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1
Introduction

Combinatorial optimization problems form an interesting class of mathematical
problems both from a theoretical and practical perspective. In such problems we
are given a finite or countably infinite set of solutions from which we have to find a
solution that minimizes or maximizes some objective function. We assume the
reader to be familiar with combinatorial optimization. For good introductions,
we refer to Cook, Cunningham, Pulleyblank & Schrijver [1998] and Nemhauser
& Wolsey [1988]. An extended annotated bibliography on the subject is given
by Dell’Amico, Maffioli & Martello [1997].

A classical combinatorial optimization problem is number partitioning. In this
problem a set of n numbers must be partitioned into m subsets such that the max-
imum subset sum is minimal. Several polynomial-time approximation algorithms
have been proposed for this strongly NP-hard problem. Among these algorithms
the ones based on the Differencing Method of Karmarkar & Karp [1982] are
the best performing from an average-case perspective [Coffman & Whitt, 1995;
Mertens, 1999; Tasi, 1995].

Two other NP-hard problems to which the differencing method can be applied
are the balanced number partitioning problem and the min-max subsequence prob-
lem. Also for these problems the approach yields a better average-case perfor-
mance than obtained with any other known polynomial-time algorithm. The for-
mer problem corresponds to number partitioning with the additional constraint that
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2 Introduction

the cardinality of the subsets must be balanced, which means that each subset con-
tains either �n�m� or �n�m� numbers. In the min-max subsequence problem we are
asked to order the n numbers such that the maximum sum of k successive numbers
is minimized for given k.

Since the introduction of the differencing method, it has remained a challenging
open problem to find tight bounds on its worst-case performance. In this thesis we
settle this question for the three problems mentioned above. Besides yielding a
performance guarantee, the analysis of the worst-case performance given in this
thesis will also enhance our understanding of the algorithm. Inspecting a worst-
case instance gives a better insight into the weakness of the algorithm and may
suggest ways to further improve it.

The remainder of this introductory chapter is organized as follows. In Sec-
tion 1.1 we show how the differencing method works for number partitioning and
balanced number partitioning for m � 2. A detailed discussion of the approach
is presented in Chapter 2. In Section 1.2 we next give a formal definition of the
three problems mentioned above and we discuss their complexity. Furthermore,
the section introduces definitions and notation used throughout this thesis. We dis-
cuss related work in Section 1.3, and we end with an overview of this thesis in
Section 1.4.

1.1 The differencing method: An introduction

Consider number partitioning with m � 2. The differencing method works as fol-
lows. It starts with a sequence of all n numbers. Next, it selects two numbers ai

and aj, and decides to commit both numbers to different subsets without deciding
yet to which subsets the two numbers are actually assigned. This latter decision is
equivalent to deciding to which subset we assign the absolute difference �ai� aj�.
Therefore, the approach replaces the numbers ai and aj in the sequence by �ai�aj�.
This operation, called differencing, reduces the sequence to one with one number
less. The described process is now repeated until a single number remains. By
assigning the last remaining number to subset A1 and by backtracing through the
successive differencing operations, we can easily determine the two subsets A1 and
A2 that partition the n numbers and for which the difference in sum equals the last
remaining number in the sequence.

Various strategies have been proposed for selecting the pair of numbers to be
differenced. For example, the Largest Differencing Method (LDM) always selects
the largest two numbers in the sequence for differencing.

Example 1.1. Consider the five numbers 4�5�6�7� and 8. In the first iteration LDM

selects the two largest numbers 8 and 7. This means that LDM does not assign these
two numbers to the same subset. Assigning 8 to subset A1 and 7 to subset A2 is
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equivalent to assigning the difference 1 to subset A1. Similarly, assigning 8 to A2

and 7 to A1 is equivalent to assigning 1 to A2. For this reason, LDM replaces the
numbers 8 and 7 by 1 and repeats this process; see Figure 1.1. This means that in

iteration
1

2

3

4

654 7 8

1

3

2

1

Figure 1.1. Visualization of the successive iterations of LDM.

the second iteration LDM replaces 6 and 5 by 1, which leaves the numbers 4�1�1.
In the third and fourth iteration the algorithm replaces 4 and 1 by 3 and 3 and 1 by
2, respectively.

We can now derive the subsets A1 and A2 that define a partition for which the
difference in sum equals the last remaining number 2 as follows. The number 2 is
obtained by deciding that 3 is assigned to another subset as 1. Correspondingly,
we assign 3 to A1 and 1 to A2. The number 3 assigned to A1 represents the decision
that 4 is assigned to A1 and 1 to A2. We now have that A1 contains 4 and that
A2 contains two times 1. The two ones in A2 correspond to putting 6 and 8 in A2

and 5 and 7 in A1. Hence, we get the final partition defined by A1 � �7�5�4	 and
A2 � �8�6	. The sum of the numbers in A1 is 14, and the sum of the numbers in
A2 is 16. Hence, the difference in sum indeed equals 2. In this case, LDM does not
give an optimal partition as �8�7	 and �6�5�4	 define a partition in which the sum
of both subsets is 15. �

The Paired Differencing Method (PDM) of Lueker [1987] uses an alternative
approach for selecting the numbers to be differenced. The algorithm works in
successive phases as follows. In each phase, the numbers of the sequence are
ordered non-increasingly and the largest two numbers, the third and fourth largest
number, etc., are paired, possibly leaving the smallest number unpaired. Next, each
pair is differenced. Note that such a phase halves the sequence length. As LDM,
PDM terminates when the sequence consists of only one number.

Although LDM has a better average-case performance than PDM [Yakir, 1996],
the latter has the interesting property that the cardinality of the resulting subsets
differ by at most one. In other words, PDM gives a solution to the balanced num-
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ber partitioning problem. Yakir [1996] combines PDM and LDM in the Balanced
Largest Differencing Method (BLDM), which performs the first phase of PDM and
proceeds with LDM. This algorithm exploits the strengths of both algorithms, i.e.,
it gives a balanced solution and its average-case performance is comparable to that
of LDM.

1.2 Problem definitions, complexity, and notation

In this thesis, we assume the reader to have a basic understanding of complexity
theory and approximation algorithms. Otherwise, we refer to Bovet & Crescenzi
[1994], Garey & Johnson [1979], Lewis & Papadimitriou [1981], or Papadimitriou
[1994]. We here want to emphasize the difference between a performance ratio and
a performance bound. An approximation algorithm for a minimization problem has
a performance bound U if it always delivers a solution with a cost at most U times
the optimal cost. If bound U is tight, then U is called a performance ratio.

In the following definitions, we formalize number partitioning, balanced num-
ber partitioning, and the min-max subsequence problem. These are the three prob-
lems for which we analyze the worst-case performance of the differencing method.

Definition 1.1 (Number Partitioning). A problem instance I is given by an inte-
ger m and a set A � �1�2� � � � �n	 of n items, where each item j 
 A has a nonnega-
tive size aj and a1 � a2 � �� � � an. Find a partition � �A1�A2� � � � �Am� of A into
m subsets, such that

fI�� � max
1�i�m

S�Ai�

is minimal, where S�Ai� � ∑ j�Ai
a j. �

Definition 1.2 (Balanced Number Partitioning). A problem instance I is given
by an integer m and a set A � �1�2� � � � �n	 of n items, where each item j 
 A has a
nonnegative size aj and a1 � a2 � �� � � an. Find a partition � �A1�A2� � � � �Am�
of A into m subsets of cardinality k�1 or k with k � � n

m�, such that

fI�� � max
1�i�m

S�Ai�

is minimal, where S�Ai� � ∑ j�Ai
a j. �

Definition 1.3 (Min-Max Subsequence Problem (MSP)). A problem instance I
is given by an integer k, called the window size, and a set A � �1�2� � � � �n	 of n
items, where each item j 
 A has a nonnegative size a j and a1 � a2 � �� � � an.
Find a permutation πof the items in A, such that

gI�π� � max
1�i�n�k�1

k�1

∑
j�0

aπ�i� j�
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is minimal. �

In the literature, number partitioning is also called multiprocessor scheduling
as it can be viewed as the problem of non-preemptively scheduling n tasks on m
identical machines so as to minimize the completion time of the last task [Garey
& Johnson, 1979]. Using the three-field notation introduced by Graham, Lawler,
Lenstra & Rinnooy Kan [1979] multiprocessor scheduling can be written as
P��Cmax. In this terminology the additional cardinality constraint in balanced num-
ber partitioning can be interpreted as that each machine has only resources to pro-
cess k tasks. As applications of the balanced number partitioning problem, Tsai
[1992] mentions the allocation of component types to pick-and-place machines
for printed circuit board assembly [Ball & Magazine, 1988] and the assignment
of tools to machines in flexible manufacturing systems [Tsai, 1987]. Further-
more, Michiels & Korst [2001] give an application of MSP in effectively storing
multimedia data on multi-zone hard disks.

We now discuss the complexity results of number partitioning and balanced
number partitioning presented in the literature. An analysis of the complexity of
MSP is given in Appendix A, which is based on Michiels & Korst [2003]. For num-
ber partitioning, Garey & Johnson [1979] prove that it is strongly NP-hard. Never-
theless, the problem does admit a polynomial-time approximation scheme (PTAS)
as is shown by Hochbaum & Shmoys [1987]. For fixed m � 2, Sahni [1976]
presents a pseudo-polynomial time algorithm for solving the problem, which he
also uses for constructing a fully polynomial-time approximation scheme (FPTAS).
This is the best we can hope for, as Karp [1972] shows that the problem is NP-hard
in the ordinary sense for each fixed m� 2.

For balanced number partitioning, Garey & Johnson [1979] show that it is
strongly NP-hard even for fixed k � 3. However, for fixed k a PTAS can be con-
structed similar to the one given by Hochbaum & Shmoys [1987] for number par-
titioning. For k � 2, the problem is easy as can be seen as follows. Assume that
we are given a problem instance with 2m items. Otherwise, we construct such a
problem instance by adding one item with size zero. Then an optimal partition is
obtained by assigning the n�2 smallest items increasingly and the n�2 largest items
decreasingly to A1�A2� � � � �Am, i.e., Ai � �i�n� i�1	. Finally, for fixed m� 2, but
k being part of the input, the results stated for number partitioning can analogously
be derived for balanced number partitioning.

As indicated above and in Appendix A, number partitioning and, for fixed k,
balanced number partitioning and MSP all admit a PTAS. By choosing a sufficiently
small precision ε, such a PTAS yields a polynomial-time algorithm for which its
worst-case performance as well as its average-case performance will outperform
the differencing method. However, as the running time grows exponentially in 1

ε ,
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the algorithm will not be practically useful. Hence, our claim that the differencing
method is the best polynomial-time algorithm from an average-case perspective
has to be further qualified in the sense that it is the best practical polynomial-time
algorithm. Therefore, it is interesting to determine its worst-case performance.

We conclude this section with introducing some definitions and notation. In
MSP a permutation πdefines the ordering of the items in which the ith item is given
by π�i�. Correspondingly, we write a permutation πas �π�1��π�2�� � � � �π�n��. This
must not be confused with the commonly used cyclic notation, where �i1� i2� � � � � ic�
means that i j�1 is the image of i j with 1� j � c and i1 is the image of ic [MacLane
& Birkhoff, 1967; Wielandt, 1964]. To refer to k successive items in a permutation,
we both use the term subsequence and window. A subsequence of length k refers
to any k successive items, while a window of length k has to start at position i �
k � 1 for some integer i. For example, for k � 2 permutation �2�1�4�3� has three
subsequences, �2�1�, �1�4�, and �4�3�, but only two windows, �2�1� and �4�3�.
Using this terminology, MSP corresponds to finding a permutation that minimizes
the maximum sum of any subsequence, while in case that k � n balanced number
partitioning corresponds to finding a permutation that minimizes the maximum
sum of any window.

A star as superscript to our notation indicates optimality. For example, f �I
gives the objective value of an optimal partition � for an instance I of either
number partitioning of balanced number partitioning. Furthermore, we define sets
and permutations of items by giving a sequence of their sizes. This means that
instead of A � �1�2�3	 or π� �1�2�3� with ai � 5� i we write A�π� �6�7�8�
or A�π� 6�7�8, for short. Moreover, Ai - Ai�1 - � � � - Am denotes the partition
�A1�A2� � � � �Am	 in which A1�A2� � � � �Ai�1 are empty, and Al

i is a short-hand nota-
tion for Ai - Ai - � � � - Ai (l times). For the sake of clarity, we will also use the
operator ’ - ’ to separate successive windows in a permutation.

Finally, we note that in this thesis we simply write R when referring to a per-
formance ratio. Although R depends on the algorithm under consideration and
possibly on other parameters, such as for instance n or m, these dependencies are
not made explicit in the notation if they are clear from the context.

1.3 Related work

In the literature, the average-case performance of several differencing methods is
analyzed. For m � 2, Yakir [1996] proves that if the item sizes are uniformly dis-
tributed over �0�1�, then the expected difference between the sum of the two subsets
in a partition generated by either LDM or BLDM is given by n�Θ�logn�. This implies
that also the expected deviation of the cost of such a partition from the cost of an
optimal partition, either balanced or not necessarily balanced, is n�Θ�logn�. If the
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partition is given by PDM, then Lueker [1987] proves that the expected difference
is worse, namely Θ�1�n�.

For m � 2, Karmarkar & Karp [1982] present a rather elaborate differencing
method that does, as LDM, not necessarily give a balanced partition. The algo-
rithm uses some randomization in selecting the pair that is to be differenced so as
to facilitate a probabilistic analysis. For the algorithm, they prove that a constant
c exists, such that the difference between the maximum and minimum subset sum
is at most n�c log n, almost surely, when the item sizes are in �0�1� and the density
function is reasonably smooth. Tasi [1995] proposes a modification of the algo-
rithm that preserves this probabilistic result but enforces that balanced partitions
are obtained.

Korf [1998] presents a branch-and-bound algorithm, which starts with LDM

and then tries to find a better solution until it ultimately finds and proves an op-
timal solution to the number partitioning problem. By running BLDM instead of
LDM and by modifying the search for better solutions, Mertens [1999] changes the
algorithm into an optimal algorithm for balanced number partitioning. Although
both algorithms are practically useful for m � 2, they are less interesting for m � 2
as indicated by Korf [1998]. Other extensions of the differencing method are given
by Ruml, Ngo, Marks & Shieber [1996] and Storer, Flanders & Wu [1996], who
present successful local search heuristics based on the differencing method.

Several polynomial-time approximation algorithms exist that are competitive to
the differencing method. A simple algorithm for the number partitioning problem
is List Scheduling, where the items are assigned in some arbitrary prespecified
order to the subset with minimum sum. For this algorithm Graham [1966] proves
a performance ratio of 2� 1�m. If the list contains the items in decreasing order,
then Graham [1969] proves that the performance ratio improves to 4�3�1��3m�.
This variant of list scheduling is called Longest Processing Time (LPT). For LPT, a
probabilistic analysis is given by Frenk & Rinnooy Kan [1986]. They show that if
the item sizes are uniformly distributed over �0�1�, then the difference between the
cost of a partition given by LPT and the optimal cost is at most ��log n�n� almost
surely and ��1�n� in expectation.

An alternative algorithm for number partitioning is Multifit due to Coffman,
Garey & Johnson [1978]. The algorithm performs a binary search to find the
minimum bin-capacity C for which the bin-packing algorithm First-Fit Decreas-
ing (FFD) finds a feasible solution, where FFD assigns the items in decreasing order
to the first bin in which they fit. This gives a partition for which the maximum sub-
set sum equals C. Coffman, Garey & Johnson [1978] prove that the performance
ratio of Multifit is 8/7 for m � 2, 15�13 for m � 3, and 20�17 for m � 4�5�6�7. For
m � 7, Yue [1990] proves that 13/11 is an upper bound on the performance ratio
and Friesen [1984] shows that this bound is tight for any m� 13.
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By modifying Multifit, Friesen & Langston [1986] obtain an algorithm for
which 72/61 is a performance bound for m � 12 and a performance ratio for each
m� 12. Lee & Massey [1988] combine LPT and Multifit resulting in a performance
ratio of 10/9, which is better than the performance ratios of the constituent two al-
gorithms. For the differencing method LDM Fischetti & Martello [1987] show that
it has a performance ratio of 7�6 for the special case that m � 2. This result is
implied by the performance results proved in this thesis.

Next, we consider the balanced number partitioning problem. For k � 3 and
fixed m� 2 Kellerer & Woeginger [1993] prove that if LPT is adapted in the obvi-
ous way, then we obtain a 4�3� 1��3m�-approximation algorithm. An algorithm
with a performance ratio of 7/6 is presented for k � 3 and any m by Kellerer &
Kotov [1999]. The algorithm tries to pack the items into bins of capacity 7C�6,
where exactly three items are assigned to each bin. By a binary search, the al-
gorithm determines the minimum C for which it can construct a solution. Babel,
Kellerer & Kotov [1998] analyze several approximation algorithms for the case
that besides m, also k may be arbitrary. A mixture of LPT and Multifit achieves the
best performance bound, namely 4/3.

Except for papers of Michiels and Korst, who discuss an application of MSP

in effectively storing multimedia data on multi-zone hard disks [Michiels & Korst,
2001] and determine the complexity of the problem [Michiels & Korst, 2003],
no paper deals with MSP. However, for the cyclic variant of the problem, called
Cyclic Min-Max Subsequence Problem (CMSP), in which a set of numbers has
to be ordered in a cycle instead of a sequence, Koop [1986] shows that it can be
solved in polynomial time for k � 2. Furthermore, for fixed k � 3 Margot [1994]
proves that CMSP is strongly NP-hard and Michiels & Korst [2003] present a PTAS

for it that is similar to the one given for MSP in Appendix A. As application of
CMSP Choi, Kang & Baek [1999] mention the balancing of turbine fans and Koop
[1986] the construction of cyclic manpower schedules. In Chapter 8 we indicate
that similar results as we derive in this thesis for MSP can be obtained for CMSP.

We also want to mention recent results on the number partitioning problem
that have been inspired by statistical physics. Mertens [2001] analyzes the phase
boundary that separates easy problem instances of number partitioning for m � 2
from hard ones. This result supports the paper of Gent & Walsh [1996], who
already gave computational evidence for the existence of a phase transition. A
good and easy to read overview on the issue is given by Hayes [2002].

Finally, we want to remark that, because of the large amount of related work on
particularly number partitioning, we did not intend to give an exhaustive overview
in this section. We restricted to the work that is in our opinion most interesting
considering the content of this thesis.
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1.4 Outline of this thesis

The outline of this thesis is as follows. In Chapter 2 we discuss the differencing
methods LDM, BLDM, and Largest-Adding Differencing Method (LADM) for num-
ber partitioning, balanced number partitioning, and MSP, respectively. To provide
evidence for the good average-case performance of the differencing method we
also present some simulation results comparing the number partitioning algorithms
LDM, LPT, and Multifit.

In Chapters 3-6 we next analyze the worst-case performance of LDM, BLDM,
and LADM. The first algorithm is studied in Chapter 3. We prove that the per-
formance ratio of LDM is bounded between 4

3 � 1
3�m�1� and 4

3 � 1
3m . This implies

that, in contrast to its superior average-case performance, LDM has a worst-case
performance that is worse than Multifit, but at least as good as LPT. We stress that
the proof of our results cannot be based on the derivation given by Graham [1969],
who proves the 4

3 � 1
3m performance ratio for LPT, nor on the one by Fischetti &

Martello [1987], who analyze the worst-case performance of LDM for m � 2.
An interesting question is whether these performance results improve if we

have additional information on n. For instance if we are given bounds on the aver-
age number of items per subset. Therefore, we also discuss the performance ratio
of LDM as a function of both m and n in Chapter 3.

The analysis of BLDM is split into two chapters. Chapter 4 concentrates on the
worst-case performance as a function of k, and Chapter 5 deals with the worst-case
performance as a function of both k and m and as a function of m only.

In the analysis in Chapter 4 we first show that, instead of considering BLDM,
it suffices to determine the worst-case performance of a much simpler algorithm.
Furthermore, we show that the set of relevant problem instances can be reduced.
Using these two results, we can formulate the problem of determining a perfor-
mance ratio of BLDM for any fixed k � 4 as a mixed integer linear programming
problem (MILP). By using branch-and-bound techniques, we obtain performance
ratios for k � 4�5�6� and 7 of precisely 19�12, 103�60, 643�360, and 4603�2520,
respectively. To our knowledge, this is the first time that an MILP formulation is
used to explicitly calculate performance ratios of an algorithm. Based on the anal-
ysis, we also show that BLDM has a performance ratio of 4�3 for k � 3 and that the
performance ratio is bounded between 2� 2

k and 2� 1
k�1 for k � 8. In Chapter 5

we further exploit the analysis of Chapter 4 to obtain performance results for the
case that both k and m are assumed to be fixed and for the case that m is fixed and
k is arbitrary.

While the analyses of LDM and BLDM are self-contained, this is not the case for
the worst-case analysis of LADM presented in Chapter 6. This chapter can only be
understood if one is acquainted with at least the global structure of the derivation
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presented in Chapter 4. In Chapter 6 we will prove the surprising fact that BLDM

and LADM have the same worst-case performance although both the algorithms
and the problems on which they are applied are rather different.

In Chapter 7 we elaborate on some of the design decisions made for BLDM

and LADM. We prove that changing some heuristic rules employed by BLDM and
LADM cannot improve the worst-case performance of the two algorithms.

We discuss two interesting related issues in Chapter 8. First, we determine
the worst-case performance of BLDM when applied to number partitioning instead
of balanced number partitioning. Next, we derive the worst-case performance of
BLDM and LADM when they are applied to the covering variants of balanced num-
ber partitioning and MSP. In these covering variants we are asked to maximize the
minimum sum instead of to minimize the maximum sum. We conclude in Chap-
ter 8 by giving some final remarks.



2
Differencing methods

For the special case that m � 2, we discussed in Chapter 1 how the differencing
method can be applied to number partitioning and balanced number partitioning.
In particular, we presented LDM as originally introduced by Karmarkar & Karp
[1982] for number partitioning and BLDM proposed by Yakir [1996] for balanced
number partitioning. In Sections 2.1 and 2.2 we show how these two algorithms
generalize to m � 2. Furthermore, we present the Largest-Adding Differencing
Method (LADM) presented by Michiels & Korst [2001] for MSP in Section 2.3. In
Section 2.4 we finally discuss some simulation results to substantiate the claim that
the differencing method performs well on average.

2.1 The Largest Differencing Method

Initially, LDM starts with a list L of the n partial solutions 1�2� � � � �n, where
each subset in i � �Ai1�Ai2� � � � �Aim	 is empty except for Aim � �i	. Next, the
algorithm executes n�1 iterations. In each iteration it selects the two partial solu-
tions from L for which d�� is maximal, where d�� is defined as the difference
between the maximum and minimum subset sum in ; see Figure 2.1. To simplify
the worst-case analysis of LDM given in Chapter 3, we assume that if multiple so-
lutions1 have the same value d��, then we select two containing the most items.

1We will generally use the term ’solution’ when we actually mean a ’partial solution’.

11
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d(A)

S(A1) S(A2) S(A3) S(A4) S(A5)

Figure 2.1. Definition of d��� with �� �A1�A2�A3�A4�A5�.

The two selected solutions, denoted by �1� and �2�, are combined into a new
solution �3� by joining the subset with smallest sum in �1� with the subset with
largest sum in �2�, the subset with second smallest sum in �1� with the subset
with second largest sum in �2�, and so on. Hence, �3� is formed by the m subsets
A�1�

j �A�2�
m� j�1 for 1 � j � m, where the subsets of �1� and �2� have been put in

order of non-decreasing sum. Solution �3� replaces �1� and�2� in L. After n�1
of such so-called differencing operations, only one solution in L remains. This so-
lution is called LDM. It can be verified that LDM runs in ��n log n� n�m log m��
time. This remains true if the items are at the input not sorted. We illustrate the
algorithm by means of an example.

Example 2.1 (Figure 2.2). Let n � 8, m � 3, and the eight item sizes be given
by 1,3,3,4,4,5,5,5. Initially, L consists of the solutions 1�2� � � � �8, where
d�i� equals the size of the only item in the partition, i.e., d�i� � ai. In the
first iteration 7 and 8 are replaced by 9 � 5 - 5 with d�9� � 5. Next,
the algorithm differences 6 and 9. This yields solution 10 � 5 - 5 - 5 with
d�10� � 0. After five more iterations, which are depicted in Figure 2.2, we obtain
LDM � �5�4� - �5�4�1� - �5�3�3� for which the maximum subset sum is 11. This
partition is not optimal as an optimal partition � � �5�5� - �4�3�3� - �5�4�1� ex-
ists with a maximum subset sum of 10. �

For the execution of the algorithm it is only essential to know the differences in
sum between the subsets of a solution . We do not require the precise items that
are assigned to the subsets of . This assignment can afterwards be determined
by backtracing. This is used in Section 1.1, where we already presented LDM for
m � 2. Hence, we indeed generalized the algorithm presented there.
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iteration
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4

5
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A8=5A7=5A6=5

A9=5-5

A10=5-5-5

A11=4-4

A12=3-4-4

A13=4-4-(3,3)

A14=4-(4,1)-(3,3)

ALDM=(5,4)-(5,4,1)-(5,3,3)

A5=4A4=4A3=3A2=3A1=1
55544331
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0

4

1

2

2

2

Figure 2.2. Visualization of the successive iterations of LDM. A circle represents
a solution�, and the number inside the circle equals d���.

2.2 The Balanced Largest Differencing Method

In the presentation of BLDM for balanced number partitioning we assume that m
and k divide n, i.e., n � mk. Otherwise, we add l � m� �nmodm� items with size
zero. The algorithm only differs from LDM in its initialization. Let G1 be the set
containing the m smallest items, G2 the set containing the m smallest remaining
items, and so on. Hence, we have Gi � ��i� 1�m� r � 1 � r � m	 for 1 � i � k.
Instead of starting with n solutions that all consist of a single item as is the case
for LDM, BLDM starts with only k solutions 1�2� � � � �k, where i is obtained
by assigning each item of Gi to a different subset. More precisely, we define Ai j �
��i� 1�m� j	 for 1 � j � m. As a result of this initialization step, the subsets of
a solution constructed in an iteration of BLDM all have the same cardinality. This
implies that the algorithm indeed returns a partition BLDM that is balanced. Note
that if m and k do not divide n in the original problem instance I, then BLDM has
at least l subsets containing an item with size zero. Furthermore, by removing l
items with size zero, each from a different subset, we get a balanced partition for I
with the same cost as BLDM. The time complexity of the algorithm is ��n log m�
k log k� if the items are at the input sorted.

Example 2.2 (Figure 2.3). Let m � 3, n � 12, and consequently k � 4. Further-
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iteration
1

2

3

A4=17-17-21A3=11-11-16A2=5-8-10

A5=(11,8)-(16,5)-(11,10)

ABLDM=(17,16,5,2)-(21,11,8,1)-(17,11,10,4)

A1=1-2-4
4553

2

3

2

A6=(17,2)-(17,4)-(21,1)

Figure 2.3. Visualization of the successive iterations of BLDM. A circle represents
a solution�, and the number inside the circle is d���.

more, let the twelve item sizes be 1,2,4,5,8,10,11,11,16,17,17,21. BLDM starts
with the four solutions 1 � 1 - 2 - 4, 2 � 5 - 8 - 10, 3 � 11 - 11 - 16,
and 4 � 17 - 17 - 21. Next, the algorithm proceeds as LDM. As d�1� � 3,
d�2� � 5, d�3� � 5, and d�4� � 4, the algorithm first constructs 5 �
16�5 - 11�8 - 11�10 by differencing 2 and 3. This solution replaces 2 and
3. In the next two iterations 1 and 4 are replaced by 6 � 21�1 - 17�2 - 17�4
and 5 and 6 by BLDM � 17�16�5�2 - 21�11�8�1 - 17�11�10�4, which is the
final balanced solution with objective value 42. Again, the derived partition is not
optimal as the maximum subset sum for 21�11�8�1 - 17�17�5�2 - 16�11�10�4 is
one less. �

2.3 The Largest-Adding Differencing Method

For the sake of simplicity, we assume for the discussion of LADM for MSP that k � n.
Afterwards, we discuss how LADM can handle the case that k� �n.

Let δ�Gi� be the difference between the smallest and largest item size in Gi,
where Gi is as defined in Section 2.2. Furthermore, let permutation σ put the sets
G1�G2� � � � �Gk in order of non-increasing δ�Gi�-value, i.e., δ�Gσ�1�� � δ�Gσ�2�� �
�� � � δ�Gσ�k��. LADM constructs a permutation πLADM with the property that the ith
item of a window is taken from Gσ�i�, i.e., the items from Gσ�i� are assigned to the
positions in Ti � � j �k� i � 0� j �m	. This is done in the following way. Initially,
all positions in the permutation are undefined. In iteration i with 1 � i � k the
items from Gσ�i� are assigned to the candidate positions from Ti, such that a small
item from Gσ�i� is assigned to a position that is in a partially defined subsequence
for which the sum is already large, while a large item is assigned to a position for
which this is not the case. Hence, LADM assigns the items from Gσ�i� in order of
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non-increasing hi� j�-value to the positions from Ti, where hi� j� gives the maximum
sum of a subsequence covering position j based on the partial assignment at the
start of iteration i. Formally, hi is given by

hi� j� � max
j��W � j�

k�1

∑
l�0

j��l�� �i�1�

aπLADM� j��l��

where � �i� � T1�T2� �� � �Ti and j� 
W � j� if and only if j� is the first position
of a subsequence covering position j, i.e., j� k � j� � j and 1� j� � n� k�1. If
the value hi is the same for several candidate positions, then multiple assignments
satisfy the described property. With the exception of the first iteration, LADM picks
a random assignment from these alternatives. In the first iteration, when all assign-
ments satisfy the described property, the assignment is selected in which the items
are assigned in decreasing order to the candidate positions from T1. In Chapter 7 we
show that this strategy for breaking ties is optimal from a worst-case perspective.

Example 2.3 (Figure 2.4). Consider the problem instance with n � 12, k � 3, and
the twelve item sizes 1,2,3,4,5,6,10,11,12,18,20,20. Then G1 contains the item
sizes 1�2�3�4, set G2 the item sizes 5�6�10�11 and G3 the item sizes 12�18�20�20.
Hence, δ�G1� � 3, δ�G2� � 6, and δ�G3� � 8, which yields σ � �3�2�1�. Conse-
quently, the first iteration of LADM assigns the items from G3 to the positions from
T1 � �1�3�6�9	. This is done in decreasing order.

In the second iteration the items from G2 are assigned to the positions from
T2 � �2�5�8�11	, such that the larger h2� j�, the smaller the item that is assigned
to position j. The sum of the item sizes in both subsequences covering position
2 is 20, as can be verified. Hence, h2�2� � 20. Moreover, it can be verified that
h2�5� � 20, h2�8� � 18, and h2�11� � 12. This implies that the items with sizes
5,6,10, and 11 are assigned to the positions 5,2,8, and 11, respectively, where the
order of the first two items may be exchanged. Figure 2.4 both shows the result of
this and the third and last iteration of LADM. It can be verified that the resulting
permutation has objective value 30, while the optimal permutation π� given in
Figure 2.4 is only 29. �

At first sight LADM may seem quite different from LDM and BLDM. However,
suppose that we want to apply LADM to balanced number partitioning. Then an
obvious modification is to redefine hi� j� as the sum of the window covering posi-
tion j instead of the the maximum sum of any subsequence covering this position.
The resulting algorithm is equivalent to BLDM, where, instead of differencing  in
L for which d�� is maximal with � for which d�� is second largest in iteration
i � 1, we difference the solution  obtained in iteration i� 1 with � for which
d��� is maximal in L minus ; see Figure 2.5. This observation also explains the
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0

20 20 18 12

0 0 0

26 28 28 23

20 6 3, , 20 5 2, , 12 11 4, ,18 10 1, ,- --

30

20 6 2, , 20 5 3, , 1 10 18, ,12 11 4, ,- --

29

⊥ ⊥ ⊥, , ⊥ ⊥ ⊥, , ⊥ ⊥ ⊥, ,⊥ ⊥ ⊥, ,- --

20 ⊥ ⊥, , 20 ⊥ ⊥, , 12 ⊥ ⊥, ,18 ⊥ ⊥, ,- --

20 6 ⊥, , 20 5 ⊥, , 12 11 ⊥, ,18 10 ⊥, ,- --

πLADM=

π*=

Figure 2.4. Permutation πLADM after successive iterations of LADM, and optimal
permutation π�. The number below a light shaded position j gives the value hi� j�,
and the number below a dark shaded box covering a subsequence u gives the sum
of u. Furthermore, the symbol� indicates that a position is undefined.

iteration
1

2

3

4
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Ak+1

σ 1( )Aσ 2( )Aσ 6( )A σ 4( )A σ 3( )Aσ 5( )A...

...
Ak+5

Ak+4

Ak+3

Ak+2

Figure 2.5. Solutions differenced in the successive iterations of LADM when
applied to balanced number partitioning. The initial solutions �1��2� � � � ��k are
equivalent to the initial solutions of BLDM. Note that d��i� � δ�Gi�.

name of LADM.
We now discuss the time complexity of LADM. In iteration i with 1 � i � k
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we can compute hi� j� for each j 
 Ti in constant time. For i � 1 this trivially
holds. Next, assume that i � 1 and let j be contained in the lth window wl of
πLADM. Obviously, no item has been assigned to positions j� k and j at the start
of iteration i, which implies that the sum of the subsequence starting at position
j� k is equal to the sum of the subsequence starting at position j� k � 1. As a
result, the value hi� j� is given by hi� j�1� if i is contained in the last window and
by the maximum of hi� j�1� and the sum of the �l �1�th window wl�1, otherwise.
The sum of wl�1 can be computed in constant time by using its sum at the start of
iteration i� 1. Furthermore, hi� j� 1� can be determined in constant time as well
by using the value hi�1� j� 1� that is derived in iteration i� 1. Hence, hi� j� can
also be computed in constant time. Using this it can be verified that LADM has the
same time complexity as BLDM, i.e., it runs in ��n log m�k log k� time if the items
are at the input sorted.

Finally, assume that k� �n. Then, permutation πLADM is determined by LADM as
if it would be of length n��k�nmodk�, which is divisible by k, except that no item
is assigned to the last nmodk positions, as these positions do not exist. As a re-
sult, Gσ�1��Gσ�2�� � � � �Gσ�nmodk� and T1�T2� � � � �Tnmodk have to contain one element
more than the other sets. However, this consequence causes a problem as it is no
longer trivial to determine a σ, such that δ�Gσ�1�� � δ�Gσ�2�� � �� � � δ�Gσ�k��.
On the one hand, we need σ for determining δ�Gi� and on the other hand we
also need δ�Gi� for deriving σ. It is even questionable whether σ always ex-
ists. However, efficient algorithms can be derived for determining a σ satisfying
δ�Gσ�1��� δ�Gσ�2��� �� � � δ�Gσ�k�� at least approximately. The worst-case anal-
ysis for the case k� �n given in this thesis holds for any reasonable algorithm as we
only assume the algorithm to return a σ with the property that δ�Gσ�1��� δ�Gσ�i��
for 2 � i� k.

2.4 Average case performance

In conclusion, we present a number of simulation results. It is not our goal to
give an elaborate study on the average-case performance of known polynomial-
time algorithms for the three problems we consider in this thesis. We merely want
to give some evidence for the good average-case performance of the differencing
method. As number partitioning is the best-studied problem of the three, we do
this by comparing simulation results of LDM with those of the two most popular
polynomial-time algorithms for this problem: LPT and Multifit. Both algorithms
are described in Section 1.3.

In our first experiment we study the performance of the three algorithms for
m � 10 and for n ranging from 1 to 250. For each n, we generated 10,000 problem
instances with item sizes uniformly distributed on �0�1�. Figure 2.6 depicts the
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Figure 2.6. Average deviation of the cost of partitions given by LDM, LPT, and
Multifit from the lower bound max�an�S�A��m�, where m � 10 and the item sizes
are uniformly distributed on �0�1�. For each n, the average is taken over 10,000
problem instances.

average deviation of the cost from the obvious lower bound max�an�S�A��m�. We
see that LDM outperforms LPT for all n and that LDM outperforms Multifit from
n � 79 in which case on average eight items are assigned to each subset. The same
trend can be observed for other values of m. However, the average number of items
per subset from which LDM outperforms Multifit increases with m. For m � 2,
LDM already outperforms Multifit from on average 3 items per subset, while for
m � 20, LDM outperforms Multifit from an average of 14 items per subset.

In our second experiment we consider a positive offset o. This means that
we let the item sizes be uniformly distributed on �o�o� 1� instead of on �0�1� for
some offset o. This corresponds to assuming that the ratio an

a1
between the largest

and smallest item size is bounded from above by 1� 1
o . In our experiment we

let o range from 0 to 1 and we take m � 10 and n � 100. The results are given
in Figure 2.7. The performance of Multifit strongly deteriorates for increasing o.
This can be explained as follows. Each iteration of Multifit consist of an execution
of the algorithm FFD for a given bin capacity. If during the execution of FFD we
get a bin in which less than o is left unused, then no items are assigned to that bin
in the remainder of the execution of FFD as all item sizes are larger than o. Hence,
for large o, we have a high probability that FFD leaves much of the bin capacity
unused, which implies a poor performance.

Also for LPT we have a performance that is worse than for LDM. Thereby, we
note that m divides n in this experiment. If this is not the case, then the performance
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Figure 2.7. Average deviation of the cost of partitions given by LDM, LPT, and
Multifit from the lower bound max�an�S�A��m�, where m � 10, n � 100, and the
item sizes are uniformly distributed on �o�o�1�. For each offset o, the average is
taken over 10,000 problem instances.
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Figure 2.8. Average deviation of the cost of partitions given by LDM, LPT, and
Multifit from the lower bound max�an�S�A��m�, where m � 10 and the item sizes
are uniformly distributed on �0�2�1�2�. For each n, the average is taken over 10,000
problem instances.

of LPT gets worse, especially for a small value of nmod m. To show this, we
repeat the first experiment with o � 0�2. The results are given in Figure 2.8. The
performance of LPT can be explained as follows. Partition the n iterations of LPT

into phases of m successive iterations. Phase one consists of the first m iterations,
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phase two of the second m, and so on until the last phase which consists of the
remaining nmodm iterations. In the first phase one item is assigned to each subset.
Because of the offset, adding a second item to a subset will probably result in a
subset with a considerably larger sum than any subset containing only one item.
This implies that the second phase probably adds one item to each subset, such
that the larger the sum of the subset the smaller the item that is assigned to it.
Using this argumentation we get that, with high probability, each subset has the
same cardinality at the start of the last phase and that the subsets that get an item
assigned in the last phase have a sum that is considerably larger than the subsets
for which this is not the case. This explains the observed relation between nmodm
on the one hand and the gap between the cost of a partition given by LPT from the
lower bound S�A��m on the other hand.



3
Performance ratios of LDM

In Section 2.1 we presented LDM as an approximation algorithm for number par-
titioning. In this chapter we first prove that for fixed m � 2 an upper bound on
the performance ratio of the algorithm is given by 4�3�1��3m�. Furthermore, we
derive a lower bound of 4�3� 1��3m� 3� for m � 3, while for m � 2 we show
that the upper bound is tight, which yields the performance ratio of 7�6 that was
already proved by Fischetti & Martello [1987]. Comparing these results with the
performance results discussed in Section 1.3 gives that, from a worst-case perspec-
tive, LDM is worse than Multifit, but at least as good as LPT. Hence, while LDM

outperforms these algorithms with respect to its average-case performance, this is
not true for its worst-case performance. In Section 3.2 we next study the worst-case
performance of LDM as a function of both m and n instead of only m.

3.1 Performance ratio as a function of m

Before proving bounds on the performance ratio as a function of m, we derive some
auxiliary results. The first lemma states that LDM is optimal if the item sizes are
not too small as expressed as a fraction of the optimal cost.

Lemma 3.1. Let I be an instance of number partitioning with ai � f �I �3 for all
items. Then LDM returns an optimal partition.
Proof. If n � m holds, then LDM returns the optimal partition in which each

21
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item is assigned to a different subset. Suppose, on the other hand, that n � m. As
each item size ai exceeds f �I �3, at most two items are assigned to the same subset
in an optimal partition. Hence, I contains at most 2m items, i.e., m � n � 2m.
Furthermore, it can be verified that an optimal partition � is obtained by assigning
the largest m items increasingly to the m subsets and the remaining n�m items
decreasingly. Thereby, the 2m�n subsets with the largest items do not get a second
item assigned. Formally, we have A�

i � �n�m� i�n�m� i�1	 for 1� i� n�m
and A�

i � �n�m� i	 for n�m � i � m. In the remainder of the proof we show
that this partition � is given by LDM.

It can be verified that the first m� 1 differencing operations of LDM con-
struct the solution n�m�1 � an�m�1 - an�m�2 - � � � - an from the initial solu-
tions n�m�1�n�m�2� � � � �n. Now, the so-called first phase of LDM starts. Let
t be the number of iterations it takes LDM before selecting the solution n�m�1

after it is constructed. As I contains at most 2m items, we have t � m. This
implies that � � an�m�t - an�m�t�1 - � � � - an�m is derived during these itera-
tions. We claim that n�m�1 is next differenced with �. For t � 0, the claim
is true since in that case n�m�1 is differenced with the initial solution n�m

and � � n�m. Furthermore, for t � m� 1 the claim holds as n�m�1 and
� are the only solutions left in L. Finally, in the case that 0 � t � m� 1 we
have d��� � d�n�m� � an�m. In addition, as t � 0 and as we assume that,
in case of ties, a solution is selected with a maximum number of items, also
d�n�m� � d�n�m�1�. Hence, we obtain d��� � d�n�m�1�, which implies
that n�m�1 is indeed differenced with �. This ends the first phase of LDM. More
general, we define a phase as t � 1 successive iterations of LDM for some t � 1
in which a partition � � ai�t - ai�t�1 - � � � - ai is constructed and in which �

is differenced with a partition originating from n�m�1; see Figure 3.1. It can be
verified that LDM proceeds in phases until LDM is obtained.

We next prove by induction on i that the solution  derived in phase i conforms
to � meaning that A j � A�

j for all 1 � j � m. For i � 1, the induction hypothesis
trivially holds. Next, assume i � 2, and let  be obtained by differencing phase

determined in the previous phase, i.e., phase i� 1, and ax�t - ax�t�1 - � � � - ax

with n� 2m � x � n�m and t � 0. As phase conforms to � by the induction
hypothesis, we have that  conforms to � if ax is assigned to the smallest subset
in phase containing only one item, ax�1 to the second smallest subset containing
only one item, and so on. This means that the induction hypothesis is only violated
if assigning some item j to a subset in phase that already contains two items larger
than j results in a subset V satisfying S�V � � S�A�� j��, where A�� j� is the subset
in � containing item j. However, this would imply that aj � f �I �3, which yields
a contradiction. Hence, the induction hypothesis holds and therefore the lemma. �
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Figure 3.1. The partition of the last four iterations of LDM into two phases for a
possible run of LDM in the case that m � 4 and n � 8.

The following result can roughly be interpreted as that in each iteration LDM

constructs a solution that is at least as good as the worst of the two solutions from
which it is constructed. The result has already been proved by Karmarkar & Karp
[1982], but for completeness sake we include its proof.

Lemma 3.2. Let partition  be obtained by differencing partitions � and ��.
Then d���max�d����d�����.
Proof. Let Ai and A j be the subsets in  with maximum and minimum sum,
respectively. Furthermore, let Ai � A�

i�A��
i and A j � A�

j �A��
j . Now, we get

d�� � S�A�
i��S�A��

i ��S�A�
j��S�A��

j � � �S�A�
i��S�A�

j����S�A��
i ��S�A��

j ���

One of the two terms in the last expression is non-negative and the other is non-
positive. Moreover, the first term is at most d���, while the second one is at most
d����. This proves the lemma. �

We use this result to prove the following lemma.

Lemma 3.3. Let I be an instance of number partitioning. If LDM is not optimal,
then we have d�LDM�� aα , where α is the largest item with aα � f �I �3.
Proof. Assume that LDM is not optimal. To prove the lemma, we show that
d�LDM� � aα . By Lemma 3.1 we have that α exists. Furthermore, as a problem
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instance can have at most 2m items with size larger than f �I �3, we have α � n�2m.
If at any moment during the execution of LDM list L only contains partial solutions
 with d��� aα , then Lemma 3.2 yields d�LDM�� aα . In the remainder of the
proof we show that LDM returns an optimal partition if L always contains at least
one partial solution  with d��� aα . This proves the lemma as it contradicts our
assumption that LDM is not optimal.

Let�i� be the last solution in L at the start of iteration i, where we assume that
the solutions in list L are in non-decreasing order of their value of d. Note that by
assumption we have d��i��� aα for all i� 1. Consider iteration i0 in which initial
solution α is selected. Remember that α only contains item α. Then the last
two solutions in list L are �i0� and α with d�α� � aα . During the first i0� 1
iterations LDM only operates on the initial solutions α�1�α�2� � � � �n and on
solutions obtained from them. This implies that L still contains the initial solutions
1�2� � � � �α . As it takes at least m items larger than α to construct a solution
 with d�� � d�α� and as α � n� 2m, list L contains at most one additional
solution . This means that we either have L � 1;2; � � � ;α�1;α ;�i0� or
L � 1;2; � � � ;l�1;;l; � � � ;α�1;α ;�i0� for some 1 � l � α, where 
only contains items larger than α.

Now, LDM proceeds by each time differencing the solution obtained in the last
iteration with the last solution in the list as solution �i� always satisfies d��i���
aα by assumption. Remark that LDM finishes after i0 �α or i0 �α � 1 iterations,
depending on whether  exists.

Let iend be the last iteration of LDM, and let �iend � 1� be defined as LDM.
Furthermore, we define W �i� for i0 � i � iend �1 such that j 
W �i� if and only if
subset A j�i� from �i� is more than aα larger than the minimum subset sum, i.e.,
S�A j�i�� � min j� S�A j��i��� aα . As by assumption d��i�� � aα , set W �i� is not
empty.

We prove by induction on i that subset A j�i� with j 
W �i� only contains items
at least α �1 and that it satisfies S�A j�i�� � f �I . As W �i� contains the subsets with
largest sum and because W �i� is not empty, this proves the optimality of LDM.

Consider i � i0. During the first i0 iterations LDM does not operate on the initial
solutions 1�2� � � � �α . Hence, the maximum subset sum in �i0� is at most the
maximum subset sum in the partition given by LDM for the instance I�, which we
define as I without all items with size at most f �I �3. As f �I� � f �I and by Lemma 3.1,
we now get that the maximum subset sum in �i0� is at most f �I , which proves the
induction hypothesis for i � i0.

Next, assume that i0 � i� iend�1. First, consider the case that�i� is obtained
by differencing �i� 1� with an initial solution p. Then item p is added to the
subset A j�i� 1� in �i� 1� with minimum sum. As a result of this operation,
neither subset j nor any other subset is added to W since ap � aα . Hence, we have
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W �i� �W �i�1�. Moreover, as j �
W �i�1�, no items are added to the subsets in
W �i�1�. The induction hypothesis now follows from the case i�1.

Suppose, on the other hand, that �i�1� is differenced with . The larger the
sum of a subset in �i�1�, the smaller the sum of the subset from  that is added
to it. Furthermore, the difference in subset sum in  is not larger than aα . Hence,
W �i� �W �i� 1� holds, where we assume that the subsets of �i� 1� and �i�
have the same numbering, i.e., the jth subset from �i�1� is contained in the jth
subset of �i�. By definition, the subsets in W �i�1� are the subsets from �i�1�
with largest sum. Furthermore, as by the induction hypothesis only items at least
α �1 are assigned to these subsets, we have that they are also contained in �i0�.
Hence, each subset A j�i� from �i� with j 
W �i��W �i�1� is also present in the
solution obtained by differencing �i0� with . This is exactly the solution given
by LDM for problem instance I�, where I� is as defined above. Now, Lemma 3.1
yields S�A j�i�� � f �I� . As f �I� � f �I holds, we get S�A j�i�� � f �I , which proves the
induction hypothesis. �

Using Lemmas 3.1 and 3.3 we can prove bounds on the performance ratio of
LDM as a function of m. Note that the upper bound for m equals the lower bound
for m�1.

Theorem 3.1. The performance ratio R of LDM is 7/6 for m � 2. For m � 3, R
satisfies

4
3
� 1

3�m�1�
� R� 4

3
� 1

3m
�

Proof. First, we show that 4�3� 1��3m� is a performance bound for any m � 2.
Note that for m � 2 this implies a performance bound of 7�6. Consider an arbitrary
problem instance I of number partitioning. We have

f �I �
1
m

m

∑
j�1

S�ALDM
j �� min

1� j�m
S�ALDM

j ��
d�LDM�

m

and thus

fI�LDM� � min
1� j�m

S�ALDM
j ��d�LDM�� f �I �

d�LDM�

m
�d�LDM��

Furthermore, in case LDM is not optimal, Lemmas 3.1 and 3.3 give that an
α � f �I �3 exists, such that d�LDM�� aα . Combining these results yields the per-
formance bound.

The lower bound 7�6 on the performance ratio for m � 2 holds as LDM ap-
plied to an instance with item sizes 2,2,2,3,3 returns the partition 3�2�2 - 3�2 with
objective value 7, while the optimal partition 3�3 - 2�2�2 only has cost 6. This
problem instance is also used by Fischetti & Martello [1987].
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Figure 3.2. Instance with a performance ratio of 4�3�1��3�m�1��� 23�18 for
m � 7.

For the lower bound 4�3� 1��3�m� 1�� when m � 3 consider the problem
instance for which the optimal partition with objective value 3�m� 1� is given by
A�

1 � 3�m� 1�, A�
2 � �m� 1�m� 1�m� 1�, A�

2 j�1 � �2�m� 1�� j� 1�m� j� 2�
for 2 � j � �m� 1��2, and A�

2 j � �2�m� 1�� j� 1�m� j� 2� for 2 � j � m�2;
see Figure 3.2. Note that the sum of each subset is 3�m�1�. We now derive LDM,
where we assume that m is odd. The case that m is even can be handled similarly.
In the first m�1 iterations LDM constructs the solution  with the largest m items
all assigned to a different subset, i.e.,  � 3�m� 1� - 2�m� 1�� 1 - 2�m� 1��
1 - 2�m�1��2 - 2�m�1��2 - � � � - 3�2�m�1�. Note that d�� � 3�2�m�1�.
In the next iteration LDM differences  and m, where m with d�m� � 3�2�m�
1�� 1 contains the next largest item, i.e., item m with size 3�2�m� 1�� 1. The
differencing operation adds item m to the subset containing 3�2�m� 1� resulting
in a subset with sum 3�m�1��1.

This process is repeated in the last m� 1 iterations. More precisely, since at
the start of each of the following iterations i � m� 1�m� 2� � � � �2m� 2 we have
d�� � d�i� � 1, where  is the solution obtained in iteration i� 1 and i is
the initial solution only containing item i, LDM differences  with i in iteration
i. This is also the case in the last iteration i � 2m� 1 as then only two solutions
remain. As a result, we get ALDM

1 � 3�m� 1�, ALDM
2 � �2�m� 1�� 1�m� 1�m�

1�, and ALDM
3 � �2�m� 1�� 1�m� 1� and that ALDM

2 j and ALDM
2 j�1 are both given by

�2�m�1�� j��m�1�� j�1� for 2 � j � �m�1��2. Hence, the sum of the first
two subsets is 3�m�1� and 4�m�1��1, respectively, while the sum of each other
subset is 3�m� 1�� 1. Consequently, we have fI�LDM� � 4�m� 1�� 1, which
implies a performance ratio of 4�3�1��3�m�1��. �

3.2 Performance ratio as a function of m and n

In Section 3.1 we considered the worst-case performance of LDM for fixed m and
arbitrary n. An interesting question is whether the performance guarantee can be
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Figure 3.3. Performance results stated by Theorem 3.3 for m � 10.

improved if we have additional information on n. For instance, if we are given that
we only apply LDM on instances for which the average number of items per subset
is small. The next two theorems answer this question for m � 2 and any m � 3,
respectively. For m � 10, Figure 3.3 shows the results of Theorem 3.3. The results
show that if we cannot exclude the possibility that the subsets contain more than
two items on average, then the performance guarantee cannot be improved.

Theorem 3.2. Let m � 2. Then LDM is optimal for n � 4, and LDM has a perfor-
mance ratio of 7�6 for any fixed n � 5.
Proof. Fischetti & Martello [1987] prove that LDM is optimal for n � 4. Next,
let n � 5 be given. In the proof of Theorem 3.1 we gave an instance consisting of
five items for which the performance ratio is 7�6. Adding n� 5 items with size
zero to this instance does not affect its performance ratio. Hence, 7�6 is a lower
bound on the performance ratio for n� 5. As Theorem 3.1 implies that 7�6 is also
a performance bound, we conclude that 7�6 is a performance ratio for any fixed
n � 5. �

Theorem 3.3. For fixed m� 3, the performance ratio R of LDM satisfies

R � 1 if n� m�2,
R � 4

3 � 1
3�n�m�1� if m�2� n� 2m, and

4
3 � 1

3�m�1� � R� 4
3 � 1

3m if n � 2m.

Proof. LDM is optimal for n � m as it then returns the optimal partition in which
each item is assigned to a different subset. The algorithm is also optimal for n �
m � 1 as in that case only the two smallest items are in the same subset. The
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optimality for n � m� 2 is implied by the claimed performance ratio for m� 2�
n � 2m since it equals 1 for this particular n. Before proving the case m�2� n�
2m, we first consider n � 2m. Then, the upper bound on R follows directly from
Theorem 3.1. Consider the claimed lower bound on R. As the problem instance
presented in the proof of Theorem 3.1 with performance ratio 4�3�1��3�m�1��
consists of 2m items, the lower bound holds for n � 2m. Furthermore, since adding
items with size zero does not change the performance ratio of the problem instance,
the lower bound holds for any n� 2m.

In the remainder of the proof we focus on the case that m � 2 � n � 2m.
Consider the worst-case problem instance I given in the proof of Theorem 3.1
for the case that we have to partition the items into m� � n�m subsets. Note
that m� � m holds. Then I consists of 2m� items, and it has a performance ra-
tio of 4�3� 1��3�m� � 1��. Adding n� 2m� items with size 3�m�� 1� to the in-
stance results in an instance with n items and with the same performance ratio of
4�3� 1��3�m�� 1��. As m� � n�m, this proves that 4�3� 1��3�n�m� 1�� is a
lower bound on R.

We now prove that 4�3� 1��3�n�m� 1�� is also an upper bound on R by
showing that it is a performance bound for an arbitrary problem instance I for
which LDM does not return an optimal partition. By Lemma 3.1 we can assume
that a1 � f �I �3. We first derive an upper bound on fI�LDM�, and next we derive a
lower bound on f �I . Combining these results yields the claimed bound.

During the first m iterations the LDM algorithm constructs the solution  �
am��1 - am��2 - � � �an in which the largest m items are each assigned to a different
subset. Note that the definition of  implies that the subsets in  have been put in
order of non-decreasing sum, i.e., Ai � �m� � i	. As we have n � 2m, LDM next
proceeds in phases as described in the proof of Lemma 3.1. By induction on the
number of executed phases we can prove the following two properties.

– Only the subsets A1�A2� � � � �Am� in  containing one of the smallest m� items
m��1�m��2� � � � �2m� can receive additional items.

– The only situation in which Am� receives more than one item is when the m�

smallest items are decreasingly assigned to the subsets A1�A2� � � � �Am� , i.e.,
item i with 1� i�m� is assigned to Am��i�1. Note that in this situation each
of the subsets A1�A2� � � � �Am� gets a second item assigned.

Let the subsets inLDM be numbered, such that A j � ALDM
j for all 1� j�m. As by

assumption LDM does not return an optimal partition, the sum of a subset in LDM

containing only one item is smaller than the maximum subset sum. Hence, if no
second item is assigned to Am� , then we have

fI�LDM�� min
1� j�m�

S�ALDM
j ��dm��1

1 �LDM�� (3.1)
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where dm��1
1 �LDM� is defined as the difference between the minimum and maxi-

mum subset sum of the subsets ALDM
1 �ALDM

2 � � � � �ALDM
m��1. Next, assume that a second

item is assigned to Am� in which case ALDM
m� contains the items 2m� and 1. Then

fI�LDM�� min
1� j�m�

S�ALDM
j ��max�dm��1

1 �LDM��a1� (3.2)

holds if a2m� is at most the sum of any other subset in LDM to which two items are
assigned, i.e., if

a2m� � min
1� j�m�

S�ALDM
j �� (3.3)

Before using (3.1) and (3.2) to prove that 4�3�1��3�n�m�1�� is a performance
bound, we prove (3.3).

As observed, LDM proceeds in phases. Obviously, item 1 is added to the subset
containing item 2m� by LDM during the last phase of its execution, where solution
� containing Am� � a2m� is differenced with �� � a1 - a2 - � � � - al for some
l � m. If we have l � 1, then LDM is obtained from � by assigning a1 to the
subset with minimum sum. As by assumption this is the subset containing a2m� ,
we get (3.3). Suppose, on the other hand, that l � 1 holds and that (3.3) does not
hold. We show that this yields a contradiction. As for LDM, let the subsets in
� be numbered such that A j � A�

j for all 1 � j � m. By the second of the two
properties described above, differencing � and �� corresponds to adding item i
with 1 � i � l to the subset A�

m��i�1 in � containing the single item 2m� � i� 1.
Hence, we have

S�A�
m�� � a2m� � min

1� j�m��l
S�A�

j��

As (3.3) does not hold, this yields

a2m� � min
m��l� j�m�

S�ALDM
j �� min

m��l� j�m�

S�A�
j��a2 � min

1� j�m�

S�A�
j��a2�

Furthermore, since S�A�
m�� � a2m� , we have that d��� � a2m� �min1� j�m� S�A�

j�.
Combining these observations yields that a2 � d���. However, this implies that
LDM does not add item 2 to� via��, but directly via the initial solution l , which
gives a contradiction. This proves (3.3) and consequently also (3.2).

We now derive a lower bound on f �I . Consider an optimal partition �. Without
loss of generality we can assume that A�

m��1�A
�
m��2� � � � �A

�
m each contain exactly one

item and that these are the largest n�2m� items. The other 2m� items are assigned
to the subsets A�

1�A
�
2� � � � �A

�
m� . If each of these latter subsets contains two items,

then � is obtained by assigning the largest m� items increasingly to the subsets
and the remaining m� items decreasingly. Along the same lines as in the proof of
Lemma 3.1 it can be shown that in this case LDM returns an optimal partition.

Assume that at least one of the subsets A�
1�A

�
2� � � � �A

�
m� contains only one

item. Without loss of generality we assume that this is A�
m� and that it contains
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the largest item not already assigned to A�
m��1�A

�
m��2� � � � �A

�
m. Now, the subsets

A�
1�A

�
2� � � � �A

�
m��1 contain the items from ALDM

1 �ALDM
2 � � � � �ALDM

m� minus item 2m�. As
a result, we obtain

f �I � min
1� j�m�

S�ALDM
j ��

dm��1
1 �LDM��a1

m��1

if ALDM
m� contains item 1 and

f �I � min
1� j�m�

S�ALDM
j ��

dm��1
1 �LDM�

m��1
�

otherwise. As mentioned above, we have a1 � f �I �3. Furthermore, Lemma 3.3
implies that dm��1

1 �LDM� � f �I �3. Combining these results with (3.1) and (3.2)
gives that fI�LDM�� �4�3�1��3m��1�� f �I , which proves the theorem. �



4
Performance ratio of BLDM as a function

of the cardinality of the subsets

We discuss the worst-case performance of BLDM in this and the next chapter.
Depending on whether for an application the emphasis is on the cardinality k of
the subsets in a partition or on the number of subsets m, we are interested in the
performance ratio of BLDM as a function of k or as a function of m. The former
performance ratios are analyzed in this chapter, which is based on Michiels, Ko-
rst, Aarts & Van Leeuwen [2003], while the latter are discussed in Chapter 5. In
Chapter 5 we also analyze the performance ratios as a function of both k and m.

Consider a problem instance I in which m and, consequently, k do not divide
n. As indicated in Section 2.2, the cost of the partition given by BLDM for I equals
the cost of the partition it constructs for problem instance I�, where I� contains
mk items and is obtained from I by adding m� �nmodm� items with size zero.
Furthermore, we have f �I� � f �I . Hence, the performance ratio of BLDM for I� is at
least the performance ratio of BLDM for I.

Observation. When analyzing the worst-case performance of BLDM as a function
of k and/or m, we can assume without loss of generality that n � mk.

As a result of this observation, we assume that n � mk in the analysis of BLDM.
In Section 4.1 we first give a basic analysis resulting in lower and upper bounds on
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the performance ratio R for fixed k � 4. The analysis is extended in Sections 4.2
and 4.3, where we formulate the problem of determining R for any fixed k � 4 as
an MILP problem. Using this formulation, we can then derive performance ratios
for k � 4�5�6� and 7. Finally, a performance ratio of 4�3 is proved in Section 4.4
for k � 3. The proof uses the same ideas as the basic analysis of Section 4.1 for
fixed k � 4, but it is more elaborated due to case distinctions.

To understand the essential steps of the analysis given in this chapter, we rec-
ommend to skip the proofs of the lemmas and the theorems at first reading. When
the structure of the analysis is clear, we nevertheless encourage the interested
reader to read them as they certainly contain nice elements.

4.1 Basic analysis

In this section we prove that the performance ratio R of BLDM satisfies 2�2�k �
R � 2� 1��k� 1� for k � 4. Our main challenge will be to derive a sharp upper
bound U . A lower bound L can simply be proved by giving a problem instance
with a performance ratio of L. Besides proving lower and upper bounds on R for
any k � 4, this section also serves as a basis for Sections 4.2 and 4.3.

Let k � 4. By definition, U is a performance bound of BLDM if and only if for
each instance I we have fI�BLDM� �U � f �I . For proving fI�BLDM� �U � f �I , we
may substitute fI�BLDM� by a larger expression and f �I by a smaller expression.
The first two steps of the analysis given in this section concentrate on the nontrivial
task of finding such expressions, where we successively change the algorithm and
the problem instance. These steps are summarized in Figure 4.1. We use this in the

≤
=

=
≥

Step 1 Step 2

fI(ABLDM)

fI(AMON) fI (AMON)′

∗fI
∗fI

∗fI ′

Figure 4.1. Outline of the first two steps in Section 4.1.

third step to prove the claimed lower and upper bounds on R.
In our analysis we can discard problem instances with a performance ra-

tio smaller than 3/2 as for each k � 4 an instance with a ratio of 3/2 exists.
For k � 4 this is the case as partition 4�1�1�0 - �1�1�1�0�2 with objective value
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6 can be obtained by BLDM, while an optimal partition of these numbers is
4�0�0�0 - �1�1�1�1�2, which has objective value 4. Furthermore, for k � 4 � i
with i � 1, an instance with performance ratio of 3/2 can be obtained from this
problem instance by adding im items with size zero. In that case, both in the parti-
tion given by BLDM and in an optimal partition, i items with size zero are added to
each subset which results in partitions with the same objective value.

Step 1: construction of a partition MON with fI�BLDM�� fI�MON�. Partition
BLDM has the property that each subset contains exactly one item from each set
Gi for 1 � i � k. The same property holds for the so-called monotone partition
MON � �AMON

1 �AMON
2 � � � � �AMON

m �, where subset AMON
j contains the jth largest item

from Gk and the jth smallest item from each of the sets G1�G2� � � � �Gk�1, i.e.,
the subset contains item n� j � 1 from Gk and item �i� 1�m � j from each Gi

with 1 � i � k. Figure 4.2 shows an example of MON for k � 4. For proving that

AMON
1 AMON

2 AMON
3 AMON

4

AMON
1 AMON

2 AMON
3 AMON

4 AMON
1 AMON

2 AMON
3 AMON

4

AMON
1 AMON

2 AMON
3 AMON

4AMON
1 AMON

2 AMON
3 AMON

4

ite
m

 s
iz
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Figure 4.2. Example of �MON for k � 4 and m � 4. The same partition is drawn
four time, but each time the sizes of items from a different set Gi are shaded.

indeed fI�BLDM�� fI�MON� holds, the following lemma will be useful. Note that
we have 1� m�1

2m � 3
2 , which implies that Lemmas 4.1 and 4.2 cover all relevant

problem instances.

Lemma 4.1. If the performance ratio of BLDM for a given problem instance I is
larger than 1� m�1

2m , i.e., if fI�BLDM�� f �I � 1� m�1
2m , then d�k�� ∑k�1

i�1 d�i�.

Proof. We prove the lemma by contradiction. So, assume that d�k��∑k�1
i�1 d�i�

and fI�BLDM�� f �I � 1� m�1
2m . Remember that i with 1� i� k is the initial solu-

tion of BLDM obtained by assigning each item of Gi to a different subset. Similar
as in the proof of Theorem 3.1, it can be shown that

fI�BLDM� � min
1� j�m

S�ABLDM
j ��d�BLDM�� f �I �

m�1
m

d�BLDM��
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Hence, if we can prove d�BLDM� � f �I �2, then fI�BLDM�� f �I � 1� m�1
2m holds,

which contradicts the assumption that fI�BLDM�� f �I � 1� m�1
2m . Thus, to prove

the lemma it suffices to show that d�BLDM�� f �I �2.
As item n�m is the largest item in Gk�1, we obtain an�m � ∑k�1

i�1 δ�Gi� �

∑k�1
i�1 d�i�. Since d� j� � ∑k�1

i�1 d�i� for all 1 � j � k, this implies d� j� �
an�m for 1 � j � k. Furthermore, we have an�m � f �I �2 because I contains
m � 1 items at least n�m, which implies that at least one subset in an opti-
mal partition has to contain two items at least n�m. Combining these results
yields max1�i�k d�i� � f �I �2. This implies d�BLDM� � f �I �2 as d�BLDM� �
max1�i�k d�i� by Lemma 3.2. �

Lemma 4.2. If for a given problem instance I one has fI�BLDM�� f �I � 1� m�1
2m ,

then fI�BLDM�� fI�MON�.
Proof. First, we discuss a property regarding BLDM. By the definition of σ and as
d�i� � d�Gi� for all 1 � i � k, partial solutions σ�1� and σ�2� are differenced

in the first iteration of BLDM, which results in k�1. As d�k� � ∑k�1
i�1 d�i� by

Lemma 4.1, we have σ�1� � k. Moreover, since d�k�1�� d�k��d�σ�2��, the
partial solution satisfies d�k�1��∑k

i�3 d�σ�i��. Based on this argumentation, we
can prove by induction on i the more general statement that in the ith iteration of
BLDM, partial solution k�i�1 is differenced withσ�i�1�. In other words, the final
partition is obtained by successively adding the items of Gσ�2��Gσ�3�� � � � �Gσ�k� to
the partition k of Gk. Hence, for instance I, BLDM results in the same execution
as when LADM would be used, which is visualized in Figure 2.5.

To prove the lemma, we show by induction on i the following property for
the partition k�i � �A1�A2� � � � �Am	 obtained in iteration i. For each set A j, a
set AMON

l in MON exists with S�A j� � S�AMON
l �, where we only consider items

in MON that are partitioned by k�i. Hence, we only consider items from
Gσ�1��Gσ�2�� � � � �Gσ�i�1�. To formalize the induction hypothesis, we first introduce
some definitions.

For a set X of items, we define X�i� as the subset containing only the items
from Gσ�1��Gσ�2�� � � � �Gσ�i�. Correspondingly, �i� � �A1�i��A2�i�� � � � �Am�i�	 for
any solution  � �A1�A2� � � � �Am	. Note that k�i � BLDM�i� 1�. We say that
item j from Gi has relative index r� j� if Gi contains exactly r� j��1 smaller items.
Formally, this means r� j� � j� �i� 1�m. For example, the relative index of an
item j in AMON

l is m� l � 1 if j 
 Gk and l, otherwise. The relative index r�X� of
a set X is defined as the maximum relative index of any of its items, excluding the
items from Gk. This implies that r�AMON

l � � l. For i � 1, the induction hypothesis
is now formalized as follows.

Induction hypothesis. For each Aj in k�i � �A1�A2� � � � �Ak	, an l � r�Aj� exists,



4.1 Basic analysis 35

such that S�AMON
l �i�1��� S�Aj�.

The induction hypothesis is visualized for an example in Figure 4.3. As the rel-
ative index of A3 is 3, where A3 is a subset in the partial solution 6 obtained in iter-
ation i � 2 of BLDM, the induction hypothesis states that S�AMON

3 �3��, S�AMON
4 �3��,

or S�AMON
5 �3�� is at least S�A3�. Note that the induction hypothesis implies the

interpretation given above.

45542 33121

3 5554441 1 332221

relative
index

A1 A5A4A3A2

AMON
1 (3) AMON

2 (3) AMON
3 (3) AMON

4 (3) AMON
5 (3)

Figure 4.3. Visualization of the induction hypothesis for i � 3 and σ� �4�3�2�1�.
The bars indicate the item sizes, and the shaded bars are not considered.

Basis case. For i � 1, the induction hypothesis follows from the observation that
k�1 �MON�2�.

Induction step. Let i � 2, and let Aj � �ι1� ι2� � � � � ι i�1	 be an arbitrary set from
k�i, where ι p 
 Gσ�p� for 1 � p � i� 1. To prove the induction hypothesis, we
have to show that an l � r�Aj� exists, such that S�AMON

l �i�1�� � S�Aj�. Note that
item ι i�1 has been added to A j in iteration i of BLDM.

Assume that r�ι i�1� is not larger than the relative index of any other item in A j

not counting ι1, i.e, r�ι i�1�� r�A j�i��. By the induction hypothesis, a set AMON
l �i�

exists with l � r�Aj ��ι i�1	�, such that S�AMON
l �i��� S�Aj��ι i�1	�. As the item

from Gσ�i�1� in AMON
l �i� 1� has relative index l and l � r�ι i�1�, its size is at least

the size of ι i�1. Consequently, we obtain S�AMON
l �i� 1�� � S�Aj� and l � r�Aj�,

which proves the induction hypothesis for A j with r�ι i�1�� r�A j�i��.
Assume, on the other hand, that r�ι i�1� � r�A j�i��. Then a set A j� �
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�ι �1� ι �2� � � � � ι �i�1	 with ι �p 
 Gσ�p� for 1 � p � i � 1 exists to which an item with
at most the same relative index as ι i�1 has been assigned in iteration i� 1 and
to which an item with a smaller relative index has been assigned in iteration i,
i.e., r�ι �i�1� � r�ι i�1� � r�ι �i�. This can be seen as follows. Assume that it is not
the case. We show that this yields a contradiction. Then all r�ι i�1�� 1 subsets
in k�i containing an item from Gσ�i�1� with relative index strictly smaller than
r�ι i�1� contain an item from Gσ�i� with a relative index that is also strictly smaller
than r�ι i�1�. However, Gσ�i� contains only r�ι i�1�� 1 such items of which one is
assigned to A j as r�ι i�� r�A j�i��� r�ι i�1�. This yields a contradiction.

We return to proving the induction hypothesis for A j. From the induction hy-
pothesis, it follows that an l � r�ι �i� exists, such that S�AMON

l �i�� � S�Aj��i�� holds.
Furthermore, r�ι �i�1� � r�ι i�1� implies that, at the start of iteration i, the sum of
A j� is at least the sum of A j, i.e., S�A j��i�� � S�Aj�i��. Combining these two ob-
servations yields that S�AMON

l �i�� � S�Aj�i��. As l � r�ι �i� � r�ι i�1�, we have that
the item from Gσ�i�1� in AMON

l �i� 1� is at least the item ι i�1 from Gσ�i�1� in A j.
Hence, we get S�AMON

l �i� 1�� � S�Aj� and l � r�ι i�1� � r�A j�. This means that
the induction hypothesis also holds for A j in the case that r�ι i�1� � r�A j�i��. This
completes the proof of the lemma. �

Step 2: construction of a new problem instance I� with fI�MON� � fI��MON�
and f �I � f �I� . We construct instance I� from I by changing the item sizes. Let
AMON

j be the subset of MON with largest sum. Furthermore, let xi with 1 � i � k
be defined as the size of the only item that is both in AMON

j and Gi. Note that

fI�MON� � ∑k
i�1 xi and x1 � x2 � �� � � xk.

Instance I� is now constructed out of I by decreasing the size of each item i that
is not in AMON

j until it is equal to the size of the largest item i� in AMON
j with i� � i

or equal to zero; see Figure 4.4. More precisely, subset AMON
l with l �� j is set to

xk�xk�2�xk�3� � � � �x1�0 if l � j and to xk�1�xk�1�xk�2� � � � �x2�x1, otherwise. Hence,
I� is defined such that MON is given by

�xk�xk�2�xk�3� � � � �x1�0�
j�1 - xk�xk�1� � � � �x1 - �xk�1�xk�1�xk�2� � � � �x1�

m� j�

Because we do not affect the sizes in AMON
j and because we only decrease sizes, we

have fI�MON� � fI��MON� as well as f �I � f �I� .

Step 3: bounding the performance ratio. If we combine the results from Steps 1
and 2, we get fI�BLDM� � fI��MON� and f �I � f �I� ; see Figure 4.1. Hence, if we
prove for some U that fI��MON� �U � f �I� holds, then it follows that fI�BLDM��
U � f �I , i.e., U is a performance bound for problem instance I. Consequently, if for
each 0� x1 � x2 � �� � � xk, ml � 0, and mr � 0, we have fI�MON��U � f �I , where
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Figure 4.4. Example of the construction of problem instance I� out of I, where
AMON

j is the subset in �MON with largest sum.

I is defined such that MON is given by

�xk�xk�2�xk�3� � � � �x1�0�
ml - xk�xk�1� � � � �x1 - �xk�1�xk�1�xk�2� � � � �x1�

mr � (4.1)

then U is a performance bound of BLDM. If x1 � 0 holds, then we consider the
items with size 0 to have either label 0 or label x1 and we mean items with label 0
(x1) if we refer to items with size 0 (x1). We use the same convention to distinguish
variables xi with the same value. We can now prove the following theorem.

Theorem 4.1. For fixed k � 4, the performance ratio R of BLDM satisfies

2� 2
k
� R� 2� 1

k�1
�

Proof. First, we show that 2� 1
k�1 is a performance bound for k � 4 by proving

fI�MON��
�

1�
k�2
k�1

�
f �I � (4.2)

where I is defined such that MON is given by (4.1) for some 0� x1 � x2 � �� � � xk,
ml � 0, and mr � 0. Let ω1, ω2, and ω3 be defined as the sum of the three types of
subsets in MON, i.e.,

ω1 � ω2� xk�1�

ω2 � ∑k
i�1 xi� and

ω3 � ω2� xk � xk�1�
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Since ω1�ω2, and ω3 cannot all three be strictly larger than f �I and since ω2 is at
least as large as both ω1 and ω3, we have ω1 � f �I or ω3 � f �I . We consider these
two cases separately.

Case 1: ω1 � f �I .
By definition, we have fI�MON� � ω2 � ω1�xk�1. Hence, (4.2) follows if xk�1 �
k�2
k�1 f �I . Since I contains ml �2mr �2 items with a size at least xk�1 and since these
items have to be assigned to m � ml �mr � 1 subsets, an optimal partition has at
least one subset containing two items with size at least xk�1. Consequently, we
obtain xk�1 � 1

2 f �I , which yields that xk�1 � k�2
k�1 f �I since 1

2 � k�2
k�1 for k � 4.

Case 2: ω3 � f �I .
If ω3 � 0 holds, then we get fI�MON� � xk � f �I , which clearly implies (4.2).
Next, assume that ω3 � 0, which implies that xk�1 � 0. Since the number of items
with size xk is larger than the number of items with size 0, we have xk � x1 � f �I .
Hence, for proving (4.2), it suffices to show that xk�1 � xk�2 � � � �� x2 � k�2

k�1 f �I .
By the definition of ω3 and since ω3 � f �I , this is implied by

xk�1 � xk�2 � � � �� x2

xk�1 � xk�1 � xk�2 � � � �� x1
� k�2

k�1
�

It can be verified that the left-hand side is maximal whenever x1 � 0 and xi � xk�1

for all 2 � i � k. Hence, the left-hand side is at most �k�2�xk�1
�k�1�xk�1

� k�2
k�1 . This proves

the performance bound 2� 1
k�1 for BLDM.

The lower bound of 2� 2
k holds as the BLDM algorithm can generate partition

k�1�1� � � � �1�0 - �1�1�1� � � � �1�0�k�2 with objective value 2k�2, while optimal par-
tition k�0�0� � � � �0�0 - �1�1�1� � � � �1�1�k�2 has objective value k. �

4.2 Restricting the set of instances

In Section 4.1 we proved the essential fact that

sup
���I����1�k

fI�MON�

fI��
(4.3)

is a performance bound of BLDM for fixed k � 4. Here we have �� I� 
 ��1�k
if and only if 0 � x1 � x2 � �� � � xk, ml � 0, and mr � 0 exist, such that for
problem instance I partition MON is given by (4.1). In this section, we prove that
for determining (4.3) we only have to consider the instances of ��1�k satisfying the
following additional constraints.

– ml � 0, i.e., MON � xk�xk�1�xk�2� � � � �x1 - �xk�1�xk�1�xk�2� � � � �x1�
m�1.

– the subset in  containing xk does, besides xk, only contain zeros.

– m� k�1. Hence, we can assume that A1 � xk�0�0� � � � �0 � xk�x1�x1� � � � �x1.
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(xk,xk-2,xk-3,...,x1,0)ml - xk,xk-1,...,x1 - (xk-1,xk-1,xk-2,...,x1)mr ...

...

/
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/

/

⇒

Lemma 4.3

⇒

Lemma 4.4

⇒

Lemma 4.5

xk,xk-1,...,x1 - (xk-1,xk-1,xk-2,...,x1)mr

xk,xk-1,...,x1 - (xk-1,xk-1,xk-2,...,x1)mr xk,0,0,...,0 - ...

with x1=0
mr k 2–≥ /xk,xk-1,...,x1 - (xk-1,xk-1,xk-2,...,x1)

xk,x1,x1,...,x1 - ...

AMON A

Figure 4.5. �MON and� for an instance ��� I� in ��1�
k , ��2�

k , ��3�
k , and ��4�

k .

We prove the result in three steps, where in each step an additional constraint is
imposed. More precisely, we show that we can restrict ourselves to instances from
��2�k , ��3�k , and ��4�k , respectively, where ��2�k , ��3�k , and ��4�k are defined as the sub-

sets of ��1�k satisfying the first, the first two, and all three constraints, respectively;
see Figure 4.5. In the next section we use this result to formulate the problem of
finding the performance ratio of BLDM for fixed k � 4 as an MILP problem.

Lemma 4.3. For k � 4, the performance bound given by (4.3) equals

sup
���I����2�k

fI�MON�

fI��
� (4.4)

where �� I� 
 ��2�k if and only if �� I� 
 ��1�k and ml � 0.

Proof. Since ��2�k � ��1�k , we have that (4.3) is at least (4.4). We prove that (4.3)

is at most (4.4) as follows. Let �� I� 
 ��1�k be an arbitrary instance for which

fI�MON�� fI�� � 3�2. Such an instance exists as �� I� 
 ��1�k with MON �
2�1�1�0� � � � �0 - �1�1�1�0� � � � �0�2 and� 2�0� � � � �0 - �1�1�1�1�0� � � � �0� satisfies
fI�MON�� fI�� � 3�2. We distinguish the cases that xk � 2xk�1 and xk � 2xk�1.
For the first case we derive a contraction, while for the second case we construct an
��� I�� 
 ��2�k with fI�MON�� fI�� � fI��MON�� fI����. This implies that (4.3)
is at most (4.4). First, we prove the following property.

Property: � �A1�A2� � � � �Am� does not contain a subset Ai with two times xk.
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We prove the property by contradiction. So suppose that partition  contains
a subset Ai with two times xk. We then have xk � 1

2 fI��. As in the proof of
Theorem 4.1, let ω1, ω2, and ω3 be defined as the sum of the three types of
subsets in MON. Now, we either have fI�� � ω1 � ω2 � ω3 � fI�MON� or
min�ω1�ω3�� fI��. Furthermore, by definition we know that

fI�MON� � ω2 � ω1 � xk�1 � ω3 � xk� xk�1� (4.5)

This yields that if fI�MON� �� fI�� then fI�MON� � fI�� � xk � 3
2 fI��

holds, which contradicts the assumption that fI�MON�� fI�� � 3�2. This
proves that  does not contain a subset with two times xk.

Case 1: xk � 2xk�1.
From xk � 2xk�1, (4.5), and the observation that either fI�MON� � fI�� or
min�ω1�ω3� � fI�� holds, it follows that fI�MON� � fI��� xk�1. Since I has
ml � 2mr � 2 items with size at least xk�1 and only ml �mr � 1 subsets, at least
one subset contains two items with size at least xk�1. As a result, xk�1 is at most
1
2 fI��. This gives fI�MON�� fI��� 3

2 , which yields a contradiction. Hence, xk

has to be larger than 2xk�1.

Case 2: xk � 2xk�1.

For this case, we present an algorithm for constructing an ��� I�� 
 ��2�k out of
�� I� with fI�MON�� fI�� � fI��MON�� fI����. The algorithm consists of the
following four steps.

1. ��� I�� :� �� I�.
2. If � contains xk only once, then stop. Otherwise, go to Step 3.

3. If a subset in � exists that contains both xk and 0, then replace them by two
occurrences of xk�1 and go to Step 2. Otherwise, go to Step 4.

4. Let x j be the smallest item size in I� larger than zero. Decrease all item sizes
xi with j � i � k by xj, and increase xk by �k�1�x j. Go to Step 3.

Between two executions of Step 2, either the number of occurrences of xk has been
decreased by one or the number of zeros has been increased. Hence, the algorithm
terminates. Moreover, if the algorithm terminates, then we have ��� I�� 
 ��2�k as
can be verified as follows. Consider MON. Replacing xk and 0 by two times xk�1

results in an decrease of ml by one and an increase of mr by one. Furthermore, the
algorithm stops if the obtained instance I� contains xk only once, i.e., if ml � 0.

We now prove that fI�MON�� fI�� � fI��MON�� fI���� by showing that the
algorithm does neither increase fI���� nor decrease fI��MON�. First, we prove
that the algorithm does not increase fI����. By assumption, we have xk � 2xk�1.
Hence, Step 3 does not increase fI����. Consider Step 4. The sum of any subset
that does not contain xk is decreased or remains equal. We now show that the
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sum of a subset A j that contains xk remains equal. By definition, Step 4 is only
executed if � does not contain a subset with both xk and 0. Furthermore, by the
proven property, A j contains xk only once. Hence, the sum of A j is increased by
�k�1�x j via xk and decreased by �k�1�x j via the other item sizes. Consequently,
the sum of A j remains the same.

Next, we show that the algorithm does not decrease fI��MON�. Steps 1,2,
and 3 do not affect xi for any 1 � i � k. Hence, fI��MON� remains equal during
the first three steps. Step 4 increases xk by �k� 1�x j, while xk�1 � xk�2 � � � �� x1

is decreased by at most �k� 1�x j. Hence, fI��MON� does not decrease in Step 4.
This completes the proof of the lemma. �

Lemma 4.4. For k � 4, the performance bound given by (4.4) equals

sup
���I����3�k

fI�MON�

fI��
� (4.6)

where �� I� 
 ��3�k if and only if �� I� 
 ��2�k and the only subset in  containing
xk is given by xk�0�0� � � � �0.

Proof. Since ��3�k � ��2�k , we have that (4.4) is at least (4.6). Let �� I� be an

arbitrary instance from ��2�k . We prove that (4.4) is at most (4.6) by constructing an

instance ��� I�� 
 ��3�k with fI�MON�� fI��� fI��MON�� fI����.
Let A j be the only subset in  containing xk, and let set W be defined such

that i 
W if and only if i � k and xi is in A j. We construct � and I� from  and
I by setting xk to the sum of A j and by setting xi to zero for all i 
W . Clearly,

we have ��� I�� 
 ��3�k and fI�� � fI����. Hence, to prove fI�MON�� fI�� �
fI��MON�� fI����, it remains to be shown that fI�MON� � fI��MON�. It can be
verified that for I� we have

MON � x�k�x
�
k�1� � � � �x

�
�W ��1�0�0� � � � �0 - �x�k�1�x

�
k�1�x

�
k�2� � � � �x

�
�W ��1�0�0� � � � �0�

mr �

where x�k is the sum of A j and x��W ��1 up to x�k�1 are the k�1��W � variables xi that
are not set to zero put in non-decreasing order.

By the definition of x�k, we have that xk plus the sum of the variables xi that are
set to zero is at most x�k. Hence, we get

fI�MON�� x�k � ∑
i��W
i�k

xi � fI��MON��

which completes the proof. �

Lemma 4.5. For k � 4, the performance bound given by (4.6) equals

sup
���I����4�k

fI�MON�

fI��
� (4.7)
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where �� I� 
 ��4�k if and only if �� I� 
 ��3�k and mr � k�2.

Proof. As ��4�k � ��3�k holds, we only have to prove that (4.6) is at most (4.7).

Let �� I� be an arbitrary instance from the set ��3�k � ��4�k of instances, i.e.,
MON � xk�xk�1� � � � �x1 - �xk�1�xk�1�xk�2� � � � �x1�

mr with mr � k� 2. To prove

the lemma, it suffices to construct an ��� I�� 
 ��4�k with fI�MON�� fI�� �
fI��MON�

�� fI����. We define instance ��� I�� such that � is given by  plus
k � 2� mr times subset V � xk�1�xk�1�xk�2� � � � �x1. Then we have MON� �

xk�xk�1� � � � �x1 - �xk�1�xk�1�xk�2� � � � �x1�
k�1, which implies that ��� I�� 
 ��4�k .

The minimum subset sum in MON is at most fI��. Hence, the sum of V is
at most fI��, which gives fI�� � fI����. Furthermore, fI�MON� � fI��MON�

�
trivially holds. Hence, we obtain fI�MON�� fI�� � fI��MON�

�� fI����, which
completes the proof of the lemma. �

4.3 LP problem with conditional constraints

For an �� I� 
 ��4�k , we have that the partition MON is by definition given by
xk�xk�1� � � � �x1 - �xk�1�xk�1�xk�2� � � � �x1�

m�1. This means that the k initial solu-
tions of BLDM are defined by i � xi - xi - � � � - xi for 1 � i � k and k �
xk - xk�1 - xk�1 - � � � - xk�1. Using this observation, one can now easily verify
that BLDM is equivalent to MON. This implies that the performance bound given
by (4.7) is tight. Hence, although it may seem that by deriving (4.7) in successive
steps we lost the tightness of the bound, this is not the case! In addition, a worst-
case example for BLDM is given by an �� I� 
 ��4�k for which (4.7) is attained.

Theorem 4.2. For any fixed k � 4, the performance ratio of BLDM is given
by (4.7). �

In this section we formulate the problem of determining (4.7) as an MILP prob-
lem. It will enable us to obtain performance ratios for k � 4�5�6� and 7. Let us first
introduce some definitions.

We define � as the set of all �k� 1�-tuples b̄ j � �b1 j�b2 j� � � � �bk�1� j� 
 INk�1

with ∑k�1
i�1 bi j � k. We let these tuples be numbered from 1 to t. Let b̄ j 
 � de-

fine the subset Vj containing bi j items with size xi for 1 � i � k. For example,
for k � 5 the tuples �1�2�1�1� and �4�0�0�1� define subsets �x4�x3�x2�x2�x1� and
�x4�x1�x1�x1�x1�, respectively. Note that xk does not occur in a subset correspond-
ing to a tuple in � . We say that partition  and instance I are characterized by
z̄ � �z1�z2� � � � �zt� if

� xk�x1�x1� � � � �x1 - V z1
1 - V z2

2 - � � � - V zt
t �
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where subset Vj is defined by b̄ j. In addition, if for instance I partition MON is

given by (4.1) with ml � 0 and m� k�1, i.e., �� I� 
 ��4�k for any 0 � x1 � x2 �
�� � � xk, then z̄ is called feasible.

Now, it can be verified that the following formulation, in which we indicate
two related subproblems, describes the problem of determining the performance
ratio given by (4.7).

Maximize xk�xk�1�����x1
fI���

�

such that � I are characterized by z̄

0 � x1 � x2 � �� � � xk

x̄� 0̄

�������
������

Subproblem 2

z̄ feasible

z̄ � 0̄� z̄ integer

��
� Subproblem 1

The remainder of this section is organized as follows. First, we formulate Sub-
problem 1 as an Integer Linear Programming (ILP) problem and Subproblem 2 as a
programming problem that is linear in x̄ but conditional in z̄. This yields a problem
formulation of the problem of determining the performance ratio given by (4.7)
that can either be solved by a dedicated algorithm or, as we can replace the condi-
tional constraints by linear constraints at the cost of binary variables, by an MILP

solver. We conclude with some performance results that can be derived based on
this theory.

Subproblem 1. We derive linear constraints for determining whether a given z̄ 

INt is feasible, which yields an ILP formulation of Subproblem 1. Let problem
instance I and partition  be characterized by z̄. By definition, z̄ is feasible if and
only if the following two conditions are satisfied.

1. m� k�1, i.e., ∑t
j�1 z j � k�2 as m � 1�∑t

j�1 z j, and

2. partition  contains xi once for i � k, 2m� 1 times for i � k � 1, and
m times for 1 � i � k � 2, which is equivalent to stating that MON �
xk�xk�1�xk�2� � � � �x1 - �xk�1�xk�1�xk�2� � � � �x1�

m�1.

Consider Condition 2. By definition, we have that  contains xk exactly once. Fur-
thermore, to check the number of occurrences of the remaining k� 1 variables it
suffices to check the number of occurrences of only k�2 of them. Hence, Condi-
tion 2 is equivalent to the condition that  contains 2m�1 times xk�1 and m times
xi for 2 � i � k� 2. Since the total number of occurrences of xi in  is given by
∑t

j�1 z j �bi j , by definition, the condition is formalized by ∑t
j�1 z j �bk�1� j � 2m�1

and ∑t
j�1 z j �bi j � m for 2 � i � k�2. As a result, z̄ is feasible, i.e., Conditions 1
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and 2 hold, if and only if the linear constraints

∑t
j�1 z j � k�2

Mz̄ � 1̄�

are satisfied, where matrix M is given by�
�����	

b21�1 b22�1 � � � b2t �1
b31�1 b32�1 � � � b3t �1

...
bk�2�1�1 bk�2�2�1 � � � bk�2�t �1
bk�1�1�2 bk�1�2�2 � � � bk�1�t �2



������ � (4.8)

To gain some more insight, we give an alternative view on why Mz̄ � 1̄ has to hold.
Partition MON consists of subset AMON

1 � �xk�xk�1� � � � �x1� and m�1 times subset
AMON

2 � �xk�1�xk�1�xk�2� � � � �x1�. An entry Mi j in matrix M indicates the number
of occurrences of variable xi in subset Vj minus the number of occurrences of this
variable in subset AMON

2 . This implies that the �k� 2�-valued vector obtained by
multiplying column j with z j gives the surplus of the number of occurrences of
each variable x j with 1 � j � k in V

zj
j compared to �AMON

2 �z j . Consequently, Mz̄
gives the surplus of each variable in the m�1 (� ∑t

j�1 z j) subsets of  that do not
contain xk compared to the m�1 subsets of MON that do not contain xk. Clearly,
for each variable xi the described surplus of xi has to be equal to the shortage of xi

in the subset of  containing xk compared to the subset of MON containing xk. As
this shortage is one, we get that Mz̄ � 1̄ has to hold.

Subproblem 2. We now write Subproblem 2 as a programming problem with
constraints that are conditional in z̄, but linear in all other variables. We start with
eliminating fI�� from the problem formulation.

If partition  and instance I are characterized by z̄, then  contains subset Vj

if z j � 0 and it does not contain Vj if z j � 0. Hence, fI�� equals the maximum
sum of subset xk�x1�x1� � � � �x1 and of any subset Vj with z j � 0. As x1 � 0, the sum
of Vj is given by �∑k�1

i�2 bi jxi� and the sum of subset xk�x1�x1� � � � �x1 by xk. Hence,
fI�� is given by the minimum C satisfying

∑k�1
i�2 bi jxi � C� for all j with z j � 0

xk � C
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As a result, Subproblem 2 is equivalent to

Maximize xk�xk�1�����x2
C �

such that


∑k�1
i�2 bi jxi�C

�
� 1� for all 1� j � t with z j � 0

xk�C � 1

0 � x2 � x3 � �� � � xk

xi � 0� for 1 � i� k

C � 0

We introduce new decision variables yi with 1 � i � k, which we substitute
for xi�C, i.e., yi represents xi� fI��. Instead of having a formulation that depends
on both the exact cost of partition  and the exact values of x2�x3� � � � �xk, we then
have a formulation that only depends on the values of x2�x3� � � � �xk expressed as
a fraction of the cost of partition . We now get the following formalization of
Subproblem 2. We thereby use that yk � xk�C � 1 in an optimal solution, which
can easily be verified.

Maximize 1�∑k�1
i�2 yi�

such that


∑k�1
i�2 bi jyi

�
� 1� for all j with z j � 0

0 � y2 � y3 � �� � � yk�1 � 1

yi � 0� for 1 � i � k

To illustrate the first type of constraint, assume that Vj � �x3�x3�x2�x2�x2� oc-
curs in partition  characterized by z̄, which implies z j � 0. Then the constraint
∑k�1

i�2 bi jyi � 1 corresponds to 2y3 � 3y2 � 1. Hence, the constraint gives a neces-
sary condition on y3 and y2 to represent values x3 and x2 as a fraction of the cost of
partition .

Subproblems 1 and 2 combined. The following problem formulation combines
the derived constraints for Subproblems 1 and 2. In the formulation, the integrality
constraint on z̄ is removed, which is allowed by Lemma 4.6.

Maximize 1�∑k�1
i�2 yi�

such that


∑k�1
i�2 bi jyi

�
� 1� for all 1 � j � t with z j � 0

∑t
j�1 z j � k�2

Mz̄ � 1̄

0� y2 � y3 � �� � � yk�1 � 1

yi � 0� for all 1 � i � k

z̄� 0̄

(Pk)
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where matrix M is given by (4.8).

Lemma 4.6. Let real numbers y2�y3� � � � �yk�1 and real vector z̄ define a solution
of (Pk). Then an integer z̄� exists, such that y2�y3� � � � �yk�1 and z̄� define a solution
of (Pk).
Proof. We first show that we can assume that z̄ is rational. We define M� as
the constraint matrix obtained from M by adding the constraint ∑t

i�1 zi � k� 2,
i.e., by adding ∑t

i�1 zi� zt�1 � k� 2 with slack variable zt�1. By definition, z̄� �
�z1�z2� � � � �zt �∑t

i�1 zi� k� 2� is a point in the polyhedron p defined by M�z̄� � c̄
and z̄� � 0̄, where c̄ � �1�1� � � � �1�k� 2�. We now show that we can assume that
z̄� is an extreme point of polyhedron p. Using this, we will next show that z̄�, and
thus z̄, may be assumed to be rational.

Assume that z̄� is not an extreme point, which means that it is a convex com-
bination of the extreme points of p plus a nonnegative linear combination of its
extreme directions, i.e., z̄� � ∑l

i�1 λiz̄
�
i �∑u

j�1 µjv̄
�
j , where z̄�1 � z̄

�
2 � � � � � z̄

�
l are all

extreme points and v̄�1 � v̄
�
2 � � � � � v̄

�
u all extreme directions of p. Furthermore, we

have ∑l
i�1 λi � 1 and λi�µj � 0 for all 1 � i � l and 1 � j � u. Now, we let i� be

such that λi� � 0. Note that such an i� exists. As z̄�i � 0̄ and v̄�j � 0̄ have to hold for
all i and j, each positive entry in z̄�i� is also a positive entry in z̄�. As a result, z̄i� ,
which is obtained from z̄�i� by removing the slack variable zt�1, and y2�y3� � � � �yk�1

define a solution of (Pk). Hence, we can assume that z̄� is an extreme point. We
now prove that as a result we can assume that it is rational.

As z̄� is an extreme point, it is given by a basic feasible solution. This means
that z̄� contains t �1� r non-basic variables that are all equal to 0 and r basic vari-
ables given by �M�

1 ��1c̄, where r is the rank of M� and, possibly after rearranging
the rows and columns, matrix M�

1 is an r� r submatrix of M�. By Cramer’s rule1

and since both M�
1 and c̄ are integral, we get that z̄�, and thus also z̄, is rational.

To prove the lemma, it remains to be shown that if y2�y3� � � � �yk�2 and a ra-
tional z̄ define a solution of (Pk), then an integral z̄� exists that forms a solu-
tion with y2�y3� � � � �yk�2, as well. For subset A j � �xk�1�x1�x1� � � � �x1�, the con-
straint ∑k�1

i�2 bi jyi � 1 is given by the redundant constraint yk�1 � 1. Hence,
it suffices to construct a feasible z̄� 
 INt , such that if z�j � 0, then z j � 0 or
A j � �xk�1�x1�x1� � � � �x1�.

Let r be the least common multiple of all denominators in z̄. Then we have
rz̄ 
 INt . However, rz̄ need not be feasible since M�rz̄� � r̄ � 1̄. We define z̄�, such
that it characterizes the partition and problem instance obtained by increasing the
number of occurrences of subset �xk�1�x1�x1� � � � �x1� in  by r�1, where  and I

1Cramer’s rule states that the ith entry of the vector �M�
1 ��1c̄ is given by detM�

1 �i�
detM�

1
, where M�

1 �i�

is obtained from M�
1 by replacing the ith column of M�

1 by c̄.
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are characterized by rz̄. Formally, this means that z̄� � rz̄��r�1�0�0� � � � �0�, where
without loss of generality we assume that subset V1 is given by xk�1�x1�x1� � � � �x1.
Then z̄� satisfies the condition that if z�j � 0 then z j � 0 or A j � xk�1 x1 x1 � � �x1.

We now show that z̄� is feasible, i.e., we show that ∑t
j�1 z�j � k�2 and Mz̄� � 1̄.

The first equation is true since ∑t
j�1 z j � k�2. Consider the second equation. We

derive

Mz̄� � M�rz̄��r�1�e1� � rMz̄��r�1�c̄1�

where e1 � �1�0�0� � � � �0� and c̄1 is the first column of M. By definition, c̄1 gives
the difference between the number of occurrences of x2�x3� � � � �xk�1 in subset Vj �
�xk�1�x1�x1� � � � �x1� and subset �xk�1�xk�1�xk�2� � � � �x1�. Hence, d̄1 � �1̄ holds.
Consequently, we get

rMz̄��r�1�c̄1 � r1̄� �r�1�1̄ � 1̄�

This yields Mz̄� � 1̄, which proves the lemma. �

We now show how (Pk) can be translated into an MILP problem, such that the
problem can be solved by an MILP solver. However, we have to be careful when
using a standard MILP solver since generally LP solvers, on which MILP solvers are
based, are not exact due to rounding errors. Although in practice these rounding
errors may have no effect on the outcome of the solver, we want to use provably
correct or so-called exact LP solvers as we use them in a mathematical proof. Some
research has been done on exact LP solvers [Dhiflaoui et al., 2003; Gärtner, 1998].
However, these solvers are by far not as fast as standard solvers. In Appendix B we
present an efficient dedicated algorithm for solving (Pk) that is reliable, although it
makes use of an unreliable LP solver.

To formulate (Pk) as an MILP problem, we have to eliminate the conditional
constraints. To this end, we apply the approach presented by e.g. Williams [1978].
To this end, we need an upper bound on z j. Lemma 4.7, which uses Hadamard’s
inequality [Lax, 1997], gives such a bound for any k � 4. For k � 4�5�6� and 7 it
equals 59�529�6�3 �103 � and 9�2 �104, respectively.

Theorem 4.3 (Hadamard’s inequality). Let d̄1� d̄2� � � � � d̄p 
 IRp be the column
vectors of the p� p matrix D. Then

�det D� �
p

∏
j�1
�d̄ j��

where �d̄ j��
�

d2
1 j �d2

2 j � � � ��d2
p j is the Euclidean norm of vector d̄ j. �

Lemma 4.7. Adding the constraint

z j � �k2� k�3�
k�1

2
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to problem (Pk) for some or all j with 1 � j � t does not affect its optimal cost.
Proof. Let c̄ and M� be defined as in the proof of Lemma 4.6. This means that
c̄ � �1�1� � � � �1�k� 2� and that M� is obtained from M by adding the constraint
∑t

i�1 zi � zt�1 � k� 2 with slack variable zt�1. Furthermore, let r be the rank of
M�. As M� has k� 1 rows, we have r � k� 1 (in fact, it can be shown that
r � k�1). In the proof of Lemma 4.6 we derived that we can assume that at most r
variables zi are non-zero and that the values of these variables (the basic variables)
are given by �M�

1 ��1c̄, where M�
1 is an r� r submatrix of the matrix M�.

According to Cramer’s rule, the ith entry of �M�
1 ��1c̄ is given by det M�

1 �i�
det M�

1
,

where M�
1 �i� is obtained from M�

1 by replacing the ith column of M�
1 by c̄. It

now suffices to show that this fraction is at most �k2 � k � 3��k�1��2. As M�
1 is

integral and invertible, we have detM�
1 � 1. Hence, it remains to be proved that

det M�
1 �i�� �k2�k�3��k�1��2. By Theorem 4.3 and as r � k�1, this is true if the

Euclidean norm of any column vector in M�
1 �i� is at most

�
k2� k�3, which holds

if the Euclidean norm of c̄ and of any column in M� is at most
�

k2� k�3. This
is clearly true for column c̄. Next, let d̄ j be an arbitrary column in M�. The last
entry of this column is one. Furthermore, for some subset V , each of the other k�2
entries specifies for a different variable xl with 2� l � k�1 the difference between
the number of occurrences of xl in subsets V and �xk�1�xk�1�xk�2� � � � �x1�. It can be
verified that �d̄ j� is maximal if d̄ j defines a subset V containing k times the same
variable xl with 2 � l � k� 2. In that case dj contains one time �2 representing
the shortage of the variable xk�1 in V compared to subset �xk�1�xk�1�xk�2� � � � �x1�,
one time k�1 for the surplus of variable xl , k�1 times �1 for the shortage of the
variables xl� with l� �� l and 2� l� � k�2, and one time 1 which is the last entry of
dj. We then have �d̄ j��

�
k2� k�3. This implies that an arbitrary column d̄ j in

M� indeed satisfies �d̄ j� �
�

k2� k�3. �

We are now able to eliminate the conditional constraints from (Pk). Consider
the constraint

k�1

∑
i�2

bi jyi � 1 if z j � 0�

This constraint is equivalent to the either-or constraint
k�1

∑
i�2

bi jyi � 1 or z j � 0� (4.9)

We introduce the binary variable β j, and we define Z as an upper bound on the sec-
ond constraint, i.e., Z is an upper bound on z j. By Lemma 4.7, �k2�k�3��k�1��2 is
a valid value for Z. Furthermore, by the definition of bi j and since y j � 1, we have
that k is a valid upper bound on the first constraint in (4.9). Now, (4.9) is equivalent
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to
k�1

∑
i�2

bi jyi � 1��k�1�β j and z j � �1�β j�Z�

Hence, we get the following MILP problem for finding the performance ratio of
BLDM for fixed k � 4.

Maximize 1�∑k�1
i�2 yi�

such that


∑k�1
i�2 bi jyi

�
� 1��k�1�β j� for all 1 � j � t

z j � �1�β j�Z� for all 1 � j � t

∑t
j�1 z j � k�2

Mz̄ � 1̄

0 � y2 � y3 � �� � � yk�1 � 1

yi � 0� for all 1 � i � k

z̄ � 0̄

β̄
 �0�1	t

(P�
k)

Regarding the size of (P�
k) it can be verified that the problem consists of t �

k� 2 real variables, t binary variables, and 2t � 2k� 2 constraints, not counting
the constraints yi � 0 with 1 � i � k and z̄ � 0̄. Furthermore, t is by definition the
number of �k�1�-tuples b̄ j with ∑k�1

i�1 bi j � k. Hence, we have

t �

�
2k�2

k

�
�

Table 4.1 indicates the size of (P�
k) for k � 4�5�6� and 7.

k constraints real variables binary variables

4 36 17 15
5 120 59 56
6 430 214 210
7 1596 797 792

Table 4.1. Size of problem (P�

k).

Using the (reliable) dedicated algorithm presented in Appendix B, we derived
that BLDM has a performance ratio of 19

12 , 103
60 , 643

360 , and 4603
2520 for k � 4�5�6� and 7,

respectively. Figure 4.6 shows the relation between the lower and upper bounds on
R given by Theorem 4.1 on the one hand and R for 4� k � 7 on the other hand.

Theorem 4.4. For fixed k � 4, the performance ratio R of BLDM is given by the
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2� 2
k

2� 1
k�1 R

1.5

1.55

1.6

1.65

1.7

1.75

1.8

1.85

1.9

4 5 6 7 8 9 10
cardinality of the subsets (k)

Figure 4.6. Relation between lower and upper bounds given by Theorem 4.1 on
the one hand and the performance ratio R for 4� k� 7 obtained from (Pk), on the
other hand. Although the bounds and ratios are only defined for integer values of
k, lines are drawn through the data points to guide the eye.

optimal objective value of (P�k). Using this, we can derive that R equals 19�12,
103�60, 643�360, and 4603�2520 for k � 4�5�6� and 7, respectively. �

By construction, we can derive an instance �� I� 
 ��4�k for which (4.7) is
maximal from an optimal solution of (Pk) or (P�k). As discussed at the start of
this section, such a pair �� I� defines a worst-case problem instance I for BLDM

and an accompanying optimal partition . Hence, (4.7) does not only give the
performance ratio of BLDM but also a worst-case problem instance.

Example 4.1. The optimal solution of (P�
k) for k � 4 has objective value 19

12
and is defined by �y2�y3� � � 1

4 �
1
3 � and by the vector z̄ with z j � 2 for Vj �

�x2�x2�x2�x2�, z j � 5 for Vj � �x3�x3�x3�x1�, and z j � 0 otherwise. Hence, (4.7)
is maximal for  and I characterized by z̄, where x1 � 0, x2� fI�� � 1

4 ,
x3� fI�� � 1

3 , and x4 � fI��. This means that a worst-case instance for BLDM

is defined by  � 12�0�0�0 - �3�3�3�3�2 - �4�4�4�0�5 and BLDM � MON �
�12�4�3�0� - �4�4�3�0�7. Note that if z̄ would not be integral, then we can use
the algorithm given in the constructive proof of Lemma 4.6 to translate the solu-
tion into a solution with at least the same objective value, but for which z̄ is integral.

�

Now, we can derive worst-case problem instances for k � 7. The results are
given in Table 4.2. For the sake of completeness, we also add the performance
results of Theorems 4.1 and 4.5. The latter theorem is proved in Section 4.4. Fur-
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thermore, we use that the performance ratio is non-decreasing in k to obtain a better
lower bound for k � 8�9�10� and 11. This is true as, for an arbitrary problem in-
stance, adding m items with size zero and increasing k by one does not affect the
cost of a partition given by BLDM, but possibly improves the optimal cost.

4.4 Performance ratio for k � 3

So far, we analyzed the worst-case performance of BLDM for fixed k � 4. The
main result of this section is that for k � 3 the algorithm has a performance ratio
of 4

3 . If k � 3, then BLDM only performs two iterations. In the first iterations
4 is constructed by differencing σ�1� and σ�2�, and in the second iteration 4

is differenced with σ�3�. Remember from Section 2.3 that the permutation σ
puts the sets G1�G2� and G3 in order of non-increasing δ�Gi�-value, where δ�Gi�
gives the difference in size between the smallest and the largest item in Gi. As
δ�Gi� � d�i�, this means that σ puts 1�2� and 3 in order of non-increasing
d�i�-value. The proof that 4

3 is a performance bound is split into two parts. First,
we show that it is a performance bound for an arbitrary problem instance I in
which solution 3, containing the largest m items, is selected in the first iteration,
i.e., σ�3� �� 3. The analysis is similar to the analysis presented in Section 4.1. By a
somewhat more complicated analysis that is based on the same ideas, we next show
that the result also holds if σ�3� � 3. The tightness of the bound follows from the
problem instance given in Table 4.2 which induces a performance ratio of 4

3 .
In the first step of the derivation we presented in Section 4.1 for fixed k �

4 we showed that for any relevant problem instance I we have fI�BLDM� �
fI�MON�. In the second step we next constructed a problem instance I� satisfy-
ing both fI�MON� � fI��MON� and f �I � f �I� , where partition MON has the format
�xk�xk�2�xk�3� � � � �x1�0�ml - xk�xk�1� � � � �x1 - �xk�1�xk�1�xk�2� � � � �x1�

mr . These
two steps are visualized in Figure 4.1. It is easily verified that the argumentation
used in the second step still holds if we have k � 3 instead of k � 4. Furthermore,
the next lemma states that the result of the first step is valid for k � 3 and σ�3� �� 3.
This yields that 4

3 is a performance bound of BLDM for I with k � 3 and σ�3� �� 3 if
for each x3 � x2 � x1 � 0, ml � 0, and mr � 0 we have fI�MON�� 4

3 � f �I , where I
is defined such that MON � �x3�x1�0�ml - x3�x2�x1 - �x2�x2�x1�

mr . This is used in
Lemma 4.9 to prove that 4

3 is a performance bound for any problem instance with
σ�3� �� 3.

Lemma 4.8. If for a given instance I with k � 3 one has σ�3� �� 3, then we have
fI�BLDM�� fI�MON�.
Proof. The first iteration of BLDM results in partition 4 in which the ith smallest
item size from Gσ�1� is assigned to the same subset as the ith largest item size
from Gσ�2�. Hence, as either σ�1� � 3 or σ�2� � 3, we have that 4 has the same
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collection of subset sums as MON�2�, where MON�2� is defined as partition MON

minus the items from Gσ�3�, i.e, MON�2� only contains the items from Gσ�1� and
Gσ�2�.

The optimal way of adding the items from Gσ�3� to partition 4 such that each
subset from 4 gets exactly one additional item is by assigning the ith largest item
from Gσ�3� to the subset from 4 with the ith smallest subset sum. As this is the
way it is done by BLDM, we get fI�BLDM�� fI�MON�. �

Lemma 4.9. Let k � 3. Then 4
3 is a performance bound of BLDM for any problem

instance I having σ�3� �� 3.
Proof. As discussed, it suffices to show that fI�MON� � 4

3 f �I holds for any in-
stance I for which MON is given by �x3�x1�0�ml - x3�x2�x1 - �x2�x2�x1�

mr with
x3 � x2 � x1 � 0, ml � 0, and mr � 0.

Let � be an arbitrary optimal partition. First, we consider the case that �

contains a subset with either two times x3 or x3 and x2. Then x3 � x2 � f �I holds,
which implies that fI�MON� � f �I � x1. Since the number of zeros is strictly
smaller than the number of subsets m, there has to be at least one subset in � that
does not contain a zero. Consequently, we have 3x1 � f �I . Hence, fI�MON�� 4

3 f �I
holds for this case.

Next, assume that no subset in � contains either two times x3 or x3 and x2.
This means that � has ml �1 subsets that contain x3 exactly once and that do not
contain x2. Hence, the 2mr �1 occurrences of x2 are assigned to mr subsets. This
implies that at least one subset exists that contains three times x2. Consequently,
we obtain 3x2 � f �I . In addition, since the number of items with size x3 is larger
than the number of items with size zero, we have x3 � x1 � f �I . Hence, also in this
case fI�MON�� 4

3 f �I holds. This proves the performance bound of 4
3 . �

We now consider a problem instance I for which BLDM selects solution 3 in
the second and last iteration, i.e., σ�3� � 3. Analogously to Lemma 4.8, the next
lemma states that, instead of proving a performance bound for BLDM, it suffices to
derive a performance bound for a different partition called MON2. Partition MON2

is defined as MON with the role of G2 and G3 exchanged. This means that while
MON is obtained by putting the jth smallest items from G1 and G2 in the same
subset as the jth largest item from G3, we get partition MON2 by putting the jth
smallest items from G1 and G3 in the same subset as the jth largest item from G2.
More precisely, the jth subset of MON2 contains item n�m� j�1 from G2, item
j from G1, and item 2m� j from G3.

Lemma 4.10. If for a given instance I with k � 3 one has σ�3� � 3, then we have
fI�BLDM�� fI�MON2�.
Proof. The lemma can be proved similarly as Lemma 4.8. �
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For proving the performance bound of 4
3 for a problem instance with σ�3� �� 3,

we used that, in addition to another algorithm, we can also assume another problem
instance. A similar result does not help us if σ�3� � 3. This complicates the proof
of the following lemma.

Lemma 4.11. Let k � 3. Then 4
3 is a performance bound of BLDM for any problem

instance I having σ�3� � 3.
Proof. To prove the lemma it suffices by Lemma 4.10 to show that fI�MON2� �
4
3 f �I . Assume that the smallest item size a1 is larger than 0. For the problem
instance I� obtained by subtracting a1 from each item size both the cost of MON2

and the optimal cost are 3a1 smaller than for I. Hence, fI�MON2�� 4
3 f �I is implied

by fI��MON2� � 4
3 f �I� . Furthermore, σ is the same for both I and I�. This means

that without loss of generality we can assume that a1 � 0.
Let the jth subset in MON2 have maximum sum, and let the items from G1,

G2, and G3 in this subset have size x1, x2, and x3, respectively. Similar as in Step 2
of Section 4.1, we can construct instance I� from I with fI�MON2� � fI��MON2�
and f �I � f �I� by decreasing item sizes, such that

MON2 � �s3�x2�0�
j�1 - x3�x2�x1 - �x3�x1�x1�

m� j�

where s3 is the smallest item size in G3. As a result, to prove fI�MON2� � 4
3 f �I it

suffices to show that

fI��MON2�� 4
3

f �I� (4.10)

holds. Let � be an arbitrary optimal partition for I�. We first prove (4.10) if �

contains a subset with x3 and another item size at least x2. In this case we have
x3 � x2 � f �I� . Furthermore, as I� contains strictly more than 2m items sizes at least
x1, at least one subset in � contains three items sizes at least x1. Hence, we get
x1 � 1

3 f �I� . This implies (4.10).
Next, assume that � does not contain a subset with both x3 and an item size

at least x2. This means that m� j� 1 subsets in � contain x3 and no other item
size at least x2. Consequently, the j� 1 occurrences of s3 and the j occurrences
of x2 are assigned to j� 1 subsets. This implies that � contains either a subset
with s3 and two times x2 or a subset with two times s3. We discuss these two cases
separately.

In the former case we have f �I� � s3 � x2 � x2. As σ�3� � 3, we get by the
definition of σ that δ�G3�� δ�G1�, where we let Gi be related to instance I instead
of I�. Furthermore, x3� s3 � δ�G3� and δ�G1� � x2 hold. Hence, we obtain x3�
s3 � x2, which implies that f �I� � x3 � x2. From x1 � 1

3 f �I� , which we proved above,
we now get (4.10).

Finally, assume that � contains a subset with two times s3. We then have
f �I� � 2s3. Clearly, s3 � δ�G1��δ�G2� holds. Furthermore, as σ�3� � 3, we have
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δ�G2� � δ�G3�. Hence, we obtain f �I� � s3 �δ�G1��δ�G3�. Since s3 �δ�G3� �
x3 and since a1 � 0 implies δ�G1� � x1, we now get f �I� � x3 � x1. Hence, to
prove (4.10) it now suffices to show that x2 � 1

3 f �I� . This is true as 2 j�1 items with
size x2 or s3 are assigned to j�1 subsets in �, which implies that a subset in �

exists that contains three items at least x2. �

From Lemmas 4.9 and 4.11, it follows that BLDM has a performance ratio of 4
3

for k � 3. Furthermore, this bound is tight as Table 4.2 gives a problem instance
with a performance ratio of 4

3 .

Theorem 4.5. BLDM has a performance ratio of 4
3 for k � 3. �
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5
Performance ratio of BLDM as a function

of the number of subsets

In Chapter 4 we considered the performance ratio of BLDM as a function of k. In
this chapter we further uncover the worst-case performance of BLDM by analyzing
the performance ratio as a function of k and m and as a function of only m. Thereby
we frequently refer to the analysis of Chapter 4. Understanding the global structure
of this analysis is a requisite for this chapter. As BLDM is optimal in the trivial case
that m � 1, we can assume in this chapter that m� 2.

Concerning the case that both k and m are assumed to be fixed, we derive the
performance ratio of BLDM for k � 6 in Section 5.1 and lower and upper bounds
on the performance ratio for k � 7 in Section 5.2. In Section 5.3 we determine the
performance ratio of BLDM as a function of m.

5.1 Small cardinality of the subsets

First consider the case k � 3. By Theorem 4.5, BLDM has a performance ra-
tio of 4

3 if we do not have additional information on m. However, such infor-
mation does not improve the performance guarantee as for any m � 2 a prob-
lem instance with a performance ratio of 4

3 exists, namely the instance for which
BLDM � 3�1�0 - �1�1�0�m�1 and � � 3�0�0 - 1�1�1 - �1�1�0�m�2. This gives

57
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the following result.

Theorem 5.1. Let both k � 3 and m� 2 be fixed. Then BLDM has a performance
ratio of 4

3 . �

For the case that k � 4 is fixed and m is arbitrary, we proved in Chapter 4 that
a performance bound of BLDM is given by (4.6), i.e., by

sup
���I����3�k

fI�MON�

fI��
�

where �� I� 
 ��3�k if and only if 0 � x1 � x2 � �� � � xk and mr � 0 exist such
that MON is given by xk xk�1 xk�2 � � �x2 x1 - �xk�1 xk�1 xk�2 � � �x2 x1�

mr�1 and the
only subset in  with xk does, besides xk, only contain zeros. Next, we proved
Lemma 4.5 stating that from ��3�k we only have to consider instances �� I� with
mr � k� 2. In Section 4.3 we formulated the resulting problem as an LP prob-
lem with conditional constraints. Using this formulation, we derived performance
ratios for k � 4�5�6� and 7. In this section we use the same approach to derive
performance ratios for k � 4�5� and 6 and any fixed m� 2.

Let both k � 4 and m � 2 be fixed. The next lemma claims that if we only
consider the instances �� I� from ��3�k in which problem instance I asks for a par-
tition of the items into m subsets, i.e., in which mr � m�1, then (4.6) gives again
a performance bound of BLDM. Note that as each subset of  has cardinality k by
the definition of ��3�k , the additional constraint on �� I� is equivalent to requiring
that I contains km items.

Lemma 5.1. Let both k � 4 and m� 2 be fixed. Then

sup
���I����3�k�m

fI�MON�

fI��
(5.1)

gives a performance bound of BLDM, where �� I� 
 ��3�k�m if and only if I contains

km items and �� I� 
 ��3�k .
Proof. We prove the lemma by showing that the derivation of (4.6) re-
mains true if during this derivation we only consider problem instances contain-
ing km items. However, we first show that a problem instance exists with a
performance ratio strictly larger than 1 � m�1

2m . If m � 2, then this is true as
BLDM � 3�1�0�0� � � � �0 - 1�1�0�0� � � � �0 and � � 3�0�0� � � � �0 - 1�1�1�0�0� � � � �0
define a problem instance with a performance ratio of 4

3 , while 1 � m�1
2m �

5
4 � 4

3 . The claimed result also holds in the case that m � 3 as BLDM can
construct 4�1�1�0�0� � � � �0 - �1�1�1�0�0� � � � �0�m�1, while the optimal partition is
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� � 4�0�0� � � � �0 - �1�1�1�1�0�0� � � � �0�2 - �1�1�1�0�0� � � � �0�m�3. The perfor-
mance ratio of this problem instance is 3

2 , which is strictly larger than 1� m�1
2m .

Consider the derivation of (4.6). First, we proved that (4.3) gives a performance
bound of BLDM by showing that U is a performance bound for an arbitrary problem
instance I if it is a performance bound for a different algorithm and a different
problem instance I�; see Figure 4.1. Thereby, we used that only problem instances
with a performance ratio larger than 1� m�1

2m are relevant. As shown above, the
latter statement is also valid in the case that we only consider problem instances
in which we are asked to partition km items into m subsets. Furthermore, I and I�

contain the same number of items. As a result, (4.3) is also a performance bound
of BLDM if we only consider problem instances in which we have to partition the
items into m subsets containing k items each.

It now remains to be shown that the restricted versions of Lemmas 4.3 and 4.4
hold. With this we mean that Lemmas 4.3 and 4.4 still hold if only problem in-
stances with km items are considered. For the latter lemma this is true as in its
proof the constructed instance I� contains the same number of items as I. Next,
consider Lemma 4.3. In the proof of this lemma we use that an �� I� 
 ��1�k exists
with fI�MON�� fI�� � 3�2. Above, we gave a problem instance I with a per-
formance ratio of 3/2 for the case that m � 3. For this problem instance, we have
��� I� 
 ��1�k and MON � BLDM. Hence, if m � 3 holds, then an �� I� 
 ��1�k�m

satisfying fI�MON�� fI�� � 3�2 exists as well, where ��1�k�m is defined as the re-

stricted version of ��1�k . As the remainder of the proof of Lemma 4.3 is also valid
under the assumption that we only consider problem instances with km items, we
get that the restricted version of Lemma 4.3 holds if m� 3.

To complete the proof, we now show that the restricted version of Lemma 4.3
is also valid in the case that m � 2. Let �� I� be an instance from ��1�k�2 for

which fI�MON�� fI�� is at least 4
3 . Such an instance exists as the problem in-

stance given above for m � 2 and its optimum partition � define such an in-
stance from ��1�k�2 . Furthermore, assume that ml �� 0, which means that MON �
xk�xk�2�xk�3� � � � �x1�0 - xk�xk�1� � � � �x1. We show that this yields a contradiction,
which proves that the restricted version of Lemma 4.3 holds for m � 2.

As the average of the two subsets in MON is at most fI��, we have
fI�MON� � fI�� � 1

2xk�1. Moreover, xk�1 � 1
2 fI�� holds because  has

to contain a subset with two item sizes at least xk�1. As a result, we get
fI�MON�� fI��� 5

4 . This contradicts our assumption that fI�MON�� fI��� 4
3 .
�

At the beginning of Section 4.3 we indicated that partition MON is equivalent

to BLDM for a problem instance I with �� I� 
 ��4�k for some partition . Ob-
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viously, this is also true for an instance I with �� I� 
 ��3�k�m for some . Hence,
solving (5.1) both results in a performance ratio and in a worst-case problem in-
stance.

Theorem 5.2. Let both k� 4 and m� 2 be fixed. Then (5.1) gives the performance
ratio of BLDM. �

In Section 4.3 we derived formulation (Pk) for the problem of determining the
performance ratio given by (4.7), i.e., the problem of finding an instance �� I� 

��4�k for which fI�MON�� fI�� is maximal, where �� I� 
 ��4�k if I asks for a

partition in m� k�1 subsets and �� I�
��3�k . We can derive a similar formulation
for the problem of determining the performance ratio given by (5.1) in case that
m� k�1. The only differences between the two formulations are the following.

– The constraint ∑t
j�1 z j � m�1 is added. This constraint forces the partition

characterized by z̄ to consist of exactly m subsets.

– z̄ has to be integral, i.e., we can no longer apply Lemma 4.6.

We required that m� k�1. If this is not the case, then we can no longer assume for
an instance �� I�
 ��3�k�m that subset A1 in  is given by xk�x1�x1� � � � �x1 with x1 � 0
as I contains item size x1 strictly less than m� 1 times. However, we can assume
that A1 contains xk and that it is filled up with the smallest variables, which by the
definition of ��3�k�m all have to be equal to zero. More precisely, we can assume that,

besides xk, subset A1 contains m times xi for i � � k�1
m � and �k�1�mod m times xi

for i � � k�1
m �� 1, where all the variables xi with i �� k contained in A1 are equal

to zero. For example, for k � 4 and m � 2 subset A1 is given by xk�x2�x1�x1 and
x1 � x2 � 0. Correspondingly, we say that  and I are characterized by z̄ if

� A1 - V z1
1 - V z2

2 - � � � - V zt
t �

where A1 is as defined above. Using this observation, we can formulate the problem
of determining (5.1) for m � k� 1 as an LP problem with conditional constraints
in a similar way as for the case that m� k�1. We denote the problem formulation
for fixed k � 4 and fixed m� 2 by (Pk�m).

As (Pk), we can solve (Pk�m) by eliminating the conditional constraints at the
cost of binary variables and then use an exact MILP solver. Alternatively, we can
alter the dedicated algorithm presented in Appendix B in a straightforward way,
such that it solves (Pk�m). As for (Pk), the dedicated algorithm is more effective.
However, where we solved (Pk) for any k � 7, we were only able to solve (Pk�m) as
a function of m for k � 6.

Hence, it is our goal is to determine the worst-case performance of BLDM as
a function of m, where k � 4�5� or 6 is fixed. A naive approach would be to
solve (Pk�m) for each m � 2 separately. However, this would require an infinite
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number of computations. We now show how we can limit the number of values
of m for which we have to solve (Pk�m). The approach is based on the following
property.

Theorem 5.3. The performance ratio of BLDM is non-decreasing in both k � 3
and m� 2.
Proof. Let Rk�m be the performance ratio of BLDM for fixed k� 3 and fixed m� 2.
By Theorem 5.1, we have R3�m � 4

3 for any m � 2. Furthermore, R3�m � R4�m

holds for any fixed m as adding m items with size zero and increasing k by one
does not decrease the performance ratio of the worst-case problem instance given
at the start of this section for k � 3 and m. Consequently, to prove the theorem
we now only have to show that both Rk�m � Rk�1�m and Rk�m � Rk�m�1 hold for
any k � 4 and m � 2. By Theorem 5.2 this is true if we can construct ��� I�� 

��3�k�1�m and ���� I��� 
 ��3�k�m�1 from an arbitrary instance �� I� 
 ��3�k�m, such that

fI��MON�

�� fI���� and fI���MON���� fI������ are both at least fI�MON�� fI��.
Clearly, adding one item with size zero to each subset in  and correspond-

ingly m items with size zero to I, results in an adequate instance ��� I��. We next
focus on the construction of ���� I���. By definition, each of the last m� 1 sub-
sets of MON is given by V � �xk�1�xk�1�xk�2� � � � �x1�. We construct I�� from I by
adding the item sizes occurring in V , and we derive �� from  by adding sub-
set V . Partition MON��

only differs from MON in that it has an extra occurrence
of subset V . Hence, we have ���� I��� 
 ��3�k�m�1 and fI���MON��

� � fI�MON�. As
V is the subset in MON with minimum sum, we have S�V � � f �I , which implies
that fI������ � fI��. As a result, ���� I��� indeed satisfies fI�MON�� fI�� �
fI���MON���� fI������. �

Table 4.2 gives the performance ratio Rk of BLDM for the case that m is arbi-
trary. Furthermore, the table gives a problem instance I for which the performance
ratio is attained. As by Theorem 5.3 the performance ratio is non-decreasing in m,
we get that Rk is a performance ratio for each m � m�, where m� gives the num-
ber of subsets in I. This reduces the number of values of m for which we have to
determine the performance ratio to m��2.

We can realize a further reduction by using the following observation. Suppose
that BLDM has the same performance ratio in the case that we are asked to partition
the items into m1 subsets as in the case that we are asked to partition them into m2

subsets with m1 � m2. Again by Theorem 5.3, we then automatically get that this
performance ratio is also valid if the items have to be partitioned into m subsets
with m1 � m � m2.

Now, we can determine the worst-case performance of BLDM as a function of
m for k � 4�5� and 6. The results are given in Tables 5.2, 5.3, and 5.4. The first two
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BLDM

m R �

3�1�0 - �1�1�0�m�1

2.. 4
3 3�0�0 - �1�1�0�m�2 - 1�1�1

Table 5.1. Performance ratio of BLDM as a function of m for k � 3 and worst-case
problem instances.

BLDM

m R �

3�1�0�0 - 1�1�0�0
2 4

3 3�0�0�0 - 1�1�1�0

4�1�1�0 - �1�1�1�0�m�1

3..7 3
2 4�0�0�0 - �1�1�1�0�m�3 - �1�1�1�1�2

12�4�3�0 - �4�4�3�0�m�1

8.. 19
12 4�0�0�0 - �4�4�3�0�m�8 - �4�4�4�0�5 - �3�3�3�3�2

Table 5.2. Performance ratio of BLDM as a function of m for k � 4 and worst-case
problem instances.

tables also show worst-case problem instances for k � 4 and 5. For k � 6, such in-
stances are given in Appendix C. These worst-case problem instances are obtained
as follows. As already mentioned, BLDM is equivalent to MON for a problem in-
stance I if �� I� 
 ��3�k�m for some . Hence, a worst-case problem instance can
be constructed from an optimal solution of (Pk�m). Moreover, if Theorem 5.3 is
applied to obtain a performance ratio for m from the performance ratio of m� with
m� � m, then its proof indicates that a worst-case problem instance for m can be
constructed from the worst-case problem instance derived for m� by adding m�m�

times the k item sizes xk�1�xk�1�xk�2�xk�3� � � � �x1. For the sake of completeness,
Table 5.1 shows the worst-case performance results for k � 3 derived at the begin-
ning of this section. In Figure 5.1 the performance ratios are plotted as a function
of m to see the trends.

For several performance ratios in Tables 5.3 and 5.4, we indicate that they
may have an inaccuracy of 10�15. The reason for this is the following. For
solving (Pk�m), we use a dedicated algorithm similar to the one presented in Ap-
pendix B. When this algorithm terminates, it returns a set of LP problems. For
the reader who is acquainted with Appendix B, we mean the LP problems QV1�V2

characterized by a set V1 of values j for which z j � 0 has to hold and a set V2 of
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BLDM

m R �

5�1�1�0�0 - 1�1�1�0�0
2 7

5 5�0�0�0�0 - 1�1�1�1�1

4�1�1�0�0 - �1�1�1�0�0�2

3 3
2 4�0�0�0�0 - �1�1�1�1�0�2

5�1�1�1�0 - �1�1�1�1�0�m�1

4�5† 8
5 5�0�0�0�0 - �1�1�1�1�0�m�4 - �1�1�1�1�1�3

8�2�2�1�0 - �2�2�2�1�0�5

6† 13
8 8�0�0�0�0 - �2�2�2�2�0�2 - �2�2�2�1�1�3

28�7�6�5�0 - �7�7�6�5�0�6

7 23
14 28�0�0�0�0 - �7�7�7�7�0�3 - 7�6�5�5�5 - �6�6�6�5�5�2

20�5�4�4�0 - �5�5�4�4�0�7

8 33
20 20�0�0�0�0 - �5�5�5�5�0�3 - 5�5�5�4�0 - �4�4�4�4�4�3

12�3�3�2�0 - �3�3�3�2�0�m�1

9†��11† 5
3 12�0�0�0�0 - �3�3�3�2�0�m�9 - �3�3�3�3�0�5 - �3�3�2�2�2�3

16�4�4�3�0 - �4�4�4�3�0�m�1

12†��14† 27
16 16�0�0�0�0 - �4�4�4�3�0�m�12 - �4�4�4�4�0�8 - �4�3�3�3�3�3

20�5�5�4�0 - �5�5�5�4�0�m�1

15†��26† 17
10 20�0�0�0�0 - �5�5�5�4�0�m�15 - �5�5�5�5�0�11 - �4�4�4�4�4�3

37�10�9�7�0 - �10�10�9�7�0�m�1

27..31 63
37 37�0�0�0�0 - �10�10�9�7�0�m�27 - �10�10�10�7�0�15 - �10�9�9�9�0�8

- �9�7�7�7�7�3

44�12�11�8�0 - �12�12�11�8�0�31

32 75
44 44�0�0�0�0 - �12�12�12�8�0�20 - �11�11�11�11�0�8 - �12�8�8�8�8�3

45�12�11�9�0 - �12�12�11�9�0�m�1

33..43 77
45 45�0�0�0�0 - �12�12�11�9�0�m�33 - �12�12�12�9�0�18 - �12�11�11�11�0�11

- �9�9�9�9�9�3

60�16�15�12�0 - �16�16�15�12�0�m�1

44.. 103
60 60�0�0�0�0 - �16�16�15�12�0�m�44 - �16�16�16�12�0�29 - �15�15�15�15�0�11

- �12�12�12�12�12�3

Table 5.3. Performance ratio of BLDM as a function of m for k � 5 and worst-case
problem instances. The symbol † indicates that the performance ratio may have
an inaccuracy of at most 10�15.
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m R

2 7
5

3 23
15

4 8
5

5�6† 5
3

7† 59
35

8† 17
10

9† 77
45

10† 43
25

11† 259
150

12† 26
15

m R

13 85
49

14 73
42

15† 47
27

16†��19† 7
4

20†��23† 44
25

24†��32† 53
30

33 509
288

34 99
56

35 191
108

m R

36,37 637
360

38†��40† 85
48

41 319
180

42 39
22

43 383
216

44 227
128

45 149
84

46,47 511
288

48..54 71
40

m R

55,56 245
138

57†��74† 16
9

75† 169
95

76†��94† 57
32

95†��174† 107
60

175..207 66
37

208..212 157
88

213..283 241
135

284.. 643
360

Table 5.4. Performance ratio of BLDM as a function of m for k � 6. Worst-
case problem instances are given in Appendix C. The symbol † indicates that the
performance ratio may have an inaccuracy of at most 10�15.

values j for which ∑k�1
i�2 bi jyi � 1 has to hold. These LP problems have to be solved

exactly. As we did not have an exact LP solver to our disposal, we had to solve
these problems by hand. However, in some cases the algorithm returns many LP

problems, which is caused by the property that many different feasible vectors z̄ re-
sult in a solution of (Pk�m) with the same cost. For instance, for k � 5 and m � 5 the
algorithm returns 373 LP problems. In such cases we only solved one problem by
hand. For any other problems QV1�V2 , we solved its dual by means of an unreliable
LP solver and translated this (by rounding errors) possibly infeasible solution into
a feasible solution by the approach described in Appendix B. This yields an upper
bound on the cost of the optimal solution of QV1�V2 , and we verified whether this
cost is not larger than the optimal cost of the problem we solved by hand plus some
very small rounding error ε that depends on the precision of real numbers used by
our LP solver. When this is the case, we know that if we do not have the optimal
solution of (Pk�m), then the deviation is smaller than ε, which we chose to be 10�15.
Summarized, we have that some of the performance ratios may have an inaccuracy
of 10�15, but we expect them to be tight. To prove that they are indeed tight it
probably suffices to have an exact LP solver. Although in some cases the number
of problems returned by the algorithm of Appendix B is too large to solve them all
by hand, we assume that an exact LP solver is able to solve them in a reasonable
amount of time.
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Figure 5.1. The performance ratios of BLDM as a function of m for k � 4�5� and 6
as presented in Tables 5.2, 5.3, and 5.4. Furthermore, the graph depicts the lower
and upper bounds L and U given by Theorem 5.4.

5.2 Large cardinality of the subsets

In Section 5.1 we settled the performance ratio of BLDM as a function of k and
m for k � 6. For k � 7 the following theorem states lower and upper bounds on
this performance ratio. The result will afterwards also be used to derive the perfor-
mance ratio as a function of only m.

Theorem 5.4. For fixed k � 4 and fixed m � 2, the performance ratio R of BLDM
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satisfies

1�
k� i�1

k
� R� 1�

�m�1��k� i�1�
m�k� i��1

� (5.2)

where i �
�

k�1
m

�
.

If m � k�2 or m � k�1, then the upper bound U given in (5.2) is tight, i.e., it is
a performance ratio. Otherwise, we have U �L� l

km , where L is the lower bound
given in (5.2) and l � m� �k�1�modm.
Proof. We first prove that U is indeed an upper bound on R. By Lemma 5.1, it suf-
fices to this end to show that for any given �� I�
��3�k�m we have fI�MON�� fI���
U . Thereby, we assume that xk�1 � 0 as xk�1 � 0 implies fI�MON� � fI��.

As mentioned in Section 5.1, we can assume that subset A1 in  contains xk

and that it is filled up with the smallest k� 1 variables, which are all equal to 0.
This means that A1 contains xk and the variables x1�x2� � � � �xi, where x j � 0 for all j
with 1� j� i. Consequently, we get fI�MON� � ∑k

j�i�1 x j, and all occurrences of
the variables xi�1�xi�2� � � � �xk�1 are assigned to subsets A2�A3� � � � �Am. The latter
observation implies that the average sum of the last m�1 subsets, which is a lower
bound on fI��, is given by

�m�1�xk�1 �m∑k�1
j�i�1 x j

m�1
�

This gives

fI�MON�

fI��
�

xk

fI��
�

∑k�1
j�i�1 x j

fI��
� 1�

�m�1�∑k�1
j�i�1 x j

�m�1�xk�1 �m∑k�1
j�i�1 x j

�

Since the derivative of the right-hand side expression to x j is positive for all j with
i � j � k� 1, this expression is maximal if xj � xk�1 for all i � j � k� 1. This
yields that U is an upper bound on R. Furthermore, L is a lower bound as

BLDM � k�1�1� � � � �1�

i� �� �
0�0� � � � �0 - �1�1� � � � �1�

i� �� �
0�0� � � � �0�m�1

and

� � k�0�0� � � � �0�0 - �1�1�1� � � � �1�1�m�l�1 - �1�1�1� � � � �1�0�l

define an instance with a performance ratio of L, where l � 0 if m � k� 1 and
l � m� �k�1�modm, otherwise.

Let α be defined, such that im � k� 1�α. Hence, α gives the total number
of occurrences of the variables x1�x2� � � � �xi in the subsets A2�A3� � � � �Am from a
partition  with �� I� 
 ��3�k�m. Obviously, we have α � 0 if m � k�1, α � m�1 if
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m � k�2, and α � l, otherwise. The upper bound U can now be written as

1�
�m�1��k� i�1�

�m�1�k�α
� (5.3)

For m � k� 1, this expression equals the lower bound L, which implies that in
this case the performance bound U is indeed tight. For m � k� 2, the perfor-
mance bound (5.3) equals 1� k�i�1

k�1 . Again, this bound is tight as can be ver-
ified as follows. Consider the problem instance above with performance ra-
tio L, and replace item size k by k � 1. Then the cost of both BLDM and
� � k� 1�0�0� � � � �0�0 - �1�1� � � � �1�0�m�1 decreases by one. Hence, the perfor-
mance ratio becomes U � 1� k�i�1

k�1 . Finally, if neither m � k�1 nor m � k�2, then
simple calculus yields that (5.3) can be written as

L�
l�k� i�1�

km�k� i� 1
m�

� (5.4)

This implies the upper bound l
km on U �L. �

To gain some insight into the lower and upper bounds on the performance ratio
given by Theorem 5.4, we analyze them both as a function of m and as a function of
k. We start with the former case, i.e., let k � 4 be fixed. In the analysis we use the
upper bound l

km on U �L as an approximation of this difference, where we have
l � 0 if m is a divisor of either k�1 or k�2 and l � m� �k�1�modm, otherwise.
This is reasonable as follows from (5.4).

For m � k, we have l � m� k� 1, which implies that the difference between
L and U is approximately given by 1

k �1� k�1
m �. Hence, for fixed k and increasing

m � k�1�k�k�1� � � � the gap between L and U increases from 0 to 1
k with a slope

that is proportional to m�2. This means that the deviation of the bounds is relatively
large if both k is small and m �� k. For m � 2�3� � � � �k�1, on the other hand, the
gap is more fluctuating as l can vary between 0, which implies that U � L, and m,
which implies that U �L is approximately 1

k .
Figure 5.1 gives L and U as a function of m for k � 4�5� and 6. In conformity

with the discussion above, we see an increasing gap between the bounds for in-
creasing m and, as k is small, this gap becomes relatively large. Furthermore, one
can observe that the quality of performance bound U is high and that, at least for
these cases, the gap is mainly attributed to the lower bound. In Figure 5.2 we give
the performance bounds for 2 � m � 75 and k � 50, where the gap between the
bounds is less than 1

k � 0�02. We have fourteen performance ratios as k� 1 � 49
is divisible by 7 and 49 and k�2 � 48 by 2�3�4�6�8�12�16�24� and 48.

We now show how the lower and upper bounds on the performance ratio given
by Theorem 4.1 for the case that k is fixed and m may be arbitrary, relate to the
bounds given by Theorem 5.4. For fixed k, the largest lower bound given by Theo-
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Figure 5.2. Lower and upper bounds given by Theorem 5.4 as a function of m for
k � 50. For m � 2�3�4�6�7�8�12�16�24�48� and 49 the bounds coincide, i.e., we
have a performance ratio.

rem 5.4 equals 1� k�2
k � 2� 2

k and is attained at any m� k�1. This implies that
2� 2

k is also a lower bound on the performance ratio of BLDM if m is not given.
This is the same lower bound as stated by Theorem 4.1.

Next, consider the upper bound given by Theorem 5.4 for a fixed k. It can be
verified that the upper bound is increasing in m and approaches 1� k�2

k�1 � 2� 1
k�1

for m� ∞. This yields that 2� 1
k�1 is an upper bound on the performance ratio of

BLDM if we do not assume m to be fixed. Again, this is the same bound as the one
given by Theorem 4.1.

We now analyze the lower and upper bounds given by Theorem 5.4 as a
function of k. Hence, suppose that m � 2 is fixed. For increasing k, we have
that l cyclically runs through the values m� 2�m� 3� � � � �1�0�0. As a result,
the gap between the lower and upper bound of Theorem 5.4 has a sawtooth pat-
tern with decreasing amplitude. In Figure 5.3 this can be verified for m � 25
and 4 � k � 150. For this case we have ten performance ratios, namely for
k � 26�27�51�52�76�77�101�102�126� and 127.

5.3 Arbitrary cardinality of the subsets

Above we inferred lower and upper bounds on the performance ratios of BLDM

for the case that only k is given by analyzing the bounds of Theorem 5.4 as a
function of m. Analogously, we can derive the performance ratio as a function of
m by analyzing the bounds of Theorem 5.4 as a function of m. The upper bound
U can be shown to be non-decreasing in k, and it approaches 2� 1

m for k � ∞.
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Figure 5.3. Lower and upper bounds given by Theorem 5.4 as a function of k for
m � 25. For k � 26�27�51�52�76�77�101�102�126� and 127 the bounds coincide,
i.e., we have a performance ratio.
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Figure 5.4. The performance ratios of BLDM as a function of m.

Furthermore, the upper bound l
km on U �L approaches zero for k � ∞. Hence, we

obtain the following corollary.

Corollary 5.1. Let m � 2 be fixed. Then the performance ratio of BLDM is given
by 2� 1

m . �

In Figure 5.4 the performance ratios are plotted for 2�m� 50 and arbitrary k.





6
Performance ratios of LADM

In Chapter 1 we introduced MSP, which is the problem of finding a permutation π
that orders n items into a sequence, such that the maximum sum of any subsequence
is minimal. Recall from Section 1.2 that a window refers to k successive items in
a permutation of which the first starts at position i � k�1 for some integer i, while
a subsequence can refer to any k successive items in an permutation. For tackling
MSP we proposed LADM in Section 2.3. Its worst-case performance is the subject of
this chapter. In Sections 6.1, 6.2, and 6.3 we first focus on the case that k divides n,
which implies that a permutation is given by a sequence of exactly m� n

k windows.
We show that the worst-case performance of LADM differs at most slightly from
the worst-case performance of BLDM for balanced number partitioning. This is
a remarkable result as both the algorithms and the problems are rather different.
More concretely, we prove that the performance ratios of LADM and BLDM are the
same if we assume that only k � 3 is fixed, only m� 2 is fixed, or both k � 3�4�5�
or 6 and m� 2 are fixed. For the case that both k � 7 and m� 2 are fixed, we show
that the performance ratio of LADM is at least as good as that of BLDM and that it
is bounded between the same bounds as given for BLDM in Theorem 5.4.

For determining the worst-case performance of LADM, we do not need a com-
plete new analysis as we can link to the analysis given for BLDM. This means that
we translate the problem of determining the worst-case performance of LADM to
a problem Π that we already encountered in our worst-case analysis of BLDM. As

71
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a consequence, we get worst-case performance results for LADM from the results
we derived for Π. Note however that, while the analyses of LDM in Chapter 3 and
BLDM in Chapters 4 and 5 were self-contained, this is not the case for LADM.

In Section 6.4 we finally prove that the performance ratio of LADM is two if
k� �n and both k � 3 and n � k are fixed. This is worse than the performance ratio
we have for any k and n with k � n. As a result, we get that, as long as k is not
constrained to be a divisor of n, the performance ratio of LADM is two, regardless
of the subset of the parameters k, n, and the number of windows m � �n

k � that we
assume to be fixed.

6.1 Performance ratio for fixed k � 4

In this section we study the performance ratio of LADM as a function of k � 4. The
case k � 3 is next handled in Section 6.2. We note that, as in Chapter 4, skipping
the proofs of lemmas and theorems at first reading may facilitate the understanding
of the overall structure of the discussion.

As mentioned, we will make use of the worst-case analysis we presented for
BLDM. We will single out some points of this analysis that are important to us. In
Section 4.1 we proved that a performance bound of BLDM is given by

sup
���I����1�k

fI�MON�

fI��
(6.1)

for fixed k � 4, where �� I� 
 ��1�k if and only if 0 � x1 � x2 � �� � � xk, ml � 0,
and mr � 0 exist such that for problem instance I partition MON is defined by

�xk�xk�2�xk�3� � � � �x1�
ml - xk�xk�1� � � � �x1 - �xk�1�xk�1�xk�2� � � � �x1�

mr � (6.2)

Next, we derived in Section 4.2 that (6.1) is at least

sup
���I����4�k

fI�MON�

fI��
� (6.3)

where �� I� 
 ��4�k if �� I� 
 ��1�k with ml � 0 and mr � m� 1 and if the first
subset in is given by xk�x1�x1� � � � �x1 � xk�0�0� � � � �0; see Figure 4.5. This implies
that (6.3) is an upper bound on the performance ratio of BLDM. In addition, (6.3)
is also a lower bound as we indicated at the beginning of Section 4.3. This yields
Theorem 4.2 stating that the performance ratio of BLDM is given by (6.3). From
this outline of the derivation, it follows that the performance ratio R of LADM

equals the performance ratio of BLDM for any fixed k � 4 if both (6.1) is an upper
bound on R and (6.3) is a lower bound on R. These two conditions are proved
in Sections 6.1.1 and 6.1.2, respectively. As a result we get that all (bounds on)
performance ratios derived in Chapter 4 for BLDM for fixed k � 4, and which are
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given in Table 4.2, are also valid for LADM.

6.1.1 Proof of the upper bound on the performance ratio

In Section 4.1 we showed in two steps that (6.1) is a performance bound of BLDM.
These steps are visualized in Figure 4.1. Starting with a relevant problem instance
I of the balanced number partitioning problem, we first showed that the cost of
partition BLDM is at most the cost of partition MON. Next, we constructed a new
problem instance I� from I such that MON is given by (6.2), the cost of MON

remains the same, and the optimal cost does not increase. Combining the results
of these two steps yields that fI��MON�� f �I� gives a performance bound of BLDM

for problem instance I. This result implies that (6.1) gives a performance bound of
BLDM.

We use a similar approach to show that (6.1) is also a performance bound for
LADM. Analogously to the first step of the derivation for BLDM, we start by show-
ing that the cost of πLADM is at most the cost of permutation πMON

σ for an arbitrary
problem instance I of MSP, where πMON

σ is defined below. Next, we show that ei-
ther I is not relevant or both gI�πMON

σ � � fI�MON� and g�I � f �I , where we use that
a problem instance of MSP can also be interpreted as a problem instance of bal-
anced number partitioning. Finally, we can copy the second step of the derivation
for BLDM to obtain an instance I� from I, such that again MON is given by (6.2),
fI��MON� � fI�MON�, and f �I� � f �I . We then obtain that (6.1) is indeed a perfor-
mance bound of LADM. An outline of the derivation is visualized in Figure 6.1.

≤
=

=
≥

Step 1

fI(AMON) fI (AMON)′

∗fI ′

gI( )πσ
LADM

gI( )πσ
MON

∗fI

∗gI
∗gI

Step 2 Step 3

=

≥

Figure 6.1. Outline of the proof that (6.1) gives a performance bound of LADM.

Step 1: construction of a permutation πMON
σ with gI�πLADM� � gI�πMON

σ �. We
define πMON

σ such that the jth window contains the jth largest item from Gσ�1� and
the jth smallest item from each of the sets Gσ�2��Gσ�3�� � � � �Gσ�k�. Furthermore, as
in πLADM we have that the ith item in a window of πMON

σ is from Gσ�i�, i.e., l 
 Ti



74 Performance ratios of LADM

implies πMON
σ �l� 
 Gσ�i�. Note that if we interpret the windows in πMON

σ as subsets
and if σ�1� � k, then πMON

σ defines the same partition as MON. The following
lemma states that πMON

σ indeed satisfies the claimed property. Note that, although
the focus of this section is on k � 4, the lemma also covers the case k � 3. This
will be used in Section 6.2.

Lemma 6.1. Let I be a problem instance with k � 3. We then have gI�πLADM� �
gI�πMON

σ �.
Proof. We prove the lemma by a similar approach as we used for proving
Lemma 4.2. Roughly stated, we show by induction on i that after i iterations of
LADM the sum of any partially defined subsequence u in πLADM is at most the sum
of a window wj in permutation πMON

σ . Thereby, we only consider items in πMON
σ

that are already assigned in πLADM, which means that we only consider the items in
πMON

σ from Gσ�1��Gσ�2�� � � � �Gσ�i�.
To formalize the induction hypothesis, we first adapt some definitions intro-

duced in the proof of Lemma 4.2 to the context of MSP. We define u�i� and π�i� as
the partially defined subsequence and permutation obtained from u and π, respec-
tively, by only considering the items from Gσ�1��Gσ�2�� � � � �Gσ�i� or equivalently by
replacing the items from Gσ�i�1��Gσ�i�2�� � � � �Gσ�k� by a symbol � indicating that
the positions to which they are assigned in u�i� and π�i� are undefined. Note that a
window is also a subsequence. Obviously, πLADM�i� gives permutation πLADM after
i iterations of LADM. We remark that the interpretation of index i differs from the
interpretation of this index in the definition of hi given in Section 2.3. There i indi-
cated that the situation at the start of iteration i was considered instead of the end
of iteration i.

The relative index r�u� of a subsequence u is defined as the maximum relative
index occurring in subsequence u, excluding the relative index of the item from
Gσ�1�. Remember that the relative index r� j� of an item j 
 Gi gives the number
of items in Gi that are at most j. The induction hypothesis is now formalized as
follows for i� 2, where wl denotes the lth window in πMON

σ and S�u� gives the sum
of subsequence u.

Induction hypothesis. For each subsequence u�i� in πLADM�i�, an l � r�u�i�� exists,
such that S�wl�i��� S�u�i��.

For i � 3, Figure 6.2 visualizes the induction hypothesis for a problem instance
with k � 4, m � 4, and σ � �4�3�2�1�. As r�u�3�� � 3, the induction hypothesis
states that the sum of at least one of the windows w3�3��w4�3�� and w5�3� is at least
the sum of u�3�.

Basis case. i � 2. Let u�2� be an arbitrary subsequence in πLADM�2� containing
item ι2 
 Gσ�2�. To prove the induction hypothesis, we will show that the sum of
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u(3)

relative
index

w1(3) w2(3) w3(3) w4(3) w5(3)

πσ
MON

πLADM

Figure 6.2. Visualization of the induction hypothesis for i � 3 and σ� �4�3�2�1�.
The bars indicate the item sizes, and the shaded bars are not considered.

u�2� is at most the sum of wl�2� with l � r�u�2�� � r�ι2�, which is the window in
πMON

σ �2� containing item ι2.
LADM assigns the items of Gσ�1� decreasingly to πLADM. Consequently, the

sum of a subsequence u�2� in πLADM�2� containing item ι2 is at most the sum of the
window in πLADM�2� containing this item. Hence, we have to show that the sum of
the window in πLADM�2� containing ι2 is at most the window in πMON

σ �2� containing
ι2. This is true since in both πMON

σ �2� and πLADM�2� the jth smallest item size of
Gσ�2� is assigned to the position directly after the jth largest item size of Gσ�1�, as
can be verified. The only difference is that, in the case that Gσ�1� contains several
items with the same size, the items from Gσ�2� are assigned in increasing order to
the positions directly after these items in πMON

σ �2�, while the items from Gσ�2� can
be assigned in an arbitrary order to these positions in πLADM�2�.

Induction step. i � 3. Let u�i� be an arbitrary subsequence in πLADM�i� containing
the items ι1� ι2� � � � � ι i with ι j 
 Gσ� j� for 1 � j � i. Then item ι j has been added to
πLADM in iteration j. To prove the induction hypothesis, we have to show that an
l � r�u�i�� exists, such that S�wl�i�� � S�u�i��. As in the proof of Lemma 4.2, we
distinguish the cases r�ι i�� r�u�i�1�� and r�ι i�� r�u�i�1��.

First, consider the case that r�ι i� � r�u�i� 1��. By the induction hypothesis,
an l � r�u�i�1�� exists, such that S�wl�i�1��� S�u�i�1��. As the item in wl�i�
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from Gσ�i� has relative index l and l � r�u�i�1��� r�ι i�, its size is at least the size
of ι i. Hence, we get S�wl�i�� � S�u�i�� with l � r�u�i��. This proves the induction
hypothesis for u�i� if r�ι i�� r�u�i�1��.

Next, suppose that r�ι i� � r�u�i� 1��. We first prove that πLADM�i� contains
two items ι �i�1 
Gσ�i�1� and ι �i 
Gσ�i� that are assigned to two successive positions
p�1 and p, such that

r�ι �i�� r�ι i�� r�ι �i�1�� (6.4)

We prove the claim by contradiction. Hence, assume that ι �i�1 and ι �i do not exist.
Then all r�ι i� items from Gσ�i� with a relative index at most r�ι i� have a predecessor
from Gσ�i�1� with a relative index strictly smaller than r�ι i�. However, Gσ�i�1�

contains only r�ι i��1 such items. This yields a contradiction.
We now use this result to prove that the induction hypothesis holds for u�i� with

r�ι i�� r�u�i�1��. Let vmax�i�1� be a subsequence in πLADM�i�1� for which the
sum is maximal over all subsequences covering position p (to which ι �i is assigned).
If more subsequences qualify then the one is chosen for which the first position is
minimal. By (6.4), we have r�ι �i� � r�ι i�. Hence, vmax�i� 1� gets a smaller item
from Gσ�i� assigned than u�i� 1�. Because of the maximality of vmax�i� 1�, this
implies S�vmax�i�1�� � S�u�i�1��. We now distinguish between whether or not
vmax�i�1� contains item ι �i�1 or not.

Assume that vmax�i�1� contains ι �i�1. By the induction hypothesis and (6.4), an
l � r�vmax�i�1��� r�ι �i�1�� r�ι i� exists, such that S�wl�i�1��� S�vmax�i�1��.
Hence, as S�vmax�i�1��� S�u�i�1��, we have S�wl�i�1��� S�u�i�1��. Because
the item from Gσ�i� in wl�i� has relative index l, which is at least the relative index
of the item ι i from Gσ�i� in u�i�, this implies S�wl�i�� � S�u�i��. Furthermore, we
have l � r�ι i� � u�i�. Hence, the induction hypothesis holds for u�i� if vmax�i�1�
contains item ι �i�1.

Finally, assume that vmax�i�1� does not contain ι �i�1. This means that vmax�i�
1� covers positions p� p � 1� � � � � p � k� 1. Since S�vmax�i� 1�� is maximal and
the initial position is minimal if several subsequences have maximal sum, we have
that item ι �i�1 
 Gσ�i�1� assigned to position p� 1 is smaller than the item ι ��i�1 

Gσ�i�1� assigned to position p�k�1. Hence, by the induction hypothesis and (6.4)
an l � r�vmax�i� 1�� � r�ι ��i�1� � r�ι �i�1� � r�ι i� exists, such that S�wl�i� 1�� �
S�vmax�i�1��. Similar as in the case above where vmax�i�1� contains ι �i�1, we can
now derive that S�wl�i��� S�u�i�� and l � u�i�. �

Step 2: proof that either I can be left out of consideration or both gI�πMON
σ � �

fI�MON� and g�I � f �I . As indicated above, πMON
σ defines MON if we inter-

pret the windows in πMON
σ as subsets and if σ�1� � k. We define MON

σ as the
partition implied by πMON

σ for an arbitrary σ. This means that the jth subset in
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MON
σ contains the jth largest item from Gσ�1� and the jth smallest item from each

of the sets Gσ�2��Gσ�3�� � � � �Gσ�k�. The next two lemmas state that g�I � f �I and
gI�πMON

σ � � fI�MON
σ �. Afterwards, we show that for determining worst-case per-

formance results for LADM we can disregard problem instances with σ�1� �� k,
which implies that we can assume that we have MON

σ � MON. This yields the
desired result.

Lemma 6.2. Let I be an arbitrary problem instance. Then g�I � f �I .
Proof. Let π� be an optimal permutation for I, and let partition  be implied by
π�. Then fI�� is defined as the maximum sum over all windows in π�. Hence,
gI�π��� fI��. This implies g�I � f �I . �

Lemma 6.3. Let I be an arbitrary problem instance. Then gI�πMON
σ � � fI�MON

σ �.
Proof. By the definitions of πMON

σ andMON
σ , we have a one-to-one correspondence

between windows in πMON
σ and subsets in MON

σ . Hence, to prove the lemma it
suffices to show that the maximum sum in πMON

σ is attained in a window. Let the
successor of a subsequence in πMON

σ that has i as its first position be defined as the
subsequence that has i�1 as its first position. By the definition of πMON

σ , the sum of
an arbitrary subsequence u is at most the sum of its successor if u is not a window.
Furthermore, since k � n the last subsequence of πMON

σ is a window. This implies
that, for any subsequence in πMON

σ , a window exists with at least the same sum.
This proves the lemma. �

In Section 4.1 we start our worst-case analysis of BLDM by showing by means
of an example that a problem instance exists with a performance ratio of 3

2 for any
fixed k � 4. As a result, we can disregard problem instances with a performance
ratio smaller than 3

2 , which implies that we can focus on problem instances with
the property given in Lemma 4.1. The same example shows that for LADM the
performance ratio is at least 3

2 , as well: the objective value of permutation πLADM �
4�1�1�0� � � � �0 - �1�1�1�0� � � � �0�2 is 6, while the optimal objective value is 4 as
follows from π� � 4�0� � � � �0 - �1�1�1�1�0� � � � �0�2. Again we use this result to
restrict ourselves to problem instances with a useful property. More precisely,
combined with the following lemma it implies that we can focus in our analysis
of LADM on problem instances with σ�1� � k.

Lemma 6.4. If the performance ratio of LADM for a given problem instance I is
larger than 1� m�1

2m , i.e., gI�πLADM��g�I � 1� m�1
2m , then σ�1� � k.

Proof. Let I be a problem instance with σ�1� �� k. To prove the lemma, we show
that the performance ratio of LADM for I is at most 1� m�1

2m . By Lemmas 6.1, 6.2,
and 6.3, an upper bound on the performance ratio is given by fI�MON

σ �� f �I . Hence,
it suffices to show that fI�MON

σ �� f �I � 1� m�1
2m . As in the proof of Theorem 3.1, it
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can be proved that

fI�MON
σ �� f �I �

m�1
m

d�MON
σ ��

Hence, fI�MON
σ �� f �I � 1� m�1

2m holds if d�MON
σ �� f �I �2. It can be verified that

d�MON
σ ��max�δ�Gσ�1���

k

∑
i�2

δ�Gσ�i����

By the definition of σ, we have δ�Gk�� δ�Gσ�1��. Hence, we obtain

k

∑
i�2

δ�Gσ�i���
k�1

∑
i�1

δ�Gi�� an�m�

where n�m is the largest item in Gk�1. Furthermore, as σ�1� �� k we also have
δ�Gσ�1��� an�m. This yields d�MON

σ �� an�m. Because I contains m�1 items at
least an�m, an optimal partition for I has at least one subset containing two items
at least n�m. Hence, an�m � f �I �2 holds. As a result, we obtain d�MON

σ �� f �I �2,
which was to be proved. �

Step 3: construction of a new problem instance I� with fI�MON� � fI��MON�
and f �I � f �I� . This step is equivalent to Step 2 in the analysis given in Section 4.1
for BLDM.

Combining the results of all three steps given in this section yields the follow-
ing lemma.

Lemma 6.5. Expression (6.1) gives a performance bound of LADM. �

6.1.2 Proof of the lower bound on the performance ratio

As discussed, the proof that LADM has the same performance ratio as BLDM for
fixed k � 4 is split into two parts: the proof that (6.1) gives an upper bound on
the performance ratio of LADM and the proof that (6.3) gives a lower bound on
this performance ratio. While the first part has been settled by Lemma 6.5, the
following lemma settles the second part.

Lemma 6.6. Expression (6.3) gives a lower bound on the performance ratio of
LADM.
Proof. Consider an arbitrary �� I� 
 ��4�k . To prove the lemma, we show that a
problem instance I� of MSP and a permutation πexist such that gI��πLADM��gI��π� �
fI�MON�� fI��. We define vi as the window containing the k items from Ai in 
in decreasing order. We assume without loss of generality that A1 contains item size
xk, which implies that v1 � xk�x1�x1� � � � �x1. Now, we define I� and π, such that π�
v1 - α2 - � � � - αm, where αi � x1�x1� � � � �x1�xk�1 - xk�1�x1�x1� � � � �x1 - v2m�1

i for
2� i�m. In addition, we define m� � 2m2�m as the number of windows in π. As
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I contains 2m items with size at least xk�1, we have xk�1 � fI���2. Furthemore,
we have x1 � 0, by definition. Using these observations, it can be verified that
gI��π� � fI��.

Now it suffices to show that gI��πLADM� � fI�MON�. By the definition of
I, the windows v2�v3� � � � �vm contain in total m� k � 1 times x1, 2m� 1 times
xk�1, and m times x2�x3� � � � �xk�2. Each of these windows occurs 2m� 1 times
in π. Furthermore, πcontains window v1 once and windows x1�x1� � � � �x1�xk�1 and
xk�1�x1�x1� � � � �x1 both m� 1 times. As a result, π contains one occurrence of xk,
2m��1 occurrences of xk�1, and m� occurrences of x1�x2� � � � �xk�2. From this it fol-
lows that πLADM �πMON

σ � xk�xk�1� � � � �x1 - �xk�1�xk�1�xk�2�xk�3� � � � �x1�
m��1 with

σ��k�k�1� � � � �1�. Hence, by Lemma 6.3 we indeed have gI��πLADM�� fI�MON�.
�

We now arrive at the following remarkable result.

Theorem 6.1. For any fixed k � 4, LADM has the same performance ratio as
BLDM. �

From Theorem 6.1 it follows that the performance ratios and the bounds on
the performance ratios given in Table 4.2 for BLDM for fixed k � 4 are also valid
for LADM. Next, consider the worst-case problem instances given in the table.
As indicated in Chapter 4, an �� I� 
 ��4�k for which (6.3) is maximal defines a
worst-case problem instance I of BLDM and an optimal partition . Furthermore,
the constructive proof of Lemma 6.6 yields an algorithm for constructing a worst-
case problem instance I� of LADM and a corresponding optimal permutation π�
from I and . This gives a general strategy for constructing worst-case problem
instances for LADM from worst-case problem instances for BLDM. Nevertheless,
we do not need the algorithm from the proof of the lemma to obtain worst-case
problem instances for LADM. The reason for this is that, for any BLDM and �

given in Table 4.2, we have fI�BLDM� � gI�πLADM� as well as fI��� � gI�π�,
where permutation πis given by the same definition as we use for defining partition
�.

6.2 Performance ratio for k � 3

Although Section 6.1 considers the case that k � 4, Lemmas 6.1, 6.2, and 6.3
also hold for k � 3. Hence, LADM has a performance bound of 4

3 for k � 3 if
we can prove that fI�MON

σ � � 4
3 f �I holds for this case. This result is implied by

the following three lemmas. Furthermore, the 4
3 performance bound is tight as

πLADM � 3�1�0 - 1�1�0 with cost 4 can be given by LADM, while the optimal cost
is 3 as follows from π� � 3�0�0 - 1�1�1. We like to draw attention to the proof of
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Lemma 6.9, which uses a nice proof strategy: we derive a contradiction by solving
an LP problem.

Lemma 6.7. Let I be an arbitrary problem instance with σ�1� � 2. Then
fI�MON

σ �� 4
3 f �I .

Proof. In the proof of Lemma 4.11 we derived that fI�MON2� � 4
3 f �I , where

MON2 is equivalent to MON
σ as σ�1� � 2. �

Lemma 6.8. Let I be an arbitrary problem instance with σ�1� � 3. Then
fI�MON

σ �� 4
3 f �I .

Proof. Because σ�1� � 3, partition MON
σ is equivalent to MON. Further-

more, applying the second step of the derivation given in Section 4.1 yields
that fI�MON� � 4

3 f �I is implied by fI��MON� � 4
3 f �I� , where MON is given

by x3�x2�x1 - �x3�x1�0�m�1 for I�. This inequality is derived in the proof of
Lemma 4.9. �

Lemma 6.9. Let I be an arbitrary problem instance with σ�1� � 1. Then
fI�MON

σ �� 4
3 f �I .

Proof. Similar as in the proof of Lemma 4.11, it can be argued that without loss of
generality we can assume that the smallest item size in I is zero. Let vmax be a sub-
set in MON

σ with maximum sum. Furthermore, let the item sizes in vmax be defined
as x1�x2� and x3 with xi 
 Gi. Analogously to Step 2 of Section 4.1, we can now
construct an instance I� from I by decreasing item sizes, such that for some ml � 0
and mr � 0 we have MON

σ � �s3�s2�δ�G1��
ml - x3�x2�x1 - �x3�x2�0�mr , where si

denotes the smallest item size in Gi. We used that s1 � 0 and, as in the remainder
of the proof, we let Gi be related to instance I instead of I�. Note that if ml � 0,
then x1 equals δ�G1�. Instance I� satisfies fI�MON

σ � � fI��MON
σ � and, as we only

decreased item sizes, f �I � f �I� . Hence, to prove the lemma it suffices to show that

fI��MON
σ �� 4

3
f �I� � (6.5)

To prove this inequality, we distinguish three cases, where we let � denote an
optimal partition for I�.

Case 1: � contains a subset with both x3 and an item size at least x2.
We then have x3 � x2 � f �I� . Furthermore, as I� contains at least 2m� 1 item sizes
larger or equal to x1, we have x1 � 1

3 f �I� . This yields (6.5).

Case 2: � does not contain a subset with two times s3, and Case 1 does not hold.
We can split the subsets of partition � into two subpartitions �

1 and �
2. Sub-

partition �
1 contains the mr �1 subsets that all contain exactly one occurrence of

x3 and �
2 the ml remaining subsets that contain exactly one occurrence of s3. We

have that all occurrences of x2 are assigned to �
2. As MON

σ has more occurrences
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of item size x2 than of item size zero, �
2 contains a subset with s3, an item size

at least x2, and an item size at least x1. As a result, we get s3 � x2 � x1 � f �I� .
Hence, (6.5) is implied by x3� s3 � 1

3 f �I� . We have x3� s3 � δ�G3� and by the def-
inition of σ also δ�G3�� δ�G1�. Moreover, δ�G1�� 1

3 fI� holds, as MON
σ contains

at least 2m� 1 item sizes at least δ�G1�, which implies that � has to contain a
subset with three items at least δ�G1�. This results in x3� s3 � 1

3 f �I� .

Case 3: Neither Case 1 nor Case 2 holds.
We derive some linear constraints that have to be satisfied. Using these constraints,
we get a small LP problem of which the optimal solution gives an upper bound on
fI���� f �I� . This upper bound will be smaller than 4

3 , which proves that again (6.5)
holds.

As Case 2 does not hold, � contains a subset with two item sizes at least
s3. This gives the first linear constraint 2s3 � f �I� . The second constraint is x3 �
s3 �δ�G1�, which holds as δ�G3�� δ�G1� by the definition of σ.

The sum of the three types of subsets in MON
σ cannot all be larger than f �I� . As

shown above, (6.5) holds if the sum of subset �x3�x2�0� is at most f �I� . Hence, we
can assume that the sum of subset �s3�s2�δ�G1�� is at most f �I� . This yields the third
constraint s3 � s2 �δ�G1�� f �I� .

Partition MON
σ contains ml �mr � 1 items with size x2 or s3. As Case 1 does

not apply, these items are assigned to the ml subsets that do not contain item size x3.
As MON

σ contains only mr items with size zero, this implies that � has to contain
a subset with two items at least x2 and one item at least x1. Hence, we obtain
2x2 � x1 � f �I� . Furthemore, as the number of items with size zero is smaller than
the number of items with size x3, � has to contain a subset with x3, δ�G1�, and
x1. As a result, we get x3 �δ�G1�� x1 � f �I� . Finally, we also have the constraint
0 � x1 � δ�G1�� s2 � x2 � s3 � x3.

Using the derived constraints yields that the performance ratio �x3�x2�x1�� f �I�
of instance I� is bounded from above by

Maximize x3�x2�x1
f �
I�

�

such that 2s3 � f �I�

x3 � s3 �δ�G1�

s3 � s2 �δ�G1�� f �I�

2x2 � x1 � f �I�

x3 �δ�G1�� x1 � f �I�

0 � x1 � δ�G1�� s2 � x2 � s3 � x3
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Analogously to Subproblem 2 in Section 4.3, we can reformulate this problem to

Maximize y3 � y2 � y1�

such that 2t3 � 1

y3 � t3 �∆
t3 � t2 �∆� 1

2y2 � y1 � 1

y3 �∆� y1 � 1

0 � y1 � ∆� t2 � y2 � t3 � s3

where yi and ti represent xi� f �I� and si� f �I� , respectively, and ∆ represent δ�G1�� f �I� .
It can be verified that the optimal solution of this LP problem is 5

4 with �y1�y2�y3� �
� 1

6 �
5

12 �
2
3� and �t2� t3�∆� � � 1

6 �
1
2 �

1
6 �. This is smaller than 4

3 , which proves (6.5). �

Theorem 6.2. For k � 3, LADM has the same performance ratio as BLDM, i.e., 4
3 .
�

6.3 Performance ratio for fixed k and m

As for BLDM, the performance ratio of LADM for k � 3 does not improve if, in
addition to k, we also assume any m � 2 to be fixed. This is true since, for any
m� 2, LADM can return πLADM � 3�1�0 - �1�1�0�m�1 with cost 4, which is 4

3 times
the optimal cost of 3 resulting from π� � 3�0�0 - 1�1�1 - �1�1�0�m�2.

Lemma 6.10. Let k � 3 and m� 2 be fixed. Then LADM has the same performance
ratio as BLDM, i.e., 4

3 . �

The following theorem states that the worst-case performance of LADM as a
function of k � 4 and m� 2 is at least as good as that of BLDM.

Theorem 6.3. Let k � 4 and m� 2 be fixed. Then the performance ratio of BLDM

is a performance bound of LADM.
Proof. Theorem 5.2 states that the performance ratio R of BLDM is given by
sup

���I����3�k�m
fI�MON�� fI��. This is proved as follows. First, we showed in the

proof of Lemma 5.1 that

R� sup
���I����1�k�m

fI�MON�

fI��
� sup

���I����3�k�m

fI�MON�

fI��
�

and next we indicated that the last expression is at most R. This implies that R is
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also given by

sup
���I����1�k�m

fI�MON�

fI��
� (6.6)

Hence, to prove the theorem it suffices to show that (6.6) is a performance bound
of LADM.

In Section 6.1.1 we proved that if we replace ��1�k�m by ��1�k in (6.6), then we get

a performance bound of LADM for the case that m may be arbitrary, where ��1�k is

defined as ��1�k�m except that m� 2 is not fixed. We proved this as follows. First, we
showed that if for a problem instance I we have σ�1� � k, then the performance
ratio of I is at most fI��MON�� f �I� for a well-structured problem instance I�. Fur-
thermore, we showed that if σ�1� �� k, then the performance ratio of I does not
have to be considered to determine the performance ratio of LADM. As I� has the
same number of windows/subsets as I, we have that to prove that (6.6) is a per-
formance bound of LADM for fixed k � 4 and fixed m � 2 it suffices to show that
problem instances with σ�1� �� k can again be disregarded. By Lemma 6.4, this is
true if performance ratio of LADM is strictly larger than 1� m�1

2m , i.e, if an problem
instance I exists with a performance ratio strictly larger than 1� m�1

2m .
For m � 2, the claim holds as the problem instance defined by πLADM �

3�1�0�0� � � � �0 - 1�1�0�0� � � � �0 and � � 3�0�0� � � � �0 - 1�1�1�0�0� � � � �0 has per-
formance ratio 4

3 , which is strictly larger than 1 � m�1
2m � 5

4 . Furthermore, for
m � 3 we have that πLADM � 4�1�1�0�0� � � � �0 - �1�1�1�0�0� � � � �0�m�1 and � �
4�0�0� � � � �0 - �1�1�1�1�0�0� � � � �0�2 - �1�1�1�0�0� � � � �0�m�3 define a problem in-
stance with performance ratio 3

2 � 1� m�1
2m . �

Tables 5.2 and 5.3 and the table in Appendix C give performance ratios and
worst-case problem instances for BLDM for k � 4�5� and 6 and any m� 2. Some of
these performance ratios may have an inaccuracy of at most 10�15 due to rounding
errors made by the used LP solver. This is indicated by the symbol † in the tables.
We now show that the same performance results are also valid for LADM. For each
problem instance I given in the tables, we have that the definition of BLDM is also
a valid definition of πLADM for I and it can be verified that gI�πLADM� � fI�BLDM�
holds. Furthermore, by changing the order of the subsets in the definition of �

and/or by reversing the order of the items in a subset, we can construct a permu-
tation π from each � given in the tables such that we have gI�π� � fI���. As a
result, for fixed k � 4�5� and 6 and fixed m� 2, the possibly slightly inaccurate per-
formance ratios of BLDM given in the tables are lower bounds on the performance
ratios of LADM.

Example 6.1. For the case that k � 6 and m � 14, Appendix C states that a
worst-case problem instance I of BLDM is defined by the partitions BLDM �
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210�43�42�39�31�0 - �43�43�42�39�31�0�13 and

� � 210�0�0�0�0�0 - �43�43�43�42�39�0�7 - 43�43�42�42�39�0
- 42�42�42�42�42�0 - �43�43�31�31�31�31�2 - �39�39�39�31�31�31�2 �

Let us interpret both definitions as definitions of permutations. Clearly, the for-
mer permutation gives πLADM. Furthermore, let the latter permutation be π. As the
maximum in πLADM is attained in the first window, we get gI�πLADM� � fI�BLDM�.
However, we have gI�π� �� fI��� since gI�π� � 212 and fI��� � 210. Never-
theless, by reversing the order of the items in window 42�42�42�42�42�0 and by
letting it be the last window, we obtain

π� � 210�0�0�0�0�0 - �43�43�43�42�39�0�7 - 43�43�42�42�39�0
- �43�43�31�31�31�31�2 - �39�39�39�31�31�31�2 - 0�42�42�42�42�42

with gI�π�� � fI���. Hence, the performance ratio of LADM for I is at least
the performance ratio of BLDM for I, which implies that the performance ratio
of LADM is at least the performance ratio of BLDM for k � 6 and m � 14. �

From this observation, Lemma 6.10, and Theorem 6.3 we get the following
result.

Theorem 6.4. The performance ratios of Tables 5.1, 5.2, and 5.3 and the table in
Appendix C are with the same inaccuracy as for BLDM also valid for LADM. �

Theorem 5.4 gives a lower bound L and upper bound U on the performance
ratio of BLDM for fixed k � 4 and fixed m� 2. In addition, the theorem states that
the performance bound U is tight if either m � k� 2 or m � k� 1. In the proof of
the theorem we showed that L is a lower bound by giving a problem instance with
a performance ratio of L. Furthermore, we proved the tightness of U by observing
that L �U holds if m � k�1 and by giving a problem instance with a performance
ratio of U if m � k� 2. It can be verified that both BLDM and LADM yield the
same performance ratio for the two presented problem instances. This and again
Theorem 6.3 yield that Theorem 5.4 is also valid for LADM.

Theorem 6.5. For fixed k � 4 and fixed m � 2, the performance ratio R of LADM

satisfies

1�
k� i�1

k
� R� 1�

�m�1��k� i�1�
m�k� i��1

� (6.7)

where i �
�

k�1
m

�
. Furthermore, the upper bound U given in (6.7) is tight, i.e., it is

a performance ratio if either m � k�2 or m � k�1 . �

As indicated in Section 5.2, the bounds given in Theorem 5.4 imply a per-
formance ratio of 2� 1

m for BLDM for fixed m � 2. Hence, also LADM has this
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performance ratio for fixed m � 2. Note however that for MSP the performance
ratio of an algorithm as a function of only m seems to have only little significance.

Corollary 6.1. Let m� 2 be fixed. Then LADM has the same performance ratio as
BLDM, namely 2� 1

m . �

6.4 k does not divide n

We conclude this chapter with proving that, for any fixed k � 3 and fixed n � k,
LADM has a performance ratio of two in the case that k does not divide n. As the
performance ratio of LADM does not exceed two for any problem instance in which
k divides n, the result implies that, as long as k is not constrained to be a divisor of
n, the performance ratio of LADM is two.

Theorem 6.6. Let k � 3 and n � k be fixed, and assume that k does not divide n.
Then LADM has a performance ratio of two.
Proof. We first prove that two is a performance bound of LADM by showing
that gI�πLADM��g�I � 2 for an arbitrary problem instance I of MSP. In this chapter
we interpreted a problem instance I� of MSP as a balanced number partitioning
problem when writing fI� . However, in the proof of this theorem we interpret
problem instance I in fI as the number partitioning problem in which the n items
of I have to be partitioned into m�1 subsets.

We define partition  � �A1�A2� � � � �Am�1�, such that subset Ai with i � m
contains the ith largest items from G1�G2� � � � �Gk. Furthermore, Am�1 contains the
smallest item from each of the nmod k sets Gσ�1��Gσ�2�� � � � �Gσ�nmodk�. Note that
these sets contain one item more than each other set Gi. Obviously, fI�� equals
S�A1�, i.e., fI�� equals the sum of the largest items from G1�G2� � � � �Gk. As
πLADM has the property that each subsequence contains exactly one item from each
set Gi, we get gI�πLADM� � fI��. Moreover, obviously g�I � f �I holds. Hence,
gI�πLADM��g�I � 2 is implied by fI��� f �I � 2, which we will now prove.

First, suppose that  contains a subset Ai with i � m, such that S�Ai� � f �I .
Note that i � m implies that Ai is not the last subset in  containing only nmodk
items. Then we obtain fI��� f �I �S�A1��S�Ai�. Furthermore, we have S�A1��
S�Ai�� ∑k

j�1 δ�G j�, by the definition of , and ∑k
j�1 δ�G j�� an � f �I . This gives

fI��� f �I � 2.
Next, assume that subset Ai with both i � m and S�Ai� � f �I does not exist.

Then we have S�Ai� � f �I for all i � m. As ∑m�1
i�1 S�Ai� � �m� 1� f �I holds, this

implies S�A1�� 2 f �I . Hence, we arrive at fI��� f �I � 2. This completes the proof
that two is a performance bound.

To prove the theorem, it remains to be shown that two is also a lower bound on
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the performance ratio of LADM. This is true as LADM can return

πLADM � 1�0�0� � � � �0�1 - �0�0� � � � �0�1�m�1 - 0�0� � � � �0� �� �
nmodk

with cost 2, while the optimal cost is 1 as follows from

π� � �1�0�0 � � � �0�m - 1�0�0 � � � �0� �� �
nmodk

�

�

A cause of the relatively poor performance of LADM on the worst-case problem
instance given in the proof of Theorem 6.6 is that a better spreading exists of the
large items than obtained with LADM. A way to prevent this is by requiring that
σ�1� � k holds. By an analysis that is similar to the one given for LADM and
BLDM, it can be shown that the modification yields an algorithm with a worst-case
performance that, independently of whether k divides n, is comparable to that of
LADM in the case that k divides n. Conform to this, the resulting algorithm also
has a better average-case performance than LADM if k does not divide n. However,
the average-case performance is worse if k divides n.



7
Optimality of design decisions

Recall that for BLDM we have that in each iteration the two partial solutions are
differenced for which the difference between the maximum and minimum subset
sum d�� is maximal. An interesting question is whether using another strategy
for determining which solutions are to be differenced in an iteration can improve
the worst-case performance of the algorithm. In Section 7.1 we prove that this is
not the case. Furthermore, we show in Section 7.2 that if we nevertheless prefer
another strategy, then the performance ratio of the algorithm cannot get worse than
two. In these sections the same results are proved for LADM with respect to the
strategy for choosing σ as well as to the design decision about how to assign items
from a set Gσ� j� to the permutation in case of ties, i.e., in case several candidate
positions have the same hi function value.

The proof of the results is based on the typical characteristic that BLDM and
πLADM are so-called group based. By definition each set Gi with 1� i� k contains
m consecutive items in the case that k � n. Assume, on the other hand, that k� �n.
In the context of balanced number partitioning, this means that G1�G2� � � � �Gk�1

contain m items and that Gk contains only nmod m items. For MSP, it implies
that Gσ�nmodk�1��Gσ�nmodk�2�� � � � �Gσ�k� contain one item less than the other sets
Gσ�1��Gσ�2�� � � � �Gσ�nmodk�. Now, a partition is called group based if each subset
contains exactly one index from Gi with 1 � i � k and at most one index from Gk.

87
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Furthermore, a permutation is called group based if each subsequence contains
exactly one index from each set Gi with 1 � i� k.

Definition 7.1. A partition  is said to be group based if for each 1 � j � m we
have �Gk�A j� � 1 and �Gi�A j�� 1 with 1� i � k. Correspondingly, an algorithm
is said to be group based if it only outputs group-based partitions. �

Definition 7.2. A permutation πis said to be group based if a group order σ exists,
such that the items from Gσ�i� with 1 � i � k are assigned to the positions from
Ti � � jk � i � 1 � jk� i � n	. Correspondingly, an algorithm is said to be group
based if it only outputs group-based permutations. �

7.1 Optimality of some design decisions made in BLDM and LADM

Both BLDM and LADM do not necessarily return an optimal group-based solution.
However, to improve on the worst-case performance, it does not help to spend
effort on designing a better group-based algorithm. This is stated by the following
two lemmas.

Lemma 7.1. Let k � 3 and/or m � 2 be fixed. Furthermore, let RBLDM be the
performance ratio of BLDM and ROPT the performance ratio of an algorithm that
always outputs an optimal group-based partition. Then we have RBLDM � ROPT.
Proof. To prove the lemma for the case that only k or only m is fixed, it suffices
to show that it holds in the case that both k and m are fixed. This is true as the
performance ratios of an algorithm for fixed k is given by supm�2 Rk�m and for fixed
m by supk�3 Rk�m, where Rk�m defines the performance ratio for both fixed k and
fixed m. Hence, since ROPT � RBLDM trivially holds, the lemma holds if we can
show that ROPT � RBLDM in the case that both k � 3 and m � 2 are assumed to be
fixed.

Suppose that k � 3 and m � 2 are fixed. Then 3�1�0 - �1�1�0�m�1 defines an
optimal group-based partition with performance ratio 4

3 as an optimal partition is
given by 3�0�0 - 1�1�1 - �1�1�0�m�2. Hence, we get ROPT � 4

3 . Furthermore, by
Theorems 5.1 we have RBLDM � 4

3 . This implies ROPT � RBLDM for k � 3.
Next, assume that k � 4 and m � 2 are fixed. By Theorem 5.2, RBLDM

is given by the maximal value of fI�MON�� fI��, where �� I� 
 ��3�k�m. As

MON � xk�xk�1� � � � �x1 - �xk�1�xk�1�xk�2� � � � �x1�
m�1 is an optimal group-based

partition, we again get that ROPT � RBLDM. �

Lemma 7.2. Let k � n, and assume that either k� 3 or m� 2 is fixed. Furthermore,
let RLADM be the performance ratio of LADM and ROPT the performance ratio of an
algorithm that always outputs an optimal group-based permutation. Then we have
RLADM � ROPT.
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Proof. We prove the lemma by showing that ROPT � RLADM holds. Using the
same problem instance as in Lemma 7.1, we get ROPT � 4

3 � RLADM for k � 3.
Next, consider the case that k � 4 is fixed. For this case, we constructed a problem
instance I� in the proof of Lemma 6.6 for which LADM attains its performance ratio,
i.e., for which RLADM � gI��πLADM��g�I� . Since πLADM is an optimal group-based
permutation for this problem instance, as can be verified, we get ROPT � RLADM.

Finally, assume that m� 2 is fixed. By Corollary 6.1, we have RLADM � 2� 1
m .

Furthermore, ROPT � 2� 1
m holds as can be seen as follows. Let M be a multiple of

m. Then

M�

�m�1�M
m� �� �

1�1� � � � �1�

M
m� �� �

0�0� � � � �0 - �

�m�1�M
m �1� �� �

1�1� � � � �1�

M
m� �� �

0�0� � � � �0�m�1

defines an optimal group-based permutation with objective value �2� 1
m�M, while

an optimal permutation is given by

M�0�0� � � � �0�0 - �1�1�1� � � � �1�1�m�1�

which has objective value M�1. For M�∞, the performance ratio of this problem
instance approaches 2� 1

m . This yields ROPT � 2� 1
m , which proves ROPT � RLADM

for fixed m� 2. �

Unlike Lemma 7.1, Lemma 7.2 does not cover the case that both k and m
are fixed. It is still an open question whether the lemma also holds for this case.
However, in case that a k� 6 and an m� 2 are assumed to be fixed or a k� 7 and an
m� 2 with m � k�2 or m � k�1 are assumed to be fixed, the lemma (approximately)
holds, as can be seen as follows. In Chapter 6 we indicated that, with a possible
inaccuracy of 10�15, LADM has the same worst-case problem instances as BLDM

for these cases. These worst-case instances are given in Tables 5.1, 5.2, 5.3, and 5.4
and in the proof of Theorem 5.4. It can be verified that for these instances LADM

outputs an optimal group-based permutation.
From Lemmas 7.1 and 7.2 we can infer that some design decisions made in

BLDM and LADM are optimal from a worst-case perspective. First consider BLDM.
In a nutshell, the algorithm works as follows. It starts with k (partial) solutions.
Next, it iteratively selects the two solutions for which the difference between the
maximum and minimum subset sum, i.e., d��, is maximal. These two solutions
are combined into one new solution by differencing. The new solution replaces
the two solutions from which it originates. As each of the k initial partial solu-
tions contains exactly one item per subset the algorithm ends up with a balanced
partition. Clearly, the algorithm returns a group-based partition regardless of the
strategy that is used for selecting the two solutions in each iteration. As a result,
we get the following corollary from Lemma 7.1.
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Corollary 7.1. For fixed k � 3 and/or fixed m� 2, the worst-case performance of
BLDM cannot be improved by changing the strategy for selecting the partitions to
be differenced. �

Next, consider LADM. In iteration i the algorithm assigns items from Gσ�i� to
positions from Ti such that the larger hi� j� with j 
 Ti, the smaller the item that
is assigned to position j. Furthermore, ties are broken arbitrarily except for the
first iteration in which the items are assigned in decreasing order to the candidate
positions. The choice of σ and the strategy for breaking ties does not influence
the characteristic that the algorithm returns a group-based permutation. Hence,
Lemma 7.2 implies the following result.

Corollary 7.2. Let k � n, and assume that either k � 3 or m � 2 is fixed. Then the
worst-case performance of LADM cannot be improved by

– using another algorithm for determining σ or by

– choosing another strategy for assigning items to positions from Ti with the
same hi-value, where 1 � i� k.

�

By Corollaries 7.1 and 7.2 it is not possible to obtain a better worst-case per-
formance by revising some design decisions. We now show that the worst-case
performance can however get worse.

Suppose that k � 3 and that in each iteration BLDM differences the two solu-
tions for which d�� is minimal instead of maximal. Then, the algorithm can return
partition 5�1�1 - �2�2�0�2 with cost 7, while optimal partition 5�0�0 - �2�2�1�2

has only cost 5. As a result, the performance ratio of the algorithm is at least 7
5 ,

which is larger than the 4
3 performance ratio of BLDM for k � 3.

The same problem instance yields that if LADM chooses σ such that it orders
G1�G2� � � � �Gk non-decreasingly instead of non-increasingly, then its performance
ratio drops from 4

3 to at least 7
5 for k � 3. For the problem instance, the modified

version of LADM returns 1�1�5 - �0�2�2�2 with cost 7, while the optimal permuta-
tion 5�0�0 - �2�2�1�2 has cost 5.

Finally, assume that in case of ties LADM assigns the larger items to the smaller
positions in the first iteration. Hence, the items from Gσ�1� are assigned increas-
ingly instead of decreasingly. Then the resulting algorithm can give 1�0�0 - 2�1�0
which is 3

2 times larger than the optimal cost implied by 2�0�0 - 1�1�0. Hence, we
again get a performance ratio that is worse than the 4

3 performance ratio of LADM

for k � 3.
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7.2 Consequences of changing design decisions

In Section 7.1 we showed that some design decisions made in BLDM and LADM

are optimal with respect to their worst-case performance. We now derive a perfor-
mance bound for any algorithm that is obtained by changing one of these design
decisions. To realize this result we need the following two lemmas.

Lemma 7.3. For fixed m � 2, an arbitrary group-based algorithm for balanced
number partitioning has a performance bound of 2� 1

m .
Proof. Consider an arbitrary problem instance I. If k does not divide n, then
we construct instance I� from I by adding m� �nmod m� items with size zero.
Otherwise, we let I� � I. We define partition  � �A1�A2� � � � �Am� of I� such that
Ai contains the ith largest item from each set G j with 1 � j � k. Clearly, the cost
fI��� of partition  for I�, which is given by the sum of A1, is at least the cost of
any group-based partition for I. Furthermore, f �I� � f �I is valid. Hence, to prove the
lemma it suffices to show that fI���� f �I� � 2� 1

m .
Analogously to Step 2 of Section 4.1 we can construct a problem instance

I�� from problem instance I� by decreasing item sizes, such that we get  �
xk�xk�1� � � � �x1 - �xk�1�xk�2� � � � �x1�0�m�1 with fI���� � fI��� and f �I�� � f �I� .
Hence, the lemma holds if fI����� f �I�� � 2� 1

m .
Consider an optimal partition � of I��, and assume without loss of generality

that subset A�
1 contains xk. Let V � �i � k�xi �
 A�

1	. Then fI���� is at most f �I�� �
∑i�V xi. Furthermore, as all m occurrences of item size xi with i
V are assigned to
subsets A�

2�A
�
3� � � � �A

�
m, we have m∑i�V xi � �m�1�max2�i�m S�A�

i �� �m�1� f �I�� .
This gives fI����� f �I�� � 2� 1

m . �

Lemma 7.4. For fixed m � �n
k � � 2, an arbitrary group-based algorithm for MSP

has a performance bound of 2� 1
m if k � n and it has a performance bound of 2,

otherwise.
Proof. The case that k� �n can be proved along the same lines as we proved The-
orem 6.6. Next, consider the case that k � n, and let I� be an arbitrary problem
instance. We clearly have gI��π� � fI���, where π is an arbitrary group-based
permutation for I� and  is defined as in Lemma 7.3. Hence, as g�I� � f �I� by
Lemma 6.2, we have that the lemma holds for k � n if fI���� f �I� � 2� 1

m . This
is proved in Lemma 7.3. �

Obviously, the performance bounds given by Lemmas 7.3 and 7.4 also hold if,
in addition to m, k � 3 is assumed to be fixed as well. Furthermore, the lemmas
imply a performance bound of 2 for the case that only a k � 3 is fixed. As for
BLDM and LADM, we can improve these bounds by using for instance an MILP

formulation. However, we here restrict ourselves to these more easily derivable
bounds. From Lemmas 7.1, 7.2, 7.3, and 7.4 we get the following two theorems.
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Theorem 7.1. Let RBLDM be the performance ratio of BLDM. Furthermore, let R be
the performance ratio of an algorithm for balanced number partitioning obtained
from BLDM by changing the strategy for selecting the partitions to be differenced.
Then we have

RBLDM � R� 2

if only k � 3 is assumed to be fixed,

RBLDM � R� 2� 1
m

if both k � 3 and m� 2 are assumed to be fixed, and

RBLDM � R � 2� 1
m

if only m� 2 is assumed to be fixed. �

Theorem 7.2. Let RLADM be the performance ratio of LADM. Furthermore, let R
be the performance ratio of an algorithm for MSP obtained from LADM by chang-
ing the algorithm used for determining σ and/or by choosing another strategy for
assigning items to positions from Ti with the same the hi-value, where 1 � i� k.

Assume that k � n. Then we have

RLADM � R� 2

if only k � 3 is assumed to be fixed,

R� 2� 1
m

if both k � 3 and m� 2 are assumed to be fixed, and

RLADM � R � 2� 1
m

if only m� 2 is assumed to be fixed. In the case that k � n does not have to hold, we
have

R� RLADM � 2

for fixed k � 3, fixed n with n � k, and/or fixed m� 2 �



8
Conclusion

Besides giving concluding remarks in Section 8.3, we discuss two interesting
remaining issues regarding the differencing method.

Although not being a primary constraint, we can still prefer a partition to be
balanced when confronted with number partitioning. In Section 8.1 we show that,
from a worst-case perspective, BLDM is an optimal algorithm for generating bal-
anced partitions for number partitioning. We also derive the worst-case perfor-
mance of BLDM when applied to number partitioning.

In number partitioning, balanced number partitioning, and MSP it is the prob-
lem to minimize the maximum sum of a subset or subsequence. The essence of
the algorithms LDM and BLDM, which we proposed for the first two problems, is
that they try to minimize the difference between the maximum and minimum sum
of a subset. Hence, the algorithms seem to be equally well suited for maximizing
the minimum sum as for minimizing the maximum sum. Also LADM seems to be
well applicable to the variant of MSP in which the role of maximum and minimum
are interchanged in case we make the obvious modification to the algorithm that
hi� j� gives the minimum sum of any subsequence covering position j at the start
of iteration i instead of the maximum sum. In Section 8.2 we determine the worst-
case performance of BLDM and LADM when applied to these variants of balanced
number partitioning and MSP.
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8.1 BLDM applied to the number partitioning problem

Theorem 3.1 states that the performance ratio of LDM is 7
6 for m � 2 and bounded

between 4
3� 1

3�m�1� and 4
3� 1

3m for fixed m� 3. The following theorem states that if
we apply BLDM to number partitioning instead of LDM, then the performance ratio
increases to 2� 1

m . As done for LDM in Section 3.2, it is also possible to derive
good bounds on the performance ratio of BLDM if in addition to m we assume k to
be fixed as well. However, as the derivation does not involve new ideas, we do not
present the derivation in this thesis.

Theorem 8.1. When applied to number partitioning, BLDM has a performance ra-
tio of 2� 1

m for fixed m� 2.
Proof. The cost of an optimal partition for a problem instance I of number parti-
tioning is at most the cost of an optimal balanced partition for I. This implies that
the performance ratio R of BLDM when applied to number partitioning is at least
the performance ratio of BLDM when applied to balanced number partitioning. By
Corollary 5.1 this gives that R� 2� 1

m . Furthermore, analogously to Lemma 7.3 it
can be proved that also R� 2� 1

m . �

The following theorem yields that, from a worst-case perspective, no better al-
gorithm exists than BLDM if we want to generate balanced solutions for the number
partitioning problem.

Theorem 8.2. Consider number partitioning, and let m� 2 be fixed. Furthermore,
let RBLDM be the performance ratio of BLDM and R be the performance ratio of an
arbitrary algorithm for balanced number partitioning. Then we have RBLDM � R.
Proof. To prove the theorem, we give a problem instance I for which the perfor-
mance ratio of an optimal balanced partition is arbitrary close to 2� 1

m . Let M be
a multiple of m, and let k � m�1

m M � 1. We now let I consist of item size M plus
km�1 times item size one. Obviously, in an optimal balanced partition  one sub-
set contains item size M and k�1 times item size one and the other m�1 subsets
contain k times item size one. Hence, we have fI�� � �1� m�1

m �M. An optimal
partition, however, has only cost M � 1 and is given by one subset with item size
M and m� 1 subsets with k� k�1

m�1 � M � 1 times item size one. For M � ∞ the
performance ratio of this problem instance approaches 1� m�1

m � 2� 1
m . �

8.2 Covering problems

In number partitioning, balanced number partitioning, and MSP we are asked to
pack a set of items into subsets or subsequences of minimum size. Correspond-
ingly, we call these problems packing problems. If, however, we change the prob-
lems from minimizing the maximum sum of a subset or subsequence to maximiz-
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ing the minimum sum, then we arrive at so-called covering problems as the items
then have to cover the maximal size that is common to all subsets or subsequences.

As an application of the covering variant of number partitioning, Friesen &
Deuermeyer [1981] mention the maintenance of modular gas turbine aircraft en-
gines. Furthermore, Csirik, Kellerer & Woeginger [1992] prove that LPT has a
performance ratio of 3m�1

4m�2 for this NP-hard problem and Woeginger [1997] shows
that it admits a PTAS. In this section we analyze the worst-case performance of
BLDM and LADM when applied to the covering variant of balanced number parti-
tioning and MSP, respectively. To this end, we define f̃I and g̃I as the cost function
of both covering variants for a problem instance I, i.e., we define f̃I�� as the
minimum subset sum in partition  and g̃I�π� as the minimum subsequence sum
in permutation π. Furthermore, we make the obvious modification to LADM of
defining hi� j� as the minimum instead of the maximum sum of any subsequence
covering position j at the start of iteration i.

Theorem 8.3. For fixed k � 3 and fixed m � 2, the performance ratio R of BLDM

for the covering variant of balanced number partitioning satisfies

max

�
αm�1
α �1

�
k

α �2

�
� R�min�m�k� (8.1)

with α �
�

k�1
m

�
.

Proof. We first prove that min�m�k� is a performance bound by showing that it is
a performance bound for an arbitrary problem instance I with n � km items, i.e.,
we prove that it is an upper bound on f̃ �I � f̃I�BLDM�. Similarly as for (the packing
variant of) balanced number partitioning at the beginning of Chapter 4, it can be
argued that the assumption that k and m divide n is made without loss of generality.

Analogously to the basic analysis given in Chapter 4, we show that, instead of
proving a performance bound of BLDM for I, we can prove a performance bound
for a different algorithm and problem instance. Let  be defined such that Ai

contains the ith smallest item from each set G j. Clearly, we have f̃I�� � S�A1��
f̃I�BLDM�. Hence, a performance bound of BLDM for I is implied by an upper
bound on f̃ �I � f̃I��.

Now, let xi be the size of the item in A1 � Gi, which means that A1 �
xk�xk�1� � � � �x1. Analogously to Step 2 of Section 4.1 we construct problem in-
stance I� from I by increasing the item sizes in A2�A3� � � � �Am from G1�G2� � � � �Gk�1

until they are equal to an item size in A1. More precisely, the size of item
ι 
 Gi � A j with 1 � i � k and 1 � j � m is increased to xi�1. Moreover,
the size of item ι 
 Gk � A j is increased to xk�1 � kxk. We then get  �
xk�xk�1� � � � �x1 - �xk�1�xk� � � � �x2�

m�1. Furthermore, f̃ �I� � f̃ �I holds and, as we do
not change the item sizes in A1, also f̃I��� � f̃I��. Consequently, to prove that
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min�m�k� is a performance bound of BLDM for I, it suffices to show that it is a
performance bound of  for I�.

As I� contains xk�1 only m�1 times, we have xk�1 � kxk � f̃ �I� . Hence, an opti-
mal partition � is obtained by assigning one item with size xk�1 to A�

2�A
�
3� � � � �A

�
m

and by assigning the k largest remaining items to A�
1. This means that A�

1 contains
m occurrences of xk�xk�1� � � � �xk�i�1 with i � � k

m� and l � k modm occurrences of
xk�i. As a result,

m∑k
j�k�i�1 x j � lxk�i

∑k
j�1 x j

gives the performance ratio f̃ �I�� f̃I��� of  for I�. In the case that i � 1, this
expression is maximal if x1 � x2 � � � �� xk�i � 0 and xk�i�1 � xk�i�2 � � � �� xk �
0. If i � 0, then it is maximal if x1 � x2 � � � � � xk�1 � 0 and xk � 0. Hence, it
equals m if i � 1 and l � k if i � 0. This proves that min�m�k� is a performance
bound of BLDM.

Finally, we prove the lower bound given in (8.1) by giving a problem instance
with performance ratio αm�1

α�1 and one with performance ratio k
α�2 . Consider the

problem instance I consisting of m� 1 times item size k, αm� 1 times item size
1, and km� �α � 1�m times item size zero. Then BLDM returns the partition in
which one subset contains α�1 times 1 and k�α�1 times zero and m�1 subsets
contain k, α times 1, and k�α � 1 times zero. The cost of this partition is α � 1.
An optimal partition, however, has cost αm� 1 and is obtained by assigning all
αm�1� k items with size 1 to one subset and an item with size k and k�1 items
with size zero to each oter subset. Hence, the performance ratio of I is αm�1

α�1 .
Next, consider the problem instance I� that is obtained from I by redefining

the size of m items with size zero to 1. Note that I� contains at least k items with
size zero. Then the cost of the partition given by BLDM increases by one to α �2
as in each subset an item with size zero is replaced by an item with size one.
Furthermore, the optimal cost increases to k as we can construct a partition in
which m� 1 subsets contain item size k and in which the only subset that does
not contain item size k contains k occurrences of item size 1. As a result, the
performance ratio of I� is k

α�2 . �

Theorem 8.4. Let k � 3 and n � k be fixed. If k� �n, then LADM does not have a
bounded performance ratio for the covering variant of MSP. Otherwise, its perfor-
mance ratio R satisfies

max

�
αm�1
α �1

�
k

α �2

�
� R�min�m�k� (8.2)

with α �
�

k�1
m

�
.

Proof. Let k� �n. Then LADM can return partition �1�0�0� � � � �0�m - 0�0� � � � �0 with
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zero cost, while the cost of optimal partition �0�0� � � � �0�1�m - 0�0� � � � �0 is one.
This implies that LADM does not have a bounded performance ratio if k� �n. Next,
consider the case that k � n. Clearly, we have g̃�I � f̃ �I for an arbitrary problem
instance I. Furthermore, g̃I�π� � f̃I�� holds, where  is defined as in Theo-
rem 8.3. Hence, min�m�k� is a performance bound of LADM if it is an upper bound
on f̃ �I � f̃ �I ��. This is proved in Theorem 8.3. Furthermore, the lower bound on R
given in (8.2) is also true as, for the problem instances given in Theorem 8.3, the
cost of BLDM equals the cost of πLADM and the cost of an optimal partition equals
the cost of an optimal permutation. �

Let Rk�m be the performance ratio of BLDM or LADM for fixed k � 3 and fixed
m � 2. Then supm�2 Rk�m and supk�3 Rk�m give the performance ratios for the case
that only k� 3 is fixed and for the case that only m� 2 is fixed, respectively. From
this and Theorems 8.3 and 8.4 we get the following two corollaries.

Corollary 8.1. If k � 3 is fixed, then the performance R of BLDM for the covering
variant of balanced number partitioning satisfies k

2 � R� k. Furthermore, if m� 2
is fixed, then its performance ratio equals m. �

Corollary 8.2. If k � 3 is fixed and k � n, then the performance R of LADM for the
covering variant of MSP satisfies k

2 � R � k. Furthermore, if m � 2 is fixed and
k � n, then its performance ratio equals m. �

As motivated at the beginning of this chapter, one may expect BLDM and LADM

to perform equally well on the packing as on the covering variant of balanced num-
ber partitioning and MSP. In conformity with this, the average-case performance
is indeed comparable. However, in this section we showed that the performance
ratios of the algorithms are considerably worse for the covering variants of the
problems. While they are bounded by two for the packing variants, they cannot be
bounded by a constant for the covering variants.

We conclude this section with noting that all lower bounds presented in this
section can be proved to be tight. However, as the proofs are quite elaborate and
hardly rely on new ideas, we do not prove this stronger result in this thesis.

8.3 Concluding remarks

In this thesis we studied the worst-case performance of the differencing method
when applied to number partitioning, balanced number partitioning, and MSP. The
main reason for being interested in the differencing method is that for these three
problems it shows a better average-case performance than any other known (prac-
tical) polynomial-time algorithm. An immediate question popping up is whether
this superior average-case performance can also be obtained when applying it to
any other combinatorial optimization problem.
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A first candidate is the well-known bin-packing problem. In bin packing we
are asked to pack a set of items in as few bins as possible, where all bins have
the same given capacity. Bin packing can be considered as the dual of number
partitioning, which in the terminology of bin packing can be viewed as finding a
packing of the items into a given number of bins such that the maximum filling of
any bin is minimized. As a result of the strong relation between the two problems,
we can easily transform an algorithm for one of the two problems into an algorithm
for the other one. Suppose we have an algorithm for bin packing. The algorithm
can be applied to number partitioning by performing a binary search to find the
minimum bin capacity for which the algorithm can derive a packing into m bins.
In this way Coffman, Garey & Johnson [1978] construct Multifit for number par-
titioning from the bin-packing algorithm First-Fit Decreasing. Similarly, we can
transform an algorithm for number partitioning into an algorithm for bin packing
by performing a binary search to find the minimum number of bins for which the
algorithm can construct a packing that meets the capacity constraint.

Let Multi-LDM be the bin-packing algorithm obtained from LDM by applying
the described strategy. We performed experiments similar to the ones described
in Section 2.4 to compare Multi-LDM with the two most popular polynomial-time
algorithms for bin packing, namely First-Fit Decreasing (FFD) and Best-Fit De-
creasing (BFD). For theoretical results on both the average-case and worst-case
performance of FFD and BFD, we refer to Coffman, Garey & Johnson [1997]. In
the experiments Multi-LDM shows a similar behavior compared to FFD and BFD as
LDM does compared to Multifit for number partitioning. This means that Multi-
LDM outperforms both algorithms if a positive offset is assumed or if the average
number of items per bin is not too small. Regarding the latter condition, we have
that the smaller the number of used bins, the smaller the average number of items
per bin has to be in order that Multi-LDM outperforms the other two algorithms. In
conclusion, the experiments certainly encourage further research to the application
of the differencing method to the bin-packing problem.

A second problem to which we can successfully apply the differencing method
is CMSP, to which we already referred in Section 1.3. This problem is the cyclic
variant of MSP in which the items have to be ordered into a cycle instead of a
sequence. In the case that k � n, we can apply the differencing method to CMSP in
a similar way as we applied it to MSP. We only have to make a slight modification
to the definition of hj�i� in LADM. Remind that hj�i� gives the maximum sum of
any subsequence covering position i based on the partial assignment at the start
of iteration j. As an ordering is cyclic, we also have to take into account the
subsequences that cover some of the last and some of the first positions of the
linear ordering defined by a permutation.

Based on similar arguments as for BLDM and LADM, we derived that if only
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k � 3 is assumed to be fixed, then LADM has the same performance ratio for CMSP

as it has for MSP. Furthermore, we showed that for fixed m � 2 the performance
ratio of the algorithm improves from 2� 1

m to 2� 2
m . For both fixed k and fixed m,

we derived bounds that are similar to the bounds in Theorem 6.5. For an outline of
the proofs, we refer to Michiels [2003].

In this thesis we used a computer to prove performance ratios for BLDM and
LADM. Although rare, it is not unique to use a computer to proof a mathematical
result. The first and most famous example is the proof of the four color theorem
by Appel and Haken; see Appel & Haken [1977], Appel, Haken & Koch [1977],
and Appel & Haken [1989]. The theorem states that if we are given an arbitrary
map, then we can color all its regions with only four colors, such that no two ad-
jacent regions are colored with the same color. The proof of the result, which was
first conjectured by Francis Guthrie in 1852, resulted in much controversy among
mathematicians as a computer-aided proof is hard if not impossible to verify by
humans. For some skeptics, this makes such proofs not fully acceptable as a water-
tight proof. Their objections are that you cannot fully understand the proofs and,
more importantly, that computers can make mistakes, which are difficult to de-
tect. However, it is questionable whether proofs that can be verified by humans are
more reliable than proof obtained via a computer. After all, people make mistakes
as well, and they make them much more easily. A nice example is the ”proof” of
the four color theorem by [Kempe, 1879] in which Heawood [1890] discovered a
flaw eleven (!!) years after its publication. Furthermore, if a proof performed by a
computer is unreliable, then what about tedious or complicated proofs that hardly
anybody will ever verify thoroughly? Besides, also a computer-aided proof can
be checked on errors as one can implement a proof on his/her own (independent)
computer system.

We conclude with giving some essential observations that I would like the
reader to remember from this thesis. When confronted with number partitioning,
balanced number partitioning, or MSP, the differencing method is certainly an al-
gorithm to consider since it outperforms other known polynomial-time algorithms
from an average-case perspective. Contrary to this, it does not show the best worst-
case performance. Nevertheless, being at most two, the performance ratio is still
within reasonable bounds.

For BLDM we derived that to improve its worst-case performance it does not
suffice to optimize the heuristic rule used for selecting the partial solutions to be
differenced. This means that we should at least change its initialization phase or
the way it combines partial solutions. Similar results have been derived for LADM.

Finally, we hope that ideas used in our strategy for proving performance ratios,
particularly the use of an MILP formulation, will be helpful to others who want to



100 Conclusion

analyze combinatorial optimization algorithms.



A
Complexity of MSP

We discuss the computational complexity of MSP. First, we show in Section A.1
that the problem can be solved in polynomial time for k � 2. Next, we show in
Sections A.2 and A.3 that, for any fixed k � 3, the problem is NP-hard in the
strong sense and that it admits a PTAS.

A.1 Complexity for k � 2

Consider an arbitrary problem instance of MSP with k � 2. We construct a permuta-
tion π2 such that the largest and smallest unassigned items are alternately assigned
to the first free position in π2. Hence, we define π2 � �n�1�n� 1�2�n� 2�3� � � � �.
The next theorem states that π2 is optimal, which implies that MSP is solvable in
polynomial time for k � 2.

Theorem A.1. For an arbitrary problem instance I of MSP with k � 2, an optimal
permutation is given by π2 � �n�1�n�1�2�n�2�3� � � � �.
Proof. Let π be an arbitrary permutation different from π2. We show that an
permutation π� exists, such that gI�π��� gI�π� and either π� � π2 or d�π��� d�π�,
where d�π� is defined as the first position i with π�i� �� π2�i�. Then, we can trans-
form π into π2 in a finite number of steps, where in each step the cost does not
increase. Hence, the construction of π� suffices to prove the theorem.

101
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Let x � d�π�, and let p be defined such that π�p� � π2�x�; see Figure A.1.
Clearly, we have p � x. We derive π� from π by reversing the order of the items

...... ...π2 x 1–( ) π x 1+( ) π p 1–( ) π p 1+( )
π p( )

π2 2( )π2 1( )
π2 x( )

=π x( )

...... ...π2 x 1–( ) π x 1+( )π p 1–( ) π p 1+( )
π p( )

π2 2( )π2 1( )
π2 x( )

= π x( )

π n( )

π n( )

π

π′
u1 u2

Figure A.1. Relation between π2, π, and π�.

assigned to the positions x�x�1� � � � � p. Then either π� � π2 or d�π��� d�π� holds.
What remains to be proved is that gI�π��� gI�π�.

From Figure A.1, it follows that u1 � �π2�x�1��π2�x�� and u2 � �π�x��π�p�
1�� are, if they exist, the only two subsequences in π� that are not in π. Hence, it
now suffices to show that if uj for j 
 �1�2	 exists, then the sum of uj is at most
gI�π�.

Let us first consider the case that only u2 exists. Clearly, the sum of u2 is at
most an �aπ�p�1�. Furthermore, aπ2�x� and aπ�p�1� form a subsequence in πand, as
u1 does not exist, x � 1 and consequently π2�x� � n. This yields that the sum of u2

is at most gI�π�.
Next, assume that u1 exists and that xmod2 � 1. From the definition of π2, it

follows that the largest items are assigned in decreasing order to the odd positions
of π2 and that the smallest items are assigned in increasing order to the even posi-
tions of π2. Hence, since πand π2 are equal up to and including position x�1, we
get

π2�x�1�� π�i�� π2�x� (A.1)

for each i� x. Consequently, because p � x, we have that the sum of u1 is at most
aπ�p�1��aπ2�x� and that the sum of u2, if it exists, is at most aπ2�x��aπ�p�1�. Since
�π�p�1��π2�x�� and, if u2 exists, �π2�x��π�p�1�� are both subsequences in π, we
obtain that both the sum of u1 and the sum of u2 are at most gI�π�.

Finally, assume that u1 exists and that xmod 2 � 0. Analogously to (A.1), it
can be shown that

π2�x�� π�i�� π2�x�1�

for each i� x. Hence, both the sum of u1 and, if u2 exists, the sum of u2 are at most
aπ2�x�1��aπ�x�. This is at most gI�π� since π2�x�1� and π�x� form a subsequence
in π. This completes the proof of the theorem. �

A.2 Complexity for fixed k � 3

In this section we show that the following problem is NP-complete in the strong
sense for each k � 3.
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Definition A.1 (k-Min-Max Subsequence Problem (k-MSP)). Given an integer
bound B, and a problem instance I of MSP that, with k excluded, is given by a
set A � �1�2� � � � �n	 of n � km items, where each item i 
 A has a nonnegative in-
teger size aj. Furthermore, we have a1 � a2 � �� � � an and ∑n

i�1 ai � mB. Is there
a permutation πwith gI�π�� B or, equivalently, gI�π� � B. �

For the cyclic variant of k-MSP, called k-CMSP, in which the items have to
be ordered in a cycle instead of a sequence, Margot [1994] shows that it is NP-
complete in the strong sense for any k� 3. First, he proves that k-CMSP is strongly
NP-complete for k � 3, and next he generalizes the result to any k � 3. Along the
same lines as for 3-CMSP, it can be proved that 3-MSP is also strongly NP-hard.
However, unlike for k-CMSP, the step to generalize the case k � 3 to any k � 3 is
not trivial. The following theorem states that k-MSP is nevertheless NP-hard in the
strong sense for any k � 3.

Theorem A.2. k-MSP is NP-complete in the strong sense for any k � 3.
Proof. As mentioned, 3-MSP is NP-complete in the strong sense. Furthermore,
k-MSP 
 NP holds for each k � 4, as can easily be verified. Hence, to prove the
theorem, it suffices to give a polynomial-time algorithm that reduces k-MSP to
�k�1�-MSP for any k � 3.

Consider an instance � of k-MSP. We assume that k�1 divides B, B� k�k�1�,
and ai �

B
k�1 for all 1 � i � n. This assumption is made without loss of generality

since first adding B�2 to all item sizes and k�B�2� to B and next multiplying the
item sizes and B by k� 2 results in an instance that satisfies these conditions and
has a solution if and only if the original instance has a solution. Now, we choose
the corresponding instance � � of �k � 1�-MSP to have bound B� � B and the item
sizes from � plus m times 0, k times 1, k�1 times B

k�1 , and one time B� k. Note
that a permutation for � consists of m windows of k items, while a permutation for
� � consists of m�2 windows of k�1 items. We now prove that � has a solution if
and only if � � has one.

Let π be a solution of � . We define a permutation π� for � � such that the first
window is given by w�

1 � �B� k��1�1� � � � �1, window w�
2 by k � 1 times B

k�1 , and
w�

j�2 with 1 � j � m by window w j preceded by a 0; see Figure A.2. It can be
verified that if gI�π� � B, then gI��π�� � B holds, as well, where I and I� are the
problem instances from MSP that are implied by � and � �, respectively. Hence, π�
is a solution of � �.

Next, let π� be a solution of � �. As B � k�k�1� implies B
k�1 � k, we have that

the window with B� k contains, next to B� k, only zeros and ones. Hence, all mk
item sizes from � and the k�1 occurrences of B

k�1 are assigned to the other m�1
windows of π�. Consequently, because ai �

B
k�1 , gI��π�� � B, and ∑n

i�1 ai � mB, we
have that π� contains a window w̃1 with B� k and k times one, a window w̃2 with
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...
w ′1

B/4B-3 1 1 1 B/4 B/4 B/4 w11 w21 w310 w12 w22 w320π′
w ′4w ′3w ′2

Figure A.2. Item sizes in permutation π� for k � 3, where wi j is the ith item size
of window wj.

k � 1 times B
k�1 , and windows w̃ j, 3 � j � m� 2, with one item size zero and k

item sizes from � that sum up to B.
Assume that w̃1 is the first window and w̃2 is the second window in π�. Note

that this means that we must have w̃1 � B� k�1�1� � � � �1. Then each window w�
j

with 3 � j � m� 2 starts with item size zero because an item size ai cannot be
in a subsequence containing k other item sizes at least B

k�1 . Hence, removing the
first two windows and all zeros from π� yields a solution of instance � of k-MSP.
Similarly, a solution can be constructed if w̃1 and w̃2 are the last two windows in
π�. Consequently, to prove that � has a solution, it suffices to show that w̃1 and w̃2

are either the first or the last two windows of π�. We prove this by contradiction.
Assume that w̃1 is neither the first nor the last window. Since a subsequence

with B� k cannot contain an item size larger than one, the total number of zeros
and ones in the preceding and succeeding window of w̃1 is at least k. Hence, either
the preceding or succeeding window of w̃1 contains at least two item sizes at most
one. However, this is in contradiction with the observation that, except for w̃1, each
other window in π�, i.e., each window w̃ j with j � 1, consists of at most one zero
and no one.

Next, assume that w�
1 � w̃1 is the first window in π� and that w�

j � w̃2 is not
the second window, i.e., j � 2. Then, window w�

2 consists of a zero and k item
sizes from � that sum up to B, where the zero has to be assigned to one of the first
k position of w�

2 because the last item size in w̃1 is a one. As a result, windows
w�

3�w
�
4� � � � �w

�
j�1 also contain item size zero at one of the first k position since a

subsequence can contain at most k item sizes strictly larger than B
k�1 . However, if

w�
j � w̃2 is preceded by an item size ai, then the sum of the subsequence starting

with ai is larger than B, which yields a contradiction. Similarly, we can derive a
contradiction for the case that w̃1 is the last window and w̃2 is not the second last
window. �

A.3 Constructing a polynomial-time approximation scheme

In this section we present a PTAS for which the running time is linear in the se-
quence length n, but depends exponentially on the window size k as well as on 1�ε,
where ε is the desired precision. The PTAS is based on the work of Hochbaum &
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Shmoys [1987] and Alon, Azar, Woeginger & Yadid [1998].
Let, for a given problem instance I of MSP and precision ε, problem instance I�

be obtained from I by rounding down all item sizes to an integer multiple of ε
k an.

Then I� contains only item sizes from the set X � �x0�x1� � � � �xq	 with q � � k
ε� and

xi � i � ε
k an for 0 � i � q. We define ni as the number of occurrences of xi in I�.

Let π be an arbitrary permutation for I�. Clearly, the sum of any subsequence
in π, thus also the cost of π, increases by at most εan when we restore all item
sizes in I� to their original value. Consequently, as an � g�I and g�I� � g�I , an optimal
permutation π of I� satisfies gI�π� � �1 � ε�g�I . This means that, to construct a
�1� ε�-approximation algorithm for I with an ��n� time complexity, it suffices to
derive an ��n� algorithm for determining an optimal permutation for I�, where the
hidden constant may depend exponentially on k and 1�ε. In the remainder of this
section we focus on deriving this algorithm.

First, we define a directed graph G, such that a one-to-one correspondence
exists between a permutation πand a walk w 
W of G, where W is a set of walks
we define later. Furthermore, we assign weights to the vertices in G in such a
way that gI��π� equals the weight of w, where we define the weight of a walk as
the maximum weight of any vertex occurring in the walk. Next, we formulate the
problem of finding the walk in W with minimum weight as an ILP-problem that
can be solved in ��n� time.

The vertex set V of graph G contains a source vertex s, a target vertex t, and
all vectors of length i from the Cartesian product Xi of X with 1 � i � k. The
weight of the source and target vertices are 0, while the weight of a vertex v �
�v1�v2� � � � �vi� 
 Xi is given by ∑i

j�1 v j. The interpretation of a vertex v 
 Xi is as
follows. Let v be the jth vertex in a walk from s to t, where s is not counted, and let
π be the corresponding permutation. If j � k, then π contains subsequence v and
this subsequence ends at the jth position of the sequence. Furthermore, the weight
of v gives the sum of the subsequence. On the other hand, if j � k, then we will
have j � i and the first i item sizes of πare given by v1�v2� � � � �vi, respectively.

The arc set E contains an arc from v to v� in each of the following cases.

– v � s and v� 
 X ,

– v 
 Xi, v� 
 Xi�1, and v� � �v1�v2� � � � �vi�v�i�1�,

– v 
 Xk, v� 
 Xk, and v� � �v2�v3� � � � �vk�v�k�, or

– v� � t.

In the first three cases we assign the last component of vector v� as label to the arc,
i.e., we assign the labels v�, v�i�1, and v�k, respectively. The arcs to the target vertex
t are left unlabeled.

Let the length of a walk in a graph be defined by the number of arcs in the walk.
Then it follows from the interpretation of the vertices that for any permutation π
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graph G contains a walk w � �s � v0�v1�v2� � � � �vn� t� of length n� 1, such that an
arc from vertex vi�1 to vi has as label the size of item π�i�. Furthermore, the max-
imum weight of any vertex in w equals gI��π�. However, if we use this approach
to construct a permutation from a walk of length n�1, then we do not necessarily
end up in a valid permutation as the number of occurrences of xi may differ from
ni. This problem is solved by only considering walks from W , where a walk is in
W if it has length n�1 and if it contains exactly ni arcs with label xi.

Now, we can solve the problem of finding an optimal permutation for I� by
finding a walk from W with minimum weight. To formulate this problem as an ILP,
we need some notation. Let the vertices of G by numbered from 1 to �V �, where 1
is the source vertex and �V � the target vertex, let ω�i� be the weight of vertex i, and
let l�i� j� be the label of the arc from vertex i to j. Furthermore, decision variable
yi j denotes the number of occurrences of the arc �i� j� in a walk w, binary variable
di indicates whether vertex i with 1 � i � �V � occurs in w (di � 1) or not (di � 0),
and c gives the weight of the walk. An optimal walk from W , and consequently
an optimal permutation of I�, can now be constructed from the variables yi j in an
optimal solution of the following ILP.

Minimize c

such that ω�i� �di � c for 1 � i � �V �
di � ∑�V �

j�1 yi j � ndi� for 1 � i � �V �
∑�V �

j�1 y1 j � 1

∑�V �
i�1 yi��V � � 1

∑�V �
i�1 yi j � ∑�V �

i�1 y ji for 1 � j � �V �
∑�V �

i�1 ∑�V �
j�1 yi j � n�1

∑l�i� j��xα yi j � nα for 0 � α � q

yi j � 0 for �i� j� �
 E

yi j � 0�yi j integer for 1 � i� j � �V �
di 
 �0�1	 for 1 � i � �V �

The first set of constraints enforces that c equals the weight of the walk repre-
sented by the variables yi j and the second set ties di to be 1 if and only if vertex
i occurs in a walk, where vertex i is neither the source nor the target vertex. The
remaining constraints ensure that the variables yi j determine a walk from W . They
respectively state that vertex 1 is left once, vertex �V � is entered once, each other
vertex is entered as many times as it is left, the walk has length n�1, and the walk
has nα occurrences of xα . It can be verified that the ILP has ���V �2� integer vari-
ables, where �V ����qk�. The time complexity of the algorithm given by Lenstra
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[1983] for solving ILPs is exponential in the number of integer variables but poly-
nomial in the logarithms of the coefficients. Hence, the problem can be solved in
��logC�n�� time, where the constant C depends exponentially on 1�ε and k. As the
derivative of logC�n� approaches 0 for n � ∞, an N exists such that for all n � N
we have logC�n�� n. This means that we can solve the ILP in��n� time for fixed k
and ε. Furthermore, as the ILP problem can be constructed in ��n� time, we obtain
the desired linear time �1�ε�-approximation algorithm of MSP for any fixed k� 3.





B
Solving LP problem with conditional

constraints

In Chapter 4 we derived that the performance ratio of BLDM for any fixed k �
4 is given by the optimal objective value of problem (Pk), which we introduced
in Section 4.3. In Section 4.3 we also showed that (Pk) can be solved by first
translating it into an MILP problem and then solving the MILP problem by using
standard branch-and-bound techniques. In this appendix we present an alternative
branch-and-bound algorithm for solving (Pk).

The conditional constraint in (Pk), stating that ∑k�1
i�2 bi jyi � 1 has to hold in the

case that z j � 0, is equivalent to the either-or constraint�
k�1

∑
i�2

bi jyi � 1

�
� �z j � 0� � (B.1)

Hence, problem (Pk) can also be formulated as follows.

109



110 Solving LP problem with conditional constraints

Maximize 1�∑k�1
i�2 yi�

such that


∑k�1
i�2 bi jyi � 1

�
� �z j � 0� � for all 1 � j � t with z j � 0

∑t
j�1 z j � k�2

Mz̄ � 1̄

0� y2 � y3 � �� � � yk�1 � 1

yi � 0� for all 1 � i � k

z̄� 0̄

In this appendix we consider this definition of (Pk). As mentioned in Section 4.3,
standard LP solvers suffer from rounding errors, which makes their returned solu-
tions unreliable. One way to cope with this is by using exact LP solvers [Dhiflaoui
et al., 2003; Gärtner, 1998]. In presenting our algorithm for solving (Pk) we first
assume that we have such an exact LP solver to our disposal. However, as exact LP

solvers are much slower than standard LP solvers, we next discuss how to change
the algorithm such that it can make use of a standard LP solver.

Let QV1�V2 be the LP problem obtained from (Pk) by removing the either-or con-
straint (B.1) for all j �
 V1�V2 and by replacing it by z j � 0 for all j 
 V1 and by
∑k�1

i�2 bi jyi � 1 for all j 
V2. Our branch-and-bound algorithm starts with solving
Q /0� /0, which is a relaxation of (Pk). This problem can be solved by an (exact) LP

solver. If it is infeasible, then we stop. Otherwise, we verify for the obtained so-
lution whether it is a feasible solution to (Pk). If this is the case, then we have an
optimal solution for (Pk). If not, then this means that an either-or constraint in (Pk)
is violated, i.e., a j exists with z j � 0 and ∑k�1

i�2 bi jyi � 1. Obviously, the optimal
cost of (Pk) is given by the maximum of the cost of (Pk) with the either-or con-
straint (B.1) replaced by z j � 0 and the cost of (Pk) with either-or constraint (B.1)
replaced by ∑k�1

i�2 bi jyi � 1. Hence, instead of solving Q /0� /0, it suffices to solve both
Q	 j
� /0 and Q /0�	 j
. These problems are tackled in the same way as (Pk).

In terms of the branch-and-bound tree corresponding to an execution of the
described algorithm, we have that a node v is defined by the sets V1 and V2, where
in the root node V1 �V2 � /0. Node v solves problem QV1�V2, and it is a leaf of the
branch-and-bound tree in each of the following three cases.

– QV1�V2 is infeasible,

– the cost of QV1�V2 is at most the cost of the best solution of (Pk) encountered
so far, or

– the optimal solution of QV1�V2 is a feasible solution for (Pk).

Otherwise, node v contains two outgoing branches. One to QV1�	 j
�V2 and
one to QV1�V2�	 j
, where j is chosen such that the solution of QV1�V2 satisfies
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both z j � 0 and ∑k�1
i�2 bi jyi � 1. The algorithm returns the best feasible solu-

tion of (Pk) it encounters. This defines our algorithm. We note that a con-
siderable speed up can be obtained by adding the constraint 2yk�1 � yk�2 �
yk�3 � � � �� y2 � 1 to (Pk) and consequently to all problems QV1�V2. This is al-
lowed as the constraint states that the subset �xk�1�xk�1�xk�2� � � � �x1� in MON �
xk�xk�1�xk�2� � � � �x1 - �xk�1�xk�1�xk�2� � � � �x1�

m�1 is at most the optimal cost. This
is clearly true.

In the remainder of the appendix we focus on how to modify the algorithm
such that it is insensitive to rounding errors made by the used LP solver. The only
certainty we have regarding the solution of QV1�V2 returned by the (unreliable) LP

solver is that if it is a feasible solution for QV1�V2 , then its cost gives a lower bound
on the optimal cost. By using the dual of QV1�V2 we can also obtain an upper bound
as the well-known weak duality property states that the cost of any feasible solution
of the dual of QV1�V2 is an upper bound on the optimal cost. This observation is the
basis of the modification we make to the algorithm. In a node v of the branch-and-
bound tree, the algorithm first solves the dual of QV1�V2. We denote this problem by
DV1�V2 . If the LP solver solves DV1�V2 , then it either returns a solution s or it claims
that the dual is unbounded. Consider the former case. Due to rounding errors s
need not be optimal. It even may be infeasible. For the time being we assume
that the LP solver does not return an infeasible solution of DV1�V2. Afterwards, we
discuss how infeasible solutions can be transformed into feasible solutions. We
now distinguish three cases, where cD is the cost of the dual and ĉ the cost of the
best solution for (Pk) encountered so far.

Case 1: Dual is unbounded.
If the dual is unbounded, then QV1�V2 is infeasible. However, if an LP solver decides
that the dual is unbounded, then this can be caused by rounding errors. To be sure
that the dual DV1�V2 is unbounded, observe that QV1�V2 is infeasible if and only if
Mz̄ � 1̄ cannot be satisfied, which can occur as V1 may enforce too many variables
z j to be zero. Furthermore, in the case that QV1�V2 is feasible, its cost is at least zero.
As a result, if we have a feasible solution of DV1�V2 with cost smaller than zero, then
we can conclude that QV1�V2 is infeasible. To obtain such a solution, we solve DV1�V2

with the additional constraint that its cost is at least �1. If we conclude that QV1�V2

is infeasible, then the branch-and-bound tree can be cut off at node v, i.e., node v
is a leaf of the branch-and-bound tree.

Case 2: cD � ĉ.
We can safely cut off the branch-and-bound tree at node v as the optimal cost of
QV1�V2 will not be larger than the best encountered solution of (Pk) derived so far.

Case 3: cD � ĉ.
Unlike in the previous two cases, we now also let the LP solver solve the primal
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problem QV1�V2. We call the derived solution sP and its cost cP. From the strong
duality property it follows that QV1�V2 and DV1�V2 have the same cost. Although
rounding errors may cause a small difference �cD�cP�, this difference will in prac-
tice be very small. It will be in the order of magnitude of the precision used by the
computer to store real values. Hence, in practice also cP � ĉ will hold. We now
proceed as in the original algorithm. If a j exists, such that constraint (B.1) is vio-
lated for solution sP, then the algorithm selects such a j. Next, v branches into the
node defined by the pair V1�� j	, V2 and the node defined by the pair V1, V2�� j	.
If, on the other hand, constraint (B.1) is satisfied for all j, then we have a feasible
solution of (Pk) (unless sP is an infeasible solution of QV1�V2 due to rounding errors).
Hence, as cD � ĉ, the optimal solution of QV1�V2 is a candidate to yield a feasible
solution of (Pk) that is better than the best solution derived so far. As a result, we
store V1 and V2. We also define ĉ :� max�cP� ε� ĉ� for some small ε. The reason
for defining ĉ as max�cP�ε� ĉ� instead of simply cP is that s does not have to be an
optimal or even feasible solution for QV1�V2 and neither for (Pk). The interpretation
of ĉ is that we assume that it is a lower bound on the best ”encountered” solution
for (Pk). We only remove a node v� stored earlier if the cost of the dual computed
in v� is smaller than ĉ. If the algorithm finishes we solve QV1�V2 to optimality for
all nodes we encountered with cD � ĉ. We do this either by hand or by an exact
solver. In case that none of the solutions has cost larger than ĉ, the algorithm has
to be restarted with a larger value of ε.

This completes our algorithm, except that we still have to tackle the problem of
how an infeasible solution to a dual problem DV1�V2 can be translated into a feasible
solution. In the primal problem QV1�V2 we have the variables yi � 0 for 1 � i � k
and z j � 0 for 1 � j � t. As a result, the dual problem DV1�V2 contains a constraint
of the form d̄w̄ � c for each of the variables yi and z j, where w̄ is the vector of
the variables of DV1�V2, d̄ a vector of constants, and c a single constant. Hence,
if we have an infeasible solution, then this means that some of the variables in
w̄ violate their constraint that they have to be non-positive or non-negative and/or
that for some variables yi and/or z j we have d̄w̄ � c. We first assign the variables
that violate their boundary constraint the value zero. Suppose that after this step
we have some variable yi with d̄w̄ � c� ε, where ε � 0. As QV1�V2 contains the
constraint y2 � y3 � �� � � yk�1 � 1, we are allowed to add the redundant constraint
yi � 1 to QV1�V2. As a result, a variable q is added to DV1�V2 , which is added to the
objective row and to d̄w̄ in the constraint corresponding to yi. Hence, by setting
q � ε, we get an increase of the objective value by ε and d̄w̄�q � c. Similarly, if
we have an upper bound Z on the variables z j, then we can repair a violation of a
constraint d̄w̄ � c for a variable z j at the cost of an increase of the objective value
of Z. Lemma 4.7 states that �k2�k�3��k�1��2 gives a valid value for Z for (Pk). In



Solving LP problem with conditional constraints 113

the same way it can be proved that this value is also valid for QV1�V2.
Using the described algorithm, we derived performance ratios of BLDM for

k � 7. As underlying LP solver, we used the solver implemented by Wim Ver-
haegh 1. The results are given in Table 4.2. We mention that in implementing the
algorithm we made some improvements to speed up the algorithm. The most im-
portant improvement was to split up the LP problems into two LP problems. One
that covers the variables yi, and one that covers the variables z j.

1wim.verhaegh@philips.com





C
Worst-case instances for k � 6

m R
BLDM

�

2 7
5

5�1�1�0�0�0 - 1�1�1�0�0�0

5�0�0�0�0 - 1�1�1�1�1�0

3 23
15

15�3�3�2�0�0 - �3�3�3�2�0�0�2

15�0�0�0�0�0 - 3�3�3�3�3�0 - 3�3�3�2�2�2

4 8
5

5�1�1�1�0�0 - �1�1�1�1�0�0�3

5�0�0�0�0�0 - �1�1�1�1�1�0�3

5�6† 5
3

6�1�1�1�1�0 - �1�1�1�1�1�0�m�1

6�0�0�0�0�0 - �1�1�1�1�1�0�m�5 - �1�1�1�1�1�1�4

7† 59
35

35�7�7�6�4�0 - �7�7�7�6�4�0�6

35�0�0�0�0�0 - �7�7�7�7�7�0�2 - 7�6�6�6�6�4 - �7�7�7�6�4�4�3

8† 17
10

10�2�2�2�1�0 - �2�2�2�2�1�0�7

10�0�0�0�0�0 - �2�2�2�2�2�0�3 - �2�2�2�2�1�1�4

9† 77
45

45�9�9�8�6�0 - �9�9�9�8�6�0�8

45�0�0�0�0�0 - �9�9�9�9�9�0�4 - 9�9�9�6�6�6 - �9�8�8�8�6�6�3
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m R
BLDM

�

10† 43
25

50�10�10�9�7�0 - �10�10�10�9�7�0�9

50�0�0�0�0�0 - �10�10�10�10�10�0�5 - �10�10�9�7�7�7�2 - �9�9�9�9�7�7�2

11† 259
150

150�30�30�25�24�0 - �30�30�30�25�24�0�10

150�0�0�0�0�0 - �30�30�30�30�30�0�6 - �30�24�24�24�24�24�2

- 25�25�25�25�25�25 - 25�25�25�25�25�24

12† 26
15

15�3�3�3�2�0 - �3�3�3�3�2�0�11

15�0�0�0�0�0 - �3�3�3�3�3�0�7 - �3�3�3�2�2�2�4

13 85
49

147�30�29�27�22�0 - �30�30�29�27�22�0�12

147�0�0�0�0�0 - �30�30�30�30�27�0�4 - �30�30�29�29�29�0�4

- 30�29�22�22�22�22 - �27�27�27�22�22�22�3

14 73
42

210�43�42�39�31�0 - �43�43�42�39�31�0�13

210�0�0�0�0�0 - �43�43�43�42�39�0�7 - 43�43�42�42�39�0

- 42�42�42�42�42�0 - �43�43�31�31�31�31�2 - �39�39�39�31�31�31�2

15† 47
27

54�11�11�10�8�0 - �11�11�11�10�8�0�14

54�0�0�0�0�0 - �11�11�11�11�10�0�8 - �11�11�11�10�10�0�2

- �11�11�8�8�8�8�3 - 10�10�10�8�8�8

16†��19† 7
4

20�4�4�4�3�0 - �4�4�4�4�3�0�m�1

20�0�0�0�0�0 - �4�4�4�4�3�0�m�16 - �4�4�4�4�4�0�11 - �4�4�3�3�3�3�4

20†��23† 44
25

25�5�5�5�4�0 - �5�5�5�5�4�0�m�1

25�0�0�0�0�0 - �5�5�5�5�4�0�m�20 - �5�5�5�5�5�0�15 - �5�4�4�4�4�4�4

24†��32† 53
30

30�6�6�6�5�0 - �6�6�6�6�5�0�m�1

30�0�0�0�0�0 - �6�6�6�6�5�0�m�24 - �6�6�6�6�6�0�19 - �5�5�5�5�5�5�4

33 509
288

288�60�57�56�48�0 - �60�60�57�56�48�0�32

288�0�0�0�0�0 - �60�60�60�60�48�0�8 - 60�60�60�57�48�0

- �60�60�56�56�56�0�11 - �60�57�57�57�57�0�8 - �48�48�48�48�48�48�4

34 99
56

168�35�34�32�28�0 - �35�35�34�32�28�0�33

168�0�0�0�0�0 - �35�35�35�35�28�0�7 - �35�35�35�34�28�0�3

- �35�35�34�32�32�0�15 - �34�34�34�34�32�0�4 - �28�28�28�28�28�28�4

35 191
108

216�45�43�42�36�0 - �45�45�43�42�36�0�34

216�0�0�0�0�0 - �45�45�45�45�36�0�11 - �45�43�43�43�42�0�6

- 45�43�43�42�42�0 - 45�42�42�42�42�0 - �45�45�42�42�42�0�6

- �36�36�36�36�36�36�4
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m R
BLDM

�

36,37 637
360

360�75�72�70�60�0 - �75�75�72�70�60�0�m�1

360�0�0�0�0�0 - �75�75�72�70�60�0�m�36 - �75�75�75�75�60�0�12

- �75�75�70�70�70�0�11 - 75�72�72�70�70�0 - �72�72�72�72�72�0�6

- 72�72�72�72�70�0 - �60�60�60�60�60�60�4

38†��40† 85
48

48�10�10�9�8�0 - �10�10�10�9�8�0�m�1

48�0�0�0�0�0 - �10�10�10�9�8�0�m�38 - �10�10�10�10�8�0�14

- �10�10�10�9�9�0�19 - �8�8�8�8�8�8�4

41 319
180

360�75�72�71�60�0 - �75�75�72�71�60�0�40

360�0�0�0�0�0 - �75�75�75�75�60�0�17 - �75�72�71�71�71�0�13

- �72�72�72�72�72�0�5 - 72�72�72�71�71�0 - �60�60�60�60�60�60�4

42 39
22

264�55�53�52�44�0 - �55�55�53�52�44�0�41

264�0�0�0�0�0 - �55�55�55�55�44�0�18 - �55�53�52�52�52�0�10

- 55�52�52�52�52�0 - �53�53�53�53�52�0�8 - �44�44�44�44�44�44�4

43 383
216

216�45�44�42�36�0 - �45�45�44�42�36�0�42

216�0�0�0�0�0 - �45�45�45�45�36�0�19 - �45�45�42�42�42�0�4

- 45�44�42�42�42�0 - �44�44�44�42�42�0�14 - �36�36�36�36�36�36�4

44 227
128

384�80�77�76�64�0 - �80�80�77�76�64�0�43

384�0�0�0�0�0 - �80�80�80�80�64�0�20 - �80�76�76�76�76�0�7

- 76�76�76�76�76�0 - �77�77�77�77�76�0�11 - �64�64�64�64�64�64�4

45 149
84

168�35�34�33�28�0 - �35�35�34�33�28�0�44

168�0�0�0�0�0 - �35�35�35�35�28�0�21 - �35�34�33�33�33�0�5

- 34�33�33�33�33�0 - �34�34�34�33�33�0�13 - �28�28�28�28�28�28�4

46,47 511
288

288�60�58�57�48�0 - �60�60�58�57�48�0�m�1

288�0�0�0�0�0 - �60�60�58�57�48�0�m�46 - �60�60�60�60�48�0�21

- 60�60�60�58�48�0 - �60�57�57�57�57�0�4 - �58�58�58�57�57�0�15

- �48�48�48�48�48�48�4

48..54 71
40

120�25�24�24�20�0 - �25�25�24�24�20�0�m�1

120�0�0�0�0�0 - �25�25�24�24�20�0�m�48 - �25�25�25�25�20�0�23

- 25�25�25�24�20�0 - �24�24�24�24�24�0�19 - �20�20�20�20�20�20�4

55,56 245
138

138�29�28�27�23�0 - �29�29�28�27�23�0�m�1

138�0�0�0�0�0 - �29�29�28�27�23�0�m�55 - �29�29�29�28�23�0�30

- 29�29�28�28�23�0 - �29�28�27�27�27�0�17 - �28�28�28�27�27�0�2

- �23�23�23�23�23�23�4
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m R
BLDM

�

57†��74† 16
9

72�15�15�14�12�0 - �15�15�15�14�12�0�m�1

72�0�0�0�0�0 - �15�15�15�14�12�0�m�57 - �15�15�15�15�12�0�33

- �15�15�14�14�14�0�19 - �12�12�12�12�12�12�4

75† 169
95

95�20�20�19�15�0 - �20�20�20�19�15�0�74

95�0�0�0�0�0 - �20�20�20�20�15�0�55 - �19�19�19�19�19�0�15

- �20�15�15�15�15�15�4

76†��94† 57
32

96�20�20�19�16�0 - �20�20�20�19�16�0�m�1

96�0�0�0�0�0 - �20�20�20�19�16�0�m�76 - �20�20�20�20�16�0�52

- �20�19�19�19�19�0�19 - �16�16�16�16�16�16�4

95†��174† 107
60

120�25�25�24�20�0 - �25�25�25�24�20�0�m�1

120�0�0�0�0�0 - �25�25�25�24�20�0�m�95 - �25�25�25�25�20�0�71

- �24�24�24�24�24�0�19 - �20�20�20�20�20�20�4

175..207 66
37

222�47�46�44�37�0 - �47�47�46�44�37�0�m�1

222�0�0�0�0�0 - �47�47�46�44�37�0�m�175 - �47�47�47�44�37�0�99

- �47�46�46�46�37�0�52 - �46�44�44�44�44�0�19 - �37�37�37�37�37�37�4

208..212 157
88

264�56�55�52�44�0 - �56�56�55�52�44�0�m�1

264�0�0�0�0�0 - �56�56�55�52�44�0�m�208 - �56�56�56�52�44�0�132

- �56�52�52�52�52�0�19 - �55�55�55�55�44�0�52 - �44�44�44�44�44�44�4

213..283 241
135

270�57�56�54�45�0 - �57�57�56�54�45�0�m�1

270�0�0�0�0�0 - �57�57�56�54�45�0�m�213 - �57�57�57�54�45�0�118

- �57�56�56�56�45�0�71 - �54�54�54�54�54�0�19 - �45�45�45�45�45�45�4

284.. 643
360

360�76�75�72�60�0 - �76�76�75�72�60�0�m�1

360�0�0�0�0�0 - �76�76�75�72�60�0�m�284 - �76�76�76�72�60�0�189

- �75�75�75�75�60�0�71 - �72�72�72�72�72�0�19 - �60�60�60�60�60�60�4
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Symbol Index

The numbers refer to the pages of first occurrence. This index only lists notation
that occurs in multiple parts of this thesis.

Problems general

n number of items 4
A set of items 4
aj size of item j 4
I problem instance 4
R performance ratio 6
S�Ai� total size of the items in set Ai 4
Gi set ��i�1�m� r � 1� r � m	 of m items 13
δ�Gi� difference in size between the largest and smallest

item in Gi 14

(Balanced) number partitioning

m number of subsets 4
k maximum cardinality of a subset in an instance

of balanced number partitioning 4
 partition �A1�A2� � � � �Am� of A 4
fI�� maximum subset sum in  4
L list of partial partitions 11
LDM partition given by LDM 12
BLDM balanced partition given by BLDM 13
MON monotone partition in which jth subset contains

jth largest item from Gk and jth smallest item
from any other subset Gi 33

d�� difference between maximum and minimum subset
sum in  11

��1�k set of � I pairs in the context of balanced number
partitioning 38

��2�k subset of ��1�k 39
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��3�k subset of ��2�k 41

��4�k subset of ��3�k 42

��i�k�m, i 
 �1�2�3�4	 ��i�k restricted to pairs �� I� in which I contains
exactly km items 58

Min-max subsequence problem

k window size 4
m number of windows 71
π permutation of A 4
gI�π� maximum sum of the sizes of k successive items

in π 4
πLADM permutation given by LADM 14
σ order in which G1�G2� � � � �Gk are represented in

πLADM 14
Ti set � j � k� i � 0 � j � m	 consisting of m positions

in a permutation 14
hi� j� maximum sum of the item sizes of a subsequence

covering position j at the start of the ith iteration
of LADM 15

Notational convention

For notational conventions, we refer to the end of Section 1.2.
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Samenvatting

Als een probleem NP-lastig is wil dit zeggen dat het uiterst onwaarschijnlijk is dat
het kan worden opgelost in polynomiale tijd. Veel interessante combinatorische
optimaliseringsproblemen hebben deze eigenschap. Een klassiek voorbeeld van
een NP-lastig combinatorisch optimaliseringsprobleem is nummerpartitie, ook wel
multiprocessor scheduling genoemd. In dit probleem is het de bedoeling een verza-
meling van n getallen te partitioneren in m deelverzamelingen, zodanig dat de max-
imale som over alle deelverzamelingen minimaal is. Daarbij is de som van een
deelverzameling gedefinieerd als de som van alle nummers die zij bevat.

Om een NP-lastig probleem aan te pakken kunnen we ervoor kiezen om opti-
maliteit uit te ruilen tegen rekentijd. Dit wil zeggen dat we streven naar een algo-
ritme dat binnen polynomiale tijd een goede oplossing vindt, maar niet noodzake-
lijk een optimale. Zo’n algoritme wordt een benaderingsalgoritme genoemd.

In de literatuur worden verschillende benaderingalgoritmen beschreven voor
nummerpartitie. Van deze algoritmen presteren degene die gebaseerd zijn op de zo-
genaamde differencing-methode van Karmarkar en Karp gemiddeld genomen het
beste. Dezelfde opmerking gaat op voor de gebalanceerde versie van nummerpar-
titie, waarin een oplossing aan de additionele eis moet voldoen dat twee deelverza-
melingen hooguit 1 in kardinaliteit mogen verschillen, en voor het min-max deel-
rijprobleem, waarin we worden gevraagd om, voor gegeven k, de n getallen te or-
denen, zodanig dat de maximale som van enige k opeenvolgende getallen minimaal
is.

Om de kwalitiet van een benaderingsalgoritme te beoordelen en om het inzicht
in het algoritme te vergroten, is het belangrijk om er een prestatiegarantie voor
af te leiden. Zo’n prestatiegarantie wordt meestal uitgedrukt door het geven van
(grenzen op) de (worst-case) performance ratio van het algoritme, waarbij de per-
formance ratio is gedefinieerd als de maximale waarde die kan worden aangedaan
door de kosten van een oplossing die gevonden kan worden door het algoritme te
delen door de optimale kosten.

Het grootste deel van dit proefschrift bestaat uit het afleiden van performance
ratios, of scherpe boven- en ondergrenzen daarop, voor de differencing-methode
wanneer deze wordt toegepast op de bovenstaande drie problemen, dat wil zeggen
op nummerpartitie, gebalanceerde nummerpartitie en het min-max deelrijprob-
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leem. Na een formele introductie van deze drie problemen en de bijbehorende,
op de differencing-methode gebaseerde algoritmen, respectievelijk LDM, BLDM en
LADM genaamd, presenteren we eerst een aantal simulatie resultaten. Dit om de
claim te ondersteunen dat de differencing-methode het gemiddeld gezien beter doet
dan andere bestaande benaderingsalgoritmen.

Voor LDM bewijzen we dat de performance ratio tussen de grenzen 4
3 � 1

3�m�1�

en 4
3 � 1

3m ligt. Deze grenzen gelden voor willekeurige n en vaste m. We laten
ook zien dat extra aannames maken met betrekking tot de waarde van n nauwelijks
effect heeft op de performance ratios van LDM.

De kern van de analyse van de worst-case performance van BLDM is als volgt.
We laten eerst zien dat we in plaats van BLDM een veel simpeler algoritme kunnen
beschouwen. Daarna bewijzen we dat we ons zonder verlies van algemeenheid mo-
gen beperken tot een deelverzameling van alle mogelijke probleeminstanties. Het
resulterende probleem wordt vervolgens geformuleerd als een mixed integer lineair
programmeringsprobleem. Dit probleem kan worden opgelost door gebruikmaking
van standaard branch-and-bound-technieken.

Voor LADM laten we zien dat het dezelfde performance ratios heeft als BLDM.
Dit is een opvallend resultaat aangezien zowel de twee algoritmen als de bijbe-
horende problemen nogal verschillend zijn.

In de presentatie van BLDM en LADM hebben we enige ontwerpbeslissingen
gemaakt. We bewijzen dat deze optimaal zijn met betrekking tot de worst-case
performance van de twee algoritmen. We sluiten dit proefschrift af met het be-
spreken van een paar interessante, gerelateerde resultaten.
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