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Abstract 

Maximal flow through a processing network 

with the source as the only processing node. 

by 

J. Koene 

Eindhoven University of Technology 

Department of Mathematics 

P.O. Box 513 

5600 MB Eindhoven 

THE NETHERLANDS 

For the maximal flow problem in a pure network there is a simple criterion 

for optimality: "the flow is maximal if and only if there is no flow 

augmenting path from source to sink". A similar optimality criterion 

will be stated for the problem of maximal flow in a processing network 

in which the source is the only processing node. It will be shown that 

a maximal flow can be determined by considering a sequence of not more 

than !p(p-I) + I pure maximal flow problems, in which p is the number 

of arcs incident to the source. 
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1. Introduction. 

There are many processes in industry in which some commodity must be 

transported through a network. Conservation of flow and capacity bounds 

are the usual requirenents for such networks. Sometimes however there 

are processes in which a commodity (for instance crude oil in an oil 

refinery) separates into several components in given proportions. The 

reverse situation occurs too: several components are blended in given 

proportions. These processes give rise to networks with so called 

refining nodes and blending nodes. A refining node is a node with two 

or more outgoing arcs •. The flow in an outgoing arc is required to be 

a given fraction of the total flow,entering that node. A btending node 

is a node with two or more incoming arcs; the flow in an incoming arc 

is required to be a given fraction of the total flow leaving that node. 

Refining nodes and blending nodes together are called processing nodes. 

Nodes in which only conservation of flow is required are called 

transportation nodes. A network with one or more processing nodes is 

called a processing ne~ork. 

In this paper the problem of maximizing the flow in a simple version 

of processing networks is considered, namely one in which the source 

is the only processing node (a refining node). Or, to,;put it in other 

words, a network is considered with several sources, with proportiona

lity demands on incoming flows. The problem can be formulated as a 

pure maximal flow problem with extra contraints. An optimality crite

rion for a flow to be maximal will be stated in Chapter 3. Further, in 

Chapter 4 a solution procedure, based on solving a sequence of not more 

than ip(p-I) + ) pure maximal flow problems is described. (p is the 

number of arcs incident to the source). Pure maximal flow problems can 

be solved by a variety of algorithms. From the viewpoint of computa

tional complexity referent algorithms are the best: 0(n3), where n is 

the number of nodes in the network [6,8]. In practice specifications 

of the primal simplex algorithm and so called sub (implicit) referent 

procedures appear to be most efficient [5]. 

In the next chapter the mathematical model, definitions and assumptions 

are given. 
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2. Problemstatement, defini.tions, assumptions. 

A directed and connected graph G (N,A) is considered. N is the set of 

nodes, A is the set of arcs (i,j), i,jeN. There is one source s and one 
sink t. Each arc (i,j)€A has a capacity c .•• The set of nodes iEN for 

1J 
which an arc (s,i) exists is called the after set A(s) of s: 

4(s) := {i E N I 3(s,i) E A} 

There are no arcs (i,s), iEN in the network. N contains n nodes, the 

number of nodes in A(s) is p. 

The primal problem P becomes: 

( 1) maximize f 

(2) st. I. x .. - I x .. - f 
j 1J j J1 

(3) = 0 

(4) = -f 

(5) 0 s x .. S c .. 
1J 1J 

(6) x • = a.f 
SJ J 

i .. s 

iEN - {s,t} 

i = t 

(i,j)EA 

jeA(s) 

Equation (2) says that a flow of magnitude f enters the source; the same 

flow leaves the network at the sink (4). In intermediate nodes flow is 

conserved (3). Capacity constraints are given by (5). Finally, flow 

through an arc (s,j), jeA(s) should equal a fraction a. of the incoming 
J 

flow (6). 

The dual problem D is given by: 

(7) minimize 1: c .. y •• 
. (. .) A 1J 1J .' 1,) € 

(8) st. It - It. + Y . + -&. ~ 0 jeA(s) s J sJ J 
(9) 'It. - 1t. + y •• ~ 0 (i,j )EA; i;l!s 1 J 1J 

(10) y •• ~ 0 (i ,j )€A 
1J 

(I J) -It + 1! - >: OJ ~. ~ J s t jeA(s) J 
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In the following chapters two non-restrictive assumptions hold: 

1. For all iEA(s) : a. > 0 and 
1 I 

iE:A(s) 
a. = 1. 

1 

If a. = 0 for some ieA(s) simply remove arc (s,i) from A as well 
1.. 

as all loose ends. 

2. The capacities of arcs (s,i) are given such that: 

c. c. 
~ = ~ for all i and jeA(s). 
a. a. 

1 J 

There cannot be a solution to (J) - (6) with value greater than 

min 
iEA(s) 

c . c. c. 
S1. if ~ ~ ~ for some i and j in A(s) take new a. ' so a. a. 

1. 1 J 

c . 
capacities c . = a. min ~ for all j€A(s). 

SJ J iEA(s) a i 

Finally some network terminology is introduced: suppose that ~EN, 

k>= 1,2, ••• t is a set of distinct nodes and (~, ~+l)€A for 

k = 1,2, ••• R, - t, then the sequence: 

is called a chain from il to it' It will be denoted by £i. ,i2 ... iR,]. 

A path from il to it is also a sequence of nodes and arcs but the arcs 

can be directed in either direction. It will be denoted by (i
t
,i2 ••• t t ). 

A path is called a cycle if i) = it' Arcs (~,ik+l) in a path 

(i],i2, ••• iR,) are called fo~rd arcs, the other ones Peverse arcs, A 

path PA is called an unsaturated path if for every forward arc (i,j) 

of PA: x .• < c .. and for every reverse arc (i,j) of PA: x •. > O. An 
1J 1J 1.J 

unsaturated path from s to t is usually called a flow augmenting path. 

Ifa path is not unsaturated it is called saturated. 

3. Optimality criterion. 

For the pure maximal flow problem (problem (I) - (5» Ford and 

Fulkerson derived their famous max-flow min-cut theorem: 
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The maximal flow value from s to t is equal to the minimal cut 

capacity of all cuts separating sand t [4]. As a corollary the 

following optimality criterion follows: 

In a pure maximal flow problem the flow is maximal if and only if no 

flow augmenting path from s to t exists. 

In this chapter a similar optimality criterion for problem P is stated. 

If f and x •. (i,j)EA satisfy (2) -(6) then it is said that f, {x .. } forms 
~ ~ 

a feasible flow. Suppose a feasible flow is given with the property that 

there is some iOEA(s) such that there is no flow augmenting path 

(S.LOt •• o,t). Define the following sets: 

x (L
O

):= {jEN - {s} 

X (iO):- {jEN - is} 

3 unsaturated path (iot ••• ,j)} 

~ unsaturated path (iO, ••• ,j)} 

Theorem J: A feasible flow f, {x •• } is maximal if and only if there 
1J 

exists an iOEA(s) such that there is no flow augmenting path (s,iO, ••• ,t). 

If arc (s, iO) is saturated the maximal flow value is r x. , 
jE:A(s) SJ 

otherwise it is 

J 

La. 
J 

jEA(s)nX(i
o

) 

I 
- i£X(io) 

c ... 
1J 

jeX(io) 

Proof: First the "only if" part will be proved, then the "if" part. 

"only ifl!. Suppose there exist unsaturated paths (s,i, ••• t) for all 

iEA(s). Then flow can be augmented along those paths and can not be 

maximal. 

"If". Two cases are considered. 

I. Arc (s,iO) is saturated. Because of assumption 2 all arcs (s,j), 

jEA(s) are saturated. According to Ford-Fulkerons max-flow min-cut 

theorem there must be a maximal flow for the relaxed problpID 

(1) - (5), with value 'r x .• This is also a maximal flow for 
j€A(s) SJ 

problem P because of assumption 2. 

2. Arc (s,iO) is not saturated. In this case one can say that: 
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forms a aut set between iO and t. Per definition iO€X(iO) and further 

is always tEX(iO)' cf. [4,p.12]., 

Adding up equations (3) for all i€X(iO) and equations (6) for all 

i€A(s)nX(iO)' this leaves writing shortly X for X(iO) and X for X(iO): 
\ 

or: 

Lx. . + LX •. , - Ix .. 
, 1J _ 1J 1J 

(X,X) (x,xr (X,X) 

- LX .. = 
1J 

(X,X) 

f ra. 
1 

A(sjnz: 

Since LX .. 
1J 

sIc •. and Ix .. ~ 0 it follows that 
1J 1J 

(X,X) (X,X) (X,X) 

I (12) f S -
la. 

J 
A(s)nX 

Ic .. _ 1J 
<x,X) 

Now given the fact that there is no unsaturated path (iO, ••• ,t) all, 

arcs in (X,X) are saturated and all arcs in (X,X) are empty. 

Consequently flow from s along nodes i€A(s) n x(iO) to t amounts: 

lc .. . Because of (6) the total flow from s to t is 
1J 

(X,X) 
1 

la. 
J 

A(s)nX(iO) 

c.. , 
1J 

which is maximal because of (12). 

With the help of sets X(iO) and X(iO) it is possible to characterize 

an optimal dual solution. Again two cases need to be considered: 

I. Arcs (s,j) , j€A(s) are saturated. 

1t = 0 
S 

o 
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'It • i€N - is} 
~ 

Y sj = j€A(s) 

y .• 
~J 

= 0 (i,j)€A i ;it s 

{t. 
J 

= 0 j€A(s) 

Arcs (s,j) , j€A(s) are not saturated: 

n. 
~ 

.. 0 i€X(iO) 

"It. 
~ 

= a i€X(iO) U is} 

y •• 
~J 

= a 

y .. 
~J 

= 0 otherwise 

{t. 
J 

{t. =-a j€A(s) n X(io) , 

1 
J 

where a. = ra. 
J 

j€A(s)nX(iO) 

It is easy to check that these dual solutions are feasible, moreover 

they must be optimal since the value of the dual objective function 

satisfies the expression in theorem 1. 

4. Solution procedure. 

The solution procedure starts with an optimal solution f, {x .. } to 
1J 

the relaxed pure maximal flow problem PR given by (1) - (5). 

According to the max flow-min cut theorem the set of nodes N can 

be partitioned into two subsets Y and Y such that: 

(a) S E Y, t € Y 

(b) 

(c) 

x .. 
~J 

x .. 
1J 

c .. 
1J 

= 0 

V(i,j)€A 

V(i,j)€A 

i € Y, j € Y 

i € i, j € Y 

This partitioning will be maintained until the last step of the 

solution procedure. 

Denote by V and W the following sets: 
x . 

V:={ iEA(s) I ~ is minimal .. : ! } a. 
1 

W: = A(s) - v. 



If W =~, solution f, 
x . x . 

then --.!!. = ~ for 
a. a. 

1 J 
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{x .. } is also optimal 
1J 

all i and jEA(s). In 

of the algorithm it is assumed that \<1 ~ ,. 

for problem P, because 

the further development 

Given f and x .. , (i,j)EA a feasible solution for problem P is 
1J 

obtained by applying the following Construction Rule: 

Construction Rule: For all JEW decrease flow in arc (s,j) and along 

arbitrary chains [j, .•• t] with the total amount A. = x . - a.f, 
J SJ J-

such that x .. ~ 0 remains satisfied for all (i,j)EA. 
1J 

Proof: Conservation of flow and capacity restrictions remain satisfied. 

For all iEV x . remains a.f, whereas for all iEW x . becomes 
S1 1- S1 

x . - (x . - a.f) = a.f. 
S1 S1 1- 1-

lhe following theorem is essential: 

Theorem 2: When the Construction Rule is applied to an optimal solution 

of problem PR an optimal solution to problem P is obtained if and only 

if there exists an iOEV such that there is no unsaturated path from iO 

to any JEW. 

Proof: "only if". Confirm fig 1. Suppose for every iEV there is an 

unsaturated path (i, ••• ,j) from i to some JEW. Let [j, ••• ,t] be a chain 

---------c=>---<!) 

I 

• I 0------0 
I 

1 --------------1 
Fig. 1 . 

from j to t along which, when the Construction Rule is applied, flow 

is decreased and let k be the first node of (i, ••• ,j) which also belongs 

to [j, ••• ,t]. After decreasing flow along [j, ••• ,t], (k, ..• ,t) is an 

unsaturated path and so is (i, ••• ,k). Therefore (i ••• k ••• t) is an 
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unsaturated path. After applying the Construction Rule for all i€V 

and all JEW there would be an unsaturated path to t. According to 

Theorem I. the flow can not be maximal. 

nIf". It is given that there exists an iO€V such that no unsaturated 

path exists from iO to any JEW. Let [j, ••• ,k, ••• ,t] be a chain from 

JEW to t along which flow is decreased in applying the Construction 

Rule and let (iO, ••• ,k, ••• j) be an arbitrary path from iO to j (fig. 

I with iO in stead of i). Before applying the Construction Rule 

[j",k ••• t] is a chain with non-empty arcs, so (k, ••• ,j) is an 

unsaturated path. Because (iO"" ,k, •• :,j) is saturated (iO'''' ,k) 

must be saturated. This remains so if flow is decreased along 

[j ••• k ••• t]. According to theorem I the flow must be maximal after 

applyiag the' Construction Rule. 

Before writing down the algorithm step by step a few remarks are in 

order: 

With the help of Theorem 2 the solution procedure is reduced to the 

following steps: 

- Determine an optimal solution f, {xij } for pt6bI~m PRo 
- Maintain a total flow of value f through the network and rearrange 

flows until the condition of theorem 2 is satisfied. It will be 

shown that rearrangement of flows can be done with the help of a 

sequence of pure maximal flow problems. 

- Apply the Construction Rule. 

The essential question to answer is how to rearrange flows in such a 

way that finite convergence is assured. The set A(s) is partitioned 

into three subsets: 

R:= {i E A(s) x si < <l.f} 
1 ... 

s:- {i € A(s) x si 
,.. <l.f} 

1 

T:= {i E: A(s) x si > <l.f} 
1 

in which f is an upperbound for the maximal flow value; initially 

f = f. A node r € R is selected and it is tried to augment x up sr 

o 
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to the level a f. Because the cut set (Y,¥) is maintained throughout 
r 

no unsaturated paths (r, ••• ,t) exist. Unsaturated paths from r to 

nodes j € T are traced. Doing so flows can be rearranged along cycles 

(s,r, ••• ,j,s). This procedure can be Seen as a pure maximal flow 

problem, denoted by Max Flow (r,T): It is desired to determine a 

maximal flow in the network consisting of nodes s,r, j € T, arcs (s,r), 

(s,j), j € T plus all nodes and arcs belonging to unsaturated paths 

from r to j € T. The procedure starts with current values for x .. , 
1J 

(i,j) € A, Capacity bounds remain what they were, except flow through ... 
(s,r) is bounded above by a f and flow 

... r 
through arcs (s,j), j € Tare 

bounded below by a.f. Confirm fig. 2. 
J ... rUower bound,upper bound] 

[(X.f,c .] , 
. J SJ 

Fig. 2., 

If it appears that x can not be augmented to the level a f a new f sr r 
is determined, sets R,S and T are updated, and again it is tried to 

augment x to the new level a f, now by considering problem Max Flow sr r 
(r,S) defined analogously as Max Flow (r,T), with j € S. The role 

.... 
of f and the choice of r € R are important for the finiteness of the 

algorithm. Next the solution procedure is stated, a justification is 

given afterwards. 

Solution Procedure (Cf. flowchart) 

1. Determine a maximal flow for problem PR: 

f, {x .. }, (i,j) € A. Determine sets R,S,T. 
1J 

2. If R = ~ apply the Construction Rule, the optimal solution has been 

found. Stop, 
x. 

3. Take r that node in R for which max -!l is obtained, 
J'€R a. J 
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4. Perform Max Flow (~,l). 

5. Adjust R, S, T. 

6. If r € S go to 2. Take f • ( xsr +j~S Xsj ) 

Perform Max Flow (r,S). Go to 5. 

max flow P
R 

(1) - (5) 

Determine R, S, T 

Max Flow (r,f) 

Adjust R, S, T 

yes 

x + Ex . 
f-~ 

a r + E • 

Max Flow(r,S) 

Flowchart solution procedure 

I (a + r a.\ 
\ r jd J) 

Constru~tion Rule 
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Justification 

If W = $ then also R = ~. The Construction Rule does not change any 

flows, therefore the solution is optimal for P too. 

Let us consider a main cycle of the algorithm, that is to say consider 

the algorithmic steps from the point that a node r is selected until ... 
rES. First it will be shown that the expression given for f in step 6 

is indeed an upperbound for the maximal flow value. 

If W ~ ~ Max Flow (r,T) will be performed at least once. Suppose that 

in some iteration Max Flow (r,T) has been performed and that R, Sand 

T are updated. There are two possibilities: ... 
I. Flow in arc (s,r) has reached level a f. Now r € S, a new r E R (if 

r 
R ~ $) is selected and a new problem Max Flow (r,T) is solved with 

the current set T. ... 
2. Flow in arc (s,r) is less than a f. Define the following sets: r 

X(r):= { tEN - {s} 

X(r):= { tEN - {s} 

3 unsaturated path (r, ••• ,t)} 

~ unsaturated path (r, ••• ,t)} 

There is no unsaturated path (r, ••• ,j) for all JET, that is to 

say all JET belong to X(r). The total flow through arcs (s,r) and 

(s,k), k E S amounts to: 

x + L xsk • 
sr kES 

Suppose it is tried to rearrange flows in (s,r) and (s,k), k E S, _ .. 

obtaining flow levels x' and x'k' k E S, such that afterwards: sr s 

x' sr 
a 

r 
= 

x' sk 
a

k 

If it is assumed that 

( 
x' sr x' sk = 

, k E S 

x sr + 
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this leads to: 

x' x of. L xsk sr sr 
== 

k€S 
a L r a r + ak k€S 

With the help of the following two lemma's it will be shown that the 

expression in the right hand side of (13) must be an upper bound for 

the maximal flow value. 

Lemma 1: In performing Max"Fl'w .(1:',S) no unsaturated paths (r, ••• ,j), 

j € T are generated. 

Proof: Before performing Max Flow (r,S) it is given that j € X(r) for all 

j € T. Suppose that after performing Max Flow(r,S) an unsaturated path 

exist from r to some j € T. Then a saturated arc (v,w), v € X(r), 

w € X(r) should have acted as a reverse arc in a path from r to some 

node in S (or an empty arc (v,w), v € X(r), w € X(r) should have acted as 

a forward arc in a path from r to some node in S). This implies that an 

unsaturated path (r, ••• ,w) with w € X(r) should exist, which is impossible. 0 

i ... ' 

Lemma 2: If a feasible flow of value f-exists no unsaturated paths from r to 

nodes j € T are generated. 
~------- _ .. 

Proof: If a feasible flow of value f exists only Max Flow ( ••• ,T) will be 

performed in future iterations. Node r will always remain inS. Suppose 

that after performing Max Flow (r*,T) there exists an unsaturated path from 

r to some node in T. Then there should be an unsaturated path 

(r*, ••• ,t
l
,t

2
, ••• ,j) with t] € X(r), 12 € X(r) and j € T. This is impossible 

because t2 € X(r) and j € X(r). 

Confirm fig. 3. 0 
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Pig.3 • . 

From these lemma's, one may conclude the following: .... 
If a feasible fiow of value f can be found an optimal solution for problem 

P can be constructed since there must be some iO € A(s) which satisfies 

the condition of theorem 2. 

If a feasible solution of value f can not be found then clearly it must be 

an upper bound to the solution value of problem P. 
Next is shown that in each main cycle at most q maximal flow problems need 

to be solved, where q is the number of nodes in the set S u T at the point 

that r is selected. 

After determining Max Flow (r,S) and updating a,s and T there are two 

possibili ties: 

I. flow in arc (s,r) has reached level orf. A new rEa can be determined • 

2. flow 

the 

and 

.... 
in arc (s,r) is less than orf. 

previous set S): 

L x' .. sk ° f - x· + l 
kEtS 

p 

Xl .:2: "kf. sk 

r sr 

(k E S ) . p 

kd 
P 

In this case is (writing S for p 

... .... 
okf > I ~f 

k€S 
P 

.... 
So there is at least one k E Sp which has x;k> akf and no unsaturated 

path exists from r to that k. After updating a,s and T those k belong 
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to T. Every time this situation occurs the number of nodes in S 

decreases with at least one. This means that whenever a new node r ~ R 

is selected and at that tbBe S u T contains q nodes, after solving 

at most q pure maximal flow problems the flow in arc (s,r) is ... 
augmented to the level of arf. 

It is now easy to give an expression for the number of pure maximal flow 

problems which need to be solved in the worst case. 

Theorem 3: The solution procedure finds an optimal solution for problem 

P after solving at most lp(p - I) + I pure maximal flow problems. 

Proof: The solution procedure has been designed such that if x i ~ a.f 
-- ... S 1 
once it always remains ~ aif for all i ~ A(s). After solving problt!m 

PR there are at most (p - I) nodes in the set R. It has been shown that 

in each main cycle at most q pure maximal flow problems need to be solved 

before i € S. These three facts imply that at most: 

p-l 
I + r q = 1 + lp(p - I) pure maxbBal flow problems need to be solved. 0 

q-J 

5. Example. 

Determine the maximal flow through the network of fig. 4, with the requirements 

that xsJ .. lf, xs2 .. If. xs3 • If (f is the input flow ). The numbers on 

arcs are arc capacities. 

f f 

Fig.4. 
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A solution to problem Pa (1) - (5) is: 

f = 7, a = {3}, S· t, T = {1,2}, r. {3} 

Solve Max Flow (3,T) 

The result is: 

A, 

R = {3}, S = {2}, T = {I}, {3} t s, f • 20/3 

Solve Max Flow (3,8) 

1 

7 

[a,b] 

1 '\ upper bound 

lower bound 



Result: 

R = <1>, S= {2,3}, T = {I} 

Apply Construction Rule 

20/3 

- 16 -

7 

20/3 

Note that theorem I is satisfied with iO • {3}, X(iO) m {2,3}, 

X(iO) = {l,4,S,t} and f = 4/3 ' •. 0+ 2 +2) • 20/3. 

Remark 

Analogous results as discussed here for a network with the source as refining 

node apply to a network with the sink as blending node. Details are left 

to the reader. 
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