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Summary

Solid fuels play an important role in modern day supply of energy and chemi-
cals. Coal, is available in abundance and is therefore still an important source of
energy. Waste contains a large amount of organic matter and can therefore be
used as a solid fuel. Waste-to-energy is a popular theme world-wide. Biomass
is, under certain conditions, a sustainable solid fuel and may thus be one of the
most important sources of energy and chemicals for the future. The study of
the thermal conversion of solid fuels is therefore relevant to many processes and
applications.

Fuels like biomass or municipal solid waste are quite inhomogeneous. Their
composition and heating value may vary substantially even within a single batch.
The fluidised bed technology is an efficient and flexible method to use such inho-
mogeneous fuels. Such fuels are therefore often converted in fluidised beds. The
fuel is introduced into the fluidised bed in the form of particles. The whimsical
nature of the fuel causes a constant disturbance to the fluidised bed and thus to
the equipment that relies on the output of the fluidised bed. A control system
must suppress the fluctuations in the output of the fluidised to secure the opti-
mal operation of the equipment downstream. In order to do so successfully, a
thorough understanding of the dynamics of the thermal conversion of particles is
necessary. That is the subject of this thesis.

The thermal conversion of solid particles usually occurs in an apparatus where
many particles convert simultaneously. The total gas or heat production of all
particles together constitutes the behaviour of the system. If there are enough
particles, it is not necessary to account for the behaviour of every individual par-
ticle to predict the behaviour of the system as a whole. Due to the large amount
of particles, it is sufficient to know the averaged behaviour over all particles.
One may directly derive equations for this average that do not depend on the
individual particles in the system. This can be done using a population balance
equation. This equation describes the expected distribution of particles over space
and over the relevant particle properties. Suppose the gas or heat production of
a single particle is known as a function of the particle properties and the external
condition (e.g. temperature). In that case the total gas or heat production in
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iv SUMMARY

the apparatus can be calculated by integrating that function, weighted with the
expected particle distribution.

There are thus two main issues to be resolved in order to model the dynamics
of a system in which particles are converted under the influence of heat:

1. The behaviour in time of a single particle must be expressed as a function
of the relevant particle properties and the external conditions.

2. The population balance equation must be established and solved to calculate
the expected particle distribution.

Both issues are addressed in this thesis. The population balance is subsequently
used in a model of a circulating fluidised gasifier. The final chapter of this thesis
concerns the problem of tar in biomass gasification.

The thermal conversion of a single particle consists of several processes: dry-
ing, pyrolysis, gasification and combustion. There exist good descriptions of the
single particle behaviour for gasification and combustion. There is no good so-
lution for the behaviour of particle during drying and pyrolysis yet. Therefore,
pyrolysis is studied in this thesis. Drying is discussed when the results of experi-
ments are presented.

New method to measure reactivity

To study the behaviour of biomass particles under fluidised bed conditions, a
new measurement method has been developed. The method consists of a heated
fluidised bed placed on a balance. A batch of biomass particles is dropped into
the bed. The mass decrease of these particles in the bed can be monitored using
the balance. Nitrogen is used as fluidising medium, so that the pyrolysis process
can be observed without subsequent combustion or gasification of the particles.
The fluidised bed causes large weight fluctuations on the balance. Therefore sig-
nal processing is necessary to extract the mass decrease of the biomass particles
from the signal. Two types of signal processing have been tested: a linear and
a non-linear filter. The linear filter is a low-pass filter that attempts to separate
the high frequency fluidised bed noise from the low frequency mass decrease of
the biomass. This filter exploits the fact that one knows that the mass decrease
must be much slower than the weight fluctuations due to the fluidised bed. The
non-linear filter is a wavelet filter with thresholding. This filter exploits the fact
that one expects the mass decrease to be much smoother than the fluidised bed
noise. The noise can then be estimated and subtracted from the signal. The
wavelet thresholding filter proves to be more successful for two reasons: firstly
the filtered signal is smoother and leads to more reproducible results (especially of
the pyrolysis time) and secondly the method allows for a more concise statement
of the assumptions and approximations involved. The measurement results show
that the pyrolysis time depends almost linearly on the particle diameter. This
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leads to the conclusion that the activation energy of the pyrolysis reaction must
be relatively low, and thus lower than is usually assumed. The measurements
also showed that the pyrolysis time may depend linearly on moisture content.
This suggests that drying is determined solely by the external heating rate. How-
ever, the measurements also leave room for the interpretation that the presence
of moisture leads to a more or less constant increase in pyrolysis time. This sug-
gests that pyrolysis will start before drying is complete. The measurements are
inconclusive in this respect and further research into drying is recommended.

Pyrolysis model

A physical and mathematical model of biomass pyrolysis has been developed to
determine which particle properties are essential to the pyrolysis behaviour of a
single particle. The development starts with a derivation of the equations that
are generally used to describe biomass pyrolysis. The derivation shows which
assumptions are implied by the equations that are commonly used. One of the
most important assumptions is that the pyrolysis reaction rate depends linearly
on the concentration of fresh biomass. It is in fact more likely that the reaction
rate depends linearly on the internal surface area of fresh biomass. The implied
assumption is therefore that the internal surface area depends linearly on the
biomass concentration. This assumption is hardly justified. An investigation of
the biomass structure and of the actual reaction order is recommended. It is also
shown that there are two groups of kinetic parameters to be found in literature.
Between these groups the proposed activation energy of the pyrolysis reaction
differs by a factor two (approximately). The groups differ in the way in which
the kinetic parameters are determined. Fitting of the kinetic parameters using a
model that incorporates heat transfer and the pyrolysis reaction leads to the lower
activation energy while TGA measurements lead to a higher activation energy.
It is shown in this thesis that the lower activation energy leads to better results.
The TGA experiments rely on the assumption that the external heat transfer
to the samples was not rate limiting during the experiments. This assumption
can, however, only be verified if the reaction kinetics are already known. If the
reaction kinetics are derived from TGA experiments under the false assumption
that external heat transfer is not rate limiting, then the activation energy will be
overestimated.

A simplified analytical solution to the pyrolysis equations has been derived in
this thesis. This solution is shown to describe the experiments quite well. The
main particle properties that determine its pyrolysis behaviour are found to be:
particle diameter, type of fuel, initial moisture content and the initial density.
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Population balance

The nature and the derivation of the population balance equations are discussed
in detail. The analytical solution for the population balance equation is obtained,
but is found to be of little use for anyone who wants to understand the behaviour
of the system in which the particles are converted under the influence of heat.
Therefore, the population balance equation is rewritten in terms of moments
of the particle properties. Examples of these moments are average diameter,
variance of diameter etc. This led to significant insight in the behaviour of a
CFB gasifier. The main conclusion is that average particle size is insufficient to
characterise the speed at which the gasifier responds. The variance of particle
size is very important too. If the particle distribution of e.g. size is broader, the
gasifier will respond to changes with a larger fluctuation in gas production and gas
quality. At the same time it will recuperate slower. Changes of average particle
size in the feed lead naturally to a broader particle distribution. The effect of
changes in particle size is much larger than the effect of changes in moisture
content.

Gasifier model

The population balance is applied in a model for a CFB biomass gasifier. This
model is designed in such a way that it will be straightforward to incorporate new
insights and results in areas where the present research has not focused, such as
tar conversion, char gasification and drying. Simulations with the model show
that the particle size has a much more profound effect on the gasifier than the
fuel moisture content.



Samenvatting

Vaste brandstoffen spelen een belangrijke rol in de voorziening van energie en
chemical̈ıen. Steenkool is ruimschoots beschikbaar op wereldschaal en daarom
nog steeds een belangrijke bron van energie. Afval bevat een belangrijk aan-
deel organische bestanddelen en kan daarom als brandstof ingezet worden. De
omzetting van afval naar energie geniet daarom wereldwijd veel belangstelling.
Biomass is, onder bepaalde voorwaarden, een duurzame brandstof en daarom
wellicht de belangrijkste bron van energie en chemicaliën voor de toekomst. On-
derzoek naar de thermische conversie is dus van belang voor zowel de huidige als
toekomstige toepassingen. Brandstoffen zoals biomassa en afval zijn zeer divers
van aard. De samenstellingen en verbrandingswaarde van deze brandstoffen kan
sterk variëren, zelfs binnen één en dezelfde lading. De wervelbedtechnologie is een
efficiente en flexibele technologie om dergelijke inhomogene brandstoffen te ver-
werken. De brandstof wordt dan verwerkt in de vorm van relatief kleine deeltjes.
Door de grillige aard van de brandstof wordt het wervelbed voortdurend verstoord
en dit leidt tot voortdurende fluctuaties in de productie van het wervelbed. Deze
fluctuaties bëınvloeden de werking van nageschakelde apparatuur. Een regelsys-
teem moet de fluctuaties van het wervelbed beheersen om een optimale werking
van de overige apparatuur te verzekeren. Om een dergelijk regelsysteem te kun-
nen ontwerpen is een gedegen kennis van de dynamica van de omzetting van de
brandstofdeeltjes noodzakelijk. Dat is het onderwerp van dit proefschrift.

De omzetting van vaste brandstofdeeltjes gebeurt meestal in een apparaat
waarin veel deeltjes tegelijk worden omgezet. De totale productie van gas en
warmte uit alle deeltjes tezamen vormt het gedrag van het systeem als geheel. Als
er voldoende deeltjes in het systeem zijn, is het niet nodig om ieder individueel
deeltje te volgen om het gedrag van het hele systeem te kunnen beschrijven.
Door de grote hoeveelheid deeltjes is het voldoende om het gemiddelde gedrag
over alle deeltjes te bepalen. Zolang er voldoende deeltjes in het systeem zijn
zullen afwijkingen van dit gemiddelde nauwelijks voorkomen. Het is mogelijk
om direct een vergelijking voor de gemiddelde gas- en warmteproductie af te
leiden zonder de individuele deeltjes te moeten volgen door gebruik te maken
van een populatie balans. De populatiebalans beschrijft de verdeling van deeltjes
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over de fysieke ruimte en over de relevante eigenschappen van deeltjes. Wanneer
de gas- en warmteproductie van een individueel bekend is als functie van de
deeltjeseigenschappen en externe omstandigheden zoals temperatuur, dan kan de
gemiddelde productie worden bepaald door integratie van deze functie, gewogen
met de deeltjesverdeling.

Om de dynamica van de omzetting van brandstofdeeltjes onder invloed van
warmte te beschrijven moeten dus twee zaken onderzocht worden:

1. Het gedrag van een enkel deeltje in de tijd moet worden uitgedrukt als
een functie van de relevante eigenschappen van de deeltjes en de externe
omstandigheden.

2. De populatiebalans moet worden opgesteld en opgelost.

Beide zaken komen in dit proefschrift aan de orde. De populatiebalans wordt
vervolgens toegepast in een model dat het dynamisch gedrag van een circulerend
wervelbed beschrijft. Het laatste hoofdstuk van dit proefschrift gaat over het
probleem van teervorming en -verwijdering bij biomassa-vergassers.

De thermische omzetting van een enkel deeltje verloopt in een aantal pro-
cesstappen: drogen, pyrolyse en vervolgens vergassing en verbranding. Er bestaan
al goede beschrijvingen van vergassing en verbranding van deeltjes. Dit proef-
schrift concentreert zich op de beschrijving van pyrolyse. Drogen komt hoofdza-
kelijk middels de resultaten van experimenten aan de orde.

Nieuwe meetmethode voor reactiviteit

Een nieuwe meetmethode om het gedrag van brandstofdeeltjes onder wervelbedom-
standigheden te onderzoeken is ontwikkeld. Deze methode bestaat eruit dat een
wervelbed op een weegschaal geplaatst wordt. Een lading deeltjes wordt in het
bed gedeponeerd. De afname (in de tijd) van de massa van deze deeltjes kan
dan op de uitslag van de weegschaal direct gevolgd worden. De experimenten
zijn uitgevoerd met stikstof als draaggas in het wervelbed, zodat de pyrolyse van
hout kan worden onderzocht zonder dat daarna verbranding of vergassing op-
treedt. Het wervelbed veroorzaakt fluctuaties in de kracht die op de weegschaal
wordt uitgeoefend. Het is daarom noodzakelijk om het signaal van de weegschaal
te filteren om de massa afname van de brandstof te verkrijgen. Twee verschil-
lende filters zijn getest: een lineair en een niet-lineair filter. Het lineaire filter
was een laag-doorlaat filter dat poogt om de hoogfrequente fluctuaties van het
wervelbed te scheiden van de laagfrequente massa-afname van de brandstof. Dit
filter maakt gebruik van de wetenschap dat de brandstof conversie veel trager ver-
loopt dan de processen die bij flüıdisatie een rol spelen. Het niet-lineair filter was
een wavelet-filter met een drempelwaarde voor de wavelet coëfficienten. Dit filter
maakt gebruik van de wetenschap dat de massa-afname van de brandstof een veel
gladder en geleidelijker functie is dan de ruis van het wervelbed. De ruis kan dan
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worden geschat en afgetrokken van het verkregen signaal. Het wavelet filter bleek
veel succesvoller te zijn om twee redenen. In de eerste plaats leidt het wavelet-
filter tot beter reproduceerbare resultaten; met name de gemeten pyrolysetijd
is beter te reproduceren. Ten tweede kunnen bij het waveletfilter de benodigde
aannamen en benaderingen beter verantwoord worden. De meetresultaten laten
zien dat de pyrolysetijd bijna lineair afhangt van de deeltjesdiameter. Dit leidt
tot de conclusie dat de activeringsenergie van de pyrolyse reactie relatief laag
moet zijn en daarmee significant lager dan in het algemeen wordt aangenomen.
De metingen laten ook zien dat de pyrolyse tijd mogelijk lineair afhangt van het
vochtgehalte van de deeltjes. Dit suggereert dat de snelheid van drogen wordt
bepaald door de externe warmteoverdracht. De metingen staan echter ook de in-
terpretatie toe dat de aanwezigheid van vocht leidt tot een min of meer constante
toename van de pyrolysetijd. Dit suggereert dat pyrolyse en droging tenminste
deels tegelijk plaats vinden. De metingen bieden in deze kwestie geen uitsluitsel.
Verder onderzoek wordt aanbevolen.

Pyrolyse model

Om te bepalen welke deeltjeseigenschappen essentieel zijn voor het gedrag van de
deeltjes is een fysisch / mathematisch model van de pyrolyse van vaste brandstof-
fen opgesteld. Allereerst zijn de vergelijkingen die pyrolyse beschrijven afgeleid
uit de behoudswetten. Deze afleiding laat zien welke aannamen impliciet gemaakt
worden in de vergelijkingen die normaal gesproken worden gebruikt om pyrolyse
te beschrijven. Een van de belangrijkste aannamen is dat de snelheid van de
pyrolysereactie lineair afhangt van de concentratie verse brandstof. In feite is het
waarschijnlijker dat deze reactiesnelheid lineair afhangt van het inwendige opper-
vlak aan verse brandstof. Er wordt dus impliciet aangenomen dat het inwendige
oppervlak lineair afhangt van de brandstof concentratie. Deze aanname kan niet
zonder meer gerechtvaardigd worden. Nader onderzoek is daarom aanbevolen.
In de literatuur zijn twee groepen kinetische parameters te vinden die ongeveer
een factor 2 verschillen wat betreft de activeringsenergie van de reactie. Deze
groepen verschillen in de manier waarop de kinetische parameters zijn bepaald.
Wanneer de kinetische parameters worden gefit aan een model dat rekening houdt
met warmte-overdracht en reactie, komt men tot een lagere activeringsenergie dan
bij een bepaling aan de hand van TGA experimenten. In dit proefschrift wordt
aangetoond dat een lagere activeringsenergie tot betere resultaten leidt. TGA
metingen zijn afhankelijk van de aanname dat warmte-overdracht geen beperk-
ende factor was tijdens de experimenten. Deze aanname kan echter alleen gecon-
troleerd worden als de reactiekinetiek bekend is of door de deeltjesgrootte over
een breed bereik te varieren. Als de reactiekinetiek wordt bepaald terwijl de aan-
name dat er geen limitering door warmteoverdracht was niet geldig is, leidt dit
tot een overschatting van de activeringsenergie.

In dit proefschrift is een vereenvoudigde analytische oplossing voor de pyro-
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lysevergelijkingen afgeleid. Er wordt aangetoond dat deze oplossing de experi-
menten goed beschrijft. De belangrijkste eigenschappen die de pyrolyse bepalen
zijn: deeltjesdiameter, brandstoftype, initieel vochtgehalte en de initiële dichtheid.

Populatiebalans

De aard en de afleiding van de populatiebalans komen uitgebreid aan de orde.
Een analytische oplossing voor de populatiebalans kan eenvoudig worden gevon-
den, maar blijkt van weinig praktisch nut te zijn. Om een beter begrip te krijgen
van het gedrag van een systeem met veel deeltjes die gelijktijdig omgezet wor-
den wordt de populatiebalans omgeschreven naar een set vergelijkingen voor mo-
menten van de deeltjeseigenschappen. Zo wordt een vergelijking opgesteld voor
de gemiddelde deeltjesgrootte en de variantie van de deeltjesgrootte. Dit leidt tot
belangrijke inzichten in het gedrag van een wervelbed waarin brandstofdeeltjes
worden omgezet. Een belangrijke conclusie is dat niet alleen de gemiddelde deel-
tjesgrootte maar vooral ook de variantie van deeltjesgrootte belangrijk is. Als de
variantie groot is, reageert het wervelbed trager op veranderingen en is de ampli-
tude van de fluctuaties groter. Veranderingen in gemiddelde deeltjesgrootte leiden
vanzelf tot tijdelijke veranderingen in de variantie. Het effect van veranderingen
in deeltjesgrootte is veel groter dan het effect van het vochtgehalte.

Vergassermodel

De populatiebalans is toegepast in een model voor een circulerend wervelbed ver-
gasser van biomassa. Bij het ontwerpen van dit model is gezorgd voor een struc-
tuur waarin nieuwe onderzoeksresultaten op gebieden die in dit onderzoek niet
aan de orde zijn geweest eenvoudig kunnen worden toegevoegd. Voorbeelden van
dergelijke gebieden zijn: teer conversie, houtskool vergassing en drogen. Simu-
laties met het model tonen aan dat fluctuaties in deeltjesdiameter veel belangrijker
zijn dan fluctuaties in vochtgehalte.
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Chapter 1

Introduction

1.1 Introduction

A (circulating) fluidised bed gasifier consists of a vessel with a large amount of
granular material (usually sand). Air is supplied through the bottom of the vessel.
When the superficial air velocity is high enough, the gas flow is able to lift the
individual particles. The bed of granular material will then behave as a fluid: it
is “fluidised”. The minimal velocity at which the fluidisation phenomenon occurs
is known as the minimum fluidisation velocity. Kunii and Levenspiel [35] give
correlations to calculate this velocity as a function of the properties of the bed
material and the fluidising medium. Above a certain velocity, the gas starts to
entrain particles out of the bed. This minimal entrainment velocity marks the
transition between ordinary or “bubbling” fluidisation and pneumatic transport
or circulating fluidisation. If the superficial air velocity is above the minimal
entrainment velocity, there must be a system to retrieve the solids from the gas
flow and return them to the bed (cf. Figure 1.1). Otherwise, the vessel would
soon be completely empty.

Not only the flow behaviour, but also the heat transfer properties of this flui-
dised bed are quite similar to that of a fluid. This makes fluidised beds especially
suited for the conversion of solid fuels under the influence of heat. Common ex-
amples of such processes are combustion, pyrolysis and gasification. In the case
of combustion, the purpose may be to destroy the fuel (e.g. waste incineration)
or to generate heat for either heating or electricity generation. The purpose of
pyrolysis is usually to change the fuel properties so that they are better suited
for some applications. A common pyrolysis process is charcoal making, although
this process cannot be accomplished in a fluidised bed. Pyrolysis in a fluidised
bed can be used to convert the solid fuel into a liquid fuel that is usually easier
to handle. The purpose of gasification is to convert the solid fuel into a gaseous
fuel that may either be used in a gas engine or turbine or it may be used as a
base chemical. Gasification yields a gas with a relatively simple bulk composi-
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2 CHAPTER 1. INTRODUCTION

tion. The gas usually consists of hydrogen, carbon monoxide, carbon dioxide and
water. This makes the gas very suitable for use in e.g. Fischer Tropsch synthesis.
The fuel is introduced into the bed in the form of particles1. There are thus many
examples of processes where the thermal conversion of particles is of interest.

Fluidised beds have a large heat capacity due to the mass of bed particles.
This makes them quite suitable for the conversion of fuels whose properties cannot
be controlled very well. Common examples of such unsteady fuels are waste and
natural materials such as wood, manure and straw. The fluidised bed can endure
changes in the fuel heating value without significant effect on the bed behaviour
for some time because its heat capacity is large. The constant change of fuel
properties constitutes a continuous disturbance of the fluidised bed. Even though
this disturbance does not threaten the operation of the fluidised bed, it will cause
a dynamic response on the exit of the fluidised bed. The amount of heat or the
amount of gas produced will vary constantly. So will the gas composition etc. The
unpredictable behaviour of the fuel results is a similar behaviour of the fluidised
bed and this in turn may threaten the operation of equipment that depends on the
output of the fluidised bed. A control system is usually employed to dampen the
effects of the fuel and reduce the variation in the fluidised bed output. The control
system depends on knowledge of the dynamic response of the fluidised bed to fuel
variations. Detailed knowledge of this response is indispensable, especially when
the behaviour of the fluidised is highly complex and non-linear. It is therefore
desired to study the dynamics of thermal particle conversion. That is the subject
of this thesis.

This thesis discusses the dynamic behaviour of a circulating fluidised bed
used for biomass gasification. It will focus on modelling the behaviour of such a
gasifier. The study of such a gasifier can be done from a scientific interest but it
also has a practical engineering application. This introduction will first discuss
the scientific background of this thesis. Subsequently the practical application
of the work presented here will be discussed. Finally a short overview of the
organisation of this thesis will be presented.

1.2 Scientific background

1.2.1 Particulate systems

A circulating fluidised bed is an example of a particulate system. It is a system
whose behaviour is determined by the behaviour of a large number of indivi-
dual particles. The behaviour of the gasifier as a whole is thus the result of
the behaviour of many separate particles. When the number of particles is large

1Usually the fuel particles are at least an order of magnitude larger than the bed particles.
One must therefore distinguish between large, converting fuel particles and small inert bed
particles
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Figure 1.1: A circulating fluidised bed (CFB) biomass gasifier consists of a
feeding system (1). The feeding usually has two screw to allow accurate dosing
and a short residence time in the last screw. A riser (2), a cyclone (3) to
capture the particles and send them back to the riser through the downer (4).
Air is supplied by a fan (6). In order to obtain good fluidisation the air is
distributed by a grate (5).
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enough, it is not necessary to know the details of the behaviour of each indivi-
dual particle. One may obtain the behaviour of the gasifier as an averaged or
expected behaviour of the entire population of particles within the gasifier. The
macroscopic behaviour can thus be described without calculating the details of
the microscopic behaviour (i.e. the behaviour at the particle level).

A large part of physics is concerned with these kind of translations between
the microscopic level and the the macroscopic behaviour of a system. A common
example is the ideal gas law. It is not necessary to know the velocity and location
of each individual molecule in a gas in order to determine the overall behaviour
of the gas. Instead it is sufficient to know only some properties of the molecules
(e.g. molar weight) and the averaged concentration and velocity to describe the
behaviour of the gas as a whole.

1.2.2 Thermal particle conversion

The description becomes more complicated as the complexity of the particle be-
haviour increases. This thesis is concerned in general with the thermal conversion
of particles. Particles that are converted under the influence of heat exhibit quite
complex behaviour. While they are heated, temperature gradients may occur in
the particles. As a result of heating the particle may start to decompose (pyro-
lyse). Part of the pyrolysis products may be volatile and will leave the particle,
resulting in concentration gradients. Sometimes reactants such as oxygen may
diffuse into the particle. This diffusion process may limit the rate at which con-
version takes place. Furthermore the conversion of the particle may have some
heat effects. This complex behaviour of the particles that are converted thermally
depends on many properties of the particles. Important properties may be:

• The composition of the particle (in terms of moisture content and compo-
sition of the fuel)

• The porosity of the particle

• The thermal conductivity

• The diffusivity of gases in the particle

• The size and geometry of the particle

One may speculate on many other properties that could be important. Some of
these properties may change as a result of the conversion process. In contrast
to this complex of properties, the particles that constitute a calorifically ideal
gas are relatively simple. They only possess two important properties: mass and
location. Only one of those properties may change in time: location (resulting
in velocity). Thus, the particles that undergo thermal conversion are much more
complex than the particles of some other particulate systems.



1.2. SCIENTIFIC BACKGROUND 5

This thesis aims to investigate whether it is still possible to translate the
behaviour of many individual particles to a description of the behaviour of a
large system of particles that is more or less independent of the details of the
behaviour of each of the particles in the system. In order to do this, the behaviour
of the individual particles must be studied first. Subsequently the knowledge of
the behaviour of individual particles must be translated to the behaviour of the
entire system. This will be done using the population balance method.

A prerequisite for the use of the population balance method is that one is able
to describe the behaviour of interest in the form of a mathematical relationship
with some particle properties (contained in a vector φ. Furthermore one must be
able to express the changes in time of these properties ( dφ

dt
). Thermal conversion

of solids has attracted a lot of attention already. It is after all one of the main
sources of energy and base chemicals. One may distinguish various regimes of
solid thermal conversion. A convenient distinction may be made on the basis of
the rate limiting process for conversion. When the conversion is limited by pro-
cesses occurring inside the particle, then one may distinguish between processes
that are limited by diffusion of reactants and processes that are limited by the
rate of reaction [8]. A third category of thermal conversion processes is the cate-
gory where the reaction is highly exothermic and propels itself by propagating a
heat front in the solid [19]. These types of thermal conversion have been studied
extensively and there exist some good mathematical relations to describe these
processes. The pyrolysis process that is of special interest to biomass gasification
is however a different type of process. The pyrolysis reaction does not require ad-
ditional reactants. Furthermore, the heat effect of the pyrolysis reaction is usually
very small. Usually, the pyrolysis reaction has a relatively high activation energy.
Therefore, the reaction rate depends on temperature in a very non-linear way. As
a result the reaction is primarily driven by the conduction of heat into the solid.
At the same time, the reaction changes the heat properties of the material con-
siderably. The non-linearity of the interaction between heat transfer and reaction
makes the pyrolysis problem particularly difficult to study. It is quite hard to find
limiting cases that can be described by simple mathematical expressions. Even
though there are many numerical models described in literature, a fundamental
knowledge of the particle properties that determine the pyrolysis behaviour and
a simplified mathematical expression for the pyrolysis behaviour are still lacking.

A large part of this thesis is devoted to the understanding and description of
the biomass pyrolysis process. Chapter 2 discusses a newly developed measure-
ment method to study biomass pyrolysis under fluidised bed conditions. Chapters
3 and 4 discuss the mathematical description and the solution of the resulting
equations.
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1.2.3 The population balance method

Suppose the behaviour of a particle can be characterised by a set of properties
φ. This set may include the particles location, which in turn implies all external
influences on the particle (e.g. temperature). Suppose furthermore that the dis-
tribution of particles over the property space φ is known. Let this be designated
by a function f(phi). If the behaviour of an individual particle is known as
function of φ, then one may find the total effect of all particles in the system by
integrating over all particles, weighted by the distribution function. An example
of the particle behaviour may be the amount of gas released by a particle per
second (say Q(φ)). The total gas release by all particles can then be obtained by
the integral

Qtotal =

∫

all properties

f(φ)Q(φ)dφ. (1.1)

In order to do this, one must be able to express the behaviour of individual
particles mathematically and one must be able to calculate the distribution of
particles. The latter can be done by using a population balance equation, which
is simply a mass or number balance of particles over the entire property space:

∂f

∂t
+
dφ

dt
· ∇f = S, (1.2)

where S indicates any source or sink of particles. Chapter 5 will pay more at-
tention to the derivation and physical interpretation of the population balance
concept.

1.3 Engineering background

1.3.1 Biomass gasification

Apart from a scientific interest in the behaviour of systems with complex reacting
particles, there is also a practical argument to study biomass gasification. Biomass
is a term used to refer to all organic residues from agriculture. Manure, wood,
straw and rice husk are all examples of biomass. Biomass can be a completely
renewable source of energy and chemicals when the biomass is grown at the same
rate as it is consumed. In contrast to oil, coal and gas, the supply of biomass
will not diminish as long as the balance between production and consumption is
observed. Therefore biomass can be a truly sustainable (though not unlimited)
source of energy and chemicals. Furthermore, during its growth, biomass will
fixate as much carbon as is released during its use. Therefore, the use of biomass
as a source of energy does not contribute to the net emission of CO2. It does
however contribute to an elevated concentration of CO2 in the atmosphere, but
this contribution is expected to be far less than the current permanent emission
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of CO2 from fossil energy sources. Therefore biomass is considered to be an
attractive source of energy and chemicals.

Since biomass is not an unlimited energy source, it is important to develop
efficient technologies to transform biomass into energy carriers that fit into the
current infrastructure. The most common energy carriers are electricity and
petrol. Gasification can play an important role in producing both from raw
biomass efficiently. Biomass is converted to a mixture of CO, H2, CO2, water
and some residual hydrocarbons through gasification. This mixture can be used as
a fuel for gas turbines. This opens the road to an efficient conversion of biomass to
electricity, since modern combined cycles of gas turbines and steam cycles provide
the highest efficiency for electricity production. Obviously, the gasification step
will also cost energy. Thus the gasification route to produce electricity is only
more efficient than combustion if the gasifier is capable of producing a gas of
the right specifications very efficiently. A gasification efficiency of at least 90% is
required to compete with state of the art steam boilers that operate on biomass.
The gas mixture produced by biomass gasification can also be used as a base
chemical for the synthetic production of petrol and paraffin.

1.3.2 Obstacles for the implementation of biomass gasifi-

cation

There are two important obstacles preventing the implementation of biomass gasi-
fication as a viable technology for the production of electricity and transportation
fuels: tar and gasifier dynamics.

One of the main problems is tar. Tar is a collection of heavy hydrocarbons
that is present in the gas leaving the gasifier. When the gas is cooled or pres-
surised, the tar may condense. This usually leads to heavy pollution of the
installation downstream of the gasifier. Tar condensation therefore results in ei-
ther high maintenance costs or simply the breakdown of the installation. At this
moment the tar problem can only be resolved at the expense of large amounts
of energy. One possibility is to quench the gas and thus condense the tar all at
once. The tar that is formed in this manner is usually easier to handle because
the heavier tar compounds are dissolved in lighter, less viscous oil. Quenching
inhibits the recuperation of energy from the gas leaving the gasifier however and
this leads to an unacceptable loss of energy. The gasification efficiency cannot be
high enough to compete with simple combustion systems as long as quenching is
needed. Another possibility is to crack the tar at high temperatures. This will
again result in a deterioration of the gasification efficiency. Catalytic cracking is
also a possibility, but the cost of the catalyst and the possible pollution of the
catalyst with other components present in the biomass are prohibitive so far. If
catalytic cracking is used, only the most expensive biomass feed stocks can be
used. Cheaper fuels are usually too polluted for the catalyst. Although the tar
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problem was studied in the course of this research project, the reader will not
find it in this thesis. The results of that work will submitted for publication
separately, they are not within the scope of this thesis.

This thesis is concentrating on the problems caused by the unsteady nature
of biomass as a fuel. Biomass is a versatile fuel. The properties of biomass fed
to the gasifier will vary constantly. It is almost impossible to keep the biomass
moisture content, particle size, ash content and several other properties constant
at an acceptable cost. Therefore the amount and quality of the gas produced by
a gasifier will vary continuously. Most equipment that can be used behind the
gasifier is used to a very constant supply of gas out of natural gas supply lines.
Therefore the fluctuating behaviour of the gasifier is a problem to this equipment.
It is necessary to study the dynamic behaviour of the gasifier and its interaction
with the rest of the system in order to develop suitable control strategies for the
system comprising the gasifier.

In this thesis, an overall dynamic model of a biomass gasifier will be devel-
oped that can be coupled to similar models of the other equipment surrounding
the gasifier. This allows one to study the interaction between the gasifier and
the system surrounding it. In order to reach this goal, it is necessary that the
model is sufficiently fast and sufficiently general. To achieve generality, the model
is based on the physical principles of conservation of mass, momentum and en-
ergy, which are generally valid. Whenever assumptions were needed to solve the
equations, care was taken to make the most general assumptions. The equations
were reduced to their most elementary form in order to increase the speed of
calculation.

1.4 Organisation of this thesis

This thesis is organised in such a way that it gradually zooms out from the level
of a single particle to the entire system in which the gasifier is incorporated.
Chapters 2-4 discuss the behaviour of individual particles. This knowledge is
subsequently used in Chapter 5 to derive the effect of the particle behaviour
on the dynamics of the gasifier itself. Subsequently, the behaviour of the entire
gasifier is discussed in Chapter 6. Since every chapter builds on the knowledge
obtained in all previous chapters, there is no final concluding chapter.

The work in this thesis has resulted in a dynamic model with a very general
and open structure. New insight in the conversion of tar or char can easily be
added. The overall model leads to surprising and important conclusions with
respect to the dynamics of the gasifier. During the development of the model,
a new analytical solution for the description of particle pyrolysis was developed.
Furthermore, new insights in the nature of particle pyrolysis and the correct
measurement of pyrolysis kinetics was obtained. A new measurement method to
study the conversion of particles directly in a fluidised bed was also developed. As
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every research project, this thesis also results in many new open questions. The
subjects treated in this thesis cover a wide area and therefore one cannot hope
to be exhaustive in every aspect, even though the author has made a sincere
attempt. The subjects that are treated with less completeness as would have
been desirable include: the role of moisture, char conversion and tar formation
and conversion. Further research in these areas is eagerly anticipated.





Chapter 2

Measuring single particle behaviour

2.1 Introduction

The main source for the dynamic behaviour of a fluidised bed gasifier or combustor
is the behaviour of the fuel particles in the bed. Variations in fuel composition
and particle size cause fluctuations in the production of heat and flue gases, thusly
driving the dynamic behaviour of the fluidised bed.

It is therefore appropriate to start this thesis with a study of the behaviour
of the fuel particles in the bed. As outlined in Chapter one, the behaviour of
single fuel particles can be translated to the behaviour of the entire bed using
the mathematical technique of a population balance. This will be discussed in
Chapter five.

In order to apply a population balance equation the conversion of a single
particle must be expressed in a mathematical form. For some biomasses this can
be done by fitting an appropriate function to the data acquired in experiments.
Indeed there are types of biomass for which this is inevitable, since they do
not lend themselves easily to modelling. Examples are dung, manure and other
biomasses that do not have a fixed geometry. For these biomasses, it is necessary
to develop an experimental procedure that allows one to measure the conversion
characteristics of these biomasses fast and accurately.

Other biomasses do lend themselves for modelling. Chapters three and four
will discuss a mathematical model to describe the single particle conversion. Mod-
elling can help to gain more insight in the processes occurring in the particles and
thus obtain more certainty about the relationship between the various parame-
ters such as particle size and temperature and the conversion rate of the biomass.
Before developing the mathematical model, one must obtain insight in the actual
behaviour of fuel (biomass) particles in a fluidised bed.

This chapter will discuss a newly developed experimental method to study
the conversion of biomass directly in a fluidised bed. The discussion will focus
primarily on pyrolysis.

11
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Pyrolysis of the biomass particle is the first stage of the gasification process.
The speed at which the pyrolysis process evolves determines to a large extent the
dynamic behaviour of a fluidised bed gasifier. Upon entering the fluidised bed,
the biomass particle starts to decompose and, as a result, loses mass. The mass
loss as a function of time is called here the fuel reactivity.

When designing a biomass gasifier, it is desirable to know the fuel reactivity
in order to estimate fuel holdup, optimum particle size and the best location of
the feeding point. The fuel reactivity also affects the dynamics of the fluidised
bed and is therefore important for designing a control system or when adapting
plant operation to a new fuel. Thus, a tool to characterise biomass in terms
of reactivity and a means of interpreting this characterisation with respect to a
specific installation is needed.

Traditional methods to measure fuel reactivity include thermo-gravimetric
analysis [20], shock tube experiments [3], heated grid experiments [23] and drop
tube experiments [25]. All these methods, however have the disadvantages, that
they do not accurately represent the conditions in a fluidised bed and they only
use small amounts of fuel. The latter is especially disadvantageous for biomass
and waste, because they are very inhomogeneous substances.

Therefore a new method to measure reactivity directly in the fluidised bed
was developed. This method involves weighing a hot fluidised bed in which a
batch of biomass particles has been introduced. The next paragraph will discuss
the design of the setup and the experiments. Since the fluidised bed causes
considerable weight fluctuations, the weight signal must be processed in order to
produce useful data. The signal processing is discussed in paragraph three.

Once the setup was working properly, a large number of experiments was
conducted in order to investigate the effect of various parameters on the reactivity
of biomass particles. In particular the particle size and the moisture content were
varied. These experiments are discussed in paragraph four. The conclusions from
the design of the setup and the experiments will be reviewed in the final paragraph
of this chapter.

2.2 Experimental setup and procedure

2.2.1 Introduction

The objective of the measurements discussed in this chapter is to gain knowledge
about the pyrolysis rate of biomass particles in a fluidised environment. In order
to achieve this, the biomass particles must be brought in an environment that
resembles the conditions in a full-scale fluidised bed as closely as possible. At
the same time the mass loss of the biomass particle must be recorded. All setups
that measure fuel reactivity therefore consist of two main parts: a heating device
and equipment to record mass loss. The various methods distinguish themselves
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in the way in which either of these two tasks has been implemented. In a ther-
mogravimetric apparatus, the particles are heated through radiation. The mass
loss is recorded using a balance. In shock tube experiments, the particle is heated
using the energy contained in pressurised gas. The mass loss is recorded using gas
analysis. In heated grid experiments, the heating is solved by dropping the ma-
terial to be examined on an electrically heated mesh. The mass loss is recorded
through gas analysis. Drop tube experiments heat the particles by convection
and radiation. The mass loss can be recorded using gas analysis or two measure-
ments on a balance before and after the experiment. In this work the heating was
done in a fluidised bed. The mass loss was recorded using a balance. These two
main parts will be discussed in the subsequent sections. Besides the design of the
setup, a certain procedure was followed during the experiments. This procedure
will also be explained in this section.

2.2.2 Fluidised bed design

The best way to ensure that the heating conditions of the biomass are similar to
those in a fluidised bed is to use a fluidised bed. The other heating methods dis-
cussed earlier all lack some of the distinctive features of fluidised bed heating com-
bined with pyrolysis. Since pyrolysis involves the production of relatively large
amounts of gas from the biomass particle (up to 80% by mass), the pyrolysing
particle will almost certainly affect the flow patterns surrounding it. This results
in a coupling between the heating of the particles and its reaction rate. It is im-
possible to mimic this effect using radiative heating, since this effect is non-linear
and dependent on the outcome of the experiment itself. Furthermore, the existing
measurement methods can only use a small amount of material. Since biomass
is a very versatile and inhomogeneous material, this could lead to considerable
sampling problems. A fluidised bed would be capable of heating larger amounts
of biomass. It was therefore decided to use a fluidised bed to heat the particles
for these experiments. The main concerns when designing the fluidised bed were:

• to minimise the pressure fluctuations in the bed, while still achieving re-
alistic fluidisation conditions. Since the fluidised bed is to be weighed us-
ing a balance during the experiments, the pressure fluctuations must be
minimised. Pressure fluctuations in the bed result directly in undesirable
fluctuations of the force that is exerted on the balance.

• to achieve stable operation at the highest possible temperature.

The setup consists of a 20 cm (inner diameter) fluidised bed on a balance.
The bed is heated by a 10 kW heater that can heat the fluidising medium to
850o C. If the full 10 kW is to be passed through the bed, the superficial velocity
would be approximately 1.7 m/s, depending on the temperature and the type of
gas (i.e. nitrogen or air). This velocity is much higher than is desirable for the
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Exhaust from double wall

Heater

Double walled 
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Valve to control 
flow through the 
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Figure 2.1: A schematic drawing of the setup shows the main compo-
nents: the heater, the double walled fluidised bed and the balance with
data acquisition

experiments. Using such a high superficial velocity would result in unacceptably
large weight fluctuations on the balance. Furthermore, some of the bed material
would probably be blown out of the bed. This is undesirable because it causes
mass loss that is not related to the biomass decomposition. The hot gas flow
is therefore split underneath the bed grate. Part of the gas is passed through
the bed, the other part is passed through the double wall of the bed. Using this
construction, the full 10 kW is always available for heating the bed, whereas the
fluidisation velocity can still be chosen independently.

The bed material was normal river sand with diameters ranging from 0.2
to 0.5 mm. This bed material is commonly used in fluidised bed gasifiers and
combustors. The gas velocity was chosen such that it was between two and three
times the minimal fluidisation velocity [35] . The construction of the bed is
illustrated in Figure 2.1.

The ratio between gas passing through the bed and gas by-passing the bed
through the wall can be adjusted using the valves in the exhaust pipe of the
double wall. The gas leaving the exhaust pipe of the wall has a velocity up to
70 m/s. This velocity causes a force of up to 5 N on the balance. Thus the flow
through these pipes can cause an offset of 500 grams on the balance. Moreover,
the flow through the exhaust will vary as the pressure drop over the bed varies or
the gas temperature varies. Thus the flow that bypasses the bed will also cause
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a fluctuating weight on the balance, superimposed on the offset of 500 grams.
These disturbances will, however, mostly be out of phase with the disturbances
caused by the bed itself, since they are caused by pressure fluctuations of the bed.
It is expected that there exists an optimal distribution of gas between the wall
and the bed which will result in a minimal weight fluctuation on the balance. In
practice the existence of this optimum has not been proven during the experiments
performed in this work. A photo of the setup is shown in Figure 2.2.

Figure 2.2: This photo shows the insulated setup and the computer
logging the measurements. The exhaust pipes for the double wall, the
balance and the chimney can clearly be seen

In order to minimise radiation heat losses from the bed, the top of the bed was
partially closed with a steel lid. Even with this lid, the heat losses due to radiation
were considerable. The setup could reach a maximum temperature of 700oC. The
time needed to achieve this temperature was however very long. Therefore, all
experiments were carried out at 650oC.

Figure 2.3 shows the fluidisation behaviour of the bed as recorded by the
balance. The amplitude of the fluctuations caused by the bed and the exhaust
of the double wall is approximately 70 grams. The heat capacity of the bed sets
limits to the amount of biomass that can be introduced in one experiment. The
maximum amount of dry biomass that can be introduced is 200 grams. The
fluctuations are therefore very significant compared to mass loss of the biomass
that is to be measured. It is however still possible to obtain useful information
about the biomass reactivity, due to the fact that the fluidised bed fluctuations
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occur on a much smaller time scale than the biomass pyrolysis. In section 2.3 the
procedure to separate these two signals will be explained.
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Figure 2.3: The hot fluidised bed causes weight fluctuations on the
balance with an amplitude of approximately 70 grams

2.2.3 Balance

The most obvious method to measure the mass loss rate of a biomass particle is
to measure its mass continuously. Since mass cannot easily be measured directly,
this is usually done by measuring weight on a balance. A balance can be used to
measure mass by measuring the force exerted on the balance and subsequently
assuming that this force is caused by a certain mass resting on the balance. In
ordinary applications, this assumption is correct, or care has been taken to ensure
that it is correct. In the particular application discussed here, it is inevitable
that there are other forces acting on the balance that are not caused by the
mass resting on the balance. The sources for these other forces are primarily the
pressure fluctuations in the fluidised bed and the momentum of the gas leaving
the double wall of the fluidised bed. This has already been discussed extensively
in the previous section. As shown in Figure 2.3, the disturbance of the mass
measurement by these other forces is more or less of the same order of magnitude
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as the mass loss that should be measured. This raises the question, whether a
balance is suited for this application. An alternative method to determine the
mass loss continuously would be to measure the concentrations of CO, CO2, water
and hydrocarbons in the gas leaving the fluidised bed, along with the total gas
flow leaving the bed. This method was rejected, because it is expected that this
will induce even larger, and less manageable, errors. The main difficulties with
this method are:

1. It is very difficult to measure the mass flow of gas leaving the fluidised bed
accurately. In order to do this one must simultaneously measure temper-
ature, volumetric flow rate and concentrations. Since the gas will contain
a large amount of pyrolysis tars, these measurements must be done on hot
gas in order to prevent tar deposition. The mass flow rate of gas leaving
the fluidised bed is the result of a multiplication of several measurements,
thus increasing the overall measurement error.

2. In order to obtain the mass loss rate of the biomass in the fluidised bed,
the mass flow rate of the gas leaving the fluidised bed must be compared to
the mass flow rate of the gas entering the bed. This flow rate is not known
exactly however, because the gas is split in a part that passes through the
bed and a part that passes through the double wall of the bed. It would
therefore be required to measure two more mass flow rates.

3. The mass loss rate of the biomass is calculated by subtracting the mass flow
rate leaving the bed from the mass flow rate entering the bed. The total
mass flow rate needed to transfer 10 kW is approximately 12 g/s (at a maxi-
mum gas temperature of 850oC). The expected mass loss rate of biomass
is approximately 1 g/s. Thus one needs to subtract two measurements in
order to obtain a measurement that is one order of magnitude smaller than
the original raw data. A measurement error of 5% in both mass flow rates
would already obscure the signal to be measured completely.

4. If the lines to the gas analysis equipment are long, it will be impossible to
obtain accurate data on the precise start and end times of the biomass con-
version. The residence time in the lines may vary with varying composition
(i.e. density). There may be back-mixing in the lines and the gas analysis
equipment may have different latencies for different components.

On the other hand, it is possible to separate the weight fluctuations on the balance
caused by the fluidised bed from the signal produced by the mass loss rate of the
biomass. This is possible due to the fact that both processes occur at very different
time scales. Fluidised bed pressure fluctuations occur typically at frequencies
between 0.5 and 4 Hz [35]. The biomass decomposition occurs within 100-900
seconds (0.0011 - 0.01 Hz) for the type of particles that were measured. Using
appropriate signal processing techniques these two processes can be separated
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from each other by discarding the high frequency information while retaining the
low frequency data. This will be discussed in detail in section 2.3.

The signal processing can only be successful if the data acquisition is faster
than the fastest disturbance in the process. In fact the Nyquist frequency must
be higher than the frequency of the fastest process that affects the measurement:

fN ≥ sup(fp), (2.1)

where the Nyquist frequency is defined as half the sampling frequency:

fN =
fs
2
, (2.2)

where the subscript s indicates sampling. This criterion can be derived as follows.
Suppose one measures a sinusoidal signal with a frequency fp. The measurement
is done at a sampling rate fs. This results in a number of data Si, where i = 1 . . . n
and n is the total number of data points. The data points are given by:

Si = sin

(
2πifp
fs

)
, i = 1 . . . n. (2.3)

Now one tries to reconstruct the frequency of the original signal from the data
points Si obtained by sampling the signal. Solving Equation (2.3) for fp yields:

αi =
sin−1 (Si)

2π
, (2.4)

ifp =
1

2
− αi ± kfs ∨ αi ± kfs , k ∈ �

. (2.5)

Solving equation (2.5) so that the same fp applies for all available combinations
of i and αi should yield the frequency of the original signal. It can be seen
however that equation (2.5) has infinitely many solutions. The solution is only
unique if one restricts oneself to frequencies in the interval 0 ≤ fp ≤ fs

2
. It is

thus impossible to reconstruct the original frequency of a signal if that frequency
was higher than fN . A signal with a higher frequency than fN will coincide with
lower frequency signals in the interval 0 ≤ fp ≤ fN . This phenomenon is known
as aliasing.

Through aliasing, the high frequency disturbances caused by the fluidised bed
can be mapped to lower frequencies if the sampling rate is too low. In that case
it would be more difficult to separate the fluidised bed disturbances from the
mass loss rate of the biomass. The balance should therefore allow a sampling
rate faster than 8 Hz.

One possibility is to use load-cells. Since they produce an analog signal, the
sampling frequency is only limited by the electronics used to sample and log the
signal. Load-cells are not accurate enough however. Commercial balances achieve
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a higher accuracy, but they do this by distributing the mass over various load-cells.
The distribution mechanism has a certain inertia, which leads to limitations on the
sampling frequency. The balance is a Mettler balance, coupled to a Mettler ID1
terminal. The combination of balance and terminal has an error of 2 grams and a
varying response time of approximately 0.11 s. This suggests that the maximum
sampling frequency for this balance would be 9 Hz. That would be a critical
sampling rate for this application. It is however not clear where this response
time originates. If the terminal applies a proper anti-aliasing filter internally,
there would still not be a problem. Since no information regarding this could be
obtained from Mettler, the only possibility to investigate this is to measure the
signal and look at the frequency spectrum.

10-3 10-2 10-1 1 101

Frequency (Hz)

10-4

10-3

10-2

10-1

1

101

102

Po
w

er
 d

en
si

ty
 (

kg
2 s)

Frequency spectrum of the fluidised bed noise as measured by the balance

Figure 2.4: The spectrum of the signal shown in Figure 2.3 shows that most
energy is concentrated in the region between 0.5 to 4 Hz. This suggests that the
fluidised bed weight fluctuations can be sampled by the balance without severe alias-
ing effects.

The spectrum of the signal shown in Figure 2.3 is shown in Figure 2.4. One
can clearly see that the energy is concentrated in the frequency range 0.5 to 4
Hz. The peak at 2 Hz can be attributed to rising bubbles that can reach the bed
surface in 2 seconds. This suggests that the fluidised signal can be sampled by
the balance without severe aliasing effects.
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2.2.4 Procedure

As explained in the introduction, the purpose of the experiments discussed in this
chapter is twofold:

1. Design an experimental method that allows quick and reliable characteri-
sation of biomass feedstocks

2. Obtain insight and data that will aid the modelling of biomass conversion

For this purpose the experiments were carried out with wooden cylinders of var-
ious diameters. Two types of wood were used: Ramin and Pine. The wood was
dried in an oven at 90oC. Subsequently, batches with an equal amount of wood
were formed. Each batch contained 100 grams of dry biomass. Some of these
batches were drenched in water for several days to obtain wood with the required
water content. In this way, batches with water contents of approximately 25, 50
and 75 mass% (based on dry biomass) were created. The bed was fluidised with
nitrogen in all experiments. Before the experiment was started, the bed was first
heated to the desired temperature (650oC for all experiments). Subsequently the
gas flow was temporarily interrupted to tare the balance. The gas flow was then
adjusted to the desired level. After several minutes, the balance signal would
show a more or less steady fluctuation comparable to the signal shown in Figure
2.3. At that moment the data acquisition was started. Data acquisition would
usually be started 100 s before the biomass is introduced into the bed. After
introduction of the biomass, data acquisition would continue until 100 seconds
after the balance signal had stabilised.

2.3 Signal processing

2.3.1 Introduction

Figure 2.5 show a typical example of the signal as it is logged from the balance.
The biomass conversion can clearly be seen in this picture, but it is difficult to
decide exactly when the biomass conversion is completed. It is also not clear how
the process evolves. The disturbances due to the fluidised bed blur the image.
The introduction of the biomass can clearly be seen as a distinct spike in the
plot. As the biomass hits the bed, the momentum of the falling biomass particles
causes an additional force on the balance that is clearly seen in the plot. Figure
2.6 compares the power spectrum of the signal shown in Figure 2.5 to that of the
fluidised bed noise as shown in Figures 2.3 and 2.4. The biomass conversion can
clearly be identified in the low-frequency side of the spectrum.

The clear difference in timescale between the biomass conversion and the noise
suggests that appropriate filtering of the signal could remove the noise induced
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Figure 2.5: A typical signal as obtained from the balance during an experiment.
In this case 14 mm diameter dry Ramin cylinders were introduced in the bed.

by the fluidised without affecting the biomass conversion signal. Let the signal
be composed of two main components:

S(t) = m(t) + ε(t), (2.6)

where m(t) is the biomass decomposition and ε(t) is the disturbance caused by
the pressure fluctuations in the fluidised bed. Together they form the total signal
passed to the balance S(t). This signal is obtained in discretised form by sampling
the output from the balance terminal:

Si = mi + εi,i = 1 . . . n, (2.7)

where mi is a discretised representation of the mass decrease of the biomass,
whereas εi represents the apparent mass fluctuations due to weight fluctuations
caused by the fluidised bed. The total signal Si is shown in Figure 2.5. The task
of signal processing is now to find a mathematical procedure that estimates mi

as accurately as possible, given Si.
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Figure 2.6: Comparing the power spectra of the signal with and without
biomass in the bed shows that the biomass conversion is present mainly at
low frequencies, whereas the noise is more manifest at higher frequencies

2.3.2 Low-pass filter

The first approach that comes to mind is to use a low-pass filter. Applying a
Fourier transform to S(t) yields:

F (S(t)) = S̃(2πf) = m̃(2πf) + ε̃(2πf). (2.8)

As shown in Figure 2.6, m̃(2πf) is more prominent for low values of f , whereas

ε̃(2πf) is more prominent at high values of f . Multiplying S̃(2πf) by a filter func-

tion H̃ that is 1 for low values of f and zero for high values of f will thus eliminate
mostly ε, while retaining most of m. Using inverse Fourier transformation, the
signal can be transformed back to the time domain. The thusly truncated signal
can be considered an approximation of the biomass conversion signal:

m(t) ≈ F−1
(
H̃(2πf)S̃(2πf)

)
. (2.9)

The most obvious choice for H̃ would be a step function. This will however lead
to unrealistic fluctuations in the inverse transformation. Therefore a function of
the following form is used:

H̃(2πf) =
1

1 + (2πfc)n
, (2.10)

where fc is the cut-off frequency and n is the order of the filter. Figure 2.7 shows
this function with varying order and a constant cut-off frequency of 0.1 Hz.
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Figure 2.7: Higher order filters produce sharper cut-off at the cut-off fre-
quency. The cut-off frequency is defined as the frequency where the filter has
reduced the original signal by a factor 2

Multiplication in Fourier-space results in a convolution integral in time. The
discretised signal can thus be treated by a convolution summing with the dis-
cretised inverse Fourier-transformed H̃. In this way the filtering can be applied
directly in the time-domain without Fourier transformations. Figure 2.8 shows
the result of applying a second order low-pass filter with a cut-off frequency of
0.1 Hz to the signal shown in Figure 2.5.

The low-pass filter has approximated the biomass conversion signal by a
Fourier series which was truncated above a certain frequency. The estimation
mi of m(t) is in fact an estimate of the projection of m(t) on an orthogonal
basis that consists of sine and cosine functions. The average squared difference
between m(ti) and its estimation mi is called the risk r of the estimation [40] ,
where averaging is done using the probability density of the noise ε(t).

r = Eε
(
(m(ti) −mi)

2) (2.11)

and Eε indicates the expectancy with respect to the probability density distribu-
tion of the noise. The estimation that minimises the risk is optimal, since this
estimation represents the best possible elimination of the noise. An estimator
based on low-pass filtering is a linear estimator, because the set of basis functions
that is used to estimate mi is decided upon a priori. The risk is determined by
two factors:
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Figure 2.8: The fluidised bed noise can be reduced significantly by applying
a second order low-pass filter with a cut-off frequency of 0.1 Hz

1. The error made by approximating the signal to be estimated in a limited
set of basis functions

2. The remaining disturbances that have not been eliminated by the estimation

Improving the first component of the risk will usually mean that the second
component of the risk will deteriorate. In the case of the low-pass filter: when
the cut-off frequency is increased, the representation of the biomass conversion
by the Fourier series will improve, because more high frequency components of
the biomass conversion are taken into account. At the same time, the noise
elimination will deteriorate. More noise will remain present in the filtered signal.
This suggests that there must be an optimal filter that represents the best possible
compromise between eliminating noise and retaining as much as possible the
characteristics of the biomass conversion. Mallat proofs that the estimation is
optimal if the filter has the form [40]:

H̃j =
1

1 + Pε(j)
Pm(j)

, (2.12)

where P (j) indicates the spectral energy density at the discrete frequency j. If
the spectral density of both the signal and the noise are known, the optimal filter
can be constructed using equation (2.12). The problem is however that these
are not known. The spectral density of the noise has been measured separately,
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but is it not certain that the noise has the same character every experiment.
Furthermore, the fluidised bed flow regime and the corresponding spectral density
of the weight fluctuations induced by the bed are affected by the gas release
from the biomass particles. The spectral density of the biomass conversion is
fundamentally unknown. This was the reason for setting up the experiments.
The optimal filter has been approximated by a second order low-pass filter with a
cut-off frequency of 0.1 Hz. Both the order of the filter and the cut-off frequency
were chosen rather arbitrarily, on the basis of visual inspection of the graph.

Concluding: it is certain that there exists an optimal low-pass filter, but it
is not possible to determine this filter. Both the optimal order and the optimal
cut-off frequency cannot be determined without a priori knowledge of the signal
to be estimated. Since this knowledge is not available, the only optimisation of
the filter can be done through visual inspection of the filtered signal.

2.3.3 Wavelets

The best possible estimator would be created if one was able to find a basis of
functions that could be used to approximate the desired signal m(t) perfectly
with only a few non-zero components in that basis.

m(t) =

∞∑

i=0

aibi(t), (2.13)

where only a few ai are non-zero. The signal m(t), being spread over only a few
components, would be represented by only a few coefficients ai that would have
a relatively large value. Remember that the basis functions bi(t) are normalised.
The order of magnitude of the components that represent m(t) will therefore be
m(t)
n

where n is the total number of components that are non-zero. If that basis
would furthermore be unsuitable to represent the noise, thus spreading the noise
over many components in that basis, it would be easy to select the desired signal
and remove the noise. The desired signal would be represented by only a few
components that would have a large value, whereas the noise would be represented
by many components with a very low value. If the set of basis functions is
subsequently reduced to only those functions that have a high coefficient, then
the optimal basis for estimating m(t) will automatically have been selected and
the noise will have been removed automatically. The latter procedure is called
thresholding. All coefficients below a certain threshold are discarded. This is the
basic thought behind non-linear estimators. The set of basis functions that is
used to represent the desired signal will be selected as a result of the estimation
procedure and not a priori. The success of the procedure depends obviously on
the family of basis functions that is used. Since one cannot try every kind of
function at random, one must choose a family of functions that one expects to
have the right characteristics. A promising class of basis functions is the class of
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wavelets. This class is specifically designed to represent signals with a minimum
amount of non-zero components.

The occurrence of wavelets is a fairly recent development in signal theory. In
a Fourier transform, the signal is represented by coefficients that multiply sine
and cosine functions. These functions have a mean value zero and have infinite
support. That means they are defined and have non-zero values over the entire
range of real numbers. Wavelets are functions that also have a mean value of zero,
but they have limited support. A wavelet function ψ(t) only has non-zero values
in a limited range around t = 0. A rudimentary wavelet would e.g. be a function
that is zero for t > π and t < −π but equal to sin(t) for −π ≤ t ≤ π. This is
not a very good wavelet function because it is not differentiable for t = ±π. It
does illustrate the concept however. Using one basic, normalised wavelet, one can
create a basis of wavelets by dilatating and translating the basic wavelet. This
basis is thus parametrised by two parameters: the translation u and the dilatation
s

ψu,s(t) =
1√
s
ψ

(
t− u

s

)
. (2.14)

The factor 1√
s

is introduced to normalise the wavelet functions. Any signal can
now be decomposed in this basis using a wavelet transform:

WS(t) = Ŝ(u, s) =

∫ ∞

−∞
S(t)

1√
s
ψ

(
t− u

s

)
dt. (2.15)

This transform is complete and reversible without loss of information as long as
ψ(t) satisfies a relatively weak condition stating that [40]:

1. ψ must have an average value of zero

∫ ∞

−∞
ψ(t)dt = 0 (2.16)

2. ψ must decay sufficiently fast in time:

∫ ∞

−∞
(1 + |t|)|ψ(t)|dt <∞ (2.17)

The wavelet transformation approximates the signal locally, since the wavelets
only have local supports. For large values of s, the wavelet works on a large
scale (less localised). For small values of s, the wavelet works on a small scale
(more localised). The larger scale wavelets have a low resolution in time, but a
higher resolution in the frequency domain. The smaller scale wavelets have a high
resolution in time, but a smaller resolution in frequency. They only contain the
high frequency components of the signal. These properties make wavelets the ideal
type of basis function, because they can adapt to a signal locally. Where the signal
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contains important high frequency information, such as the spike impulse when
biomass is dropped in the bed, the small scale wavelets will prevail. Where the
signal is smooth and contains mostly low frequency information, the larger scale
wavelets will prevail. For this reason wavelets are often used when the smallest
possible set of basis functions must be selected to represent a signal. Typical
applications include image and data compression, but also signal denoising.

The wavelet coefficients belonging to the wavelets ψ(u, s) represent the com-
ponent of the signal at the scale s− ds < s < s+ ds, where ds is infinitesimally
small for every time u. In order to reconstruct the signal, one would have to know
the wavelet coefficients for every scale s. This is often undesirable. Often the sig-
nal (or image) has a finite size and therefore a finite scale. In order to overcome
this, one can replace the wavelets above a certain s0 by a scaling function φ. The
scaling function for s0 = 1 can be derived from the wavelet function as follows:

φ(t) = F−1
(
φ̃(2πf)

)
= F−1



√∫ ∞

2πf

|ψ̃(ξ)|2
ξ

dξ


 . (2.18)

For other scales, the scaling function can be obtained from a simple dilatation of
this basic scaling function:

φs(t) =
1√
s
φ

(
t

s

)
. (2.19)

Accompanying the wavelet transform, one now also has a low-resolution ap-
proximation of the signal at scale s0 and above, given by:

LS(t) = S̄s0(u) =

∫ ∞

−∞
S(t)

1√
s0

φ

(
t− u

s0

)
dt. (2.20)

The signal can be represented in two equivalent ways now:

Ŝ(u, s) = Ŝ(u, s = 0 . . . s0) + S̄s0(u). (2.21)

The representation at the right-hand-side of equation (2.21) is also a complete
and reversible representation of the original signal [40].

When applying a wavelet decomposition to a discrete signal, the scales must
also be discrete. The first wavelet scale of the discrete signal operates on half the
resolution of the original data. The highest frequency represented in the signal is
the Nyquist frequency, which is apparent on a resolution that is half the resolution
of the original data. Thus if one applies a wavelet decomposition of a discrete
signal of length N , up to one level, one obtains N/2 wavelet coefficients and N/2
coefficients for the scaling function. The signal has been split in an approximation
on a resolution which is half that of the original signal and a number of wavelets
that fill in the details. This process can be repeated. A decomposition to the



28 CHAPTER 2. MEASUREMENTS

second level results in N/2+N/4 wavelet coefficients and N/4 coefficients for the
scaling function. The signal is approximated on a resolution that is 1/4 of the
original sampling rate and the details are retained in wavelets at two scales. This
process can be repeated, ever dividing the resolution by two. The decomposition
contains subsequent wavelets that describe the signal at scales that are refined by
a factor two. For this reason they are called octaves, in similarity to an octave
in music, which represents an increase in frequency by a factor two. Figure
2.9 illustrates this process. The signal shown in Figure 2.5 is decomposed on
increasing levels. The positive octaves represent the wavelet coefficients. The
negative octaves contain the coefficients for the scaling function. One can see an
ever coarser representation of the signal, with the fine scale details stripped off
and kept separately in the higher octaves.

This section started with the question whether it would be possible to find
a set of basis functions that would be able to approximate the desired signal
mi with a minimum amount of coefficients whereas the noise would be spread
over as many coefficients as possible. Subsequently the wavelet transform was
introduced as a transform that is specifically designed to create such a basis.
The remaining question now is: which wavelet ψ(t) will yield the optimal basis
for approximating the biomass reactivity? Many functions have been proposed
already to serve as wavelet. All these functions have specific characteristics that
makes them useful for certain applications. In order to select the best wavelet for
this particular application out of all the ”standard” wavelets, one must use the
knowledge one has about the signal and the noise to be treated. In this case, it
is expected that the biomass reactivity is a smooth function. No sudden changes
and certainly no sudden mass increases are expected, with the exception of the
spike that represents the introduction of the biomass in the reactor. The noise
on the other hand is not very smooth. The best wavelet is therefore a wavelet
that can represent smooth functions in few coefficients and irregular functions in
many coefficients.

The behaviour of the wavelet transformation is governed by two important
characteristics of the wavelet function: the number of vanishing moments and
the support of the wavelet. The nth moment mn of a wavelet function ψ is
defined as:

mn =

∫ ∞

−∞
tnψ(t)dt. (2.22)

A wavelet function is said to have m vanishing moments if mn = 0 for n = 1 . . .m.
Such a wavelet will obviously have no coefficients for a mth-order polynomial. A
smooth function that is m times continuously differentiable is represented very
well by a mth-order Taylor series on a certain scale s. Therefore, smooth func-
tions will have either very small or no coefficients at all on the smaller scales
for wavelets with m vanishing moments. The higher m is, the larger the scale
at which an infinitely continuously differentiable function will have small coeffi-
cients. A wavelet with many vanishing moments will describe a smooth function
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Figure 2.9: The wavelet decomposition of the signal shown in Figure 2.5 is
shown with increasing level of the decomposition. The x-axis shows i/2L on a
2 log scale. Here, i is the index in the vector of coefficients and L is the level of
decomposition. The first N/2L coefficients are the scaling function coefficients.
These are therefore on the negative octaves. Each subsequent octave represents
coefficients for scaling functions at a finer scale. For the sake of the illustration,
the decomposition was done here using a simple “Haar” wavelet, which simply
undersamples the signal for every new level [40]
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with a few coefficients that are concentrated on the larger scales. A function that
is not continuously differentiable can have large coefficients at the small scales,
because it does not resemble a polynomial at those scales.

The support of a wavelet is the range around t = 0 in which the wavelet
function ψ(t) may still be non-zero. If the signal to be decomposed contains a
discontinuity within the support of a wavelet, the decomposition will produce a
large coefficient for that wavelet. The larger the support for the wavelet will be,
the more wavelets will contain the discontinuity. When a wavelet function has a
large support, it will spread the effect of the discontinuity over many coefficients
instead of capturing it in only a few. This is undesirable, because the noise
contains many discontinuities.

The ideal wavelet function to represent mi would therefore be the a wavelet
function with many vanishing moments and a small support. Unfortunately the
support and the number of vanishing moments are not independent [40]. A larger
number of vanishing moments also means that the support must increase. This
problem has been addressed by Daubechies [40]. He formulated a family of wavelet
functions that have a minimum support for their number of vanishing moments.
The Daubechies wavelets are indexed by their number of vanishing moments. The
Daubechies wavelet with 1 vanishing moment is identical to the Haar wavelet that
was used in Figure 2.9. After some experimenting on the data, it was decided that
a Daubechies wavelet with 5 vanishing moments represents the best compromise
between smoothness and compact support for the data obtained from the balance.
This wavelet and the associated scaling function are shown in Figure 2.10

Having found a wavelet basis that should be able to contain the desired part
of the signal mi in only a few large coefficients, how will that help to remove the
noise?. If the noise were white, then it would be spread out equally over all the
coefficients of the wavelet transform. Donoho and Johnstone [40] proved that an
ideal estimator for mi would then be to threshold the wavelet and scaling function
coefficients as follows:

a′i =





ai − T if ai > T
ai + T if ai < −T
0 if − T ≤ ai ≤ T

, (2.23)

where ai is any of the coefficients before thresholding, a′i is the coefficient after
thresholding and T is the threshold value. The latter is optimal if chosen to be:

T = σ
√

2 lnN, (2.24)

where σ is the standard deviation of the noise to be removed and N is the total
number of coefficients, which is the same as the total number of datapoints. The
white noise is spread equally over all coefficients and one can simply subtract the
noise from every coefficient. If the noise is not white, this thresholding operation
is not guaranteed to be optimal. In fact the threshold should then be chosen
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Figure 2.10: The Daubechies wavelet with five vanishing moments
was chosen as the best basis for denoising the signal after some exper-
iments with different Daubechies wavelets

separately for each coefficient, based on knowledge about the characteristics of
the noise. One should know the standard deviation of the noise for every scale
and every time. Since these characteristics are not known, it is not possible to
construct an optimal threshold for the fluidised bed noise. Instead the white
noise thresholding was used, assuming that the noise generated by the fluidised
bed closely resembles white noise. Indeed Figure 2.4 suggests that the amount
of energy contained in the fluidised bed fluctuations varies only one order of
magnitude over the entire spectrum. This is a close resemblance to white noise.

The procedure to estimate mi from the original raw signal Si is now as follows:

1. Decompose the signal using a wavelet transform with as many levels as
possible

2. Estimate the standard deviation of the fluidised bed noise from the leading
part of the logged data (before the biomass was dropped into the bed).

3. Apply thresholding according to equations (2.23) and (2.24)

4. Perform the inverse wavelet transform. The signal that is thusly obtained
is the estimate of mi.

This procedure constitutes a non-linear estimator. The coefficients that “survive”
the thresholding determine which set of basis functions is used to estimate mi.
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Figure 2.11: The estimate of the mass decrease using a wavelet
thresholding filter is much better than using a low-pass filter

The selection of this set is thus not made a priori (as with a low-pass filter),
but is the result of the procedure itself. Figure 2.11 shows the result of applying
this procedure to the signal shown in Figure 2.5. Comparing this to Figure 2.8
shows that more noise has been removed and at the same more high frequency
information has been retained. To understand the difference between the low-pass
filter and the wavelet thresholding, a spectrum of the original data is compared
the spectrum after wavelet thresholding in Figure 2.12. The low-pass filter simply
cuts away any part of the signal above 0.1 Hz. The wavelet thresholding also
diminishes the high frequency part of the spectrum, but does so much more
subtly. The result is an estimate of mi that is much smoother than after low-pass
filter and still contains more information about high frequency events.

2.3.4 Summarising

Signal processing was necessary because the signal that was logged from the
balance was contaminated with the pressure fluctuations from the fluidised bed
to such a degree that is was difficult to measure the pyrolysis time and to see the
actual biomass mass decrease develop in time. If one would make more specific
assumptions regarding the shape of the biomass reactivity, one could obtain an
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Figure 2.12: The wavelet thresholding can be regarded as a low-
pass filter that automatically adapts itself to the signal to be estimated.
Moreover this adaption happens locally in time. The result is a spec-
trum that still contains some (localised) high frequency components

estimate of the biomass reactivity by fitting the measurement data to an assumed
function. For instance, if one is willing to assume that the biomass reactivity is
an exponential decay of the mass, then one could simply make a least squares fit
of such a function to the data. The methods discussed here aim to reconstruct
the measured biomass reactivity as accurately as possible without the need for
specific assumptions regarding the shape of the biomass reactivity. Two kinds of
signal processing were tested: low-pass filtering and wavelet thresholding. The
latter was discussed rather extensively here, because it is a new and relatively
unknown technique.

The main differences between these two kinds of processing are:

1. Low-pass filtering approximates the signal to be reconstructed by a Fourier
series by default. Wavelet thresholding allows a choice between many fam-
ilies of basis functions to approximate the signal.

2. Low-pass filtering is good for a signal that has a “steady” spectrum. The
filter cannot adapt locally (in time) to the characteristics of the signal.
Wavelet thresholding can do this

3. In low-pass filtering, the basis functions that will be used to approximate
the signal are chosen a priori. The filter is linear. Wavelet thresholding is
a non-linear procedure to reconstruct the desired signal. The selection of
basis functions is based on the results of the initial wavelet decomposition.
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For both types of signal processing, there exists an optimal procedure that will
eliminate the noise as much as possible while making the best possible approxi-
mation to the signal that it is trying to reconstruct.

Obviously, the reconstruction can only be successful if it is based on as much
knowledge as possible of the noise and the signal to be reconstructed. This is a
paradox, because the signal to be reconstructed is fundamentally unknown. That
was the reason for doing the experiments after all. The noise is known somewhat
better, but this knowledge is uncertain as well.

In order to construct an optimal low-pass filter, one must know quantitatively
the power spectra of both the noise and the desired signal. Both are unknown.
Therefore, the optimal filter was approximated by a second order low-pass filter
with a cut-off frequency of 0.1 Hz. Optimisation of both the order of the filtering
and the cut-off frequency was performed by visually inspecting the result of the
filtering.

In order to construct an optimal wavelet thresholding, one must have a qual-
itative idea about the desired signal and one must know the standard deviation
of the noise on every scale and for every time. The desired signal was “modelled”
here through the choice of a wavelet with five vanishing moments. The basic
assumption underlying this choice is that the signal is much smoother than the
noise. The standard deviation of the noise is not known on every scale and for
every time. Therefore, the noise was modelled here as white noise with the same
standard deviation as the undisturbed bed.

The wavelet thresholding allows better use of the informal knowledge about
the biomass reactivity. Furthermore, the assumptions that were necessary to
reconstruct the biomass reactivity from the logged data can be formulated more
precisely with the wavelet thresholding than in the case of a low-pass filter. This
leads to the conclusion that wavelet thresholding is to be preferred over low-pass
filtering. Wavelet thresholding will therefore be used to reconstruct the biomass
reactivity in every experiment.

2.4 Results

2.4.1 Experiments

Two types of wood were used for the experiments: Ramin and Pine. Both were
available in cylindrical shape. Ramin was available with diameters of 14, 22 and
28 mm. Pine was available with a diameter of 28 mm. Four sets of experiments
were carried out:

1. Dry Ramin cylinder at three different diameters.

2. Ramin cylinders with 75 mass% (d.b.) moisture for three different diameters

3. Ramin cylinders with a diameter of 28 mm with varying moisture content
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4. Pine cylinders with a diameter of 28 mm with varying moisture content

All experiments were done with nitrogen as the fluidising medium. The fluidised
bed was kept at 650oC for all experiments. All experiments were done at least
four times, to check reproducibility. The reproducibility of the experiments was
very good, as shown in Figure 2.13. The only problem with reproducibility was
the measurement of the remaining mass of the biomass once the pyrolysis has
stopped. Apparently some bed material was still blown out of the bed. It is also
possible that some sand that was collected on the balance outside of the setup
was disturbed during the experiments. The results of the experiments will be
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Figure 2.13: Two experiments with dry Ramin cylinders with a dia-
meter of 22 mm. The results are quite similar. Note that it is difficult
to keep the balance tared exactly.

compared later to a mathematical model of biomass pyrolysis (cf. Chapter 3).
In that chapter, the entire curves that were measured will be important. The
discussion here will focus on the measured pyrolysis times and their dependence
on diameter and moisture content. The remaining mass after pyrolysis varied
between 10 and 35 grams out of 100 grams dry biomass. One may conclude from

these figures that between 1
5

th
and 1

3

rd
of the original dry mass will be converted

to char during pyrolysis. This is consistent with other observations [20].
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2.4.2 Pyrolysis times

The onset of pyrolysis was measured by the location of the large spike resulting
from the impact of the biomass particles on the fluidised bed. The end of pyrolysis
was measured as the point where the weight first reached the “steady” end weight
of the biomass within 1 gram. This criterion was chosen rather arbitrarily, since
the accuracy of the measurements is believed to be less than 1 gram. It was
estimated that the accuracy of the weight measurement is approximately 5 grams.
Based on the initial mass of the samples, this is still quite good: 5% at least.
Based on the final mass, it is poor: 25%. This also explains the large variety in
the remaining amount of biomass after pyrolysis that was measured. Choosing
exactly the accuracy of the measurements (5 grams) as criterion would lead to
a bias of the measured pyrolysis time towards lower values. Similarly, choosing
exactly the moment when the weight first becomes equal to the averaged “steady”
value, would lead to a biased pyrolysis time towards higher values. For this reason,
a deviation of 1 gram was deemed to be a reasonable criterion. The pyrolysis time
was then obtained by subtracting the starting time of pyrolysis from the time at
which pyrolysis ended. For each experiment on dry wood, the pyrolysis time was
subsequently averaged over all experiments that were carried out for the same
diameter. This averaging could not be done for the experiments on wet wood,
because the moisture contents varied slightly between experiments. The moisture
contents were obtained by drowning the wood in water during some time and
could not be controlled precisely, even though it could be controlled surprisingly
well. The pyrolysis time was determined as a function of diameter for Ramin
wood cylinders both dry and wet. The wet cylinders had a moisture content
of approximately 75 mass% d.b. The pyrolysis was determined as function of
moisture content for Ramin and Pine cylinders with a diameter of 28 mm. The
results are shown in Figures 2.14 - 2.17.

2.4.3 Dependence of pyrolysis time on moisture content

During drying, the heat that is transferred from the fluidised bed to the biomass
particles is used for heating the biomass and evaporating water at the surface of
the biomass particles. Water is transported from the inside of the particle to
the surface. As long as the biomass is not completely saturated with water, their
will be both water and water vapour in the biomass. The water vapour partial
pressure in the biomass is therefore directly related to the temperature. This
means that there can be no mass transfer limitation to the transport of water
from the inside of the particle to the surface. Indeed if the mass transfer through
the particle would stagnate, this would result in a temperature rise of the particle,
because less heat is needed for evaporation and more heat is available for heating.
A slight temperature rise results in a relatively large rise in pressure, thereby
stimulating the mass transfer again. Mass transfer limitations will therefore affect
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Figure 2.14: The pyrolysis time of dry Ramin cylinders as a function
of diameter. The line indicates the averaged values over all experiments
with the same diameter. Note the relatively large variation of the mea-
sured pyrolysis time. The pyrolysis time seems to depend linearly on
the diameter.

the temperature of the biomass during drying, but not the drying rate. This is
confirmed by model calculations done by Grønli [20].

The drying rate is solely governed by the heat transfer. This may be both
internal and external heat transfer. The linear dependence of the pyrolysis time
suggests that the drying is governed by external heat transfer. The total amount
of water in the biomass is given by:

mw = ηm0, (2.25)

where η is the mass fraction water in the biomass based on dry mass. The energy
needed to evaporate this amount of water is given by:

Qevap = mw∆hevap. (2.26)

The heat transfer rate from the fluidised bed to the biomass is:

Ptransfer = h∆TA, (2.27)
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Figure 2.15: The pyrolysis time of wet Ramin cylinders as a function
of diameter. The averaged values have not been indicated here, because
the moisture content was not constant for all experiments. The mois-
ture content varied between 60 and 93 mass% d.b. over all experiments.
This also partially explains the larger variation of measured pyrolysis
times per diameter. Nevertheless the linear trend of pyrolysis time with
diameter is quite apparent.

where h is the external heat transfer coefficient, ∆T is the actual temperature
difference between the fluidised bed and the biomass and A is the external surface
of the biomass particles. The latter is related to the diameter and the initial mass
of the particles. If shrinking and the axial surfaces are neglected, the external
surface area is given by:

A = πdL, (2.28)

where L is the total length of all cylinders combined. This length can be obtained
from the initial mass of the biomass:

L =
4m0

πd2
. (2.29)
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Figure 2.16: The pyrolysis time of 28 mm Ramin cylinders as a
function moisture content. There seems to be a linear dependence on
moisture content, if the highest moisture content is not taken into ac-
count.

Combining equations (2.27) - 2.29) yields:

Ptransfer =
h∆T4m0

d
. (2.30)

Similarly, combining equations (2.25) and (2.26) yields:

Qevap = ηm0∆hevap. (2.31)

The time needed for complete evaporation can now be calculated by dividing
Qevap by Ptransfer:

∆tevap =
Qevap

Pevap
=
η∆hevapd

4h∆T
. (2.32)

If one assumes that drying and pyrolysis evolve consecutively and not in parallel,
then the difference between the pyrolysis times for dry particles and those for
wet particles is a measure of the drying time. This delay in pyrolysis time should
depend linearly on the moisture content according to equation (2.32). The mea-
surements suggest that the delay in pyrolysis time does indeed depend linearly
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Figure 2.17: The pyrolysis time of 28 mm Pine cylinders as a func-
tion moisture content. For pine there also seems to be a linear depen-
dence on moisture content, if the highest moisture content is not taken
into account. The pyrolysis times for pine do not differ significantly
from those for Ramin.

on the moisture content except for the highest moisture content (cf Figures 2.16
and 2.17). This deviation for the very high moisture contents can be explained
in several ways:

1. Due to the high moisture content, a very large amount of gas is released
in the fluidised bed. This may affect the fluidisation behaviour and the
external heat transfer coefficient.

2. Increasing moisture content will initially result in decreasing resistance
against internal heat transfer. The thermal conductivity of biomass is en-
hanced by the presence of water. At the same time the heat capacity also
increases as the moisture content increases. It is possible that internal heat
transfer becomes a limiting factor for very high moisture contents.

3. The measurements with high moisture contents lasted the longest. It is dif-
ficult to keep the balance tared and the fluidisation stable during the entire
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experiment. These measurements would therefore be the least accurate.
An error of approximately 15% in the pyrolysis time measurement would
be sufficient to explain the deviation from the straight line.

Note however that the results of the experiments also leave room for the hy-
pothesis that drying and pyrolysis do occur simultaneously. The pyrolysis times
for the wet biomass are more or less the same, when compared to the time for
dry biomass. If one is willing to attribute differences between the various mois-
ture contents to measurement error, then the presence of moisture simply results
in a more or less constant delay in pyrolysis compared to a dry particle. The
experiments are inconclusive in this respect and leave room for both hypotheses.

2.4.4 Dependence of pyrolysis time on diameter

Pyrolysis is a cracking process. The speed of pyrolysis is strongly dependent on
temperature. The pyrolysis time seems to depend linearly on diameter for both
dry and wet cylinders (cf. Figures 2.14 and 2.15). Equation (2.32) suggests that
the heating rate depends linearly on the diameter when heating is limited by
external heat transfer. It is therefore tempting to conclude that the pyrolysis is
also governed by external heat transfer. That would be in contradiction to most
other experiments with particles of this size [20]. This conclusion would also be
based on an oversimplified view on the relationship between pyrolysis rate and
heating rate.

If the biomass is heated very slowly, the biomass has a long residence at low
temperatures. Biomass conversion can proceed quite far at these low tempera-
tures due to the long residence time. On the other hand, if the biomass is heated
very fast, the biomass has very short residence times, even at elevated tempera-
tures. The biomass conversion at those elevated temperatures may still be very
limited due to the short residence time. The heating rate therefore affects the
temperature at which pyrolysis occurs. The variation of temperature is larger
if the activation energy of the pyrolysis reaction is lower. If the heating rate is
lower, the pyrolysis temperature will also decrease. Less heating is needed to
complete pyrolysis. The pyrolysis should therefore not increase linearly with dia-
meter, but slower. If the activation energy is very high, this difference would not
be noticeable. If the activation is lower, the difference may be noticeable.

The internal heating rate of a cylinder depends quadratically on the diameter.
Following the same argument as given above, one would expect the pyrolysis time
to depend quadratically or somewhat weaker on diameter if internal heating would
be the rate limiting factor for pyrolysis. How much weaker the dependency would
be depends again on the activation energy for the pyrolysis reaction. The lower
the activation energy is, the more “linear” and less quadratic the relation between
diameter and pyrolysis time would be.

The measurements leave room for both a stronger and a weaker than linear
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dependence of the pyrolysis time on diameter. Moreover there is a consensus in
literature that external heat transfer is not the rate limiting factor in fluidised
beds with particles of this size [20]. If one assumes that external heat transfer
is not the rate limiting factor, then one must come to the conclusion that the
activation energy of the pyrolysis reaction cannot be extremely high.

The discussion of the relation between moisture content and pyrolysis time
was based on arguments of energy conservation. This led to a straightforward
linear relationship between moisture content and pyrolysis time. The conclusion
that external heat transfer is the main determining factor for drying is therefore
reasonable. Pyrolysis is not directly related to an amount of energy that must be
transfered. The pyrolysis kinetics play an important role as well. This makes it
difficult to draw definite conclusions solely based on the measurements presented
here. Modelling is needed to understand pyrolysis better. This will be the subject
of the next chapter.

2.5 Conclusion

A new method was developed to measure the pyrolysis of biomass in a fluidised
bed. The biomass reactivity is an important parameter for the dynamics of a
fluidised gasifier or combustor. The development of a new method to measure
biomass reactivity was deemed necessary because the existing methods cannot
simulate the heat transfer in fluidised bed sufficiently. Since pyrolysis leads to
the release of large amounts of gas, it will inevitably affect the fluidisation and
thereby the heat transfer. This non-linear coupling between the fluidised bed
and the biomass conversion can only be reproduced accurately by a fluidised
bed. Moreover most existing methods use very small samples. Biomass is a very
versatile and inhomogeneous material. Therefore the use of small samples will
lead to difficulties when taking a representative sample. Therefore a new method
was developed by placing a bubbling fluidised bed on a balance. A batch of
particles was dropped in the fluidised bed and the weight on the balance was
logged continuously.

The fluidised bed causes constant fluctuations of the weight on the balance.
This disturbance of the desired signal (i.e. the mass decrease of the biomass) is
of the same order of magnitude as the amount of biomass that can be used in
the setup. It must therefore be removed from the signal in order to obtain useful
results. The signal processing must be based on knowledge of the noise and the
desired signal, without making assumption on the specific shape of the biomass
reactivity. Making such assumptions would defeat the purpose of the experiments.
Two methods of signal processing were evaluated: low-pass filtering and wavelet
thresholding. The latter is more flexible and allows better use of “informal”
knowledge of the biomass reactivity. Furthermore, it allows a better formulation
of the assumptions on which the signal processing is based.
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The experiments discussed here served two purposes:

1. Develop a new method that can help to characterise the reactivity of feed-
stocks for fluidised beds fast and accurately.

2. Gain knowledge about the behaviour of individual biomass particles to be
used later for the validation of pyrolysis models and for the development of
the population balances in the fluidised bed.

The pyrolysis time was measured both as a function of diameter and mois-
ture content. The relationship between pyrolysis time and moisture content is
probably linear, which suggests that drying is controlled by external heat trans-
fer. The relationship between pyrolysis time and diameter seems to be linear as
well. This does not yet lead to definite conclusion, but it hints towards a rela-
tively low activation energy of the pyrolysis reaction. More insight in the complex
relationship between heating and reaction must be obtained through modelling.
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2.6 Notation

Roman characters

A External surface area of the biomass

ai Coefficient for the ith basis function
bi(t) Basis function i of an arbitrary basis
d Diameter of the biomass cylinders
i Arbitrary integer number, i ∈ �
f Frequency
fc Frequency at which the low-pass filter reaches the value

0.5
fN Nyquist frequency defined as half the sampling fre-

quency
fs Sampling frequency
fp Typical frequency of the process to be measured
H Low pass filter
k Arbitrary integer number, k ∈ �

L Combined length of the biomass cylinders
or level of the discrete wavelet transform

m(t) Mass decrease of the biomass due to pyrolysis.
Also biomass reactivity

m0 Initial dry mass of biomass
mi Sampled representation of m(t)
mw Total mass of water in the biomass particles
n Number of points in a dataset
N Number of coefficients in a decomposition
Pm(fj) Power in the spectrum of biomass reactivity at frequency

fj
Pε(fj) Power in the spectrum of fluidised bed noise at frequency

fj
Ptransfer Power of the external heat transfer to the biomass
Qevap Total heat needed to evaporate the water in the biomass
s Scale in a wavelet transform
s0 Scale at which the scaling function approximates a func-

tion
S(t) Signal from the balance
Si Sampled representation of S(t)
t Time
T Threshold value
u Time in a wavelet transform
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Greek characters

αi Phase of sample i
ε(t) Noise produced by the pressure fluctuations in the bed

and the exhaust of the double wall
εi Sampled representation of the noise
∆hevap Specific heat of evaporation of water
∆T Temperature difference between the biomass particles

and
the fluidised bed

∆tevap Difference between the pyrolysis time of dry biomass
and that of wet biomass

φs0(u) Scaling function for the scale s0, cf. equation (2.18)
η mass fraction of moisture in the biomass based on dry

matter
ψu,s(t) Wavelet function at scale s and around time u

Operators and their results

F (g(t)) Fourier transformation of g(t).
g̃(2πf) g̃(2πf) ≡ F (g(t))
F−1 (g̃(2πf)) Inverse Fourier transformation
W (g(t)) Wavelet transformation of g(t), cf. equation

(2.15).
ĝ(u, s) ĝ(u, s) ≡ W (g(t))
W−1 (ĝ(u, s)) Inverse Wavelet transformation
L(g(t)) The projection of g(t) on a basis of scaling func-

tions, cf. equation (2.19)
ḡs0(u) ḡs0(u) ≡ L(g(t))
L−1 (ḡs0(u)) Approximating g(t) by the inverse projection of

ḡs0(u)
Eε (g(t)) Expectancy of g(t) with respect to the probability

density of ε





Chapter 3

Modelling single particle behaviour

3.1 Introduction

Chapter 2 discussed a new measurement method to obtain information about
the thermal conversion of a single particle in a fluidised bed. This information is
essential to model the complete particulate system. The knowledge of the thermal
conversion of a single particle can be integrated to obtain the behaviour of the
entire particulate system, using a population balance equation. This step will be
discussed in Chapter 5. In order to be able to use the population balance one
must know:

1. How the particle can be parametrised, i.e. characterised in a minimal set of
parameters that is sufficient to describe the particle behaviour completely.

2. How the particle behaviour depends on the aforementioned parameters

Moreover, this knowledge must be expressed mathematically. The knowledge ob-
tained through measurements is essential to gain insight in the process of biomass
pyrolysis. It does however not answer the question which minimal set of para-
meters is sufficient to describe the particle behaviour. Nor does it answer the
question how the particle conversion depends on these parameters.

In order to answer these questions and express the answer mathematically,
a physical and model with a corresponding mathematical translation is needed.
This chapter is devoted to the development of a model describing biomass pyro-
lysis. The chapter will start with a derivation of the equations describing biomass
pyrolysis. This step is essential, because many assumptions regarding the actual
processes taking place in the biomass particles are involved in the equations that
are usually used to describe biomass pyrolysis. A rigorous derivation of these
equations helps to clarify those assumptions and to model some of the terms ap-
pearing in the equations. One of the most difficult terms to specify is the biomass
pyrolysis reaction. This will be discussed in Section 3.3. The model equations

47
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and the pyrolysis model together form the final set of equations that describe
pyrolysis.

Subsequently the equations must be solved. Since the most general form of
the equations is very complicated, this usually involves finding suitable approxi-
mations and limiting cases. That is the subject of Chapter 4.

3.2 Derivation of the basic equations

When a biomass particle enters the fluidised bed, the particle is heated from the
outside. Under the influence of this elevated temperature, the polymers that form
biomass crack into smaller, more volatile molecules. The gases that are thusly
formed flow out of the biomass particle. Cracking always results in a surplus
of carbon, which is left in the particle in the form of char. Thus the biomass
particles are converted to char under the influence of the high temperature in the
fluidised bed. This whole process is usually called pyrolysis from the Greek pyro
(heat) and lysos (decomposition).

As the heat penetrates further into the particle, deeper layers of the particle
will start to crack. The rate at which the particle conversion occurs is thus
determined by a combination of the reaction rate and the (internal and external)
heating rate of the biomass.

Both the char and the volatile pyrolysis products can react with the gas species
from the environment of the particle. The volatiles start reacting as soon as they
leave the particle. For the char reactions, gaseous reactants must diffuse into
the particle first. It can be shown that diffusion of reactants into the particle
is negligible as long as the volatiles are still being formed and flow out of the
particle [55]. Therefore the char conversion can only start once the pyrolysis of
the particle is almost completed. Even though the char conversion can include
combustion, it is usually called char gasification in the context of a gasifier.

Summarising: the particle conversion in a fluidised bed gasifier evolves in two
more or less sequential phases:

1. Biomass pyrolysis, controlled by a combination of heat penetration in the
particles, cracking reactions and flow of volatiles through the particles

2. Char gasification, controlled by diffusion of reactants into and out of the
particles and heterogeneous reactions of these reactants with char.

A drying phase can precede these phase. Drying will not be included in the
model. At the end of this chapter, the effect of drying will be discussed briefly
based on the experimental results obtained in Chapter 2 This chapter will focus
on the pyrolysis phase of the particle conversion.

Anything more than this qualitative description of biomass pyrolysis is bound
to be very complicated. A complete mathematical description of biomass pyrolysis
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should include a description of heat and mass transfer in a porous particle with
continuously changing properties, a description of the conversion of biomass into
gases and char under the influence of heat. If possible the composition of these
gases should be described as well and a description of the changes occurring in
the porous structure as a result of the reaction and outside forces on the particle.
A further complication is that most biomasses have an anisotropic structure.

Figure 3.1: Most biomasses consist of a fine anisotropic porous structure

Heat and mass transfer in a porous particle present a complex multi-phase flow
problem, where all phases are dispersed. Biomass consists of long fibres composed
of polymers. These fibres create an anisotropic porous structure designed to
transport water and minerals for the plant. To illustrate this a schematic picture
of the structure occurring in a biomass particle is given in Figure 3.1. Modelling
of dispersed two-phase flow has attracted a lot of attention recently. If the phases
are not too dispersed, the usual continuum equations of fluid dynamics apply to
each phase separately. The criterion for “not too dispersed” is then:

Lp >> lmf, (3.1)

where Lp is a measure for the average lengthscale of a phase (e.g. droplet diame-
ter) and lmf is the average mean free path length in the phase. Boundary condi-
tions for the continuum equations must be specified on the inter-phase boundaries.
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The position and form of these boundaries is, however, seldom known exactly.
Therefore, the equations are not very useful when written in this form. The
solution is usually to average the basic equations over a representative volume.
The equations that were valid at microscale are thus transformed into equations
valid at a scale larger than the scale of the microscopic structure of the material,
but still much smaller than the particle dimension (macroscale). These equations
are referred to as mesoscale equations. They are valid in the entire particle, as
opposed to the microscale equations that are only valid in one phase.

The procedure to arrive at mesoscale equations is known as homogenisation.
The heterogeneous multi-phase system is simplified mathematically in such a
way that the equations that describe it take the same form as those that describe
a homogeneous system [27]. Even though the averaging procedure moulds the
equations in a more tractable form, it also obscures the physical background of
the mathematical model. The biomass conversion models found in literature (cf
[20] [31] [46] [42] [48] [47]) are mostly based on mesoscale equations written by
analogy with comparable single-phase situations or based on an intuitive averag-
ing procedure. No rigid derivations of the equations describing a reacting porous
particle where the solid is converted by the reaction were found in literature.
Nevertheless such a derivation is direly needed to clarify the meaning and origin
of some terms in the existing biomass pyrolysis models.

In literature there are two mathematical procedures used to “homogenise” a
system of equations describing a heterogeneous system. Both are described by
Ene and Polisevski [13]. A very elegant approach is to describe the heterogeneous
equations in the form of a multi-scale perturbation problem. Let u be a scalar
in the heterogeneous system. This scalar could e.g. be a temperature or a con-
centration of some specie. Let x indicate the position within the porous particle.
Furthermore let ε be a small distance of the order of magnitude of the pores in the
material. Generally, u will depend on x. This dependence can now be expressed
as a dependence on two separate length scales: x and y ≡ x

ε
:

u (x) = u
(
x,

x

ε

)
= u (x,y) . (3.2)

Subsequently one can express u in terms of an asymptotic expansion in ε:

u (x,y) = u0 (x,y) + εu(1) (x,y) + ε2u(2) (x,y) + . . . . (3.3)

Substituting this expansion in the equations valid at the microscopic level leads to
a set of equations in increasing order of ε Under the assumption that the porous
particle has a periodic structure, one can subsequently show that u0 depends only
on x and no longer on y. The small scale variation of u is not present in u0. The
zeroth order approximation of u in ε is therefore the homogenised solution of
the equations at the microscopic level. The equation for u0 contains some terms
depending on the higher order terms u(1) etc. These terms show the effect of the
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porous structure on the homogenised solution. Ene and Polisevski derive Darcy’s
law following this procedure [13]. The heterogeneous system is thus described as a
homogeneous system that is perturbed by the presence of a heterogeneous porous
structure. The system converges to the exact homogeneous equations in the limit
of the pore size ε approaching zero. This procedure is quite elegant. It yields some
information about the nature of the coefficients that appear in the homogenised
equations as well. Ene and Polisevski prove that the permeability appearing in
Darcy’s law must be a second order diagonally dominant and symmetric tensor
[13]. There are however some disadvantages to this method as well:

1. Ene and Polisevski need the assumption that the heterogeneous system has
a periodic structure to prove that the homogenised solution can be expressed
as a function of x only (i.e. not of y). One may suspect that this condition is
too strict. Intuitively one would think that there are homogenised solutions
independent of y for less regular porous structures as well.

2. The small parameter ε is a ratio between the macroscopic scale and the
microscopic scale. The approximation is asymptotically exact when these
scales differ so much that ε approaches zero. If not, higher order terms must
be included and the resulting system of equations will then still include a
direct dependency on y. A more flexible (albeit less exact) approach is
desired for cases when the two scales are not so far apart.

An alternative and physically more intuitive method is to literally average or
filter the equations valid at the microscopic level. By doing so, one introduces
new quantities that are averaged versions of the original scalars at the microscopic
level. This procedure was followed by Whitaker, Marle and Ene and Polisevski
[13] [41] [43] and will also be followed in this derivation. This procedure closely
resembles the procedure used to derive the mesoscale equations for Large Eddy
Simulation of turbulent flows as well. It is thus a widely used and accepted
mathematical procedure to homogenise a system of equations.

The derivation starts with a presentation of the micro-scale equations and
their boundary conditions. Subsequently the averaging procedure will be outlined
shortly. The averaged equations are then written and compared with the usual
equations used to describe biomass pyrolysis to identify the meaning and origin
of some of the lumped terms occurring in the latter equations. The discussion
presented in this section is inspired to a great deal by the derivation of the the
equations for drying as presented by Whitaker et al. (cf [57])

3.2.1 Basic equations at microscale

Assuming equation (3.1) holds, the equations for the gas phase (g) in the particle
can be written as:
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Gas mass balance:
∂ρg

∂t
+ ∇ · ρgvg = 0. (3.4)

The notation is straightforward. Where unorthodox symbols are introduced, these
will be explained. Throughout this chapter, superscripts are used to indicate to
which phase a quantity pertains. Subscripts are used to indicate quantities that
are related to a specific species within a phase.
Species mass balance:

∂ρgygi
∂t

+ ∇ · ρgygi vg = −∇ · Jg
i + γgi , (3.5)

where γgi is the net production or destruction of species i in the gas phase due to
homogeneous chemical reactions.
Since the objective of this discussion is to find equations describing the primary
pyrolysis, this equation will not be discussed further in this derivation. Including
homogeneous gas-phase reactions in the final result is quite straightforward.
Momentum equation:

∂ρgvg

∂t
+ ∇ · ρgvgvg = ∇ · τ + ρgg. (3.6)

This reduces to the Navier-Stokes equations when one assumes that the gas be-
haves as an incompressible Newtonian fluid. :

τ = − (p− κ∇ · v) I + µ
(
∇v + ∇vT

)
(3.7)

Energy equation:

∂ρg
(
hg + 1

2
vg · vg

)

∂t
+ ∇ · vgρg

(
hg +

1

2
vg · vg

)
=

∂pg

∂t
− ∇ · qg + ρgvg · g + ∇ · vg · µg∇vg. (3.8)

This general set of equations can be simplified for the specific situation of the gas
flow in a porous particle. The following assumptions apply:

• Since the gas velocity will usually be of order 10−2 m/s, kinetic energy can
be neglected compared to enthalpy

• Gravity can also be neglected, since the gas density is relatively low.

• Work through shear forces is negligible compared to the massive heat flux
imposed on the particle.

• The gas can be approximated as an ideal gas.
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• Pressure work can be neglected compared to the heat flux

Under these assumptions, the energy balance, equation (3.8) simplifies to:

∂ρghg

∂t
+ ∇ · (ρgvghg + qg) = 0. (3.9)

Usually, the heat flux qg will be modelled using Fourier’s law. Equation (3.9) is
then equivalent to the usual heat equation with a convective term. Modelling of
the flux will be postponed here until after the averaging.

The equations describing the solid phase are not so straightforward. These
equations should be able to describe swelling and cracking as a result of the
reaction as well as breaking as a result of external forces. In fact, the description
of the solid phase reveals the true ignorance of the processes occurring during
the biomass conversion. Neglecting external forces, it remains to investigate the
influence of breaking and swelling. Both phenomena occur when the solid density
changes as a result of the reaction. Obviously the density change introduces
considerable stresses in the material, ultimately resulting in the formation of
cracks. The newly formed material with a different density also results in a
change in the volume occupied by the solid phase: swelling or shrinking.

The biomass material will usually have a density comparable to that of pure
cellulose. A good estimate is 1500 kg/m3. Biomass char material has a density
comparable to graphite. A good estimate of this is 2200 kg/m3. Approximately
15-30% of the original mass will remain as char after completion of the pyrolysis
process. The volume occupied by the solid phase will thus be reduced drastically
during the pyrolysis reaction. These figures suggest that the formation of cracks
is important.

An important question is: where will the pyrolysis reaction take place? Is it a
homogeneous reaction occurring throughout the solid phase or is it a reaction that
occurs only at the interface between the solid and gas phases? Both options are
difficult to imagine because they occur at such a small scale and inside the biomass
pores. If it is a homogeneous reaction, how would the gas formed during pyrolysis
escape the solid? A homogeneous pyrolysis reaction would almost certainly result
in extremely high pressures in the solid material. This would destroy the integrity
of the structure. Common experience suggests that the biomass keeps some of its
strength and structure during pyrolysis. The wood structure is still recognisable
in charred wood. It is easier to imagine the reaction occurring at the interface
between solid and gas phases. Since the remaining char occupies a volume that
is much smaller than the original volume, it cannot cover the entire interface
anymore. It is thus inevitable that some of the “fresh” biomass forms a new
interface with the gas phase on which the reaction can occur. This would look
similar to corroding iron. As corrosion proceeds, the surface loses its integrity
and fresh iron is ever exposed to the corroding environment. The final result is
that the entire volume of iron has been converted to a porous, brittle, structure
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of iron-oxide. In the corrosion of iron, the reaction is a surface reaction and a new
surface is ever formed because the newly formed iron-oxide has a larger volume
than the original pure iron. In the case of biomass pyrolysis, one could imagine a
similar process, where the newly formed material occupies a smaller volume than
the original. L’ ede suggested that the biomass would “melt” prior to pyrolysis
[7]. In a highly viscous liquid, the reaction could occur homogeneously. But then
the question is when and how does char form and solidify? And why is the original
structure of biomass still recognisable after pyrolysis? There are no observations
known in literature that can serve to elucidate this issue. The most plausible
assumption is that pyrolysis is a reaction that occurs at the interfacial surface
between gas and solid. This is the assumption that will be used in the derivation
presented here. The reaction will only appear in the boundary conditions on the
interface between gas and solid.

There are two species in the solid phase that are of interest: biomass and char.
In fact there usually is a third, inert specie: ash. Ash will be neglected here,
since it is not involved in the pyrolysis reactions. There are however suggestions
that ash may act as a catalyst for some of the primary and secondary pyrolysis
reactions [50].

The equations describing the solid phase thus become:
Mass conservation:

∂ρsi
∂t

= 0 i = b, c. (3.10)

The subscripts b and c indicate the biomass and char species respectively. Mo-
mentum conservation:

vs = 0, (3.11)

where it is assumed that the solid is initially at rest, from the perspective of an
observer moving with the particle, and no net forces are acting on the solid phase
in the particle. Obviously this implies neglecting the effects of pressure gradients
in the particle. Or at least the assumption that these pressure gradient will not
cause the solid to break and will thus be counteracted by mechanical stresses in
the material.
Energy conservation:

∑

i=b,c

∂ρsih
s
i

∂t
+ ∇ · qs = 0. (3.12)

3.2.2 Boundary conditions

In order to complete the mathematical description of the pyrolysis process, the
equations given in the previous section must be supplemented by boundary and
initial conditions. In fact, the specification of the boundary conditions is at the
heart of the pyrolysis model, since all the primary pyrolysis reactions take place at
the interface between gas and solid. The general form of the boundary condition
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between two phases α and β is:

(
ραψα(vα − w) + φαψ

)
· nαβ = Sαψ , (3.13)

where ψ is some conserved quantity, w is the interface velocity and nαβ is the
unit normal vector defined on the interface and pointing from phase α into phase
β. The term Sαψ is the source of ψ originating on the boundary into phase α.
The term φαψ is the flux of ψ within phase α. When storage in the interface is
neglected, the source should be balanced by an equal but opposite source that
applies to the other phase. Thus:

Sαψ = −Sβψ. (3.14)

Equation (3.13) is easily derived by applying an integral conservation equation
to an infinitesimal volume touching the interface and moving with the interface.
Application of this general rule to mass conservation (ψ = 1, φαψ = 0) yields:

ρg(vg − w) · ngs =
ηgMg

Mb

R, (3.15)

ρsbw · ngs = −R, (3.16)

ρscw · ngs =
ηcMc

Mb

R, (3.17)

where R is the reaction rate of the primary pyrolysis reaction in kg/m2s and ηi
is the stoichiometry of this reaction for product i (cf section 3.3). In writing
equation (3.16) use has been made from equation (3.11) and from the fact that:

ngs = −nsg. (3.18)

For the momentum equation one can apply the condition that the gas velocity
should equal the velocity of the wall adjacent to it:

vg = w. (3.19)

The momentum of the gases released through reaction has been neglected here.
The gas is released with no initial velocity. Momentum conservation of the solid
phase is obvious. Finally, equation (3.13) can be applied to energy conservation.
The result is:

(ρghg(vg − w) + qg) · ngs = k(T s − T g) +
ηgMg

Mb

Rhg, (3.20)

(− (ρsbh
s
b + ρsch

s
c) w) − qs) · ngs = k(T g − T s) +

(
ηcMc

Mb

hsc − hsb

)
R, (3.21)

The source term on the righthand side of this equation represents the convective
heat transfer between gas and solid and the fact that the mass transfer between
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gas and solid is accompanied by a transfer of energy. The heat of reaction is
presented in these equations through the use of total enthalpies.

Besides boundary conditions for the interface between gas and solid within
the particle, boundary conditions must also be specified for the particle itself.
Furthermore, initial conditions must be specified. The exact formulation of these
conditions is not relevant for the derivation of the averaged equations. Specifi-
cation of these conditions will therefore be postponed until the discussion of the
actual pyrolysis model.

The stoichiometry is based on molar units. This is useful for the derivation
of the pyrolysis model later, but it complicates an already complicated notation
here. Therefore, a mass based stoichiometry will be introduced here as:

ωi = ηi
Mi

Mb

(3.22)

3.2.3 Averaging procedure

For the purpose of deriving the averaged equations, it would be sufficient to just
mention the mathematical properties of the averaging procedure here. A more
thorough understanding of the averaging procedure is needed to understand the
closure problems that arise as a result of averaging. Another reason to discuss
the averaging procedure here is that it will help to understand the physical back-
ground of the procedure and hence justify the averaged equations from a physical
point of view.

The simplest way to calculate the average of a quantity φ over a small volume
V is of course by simply integrating φ over the volume and subsequently dividing
the result over the volume again.

φ =
1

V

∫

V

φdV. (3.23)

Quintard and Whitaker [43] have pointed out that this procedure is not univers-
ally applicable. Depending on the microstructure of the particle, it may result
in closure problems that cannot be resolved. In particular for so called perio-
dic micro-structures, this simple approach leads to inconsistencies. Therefore,
Quintard and Whitaker propose a more general approach, by defining the aver-
age as the result of a convolution product of the quantity φ and a weight function
g:

φ(x) = φ ∗ g ≡
∫ ∞

−∞
φ(x − x′)g(x′)dx′ ≡

∫ ∞

−∞
φ(x′)g(x − x′)dx′. (3.24)

The choice of the weight function depends on the microstructure of the particle.
An average that is defined in this way can be interpreted physically in several

useful ways. Choosing g(x) to be a function that is 1/V in a small volume (V )
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around x and 0 everywhere else, will yield the average as defined by equation
(3.23). A better choice of g(x) would be a probability density function with its
mean at x. The interpretation of this choice is that one single particle is just one
realisation of a whole ensemble of particles which have their internal structure
shifted just a little bit. The chance of a shift of position x to another position
is given by g. Thus, this choice of g will yield an ensemble averaged equation.
Obviously determining g is very difficult, but the concept of g as a probability
density reflects the justification for averaging. Namely that there is a fundamental
uncertainty about the internal structure of the particle. All particles are different.
Therefore, if one obtains a single particle out of a collection of similar particles,
one does not know the internal structure of that particle.

Another, more pragmatic, interpretation is to view the averaging process as a
filtering process. Suppose, the fluctuating quantity φ is Laplace-transformed with
respect to x. One obtains Φ(s). This function can be filtered in the Laplace-
domain by multiplying it with a low-pass filter function H(s). This function will
typically be of the form:

H(s) =
1

1 + (as)n
, (3.25)

where a−1 is the cutoff length scale of the filter and n is the order of the filter. This
filter function filters out fluctuations in φ occurring on small length scales, while
it leaves large scale fluctuations unchanged. Since a multiplication in Laplace
domain is equivalent to a convolution product in space, one can interpret equation
(3.24) as a filter, which filters out the small scales. Thus g must be chosen as a
filter that filters the smallest length-scales, while retaining the rest. Moreover,
since most biomasses are anisotropic, it may be necessary to make the filter
anisotropic as well.

In order to apply the averaging procedure to the equations valid at microscopic
level, these equations must be made applicable to the entire volume. Quantities
like density, velocity and temperature are only defined within a phase. Outside the
phase, these quantities and thus also the equations pertaining to these quantities
are undefined. The equations can be rendered valid in the entire volume by
multiplying them with a “phase selection” function ξα

ξα =

{
1 in phase α
0 elsewhere

. (3.26)

The function ξα is not differentiable in the normal sense. One can however define
a derivative of ξα in the sense of distributions.

∇ξα = nβαδβα, (3.27)

where δβα is the Dirac delta function attached to the interface between phases β
and α. Note that δ has dimensions of 1/m, since by definition:

∫

V

ψδβαdV =

∫

Aβα

ψdA. (3.28)
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The derivative within a phase is obviously zero, since ξα is constant within a
phase. The time derivative also has only a value on the interface:

∂ξα

∂t
= nαβ · wδβα. (3.29)

Note that the direction of the normal vector is reversed compared to equation
(3.27). Multiplying the equations at microscale by ξα and bringing ξα in the
derivative term has the effect of incorporating the boundary conditions on the
interfacial surface in the equations. For an arbitrary scalar ψα one can write:

ξα∇ψα = ∇ξαψα − ψα∇ξα = ∇ξαψα − ψαnβαδβα; (3.30)

and for the time derivative:

ξα
∂ψα

∂t
=
∂ξαψα

∂t
− ψα

∂ξα

∂t
=
∂ξαψα

∂t
− ψαnαβ · wδβα. (3.31)

Multiplying equations (3.4) - (3.12) by ξ and using equations (3.30) and (3.31) and
the boundary conditions equations (3.15) - (3.21) yields the following equations,
that are valid in the entire volume of the particle.
Gas mass conservation:

∂ξgρg

∂t
+ ∇ · ξgρgvg = ωgRδgs. (3.32)

Gas momentum conservation:

∂ξgρgvg

∂t
+ ∇ · ξgρgvgvg = ∇ · ξgτ − τ · nsgδgs + ξgρgg. (3.33)

Gas energy conservation:

∂ξgρghg

∂t
+ ∇ · ξgρgvghg = −∇ · ξgqg + (k(T s − T g) + ωgh

gR) δgs. (3.34)

Solid energy equation:

∑

i=b,c

∂ξsρsih
s
i

∂t
= −∇ · ξsqs + (k(T g − T s) +R(ωch

s
c − hsb)) δgs. (3.35)

One further simplification can be made in this system of equations, by adding
the energy equations and assuming that both phases are in thermal equilibrium.
The boundary condition for the energy equation then drops out of the equation
altogether due to equation (3.14) This assumption of thermal equilibrium is jus-
tified if the heat transfer between solid and gas phase is very fast compared to
the heat transfer through the particle. Considering the fact that the contact area
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between both phases is usually very large in biomass, this assumption seems to
be justified. This yields:

∂

∂t
(ξs (ρsch

s
c + ρsbh

s
b) + ξgρghg) + ∇ · ξgρghgvg =

− ∇ · (ξgqg + ξsqs) (3.36)

and
T g = T s. (3.37)

3.2.4 Averaged equations

Averaging the equations is now done by taking the convolution product of each
of the equation (3.32) - (3.36) with an averaging function g(x). Assuming that
this function is at least twice continuously differentiable, the order of integration
and differentiation can be interchanged as follows:

∇ψ ∗ g =

∫ ∞

−∞
∇ψ(x − x′)g(x′)dx′ =

= ∇

∫ ∞

−∞
ψ(x − x′)g(x′)dx′ = ∇ (ψ ∗ g) . (3.38)

This operation is only permitted however as long as g(x′) does not depend para-
metrically on x. If one needs to chose g differently in different parts of the geom-
etry, then Equation (3.38) is not correct. This is a well-known problem in Large
Eddy Simulation [16] [54]. When the filter function is not spatially homogeneous,
the commutation of differentiation and the convolution product introduces an
error. This error is known as the commutation error. It is one of the phenomena
responsible for the difficulties experienced in Large Eddy Simulation near bound-
aries. Near boundaries, the filter function used in Large Eddy Simulation can no
longer be chosen symmetrical, because it is “reflected” on the boundary. There-
fore the commutation error can no longer be neglected. Since it is not included
in the models used for Large Eddy Simulation, this will lead to errors near the
boundaries. The assumption that g is spatially homogeneous seems reasonable
for the case of biomass particles. It is a weak form of the assumption that the
structure is periodic, which was necessary for homogenisation with an asymptotic
expansion. One needs to bear in mind however that the equations are only valid
for biomass particles that have a similar structure throughout the particle. In
the remainder of this derivation, the commutation error will be neglected. One
should remember however that this is a simplification of the overall averaging
problem. None of the other derivations [39] [41] [13] mention the limitations on
the applicability of the equations posed by neglecting the commutation error. A
similar equation can be written for the time derivative:

∂ψ

∂t
∗ g =

∂ψ ∗ g
∂t

. (3.39)
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Once again this is only exact under the assumption that g is independent of time.
This is a simplification. It does in effect mean that the properties of the porous
structure are assumed to be stationary. This is not the same as assuming that the
porous structure does not change. One merely assumes that the characteristic
pore sizes and length scales do not change. The averaged equations will contain
new, averaged quantities. These will be defined as follows:
Volume fraction of phase α, εα:

εα ≡ ξα ∗ g. (3.40)

Since the phase selection function ξα was defined in such a way that it only
has a value of 1 in one phase and due to the fact that the filter function g was
normalised, the sum of the volume fractions must be equal to 1:

εg + εs = 1. (3.41)

Averaged density of component i in phase α, ραi

ραi = ξαραi ∗ g. (3.42)

Since the density of each of the solid components ρsi is constant, the volume
fraction of the solid can be calculated directly from the averaged solid density:

εs =

∑
ρsi∑
ρsi
. (3.43)

Averages of other scalar or vector quantities like hα or v:

ψα =
ξαραψα ∗ g
ξαρα ∗ g , (3.44)

where ψα is a general vector or scalar quantity. This definition only applies to
extensive properties such as enthalpy and mass. The derivatives of these extensive
properties, such as temperature and pressure, cannot be mass-averaged. The way
in which these intensive properties are treated will be discussed shortly.

Writing the equations in averaged form is now trivial. The procedure is as
follows:

1. Take the convolution product with g of the microscopic conservation equa-
tion in the form including the phase selection function ξα

2. Bring the convolution product in the derivations using equations (3.38) and
(3.39)

3. Use the definitions of the averaged quantities given in equations (3.40)-
(3.44)
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The results are:
Gas mass balance

∂ρg

∂t
+ ∇ · ρg vg = ωgRδgs ∗ g. (3.45)

Gas momentum balance

∂ρg vg

∂t
+∇·ρg vg vg = ∇·[τ ∗ g − ρg (vv − v v )]−τ ·nsgδsg∗g+ρg g, (3.46)

where it was assumed that g = g.
Biomass mass balance:

∂ρsb
∂t

= Rδsg ∗ g. (3.47)

Char mass balance:
∂ρsc
∂t

= ωcRδsg ∗ g. (3.48)

Overall energy balance:

∂ρsc h
s
c + ρsb h

s
b + ρg hg

∂t
+ ∇ · ρg hg vg =

∇ ·
[
(qg + qs) ∗ g − ρg

(
hgvg − hg vg

)]
. (3.49)

The averaged equations now contain several terms that are not yet expressed
in terms of the new, averaged variables. Before one is able to solve the mesoscopic
equations, these terms must be expressed in the new variables. This is the problem
of closing the new set of equations. There are two types of terms to be closed:

1. The fluxes. The new, averaged, fluxes consist of the average of the old
fluxes and a term that accounts for the difference between the mesoscopic
convective term and the average of the microscopic convective term. This
latter term originates from the fact that distances in the mesoscopic equa-
tions are not always what they seem to be. In the homogenised equations
it appears as though fluid can travel in a straight line. In reality however,
it may follow a winding path due to the presence of solid material at the
microscopic level. This is expressed by the additional terms to the fluxes.

2. The interface effects. These terms can be recognised by the presence of the
Dirac delta in the equations. These terms represent the effect of processes
occurring at the interface between gas and solid. They must be expressed
somehow in terms of the new, averaged quantities.

In the subsequent sections, the closure of these terms will first be addressed.
Once these terms have been modelled, the full set of mesoscopic equations can
finally be written. These equations will then subsequently be simplified for the
specific case of biomass pyrolysis. This will eventually yield the equations that
are commonly used to model biomass pyrolysis.
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3.2.5 Solving the closure problem for the fluxes

The reason for averaging the equations was to avoid having to specify the details
of the geometry of the porous structure. Equations (3.46) and (3.49) still contain
flux terms that do depend on the detailed geometry of the porous structure. The
terms are:

1. The averaged stress tensor:

τ = τ ∗ g − ρg (vv − v v ) (3.50)

2. The averaged heat flux:

q = (qg + qs) ∗ g − ρg
(
hgvg − hg vg

)
(3.51)

These terms must be expressed in terms of the averaged densities, velocity and
enthalpies (or their derivatives) somehow without knowledge of the structure of
the porous material. The terms cannot be calculated. They must therefore be
modelled. This closure problem has been addressed in detail by Quintard and
Whitaker [43], Ene and Polisevski [13] and Marle [41]. The derivation will not be
repeated here because it would not differ from the derivation published earlier by
the aforementioned authors. Instead the general reasoning and the main results
will be summarised here. All authors mentioned above follow the same line of
reasoning. They start by noting that there is complete thermodynamic system at
the mesoscopic level. After all: the mesoscopic specific enthalpy and density (i.e.
inverse specific volume) are both defined. From a thermodynamic point of view
that is a complete description of the system. Therefore one can now consistently
define all other thermodynamic variables such as temperature and pressure on
the mesoscopic scale. For example, the mesoscopic temperature could be defined
as:

T =

(
∂h

∂s

)

p

, (3.52)

where s is the mesoscopic specific entropy. Now it is also clear how the intensive
properties are treated. They are defined by analogy with the “normal” thermo-
dynamic relations that define these properties. The fact that the thermodynamic
potentials are simple mass averages of the potentials within a phase also ensures
that the averaged temperature is comparable to the “real” temperature.

They then proceed to establish the mesoscopic entropy balance. The second
law of thermodynamics is derived from statistical considerations alone. There is
no reason that it should not be valid on the mesoscopic scale. From the entropy
balance and the second law of thermodynamics one can subsequently derive the
conditions that the flux models must satisfy. The simplest forms of the fluxes
that satisfy the second law of thermodynamics are:

τ = − (p − κ∇ · v ) I + µeff ·
(
∇v + ∇v T

)
(3.53)
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and

q = λeff · ∇T , (3.54)

where µeff and λeff are second order positive definite tensors. If the material
is isotropic they reduce to positive scalar values. They will be called effective
viscosity and effective thermal conductivity here.

These expressions are then used to model the fluxes, since they are the sim-
plest models that will satisfy the thermodynamic requirements. Moreover they
closely resemble Newton’s and Fourier’s expressions that are commonly used for
the microscopic equations. The effective viscosity and effective thermal conduc-
tivity should be determined through measurements. Note that they are no longer
properties of the individual phases but rather of the combination of the individual
fluid phases and the porous structure.

The flux models proposed here satisfy only the minimum requirements one
can set for such models. Obviously it would be better to study the effect of the
microstructure more carefully and derive different models for different types of
geometry. Since this is not a thesis on equation averaging, this will not be done
here. However, if the porous structure can be described as a periodic structure,
with a period larger than the microscale but smaller than the mesoscale, then
Ene and Polisevski show that the models given above are asymptotically correct
for the limit where the period tends to zero if the microscopic equations satisfy
Fourier’s and Newton’s law for the fluxes. For this reason the flux models given
here will be used in the remainder of this chapter. There are several models for
the determination of the effective viscosity and thermal conductivity. These will
be discussed later when discussing the pyrolysis models found in literature.

There is an analogy to the closure problem in turbulence here. In a turbulent
flow there is an additional diffusive flux of species due to random fluctuations in
the velocity field. This flux is often modelled using Ficks law. This approach
is known as the gradient hypothesis, since it uses the assumption that the flux
is proportional to the gradient of species concentration. Brouwers [9] has shown
that the gradient hypothesis is only valid in the limit when the distance over
which “diffusion” takes place (i.e. the distance fluctuated within the correlation
time span) is much larger than the characteristic length scale of the turbulent flow
structure. This condition is never met in turbulent flows of practical importance
and the gradient hypothesis for turbulent diffusion is thus inherently flawed, yet
applicable as an engineering approximation for the error is not larger than an
order of magnitude.

The additional flux in a biomass particle is also caused by random fluctua-
tions of the velocity field. Even though the deviation from the averaged field is
completely deterministic for a selected biomass particle, it is a random fluctuation
if one tries to be generic and describe any arbitrary biomass particle. Without
repeating the analysis by Brouwers, one may speculate that there is an analogy
between the theory of diffusion for turbulent flows and the theory of diffusion for
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the averaged equations in a biomass particle. If that analogy is correct, then equa-
tion (3.54) is asymptotically exact in the limit when the pore size (i.e. distance
travelled in a correlation time) is much smaller than the length scale considered
in the mesoscale equations (i.e. size of the structure). At first glance it seems
quite likely that this condition will be easier to satisfy in a biomass particle than
in turbulent flow.

3.2.6 Solving the closure problem for the interfacial phe-

nomena

The averaged equations (3.45)-(3.49) contain some terms that originate from the
processes occurring on the interface between gas and solid inside the particle.
These processes are:

1. The pyrolysis reaction:

R = Rδgs ∗ g (3.55)

2. Wall friction:
τw = τ · nsgδgs ∗ g (3.56)

Taking a convolution product of g with δgs simply yields the value of g at
the location of the interface. Now g is normalised, so that its integral equals
1. Therefore, integrating δgs ∗ g over the entire particle will yield the exact
surface area of the interfacial surface in the particle. Now if one assumes that
this interfacial surface area is distributed more or less homogeneously throughout
the particle, then δgs ∗ g will be constant and equal to the average interfacial
surface area per unit volume of the particle. Similarly, the convolution of Rδgs
with g will yield the value of the pyrolysis reaction at the location of the interface
near the location where the convolution is evaluated. The average value of the
pyrolysis reaction rate can therefore be expressed as the reaction rate of the
surface reaction multiplied by a specific surface area:

R = Ra , (3.57)

where:

a = δgs ∗ g (3.58)

is the specific surface area of the gas-solid interface in the particle. The modelling
of the reaction rate R will be discussed later in section 3.3.

The wall friction can be modelled using analogy with the friction in pipes and
along bodies immersed in a flow. The wall friction can then be decomposed in
two term: Stokes’ drag, which is the viscous drag along the walls and pressure
drag, which is drag induced by pressure difference due to the formation of wakes.
If the Reynolds number inside the pores is sufficiently low, the Stokes’ drag is the
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only important component of the drag. The pressure drag can then be neglected.
The Stokes’ drag is inversely proportional to the Reynolds number of the flow
and proportional to the squared velocity. Since the Reynolds number depends
on velocity as well, this drag is directly proportional to the velocity. The wall
friction term will therefore be modelled as follows:

τw =
µeff

K
vg . (3.59)

All details of the porous structure such as the pore size and the specific surface
area have been lumped into the parameter K: the permeability. The permeability
should therefore be inversely proportional to the specific area a . In general K

is a diagonally positive tensor. If the porous structure is isotropic and relatively
straight, then this tensor can be reduced to a single scalar value.

3.2.7 Finally: the pyrolysis equations

Substituting the closure models in the equations (3.45)-(3.49) finally yields the
system of equations valid at the mesoscopic scale. They are:
Gas mass balance:

∂ρg

∂t
+ ∇ · ρg vg = ωgRa . (3.60)

Gas momentum balance:

∂ρg vg

∂t
+ ∇ · ρg vg vg = −∇p+

∇ · κ∇ · v + ∇ · µeff ·
(
∇vg + ∇vg T

)
− µeff

K
vg + ρg g. (3.61)

Biomass mass balance:
∂ρsb
∂t

= Ra . (3.62)

Char mass balance:
∂ρsc
∂t

= ωcRa . (3.63)

Overall energy balance:

∂ρsc h
s
c + ρsb h

s
b + ρg hg

∂t
+ ∇ · ρg hg vg = ∇ · λeff · ∇T . (3.64)

Equation (3.61) can be simplified for the case of biomass pyrolysis. Usually,
the following assumptions can safely be made:

1. The “internal” friction in the gases may be neglected compared to wall
friction
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2. Since the Reynolds number of the flow is usually low, the acceleration terms
can be neglected

3. The effect of gravity can be neglected because the density of the gases is
low

Using these assumptions, the equation can be simplified to:

vg = − K

µeff

(∇p ) . (3.65)

This equation is known as Darcy’s law.
Furthermore it is convenient to express the energy balance, equation (3.64) in

terms of temperature completely. Using the mass balances equations (3.60)-(3.63)
one can rewrite the energy balance to:

ρsc
∂hsc
∂t

+ ρsb
∂hsb
∂t

+ ρg
∂hg

∂t
+ ρg vg · ∇hg =

∇ · λeff · ∇T +Ra
(
hsb − ωchsc − ωghg

)
. (3.66)

The last term in this equation expresses the heat of reaction. It will be expressed
as:

hsb − ωchsc − ωghg = ∆hR. (3.67)

The derivatives of enthalpy can be expressed in terms of temperature through:

dhα = cαpdT . (3.68)

Substituting these expressions in equation (3.66) yields:

((
ρsc c

s
pc

+ ρsb c
s
pb

)
+ ρg cgp

) ∂T
∂t

+ρg cgpv
g ·∇T = ∇ ·λeff∇T +Ra ∆hR. (3.69)

To complete the set of equations describing pyrolysis, one must define appropriate
initial and boundary conditions for the entire particle.

3.2.8 Initial and boundary conditions

The initial conditions are that the biomass initially is cold and consists entirely
of fresh biomass. Mathematically, this leads to the following initial conditions:

t = 0 ⇒





ρsb = ρsb0
ρsc = 0

T = T0

vg = 0

. (3.70)

The boundary conditions on the outer boundary of the biomass particle are de-
termined by a free outflow of the gases and convective heating due to the fluidised
bed.

x = xb ⇒
{
λeff∇T · n = k

(
T − T∞

)

∇vg · n = 0
. (3.71)
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3.2.9 Concluding remarks

Equations (3.60)-(3.63), (3.65) and (3.69)-(3.41) are the equations that are com-
monly used to mathematically describe biomass pyrolysis [20]. These equations
were derived from the equations for the phases valid at the microscopic level in
the preceding sections. Similar derivations were given for the case of homoge-
neous gas phase reactions in porous particles and drying by among others Ene
and Polisevski [13], Marle [41] and Quintard and Whitaker [43]. The derivation
given here differs from those given earlier because it also takes a reacting solid
phase into account.

The derivation process has revealed mostly the ignorance of the processes that
occur within the solid particle. It is not clear how the pyrolysis reactions evolve
exactly inside the biomass particles. They may be homogeneous reactions or
the reactions may occur only at the interface between biomass and gas. Another
possibility is that the biomass “melts” before the pyrolysis reactions occur. Based
on qualitative arguments the reactions were modelled here as reactions occurring
only at the interfacial surface between the solid biomass and gas. It was shown
that terms related to moving interfacial boundaries disappear from the equations.
The solid reaction can be taking into account using the specific interfacial surface
area a.

One can however draw some important conclusions from this derivation as
well:

1. The voidage εg can only be calculated on the basis of the solid concentrations
and the corresponding densities of the solid phase. This is a consequence
of the fact that the gas density is not constant.

2. One should state carefully what is meant by density. The ideal gas law
applies to the “real” gas density, but not to the averaged one.

3. A sufficient condition for the existence of an effective conductivity is that
the material has a periodic structure.

4. The equations are only valid for a biomass particle with a spatially homo-
geneous (yet possibly anisotropic) structure. If the structure is not homo-
geneous, one must take the commutation error into account.

5. The order of the pyrolysis reaction depends on the variation of the specific
interfacial surface area of the fresh biomass with the concentration of fresh
biomass. The assumption that this reaction is first order in the biomass
concentration is therefore arbitrary and only used here for convenience of
comparison with previous studies and for lack of a better approach.

The applicability of the equations derived here is limited due to the simplifying
assumptions that were made in their derivation. The main limitations on the
application of these equations are:
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1. The closure of the wall friction is only valid for low velocities. The Reynolds
number based on the pore diameter should be small.

2. The closure of the fluxes is asymptotically valid for a material with a perio-
dic structure. The closure may not apply to porous materials with a very
irregular structure

3. The terms related to viscous dissipation and pressure work were neglected
in the heat balance. This limits the applicability to situations where the
heat flux is much larger than the energy contained in pressure drop and
fluid velocity.

4. All gravity effects have been neglected. The equations can therefore not
describe natural convection effects.

5. The gas and solid were assumed to be in thermal equilibrium locally.

3.3 Modelling the pyrolysis reaction

3.3.1 Introduction

The equations derived in the previous section contain a reaction rate R or R
and accompanying stoichiometric coefficients ωc and ωg ( or ηc and ηg in molar
units). These need to be specified in order to be able to solve the equations. This
section will discuss the pyrolysis reactions. The objective of this section is to find
a consistent mathematical description of the biomass pyrolysis chemistry in order
to specify the term R in the equations.

In order to understand the chemistry of biomass pyrolysis, one must first
understand the basic properties and composition of biomass. This section will
therefore start with a brief description of biomass.

The chemistry of biomass pyrolysis is very complex. A full description of all
species and reactions involved would be almost impossible. In literature there
are some attempts to describe the basic chemical processes that occur during
biomass pyrolysis. The most comprehensive and consistent of those attempts was
given by Shafizadeh et al [50] [49]. This study forms the basis of most biomass
pyrolysis models used in literature. The next paragraph will discuss the biomass
pyrolysis models found in literature. Based on the models found in literature,
a new model will be proposed here. This model will be presented in section
3.3.4. The model contains some parameters that describe the reaction rate and
stoichiometry as a function of temperature. These parameters were determined
on the basis of several existing biomass pyrolysis models. This will eventually
lead to an expression for R .
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3.3.2 Biomass structure and composition

The definition of biomass is not very concise. The term “biomass” may be used to
indicate any energetic material that originates directly from natural sources. The
word “directly” is important in this context, because it indicates that materials
that are derived from plant or animal residues are not biomass. Examples of
such derived products include peat, coal and crude oil. There are however some
products derived from biomass that are still considered biomass, such as melasse.
Common examples of biomass are: wood, straw, manure and animal fat. Most
studies of biomass pyrolysis concentrate on wood and straw and grassy types
of biomass such as rice husk and miscanthus. Other types of biomass are less
abundant (globally) and are thus less studied. The discussion in this section will
be limited to biomasses of vegetal origin. A thorough discussion of the structure
of such biomass was given by Sjöström [52]. Woody biomasses consist of long
fibres that are suitable for the transport of water, sugar and minerals. The walls
of these fibres give the biomass its mechanical strength. The fibres are connected
radially by long channels called ray cells.

From the chemical point of view, biomass consists of five main components or
groups of components. These are:

Cellulose This is the main component of the cell walls. Its elementary formula
is (C6H10O5)n. Its structure is a linear polysaccharide. In most woods the
degree of polymerisation (n) is in the order of magnitude of 10 000 or more.

Hemicellulose Like cellulose, hemicellulose is found mostly in the cell walls.
The term “hemicellulose” is used to indicate all polysaccharides and related
sugar polymers that are not cellulose. These include polymers of mannose,
galactose, glucose, xylose and arbinose. The degree of polymerisation is
usually between 50 and 200 monomer units. Hemicellulose is more easily
soluble due to the relatively short chains.

Lignin The cellulosic and hemicellulosic polymers are embedded in a “glue” that
binds the cells and gives the structure its rigidity. This substance is known
as lignin. Lignin consists mainly of polymers of phenylpropane units, but
many other substances are also included in the lignin group. It is very
difficult to extract lignin from biomass unaltered. Therefore, the structure
and composition of lignin is largely unknown.

Water The wood fibres are filled with water. Wood that is freshly cut from the
living stem is completely saturated with water. After some time, most of
the water will have evaporated, although not all water will disappear from
the wood structure. Eventually the biomass will obtain an equilibrium
moisture content depending on the relative humidity of its environment.
Fluctuations in the relative humidity result is fluctuations in the moisture
content. This in turn will result in swelling or shrinking of the wood, which
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is why even dead wood is often called a “living” material. Water exists in
three forms in the wood: free water, water vapour and bound water. The
bound water is water that has been absorbed on the cell walls.

Ash As a living organism, plants need minerals to support the processes of pho-
tosynthesis and the buildup of new cells. These minerals are extracted
from the soil, dissolved in the water that flows through the fibres. Once
harvested, the biomass material still contains these minerals. This is called
ash. Most biomasses contain between 2 and 10 mass% ash, based on the
dry weight of the biomass. The ash composition depends on the type of
biomass and the location where it grew. Ash can have a large effect on the
pyrolysis characteristics. It may have a catalytic effect.

Table 3.1 shows the composition of some common wood type [20].

Component Birch Spruce Pine
Cellulose (mass% d.a.f.) 40 44 43
Hemicellulose (mass% d.a.f.) 39 27 27
Lignin (mass% d.a.f.) 21 29 30
Other (mass% d.a.f.) 3 2 5

Table 3.1: The composition of some common wood types expressed in cel-
lulose, hemicellulose and lignin. The category other will contain mainly ash.
The composition is expressed in mass percentages based on the dry, ash free
mass.

The overall chemical composition of biomass may be expressed as: CxHyOy.
Nitrogen is not included in this formula. Most vegetal biomasses do not contain
many nitrogenated components. Exceptions are fruits that contain proteins. Such
fruits are usually not considered in studies of thermal biomass conversion because
they are usually not available as fuel. They are much more valuable as food.
Common values for x, y and z are given in Table 3.2. Most biomasses have a
heating value between 19 and 21 MJ/kg/for based on dry mass.

Birch Spruce Pine Average
x (–) 1 1 1 1
y (–) 1.58 1.58 1.61 1.59
z (–) 0.74 0.73 0.75 0.74
M (kg/kmol) 25.42 25.26 25.61 25.43

Table 3.2: The molecular composition of some common biomass types ac-
cording to Grønli [20]. The composition is normalised to x = 1. The average
composition shown in this table will be used throughout this thesis
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3.3.3 Biomass pyrolysis in literature

Biomass pyrolysis is a complex chemical process involving many reactions and
species. Due to this complexity, it is quite difficult to measure and investigate
the reactions occurring during biomass pyrolysis. Thorough studies of the chem-
istry of biomass pyrolysis are scarce. One of the most elaborate studies in this
field was done by Shafizadeh et al [50]. In this study, the pyrolysis of wood is
compared to the pyrolysis of the main constituents of wood. Xylan was used
as a model component for hemicellulose. The different components pyrolyse at
different rates. Shafizadeh mentions the following temperature ranges:

Cellulose 325 – 375 oC
Hemicellulose 225 – 325 oC
Lignin 250 – 500 oC

Unfortunately he does not mention the corresponding residence time or heat-
ing rate. The figures can therefore only be used as an indication of the differences
between the various components. Hemicellulose is the least stable component.
This was to be expected because it consists of the shortest polymer chains. Lignin
is not a very well defined component. It consists of a large range of species. The
wide variety of species is reflected by the broad temperature range in which lignin
decomposition occurs. Cellulose is a well defined substance and decomposes in a
well defined temperature range. The pyrolysis of wood good be described very well
by a weighted sum of the decomposition of its constituents. This suggests that
the pyrolysis products do not engage in reactions with each other. The pyrolysis
process is a cracking process in which the biomass polymers are reduced to lighter
components and char by dehydration and bond cleavage. Smaller molecules have
a higher ratio of hydrogen to carbon. The creation of smaller molecules therefore
inevitably results in a residue of dehydrated carbon.

The products of biomass pyrolysis are usually lumped in three main groups:
char, tar and gas. Char is the black carbonaceous solid residue that remains of
the biomass particle once pyrolysis has been completed. Gas and tar are both
groups of volatile pyrolysis products. The distinction between gas and tar is
not well defined. Different authors use different methods to measure tar and
thus different tar definitions. The tar definition is often derived from, or rather
established by the measurement method. This makes it difficult to compare the
various kinetics that are published for biomass pyrolysis.

Like gas, tar is a volatile pyrolysis product. The species in the tar group
are gaseous at the temperatures at which pyrolysis occurs. There are two main
methods to define the components that belong to the tar group. One can define
tar as the collection of all components with a boiling point above a certain tem-
perature (80oC is a common criterion) at atmospheric pressure. This definition
suggests that one is able to measure and list all species in the pyrolysis products
and subsequently divide them in a tar and a gas group based on boiling point.
Often there is a large group of species that cannot be identified and can thus not
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be allocated to the gas or tar group. The other method to define tar is based on
the behaviour of the pyrolysis products. One can define tar as the substance that
condenses when the pyrolysis products are cooled to below a certain tempera-
ture. This definition is very useful from a practical point of view, but it is a poor
definition for a chemist. First of all, it means that there are many species that
belong to both the gas and the tar group, since there will be many species that
condense, yet still have a significant vapour pressure. Secondly, the definition of
tar may differ depending on the process conditions. Often the tar definition is
not explicitly mentioned in literature.

Shafizadeh suggested the following reaction scheme to model biomass pyrolysis
[50]:

Tar

Combustible volatiles (gas)

Char

Biomass

(3.72)

Biomass is converted into char, tar and gas by three competitive reactions. Tar
can further decompose in char and gas. The pyrolysis process is often divided
in two consecutive stages: primary pyrolysis which is the first decomposition of
biomass in char, tar and gas and secondary pyrolysis, which is the further cracking
of tar in char and gas. The reaction scheme shown in equation (3.72) inspired
most other schemes found in literature. Grønli [20] made an excellent review of
the reaction models appearing in literature. In general one can distinguish three
types of models:

The single reaction model Biomass is thought to be converted in volatiles
and char in one single step. The stoichiometry of the reaction is assumed
to be constant:

ηBiomass c Char + ηg Gas (3.73)

This scheme was used mostly in earlier publications such as those by Bamford
[2], Kansa, Perlee and Chaiken [31] and Fredlund [15]. Some of the kinetic
parameters mentioned in literature are shown in Table 3.3

The parallel reactions model Biomass is thought to be converted in gas, tar
and char by three parallel reactions. The stoichiometry is the result of
the competition between these reactions. Sometimes secondary pyrolysis is
taken into account as well. This is basically the scheme shown in equation
(3.72). This scheme was used by Grønli [20], Di Blasi and Russo [6] and
Thurner and Mann [53]. Some of the kinetic parameters mentioned in
literature are shown in Table 3.4
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Reaction per constituent These schemes exploit the observation by Shafizadeh
that the pyrolysis of biomass can be approximated very well by adding the
pyrolysis of its main constituents: cellulose, hemicellulose and lignin. The
scheme uses a single reaction scheme with constant stoichiometry for each
constituent. The overall stoichiometry of the reaction will vary depend-
ing on temperature due to the fact that the different constituents react at
different temperatures.

Biomass

χ

ηc Char + ηg Gas

ηc Char + ηg Gas

ηc Char + ηg GasCellulose

Hemicellulose

Lignin

C C

H H

L L

C( )

χH( )

χL( )

(3.74)

Most authors assume that the reactions are first order reactions in the wood
concentrations:

R = kρsb (3.75)

The temperature dependence of the reaction rate “constant” k is modelled using
the famous Arrhenius expression.

k = k0e
− E

RT (3.76)

There is a large variation of kinetic parameters in literature. The activation
energy varies between 23.6 kJ/mol [15] to 150 kJ/mol [56]. There are also many
different values for the heat of reaction. Both endothermic and exothermic values
are mentioned in literature. The order of magnitude varies between -300 kJ/kg and
+300 kJ/kg, with some exceptions. This order of magnitude is comparable to the
amount of heat needed to heat the biomass 100oC.

Author(s) k (1/s) E (kJ/mol)
Bamford et al [2] 5.3 108 138.3
Kansa et al [31] 2.5 104 74.4
Fredlund 0.45 23.6

Table 3.3: Some kinetic parameters used by various authors in the single
reaction model

3.3.4 A consistent pyrolysis model

The large variety of pyrolysis models and kinetic parameters found in literature
suggests that there is still considerable discussion regarding the best method to
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Biomass → Gas Biomass → Tar Biomass → Char

Author(s) k (1/s)
E
(kJ/mol)

k (1/s)
E
(kJ/mol)

k (1/s)
E
(kJ/mol)

Glaister [18] 1.3 108 140.3 2.0 108 133.1 1.1 107 121.4
Di Blasi et al. [6] 5.16 106 88.6 1.48 1010 112.7 2.66 1010 106.5
Wagenaar [56] 1.11 1011 177.0 9.28 109 149.0 3.05 107 125.0

Table 3.4: Some kinetic data proposed by different authors for the parallel
reaction model

model the pyrolysis reactions Each of the approaches mentioned in the previous
section has some flaws. The single reaction model can only be valid in a very
limited temperature range. The assumption of constant stoichiometry is clearly
not valid over large temperature ranges. Experimental research suggests that the
char yield decreases constantly as temperature increases. At low temperature
(approximately 200oC) the char yield may be as high as 80mass%. At higher
temperatures the char yield decreases to 15-30 mass% as shown in Chapter 2.
The gas yield increases continuously as a function of temperature. The tar yield
has a maximum at temperature of 400-500oC [56].

The parallel reactions model is physically impossible. The reactions in the
model cannot exist in reality, since the reaction of biomass to char for example
does not satisfy the mole balance over the reaction. The reaction is modelled
in this way in order to account for the variation in the stoichiometry of the
reaction. It is not clear, however, why the reaction rates are modelled as
first order reactions in the biomass concentrations with an Arrhenius equation
for the reaction rate. Cracking reactions are usually first order reactions in the
concentration of the specie to be cracked. One can also show on the basis of
statistical arguments that the temperature dependence of the reaction rate should
satisfy the Arrhenius equation (3.76). This is only true for real reactions that
do occur in reality. When several reactions are lumped together in one overall
reaction, the Arrhenius equation is only valid if there is one rate-limiting step in
the whole complex system of reactions. In the case of the parallel reactions model,
the complex of reactions is lumped into several overall reactions that are not even
real reactions. There is no physical argument to apply the Arrhenius equation to a
model reaction that does not and indeed can not occur in reality. There is also no
physical argument to assume that these model reactions will behave as first order
reactions in the biomass concentration. The choice of kinetic rate expressions in
this model is therefore rather arbitrary. Moreover there is no guarantee that the
mole balance over the entire reaction is satisfied. It is also not guaranteed that
the stoichiometry resulting from this reaction model corresponds to the trends
observed experimentally. The stoichiometry can be obtained from the reaction
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rate coefficients k as follows:

ηj =
kj∑

i=g,t,c ki
j = g, t, c, (3.77)

where the subscripts g, t and c refer to the gas, tar and char “reactions” respec-
tively. Figure 3.2 shows the implicit stoichiometries as defined by various reaction
rate parameters found in Table 3.4. Clearly, the data used by Di Blasi and Russo
contradict the stoichiometry trends that are commonly found from experiments.
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Figure 3.2: The stoichiometric ηi coefficients that are implicitly defined by
the reaction parameters used by Di Blasi and Russo [6], Glaister [18] and
Wagenaar [56]. The data used by Di Blasi and Russo contradict the trends
found in literature. The data used by Wagenaar seems to yield the most
realistic stoichiometry.

The model that uses a reaction per constituent seems to be attractive. Al-
though the assumption of constant stoichiometry in each of these reactions is as
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questionable as it is with the single reaction model. The physical background is
sound and it is at least plausible that one can model the reaction rate as a first
order reaction with an Arrhenius equation for the reaction rate coefficient. In
order to use this model one must know the composition of the biomass in terms
cellulose, hemicellulose and lignin. Determining this composition is quite elabo-
rate and it would not be practical to do this for every fuel. This is a pragmatic
objection to the use of this type of model. Furthermore, the composition of both
lignin and hemicellulose is not well known and may differ per type of biomass.
This makes it difficult to establish a mole balance for the reactions. Consequently,
the composition of gas, tar and char originating from these reactions is not well
defined either. Although this model can be used successfully to obtain qualita-
tively the distribution of the pyrolysis products over char, gas and tar, it cannot
be used in gasifier model that needs to be specific about the composition of all
species.

Therefore, another approach will be used in this work to model the pyrolysis
reaction. The reaction is modelled using the following reaction scheme:

ηc ηg Gas(T) tηBiomass Char(T) (T) Tar+ + (3.78)

This resembles the single reaction model, but the stoichiometric coefficients are
now assumed to depend on temperature. The biomass molar composition is given
as:

Biomass = CxHyOz (3.79)

The molar composition of the pyrolysis products can be expressed similarly as:

Char = Cxc
Hyc

Ozc

Tar = Cxt
Hyt

Ozt

Gas = Cxg
Hyg

Ozg

(3.80)

The molar balance over the reaction then poses the following conditions on the
stoichiometric coefficients:

ηc(T )xc + ηg(T )xg + ηt(T )xt = x (3.81)

ηc(T )yc + ηg(T )yg + ηt(T )yt = y (3.82)

ηc(T )zc + ηg(T )zg + ηt(T )zt = z (3.83)

Equations (3.81)-(3.83) constitute a set of three independent equations in 12 un-
knowns. The unknowns are: the three stoichiometric coefficients and the nine
coefficients that define the composition of gas, char and tar. In order to fully
specify the reaction stoichiometry, one must therefore specify exactly nine para-
meters. Specifying these nine parameters means that one must make assumptions
about the nature of char, tar and gas. The following assumptions will be made
here:



3.3. PYROLYSIS MODELS 77

1. All species contain only 1 carbon atom per “molecule”: xi=1. This as-
sumption can be made without loss of generality since any change in the
chain length of the “molecules” will result in a corresponding (and opposite)
change in the stoichiometric coefficient.

2. Char consists of pure carbon

3. Tar has the some molar composition as biomass

These two assumptions are sufficient to specify seven parameters. Only two more
parameters must be specified. There are five unknowns left: three stoichiometric
coefficients and yg and zg. It is important to note that one cannot freely choose
any two of these five unknowns. Due to the assumptions made on the composition
of char and tar, yg and zg are no longer independent. The molar balances can
only be satisfied if the ratio of hydrogen to oxygen in the gas compound is fixed
and equal to the same ratio in biomass. The only knowledge that has not been
used to specify unknowns is the common experience of the dependence of the
stoichiometric coefficients on temperature. Therefore, an assumed function will
be used for both ηc(T ) and ηg(T ). In the parallel reaction model, these coefficients
are modelled implicitly as a ratio an Arrhenius function and sum of Arrhenius
functions (cf. equation (3.77). Keeping in mind that the Arrhenius function is a
physically correct representation of the reaction rate of a real, existing cracking
reaction, it is quite likely that the stoichiometric coefficients can be modelled by
a weighted sum of Arrhenius functions with different activation energies. There
could be many different reactions. The weighted sum could therefore include
many terms. A good way to approximate a sum of a large number of exponential
functions is to use an error function (erf) defined as:

erf(x) =
2√
π

∫ x

0

e−x
′2

dx′ (3.84)

Therefore, a function of the following form will be used to model ηg(T ):

ηg(T ) = cg1erf

(
T + cg2
cg3

)
+ cg4 = ωg(T )

Mb

Mg

(3.85)

The char yield decreases continuously as a function of temperature. Therefore,
this stoichiometric coefficient will be modelled using the complementary error-
function:

erfc(x) = 1 − erf(x) (3.86)

Thus:

ηc(T ) = cc1erfc

(
T + cc2
cc3

)
+ cc4 = ωc(T )

Mc

Mg

(3.87)

The function for ηg(T ) and ηc(T ) were fitted on the stoichiometry as it is implicitly
defined in the kinetic data both Glaister [18] and Wagenaar [56] using the least
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squares method. The results are summarised in Table 3.5. The fits showed very
good agreement with the stoichiometry that was implicit in the kinetic data as
can be verified from Figure 3.3. The data proposed by Di Blasi and Russo was
not used to fit the stoichiometric functions, because the stoichiometry that is
implied by their kinetic data does not agree with the common experience that
the char yield decreases continuously as a function of temperature and the gas
yield increases continuously. In the rest of this thesis, the fit on the kinetic of

ci Gas Char

Glaister Wagenaar Glaister Wagenaar
1 0.113781 0.152366 1.74588 0.537177
2 -833.319 -1091.12 -262.194 -740.806
3 401.752 246.216 530.602 212.879
4 0.0753404 0.150307 0.152518 0.0771035

Table 3.5: The constants needed to fit equations (3.85) and (3.87) to the
stoichiometry implicitly defined by the kinetic data given by Glaister and
Wagenaar respectively. The constants c2 and c3 have unit Kelvin.

Glaister will be used.
The discussion has hitherto focused on a consistent model for the reaction

stoichiometry. The approach discussed here has the primary advantage over the
existing pyrolysis models that the underlying assumptions are explicitly made
and can be verified and changed independently:

1. The composition of the pyrolysis product groups char, gas and tar are ex-
plicitly defined through assumptions

2. The stoichiometry depends on temperature. The form of this dependence
is at least physically plausible

3. The assumed form of the stoichiometry functions agrees with common ex-
perience of the temperature dependence of the stoichiometry

To complete the pyrolysis model, two more issues must be addressed: the reaction
rate and the heat of reaction.

As discussed earlier: the heat of reaction can be either positive or negative
and is usually small compared to the calorific value of the biomass. The heat of
combustion of a component can be approximated from the its composition using
a linear expression [21] [34].

∆hcomb ≈ Ax +By + Cz (3.88)

This equation will be used in this thesis to estimate the heat of combustion of
the pyrolysis products. The difference in heat of combustion before and after the
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Figure 3.3: The fits defined in Table 3.5 show good agreement with the
stoichiometry implicitly defined by the kinetic data
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reaction should exactly equal the heat of reaction. Thus:

A (ηc(T )xc + ηg(T )xg + ηt(T )xt − x) +

B (ηc(T )yc + ηg(T )yg + ηt(T )yt − y)+

C (ηc(T )zc + ηg(T )zt + ηtzt − z) = ∆hR (3.89)

This equation shows that if one accepts equation (3.88) for the heat of combustion
of biomass and the pyrolysis products, then the heat of reaction must be zero. In
fact, the heat of combustion of the system comprising biomass, gas, char and tar
can only change if the molar composition changes. This implies that the heat of
reaction of cracking reaction is always zero. In order to be consistent with the
estimation of the heat of combustion of the pyrolysis products one must therefore
assume that the heat of reaction of the pyrolysis reaction is zero.

The reaction rate is usually modelled as a first order reaction in the biomass
concentration. During the derivation of the pyrolysis equations, it was assumed
that the reaction occurs only at the interface between gas and solid. If the solid
density is constant, then the solid concentration at that surface is also constant.
The surface reaction rate is zeroth order and the rate is limited only by the
available surface area. As the amount of unconverted biomass diminishes, so will
the surface area and eventually the reaction will stop. The averaged reaction rate
was given in equation (3.57) as:

R = Ra

The averaged reaction rate is often assumed to be first order in the biomass
concentration ρsb . The surface reaction rate R is a zeroth order reaction. The
assumption that the averaged reaction rate is first order therefore means that
the surface area is assumed to be a linear function of the biomass concentration.
Whether this assumption is correct or not depends on the way in which the
reaction evolves. The char that is formed during pyrolysis will cover part of the
surface area. On the other hand, the char density is higher than the biomass
density whereas the amount of char is much lower than the original amount of
biomass. Therefore, there new cracks (or pores) and thus new surface area will
inevitably be formed as a result of the pyrolysis reaction. The assumption that
the surface area is a linear function of the biomass concentration means that the
surface area per amount of fresh biomass is constant. It therefore means that
formation and covering of surface area are in equilibrium. Only detailed research
of the development of the char geometry during pyrolysis can reveal whether
this is true or not. It seems quite coincidental that the processes of surface area
formation and the covering of surface area with char are exactly in equilibrium,
but it is not impossible for both processes are connected to the char formation
and therefore there should be some relation between them. It is beyond the
scope of this thesis to investigate the pyrolysis reaction in detail and therefore
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this question will remain unanswered here. Since almost all available data on the
reaction rate of the pyrolysis reaction is based on the assumption of first order
reaction in the biomass concentration, the reaction rates used here will also be
based on that assumption.

R = k0e
− E

RT ρsb (3.90)

Figure 3.4 shows natural logarithm of the overall reaction rate coefficients k
plotted against 1/T . The overall reaction rate of the parallel reaction models
shown there has been determined by adding the reaction rates of the individual
reactions. The figure clearly shows four more or less parallel lines. These are four
independent sources that use approximately the activation energy. Three of those
lines are very close together. The data used by Bamford [2], Wagenaar [56] and
Glaister [18] are approximately the same. Di Blasi and Russo [6] have the same
activation energy, but a much lower pre-exponential factor. It should be noted
however that Di Blasi and Russo also took secondary reactions into account. They
modified their reaction parameters in such a way that the combination of primary
and secondary reactions would yield the “correct” stoichiometry. In the process,
it seems that the primary reactions produce neither a reasonable stoichiometry
nor the right order of magnitude for the rate of mass decrease. Bamford used
his data to model the overall reaction rate for biomass as in the single reaction
model. In this thesis, the data of Bamford and Kansa et al will be used. The data
by Fredlund seems to deviate so much from the other lines that it is probably
wrong.

3.4 Conclusion

This chapter started with a qualitative description of biomass pyrolysis. An at-
tempt was made to capture the processes described in mathematical equations.
Since these processes are expected to occur at the pore level, the mathemati-
cal description started at the pore level as well. A mathematical description of
transport and reaction at the pore level is relatively straightforward to write.
It is however extremely difficult to solve, since there is a fundamental lack of
knowledge of the biomass pore structure. Moreover, this structure may be differ-
ent for every particle. Therefore the equations were averaged or “filtered” to a
mesoscopic level. This resulted in the pyrolysis equations that are commonly en-
countered in literature. However, several assumptions are needed to derive these
equations. The most important assumptions are:

1. The statistic properties of the porous structure do not change in time due
to reaction

2. The porous structure can be approximated well by a periodic structure.
Or stated otherwise, the filter function used to average the microscopic
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Figure 3.4: Comparing several literature data for the pyrolysis kinetics
shows that four sets of data have similar reactions energies and three of
those agree on the reaction rate quite well.

equations may be chosen as a symmetric function that does not depend on
the location in the particle.

3. The gas and solid phases inside the particle are in local thermal equilibrium

The above assumptions were critical to the derivation. Other less fundamental
ones were made as well. Gravity effects were neglected for example. The deriva-
tion led to some important conclusions regarding the applicability of the ideal
gas law to describe gas density in a particle, the method in which porosity can
be determined and the order of the pyrolysis reaction.

After deriving the mass momentum and energy balances involved in describing
pyrolysis, the modelling of the pyrolysis reaction itself was discussed. A consisted
description of the pyrolysis reaction was proposed and it was shown how this
description is related to other models found in literature. A function for the stoi-
chiometry of the pyrolysis reaction was selected and two possible overall reaction
rates were selected for further use in this thesis. Finally it was shown that one
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must assume that the heat of reaction for pyrolysis is zero when one uses certain
relations to estimate the calorific value of biomass and the pyrolysis products.
The final set of equations describing pyrolysis is now:

∂ρg

∂t
+ ∇ · ρg vg = (ωg(T ) + ωt(T )) k0e

− E
RT ρsb (3.91)

vg = − K

µeff
(∇p ) (3.92)

∂ρsb
∂t

= −k0e
− E

RT ρsb (3.93)

∂ρsc
∂t

= ωc(T )k0e
− E

RT ρsb (3.94)

((
ρsc c

s
pc

+ ρsb c
s
pb

)
+ ρg cgp

) ∂T
∂t

+ ρg cgpv
g · ∇T = ∇ · λeff∇T (3.95)

ηc(T ) = cc1erfc

(
T + cc2
cc3

)
+ cc4 = ωc(T )

Mb

Mc

(3.96)

ηg(T ) = cg1erf

(
T + cg2
cg3

)
+ cg4 = ωg(T )

Mb

Mg

(3.97)

ηt(T ) = 1 − ηg(T ) − ηc(T ) = ωt(T )
Mb

Mt

(3.98)

The next chapter is devoted to the solution of this set equations. This solution
must be expressed in such a way that it can be evaluated quickly enough to be
of use in a dynamic simulation of thermal particle conversion.
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3.5 Notation

Roman characters

A Interfacial surface area
a Inverse of the cut-off lengthscale of a low-pass filter

Specific interfacial surface area
c Constant in the fit for stoichiometry
cp Specific heat capacity
E Activation energy
g Gravity vector
g Filter kernel
h Specific enthalpy
H Low-pass filter in the Laplace domain
I Unit tensor
J Mass flux
K Permeability tensor
k Pre-exponential factor

Specific reaction rate
External heat transfer coefficient

L Characteristic macroscopic lengthscale
l Characteristic microscopic lengthscale
M Molar mass of a species or mixture
n Normal unit vector on a boundary
p Pressure
q Heat flux
R Reaction rate

Universal gas constant
S Source term on a boundary
s Laplace transformed location (both vector and scalar

possible)
Specific entropy

t Time
T Temperature
u Arbitrary scalar
v Velocity vector for a phase
V Volume over which averaging takes place
w Velocity for the interphase boundary
x Position within the particle
x Mole fraction of carbon in the biomass composition
y Position stretched with the ratio between microscopic

and macroscopic lengthscale
y Mass fraction

Mole fraction of hydrogen in the biomass composition
z Mole fraction of oxygen in the biomass composition
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Greek characters

γ Homogeneous reaction rate (i.e. rate of volume reac-
tions)

δ Dirac delta function
ε Ratio between microscopic and macroscopic length

scales
Volume fraction

φ Flux of some scalar (in general)
η Molar stoichiometric coefficient
κ Second viscosity
λ Thermal conductivity tensor
µ Dynamic viscosity
ψ Scalar (in general)
ρ Density
τ Stress tensor
ξ Phase selection function
ω Mass stoichiometric coefficient

Frequently used superscripts

0,1, . . . Order of approximation
g Quantity pertaining to the gas phase
s Quantity pertaining to the solid phase
α Indication for arbitrary phase
β Indication for arbitrary phase

Frequently used subscripts

0 Used to indicate the pre-exponential factor
b Property of biomass
c Property of char
eff Effective, i.e. the constant is used in a closure of fluxes
g Property of gas
i,j Arbitrary species
s Solid phase
t Property of tar
α Arbitrary phase
β Arbitrary phase

Operators

∇ Gradient and divergence operator
∗ Convolution product





Chapter 4

Solution of the pyrolysis equations

4.1 Introduction

The previous chapter was devoted to the derivation of a biomass pyrolysis model.
Many aspects of biomass pyrolysis are still insufficiently known and this reflected
in many assumptions that were not supported are only vaguely supported. The
effort of deriving the model was done mostly in order to clarify these assumptions
and to gain insight in the physical background of the mathematical equations
used to model pyrolysis. The final set of equations used to describe biomass
pyrolysis as obtained by combining the results of the pyrolysis modelling and the
transport equations can be summarised as:

∂ρg

∂t
+ ∇ · ρg vg = (ωg(T ) + ωt(T )) k0e

− E
RT ρsb (4.1)

vg = − K

µeff
(∇p ) (4.2)

∂ρsb
∂t

= −k0e
− E

RT ρsb (4.3)

∂ρsc
∂t

= ωc(T )k0e
− E

RT ρsb (4.4)

((
ρsc c

s
pc

+ ρsb c
s
pb

)
+ ρg cgp

) ∂T
∂t

+ ρg cgpv
g · ∇T = ∇ · λeff∇T (4.5)

ηc(T ) = cc1erfc

(
T + cc2
cc3

)
+ cc4 = ωc(T )

Mb

Mc

(4.6)

ηg(T ) = cg1erf

(
T + cg2
cg3

)
+ cg4 = ωg(T )

Mb

Mg

(4.7)

ηt(T ) = 1 − ηg(T ) − ηc(T ) = ωt(T )
Mb

Mt

(4.8)
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In this chapter the focus shifts from the derivation of the model and the
corresponding reflection on the phenomenon of pyrolysis towards the solution of
the system of equations that is given above. The objective of the two chapters
combined is to obtain a minimum set of parameters that is needed to characterise
the behaviour of a single particle in the gasifier and to obtain mathematical
relations between those parameters and the behaviour of the particle in terms
of gas production and composition of the pyrolysis products. The first of these
chapters served to obtain a thorough insight in the phenomena occurring during
pyrolysis. This insight was expressed mathematically in the set of equations.
This chapter seeks to solve the equations. The full set of equations as given
above poses two main problems when one tries to solve it:

1. It contains many unknown quantities that are difficult to obtain. Examples
are: the permeability tensor K and the effective transport properties µeff

and λeff

2. The complexity, strong coupling and high non-linearity of the set of equa-
tions make it very difficult to solve. It is considered to be impossible to
obtain an analytical solution of the full set of equations and numerical al-
gorithms also experience difficulties due to the large variety of timescales in
the equations.

Therefore, additional assumptions and simplifications are often made to solve
the system of equations. There exists a large variety of different approaches to
pyrolysis modelling and the simplification and solution of the equations given
above. The first section in this chapter will review the various approaches found
in literature. The subsequent sections will discuss two approaches followed in
this thesis. The results of the calculations will eventually be used to achieve
the objective of this chapter. The next section will first explore the particular
nature of this set of equations and the pyrolysis problem, compared to other
common problems involving reacting porous particles. Secondly a short review
of the models found in literature will be given.

4.2 Models found in literature

4.2.1 What makes the pyrolysis problem special

Reactions involving porous particles have always attracted a lot of attention. The
modelling of such reactions has been investigated quite thoroughly. Still there
seem to be no suitable simplified models that can be used to describe biomass
pyrolysis.

One of the main research fields where reactions in porous particles play an
important role is the field of catalysis. The catalyst is usually a porous particle
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of some material with catalytic activity. The reactants must diffuse into the
particle to react and subsequently diffuse back out of the particle. This is quite
similar to the pyrolysis process where the diffusion of heat is needed to let the
reaction evolve. This process has been modelled elaborately and there are some
useful analytical solutions for limiting cases [8]. In this process the two competing
processes are reaction and diffusion. The reaction is usually linearly or mildly non-
linearly dependent on the concentration and hence on the diffusion process. The
limiting cases are obviously: infinitely fast reaction and infinitely fast diffusion.
Both limiting cases are quite useful in practice. Moreover, because the reaction
usually depends linearly on the concentration and therefore on the diffusion, it
is often possible to find useful approximate solutions for intermediate cases by
using a linear combination of the limiting cases [8]. The main difference with
the pyrolysis process is that in the case of pyrolysis the “reactant” that must
diffuse into the particle is heat. The reaction rate depends exponentially on
the temperature and therefore on the diffusion of heat. Due to this fact, the
limiting cases are less useful. They will occur less and it is not possible to find
approximations for intermediate cases by linear combinations of the limiting cases.

Another field where reactions in porous particles play an important role is the
study of heterogeneous combustion. One example is the combustion of municipal
waste. In this process, the supply of oxygen for the combustion process is usually
not the limiting factor. Oxygen is being forced through the fuel. The reaction
rate depends on the temperature and the fuel is heated from above by radiation
from the hot flue gases. The heating of the fuel determines when the reaction will
start. At first glance, this looks almost identical to the pyrolysis process. The
main difference is the heat of reaction here. The combustion process releases a
large amount of sensible heat. This heat is then used to heat the adjacent fuel
so that the reaction can propagate. The process is governed by a competition
between the external heating and the self-heating due to the combustion process.
In the limiting case where the self-heating due to the combustion is the most
important, a reaction front can be formed that will propel itself using the heat
generated by the combustion. The reaction front can attain a constant velocity
[19]. This is quite different from the pyrolysis process. Since pyrolysis creates
little or no sensible heat, the limiting case where the reaction can propel itself
does not exist.

The particular properties of the pyrolysis process make the existing solutions
for reactions in porous particles non-applicable. The pyrolysis process is special
because the reaction is governed by diffusion of heat and the rate of reaction.
These are coupled non-linearly through the temperature dependence of the reac-
tion rate.



90 CHAPTER 4. PYROLYSIS MODEL SOLUTION

4.2.2 An overview of solution approaches

The most extensive attempt to identify proper limiting cases and use them to
obtain simplified solutions for the pyrolysis of porous particles was made by Pyle
and Zaror [42]. They neglected convective heat transfer and used the parallel
reaction model to model the pyrolysis reaction. They gave no justification for
neglecting the convective heat transfer. Starting from these simplified equations,
they developed four pyrolysis models:

1. Model I, which is simply the full model as given at the start of this section,
with the simplifications that convective heat transfer is neglected and that
the biomass is assumed to be an infinitely long cylinder.

2. Model II where it is assumed that the internal heat transfer is infinitely fast.
The particle has a uniform temperature which is controlled by the rate of
external heating. The reaction depends on temperature and therefore on
the external heating rate only.

3. Model III where all heat transfer, both internal and external is assumed
to be very fast. The reaction kinetics are rate limiting. In this case the
particles reacts isothermally at the same temperature as the environment.

4. Model IV where the internal heat transfer is rate limiting. The reaction
can then be described as a reaction front that moves into the particle as the
heat penetrates further. The particle is modelled as a shrinking core.

In order to decide which model to use, Pyle and Zaror introduce three dimen-
sionless numbers:
The Biot number which is the ratio between internal and external heating:

Bi =
kr0
λeff

, (4.9)

where k is the external heat transfer coefficient and r0 the radius of the cylinder.
The pyrolysis number:

Py =
λeff

ρsb c
s
pb
r2
0k0e

− E
RT0

. (4.10)

This number is the ratio between the heating rate and the rate of reaction. The
temperature T0 is some characteristic temperature of the system.
The external pyrolysis number:

Py’ = BiPy. (4.11)

This number is similar to Py, but it is based on the external heating rate. Us-
ing these three numbers, the applicability of the four different models can be
established and one can chose the correct model Table 4.1 gives an indicating of
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Model Bi Py Py’
I Always applicable
II < 1 > 1 > 1
III < 1 < 1 > 10
IV > 50 < 0.001 < 1

Table 4.1: Using only three dimensionless numbers one can divide pyrolysis
in four regimes, three of which can be described by a simplified model, cf [42]

which model approach is applicable depending on the values of these three dimen-
sionless numbers. The definition of the numbers Py and Py’ also illustrate the
problem in the use of this classification. If the activation energy of the reaction is
not very low, then both pyrolysis numbers will depend strongly on the choice of
the reference temperature T0. In fact the system may experience several regimes
during the pyrolysis process. It is therefore usually not possible to use one of
the simplified models (II-IV) to describe the pyrolysis process. For this reason,
the simplified models II-IV have a very limited range of application. Model III
for example can only be applied to very small particles with a size of the order 1
mm. Model IV is sometimes used to model large particles with high external heat
transfer. The shrinking core model does however not apply to the full conversion
of the particle.

Given the limited applicability of the limiting cases II-IV, most authors have
concentrated on the general model I with varying complexity. There are two main
fields of research that have paid attention to the modelling of biomass pyrolysis:
fire safety and the thermal conversion of biomass. The primary objective of
modelling in fire safety research is to determine the time needed to ignite wood
when it is exposed to a given radiative heat flux. Bilbao et al. [5] have modelled
the ignition of wood exposed to a heat flux using a model similar to the one
derived here. The wood was approximated as a infinitely long and wide flat plate
with finite thickness. Since they were not interested in secondary reactions in the
gas phase and since the model was 1D, there was no need to take the momentum
balance into account. Calculating pressure buildup is only necessary to either
determine the distribution of the flow over several directions or to calculate the
gas residence time. Neither was important to their purposes. Bilbao used a simple
one-step reaction mechanism with different kinetic parameters depending on the
temperature range and the conversion of the particle. Although they claim to take
convective effects into account, this is not included in the model. Nevertheless,
the model results show good agreement with experiments.

The main incentive for Fredlund [15] to study biomass pyrolysis was also fire
safety. He made an elaborate 2D model of coupled heat and mass transfer, in-
cluding the convective terms in the heat equation. The momentum equation was
modelled using Darcy’s law. The model includes source terms for gas production
due to pyrolysis and evaporation. The evaporation source term is a rather obscure
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equation. It depends on pressure and temperature gradients in the particle. It is
not explained how this source term was derived. The model was solved numeri-
cally, but only a 1D version was implemented in a computer program (WOOD1).
The results of the numerical calculation were validated against measurements.
The model agreed very well with the measurements. One of the findings of these
calculation is that drying and evaporation occurs in the particle at temperatures
between approximately 100oC and 150oC. This means that drying is accompanied
by high pressures in the biomass. This is consistent with the remarks in Chapter
2 that drying is always determined by the external heat transfer. If there is an
internal mass transfer limitation, the particle will heat up, until the pressure has
increased sufficiently to eliminate that limitation. In the case of Fredlund’s cal-
culation, the external heat flux was taken similar to that of radiative heating by
a nearby fire and was thus very intense. This explains why the pressure increase
had to be extremely large in order to match the internal mass transfer to the
external heat flux during drying.

Wichman and Atreya were also primarily interested in fire safety [58]. Their
“pyrolysis model for charring materials” models a 1D infinitely long and wide
plate with finite thickness. The model equations are simplifications of the model
derived here. They use no momentum equation, for the same reason as Bilbao et
al. The heat balance does not take convective heat transfer into account. It is not
explained why convective heat transfer has been neglected. The pyrolysis reaction
is modelled as one overall reaction with an Arrhenius equation for the reaction
rate. Their work is interesting for its approach to the solution of the equations.
Like Pyle and Zaror they try to identify limiting cases and find approximate
solutions for these limiting cases. However, unlike Pyle and Zaror the choice of
applicable limiting case does not depend on the particle-process combination, but
rather on the progression of the pyrolysis process. Wichman and Atreya divide
the pyrolysis process into four consecutive phases:

1. The inert heating phase. In this phase the density is assumed to remain
constant. The temperature is simply calculated from the standard solution
of the heat equation.

2. The initial pyrolysis phase. At some temperature, the assumption of con-
stant density is no longer valid. Wichman and Atreya proceed to write
equations for the deviation from the “undisturbed”, constant density, tem-
perature field due to density changes as a result of the reaction. Developing
this perturbation up to first order in the density change yields a solution
that is valid during the first phases of the pyrolysis reaction.

3. The thin char phase. One can make a similar perturbation analysis starting
from the temperature based on the char density. The resulting solution
should match the solution found for the initial pyrolysis phase.
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4. The thick char phase. As the char layer grows, an insulating char layer will
form around the particle. The particle can now be thought to be build up
of three layers: two outer layers with respectively inert char and fresh wood
and an inner reaction zone where the conversion takes place. In each of these
a different limiting case is valid. The three zones are solved separately and
coupled through matching conditions at the boundaries. The outer char
layer is a layer where the normal heat equation with constant density is
valid. Its boundary conditions are defined by the temperature at the outer
boundary and the temperature of the inner reaction layer. The thickness
is unknown and should be calculated from the matching of the zones. The
inner reaction zone is a zone with more or less constant temperature and
rapidly changing density. The outer biomass layer resembles the char layer,
but has different material properties.

The model was not compared to experimental values, but it was compared to a
direct numerical solution of the equations. This shows that the approximation is
a good solution to the model equations. Since others have already shown that
the numerical solution of the equations agrees quite well with measurements, one
may conclude, through induction, that the analytical model by Wichman and
Atreya describes reality quite well.

An early and rather elaborate model of biomass pyrolysis that was written for
the purpose of investigating the thermal conversion of biomass was published by
Kansa, Perlee and Chaiken [31]. They solved the model derived here numerically
in a 1D geometry consisting of an infinitely large plate with finite thickness. The
pyrolysis model consisted of one rate limiting overall reaction followed by several
parallel reactions that determine the stoichiometry. A remarkable feature in their
solution is the occurrence of an oscillating gas release from the biomass. They
initially attributed this to numerical artefacts, but later concluded that is was a
genuine feature of the equations, caused by the interaction between conductive
heating and cooling due to the efflux of gases produced by the pyrolysis reaction.
They use different thermal conductivities and permeabilities depending on the
orientation with respect to the wood fibres.

Kanury studied the combustion behaviour of biomass fuels [32]. He identified
three stages in the combustion of solid biomass fuel: ignition, flaming combustion
and char combustion. The flaming combustion stage is in fact the pyrolysis stage,
followed by combustion of the pyrolysis products. Kanury provides several mod-
els to estimate the duration of the flaming pyrolysis stage, depending on the size
of the particles and the heating conditions (radiation or convective heating). The
analysis is limited to spherical particles. One remarkable feature of the models
given by Kanury is that he concludes that the pyrolysis time for thermally thin
particles depends linearly on the diameter, whereas the pyrolysis time for ther-
mally thick particles depends quadratically on the diameter. The experimental
results shown in Chapter 2 suggest that the pyrolysis time depends linearly on
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the diameter. It is however, deemed unlikely that the wooden cylinders used in
those experiments can be classified as thermally thin. This seems to contradict
the results of Kanury.

Other models that describe biomass pyrolysis all use more or less the same
approach [20]. Most models use the equations derived here and solve them on a 1D
or 2D geometry (usually slabs or cylinders). The models differ in the inclusion (or
not) of convective heat transfer and the models used for the pyrolysis reactions and
the effective properties such as thermal conductivity, viscosity and permeability.
A lot of work has also been done on the effect of convective heat transfer. The
main point of discussion is on the issue how the anisotropy of the biomass affects
the convective heat transfer. If the gases leave the biomass primarily (or even
solely) in the direction of the fibres, then the effect of convective heat transfer in
the direction perpendicular to the fibres should be negligible. A 1D model of a
cylindrical biomass particle that models only heating perpendicular to the fibres
might therefore not have to include convective heat transfer. It may even be wrong
to include convective heat transfer in the model. Janse et al. [29] among others
have investigated this issue. They conclude that the inclusion of convective heat
transfer in the model can result in up to 50% difference in predicted pyrolysis
time. This conclusion was confirmed later by Kersten [33] They do not draw
conclusions with respect to the effect of anisotropy.

Saastamoinen et al. [47] have included an elaborate model to calculate the
effective thermal conductivity. His expression for thermal conductivity includes
the effect of radiation. Grønli made an elaborate 2D model of biomass pyroly-
sis, using more or less the same model equations as those derived in this work.
His model includes drying as well. With respect to drying he reaches the same
conclusions as Fredlund. Drying can be accompanied by a high pressure in the
particle. During pyrolysis, the pressure rise in the particles is almost negligible.
The volatile pyrolysis products do not accumulate in the particle. Grønli does
not offer an explanation for this fact. Grønli also concludes that the contribution
of convective heat transfer in the direction perpendicular to the fibres is very
small. He attributes this to the anisotropy of the biomass material. In a review
of pyrolysis models, Grønli gives an overview of many more similar models.

4.3 Simplifying the system of equations

4.3.1 Introduction

The literature review given in the previous section reveals a vast amount of work
that has already been done on the modelling of biomass pyrolysis. Moreover,
most models resemble the model derived in the previous chapter. Whenever
the models are compared to measurements, the agreement between model and
measurement is very good. Modelling of biomass pyrolysis seems to be a resolved
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issue. There are however some reasons to continue the development and solution
of the biomass pyrolysis model in this chapter:

1. Even though all models agree with the experimental data, there is still a
large difference between these models in the sense that some do take con-
vective heat transfer into account and others do not. Furthermore, the
biomass reaction kinetics and other parameters may differ substantially be-
tween models. How can models that differ so much all predict reality so
well?

2. The studies found in literature focus on developing the model. Little is
done to investigate which parameters are needed to completely characterise
the biomass particles

In this section, the equations derived earlier in the previous chapter will be sim-
plified so that they may subsequently be solved. In order to address the two
matters identified above, the system was also solved numerically. This numerical
solution is then used to simplify the equations even further. The section ends with
the final system of equations that form the simplest mathematical description of
biomass pyrolysis. This set of equation will be solved in the subsequent section.

4.3.2 Simplifying assumptions

Before solving the system of equations derived earlier, the model must be com-
pleted. The following still needs to be specified:

1. The set of kinetic parameters to be used

2. The geometry of the biomass particles

3. The effective conductivity and permeability

4. The gas density

5. The convective heat transfer

6. Initial and boundary conditions

The latter two will be discussed in the next sections. The first three points will
be addressed here. The matter of gas density will be addressed here, but is also
closely tied to the question whether convective heat transfer is important or not.
The gas density may not be important when convective heat transfer can be
neglected. The set of kinetic parameters to be used cannot be determined before
solving the equations. As shown in the previous chapter and Figure 3.4, many
different sets of kinetic parameters are suggested in literature. In this study, two
sets will be considered: the parameters suggested by Bamford and those suggested
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by Kansa et al. (cf table 3.3 The parameters suggested by Bamford [2] are quite
similar to many other data found in literature, such as the data suggested by
Wagenaar [56], Di Blasi et al. [6] and Glaister [18]. The parameters suggested
by Kansa are of interest because the experiments presented in Chapter 2 suggest
that the activation energy of the pyrolysis reaction should be relatively low. The
activation energy suggested by Bamford is very high. Kansa et al. suggest a much
lower activation energy. The activation energy suggested by Fredlund is even
lower. These parameters are however so much different from all other literature
values that it is likely that they are not correct. Nevertheless some calculations
with these parameters were tried, but they did not yield satisfactory results.

One can make a useful simplification of the geometry. Many types of biomass
have a structure consisting of long fibres. The types of biomass that are of
special interest in this thesis: Ramin and Pine wood are no exception. Due to
the fibrous structure, the biomass is much stronger in the direction perpendicular
to the fibres than in the direction along the fibres. Consequently, most biomass
particles resemble a flat plate or a cylinder. In this study it will be assumed that
the biomass is a cylinder. A cylindrical geometry suggests that the problem is
either one or two dimensional. One must make a choice between a cylinder of
finite of infinite length. In order to decide between these two options, the effective
conductivity must first be discussed.

A good model for the effective thermal conductivity was presented by Saastamoinen
and Richard [47]. This model was derived from the assumption that the biomass
structure is a periodic structure consisting of gas and biomass material. The as-
sumption of periodicity is a sufficient condition for the existence of an effective
thermal conductivity. The model proposed by Saastamoinen and Richard for dry
wood is:

λeff = λs
(
1 − εs

2
3

)
+

εg
2
3

1 − εs
1
3

λs
+
εg

1
3

λg

(4.12)

The original expression also contains a term due to moisture and due to radiation
heat transfer. These have been neglected here. The conductivity of the the solid
phase λs has been assumed constant. Grønli [20] uses a similar expression but
uses different weights for the first and second terms on the right-hand side of the
expression. In Grønli’s expression, the weights depend on the orientation of the
fibres. Thus the conductivity in the direction along the fibres is usually taken
to be a factor 1.5 larger than the conductivity in the direction perpendicular to
the fibres. If the cylinder is long compared to its diameter, one may assume that
it is an infinitely long cylinder. In fact, one neglects the heat transfer in axial
direction. The ratio of radial compared to axial heat transfer can be estimated
as:

qr
qa

∼ λrL

λar0
(4.13)
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Where L is the length of the cylinder and the subscripts r and a refer to the radial
and axial components of the heat flux respectively. If this ratio is much larger
than 1, it is safe to neglect the axial component of heat transfer. Usually, a value
of three or higher for this ratio is deemed to be sufficient [33]. Since the ratio of
the thermal conductivities is 2/3, the ratio of length to radius must be at least 4.5.
As a rule of thumb, one may say that the length of the cylinder should be one
order of magnitude larger than the radius. For the largest cylinder used in the
experiments discussed in Chapter 2 this would imply a length of approximately
6.3 cm. The largest cylinder with a diameter of 28 mm in these experiments
had a length of approximately 6 cm. Therefore, one may assume that almost
all particles used in the experiments can be modelled as infinitely long cylinders.
This assumption will therefore be used here.

The model thus reduces to only one space dimension. Since the pyrolysis
model does not include secondary cracking reactions, there is no reason to model
the residence time in the particle. It will therefore be assumed that the gases pro-
duced in the particle flow out of the particle immediately, without accumulation
of gases. Under these assumptions, it is not necessary to solve Darcy’s equation.
The velocity is determined directly from the continuity equation, which has been
reduced to:

∇ · ρg vg = (ωg(T ) + ωt(T )) k0e
− E

RT ρsb (4.14)

This eliminates the need to specify the permeability, but the gas density must still
be specified to be able to calculate the velocity. The non-averaged gas density ρg

depends on temperature through the ideal gas law. The pyrolysis reaction starts
at a temperature of approximately 450 oC. The outer temperature of the particle
is approximately 700oC in the experiments discussed in the previous chapter.
The density will therefore decrease a factor 1.4 while the gas flows out of the
particle (assuming constant pressure). The averaged density cannot simply be
calculated by multiplying this microscale density by the gas volume fraction εg,
because the gas density is not constant. This product can however be used to
estimate the order of magnitude of the averaged density. The voidage εg increases
approximately the same amount. Therefore, it will be assumed that the bulk
density of the gas ρg is constant. The error that is made in this simplification
is probably comparable with the error that is made by neglecting the secondary
cracking reactions. Due to secondary cracking, the average molar mass of the
volatiles decreases and therefore the density also decreases. This effect and the
fact that the average molar mass is initially unknown, because the chain length
of the tar molecules is unknown is probably larger than the effect of temperature
and voidage changes. After all if all molecules are split in half once, the density
already changes a factor 2.

As final simplifying assumption, the contribution of the gas to the total heat
capacity will be neglected. The heat capacity of the gas in the particle is much
smaller than the heat capacity of the solid material. The specific heat capacity
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is comparable, but the density of the gas is a between two and three orders of
magnitude smaller. Therefore the contribution of the gas components to the total
heat capacity of the particle will be neglected.

Having made this final assumption, one may notice that the gas concentration
only appears in the convective term. The assumption on the averaged gas density
may even be superfluous is the convective term can be neglected altogether. The
effect of convective heat transfer merits a more elaborate discussion, since it is
one of the issues that is most disputed in literature. This will therefore be the
subject of the next section.

4.3.3 The effect of convective heat transfer

There are two main arguments that one may use to neglect convective heat trans-
fer. These are:

1. Due to the anisotropy of the biomass material, most gases will flow out in a
direction parallel to the fibres, whereas the smallest dimension will naturally
be in a direction perpendicular to the fibres. After all the biomass is much
stronger perpendicular to the fibres than in the direction parallel to the
fibres. If the biomass is modelled as an infinitely long and wide flat plate
or an infinitely long cylinder, than the direction perpendicular to the fibres
will be the only dimension occurring in the model. Since the permeability in
that direction is low, there will be no gas flow in that direction and therefore
one may neglect the convective heat transfer.

2. Convective heat transfer is a small contribution to the overall heat transfer.
Convective heat transfer is a second order phenomenon by definition, since
convective heat transfer can only occur when the biomass is being converted
and this depends on the supply of heat through conduction. If convective
heat transfer becomes the dominating term in the energy balance, then
pyrolysis will stop immediately because the heating of the biomass will
stop. Therefore convective heat transfer cannot become the dominating
term.

The merits of both these arguments will be discussed here; starting with the
argument of anisotropy.

The permeability in the axial direction is usually assumed to be two orders
of magnitude higher than in the radial direction [20]. The assumption of an
infinitely long cylinder implies that there are no, or very small, gradients in
the axial direction. That would suggest that there can be no pressure gradient
and thus no velocity in the axial direction, which is just the opposite of the
assumption that all gases flow out of the particle in the axial direction. However
if the permeability in the axial direction is two orders of magnitude larger than
the permeability in the radial direction, than the assumption that there is only
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a velocity in the axial direction can still be reconciled with the assumption of an
infinitely long cylinder. After all, even if the pressure gradient in axial direction
is two orders of magnitude smaller than the pressure gradient in radial direction,
the velocity would still be at least comparable. The assumption of an infinitely
long cylinder would already be valid if the gradients in axial direction are one
order of magnitude smaller. The argument of anisotropy can therefore not be
rejected on the basis that an infinitely long cylinder implies that there are no
pressure gradients in axial direction.

One may however also argue that the outflow in the radial direction occurs
primarily through the newly formed char, which will have a much larger permea-
bility than the original biomass. Furthermore, the velocity is not the only factor
affecting the heat removal through outflowing gases. The total mass flow leaving
in either direction would be a more fair comparison. Since the mass of gas leaving
in either direction determines the amount of heat removed. The mass flow in the
radial direction can be estimated as:

(vA)r ∼
Kr∆p2πr0L

µr0
(4.15)

Where the subscript r indicates the value of the parameter in radial direction and
L is the length of the cylinder. The mass flow in axial direction can be estimated
as:

(vA)a ∼
Ka∆pπr

2
0

µL
(4.16)

The ratio between axial and radial mass flow is therefore:

(vA)r
(vA)a

∼ 2KrL
2

Kar
2
0

(4.17)

Now in order to be able to assume that the cylinder is infinitely long, r0 must
be at least one order of magnitude smaller than L. Thus, r2

0 must then be two
orders of magnitude smaller than L2. Even if the permeability in axial direction
is two orders of magnitude larger than the permeability in radial direction, the
mass flow of gas leaving the cylinder will still be distributed evenly over both
directions. Therefore, at least half the heat removal due to convection will still
occur due to a radial outflow of gas. This is a particular property of a cylindrical
geometry. In the case of an infinitely long and wide plate, most of the mass would
indeed flow out in the direction parallel to the fibres. In a cylindrical geometry,
the mass flow in the direction perpendicular to the fibres can still be comparable
to the mass flow in the direction of the fibres if the direction perpendicular to the
fibres is the radial direction. In that case the smaller permeability perpendicular
to the fibres can be compensated by the fact that there is an ever increasing
surface area through which the flow can pass. In the case of an infinitely long
cylinder, the diameter is sufficient to describe the geometry. Now it seems that
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the length is important too. It seems the decision to assume infinite length was
taken too hastily and must now be revised. Since the objective of this chapter
is to identify the main parameters needed to characterise the particle pyrolysis
behaviour, this needs to be investigated. Therefore, a part of the gas production
will be allocated to the radial outflow, using a factor α:

ρg
1

r

∂rvgr

∂r
= α (ωg(T ) + ωt(T )) k0e

− E
RT ρsb (4.18)

The sensitivity of the pyrolysis to this parameter α will be investigated. This
allows one to retain the simplicity of a 1D model, while still investigating the
effect of the gas distribution between the two space dimensions.

The argument of anisotropy has been rejected for a cylindrical geometry. One
may not neglect the convective heat transfer in radial direction by arguing that the
permeability in axial direction is two orders of magnitude larger. This argument is
valid for an infinitely long and wide plate, but in a cylindrical geometry, the lower
permeability in the radial direction can be compensated by the ever increasing
surface area. It is however still possible that the convective heat transfer may be
negligible because it is inherently a second order effect. In order to investigate
this, the equations will be made dimensionless. The equations have, however
already been simplified as a result of the assumptions made above. Therefore
the simplifications and the resulting simplified equations will first be summarised
here.

The main additional simplifying assumptions made so far were:

• Pressure build-up in the particle is of no interest and can be neglected.

• The particle can be described as an infinitely long cylinder with respect to
the conductive heat transfer

• The assumption of an infinitely long cylinder is not applicable to the con-
vective heat transfer. Instead, it is assumed that the distribution of the flow
between axial and radial directions can be modelled by allocating a fraction
α of the gas production to the flow in radial direction

• The change in bulk density ρg is assumed to be negligible compared to the,
unknown, changes in density due to secondary cracking reactions

• The contribution of the gas to the total heat capacity of the particle is
negligible compared to the heat capacity of the solid material.

As a result of these additional assumptions, the total system of equations describ-
ing the biomass pyrolysis reduces to Equation (4.18), the heat equation in the
form:

(
ρsc c

s
pc

+ ρsb c
s
pb

) ∂T
∂t

+ ρg cgpv
g
r

∂T

∂r
=

1

r

∂

∂r

(
rλeff

∂T

∂r

)
(4.19)
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and the Equations (4.3) and (4.4) for the biomass and char mass, which are
repeated here for ease of reference

∂ρsb
∂t

= −k0e
− E

RT ρsb

∂ρsc
∂t

= ωc(T )k0e
− E

RT ρsb .

The effective conductivity is modelled using Equation (4.12). Using the fact that
a cylinder is symmetric, the boundary conditions can be simplified to:

r = 0 ⇒
{

∂T
∂r

= 0
∂v

g
r

∂r
= 0

(4.20)

r = r0 ⇒ λeff
∂T

∂r
= k

(
T − T∞

)
. (4.21)

The initial condition remains as given in Equation (3.70)
The equations can be scaled as follows:

T = θT∞ (4.22)

t = τ
ρs∞cp∞r

2
0

λ∞
(4.23)

ρα = σαρα∞ (4.24)

r = ζr0 (4.25)

cαpi
= γαi cp∞ (4.26)

Note that two different density scales are introduced: one for solid and one for
gas. The specific heat capacity is not scaled differently for gas and solid, because
the specific heat capacity has the same order of magnitude for all phases. Nu-
meric values for these scales can be chosen quite easily. T∞ is the gasifier bulk
temperature, ρs∞ is the initial bulk density of the particles, the reference for the
gas density is approximately 0.5. The references for cp and λeff are the corre-
sponding values for fresh biomass and r0 is obviously the radius of the particle.
Some values are suggested in Table 4.2 Substituting this in Equations (4.18),
(4.19), (4.3) and (4.4) yields:

σg
1

ζ

∂ζvgr

∂ζ
=
r0ρ

s
∞

ρg∞
α (ωg(θ) + ωt(θ)) k0e

− E
RT∞θ σsb , (4.27)

(σscγ
s
c + σsbγ

s
b )
∂θ

∂τ
+
r0ρ

g
∞cp∞
λ∞

σgγgvgr
∂θ

∂ζ
=

1

ζ

∂

∂ζ

(
ζν
∂θ

∂ζ

)
, (4.28)

∂σsb
∂τ

= −ρ
s
∞cp∞r

2
0k0e

− E
RT∞θ

λ∞
σsb , (4.29)

∂σsc
∂τ

= ωc(θ)
ρs∞cp∞r

2
0k0e

− E
RT∞θ

λ∞
σsb . (4.30)
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The velocity is the only variable that has not been scaled yet. This was done
purposely, because a proper scaling for the velocity is not easily determined.
Equation (4.27) suggests a scaling for the velocity. Since all other quantities on
the left-hand-side of that equation have an order of magnitude one, the velocity
must have the same order of magnitude as the right-hand-side of Equation (4.27).
The proper scaling for the velocity is therefore:

vgr = vgr∞φ =
r0ρ

s
∞αk0e

− E
RT∞θ

ρg∞
φ. (4.31)

Substituting this in Equation (4.28) yields:

(σscγ
s
c + σsbγ

s
b )
∂θ

∂τ
+
r2
0ρ

s
∞cp∞αk0e

− E
RT∞θ

λ∞
σgγgφ

∂θ

∂ζ
=

1

ζ

∂

∂ζ

(
ζν
∂θ

∂ζ

)
. (4.32)

This reveals that the convective heat transfer is governed by the same dimen-
sionless group as the conversion of solid matter. This group is known as the
Damköhler number, Da. It is also the inverse of the Pyrolysis number Py intro-
duced by Pyle and Zaror [42] (cf Equation (4.10)). Since the Pyrolysis number
seems to be more popular in pyrolysis studies than the Damköhler number, the
former will be used in this thesis. The Pyrolysis number is defined on the basis
of a temperature Tp, to be chosen later:

Py =

(
r2
0ρ

s
∞cp∞k0e

− E
RTp

λ∞

)−1

. (4.33)

The name “Pyrolysis number” is well-chosen, for it is the number that entirely
governs the pyrolysis process. Rewriting the dimensionless equations using the
Pyrolysis number one obtains:

σg
1

ζ

∂ζφ

∂ζ
= α (ωg(θ) + ωt(θ)) e

−
“

E
RTp

“

Tp

T∞θ
−1

””

σsb , (4.34)

(σscγ
s
c + σsbγ

s
b )
∂θ

∂τ
+
αe

− E
RTp

“

Tp
T∞θ

−1
”

Py
σgγgφ

∂θ

∂ζ
=

1

ζ

∂

∂ζ

(
ζν
∂θ

∂ζ

)
, (4.35)

∂σsb
∂τ

= −e
− E

RTp

“

Tp
T∞θ

−1
”

Py
σsb , (4.36)

∂σsc
∂τ

= ωc(θ)
e
− E

RTp

“

Tp

T∞θ
−1

”

Py
σsb . (4.37)

One can now see that convective heat transfer is only important if:

αe
− E

RTp

“

Tp
T∞θ

−1
”

Py
� 1 ∧ σsb 6= 0 ∧ α 6= 0 (4.38)
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It is however impossible to test this condition without solving the entire system
of equations. The last condition has been discussed extensively. It was concluded
that α will generally not be zero for a cylindrical geometry. It will be 0 for a flat
plate-like geometry. Thus, for a flat plate, the convective heat transfer is always
negligible.

The concentration of fresh biomass σsb will decrease and eventually become
zero. At the same time the temperature will increase, thus causing an increase of

e
− E

RTp

“

Tp
T∞θ

−1
”

Py−1 from practically zero to very large values (O(104)). Whether
this factor will become much larger than 1 before the biomass concentration has
vanished cannot be determined through a dimensional analysis. This is the same
problem that one experiences when using the classification of Pyle and Zaror.
The strong non-linearity of the reaction kinetics prohibits the determination of
these factors without solving the problem. Looking at Equation (4.36) one can
see that the decrease of biomass is governed by the same factor as the con-
vective heat transfer. This suggests that whenever the convective heat transfer
becomes important, the biomass concentration will instantly vanish, thus causing
the convective heat transfer term to vanish with it. Therefore the convective heat
transfer can only be of real importance locally and for a very short period of time.
Whether this period is long enough to affect the overall heating and pyrolysis of
the particle cannot be determined from the dimensionless groups appearing in
the equations. If, however the convective heat transfer plays an important role in
the pyrolysis process, then the pyrolysis time should be quite sensitive to α. One
method to determine whether or not the convective heat transfer is important
for the pyrolysis of cylindrical wood particles is therefore to solve the system of
equations (e.g. using numerical methods) and investigate the sensitivity of this
solution to the parameter α. This will be done in Section 4.3.4. The scaled equa-
tions will be used later to find an analytical approximation. The boundary and
initial conditions will then also be scaled.

4.3.4 Numerical solution

Two questions remain that can only be answered by solving the set of equations.
These questions are:

1. Which set of kinetic parameters describes the biomass pyrolysis best?

2. Is convective heat transfer negligible or not?

In order to find the answers to these questions, the set of equations presented in
the previous sections was solved numerically, using Godunov’s method combined
with strang splitting [38]. The non-scaled equations (4.18), (4.19), (4.3) and (4.4)
with initial condition (3.70) and boundary conditions (4.20) and (4.21) were used.
These equations are more intuitive and allow a better comparison to the results
of the experiments.
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The properties used for the calculations are listed in Table 4.2. Using these
input data, calculations were made for 28 mm diameter Ramin cylinders in order
to investigate the sensitivity of the model to α, the external heat transfer coeffi-
cients and the pyrolysis kinetics. The results of these calculations are summarised
in Figure 4.1. Two different kinetics were used in the calculations: the kinetics
proposed by Bamford and the kinetics proposed by Kansa et al (cf. Table 3.3).
They result in two groups of lines that are quite far apart. The groups of lines
represent variations in the external heat transfer coefficient and the fraction of
the pyrolysis gases that flows out in the radial direction α. As discussed earlier,
one would expect α to have values in the range 0 (very short cylinders) to 0.5
(very long cylinders), cf [33].

The external heat transfer coefficient, k, was varied between 25% and 125%
of the base value given in Table 4.2. The figure shows that this large variation
of k has only a moderate effect on the pyrolysis time. This effect decreases with
increasing external heat transfer coefficient. One may conclude that the heat
transfer is primarily limited by the internal resistance to heat transfer.

The effect of the parameter α is comparable to that of the external heat
transfer coefficient. It was varied between 0% and 250% of the base value given
in Table 4.2. The variation in pyrolysis time resulting from this variation in
α is approximately twice the variation induced by a variation in k. Since the
excitation of α is also twice the excitation of k, one may conclude that the order
of magnitude of the effect of α is similar to that of the external heat transfer
coefficient. It is small, but for a different reason. Gases can only flow out of
the particle when they are created by the pyrolysis reaction. Note that this is
not the same argument as the anisotropy of biomass. The convective heating is
altogether negligible compared to the conductive heat transfer.

The pyrolysis reaction depends on temperature and therefore on the conduc-
tion of heat into the solid. This means that the cooling of the particle by the gases
can never be more important than the heating by conduction. The convective
cooling is always a second order effect, due to the origin of the gas flow. One may
also note that the dependence on α becomes weaker as the activation energy of
the reaction decreases. The relationship between α and the pyrolysis time seems
to be more or less linear. It looks similar to the relationship between pyrolysis
time and diameter that was found experimentally in Chapter 2.

In order to investigate the sensitivity of the pyrolysis time to the conductiv-
ity, the assumed gas conductivity λg in Equation (4.12) was varied between 0.07
W/m K and 0.12 W/m K. Figure 4.2 shows the variation of the effective conductivity
as a result of the variation in the assumed gas conductivity. The figure shows
that the effective conductivity varies approximately 15% around the conductivity
that belongs to the gas conductivity mentioned in Table 4.2. The effect of this
variation on the pyrolysis time is shown in Figure 4.3. The relatively small varia-
tion in effective thermal conductivity has a larger effect than the large variations
in external heat transfer coefficient and kinetic parameters. Note that the varia-
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Figure 4.1: The pyrolysis time increases as the fraction of pyrolysis gases
that flow out in the radial direction, α, increases. The pyrolysis time de-
creases slightly with increasing external heat transfer coefficient. In this fig-
ure the kinetics as proposed by Bamford et al, is compared to the kinetics
proposed by Kansa et al.

Figure 4.2: The effective conductivity depends on the conductivities of the distinct
phases and the conversion of the biomass according to equation (4.12). The figure
shows the variation of the effective conductivity as a function of these variables.

.
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Property Ramin wood Pine wood Char Gas

cp (kJ/kg K) 2.0 2.0 1.0 1.0
ρ (kg/m3) 1500.0 1500.0 2200.0 0.7
λeff (W/m K) 0.6 0.6 0.6 0.09
ρsb0 670.0 560.0 n/a n/a
ρg n/a n/a n/a 0.7

Boundary conditions

T∞ 650oC
k 400W/m2K

Other parameters

α 0.4

Table 4.2: The material properties that were used for the calculations. Note
the difference between averaged and microscale densities. The microscale
densities of the solid materials are needed to calculated the volume fractions
εs and εg according to Equations (3.43) and (3.41). These volume fractions
are needed in turn in the conductivity model

tion of thermal conductivity is capable of compensating the variation in kinetic
parameters. The variation in kinetic parameters could only be compensated by
the extremes of the variations in α and k.

All coefficients in the model have been varied within the bounds that are
deemed reasonable. The values used for these coefficients in the present sensitivity
analysis can all be found in literature in different combinations. One may conclude
that the pyrolysis is controlled primarily by the reaction and internal conductive
heat transfer. External heat transfer and convective heat transfer due to the
pyrolysis gases leaving the particle also affect the pyrolysis, but the pyrolysis is
much less sensitive to it. This explains that the different models discussed above
are all in good agreement with measurements, in spite of their very different
assumptions and their differences in kinetic parameters. The model was fitted
using the assumed gas conductivity to the experimental data obtained in Chapter
2 for both sets of kinetic parameters. All other properties were kept at the value
given in Table 4.2. The results are shown in Figure 4.4. Both fits agree with
the measurements quite well. The kinetic parameters suggested by Kansa et al.
seem to be slightly better. The model results follow the experimental curve more
closely when these kinetic data are used. Moreover the value for λg needed to
fit the model is more realistic than the value that was needed to fit the model
using the kinetic data suggested by Bamford. In view of the pyrolysis kinetics
shown in Figure 3.4, this is surprising. On the other hand, the discussion of the
experimental results in Chapter 2 already led to the conclusion that it is likely that
the activation energy of the pyrolysis reaction is not so high. It was found in the
experiments that the pyrolysis time depends more or less linearly on the diameter.
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Figure 4.3: A variation of ± 15% in the effective thermal conductivity results
in a larger variation in pyrolysis time than caused by a variation in external heat
transfer coefficient between 25% and 125% of the value mentioned in Table 4.2

.

If one assumes that external heat transfer is not the rate limiting step, then the
activation energy must be relatively low to explain this linear relationship.

Figure 4.5 compares the dependence of the pyrolysis time with the measure-
ments discussed in Chapter 2. If the kinetic data of Kansa is used, the curve is
more straight than when the data suggested by Bamford is used. This can also
be expressed quantitatively. The three curves shown in Figure 4.5 were all fitted
with the expression

tp = a (2r0)
b (4.39)

Fitting was done using the least squares method. The results are shown in table
4.3. The Root Mean Square of the residuals for all fits shows that all curves
could be fitted quite well with the above expression. The straightest line is
clearly the curve through the averaged measurements. The line determined from
the model calculations with a high activation energy is almost quadratic. The
line determined from model calculations with the kinetic data suggested by Kansa
et al. This suggests that the activation energy should even be lower in reality.
This suggestion is confirmed when one looks at the curves in Figure 4.4 again.
With decreasing activation energy, the curve descends in the middle toward the
experimentally determined curve. The curve determined using the kinetic data
suggested by Kansa is still somewhat too high in the middle. The activation
energy of the pyrolysis reaction might therefore be somewhat lower than suggested
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Figure 4.4: The model can be fitted quite well to the experimental data
using only λg. This was done for both the kinetic parameters suggested by
Kansa et al. (upper) and those suggested by Bamford (lower). The values for
λg needed to fit the parameters were 0.10 and 0.14 respectively. The graphs
suggest that the kinetics suggested by Kansa et al are slightly better, but one
should remember that the experimental curve is a best approximation from a
signal that was contaminated with noise.
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by Kansa.

Curve a b RMS of the residuals
Averaged measurement 6.16377 1.23512 3.14036
Bamford Kinetics 1.17017 1.73188 1.68489
Kansa Kinetics 2.36871 1.5252 4.89382

Table 4.3: When the curves in Figure 4.5 are fitted with an expression tp =

a (2r0)
b, one can clearly see that the model calculations using the kinetic data

suggested by Kansa yield results that are in better agreement with the experimental
results

Given the uncertainty of the measurements, this thesis will not have the au-
dacity to propose its own, new, set of kinetic parameters. Obviously the data
proposed by Fredlund et al. (cf Table 3.3) were tested. After all, this set of
kinetic parameters has a very low activation energy. No satisfactory results could
be reached with these kinetic parameters however. The conclusion is that the
kinetic data proposed by Kansa yield the best description of the biomass conver-
sion rate, but it is likely that the activation energy should actually be somewhat
lower.

4.3.5 Considering the results: the final system of equa-

tions

The main conclusions from the calculations discussed above were:

1. Like most other models in literature, this model is capable of simulating
the mass decrease of a biomass particle very well

2. The predicted pyrolysis time is quite insensitive to the external heat transfer
coefficient. Processes inside the particle are rate limiting

3. The predicted pyrolysis time is not sensitive to α. The convective heat
transfer in the particle is thus not important and can safely be neglected.
This explains why models that do not take convection into account are
approximately equally successful as models that do take convection into
account.

4. The model calculations confirm the impression from the measurements that
the activation energy of the pyrolysis reactions is lower than most kinetic
measurements published in literature suggest.

The last conclusion is worth considering somewhat better. Figure 3.4 suggests
that most authors find a high activation energy. On the other hand, the experi-
ments presented earlier suggest a much lower activation energy. Does this mean
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Figure 4.5: The variation of pyrolysis time with diameter depends on the kinetic
parameters used. When the kinetic parameters suggested by Kansa et al are used,
the line is less bended (“more linear”) than when the data suggested by Bamford
are used. The experimentally determined dependence could be predicted by both
sets of kinetic parameters, although the kinetics suggested by Kansa et al seem to
fit better.

that the experimental results are deceiving? Why is there such a large difference
in the kinetic parameters given in literature? The explanation may be in the way
in which these kinetic parameters were measured. The kinetic parameters with
a high activation energy were determined through measurements on very small
particles. Because the particles are very small, there is no internal heat transfer
limitation. In order to ensure that one measures the pure reaction rate, without
interference of heat transfer, one must assure that the external pyrolysis number
Py’ is large enough. This number depends however on the reaction rate that is
to be determined. Can one first estimate the reaction rate on the basis of the
assumption that Py’ � 1 and then later check whether this condition has been
satisfied with the reaction rate that has thus been determined? The ratio between
the external pyrolysis numbers determined using two different kinetic parameters



4.3. SIMPLIFYING ASSUMPTIONS 111

is given by the ratio between the two reaction rates:

Py’I
Py’II

=
k0I

k0II

e−
EI−EII

RT (4.40)

This ratio is shown in Figure 4.6 for the kinetics suggested by Bamford (I) and
Kansa et al. (II). One can see that the external pyrolysis number based on the
kinetic parameters suggested by Kansa et al. is between two and four times
smaller than the same number based on the kinetic parameters suggested by
Bamford for high temperatures. Wagenaar did measurements in a drop tube for
high temperatures. The external pyrolysis number of Wagenaar is between 10 and
3 for the temperature range in which he did his drop tube measurements. The
kinetic parameters suggested by Wagenaar are comparable to those suggested by
Bamford. Thus if one accepts the kinetic parameters suggested by Kansa et al,
then the experiments performed by Wagenaar do no longer satisfy the condition
that Py’ � 1. In fact Pyle and Zaror [42] use Py’ > 3 as the criterion to determine
if the pyrolysis is governed entirely by the reaction rate. If external heat transfer
is equally important as or even more important than the reaction rate, than the
reaction occurs at a lower temperature than the external temperature. If this is
neglected in the analysis of the experiments, then the measured reaction rate is
attributed to a higher temperature than at which the reaction actually occurred.
This results in an overestimation of the activation energy. The fact that it has
been assumed that the external heat transfer is not rate limiting can thus lead to
an overestimation of the activation energy. On the other hand, the data suggested
by Kansa et al. have been determined by fitting a model to measurements taking
full heat transfer (both externally and internally) into account. Their procedure
is quite similar to the one used in this work.

The conversion of a large solid particle is very suitable to determine reaction
kinetics. Since the particle is heated during the reaction, the reaction rate is
implicitly measured for all temperatures between the initial temperature of the
particle and the temperature at which the conversion has completed. The accu-
racy with which the reaction rate can be determined obviously depends on the
accuracy of the other parameters involved such as the conductivity and the spe-
cific heat capacity. Doing measurements on small particles that are not limited
by external and internal heat transfer eliminates these uncertainties, but one can-
not be sure that the measurements were really dominated by the reaction rate.
Therefore the best approach to measuring pyrolysis kinetics is probably to first
obtain an estimate of the kinetic parameters by fitting the kinetic parameters
using a complete model on experiments on large particles. This first estimate is
bound to be inaccurate due to uncertainties in the other parameters in the model.
However, as long as this estimate represents the correct order of magnitude for
the kinetic parameters, one can use this first estimate to design experiments in
which the pyrolysis reaction truly is the rate limiting process. These experiments
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can subsequently be used to determine more accurate estimates of the kinetic
parameters. This procedure has not been tested during the present research

In the rest of this thesis the kinetic parameters suggested by Kansa et al. will
be used as the best available estimate of the pyrolysis reaction rate.

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 500  550  600  650  700  750  800  850  900

P
y’

 r
at

io
 (

-)

Temperature (K)

Comparison of Py’ based on Bamford and Kansa kinetics

Figure 4.6: The external pyrolysis number Py’ based on the kinetics by
Bamford differs from that based on the kinetics by Kansa et al. The figure
shows the ratio between the two. For high temperatures the external pyrolysis
number according to the Bamford kinetics is much higher than that according
to the kinetics by Kansa et al.

The other main conclusion from the numerical calculations was that the py-
rolysis is not very sensitive to α. Therefore the convective heat transfer can be
neglected compared to the conductive heat transfer in the particle. This has some
(fortunate) consequences:

• The assumption on the gas density is no longer important.

• The gas mass balance disappears from the system of equations completely

• The length of the biomass particles is no longer a parameter affecting the
pyrolysis as long as the particles are much longer than their radius

Neglecting convective heat transfer, the equations can be simplified further to the
final set of equations that provide the simplest possible mathematical description
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of biomass pyrolysis. One last simplification can be made by assuming that the
stoichiometry is independent of temperature. Given the dependence depicted in
Figure 3.3, this seems to be a daring assumption. On the other hand, the char
yield from the experiments was more or less constant. The model calculations
also predicted a more or less constant char yield in spite of the fact that the fit to
Wagenaar’s stoichiometry was implemented in the model. This suggests that the
largest part of the pyrolysis reaction occurs at more or less the same temperature
for all particle diameters. Obviously, the dependence on the external temperature
has not been studied. One may therefore assume that the char yield is constant
provided that most of the pyrolysis occurs at one temperature. When one assumes
constant stoichiometry, then equations (4.29) and (4.30) can be added. This
yields:

∂σs

∂τ
= (ωc − 1)

e
− E

RTp

“

Tp
T∞θ

−1
”

Py
σsb . (4.41)

By virtue of the assumption that ωc is constant one can eliminate σsb from the
equation by expressing it in terms of the total mass concentration of solid matter
σs. Note that:

σsb = σs − σsc . (4.42)

The char concentration σsc can be obtained from:

σsc = ωc (1 − σsb) (4.43)

if the scaling for density is the initial bulk density of the particle. Combining
Equations (4.42) and (4.43) results in:

(ωc − 1) σsb = − (σs − ωc) . (4.44)

Substituting (4.44) in (4.41) yields the final mass conservation equation. The
heat capacity can also be expressed as a function of the total mass concentration.
According to Table 4.2, γsb = 1 and γsc = 0.5 if cp∞ is taken equal to the specific
heat capacity of the fresh biomass. In that case:

σsbγ
s
b + σscγ

s
c =

σs − 0.5ωc (1 + σs)

1 − ωc
(4.45)

The final set of equations is then:

σs − 0.5ωc (1 + σs)

1 − ωc

∂θ

∂τ
=

1

ζ

∂

∂ζ

(
ζν
∂θ

∂ζ

)
(4.46)

∂σs

∂τ
= −e

− E
RTp

“

Tp
T∞θ

−1
”

Py
(σs − ωc) (4.47)
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The gas mass balance has disappeared completely from this set of equations. The
scaled boundary and initial conditions are:

ζ = 0 ⇒ ∂θ

∂ζ
= 0 (4.48)

ζ = 1 ⇒ ν
∂θ

∂ζ
= Bi (1 − θ) (4.49)

τ = 0 ⇒ θ =
T0

T∞
∧ σs = 1 (4.50)

Bi =
kr0
λ∞

(4.51)

4.4 Analytical solution

4.4.1 Introduction

Thus far, this chapter has been a process of elimination. The analysis started
from the most extensive description of biomass pyrolysis on the microscopic level.
First the details at the microscopic level were removed by filtering the small length
scales out of the equations. Subsequently, the resulting equations were simpli-
fied step by step by eliminating processes that were shown to less influential on
the pyrolysis process. This eventually led to the set of equations (4.35)-(4.50),
supplemented by the definitions of the dimensionless quantities and numbers.
These equations now contain only the essential physical processes occurring dur-
ing pyrolysis. Other processes that also occur but have a lesser effect, have been
neglected.

The elimination process served a purpose. The purpose of this chapter was
to determine which parameters are essential to characterise the biomass pyrolysis
behaviour completely and to determine what mathematical expression captures
the relationship between these parameters and the biomass pyrolysis behaviour.
The answer to these questions is given by the system of equations (4.35)-(4.50).
In fact, this chapter can now be closed, since the answer to the question posed at
the start of this chapter has been found. However, the answer is still in a form
that is not very useful to anyone who wants to use this answer in the framework
of a population balance. The answer needs to be rewritten in a closed form if
possible. To rewrite the system of equations in a closed form means to solve the
system. This will be attempted in this section.



4.4. ANALYTICAL SOLUTION 115

4.4.2 Solution approach

Equation (4.47) has a solution of the form:

−
∫ τ

0

e
− E

RTp

“

Tp
T∞θ

−1
”

Py
dτ ′

σs − ωc = (1 − ωc) e

(4.52)

The spatial derivative of this concentration is therefore

∂σs

∂ζ
= (σs − ωc)

∫ τ

0

E

PyRT∞θ2
e
− E

RTp

“

Tp
T∞θ

−1
”

∂θ

∂ζ
dτ ′ (4.53)

Since all quantities, including the integration have been scaled to O(1), this means
that the concentration gradient scales as:

∂σs

∂ζ
∼ E

PyRT∞

e
− E

RTp

“

Tp
T∞θ

−1
”

θ2
= S (4.54)

Using the scaling given in Table 4.4, yields: Py = 0.00162 and thus E
PyRT∞

≈ 6000.

The second factor, containing an exponential function of θ divided by θ2, varies
quite strongly with θ. The total scaling of the concentration gradient has been
plotted in Figure 4.7. In this figure, one can see that the concentration is only a
very small fraction of the temperature gradient until θ = 0.42. Then the scaling
rises steeply and within the range 0.42 < θ < 0.50, the scaling of the concentra-
tion increases to more than 6 times the temperature gradient. Obviously, when
the concentration gradient is much higher than the temperature gradient, the
concentration changes swiftly until it reaches the value σs = ωc. At that point
the concentration gradient is zero. So one can observe the following structure of
the solution to Equations (4.35)-4.50).:

• For low values of θ (below 0.42), the concentration gradient is negligible
compared to the temperature gradient. The concentration is more or less
constant

• For higher values of θ, the concentration gradient is much higher than the
temperature gradient. As a result the concentration decreases to ωc in a
thin layer.

• Beyond the thin “reaction layer”, the concentration is constant again be-
cause it has reached its final value ωc.

This structure has been depicted in Figure 4.8. The thinness of the reaction layer
depends on the temperature gradient. The reaction layer stretches approximately
between the point where θ = 0.42 and θ = 0.52 and somewhat further. Initially
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the temperature gradient is quite steep and therefore the reaction layer will be
quite thin. As the particle heats further, the temperature gradient will become
more gradual and the thickness of the reaction layer increases. For a cylindrical
particle, most of the mass is concentrated at the outer layers of the particle.
Therefore most of the conversion will occur in a thin reaction layer. For higher
values of the activation energy, the range of θ in which the reaction occurs will
become smaller. For lower activation energies, this range will be larger.

Scaling parameter Value Comment
r0 0.014 m For the largest particle. This

value should be changed to the
particle radius for each particle

ρs∞ 670 kg/m3 The initial bulk density of the
wood. Change for different wood
types

T∞ 650 oC The temperature of the fluidised
bed.

cp∞ 2.0 kJ/kgK Specific heat capacity of fresh
wood. Change for different wood
types

λ∞ 0.1 J/mK See Figure 4.2. This is more or
less universal

k0 2.5 104 Hz Kinetic parameter suggested by
Kansa et al. (cf Table 3.3)

E 74.4 103 J/moleK Kinetic parameter suggested by
Kansa et al (cf Table 3.3)

R 8.31451 J/mole Universal gas constant
Tp 500oC Chosen in such a way that

e
− E

RTp

“

Tp
T∞θ

−1
”

remains in reason-
able bounds. Otherwise quite ar-
bitrary

Table 4.4: The values for the scaling parameters are chosen in rela-
tion to particle size, outside temperature and the type of wood used.

Based on this structure of the solution, one can develop a strategy to solve the
pyrolysis equations. The structure of the solution suggests that one might attempt
a solution based on matched asymptotic expansions [26]. The expansion involves
two outer regions that are separated by one inner region. In the outer regions,
the concentration gradient is very small. In the inner region, the concentration
gradient is large. This is similar to the solution provided by Wichman and Atreya
for their thick char stage [58]. However, their solution applies to a infinitely wide
and long flat plate. As one attempts to use their solution procedure, one will
find that it is impossible to apply it to a cylindrical or spherical geometry. The
problem is the method by which they match the outer and inner expansions.



4.4. ANALYTICAL SOLUTION 117

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
θ (-)

0

3000

6000

9000

12000

15000

18000

21000

24000

27000

30000

33000

36000

39000

42000

S 
(-

)

The scaling of the concentration gradient as a function of θ

0 0.1 0.2 0.3 0.4 0.5
θ (-)

0

0.6

1.2

1.8

2.4

3

3.6

4.2

4.8

5.4

6

S 
(-

)

Figure 4.7: The scaling of the concentration gradient as given in
Equation (4.54) varies strongly with θ. The figure zooms into the zone
where the scaling changes from value below 1 to values higher than 1.
This shows that the concentration gradient becomes much larger than
the temperature gradient in a relatively short range of θ.

Therefore a different matching is employed here. The expansion used here is,
however quite similar to the expansion used by Wichman and Atreya.

Let δ be a small parameter defined by:

δ =
PyRT∞θ

2
p

E
, (4.55)

where θp ≡ Tp

T∞
. This parameter is the inverse of the scale of the concentration

gradient compared to the temperature gradient. It is therefore a measure for the
concentration gradient in the outer regions. The expansion will be based on the
limit where δ → 0. There are two possibilities to obtain this limit:

1. E → ∞

2. Py → 0 (e.g. extremely large particles)
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Figure 4.8: The expected structure of the solution suggests that the
solution contains three distinct regions that can be solved separately.
The “inner” and “outer” outer solutions are separated by an inner
solution that represents the structure of the reaction zone

Only the former will be considered. Rewriting the mass conservation equation in
term of δ yields:

∂σs

∂τ
= − 1

Py
e
−Pyθp

δ

“

θp

θ
−1

”

(σs − ωc) . (4.56)

Taking the limit δ → 0 by letting Py → 0 does not result in a limiting case for this
equation. Therefore, the limit for δ is actually the limiting case of infinitely large
activation energy. It seems odd to look at the limiting case for large activation
energy since one of the main conclusions of this thesis until now was that the
activation is probably not so large as is often suggested by kinetic measurements.
There are however two things to be considered in this respect. Firstly , the
activation energy may be a factor two lower, but it is still large. Secondly, the
definition of δ shows that the limit for small δ is reached easier for small Py.
Thus the validity of the approximation is not dependent on the activation energy
alone. It depends on the Pyrolysis number as well.
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4.4.3 Outer expansion

In order to obtain the outer expansions one may express the concentration as an
asymptotic expansion in δ:

σs = σs0 + δσs1 + δ2σs2 + . . . (4.57)

Substituting this into Equation (4.56) yields:

∂ (σs0 + δσs1 + δ2σs2 + . . . )

∂τ
= − 1

Py
e
−Pyθp

δ

“

θp
θ
−1

” (
σs0 + δσs1 + δ2σs2 + · · · − ωc

)
.

(4.58)
Now remember that order of magnitude is defined mathematically as:

f = O(δα) ⇐⇒ lim
δ↓0

∣∣∣∣
f

δα

∣∣∣∣ ≤ 1. (4.59)

When applying this definition to the righthand side of Equation (4.56), one finds
that this term is O(δα) for any positive α. The righthand side of Equation (4.56)
is thus vanishingly small if δ approaches 0.

Taking only the O(1) terms in Equation (4.57), one obtains:

∂σs0
∂τ

= 0. (4.60)

The lowest order approximation to σs therefore is that the concentration distri-
bution is constant. Some short time after the particle has been introduced in the
bed, the outer layer of the particle will consist only of char with σs = ωc. The
inner part will still consist of fresh wood with σs = 1. Thus, the solution to this
equation consists of two regions with a discontinuity in σs separating them. This
situation has been sketched in Figure 4.8.

Substituting this in the heat equation yields:

∂θ1
∂τ

=
ν(σs = 1)

ζ

∂

∂ζ

(
ζ
∂θ1
∂ζ

)
, in the region σs = 1, (4.61)

∂θ2
∂τ

=
ν(σs = ωc)

ωcζ

∂

∂ζ

(
ζ
∂θ2
∂ζ

)
, in the region σs = ωc, (4.62)

where the subscripts 1 and 2 are used to distinguish the two solutions. The
boundary conditions for these equations are according to Equations (4.48) and
(4.49):

ζ = 0 ⇒ ∂θ1
∂ζ

= 0, (4.63)

ζ = 1 ⇒ ν(σs = ωc)
∂θ2
∂ζ

= Bi (1 − θ2) . (4.64)

(4.65)
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For each of these equations, only one boundary condition is known. Two boun-
dary conditions are missing. These are the boundary conditions with the inner
reaction layer. The other boundary condition for each of these is the boundary
condition with the inner solution (cf Figure 4.8). In order to determine these
boundary conditions, the structure of the inner solution must be studied first.

4.4.4 Inner expansion

One can zoom in to the inner layer by stretching both temperature and ζ with δ.
Let:

χ =
ζ

δ
, (4.66)

Θ =
θ

δ
. (4.67)

The thin reaction layer moves through the particle. The location where the outer
solution must be matched with the inner solution is therefore a function of time.
The point where the inner solution and the outer solution in the fresh wood
layer match will be indicated by ζr here. One may move along with the reaction
layer. In that case, one changes coordinates from an Eulerian system that is
stationary with respect to the particle to an Eulerian system that is stationary
with respect to the reaction layer. Note that the system remains Eulerian, while
the perspective of the observer has changed. The system would only become a
Lagrangian system if there was a single entity that could be tracked. This is not
the case here. Obviously an observer that is fixed to the particle will note different
changes in time as an observer that travels through the particle at a certain speed.
There are therefore two different time derivatives. The perspective that the time
derivative refers to will be denoted by a subscript. Let the position expressed in
the new coordinates be s. This new coordinate may then be expressed in terms
of the stationary coordinate system as:

s = χ− ζr(τ)

δ
. (4.68)

Expressing derivatives defined in the old coordinates in the new system of coor-
dinates one obtains

(
∂

∂τ

)

χ

=

(
∂

∂τ

)

s

+
ds

dτ

∂

∂s
=

(
∂

∂τ

)

s

− 1

δ

dζr
dτ

∂

∂s
. (4.69)

∂

∂χ
=

∂

∂s
(4.70)

The occurrence of δ in the above equations may lead to confusion when searching
for the lowest order approximation. The factor δ always occurs in combination
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with the unstretched coordinate ζr. In order to avoid confusion, the stretched
equivalent χr will be used forthwith.

Applying this scaling to Equation (4.46) yields:

δ2σ
s − 0.5ωc (1 + σs)

1 − ωc

∂Θ

∂τ
=

ν

s+ χr

∂

∂s

(
(s+ χr)

∂Θ

∂s

)
+

dν

dσs
∂σs

∂s

∂Θ

∂s
. (4.71)

Substituting the asymptotic expansion (4.57) for σs and retaining only the low
order terms, results in:

0 =
ν

s+ χr

∂

∂s

(
s+ χr

∂Θ

∂s

)
+

dν

dσs0

∂σs0
∂s

∂Θ

∂s
. (4.72)

Note that the accumulation of energy in the reaction layer is only of O(δ2). Con-
sequently, the total heat flow through the reaction layer must be constant in a
low order approximation. This equation can be rewritten as:

(s+ χr) ν(σ
s
0)
∂Θ

∂s
= C(τ). (4.73)

The mass conservation equation becomes:
(
∂σs

∂τ

)

s

− dχr
dτ

∂σs

∂s
= − 1

Py
e
−PyΘp

“

Θp
Θ

−1
”

(σs − ωc) . (4.74)

Substituting the expansion for σs and retaining terms of O(1) yields:
(
∂σs0
∂τ

)

s

− dχr
dτ

∂σs0
∂s

= − 1

Py
e
−PyΘp

“

Θp

Θ
−1

”

(σs0 − ωc) . (4.75)

The boundary conditions for these equations must come from the matching of
these equations to the two outer layers.

4.4.5 Matching

The concentration σs must match the concentrations in the outer solutions. Thus,
by the definition of ζr one obtains:

s = 0 ⇒ σs0 = 1. (4.76)

The reaction layer may need a finite distance ∆s to match the concentration in
the other outer region:

s = ∆s⇒ σs0 = ωc. (4.77)

The temperature gradient at each side of the reaction layer can be found from
Equation (4.73) as:

∂Θ

∂s

∣∣∣∣
s=0

= − C(τ)

χrν(1)
, (4.78)

∂Θ

∂s

∣∣∣∣
s=∆s

= − C(τ)

(∆s− χr) ν(ωc)
. (4.79)
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Rewriting these to conditions for the outer boundaries one obtains:

∂θ1
∂ζ

∣∣∣∣
ζ=ζr

= − C(τ)

ζrν(1)
, (4.80)

∂θ2
∂ζ

∣∣∣∣
ζ=ζr+∆sδ

= − C(τ)

(ζr + ∆sδ) ν(ωc)
. (4.81)

Eliminating C(τ) between these equations and discarding terms of O(δ) allows
one to find the second boundary condition for θ1:

ζ = ζr ⇒
∂θ1
∂ζ

=
∂θ2
∂ζ

ν(ηc)

ν(1)
. (4.82)

The boundary condition for θ2 is that the temperature there should correspond
to the temperature for θ1, because any temperature difference over the reaction
layer is an effect of O(δ). Thus:

ζ = ζr ⇒ θ2 = θ1 = θr. (4.83)

Now all that is needed to have completely specified the boundary conditions,
is some method of specifying ζr. Obviously, the position of the reaction layer
must have something to do with the reaction. Therefore, the answer is sought in
Equation (4.75). Equation (4.76) is invariant in time. Therefore:

(
∂σs0
∂τ

)

s

∣∣∣∣
s=0

= 0 (4.84)

and thus:
dχr
dτ

∂σs0
∂s

∣∣∣∣
s=0

=
1

Py
e
−PyΘp

“

Θp
Θ

−1
”

(1 − ωc) . (4.85)

This is an equation for dζr
dτ

, with the only unknown being
∂σs

0

∂s

∣∣∣
s=0

. This unknown

is in fact the definition of the start of the reaction layer. In reality, this gradient
will start as 0 in the outer region of fresh wood and it will gradually increase
until it reaches a maximum in the heart of the reaction layer. Subsequently it
will decrease again to end as 0 in the outer region of char. The lowest order
approximation however consists of two layers of fresh wood and char respectively,
separated by a reaction zone of finite dimensions. Therefore, the start of this
reaction zone must be defined. The most logical choice to define the location of
the reaction zone seems to be:

∂σs0
∂s

∣∣∣∣
s=0

= −δ. (4.86)

This choice is consistent with the earlier discussion on the structure of the solu-
tion. The reaction zone starts where the gradient of the biomass concentration
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becomes approximately 1 or the stretched gradient becomes δ. Using this defini-
tions of the onset of the reaction zone, one obtains an equation for ζr

dζr
dτ

= − 1

Py
e
−Py

δ
θp

“

θp
θr

−1
”

(1 − ωc) (4.87)

This completes the matching. The location of the reaction zone can now be solved
by solving the temperature in the outer regions together with Equation (4.87).
The complete structure of the solution can subsequently be solved by solving the
equations for the inner solution. This will however not be done in this thesis.
Once the solution for ζr(τ) is known, the conversion of the biomass particle is
known completely and there is no need to solve the structure of the reaction
layer. One may do this out of academic interest of course, but it is not relevant
to the problem at hand. After all, the temperature is known and therefore the
composition of the products is known. The progression of ζr also defines the mass
loss rate of the particle. In order to solve the equation for ζr, one must define
an initial condition. Wichman and Atreya have derived solutions for what they
call the inert heating, initial pyrolysis and thin char stages. These three stages
preceed the solution derived here and using these three solutions one can define
the initial conditions for Equation (4.87). In this thesis the initial condition will
be approximated as follows:

τ = 0 ⇒ ζr = 0 (4.88)

There is a crucial difference between the matching employed here and the
matching used by Wichman and Atreya that is worth noting. Wichman and
Atreya neglect the time derivative at constant s, without explaining the reason.
They consider the structure of the inner solution to be quasi-steady, with time
acting as parameter. Subsequently they fix the temperature at which the reaction
zone starts and then conclude that the reaction layer velocity must be propor-
tional to

√
τ . The problem with this approach is that a fixed temperature is not

the correct criterion for the onset of reaction. The concentration gradient is. This
leads to a different matching that is applicable to both cylinders, spheres and flat
plates, whereas the solution proposed by Wichman and Atreya is only applicable
to a flat plate.
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4.4.6 Results

The solution for the pyrolysis equations can be found by solving the following
system of equations:

∂θ1
∂τ

=
ν(σs = 1)

ζ

∂

∂ζ

(
ζ
∂θ1
∂ζ

)
, in the region σs = 1 (4.89)

∂θ2
∂τ

=
ν(σs = ωc)

ωcζ

∂

∂ζ

(
ζ
∂θ2
∂ζ

)
, in the region σs = ωc (4.90)

ζ = 0 ⇒ ∂θ1
∂ζ

= 0 (4.91)

ζ = 1 ⇒ ν(σs = ωc)
∂θ2
∂ζ

= Bi (1 − θ2) (4.92)

ζ = ζr ⇒
∂θ1
∂ζ

=
∂θ2
∂ζ

ν(ωc)

ν(1)
(4.93)

ζ = ζr ⇒ θ2 = θ1 = θr (4.94)

dζr
dτ

= − 1

Py
e
−Py

δ
θp

“

θp
θr

−1
”

(1 − ωc) (4.95)

τ = 0 ⇒ ζr = 0 (4.96)

τ = 0 ⇒ θ =
T0

T∞
(4.97)

It seems that this system is even more complicated than the original system.
This is not so however. The equations for temperature have known analytical
solutions. Using this analytical one obtains an algebraic relationship between ζr
and θr [10]. Therefore, the system can be solved by integrating Equation (4.87)
numerically together with the algebraic relationship between ζr and θr.

Even the numerical solution of Equations (4.89) and (4.90) is easier. In this
work, the heat equations have been solved numerically, since the analytical so-
lution to the heat equation involves a series expansion, which is as elaborate
to calculate as an analytical solution to the heat equation. The model can be
used to predict the pyrolysis times of dry cylinders. These results are shown in
Figure 4.9. This figure can be compared to Figure 2.14 which shows only the
experimental results. The data for Ramin wood cylinders given in Table 4.2 were
used in the calculations. The kinetic data of Kansa were used to describe the
reaction rate. One can see that the model predicts the pyrolysis time rather
well. The model predicts an almost constant mass decrease. it is therefore not
capable of capturing the initial phase of pyrolysis very well. This may explain
why the model predicts relatively low pyrolysis times for smaller particles, where
the initial phase is more important than for larger particles.

Figure 4.10 show a comparison of the mass decrease as predicted with the
model with the measured mass decrease. This figure is comparable to Figure 4.4
for the numerical solution. One may observe that the mass decrease is predicted
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Figure 4.9: The pyrolysis time of dry Ramin cylinders as a function of diameter
as calculated by the model. The crosses indicate the measured pyrolysis times (cf
Chapter 2). The model predicts slightly lower pyrolysis times for small particles
than one might expect on the basis of the experimental results. The model results
are however within the experimental data. Furthermore the dependence on particle
diameter is less linear than suggested by the experimental results.

surprisingly well. The main difference between this solution and the numerical
solution is that the numerical solution is somewhat less concave. It seems that
the simplified solution predicts a somewhat faster conversion halfway during the
conversion. This can probably be attributed to a slight difference in heat transfer
between the two models. The numerical model takes the full width of the reac-
tion zone into account. Therefore, if the wood is partly converted, it will start to
conduct heat less effectively already. The simplified model does not take all those
intermediate values into account. Therefore the wood “upstream” may be heated
more effectively and thus start to pyrolyse earlier. Figure 4.11 shows the temper-
ature profile inside the particle during conversion. Theoretically one should be
able to see the location of the reaction layer because there is a discontinuity in
the temperature gradient at that location. This is however hardly noticeable

The model results are within the experimental accuracy. The simplified model
is thus quite able to predict the biomass pyrolysis behaviour. The calculation time
for complete conversion of a particle was less than 2 s on a modern computer.
This is considerably shorter than the calculation time needed for the numerical
solution. One calculation could take up to 1 minute for the numerical model,
although there was still room to improve the calculation efficiency.
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Figure 4.10: The solution of the simplified model predicts the mass decrease
in time surprisingly well.
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Figure 4.11: The temperature profile as predicted using the simplified
model. There should be a discontinuity in temperature gradient at the lo-
cation of the reaction layer. This is, however barely noticeable.
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4.5 Conclusions

Starting from the pyrolysis equations derived in the previous chapters, this chap-
ter set out to obtain a simplified yet sufficiently general solution. A literature
survey revealed that there are already many successful numerical models describ-
ing biomass pyrolysis based on the same set of equations. These models differ
however in the kind and the number of simplifying assumptions they make. Fur-
thermore there is a large variety of kinetic parameters. Therefore the simplifying
assumptions were investigated. This led to the following conclusions:

1. The velocity of the gas leaving the particles is not important in the heat
equation and can be neglected. However, the usual argument to neglect
this velocity does not apply to cylindrical particles. Many authors argue
that biomass is anisotropic and that the bulk of the gas will flow out in the
axial direction. Therefore they neglect flow in the radial direction. This is
not applicable for a cylindrical particle. The velocity in the radial direction
may be low, but the mass flow is still considerable due to the rapid increase
of the area through which the gas flows. The velocity is still negligible
because it is intrinsically a second order effect. Once the outflow of gases
starts inhibiting further heating of the particle, the reaction and thus the
flow of gases will diminish. Therefore the cooling effect of gases flowing out
of the particle can never become dominant.

2. The measurement of reaction kinetics using TGA tends to overestimate the
activation energy. When measuring the reaction kinetics using TGA one
must assume that the heat transfer is not rate limiting. This assumption
cannot be checked however. On the other hand when the assumption is not
true, the activation energy will be overestimated. A better method is to fit
the reaction kinetics to a model describing both heat transfer and reaction.

The simplified system of equations could be solved using the method of matched
asymptotic expansion. The resulting solution is easier and faster to calculate and
still yields realistic pyrolysis times and a reasonable approximation of the mass
decrease of the particle.
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4.6 Notation

Roman characters

A Surface area
a Fit parameter for the diameter dependence of pyrolysis

time
b Fit parameter for the diameter dependence of pyrolysis

time
Bi Biot number
cp Specific heat capacity
c Constant in stoichiometry expression
C Integration constant (depending still on dimensionless

time)
E Activation energy
K Permeability tensor
k Reaction rate constant

External heat transfer coefficient
L Length of the cylindrical particle
p Pressure
Py Pyrolysis number
q Heat flux
R Universal gas constant
r Radius of the particle

Radial coordinate
s Stretched coordinate moving along with the reaction

layer
t Time
T Temperature
v Velocity
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Greek characters

α Fraction of the total gas mass flow that flows out in the
radial direction

γ Dimensionless specific heat capacity
δ Inverse of the scale of the concentration gradient
ε Volume fraction
φ Dimensionless velocity
η Molar stoichiometric coefficient
λ thermal conductivity tensor
µ Dynamic viscosity
ν Dimensionless thermal conductivity
ρ Density
σ Dimensionless density
θ Dimensionless temperature
Θ Stretched dimensionless temperature
τ Dimensionless time
χ Stretched dimensionless radial coordinate
ζ Dimensionless radial coordinate
ω Mass stoichiometric coefficient

Frequently used superscripts

g Quantity is related to the gas phase
s Quantity is related to the solid phase

Frequently used subscripts

∞ Reference value for scaling purposes
a In axial direction
b Related to biomass
c Related to char
eff Effective property
g Related to gas
r In radial direction
t Related to tar

Operators

∇ Gradient and divergence operator in the relevant coor-
dinate system





Chapter 5

Describing particulate systems

5.1 Introduction

As discussed in Chapter 1, a circulating fluidised bed (CFB) gasifier is a particu-
late system. In the gasifier, many individual particles convert simultaneously. A
typical particle fed to a CFB gasifier contains approximately 20 g (sphere with 2
cm diameter) dry biomass matter. The heating value of dry biomass is approxi-
mately 16 MJ/kg. Thus a CFB gasifier with a thermal power input of 10 MW is
fed with at least 30 particles per second. The average residence time of a particle
is 5 minutes. Thus there will be at least 9000 individual biomass particles in the
gasifier during normal operation. The number of particles will usually even be an
order of magnitude higher due to:

1. The biomass moisture content which contributes to a longer residence time
and makes it necessary to feed more particles per second.

2. The presence of fine particles. The mass scales approximately with the third
power of the particle size. The residence time of the particles scales with
the first or second power of the particle size. Therefore, a smaller particle
size will lead to a much larger amount of particles in the gasifier. Most
biomass feeds will contain a large fraction fine particles due to the nature
of the grinding and transport system.

3. The fact that most future CFB gasifiers will be much larger than 10 MWth.

The behaviour of a CFB gasifier is thus determined by the behaviour of tens of
thousands of individual biomass particles.

Until now, this thesis was primarily concerned with the behaviour of individual
biomass particles. In Chapter 2, a measurement method was discussed that allows
one to study the behaviour of biomass particles in a fluidised bed. Subsequently,
Chapters 3 and 4 discussed the mathematical description of biomass pyrolysis.
This led to a simplified mathematical model of the conversion of a single biomass
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particle. The central topic of this chapter is how to translate the knowledge of
the behaviour of a single particle into the behaviour of the entire system which
contains ten of thousands of particles.

One possibility would be to track all individual particles in the system and
calculate their total effect as the sum of the effect of all individual particles.
Modern, powerful computers would even make this a feasible option, even though
the computing time would be very long. This is, however not a satisfactory
solution for several reasons. First of all, even though this method would allow
one to simulate the particulate system, it would not result in more knowledge of
the system. It is often possible to describe a system consisting of a large number
of individual particles in a much simpler way than by just summing the effects
of the individual components. A well-known example is the dynamic theory of
gases, where the effect of of the individual molecules is eventually reduced to a
few characteristic properties of the gas. For most purposes, it is not necessary to
describe the gas by summing the behaviour of all individual molecules. Properties
such as viscosity and specific heat capacity provide an accurate representation of
the averaged effect of all molecules together. Even though there may be a large
variation of behaviour when looking at the individual molecules, the behaviour
of the particulate system (i.e. the gas) is quite easily predictable.

Secondly, the computing time needed to track all individual particles would
be quite large. This may be acceptable in simulations of a steady state of the
gasifier, but the purpose of this work is to create a model describing the dynamics
of a circulating fluidised bed gasifier. If the smallest particles in the system have
a typical conversion time of 20 s, the largest numerical time step in the simulation
could be approximately 1 s. Calculating one time step for a single particle will
cost approximately 2 ms using commonly available hardware at this moment.
Thus even without taking the rest of the model and any overhead into account,
the model would be a factor 10 slower than real time.

Thirdly, it is impossible to describe the state of the gasifier using this method.
The state vector of the gasifier would contain tens of thousands of parameters. It
would therefore be quite difficult to compare the model results to experimental
results. In practice, the exact properties of the individual particles entering the
system are unknown. At best the distribution of the properties is known. The
properties of the particles entering the system may be regarded as stochastic vari-
ables of which (at best) only the probability distribution is known. Furthermore,
there may also be stochastic processes occurring within the gasifier, such as par-
ticles breaking or disappearing through the exhaust. therefore, the state of the
gasifier will always be one realisation of a stochastic process. In order to obtain a
reliable estimate of the expected state of the gasifier, one would have to perform
a number of similar simulations with a different sampling of the particles enter-
ing the system. Such a Monte Carlo procedure would be very time-consuming.
An alternative approach is to derive an equation for the expected distribution of
the particles in the gasifier over the relevant particle properties and space. The
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derivation and solution of this “population balance equation” is the subject of this
chapter. The population balance equation provides the link between the known
behaviour of an individual particle and the behaviour of the entire particulate
system that is to be predicted. The relevant particle behaviour in a CFB gasifier
is the production of energy and gas from the particle. the population balance
will yield the information that is necessary to calculate the gas and energy source
terms for the entire gasifier, given the gas and energy effect of a single particle
as a function of its properties. In the subsequent section, the literature on po-
pulation balances will be reviewed briefly. Subsequently, the population balance
equation will be derived. The solution of the population balance equation will be
discussed in section 5.5.

5.2 The population balance concept

Hulburt and Katz [28] where among the first to formulate the similarity between
the kinetic theory of gases and a particulate system. This led them to try and
define a distribution of particle over a space consisting of the physical space and
the space of relevant particle properties, by analogy with the Liouville equation
of statistical mechanics. This distribution function can be regarded as a density
and an equation for this density can be derived by applying a mass balance or
a balance over the total number of particles. Suppose the location anywhere in
a system is given by x and the vector of relevant particle properties is given
as φ. The function f(t,x,φ) is the total number of particles in the volume
x − dx < x < x + dx and with properties in the range φ − dφ < φ < φ + dφ.
this number of particles can change in three ways:

1. Particles move in and out of the physical volume

2. The particle properties change, i.e. they move in and out of the property
volume

3. Other processes cause a sudden jump in either particle properties or location

Common examples of those “other processes” are:

Particle nucleation A particle with certain properties is formed. Common ex-
amples include condensation and crystallisation processes.

Agglomeration Two or more particles meet and are joined permanently. This
causes a sudden change in properties such as particle size or composition.
Furthermore the total number of particles decreases.

Breaking A particle breaks in two or more fragments due to external forces. This
causes changes in properties such as particle size. The number of particles
increases.
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Random movement Superimposed on the main velocity, a particle may exhibit
random movements due to collisions with other particles. A common ex-
ample is Brownian motion.

Naturally, some of these processes may have a stochastic nature. One may derive
an equation for f as usual by writing an integral mass or number balance over a
volume V in a space composed of x and φ:

∂

∂t

∫

V

fdxdφ

︸ ︷︷ ︸
Change in mass or number

= −
∮

δV

d (x,φ)

dt
f · ndxdφ

︸ ︷︷ ︸
Flow out over the boundaries

+

∫

V

Sdxdφ

︸ ︷︷ ︸
Source terms due to “other processes”

(5.1)

Where V is an arbitrary volume. Applying Gauss’ theorem and considering the
fact that this equation must hold for any arbitrary volume leads to the differential
form of this balance equation:

∂f

∂t
+ ∇ · dx

dt
f + ∇ · dφ

dt
f = S (5.2)

When f is interpreted as a mass density, this equation is simply a mass balance
over an n-dimension space consisting of an m-dimensional physical space and and
(n −m)-dimensional property space. the vectors dx

dt
and dφ

dt
are velocity vectors

in each of the two sub-spaces
Hulburt and Katz formulated the population balance equation in this form

already in 1963. They proceeded to introduce a solution method: the method
of moments, which will be discussed later in this chapter. They subsequently
discussed three applications:

1. Crystallisation

2. Particle agglomeration

3. Particle with a residence time distribution

For these applications, they specified the source term S and the velocity vec-
tors in physical and property space. the source term S can obviously contain
stochastic elements. Since the introduction of the population balance equation to
process engineering in 1964, it has been applied primarily to crystallisation and
polymerisation processes. Hulburt and Katz have had a tremendous influence on
the application of population balances in process engineering. Most applications
are still based on their original work. Even so, not only Hulburt and Katz de-
serve credit for the introduction of population balances to process engineering. A
total of 5 other papers were published in the period 1962-1964 by Randolph and
Larsen [45], Benkhen, Horowitz and Jacob and Katz Stanley [4], Frederickson and
Tsuchiya [14] and Cha and Fan [11]. These papers show the rapid development
of the population balance concept from a model that describes the development
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of crystal size, through the generalisation of the crystal size to any particle prop-
erty, towards a vector of particle properties and the population balance equation
as formulated by Hulburt and Katz [28] and Randolph [45] simultaneously. The
paper by Randolph received less attention, probably because it only introduces
the concept and does not show any applications.

Other areas of application of population balances are: biology (cell growth)
[44] and cracking. In the latter application, the particles under consideration are
hydrocarbon molecules and the property vector often contains the chain length of
the molecule. In this field of application, the population balance method is often
referred to as “reactions in continuous mixtures” [1]. The mixtures are called
continuous because a continuum of chain lengths is considered, as opposed to al-
lowing only an integer number of carbon atoms in the chain. This raises questions
concerning the physical interpretation of the distribution function f . In popula-
tion balances, integer numbers such as the number of particles or the number of
carbon atoms in a chain, are often treated as real numbers. Is this merely out of
mathematical convenience or is there a physical interpretation of the population
balance equations that allows this transition from discrete to continuous?

The simplest possible population balance is the mass conservation equation
for an ideal, non-reacting gas. In the simplest ideal gas model, the population
consists of gas molecules that are modelled as hard, perfectly elastic spheres.
The molecules have only one property: molecular mass and this property does
not change as long as there are no chemical reactions. Thus:

dφ

dt
≡ dM

dt
No reactions

= 0. (5.3)

Since the spheres are perfectly elastic, they will not agglomerate. Nor will they
break. Therefore, the source term S is usually zero for an ideal gas. Substituting
this in Equation (5.2) yields the familiar mass balance:

∂f

∂t
+ ∇ · dx

dt
f = 0. (5.4)

Usually f is interpreted as a mass density and the symbol ρ is used. However,
given the ideal gas model, one might expect that the mass density divided by
the molecular mass would yield and integral number, since the spheres cannot be
divided. This is not the case. Everyone is quite happy to treat the mass density as
a continuum. The theory of ideal gases is rooted in a statistical description of the
movement of those hard spheres [37]. Therefore, the number of molecules at any
given location is not to be interpreted as the actual number at a certain time, but
rather as an expectancy. Dividing ρ by the molecular mass yields the expected
number of molecules. this may well be an non-integer number. As a simple
example: suppose that there is a chance of 60% that there are 100 molecules at a
certain location and a chance of 40% that there are 93 molecules at that location.
the corresponding expected number of molecules is 97.20: a non-integer number.
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The distribution function f is not to be interpreted as the actual particle
distribution over space and properties, but rather as the expected distribution.
this is an essential property of the population balance equation. Ramkrishna

[44] showed how the population balance equation for a breaking process can be
derived from a stochastic Master equation for the same process. This derivation
shows that the population balance equation is obtained by taking the expectancy
of the Master equation. The derivation will be repeated for the pyrolysis process
in the next section. Ramkrishna [44] proceeded to point out that one may also
derive equations for higher moments of the particle distribution. Thus one may
derive an equation for the variance of the number of particles as a function of
space and properties. these equations are usually not important, since the higher
moments are usually very small due to the high total number of particles. However
Ramkrishna showed that they may be of importance in applications where the
populations are small. One example is food sterilisation, where the purpose is
to create a small population. Even when the population distribution function
f indicates that the population has almost become extinct, there may still be a
considerable chance that some individuals have survived. This chance is expressed
in a large variance around f . The distribution function f is an expectancy, not
a certainty. This also has consequences for upscaling of particulate systems.
Small-scale experiments may suffer from small population sizes. Therefore, the
behaviour of a small, bench-scale system may be more erratic than the behaviour
of a large system. When evaluating the dynamics of a particulate system, it
is difficult to extrapolate bench-scale experiments to the full-scale system. One
must calculate at least the variance of f in order to be able to distinguish between
real dynamic effects that would also occur on larger systems and dynamics that
are only artifacts of the population size and that would not occur in a large-scale
installation where the population is much larger.

In the application of reactions in continuous mixtures, one of the properties
has changed from discrete to continuous. One may ask oneself if this is also an
essential trait of the population balance equation. Imagine a cracking process,
where the molecules may crack to integral chain lengths. The molecules are sam-
pled every minute. Within this minute, a molecule may crack to two molecules
with a probability distribution depending on the resulting size of the molecules.
there is also a chance that the molecule will not crack in this minute. For an
individual molecule with a known size, one can calculate the probability density
of its size after several minutes. The expectancy of the size associated with this
probability density will usually not be an integral number. The population bal-
ance equation can be derived for either the distribution function over the actual
(i.e. discrete) chain length of for the distribution of particles over the expected
(i.e. continuous) chain length. The transition from discrete to continuous in prop-
erty space is not essential for the derivation of the population balance equation
[44]. In the case of reactions in continuous mixtures it is convenient to describe
the distribution over the expected chain length because it renders the equation
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deterministic rather than stochastic. The time derivative of the expectancy of
chain length for each individual molecule can be described deterministically as a
function of the current chain length and other relevant variables. therefore, the
velocity in property space, dφ

dt
is a deterministic function. If one would like to solve

the distribution over the actual chain length, this velocity would be a stochastic
function. It depends on the application whether it is possible to choose the sim-
pler description with a deterministic velocity and a continuous chain length or
not.

Thus the transition from discrete, countable, entities to a continuum is an
essential feature of the population distribution function f . The distribution func-
tion depends on physical location (x) and the property vector of the particles
under consideration (φ). The property vector may contain both continuous and
discrete variables.

The population balance equation has been applied to many particulate pro-
cesses or rather: processes that depend on many individual countable entities.
Yet, no reference in literature of application to particle conversion in a fluidised
bed was found. The application of a population balance equation to the conver-
sion of particle (i.e. biomass) in a fluidised bed is the subject of this chapter.
In the next section, the derivation of the population balance equation from the
Master equation for particles will be repeated for he case of pyrolysis in a fluidised
bed. This will yield the appropriate form of the population balance equation for
pyrolysing biomass particle in a fluidised bed. Next, the property vector φ must
be chosen, based on the understanding of single particle behaviour. Subsequently,
the population balance equation must be solved. The chapter will conclude with
some examples of the solution of the population balance equation in a fluidised
bed.

5.3 Derivation of the population balance equa-

tion for a fluidised bed

5.3.1 Introduction

The population balance equation was derived in the previous section as a mass bal-
ance on a space that consisted of both the physical space and the space of relevant
particle properties. This intuitive derivation would initially be sufficient to write
the population balance equation for biomass pyrolysis in a fluidised bed. The
solution of the equation will however call for assumptions on the form of the dis-
tribution function. Decisions on the form of this function can only be made if the
nature of the distribution function is understood. The intuitive derivation given
above does not provide the insight needed to consider the merits of the assump-
tions needed for the solution of the population balance equation. Ramkrishna
provides the insight needed by deriving the population balance equation from the
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Master equation for the probability density of particles in the system [44]. this
derivation will be repeated here, with specific application to particle conversion
in a fluidised bed. There are no fundamental differences between the derivation
given here and the derivation given by Ramkrishna. The derivation consists of
three steps:

1. Define the distribution function as the expectancy of the particle distribu-
tion n the system

2. Derive the Master equation for the probability density of particles in the
system

3. Derive the population balance equation by taking the expectancy of the
Master equation.

5.3.2 The distribution function defined as expectancy

Consider a system with k particles. These particles are distributed over the space
coordinates x and the property space φ. It will be assumed that all property
coordinates are continuous, since there is no need for discrete properties in the
case of biomass pyrolysis. The extension to discrete properties is straightforward
(but tedious) however. These coordinates together form the space � in which each
single particle is located. A location in this space will be designated by ξ ∈ � :

ξ = (x,φ) . (5.5)

Suppose the distribution of particles in this space is not fully deterministic. The
chance of finding these k particles at locations in the vicinity of ξ1, ξ2, . . . , ξk can
be expressed in the form of a probability density pk:

P
(
∃x ∈ � k|x ∈ {ξ1 ± dξ, . . . , ξk ± dξ}

)
≡ pk(ξ1, . . . , ξk)dξ1 . . . dξk. (5.6)

The notation pk deserves some explanation. The total probability density of the
entire system is a hybrid functional. It is a function of the number of particles
in the system, an integer, and the space vector for each particle ξ. Thus the
probability density function for the particle population is actually an infinite
series of probability density functions pk ∈ � k, k = 0 . . .∞. According to Bayes’
rule [30], each pk is the conditional probability density given that there are k
particles in the system multiplied by the probability that the system actually
contains k particles. The chance of finding exactly k particles in the system is
thus given by simply summing all possible states of exactly k particles:

P (There are k particle) =
1

k!

∫ ∞

0

. . .

∫ ∞

0

pk(ξ1, . . . , ξk)dξ1 . . . dξk. (5.7)
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The multiplication by 1
k!

is there because there are k! equivalent permutations
of the particles. By integrating over all possible states for all particles, these
permutations would all be counted as separate possibilities to achieve k particles,
whereas in reality they would be indistinguishable. The chance of finding the
system in any state must obviously be equal to one. This chance can be found
by integrating the entire probability density functional, where integration over a
discrete variable (the number of particles) amounts to a summation:

∞∑

k=0

1

k!

∫ ∞

0

. . .

∫ ∞

0

pk(ξ1, . . . , ξk)dξ1 . . . dξk = 1. (5.8)

Since it is now possible to integrate over the entire probability density, it is
also possible to calculate expectancies with respect to this probability density.
For example, the expected number of particles in the system with any properties
can be calculated by multiplying the number of particles with the chance that this
number of particles will occur and subsequently sum over all possible amounts of
particles:

< n >=
∞∑

k=0

k

k!

∫ ∞

0

. . .

∫ ∞

0

pk(ξ1, . . . , ξk)dξ1 . . . dξk. (5.9)

The expected number of particles at location ξ in � can be calculated in a similar
fashion. Define the function nk(ξ) as follows:

nk(ξ) =
k∑

i=0

δ(ξ − ξi). (5.10)

This function yields exactly the amount of particles at location ξ ∈ � given the
fact that there are exactly k particles in the system. Taking the expectancy of this
function should therefore provide the expected number of particles at location ξ.
This expectancy is by definition the distribution function f(ξ):

f(ξ) ≡< nk(ξ) >=

=
∞∑

k=0

1

k!

∫ ∞

0

. . .

∫ ∞

0

k∑

i=1

δ(ξ − ξi)pk(ξ1, . . . , ξk)dξ1 . . . dξk. (5.11)

It has now been postulated that f is the expectancy of nk. The remainder of this
section will show that this postulate allows one to derive the population balance
equation as derived in the previous section from a mass or number balance directly
from the Master equation for pk. That proofs that f is indeed an expected number
of particles.

The discussion has been based on number density so far. It could have been
based on mass density by simply taking the expectancy of the particle mass
instead of the number of particles.
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One could calculate the distribution function f if the probability density of
the particle distribution in the system would be known. In a dynamic system,
both f and pk would be functions of time. When the (stochastic) processes that
particles in the system engage are known, it is possible to write a differential
equation for pk. This differential equation is known as the Master equation.

5.3.3 The Master equation

A thorough discussion of the Master equation and its interpretation is given by
Van Kampen [30]. In principle the Master equation is a balance equation of
probability. It describes the development of probability density in time. In this
case, the probability density depends on both integer and continuous variables.
This obscures the notation somewhat. Van Kampen discusses the continuous and
the discrete forms separately. The reader is therefore referred to Van Kampen [30]
for a better explanation of the Master equation. To derive the Master equation,
consider the probability density pk at time t and an infinitesimal time dt later. The
probability density at time d+dt can be constructed from the probability density
at time t by simply summing all possible changes to the particle population. The
possible changes in the case of a fluidised bed include:

1. Particle properties may change deterministically. An example is the move-
ment of particles through physical space.

2. Particles may disappear from the system by escaping through the cyclone

3. Particles may be added to the system by the feeding screw

Breaking processes have been omitted here. They should be taken into account
to complete the model. However, no breaking of particles was observed during
the experiments described in Chapter 2. In this study, there is consequently no
data on the breaking of particles and it is beyond the scope of this study to
develop and include a breaking model. Ramkrishna gives an excellent derivation
of the breaking term in the Master equation. He also shows how this term will
subsequently appear in the expectancy of the Master equation, i.e. the population
balance equation. Mathematically the aforementioned processes can be expressed
as:

pk(ξ1, . . . , ξk, t+ dt) = pk(ξ1 − dξ, . . . , ξk − dξ, t)︸ ︷︷ ︸
All properties have changed somewhat due to process 1

−
∫ ∞

0

pk+1(ξ1, . . . , ξk+1, t)Pe(ξk+1)dξk+1dt

︸ ︷︷ ︸
Chance that the current population was created due to escape of a particle

+ pin(ξ1, . . . , ξk)Pf(t)dt︸ ︷︷ ︸
Chance that a particle has been fed to the system

.

(5.12)

First of all the notation requires some explanation:
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Pe(ξk+1)dξk+1dt This is the probability that a particle with properties ξk+1 will
leave the system. In the case of a circulating fluidised bed, particles may slip
through the cyclone and leave the fluidised bed inadvertently. Obviously,
the physical space components of ξ will play an important role in this
function.

Pf(t) This is the probability that any particle will enter the system as a result
of feeding. The reason that this is a probability and not a deterministic
term is due to the discrete nature of particles. If 30 particles per second
are entering the bed on average, then at any instant it is not quite certain
whether a particle will enter during the next dt seconds. Some particles are
more likely to enter than others due to the nature of the feed. Therefore
the probability that any particle will enter is multiplied by the probability
distribution of the feed: pin(ξ1, . . . , ξk).

Second order effects have been neglected in writing Equation (5.12). One may
now proceed to write pk(ξ1 − dξ, . . . , ξk − dξ, t) as a Taylor series; do the same
for pk(ξ1, . . . , ξk, t + dt), divide everything by dt and neglect higher order terms
in any of the small changes (dt, dξ etc). Doing this results in a partial differential
equation for the probability density of the system that looks like this:

∂

∂t
pk(ξ1, . . . , ξk, t) +

k∑

i=0

∂

∂ξi

dξi
dt
pk(ξ1, . . . , ξk, t) =

−
∫ ∞

0

pk+1(ξ1, . . . , ξk+1)Pe(ξk+1, t)dξk+1 + pin(ξ1, . . . , ξk)Pf(t) (5.13)

This is the Master equation for the fluidised bed in a more or less general form.

5.3.4 The expectancy of the Master equation

Given the Master equation it should now be possible to derive an equation for f
by simply taking the expectancy of the number density as defined in Equation
(5.11) and apply the same procedure to the Master equation. Although the
principle is quite simple, the mathematics are not. The procedure is to multiply
the equation by nk(ξ, t) as defined in Equation (5.10) and subsequently integrating
the equations as in Equation (5.11). The manipulation required to subsequently
express in terms of f is quite tedious.

The first term is quite simple:

∞∑

k=0

1

k!

∫ ∞

0

. . .

∫ ∞

0

k∑

i=0

δ(ξ − ξi)
∂pk
∂t

dξ1 . . . ξk =
∂f

∂t
(5.14)
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The second term involves handling the derivative with respect to the particle
coordinates. The Dirac delta function singles out only one derivative of the sum-
mation. the subsequent averaging of this single derivative is straightforward:

∞∑

k=0

1

k!

∫ ∞

0

. . .

∫ ∞

0

k∑

i=0

δ(ξ − ξi)

k∑

j=1

∂

∂ξj

dξj
dt
pkdξ1 . . . dξk =

∂

∂ξ

[
dξ

dt

∞∑

k=0

1

k!

∫ ∞

0

. . .

∫ ∞

0

∞∑

i=0

δ(ξ − ξi)pkdξ1 . . . dξk

]
=

∂

∂ξ

[
dξ

dt
f

]
(5.15)

The first term on the righthand side is also relatively straightforward:

∞∑

k=0

1

k!

∫ ∞

0

. . .

∫ ∞

0

k∑

i=0

δ(ξ − ξi)

∫ ∞

0

pk+1Pe(ξk+1, t)dξk+1dξ1 . . . ξk =

f(ξ)Pe(ξ, t) (5.16)

The last term can be elaborated in a similar way:

∞∑

k=0

1

k!

∫ ∞

0

. . .

∫ ∞

0

k∑

i=0

δ(ξ − ξi)pin(ξ1, . . . , ξk)Pf (t)dξ1 . . . ξk =

fin(ξ, t)Pf(t) (5.17)

Combining all these terms results in:

∂f

∂t
+ ∇ξ ·

dξ

dt
f = −f(ξ, t)Pe(ξ, t) + fin(ξ, t)Pf(t) (5.18)

This is the population balance equation again where the source terms have now
been specified for particles entering and leaving the bed. This equation is therefore
the population balance equation for particle in a fluidised bed, without the effect
of breaking. This derivation was given here to yield a better understanding of the
nature of the population balance equation. In the remainder of this chapter, the
population balance equation will be manipulated as a mass or number balance.
The lengthy derivation will not be repeated for any changes or additions that
might be useful later in this chapter.

However the derivation leads to several insights that are important in the
remainder of this chapter:

1. The distribution function f is indeed an expected distribution of particles.
If the population is small one should take into account that there may be
a large uncertainty associated with f , expressed in higher moments of the
Master equation. This will not be investigated in this thesis but should be
kept in mind.
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2. The particle entering the system can be characterised by a distribution
function as well. Thus, the intuitive method of taking the variability of the
feed into account is indeed justified.

3. There is a probability distribution for particles leaving the system

In the subsequent sections, the population balance equation will first be spec-
ified to apply to biomass pyrolysis in a fluidised bed. Subsequently, the solution
of the equation will be discussed. In this work, the equation is eventually solved
numerically. Finally some results of the solution are shown.

5.4 Application to biomass pyrolysis in a fluidi-

sed bed

5.4.1 Introduction

The general derivation of the population balance equation in the previous section
has provided the understanding of the population balance concept that is needed
to use it for the conversion of biomass particles in a fluidised bed. In this case,
the population balance will be made to apply specifically to the case of biomass
pyrolysis in a fluidised bed. This involves the following steps:

1. Choosing the particle space �

2. Specifying the velocities in particle space

3. Specifying the source terms

These steps will be discussed in the following sections. Subsequently, the resulting
population balance equation that is applicable to biomass conversion in a fluidised
bed will be presented.

5.4.2 The particle space for biomass pyrolysis

The particle space � was composed of physical space and the space of relevant
particle properties. Consider the physical space coordinates first. There are three
main reasons for including the physical space coordinates in the particle property
vector ξ:

1. One may expect a segregation of particles depending on the properties.
In that case the source terms due to particles may differ from location to
location.

2. The external factors that affect the biomass pyrolysis may depend on the
location in the CFB
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3. A correct specification of the term Pe(ξ, t) requires knowledge of the particle
population near the exit of the CFB.

In a circulating fluidised bed, the particles circulate very fast compared to their
conversion time. Therefore, the particles are usually well-mixed. Moreover, the
description of the CFB hydrodynamics that will be used in this work is quite
elementary and does not provide hope of describing segregation of bed material
accurately (cf Chapter 6). Therefore, the first reason to include the physical
space coordinates does not apply. The fast circulation of particles results in a
very homogeneous temperature in the entire CFB. As was shown in the previous
chapters, temperature is the only external factor affecting the biomass pyrolysis.
Therefore, the second reason to include the physical space coordinates does not
apply either. Since the particles are well-mixed, the properties of the population
near the exit will not differ from those anywhere else in the CFB. The third reason
to include the physical space coordinates is therefore also not valid provided that
the solids circulation in the CFB is high enough. A criterion for “high enough”
would be that the circulation time is one order of magnitude shorter than the
conversion time. Thus, if the conversion of a particle is approximately 3 minutes
and the total mass of bed material and biomass in the CFB is 30 kg, then the
solids circulation rate should be at least 1.5 kg/s. For a riser with a diameter
of 15 cm, this amounts to a solids flux of 84 kg/m2s, which is a normal solids
circulation flux for a CFB. The physical space coordinates will not be included
in the property vector.

The previous chapters were devoted to defining a minimum set of particle
properties that is needed to describe biomass pyrolysis. The final set of equations
describing biomass pyrolysis consisted of Equations (4.35) and (4.37), with boun-
dary and initial conditions given by Equations (4.48)-(4.51). The parameters in
this set of equations are:

• The pyrolysis number: Py = λ∞

ρs
∞
cspr

2
0k0e

−
E

RT0

• The Biot number: Bi = kr0
λ∞

• The activation energy of the pyrolysis reaction E.

The equations are scaled, so that some more parameters are needed to transform
the scale gas production rate back to a source term with proper units for the
CFB model. Both the particle density and the time must be transformed back.
The scaling is given by Equations (4.22)-(4.25). Thus the additional parameters
needed to reverse the scaling are:

• The time scale:
ρs
∞
cp∞r20
λ∞

• The density scale: ρs∞
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And finally, there was one important property that was not considered in the
model: the biomass moisture content xm. The distribution of these properties
over the entire population is different for each of the properties. Some properties
are almost constant in the population. An example is the activation energy E.
As long as the type of biomass does not change much, it will be the same for all
particles. There is therefore no need to take the activation energy into account in
the population balance. The same is true for the pre-exponential factor k0. The
time scale and the pyrolysis number are no longer independent when E and k0

are constant over the entire population. It suffices to take only one of these as
particle property in the population balance. In that case it is logical to take the
simpler property: the time scale.

Similarly, the Biot number may vary a lot in the population, but this variation
will not be important for the behaviour of the majority of the particles. The heat
transfer in a fluidised bed is very good. Typical values are: 500-800 W/m2s. Most
of the particle mass will be concentrated in particles with a size in the order of
magnitude of centimetres. Therefore, the Biot number of most particles will be
very large(O(103)). A variation of even an order of magnitude around this Biot
number will not affect the biomass pyrolysis significantly. Therefore there is no
need to take r0

λ∞
into account in the population balance. This leaves only the

following properties that are relevant for the population balance:

1. The particle time scale:
ρs
∞
cp∞r20
λ∞

2. The particle density scale: ρs∞

3. The particle moisture content: xm

Obviously, the progress of the pyrolysis is also important. A particle that
has been in the fluidised bed for some time will behave differently compared to
a fresh particle. In principle, the only method to keep track of the pyrolysis is
to keep track of the internal state of the particle. This would involve adding an
internal temperature and mass distribution to the list of important properties. In
other words: this would require f to be a functional that describes a distribution
of particles over a function space. The function space being the space of all
possible mass and temperature distributions in the particle. Even though it is
not a mathematical impossibility, this is highly undesirable because it would be
very complex to formulate and solve and it would render the simplified biomass
pyrolysis model derived in the previous chapters useless. Moreover, it is deemed
unnecessary for this application. One may observe the following:

1. For larger particles with a relatively large conversion time, the biomass
pyrolysis process is relatively insensitive to changes in the external tem-
perature. A change of external temperature in the order of magnitude of
10-20oC will not affect the gas production rate significantly.
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2. The time needed for temperature changes in a fluidised bed is quite large
due to the large heat capacity of the bed material. At temperature of 10-
20oC will typically occur on a timescale of 5-10 minutes. This is the same
order of magnitude as the typical conversion time for a larger particle.

3. Smaller particles are more sensitive to temperature changes in the environ-
ment. However, they convert much faster as well. The time required to
accomplish a temperature change in a CFB decreases more or less linearly
with the magnitude of the change. The sensitivity to changes in tempera-
ture does not increase linearly with the conversion time of the particle.

Thus, during conversion, particles will usually not experience a significant tem-
perature change. One may therefore assume that all particles in the bed are con-
verted isothermally at the current bed temperature. In that case it is sufficient
to take only the residence time into account. Furthermore, it is also sufficient
to take only the initial values of the other particle properties, since the initial
particle state is sufficient to describe the entire isothermal particle conversion as
a function of residence time. Note that “residence time” is here a property of the
particle, not of the installation. The term residence time is defined here as the
time that the particle has resided inside the gasifier until now. This usage of the
term residence may cause some confusion since there is also a widely accepted
use of the term residence as the time that the particle will reside in the gasifier.
This latter definition is not meant here.

It is also useful to have proper boundaries for the particle property space.
During the derivation of the population balance equation, the integration was
done over a semi-infinite domain. This is not a practical approach for a numerical
calculation. It is thus better to have a bounded region in particle space in which
the particles may reside. The moisture content is already bounded due to its
definition:

0 ≤ xm ≤ 1. (5.19)

The particle size also has a natural bound, since there is an upper limit to the
particle size that can still pass through the feeding system:

0 ≤ r0 ≤ r0max
. (5.20)

The density, thermal conductivity and specific heat capacity will usually vary
within a limited range as well. In fact, if the biomass fed to the gasifier is of one
type only (e.g. only straw), these values will be almost constant. Even if the type
is not constant but the class is (e.g. only wood), the variation will be limited.
The density of all types of wood varies between 400 and 1200 kg/m3. It is thus not
hard to define clear bounds for the time scale and the density when the specifics
of the installation and the class of biomass fed to it are known.

The residence time is, in principle, unlimited. Therefore, one must decide on
a residence time after which the particles will no longer be taken into account.
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The conversion of the biomass particles is always completed before the particle
is completely heated. A good upper limit for the residence time seems to be the
time at which the particles Fourier number based on the original properties of
the particle is one: Fo = 1. Therefore, if one defines the dimensionless residence
time τ as:

τ =
λ∞tr
ρs∞c

s
pr

2
0

, (5.21)

then one may use τ as a property instead of tr, with the following boundaries:

0 ≤ τ ≤ 1. (5.22)

Particles with a longer residence time may still be in the system, but they are
deemed of no importance to the behaviour of the gasifier. For the remainder of
this chapter, it is useful to introduce a symbol for the timescale. Define therefore:

I =
ρs∞c

s
pr

2
0

λ∞
. (5.23)

The symbol I was chosen for inertia, since the timescale is based on the thermal
inertia of the particle.

Summarising. For the case of biomass pyrolysis, the particle space � consists
of the following properties:

ξ = (τ, xm, ρ
s
∞, I) . (5.24)

5.4.3 Velocities in particle space

The population balance equation not only needs the property vector, but also its
time-derivative: dξ

dt
. For the property vector given in Equation (5.24), this time

derivative is easily determined. Keep in mind that this is the Lagrangian time
derivative. the property velocity vector describes the change of particle properties
in time for a single particle. Two of the three independent properties are based
on the initial state of the particle only. These properties do not change in time
for a single particle. The particle distribution over these properties may change
in time, but when following a single particle, one will not notice any change in
time in both ρs∞ and I. The residence time does change in time. Since the time
derivative of time is simple 1, the total time derivative of τ is given by:

dτ

dt
=
d tr
I

dt
=

1

I
(5.25)

and thus:
dξ

dt
=

(
1

I
, 0, 0

)
. (5.26)
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5.4.4 Specification of the source terms

Two source terms appear in the population balance equation for the fluidised bed,
when particle breaking is omitted (cf Equation (5.18)):

• The source term due to introduction of particles in the bed:

Sf = fin(ξ, t), Pf(t) (5.27)

• The source term due to particles inadvertently escaping the bed:

Se = f(ξ, t)Pe(ξ, t) (5.28)

Thus terms must be modelled.
The feed source term Sf consists of two parts: fin(ξ.t) and Pf(t). The former

part is the specific particle distribution. The term “specific” indicates that the
distribution is normalised to either 1 particle or one mass unit. This is a property
of the feed and should be measured. It is not very difficult to measure the particle
size distribution of a specific batch of biomass, even though it may be quite
elaborate to do this. When this batch consists of only one type of biomass, the
particles size distribution can be translated directly to a distribution over I, since
the density, thermal conductivity and specific heat capacity may then be assumed
constant in the batch. When several of these batches are mixed, the resulting
distribution can be obtained quite simply by a weighted average of the specific
distribution function of the individual batches. After all, the mass or number of
particles is a conserved quantity. It is more difficult to measure the distribution
of moisture content over the particles. There is no known measurement method
to determine the simultaneous distribution of moisture and particle size. Such a
method would be needed since one may expect that moisture content and particle
size are not statistically independent. By lack of such a method one may assume
that the moisture content is the same for all particles and equal to the average
moisture content. After all, the experiments in Chapter 2 show that the delay
in pyrolysis due to moisture is more or less constant when the moisture content
is higher than 20 mass% (on dry basis). In that case, it is only important to
account for the total mass of water being introduced into the gasifier and that is
done correctly by assuming that all particles have the average moisture content.
Summarising: fin(ξ, t) may be measured on the feed tot the gasifier. Even though
it may be time-consuming to do so, it is possible to design measurement methods
that allow one to measure this distribution function with sufficient accuracy.

The other factor in Sf , Pf(t) is determined from the feeding rate. If the
feeding rate is steady at ṁf

kg/s (or equivalently ṅf particles/s), then the chance
that 1 kg of biomass will be dropped in the bed in a time dt is ṁfdt. Thus:

Pf(t) = ṁf . (5.29)
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The total feed source term is then:

Sf = fin(ξ, t)ṁf(t). (5.30)

The “escape” source term depends mostly on the hydrodynamics in the cy-
clone of the CFB. A first glance one may expect the escape probability Pe(ξ, t)
to depend on:

• The particle residence time, because older particles are lighter

• The particle size

• The gas velocity and temperature in the CFB (hidden in the time depen-
dence)

On the other hand, the flow of biomass particles will be dominated largely by
the behaviour of the bed material surrounding it. Since the biomass particles
represent only a small fraction of the total solid material in the installation, they
cannot affect the flow patterns in the cyclone to a large extent. It is beyond the
scope of this thesis to study the flow of biomass and sand in a cyclone. Nor was
any information found in literature. Therefore, a simple model will be used here.
Assuming that the flow of particulate matter in the cyclone is governed completely
by the bed material, the escape chance is completely independent of the particle
properties. In that case a fixed fraction of the particles in the cyclone will escape.
Therefore Pe(ξ, t) is constant and equal to the fraction of particles that escapes
the cyclone. This is true for the case where the distribution function is based on
the number of particles, but also for the case where the distribution function is
based on the particle mass. In the latter case one would expect a dependency
of Pe(ξ, t) on ξ because the fraction of particles may be constant, but the mass
per particle is not. This dependency is however eliminated again because Pe(ξ, t)
must be specific with respect to either the particle mass or number of particle for
it is multiplied by the particle mass or the number of particles in f(ξ, t). If the
fraction of particle or particle mass that escapes is denoted by ye, then the source
term becomes:

Se = yef(ξ, t). (5.31)

5.4.5 The population balance equation for biomass con-

version in a CFB

Substituting the results of the previous sections into Equation (5.18) yields the
population balance equation for the specific case of biomass conversion in a CFB.
The result is:

∂f

∂t
+

1

I

∂f

∂τ
= finṁf − yef (5.32)

This equation is valid under the following assumptions:
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1. The conversion of particles occurs faster than temperature changes in the
CFB

2. The particle circulation rate in the CFB is sufficiently high

3. The flow of particulate matter in the cyclone is governed solely by the bed
material, without the biomass.

This equation needs an initial condition and one boundary condition on the
boundary τ = 0. This boundary condition is already included in the equation
in the form of the source term finṁf . There are two possible approaches to this
source term. The first one is to treat is as a source of particles. In that case the
system itself is “sealed”. Particles do not enter the system, but are “born” from
the source term.

One may also remove the source term from the equation and place it in a
boundary condition. To do so, consider the integral form of the population bal-
ance equation presented in Equation (5.1). This equation is rewritten in slightly
more general notation:

∫

V

∂f

∂t
dV +

∮

δV

vf · ndΩ =

∫

V

SdV. (5.33)

Now suppose that the source term S consists of a continuous part and a part
which only exists on a line given by g(ξ) = c = constant. An example of such
a line is τ = 0. But the line may be much more complicated. For example
τ 2 + I2 = 1 would define a unit circle in the τ − I plane. The source term can
then be given as:

S = S1 + S2δ (g(ξ) − c) . (5.34)

Now assume that the volume over which the integral in Equation (5.33) is evalu-
ated, V , contains at least some part of the line g(ξ) = c and take the limit V → 0
while still making sure that g(ξ) = c is part of V . If ∂f

∂t
and S1 have finite values,

then the integrals of those over V will evaluate to zero as V approaches zero.
Note that S1 is finite by definition, since any infinite part of S is contained in S2.
It is not always obvious that ∂f

∂t
is finite. This is an assumption. As V approaches

zero, all boundaries will also become infinitely small, except any boundaries along
the curve g(ξ) = c. Eventually, in the limit for V → 0, the boundary of V will
coincide with that curve (or part of it). The boundary integral then evaluates to:

lim
δV→(g(ξ)=c)

∮

δV

vf · ndΩ = lim
ξ↓(g(ξ)=c)

vf · n − lim
ξ↑(g(ξ)=c)

vf · n. (5.35)

The integral of S2 will always evaluate to S2 as long as g(ξ) = c is part of the
domain, due to the Dirac delta function. Thus, the limit of Equation (5.33) for
V → 0 with the source term as defined in Equation (5.34) is given by:

lim
ξ↓(g(ξ)=c)

vf · n − lim
ξ↑(g(ξ)=c)

vf · n = S2, (5.36)
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under the condition that the volume V was chosen suitably so that it contains
(part of) the curve where S2 is defined and assuming that f varies smoothly in
time (i.e. ∂f

∂t
is finite). This equation states that there must be a jump discon-

tinuity of vf in the direction perpendicular to the curve g(ξ) = c. Since the
derivation was done for any volume that contains any part of the curve, this con-
clusion is valid for the entire curve. Thus:

if one assumes that f varies smoothly in time, then a source term
defined only on a curve in particle property space must result in a jump

discontinuity of vf in the direction perpendicular to that curve

If the curve constitutes a boundary of the domain on which the population
balance equation is to be solved, then the “starting point” of the jump is the flux
over that boundary. In the particular case of finṁf , the curve is the boundary
τ = 0 and the flux over that boundary was originally zero. Adding the jump
condition to the original flux yields the boundary condition for f at the boundary
τ = 0

τ = 0 ⇒ f

I
= finṁf . (5.37)

Since the source term is only non-zero for τ = 0, one may rewrite Equation
(5.32) for τ 6= 0 as:

∂f

∂t
+

1

I

∂f

∂τ
= −yef, (5.38)

where the following initial and boundary conditions apply:

t = 0 ⇒ f = f0, (5.39)

τ = 0 ⇒ f = Ifinṁf . (5.40)

5.5 Solution of the population balance equation

5.5.1 Solution methods

The population balance equation is a transport equation and therefore all solution
methods developed for transport equations apply equally well to the population
balance equation. Hulburt and Katz [28] sought to reduce the equation to a set of
“normal” transport equations that could be solved more easily without numerical
procedures (after all, it was 1964). In order to do this, they distinguished between
the particle location x and the other particle properties collected in the vector
φ. They calculated moments of the particle properties in φ. The nth moment of
the property vector φ is defined as:

< φn >=

∫ ∞

0

φnf (x,φ, tdφ) . (5.41)
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The population balance equation can be rewritten as a set of n equations for the
n moments of the particle properties in φ. This reduces the population balance
equation to a set of “normal” transport equations. These can be solved using the
conventional methods.

The attractiveness of this method lies in the fact that the new set of equations
is more intuitive. It is easier to imagine a distribution of, say, average diameter
and average squared diameter in space than it is to imagine a distribution of
particles over space and diameter. However, the number of moments is infinite.
Therefore, the method may lead to an infinite number of equations. This may
prohibit the solution of the system. Hulburt and Katz used an example of particle
breaking. This process depends on the particle size and particle mass. Therefore
they only needed the first three moments of diameter. Since the breaking process
depends exactly on only the first three moments, one obtains a closed set of
equations by only developing the equations for the first three moments. They
were lucky.

In the case of biomass pyrolysis, the gas production does not depend exactly
on one of the moments of the properties. It depends on ra0 with 1 < a < 2 for
example. Therefore, the entire distribution of particles must be known in order
to calculate the average gas production. It is not sufficient to know only one or
two moments. It is possible to reconstruct the distribution of particles over the
properties from the moments, but this is only possible if all moments are known
[30]. Usually, assumptions are made with respect to the form of the distribution
so that the distribution can be estimated from a finite number of moments. The
method of moments may therefore still be applicable with suitable assumptions
on the form of the distribution, but it may not be the most obvious solution
method.

Ramkrishna [44] gives an elaborate review of the solution methods that have
been tried for population balances. Most methods involve numerical algorithms.
Among the most popular ones are: Picard iteration or successive approximation,
Fourier transforms and orthogonal collocation (e.g. finite element method). One
other interesting method is to solve the Master equation directly by Monte Carlo
simulation and subsequently derive the distribution directly. This method is more
difficult than it seems at first glance. Remember that the particle probability
distribution function is in fact an infinite series of functions. One must make
assumptions with respect to the maximum number of particles in the system
and subsequently perform a Monte Carlo simulation for every possible amount of
particles in the system. This is a time-consuming process which is quite difficult
to implement in a computer program.

The most suitable solution approach for Equations (5.38)-(5.40) is the method
of characteristics. This is the standard method for the solution of transport
equations or any set of first order partial differential equations.
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5.5.2 The method of characteristics

The property I appears only as a parameter in Equation (5.38). The equa-
tion presents a family of linear first order partial differential equations that are
parametrised by I. In fact, the population balance equation is now represented
by an infinite number of wave equations with a damping factor yef .

The wave equation can be solved using the method of characteristics. Consider
a family of curves in the t− τ -plane, τ(s) and t(s), defined by:

dτ

ds
=

1

I
∧ dt

ds
= 1. (5.42)

This defines the characteristic curves of the population balance equation. The
solution of Equation (5.42) can be written as:

{
τ = t

I
+ c

t = s
, (5.43)

where the constant c can be used to select any characteristic curve. Some charac-
teristic curves are drawn in Figure 5.1 In this figure one can see that the constant
c can serve to select either the initial condition given in Equation (5.39) or the
boundary condition given in Equation (5.40). Curves with positive values for c
intersect with the line t = 0 and thus carry information of the initial condition.
Curves with negative values for c intersect with the line τ = 0 and thus carry
information of the boundary condition.

The solution for the population balance equation can now be obtained very
easily. Using the coordinate transform from t−τ into s−c coordinates, Equation
(5.38) can be rewritten as follows:

df

ds
= −yef. (5.44)

This equation has the well-known general solution:

f(s) = ke−yes, (5.45)

where k is a constant that must be determined from the initial or boundary
condition. Since there are two distinct conditions for k, there are two different
solutions of the population balance equation.

First, consider the case c > 0. In that case k can be determined from the
condition

s = 0 ⇒ f = f0, (5.46)

which is the initial condition of the population balance equation. Substituting
this in Equation (5.45) and solving for k yields:

k = f0 (5.47)
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Figure 5.1: Information travels along the characteristic curves. These
curves are parametrised with a constant c. The labels in the figure indicate
the parameter value. One can see that all curves with a parameter value < 0
cross the τ = 0 axis. These curves carry only information on the boundary
condition in Equation (5.40). The curves with a positive parameter value
carry only information of the initial value condition in Equation (5.39)

and thus the entire solution is now:

f = f0e
−yes. (5.48)

The final solution for the initial state can now be obtained by transforming the
coordinates back to t − τ . It seems that there is no dependence on residence
time or on the characteristic curve that was selected: c. This is not so however.
Remember that f0 depends on all particle properties and therefore it depends on
τ . For t = 0, the coordinate transform in Equation (5.43) shows that τ = c. Since
one needs to use τ = c in f0, one must solve for c as a function of τ and t. This
results in:

c = τ − t

I
. (5.49)

The part of the solution that depends on the initial condition alone is then:

f = f0

(
τ − t

I
, I, xm, ρ

s
∞

)
e−yet. (5.50)
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The particle distribution is thus just a translation of the initial condition over
the residence time. Simultaneously, the initial condition fades with a factor e−yet

due to particles that escape from the fluidised bed. After some time, the initial
condition will become irrelevant. There are two possible reasons why it becomes
irrelevant:

1. All or almost all particles initially present have escaped. When yet = 3,
more than 95 % of the initial particle population is expected to have escaped.
The solution will therefore become almost irrelevant when t > 3/ye.

2. All particles that were originally present have extended their residence time
to τ > 1. The solution is then irrelevant since it has been assumed that
particles with a residence time longer than that are irrelevant. This occurs
for t > I.

The second reason will occur first for most of the particles, since ye, the probability
of escaping, is very small for a well-designed circulating fluidised bed.

The second part of the solution depends on the boundary condition for τ = 0.
Taking τ zero in Equation (5.43) results in:

{
c = − t

I

s = t
. (5.51)

This notation is treacherous. Remember that the solution is obtained by moving
along the characteristic curves. Thus s may vary, but c is a real constant along
the curve. Why then, is c a function of t in Equation (5.51)? The answer to this
paradox is that c does not depend on any t but only on the time t′ when the
boundary condition was applied. It is therefore useful to distinguish between t′

and t, where t is the current time and t′ is the time when the boundary value was
introduced. The two times t′ and t coincide for τ = 0, thus:

τ =
t− t′

I
. (5.52)

Along these characteristic curves, the boundary condition given in Equation
(5.40) should be valid. Substituting that in Equation (5.45) yields:

ke−yet
′

= Ifinṁf . (5.53)

Solving for k and transforming back to t− τ coordinates yields:

f = Ifin(t
′, I, xm, ρ

s
∞)ṁfe

−ye(t−t′) (5.54)

and using Equation (5.52) to eliminate t′ finally results in:

f = Ifin(t− Iτ, I, xm, ρ
s
∞)ṁfe

−yeIτ . (5.55)
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The full solution for the population balance equation is obtained by summing the
two partial solutions in Equations (5.50) and (5.55):

f = f0

(
τ − t

I
, I, xm, ρ

s
∞

)
e−yet + Ifin(t− Iτ, I, xm, ρ

s
∞)ṁfe

−yeIτ (5.56)

This is the exact solution of the population balance equation.

The distribution of particles over the particle properties is a summation of
the initial distribution and the distribution introduced through feeding. Both
are translated with residence time and both are attenuated due to the escape of
particles from the fluidised bed. It is interesting to notice that the translation
depends on I. Thus the distribution of particles over I at constant residence
time is continuously distorted. Particles with a smaller I (e.g. smaller particles)
“travel” faster.

The exact solution of the population balance equation is useful, for it reveals
the form of the solution and the process that leads to the particle distribution.
However, it is not a very practicable solution. In order to calculate the distribution
at a time t1, one must know the full initial condition and the distribution of the
feed for all times t1 − I ≤ t ≤ t1. Since I may be very large, this means that
calculating f at any time involves remembering the history of the feeding to a
very long period. The state of the particle population cannot calculated from
the current state of the system and the current properties of the feed alone. The
calculation of the particle distribution using a computer is quite complicated using
Equation (5.56).

Another complicating factor is the fact that the problem is four-dimensional.
The memory requirements to store one distribution grow exponentionally with the
number of dimensions. After all, if one wants to store j nodes in every direction,
then the total number of nodes becomes jn for an n-dimensional problem. A
four-dimensional problem will therefore require a lot of memory to store the
distribution function with sufficient accuracy. Moreover, the feed distribution
must also be stored accurately enough for several times. The problem would
soon challenge the memory capacity of even modern computers.

The most important “problem” with the above solution of the population bal-
ance equation however is that it does not help much to understand the behaviour
of the particulate system better. Although it shows the mechanism that creates
the distribution of the population, it does not provide any further insight in the
development of the distribution. As an example of this lack of “insighfulness” of
the solution: try to envisage the development the average particle inertia I based
on the solution. That is very hard (impossible to the author, frankly). Given
the state of the population at a certain time, is it possible to say whether it will
change quickly or more gradually, using the solution in Equation (5.56)? In other
words: it is possible to obtain some qualitative rules of thumb from the solution
presented here with respect to the response of the particulate system to changes?
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It is certainly not easy to understand and reason about the development of the
particle distribution on the basis of the solution presented in Equation (5.56).

Even though the solution may be exact, it is not the best solution when one
aims to simulate the dynamics of biomass conversion in a fluidised bed.

5.5.3 The method of moments revisited

In order to obtain a simpler solution, one must make simplifying assumptions.
First of all, it is useful to note that one may always define f as the product of a
specific distribution function fs and the total particle mass or number of particles.
In this work, the particle mass will be used:

f = fsmt. (5.57)

No assumptions are involved in this rewriting. The statement above is exact and
can be made without loss of generality. It is useful to recognise this possibility,
because there are many standard functions available to approximate fs. These
functions will prove to be very useful to simplify the population balance equation.
Essentially, the same line of reasoning as followed by Hulburt and Katz when they
designed the method of moments will be followed here to reduce the number of
dimensions of the problem. There is however a subtle difference between the
approach taken by Hulburt and Katz and the approach proposed here. Whereas
Hulburt and Katz use the moments of the properties instead of the distribution
function, here these moments will be used to construct the distribution function.

Earlier, it was concluded that the method of moments cannot be used for
biomass pyrolysis in a fluidised bed because the process of pyrolysis does not
depend on integral powers of all particle properties. Therefore it is always neces-
sary to calculate the distribution function completely. Van Kampen shows that
a distribution function can always be reconstructed (at least in principle) if all
moments are known [30]. Thus the population balance equation can be rewritten
as an infinitely long system of ordinary differential equations for all moments of
fs (or f), without loss. The number of dimensions is reduced at the expense of
an enormous increase in the number of equations. This is hardly a simplification.
There are, however, many “standard” distribution functions that depend on only
a limited number of moments. A good example is the Poisson distribution that
depends only on the average of the distributed variable. As another example,
consider the normal distribution that depends on the average and the variance of
the distributed variable 1

1Strictly speaking, the variance is a cumulant, not a moment [30]. Cumulants are easily
calculated from combinations of moments and therefore, there is no need here to distinguish
strictly between cumulants and moments. Obviously cumulants will be treated differently from
moments mathematically.
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The simplification is obtained when it is possible to assume a shape for fs that
depends on only a limited number of moments. In that case the number of dimen-
sions of the equation may be reduced without excessive increase of the number
of equations. In order to assess whether one can make justifiable assumptions on
the shape of fs, one must take into account the application of the distribution
function and the knowledge of the exact solution. An assumption on the shape
of the specific distribution function can be justified if either:

• This assumption will not lead to different results when applying the distri-
bution of biomass particles to calculate the overall effect of all particles on
the behaviour of the biomass gasifier. Or . . .

• This assumption does not contradict the exact solution of the population
balance equation.

The former condition states that one may be satisfied even if the distribution is
not known exactly, as long as it is known well enough to serve its purpose. The
latter condition is in fact a concession. It states that one should no longer strive
to find the real distribution. Instead one should already be content to find a
distribution that cannot be proven to not be the real distribution. This sounds
more grave than it actually is, as will become clear later in this section.

A simplified solution to the population balance equation can thus be obtained
by assuming an appropriate shape for fs and subsequently deriving the equations
to calculate the moments or cumulants needed to define that shape.

5.5.4 Assumed shape of the distribution function

It is useful to consider all properties individually, in order to find an appropri-
ate shape for the distribution function. The gas production, pyrolysis time and
energy consumption of the biomass particle depend either linearly or not at all
on moisture content. The gas production and the energy consumption depend
linearly on moisture content and the measurements in Chapter 2 showed that the
pyrolysis either depends linearly on moisture content or it is more or less indepen-
dent of moisture content. This linear dependence means that it is not necessary
to know the distribution of particles over moisture content. It suffices to know
the average moisture content of the particles. Therefore, the component of the
distribution function in the direction of moisture content may be assumed to be a
Dirac delta function that produces its peak only at the average moisture content.
The same argument applies to ρs∞. This property was introduced to scale the
dimensionless mass back to a quantity with dimension. That is a linear operation
and therefore, only the average density is needed. Still, ρs∞ is contained within I.
That does not matter here, since both properties are treated independently. The
biomass conversion depends on I in some non-linear fashion. Once the biomass
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conversion has been calculated, ρs∞ is used only for scaling. Thus the dependence
on I may be non-linear, but the the dependence on ρs∞ is linear.

The shape of the specific distribution function in two directions has already
been determined on the basis of the first simplification criterion mentioned above.
The shape does not need to be more complicated for the purpose for which the
distribution is calculated. The dependence of the biomass conversion on I is
indeed non-linear. Thus, the first simplification criterion will not help much to
find a appropriate shape in the I-direction. One must study the solution of the
population balance equation, in order to find an appropriate shape for the specific
distribution function in I-direction

Consider the distribution of biomass particles over I for constant t and τ .
According to the solution of the population balance equation given in Equation
(5.56) this distribution is composed of the initial distribution and the distribution
of the feed. However, the distribution at constant t and τ is created by infinitely
many distributions. Every value of I refers back to an initial distribution and a
feed distribution at a different time or residence time. The shape of the distri-
bution for constant t and τ may be obtained by differentiating the solution in
Equation (5.56) with respect to I. The result is:

∂f

∂I
=

(
t

I2

∂f0

∂τ
+
∂f0

∂I

)
e−yet

+ finṁfe
−yeIτ − yeτfinṁf +

(
−∂fin

∂t
+
∂fin
∂I

)
Iṁfe

−yeIτ (5.58)

If one wants to make an assumption on the shape of f , then f0 and f must have
the same shape. After all, one could use f at any time as a new initial distribution.
The distribution in the feed, fin, does not necessarily have the same shape. Is
there a function that will satisfy Equation (5.58) and at the same time allow the
shapes of f and f0 to be the same? To investigate this, one may substitute f0 = f
in the equation. The simplest equation for f is then obtained for the case fin = 0:

∂f

∂I
=

(
t

I2

∂f

∂τ
+
∂f

∂I

)
e−yet (5.59)

The factor e−yet is a constant, since t is a constant. Rewriting the equation then
results in:

∂f

∂I
=

c

I2

∂f

∂τ
(5.60)

Where c is an arbitrary constant. One may now test the standard probability
distributions that depend on variance and mean of I. The variance and mean
depend on τ , thus introducing ∂f

∂τ
. Testing most known “standard” probability

distributions reveals that none of them satisfies the minimum requirement. Thus,
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if there is a fixed, preserved shape of the distribution of particles over I at fixed
t and τ , then it is not one of the standard probability distributions 2.

One may solve Equation (5.60) using separation of variables. This yields a
solution in the form of a series of exponential functions. The fact that that is
possible proves two essential things:

1. It is possible to find a self-preserved shape for the distribution of particles
over I at constant t and τ .

2. The distribution can be expressed as a series of exponential functions

Subsequently, one may derive conditions for fin that need to be satisfied in order
for this preserved shape to occur. One may suspect from Equation (5.58) that
the conditions imposed on the shape of fin are quite complicated. In fact it has
thus far not been possible to write a closed solution for the shape of fin that is
needed to ensure that the distribution of particles over I for constant t and τ
can be described by one function. Moreover, even if it were possible, it would
be impossible in practice to test whether this condition on fin has been satisfied
by the actual feed to the gasifier. Concluding: from a strict mathematical point
of view it is very difficult to find a function that will describe the distribution
of particles over I for constant t and τ . Moreover, the mere existence of such a
function depends on the shape of fin. Strict conditions must be applied for fin to
ensure the existence of a self-preserved shape for this distribution. This makes it
questionable whether such a self-preserved shape will ever occur in practice. The
derivation of a correct shape for the distribution may thus be a mathematically
challenging problem; it is probably not of much practical interest.

Thus, it seems impossible at this moment to find an appropriate shape for
f from mathematical considerations. In order to proceed, it is however needed
to make such an assumption. Therefore, the assumption will be made here on
the basis of qualitative arguments. These will serve to select a function for the
distribution of particles over I at constant t and τ that one may expect to be
able to approximate this distribution very well. Even though it is certain that
this function is not exact everywhere.

It is useful to distinguish between two fundamental assumptions that are made
here. The first and most important assumption is that it is possible to obtain
sufficient information about the distribution of particles by solving equations for
just a few moments of the distribution function. This is the underlying assump-
tion that is crucial for rewriting the population balance equation as a series of
equations for moments. This assumption is supported by the fact that there is
a solution to Equation (5.60). The second assumption that will be made below

2Keep in mind that the distribution of particles of I itself is not a probability distribution.
The probability distribution functions are tested here as standard shapes, not because it is
desired to have a probability distribution
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is that the distribution can be approximated sufficiently well by a specific func-
tion. This assumption is needed because the distribution function is needed to
calculate the source terms through integration.

The distribution function that seems the best choice to approximate the dis-
tribution is the β probability density. This function is a good choice for several
reasons.

1. It is one of the few distribution functions that can approximate a distribu-
tion with two distinct peaks. Such a distribution can be expected when one
switches between two distinct batches of biomass with e.g. different particle
sizes.

2. The β distribution function can approximate a Gaussian distribution very
well

3. The β distribution function is very versatile and is often used to simulate
other distribution functions.

The assumed shape of the specific distribution function fs is then:

fs =
Γ(a+ b)(Ia(t,τ)−1

(
Imax − I

Imax

)b(t,τ)−1

Γ(a)Γ(b)Ia+bmax

δ(xm− < xm >)δ(ρs∞− < ρs∞ >), (5.61)

where a and b depend on the average of I, < I > and the variance of I, σ2
I

through:

a = −< I > (σ2
I+ < I >2 − < I > Imax)

σ2
I Imax

, (5.62)

b = −a (< I > −Imax) . (5.63)

The maximum particle inertia Imax is essential to the β distribution function. This
parameter can however be estimated quite easily from the maximum particle size
that fits in the feeding system and the biomass density, conductivity and heat
capacity. In order to construct this function, equations for the moments must be
derived.

5.5.5 Equations for the moments

The population balance equation can be written in general form as:

∂fsm

∂t
+
∂vfsm

∂τ
= −yefsm (5.64)

Where v = 1
I

of course. It is convenient to introduce a separate symbol for 1
I

during the derivation of the equations for the moments. Thus, the symbol v was
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introduced. The definition of the nth moment of a property φ differs according
to the way in which this moment will be used. Hulburt and Katz for example do
not define the moment as a moment of the entire particle distribution, but as a
moment of the particle distribution over the property space alone. Here, a similar
approach will be used. According to Equation (5.61), the distribution function is
approximated as a series of distribution functions that depend on t and τ . Thus,
the moments depend on t and τ . This suggests the following definition for the

nth moment of φ:

< φn >=

∫ ∞

0

∫ ∞

0

∫ ∞

0

φnfsdIdxmdρ
s
∞. (5.65)

During the derivation, it is also useful to introduce a notation for the deviation
of φ from the first moment:

φ′ = φ− < φ > . (5.66)

Armed with these definitions, one can derive the equations for the moments by
multiplying Equation (5.64) by φn and subsequently performing the integration
in Equation (5.65). This results in:

∂ < φn > m

∂t
+
∂ < φnv > m

∂τ
= −yem < φn > . (5.67)

This general equation can be used to easily derive equations for m, < xm >,
< ρs∞ >, < I > and < I ′2 >.

The equation for m is obtained by setting n = 0:

∂m

∂t
+
∂ < v > m

∂τ
= −yem. (5.68)

The equation for < xm > is obtained by setting φ = xm and n = 1:

∂ < xm > m

∂t
+
∂ < vxm > m

∂τ
= −ye < xm > m. (5.69)

There is another average quantity in this equation besides < xm >. This can be
eliminated as follows:

< vxm >= 〈(< v > +v′)(< xm > +x′m)〉 =

= 〈< v >< xm > + < v > x′m + v′ < xm > +v′x′m〉 . (5.70)

Using the definition of the < φ >, one can easily show that:

〈< v > x′m〉 = 〈v′ < xm >〉 = 0. (5.71)

Furthermore, if v and xm are completely independent, then one can also show
that:

〈v′x′m〉 = 0. (5.72)
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Since it has been assumed that v = 1
I

and xm are completely independent, this
equation applies. Thus, the equation for < xm > is:

∂ < xm > m

∂t
+
∂ < v >< xm > m

∂τ
= −ye < xm > m. (5.73)

Using Equation (5.68), this can be simplified further to:

∂ < xm >

∂t
+ < v >

∂ < xm >

∂τ
= 0. (5.74)

Thus, xm is simply convected along with the average velocity and is otherwise
inert.

The equation for < ρs∞ > can be derived following the same procedure as
described above for < xm >. The result is:

∂ < ρs∞ >

∂t
+ < v >

∂ < ρs∞ >

∂τ
= 0. (5.75)

Concluding: any quantity other than m that can be assumed to be independent
of I is transported with the average particle velocity in τ -direction.

The equation for < I > can be derived in a similar fashion, but < v ′I ′ > does
not disappear, because v and I are not independent. The result is therefore:

∂ < I >

∂t
+ < v >

∂ < I >

∂τ
= − 1

m

∂ < v′I ′ > m

∂τ
. (5.76)

One may however also derive an alternative equation for < I >. Since v = 1
I
, one

can directly write
< vI >=< 1 >= 1 (5.77)

and therefore:
∂ < I > m

∂t
+
∂m

∂τ
= −ye < I > m. (5.78)

Combining these two equations yields the closure for the term containing < v ′I ′ >:

∂ < v′I ′ > m

∂τ
= −∂m < v >< I >

∂τ
+
∂m

∂τ
. (5.79)

Thus the equation for the first moment of I becomes:

∂ < I >

∂t
+ < v >

∂ < I >

∂τ
=

1

m

(
∂m < v >< I >

∂τ
− ∂m

∂τ

)
. (5.80)

The final equation to be derived is not one for the second moment of I: < I2 >,
but one for the variance of I: < I ′2 >. However, according to Van Kampen:

< I ′2 >=< I2 > − < I >2 . (5.81)
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This relation can also be derived quite easily from the definition of moment.
Therefore, one can derive an equation for the variance of I if an equation for the
second moment of I is available. The latter can be written as:

∂ < I2 >

∂t
+ < v >

∂ < I2 >

∂τ
= − 1

m

∂ < v′I ′2 > m

∂τ
. (5.82)

Once again one may use the knowledge about v to derive a closure for < v ′I ′2 >:

< vI2 >=< I > (5.83)

and thus:
∂ < I2 > m

∂t
+
∂ < I > m

∂τ
= −ye < I2 > m. (5.84)

Therefore:
∂ < v′I ′2 > m

∂τ
= −∂ < v >< I > m

∂τ
+
∂ < I > m

∂τ
(5.85)

and the equation for the second moment of I is then:

∂ < I2 >

∂t
+ < v >

∂ < I2 >

∂τ
=

1

m

(
∂ < v >< I2 > m

∂τ
− ∂ < I > m

∂τ

)
(5.86)

Now taking the derivative of Equation (5.81) with respect to time results in:

∂ < I ′2 >

∂τ
=
∂ < I2 >

∂t
− 2 < I >

∂ < I >

∂t
. (5.87)

Substituting Equations (5.80) and (5.86) into this equation yields:

∂ < I ′2 >

∂t
+ < v >

∂ < I ′2 >

∂τ
=
< I >

m

∂m

∂τ
− ∂ < I >

∂τ
. (5.88)

This completes the derivation of the equations for the moments.
The full system of equations for the moments is thus:

∂m

∂t
+
∂ < v > m

∂τ
= −yem, (5.89)

∂xm
∂t

+ < v >
∂xm
∂τ

= 0, (5.90)

∂ρs∞
∂t

+ < v >
∂ρs∞
∂τ

= 0, (5.91)

∂ < I >

∂t
+ < v >

∂ < I >

∂τ
=

1

m

(
∂m < v >< I >

∂τ
− ∂m

∂τ

)
, (5.92)

∂ < I ′2 >

∂t
+ < v >

∂I ′2

∂τ
=
< I >

m

∂m

∂τ
− ∂ < I >

∂τ
. (5.93)

Furthermore, initial and boundary conditions should be given. This requires
knowledge of the average mass, moisture content, density and particle inertia as
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well as the variance of the inertia at t = 0 and in the feed (i.e. at τ = 0). Note
that it is easier to obtain this information in practice than it is to obtain the full
distribution in the feed that would be required for the original population balance
equation.

The only assumption that was used to derive this system was that the moisture
content and density are independent of I.

5.5.6 Some qualitative remarks on the dynamics of the

reactor

Before proceeding to the solution of the set of equations for the moments, it is
useful to observe some qualitative features of the set of equations. Much can be
learned already from the equations without solving them.

The fact that quantities are convected in the τ direction with the average
velocity shows that the response time of the system depends on < 1

I
>. Only the

range 0 < τ < 1 is deemed important for the response of the system. Thus, if for
example the moisture content of the feed changes, then the effect of this change
will last for at most < 1

I
> seconds (or whichever time unit is used for I). The

influence of this change in moisture content may last somewhat shorter because
the residence times near τ = 1 are usually less important. It may, however, not
last longer.

The set of equations also shows the development of the average particle inertia
and its variance. When travelling along at the average velocity in τ -direction, one
can see changes in < I > and < I ′2 > that are due to the source terms on the
right-hand-sides of Equation (5.80) and (5.88) respectively. Consider the source
term for < I >:

S<I> =
1

m

(
∂m < v >< I >

∂τ
− ∂m

∂τ

)
. (5.94)

This source term reveals the true complexity of the development of the average
particle inertia. Consider a sudden change in the distribution of I, while < I >
in the feed of particles remains the same. Eventually < I > will be the same as
before everywhere. However, during the change, < I > will be affected.

As an example consider the following situation. The feed is originally homo-
geneous with < I >=I=5. At some time the composition of the feed changes so
that 50% of the particles has I = 2 and 50% of the particles has I = 8. The aver-
age particle inertia has remained the same, but the average velocity has changed
from < v >= 0.2 to < v >= 0.3125. If the total mass fed to the gasifier remains
the same, then m is constant (neglecting the “leakage” through the cyclone). As
a result of the change in feed composition, ∂m<v><I>

∂τ
will initially become nega-

tive. Thus, < I > will initially decrease. This can be understood physically by
looking at the velocities of the individual particles. The effect of the new feed
comes in two “waves”. The particles with small I travel very fast in τ direction.
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As a result their influence will be noticeable much faster than the influence of
the other component of the new feed: the particles with larger I. Therefore the
average I will first decease and then increase again until it is back on its original
value.

To put it in more tangible terms. The particles with small I may have a
much smaller diameter than the particles with large I. The smaller particles will
convert faster and thereby affect the gasifier quicker than the larger particles. The
same process occurs when the change in feed is made in the opposite direction.
When the feed consisting of a mix of large and small particles is replaced by a
homogeneous feed of medium sized particles, the following happens. The small
particles disappear first, leaving behind in the gasifier a mixture of medium sized
and large particles. As a result the average particle size (or I) in the gasifier will
initially increase. Since the large particles are no longer fed to the gasifier, they
will slowly disappear as they are being converted, leaving only the medium sized
particles. When all large particles have disappeared, the average particle size is
once again equal to the average particle size in the feed.

Average particle size is thus not sufficient to determine the speed at which
the gasifier responds to changes. The “sluggishness” of the gasifier is determined
mainly by the extremes of the particle distribution. The presence of fine particles
results in a fast initial response. The presence of large particles results in a
very slow establishment of a new steady state. The presence of a wide particle
distribution in the gasifier can result in a much stronger response than expected.
Beware of the bottom of the bunker with dust and many fine particles! It may
disrupt the gasifier.

The following rule of thumb is useful to remember: when changing from a
narrow particle distribution to a wide particle distribution with the same average,
then the average in the gasifier will initially decrease and later recover to the
same average value as in the feed again. When changing from a wide particle
distribution to a narrow particle distribution with the same average, then the
average in the gasifier will initially increase and later recover to the same average
value as in the feed again. The larger the difference in “wideness” (e.g. measured
in variance) between the two distributions, the bigger the effect is and the larger
the temporary deviation of the average in the gasifier will be.

If the change in feed distribution is combined with a change in average I, then
one may even expect so called inverse responses. These are responses where the
gasifier initially reacts in a direction opposite to the change in the feed. These
type of responses are quite treacherous for control systems, because the control
system may initially take the “wrong” measures to counteract the first response
and thereby amplify the actual change in feed.
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5.5.7 Numerical solution of the equations for moments

Changing from the exact solution to a set of equations for the moments has
already been quite fruitful. Only one assumption was needed to derive the set of
equations (5.89)-(5.93): the assumption that xm and ρs∞ change independently
of I. The new qualitative insight in the behaviour of the gasifier that resulted
from considering the equations for the moments is therefore almost universally
valid. The other advantage of considering the equations for the moments is that
the resulting set of equations lends itself to solving by computer. The system
has been solved numerically using Godunov’s method [38]. In order to solve the
system however, one must use the assumed shape for f in order to be able to
calculate < v >. Therefore, the numerical solution of the system of equations
is only an approximation of the actual changes in the gasifier. The accuracy of
the approximation is not known since there are no measurements of the actual
distribution in the gasifier available. Thus, the qualitative insight gained from the
method of moments is almost exact, but the numerical solution obtained through
the method of moments is always an approximation.

One may suspect that the details of the distribution are quite important for
the magnitude and duration of the responses. Thus a proper validation of the
results is imperative. This validation has not been carried out in this work because
there was no opportunity to do the required measurements. The results shown
in the next section therefore only serve as illustrations of the possible solution.

The assumed shape of the distribution function that was used in the numerical
calculations is given in Equation (5.61).

5.6 Results

To illustrate the effect of the distribution on the response of the gasifier, the total
gas production due to pyrolysis was calculated as follows:

Qg

total
=

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

Qgfdρs∞dxmdIdτ (5.95)

Where Qg is the gas production of an individual particle given by the model
derived in the previous chapter. First consider a change in particle size from 2
cm to 1 cm, while all other variables stay the same. Figure 5.2 shows the change
of the distribution of < I > over τ as a function of time for two different cases. In
the first case, both feeds are homogeneous. All particles have the average particle
size of 2 or 1 cm respectively. In the second case the feed has a β-distribution over
I with a standard deviation corresponding to 20% of the average particle size.
Note that both the particle size and the variance decrease in this step. A decrease
in variance temporarily increases the average particle size (and thus < I >) to
a value higher than expected. This is also apparent from Figure 5.2 where a
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plateau with a higher value of < I > is form for some time in the case that
there is a particle distribution. The effect of this difference in behaviour on the
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Figure 5.2: When changing average particle size from 2 to 1 cm, the system
behaviour is determined by the shape of the distribution. This figure compares a
homogeneous particle size (i.e. no distribution in the feed) to a situation where
there is a 20% standard deviation in the feed particle size. The figure shows the
development of the distribution of < I > over τ in time. In the case with a
distribution in the feed, the gasifier reacts slower and dwells some time on an
intermediate average particle size.

gas production due to pyrolysis is shown in Figure 5.3. The gasifier reacts more
vehemently to a change in particle size when there is a distribution of particle size
in the feed. Figure 5.4 shows the reaction of the gasifier to an increase in particle
size from 1 to 2 cm for different values of the standard deviation of the particle
size. Clearly, the responsiveness of the the gasifier depends quite strongly on the
particle distribution.
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Figure 5.3: When changing particle size from 2 cm to 1 cm, the gasifier will
correct the hold-up of particles by temporarily producing more gas. After all, 1 cm
particles convert faster, so the hold-up of those particles in steady state should be
less than the hold-up of 2 cm particles, given the same feeding rate. The magnitude
and shape of this response depends on the distribution of particles in the feed. If
the feed has a homogeneous particle size the increase in gas production smaller and
occurs slower than when the particles in the feed exhibit a 20% standard deviation
in size.
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Figure 5.4: When the particle size in the feed is increase, the gasifier will
temporarily produce less gas in order to increase the particle hold-up. The
time that the gasifier needs to recover the steady state depends to a large
extent on the wideness of the particle size distribution in the feed
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5.7 Conclusions

The behaviour of a circulating fluidised bed gasifier is determined by the total
effect of all particles in the gasifier. It is not sufficient to know averaged quantities
for the particle population. Instead one must know the distribution of particles
over all properties in order to predict the response of the gasifier. The results
presented at the end of this chapter illustrate the importance of knowing this
distribution.

The population balance equation can be used to calculate the particle dis-
tribution over physical and property space. However, this equation yields only
the expected distribution function. If the size of the population is small, then
there may be an appreciable deviation from this expected distribution function.
Therefore one should be careful when validating results from a population balance
calculation against experimental data. If the experimental setup is small, the re-
producibility of the experimental data may be poor and the measured particle
distribution may differ substantially from the expected distribution as predicted
by the population balance equation. Validation should therefore be done using
measurements of full-scale systems.

When some of the properties do not change in time, it becomes very difficult
to obtain a useful analytical solution to the population balance equation. In that
case the method of moments with an assumed shape for the distribution function
may be helpful. It was shown that the shape of the distribution function can be
described by one function for every τ . However, this can only be done when the
distribution in the feed has a certain shape. It is therefore quite unlikely that one
may find one function that is able to describe the shape of the distribution for
constant t and τ at all times. Any assumption on the shape of the distribution
function is therefore by definition an approximation and one can only reduce the
error by choosing a versatile function.

The equations for the moments of the particle properties reveal many details
of the gasifier behaviour. It was shown that not only changes in average particle
size in the feed, but also changes in the particle size distribution will result in a
(temporary) change in average particle size in the gasifier. As a result: fluctua-
tions in particle size distribution will result in fluctuations in the gas production
of the gasifier, even if the average particle size is kept constant. Since grinding
methods are not very sophisticated one may conclude that large fluctuations in
the gas production of the gasifier are inevitable. Moreover, there is a possibility of
inverse responses, where the gasifier will first increase (or decrease) gas production
and then suddenly decrease (or increase) the gas production. These situations are
difficult to handle for an automated control system. Moreover, the time scale at
which the gasifier responds to changes can vary substantially depending on both
average particle size and (again) the distribution of particle size. All these factors
contribute to a poor controllability of CFB gasifiers. Efforts should be made to
keep the properties of the particles fed to the gasifier as constant a possible. This
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applies to moisture content, but the particle size distribution may be equally or
even more important. In the next chapter, the population balance will be used to
derive source terms for a model describing the entire CFB gasifier. That chapter
will show the importance of changes in moisture content and particle size to the
gasifier.
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5.8 Notation

Roman characters

a Parameter of the β distribution
b Parameter of the β distribution
Bi Biot number
c Curve parameter; coordinate perpendicular to a charac-

teristic curve
cp Specific heat capacity
E Activation energy
f Particle distribution function
I Particle thermal time scale
k Number of particles

Pre-exponential factor
External heat transfer coefficient

M Molar mass
m Total mass
n Number of particles
P Probability
p probability density
Py Pyrolysis number
Q Gas production
r Particle radius
R Universal gas constant
S Source term
s Coordinate along a characteristic curve
t Time
T Temperature
v Particle velocity in the τ -direction
x Physical space coordinate
xm Moisture content
y Mass fraction

Greek characters

Γ Gamma function
δ Dirac delta function
φ Particle property vector
λ Thermal conductivity
ρ Density
τ Dimensionless residence time
ξ Particle property vector, including location
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Frequently used superscripts

’ Deviation from the average
g Related to the gas phase
s Related to the solid phase

Frequently used subscripts

∞ Reference value
0 Initial value
e Related to the exit of the gasifier
f Related to the feedstock of the gasifier
in Related to the feed of the gasifier

Operators

∇φ Gradient or divergence in coordinate system φ

<> Averaging





Chapter 6

Dynamic model of a biomass gasifier

6.1 Introduction

The previous chapters in this thesis have focused on the behaviour of biomass
particles when they are gasified in a fluidised bed. Initially, the attention fo-
cused on measuring and understanding individual particles. Subsequently, the
population balance was introduced as a means to translate the knowledge of the
behaviour of individual particles to the behaviour of a fluidised bed containing
many particles.

One might even forget that the gasifier consists of more than just a collection
of biomass particles being converted. The pyrolysis products undergo further
reactions in the gas phase before leaving the gasifier. These reactions determine
among other things the temperature of the gasifier. They are therefore closely
linked to the biomass conversion process. The population balance should be
embedded in a model describing the entire gasifier.

Such a model merits a thesis of its own. In fact there have already been many
studies on the modelling of the movement of bed material and homogeneous and
heterogeneous reactions in a fluidised bed. An overview is given by Kunii and
Levenspiel [36]. A more recent model is given by Hannes [24]. This thesis has
focused mainly on the behaviour of the particles since they are the main driving
force for the dynamic behaviour of the gasifier. A detailed description of the
distribution of solids, temperature and gas in the (circulating) fluidised bed is
less relevant for understanding the dynamics of the gasifier. These may be very
important for the design of the gasifier however. In this thesis, a simplified model
of the circulating fluidised bed is used as a framework embedding the population
balance for the biomass particles. The population balance is at the heart of the
model since it describes most of the dynamics of the gasifier. The only other
driving force for the dynamic behaviour of the gasifier is the gasifier temperature,
which is calculated dynamically in this simplified approach.

This chapter discusses the overall gasifier model in which all the previous

175
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results are embedded in order to finally describe the behaviour of a circulating
fluidised bed gasifier. The model presented here does not contain many novelties.
It will therefore be discussed rather briefly. At the end of this chapter some
results will be shown to illustrate the dynamic behaviour of the biomass gasifier.

6.2 Modelling approach

6.2.1 Introduction

The main guidelines upon which the modelling decisions were based were the
views that:

1. the dynamics of a CFB gasifier are dictated primarily by variations in the
biomass fed to the gasifier. Thus the model should be capable of accurately
describing variations in biomass properties and their consequences for the
gasifier operation.

2. For most purposes dynamics on a time-scale of 10 seconds and longer are
interesting. Faster variations will almost certainly be damped in the volume
downstream of the gasifier and are therefore usually not of interest.

3. In order to have a model that can be applied broadly and can easily be
extended, it should be based on first principle mass, momentum and energy
balances.

These considerations led to the following model structure. The heart of the model
is a system of 1D balances for mass, momentum and energy conservation for bed
material and gas components in the riser of the CFB. The other parts of the CFB,
the air supply system, the downer and the cyclone, supply boundary conditions
for these balances. These parts of the CFB are described by simple, integral
models.

The riser is described through partial differential equations for mass, momen-
tum and energy. In those equations, source terms appear due to the gasification
process and due to the chemical reactions in the gas phase. The source terms due
to the biomass conversion are modelled as follows. The conversion of individual
biomass particles is stored in a table, giving the production of gas, tar and char
from the particle as a function of particle properties. These particle properties
comprise: biomass type, initial particle size, moisture content, particle shape,
gasifier temperature and residence time in the gasifier. This table can obtained
through modelling or measurement as discussed in Chapters 2-4. The total source
term in the gasifier is the result of a multitude of different biomass particles in
the bed. Therefore one must know the actual composition of the biomass popu-
lation in the bed at every instant. This composition can be calculated using a
population balance as discussed in Chapter 5. In order to obtain the source terms
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Figure 6.1: Only the riser (2) of the CFB gasifier is modelled in detail.
The other components serve as boundary conditions
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due to the reactions in the gas phase, one must have a model of the chemistry in
the gas phase.

The model consists thus of three parts:

1. The mass, momentum and energy balances for the gas and solid phases in
the riser

2. The population balance for the biomass in the gasifier

3. A model for the chemistry in the gas phase

These parts are coupled in two directions. The balances contain source terms
that must be calculated using the population balance and the chemistry model
and the population balance and chemistry model depend on the temperature in
the gasifier. These model parts will be discussed briefly in the following sections.

6.2.2 Mass, momentum and energy balances in the riser

The hydrodynamics of a CFB riser are very complex. Many different models have
been suggested to correctly describe the complicated movement of gas and bed
material through the riser. Common approaches include:

• A full computational fluid dynamics approach [17]

• A core-annulus model where the solids are assumed to travel upwards in
the core and downwards in the annulus [24]

• Various cluster models where the size of a particle cluster determines whether
particles travel up or down [12]

Most hydrodynamic models depend heavily on empirical relationships for the
distribution of solids or the interaction forces between solids and gas. The use of
these empirical relations in a gasifier is questionable. Most relations have been
measured in a riser with a constant gas flow. In a gasifier, the total volume of gas
increases and therefore the gas flow will not be constant. This is quite different
from the combustion situation, where the total gas volume remains more or less
constant.

Since the study of the riser hydrodynamics is a topic in its own right, it was
decided to use a simplified approach to the hydrodynamics of the riser. The gas
flow was modelled as a plug flow through the riser. Backmixing was neglected
and radial mixing was assumed to be ideal. The distribution of solids was ap-
proximated following the approach by Shen et al. [51]. In this approach, the riser
is divided axially in a dense zone and a dilute zone. The bulk solids density in
the dense zone is constant and depends only on the superficial gas velocity and
the properties of the bed material. The bulk solids density of the dilute zone
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is given as an exponentially decreasing function of the height in the riser. The
rate at which the density decreases depends on the superficial gas velocity and
the properties of the bed material. The border between the dense and dilute
zones can be determined by keeping an integral mass balance over the riser. The
integral of the solids bulk density over the entire riser depends only on the height
of the dense zone. Thus if the total mass in the riser is known one can solve for
the height of the dense zone.

The gas phase mass balances can be written as:

dρgiu

dz
= Rsg

i +Rg
i . (6.1)

The equation is written in stationary form because changes faster than 10 s were
disregarded in the model. Therefore the gas phase can be solved as quasi-steady.
The terms Rsg

i and Rg
i are the source or sink terms for specie i due to biomass

conversion (sg) or gas phase reactions (g) respectively.
In the energy balance it is assumed that the gas phase and bed material are

in thermal equilibrium, i.e. they have the same temperature. This implies that
contact between the gas and the solid phases is very good and that the heat
exchange between these phases is so fast that any temperature differences are
eliminated within 10 s. In the model a balance for the total enthalpy is kept. The
reason for this will become clear in the discussion of the reaction model. This
balance can be written as:

∑

i

ρgi u
dhgi
dz

+Gsdh
s

dz
= −

∑

i

(Rsg
i +Rg

i ) h
g
i + hb

∑

i

Rsg, (6.2)

where Gs is the solids mass flux in the riser. It should be mentioned here that
the enthalpy contained in the biomass is not included in the solid enthalpy. The
biomass sensible heat is incorporated in the enthalpy source term due to the
biomass conversion: hb. These equations contain source terms that need to be
specified. The specification of these source terms is done by the population bal-
ance and a model for the gas phase reactions.

6.2.3 Population balance

The source term due to biomass conversion is the result of the conversion of many
different individual particles. The conversion of individual biomass particles is
stored in a table, giving the production of gas, tar and char from the particle
as a function of particle properties. These particle properties comprise: biomass
type, initial particle size, moisture content, particle shape, gasifier temperature
and residence time in the gasifier. This table can be obtained through a separate
pyrolysis model or through direct measurement in a lab-scale fluidised bed.

The total source term in the gasifier is the result of a multitude of different
biomass particles in the bed. Therefore one must know the actual composition
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of the biomass population in the bed at every instant. This composition can be
calculated using a population balance. The total source term can be calculated
by taking an integral of the source term contribution over all possible particles,
weighted with the distribution function. Thus if the source term contribution is
Rgs
p (t, z,φ) then the total source term at a certain time and location is given by:

Rsg(t, z) =

∫
Rgs
p (t, z,φ)Rgs

p (t, z,φ)dφ (6.3)

Using this modelling approach, the composition of the biomass inside the gasifier
will change gradually when a step change in the properties of the biomass feed is
made. The time that is needed for a gasifier to react depends on its history.

6.2.4 Gas phase reactions

In order to obtain the other source terms, the gas phase reactions need to be
modelled. The gas phase is assumed to be in partial thermodynamic equilibrium.
The “simple” species such as CO, CO2, H2, H2O, O2 and soot (modelled as
pure carbon) were assumed to be at equilibrium. The other species considered
where methane char and tar. These were considered to gradually convert to
the “equilibrium species”. In order to solve this hybrid model, mass balances
were kept for the atomic composition of the equilibrium phase: C, O, H and for
the non-equilibrium species: CH4, char and tar. Subsequently the equilibrium
composition was obtained by minimising the Gibbs energy of the mixture under
the constraints that the total enthalpy and the amounts of methane and tar and
bed material are fixed. The STANJAN library supplied with CHEMKIN was
used for this purpose. This calculation also yielded the gas temperature at every
location and the enthalpies of the different gas species which is needed for the
energy equations. The kinetics of the conversion of tar and methane can be found
in literature. In this case the data suggested by Hannes [24] was used. These
data show however that tar and methane convert very fast in the presence of
oxygen, whereas the conversion in the absence of oxygen is practically negligible.
The same is true for char. Char is formed from biomass. In the process of char
formation, the biomass particles lose 80% of their weight but retain most of their
volume. As a result the char that is formed in biomass pyrolysis is extremely
porous. Therefore, the diffusion of oxygen into the char particle is very fast and
does not affect the reaction rate [22]. This is quite different from the situation
in coal conversion, where the combustion of the coal char is governed mainly by
diffusion. Char conversion can therefore also be described by a fast reaction when
oxygen is present and a very slow reaction in the absence of oxygen.

This results in a very stiff system of equations that is very difficult to solve
numerically. Therefore, a simplified “mixed is burned” approach was used. In the
presence of oxygen, tar and methane are converted and added to the equilibrium
phase until there is no oxygen left. If all tar and methane have been converted
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and there is still oxygen left, then char is converted and added to the equilibrium
phase. This approach leads to different zones in the gasifier. Near the bottom of
the gasifier is a zone where most char converts. This zone extents between the
air distribution grate and the feeding point. The char is mostly recycled through
the cyclone and the downer. As a result, the char conversion of the gasifier is
determined mainly by the cyclone efficiency to retain char in the gasifier and
the height of the feeding point. From the feeding point upwards, char is not
converted anymore. Instead, tar and methane are converted, until all oxygen
has been consumed. In the last part of the gasifier, tar and methane are no
longer converted, but they are still produced since there is still pyrolysing biomass
present in that upper part of the gasifier. As a result, the tar content of the gas
produced in the gasifier is determined to a large extent by the air factor and the
location of the feeding point. A lower feeding point results in lower tar production
but also in a lower carbon conversion.

Obviously, the introduction of secondary air could improve the performance
of the gasifier considerably. Secondary air has not been studied here.

6.3 Results

Two cases were calculated using the model:

1. A step on the average size of the feed from 20 to 15 mm

2. A step on the moisture content of the feed from 20 to 30 ma%

In both cases, the step was set at t = 5 min, starting from a stationary gasi-
fier. After 15 minutes, the reverse step was set. The airflow to the gasifier was
controlled to keep the air factor, based on the biomass input, constant at 0.35.
Clearly the “internal” air factor varies due to transient effects. Both particle size
and moisture content affect the pyrolysis time and therefore the hold-up in the
gasifier. The difference in magnitude of these effects is reflected in the difference
in gasifier response magnitude. It should be noted that the first case is somewhat
artificial, since a mono-size feedstock will be very rare. In reality the average
size of the feedstock can fluctuate however, causing continuous and rather large
disturbances on the process.

The effect of a variation in size is shown in Figures 6.2-6.4 One can see that
the response to a change in size is quite vehement. Smaller particles react faster,
therefore, the gasifier needs to adjust the holdup of biomass particles by tem-
porarily producing more gas. Since the the “external” air factor is kept constant,
this means that the actual air factor in the gasifier will temporarily be much
smaller. As a result, the heating value of the produced gas is very high during
the adjustment. The small air factor results in an increase of the char holdup.
Once the surplus of biomass particles has been eliminated, the increased char
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Figure 6.2: The efficiency calculated with reference
to the mass input varies drastically when the particle
size changes
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Figure 6.4: The response of temperature to a
change in size is complex and asymmetric. One
should keep in mind that the effect fuel composition
changes because the char holdup will also change.

holdup must be eliminated. This can be seen in the sudden drop in tempera-
ture. The char conversion is endothermic and therefore the addition of larger
amounts of char to the equilibrium results in a temporary drop in temperature.
The carbon conversion does not show this effect of building up a char holdup and
subsequently eliminating this char holdup. The reason for this is that the carbon
conversion efficiency is calculated with respect to the gasifier input. Even during
the first phase of the response with increased pyrolysis, the carbon content of
the gas is higher than one might expect on the basis of the input. therefore the
carbon conversion efficiency is higher during the entire adjustment to the new
particle size. When changing back to larger particles, the opposite occurs. How-
ever, the effect is not so large that the “internal” air factor increases to above
one. As a result there is not a large effect on the char holdup. This explains why
the temperature response is not the exact opposite of the response to a change
to smaller particles.

The effect of a variation in moisture content is shown in Figures 6.3-6.3
In contrast to changes in particle size, a change in moisture content affects the
steady state of the gasifier as well. If the air factor is kept constant, the gasifier
temperature decreases as well as the lower heating value of the gas produced and
the carbon conversion. The latter may come as a surprise. After all, an increased
water content can result in a larger availability of oxygen and therefore a higher
carbon conversion. However, when the amount of water in gas increases, the
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Figure 6.5: The carbon conversion efficiency de-
creases due to a lower temperature in the gasifier
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Figure 6.6: The calorific value of the gas increases
initially when the moisture content increases. There
is a temporary reforming process. After some time,
the water evaporation takes more energy than is pro-
duced by the reforming process
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Figure 6.7: The response of temperature to a
change in moisture content is symmetric

concentration of CO2 must also increase due to the water-gas-shift equilibrium.
As a result, each carbon atom consumes twice the amount of oxygen that it would
normally do. At the same this shift in equilibrium releases some chemical energy.
This explains why the temperature fluctuation is relatively mild. Due to the
shift in equilibrium, the availability of oxygen is greatly reduced in the gasifier
and this results in a lower carbon conversion and a lower tar conversion. The
latter statement may be misleading because tar is an elusive compound. In the
model, tar is defined as any hydrocarbon except methane that is not part of the
equilibrium phase. Thus species that are commonly not regarded as tar, such as
benzene or ethanol or ethane are in fact part of the tar phase in the model. Tar
is in fact defined by the system behind the gasifier. Tar is not a problem to the
gasifier itself, but it can become a problem when it condenses in some apparatus
behind the gasifier. Therefore the definition of tar may vary from system to
system. Species that are found in tar in one system may not pose any problems
in another system because temperatures, pressures and concentrations may be
quite different. Thus, it is impossible to state that the amount of tar will increase
when the gasifier is fed biomass with a higher moisture content. The amount of
tar as defined in this model will increase, but the type of compounds will also
change and therefore the tar problem may actually decrease.

So far the steady state response to a change in moisture content has been
discussed. The transient response can be explained largely by following the same
guidelines as in the discussion of the response to a change in particle size. When



186 CHAPTER 6. DYNAMIC MODEL OF A BIOMASS GASIFIER

the moisture content increases, the particle conversion rate decreases. Therefore
the gas production from the biomass particles will temporarily decrease as well.
One may thus expect an increase in effective air factor and the accompanying
decrease of calorific value of the gas. This does not happen initially however.
The immediate release of larger amounts of water results in a change in the
water-gas-shift equilibrium so that the gas becomes rich in hydrogen. Part of
the energy of the “older” particles in the gasifier is used to convert some of the
“fresh” water to hydrogen. Obviously this means that less energy is available
for heating the gasifier. Therefore the gasifier temperature starts to decrease
quite rapidly and almost immediately as well. Once again, the fact that the
effective air factor increases should have resulted in an increasing temperature.
Instead the temperature decreases. The velocity of the change indicates that it
is a phenomenon that takes place in the gas phase. This supports the hypothesis
that the additional water released from the wet biomass results in a reforming
reaction that contributes to a decrease in temperature and an increase in calorific
value. After some time the effect of the decreased particle conversion rate becomes
apparent and the calorific value of the gas starts to decrease. It settles at a level
slightly below the original value before the step because the evaporation of water
requires some energy as well. The carbon conversion efficiency responds in much
the same way as it did for the case of a decrease in diameter. This response is for
a totally different reason however. In the case of a decrease in particle size, the
gas is temporarily rich in carbon and therefore the carbon conversion efficiency
is calculated wrongly. The transient response of the gas phase is compared to a
steady input of carbon. In the case of an increase in moisture content this process
would lead to a temporary decrease in carbon conversion efficiency. After all,
pyrolysis of the fresh particles is somewhat postponed and as a result the carbon
content of the gas will decrease temporarily. There is however another competing
process at work here: the change in the water-gas-shift equilibrium will make
some of the oxygen contained in water available for carbon conversion. Therefore
the carbon conversion may in fact temporarily be truly better. Apparently this
is the case for the process considered here.

Clearly variations in particle size have a much larger effect on the gasifier.
This can be explained by two phenomena:

• Particle size has a larger effect on pyrolysis time than moisture content,
especially under fluidised bed conditions.

• During a change in moisture content there are two competing processes
that work in opposite directions: a change in holdup and a change in the
equilibrium gas composition due to the addition of water

In practice, particle size will vary less than moisture content. Also variations in
particle size in the feed will probably occur at other frequencies than variations
in moisture content. It is therefore useful to obtain more information on the
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characteristics of variations in the gasifier feedstock. Combined with this dynamic
gasifier model, that information can be used to find the best measures to pacify
the gasifier. These preliminary results suggest that paying attention to sieving
may be as important (if not more important) as drying the feedstock evenly.

6.4 Conclusion

A dynamic model of a biomass gasifier has been discussed in this chapter. The
dynamics of the fluidised bed gasifier are governed mainly by fluctuations in the
feedstock. A population balance was employed to describe the effect of these
fluctuations on the gasifier. The results show that fluctuations in the particle
size fed to the gasifier can be an important source for fluctuations in the gasifier
behaviour. This effect can even be more important than that of more commonly
acknowledged disturbances such as moisture content. The model runs faster than
real-time and can be coupled to dynamic models of other parts of the system to
simulate an entire installation based on a fluidised bed gasifier.

The model results have not been validated against measurements. One reason
is that there was no lab-scale gasifier available. Another reason is that measure-
ments on a lab-scale gasifier would only be useful for steady-state validation. The
dynamic response of a small gasifier cannot be used to validate the dynamic re-
sponse predicted by the model, because the population of particles in a lab-scale
gasifier would be too small to justify the use of a population balance (cf Chapter
(5). Additional equations for the variance of the population would be required.

6.5 Overview

At the end of this thesis, one may now have a complete overview of the work
discussed here. One can look at this work on two levels. In the first place,
this thesis introduces a methodology of investigating the dynamics of (thermal)
particle conversion. The methodology has been followed through completely and
the organisation of this thesis follows exactly the steps required to investigate
those dynamics. These steps are:

1. Investigate the behaviour of the individual particles (Chapter 2

2. Find a minimum set of parameters that is sufficient to fully characterise the
behaviour of the individual particle and find the relationship between those
parameters and the behaviour of the particle (chapters 3 and 4).

3. Identify the processes that govern the composition of the particle popula-
tion inside the apparatus in which the particles are converted. Based on
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insight in these processes, one may write and equation (the population bal-
ance) to calculate the expected composition of the particle population in
the apparatus (Chapter 5).

4. Using the distribution function and the knowledge of single particle be-
haviour one may find the total source terms due to the particles (Chapter
5).

5. The contribution of these source to the behaviour of the whole system may
be accounted for in an overall model of the apparatus (Chapter 6).

This thesis has shown that it is possible to use this methodology to gain insight
and write a complete model description of an apparatus in which particles are
converted under the influence of heat.

Due to the nature of particle systems, it is impossible to investigate the dynam-
ics on lab-scale experimental setups. When the particle population is too small,
the statistical variations in the particle population interfere with the dynamic
behaviour that one wants to observe. Since one wants to investigate dynamic
behaviour, it is not possible to wait until the stochastic fluctuations have aver-
aged out. The only possibility to gain information from lab-scale equipment is to
repeat the experiment many times and use only the averaged response over many
experiments. This is a time-consuming and error-prone process. It is therefore
important that good modelling techniques are available. The model presented
here should still be validated against full-scale experiments.

In the second place, a model of biomass pyrolysis and gasification was de-
veloped. This thesis has resulted in a new measurement method for thermal
conversion of biomass, a new solution for the pyrolysis equations and a dynamic
description of a CFB gasifier. The model has been designed as a framework in
which future research results in the area of biomass conversion can be incorpo-
rated. Furthermore the model can be coupled to similar models of the equipment
surrounding the gasifier. This allows one to study the behaviour of virtual biomass
conversion systems. This application can be of interest in a number of application
such as: control system design, operator training and fuel selection.
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6.6 Notation

Roman characters

Gs Solids flux in the riser
h Enthalpy
R Reaction source term
u Gas velocity in the riser (averaged over the cross section)
z Axial coordinate in the gasifier

Greek characters

ρ Density
φ Vector of particle properties

Frequently used superscripts

b Related to biomass
g Related to the gas phase
s Related to the solid phase
sg From the solid phase towards the gas phase

Frequently used subscripts

i Arbitrary species
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of wood. comparison of spinning disc and rotating cylindre experiments. In
Biomass gasification and pyrolysis. State of the art and future prospects. CPL
press, 1997.

[8] G. Brem. Mathematical modeling of coal conversion processes. PhD thesis,
University of Twente, Enschede, 1990.

[9] J.J.H. Brouwers. On diffusion theory in turbulence. Journal of engineering
mathematics, 44:277–295, 2002.

191



192 Bibliography

[10] H.S. Carslaw and J.C. Jaeger. Conduction of heat in solids. Clarendon Press,
1959.

[11] L.C. Cha and L.T. Fan. The canadian journal of chemical engineering, 41:62,
1963.

[12] A. Chehbouni, J. Chaouki, C. Guy, and D. Klvana. Description et modlisa-
tion des structures globales et locale des lits fluidiss en rgime turbulent. The
chemical engineering journal, 61:72–83, 1996.

[13] H. Ene and D. Polisevski. Thermal flow in porous media. Reidel, Dordrecht,
1987.

[14] A.G. Frederickson and H.M. Tsuchiya. A.I.Ch.E. Journal, 9:459, 1963.

[15] B. Fredlund. Modelling of heat and mass transfer in wood structures during
fire. Fire safety journal, 20:39–69, 1993.

[16] S. Ghosal and P. Moin. The basic equations of the large eddy simulation
of turbulent flows in complex geometry. Journal of computational physics,
118:24–37, 1995.

[17] D. Gidaspow. Hydrodynamics of fluidization and heat transfer: Supercom-
puter modeling. Applied mechanics reviews, 39:1–22, 1986.

[18] D.S. Glaister. The prediction of chemical kinetic, heat and mass transfer
processes duing the one- and two-dimension pyrolysis of a large wood pellet.
Master’s thesis, University of Washington, 1987.

[19] R. Gort. On the Propagation of a Reaction Front in a Packed Bed. PhD
thesis, Twente University, 1995.

[20] M. Grønli. A theoretical and experimental study of the thermal degradation
of biomass. PhD thesis, NTNU, Tronheim Norway, 1996.

[21] W. Gumz. Kurzes Handbuch der Brennstoff und Feuerungstechnik. Springer
Verlag, Heidelberg, 1953.

[22] J. Guo. Pyrolysis of wood powder and gasification of wood-derived char. PhD
thesis, Eindhoven Technical University, 2004.

[23] M.R. Hajaligol, J.B. Howard, J.P. Longwell, and W.A. Peters. Product com-
positions and kinetics for rapid pyrolysis of cellulose. Industrial engineering
for chemical process design and development, 21:457–465, 1982.

[24] J.P. Hannes. Mathematical modelling of circulating fluidized bed combustion.
PhD thesis, Delft University of Technology, 1996.



Bibliography 193

[25] J.-i. Hayashi, H. Takahashi, M. Iwatsuki, K. Essaki, A. Tsutsumi, and
T. Chiba. Rapid conversion of tar and char from pyrolysis of a brown coal
by reactions with steam in a drop-tube reactor. Fuel, 79:439–448, 2000.

[26] M.H. Holmes. Introduction to perturbation methods. Springer Verlag, Hei-
delberg, 1995.

[27] Ulrich Hornung. Homogenization and Porous Media. Springer Verlag, ISBN:
0387947868, New York, 1997.

[28] H.M. Hulburt and S. Katz. Some problems in particle technology; a sta-
tistical mechanical formulation. Chemical engineering science, 19:555–574,
1964.

[29] A.C.M. Janse, R.W.J. Westerhout, and W. Prins. Modelling of flash pyrolysis
of a single wood particle. Chemical engineering and processing, 39:239–252,
2000.

[30] N.G. van Kampen. Stochastic Processes in Physics and Chemistry. Elsevier
Science, 1992.

[31] E.J. Kansa, H.E. Perlee, and R.F. Chaiken. Mathematical model of wood py-
rolysis including internal forced convection. Combustion and flame, 29:311–
324, 1977.

[32] A.M. Kanury. Combustion characteristics of biomass fuels. Combustion
science and technology, 97:469–491, 1994.

[33] S. Kersten. Biomass gasification in circulating fluidized beds. PhD thesis,
University of Twente, Enschede, 2002.

[34] King and Atwood. Predicting specific energies for browncoal samples. Fuel,
59:602–603, 1980.

[35] D. Kunii and O. Levenspiel. Fluidization engineering. Butterworth-
Heinemann, ISBN: 0-409-90233-0, Boston, 1991.

[36] D. Kunii and O. Levenspiel. The k-l reactor model for circulating fluidized
beds. Chemical engineering science, 55:4563–4570, 2000.

[37] L.D. Landau and E.M. Lifshitz. Statistical physics. Butterworth-Heinemann,
Oxford, 1999.

[38] R.J. Leveque. Numerical methods for conservation laws. Birkha, Amsterdam,
1992.



194 Bibliography

[39] M. Kaviany M. Quintard and S. Whitaker. Two-medium treatment of heat
transfer in porous media: Numerical results for effective properties. Advances
in water resources, 20:77–94, 1997.

[40] S. Mallat. A wavelet tour of signal processing. Academic press, ISBN: 0-12-
466606-X, San Diego, 2001.

[41] C.M. Marle. On macroscopic equations governing multiphase flow with dif-
fusion and chemical reactions in porous media. International journal of en-
gineering science, 20:643–662, 1982.

[42] D.L. Pyle and C.A. Zaror. Heat transfer and kinetics in the low temperature
pyrolysis of solids. Chemical engineering science, 39:147–158, 1984.

[43] M. Quintard and S. Whitaker. Transport in chemically and mechanically
heterogeneous porous media. i: Theoretical development of region-averaged
equations for slightly compressible single-phase flow. Advances in water re-
sources, 19:29–47, 1996.

[44] D. Ramkrishna. Population balances : theory and applications to particulate
systems in engineering. Academic Press, San Diego, 2000.

[45] A.D. Randolph. A population balance for countable entities. The canadian
journal of chemical engineering, 42:280–281, 1964.

[46] J. Saastamoinen and P. Haukka. Simultaneous drying and pyrolysis in fixed
bed combustion of wet biomass. In Proceedings of the 11th international
drying symposium, pages 1975–1982. IDS, 1998.

[47] J. Saastamoinen and J-R. Richard. Simultaneous drying and pyrolysis of
solid fuel particles. Combustion and Flame, 106:288–300, 1996.

[48] D. Semino and L. Tognotti. Modelling and sensitivity analysis of pyrolysis
of biomass particles in a fluidised bed. Computers and chemical engineering,
22:699–702, 1998.

[49] F. Shafizadeh. Industrial pyrolysis of cellulosic materials. Applied polymer
symposium, 28:153–174, 1975.

[50] F. Shafizadeh and P.S. Chin. Temperature of ablative pyrolysis of wood.
comparison of spinning disc and rotating cylindre experiments. In Wood
technology chemical aspects. ACS symposium series Vol 74, pages 57–81.
ACS, 1977.

[51] B-C. Shen, L.T. Fan, and W.P. Walawender. Bulk-density distributions of
solids in the freeboard of a solid fluidized bed. Industrial engineering and
chemistry research, 34:1919–1925, 1995.



Bibliography 195
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