
 

Between controllable and uncontrollable

Citation for published version (APA):
Eising, R. (1984). Between controllable and uncontrollable. (Memorandum COSOR; Vol. 8402). Technische
Hogeschool Eindhoven.

Document status and date:
Published: 01/01/1984

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 23. May. 2023

https://research.tue.nl/en/publications/d7e43688-4cdf-4bfd-9fd4-be2018f2cdab


EINDHOVEN UNIVERSITY OF TECHNOLOGY 

Department of Mathematics and Computing Science 

Memorandum COSOR 84-02 

Between controllable and uncontrollable 

by 

Rikus Eising 

Eindhoven, The Netherlands 

January 1984 



BETWEEN CONTROLLABLE AND UNCONTROLLABLE 

by 

Rikus Eising 

Department of Mathematics and Computing Science 
Eindhoven University of Technology 
Eindhoven, The Netherlands. 

Key!ords Controllability measure, distance to uncontrollable. 

Abstract 

The distance between a system (A,B) and the set of uncontrollable systems 

is the minimum of the smallest singular value of [~I - A,B] with respect 

to A. 

f 



- 1 -

INTRODUCTION 

In [I], Paige shows that the traditional methods, providing "yes/no" 

answers, for testing the controllability of a system are not satisfactory 

in the sense that they may lead to wrong conclusions. Therefore a con-

trollability measure, based on a continuous metric rather than a discrete 

metric seems to be useful. Such a measure can be constructed using the 

distance between a system and the set of uncontrollable systems. This is 

shown in [2] where also an algorithm for the computation of this distance 

is given. 

In this paper it is shown that this distance can be computed by minimizing 

a function of one complex variable. In order to present the concepts and 

the computational procedures without getting involved in a number of non 

illustrative details which arises inevitably if all systems have to be 

real, we will deal with complex systems. The strictly real case can be 

developed along the lines of (2J. 

RESULTS 

The set systems, having n states and m inputs, is SYS , n,m 

SYS • {(A,B) I A € Cnxn, B £ cn~} . n,m 

ln order to be able to measure the distance between two systems (A,B) and 

(F,G) in SYS we use the metric d, defined by n,m 

.d «A,B), (F ,G» • II [A-F ,B-G] 112 

where II 112 is the spectral norm (see [3]). (The !'robenius norm leads to the 

same results.) 

Because we want to compute the distance between a system (A,B) end the set 
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of uncontrollable systems we define UNCO (the set of uncontrollable n,m 

system in SYS ), n,m 

UNCO .. {(F ,G) I (F ,G) e: SYS ,3), £ ct : rank[AI - F ,G] < n} • n,m n,m 

We will also need UNCO ,t the subset of UNCO having). € C as an n,m,A n,m 

uncontrollable mode, 

UNCO .. {(F ,G) I (F ,G) e: SYS t rank[AI - F ,G] < n} • n,m,l n,m 

Observe that 

UN CO .. '\ U", UNCO , n,m Ae:. n,m,A 
(I) 

The distance between a system (A,B) and UNCO may now be defined to be n,m 

(this number may be interpreted as a controllability measure) 

d < (A,B), UNCO >.. inf . d < (A,B), (F ,G) > • 
n,m (F,G)e:UNCO 

n,m 

We now have 

d < (A,B), UNCO > .. inf d < (A,B), UNCO \ >. See (I). 
n,m Ae:ct n,m,A 

For each ). e: ct we obtain 

d < (A,B) t UNCO > .. 
n,m,A inf d < (A,B) t (F ,G) > 

(F,G)e:UNCO '\ n,m,1\ 
and 

inf II {A - F,B - G] 112 - (1 • [Al- A,B] 
(F,G)e:UNCO . . . m1n 

n,m,A 

(2) 

where a • [AI - A,B] is the (possibly multiple) smallest singular value of mn 

[AI -A,B]. See (3] for the equality in (2) asa property of the smallest 

singular value. 
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Because (1 • [n - A,B] is a continuous function of A and because m1n 

a • [>.I-A,B] ~ co for [A[ ~ 0> we may conclude with the following theorem. 
m1n 

THEOREM. The distance between (A,B) € SYS and the set of uncontrollable n,m 

systems is 

d< (A,B) , UNCO > .. min (1 • [n - A,B] • 
. n,m h€C m1n 

Proof. Obvious from the foregoing. 

Remarks. 

- Generally, the system (F,G) € UNCO , such that d«A,B), UNCO >-n,m n,m 

d < (A,B),(F ,G) >, is complex. 

The distance between .a system (A,B) and the set of non-stabilizable 

systems in SYS can be computed by minimizing over n,m 

¢+ - {clc € ¢, Re(c) ~ OJ, instead of over C, in the theorem. Generali-

zations similar to this one are easily made. 

A number of examples can be found in [2]. 
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