl 

2nz 
nRl sin L 

(3-79) 
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3.5.3. Calculation of tbe convective transport contribution to tbe 

electrical conductance. 

In order to obtain tbe local velocity in tbe D.D.L., equation (3-75) 

has to be solved for general a. 

The 

Ó.VL R ~ a h h 
V( a) f s f ~ 

l!ll.<ta> ~(a a hip a ha 
a 

total conveelive current transporled lhrougb 

I: z. erL v<a> h(a)aa 
1 1 

p<a>aaaa (3-80) 

the D.D.L. equals : 

(3-81) 

eq. (3-67), (3-30) to (3-32) and (3-80) subslituled in eq. (3-81) give 

for the porous bed 

(-.!. )conv 
~V 

2nnL 
l!i<~ > 

R 
f s 

<f2 +"'2 >y. z .ev 
!:> E n". z e exp - - 1

--
fg i 1 1 kT a 

a 
R a 

h(a) f s gf f 
a r(f2 +g2

) a 
a 

.L I: fg 0;." ~ e exp 
zi ev 

kT ooaaaa 

The number of pores n is oblained from eq. (3-51) and (3-52) and 

inserted in eq. (3-82), wbicb gives : 

f 
0 

2 2 y. z.ev 
(f f;g ) h (a.) exp _1_k_T _ 

_l )conv =-------~--------~~---------------------------t::.v L/2 

R fg s 

4'\Lll. f ( arcsinb(cos ~z ) - C) 2 dz 
0 

a. z.ev 
....!: I: 

_1 __ aa.aa.aa. f nl zie exp J r(f2+g2) fg kT 
a. 

a. a 

RI. L/2 ,.." sin 2nz 
}

2 
} y. dr dz f r { 1 + { L 

0 LC sinb 2C(l-~ ) 
l 
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3.5.4. Calculation of the electrical conductance includin& the effect 

of surface conductance. 

Tbe current density i tbrougb tbe D.D.L. equals 

(3-84) 

If a. is tbe position vector of ion i and <aa.tat> is tbe average 
1 1 

velocity of ions of type i. An analogous derivation as tbe one in 

section 3.4.3. and section VI of ref. 30 part I gives for tbe electrical 

current througb tbe n pores building up tbe porous bed : 

I 
a. 
I a n. 
R 1 

s 

(3-85) 

wbere ~i is tbe mobility of ion i as defined by equation (3-58). 

Insartion of eqs. (3-59), (3-51) and (3-52) in (3-85) gives 

_! ) cond 
t:.v 

z. 
1 

a. z.. e1jt 
c." I 0 exp - 1

-- b<a.>aa. 
1 kT 

L/ "' .., R • ( 21Tz. ) , R l L/, 1T l s 1 n L 
2 
~ 

4l I ( arcs i nb ( cos~z.) -C) 2dz. I I {1+{ · } } dr:dz. 
o o o L arcsinb en-~ > 

l 

(3-86) 

witb ~. is the equivalent conductance of ion i and c". is tbe bulk 
1 1 

concentration of ion i. Eq. 3-86 can also be obtained by substituting in 

eq. (3-62). 

a. 
I exp 
R 

s 

z.iev 
kT b<a.>aa. 

11,_ 
for I h< a.>aa.. 

R 
s 
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3.5.5. Numerical solution 

Equations (3-71), (3-79), (3-83) and (3-86) were solved with a 

Fortran IV program partly written in double precision. The program bas 

been running on a Burroughs 7900 mainframe system. The process time was 

about 45 min. 

The integrals in eq. (3-79), (3-83) and (3-86) were computed with 

lhe single precision standard subroutine 001AKF from the NAG library 
33 ). The slandard procedure makes use of the Gauss 30 point and Konrad 

61 point rules 
34

) It uses a global acceptance criterium according to 
. 35 ) h 1 1 . . • Maleolm and S1mpson . T e oca error 1s est1mated accord1ng to 

Piessens et al. 
34) 

1t was not possible to obtain numerically stable solutions for eq. 

(3-71). Therefore the exponent exp-z
1 

ev/kT was approximated by 

(1- 1.166z. ev/kT). The factor 1.166 was chosen as 1 1.166x is a 
1 

better fit to exp-x between 0 < x < 1 than the first two terros of its 

Taylor series 1 x. In order to rnaintaio consistency the exp in eq. 

(3-79), (3-83) and (3-86) was similarly approximated. 

It was found more efficient to replace the boundary condition 

a. = a. a; a-qr;aa. = 0 by a. a.
1

; V = 0, where a.1 was pos i tioned 

al such an a., that there was hardly any deviation from V = o and its 

position was of no influence to the results. Under these restrictions 

the boundary value problem 13 was solved with the simple shooting 

technique 20), combined with a fourth order Runge Kutta metbod 20 ) 

Solutions were obtained for various values of ~ to check the 

constancy of tbe equipotential surfaces along the curves a. = constant. 

It was found that the problem was reasonably well conditioned for the 

condition number 

COND "' M 
ó.2v 

For an explanation of this terminology, see ref. 20. 

A program text and userguide can be obtained from the author. 
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3.5.6. E::x:perimental 

The elect~okinetic and elect~ical measu~ements we~e pe~fo~med on 

monodispe~se qua~tz beds. The p~eparation and pa~ticle size and form 

distributions of the beds have been described in chapter 2 and in ref. 

30. Heasurements were performed in electrolyte solutions of pKCl = 1, 

2, 3, 4 at pH 3 and of pKCl 3 at pH= 5. 

For the interpretation of measurements at pH = 5 use was made of tbe 

Krypton B.E.T. Specific Surface Area for sieve fractions below 100 pro. 

Tbis was done because surface currents were important in these cases and 

tbe B.E.T. surface a~ea gives a better approximation to the molecular 

surface area than the T.A.S. and Digitize~ measurements. 

The electrokinetic conductances of tbe po~ous beds were measured 
36) 37. 38) 

with the apparatus developed by Verwey and Stein et al. 

afte~ slight modifications (fig. 3.4). 

Fig. 3.4. 

Schematic picture of the used 

apparatus. 

A is the po~ous bed, B are Zn 

electrodes, Care 

compartments filled with 

sath. Znso4 , D are 

compartments filled with 0.5 

K KN03 , E is a compartment 

filled with elect~olyte 

solution, F a~e stoppers, G 

are capillaries and H are 

menisci. 
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The electrokinetic conductance was measured by sending a constant 

current through the Zn/Znso
4 

electrodes. A potentlal difference will 

arise across the porous bed, which is measured with the platinum 

electrodes. The potentlal difference causes the liquld to flow; this 

flow can be measured by measuring the velocity of the meniscus in the 

capillaries. 

The volumetrie velocity divided by the potentlal difference gives 

the eleclrokinelic conductance. It was also verified that at pH 3 the 

electroosmotie conductance {Jv/I) 6P~O did notdepend on the partiele 

size. So surface conductance was negligible. 

The d.c. electrical conductance was directly obtained by 

simultaneously measuring the potentlal difference. a.c. values were also 

measured with a Philips PR9500 conductivity bridge at a frequency of 50 

and 1000 c.p.s. No difference between the three measurements was 

observed. It was verified that the electrical and electrokinetic 

transport processes were linear. 
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3. 5. 7. Results and discussion 

The electrokinetic conductance measurements are given in fig. 3.5 
4) 

together with the predictions of the s.c., t.c. pore model and eq. 

3-79. 

• VI 
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N 
'ï 
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~ 
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-1 
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/' 
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/ 

I 

I 
I 

I 
I 

Fig. 3.5 

3 4 
pKCL--

The electrokinetic conductance at pH=3 as a function 
of the KCl concentration. 

(----) theoretica! curve calculated with the s.c. model. 
(----) calculated with the s.s.p. model. 
(----) calculated with the t.c. model 

Ll experimental points. 

For the t.c. pore model, the tortuosity was taken equal to 1.55 and for 

the s.s.p. model the parameter C was taken equal to 2.83. These free 

parameters were obtained from calibration with hydrodynamic measurements 

(section 3.4 and ref. 30)). 
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The zetapotential necessary for the computation was obtained from 
1, 28, 39) . 

Smoluchowskies law , because 1n the absence of surface 

eonductanee there is no dependenee of the pore form whieh is proven by 
40) . . 

Overbeek . Clearly, aga1n, the s.s.p. model was super1or to the other 

two. 

The measured eleetrieal conductanee as a function of the partiele 

diameter at pH 5 and pKCl 3 is given in table 3.3, together with the 

total eomputed electrical conductanee (the sum of eq. 3-83 and 3-85) 

ealeulated for a zetapotential of 87 mV. 

TABLIO: 3.3 

The electrical conduetance as a funetion of the average 
partiele diameter at pH ~ 5 and pKCl 3. 

Average 

partiele diameter 

().Uil) 

200 

93 

40 

33 

13.5 

L22 
exp. 

(l0-6AtV) 

1.1 

1.2 

1.0 

1.1 

1.2 

L22 
theory 

(l0-6A/V) 

0.93 

0.91 

0.88 

0.89 

1.00 

The measured and caleulated eleetrokinetic eonduetances are given in table 

3.4. 
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TABLE 3.4 

The electrokinetic conductance as a function of the 
partiele diameter at pH 5 and pKCl 3. 

Average 

partiele diameter 

(tLm) 

200 

93 

40 

33 

13.5 

L12 
exp. 

-11 3 
(10 m /VS) 

0.28 

0.26 

0.17 

0.17 

0.15 

L12 
theory 

-11 3 
(10 m /VS) 

0.28 

0.27 

0.25 

0.27 

0.27 

From table 3.3. it is clear, that the experimental e1ectrical 

conductance data are about 20 ~ above the theoretica! values. Table 3.4 

shows that there is even more discrepancy between the experimenta1 and 

theoretica! electrokinetic conductances. The theoretica! electrokinetic 

conductance is nat decreasing. The experimental electrokinetic 

conductance is decreasing with decreasing partiele diameter. 

The discrepancy between theory and experiment can have many reasons. 

One of the causes for the discrepancy could be that surface conductance 

bebind the plane of shear is not included in the model. According to 

Zukoski and Saville 41 ), van de Put and Bijsterbosch 9), the 

contribution of this layer could be significant. Another thing is of 

course the linearisation of the Poisson Boltzmann (P.B.) equation. To 

study the influence of this effect, computations have been performed on 

the streaming potential measurements of van der Put and Bijsterbosch 9 ) 

This is done, because already some models 8
• 

29 • 42 ) have been tested 

with their experiments. 

The results tagether with some data are given in table 3.5. 

- 49 -



TABLE 3.5 

The streaming potentlal in volts as predicted by the various 
models for the data of Van der Put and Bijsterbosch as a 

tunetion of the electrolyte concentration. 

Streaming potential in millivolts. 

P.lectcolyte expedmental Levine Rice and Whitehead s.s.p. 

conc. conc. 

10 
--1 

0.8 0.25 0.3 0.05 

10 -2 10 5 9 

10 
-·3 

41 98 150 

10 
-4 

66 200 900 

The theoretica! results are obtained by taken the ratio of the 

electrokinetic and total electcical conductance and multiplying this 

- d'ff f d t d . . b h g) h wtth the pcessure 1 erenee o van e Pu an BlJSter osc T e 

s.s.p. model describes the experiments at lower concentrations better 

than the Rice and Whitehead model 42 ). These authors also applied a 

linearized P.B. equation, thus the electrostatle part is equivalent to 

the one employed in the present paper. The results at 0.1 M cannot be 

consideced to be indicative in view of the uncertainty of the 

measurements (~ 2 mV). 

Levine at al. 8 ) have developed a s.c. model in which use was made 

of a much better approximation for the charge density. This greatly 

reduces the gap between theory and experiment. This suggests that if it 

would have been possible to numerically incorporate a much better 

approximation to the P.B. equation the difference between our 

experiments and the theoretica! predictions of the s.s.p. model would 

have been reduced. Both drawbacks of the model used, point out that the 

gap between theory and experiment is mainly due to limitations in the 

description of the potentlal profile and oot to the pore structure 

assumed. 
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3.5.8 Conclusions 

It can be concluded that the s.s.p. model is superior to the s.c. 

and t.c. model. When there are discrepancies between theory and 

experiments, these are not due to the assumed pore structure but mainly 

to assumptions of an electrastatic nature. 
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3.6. Some thermadynamie considerations 

3.6.1 Introduetion 

In this section and ref. 30 and 43 a new pore model bas been 

introduced, the so-called semisinusoidal pore (s.s.p.) model, to 

describe hydrodynamic, electrical and electrokinetic transport through 

porous beds. 

By applying the concepts of irreversible thermodynamics in the 

present paper, it will be shown that if the hydrodynamic, electrical, 

and electrokinetic conductance are correctly predicted by the s.s.p. 

model, it is possible to predict related transport phenomena. Koreover, 

a diagram can be calculated which shows when stationary processes are 

possible and when not. 

3.6.1. Thermadynamie relations 

llydrodynamic, electrokinetic and electrical conductance under 

stalionary conditions can be described by the following Onsager 

relations 32 ) 

J 
V 

1 

(3-88) 

(3-89) 

where L
11 

is the hydrodynamic conductance, L
22 

the electrical 

conductance and L the electrokinetic conductance. J is the volumetrie 
12 V 

flow through the porous bed, I the electrical current and ~p and ~V are 

the pressure and potential difference across the porous bed. 

The conditions under which relations 1 and 2 are valid, have been 
. 1 . . 44, 45) . extens1ve y studled by Rastog1 et al. , Sr1vastava et al. 

46, 47) l kh l 48, 49) 50, 51) Wl"th , B o ra et a . and Hidalgo-Alvarez et al. 

respect to the cited references it should be remarked that in our case 

all lhe transport phenomena were found to be linear. 
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From equation (3-88) and (3-89) it follows, that one can predict any 

transport phenomenon basedon these equations if one knows L
11

, L
12 

and 

L22 
For example, the electroosmotie conductance is 31 ) 

J 
_y 
I ) b.P=O = ~2 

(3-90) 

The electroosmotie conductance as is predieled by eq. 3-,,90 and the 

s.s.p. model is shown in table 3.6 

TABLE 3.6 

The electroosmotie conductance in m
3

/SA, as calculated with 
lhe s.s.p. model and eq. (3-90) as a funclion of the KCl concenlralion. 

KCl 

concentrat ion 

(mol/1) 

10-l 

10-2 

10--3 

-4 
10 

- 2.75 1t 10-9 

- 1.13 1t 10-7 

- 3.45 1t 10- 7 

- 5.29 1t 10-7 

The filtration coefficient is given by 52 ) 

J 
V 

b,.p ) I=O Lll ( 1 

2 

L12 - ) 
L 11 L 22 

(3-91) 

In our case the dimensionless group L~ 21<L11L22 > is much smaller than 1 

(see below), so the filtration coefficient is nearly equal to the 

hydrodynamic conductance. 
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31) 
Other transport phenomena have been derived by Van der Put and 

51) 
Staverman . It has been shown that for an irreversible process the 
. 1 . . •t• 53, 54) Interna entropy production diS/dt ts post tve so 

T dt J t:.P + 1 t:.v > o 
V 

where T is the temperature. 

If eq. (3-88) and (3-89) are inserted in eq. (3-92) the following 

inequality is obtained for the dimensionless group L2/(f.llL22) 54 ) 
12 

< 1 

(3-92) 

(3-93) 

This means, that by purely thermadynamie reasoning from eq. (3-88) and 

(3-89) an upper boundary for the absolute value of the electrokinetic 

conductance (L
12

>·can be predieled: 

So it is thermodynamically impossible to have stationary processes based 
% 

on eq. (3-88) and (3-89) if IL12 1 > <L11L22 > • 

An interesting point is, that L11 , L12 and L
22 

only depend on 

material and geometrical parameters. So there are cases in which the 

combination of these parameters is such, that no linear transport 

phenomena in the sense of eq. (3-88) and (3-89) can occur, however small 

the driving forces and fluxes are. 

With the s.s.p. model the upper limit of the stability region is 

calculated. The results are given in fig. 3.6. Table 3.7 shows that the 

electrokinetic conductance is well within the stability region. 
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TABLE 3.7 

IL
1 

I in 10-
9 m3 /VS calculated with the s.s.p. model and 

eq. (3-~4) for various partiele diameters and KCl concentrations 
at pH = 3. The last values are the values for IL I actually 

measured. The partiele sizes are obtained as d~~cribed in 
Chapter 2 and ref. 30. 

lQ-1 lQ-2 10-3 lQ-4 

13.8 2.15 0. 71 0.42 0.37 

29.1 4.43 1. 5 7 0.85 0. 75 

32.1 5.1 1.8 1.00 0.9 

43.8 5.7 2.03 1.12 1.0 

57.1 10.5 3.7 2.05 1.8 

' 100 17.5 6.2 3.43 3.02 

214 37.2 13.2 7.3 6.4 

experiment al 0.16 0.99 1.32 1.35 

* 10-3 
* 10 

-3 
* 10-3 

* 10-3 

This table contains the upper boundaries <L
12

> and the electrokinetic 

experiments at pH = 3 
43

). Fig. 3.6 can also be used to check if other 

experimental and theoretica! values of transport coefficiënts of beds 

consisting of monodisperse granular particles are possible. 

3.6.2. Conclusions 

It is shown that with the aid of thermodynamics and the s.s.p. model 

many electrokinetic transport phenomena can be predicted. 

It is possible to decide on thermadynamie grounds and with the 

s.s.p. model whether a stat. transport process through a porous bed is 

possible or not. 
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3. 7. FREQUENCY DEPENDENT RESISTANCE KEASUREKENTS 

3. 7 .1. Introduetion 

In section 3.5 it was concluded that differences between the 

experiments and the predictions of the s.s.p. model are mainly due to a 

linearisation of the PB equation but may also be caused by the occurence 

of conduction through the Stern layer. In order to obtain somewhat more 

insight in the latter phenomenon frequency dependent measurements were 

performed. 

In the past attention bas been focussed mainly on the dependenee of 
55-61) . 

the permittivity on frequency . However, because the res1stance 

could be measured more accurately than the capacity and the frequenèe 

dependenee Óf the resistance gives similar information , as obtained 

from -capicitance measurements,only attention was paid to the resistance. 

To-interpret the results a modél was derived for the frequency 

dependenee of the impedance from which only the part was tested which 

gave the resistance. 

3.7.2. Experimental 

The resistance and capacity were measured of various porous beds 

filled with an electrolyte solution as a function of the frequency. The 

beds were prepared as described in chapter 2. The measurements were 

performed with a Wayne Kerr Universa! Bridge B224 connected to a General 

Radio 1316 oscilator and a General Radio 1238 detector. In order to 

measure the frequency accurately a Fluke 1900 A multimeter was used. 

Use was made of a compensation metbod in which the capacity and the 

resistance of the system were compensated by the Wayrie Kerr bridge. The 

capacity was not used in the calculations as its value was very low. 

Th 1 h dl lf . d t• . f t . • . 60 ) ere was a so ar y any se -1n uc 1on, so 1 he spr1nger c1rcu1t 

is assumed to be valid the impedance is nearly equal to the resistance. 

Keasurements were performed above 500 c.p.s. and below 10.000 c.p.s as 

outside these bounderies it was impossible to perform measurements 

accurately. 

- 57 -



Care was taken that the beds were properly thermostated as it was 

observed tbat small temperature fluetuations deereased the aeeuracy of 

the measurements. 

It made no differenee whether blaekned or blank Pt eleetrodes were used. 

If no porous bed was plaeed between the eleetrodes but only an 

electrolyte solution, 

no influence of the frequency was observed at any eleetrolyte solution. 

These observations exclude electrode polarisation or any other 

dependenee of tbe results on the measuring equipment. 

3.7.3~ ~esults and discusslons 

There was no influence of the frequency on the resistanee except at 

pH ~ 5 and pKCl ~ 5. At these concentrations, however, the frequency 

dependenee of the resistanee sbowed tbe ebaracteristies described below 

for five different beds, eomposed of solid partieles of different sizes, 

and at a number of different temperatures. This exeludes tbe possibility 

that the frequene.y dependent bebaviour described is of an aeddental 

rather tban of a systematie nature. 

A typical result at tbat concentration is shown in fig. 3.8. 

The most remarkable feature is tbat tbe curve bas a maximum at about 

5000 Hz. This eorresponds to an angular frequency of 31400 eyeles per 

second. In the subsequent text the word "frequency" will not refer to 

the angular frequency, but it will mean the number of oseillations per 

second which is given in Hertz. If one wants the angular frequency the 

frequency bas to be multiplied by 2u. Table 3.8 shows that the peak 

resistance of the smallest partiele sizes does depend on tbe partiele 

si ze. 
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fig. 3.8 

The resistance as a function of the frequency. 
Average partiele size is 92.9 wm; polydispersity is 1.17; T 23.5 "C. 
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TABLE 3.8 

The peak impedanee as a funetion of the partiele diameter 

diame!;.er resistanee 

<wn> no6
0> 

200 25 

100 26 

57 29 

37 25 

28 16 

13 12 

Table 3.9 shows the zetapotential as eomputed with von Smoluchowski law 

al pH ~ S for various partiele sizes and KCl concentrations at pKCl = S, 

lhe zetapotential eomputed in this way is lower than at pKCl = 3. 

pi< Cl 

partiele 

<wn> 

200 

100 

45 

32 

28 

13 

60 -

TABLE 3.9 

The zetapotential according to von Smoluehowski in mV 
as a funetion of the pKCl and partiele size. 

1 3 

si ze 

-11 -89 

-12 -75 

-11 -60 

8 -SS 

7 

- 8 -45 

-31 

-32 

-30 

-30 

-31 

-20 



Tbis indicates tbe influence of complicating processes like surface 

conductance, convective charge transport or relaxation. 

It is assumed tbat to a first approximation only convective charge 

transport and ionic conduction is necessary to explain tbe maximum in 

fig. 3.8. 

Tbe upgoing part of tbe curve can be explained by convective charge 

transport. Because tbere is an inertial force due to the mass of the 

liquid the conduction caused by convective charge transport will lower 

when the frequency is increased. 

This causes the total resistance to increase as the frequency is 

increased. Due to a form of ionic conductance the resistance will lower 

h f 
. . 62 - 66) . 

when t e requency 1s 1ncreased . The conduct1on process 

concerned cannot be bulk conduction, becau,se measurem!lmts in tbe abs~nce 

of a bed between the electrodes did notshow any frequency dependance. 

This ,also excludes electrode poladsation. It cannot , be sllrface 

conductance through the diffuse double layer as the frequency at which 
5' 7 64, 66) 

this process plays a role is in the range of 10 - 10 Hz. The 

process can be understood as caused by conduction through the Stern 

layer or to relaxation of tbe D.D.L. If conduction through the Stern 

1ayer is important one sbould picture a mechanism as is shown in fig. 

3.9 in wbich ions bop accross an energy barrier from one hydroxyl group 

to the next. This also explains why it cannot be seen at 1arger 

electrolyte concentration as then the conduction througb the Stern layer 

is very small compared to tbe bulk conductance. Tbe concept of 

conduction througb tbe Stern layer was a1so used by Urban, white and 

t 
8

1) t 1 . th . 1 f d • 1 s rassner o exp a1n e1r anoma ous sur ace con uct1on resu ts. 

Derjaguin and Dukbin 1 ) used tbis concept to explain the results of 
82) 

Bull and Gortoer wbo dealt with comparable partiele sizes and 

electrolyte concentrations as in this thesis. 
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Fig. 3.9 

An example of bow tbe mecbanism of conduction tbrougb tbe Stern 
layer is viewed. 

Fig. 3.10 shows tbat tbe peak frequency is approximately independent 

of tbe partiele slze 
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Fig. 3.10. 

The frequency at which the maximum reslstance occurs 
versus the average partiele diameter. 



This means that since convective charge transport depends on the 

f h . 1 d. l, 43 ) h d t h . 1 h square o t e part1c e ra 1us t e con uc ance mee an1sm a so as 

to depend on the square of the partiele radius . This is only the case 

for conductance througb the Stern layer and relaxation due to diffusion 
55) d . . . . •. . In or er to descr1m1nate between these two poss1b1l1t1es 

measurements on the temperature dependency of tbe resistance were 

performed. 

If relaxation is important one should not expect an Arrhenius like 

behaviour of the peak frequency. If conduction through the Stern layer 

is important one should expect an Arrhenius like behaviour caused by the 

hopping of the adsorbed ions of convective charge. Transport does not 

d d h 56, 67. 68) . 3 h h h" . epen too muc on temperature . F1g. .11 s ows t at t u 1s 

the case. Twelve experiments sbowed that tbe activation entalpy equals 

17 ± 3 kJ/mol, which is quite reasonable as compared toother conduction 

processes 69 ) and which is of the same order as obtained from the 
55, 56) . 

conduction of adsorsorbed layers . Tbe 1ntercept of tbe ln wc 

versus 1/T curves was 15.5 ± 1.5 wbich depends on tbe activation 

entropy. The conductance mecbanism through the Stern layer as assumed 

bere sbould depend on tbe kind of conduction ion. However, no attempt 

was made to investigate tbis experimentally. 

90 

fig. 3.11 

Tbe logaritmie frequency as a function of tbe reelprocal temperature. 
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3.7.4. A semiguantative model to obtaln the order of magnitude of the 

characteristic time of conduction tbrough the Stern layer. 

To estimate the characteristic time of conduction through the Stern 

layer a tentative model based on convective charge transport and 

conduction through the Stern layer is developed. No att~mpt will be made 

to predict curves like fig. 3.8 quantitatively as this is beyond the 

power of the model, but only to show which factors might influence the 

frequency dependent resistance and which computational route bas to be 

taken to arrive at a characteristic time. 

The model is set up in such a way that it is related to the 

impedance inslead of the resistance. However, the imaginary part 

descrihing the capacitance will nol be used, only the real part 

descrihing lhe resistance. 

ln the model the following assumptions are made : 

l) ihe main causes for the frequency dependent resistances are 

convective charge transport and conduction through the Stern layer 

via a hopping mechanism (fig. 3.9). 

2) There is no influence of curvature so the pore walls are viewed as 

perfectly flat. 

3) Use will be made of the linarised P.B. equation to facilltate 

computalions. 

4) The velocity profile is as shown in fig. 3.12. This profile is not 

too unreasonable as the liquid bas a large momenturn of inertia thus 

preventlog the development of a complete flow field. 
. 70) 

ihts phenomenon has also been shown to occur by Bowen and the 

experiments of Hanna and Osterle 72 }. From the work of the latter 
. . 1 h . ~ - 2 - 4 d authors, 1t 1s c ear t at 1t ta~es about 10 to 10 secon s to 

develop a complete velocity profile. Batchelor 84 ) gives an example 

of an oscillating plate in a fluid. He shows that the effect of the 

plate decays very rapidly as a function of distance. The solution 

for fixed time for the velocity as a function of distance looks like 

shown in fig. 3.13. The part which is most important is of the order 

of part of a wave length. Since the D.D.L. is a continuous region 

and nol a flat surface tbis part of the wavelength is taken to be of 

the same order as thickness of the D.D.L. 
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V 

Fig. 3.12 

The velocity distribution in the pore and the distribution of the 
electrical force both in arbitary units. The phase difference between 

the electrical force and the velocity is different for different 
di stances. 

Fig. 3.13 

The velocity versus the distance in arbitrary units for a vibrating flat 
plate in a liquid that is initially at rest. 
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Thus it is quite fair to assume that if an oscillation force is 

exerted on a surface layer in a pore (the electrical force on the 

charges in the diffuse double layer} the liquid in the bulk will not 

move due to its moment of inertia. 

More specifically it will be assumed that the liquid in the bulk 

does not move at all, but that a small layer witb a thickness of the 

D.D.L. will oscillate witb the same frequency as tbe applied 

electric field, and that it does have a pbase lag causing tbe 

capacitance contribution in the impedance. In reality tbe tbickness 

of the moving layer will depend on tbe frequency but tbat case is 

much more complicated than tbe one assumed bere. 

5. Conduction tbrough the Stern layer can be treated as tbe two 

dirnensional analog to bulk conductance witb tbe difference that in 

the Stern layer tbe ions are more rigidly bound than in the 

electrolyte solution. 

6. It is assumed that conduction tbrough tbe Stern layer at infinite 
64, 66) 

frequency is rnucb larger than at zero frequency From fig. 

3.8 it is clear that tbe quotient is at least a factor 1.5, but 

probably much more since at low frequencies tbere is also a 

contribution of convective charge transport. 

1. The activation entropy contribution to tbe activatlon Gibbs-free 

energy of the bopping rnecbanisms is negligible comparted to tbe 

entalpy. Exact data are available only for tbe bulk conduction wbere 

indeed TÓS << 6 H 75 ) in spite of pronounced ordening of the 

solution around an ion. 

8. There is no partiele size dependenee of ÓH and tbe tbickness of tbe 

rnoving layer. This is quite reasonable as tbe surface for all 

partiele sizes is similar. Tbis bas been checked by measuring tbe 

zetapotential at pH = 3 and pKCl 

on the partiele size. 

2, 3,4 wbicb were not dependent 

9. Conveelive charge transport is nearly independent of tbe temperature. 

10. At pH = 5 tbe surface is fully covered witb K+ ions. Tbis is 

reasonable as the point of zero charge is at pH = 2, so tbe surface 

bas a strongly negative charge wbicb means tbat K+ adsorbs easily. 
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3.7.4.1. Computation of the convective charge transport contribution 

If there is no pressure gradient the equation of motion in the 

D.D.L. is : 

.... 

.... 
-'> -'> dV 

V - p(x) E = mdt 

with V 0, x 0 

.... 
V = 0, x k 

{3-95) 

(3-95a) 

(3-95b) 

where B is the applied electric field, m is the density and x is the 

distance from the wall (see fig. 3.12). 

The velocity and applied field are tangentlal to the surface. It is 

assumed that they vibrate harmonically with a pbase lag between tbem. 

If one solves equation (3-95) by substitution V .... -V cos ~ t and E = E 

cos(~t + Ó) as is done in appendix I, the salution is found not to 

satisfy the boundery conditions (3-95a) and (3-95b). Therefore the 

following substitution is made . 

V(x,t) V(x) exp. 2ni~t (3-96) 

IHx,t) E(x) exp (21f~t + Ó) (3-97) 

with t = time, ~ = frequence and E and V are the amplitudes of the 

electric and velocity field respectively. Tbis will cause tbe salution 

to become complex. Interestingly it will turn out that tbe amplitudes 

are complex too due, to a dependenee of tbe pbase difference on the 

distance from tbe wall (see further). 

From equation (3-96) it is clear tbat the velocity bas a real and 

imaginary component, whicb, togetber with (3-97) will cause the real and 

imaginary part of the impedance. 

Substituting (3-96) and (3-97) in (3-95) togetber witb 

p(x) = - E: fi 
dx 2 and assumption 2 gives 

d2V(x) 
t E exp ió 

d2W' 
21T m i~ V( x) m ---+ 

dx2 dx2 (3-98) 

wbere tjl' is the D.D.L. poten ti al. 
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For symmetrical electrolytes the potentlal is described by 

à_= 2z e n 
0 sinh ~ 

kT 

F'or low potantials (assumption 3) 

2 
KW 

wilh K The Debije HÜckel parameter. 

The boundery condilions are 

0 

x 

Then the salution of eq. (3-100) is l,Z) 

W t; exp - ;:;x 

equation (3-100) and (3-101) introduced in equation (3-98) gives 

d 2V 2 A 

lt -·- + K t; c E exp i6 exp - KX 2n m (,) V(x) 
dx 2 

. 

(3-99) 

(3-100) 

(3-lOOa) 

(3-lOOb) 

(3-101) 

(3-102) 

The complex character of V(x) is caused by the dependenee of the 

phase lag on x as at x = k the phase difference between the electrical 

force and V is zero and closer to the wall it is not zero, so the phase 

difference depends on x (see fig. 3.12). It may seem strange that the 

amplitude of the velocity is still complex, but one should realise that 

the conductance associated with it is defined as the ratio of the 

current density and the electric field strength. 

For the current density and the velocity inertlal effects play a 

role which depend on the distance from the wall so that the phase 

difference between the electrical force and the field strength depends 

on x, thus causing an imaginary component in the velocity amplitude. 
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As we are only interested in the real part of the current and velocity V 

is split in a real and imaginary part as : 

(3-103) 

V* is the real part of V and V0 the imaginary part. Substitution of 

(3-103) in (3-102) gives 

Separating the real and imaginary part gives 

Define 6 as 

el cos ó 
ll 

and 6 2 as 

2 

62 = ll..f sin ó 

and ( as 

ll 

21T m c.> ) % 
ll 

- 2n n. (,) v o 

Kx sin ó 2n m c.> V* 

sin Ó) 

substitution of (3-107) to (3-109) into (3-105) and (3-106) gives 

(3-104) 

(3-105) 

(3-106) 

(3-107) 

(3-108) 

(3-109) 

(3-110) 
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0 (3-llOa) 

with bounde~y va1ues: 

x ~ 0; v0 = 0 and v~ 0 (3-llOb) 

x k· . 0 and V* 0 (3-llOc) 

with k being the distance f~om the wall at which the liquid is at ~est. 

The coupled set of diffe~ential equations, (3-110) is solved with a 

standa~d method (see e.g. ~ef. 77). Fi~st (3-110) is t~ansfo~med toa 

set of fou~ coupled fi~st o~de~ equations by 

yl V* ( 3-llla) 

y2 
dV"' 

(3-lllb) 
dx 

y3 
vo (3-111c) 

y4 
dv· 

C3-111d) 
dx 

then 

-> -> 

dx 
A y + i (x) (3-112) 

wi th 

... dyl dy2 dy3 dy4 gy 
(3-113) 

dx dx dx ' dx ' dx 

(~, 
1 0 

;) 0 -Ç2 
A 

0 0 
0-114) 

0 0 
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a.nd 
-+ 

f(x) 
-+ 

( 0, - a, E exp k.x, o. -a Ê exp - k.x) 
2 

(3-115) 

Equations (3-112) to (3-115) are solved by determining the eigenvs.lues 

and eigenveetors of A and finding a particular solution. According to 

ref. 77 the total solution is ; 

with 

-+ 
Vl= (1, ! .. r1. i. - v..ru <3-117) 

-+ 
V2= (1, -! ..ri. i • !f..ri) (3-118) 

.... 
V3= n. ! "...-i. -i, -i ..r-i !> {3-119) 

.... 
-! V = (1, ..r-1. 

4 
-i, i ..r-i 0 (3-120) 

al al 

Êal Êf f 2 -a e
1

E Ê !2 ! ~- e2 
-+ K' 2 

) . IC 
) . g ( - ~+ 2 4 1 + !4 /11:4 

3 1 + Ç ~IC 4 
IC IC IC 

~ 

el . E\ 
e2 !2 2-

E E ! 2 
) . IC 

) ) (3-121) 2 1 + Ç4 /IC4 
IC 1 !''IK 4 

IC 

and c
1 

to c
4 

are complex constants. It should be noted that in the vector 

equa.tion the second and fourth component are the derivative of the first and 

third component. 

The real velocity equals the first component of (3-116) to (3-121), so 

. ~ 

VI'= cl E e.ll:p (! ..ri .ll:) + C 
2 

E exp ( - ! ..ri x> + c3 E exp (Ç ..r-i X) 

~ 
ie1 

Ê( t2e '"2- e 
c

4 
B exp (- ( ..r -i .J:) - ( 1 2 (3-122) 

C'2 c" 1 + r lc" 
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At first sight it may seem that V* is still complex due to the complex 

exponents. However, c
1 

to c
4 

are also complex. If one resolves the 
78) complex numbers and it is noted that the velocity decreasas as x or 

I; increase, then 

-+ 

L 
E 

exp ( - ) { C 
5 

cos ( Lx ) + c 
6 

sin ( 
..rz ..r2 

X) 

..r2 

r: 
4 ( 

!( 

(3-123) 

with the boundery conditions x 0, V* 0 and x k; v* o c
5 

and c
6 

can be obtained as : 

-1 
1;261/l 62 

c5 -- t e ) (3-124) 
2 1 2 

1 -t 1;4 /1(4 !( !( 

( I; k/ ..r 2) ~; 2 e 1 -cos u 
exp c ..r2 c 

2 { el - ( >} ( 
sin U 

3-125) 
6 2 

1 + 1;4 /r::4 r:: r:: 
..r2 

!''or the velocity profile in fig. 3.12 the convective current density 

· 1 tol) ~)·. 1s equa A 

c Ê / V~X) ~ dx 
o E dx 2 

Substitution of (3-100), (3-101) and (3-123) and integration gives: 

r:: + L- exp ( - r:: 

.è_ L2 
2 + ( r:: + ..r2 ) 

exp ( -· ( r:: {.L ..L n ..r2 + (K + ..r2 ) sin ..r2 

L 
..r2 + 

+K(tE( 
( f (\ ;.( - ~ ) 
----''-------"'-( 1 

(1 +' 1;4 /r::4 
exp 

(3-126) 

(3-127) 

s now used for the current density and not anymore for the complex 
number. 
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For an electrolyte solution at pH = S and pKCl = S K is of the order 10
7 

-1 
m . ! is about 3290 ,r~. If Ç would be of the same order as K then ~ ~ 

10
7 

which is much larger than observed, so ! << K. k is assumed to be of 
-1 -7 

the order K "' 10 , so !k « 1, cos(Çk/,r 2) "'- 1 and sin(Çk/,r 2) "' 

(Çk)/(,r 2), with these approximations (3-124), (3-12S) and (3-127) 

become 

- ( 

L 
2 

K 

< 1 + ~k2> !!L< e + Le > 
V 2K 2 1 K 2 2 

2 
K 

2 
K 

_L 
,r2 

) < 1 - exp - Kk) } 

Combinins (3-128) to (3-130) and (3-107), (3-108) gives 

(3-128) 

(3-129) 

{3-130) 

( 
2 

(
2 

K E E2 k ,.2 ~ k 
=---'-"----"'---=--"-'-----"'(cos ó + _s_sin Ó) ( 1 + ~) (1- exp- Kk(l+kx)) 

2ll k 2 ,r2 

The specific conductance due to convective charge transport equals 

conv 
K i 

A 

E 

Combining (3-131) and (3-132) and differentiating to ~ give~ 

{ 2 ~ k (cos 

( 1 + {L) 
,r2 

< exp - Kk (l+kx> - 1) 

2 
ft) 6 + Lsin 6> ( 1 + +~~ 

2 ,r2 IC 

rr ~sin 6> } !iJl + (cos 6 + 
,r2 2 d(l) 

IC 

tl.sin ó> 
"2 

(3-131) 

(3-132) 

(3-133) 
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with 1T m % _1_ 

~ -rfil 

3.7.4.2 ~ontribution of the conduction through the Stern Layer 

(3-134) 

For conductance through the Stern layer the following general dispersion 
. . . S9, 66) . 

relatton ts valtd equ1valent to bulk conductance (assumption S): 

lf. t <As As> 
0 00 0 

(21Tfil ) 2 

(3-13S) 

with 1\ s and As are the conductance through the Stern layer at zero and 
0 00 

infinitely large frequency resp. and t is a characteristic time. 
c 

This equation is due to relaxation of the ionic environment around ions 

in the Stern layer. The term "ionic environment" will subsequently refer 

to other ions in the Stern layer, which are distributed in a more or 

less structured way due to coulombic interactions. It will not refer to 

ions in the solution. 

ln an alternating field the ions possess an oscillatory motion. 

At low frequencies the ionic environment is asymmetrie, caused by 

the external field. But if the frequency is so great that the period of 

oscillation is of the order of the time of relaxation of this 

environment then the asymmetrie ionic environment has less time to form 

as a result the ionic environment departs less and less from spherical 

symmetry of the unperturbed state as the frequency. So the conductance 

of the Stern layer will increase accordingly. The increase in 

conductance in the Stern layer will occur at much lower frequencies then 

in the solution as the Stern layer is much structured so it takes more 

time for the diffuse double layer to rearrange (assumption 6). 

Taking the derivative to fil gives 

1 
(3-136) 
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Using assumption 6 gives 

( 3-137) 

00 
If v

1 
is the number of ions, that are transported a unit length per 

unit time at infinite frequency, then 

(3-138) 

At infinite frequency there is no influence of retardation and 
. 73, 74) 

relaxation due to a double layer around the 1ons . Thus the 

velocity of the ions can be viewed as being completely determined by a 

hopping mechanism. The mechanism consists of ions hopping from one 

surface group to the other tangentially to the surface (fig. 3.9). 

Eyring et al. 75 • 76 ) have shown that in such a case the velocity can be 

described by 

N e a 
l:l.é 

exp - RT (3-137) 

where C~ is the surface concentration, a the distance over which the 
1 

jump is performed. l:l.G~ the Gibbs free energy associated with 

the jump and h Plancks constant. It is assumed that l:l.G~ = l:l.H1- Tl:l.Sf ~~H~ 
(assumption 7). 

Substitution of eq. (3-138) and (3-139) into eq. (3-137) gives 

(3-140) 
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3.7.4.3 Numerical estimation of the characteristic time 

At the maximum of the resistance 

dA.conv (c.l) 
dc.l 0 

insertion of (3-133) and (3-140) ~ives 

2 s 2 (81T2 t2 e ei NAva AH E c exp RT h 0t(21T (,) 

c.l) 

t )2) 2 
c 

+ 2).1. (exp - Kk(l+kJ:) 1) { 2~k(cos ó + è_ sin 
2 K 

~2 k{ 
2 

sin ó) { lt ~) + ,r2 (cos ó + ~sin Ó) 
K K 

Ó) (l + 

(3-141) 

ft 
..r2) + 

(3-142) 

This equation shows that the maximum in the resistance (minimum in 

the conductance) as a function of the frequency is independent of the 

partiele size if assumption 8 is valid. It also shows that there is an 

actual maximum in the resistance as a function of the frequency, which 

is also found experimentally. 

Tbe logaritmie dependenee of the peak frequency, which is also found 

experimentally witb the reciprocal temperature is reflected in the 

exponent in eq. (3-142) if assumption 9 is valid. If a mean frequency c.l 
0 

at 5000 Hz, stepsize of JA (the Si-0-Si bond lengtb) and C~ corresponds 
-5 1 2 to full covera~e (assumption 10) then c7 1.9 * 10 mole/m and the 

1 
cbaracteristic time as a function of tbe fase an~le is shown in fig. 

3.14. 

As the capacity in the experiments was very low the phase difference 

is very low, so the characteristic time is about 10-9 sec. This is much 

lower then found in the experiments. From the experiments it is clear 

that t should be about 10-2 to 10-4 . This erronous prediction is due to 
c 

the many assumptions. However, the scope of the derivation was not to 

give quantitative predictions but to show a computational route to 

describe frequency dependent resistance measurements. 
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O rt/4 rt/2 

Figuur 3.14 

Tbe cbaracteristic time as a function of tbe pbase angle. 

3. 7. 5 Conclusions 

From frequency dependent resistance measurements it can be concluded 

tbat conductance tbrougb tbe Stern layer becomes important at pH = 5 and 

pKCl '" 5. 

Tben tbe frequency dependent resistance of porous beds shows a maximum. 

Tbis is caused by opposing effects of convective charge transfer in tbe 

O.O.L. and conduction tbrougb the Stern layer. 

The activatien energy for tbe latter conduction process is 17 ± 3 

kJ/mol. 
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3.7.6 Appendix 

In this appendix equation (3-95) is solved by substituting 
A 

V V cos cut . 
E E cos (cut + Ó) 

and equation (3-101) and p(x) 

d
2 v 

).l cos cut---
d x2 

2 
+ ( I( i; exp 

tb en 

KX E cos (cut + Ó) mcu V sin cut (A-U 

using cos (cut + Ó) ; cos cut cos ó sin cut sin ó and concluding that 

the sum of the eosine and of the sine terms must be separately equal to 

z.ero : 

d_
2 v · 

).l tcKt'(exp-Kx)Ecosó 0 
dx

2 

c K 
2
( (exp - KX) Ê sin ó m CU V 

r'rom (A-3) 

V exp - Kx 
mcu 

Substituting (A-4) in (A-2) gives with tan ó < 0 

1 
sin ó 

( 1 + 

Substituting in (A-4): 

V 

-2 2 
m cu 

(exp - KX) 

(A-2) 

(A-3) 

(A-4) 

(A-5) 

(A-6) 

This equation does not fu1fill the boundery conditions v(O) = 0 and V(k) 

= O, so one has to take into account the imaginary components too. 
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4. ELECTROOSMOTie DEWATERING OF KORTAR SLURRIES 

4.1. Introduetion 

In this chapter experiments and results of electroosmotie dewatering 

(subsequently abbreviated as EOD) are described. 

Electroosmotie dewatering is a non-stationary transport process, so 

that it is much more complicated than the transport phenomena described 

in chapter 3. 

Very little fundamental literature on EOD exists, but many patents have 

been granted e.g. ref. 1 - 6. These patents mostly concern electrode 

constructions. Apparently hardly any research bas been done on the 

fundamental processes influencing EOD. In this chapter. the parameters 

which are important in EOD will be studied and a qualitative picture of 

the processes involved will be given. No rigorous mathematical treatment 

will be presented as is done for the stationary transport processes 

described in chapter 3, because the physical picture and the resulting 

differential equations are much more complicated. 

4.2. Description of the electroosmotie dewatering experiments. 

The electroosmotie dewatering expedments were performed on slurdes 

which were poured into a thermostated slightly conical vessel A (see 

fig. 4.1). The vessel was conical in order to allow the cement mortar to 

be removed more easily. It was silanised with dimethyldichlorosilane of 

h • 1 ( d 7) . . 1 BDH C em1ca s pro .nr. 28197) 1n hexane so 1ts g ass surface was 

fully covered with CH3-groups. This prevented the mortar to stick to 

the surface. The sensor C which was then inserted together with the 

upper electrode B made it possible to measure the radial conductance at 

three places via the conductivity cells (H). The local temperature at 

three places at the sensor surface (G) and the local potential with 

electrodes I at five places. The conductivity cells and working 

electrodes B and F consisted of unblackened platinum. The bottorn 

electrode was supported by coarse monodisperse sand (E, av. diameter 776 

wm and polydispersity 1.01). 
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10 20 30 40 50 
A 

Fig. 4.1. 

The slurry with the sensor during EOD. 
a;side cross-section; b=top cross-section 
A thermostated vessel, B 
C sensor D 
E sand filter supporting the F 

bottom electrode G 
H conductivity cel I 

B 

upper electrode 
sample 
bottom electrode 
thermocouple 
potential sensor. 

T 
A 

This secured sufficient support for the electrode and prevented the 

cement mortar from flowing through the meshes of the bottom electrode. 

The filter sand was coarse enough to have a negligible flow resistance 

as compared to the resistance of the slurry. 

- 84 -



After each slurry had been prepared and the electrades and sensor 

(M) were attached to the electronic circuit (fig. 4.2), the slurry N was 

left to drain under gravity to consolidate to a packed bed. 

N 

R 

Fig. 4.2. 

The electronic circuit of tbe EOD apparatus. 
For a descrlption see tbe text. 
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This usually took about ten minutes. Then the experiment was started by 

switching on a Delta electronic SCR 300-8 power supply (T) with a preset 

voltage. 

During 90 minutes 13 signals were continuously recorded: 

a. The mass of water removed was measured with a sartorlus automatic 

balance 1400 MP 7-2 (L) which via a variable resistance (K) 

transferred a signal toa Kipp & Zonen BD 40 recorder (J). 

b. The direct current flowing between the electrades was obtained by 

inserling a resistance of 5 Q (R) into the circuit and measuring 

the potentlal drop with a similar recorder (S) as above. 

c. The radial conductances were measured at 2.2, 5.3 and 8.0 cm above 

the bottam electrode. Their values were obtained with a radiometer 

conductivity bridge (V). All three signals were recorded on a Kipp & 

Zonen BD 40 recorder (X) with a parallel resistance of 568 Q (W) 

which received from each conductivity cell a signal during 30 sec 

befare it switched on to the next due to an electronic device (P). A 

set of ceramic condensators of 6 ~F (U) was inserted between the 

conductivity meter and the conductivity cells to separate the direct 

current from the alternating current between the electrades building 

up the conductivity cells. 

d. The temperature at the sensor surface was measured at 2.2, 5.3 and 

8.3 cm above the bottam electrode. The local temperature was 

registred via Philips thermocoax 2AB35 thermocouples. The signals 

from the thermocouples were recorded on a Philips PH 8235 multipoint 

recorder (0). 

e. The local potentlal was measured at 1.2, 3.2, 5.2, 7.2 and 9.2 cm 

from the bottorn electrode, which was used as a reference electrode. 

All five potentials were recorded on a Servegor 120 recorder (Y). 

Each signal was recorded for about 30 seconds. Then the next signal 

was recorded etc .. The signals were separated by the electronic 

device Q. 

Typical examples of the recorded signals are shown in fig. 4.3 to 

4.7. One should note the bending point in fig. 4.3. On first insight one 

would expect that fig. 4.4 should be equivalent to 4.6 because if the 

conductivity raises the current should also rise. However, if one takes 

the average of the curves in fig. 4.6 the resulting peak is much less 

pronounced, so it is perfectly possible that the radial conductance 

contains peaks for each cell but the current does nat. 
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Also an electrode construction as shown in fig. 4.8 was studied. In 

this construction two electrodes were mounted over a porous quartz bed 

on which the slurry was deposited. It was used, as in this construction 

there would be no decrease of current due to displacement of liquid by 

air. However, no difference with the previous metbod was observed and 

because of experimental feasibility only experiments were performed with 

the construction as is shown in fig. 4.2. 

20 t 
ê 

10~ 
~ 

20 

0 
0 

10 

tlmin.J-

30 60 90 

Fig. 4.3. 

The amound of liquid dewatered as a function of time. 
The envelopped part of the bottom figure is enlarged in the upper part. 
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Fig. 4.4. 

The axial current as a function of time. 
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Fig. 4.5. 

The local temperature as a function of time. 
Tu : upper thermocouple, Tb : bottorn thermocouple, 

Tm middle tfiermocouple. 
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30 60 90 

Fig. 4.6. 

The local conductance as a function of time. 
upper conductance cell, eb = bottom conductance 

C = middle conductance cell. m 

40 

tmin.}-
30 60 90 

Fig. 4.7. 

cell, 

The potentlal as a function of height and time during EOD. 
The total voltage was 40 V. 
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Schematic picture in which the electrades are mounted 
under the porous bed. 



4.3. Influence of the partiele si~e on electroosmotie derivation 

4.3.1. Introduetion 

In this section the influence of partlee si~e on EOD is studied. 

This aspect was considered because it has often been assumed that the 

partiele size bas no influence on EOD, without actually checking this 
. 8 10) 

assumpt1on 

4.3.2. Experiments 

The samples consisted of 125 g Portland B cement, 100 g 0.05 M SOS 

solution in double distilled water and 375 g monodisperse sand of a 

specific sieve fraction. The characteristic data of the partiele size 

distributions are given in table 2.4. The samples were dewatered as 

described in section 4.2 for 90 min. The voltage applied was 40 V and 

the length of the beds was 9±0.5 cm. The cross-sectional area was 36.3 

cm
2

. The density of the sand was taken as 2.7 g/cm
3 

and that of 
3 d' '11 ll) Portland B as 3.15 g/cm accor 1ng to Nev1 e . The total volume 

was 327 cm
3

. 

From the densities of Portland B and sand and the respective weight 

added to the slurry the volume solid phase could be computed. The 

hydrodynamic porosity was then computed as the volume of non-solid 

devided by the total volume i.e. as the relative transportable volume. 

The hydrodynamic porosity was 0.45. 

3 If the density of tbe liquid was taken to be 1 g/cm then the 

f 1 d 8 
3 •. b "'h . amount o an ene ose was 4 cm , wb1ch 1s a out 14 ~. T e electr1cal 

porosity can tben be computed as the ratio of the liquid volume to the 

total volume, i.e. tbe relative conducting volume of the slurry. The 

electrical porosity was 0.3. 

4.3.3 Results and discussion 

The amound of liquid displaced as a function of time is shown in 

fig. 4.9 for one experiment. This figure shows that other phenomena than 

stationary flow are involved. Because if only stationary flow would 

occur, whlch means that the dewatering velocity would be constant, the 

amount EOD would be given by: 
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Fig. 4.9. 

The amount dewatered in gram as a function of time in min., 
V = 40 V sieve fraction sand is 100 - 200 vrn. 

t 
J I(t) dt 

/\ ( t) 
0 

(4-1} 

which is the integrated form of von Smoluchowskies equation 13-16) 

multiplied by the density m. This equation is more or less equivalent to 
. 17-19) 

the one postulated by Kobayash1 et al for the behaviour of 

compressible slurries during EOD at constant current. 

/\(t) and I(t) are the specific conductance of the solution and the 

electrical current as a function of time resp. c is the permittivity, 

C the zetapotential and n the dynamic viscosity. 

The conductivity can be written as 13 ) 
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A(t) = Ii:.t,} F (4-2) 

wbere ~V is tbe applîed potentlal difference and F is tbe structure 

resistance coefficient (subseguent abbreviated as SRC) defined by 

. . d kb' 13 ) b' b . 1 d tb ff t' t' 1 DerJaguln an Ou 1n , w 1c 1nc u es e e ec 1ve cross-sec 1ona 

area of tbe pore, tbe effective lengtb of tbe electric field lines and 

tbe electrical porosity. 

For statîonary processes F bas been computed and tested rigorously 

in cbapter 3 and ref. 21 and 22. Tbis is not be done for instat. 

processes. Substitution of 4-2 into 4-1 and integration gives 

G eo 
m ( c~v t 

lLF 
(4-3) 

Tbis eguation predict.s tbat if tbe zetapotential and tbe SRC are 

time-independent EOD is a linear function of tbe time. Tbis is clearly 

not tbe case. 

Tbe deviation from linearity can be caused by: 

a. capillary forces wbicb are due to tbe introduetion of menisci during 

EOD for wbicb no allowance was made in eq. (4-1), 

b. tbe varlation of tbe zetapotential as measured witb electroforesis 

wi tb time. 

c. a time dependenee of tbe SRC. 

Tbe ioclusion of capillary forces gives a partiele size dependenee 

of tbe initial EOD velocity and tbe amount dewatered wbicb botb do occur 

(fig. 4-10 and 4-11). A time dependent bebaviour does occur if it is 

assumed tbat first tbe largest pores are dewatered and tben subseguently 

smaller ones. 

Tbe zetapotential of sand and Portland B doesn't vary witb time 

(fig. 4-12). 

Tbe SRC does change with time as liquid is replaced by air. Eq. (4-3) 

tben becomes 
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F(t) (4-4) 

It can be concluded that both a and c can explain the dewatering 

results. 

4 

2 

DIAM.{mm.l 
0-2 0-4 0-6 0·8 

Fig. 4.10. 

The initial flow rate in gram/min as a function of 
the av. partiele diameter of the sand fraction, V = 40 V. 

- 94 -



0 

40 

20 

0~~----~--------0_I_A~M~.(m_m_.~~~ 
0 0·2 0-4 o'.6 0-8 

Fi~. 4.11. 

The amound dewatered after 90 min as a function of 
the av. partiele diameter of the sand fraction, V= 40 V. 
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Fi~. 4.12. 

The zetapotential as a function of time 
a = sand, in 0.05 M SDS and sat. Ca(OH) 

ä = Portland B, in 0.05 M SDS and sat. (Ca<dK> ~ 
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The electrical current reaches a plateau value (fig. 4.13). This 

suggests that either there remains a liquid film on the particles after 

EOD which still conducts a current or that the smallest pores cannot be 

dewatered due to capillary suction. The plateau value is also slightly 

dependent on the partiele size (fig. 4.14). The dependenee is just the 

opposite as was found by Grigorov and Frenkel 
25

) and Kobayashi, 
17) 

Hakoda, Hosoda, Iwata and Yukawa , but they measured at different 

partiele sizes. This cannot be explained by a subsequent dewatering of 

smaller and smaller pores because then the smallest sieve fractions 

would retain the largest amount of liquid (which does occur) but then 

their conductivity would be largest and as a consequence the current. 

This is opposite to figure 4.14. This may be explained by assuming that 

the soap molecules form micelles which are the charge carriers and are 

transported easier if the pores are larger. If the pores are smaller, 

the specific surface area is larger and more micelles are adsorbed at 

the wall 25 - 29 ) 

0-6o 

nlc__ __ --="::-----'-'Tio.:.:M~E !~m~in~l-__ ------= 
vó 30 60 90 

Fig. 4 .13. 

The current as a function of time, V = 40 V. 
The sandfraction is 250 -315 ~-
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Fig. 4.14. 

The eurrent after 90 min as a funetion of the average 
partiele diameter of the sand fraetion. V= 40 V. 
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Fig. 4.15. 

The initia! eurrent as a funetion of the average 
partiele diameter of the sand fraetion. V= 40 V. 
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Fig. 4.16. 

The anisot~opy after 90 min as a function of the 
ave~ase pa~tic1e diamete~ of the sand f~action. V: 40 V. 

Then the conductivity and e1ect~ica1 current will dec~ease with 

decreasint pa~tic1e size. This does occur at the initia1 (fig. 4.15) and 

fina1 (fig. 4.14) dewatering stages. The pa~tic1e size dependency of the 

elect~ical cur~ent p~obab1y causes the pa~ticle dependenee of the volume 

flow. 

The anisot~opy defined as the ~atio of the axial conductivity of the 

bed to the ~adial conductivity of the bed : 

a 

is shown in fig. 4.16. 

The axia1 conductivity is obtained by inserting F 

the length of the bed and A the c~oss-section. 

The ~adial conductivity is obtained as 

98 

(4-5) 

1/A with t 



_1_ 

E! 
A. 

1 

(4-6) 

where A. are the measured conductlvities as described in section 4-2. 
1 

Fig. 4.16 shows tbat tbe anisotropy after 90 min is significant1y 

different from 1, wbereas at tbe beginning of tbe experiments it was 

approximately 1 for all partiele sizes. Tbis is probably due to canal 

formation in tbe bed during tbe process of EOD, whicb is larger at 

larger partiele size as tbe flow rate is larger. 

From tbe temperature measurements it was concluded, tbat tbere was 

no influence of tbe partiele size on ohmic beat production. 

4.3.4 Conclusions 

It can be concluded tbat there is a dependenee of the partiele size 

on BOD wbicb migbt be caused by a larger resistance of tbe smaller pores 

due to adsorption of soap micelles. Tbe partiele size dependenee of tbe 

amount of liquid removed and the initial dewatering velocity is caused 

by a partiele size dependenee of tbe electrical current. 

Tbe partiele size influence on tbe current and tbe amount dewatered 

is larger at the start of the experiments then after 90 min due to axial 

canal formation in tbe porous bed. Tbe amount of water removed as a 

function of time does not increase linearly due to capillary forces 

and/or a time dependency of tbe structure resistance coefficient. 
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4.4. Influenee of the applied potential and initial wate~ content ON 

electroosmotie dewate~ing 

4.4.1 Introduetion 

In this section the influence of the applied potential on EOD is 

studied, tagether with the effect of the initial water content. 

4.4.2 ~xperimental 

Two kinds of samples were used. They differ in the weight ratio of 

liquid to cement, the so-called W/C ratio. One set of samples had an 

initial W/C = 0.80 and one had an initial W/C = 0.47. The samples with 

W/C = 0.80 consisted of 12,5 g Portland B, 100 g 0.05 M SDS, 200 g sand 

sieve fractlon 600 - 1000 um and 175 g sand of sieve fraction 250 

315 um. 
The hydrodynamic and electrical porosity of these beds were computed in 

section 4.3. 

The samples with an initial W/C = 0.47 consisted of 70 g 0.05 M SDS, 

240 g sand of sieve fractlon 600 1000 um, 210 g sand of sieve 

fraction 250 - 315 um and 150 g Portland B. 
3 

The lengtbs of these beds were 10.5 cm. The total volume was 381 cm , 

so that the amount of air was 97 cm
3 

which is 25 % of the tota1 

volume. The hydrodynamic porosity was 0.44 and the elect~ica1 porosity 

was 0.18. The dewatering procedure of the samples is described in 

section 4.2. 

4.4.3 Results and discussion 

In sectlon 4.1 it was notleed that a bending point occurs in the 

EOD-time curve (fig. 4.3). Such a bending point is also measured by 

Loekhart 10) and by Yukawa et al. 18 >. This suggests that the 

aceurenee of such a bending point is independent of the material 

involved and a characteristic of the EOD process. If the time at which 

the bending point tb occurs is plotted logaritmically against the 

applied voltage for an initial W/C ratio of 0.80, the cu~ve can be 

approximated by two straight lines (fig. 4.17). 

The points from 5 V to 30 V can be fitted with the equation 
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Fig. 4.17. 

Tbe logaritm of tbe time in minutes after wbicb tbe 
bending point occurs as a function of tbe applied potential. 

Initial W/C = 0.80. 

VOLTAGE!Vl--

30 60 

Fig. 4 .18. 

The fractlon dewatered after 90 min as a function of tbe voltage 
at an initia! W/C ratio of 0.80 (D) and 0.47 (Ä). 
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4.49 - 0.0802 V 

With a linea~ ~eg~ession correlation coefficient of 

is in minutes and V is in volts. 

(4-7) 

0.994, where tb 

The points from 30 V to 60 V can be fitted with the equation 

3.00 - 0.0299 V (4-8) 

with a correlation coefficient of 0.993. No such cu~ve was constructed 

fo~ an inilial W/C ratio of 0.4 as the sp~eading in the measu~ements was 

la~ge. 

1n fig. 4-18 the percentage dewatered afte~ 90 min of the initial 

solution content is shown for both initial W/C ratios as a function of 

the applied voltage. In both cases the f~action dewate~ed is inc~easing 

with the applied potential. F~om the figu~e it is clear that a la~ger 

f~action is ~emoved if the initial wate~ content is lowe~. 

The initial dewatering velocity as shown in fig. 4.19 also differs 

fo~ both initial W/C ~atios. In both cases it is a linea~ function of 

the applied voltage. The diffe~ence is mainly due to a different length 

of the two types of beds and a diffe~ence in elect~ical po~osity. 

20) To test this the equation of Neale 

û 
li A t p ( 4-9) 

for the streaming cu~~ent of porous beds is combined with the following 
• • • • 21) 

~elatton f~om l~~everstble the~modynamtcs 

to give 

J 
V 

102 -

J 
_'! 

E ) l>P=O 
(4-10) 

(4-11) 
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Fig. 4.19. 

The inital flow rate as a function of the applied potential at an 
initial W/C ratio of 0.80 (0) and 0.47 (6). 

is the theoretica! curve obtained from W/C = 0.47 (see text). 
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In these equations ~P is the pressure difference across the porous 

beds ~ the tortuosity, E the electrical field strength and A the 

cross-sectional area. It is assumed that the tortuosity, zetapotential 

and viscosity are in both cases equal, then : 

(4-12) 

If JO.SO is computed from J 0 . 47 when the appropriate values for the 

electrical porosity and the length are substituted the braken curve in 

fig. 4.19 is obtained. 

The predicted curve is very close to the measured one, which means that 

the lower initial velocity at lower W/C ratio is mainly caused by air 

entrapment which influences the electrical porosity. 

The differences are probably due to the hydrastatic pressure accross 

the bed and measuring errors in the porosity and length of the beds. The 

linear behaviour suggests that the first part of EOD is 

quasi-~tationary. The bending point in fig. 4.3 is then described to the 

influence of capillary farces due to the introduetion of menisci. It 

should also be noted that the bending point at low dewatering voltages 

or low W/C ratio is braader then at high potentlal and W/C ratio which 

suggests a more gradual occurrence of menisci and a larger saturation 

gradient in the preclous case. The saturation gradient is according to 
23) Schubert large if the saturation decreases over a large part of 

the bed. 

The electrical current as a function of time and voltage is shown 

for initial W/C 0.80 in fig. 4.20 and for initial W/C = 0.47 in fig. 

4.21. Fig. 4.20 shows that the dependenee is initially linear, but with 

time a plateau is formed, i.e. at t = 0 the resistance is equal for all 

samples, but after 90 min the resistance increases with the potential, 

probably caused by a larger initial water remaval at larger potentials. 

For an initial value W/C = 0.47 the current-voltage dependenee is less 

time-dependent than it was at W/C = 0.80. 

104 -



j
•O 

10 

. 
Q.9 

03 

voltageiVI --
30 60 

Fig. 4.20. 

The current as a function of the applied voltage and the time in minutes. 
Initial W/C ratio = 0.80. 

' 0 

Fig. 4.21. 

The current als a function of the applied voltage and the time in minutes. 
Initia! W/C ratio= 0.47. 
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The current is still a linear function of the applied voltage after 90 

min and the decrease in current is much less. This may be due to a more 

gradual dewatering at W/e = 0.47, then at W/e = 0.80. This is caused by 

a larger saturation gradient due to a less pronounced bending point at 

larger times and less pronounced canal formation. 

As can be seen from the anisotropy in fig. 4.22 canal formation is 

more pronounced at W/e = 0.80. Fig. 4.22 also shows that at the start of 

the experiments the anisotropy is slightly smaller than unity. This is 

probably due to a slight layer formation when the slu~ry is inserted. 

For bath initia! W/C ratlos the anisotropy increases with increasing 

voltage, due to a larger initia! dewatering velocity. At initia! W/e 

0.80 canal formation is hardly occurring below 30 V. 

The efficiency of EOD can be defined as 

t 
V I 

0 

(t) 

l(t) dt 

(4-13) 

which is the weighl removed per unit work. r as a function of voltage 

and time is shown in fig. 4.23 for an initia! W/e ratio of 0.80 and in 

fig. 4.24 for an initia! W/e ratio of 0.47. In generalris as obtained 

in the present investigation at least 100 times larger than efficiency 

obtained in other studies 8 - ll) 

The efficiency decreases when time proceeds and is also lower if the 

potentlal is raised or the W/e ratio is increased. 

The average temperature difference at the sensor surface relative to 

the initia! temperature as a function of time and applied voltage is 

shown in fig. 4.25 for initia! W/C = 0.80 and in fig. 4.26 for initia! 

W/C = 0.47. In the beginning the samples are heated by ohmic heat 

generation until a quasi-stationary state is obtained. Then the 

temperature decreases due to a decrease in current. Initially the 

temperature is not 25 oe but 29 31 oe due to a chemica! heat 

generation, which is caused by the reaction of tricalcium aluminate with 

the surfactant salution 31 - 34
> 
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Fig. 4.22. 

anisot.ropy af ter 90 min as a funct.ion of t.he voltage at 
W/C ratio of 0.80 <•> and 0.47 (8). 
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Fig. 4.23. 

The logaritmie efficiency as a function of the 
time and applied potential. 

an initial 

The initial W/C ratio is 0.80, the efficiency is in gram per watt sec. 
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Fig. 4.24. 

The logaritmie efficiency as a tunetion of the time 
and potential at an initial W/C ratio of 0.47. 

The efficiency is in gram per watt sec. 
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Fig. 4.25. 
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The temperature difference (Twa11 = 25 °C) as a function of the 
time and potentia1. Initia1 W/C ratio is 0.80. 

0 60 V; 6 50 V; + = 40 V; 0 30 V; • 20 V; 
e 10 V; A = 5 V. 
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Fig. 4.26. 

Tbe temperature difference (T ll = 25 °C) as a function of 
tbe time and applied potentia1~ Lnitial W/C ratio is 0.47. 

+ = 45 V; fl. = 40 V; 0 = 35 V; • = 30 V; 0 20 V; 
4 = 15 V. 

Fig. 4.27. 

Tbe temperature difference (T 
11 

= 25 •c) after 90 min as a 
function of tbe ~~p. bed potential 

at an initia! W/C ratio = 0.80 (I) and 0.47 (/l.). 

- 109 -



Between 30 V and 40 V there is a very large increase in heat generation. 

This is also reflected in fig. 4.27 where the average temperature after 

90 min is shown. At W/C 0.80 the effect is much more pronounced then 

at W/C 0.47, due toa lower air content. 

So for initial W/C = 0.80 it has been shown that 

a. the anisotropy increases above 25 V, 

b. there is a different relation between the bending point and the 

voltage below and above 30 V, 

c. there is much more heat generation above then below 30 V. 

The much larger canal formation above 30 V causes a smaller saturation 

gradient at high potentials. This causes a larger time averaged 

resistance at high voltage then at low ones and this causes a more 

pronounced heat generation. At initial W/C 

less pronounced due to less canal formation. 

0.47 all these effects are 

,.u,----------~ 

t 
> -> 

o. 

hlh.-
1·0 

Fig. 4.28. 

The relative potentlal as a function of the relative position in 
the bed and the time 

o 0 min; ~ 30 min; 0 60 min; • 90 min. 
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A typical example of the dimensionless potentlal as a function of 

height and time for various applied voltages is shown in fig. 4.28. 

Clearly the potentlal drop is largest in the upper part of the bed. This 

is even more pronounced with increasing time. This behaviour also 

corresponds to the findings of Yoshida et al. 35 ) It can also be seen 

that an irregularity is smoothed out as time proceeds. Irregularities 

are mainly due to an irregular packing on the scale of the potentlal 

measuring electrodes, which are about 0.25 mm
2 

in cross-section. 

4.4.4 Conclusions 

The initial dewatering rate increases with initial W/C ratio due to 

a smaller air content. This causes increased canal formation wlth a 

concommittant smaller saturation gradient in the bed. This in turn 

creates a larger time averaged electrical resistance and an effect of 

capillary forces at an earlier stage. The efficiency of the EOD process 

is much better than in previous studies. 
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LIST OF SYKBOLS 

semisinusoidal coordinate 

value of a at the pore axis 

semisinusoidal coordinate 

permittivity 

function defined in eq. (107), (108). 

diffuse double layer tbickness 

semisinusoidal and cylindrical coordinate 

zetapotent i al 

equivalent conductance of ion 

equivalent conductsnee 

dynamic viscosity 

mobility of ion i 

function defined in eq. (3-109) 

charge density 

potential diffuse double layer 

tortuosity 

frequency 

crossectional area 

constant defined in eq. (3-3) 

constant defined in eq. (3-2) 

surface concentration of ion i 

concentration of ion i 

partiele diameter 

electrical field strengtb 

electrooie charge 

- Faradays constant 

function defined in eq. (3-8) 

weigbt dewatered 

function defined in eq. (3-9) 

tunetion defined in eq. (3-44) 

lenztb of unit vector 

= integral deflned in eq. (3-6) 

= electrical current 

= electrlcal current tbrougb one pore 

• electrlcal current density 
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volumetrie fluid flow 

Boltzmanns constant. length of moving layer 

shape factor 

Kozeny constant 

length of the bed 

length of a pore element 

length of a streamline 

density 

number of pores 

number of ions per 

porosity 

pressure 

largest radius 

smallest radius 

unit volume 

radius at the pore wall 

cylindrical coordinate also efficiency 

specific surface area 

time 

characteristic time 

velocity 

scalar velocity 

electrical potential 

cartesian coordinate 

cartesian coordinate 

cylindrical coordinate 

valency of ion i. 
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7. SUHKARY 

This thesis describes electrokinetic and hydrodynamic transport 

phenomena through porous media. 

ln chapte< 2 va<ious methods are compa<ed to determine partiele siz• 

and shape dist<ibutions. 

Chapter 3 describes stationa<y and frequency dependent transport 

phenomena through po<ous beds. A po<e model is develloped to describe 

stationary transport. The model combines periodic constrictions with 

sharp angles in the pore wall. 

Chapter 4 describes the electroosmotie dewatering of cement mortar 

as a function of the partiele size and applied potential. 
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8. SAMENVATTING 

Dit proefschrift beschrijft electrakinetische en hydrodynamische 

transport verschijnselen door poreuze bedden. 

In hoofdstuk 2 zijn verschillende metboden vergeleken om 

deeltjesgrootte en vorm verdelingen te bepalen. 

Hoofdstuk 3 beschrijft stationaire en frequentie afhankelijke 

transport verschijnselen door poreuze media. Er is een porie model 

ontwikkeld om stationair transport te beschrijven. Het model combineert 

periodieke vernauwingen met scherpe boeken in de poriewand. 

Hoofdstuk 4 beschrijft bet electraosmotisch ontwateren van 

cementmortel als functie van de deeltjesgrootte en bet aangelegde 

electriscbe veld. 
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ERRATA

The single integral in the denominator of equation 3—62

should be L/2
I (arcsinh(cos~—C) 2dz


