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Dit proefschrift is goedgekeurd door de promotoren:

prof.dr. H. Nijmeijer
en
prof.dr.ir. D.H. van Campen



Dipersembahkan kepada
Almarhum Ayahanda Asli, Ibunda Yurniati,

Istriku Dina dan Anak-anakku Ihsan dan Audrey.





Preface

This thesis contains the results of the PhD research project Limit Cycling in Controlled
Mechanical Systems, which has been carried out since December 1999 at the Dynamics and
Control Group of the Department of Mechanical Engineering of the Eindhoven University of
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I thank all my colleagues, especially Nenad, Wilbert, Ronald, Dragan, Alexei, Niels, Ron,



Alejandro, Edo, Apostolos, and Matin for providing a friendly working atmosphere and for
nice talks that we had during lunch. They are also very helpful with practical problems such
as solving the LATEX puzzles.

Next, I would like to thank all my Indonesian friends, para sahabat Musihoven, teman-
teman Eindhoven-Merdeka, and keluarga anggota Pengajian Al Ikhlash for providing Indone-
sian atmosphere in the Netherlands and for their support and help.

I am very grateful to Bang Antoni A. Hasan, Kak Astrid, Mak Tuo Gustinar, Almarhum
Pak Tuo Zainul, Tante Erna, Om Adril Soelaiman, Ibu H. Baniara Basir and Pak H. Hamdan
Basir for their continuous support and encouragement.

I would like to thank my mother for her love and endless praying. I also would like to
thank my parents-in-laws for their support and help during the difficult period of time in
having babies while studying.

Finally, many thanks to my wife Dina and our children Ihsan and Audrey for their love,
patience and understanding.

“All the praises be to Allah, the Lord of the worlds.” [Quran 1:2]

Devi Putra
Eindhoven, July 30, 2004.



Contents

Preface 7

1 Introduction 13
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.2 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.3 Goals and Contributions of the Thesis . . . . . . . . . . . . . . . . . . . . . . 16
1.4 Outline of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2 Friction Models, Computational Methods, and Analytical Tools 19
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.2 Friction Models and Simulation Techniques . . . . . . . . . . . . . . . . . . . 19
2.3 Computational Methods for Limit Cycling Analysis . . . . . . . . . . . . . . . 23

2.3.1 Shooting method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.3.2 Continuation method . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4 Analytical Tools for Stability Analysis . . . . . . . . . . . . . . . . . . . . . . 28

3 Limit Cycling in Output Feedback Frictional Systems 31
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
3.2 Flexibel Servo Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.2.1 Modelling and control . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.2.2 Limit cycling behavior . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.3 Underactuated Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.3.1 Modelling and control . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.3.2 Limit cycling behavior . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4 Limit Cycling in Controlled Systems with Observer-Based Friction Com-
pensation 43
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
4.2 Experimental Setup, Modelling and Control . . . . . . . . . . . . . . . . . . . 45

4.2.1 The experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.2.2 Modelling and control . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.3 Characteristics of the Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.3.1 Equilibrium set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.3.2 Dynamics on the switching surfaces . . . . . . . . . . . . . . . . . . . 49

4.4 Limit Cycling Behavior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50



10 Contents

4.4.1 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.4.2 Simulation results and model validation . . . . . . . . . . . . . . . . . 51
4.4.3 Numerical analysis of limit cycles . . . . . . . . . . . . . . . . . . . . . 52

4.5 Bifurcation of Limit Cycles . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.6 Conclusions and Future Research . . . . . . . . . . . . . . . . . . . . . . . . . 56

5 Friction Compensation using a Reduced-Order Observer 57
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
5.2 Experimental Setup, Modelling and Identification . . . . . . . . . . . . . . . . 59
5.3 Closed-Loop System Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
5.4 Exact Friction Compensation . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.4.1 Equilibrium set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.4.2 Stability of the closed-loop system . . . . . . . . . . . . . . . . . . . . 65

5.5 Inexact Friction Compensation . . . . . . . . . . . . . . . . . . . . . . . . . . 67
5.6 Experimental Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
5.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

6 A Design Method for Observer-Based Friction Compensation 73
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
6.2 Friction Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
6.3 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
6.4 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
6.5 Experimental Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

6.5.1 The experimental setup, modelling, and identification . . . . . . . . . 79
6.5.2 Application of the design method . . . . . . . . . . . . . . . . . . . . . 81
6.5.3 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

6.6 Conclusions and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

7 Analysis of Inexact Friction Compensation 85
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
7.2 Mathematical Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
7.3 Undercompensation Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
7.4 Overcompensation Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
7.5 A Numerical Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
7.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

8 Conclusions and Recommendations 95
8.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
8.2 Recommendations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

A Terminology 99
A.1 Qualitative Theory of Nonlinear Dynamics . . . . . . . . . . . . . . . . . . . . 99

A.1.1 Equilibrium points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
A.1.2 Periodic solutions and limit cycles . . . . . . . . . . . . . . . . . . . . 100
A.1.3 Bifurcation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

A.2 The Solution Concept of Filippov . . . . . . . . . . . . . . . . . . . . . . . . . 101

B Uniqueness of solutions of the Closed-Loop System (5.10) 103



Contents 11

C Convexification Procedure for the Closed-Loop System (7.7) 107
C.1 Exact Compensation Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
C.2 Undercompensation Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
C.3 Overcompensation Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

Bibliography 111

Summary 117

Samenvatting 119

Ringkasan 121

Curriculum Vitae 123



12 Contents



Chapter 1

Introduction

This introductory chapter is intended to provide the motivation for the research presented in
the thesis, a review of the literature that positions the contributions of the thesis among the
research on controlled frictional mechanical systems, and the outline of the thesis. In addition
the goals and the main contributions of the thesis are also stated. This chapter is organized
as follows. Section 1.1 gives the motivation for the research. A literature review is provided
in section 1.2. Section 1.3 states the goals and the contributions of the thesis. Finally, an
outline of the thesis is provided in section 1.4.

1.1 Motivation

Controlled positioning systems are designed to move the end-effectors from their initial po-
sition to a desired position satisfying performances criteria such as the desired accuracy,
settling time and efficiency. Applications of these systems can be found in hightech industrial
production systems as well as in daily used consumer electronics products, for examples: pick-
and-place machines for mounting electronic components in the electronics industry, robotic
manipulators, telescope and radar pointing systems, elevators, printers, and laser-reader sys-
tems in CD/DVD players. Because of the inherent nonlinearities such as friction, dead-zone,
backlash, saturation, and switching the controlled systems may exhibit large steady state
errors and limit cycling oscillations around the desired position. In controlled positioning
systems, limit cycling is a highly undesirable effect because of its oscillatory and persistent
behavior. Limit cycling oscillations may harm the system itself and may damage the sur-
rounding products. Therefore, it is desirable to predict possible limit cycling in the controlled
systems and to have controller design rules guaranteeing that the controlled systems do not
exhibit limit cycling.

The study of limit cycles in dynamical systems has been initiated by Henri Poincaré in
1881 through his four-part papers on integral curves defined by differential equations [Poincaré,
1881]. Forty five years later, Van der Pol [1926] has investigated limit cycles in electronics
applications and has invented a differential equation that is able to describe a limit cycle.
This differential equation is later named after him. From that time on, limit cycles have
been observed and studied in many engineering applications. In some applications such as
communication systems and laser applications where persistent periodic dynamics are needed,
limit cycling is desirable but in some other applications such as positioning systems limit
cycling is an unwanted effect.

In control systems theory the limit cycling phenomenon has been studied since its devel-
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opment stage see, for example, [Gelb and Velde, 1963; Tustin, 1947]. That study is motivated
by the observation that many applications of control systems may exhibit limit cycling. The
describing function (DF) method [Atherton, 1975] traces back to the studies in that period
of time. The DF method has been widely used for analysis of limit cycling in control systems
with “common nonlinearities” such as relay, backlash, saturation, dead-band, and hysteresis.
Because of the approximation nature of the DF method, it may give inaccurate predictions.
Some efforts have been made to justify the validity of the DF analysis, e.g. see [Fendrich,
1992; Mees and Bergen, 1975]. Those results are restricted to systems with single-valued and
odd nonlinearities.

Friction is present in almost all mechanical systems and it is a common nonlinearity
that is observed in controlled positioning systems such as robotic manipulators and opti-
cal disc drives. Friction may deteriorate positioning performance of controlled mechanical
systems in terms of large steady state errors and limit cycling oscillations. The increasing
high-performance demands in applications of controlled positioning systems force control en-
gineers to take friction into account when designing controllers. It is well-known in classical
control theory that steady-state errors of a controlled positioning system can be eliminated by
adding integral actions in the feedback scheme. However, in controlled frictional mechanical
systems such integral actions often lead to undesirable stick-slip behavior. Designing high-
performance controllers for positioning systems with friction is a challenging problem in the
control community. Many efforts have already been made to meet the challenge but the prob-
lem is still far from being completely solved; for a review see, for example, [Armstrong, 1995;
Armstrong-Hélouvry et al., 1994]. In many practical applications of controlled positioning
systems, only partial measurements of the states of the system are available, for example only
position measurements or non-collocated measurements are available, for reasons as savings
in cost, volume and weight. In this case designing controllers that are able to compensate the
negative effects of friction is more challenging. Output feedback friction compensation is still
an open problem with only very few results available.

The available tools for analyzing friction induced limit cycles in control systems are very
limited. The DF method has been widely used for analyzing friction induced limit cycles in
the control literature. However, the validity of the DF method for analyzing friction induced
limit cycles is hard to justify. In some cases [Armstrong-Hélouvry and Amin, 1996; Olsson,
1995] it is proven that the prediction of the DF method is not reliable. Some authors [Hensen
et al., 2002a; Olsson and Åström, 1996b] have proposed alternative computational tools,
which are applicable only to stick-slip limit cycles. The developed computational bifurcation
analysis from applied mathematics and nonlinear dynamics, for example see [Leine, 2000;
Nayfeh and Balachandran, 1995; Parker and Chua, 1989; Seydel, 1994], is potentially very
helpful to provide a general computational tool for analyzing friction induced limit cycles.
The increasing computing power is making the application of such a computational analysis
possible and more popular.

1.2 Literature Review

In this section, we briefly review available results on friction induced limit cycling and friction
compensation in controlled positioning mechanical systems. The review is mainly based on
the survey paper [Armstrong-Hélouvry et al., 1994].

Stick-slip limit cycling in PID controlled positioning systems with friction has been in-
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vestigated for more than half a century ago, for example see [Tou and Schultheiss, 1953].
Radcliffe and Southward [1990] have investigated properties of friction models, which can
exhibit stick-slip limit cycling in PID controlled positioning systems. It turns out that only
friction models whose static friction level is higher than the Coulomb friction level are able to
exhibit stick-slip limit cycling; see section 2.2 for details of friction models. It is the interplay
between the integral action and the higher static friction level that generates stick-slip limit
cycling. This phenomenon is also known as hunting. Armstrong-Hélouvry and Amin [1996]
have proven that PID controlled frictional systems with a friction model whose static friction
level drops discontinuously to a lower Coulomb friction level always exhibit stick-slip limit
cycling for all stabilizing PID gains, i.e. gains that stabilize the linear part of the closed-loop
system. This analytical result does not agree with the observation that in many applications
a properly tuned PID controller is able to eliminate stick-slip limit cycling. Therefore this
friction model is inadequate to model the observed friction phenomenon. It is also proven in
[Armstrong-Hélouvry and Amin, 1996] that a PID controller in combination with Coulomb
friction does not exhibit limit cycling for stabilizing PID gains. Hensen et al. [2002a] have
shown through a computational bifurcation analysis that for friction models with Stribeck ef-
fect stick-slip limit cycling can be eliminated by enlarging the PID gains. Although stick-slip
limit cycling in PID controlled frictional systems has been studied for a long time a general
design rule for tuning the PID gains guaranteeing no limit cycling is not yet available.

Wallenborg and Åström [1988] have studied limit cycling in an observer-based controlled
flexible servo system with Coulomb friction. They prove by using the describing function
method that a sufficient condition for the occurrence of limit cycling is the instability of the
internal dynamics of the output feedback compensator. A similar result is also obtained in
[Bonsignore et al., 1999] where integral action is added in the feedback loop. Both Wallenborg
and Åström [1988] and Bonsignore et al. [1999] are able to eliminate limit cycling by using the
DF method. Ferretti et al. [2001] compare the performance of some controller schemes on a
flexible servo system where only the motor position measurement is available. They show that
observer-based controllers with an integral action and a feedforward term, and polynomial
based controllers may induce limit cycling in the presence of Coulomb friction. However, it
is not known yet whether a stabilizing linear controller may provoke limit cycling in flexibel
positioning systems with Coulomb friction.

Limit cycling that is induced by overcompensation of friction in PD and PID controlled
systems has been studied in [Canudas de Wit, 1993; Canudas de Wit et al., 1991]. In those
papers the friction compensation is given by a Coulomb friction model and the actual friction is
assumed to have the Stribeck effect. Based on the describing function analysis, it is predicted
that overcompensation of friction always provokes limit cycling. Papadopoulos and Chasparis
[2002] have validated the predicted limit cycle on an experimental setup and they also show
that the prediction of the describing function is not always accurate.

In the following, we review results on friction compensation techniques. Many friction
compensation methods have been proposed in order to eliminate the negative effect of friction
in controlled systems, for details see [Armstrong-Hélouvry et al., 1994]. Those methods can be
classified into model-based friction compensation and non-model-based friction compensation.
Dither [Bennett, 1979] and impulsive control [Armstrong-Hélouvry, 1991] are two examples of
non-model-based friction compensators. The integral action in a control-loop that is used to
eliminate steady-state errors caused by static friction can also be considered as a non-model
based friction compensator. If a good friction model is available it is preferable to use model-
based friction compensation. It has been shown that model-based friction compensation can
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significantly improve the system performance [Armstrong-Hélouvry et al., 1994].
Model-based friction compensation can be applied in a feedforward and in a feedback

manners. Feedforward friction compensation is applicable if the velocity signal is known
in advance making it only suitable for a tracking task where the desired velocity is known.
Feedforward friction compensation is usually ignored in the stability analysis of the controlled
system. The experimental result of Ferretti et al. [2001] should be considered as a warning that
feedforward compensation of friction may provoke limit cycling. In position controlled systems
where the velocity is not known in advance, model-based friction compensation must be
applied in a feedback manner where the velocity signal should be obtained from a measurement
device or from a velocity estimator.

A number of feedback compensation techniques have been proposed. Friedland and Young-
Jin [1992] have proposed an adaptive Coulomb friction compensator. Adaptive friction com-
pensation, which is based on a Stribeck friction model has been proposed in [Canudas de Wit
et al., 1991]. This compensation method is applicable for a limited range of lower velocities
because the proposed Stribeck friction model is only valid for lower velocities. Papadopoulos
and Chasparis [2002] have compared the performance of friction compensation based on a
Coulomb friction model and the one based on a Stribeck friction model on a servomechanism.
A significant improvement of the steady-state errors is obtained by the Stribeck friction com-
pensator. Some friction compensation techniques based on dynamic friction models have also
been proposed, for example in [Leonard and Krishnaprasad, 1992; Walrath, 1984] that are
based on the Dahl model and in [Canudas de Wit and Ge, 1997; Canudas de Wit et al., 1995;
Olsson and Åström, 1996a; Olsson et al., 1998] that are based on the LuGre model.

All of those friction compensation techniques require accurate velocity measurements.
Friction compensation in the absence of velocity measurements has been considered in [Fried-
land and Mentzelopoulou, 1992; Tafazoli et al., 1994]. They extend the Coulomb friction
compensation in [Friedland and Young-Jin, 1992] by adding a reduced-order observer for es-
timating the velocity signal. According to our recent literature survey observer-based friction
compensation techniques for more complex friction models are not yet available.

1.3 Goals and Contributions of the Thesis

According to the literature review friction-induced limit cycling and observer-based friction
compensation are still largely open research problems and it is of a great interest to proceed
the research as explained in section 1.1. The thesis is aiming at providing a solid framework for
the analysis of friction-induced limit cycling and the design of friction compensation in output
feedback controlled positioning systems. The scope of the thesis is limited to discontinuous
friction models consisting of static, Coulomb and viscous friction, and including the Stribeck
effect. The objectives of the thesis are the following.

1. To analyze possible friction-induced limit cycling in output feedback controlled posi-
tioning systems.

2. To analyze possible limit cycling in controlled systems with observer-based friction com-
pensation.

3. To provide design methods for observer-based friction compensation guaranteeing the
absence of limit cycling and steady-state errors.
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4. To analyze the effect of inexact friction compensation on the steady-state behavior of
controlled positioning systems.

5. To promote computational bifurcation methods as general tools for analyzing friction-
induced limit cycling.

The contributions of the thesis relating to the first goal are as follows. It provides a
bifurcation analysis showing that PD controlled flexible positioning systems with friction and
non-collocated measurements may exhibit limit cycling and, in the particular system that
is studied, the limit cycling can be eliminated by decreasing the PD controller gains. This
result indicates that the achievable performance of the controlled system is limited by the
occurrence of the limit cycling and thus friction compensation is needed in order to improve
the performance. The thesis also provides a numerical analysis showing that output feedback
controlled underactuated systems with friction may exhibit limit cycling and it seems that, for
the particular system under investigation, the limit cycling cannot be eliminated by tuning the
gains of the output feedback compensator. This result indicates that friction compensation
is needed in order to eliminate the limit cycling.

The above results suggest that friction compensation is needed either to improve the
achievable performance or to eliminate limit cycling in output feedback controlled frictional
systems. Friction compensation requires velocity signals because friction is considered as a
function of velocity. In those output feedback systems velocity measurements associated to
the frictional contact are not available, thus they only admit friction compensation schemes
that are based on the estimated velocity signals. Concerning this fact and the second goal, the
thesis provides a numerical analysis and an experimental validation showing that observer-
based friction compensation may give rise to limit cycling. In addition, the numerical and the
experimental results indicate that the observed limit cycling can be eliminated by increasing
the observer and the controller gains.

The thesis achieves the third goal by providing an analytical design method for observer-
based friction compensation guaranteeing global exponential stability of a desired setpoint and
thus excluding the possibility of limit cycling and steady-state errors. The design method,
which is based on the passivity approach, preserves the separation principle, i.e. the design
of the observer and the controller gains are carried out separately. The method only involves
well-known linear design criteria: strictly positive realness (SPR) and the Hurwitz condi-
tion. The thesis provides this design method for both reduced-order and full-order observers.
Experimental results confirm the effectiveness of the design method.

The main contribution of the thesis with respect to the fourth goal is to provide an ana-
lytical proof that undercompensation of friction in PD controlled 1-DOF mechanical systems
results in steady-state errors and overcompensation of friction may induce limit cycling. This
theoretical analysis is supported by both numerical and experimental results.

Concerning the last goal, the thesis shows that the computational bifurcation method is
a powerful tool for analyzing friction-induced limit cycling and is useful for tuning suitable
controller and observer design variables to eliminate limit cycling as demonstrated by the
achieved results.
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1.4 Outline of the Thesis

The thesis is organized as follows. Chapter 2 introduces the friction models of interest,
computational methods for the analysis of friction-induced limit cycling and analytical tools
for the stability analysis of frictional systems. This chapter forms a basis of the thesis.

Chapter 3 analyzes friction induced limit cycling in output feedback controlled positioning
systems. There are two types of systems that are analyzed in this chapter, namely a PD
controlled flexibel servo system with non-collocated measurements and an observer-based
controlled underactuated system. The controlled flexible system is treated in section 3.2 and
the controlled underactuated system is studied in section 3.3.

Chapter 4 provides numerical analysis and experimental validation showing that observer-
based friction compensation in a controlled positioning system may give rise to limit cycling
and the limit cycling can be eliminated by enlarging the controller and the observer gains.
This chapter consists of the article [Putra and Nijmeijer, 2004a] and has been partly presented
in [Putra and Nijmeijer, 2003].

Chapter 5 provides the mathematical analysis of the global stability of the controlled sys-
tem with friction compensation, which is studied in Chapter 4, for the case of a reduced-order
observer. This chapter also provides numerical analysis and experimental validation, which
suggest that undercompensation of friction results in steady-state errors and overcompen-
sation of friction induces limit cycling. This chapter consists of the article [Mallon et al.,
2004].

Chapter 6 presents a design method for observer-based friction compensation, which guar-
antees global exponential stability of a setpoint. This chapter consists of the paper [Putra
et al., 2004b].

Chapter 7 provides a theoretical analysis on the effect of inexact friction compensation to
the steady state behavior of the controlled system. The undercompensation case is treated
in section 7.3 and the overcompensation case is analyzed in section 7.4. Finally, conclusions
and recommendations for future research are given in Chapter 8.



Chapter 2

Friction Models, Computational
Methods, and Analytical Tools

2.1 Introduction

This chapter introduces friction models of interest, computational methods for analysis of
friction-induced limit cycling and analytical tools for stability analysis of frictional systems.
The thesis focuses on discontinuous friction models that are able to describe stiction at zero
velocity and the Stribeck effect at lower velocities. The computational methods consisting
of the shooting method and the continuation method are potential to serve as a general
computational tool for analysis of friction-induced cycling. These methods have been widely
used in applied mathematics and nonlinear dynamics but they are not yet well-recognized in
the control community. The analytical tools comprising of the solution concept of Filippov,
the Invariance Principle and passivity theory provide a solid framework for stability analysis
of frictional systems with discontinuous friction models. This chapter is organized as follows.
Section 2.2 introduces friction models of interest and approximation techniques for numerical
simulations. The computational tools are explained in section 2.3 and the analytical tools are
discussed in section 2.4.

2.2 Friction Models and Simulation Techniques

Friction is a highly nonlinear phenomenon, which is difficult to describe by a single gen-
eral model. Many models have been proposed to capture some characteristics of friction
[Armstrong-Hélouvry et al., 1994; Olsson et al., 1998]. Those models can be classified into
two classes: static models and dynamic models [Olsson et al., 1998]. A static friction model
gives a static map between velocity and friction force, while a dynamic friction model gives a
dynamics relation between velocity and friction force, i.e. there is an internal state describing
dynamics of friction. Here, we only consider static friction models. A review on dynamic
friction models can be found in [Olsson et al., 1998].

Static friction models, such as the classical Coulomb friction model, have been used for a
long time to described the friction force acting on mechanical systems. Figure 2.1 shows some
friction curves of some of the most used static friction models. Those friction curves, except
the linear viscous friction curve, are discontinuous at zero velocity. Those discontinuous
friction models are often used in combination with linear viscous friction.
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Figure 2.1: Friction curves of static friction models: (a) viscous friction, (b) Coulomb friction, (c)
Coulomb plus static friction and (d) Stribeck friction

The linear viscous friction model is given by

F = Fvv (2.1)

where Fv is the viscous friction damping, v is the velocity and F is the corresponding friction
force. The classical Coulomb friction model is described by

F = Fc sign(v) (2.2)

with Fc the Coulomb friction level and

sign(v) =




1 if v > 0
0 if v = 0.

−1 if v < 0
(2.3)

The classical Coulomb friction model (2.2) with the sign function (2.3) does not describe the
friction force at zero velocity properly because at zero velocity the friction force can only be
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zero. A remedy to this problem is to redefine the sign function (2.3) as a set-valued1 function

Sign(v) ∈



{1} if v > 0
[−1, 1] if v = 0.
{−1} if v < 0

(2.4)

The Coulomb friction model, because of its simplicity, is often used in the control literature
for analyzing dynamics of a closed-loop system and for designing controllers of frictional
mechanical systems.

The static friction force, which counteracts the external force at rest, has been introduced
by Morin [1833]. Experimental observations show that the level of the static friction is higher
than the Coulomb friction level as depicted in Figure 2.1(c). The friction model describing
this phenomenon is given by

F =




Fc if v > 0
min {|Fex|, Fs} sign(Fex) if v = 0
−Fc if v < 0

(2.5)

where Fex is the external force and Fs > Fc is the static friction level. It is proven in
[Armstrong-Hélouvry and Amin, 1996] that this friction model is inadequate to account for
experimentally observed limit cycling behavior in PID controlled systems.

Stribeck [1902] has observed that for lower velocities, the friction force is decreasing con-
tinuously from the static friction level with increasing velocity as depicted in Figure 2.1(d).
This effect is named after him. Friction models incorporating the Stribeck effect can be given
by

F =
{

g(v)sign(v) if v �= 0
min {|Fex|, Fs} sign(Fex) if v = 0

(2.6)

for some continuous function g(v) describing the Stribeck effect [Olsson et al., 1998]. The
function g(v) can be a parameterized curve that fits experimental data. A number of param-
eterizations of g(v) have been proposed. The most common one is of the form

g(v) = Fc + (Fs − Fc)e−|v/vs|δ (2.7)

where vs > 0 is called the Stribeck velocity and δ is the shaping parameter of the Stribeck
curve. This parameterization with δ = 1 has been used in [Tustin, 1947]. Bo and Pavelescu
[1982] have suggested values for δ in the range of 0.5 to 1, and Armstrong-Hélouvry [1991] has
proposed δ = 2, which can be interpreted as a Gaussian parameterization. In a system with
a boundary lubricant δ can be very large as shown in [Fuller, 1984]. The Stribeck friction
model (2.6) with parameterization (2.7) plus linear viscous friction model (2.1) is a fairly
general static model that is able to fit most of the experimentally obtained velocity-friction
maps [Armstrong-Hélouvry et al., 1994; Hensen, 2002b]. A simpler parameterization, which
is proposed by Canudas de Wit et al. [1991], is given by

g(v) = Fs − Fd|v|
1
2 . (2.8)

The advantage of this parameterization is that it is linear in the parameters, making it
attractive for adaptive friction compensation as demonstrated in [Canudas de Wit et al.,

1[a, b] means the interval {x ∈ R : a ≤ x ≤ b} and {a, b} means the set comprising the elements a and b.
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1991]. Its disadvantage is that it is only valid in a limited range of lower velocities because
of the term −Fd|v| 12 that should account for the Stribeck effect. Outside that interval the
friction force can have the wrong sign. Another parameterization that has been proposed
[Armstrong-Hélouvry et al., 1994] is of the form

g(v) = Fc + (Fs − Fc)
1

1 + |v/vs|δ . (2.9)

The Stribeck friction model (2.6) depends on the external force Fex, which is needed to
define the friction force at zero velocity. This dependency can be neglected by considering
the whole interval of the static friction force at zero velocity such that the Stribeck friction
model (2.6) can be rewritten as

F = g(v)Sign(v) (2.10)

where Sign(v) is the set-valued signum function (2.4). This generalized Stribeck friction model
is simpler and is suitable for analysis purposes, see also section 2.4.

Experimental observations [Armstrong-Hélouvry et al., 1994] show that dominant fric-
tional characteristics in positioning systems are the Stribeck effect and stiction, i.e. the
friction force that counteracts external forces at zero velocity. Therefore, the Stribeck friction
model (2.6) is more relevant for positioning systems.

A more complex static friction model, which is able to describe some observed dynamic
frictional phenomena such as varying break-away forces and presliding displacements, has
been proposed by Armstrong in [Armstrong-Hélouvry et al., 1994]. This model has seven
parameters and it is called Armstrong’s seven parameters model.

The main disadvantage of those static friction models is that they are discontinuous at
zero velocity. The discontinuity makes analysis and numerical simulation difficult. Generally,
the available tools that are developed for continuous systems are not applicable to those
discontinuous models. If those models are used in simulations, a zero velocity detection is
needed and this can be very expensive in terms of the required computational power. One
way to circumvent this problem is by using approximated models such as a smoothed friction
model or the Karnopp friction model as depicted in Figure 2.2.
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−Fs

v

(a)

Fc

−Fc

Fs

−Fs

v−η η

(b)

Figure 2.2: Approximated Friction curves: (a) smooth friction model and (b) Karnopp friction model
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A smooth approximation of discontinuous friction models can be obtained by using the
arctan function as proposed in [Van de Vrande et al., 1997, 1999]

F̃ = g(v)
2
π

arctan(εv) (2.11)

with ε the steepness parameter or by using a neural network approximation of the form

F̃ =
n∑

i=1

Wi

(
1 − 2

1 + e2ωi

)
(2.12)

for some parameters Wi and ωi, which has been used in [Hensen et al., 2000]. In order to
have a good approximation the steepness of the smoothed curve around zero velocity must be
high enough. Unfortunately, a very steep slope results in a stiff differential equation, which
is also computationally expensive.

Karnopp [1985] has proposed a zero velocity interval, |v| < η as depicted in Figure 2.2(b),
in order to avoid zero velocity detection and switching between different state equations for
sticking and sliding. Depending on whether |v| < η or not, the friction force is either a
saturated version of the external force or a static function of velocity. The width of the zero
velocity interval, i.e 2η, can be quite coarse and still promote so called stick-slip behavior.
However, the Karnopp friction model may induce some numerical instabilities in the sticking
phase as reported in [Sepehri et al., 1996]. An improvement of the Karnopp model has
been proposed in [Leine et al., 1998] by introducing a linear term in the sticking phase that
forces the velocity to converge to zero. The linear term eliminates possible chattering at the
boundary of the zero velocity interval. Using this approximation the Stribeck friction model
(2.6) becomes

F̃ =
{

g(v)sign(v) if |v| > η
min {|Fex|, Fs} sign(Fex) + αv otherwise

(2.13)

for some α > 0. This model is also called the switch friction model. The zero velocity interval
η is chosen such that 1 >> η >Tol, where Tol is the tolerance of the integration method.
Leine et al. [1998] show that the switch model is computationally much more efficient than the
smooth model (2.11). Furthermore, if the zero velocity interval η is small enough the resulting
dynamics of the simulated model are able to describe discontinuous dynamics phenomena as
demonstrated in [Leine, 2000]. Because of these desirable properties, the last approximation
technique is used to obtain all simulation results presented in the coming chapters.

2.3 Computational Methods for Limit Cycling Analysis

Limit cycles are isolated closed orbits (also called periodic orbits) of nonlinear systems that
can be stable or unstable. A limit cycles is stable if it attracts neighboring trajectories
and it is unstable if it repels neighboring trajectories. This section explains computational
methods for analyzing limit cycles of frictional systems, namely the shooting method and
the continuation method (also known as the path following technique). These computational
methods are flexible; they can be easily adopted to different types of friction models and
different dimensions of systems. The main reason for using computational methods is the
lack of analytical tools. An alternative would be to use an approximation method such as
the describing function (DF) method. Because the DF method approximates a limit cycle
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with a sinusoidal function, one may wonder about its validity for analyzing friction-induced
limit cycles if discontinuous friction models are used. In some cases [Armstrong-Hélouvry and
Amin, 1996; Olsson, 1995], it has been shown that the prediction of the DF method is not
reliable.

The shooting method computes a limit cycle and provides a stability analysis and the
continuation method follows a branch of limit cycles with respect to variation of a system
parameter. Results of these methods can provide a bifurcation analysis of limit cycles, which
can give information about the possible elimination of limit cycles. The shooting and the
continuation methods are explained in the following subsections, respectively.

2.3.1 Shooting method

The shooting method is a common computational tool for finding a periodic solution of
nonlinear systems see, for example, [Nayfeh and Balachandran, 1995; Parker and Chua, 1989;
Seydel, 1994]. It is originally developed for continuous systems and it involves a solution of
the variational equation, i.e. the differential equation of the monodromy matrix. Because the
variational equation is not defined for discontinuous system, Leine et al. [1998] introduce a
perturbation technique to obtain the monodromy matrix such that the shooting method is
applicable for discontinuous systems, i.e. systems with discontinuous friction models.

The shooting method finds a limit cycle of a nonlinear system

ẋ = f(x) (2.14)

by solving a boundary value problem defined by the periodic nature of the limit cycle

H(x̄, T ) ≡ φT (x̄) − x̄ = 0, (2.15)

where T is the period of the limit cycle, x̄ is a state on the limit cycle, and φT (x̄) is the
solution of (2.14) at time T initialized at x̄. The equation (2.15) is solved by using the
Newton-Raphson procedure [Parker and Chua, 1989], i.e.

∂H

∂x̄
(x̄, T )∆x̄ +

∂H

∂T
(x̄, T )∆T = −H(x̄, T ). (2.16)

where ∆x̄ and ∆T are the changes of x̄ and T , respectively. From (2.15), (2.16) can be
expressed as (

∂φT

∂x̄
(x̄) − I

)
∆x̄ +

∂φT

∂T
(x̄) ∆T = −φT (x̄) + x̄. (2.17)

For autonomous systems (2.14), (2.17) is equivalent to

(ΦT (x̄) − I) ∆x̄ + f (φT (x̄)) ∆T = −φT (x̄) + x̄. (2.18)

where ΦT = ∂φT
∂x̄ is the monodromy matrix, which can be obtained by solving the variational

equation [Nayfeh and Balachandran, 1995; Seydel, 1994] or by using a perturbation method
[Leine et al., 1998]. The equation (2.18) is a system of n equations with n + 1 unknowns
(the n components of x̄ and period T ) that cannot be uniquely solved. In order to solve this
problem a constraint is added to (2.18) that restricts the term ∆x̄ to be orthogonal to f(x̄)
and is given by

f(x̄)T ∆x̄ = 0. (2.19)
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From (2.18) and (2.19), the following iterative scheme is assembled, with which zeros of H
can be found, using initial guesses x̄(0) and T (0).[

ΦT (i)(x̄(i)) − I f(φT (i)(x̄(i)))
f(x̄(i))T 0

] [
∆x̄(i)

∆T (i)

]
=

[
x̄(i) − φT (i)(x̄(i))

0

]
(2.20)

[
x̄(i+1)

T (i+1)

]
=

[
x̄(i)

T (i)

]
+

[
∆x̄(i)

∆T (i)

]
(2.21)

where the superscript indicates the iteration count. This scheme is reiterated until the con-
vergence criterion

‖x̄(i) − φT (i)(x̄(i))‖ < ε (2.22)

is met for a defined ε. The iterative scheme is based on the Newton-Raphson algorithm, thus
the same convergence property holds.

The stability of the obtained limit cycle can be determined from the eigenvalues of the
monodromy matrix ΦT , which are called the Floquet multipliers [Guckenheimer and Holmes,
1983; Nayfeh and Balachandran, 1995; Seydel, 1994]. Each Floquet multiplier provides a
measure of the local orbital divergence or convergence along a particular direction over one
period of the associated limit cycle. For autonomous systems (2.14) one of the Floquet
multipliers is equal to 1 because of a perturbation along the direction tangent to the limit
cycle neither grows nor decays. A limit cycle is stable if all Floquet multipliers others than
the one that is equal to 1 have magnitude less than one, and it is unstable if there is a Floquet
multiplier whose magnitude is larger than one.

A drawback of the shooting method is that the convergence of the iteration procedure
is only guaranteed if the initial guess is close enough to the actual value. For stable limit
cycles, such an initial guest can be obtained from a simulation result. However, it is difficult
to find such an initial guess for unstable limit cycles. Nevertheless, the following continuation
method can find unstable limit cycles, if they exist, by tracing branches of limit cycles from
a known limit cycle.

2.3.2 Continuation method

A continuation method traces a branch of limit cycles of a nonlinear system with respect
to variation of a system parameter. The result of this method provides information about
quantitative changes of limit cycles, i.e. amplitude and period time, and possible bifurcations
of limit cycles. Bifurcation of limit cycles refers to qualitative changes of limit cycles such as
disappearance, branching and the change of stability of limit cycles. Here, we consider the
continuation method with a predictor-corrector mechanism that is used in [Fey, 1992] and is
discussed in [Seydel, 1994]. A review of different types of continuation methods can be found,
for example, in [Allgower and Georg, 2003].

In order to apply the continuation method a nonlinear system is parameterized as

ẋ = f(x, r) (2.23)

where r is the system parameter of interest. In our case, r can be a controller design variable
that can be tuned in order to eliminate the limit cycling. Branches of limit cycles will be
followed with respect to variation of the parameter r. Every limit cycle on a solution branch
satisfies the boundary value condition, as in the shooting method,

h(x̄, T, r) ≡ φT (x̄, r) − x̄ = 0 (2.24)
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Figure 2.3: Predictor-corrector mechanism of the continuation method

where x̄ is a state on the limit cycle, T is the period time of the limit cycle, φT (x̄, r) is the
solution of (2.23) at time T initialized at x̄.

The continuation procedure starts with a known limit cycle (x̄k, Tk, rk) where the subscript
k denotes the step of the continuation process. A neighboring limit cycle (x̄k+1, Tk+1, rk+1) at
rk+1 = rk +δk for some variation δk of the parameter r is determined via a predictor-corrector
mechanism as depicted in Figure 2.3. The initial condition can be provided by the shooting
method.

In the prediction step, a tangent vector qk =
[

qx̄k
qTk

qrk

]T to the solution branch

h(x̄, T, r) at
[

x̄k Tk rk

]T is determined as follows

∂h

∂x̄
(x̄k, Tk, rk)qx̄k

+
∂h

∂T
(x̄k, Tk, rk)qTk

+
∂h

∂r
(x̄k, Tk, rk)qrk

= 0. (2.25)

The equation (2.25) is a system of n linear equations with n+2 unknowns, i.e. n components
of qx̄k

, qTk
, and qrk

. Two more equations are, therefore, needed in order to solve (2.25). One
can be the orthogonality condition f(x, r)T qx̄k

= 0 and the other one is obtained by fixing
the direction of changing of r, i.e. qrk

= 1 if r increases and qrk
= −1 if r decreases. The

tangent vector is then scaled by a factor σqk
> 0, which is subject to the elliptical constraint

σ2
qk

(
qT
x̄k

qx̄k
+ q2

Tk
+ q2

rk

)
= σ2

k (2.26)

with σk the step size, which lies in a predefined interval

0 < σmin ≤ σk ≤ σmax. (2.27)

The step size σk is determined by an adaptive mechanism, which is explained later.
The predictor

[
x̄T

p,k+1 Tp,k+1 rp,k+1

]T
is given by


 x̄p,k+1

Tp,k+1

rp,k+1


 =


 x̄k+1

Tk+1

rk+1


 + σqk


 qx̄k

qTk

qrk


 . (2.28)

In order to ensure that the branch is always followed in the same direction, it is required that
the acute angle of two succeeding predictors

σqk+1
qT
k+1σqk

qk > 0. (2.29)

This requirement results in

sign
(
σqk+1

)
= sign

(
σqk

(
qT
x̄k

qx̄k
+ q2

Tk
+ q2

rk

))
(2.30)
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that provides the sign of the next predictor step σqk+1
.

Generally the predictor (2.28) does not satisfy the convergence criterion

‖h(x̄, T, r)‖ < ε. (2.31)

Therefore, an iterative correction process is needed. The correction procedure is similar to
the shooting method scheme (2.20-2.21) that is obtained by applying the Newton-Raphson
algorithm and is given by




x̄
(j+1)
c,k+1

T
(j+1)
c,k+1

r
(j+1)
c,k+1


 =




x̄
(j)
c,k+1

T
(j)
c,k+1

r
(j)
c,k+1


 +


 ∆x̄

(j)
k+1

∆T
(j)
k+1

∆r
(j)
k+1


 . (2.32)

The correction term
[

(∆x̄
(j)
k+1)

T ∆T
(j)
k+1 ∆r

(j)
k+1

]T
is obtained from




Φ
T

(j)
c,k+1

(x̄(j)
c,k+1) f(φ

T
(j)
c,k+1

(x̄(j)
c,k+1))

∂H
∂r

f(x̄(j)
c,k+1)

T 0 0
qx̄k

qTk
qrk





 ∆x̄

(j)
k+1

∆T
(j)
k+1

∆r
(j)
k+1


 =


 φ

T
(j)
c,k+1

(x̄(j)
c,k+1) − x̄

(j)
c,k+1

0
0


 .

(2.33)
The last equation in (2.33) forces the correction steps perpendicular to the tangent vector qk,
which defines the shortest route to the solution branch h(x̄, T, r). The monodromy matrix
Φ

T
(j)
c,k+1

in (2.33) is computed as in the shooting method, and ∂H
∂r is calculated by a pertur-

bation method, i.e. ∂H
∂r ≈ (H(x̄(j)

c,k+1, T
(j)
c,k+1, r

(j)
c,k+1 + δr) − H(x̄(j)

c,k+1, T
(j)
c,k+1, r

(j)
c,k+1))/δr. The

correction procedure is initialized with the predictor (2.28), i.e. for m = 1 the first term on the
right-hand side of (2.32) is set equal to the predictor (2.28). The iterative correction scheme
is based on the Newton-Raphson algorithm, thus the same convergence property holds.

During the iterative correction process it is required that the norm of the residu is de-
creasing monotonically, i.e.

‖h(x̄(j+1)
c,k+1, T

(j+1)
c,k+1 , r

(j+1)
c,k+1)‖ < ‖h(x̄(j)

c,k+1, T
(j)
c,k+1, r

(j)
c,k+1)‖. (2.34)

If (2.34) is violated, the predictor (2.28) is rejected and a new predictor will be calculated with
a smaller step size σk.

(
x̄

(j+1)
c,k+1, T

(j+1)
c,k+1 , r

(j+1)
c,k+1

)
is accepted as a solution (x̄k+1, Tk+1, rk+1) if

the convergence criterion (2.31) is satisfied. In order to guarantee that the iterative correction
process converges an additional criterion is imposed on the ratio

γk =

∥∥∥∥[
(∆x̄

(2)
k+1)

T ∆T
(2)
k+1 ∆r

(2)
k+1

]T
∥∥∥∥∥∥∥∥[

(∆x̄
(1)
k+1)

T ∆T
(1)
k+1 ∆r

(1)
k+1

]T
∥∥∥∥
. (2.35)

If γk > γmax the predictor (2.28) is rejected and a new one will be calculated with a smaller
step size σk, and if γk < γmin the next prediction step is increased, i.e. σk+1 > σk. γmax and
γmin are user defined values. The criteria provide an adaptive mechanism for the prediction
step σk.
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The continuation method approximates a branch of limit cycles with several points, see
Figure 2.3. During the tracing process a bifurcation point of limit cycles may be encountered.
The adaptive step size in the predictor-corrector mechanism is needed in order to correctly
locate the bifurcation point and to trace the emerging branches. There are several types of
bifurcations of limit cycles see, for example, [Guckenheimer and Holmes, 1983; Nayfeh and
Balachandran, 1995; Seydel, 1994]. A period-doubling (flip) bifurcation occurs if a branch
of stable limit cycles becomes unstable with a Floquet multiplier crossing the unit circle
at (+1, 0) and a branch of stable limit cycles with double period is eminent. A Neimark-
Sacker (secondary Hopf) bifurcation is encountered if a branch of stable limit cycles bifurcates
into a torus, i.e. the stable limit cycle becomes unstable with a pair of complex conjugate
Floquet multipliers crossing the unit circle and a stable limit with a large period time around
the unstable limit cycle is born and together they form a torus. A fold (turning point)
bifurcation is encountered if a branch of stable limit cycles becomes unstable with a Floquet
multiplier crossing the unit circle at (−1, 0) and the new branch turns backward. After a
fold bifurcation point limit cycles may disappear if the bifurcation parameter increases in the
forward direction. This fold bifurcation point is interesting for a control purpose to eliminate
limit cycling. Another type of bifurcation is a symmetry breaking bifurcation that occurs if a
branch of stable symmetry limit cycles becomes unstable with a Floquet multiplier crossing the
unit circle at (−1, 0) and new branches of stable asymmetric limit cycles emerges. These types
of bifurcations are typical bifurcation phenomena that are observed in continuous (smooth)
systems. However, discontinuous systems such as frictional mechanical systems, may exhibit
more complex bifurcation phenomena involving a jump of Floquet multiplier over the unit
circle see, for example, [Leine, 2000; Leine and Nijmeijer, 2004].

2.4 Analytical Tools for Stability Analysis

In this section, we discuss analytical tools for the stability analysis of frictional mechanical
systems where the friction forces are described by the discontinuous friction models, which
are introduced in section 2.2. A typical property of these frictional systems is that they have
a continuum set of equilibria because of the non-zero static friction force at zero velocity. The
stability analysis of this equilibrium set is far from being trivial. Nevertheless, the combination
of the solution concept of Filippov for discontinuous systems, the invariant principle, and
passivity theory can provide a global stability analysis of the equilibrium set. These tools,
however, are not applicable to the Coulomb plus static friction model (2.5). Passivity theory
has been used to analyze global stability of controlled frictional systems for the case of dynamic
friction models, for example see [Bliman and Sorine, 1993; Canudas de Wit et al., 1995; Olsson
and Åström, 1996a].

The application of these analytical tools is demonstrated in the following example. For
the sake of simplicity, we consider frictional systems with one frictional contact that can be
described by

ẋ = h(x) − BF (v) (2.36)

where x ∈ R
n is the state, h(x) contains the dynamics of the system excluding the discon-

tinuous friction, B ∈ R
n×1, and F is a Coulomb friction model or a Stribeck friction model

with the corresponding velocity v = Ex where E ∈ R
1×n. The system (2.36) is a system

of differential equation with discontinuous right-hand side because of the discontinuity of F .
This system admits the solution concept of Filippov [Filippov, 1988].
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-
F

v
h(x)

F (v)

Figure 2.4: System (2.36) as a feedback interconnection system

Definition 2.4.1 (Solutions in the sense of Filippov). An absolute continuous func-
tion x(t) : [0, τ ] → R

n is said to be a solution of the ordinary differential equation with
discontinuous right-hand side

ẋ(t) = f(t, x(t))

in the sense of Filippov if for almost all t ∈ [0, τ ] it holds that

ẋ(t) ∈ F (t, x(t))

where F (t, x(t)) is the closed convex hull of all the limits of f(t, x(t)).

For the frictional system (2.36) the closed convex hull is obtained by considering the
whole interval of the static friction force at zero velocity instead of a particular value, i.e.
replace (2.6) with (2.10). Existence of solutions for this type of discontinuous systems is
guaranteed but uniqueness of solutions is not automatically assessed, see Appendix A.2 for
further discussions about the solution concept of Filippov.

The frictional system (2.36) can be arranged as a negative feedback interconnection of the
subsystem h(x) and F (v) as depicted in Figure 2.4.

The friction model F (v) is a passive system [Khalil, 2000] if we consider the velocity v as
the input and the friction force F as the output because

Fv ≥ 0,∀ v ∈ R. (2.37)

This passivity property allows to apply passivity theory for analyzing stability of the inter-
connected system. The passivity theory states that the negative feedback interconnection of
two passive systems is passive and moreover there exists a quadratic Lyapunov function

V (x) = xT Px (2.38)

for some positive definite matrix P = P T ∈ R
n×n with V̇ (x) ≤ 0. Thus, the stability of the

system (2.36) follows if the subsystem h(x) with the input −F and the output v is passive.
The existence of the quadratic Lyapunov function (2.38) together with the invariance principle
[Alvarez et al., 2000] can be used to prove global asymptotic stability of the equilibrium set
of (2.36). This stability analysis procedure is applicable for general frictional systems as long
as they can be represented as an interconnection of some passive systems.
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Chapter 3

Limit Cycling in Output Feedback
Frictional Systems

3.1 Introduction

In this chapter, we analyze possible friction-induced limit cycling in controlled positioning
systems where only partial measurements of the states are available for feedback. This study
is motivated by the fact that many applications of controlled positioning systems are only
equipped with limited numbers of sensors for reasons as savings in cost, volume and weight.
The presence of friction in the positioning systems may complicate controller design. Our
objective is to investigate possible limit cycling effects in controlled frictional systems where
‘standard’ linear controllers are used and to get insight in controller design methods for the
elimination of limit cycling. The systems of interest are PD controlled flexible servo systems
with non-collocated measurements and observer-based controlled underactuated systems. The
limit cycling is analyzed by means of the computational bifurcation method that is introduced
in Chapter 2.

This chapter is organized as follows. Section 3.2 investigates limit cycling in PD controlled
flexible servo systems. Limit cycling in observer-based controlled underactuated systems is
analyzed in section 3.3, and conclusions are drawn in section 3.4.

3.2 Flexibel Servo Systems

The positioning performance of controlled servo systems is significantly influenced by friction
and flexibilities that are present in the servo mechanisms. Some authors [Bonsignore et al.,
1999; Ferretti et al., 2001; Wallenborg and Åström, 1988] have suggested to take friction and
flexibility into account when designing a high performance controller for servo systems. It is
shown in [Wallenborg and Åström, 1988] that observer-based controlled flexible servo systems
with collocated measurements may exhibit limit cycling in the presence of Coulomb friction.
The main result of [Wallenborg and Åström, 1988] is to provide a proof, by means of the
describing function method, that the instability of the internal dynamics of the output feed-
back compensator is a sufficient condition for limit cycling. Bonsignore et al. [1999] study an
observer-based controlled flexible servo system with additional integral action in the feedback
loop and report a similar limit cycling phenomenon as in [Wallenborg and Åström, 1988]. It
is shown in [Ferretti et al., 2001] that PID controlled flexible servo systems with collocated
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measurements and Coulomb friction do not exhibit limit cycling. Here, we investigate possible
limit cycling in PD controlled flexible servo systems with non-collocated measurements and
Coulomb friction.

3.2.1 Modelling and control

We consider flexible servo systems consisting of a driving motor and a link that is connected
to the motor via a flexible joint as depicted in Figure 3.1. It is assumed that the driving motor
exhibits Coulomb and viscous friction and the link only has viscous friction. Furthermore, we
assume that there are only non-collocated measurements available for feedback, i.e. position
and velocity of the link.

The dynamics of the flexible servo is given by


ẋ1

ẋ2

ẋ3

ẋ4


 =




0 0 1 0
0 0 0 1

−K
Jl

K
Jl

−Dl
Jl

0
K
Jm

− K
Jm

0 −Dm
Jm







x1

x2

x3

x4


 −




0
0
0
1

Jm


F +




0
0
0
1

Jm


u (3.1a)

[
y1

y2

]
=

[
1 0 0 0
0 0 1 0

]


x1

x2

x3

x4


 (3.1b)

where x1 and x2 are the position of the link and the motor, respectively, x3 and x4 are the
velocities of the link and the motor, respectively, Jl and Jm are the inertias of the link and
the motor, respectively, K is the stiffness of the flexible joint, Dl and Dm are the viscous
friction damping of the link and the motor, respectively, F is the Coulomb friction force of
the motor, u is the input torque of the motor, and y1 and y2 are the measured position and
velocity of the link. The Coulomb friction force F is described by

F =
{

Fc sign(x4) if x4 �= 0
min {|Fex|, Fc} sign(Fex) if x4 = 0

(3.2)

where Fc is the Coulomb friction level and Fex = u+K(x1 −x2) is the external torque acting
on the motor at zero motor velocity that consists of the input torque of the motor and the
transmitted torque to the link.

In order to regulate the link at a desired position xd
1, a PD controller is proposed. The

PD controller is given by
u = Kc(xd

1 − x1) + Kctd(0 − x3) (3.3)

K

x1

x2

Jm

Jl

Figure 3.1: Schematic diagram of a flexible servo system
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with Kc the controller gain and td the time-derivative constant. Without loss of generality
we assume that xd

1 = 0. The closed-loop system with the PD controller is then given by




ẋ1

ẋ2

ẋ3

ẋ4


 =




0 0 1 0
0 0 0 1

−K
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Jl

−Dl
Jl

0
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Jm
−Dm
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x1

x2

x3

x4


 −




0
0
0
1

Jm


F. (3.4)

The equilibrium set of the closed-loop system (3.4) is{
x : − Fc

Kc
≤ x1 = x2 ≤ Fc

Kc
, x3 = x4 = 0

}
. (3.5)

It is trivial that the origin (the setpoint) belongs the equilibrium set (3.5).

3.2.2 Limit cycling behavior

In this subsection, limit cycling behavior of the closed-loop system (3.4) is investigated
through computational bifurcation analysis using the shooting and the continuation methods.
For the numerical analysis, we take parameter values of the flexible servo system studied in
[Olsson, 1996; Wallenborg and Åström, 1988]. The parameter values are presented in Table
3.1.

Table 3.1: Parameter values of the flexible servo system

Parameter Value
Jl [kgm2/rad] 6.0 × 10−5

Jm [kgm2/rad] 2.2 × 10−5

K [Nm/rad] 4.0 × 10−4

Dl [Nms/rad] 3.0 × 10−5

Dm [Nms/rad] 3.0 × 10−5

Fc [Nm] 5.0 × 10−4

Here, we fix the time-derivative constant at td = 0.3 [s] and let the controller gain Kc

be the single controller design variable. The values of Kc that stabilize the linear part of
the closed-loop system with the parameters value in Table 3.1 can be obtained from the
Routh-Hurwitz test see, for example, [Polderman and Willems, 1998] and are given by

0 < Kc < 5.37 × 10−4. (3.6)

We are interested in finding possible limit cycling of the closed-loop system for values of the
controller gain Kc in the linear-stability range (3.6).

The response of the controlled system with Kc = 5 × 10−4 and initial condition x(0) =[
6 6 0 0

]T is depicted in Figure 3.2. The simulation result shows that the controlled
system may exhibit limit cycling although the PD controller gain Kc is chosen to stabilize the
linear part of the closed-loop system. Next, we want to investigate whether the limit cycling
can be eliminated by tuning the controller gain Kc. For this purpose, branches of limit cycles
are traced with respect to variation of the controller gain Kc by using the shooting and the
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Figure 3.2: Limit cycling of the controlled system with Kc = 5 × 10−4

continuation methods. Results of these computational methods together with the result of a
numerical local stability analysis of the equilibrium set (3.5) are presented as a bifurcation
diagram in Figure 3.3. The local stability analysis of the equilibrium set is carried out by
means of a perturbation technique, i.e. the controlled system is simulated with initial values
around the equilibrium set and the stability of the equilibrium set is determined from the
convergence of the trajectories to the equilibrium set.
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Figure 3.3: Bifurcation diagram of the controlled system: (A) stable limit cycle, (B) unstable limit
cycle, (C) stable equilibrium set and (f) fold bifurcation point
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Figure 3.4: Around the fold bifurcation point: (a) bifurcation diagram and (b) Floquet multipliers

The bifurcation diagram confirms that the limit cycling can be eliminated by decreasing
the controller gain Kc. The limit cycling disappears after a fold bifurcation point [Nayfeh and
Balachandran, 1995; Seydel, 1994] where a branch of stable limit cycles collides with a branch
of unstable limit cycles, see Figure 3.4(a). At this bifurcation point a Floquet multiplier is
crossing the unit circle at (1, 0) as shown in Figure 3.4(b). Figure 3.4(b) shows four Floquet
multipliers associated to each of the limit cycle on the branches A and B around the fold
bifurcation point f where one Floquet multiplier is always at (1,0), another one crossing
the unit circle at (1,0) as the branch crossing the fold bifurcation point, and the other two
Floquet multipliers are near the origin where for the limit cycles on the branch A they have
two distinct real values and for the limit cycles on the branch B they are a pair of complex
conjugate Floquet multipliers. Since there is always a Floquet multiplier at (1,0), which is
theoretically true for autonomous system [Nayfeh and Balachandran, 1995; Seydel, 1994], this
numerical result is reliable.

The fold bifurcation occurs at Kc ≈ 4.98×10−4. Thus, based on the computational bifur-
cation analysis and the Routh-Hurwitz condition (3.6) we obtain values of Kc guaranteeing
no limit cycling

0 < Kc < 4.98 × 10−4. (3.7)

From the equilibrium set (3.3) and the design rule (3.7), the achievable accuracy of the servo
system, i.e. minimum range of steady-state errors, is given by |ess| < Fc/4.98 × 10−4 =
1.004 [rad]. This result indicates that the Coulomb friction significantly limits the achievable
positioning performance of the controlled flexible servo system. Friction compensation is,
therefore, needed for improving the positioning performance of the controlled servo system.

3.3 Underactuated Systems

Underactuated systems have more degrees of freedom than the number of control inputs. De-
signing controllers for this class of systems is very challenging because some dynamics of the
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systems cannot be directly influenced by the control inputs. Controller design of underactu-
ated mechanical systems has gained increasing interest, see for example the literature reviews
in [Aneke, 2003; Fantoni and Lozano, 2000]. However, most of those studies neglect existing
friction in the mechanical systems. Experimental results of [Aneke, 2003; Gäfvert, 1999] show
that friction significantly deteriorates the performance of controlled underactuated mechani-
cal systems and thus it is of interest to study the effect of friction in this class of systems in
more detail.

In this section, we investigate friction-induced limit cycling in a controlled Furuta pen-
dulum in the case where only position measurements are available for feedback. Friction
compensation in the Furuta pendulum for the case of state feedback has been studied in
[Gäfvert, 1999] and the proposed friction compensation methods are not applicable in our
case. Our objective is to find out to what extent friction affects the performance of linear
output feedback controllers for stabilizing the Furuta pendulum at the upright position.

3.3.1 Modelling and control

The Furuta pendulum consists of an actuated rotating arm and an unactuated pendulum
attached at the tip of the arm, see Figure 3.5(a). The rotating arm of this Furuta pendulum
exhibits a significant amount of friction as shown in Figure 3.5(b). Nevertheless, friction at
the joint of the pendulum is negligible.

Since we want to investigate the friction effects when stabilizing the pendulum at the
upright equilibrium position, we use the linearized model of the Furuta pendulum around
this equilibrium point. The linearized model of the Furuta pendulum around the upright
equilibrium position with additional dry friction on the rotating arm is given by [Fantoni and
Lozano, 2000, p. 79]

ẋ = Ax − BF + Bu (3.8a)
y = Cx (3.8b)

where x =
[

x1 x2 x3 x4

]T is the state with x1 and x2 the position and the velocity of
the rotating arm, respectively, x3 the position of the pendulum with respect to the upright
position and x4 the velocity of the pendulum;

A =




0 1 0 0
0 −D(J1+m1l21)

I0(J1+m1l21)+J1m1L2
0

−m2
1l21Log

I0(J1+m1l21)+J1m1L2
0

0
0 0 0 1
0 0 (I0+m1L2

0)m1l1g

I0(J1+m1l21)+J1m1L2
0

0




with I0 and L0 are the inertia and the length of the arm, respectively, D the viscous friction
damping of the arm, m1 the mass of the pendulum, l1 the distance from the joint to the
center of gravity of the pendulum, and J1 the inertia of the pendulum around its center of
gravity;

B =




0
J1+m1l21

I0(J1+m1l21)+J1m1L2
0

0
−m1l1Lo

I0(J1+m1l21)+J1m1L2
0


 , C =

[
1 0 0 0
0 0 1 0

]
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Figure 3.5: Furuta pendulum: (a) the setup and (b) the friction curve on the rotating arm with (· ·)
measurement data and (—) fitted curve

F is the nonlinear dry friction force acting on the arm, u is the input torque, and y =[
y1 y2

]T is the measured position of the arm and of the pendulum. The nonlinear dry
friction force F is given by a Stribeck friction model and is described by

F =
{

Fc + (Fs − Fc) exp(−|x2
vs
|δ) if x2 �= 0

min {|Fex|, Fs} sign(Fex) if x2 = 0
(3.9)

where Fc is the Coulomb friction level, Fs > Fc is the static friction level, vs and δ are the
Stribeck velocity and shaping parameter, respectively, and Fex = a23

b2
x3 + u with a23 the

second element in the third column of the matrix A and b2 the second element of the vector
B is the external torque acting on the rotating arm at zero velocity that consists of the input
torque and the transmitted torque to the pendulum.

Parameter values of the model for the Furuta pendulum shown in Figure 3.5(a) are given
in Table 3.2. Notice that the values of the friction parameters are taken as the average of the
values for positive and negative velocities because of the asymmetry of the identified friction
curve and we choose to work with the symmetric friction model (3.9) for simplicity reasons.

It is not difficult to verify that the pair (A, B) is controllable and the pair (C, A) is
observable, i.e. the controllability matrix of the pair (A, B) and the observability matrix of
the pair (C, A) are full rank [Polderman and Willems, 1998]. So, the stabilization problem of
the Furuta pendulum without the nonlinear friction F can be solved by using a linear output
feedback compensator. A linear output feedback compensator for stabilizing the Furuta
pendulum at the origin (the upright equilibrium position) is given by

u = Nx̂ (3.10)
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Table 3.2: Parameters value of the Furuta pendulum

Parameter value
I0 [kgm2/rad] 0.026
L0 [m] 0.25
J1 [kgm2/rad] 0.0062
m1 [kg] 0.207
l1 [rad/s] 0.3
g [m/s2] 9.8
D [Nms/rad] 0.08
Fs [Nm] 0.54
Fc [Nm] 0.385
δ [-] 1
vs[rad/s] 0.075

with N ∈ R
1×4 the row vector of controller gains and x̂ the estimated state that is obtained

from the observer
˙̂x = Ax̂ + Bu + K(y − Cx̂) (3.11)

with K ∈ R
4×1 the vector of observer gains. The model (3.8), the controller (3.10) and the

observer (3.11) yield the closed-loop system[
ẋ
·
x̂

]
=

[
A BN

KC A − KC + BN

] [
x
x̂

]
−

[
B
0

]
F. (3.12)

Because of the control objective to stabilize the pendulum at the origin, it is required that
the origin is an equilibrium point of the closed-loop system (3.12). The equilibria of (3.12)
are obtained by setting ẋ = ˙̂x = 0 and are given by the set{

(x, x̂) : x2 = x4 = 0, −Fs ≤ (a23
b2

− a43
b4

)x3 ≤ Fs,

Nx̂ = −a43
b4

x3, (A + BN − KC)x̂ = −KCx

}
(3.13)

where a23 and a43 are the second and the fourth elements of the third column of the matrix
A, and b2 and b4 are the second and the fourth elements of the vector B. It is trivial that the
origin belongs to the equilibrium set (3.13).

3.3.2 Limit cycling behavior

This subsection investigates friction-induced limit cycling in the closed-loop system (3.12)
where the controller gains N and the observer gains K are designed to stabilize the linear
part of the system. Here, we consider the following pole placement design rule. The gains N
and K are chosen such that the characteristic equation of the matrix A + BN equals

(s2 + 2ζωs + ω2)(s2 + 2ζ(1.5)ωs + (1.5)2ω2) (3.14)

and the characteristic equation of the matrix A − KC equals

(s2 + 2ζ2ωs + 22ω2)(s2 + 2ζ3ωs + 32ω2) (3.15)
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Figure 3.6: Limit cycling of the controlled system (3.12) with ω = 6 [rad/s]

with ζ = 0.7 is the relative damping of the closed-loop system and ω is the single design
variable. This design rule ensures that the dynamics of the closed-loop system is well-damped,
the controller poles are located at the frequencies ω [rad/s] and 1.5ω [rad/s], and the observer
poles are placed at the frequencies 2ω [rad/s] and 3ω [rad/s]. Hence, it guarantees that the
observer poles are faster than the controller poles and the linear part of the closed-loop system

2 4 6 8 10 12 14 16 18
0

2

4

6

8

10

12

14

16

18

20

A 

C 

B 

D 

NS 

ω [rad/s]

m
ax

(x
3
)

[r
ad

]

Figure 3.7: Bifurcation diagram of the controlled system (3.12): (A) stable limit cycle, (B) unstable
limit cycle, (C) emerging quasiperiodic solution, (D) unstable equilibrium set and (NS) Neimark-Sacker
bifurcation point
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Figure 3.8: Floquet multipliers around the Neimark-Sacker bifurcation point

is stable for all ω > 0.
Responses of the controlled system (3.12) with ω = 6 [rad/s] and initial conditions x(0) =[

0.2 0 −0.2 0
]T and x̂(0) =

[
0.18 0 −0.18 0

]T are depicted in Figure 3.6. This
simulation result shows that the output feedback controlled frictional system may exhibit limit
cycling although the observer and the controller gains are designed to stabilize the linear part
of the closed-loop system. As in the previous section, possible elimination of the limit cycling
by tuning the controller design variable ω is then investigated by means of a computational
bifurcation analysis.

The computed bifurcation diagram of the controlled system is depicted in Figure 3.7. The
bifurcation diagram indicates that the limit cycling cannot be eliminated. The amplitude of
the limit cycle becomes larger if ω increases and for smaller values of ω the limit cycle becomes
unstable at ω = 3.88 [rad/s] with a pair of complex conjugate Floquet multipliers crossing
the unit circle, see Figure 3.8, and a stable quasiperiodic solution as depicted in Figure 3.9
emerges. The bifurcation where a stable limit cycle is loosing its stability through a pair of
complex conjugate multipliers crossing the unit circle and a stable quasiperiodic solution is
emerging is called the Neimark-Sacker bifurcation [Nayfeh and Balachandran, 1995; Seydel,
1994]. The bifurcation diagram also shows that the equilibrium set is always unstable. This
result is obtained by using a perturbation technique as in subsection 3.2.2. The numerical
computational analysis indicates that friction compensation is necessary in order to stabilize
the Furuta pendulum at the upright equilibrium position.

3.4 Conclusions

The computational bifurcation analysis shows that PD controlled flexible servo systems with
non-collocated measurements and Coulomb friction in the driving motor may exhibit limit
cycling although the controller gain is chosen to stabilize the linear part of the closed-loop
system and the limit cycling can be eliminated by reducing the controller gain at the price of
a large steady-state error. This result indicates that friction compensation is needed in order
to improve the positioning performance of the controlled flexible servo system.

The bifurcation analysis also indicates that the observer-based controlled Furuta pen-
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Figure 3.9: Emerging quasiperiodic solution of the controlled system (3.12) at ω = 3.88 [rad/s]

dulum with dry friction in the actuated rotating arm cannot be stabilized at the upright
equilibrium position and the pendulum keeps oscillating around the desired position. There-
fore, friction compensation is inevitable for stabilizing that observer-based controlled Furuta
pendulum at the upright equilibrium position.

These numerical results indicate that dry friction significantly deteriorates positioning
performance of output feedback controlled mechanical systems and therefore friction com-
pensation is required. Because dry friction is velocity dependent, friction compensation gen-
erally requires velocity signals. However, in these mechanical systems velocity measurements
associated to the friction are not available. Therefore, observer-based friction compensation
schemes, i.e. friction compensation based on the estimated velocity, are proposed in the next
chapters.
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Chapter 4

Limit Cycling in Controlled Systems
with Observer-Based Friction

Compensation

Abstract

This chapter investigates limit cycling behavior of observer-based controlled mechanical sys-
tems with friction compensation. The limit cycling is induced by the interaction between
friction and friction compensation, which is based on the estimated velocity. The limit cycling
phenomenon, which is experimentally observed in a rotating arm manipulator, is analyzed
through computational bifurcation analysis. The computed bifurcation diagram confirms that
the limit cycles can be eliminated by enlarging observer gains and controller gains at the cost
of a steady state error. The numerical results match well with laboratory experiments.

This chapter will appear in the International Journal of Bifurcation and Chaos [Putra and Nijmeijer,
2004a] and has been partly presented at the European Control Conference 2003, Cambridge, U.K. [Putra and
Nijmeijer, 2003]
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4.1 Introduction

Friction occurs in almost all mechanical systems, e.g. bearings, servo systems, and robotic
manipulators [Armstrong-Hélouvry, 1991; Armstrong-Hélouvry et al., 1994; Olsson et al.,
1998], due to contact between surfaces of elements in the systems that move relative one an-
other. In motion controlled systems, friction can severely deteriorate systems performance in
terms of tracking errors, large steady state errors, and limit cycling oscillations. It is therefore
important to understand friction phenomena and know how to deal with them in order to
improve the systems performance. The availability of precise experimental observations has
been a good driving force for investigations of friction models and compensation techniques of
friction [Armstrong-Hélouvry, 1991; Armstrong-Hélouvry et al., 1994; Canudas de Wit et al.,
1995; Olsson et al., 1998]. Good matching between experimental observations and theoretical
results is an important aspect in these investigations.

In positioning controlled systems, limit cycling is an undesired phenomenon due to its oscil-
latory and persistent behaviors. Friction-induced limit cycling has been investigated in many
papers for examples see [Armstrong-Hélouvry and Amin, 1996; Armstrong-Hélouvry et al.,
1994; Hensen et al., 2002a; Olsson and Åström, 1996b; Radcliffe and Southward, 1990] and
references therein. Most of these papers investigate stick-slip limit cycling in PID controlled
systems. However, there is still a gap between theoretical results and practical observations;
the disappearance of the stick-slip limit cycle by properly tuned PID controllers in industrial
applications is not yet well understood. Recently, Hensen et al. [2002a] confirmed through
computational bifurcation methods the disappearance of the limit cycle for certain settings of
PID controller and some friction models. Friction-induced limit cycling in a flexible servo sys-
tem is another friction-induced limit cycling that has been investigated, see e.g. [Bonsignore
et al., 1999; Wallenborg and Åström, 1988]. In this case, the interaction between friction and
the flexible mode of the system play an important role for the occurrence of the limit cycle.
This type of friction-induced limit cycling is far from being fully understood. According to
the survey paper of Armstrong-Hélouvry et al. [1994] and a recent literature study, limit cy-
cling that is induced by the interaction between friction and friction compensation, which is
based on estimated velocities in observer-based controlled systems with friction has not been
documented yet. Nevertheless, we observe this limit cycling phenomenon experimentally in a
rotating arm manipulator, so further study is required.

Observer-based controlled systems are controlled systems where the control strategy is
based on the estimated state due to the constraint that not all of the state can be measured.
The estimated state is obtained from an estimator, which is called observer. Observer-based
positioning controlled systems with friction are of interest for the following reasons. In prac-
tical applications, positioning controlled mechanical systems, such as robotic manipulators,
are not equipped with velocity sensors for reasons as e.g. saving in cost, volume and weight
that can be obtained. On the other hand, friction is often understood as a function of the
velocity so that for friction compensation velocity signals are needed. Thus, we need to design
observers in order to obtain velocity signals form the available position measurements and
use them for friction compensation. Unfortunately, most of the available compensation tech-
niques for friction, for example see [Armstrong-Hélouvry, 1991; Armstrong-Hélouvry et al.,
1994; Canudas de Wit et al., 1995; Olsson et al., 1998], require the actual velocity signal.
Some authors have already addressed problems of friction compensation based on estimated
velocity, see e.g. [Friedland and Mentzelopoulou, 1992; Tafazoli et al., 1994]. In this case, a
very simple friction model is considered, which is a constant times the sign of velocity, and
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no limit cycling result has been reported.
We analyze limit cycling in an observer-based controlled positioning system with friction

through numerical methods using the shooting method and computational bifurcation analysis
[Leine et al., 1998; Parker and Chua, 1989]. Experimental validation is obtained from a
rotating arm manipulator. The computed bifurcation diagram shows some bifurcations of
limit cycles including a fold bifurcation where limit cycles disappear after the bifurcation
point, which is interesting for a control purpose to eliminate limit cycling. In this case, we
use a switch friction model, which is used in [Hensen et al., 2002a; Leine et al., 1998]. This
switch friction model, which can be considered as an extension of the Karnopp friction model
[Karnopp, 1985], is a static friction model that consists of static friction, Coulomb friction,
Stribeck curve, and viscous friction. Leine et al. [1998] show that the switch friction model
does not have any numerical instability problem in the stick phase as the Karnopp friction
model has, and it is computationally efficient compared to the smoothed friction model. The
ability of the shooting method to analyze stick-slip limit cycles induced by the switch friction
model has been demonstrated in [Hensen et al., 2002a; Leine et al., 1998]. Since the shooting
method finds a limit cycle or a periodic solution of nonlinear systems in general by solving a
two-point boundary-value problem, it can also find other types of friction-induced limit cycles
of the switch friction model.

This chapter is organized as follows. Section 4.2 introduces the system of interest: the
experimental setup, its model and the observer-based controller scheme. In section 4.3, we
discuss two characteristics of the closed loop system; the equilibrium set is discussed in subsec-
tion 4.3.1 and the dynamics of the switching surfaces is discussed in subsection 4.3.2. Section
4.4 consists of three subsections: subsection 4.4.1 introduces limit cycling behavior of the
controlled setup, subsection 4.4.2 presents simulation results and validation of the model, and
subsection 4.4.3 analyzes limit cycles of the controlled system using the shooting method.
In section 4.5, we discuss computational bifurcation analysis to verify the disappearance of
limit cycles, and we give some experimental validation of the bifurcation phenomena. Finally,
conclusions and future research are given in section 4.6.

4.2 Experimental Setup, Modelling and Control

4.2.1 The experimental setup

In this study, we consider a 1-DOF positioning system. An experimental setup than can
be consider as 1-DOF system is a rotating arm manipulator. The rotating arm manipulator
consists of an induction motor, a planetary transmission, and a rotating arm; which is depicted
in Figure 4.1(a). Due to bearings and seals in the motor and in the transmission, the inertia
of the total system, i.e. the combined inertia of the separate elements, is subject to friction.

The angular displacement of the system is measured with a high-resolution encoder that
produces two sinusoidal signals as outputs. These two 90 degrees in phase-shifted signals, i.e.
an analog sine and an analog cosine, are interpolated and digitized into two 90 degrees in
phase-shifted square-wave pulse trains, i.e. two TTL signals. The interpolation factor of the
interpolator is set to 1, i.e. no interpolation is used. These signals provide a resolution of the
encoder of 2 × 104 increments per revolution of the motor shaft. Due to a gear ratio of the
transmission of 8.192, the resolution of the angular arm displacement measurements becomes
1.6384 × 105 increments per revolution resulting in an accuracy of 3.835 × 10−5 [rad].

The induction motor is supplied by a ‘Pulse Width Modulation’ source inverter, which
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(a)
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(b)

Figure 4.1: The experimental setup: (a) The rotating arm system and (b) Schematic diagram of the
system

translates the input signal, i.e. the desired torque expressed in a voltage, into three phase
signals with a fundamental frequency. This source inverter actually controls the torque pro-
duced by the motor to the desired torque. The input signal of the source inverter and the
TTL encoder signals are respectively sent and read by a dSPACE system [dSPACE, 1999],
i.e. an interface PC card equipped with a control desk program that provides a user interface
in a Pentium PC to control the rotating arm. During the experiment the sampling frequency
of the dSPACE is set to 5 [kHz]. The control algorithm is implemented as Simulink blocks in
Matlab software package, which are then compiled to a Windows executable file. The dSPACE
system provides a real-time kernel that is used to run the executable file. A SigLab system
[SigLab, 1999] is used to perform on-line frequency domain measurements, which processes
the position measurement signal and the control signal from the dSPACE system.

4.2.2 Modelling and control

The rotating arm system with a regulation task can be considered as a system of a block mass
that is moved by a control force to a desired position on a surface with friction, see Figure
4.1(b). In Figure 4.1(b), J is the inertia of the block, q its position measured with respect to
some reference points, and u the control force. The dynamics of the block are given as

ẋ = Ax − BF (x2, u) + Bu (4.1)
y = Cx (4.2)

where x =
[

x1 x2

]T is the state with x1 and x2 the position and the velocity of the

block respectively, A =
[

0 1
0 −Fv/J

]
, B =

[
0

1/J

]
, with Fv the damping coefficient of the

viscous friction, F is the nonlinear friction, C = [ 1 0 ], and y is the measured position.
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Figure 4.2: Discontinuous friction curve; velocity versus friction torque

The nonlinear friction is given by a switch model [Leine et al., 1998]

F (x2, u) =




g(x2)sign(x2) if |x2| > η
u if |x2| ≤ η and |u| ≤ Fs

Fssign(u) otherwise
(4.3)

where g(x2) = Fc +(Fs −Fc)e−(x2/vs)2 is the Stribeck curve with Fc > 0 the Coulomb friction
level, Fs > Fc the static friction level, and vs the Stribeck velocity; and η << 1 is a narrow
band around zero velocity that is introduced to overcome computational instability at zero
velocity, see subsection 3.2 for further discussion. A typical friction curve of the friction model
(4.3) is shown in Figure 4.2. It is important to realize that the friction curve is discontinuous
around zero velocity since the friction torque can take any value between −Fs and Fs, i.e.
F (|x2| ≤ η, u) ∈ [−Fs, Fs].

The narrow band η is chosen such that Tol < η << 1, where Tol is the tolerance of the
integration method, and in the ideal case η = 0. Applying the switch friction model (4.3) to
the state space equation (4.1), in the stick phase the system is governed by

ẋ1 = x2 (4.4)

ẋ2 =
−Fv

J
x2. (4.5)

In this way, the acceleration in the stick phase is not immediately set to zero as in the
Karnopp model [Karnopp, 1985], instead it is continuously forced to zero by using the linear
viscous friction. This term maintains the continuity of the velocity and thus avoids numerical
instability problems in the stick phase.

Parameter values of the setup for the derived model are given in Table 4.1. The value of
the inertia parameter J is obtained from a bode plot, which is produced from the frequency
domain measurement of the SigLab system. The values of the friction parameters are obtained
by fitting a curve to the friction-velocity map, i.e. the averaged input torques at different
constant velocities, that minimizes the quadratic cost function

min
θ

M∑
k=1

[Fss(q̇k) − F (q̇k, θ)]
2 (4.6)
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Table 4.1: Parameter values of the rotating arm setup

Parameter Value
J [kg.m2] 0.0260
Fv[N.m.s/rad] 0.0710
Fc[N.m] 0.4195
Fs[N.m] 0.5005
vs[rad/s] 0.1500

where Fss(q̇k) is the average input torque during a constant velocity q̇k, θ = [ Fv Fs Fc vs ]
is a vector containing all friction parameters, and M is the number of data points [Hensen,
2002b].

In order to regulate the block mass at a desired position yd, we consider a linear output
feedback with friction compensation of the form

u = ū + F̂ (x̂2, ū) (4.7)

where ū = N(x̂ − xd) with N = [ n1 n2 ] the controller gain, xd = [ yd 0 ]T the desired
state, x̂ the estimated state that is obtained from an observer, and F̂ is the nonlinear friction
compensation. Without loss of generality, we assume that the desired position is the origin,
hence

u = Nx̂ + F̂ . (4.8)

Consider an observer of the form
.
x̂ = Ax̂ − BF̂ + Bu + L(y − ŷ) (4.9)

where L = [ l1 l2 ]T is the observer gain. Substitution of the controller (4.8) into the
observer (4.9) results a linear observer

·
x̂ = (A − LC + BN)x̂ + LCx. (4.10)

This is an advantage of using feedback to compensate friction. Rearranging the system (4.1)-
(4.2) with the control law (4.8) and the observer (4.10) yields the closed loop system[

ẋ
·
x̂

]
=

[
A BN

LC A − LC + BN

] [
x
x̂

]
+

[
B
0

]
(F̂ − F ). (4.11)

Since the pair (A, B) is controllable and the pair (C, A) is observable, we can assign separately
poles for the controller and poles for the observer in order to make the linear part of the closed
loop system exponentially stable [Polderman and Willems, 1998]. The controller poles and
the observer poles are given by eigenvalues of the matrices A + BN and A−LC respectively.
We only consider controller gains and observer gains with stable poles.

4.3 Characteristics of the Model

4.3.1 Equilibrium set

Since we consider a regulation task, it is important to realize that the desired position belongs
to the equilibrium set of the controlled system. The equilibrium set of the controlled system
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(4.11) is obtained by setting ẋ = 0 and
·
x̂ = 0. Thus, the equilibrium set is given by

ξ̄ =

{
(x̄, ¯̂x) : x̄1 = Jl2+Dl1−n2l1−n1

n1l1
¯̂x2, x̄2 = 0, ¯̂x1 = Jl2+Dl1−n2l1

n1l1
¯̂x2,

−Fs ≤ (Jl2
l1

+ Fv)¯̂x2 + F̂ (¯̂x2) ≤ Fs

}
. (4.12)

It is trivial that the origin, the desired state, belongs to equilibrium set (4.12) because x̄1 and
¯̂x1 are proportional to ¯̂x2, and ¯̂x2 = 0 is a trivial solution of the inequality

−Fs ≤ (
Jl2
l1

+ Fv)¯̂x2 + F̂ (¯̂x2) ≤ Fs. (4.13)

Since the size of the equilibrium set (4.12) is proportional to the solutions of the inequality
(4.13), it can be manipulated by tuning the ratio between the observer gains l2 and l1. It is
important to realize that the size of this equilibrium set determines the size of possible steady
state errors.

4.3.2 Dynamics on the switching surfaces

The controlled system (4.11) is a discontinuous system of Filippov-type with two identical
discontinuous functions, i.e. F and F̂ . Existence of solutions for this type of discontinuous
systems is guaranteed but uniqueness of solutions is not automatically assessed, see [Filippov,
1988; Leine, 2000]. The uniqueness of solutions depends on the dynamics near the switching
surfaces of the discontinuous functions. In this subsection, we investigate the dynamics near
the switching surfaces of F and F̂ in order to verify the uniqueness of solutions of the controlled
system (4.11). For this purpose, the ideal case of the friction model (4.3) is considered, i.e.
η = 0.

The switching surface corresponding to the discontinuous friction model F is given by

ΣF =
{
(x, x̂) ∈ R

4 : x2 = 0
}

(4.14)

that partitions the state space into two regions

V+
F =

{
(x, x̂) ∈ R

4 : x2 > 0
}

and V−
F =

{
(x, x̂) ∈ R

4 : x2 > 0
}

.

The normal vector to ΣF is nF = [ 0 1 0 0 ]T . The projections of the vector field in V+
F

and in V−
F to the normal vector nF at the switching surface ΣF are given by

nT
F f+(x, x̂) = (Nx̂ + F̂ − Fs)/J and nT

F f−(x, x̂) = (Nx̂ + F̂ + Fs)/J

respectively. The solution of the system (4.11) crosses the switching surface Σ1 transversally
at (x, x̂) ∈ ΣF if

nT
F f+(x, x̂) · nT

F f−(x, x̂) > 0 =⇒
∣∣∣Nx̂ + F̂

∣∣∣ > Fs. (4.15)

Attracting sliding modes occur, i.e. ΣF is attracting, if

nT
F f−(x, x̂) > 0 and nT

F f+(x, x̂) < 0 =⇒
∣∣∣Nx̂ + F̂

∣∣∣ < Fs (4.16)

for (x, x̂) ∈ ΣF . Repulsive sliding modes occur, i.e. Σf is repelling, if

nT
F f−(x, x̂) < 0 and nT

F f+(x, x̂) > 0 =⇒
∣∣∣Nx̂ + F̂

∣∣∣ < −Fs (4.17)
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for (x, x̂) ∈ ΣF , which is not possible since Fs > 0. Thus, solutions on the switching surface
ΣF either cross the surface transversally or slide on it. This fact guarantees the uniqueness
of solutions on the switching surface ΣF . Since attracting sliding modes may occur on the
switching surface of F and the occurrence of a sliding mode can cause a difficulty for numerical
integration, we use η > 0 to numerically approximate the sliding surface such that we can
avoid the difficulty for numerical integration.

The switching surface of F̂ is given by

ΣF̂ =
{
(x, x̂) ∈ R

4 : x̂2 = 0
}

(4.18)

that divides the state space into two regions

V+

F̂
=

{
(x, x̂) ∈ R

4 : x̂2 > 0
}

and V−
F̂

=
{
(x, x̂) ∈ R

4 : x̂2 > 0
}

.

The normal vector to the switching surface ΣF̂ is nF̂ = [ 0 0 0 1 ]T . Due to the fact that
the second component of nF̂ equals zero and the vector field of the system (4.11) only has a
discontinuity in the second component, the projection of the vector field on both sides of the
switching surface ΣF̂ to its normal is the same, and is given by

nT
F̂
f+(x, x̂) = nT

F̂
f−(x, x̂) = l2x1 + (

n1

J
− l2)x̂1. (4.19)

This fact guarantees that sliding modes cannot occur on the switching surface ΣF̂ and we can
use η = 0 in the discontinuous function F̂ without having difficulty in numerical integration
of the system (4.11). From the analysis of the dynamics on the switching surfaces of F and
F̂ , it can be concluded that the controlled system (4.11) has unique solutions [Filippov, 1988;
Leine, 2000].

4.4 Limit Cycling Behavior

In this section, we investigate limit cycling behavior of the controlled system (4.11). Firstly,
we present some experimental results of the controlled setup for some sets of controller gains
N and observer gains L. Secondly, simulations results are presented in order to see the ability
of the model to mimic the dynamics of the experimental setup. At the end of this section,
limit cycles of the model are analyzed using the shooting method and the results are compared
with experimental observations.

4.4.1 Experimental results

The response of the controlled setup with the controller gain N = [ −0.26 −0.06 ], the
observer gain L = [ 2.3077 1.4793 ]T , and initial conditions x(0) = [ 3.1 0 ]T , and x̂(0) =
[ 3 0 ]T is shown in Figure 4.3(a). For these gains the controller poles and the observer
poles are located at −2.519 ± 1.911i and −2.519 ± 1.198i, respectively. Figure 4.3(a) shows
that the controlled setup exhibits limit cycling around the desired position. Limit cycling of
the controlled setup for some sets of gains are summarized in Table 4.2. Since the poles give
a qualitative feature of the gains, we represent the gains by the corresponding poles. Notice
that larger gains correspond to faster poles. Table 4.2 shows that both the amplitude and
the period of the limit cycle decrease as the controller gain and the observer gain increase,
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Figure 4.3: Response of the experimental setup: (a) for smaller gains and (b) for larger gains

Table 4.2: Limit cycling of the controlled setup

Controller poles Observer poles Limit cycle
Amplitude [rad] Period [s]

−2.519 ± 1.911i −2.519 ± 1.198i 0.2025 2.3345
−2.519 ± 1.911i −6.519 ± 1.260i 0.1801 1.1247
−7.00 ± 3.00i −6.519 ± 1.260i 0.0380 0.7839
−7.00 ± 3.00i −12.00 ± 4.00i 0.0347 0.7809

i.e. the poles become faster. If we enlarge the gains to N = [ −3.016 −0.449 ] and L =
[ 21.2677 101.8901 ]T such that the controller poles and the observer poles are located at
−10±4i and −12±4i respectively, the controlled setup does not exhibit limit cycling anymore.
The response of the controller setup for this set of gains is depicted in Figure 4.3(b); a steady
state error appears which in this case equals 2.3 × 10−4 [rad]. If we repeat the experiment
with different initial conditions, we may end up at a different steady state error.

4.4.2 Simulation results and model validation

In order to validate the model derived in section 3, some simulations are carried out in Matlab
using the integration routine ode45 with the integration tolerance Tol = 10−9 and η = 10−5

[rad/s] . Comparison between the responses of the model and the experimental setup with
N = [ −0.26 −0.06 ], L = [ 2.3077 1.4793 ]T , x(0) = [ 3.1 0 ]T , and x̂(0) = [ 3 0 ]T

are depicted in Figures 4.4(a) and 4.4(b). These figures show that limit cycle of the model
matches well with the limit cycle of the experimental setup.

Simulation results also confirm the disappearance of the limit cycle, which is observed
in the experimental setup, if we enlarge the gains to N = [ −3.016 −0.449 ] and L =
[ 21.2677 101.8901 ]T . The steady state error of a simulation result is 1.57 × 10−6 [rad],
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Figure 4.4: Limit cycles of the controlled setup and the model: (a) time series and (b) projection on
a phase plane

Table 4.3: Analysis of limit cycles using the shooting method

Controller poles Observer poles Limit cycle
Amplitude [rad] Period [s] Stability

−2.519 ± 1.911i −2.519 ± 1.198i 0.2082 2.2292 stable
−2.519 ± 1.911i −6.519 ± 1.260i 0.1524 1.8541 stable
−7.00 ± 3.00i −6.519 ± 1.260i 0.0527 0.8915 stable
−7.00 ± 3.00i −12.00 ± 4.00i 0.0484 0.8363 stable

where the one obtained in the experimental setup is 2.3 × 10−4 [rad]. According to the
equilibrium set (4.12), the steady state error is bounded by |ex1 | ≤ 2.6 × 10−6 [rad]. A
larger steady state error of the experimental result is due to the resolution of the position
measurement of 3.835 × 10−5 [rad] and the exact nature of the friction that is not captured
by the friction model (4.3).

4.4.3 Numerical analysis of limit cycles

A limit cycle of the controlled system (4.11), if it exists, can be computed by solving a two-
point boundary-value problem given by the periodic nature of the limit cycle. Let φt(ξ0)
denotes the solution of the controlled system (4.11) at time t initialized at t = 0 in ξ0, where
ξ = [ x x̂ ]T . Since a limit cycle γ is a periodic solution of the system (4.11), then

φT (ξγ) − ξγ = 0 (4.20)

holds, where T is the period time of the limit cycle and ξγ ∈ γ is point on the limit cycle.
Equation (4.20) defines a two-point boundary-value problem with unknowns T and ξγ related
to a limit cycle of the controlled system (4.11). A popular algorithm to solve this two-
point boundary-value problem, which can handle the discontinuous friction model (4.3), is
the shooting method. The shooting method is an iterative scheme, which is similar to the
Newton-Raphson algorithm, for details see [Leine et al., 1998; Parker and Chua, 1989].
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Figure 4.5: Numerical bifurcation diagram of the controlled system

The stability of a limit cycle is determined by its Floquet multipliers, which are eigenvalues
of the monodromy matrix [Guckenheimer and Holmes, 1983; Nayfeh and Balachandran, 1995].
The monodromy matrix is the transition matrix of the linearization around a periodic solution
after one period time. Since the controlled system (4.11) is discontinuous, the associated
monodromy matrix is obtained from a sensitivity analysis, which is proposed in [Leine et al.,
1998]. This monodromy matrix is used in the shooting method to find a limit cycle and to
determine its stability. Results of the shooting method are summarized in Table 4.3. The
numerical results in Table 4.3 are comparable to the experimental results in Table 4.2. These
results of the shooting method confirm stability of all limit cycles, which are obtained in the
experimental setup.

4.5 Bifurcation of Limit Cycles

Both experimental results and numerical results show that the amplitude and the period time
of the limit cycle decrease if we make the controller poles and the observer poles faster, and
eventually the limit cycle disappears at some faster poles. It is of interest to study bifurcations
of limit cycles to verify these results. For this purpose, the controller gain N and the observer
gain L are parameterized by a single parameter r such that the poles of the controller and the
observer are given by sc = − r

2 ± r
√

3
2 i and so = −αr

2 ± αr
√

3
2 i, respectively. Since |sc| = r and

|so| = αr, the parameter r is essentially the distance of the controller poles from the origin
and α is a scaling factor for the distance of the observer poles. Using this parametrization
the controller gain is given by N =

[ −Jr2 Fv − Jr
]
, and the observer gain is given by

L =
[

αr − Fv/J α2r2 − (αr − Fv/J)Fv/J
]T . In this case, we choose α = 1.2 in order to

make the observer poles faster than the controller poles. Possible bifurcations of the limit
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Figure 4.6: Floquet multipliers around symmetry-breaking bifurcation points: (a) I and (b) II

cycle will be investigated with respect to variation of the design parameter r.
We use the pseudo-arclength continuation method [Parker and Chua, 1989; Seydel, 1994]

in combination with the shooting method to trace branches of limit cycles. A bifurcation
point of limit cycles is detected when one Floquet multiplier or a pair of complex conjugate
multipliers passes through the unit circle and one or more branches of limit cycles may appear
or disappear around the bifurcation point [Leine, 2000; Seydel, 1994].

The computed bifurcation diagram of limit cycles of the controlled system for 2.5 � r � 19
is depicted in Figure 4.5. The vertical axis in Figure 4.5 is the peak value of the limit cycle.
The bifurcation diagram shows six branches of limit cycles: A is a branch of stable symmetric
limit cycles with two sticking events, i.e. the rotating arm sticks twice in one cycle when the
velocity changes sign, E is a branch of stable symmetric limit cycles without sticking event,
F is a branch of unstable symmetric limit cycles without sticking event, B is a branches of
unstable symmetric limit cycles where around the bifurcation point I have two sticking events
and then the sticking events disappear as the branch closer to the bifurcation point II, C
and D are branches of stable asymmetric limit cycles where around the bifurcation point I
have one sticking event and then the sticking event disappears as the branches closer to the
bifurcation point II. The bifurcation diagram also show two equilibrium sets: SE is a stable
equilibrium set around zero and UE is an unstable equilibrium set. There should be another
equilibrium set, which is the mirror of UE, due to the symmetrical friction model, see the
equilibrium set (4.12).

In the bifurcation diagram, we observe three bifurcations of limit cycles. At the bifurcation
points I and II, the stable symmetric branches A and E, respectively, become unstable that
create the unstable branch B; and two branches of stable asymmetric branches C and D,
which are mirror of each other, emerge from the bifurcation points. These bifurcations are
called symmetry-breaking bifurcations [Leine, 2000; Nayfeh and Balachandran, 1995; Seydel,
1994]. At these symmetry-breaking bifurcation points, a Floquet multiplier is crossing the
unit circle at +1, as indicated by a solid vertical line in Figures 4.6(a) and 4.6(b). Figure
4.6(a) shows four Floquet multipliers for each step of the parameter r associated to the limit
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Figure 4.7: Experimental validation of co-existence of two stable limit cycles at r = 5: (a) limit cycle
of the branch C and (b) limit cycle of the branch D

cycle belongs to branches A and B around the bifurcation point I, and Figure 4.6(b) shows
the Floquet multipliers of limit cycles belong to branches B and E around the bifurcation
point II. Each limit cycle has four Floquet multipliers because the controlled system (4.11) is
a fourth order system, and one Floquet multiplier is always at +1 since the system (4.11) is
an autonomous system [Guckenheimer and Holmes, 1983; Nayfeh and Balachandran, 1995].

At the bifurcation point III, where r = 17.736, the stable branch E collides with the
unstable branch F and then disappear after the bifurcation point. This type of bifurcation
is called a fold bifurcation [Leine, 2000; Nayfeh and Balachandran, 1995; Seydel, 1994]. This
fold bifurcation is interesting from a control design point of view to eliminate the limit cycling
because after the bifurcation point all limit cycles, which we can compute and observe, dis-
appear. Thus, the computed bifurcation diagram confirms the disappearance of limit cycles
at some faster poles of the controller and of the observer. Notice that the larger r the faster
the poles.
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Figure 4.8: Experimental validation of the stable branch E at: (a) r = 9 and (b) r = 15
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Figure 4.9: Experimental validation of the disappearance of limit cycles at r = 20

The computed bifurcation diagram in Figure 4.5 is validated by the following experimental
results. Figures 4.7(a) and 4.7(b) show experimental validation of the co-existence of two
stable asymmetric limit cycles belong to the branch C and the branch D, for the design
parameter r = 5. Experimental validations of the stable branch E, where the amplitude of
the limit cycle decreases as the controller poles and observer poles become faster, are depicted
in Figures 4.8(a) and 4.8(b). Figure 4.9 shows that the controlled system does not exhibit
limit cycling anymore for r = 20.

4.6 Conclusions and Future Research

The limit cycling phenomenon in observer-based controlled system with friction, which is ex-
perimentally observed in a rotating arm system, has been analyzed using the shooting method,
and computational bifurcation analysis. The limit cycling exhibits symmetry-breaking and
fold bifurcations. The bifurcation analysis confirms that the limit cycling can be suppressed
and eventually eliminated by making controller poles and observer poles faster, i.e. enlarging
the controller gains and the observer gains. We obtained good experimental validation of the
computed bifurcation diagram.

Further work is needed to derive a design procedure for controller gains and observer
gains, which guarantees that the closed loop system does not exhibit limit cycling. The
current result suggests that the design procedure can be based on an accurate prediction of
a fold bifurcation point.



Chapter 5

Friction Compensation using a
Reduced-Order Observer

Abstract

In this chapter, friction compensation in a controlled one-link robot using a reduced-order
observer is studied. Since friction is generally velocity-dependent and controlled mechanical
systems are often equipped with position sensors only, friction compensation requires some
form of velocity estimation. Here, the velocity estimate is provided by a reduced-order ob-
server. Both the case of exact friction compensation and inexact friction compensation are
investigated. For the case of exact friction compensation, design rules in terms of controller
and observer parameter settings, guaranteeing global exponential stability of the set-point
are proposed. If these criteria are not fulfilled the system can exhibit a non-zero steady-state
error or limit cycling. Moreover, in the case of inexact friction compensation it is shown that
undercompensation leads to the existence of an equilibrium set and overcompensation leads
to limit cycling. These results are obtained both numerically and experimentally.

This chapter consists of the paper: Mallon, N., Van de Wouw, N., Putra, D. and Nijmeijer, H., ”Friction
compensation in a controlled one-link robot using a reduced-order observer”, which is submitted for publication
in the IEEE Transaction on Control Systems Technology.
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5.1 Introduction

In many controlled mechanical systems, such as optical disc drives and assembly robots, a
positioning task is to be performed. For such systems, the positioning accuracy and the
settling time are main contributors to the overall system performance. In the large major-
ity of these mechanical systems friction is present. Friction, and to be more precise dry
friction, can give rise to undesired effects, such as large steady-state errors, large settling
times and stick-slip behavior [Armstrong-Hélouvry, 1991; Armstrong-Hélouvry and Amin,
1996; Armstrong-Hélouvry et al., 1994; Hensen, 2002b; Radcliffe and Southward, 1990]. To
attain high performance for such systems, special friction beating strategies must be pur-
sued. Some possible strategies are for example the use of a high-gain classical controller
[Armstrong-Hélouvry et al., 1994; Hensen, 2002b], an additional high-frequent signal (dither)
[Ipri and Asada, 1995] or model based friction compensation [Canudas de Wit et al., 1991,
1995; Johnson and Lorenz, 1992; Olsson et al., 1998; Southward et al., 1991]. In the literature
[Armstrong-Hélouvry, 1991; Armstrong-Hélouvry et al., 1994; Canudas de Wit et al., 1991,
1995; Hensen, 2002b; Johnson and Lorenz, 1992; Olsson et al., 1998; Southward et al., 1991],
friction compensation is investigated in both a feedforward manner (the friction compensation
is based on the desired variables) and a feedback manner (the friction compensation is based
on the actual variables). Here, we will apply a feedback friction compensation strategy to a
one-link robot in order to enhance its positioning accuracy.

In order to implement such a strategy, a model of the friction and knowledge on the
variables on which the friction model depends is needed. Based on experiments, a friction
model depending on velocity is adopted here. The model is a set-valued friction law including
the Stribeck effect. Furthermore, a linear proportional-derivative (PD) controller is used.
Since only position measurements are available for the one-link robot (and for controlled
mechanical systems in general), some form of velocity estimation is required. To this end,
an observer can be used, see for example [Friedland and Mentzelopoulou, 1992; Putra and
Nijmeijer, 2004a].

The discontinuous nature of dry friction can give rise to the existence of equilibrium sets,
which causes a non-zero steady-state positioning error. The combination of dry friction,
friction compensation and the observer dynamics can give rise to undesired additionally phe-
nomena, such as limit cycling [Putra and Nijmeijer, 2004a]. In [Putra and Nijmeijer, 2004a], a
friction compensation strategy combined with a PD controller, based on a full-order observer,
is studied and it is shown that such limit cycling can be avoided for certain parameter settings
of the controller and the observer. However, the origin of the limit cycling behavior is still
not fully understood and design rules regarding the controller and observer parameters, to
avoid undesired equilibrium sets and limit cycling are not yet available. Therefore, in this
paper such design rules are provided in closed form for a friction compensation strategy using
a reduced-order observer.

In contrast to a full-order observer, which estimates the entire state of the system, a
reduced-order observer estimates only those states which are not directly measured. Con-
sequently, the reduced-order observer is of lower order and has less design parameters than
the full-order observer. A drawback of the reduced-order observer is the lack of measurement
noise suppression. If there is significant noise in the measurements one may opt to imple-
ment a full-order observer since, in addition to estimating unmeasured states, the full-order
observer also filters the measurements [Franklin et al., 1994]. Application of a reduced-order
observer for the estimation of the velocity of the one-link robot, using the position mea-
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surements, implies first-order observer dynamics with only a single design parameter. The
proposed combination of controller and observer exhibits only three design parameters (two
controller gains and one observer gain) and allows to derive simple design rules in closed form
to avoid undesired behavior, i.e. limit cycling or non-zero steady-state errors.

For the case of exact friction compensation, the analysis results in design rules for the
parameters of the controller and observer, such that global exponential stability of the set-
point is guaranteed. Clearly, these design rules guarantee that non-zero steady-state errors
and limit-cycling are avoided. These rules are based on a stability analysis of the set-point.
This analysis is performed by separating the (nonlinear) observer error dynamics and the
system dynamics, analogous to the separation principle as known for linear systems [Franklin
et al., 1994]. The systematic approach proposed here can be extended to multi-degree-of-
freedom systems with both full-order and reduced-order observers.

In practice, small friction modelling errors can not be avoided. These friction modelling
errors may induce some level of overcompensation or undercompensation of the friction. In
[Canudas de Wit et al., 1991] and [Papadopoulos and Chasparis, 2002], limit cycling due
to overcompensation of the friction is reported. These results are, however, found for fric-
tion compensation based on direct velocity measurements. To our knowledge, no results are
present on the effect of small friction modelling errors for observer-based friction compensa-
tion strategies. In this paper, we study the effect of small friction modelling errors on the
proposed observer-based friction compensation strategy by numerical means and the results
are validated with experiments.

The paper is organized as follows. First, the modelling and identification of the one-link
robot, based on experiments, will be discussed in section 5.2. Next, in section 5.3, the con-
troller design, observer design and the adopted friction compensation strategy are discussed.
Section 5.4 concerns the analysis of the dynamic behavior of the system in the case of exact
friction compensation. This analysis results in design rules for the controller and observer
such that global exponential stability of the set-point is guaranteed. The consequences of
(small) friction modelling errors on the dynamic behavior of the system are investigated in
section 5.5 and the results are validated with experiments in section 5.6. Finally, in section
5.7 conclusions are presented.

5.2 Experimental Setup, Modelling and Identification

The system under consideration is a controlled one-link robot as depicted in Figure 5.1(a).
From previous research [Hensen, 2002b], it is known that the positioning behavior of this
setup suffers largely from the presence of dry friction. This one-link robot is, therefore,
a good carrier for the research on the proposed friction compensation strategy to ensure
accurate positioning. The robot is modelled as a single inertia J (modelling the inertia of
both the driveline and the link) subjected to a viscous friction torque −Fv q̇, a dry friction
torque −F and a motor torque u, see Figure 5.1(b). These assumptions lead to the following
model for the one-link robot:

Jq̈ = u − Fv q̇ − F. (5.1)

Using a frequency-domain identification technique [Hensen, 2002b], the total inertia of the
system is identified to be J = 0.026 [kgm2/rad]. In order to measure the friction-velocity map,
break-away experiments are performed to measure the static friction torque and constant ve-
locity experiments are performed to measure the friction-velocity map at non-zero (constant)
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Figure 5.1: The experimental setup: (a) the one-link robot and (b) a schematic diagram of the robot

velocities. In these measurements, the Stribeck effect is evident and must be included in the
dry friction model, see Figure 5.2. The dry friction model is expressed as a set-valued force
law by the following algebraic inclusion:

F ∈



g+(q̇) if q̇ > 0
−g−(q̇) if q̇ < 0
[−F−

s , F+
s ] if q̇ = 0

, (5.2)

with g+(q̇), and g−(q̇) the Stribeck curve for positive and negative velocity, respectively. The
set-valued nature of (5.2) at q̇ = 0 allows to model stiction phenomena. The Stribeck curve
is defined by the exponential curve (here for q̇ > 0, indicated by the superscript ’+’):

g+(q̇) = F+
c + δF+e

−
(

|q̇|
v+
s

)β+

(5.3)

where F+
c is the Coulomb friction torque, F+

s the static friction torque, δF+ the difference
between the static and Coulomb friction torque (δF+ = F+

s − F+
c ), v+

s the Stribeck velocity
and β+ the Stribeck shape parameter; for q̇ < 0, these parameters are indicated by the
superscript ’−’. The friction model (5.2) allows for an asymmetric friction curve to ensure an
accurate fit of the measured friction characteristics, see Figure 5.2. The values of the friction
parameters are obtained by fitting the Stribeck curve (5.3) with the viscous friction term
−Fv q̇ to the friction measurement data for both positive and negative velocities separately.
The fit is also depicted in Figure 5.2 and the estimates of the friction parameters are shown
in Table 5.2. It can be noted that the friction parameters for positive and negative velocity
differ significantly. In order to compensate the friction in the one-link robot as accurately as
possible the asymmetry is taken into account in the dry friction modelling. However, since we
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Figure 5.2: Friction measurements (dots) versus friction model (solid line)

Table 5.1: Results of the friction identification

parameter q̇ > 0 q̇ < 0
β [-] 1 1
Fs [Nm] 0.5735 0.5123
Fc [Nm] 0.3990 0.3887
vs [rad/s] 0.0688 0.0817
Fv [Nms/rad] 0.0828 0.0790

want to consider only a (smooth) linear reduced-order observer, the asymmetry for the viscous
friction is not taken into account in the observer design, see section 5.3. For that purpose only,
the viscous friction coefficient is set to the average value (F+

v + F−
v )/2 = 0.0809 [Nms/rad].

5.3 Closed-Loop System Design

The combination of the proportional-derivative controller and friction compensation, incor-
porating a reduced-order observer, as applied to the one-link robot is depicted schematically
in Figure 5.3. The total motor torque u is composed by a feedback controller torque uc and
the friction compensation torque ufc:

u = uc + ufc. (5.4)

The controller torque is defined by

uc = n1(qr − q) − n2
ˆ̇q, (5.5)

where n1, n2 > 0 are the proportional gain and the derivative gain, respectively, and ˆ̇q the
velocity estimate provided by the observer. Without loss of generality, the desired position qr

will be assumed to equal zero. Furthermore, the following set-valued friction compensation
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Figure 5.3: Friction compensation strategy

law, analogous to (5.2), is adopted

ufc = rF (ˆ̇q) ∈



rg+(ˆ̇q) if ˆ̇q > 0
−rg−(ˆ̇q) if ˆ̇q < 0
r [−F−

s , F+
s ] if ˆ̇q = 0

, (5.6)

with r a scaling factor of the friction compensation. Clearly, ufc reflects a feedback compen-
sation strategy based on an estimated velocity provided by an observer. When r = 1, exact
friction compensation is attained, when r �= 1 inexact friction compensation is attained. The
adopted friction compensation law (5.6), is set-valued for ˆ̇q = 0. Of course in practice one
can only implement a specific compensation torque at ˆ̇q = 0. In Appendix B, it is shown
that under the proposed design rules, uniqueness of solutions is guaranteed for the closed-loop
system as depicted in Figure 5.3. Consequently, in practice any single-valued compensation
torque taken from the set r [−F−

s , F+
s ] suffices to compensate the friction for ˆ̇q = 0.

The linear reduced-order observer is designed as

˙̇̂
q = −Fv

J
ˆ̇q +

1
J

uc + L
(
q̇ − ˆ̇q

)
, (5.7)

where ˆ̇q is the observer state (the velocity estimate) and L > 0 the observer gain. In (5.7),
a model-based part (−Fv

J
ˆ̇q + 1

J uc) and a linear injection term (L(q̇ − ˆ̇q)) can be recognized.
The fact that (5.7) depends on q̇ makes it unapplicable in practice, since direct measurements
of q̇ are not available. To avoid this difficulty, a new observer state [Franklin et al., 1994] is
defined: z = ˆ̇q − Lq. In terms of this new state, the reduced-order observer (5.7) reads as

ż = −Fv + LJ

J
(z + Lq) +

1
J

uc (5.8)

in which only the measured angular position q appears. The reduced-order observer in the
form of (5.8) is only provided for implementation purposes. The analysis in this paper will
use the formulation of the observer as in (5.7). The observer error is defined as e = q̇ − ˆ̇q.
The observer error dynamics obeys the following scalar differential inclusion

ė = q̈ − ˙̇̂
q ∈ −Fv + LJ

J
e +

rF (ˆ̇q) − F (q̇)
J

, (5.9)

and can clearly be influenced by the observer gain L for e �= 0.
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From now on, we will adopt the state coordinates x =
[

q ˆ̇q e
]T ≡ [

x1 x2 x3

]T .
The dynamics of the closed-loop system, as depicted in Figure 5.3, can be formulated in terms
of these states by the following differential inclusion

ẋ1 = x2 + x3

ẋ2 = −n1

J
x1 − Fv + n2

J
x2 + Lx3 (5.10)

ẋ3 ∈ −Fv + LJ

J
x3 +

1
J

rF (x2) − F (x2 + x3).

The differential inclusion (5.10) is of Filippov-type and Filippov’s solution concept [Filippov,
1988] can be adopted. Consequently, the existence of solutions for (5.10) is guaranteed.
However, uniqueness of solutions is not automatically assessed. In Appendix B, it is shown
that uniqueness of solutions of (5.10) can only be guaranteed if r ≤ 1 and

L +
n1

L
>

1
J

(−λ − Fv) , (5.11)

where λ is the maximum rate of decay of the friction model (5.2), defined by

λ = min
x∈R\{0}

(
∂g+(x)

∂x
,
∂g−(x)

∂x

)

= min
(
−η+δF+

v+
s

,−η−δF−

v−s

)
(5.12)

and

ηi =




1 if βi = 1

(βi−1)e
−βi−1

βi

βi
√

βi−1

βi

if βi > 1 . (5.13)

Under this condition, the solution of (5.10) is not influenced by which exact value of the
friction compensation torque is taken for ˆ̇q = 0 from the set r [−F−

s , F+
s ]. This property is

beneficial for implementation purposes.

5.4 Exact Friction Compensation

In this section, the behavior of the closed-loop system (5.10) is investigated for the case
of exact friction compensation (r = 1). First, the existence of an equilibrium set, and its
dependence on the design variables, is discussed. Next, the stability of the set-point (the
origin) is investigated.

5.4.1 Equilibrium set

It is important to study the equilibria of (5.10) and their dependencies on the design variables.
After all, the closed-loop system concerns a positioning task and equilibria other then the
origin represent a state of non-zero steady-state error. Equilibria of (5.10), denoted by x∗,
must satisfy the following equations and inclusion:
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Figure 5.4: Bounds for steady-state position error depending on L, for n1 = 0.4 and n2 = 0.02

x∗
2 = −x∗

3 (5.14)

x∗
1 = −Fv + LJ + n2

n1
x∗

2 (5.15)

G(x∗
2) ∈ [−F−

s , F+
s ], (5.16)

where

G(x) = (Fv + LJ)x + F (x). (5.17)

Clearly, the origin is always an equilibrium, as desired. However, depending on the observer
gain L, an equilibrium set exist. In Figure 5.4, the equilibria of the system with exact
compensation are compared to those of the system with no compensation. In that figure, the
effect of the existence of the equilibrium set on the steady-state position error x1 is depicted
for n1 = 0.4, n2 = 0.02 and for varying L. Clearly, the equilibrium set can induce a non-zero
steady-state positioning error. However, the use of friction compensation ensures a significant
decrease in the size of the equilibrium set. Moreover, in the case of exact friction compensation
the equilibrium set shrinks to an isolated equilibrium point for increasing observer gain at
some critical value for the observer gain. In order to derive the condition for L such that a
single equilibrium point exist we note that limx↓0 G(x) = F+

s and limx↑0 G(x) = −F−
s . Taken

into account the strictly decreasing nature F (x) for x �= 0, a sufficient and necessary condition,
under which no equilibrium set can exist, is that the function G(x) is strictly increasing for
all x �= 0 (see inclusion (5.16)). This is attained if ∂

∂xG(x) > 0 ∀x �= 0 and, consequently, if

L >
1
J

(−λ − Fv) = Lc, (5.18)

with λ defined by (5.12). For the (asymmetric) parameters of the model of the one-link
robot, the critical observer gain for negative velocity is L−

c = 55.07 and for positive velocity is
L+

c = 94.4. Consequently, the critical observer gain follows in this case from the parameters
for positive velocity: Lc = 94.4. Note that the observer gain values at which the positive and
the negative side of the equilibrium set in Figure 5.4, disappears, correspond to the values
for L−

c and L+
c , respectively. The relation between the controller gains and the size of the

equilibrium set (and the corresponding maximum steady-state positioning error) follows from
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Figure 5.5: Cascade representation of the closed-loop system

(5.15); if n1 is increased the size of the equilibrium set decreases and if n2 is increased the
size of the equilibrium set increases.

5.4.2 Stability of the closed-loop system

Conditions for the combination of controller and observer gain(s) for which global exponential
stability of the origin of (5.10) is guaranteed are of great importance. Namely, if global
exponential stability of the origin can be attained, the absence of undesired steady-state
errors and limit cycling is guaranteed. The conditions for the controller gains and observer
gain values for which this is attained can, subsequently, be considered as design rules for the
closed-loop system (5.10). In order to investigate the stability of the origin of (5.10) we note
that the system can be studied in the form of a cascade of two subsystems SI and SII , as
depicted in Figure 5.5. In that figure, x

¯12 =
[

x1 x2

]T and the system and input matrices
of these subsystems are given by

AI = −Fv + LJ

J
, BI =

1
J

,

AII =
[

0 1
−n1

J −Fv+n2
J

]
, BII =

[
1
L

]
. (5.19)

In order to prove the global exponential stability (GES) of the origin of (5.10) we adopt
the following reasoning. If these three conditions:

(a) the subsystem SII is input-to-state stable (ISS) [Khalil, 2000];

(b) x
¯12 = 0 is a globally exponential stable equilibrium of the subsystem SII for zero input
x3;

(c) x3 = 0 is a globally exponentially stable equilibrium point of the subsystem SI for all
x2,

are satisfied then x = 0 is a globally exponentially stable equilibrium point of (5.10). Let us
now check when these conditions are fulfilled.

Firstly, conditions (a) and (b) are satisfied since system SII is a LTI-system with a
Hurwitz system matrix AII and a bounded input matrix BI (AII is Hurwitz given the fact that
Fv, n1, n2 > 0). Before we check condition (c) it is emphasized that SI describes the observer
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Figure 5.6: Limit cycle for n1 = 0.4, n2 = 0.02, L = 40 < Lc and r = 1 (simulation)

error dynamics (5.9). Consequently, condition (c) requires the stability of the observer error
e. In order to investigate the stability of the observer error, we use a candidate Lyapunov
function V = 1

2x2
3 (see [Filippov, 1988] and [Shevitz and Paden, 1994] for details on Lyapunov

analysis for differential inclusions). Its time derivative V̇ = x3ẋ3 obeys

V̇ ∈ −Fv + LJ

J
x2

3 +
1
J

(F (x2) − F (x2 + x3)) x3. (5.20)

In the second term of V̇ the discontinuities of both the dry friction torque and the friction
compensation law are present. Here, we will estimate this term by realizing that the function
F (·) satisfies the following incremental sector condition:

λx2
3 ≤ (F (x2 + x3) − F (x2)) x3 ∀ x2, x3 , (5.21)

with λ defined by (5.12). Using (5.21) in (5.20) yields

V̇ ≤ −Fv + LJ + λ

J
x2

3 = −2
Fv + LJ + λ

J
V. (5.22)

Clearly, for an observer gain satisfying L > Lc with the critical observer gain Lc given by
(5.18), the observer error is globally exponentially stable (independent of x2) and condition
(c) is fulfilled.

Summarizing we can conclude that for L > Lc, x = 0 is a globally exponentially stable
equilibrium point of (5.10) for all n1, n2 > 0. Note that for L > Lc, also (5.11) is fulfilled and
solutions are therefore also guaranteed to be unique for L > Lc.

If L < Lc, undesired behavior in the form of a steady-state error, see Figure 5.4, or limit
cycling, see Figure 5.6, can occur. The latter figure indicates that e = 0 is not stable for
this observer gain value, which causes a non-zero observer error. The non-zero observer error
induces overcompensation of the friction (F (x2) > F (x2 +x3) for some time-intervals) and as
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a result the system exhibits limit cycling around the desired state. The cause for this limit
cycle is, therefore, directly related to the instability of the observer error.

For the numerical integration of the differential inclusion (5.10), we replaced both the
friction model (5.2) and the friction compensation rule (5.6) with a switch model (see [Leine,
2000] for more details on this technique). It should be noted that for the applied parameter
settings, (5.11) is not fulfilled and the solution in Figure 5.6 is not guaranteed to be unique
(see Appendix B).

5.5 Inexact Friction Compensation

In practice, small friction modelling errors can not be avoided. Obviously, this also holds for
the friction modelling of the one-link robot. The plausible effects of these inevitable mod-
elling errors on the proposed friction compensation strategy are investigated in this section.
This is done by introducing a scaled friction compensation law, as incorporated in (5.10)
for r �= 1. Obviously, in practice modelling errors will not be of this form, but this type of
scaling of the compensation law allows to investigate the effects of both overcompensation
and undercompensation in a relatively straightforward manner.

The equilibria of (5.10) for r �= 1 satisfy the same equations as for the case of exact friction
compensation (see equation (5.14) and (5.15)) and the inclusion

Gne(x∗
2) ∈ [−F−

s , F+
s ], (5.23)

where

Gne(x) = (Fv + LJ)x + rF (x). (5.24)

Similarly to the case of exact friction compensation, the origin is always an equilibrium
point (as desired). For the case of inexact compensation, it holds that limx↓0 Gne(x) =
rF+

s and limx↑0 Gne(x) = −rF−
s . Consequently, an equilibrium set will exist for the case

of undercompensation (r < 1), irrespectively of the value for L. As illustrated in Figure
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Figure 5.8: The attractive equilibrium set (dashed) for the case of undercompensation (r = 0.95),
projected onto the plane x3 = 0, for n1 = 0.4, n2 = 0.02 and L = 95

5.7, the value of L does influence the magnitude of the maximum steady-state positioning
error for this case. That figure also indicates that friction compensation (even in the case
of undercompensation) ensures a smaller steady-state positioning error than exists without
compensation, see Figure 5.4. Moreover, the controller parameters can be used to decrease
the maximum steady-state position error even further in a similar manner as for the case of
exact friction compensation (see section 5.4.1). For the case of overcompensation (r > 1) an
equilibrium set only exists for r very close to one; the equilibrium set rapidly shrinks to an
isolated equilibrium point for increasing r.

The dynamics of (5.10) for r �= 1 are numerically examined in more details. In Figure
5.8, the result of this approach is depicted for the case of undercompensation (r = 0.95). All
solutions tend to the equilibrium set and no other type of solutions, such as for example limit
cycles, are observed in this case. A solution for the case of overcompensation (r = 1.01), with
an initial condition taken very close to the origin, is depicted in Figure 5.9. The latter figure
indicates that, for the case of overcompensation, the origin of (5.10) is not stable anymore
and the system exhibits limit cycling.

The branch of limit cycles for a varying value of r is traced using pseudo arclength con-
tinuation [Nayfeh and Balachandran, 1995] in combination with the shooting method. The
local stability of the limit cycles is determined by inspection of the Floquet multipliers. The
resulting bifurcation diagram is shown in Figure 5.10 for a observer gain L = 95 > Lc. A
limit cycle is characterized in that figure by plotting the value of max(|x1|) of the limit cy-
cle. Clearly, the closed-loop system already exhibits stable limit cycling if the friction is only
slightly overcompensated. For the case of undercompensation, a zero steady-state error is no
longer guaranteed due to the existence of an equilibrium set. However, the system does not
exhibit limit cycling in this case.

For the positioning task, the system must come at rest as close as possible to the desired
position. Consequently, the possibility of limit cycling must be excluded. The case of under-
compensation should, therefore, always be preferred over the case of overcompensation. To
cope with small modelling errors, a relatively simple strategy is, therefore, to scale down the
compensation rule until no more limit cycling behavior occurs. The dependency of the max-
imum steady-state error on the controller and observer gain(s) is similar to those in the case
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Figure 5.9: Numerical solution for the case of overcompensation (r = 1.01), projected onto the plane
x3 = 0, with x(0) = [0, 1, 0] × 10−6, n1 = 0.4, n2 = 0.02 and L = 95

of exact friction compensation. Consequently, the resulting steady-state positioning error for
this case, can be reduced by increasing the observer gain and the proportional controller gain
or by decreasing the derivative gain (see section 5.4.1). Namely, the equilibrium set becomes
smaller by taking these measures. Application of the reduced-order observer-based friction
compensation strategy can provide positioning performance without the existence of limit
cycling behavior. This result holds even in the presence of small friction modelling errors by
assuring that the friction is never overcompensated.

5.6 Experimental Validation

In this section, the result of the previous sections are validated with experiments. For the ex-
perimental implementation the modelling and identification of dry friction will never be exact.
In section 5.5 the effects of small friction modelling errors for the reduced-order observer-based
friction compensation is studied by simply scaling the friction compensation rule. For the ex-
perimental implementation, the error in the friction modelling is far more complicated than
accounted for by simply scale the compensation model. Nevertheless, the experimental results
will be compared with the numerical results for the closed-loop system (5.10) with r �= 1.

At the experimental setup, the link of the robot is driven by an induction motor, which is
powered by Pulse Width Modulation (PWM). The real-time control of the setup is handled
by a PC with a dSPACE [dSPACE, 1999] controller board. The angular displacement of
the link is measured at the experimental setup with a resolution of 2 × 104 increments per
revolution of the motor shaft. Due to the gear ratio of the transmission of 8.192, the effective
resolution for the position of the link is 3.835 × 10−5 [rad].

A bifurcation diagram, with the scaling constant r as bifurcation parameter, involving
experimental results is shown in Figure 5.11. Herein, the stars (*) indicate equilibria and the
circles (o) indicate limit cycles. Comparison of figures 5.10 and 5.11 reveals a clear qualitative
correspondence. The bifurcation point in Figure 5.11 is, of course, not located exactly at r = 1
since not only the friction compensation law is scaled but the real friction deviates from the
friction model as well. Moreover, the difference between the real friction and the friction
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Figure 5.11: Experimentally obtained bifur-
cation diagram with n1 = 0.4, n2 = 0.02 and
L = 95

model (the modelling error) is not of the form of a mere scaling. Nevertheless, the theoretical
and experimental results agree to the extent that undercompensation leads to the existence
of an equilibrium set (resulting in non-zero steady-state errors) and overcompensation leads
to limit cycling.

Figure 5.12 shows experimental results for L < Lc and r = 1. Clearly, the system exhibits
limit cycling around the desired position. In that figure also a numerically obtained limit
cycle for (5.10) with r = 1.05 is shown. From the comparison it can be noted that, although
the projections do posses shape similarities, the experimental result does not exactly agree
with the simulation result. However, the results do show qualitative similar behavior. In
Figure 5.13, similar results are depicted for L > Lc. For this higher observer gain value, the
measured limit cycle has become more noisy, probably due the combination of unmodelled
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Figure 5.12: Comparison of numerically ob-
tained limit cycle for r = 1.05 with experi-
mental results for r = 1, n1 = 0.4, n2 = 0.02,
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Figure 5.14: Measured equilibrium set for
n1 = 0.4, n2 = 0.02, L = 95 and r = 0.8
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Figure 5.15: Measured equilibrium set for
n1 = 0.4, n2 = 0.02, L = 95 and r = 0 (no
compensation)

dynamics and the higher observer gain. Again, the results show a qualitative correspondence.
For r = 0.8, the experimentally obtained equilibrium set is depicted in Figure 5.14 and sim-

ilarly for r = 0 (no compensation) in Figure 5.15. Clearly, the use of reduced-order observer-
based friction compensation, with undercompensation of the friction, does not guarantee a
zero steady-state error. However, the use of the friction compensation strategy ensures, also
for the experimental implementation, a large decrease in the size of the maximum steady-state
error (i.e. max |x∗

1|r=0 = 0.87 [rad] and max |x∗
1|r=0.8 = 0.15 [rad]). Moreover, the experimen-

tal setup does not exhibit limit cycling if the friction is undercompensated. Consequently, it
can be concluded that the use of the reduced-order observer-based friction compensation at
the experimental setup provides an increase in positioning performance without the existence
of limit cycling behavior by assuring that the friction is not overcompensated.

5.7 Conclusions

A friction compensation strategy for a controlled one-link robot using a reduced-order ob-
server is proposed. Based on experiments, a set-valued friction model is identified to support
a model-based friction compensation approach. Since only position measurements are avail-
able and the friction depends on velocity, a reduced-order observer is used to provide velocity
estimates. Application of a reduced-order observer for the velocity estimation from the posi-
tion measurements implies first-order observer dynamics with only a single design parameter.
The proposed combination of controller and observer exhibits only three design parameters
(two controller gains and one observer gain) and allows to derive design rules in closed form
to avoid the existence of undesired behavior, i.e. limit cycling or non-zero steady-state errors.

Both the cases of exact friction compensation and inexact friction compensation are stud-
ied. In the case of exact friction compensation, it is shown that the observer gain is critical for
the stability of the equilibrium point coinciding with the set-point. An analytical expression
for the critical observer gain is derived. If the observer gain is taken larger than this criti-
cal value, it is shown that the set-point is a globally exponentially stable equilibrium point
for arbitrary positive controller gains. Clearly, the mild condition on the controller gains in
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combination with the derived critical observer gain can be considered as a design rule for the
closed-loop system. Moreover, for an observer gain taken lower than this critical value, an
equilibrium set exists and limit cycling can occur (both undesired phenomena for the position
performance).

In the case of inexact friction compensation, it is shown that undercompensation of the
friction leads to a significant increase in positioning performance. However, a zero steady-
state error can not be guaranteed in this case, due to the existence of an equilibrium set.
If the friction is overcompensated the system exhibits limit cycling. These results are ob-
tained both in simulation and experiments. Consequently, it is advised to choose for a small
level of undercompensation instead of a small level of overcompensation when exact friction
compensation is not possible.

The stability analysis of the closed-loop system is performed by studying the closed-loop
system in a cascade structure or to be more precise by separating the (nonlinear) observer
error dynamics and the system dynamics. Clearly, this approach is not restricted to the
studied observer-based friction compensation scheme, but may be applied to other observer-
based friction compensated systems. In further research this result will be exploited to study
friction compensated multi-degree-of-freedom systems with both full-order and reduced-order
observers.



Chapter 6

A Design Method for Observer-Based
Friction Compensation

Abstract

This chapter presents an observer-based friction compensation design for a class of frictional
systems guaranteeing global exponential stability of the closed-loop system in the absence of
velocity measurements. The friction compensation scheme allows a fairly general discontin-
uous friction model that is able to describe stiction and the Stribeck effect, and which can
fit experimentally obtained velocity-friction maps. The design method is based on passivity
theory. It only involves well-known linear design criteria: strictly positive real (SPR) and
Hurwitz conditions, and it preserves the separation and the certainty equivalence principles.
The effectiveness of the design method is tested on an experimental setup.

.

The contents of this chapter will appear in the proceedings of the 43rd IEEE Conference on Decision and
Control 2004, Paradise Island, the Bahamas [Putra et al., 2004b]
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6.1 Introduction

Recently there has been an increasing interest in control strategies that can compensate the
negative effects of friction, such as limit cycling and large steady state errors; a review on
this topic can be found in [Armstrong-Hélouvry et al., 1994; Olsson et al., 1998]. Most of the
proposed friction compensation strategies, including those that have been recently developed
for the LuGre model [Canudas de Wit et al., 1995; Olsson and Åström, 1996a], assume that
accurate velocity measurements are available for feedback. However, in practice velocity
measurements are often not available for reasons as savings in cost, volume and weight. An
alternative method is to obtain an estimation of velocity from position measurements using
a simple numerical differentiation method or a more complex one as proposed in [Zhang
et al., 2002]. A drawback of this method is that it is very sensitive to measurement noise.
This observation motivates observer-based friction compensation strategies in the absence of
velocity measurements.

A Coulomb friction compensation with a reduced-order observer has been proposed in
[Friedland and Mentzelopoulou, 1992]. Tafazoli et al. [1994] modified the reduced-order ob-
server in [Friedland and Mentzelopoulou, 1992] in order to overcome some implementation
problems. An extension of this approach that is able to deal with the Stribeck effect has been
studied in [Mallon, 2003]. In Chapter 4, we have proposed a Stribeck friction compensation
with a full-order observer and we have encountered limit cycling in case of badly tuned con-
troller and observer gains. Here, we generalize the Stribeck friction compensation to a class of
discontinuous friction models. Our main result is that we derive a simple design rule for the
observer-based friction compensation scheme guaranteeing global exponential stability of the
controlled system. The stability analysis is based on passivity theory, see for example [Khalil,
2000]. Our approach is similar to [Arcak and Kokototović, 2001a] in the sense that it renders
the linear part of the observer error dynamics output feedback passive. The main difference
is that in the present case the observer is linear and the controller has a nonlinear compen-
sation term, i.e. the friction compensation term. In addition we deal with discontinuous
nonlinearities, i.e. discontinuous friction models.

This chapter is organized as follows. Section 6.2 introduces the considered class of discon-
tinuous friction models. Section 6.3 formulates a design problem of the proposed observer-
based friction compensation scheme. The main results are presented in section 6.4. In section
6.5, the method is applied to a 1-DOF rotating arm and experimental results are provided.
Finally, conclusions and an outline of future work are given in section 6.6.

6.2 Friction Model

We consider a class of discontinuous friction models described by

F (v) = g(v)Sign(v) (6.1)

with F the friction force (torque), g a continuous function of the velocity v and Sign the
set-valued signum function given by

Sign(v) ∈



{−1} if v < 0
[−1, 1] if v = 0.
{1} if v > 0

(6.2)
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Figure 6.1: Curves of considered friction models: (a) Coulomb friction and (b) Stribeck friction

This class of friction models includes Coulomb friction if g(v) = Fc with Fc the Coulomb
friction level as depicted in Figure 6.1(a), and Stribeck friction models if g(v) represents a
Stribeck curve as shown in Figure 6.1(b). A Stribeck curve can be a parameterized curve that
fits experimental data [Armstrong-Hélouvry et al., 1994] such as

g(v) = Fc + (Fs − Fc)e−|v/vs|δ (6.3)

where Fs > Fc the static friction level, vs > 0 the Stribeck velocity, and δ the shaping
parameter of the Stribeck curve. The linear viscous friction is omitted in (6.3) since it can be
absorbed in the linear part of the model of the frictional system. The shaping parameter δ of
the Stribeck function (6.3) can take values from 1

2 to 2 as suggested in [Armstrong-Hélouvry,
1991; Bo and Pavelescu, 1982; Tustin, 1947] and in a system with a boundary lubricant δ can
be very large as shown in [Fuller, 1984]. Another parameterization of the Stribeck curve that
has been proposed [Hess and Soom, 1990] is of the form

g(v) = Fc + (Fs − Fc)
1

1 + |v/vs|δ . (6.4)

The considered friction models (6.1) are restricted by the following sector condition.

Assumption 6.2.1. A constant λ ∈ R exists such that the incremental sector condition

(F (v1) − F (v2))(v1 − v2) ≥ λ(v1 − v2)2, ∀ v1, v2 ∈ R (6.5)

holds.

The sector condition (6.5) means that the rate of decay of the Stribeck curve is bounded
by λ. The Coulomb friction model satisfies the sector condition (6.5) with λ = 0. A Stribeck
friction model with the parameterization (6.3) meets the sector condition (6.5) if δ ≥ 1 with
λ = −ρFs−Fc

vs
where

ρ =




1 if δ = 1
(δ−1) exp(− δ−1

δ
)

δ
√

δ−1
δ

if δ > 1 (6.6)
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and with the parameterization (6.4) satisfies the sector condition if δ ≥ 1 with λ = −σ Fs−Fc
vs

where

σ =




1 if δ = 1
δ( δ−1

δ+1
)

(1+ δ−1
δ+1

)2 δ
√

δ−1
δ+1

if δ > 1. (6.7)

Notice that Assumption 6.2.1 excludes the Stribeck friction model with the parameteri-
zation

g(v) = Fs − Fd|v|
1
2 (6.8)

that is proposed in [Canudas de Wit et al., 1991] as well as the friction model with a discon-
tinuous drop of friction force from a static friction level to a Coulomb friction level that has
been intensively studied in [Armstrong-Hélouvry and Amin, 1996].

6.3 Problem Formulation

We consider frictional mechanical systems that can be described by

ẋ = Ax − BF (Ex) + Bu (6.9a)
y = Cx (6.9b)

where x ∈ R
n the state, A ∈ R

n×n, B ∈ R
n×1, C ∈ R

m×n, E ∈ R
1×n, u ∈ R the input, F (·)

the discontinuous friction model (6.1) with the corresponding velocity v = Ex, and y ∈ R
m×1

the measured signals. It is assumed that the pair (A, B) is controllable and the pair (C, A) is
observable.

We propose an observer-based controller with friction compensation of the form

u = Nx̂ + F (Ex̂ + k(y − Cx̂), Nx̂) (6.10)

with N ∈ R
1×n the linear controller gain, x̂ ∈ R

n the estimated state, and k ∈ R
1×m a

weighting for the observation error, and F (Ex̂ + k(y − Cx̂), Nx̂) the friction compensation
term given by a modified version of the friction model (6.1) in order to specify the value at
zero velocity

F (v̂, Nx̂) =
{

g(v̂) if v̂ �= 0
min{|Nx̂|, Fs}sign(Nx̂) if v̂ = 0

(6.11)

where v̂ = Ex̂+k(y−Cx̂), Fs the static friction level (in the case of Coulomb friction Fs = Fc),
and sign(·) is the signum function with sign(0) = 0. A linear observer is proposed to obtain
the estimated state x̂, which is given by

˙̂x = (A + BN)x̂ + L(y − Cx̂) (6.12)

with L ∈ R
n×m the observer gain.

Remark 6.3.1. Notice that F (v̂, Nx̂) ∈ F (v̂) since F (v̂, Nx̂) only has a fixed value in the
interval [−Fs, Fs] at zero velocity while F (v̂) contains the whole interval, nevertheless the
specification of the friction force at zero velocity does not have any influence on the sector
condition (6.5) that allows us to consider F (v̂, Nx̂) as F (v̂) in the rest of this chapter. In
fact, any choice of the friction force at zero velocity in the interval [−Fs, Fs] is acceptable.
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Let e = x− x̂ be the observer estimation error. Equations (6.9a), (6.9b), (6.10) and (6.12)
yield the closed-loop system

ė = (A − LC)e − B [F (Ex̂ + Ee) − F (Ex̂ + kCe)] (6.13a)
˙̂x = (A + BN)x̂ + LCe. (6.13b)

The design problem is to find L, k, and N , which guarantee that the origin of the closed-loop
system is globally exponentially stable (GES).

Remark 6.3.2. The closed-loop system (6.13) is - like the original dynamics (6.9) - a system
of ordinary differential equations with discontinuous right-hand side due to the discontinuity
of F (·). This system admits the solution concept of Filippov [Filippov, 1988, Chapter 2]. An
absolute continuous function x(t) : [0, τ ] → R

n is said to be a solution of a discontinuous
ordinary differential equation

ẋ(t) = f(t, x(t))

in the sense of Filippov if for almost all t ∈ [0, τ ] it holds that

ẋ(t) ∈ F (t, x(t))

where F (t, x(t)) is the closed convex hull of all the limits of f(t, x(t)). In our case, the closed
convex hull is obtained by considering the whole interval [−Fs, Fs] of the static friction force
at zero velocity instead of a particular value, i.e. replace F (v̂, Nx̂) with F (v̂). Existence of
solutions for this type of systems is guaranteed but uniqueness of solutions is not automatically
assessed. An advantage of the stability result obtained in this chapter is that it is independent
of uniqueness of solutions.

6.4 Main Results

This section presents a solution of the design problem that is obtained by exploiting the
incremental sector condition (6.5) and imposing the SPR condition on the linear part of the
observer error dynamics. In the stability analysis, we use the observer error and the estimated
state coordinates, similarly as in [Praly and Arcak, 2002]. An advantage of this approach is
that it makes the stability analysis of the closed-loop system simpler because it explicitly uses
the linear structure of the proposed observer (6.12), which is simpler than the structure of
the controlled plant (6.9a-6.10). The method results in GES of the observer error dynamics,
which is independent of the estimated state x̂ and the state x, and it preserves the separation
principle [Friedland, 1986], i.e. the design of the observer and of the controller gains are
carried out separately.

Theorem 6.4.1. Consider the closed-loop system (6.13) satisfying Assumption 6.2.1. Let
H = E − kC, M = A − LC − λBH with λ as defined in Assumption 6.2.1, and I be the
identity matrix. If L and k are chosen such that (M,B) is controllable, (H,M) is observable,
and the transfer function

T (s) = H(sI − M)−1B (6.14)

is strictly positive real (SPR) then there exist constants α, β > 0 such that

‖e(t)‖ ≤ ‖e(0)‖α exp(−βt), ∀ e(0), x̂(0) ∈ R
n. (6.15)
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Proof. Rearrange the observer error dynamics (6.13a) as

ė = Me − B [F (Ex̂ + Ee) − F (Ex̂ + kCe) − λHe] . (6.16)

From the incremental sector condition (6.5), it follows that

[F (Ex̂ + Ee) − F (Ex̂ + kCe) − λHe] He ≥ 0 (6.17)

holds for all e, x̂ ∈ R
n. Following the Kalman-Yakubovich-Popov lemma [Khalil, 2000], the

SPR condition of the transfer function (6.14) is equivalent to the existence of (n, n)-matrices
P = P T > 0 and Q > 0 such that

PM + MT P = −Q (6.18a)

BT P = H. (6.18b)

Consider the Lyapunov function
V (e) = eT Pe. (6.19)

Its time-derivative along trajectories of (6.16) is given by

V̇ (e) = −eT Qe − 2 [F (Ex) − F (Ex̂ + kCe) − λHe] BT Pe. (6.20)

Substitution of (6.18b) into (6.20) yields

V̇ (e) = −eT Qe − 2 [F (Ex) − F (Ex̂ + kCe) − λHe] He. (6.21)

From (6.17) and (6.21), we have
V̇ (e) ≤ −eT Qe (6.22)

and (6.15) holds [Khalil, 2000] with α =
√

λmax(P )
λmin(P ) and β = λmin(Q)

2λmax(P ) where λmin(·) and λmax(·)
indicate the minimum and the maximum eigenvalues, respectively.

Theorem 6.4.2. Consider the closed-loop system (6.13) and suppose that solutions e(t) of
(6.13a) satisfy (6.15). If the controller gain N is chosen such that the matrix A + BN is
Hurwitz then the origin of the closed-loop system (6.13) is GES.

Proof. The solution of (6.13b) is given by

x̂(t) = exp(Gt)x̂(0) +

t∫
0

exp(G(t − τ))LCe(τ)dτ (6.23)

with G = A + BN and e(t) satisfying (6.15). Since the matrix G is Hurwitz, there exist
constants γ, η > 0 such that

‖ exp(Gt)‖ ≤ γ exp(−ηt). (6.24)

In particular choose η �= β (one can always make this choice). From (6.15), (6.23) and (6.24),
we have

‖x̂(t)‖ ≤ ‖x̂(0)‖γ exp(−ηt) + ‖LC‖γ
t∫

0

exp(−η(t − τ)) exp(−βτ)dτ. (6.25)

Solving the integral equation in (6.25), yields

‖x̂(t)‖ ≤ ‖x̂(0)‖γ exp(−ηt) +
γ

η − β
‖LC‖‖e(0)‖(exp(−βt) − exp(−ηt)). (6.26)

From (6.15) and (6.26), it follows that the origin of the closed-loop system (6.13) is GES.
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Figure 6.2: The experimental setup

Remark 6.4.1. The Hurwitz condition that is imposed on the controller gain N to achieve
GES of the controlled system is equivalent to the condition needed for a linear state feed-
back, i.e u = Nx, to stabilize the plant (6.9a) without friction. It means that the friction
compensation makes the certainty-equivalent feedback design [Arcak and Kokototović, 2001a;
Praly and Arcak, 2002] of the linear plant without friction applicable to the original frictional
plant. This result is possible because of the cascaded structure of the closed-loop system
(6.13a-6.13b), i.e Theorem 6.4.1 holds independently of x̂, and the observer error e in (6.13a)
enters (6.13b) linearly.

6.5 Experimental Validation

In this section, the proposed design method is applied to an experimental setup, which is
shown in Figure 6.2. In this case, we consider the 1-DOF rotating arm of the setup without
the inverted pendulum. This section consists of three subsections. Subsection 6.5.1 explains
the experimental setup, a model of the setup and identification procedures of the model
parameters. In subsection 6.5.2, we demonstrate how to apply the proposed design method.
Finally, experimental results are presented in subsection 6.5.3.

6.5.1 The experimental setup, modelling, and identification

The 1-DOF rotating arm system consists of an induction motor, a planetary transmission,
and a rotating arm. Due to bearings and seals in the motor and in the transmission, the
inertia of the total system, i.e. the combined inertia of the separate elements, is subject to
friction.

The angular displacement of the arm is measured with a high-resolution encoder with
2×104 increments per revolution of the motor shaft, and there is no velocity sensor available.
The induction motor is supplied by a ‘Pulse Width Modulation’ source inverter with a motor
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constant of 16 Nm/V. The input signal of the source inverter and the encoder signals are
respectively sent and read by a dSPACE system [dSPACE, 1999], i.e. an interface PC card
equipped with a control desk program that provides a user interface in a Pentium PC to
control the setup. During the experiment the sampling frequency of the dSPACE system
is set to 5 [kHz]. The control algorithm is implemented as Simulink blocks in the Matlab
software package, which are then compiled to a Windows executable file. The dSPACE
system provides a real-time kernel that is used to run the executable file. A SigLab system
[SigLab, 1999] is used to perform on-line frequency domain measurements, which processes
the position measurement signal and the control signal from the dSPACE system.

A model of the rotating arm is given by[
ẋ1

ẋ2

]
=

[
0 1
0 −Fv/J

] [
x1

x2

]
−

[
0

1/J

]
F (x2)

+
[

0
1/J

]
u (6.27a)

y = x1 (6.27b)

where x1 and x2 position and velocity of the rotating arm respectively, Fv the linear viscous
friction damping, J the inertia of the rotating arm, F (·) a Stribeck friction model, u the input,
and y the measured position of the rotating arm. For this experimental setup, an asymmetric
Stribeck friction model is used because of the asymmetry of the identified friction curve as
shown in Figure 6.3. The asymmetry Stribeck friction model is described by

F (x2) =




g−(x2) if x2 < 0
[−F−

s , F+
s ] if x2 = 0

g+(x2) if x2 > 0
(6.28)

where
g−(x2) = −F−

c − (F−
s − F−

c ) exp(−| x2

v−s
|δ) (6.29)

with F−
s , F−

c and v−s static friction level, Coulomb friction level and Stribeck velocity for
negative velocities, respectively, and

g+(x2) = F+
c + (F+

s − F+
c ) exp(−| x2

v+
s
|δ) (6.30)

with F+
s , F+

c and v+
s static friction level, Coulomb friction level, and Stribeck velocity for

positive velocity, respectively.
The value of the inertia parameter J = 0.026 [kgm2/rad] is obtained from a Bode plot,

which is produced from the frequency domain measurement of the SigLab system. The friction
curve, which is depicted in Figure 6.3, is obtained from a closed-loop experiment where the
rotating arm is controlled with a PD controller at several constant velocities and the input
torque at a constant velocity is assumed to be equal to the friction torque. The friction
parameters values as shown in Table 6.1 are obtained by fitting the corresponding Stribeck
function to the experimental data that minimizes the quadratic cost function

min
θ

M∑
k=1

[u(vk) − (g(vk, θs) + Fvvk)]
2 (6.31)
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Figure 6.3: Friction curve: (· ·) measurement data and (—) fitted curve

where u(vk) is the average input torque during a constant velocity vk, g(·) is the Stribeck
function, θs = [ δ Fs Fc vs ] is a vector containing all Stribeck friction parameters, θs =
[ θs Fv ] and M is the number of data points.

Table 6.1: Identified friction parameters

Parameter x2 > 0 x2 < 0

δ [-] 1 1
Fs [Nm] 0.57 0.51
Fc [Nm] 0.39 0.38
Fv [Nms/rad] 0.082 0.079
vs [rad/s] 0.07 0.08

Slopes of those experimentally fitted Stribeck curves are bounded by λ− = −1.625 and
λ+ = −2.572 for negative and positive velocities, respectively. Thus, the experimentally
obtained asymmetric friction model satisfies Assumption 6.2.1 with λ = −2.572.

6.5.2 Application of the design method

According to the proposed observer-based friction compensation scheme, design variables of
the rotating arm system are the observer gains L = [ l1 l2 ]T , the weighting k, and the
controller gains N = [ n1 n2 ].

In the following, it is demonstrated how Theorem 6.4.1 is applied in order to get a design
rule for k, l1 and l2. Firstly, determine matrices H, B, and M from the rotating arm model

(6.27), namely H =
[ −k 1

]
, B =

[
0
1
J

]
, and M =

[ −l1 1
−l2 + λk

J −λ+Fv
J

]
. Then, verify

whether the pair (M, B) is controllable and the pair (H, M) is observable, i.e check if matrices[
B MB

]
and

[
H

HM

]
are full rank. In this case, those matrices are indeed full rank.

From the matrices H, B, and M , compute the transfer function T (s) and Re [T (jω)]. In this
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Table 6.2: Design variables values

Parameter x2 > 0 x2 < 0 Nominal value

k > 95.75 > 59.47 98
l1 > 95.75 > 59.47 100
l2 > ϕ(k, l1) > ϕ(k, l1) 80
n1 < 0 < 0 -8
n2 < 0.082 < 0.079 -0.9

ϕ(k, l1) = (kλ − l1(λ + Fv))/J

case T (s) and Re [T (jω)] are given by

T (s) =
s + l1 − k

Js2 + (Jl1 + λ + Fv)s + Jl2 + l1(λ + Fv) − λk
(6.32)

Re [T (jω)] =
(λ + Fv + kJ)ω2 + Jl2(l1 − k) + λ(l1 − k)2 + l1Fv(l1 − k)

(−Jω2 + l1(λ + Fv) + Jl2 − λk)2 + (Jl1 + λ + Fv)2ω2
. (6.33)

Then, find conditions on k, l1, and l2 such that the transfer function T (s) satisfies the
SPR condition, see [Khalil, 2000, Lemma 6.1, p. 238], resulting in k > −λ+Fv

J , l1 > −λ+Fv
J

and l2 > kλ−l1(λ+Fv)
J .

According to Theorem 6.4.2 the controller gains n1 and n2 must be chosen such that the

matrix A + BN is Hurwitz. From (6.27a), A =
[

0 1
0 −Fv/J

]
and the matrix A + BN is

Hurwitz if and only if n1 < 0 and n2 < Fv.
Due the asymmetry of the friction model, a nominal value of those design variables are

chosen such that it satisfies the obtained design rule for both negative and positive velocities,
see Table 6.2. In order to avoid the change of the viscous friction damping - because of
F−

v < F+
v - in the implementation of the proposed observer (6.12), we use Fv = F−

v in the
matrix A. The term (F+

v −F−
v )x2 is then added to the Stribeck function g+(x2) in the friction

compensation term in order to handle the larger viscous friction damping for positive velocity.

6.5.3 Experimental results

Responses of the controlled rotating arm with the nominal value of design variables from
Table 6.2 and initial conditions x = [ −1.57 0 ]T and x̂ = [ −1.5 0 ]T are depicted in
Figure 6.4.

Figure 6.4 compares the performance of the observer-based controller without and with
the friction compensation. It is understood that without friction compensation the controlled
frictional setup has a large steady-state error, i.e. ess > 0.29 [rad]. The friction compensation
works well and significantly reduces the steady state error to ess < 10−3 [rad]. Another
advantage of the friction compensation is that the resulting applied torque to the motor
is about the same as the one without friction compensation. Figure 6.4 also shows that
the friction compensation induces a transient dynamic around the setpoint. The transient
dynamics is due to frictional phenomena that are not captured by the Stribeck friction model
used in the friction compensation. Numerical simulations confirm no transient dynamics
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Figure 6.4: Experimental results: (—) with friction compensation and (- -) without friction compen-
sation

around the setpoint and zero steady-state error if the friction acting on the plant is exactly
described by the Stribeck friction model. Nevertheless, a better performance can be obtained
if the controller gain N and the observer gain L are well tuned. Tuning procedures for linear
systems such as the pole placement technique and the linear quadratic (LQ) optimal control
design, see e.g. [Friedland, 1986], can be used because the friction compensation scheme
enables the certainty-equivalent feedback design, see Remark 6.4.1. The friction compensation
term may induce a non-smooth phenomenon in the applied input torque to the motor as shown
in Figure 6.4 at t ≈ 1.5 [s] and at t ≈ 3.1 [s]. It is also shown that the controller is still active
even though the rotating arm has been at rest, see Figure 6.4 at t ≈ 5.8 [s]. This phenomenon
may be induced by the presliding dynamics of friction that cannot be compensated by a static
friction compensation. However, this effect can be avoided by adding a stopping procedure
for the motor while the rotating arm is at rest.

6.6 Conclusions and Future Work

A simple design rule for the proposed observer-based controller with friction compensation
scheme guaranteeing global exponential stability of the closed-loop system has been derived.
It preserves the separation and the certainty equivalent principles that enable one to use
available tuning procedures to tune the linear controller and observer gains in order to achieve
a desired performance. The friction compensation scheme has been tested on an experimental
setup and it shows a promising result.

In future work, we attempt to make a robust version of the friction compensation scheme
since friction is a highly nonlinear phenomenon that cannot be completely captured by a sim-
ple model. It is also desirable to have an adaptation mechanism available for the parameters
in the friction compensation model because the actual friction characteristics may change due
to e.g. wear, temperature, and humidity.



84 A Design Method for Observer-Based Friction Compensation



Chapter 7

Analysis of Inexact Friction
Compensation

7.1 Introduction

In Chapter 5 and Chapter 6, we have derived design rules for observer-based friction com-
pensation guaranteeing global exponential stability of a setpoint of a controlled positioning
mechanical system. These results are based on the assumption that the friction model, which
is used for the friction compensation, captures exactly the friction force acting on the me-
chanical system. However, friction is a highly nonlinear phenomenon, which is difficult to
be completely described by a relatively simple model as considered in the preceding chapters
[Armstrong-Hélouvry, 1991; Olsson et al., 1998]. Because of modelling errors and parameter
estimation errors, friction compensation errors are inevitable. The numerical and experimen-
tal results in Chapter 5 suggest that undercompensation of friction results in steady-state
errors and overcompensation of friction induces limit cycling. This chapter is intended to
provide a rigorous mathematical analysis of those phenomena. For the sake of simplicity,
in this study we consider friction compensation in PD controlled 1-DOF systems with state
feedback.

The limit cycling effect that is induced by overcompensation of friction in PD controlled
1-DOF systems has been analyzed in [Canudas de Wit, 1993; Canudas de Wit et al., 1991] by
means of the describing function method. In the describing function analysis they consider
the case where the friction compensation is based upon a Coulomb friction model and the
actual friction is assumed to have the Stribeck effect. Papadopoulos and Chasparis [2002]
validate the predicted limit cycle on an experimental setup but, at the same time, they also
show that the prediction of the describing function is not always accurate. This chapter
analyzes the effect of both undercompensation and overcompensation of friction by using the
invariance principle [Alvarez et al., 2000] and the properties of the ω-limit set of trajectories
of a second-order differential inclusion [Filippov, 1988]. The results of these exact methods
hold for a class of Stribeck friction models as introduced in Chapter 2.

This chapter is organized as follows. Section 7.2 explains the model of the controlled
system with friction compensation. The undercompensation case is treated in section 7.3
and the overcompensation case is studied in section 7.4. Section 7.5 provides a numerical
demonstration of the theoretical results and finally conclusions are given in section 7.6.
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7.2 Mathematical Models

In this section we recall the 1-DOF mechanical system that has been studied in the preceding
chapters and rewrite the model in the following state space representation

ẋ = y (7.1a)

ẏ = −Fv

J
y − 1

J
F (y, u) +

1
J

u (7.1b)

where x, y and J are the position, the velocity and the inertia of the mechanical systems,
respectively, Fv > 0 is the viscous friction damping, F (y, u) is a Stribeck friction model and u
is the input force. Here, we consider a general Stribeck friction model F (y, u) as introduced
in Chapter 2 that is given by

F (y, u) =
{

g(y)sign(y) if y �= 0
min {|u|, Fs} sign(u) if y = 0

(7.2)

with Fs the static friction level and g(y) a Stribeck curve. Because g(y) is a monotonically
decreasing curve and 0 < Fc ≤ g(y) ≤ Fs, this Stribeck friction model (7.2) has the following
properties:

Fc|y| ≤ F (y, u)y ≤ Fs|y|, min(F (y, u)) = −Fs, and max(F (y, u)) = Fs. (7.3)

In order to regulate the frictional mechanical system (7.1) towards a setpoint xs, we
consider a PD controller with friction compensation of the form

u = Kp(xs − x) + Kd(0 − y) + αF̂ (y, ū). (7.4)

where Kp > 0 is the proportional gain, Kd > 0 is the derivative gain, and αF̂ (y, ū) is a friction
compensation term with

F̂ (y, ū) =
{

g(y)sign(y) if y �= 0
Fssign(ū) if y = 0

(7.5)

where ū = Kp(xs − x), and α > 0 is a constant that gives a measure of the imperfectness
of the friction compensation as used in Chapter 5, i.e. α < 1 implies undercompensation,
α = 1 yields exact compensation, and α > 1 results in overcompensation. Without loss of
generality, we assume that the setpoint is the origin, i.e. xs = 0, such that the input u is
given by

u = −Kpx − Kdy + αF̂ (y,−Kpx). (7.6)

Substitution of the feedback (7.6) into the system (7.1) results in the closed-loop system

ẋ = y (7.7a)

ẏ = −Kp

J
x − (Kd + Fv)

J
y +

1
J

∆F (y, us). (7.7b)

where

∆F (y, us) = αF̂ − F =




(α − 1)g(y)sign(y) if y �= 0
(α − 1)Fssign(−x) if y = 0 and |us| > Fs

Kpx otherwise
(7.8)
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is the friction compensation error with us = −Kpx−αFssign(x) the input force at zero veloc-
ity. In practice the friction compensation error is, certainly, not of this form but this type of
scaling rule allows to investigate the effect of both undercompensation and overcompensation
of friction in a relatively straightforward manner.

Remark 7.2.1. Throughout the thesis we use the solution concept of Filippov to define
solutions of frictional mechanical systems with discontinuous friction models. In the solution
concept of Filippov, a differential equation with discontinuous righthand sides is extended into
a convex differential inclusion (see Appendix A). Regarding the convexification of the friction
compensation error ∆F = αF̂ − F in the closed-loop system (7.7) there are several possible
approaches. One approach is first to convexify F , then to add the single-valued F̂ and then
to convexify ∆F . Another approach is to convexify ∆F directly as we do in this section. The
advantage of the last approach is that it results in a simpler expression. Nevertheless, both
approaches result in the same solutions of the closed-loop system (7.7), see Appendix C for
details.

The convexification of ∆F , yields

∆F (y) ∈
{ {(α − 1)g(y)sign(y)} if y �= 0

[(α − 1)Fs, (1 − α)Fs] if y = 0.
(7.9)

and the substitution of ∆F in (7.7) with the set-valued map ∆F results in the differential
inclusion

ẋ = y (7.10a)

ẏ ∈ −Kp

J
x − (Kd + Fv)

J
y +

1
J

∆F (y). (7.10b)

From now on, we study the dynamics of the closed-loop system (7.10). From the Stribeck
friction properties (7.3), the set-valued map ∆F has the following characteristics:

(α − 1)Fc|y| ≥ ∆F (y, us)y ≥ (α − 1)Fs|y| if α ≤ 1, (7.11a)
(α − 1)Fc|y| ≤ ∆F (y, us)y ≤ (α − 1)Fc|y| if α ≥ 1, (7.11b)

min(∆F (y, us)) = −|α − 1|Fs, and max(F (y, u)) = |α − 1|Fs. (7.11c)

Notice that in the case of exact compensation, i.e. α = 1, (7.9) yields ∆F ≡ 0. Therefore,
the closed-loop system (7.10) is reduced to a linear system. In this case the closed-loop system
has a unique equilibrium point at the origin, which is globally exponentially stable because
Kp, Kd > 0. For the case of inexact compensation, i.e. α �= 1, the closed-loop system (7.10)
has an equilibrium set that is given by

SE =
{

(x, y) ∈ R
2 : |x| ≤ |α − 1|

Kp
Fs, y = 0

}
. (7.12)

Obviously the equilibrium set SE contains the origin, which is the setpoint. The dynamics of
the closed-loop system (7.10) for the undercompensation case (α < 1) and the overcompen-
sation case (α > 1) will be analyzed separately in the next two sections.
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7.3 Undercompensation Case

In this section, it will be proven that in the case of undercompensation the origin of the closed-
loop system (7.10) is stable and the equilibrium set SE is globally attractive. For this purpose,
we use the Lyapunov theorem [Shevitz and Paden, 1994] and the invariance principle [Alvarez
et al., 2000; Van de Wouw and Leine, 2004]. In order to apply the invariance principle, we
need to verify that the closed-loop system (7.10) has unique solutions in forward time [Alvarez
et al., 2000; Van de Wouw and Leine, 2004].

The uniqueness of solutions of the discontinuous system (7.7) depends on the dynamics
near the discontinuity manifold of the vector field. The discontinuity manifold of (7.10) is
given by

S =
{
(x, y) ∈ R

2 : y = 0
}

(7.13)

which is the x-axis in the phase plane and n = [ 0 1 ]T is its corresponding normal vector.
The discontinuity manifold S partitions the phase plane into two regions

G− =
{
(x, y) ∈ R

2 : y < 0
}

and G+ =
{
(x, y) ∈ R

2 : y > 0
}

.

The projections of the vector field in G+ and G− on the normal vector n at the discontinuity
manifold S are given by

nT f+(x, y) = −Kp

J
x +

(α − 1)
J

Fs, ∀ (x, y) ∈ S (7.14)

and

nT f−(x, y) = −Kp

J
x − (α − 1)

J
Fs, ∀ (x, y) ∈ S (7.15)

respectively.
Solutions of (7.7) cross the discontinuity manifold S transversally if and only if

nT f+(x, y) · nT f−(x, y) > 0 =⇒ Kp|x| > |α − 1|Fs. (7.16)

Therefore, these transversal intersections occur in the segment

ST =
{

(x, y) ∈ R
2 : |x| >

|α − 1|
Kp

Fs, y = 0
}

⊂ S. (7.17)

Notice that ST = S \ SE . Repulsive sliding modes occur at the discontinuity manifold S if

nT f+(x, y) > 0 and nT f−(x, y) < 0 =⇒ Kp|x| < (α − 1)Fs (7.18)

which is not possible since (α − 1)Fs < 0. The absence of repulsive sliding modes and the
fact that S = SE ∪ ST guarantee uniqueness of solutions of the closed-loop system (7.7)
on the discontinuity manifold S [Leine, 2000, Chapter 2]. Hence, we can conclude that the
closed-loop system (7.7) with α < 1 has unique solutions in forward in time.

Theorem 7.3.1. The origin of the closed-loop system (7.10) with α < 1 is globally stable and
the equilibrium set SE of (7.10) given by (7.12) is globally attractive.
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Proof. Consider the positive definite function

V (x, y) =
Kp

2
x2 +

J

2
y2 (7.19)

that is radially unbounded as a Lyapunov function candidate. The time-derivative of V (x, y)
along trajectories of the controlled system (7.10) is given by

V̇ (x, y) ∈ −(Kd + Fv)y2 + ∆F (y)y. (7.20)

From (7.11a) we have ∆F (y)y ≤ (α − 1)Fs|y| ≤ 0 and ∆F (y)y = 0 if and only if y = 0,
therefore

V̇ (x, y) ≤ −(Kd + Fv)y2. (7.21)

The existence the Lyapunov function (7.19) with its time derivative satisfying (7.21) proves
that the origin is globally stable [Shevitz and Paden, 1994]. Furthermore, because V̇ (x, y) = 0
only in the set S =

{
(x, y) ∈ R

2 : y = 0
}

and the equilibrium set SE is the largest invariant set
of (7.10) contained in the set S, and the controlled system (7.7) has unique solutions in forward
time, following the invariance principle [Alvarez et al., 2000, Theorem 1] all trajectories of
the controlled system (7.7) converge to the equilibrium set SE . Hence, the equilibrium set
SE is globally attractive.

Theorem 7.3.1 indicates that the controlled system (7.7) with α < 1 may exhibit steady-
state errors, which are bounded by (1 − α)Fs/Kp due to the size of the equilibrium set SE .

7.4 Overcompensation Case

This section investigates the dynamics of the closed-loop system (7.10) with α > 1. The
objective is to provide a rigorous analysis that overcompensation of friction may provoke
limit cycling around the setpoint. The analysis is based on the properties of the ω-limit set
of trajectories of a second-order differential inclusion. The following definition of ω-limit sets
is taken from [Filippov, 1988, p.129]

Definition 7.4.1 (ω-limit set). A point q ∈ R
n is an ω-limit point of a trajectory Γ =

{x ∈ R
n : x = ϕ(t), t0 ≤ t < ∞, ϕ(t) ∈ C}, if there exists a sequence of times tn, n = 1, 2, ...,∞

with tn → ∞ as n → ∞ such that lim
n→∞ϕ(tn) = q. The set of all ω-limit points of a trajectory

Γ is called the ω-limit set of the trajectory and is denoted by Ω(Γ).

Proposition 7.4.1. The ω-limit set of all trajectories of the closed-loop system (7.10) with
α > 1 is bounded.

Proof. Consider the positive definite function

V (x, y) =
1
2
(Fvx + Jy)2 +

1
2
(KpJ + KdFv)x2 (7.22)

that is radially unbounded. Its time-derivative along trajectories of (7.10) is given by

V̇ (x, y) ∈ −KpFvx
2 + Fv∆F (y)x − KdJy2 + J∆F (y)y. (7.23)

Because of ∆F (y)x ≤ (α − 1)Fs|x| and ∆F (y)y ≤ (α − 1)Fs|y|, then

V̇ (x, y) ≤ −KpFv|x|2 + (α − 1)FvFs|x| − KdJ |y|2 + (α − 1)JFs|y| (7.24)
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and V̇ (x, y) < 0 if
KpFvx

2 + KdJy2 > (α − 1)Fs (Fv|x| + J |y|) . (7.25)

The inequality (7.25) holds for all pairs (x, y) that are away from the origin because the
left-hand side of the inequality is a quadratic function of x and y while the right-hand side is
linear function of the absolute value of x and y. Therefore, trajectories of (7.10) cannot grow
unbounded in forward time.

In order to prove that the closed-loop system (7.10) exhibits limit cycling, we need to
show that the ω-limit set contains an isolated closed orbit. The following theorem, which is
proven in [Filippov, 1988, Theorem 3, p.137], is very helpful to achieve this goal.

Theorem 7.4.2. Consider a second-order autonomous differential inclusion

ż ∈ F (z) (7.26)

with F (z) a set-valued function that is closed, convex and bounded for all z ∈ R
2 and the

function F is upper semi-continuous. Suppose that uniqueness of solutions in forward time
holds at any point on a trajectory Γ =

{
z ∈ R

2 : z = ϕ(t), t ∈ [0,∞)
}

of (7.26). If the Ω (Γ)
is bounded and contains no equilibrium points then it consists of one closed orbit.

The righthand side of the closed-loop system (7.10) satisfies the conditions in Theorem
7.4.2 because it is obtained from the Filippov’s convexification method, see Remark 7.2.1.
Based on this result and Proposition 7.4.1, we can prove that the closed-loop system (7.10)
exhibits limit cycling if we can show that the ω-limit set Ω (Γ) does not contain any equilibrium
points and uniqueness of solutions in forward time holds at any point on the trajectory Γ.

From (7.12), the closed-loop system (7.10) with α > 1 also has the equilibrium set SE

as in the undercompensation case. It has been shown in the previous section that repulsive
sliding modes occur at the discontinuity manifold S if

nT f+(x, y) > 0 and nT f−(x, y) < 0 =⇒ Kp|x| < (α − 1)Fs.

Because of α > 1 these repulsive sliding modes occur at

Ψ = {(x, y) : |x| < (α − 1)Fs/Kp, y = 0} ⊂ SE . (7.27)

Therefore, Ψ ⊂ SE is an unstable equilibrium set of (7.10). Notice that the equilibrium set

SE =
{

(−(α − 1)Fs

Kp
, 0)

}
∪ Ψ ∪

{
(
(α − 1)Fs

Kp
, 0)

}
. (7.28)

From this analysis it can be concluded that the ω-limit set of all trajectories starting at
(x0, y0) ∈ R

2 \ SE does not contain the unstable equilibrium set Ψ but it may contain one of
the equilibrium points (− (α−1)Fs

Kp
, 0) and ( (α−1)Fs

Kp
, 0).

In the following, we investigate the vector field of the closed-loop system (7.10) around
those two extremal equilibrium points resulting in a phase-plane analysis as depicted in Figure
7.1. The projection of the vector field of (7.10) on the normal m = [ 1 0 ]T to the y-axis is

mT f(x, y) = y (7.29)



7.4 Overcompensation Case 91

y

x

y = −Kp

Kd+Fv
x + (α−1)Fs

Kd+Fv

y = −Kp

Kd+Fv
x − (α−1)Fs

Kd+Fv

G−

G+

Ψ ( (α−1)Fs

Kp
, 0)

(0, (α−1)Fs

Kd+Fv
)

Figure 7.1: Direction of the vector field of (7.10) along the x-axis and the y-axis

such that mT f(x, y) < 0 for all (x, y) ∈ G− =
{
(x, y) ∈ R

2 : y < 0
}

and mT f(x, y) > 0 for
all (x, y) ∈ G+ =

{
(x, y) ∈ R

2 : y > 0
}
. The projection of the vector field on the normal

n = [ 0 1 ]T to the x-axis is given by

nT f(x, y) ∈ −Kp

J
x − (Kd + Fv)

J
y +

1
J

∆F (y). (7.30)

Because ∆F (y) ≤ (α − 1)Fs, ∀ y ≥ 0 following (7.30) we have

nT f(x, y) < 0 if y >
−Kp

Kd + Fv
x +

(α − 1)Fs

Kd + Fv
(7.31)

and since ∆F (y) ≥ −(α − 1)Fs, ∀ y ≤ 0 following (7.30) yields

nT f(x, y) > 0 if y <
−Kp

Kd + Fv
x − (α − 1)Fs

Kd + Fv
. (7.32)

From the phase-plane analysis we know that the equilibrium point ( (α−1)Fs

Kp
, 0) can only

be reached from G+ and the equilibrium point (−(α−1)Fs

Kp
, 0) can only be approached from

G−. Next, we want to investigate under which conditions these equilibrium points cannot
actually be reached. The dynamics of (7.10) in G+ reduces to

ẋ = y (7.33a)

ẏ = −Kp

J
x − (Kd + Fv)

J
y +

α − 1
J

g(y) (7.33b)

with g(y) is a Stribeck function, which is a smooth function of y. The Stribeck function g(y)
for small positive values of y, i.e. y � 0, can be approximated as

g(y) ≈ Fs + h(y) (7.34)
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Kp
, 0)
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(b)

Figure 7.2: Vector field around the equilibrium point ( (α−1)Fs

Kp
, 0): (a) the underdamped case and

(b) the overdamped case with v1 and v2 the directions of faster and slower eigenvalues, respectively.

with h(y) the higher-order term and h(y) ≈ 0 if y � 0. Hence, for y � 0 (7.34) can be
approximated by the linear system

ẋ = y (7.35a)

ẏ = −Kp

J
x − (Kd + Fv)

J
y +

(α − 1)
J

Fs (7.35b)

Since J, Kp, Kd, Fv > 0 the linear system (7.35) is stable and all trajectories converge to the
equilibrium point ( (α−1)Fs

Kp
, 0). However, if the dynamics of (7.35) is underdamped, i.e. (7.35)

has a pair of complex eigenvalues that holds if (Kd + Fv)2 < 4KpJ , then those trajectories
will oscillate before converging to the equilibrium point. However, this dynamics holds only
in G+ and once the trajectory crosses the x-axis it will move away from the x-axis towards
the region G− as depicted in Figure 7.2(a). Because the vector field in G− and in G+ are
symmetric the same scenario takes place and the cyclus repeated such that the two extremal
equilibrium points cannot be reached neither in finite time nor in infinite time. Hence, for the
underdamped case the ω-limit set of all trajectories of the closed-loop system (7.10) starting
away form the equilibrium set SE does not contains any equilibrium points but the ω-limit
set encircles the equilibrium set SE .

In order to fulfill all conditions in Theorem 7.4.2, we still need to show that uniqueness
of solutions in forward time holds at any points on those trajectories whose ω-limit set does
not contains any equilibrium points. From the previous section, we have that trajectories of
the closed-loop system (7.10) cross the discontinuity manifold S transversally in the segment

ST =
{

(x, y) ∈ R
2 : |x| >

(α − 1)
Kp

Fs, y = 0
}

and uniqueness of solutions in forward time holds at any point x ∈ ST . Since the discontinuity
manifold S = SE∪ST and those trajectories do not contain any point x ∈ SE then uniqueness
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Figure 7.3: Phase portrait of the controlled system (7.7) with α = 0.8

of solutions in forward time holds at any point on those trajectories. Therefore, all conditions
in Theorem 7.4.2 has been satisfied and we can conclude the following result.

Proposition 7.4.3. The ω-limit set of any trajectory of the closed-loop system (7.10) with
α > 1 starting away from the equilibrium set SE given by (7.12) consists of one closed orbit,
which encircles the equilibrium set SE, if (Kd + Fv)2 < 4KpJ .

From Proposition 7.4.3, we conclude that the closed-loop system (7.10) exhibits limit cycling
with the amplitude of oscillation Ax > (α−1)Fs

Kp
if (Kd + Fv)2 < 4KpJ .

If the dynamics of (7.35) is overdamped, i.e. (7.35) has two real eigenvalues that holds
if (Kd + Fv)2 ≥ 4KpJ , then all trajectories of (7.35) converge exponentially fast to the
equilibrium point ( (α−1)Fs

Kp
, 0) without oscillation. Therefore, the equilibrium point can be

reached in infinite time along the corresponding eigen-directions as depicted in Figure 7.2(b).
This result also holds for the other equilibrium point (−(α−1)Fs

Kp
, 0) due to the symmetry of

the vector field. Hence, the ω-limit set of trajectories of the closed-loop system (7.10) may
contains one of those two extremal equilibrium points and therefore the closed-loop system
(7.10) may not exhibit limit cycling. Since the convergence analysis is done locally around
those equilibrium points, we cannot conclude that every trajectory of the closed-loop system
(7.10) converges to one of those equilibrium points. From this analysis and Proposition 7.4.3,
we obtain the following result.

Theorem 7.4.4. The ω-limit set of any trajectory of the closed-loop system (7.10) with α > 1
starting away from the equilibrium set SE given by (7.12) consists of one closed orbit, which
encircles the equilibrium set SE, if (Kd + Fv)2 < 4KpJ . Otherwise, the ω-limit set may
contain one of the extremal equilibrium points ( (α−1)Fs

Kp
, 0) and (−(α−1)Fs

Kp
, 0).

7.5 A Numerical Example

This section provides numerical illustrations of the theoretical results obtained in the last two
sections. For this purpose we consider the rotating arm system studied in Chapter 4 with the
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Figure 7.4: Phase portrait of the closed-loop system (7.10) with α = 1.2: (a) the underdamped case
with Kp = 1 and Kd = 0.2, and (b) the overdamped case with Kp = 1 and Kd = 0.8, E1 and E2 are
the extremal equilibrium points

parameter values in Table 4.1. A phase portrait showing an attracting equilibrium set of the
controlled system (7.7) with α = 0.8 (20% undercompensation) and the PD controller gains
are set to Kp = 0.1 and Kd = 0.1 is depicted in Figure 7.3.

In order to simulate the controlled system in the overcompensation case, we chose the
differential inclusion (7.10) since the original discontinuous right-hand side system (7.7) is
not able to exhibit the steady-state solution at the equilibrium set SE . Figure 7.4(a) depicts
a phase portrait of the closed-loop system (7.10) with α = 1.2 (20% overcompensation) in the
underdamped case showing an asymptotically stable closed orbit and Figure 7.4(b) depicts
a phase portrait in the overdamped case showing two attracting equilibrium points. These
simulation results agree with Theorem 7.4.4.

7.6 Conclusions

It has been proven that undercompensation of friction in PD controlled 1-DOF mechani-
cal systems results in a globally attracting equilibrium set containing the setpoint, which is
globally stable. This result indicates that those controlled systems may exhibit steady-state
errors that are bounded by the size of that equilibrium set. It also has been rigorously proven
that overcompensation of friction in PD controlled 1-DOF mechanical systems provokes limit
cycling in the case where the linearized dynamics of those controlled systems around the
extremal equilibrium points is underdamped. However, in the overdamped case overcompen-
sation of friction may not induce limit cycling. These theoretical results hold for a class of
discontinuous friction models consisting of static, Coulomb and viscous friction, and including
the Stribeck effect and have been demonstrated by a numerical example.



Chapter 8

Conclusions and Recommendations

Many applications of controlled mechanical systems such as robotic manipulators, pick-and-
place machines, telescope pointing systems and optical disc drives are designed to execute
certain positioning tasks. The positioning accuracy and the settling time are the main con-
tributors to the overall performance of controlled positioning systems. Friction, which is
present in a large majority of those controlled mechanical systems, can deteriorate their
positioning performance in terms of large steady-state errors and limit cycling oscillations.
Limit cycling is an unwanted effect in controlled positioning systems that keeps the systems
oscillating around a setpoint. The thesis considers a class of discontinuous friction models
consisting of static, Coulomb and viscous friction, and including the Stribeck effect and it
has addressed the friction-induced limit cycling problem and elimination of limit cycling and
steady-state errors through output feedback friction compensation. This chapter presents
general conclusions of the thesis and recommendations for further research.

8.1 Conclusions

The computational bifurcation analysis in chapter 3 indicates that friction significantly de-
teriorate positioning performance of output feedback mechanical systems, particularly those
with flexibility or underactuation, in terms of large steady-state errors and limit cycling os-
cillations. This suggests that friction compensation is necessary in order to improve the
positioning performance of output feedback controlled mechanical systems.

The thesis focuses on an output feedback friction compensation scheme consisting of a
linear observer, linear feedback gains and a friction compensation term. In the ideal case,
the friction compensation term should linearize the frictional mechanical system. However,
the numerical and experimental results in Chapter 4 indicate that the observer-based friction
compensation scheme may give rise to limit cycling even though the controller gains and the
observer gains are designed to stabilize the linear part of the closed-loop system. Nevertheless,
the limit cycling can be eliminated by enlarging the controller and the observer gains at the
cost of a relatively small steady-state error.

The results presented in Chapters 3 and 4 suggest that computational bifurcation methods
are very useful for the analysis of friction-induced limit cycling and for tuning controllers and
observers gains in order to eliminate limit cycling. Furthermore, those results motivate the
search for analytical design methods for the gains of the observer-based friction compensation
scheme guaranteeing the absence of limit cycling and steady-state errors.

A design rule for the observer gain and the controller gains of a reduced-order observer-
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based friction compensation for 1-DOF systems guaranteeing global exponential stability of
a setpoint, which excludes the possibility of limit cycling and steady-state errors, has been
derived in Chapter 5. The design method takes into account the incremental sector bounded
condition of the friction model and it preserves the linear separation principle that allows to
design the observer gain and the controller gains separately.

Chapter 6 provides an analytical design method for a full-order observer-based friction
compensation scheme guaranteeing global exponential stability of a setpoint, which is appli-
cable to multi-degree of freedom mechanical systems. In this case, the friction compensation
term is not only a function of the estimated velocity but also of a weighted function of the ob-
servation errors. The design method also takes into account the incremental sector bounded
condition of the friction models and it preserves the separation principle and the certainty
equivalent principle. The design method is based on passivity theory and it only involves the
strictly positive real (SPR) criterium for the observer gains and the Hurwitz condition for the
controller gains. The effectiveness of the design method has been demonstrated experimen-
tally on a rotating arm manipulator.

The design methods presented in Chapters 5 and 6 assume that the friction model, which
is used for friction compensation, captures exactly the friction force acting on the mechanical
system. However, friction is a highly nonlinear phenomenon that is difficult to be completely
described by a relatively simple model as considered in the thesis. The effect of inexact
friction compensation in controlled mechanical systems been analyzed in Chapters 5 and 7
through a scaling rule. The numerical and experimental results in Chapter 5 suggest that
undercompensation of friction results in steady-state errors and overcompensation of friction
induces limit cycling. Some initial steps towards a rigorous mathematical analysis have been
taken in Chapter 7 for the case of PD controlled 1-DOF systems. These results indicate
that if exact friction compensation cannot be achieved undercompensation is preferable to
overcompensation. Moreover, it is also shown that the size of the steady-state error, which
is induced by undercompensation of friction, can be minimized by increasing the controller
gain.

8.2 Recommendations

In this section, we list a few open problems and possible extensions for future research that
directly arise from the thesis.

• It has been shown that bifurcation analysis tools from nonlinear dynamics are useful
for tuning controller and observer design variables of a controlled frictional mechanical
system in order to eliminate limit cycling. Further study is required to investigate how
we can derive automatic tuning procedures for controller design variables that are based
on bifurcation methods in order to obtained desired dynamics of a controlled system.

• The bifurcation analysis in Chapter 3 indicates that an underactuated Furuta pendulum
cannot be stabilized around the unstable upper equilibrium position by a linear output
feedback compensator, where only position measurements are available, in the presence
of friction in the actuated arm. It is of interest to provide a rigorous analysis of this
phenomenon. A general research question related to this phenomenon would be to
what extent friction can destabilize a setpoint of a controlled underactuated mechanical
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system. The answer to this question may indicate how far the presence of friction can
be neglected in designing a controller for underactuated mechanical systems.

• In Chapter 6, we have derived a design method for an observer-based friction compen-
sation, which is based on a class of discontinuous friction models, guaranteeing global
exponential stability of a setpoint. It is an open problem whether we can apply the
same technique to more complex friction models such as the dynamic LuGre model.

• Because of the fact that friction is a highly nonlinear phenomenon that cannot be
completely captured by a simple model, it is desirable to have a robust version of the
observer-based friction compensation methods presented in Chapters 5 and 6. This
could possibly be done by using the method presented in [Arcak and Kokototović,
2001b] that utilizes the input to state stability (ISS) property of the unmodelled dy-
namics. Another desirable extension of the friction compensation method is to include
an adaptation mechanism for the friction parameters such that the friction compensator
can cope with the change of friction that may occur due to temperature, humidity, wear,
etc.

• The friction compensation method presented in Chapter 6 is potentially applicable to
the underactuated Furuta pendulum studied in Chapter 3 where friction appears only in
the actuated joint. So far, we have only implemented the friction compensation scheme
on the rotating arm of the Furuta pendulum setup. It is recommended to implement
the friction compensation method on the complete Furuta pendulum setup including
the inverted pendulum in order to investigate the feasibility of the proposed friction
compensation scheme for underactuated mechanical systems.

• In the thesis we have not yet considered friction compensation in unactuated joints
of an underactuated mechanical system. A natural extension of our study is to in-
vestigate whether a similar approach presented in this thesis can be apply for friction
compensation in unactuated joints.

• The birth of a limit cycle due to overcompensation of friction, which has been discussed
in Chapters 5 and 7, can be interpreted as a bifurcation phenomenon according to
the definition of bifurcation in [Seydel, 1994, p. 49] when the level of the friction
compensation increases from undercompensation to overcompensation. The bifurcation
also involves the change of an equilibrium point into a set of equilibria. This type
of bifurcation is not well understood yet and further analysis is required in order to
correctly characterize the bifurcation phenomenon, for example by using the approach
presented in [Leine and Nijmeijer, 2004].
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Appendix A

Terminology

This appendix briefly describes some frequently used terminology in the thesis. The contents
of this appendix are based on the following references: [Khalil, 2000], [Seydel, 1994], and
[Leine and Nijmeijer, 2004]. For detailed explanations readers are suggested to refer to those
references.

A.1 Qualitative Theory of Nonlinear Dynamics

A.1.1 Equilibrium points

Consider the differential equation

ẋ(t) = f(t, x(t)), t ∈ R+, x ∈ R
n (A.1)

and assume that solutions of (A.1) are well defined.

Definition A.1.1 (Equilibrium point). A point x∗ ∈ R
n is called an equilibrium point of

(A.1) if f(t, x∗) = 0 for all t ≥ 0.

Next, we assume that the origin is an equilibrium point of (A.1). In order to study stability
of the equilibrium point x = 0, the following notations and definitions, which are adopted
from [Khalil, 2000, Chapter 4], are introduced.

Definition A.1.2. A sphere of radius r around the origin is denoted by Br, i.e.

Br = {x ∈ R
n : ‖x‖ ≤ r}

Definition A.1.3. A function f : R
n → R

m is said to be continuous at a point x ∈ R
n if for

any given ε > 0 a constant δ > 0 exists such that

‖x − y‖ < δ ⇒ ‖f(x) − f(y)‖ < ε, ∀ y ∈ R
n.

Definition A.1.4. A continuous function α : [0, a) → [0,∞) is said to belong to class K
(α ∈ K) if it is strictly increasing and α(0) = 0.

Definition A.1.5. A continuous function β : [0, a) × [0,∞) → [0,∞) is said to belong to
class KL (β ∈ KL) if for each fixed s the mapping β(r, s) belongs to class K with respect to
r, and if for each fixed r the mapping β(r, s) is decreasing with respect to s and β(r, s) → 0
as s → ∞.
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Definition A.1.6 (Stability in the sense of Lyapunov). The equilibrium point x = 0 of
(A.1) is said to be

• (locally) stable if a constant r > 0 exists such that for all t0 ∈ R+ a function α ∈ K
exists such that

‖x(t)‖ ≤ α(‖x(t0)‖), ∀ t ≥ t0, ∀x(t0) ∈ Br; (A.2)

• globally stable if (A.2) holds for all (t0, x(t0)) ∈ R+ × R
n;

• unstable if it is not stable.

Definition A.1.7 (Asymptotic stability). The equilibrium point x = 0 of (A.1) is said to
be

• (locally) asymptotically stable if a constant r > 0 exists such that for all t0 ∈ R+ a
function β ∈ KL exists such that

‖x(t)‖ ≤ β(‖x(t0)‖, t − t0), ∀ t ≥ t0, ∀x(t0) ∈ Br; (A.3)

• globally asymptotically stable (GAS) if (A.3) holds for all pairs (t0, x(t0)) ∈ R+ × R
n.

Definition A.1.8 (Exponential stability). The equilibrium point x = 0 of (A.1) is said to
be (locally) exponentially stable if it is (locally) asymptotically stable and (A.3) is satisfied
with

β(r, s) = kr exp(−γs), k > 0, γ > 0.

In a similar way we can define the equilibrium point x = 0 to be globally exponentially stable
(GES).

In order to prove stability properties of equilibria many methods are based on what is
called a Lyapunov function, and the most common theorem is Lyapunov’s stability theorem,
see for example [Khalil, 2000; Sastry, 1999].

A.1.2 Periodic solutions and limit cycles

In the thesis, we often say that a controlled system exhibits limit cycling if it possesses a
(stable) limit cycle. The following definitions regarding limit cycles of the nonlinear system
(A.1), which are taken from [Khalil, 2000, Section 2.4], are introduced.

Definition A.1.9 (Periodic solution). A solution xp(t) is called a periodic solution of
(A.1) if a constant T > 0 exists such that

xp(t + T ) = xp(t), ∀ t ≥ 0. (A.4)

The minimal T satisfying (A.4) is called the period of the periodic solution xp(t).

Definition A.1.10 (Limit cycle). The image of a periodic solution in the state space is
called a closed orbit. An isolated closed orbit is called a limit cycle.

In order to study stability of a periodic solution xp(t) of the nonlinear system (A.1), the
following notation and definitions, which are adopted from [Leine and Nijmeijer, 2004, Section
7.1, p.109], are introduced. Let ϕ(t, t0, x0) denotes the solution of (A.1) at time t starting
from x0 at time t0.
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Definition A.1.11 (Stability of periodic solutions). A periodic solution ϕp(t, t0, x∗
0) of

(A.1) is said to be (locally) stable if for each ε > 0 and any t0 ≥ 0 there exist δ(ε, t0) > 0 and
a function t1(t) such that

‖x0 − x∗
0‖ < δ(t0, ε) ⇒ ‖ϕ(t, t0, x0) − ϕp(t1(t), t0, x∗

0)‖ < ε, ∀ t ≥ t0.

A periodic solution is said to be unstable if it is not stable.

Definition A.1.12 (Asymptotic stability of periodic solutions). A periodic solution
ϕp(t, t0, x∗

0) of (A.1) is said to be (locally) asymptotically stable if it is stable and a constant
δ > 0 can be chosen such that

‖x0 − x∗
0‖ < δ ⇒ lim

t→∞‖ϕ(t, t0, x0) − ϕp(t1(t), t0, x∗
0)‖ = 0.

Hence, a solution x(t) of (A.1) that starts in an ε-tube around a (locally) asymptotically
stable periodic solution xp(t) converges toward xp(t), apart from a possible time-shift ex-
pressed by t1(t). Asymptotic stability of a periodic solution can be determined by using the
Floquet multipliers as discussed in section 2.3.

A.1.3 Bifurcation

A bifurcation refers to a qualitative change of the dynamics of a parameterized nonlinear
system

ẋ(t) = f(x(t), µ), x ∈ R
n (A.5)

as an effect of a variation of the parameter µ. The following definitions regarding bifurcations
are adopted from [Seydel, 1994, Section 2.2]

Definition A.1.13 (Bifurcation point). A bifurcation point (with respect to the parameter
µ) of the system (A.5) is a solution (x∗, µ∗) of (A.5) where the number of the equilibrium
points and/or the periodic solutions changes when µ passes µ∗.

In order to visualize the dependency of the equilibrium points and the periodic solutions
of (A.5) on µ, a scalar measure of the n-dimensional state vector x, denoted by [x], is required.
Examples of such scalar measures are [x] = ‖x‖ and [x] =max(x1) with x1 the first component
of the state vector x.

Definition A.1.14 (Bifurcation diagram). A diagram depicting the scalar measure [x],
corresponding to all equilibrium points and periodic solutions of (A.5), versus the parameter
µ is called a bifurcation diagram.

A.2 The Solution Concept of Filippov

The Filippov’s solution concept is defined for differential equations with discontinuous right-
hand side of the form

ẋ(t) = f(t, x(t)) =
{

f−(t, x(t)), x ∈ V−
f+(t, x(t)), x ∈ V+

(A.6)
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where V− = {x ∈ R
n|h(x) < 0} and V+ = {x ∈ R

n|h(x) > 0} with h(x) is a smooth switch-
ing function. The righthand side f(t, x) of (A.6) is discontinuous on a switching surface
(discontinuity manifold) Σ that is defined by

h(x) = 0, ∀x ∈ Σ (A.7)

and f(t, x) is piecewise smooth on V− and V+, i.e. f−(t, x) and f+(t, x) are C1 functions. In
the solution concept of Filippov, f(t, x) is extended (convexified) into the closed convex hull
of all the limits of f(t, x)

F (t, x) = co
{

y = lim
x̃→x

f(t, x̃), x̃ ∈ R
n \ Σ

}
(A.8)

and the discontinuous righthand side system (A.6) is then interpreted as the differential
inclusion

ẋ(t) ∈ F (t, x(t)) =




f−(t, x(t)), x ∈ V−
co {f−(t, x(t)), f+(t, x(t))} , x ∈ Σ

f+(t, x(t)), x ∈ V+

(A.9)

where the convex set is defined as

co {f−, f+} = {(1 − q)f− + qf+, ∀q ∈ [0, 1]} . (A.10)

The extension (or convexification) of a discontinuous system (A.6) into a convex differential
inclusion (A.9) is known as Filippov’s convex method. Since f(t, x) is piecewise continuous on
V− and V+ all of the limits of f(t, x) exist.

Definition A.2.1 (Solutions in the sense of Filippov). An absolute continuous func-
tion x(t) : [0, τ ] → R

n is said to be a solution of the ordinary differential equation with
discontinuous right-hand side

ẋ(t) = f(t, x(t))

in the sense of Filippov if for almost all t ∈ [0, τ ] it holds that

ẋ(t) ∈ F (t, x(t))

where F (t, x(t)) is the closed convex hull of all the limits of f(t, x(t)) given by (A.8) .

Existence of solutions of the discontinuous system (A.6) in the sense of Filippov is guar-
anteed by the following theorem, which is proven in [Aubin and Cellina, 1984, Theorem 3,
page 98], but uniqueness of solutions is not automatically assessed.

Theorem A.2.1 (Existence of solutions of a differential inclusion). Let F be a set-
valued function. We assume that F is upper semi-continuous and that F (t, x) is closed, convex
and bounded for all t ∈ R and x ∈ R

n. Then, for each x0 ∈ R
n there exists a τ > 0 and an

absolutely continuous function x(t) defined on [0, τ ], which is a solution of the initial value
problem

ẋ(t) ∈ F (t, x(t)), x(0) = x0.



Appendix B

Uniqueness of solutions of the
Closed-Loop System (5.10)

In this appendix, uniqueness of solutions for the closed-loop system (5.10) studied in Chapter
5 is examined. Recall the closed-loop system (5.10)

ẋ1 = x2 + x3

ẋ2 = −n1

J
x1 − b + n2

J
x2 + Lx3 (B.1)

ẋ3 ∈ −b + LJ

J
x3 +

1
J

rF (x2) − F (x2 + x3)

where F is the Stribeck friction model

F (q̇) ∈



g+(q̇) if q̇ > 0
−g−(q̇) if q̇ < 0
[−F−

s , F+
s ] if q̇ = 0.

(B.2)

and r is the scaling factor of the friction compensation. Because of the friction model F (x2 +
x3) and the friction compensation rule rF (x2), two surfaces of discontinuity exist in the state-
space of (B.1). For the study on the uniqueness of solutions of (B.1), the dynamics close to
these two surfaces of discontinuity will be investigated.

A surface of discontinuity, commonly termed as a switching surface, is denoted by Σ.
The switching surface is indicated with a smooth indicator function h(x) = 0 and divides
the state-space in two sub-spaces called V− and V+. By definition it holds that x ∈ V− if
h(x) < 0, x ∈ V+ if h(x) > 0 and x ∈ Σ if h(x) = 0. The switching surface in the state space
of (B.1) related to the discontinuity in the friction model F is denoted by Σ1 and is indicated
by h1(x) = x2 + x3 = 0. The switching surface related to the discontinuity in the friction
compensation rule rF is denoted by Σ2 and is indicated by h2(x) = x2 = 0. The dynamics
close to a switching surface Σ are studied by examining the projections of the vector field
along the corresponding normal, evaluated infinitely close to Σ. The vector field evaluated
infinitely close to Σ in the sub-space where h(x) < 0 is denoted by f

¯
−(x) and similarly for

h(x) > 0 by f
¯
+(x).

Firstly, the dynamics near Σ1, with the corresponding normal n
¯1 = [0, 1, 1]T , are examined.
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n
¯Γ

f
¯
(x)

f
¯
(x)

Γ

p
¯Γ

sliding possible

sliding not possible

Figure B.1: Possible sliding mode due to the set-valued vector field.

The projections of the vector field on n
¯1, evaluated infinitely close to Σ1 are

n
¯

T
1 f
¯
−(x) =

1
J

(uc + rF (x2) + F−
s ) (B.3)

n
¯

T
1 f
¯
+(x) =

1
J

(uc + rF (x2) − F+
s ), (B.4)

where uc is the controller torque as defined in (5.5). A solution will intersect Σ1 transversally
if

(
n
¯

T
1 f
¯
−(x)

) (
n
¯

T
1 f
¯
+(x)

)
> 0 and, consequently, if

uc + rF (x2) < F−
s or uc + rF (x2) > F+

s . (B.5)

Attracting sliding modes appear if n
¯

T
1 f
¯
−(x) > 0 and n

¯
T
1 f
¯
+(x) < 0 and, consequently, if

−F−
s < uc + rF (x2) < F+

s . (B.6)

Moreover, repulsive sliding modes appear if n
¯

T
1 f
¯
−(x) < 0 and n

¯
T
1 f
¯
+(x) > 0. Since this would

require

uc + rF (x2) + F−
s < 0 and

uc + rF (x2) − F+
s > 0,

(B.7)

no repulsive sliding mode along Σ1 can occur.
Next, the dynamics near Σ2 are examined. Since only the second component of the normal

vector to Σ2 is non-zero: n
¯2 = [0, 1, 0]T , and only the third component of the right-hand side

of (B.1) is discontinuous, the projection of the vector field on n
¯2, evaluated (infinitely) close

to the switching surface Σ2 is continuous and equals

n
¯

T
2 f
¯
−(x) = n

¯
T
2 f
¯
+(x) = Lx3 − n1

J
x1. (B.8)

Solutions are, therefore, always transversal to the switching surface Σ2, except on the line

Γ =
{

x ∈ Σ2 : Lx3 − n1

J
x1 = 0

}
. (B.9)

Namely, on the line defined by (B.9), the situation occurs that n
¯

T
2 f
¯
−(x) = n

¯
T
2 f
¯
+(x) = 0, since

the vector field is locally parallel to Σ2 at this line. The point x3 = 0 on Γ reflects the origin
in the state-space of (B.1) and is an equilibrium point of (B.1); see Sections 5.4 and 5.5.
Therefore, the discontinuity related to the friction model is not taken into account in the
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following. In order to understand the dynamics of (B.1) on Γ, one should realize that on Γ
the vector field is set-valued. The vector field is locally parallel to Σ2 at Γ and solutions may
slide along Γ. However, sliding along Γ is only possible if the direction of Γ lies in the convex
hull of the set-valued vector field:

αp
¯Γ

∈ f
¯
(x)|x∈Γ , (B.10)

where α ∈ R and

p
¯Γ

=
[

JL
n1

0 1
]T

, (B.11)

as illustrated in Figure B.1. Since solutions which slide along Γ are also allowed to leave Γ
(and consequently Σ2), by choosing any other direction from the convex hull of the set-valued
vector field, this type of solution is not unique. Consequently, to guarantee uniqueness of
solutions of (B.1), sliding along Γ must be avoided.

In order to study possible sliding modes along Γ, we introduce a vector in the plane Σ2

which is normal to p
¯Γ

n
¯Γ =

[ − n1
JL 0 1

]T
. (B.12)

A condition such that sliding along Γ is impossible is
(
n
¯

T
Γ f
¯
(x(t))

) (
n
¯

T
Γ f
¯
(x(t))

)
> 0 ∀x ∈ Γ,

since this assures that αp
¯Γ

/∈ f
¯
(x)|x∈Γ. Consequently, sliding along Γ is not possible if

1
J2

(
K(x3) − r[−F−

s , F+
s ]

) (
K(x3) − r[−F−

s , F+
s ]

)
> 0, (B.13)

where

K(x3) =
(
b + LJ +

n1

L

)
x3 + F (x3). (B.14)

Since it hold that limx3↓0 K(x3) = F+
s and limx3↑0 K(x3) = F−

s , a sufficient condition such
that no sliding modes along Γ can occur for r ≤ 1 is that the function K(x3) is strictly
increasing for all x3 �= 0. This is attained if ∂

∂x3
K(x3) > 0 ∀x3 �= 0 and, consequently, if

L +
n1

L
>

1
J

(−λ − b) , (B.15)

where λ is defined by (5.12). Clearly, solutions of (B.1) are not automatically guaranteed to
be unique. However, for the case r ≤ 1 a sufficient condition is derived such that uniqueness
of solutions of (B.1) is guaranteed. It is noted that L > Lc (see section 5.4), is sufficient to
satisfy (B.15) for arbitrary n1 > 0.

The presented sufficient condition for the uniqueness of solutions for (B.1) ensures that
no sliding modes along Σ2 (the switching surface related to the discontinuity in the friction
compensation term rF can exist. Consequently, the solution of (B.1) is not influenced by
which exact value of the friction compensation torque is taken from the set r [−F−

s , F+
s ].

This property is beneficial for implementation purposes.
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Appendix C

Convexification Procedure for the
Closed-Loop System (7.7)

This appendix describes another convexification procedure for the friction compensation error
∆F = αF̂ − F in the closed-loop system (7.7), which is studied in Chapter 7. In section 7.2,
we convexify ∆F at once because it results in a simple expression as in (7.8). Another
convexification procedure is a two-step procedure: first convexify the friction model F then
add the friction compensation αF̂ and then convexify ∆F . The last procedure is more
consistent with our approach in other chapters where we consider friction as a set-valued
function but it results in a more complex expression than (7.8). However, in the sequel it
will be shown that the dynamics of the resulting differential inclusion obtained from the two-
step procedure are the same to those of the differential inclusion obtained by the one-step
procedure used in Chapter 7.

Recall the closed-loop system (7.7)

ẋ = y (C.1a)

ẏ = −Kp

J
x − (Kd + Fv)

J
y +

1
J

∆F. (C.1b)

where Kp > 0, Kd > 0, Fv > 0 and ∆F = αF̂ −F with α > 0 the scaling factor of the friction
compensation,

F̂ (y, ū) =
{

g(y)sign(y) if y �= 0
Fssign(ū) if y = 0

(C.2)

where ū = −Kpx, and

F (y, u) =
{

g(y)sign(y) if y �= 0
min {|u|, Fs} sign(u) if y = 0

(C.3)

where u = −Kpx − Kdy + αF̂ . Convexification of F yields

F =
{

g(y)sign(y) if y �= 0
[−Fs, Fs] if y = 0.

(C.4)

and the convexification of ∆F is then given by

∆F = co
{

αF̂ − F
}

. (C.5)
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The expression of ∆F will be treated separately for the exact compensation case (α = 1),
the undercompensation case (α < 1) and the overcompensation case (α > 1) in the following
sections.

C.1 Exact Compensation Case

For α = 1, (αF̂ − F ) is given by

αF̂ − F ∈
{ {0} if y �= 0

[−Fs, Fs] − Fssign(x) if y = 0.
(C.6)

Hence, the convexification of (C.6) depends on x and is given by

∆F ∈




{0} if y �= 0
[0, 2Fs] if y = 0 and x < 0
[−2Fs, 2Fs] if y = 0 and x = 0
[−2Fs, 0] if y = 0 and x > 0.

(C.7)

Remember that from the one-step convexification procedure in Chapter 7 ∆F = ∆F ≡ 0
for α = 1 such that the closed-loop system (C.1) is reduced into a linear system, which has
a globally exponentially stable equilibrium point at the origin. Next, it will be shown that
the non-zero term of ∆F in (C.7) does not change the dynamics of the linear system without
∆F . If we replace ∆F in (C.1) with ∆F yields the differential inclusion

ẋ = y (C.8a)

ẏ ∈ −Kp

J
x − (Kd + Fv)

J
y +

1
J

∆F . (C.8b)

The equilibria of (C.8) satisfy

y = 0 (C.9a)

Kpx ∈ ∆F . (C.9b)

From (C.7) and Kp > 0, (C.9b) holds only for x = 0. Therefore, the differential inclusion
(C.8) has a unique equilibrium point at the origin. In order to prove that the origin of (C.8)
is globally exponentially stable consider the positive definite function

V (x, y) =
1
2
(Fvx + Jy)2 +

1
2
(KpJ + KdFv)x2 (C.10)

that is radially unbounded. Its time-derivative along trajectories of (C.8) is given by

V̇ (x, y) ∈ −KpFvx
2 + Fv∆Fx − KdJy2 + J∆Fy. (C.11)

From (C.7), we have ∆Fx ≤ 0 and ∆Fy = 0. Therefore,

V̇ (x, y) ≤ −KpFvx
2 − KdJy2. (C.12)

The existence of the quadratic Lyapunov function (C.10) with its time-derivative satisfying
(C.12) guarantees globally exponentially stability of the origin of the differential inclusion
(C.8).
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C.2 Undercompensation Case

For α < 1, (αF̂ − F ) is given by

αF̂ − F =
{

(α − 1)g(y)sign(y) if y �= 0
[−Fs, Fs] − αFssign(x) if y = 0

(C.13)

and its convexification results in

∆F ∈




{(α − 1)g(y)sign(y)} if y �= 0
[(α − 1)Fs, (α + 1)Fs] if y = 0 and x < 0
[−(α + 1)Fs, (α + 1)Fs] if y = 0 and x = 0
[−(α + 1)Fs, (1 − α)Fs] if y = 0 and x > 0.

(C.14)

Equilibria of the differential inclusion (C.8) with ∆F given by (C.14) satisfy (C.9). From
(C.14) and Kp > 0, (C.9b) holds if

(α − 1)
Kp

Fs ≤ x ≤ (1 − α)
Kp

Fs. (C.15)

Therefore, equilibria of the differential inclusion (C.8) in the case of undercompensation are
given by the set

SE =
{

(x, y) ∈ R
2 : |x| ≤ |α − 1|

Kp
Fs, y = 0

}
(C.16)

which is the same as the equilibrium set of the differential inclusion obtained by using the
convexification procedure in section 7.3. By using the Lyapunov function (7.17) and applying
the same technique as in section 7.3, it can be shown that Theorem 7.3.1 also holds for the
differential inclusion (C.8) with ∆F given by (C.14). Hence, both the differential inclusion
obtained by using the convexification procedure applied in section 7.3 and in this appendix
have the same dynamics.

C.3 Overcompensation Case

For α > 1, (αF̂ − F ) is also given by (C.13) but its convexification yields

∆F ∈




{(α − 1)g(y)sign(y)} if y �= 0
[(1 − α)Fs, (α + 1)Fs] if y = 0 and x < 0
[−(α + 1)Fs, (α + 1)Fs] if y = 0 and x = 0
[−(α + 1)Fs, (α − 1)Fs] if y = 0 and x > 0.

(C.17)

Equilibria of the differential inclusion (C.8) with ∆F given by (C.17) satisfy (C.9). From
(C.17) and Kp > 0, (C.9b) holds if

(1 − α)
Kp

Fs ≤ x ≤ (α − 1)
Kp

Fs. (C.18)

Therefore, equilibria of the differential inclusion (C.8) for the overcompensation case are also
given by the set

SE =
{

(x, y) ∈ R
2 : |x| ≤ |α − 1|

Kp
Fs, y = 0

}
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which is the same as the equilibrium set of the differential inclusion obtained by using the
convexification procedure in section 7.4.

Recall the convexification of ∆F obtained by using the one-step procedure in section 7.4

∆F 1 ∈
{ {(α − 1)g(y)sign(y)} if y �= 0

[(1 − α)Fs, (α − 1)Fs] if y = 0.
(C.19)

Notice that the values of ∆F given by (C.17) are different than those of ∆F 1 only at y = 0.
Therefore, the vector fields of the differential inclusion (C.8) with either ∆F given by (C.17) or
(C.19) are the same in the region G+ =

{
(x, y) ∈ R

2 : y > 0
}

and G− =
{
(x, y) ∈ R

2 : y < 0
}

and the projection of those vector fields onto the switching surface S =
{
(x, y) ∈ R

2 : y = 0
}

are also the same for both cases. By using the Lyapunov function (7.21) and applying the
same technique as in section 7.4, it can be shown that Proposition 7.4.1 and Theorem 7.4.3
also hold for the differential inclusion (C.8) with ∆F given by (C.17). Hence, both the
differential inclusion obtained by using the convexification procedure applied in section 7.4
and in this appendix have the same dynamics.
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Summary

This thesis addresses the limit cycling problem in controlled positioning mechanical systems
with friction and its elimination through output feedback friction compensation. Limit cycling
is an unwanted effect in controlled positioning systems that keeps the systems oscillating
around a setpoint. Friction, which is present in a large majority of controlled mechanical
systems such as robotic manipulators, pick-and-place machines and optical disc drives, often
induces limit cycling and large steady-state errors.

A class of discontinuous friction models consisting of static, Coulomb and viscous friction,
and including the Stribeck effect is considered. This class of friction models results in a model
of mechanical systems that belongs to the class of discontinuous systems of Filippov type. The
solution concept of Filippov is used to define solutions of the frictional mechanical systems.

The goals of the thesis are to provide a solid framework for analysis of friction-induced limit
cycling and to provide design methods for output feedback friction compensation schemes
guaranteeing the absence of limit cycling and minimizing steady-state errors. It has been
demonstrated in the thesis that computational bifurcation methods from nonlinear dynamics
are very useful for the analysis of friction-induced limit cycling in controlled mechanical sys-
tems. Furthermore, bifurcation methods can also be used for tuning suitable output feedback
design variables in order to eliminate limit cycling effects.

The proposed output feedback scheme consists of a linear observer, linear feedback gains
and a friction compensation term. This output feedback scheme is feasible because in the
model of the frictional mechanical system it is assumed that friction is the only nonlinearity
and that the friction force influences the dynamics of the mechanical system through the
same port as the input force such that the friction compensation term can be considered
- in the ideal case - as a feedback linearization of the frictional mechanical system. The
main problem in this output feedback design arises from the assumption that the controlled
mechanical system is not provided with velocity measurements while the friction model is
a discontinuous function of velocity. The assumption is supported by the observation that
many applications of controlled mechanical systems are not equipped with velocity sensors
for reasons as savings in cost, volume and weight. The thesis has derived analytical design
methods for the proposed observer-based friction compensation scheme for both reduced-order
and full-order observers guaranteeing global exponential stability of a setpoint. In addition,
it provides theoretical and numerical analysis of the effect of inexact friction compensation in
the steady-state behavior of the controlled mechanical systems.

The presented numerical and theoretical results have been validated by experimental re-
sults, which are obtained from a rotating arm manipulator that is available at the Dynamics
and Control Technology Laboratory of the Department of Mechanical Engineering of the
Eindhoven University of Technology.





Samenvatting

Dit proefschrift onderzoekt het probleem van limietcycli in geregelde mechanische positioneer-
systemen met wrijving en de eliminatie ervan met behulp van wrijvingscompensatie op basis
van uitgangsterugkoppeling. Limietcycli zijn ongewenst in mechanische systemen aangezien
zij verantwoordelijk zijn voor blijvende oscillaties rond het gewenste setpunt. Wrijving is
aanwezig in het merendeel van geregelde mechanische systemen zoals robotmanipulatoren,
pick-and-place machines en optische disk drives, en is vaak verantwoordelijk voor limietcycli
en positioneerfouten.

Een klasse van discontinue wrijvingsmodellen die statische, Coulomb en visceuze wrijv-
ing omvatten en waarin het Stribeck effect aanwezig is, wordt beschouwd. Deze klasse van
wrijvingsmodellen leidt tot een dynamisch model dat behoort tot de klasse van discontinue
Filippov systemen. In dit proefschrift wordt het oplossingsconcept van Filippov gebruikt voor
deze dynamische modellen.

Het proefschrift heeft als doel een kader te scheppen voor de analyse van wrijvingsgëındu-
ceerde limietcycli en een ontwerpmethode voor te stellen voor wrijvingscompensatie op basis
van uitgangsterugkoppeling die limietcycli elimineert en positioneerfouten minimaliseert. Het
proefschrift toont aan dat numerieke bifurcatietechnieken uit de niet-lineaire dynamica heel
nuttig zijn voor de analyse van wrijvingsgëınduceerde limietcycli in geregelde mechanische
systemen. Bovendien wordt aangetoond dat bifurcatiemethoden ook nuttig gebruikt kunnen
worden voor het afstellen van terugkoppelparameters met het oog op het elimineren van
limietcycli.

De uitgangsterugkoppeling die we voorstellen maakt gebruik van een lineaire waarnemer,
een lineaire terugkoppeling en een niet-lineaire wrijvingscompensatieterm. Deze strategie is
toepasbaar, omdat in het oorspronkelijke model van het mechanische systeem wrijving de
enige niet-lineaire bijdrage levert en omdat de regelingang en de wrijvingskracht het systeem
op dezelfde wijze bëınvloeden. Hierdoor kan de wrijvingscompensatie – in het ideale geval –
beschouwd worden als een lineariserende terugkoppeling van het mechanische systeem. Een
belangrijk probleem in het huidige ontwerp is de aanname dat het mechanische systeem niet
uitgerust is met snelheidssensoren, terwijl het wrijvingsmodel expliciet afhankelijk is van
snelheden. De aanname is gemotiveerd door de observatie dat veel toepassingen van geregelde
mechanische systemen niet uitgerust zijn met snelheidssensoren om te kunnen besparen in
kosten, afmetingen en gewicht. Het proefschrift stelt een analytische ontwerpmethode voor
waarbij de wrijvingscompensatie gebaseerd wordt op snelheidsschattingen met behulp van
waarnemers van volle orde en van gereduceerde orde. De ontwerpmethode garandeert globale
exponentiële stabiliteit van het setpunt. Bovendien geeft het proefschrift ook een theoretische
en numerieke analyse van de effecten van over- en ondercompensatie van wrijving en de
gevolgen ervan voor het positioneergedrag van geregelde mechanische systemen.



De numerieke en theoretische resultaten uit dit proefschrift zijn gevalideerd met behulp
van experimentele resultaten, die verkregen zijn met een roterende-arm-robotmanipulator
die beschikbaar is in het Dynamics and Control Technology laboratorium van de Faculteit
Werktuigbouwkunde van de Technische Universiteit Eindhoven.



Ringkasan

Disertasi ini meneliti permasalahan limit cycling pada sistem mekanik pengaturan posisi ter-
kendali yang berfriksi dan metoda pelenyapannya dengan bantuan kompensasi friksi berdasar-
kan umpan balik keluaran (output feedback). Limit cycling adalah suatu efek yang tidak di-
inginkan pada sistem pengaturan posisi terkendali yang menyebabkan sistem tersebut berosi-
lasi di sekitar titik tujuan (setpoint). Friksi yang terdapat pada sebagian besar sistem mekanik
terkendali, seperti lengan-lengan robot, mesin-mesin pick-and-place dan perangkat pemutar
piringan optik, sering menjadi penyebab limit cycling dan kesalahan posisi pada keadaan
tunak (steady-state errors).

Satu golongan model friksi yang terdiri dari friksi statik, Coulomb dan viscous, dan
meliputi efek Stribeck dibahas dalam disertasi ini. Golongan model friksi ini menghasilkan
model dinamika sistem mekanik yang tidak kontinu tipe Filippov. Konsep solusi Filippov
digunakan untuk mendefinisikan solusi dari sistem dinamik tersebut.

Tujuan disertasi ini adalah untuk, pertama menyediakan kerangka kerja yang kokoh guna
menganalisa limit cycling yang disebabkan oleh friksi dan kedua membuat metoda desain
untuk skema kompensasi friksi berdasarkan umpan balik keluaran yang dapat menjamin
ketidakadaan limit cycling dan meminimalkan kesalahan posisi pada keadaan tunak. Telah
didemonstrasikan dalam disertasi ini bahwa metoda komputasi bifurkasi dari cabang ilmu
dinamika nonlinier sangat bermanfaat untuk menganalisa limit cycling yang disebabkan oleh
friksi pada sistem mekanik terkendali. Selain itu, metoda bifurkasi juga dapat digunakan
untuk menala (tuning) variabel-variabel desain yang cocok dari umpan balik keluaran guna
melenyapkan efek limit cycling.

Skema umpan balik keluaran yang diusulkan terdiri dari observer linier, umpan balik li-
nier, dan kompensasi friksi. Skema umpan balik keluaran ini dapat diterapkan karena dalam
model sistem mekanik berfriksi diasumsikan bahwa friksi satu-satunya ketidaklinieran dan
bahwa gaya friksi mempengaruhi dinamika dari sistem mekanik tersebut dengan cara yang
sama seperti gaya masukan mempengaruhinya, sehinga kompensasi friksi dapat dianggap
- dalam kondisi ideal - sebagai umpan balik pelinieran (feedback linearization) dari sistem
mekanik berfriksi. Permasalahan utama dalam pendesainan umpan balik keluaran yang
diusulkan muncul dari asumsi bahwa sistem mekanik terkendali tidak dilengkapi dengan alat
pengukur kecepatan sedangkan friksi dimodelkan sebagai fungsi tidak kontinu dari kecepatan.
Asumsi ini didukung oleh pengamatan bahwa banyak aplikasi dari sistem mekanik terkendali
tidak dilengkapi dengan alat pengukur kecepatan karena alasan penghematan biaya, volume
dan berat. Disertasi ini telah menghasilkan metoda desain analitik untuk skema friksi kom-
pensasi berdasarkan umpan balik keluaran tersebut yang dapat menjamin kestabilan titik
tujuan secara eksponensial dan global. Selain dari itu, disertasi ini juga memberikan ana-
lisa teoretik dan analisa numerik tentang efek kompensasi friksi tidak eksak pada perilaku



keadaan tunak (steady-state behavior) dari sistem mekanik terkendali.
Hasil-hasil numerik dan teoretik yang termuat dalam disertasi ini telah divalidasikan se-

cara eksperimental pada lengan robot yang terdapat di laboratorium Dynamics and Control
Technology, Fakultas Teknik Mesin, Universitas Teknologi Eindhoven, Belanda.
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