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Résumé 185

Acknowledgements 187

Curriculum Vitae 189

List of publications 191



Chapter 1

Introduction

Aeroacoustics is the study of the production of sound by flows. The prediction of
the sound produced by a free jet was the motivation for Lighthill1,2 to propose a new
approach which he called an “analogy”. This provided a formal definition of the acous-
tical field in the presence of a flow. The acoustical field is defined as an extrapolation
of a linear perturbation of a reference flow in which a listener is submerged. The differ-
ence between this linear behavior and the actual flow is defined as the source of sound.
Fifty years after Lighthill’s pioneering work the acoustics of free jets is still a subject
of fundamental research. Our work, carried out at the von Kármán Institute for Fluid
Dynamics (VKI), is inscribed within this context.

The technological relevance of jet flows is obvious, would we consider only the
field of civil air transportation. Both the inexorable growth of air traffic and the
constant strengthening of the legislation regarding acoustic emissions press the engine
manufacturers to develop innovative solutions for the reduction of engine noise. As
considerable research is done to reduce the inlet fan and frame noise emitted by aircraft
engines one expects that jet noise will again become a major problem in the future.

There is a general agreement on the fact that the noise emitted by a subsonic free jet
is related to the large scale coherent structures of the flow. A theoretical demonstration
was provided by Lighthill2 who showed that the sound intensity produced by turbulence
is proportional to the local volume over which the turbulent stresses are correlated.
Crow and Champagne3 suggested that large scale vortex rings might play a major role
in the sound production by a jet. Lau et al.,4 Maestrello5 and Petersen et al.6 related
their measurements of jet noise to the presence of identified large scale turbulent eddies.

A discussion of the different mechanisms through which vortex rings are susceptible
to generate sound is provided by Kopiev et al.7 In chronological order, three generic
mechanisms have been put forward in the literature:

1. the pairing of vortex rings,8–10

2. the breakdown of vortex rings,11–13

3. the oscillation of vortex rings.7,14–16

It is likely that each of these three mechanisms should not be considered as the exclusive
sound production mechanism.

The present study is focused on vortex pairing. As mentioned above, this mech-
anism is the first one that has been suspected to produce sound. A probable reason
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is the fact that the occurrence of vortex pairing is commonly observed in jet flows, at
least at laboratory scale. The interest given to vortex pairing has been considerably en-
hanced since the observations made by Moore17 and Bechert and Pfizenmaier18 that a
pure tone excitation of the jet promoting vortex pairing increases the broadband sound
emitted by the jet, and the contradictory results obtained by Kibens9 who obtained a
concentration of the acoustical energy in the narrow band of frequencies resulting from
the acoustical forcing of vortex pairing.

So far, the prediction of the sound emitted by subsonic jet flows has been based
on theoretical or numerical simulations of the flow field. The acoustical field can then
be obtained using an aeroacoustical analogy, semi-empirical theories,19,20 Linearized
Euler Equations21 (LEE) or more recently as a direct result of a compressible Navier-
Stokes calculation using Direct Numerical Simulation22,23 (DNS) or Large Eddy Sim-
ulation24–26 (LES). However, the Reynolds numbers Re that can be achieved by such
accurate simulations is still below the range that corresponds to practical engineering
applications. Colonius27 estimated the cost of a numerical simulation of a subsonic
turbulent jet providing in the same time the hydrodynamic and the acoustical field.
He showed that this cost is proportional to Re3M−4 for a DNS, and to Re2M−4 for a
LES. Therefore the Mach number M is usually in the large subsonic range (' 0.9) in
order to obtain a good accuracy on the calculated sound field. We consider here low
Mach numbers M ≤ 0.1.

A natural approach to overcome these current limitations seems the use of an ex-
perimental description of the flow field in a suitable aeroacoustical analogy to obtain a
sound prediction. To the author’s knowledge, the sound emitted by vortex pairing has
never been predicted on the basis of a purely experimental description of the flow field.
Moreover, the literature is quite poor to explain why this space has been left empty.
Ryu and Lee28 stressed the need for a detailed description of the vortex motion that
is imposed by the successive time derivatives that are involved in the aeroacoustical
analogy. Bridges and Hussain29,30 were more specific and identified the fundamental
reason why the use of experimental data to calculate directly the sound production is
problematic: the non-conservation of integrals of motion that is due to experimental
errors. This will indeed appear to be a key issue in our work. In 1992, Bridges and
Hussain30 wrote: “It is also important to note that one cannot use the experimental
vorticity data to calculate sound pressure directly. The small, but unavoidable, exper-
imental error [...] will dominate the result.” According to our investigations it seems
that ten years later, no result has yet been published to contradict this assertion.

The purpose of the present work is to obtain a quantitative prediction of the sound
emitted by vortex pairing on the basis of experimental data. The Particle Image
Velocimetry (PIV) measurement technique has been extensively developed at the VKI,
and we use in particular the software developed by Scarano and Riethmuller.31 The
description of this measurement technique is given in the first part of Chapter 2. The
emphasis has been put on some aspects that are crucial for the achievement of accurate
measurements of vortical flows. In order to obtain a robust estimation of the sound
production, it is necessary to gather a considerable amount of data. An original vortex
detection algorithm has been developed for the purpose of the automatic analysis of
vortical fields. Its applications to two different flows: a laminar starting jet flow and a
turbulent backward-facing step flow, demonstrate the potential of this method. Within
the framework of this study, an aeroacoustical free jet facility has been developed at
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the VKI, which is described in Chapter 3. Chapter 3 concerns also the application
of these experimental and post-processing tools for the detailed characterization of
vortex pairing that will be used in Chapter 4 for the sound prediction. The accuracy
of the measurements is discussed. A detailed analysis of the aeroacoustical analogies
of Powell32 and Möhring33 is performed in Chapter 4. We try to explain why these
analogies are so successful. A particular formulation of the Vortex Sound Theory has
been derived for axisymmetrical flows. The performance of this formulation compared
to the original analogies of Powell32 and Möhring33 is evaluated by application to
theoretical models of the leapfrogging of vortex rings. A numerical study of the effect
of random errors introduced in these models is made for this purpose. Finally, the
sound emitted by the measured vortex rings pairing is predicted and the results are
commented. Conclusions are drawn in Chapter 5.
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Rhode-St-Genèse, 2001.
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Chapter 2

Flow field measurement and data
processing

Abstract

We describe the most important measurement technique that has been used in this
work: Particle Image Velocimetry (PIV). Emphasis is put on some aspects that are
crucial to obtain accurate velocity and vorticity measurements of vortical flows.

The fidelity of the flow tracers in the core of vortices is addressed. We show that
the effect of the centrifugal acceleration of the seeding particles in the core of the
vortex rings can result in a depletion of the largest particles. This does however not
influence the measurement of the vorticity.

We describe the PIV software used in this study: WIDIM (WIndow Distortion
Iterative Multigrid), developed by Scarano and Riethmuller.1 The algorithm allows
to obtain a fine spatial measurement resolution while preserving a large signal-to-
noise ratio. The distortion of the interrogation windows allows the measurement
of large velocity gradients. This distortion is performed at sub-pixel level and the
position of the correlation peak is obtained using a Gaussian interpolation scheme.
Both features are necessary to obtain accurate measurements.

The usefulness of these various features for the accurate measurement of vortical
flows is demonstrated by application to particles images acquired in our jet facility.
The methodology for the estimation of the accuracy of the velocity and vorticity
measurements is presented.

We describe the algorithm that we have developed for the automatic detection of
vortices in turbulent flows. This method is based on the properties of the continuous
wavelet transform. The location and size of the coherent structures embedded in a
two-dimensional velocity field is obtained. The set of thresholds that are involved
permits the automatization of the procedure with a good robustness.

The vortex detection algorithm is applied to series of PIV measurements acquired in
two cases: a starting jet flow and the turbulent flow that develops past a backward-
facing step. The continuous detection of the vortex ring that is generated in the first
case confirms the robustness of the algorithm with respect to experimental noise.
The results obtained for the backward-facing step flow assess the suitability of the
method for the investigation of turbulence and coherent structures.
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List of symbols

Alphanumeric symbols

D nozzle outlet diameter [ m ]

Dp seeding particle diameter [ m ]

f# f -number (ratio focal length / aperture) [ – ]

h step height [ m ]

l wavelet scale [ – ]

r radial coordinate [ m ]

R real numbers ensemble

RD correlation peak

Re Reynolds number [ – ]

S/N signal-to-noise ratio [ – ]

St Stokes number [ – ]

t time [ s ]

x,y spatial coordinates [ m ]

u,v velocity components [ m s−1 ]

U mean velocity [ m s−1 ]

Ws final interrogation window size [ px ]

Greek symbols

α Oseen-likeness coefficient (2.23) [ – ]

∂ partial derivative

δ small increment

∆ mesh size

εX random error on quantity X [ X ]

Γ circulation [ m2 s−1 ]

λ2 vortex detection parameter (2.11) [ s−2 ]

Λ particle displacement field wavelength [ px ]

ν kinematic viscosity [ m2 s−1 ]

Ψ mother wavelet

Ψl,x′ wavelet family

ρ mass density [ kg m−3 ]

σ Oseen vortex core size in (2.14) and (2.15) [ m ]

σc Oseen vortex core radius (see Figure 2.20) [ m ]

θ azimuthal coordinate [ rad ]

ω vorticity [ s−1 ]
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Subscripts

0 reference value

c vortex core

f fluid

p particle

min minimum value

max maximum value

mean average value

peak local maximum value

thresh threshold

Superscripts

’ coordinate of the wavelet Ψl,x′

̂ Fourier transform

˜ wavelet transform

2.1 Introduction

This Chapter is dedicated to the description of the experimental and processing
tools. One of our goals is to obtain an accurate description of vortex pairing in our
subsonic jet (Chapter 3). These data will serve as input of the vortex sound theory to
obtain a prediction of the sound produced by the flow (Chapter 4). Two aspects are
involved: the measurement of the velocity and vorticity fields of the vortices and their
formatting to be usable by the aeroacoustical analogy.

The principal experimental technique used in this study is Particle Image Velocime-
try (PIV). This technique, that has been extensively developed at the von Kármán In-
stitute for Fluid Dynamics,1–4 allows the measurement of instantaneous velocity fields
over an extended region of the flow. The basic principle of PIV is briefly depicted in
Section 2.2. In addition some specific issues related to the accurate measurement of
vortical flows are discussed. Specific details concerning the synchronization of the PIV
acquisitions with the vortex pairing process are given in Chapter 3.

The use of the flow data for the prediction of sound (Chapter 4) requires the iden-
tification of the vortices that participate to the pairing. In order to obtain a reliable
estimation of the sound production, this procedure must be automatic owing to the
large amount of data that is required to achieve statistical convergence. An algorithm
has been developed to automatically detect and characterize vortical structures in ve-
locity fields.

We will discuss the application of PIV and of the vortex detection algorithm to
the impulsively starting jet and the flow past a backward facing step. The methods
developed are however quite general and can be used to analyze other field flows.
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The starting jet flow has been studied to evaluate the ability of the vortex detection
algorithm to continuously detect a vortex ring along a temporally resolved series of
Particle Image Velocimetry fields. The robustness of the vortex detection algorithm
is important in our application as it will be shown in Chapter 3, in particular its
ability to discriminate between swirling and shearing flow motions. The study of
the backward-facing step flow is more ambitious, regarding the wide range of sizes,
strengths and orientations of the coherent structures. The results obtained for this case
are indicative of the adequacy of the method for the general purpose of a fundamental
study of turbulence and coherent structures.

2.2 Particle Image Velocimetry technique

Particle Image Velocimetry is an optical measurement technique based on the de-
termination of the displacement of tracer particles inserted into the flow. It consists in
illuminating a slice of the flow field and in recording two or more images of the tracer
particles at successive instants. The displacement of the tracers can be determined
through an analysis of the particle images.

Assuming that the particles are reliable flow tracers, the velocity of the fluid at
the location of a particle is equal to the velocity of this particle. The validity of this
assumption is discussed below. The particle velocity is obtained from the measured
displacement and the time delay between the two exposures:

v =
δx

δt
. (2.1)

where the increment of particle position δx is supposedly small enough to neglect the
contribution of the acceleration to the particle displacement (Figure 2.1).

Figure 2.1: Eulerian approximation of the true particle Lagrangian velocity.

2.2.1 Technical aspects

The general features of the PIV measurement technique are illustrated in Fig-
ure 2.2. We restrict the present discussion to the description of two-dimensional and
two-components (2D-2C) PIV that has been used in this study. Moreover, the empha-
sis will be put on issues that are specific to the present study. Further description of
the PIV technique and an extensive bibliography on this subject are provided by Raffel
et al.5
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Figure 2.2: Schematic principle of the Particle Image Velocimetry technique (Raffel
et al.,5 by courtesy of the authors).

In what follows the different concepts are illustrated using particle images acquired
in our jet flow with a focus on the pairing vortices (Appendix D). This allows to
investigate the effect of the different parameters irrespectively of the influence of a
poor sampling resolution (number of velocity vectors across the vortex core).

Seeding

The quality of the seeding is the first element that determines the quality (accuracy,
reliability, spatial resolution) of PIV measurements. A suitable seeding for PIV is

• non-perturbing,

• a flow tracer with minimum velocity lag,

• homogeneously spread in the flow,

• efficient in scattering light.

The non-perturbing character relies on the assumption that the influence of the
tracer particles on the continuous phase is negligible. This is in general verified when
the diameter of the particles is much smaller than the typical size of the turbulent
structures and when the particle density is low enough. In our case typically the mass
fraction of tracer particles in air is about 10−5.

The particles motion is supposed to be identical to the motion of the surrounding
fluid. This is achieved in liquid flows using neutrally buoyant particles. In air flows, the
Lagrangian accelerations must not be too severe. For the vortical flows investigated
in this study, the radial acceleration that is encountered in intense vortices induces a
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gradual rarefaction of the particles in the vortex core if their mass density is higher
than the fluid density.

An example of such a rarefaction by centrifugation is illustrated in Figures 2.3(a)
and (b), that shows a doubly-exposed image of the particles inside the core of vortices
measured in our jet flow with main flow velocities of U0 = 5.0 m/s and 34.2 m/s
respectively. The acquisition parameters are indicated in Appendix D. In the case of
U0 = 34.2 m/s we clearly observe a particle rarefaction in the core of the vortex. The
centrifugation increases with the jet outlet velocity.

(a) U0 = 5.0 m/s. (b) U0 = 34.2 m/s.

Figure 2.3: Centrifugation of oil particles (density ρp ' 850 kg/m3, mean diame-
ter Dp ' 1 µm) inside of the core of vortices shed in our subsonic jet for two jet
outlet velocities U0. The particle images acquired at the two successive instants are
superimposed to highlight the swirling motion.

The evolution of particles of density ρp and diameter Dp in a vortex core of radius σc

has been analyzed by Lecuona et al.6 They showed that the particles have a negligible
lag with respect to the flow in the azimuthal direction for flow conditions and seeding
particles similar to our case. The error concerns mainly the radial component of the
velocity. This is an important result since the radial velocity component does not
contribute to the curl of the flow field. The centrifugation of the particles in the vortex
core does therefore not affect the measurement of the vorticity.

The radial velocity component of a small rigid sphere takes the form (gravitational
effects being neglected here):6

vp(r, θ)

Uc

' St

(
3

2
ε− 1

) (
−(uf (r)/Uc)

2

r/σc

)
(2.2)

where vp and vf are respectively the particle and fluid velocities, u and v indicate the
azimuthal and radial components, and ε ≡ ρf/(ρp + ρf/2) is a parameter determined
by the mass density ρp of the particle and the fluid density ρf . In our case, we use oil
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particles with a density ρp ' 850 kg/m3 to seed the air flow of density ρf ' 1.2 kg/m3.
σc is the vortex core radius, defined as the radial coordinate where the fluid azimuthal
velocity is equal to its maximum value Uc. The corresponding flow time scale is σc/Uc.

St =
UcD

2
p

18ενσc

=
viscous time

flow time scale

is the Stokes number and ν = 15 · 10−6 m2/s is the kinematic viscosity of air. The
expression (2.2) shows that the path of heavy particles (ρp > ρf ) forms a growing
spiral with an expansion rate proportional to the square of the particles diameter Dp

and to the centrifugal acceleration u2
f (r)/r. This stresses the importance of using small

particles to seed air flows, for which the density ratio ε is typically of order 103.
We have calculated the radial velocity of the particles in our case. We use a seed-

ing generator that provides a poly-dispersed distribution of oil particles with a mean
diameter Dp of the order of 1 µm. The flow field inside the vortex and the vortex
core radius σc have been determined using the focused PIV acquisitions as described in
Appendix D. The maximum tangential velocity inside the vortex core is about U0/2.
This value defines our normalization velocity Uc. These values and the corresponding
Stokes number are indicated in Table 2.1.

Table 2.1: Particle radial velocity inside the vortex cores for the two jet outlet veloc-
ities considered in this study. The calculations are made for a 1 µm oil particle with
density ρp = 850 kg/m3 in air flow.

Outlet velocity U0 5.0 m/s 34.2 m/s

Reference vortex velocity Uc 2.5 m/s 17 m/s

Reference vortex radius σc 4 · 10−3 m 1.3 · 10−3 m

Eddy turnover time 2πσc/Uc ' 10 ms ' 0.5 ms

Stokes number St 0.0016 0.0343

Maximum particle radial velocity vp,max/Uc ' 0.2 % ' 1.5 %

Figures 2.4(a) and (b) show the radial velocity profiles of a 1 µm oil particle cal-
culated using (2.2) for the two jet outlet velocities considered in this work. It can be
seen that the maximum value of the particle radial velocity vp,max is reached at a radial
position about 60 % of the core radius. This is in good agreement with results obtained
by Lecuona et al.6 who used a modified Rankine vortex to model the flow field. The
maximum radial velocity vp,max is about 0.2 % of the maximum vortex core velocity
Uc when the jet is operated at U0 = 5.0 m/s, and reaches about 1.5 % for our case
U0 = 34.2 m/s (see Table 2.1).

In spite of these small values, we observed in Figure 2.3(b) a significant particle
depletion in the vortex core for U0 = 34.2 m/s. We explain the differences between
Figures 2.3(a) and (b) by a combined effect of the larger radial velocity of the particles
and the much smaller eddy turnover time for the case U0 = 34.2 m/s (see Table 2.1).
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(b) U0 = 34.2 m/s.

Figure 2.4: Radial velocity of the particles inside the vortex.

We will show below that we obtained however reliable velocity measurements within
the vortex core. Given the poly-dispersion of the particle distribution, there remained
always enough small particles in the core to obtain a correct cross-correlation (see be-
low). As the light intensity scattered by a particle is proportional to the square of its
diameter,7 a more intense illumination was required to obtain such reliable measure-
ments within the vortex core for the case U0 = 34.2 m/s.

The random error on the determination of the particles displacement will be given
in Section 2.2.3 as a function of the processing parameters and local velocity gradients.
Plugging the measured characteristics of our vortices, we will find in Section 3.3.4 that
the uncertainty on the velocity components is 1 % to 2 % for both jet outlet velocities
U0 = 5.0 m/s and 34.2 m/s. This indicates that for an individual velocity field, the
bias error due to centrifugation can be ignored in comparison with the uncertainty for
U0 = 5.0 m/s, but is of the same order of magnitude for U0 = 34.2 m/s. Although the
random contribution to the error can be decreased by averaging several realizations
of the flow field, the final error on the radial velocity component will be given by the
irreducible bias errors given in Table 2.1.

Illumination of the particles and recording of their images

For the illumination of the particles we used laser light sources. The motivation
for using such light sources is not the coherence of the light beam (as it is required for
Laser Doppler Velocimetry or Doppler Global Velocimetry for example), but mainly
the convenience to reshape a high energy collimated beam into a light sheet. In our
low speed water flow described in Section 2.4.1, a high power continuous laser has been
used and the recording time was controlled by the electronic shutter of the camera.
For the air flows, a pulsed laser was synchronized with the camera. We used then a
Nd:YAG laser (wavelength 532 nm), that delivers pairs of pulses (duration 5 ns), with
an energy up to 200 mJ at frequencies comprised between 8 Hz and 12 Hz.
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The laser sheet is formed using the optical arrangement shown in Figure 2.5. The
light beam is first reflected using the prism indicated as p1 in Figure 2.5 to achieve its
intersection with the nozzle axis. The beam is then focused using the spherical lens s
having a focal length of 500 mm, expanded into a light sheet using the cylindrical lens
c having focal length of 20 mm, and collimated using the spherical lens −s having a
negative focal length of −500 mm. The sheet is finally reflected downwards using the
prism p2 to illuminate the near field of the jet flow. The typical thickness of the laser
sheet is about 0.5 mm.

Figure 2.5: Optical arrangement used to reshape the laser beam into a laser sheet.

The recording of the particle images is performed using digital CCD cameras.
Thanks to the digital technique, the time needed for the recording and interrogation
of the particle images has decreased from typically two days down to a few seconds.
The initial drawback of the digital technique was the very crude spatial discretization
of the first CCD sensors compared to what was obtained on a photographic film. This
weakness has soon been compensated for by using processing techniques that will be
briefly developed in the next sections. The foundations of digital PIV were established
in the thesis work of Westerweel.8 The CCD camera that has been used for our study
is a PCO SensiCamr (Figure 2.6), having a full frame resolution of [1280×1024] px2.
The images are grabbed by a PC-mounted acquisition board driven by the program
SensiControlr at a frame rate of about 4 Hz. The active region of the CCD chipset
can be reduced to obtain a higher frame rate. The CCD chipset is cooled down by a fan,
thereby decreasing the amplitude of electronic noise and allowing a 12-bit dynamical
range for the light intensity.
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A 50 mm Nikon objective has been mostly used in this study. An opening of the
diaphragm corresponding to a f# = 4 or 5.6 has been used, depending on the flow
illumination. One or two 12 mm rings were fitted between the objective lenses and
the camera in order to reduce the focal length for the close field-of-view measurements
described in Appendix D.

Figure 2.6: CCD camera (PCO SensiCamr).

Interrogation of the particle images

When the particles seeding density is low enough, their images corresponding to
each exposure can be identified using a Particle Tracking Velocimetry algorithm.9,10 A
velocity vector can then be associated to each pair of particle images. The result of
this process is an unstructured velocity field, the data being located at the midpoints
between the particle image pairs.

In our applications a high spatial resolution is needed, so that the seeding density
is too large to obtain an unambiguous pairing of the particle images. The Particle
Image Velocimetry (PIV) technique is based on a statistical approach to obtain the
most probable displacement of groups of particles. The groups of particles are defined
by subdividing the particle images into small interrogation windows. Depending on the
recording mode (single frame with multiple exposures or multiple frames with single
exposure), the auto-correlation of an interrogation window or the cross-correlation of
corresponding windows is performed.

When permitted by the hardware, the cross-correlation technique is usually pre-
ferred for it does not produce any self-correlation peak as does the auto-correlation.
Moreover, the auto-correlation generates an ambiguity because of the symmetrical cor-
relation of the particle images illuminated at the first exposure with the particle images
illuminated at the second one, and vice-versa. Some techniques used to resolve these
issues are discussed by Raffel et al.5 The method used in this work is based on the
cross-correlation of a pair of single exposure particle images.
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A typical cross-correlation map is illustrated in Figures 2.7. The distance of the dis-
placement peak RD to the origin gives the most probable displacement of the particles
contained in the interrogation area. It can be seen that the correlation map includes
some noise. This noise is made of a mean component RC that is due to the mean
background intensity of the particle images, and a fluctuating component RF that is
mainly due to random matching of particles.

R  + R
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0

Figure 2.7: Cross-correlation map of two single exposure frames (Raffel et al.,5 by
courtesy of the authors).

2.2.2 Image processing and measurement reliability

The reliability of the measurement is mainly a function of the signal to noise ratio
(S/N) of the correlation. This S/N is commonly defined as the ratio of the amplitude
of the highest correlation peak RD by a typical noise amplitude. This noise amplitude
is here defined as the amplitude of the second highest correlation peak.

Apart from the image quality itself (contrast, number of quantization levels, uni-
formity of the light intensity), several factors are known to affect the S/N . Some
important parameters are the number of particles contained within the interrogation
windows, the in-plane and out-of-plane loss of pairs, or the presence of local velocity
gradients. A detailed analysis of these different contributions and the description of
methods meant to improve both the accuracy and the reliability are described in a
review paper by Scarano.11

We restrict here the discussion to the procedures implemented in the PIV software
used for the present work, WIDIM (WIndow Distortion Iterative Multigrid4). The
usefulness of the different features of WIDIM for our purpose will be demonstrated by
application to particle images we acquired in our jet flow.
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Iterative multigrid interrogation technique

The loss of correlation due to in-plane loss of pairs is due to the finite size of the
interrogation windows. This is illustrated in Figure 2.8(a) for a uniform displacement
of the particles.

(a) Uniform displacement. (b) Local velocity gradients.

Figure 2.8: Decrease of correlation due to in-plane loss of pairs and local velocity
gradients. The interrogation window (a) corresponds to the instant t. The window
(b) defined at t + δt covers the same area as (a). The window (b’) follows the mean
particle displacement and gradient in order to minimize the in-plane loss of pairs.

The distribution of particles images inside the same interrogation area correspond-
ing to the instants t and t+ δt are denoted as (a) and (b). It can be seen that between
these successive instants, particles that were not present in (a) have entered the interro-
gation area (b) (empty circles) and particles that were contained within (a) are outside
(b) (empty dotted circles). Only the particles indicated by dashed circles participate
constructively to the correlation. A consequence of this in-plane loss of pairs is a drop
of the signal to noise ratio, and hence of the measurement reliability, which gets worse
for increasing particle displacements. Another consequence of the finite size of the in-
terrogation window is a systematic bias of the position of the correlation peak towards
small displacements. This bias error is not related to the loss of pairs but is inherent
to the cross-correlation process performed using finite interrogation windows.12

Because of the in-plane loss of pairs, the dynamical range of the measurement is
coupled with the reliability. For a given interrogation window size Ws, we have:4

Umax − Umin

Umin

= c1/4
Ws

δt Umin

− 1 (2.3)

where Umax is the maximum measurable velocity and Umin is the minimum velocity that
can be determined out of the measurement noise level (see Section 2.2.3). The coeffi-
cient c1/4 translates the one-quarter rule of thumb formulated by Keane and Adrian.13

This empirical criterion states that the maximum displacement of the particles con-
tained within the interrogation area should not exceed one quarter of the window size
in order to minimize the in-plane loss of pairs. An equivalent criterion for the particles
motion transversely to the light sheet states that the maximum particle displacement
in that direction should not exceed one quarter of the light sheet thickness.
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Conversely, the expression (2.3) indicates that for a given time delay between the
pulses, the dynamical range can be improved by increasing the interrogation window
size Ws. The spatial resolution is therefore limited if a correct signal to noise ratio is
to be maintained.

But if we have an estimation of the mean displacement of the particles that were
contained in the interrogation window (a), we can correlate the window (a) with the
window (b’) which is the translation of (b) by this predicted displacement. The po-
sition of the correlation peak indicates the corrected displacement to be added to the
predicted one. This is the principle of the predictor-corrector approach, in which suc-
cessive iterations tend to optimize the signal to noise ratio (S/N) by compensating for
the in-plane loss of pairs. The convergence is achieved when the corrected displace-
ment goes to zero. This method allows to partly decouple the dynamical range and
the accuracy. This can only be partly, because of the effect of out-of-plane motion and
velocity gradients that are still present and deteriorate the correlation for large pulse
delays or small window sizes.

In the case of a strong local velocity gradient, the particle matching is deteriorated
unless a distortion of the second interrogation window is performed. The distortion is
done within sub-pixel accuracy, so that a resampling of the particle images is involved.
In the case of WIDIM, a first order distortion is applied, that transforms a rectangular
window into a general quadrilateral as shown in Figure 2.8(b).

The two techniques mentioned above, iterative window displacement and first order
window distortion, tend to enhance the S/N by improving the matching between the
successive particle images. These techniques can also be used to improve the spatial
resolution, since large interrogation areas are no longer required to achieve a large
S/N . An iterative refinement of the interrogation windows can be considered. We end
up with the working principle of WIDIM, illustrated in Figure 2.9: the velocity field
obtained at the iteration i on a coarse grid is used as a predictor for the determination
of the velocity field on a finer grid at the iteration i + 1. The final window size is
theoretically only limited by the minimum number of particle pairs that is required to
achieve a robust correlation, that is about ten.14

Finally, the interrogation regions can partly overlap in order to improve the spatial
resolution. Increasing the percentage of overlapping increases the number of vectors,
and decreases the distance between two measurement points. A drawback is that neigh-
boring vectors are progressively correlated with each other, so that a larger number
of vectors does not necessarily mean a better spatial sampling. A maximum of 50 %
of overlap between adjacent windows is typically considered as the largest value above
which over-sampling occurs.

The above concepts are illustrated in Figures 2.10(a)-(d) by applying WIDIM to
particle images acquired in our subsonic jet. The acquisition parameters are described
in Appendix D. Figures 2.10(a)-(d) show the velocity field obtained at each step of
a processing involving two window refinements. The corresponding vorticity has been
calculated using the 3rd order accurate Richardson scheme described in Section 2.2.4.

One can see the importance of having spatially-resolved measurements to capture
the details of the distribution of vorticity as well as the peak vorticity. This aspect
is crucial for the present purpose. It will be seen in Chapter 3 that the core of the
vortex rings encounters severe deformation due to the straining field. The best spatial
resolution is therefore needed to capture the details of this core deformation.
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Figure 2.9: Principle of the iterative multigrid window distortion technique, illus-
trated for one window refinement. (a) The predictor velocity field is calculated on a
coarse grid. (b) The interrogation windows at the instant t + δt (dashed lines) are
translated and distorted according to the predictor velocity field. (c) The windows are
refined by a factor two in each direction. (d) Calculation of the corrected velocity field
on the fine grid. The velocity field that is obtained provides the predictor of the next
iteration.
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(a) [64×64] px2 window size, no overlapping.

x (px)
y

(p
x)

0 256 512 768 1024 1280
0

256

512

768

1024
0.15

0.12

0.09

0.06

0.03

0

1

2

(b) [32×32] px2 window size, no overlapping.
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(c) [16×16] px2 window size, no overlapping.
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(d) [16 × 16] px2 window size, 50 % overlap-
ping (the vector field is undersampled by a
factor 2 in each direction for readability).

Figure 2.10: Successive velocity and vorticity fields obtained along the iteratively
refined interrogation of the particle images performed by WIDIM, for two window
refinements. The fields (a)-(c) result from the predictor-corrector approach illustrated
in Figure 2.9, without overlapping of the windows. The last field (d) is a last correction
of the field (c) without any further refinement but with a window overlapping of 50 %.
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The evolution of the peak vorticity ωpeak and mean signal-to-noise ratio S/Nmean

as a function of the final window size Ws is quantified in Figure 2.11. S/Nmean is
obtained by averaging S/N over the field. One can see that refining the interrogation
window yields increasing values of the peak vorticity of the vortices denoted 1 and
2 in Figures 2.10(a)-(d). Nevertheless, a plateau is not reached when decreasing the
window size Ws. This is due to the measurement noise that increases when the S/N
decreases. The typical threshold for the S/N below which we consider the measurement
as unreliable is about 1.5.

The choice of the final window size is thus a trade-off between the need for a
fine spatial sampling to capture the details of the vorticity field and the measurement
reliability that decreases with the number of particles contained in the interrogation
window. Figure 2.11 shows that using a window size comprised between 32 px and 40 px
yields a local convergence of the peak vorticity, and maintains simultaneously a good
average S/N . This optimal value of the final window size varies with the magnification
used to obtain the particles images in this work, but our methodology was always the
one described here.
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Figure 2.11: Evolution of the peak vorticity and S/N with the window refinement.
4 vortex 1 ; ◦ vortex 2 (see Figures 2.10(a)-(d)) ; – – S/N averaged over the field.

2.2.3 Measurement accuracy

We will not consider here systematic bias linked to technical aspects of the experi-
mental arrangement (alignment of the laser sheets, focusing of the camera, stability of
the synchronization laser-camera).

Bias error: peak-locking

The accuracy of the PIV measurement is the one with which the position of the
correlation peak RD is determined. Schemes have been developed for digital PIV in
order to find the position of the discretized correlation peak within sub-pixel accuracy.
A common method is based on the fit of the correlation peak by a known analytical
function, so that the peak maximum is obtained from the coefficients of the regression.
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Yet, there remains a spurious quantization in the determination of the displacement
peak, known as peak-locking. This typical error tends to systematically bias the es-
timation of the position of the correlation peak towards an integer number of pixels.
Peak-locking is essentially associated to a discrete window displacement, and increases
when the diameter of the particle images is smaller than two pixels, or when an inap-
propriate analytical function is chosen to fit the correlation peak.15

Its occurrence can be detected from the probability density function of one velocity
component, as seen in Figure 2.12(a). Also, the effect of such a strong peak-locking on
the vorticity field is visible along lines where the velocity components are equal to an
integer number of pixels plus half a pixel. This is illustrated in Figure 2.12(b). One
can see that in this particular case the magnitude of the vorticity due to peak-locking
is of the order of 20 % of the vortex peak vorticity. It is therefore crucial to avoid
peak-locking in our case where the accuracy of the sound prediction depends on the
one of vorticity.
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(a) Probability distribution function of the u
velocity component.
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(b) Lower contours of the vorticity field and
iso-lines u = N + 0.5 px and v = N + 0.5 px
(dotted lines).

Figure 2.12: Peak-locking phenomenon when a single discrete window offset is applied
(Gaussian interpolation scheme).

When sub-pixel window displacement/distortion of the interrogation windows is
applied, the correlation peak RD is systematically centered around the origin of the
correlation map and peak-locking is practically cancelled (provided the particle images
are correctly sampled). This is illustrated in Figures 2.13(a) and (c) for the centroid and
Gaussian interpolation schemes respectively. The difference between these two schemes
is not trivial in terms of peak locking. However, the vorticity field calculated from
the velocity field obtained using the Gaussian interpolation scheme (Figure 2.13(d))
appears much less noisy than using the centroid interpolation scheme (Figure 2.13(b)).
We use therefore the Gaussian interpolation scheme.
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(a) Probability distribution function of the
u velocity component, centroid interpolation
scheme.
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(b) Vorticity field, centroid interpolation
scheme.
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(c) Probability distribution function of the u
velocity component, Gaussian interpolation
scheme.
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(d) Vorticity field, Gaussian interpolation
scheme.

Figure 2.13: Cancellation of the peak-locking phenomenon when a sub-pixel win-
dow distortion is applied. Although both centroid and Gaussian interpolation schemes
yield apparently peak-locking free histograms, using the centroid scheme leads to sig-
nificantly more noisy vorticity fields than using the Gaussian interpolation scheme.

Random error

The velocity uncertainty is assessed on the basis of a comprehensive evaluation of the
performance of the PIV software used in this work, made by Scarano and Riethmuller.1

This evaluation was performed on the basis of the analysis of series of synthetic particle
images. A discussion of the influence of real particle image characteristics (intensity
distribution) on PIV uncertainty is given by Westerweel.16 The error on the velocity
is related to two factors:

1. The random error on the determination of the position of the cross-correlation
peak within sub-pixel accuracy. This uncertainty is mainly affected by the quality
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of the particle images (background noise level, contrast, sampling of the particle
images), and the strength of the flow velocity gradient.

Figure 2.14: Uncertainty on the displacement (Scarano and Riethmuller,1 by courtesy
of the authors), for a uniform displacement.

In absence of velocity gradient, the displacement RMS error is less than 5·10−3 px
(Figure 2.14). When a velocity gradient is present the uncertainty on the dis-
placement increases. We suppose here that the gradient can be measured, this
assumption is discussed below. The evolution of the uncertainty on the par-
ticles displacement as a function of the local displacement gradient is given in
Figure 2.15.

Figure 2.15: Uncertainty on the displacement (Scarano and Riethmuller,1 by courtesy
of the authors), in case of a local velocity gradient .
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2. The errors due to the finite dimension of the interrogation windows. This leads
to two important limitations bearing on:

• The maximum amplitude of the displacement gradient that can be mea-
sured. The algorithm used in this work applies a linear deformation of the
interrogation windows which allows the measurement of displacement gra-
dients up to 0.5 px/px.1

• The minimum measurable spatial wavelength, related to the spatial integra-
tion performed by the cross-correlation. The modulation transfer function
in Figure 2.16 indicates the PIV modulation of a sinusoidal displacement
field of wavelength Λ in function of the ratio Ws/Λ, where Ws is the final
interrogation window size. This modulation coefficient is defined as the ratio
of the amplitude of the sinusoidal displacement field used to generate the
synthetic particle images, to the amplitude of the displacement field that is
given by the PIV software.

Figure 2.16: Modulation coefficient using different window sizes and the methods
explained in Section 2.2.2 (Scarano and Riethmuller,1 by courtesy of the authors).

To summarize, the uncertainty of the PIV measurements depends on local param-
eters characterizing the particle images and the flow field. For homogeneous particle
images uniformly illuminated, the dominant factor that affects the accuracy is the
local particle displacement gradient. We therefore evaluate the accuracy of the mea-
surements for the most unfavorable case, i.e. in the core of the vortices.

It should firstly be verified that the measured particle displacement does not reach
the maximum measurable value of 0.5 px/px. This would indicate a possible truncation
of the measured displacement gradient. We show in Section 3.3.4 that the maximum
displacement gradient obtained in our case does not exceed 0.25 px/px.
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We must then check for the possible spatial filtering of the velocity fluctuation as-
sociated to the vortex. Figure 2.16 indicates the modulation coefficient as a function of
the wavelength of the velocity fluctuation in the vortex core. Typically in our measure-
ments the ratio Ws/Λ is about 0.1. We find from Figure 2.16 that the corresponding
modulation coefficient is about 97 %. Please note that this 3 % bias does only affect
the extrema of the velocity at the edge of the vortex core.

The uncertainty on the particle displacement can finally be evaluated using the
results indicated in Figure 2.15. It will be shown in Chapter 3 that given the displace-
ment gradient encountered in the vortex cores, the maximum absolute uncertainty on
the measured displacement is about 0.05 px. Combined with a maximum particle dis-
placement of about 10 px, we find using the expression (2.3) a dynamical range of
about 200, i.e. a range of displacements extending over 2.3 decades can be measured.

2.2.4 Post-processing of the velocity fields

The post-processing steps that are required to obtain a sound prediction from the
PIV data are described in Section 4.5.4. These involve the automatic detection of the
pairing vortices from the velocity fields (see Section 2.3) and the calculation of the
vorticity field.

Computation of the vorticity field

Two different approaches have been tested for the calculation of the vorticity from
the velocity fields. The first one is based on finite difference schemes, for which the
truncation error is well known, but that are also known to amplify the measurement
noise.17 The second approach is aimed at reducing high frequency noise, and is based
on the local fit of the velocity field by means of analytical functions.

Two centered finite difference schemes have been tested: the 2nd order accurate
scheme

df

dx

∣∣∣∣
i

' fi+1 − fi−1

2∆x
(2.4)

(where ∆x is the regular mesh sampling) and the 3rd order accurate Richardson scheme

df

dx

∣∣∣∣
i

' −fi+2 + 8fi+1 − 8fi−1 + fi−2

12∆x
. (2.5)

Richardson’s scheme is more accurate than the 2nd order scheme, but amplifies more
the noise in the data.5

The method based on the analytical fit, aimed at reducing the relative importance
of noise in the integration, is inspired from the work of Fouras et al.18 The coefficients
ui and vi of the polynomials

u(x, y) = u1 x2y2 + u2 x2y + u3 xy2 + u4 xy + u5 x2 + u6 y2 + u7 x + u8 y + u9

v(x, y) = v1 x2y2 + v2 x2y + v3 xy2 + v4 xy + v5 x2 + v6 y2 + v7 x + v8 y + v9

are least-square fitted using a sub-grid pattern of the velocity field (u, v). The level of
smoothing is given by the number and the spatial arrangement of the grid points that
are used for the least-square fit.
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(a) χ2
13 fit. (b) χ2

21 fit.

Figure 2.17: Grid patterns used for the calculation of the vorticity with the χ2

method. • point at which the derivative is computed and used for the fit ; ◦ point used
for the fit.

The derivative of the data is then calculated from the analytical derivative of the
fit function. The 13 and 21 points stencils (Figures 2.17(a)-(b)) have been tested, the
corresponding data fitting are referred to as χ2

13 fit and χ2
21 fit. The transmission of the

velocity uncertainty towards the vorticity using these methods is discussed by Fouras
et al.18

Figures 2.18(a)-(d) show that the finite difference methods provide vorticity fields
with more noise than using the polynomial fitting schemes. In counterpart, the peak
vorticity obtained using the fitting method is seen to be truncated compared to the
vorticity fields obtained with the finite differences.

In our case the vorticity is integrated in space to obtain a prediction of the radiated
sound field (Chapter 4), so that the relative uncertainty on the result decreases as

√
N ,

if N is the number of points concerned by the integration. Therefore, we have preferred
the more accurate 3rd order Richardson’s scheme (2.5) for the sound prediction.

The propagation of the absolute uncertainty from the velocity towards its derivative
is given by Raffel et al.:5

εdu/dx = 0.95
εu

∆x
(2.6)

where εu is the absolute uncertainty on the velocity and ∆x is the regular mesh sam-
pling. This evaluation of the uncertainty is based on the assumptions that neighboring
velocity vectors are independent of each other.

The χ2
13 scheme has been applied to the focused PIV acquisitions that were used

to characterize the initial conditions (see Appendix D). Using the results of Fouras
et al.,18 we verified that the fine spatial sampling of the vortices obtained for these
measurements guarantees that the vorticity peak is not truncated.
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2.3 Wavelet-based coherent structure

eduction∗

2.3.1 Introduction

This section is dedicated to the post-processing technique that has been developed
to automatically detect vortices in PIV fields. The primary aim of this technique was to
provide the coordinates of the vortex cores that are needed for the sound prediction (see
Section 4.5.4). However, we developed a more sophisticated method than was strictly
needed for this purpose. An algorithm has been developed to automatically detect
and characterize coherent structures from a general two-dimensional, two-components
(2D-2C) velocity field. Its characteristic feature is the ability to automatically locate
and determine the core size of the coherent structures contained in the velocity field.

The investigation of coherent structures is a challenging task, mainly because of
the difficulty to define them. For Hussain20 a coherent structure is a large-scale turbu-
lent fluid mass with spatially phase-correlated vorticity. Robinson21 defines a coherent
structure as a three-dimensional region of the flow over which at least one fundamental
flow variable (velocity component, density, temperature, etc.) exhibits significant cor-
relation with itself or with another variable over a range of space and/or time that is
significantly larger than the smallest local scales of the flow. As mentioned by Robin-
son21 himself, such a definition may be preferred or criticized for its generality. In a
previous paper, Robinson et al.22 proposed moreover a more restrictive and pragmatic
definition: A vortex exists when instantaneous streamlines mapped onto a plane normal
to the core exhibit a roughly circular or spiral pattern, when viewed in a reference frame
moving with the center of the vortex core. Farge23 depicts a coherent structure as the
condensation of the vorticity field into organized patterns, which contain most of the
energy — or enstrophy in dimension two — of the flow.

Although these proposals are quite general and sometimes vague, some redundant
characteristics emerge:

• Coherent structures seem to be associated to a portion of fluid animated by some
vortical (swirling) motion.

• Coherent structures have a certain spatial extent.

• The spatial structure of coherent structures has a certain lifetime.

• Coherent structures are energetic.

Another factor that governs the definition adopted for coherent structures is the
amount of data that is available to the experimentalist / numericist. Exhaustive data
as provided by numerical simulation (DNS or LES) are extremely useful in order to
test and compare the results obtained by different detection algorithms.24 When the
data is reduced to a few variables contaminated by experimental or numerical noise,
the accuracy of the only flow data that is available becomes a crucial issue, and the use
of more or less ad-hoc thresholds is often necessary. The robustness of the algorithm
with respect to a variation of the thresholds is an important quality factor.

∗This Section is a summary of lecture notes by Schram19 in which further details can be found.
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The present method has been developed to take advantage of the vorticity fields
calculated from the PIV data, but the generalization to any 2D-2C velocity field data
is straightforward. One of the most demanding constraint is the robustness of the
detection regarding the noise in the vorticity field. This noise can be due to PIV
uncertainty, or to the presence of erroneous vectors that induce locally strong peaks of
vorticity.

A major problem encountered when searching for coherent structures is the dis-
crimination between swirling and shearing motion in quasi-parallel flow as boundary
or shear layers. Methods to distinguish between shearing and swirling motion have
been devised, based on topological or dynamical approaches. Some of these methods
are discussed below.

The wavelet transform has been first introduced for the study of turbulence by
Farge,23,25 who provides a comprehensive introduction of the different wavelet trans-
forms and of their applications in two-dimensions. Kailas and Narasimha26 used the
two-dimensional Marr wavelet to digitally filter the coherent structures visualizations
done by Brown and Roshko.27 Recently, Camussi28 used the property of the one-
dimensional wavelet transform to detect coherent structures from PIV velocity fields.
The originality of our approach stands in the fact that the properties of the two-
dimensional wavelet transform are used to automatically detect and quantify the size
of the coherent structures embedded in PIV fields. The method depicted below is more
extensively described by Schram.19

2.3.2 Continuous wavelet transform

Wavelets are localized wave-like functions satisfying a number of mathematical
properties that make them well suited for the extraction of localized information em-
bedded in a signal. The approach that is adopted is conceptually inspired by Farge23

and subsequent works of the same group.25,29

The wavelet transform of a n-dimensional function f is obtained by computing the
convolution:

f̃(l,x′) =
〈
Ψl,x′

∣∣ f
〉

=

∫

Rn

f(x) Ψ∗
l,x′(x) dnx (2.7)

where the superscript ∗ indicates the complex conjugate operator. The function Ψl,x is
a member of the wavelet family obtained from the parametrization of a mother wavelet
Ψ(x) by the dilation parameter l and translation parameter x′:

Ψl,x′(x) = l−n/2 Ψ

(
x− x′

l

)
. (2.8)

In the present case the vorticity field is of course real valued, as well as the chosen
wavelet family that is described below.

It is often said that the wavelet transform can be regarded as a mathematical
microscope: the portion of the signal that is viewed is determined by the translation
x′ and the magnification of the lens is given by l.

The determination of the range of values taken by the parameters l and x′ depends
on the aim pursued. The purpose is here the analysis of a signal in a view to the
localization and sizing of coherent structures. We use the continuous wavelet transform,
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in which the parameters l and x′ may vary continuously in their respective intervals
]0,∞[ and ]−∞,∞[.

The shape of the mother wavelet Ψ(x) is usually chosen having a rough idea of
the pattern associated to the event that is searched for in the signal. In addition, the
mother wavelet must respect an admissibility condition:23

∫

Rn

∣∣∣Ψ̂(k)
∣∣∣
2

|k|2 dnk < ∞ (2.9)

where Ψ̂(k) is the Fourier transform of the mother wavelet Ψ(x), k being the wavenum-
ber. If Ψ(x) is integrable, the admissibility condition implies that is must have a mean
value equal to zero: ∫

Rn

Ψ(x) dx = 0 . (2.10)

This property is the minimum constraint that a wave-like function must satisfy in order
to be used as a wavelet.

2.3.3 Discrimination between swirling and shearing motion

The signal we analyze with the wavelet transform must be suitable to highlight
as unambiguously as possible the presence of coherent structures. The instantaneous
squared vorticity field ω2(x, y) is used as an indicator function. Taking the square of
the vorticity field increases the signal-to-noise ratio of the energetic coherent structures
with respect to the background noise. The drawback is that vorticity is associated not
only to swirling vortices but also to shearing motion. This problem can be overcome
using local topological criteria.

Approaches based on the analysis of the velocity gradient tensor have been proposed
in the literature, commonly called the Q criterion,30 the λ2 criterion31 and the D
criterion.32 These local methods allow to determine the local topology (saddle point,
focus...) around a given critical point of the flow field.

To be applicable these methods require the knowledge of the three components
(u, v, w) of the velocity field and of their variations in the three directions (x, y, z).
Because of the limited information provided by 2D-2C PIV, the two-dimensional sim-
plification of the criterion based on the relationship between the parameter:†

λ2 =

(
∂u

∂x

)2

+

(
∂v

∂x

)(
∂u

∂y

)
(2.11)

and the pressure has been used. Jeong and Hussain31 showed that the parameter λ2

should have a negative value in the core of the coherent structure. It should be remem-
bered that the expression (2.11) is only correct if the flow is locally two-dimensional
and aligned with the measurement plane. If this assumption cannot be verified, the λ2

criterion might erroneously indicate the presence of a vortex (or its absence) because
of the missing components of the full velocity gradient tensor.

†λ2 is the second eigenvalue of the tensor S2 + Ω2 where S =
1
2

(∇v + (∇v)T
)

and Ω =
1
2

(∇v − (∇v)T
)
.
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2.3.4 Practical implementation

In what follows, the implementation of the vortex detection algorithm is developed
and illustrated by application on a synthetic velocity field.

Choice of the mother wavelet

We assume that the distribution of vorticity over a cross-sectional area of a vortex
can be approximated by a Gaussian distribution. Such a shape characterizes the solu-
tion of the Navier-Stokes equations known as the Oseen vortex. This corresponds to a
distribution of vorticity initially concentrated on a rectilinear line and that diffuses for
increasing time under the action of viscosity. On the basis of this a priori assumption
for the shape of the searched coherent structures, the two-dimensional Marr wavelet
has been selected as a mother wavelet:

Ψ(x, y) =
(
2− x2 − y2

)
exp

(
−x2 + y2

2

)
(2.12)

This wavelet, also called Mexican Hat wavelet (Figure 2.19), exhibits a positive Gaus-
sian like central peak surrounded by a negative valued annulus ensuring the admissi-
bility condition (2.10).

Figure 2.19: Two-dimensional isotropic Marr (Mexican Hat) wavelet Ψ(x, y).

The wavelet family is written:

Ψl,x′,y′(x, y) =
1

l

[
2−

(
x− x′

l

)2

−
(

y − y′

l

)2
]

exp


−

(
x− x′

l

)2

+

(
y − y′

l

)2

2




and the wavelet transform of the enstrophy field is calculated by:

ω̃2(l, x′, y′) =

∫∫

R2

ω2(x, y) Ψl,x′,y′(x, y) dxdy . (2.13)
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Synthetic velocity field

The detection procedure is illustrated using a synthetic velocity field as input. The
mesh extends from -1 to 1 in both x and y directions with a spatial resolution equal to
0.01. The corresponding size of the velocity field is [201×201] vectors. This represents
the order of magnitude that is typically obtained using PIV. Three Oseen vortices
are placed on this mesh. The angular velocity and vorticity induced by each of these
vortices can be written in polar coordinates:

vθ(r) =
Γ

2πr

[
1− exp

(
− r2

2σ2

)]
(2.14)

ω(r) =
Γ

2πσ2
exp

(
− r2

2σ2

)
(2.15)

where Γ is the vortex circulation, and σ is related to the core radius. Concerning the
size of the vortex, we adopt a commonly used convention that defines the radius of the
vortex core σc as the radial location corresponding the maximum azimuthal velocity
(Figure 2.20).

To quantify the dimension of this region, we derive the extremum of the tangential
velocity (2.14), which leads to the equation

exp

(
− r2

2σ2

)
=

σ2

r2 + σ2

and by numerical resolution we obtain the core diameter σc as a function of σ:

σc ≡ r(vθ = vθ,max) = 1.585 σ . (2.16)
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Figure 2.20: Profiles of vorticity and azimuthal velocity for the Oseen vortex. —
azimuthal velocity ; – – vorticity.
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The parameters and positions of the three Oseen vortices in the synthetic field are
indicated in Table 2.2. A hyperbolic tangent shear layer along the x direction is added
at the coordinate y = −0.5 in order to assess the ability of the λ2 criterion of Jeong
and Hussain31 to discriminate between swirling and shearing motion:

ushear(x, y) = 3 tanh[20 (y + 0.5)] (2.17)

Table 2.2: Parameters of the Oseen vortices used for the generation of the synthetic
velocity field (Figure 2.21).

x y Γ σ σc

Vortex 1 -0.5 0.5 1 0.05 0.08

Vortex 2 0.5 0.5 2.25 0.075 0.12

Vortex 3 0 0 2 0.05 0.08

The synthetic velocity field obtained by summing the contributions of the three
vortices and of the shear layer is shown in Figure 2.21.

x

y

-1 0 1
-1

0

1

Figure 2.21: Synthetic velocity field obtained from the superposition of the three
Oseen vortices (Table 2.2) and of the shear layer (2.17).
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The vorticity field calculated using the 3rd order accurate Richardson scheme (Sec-
tion 2.2.4) is shown in Figure 2.22. The enstrophy field is shown in Figure 2.23.

Figure 2.22: Synthetic vorticity field
ω(x, y).

Figure 2.23: Synthetic enstrophy field
ω2(x, y).

Selectivity in space and scale

In Figures 2.24(a)-(c) the wavelet transform of the enstrophy field ω̃2(l, x′, y′) (right
column) is represented as a function of the scale l of the analyzing wavelet Ψl,x′,y′(x, y)
(left column). It can be seen that the wavelet transform exhibits peaks at the positions
of the vortices and of the shear layer, illustrating the property of selectivity in space.

The selectivity in scale is illustrated in Figure 2.25, where the value ω̃2(l, x′, y′)
of the wavelet transform at the positions of the vortices (x′, y′) = (x, y)vortex 1, 2 and 3

(indicated in Table 2.2) is plotted as a function of the scale l.
It can be seen that the coefficient of the wavelet transform reaches a maximum for

each of the three vortices. Moreover, the proportionality factor between the vortex
size and the wavelet scale is independent of the amplitude of the vortex. To establish
the relationship between the vortex core radius σc and the scale l of the wavelet that

maximizes the transform, we calculate the coefficient ω̃2(l, x′, y′) for the particular case
that the wavelet is centered on the Oseen vortex. This is easily calculated in polar
coordinates:

ω̃2(l) =

2π∫

0

∞∫

0

Γ2

4π2σ4
exp

(
− r2

σ2

)
1

l

(
2− r2

l2

)
exp

(
− r2

2l2

)
r drdθ .
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(a) l = 0.06

(b) l = 0.13

(c) l = 0.21

Figure 2.24: Continuous wavelet transform of the enstrophy field ω̃2(l, x′, y′) (right
column) for increasing values of the dilation parameter l used to generate the wavelet
Ψl,x′,y′(x, y) (left column).
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l

〈Ψ
l
|ω

2
〉

0 0.05 0.1 0.15 0.2 0.25 0.3
0

2500

Figure 2.25: Selectivity in scale of the continuous wavelet transform ω̃2(l, x′, y′) in
Figure 2.23. ¤ (x′, y′) = (−0.5, 0.5) ; ◦ (x′, y′) = (0.5, 0.5) ; 4 (x′, y′) = (0, 0).

Taking into account
∞∫

0

rm exp
(−ar2

)
dr =

γ
(

m+1
2

)

2a
m+1

2

where γ is the Gamma function defined as

γ(n) ≡
∞∫

0

tn+1 exp(−t) dt for n > 0

we obtain:

ω̃2(l) =
2Γ2l3

πσ2 (2l2 + σ2)2 . (2.18)

Expressing the cancellation of the first derivative of (2.18) with respect to l, and taking
into account the relation between the vortex core radius σc and σ, we find the linear
relationship between the Oseen vortex radius σc and the scale l that maximizes the
wavelet transform of its squared vorticity field:

σc = 1.294 l . (2.19)

Taking into account Nyquist’s sampling criterion, we found that the minimum scale l
that guarantees a correct sampling of the corresponding wavelet Ψl,x′,y′(x, y) on a grid
with regular mesh size ∆x = ∆y is:

lNyquist = 1.5 ∆x . (2.20)

Using (2.16) and (2.19), we obtain the minimum size of the detectable vortices as a
function of the mesh sampling:

σNyquist = 1.22 ∆x (2.21)

σc,Nyquist = 1.94 ∆x (2.22)

If the grid increment is not the same in both x and y directions, the minimum of ∆x
and ∆y is to be considered.
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Hence, determining the coordinates (x′, y′) and the scale l of the local maxima in the

three-dimensional matrix ω̃2(l, x′, y′) allows us to localize the vortices contained within
the enstrophy field and to determine their size. The minimum and maximum radius
σc,min and σc,max of the vortices to detect are entered by the user and the corresponding
wavelet scales are calculated by the program using (2.19). It can be argued that
the above relationships have been derived assuming that the searched vortices are
characterized by an Oseen-like vorticity pattern, thereby restricting the generality of
our approach. However, a Gaussian distribution of vorticity is a good approximation
in our applications.

The outputs of the detection algorithm are the vortex cores coordinates (x, y),
radius σc and circulation Γc. The circulation Γc is obtained by integration of the
vorticity over the circular region of radius σc. In the case of the Oseen vortex, the
circulation comprised in this area amounts to 71 % of the total circulation Γ.

Remark on the chosen wavelet An intrinsic feature of the present method is
the isotropic character of the wavelet used. As a result, the size of the vortices indi-
cated is averaged over all directions, providing no information on the ellipticity nor
the orientation of the vortex cores. A way to overcome this limitation would be to
use an anisotropic mother wavelet and to include an angular parameter when creating
the wavelet family, as originally specified by Farge.23 However, the additional cost in
CPU time and memory associated with the computation of a four-dimensional wavelet
transform and extraction of its local maxima led us to disregard this more sophisticated
option.

Practically, three thresholds have to be provided by the user in addition to the min-
imum and maximum radii σc,min and σc,max of the cores of the vortices to be detected.
The first threshold bears on the minimum energy of the structures to be detected. The
two others are meant to discriminate between swirling and shearing motion, and will
be described in the next Section. The algorithm proceeds by an iterative identification

of the local maxima of the three-dimensional wavelet transform ω̃2(l, x′, y′), from the
largest value of the transform down to a lower bound that corresponds to the least
energetic vortices. For convenience, this first threshold is specified by the user as a
typical peak vorticity ωthresh that can be determined on the basis of a sample vorticity

field. The program converts ωthresh into a threshold ω̃2(l, x′, y′) on the wavelet trans-
form using the calibration law (2.18) where the circulation Γ = 2π ωthresh σ2 according
to the Oseen vorticity distribution (2.15). The values of σ and of the wavelet scale l
corresponding to the specified minimum vortex size σc,min are considered.

Discrimination between swirling and shearing motion

Figure 2.26 shows the distribution of −λ2 calculated from the synthetic velocity
field using the same differentiation scheme as for the vorticity. According to Jeong and
Hussain,31 regions where −λ2 is positive should indicate a vortex core. It can indeed be
seen that −λ2 is slightly negative at the localization of the shear layer, while it exhibits
comparatively large positive values at the positions of the vortex cores. The second
threshold to be entered by the user is therefore a maximum value λ2,thresh allowed for
λ2, defined on the basis of a sample λ2 field.
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Figure 2.26: Synthetic −λ2 field.

When no assumption can be made on the two-dimensionality of the flow, another
criterion is used to disregard shear layers. It is simply based on the intuitive idea
that the distribution of vorticity in a plane roughly perpendicular to the axis of a
vortex exhibits an isotropic Gaussian-like pattern, while a shear layer will appear as a
non-isotropic, elongated distribution of vorticity. It will be shown in Section 2.4 that
this assumption is useful in our applications. Based on this morphological concept, a
coefficient translating the “likeness” of the candidate vortex pattern with an isotropic
Gaussian pattern is calculated:

α(l, x′, y′) ≡ ω̃2(l, x′, y′)max

ω̃2(l, x′, y′)th

(2.23)

where ω̃2(l, x′, y′)max is the maximum wavelet coefficient at this location, and

ω̃2(l, x′, y′)th is the theoretical value that the wavelet transform would have if the de-
tected structure was an Oseen vortex with a core radius corresponding to the wavelet
scale l. The threshold αthresh bearing on the local value of the coefficient α can be
regarded as complementary of the λ2,thresh in cases where the local two-dimensionality
of the flow cannot be assessed.

To summarize, the vortex detection algorithm accepts the vortical structures that

correspond to a local maximum of the wavelet transform ω̃2(l, x′, y′), and for which the
conditions 




ω̃2(l, x′, y′) ≥ ω̃2(l, x′, y′)thresh

λ2(x
′, y′) ≤ λ2,thresh

α(l, x′, y′) ≥ αthresh

are simultaneously satisfied.
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2.4 Applications

The first test case studied is a starting jet flow. The second case is a backward-facing
step flow. The starting jet flow has been investigated for the relatively simple distri-
bution of vorticity that it generates. This example is shown here to demonstrate the
ability of our vortex detection algorithm to continuously detect the core of a convecting
vortex ring measured by temporally-resolved PIV series. The detection of vortices in
the backward-facing step flow presents another challenge, with regard to the complex-
ity of this recirculating flow and the wide range of size, strengths and orientations of
the coherent structures. The results presented below for this second application are
meant to illustrate the suitability of the vortex detection method for the purpose of a
fundamental study of turbulence and coherent structures.

2.4.1 Vortex ring evolution in an impulsively started jet∗

In the following example a relatively simple flow case is treated, in which the distri-
bution of vorticity consists in a unique axisymmetric vortex ring. PIV measurements
have been performed in a water flow to obtain a reasonably high Reynolds number
(O(103)) at low velocity. Therefore, temporally-resolved series of measurements could
be obtained using a standard CCD camera. Further details on this application are
discussed by Schram and Riethmuller.33

Experimental facility

The setup has been designed to ensure a constant flow rate once it has been initiated.
As can be seen on Figure 2.27, this is achieved using two overflow devices and a pump.

Figure 2.27: Experimental setup used to generate the starting jet flow.

∗Summary of paper “Vortex ring evolution in an impulsively started jet using digital particle image
velocimetry and continuous wavelet analysis” by C. Schram and M. L. Riethmuller.33
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The height of the driving water column remains constant as soon as the flow rate of
the pump exceeds the flow rate entering the test section, which remains thus constant.
The test section consists in a squared section tank (cross section equal to (0.15 ×
0.15) m2), filled with water initially at rest. A circular pipe opens at one extremity
into one face of the tank, and at the other extremity is connected to a driving tank
placed approximately 2 meters above the test section tank.

The outlet of the driving tank is initially closed by a guillotine valve. When this
valve is quickly removed, a slug flow enters into the test section and gives rise to the
formation of a vortex ring. The inner diameter of the inlet pipe is D = 0.038 m, and
the steady state inlet velocity is equal to U0 = 0.065 m/s. The steady state Reynolds
number is ReD = U0D/ν ' 2500 for a kinematic viscosity ν = 10−6 m2s−1 of water at
20 Celsius degrees.

Since the flow is not provided through the mechanical discharge of a piston but of a
column of water, the flow is not strictly speaking impulsively started, as can be seen on
Figure 2.28 representing the streamwise component of the velocity on the centerline at
the inlet of the test section. The steady state inlet velocity U0 is achieved after 1.5 s.
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Figure 2.28: Inlet velocity history.

PIV setup and processing

Neutrally buoyant polyamide particles with a mean diameter equal to 25µm have
been used. A stable concentration of these particles is obtained after more or less
15 minutes of water recirculation. Their illumination is provided by an Argon-Ion laser
sheet located in the mid-plane of the test section.

Time series of the particle images are acquired by a standard CCD camera (Sony
Hi8 HandyCamr model CCD-V800E) at the video frame rate of 25 Hz (integration
time 1/2500 s) on a Hi8 video tape. The recordings are digitized using an PC-mounted
acquisition board to [768× 576] px2 images. The field of view of the camera comprises
an area extending five diameters downstream of the jet exit and two diameters around
the jet centreline.
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The parameters of the PIV processing (chosen to privilege the best signal-to-noise
ratio rather than the best resolution) are summarized in Table 2.3.

Table 2.3: Parameters of the PIV acquisition and processing.

Acquisition parameters

Field of view x ∈ [0D, 5D] ; y ∈ [−2D, 2D]

Image size [768× 576] px2

Calibration 0.2782 mm/px

Frame separation 40 ms

Processing parameters

Sub-pixel interpolation Gaussian

Final window size [12× 12] px2

Window overlap 50 %

Final number of vectors [127× 95]

Spatial resolution 1.67 mm ∼ D/23

Figure 2.29 shows a typical velocity field, with dimensional coordinates. The origin is
located on the centerline in the nozzle outlet plane.
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Figure 2.29: Typical velocity field obtained with the PIV parameters of Table 2.3.
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Vortex detection

An example of detection of vortices is shown in Figure 2.30. The vorticity ω is nor-
malized by the mean vorticity shed in the shear layer SM . The mean shear SM = 8.5 s−1

has been computed from the mean velocity profile in the shear layer of the starting jet
at the position x = 0.5D, the average being performed over times subsequent to the
passage of the leading vortex ring at that position.

Four vortices have been detected, corresponding the upper and lower branches of
two ring vortices formed by the jet. The dashed circles have a radius equal to σc,
indicating the dimension of the cores as defined by (2.16).

Figure 2.30: Example of vortex detection (the velocity field is undersampled by a
factor 2 in each direction for readability).

Figure 2.31 represents the velocity and vorticity fields at the successive instants
t = 1 s, 2 s, 3 s, 4 s, 5 s and 6 s (t = 0 s corresponding to the initial growth of the
inlet velocity profile), sampled from the 160 velocity fields that have been analyzed.
The coordinates are non-dimensionalized by the inlet diameter D. Two stable ring
vortices have been followed, their trajectories are symbolized by symbols on Figure 2.31.
The first one is the expected leading vortex. A trailing vortex ring emerges from the
downstream end of the shear layer. It has a smaller diameter and is less stable than the
leading ring, but much more stable than the vortices that will later emerge from the
turbulent shear layer. This flow pattern is very similar to the one previously observed
in a study by Gharib et al.34 of the process of vortex ring formation.

The continuous detection of the leading vortex along its evolution is an assessment
of the robustness of our method. Also, the fact that the secondary vortex is not
detected until it has detached from the shear layer confirms the ability of the method
to discriminate between shearing and swirling motion. Further results concerning the
characteristics of the vortex cores are discussed by Schram and Riethmuller.33
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2.4.2 Coherent structure eduction in a backward facing step
flow∗

The flow configuration investigated in this case is the backward-facing step flow.
The complex recirculating flow pattern that characterizes this configuration has been
for many years the subject of experimental and numerical studies. This flow is char-
acterized by a complex turbulence that develops in the recirculating region past the
step.36,37 It is therefore a generic configuration and a demanding test case for numerical
simulation.

The shear layer that is shed from the step corner contributes to an important extent
to the generation of coherent structures. However, by opposition to the case of the free
shear layer flow that is characterized by a convective type of instability, the shear layer
in the backward-facing step flow is perturbed in a quasi-random fashion by the vortices
that progress upstream in the recirculation bubble. Moreover, the two-dimensional
character of the shear layer is lost as soon as three step heights downstream of the
edge,36 giving rise to complex three-dimensional vortex interactions. For these reasons,
the backward-facing step flow is an interesting benchmark for both the PIV technique
and the vortex detection algorithm, allowing to assess their ability to quantify a wide
variety of vortex scales, strengths and orientations.35

Experimental setup and measurements

The experimental investigation is performed in a low speed wind tunnel with a
1 meter long squared test section. The air flow is supplied to the settling chamber by
a centrifugal blower driven by a frequency regulated 0.7 kW asynchronous motor. The
area ratio of the two-dimensional contraction that leads from the settling chamber to
the (0.2× 0.2) m2 test section is approximately equal to 5.5.

Figure 2.32: Experimental setup test section.

The test section is divided in two parts by a horizontal Plexiglas plate, forming a
(0.2 × 0.08) m2 duct section upstream of the step (Figure 2.32). The step height h is
equal to 0.02 m. The expansion ratio, defined as the ratio of the test section height
past the step Ly to the height upstream, is equal to 1.25.

∗Summary of paper “Wavelet based coherent structure eduction from a backward facing step flow
investigated with particle image velocimetry” by C. Schram, P. Rambaud and M. L. Riethmuller.35
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The aspect ratio (ratio of the spanwise test section dimension Lw to the step height
h) is equal to 10 which is the inferior limit to consider the flow as statistically two-
dimensional in the centerplane according to De Brederode and Bradshaw.38

The value of the inlet velocity in the potential flow region, upstream of the step is
U0 = 3.8 m/s, giving a Reynolds number Reh = U0h/ν ' 5100. In order to guarantee
the independence of the inlet flow with respect to uncontrolled parameters (tempera-
ture, noise, oil particles deposits...), the transition of the boundary layer is triggered
at the leading edge of the Plexiglas plate by 10 cm of rough sandpaper.

A double pulsed Nd:YAG laser providing up to 200 mJ per pulse (pulse duration
' 5 ns) is used to illuminate a thin vertical sheet of the flow in the mid-plane of the
test section. The flow is seeded at the entrance of the centrifugal blower by 1 µm oil
particles obtained by evaporation over a heated plate and re-condensation. The particle
images are recorded using a 12-bit fan-cooled digital PCO SensiCamr camera, having
a full frame resolution equal to [1280× 1024] px2. A 50 mm Nikon objective was used,
with an f-number f# = 4.

Series of 32 pairs of images are grabbed by an acquisition board mounted on a PC
with the SensiControlr software at a frame rate of 4.1 Hz. The samples are hence
uncorrelated from each other.

Five campaigns of PIV measurements have been performed, covering the field of
view indicated in Figure 2.33. For each series, 1024 pairs of images have been acquired
according to the parameters indicated in Table 2.4.
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Figure 2.33: PIV measurement zones.
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Table 2.4: Parameters of the PIV processing.

Zones 1 – 3 Zone 4 Zone 5

x : 4.2 h x : 1.7 h x : 1.7 h
Field of view

y : 3.4 h y : 1.4 h y : 1.4 h

Image size [1280× 1024] px2 [1280× 1024] px2 [1280× 512] px2

Calibration 0.066 mm/px 0.027 mm/px 0.027 mm/px

Pulse separation 150 µs 150 µs 120 µs

Nbr of samples 1024 1024 1024

Final window size [12× 12] px2 [16× 16] px2 [16× 16] px2

Sub-pixel scheme Gaussian Gaussian Gaussian

Window overlap 50 % 50 % 50 %

Nbr of vectors [212× 169] [159× 127] [159× 63]

Spatial resolution 0.4 mm ' h/50 0.22 mm ' h/92 0.22 mm ' h/92

Incoming flow

The characteristics of the incoming boundary layer at x = −0.5 h have been ob-
tained from our PIV measurements. The dimensionless longitudinal mean velocity
profile U(y)/U0 is shown in Figure 2.34(a). The boundary layer thickness is equal to
δ99,−0.5 h ≡ y(U = 0.99 U0) = 1.3 h. The displacement thickness δ∗

δ∗

h

∣∣∣∣
−0.5 h

=
1

h

∫ ∞

0

(
1− U

U0

)
dy = 0.189

and the momentum thickness θm

θm

h

∣∣∣∣
−0.5 h

=
1

h

∫ ∞

0

(
1− U

U0

)
U

U0

dy = 0.137

have been calculated from the PIV data. This yields a shape factor H = δ∗/θm = 1.38,
which indicates a fully developed turbulent boundary layer.

The longitudinal component of the turbulence intensity TIu = 〈u′2〉1/2
/U0 (Fig-

ure 2.34(b)) reaches a maximum value of 12 % at y = 0.05 h, and is about 2 % in the

free stream flow region. The vertical component TIv = 〈v′2〉1/2
/U0 peaks at about 4 %

at a distance y = 0.3 h from the wall (see Figure 2.34(c)). The normalized Reynolds
stress −〈u′v′〉 /U2

0 reaches a maximum value of about 0.0017 at a distance of y = 0.2 h
from the wall (see Figure 2.34(d)).
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Figure 2.34: Incoming boundary layer profiles, measured at x = −0.5 h.
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Statistical analysis

The mean velocity field shown in Figure 2.35(a) is obtained by ensemble-averaging
the 1024 fields acquired one for each of the zones 1, 2 and 3. Two recirculation bubbles,
one small counter clockwise close to the lower step corner and one large clockwise can
be identified.
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Figure 2.35: Mean velocity field and corresponding streamlines (the vectors shown
are undersampled by a factor 15 in the x-direction and 2 in the y-direction for clarity).
The reattachment point is indicated in Figure (c) by an arrow.

The measurements performed in zone 4 provide a close-up of the small recirculation
bubble located in the corner formed by the step and the bottom wall (Figure 2.35(b))
and indicate that its dimensions are approximately 1 h in the downstream direction
and 0.7 h in the vertical direction.

The reattachment point can be identified in Figure 2.35(c) showing the mean ve-
locity field obtained from the measurement zone labelled 5. The location of the flow
reversal, evaluated at the first grid point from the wall is xr = 5.24 h. This value dif-
fers significantly from the one obtained by Le and Moin39 from their DNS calculation
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(xr = 6.28 h) and reported in a paper by Le et al.37 They studied the same flow at
the same Reynolds number and for similar developed boundary layer inlet conditions,
but for a slightly different expansion ratio (ER = 1.2) than in our case (ER = 1.25).
It has been previously shown that the expansion ratio is one among the many pa-
rameters (Reynolds number, inlet turbulence intensity, aspect ratio...) that affect the
position of the flow reattachment.36 But since xr is supposed to increase when increas-
ing the expansion ratio, another factor must explain the shorter reattachment length
observed here. Isomoto and Honami40 showed that the reattachment length decreases
when the free stream turbulence intensity increases. Figures 2.37(a) and (b) show
that our streamwise and wall-normal turbulence intensities exceed of about 2 % the
values obtained by Le and Moin39 in the free stream region. We suppose that this
over-compensates the lengthening effect of the higher expansion ratio.

Because of the difference between the reattachment length found in this work and
the one obtained by Le et al.,37 we compare our data with theirs by normalizing the
longitudinal position by the reattachment length. Using this normalization, an excel-
lent agreement is found between the evolution of the mean velocity profiles extracted
from our data and the data of Le et al.37 (Figure 2.36).
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Figure 2.36: Mean longitudinal velocity profiles U/U0 compared with the DNS data
of Le et al.37 (– – PIV ; — DNS) for distances x from the step normalized by the
reattachment length xr. We find xr = 5.24 h (see Figure 2.35(c)) while Le et al.37

found xr = 6.28 h for a slightly different expansion ratio.

A similar comparison of the turbulence intensity TIu and TIv profiles (Fig-
ures 2.37(a) and (b)) reveals an overall good agreement, although the turbulence in-
tensities obtained from our measurements are slightly higher in the free stream region
and slightly smaller over a region corresponding to the initial turbulent boundary layer
(1 < y/h < 2.2). In the near wall region, TIv slightly exceeds the values obtained by
Le et al.,37 in particular close to the reattachment point.

It is noticeable that, in spite of the differences concerning the turbulence inten-
sities, a remarkable agreement can be observed between the Reynolds stresses in the
turbulence production area (Figure 2.38).



52 Flow field measurement and data processing

〈u’2〉1/2 / U0

y
/h

0

1

2

3

0.20 0 0.05 0.1 0.15

x / x r
= 0.64

x / x r
= 0.96

(a) Streamwise component
〈
u′2

〉1/2
/U0.

〈v’2〉1/2 / U0

y
/h

0

1

2

3

0.05 0.150.100

x / x r
= 0.64

x / x r
= 0.96

(b) Wall-normal component
〈
v′2

〉1/2
/U0.

Figure 2.37: Mean turbulence intensity profiles compared with the DNS data of Le
et al.37 (– – PIV ; — DNS).
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Figure 2.38: Reynolds stresses profiles −〈u′v′〉 /U2
0 compared with the DNS data of

Le et al.37 (– – PIV ; — DNS).

These statistical results show that our PIV measurements are in overall good agree-
ment with the literature. In particular, the excellent agreement of the mean velocity
profile close to the step edge (see Figure 2.36) shows the possibility to measure large
velocity gradients using the window distortion technique.
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Instantaneous vorticity, enstrophy and λ2 fields

Figure 2.39(a) shows instantaneous vorticity fields obtained for each of the zones
1, 2 and 3 (dashed vertical lines indicate the limits between uncorrelated fields). One
can distinguish the shear layer shedding from the step edge, that breaks into isolated
vortices. The complexity of the flow can be appreciated looking at the variety of shapes
of the patches of vorticity. This variety is partly inherent to the complex hydrodynamic
coupling between the unstable shear layer and the unsteady separation bubble that
bounds it, and partly induced by the projection of the trace of the three-dimensional
structures in the two-dimensional measurement plane.

Positive and negative shear stress is visible at the wall downstream of the step, cor-
responding respectively to the reverse flow boundary layer in the recirculation bubble
and to the redeveloping boundary layer past the reattachment point.

The squared vorticity field (Figure 2.39(b)) provides a somewhat clearer picture of
the distribution of the most energetic structures. It can a priori be deduced from a
visual inspection of the measured vorticity and enstrophy fields that the typical large
turbulent scales have a dimension comprised between 1/10th and 1/5th of the step
height.

The λ2 field (Figure 2.39(c))provides a picture similar to the one obtained with the
enstrophy (equivalent to the square of vorticity in two dimensions), but without any
trace of the free and wall-bounded shear regions. We however notice some negative
peaks λ2 that do not correspond to large values of the enstrophy field. These regions
appear downstream of x = 3 h. This illustrates the fact that when three-dimensionality
develops, the calculation of λ2 using (2.11) can erroneously indicate the presence of a
vortex.
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(a) Vorticity field ωh/U0.

(b) Enstrophy field ω2h2/U2
0 .

(c) λ2h
2/U2

0 field.

Figure 2.39: Instantaneous fields for each of the zones 1, 2 and 3 (without threshold).
The dashed lines indicate the limits between uncorrelated fields.
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Thresholds used for the wavelet detection

The thresholds ωthresh and λ2,thresh have been determined on the basis of the stan-
dard deviations of the vorticity ω and λ2 calculated over 50 fields collected over the
measurement zones 1, 2 and 3. For λ2, only negative values have been taken into
account. It has been found that values of the thresholds equal to two times the stan-
dard deviation of each of the resulting distributions (Figures 2.40(a) and (b)) give a
good compromise concerning the number of detections and the robustness (rejection
of purely shearing motion):

ωthresh h/U0 = 2.695

λ2,thresh h2/U2
0 = −4.543

A value of 0.5 has been adopted for the shape factor αthresh for the same reason.

ω h / U0

pd
f

-10 -8 -6 -4 -2 0 2 4 6 8 10
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

(a) Vorticity.

λ2 h2 / U0
2

pd
f

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0
0

0.01

0.02

0.03

0.04

0.05

(b) λ2.

Figure 2.40: Histograms used for the setting of the thresholds ωthresh and λ2,thresh.
The values have been chosen equal to twice the standard deviation of each distribution.
This yields ωthresh h/U0 = 2.695 and λ2,thresh h2/U2

0 = −4.543.

Using these thresholds, the application of the detection algorithm on the instan-
taneous fields shown in the previous section leads to the typical result illustrated in
Figure 2.41. The circles superimposed on the vorticity field indicate the size found for
the corresponding vortices. A close-up on some of the detections is provided showing
the vorticity and velocity field. This velocity field is showed for each vortex in a frame
of reference moving with the average of the velocity calculated over the core dimension,
considered as the vortex convection velocity.
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Figure 2.41: Example of vortex detection using thresholds ωthresh h/U0 = 2.695,
λ2,thresh h2/U2

0 = −4.543 and αthresh = 0.5. The circles indicate the size of the vor-
tex cores. The detailed velocity fields that are shown for some vortices are obtained by
subtraction of the average velocity over the vortex core from the instantaneous velocity
field.
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The pattern of velocity that is thus obtained is visually inspected to verify if the
detected concentration of enstrophy actually corresponds to a swirling motion (i.e. a
vortex) and not to a shearing motion. It has been observed that most of the detected
enstrophy concentrations correspond to swirling motion. The exceptions are mainly
located at the end of the free shear layer, where the pattern of the starting vortices is
very similar to the one of the shearing motion that precedes it.

Statistics on the detected vortices

The streamwise evolution of statistical properties of the detected vortices such as
the size and the circulation have been analyzed. Figure 2.42(a) shows the probability
distribution function of the core sizes at different station for a selected thresholds set.
The core size indicated here is the core diameter Dc ≡ 2 σc, where σc is the vortex core
radius given by (2.19).
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Figure 2.42: Streamwise evolution of the characteristics of the vortices which are
detected. We observe that the distribution of vortex core size and circulation is con-
served.

The distribution of the vortex cores exhibits a sudden drop for values of Dc/h below
0.08. This value corresponds to the minimum vortex size (2.22) that can be resolved on
the present PIV mesh. It is therefore expected that vortex scales smaller than indicated
in Figure 2.42(a) are present in the flow. Moreover, it can be guessed from the shape
of the distribution that their probability is higher than the one of the structures that
could be detected from the current PIV mesh. Nevertheless, the PIV resolution chosen
in the present measurements is fine enough to capture the most energetic structures.
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Figure 2.42(b) shows the probability density function on the circulation contained
in the core of the detected coherent structures. A predominant negative sign is logically
found given the negative value of the shear layer vorticity. The breakdown of this shear
layer is the main generator of coherent structures in the backward-facing step flow.

At this point, we have to consider the dependence of the results with respect to the
values of the thresholds. On Figure 2.43, the same data fields are analyzed with a more
restrictive value of similarity factor αthresh. The resulting probability density function
is slightly lower in the higher scales, but essentially similar to the results obtained with
the original set of thresholds.
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Figure 2.43: Distribution of vortex core diameters using a more restrictive threshold
for αthresh than in Figure 2.42(a).
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The circulation and the size of the detected CS are combined on Figure 2.44 to
mimic the classical power spectrum presentation using Fast Fourier Transform. The
normalized energy based on the circulation Γc is plotted versus a normalized wave
number build as the inverse of the CS diameter Dc. In an isotropic and homogenous
turbulence this spectrum may contain an inertial regime with a decaying slope of
−5/3. For their flow computations Le and Moin39 obtained an energy spectrum for the
streamwise velocity component Euu with a slope of about −3 at the position (x = 5 h ;
y = 2.03 h). In our case, the averaged spectrum represented by the line in Figure 2.44
shows a slope about −3. It has to be noted that this result represents the ensemble of
the detected vortices in the whole flow region investigated.

Figure 2.44: Turbulence spectrum calculated on the basis of the vortex core diameters
and squared circulations of the detected vortices. The dashed line represents the slope
−3 found by Le and Moin39 at the position (x = 5 h ; y = 2.03 h).
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Finally, the ensemble average of all the samples belonging to the same class of size
and of circulation has been done. The class has been defined as Dc/h ∈ [0.08, 0.1] and
a core circulation Γc/(U0h) ∈ [−0.04,−0.02]. It can be observed in Figure 2.45 that
in spite of the intrinsic isotropy of the Mexican Hat wavelet, the ensemble average of
this particular class of vortices is found to be slightly anisotropic. This elliptic shape
might be due to a three-dimensional effect resulting of a misalignment between the
structure axis and the spanwise direction. Further post-processing would be necessary
to investigate this point.

〈ω〉
-10 -5 0

-0.1

0

0.1

x / h

y
/h

-0.1 0 0.1

-0.1

0

0.1

〈ω〉: -10 -8 -6 -4 -2 0

small ; α > 0.50 ; λ2 < -4.5
(19669 samples)

〈ω
〉

-0.1 0 0.1
-10

-5

0

Figure 2.45: Ensemble average of the vortices having a core size Dc/h ∈ [0.08, 0.1]
and a core circulation Γc/(U0h) ∈ [−0.04,−0.02] (α > 0.5 and λ2 < −4.5).
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2.5 Conclusions

A description of two-dimensional, two-components digital PIV has been given, with
emphasis put on the purpose of measuring the vorticity field of vortices. The need for
accurate velocity fields is crucial because of the spatial derivation that is involved in
the determination of the vorticity field.

The problem of centrifugation of the tracer particles in a vortex has been addressed.
We concluded that the measurement accuracy is relatively unaffected as long as enough
particles remain in the vortex core to obtain a reliable correlation. The difference of
velocity between the particles and the fluid affects mainly the radial component, and
therefore does not influence the measured value of the vorticity.

We use a PIV software based on the iterative multigrid refinement of the interro-
gation windows. The displacement and distortion of the second interrogation window
reduces loss-of-pairs. Thanks to these features a good spatial resolution and a large
dynamical range can be simultaneously obtained. Using Gaussian sub-pixel interpo-
lation of the correlation peak yields velocity fields with considerably less noise than
using the centroid scheme. This could not be predicted from the probability distri-
bution functions of the displacements which appear exempt of peak-locking in both
cases. A high spatial resolution is important for the evaluation of the peak vorticity.
The distortion of the interrogation windows allows to increase the dynamical range of
the measurement of the velocity gradients. Moreover, performing this distortion within
sub-pixel reduces the peak-locking error. For the typical gradients encountered in our
case (see Chapter 3), a dynamic range of about 2.3 decades can be expected for the
measurement of the velocity.

Two kinds of schemes for the calculation of the vorticity have been compared: fi-
nite difference and local polynomial fit. The 2nd and 3rd order accurate finite difference
schemes (2.4) and (2.5) amplify the noise contained within the velocity field. The
polynomial fitting schemes transmit less random error from the velocity field to the
vorticity field, but tend to truncate the peak vorticity. The choice between the two
approaches is mainly function of the amplitude of the measurement noise that affects
the velocity field and of the mesh sampling compared to the vortex core radius. We
chose to use the 3rd order Richardson’s scheme to determine the vorticity fields that
will be used for the sound prediction. The χ2

13 method will be used for the determina-
tion of the vortex initial characteristics. The particle images acquired in this purpose
have a sampling of the vortex core fine enough to neglect the smoothing effect of the
interpolating schemes. Those characteristics are used as input for theoretical models
of evolution of the flow.

A coherent structure detection algorithm has been developed, based on the prop-
erties of selectivity in space and scale of the continuous wavelet transform. Similar
methods have been previously applied to the analysis of the results of numerical sim-
ulations. For application to experimental data, a special attention was given to the
robustness of the procedure. Moreover, with regard to the large amount of data that
is often needed to obtain statistical convergence, the method has to be automatic. In
the present case, the function to which the continuous wavelet transform is applied is
the enstrophy fields computed from instantaneous PIV fields.

The method has been applied for the detection of vortices in two cases: time-
resolved PIV mesurements of a starting jet flow and uncorrelated PIV measurements
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of the flow past a backward facing step. Depending on the case, the temporal evo-
lution or statistical properties of the coherent structures have been derived from the
results obtained by means of the detection algorithm. It has been observed that the
assumptions made in its elaboration were valid, and that the results are robust with
respect to a variation of the thresholds that are required in the detection of coherent
structures.
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Chapter 3

Experimental study of vortex
pairing

Abstract

We describe the experimental facility that has been developed for this study. This
subsonic air jet facility allows the acoustical excitation of the jet instability and the
insertion of the tracer particles required by Particle Image Velocimetry (PIV).

The PIV acquisition system is synchronized with the acoustical excitation of the
jet. The purpose is to obtain pseudo-time resolved measurements of the periodic
flow field in a view to the prediction of the sound emitted by the vortex pairing.

The frequency fe and amplitude u′e of the excitation are optimized to obtain stable
pairing for two jet outlet velocities U0 = 5.0 m/s and 34.2 m/s. The stable pairing
that is obtained for U0 = 5.0 m/s corresponds to the jet column mode of pairing. The
relevant Strouhal number is based on the jet diameter D: SrD = 0.93. The shear
layer mode of pairing is promoted for U0 = 34.2 m/s. The corresponding Strouhal
number is based on the shear layer momentum thickness θm: Srθm = 0.013.

These two modes of pairing are compared on the basis of flow visualizations and
characterized applying the vortex detection algorithm described in Chapter 2 to the
PIV measurements.

We conclude that the vorticity patterns of the leading and trailing rings encounter
significantly different interactions for the two pairing modes considered. For the
jet column mode, the leading ring core is relatively unaffected during the complete
merging process while the core of the trailing ring is considerably strained during
its rolling around the leading ring. The mutual deformation of the cores is much
more symmetrical for the shear layer mode of pairing. The leading and trailing ring
encounter similar strong deformations.
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List of symbols

Alphanumeric symbols

D nozzle outlet diameter [ m ]

Dp seeding particle diameter [ m ]

f frequency [ Hz ]

f# f -number (ratio focal length / aperture) [ – ]

Re Reynolds number [ – ]

Sr Strouhal number [ – ]

t time [ s ]

x,y cartesian coordinates (PIV measurements frame) [ m ]

z,r polar coordinates (axisymmetric jet frame) [ m ]

u,v velocity components [ m s−1 ]

U mean velocity [ m s−1 ]

Ws final interrogation window size [ px ]

Greek symbols

∂ partial derivative

δ increment

∆ mesh size

εX random error on quantity X [ X ]

Γ circulation [ m2 s−1 ]

Γc vortex core (r ≤ σc) circulation [ m2 s−1 ]

ϕ measurement phase [ rad ]

ν kinematic viscosity [ m2 s−1 ]

σ Oseen vortex core size in (2.14) and (2.15) [ m ]

σc vortex core radius (see Figure 2.20) [ m ]

θm momentum thickness [ m ]

ω vorticity [ s−1 ]

Subscripts and superscripts

0 reference value

e acoustical excitation

max maximum value

strob stroboscopic

p particle

L leading vortex ring

M merged vortex ring

T trailing vortex ring

’ fluctuating component
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3.1 Introduction

In the previous chapter the measurement technique and the post-processing method
were described and validated by application to test cases. The present chapter concerns
the application of these tools to characterize vortex pairing in a subsonic air jet. This
detailed data will be used for the prediction of aerodynamic sound production in the
next Chapter.

This involves the measurement of the temporal evolution of the flow field. The
experimental approach is based on the control of the instability of the near-field jet
shear layer through acoustical perturbation. As it will be seen below, this allows to
fix the initial characteristics and shedding frequency of the vortex rings. The pairing
occurs then at a fixed position.

The receptivity of jet flows to small perturbations is known since a long time. The
first evidence is attributed to Leconte1 who remarked the jumping of a coal-gas flame
in response to certain notes played by a violoncello.2–4 Rayleigh5 brought a theoreti-
cal analysis of the problem of jet instability, later extensively developed by Batchelor
and Gill,6 Mattingly and Chang,7 Crighton and Gaster8 and Cohen and Wygnanski9,10

among others. When the thickness of the jet shear layer is small compared to its diam-
eter, its instability properties can be predicted using the plane mixing layer instability
theory developed by Michalke.2,11,12 For a review on shear layer instability theory, see
Ho and Huerre.13

The pairing of vortex rings has been investigated experimentally.3,4, 14–19 In par-
ticular Zaman and Hussain20,21 and Broze and Hussain22,23 determined the excitation
conditions that lead to the pairing of vortex rings in a circular jet. Zaman and Hussain20

identified two different modes of pairing corresponding to different kinds of instabilities
that occur in a jet: the so-called “jet column” mode and “shear layer” pairing mode.

In the present study a single frequency forcing has been applied to enhance the jet
column and shear layer pairing modes depending on the outlet velocity. This reduces
the jitter in the position at which the pairing occurs. Moreover, the phase of the
excitation signal has been used to obtain pseudo-time series of the evolution of the
velocity and vorticity fields during pairing. This method will be called the Stroboscopic
Particle Image Velocimetry.

The PIV data has been analysed using the vortex detection algorithm described in
the previous chapter. The purpose is the detection and characterization of the pairing
vortex rings in a view to the implementation of the PIV data in the Vortex Sound
Theory in the next chapter.

3.2 Acoustically excited subsonic air jet

facility

A subsonic jet facility has been designed and constructed at the von Karman In-
stitute for Fluid Dynamics for the purpose of the present study. The design rules that
have led to the solution illustrated in Figure 3.1 are detailed in Appendix A.
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3.2.1 Description

The air is supplied to a settling chamber by an ejector connected to a 7 bar com-
pressed air network. The settling chamber is equipped with turbulence grids and
acoustic absorption material in order to guarantee a low background noise level. Air
enters into the nozzle pipe through a honeycomb to prevent swirl. Finally, grids are
used to achieve a low turbulence level of the flow in the nozzle outlet plane. The
boundary layer at the nozzle exit has a turbulence intensity below 0.3 % in a range of
outlet velocities U0 extending from 5 m/s up to 40 m/s (see Appendix D). The nozzle
contraction (the area contraction ratio is equal to 56) follows a 7th order polynomial
law, ensuring a good compromise between the risk of separation of the laminar bound-
ary layer and the velocity non-uniformity in the nozzle outlet plane. The diameter of
the nozzle outlet is D = 0.041 m. The jet flow discharges in a semi-anechoic room
(4× 3× 4) m3 having a cut-off frequency of 350 Hz.

Figure 3.1: Acoustically excited subsonic jet facility.
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The instability of the jet shear layer is forced using a loudspeaker located on the
bottom panel of the settling chamber, on the nozzle axis of symmetry. The advantage
of this method is the amplification of the acoustical velocity that can be achieved if
the excitation frequency is tuned to a resonant mode of the nozzle. The loudspeaker
is feeded by a sinusoidal voltage, supplied through a power amplifier by a waveform
generator (Agilentr model 33120A).

The jet nozzle and some instrumentation (hot wires, light sheet optics) are shown
in Figure 3.2.

Figure 3.2: Nozzle and flow visualization instrumentation.

3.2.2 Acoustical characterization

The frequency response of the pipe nozzle system has been obtained without flow
by emitting white noise through the loudspeaker, and detecting the acoustical pertur-
bation in the nozzle outlet plane (without flow) by means of a condenser microphone
(Brüel&Kjærr model 2619). The spectrum of the voltage fluctuations is obtained
using a spectrum analyzer (Hewlett-Packardr model 35660A). The spectrum ob-
tained (in arbitrary units) is indicated in Figure 3.3.

The inner diameter of the cylindrical section upstream of the contraction is 0.3 m.
The cut-off frequency above which non-planar waves propagate in this section is
fcut-off = 0.67 kHz. The cut-off frequency calculated for the section at the end of the
contraction, with a diameter of 0.041 m, is fcut-off = 4.9 kHz.
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We observe a series of resonance peaks below the pipe cut-off frequency fcut-off =
0.67 kHz. Those correspond to the longitudinal resonant modes of the pipe.24 The
highest resonant peak is at a frequency of 114 Hz. This frequency has been chosen to
be the excitation frequency fe for the jet outlet velocity U0 = 5.0 m/s. For a second
jet outlet velocity U0 = 34.2 m/s, we chose an excitation frequency fe = 2.5 kHz. This
frequency is still low compared to the nozzle exit cut-off frequency fcut-off = 4.9 kHz.
The nozzle exit can be approximated by a straight pipe segment with a length of the
order of one diameter which imposes a significant reduction of non-planar modes at
the excitation frequency fe = 2.5 kHz.

It will be shown in Section 3.3 that stable vortex pairing was obtained for these
two excitation frequencies.

Figure 3.3: Spectrum of the acoustical perturbations in the nozzle outlet plane when
a white noise excitation is applied at the loudspeaker. We observe a change in behavior
at the cut-off frequency fcut-off = 0.67 kHz for propagation of higher order (non-planar)
modes in the pipe (diameter 0.3 m) upstream of the contraction.

3.2.3 Phase-locked and stroboscopic acquisitions∗

For air jets, and for typical Reynolds numbers Re = U0D/ν ' 104 . . . 106, the fre-
quency of the excitation leading to stable pairing corresponds to Strouhal numbers
SrD = feD/U0 = O(1).22 This is generally much larger than the acquisition frequency

∗Summary of conference paper “Evolution of vortex rings characteristics during pairing in an
acoustically excited air jet using stroboscopic particle image velocimetry” presented by C. Schram
and M. L. Riethmuller.25
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that can be achieved using high-resolution CCD cameras. The direct temporal evo-
lution of the vortex pairing cannot be recorded. However, by promoting the vortex
pairing through a periodic acoustical excitation of the jet, we can obtain pseudo-time
resolved series of PIV measurements according to the two following approaches.

• The PIV pairs of images can be acquired at a frequency equal to a sub-multiple of
the excitation frequency, so that one obtains phase-locked measurements. Phase-
locked realizations are averaged, and the resulting mean fields are sorted accord-
ing to the phase to rebuild the time series.

• The PIV acquisitions can be performed at a frequency “slightly” below a sub-
multiple of the excitation frequency, so that pseudo-time resolved measurements
are directly achieved. We call this method Stroboscopic Particle Image Velocime-
try .25,26 The pseudo-time delay between two PIV acquisitions is obtained by the
relationship

δtstrob = mod(1/fPIV, 1/fe) (3.1)

where fPIV and fe are respectively the PIV triggering and acoustic excitation
frequencies. The corresponding stroboscopic acquisition frequency is fstrob =
1/δtstrob.

The first approach has proved its usefulness when the desired signal is partially or
totally embedded into background random noise. Phase-averaging then decreases the
relative amplitude of the random signal with respect to the phase-locked one. The
drawback stands in the large number of samples that have to be acquired in order
to reconstruct time-resolved series. One observes also smearing of the phase-averaged
vorticity levels because of small jitter in the flow evolution.

In our case, the flow is dominated by the unstable behavior of the shear layer. This
instability is triggered by the imposed acoustical perturbation. The “random” motion
is negligible excepted for some low frequency oscillations which we assume to be due
to low frequency jet modes. The stroboscopic approach has also been preferred for
its ability to provide a temporal evolution of the flow without requiring an important
statistical treatment.

Synchronization devices

The synchronization chain is illustrated on Figure 3.4. The chain is composed of
three subsystems:

• the excitation devices: waveform generator (Agilentr model 33120A), power
amplifier and loudspeaker;

• the PIV measurement chain: pulse delay generator (Stanfordr model DG535),
Nd:YAG laser (and internal synchronization devices), CCD camera (PCO Sen-
siCamr) and computer with frame grabber (program SensiControlr);

• a data acquisition system (DAS): computer equipped with a 16 channels A/D
board, performing acquisitions at a maximum sampling rate of 100 kHz, fitted
with a gate entry. The purpose of the DAS is to determine the phase of the PIV
snapshots with respect to the acoustical excitation.
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For phase-locked measurements, the low-frequency (' 10 Hz) PIV system and the
excitation system (frequencies above 100 Hz) are connected through a pulse-counting
frequency divider.

The Nd:YAG laser is triggered by a pulse generator at a frequency fYAG. Although
the same synchronization signal is sent to the CCD camera, its maximum frame rate
is approximately half the laser frequency, so that one synchronization pulse over two is
simply ignored by the camera. Series of up to 32 pairs of particle images are stored in
the memory of the PIV acquisition computer, at a maximum frequency of 4.13 Hz. The
duration of the acquisition of one series of 32 pairs of images is thus about 8 seconds.

Figure 3.4: Synchronization of the PIV acquisitions with respect to the acoustical
excitation.

As it has been mentioned above, only one PIV illumination of the particles over two
is actually recorded by the CCD camera. Hence, to be able to unequivocally associate
a phase to each PIV snapshot, it was necessary to manually trigger the acquisitions.
We have designed an electronic gating circuit for this purpose. Since the Nd:YAG laser
has to remain in the thermal regime, the manual gating circuit has been placed on the
synchronization line of the camera only. The Nd:YAG laser fires continuously pairs of
pulses at its nominal frequency, and the camera starts acquiring the particle images
when the triggering button is pressed. This enables simultaneously the acquisition
of the acoustical excitation and PIV synchronization signals by the DAS board. The
procedure to obtain the phase of the PIV acquisitions with respect to the acoustical
excitation of the jet is explained in Appendix B. The accuracy on the determination
of the phase is smaller than 1 % of the period.
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3.3 Experimental results∗

3.3.1 Smoke visualizations of vortex pairing and determi-
nation of the experimental conditions

Smoke visualizations have been conducted prior to the PIV measurements in order
to identify the excitation conditions leading to stable vortex pairing.

Acoustical excitation parameters

The parameters that have been varied to identify stable pairing are the outlet ve-
locity U0, and the frequency fe and amplitude u′e/U0 of the acoustical velocity pertur-
bation at the nozzle outlet, u′e being the standard deviation of the velocity fluctuation
measured by hot wire anemometry.

Stable pairing has been observed for several excitation conditions when varying the
velocity, among which two sets of parameters have been selected. These parameters are
indicated in Table 3.1. The amplitude of the excitation is respectively u′e/U0 = 0.20 %
and u′e/U0 = 0.16 % for the jet outlet velocities U0 = 5.0 m/s and U0 = 34.2 m/s.
The acoustical forcing of a stable pairing with such small values of the perturbations
is made possible by the small turbulence intensity in the nozzle outlet plane.

The steadiness of the outlet flow has been verified on the basis of the PIV measure-
ments. The outlet velocity U0,avg has been obtained from each PIV field by spatially
averaging the axial component u of the velocity over the region z/D ∈ [0.1, 0.2] and
r/D ≤ 0.25 of the jet potential core. The jitter of the outlet velocity can be evaluated
from Figures 3.5(a)-(b) that show the histograms of U0,avg for the two jet outlet veloc-
ities considered. The standard deviation of the average outlet velocity U0,avg is below
0.5 % for the case U0 = 5.0 m/s, and is below 0.2 % for the case U0 = 34.2 m/s.
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Figure 3.5: Variation of the nozzle outlet flow conditions.

∗Further results for U0 = 5.0 m/s are described in paper “Measurement of vortex ring characteristics
during pairing in a forced subsonic air jet” by C. Schram and M. L. Riethmuller.26
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The stable pairing mode at U0 = 5.0 m/s corresponds to the jet column mode
described by Zaman and Hussain,20 scaling with the jet diameter. The velocity U0 =
5.0 m/s has been selected because it gives rise to the formation of large core vortices,
which permits a fine spatial sampling by PIV. The excitation frequency fe = 114 Hz
yields a Strouhal number based on the jet diameter SrD = feD/U0 = 0.93. This value
is close to the value of 0.85 corresponding to the strongest amplification of the jet
column pairing mode indicated by Zaman and Hussain.20 Our value 0.93 is within the
domain of SrD leading to stable pairing according to Broze and Hussain,22,23 although
our level of excitation u′e/U0 is one order of magnitude smaller than theirs.

Table 3.1: Acoustical excitation and stroboscopic acquisition parameters for the PIV
measurements and the flow visualizations.

Outlet velocity U0 5.0 m/s 34.2 m/s

Reynolds number Re = U0D/ν ' 14000 ' 93000

Acoustical excitation parameters

Frequency fe 114 Hz 2500 Hz

Strouhal number SrD = feD/U0 0.93 (3.01)

Strouhal number Srθ = feθm/U0 (0.01) 0.013

Amplitude u′e/U0 0.20 % 0.16 %

Stroboscopic acquisition parameters

Laser frequency fYAG 8.124 Hz 8.012 Hz

Camera frequency fPCO 4.062 Hz 4.006 Hz

Stroboscopic frequency fstrob 1754 Hz 39121 Hz

The second pairing mode has been selected for the largest outlet velocity that could
be steadily obtained given our air supply system: U0 = 34.2 m/s. The motivation was
here the perspective to obtain measurements of the sound produced by pairing in future
work. The stabilization of vortex pairing could not be obtained for the jet column mode
(SrD ' 0.85), but for a higher range of frequencies (fe ∈ [2, 2.5] kHz) that corresponds
to the second pairing mode described by Zaman and Hussain:20 the shear layer mode.
Unlike the jet column mode, the shear layer mode of pairing is sensitive to details of the
shear layer and is in particular associated to initially laminar shear layers. The relevant
Strouhal number is based on the shear layer momentum thickness θm. Extrapolating
our measurements of the momentum thickness performed between U0 = 5 m/s and
30 m/s (see Appendix A.1.2) to U0 = 34.2 m/s, we find Srθ = feθm/U0 = 0.013. This
is in good agreement with the value of 0.012 reported by Zaman and Hussain.20

We recorded the acoustical velocity perturbation u′e/U0 in the nozzle outlet plane for
both outlet velocities U0 = 5.0 m/s and 34.2 m/s by means of constant temperature
hot wire anemometry. The temporal evolution of u′e/U0 is shown in Figures 3.6(a)
and 3.7(a). We observe that the fluctuation the velocity in the nozzle outlet plane
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Figure 3.6: Acoustical excitation in the nozzle outlet plane for U0 = 5.0 m/s and an
excitation frequency fe = 114 Hz.

is dominated by the harmonic acoustical excitation. The velocity is however quite
perturbed for the jet outlet velocity U0 = 5.0 m/s. Some low frequency components
are visible in the power spectrum of the velocity u′e/U0 in Figure 3.6(b). These are
presumably due to external perturbations. It will be seen in Section 3.3.3 that these
uncontrolled perturbations do not affect significantly the behavior of the vortices that
is locked onto the excitation signal.

We observe also a weak sub-harmonic peak at 57 Hz in Figure 3.6(b). We explain
this sub-harmonic peak as resulting from the feedback of the vortex pairing to the
nozzle outlet due to the large flow entrainment occurring when the trailing ring slips
through the leading one. This can be observed in the flow visualizations below.
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Figure 3.7: Acoustical excitation in the nozzle outlet plane for U0 = 34.2 m/s and an
excitation frequency fe = 2.5 kHz.
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The velocity perturbation u′e/U0 for our largest jet outlet velocity U0 = 34.2 m/s
exhibits a clear periodicity in Figure 3.7(a). This time, there is no evidence of any
sub-harmonic frequency in the outlet velocity spectrum shown in Figure 3.7(b). This
is explained considering the flow visualizations below. They show that the shear layer
mode of pairing obtained for U0 = 34.2 m/s does not involve a large engulfment of fluid
in the jet column as for the jet column mode of pairing we obtained for U0 = 5.0 m/s.
These conclusions are consistent with observations made by Zaman and Hussain.20

Smoke flow visualizations

The nozzle has been designed to allow the introduction of smoke in the boundary
layer of the nozzle flow through a continuous annular slit (Figure 3.8), so that no
azimuthal vorticity is introduced as it would have been the case injecting the smoke
through discrete holes.

Figure 3.8: Design of a nozzle for smoke flow visualizations.

The hardware involved and the synchronization technique used for the acquisition
of the flow visualizations is the same as for the PIV measurements. Stroboscopic series
were acquired according to the parameters indicated in Table 3.1.

The evolution of the vortices during one period of excitation is shown in Fig-
ures 3.10(a)-(l) for U0 = 5.0 m/s and Figures 3.11(a)-(l) for U0 = 34.2 m/s. For
each case, the phases are indicated respectively to the excitation period. The phases
within each series have been arbitrary shifted so that ϕ = 0 rad at the moment at
which the vortices are coplanar.
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Several observations can be made on the basis of these flow visualizations:

1. The shear layer is laminar at the nozzle exit for both outlet velocities U0 = 5.0 m/s
and 34.2 m/s, and gives rise to an instability that saturates into the formation of
an axisymmetric vortex ring (although not apparent from the present meridian
cut, the axisymmetry has been verified by illuminating the whole rings).

2. The length of the transitional shear layer before the rolling up of the vortices
shortens from about D/2 to approximately D/5 when the velocity increases from
5.0 m/s to 34.2 m/s. Similarly, the initial separation d between the rings decreases
in the same ratio, as well as their core radius σc. The vortex core radius is
quantified in Section 3.3.3.

3. For the lower velocity investigated, the merging of the cores appears quite asym-
metric considering the evolution of the shape of the cores of the two vortex rings.
The leading ring core remains relatively circular while the trailing core is highly
strained during its rolling around the leading core. This pattern is very differ-
ent from what is observed in a plane shear layer, where both rings deform in a
symmetrical fashion during their merging. At the higher velocity, the merging
appears more symmetrical. Indeed, since the diameter of the rings is approxi-
mately equal to the nozzle diameter, the ratio σc/D decreases when increasing
the velocity, and the interaction becomes locally two-dimensional.

4. Under the influence of the forcing, the flow remains axisymmetric as far as 4
to 5 diameters downstream of the nozzle outlet for the lower velocity. At the
higher speed, the vortices exhibit already an unstable behavior two diameters
downstream of the nozzle. Moreover, the axial spacing between the merged rings
is small enough for double vortex pairing to occur intermittently, either axisym-
metrically (Figure 3.9(a)) or superimposed to a spinning mode (Figure 3.9(b)).

(a) Varicose mode. (b) Spinning mode.

Figure 3.9: Occurrence of intermittent double pairing for U0 = 34.2 m/s.
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(a) ϕ = −3.4 rad. (b) ϕ = −2.3 rad. (c) ϕ = −1.1 rad.

(d) ϕ = 0 rad. (e) ϕ = 1.1 rad. (f) ϕ = 2.3 rad.

(g) ϕ = 3.4 rad. (h) ϕ = 4.6 rad. (i) ϕ = 5.7 rad.

(j) ϕ = 6.8 rad. (k) ϕ = 8.0 rad. (l) ϕ = 9.1 rad.

Figure 3.10: Smoke visualization of vortex pairing during one pairing period for
U0 = 5.0 m/s.
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(a) ϕ = −5.7 rad. (b) ϕ = −4.6 rad. (c) ϕ = −3.4 rad.

(d) ϕ = −2.3 rad. (e) ϕ = −1.1 rad. (f) ϕ = 0 rad.

(g) ϕ = 1.1 rad. (h) ϕ = 2.3 rad. (i) ϕ = 3.4 rad.

(j) ϕ = 4.6 rad. (k) ϕ = 5.7 rad. (l) ϕ = 6.8 rad.

Figure 3.11: Smoke visualization of vortex pairing during one pairing period for
U0 = 34.2 m/s.
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3.3.2 PIV results

As indicated in Table 3.2 which summarizes the PIV acquisition and processing
parameters, the field-of-view of the PIV measurements includes both sides of the jet.
This will allow to compensate for a possible misalignment of the optical axis with the
jet axis when using the PIV data for the sound prediction in Chapter 4. In what
follows, the axes of the PIV measurements are indicated as x and y. We do not assume
any axisymmetry of the flow at this stage. The PIV axes x and y will be respectively
identified to the axes z and r in Section 4, when the axisymmetry of the flow will be
assumed to calculate the various flow invariants and acoustical source terms.

Table 3.2: Parameters of the PIV acquisitions and processing.

Outlet velocity U0 5.0 m/s 34.2 m/s

Acquisition parameters

x ∈ [0 D, 4.1 D] x ∈ [0 D, 2 D]
Field of view

y ∈ [−1.2 D, 1.2 D] y ∈ [−0.8 D, 0.8 D]

Image size [1280× 768] px2 [1280× 1024] px2

Calibration 0.1322 mm/px 0.0654 mm/px

Pulse separation ∆t 100 µs 10 µs

Number of acquisitions 100 series of 32 images

Processing parameters

Initial window size [24× 24] px2 [20× 20] px2

Sub-pixel interpolation Gaussian

Number of refinement steps 1

Final window size Ws [12× 12] px2 [10× 10] px2

Window overlap 50 %

Final number of vectors [212× 127] [255× 203]

0.7932 mm 0.3271 mm
Spatial resolution ∆x = ∆y ' D/52 ' D/125

' σc/5 ' σc/4

Validation rate 97 % 96 %

Measurements have also been performed over a close field-of-view focused on the
vortex cores in order to obtain measurements of the velocity and vorticity across the
core with the best possible spatial resolution. These data have been used to characterize
the cores of the vortex rings before merging for both jet outlet velocities U0 = 5.0 m/s
and 34.2 m/s. These measurements and the results of the vortex characterization are
described in Appendix D.
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The spatial resolution obtained for the present large field-of-view measurements is
indicated in Table 3.2. We obtained a spatial discretization ∆x = ∆y about σc/5
for U0 = 5.0 m/s and σc/4 for U0 = 34.2 m/s, where σc is the radius of the vortex
cores before merging obtained from the close field-of-view measurements. A detail of
the corresponding vortex sampling is provided in Figures 3.12(a) and 3.12(b). The
validation rate indicated in Table 3.2 represents the percentage of velocity vectors for
which the signal-to-noise exceeds 1.5 (see Section 2.2.2).

(a) U0 = 5.0 m/s.

(b) U0 = 34.2 m/s.

Figure 3.12: Field-of-view of the PIV measurements performed according to the
parameters in Table 3.2, and detail of the velocity and vorticity fields across the vortex
cores before merging. For readability, every second vector is shown in each direction
in the large field-of-view for U0 = 5.0 m/s and every third vector is shown for U0 =
34.2 m/s.
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The detailed evolution of the measured vorticity fields of the two vortex rings during
pairing is shown in Figures 3.13(a)-(i) for U0 = 5.0 m/s and in Figures 3.14(a)-(i) for
U0 = 34.2 m/s. The observations made on the basis of the smoke flow visualizations are
confirmed by the evolution of the vorticity field. The noise in the vorticity contours
for the case U0 = 34.2 m/s shown in Figures 3.14(a)-(i) is larger than the noise in
the vorticity fields corresponding to the case U0 = 5.0 m/s. This can be explained
by referring to the discussion in Section 2.2.1 about the effect of the centrifugation of
particles on the signal-to-noise ratio in the vortex core for U0 = 34.2 m/s. The radial
velocity due to centrifugation is proportional to the square of the particles diameter Dp.
The largest seeding particles are therefore depleted in the core of the vortex before the
smallest ones. Since the light intensity scattered by a particle is also proportional to D2

p,
the contrast between the light scattered by the tracer particles and the background light
intensity decreases. This causes a decrease of the signal-to-noise ratio and accordingly
an increase of the measurement noise. We will however show in Chapter 4 that this
measurements noise does not prevent a prediction of the sound production.
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Figure 3.13: Evolution of the vorticity field during one pairing period for U0 =
5.0 m/s.
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Figure 3.14: Evolution of the vorticity field during one pairing period for U0 =
34.2 m/s.
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3.3.3 Evolution of the vortex characteristics∗

The velocity fields have been post-processed using the vortex detection algorithm
described in Section 2.3. The results are compared for U0 = 5.0 m/s and 34.2 m/s.

Locus of vortex cores and convection velocity

Figures 3.15(a) and (b) represent the trajectory of the vortex cores, and Fig-
ures 3.16(a) and (b) show the temporal evolution of their axial coordinate, the abscissa
being expressed as a phase of the excitation period (shifted by an arbitrary amount
in order to have ϕ = 0 rad at the moment when the leading and trailing rings are
coplanar). The concentration of the data points indicates the degree of stabilization of
the vortex pairing under the acoustical forcing.

It can be inferred from Figures 3.15(a)-(b) and 3.16(a)-(b) that during the first
stage of pairing, the mutual interaction of the leading and trailing rings is weak and
does not affect their convection velocity. Then, the mutual induction is stronger and
causes the leading ring to slow down and the trailing one to accelerate. The vorticity of
the trailing ring is still relatively concentrated in the core at the slip-through instant.
After slip-through, the cores of the two vortices deform and get closer and closer to
each other, until the original limits between the cores cannot be distinguished any
more. The vortex detection algorithm indicates from then only one vortex.

The pairing location, defined as the axial position at which the leading and trailing
rings are coplanar, is x ' 1.8 D for U0 = 5.0 m/s and x ' 0.72 D for U0 = 34.2 m/s.
These results are in good agreement with experimental results obtained by Petersen14

who used hot wire anemometry to detect the passage frequency of the vortex rings.
An important observation is the differences of amplitude of the variation of the

radius of the rings that can be seen in Figures 3.15(a)-(b). We note that for U0 =
5.0 m/s, the maximum radial separation between the cores of the leading and trailing
rings is about 0.3 D. For U0 = 34.2 m/s, the maximum radial separation is about
0.1 D. We will see that this difference does affect the sound prediction.

The axial convection velocities of the leading UL, trailing UT and merged UM rings
has been obtained by a linear fit of their axial coordinates over a portion of the trajec-
tory indicated by the black line (Figures 3.16(a) and (b)). The velocities obtained are
in good agreement with results obtained by Petersen.14

∗Summary of paper “Measurement of vortex ring characteristics during pairing in a forced subsonic
air jet” by C. Schram and M. L. Riethmuller.26
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Figure 3.15: Locus of the vortex cores.
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Figure 3.16: Axial coordinates of the vortex cores during merging. The velocities
UL, UT and UM have been obtained by means of a linear fit of the data points over a
portion of the trajectory corresponding to the black line.
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Core radius

The core diameter σc given by the vortex detection algorithm is shown in Fig-
ures 3.17(a)-(b) It can be seen that the size of the vortex core scales with 1/

√
Re =

1/
√

U0D/ν, as does the shear layer momentum thickness.
The core radius σc that is given by the vortex detection algorithm is based on

the calibration (2.19) of the algorithm using an Oseen vortex model. The dashed
line in Figures 3.17(a)-(b) represents the value of

√
Re σc/D corresponding to the

vortex core radius σc that has been calculated in Appendix D by fitting the detailed
PIV measurements of the vorticity by an Oseen vortex model. Figures 3.17(a)-(b)
show a good agreement between the value of σc returned by our vortex detection
method applied to the large field-of-view PIV measurements (symbols) and the value
obtained using the detailed PIV measurements (dashed line). This indicates that the
core size indicated by the vortex detection algorithm is relatively insensitive to the
mesh sampling.
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Figure 3.17: Radius of the vortex cores scaled by
√

Re. The dashed line represents
the value of

√
Reσc/D obtained using our close field-of-view PIV measurements in

Appendix D.
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3.3.4 Evaluation of the uncertainty

The following discussion on the uncertainty of the measurements is based on the
considerations in Section 2.2.3.

Figures 3.18 and 3.19 show the amplitude of the maximum displacement gradients
that are met in the vortex core region. We see that their values are in all cases smaller
than the maximum measurable gradient of 0.5 px/px indicated in Section 2.2.3. We
do therefore not expect any bias error on the determination of the velocity gradient.

The absolute uncertainties on the displacement εu and εv (in pixels) are indicated
as functions of the displacement gradients ∂v/∂x and ∂u/∂y in Figure 2.15. In order to
be conservative, the error corresponding to a window size equal to [16×16] px2 has been
considered, although the window sizes used for this work are smaller (see Table 3.2).
The corresponding relative uncertainties are calculated by dividing the absolute values
by the variations δu and δv of the corresponding velocity component inside the core.
The uncertainty on the vorticity has been obtained using equation (2.6) for the 3rd

order accurate Richardson scheme.
We obtain an uncertainty on the vorticity in the core of about 6 % for the case

U0 = 5.0 m/s and 8 % for the case U0 = 34.2 m/s. Taking into account the integration
that will be used to obtain the results (flow invariants and acoustical source terms)
in the next Chapter, we expect the uncertainty on these different quantities to be
reduced of about one order of magnitude because about 100 points are involved in the
integration. This leads to an uncertainty on the flow invariants and acoustical source
terms below 1 %.

Table 3.3: Uncertainty on the measured velocity and vorticity, evaluated in the vortex
core region and for the PIV parameters indicated in Table 3.2.

U0 = 5.0 m/s U0 = 34.2 m/s

(∂u/∂y)max 0.16 px/px 0.25 px/px

(∂v/∂x)max 0.11 px/px 0.16 px/px

εu 0.06 px 0.1 px

εv 0.04 px 0.06 px

εu/δu 1.2 % 1.4 %

εv/δv 1 % 1.5 %

ε∂u/∂y 0.01 px/px 0.02 px/px

ε∂v/∂x 0.006 px/px 0.011 px/px

ε∂u/∂y/ (∂u/∂y)max 6.3 % 8 %

ε∂v/∂x/ (∂v/∂x)max 5.5 % 6.9 %
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Figure 3.18: Evaluation of the uncertainty on the velocity measurements performed
for U0 = 5.0 m/s.
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Figure 3.19: Evaluation of the uncertainty on the velocity measurement performed
for U0 = 34.2 m/s.
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3.4 Conclusions

A subsonic air jet experimental facility has been developed at the von Karman
Institute for Fluid Dynamics for the investigation of vortex dynamics under acoustical
forcing. The low turbulence intensity allows to trigger the natural instability of the
shear layer with acoustical perturbations in the nozzle outlet plane as small as u′e/U0 =
0.20 % for U0 = 5.0 m/s and u′e/U0 = 0.16 % for U0 = 34.2 m/s.

The stable vortex pairings that have been obtained correspond to the jet col-
umn mode of pairing for U0 = 5.0 m/s and to the shear layer mode of pairing for
U0 = 34.2 m/s. These two modes have been described in the literature.20 Both our
flow visualizations and PIV measurements provided qualitative and quantitative char-
acterization of these two modes of vortex pairing that agree with the literature.14,20

In addition to the varicose mode of instability that is promoted by the excitation,
the jet at U0 = 34.2 m/s showed some intermittent sinuous oscillations of the jet column
superimposed on the pairing.

The major difference between the vortex pairings observed at U0 = 5.0 m/s and
34.2 m/s concerns the symmetry of the mutual induction and deformation of the cores
of the leading and trailing rings. It appeared that at U0 = 5.0 m/s the leading core is
relatively unaffected during the merging process, while the trailing ring core encounters
severe straining while it rolls around the leading ring. For U0 = 34.2 m/s, the ratio
of the radius of the core σc to the radius of the ring is small, such that the cores of
the leading and trailing rings deform more symmetrically as it occurs in a plane shear
layer.

These observations will be related to the prediction of the sound produced obtained
in the next Chapter from the present PIV measurements. A calculation of the uncer-
tainty on the vorticity field leads us to anticipate that the relative uncertainty on the
integrals that will be performed in Section 4.5.4 should be below 1 % because about 100
points are involved in the integration which smoothes out part of this random error.
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Chapter 4

Sound production by vortex pairing

Abstract

Lighthill’s1,2 famous M8 law for the sound power emitted by turbulence was ob-
tained thanks to the fact that the dipoles and monopoles associated with external
forces and visco-thermal effects were explicitly discarded.

The same kind of treatment has been done by Powell3 to derive an aeroacoustical
analogy in which the role played by vorticity in sound generation is made explicit:
Vortex Sound Theory. Möhring4 argued that having a formulation of the Vortex
Sound Theory in which the vorticity appears alone allows to avoid the problems
due to the singularity of the velocity when vortex filaments are used to model the
flow. We show that even when such singularities are not present, Möhring’s analogy
presents some advantages over Powell’s one in terms of robustness. We put in evi-
dence that the successful application of Möhring’s analogy for the prediction of the
sound produced by the two-dimensional point vortex modelling of vortex leapfrog-
ging is in fact attributable to the reinforcement of the assumptions of conservation
of the flow invariants using Lamb’s5 results.

On the basis of these observations, we derive a so-called conservative formulation of
the Vortex Sound Theory for axisymmetrical flows. This conservative formulation
is obtained indifferently from Powell’s or Möhring’s analogies, making use of Lamb’s
results to impose several times the conservation of impulse and kinetic energy.

The robustness of the original analogies of Möhring, Powell and of our conservative
formulation are compared by application to a perturbed three-dimensional leapfrog-
ging model. The results clearly indicate the better adequacy of our conservative
formulation to yield a realistic sound prediction in spite of errors in the flow model.

The sound produced by the measured evolutions of the vortex rings during pairing
in an excited subsonic free jet (Chapter 3) is predicted using our conservative formu-
lation. The sound prediction is meaningful and shows some significant differences
between the sound produced by the jet column mode and shear layer mode of vortex
pairing.
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List of symbols

Alphanumeric symbols

c0 isentropic speed of sound (4.21) [ m s−1 ]

d initial separation between the vortex rings [ m ]

D material derivative

D nozzle outlet diameter [ m ]

Dp seeding particle diameter [ m ]

f frequency [ Hz ]

f specific force field [ N m−3 ]

f# f -number (ratio focal length / aperture) [ – ]

G0 Free space Green’s function (4.24) [ m−3 s ]

I unit tensor δii

M Mach number [ – ]

n unit vector normal to vortex ring plane

p hydrostatic pressure [ Pa ]

P hydrodynamic impulse [ kg m s−1 ]

Q Möhring’s source term (4.56) [ m5 s−1 ]

R0 initial radius of the vortex rings [ m ]

Re Reynolds number [ – ]

Sr Strouhal number [ – ]

t time [ s ]

t∗ retarded time [ s ]

T kinetic energy [ J ]

v velocity vector [ m s−1 ]

Tp vortex leapfrogging period [ s ]

Tij Lighthill’s stress tensor (4.20) [ Pa ]

u,v velocity components [ m s−1 ]

U mean velocity [ m s−1 ]

V vortex filament radial velocity [ m s−1 ]

x spatial coordinate, or listener’s position [ m ]

y source position [ m ]

x,y cartesian coordinates (PIV measurements frame) [ m ]

z,r polar coordinates (axisymmetric jet frame) [ m ]

z0 axial coordinate of the vortex system centroid (4.65) [ m ]

Z,R polar coordinates of the vortex filament [ m ]

Ws final interrogation window size [ px ]
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Greek symbols

∂ partial derivative

δij Kronecker delta operator

δ delta function [ s−1 ]

δ increment

∆ mesh size

εX random error on quantity X [ X ]

Γ circulation [ m2 s−1 ]

Γc vortex core (r ≤ σc) circulation [ m2 s−1 ]

ϕ measurement phase [ rad ]

λ acoustical wavelength [ m ]

µ dynamic viscosity [ Pa s ]

∇ gradient operator

ν kinematic viscosity [ m2 s−1 ]

Π stress tensor [ Pa ]

Ψ stream function [ m−1 s−1 ]

ρ mass density [ kg m−3 ]

σ viscous stress tensor [ Pa ]

σ Oseen vortex core size in (2.14) and (2.15) [ m ]

σc vortex core radius (see Figure 2.20) [ m ]

θ listener azimuthal angle [ rad ]

ω vorticity vector [ s−1 ]

Subscripts and superscripts

0 reference value

e acoustical excitation

i,j coordinate component

m,n vortex index

max maximum value

strob stroboscopic

p particle

th theoretical value

y source position

L leading vortex ring

T trailing vortex ring

’ fluctuating component
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4.1 Introduction

Due to the non-linearity of the governing equations and the importance of different
scales it is a very difficult task to predict the sound production by fluid flows. In this
thesis sound production by high Reynolds numbers subsonic flows is considered, for
which non-linear inertial terms in the equation of motion are much larger than the
viscous terms. As the sound field associated to subsonic flows represents only a very
minute fraction of the energy in the flow, the accuracy of numerical simulations must
be very high to predict the sound generation. This is particularly dramatic in free
space and at low subsonic speeds. The fact that the sound field is in some sense a
small perturbation of the flow, can however be used to obtain approximate solutions.
Aeroacoustical analogies have been developed for this purpose.

An aeroacoustical analogy is a reformulation of the fluid dynamics equations that
allows to distinguish the sound generation mechanisms from the sound propagation.
The part of the flow in which sound production is expected is called the source region.
The part of the flow in which the listener is standing defines the reference flow. The
difference between the actual flow and an extrapolation of the reference flow into the
source region is identified as the source of sound. This idea was introduced by Lighthill1

who calls this an analogy.
In some cases, the distinction between sound production and sound propagation

mechanisms can be delicate. It requires a certain knowledge of the flow. This issue has
been discussed by many authors, recently by Morris and Farassat6 for the prediction
of jet noise. In the present case it is not a major problem. The source region is the
near field of a subsonic jet in which vortex pairing occurs. The listener is located in
the medium at rest that surrounds the jet.

A second key idea of Lighthill2 is the use of an integral equation as a formal solu-
tion. When approximations are used in such an integral equation, random errors are
smoothed out. Moreover, it will be shown below that the integral formulation offers
a convenient framework to impose the conservation of flow invariants, even if the flow
model does not respect these laws. The prediction of the sound produced by vortex
pairing obtained below was made possible by the use of an integral formulation of an
aeroacoustical analogy known as Vortex Sound Theory.

The sound production by spinning rectilinear vortices is the first case that has been
considered by Powell3 when he derived his Vortex Sound Theory. He reminded also
that the hydrodynamic field associated to a vortex ring may be regarded as being
generated by a dipole sheet. Not much additional development is needed to explain
the mechanism through which the leapfrogging of vortex rings generates a quadrupolar
sound radiation in far field.7 As remarked by Bridges and Hussain,8 such efficient
framework to explain the sound generation by pairing vortices has been surprisingly
often overlooked by researchers. The reasoning held by Powell7 is reminded in what
follows.

Applying an alternative formulation of Vortex Sound Theory to a very crude fila-
mentary modelling of leapfrogging vortices, Möhring4 obtained a quantitative estima-
tion of the sound produced. This has triggered many ideas developed in this Chapter.
Kambe and Minota9 used a more realistic vortex blob model to obtain a sound predic-
tion that exhibits the essential features of a realistic vortex pairing sound generation.

The directivity of the sound emitted by vortex pairing in a forced jet has been
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measured by Bridges8,10 in his thesis work. He reported an excellent agreement with
the theoretical quadrupolar directivity that is expected from the theory. Bridges and
Hussain11 remarked however that the directivity of the sound produced by vortex rings
in a circular jet does not depend on the details of their interaction. It suffices that
their evolution remains axisymmetric.12 At the opposite, the temporal evolution and
amplitude of the acoustical emission is very sensitive to details in the flow field.13

In order to obtain a more realistic description of the pairing process, Shariff et
al.14 incorporated into the model used by Kambe and Minota9 the possibility for the
vortex cores to be strained into ellipses. The result is a high frequency noise component
due to the nutation of the vortex cores that is added to the low frequency component
associated to the leapfrogging period.

Tang and Ko15 used the method of contour dynamics to calculate the evolution of
the vorticity field of two axisymmetric vortex blobs for several initial conditions. This
inviscid method permits a continuous deformation of the contour of the blobs, and
can therefore mimic the coalescence of the vortex rings. They attempted to relate the
acoustical emission to the velocity, acceleration and rate of acceleration of the centroid
of each ring in order to identify a key mechanism for sound production. Though this
approach does not seem to provide a better physical insight than Powell’s3 theory, the
sound predictions obtained by Tang and Ko15 are of interest for the present study, in
particular the presence of high frequency components already observed by Shariff et
al.14

The sound produced by merging has been calculated by Verzicco et al.16 who
performed axisymmetric incompressible Navier-Stokes simulations of the merging of
two vortex rings. They showed that the contribution of the Reynolds stresses to the
acoustical field was largely dominant compared to the contribution of viscous effects.
This argument will be used in our work. They also indicated that the high frequency
contribution to their acoustical field was related to the eddy turnover time of the rings.
Our results will be compared to the ones obtained by Verzicco et al.16

Please note that in all the studies described above, the sound prediction was ob-
tained by means of the Vortex Sound Theory. Colonius et al.17 calculated the sound
produced by vortex pairing in a plane shear layer by a Direct Numerical Simulation
(DNS) of the source and acoustical fields. Mitchell et al.18 obtained the sound pro-
duced by vortex pairing in an axisymmetrical jet for a Reynolds number based on the
jet diameter ReD = 2500 using DNS. In a very recent study, Inoue19 obtained the sound
produced by the pairing of two vortex rings from a DNS as well. The results indicated
that the higher frequencies are related to the orientation of the vortex cores. The
Reynolds numbers of the flows simulated by Inoue19 are one to three orders of magni-
tude smaller than the one obtained in our experiments, making difficult a comparison
with our sound predictions.

This chapter will be introduced by preliminary theoretical considerations, reminding
the basic fluid dynamics equations (Section 4.2). Lighthill’s analogy1,2 will be derived
from these equations in Section 4.3. It will be shown why Lighthill’s analogy is not
likely to solve efficiently our problem of determining the sound produced by vortex
pairing. Instead, the Vortex Sound Theory is expected to offer a convenient formalism
for this purpose (Section 4.4).

The original formulations of Powell3 and Möhring4 of Vortex Sound Theory will
be presented. The application of Möhring’s analogy to a simplistic modelling of the
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leapfrogging of two vortex rings has been analyzed in detail. It will be shown that
the successful sound prediction obtained by Möhring4 is not as trivial as it might
be concluded from the original paper and subsequent literature on this application.20

We will show that a key implicit idea in Möhring’s approach is the multiple use of
conservation of momentum and energy at various levels in the analogy.

Inspired by the success of Möhring, we will derive a so-called conservative formu-
lation of the Vortex Sound Theory in Section 4.4.5. Its performance will be evaluated
by application to different models describing the evolution of two vortex rings during
pairing. These models will be introduced by order of increasing realism and complexity,
from the simplistic planar evolution of the rings used by Möhring4 to the experimen-
tal description based on our Particle Image Velocimetry measurements described in
Chapter 3.

4.2 Conservation of mass and momentum

In a non-relativistic approach the mass is conserved. Hence the rate of change of the
density observed while moving with the fluid velocity is equal to minus the dilatation
rate:21

1

ρ

Dρ

Dt
= −∇ · v (4.1)

where the Lagrangian time derivative Dρ/Dt is related to the Eulerian time derivative
∂ρ/∂t by:

Dρ

Dt
=

∂ρ

∂t
+ (v · ∇)ρ . (4.2)

Substitution of definition (4.2) into (4.1) yields the mass conservation law applied to a
fixed infinitesimal volume element:

∂ρ

∂t
+∇ · (ρv) = 0 . (4.3)

For incompressible flows, we have a divergence free velocity field:

∇ · v = 0 . (4.4)

Using Einstein’s summation convention we can write (4.3) for cartesian coordinates
x = (x1, x2, x3) as:

∂ρ

∂t
+

∂ρvi

∂xi

= 0 . (4.5)

The repetition of an index indicates a summation:

∂ρvi

∂xi

=
∂ρv1

∂x1

+
∂ρv2

∂x2

+
∂ρv3

∂x3

. (4.6)

Applying the second law of Newton to a fluid particle, we obtain

ρ
Dv

Dt
= −∇Π + f (4.7)

where f is the density of the force field acting on the bulk of the fluid, while −∇Π
corresponds to the forces acting on the fluid surface expressed in terms of a stress
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tensor Π. Using the mass-conservation law (4.3) we obtain the momentum equation
in conservative form:

∂ρvi

∂t
+

∂ρvivj

∂xj

= −∂Πij

∂xj

+ fi (4.8)

where the isotropic part of the tensor Πij corresponds to the effect of the hydrostatic
pressure p, and the deviatoric part σij accounts for viscous stresses:

Πij = p δij − σij . (4.9)

The tensor σij is symmetric when the molecular structure of the fluid is statistically
isotropic (which is the case for all gases and for simple liquids). Since the hydrostatic
pressure accounts for all mean normal stresses, we have:21

σij = −2µ

(
eij − 1

3

∂vk

∂xk

δij

)
(4.10)

where µ is the dynamic viscosity of the fluid, and

eij =
1

2

(
∂vi

∂xj

+
∂vj

∂xi

)
. (4.11)

Substituting (4.10) into (4.7), we find the Navier-Stokes equation of motion:

ρ
Dvi

Dt
= − ∂p

∂xi

+
∂

∂xi

[
2µ

(
eij − 1

3

∂vk

∂xk

δij

)]
+ fi . (4.12)

If the viscosity µ is uniform over the fluid, we find (in vectorial notation):

ρ
Dv

Dt
= −∇p + µ∇2v + f . (4.13)

4.3 Lighthill’s analogy

Lighthill’s analogy is derived from the exact mass and momentum equations (4.5)
and (4.8). We take the time derivative of the mass equation (4.5) and subtract from
this the divergence of the momentum equation (4.8) to obtain:

∂2ρ

∂t2
=

∂2(ρvivj − σij)

∂xi∂xj

+
∂2p

∂x2
i

− ∂fi

∂xi

. (4.14)

We can subtract on both sides of this equation a term c2
0(∂

2ρ/∂x2
i ) were c0 is a velocity.

This provides an equation in which the left hand side is the wave propagation operator
of d’Alembert:

∂2ρ

∂t2
− c2

0

∂2ρ

∂x2
i

=
∂2(ρvivj − σij)

∂xi∂xj

+
∂2(p− c2

0ρ)

∂x2
i

− ∂fi

∂xi

. (4.15)

In order to proceed, the key idea is to compare this equation with the equation that
we obtain under normal audio frequency and amplitude conditions for the acoustical
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Figure 4.1: Source and listener in the analogy of Lighthill. While in the source region
the density fluctuations are not necessarily small, around the listener we assume an
acoustical behavior with ρ′ ¿ ρ0.

propagation in a uniform and stagnant fluid in the state (ρ0, p0). We introduce the
perturbations:

ρ′ ≡ ρ− ρ0 (4.16)

p′ ≡ p− p0 (4.17)

v′i ≡ vi − vi,0 (4.18)

where ρ0, p0 and vi,0 are the density, pressure and velocity in the wave propagation
region considered as the reference. In the specific case discussed here we have vi,0 = 0
because we define our reference flow as the stagnant medium surrounding the jet flow.

As ρ0 and p0 are like c0 constants we can write Lighthill’s analogy as:20

∂2ρ′

∂t2
− c2

0

∂2ρ′

∂x2
i

=
∂2Tij

∂xi∂xj

− ∂fi

∂xi

(4.19)

where Tij is the Lighthill stress tensor defined as:

Tij = ρvivj + (p′ − c2
0 ρ′) δij − σij . (4.20)

In the acoustical flow around the listener the source term represented by the right-
hand side of (4.19) vanishes. It is assumed that no external forces fi are exerted in
the reference quiescent flow region. Under normal audio conditions we can use a linear
approximation so that we neglect ρvivj in the acoustical field around the observer.
Furthermore, we can neglect friction losses σij and heat conduction for distances of
propagation comparable to the wavelength. The contribution (p′ − c2

0 ρ′) to Lighthill’s
stress tensor (4.20) vanishes in linear approximation if we identify c0 as the isentropic
speed of sound in this region:

c0 ≡
√(

∂p

∂ρ

)

S

. (4.21)
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The right-hand side of (4.19) expresses the equivalent acoustical sources that cor-
respond to the present choices for the uniform and stagnant reference flow at the
listener’s position and for the acoustical variable ρ′. Other choices for the reference
state and acoustical variable might be more appropriate depending on the application.
This issue is discussed for the particular case of thermo-acoustical sources by Mor-
fey,22 Obermeier,23 Crighton et al.20 and Hirschberg and Schram.24 We can also use
approximations to describe the flow in the source region.

For the case of our jet flow, we assume that no external forces are applied to the
pairing vortices. The validity of this assumption will be discussed in Section 4.5.4.
In addition, the high Reynolds number of the flow (O(104)) allows to neglect the
viscous contribution σij with respect to the inertial term ρvivj. Verzicco et al.16 solved
numerically the sound production by vortex pairing in conditions similar to our case.
They showed that the sound production associated to the viscous effects was at least
three orders of magnitude smaller than the contribution of the Reynolds stresses. We
can thus safely drop the term σij. Finally, since we are considering vortex pairing in
an isothermal jet at low Mach numbers, the non-isentropic contribution (p′ − c2

0 ρ′)
is neglected as well. This approximation has been thoroughly discussed by Morfey22

and Obermeier.23 Under these conditions, the density variations in the source region
are of order M2 so that assuming incompressible flow in the source region we have
ρvivj ' ρ0vivj. Lighthill’s analogy (4.19) becomes:

∂2ρ′

∂t2
− c2

0

∂2ρ′

∂x2
i

=
∂2ρ0vivj

∂xi∂xj

. (4.22)

At this point we note that a source term involving a second spatial derivative such
as the right-hand side of (4.22) is likely to behave as a quadrupole. The most convenient
way to obtain the final solution of (4.22) is to start from the integral formulation:

ρ′(x, t) =

t∫

−∞

∫∫∫

V

G0(t,x|τ,y)
∂2ρ0vivj

∂yi∂yj

d3ydτ (4.23)

with the free space Green’s function given by:

G0(t,x|τ,y) =
δ(t− τ − |x− y|/c0)

4πc2
0|x− y| (4.24)

which has the elementary symmetry property:

∂G0

∂xi

= −∂G0

∂yi

(4.25)

for differentiation with respect to the source coordinate y and the observer coordinate
x (see Figure 4.2). By partial integration we can move the space derivative from the
source term ∂2ρ0vivj/∂yi∂yj (which we do not know accurately) towards the well known
Green’s function. Using the symmetry property (4.25) we can replace the derivatives of
G0 with respect to the source coordinate y by derivatives with respect to the observer
coordinate x. As the integration is performed on the source coordinate y, we can move
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Figure 4.2: Symmetry of differentiation of the free space Green’s function with respect
to observer’s and source coordinates. In free space, moving the source towards the
observer is equivalent to moving the observer to the source.

these spatial derivatives ∂2/∂xi∂xj out of the integral, to obtain:

ρ′(x, t) =
∂2

∂xi∂xj

t∫

−∞

∫∫∫

V

δ(t− τ − |x− y|/c0)

4πc2
0|x− y| ρ0vivj d3ydτ . (4.26)

Performing the integration in time and using the integration property of the Dirac
function δ, we find:

ρ′(x, t) =
∂2

∂xi∂xj

∫∫∫

V

(
ρ0vivj

4πc2
0|x− y|

)

t∗
d3y (4.27)

where the integrand has to be evaluated at the retarded time t∗ = t − |x − y|/c0. In
what follows, we will omit to explicitly mention the retarded time.

When the listener is in the far field, the relevant local length scale is the acoustical
wavelength. Assuming that the sound production is dominated by the large turbulent
structures scaling with the nozzle diameter D, and for which the typical convection ve-
locity scales with U0, the flow time scale is D/U0. We can therefore replace each spatial
derivative by a multiplication by a factor U0/(c0D). Assuming U0/c0 << 1 appears
then to be equivalent to the assumption of a compact flow region (small compared to
the acoustical wavelength). The integrand in (4.26) scales as ρ0U

2
0 D3/(c2

0|x|), so that
the order of magnitude of the pressure perturbation is

p′ = c2
0ρ
′ ∝ U2

0

c2
0D

2

ρ0U
2
0 D3

|x| = ρ0M
2U2

0

D

|x| = ρ0c
2
0M

4 D

|x| (4.28)

and the sound power radiated scales as

W =
4π|x|2p′2

ρ0c0

∝ ρ0c
3
0D

2M8 (4.29)

which is Lighthill’s famous M8 law for the sound radiated by low Mach number tur-
bulence in absence of external forces. We emphasize that we found a quadrupolar
efficiency because we assume that there are no external forces, which is used as argu-
ment to exclude any dipole term.
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The M8 law leads us to anticipate some difficulties in predicting the sound pro-
duced by vortex pairing in a low Mach number jet as the one depicted in Chapter 3
(M ' 0.01 . . . 0.1) from experimental data. Given the small value of the acoustical
perturbation, the prediction is very sensitive to small errors in the description of the
flow. What is worse is that these errors are not likely to respect the conservation of
momentum, hence inducing fictitious external forces. By performing a dimensional
analysis for the term fi as it has been done above for the term ρ0vivj, a M6 law can
be obtained for the acoustical power radiated by the spurious dipoles due to errors in
our flow data.25

Therefore, errors in the description of our flow field, as minor as they can be from
the aerodynamical point of view, will be much more efficient than vortex pairing to
produce sound at low Mach numbers.

In other words, the external force field fi has been excluded when deriving the
analogy (4.22), but nothing in that formulation prevents inaccuracies committed in
the calculation of the source term ∂2(ρ0vivj)/∂xi∂xj to behave as acoustical monopoles
and/or dipoles.

A further concern is linked to the nature of the source term ρ0vivj itself. The
velocity field induced by a vortex decays as 1/|x|, where |x| is the distance from the
vortex center. This was illustrated in Figure 2.20 for the Oseen vortex. Hence, although
the distribution of vorticity is confined to a small region, the velocity field is much more
extended. Even if the acoustical source in (4.22) is compact for the low Mach numbers
considered in this study the definition of the limits of the integration volume in (4.26)
is not trivial. A discussion of this problem is provided by Crow.26

This issue has also been reported by Mitchell et al.18 who obtained by direct
numerical simulation the sound production by vortex pairing in a low Reynolds number
axisymmetric jet (ReD = 2500). They used Lighthill’s analogy for comparison of the
sound prediction with the one obtained directly from the flow field simulation. Because
of the axial extent of the Lighthill source term in the downstream direction, they had
to model its behavior downstream of the limit of their numerical domain to avoid the
generation of spurious waves.

The problem worsens when vortex pairing occurs in a jet flow as in the present study.
It has been seen in the previous Chapter that the pairing vortex rings evolve between
the shear layer (upstream) and the merged vortices (downstream). It is therefore likely
that the velocity field associated to the pairing vortices extends beyond the location of
the neighboring vortices. In these conditions the definition of the integration volume
becomes a rather subjective matter.

It should be noted that the presence of a force field exerted on the pairing vortices is
not necessarily fictitious and due to errors in the flow description. As mentioned above,
these two vortices are surrounded by an unsteady vorticity field. The time-dependent
induction acts as a fluctuating force field applied to the pairing rings. Though of
physical origin, this spurious external force field does not exist considering the whole
flow at once. A way to compensate for this apparent force field is needed if we want
to isolate the sound production due to the pairing process. Otherwise, the resulting
dipolar field will hide the expected quadrupole.
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To summarize, we expect a number of issues to be associated with the use of
Lighthill’s analogy to predict the sound produced by vortex pairing on the basis of
experimental data. These are due to:

• the axial extent of the source term ρ0vivj,

• the dipolar sound field that would result from either experimental errors or the
induction of the neighboring vorticity distribution.

An alternative formulation of the acoustical analogy, known as Vortex Sound Theory,
allows to solve these problems.

4.4 Vortex Sound Theory

Vortex sound theory was developed by Powell3 for low Mach number flows in free-
field conditions. Howe27 proposed a generalization to wall-bounded flows and arbitrary
Mach numbers. The power of the Vortex Sound Theory stems from the following
observations:

• We have an intuition for vortex dynamics because of the conservation of the
circulation of vortices in frictionless flows. The study of the motion of vortices
corresponds to a kinematic problem which is much easier than the solution of the
dynamical problem.∗ The equations that rule vorticity dynamics are developed
in Section 4.4.1 below.

• In common flows the region over which the vorticity is non vanishing has usually
a spatial extent much smaller than does the region where Lighthill’s source is non
vanishing. This point has been discussed in the previous Section.

Another advantage of Vortex Sound Theory, mostly unnoticed so far in the literature,
is that this analogy offers a powerful formalism to compensate for inaccuracies in the
flow model. Practically speaking, the momentum and kinetic energy appear explicitly
in the derivation of the analogy, thus allowing to impose their invariance even if the
flow model does not respect these conservation laws.

In what follows, the basic equations that rule vorticity dynamics and the definitions
of the momentum and kinetic energy are reminded. Two formulations of the Vortex
Sound Theory (namely Powell’s3 and Möhring’s4 analogies) will then be derived in
Sections 4.4.2 and 4.4.3. The emphasis will be put on the successive and apparently
redundant assumptions of conservation of momentum and kinetic energy that are in-
volved in these two analogies. The detailed analysis of these two analogies is the basis
which we use to derive a conservative formulation of the Vortex Sound Theory for
axisymmetrical flows (Section 4.4.5).

∗In analogy to Prandtl’s: “Vortices are the muscles of the flow”, Müller and Obermeier28 stated:
“Vortices are the voice of the flow”.
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4.4.1 Vorticity dynamics

The equation of transport of the vorticity ω ≡ ∇ × v can be obtained taking the
curl of the Navier-Stokes equations (4.13) where the vectorial identity

∇
( |v|2

2

)
= v × ω + v · ∇v (4.30)

has been used:

∇×
{

∂v

∂t
= −∇

( |v|2
2

)
+ v × ω − ∇p

ρ
+ ν∇2v +

f

ρ

}
(4.31)

where ν = µ/ρ is the kinematic viscosity, assumed constant as the density ρ. Using
the vectorial identity29

∇× (a× b) = a∇ · b− b∇ · a− a · ∇b + b · ∇a (4.32)

we find
Dω

Dt
= ω · ∇v − ω∇ · v + ν∇2ω +

1

ρ2
∇p×∇ρ +∇×

(
f

ρ

)
. (4.33)

For a barotropic fluid, the surfaces of constant density are parallel to the lines of
constant pressure so that ∇p × ∇ρ = 0. If the force field is the gradient of a scalar
potential Ψ, we obtain the Helmholtz vorticity transport equation:21

Dω

Dt
= ω · ∇v − ω∇ · v + ν∇2ω . (4.34)

Substituting the continuity equation (4.1) for ∇ · v in (4.34), we find:

D

Dt

(
ω

ρ

)
=

ω

ρ
· ∇v +

ν

ρ
∇2ω . (4.35)

For non-swirling axisymmetrical flows the vorticity vector is everywhere perpendicular
to the velocity gradient. Neglecting further viscous dissipation and compressibility, the
expression (4.35) shows that the magnitude of the vorticity is a conserved quantity.

The first two of the three Helmholtz laws of vortex motion can be deduced from
(4.35). They state that in a frictionless barotropic fluid under the action of conservative
body forces:29

1. Fluid particles originally free of vorticity remain free of vorticity.

2. Fluid particles on a vortex line at any instant will be on a vortex line at all
subsequent times. Alternatively, it can be said that vortex lines and tubes move
with the fluid.

3. The strength of a vortex tube does not vary with time during the motion of the
fluid.
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The last Helmholtz law can be readily obtained starting from the definition of the
circulation:21

Γ =

∮

C

v · dl (4.36)

where dl is an element of a close material line C following the fluid. Using the Navier-
Stokes equation (4.13), and for a barotropic fluid, we find:29

dΓ

dt
=

∮

C

f

ρ
· dl + ν

∮

C

(∇2v) · dl (4.37)

where the first integral vanishes if the force field f is the gradient of a single-valued
potential (as it is the case for the gravity). In these conditions, the equation (4.37)
shows that the circulation following a closed material line is an invariant of inviscid
flows. This Helmholtz’s third law is also known as Kelvin’s circulation theorem.

The flow impulse

P =
1

2
ρ

∫∫∫

V

x× ω dV (4.38)

can be interpreted as the resultant of the impulsive forces that have been applied
to generate the flow from rest. Saffman29 showed that for a bounded distribution of
vorticity in infinite space and neglecting viscous dissipation we have

dP

dt
=

∫∫∫

V

f

ρ
dV (4.39)

where f/ρ denotes the non-conservative external body forces. Hence, in absence of
external forces the impulse is an invariant of flow motion.

It can be shown21,29 that under the same assumptions (unbounded flow induced by
a localized distribution of vorticity, in absence of non-conservative external forces and
neglecting viscosity), the total kinetic energy

T = ρ

∫∫∫

V

v · (x× ω) dV (4.40)

is another invariant of the flow motion.
The circulation Γ, impulse P and kinetic energy T are important quantities in

our study, for several reasons. Firstly, their effective conservation observed from the
experimental data is an indicator of the quality of the measurements and/or of the
existence of an external force field applied to the pairing vortices. Secondly, it has been
seen in the previous Section that a variation of impulse yields a dipolar contribution
to the predicted acoustical far field. We will see in the next Section that a variation of
kinetic energy has also an influence on the nature of the acoustical radiation.

4.4.2 Powell’s analogy

The derivation of Vortex Sound Theory, as initiated by Powell,3 follows the same
philosophy as the one that Lighthill applied in establishing his analogy. It consists
again in rearranging the equations of fluid mechanics in a single inhomogeneous wave
equation, the right-hand side of which being considered as the source of sound. The
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difference with respect to Lighthill’s approach stands in the introduction of the vor-
ticity. On the basis of the observations made in the previous Section, our starting
assumption is the absence of external forces. We furthermore neglect viscosity.

Using the vectorial identity (4.30), the momentum equation (4.7) can be rewritten:

ρ
∂v

∂t
+ ρ∇

(
1

2
|v|2

)
+ ρ (ω × v) +∇p = 0 . (4.41)

Combining the time derivative of the continuity equation (4.3) with the divergence of
the momentum conservation equation (4.41), we obtain:

∂2ρ

∂t2
− ∂2p

∂x2
i

= ∇ ·
[
ρ (ω × v) +∇

(
1

2
ρ|v|2

)
− v

∂ρ

∂t
− 1

2
|v|2∇ρ

]
. (4.42)

In order to derive a wave propagation like equation, Powell3 uses the definition of the
speed of sound for an isentropic flow (4.21). In the wave propagation region we have
the decomposition (4.17) for the acoustical pressure perturbation p′ where the pressure
p0 is assumed to be uniform. Using the pressure perturbation as the aeroacoustical
variable, (4.42) yields:

1

c2
0

∂2p′

∂t2
− ∂2p′

∂x2
i

= ∇ ·
[
ρ (ω × v) +∇

(
1

2
ρ|v|2

)
− v

∂ρ

∂t
− 1

2
|v|2∇ρ

]
. (4.43)

Please note that at this stage, the present derivation proposed by Powell is slightly less
general than Lighthill’s one (4.19), since the latter was valid everywhere, while (4.43)
uses the isentropic definition of the speed of sound that is a priori only valid in the
wave propagation region. A general derivation would consist in adding 1/c2

0 ∂2p′/∂t2

to both sides of (4.42) to obtain

1

c2
0

∂2p′

∂t2
− ∂2p′

∂x2
i

= ∇ ·
[
ρ (ω × v) +∇

(
1

2
ρ|v|2

)
− v

∂ρ

∂t
− 1

2
|v|2∇ρ

]
+

∂2

∂t2

(
p′

c2
0

− ρ′
)

(4.44)
which is equivalent to Lighthill’s analogy (4.19) in absence of external forces. The term
∂2/∂t2(p′/c2

0−ρ′) is neglected for the reasons already discussed in the previous Section
for Lighthill’s analogy (4.19).

For homentropic flows, the relative variations of the density are purely kinetic,
so that the four terms under the divergence in the right-hand side of (4.44) scale as
1 : 1 : Sr M2 : M2, where Sr is the Strouhal number and M is the Mach number.3

The last two terms can therefore be dropped out in the low Mach number limit, and
for Strouhal numbers Sr = O(1) as considered in this study. We have

1

c2
0

∂2p′

∂t2
− ∂2p′

∂x2
i

= ∇ · [ρ (ω × v)] +∇2

(
1

2
ρ|v|2

)
. (4.45)

The contribution of the second term to the subsequent integration is negligible at
low Mach number for a compact source region, and because of conservation of the
kinetic energy in a non-viscous flow.20 Howe27 included this second term in the aero-
acoustical variable, which becomes then the stagnation enthalpy. For the low Mach
number, isothermal free jet that is considered in this study, Howe’s analogy reduces to
the form (4.45) and will thus not be discussed here.
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Retaining the first source term of (4.45), we find a dipolar nature of the source
∂[ρ(ω × v)i]/∂xi compared to the quadrupole of Lighthill ∂2 (ρvivj)/∂xi∂xj. We have
seen that a dipole in Lighthill’s analogy (4.19) is induced by external forces. If there is
no external force then the acoustical field produced by the first source term of (4.45)
should have at most a quadrupole as leading order term. This apparent paradox can
be resolved using the free field Green’s function and taking into account the variation
of the retarded time over the compact source region.20

Retaining the first two terms of the Taylor expansion of the retarded time over the
source region, we have:

t∗ = t− |x− y|
c0

= t− |x|
c0

+
x · y
c0|x| + . . .

so that a function f of the retarded time can be approximated at first order by:

f

(
t− |x− y|

c0

)
' f

(
t− |x|

c0

)
+

x · y
c0|x|

∂f

∂t

(
t− |x|

c0

)

One finds:

p′(x, t) = − xi

4πc0|x|2
∂

∂t

∫∫∫

V

ρ(ω × v)i d
3y − xixj

4πc2
0|x|3

∂2

∂t2

∫∫∫

V

yj ρ(ω × v)i d
3y

(4.46)
where all the integrands have to be evaluated at the retarded time t − |x|/c0, and in
which we used the far field approximation

∂

∂xi

' − xi

c0|x|
∂

∂t
.

The first integral in (4.46) is equal to the variation of the total impulse of the vorticity
distribution.29 It produces a dipolar radiation pattern. In absence of external forces,
this term vanishes and we are left with the expected quadrupolar radiation field. Using
the low Mach number approximation ρ = ρ0 in the source region, the equation (4.46)
yields (in vectorial form):

p′(x, t) = − ρ0

4πc2
0|x|3

∂2

∂t2

∫∫∫

V

(x · y)x · (ω × v) d3y . (4.47)

The discussion above stresses that in spite of the dipolar character of the first
source term in the wave equation (4.45) the sound radiation is quadrupolar because
we explicitly disregarded the dipole contribution and used a sufficiently accurate series
expansion of the retarded time to retain the quadrupole term.

We can obtain a physical interpretation of the retarded time effect in our case. The
hydrodynamic flow field induced by a vortex ring is the one of a continuous dipole
sheet as illustrated in Figure 4.3.5
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Figure 4.3: Quadrupolar acoustical field produced by the leapfrogging of two vortex
rings. For a compact source region (i.e. M ¿ 1 ⇔ d ¿ λ) the small variation of
retarded times between the fluctuating dipoles induces a quadrupole in far field.

Assuming thin rings (σ ¿ R) the total impulse of each dipole sheet is

P = ρ0ΓA

where Γ is the circulation of each ring and for a plane ring A = πR2 n, n being a unit
vector normal to the ring plane. Powell7,30 showed that the sound radiated in far field
by a single vortex ring is

p′(x, t) =
ρ0

4πc0|x|
d2

dt2
(ΓAx)t−|x|/c0

where Ax is the projection of the vector area A onto the direction to the listener x.
We have however seen that a variation of impulse is due to an external force field.

In our case, the force field exerted on each of the two vortex rings is due to their mutual
induction for which Newton’s law Faction = −Freaction is valid. When the variation of
retarded time between the fluctuating dipoles is small compared to a typical period
of sound production (d/c0 ¿ d/U0), the two fluctuating dipoles combine to form a
quadrupole in far field. This condition is satisfied for Low Mach numbers, since

d

c0

¿ d

U0

⇔ M =
U0

c0

¿ 1

and is equivalent to the compact source assumption that states that the size of the
sound producing region d is small compared to the radiated wavelength λ:

d

λ
' d

c0

U0

d
= M .
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4.4.3 Möhring’s analogy

Möhring4 derived an alternative formulation of Powell’s analogy, in which the sound
production appears to depend on the evolution of the vorticity alone. Möhring argued
that the presence of the flow velocity in Powell’s formulation (4.47) might cause some
difficulties when dealing with vortex filaments or vortex sheets, on which the self-
induced velocity is singular. We will show that even when such singularities are not
present, Möhring’s analogy presents some advantages compared to Powell’s one in
terms of robustness to some types of errors.

Möhring’s formulation is based on the Helmholtz’s equation for inviscid and incom-
pressible flow:

∂ω

∂t
+∇y × (ω × v) = 0 (4.48)

and on the vectorial identity:†

∇y ×
[
1

3
(x · y)x× y

]
= (x · y)x− 1

3
|x|2y . (4.49)

Substituting (x · y)x from (4.49) into Powell’s analogy (4.47), we find:

p′(x, t) = − ρ0

12πc2
0|x|3

∂2

∂t2

{∫∫∫

V

∇y × [(x · y)x× y] · (ω × v) d3y

+ |x|2
∫∫∫

V

y · (ω × v) d3y

}
(4.50)

where all the integrands have to be evaluated at the retarded time t−|x|/c0. The second
integral is related to the incompressible total kinetic energy of the flow (4.40) so that
its contribution to the sound pressure vanishes in the inviscid approximation since T
is then a conserved quantity. After integration by parts, and using the Helmholtz
equation (4.48), the first integral of (4.50) becomes:∫∫∫

V

∇y × [(x · y)x× y] · (ω × v) d3y = − ∂

∂t

∫∫∫

V

(x · y) (x× y) · ω d3y (4.51)

and we finally obtain Möhring’s analogy:

p′M(x, t) =
ρ0

12πc2
0|x|3

∂3

∂t3

∫∫∫

V

(x · y)x · (y × ω) d3y (4.52)

in which the velocity does not appear anymore. A drawback is that the term of
Möhring’s analogy ρ0 (y × ω) is not locally defined (i.e. its value before integration
is not invariant under a change of the origin of coordinates), while Powell’s source
ρ0 (ω × v) is locally defined, which makes its physical interpretation in terms of local
sound production much easier. Powell’s formulation is particularly convenient when
dealing with interacting vortex rings. This was illustrated for the far field quadrupolar
radiation due to vortex pairing in Section 4.4.2.

We have derived Möhring’s analogy starting from Powell’s one and imposing a sec-
ond time the conservation of kinetic energy in absence of viscous dissipation. Powell31

proved the equivalence of both analogies based on the single assumption of conservation
of kinetic energy, without invoking any acoustical argument.

†Please note that this approach to derive Möhring’s analogy avoids the introduction of the vectorial
Green’s function that was used by Möhring.4



4.4 Vortex Sound Theory 111

4.4.4 Discussion

It should be kept in mind that the derivation of the Vortex Sound Theory that is
proposed here holds for a low Mach number, homentropic free jet. Other derivations
of both Powell’s and Möhring’s analogies exist in the literature. We could for example
have started from Howe’s27 analogy to predict the sound produced by vorticity and
entropy inhomogeneities in an arbitrary Mach number flow. But this would have been
a rather long detour leading to Powell’s form (4.43) after the simplifications that apply
in our case. Similarly, other approaches lead to the formulation of Möhring (4.52) like
the Contiguous Method32 or the Matched Asymptotic Expansion theory.9,33

The developments in the previous Sections are meant to highlight the successive
assumptions that are involved when deriving Lighthill’s, Powell’s and Möhring’s analo-
gies. The conservation of momentum and kinetic energy was already implicitly assumed
in Lighthill’s analogy (4.22) in absence of external forces and neglecting viscous effects
in the incompressible source region. However, Powell had to assume these conserva-
tions laws once more in order to recover the expected quadrupole as the leading order
term of the acoustical far field (4.47). Similarly, Möhring obtained his integral form
(4.52) from Powell’s solution by reinforcing further the conservation of kinetic energy
to eliminate the spurious monopole represented by the second source term in (4.50).

The sound predictions obtained by applying these different analogies to a flow
model that actually respects the conservation of momentum and kinetic energy should
be equal. But a question that has apparently been left unresolved concerns their
behavior when using an inaccurate flow description in which these basic conservation
laws are not respected. The motivation is here the perspective of using Particle Image
Velocimetry data for the prediction of the sound produced by vortex pairing in our jet.
The different kinds of error that are expected to spoil this prediction are described in
Section 4.5.3.

Following the footsteps of Möhring,4 we will develop a so-called conservative for-
mulation of Vortex Sound Theory for low Mach number axisymmetrical flows in the
next Section. Powell’s and Möhring’s original analogies will firstly be derived for the
specific case of axisymmetrical flows. These formulations will be applied to predict the
sound produced by vortex pairing using more or less crude flow models (Sections 4.5.1
and 4.5.2). The purpose is to assess the ability of the different forms of the Vortex
Sound Theory to compensate for inaccuracies in the flow description.
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4.4.5 Conservative formulation for axisymmetrical flows

In this section, we generalize the approach followed by Möhring4 to predict the
sound produced by two leapfrogging vortex filaments, to the case of a continuous
distribution of vorticity. In addition to the assumptions already included in Powell’s
and Möhring’s analogies, we consider a flow which has a cylindrical symmetry.

The coordinate of an element of vorticity is given by

y = z n + r e(φ)

where n and e(φ) are unit vectors respectively aligned with the axial and radial direc-
tions (Figure 4.4). The vorticity and velocity are expressed by

{
ω(r, φ, z) = ω(r, z)n× e(φ)
v(r, φ, z) = u(r, z)n + v(r, z) e(φ) + w(r, z)n× e(φ)

(4.53)

where the azimuthal component w(r, z) of the velocity has been introduced for the sake
of generality, though its contribution to the sound production vanishes as a result of
the cross product ω × v in Powell’s analogy (4.47).

Figure 4.4: Polar coordinates of a vortex ring filament.



4.4 Vortex Sound Theory 113

Powell’s and Möhring’s formulations for axisymmetrical flow

Substituting the description (4.53) of the flow into Powell’s expression (4.47) yields

p′P(x, t) =
ρ0

4c2
0|x|3

∂2

∂t2

{
2

(∫∫

S

ωvrz drdz

)
(x · n)(x · n)

−
(∫∫

S

ωur2 drdz

)
[(x · x)− (x · n)(x · n)]

}
. (4.54)

The same substitution into Möhring’s expression (4.52) gives

p′M(x, t) =
ρ0

4c2
0|x|3

d3Q

dt3
x ·

(
nn− I

3

)
· x (4.55)

where I is the unity tensor and Q is defined by:

Q =

∫∫

S

ωr2z drdz . (4.56)

The equation (4.55) is Möhring’s4 result. This quadrupolar directivity pattern can
be expressed in polar coordinates (θ is the angle between the symmetry axis and the
listener’s position x):

x ·
(
nn− I

3

)
· x = |x|2

(
cos2 θ − 1

3

)
. (4.57)

As shown by Powell12 applying his “Three-Sound-Pressures Theorem”, any inviscid
axisymmetrical flow must radiate sound according to the axisymmetrical quadrupolar
directivity pattern cos2 θ − 1/3. It will be shown below that Powell’s and Möhring’s
formulations (4.54) and (4.55) are equivalent, although the directivity given by Powell’s
formulation appears less explicit.

Conservative formulations

Using Lamb’s results,5 the first derivative of Möhring’s integral source term (4.56)
can be expressed as a function of the total kinetic energy of the flow (see Appendix C
for a detailed derivation):

dQ

dt
=

T

2πρ0

+ 3

∫∫

S

ωvrz drdz (4.58)

where the kinetic energy (4.40) can be written in polar coordinates:

T = 2πρ0

∫∫

S

(ru− zv) ωr drdz . (4.59)

Möhring’s form (4.55) yields:

p′M(x, t) =
ρ0

4c2
0|x|3

d2

dt2

(
T

2πρ0

)
x ·

(
nn− I

3

)
· x

+
ρ0

4c2
0|x|3

d2

dt2

(
3

∫∫

S

ωvrz drdz

)
x ·

(
nn− I

3

)
· x . (4.60)
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Similarly, assuming that the total impulse

P = πρ0

∫∫

S

ωr2 drdz (4.61)

is constant, we find for Powell’s analogy (4.54):

p′P(x, t) =
ρ0

4c2
0|x|3

d2

dt2

(
T

2πρ0

)
x · (nn− I) · x

+
ρ0

4c2
0|x|3

d2

dt2

(
3

∫∫

S

ωvrz drdz

)
x ·

(
nn− I

3

)
· x . (4.62)

Comparing (4.60) and (4.62) shows that assuming the conservation of the impulse, the
sound pressure predicted by Möhring’s and Powell’s formulations differ by a monopolar
contribution that is proportional to the second time derivative of the kinetic energy:

p′M(x, t) = p′P(x, t) +
1

12πc2
0|x|

d2T

dt2
. (4.63)

This result is consistent with the results obtained by Powell31 who showed that the
analogies of Möhring and Powell are strictly equivalent assuming the conservation of
kinetic energy. Moreover, it confirms that when the pressure is chosen as the aero-
acoustical variable, the contribution of the kinetic energy term to the acoustical field
has a monopolar directivity.22,23 In the rest of the derivation, the kinetic energy will be
considered constant. In that case, Powell’s and Möhring’s analogies lead to the same
expression:

p′c(x, t) =
3ρ0

4c2
0|x|3

d2

dt2

(∫∫

S

ωvrz drdz

)
x ·

(
nn− I

3

)
· x (4.64)

in which only two time derivatives of an integral quantity are required to calculate the
sound radiated.

We propose to use an additional modification: the subtraction of an axial center of
gravity of the vortex system z0, defined as5

z0 =

∫∫

S

ωr2z drdz
∫∫

S

ωr2 drdz

= πρ0
Q

P
, (4.65)

from the axial coordinate z in the integral of (4.58). This modification yields:

(
dQ

dt

)

0

≡ T

2πρ0

+ 3

∫∫

S

ωvr (z − z0) drdz (4.66)

which is equal to (4.58) assuming that the total impulse is constant, because
∫∫

S

ωvr drdz =
1

2πρ0

dP

dt

(see Appendix C).
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Finally, Powell’s and Möhring’s analogies lead to:

p′c,0(x, t) =
3ρ0

4c2
0|x|3

d2

dt2

(∫∫

S

ωvr (z − z0) drdz

)
x ·

(
nn− I

3

)
· x . (4.67)

since we assumed the total kinetic energy T to be constant. The expression (4.67) will
be referred to as the conservative formulation of Vortex Sound Theory for low Mach
number, axisymmetrical, non-viscous flow in absence of external forces.

4.5 Sound produced by the leapfrogging of

two vortex rings

When the radius of the core σc is small compared to the initial axial separation d
between the rings, that is itself small compared to the initial rings radii R0, the rings
can be modelled as filaments. The axisymmetric leapfrogging is locally described as a
two-dimensional plane flow. The sound produced by such a caricatural model has been
predicted by Möhring4 applying his formulation of the Vortex Sound Theory. We think
that some important steps of the calculation are left quite implicit in this paper. In
particular, the use of Lamb’s5 results to compensate for the deficiencies of the planar
flow model is such an essential step. The complete development of this application has
been done in Section 4.5.1 and commented. We will show how important this step is by
using the original formulations of Powell and Möhring without using this modification.
We will observe a clear deficiency of the model.

If the initial separation d is not negligible compared to the rings initial radii R0,
the vortex stretching and the resulting modulation of the rings self-induced velocity
have to be taken into account. Dyson’s34 stream function has been used by Kambe
and Minota9 to predict the sound radiated by the periodic leapfrogging of thin core
vortex rings. They predicted that the sound emitted is maximum at the moment at
which the rings are coplanar.

4.5.1 Theoretical modelling: leapfrogging of thin core vor-
tex rings with small initial separation (σc ¿ d ¿ R0)

The asymptotic case of vortex rings with a thin core and a small initial separation
has been dealt with by Möhring.4 It presents the advantage of allowing a full analytical
treatment.

Flow model

The initial axial separation between the leading and the trailing ring d ≡ ZL − ZT

is assumed to be small with respect to their initial radius R0 (Figure 4.5), so that
their mutual induction is locally two-dimensional. Moreover, the radius of the core
σc is assumed to be small compared to d, so that the mutual induction of two vortex
filaments is considered.
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Figure 4.5: Initial position of the two vortex rings.

The corresponding evolution law is:





ZL(t) = u0t +
d

2
cos

(
Γt

πd2

)

RL(t) = R0 +
d

2
sin

(
Γt

πd2

)

ZT(t) = u0t− d

2
cos

(
Γt

πd2

)

RT(t) = R0 − d

2
sin

(
Γt

πd2

)

(4.68)

where u0 is the self-induced axial velocity of each vortex ring which is assumed to be
constant. The results that follow have been obtained for the cases d/R0 = 0.1 and 0.3.

Being two-dimensional, the model (4.79) does not account for vortex stretching. Its
primary effect is to modulate the self-induced velocity of each ring. The self-induced
velocity of a circular vortex ring of radius R, core radius σc and evenly distributed
vorticity over its core is:5

uc =
Γ

4πR

(
log

8R

σc

− 1

4

)
. (4.69)

The effect of vortex stretching is taken into account in the three-dimensional interaction
model (4.79) that will be described in Section 4.5.2.
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The velocity u0 in the two-dimensional evolution (4.68) has been obtained using this
three-dimensional model (4.79). It has been defined as the average of dz0/dt obtained
over one leapfrogging cycle, where z0 is the axial coordinate of the vortex centroid
(4.65). We could have used a definition of u0 obtained using the expression (4.69) for
the convection velocity of a single ring. But the mean convection velocity of the pair
of vortices is considerably larger than the one of each ring taken alone. This mean
convection velocity increases when the initial spacing between the rings decreases, as
indicated in Table 4.1 (page 123). The three-dimensional model (4.79) requires the
value of the core radii σc. We used a ratio σc/d = 0.1 for each case to preserve the
filamentary character of the interaction between the rings. This exactness of this value
is not crucial, since we observed that the interaction between the rings in only weakly
dependent on the value of the core radius σc for the small ratio σc/d considered here.

It appears in Figure 4.6 that the effect of stretching on the vortex trajectories is not
important for small initial separation d/R0 between the vortex rings. The trajectory
of the cores calculated for d/R0 = 0.1 using the two-dimensional model (4.68) is quite
similar to the result of the three-dimensional model (4.79). The difference becomes
significant for d/R0 ≥ 0.3. One observes a flattening of the trajectory calculated using
the more realistic three-dimensional model.
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Figure 4.6: Locus of the vortex cores calculated for two initial separations (solid
line and filled symbols: d/R0 = 0.1 ; dashed line and empty symbols: d/R0 = 0.3),
using the two-dimensional model (4.68) (lines) and the three-dimensional model (4.79)
(symbols).
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Impulse and kinetic energy

A consequence of the absence of variation in the self induced velocity in the model
is that the impulse and kinetic energy of the vortex system are not conserved. This
aspect, not explicitly dealt with by Möhring,4 can be verified by substitution of the
equations (4.68) in the definitions (4.38) and (4.40):

P = 2πρ0ΓR2
0

[
1 +

d2

4R2
0

sin2

(
Γt

πd2

)]
(4.70)

T = 2πρ0Γ

[
2R2

0u0 − ΓR0

2π
+

(
u0d

2

2
− ΓR0

2π

)
sin2

(
Γt

πd2

)
− u0Γ

4π
t sin

(
2Γt

πd2

)]
(4.71)

Please note that the application of the equation (4.59) to the case of vortex filaments
does not account for the singular character of the velocity field at the position of the
filaments. A correct treatment of the singularity is provided by Lamb5 and Saffman.29

We apply here the formulation (4.59) to highlight the relationship that exists between
the sound predicted using the original formulations of Powell and Möhring, and the
variation of the kinetic energy.

We see that the impulse P contains a fluctuating component, scaling with d2/R2
0,

and that is thus small in the case d ¿ R0 considered here. This is illustrated in
Figure 4.7(a) for two values of the initial separation (d/R0 = 0.1 and 0.3). However,
given the high acoustical efficiency of the dipole compared to the one of the quadrupole,
we expect that this small variation of the impulse can strongly alter the prediction of
the radiated sound field.
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(a) Impulse (4.70).
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(b) Kinetic energy (4.71).

Figure 4.7: Variations of the impulse P and kinetic energy T of the system of two
vortex rings described by the two-dimensional model (4.68) for two initial separations
(— d/R0 = 0.1 ; ◦ d/R0 = 0.3).

The evolution of the kinetic energy T in Figure 4.7(b) shows that in addition to an
harmonically fluctuating component, we observe an unrealistic term with an amplitude
increasing linearly with time. This is called a secular term. As time increases the model
failure becomes more dramatic.
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This secular term results from the two-dimensional approximation in the flow model
(4.68) that neglects the effect of vortex stretching on the self-induced velocity of each
vortex ring. This induces a small error in the period of leapfrogging of the order of
d2/R2

0. The solution is progressively altered as this small error accumulates with the
number of cycles. A possible correction of the model (4.68) would consist in adjusting
the leapfrogging frequency (Lindstedt-Pointcaré method) to compensate for the two-
dimensional approximation of the vortex interaction.35 A more physical correction is
included in the three-dimensional leapfrogging model (4.79) that will be described in
Section 4.5.2.

Remark The abscissa that is used to plot the impulse, kinetic energy and sound
production in Sections 4.5.1 and 4.5.2 is the non-dimensional time t/(Γ−1R2

0) divided
by the non-dimensional period of leapfrogging Tp. Hence, when results obtained using
the two-dimensional model (4.68) and the three-dimensional one (4.79) are compared
in the same figure, the period used to obtained t/Tp is not the same. The period of
leapfrogging for the 2-D interaction is simply Tp = 2π2d2/Γ, but the period of leapfrog-
ging using the 3-D model is obtained numerically. The value of Tp that corresponds to
each model is indicated in Table 4.1 (page 123).

Sound production

Substituting the vortex evolution (4.68) into Powell’s formulation (4.54) gives:

p′P(x, t) =
ρ0

4c2
0|x|3

{[(
− 4Γ4R0

π3d4
+

3Γ3u0

π2d2

)
cos

(
2Γt

π2d2

)

− 2Γ4u0

π3d4
t sin

(
2Γt

π2d2

) ]
x · (nn) · x

+

(
2Γ4R0

π3d4
− Γ3u0

π2d2

)
cos

(
2Γt

π2d2

)
(x · x)

}
. (4.72)

As for the kinetic energy, the presence of a secular term invalidates the result. Applying
the same algebra, Möhring’s analogy (4.55) gives:

p′M(x, t) =
ρ0

4c2
0|x|3

[(
3Γ3u0

π2d2
− 4Γ4R0

π3d4

)
cos

(
2Γt

π2d2

)

− 2Γ4u0

π3d4
t sin

(
2Γt

π2d2

)]
x ·

(
nn− I

3

)
· x (4.73)

and once again a secular term appears.
We have shown that the direct application of both Powell’s and Möhring’s analogies

in their original forms (respectively (4.54) and (4.55)) to predict the sound radiated
by the leapfrogging of two vortex rings described by the planar flow model (4.68) is
a failure. The existence of a secular term in the amplitude of the far field acoustical
perturbation is alone sufficient to disqualify the result. This secular term is related to
the one that appears in the kinetic energy (4.71).
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The dependence on the constant convection velocity u0 is a further proof indicating
that the sound prediction is wrong. As discussed in Section 4.4.2, the sound production
is related by the second time derivative of the impulse of each vortex ring, and the
constant component u0 of their axial velocity does not contribute to this.

The method followed by Möhring4 to resolve this non-physical sound production has
inspired the derivation of our conservative formulation in Section 4.4.5. The approach
is meant to compensate for the weaknesses of the two-dimensional model (4.68) by
imposing further the conservation of the impulse and kinetic energy, in spite of the
actual non-conservative character of the flow model. Reminding Lamb’s result (4.58),
the first derivative of Möhring’s source term (4.56) becomes for our system of two
vortex rings:

dQ

dt
=

T

2πρ0

+ 3Γ (RLVLZL + RTVTZT) (4.74)

where R and Z are the radial and axial coordinates of the vortices, V is their radial
velocity component and the indexes L and T refer to the leading and trailing rings.
The conservation of the impulse can be written

d

dt

(
R2

L + R2
T

)
= 0 ⇒ RLVL = −RTVT (4.75)

so that (4.74) can be rewritten

dQ

dt
=

T

2πρ0

+ 3ΓRLVL (ZL − ZT) . (4.76)

Although not explicitly specified by Möhring, this last expression is useful since it
allows to remove the paradoxical presence of the velocity u0 in the sound prediction
(4.73). Please note that subtracting the vortex centroid coordinate z0 defined by (4.65)
would have the same effect in the asymptotic limit d ¿ R0 since it can be shown that
z0 ' u0t in that case.

Moreover, assuming the conservation of kinetic energy, the term T/2πρ0 can be
dropped out in the time derivations of dQ/dt that are needed to obtain the acoustical
pressure in (4.55). This compensates for the uncorrect calculation of the kinetic energy
that produced the secular term in (4.71).

Hence, assuming once more the conservation of the impulse and kinetic energy in
spite of their effective non-conservation that has been observed, we find

d3Q

dt3
= −3Γ4R0

π3d4
cos

(
2Γt

πd2

)
. (4.77)

Möhring’s result is finally obtained by substitution of the last expression in (4.55):

p′(x, t) = −3

4

ρ0Γ
4R0

π3d4c2
0|x|3

cos

(
2Γt

πd2

)
x ·

(
nn− I

3

)
· x . (4.78)

The sound prediction (4.78) is compared for d/R0 = 0.1 in Figure 4.8 to the
prediction obtained by straightforward application of the definition (4.55) using the
three-dimensional leapfrogging model described in the next Section, that respects the
conservation of both the impulse and kinetic energy. It can be seen that in spite of
the effective non-conservation of these quantities by the two-dimensional flow model,
an accurate prediction is obtained.
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Figure 4.8: Prediction of the sound pressure p′ on the axis of symmetry obtained
by the analytical expression (4.78) for the two-dimensional leapfrogging model (4.68)
(—) compared to the prediction obtained using the three-dimensional model (4.79)
described in Section 4.5.2 (◦) ; d/R0 = 0.1.

Remark on the normalization of the sound pressure perturbation In the lit-
erature, results of the Vortex Sound Theory for low Mach number free flows are mainly
obtained using Möhring’s analogy. The acoustical emission is therefore evaluated us-
ing the quantity d3Q/dt3 (properly non-dimensionalized) of the expression (4.55). This
term presents the advantage of being related to the sound production mechanism alone,
irrespectively of the position of the listener. This is not possible when considering Pow-
ell’s formulation (4.54), in which the directivity is mixed with the sound production
terms. In order to compare the prediction obtained using Möhring’s and Powell’s forms,
the listener is here supposed to lie on the axis of symmetry z. Moreover, the acoustical
pressure perturbation p′ is multiplied by 4c2

0|x|/ρ0 and divided by Γ4R−3
0 to obtain a

non-dimensional acoustical source term that reflects the sound production and does not
depend on the free field conditions and distance |x|. The quantity 4c2

0|x|p′/(ρ0Γ
4R−3

0 )
thereby obtained is simply 2/3 times smaller than the non-dimensional source term
d3Q/dt3/(Γ4R−3

0 ) that is usually presented, owing to the directivity cos2 θ − 1/3 in
(4.57) with θ = 0◦.

Discussion

We have shown that for a small initial axial separation between the rings (i.e. when
the effect of stretching can be neglected), their trajectories can be apparently accurately
obtained using a simple two-dimensional model. However, because of the variance of
the impulse and kinetic energy, both Powell’s and Möhring’s original formulations
(4.54) and (4.55) fail to predict the sound emission. But when these two analogies are
cast in a form that allows to further impose the conservation of the flow invariants, an
accurate prediction can be obtained, close to the prediction that is obtained using a
flow model that respects the flow invariants.

For larger initial axial separation between the rings, a more accurate leapfrogging
model is needed. This will be shown below.
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4.5.2 Theoretical modelling: leapfrogging of thin core vor-
tex rings (σc ¿ d ' R0)

The flow model that will be depicted below has already been successfully used
by Kambe and Minota9 to predict the sound radiated by vortex leapfrogging. It is
used here to illustrate the differences between the different formulations of the Vortex
Sound Theory. In particular, the robustness of the analogy with respect to typical
experimental errors will be addressed in Section 4.5.3.

Flow model

In this more realistic vortex pairing model, the vortex core radius σc is still assumed
to be small compared to the initial separation d between the vortices, i.e. we consider
again the interaction of vortex filaments of circular cross-section. The distance d is
however no longer small compared to the initial radius R0 of the vortex rings. Vortex
stretching is therefore taken into account by varying the core radius σc to maintain
the volume of each ring constant.29 We further assume a uniform distribution of the
vorticity in the core of the filament.

The Biot-Savart induction is integrated over the whole rings, and vortex stretching
is taken into account in the evaluation of the self-induced velocity of each ring m:





dZm

dt
=

1

Rm

∂Ψ

∂Rm

+
Γm

4πRm

[
log

(
8Rm

σc,m

)
− 1

4

]

dRm

dt
= − 1

Rm

∂Ψ

∂Zm

dσ2
c,mRm

dt
= 0

(4.79)

where the stream function Ψ associated to the vortex filament n, and evaluated at the
vortex filament m is:34

Ψ =
Γn

2π

√
RmRn

[(
2

kmn

− kmn

)
K(kmn)− 2

kmn

E(kmn)

]
(4.80)

with

kmn =

√
4RmRn

(Zm − Zn)2 + (Rm + Rn)2
(4.81)

where K(k) and E(k) are respectively the complete elliptic integrals of first and second
kind.

The system of equations (4.79) has been solved using a time marching procedure
over one leapfrogging cycle. The explicit 4th–5th order accurate Runge-Kutta solver
ODE45 of Matlabr has been used.

The vortex trajectories have been calculated for three different initial separations:
d = 0.1 R0, 0.3 R0 and 1 R0. The circulation and initial radius are equal to Γ = 1 m2s−1

and R0 = 1 m. The results presented below are normalized using these two variables.
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The locus of the ring cores obtained for the first two cases were compared in Fig-
ure 4.6 with the results obtained using the two-dimensional model (4.68). The last
case d = 1 R0 which is close to our typical experimental conditions will be used in Sec-
tion 4.5.3 to evaluate the sensitivity of the sound prediction to various perturbations
of the flow model.

The results presented below are plotted using as abscissa the time normalized by
the period of leapfrogging Tp. The value of this non-dimensional period and the mean
convection velocity of the two vortex rings obtained from the simulations are indicated
in Table 4.1. All the time derivations are performed using the 2nd order accurate
centered finite difference scheme

(
df

dt

)

i

' fi+1 − fi−1

2 ∆t
.

Table 4.1: Leapfrogging period Tp and convection velocity of the vortex system cen-
troid u0 = dz0/dt, using the 2-D model (4.68) and the 3-D model (4.79).

d/R0 0.1 0.3 1

Model 2-D 3-D 2-D 3-D 2-D 3-D

σc/R0 — 0.01 — 0.03 — 0.1

Tp/(Γ
−1R2

0) 0.197 0.194 1.777 1.618 19.74 14.32

u0/(ΓR−1
0 ) 0.822 0.649 0.457

Impulse and kinetic energy

The system of equations (4.79) has two integrals of motion expressing the con-
servation of linear momentum and energy.9 Figure 4.9(a) shows that the impulse is
conserved within the accuracy of the numerical simulation. A relative tolerance on the
residuals of 10−12 has been used for solving the system (4.79). Figure 4.9(b) indicates
that the kinetic energy is quite conserved as well.

Sound production

Figure 4.10 shows that if the acoustical perturbation obtained from the 2-D model
(4.68) was reasonable for d/R0 = 0.1 (Figure 4.8), the 3-D effects can already not
be ignored for d/R0 ≥ 0.3. It is also apparent that Powell’s and Möhring’s original
formulations (4.54) and (4.55) yield similar results when applied to an accurate flow de-
scription respecting the conservation of the impulse and kinetic energy. This indicates
that the monopole due to the second time derivative of the kinetic energy in (4.63) is
negligible for the present case. It could be expected considering the invariance of T
shown in Figure 4.9(b).
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(b) Kinetic energy.

Figure 4.9: Conservation of the impulse P and kinetic energy T of the system of
two vortex rings described by the three-dimensional model (4.79). — d/R0 = 0.1 ; ◦
d/R0 = 0.3.
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Figure 4.10: Sound prediction obtained by the analytical expression (4.78) for the
two-dimensional leapfrogging model (4.68) (– –) compared to the prediction obtained
using the three-dimensional model (4.79). — Möhring’s formulation (4.55) ; ◦ Powell’s
formulation (4.54) ; initial axial separation d/R0 = 0.3.
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4.5.3 Robustness of the sound prediction

The key idea of this Section is to explore the sensitivity of the predicted sound field
to perturbations added to the solution of the flow field obtained using the 3-D model
(4.79). Since the conservations of the impulse and kinetic energy are respected by
this model, it will be possible to evaluate the effect of the perturbations on these flow
invariants. Then, on the basis of the discussions in Section 4.4 about the successive
assumptions that are involved in the different formulations, their respective robustness
will be related to the flow invariants.

We consider here two kinds of inaccuracies that typically affect our experimental
data: random and bias errors. Random errors arise from the measurement uncertainty
and concern the vortex ring characteristics (coordinates of the cores and circulation).
Bias errors come from a misalignment of the measurement system of axes with respect
to the axis of symmetry of the vortices. The latter error might be due to an asymmetric
evolution of the vortex rings themselves. We assume here that the acoustical excitation
promotes the varicose (axisymmetric) mode of the jet. However, azimuthal instabilities
become predominant a few diameters downstream from the nozzle outlet as illustrated
in Figure 3.9(b).

Reference case: unperturbed vortex interaction

The initial spacing d = 1 R0 and core radius σc = 0.1 d of the vortex rings have
been defined to match grossly our Particle Image Velocimetry measurements discussed
in Chapter 3 for the case U0 = 5.0 m/s. The corresponding leapfrogging period Tp and
mean convection velocity u0 are indicated in Table 4.1. The trajectory of the vortices
has been integrated over one leapfrogging cycle (Figure 4.11).
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Figure 4.11: Locus of the vortex rings calculated using Dyson’s model for an initial
axial separation d/R0 = 1.
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As it can be verified from Figures 4.12(a) and (b), the impulse conservation is
accurately respected but we observe fluctuations of about 1 % in the kinetic energy. It
can however be observed in Figure 4.13 that both Powell’s and Möhring’s predictions
for the sound production are very similar.

t / Tp

P
/(

ρ 0
Γ

R
02

)

0 0.25 0.5 0.75 1
6

6.1

6.2

6.3

6.4

6.5

(a) Impulse.

t / Tp

T
/(

ρ 0
Γ2

R
0

)
0 0.25 0.5 0.75 1

4.4

4.45

4.5

4.55

(b) Kinetic energy.

Figure 4.12: Impulse P and kinetic energy T of the system of two vortex rings
following the three-dimensional model (4.79) for an initial separation d/R0 = 1.
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Figure 4.13: Sound pressure level predicted by Möhring’s (4.55) (—) and Powell’s
(4.54) (◦) original formulations applied to the unperturbed vortex ring evolutions (ini-
tial axial separation d/R0 = 1).
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Effect of the addition of random noise to the vortex rings positions and
circulation

Random (Gaussian) noise has been added to the vortex ring core coordinates as
a first step, and to their circulation as a second step. The standard deviation of the
noise added to the coordinates and circulations is 10−5 and the mean value is equal to
zero. The perturbations have been added independently to each of the axial and radial
coordinates of each vortex and to their individual circulations.

In what follows, the sensitivity of a quantity X to the addition of noise will be
evaluated through the difference δX between its values for the perturbed and the
unperturbed cases: δX = Xperturbed −Xunperturbed.

The effect of the added noise on the flow invariants is indicated in Figures 4.14(a)-
(d). It appears that perturbing the coordinates influences more the kinetic energy than
the impulse. Adding noise to the circulation has the inverse effect.
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(a) Effect of 10−5 coordinate perturbation on
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(b) Effect of 10−5 circulation perturbation on
impulse (4.38).
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(c) Effect of 10−5 coordinate perturbation on
kinetic energy (4.40).
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Figure 4.14: Effect of the addition of noise to the coordinates and circulation on the
impulse and kinetic energy (initial axial separation d/R0 = 1).



128 Sound production by vortex pairing

The effect of the added noise is significant when considering the sound prediction
(Figures 4.15(a) and (b)). It can be seen from Figure 4.15(a) that applying the direct
formulations of Powell and Möhring to the perturbed coordinates case, the variation
of the sound pressure δp′ exhibits a scatter as large as the sound pressure p′ itself.

A surprising result is that Möhring’s formulation (4.55) produces slightly less scatter
than Powell’s equation (4.54) when perturbation of the coordinates is considered, in
spite of its additional time derivative. This robustness is a consequence of the additional
assumption of conservation of the kinetic energy that is incorporated in Möhring’s
analogy. In the case of the two-dimensional model of leapfrogging (Section 4.5.1) the
circulation was conserved but an error was introduced in the coordinates. We also
observed in that case that Möhring’s approach performed well.

At the opposite, is appears in Figure 4.15(b) that Powell’s analogy performs much
better when we consider the perturbed circulation case. The additional time derivative
required in Möhring’s formulation explains this result.
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(a) Perturbed coordinates.
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(b) Perturbed circulation.

Figure 4.15: Error on sound predicted by Möhring’s (4.55) (¤) and Powell’s (4.54)
(N) original formulations applied to the perturbed vortex ring evolutions (initial axial
separation d/R0 = 1).

Finally, Figure 4.16 shows that the scatter of δp′ calculated using the conservative
formulation (4.67) is about 20 times smaller that what was obtained using Powell’s
analogy for the perturbed circulation case. The scatter is larger for the perturbed
coordinates case, but remains still about 30 times smaller than the scatter found by
using either Möhring’s or Powell’s analogy. This success is due to the fact that we
have imposed an additional time momentum and energy conservation based on Lamb’s
equation (4.66).
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Figure 4.16: Error on sound predicted by the conservative formulation (4.67) ap-
plied to the vortex ring evolutions perturbed on either trajectories (×) or circulations
(N)(initial axial separation d/R0 = 1).

Effect of a systematic bias affecting the vortex rings coordinates

We focus now our attention on the effect of an incorrect matching between the axis
of symmetry of the vortex rings and the axis z of the measured data. A misalignment
between the aerodynamical axes and the data axes can have two causes:

• a systematic bias due to misalignment of the camera axis relative to the axis of
the nozzle (Figure 4.17(a)),

• an instantaneous displacement of the jet position due to a sinuous instability of
the jet column (Figure 4.17(b)).

(a) Misalignment with the mean aerodynamical axis of the
jet.

(b) Instantaneous sinu-
ous instability of the jet.

Figure 4.17: Radial offset δr and rotation θr characterizing the misalignment between
the data axes (z, r) and the axis of symmetry of the vortex rings. The dotted line
represents the locus of the centroid of the two vortex rings.
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Only the first effect can be minimized by a proper positioning of the camera and an
accurate PIV calibration. We will compensate for the second effect by performing the
average of the source terms obtained from a large number of realizations. We assume
that the sinuous mode occurs randomly with respect to the excitation phase.

This aspect is crucial because we will use the PIV measurements described in the
Chapter 3 to predict the sound emitted assuming axisymmetry of the flow. Hence,
a misalignment between the axis z of the experimental data and the vortex rings
symmetry axis will have the same effect on the calculated impulse, kinetic energy and
acoustical source terms than a variation of the radius r of the rings. This is illustrated
in Figures 4.17(a)-(b) in which the integration domain in indicated in gray.

We shall investigate here separately the effects of a radial offset δr and of a rotation
θr applied to the vortex trajectories indicated in Figure 4.11. We examine at first the
effect of a positive radial offset of the coordinates of the vortex cores, by an amount
equal to δr = 10−2 (i.e. 2 % of the rings initial radius R0). This results in an apparent
increase of the vortex rings radii. The modified trajectories of the leading and trailing
ring cores is indicated in Figure 4.18.
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Figure 4.18: Modified trajectory of the vortex rings by shifting their radial coordi-
nates (initial axial separation d/R0 = 1, offset δr = 10−2). — original trajectory ; ×
modified trajectory.

The effect of the radial offset on the impulse and kinetic energy calculated assuming
symmetry around the shifted axis is shown in Figures 4.19(a) and (b). We observe
mean values of δP and δT of about 4 % of their mean reference values (indicated in
Figures 4.12(a) and (b)). The fluctuating component of the error in the calculated
momentum δP is about 5 % of its mean value. The fluctuations of the error in the
calculated kinetic energy δT are much larger (about 50 %) and exhibit clearly a secular
character as it was observed for the two-dimensional model of vortex leapfrogging
(section 4.5.1).
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(b) Variation of kinetic energy.

Figure 4.19: Variation of impulse and kinetic energy induced by an offset of the
vortex radial coordinates (initial axial separation d/R0 = 1, offset δr = 10−2).

The effect of the radial offset on the sound pressure obtained by Powell’s and
Möhring’s analogies can be estimated from Figure 4.20(a). As it was concluded from
the perturbed coordinates case, it appears that Möhring’s analogy (4.55) is slightly
more robust than Powell’s analogy (4.54) when the kinetic energy is not conserved.
The conservative formulation (4.67) can be seen to be less sensitive to the radial offset
than Möhring’s and Powell’s original forms (Figure 4.20(b)).
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(a) Möhring’s (4.55) (¤) and Powell’s (4.54)
(N) original formulations.
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(b) Conservative formulation (4.67).

Figure 4.20: Effect of the radial offset δr = 10−2 on the sound prediction (initial axial
separation d/R0 = 1).
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Finally, a rotation of the vortex trajectories is applied. A small rotation angle
θr = 0.1◦ is used. The center of the rotation is located on the axis of symmetry, at
an axial coordinate corresponding to the initial position of the trailing ring. It should
be noted that the magnitude of the displacement of the trajectories in Figure 4.21
resulting from such a small rotation angle is much smaller than for the radial offset
used previously.
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Figure 4.21: Modified trajectory of the vortex rings by rotation of their coordinates
(initial axial separation d/R0 = 1, rotation angle θr = 0.1◦). — original trajectory ; ×
modified trajectory.

The maximum variation of impulse δP is reached at the downstream end of the tra-
jectory (see Figure 4.22(a)). It is about 2 % of its reference value, i.e. half the variation
that resulted from the constant radial offset previously applied. Similar comments can
be made concerning the kinetic energy (Figure 4.22(b)).

Nevertheless, it appears in Figure 4.23(a) that the impact of the rotation on the
sound predicted by both Powell’s and Möhring’s analogies is more important than for
the radial offset. The sound pressure difference δp′ reaches about 1/3rd of the sound
pressure peak value. This time Möhring’s solution is not better than Powell’s one.
Another result without precedent is that the conservative formulation (4.67) does not
compensate for the data alteration, as it can be seen in Figure 4.23(b). It seems that
all the formulations of the Vortex Sound Theory fail when when applied to a flow
description in which the impulse continuously grows, even if the total increase is itself
not so large.
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(b) Variation of kinetic energy.

Figure 4.22: Variation of impulse and kinetic energy induced by a misalignment of
the PIV system of axes with the vortex system axes (initial axial separation d/R0 = 1,
rotation angle θr = 0.1◦).
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(a) Möhring’s (4.55) (¤) and Powell’s (4.54)
(N) original formulations.
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(b) Conservative formulation (4.67).

Figure 4.23: Effect of the rotation θr = 0.1◦ of the vortex coordinates on the sound
prediction (initial axial separation d/R0 = 1).
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Summary

The results above indicate that Möhring’s original formulation (4.55) is slightly
more robust than Powell’s one (4.54) when the inaccuracies of the flow model affect
more the kinetic energy than the impulse. This stems from the additional assumption
of conservation of the kinetic energy that is incorporated in Möhring’s analogy. It
justifies also the successful prediction obtained by Möhring4 using the two-dimensional
model (4.68), since the deficiency of this model was seen to concern mainly the kinetic
energy.

But when the impulse is more affected by random perturbations than the kinetic en-
ergy, the additional time derivative in Möhring’s analogy compared to Powell’s analogy
produces its noise-amplifying effect.

For almost all the perturbations considered, the conservative form (4.67) provides
a better solution than Möhring’s and Powell’s original formulations. The gain is con-
siderable when noise is added to the vortex characteristics. It is still appreciable when
a radial offset of the vortex coordinates is applied. The exception is the case in which
the vortex trajectories are rotated, inducing a temporal increase of the rings radii. All
the formulations are vulnerable to the monotonously increasing impulse that results
of this rotation, even with such a small amplitude as the value θr = 0.1◦ used here.
The angular alignment of the measurement axes with the aerodynamical axis appears
hence to be of primary importance for sound prediction.



4.5 Sound produced by leapfrogging 135

4.5.4 Experimental description of vortex merging based on
Particle Image Velocimetry measurements

Several issues arise when considering the application of Vortex Sound Theory using
an experimental description of the jet flow.

1. Successive time derivatives are required. The experimental velocity and vorticity
fields are specified within a given uncertainty, so that it can be expected that the
signal to derive presents some scatter. It should be noted that the results in the
previous Section appeared to be very sensitive to relative perturbations as small
as 10−5 because only two filaments were considered. The relative amplitude of
the measurement noise will be decreased thanks to the spatial integration over
the non-zero vorticity regions of the PIV fields.

2. A shear layer and merged vortices are present in the vicinity of the pair of vortex
rings on which we focus. A suitable integration domain must hence be defined,
that isolates the pairing vortices of interest.

3. A fluctuating external force field results from the presence of this neighboring
vorticity distribution. This produces a dipolar acoustical field unless some pre-
cautions are taken to compensate for these spurious forces.

4. Although the varicose (axisymmetric) instability of the jet is excited, helical dis-
turbances are more and more naturally amplified when progressing downstream.
We suppose that the two modes are uncorrelated.

5. Results in the previous Section show the crucial importance of the alignment of
the measurement axes with the aerodynamical ones.

These issues are discussed below and post-processing solutions are presented. The
description of the PIV measurements has been made in Chapter 3.

Post-processing of the PIV velocity fields

The post-processing consists in the calculation of the velocity and vorticity fields,
their spatial integration as required in equations (4.54), (4.55) and (4.67), and the
successive time derivations to yield the sound pressure. The phase ϕ of each field with
respect to the excitation signal is obtained as discussed in Section 3.2.3. Concerning the
calculation of the vorticity, the schemes described in Section 2.2.4 have been compared
on the basis of the scatter that is produced after integration. In spite of the differences
shown in Figures 2.18(a)-(d) for the vorticity field itself, the results after integration
are very similar. The 3rd order centered finite difference scheme (2.5) has been chosen
for its accuracy and calculation efficiency.

The definition of the integration region V used in the integrals of equations (4.54),
(4.55) and (4.67) requires a particular care, because of the effects that variations of
impulse and/or kinetic energy have on the sound prediction (Section 4.5.3). The in-
tegration region must be large enough to contain the significant vorticity levels of the
pairing vortices along their evolution, and small enough to avoid contribution from the
neighboring shear layer and vortices. In addition, the size of V must be constant to
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prevent discontinuities in the evolution of the integral. For this reason, an integration
domain proportional to the size of the vortex cores obtained from the wavelet detec-
tion algorithm (Section 2.3.4) is not suitable because of the discontinuity that occurs
during merging. Finally, the integration window must follow the pairing vortices with
a constant velocity. Spurious sound would otherwise be produced because of the mul-
tiplication of the noise contaminating the vorticity and velocity by the coordinates z
and r before integration.
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Figure 4.24: Linear fit of the vortex cores axial coordinates for the definition of the
moving integration window.

An integration window centered on the axial position obtained by a linear fit of
the vortex core trajectories (Figures 4.24(a) and (b)) has been defined. The axial
extent of the integration window is respectively equal to 1 D and 0.15 D for the cases
U0 = 5.0 m/s and U0 = 34.2 m/s. The evolution of the integration domain for three
different pairing instants is shown in Figures 4.25(a)-(b).

We have shown in Section 4.5.3 that a global rotation of the measurements axes with
respect to the jet axis of symmetry has a very strong effect on the sound prediction,
even for a rotation angle as small as 0.1◦. The correct alignment of the optical axis
with respect to the jet axis is crucial.

The calculation of the impulse according to the equation (4.61) is very sensitive
to a misalignment of the optical axis with respect to the jet axis of symmetry. The
impulse P has therefore been integrated over each side of the optical axis of symmetry
in order to detect a misalignment between the optical axis and the jet axis. The correct
alignment is found when the values of the impulse P obtained from each side of the
measurement axis are overlapping, within the scatter of the data.
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(a) U0 = 5.0 m/s. (b) U0 = 34.2 m/s.

Figure 4.25: Moving integration window.
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In order to compensate for a residual misalignment between the axis of the vortex
rings and the optical axis, we perform the average of the quantities integrated over each
side y > 0 and y < 0 of the PIV fields. The effect of this averaging can be appreciated
considering Figure 4.26. Möhring’s source term (4.56) has been integrated over each
side and then averaged. It can be seen that this averaging compensates for oscillations
of the jet column mode. One filters out asymmetrical vortex evolution.
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Figure 4.26: Effect of averaging the source term Q (eq. (4.56)) integrated over each
side of the PIV y axis (U0 = 5.0 m/s). – · – y > 0 ; – – y < 0 ; — average. We
present here a case in which the asymmetry is rather extreme. The maximum of sound
production occurs around ϕ = 0 rad where the flow is even in this case still quite
symmetrical.

Owing to the scatter of the data, least-square polynomial fits of the integrals have
been performed on overlapping intervals in order to obtain a phase-averaged signal
that can be derived. Given the small uncertainty on the determination of the phase
of each data point (below 1 %, see Appendix B), a standard least-square method has
been used to fit the data, that minimizes the error for the ordinates only.

Flow invariants

We have calculated the evolution of the summed circulation, impulse and kinetic
energy of the two pairing rings obtained from the measurements in Section 4.5.4. Their
conservation is regarded as an assessment of the suitability of the measurements for
sound prediction. We have shown that a variation of impulse produces a spurious
dipole and that a variation of kinetic energy induces a monopolar contribution to the
sound production.

The PIV fields that compose each series have been sorted to be centered on the
moment at which the vortices are coplanar, i.e. the instant of maximum acoustic emis-
sion. The phases have been arbitrarily shifted to have ϕ ' 0 rad at that moment. As
the pairing involves two vortex rings, the pairing process lasts two acoustical excitation
periods.
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The results presented below were obtained from the acquisition and post-processing
of 100 stroboscopic series made of 32 PIV fields each. The acquisition of each series
was triggered randomly with respect to the excitation signal, so that the points are
uniformly distributed.

The results below concern at first the conservation of the circulation, impulse and
kinetic energy. The prediction of the radiated sound follows in the next subsection.
The non-dimensionalization of these results is based on the nozzle outlet diameter D
and the outlet velocity U0. The corresponding scaling for the different quantities is
indicated in Table 4.2. The quantities that are showed below result from the averaging
of the integration performed on each side of the symmetry axis.

Table 4.2: Normalization of the results.

Quantity Scaling

Vorticity ω U0/D

Circulation Γ U0D

Impulse P ρ0U0D
3

Kinetic energy T ρ0U
2
0 D3

Source term Q U0D
4

Source term dQ/dt U2
0 D3

Source term d3Q/dt3 U4
0 D

The circulation of the pairing vortices is obtained by integration of the vorticity
over the domain indicated in Figures 4.25(a)-(b):

Γ =

∫∫

S

ω drdz . (4.82)

Figures 4.27(a)-(b) show a similar tendency for the evolution of the circulation at
U0 = 5.0 m/s and 34.2 m/s. The circulation is seen to increase from its initial value
to a peak value around ϕ ' 2π, and decreases to the initial value from that phase.
The peak value is respectively about 3 % and 9 % larger than the initial circulation
for the cases U0 = 5.0 m/s and 34.2 m/s. The initial growth of the circulation can
be attributed to the continuous rolling of the strained shear layer vorticity around
the rings. The decrease and larger scatter that can be seen for ϕ > 4π ' 12.56 rad
in the U0 = 34.2 m/s case can be due to the growing instabilities undergone by the
merged vortex rings that results in the misalignment between their trajectory and the
integration window.
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Figure 4.27: Circulation
(∫∫

S
ω drdz

) /
(U0D). The dashed line represents the theo-

retical value (4.83) obtained using a slug flow model.

The magnitude of the circulation can be verified applying a slug flow model.36 This
model expresses that the rate at which circulation is injected into the shear layer is
U2

0 /2. The period of formation of one vortex ring is 1/fe. We thus find in dimensional
coordinates the theoretical summed circulation of two vortices:

Γth = 2
U2

0

2

1

fe

and in non-dimensional form:
Γth

U0D
=

U0

Dfe

. (4.83)

We find respectively Γth/(U0D) = 1.07 and 0.33 for U0 = 5.0 m/s and 34.2 m/s. A
good agreement of this prediction with the initial values of Γ/(U0D) can be observed
in Figures 4.27(a)-(b).

The longitudinal component of the impulse P (4.61) (per unit density) has been
integrated using the same area as for the circulation. Figures 4.28(a) and (b) show
again apparent growths peaking at about 10 % and 20 % respectively of their initial
values around ϕ ' 2π. A part of this increase of the impulse can be related to the same
reasons that justify an increase of the circulation. For ϕ > 2π, the impulse exhibit
a larger scatter, that can probably be attributed to an increasing jitter in the radial
coordinates of the vortex cores positions due to growing asymmetric instabilities of the
rings. This corresponds to an oscillation of the vortex ring axis of symmetry around
its mean value.

The kinetic energy T (4.59) (per unit density) is plotted in Figures 4.29(a)-(b). As
for the impulse, it can be seen to increase monotonically of about 10 % until ϕ ' 2π. An
important scatter can be observed for ϕ > 2π and ϕ > 0 respectively for U0 = 5.0 m/s
and 34.2 m/s.
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Figure 4.28: Impulse
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Figure 4.29: Kinetic energy
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Sound production

The source term Q calculated from equation (4.56) is shown in Figures 4.30(a)-(b).
It can be anticipated that the calculation of the subsequent time derivatives that are
required in (4.55) will be spoiled by the measurement noise. Moreover, the presence of
inflexion points corresponding to large value of d3Q/dt3 can hardly be identified from
Figures 4.30(a)-(b).
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Figure 4.30: Source term
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) /
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4).

The source term dQ/dt calculated from equation (4.58) is shown in Figures 4.31(a)-
(b). It presents also some scatter, but its amplitude is significantly smaller than the one
of the low frequency fluctuation that can be related to the leapfrogging of the vortex
rings. At least, the portions of the signal corresponding to the peak sound production
can now be identified from the curvature of the traces.
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Figure 4.31: Source term
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The source term (dQ/dt)0 obtained from equation (4.66), shown in Figures 4.32(a)-
(b) presents a reduced scatter compared to Figures 4.31(a)-(b). An important contri-
bution to the scatter in the source term dQ/dt calculated from equation (4.58) can be
attributed to the growth of the impulse that was observed for ϕ < 2π. The correction
brought to obtain equation (4.66) is seen to partly compensate for this effect.
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Figure 4.32: Source term
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) /
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The source term (dQ/dt)0−T/(2πρ0) is shown in Figures 4.33(a)-(b). The scatter is
again reduced compared to Figures 4.32(a)-(b), including during the first phase (ϕ < π)
of the vortex pairing, i.e. when their evolution is made very periodic by the acoustical
forcing. Apart from the larger scatter for the case U0 = 34.2 m/s, the acoustical source
term in Figures 4.32(a) and (b) exhibit the same main features.
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In order to calculate the two additional time derivatives required to predict the
radiated sound field from equation (4.67), the data points in Figures 4.33(a)-(b) have
been fitted on overlapping intervals (with 95 % of overlap) by fourth order polyno-
mial functions. The resulting source term d2/dt2[(dQ/dt)0 − T/(2πρ0)] is shown in
Figures 4.34(a)-(b).

These results obtained from the PIV measurements are compared with the sound
production predicted using the leapfrogging model of Kambe and Minota.33 The initial
conditions for these calculations have been obtained from detailed PIV measurements
of the vortex cores (see Appendix D).
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obtained from
the PIV measurements (•) and the vortex blob leapfrogging model (4.79) (—).

For U0 = 5.0 m/s (Figure 4.34(a)), the peak of acoustical emission is similar to the
result based on the leapfrogging of vortex filaments. The peak value of the source term
is besides in good agreement with results obtained by Verzicco et al.16 for the same ratio
d/R0 using an axisymmetric incompressible Navier-Stokes simulation of vortex pairing
as an input of Vortex Sound Theory. We obtain a peak value about 10 % smaller than
the one they obtained using an initial spacing between the vortex rings σc/d = 0.106
smaller than our value σc/d = 0.184. Considering the results obtained by Verzicco
et al.16 for other values of the ratio σc/d, we expect that the agreement between our
result and theirs can be better for the same value of σc/d. It is known that thinner core
rings interact in a faster manner14 and therefore generate more sound. This has been
recently confirmed by numerical simulations similar to the ones presented by Verzicco
et al.,16 run using the PIV measurements for the determination of the initial conditions.
The comparison of our results with the ones based on these numerical simulations is
presented in a paper by Schram et al.37

For the case U0 = 34.2 m/s, we observe that the order of magnitude of our sound
prediction agrees reasonably well with the results obtained using the leapfrogging model
(4.79). The frequency contents are however significantly different. This result is at
first glance astonishing, since the deformation of the vortex core (in particular the
straining of the trailing ring core) is clearly much more important at the lowest velocity
considered (see Section 3.3). This case is however the one that is the most accurately
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predicted using a vortex blob model which does not account for core deformation. This
paradoxical result is in apparent contradiction with arguments made by Shariff et al.14

that the vortex blob model used here is expected to yield reasonable results in cases
where the deviation from circularity of the vortex cores is small.

However, the tendency showed by our results is in good agreement with results
obtained by Tang and Ko15 using the contour dynamics method to simulate the in-
teraction between two vortex rings. We observe some similarities between the vortex
interactions we obtained for U0 = 5.0 m/s and 34.2 m/s and the results of their simula-
tions in the cases they refer to as “simple slip-through” and “coalescence” (respectively
Figure 12 and Figure 7 in their paper). The sound production obtained by Tang and
Ko15 for their “simple slip-through” case (Figure 14(a) in their paper) exhibits a pat-
tern quite similar to our result in Figure 4.34(a) for U0 = 5.0 m/s, with a peak emission
occurring at an instant that matches our results regarding the respective position of the
vortices. For their “coalescence” case (Figure 9 in their paper), the sound production
shows some wavy fluctuations similar to the results shown in Figure 4.34(b).

It is shown in Appendix D that our cases U0 = 5.0 m/s and 34.2 m/s are character-
ized by similar values of the initial ratios σc/d (respectively 0.184 and 0.192), but quite
different values for d/R0 (1.07 and 0.34). The ratio d/R0 seems therefore to have an
important impact on the role played by core deformation in sound production. On the
basis of the schematic mechanism of sound production presented in Section 4.4.2, we
propose the following explanation. When d ' R0, the sound production is dominated
by the rate of change of the impulse variation of the trailing and leading rings that
occurs during leapfrogging. But when the initial separation d becomes smaller than
the initial ring radius R0, the details concerning the distortion of the ring cores play an
increasingly important role. This is to be related to the second time derivative of the
impulse of each ring that is induced by the leapfrogging, compared to the one induced
by core distortion.

Finally, injecting the peak value of the acoustical source obtained experimentally in
Figures 4.34(a)-(b) into (4.67) gives (in dimensional units) an acoustical perturbation
at a listener’s position located at x = (0, 0, 1) meters (i.e. on the symmetry axis):

p′1 = 1.33 10−5 Pa for U0,1 = 5.0 m/s
p′2 = 0.0142 Pa for U0,2 = 34.2 m/s

Scaling of these values is reasonably consistent with Lighthill’s M8 law for the sound
intensity produced by turbulence. We have

(
p′1
p′2

)(
U0,2

U0,1

)4

' 2

while Lighthill’s theory would predict a factor 1 if the flows were similar. The difference
is expected to be due to the change in vortex pairing conditions between the two flow
velocities.
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4.6 Conclusions

The momentum is an invariant of the flow motion in absence of external forces. The
kinetic energy is another conserved quantity in inviscid, incompressible bounded flows.
However, the description of the flow does not necessarily respect these conservation
laws. Inaccuracies can be due to the crudeness of the flow model, or to the uncertainty
that is associated to a measurement technique.

This has been illustrated in Section 4.5.1 for the case of the two-dimensional model
of the leapfrogging of two vortex ring filaments. A direct application of the vortex sound
analogies of Powell and Möhring produced a secular term in the far field sound pressure.
By a reinforcement of the assumptions of conservation of momentum and kinetic energy,
Möhring4 obtained a sound prediction close to the one that is obtained using the more
realistic leapfrogging vortex blob model of Kambe and Minota33 (Section 4.5.2).

Starting from these observations, we derived a conservative formulation of the Vor-
tex Sound Theory for axisymmetrical flows using Lamb’s5 expressions for the momen-
tum and kinetic energy, to impose several more times the assumptions of conservation
of momentum and kinetic energy. This conservative formulation (4.67), as well as Pow-
ell’s (4.54) and Möhring’s (4.55) original formulations, have been applied to a perturbed
descriptions of vortex pairing obtained from the model of Kambe and Minota.33

We showed that Möhring’s original formulation (4.55) is slightly more robust than
Powell’s one (4.54) as long as the inaccuracies of the flow model affect more the kinetic
energy than the momentum. This stems from the additional assumption of conserva-
tion of the kinetic energy that is incorporated in Möhring’s analogy. But when the
perturbations affect the conservation of momentum, Powell’s analogy gives much less
scatter in the sound prediction than Möhring’s one. This is explained by the additional
time derivative that is involved by the latter. The conservative formulation (4.67) ap-
pears to compensate quite efficiently for both types of random perturbations of the
flow model.

The flow invariants and acoustical source terms have been computed using our PIV
measurements of an acoustically excited free jet (Chapter 3). The calculated circula-
tion, impulse and kinetic energy exhibit some global variance during the evolution of
the pairing vortices, accompanied by a large scatter. This makes the prediction of the
radiated sound field quite difficult. The use of our conservative formulation yields a
considerable reduction of the scatter in the calculated aeroacoustical source term and
provides meaningful predictions of the sound radiation.

The ratio of the initial separation d between the rings to their initial radius R0

appears to be an important parameter to evaluate the importance of core distortion
in sound production. This aspect is linked to the relative variations of impulse that
are induced by the leapfrogging of the trailing through the leading one, and by the
distortion of the vortex cores during this interaction.

The key of the successful results presented remains the use of a conservative for-
mulation which is only valid for axisymmetrical flows. Finding more generally valid
analogies with such robustness is a challenge which remains open.



References 147

References

[1] M. J. Lighthill. On sound generated aerodynamically. Part I. General theory.
Proceeding of the Royal Society of London, A211:564–587, 1952.

[2] M. J. Lighthill. On sound generated aerodynamically. Part II. Turbulence as a
source of sound. Proceeding of the Royal Society of London, A222:1–32, 1954.

[3] A. Powell. Theory of vortex sound. Journal of the Acoustical Society of America,
36(1):177–195, 1964.
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Chapter 5

Conclusions

The goal of the present work was the prediction of the sound produced by the pairing of
vortex rings on the basis of an experimental description of the flow field. Measurements
of the vorticity field of the vortex rings obtained by Particle Image Velocimetry have
been used as input of an aeroacoustical analogy. To the author’s knowledge, such
approach has never been reported in the literature. Although the leapfrogging and
merging of two vortex rings has been the focus of much theoretical, numerical and
experimental work, the sound produced by these interactions has only been predicted
on the basis of a theoretical or numerical modelling of the flow field.1

Several aspects were involved in the present work to obtain a prediction of the
sound produced by vortex pairing from experimental data:

1. The design and the construction of a jet facility allowing pseudo-time series of
PIV measurements of the vortex pairing.

2. The achievement of accurate and spatially resolved measurements of the vorticity
field of vortices.

3. The development of an automatic vortex detection method to process large
amounts of experimental data.

4. The derivation of a conservative formulation of the vortex sound theory for ax-
isymmetrical flows.

The jet facility has been designed to meet the conflicting requirements put by the
need of a low-turbulence, acoustically excited jet and simultaneously the desire to
perform PIV measurements. The achievement of a low noise level inside the settling
chamber allowed to obtain a stable pairing for two jet outlet velocities (U0 = 5.0 m/s
and 34.2 m/s) using small acoustical excitations. The modes of vortex pairing that
were obtained for each the outlet velocities U0 = 5.0 m/s and 34.2 m/s correspond to
the jet column pairing mode and the shear layer pairing mode. The observed evolutions
of the vortex rings for these modes agree with results reported in the literature.2,3

A specific synchronization of the PIV system with the acoustical excitation has
been developed in order to obtain stroboscopic series of PIV measurements. The phase
of each PIV acquisition with respect to the acoustical excitation allows to reconstruct
the pseudo-time series of the vortex pairing that are necessary for the prediction of
sound.
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The accuracy, reliability and spatial resolution of our PIV measurements have been
optimized by a careful implementation of the technique and the use of sophisticated im-
age interrogation methods that are featured by the PIV software developed by Scarano4

that we used. The emphasis has been put on aspects that are crucial regarding the
measurement of vortical flows. The fidelity of the tracer particles and the dynamic
range of the measurement of both the velocity field and of large velocity gradients have
been addressed.

These considerations have been applied to estimate the accuracy of our measure-
ments of vortex pairing. We concluded that the vorticity in the core of the vortex rings
was relatively accurately measured as long as enough particles are left in this core.
The effect of centrifugation of the tracer particles does not influence the accuracy of
the vorticity measurement. The spatial sampling of the vortex cores was optimized to
capture the peak vorticity for each of the two jet outlet velocities investigated.

The need for an automatic processing of our PIV velocity fields, and the general
interest that is given to coherent structures in turbulence research, led us to develop
an automatic vortex detection algorithm. As previous methods described in the lit-
erature,5,6 our approach is based on the use of the wavelet transform7 to analyze the
data. The originality of our method stands in the fact that the coherent structures are
automatically detected and characterized within series of velocity fields. The robust-
ness of the detection is a key point since our method is applied to experimental data
in this work.

This coherent structure detection algorithm has firstly been applied to two different
flow configurations: a temporally resolved starting jet flow and the complex turbulent
flow that develops past a backward-facing step. These applications demonstrated the
robustness of the method and its suitability of the experimental investigation of turbu-
lence and coherent structures. The technique has then been applied to automatically
detect the vortices shed in the set of PIV velocity fields that have been measured for
the prediction of the sound produced by vortex pairing.

An important effort has been dedicated to the understanding of the key of the
success of the analogies of Lighthill,8 Powell9 and Möhring.10 This resulted in a clearer
view on the origins of the strengths of these different formulations. In particular, the
application of Möhring’s10 analogy (4.52) for the prediction of the sound radiated by
the very crude two-dimensional model (4.68) of vortex leapfrogging is not trivial. It
appeared that Möhring’s formulation allows a suppression of spurious sound production
by a non-conservation of momentum or energy.

This led us to formulate a conservative formulation of the vortex sound theory
for the particular case of axisymmetrical flows. The key point of this formulation
is the repeated reinforcement of the assumptions of conservation of momentum and
kinetic energy. This concept has been demonstrated using the vortex blob model
(4.79) of vortex leapfrogging that has been perturbed in different ways to yield a non-
conservation of momentum and energy. We showed that our conservative formulation
(4.67) is indeed quite robust.

The description of vortex pairing and merging obtained from our PIV measurements
has been used to calculate the flow invariants and acoustical source terms corresponding
to the different formulations of the vortex sound analogy. We have shown that in spite
of the good accuracy of the measurements, the conservation of the circulation, impulse
and kinetic energy was not rigorously respected. A jitter in the evolution of the vortices
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due to asymmetric instability of the jet column, and the presence of other vortices in the
vicinity of the pairing vortices are suspected to explain such non-conservative behavior.

The calculation of the source term corresponding to the original formulation of
Möhring (4.55) using the experimental data yields a result that is practically unusable
for the purpose of sound prediction. At the opposite, the conservative form (4.66) gives
a result that could be differentiated to yield a meaningful sound prediction.

As the key of these successful results is the use of a conservative formulation which
we derived for axisymmetrical flows, finding more generally valid analogies with the
same robustness is a challenge which remains open.
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Appendix A

Design and characterization of the
jet facility

The main constraints to be met by the design concern

• the overall quality of the flow (in terms of turbulence intensities, uniformity of
the outlet velocity profile...);

• the possibility to excite the initial jet shear layer instability in order to promote
stable vortex pairing;

• the perspective of using particle image velocimetry, and the issues associated with
the obtention of an homogeneous seeding density.

Moreover, additional requirements that are not directly related to the present study
had to be taken into account. These constraints, that come out from the long term
planning of the research group, concern the future evolution of the facility to a coax-
ial jet configuration, and the desire to perform acoustical measurements of the noise
radiated by the jet operated at higher Mach numbers than considered in this work.
Finally, tight limits were imposed by the very few square meters that are available to
build new facilities at the VKI.

A.1 Quality of the jet flow

This is related to our purpose of exciting a stable, laminar axisymmetrical vortex
pairing. The methods that allow to obtain a low turbulence intensity flow are well
established.1–9 The typical flow components that are involved are listed below.

Screens are used to obtain a spatially uniform mean velocity profile, and decrease
the turbulence intensity by enhancing the isotropy and dissipation of turbulence. Since
the dissipative process requires time, grids are best placed at sections where the flow
velocity is small. The design parameters of grids are their solidity (defined as the ratio
of the solid area by the total cross area) that determines the pressure losses, and the
mesh size.
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Schubauer et al.3 performed an extensive parametric study of the performance of
screens, and indicate a few design rules based on their experimental observations:

• The damping factor of the longitudinal and transversal components of turbulence,
defined as

fu,v =
(RMSu,v/U)with screen

(RMSu,v/U)without screen

,

evolves as 1/
√

1 + K, where K is the pressure drop coefficient defined by

∆p =
1

2
ρU2 K .

u and v are the longitudinal and transversal velocity components and U is the
mean longitudinal component, the incoming flow being supposed perpendicular
to the screen. As a result, the damping of turbulence is improved when the screen
solidity increases.

• However, if the Reynolds number based on the diameter of the wire that composes
the screen exceeds a critical value typically comprised between 40 and 70, vortex
shedding occurs so that the turbulence intensities just downstream of the screen
can be considerably larger than without this screen.

• The critical Reynolds number depends on the solidity. The critical Reynolds
number appears to drop when the solidity reaches 58 %. This value appears as
the upper limit to obtain turbulence reduction without any initial overshoot.

• A succession of several screens with moderate pressure losses is a better solution
than a large pressure drop single screen that would induce large local velocities.
The damping factor for a succession of n screens follows the law1

f =
1

(1 + K)n/2
.

Honeycombs are employed to decrease the transversal components of the mean flow
and of the turbulent fluctuations. These are most useful to prevent the swirl that occurs
past a bend. Scheimann7 and Loehrke et al.5 suggest a length to cell diameter ratio
between 6 and 8 as a good compromise between flow straightening and pressure drop.

Contractions are usually the last turbulence reduction device upstream of the test
section. Experimental works1 showed that the effect of the contraction is to decrease the
amplitude of the longitudinal turbulent fluctuations u′ and to increase the transversal
components v′ and w′. However, even if the transversal components increase, the
corresponding increase of the mean velocity U is always more important, so that the
turbulence intensity

TI =

√
(u′2 + v′2 + w′2)/3

U

decreases. Dryden1 reports that according to Prandtl’s theory, the turbulence intensity
varies with the contraction ratio c as√(

2

3c

)
+

(
1

3c4

)
.
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These results concern the behavior of bulk turbulence, and are relatively independent
of the shape of the contraction. At the opposite, the development of the boundary
layer at the inner wall is extremely sensitive to such details. In that respect, although
the design of contractions is much less delicate than the one of diffusers with respect
to boundary layer separation, it has deserved a particular care in this study since the
outlet of our contraction fixes the initial stability characteristics of the jet.

A.1.1 Design of the jet nozzle

The study of the coaxial jet dynamics requires the construction of an experimental
setup that allows the investigation of both unexcited and acoustically excited flows.
To prevent any parasite excitation of the jet instability, the outlet flow must have a
low turbulence level, and be free of unsteadiness and noise.

Early studies of wind tunnel contraction flow10–12 brought the evidence of several
pitfalls in the design of axisymmetric nozzles. Among them, one has to take care of

• the outlet flow non-uniformity due to the radial pressure gradient;

• the boundary layer separation at the inlet and outlet caused by the adverse wall
pressure gradient,

• the possibility of relaminarization of the boundary layer.

As a general rule, these phenomena can be altered by lengthening the contraction
length, thereby reducing radial and longitudinal gradients. However, above a certain
length the thickening of the boundary layer will alter the outlet mean velocity profile
and introduce turbulent fluctuations. Another approach consists in optimizing the
contraction shape to minimize the exit velocity non-uniformity and the possibility of
boundary layer separation. These principles are considered in this work to the design
of a jet nozzle.

The means that are described in the literature for the design of a contraction typ-
ically involve inviscid flow calculations, followed by criteria that yield the margin of
safety with respect to separation and the possibility of relaminarization. In this work,
the potential flow solution has been obtained using the inviscid solver of Fluentr 5.
The prediction of boundary layer separation has been calculated using Stratford’s crite-
rion13 and the relaminarization has been correlated using a one-parameter criterion.14,15

Three nozzle shapes were considered: a symmetric 7th order polynomial profile, a
profile characterized by an important curvature at the outlet (so-called Lehman profile
in what follows), and a profile for which the maximum curvature is located at the
nozzle inlet (Chmielewski profile). Three contraction lengths have been studied: one
inlet diameter D, 1.5 D and 2 D. For what concerns the numerical simulation itself,
the models, solvers and parameters used are summarized below.

7th order polynomial profile

The analytical expression of this shape is obtained by specifying the ordinate and
the cancellation of the first 3 derivatives at the inlet and outlet of a 7th order polynomial
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profile.16 The resulting equation is (figure A.1):

η(ξ) =
(−20ξ3 + 70ξ2 − 84ξ + 35

)
ξ4

with ξ = L−x
L

and η = y−y2

y1−y2
.

Figure A.1: 7th order polynomial profile.

Lehman profile

This shape uses a polynomial-exponential law:16

D1

Ds

= 1− Ds −Ws

Ds

L1

L1 + L2

(
x1

L1

)3

exp

[
1

2

(
1−

(
x1

L1

)2
)]

(A.1)

∀x1 ∈ [0, L1]

D2

Ws

= 1 +
Ds −Ws

Ws

L2

L1 + L2

(
x2

L2

)3

exp

[
1

2

(
1−

(
x2

L2

)2
)]

(A.2)

∀x2 ∈ [0, L2]

where Ds, Ws, L1, L2 and the abscissa x1 and x2 are defined as indicated on the
figure A.2, (A.1) and (A.2) being respectively the equations for the diameter of the
nozzle from the inlet to the inflexion point and from the inflexion point to the outlet.

Chmielewski profile

Assuming an acceleration function f(x) required to satisfy the conditions f(0) =
f(L) = 0 and f(x) ≥ 0 [0 ≤ x ≤ L], Chmielewski derives from the quasi-one-
dimensional flow equations the following equation for the contraction contour R(x):11

(
Ri

R(x)

)4

=
(
c2 − 1

) F (x)

F (L)
+ 1

where the index i denotes the inlet station of the nozzle, and F (x) =

∫ x

xi

f(x) dx. The

acceleration function used in this work is the one suggested by Chmielewski:

f(x) =

{
1

2

[
1− cos

(
2π

(x

L

)n)]}p
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Figure A.2: Lehman’s polynomial-exponential profile.

where c = 56.25 is the contraction ratio. The exponents n = 5 and p = 0.75 have been
adjusted to reach a minimum curvature of the contour at both inlet and outlet. The
resulting contour, illustrated on the figure A.3, exhibits this time a larger curvature at
the inlet than at the outlet.

Figure A.3: Chmielewski profile.

Computational domain

The computational domain is illustrated on the figure A.4. As can be seen, the

-300 -200 -100 0 100 200 300 400 500 600

x
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150

y

inlet: uniform velocity profile

outlet : constant static pressure

symmetry axis
nozzle exit plane

wall
wall

Figure A.4: Computational domain.

nozzle has been extended upstream by 1 inlet diameter, in order to fix the inlet bound-
ary condition far enough from the inlet nozzle curvature. A uniform velocity profile is
specified at the inlet. A zero gauge pressure is imposed at the outlet of the computa-
tional domain. The atmospheric pressure was at first specified directly at the exit of
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the nozzle, but the outlet curvature induces a radial pressure gradient at that position,
so that the convergence was not reached. For that reason, the nozzle has been extended
downstream by 2 outlet diameters, and the zero gauge pressure has been specified at
that position. The x-axis has been specified as symmetry axis.

The structured mesh is made of quadrilateral cells (∼ 650 cells in the x-direction
and ∼ 60 cells in the y-direction).

Results

The following results were obtained for the 300 mm long, 7th order polynomial
profile. Figure A.5 illustrates the adverse wall pressure gradients that exist at the inlet
and outlet of an axisymmetric, finite length nozzle. The gradient at the inlet is seen
to be much smaller than the one at the outlet, but the low velocity at the inlet makes
the boundary layer more vulnerable to separation. In fact, the possibility of separation
near the nozzle outlet is rarely considered in the literature. Figure A.6 shows the non-
uniformity of the outlet velocity profile, defined as (u − ucenterline)/umean, due to the
presence of a radial pressure gradient.
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Figure A.5: Adverse pressure gradients at inlet and
outlet.
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uniformity of the outlet
axial velocity profile.

The behavior of the boundary layer is predicted using empirical criteria, that require
the choice of the boundary layer origin, which we set at the inlet of our measurement
domain, i.e. 1 inlet diameter upstream of the convergent section.

The risk of separation of the boundary layer is evaluated using Stratford’s
criterion:13

(n + 1)(n+1)/4 (n + 2)1/2

(n− 2)(n−2)/4
C(n−2)/4

p

(
x

dCp

dx

)1/2

= 11.3217β (10−6Rex)
1/10 (A.3)

where n = log10 Re and β = 0.66 or 0.73 for d2Cp/dx2 < 0 or d2Cp/dx2 ≥ 0 respectively.
The distance x in (A.3) represents the curvilinear coordinate along the wall starting
from the beginning of the upstream constant-area section. We define a margin of safety
for boundary layer separation as the minimum difference between the left-hand side
and the right-hand side of (A.3):10

MS = min {LHS(x)−RHS(x)}
so that boundary layer separation will occur at the position x at which MS ≤ 0.
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Figure A.7: Margin of separation as a function of the contraction length. ¤ 7th order
polynomial ; 4 Lehman profile ; ◦ Chmielewski profile.

The boundary layer relaminarization is predicted using the parameter:10

K =
ν

U2

dU

dx
.

Experimental results15 have shown that relaminarization occurs when the parameter
K exceeds a value of 2 · 10−6.
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Figure A.8: Relaminarization parameter as a function of the contraction length. ¤
7th order polynomial ; 4 Lehman profile ; ◦ Chmielewski profile.

The non-uniformity of outlet velocity profile is quantified by the expression

(uwall − ucenterline)/umean .

This non-uniformity is illustrated in Figure A.9.
On the basis of the results shown in Figures A.7-A.9, a 500 mm long 7th order

polynomial contraction has been chosen, mainly for its good performance regarding the
risk of separation and the low non-uniformity of the outlet velocity profile compared
to the performances of the two other shapes.
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Figure A.9: Outlet velocity profile non-uniformity as a function of the contraction
length. ¤ 7th order polynomial ; 4 Lehman profile ; ◦ Chmielewski profile.

Boundary layer measurements

The effective characteristics of the boundary layer have been measured along a
nozzle radius at 1 mm upstream of the outlet plane for nozzle outlet velocities ranging
from 5 m/s to 40 m/s. It can be seen in Figures A.10(a) and (b) that the mean velocity
profiles are in excellent agreement with the Blasius profile for the range of velocities
considered. This laminar behavior is confirmed looking at the values of the turbulence
intensities (Figure A.11) that remain in all cases (excepted for the case U0 = 15 m/s, for
which an external cause is suspected to have spoiled the measurements) below 0.3 %,
that corresponds to the noise of the anemometer for these measurements.

A.1.2 Shear layer thickness

The evolution of the momentum thickness θm is of importance to characterize the
instability of the shear layer. It has been measured using hot wire anemometry at the
station x = 10 mm ' D/4 for the outlet velocities U0 = 5, 10, 15 and 30 m/s. It
can be seen in Figure A.12 that the thinning of the momentum thickness scales with
the root of the Reynolds number Re = U0D/ν, in accordance with the litterature.17

The constant of proportionality between Re−1/2 and the non-dimensional momentum
thickness θm/D is equal to 1.29.
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(a) In dimensional units. (b) Non-dimensionalized by the
boundary layer thickness δ =
y(U = 0.99U0).

Figure A.10: Mean velocity profiles of the nozzle boundary layer for nozzle outlet
velocities comprised between 5 m/s and 40 m/s.
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Figure A.11: Turbulence intensity profiles of the nozzle boundary layer for nozzle
outlet velocities comprised between 5 m/s and 40 m/s.
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Figure A.12: Shear layer momentum thickness (x = 10 mm ' D/4).
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A.2 Acoustical excitation of the jet instability

In order to avoid complex coupling between the nozzle pipe and the settling cham-
ber resonance modes, the inside walls of the settling chamber have been covered with
acoustical absorbing foam, excepted at the entrance of the settling chamber (see Fig-
ure 3.1) because of the risk of contamination by the PIV seeding (this point is discussed
below).

A.3 Insertion of the PIV seeding

The problem comes from the need for an homogeneous seeding (that requires mixing
and thus production of turbulence) and the desire to excite the jet (that requires that
the level of turbulent fluctuations is lower than the acoustical perturbation). The
seeding is thus injected upstream of the setting chamber. Another issue is then the
possible contamination of the acoustical foam by the oil particles. If we assume that
the recirculation region that develops past the jet impactor plate (Figure A.13) is
favorable to particle deposition on the walls, it seems suitable to let this region free of
acoustic foam. The flow pattern past this impactor plate has been studied through flow
visualizations in a scaled down water flow model. The distance between the entrance
aperture and the jet impactor plate, and the angle of the cone glued on the upstream
side of the impactor plate, have been designed to reduce both the dimension of the
recirculation region and the local accelerations that are susceptible to generate noise
by vortex shedding.

Figure A.13: Recirculation regions downstream of the jet impactor plate.
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Appendix B

Determination of the phase within
one PIV series

A severe technological limitation in our experiments came from the number of samples
that could be stored by the DAS board. The maximum number of samples (32767)
available did not allow to acquire continuously both the PIV synchronization signal
and the excitation signal at the maximum sampling frequency (that provides the best
accuracy for the present purpose) over the 8 seconds long acquisition of a PIV series.
Hence, an electronic gating circuit has been designed and realized at VKI, that allows
to send a short duration (' 5 ms) gate signal, centered on the instant of firing of the
first laser pulse, to the DAS board. The acquisition of the PIV synchronization signal
SPIV

∗ and of the signal delivered by the waveform generator Swg over one excitation
period is illustrated in Figures B.1(a) and (b).

In order to relate the PIV acquisition phase ϕ to a local excitation phase, the
velocity perturbation induced by the acoustic forcing in the nozzle outlet plane has
been chosen as the reference excitation signal Sexc. The determination of the phase of
the PIV measurements is performed in two steps:

1. Determination of the phase-lag ∆ϕwg−exc between the sinusoidal signal delivered
by the waveform generator Swg and the velocity perturbation in the nozzle out-
let plane Sexc (measured by hot wire anemometry). This phase lag is made of
electronic delays between the waveform generator, the power amplifier and the
loudspeaker, and of the phase delay between the input and the output of the
resonating pipe. The temperature is the dominant parameter that affects the
phase lag through the speed of sound c =

√
γRT being given the gas constants

γ = 1.4 and R = 287 J/kg K. The sensitivity, that is proportional to the quality
factor of the resonance, has been evaluated equal to 5 · 10−2 rad/K. Tempera-
ture differences between the start and the end of a PIV measurements session (4
hours) were of the order of 0.5 K. This prediction has been verified by measure-
ments of the phase lag between the excitation signal and the hot wire signal. We
therefore expect an uncertainty on the phase of each PIV sample of 1 % due to
this temperature fluctuation.

∗This signal is the 150 µs duration TTL signal that monitors the charge of the flashlamp of the
first resonating cavity of the laser. The rising edge of SPIV triggers the firing of the first laser pulse.
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(a) Evolution of the acquired excitation phase over one period of the acoustical forcing.
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(b) Detail of the determination of the PIV phase.

Figure B.1: Typical Stroboscopic PIV: gated acquisition of the PIV synchronization
signal SPIV (- -) and waveform generator excitation signal Swg (—).
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2. Measurement of the phase lag ∆ϕPIV−wg between the PIV triggering signal
SPIV and the waveform generator Swg. This is performed as illustrated in Fig-
ure B.1(b), using the definition

∆ϕPIV−wg = asin

(
Awg√

2 RMS(Swg)

)

where Awg is the amplitude of Swg at the moment of the firing of the first PIV
pulse. The uncertainty of this determination is estimated considering the devia-
tion of the samples from the linear fit of the phase within one series (Figure B.2).
This is quantified calculating the standard deviation εs:

εs =

√√√√√√

Nacq∑
1

[ϕk − (a k + b)]2

Nacq − 1

where ϕ(k) = a k + b is the least-square fit of the phase ϕ corresponding to
the PIV sample k, and Nacq is the number of acquisitions performed within one
series. Series at U0 = 5.0 m/s with a standard deviation εs larger than 0.5 % were
rejected. This corresponds to 10 % of the series. For the measurements series at
34.2 m/s, the time sampling discretization error was dominant. To reduce this
effect we determined an average phase difference between two PIV measurements
in a stroboscopic series. This average over all measurements has an accuracy of
0.5 %. Large individual scatter cannot be excluded. Results indicate that this is
not a serious concern.
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Figure B.2: Evolution of the sampled PIV phase within one series. × samples ; —
linear fit.

The phase of the PIV acquisition with respect to the velocity fluctuation in the
nozzle outlet plane is then obtained summing the two previous contributions:

ϕ = ∆ϕPIV−wg + ∆ϕwg−exc . (B.1)

The uncertainty on the phase of each field is therefore below 1 %.
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Appendix C

Derivation of the conservative
formulation (4.67) of vortex sound
theory for axisymmetrical flow

We consider the case of an incompressible axisymmetrical vortical flow generated by
a localized distribution of vorticity, in absence of solid surfaces. The purpose is to
express the integral source terms in Möhring’s analogy

p′M(x, t) =
ρ0

4c2
0|x|3

d3Q

dt3
x ·

(
nn− I

3

)
· x with Q =

∫∫

V

ωr2z drdz (C.1)

and Powell’s analogy

p′P(x, t) =
ρ0

4c2
0|x|3

∂2

∂t2

{
2

(∫∫

V

ωvrz drdz

)
(x · n)(x · n)

−
(∫∫

V

ωur2 drdz

)
[(x · x)− (x · n)(x · n)]

}
(C.2)

as functions of the total impulse and kinetic energy:18–20

P = πρ0

∫∫

V

ωr2 drdz (C.3)

T = 2πρ0

∫∫

V

(ru− zv) ωr drdz . (C.4)

Then, by dropping the contributions related to the derivative of the impulse and kinetic
energy (that are invariants in absence of external forces and neglecting visco-thermal
effects), we will obtain a formulation of the vortex sound theory that is much more
robust than the original formulations (C.1) and (C.2) when an inaccurate description
of the flow is used as an input.
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The first time derivative of Möhring’s integral source term Q can be expanded to
give:∗

d

dt

(∫∫

V

ωr2z drdz

)
= 2

∫∫

V

ωvrz drdz +

∫∫

V

ωur2 drdz (C.5)

=
T

2πρ0

+ 3

∫∫

V

ωvrz drdz . (C.6)

The same approach can be followed Powell’s analogy (C.2). We combine (C.5) and
(C.6) to form ∫∫

V

ωur2 drdz =
T

2πρ0

+

∫∫

V

ωvrz drdz (C.7)

so that the curled term in (C.2) can be rewritten:

(
2

∫∫

V

ωvrz drdz +

∫∫

V

ωur2 drdz

)
(x · n)(x · n)−

(∫∫

V

ωur2 drdz

)
(x · x)

=
T

2πρ0

x · (nn− I) · x + 3

(∫∫

V

ωvrz drdz

)
x ·

(
nn− I

3

)
· x . (C.8)

Hence, assuming the conservation of kinetic energy, both Möhring’s and Powell’s for-
mulations yield:

p′c(x, t) =
3ρ0

4c2
0|x|3

d2

dt2

(∫∫
ωvrz drdz

)
x ·

(
nn− I

3

)
· x . (C.9)

A further conservative assumption can be introduced subtracting the vortex centroid
axial coordinate18,20

z0 ≡

∫∫

V

ωr2z drdz
∫∫

V

ωr2 drdz

= πρ0
Q

P
(C.10)

to the axial coordinate in (C.9). This is correct as far as the impulse is conserved, since

∫∫

V

ωvr (z − z0) drdz =

∫∫

V

ωvrz drdz − z0

∫∫

V

ωvr drdz (C.11)

=

∫∫

V

ωvrz drdz − z0

2πρ0

dP

dt
. (C.12)

∗It has been assumed in this derivation that the vorticity is confined into a limited region of the
flow. Since in incompressible, axisymmetric flow the vorticity is a conserved scalar quantity,20 we
have Dω/Dt = 0 (where D/Dt

.= ∂/∂t + v · ∇ is the Lagrangian derivative). Hence, the integration
volume V can be considered as a material volume and we have

d
dt

(∫∫

V

ωr2z drdz

)
=

∫∫

V

D
Dt

(
ωr2z

)
drdz

=
∫∫

V

(
Dω

Dt
r2z + ω

Dr2

Dt
z + ωr2 Dz

Dt

)
drdz

= (C.5) .
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Note that any definition of z0 that does not depend on the space coordinates would
equally satisfy the equation (C.12). Nevertheless, it appears that the particular form
of z0 defined by (C.10) improves significantly the numerical stability of the sound
prediction.21 Hence, assuming once more the conservation of momentum in (C.9), the
equation (4.67) is readily obtained:

p′c,0(x, t) =
3ρ0

4c2
0|x|3

d2

dt2

(∫∫
ωvr (z − z0) drdz

)
x ·

(
nn− I

3

)
· x . (C.13)
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Appendix D

Vortex rings initial characteristics

We have performed PIV acquisitions focused on one side of the jet in order to charac-
terize the details of the vortex cores before merging. A 50 mm Nikon objective with
several 12 mm rings has been used to obtain a large optical magnification without
significant distortion. The field of view used for the case U0 = 5.0 m/s is shown in
Figure D.1. The parameters of the PIV acquisitions and processing are summarized
in Table D.1. Spatial resolutions of 0.31 mm and 0.08 mm have been respectively
obtained for the cases U0 = 5.0 m/s and 34.2 m/s. Given the vortex core radii σc that
have been obtained from these measurements (indicated in Table D.2), we can express
the spatial resolution as σc/13 and σc/16 respectively for U0 = 5.0 m/s and 34.2 m/s.

Figure D.1: Field of view of the focused PIV acquisitions for U0 = 5.0 m/s. The PIV
velocity and vorticity fields are superimposed to the flow visualization.
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Table D.1: Parameters of the PIV acquisitions and processing for the close field-of-
view measurements of the vortex cores before pairing.

Outlet velocity U0 5.0 m/s 34.2 m/s

Acquisition parameters

x ∈ [1.22 D, 2.01 D] x ∈ [0.46 D, 0.77 D]
Field of view

y ∈ [0.22 D, 0.84 D] y ∈ [0.38 D, 0.63 D]

Image size [1280× 1024] px2

Calibration 0.02577 mm/px 0.01011 mm/px

Pulse separation 50 µs 4 µs

Processing parameters

Sub-pixel interpolation Gaussian

Final window size [24× 24] px2 [16× 16] px2

Window overlap 50 %

Final number of vectors [105× 84] [159× 127]

0.31 mm 0.08 mm

Spatial resolution ' D/133 ' D/507
' σc/13 ' σc/16

The vorticity fields have been calculated using the χ2
13 method depicted in Sec-

tion 2.2.4. Vorticity profiles across the core has been least-square fitted using the
Oseen vortex model

ω(r) =
Γ

2πσ2
exp

(
− r2

2σ2

)
(D.1)

in order to determine the vortex circulation Γ and core radius σc = 1.585 σ as defined
by (2.16). Since the vortices exhibit elliptic shapes (see Figures D.2 and D.3), the
average has been performed between the values of the circulation and core diameter
obtained from the radial and axial vorticity profiles.

The initial separation d between the vortices has been determined assuming that the
vortices are convected at a velocity U0/2 during the period of excitation: d = U0/(2fe).
The initial radius has been obtained from the vortex detection results for U0 = 34.2 m/s
(Figure 3.15(b)), and assuming that the ring diameter is equal to the nozzle diameter
for U0 = 5.0 m/s. The values obtained are summarized in Table D.2. It is noticeable
that the ratio σc/d has approximately the same value for U0 = 5.0 m/s and 34.2 m/s.
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Table D.2: Characterization of the vortex rings initial conditions.

U0 5.0 m/s 34.2 m/s

σ 0.0620 D 0.0200 D

σc 0.0983 D 0.0317 D

(' 4 mm) (' 1.3 mm)

R0 0.5 D 0.487 D

d 0.535 D 0.165 D

σc/d 0.184 0.192

d/R0 1.07 0.34

Γ 0.546 U0D 0.158 U0D

ReΓ = Γ/ν ' 7500 ' 14700

Figure D.2: Initial characteristics of the vortex rings (U0 = 5.0 m/s).
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Figure D.3: Initial characteristics of the vortex rings (U0 = 34.2 m/s).
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Summary

The pairing of vortex rings is one of the basic mechanisms of sound production in
subsonic free jets. So far, the prediction of the sound emitted by subsonic jet flows has
been based on theoretical or numerical modelling of the flow field. The prediction of
the radiated sound on the basis of flow field data is particularly delicate at low Mach
numbers. The purpose of the present work is the quantitative prediction of the sound
generated by vortex pairing on the basis of experimental data.

Aero-acoustical analogies such as the Vortex Sound Theory, allow a reduction of the
impact of errors in the description of the flow on the calculation of the acoustical field.
A detailed analysis of the Vortex Sound Theory is performed. Two different aero-
acoustical analogies published until now, namely Powell’s and Möhring’s analogies, are
considered. These formulations differ in the way the conservation of flow invariants
(impulse and energy) is used in their derivation.

The efficiencies of Powell’s and Möhring’s analogies are evaluated by their application
to analytical models of vortex pairing. Different models that respect or do not respect
the conservation of the flow invariants are compared. It is shown that the difference in
robustness between Möhring’s formulation and Powell’s formulation is attributable to
the reinforcement of the assumptions of conservation of the flow invariants.

On the basis of these results, a new conservative formulation of Vortex Sound Theory
is obtained for axisymmetrical flows. A series of tests applied to analytical models of
vortex ring pairing demonstrates that the effect of different kinds of errors on the sound
prediction is reduced by more than one order of magnitude compared to the results
obtained using the original formulations of Vortex Sound Theory.

An experimental facility has been designed to obtain a stable periodic pairing by means
of very low amplitude, harmonic acoustical excitation of a circular jet flow. A specific
stroboscopic Particle Image Velocimetry (PIV) technique was developed. This includes
the synchronization of the PIV snapshots with the acoustical excitation to allow the
acquisition of pseudo-time resolved measurements of the flow field. The accuracy and
reliability of the PIV technique is addressed, with some emphasis put on technical and
processing aspects that are crucial to obtain accurate velocity and vorticity measure-
ments of vortical flows. The effect of centrifugation of the tracer particles in the vortex
cores on the accuracy and reliability of the measurements is quantified. The influence
of the various image processing parameters is also assessed.
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Stroboscopic smoke flow visualizations have been conducted to identify the flow and
excitation conditions that lead to stable periodic vortex pairing for two jet outlet
velocities: U0 = 5.0 m/s and 34.2 m/s. The flow obtained for each of these two jet
outlet velocities corresponds respectively to the jet column mode (at 5.0 m/s) and
shear layer mode (at 34.2 m/s) of vortex ring pairing.

An original procedure based on the wavelet analysis has been developed, allowing the
automatic detection of coherent structures. This algorithm is applied to two test cases:
the impulsively starting jet flow and the flow past a backward-facing step. The results
obtained for the starting jet flow case demonstrate the robustness of the algorithm
with respect to experimental noise. The statistics on coherent structures obtained for
the backward-facing step flow assess the suitability of the method for the investigation
of coherent structures in turbulent flows. The application of the vortex detection
algorithm to the measurements obtained for the two vortex pairing modes allows the
automatic processing of the large amount of data that is required for a meaningful
prediction of the sound field.

The new conservative formulation of Vortex Sound Theory is applied to PIV data
obtained on vortex pairing in the excited jet flow. Specific issues related to deviation
of the actual evolution of the vortex rings from a perfectly axisymmetrical flow are
addressed. This is shown to have a strong impact on the computed flow invariants
and thereby on the sound prediction. A correction is applied to compensate for low
frequency asymmetrical modes of oscillation of the jet.

We show that a meaningful sound prediction cannot be obtained applying the original
formulations of the Vortex Sound Theory to our experimental data. The sound predic-
tion that is obtained by means of the new conservative formulation is meaningful and
shows some significant differences between the sound produced by the jet column and
the shear layer modes of pairing. The differences are related to the importance of the
deformation of the vortex cores during merging that is observed for each pairing mode.



Samenvatting

De binaire interactie van wervelringen is een van de elementaire geluidsproduktie-
mechanismen in subsone vrijstralen. Tot nu toe is de voorspelling van de geluids-
produktie van subsone vrijstralen gebaseerd op theoretische of numerieke modellen
van het stromingsveld. Het voorspellen van het uitgestraalde geluid op grond van een
gegeven stromingsveld is bijzonder moeilijk bij lage Mach-getallen. Het doel van dit
onderzoek is het kwantitatief voorspellen van geluid als gevolg van de interactie van
twee wervelringen, uitgaande van experimentele gegevens.

Het gebruik van aero-akoestische analogieën reduceert de invloed van fouten in de
stromingsbeschrijving op de berekening van het akoestisch veld. De “Vortex Sound
Theory” voor lage Mach-getallen wordt in deze studie gebruikt. Een uitvoerige analyse
van de tot nu toe gepubliceerde verschillende formuleringen van deze theorie, namelijk
de analogieën van Powell en van Möhring, is uitgevoerd. Deze formuleringen verschillen
in de manier waarop het behoud van stromingsinvarianten (impuls en energie) wordt
gebruikt in de afleiding.

De doeltreffenheid van de analogieën van Powell en van Möhring wordt bestudeerd
door toepassing op analytisch modellen voor binaire wervelring interactie. We vergelij-
ken eerst modellen die wel of niet voldoen aan behoud van stromingsinvarianten. We
tonen aan dat de analogie van Möhring voor bepaalde fouten ongevoeliger is dan die
van Powell omdat de behoudswetten voor stromingsinvarianten meer stringent worden
opgelegd.

Op grond van deze resultaten, wordt een nieuwe conservatieve formulering van de
“Vortex Sound Theory” verkregen voor axi-symmetrische stromingen. Een reeks tests
toegepast op analytische modellen van binaire wervelring interactie demonstreert dat
de invloed van verschillende soorten fouten op de geluidsvoorspelling met meer dan een
orde van grootte wordt gereduceerd in vergelijking met de resultaten van de originele
formuleringen van de “Vortex Sound Theory”.

Een experimentele opstelling is ontworpen om stabiele binaire wervel-interactie te
verkrijgen met behulp van harmonische akoestische excitatie met een zeer lage am-
plitude. Een specifieke stroboscopische “Particle Image Velocimetry” (PIV) techniek
is ontwikkeld. Dat houdt in dat de PIV opnamen gesynchroniseerd worden met de
akoestische excitatie, om een pseudo-tijdreeks van metingen van het stromingsveld te
verkrijgen. Veel aandacht wordt besteed aan de nauwkeurigheid en betrouwbaarheid
van de PIV-techniek, met de nadruk op die aspecten van de methode en van de signaal-
verwerking die van cruciaal belang zijn voor een nauwkeurige vastlegging van snelheids-
veld en vorticiteitsveld. Het effect van een centrifugale slip van “tracer” deeltjes op
nauwkeurigheid en betrouwbaarheid is kwantitatief vastgelegd. Ook de effecten van
diverse beeldbewerkingsparameters zijn onderzocht.
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Stroboscopische stromingsvisualisaties met rook zijn uitgevoerd om de experimentele
condities te bepalen voor een stabiele binaire wervel-interactie bij uitstroomsnelheden
van respectievelijk U0 = 5, 0 m/s en 34,2 m/s. De stromingen verkregen bij deze
twee uitstroomsnelheden corresponderen respectievelijk met een “vrije straal mode”
(bij 5,0 m/s) en een “schuiflaag mode” (bij 34,2 m/s) van de wervel-interactie.

Een originele methode gebaseerd op de “wavelet” analyse is ontwikkeld om de coherente
structuren automatisch te detecteren. Dit algoritme wordt toegepast op twee test-
gevallen: de impulsief startende vrijstraal en de stroming achter een stapvormige
verwijding in het stromingskanaal. De resultaten voor de startende vrijstraal bewi-
jzen de ongevoeligheid van het algoritme voor experimentele ruis. De statistiek van
coherente structuren, verkregen voor de stroming achter de stap in de wand, beves-
tigt de toepasbaarheid van de methode voor de studie van coherente structuren in
een turbulente stroming. De toepassing van het wervel-detectie-algoritme op metingen
verkregen voor de binaire wervel-interacties maakt een automatische nabewerking van
de grote hoeveelheid informatie mogelijk, hetgeen nodig is voor een zinvolle voorspelling
van het akoestische veld.

De nieuwe conservatieve formulering van de “Vortex Sound Theory” wordt toegepast
op binaire wervel-interactie in de akoestisch aangeslagen vrije straal. Effecten samen-
hangend met afwijkingen tussen het ideale theorische model van een perfecte ro-
tatiesymmetrische stroming en de werkelijkheid worden besproken. Aangetoond wordt
dat deze afwijkingen grote invloed kunnen hebben op de voorspelling van geluid. Een
correctie wordt uitgevoerd ter compensatie van de govolgen van laag-frequente niet-
symmetrische oscillaties.

We laten zien dat een zinvolle voorspelling van het geluidsveld niet mogelijk is door
toepassing van de oorspronkelijke “Vortex Sound Theory” op onze experimentele
gegevens. De voorspelling van het geluidsveld door toepassing van de conservatieve
formulering op PIV meetgegevens is zinvol en laat significante verschillen zien tussen
de geluidsproduktie van de “vrije straal mode” en de “schuiflaag mode”. De verschillen
worden gerelateerd aan het belang van de vervorming van de wervelkern gedurende het
samengaan van de wervelringen.



Résumé

L’appariement d’anneaux tourbillonnaires est un des mécanismes de base de production
de son dans les jets libres subsoniques. Jusqu’à présent, la prédiction du bruit émis
par les jets subsoniques a été basée sur une modélisation théorique ou numérique de
l’écoulement. La prédiction du bruit rayonné à partir de données sur l’écoulement
est particulièrement difficile à faibles nombres de Mach. Le but de ce travail est la
prédiction quantitative du bruit généré par l’appariement d’anneaux tourbillonnaires
dans un jet libre circulaire subsonique à partir de données expérimentales.

Les analogies aéroacoustiques telles que la Théorie du Bruit Tourbillonnaire (“Vortex
Sound Theory”), permettent de réduire l’impact des erreurs dans la description de
l’écoulement sur le calcul du champ acoustique. Une analyse détaillée de la Théorie
du Bruit Tourbillonnaire est effectuée. Deux analogies acoustiques différentes publiées
jusqu’à présent, à savoir les analogies de Powell et de Möhring, sont considérées. Ces
formulations diffèrent par la manière dont la conservation des invariants de l’écoulement
(impulsion et énergie) est utilisée au cours de leur dérivation.

L’efficacité des analogies de Powell et de Möhring est évaluée par application à des
modèles analytiques d’appariement tourbillonnaire. Nous comparons des modèles qui
respectent ou non la conservation des invariants de l’écoulement. Il est démontré
que la différence de stabilité entre la formulation de Powell et celle de Möhring peut
être attribuée à l’imposition multiple de l’hypothèse de conservation des invariants de
l’écoulement.

Sur la base de ces résultats, une nouvelle formulation conservative de la Théorie du
Bruit Tourbillonnaire est obtenue pour les écoulements axisymétriques. Une série
de tests menés sur des modèles analytiques d’appariement d’anneaux tourbillonnaires
démontre que l’effet de différentes formes d’erreurs sur la prédiction du bruit est réduit
de plus d’un ordre de grandeur par rapport aux résultats obtenus au moyen des for-
mulations originales de la Théorie du Bruit Tourbillonnaire.

Un montage expérimental est conçu afin d’obtenir un appariement stable au moyen
d’une excitation acoustique du jet, harmonique et de très faible amplitude. Une
technique spécifique de PIV stroboscopique est développée. Elle met en oeuvre une
synchronisation des prises de vue avec l’excitation acoustique pour obtenir des séries
pseudo-temporelles de mesures de l’écoulement. La précision et la fiabilité de la tech-
nique PIV sont considérées, en mettant l’accent sur les aspects techniques et de traite-
ment qui sont cruciaux pour l’obtention de mesures précises de la vitesse et de la
vorticité dans les écoulements tourbillonnaires. L’effet de la centrifugation des par-
ticules d’ensemencement à l’intérieur du noyau des tourbillons sur la précision et la
fiabilité des mesures est quantifiée. L’influence de divers paramètres de traitement des
images est également évaluée.
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Des visualisations par fumée sont menées en stroboscopie afin d’identifier les condi-
tions d’écoulement et d’excitation qui induisent un appariement tourbillonnaire stable
pour deux vitesses de sortie de tuyère: U0 = 5, 0 m/s et 34,2 m/s. Les écoulements
obtenus pour chacune de ces vitesses de sortie correspondent respectivement aux modes
d’appariement tourbillonnaire de “jet de colonne” (à 5,0 m/s) et de “couche de cisaille-
ment” (à 34,2 m/s).

Une procédure originale basée sur l’analyse par ondelettes est développée pour la
détection automatique de structures cohérentes. Cet algorithme est appliqué dans
deux cas d’école: le jet démarrant impulsivement et l’écoulement derrière une marche
descendante. Les résultats obtenus dans le cas du jet démarrant démontrent la ro-
bustesse de l’algorithme par rapport au bruit de mesure. Les résultats statistiques,
obtenus pour les structures cohérentes dans le cas de la marche descendante, illustrent
l’efficacité de la méthode pour l’étude des structures cohérentes en écoulement turbu-
lent. L’application de l’algorithme de détection de tourbillons aux mesures, obtenues
pour les deux modes d’appariement tourbillonnaire, permet le traitement automatique
de la grande quantité de données nécessaire à l’obtention d’une prédiction significative
du champ acoustique.

Nous appliquons notre nouvelle méthode conservative sur les mesures PIV
d’appariement tourbillonnaire dans le jet excité. Nous analysons en particulier l’effet
d’une déviation de l’évolution des tourbillons par rapport à un écoulement parfaite-
ment axisymmétrique. Il est montré que cet effet est crucial pour la détermination
des invariants de l’écoulement, et par conséquent de la production acoustique. Une
correction est appliquée pour corriger l’effet d’oscillations lentes asymmétriques du jet.

Nous observons que les formulations originales de la Théorie du Bruit Tourbillon-
naire ne produisent pas de résultat significatif pour nos données expérimentales. La
prédiction acoustique qui est obtenue par application de la formulation conservative
de la Théorie du Bruit Tourbillonnaire aux mesures obtenues par PIV indique claire-
ment des différences entre les rayonnements acoustiques produits par le mode de jet
de colonne et le mode de couche de cisaillement. Les différences sont associées à
l’importance relative de la déformation des noyaux des tourbillons durant la coales-
cence qui est observée pour chaque mode d’appariement.
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aux différentes étapes de la conception: Mario Carbonaro, Nils Grobet, Günther Cahay,
Jean-Jacques Delval et Fabien Bosthijs.



188 Acknowledgements

Parmi le staff technique et le personnel de l’atelier, je tiens à remercier parti-
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Rhamsoussi, Yves Hendrickx, José Alvarez, Alphonse Romo, Thierry van Eeckhoudt,
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mais ils se reconnâıtront dans ces lignes.

Enfin, ma reconnaissance toute particulière va à ma famille. A mes parents d’abord,
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the von Kármán Institute for Fluid Dynamics (Belgium)
within the framework of a co-tutelle between
the Technische Universiteit Eindhoven (The Netherlands)
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