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Preface 

This thesis presents the results of the author's research in the period October 1988 
to May 1992. He has tried to make the introduetion self-contained, so that the 
reader who has no background of algebraic geometry can also understand it. The 
rest of the thesis is based upon seven papers written in the period mentioned above. 
The papers are: 

1. R. Pellikaan, B.-Z. Shen and G.J.M. Wee, Which linear codes are algebraic
geometric? IEEE Trans. lnform. Theory IT-37 (1991}, 583-602 (except the 
last section) - Chapter 2. 

2. B.-Z. Shen, A Justesen construction ofbinary concatenated codes which asymp
totically meet Zyablov bound for low-rate, to appear in IEEE Trans. Inform. 
Theory IT-39, January 1993 issue Chapter 3. 

3. S.C. Porter, B.-Z. Shen and R. Pellikaan, Decoding geometrie Goppa codes us
ing an extra place, to appear in IEEE Trans. Inform. Theory IT -38, November 
1992 issue - Chapter 4. 

4. B.-Z. Shen, Solving a congruence on a. graded algebra by a subresultant se
quence and its application, to appear in Joumal of Symboliè Computation -
Chapter 5. 

5. B.-Z. Shen, On encoding and decoding of the codes from Hermitian curves, 
to appear in Cryptography and Coding III, the IMA Conference Proceeding 
Series, M. Ganley (ed.), Oxford University Press-Chapter 6. 

6. B.-Z. Shen, Constructing syndromes for the codes from Hermitian curves and 
a decoding approach, submitted to IEEE Trans. lnform. Theory - Chapter 
6. 

7. B.-Z. Shen, Finding a minimal set of recurrence relations of non-gap subscript 
sequence, preprint Chapter 7. 
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Chapter 1 

Introduetion 

In 1981, Goppa [26] introduced the use of aJgebraic geometry in coding theory. 
This beautiful discovery came as a result of many years of searching for possible 
generaliza.tions of Reed-Solomon codes, BCH codes a.nd "classica!" Goppa. codes. 
For a.bout a decade, algebraie-geometrie codes have been in the spotlight of coding 
theoretic research. As is well-known, numerous exciting results have been achieved 
using algebraic curves to construct linear codes. Among them is the result given hy 
Tsfasma.n, Vlä.du~ a.nd Zink [80] in 1982, which is the most sensational development 
in the theory of error-correcting codes in the last decade. In this introduction, we 
will first give a. brief introduetion of this development and explain wha.t algebraie
geometrie codes are. Next, a. survey of this thesis will be given. 

1.1 Why do algebraie-geometrie codes excite 
people? 

In hlock coding one starts by choosing a so-called alphabet Q, that is, a set of q 
distinct symbols. In this thesis, q is a power of a prime a.nd Q denotes the finite 
field Fq. A code C with word length nis a subset of Qn. Elementsof Qn are called 
words, those of C codewords. The Hamming-dista.nce in Qn is defined by 

d(z,y) := #{il1 ~i~ n,x; f:. y1}. 

For a code C, the minimum distance d is defined by 

d := min{d(z,y)lz E C,y E C,z f:. y}. 

A code with word length n, M elements and minimum distance d is called a.n 
( n, M, d) code. If a.n ( n, M, d) code C is a linear space over F q, we call it an [n, k, dj 
linear code, where kis the dirneusion of C. 

One of the most important parameters of a code C is its so-called information 
rate R defined by R := (logq ICI)fn. Consicier communication over a cha.nnel with 
probability Pe that a symbol is received incorrectly. Suppose C = {Ct, ... , CM} is a 
code over F; used on this channel and we use maximum-likelihood-decoding. Let 
p( i) he the probability of making a.n incorrect decision given that c; is transmitted. 
Then the prohability of incorrect decoding of a received word is 

M 

P~) := M-l LP(i). 
i=l 

1 
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For a given rate R, how small can PJ;:) can he made for an (n, qnR) code? In 
1948, Shannon [68] answered this question by the so-called Shannon channel coding 
Theorem. To explain this theorem, we need a concept, called channel capacity. Let 
us cónsider a binary symmetrie channel (BSC) with error probability Po (for the 
other types of channel we refer to [49]). The capacity of this BSC is defined by 

C(p.) := 1 + Pe log2 Pe + (1 - Pe) log2(1 - p.). 

The Shannon Theorem says: 
All rates below capacity C(p.) are achievable. Specifically, for every rate R < C(p.), 
there exists a sequence of ( n, 2nR) codes with P.<;!) -+ 0. Gonversely, any sequence of 
(n,2nR) codes with P.<;!)-+ 0 must haveR< C(p.). 
U nfortunately, although almost 45 years passed after the discovery of this theorem, 
people still do not know how to construct such a sequence of codes. Moreover, 
in practice it is difficult to find P.~"J. So what can we do ? We again consider 
communication over a channel. In a received word the expected number of errors 
is np6 and in order to correct these we need d to he at least 2np. + 1. So d/n 
should exceed 2p. if we are to use these codes successfully for error-correction on the 
channel. Therefore the relative minimum distance d/n is used as a more convenient 
measure of the quality of the code. Here we denote this relative minimum distance 
by 8 d/n. 

lnspired by the Shannon channel coding theorem, we shall often he interested 
in a sequence of codes with increasing word length n and either a fixed rate R or a 
fixed relative minimum distance ó. If we use the notation A9(n,d) for the maximal 
value of M for which an ( n, M, d) code exists, then the following function gives the 
information rate of good long codes for which d/n = 8: 

a(ó) := limsup logq Aq(n, l6nJ). 
n-+oo n 

For thirty years, the best lower bound on a( ó) was the so-called Gilbert-V arsharnov 
(GV) bound [22, 81] that was found in 1952, that is a(ó) ~ 1- Hq(ó), where the 
entropy function Hq is defined on [O,(q-1)/q] by Hq(O) := 0 and 

Hq(x) :=x logq(q -1) x lo~ x (1- ~)log9(1- x) for 0 <x$ (q 1)/q. 

Moreover, for a long time there was serious doubt whether it is at all possible to 
give an explicit algebraic construction of a sequence of codes such that both R and S 
are bounded away from zero. Such codes are called asymptotica.lly good codes. The 
so-called explicit construction is in the sense that once the rates of the codes have 
been computed, the entries of the generator matrices of the codes can he written 
as dosed formulas, and no searching is required. To study a construction of codes 
from the complexity point of view, weneed the following definition, see also [79]. 

Definition 1.1 Let { C;} be a family of codes over F q of increasing length. Let G; be 
a generator matrix of C;. The family { C;} is said to have a polynomia.l construction 
complexity if and only if there exists an algorithm that constructs matrices G; a in 
time complexity which is polynomial in the lengthof C;. 

For the GV bound (at least in the binary case), people still do notknowhow to give 
a.n explicit or a polynomial construction of a sequence of codes meeting this bound. 
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For tbe construction of explicit asymptotically good codes, Justesen [34] succeeded 
in doing tbis by using concatenated codes [18] in 1972. For tbis work Justesen 
received tbe Browder J. Tbompson Prize Award for tbe best paper publisbed in 
any of the IEEE Transactions in 1972 by an autbor under 30 years of age. But the 
Justesen codescan only a.chieve a bound below the GV bound. 

In 1982, Tsfasman, Vlädu~ and Zink [80] publisbed a paper with an extremely 
exciting result, namely the existence of a. sequence of polynomially constructive codes 
over F q ( witb q an even power of a prime) which exceeds tbe GV bound, wbenever 
q ;::: 49. In detail, they give a new bound on o:( 6), namely tbe Tsfasman-Vla.du,-Zink 
(TVZ) bound: 

o:(ó);::: 1- (.fii- 1t1
- 6, 

For q p2m;::: 49 tbis new bound lies a.bove the GV bound on tbe interval (6t,ó2), 

where 61 and 62 are the zeroes of the equation H9(ó)- ó = (vq- 1)-1• For this 
paper the authors received the IEEE lnformation Theory Group Paper Award in 
1983. 

Tbis sensational result is due to the use of a new dass of codes constructed from 
curves, namely algebraie-geometrie codes. 

Tbis is not tbe whole story about algebraie-geometrie codes. In fact, it provides 
a new metbod to construct a. huge number of linear codes of long length. 

1.2 What are algebraie-geometrie codes ? 

Let us consider a linear [n, k] code C over F 9 from ·a different point of view. Let 
A (k) be the afflne space over F 9 of dimension k. Let G be a generator matrix of C. 
Every column of G can be considered as a point in A(k); we denote the family of 
all these points as P = (P1 , ••• , Pn)· Let V be a subspace of A(k) generated by the 
family Pover F 9 , and V* hethespace of linear fundions from V to F 9 • Now the 
code C can be denoted as follows, 

C = {(J(Pt), ... ,f(Pn))if E V*}. 

To generalize this idea, we can use any kind of linear subspace of fundions from 
A (k) to F q instead of V*. Obviously, after this generalization we still get a linear 
code. For example, let A(l) = F 9 and P be all the elementsof A(t) \ {0}. Let 
L he the space consisting of all polynomials of degree less than k. Then the code 
C {(J(Pt), ... ,f(Pn))lf E L} is aso-called [n, k, n- k + 1] Reed-Solomon code 
over F 9 

Instead of an affine space, we also can give tbe samé discussion for a projective 
space (this will be explained inSection 1.3). Now the construction of a linear code is 
equivalent to choosing both a family of points and a space of fundions either in an 
affine space or in a projective space. One thing we should always keep in mindis that 
any such construction should allow the estimation of the dimension and minimum 
distance of the code. If we choose a family of points from a curve and a space 
of fundions from the field of rational fundions of this curve, those estimations 
can indeed be achieved. The codes constructed in this way are called algebraie
geometrie codes. In the rest of this section, we will give a beuristic description of 
curves, a precise definition of algebraie-geometrie codes and the estimations of their 
parameters. For the details of curves and codes, we refer to [6, 19, 30, 43, 79]. 
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Let k be the algebraic dosure of the finite field Fq, and let an n-dimensional 
projective space over k he denoted by 

P" = {(xo: x1: · · ·: x,.)lx; E k, i= 0, ... , n and notall x; vanish}. 

Let G1 , ••• , Gr be homogeneons polynomials in k[x0 , Xt, .. • , x,.]. An algehraic set 
X in the projective space P" is defined to he the zero set of G1 , ••• , Gr, that is 

If we consiäer all algehraic sets and their complements as dosed sets and open sets, 
respectively, we obtain a topology in P", the so-called Zariski topology. F\trthermore 
we also can define an induced topology in X in a similar way. X may he the union of 
two of its proper closed subsets. If this is not the case, then X is called irreducible. 
As a Zariski topological space, we can define the dimension of X to he the supremum 
of all the integers m, such that there exists a strictly deseending chain of irreducihle 
dosed subsets of X, namely, X = X0 :::> X1 :::> • • • :::> Xm :/; 0. Now a projective curve 
X is defined to be an irreducible closed set of dimension 1. The field of rational 
functionson the curve X, denoted by k(X) is the set offunctions f lg E k(x0 , ••• , x,.) 
such that g(P) #- 0 forsome P EX, f and gare homogeneons polynomials of the 
same degree and another ratio f' I g' defines the same function as f I g if and only if 
f'g- fg' vanishes on X. lf a curve X is defined by a. finite numher of homogeneons 
polynomials Gh ... , Gr from F q[x0 , x1 , ... , x,.], we ca.ll it an absolutely irreducible 
curve defined over F q· Similarly, we can also define the field of rational functions of 
this curve over Fq, denoted by Fq(X). Moreover, we have k(X) = k· Fq(X). 

The following theorem makes the following two things possible. One is the using 
both equivalent languages - algebrak and geometrie- to study curves. The other 
is the constructing codes over a non-algehraic closed field by using curves. The 
theorem states, 
A field I< containing a field F (not necessarily algebraically closed) is isomorphic to 
F(X) for a projective non-singular (see {19, 30, 79}) curv~ X if and only if K is 
of transcendence degree one and finitely generated over F. We call K an algebraic 
function field of one variable. 

Let us look at the details of the relations between a curve and its corresponding 
algebraic function field of one variable, and vice versa. Let V he a proper valuaûon 
ring of F 9(X) containing F9 , that is a ring V satisfying the condition tha.t f <1. V 
implies f-1 E V. Let mv he its maximal ideal. There exists an element t E V, called 
a Jocal parameter, such that every non-zero element of V can he written uniquely 
in the. form ut", with u E V\ mv. Both V and mv determine s points in X, where 
s = [VImv : F 9], theses points are conjuga.ted under the action of the Galois group 
Gal(k/F9 ). Let Q denote thesetof theses points. We call hoth Q and (V,mv) a 
place of F 9 ( X) and s the degree of this place and denote it hy deg( Q). Therefore 
the place of degree one is exactly a point on the curve such tha.t all the coordinates 
are in F 9 • This place is cailed an F 9-rationa.l point. A formal sum D L;q nqQ 
is called a divisor, where Q runs over all the places of Fq(X), nq E Z and almost 
all nq = 0. The degree of a divisor Dis defined by deg(D) = L;q nq deg(Q). The 
support of a divisor Dis defined hy supp(D) = {Qinq :/; 0}. Let f he a non-zero 
rational function in Fq(X). For every place Q, let Vq he its corresponding valua.tion 
ring with a local parameter tq. Then f can he expanded into a Laurent series 
Li~m a;t~, where mis an integer and a; E F9 witham :/; 0. We call m the discrete 
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valuation of fat Q and denote it by vq(f). Now the principal divisor (!)is defined 
by (!) = L.:Q vq(f)Q, where Q also runs over all the places of Fq(X). Actually, 
vq(f) can be considered as the multiplicity or minus the multiplicity, respectively 
of Q for f whenever Q is a zero or pole, respectively, otherwise it is zero. It is a fact 
that deg( (!)) = 0. 

Now the precise definition of an algebraie-geometrie code can be given as follows. 

Definition 1.2 ((Weakly) Algebraie-geometrie code) Let X be a projective, 
nonsingular, absolutely irreducible curve defined over Fq. Let P1, P2, ... , Pn ben 
distinct F q-rational points of X and let D be the divisor P1 + · · · + Pn. Furthermore, 
let G be some other divisor that has support disjoint from D. Define the linear 
space L(G) = {! E Fq(X)*i(f) 2:: -G} U {0}. An (weakly) algebraie-geometrie code 
CL(D, G) is defined to be 

{(f(Pt),J(P2), ... ,J(Pn))lf E L(G)}. 

To estimate the minimum distance d of this code, we look at the number of zeroes 
of J, for any f E L(G)*. It turns out to be at most deg(G), since deg((f)) = 0. 
Therefore d 2:: n - deg( G). 

Historically, the codes defined by the above definition are not the first version 
of Goppa's invention. For Goppa's first construction of algebraie-geometrie codes, 
let us trace back to 1970 and 1971. A very important development in coding theory 
during these two years was the invention of aso-called Goppa code [23, 24] which 
is defined as follows, · 

n-1 

{(eo,c1, ... ,en-d E F;l :E ......s_ = 0 (mod g(z))}, 
i=O z- Îi 

where /o, ... ,/n-1 E Fqm and g(z) is a polynomial over Fqm such that g{t;) ::f 0 
for 0 :5 i :5 n - 1. In this thesis we call it a classical Goppa code. For this, 
Goppa received the IEEE Information Theory Group Award in 1972. Ten years 
later after this discovery, by extending this idea to curves, Goppa [26] bimself again 
introduced another new class of codes which turn out to be the dual of the codes 
defined by Definition 1.2. To explain his construction, we first consider the set 
of rational differential forms on a curve X over Fq, which is denoted by O(X). 
O(X) is a one dimensional vector space over Fq(X), that means O(X) = Fq(X) · df 
for any f E Fq{X)*, where d is a map from Fq(X) to an Fq(X) -module such 
that d(f + g) = df +dg, d(fg) = gdf + fdg and da .= 0 for J,g E Fq(X) and 
a E Fq. Consicier a differential form w E O(X). For every place P of Fq(X), 
there exists an fp E Fq{X) such that w = fpdtp, where tp is a local parameter 
of P. Furthermore, as we mentioned before fp can be expanded into a Laurent 
series L.:ï>m a;t~. A special name is given to the a_b that is the residue of w at P, 
which is denoted by resp(w). Moreover, we can define the canonical divisor (w) of 
w, that is (w) = "L_pvp(fp)P. Let G be a divisor on Fq(X), the set O(G) defined 
by {wE O(X)*I(w) 2:: G} U {0} is a finite dimensional vector space over Fq. A very 
important invariant of the curve - the genus of the curve - now can be defined 
by g = dim 0(0). For a non-singular projective curve in P 2 defined by a degree 
d homogeneons polynomial, its genus can be calculated by the well-known formula 
g = (d- l)(d- 2)/2. 
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Now the definition of Goppa's construction of an algebraie-geometrie code can 
be described as follows. 

Definition 1.3 (Geometrie Goppa code) Let the assumption be as in Defini
tion 1.2. The code C0 (D, G) of lengthnover F9 is defined by 

Co(D,G) := {(resp1 (w), ... ,respn(w))lwE fi(G-D)}. 

In this thesis we call it a geometrie Goppa code. 

Furthermore, by the residue tbeorem which says that EP resp(w) = 0, where P runs 
over all the places on Fq(X), we have the following duality theorem. 

Theorem 1.1 (Duality Theorem) The linear code Go(D, G) is the dual of the 
code GL(D, G). 

The minimum distance of Go(D, G) can be estimated by the same metbod as 
we described for CL(D,G), that is d ~ deg(G) + 2- 2g, since every canonical 
divisor has degree 2g- 2. However to estimate the dimension of both GL(D, G) and 
Go(D, G), one needs the following famous theorem in algebraic geometry, known as 
the Riemann-Rocb theorem. 

' 
Theorem 1.2 (Riemann-Roch Theorem) Let G be a divisor on an absolutely 
irreducible, nonsingular projective curve. Let g be the genus of the curve. Then 

l(G) = deg(G)- g + 1 + 6(D), 

where l(D) := dimL(D) and 6(D) := dim!'l(D). Moreover, for any canonical 
divisor W, l(W- D) = 6(D). 

By using the Riemann-Roch theorem, one can get the following main theorem 
for algebraie-geometrie codes. 

Theorem 1.3 (a) 1/ deg(G) = m < n, then CL(D, G) is a linear [n, k,d] code with 
k ~ m + 1- g and d ~ n- m. We call d* := n- m the designed minimum distance. 
IJ moreover 2g- 2 < m, then k = m + 1- g. 

(b) lfdeg(G) = m > 2g 2, then Go{D,G) is a linear [n,k,d] code with k ~ 
n - m- I + g and d ~ m + 2- 2g. We call d* := m + 2- 2g the designed minimum 
distance. IJ moreover m < n, then k = n- m- 1 + g. 

1.3. What are the contributions of this thesis? 

In thi!l thesis, we consider the following problems: 

• Can we handle alllinear codes by algebraic geometry? 

• Can we give an explicit construction with far less complexity ( compared to the 
construction of the codes from modular curves) of asymptotically good binary 
codes meeting a good bound? 

• How to give an efficient encoding and decoding algorithm for algebraie-geome
trie codes? 
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In Chapter 2, we present a salution for the first question. This is a part of the 
joint work [55] with Pellikaan and van Wee. 

In the first part of Chapter 2, we show that all linear codes can be described 
as algebraie-geometrie codes. To explain this condusion, we first make a distinc
tion among all algebraie-geometrie codes to weakly algebraie-geometrie (WAG), 
algebraie-geometrie (AG) and strongly algebraie-geometrie (SAG). A WAG code 
is a code defined hy Definition 1.1 whenever no restrietion is imposed on the de
gree of the divisor used. Consider an [n, k] linear code C over F g and assume for 
simplicity that the all-one vector (1, 1, ... , 1) is a codeword and every two columns 
of a generator matrix of Care linearly independent. Let M be a generator matrix 
containing ( 1, 1, ... , 1) as the first row. Let V he the linear space over F 9 generated 
by the columns of this generator matrix. Let P(V) be the set of lines in V, that is 
the set of equivalence classes v for v E V\ {0}, with v being equivalent to Àv for 
À E Fq \ {0}. Then P(V) is a k- 1 dimensional projective space; we can denote 
it by pk-1. Then the columns of the generator matrix M correspond to n points 
Pb .. . , Pn. Furthermore, these points are distinct and lie in 'the complement of the 
hyperplane H = {(xo : Xt : ... : Xk-t) E pl:-tlxo = 0}. Now the code C can he 
denoted by 

C = {(f(Pt), ... ,J(Pn))if EL}, 

where L is a linear space over F 9 , generated hy maps from P(V) toF 9 , namely /; = 
x;/ x0 , i = 0, ... , k -1. Suppose there exists a nonsingular and absolutely irreducible 
curve X over F 9 which passes through P~, ... , Pn. Let G be the intersection divisor 
X .H and D = Ei=t P;. Then G and D have disjoint supports. Moreover P(V)* Ç 
L(G). In a very special case, one may bas P(V)* = L(G), so C = CL(D,G). That 
is to say, C is WAG. 

In [27], Goppa claimed that every linear code is WAG, simply hecause it is always 
possihle to find a curve in pk-1 of sufficiently large degree passing through all points 
P1 , •• • , Pk. But as we have seen, it is not always true that P(V)* = L( G), in other 
words, the linear system of hyperplane sections of the curve does not need to be 
complete. This will only prove that every projective code is a subcode of a WAG 
code, see Lachaud [40]. In Chapter 2, we show explicitly that indeed there exists 
such a curve, going though all the qk-t rational points of pl:-t outside a hyperplane 
such that P(V)* = L(G). By this approach we prove that every linear code is WAG. 

Unfortunately, up to now no one knows how to figure out the dirneusion and 
the minimum distance of a WAG code if one does not impose any condition on 
the degree of the divisor. Therefore, to give the question more sense, we impose 
some conditions on the degree of the divisor so that Theorem 1.3 (a) or hoth (a) 
and (b) of Theorem 1.1 can he applied, respectively. We call such codes AG or 
SAG, respectively. In the second part of Chapter 2, we derive some criteria for 
the existence of these codes. It turns out that many well-known codes, such as the 
bina.ry Gola.y code (which is dosely connected withother subjectsin mathema.tics, 
such as Steiner systems and the Leech lattice, etc.), all non trivial Hamming codes, 
except the binary [7, 4, 3] code, binary qua.dra.tic-residue codes and many binary 
Reed-Muller codes are not AG. This does remind us that it is a very importment 
to figure out properties of WAG codes which are not AG. If it is not possible, we 
have to generalize those well-known codes by another metbod so that hy the known 
knowledge one can estimate the parameters of these generalized codes. In [21], van 
der Geer and van der Vlugt have treated Reed-Muller codes (at least for order two) 
hy their methods of algrhraic geometry. 
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In Chapter 3, we give an answer for the secoud question by constructing a se
quence of asymptotically good binary concatenated codes using curves. 

In 1966, Forney [18] introduced the concept of concatenated codes in which the 
m information digits of an inner binary code are treated as single digits of an outer 
code over GF(2m). Therefore if one takes a sequence of linear codes {C(k)}~1 , 
where C(k) is a [N,K,D] code over GF(2"), as the outer codes and for every k 
one chooses a binary [n, k, dj code as an inner code, one gets a sequence of binary 
concatenated codes. In 1971 Zyablov [86] proved that there exists a sequence of 
concatenated binary codes with the inner code length n -+ oo and the outer code 
length N -.+ oo, in which the outer code is maximal distance separable (MDS), and 
which satisfies 

if the overall rate is R. In this paper we call this the Zyablov bound. Zyablov's 
construction is not explicit since the inner codes are taken to be codes meeting the 
GV bound. Therefore it was still in doubt whether it is at all possible to give an 
explicit algebraic construction of a sequence of asymptotically good binary codes. 
In 1972, Justesen [34] succeeded in doing this by generalizing Fomey's concept of 
concatenation to allow variation of the inner code. In this thesis we call such a 
construction a Justesen construction. By using this construction, in [34] Justesen 
also proved that for the overall rate not lower than 0.30 the Zyablov bound can be 
met by a sequence of explicitly constructive codes. Furthermore, the time complexity 
of the construction of those asymptotically good codes is about 0( n2), where n is 
the overall word length. Later, for low rate, several improvements have been made, 
see [1], [77] and [83] etc .. But none of them meets the Zyablov bound when the 
overall rate R < 0.30. Now the question is, whether it is possible to give an explicit 
construction for binary concatenated codes which meet the Zyablov bound when the 
rateis lower than 0.30. MacWilliams and Sloane put this question as a Research 
Problem (10.3) intheir hook [50, p. 315]. 

After the discovery and the sensational application of algebraie-geometrie codes, 
people found that it may be possible to solve the above problem by using algebraie
geometrie codes. In 1984, Katsman, Tsfasman and Vladut [38] improved the Zyablov 
bound for binary concatenated codes, by using a sequence of codes over a fixed field 
G F(2k) (2k ;::: 49), which meet TVZ bound, as outer codes and a fixed [n, k, dj binary 
inner code. However, since the time complexity of constructing their outer codes 
is O(N30 ) (79, Chapter 4.3], where N is the outer code length, they hardly can be 
called constructive from any practical perspective. Therefore it is still a problem to 
find an explicit construction of binary codes asymptotically meeting or exceeding 
the Zyablov hound, of low complexity. 

In Chapter 3, we use a class of algebraie-geometrie codes as outer codes which 
have somehow similar properties as MDS codes when the code lengtbs are suffi
ciently large We give an explicit Justesen construction of concatenated codes which 
asymptotically meet the Zya.blov bound for rates lower than 0.30, with the complex
ity of construction O(n2

). In this way we solve the open problem (10.3) of [50]. Our 
outer codes are the codes constructed from generalized Hermitian curves which are 
defined by a homogeneons ideal l(l,q) = (Xi+1Xó +X41X0 -Xf+l, i= 1, ... , /-1). 

The last three chapters of this thesis are devoted to solving the third problem. 
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Tbe algebrak decoding of block codes by tbe determination of an error-locator 
polynomial and the subsequent determination of the error locations as its zeroes was 
presented by Peterson [56] in 1960 for bina.ry BCH codes and extended by Gorenstein 
and Zierier to q-ary BCH-codes. In 1961, independently, Arimoto [3] also publisbed 
bis decoding metbod in Japanese. By genera.lizing their idea to algebraie-geometrie 
codes, Justesen, Larsen, Jensen, Ha.vemose and Hf!holdt [35] publisbed the first 
decading a.lgorithm foradassof codes on plane curves in 1989. For this paper they 
received the IEEE Information Tbeory Society Paper Award in 1991. Later many 
generalizations and improvements were achieved by Skorobogatov and Vladu! [71], 
Krachkovskii [39], Pellikaan [53], Vladu~ [82], Duursma [12], Ehrhard [15], Feng and 
Ra.o [16} and Duursma (13]. Remember that we denoted the designed minimum 
distance of algebraie-geometrie codes by d*. We can classify those results into two 
classes. The first one can correct up to (d* -1)/2- s errors with complexity O(n4 ), 

where s is the Clifford defect of a set of special divisors defined by Duursma in [12} 
a.nd n is tbe length of the code, see [71, 39, 12]. The second one can correct up 
to L(d*- 1)/2J errors, which is first given by existence proöfs in [53, 82] and very 
recently by explicit algorithms with complexity O(n3 ), independently in [15] and in 
(16]. The one given in [13] is a generalization of the algorithm of [16] to all geometrie 
Goppa codes. Theoretica.lly, one can generalize this metbod to alllinear block codes 
as a metbod of finding an error locating pair, which is proved by Pellikaan [54]. All 
these decoding algorithms are ca.rried out by solving systems of linear equations. To 
decrease the complexity, Justesenet al. [36] and Dahl Jensen [8], respectively, gave 
an attempt to a dass of codes constructed from plane curves and a special curve 
in a 3-dimensiona.l space, respectively. To generalize their metbod to more general 
geometrie Goppa codes seems difficult. 

Around the sa.me time as Justesen et al. [35], by defining the syndrome in 
a different way, Porter described another decoding algorithm for a certain dass 
of geometrie Goppa codes in his Ph.D. thesis [57]. The syndrome he defined is 
a genera.lization of the syndrome for a classieal Goppa. code, which is defined as 
an element in the ring of polynomials in one varia.ble. One can view the ring of 
polynomia.ls in one variabie as the ring of ra.tiona.l functions on the projective line 
with only poles at the point at infinity. The ring of polynomials in one variabie is 
replaced by the ring K 00(P) of rationa.l fundions on the curve with only poles at a 
fixed place P, where P is not equal to one of the rational points used to construct 
the code. Therefore a decoding algorithm constructed from this syndrome ca.n be 
carried out in the ring Koo(P). This makes it more likely to decrease the decoding 
complexity. We will explain this in Chapter 6. 

The proofs in the thesis of Porter contain several mistakes and gaps. In Cha.pter 
4, we give a correct account of the results of Porter, in "more generality and with a 
better error correcting capacity. This a joint work with Porterand Pellikaan [58]. 
We first prove tha.t for every place P not in the support of D, every geometrie Goppa 
code Cn(D,G) is isometrie to the code Cn(D, E pP), forsome effective divisor E 
and positive integer p. Then we show tha.t there exist n independent differentials 
e1 , •• • , én E 0(-D - pP) such that for every differential w E 0( E - pP - D) we 
have w = L:f=1 resp.(w)e;. If we let e(z) = Ex;e;, then e(z) E O(E- pP- D) if 
and only if z E Co(D, E pP). In order to represent the syndrome as a rational 
function we first prove the existence of a particular differential Tf· By using these 
results we construct the syndrome S(z) of a received word z in the ring Koo(P). 
We also show how to decode (d* -1)/2- s errors, where sis the Clifford defect, by 
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solving the key equation fS(~) = r + qh, under a constraint in termsof the degrees 
of f and r. In Chapter 5, we will explain how to solve this equation with complexity 
O(n3

). In Chapter 6, for a class of codes constructed from Hermitian curves, we 
show how to solve the corresponding key equation with lower complexity. 

In Chapter 5, we discuss the more general prohlem of solving a congruence in a 
graded algebra (for the definition we refer to [30, 52]). Consequently, solving key 
equations, defined in Chapter 4 is just an application. 

Let F[X] be a polynomial ring over a field F, that is an N-graded algebra over 
F, where N is the monoid of all nonnegative integers. Let f,g.E F[X]. By using 
Euclid's algorithm one can solve fora and b the congruence af Eb (mod g) such 
that deg(b) is less than a given integer and a bas the minimal degree among all such 
solutions. This was proved by Sugiyama, Kasahara, Hirasawa and Namekawa in 
[76] where they also applied it to decode BCH codes and classical Goppa codes. For 
solving such a congruence on an N"-graded algebra F[X1 , ••• , X,.], methods were 
given by Sakata [62] and Fitzpatrick and Flynn [17], respectively. As applications, 
they showed how to find minimal linear recurring relations for an n-dimensional 
array and how to decode Hensel codes, respectively. Unfortunately the ring K 00(P) 
given in Chapter 4, is not of the above two kinds of graded algebras if the genus 
of the curve used is not zero. In fact it is a r -graded algebra, where the grading 
monoid ris a proper submonoid of N. So one cannot use the above two methods 
to solve a congruence in this r-graded algebra. 

In Chapter 5, by generalizing a subresultant sequence (see [5, 7, 45] for the 
definition) in a r-graded algebra with ar-basis, we give an algorithm to solve the 
congruence af = b (mod g) on this algebra, such that deg(b)- deg(a) is less than 
a given integer and a bas the minimal degree among all such solutions. The idea of 
using subresultant sequences comes from Porter's Ph.D. thesis [57]. But by using 
bis generalization; one may get a wrong solution. In Cha.pter 5 a counter-example 
is given. The complexity of the improved algorithm we give is O((m + n)3

), where 
m = deg(/) and n = deg(g). 

A very good explicit example of algebraie-geometrie codes are the codes con
structed from Hermitian curves, introduced by Goppa [28]. If we consider commu
nication over a. given channel, van Lint [44] rema.rked that these codes are usually 
better than the corresponding Reed-Solmnon codes with the same rate. Tiersma 
[78], Stichtenoth [73] and Yang and Kumar [84] stuclied these codes in more de
tail. It looks more urgent to give eflicient encoding and decoding algorithms for 
these codes. Chapter 6 is devoted to this. There we give a complete encoding and 
decodjng scheme for these codes. 

The encoding scheme we give is somewhat like the encoding scheme of Reed
Solonom codes, see [50, Ch.10.§7], which can he separated into two parts. One is to 
transfer message symbols to codewords and the other is to reeover message symbols 
from codewords. 

To decode these codes we use the decoding metbod given in Chapter 4. To 
fulfil this, the first task is to construct syndromes which are given only by a non
constructive existence proof in Cha.pter 4. Before doing this, we give a detailed 
description of the code Co(D,l(q + l)Po,o- óP00 ), which is isometrie to the code 
Co(D, mP00 ), where Poo is a point at infinity, n = deg(D) = t - 1 and m = 
l(q + 1) ó. This description is different from the one given by Tiersma [78] and 
Stichtenoth [73], since our discussion is concentra.ted on the subspace of differential 
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forms while theirs is on the dual codes. After that, an explicit construction of 
syndromes for these codes is given. To solve the key equa.tion of the received word 
for these codes, we transfer it to finding a minimal recurrence relation for a non-gap 
subscript sequence of size m + 1, rather than using the metbod given in Chapter 5. 
Thus the decoding complexity is reduced. 

At the end of Chapter 6, we show how to compute the residues explicitly by a 
given database. 

The last chapter is the most teehoical part of this thesis. 
A non-gap subscript sequence discussed in Chapter 6 is a sequence of elements 

of Fq, subscribed by a proper submonoid N(q) of N. In Chapter 7, we denote it 
by (U;)N(q)· To find a minimal recurrence relation for (U;)N(q)• we give an iterative 
algorithm in Chapter 7. The main idea of this algorithm comes from Sakata's 
algorithm [62] which generalizes the Berlekamp-Massey algorithm [4, 47] to more 
than one variable. In brief, suppose for {U;! i < n}, we already have a minimal 
recurrence relation, say fn, a minimal recurrence relation fn+ for {U;Ii < n+} is 
obtained by fn and another auxilia.ry relation given by the algorithm in one of the 
previous steps, where n+ is the successor of n in N(q) under the normal order in N. 

The difference between this method and the metbod given in Cha.pter 5 for 
decoding the sa.me code is that the first one does use the knowledge of {!;!i :5 n} to 
find fn+ while the second one does not. Therefore the complexity of the first metbod 
is less than the second one. At the end of Chapter 7, we calculate the complexity 
of the iterative algorithm explicitly. 





Chapter 2 

Representing Linear Codes by Curves 

In this chapter we discuss which linear codes are algebraic-geometric. 
InSection 2.1 wedefine weakly algebraie-geometrie (WAG), algebraie-geometrie 

(AG), and strongly algebraie-geometrie (SAG) codes. Furthermore, we also explain 
what we mean by a WAG, AG or SAG representation of a code. At the end of 
Section 2.1 we introduce the notion of a minimal representation. We prove that 
every WAG, AG or SAG code of dirneusion at least two has a minimal WAG, AG 
or SAG representation, respectively. This is useful in Section 2.3. Section 2.2 is 
devoted to prove that every linear code is WAG. In Section 2.3 we derive several 
conditions onlinearcodes to be AG. Special attention is paid toReed-Muller codes, 
Hamming codes and the binary Golay code and its extension. 

In this chapter, we use the terminology of seheme. For this and its properties, 
we refer to [30, Chapter II]. Some of the notations in this chapter were already 
introduced in Chapter 1. The following notations are new. The group of divisors on 
X is denoted by Div(X). If <p :X--+ X' is a morphism of curves, then we denote by 
<p* both the induced homomorphism k(X') --+ k(X) and the induced homomorphism 
Div(X') --+Div(X), see [30, p.137]. If P is a place of k(X) over k, that is, P is a 
discrete valnation ring of k(X) over k, then we denote by vp the discrete valnation 
function at P. In the literature the notation ordp is also customary. If D1 and D2 

are divisors on a curve X, then we denote by D1 ,...., D2 that D1 and D2 are linearly 
equivalent. By [D] we denote the linear equivalence class of D, that is, the set 
consisting of all the divisors on X linearly equivalent with D. The complete linear 
system associated to D is denoted by I Dl. This is the s~t of all effective divisors in 
[DJ. If C is a linear code, we denote by d( C) its minimum distance. 

2.1 Algebraie-geometrie codes and representa
tions 

Let X be a projective, nonsingular, absolutely irreducible curve defined over Fq. 
The genus of X is denoted by g(X), or simply by g, if it is clear which curve is 
meant. Let P1 , ... , Pn be n distinct F q-rational points of X. We denote both the 
n-tuple (Ph ... , Pn) and the divisor P1 + ... + Pn by IJ (the order of the P; is fixed). 
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Let G he a divisor on X of degree m with support disjoint from the support of D. 
Define the map aL : L( G) ---+ F~ by 

aL(!)= (!(PI), ... ,J(Pn)), 

and themapao : f!(G- D)---+ F~ by, 

ao(w) = (respJw), ... , resp"(w)). 

Define 
CL( X, D, G) =Image( aL) and C0 (X, D, G) = Image(ao). 

Then CL(X,D,G) and Co(X,D,G) are those codes defined by Definition 1.2 and 
1.3, respectively, but here we indicate the curve from which the codes are con
structed. 

Definition 2.1 We call a q-ary linear code C weakly algebraie-geometrie (WAG) 
if there exists a projective, nonsingular, absolutely irreducible curve X defined over 
Fq of genus g, and n distinct rational points P1 , ... , Pn on X and a divisor G 
with support disjoint from the support of D, where D == P1 + ... + Pn, such that 
C CL(X,D,G). We call the triple (X,D,G) a weakly algebraie-geometrie rep
resentation (WAG representation), or shortly, a representation of C. An algebraie
geometrie representation (AG representation) is a representation (X,D,G) with 
deg(G) < n. We call a code algebraie-geometrie (AG) if it has an AG repre
sentation. A strongly algebraie-geometrie representation (SAG representation) is 
a representation (X,D,G) with 2g- 2 <deg(G) < n. A code is called strongly 
algebraie-geometrie (SAG) if it has a SAG representation. 

Remark 2.1 There exists a differentia.l form w with a simple pole at each P, and 
snch that resp,(w) = 1 for i= l, ... ,n. We have Cn(X,D,G) CL(X,D,(w)
G + D), see [74, Corollary 2.6] or {43, Lemma 3.5]. As a consequence we have that 
C is WAG if and only if C = Co(.:\:', D, G) forsome curve X and divisors D and 
G (without the constraints on the degree of G). The code C is AG if moreover 
2g 2 <deg(G). The codeCis SAG if moreover 2g- 2 <deg(G) < n. In view of 
Theorem L 1 we therefore have the following corollary. 

Corollary 2.1 /fC is WAG or SAG, then Cl. is WAG or SAG, respectively. 

Remark 2.2 There exist codes which are AG while the dualis not. For an example, 
see Remark 2.10. 

Definition 2.2 Let n > 1. Let 11'; : F; -+ F~-l be the projection defined by 
deleting the i1h coordinate. If C is a code in F; then define C; by C; = 7r;(C). We 
say that C; is obtained from C by puneturing at the ith coordinate. 

Lemma 2.1 IJ C is WAG then C; is WAG. 

Proof: Suppose that C =CL( X, D, G) forsome curve X, where D (Pt, ... , Pn)· 
By setting D; ==(Ft, ... , P;_1, Pi+1, ••• , Pn), we immediately haveC; = CL(X,D;,G). 
0 

Remark 2.3 If C is AG or SAG, then C; need not be AG or SAG ,respectively, see 
Remark 2.1.). 
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Definition 2.3 Let C he a linear code in F~ and a a permutation of { 1, ... , n}. 
Define 

aC = { (x.:r(t)> ... , X.:r(n))l(xh ... , Xn) E C}. 

Two linear codes C1 and C2 in F~ are called equivalent if C2 = aC1 for some 
permutation a of {1, ... , n }. Let À = (Àt, ... , Àn) he an n-tuple of non-zero elements 
in Fq. Define 

ÀC {(ÀtXh ... , Ànxn)i(xt, ... , x") E C}. 

The codes C1 and C 2 are called generalized equivalent or isometrie if there is an 
n-tuple À= (At. ... , Àn) of nonzero elementsin Fq and a permutation i'J' such that 
Cz .ÀaC1• 

Lemma 2.2 IJ C1 and C2 are isometrie codes and C1 is WAG, AG or SAG, then 
C2 is WAG, AG, SAG, respectively. 

Proof: Suppose Ct = CL(X,D,G) and c2 ""' Ài'J'Ct forsome non-zero elements 
>.1, ••• , Àn in Fq and a permutation i'J'. There exists a rational function f such 
that f(P.:r(i)) = À; for all i, by the independenee of valuations, see [6, p.ll]. Let 
aD (P.:r(t) 1 ... ,Pu(n))· Then the divisor G- (!) has disjoint support with I'J'D, 
since all the À; are nonzero. We have C2 = CL(X,aD,G- (!)) and C2 is WAG. 
The degrees of G and G- (!)are equal. So, if C1 is AG or SAG, then C2 is AG or 
SAG, respectively. D 

Definition 2.4 We call a q-ary linear [n, k] code projective if every two columns 
of a generator matrix of C are linearly independent; Thus if we view the columns 
of a generator matrix as points in the (k- 1)-dimensional projective space pk-t, 
expressed in homogeneaus coordinates, then we get n distinct points. Obviously, 
this definition is independent of the generator matrix chosen. By S(r, q) we denote 
any q-ary projective code of dimension rand length (qr l)f(q- 1). Such a code 
is called a Simplex code. By H(r,q) we denote the dual of S(r,q). This is a q-ary 
Hamming code of redundancy r. If all the n points of a projective code lie in the 
complement of a hyperplane then we call the code afline. 

From the above definition, we can easily derive the following simple properties. If 
n 2 3, then a code C is projective if and only if d( C.L) 2 3. The code C is affine 
if and only if C is projective and there exists a codeword with its weight equal to 
the word length. The maximal word length of a projective code of dimension r 

is (qr- 1)/(q 1). Por fixed rand q all q-ary Simplex codes of dimension rare 
isometrie. The sarne holds for Hamming codes. The maximal possible word length 
of an affine code of dimension r is q'-1 . For fixed q ànd r all affine q-ary codes 
of dimension r and word length qr-1 are isometrie and are called q-ary first order 
Reed-Muller codes. 

Remark 2.4 Let C be a q-ary projective code C of dimension at least 2. Suppose 
C = CL(X,D,G) forsome curve X and divisors D and G. If L(G) = L(G P) 
for some point P of X, then P is not in the support of D. Otherwise P P; 
forsome iE {l, ... ,n}, so all the codeworcis have a zero at place i, contradicting 
the assumption that C is projective. Thus G - P has disjoint support with D and 
C = CL( X, D, G P). Repeating this procedure wc may assume without loss of 
generality that G is a divisor such that L( G) f; L( G - P) for all points P, that is 
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to sa.y, G has no base points. Let lG) = l a.nd let j 0 , ••• , ft-I be a basis of L( G). 
Consider the morphism 

<{!G: X -t pl-1, 

given by the collection of morphisms {r.pj : X\supp(Gj) ---> pi-I }~:,1, where Gj = 
G + (fj), and '-Pi is defined by 

<;>j(P) = (j:(P): ... : f~1 (P)), 

for P E X\ supp(Gj), see [33, p.128]. Then <pa(P) (f0 (P) : ... : fi-1(P)), for 
P E X\supp(G). This holds in partienlar for the P;. The morphism <pa depends 
only on the linear equivalence class of G, and on the choice of the basis Jo, •.. , fz_1 

of L(G). A different choice of a basis of L(G) gives a morphism which differs by 
an automorphism of pi-l (see [30, p.l58]). Let X0 he the reduced image of X 
under the morphism r.pa. Then Xo is not a single point. Even stronger, X0 is not 
contained in any hyperplane. This follows from the fact that j 0 , ft, ... , ft-1 are 
linearly independent. Hence r.pa is a finite dominant morphism X ---> X0 of curves. 
Since X is absolutely irreducible, so is X0 . Finally, we have 

deg(G) = deg(<pa) · deg(Xo), 

since G has no base points, see [33, p. 213] . 

Definition 2.5 Let C be a projective code of dirneusion at least 2. If (X, D, G) is a 
(WAG, AG or SAG) representation of C and Gis a divisor without base points and 
deg(r.pa) = 1, then we eaU (X,D,G) a minimaJ(WAG, AG or SAG) representation 
of C (respectively ). 

Proposition 2.1 Suppose C is a projeelive WAG code of dimension at least two. 
lf (X, D, G) is a representation of C, with G base point free, then there exists a 
minimal representation ( X0 , iJ, G) of C and a finite morphism r.p : X ---> Xo with the 
following properties: 

i) iJ (r.p(PJ), ... ,<p(Pn)). 
ii) <p*(G)"' G, where <p*(G) is the pull back ofG underr.p. 
iii) deg(<p) =deg(<pa). 
iv) deg(G) =deg(G)fdeg(r.p) ':S_deg(G). 
v) g(Xo) $ g(X), with equality if and only if deg(r.p) = 1. 
vi) lf (X, D, G) is an AG representation, then so is ( X_g, f:, G). 
vii) lf (X, D, G) is a SA G representation, then so is ( X0 , D, G). 

Proof: Let l(G) = l. The kernel of the linear map O:L is L(G- D). We have 
k =dim(C) l(G) - l(G- D). Let Jo, ... ,j,_1 he a basis of L(G) such that 
fk, ... , fl-1 is a basis of L( G-D). Let A be the (I xn )-matrix (J;(P;));=o, ... ,l-l;i=l, ... ,n• 

The first k rows of A forma generator matrix of C. The remaining l- k rows have 
onlv zero entries. Let the morphism r.pa be defined by this basis of L( G). The 
r<'<lnced image X0 of X under <pa is possibly singular. Let n : Xo ---> X0 he the 
normalization of X0 • Then n is a birational morphism. Hence we have a rational 
map 'Pa : X ---> X0 such that n o 'Pa = <pa. The curve X is nonsingular, hence 'Pa is 
a morphism. The n points 'Pa(P;) (i = 1, ... , n) are rational and we claim that they 
are all distinct. Indeed, if 'Pa(P.) = 'Pa(Pt) then r.pa(P,) <pa(Pt)· But <pa(P.) 
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corresponds to the s1h column of the matrix A, and C is projective, hence s t. 
Put P; V;a(P;) and iJ= (Pt, ... ,Pn)· For j = O, ... ,l-1, we denote by 9i the 
function Xjjx0, which is a rational function on X0 such that IJ/ Jo = 9i o <f'G· We 
denote 9i on by Yi· Let H be the hyperplane in pi-l with equation x0 0 and 
let H · X0 be the intersection divisor of H with X0 • Define G0 := G + (/0 ). The 
pull back <p(;(H · X0 ) is equal to G0 • Let Go = n*(H · X0 ). Then V;a induces an 
injective map V;(; from the function field of X0 into the fundion field of X, and maps 
L(Go) injectively into L(G0 ). This map is also surjective since V;(;(gj) = !;/ / 0 , for 
j = 0, ... , l- 1, and 1, ft/ /o,_· .. , /1-d /o is a basis of L( Go). Let <{'ij

0 
be defined 

by the basis g0, ••. ,91-l of L(G0 ). Note that <f'äo is equal to the normalization map 
n. There exists a divisor G which is linearly equivalent with Go and has disjoint 
support with iJ, by the theorem of independenee of valuations, see [6, p.ll]. We 
have <f'ä = <f'äo• where <f'ä is defined by a suitable choice of a basis of L(G). Hence 
<f'ä(..P;) = n oV;a(P;) = <pa(P;), for i= 1, ... , n. All these points have theirlast l k 
coordinates equal to zero. Thus there is an n-tuple À = ( À1 , ••• , Àn) E F~, with all 

À;=/: 0, such that CL(X0 , D, G) =>.CL( X, D,G). As we see from the proof ofLemma 
2.2, we may assume without lossof generality that CL(X0 , iJ, G) = CL( X, D, G). In 
the proposition choose <p = V;a. We have deg(IPë;) :=deg(n) 1, deg(<p) =deg(ipa) 
and 

deg(G) = deg(Go) = ~g(foi = :e~(G\ :5 deg(G), 
eg <p eg lPG 

see Remark 2.4. Since G is base point free and lP* restricts to an isomorphism from 
L(Go[ to ,f(Go), G is bas~ point fr~e too. Since '{I* preserves linear equivalence 
and G"' Go, we have <p*(G) "'<p*(Go) Go "'G. ·. This proves everything in the 
proposition, except v),vi) and vii). Note that vi) is an immediateconsequence of iv). 
Part v) and part vii) will follow by the genus formula of Zeuthen-Hurwitz, see [43, 
p.52] or [30, p.301]. First we prove that <pis separable. The morphism ip: X -+ Xo 
factorizes into <p = <p8 o <p;, where 

<p;: X-+ X; 

is purely inseparable and 
<f's: X;-+ Xo 

is separable, see [30, p. 303, Example 2.5.4]. The morphism <p; induces an indusion 

and the image is equal to 

where pr =deg(ip;), pis the charactaristic of Fq and ris some nonnegative integer. 
The curve X; is isomorphic with X, see [30, p. 302, Prop. 2.5]. Let t/>: X;-+ X he 
the isomorphism (of curves) which induces the isomorphism (of function fields) 

t/.•* : Fq(X) -+ Fq(X;), f fo--t .fPr. 

Put G; := <p;(Go). Define the divisor Gi on X by 'I/>*( GD= G;. Then Go= <p*(Go) = 
<f'i(<t';(Go)) = ipi(G;) = prGi. The map IPi maps L(G;) injectively into L(G0 ). The 
morphism <i's induces an inclusion 
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and t.p; maps L(Go) injectively into L(G;). Thus !(Go) ::; l(G;) ::; l(G0 ). But, as 
we saw earlier in the proof of this proposition, l(G0 ) = l(G0 ), hence l(G;) = l(G0 ). 

Now suppose that deg(t.p;) > 1, that is to say r > 0. Let P Esupp(Gi). Then 

He nee 

L(G;) Ç L(Go- P) Ç L(Go). (1) 

On the other hand, 'Ij;* restricts to an isomorphism L(Gi) --+ L(Gi), hence l(G;) = 
l(Gi), and by (1), /(Go)= l(Gi). This implies that the inclusions in (2) are equalities, 
and hence that Pis a basepoint of G0 , a contradiction. Thus deg(t.p;) = 1, and t.p is 
separable. So we can apply the genus formula of Zeuthen-Hurwitz to t.p: 

2g(X)- 2 = (2g(X0)- 2)deg(t.p) + deg(R), 

where R is the ramification divisor of t.p, which is effective. As shown in [30, p. 303, 
Example 2.5.4], it follows that g(X):::: g(X0 ). Note that if deg(t.p) = 1, then R = 0. 
One easily verifies that g(X) = g(X0 ) if and only if deg(t.p) = 1, or g(X) = 0, or 
g(X) = 1 with t.p unramified. However, in our situation, the second and the third \ 
case are included in the first. Namely, suppose that g(X) = g(Xo) =: g ::; 1. We 
have 2::; k::; l(G) = l(G0 ), hence deg(G) > 0:::: 2g- 2 and deg(Go) > 0:::: 2g- 2, 
and by Riemann-Roch 

l(Go) = deg(G) + 1- g, 

!(Go)= deg(Go) + 1- g. 

Since !(Go)= l(G0 ), we get deg(Go) =deg(Go) =deg(Go)/deg(t.p), hence deg(t.p) = 1. 
This proves v). Finally, if deg(G) > 2g(X)- 2, then 

d (G-') = deg(G) 2g(X)- 2 > 2 (X)_ 2 eg deg(t.p) > deg(t.p) - g 0 • 

This proves vii) and completes the proof of the propositi?n. D 

Corollary 2.2 Suppose that (X, D, G) is a WAG representation of a projeelive code 
C of dimer1sion at least two, with G base point free, and such that g(X) is minima/, 
that is to say, for all WAG representations (X', D', G') of C we have g(X) ::; g(X'). 
Then (X,D,G) is a minimal WAG representation ofC. This corollary is also true 
ij 'WAG' is replaced by 'AG' everywhere, or by 'SAG'. 

Proof: Let (X0 , ÎJ, G) he a minimal WAG representation of C with the properties as 
in Proposition 2.1 By the assumption on g(X), and by Proposition 2.1 (v), we have 
g(.i'u) = g(X), and hence deg(t.pa) =deg(t.p) = 1, by Proposition 2.1 (iii). Since Gis 
base point free, moreover, (X, D, G) is minimaL The two assertions in the second 
part of the corollary are proved similarly, using Proposition 2.1 (vi) and 2.1 (vii), 
respf'ctively. D 
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2.2 Alllinear codes are weakly algebraie
geometrie 

19 

In [31], Hansen and Stichtenoth considered the curve,;'\:' in P 2 defined by the homo
genrous equation 

xg"(x9 + xzq-I) = zq"(y9 + yzq-t ), 

where q0 = 2n and q 22n+l. This curve is ahsolutely irreducihle, has exactly 
one (singular) point Poo at the line z = 0, and goes through all the rational points 
outside the line z 0. The linear system of hyperplane sections of this curve is 
complete. lnspired hy their result we consider the following series of curves. 

Definition 2.6 Let p he a prime numher and q a power of p. Let X(l,q} he the 
closed subschcme over Fp in P 1 defined by the homogeneons ideal 

I(l,q) 

in Fp[xo, ... ,xz]. 

( 
q+l 

X; 1, ... , 1 1) 

Proposition 2.2 The scheme X( l, q) is a projective, absolutely irreducible, reduced 
curve over F ". lt has exactly one point P 00 at the hyperplane H with equation x0 = 0, 
the curve is nonsingular outside P 00 and goes through all the q1 ration al points of P1 

outside the hyperplane H. 

Proof: The scheme X(l, q) is defined by l 1 equations, hence all the irreducible 
components are at least one-dimensional ( cf. [85, p.l96]). So the dimension of 
X(l, q) is at least one. Poo = (0: ... : 0: 1) is the only point in the intersection with 
H, which follows directly from the equations. Let 

f - q+l 2 + q 
i - Yi - Y; Yi+I - Yi+t for l, ... ,l-1. 

Then f 1 =... ft-1 0 are the equations of X(l, q) on the complement of H, which 
is isomorphic with affine l-space with coordinates y1 , ••. , Yt, denoted by X(l, q)*, 
where Yi = x;/x0 . Let V;: X(l, q)*-+ A1 (a one-dimensional affine space), such that 
'1/;(yh ... ,yl) y1 • Then V; is a morphism and V;- 1(y) is thesetof q1- 1 elements 
y = (y1, • •• , yz) in F~ as well as in F~ of the equations .ft, ... , ft- 1 = 0. This implies 
that the di mension of '1/;- 1 (y) is zero. Thus dim X( l, q )~ :S dim A 1 +dim '1/;-1 (y) 1 
(cf [30, p. 95, Exe. 3.22]). Hence X(l,q) has dimension one and codimension (see 
[30, p. 86]) l- 1. Let. f (h, ... , ft-d· Computing the derivative of f yields 

( 

y'f- 2yl 1 
dj= . 

0 YÏ-1 

. 0) 
2Yt-1 1 

Hence dj has maximal rank at all points not equal to P.x. of X(l,q) over Fq. Thus 
the scheme is nonsingul ar outside P 00 • Let H; he a su bschcme defined by the i deal 
(xi+1-x2xo+Xi+tXÓ xr+lxo). ft is a Jocally principa) subschemeof codimension 1. 
Furthermore, X(l,q) = H1 n H2 , ••. n Hz_1 • This proves that X(l,q) is a complete 
intersection ( cf. [30, p. ll8]). By the nonsingularity of the scheme for every place 
P(:f. P00 ), we have that the local ring defined by Pis a discrete valnation ring which 
has no uilpotent element. Thus X(l,q) is reduced outside PYO (cf. [30, p. 82]). 
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Moreover, it is red u eed since it is a complete intersection ( cf. [30, p. 186] and [48, 
p. 110]). Therefore there is a normalization of X(l,q). Let 

n: X(l,q)--+ X(l,q) 

he the normalization of X(l,q) and Foo any point in n-1 (Poo)· Let V00 he the discrete 
valuation at F00 • Let z; = y; on. Then z~, ... , Zl are rational functions on X(l,q) 
and have no poles outside n-1{P00 ). Furthermore zj+1 zt = zl+I - Zi+t· Thus 
(q+l)v00(zi) = qv00(Zi+d· Now Zt has a pole at F00 , hence V00 (zt) is negative. Hence 
hy induction one shows that there exists a positive integer a such that v00(z;) = 
-aq1-'(q + 1)'-1 • Consider the map r.p : X(l,q) -+ Y, which is the projection of 
the curve in P 1 with center with equations x0 = x 1 0, onto the line Y defined hy 
the equations x2 = ... = Xt = 0. Then t = x0/x1 is alocal parameter of the point 
Qoo = {0: 1 : 0: ... : 0) in Y. Let the map !p: X(l,q)-+ Y be defined hy !p = r.pon. 
Then P00 is a point of !p-1(Qoo) and v00(t) = aq1- 1, so the ramifica.tion index ep." 
of !pat Foo is at least q1- 1 • For every other point Q of Y(Fq) not equal to Q00 , the 
inverse image !p-1(Q) consistsof exactly q1- 1 points over Ê'q, all with ra.mifica.tion 
index one, since the map 

dt:p: Tq(X(l,q))-+ Tq(Y) 

between the tangent spaces, is surjective, as one sees from the deriva.tive dj of 
f. Thus deg(!p) = q1- 1 $ ep=· Therefore X(l,q) is a.bsolutely irreducible and 
n - 1 ( P oo) = { P 00 }, hy the following lemma, and thus X ( 1, q) is a.hsolutely irreducible. 
0 

Lemma 2.3 Let X and Y be projective, nonsingular curves over an algebraico.lly 
closed field. Suppose Y is irreducible. Let r.p : X -+ Y be a finite morphism. Suppose 
there exist points P00 in X and Qoo in Y such that r.p(Poo) = Qoo and the ramification 
index ep.., of r.p at P 00 is at least deg( r.p). Then deg( r.p) = ep", and X is irreducible 
and {Poo} r.p- 1(Q00 ). . 

Proof: Suppose Xt. ... , X. are the irreducible componeuts of X. Let r.p; be the 
restrietion of r.p to X;. Then 

• 
deg(r.p) = L:;deg(r.p;) = L ep, 

i=l Pe..,-l(Q) 

for every point Q of y. Suppose Poo E X1• Then 

Thus deg(r.p) = deg(r.pt) = ep00 • So {Poo} = r.p-1(Q00 ) and X1 is the only irreducible 
component of X, that is to say X is irreducible. 0 

Proposition 2.3 The normalization of X(l,q) has genus g(l,q), where 

1 1-1 
g(l,q) = -{L;q'+l-i(q+ l)i-1- (q+ 1)1-1 + 1} 

2 i=l 



Chapter 2: Representing Linear Codes by Curves 21 

Proof: lt follows from the proof of Proposition 2.2 that v00 (z;) -q1-'(q+ 1)'-1 and 
n-1(Poo) consistsof exactly one point Poo- Let 

I (':::')(-t)l-1-• 
u= II Z;' I 

i=l 

Then u is alocal parameter of P00 , since 

Differentiating the equation 

Zi+l - zl+1 = zl+l zf for 1 :S: i :S: l l, 

with respect to z; gives 

dz; 
- zf. 

Hence we get by the chain rule and induction 

Let t 

Now 

du 
dt 

( 
_ 1 dz;) 

V00 Z; -d 
Zt 

Therefore 

And we conclude 

j-1 

TI (2z;- z[). 
i=l 

dt 1-1 
Vco(-) = l:q'+l-i(q+ l)i-1 + 2q'-l 

du i=l 

The map rj; is separable, has degree q1- 1 and is only ramified at P00 • Let g g(l,q). 
Th en 

2g 2 = -2deg(<,?) + V00 (ddt ), 
u 

by the theorem of Hurwitz-Zeuthen, see [43]. Thus 

1-1 
g ql+I-i(q + l)i-1 (q + 1)1-1 + 1}. 0 
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Remark 2.5 (See [19].) Let P be a point on a nonsingular, absolutely irreducible 
curve X of genus g over a field. Let Nn = dim(L(nP)) for n E N. Then 1 = N0 $ 
Nt $ ... $ N29-t = g, so there are exactly g numbers 0 < nt < ... < n9 < 2g such 
that L(n;P) = L((n;-1)P). Thesen; are called Weierstrass gaps of P. Furthermore, 
if mENthen 

Nn =#{mE Nlm $ n and misnota gap at P}. 

Definition 2.7 Let Q(l,q) = {n~,n2 , ••• n9 } he thesetof all gaps of Poo on the 
curve X(l,q) of genus g = g(l,q). 

Definition 2.8 Let 

I 

P(l,q) = r~=k;q1-i(q+ 1)i-t Ik; E zand k;;::: 0}. 
i=t 

Proposition 2.4 Ç(l,q) = N \ P(l,q). 

To prove this proposition we need the following lemmas. 

Lemma 2.4 Por every m E Z, there are unique u, v E Z, such that 

m = uq + v(q + 1)1
-t and 0 $ v < q. 

Aforeover, mE P(l,q) ij and only ifu E P(l-1,q). 

Proof: Since 

we have that 

m = -m{~ (l ~ 1) qi-t }q + m(q + 1)/-t' 
•=t z 

for every m E. N, furthermore there exist a, b E N such that m = aq + b and 
0 $ b < q, so 

Let 

u= a(q + 1)/-t- m L . q•-t and v = b, 
/-t ([- 1) . 
i=t z 

then m = uq + v( q + 1)1-t and 0 $ v < q. If there were another Ut, Vt E Z, such 
that m = UtQ + Vt(q + 1)1-t and 0 $ Vt < q then we can assume without lossof 
gem•rality that Ut ;::: u, thus (ut - tt)q + (vt - v)(q + 1)1-t = 0, so q would divide 
(vt- v), so Vt = v, and Ut =u as wel!. Therefore such u and vare unique. 
Now suppose m = uq + v(q + 1)1- 1 and 0 $ v < q. 
If mE P(l, q), then m = L::=t k;q1-i(q + l)i-t where k; is a non negative integer for 
i= 1, ... , 1. But l.~t = aq + b, where a, bEN and 0 $ b < q, so 

/-t 

m = {L k;qt-t-i(q + 1)i-t + a(q + 1)(q + l)/-2}q + b(q + 1)/-t' 
i=t 
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hence u = L:l;;;;ij;q1- 1-i(q + 1)'-1 , by the uniqueness of u, where j; k; for i = 
1, ... , 1-2 and it-1 = kt-1 + a(q + 1). Thus u E 'P(l- 1,q). 
If u E P(l-1,q) then u L:l;;;U,qi-1-'(q + 1)'-1 forsome nonnegative integers 
j1, ... ,jl-1 so 

1-1 
m {.'Ej;ql-t-i(q+ 1)i-1}q+v(q+l)l-t E'P(l,q). o 

i=l 

Lemma 2.5 #(N \ P(l,q)) = g(l,q). 

Proof: By induction on l. 
(i) We have that 'P(2, q) {iq + j(q + 1) I i,j EN}, so 

q-2 

N\'P{2,q) U{kq+(k+1),kq+(k+1)+1, ... ,(k+l)q 1}, 
k=O 

which is a union of mutually disjoint sets, hence 

#(N \ 'P(2,q)) = (q -1) + (q- 2) + ... + 2 + 1 
1 
2q(q- 1), 

which satisfies the conclusion. 
(ii) Assume the condusion is true for I- 1. By Lemma. 2.4 we have that 

N = {uq + v(q 1)1
-

1 I u< 0, 0 $ v < q} U {uq + v(q + 1)1
-

1 I u 2:: 0, 0 $ v < q}, 

where the two sets are disjoint. We denote the first set by Nh and the second one 
by N 2 • Then 

N \ 'P(l,q) = (N1 \ P(l,q)) U (N2 \ 'P(l,q)). 

1) For each uq + v(q -1)1
-

1 E N 2 \ P(l,q), we have u EN\ P(l 1,q) by Lemma 
2.4, so 

#(N2 \ 'P(l,q)) 
1 1-2 

q#(N \ P(l- l,q)) = 2q{L qH(q + 1)J-t- (q + 1)1-2 + 1}. 
J=l 

2) For each uq + v(q 1)1- 1 E N 1 \ 'P(I,q), we have u< 0 and 0 $ v < q. Hence 

uq + v( q + 1 )1
-

1 2:: 1 # -uq $ v( q +.I )1
-

1 l 

# -uq $ v{~ C ~ 1)q'} + v -1 {::?-u:::; v l-
1 c ~ 1)q•-t, 

smce v 1 < q 1. Hence 

#(N1 \ 'P(l,q)) 
q-1 1-1 (/ - 1) . .'Ev.'E . q•-1 
v=1 i=1 z 

1 1
-

1 (I- 1) . 2q(q- 1) t; i q•-1 
1 -2{q(q + 1)1 1 (q + 1)1-1- q + 1}. 
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Combining 1) and 2) gives 

#(N \ 'P(l,q)) 

Proof of Proposition fJ-4: Jf mE 'P(l,q) then m = E!=t k;q1-'(q + 1)1, where k; is a 
non negativé integer for i= 1, ... , I. Now 

I 

Voo( zf' z;2 
••• zf') = - L k;q1

-
1
( q + 1 )i = -m, 

i=l 

. ( ) 1-'( + 1)'-t f . 1 l S k, k2 kt • I t f smce Voo z; -q q or z , ••• , • o z1 z2 ••• z1 ts an e emen o 
L(mf>oo) and not of L((m-l)f>oo), hence misnota gap of f>"'" so Ç(l, q) Ç N\'P(l,q). 
But by Lemma 2.5 we have that #Ç(l,q) g(l,q) = #(N\'P(l,q)). Therefore 
Ç(l,q) = N\'P(l,q). o 

Proposition 2.5 The vector space L(mf>oo) is generated by 

I 

{zf' ... zf'l L k;ql-i(q + l)i-1 :::; m}. 
i=l 

Proof: This follows from Proposition 2.4 and Remark 2.5. 

Corollary 2.3 /f2q'-l > q1-'(q + 1)'-1 then l,zt.···•z; is a basis of L(q1- 1(q + 
l)i-1 f>oo)· 

Proof: It follows from Proposition 2.5 and the assumption that 1, Zt. . .. , z; generate 
the vector space we consider. The valuations at P = of these i + l elements are 
mnt.ually distinct, so they are independent. 0 

Corollary 2.4 A q-ary first orde1· Reed-Muller code of dimension 3 is AG. 

Proof: A q-ary first order Reed-Muller code of dirneusion 3 can be represented by 
(.\'(2, q), D, G), by Corollary 2.3, where Pt. ... , Pq2 are the q2 rationat points of 
the complement in P 2 of the line with equation xo 0, and D = Ef:1 P; and 
G = (q + I)f>00 • The divisor G has degree q + 1 which is smaller than q2 • 0 

Proposit.ion 2.6 IJ C is a q-ary linear code which has a codeword of weight equal 
to the word length, then C is WAG. 

Proof: Let C have dirneusion k. We may assume that the all-one vector is a code
word, by Lemma 2.2. Choose a generator matrix of C such that the all one vector is 
the first row. Let Qt. ... , Qn he the points of pA:- I corresponding tothen columns 
of the generator matrix. Define 

s = max{tl there exist i 1 < ... < i 1 such tha.t Q;1 = ... = Q;,}. 
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Let l = [k + logq.s]. Then s :5' q1-k+1 and there are n distinct points Pt. ... , P .. , 
rational over Fq, in P 1 such that 1r(P;) Q;, where 1r : P 1 \ H - pk-t is defined 
by 1r(xo : ... : Xt) = (xo : ... : X k-t) and H is the hyperplane with equation 
x0 = 0, since the fibres of 1r are isomorphic with Al-k+l. Choose a power qo of q 
such that 2qb-1 > qb-k(qo + l)k-l. Let X= X (I, qo) and G = qb-k(q0 + l)k-lf>oo and 
D = Pt + ... + P ... Then C CL(X,D,G) by Corollary 2.3 and Cis WAG. o 

Theorem 2.1 Every linear code is WAG. 

Proof: Let C be a linear code. Then the dual of the extended code V of C, has 
word length n + 1 and the all one vector is an element of ( C).L. Thus (7J).L is WAG 
by Proposition 2.6, so is WAG by Corollary 2.1. But C can he obtained from C 
by puncturing at the last coordinate. Therefore Cis WAG, by Lemma 2.1.0 

2.3 Criteria for linear codes to be algebraie
geometrie 

We first mention a few well-known theorems (Theorems 2.2, 2.3, 2.4) and bounds 
on the genus of a curve. 

Definition 2.9 For any divisor D on a nonsingular, a.bsolutely irreducible curve X 
over a fieldwedefine l(D) = dimL(D) and /J(D) dimf!(D). 

Remark 2.6 If deg(D) < 0 then l(D) 0. If deg(D) > 2g - 2 then /J(D) = 0, 
where gis the genus of the curve. The Riemann-Roch Theorem states that 

l(D) deg(D) + 1- g + IJ(D). 

Soit gives a lower bound on l(D) in termsof the degree of D. The following theorem 
gives an upper bound. 

Theorem 2.2 (Clifford) (see [30]) lf l(D) > 0 and 6(D) > 0, then 

l(D) :5' deg~D) + 1. 

Remark 2. 7 A hyperelliptic curve is a.n absolutely irreducible, nonsingular curve 
of genus at least two, which bas a morphism of degree two to the projective line. The 
pull back under this morphism of a point of degree one on the projective line is called 
a hyperelliptic divisor. A hyperelliptic curve over Fq }las at most 2q + 2 rational 
points. We have equality in Clifford's theorem if and only if D is a principal or a 
canonkal divisor or the curve is hyperelliptic and the divisor D is linearly equivalent 
with a multiple of a hyperelliptic divisor, see [30, p.343]. 

Definition 2.10 Let Nq(g) be the maximal number of rational points on a nonsin
gular, absolutely irreducible curve, over Fq of genus g. 

Theorem 2.3 (Serre's bound) (see [66]) 

Nq(g) :5' q + 1 + g[2vq]. 

Furthermore, N2(g) $ 0.83g + 5.35. 
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Remark 2.8 Table I gives some exactly determined values of N9(g). See [43, p. 
34], [66] and [67]. 

Table I. 
Some known values of N9(g). 

g 0 1 2 3 4 5 6 7 8 9 1.5 19 21 39 50 

N2(9) 3 5 6 7 8 9 10 10 11 12 17 20 21 33 40 
N3(g) 4 7 8 10 
N4(g) 5 9 10 14 

Theorem 2.4 (Castelnuovo's bound) . Let l :2: 1. IJ X is an absolutely irre
dttcible curve, over F 9 , in P 1 and not contained in any hyperplane, then g(X) ~ 
1r(m, l). Here m is the deyree of X in P 1, and 1r(m, l) is defined by 1r(m, 1) = 0 and 

t( t - 1) 
1r(m, l) = -

2
-(l- 1) +te, if l > 1, 

where t is an integer such that m - 1 = t( l - 1) + t: and 0 ~ t: < l - 1. 

Proof: See [2], where the proof is given for curves over the complex numbers. In [30] 
the proof is given in arbitrary characteristic for l = 3. One can easily make a proof 
for arbitrary I and in any characteristic, by a combination of [2] and [30]. 0 

Remark 2.9 It is easily verified that 1r(m, l) ~ 1r(m', 1), if m ~ m'. 

The following proposition is hidden in a remark of Katsman and Tsfasman, see 
[37]. 

Proposition 2. 7 Let C be an [n, k] code. IJ C is AG, then 2k ~ n +dl. -1, where 
dl.= dl.(C) is the minimttm distance of Cl.. 

Proof: If Cl. is MDS then dl. = k + 1, herree 2k ~ n +dl.- 1. So we may assume 
that Cl. is not MDS, that is to say dl. ~ k. If Cis an AG code, then C = CL(D, G) 
for some divisor G of degree m < n anq k = l(G). Now Cl. = Co(D,G), so 
there exist dl. distinct indexes i 1 , ••• , i dl. and a differential w E fl( G - D), such 
that resp,

1
(w) =f. 0 for j = l. .. dl., and resp,(w) = 0 for i rf. {il>···,idl.}. Put 

D1 = E1~1 P;,. Then wis an element of fl( G- D1 ) and not of fl( G). But fl( G- D1 ) 

contains fl(G), so 
8(G- Dt) :2: 8(G) + 1 > 0. 

Ilence 
l(G- Dt) = m- dl.+ 1- g + 8(G- Dt) :2: 

:2: m + 1 - g + 8( G) - dl. + 1 = k - dl. + 1 > 0, 

using the Riemann-Roch Theorem twice. We have 

by Clifford's Theorem. Therefore 2k ~ m +dl. ~ n +dl.- 1, sirree m ~ n- 1. 0 
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Remark 2.10 The q-ary :first order Reed-Muller code C of dirneusion 3 has length 
q2 and minimum distance q(q- 1), see [10]. By Corolla.ry 2.4 this code is AG. If 
q;:: 7, then Cl. is not AG, by Proposition 2.7, since 2(q2 - 3) > q2 + q(q- 1)- 1 
if q ;:: 7. Thus we have examples of codes C such that C is AG and Cl. is not AG 
(see Remark 2.2). 

Definition 2.11 Let gq(n) he the minimal genus of a nonsingular, a.bsolutely irre
ducible curve X over Fq, with at least n rational points. 

Remark 2.11 Serre's bound implies n :5 q + 1 + gq(n)[2vql, for all n. 

Proposition 2.8 Suppose (X,D,G) is an AG representation of a q-ary [n,k] code 
and let m = deg( G) ( < n). 
a} lfm :5 2g- 2, then k :5 [(n + 1}/2]. b) lfm > 2g- 2, then g9(n) :5 g :5 n- k. 

Proof: a) If k = 0, then there is nothing to prove. So assume k > 0, hence 
l(G) = k > 0. 
If g :5 n - k, then 

k = l(G) = m + 1- g + ê(G} :5 g- 1 + 6(G) :5 n- k- 1 + ê(G), 

hence 2k < n 1 + ê(G). lt follows tha.t ê(G) > 0 or 1.~ :5 (n- 1)/2. 
If g > n- k, then 

k = l(G} = m + 1- g + 6(G) < m + 1- n + k + ê(G} :5 k + 6(G), 

hence ê(G) > 0. 
If ê(G) > 0, then k = l(G) :5 m/2 + 1 :5 (n + 1)/2, by Clifford's Theorem. Thus in 
every case k :5 [(n + 1)/2]. 
b} If m > 2g- 2, then ê(G) = 0. Hence k = m + 1- g :5 n- g. 0 

Corollary 2.5 There exists a q-ary [n, k] SAG code if and only if 

gq(n) :5 min{k,n- k} 

Proof: If a q-ary [n, kl code has a SAG representa.tion, then gq(n) :5 n- k, by 
Proposition 2.8.b. The dual of this code is a SAG [n, n- kJ code, by Corollary 2.1. 
Hence, again by Proposition 2.8.b, g9 (n) :5 k. Conversely, by de:finition, there exists 
a nonsingular, absolutely irreducible curve X over Fq of genus g gq(n), having (at 
least) n distind rational points, P1 , ••• , Pn sa.y. Put D = P1 + ... + Pn. There exists 
a divisor G of degree k + g 1 and with disjoint support with D, by the theorem of 
independenee of valuations [6, p.111. Now 2g - 2 < deg( G) = k + g - 1 < n, since 
g :5 k and g :5 n- k. Thus (X,D,G) represents a SAG [n, kl code. 0 

Corollary 2.6 IJ there exists a q-ary [n, k] AG code, then 

n+1 
k :5 [-

2
-1 if gq(n) > n- k 

and 
k < [ ( [2vql - 1 )n + q + ll 

_ [2y'(ïl iJ gq(n) :5 n- k. 
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Proof: Suppose (X, D, G) is an AG representation of a q-ary [n, k] code. Let 
m =deg(G). If 9q(n) > n - k, then m $ 29 2, by Proposition 2.8.b. Thus 
k $ [(n + 1)/2], by Proposition 2.8.a. If 9q(n) $ n- k then 

n $ q + 1 + 9q(n)[2y'q] $ q + 1 + (n k)[2y'q], 

by Serre's bound, so 
k < [([2y'q]- 1)n + q + 1] 

- [2yïq] . 

In the following, we shall investigate which Hamming codes H(r, q) are AG. 
The code H(r, q) is only determined up to isometries (see Definition 2.3), but this 
question makes sense anyway, by Lemma 2.2. 

Corollary 2.7 lfr;::: 3 and the Hamming code H(r,q) is AG then (r,q) = (3,2). 

Proof: Let r;::: 3,n (qr -1)/(q -1) and k =n-r. Then H(r,q) is an [n,k] code, 
see Definition 2.3. The minimum distance of its dual is . If H( r, q) is AG then 
Proposition 2.7 implies that 

so 

1 r -1 
) < q + r-1 -r -- q 

- q -1 

qr-l _ 1 
..:..._--...,.- < 2r. 
q-1 

1, 

This is only possible in case the pair (r,q) is equal to (3,2), {4,2), (3,3) or (3,4). 
To exclude the last three possibilities, observe that 92(15) > 4, 93 (13) > 3 and 
g4 (21) > 3, by Table I, hence 9q(n) > r = n- k in these three cases, and apply 
Corollary 2.6. Since in all three cases k > [(n + 1)/2], we get a contradiction. D 

Remark 2.12 In [55, Section V] , it was proved that H(l, q) and H(2, q) are SAG, 
for every q, and that H(3, 2) is SAG. 

Proposition 2.9 Let k;::: 2. Let (X,D,G) be a minimal representation of a pro-
jeelive q-ary [n, k] code. Let I l(G). Then 

g9 (n) $ g(X) $ 1ï{deg(G),l 1). 

In particttlar, if(:t,D,G) is AG, moreover, then 

9q(n) $ 9(X) $ 11'(de9(G),k-1). 

Proof: By assumption, the divisor G has no base points and the morphism cpo : 
X~ pi-t has degree one. Hence deg(X0 ) =deg(G), where X0 is the reduced image 
of X under r.po ( see Remark 2.4). Since X has (at least) n rational points, we have 
gq(n) $ g(X). Since deg(cpo) = 1, we have g(X) = 9(.1.'0 ) by Proposition 2.l.v. 
The r<'Sult now follows from Castelnuovo's bound, applied to the curve X0 , which is 
ahsolutely irreducible and does not !ie in any hyperplane. The secoud part of the 
proposition follows from the fact that deg( G) < n implies l = k. 0 

Corollary 2.8 Let k ;::: 2. IJ there exists a q-ary projeelive AG [n, k] code, then 

gq(n) $ 'lf'(n l,k -1). 
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ProoJ: If a q-ary projective AG [n, k] code exists, then there exists a minimal AG 
representation (X0 , i>, G) of this code, by Proposition 2.1. The result now follows 
from Proposition 2.9, applied to this minimal representation, and Remark 2.9, using 
deg( G) :5 n - 1. 0 

Proposition 2.10 IJ there exists a binary projective AG [n, k] code, then 
a) IJ n;::: 14 or n 12 then k < [n/2], b) IJ n = 11 or· n = 13 then k < n/2. 

Proof: If k < [n/2], then there is nothing to prove. Suppose k ;::: [n/2]. If g2(n) :::; 
n- k then 

n 
n:::; 0.83(n- [2"]) + 5.35, 

by Serre's bound, which implies n < 10. Suppose n ~ 10. Then g2(n) > n- k. So 
by Corollary 2.6, we have 

li]Sk$ t~\ 
There are the following possibilities, a priori: 
i) k ;::: 5 and n = 2k, ii) k;::: 5 and n 2k + 1, iii) k ;::: 6 and n = 2k - I. 
In the first case 1r(n -1, k- 1) k + 2. Hence g2(n) :5 k + 2, by Corollary 2.8 . 
So 2k $ 0.83(k + 2) + 5.35, by Serre's bound. Thus k $ 5, and n $ 10, and there 
is nothing to prove. Similarly we get k $ 6, n :::; 13 in the second case, but now 
k < n/2. Finally, we get k :5 5, n :5 9 in the third case, which therefore cannot 
occur. Combining these inequalities we get the desired result. 0 

Corollary 2.9 The binary Golay code and its extension are not AG. 

Proof: As we know, the minimal distances of the dual codes of the binary Golay 
code and its extension exceed 3, see [50]. The binary Golay code is a [23,12] code 
and its extension is a [24,12] code, so they are not AG, by Proposition 2.10. 0 

Remark 2.13 Our results do not yield a similar result concerning the ternary Golay 
code and its extension. The problem whether these codes are AG is still unsolved. 

Corollary 2.10 For every t ~ 2, r ~ t, and e; E {0, 1}, the r-th order binary 
Reed-Muller code RM(r, 2t + e) of length 22He is not AG. 

Proof: Let r > 1 and m 2t + e;, where t ~ 2 and e; E {0, 1}. The code RM(m
r- 1, m) is the dual code of RM(r, m). The lengthof the codewordsof RM(r, m) 
is n = 2m, the dimension of RM(r,m) is 1 + (7) + · ·: + (';:) and the minimum 
distance of RM(r,m) is 2m-r, see [10] and [50]. So d.L(RM(r,m)) = 2r+l > 3. If 
RM(r, m) is AG then, since n ? 16, 

dimRM(r,m) $[iJ 1 = 2m-l -1, 

by Proposition 2.10. However, if m = 2t or m 2t + 1, and r ~ t, then 

dimRM(r,m) 1 + (7) + ·· · + (~) ~ 2m-J > 2m-l -1, 

which gives a contradiction. D 
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Remark 2.14 Let p be a prime such that 2 is a quadratic residue modulo p. Let Q 
denote the set of quadratic residues modulo p and N the set of nonresidues. Define 

q(x) := TI (x- a:r) and n(x) := TI (x- a:n), 
~Q ~N 

where a: is a primitive pth root of unityin some field containing F 2 • Then the binary 
quadratic-residue codes Q, Q, N, Nare cyclic codes with generator polynomia.ls 

q(x), (x- 1)q(x), n(x), (x- l)n(x) 

respectively. Furthermore, the length of all these codes is p, the dirneusion of both 
Q and Nis (p + 1)/2 a.nd the dirneusion of both Q and Nis (p- 1)/2, a.nd the 
minimum distauces of all these codes are not less than iffi, see [50]. Therefore, if 
p > 13, the codes Q, N, Q and Nare not AG codes, a.nd if p = 11,13 the codes Q 
and N are not AG codes, by Proposition 2.10. 

Lemma 2.6 Suppose (X,D,G) is an AG representation of an [n,k] code. Then 
deg(G) :::; k + g L IJk=/: 0 and deg(G) < k + g- 1, then deg(G);::: 2k- 2. 

Proof: By the Riemann-Roch Theorem, k = l(G) ;::: deg(G)- g + 1, so deg(G) :S:: 
k + g- L If deg(G) =/: k + g 1, then by Clifford's Theorem k ~ deg(G)/2 + 1, 
since l(G) = k > 0 and li(G) k deg(G) + g 1 > 0. Thus deg(G);::: 2k- 2. 0 

Corollary 2.11 IJ (X, D,G) is an AG representation of an [n, k] code, and g ~ 
n- k and k > [n/2], then deg(G) k + g L 

Proof: If deg(G) =/: k + g 1 then 2k 2 ~ deg(G) < k + g- 1 :S:: n -1, by Lemma 
2.6, so k :S:: [n/2]. This contradiets the assumption on k. 0 

Proposition 2.11 (See Table IJ). Let C be a binary [n, k] code with 4 :::; n :S:: 10. 
Let k0 and k' be given by Table IJ. 
a) If k > ko, then C is not AG. 
b) Suppose that C is AG and projective, and that k = k'. Let (X, D, G) be a 
minimal AG representation ofC. Let g be the genus of X and let m =deg(G). Then 
(g, m) = (g', m') for one of the paÜ's (g', m') given in the last column. 

Table li. 
Restrictions on binai'y AG [n, k] codes, 

see 2.11. 

n ko k' (g',m') 

9 5 5 8) 
8 4 4 (5, 7) (6, 7) 
7 4 4 (3, (4,6) 
6 4 4 (2,5) 

3 (2,4) (3,4) (3,5) (4,5) (5,5) (6,5) 
5 4 4 (1,4) 

3 ( 1, 3) 4) (3,4) 
4 3 3 

Proof: a) For every n, the proof goes as follows. If k > k0 , then k > [(n + 1)/2], 
while n- k < n- k0 :S:: g2(n), by TableL By Corollary 2.6, C cannot be AG. 
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b) We shall only give the proof for the case n = 6, k = 3. The proofs in the other 
cases are analogous, and sometimes simpler. So let n = 6 and k = 3. By Table I, 
92(6) = 2, hence 9 ;:: 2. We have m < n 6. If m = 5, then 2 :5 9 :5 '11"(5, 2) = 6, 
by Proposition 2.9. The case (9, m) = (2, 5) is excluded by Lemma 2.6. If m = 4, 
then 2 :5 9 :5 '11"( 4, 2) = 3, by Proposition 2.9. Since '11"(3, 2) = 1 < 2 :5 g, it is not 
possible that m :5 3, by Proposition 2.9 and Remark 2.8. 0 

Remark 2.15 In Proposition 2.ll.b we do not daim that for every pair (g', m') 
given in the ta.ble a minimal AG representation with (g,m) = (g',m') actually 
exists. As a matter of (act, in the next section we shall prove that for n = 7, k' = 4, 
the case (g',m') = (4,6) is impossible! 

Proposition 2.12 There exists a binary SAG code of length n if and only if n :5 8. 

Proof: By Proposition 2.10, SAG codes of length n ;:: 11 do not exist, since a SAG 
code is AG and its dual is too, but they cannot both have dimension < n/2. The 
cases with n :5 10 are dealt with by Corollary 2.5 and Table I: only for n :5 8 there 
exists a k such that g2( n) :5min { k, n - k}. 0 

Remark 2.16 (See Remark 2.3) There exists a binary SAG [5, 4] code, by Corollary 
2.5, since 92(5) = 1, by Table I. This code is a fortiori AG. Puncturing this code 
gives a binary [4,4] code, which is not AG (and not SAG), by Proposition 2.11. 
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Chapter 3 

Constructing Asymptotically Good Binary 
Codes from Curves 

In this chapter, an explicit construction of a sequence of binary codes which 
asymptotically meet the Zyablov bound for rate lower than 0.30 is given by using 
Justesen's construction of concatenation (sec Chapter 1 ). The Zyablov bound can 
he described as follows. 
There exists a sequence of concatenated binary codes with inner code length n ---+ oo 
and outer code length N ---+ oo, in which the outer code is maximum distance 
sepa.rable (MDS), and which satisfy 

. . distance R 
bmmf 

1 
h ;::: ma.x{(1- -)H;1(1- r)}, 

engt o~r~I r 

if the overall rate is R, where H21 is defined in Chapter 1. 
InSection 3.1 wedefine the genera.lized Hermitia.n curves. By using these curves, 

we construct the outer codes of our concatena.ted codes and give the properties of 
the outer codes. In Section 3.2 we define the ensemble of the inner codes. Finally, 
in Section 3.3 the sequences of concatenated bina.ry codes, which meet the Zyablov 
hound for lower rate, is constructed. 

3.1 The construction of the outer codes 

Reeall the definition of a Justesen code. lts outer code is taken to he a [2"' -1, k, 2"'-
1- k + 1] Reed-Solomon code over GF(2"') which is MDS. Soit has the maximal 
minimum distance among all the [2"' - 1, kj codes over GF(2"' ). lts inner codes 
exhaust all 2"' -1 distinct binary codes in Wozencraft 's ensemble of randomly shifted 
codes described by Massey [46, p.21]. The reason that Justesen codes cannot meet 
the Zyablov bound for rate lower than 0.30 is that the construction requires a good 
ensemble of inner codes with at most 2m - 1 (the length of a Reed-Solomon code) 
codes and such an ensemble for rates less than 1/2 cannot be constructively specified. 
Therefore if we can construct outer codes over the same field but with length N 
much larger than 2m 1, such that they bchave almost like MDS codes when the 
code length becomes sufficiently large, then the specification of an ensemble with N 
codes for rates lower than 1/2 becomes possible. Fortunately, the algebraic geometry 
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method again provides a possibility to construct such an outer code. Over every 
field GF(22n), the outer code we will construct in this sectionis a [22n(I+I) -1, K, D] 
code, where l is an integer greater than 1 and D ~ (22n(I+I) - 1) - K + 1 - g. 
Therefore if g is relatively small the code hehaves almost like a MDS code. In fact 
gis the genus of the curve used and is approximately 1/2(l-1)2n1• Thus gj22n(I+I) 

tends to 0 for n -+ oo. In the rest of this section we wil! give the details of this 
construction. 

Definition 3.1 Letq 2n. LetFqz beafinitefieldwithq2 elements. LetPG(l,q2 ) 

be an l dimensional projective space over Fqz. Let 'H.(l,q) be a closed subscheme 
over F 2 in PG(l,q2 ) defined by the homogeneons ideal 

I (I, q) = (X[+l + Xi+tXó + X[+lXo, 

in F 2[X0 , ••• , Xt]. 

1, ... ,1-1) 

Proposition 3.1 The scheme 'H.(l,q) is a projective, absolutely irreducible, reduced 
c1trve over F 2 • ft has exactly one point P 00 at the hyperplane H with equation 
X0 = 0. The curve is nonsingular outside Poo and goes through q1+1 rational points 
of PG(l, q2 ) outside the hyperplane H. The genus of this curve is 

1 1-1 . . 
g(l,q) = -{L:q/+1-•(q+ 1)•-1 (q+ 1)1-1 + 1}. 

2 i=l 

Proof. The proof is the same as the proof of Proposition 2.2 and 2.3 in Chapter 2. 
0 

The function field of 1l(l, q) is K(l, q2 ) := Fqz(xb ... , Xt) with defining equations 

1, ... ,1 1. 

lt is the fundion field of a Hermitian curve over Fqz when l 2, see [73] and [78]. 
Therefore we call the curve 'H.(l,q) a generalized Hermitian curve. This generalized 
Ilermitian curve is an example of so called Artin-Schreier extensions, see [41]. Some 
of its properties are described in that paper. This curve was mentioned in [35, 
Example 7J too, but there it was not proved that this curve is absolutely irreducible. 

Proposition 3.2 Ij a E F q2, then the equàtions 

1, ... , l 1 

have their all solutions in F~2 • Fttrthermore, they have exactly q1- 1 solutions. 

Proof. We follow the proof of [20, §1 Lemma]. 
Suppose bis a solution of yq + Y = aq+l, that is bq + b aq+l. Raising to the q-th 

power and using the fact that aq(q+l) = aq+l, we have bq2 + bq aq+l bq + b. From 
this we condude that b E Fq2. Therefore every solution of the equations is in F~2. 
This proves the first claim of the proposition. The second claim of the proposition 
is a consequence of the first condusion and the fact that a polynomial of degree q 
has at most q zeroes. D 

By the above proposition, we know that the q1+1 + 1 ra.tional points of the curve 
1t( l, q) are the following: the common pole P 00 of x; for i = 1, ... , l, and for any 
a1 E Fq2 and any a; such that af +a; = a1:!:i for i = 2, ... , l, the common zero 
P P"1 , ••• ,"1 of x; a; for i= 1, ... , l. 



Chapter 3: Constructing Asymptotically Good Binary Codes from Curves 35 

Definition 3.2 (The outer code) Let D be a divisor of K(l, q2) defined by D = 
Ef:1 P;, where 0 < N ::5 q1+1 -1 and P~, ... , PN are different and chosen from ratio
na! points of 1t( l, q) such that P; rf. { P 00 , Po, ... ,o}. Let m be any nonnegative integer. 
Then the outer code is defined to be the algebraie-geometrie code CL(D, mP00 ) (see 
Definition 1.2). 

Theorem 3.1 Jfm < N, then CL(D, mPoo) is a linear [N, I<, D] code over Fq2 with 

/( ~ m + 1- g(l, q) and D ~ N- m. 

Therefore 
D~N-K+1-g(l,q). 

Furthermore, /( = m + 1- g(l,q) ifm > 2g(l,q)- 2. Moverover iJ wetakeN = 
q1+1 -1 then g(l,q)fN-+ 0, (q-+ oo). 

Proof. The theorem follows from Theorem 1.3.a. D 

3.2 The ensemble of the inner codes 

Let r be a positive rational number less than 1/2. Then we always can write r = 
ntf(nt +n2), where nt and n2 are positive integers, n2 ~ n1 and (n1 ,n2) = 1. The 
aim of this section is to construct an ensemble of binary codes with rate r, such that 
the number of the distinct codes in this ensemble is 2n2 - 1 and the intersection of 
every two distinct codes is {(0, ... ,0)}. InSection 3A, we use this ensemble as our 
inner codes to construct a concatenated code. 

Let n be a positive integer. Then every element in the finite field F 2n can be 
written as an element in F2[x]/(f), where (!)is the ideal in F 2[x] generated by J, 
an irreducible polynomial of degree n in F 2[x]. Let n~, n2 be positive integers, such 
that n2 ~ n1• We have 

F2n1 = {a(x) + (!t)la(x) E F2[x] and deg(a(x)) < nt} 

and 
F2n2 = {,B(x) + (h)I,B(x) E F2[x] and deg(,B(x)) < n2}, 

where J;, i= 1, 2 are irreducible polynomials of degree n; in F 2[x]. 

Definition 3.3 For every ,8 E F2n2, define a map if1f3 from F2n, to F 2n2 by 

if1f3(a) = 1(x) + (h) with 

where 1(x) = ,B(x)a(x) (mod h) for ,B(x) + (h) = ,8 with deg(,B(x)) < n2 and 
a= a(x) + (!1 ) E F2"' with deg(a(x)) < nt. 

It is easy to see that if1f3 is well defined and if1f3(a1 + a 2) = if1f3(at) + 4>f3(a2 ) for 
a~, a2 E F2"1· 

Furthermore, we define a map Vn from F 2" = F 2 [x]/(!) to F~ by 

Vn(a) := (ao, ... ,an_t), 

for every a= Ei:J a;xi + (!) E F 2n. It is easy to see that IJn is injective and linear 
over F 2. Now we can define our ensemble of binary codes. 
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Definition 3.4 (The inner code) For every {3 E Fin" the binary code Cf3 of 
length n3 = nt + n2 is defined by 

For the convenience of explanation inSection 3.4 we can descri he this code as a map 
'Pf3 from F 2n, to F~3 defined by 

Propositi~n 3.3 For every {3 E F2n2 , Cf3 is a binary [nt + n2, nt] linear code. For 
every two distinct {3, {3' E F2n2 , Cf3 n Cf3' = { (0, ... , 0)}. Therefore there are 2n2 - 1 
distinct codes in the ensemble. 

In other words, lf Ct, ... , CT are nonzero elements in F2n, and {3t, ... , f3r are 
distinct elements in F2n2 • Then 'Pf3, (ei), ... , 'Pf3T(cT) arealso different. 

Proof. This follows immediately from Definition 3.3 and Definition 3.4. 0 

3.3 The concatenated codes 

In this section we construct the sequence of binary concatenated codes, and prove 
that these codes meet the Zyablov bound for rate lower than 0.30. Somè of the 
notations in this section were introduced already in the previous sections. 

Definition 3.5 Let l be an integer such that l ;:::: 2 and 0 < t ~ 1 such that 
t = ttft2 for some positive integers ft and t2 • Let n = t 2k and q = 2n, where k is 
a positive integer. Let N = q1+t- 1. Then from Section 3.1 one gets a linear code 
CL(D,mP00 ) with the support of D containing N rational points. Furthermore, let 
nt = 2n, n2 = ( l + t )n and n3 = nt + n2 = (2 + l + t )n. A binary concatenated code 
Cc( I, t, k, m) of length M := (2 + l + t)nN is defined by 

{(c.pf3,(ci), ... ,c.pf3N(cN))I(ct, ... ,cN) E CL(D,mPoo)}, 

where {{3t, ... , f3N} = F;,+• and 'Pf3; is the map from F2n1 to F~3 defi!led by Defini
tion 3.4. We call CL(D, mP00 ) the outer code of the code Cc( I, t, k, m). 

Proposition 3.4 Let l be an integer ;:::: 2. Let { tlk} and { t2k} be two sequences 
of integers such that tk := t1k/t2k --+ t (k --+ oo} for some 0 < t ~ 1. Let rk := 
2/(2 + 1 + tk) and r := 2/(2 + l + t). Finally, let Rk, dk and .Nh be the rate, minimum 
di8lance and length, respectively, ofthe code Cc(l,tk,k,mk)· Suppose liminfRk = R 
(k --+ oo), Th en 

Proof. Suppose the outer code CL(Dk,mkPoo) is a [Nk,Kk,Dk] code. Then Dk;:::: 
Nk- [{k + 1- g(l, qk) by Theorem 3.1, where qk = 2n• with nk. = t2kk, and 

R 
_ 2nki<k _ [{k 

k- - rk-· 
(2 + l + tk)nkNk Nk 

Jlence we have 
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since N" = qk1+tk) 1, g(l, qk) = U:::l;;;;~ qi+I-i( q" + 1 )i-I ( qk + 1 )1
- 1 + 1} /2, q" = 2"k 

a.nd t,.nk _... oo. 
Now let L" (2 + l + tk)nk,ok (l + t~:)/(2 + l + t~:) 1- r~<;,a.nd MLk = Dk. 

Th en 

2-L.s~;ML. 2 2-(l+t•)"k(2(l+t•>"• -1){1- Rk/r~: + o(l)} = 1 R,.jr,. + o(l). 

Now by Proposition 3.3 and the following Lemma 3.1, we have 

Therefore 

0 

Lemma 3.1 Let 1Ji E (0, 1). Let (ML)LeN be a sequence of natura[ numbers with 
the property ML · 2-LS = 1 + o(l) (L _... oo). Let W be the sum of the weights of 
ML distinct words in Ff. Th en 

Proof. See [34]. 0 

Theorem 3.2 For overall rate R satisfying 0 < R < 0.30, the Zyablov bound can 
be achieved by a sequence of concatenated codes {Cc( l, tk, k, mk)} r:v where tk = 
t1k/t2k ~ I and l, tik, t21.: and mk E N*. 

Proof. Let r 0 E [0, l] such tha.t 

Tben we know that r0 < 1/2 (see [50, p.314]) and r0 > R. It is easy to see that 
tbere exists an integer/ 2 2 and a real number t E (0, 1] such that 2/(2 + 1 + t) = r0 • 

Let {tk} be a sequence of ra.tional numbers such tha.t tk _... t (k _... oo). Denote 
rk := 2/(2 + l + tk), then limk-.oo rk ro. Then we get a sequence of concatenated 
codes Cc(l,tk,k,m) for every m > 0. Now choose m~: such that the rate R" of 
Cc(l, tk, k, mk) sa.tisfies: 

I. . fR 1. . f 2nkKk R Jmln k lmln = ' 
k--+oo k--+oo (2 +I+ tk)nkNk 

where nk = t2kk (ttk/t2k := tk) and K,. = m" + 1- g(l,qk) and Nk = 211+t•l"• 
1 denote the dimension and minimum distance, respedively, of the outer code 
CL(Dk,mkPoo) (This alwa.ys ca.n be done by Theorem 3.1). 

Now by Proposition 3.4, for the sequence of concatenated codes Cc( l, t,., k, m~c) 
with the minimum dista.nce dk a.nd the length Mk, we have 

This proves the theorem. 0 
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Remark 3.1 By using the dual code of CL(D,mP00 ) as the outer code, we also 
can get the same result as the above theorem. For the details of the dual code 
CL(D,mP00 ).L we refer to [73, 78] and Chapter 6. 

Remark 3.2 (Complexity) Let us consider the number of binary computations 
involved in the construction of a generator matrix of the code Cc(l, t, k, m), where 
the lengthof the code is M = (2+ l + t)n(2n(l+t) -1 ). In order to find all the rational 
points of H(l,q) (q = 2n), weneed to solve the equations given by Proposition 3.1. 
For this weneed at most O((q3 + q2{t-t>)n2 )("-' O(M2)) binary calculations. By 
Propositio~ 2.5 we know that L(mP00 ) can be generated by 

I 

{x~' · · · xf1!(kt, ... , kt) E N 1
, L: k;l-i(q + l)i-t 5 m }, 

io:l 

where N is the set of all nonnegative integers. Thus to construct the generator 
matrix of the outer code weneed at most Kmfq1- 1 calculations over Fq2, where 
K is the dirneusion of the outer code. Hence to construct the generator matrix of 
the concatenated codeweneed at most 0([(1 + t)nj2Kmfq1- 1) binary calculations, 
which is O(AJ2) since f( = m + 1 g(l, q) and m < ql+t- 1. Therefore, the total 
complexity of the construction of these binary concatenated codes is O(M2). 



Chapter 4 

Decoding Geometrie Goppa Codes 

In this chapter, we present a decoding algorithm for geometrie Goppa codes 
C11(D, G) by using an extra place-a place which is not in the support of D. In 
fact, the decoding algorithm is reduced to solving a key congruence on an affine 
ring. 

InSection 4.1 the ring Kcx"(P) is defi.ned. We also give a division theorem for this 
ring. In Section 4.2, we show how to derive a decoding algorithm of a code from a 
decoding algorithm for a code isometrie to the first one. Furthermore, we prove that 
for every place P not in the support of D, every geometrie Goppa code C11( D, G) 
is isometrie to the code Cn(D, E- pP), for some effective divisor E and positive 
integer p. It is shown in Section 4.3 that there exist n independent differentia.ls 
e:1 , ••• , en E 0(-D - pP) such that for every differentia.l w E 0( E - pP - D) one 
bas w = Eresp,(w)e;. Ifwe let e(al) = Ex;e:;, then 

e(al) E O(E- pP- D) if a.nd only if alE Cn(D,E- pP). 

This generalizes the description of classica! Goppa codes as follows. Let L he a. 
subset of F q and h a Goppa polynomial. Let L = { a1 , .•. a,..}. Suppose h does not 
vanish at a;, for all i. The classica! Goppa. code r( L, h) is defi.ned by 

f(L,h) 0 (mod h)}. 

1f we let e; = 1/(X a;)dX, and take for P the point at infi.nity on the projective 
line and for E the divisor of zerosof h, then f(L,h) Co(D,E- P) and 

alE f(L,h) if and only if LX~ a;dX E O(E- P- D). 

In Section 4.4, the defi.nition of the syndrome of a received word is given. In order 
to repreaent the syndrome as a rational function, we first prove the existence of a 
particular differentialq. Fora Goppa polynomial h, the syndrome S( al) of a received 
word a: is now defined as follows. 

h(P;)- h 
S(al)1J == L x; h(P;) e,. 

The syndrome is an element of the ring I<co(P), and if E is the divisor of zerosof 
h E Kco(P), then 

alE Cn(D,E pP) if and only if S(al) = 0 (mod h). 

39 
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InSection 4.5 we show how to decode (d* -1)/2-s errors, where d* is the designed 
minimum distance of the code (see Theorem 1.3) and s is the Clifford defect, by 
solving the key equation f S( a:) = r + qh, under a constraint in termsof the degrees 
of f and r. In Section 4.6, we give a decoding algorithm for a class of codes which 
are isometrie to Cn(D, mP). Finallyin Section 4.7 we give an example showing that 
in this way one cannot in general decode more than the above mentioned number 
of errors. 

We will use the notations defined in Chapter 1 and add the following nota
tions in thi~ chapter. X is always a projective, non-singular, absolutely irreducible 
curve defined over a fini te field F, P1, ... , Pn are n distin ct F -rational points on 
X, and D is the divisor P1 + · · · + Pn. Let G = I;mqQ be a divisor on X, 
denote Go := I:mq>O mqQ and Goo := I:mq<O mqQ. If f is a rational function 
and the principal divisor (J) = I: vq(f)Q, then (J)o := I:vq(f)>O vq(f)Q and 
(J)oo := I:vq(f)<ovq(J)Q. Let 0 be a finite set of places on X, then we denote 
(J)o := I:QEO vq(J)Q. Let G1 and G2 be divisors on X. If there exists a ratio
na! function f such that G1 = G2 + (J), then we say that G1 and Gz are linearly 
equivalent and denote this by G1 "' Gz. 

4.1 The affine ring K=(P) 

Definition 4.1 Let P be a place of X, define 

Koo(P) = {! E F(X)isupp((J)oo) Ç {P} }, 

we call Koo(P) the afflne ring with respect to P. 

Since our decoding algorithm will work on KXJ(P), it is worth to know some 
details about this ring. In the following, we will give the construction of Koo(P) and 
a division theorem for K00 (P), in the case that P is a place of degree one, that is, 
a rational point. 

Definition 4.2 Let P be a place of X of degree one, let n be a non-negative integer. 
If l(nP) = l((n- 1)P), then n is called a (Weierstrass) gap of P. 

Proposition 4.1 {19} Let X be a curve of genus g ~ 1 and let P be a place of 
dFgree one of X. then 

a) 1 = l(O) :=:; l(P) :=:; ··· :=:; l((2g -1)P) = g. So there are exactly g gaps of P. 
b) Let m E N. Th en m is a non-gap of P ij and only ij there exists an f E 

L(mP), such that vp(.f) = -m. 

c) IJ m1 and m 2 are non-gaps of P, then m1 + mz is also a non-gap of P. 

Lemma 4.1 /fris a gap of P, then there exists an integer t with 1 :=:; t :=:; L(2g + 
1 - r) /2 J, such that 2g + 1 - t and 1· + t are both non-gaps. 

Proof Let nJ, ... ,n9 be all gaps of P. For all sE {1, ... , lr/2J} either s or r-s is a 
gap hy Proposit.ion 4.l.c, si nee r is a gap. Suppose 1 :=:; s :=:; r /2 then r /2 :=:; r- s < r, 

so if SJ, s2 E {1, ... , lr/2J} and SJ =f. Sz, then r- SJ =f. Sz. Thus 

#{ni <ril :=:;i:=:; g} ~ l~J. 
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If the assertion of this lemma is not true, then for all t E { 1, ... , L ( 2g + 1 - r) /2 J } 
either 2g+ 1- t or r+t is a gap. Suppose 1 ::; t ::; (2g+ 1 r )/2 then (2g+ 1 +r)/2 ::; 
2g+ 1- t ::; 2g and r+ 1 ::; r+t ::; (2g+ 1 +r )/2. So if t~, t2 E {1, ... , l(2g+ 1-r)/2J} 
and t 1 :f; tz, then 2g + 1 - t1 # r + t 2. Thus 

#{n; >ril::; i::; g} 2:: 

Therefore, by the above and the assumption that r is also a gap, one gets 

a contradiction. 0 

Proposition 4.2 Let 0 m0 < m1 < · · · < m9 _ 1 < rn9 2g < m 9+1 2g + 1 be 
all the non-gaps of P between 0 and 2g + 1. lf rn E N is a non-gap of P, then 

where k; E N for all i. 

g+l 

m= l:k;m;, 
i=O 

Pr()()f If 0 ::; m ::; 2g + 1 then the result is trivial. Now we consider the case that 
m 2:: 2g + 2. Let m = k(2g + 1) + r, where 0::; r::; 2g and k;::: 1, then 

i) if ris a non-gap, then there is ani such that r.=== m;. Thus m = m; + kmg+I· 
ii) if r is a gap, then by Lemma 4.1 there exists a t E N with 1 ::; t ::; L(2g + 

1- r)/2J, such that 2g- t + 1 and r + t are non-gaps of P. So there exist i,j with 
1 $ i,j $ g+1 such that r+t = m; and 2g+l-t = rn1. Thus 2g+1+r = r+t+2g+ 
1-t = m;+mi. Therefore m = (k-1)(2g+ 1)+(2g+l +r) = (k-I)mg+I +m;+mj. 
0 

Proposition 4.3 Let 0 = m0 < m1 < · · · < m 9 _ 1 < m 9 = 2g < m 9+1 = 2g + 1 be 
all the non-gaps of P between 0 and 2g + 1. Let j; E L(m;P) with vp(f;) -m;. 
Then for every m E N, the vector space L( mP) is generaled by 

{

g+l g+l } g t• I ~ k;m; $ m, with k; E N for all i , 

Proof If mis a gap of P, then there exists a.n m; such tha.t L(mP) = L(m;P) by 
the definition of a gap. So we may a.ssume tha.t mis a non-gap of P. 

We first rearra.nge all the non-gaps ascending order, that is 0 = m0 < m1 < 
mz < · · · < m9 _ 1 < m 9 = 2g < m 9+1 = 2g + 1 < · · · < m 9+t = 2g + l < · · · . For 
every k E N, let the vector space genera.ted by 

be denoted by L1" in partienlar Lk Ç L(mkP). 
Now we prove the proposition by induction on k. 
1) If k = 0, then m0 = 0, so L(rn0 P) = L(O) = F = L0 • 
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2) Suppose L(mkP) = Lk. Then L(mk+IP) 2 Lk+I 2 h = L(mkP), by the 
induction hypothesis. Now we consider the dirneusion of Lk+l· Since mk+l is a non
gap, thcre exsist non negative integers k0 , •.• , k9+1 such that ffik+J = Z:::f~J k;m;, 
by Proposition 4.2. Put f = flf~J f;k; , then vp(J) = -mk+I· Thus f E Lk+I but 
f f/. L(mkP), therefore 

l(mk+JP);::: dim(Lk+I);::: l(mkP) + 1. 

Butl(mk+IP):::; l(mkP)+1 bythedefinitionofthesequence{mk}~0 • Sol(mk+JP) = 
dim(Lk+I). Thus finally L(mk+JP) = Lk+I· 0 

Theorem 4.1 Let m0 < · · · < m 9 +1 be all the non-gaps of P between 0 and 2g + 1, 
let J; E L( m;P) s1tch that vp(J;) = -m; for i = 0, ... , g + 1. Th en 

So that 

K"'(P) ~ F[X1 , ... ,X9+I]/I, 

where I is some i deal of the polynomial ring F[X1 , ... , X9+J]· 

Proof One has K"'(P) = U:=o L(mP), which is generateel by the elements Tif~J f;k;, 
by Proposition 4.3 and Jo E F. Thus Koo(P) Ç F[!J, h, ... , f 9+J]· On the other 
hand, F[f~, ... , f 9+I] Ç Koo(P) si nee J; E Koo (P) for all i = 1, ... , g + 1 and Koo(P) 
is a ring. Therefore Koo(P) = F[f1, !2, ... , f9+I]· 0 

Example 4.1 The projective line P 1 over F. If P = (1 : 0) and 1/x is alocal 
pa.ramder at P, then K00 (P) = F[x]. 

Example 4.2 The Hermitian cu1·vc H(q) is defined by the equation 

uq+J + vq+! + wq+! = o 

mwr GF(q2
) (for the details we reje1· to {72, 78} and Chapter 6). Let a, b E GF(q2 ) 

surh lhat aq +a = bq+I = -1 and P = (1 : b: 0). The set of non-gaps of P is 
{iq + j(q + l)li,j EN}. Let u= u;w and V= v;w. Define x= bj(v- bu) and 
y = 11:r- a. Ilence we have Koo(P) = F[x,y], where xq+l = yq + y. 

Example 4.3 In Chapter 2, we have defined the curve X(l, q) in P 1, see Definition 
2.6 of Chapter 2. Fmm Pmposition 2.5 we know that L(mF00 ) is generaled by the 
set 

I 

{ z~' ... zf'I:L k;ql-i( q + 1 )i-I :::; m}' 
i=l 

whe1·e z; = y; on, and n is the normalization of X( l, q) and P 00 is the unique rationul 
point of n-1 (P00 ), and y; = X;/Xo. Hence Koo(Pco) = F[z~, ... , zi]. 

Definition 4.3 Define the map deg : Kco(P) ---> N by deg(J) = -vp(J) and 
cleg(.f) = -oo if ancl only if f = 0. 

Remark 4.1 Noticc that wc now have an abuse of notation: deg is a map on the 
sd of elivisars and on Koo( P). If f is a rational function, then 

dcg((.f)) = 0 aml deg((.f)o) = deg((f).x.). 

Jkncc for cvery f E J(,"(P), deg(f) = deg((.f)co) = deg((f)u). 
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Remark 4.2 If P is a rational point, then N \Image( deg) = { n1 , ••• , n9 } is the set 
of gaps of P. 

Lemma 4.2 11 I, hE Kc,,(P) then 
i) deg(/h) deg(f) + deg(h); 
ii) deg(/ +h)::; max{deg(/),deg(h)} il I +h =f; 0, lurthermore deg(/ +h) deg(/) 
il deg(/) > deg( h). 

Proof. This follows immediately from the corresponding properties of the discrete 
valuation vp. 0 

Remark 4.3 If Pis a rational point and the genus is not zero, then Kco(P) with the 
map deg is not an Euclidean domain. In fact, given anI E Koo(P) with deg(/) > 0, 
there exists a gap n such that deg(/) +n is nota gap. So there exists an /' E K00 (P) 
such that deg(f') = deg(f)+n. Suppose Koo(P) is an Euclidean domain, then there 
exist q, rE Koo(P) such that f' = ql +r with 0 ::; deg(r) < deg(/). Hence q =f; 0 and 
deg(f') = deg(q) + deg(/). Thus n = deg(q) is not a gap, which is a contradiction. 

Although Koo(P) with the map deg is not an Euclidean domain when P is a 
rational point and the genus is not zero, we still can prove a division theorem. We 
needalemmaand a definition first. 

Lemma 4.3 Let P be a rational point. Suppose J, h E Koo(P), and n = deg(f) = 
deg(h), then there exists a unique a E F, such that deg(f- ah) < n. 

Proof. The vector space L( nP) / L( ( n - 1 )P) is at most one-dimensional. f and 
h are elementsof L(nP) but not of L((n- 1)P), since deg(/) = deg(h) = n. 
Hence I+ L( ( n - 1 )P), h + L( ( n - 1 )P) are linearly dependent and not equal to 
L((n l)P). Thus there exists a unique a E F such that I- ah E L((n- 1)P). 
Therefore deg(f - ah) < n. 0 

Definition 4.4 Let P be a rational point. Let m E N. Define 

gap(m)={0,1, ... ,m l,m+n1 , ..• ,m+n9 }, 

where nh ... , n9 are the gaps of P. Fora non-zero elementhof Kco(P) wedefine 

gap(h) = gap(deg(h)). 

Theorem 4.2 (Division Theorem) Let P be a rationat point. For every two el
ements J, h E K 00(P) with h =f; 0, there exist q, r E K,;.,(P), such that f qh + r 
and r = 0 or deg(r) E gap(h). Moreover, deg(r) is unique, that is, if there are 
another q', r' E K 00(P) such that f = q'h + r', and r':::: 0 or deg(r') E gap(h), then 
deg(rl) = deg(r) or r r1 0. 

Proof. We prove the existence by induction on deg(/). 
1) If f 0 then take q = r 0. 
2) If deg(f) E gap(h), then take q = 0 and r = f. 
3) If deg(f) <f. gap(h), then deg(f) ;::: deg(h) and deg(/) - deg(h) is not a 

ga.p. Hence there exists a q0 E K 00 (P) such that deg(qo) = deg(f)- deg(h), so 
deg(f) deg(q0h). Hence deg(f- o:q0h) < deg(/) for sorne o: E F, by Lemma 4.3. 
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By the induction hypothesis there exist q1, r E Kxo such that f- aq0 h = q1h + r, 
and deg(r) E gap(h). Therefore f = qh+r where q = q1 +aq0 and deg(r) E gap(h), 
or r = 0. 

Now we prove the uniqueness. If there are another q', r' E I<oo(P) such that 
f = q'h + r' with r' = 0 or deg{r') E gap(h), then (q- q')h = r'- r. If r 0 
but r' :f. 0 (or r' 0 but r :f. 0) then deg(r') = deg(h) + deg(q- q') which is 
not an element of gap( h ), si nee deg( q - q') is not a gap, a contradiction. Thus 
r 0 if and only if r' 0. If both r and r' are nonzero and deg(r') :f. deg(r), say 
deg( r) > dçg( r'), then deg( r) = deg( q q') + deg( h) (j. gap( h) si nee deg( q - q') is 
not a gap, a contradiction. Thus deg(r) = deg(r'). D 

4.2 Isometrie geometrie Goppa codes 

Definition 4.5 Let fl be the vector space of rational differential forms on X over 
F. Define the map o:n : fl Fn by 

w >-+ (resp1 (w), ... ,resg.(w)). 

Let G be a divisor on X such that supp(G) n supp(D) = 0. By Definition 1.3, we 
hav<' that Image(anln(G-D)) is a geometrie Goppa code Cn(D,G). 

We rewrite Theorem 1.3.b in the following form. 

Theorem 4.3 IJ m deg( G) ~ 2g 1, then the restrietion of an to f!( G - D) is 
injcctive, and Cn( D, G) is a lineat [n, k, d] code with 

k ~ n - m- 1 + g, and d ~ m- 2g + 2, 

IJ moreover m < n, then k n- m- 1 + g. We cal! m 2g + 2 the designed 
minimum distance of Cn(D, G) and denote it by d*. Furthermore, if wh ... , wk is a 
basis of f!( G D), and 

A = ( resp1/wt) ::: resp~ (wt) ) ' 

resp,(wk) ... respn(wk) 

then A has rank k and is a genemtm· matrix of Cn( D, G). 

Remark 4.4 Reeall the definition of isometry in Chapter 2, we have that codes C1 

and c2 are isometrie if there is an n-tuple À = (Àt, ... 'Àn) of nonzero elementsin 
F and a permutation u such that C2 = ÀuC1 . We eaU À the sealing factor. We can 
view Àu as a linear map of Fn which leaves the Hamming metric invariant. Note 
that a linear map of Fn leaves the Hamming metric invariant if and only if it is of 
the form Àu. 

Definition 4.6 Let G\ and C2 be two isometrie codes in F'', that is C2 ÀuC1 for 
some permutation u andsca.ling factor À. Suppose A( Cl) is a decoding algorithm 
of C1 , the indnced decoding aJgorithm À u A( C1 ) is defined as follows, 
( 1) input x; 
(2) y :=u-1(:ri/).J, ... ,.1:n/Àn); 
(3} run A(Ct) with input y to get c' E C1; 

(.1) output c := Àuc'; 
(.'i) stop. 
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The following proposition follows immediately from the above definition. 

Proposition 4.4 Let C1 and C2 be isometrie codes in Fn, that is C2 = ÀuC1 for 
some permutaion u and sealing factor À. Suppose the algo1·ithm A(C1 ) decodes C1 

up toe errors. Then the induced algorithm ÀuA(CI) decodes C2 up toe errors as 
wel/. 

Remark 4.5 By the above definition and Proposition 4.4, we see that, as soon as a 
decoding algorithm of one of the codes in an isometry class is given, all the decoding 
algorithms of the codes in this class are given by the induced algorithms and they 
correct the same number of errors. In the rest of this section, we will give a special 
class leader of every isometry class for which a decoding algorithm will be given 
later. First, the following proposition gives a suftkient condition for two geometrie 
Goppa codes to be isometrie. 

Proposition 4.5 Let G1 and G2 be two linear equivalent divisors such that G; and 
D have disjoint support, where i = 1, 2. Suppose there is a rational function f with 
disjoint support with D, such that G1 = G2 + (!). Then 

Cn(D, G2) = ÀCn(D, GI), 

where À= (f(Pl), ... ,J(Pn)). 

Proof. See [75]. D 

Proposition 4.6 Let H be an effective divisor such that 1t n {Ph ... ,Pn} = 0, 
where 1i = supp( H). Let P be a place of X which is nol in 1i U { P1, ... , Pn}. Th en 
there exists an hE Koo(P), such that (h)rt =Hand supp((h)) n {Ph···,Pn} = 0. 

Proof. Suppose H = 2::~1 b:Q;, where b: 2::: 0 for i= 1, ... , m, so 1t = { Qh ... , Qm}· 
Define Qm+i = P; for i= 1, ... , n, and define b; = b: + 1 if i= 1, ... , mand b; = 1 
if i = m + 1, ... , m + n. Now choose an integer k, such that 

m+n 
kdeg(P)- L b;deg(Q;) 2::: 2g -1. 

i=I 

So m+n 
kdeg(P)- L b;deg(Q;) + deg(Qj) > 2g- 1, 

i=l 

for every j. Hence 

m+n m+n 
l(kP- L b;Q; + Qi) = l(kP- L b;Q;) + degQh 

i=l i=l 

for every j, by the Riemann-Roch Theorem. Therefore L(kP- :L~in b;Q; + Qi) 
contains L(kP - :L~in b;Q;) as a proper subspace. Thus for every j there exists 
an hj in the first mentioned space and not in the last one. So hj E Koo(P), and 
vqJ(hj) = bj-1 and vQ;(hj) 2::: b; if i#- j. Now define h = L:j=in hj, then hE Koo(P) 
and 

m+n m 

(h)rt' = L (b;- 1)Q; = L b;Q; = H ,where 1t' = { Q1, ... , Qm+n}· 
i=l i=l 
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Hence (h)rt =Hand vp,(h) VQm+•(h) = 0 for i= 1, ... , n, that is 

supp((h))n{Ph···,Pn} =0. 

0 

Lemma 4.4 Let G be a non-zero divisor such that G and D have disjoint support. 
Let P be a place not in { P1 , • •• , Pn}. Then there exists a mtional Ju netion J, such 
that G' and D + P have disjoint support, Ql = G + (f) is a non-etfeelive divisor and 
VP,(f) = 0 for iE {1, ... ,n} 

Proof. Suppose vp(G) v. Choose a place Q, such that Q ~ {Ph···,Pn,P} U 
supp(G). There exists a rational function f such that vq(f) vp(f) = -v 
and vp,(f) = 0 for all i 1, ... , n, by the independenee of valuations, see [6, p.ll]. 
Hence G' := G + (f) is a non-effective divisor since vq(G + (!)) vq(J) = -1 and 
supp(G') n {Pt, ... , Pn, P} = 0. 0 

Proposition 4. 7 Let P be an extra place, that is a place nol in { P1 , ••• , Pn}. Let G 
be a divisor such that G and D have disjoint support. Then there exist an effective 
divisor E and a positive integer ft, such that Cn(D, G) and Cn(D, E - p.P) are 
isometrie. 

Proof. First there exists a rational function f such that if wedefine G' = G + (f), 
then G'cx, =f 0, supp(G') n {Pt, ... , Pn, P} = 0 and vp,(f) 0 for i E {1, ... , n.} by 
Lemma 4.4. Hence f( Pi) exists and is not equal to zero for every i E {1, ... , n} . 
Now by Proposition 4.6, there exists an hE I<oo(P) such that (h)rt G'cx, , where 
1t = supp(G'cx,) and supp((h)) n {P1 , ... , Pn} = 0. Thus h(P;) exists and h(P;) =f 0 
for all i 1, ... , n. Now define E = G' + (h) 0 , then E 2:: G~- G'cx, + (h)rt ;::: 0, 
this means that E is an effective divisor. Moreover E and D have disjoint support, 
since supp(E) Ç supp(G') U supp((h)0 ) and G' and (h)o have disjoint support with 
D. Take ft= -up(h), then ft 2:: deg(G'cx,) > 0 and 

E ftP G' + (h)o- (h)w = G + (fh), 

since hE Koo(P). Therefore Cn(D,G):::::: Cn(D,E ftP) by Proposition 4.5. This 
proves our proposition. 0 

Proposition 4.8 Let P be an extra place. Let m be an integer. Then there exists 
an h E K)O(P) and a positive intege1· Jl, such that Cn(D, mP) and Cn(D, (h)o -ftP) 
are isomel!·ic. 

Proof. By Proposition 4.6, there exists an h E K 00 (P) such that (h) and D have 
disjoint support and deg( h) > m. Let ft = deg( h) - m, then fl is a positive integer 
and 

(h)0 - JlP = (h) + mP. 

Tlwrefore Cn(D,(h)o ftP) and C0 (D,mP) are isometrie by Proposition 4.5. 0 
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4.3 The residue representation of differentials 

Before wedefine the syndrome of the code Cn(D,E- p,P), in this section we wiJl 
give the representation of every differential w E fl(E- p,P- D) by its residues at 
the points P1, ... , Pn. 

Proposition 4.9 Let P be a place not in {Ft, ... , Pn} and let p. be a positive integer. 
Th en 

0( -D p.P)/0( -p,P) ';E. Fn . 

Proof. The restrietion of an to fl(-D p,P) is an homomorphism from 0(-D -p,P) 
to Fn with kemel 0(-p.P). Furthermore, by the Riemann-Roch Theorem we have 
that the difference between the dimensions of 0(-D ttP) and 0( -p,P) is n. 0 

Proposition 4.10 Let P be a place not in { P1, ••. , Pn} and let p, be a positive 
integer. Then for every iE {1, ... ,n} there exists an ê; E 0(-P;- p.P) such that 
resp,(ê;) ::::: 1. Therefore {r; := ê; +0( -p,P)}f=1 is a basis ofO( -D p.P)/fl( -p,P), 
and for every w E 0(-D p,P), 

n 

w :== w + 0( -p.P) = L:resp,(w)E;. 
i= I 

Proof. By Proposition 4.9, we have 

0( -P;- p.P)/0( -p,P) 2:: F, 

where i 1, ... , n. Hence there exists an w; E 0(-P; jtP) such that w; r:f. 0( -p,P), 
so vp,(w;) -1. Now define the differential e; ::= w;/resp(w;), then e; E 0( -P;- p.P) 
and resp,(e;i) 1. 

Now suppose there exist a1 , a2 , ••• , an E F such that a;€; == U, that is 
L:i:"1 a;e; E fl( -p,P). We claim that all a, are zero. Otherwise there exists a 
jE {1, ... ,n}, such that ai# 0. So vpj(L:i=1 a;ê;) = -1, hence L:i=1 a;e:; r:f. 
0(-p.P), a contradiction. Thus ~, ... ,én are lineady independent. Hence it is a 
basis of 0( -D -p,P)/0( -p.P), since this last mentioned space has dirneusion n, by 
Proposition 4.9. Therefore, for every w E 0(-D - p,P), there exist at, ... , an E F 
such that 

n 

w a;E;. 

This means that there exists an w' E 0( -p,P), such that 

n 

w L:a;t:; +w'. 
i=l 

After calculating the residue of P; on both sides, we get resp,(w) =a;. Thus 

n 

w L:resp,(w)r;. 0 
i=l 
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Proposition 4.11 Let P be a place not in { P1, ••• , Pn}. Let E be an effective 
divisor and let p be a positive integer, such that E and D have disjoint support 
and deg( E - ttP) 2: 2g - 1. Th en there exist n differentials e11 ••• , en, which are 
independent modulo Q( -ttP), such that e; E !1( -P; - ttP) and resp,(e1) 1, and 
for every wE O(E- ttP D) 

n 

w = l:resp,(w)e;. 
i=l 

IJ moreover ft = 1, then (e:;)00 = P; + P for all i. 

Proof. By Proposition 4.10, there exist TJ1 , ... , 'lJn E !1(-D - pP), such that TJ; E 
!1( -P; ltP) and resp, (17;) 1 for i = 1, ... , n, and '7ll· .. , TJn is a basis of !1( -D
ttP)/!1( -ltP). Now let w1,w2, ... ,wk he a basis of O(E -1tP- D), which is a subset 
of !1( -pP- D). Thus 

n 

w; = L resp, (w;)!Ji for i 1, ... , k, 
j=l 

by Proposition 4.10. Define A (respi(w;))kxn, we have W where W = 
(wt, ... ,wd and T (TJt, .. . ,rJnY Let l g + {1- 1, then lis the dimension of 
!1( -ttP). Let fJl! ... , fJ1 be a basis of !1( -J.~P), then there exists a (k x !)-matrix Y 
over F such that 

W -AT=YB, 

where W (wt, ... ,wk)1, T (771 , ... , 'Tf"Jl and B = (fJI> ••. , fJ1)1. Now rank( A)= k 
by Throrem 4.3, since deg(E ttP) 2: 2g L Hence there exists an (n x l)-mà.trix 
X over F such that AX Y Thus W = A(T +X B). Define 

I 

e; q;+l:x;i{Jifori l, ... ,n. 
j=l 

where X;j is entry of matrix X in row i and column j. Then e; E !1( -P;- J.IP) and 
resp,(é;) 1 and 

n 

w; L resp, (w;)e:j, for i= 1, ... , k. 
j=l 

Finally, for every wE O(E- ttP- D) 

n 

w = l::resp,(w)éj. 
j=l 

by the linearity of resp, and since the conesponding statement is true for the basis 
w 11 ••• ,Wk of Q(E -11P D). Clearly (e:;) P; + P if J1 = 1. D 

Remark 4.6 In case X is the projective line, e.g. for classica! Goppa codes with 
n + 1 distinct rational points Pt, ... ,Pn,P00 , where P; =(a,: 1) and Poo = (1: 0), 
and Goppa polynomial h, which is not zero at the points P;, we can take for the 
differentials <:; = 1/(X -a;)dX. For an arbitrary curve it is not so easy to find these 
difff'rentials é; explicitly, see e.g. Chapter 6 in case of the Herrnitian curve. 
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Definition 4.7 Let the assumptions be as in Proposition 4.11. For code Cn(D, E
ttP), define the map 

n 

e:Fn--+Û by e(a:)=L::z,;e;, 
i=l 

where e1, ••. , é:n are given by Proposition 4.11. 

Remark 4. 7 The restrietion of e to Co(D, E - ttP) is the inverse map of an re
stricted to !l(E- ttP- D), as we will see in the following corollary. 

Corollary 4.1 Let the assumptions be as in Proposition 4.11. Let eb ... ,en be the 
di.fferentials given by Proposition 4.11. Then 

e(c) E !l(E -ttP D) ij and only ij c E Co(D, E ttP). 

Proof By Proposition 4.11, there exist independent differentials e1 •.. ,en with e; E 
0(-P; -ttP) a.nd resp,(e;) = 1, such that for every wE !l(E -ttP D) 

n 

w resp,(w)e;. 

Let c E Co(D, E- ttP), then there exists an wE !l(E- JtP- D) such tha.t 

c = (resp1 (w ), ... , resp~ (w )), 

so 
n 

e(c) = L:resp,(w)e; wE !l(E ....:.11P- D). 

Conversely, let e(c) E !l(E ttP- D), then one has respj(e(c)) = Cj for every 
j = 1, ... ,n, so c = ao(e(c)) E Co(D,E pP) by the definition of ao. D 

4.4 The syndrome 

In [35), [71) and [53), for the code Co(D, G), the syndrome of a: E Fn is defined by a 
map from L(F) toF, namely by s(a:,f) x;f(P;)g(P;), where gE L(G F) 
and F is a divisor. But here we give a different definition of the syndrome of 
a:, namely as a.n element of Koo(P), which is a generalization of the syndrome of 
classical Goppa codes. In this section, we will give the definition only for codes of 
the form Co(D, E- pP). This is nota restrietion since every geometrie Goppa code 
is isometrie with a code of this type, by the discussion in Section 4.2. First we need 
some preliminarys. 

Definition 4.8 [6, I.7] Let B be a divisor on X. The rational functions ft a.nd h 
are said to be congruent to each other modulo B under a set of pla.ces 0, if we have 
VQ(ft- h);::: vQ(B) for every Q E 0. We shall write 

ft =:=oh (mod B). 

In pa.rticular, 
1) If 0 is thesetof all places of X, then we write ft ::::: .f2 (mod B); 
2) If 0 is the support of a divisor Eon X, then we write ft =:=Eh (mod B). 
3) If B (f), where fis a rationa.l function, then we write j 1 =:=oh (mod f). 
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Lemma 4.5 Let (h) be the principal ideal of I<oo(P) generaled by h E I<oo(P). Let 
E = (h)0 . Then 

U E I<oo(P)If =E 0 (mod h)} = (h). 

Therefore for f E I<oo(P), f =E 0 (mod h) if and only if there exists a q E I<oo(P) 
such that f = qh, that is f = 0 (mod h) in the ring I<oo(P). 

Proof. Let f E (h), then there is a q E I<oo(P) such that f = qh. Thus 

vq(J) = vq(q) + vq(h) ~ vq(h) for Q E supp(E), 

hence f =~0 (mod h) by definition. 
Conversely, let f E I<oo(P) and f =E 0 {mod h). Then by the Division Theo

rem 4.2, there exist q, r E I<oo(P) such that f = qh + r where r = 0 or deg(r) E 
gap(h). We claim r = 0, therefore f E (h). If it is not true, then for every Q =f:. P 
we have 

vq(r) = vq(J- qh) ~ min{vq(f),vq(q) + vq(h)} ~ vq(h), 

since if Q </. supp((h)o) then vq{h) = 0 and if Q E supp(h) then vq(J) ~ vq(h). So 
r/h E /(,0 (P) and rfh =f:. 0. Thus deg(r)- deg(h) = deg(r/h) is not a gap of P, 
that is r </. gap(h) which is a contradiction. 0 

Definition 4.9 Let W be a divisor on X and P be a rational point on X, such that 
Pis not in the support of W. Define /(,0 (P, W) by 

Koo(P, W) = U E I<oo(P)IJ = 0 or f =w 0 (mod W)} 

Lemma 4.6 Koo(P, W) is an ideal in I<oo(P). 

Proof. Let ft,h E Koo(P, W), then for every Q E supp(W), we have vq{f;) ~ 
vq(W) for i= 1,2, so 

vq(ft + h) ~ min{vQ(ft),vq(h)} ~ VQ(W). 

Let f E /\00 (P, W) and h E Koc(P), then for every Q E supp(W), we have vq(J) ~ 
VQ(W) and VQ(h) ~ 0, since Q -=f. P. Hence VQ(fh) ~ VQ(W). Therefore fh E 
K 00 (P, W), so l\00 (P, W) is anideal in K 00 (P). 0 

Proposition 4.12 Let P be a place not in {Pt, ... ,Pn}· Let E be an effective 
divisor. Then there exists a differential form 'f/ such that 

supp( (17 )o) Ç { P} and supp(( 'f/)) n ( { P1, ... , Pn} U supp(E)) = 0, 

IJ moreover g > 1, then supp(("')o) = {P}. 

Proof. Suppose supp(E) = { Qt, ... , Qm}· Let w' be any non-zero differential 
form. By the independenee of valuations, see [6, p. 11], there exists a ratio
na! function Jo such that vp(fo) = -vp(w'), Vp;(fo) = -vg(w') for i= 1, ... ,n 
and VQ;(Jo) = -VQ;(w') for i = 1, ... , m. Define w = f 0w', then w -=f. 0 and 
supp((w))n {P, Pt, ... , Pn, Qt, ... Qm} = 0. Now by Proposition 4.6, there exists an 
f E Kx,(P) such that (/)o = (w)o, where 0 = supp((w)o). Define 'f/ = wj-I, 
then 'f/ -=f. 0 and ("') = (w) - (!) ~ -vp(f)P. Hence supp(("')o) Ç {P} and 
supp((17)) n {Pt. ... , Pn, Q1, ... , Qm} = 0. If g > 1, then 2g- 2 > 0, hence ("')o -=f. 0, 
so supp((17)o) = {P} and supp(("')oo) n ( {P, Pt, ... , Pn} U supp(E)) = 0. 0 

In the following three examples, such an 'f/ is explicitly given with the additional 
property supp('f/) = (2g- 2)P. 
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Example 4.4 The projective line P 1 over F, see Example 4.1. 
If P00 = (1 : 0) and '11 = dX, then '11 = ( -X2)d(l/X). Hence (17) = -2Poo- If 

P =(a: 1) and 17 = d(l/(X- a)), then (17) = -2P. 

Example 4.5 Hermitian Curve H(q), see Example 4.2. 
If 17 = dx, then (rT) = (2g- 2)P, see [72, Satz 1 (f)]. 

Example 4.6 Let X(l,q) he the curve as in Example 4.3. 
The genus oî this curve is {I:i:i ql+l-i( q + 1 )i-l - ( q + 1 )1- 1 + 1} /2 and this curve 

goes through all the q1 places of degree one, outside the hyperplane with equation 
x0 = 0. The numher 2g 1 is a gap of F00 , see Chapter 2. Thus there exists an 
'11 E 11 such that (17) = (2g- 2)Foo hy [57, Theorem 4.4.1] and [63, Lemma U]. 

Remark 4.8 All these examples have the property that there exists a differential 
with support concentrated at at most one place. Other examples are rational, elliptic 
and hyperelliptic curves, see [57]. See Delgado [9] and Sathaye [63] fora character
ization of such curves. lt would he interesting to know how large the class of such 
curves is, in particular whether there exists a family of curves such that the ratio of 
the numher of rational points divided by the genus does not tend to zero, whereas 
the number of rational points tends to infinity. 

Over an algebraically dosed field of charaderistic zero the situation is as follows. 
The moduli variety M0 , parametrizing all isomorphism classes of curves of genus g, 
has dirneusion 3g- 3, if g > 1. The subvariety P9 of M 9 , of curves with a differential 
with support at one point, has dirneusion 2g- 1, see [60]. 

In the following we give an example of a curve without such a differential. The 
Klein quartic in charaderistic two is also such a curve. 

Example 4. 7 A curve of genus 3, which is not hyperellip tic, has a plane model of 
degree 4. Effective canonical divisors are intersection divisors of this plane curve 
with a line. So there exists a differential 17 such that ( '11) 4P if and only if the 
plane model has a tangent line, which intersects the curve in P with multiplicity 
4. The plane curve X defined over GF(2) with equa.tion: XY(X + Y)(X + Z) + 
X Z 2(X + Z) + Y2 Z(Y + Z) = 0, see [55], bas not such a differential. In fact, this 
curve has seven places of degree one, say P1 , P2 , ••. , P7 . Every line L in P 2

, defined 
over GF(2), has intersection L.X = 2P; + Pj + h, where i,j and k are mutually 
different. Therefore there does not exist a differential form such that its divisor is 
(2g - 2)P for some point P on X. 

Theorem 4.4 Let P be a rational point not in { P1 , ... , Pn}. Let E be an effective 
divisor and p a positive integer, such that deg(E- pP) 2:: 2g -1. Th en by the resuits 
of the previous sections and the above proposition, we have the following conclusions: 
1} (Proposition 4.6}. There exists an h E K00 (P), s1tch that (h)c E where 
e = supp(E). 
2} (Proposition 4-11}. Th ere exist n differentials, namely t:t, ..• , t:n, such that e; E 
11( -P;- JtP) and resp,(e;) = 1 for i 1, ... , n. Moreover, for every w E fl(E
JtP D), 

n 

w = 2)esp,(w)e;. 
i=l 

3} (Proposition 4.12}. There exists a differentialrl, such that (1/)o =lP and 

supp((q )co) n ({P, H, ... , Pn} U supp(E)) 0. 
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Definition 4.10 The syndrome of the code Co(D,E 11P) is defined by the map 
S from Fn to F(X), such that for every ~ E Fn, 

.f!-. h(P;)- h 
S(~)TJ = L..."Xi h(P) €;. 

t=l t 

S(~) is called the syndrome of~. 

Remark 4.9 . The syndrome is well defined, since for every differential a on X 
there is a unique s E F(X) such that a = S'f/. lt follows immediately from the 
definition that S is a linear map over F. 

Proposition 4.1~ For every ~ E Fn, S(~) E Koo(P, W), where W == (17)00 • 

Proof For every i 1, ... n, we have 

h(P;) h ) . { } 
vq( h(P;) e; ?; 0 1f Q rt P, P; 

and 
h(P;) h 

op,( h(P;) ei)~ 1 + vp,(e;) ~ 0, 

since hE K=(P) and e; E !1(-P; JtP). Thus vq(S(~)TJ) ~ 0 for Q -:f. P. Hence 

vq(S(~)) vq(S(~)TJ) vq(TJ) ~ -vq('l]) for Q # P. 

Therefore S(~) E Koo(P, W). 0 

The name syndrome S( ~) of ~ is justified by the following theorem. 

Theorem 4.5 Unde1· the assumptions of Theorem 4.4 we have that 

c E C11(D,E ttP) ij and only if S(c) =E 0 (mod h). 

IJ moreover E = ( h )0 , then 

c E C11(D, E- pP) iJ andonly ij S(c) 0 (mod h) in Koo(P). 

Pmof If c E Co(D, E- pP), then there is an wE fl(E 11P- D) such that 

c = (resp,(w), ... ,respn(w)), 

so 
n h(P;)-h 

S(c)'l] = I:resp,(w) h(P.) e; = w 
l=::l 1 

by Proposition 4.11. Let Q E supp(E), then: 
i) vq(w) ~ vq(E) = vq(h); 
ii) vq(h 'L'i:1 c;e;fh(P;)) ~ vq(h); 
iii) ~·q(17) = 0 since supp((1J)) n supp(E) = 0. 
Ilence 

vq(S'(c)) = vq(w 
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Thus S(c) =E 0 (mod h). 
Conversely, suppose c E Fn, then 

n 

S(c)"' é(c) hL 
i=l 

Let S(c) =E 0 (mod h). Then for Q E supp(E), 

vq(é(c)) ~ min{vq(S(c)) + vq('l/),vq(h) + vQ(~ 1/~;)e:;)} ~ VQ(h). 

For all other places, we have LQ~supp(E) vq(e(c)) ~ -D (..lP. Combining these 
two facts, we have e:(c) E fl(E- (..lP- D). Hence c nn(é(c)) E Cn(D, E ~tP), 
by Corollary 4.1. If moreover E = (h)0 , then the condusion follows from the above 
and Lemma 4.5. D 

4.5 Decoding by solving the key congruence 

Let P be an extra place, that is not in { P1, •.• , Pn}. Let E be an effective divisor with 
disjoint support with D and P, Let p be a positive integer, such that deg( E- pP) ? 
2g-l. By the discussion inSection 4.2, we know that, to decode all geometrie Goppa 
codes it is sufficient to give a decoding algorithm for codes of the form Cn(D, E-11P). 

Definition 4.11 Let S(z) be the syndrome of zE Fn with respect to (D,E,P). 
LethE Kco(P) and"' E fl be given in Theorem 4.4 for the code Cn(D,E pP). 
Let W = ('1/)oo and l = deg("')w 
1) If f E K 00 (P) and rE Koc(P, W) are such that JS(z) =Er (mod h), then we 
say that (J,r) satisfies the key congruenceof z with respect to (D,E,P). 

If moreover deg( r) - deg(f) ::; l + f..l, then the pair (.f, 1·) is called a valid solution 
of the key congruence. 

If furthermore (!, r) is a valid solution and deg(f) is minimal among all the 
degrees of f' such that (!', r') is a valid solution, then (!, r) is called a minimal 
valid solution of the key congruence. 
2) If E = (h)o and f E Koo(P) and rE Koo(P, W) such that JS(z) r + qh for 
some q E K)O(P, W), then we say that (f,r) satisfies the key equation of z with 
respect to (D, E, P). 

Similarly as in 1) wedefine what a (minima!) valid solution of the key equation 
lS. 

Definition 4.12 The Clifford defect of the pair (E, P)· is defined by 

s= (l(E kP)- l)lk EN}. 

For the details of the Clifford defect we refer to Duursma [12]. 

Remark 4.10 Suppose gis the genus of the curve uscd. Then it is easy to see that 

{deg(E- kP) (l(E s = max 
2 

- kP) l}l deg(E)- 2g + l ::; kdeg(P)::; deg(E)}, 

and s ::; g /2. 



54 

Definition 4.13 Let I be a subset of {1, ... , n }. Let Q = LiEI P;. Define 

Kr(P) U L(kP- Q). 
kEN 

Let b1 be the smallest integer for which l(b1P- Q) =/= 0. 

Proposition 4.14 Let#(!) :5 (d*-deg(P))/2-s, where d* = deg(E)-p,deg(P)-
2g + 2 {sec Theorem 4.3) and s is the Glifford defect of (E, P). Then 

!l(E (p, + b1)P- Q) = {0}, 

where Q = LiEf P;. 

Proof. Let t be the number of elementsof I. Assume 

!l(E (p, + b1)P- Q) =/= {0}. 

Then there exists a nonzero differential w and an effective divisor E* such that 

hence 
deg(E*) 2g- 2- deg(E) + (p, + b1)deg(P) + t. 

Therefore 
(b1-l)P QrvK-E+(p,+2bi-l)P-E*, 

where [{ represents the canonical divisor class. Now by the assumption of b1 we 
have 

I(/( E + (p + 2b1 - 1 )P - E*) = 0, 

and therefore deg( E*) ~ I(/( E + (p, + 2b1 -1 )P). By the Riemann-Roch Theorem 

I (I( -E+(!t+2bi-1 )P) l(E-(!t+2bi-l)P)-deg(E)+(p,+2bi-1) deg(P)+g-1. 

Hence by the above and the definitions t and the Clifford defect s, we have 

deg(E*) > (deg(E)- (p, + 2bi- 1)P)/2- s + 1 

- deg(E) +(ft+ 2bi- 1) deg(P) + g 1 

> t deg(E) + 2g- 2 +(ft+ b1) deg(P) + 1 
deg(E*) + 1, 

which is a contradiction. D 

Theorem 4.6 (Decoding Theorem) Let a: E Fn with a: = c + e, where c is a 
code word of Co( D, E- p,P) and e is an error· vector. Let 'f/ be given by Theorem 4.4. 
Then. 

Exisience: There exists a valid salution (f, r) of the key congruence of al with 
respect to (D, E, P), such that 

r· 
]"1 E !1(-D t-tP) 

Uniqueness: Let t (d*- deg(P))/2- s, where d* is the designe.d minimum 
disfance and s is GliJford defect of this code. Suppose wt(e) :5 t. IJ (J,r) is a 
minimal valid salution of the key congruence of al with respect to (D, E, P), then 

r· 
-'11 E fl(-D 
f 

and 
r 

ao(r/) = e. 
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Proof. Let I {ile; =f 0,1:5 i :5 n}, where (e~, ... ,en) = e. 
Existence: The vector space of differentials on X is one dimensional over F(X), so 
'Tl is a basis of ft Herree for e':ery i E { 1, ... , n}, there exists an u; E F( X) such 
thst t:; = u;Tf, where e., for i= 1, ... , n, are given by Theorem 4.4. Therefore by the 
definitions of Tf and e:;, one has 

1) vp(u;) = vp(t:;) vp(Tf) ~-l-p.; 
2) vp;(u;) vpi(e;)- vpATf) = -Ó;j, where li;j is 1 if i= j and 0 otherwise. 
3) VR(u;) = VR(t:;)- VR(Tf) ~ 0, if R (/. {Pt. ... , Pn, P}. 
Let fo he a nonzero element of I<1(P), then Vp;(fo) ~ 1 and therefore f0u; E 

I<oo(P) for every i E I. Define ro = fo Liei e;u;. Then roE Koo(P) and (ro/ fo)Tf = 
e(e), so ao((ro/fo)Tf) e, and also 

VR(ro) VR(fo) + VR(ê(e))- VR(T/) ~ -VR(1]), 

for all places R not in {Pt, ... ,Pn,P}, thus roE I<oo(P, W). 
Now by the definition of the syndrome we have 

~ h(P;)- h 
foS(z )rt = fo {;;:x; h(P;) t:; 

foé(e) + foS(c)Tf foh t;; ht~;)é; 

(r0 + foS(c)- foht;; ht~) u;)Tf, 

where h E Koo(P) is given by Theorem 4.4, that is (h)o = E. Thus foS(z) '=E 

r 0 (mod h) since S(c) '=E 0 (mod h) by Theroem 4.5, and 

deg(ro) deg(fo) -vp(ro)+ vp(fo) -vp(t:(e)) + vp(Tf) :51 + Jl· 

This proves the existence. 
Uniqueness: Now wt( e) :5 t, herree #(I) :5 t. By the assumption we have 

deg(f) :5 bf. Let Q = P;. We daim that 

rq fe:(e)Efl(E-(J.L+br)P Q), 

and therefore rq- fe(e) 0, by Proposition 4.14. Thus (r/f)q = e:(e) E f!(-D 
J.LP) and ao((r/f)TJ) e. 

Now we prove our claim. Let us consider the valuation of r'Tf - f é( e) at every 
place of the curve. 

Since rE /(00 (P, W), we have 

vR(r'Tf-fe:(e)) ~ 0 (1) 

for every R (/. {P11 ••• , Pn, P}. Now look at the valuation of rq- fe(e) at R such 
that RE supp(E). First by the assumption, we have vR(JS(z)q- rfJ) ~ vR(h), 
that is 

Moreover, we have 
n 

S(z)q e:(e) = L;(x;- hx;/h(Pi) e;)E; 
i=l 

n 

= ~:(c)-hL;x;Jh(Pi)e;. 
i=l 
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Hence vn(f(S(:r.)Tl- e(e))) ~ VR(h) since e{c) E O(E 1•P- D). Therefore we can 
conclude that, for every R E supp( E), 

VR(rrj- fe(e)) ~ VR(h). (2) 

For the rational points P;, i= 1, ... , n, we have 

fe(e)) ~ { ~l 

At last, we'have 

vp(rT!- fe(e)) vp(f[(r/ f)rj- e(e)]) 

if iE J, 
if i <f. I. 

> - deg(f) +min{- deg(r) + deg(f) + l, -ft} 
> -bi-lt, 

since deg(r)- deg(f) :S: l + lt· 
Combining (1 ), (2), (3) and ( 4) gives 

rrj-fe(e) E Q-(bi+p)P, 

hence rrj fe(e) E O(E- (bl + ~t)P- Q). This proves our daim. 0 

4.6 Decoding codes isometrie with Cn(D, mP) 

(3) 

(4) 

In this section we assume that the code length is smaller than the number of ra
tional points, so there exists a rational point P not in { Pt, ... , Pn}· We know that 
Cn(D, mP) is isometrie with Cn(D, (h)0 - ~tP) forsome h E Koo(P). Hence it is 
sufficient to give a decoding theorem of the code Co( D, ( h )0 - ~tP). First let us look 
at the details of the Clifford defect of this class. 

Proposition 4.15 The GliJford defect s of ((h)0 ), P) is 

s = max{k/2 l(kP) + IlO:::; k:::; 2g 1}, 

Proof. Since h E J(,0 (P), hence (h)o ~ deg(h)P. Therefore l((h)o kP) = 
l((deg(h) - k)P). Thus by the definition of Clifford defect we immediately have 
the desired result. 0 

Proposition 4.16 Let H(q) be thc Hermitian curve over F GF(q2 ) with the 
ju netion field F(x, y), where xq+I yq + y. Let P be the comrnon pole of x and y ( 
for the details ofthis curve we refer to {72] and Chapte1· 6}. Then the Glijford defect 
of((h)o),P) is 

s 
ij q 
ij q 

1 (mod 2); 
0 (mod 2). 

Proof. See also Duursma [12]. lt is easy to see that the non-gaps of P between 0 to 
2g- 1 are 

iq + j ( q + 1), 0 ~ i :::: q' 0 :::: j :::; q i - 2, 
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and the gaps of P are j ( q + 1) + 1, ... , (j + 1 )q 1, 0 ~ j ~ q 2. For the details 
of this condusion we refer to Chapter 6. Then we have 

l((iq + j(q + 1))P) (i+ j)(i
2
+ j + l) + j + 1, 

where 0 ~ i ~ q and 0 ~ j ~ q - i - 2, and 

l((j(q + 1) + k)P) = l((j + 1)qP)- 1, 

for 1 ~ k ~ q- j- 1, where 0 ~ j ~ q- 2. Let s(k) = k/2 -l(kP) + 1. lt is easy 
to prove that 

(. '( 1))<{ (q-1)2/8 
s zq + J q + _ ( q _ 2)2 / 8 

if q 
if q 

1 (mod 2); 
0 (mod 2), 

and the equality holds if 

Furthermore 

(i ') _ { ((q -1)/2,0) if q = 1 {mod 2); 
,J - ((q- 2)/2,0) if q = 0 (mod 2). 

s(j(q + 1) + k) ~ s((j + l)q) + ~' 
where ~ q- j -1, and the equality holds if l = q- j -1. Therefore our proposition 
follows immedia.tely from the above two inequalities. 0 

As a special case of the Decoding Theorem in Section 4.5, the following theorem 
gives metbod to decode geometrie Goppa codes isometrie with Go.( D, mP). 

Theorem 4.7 Let a: E Fn with a:= c + e, where c is a code word of Co.(D, (h)o
p,P) and e is an error vector. Let 'T'f be given by Theorem 4.4. Then 

Existence: There exists a valid solution (!, r) of the key equation of z with respect 
to (D, (h)0 , P), such that 

r 1' 
-rEf!(-D p,P) and ao.(tl) e. 

Uniqueness: Let t = (d*- 1)/2- s, where d* is the designed minimum distance 
and s is GliJford defect of this code. Suppose wt( e) ~ t. lf (!, r) is a minimal valid 
solution of the key equation of a: with respect to (D, (h)0 , P), then 

r 
f'T'f E f!( -D p,P) 

Proof By using the Lemma 4.5, this theorem is a special case of Theorem 4.6, since 
deg(P) 1. D 

Remark 4.11 By the above theorem, we see that we can decode Co.(D,mP) if we 
can solve the key equation. In Chapter 5, we wil! give an algorithm for solving 
the key equation using the subresultant sequence, a generalization of the Euclidean 
algorithm, so that the algorithm can correct up to ( d" - 1) /2 s errors with com
plexity O(n3 ). In Chapter 6, for the Hermitian curves 'H(q) we will give a more 
efficient algorithm for solving the key equation, which is a generalization of the 
Berlekamp-Massey decoding algorithm. 
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4. 7 This method may not correct more than 
(d*- 1)/2- s errors 

Let H(3) he the Hermitian curve U4 + V 4 + W 4 = 0 over F = GF(9). Then the 
function field of H(3) is F(x,y), where the defining equation is x 4 = y3 + y. The 
genus of this curve is 3, see [72]. Let a he a primitive element of GF(9) such that 

All the rati'onal points of H are the following, 
( 1) a point at infinity P and (2) 

Po= (0, 0), 
P5 = ( a 2

, a), 
Pw = ( a2' a3), 
g5 = (2, 2), 
P2o = ( a 5

, a 5
), 

p25 = (as, a7), 

P1 =(a, 1), 
P6=(2,a), 
Pu = (2, a 3

), 

P16 = (a6 ,2), 
p21 = (a 7' a5), 
p26 = ( a7, a7), 

P2 = (a3
, 1), 

P1 = (a6
, a), 

p12 = ( a6, a3), 
p17 = (1, 2), 
Pn = (0, a 6

), 

p3 = ( a 5
' 1)' 

Ps = (1, a), 
P13 = (1, a 3

), 

Pts = (a,a5
), 

P23 = (a,a7
), 

P4 = (a7
, 1) 

P9 = (0, a 2
), 

P14 = (a2 ,2), 
P19 = ( a 3

, a 5
), 

p24 = ( a3' a7), 

and I<oo(P) = F[x, y], for the details we refer to [72] and Chapter 6. 
Let D = L:~~~ P; and E = (y4 )0 = 16P0 • In this section we will consider the code 

Cn(D,E- P) which is isometrie to the code Cn(D,15P). Denote P; = (a;,/3;) for 
i= 1, ... , 26 a.nd let 

_ { (y- /3;)
2 + 1 ~ ~ k+2f3-(v+1) .1-k v}d 

é; - - L...J L...J a; i x y x, 
X- a; k=Ov=O 

where i = 1, ... , 26, then we have ( e:;)oo = P; + P and w = L:~~~ resp; ( w )e:; for every 
wE Cn(D, E-P). Let rt = dx. Herree the syndrome of a: E F 26 (see Chapter 6 for 
detail) is 

26 3 3 1 k 

S( a:) = L x;f3;-1(L L a7 f3f x3-ky3-j + L L a7+2 ,8(-~ xl-kyv) (mod y4). 
i=l k=O j=O k=O v=O 

13y Theorem 4.3 a.nd Proposition 4.16, we know tha.t the designed minimum 
distance is d* = 11 and the Clifford defect is 1. Therefore one can correct up to 4 
errors hy solving the key equa.tion, see Theorem 4.7. The following example shows 
that one cannot always correct 5, which is equal to ( d* - 1) /2, errors. 

Example 4.8 Suppose the error vector e has nonzero values at the locations Pt, P2 , 

P3 , P4 a.nd P9 (for the reasorr of this choice we refer to [12, Proposition 5]), herree 
we can suppose the received word is a: = (1111000010 · · · 0). Then the syndrome of 
a: is 

4 3 3 1 k 

S(a:) L(L L a7x3-ky3-j + L L a7+2,ri-kyv) 
i=! k=O j=O k=O v=O 

+ x3y3 + a2:r3y2 + a4x3y + a6x3 (mod y4) 

2x3y3 + a 7.r3y2 + 2ax3 (mod y4
). (5) 
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Furthermore we have 

and 

xS(:~:) _ (y3 + y)(2y3 + c/y2 + 2a) (mod y4
) 

_ 2y3 + 2o:y (mod y4
); 

xyS(:~:) = 2ay2 {mod y4
). 

Now let f = Ax2 + By + Cx + D # 0, where A, B, C, D E GF(9). Then 

JS(:~:) = Bo:1 x3y3 + 2x3y + 2Axy3 + 2xy + 2Cy3 + 
+2y + 2Dx3y3 + a7 Dx3 y2 + 2x3 (mod y4

) 

by (5),(6),(7),(8) and (9). Therefore, if there exists an rE /(00(P) such that 

JS(z) = r (mod y4
) and deg(r)- deg{f):::; 2g- 1 5, 

then A = B = C = D = 0, which is a contradiction to f :f:. 0. 
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(6) 

(7) 

{8) 

(9) 

Hence the minimal degree of f which satisfies deg(JS(z) (mod y4))- deg{f) $ 
2g- 1 = 5 is at least 7. But there exist at least two independent solutions, namely 
ft xy and h xy- x, where 

Moreover, let r 1 2o:y2 , then (resp
1 
(r1dxj h), ... , resp26 (r1 dxf /I)) ::f:. e. 

Hence, we conclude that by finding a minimal valid solution of the key equation, 
in particular by using the subresultant sequence, we may not get the right error 
vector e when wt(e) > (d*- 1)/2- s. 





Chapter 5 

Solving a Congruence on a Graded Algebra 

In this chapter, we will use a subresultant sequence to solve for a and b the 
congruence af= b (mod g) such that deg(b) deg(a) is less than a given integer 
and a has the minimal degree among all such solutions, where a, b, f and g are 
elements of a non-Eueliclean graded algebra. By using this result, we show how the 
decoding algorithm given by Chapter 4 is fulfilled. 

In Section 5.1, we give definitions of f-graded algebra, f-basis and a minimal 
valid solution of a congruence, respectively. In Section 5.2, we construct a subre
sultant sequence of two elementsof f-graded algebra. In Section 5.3, we show how 
to find a minimal valid solution for a congruence by using a subresultant sequence. 
We also give an algorithm to do this. Section 5.4 calculates the complexity of the 
algorithm. Finally, we show in Section 5.5 how to use the algorithm to decode ge
ometrie Goppa codes. In Section 5.6, a decoding example is given, which is also a 
counter-example to the method given by Porter [57]. 

5.1 Graded algebra and a minimalvalid solution 
of a congruence 

The following definition is a special case of the definition of a graded ring [30, p.9] 
and [52, pp.113~. 

Definition 5.1 Let I< be an algebra over a field F. Let r be a submonoid of N. If 

I< El) K' and I<' /{'1
1 

Ç J(-r+-r
1

, 

,er 

where /{7 is a subgroup of the additive group of K, then we cal! K a f-graded 
algebra and r a grading monoid. In other words, any non-zero element f E K has 
a unique decomposition f = L,q In f-r E J(-r and f"ï f. 0, see also [51]. Therefore 
there is a degree map defined by deg(f) "f such that deg(fg) = deg(f) + deg(g). 

Definition 5.2 We say that a linearly independent set BofKisaf-basis of K, if 
and only if 1) there is a bijective map from B tor such thatT {deg(f)lf EB}, 
2) any f E K has a f-representation 

T 

f = L;a;f;, a; E F, f; E B, i 1, ... , r, 
i= I 
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such that deg(J) ;::: deg(Ji+1 ) ;::: deg(J;) for i 1, ... , r- 1. In [51], the definition 
of af-basis is given for a finitely generated module. 

Remark 5.1 The following properties can be easily proved by the definition of a 
f-graded algebra. 

(1) deg(a) = 0 if a E F* (by using [52, Theorem 21,p.l14]); 
(2) Let J,g E ](. deg(J + g) :5 max{deg(J),deg(g)}, moreover, if deg(J) > 

deg(g) then deg(J + g) = deg(J). 
Furthermore, suppose ft, ... , fn E I< such that deg(ft), ... , deg(Jn) are mutually 
different. Then deg(J1 + · · · + fn) = maXt<i<n deg(f;). 

For con~enience we will define deg(J) ,;;; -::_oo if f = 0. 

Example 5.1 Let I< = F[X] be a polynomial ring. Then it is an N-graded algebra 
with an N-basis {Xili EN}. Here the grading monoid is the whole set ofnonnegative 
integers. Furthermore, I< is a Euclidean domain, so one can use Euclid's algorithm 
onF[X]. 

Example 5.2 Let f<c,,(P) be defined as in Definition 4.1 of Chapter 4. Then it is 
also a f -graded algebra with a r -basis (see Proposition 5.5 in Beetion 5.5}, where 
f Ç N. But f =/:- N ij the genus of the curve is not zero. In fact r is the set of 
all non Weierstrass gaps(see Definition 4.1!). Therefore I<00 (P) is not a Euclidean 
domain (see Remark 4.3). 

Proposition 5.1 Suppose I< is a f -graded algebra over a field F, where f Ç N. 
Then the following statements are equivalent: 

(1) For two elements j,g E I<, ij deg(J) = deg(g) = n, then there exists an 
a E F such that deg(J- ag) < n; 

{2) f{ has a r -basis. 

Proof. (1)-+(2) For every i E f, choose an element 1/J; from Kof degree i. In 
particular, if i 0 then choose t/Jo = 1. We claim B := {1/J;Ii E f} is af-basis of 
I\. Obviously the first condition fora f-basis is satisfied. Now we use induction on 
deg(J) to prove the second condition. 

1 °) If f = 0, then it is obvious. 
2°) 1f deg(J) k E r, then there exists an element a: .E F such that deg(f -

mh) < k by the assumption. That means that either (i) f atjJ,. = 0, or (ii) 
deg(f- at/;~o) l E r for some l < k. In case (i), take ak = a: so that f a,.tjJ,.; 
In case (i i), by the induction hypothesis there exists an (a~, . .. , al) E F 1+1 such 
that f - at/J~o a~tf;;. Now take a; = a: for i 0, ... , l, and a; 0 for 
i = l + 1, ... , k 1 and a~o a; then f = L;f".0 a;t/J;. 

Now we prove the independenee of B. Assume there exist k elementsof B, 
na.mely t/l;1 , ••• , ~'ik, such that L;j".1 ajt/;;i = 0, where ( a1 ... , a~o) E Fk is a nonzero 
vector. Then by Remark 5.1, .we have 

k 

-oo deg(O) deg(:E ajl/>;i) = max{ ijl] E {1, ... , k} and aj =f. 0}, 
j:=l 

which is a contradiction. Therefore B is a f-basis of I<. 
(2)-+( I) is trivia!. D 

In the following, we always denote by I< a f-graded algebra as defined in Defini
tion 5.1, and by La nonzero ideal of I<. Moreover, wedefine rL = {deg(f)l/ EL}. 
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Remark 5.2 lt is easy to prove that r L is also a submonoid of N and the statement 
(1) of Proposition 5.1 is sa.tisfied in L. Therefore there is a rL-basis BL for L. 
Moreover we can find a r-basis B for K such that BL Ç B (this can he easily 
proved by a method similar to the proof of Proposition 5.1). Furthermore, for n E r 
and mE rL, we have m + n E rL. 

Definition 5.3 Let f E L and g E K. Let s be a positive integer. lf 0 =f p E K and 
rEL is a salution of the congruence pf r (mod g) such that deg(r)- deg(p) ~ s, 
then we say that (p,r) is a valid salution of (f,g,s). A minimalvalid salution of 
(f,g,s) is a valid salution (p,r) of (f,g,s) such that deg(p) ~ deg(p') for all valid 
solutions (p',r') of (f,g,s). 

To find a minimal valid salution of a congruence is the core of this chapter. 
The next two sections will be devoted to this problem. For convenience of the 
discussion we give some notations in the rest of this section. Firstly, we denote 
f = {deg(f)if EK} and fL {deg(f)lf EL} by {m;li 0, 1, ... } and {n;li = 
0, 1, ... }, respectively, where n; < ni a.nd m; < mj if i< j. 

Definition 5.4 Let f E L and g E K such tha.t deg(f) n > 0 and deg(g) = m > 
0. Define I(f,g) by 

l(f,g) {kENim k 1Efandn-k-1EfL}. 

Then for every k E l(f,g), there exist Uk, Vk, Wk E N such that m - k - 1 
m,.k,n- k -1 = n". and m + n- k -1 n"'•' where m,.. E f and nv.,nw• E fL· 

Now denote {(uk,vk,wk) E N 3 lk E I(f,g)} by U(f,g). 
Suppose #(I(f,g)) l =f 0. Enumerate I(f,g) by the decreasing sequence 

kh ... ,k1, tha.t is I(f,g) = {k1 , ... ,kl}, where k; > k;+l for i= 1, ... ,1-1. Then 
we denote (uk,, Vk,, Wk,) by (u( i), v(i), w(i)) for every iE {1, ... , l}. 

Remark 5.3 By the definition of u(i),v(i) and w(i), respectively, we immediately 
have 0 ~ u(1) < .. · < u(l), 0 ~ v(1) < .. · < v(l) and 0 ~ w(l) < .. · < w(l) 
respectively. 

Lemma 5.1 {mi+nlu(i)+l ~ j ~ u(i+1)}n{nj+mlv(i)+l ~ j < v(i+1)} = 0, 
where 0 ~ i ~ l. 

Proof. Suppose there exist some j 1 and j 2 with u(i) + 1 ~ j 1 ~ u(i + 1) and 
v(i)+ 1 ~ h < v(i + 1) respectively, such that mj, +n nh +m. By this assumption 
we a.lso haven > nj2 and m > mit. Now take k n niz - 1 = m mi, 1, then 
k E J(f,g). Sok= ki forsome jE {1, ... , l}. Hence niz n- k; -1 = nv(i) by the 
definition, thus v(i) < h v(j) < v(i + 1), this implies that k; > kj > k;+I which 
is a contra.diction. D 

Definition 5.5 Let the assumption be as in Definition 5.4. For every k; E J(J,g), 
define 

P;(f,g) = {(p,r) EK x Llr pf (modg),deg(p) mu(i) and deg(r) < nw(i)}, 

and 
J;(f,g) = {deg(r)l(p,r) E P;(.f,g)}. 

In the following section we shall construct a subresultant sequence { sre;(f, g)}. 
Then in Section 5.3, we shall prove that P;(f,g) contains a minimalvalid salution 
(p,r) of (f,g,s), such that r sre;(f,g) and deg(r) minJ;(f,g). 
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5.2 The construction of a subresultant sequence 

Let I< be a f-graded algebra over F, such that r Ç N and there exists a f-basis. 
Let L be a nonzero ideal of I<, therefore L is a rL-graded algebra. Let BL := 
{1,b;ji E N,deg(l/>;) = n; E fL} he a fL-basis of L such that 1/>o = 1 if no = 0, and 
B := {<p;li E N,deg(<p;) = m; Er} he af-basis of I<, such that <po= 1 and <p; = 1/>; 
if m; E fL. 

LetfEL with deg(f) = n > 0 and gE I< with deg(g) = m > 0. Then we have 
two sets I(f,g) and U(f,g) defined inSection 5.1. In the following we shall define 
the resultant matrix of f,g at every k E I(f,g). 

Definition 5.6 Let k E I(f,g) and denote (u,v,w) := (uk,Vk,wk) E U(f,g). Sup
pose <p;/ = L:i'=o a;il/>i for i = 0 ... , u, where a;j = 0 if ni > deg( <p;/), and 
1/•;g = L:i'=o b;il/>i for i = 0 ... , v, where b;j = 0 if ni > deg(lj>;g). Define an 
(u+ v + 2) x (w + 1) matrix M(f,g; k) by: 

1/>w 1/>1 1/>o 
<p,J a uw aul auo 

f aow am aoo 
1/>og bow bo1 boo 

~ 

1/>vg bvw bvl bvo 

That is, the entry in the row conesponding to <p;f and the column conesponding to 
V'i is a;i; the entry in the row conesponding to 1/>;g and the column conesponding 
to 1/>i is bii· We call this matrix a resultant matrix of f and g at k. The row vector 
corresponding to <p;/ ( 1/>;g) is called the coefflcients representation of <p;/ ( 1/>;g). 

The degree of the column corresponding to 1/>; is defined by deg(l/>;) = n;. For 
convenience, sometimes we also denote M(f,g; k) as follows 

M(f, g; k) = ( aw aw-1 · · · ao), 

where a; is a column vector. 
Now we have a sequenceofresultant matrices, namely M(j,g; k1), ... , M(f,g; kt) 

for I(f,g) = {k1, ... , kt}· We abbreviate them by M1, ... ; M,, if it is clear which 
J, g are meant. 

By using resultant matrices we shall construct a subresultant sequence in the 
rest of this section. First we will study a resultant matrix in detail. In the following, 
the number of rows and the number of columns of matrix M are denoted by r(M) 
and c(M), respectively. 

Corollary 5.1 c(M(f,g; k)) ~ r(M(f,g; k)). 

Proof. By the definition of M(f,g; k), we have, 

c(M(f,g; k)) = #(fL n {0, ... ,n + m- k- 1}), 

and 

r(M(f,g;k)) = #{1/>og, ... ,1/'v9}+#{<t'uf, ... ,<pof} 

:::; #(fL n {0, ... , n- k- 1}) + #(fL n {n, ... , n + m- k- 1} ). 

Hence c(M(J,g; .1.~)) ~ r(M(f,g; k)) since n- 1 ~ n- k- 1. 0 



Cbapter 5: Solving a Congruence on a Graded Algebra 65 

Definition 5. 7 Let 

'D(M(f,g; k)) = { all the degrees of the columns in M(f,g; k)}. 

If I Ç 'D(M(f,g; k)), then let M(f,g; k)[I] he the submatrix of M(f,g; k) conslsting 
of those columns of M(f,g; k) which have their degrees in J. The degree of a column 
in M(f,g; k)[I] is defined as the degree of the the samecolumn in M(f,g; k). 

Definition 5.8 Let I be a subset of 'D(M(f, g; k)) such that #(I) r(M(f,g; k))-
1. For every n; E 'D( M (!, g; k)) \ I, define a square matrix 

M(f,g; k)[I](i) = (M(f,g; k)[I], a;), 

where a; is the column of degree n; in M(f,g; k). The determinant element of 
M(f,g; k) with respect to I is defined by 

detel(M(f,g; k),I) = det(M(f,g; k)[I](i))~;, 
n;EV(M(f,g;k))\I 

where det(M) is the determinant of a square matrix lv!. We call this element a 
subresultant with respect to I. 

Lemma 5.2 Let X he a r(M(f,g; k)) x r(M(J,g; k)) nonsingular matrix over F, 
then 

1 
detel(M(f,g; k), I)= det(X) detei(X M(f, g; k),I). 

Proof. The proof follows immediately from the identity det(X M) = det(X) det(M), 
for two square matrices X and Mof the same size. D 

In the following, we wil! first define a set I, for every M(f,g,k;). Then for this 
particular I; we define the i1

h subresultant of f and g by using Definition 5.8. 

Definition 5.9 For every iE {l, ... ,#(J(f,g))}, we have (u(i),v(i),w(i)) defined 
by Definition 5.4 and resultant matrix M;. Now define I; as follows: 

1°: for i= 1 define I1 = {mu(l) + n, ... ,mo + n, no + m, ... , nv(l)-1 + m}. 
2°: for i > 1, suppose I;_1 Ç 'D(M;_t) has been defined, such that 

detel(M;_t, J;_t) -::/:- 0 and its degree is equal to nt(i-l)• moreover, 
#(I;-t) = r(M;_t) - 1. 

Define I;= A; U I;-t U {nt(i-tJ}, where 

A;= {mi+ niu(i -1) + 1 ;5 j ;5 u( i)} U {nj + mlv(i 1) + 1 ;5 j ;5 v(i) -1}. 

Furthermore if there exists a j ;5 l such that Ij is clefined and 

then define i(f,g) := j, otherwise define i(J,g) l. 

Lemma 5.3 For every iE {1, ... , i(J,g)}, I; Ç 'D(Ali) and #(I;)= r(M;)- 1. 
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Proof. By the definition of 11 and Lemma 5.1, we immediately have #(/1) u(1) + 
v(l) + 1 = r(MI)- 1 and / 1 Ç V(Mt). Now consider the case i > 1. Suppose 
the lemma is true for 1;-1· Then for every nj E 1;-h we have nj :5 nw(i-t) = 
mu(i-t)+n = nv(i-tJ+m. Hence nA; 0. Moreover, since detel(M;_1,/;_t) =J 0 
by i 1 < i(J,g), we have that the degree of detel(M;-t,/;-1), nt(i-t)> is not in 
1;-t and nt(i-t) :5 nw(i-1 ) by the definition of Mi-l· Hence nt(i-t) iif. A;. Thus 

#(/;)=#(A;)+ #Ui-t)+ 1 u( i)+ v(i) + 1 = r(M;) -1 

by Lemma.5.1. Furthermore, we have/; Ç V(M;), since V(M;_ 1 ) Ç V(M;), A; Ç 
V(M;) and n 1(i-1) E V(M;_I). 0 

Lemma 5.4 Let u(O) = -1 and v(O) = -1. Then for i ~ 0, the rows corresponding 
to 

'Pu(i+tJf, • • • ''Pu(i)+t/, tPv(i)+t9, • · • 'tPv(i+l)-19 

in Mi+1[Ai+t] are linearly independent, where A;H is dejined by Definition 5.9. 

Proof. Suppose IPd = L:jl~ atjtPj for u( i)+ 1 :5 l :5 uJi + 1) and W/9 = L:jl~ bt;'l/;j, 
for v( i) + 1 :5 l :5 v( i + 1) 1. If the lemma is not true, then by Defini
tion 5.6 there exist u(i + 1)- u(i) + v(i + 1)- v(i)- 1 elementsof F, namely 
au(i)+l• ... , au(i+t)• .Bv(i)+ll· .• , .Bv(i+l}-1 which arenotall zero, such that 

u(i+l) v(i+l)-1 
2:::: a1a1i + 2:::: f3tbtj = 0 

l=u(i)+l bv(i)+1 

u(i+l) v(i+I)-1 u(i+l) v(i+l)-1 

2:::: a11Pd + 2:::: .BttPl9 = 2:::: ( L atau + 2:::: f3tblj)tPj· 
l=u(i)+l l=v(i)+l n1E1J(M;+l)\Ai+l i=u(i)+l l=v(i)+l 

}I h d f '1\'u(i+t) / '1\'v(i+I)-1 a.J. · • A ence t e egree o L...i=u(i)+l a1ip1 + L.../;v(i)H 1-'lo/19 1s not m i+l· 

On the other hand, if we define 

J 1 = {mj + n!u(i) + 1 :5 j :5 u( i+ 1) and O:j =J 0}, 

J2;:::: {nj+m!v(i)+1:5j:5v(i+1)-1andPj=f:.O}, 

u(i+I) . v(i+l)-1 

deg{ 2:::: O:tiPd + 2:::: Pt'I/Jzg) max( J1 U J2) E A;+l 
l=u(i)+1 l=v(i)+l 

by Lemma 5.1 andRemark 5.1, which is a contradiction. This proves the lemma.. 0 

Proposition 5.2 For evet·y i E {1, . .. ,i(f,g)}, the Jit·st u(i) + v(i) + 1 rows of 
Mi[ I;] are linear independent, and the same hold forthelast u( i)+ v(i) + 1 rows of 
M;[J;], ~ohere I; is defined by Definition 5.9. 
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Proof. We prove the first part of the proposition by induction on i. The second part 
goes similarly. 

1°) Since /1 = {mu(l) + n, ... , mo + n, no + m, ... , nv(l)-l + m} and all the rows 
in M 1 [11], except the last row, are the coefficients representations of 'Pu(1)/, ... , 'Pof, 
t/J0g, ... , tPv(l)-l9 respectively, so they are linearly independent by Lemma 5.4. 

2°) By the definition of M;H[/;+1 ], we can write 

where thesetof all degrees of columns in Zj (j = 1, 2) is Ai+h thesetof all degrees 
of the columns in X is I; U {nt(i)}· Furthermore the rows in Z1 together with the 
rows in Z 2 , except th~ last one, correspond to 

hence they are linearly independent by Lemma 5.'1. Thus the first u( i + 1) - u( i) 
rows and the last v(i + 1) v(i) rows, except the row corresponding to tPv(i+t)9, in 
M;H[J;+l] are linearly independentand none of them can be a linear combination 
of the rows corresponding to the rows in M;[I;](t(i)). Now the rows in Mi+t[Ji+1] 

corresponding to the rows of M;[Ii](t(i)) are linearly independent, since Mi[J;](t(i)) is 
a nonsingular matrix. Therefore all the rows, except the last row which corresponds 
to tPv(iH)9, are linearly independent. 0 

Corollary 5.2 rank(M;[l;])=r(M;[I;])-1 =c(M;[I;])jo1·i l, ... ,i(f,g). 

Proof. By Lemma 5.3 and Proposition 5.2, we have 

rank(M;[J;]) 2: r(Mi[Ii])- 1 = r(M;) #(/;) c(M;[l;]), 

thus equality holds. 0 

Definition 5.10 For every 1 :::; i :::; i(f, g ), the ith subresultant of f and gis defined 
by 

sre;(f,g) = detel(M;, !;). 

We call sre1(f,g), ... ,sre;(f,g)(/,g) a subresultant sequence of f and g 

5.3 Solving for a minimal valid solution of a con
gruence 

Let a f-graded algebra K over F be defined as in Definition 5.1 and with a r 
basis B. Let L be its nonzero ideal. Let f E L and g E K with deg(f) m 
and deg(g) = n. Then we have sets I(f,g) and U(.{,g), and have P;(f,g) and 
J;(f,g) for every k; E I(f,g) defined inSection 5.l, moreover we have a subresul
tant sequence { sre;(f, g)} :!!19

). In this section we shaH first prove, that for every 
iE {l, ... ,i(f,g)}, there exists a pEK such that (p,sre;(f,g)) E P;(f,g) and 
deg(sre;(f,g)) minJ;(f,g). After that we will give an a.lgorithm to find a mini
mal valid salution of (!, g, s) by using { srei(f, g)} :!!ig). First we need the following 
notation. 
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Definition 5.11 Suppose f = L,j=0 a;'I{;J E L where ai E F for 0 $ j $ l. Define 
the coefficient support of f by 

csupp(f) {nJ deg('I/Ji)lai f:- 0 for 0 $ j $ 1}. 

Proposition 5.3 For every iE {l, ... ,i(f,g)}, there exist (p;,r;) E P;(J,g) such 
that sre;(f,g) = r;, deg(p;) = mu(i} and deg(sre;(f,g)) < nw(i)· Furthermore, 

csupp(sre;(f,g)) n l; = 0, 

where I; is'defined by Definition 5.9. 

Proof. By Corollary 5.2, there exists an r(M;[l;]) x r(M;[/;]) nonsingular matrix X 
over F such that 

XM;[I;] = 
[0

1 

01 * ~J· (1) 

Denote tt u(i) and v = v(i) and w = w(i), and let (x,. ... x0 ,y0 ... yv) hethelast 
row of X. Then X u f:- 0 and y" f:- 0 by Proposition 5.2. Let ( Zw, •• • , zo) he the last 
row of X.M;. Then we have Zj = 0 ifni E /; by (1), and 

W U V 

L ZjtPi = L Xj<Pjf + LYitPJ9, 
i=O j=O i=O 

by the definition of M;. Thus 

U V 

detel(XM;,l;) = LXJ!f!if + LYitPi9· 
j=O j=O 

That is 

sre;(f,g) detei(M;, I;)= detel(XM;, /;)/ det(X) 
u V 

= (Lxi!f!d + LYi'I/Jig)fdet(X), 
j=O j:O 

by Lemma5.2. Now let p; = (L,j=o XJ!f!i)/ det(X) E f{ and r; = (I:.i=o Zj'I/Ji)/ det(X) 
is inL. Then sre,(f,g) = r;, and deg(p;) mu(i) and deg(r;) < nw(i) since x,. f:- 0 and 
Yv f:- 0. Furthermore, by the definition of detel(M;, /;),we have csupp(sre;(f,g)) Ç 
V(M;) \ 1;, that is csupp(sre;(f,g)) n /; = 0. D 

Corollary 5.3 For every iE {l, ... ,i(f,g)}, ifn1 El;, n1 f:- nw{i), then there exist 
p EI< and rEL such that r = pf (mod g), and deg(p) < mu(i) and n1 = deg(r). 

Pmof. If i = 1, this is obvious. For i > 1, suppose the corollary is proved for 
i- 1. (i) If n1 E A; U /;_ 1 \ {nw(i)}, then by the definition of A; and the induction 
hypothesis, the condusion is also obvious. (ii) If n1 = nt(i-I) = deg(sre;-1(/,g}), 
then by Proposition 5.3, there exist p Pi-t and r = r;_t such that nt = deg(r}, 
where deg(p} mu(i-I) < mu(i)· D 
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Lemma 5.5 There exists a pair (p,r) E P;(J,g) such that deg(r) = minJ;(J,g) 
and csupp(r) n /; = 0. 

Proof. By Proposition 5.3, P;(J, g) is not empty. Now assume that for every pair 
(p, r) E P;(J, g), if deg(r) =min J;(J,g), then csupp(r) n /; i- 0. Take a pair (p*, r*) 
from P;(f,g) with deg(r*) = minJ;(f,g), such that 

n1 : max{csupp(r*) n /;} 

= min{max{csupp(r) n /;}l(p,r) E P;(J,g),deg(r) = minJ;(f,g)}. 

Then n 1 $ deg(r*) so n 1 < nw(i)· Hence for such an n 1 there exist p' E K and r' E L 
with deg(p') < mu(i)• such that deg(r') = n 1 by Corollary 5.3. Now we can write 
r*, r' E L as follows: 

8 t 

r* = L aj'l/;j and r' = L bi'I/Ji, 
j=O j=O 

where a8 i- 0 and b1 i- 0. Now define 

" • at , p =p - -p 
bt 

" * at , and r = 1' - -;;;r . 

Then (p",r") E P;(f,g) and n1 </. csupp(r"), moreover, since deg(r') $ deg(r*), 
we have deg(r") $ deg(r*) = min(J;(f,g)), that is deg(r") = minJ;(f,g), since 
(p",r") E P;(J,g). Thus by the assumption, we hë;\>ve csupp(r") n /;i- 0, moreover 

max{csupp(r") n /;)} < nt, 

by the definition of r". This is a contradiction to the definition of n 1• D 

Proposition 5.4 For every iE {1, ... ,i(J,g)}, deg(sre;(J,g)) = min(J;(J,g)). 

Proof. By Proposition 5.3, we have sre;(J,g) = r; such that r; = p;f (mod g) and 
(p;,r;) E P;(J,g). So P;(f,g) i- 0 and J; i- 0, for every iE {l, ... ,i(J,g)}. Hence 
there exists a pair (p, r) E P;(J, g) such that deg(r) = minJ;(f,g) and csupp(r)n/; = 
0 by Lemma 5.5. Suppose r = pf + qg for some q E L and deg(q) = nv(i)· Now 

write p = L:~i~ a;r.p; and q = L:i'=o b;1f;;, respectively, where au( i) i- 0 and bv i- 0. 
Moreover, since pf + qg = 0 or deg(pf + qg) < nw(i) = nv(i) + m, we conclude that 
nv + m = mu(i) + n, that is v = v(i). Now let X be a nonsingular matrix such that: 

X= 
0 

ao ho 

0 

0 

0 
0 

0 

bv(i)-1 bv(i) 

Multiplying X by M;, we see that the last row of X M; is the coefficient representation 
of r. Moreover the last row of (X M;)[l;] is a zero vector si nee 1' = 0 or csupp(r)n/; = 
0. Thus detel(XM;,/;) = ar, where a = det(A), A is the nonsingular matrix 
obtained by deleting the last row of (XM;)[/;], which is notzero by rank(M;[/;]) = 
rank(X M;[/;]) = c(X M;[/;]) and Corollary 5.2. Thus src;(.f, g) = ar/bv(i)· Therefore 

deg(sre;(.f,g)) = deg(r) = min(J;(.f,g)). D 
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Algorithm 5.1 
Step 0: Input (f,g,s); 
Step 1: IJ deg(J) :5 s then p = 1, r = f goto step 7; 
Step 2: Compute I(J,g) = {k1, ... ,k1}, where k; > ki+ti 
Step 3: i=l; 
Step 4: Computer= sre;(f,g); 
Step 5: ifdeg(r) (deg(g)- k; -1) > s then i= i+ 1 goto step 4; 
Step 6: Compute pand q such that p E K,q EL, deg(p) = deg(g)- k; -l,deg(q) = 
deg(J)- k; -1 and pf + qg = r (by means of Proposition 5.3); 
Step 7: Output (p, r) and stop. 
---we denote this algorithm by A(!, g, s) = (p, r). 

Remark 5.4 To realize Step 4, we will give an explicit metbod in Section 5.4 where 
we compute the complexity of Algorithm 5.1. 

Theorem 5.1 Let f E L and g E I< and s be a positive integer. IJ there exists 
a valid solution of (f,g,s), then A(J,g,s) = (p,r) is a minimalvalid solution of 
(f,g,s). 

Proof. Let n = deg(J) and m = deg(g). If n :5 s, then already (1,/) is a minimal 
valid solution of {f,g, s). So we may assume n > s. Lèt (p', 1·') be a valid solution of 
{!, g, s). Th en there exists a q' E L such that p' f + q' g = r' and deg( r')- deg(p') S s. 
Now deg(p') + n = deg( q') + m, otherwise 

deg( r') =_ max{ deg(p') + n, deg( q') + m} ~ deg(p') + n ~ deg(p') + s, 

which is a contradiction. Let k = n- deg(q') 1. Then k = m- deg(p')- 1 and 
k E /(J,g). So there exists a j such that 1 :5 j :5 l and k = kj. For every t, 
1 :5 t :5 i(J,g), there exists a pair (p1,rt) such that Pt E I<, r1 sre1(J,g) and 
deg(pt) = m- k1 - 1, by Proposition 5.3. If i(J,g) < j, then r;(J,g) is zero and 
has degree -oo, so that the algorithm stops at i :5 i(J,g). If j :5 i(J,g), then 
deg(rj) :5 deg(r'), by Proposition 5.4. Hence 

deg(rj) deg(pi) :5 deg(r') deg(p') :5 s. 

So in both cases the algorithm stops at i, i :5 j. Now we claim that deg(p;) :5 deg(p'). 
Otherwise deg(p;) > deg(p'), so n- k; -1 > n- ki 1, that is k; <kj. Hence i > j 
whkh is a contradiction. Thus (p;, 1·;) is a minimal valid solution of (f, g, s ). D 

5.4 The complexity of the algorithm 

To analyze Algorithm 5.1, we have to give more details about 'the Step 4 where 
sre;(f, g) is computed. In the following we will using Gaussian elimination to calcu
late sre;(f,g). 

Definition 5.12 Let A ( a;j )sxt be as x t matrix over F. A Ga.ussian elimin at ion 
is an algorithm which reduces A to the following form by elementary row operations: 

u\· a;2 a~, 
"!• ) a~2 a~, a2t 

' 
0 a~., ... a~t 
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where we suppose t ? s. We denote this matrix by G(A). Furthermore, the com
plexity of Gaussian elimination of an s x t matrix is about t3 (suppose t? s). For 
the details on Gaussian elîminations we refer to [59] and [64]. 

Definition 5.13 Let M; and l; be defined as in Section 5.1. Suppose P; is the 
product of#(!;) elementary matrices, such that M;P; (M;[I;],*), that is P; is 
a column transform which moves the submatrix M;[l;] of M; to the front part. A 
Gaussian elimination of M; with respect to l; is an algorithm defined by the following 
steps: 
(1) Do M;P; (move the submatrix M;[J;] of M; to the front by elementary column 
transformation); 
(2) Do a Gaussian elimination on M;P; to get G(M;P;); 
(3) Do G(M;P;)P,-1 (that is to change back the columns of G(M;P;)). 
We denote the matrixobtained from this algorithm by G(M;,l;). 

The following corollary follows immediately from the above definitions. 

Corollary 5.4 detel(M;,I;) = adetel(G(M;,I;),l;), where a is a nonzero element 
ofF. Moreover G(M;,J;)[J;](j) is a triangle matrix for every ni E V(M;) \I;. 

In the following we also denote asre;(f,g) by sre;(f,g) for any a(# 0) E F, since 
we are only interested in the degree of sre;(f,g). 

Now we can write Step 4 of Algorithm 5.1 in the following sub-steps: 
Step 4.1: Compute M; from lfd and '1/Jig; 
Step 4.2: Operate Gaussian eliminationof M; with respect tol;, and to get G(M;, I;); 
Step 4.3: Compute det(G(M;, J)[J;])(j)) for all ni E V(M;) \I;, get 

sre;(f,g) = L det(G(M;,J)[J;])(j))'I/Ji· 
nJE'D(M;)\I; 

Theorem 5.2 The complexity of Algorithm 5.1 is O((m + n)3
), where m = deg(g) 

and n deg(f). 

Proof From the algorithm we immediately have that the total complexity of the 
first three steps and Step 5 is 0( m + n ). 

Now let us consider Step 4. Since one can get the linear representation of every 
if8 ·!ft, where s, t E N beforehand, the total complexity of Step 4.1 from i 1 
to i = i(f,g) is at most O((m + n)2). Suppose we already have G(M;,l;). Then 
to get G(Mi+t,Ii+1 ), it is enough to do elementary row operations on the rows 
which correspond to '-Pil and 'I/Jk9 respectively, where u(i) + 1 s; j s; u(i + 1) 
and v(i) + 1 s; k s; v(i + 1) respectively. Therefore, the total complexity of Step 
4.2 from i 1 to i(f,g) is the same as removing the columns of matrix M;(l,g) and 
operating Gaussian elimination of M;(J,g), that is O((m+n)3

}. Since rank(M;[I;]) = 
#(1;) -1, G(M;, J;)[J;](j) is a triangle matrix for every nj E V(M;)\1;. Hence, to get 
det(G(M;,/;)[I;](j)) one needs at most #(I;) multiplications. Thus, the complexity 
of getting sre;(J,g) is at most #(I;)(m + n). Therefore, the total complexity of Step 

4.3 is E~;!;u> #(I;)(m + n) s; (m + n)2
• 

Finally, for a given i, getting p; a.nd q; is equivalent to operating Gaussian elim
ination to X M; (see the proof of Proposition 5.3). Hence, the complexity of Step 6 
is O((m + n)3). 

Now the theorem follows immediately from the above conclusions . D 
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5.5 An application to decading geometrie Goppa 
codes 

Reeall the definition of geometrie Goppa codes (Definition 1.3) defined on a projec
tive, non-singular and absolutely irreducible curve X of genus g. Let P be a rational 
point not in the support of D. In this section we will only interested in a class of 
geometrie Goppa codes defined by Co(D, mP), where m 2: 2g. In Chapter 4, we 
proved that decoding this kind of codes can be reduced to finding a minimal degree 
solution of a key congruence on an affine ring, see Theorem 4.7. In the following, 
we will use' Algorithm 5.1 given in Section 5.4 to find a minimal degree solution of 
a key congruence. 

In Chapter 4, we defined the affine ring Koo(P) with the degree map deg(f) = 
-tlp(/). Now let r be defined by {deg(J)I/ E Koo(P)}, we have the following 
proposition. 

Proposition 5.5 Koo(P) is a f-gmded algebm over F. Furthermore, let J,g EK 
such that deg(J) deg(g) = n. Then there exists an a E F such that deg(J -ag) < 
n, that means that Koo(P) has af-basis. 

Proof. From Theorem 4.1 of Chapter 4, we know tliat Koo(P) F[!l, ... ,fq+l], 
where gis the genus of the curve and /; E Koo(P) with deg(/i) = m; Er. Moreover, 
we haver= U::::f,;!"f k;m;lk; E N}, see Proposition 4.2. Therefore r is a. submonoid 
of N and K 00 (P) is a. f-graded algebra such that 

Koo(P) = E9 KY, 
; -yEf 

where /('Y is the subgroup of the additive group /(00 (P), generated by 

g+l 

{a/f1 
• .. t:~r la E F, k.i EN and :E kj mij = î }, 

j=l 

see Proposition 4.3. 
The second condusion is proved in Lemma. 4.3 of Chapter 4. 0 

Remark 5.5 It is shown in Remark 4.5 that ](00(P) is not an Euclidean domain 
with deg -vp, if the genus of X is not zero. 

In Chapter 4, it was proved that there exist h E ](00(P) and a positive inte
ger I' such that decoding the code Co(D, mP) is equivalent to decoding the code 
Cn(D, (h)o- JlP) up to the same errors, where h has disjoint support with D. Hence 
in the following we will only consider the code Co(D, (h)o- pP). For every received 
word lil one gets a syndrome S(lll) E Koo(P, W), where K.::o(P, W) is a non zero ideal 
of l\00(P), see Definition 4.9 and Proposition 4.13. Moreover by the Decoding The
orem 4.7, decoding the code Cn(D, (h)0 - pP) can be reduced to finding a minimal 
valid solution of (S(z ), h, l + Jl) for some integer l > 0 

Remark 5.6 To find this solution in the case that there exists a differential form 'fJ 
on the curve, such that ( 7]) = (2g - 2)P and Jl = 1, Porter [5ï] used his generalized 
subresultant sequence on Kco(P). But as we will see in Section 5.6, his method 
cannot. correct the errors for some codes. 
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We give our decoding algorithm for the code Co(D, (h)o- J-lP) as follows. 

Algorithm 5.2 : 
Step 1: Input a received word :u; 
Step 2: Compute S(:u); 
Step 3: Operate Algorithm 5.1 to S(:u) and h, get A(S(:u),h,l + J-l) = (J,q,r); 
Step 4: compute 

e = (resp1 ((r//)q), ... ,resp,.((r/ J)q)); 

Step 5: stop. 
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Theorem 5.3 Algorithm 5.2 decodes Co(D, (h)o jtP) up to (d* -1)/2- s errors. 
Furthermore, the complexity of this algorithm is O(n3 ). 

Proof. The first part of the theorem follows from Theorem 5.1 and Theorem 4.7. 
The complexity of the first three steps is O(n3 ) by Theorem 5.2. The complexity of 
Step 4 is O(n2 ), see [15, §2.5]. 0 

5.6 An example 

Let X he the Hermitian curve x 5 y4 y = 0 overk F 16• The genus of this curve 
is 6. Let 

'H*(k) = {(a, ,8) E k x kla E k, ,84 + ,8 a5 and (a, ,8) # (0, 0)}. 

Let D = E(a,J3)e1t*(k) Pa,{h where Pa,{J is the common zero of x- a and y- ,8, and 
Poo he a common pole of x and y. see [73). Then Koo(Poo) = k[x,y] hy Theorem 
4.1. Consicier the code Co(D, 25Po,o- P00 ). Then the lengthof the code is 63. 

The following facts will he proved in Chapter 6. For every (a,,B) E 'H*(k), let 

{ (y + ,8)3 + 1 + U(a, /3)}dx. 
x+a 

the syndrome of x= (xa,fJ)(a,fJ)eH•(k) is 

S(x)dx 
y5 + ,85 

:E Xa,[J~Ea,{J 
(a,{J)eH•(k) · 

= :E x<>,fJ,B-s{(x4 + ax3 + a2x2 + a3x + a4)(y" + ,By3 + ,82y2 + ,83y + ,84) 

+ U( a, t3)(y 5 + f3 5 )}dx. 

Let e be a primitive root of unity of k. Suppose we received the word with 
3 errors x (l,Ç5 ,Çl0 ,0 ... 0). This means that, for all (a,/3) E 'H*(k), except 
(a,,B) = (O,l),(O,Ç5

) and (O,Ç10
), x01 ,f! = 0. Hence S(x) x4y3 +x4

• 

(I) Use Algorithm 5.1 to decode. 
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Let m deg(h) 25 and n = deg(S(x)) 31. Then mu(l) = 4 and nv(1) = 10. 
Hence 

(j 
0 0 0 0 0 0 0 0 0 

·). 
1 0 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 

Mt 0 0 0 0 1 0 1'1 0 0 0 0 0 
0 0 0 0 0 1 0 0 0 
0 0 0 0 0 0 1 0 0 
0 0 0 1 0 0 0 1 0 
0 0 0 0 0 0 0 0 1 

where the columns correspond to (y7
, xy6 , ••• , y, x, 1) and the rows correspond to 

(y2h,xyh,x2h,yh,xh,h,S(x),xS(x))T, and / 1 {25,29,30,31,33,34,35}. Hence 
sre1 (S(z), h) y. This means that xS(x) = y + y2h. Hence the error function is 
ydx/x, which fits the solution. 

(11) Porter's metbod (we refer to [57, Definition 3.3.4 and p.72]) 
The matrix A is 

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 • 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 
0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 
1 0 O~ 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 

where the columns correspond to (y8 , ••• :,y,x, 1) and the rows correspond to 

since cleg(f) $ e + g = 9. 
First consider matrix A35 = M1 which has 8 rows, the clegree of the 8th column 

is 28. Then accorcling to his method, one defines Ar;, for r $ 28 and r is not a gap, 
in the following way: A;1 consisting of all columns of A35 of degree greater than 28 
and the column of degree r, that is 

A'''- ( ! 
0 0 0 0 0 0 

8') 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 0 0 1 0 

35 - 0 0 0 0 0 0 1 
0 0 0 0 0 0 0 
0 0 0 0 1 0 0 
1 0 0 0 0 0 0 

where a• is the column of degree r in A35. Hence det(A~1) = 0, therefore 

detpol(Aas) =I: det(ArJ)I/>r 0 

where ris taken form the set {0 $ r $ 28lr is not a gap }. By the same reason one 
also get that detpol(A39) = 0 and detpol(A4o) 0. 

Conclusion: Using Porter's method, one cannot solve the congruence JS(x) 
r ( mod h ), neither the error vector for x. 



Chapter 6 

Codes from Hermitian Curves 

In this chapter, we consider the code Gu(D, l(q + l)Po,o- éP00 ) from Hermitian 
curves, which is isometrie to the code Go(D, mP00 ), where Pc" is a point at infinity, 
deg( D) q3 -1 and m l( q + 1)-é. We give an explicit construction of syndromes 
of the code as well as encoding and decoding schemes. 

In Section 6.1, a detailed description of the codes is given, which is different 
from the one given by Tiersma [78) and Stichtenoth [73). Section 6.2 gives an 
explicit construction of syndromes. In Section 6.3,· an encoding scheme of the codes 
is given. In Section 6.4, we transfer the decoding metbod given by Chapter 4 to the 
method of finding a. minimal recurrence relation for a non-gap subscript sequence 
constructed from a syndrome. The details of finding a minimal recurrence relation 
wilt be given in Chapter 7. InSection 6.5, by constructinga database, we show how 
to compute the residues explicitly. 

6.1 The construction of codes 

Throughout this chapter, let k = GF(q2) denote the finite field, where q is a power 
of some prime. Let N denote thesetof all nonnegative integers and N* = N \ {0}. 
Let m E N such that q2 q 5 m 5 q3 + q2 

- q - 3, and let l, é E N* such that 
15é5q+l. 

6.1.1 Hermitian curves and their properties 

The Hermitian curve 1i(q) is defined by the equation Uq+l + Vq+l + WH1 = 0 over 
k. The function field of the Hermitian curve 1i( q) is F k( u, v ), where the defining 
equation is uq+l + vq+l + 1 = 0. Now let 

b 
x ~· y=ux-a, 

Then F k(x, y), where yq +y = xq+l, see [73]. The genus of 'H(q) is g = q(q-l)/2, 
and 1i(q) has exactly q3 + 1 places of degree one, namely the following (see [73]): (1) 
the common pole P 00 of x and y; (2) for any a E k, and any {3 such that {3q +!3 = aq+I, 
the common zero P<>.,(3 of x a and y- {3. Denote H(a) = {{3 E klf3q + {3 = aq+t} 
for every a E k, and denote H-1({3) = {a E klaq+1 = {3q + {3} for every {3 E k. 

75 



76 

Furthermore, we denote 1-l*(k) = {(a,P)Ia E k,p E H(a)} \ {(0,0)}. Then for any 
a, P E k, the principle divisors of x - a and y - p are: 

and 

respectively, see [73]. 

(x- a) = L Pa,{3- qP00 

i3EH(o) 

Proposition 6.1 (dx) = (2g- 2)Poc:" where (dx) is the canonical divisor of dx on 
F 

Proof See [72, Satz l(f)]. D 

By Definition 4.1 of Chapter 4, we have an affine ring I<oo(Poo) with the degree 
map deg. In this chapter, we abbreviate it by 1<00 • From Example 4.2, we know 
that I<00 k[x, y] with the defining equation xq+l = yq + y. 

Remark 6.1 In the following, k(x, y] alwa.ys means the k-algebra generated by x 
and y with the defining equation xq+I = yq +y, while k[X, Y] denotes the polynomial 
ring of two variables over k. 

6.1.2 Subspaces of differential forms 

For convenience, we wnumera.te 1-l*(k) to {(a;, ,B;)Ii = 1, ... , n }, wliere n = q3 1, 
and abbreviate Pa,,f3, by P; for every i E {1, ... , n}. Moreover, we denote the divisor 
P1 + · · · + P.,. by D. Furthermore, we denote E := N x N. 

Definition 6.1 For every i= (ihi2) E E, define 

w(i) 

Definition 6.2 Dcfine Oa(x) = fl-yek\{a}(x 1), where a E k. lt is easy to prove 
that 

{ 
-1 

Oa(;) = O 
if 1 a, 
if'"( E k\ {a}. 

Proposition 6.2 For every jE {1,: ... ,n} and every iE E, resp
1
(w(i)) _,,,i_t R~2 

""'J i-JJ • 

Proof After replacing x and y by x ai+ ai and y- Pi+ Pi> respectively in w(i), 
we have 

ait pi2 1 
w(i) = {(-

8 
3

( 
3 
))-- + Wj(x,y)}d(x- ai), 

<Xj aj x O:j 

where Oa, is defined by the Definition 6.2, and Wj(x,y) = LkeE WJ<(x-a;)k' (y-,B;)~o, 
with Wk E k. Hence 

since x- Oj is alocal parameter of Pj and Pj is a zero of y- Pi· D 

In the following, we will show that the space O(l(q + l)Po,o- 8Poo- D) ca.n be 
generated by some of the differential forms w(i). 



Chapter 6: Codes from Hermitian Curves 77 

Definition 6.3 Define a map Q : :E ~ N by Q(i) = i1q + i2(q + 1), where 
i= (it,i2) E :E. 

Definition 6.4 Let :E( q) he a subset of :E defined by :E( q) = {i E :Eii1 ~ q}. 
For every k E N, define :Ek( q) = {i E :E( q) IQ( i) < k}. Furthermore, we denote 
N(q) = Q(:E(q)), and for any element n E N we call n a gap if n f/. N(q) and a 
non-gap otherwise. 

The following lemmas give some properties of N ( q) and :Ek ( q ), respectively, where 
#(S) is the cardinality of the set S. 

Lemma 6.1 #(N \ N(q)) = g, so that N(q) = Q(:E29 (q)) U {n E Nln?: 2g}. 

Proof. See Lemma 2.5. 0 

Remark 6.2 The following statements are easily proved: 
(1) The restrietion of Q on :E(q) is an injective map and N(q) = Q(:E). Furthermore, 
N(q) is a submonoid of N. 
(2) N \ N(q) = {j(q + 1) + iiO ~ j ~ q- 2,1 ~i~ q}. 

Lemma 6.2 #(:E2Y-1 (q)) = g and :E2Y-1 (q) = :E2Y(q). 

Proof. For every iE :E2Y-1 (q), we have 0 ~ i1 ~ q- 2 and 

0 < . < Lq(q-1)-2-itqJ _ . 2 _ t2 _ q + 
1 

- q - Zt - • 

Thus #(:E29-1(q)) = r:_r;;~(q- i- 1) = q(q- 1)/2 = g. 1t is easy to see that there 
is no iE :E{q) such that Q(i) = q(q- 1)- 1. This proves the last conclusion. 0 

Definition 6.5 Suppose m = l( q + 1) - h such that l, h E N* and 1 ~ h ~ q + 1. 
Let p{m) = q3 -1 + 2g- m. Define 

:E(q,m) ={i+ (O,l)li E :EP(ml(q) \ {(0,0)}}. 

Proposition 6.3 Let the assumption be as in the above definition. Then 
(a) {w(i)li E :E(q,m)} is a basis ofO.(l(q + 1)Po,o- 8Poo- D); 
(b) {xi1 yi2 l(it,i2 ) E :E29+ó-l(q)} is a basis of0.(-8Poo)· 

Proof. (a) Since for every iE :E(q, m), Q(i) ~ q3 -1 + 2g + 8-1 and i 1 + i2(q+ 1) ?: 
l(q + 1) + 1, and (xq

2
- x)= D + Po,o- q3 P00 , we have 

(w(i)) ?: (i1 + i2(q + 1)- 1)Po,o- (Q(i)- 2g + 2- q3)Poo- D 

?: l(q + 1)Po,o- hP00 - D. 

Thus w(i) E O.(l(q + 1)Po,o- 8P00 - D). Because Vp0 •0 (w(i)) are all different for 
iE :E(q,m), all those differential forms are linearly independent. Furthermore we 
have 

#( {w(i)li E :E(q, m)}) = q3 + g- m- 2 + dimL((m- q3 )P00 ) 

= dimfl.(l(q + 1)Po,o- 8P00 - D), 

where the first equality follows from Lemma 6.3, ancl the last one follows from the 
fact D + Po,o and q3 P00 being linearly equivalent as are l(q + 1)Po,o- hPoo and mP00 , 

Lemma 6.4 and Riemann-Roch Theorem. 
The proof of (b) is the same as the above proof. Wc leave it to the reader. 0 
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Lemma6.3 #(E(q,m)) q3 +g m 2+dimL((m-q3 )P00 ). 

Proof. By the definition of E(q,m), we have #(E(q,m)) = #(EP(m)(q)) -1. 
(i) lf m $ q3 - 1 then we have 

Q(EP(m)(q)) {n E Nl2g $ n < p(m)} U Q(E29(q)), 

by Lemma. 6.1. Thus #(Ep(m)(q)) p(m)- 2g + g by Lemma 6.2. This proves the 
condusion since dimL((m- q3 )Poo) = 0 in this case. 

(ii) If m 2: q3
• Let A he a. set defined by {kEN\ N(q)lk < 2g- m + q3 - 1}. 

Then we have p(ml(q) = p(m) #(A). Now by Remark 6.2(1) and Lemma 6.2, 
we have 2g- 1- Q(i) E A for every i E E29(q) with m- q3 + 1 $ Q(i). On the 
other hand, for every k E A, 2g 1 -kis in N(q) and greater than m- q3 , by 
Remark 6.2(2). Hence #(A)= #{i E E2U(q)lm- q3 + 1 $ Q(i)}. On the other 
hand, by Proposition 4.3, we have 

Thus 
L,P(m)(q) = p(m) g + dimL((m- q3 )Poo)· 

This proves the conclusion. 0 

Lemma 6.4 Let 0 $ s S 2g- 2, then L(sPoo + Po,o) = L(sP00 ). 

Proof. It is obvious that L(sPoo + Po,o) 2 L(sP00 ). Now suppose there exists 
an f belonging to L(sP00 + P0,0 ) \ L(sP00 ). By the result of Section 6.1.1, we have 
xf E L((s+q)Poo). Therefore xf = 9t(Y)+xg2(x,y) with Vp00 (9I(y)) :f:. Vp..,(g2(x,y)) 
by Proposition 4.3, where 9t(X) E k[X] and g2(X, Y) E k[X, Y]. Furthermore 
91(X) :f:. 0 since f tj L(sP00 ). Hence 9t(Y)/x E L((s + q)Poo + Po,o). Thus for every 
P E {Po,pi,Bq + ,8 = 0 and ,8 :f:. 0}, vp(gt(y)) 2: 1. This means that 9t(.B) = 0 if 
,Bq+ ,8 0 and ,8 :f:. 0. Thus the degree of the polynomial g1(X) is at least q- 1. 
This implies that Vp

00
(9t(Y)) S -(q l)(q + 1) < -s-q. Thus Vpoo(xf) < -s- q 

which is a contradiction. This proves the lemma. 0 

6.1.3 The Codes 

Proposition 6.4 Suppose m = l(q + 1) fj 2: 2g, whe1·e l and fj are defined as 
before. Then {(o;1 ,8~>, ... ,o~,8~2 )li E E(q,m)} is a basis ofthe code Co(D,l(q+ 
l)P0,0 -6P00 ) and the dimension ofthe code isq3 +g-m-2+dimL((m q3)P00). 

Frtrfhermore, if m s n, the minimum distance d of the code satisfies 

m - 2g + 2 S d S m - 2g + 2 + é. 

We call d* = m- 2g + 2 the designed minimum distance. 

Proof. By Proposition 6.3(a), Proposition 6.2 and Definition 1.3, we have 

Co(D, l(q + 1 )Po,o - éP 00 ) (( ai1 ,8:2
, ••• , o~ ,8~ )!i E E( q, m )). 

For the dimension of the code, we have 

dim Co(D, l(q + 1 )Po,o- éPoo) dimfl(l(q + l)Po,o- éPoo- D) 

q3 + g- m- 2 + dimL((m- q3 )Poo), 
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where the first equality follows from Theorem 1.3(b ), and the last equality follows 
from Proposition 6.3(a). 

For the minimum distance d, we have d ~ m 2g + 2, by Theorem 1.3(b ). Now 
suppose m $ n and let t 1-q-2, we have t $ q2 -q. Thus we can choose t different 
elementsof k, namely (31 , ..• , f3t, such that (3[ + (3; f:. 0. Define the differentlal form 

w 

It is easy to see that wE O(l(q+ l)Po,o 6Poo D) and resp",11, (w) f:. 0 for every a E 
n-1 ((3;), where i :::: 1, ... , t. Furthermore, for any Pa,/3 such that (3 f/; {(31 , ... , f3t}, 
resp,.,11 (w) = 0. Therefore, if wedefine c (resp1 (w), ... ,resp"(w)), then cis a 
codeword of the code and weight(c) = t(q + 1). This means that d $ t(q + 1) ::::: 
m- 2g + 2- <5. 0 

To complete this section, we show the isometry of the codes C0 (D, l(q+ 1)Po,o 
óPoo) and Co(D,mP00 ). 

Proposition 6.6 Let m = l(q+ 1) 6. Then Co(D, mPoo) and Cn(D, l(q+ 1)Po,o-
6Poo) are isometrie. 

Proof. By the facts given inSection 6.1.1, we have rnPoo- D + (y1) = l(q+ 1)Po,o 
6 P 00 - D. Therefore 

f!(mP00 - D) = {wfy1lw E Q(l(q + l)Po,o- 6Poo- D)}. 

Thus for every wE f!(mPoo- D), we have resp,(w) = resp,(w')/ f3! since supp((y1)) 

{P0,o,Poo} and P; f:. Po,o· Therefore Cn(D,mPoo) = Wï1
, ••• ,(3;;1)Cn(D,l(q + 

1)Po,o- 6P00 ). This proves the proposition, see Definition 2.3. D 

By Proposition 4.4, we know that decoding the code Co(D,mP00 ) is equivalent 
to decoding the code Co(D, l(q+ l)P0,0 -6P00 ). Therefore intherest of this chapter, 
we only consider the code Co(D, l(q+ l)Po,o 6Poo) and denote it by C(;(D, rnP00 ). 

6.2 The syndromes 

In this section, for the code CQ.(D, mP00 ) we will give an explicit construction of 
the syndrome of a received word. First, We will define a set of differentlal forms 
{171li = 1, ... ,n} such that {17; + f!(-6Poo)li 1, ... ,n} is a basis of f!(-óPoo
D)/f!( -ÓP00 ). Then by repairing this set we will construct a set of differential forms 
{e;(ó)}, such that w = Ei'=t resp,(w)e;(S) for every wE f!(l(q + l)Po,o- óPoo- D). 

Definition 6.6 For every i E { 1, ... , n}, define 

Proposition 6.6 (1J;)oo P; + and resp,(1J;) = 1, who·e (17;)00 means the divi-
sor of the pol es of q;. 
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Proof. 1t is easy to verify that, all Pa,,fJ, (a;,/3) E 'H*(k) but P; = Pa,,p, arezerosof 
(y- /3;)q-I + 1. On the other hand, we have 

(x- a;) = E P011 ,p qPco. 
(JEH(a;) 

Thus (7J;)00 = P; + P00 • Furthermore 

1 (y- /3·)q-l 
resp,(q;) = resp,( {-- + ' }d(x- a;))= 1, 

x -a; x a 

since x- a; is alocal parameter of P;. D 

The following proposition immediately follows from the a.bove proposition a.nd 
Proposition 4.10. 

Proposition 6. 7 {7J;+1l( -8P00 )1i = 1, ... , n} is a basis ofil( -6Poo-D)/1l( -SP00 ), 

so that for every wEn( -8Poo- D), w- Ll=l resp,(w)q; E il( -6Poo)· 

The following proposition shows the exact di:fference between L;~1 resp,(w(i))7]; 
and w(i). 

Proposition 6.8 Por every i= (it, i 2) E E(q), denote 

n n 

u( i) := - E resp
1 

( w( i))qj E a~' f3}211i· 
j=l j=l 

Moreover, de fine ( l, q2 - q) = {i+ (1, q2 q)li E E( q)}. Th en for every i E E(q, m), 
we have 

. { -w(i) 
u(z) = -w(i) + xhyhdx 

where j = i - (1, q2 - q). Moreover for every i (it. i2 ) E E(q, m) such that 
i 2 = k( q2

- 1) +i; tvith k, i; E N and i~ :5 q2
- 2, toe have u( i) = u( it, i;). Therefore 

if(l,q2 -1) E E(q,m) then (1,q2 -1) = -xdxf(xq
2 

x). 

To prove this proposition, we need the following lemmas. First by the properties 
of the deg on k[x, y] (see Lemma 4.2), we immediately have the following lemma. 

Lemma6.5 Let A(x,y) = LieE(q)\(t,q2-q)aix'1y'2 E k[x,y]. IJ A(x,y)-::/= 0, then 
there does not exist any nonzero B(x,y) LieE(q)h}x''y'2 E k[x,y] such that 

A(x,y) = (xq
2

- x)B(x,y). 

Lemma 6.6 Por every i E { 1, ... , n}, dejine 

( ) 0 ( ){( ,:;.,·)q-1+1}. c; x, y := a; X y fJ 
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Proof. For every k E {0, ... , q2 1}, we have k = uk(q+l)+rk, such that uk, rk EN, 
0 :::; rk :::; q and Uk :::; q- 2 if rk f:. 0. Thus we can write O"(x) = 2:1:-i/ O"kxr•(yq +y)"• 
since xq+l = yq + y. Hence by the binomial expansions of (yq + y )u• and (y - (3; )q-t, 
we get 

q
2
-1 "" q-1 

c;(x, y) = L; L; L; al:Lxr•y(q-l)s+u•+t, 
k=;O s=O t=O 

for some constants ai:!,t E k. Moreover, it is easy to see that for 0 S s S uk and 
0 St:::; q -1, (r,., (q -l)s +uk+ t) tf. (l,q2 - q). This proves the lemma. 0 

Proof of Proposition 6.8. By Proposition 6.7 and Proposition 6.3(b) we have a( i)+ 
w(i) = B(x,y)dx, where B(x,y)dx = EjeE2g+~-l(q)bjxi1 yhdx E 0(-6P00 ) with bj E 
k. This means that 

n 

L; a:1 (312 c;(x, y) + x•1 yi2 = (xq
2 
-x )B(x, y ), 

i=l 

where c;(x, y) is defined in Lemma 6.6. Thus: 
1) Ifi E E(q)\(l,q2 - q), then by Lemma6.5 and Lemma 6.6 we get B(x,y) = 0. 

Hence o-{ i) = -w( i). 
2) If i E (1, q2 - q), then there exists a j E E( q) such that i = j + (1, q2- q) with 

h:::; q- 2. Thus we can derive that xi1 yi2 = (xq
2

- x)xi'yiz- xil+l EI:j:-1 dwk for 
some constant dk E k, by xq+l = yq + y. This implies that 

n q2 -q-1 

L:;a:1 /1Î2c;(x,y)-xil+t L; dwk=(xq
2 

-x)A(x,y), 
i=1 k=i2 

where A(x,y) = B(x,y)- xityiz and j E E29+8-l(q). Hence by Lemma 6.5 and 
Lemma 6.6, we get B( x, y) xi1 yh. This proves the second case. 

The last condusion of the proposition is an immediately consequence of (3q'.l- 1 = 1 
for (3 E k. 0 

By the above proposition, we can see that the only thing we have to do in order to 
attain our goal is to eliminate xi1 yh in the second case. The following two formulas 
are created just for this purpose. 

Definition 6.7 For every i E {1, ... , n }, define 

k 

J.tt(i, k) = a7+2xq-2-k L; f3i(v+1)yv, for 0 S k:::; q- 2 
u=O 

and P,2(i,k) = arkf3tqxkyq-t-k, for 0$ k $ q -1, where (a;,{3;) E 'H*(k) 

Proposition 6.9 Suppose m = l(q + 1)- 6 2 2g. Then 

q-2 n q-1 n 

L; L; a~t f1}• /11 (j, k) + L; L: a~~ f3J2 Jt2(j, k) 
k=Oj=l k=q+t-ój=l 

ifi E {E(q,m) n (l,q2 q)} \ {(l,q2 -1)}, 
ifi=(l,q2 1), 
iJ i E E ( q, m) \ ...,..,.( 1-, q-:c-2 -____,.q) , 

where u = i- ( 1, q2 q) and if 8 = 1 the sencond part of the left si de of the equation 
is considered as a zero. 
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To prove this proposition we need the following preparation. 

Definition 6.8 For a!ly (s,t) EZ::, define ~(s,t) = E/=1 o:f/3f. 

Proposition 6.10 LetO:::;: s:::;: q andt' = k(q2-l)+t where k,t EN andt:::;: q2-2, 
then 

I { -1 ~(s,t) = ~(s,t) = 
0 

Proof. See Appendix. 

if (s, t) = (0,0), 
otherwise. 

Corollary 6.1 Let i= (it.i2) E Z::(q,m). Then 
(i) Let 0 $ k $ q- 2. Define j(i2 , v) to be i 2 - (v + 1) in case v + 1 $ i 2 and 

q2 -1 + i2- (v + 1) otherwise, where v E {0, 1, ... , k} Then 

if k = q - 1 - i1 and v = i2 - q2 + q 
ork=q-2,v Oandi=(l,q2 -1), 
otherwise. 

(ii) Let 0 $ k $ q- 1. then 

~(it+q-k,iz+k-q)={ ~~ 

Proof. See Appendix. 0 

if k = it - 1 = q2 
- i2 - 1, 

otherwise. 

Proof of Proposition 6.9. For p 1(j,k) we have 

q-2 n 

L L o:;' /3}2 Pl (j, k) 
k=Oi=l 

q-2 k 

L L ~(i I + k + 2, j( iz, v) )xq-Z-ky" 
k=O v=O 

if 1 :::;: it :::;: q - 1 
and q2 

- q $ i2 $ q2 
- it - 1. 

if i= (l,q2
- 1), 

otherwise. ,,, 

(1) 

where the third equality follows from Corollary 6.1 (i), j(i2,v) is defined in Corol
lary 6.1 and u= i- (I,q2- q). 

For Jl2(j, k) we have 

q-1 n 

I: I:o:~'f3J2p2(j,k) = 
k=q+l-éj=l 

q-1 

L ~(it + q- k, iz + k q)xkyq-l-k 

if I $ i1 $ q and i2 = q2 - i1, 
otherwise, 

whcre the last equality follows from Corollary 6.1 (ii) and u= i- (l,q2 q). 
Furthermore, since i 2 $ q2

- i 1 provided i E Z::(q, m), we have 

E(q,m)n 

Now the proposition follows immediately from (1), (2) and (3). 0 

{2) 
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Definition 6.9 For every i E {1, ... , n} and 1 :5 8 :5 q + 1, define 

·(8) = { 1];- El:~ JL1(i, k)dx- L:l=q+1_6 JL2(i, k)dx if 8 :f. 1 
e, 1];-L:l:~JL1 (i,k)dx if8=1. 

Therefore by Proposition 6.3(b) and Proposition 6.6, we have 

e;(8) En( -P;- 8Poo) and resp,(e;(8)) = 1, 

for every i = 1, ... , n. 

Proposition 6.11 Suppose m = l(q + 1)- 8. Then 
n 

w(i) = L,:resp,(w(i))e;(8) for every iE E(q,m). 
i=1 
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Therefore for every wE n(l(q + 1)Po,o- 8Poo- D), we have w = Ei=1 resp,(w)e;(8) 
by Proposition 6.4. 
Proof. lt is easy to prove that for every i E E( q, m) either i 2 :5 q2 - 2 or i = ( t, q2 -1) 
with tE {0, 1}. Thus the proposition follows from Proposition 6.8, Proposition 6.9 
and the following Lemma 6.7. 0 

Lemma 6.7 In F = k(x,y), we have 

x xyq2-1 
-2-- + 1 + yq-1 = -2--. 
xq -x xq -x 

Proof. The proof immediately follows from (yq-1 +1)q = yq2-q + 1 and xq+l = yq +y. 
We leave it to the reader. 0 

Definition 6.10 (See Definition 4.10) For the code C0(D,mP00 ), define the syn
drome S(w) of 'W = (wt, ... , Wn) E kn by 

n Yl _ (3f 
S(w)dx = L,:w;-(3! e;(8), 

z=l ' 

where m = l(q + 1)- 8. 

Theorem 6.1 Suppose m = l( q + 1) - 8, where l and 8 are defined as bejore. Th en 
S(w) E k[x,y] and 

c E C0(D,mP00 ) ij and only ij S(c) = 0 (mod y1
). 

Furthermore 
S(w) _ 

"n !:!!i {"q "1-1 k(3i q-k 1-1-j + "q-2 "k k+2(31-(v+1) q-2-k v 
L...i=1 f3! L..k=O L..j=O a; i X Y L..k=O L..v=O a; i X Y 
+Ts(x, y)} (mod y1), 

where 
Ts(x,y) = k=q+l-sa, • x y ~ r { 

Eq-1 ~-k f3t+k-q k q-1-k f 8 -'- 1 
0 ij 8 = 1. 

Proof. The first part of the theorem is a special case of Theorem 4.5. 
Suppose 8 :f. 1 (for 8 = 1 the proof is the same ). Since we can derive (y- (3){ (y

(3)q-1 + 1} = (x -a) Lk=o akxq-k for every (a, (3) E 7-l*(k), we have 
n 1-1 q q-2 q 

S(w) = L w;f3i1{(L,: f3{y 1
-

1-i)(L,: a7xq-k)-[L,: JL1(i, k)+ L JL2(i, k)](y1-(3f)}. 
i=1 j=O k=O k=O k=q+1-6 

Now the proof of the second part is just a straightforward verification from the above 
equality. 0 
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6.3 Encoding the codes 

In this section we giv~ an encoding metbod for the code C[;(D, mP00 ). 

Definition 6.11 Let m be a positive integer and suppose m == l(q + 1)- 6, where 
l, /j are nonnegative integers and 1 ~ /j ~ q + 1. A polynomial subspace P(m, q) is 
defined by: 

P(m,q) == (XiYi+1IO ~i~ q, 0 ~ j, (i,j) :f:. (0,0) and iq+j(q+l) ~ q3-1+2g-m-1}. 

Remark 6.3 Let 1t*(k) he defined by 

H*(k) {(at, f3t), ... , (an, f3n)}, where n == q3
- 1. 

Then by Proposition 6.4, the code Ci)(D, mP00 ) can be denoted as follows 

Cf{(D, mPoo) {(!(at, (3t), ... , f(an, f3n))lf E P(m,q)}. 

Proposition 6.12 (Encoding message symbols) Let I< be the dimension ofthe 
code Ci)(D, mPoo), and 'E(q, m) be denoted by {(it,it), ... , (ix,ix)} such that 
Q(ik,jk) < Q(ik+t,ik+t) for 1 ~ k ~ K- 1. Let a= (a 11 ... ,ax) (ak E k) be the 
message symbols to be encoded, and let 

K 

a( X, Y) = L akXikyik. 
k=l 

Th en 

Proof. Since for every (ik,jk) E E(q,m) we have 

(ik,jk) (i,j + l) forsome (i,j) E I;P(m)(q). 

Furthermore, for every i E I;P(ml(q) Q(i) ~ q3 - 1 + 2g m- 1. Thus a(X, Y) E 
P(m,q). This means that c E Ci)(D,mP00 ). 0 

Now we show how to reeover the message symbols. Let c = (c1 , .•• ,en), c, E k 
he the codeword encoded by the above encoding method, and let 

n 
c(i,j) L:c.,a~+t-i/3~2-2-j. 

v=l 

And we still denote E(q, m) by {(i 11 jt), ... , (ix,ix)} as above. 

Proposition 6.13 (Recovering message symbols) Let the assumptions be as 
Hl 

Pmposifion 6.12. Suppose a codeword c of Cf{(D, mPco) is encoded by the above 
encoding method. Then its message symbols are 
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Proof. If c =(eb ... , c,.), then by theencoding method we have 

K 
c = '""'aLcik r.ûk 

v L-t "' v fJv ' 
k=l 

for every v = 1, ... , n. Now consider any (iA:, jr.) E l;(q, m) we have 

n K 
'""' '""'a ti" aj,.aq+t-ik aq2-2-:i• .t....- L...J P. v fJv v fJv 
v=l~-<=1 

K n 

= I: a" I: a~+l+i,.-i. /3~2 -H:i,.-:i. = -ak, 
~>=1 v=l 
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by the following lemma and since 0 :5 ik :5 q and 0 :::; ik :5 q2 - 2 for 1 :5 k :5 K. 
This proves the proposition. D 

Lemma 6.8 Let 0 :5 s :5 2q and 0 :5 t :::; q2 - 2, then 

{ 
-1 

.ó.(s,t) = 
0 

if(s,t)=(O,O) or(q+l,q2 q-1) and(q+l,q2 -2), 
otherwise. 

Proof. Reeall that aq+t = fiq + j3 for every (a, !3) E 1l*(k), one can prove the lemma 
immediately by Proposition 6.10. 

6.4 Decoding the codes by finding a minimal re
currence relation 

In this section, we first define for every received word a non-gap subscript sequence 
and its recurrence relation. After that we show that finding an error vector of a 
received word can be reduced to finding a minimal recurrence rela.tion for the non
gap subscript sequence. 

By Theorem 6.1, the syndrome of w can he written as 

q 1-1 

S(w) =I: I: Sux"'y"2 +y1S(x,y) 
u,=OU2=0 

where Su E k for 0 :5 u1 :5 q and 0:5 u2 :51-1, a.nd S(x,y) E k[x,y]. 

Definition 6.12 (1) Define a sequence {UfheE(q) of was follows 

U~ . = { Sq-i,,l-t-i2 if iz :::; 1 -. 1 
•tM 0 otherwise. 

We call this sequence a non-gap subscript sequence of w. 
(2) Define a 2-dimensional array {UdieE induced by the non-gap subscript se

quence {UfheE(q)• as follows: 
(i) Ui = Uf if iE l;(q); 
(ii) For every iE 2; \ l;(q), suppose i1 k(q + 1) +i~ with i~ :5 q, then define 

Ui = t (~)U~ ,v(q-t )+k+i2 • 
v=O 

In the following, we also call { UihEE a non-gap subscript sequence of w, and denote 
it by u. 
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Definition 6.13 Let k[X, Y] be the polynomial ring of two variables over k. Then 
a polynomial f E k[X, Y] can be written as f(X, Y) = Liec, fiXi,Yi 2 , where Cf= 
{i E I;lfi -::J 0}. Define k[X, Y](q) by k[X, Y](q) = {! E k[X, Y]ICf ç I;(q)}. 
For 0 -::J f E k[X, Y](q), define the degree of f to be an element 8 in Cf such that 
Q(8) = max{ Q(i)li E Cf}, and denote it by Deg(f). Furthermore we cal! Q(Deg(f)) 
the Q-degree of f. 

Definition 6.14 Let U be a non-gap subscript sequence. Let f = Ljec, /jXi• yi2 E 
k[X, Y] and iE I;(q). If Ljec, /jUj+i = 0, then fis called a recurrence polynomial 
for U at i ëj.nd we denote Ljec, /jUj+i by ![U]( i). 

Let n E I;(q) and f E k[X, Y](q) with 8 = Deg(f). If either Q(8) > Q(n), 
or f[U](i) = 0 for every i E I;M(q), where M := Q(n)- Q(8), then fis called a 
recurrence polynomial for (U, n) and we denote this situation by f[U, n] = 0. 

Theorem 6.2 (Decoding Theorem) Suppose m = l(q + 1) - ö, where l and ö 
are defined as before. Let w E kn, suppose w = c + e, where c is a codeword of 
C0(D,mP00 ) and eis an error vector. Let U bethenon-gap subscript sequence of 
w. 
E.ri8tence: There exist f(X, Y) E k[X, Y](q) and rE k[x, y], such that 
(rlf(x,y))dx E D(-D- öPoo), where f(x,y) E k[x,y], 

(resp, (rdx I f(x, y) ), ... , respn (rdxl f(x, y) )) = e, 

and lhe following holds 
i) f[U, nm] = 0, where nm E I;( q) and Q( nm) = m +1. 
ii) r = f(x,y)S(w) (mod y1).. 

Uniqueness: Let t = L(d* -1)12- (L(q- 1)12J 2 + 1)12J, where d* is the designed 
minimum distance of the code. Suppose the weight of e is less than or equal tot. Let 
J(X, Y) E k[X, Y](q) such that condition i} holds and the Q-degree of f(X, Y) is 
minimal among all the Q-degrees of recurrence polynomials for (U, nm)· Then after 
taking r = f(x,y)S(w) (mod y1), we have 

(resp, (rdx I f(x, y )), ... , resp" (rdx I f(x, y )) ) = e, 

and (rlf(x,y))dx E D(-ÖP00 - D). We call this f(x,y) a minimal recurrence 
re/ation of (U, nm). 

Proof By the existence part of Theorem 4.7, there exist f 0 ,p,r E k[x,y], such 
that (rlfo)dx E D(-D- öPoo), (resp,(rdxlfo), ... ,resp"(rdxlfo)) = e, and (i) 
f 08(w) = r + py1 and (ii) deg(r)- deg(f0 ) ~ 2g- 2 + Ö hold. Thus we can write Jo 
as follows, Jo= Liec, fixi 1 yi2 with Cf Ç I;(q). Now take f(X, Y) = Liec, fiXi,yi 2 • 

Then f(X, Y) E k[X, Y](q). Suppose Deg(f) = 8, we have Q(8) = deg(f) and 
f(x, y) = f 0 • Furthermore, by the definition of non-gap subscript sequence U of w, 
we can ex pand foS ( w) to 

q l-1 

foS(w) = :2:: :2:: Aux"'y"2 + y1A(x,y), 
u 1 =0 u 2=0 

where Au= f[U](q- uh l- 1- u2 ) and A( x, y) E k[x, y]. Therefore 

deg(r)- deg(f0) ~ 2g- 2 + Ö <=> f[U](q- tt1, l- 1- u2) = 0 (4) 
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which follows from Lemma 6.9, where S = Q( s ). It is equivalent to f[U, nm] = 0. 
This proves the existence. 

The uniqueness immediately follows from the uniqueness part of Theorem 4.7. 
and the above equivalent condition (4). D 

Lemma 6.9 Let s, nm E l:;(q) such that Q(nm) = m + 1 {it is always possible by 
Lemma 6.1 andRemark 6./l). Ij we denote Q(s) S and suppose m + 1 ~ S, then 

2:;m+1-S(q) = {(q, l-1)-iiO $ i1 $ q, 0 $ i2 $ l-1 and Q(i) ~ q(q-l)+S +6-1 }. 

Proof. Since Q((q, /-1)- i)= q2 + (l- 1)(q + 1) Q(i), we have 

Q( i) ~ q( q - 1) + S + 6 - 1 <=? Q( ( q, l - 1) i) < m + 1 - S. 

This proves the lemma.. D 

Remark 6.4 In Chapter 7, we will give an algorithm to find a minimal recurrence 
relation fora non-gap subscript sequence (U, nm) by finding a set of minimal degree 
recurrence polynomials, where the degree set of those minimal degree polynomials 
is also nondegenerate. So the complexity of decoding algorithm is less than 3qm2 + 
2n2 + 7q3m provided q ~ 4. 

6.5 " Computing the residues 

Let (a,/]) E 'H*(k), and J,r E k[x,y] such that deg(f) < q3
, deg(r) < q3 and 

rdxf f E !l( -6P00 - D). In this section we will show how to compute the residue 
rdx/ fat Pa,/3 explicitly. 

Remark 6.5 (i) From Section 6.1.1, we know that xq+l = yq + y in k[x,y] and 
a 9+1 = /]9 + /]. Therefore if a =J:. 0, we have y- f3 a:q(x- a)+ a( x- a)q +(x
a )9+1 - (y - fJ)q. By this equality we can derive, that for every j E N, 

where R;(x,y} E k[x,y] and bas at least valuation q3 at Pa,/3· 

(ii) For every f E k[x,y], we can write it as f Ej!0 ('f:.r=0 a;;xi)yi. 

In the following we will construct several sets of data. In fact one can use these 
sets as a database to construct an algorithm of computing residues, see Proposi
tion 6.15. 

Definition 6.15 Let i,j E N. If a =J:. 0, 
(1) for every k E {0, ... ,i}, define A~c(a:,i) to be the coefficient of (x- a)" in the 
binomial expansion of x' = { (x - a) + a} i; 
(2) for every 1 E {0, ... ,j(q2 + q)}, define B1( a,/]; j) to be the coefficient of (x a )1 

in the expansion of {/3 + aq(x- a)+ (x- a)q+l (x- a)q
2
+qJi. 

If a 0, for every l E {0, ... ,j(q2 + q)}, define B1(0, /3;j) to be the coefficient 
of x1 in the expansion of ( xq+I - xq

2 
+q - /]q )i. 
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Definition 6.16 Suppose f 
define 

f[a, /3; s] := { ~tfo 
L.,J=O 

atiB•-t(O, {3; j) 
a ij I::=o At( a, i)Bs-t( a, {3; j) 

Proposition 6.14 Let f be as in the above definition. Then 

l'j(q"+q)+q 

f = L f[a, {3; s](x- a)• + j*, 
•=0 

where j* E k[x,y] and vp<>,ll(f*) 2:: q3
: 

if Cl'= 0, 
otherwise. 

Proof. For every a E k the ring k[x,y] has {(x- a)iyiji,j EN} as a basis. Every 
yi can be written as a linear combination of l,(x- a), ... ,(x- a)i(q2

+9) with a 
remainder term Rj(x, y) which has at least valuation q3 at Pa,f3, by Remark 6.5 and 
Dcfinition 6.15. Thus we can write 

l'f(q2+q)+q 

f L a.( x a)'+ j*, 
•=0 

forsome constauts a, E k, J* E k[x,y] and VP<>,Il(f*) 2:: q3. It is a straightforward 
verification that a. = f[a, {3; s], see Definition 6.15. 0 

Corollary 6.2 VP".,!l(f) = k if and only ij 

![a, {3; J.~] f= 0 and f[a, {3; s] = 0 for 0 S s S k - 1. 

Pt·oof. By the facts of Section 6.1.1 and the assumption on deg(f), we have vp",13 (J) :<;; 
-Vp

00
(f) < q3. Thus by Proposition 6.14, we have 

l'j(q2+q)+q 

vr"., 13 (J)=k{:=?vp.,, 13 ( L f[a,,B;s](x-ay) k. 
s=O 

Therefore vp"'·"(f) = kis equivalent to f[a, {3; k] f= 0 and f[a, {3; s] 0 for 0 S s S 
k 1. 0 

Proposition 6.15 

r r[a,f:l; VJ- 1] 
resp 13 (-fdx) = ![ 1 ] , 

a, a, f; Vj 

where VJ := Vp"·"(f). 

Pr·oof. By Proposition 6.14 and the assumption of deg(f) < q3 and deg(r) < q3 , we 
have 

I'J(q,+q)+q l'r(q2+q)+q 

J = 2: a.(:~: a)• + r and r L b.(:z:- a)"+ r*, 

respedively, where a. f[o:,/3;s] and a"1 f= 0, b. r[n,/);s] and Vr Vp.,, 11 (r). 
Since f[a"1 (:z:- a)v']-1 lx=<>,y=/3 == 1, we can write 

1 

f 

00 

-av-,-:-( x--a.,-) v-, ( 1 + {; Ck· (x - a )k)' 
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for some constants Ck E k, since (x- a) is alocal parameter of Pa,f3· Furthermore 
we have Vr ;::: VJ - 1 since rdx/ f E 0( -6Poo - D). Thus it is a straightforward 
verification that 

where dk E k for k = 0, 1, .... This implies that 

r r[a,,B;v,-1] 
resp.,,13 (fdx) = f[a,,B; VJ] , 

since x - a is a local parameter of Pa,f3· 0 
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A Appendix: The proofs ofProposition 6.10 and 
Corollary 6.1 

To prove the proposition, weneed the following lemma. 

Lemma 6.10 Let i 
then Vp

00 
( x'1 y'2 / ( xq

2 
(i1,i2) E E(q) \ {0} and Q(i) ~ l + 2q2 2. IfQ(i) ~ q3

, 

x)) 2: 0, otherwise 

where k = Q(i)- q3
, j = i 1 + i 2 - q2 + q l and f E F with Vp00 (f) 2: 0. 

Therefore ij i = ( 0, q2 q + 1) then resp00 ( ;:~~: d( ~)) = 1, otherwise it is equal 
fo ::cro. 

Proof. Si nee Vp"'( x'• yi2 /(x92 x)) -Q( i)+ q3, we have vp"' (xi1y12 /(xq
2 
-x)) 2: 0 

if Q(i) ~ q3
• Now suppose Q(i) > q3

, then j(q + 1) 2: 0, thus j 2: 0. Because of 
xq+l = yq + y, we have the following expansions: 

2q-1 

1) = y2(q2-q) + l: b,yz<q2-q)-i(q-1), 

for some constauts bi E k. Moreover 

i=l 

"'2q b· y(q2-q)-i(q-l) 
L..t=2 •-1 

bythepreviousequalityand-(q2 -1)+2(q2 q) i(q-l)=q2 -q (i+1)(q-1). 
Now by the above equalities and j(q + 1) = k + i 1 1 and i 2 - k = q2

- q- jq, we 
can <lerive 

where f E F and Vp
00

(!) 2: 0. Finally, it is easy to see that k = 1 if and only if 
i= (0, q2 - q + 1 ), and k- q2 + 1 = 1 if and only if i= (0, q2) and j = q- 1. Thus 

if i= (O,q2
- q+ 1) a.nd otherwise it is equal to zero, since x/y is alocal parameter 

or Poo. o 

Proof of Proposition 6.10. Since pq
2

-
1 1 for every p E k, we have ~(s, t') = 

~(s, t). Hence it is sufficient to consider ~(s, t) with 0 ~ t ~ q2 - 2. 
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If (s,t) = (0,0) then ö(O,O) = q3 1 = -1. Now suppose (s,t) =f. (0,0). It is 
easy to see that the poles of x•yt f(xq

2 -x) are in the set 'H*(k) U {(0, 0), P00 }. Now 
consider the residue of (x•y1dx)f(xq

2
- x) at P00 • By [6, Theorem 9 and Corollary 

to Theorem 9, Ch.VI], we have dy = xqdx since xq+l- yq- y = 0 and 

x x 1 dy 
(-)qd(-) = d(-) = --, 

y y y y2 

sim;e (xjy)q+l- (1/y)q- ljy = 0 if y =/- 0. Thus d(xjy) 
-y'~-2dx. Therefore 

x•yt x•yiz 
- 2 -dx = --2 -d(xjy), 
xq x x'~ -x 

where i 2 = t 
have 

q + 2 and Q((s, i 2)) :::; l + 2q2
- 2. Therefore by Lemma 6.10, we 

x•yt { -1 
resp .. (-2 -dx) = 

0 xq -x 
if 8 = 0, t = q2 

otherwise, 
1; 

but by the assumption we have t:::; q2 -2, hance resp""(x~;~xdx) 0 if(s,t) =/- (0,0). 
Finally, by the residue theorem [6, Theorem 3, Ch.III] and Proposition 6.2, we 

have 

x•yt 
ö(s,t) = 2: resp,..~(-q-2 -. dx) 

(a,,B)E1i•(k) X - X 

( x"y1 d ) { -1 if (s,t) (0,0); 
= resp.. x'l2 _ x x = 0 otherwise 

0 

Proof of Corollary 6.1. By the assumption, we can write i1 + k + 2 = p(q + 1) + v, 
where I' E {0, 1} and 0 :::; v :::; q. Then by Proposition 6.10, we have ö(i1 + k + 
2,j(i2, v)) 0 if p, = 0 and v =1- 0, and ö(it + k + 2,j(i2 , v)) ö(O,j(iz, v) + 1) + 
ö(O,j(i2, v) +q) if I' = 1 and i 1 + k + 2 = q + 1 si nee aq+l = (3'~ + (3. Furthermore, by 
i E E(m, q), we have j(i2 , v) :::; q2 -1 and j( i 2 , v )+q :::; q2 -1, and the equalities hold, 
respectively, if and only if v = 0, k = q- 2 with i (1, q2 - 1) and v i 2 - q2 + q, 
respectively. This proves the (i). The proof of (ii) is similar to the above, we leave 
it to thè reader.D 





Chapter 7 

A Realization of the Decading Algorithm 

In this chapter, for the codes C0 ( D, mP"") from Hermitian curves ( discussed in 
Chapter 6), we give a realization of their decoding algorithm. The main procedure is 
to give an algorithm for finding minimal recurrence polynomials of non-gap subscript 
sequences, which is inspired by Sakata's idea. [61]. Due to the difference between 
the problems we have and the one solved by Sa.kata's a.lgorithm, we ca.nnot use 
Sakata's algorithm directly. The main differences between them are the orders of 
sequences those two problem have. Although we may modify Sakata's algorithm to 
our problem, the complexity will be less if we construct a.n algorithm directly for 
o~r problem. 

In Section 7.1, wedefine a minimal recurrence pair and auxiliary pair, respec
tively. In Section 7.2, we present the main theorem of this chapter, which tells us 
how to find a minimal recurrence pair for a non-gap subscript sequence. Section 
7.3 consists of three algorithms, they are: an algorithm for finding minimal recur
rence polynomials, a.n algorithm for computing residues and a decading algorithm, 
respectively. The decoding algorithm given in that section actually is a realization of 
Decading Theorem 6.3. InSection 7.4, the complexity of those decading algorithms 
is given. Fina.lly, a. simple example is given in Section 7.5. 

Ma.ny nota.tions defined in Chapter 6 will be used in this chapter. They are: 
The finite field k = GF(q2), the set of all nonnegative integer pairs E, the map 
Q: E-N (Definition 6.3), two sets E(q) and E"(q) (Definition 6.4), a non-gap 
subscript sequence U (Definition 6.12), a subset of polynomials k[X, Y](q) (Def
inition 6.13), the degree map Deg : k[X, Y](q) - E(q) (Definition 6.13) and a 
recurrence polynomia.l J for (U,n) (Definition 6.14), which can he also denoted by 
j[U,n] = 0. 

7.1 Minimal recurrence pair and other notations 

In this section we present some nota.tions which will be used in the rest of this 
chapter. The main notations will be minimal recurrence pair and auxiliary pair. 

Definition 7.1 (Next non-gap) Let n E E(q). Define n+ E E(q) satisfying: (i) 
Q(n+) > Q(n); (ii) there does not exist any element i E E(q) such tha.t Q(n) < 
Q(i) < Q(n+). It means that Q(n+) is the next non-gapafter Q(n). 
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Proposition 7.1 Let n, tE E(q), denote Q(n) N and Q(n+) N+ and Q(t) = 
T. Then EN+-T(q) = EN-T+I(q). 

Proof. This can he easily proved by the above definition and Remark 6.2. We leave 
it to the reader. 0 

Deflnition 7.2 (Maximal set and minimal set) Let S Ç E(q). The maximal 
set of S is defined by 

{sE SI there is no tE S such that t > s}, 

where t (t1,t2) > s = (s1,s2 ) mea.ns that both i;;::: s; for i= 1,2 and t # s. We 
denote it M AX(S). The minimal set of Sis defined by 

{sE SI there is no tE S such that t < s}. 

We denote it MIN(S). 

Definition 7.3 (Minimal recurrence pair) Let U be a non-gap subscript se
quence a.nd n E E(q). Let V(n) be defined by V(n) := M/N{Deg(f)lf E 
k[X, Y](q), f[U, n] = 0}. For every 8 E V(n), choose an Is such that fs[U, n] = 0 
and Deg{f8 ) 8. Define F(n) = {!sis E V(n)}. We call it a minimal recur
rence set for (U, n), and call < V(n),F(n) >a minimal recurrence pair for (U, n). 
Furthermore, we denote 

V(n, V):= {sE V(n)lfs[U,n+] 0} and V(n,N) {sE V(n)lfs[U,n+] # 0}. 

Remark 7.1 (a.) lt is easy to see that, 

El>(n)(q) 2 {Deg(f)jJ E k[X,Y](q) and /[U,n] = 0}. 

(b) It can be proved by Corollary 7.2 in Appendix B, that V(n, V) a.nd V(n,N) do 
notdepend on the choice of the elementsof F(n). 

Now the question is how to find a minimal recurrence set F(n+) provided that a. 
minimal recurrence set F(n) is given. In the next section we will give a theorem to 
solve this problem, which is called the main theorem of this chapter. The main idea 
is to use a so-called a.uxiliary pair which is constructed from some known minimal 
reeturenee pairs F(m), where Q(m) < Q(n+). Before doing this, weneed more 
notations. The rest of this section are the definitions of those notations and their 
properties. 

In the fo\lowing we a.lways assume n, 8 E E(q), S be a subset of E(q). 
(1) Denote E8 (q) :={iE E(q)ls 5 i} a.nd Es(q) = Uses Es(q). Conversely, we 

df'note f 8 ( q) {i E E( q)ls ;::: i} and f s( q) Lkes f s( q). 
(2) Let 

x(k) if k < 0 . - { ( q + 1' -q) 
ifO:s;k. andÇ(e:).- (0,0) 

Ddine c(n, 8) := n- 8 + Ç(x(n1 -st)). 

if € = -1 
if € 0. 
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Remark 7.2 It is easy to see that, 
(1) Q(~(e)) = 0 for e E {-1,0}; 
(2) Q(n)- Q(8) E N(q) if and only if c(n, 8) E E(q). 
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(3) Let f E k[X, Y](q) with Deg(f) = 8. The necessary and sufReient condition 
for f[U,n] = 0 but f[U,n+]-::/: 0 is c(n,8) E E(q) and f[u](c(n,8))-::/: 0. 

(3) Denote A(n,8) := {iE E(q)lc(n,i) ~ 8}. Furthermore, fora setS we 
denote A(n, S) := Uses A(n, 8). 

( 4) The maximal complementary set of S is defined by M AX { E( q) \ Es( q)}. 
We denote it Cmax(S). 

(5) A finite subsetS of E(q) is called a nondegenerate set if and only if for any 
8, tE S, 8-/. t. 

Remark 7.3 It ie easy to prove the following statments, 
(ii) Fora nondegenerate setS Ç E(q), S = MIN(Es(q)) and S = MAX(fs). 
(ii) For any set S Ç E(q), MAX(S), Cmax(S) and MIN(S), respectively, are 
nondegenerate sets. 

Proposition 7.2 Let S be a nondegenerate set of E( q), then #( S) :::; q. 

· Proof Let 8, t E S such that s -::/: t. We claim that s1 -::/: t 1 • Otherwise, 8 $ t if 
s2 $ h and s ~ t if s2 ~ t 2 , a contradiction. Therefore #(S) = #{s1 ls E S} $ q 
since ~ Ç E(q). D 

Proposition 7.3 LetS be a nondegenerate set ofE(q). Then Cmax(S) is a unique 
nondegenerate set such that fcmax(s) = E(q) \ Es(q). 

Proof By the definition of Cmax(S), it is obvious that fcmax(s) 2 E(q) \ Es(q). 
Now for every i E fcmax(S)' there exists a c E Cmax(S) such that i $ c. Hence 
i <f. Es(q), otherwise c E Es(q) which is a contradiction. Thus iE E(q) \ Es(q). 
Therefore fcmax(s) Ç E(q) \ Es(q). The uniqueness of Cmax(S) is obvious. D 

(6) Let N := Q(n). lffor every mE EN(q), f[U,m] = 0, but f[U,n]-::/: 0, then 
n is called the order of f with respect to U and denoted by Ord(J). 

Definition 7.4 (Reducing f) Let f E k[X, Y]. For every i E C" suppose i 1 = 
i12(q + 1) + iu, where i12,iu EN and 0 $ iu $ q. Define 1 = Liec, fïXi"(P + 
Y);,2yi2. 

Proposition 7.4 Let f E k[X, Y], then 1 E k[X, Y](q), and f[U](i) = 1[U](i) 
for every i E E(q). Furthermore, if there exists an s E c, n E(q) (for c, we 
refer to Definition 6.13} such that Q(i) < Q(s) jo1· every i E c, \ {8}. Then 
Deg(J) = s. Moreover, if f[U](i) = 0 for every iE r;Q(n)-Q(Sl(q), where n E E(q), 
then ][U,n] = 0. 

Proof See Appendix A.D 

(7) Define max(n,s) := (max(n1,sl),max(n2,s2 )). Furthermore, we define, 
(i) U(n, s; 0) := {max(s, n- c)lc E Cmax('D(n))}; 
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(ii) U(n, s; -1) := {max(s, n- c + Ç( -l))lc E Cmax(V(n)) and n 1 c1 < 0}. 
(iii) 

V( )-{ {(st,nz-q+l)}nE(q) ifs1 >n1 

n,s- {(st,n2 +l),(n1 +l,s2 ),(n1 +1,n2 -q+l)}nE(q) otherwise 

(iv) 

W(n,s) { {c(n,s),(q,n2 

. {c(n, s)} 
q)} n E(q) if nt ::f q, n1 ;::: St and n2 

otherwise 

Deflnition 7.5 (Auxiliary pair) Let U be a non-gap subscript sequence, let S Ç 
E(q) and n E E(q). Iffor every iE S, there exists a 9i E k[X, Y](q) with Deg(9i) = t 
and Q(Ord(gi)) < Q(n+), such that i E W(Ord(gi),t), then we call < S,Ç > an 
a.uxilia.ry pair for (U, n+), where Ç {gili E S}. 

7.2 Main Theorem 

Bcfore we give the main theorem we need the following two propositions which are 
called Procedure I and Il. Actually these two procedures give a metbod to construct 
minimal recurrence polynomials for (U, n+) provided that a minimal recurrence pair 
for (U, n) and an auxiliary pair for (U, n+), respectively are given. 

Proposition 7.5 (PROCEDURE I) Let jE k[X, Y](q) with Deg(J) = s, such 
that f[U,n] = 0 but f[U,n+] f. 0. LettE E(q) such that t > s and c(n,t) <f. E(q). 
Denote 1' = t- s and h := h(f) = X'1 Y'2 f. Then Deg(h) = t and 7i[U, n+] = 0. 

Pmof See Appendix B. 0 

Proposition 7.6 (PROCEDURE 11) Letf,g E k[X, Y](q) with Deg(f) s and 
D<"g(g) t. Suppose for a non-gap subscript sequence U, 

Ord(f) == n so that f[U]( c( n, s)) = d1 ::f 0, 
Ord(g) = m so that g[U](c(m,t)) =dg ::f 0, 

where m,n E E(q) with Q(m) < Q(n), and c(n,s) and c(m,t) E E(q). 
Suppose wE Z x Z with Q(w) = Q(n) Q(m) + Q(t) and.,. E E(q) such that 

r ~ s and r - w ~ 0, Let 

whFre u=.,. s and v = .,. - w. Then we have Deg(7i) =.,. and 7i!U, n+J = 0. 

Proof S('e Appendix B. D 

Theorem 7.1 (Main Theorem) Let n E E(q). Supposc < V(n),.:F(n) > is a 
minimal recttrrence pair for (U, n) and < Cmax(V(n)), Q(n) > is an auxiliary pair 
for (U, n+). DcfinF 

T := 1\f IN {Ev(n)(q) \ A(n, V(n, N)}. 
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Then T = 'D(n+), so that fcmax(V(n+)) fcmax(V(n)) U A(n, 'D(n,N)). Further-
more, 

'D(n+) MIN{'D(n, V) u U {U(n,t,O) UU(n,t, -1) U V(n,t)}}. 
tEV{n,N) 

Therefore by using the Procedures I and IJ, we can construct a minimal recurrence 
pair< V(n+),:F(n+) > for(U,n+) by < 'D(n),:F(n) > and < Cmax('D(n)),Q'(n) >. 

Proof. See Appendix C. 0 

The following theorem tells us how to findan auxiliary pair. 

Theorem 7.2 Let the assumption be as in Theorem 7.1. Then 

Cmax(D(n+)) = MAX{Cma.x('D(n)) U U W(n,t)}. 
tEV(n,N) 

Furthermore, for every c E Cmax('D(n+)), define Uc = ge E Q'(n) if c is in 
Cmax('D(n)), and ge= ft E :F(n) if c E W(n,t). And denote 

Q'(n+) :={geleE Cmax('D(n+))}. 

Then we get an auxiliary pair< Cmax('D(n+)),Q'(n+) > for (U, (n+)+). 

Proof. See Appendix D. O 

7.3 Algorithms 

The first a.lgorithm of this section is an algorithm for finding a minimal recurrence 
pair < 'D( n ), :F( n) > fora given non-gap subscript sequence (U, n ). For convenience 
we add the following notations, 

['D(k),:F(k)] := {(s,f)ls E 'D(k),f E :F(k) with Deg(f) = s}, 

[Cmax('D(k)),Q'(k)J := {(c,gc,t,m)lc E Cmax(D(k)) and ge E Q'(k)}, 

where < Cma.x('D(k)),Q'{k) > is an a.uxiliary pair for (U,k+), t := Deg(g) and 
m := Ord(g). 

Algorithm 7.1 (MinPol(U, n)) : 

Step 0: (0.0} Input a non-gap subscript sequence U; 

{0.1} Check Uo = 0? 

{0.1.1} if'Yes', then define ['D(O),:F(O)J := {(0, 1)} and [Cmax('D(O)),Ç(O)J := 

0; 
{0.1.!!) if 'No', then define [D(O),:F(O)] := {((l,O),X), ((0, 1), Y)} and 

[Cmax('D(O)), Ç(O)J := {(0, 1, 0, 0)}, where 0 = (0, 0); 

Step 1: k := 0; 
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Step 2: For every (s,f) E ['D(k),.F(k)], check c(k,s) E E(q)? 

{2.1} ij 'No', puts into 'D(k, V); 

{2.2} ij 'Yes', compute dJ= f[U](c(k,s)). Then check dJ= 0? IJ 'Yes', put 
s into 'D(k, V); IJ 'No', puts into 'D(k,N); 

Step 3: Compute MIN {'D(k, V) U Usev(k,Nj{U(k, s,O) U U(k, s, -1) U V(k, s)}} 
and define it to be 'D(k+). 

Step 4: For every s* E 'D(k+), 

{4.1/if s* =sE 'D(k, V), take the (s,f) jrom 
['D(k),.F(k)] and put it into ['D(k+),.F(k+)]; 

(4.2) ijs* E V(k,s), then take the (s,f) from ['D(k),.F(k)] and do PROCE
DURE Ito get an h = h(f). Put (s*,h) into ['D(k+),.F(k+)]; 

{4-3} ijs*= max(s,k- c- Ç(e)) E U(k,s,Ç(e)), then take the (s,f) jrom 
['D(k),.F(k)] and (c,g, Deg(g), Ord(g)) jrom [Cmax('D(k )), Ç(k)] and do PRO
CEDURE I! to get h = h(f,g). Put (s*, h) into ['D(k+),.F(k+)]; 

Step 5: Compute MAX{Cma.x(D(k) UUteV(k,N) W(k,t)} and define it to be 
Cmax('D(k+)); 

Step 6: For every c E Cmax('D(k+)), 

(6.1} ifc E Cmax('D(k)) then take the (c,g,Deg(g),Ord(g)) from 
[Cmax('D(k)),Ç(k)] and put it into [Cmax'D(k+),Ç(k+)]; 

(6.2} ijc E W(k,t), then take the (t,f) from ['D(k),.F(k)] and put (c,j,t,k) 
into [Cmax('D(k+)), Ç(k+)]; 

Step 7: IJk+ = n, then output ['D(n), .F(n)], otherwise define k := k+ go to Step 
2. 

Theorem 7.3 MinPol(U,n) = ['D(n),.F(n)]. 

Proof For k = 0, (i) if Uo = 0, it is easy to see that {(0, 1)} = ['D(O),.F(O)] since 
MIN(E(q)) = {0}, and [Cmax('D(O)),.F(O)] = 0, therefore < Cma.x('D(O)),.F(O) > 
is an auxiliary pair for (U,o+), where o+ = (1,0). 

(i i) if U0 ::j:. 0, then l[U, 0] # 0 but X [U, OJ = 0 a.nd Y[U, OJ 0 since (1, 0) > 0 
and (0,1) > 0. Thus {((I,O),X),((O,l),Y)} ['D(O),.F(O)]. On the other hand, 
by the definition of maximal complementary set, we have Cmax('D(O)) = 0. Thus 
< 'D(O), {1} > is an a.uxiliary pair for (U,o+). 

Suppose for k = n, the condusion is true, then the condusion is also true for 
k = n+ by Theorem 7.1, Theorem 7.2 and the Procedure I and II. This proves the 
theorem. D 

Now we wiJl give another algorithm, namely an algorithm for computing residues 
of 1·dxj f at point Pa,f3, which can he proved by Theorem 6.15. Reeall Defini
tion 6.15, we denote A[k*] = {Ak(a; i) la E k*,O S k S i S q} and B['H*(k)] = 
{BI(a,J';j)l(a,,B) E 'H*(k),O S j S q2 and 0:::; l $ j(q2 + q)}. 

Algorithm 7.2 (Residue(f,r,o:,,B)) : (*) Set lhe database A[k*] and B['H*(k)] 
bcj01·c nming the olgorithm. 
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Step 0: Input (a, {3) E 1-l*(k), f and r; 

Step 1: Compute f[a,/3;0] {by means of Definition 6.16}, check f[a,/3;0] = 0 '? If 
"No", then output respo,f'(rdxf f) = 0 and goto END, else goto next step; 

Step 2: k 1; 

Step 3: Compute ![a, {3; k]; 

Step 4: Check f[a, {3; k] = 0 ? IJ 'Yes', then k := k + 1 and goto Step 3, else 
VP,.,fJ{f) = k; 

Step 5: Compute r[a, {3; k- 1] (by means of Definition 6.16}, output 

r r[a,{3; k- 1] 
respo,fl(Jdx) = f[a,{3;k] ; 

END. 

Finally we give an algorithm for decoding the code Cf{(D, mP00 ), where m = 
l(q + 1) 8 2:: 2g and nm E E(q) such that Q(nm) = m + 1. 

Algorithm 7.3 (Decoder( al)) 

Step 0: Input al E kn; 

Step 1: Compute S(al) to get (S",v)u$q,v'$1-1 {by means of Theorem 6.2); 

Step 2: Transfer the sequence (S,..,v)u$q,u'$1-l toa non-gap subscript sequence U {by 
means of Definition 6.12}; 

Step 3: Do MinPol(U,nm), ifforsome k such that Q(k) < Q(nm), 
min{Q(D(k)} > t + g, then output "The number of errors is great than t." 
and goto END; otherwise get [D( nm), F( nm)]; 

Step 4: Compute s = min{Q(i)Ji E V(nm)}, take the (s,f) from [V(nm),F(nm)]; 

Step 5: Computer= JS(al) (mod y1); 

Step 6: For i= 1, ... , n, do Residue(f, r, a;, {3;) resp,(rdxf f); 

Step 7: Output e = (resp1 (rdxf f), ... , resp,.(rdx/ f)); 

END. 

Theorem 7.4 Let d* be the designed minimum distance of code Cf{(D, mPoo) with 
2g::;m::;q3 -1+2g-2. Lett= l(d*-1)/2 (l(q-1)/2J 2 +1)/2J. LetalEkn 
such that al = c + e, where c is a codeword and the wight of e is less than t. Then 
Decoder( al) = e. 

Proof. Since f E Uk>o L(kPoo- l:iei P;), where I= {i Je;-::{; 0} a.nd e = (et, ... , en), 
we have deg{f) ::; t + g::; (m + 1)/2 < q3 a.nd deg(r) ::; (m + 1)/2 + q2

- 1 < q3 by 
Theorem 6.3. Hence the theorem follows from the above algorithm, Theorem 6.3, 
Theorem 7.3 and Proposition 6.16. D 

Remark 7.4 The decoding algorithm given in [36] only decodes the codes 
Co(D',l(q + l)Poo) where D' = D + Po,o· Hence it can only decode the codes 
Cfi(D, mP00 ) with m l(q + 1). 
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7.4 The complexities of the algorithms 

In this section, we will calculate lipper bounds for the numbers of elementary cal
culations needed in algorithms MinPol(U,n), Residue(r,j,o;,(3) and Decoder(z), 
respectively. We call an elementary comparison between two numbers, a multipli
cation of two elements of k and an addition of two elements of k, respectively, an 
e/ementary calculation. 

Lemma 7.1 Let U be a non-gap subscript sequence. Th en to find a minimal recur
rence pair for (U, n), one needs at most 3q( N - 1 )N + ( N q2 + q )(3q3 + 6q2 - q) 
elementary calculations by using Algorithm 7.1, where N = Q( n) ~ 2g. 

Proof. We first consider the number of elementary calculations needed for a fixed 
k. Because Step (2.2) will not be executed if Q(deg(f)) > Q(k), and #('D(k)) ~ q 
by Proposition 7.2, one needs at most 2qQ(k) elementary calculations in Step 2. 
By Proposition 7.3 and Proposition 7.2 , we have that the numbers of elementsin 
'D(k, V), 'D(k, N), U(k, s, e) and V(k, s), respectively are at most q. Hence 

#{V(k, V) U U (U(k,~s, 0) U U(k, s, -1) U V(k, s))} ~ 2q2 + q. 
SE7J(k,N) 

Moreover, the first coordinate of the elements involved in Step 3 is always less 
than q. Therefore the number of elementary comparisons used in Step 3 is at most 
q{3(2q2 + q)/2- 2} by [32, p.lll]. To get h(J) and h(J,g) in Step 4.2 and 4.3, 
respectively, one needs at most 2Q(k) elementary calculations, since Q(Deg(f)) < 
Q( k) ( otherwise it is not necessary to do Step 4.2 and 4.3). To reduce those fundions 
to 1i, one needs at most 2Q( k) elementary calculations since the exponent of x 
appearing in h is at most 2q and xq+l+t = x 1(yq + y) for 0 ~ t < q. Hence, the total 
number of elementary calculations neededinStep 4 is at most 4qQ(k). Because of 
#{W(k,t)} ~ 2 and #{Cmax('D(k)} ~ q, we have 

#{Cmax(V(k)) U U· W(k,t)} ~ 3q. 
tED(k,N) 

Hence the number of elementary calculations needed in Step 5 is q(9q/2 - 2) by 
[32, p.lll]. Finally, it is easy to see that the number of elementary calculations 
nN'ded in Step 6 is at most 3q. Therefore, for a fixed k, the number of elementary 
calculations needed in Algorithm 7.1 is at most 

6qQ(k) + q{3(2q2 + q)/2- 2} + q(9q/2 2) + 3q 6qQ(k) + 3q3 + 6q2
- q. 

Now we can conclude that the total number of elementary calculations needed 
in Algorithm 7.1 for (U,n) is at most 

L {6qQ(k) + 3q3 + 6l- q} ~ 3q(N- 1)N + (N q2 + q)(3q3 + 6q2
- q), 

kEEN(q) 

since Q(:EN(q)) = {O, ... ,N -1} \ { the gaps between 0 and N 1}. 0 

Lemma 7.2 Let J,r E Kco such that deg(J) < q3, deg(r) < q3 and rdx/f E 
0( -liPoo- D). Then the nt11nher of elementary calculations needed in Algorithm 7.2 
i.s at mo.~t 

2deg(f)(t'Pa.t3(f) + 1) + 2deg(r). 
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Proof lt follows immediately from Algorithm 7 .2. 0 

Proposition 7. 7 For the code C(i(D, mP00 ) with q;:::: 4 and 2g -1 $ m $ q3 -1 + 
2g- 2, the number of elementary calculations needed in Algorithm 7.3 is at most 
3qm2 + 2n2 + 7q3m where the word length of the code is n = deg(D) = q3

- 1. 

Proof It is easy to see that the number of elementary calculations needed in Step 
1 is at most 2n2

• Now suppose m = l(q + 1) - l!, where l,l! E N* such that 
1 $ 6 $ q + 1. Then the number of elementary calculations needed in Step 2 is 
at most 2l(q + 1), which is less than 2(m + q + 1). The number of elementary 
calculations needed in Step 3 is most 3qm( m + 1) + ( m + 1 - q2 + q )(3q3 + 6q2 

- q) 
by Lemma 7.1 and Q( nm) = m + 1. The number of elementary calculations needed 
in Step 4 is 3q/2- 2 by [32, p. 111]. In Step 5, computing JS(~) (mod y1) requires 
at most ( m + 1 )( m + 6) elementary calculations. Reducing this product to the one 
in k[X, Y](q), one needs at most 2(m + é) since S(~), f E k[X, Y](q). Now consider 
the Step 6. By Theorem 7.4 we have deg(f) $ (m + 1)/2 and 

deg(r) S deg(f) + 2g- 2 + 6 S (m + 1)/2 + l- 1. 

Moreover E(a,.8)E'H*(k) VPa,{j(f) S deg(f). Hence by Lemma 7.2 the number of ele
mentary calculations needed in Step 6 is at most 

2(q3 l)(deg(r) + deg(f)) + 2(deg(f))2 s 2lm + m2/2 m + 2q5
- 2q2 + 1/2. 

Finally adding all the numbers of elementary calculations needed in all the steps, 
we get the condusion of the proposition provided that q 2:: 4 and m ;:::: 2g. D 

7.5 A simple example 

Consider a Hermitian curve 1i(4): x 5
- y4 y 0 over k = GF(16). Let { he a 

primitive element of GF(16), we have k =< Ç > and 

1-t*(k) = {(n,,B) E k x kin E k,,84 + ,8 =ei and (n,,B) =/:: (0,0)}, 

with genus g 6. Now we order the set {Pa,.BI(n, ,8) E 'H*(k)} as follows: 
for every a.very tow pairs (al! .Bt), (n2, ,82) E 'H*(k), and suppose that Ot = Ç'1 and 
a2 = {'2 , ,81 = Çil and .82 = Çi2, then Pa1 ,p1 < P".2,t32 if it < i2 and Pa~.t31 :5 Pa2,p2 
if i 1 = i2 and it $ ]2. Hènce we can rewrite the point set to be {P;Ii = 1, ... ,63}. 
Consider the code C(i(D,39Poo) = Co(D,40P0,o P00 ), where D = 2.:?~1 P;, h = y8 

and G = ( h )0 40P0,0. The length of the code is 63 and the dimension is 28. Then 
by Definition 6.9, we have 

(y + ,8;)3 + 1 
e;={ +p;(x,y)}dx 

x+a; 

for every i E { 1, 2, ... , 63}, where 

p;(x,y) a~,a,-tx2 + a[(,8;-tx + ,8;2xy) + at(,B;-t + ,8i2Y + ,a;ay2). 

Suppose we received the word (111111111110 · · · 0) with 11 errors Then by Theorem 
6.2 and Definition 6.12, we get its correspondent non-gap subscript sequence U as 
follows: 
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V 0 1 2 3 4 5 6 7 
U(O,v) çw 0 1 0 Ç" 1 Ç'" c 
U(l, v) Çl3 0 Ç4 0 e2 ç4 ç13 Çi2 
U(2,v) ç9 0 çs 0 çu çs çg 0 
U(3,v) e 0 ç14 0 çs çl4 0 0 
U(4,v) e 0 e 0 e 0 0 0 

Now do MinPol(U, (0,8)), after 29 steps, there is only one polynomial J X 3 + 
e4 X 2 +ÇX with Q(Deg(f)) $. 11 +g = 17 in the minimal reeurenee set of :F(l, 5), see 
Table 1. Using this polynomial to check the remaining part of the non-gap subscript 
sequence, we get that f is a minimal recurrence polynomial for (U, (0, 8)). Next we 
compute r = JS(~) (mod y8), that is x2 y3 + çx3y2 + ç2x4 y + ç11 y4 + Ç4x~ + ç5x 2y2 + 
çtO.x3y + çJ3x4 + çy3 + ç2.xy2 + Ç5.x2y + Ç8 xy + Ç11 y. Therefore 

if 1 $. i $. 11 
if 12 $. i $. 63. 



Chapter 7: A Realization of the Decading Algorithm 103 

TABLE 1 (Application of Algorithm 7.1 to the Example) 
Q(k) k U(k) F(k) V(k) Ç(k) Cmax(V(k)) 

0 0,0 ÇlU X,Y 1,0;0,1 1 0,0 
4 1,0 e3 X+e,Y 1,0;0,1 1 0,0 
5 0,1 0 as above 
8 2,0 e X 2 +ex +e8,Y 2,0;0,1 x+e 1,0 
9 1,1 0 as above 
10 0,2 1 X2 +eax +es,xy 2,0;1,1 X+Ça 1,0 

y2+e2x2+x 0,2 y 0,1 
12 3,0 e X2 +Ç4X +Ç,XY 2,0;1,1 

ya +eaxa +X 0,2 as above 
13 2,1 0 as above 
14 1,2 Ç'~ X 2 +ex +e 2,0 

XY +Ç4Y 1,1 as above 
ya +et2x2 +X 0,2 

15,16,17 0 as above 
18 2,2 çs X3+e4x2 +ex 3,0 x2 +e4x +e 0,2 

XY +Ç4Y 1,1 
ys+eax2y +XY 0,3 y2 +Ç12x2 +X 2,0 

19 1,3 0 as above 
20 0,4 çs xs+e4x2 +ex 3,0 

XY +Ç4Y 1,1 as above 
y3+çtox2y +ÇSXY +Ç4Y 0,3 

21 4,1 0 as above 
22 3,2 ç14 X3+Ç4X2 +ÇX 3,0 

XY 2 +ÇX2 +Ç4X ·1,2 XY +Ç4Y 2,1 
Y3+eox2y +e9xy +e4Y 0,3 x2 +e4x +e 0,2 

23 2,3 0 as above 
24 1,4 ç12 X3+Ç4X2 +ÇX 3,0 
' XY 2 +ÇX2 +Ç4X 1,2 as above 

Y3 +ex2Y +exY +e4Y 0,3 
25 0,5 1 xs+Ç4X2 +ÇX 3,0 

XY2 +(X2 +Ç4X 1,2 as above 
Y3 + e X 2Y + e XY + 

+e14 x2 + .;4y +ex + 1 0,3 
26 4,2 e as above 
27 3,3 0 as above 
28 2,4 çu X3+(4X2 +(X 3,0 

XY2 +(X2 +(4X 1,2 as above 
y3 +ex2y +el4xy + 

+et4X2+ex +1 0,3 
29 1,5 e4 x3+e4x2 +ex 3,0 

others with degree 18,19,20 

A Appendix: The proof of Proposition 7.4 

To prove Proposition 7.4, weneed the following lemmas. 

Lemma 7.3 Let U be a non-gap subscript sequence defined by Definition 6.12(2). 
Suppose iE E such that i 1 = k(q+ 1) +i~ with k? 0 and 0 Si~$ q. Then for any 
jEE, 
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Proof. For j E E, we have that i~ + j 1 = l(q + 1) + j~ such that l,j~ E N and 
0:5j~ ::;q. Henceit+h (k+l)(q+l)+ii· So 

by the definition. Now we have 

te) E c ~ v) U(j;,t(q-l)+k+l+iz+iz) = ~ (k: l)u(j;,t(q-l)+k+l+i2+i2) 

= Uj+l 

where the third equality follows from I:~=O e) C~v) :::: e-:-1). 0 

Lemma 7.4 Let F(X, Y) (XH1)" (Yq- Y)" E k[X, Y], where kEN. Then 
(gF)[U](i) = 0 for any gE k[Z] and any iE E. 

Proof. It is a consequence of Lemma 7.3. We leave it to the reader. 0 

Proof of Proposition 7...{.: It is obvious that 1 E k[X, Y](q) by its definition. For 
every iE Cf, suppose i1 i12(q + 1) + i 11 with i12, in EN and 0 :5 i 11 :5 q, then 

f 1 E /iX'"Y12 (X(q+I)i,.- (P + Y)'' 2 ). 

iec1 

Thus (f -7)[U](i) 0 for any i E E by Lemma 7.4. That is /[U](i) 1[U](i). 
Fnrthermore, if there exists an 8 E C1 n E(q) such that Q(i) < Q(s) for every 
i E C1 \ {8}, then it is easy to see that Q(i11 ,t(q- 1) + i 12 + i 2) < Q(8) for 
0 :5 t :5 i 12 . Moreover, by the definition of 7, we have 

1 

Ih•nce 8 E Cï and Q(j) < Q(8) for every jE C7 \ {8}. That is Deg(J) s. 0 

B Appendix: The proof of Proposition 7.5 and 
7.6 

To prove these propositions weneed the following lemma which can be easily proved 
by Lemma 7.3. We leave the proof to the reader. 

Lemma 7.5 Let f E k[X, Y](q) with s = Deg(f), such that f[U, n] 0. Denote 
Q(n) and Q(s) by N and S, respectively. Then for e.very i E r;N-s, we also have 
I:jec 

1 
/jllj+i 0. We still denote this situation by ![U]( i) = 0. Furthermore, if 

Q(i) = Q(n)- Q(s), then f[U](i) = f[U](c(n,s)). 
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Proof of Proposition 7.5. By the definition of h, there exists a j E C1 such that 
i = t - s + j, for every i E Ch. Hence Q( i) :::; Q( t) and the equality holds if and only 
if j = s. Thus Deg(I) t by Proposition 7.4. Now let i E EQ(n)-Q(tl(q). Then 
we have h[U](i) = LjEc, /jUj+(t-s)+i 0 by Lemma 7.5. Therefore 'h[U](i) = 0 by 
Proposition 7.4. Finally we have 'h[U,n+] 0 by c(n,t) </. E(q) andRemark 7.2. 0 

Proof of Proposition 7.6. By the assumption on r, we have hE k[X, Y] and Q(r
s +i) :::; Q(r) for every i E Cf and the equality holds if and only if i = s, and 
Q(r w + j) < Q(r) for every j E C0 since Q(m) < Q(n). Hence Deg(h) = r 
by Proposition 7.4. Now for every iE EN-R+l(q), where N = Q(n),R Q(r), we 
have Q(r- 8 +i) :::; Q(n) Q(8) and Q(r- w +i) :::; Q(m)- Q(t), where the 
equalities hold if and only if i c( n, r) E E( q ). Hence 

h[UJ(i) L J.iUj+r-s+i- dJidg L YjUj+r-w+i = 0 
jEC1 jEC9 

by Lemma 7.5. Now by Proposition 7.4 we ca.n conclude tha.t 'h[U, n+] 0. 0 

Corollary 7.1 Let the assumptions be as in Proposition 7.6, except for r and w. 
For every c E W(m,t) define 

{ 

( n1 - m1 + t1 - q 
w(c,e:) = 

n-c+Ç(e:) 

Letr max(s,n-c+Ç(e:)), andu 
of Proposition 7.6 still holds. 

l,n2- c2) +Ç(e:) ifq f:. m1 ~ t1 
and c2 = m2 - t2 - q 

otherwise. 

'I' 8 and v = r-w( c, e;). Th en the conlusion 

Proof. lt is easy to see that Q(w(c,e)) = Q(n)- Q(m) + Q(t). Furthermore, if 
q f:. m1 ~ lt and c = (q,m2 - t2 - q), we haven- c + Ç(e) ~ w(c,e:). Thus 
.,. ~ w(c,e). This means that r and w(c,e) satisfy the conditions for r and w 
Proposition 7.6. Hence the condusion is true. 0 

C Appendix: The proof of Theorem 7.1 

To prove the theorem, we still need some lemmas. 

Lemma 7.6 Suppose s* E V( n +) such that c( n, 8*) tf. E( q), and there exists an 
8 E V(n,N) such that s* > 8. 

1} lf si =St, then 

if n1 ~ St 

if s 1 > n 1 

ifnz- q < s2 
ifn2- q ~ s2 
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Proof We can separate the lemma to the following four cases: Case (1) si= .Stand 
n1 2:: .St. Case (2) si= Stand .St > n1. Case (3) si> Stand n2- q < s2. Case (4) 
sj > .St n2- q 2:: s2 • We will only prove Case (1), the proofs of the other cases are 
similar to this case. We leave them to the reader. 

Proof of Case (1): By the assumption we have c(n, t) E E(q) for every t =(st. t 2) 

with 0:::; t 2 :::; n2 • Thus 8* 2:: (s1 ,n2 + 1). Moreover c(n,(st,n2 + 1)) </. ï;(q), and 
(.s 1,n2 + 1) > 8 since 8 E V(n,N). Hence (s1,n2 + 1) E ï;s"+(q) by PROCEDURE 
I. Thus 8* = (s~,n2 + 1). 0 

Lemma 7..7 Let U be a non-gap sequence, let f E k[X, Y](q) with Deg(f) = 8, such 
that f[U, n] = 0 but JIU, n+] :f 0. IJ there exists a gE k[X, Y](q) with Deg(g) = t, 
such that g[U,n+] = 0 then Q(n) Q(8) Q(t) <1. N(q). 

Proof. (i) If Q(n)- Q(8) </. N(q), it is trivia!. 
(ii) Now suppose Q(n) Q(8) E N(q) and assume Q(n) Q(8)- Q(t) E N(q). 

Then there exists an rE ï;(q) sueh that Q(r) Q(n) Q(8) Q(t). 
Consider the summation A = I;jEc

9
9j I:iEc1 /iUi+J+r· Sirree Q(j) + Q(r) :::; 

Q( n) - Q( 8) for every j E C9 and equality holds if and only if j = t. So A = 
gtf[U](c(n,8)) does not equal to Ó by Proposition 7.5 andRemark 7.1. On the 
other hand, sirree Q(i) + Q(r) :5 Q(n) Q(t) for every iE Cf> by Proposition 7.1 
we have A = I:iec 

1 
fi(g(U]( i + r)) 0, whieh is a contradietion. This proves the 

lPmma. 0 

CoroJiary 7.2 Let J,g E k[X, Y](q) with 8 Deg(f) and t Deg(g), such that 
f[U, n] = 0 and g[U, n] = 0. Then either both of f[U, n+] and g[U, n+] are equal to 
zero or both of them are not equal to zero, provided one of the following conditions 
holds: i} c( n, s) 2:: t; ii} c( n, t) 2:: s. 

Proof. This is a direct consequence of Lemma 7.7. 0 

Lemma 7.8 Lets* E A(n, V(n, V)), then {8 E V(n)j8:::; s*} Ç V(n, V). 

Proof. Let 8 E V( n) such that 8 :::; 8*. Then there exists an Is E .1'( n) such that 
Deg(/s) = 8. Now let !* = xr· Y'2 Is, where (rio r2) = s• - 8. Then /*[U, n] = 0 
and Deg(J•) = s*. On the other hand, by the assumption on 8*, there exists a 
tE V(n, V) such that c(n,8*) 2:: t. Hence (J•)[U,n+] = 0 by Corollary 7.2. This 
implies /s[U, n+] = 0. Therefore sE V(n, V). This proves the lemma. 0 

Lemma 7.9 Let s,s*,c,n E E(q). Sappose s* 2:: s, c 2:: n s*+{(x(n1 -sr)) and 
c(n, max(8, n- c + {(x(nt -si))) 2:: t, where e E { -1, 0}. Then c 2:: t. 

Pmof. If x(n1 - si)= 0, the proof is trivia!. Now eonsider x(n1 si) -1. Then 
nt si < 0. On the other hand, we have n1 (n1 c1 + q + 1) < 0. Assume 
n1 -St 2:: 0 and s 1 2:: n 1 -Ct+ q + 1 then Ct 2:: q + 1, which is a eontradiction. Thus 
s1 < n1 -Ct + q + 1 if n 1 2:: St. Hence 

c(n, max{s, n- c + {( -1)))::::: n- max(8, n- c + Ç( -1)) + Ç( -1). 

Therefore c 2:: t. 0 

Proof of Theorem 7.1: Reeall that Er( q) Ev(n)( q) \ A( n, V( n, N) ). 
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(a) First we shall prove that Ev(n+)(q) Ç ET(q). 
For every iE Ev(n+)(q), we have i~ 81 forsome s' E V(n+). Hencei E E:v(n)(q) 

sirree V(n+) Ç E:v(n)(q). Now suppose i E A(n, 'D(n, N)). That is to say there 
exists at E V(n,N) such that c(n,i);::: t. Thus n- 81 + ~(x(n1 - i 1)) ~ t. This 
implies that Q(n) Q(81

)- Q(t) E N(q), which is a contradiction to 81 E V(n+) 
and tE 'D(n,N) by Lemma 7.7. Therefore iE ET(q). 

(b) Now we prove ET(q) Ç E:v(n+)(q). 
By the definition of T, for every 8* E T we have 8* 2: 8 for some 8 E V( n) and 
8* ft A( n, 'D( n, N)). Let us consider the following two cases (i) 8 E 'D( n, V) and 
(ii) 8 E 'D( n, N), respectively. 

In case (i), we have 8 E Ev(n+j(q). That means that 8 ft A(n,'D(n,N)), other
wise it will contradiet to Corollary 7.2. Thus 8 E Ev(n)(q) \ A(n, V(n, N)). This 
implies that 8* 8 by the definition of T. 

In case (ii), we have s* ft A(n, 'D(n, V)) by Lemma 7.8. Thus combining this 
and the previous condusion for s* we have s* ft A( n, 'D( n) ). Dividing this case to 
more detail, we have (ii.l) c(n,8*) ft E(q) and (ii.2) c(n,s*) E E(q). 

In case (ii.l), we have 8* > s since 8 E 'D(n,N). Thus by PROCEDURE I (see 
Proposition 7.5), there exists an I = h E k[X, Y]( q) such that I[U, n+J = 0 and 
Deg(f) s*. Therefore 8* E E:v(n+)(q). 

In case (ii.2), we have c( n, 8*) E r Cmax(:V(n)) by Proposition 7.3 and 8* ft 
A(n, V(n)). Hence there exists acE Cmax('D(n)) such that c ;::: n- 8* +~(x(n1 -
si)). Therefore 8* 2: max(8, n- c + ~(x(n1 si))) E Ev(n)(q). Furthermore we 
claim that max(s, n- c + ~(x(nt- si))) ft A(n, 'D(n, N)). Otherwise, there exists 
at E 'D(n, N) such that c(n, max(s, n- c -Ç(x(n1 - si)))) 2: t. This implies c;::: t 
by Lemma 7.9, which is a contradiction with c E Cmax('D(n)). Therefore 

max(s, n c + ~(x(n1 - sr))) E Ev(n)(q) \ A(n, 'D(n, N)). 

This implies that s* = max(8, n-c+e(x(n1-si))). Because < Cmax(V(n )), Ç(n) > 
is an auxiliary pair, there exists a ge E Ç(n) for c. Now take Is E .F(n) which sat
isflies Ord(fs) n+ sinces E V(n,N). Thus we can use PROCEDURE 11 (see 
Corollary 7.1) for Is and ge to get I= h(f8 ,gc) E k[X, Y](q) with Deg(f) = 8* and 
I[U,n+J = 0. Therefore 8* E Ev(n+)(q). 

Now we can conclude that T Ç I::v(n+)(q). Therefore Ç Ev(n+)(q). 
Combining (a) and (b), we have ET= Ev(n+)(q). Therefore T = V(n+) and 

rcmax(V(n+)) = rcmax(V(n)) u A(n, V(n, N)) 

by Proposition 7.3. Moreover by the above proof and Lemma 7.6 we have 

V(n+) Ç 'D(n, V)U U {U.-e{-t,oJU(n,t,e)UV(n,t)} Ç Ev(n)(q)\A(n, 'D(n,N)). 
tEV(n,N) 

This implies the secoud condusion of the theorem. The last condusion has been 
proved in (ii.l) and (ii.2) already. D 

D Appendix: The proof of Theorem 7.2 

Proof By Theorem 7.1, we know that 'D(n+) = T =MI N(Ev(n)(q)\A(n, 'D(n, N)). 
Thus for every c* E Cmax('D(n+)), we have either c* E fcmax(V(n)) or 
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c* E i\(n, V(n, N)), since E(q) \ Er(q) fcmax(v(nJJ U A(n, V(n, N)) by Propo
sition 7.3. 

If c* E rcmax(V(n))' then c· E Cmax(V(n)) since rcmax(T) 2 rcmax(v(n)) 
proved by Theorem 7.1. Hence there exists a 9c• E Ç(n) which is also an element 
of Ç(n+) corresponding to c*. 

If c* E i\( n, V( n, N)) \ r Cmax(v(nJr Then there exists a t E V( n, N) such that 
c(n,c*);:::: t. Then we haven-c*+Ç(x(n1 -ci));:::: t, hence c* :5 n-t+Ç(x(n1 -ci)), 
and n 1 2:: ei implies n1 2:: it. Let us consider the following two cases (i) c( n, t) 
n- t + Ç(x(nt- ei)) and (ii) c(n, t) -1 n- t + Ç(x(n1 - ei)), respectively. 

In case (i), we have c* :5 c(n,t), and e(n,e(n,t)) t, this means that c(n,t) E 
i\(n, V(n,N)). Thus c* = e(n,t). Now define Yc• ft E :F(n), then Uc• E Ç(n+). 

In case (ii), we have n1 - ej < 0 but n1 - t1 2:: 0, thus n 1 < q. Then c* :5 
(q + 1 + n1 it,nz- tz- q) with tz :5 n2 q. Suppose either (1) ei< q or (2) 
c; < nz tz- q. Then take 

c' = (c~ + 1,c;) and c" (c;:,c; + 1), respectively, 

then c', c" E E(q), and in the first case we have 

c( n, c') = ( nt - ei + q, n2 c; - q) :2: t 

and in the second case we have 

c( n, c") = ( n1 - ei + q + 1, nz - c; - q 1) :2: t. 

this means that c',c" E 1\(n,V(n,N)) but c',c" > c* which is a contradiction to 
c* E Cmax(T). Therefore c* = (q,n2 - t 2 q). Now define 9c• = ft, so that 
9c• E Ç(n+). 

Therefore, we get the Ç(n+) for Cmax(V(n+)). This means that 
< Cmax(V(n+),Ç(n+) >is an auxiliary pair for (U,(n+)+). 

The last condusion of this theorem can he proved similarly to the proof of the 
second condusion of Theorem 7.1. D · 
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NEDERLANDSE SAMENVATTING VAN HET PROEFSCHRIFT: 

ALGEBRAISCH-MEETKUNDIGE CODES EN 
HUN DECODEER ALGORITMEN 

Dit proefschrift bestaat uit 7 hoofdstukken en behandelt 3 verschillende problemen op het 
gebied van algebraïsch-meetkundige codes, ook wel meetkundige Goppa codes genoemd. 
Het eerste hoofdstuk is een algemene inleiding en geeft een samenvatting van de bereikte 
resultaten. 
Hoofdstuk 2 onderzoekt de vraag welke lineaire codes algebraïsch-meetkundig zijn. 
Het blijkt dat alle lineaire codes verkregen kunnen worden uit krommen door middel van 
Goppa's constructie. Door eisen op de graad van de gebruikte divisor op te leggen, krijgen 
we wel restricties op het bestaan van zulke codes. 
Hoofdstuk 3 behandelt het probleem van de expliciete algebraïsche constructie van asymp
totisch goede binaire codes met behulp van krommen. We definiëren gegeneraliseerde 
Hermitese krommen in een projectieve ruimte door middel van homogene vergelijkingen 
in meerdere variabelen. Door codes op deze krommen als uitwendige codes te gebruiken 
in een Justesen concatenatie, kunnen we geconcateneerde binaire codes construeren die de 
Zyablov grens halen voor informatie snelheden kleiner dan 0.30. Zodoende werd onder
zoeksprobleem (10.3) in het boek "The theory of error-correcting codes" van MacWilliams 
en Sloane, op expliciete wijze opgelost en met een complexiteit van de orde O(n2 ), waarbij 
n de woordlengte van de code is. 
In de hoofstukken 4 en 5 wordt een decodeeralgoritme voor meetkundige Goppa codes 
gegeven door een syndroom van een ontvangen woord te definiëren in een affiene ring. Dit 
algoritme werd door Porter voorgesteld, maar bevatte verschillende fouten en gaten. In dit 
proefschrift wordt een correcte behandeling van de resultaten van Porter gegeven in grotere 
algemeenheid en met een fouten corrigerende capaciteit, die beter is. Het decodeeralgo
ritme kan herleid worden tot het oplossen van de zogenaamde "sleutelcongruentie" in een 
affiene ring. Voor een klasse van meetkundige Goppa codes wordt een algoritme voor het 
oplossen van de sleutelcongruentie gegeven door middel van een rij van gegeneraliseerde 
subresultanten in een gegradeerde algebra. Een gevolg hiervan is dat de complexiteit van 
de orde O(n3

) is. 
In de laatste twee hoofdstukken worden vele existentiebewijzen uit de voorafgaande 
theorie in detail uitgewerkt voor Hermitese krommen over G F( q2

) en hun codes. Er wordt 
ook een expliciet codeeralgoritme gegeven voor deze codes. Om deze codes te decoderen, 
herleiden we het decodeeralgoritme, zoals gevonden in hoofstuk 4, tot een minimale recur
rentierelatie voor een rij van een ontvangen woord. Hierdoor wordt de complexiteit van 
het decoderen kleiner dan 3qm2 + 2n2 + 7q3 m, indien q ~ 4 en waarbij m de graad van de 
gebruikte divisor is. 
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STATEMENTS 
accompanying the dissertation 

Algebraie-geometrie codes and their decading 
algorithm 

B.-Z. Shen 

I. Let f be a real-valued function on F~. Then the Walsh transform (or Wa.lsh 
spectrum) of fis defined as S1: 

s,(v) = E f(x)Wv(x), V E F~, 
xeFr 

where Wv(x) = (-1)v'". Let A be an m x n matrix over F 2 • Let Jm{A) = {Ax: 
x E F;}. For any subset Tof F;, let XT denote. the charaderistic function of T. 
Then the Walsh spectrum of the composite f o A is 

SfoA(w) = 2n-rank(A)Xlm(A')(w)Sx
1
m(A)I(.(A-)tw),. WE F2, 

where A- is a generalized inverse of A, that is AA-A= A. 
-G.-Z Xia.o, B.-Z. Shen, C.-K. Wu and C.S. Wong, Some speetral techniques in 
coding theory, Discrete Mathernaties 81 (1991) 181-186. . 

11. Let f he a real-valued fundion on F~ and let E he the linear span of {wE F~: 
S1(w) ::/: 0}. Let {hi}i=1 be a basis of E and H = [h., h2 , ••• , hr]· Then there exists 
a rea.l-valued function g on F2 such that f =go Ht, that is 

We call g the degenerated function of J. The Walsh spectrum of gis 

S9(v) = 2-(m-r}S/(Hv), V E ~~· 

-G.-Z Xiao, B.-Z. Shen, C.-K. Wu and C.S. Wong, Some speetral techniques in 
coding theory, Discrete Matbematics 87 (1991) 181-186. 

111. Let L and M be two subspaces of F~ such that L $ M = F~, i.e for every 
z E F~ there exist uniquely two elements y E L and z E M such that al = y + z. 
A transformation Pof F;r is called a projection from F;r toL along M if P(z) = y 
for every al = y + z such tha.t y E L a.nd z E M. We denote this P by PL,M. The 
distance from al to L is defined by 

d(al,L) = min{d(al,y): y EL}. 



Let A be an m x n matrix over F 2• Lets be an integer such that s;::: n-rank(A) 
and B be an m x s matrix over F 2 such that F~ = /m(A) ffi Im(B) (see Statement 
I for definition of /m(A)). There exists a projection Plm(A),Im(B) such that 

if and only if there exists a basis of Im(A) such that the weight of each element of 
this basis is less than 2. 
-B.-Z. Shen, On projections and generalized inverses of matrices over F 2 and their 
applications to coding theory, Master Thesis, Xidian University, China, 1988. 

IV. Let A he an n x k matrix over F 2 and y E F~. a: 0 E F; is called a minimum 
distance solution of A::c = y if d(y, A::c0 ) = d(y, Im(A)). Furthermore, if there 
exists an n x m matrix over F 2 such that By is a minimum distance solution of 
A::c = y for every y E F;', then we say that A has a minimum distance projective 
solution. 

Let G be an k x n matrix over F 2• If G1 has a minimum distance projective 
solution, then the linear code generated by G cannot correct any error. 
-B.-Z. Shen, On projections and generalized inverses of matrices over F 2 and their 
applications to coding theory, Master Thesis, Xidian University, China, 1988. 

V. Let S he the set of all binary sequences and let A be a deterministic algorithm 
such that for every finite binary sequence it gives a 0 or 1 as an output. Let 
a ( ao, a11 ••• , an, . .. ) he a sequence of S. We denote p~ to be the probability that 
the output of A on input a0, ah .•. , ak-1 of a is equal to ak. A sequence a is called 
non-next_-bit predictabie at a~c-1 , if for every e > 0 

A 1 
Pk < 2 +e, 

for all probabilistic polynomial time algorithms A. 
Let Kn he the set of all binary sequences with linear complexity n. Let a E K"., 

and let Ik be the linear complexity of a0 , •.• , a~c- 1 . Then Îor all 0 < k $ 2n 1, 
except k = lk- 1 + n, the sequence a is non-next-bit predictabie at ak-l· 
-B.-Z. Shen and C.-K. Wu, A new security index of shift register sequence next 
bit predictable, Proceedings of the first national conference of graduate students on 
communication engineering, Cheng Du, China, 1987. 

VI. They ( the cryptography problem and the problems of information and com
munications) are very similar things, in one case trying to conceal information, and 
in the other case trying to transmit it. 
-Claude Shannon, A conversation with Claude Shannon, IEEE Communications 
Magazine, Vol. 22, 124, May 1984. 

VII. If one wants to understand an abstract painting, one should study it by copying 
it carefully, like what mathematicians do when they try to understand a mél!themat
ical article. 

VIII. Among all visional art, the depictio}\ of human boclies is the most beautiful. 
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