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voor Bert 

en mijn ouders 

'Be what you would seem to be' • or, 

if you'd like it put more simply • 

'Never imagine yourself not to be 

otherwise than what it might appear 

to others that what you were or might 

have been was not otherwise than 

what you had been would have 

appeared to them to be otherwise' 

uit : Alice in Wonderland 

Lewis Carroll 
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Summary 

The sound spectrum of a bell is the audible sound that is radiated by the vibrating bell, and 

consists of the superposition of a large number of pure tones, the SO<-C8lled partials. A partial is 

the sound field that is radiated by a structural eigenmode of the bell. Using numerical shape 

optimization a new type of bell was developed in 1985. In this bell the traditional minor-third 

chord, formed by the lowest partials, was replaced by a major-third chord. The perceptual 

evaluation of the new bell showed that optimization of the frequencies of the partials is not 

enough to ensure a qualitatively good sound spectrum. It is necessary to incorporate other 

characteristics of the sound spectrum as well. The subject of the present reseach is the 

modelling of more characteristics of the sound spectrum, e.g. the initial strength and the decay 

rate of the individual partials, and the subsequent optimization of the characteristics of the 

sound spectrum. 

The characteristics of the partials can be expressed in the modal properties of the transient 

structural dynamic response of the excited bell. Modelling the modal properties of the dynamic 

response, a combination of a finite element model of the bell, an analytical model of the 

dynamic response of the dapper, and an analytical model of the collision between the bell and 

the dapper was employed. The sound radiation of the eigenmodes of the bell was analysed by 

means of the boundary element method. The developed model of the dynamic response and 

the sound radiation was validated experimentally. In order to omit the time-consuming 

boundary element analyses of the sound radiation, regression models describing the sound 

radiation of the most important eigenmodes as a function of the bell geometry were fitted on 

numerical analyses of the sound radiation. These regression models can be evaluatad very fast, 

which is of major importance during the optimization process. Moreover, regression models 

describing the eigenfrequencies of the most important eigenmodes have been developed. 

A multi-stage optimization procedure has been developed. In the first stage the regression 

models are used to determine bell geometries that roughly fulfill the target values. In the 

second stage these bell geometries are optimized accurately towards the target values, 

employing the finite element method analysis. The optimization procedure was applied to the 

optimization of major-third bells, using target values that have been obtained from experiments 

on minor-third bells, described in the literature, and from numerical analyses of minor-third 

bells. It was found that the optimization procedure is effective. Already three bell geometries 

have been determined that satisfactory fulfil! the target values. 
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Samenvatting 

Het geluidsspectrum van een ldok is het hoorbare geluid dat door een trillende ldok 

uitgestraald wordt, en bestaat uit de superpositie van een groot aantal deeltonen. Een deeltoon 

is het geluidsveld dat door een structurele eigenmode van een ldok uitgestraald wordt. In 1985 

werd, door toepassing van numerieke vormoptimalisering, een ldok met een nieuwe 

toonstructuur ontwikkeld. Hierbij werd in de toonhoogten van de laagste deeltonen een grote 

terts akkoord gerealiseerd i.p.v. het traditionele ldeine terts akkoord. Bij de evaluatie van de 

nieuwe ldokken bleek echter dat het voor het verkrijgen van een acceptabel geluidsspectrum 

niet voldoende is om alleen de toonhoogte van de deeltonen in beschouwing te nemen. De 

doelstelling van het huidige onderzoek is het uitbreiden van de modellering van het 

geluidsspectrum met o.a. de beginsterkte en de uitldinksnelheid van de deeltonen, en 

vervolgens deze karakteristieken van het geluidsspectrum daadwerkelijk te optimaliseren. 

De karakteristieken van het geluidsspectrum kunnen gemodelleerd worden m.b.v. de modale 

eigenschappen van de dynamische respons van de aangeslagen ldok. Voor de modellering van 

de dynamische ldokrespons is gebruik gemaakt van de combinatie van een eindige elementen 

methode model van de ldok, een analytisch model voor de beweging van de ldepel, en een 

analytisch contactmodel voor de botsing tussen ldok en ldepel. De geluidsafstraling van de 

eigenmodes van de ldok is m.b.v. de randelementen methode berekend. De modelvorming van 

de dynamische respons en de geluidsafstraling is experimenteel gevalideerd. Teneinde de 

tijdverslindende berekeningen van de geluidsafstraling zoveel mogelijk te beperken, zijn 

regressiemodellen ontwikkeld die de geluidsafstraling van de belangrijkste eigenmodes als 

functie van de ldokgeometrie beschrijven. Deze modellen zijn gefit op een groot aantal 

numerieke analyses van de geluidsafstraling. De modellen zijn zeer snel te evalueren, hetgeen 

van groot belang is tijdens een optimalisatie proces. Tevens zijn er regressiemodellen 

opgesteld voor de belangrijkste eigenfrequenties van ldokken. 

Er is een gefaseerde optimaliseringsstrategie ontwikkeld, waarin eerst m.b.v. de regressiemo

dellen enkele klokgeometrieen worden gegenereerd die vrijwel aan de doelwaarden voldoen. 

Deze geometrieen worden vervolgens m.b.v optimalisatie op basis van de nauwkeurigere 

eindige elementen methode verder verfijnd. De optimaliseringsstrategie is toegepast op de 

optimalisatie van het geluidsspectrum van grote terts ldokken, waarbij uit de literatuur en uit 

numerieke analyses verkregen waarden voor de karakteristieken van het geluidsspectrum van 

ldeine terts klokken als doelwaarden fungeerden. De ontwikkelde optimaliseringsstrategie 

blijkt bevredigend te werken. Er konden een drietal ldokgeometrieen bepaald worden die in 

voldoende mate aan de gestelde doelwaarden voldoen. 



----------Chapter 1 ----------

Introduction 

1.1 Bells and their sound spectrum 

In almost every part of the world the sound of bells is well known. No matter how diverse the 

bells of Northern Europe, Southern Europe, Russia or China may sound, their physical 

principles are all the same. A bell is essentially a three-dimensional shell with a (usually) thick 

wall, and is often axi-symmetric. Bells are cast in one piece from a metal with low internal 

damping. After a bell is excited, its vibrating wall excites the air surrounding the bell, thereby 

radiating the typical bell sound. The sound spectrum of a bell consists of a large number of 

pure tones, the so-called partials, each with a distinct frequency. The partial frequencies are 

determined uniquely by the shape and material of the bell. During the slow decay of the sound 

spectrum the partial frequencies remain the same since the weakly damped bell behaves in a 

linearly elastic manner. In figure 1.1.1. the cross-section of a traditional North European bell is 

shown. 

After a bell is excited with a stroke of a clapper or a hammer, the bell starts to vibrate. The 

vibration of the bell consists of the superposition of an infinite number of excited eigenmodes 

I shoulder 
I 

I 
I 

I 
I 

I 
I 

I 
I 

I midplane sound bow 
I 

mouth lip 

Figure 1.1.1 Vertical cross-section of the traditional North European minor-third beU. 
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Figure 1.1.2 
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Figure 1.1.3 
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horizontal vibration patterns 

Vibrational patterns in the vertical and horizontal cross-sections of a traditional North 
European minor-third bell, where the dotted lines represent the midplane of the 
undeformed bell. 

frequency ratio 

Schematized representation of the sound spectrum of an idealized traditional North 
European minor-third bell, showing the seven most important partials (see table 1.1.1). 
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with distinct eigenfrequencies (assuming the bell to behave in a linearly elastic manner). Every 

eigenmode vibrates with its own eigenfrequency in a unique mode shape, "as an initial 

amplitude that is determined by the initial conditions of the bell, the excitation process and 

excitation point, and decays at its own decay rate due to the damping related to the eigenmode. 

The eigenfrequency, mode shape, damping and amplitude of an eigenmode are called the 

modal properties. For an axi-symmetric bell as shown in figure 1.1.1 the eigenmodes can be 

characterized by the vibrational patterns in the vertical and horizontal cross-sections, shown in 

figure 1.1.2. The dotted lines display the undeformed shape of the midplane of the bell. The 

curves on the bell in vertical and horizontal direction where no transverse deformation takes 

place, are called the nodal meridians and the nodal circles, respectively. 

Every eigenmode is characterized by its typical vibrational pattern in the vertical and 

horizontal cross-section. The vibrational patterns of eigenmodes in the vertical cross-section 

are denoted by the roman numbers I, 11, Ill, etc. (see figure 1.1.2). The vibrational patterns in 

the horizontal cross-section are denoted by the numbers 0, 1, 2, 3, etc .. These numbers indicate 

the number of periods in circumferential direction, or half the number of nodal meridians of 

the eigenmode. The eigenmodes with m periods in circumferential direction, indicated by the 

codes 1-m, 11-m, 111-m, IV-m, etc., have monotonically increasing eigenfrequencies. (There are 

two exceptions to the vertical vibrational patterns. Instead of the eigenmodes 1-2 and 11-2, the 

eigenmodes H-2 and F-2 are found.) For convenience, in the rest of this thesis the eigenmodes 

are indicated by the codes m-1, m-2, m-3, m-4, etc., instead of the campanological codes 1-m, 

11-m, Ill-m, IV-m, etc .. The codes 2·1 and 2-2 are equivalent to the codes H-2 and F-2, 

respectively, see also table 1.1.1. 

Every eigenmode excites the air surrounding the bell, generating a vibration in the air with the 

same frequency. This vibration propagates through the air (away from the bell) generating a 

sound field. In every point of the sound field the pure tone or partial can be perceived. The 

bell sound or sound spectrum radiated by a bell consists of the superposition of a number of 

partials (i.e. pure tones), where every partial is characterized by its frequency, initial strength 

and its decay rate, i.e. the rate with which the strength of a partial diminishes. The 

reverberation time of a partial is determined by the initial strength and the decay rate. In figure 

1.1.3 a schematized representation of the sound spectrum of a minor-third bell is given, 

displaying only a number of important partials. 

All partials contribute to the sound spectrum, but not all partials within the audible range are 

perceived in an equal manner. Due to weighting, masking and interference of the radiated 

partials by the human ear the perceived sound spectrum is formed. In the rest of this thesis the 

sound spectrum is defined as the audible part of the radiated bell sound. 
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Not all partials in the sound spectrum are equally important. To be important, partials have to 

be loud and of low order. The frequency ratios of these partials constitute the overtone 

structure. For a traditional North European minor-third bell the names of the lowest and 

loudest partials, their frequency ratios, and eigenmode codes are given in table 1.1.1. A 

frequency ratio of 2 (indicating an octave interval) denotes a frequency that is twice as high as 

the reference frequency. (In table 1.1.1. the hum is the reference partial.) In western music the 

octave interval is divided in 12 (logarithmically) equal steps, called semitones. 

The second, third and fourth partial of a minor-third bell form the characteristic minor triad in 

the overtone structure. 

One of the side-effects due to the human perception is the strike note which is dominant 

during the striking of the_ bell. The strike note is the perceived pitch of the bell. Usteners use 

the strike note to compare the pitch of different bells. In the traditional minor-third bells the 

strike note coincides with the fundamental. 

The present knowledge on designing, casting and tuning of minor-third bells was not gained 

overnight (see Lehr, 1991). On the contrary, although bells have been cast since the 6th century 

there are still many questions to be solved. Some aspects of the history of campanology that 

are relevant for the subject of this thesis, optimizing the shape of a bell with respect to a 

number of the characteristics of its sound spectrum, will be addressed in the next section. 

partial name 

hum 
fundamental 
third 
fifth 
nominal (octave) 
twelfth 
double octave 

Table 1.1.1 

mi~WI::f.bitd miQs;tt:lbild 
eigenmode freq. freq. 
code ratios notes ratios notes 

H-2 2-1 1 C4 1 c4 
F-2 2-2 2 Cs 2 Cs 
1·3 3·1 2.4 Ebs 2.5 Es 
11·3 3-2 3 Gs 3 Gs 
1-4 4-1 4 ~ 4 ~ 
I-S 5·1 6 G6 6 G6 
1-6 6·1 8 c, 8 c, 

Tbe names of tbe most important partials, the codes of the corresponding eigenmodes, 
and tbe frequency ratios of tbe partials for an idealized mmor-tbird bell and 
major-tbird bell, plus tbe corresponding notes of minor-third and major-third bells with 
bum-note c4. 



Introduction 5 

1.2 History of campanology 

Campanology is the science of the campana, or beU, and covers the complete field of 

designing, casting, tuning and playing bells. Moreover, the influence of the excitation system 

used for the bell or the carillon, and of the configuration of the bell tower on the bell sound 

are topics in campanology. Other important items in campanology are the questions which 

frequency ratios and what strength the partials should possess, how long the bell should ring, 

and bow accurate the tuning should be. 

From the history of campanology three parts that are relevant for the subject of this thesis are 

reviewed. The first part deals with the perception of the partials and their frequency ratios in 

the bell sound, and the awareness that the partials should have musically acceptable frequency 

ratios. The second part describes some experimental and analytical attempts, plus some 

numerical methods to model the relationships between the frequencies of the partials and the 

bell profile. The third part describes the recent advances in the numerical design of new bells 

at the Eindhoven University of Technology, and leads directly to the subject of this thesis. 

The panjals and their freq.uePQ' ratios 

Since the Middle Ages bells have been cast in Northern Europe, that is in the Netherlands, 

Flanders, Germany, France and the United Kingdom. From the casting experiments of the 

monks, i.e. the bell founders in those days, the global shape of the traditional North European 

minor-third bells emerged. Casting a pleasant-sounding or even pure-ringing bell must have 

been a question of luck, judging from the many aberrant bells. 

The first scientific observation of the partials in the sound spectrum of bells was made by 

Vincent de Beauvais around 1250, who reported hearing three different partials when striking 

the belt in three different places in vertical direction, respectively {Otte, 1858). This 

observation was certainly not superfluous since the existence of separate partials in the sound 

spectrum was far from obvious to most scientists of that time. 

A number of methods for the observation of the partials were developed in the course of the 

following centuries. One of the most obvious methods for trained listeners and/or musicians 

(and used by de Beauvais) is analytic listening. Trained listeners are able to discriminate the 

separate partials in a complex sound, that consists of the superposition of a number of partials. 

This is still one of the most frequently employed methods of judging a bell. 

Another method is based on the principle of resonance. A tone of a certain frequency, e.g. 

from a flute or by human voice, will cause a partial of the bell with {practically) the same 

frequency to resonate . .This enables the selective excitation of every single partial of a bell. On 

the other hand, a ringing bell will bring objects into resonance which have an eigenfrequency 

close to a partial frequency. If the eigenfrequencies of such objects are lmown it is possible to 

measure the frequencies of the bell partials. The metallophone, a limited set of metal bars with 
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known eigenfrequencies, was based on this principle (Lehr, 1965). Around 1640 the Dutch 

carillonneur and musician Jacob van Eyk was the first to measure the partials of a bell 

accurately to within a semitone with this instrument. 

Around 1750 tuning forks were invented. They are placed at an antinode of an eigenmode of 

the vibrating bell. If the tuning fork does not resonate there is no partial with a frequency close 

to the eigenfrequency of the tuning fork. If it does resonate the number of beats per second 

heard, caused by interference, is the difference in frequency (measured in Hz) between the 

partial and the tuning fork. Using an extended set of calibrated tuning forks or adjustable 

tuning forks accurate measurements of partial frequencies are possible. The extended set of 

calibrated tuning forks is still used intensely in bell foundries in the United Kingdom. 

Today at Eijsbouts one uses a shaker, coupled to a pure-tone generator, to measure the 

frequencies of partials. Exciting a bell with the excitator, and steadily increasing the excitation 

frequency, the frequencies at which the bell resonates maximally are determined. These 

frequencies are equal to the frequency of the partials heard. 

The most important observation of partials was made by Van Eyk who perceived all the 

important partials in a bell sound. He was the first to formulate the musically ideal frequency 

ratios of the partials (within the possibilities of the traditional minor-third bells). Contrary to 

most contemporary scientists and bell founders who only accepted 3 partials in a bell, Van Eyk 

defined 7 partials that should be heard. In cooperation with Van Eyk, the bell founders 

Fran~ois and Pieter Hemony designed and casted the first really well-tuned carillon in 1644. 

Van Eyk and the Hemony brothers knew how to tune the lowest five partials of a bell. 

Grinding away small rings of material on the inside of the bell wall the frequencies of the 

partials are changed. Due to the individual reaction of the partial frequencies to the local 

changes in wall thickness, the frequency ratios can be changed slightly. Because of the slight 

inaccuracy inherent to the process of casting, the Hemony brothers casted the bells always 

somewhat thicker than necessary, tuning them afterwards to the correct profile and frequency 

ratios. 

Van Eyk and the Hemony brothers were the first to leave evidence of physical insight in the 

relationship between the bell profile and the frequencies of the partials. After their death their 

knowledge was finally lost in 1793 when the last of their followers died, taking the knowledge 

with him. 

The bell profile and the frequell((y ratios of the partials 

In the search for the relationships between the bell profile and the frequency ratios of the 

partials two parts can be distinguished: the tuning of bells, and the actual modelling of the 

relationships between the bell profile and the frequency ratios of the partials. 
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The art of tuning was reinvented in the United Kingdom by Canon Arthur Simpson at the end 

of the 19th century, some 250 years after the death of Van Eyk (Simpson, 1896). This time the 

principle of tuning became commonly known amongst bell founders, although it remained a 

job for experienced tuners. 

Van Heuven (1949) was the first to systematically measure the tuning graphs for a Hemony 

bell. These curves display the changes of the frequencies of partials due to the removal of 

small rings of material from the inside of the bell at various heights. These tuning graphs 

enable almost every craftsman to tune a bell with the aid of some frequency measurement 

device and are used universally in bell foundries nowadays. It should be noted that tuning 

graphs are only valid for small changes in bell wall thickness. In practice they remain valid for 

frequency ratio shifts up to a semitone. 

Starting from the end of the 19th century musicians and carillonneurs in the Netherlands and 

its immediate surroundings could again demand pure-ringing carillons for their ·music. Today 

the Dutch Carillon Society requires tuning accuracies of 1/10 up to 1130 semitone for the first 

five partials of carillon bells and, until recently, for swinging bells as well. These accuracies 

for the swinging bells were in flagrant contrast with the German norms that require tuning 

accuracies of :t 3/10 semitone for their swinging bells. In Germany the "clean" pure-ringing 

swinging bells founded in the Netherlands and the UK are empathically rejected. In the 

Netherlands these swinging bells are also more and more rejected, recently. 

Van Eyk and the Hemony brothers were the first to show that beautiful profile lines and a 

beautiful bell sound are not related, though this notion was rejected by contemporary scientists 

at first. They had been and were still trying to find simple relationships between the bell 

profile proportions and the frequency ratios of partials. 

Starting around 1750 a number of mathematical vibration analyses of bells, based on the 

differential equations of motion, were attempted. They all failed because the complex bell 

geometry could not be described accurately with the available mathematics. 

A theory avoiding the problems of the shape complexity was the ring theory (e.g. Euler, 1764). 

The bell was thought to consist of a pile of rings with rectangular cross-sections. For each ring 

eigenfrequencies and eigenmodes were calculated analytically, whereafter the eigenfrequencies 

and eigenmodes of the total pile of rings, i.e. the bell, had to be deduced somehow from the 

ring frequencies and mode shapes. The ring theory failed completely in this last step. 

Moreover, the ring frequencies were seldom calculated accurately. 

Hereafter experimental paths were tried once again. 150 years after the death of Van Eyk: and 

the Hemony brothers the scientist Chladni (1802) realized that variations in the wall thickness 

affect the partial frequencies, although this must have been know to most bell founders. The 

bell founder Llewellins found that the thickness of the bell had a significant effect on the 

timbre of the bell sound. In very thick bells only the lowest partial (i.e. the hum) can be heard, 
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in very thin bells the higher partials are too loud compared to the hum note. But he did not 

succeed either in establishing the relationships between the frequency ratios of the partials and 

the profile experimentally (Anonymous, 18~). 

The experimental and analytical paths having failed, Kalnins (1964) was the first ~o develop a 

numerical analysis method that is suited for the analysis of bells. He analysed eigenfrequencies 

and eigenmodes of axi-symmetric thick shell structures with a complicated profile. First he 

divided the structure into a number of rings with simple cross-sections that can be analysed 

analytically. Introducing a number of boundary conditions to account for the structural 

interactions between the individual rings, the resulting set of coupled equations of motion was 

solved by a computer. However, he did not analyse bells. 

The first to numerically analyse the eigenfrequencies and eigenmodes of a bell was Banens 

(1972), who applied the Finite Element Method (FEM). The FEM is an all-purpose numerical 

analysis method. based on the discretization of the governing equations of the structure to be 

analysed (see Bathe et al., 1976). Banens used axi-symmetric finite elements with 

non-axi-symmetric deformations. Later Perrin and Charnley (1983) accurately calculated the 

eigenfrequencies and eigenmodes of bells using the FEM, and they successfully compared the 

numerical results with experimental results. 

AJI modelling and analysis activities described were carried out for the minor-third (or octave) 

bell, which is the traditional bell in Northern Europe. The logical next step is to employ the 

available numerical analysis tools in the design of new and/or improved bells. 

Recent advances in the numerical desjp of bells 

At the Eindhoven University of Technology the search for the profile of a genuine major· third 

bell (i.e. a bell whose lowest five partials form a major-third chord, see table 1.1.1), using 

numerical optimization techniques, was started around 1982. This search was initiated by Lehr, 

the bell founder of the Royal Eijsbouts bell foundry in Asten, the Netherlands. 

Van Asperen (1984) coupled the FEM-analysis of the eigenfrequencies of axi-symmetric 

structures to an optimization algorithm in the FEM-software cade DYNOPT. The design 

variables, used in the optimization, describe the geometry of the axi-symmetric structures to be 

optimized, e.g. bells. The derivatives of the eigenfrequencies with respect to the design 

variables, required by the optimization algorithm, are calculated. AJso tuning graphs can be 

calculated by DYNOPT for every bell shape (Van Asperen (1984), Nagtegaal (1986)). 

Maas (1985) developed and implemented an efficient model for the accurate description of the 

bell profile, using a limited number of design variables. He used DYNOPT to optimize the 

frequency ratios of the five tunable partials towards the target major-third frequency ratios. 

Several slightly different bell profiles with a nearly ideal overtone structure were calculated. 

The most promising bell was cast and could be tuned to a genuine major-third bell. (See also 

Schoofs et al. (1987), Lehr (1) and Lehr (2) (1987).) 
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The first prototype of the major-third bell, designed by Maas and Schoofs, was adapted by the 

bell founder using empirical rules to remove some disturbing (non-optimized) partials, and to 

make the timbre of the bell sound of the major-third bell more similar to the minor-third bell 

timbre. A complete movable carillon was designed and casted, using the adapted major-third 

bell shape. 
Houtsma and Tholen (1981) of the Institute of Perception Research in Eindhoven investigated 

the preference of carillonneurs, music students and non-musicians to a minor-third or a 

major-third carillon. They used a strophe of music, played once in a minor key and once in a 

major key on a synthesized minor-third and major-third carillon (both with a minor-third 

timbre). They found that most carillonneurs preferred the minor-third carillon whatever key the 

music was in. The music students preferred the minor-third carillon for the minor-third strophe 

of music, and the major-third carillon for the strophe in major key. Most non-musicians 

preferred the major-third carillon, especially when played in the minor key. In agreement with 

the results from the synthetic perceptual evaluation (Houtsma et al., (1981)), field observations 

showed that the major-third carillon was generally appreciated (Lehr(2), 1981). Already several 

major-third carillons have been installed all over the world. 

1.3 Objectives of the present research 

The first prototype of the major-third bell, designed by Maas and Schoofs, proved to have a 

major-third overtone structure with some disturbing (non-optimized) partials, that stood out 

quite clearly in the bell sound. Using empirical design rules, the bell founder was able to shift 

the frequencies of the disturbing partials somewhat, such that they no longer stood out clearly. 

The major-third bell also had a noticeably different timbre compared with the minor-third bell, 

whereas the bell founder optioned to have a major-third bell with a timbre similar to the 

minor-third bell timbre. Substantially changing the timbre of the major-third bell towards the 

timbre of the minor-third bell with the aid of the empirical design rules proved to be 

impossible. 

Moreover, it proved to be difficult to excite the major-third bell to the same sound power level 

as the traditional minor-third bell. The lower sound power level and the higher damping of the 

bell lead to a considerably shorter sound radiation, coupled with a different timbre of the bell 

sound. 

In short, the major-third bell is less sonorous and sounds shorter than a minor-third bell 

(Lehr (1), 1981). Besides, the rise time of the bell sound is noticeably longer, and the bells 

cannot be played in a sound power range as wide as the sound power range the minor-third 

bells permit. 
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A number of carillonneurs require major-third bells to possess the same timbre qualities as 

minor-third bells, rejecting the present type major-third bells. However, if the major-third 

carillon is considered as a completely new musical instrument and judged in its own right, the 

fact that major-third bells sound distinctly different from minor-third bells is not a handicap. If 

suitable music is played the major-third carillons are very beautiful music instruments indeed. 

The difference in timbre between minor-third bells and the prototype major-third bell clearly 

shows that the optimization of the overtone structure alone is not enough to automatically 

ensure a generally good-sounding bell. In order to obtain a good bell sound more 

characteristics of the sound spectrum have to be included in the optimization of the bell. 

The objective of this thesis is the modelling and optimization of the sound spectrum of bells. 

More specifically. the frequency (ratios), strength (ratios) and decay rate (ratios) of the limited 

number of important partials in the sound spectrum, plus some global characteristics, e.g. the 

strike note, are modelled and optimized with respect to the geometry of the bell and the 

clapper. The geometry parameters describing the shape of the bell and the clapper are used as 

the independent variables in the modelling stage, and as the design variables in the 

optimization stage. In the next section the complete project strategy is described. 

1.4 Research strategy 

Before one can actually optimize bells with respect to the characteristics of the most important 

partials in the sound spectrum. a model describing these characteristics as a function of the 

geometry variables of the bell and the dapper has to be developed. In this section the project 

strategy for the development of such a model, and for the design and implementation of an 

optimization procedure will be described. In figure 1.4.1 the global research strategy is 

sketched. 

In the first stage of the project the important characteristics of the sound spectrum, such as the 

frequency, strength and decay rate of the loudest partials and the strike note of the bell are 

determined. A characteristic is considered to be important if a slight change of the 

characteristic is (clearly) perceivable in the sound spectrum. 

The most important characteristics of the sound spectrum have to be expressed as a function of 

the modal properties of the bell. These modal properties, i.e. the eigenfrequency, amplitude, 

mode shape and modal damping of the eigenmodes, must be modelled as a function of the 

geometry variables of the bell. Only if the sound spectrum characteristics can thus be modelled 

as a function of the bell geometry variables, is it possible to optimize them. In section 2.2 the 

important characteristics of the sound spectrum, and the relationships between the sound 

spectrum characteristics and the modal propenies of the bell are described. 
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The second stage of the project is the choice of the bell ,eometry variables. and the 

development of a model of the transient structural dynamic response of a bell (i.e. the 

time-dependent vibrational behaviour of the bell) to a stroke with a clapper or hammer. The 

modal properties of the dynamic response that are related to the sound spectrum characteristics 

are the eigenfrequencies, mode shapes, amplitudes and damping of the excited eigenmodes of 

the bell. In this project the dynamic response is described modally, i.e. as a superposition of 

the excited eigenmodes multiplied by time-dependent amplitudes. Three distinct parts can be 

discriminated in the modal dynamic response description : 

• the numerical modelling of the undamped eigenfrequencies and eigenmodes, 

• the analytical modelling of the contact between the bell and the clapper for the 

numerical calculation of the time-dependent amplitudes, 

• the numerical modelling of the modal damping of the eigenmodes. 

The undamped eigenfrequencies and eigenmodes are calculated using a Finite Element Method 

(FEM) (see Bathe et al., 1976). Employing Hertz's law to model the contact between the bell 

and the clapper during the excitation, the time-dependent amplitudes of the eigenmodes can be 

determined. In chapter 2 the model of the transient structural dynamic response, the 

FEM-software computer code, and the contact model are described. The experimental 

validation of the applicability of Hertz's law as a dynamic contact model, and of the dynamic 

response model are also described in chapter 2. 

The modal damping of an eigenmode and of its corresponding partial are identical. The modal 

damping consists of two parts, i.e. material damping and acoustical damping. The material 

damping is the loss of vibrational energy due to internal friction in the bell material. The 

acoustical damping is the loss of vibrational energy due to the radiation of acoustical energy 

into the air surrounding the bell. The material damping is assumed to depend only on the bell 

material, and is estimated from material damping measurements on bronze rods and bells in 

vacuum. This is described in the sections 2.6 and 3.7. 

The acoustical damping is calculated with the aid of the Boundary Element Methodl (BEM) 

(see Gipson (1987), appendix D). The acoustical damping of an excited eigenmode depends 

very strongly on the geometry of the bell. During a dynamic response calculation or an 

iteration of the optimization process, the BEM-analysis would have to be carried out for every 

important partial, requiring a large amount of computer processing (CPU) time. (The 

BEM-analysis of one eigenmode requires between 1 and 5 hours CPU on an Alliant FX/40-2, 

depending on the mode shape.) Therefore, these BEM-analyses cannot be incorporated in the 

optimization of the bell. In order to obtain manageable models of the acoustical damping of 

eigenmodes, approximation models of the acoustical damping of the most important 

eigenmodes are developed. These approximation models are fitted as a function of bell 

lTbe FEM can be used as well, but is less appropiate for lbe analysis of acoustic radiation since a large 
portion of lbe air surrounding lbe bell bas to be modelled, contrary to BEM where only lbe boundary of 
the air at the bell surface bas to be modelled. 
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Figure 1.4.1 Flowchart of the project strategy. 

geometry variables on a large number of acoustical BE-analyses of different shaped bells, 

trading accuracy for the ease of evaluation of the acoustical damping. The development of the 

approximation models of the acoustical damping is described in chapter 3. 

The third main stage in this project is the design and implementation of a suitable optimization 

procedure for the optimization of the sound spectrum characteristics. Amongst others, the 

frequency, strength and decay rate of a number of partials have to be optimized. The fact that 

the frequency ratios of the partials are the most important of the characteristics to be 

optimized, has led to the choice of a multi-staged optimization procedure. In the first and most 

important stage the frequency ratios are optimized, constraining the decay rate ratios near their 

target values. In subsequent stages the other characteristics are optimized, retaining the 

overtone structure that was obtained in the first stage. 

Using the FEM-analysis in every iteration, however, the optimization will still be 

time-consuming. The result of such an optimization is not necessarily satisfying. In order to 

quickly scan a number of feasible bell geometries that roughly fulfill the overtone 

requirements, it is worthwhile to have a very fast analysis tool for the most important 

eigenfrequencies available. Approximation models of the most important eigenfrequencies are 

developed in a similar fashion as the approximation models of the acoustical damping (see 
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chapter 3). The approximation models of the eigenfrequencies and modal damping of the most 

important eigenmodes are used in a separate module of the optimization program to determine 

one or more feasible bell geometries. One of those bell geometries can than be optimized 

further in the FEM-based optimization. The optimization procedure is described in detail in 

chapter4. 

Finally, the optimization of a major-third bell is carried out. The choice of the target values for 

the optimization, and the optimization results are presented in chapter 5. 

1.5 Research restrictions 

The perceived sound spectrum of a bell is strongly influenced by the immediate surroundings 

of the bell and the listener. For example, the height and the construction of the bell tower, and 

the buildings surrounding the bell tower and the listener are very important for the appreciation 

of the bell sound. In the present research, however, the influence of the immediate 

surroundings of bells on the bell sound is discarded. The sound spectrum of a bell is 

considered without environmental influences. 

There are two main types of bells. The first type of bell is the swinging bell. Usually two or 

three swinging bells (their strike notes forming a musical chord) are placed together in a bell 

tower. Swinging bells are repeatedly excited at approximately maximum strength. 

The second type of bell is the carillon bell. A large number of bells, each with a carefully 

chosen strike note, constitute a carillon. All carillon bells are fixed rigidly to their suspension. 

The only moving parts are the clappers. Contrary to swinging bells, carillon bells are excited 

only when a note is played, after which the bell sound decays (nearly) completely. Since a 

carillon is a musical instrument, carillon bells have to be tuned very accurately. Moreover, it is 

required that traditional minor-third carillon bells can be played at any strength, varying from 

very weak to very strong. For every strength the bells have to radiate a qualitatively good 

sound spectrum (though these sound spectra are not identical for the different strengths due to 

the nonlinear contact phenomenon). When played weakly, the carillon bells should radiate a 

soft, uniform sound. When played very strongly, the sound spectrum may not deteriorate 

deteriorate due to overexcitation. In other words, the traditional carillon bells are required to 

have a large dynamic range. The present type of major-third bell, however, has a smaller 

dynamic range, which requires an adjustment of the existing carillon music. 

Since the demands made on carillon bells are much stricter than the demands made on 

swinging bells, the present research is limited to the optimization of the sound spectrum of 

caril!on bells due to one excitation only. 
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A subject that will not be adressed in this thesis is how the target/optimal values for the 

characteristics of the sound spectrum of completely new bells must be defined. This is a very 

complex problem with perceptual, esthetical and cultural aspects. In order to avoid the 

troublesome definition of the target values, the timbre of a major-third bell will be optimized 

towards a minor-third bell timbre, since for this bell type a number of target values can be 

determined from experiments. 

Summarizing, the subject of research is the optimization of the sound spectrum of carillon 

bells. The rigidly suspended carillon bells are considered to be struck once with a clapper. At 

the moment of excitation the bell wall is assumed to be in rest. It is further assumed that there 

are no reflecting surfaces present in the neighbourhood of the bell. 

In the next chapter the sound spectrum characteristics, and the modelling of the transient 

structural dynamic response of the bell and the clapper is described. 



--------- Chapter2 ---------

Transient structural dynamic response 
of a clapper-excited bell 

2.1 Introduction 

To determine the characteristics of the sound spectrum radiated by a bell, the transient 

structural dynamic response of the bell to a stroke with a clapper needs to be modelled. Since 

the characteristics of the sound spectrum can be expressed directly in terms of the modal 

properties of the dynamic response of the bell, a modal representation of the dynamic response 

was chosen. 

In section 2.2 the relationships between the characteristics of the sound spectrum and the 

modal properties of the transient structural dynamic response are described. In sections 2.3 to 

2.5 the modelling of the transient structural dynamic response of the bell and the clapper, and 

the modelling of the contact between the bell and the clapper are described. Section 2.6 

discusses the modelling of the modal damping. An experimental validation of the modelling of 

the contact between, and the dynamic response of the bell and the dapper is presented in 

section 2.7. 

2.2 Relationships between the characteristics of the sound 
spectrum and the modal properties of the dynamic response 

The sound spectrum of a bell consists of the superposition of a large number of partials, as was 

already mentioned in section 1.1. Each partial has three important characteristics, i.e. 

frequency, decay rate and strength. These three characteristics can be related to the modal 

properties of the corresponding eigenmode in the dynamic response. Moreover, the decay time, 

strike note, rise time and ID-value are important overall characteristics of the sound spectrum. 

freQ.ue®y 
The frequency of a partial is equal to the eigenfrequency of the eigenmode that radiates the 

partial. 
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decax rate 
The bell is assumed to behave linearly elastic and weakly damped. The assumption of weak 

damping implies that the damping mechanisms of two different eigenmodes are (practically) 

unrelated. In other words, the damping of one excited eigenmode is undistutbed by the 

excitation of other eigenmodes. Therefore, the damping of the bell is modelled as modal 

damping, assigning one damping value to every eigenmode. 

The damping of every vibrating eigenmode consists of two· parts, material damping and 

acoustical damping. The material damping is caused by internal friction in the bell wall, 

dissipating the vibrational energy. The acoustical damping is caused by the radiation of sound 

energy into the air surrounding the bell. This radiation of sound energy reduces the vibrational 

energy of the eigenmode of the bell. The total modal damping 11 of an eigenmode is equal to 

the sum of the modal material damping 71m and the modal acoustical damping,., 11 = 11m + rf 
(see also section 2.6). The modal damping (whether total, material or acoustical damping) is 

always represented dimensionless as a fraction of the critical damping of the eigenmode, where 

f1=l.O corresponds to critical damping. 

The decay rate of a partial is equal to the decay rate of the vibrational amplitude of the 

eigenmode radiating the partial, assuming the sound radiation to be coupled in such a way that 

halving the vibrational amplitude of an eigenmode leads to half the pressure amplitude of the 

corresponding pure tone in air. In appendix 8 it is shown that this corresponds to the 

assumption that the linearized lossless wave equation describes the sound radiation. The decay 

rate is determined by the total modal damping 11 and the undamped angular eigenfrequency co 
of the eigenmode. The vibrational amplitude of the eigenmode is reduced to a fraction e ·2m'r 
during each vibration cycle, or to a fraction e"11at during an interval oft seconds. The fraction 

e·11at is called the exponential decay, and characterized by the product tJCO. If the decay is 

plotted logarithmically versus time t, the product tJCO is the slope of the resulting straight-lined 

graph. The product tJco is called the decay rate in this thesis. 

stren&th 
The strength of a partial can be characterized by the sound power that is radiated by the 

corresponding eigenmode of the bell. The radiated sound power gives no information on the 

spatial distribution of the sound pressure of the partial. It only measures the strength globally. 

The relationship between the radiated sound power P. and the vibrational energy E5 of the 

radiating eigenmode is 

Ps = 2,.cuE5 [W] (2.2.1) 

where co is the angular eigenfrequency and tt the modal acoustical damping of the radiating 

eigenmode. The vibrational energy Es of the radiating eigenmode in equation (2.2.1} decays 

exponentially according to e"2l'JM. 

The strength of a partial is often expressed in deciBells 

strengthS= 10 10log(PJPo) [dB] (2.2.2) 
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where Po is the reference sound power, usually P0 = 1·10"12 W (Cremer et al., 1988, f 6.1). 

The sound spectrum of a bell consists of a large number of partials. However, these partials are 

not all equally important. The most important partials are loud and of low order. They can be 

perceived separately. In general two partials of the same sound level can be perceived 

separately if their frequencies differ approximately 15% or more (Boff et al., 1986). If the 

frequencies of two or more partials differ less than 15 to 20% one partial will (partly) mask the 

other. Therefore, the frequencies, decay rates and strengths of the only most important partials 

that can be perceived separately will be optimized. The rest of the audible partials is probably 

important for the timbre of the sound spectrum, but they will not be optimized. Their presence 

in the sound spectrum is enough. 

Apart from the characteristics of the partials, a number of overall characteristics of the sound 

spectrum can be distinguished. Most of these characteristics are derivatives of the 

aforementioned characteristics of the partials. 

decay time 

The decay time of a bell is the period during which the bell sound can be heard after a 

moderate to hard excitation. Usually the hum can be heard the longest, whereas the higher 

partials disappear quickly from the sound spectrum. As a rule of thumb the decay time of a 

bell in seconds should be at least 120 times the lip radius of the bell Rup in meters. 

strike note 
The pitch of the bell must be perceived unanimously by all listeners. The perceived pitch of a 
bell is the strike note. The strike note of the bell is prominent during and directly after the 

excitation of the bell. The strike note is not a physically existing tone. However, in most 

minor-third bells the strike note coincides with the fundamental (i.e. the second partial). The 

strike note is fooned by the human ear from the three physically existing (near-)harmonic 

partials nominal, twelfth and double octave in the sound spectrum, having frequency ratios 

2: 3 : 4. The human ear perceives the lowest "missing" partial, the so-called strike note, with a 

frequency such that the harmonic series 1 : 2 : 3 : 4 is perceived. The frequency of the strike 

note is equal to the common factor of the frequencies of the nominal, twelfth and double 

octave. If these partials are not near-harmonic, or if two different series of near-harmonic 

partials exist in a sound spectrum, different listeners may observe different strike notes for one 

bell (Eggen at al., 1986). Such bells are rejected. 

rise time 

Another important feature of the sound spectrum is the rise time. The rise time is the time 

lapse between the moment at which an observer perceives the sound of the collision between 
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bell and clapper and the moment at which the observer perceives the maximum strength of the 

sound spectrum. Thereafter the strength of the sound spectrum decreases slowly until all 

partials in the sound spectrum have become inaudible. The rise time of a sound spectrum is 

very short for a good bell, typically about 10 to 30 ms. A slight change of the rise time of S to 

10 ms is detectable for every listener (Smurzynski et al., 1988). 

fD-yalue 

Though not strictly a characteristic of the sound spectrum, the ID-value is nevertheless very 

important for the quality of a bell. The ID-value is defined as the hum frequency (i.e. the 

frequency of the lowest partial) multiplied by the diameter of the lip of the bell, 

ID = 2fbumRtip [ m/s] (2.2.3) 
where fhum denotes the frequency in Hz of the hum, and Rup is the radius in meter of the lip of 

the bell. The ID-value Couples the size and the pitch of the bell in order to ensure a reasonably 

sized bell. Also, in a bell with a very low ID-value the higher partials are too loud. In a bell 

with a very high ID-value only the hum can be heard. The ID-value for large traditional 

minor-third bells is about 200 m/s. 

The prototype of the major-third bell (Schoofs et al., 1987) proved to have a larger rise time 

than the traditional minor-third bells. Moreover, it has a very clear strike note, and a less 

sonorous sound spectrum that decays faster than that of traditional bells. The increase of the 

rise time and the less sonorous sound spectrum are rejected by some carillonneurs. 

In addition to a higher rise time and a less sonorous bell sound, the major-third bells proved to 

have a smaller dynamic range. This means that the range of sound power levels of a bell that 

correspond to a qualitatively good sound spectrum is smaller for a major-third bell than for a 

minor-third bell. The major-third bell cannot be excited to produce a good sound spectrum of 

the same sound level as an equivalent minor-third bell. This limits the musical possibilities of 

the major-third bell in some respect compared to the minor-third bell. 

In the next sections the modelling of the transient structural dynamic response of the bell and 

the dapper, and the modelling of the contact between the bell and the clapper are discussed. 

2.3 Choices for the dynamic response description 

The transient structural dynamic response of the bell is described modally as the summation of 

the excited eigenmodes, multiplied by time-dependent amplitudes. The dynamic response can 

thus be expressed using the modal properties, i.e. eigenfrequency, mode shape, modal 

damping, and the amplitude of the excited eigenmodes. The modal description of the dynamic 

response enables the simple mathematical relationships between the modal properties of the 
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dynamic response and the characteristics of the sound spectrum, described in section 2.2. 

Due to the complex geometry the transient structural dynamic response of a bell to a stroke 

with a clapper can only be calculated numerically using a spatial discretization method such as 

the Finite Element Methodl (Bathe et al., 1976). The FEM-program DYNOPT, developed at 

the Division of Mechanical Engineering Fundamentals of the Eindhoven University of 

Technology was chosen for the implementation of the transient structural dynamic response 

calculation. This FEM-program was developed for the analysis and optimization of 

axi.gymmetric structures with non-axi.gymmetric loading and deformation, using 

axi-symmetric finite elements, the so-called Fourier elements. In circumferential direction the 

loading and deformation are described with the aid of Fourier series (Van Asperen, 1984). This 

type of element is very advantageous for the analysis of axi-symmetric structures. 

The most obvious advantage of the use of Fourier elements is the low number of degrees of 

freedom (DOF) of the 2-dimensional (2D) FEM-model of the bell profile, compared with the 

number of DOF resulting from a full 3-dimensional (3D) FEM-model of the complete bell. As 

a result the computer processing (CPU) time required to analyse the 2D FEM-model of the bell 

is only a small fraction of the CPU-time requir~d for the analysis of the full 3D FEM-model. 

Secondly, the modelling of the 2D bell profile is much simpler than the modelling of the 3D 

bell. Finally, the low number of DOF of the 2D FEM-model of the bell profile, combined with 

the modal description of the dynamic response requires considerably less memory space on a 

digital computer than the dynamic response calculation using a 30 FEM·model of the bell 

(whether a modal description is used or not). 

In order to calculate the transient dynamic response of the bell, the contact force between the 

bell and the clapper, as well as the contact point have to be known. From the geometry of the 

bell and the dapper the contact point can be determined, along with the velocity vector of the 

contact point on the clapper at the beginning of the contact. For the determination of the 

contact force a contact model is necessary. 

There are several possible methods available to model the contact. Two main categories can be 

distinguished : analytical methods, and finite element method models. 

An example of an analytical model is Hertz's law, a nonlinear relationship between the contact 

force and the local compression between two normally compressed bodies. An example of 

finite element method models is the use of dedicated finite contact elements in the contact 

region of the FEM-model. These contact elements detect the contact, and determine the local 

lJn FEM the body is subdivided in a number of small, simply shaped sections called futite elemenlS. A 
linear or quadratic variation the displacemeniS is assumed over the finite elements. Multiplying the 
governing (differential) equation by a suitable weighting function, and integrating the equation over the 
elemeniS, yields a set of coupled equations from which the displacemeniS of a number of discrete poiniS 
are solved. These discrete poiniS are the so-called nodal points, and are the corner (and midside) poiniS of 
the fmite elemeniS (see figure 2.4.1). The displacements of other points on the body are obtained from the 
nodal point displacements through interpolation. 
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deformation and contact pressure between the compressed bodies. 

The usage of an analytical contact model such as Hertz's law has a number of advantages, 

compared with the use of dedicated finite contact elements. First of all, the application of 

finite contact elements requires a full 3D FEM-model of both bell and clapper, since no 

contact element version of the Fourier elements is readily available in commercial 

FEM-software codes at this time. A full 3D FEM·model of the bell and the clapper would 

result in a very large amount of CPU-time necessary to analyse the contact between the bell 

and the clapper. Secondly, the available FEM-software codes do not offer the possibility to 

combine the analysis of the contact between the bell and the clapper with the modal 

description of the dynamic response of the bell. It would be rather difficult to define the 

time-dependent participations of the eigenmodes of interest from the calculated transient 

dynamic response. 

A third drawback of the use of dedicated finite contact elements in a commercial 

FEM-software code is the practical problem of coupling a separate optimization software code 
with the FEM-analysis of the dynamic response of the bell. This coupling would be necessary 

since there is (virtually) no opportunity to implement the optimization software in such a 

commercial FEM-software code. 

In the transient structural dynamic response calculation Hertz's law is used as the analytical 

contact model, where the local compression is defined as the difference in global 

displacements of the contact points on the bell and the clapper. Hertz's law can be combined 

with the modal description of the dynamic response using the 20 Fourier element analysis of 

the bell. The modelling of the clapper can still be chosen freely. The contact analysis will not 

result in detailed information on the local deformation of the bell and the clapper. Fortunately, 

only the resulting local compression between the bell and the clapper is of interest. 

In the next section the modal description of the dynamic response of the bell is given. In 

section 2.5 the contact model, the modelling of the dynamic response of the clapper, and the 

actual calculation of the dynamic response and the contact force are discussed. 

2.4 Dynamic response description 

The geometry and the transient structural dynamic response of a FEM-model of the bell are 

described using cylindrical coordinates (see figure 2.4.1). 

A bell is an axi-symmetric structure, subject to non-axi-symmetric loading and deformations, 

and can be modelled using 8·noded quadrilateral Fourier elements (see figure 2.4.1; Van 

Asperen, 1984). Only the bell profile in the r·z plane has to be discretized. In the 
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circumferential direction ( q>-direction) the displacements and loading of the bell are described 

by a Fourier series, i.e. the (3np•l)-column matrix of the r-, q>-, and z-displacements of the np 

nodal points can be written as 

[;~~=~] = [;::~] + ± {[;~:~]cos(mq>) + [;~:~]sin(m~p)l 
2z(l,!p) 20z(t) m-1 2&z(t) 9&z(t) 

(3np•l) 

(2.4.1) 

where m denotes the number of periods in circumferential direction, and 3np denotes the 

number of degrees of freedom (DO F) in the FEM-model of the bell. For simplicity of notation, 

the displacement& in the r-, q>- and z-direction are grouped together. The superscripts 's' and 'a' 

denote symmetric and anti-symmetric displacement& with respect to the plane cp=O, 

respectively. 

Assuming the bell to be struck: perpendicular to the q>-direction in the contact point C with 

coordinates (r0 !poZc}, the displacements of the bell are symmetric with respect to the plane 

CJ='Pc· If the coordinate system is chosen in such a way that IPc=O, all displacements of the bell 

can be described by a symmetric Fourier series. This implies that the anti-symmetric 

displacement components in equation (2.4.1) are equal to zero 

z-axis 

z 

cp --l\ 
O~r 

Figure 2.4.1 Tbe FEM-mesb of tbe bell profile and tbe cylindrical coordillate system used. Tbc 
FEM·mcsb consists of S.noded quadrilateral Fourier elemeuts (lncludias the lip of tbc 
bell). 
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m=O, .. CD, (2.4.2) 

Because the bell is struck perpendicular to the q>-direction, the circumferential component F.,(t) 

of the contact force F(t) vanishes. In consequence, no displacements in tp-direction will be 

excited at fP=fl'c 

F'P(t)=O --t 9.,(t,fPc)=~ --t 901P(t)=~ (2.4.3) 

These two consequences can be used to reduce the dynamic response description to a Fourier 

series that is symmetric about the plane fP=O. Substituting the equations (2.4.2) and (2.4.3) into 

equation (2.4.1) the following expression for the dynamic response is obtained. 

[

q r(t,fP)l CD [q~r(t)cos(mfP)l 
9(t,fP) = g'P(t,fP) = :L g~(t)s i n(mfP) 

9z(t,fl') m-0 9.k(t)cos(mfP) 

The column of symmetric displacement components is abbreviated to 

q.Mt)l 
9Mt) = 9Mt) 

9.k<t) 

m=O, .. CD (3np•1) (2.4.4b) 

The displacements 9(t,fP) due to the unknown contact force F(t) have to be determined. From 

the known contact point position, the directivity of the contact force (see section 2.5), and an 

assumed distribution of the contact force over the contact region on the bell, a column of 

equivalent nodal point forces !(t,fl') can be derived (Roozen-Kroon(2), 1990) 

!(t,fl') = ~F(t) 
where ~ denotes the column of normalized equivalent nodal forces. 

The column of nodal point forces is described with a Fourier series 
01) 01) 

!(t,fl') = I ~nf(t)cos(mfP) = I !olt)cos(mfP) 
m-0 m-0 

(3np•1) 

The symmetric displacement columns g.Yt) due to the column of equivalent nodal forces are 

calculated from the equations of motion. For each number of periods m in circumferential 

direction, a separate set of equations of motion has to be solved (the superscripts 's' will be 

omitted further) 

M9.J:t) + B~.J:t) + ~.J:t) = !olt) m=O, .. oo, (3np•1) (2.4.5) 

where the matrices M, Bm and Km denote the mass, damping and stiffness matrices. 

Due to boundary conditions some of 3np components of 9alt) are known. The equations of 

motion are solved only for the nr < 3np unknown DOF. 
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As was mentioned earlier the dynamic response is expressed modally as a summation of the 

eigenmodes, multiplied by time-dependent amplitudes. The eigenmodes and eigenfrequencies 

are calculated in a FEM-analysis of the bell. Assuming the bell to be wealdy damped, the 

damped and undamped eigenmodes of tlle bell can be taken identical. Therefore the symmetric 

undamped eigenmodes are used to express the displacement columns 9at:t) modally 
nr 

(2.4.6) 

where ~mi is the itb symmetric eigenmode with m periods in circumferential direction, and 

smi(t) is the corresponding unknown time-dependent amplitude. The maximum number nr of 

eigenmodes ~mi that can be calculated and used in the modal description is equal to the 

number of unknown DOF of the FEM-mesh of the bell. The modal description of the dynamic 

response of the bell is obtained after substitution of equation (2.4.6) into equation (2.4.48) 

ao or [~~u(t)cos(mcp)] 
9(t,cp) = I I ~~(t)sin(mcp) sm(t) 

m-0 i•l ~~(t)cos(mcp) 

(2.4.7) 

Substituting the modal expression for 9uit) in equation (2.4.6) into equation (2.4.5), and 

premultiplying the equations with the transposed matrix of the eigenmodes X.\, the uncoupled 

equations of motion for m periods in circumferential direction are obtained. From the 

equations of motion the unknown terms Sm(t) are solved 

mmismi(t) + bmisnit) + kuiSm(t) = ~&.!nit) 
!nit) • ~ , t E [to, te] 

km = ca;.mni , bni = 2fJmiWOJimmi , 

Xm = ~ml ~m2 ••• ~11111'] 

(2.4.8) 

m=O, .. z 

i=l, .. nr 

(3np•nr)-matrix 

where ami denotes the itb diagonal element of the diagonal matrix X~ {and Am is either 

M, Bm or Km), and the columns ~ni containing the eigenmodes are the columns of the matrix 

XID' The amplitudes smi(t) can be determined, using the so-called 'Duhamel integral' to express 

the individual terms smi(t) as a function of the right-hand side term (Bathe et al., 1976) 

Sm{t) = e·fJmirum(t-to)[sm(to)cos(wm(t·to)) +sm(to)+!Jgj::sPi(to) sin(Ci.lm(t-to))J + 

1 t (t ... 1 X&. f u! t:)sin( ii.lm( t-1:)) - J e·fJmiC.Omi •• , • • dt: 
Wm mmi 

"'"to 

(2.4.9) 

t a t0 

fJmi < 1.0' i=l, .. nr, m=O, .. eo 

where smi(lo) and smi(lo) are the initial conditions for smi(t), and Wmj is the damped angular 

eigenfrequency. 
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Summarizing, the dynamic response of the bell can be expressed as 

00 nr [~~r(t)cos(mqJ)l 
~(t,qJ) = I I ~~(t)sin(mqJ) sm(t) 

m-0' i·l ~.k(t)cos(mqJ) 

(3np•l) (2.4.7) 

using equation (2.4.9) to determine the amplitude sm(t) as a function of the unknown contact 

force F(t). In practice, however, only a limited number of periods in circumferential direction, 

and a limited number of eigenmodes per value of m can be taken into account. In appendix A 

a number of convergence criteria for the necessary number of periods and eigenmodes is 

described. The modelling and calculation of the unknown contact force will be addressed in 

the next section. 

2.5 Contact model and dynamic response calculation 

In order to calculate the dynamic response of a bell hit by a dapper, the contact force F(t) 

between the ball and the dapper has to be modelled. The contact force is determined by the 

geometry and material of both bell and dapper, and by the magnitude and direction of the 

velocity of the contact point on the dapper at the moment of impact, whereas the bell is 

initially in rest (see figure 2.5.1). As was mentioned in section 2.3, Hertz's law will be used to 

analytically model the relationship between the contact force F(t) and the local compression 

between the bell and the clapper in the contact point. 

Figure 2.5.1 

p p 

F(t) 

W bell(t) 

Bell and clapper with tbe contact force F(t), tbe force component F0(t), the normal 
displacement& wbeu(t) and wc~8p(t), tbe contact point C, and the contact velocity v(t). 
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Hertz's law was originally deduced to relate the normal contact force F(t) to the elastic 

quasi-static normal compression a(t) of two homogeneous isotropic bodies in contact 

F(t) = t[ a(t)] 
3
12 (2.5.1) 

where k is a constant depending on the material and the geometry of the two bodies in the 

vicinity of the contact point (Hertz (1882), Goldsmith (1960), Love {1949)). The contact force 

F(t) acts perpendicular to the tangent plane in the initial contact point of the two bodies. The 

compression a(t) is defined as the approach of the centres of mass of the two bodies. 

In order to model the oblique contact between the bell and the clapper with Hertz's law, a 

number of assumptions has to be made. First, the clapper is assumed to hit the bell 

perpendicular to the circumferential direction. This implies that the velocity component and 

the contact force component in the circumferential direction are equal to zero 
v.,(t)=O 

F,(t) = 0 

(2.5.2) 

(2.5.3) 

This also implies that no displacement& in the q:>-direction will be excited at fP=fPc (see section 

2.4). Secondly, it is assumed that the contact force F(t) on the bell acts in the direction of the 

velocity v(t) of the contact point Con the clapper (see figure 2.5.1). For small values of the 

angle p {say p :s; 1f/6) the clapper ball will "dig" itself into the bell wall, thereby transferring 

the tangential component of the contact force completely. The angle {j is defined as the angle 

between the velocity vector v{t) and the line perpendicular to the bell wall in the contact point 

C, see figure 2.5.1. For large values of {j {say {j 111 1f/3) the clapper ball mainly grazes the bell 

wall, which leads to an unacceptable sound spectrum of the bell in practice. Therefore, values 

of {j larger than :t n/6 will be excluded. 

Figure 2.5.2 Local compression between bell and clapper ball. 
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Finally, it is assumed that the normal compression a(t) between the bell and the clapper in the 

contact point is related to the normal component Fn(t) of the contact force F(t) by Hertzls law 

(see figure 2.5.2). 

The normal compression a(t) is defined as the sum of the normal displacements of the contact 

point on the bell and the clapper, wbd1(t) and wdap(t), respectively, (see figure 2.5.1) 

a(t) = wdap(t) + WIJdJ(t) (2.5.4) 

At the initial moment of contact a(t) is equal to zero. Hertz's law is used to relate the normal 

component Fn(t) of the contact force F(t) to the normal compression a(t) 

[ ]
3/z 

F0(t) = F(t)cos(IJ) = k a(t) (2.5.5) 

where k: is a constant depending on the geometry and the material of the bell and the clapper 

in the vicinity of the contact point. 

Before the normal compression a(t) and the related contact force F(t) can be solved from 

equation (2.5.5), the normal displacements of the contact point on the bell and the clapper 

have to be expressed as a function of the unknown contact force F(t). 

The normal displacement wbeu(t) of the contact point on the bell can be determined by 

interpolation from the displacements 9(t,tp) of the nodal points of the FEM-mesh of the bell 

(see section 2.4). The nodal displacements 9(t,tp) in equation (2.4.7) are already expressed as a 

function of the unknown contact force F(t). The normal displacement wbd1(t) can be 

interpolated from the nodal displacements of the finite element on which the contact point lies, 

using the shape functions of the finite element. wben(t) is expressed as (Roozen-Kroon(2), 

(1990), Van der Sanden (1989)) 

(2.5.6) 

where ~ is the column containing the coordinates of the contact point C, ~ is the column 

containing the outward normal on the bell wall in the contact point, N(~) is the matrix 

containing the values of the interpolation functions in the contact point for the element on 

which the contact point lies, and L is the matrix locating the data for the nodal points of the 

contact element in column 9(t,tpc;=O). Substituting the equations (2.4.7) and (2.4.9) into 

equation (2.5.6), an integral expression for wbe11(t) is obtained, containing the unknown contact 

force F(t). At the time to of the initial contact wben0o) is taken to be zero. 

The normal displacement WcJap(t) of the contact point on the clapper is determined from a 

model for the dynamic response of the clapper. The clapper is modelled as a rigid pendulum, 

suspended in the pivot point P (see figure 2.5.1). The local deformation of the clapper ball in 

the vicinity of the contact point is accounted for by the value of k in equation {2.5.5). The 

rotation 4(t) of the clapper is determined from the equation of motion of the clapper. Since the 
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bell is rigidly suspended (see section 1.5), the rotation of the clapper will be very small during 

the contact. Therefore, the equation of motion is linearized around the angle CJb. The angle q:u 

is the angle between the z·axis and the clapper at the moment of initial contact, see figure 
2.5.1. The linearized equation of motion of the clapper is 

il(t) + A2
4(t) = B • fo F(t) t E [to. le] (2.5.7) 

where A and B are known constants depending on q.u, and 10 is the rotational moment of 

inertia of the clapper (Van der Sanden, 1989). The rotation q(t) can be expressed explicitly as 

an integral expression, containing the unknown contact force F(t). The normal displacement 

wdap(t) of the contact point Con the clapper can be determined from the rotation q(t) of the 

clapper during the contact 

Wdap(t) = cos(/J)lf(t) t E [to. le] (2.5.8) 
where l is the distance between the contact point C and the pivot point P of the clapper. Notice 

that equation (2.5.7) and equation (2.5.8) are only valid during the contact between the bell 

and the clapper. At time to of the initial contact wdap(to) is taken to be zero. 

Substituting the equations (2.5.4), (2.5.6) and (2.5.8) into equation (2.5.5), the resulting 

integral equation can, at least in principle, be solved. Since the contact force F(t) appears 

implicitly in equation (2.5.5) it is impossible to obtain a closed-form solution for the contact 

force and the normal displacements of the bell and the dapper. This is caused by the 

dependence of wbeu(t) and Wctapp(t) on the history of the contact force F(t), see e.g. equation 

(2.4.9). Therefore, equation (2.5.5) has to be solved numerically through time discretization. At 

the initial instant of the contact, the contact force and the normal displacements of the bell and 

the dapper are known 

F(to) = 0, wbeu(to) = 0, wdap(to) = 0 

During the interval [to. to+L\t] the contact force F(t) is assumed to increase linearly from F(to) 

to F(to+L\t) 

F(t) = F(t0) + (t·to)[F(to+At)·F(to)]/L\t t E [to. to+L\t] (2.5.9) 

Substituting the expression for F(t) in the implicit relation in equation (2.5.5), and evaluating 

the integral expressions for wbe11(t) and wdap(t) in equations (2.5.6) and (2.5.8), respectively, a 

nonlinear algebraic equation is obtained. From this equation the unknown value of F(to+L\t) 

can be determined easily by a Newton-Raphson method. Using the resulting value F(to+L\t), the 

values of wben(to+L\t) and Wctap(to+L\t) can be determined. The contact force and the normal 

displacements on subsequent time steps t=ti+iL\t are determined in a similar way. 

The transient structural dynamic response calculation, described in sections 2.4 and 2.5 was 

implemented in the FEM-program DYNOPT. In appendix A a number of convergence criteria 

of the implemented dynamic response calculation are described. In section 2.7 the 

experimental validation of the dynamic response calculation is discussed. 
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2.6 Modal damping 

In section 2.4 the modal damping was incorporated in the dynamic response modelling. 

However, the modal damping itself remains to be modelled. As mentioned in section 2.2, the 

modal damping of the bell is subdivided into modal material damping and modal acoustical 

damping. 

Material damping is defined as the dissipation of vibrational energy into heat due to internal 

friction mechanisms in the bell material. From the literature some experimentally defined 

values of the material damping of bell bronze were obtained. Schad (1973) determined the 

damping of 4 eigenmodes of a transversally vibrating bronze rod in vacuum (see figure 2.6.1). 

Van Heuven (1949) measured the damping of 4 partials of a bell in vacuum (see figure 2.6.1). 

He also measured the damping of some bronze rods in air, finding an average material 

damping of 0.55 ·10-4 from both the bell and the rod experiments. (The first eigenmode of a 

rod possesses practically no acoustical damping.) 

From the material damping data in figure 2.6.1 no reliable relationship between the material 

damping and the frequency could be found. Therefore, it was assumed that the material 

damping depends only on the casting quality and the exact composition of the bronze. A mean 

value of 0.55 ·10-4 was adopted temporarily for the material damping of bell bronze. In section 

3.7 the experimental determination of both the material and acoustical damping of partials of 2 

carillon bells is described. 
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Material damping of bell brOllZe plotted versus frequency. Schad (1973) experimented 
on a bronze rod in vacuum, Van Heuven (1949) experimented on a bell in vacuum. 
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The second component of the damping is the acoustical damping. The acoustical damping is 

defined as the decrease of vibrational energy of the bell due to the radiation of sound energy 

into the air surrounding the bell. The radiated sound power depends very strongly on the mode 

shape and the eigenfrequency of the radiating eigenmode, and on the geometry of the bell (see 

appendix D). 

The acoustical damping cannot be determined exclusively from experiments, like the material 

damping. First, casting a large number of differently shaped bells is very time-consuming and 

very expensive. Secondly, from practical experience it is known that the acoustical damping is 

sensitive to small changes in the bell geometry. Measuring the acoustical damping of the most 

important eigenmodes of hundred differently shaped bells would not offer enough data to fit 

reasonably accurate models of the acoustical damping as a function of the bell geometry 

variables on. Therefore, the modal acoustical damping has to be determined numerically. 

There are two methods available for the numerical analysis of the radiated sound pressure 

distribution and the corresponding radiated sound power. The first method is the Finite 

Element Method (FEM), the second method is the Boundary Element Method (BEM). 

In FEM a large spherical section of the fluid (i.e. the air surrounding the bell) has to be 

discretized with finite elements, assuming a vanishing pressure distribution at the outer 

boundary. Due to the large number of finite elements required, and the troublesome mesh 

generation for the 3D volume, the FEM is not very appropiate for the analysis of the large 

spherical fluid volume. (However, the FEM is well suited for the analysis of pressure 

distributions in enclosed fluid volumes.} 

In BEM only the boundaries of the fluid volume have to be discretized. In the case of sound 

radiation by a bell into infinity (i.e. the air), only the inner and outer bell wall have to be 

discretized. Using the boundary conditions on the bell wall (i.e. the normal bell wall velocity 

due to an eigenmode) the resulting sound pressure distribution in the fluid, and the radiated 

sound power can be determined from the linearized wave equation (see appendix D). From the 

radiated sound power and the vibrational energy of the eigenmode under consideration the 

acoustical damping can be determined (see equation (2.2.1}). The BEM-software code 

SYSNOISE was chosen for the calculation of the acoustical damping (Sysnoise 4.3, 1990). 

Calculating the acoustical damping numerically two different options are available. 

The first option involves the calculation of the acoustical damping of the most important 

eigenmodes during every dynamic response calculation, and during every iteration step of the 

optimization process. Since the BEM-program SYSNOISE does not offer the possibility of 

using a BEM-analogue of Fourier elements at the time of this research (Meyer et al., 1979), a 

full 3D BEM-model of a part of the bell is required, resulting in a relatively large number of 

DOF. Therefore, the calculation of the acoustical damping is very time-consuming. Especially 
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durin& the optimization process, the calculation of the acoustical dampina of a number of 

eiaenmodes durin& every iteration would take far too much time. 

The second option involves the modellin& of the acoustical dampin& of a number of 

eiaenmodes as explicit functions of the bell aeometry variables. Such functions can be 

evaluated easily and quickly, and are therefore hi&hly suited to be used durin& the optimization 

process. The functions are fiUed on the numerical data for the acoustical dampin& of the 

eiaenmodes of a larae number of differenUy shaped bells, usin& rearession techniques. The 

theory for optimal desip of experiment is used to select those bell aeometries that are most 

suited for collecting the numerical data. More details on the calculation of the acoustical 

damping data, the optimal design of experiment, and the rearession analysis are given in the 

sections 3.4 and 3.6, and appendices C and D. 

Summarizing, the material damping of constant quality bell bronze is assumed to be constant, 

and the acoustical damping of the most important eigenmodes will be modelled with explicit 

functions of the bell geometry variables. The main advantage is the ease and speed with which 

these explicit models can be evaluated. Especially during the optimization process the time 

required for one analysis/iteration step is very important. On the other hand, these models only 

approximate the true acoustical damping values and are therefore less accurate. 
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2. 7 Experimental validation of the dynamic response calculation 

Modelling the transient structural dynamic response of the bell and the clapper a large number 

of assumptions has been made. In order to verify the developed model, experiments were 

carried out. 

The first and most important assumption is the use of Hertz's law to describe the slightly 

oblique collision between the clapper and the bell wall. Hertz's law was originally deduced for 

the elastic quasi-static normal compression of two homogeneous isotropic bodies. The contact 

surfaces were assumed to be smooth, and small compared with the size of the contacting 

bodies. Only normal stresses were assumed to act on the contact surface. However, employing 

Hertz's law to model a slightly oblique collision that lasts only about half a millisecond, it was 

necessary to validate both the dynamic and the oblique applicability. The experimental 

validation of the dynamic and oblique applicability of Hertz's law is described in the first part 

of this section. 

Once the validity of Hertz's law for elastic oblique collisions was established, the remaining 

assumptions in the modelling of the dynamic response of the bell and the clapper were 

validated with experiments on a bell and clapper. The most important assumptions are : 

1 The contact force F(t) between bell and clapper is completely transmitted in the direction of 

the velocity of the contact point on the clapper. 

2 Hertz's law relates the normal compression a(t) to the normal component Fn(t) of the 

contact force F(t). 

3 The clapper is modelled globally as a rigidly swinging pendulum. 

4 The dynamic response of the bell is described modally. 

5 The loading and displacement of the bell are described by a Fourier series in rp-direction. 

Validation of the apJ)Iicabilii)' of Hertz'S law to nonnal and obljqpe colljsions 

For the validation of the dynamic applicability of Hertz's law it was chosen to simulate and 

measure the OOI.Jllal collision of a ball on a simply supported beam with rectangular 

cross-section, since this choice of experimental con6guration allowed comparison of 

simulation results with simulation results from literature (Goldsmith, 1960). The dimensions of 

the beam and ball were chosen in such a way that the accelerations of the beam and the ball 

were of approximately the same magnitude as the accelerations of the available bell and the 

clapper, respectively (De Leeuw, 1991). A steel beam of 1.4x0.12x0.04 m, and a steel ball 

with a radius of 0.043 m were chosen. The beam was supported at both ends by thin metal 

blades of 0.4 mm thickness, approximating simple supports. The ball was suspended from two 

flexible chords, and hit the beam perpendicularly at the middle of the beam with a horizontal 

velocity of 0.5 m/s. The horizontal collision allowed the ball to be caught before a second 

collision occured. An electro-magnet was used to release the ball in a reproducible manner. 

The accelerations of the beam and ball were measured with accelerometers (accurate up to 10 
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Figure 2.7.1 

0.04 

0.086 

1.40 

Top view and side view of the configuration of the beam and ball experiment, and the 
accelerometer set-up. 

kHz), attached to the non-contacting sides of the beam and the ball, directly opposite to the 

contact point (see figure 2.7.1). The duration of the contact was measured with the aid of an 

electrical circuit, that was closed during the contact. The measured accelerations were sampled 

at 200 kHz, using an 8-channel digital transient recorder. Afterwards the acceleration signals 

were filtered with a low-pass filter, removing all frequency components higher than 10 kHz. 

It was checked that the beam did not significantly accelerate axially (i.e. in the direction of the 

beam axis), and that the supports were axially flexible enough. It was also found that the 

contact region on the ball had been plastically flattened during an orienting experiment. 

Measurements of the radius of the ball at the flattened contact region showed that the local 

contact radius on the ball was approximately twice the nominal ball radius. 

Measurements of the normal elastic collision were carried out at a contact velocity of 0.5 m/s. 

The corresponding computer simulation was carried out, taking a contact radius of twice the 

nominal ball radius into account. In figure 2.7.2 the experimental and simulated results are 

shown. It can be seen that the simulated and measured accelerations compare very well for the 

beam. The simulated and measured accelerations of the ball compare reasonably well. Hence, 

it can be concluded that Hertz's law performs well in a normal dynamic contact of short 

duration. 

The second objective of the measurements was to validate the applicability of Hertz's law to a 

slightly oblique collision, since the collision between the clapper and the bell is oblique. In 

case of an oblique collision Hertz's law is used to relate the normal compression of the 
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contacting bodies to the normal component F8(t) of the contact force F(t). Changing the 

suspension of the baH such that the angle between the direction of the ball velocity and the 

normal on the beam surface was 16 degrees, an oblique collision with contact velocity 0.5 m/s 

was carried out. (For the available bell the angle between the direction of the contact velocity 

of the contact point on the clapper, and the normal on the bell wall is also 16 degrees.) The 

accelerations of the beam and the ball due to the normal collision were compared with the 

corresponding accelerations of the oblique collision. Since the acceleration of the ball was 

measured in the same direction as the contact velocity (i.e. under an angle of 16 degrees with 

the normal on the beam), the ball acceleration was multiplied by cos(16) to obtain the normal 

component of the acceleration. Comparing the corresponding accelerations from the oblique 

and the normal collision (see figure 2.7.3), it can be seen that they are nearly identical, except 

for slightly smaller amplitudes of the accelerations from the oblique collision. In figure 2.7.4 

the ratio of the corresponding accelerations from the oblique and normal collision are 

displayed. It can easily be seen that the ratio of the ball accelerations is (virtually) the same as 

the ratio of the beam accelerations. From these experiments it is concluded that, in the case of 

small angles, the oblique collision can be modelled sufficiently accurately with Hertz's law. 

w 
(/) 

g 

8 
-.:::. 
m 
Qj 
Qj 
0 
0 
m 

Figure 2. 7.2 

2000 

1000 ~ 
/. 

~ 

0 .... , .. 
m4NlSU'81'1)811t , .. , 

-1000 , .. , beam ,·. I meeSU'emant ,· .. I bell 
-2000 \ ·. I 

\ ·. I - sim. beam 
\ ·. I R--o.oee m 

-3000 \ I sirn ball 
\ I 

R-<>.086 m 
\ I 

\ I 

-4000 ' 
I 

\ I 

' c 
-5000 ' 

· .... ,. , 
' ,_., 

-6000 ~~~~~~~~~~~~~~~~~ 
0.00 0.05 0.10 0.15 

t1me [s] 

0.20 0.25 0.30 
(E-3) 

Measured and Simulated accelerations of lhe beam and the ball. The contact velocity 
was 0.5 m/s. The contact radius R of the contact region on the baU was twice the 
nominal ball radius, Rnom=0.043 m. 



34 Structural optimization of bells 

Figure 2.7.3 
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Validation of the dynamjc l'e§IIOII!C calcylation 

In the first part of this section it was shown that Hertz1s law sufficiently describes the normal 

and slightly oblique elastic collision of a ball on a beam. It is straightforward to assume that 

Hertz's law also adequatly describes the slightly oblique elastic collision of the bell and the 

clapper. In the second part of this section the modelling of the dynamic response of the bell 

and the clapper, incorporating Hertz's law to describe the oblique contact, is validated 

experimentally. 

A swinging bell with a lip radius of Rup=0.39 m, and a clapper of 9.1 kg, with an overall 

length of 0.375 m, and a nominal clapper ball radius of 0.052 m were available for the 

experiments. The crown of the bell was rigidly attached to a beam in a frame, and was 

considered to be clamped. The beam and bell were fixed under an angle such that the 

vertically hanging clapper just touched the bell wall (see figure 2.7.5). The bell was placed 

under an angle in order to enable fairly l~ge contact velocities of the clapper. The clapper was 

given an initial angle of rotation and reproducibly released with the aid of an electro magnet. 

The contact velocity, resulting from the release angle, was determined from the law of 

conservation of energy. Moreover, the angle of the bell also enabled catching the clapper on 

the first rebounce, thus avoiding a second collision. In the simulations gravity was discarded, 

since the direction of the contact velocity was horizontal. 

The accelerations of the bell wall and the clapper ball were measured on the non-contacting 

Figure 2.7.5 Configuration of the bell and clapper experiment, and the accelerometer set-up. 
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sides of the bell and the clapper, directly opposite to the contact point, with the accelerometers 

2 and 1, respectively, in figure 2.7.5. The acceleration of the clapper ball was measured in the 

direction of the contact velocity. The acceleration of the outer bell wall was measured at the 

same height as the contact point. Moreover, the accelerations of the clapper rod 

(accelerometers 4 and 6 in figure 2.7.5), and of the crown of the bell (accelerometer 5) were 

measured. 

Ag.ain accelerometers and an electrical circuit were used to measure the accelerations and the 

contact time, sampling the measured accelerations at 200 ldlz. All frequency components 

higher than 10 kHz were removed from the acceleration sipals after recording. 

It was checked that during the contact no disturbances from the head and crown of the bell, 

and from the non-ideal clamping were encountered in the contact region. 

However, it was found that the clapper may not be modelled as a rigid pendulum. The 

flexibility of the clapper rod superimposes a frequency component of about 10 kHz on the 

clapper ball acceleration during the collision. This can clearly be seen in figure 2.7.8. The 

simulations of the dynamic response were carried out with the special-purpose module of the 

FEM-program DYNOYf. Since the clapper hits the bell wall with only horizontal velocity, the 

gravity is discarded in the simulations. The accelerations of the clapper ball and the outer bell 

wall (in measurement direction) were calculated. 

A first comparison of the simulated and the measured accelerations and contact time showed 

large discrepancies. The simulated accelerations were 30 to SO% smaller than the measured 

accelerations, the simulated contact time was some 40% too large. Sensitivity studies showed 

that the constant k in Hertz's law is rather insentitive to changes in the radii of the contact 

region on the bell, whereas the constant is extremely sensitive to changes in the contact radius 

of the clapper ball, e.g. because of local flattening of the clapper ball. Enlarging the contact 

radius significantly reduced the contact time, and increased the magnitude of the acceleration 

of bell and clapper (see figures 2.7.8 and 2.7.9). Enlarging the contact velocity with 10% led to 

an increase of the magnitude of the accelerations of the bell and the dapper, but had little 

effect on the contact time (see figures 2.7.6 to 2.7.9). It was found that the surface of the 

dapper ball was very rough, containing even some deep ridges, whereas the bell wall surface 

in the contact region was fairly smooth. The rough surface of the clapper ball inhibited the 

determination of an unique contact radius. Moreover, the contact velocity could not be 

measured accurately. A deviation of 10% of the contact velocity was assumed to be realistic. 

New simulations were carried out, alternatively at 100% and 110% of the nominal contact 

velocity. The contact radius of the clapper was gradually increased, until the simulated and the 

measured contact times matched. Here the measured contact time was obtained from the 

clapper acceleration signal, and not from the signal of the electrical circuit, since the 

electrically measured contact time was significantly longer than the time during which the 
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force transmission actually took place. Thus the latter time is considered to be the true contact 

time. (The rough surface of the clapper led to a very messy signal that yielded no unique 

contact time since the electrical circuit could not discriminate between a glancing contact of 

surface roughness tops, and the actual collision.) 

From the clapper ball accelerations in the figures 2.7.6 and 2.7.8 it can be seen that a contact 

radius on the clapper ball of 0.208 to 0.260 m ( 4 to S times the nominal clapper ball radius) 

yields simulated contact times that compare very well with the measured contact times. From 

the bell accelerations in the figures 2.7.7 and 2.7.9 it is concluded that a radius of 0.208 m (4 

times the nominal ball radius) yields the best results for the contact time. 

For a contact velocity of 0.2 rn/s (see figures 2.7.6 and 2.7.7) the agreement between the 

simulation results and the measurements is very good. The contact velocity is found to have a 

strong influence on the magnitude of the accelerations, whereas the contact time is hardly 

influenced by a 10% variation of the contact velocity. For the contact velocity of O.S rn/s the 

influence of the clapper flexibility is very prominent in the measured accelerations (see figures 

2.7.8 and 2.7.9). The simulations carried out for the contact radius of 4 times the nominal 

clapper ball radius agree fairly well with the measured accelerations. The magnitude of the 

clapper acceleration is approximately correct whereas the maximum of the simulated bell wall 

acceleration is about 15% to 20 % lower than the maximum of the measured bell acceleration. 

Summarizing, it has been shown that Hertz's law adequatly describes the normal and oblique 

collision of a ball on a simply supported beam, if the angle between the contact velocity and 

the normal on the beam surface is relatively small. 

Moreover, it has been shown that the developed model of the transient structural dynamic 

response of the bell to a stroke with a clapper enables a sufficiently accurate calculation of the 

dynamic behaviour of the bell, despite the fact that the rigid modelling of the clapper poorly 

describes the dynamic response of the clapper as a whole. 

It was found that the magnitude of the contact velocity, and especially the exact contact radius 

of the clapper ball, are essential for the accurate simulation of the dynamic response of both 

bell and clapper. For the employed clapper it was concluded that the effective contact radius is 

4 times the nominal clapper ball radius. 
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2.8 Summary 

In this chapter the relationships between the important characteristics of the sound spectrum 

and the modal properties of the transient structural dynamic response of the bell have been 

described. For most characteristics the relations are quantitative. Only the rise time of the 

sound spectrum has not been identified, nor modelled. 

The dynamic response of the bell to a stroke with a clapper has been described modally. The 

eigenfrequencies and eigenmodes of the bell are calculated by means of the FEM. The time

dependent amplitudes in the modal description can be expressed explicitly as a function of the 

unknown contact force between the bell and the clapper. The dynamic response of the clapper 

is modelled as the rigid pendulum response. Hertz's law is used to relate the normal component 

of the contact force to the normal displacements of the contact point on the bell and the 

clapper. The resulting nonlinear integral equation is solved through time discretization, 

yielding both the contact force and the dynamic response of the bell and the clapper. 

The use of Hertz's law to model the dynamic elastic oblique collision, and the modelling of the 

dynamic response of the bell and the clapper have been validated experimentally. Hertz's law 

was found to describe the contact phenomenon accurately. The modelling of the dynamic 

response of the bell is reasonably accurate, despite the fact that the flexibility of the clapper 

becomes prominent at high contact velocities. The exact geometry of contact area on the 

clapper ball is essential in the contact analysis. The contact radius of the clapper ball employed 

in the simulations was varied to match the experimental contact time. It was found that a 

contact radius of 4 times the nominal clapper radius led to a fairly good agreement of 

measured and simulated results. 



---------- Chapter3 ---------

Approximation models 

3.1 Introduction 

In chapter 2 the mode.lling of the transient structural dynamic response and the calculation of 

the related bell sound characteristics have been described. These models will be used as an 

analysis tool in the optimization of the sound spectrum of bells. However, the analysis of the 

eigenfrequencies, eigenfrequency derivatives, and eigenmodes of the bell by means of the 

FEM is rather time-consuming. This is a serious drawback in optimization, where usually 

several analyses are required in every iteration step. Even more disastrous is the CPU-time 

required for the analysis of the modal acoustical damping. The BEM-analysis of th~ acoustical 

damping of the 7 most important eigenmodes requirel :1: 25 CPU-hours on an Alliant FX/40-2 

mini supercomputer (or :1:45 CPU-minutes on a CRAY Y-MP4/464 supercomputer). (The huge 

CPU-times required are due to the 3-dimensional BEM-mesh of the bell.) The calculation of 

the acoustical damping derivatives with respect to the bell geometry variables requires an 

additional 25 CPU-hours for every variable, using finite differences. Obviously, it is utterly 

impossible to incorporate the BEM-analysis of the acoustical damping in the optimization 

procedure on account of the CPU-time required. 

Employing a BEM-analogue of the Fourier elements the CPU-times required for the 

calculation of the acoustical damping values would be reduced dramatically (Meyer et al., 

1979). The incorporation of the BEM-analyses in the optimization, however, would still lead to 

very large CPU-times if both the acoustical damping and the acoustical damping derivatives 

must be determined. Since such a BEM-analogue of Fourier elements was not available during 

this research, another method of modelling the acoustical damping was chosen. The acoustical 

damping of the 7 most important partials (listed in table 1.1.1) are modelled with 

approximation models, that are fitted on numerical data for the acoustical damping, using 

regression analysis. These regression models of the acoustical damping are explicit functions 

of the bell geometry variables and the eigenfrequency, and can be evaluated very quickly. 

Moreover, a point of interest in this research is the usefulness of approximation models in 

optimization. Therefore, the approximation models were chosen. 

Furthermore, the option to choose a starting bell geometry for the optimization that nearly 

satisfies the target values for the most important eigenfrequency ratios (and decay rate ratios), 
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would save many FEM-based optimization iterations and a considerable amount of CPU-time. 

Therefore, the most important eigenfrequencies (listed in table 1.1.1) are modelled with 

approximation models as well, fitting the approximation models on numerical data for the 

eigenfrequencies, using regression analysis. At the time the eigenfrequency approximation 

models were build, a FEM-analysis of the 7 eigenfrequencies required 15 CPU-minutes on an 

Apollo D-3000 Domain (Schools, 1987). Meanwhile, the same FEM-analysis costs z 2 

CPU-minutes on an Alliant FX/40-2. But even now it is worthwhile to use the approximation 

models of the eigenfrequencies, and of the acoustical damping for a quick and rough 

localisation of local optima in the bell geometry domain, that can be used as starting bell 

geometries. (Of course, the use of approximation models for the acoustical damping is 

mandatory at this time.) The localisation of possible starting bell geometries is discussed in 

more detail in chapter 4. 

In section 3.2 the bell geometry description method and the chosen bell geometry domain for 

the approximation models is discussed. The validity of the approximation models is indicated 

in section 3.3. The global strategy for the development of the approximation models is 

described in section 3.4. The actual development of the approximation models of the 

eigenfrequencies and the acoustical damping, and the obtained accuracy and applicability are 

described in sections 3.5 and 3.6, respectively. The experimental verification of the modal 

material damping value, and of the BEM·analysis of the modal acoustical damping is 

described in section 3.7. 

3.2 Bell geometry description and bell geometry domain 

The modelling of the transient structural dynamic response of the bell, described in chapter 2, 

is independent of the actual description of the bell profile. Every accurate method for 

describing the bell profile that can be combined with a 20 FEM·mesh generator, will suffice. 

The approximation models of the frequencies and acoustical damping, however, will be fitted 

as explicit functions of bell geometry variables. Therefore, it will be necessary to choose a bell 

geometry description that will be used throughout the modelling and optimization of bells. 

Moreover, it is necessary to define the domain in which the approximation models must be 

valid. 

Bell ~metr,y description 
The bell geometry variables, used in the bell geometry description, will appear as the 

independent variables in the approximation models. Their number should be kept as small as 

possible. The larger the number of geometry variables, the more complicated the 
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approximation models will be. On the other hand, the number of geometry variables must be 

large enough to ensure an accurate description of the bell profile. 

Scboofs (1987) developed a method for an accurate bell profile description, using a limited 

number of bell geometry variables. In this method the radii of a number of basic points on the 

midplane of the bell are used as variables describing the geometry of the bell midplane (see 

figure 3.2.1). These basic points are more or less equally spaced along the midplane of. the 
bell. A cubic spline is fitted through the above points in the midplane. The thickness of the 

bell, measured perpendicular to the midplane, is given as well in the basic points. The bell 

wall thicknesses are plotted against the distance of the basic points to the lip of the bell, 

measured along the midplane. A cubic spline is fitted on the thickness data. Thereafter, the 

obtained thickness function is superimposed on the midplane of the bell, in such a way that the 

thickness is equally distributed on either side of the midplane, thus defining the inner and outer 

bell wall (see figure 3.2.2). The head and the shoulder of the bell have a predefined shape, that 

is scaled to match the radius and the thickness of the bell just below the shoulder. 

Especially during the optimization of bells, it is convenient to describe a bell profile relative to 

a reference bell profile. In that case the geometry variables describe the deviation of the actual 

radii and thicknesses from the corresponding reference radii and thicknesses. The height of the 

bell is more or less constant (and equal to the height of the reference bell). 

The minor-third bell, shown in figure 3.2.1, is chosen as the reference bell. The deviations Ari 

between the radii of the actual bell and the reference bell are measured perpendicular! to the 

midplane of the reference bell (see figure 3.2.2.a), thus defining the midplane of the actual 

bell. The deviation Ari is defined in nrp basic points, that are more or less evenly spaced along 

the midplane of the reference bell (see also figure 3.2.1) 

Ari = Wfirirrefi i=1,nrp (3.2.1) 

where rrer. denotes the jlh radius of the reference bell, ri denotes the dimensionless radius 

variable of the actual bell, and wri denotes the fraction of rrer. that corresponds to Mi if the 

dimensionless radius variable ri is equal to 1.0. 

The actual bell wall thicknesses treej+Ati are superimposed perpendicular to the midplane of the 

actual bell (see figure 3.2.2.b). The deviation Atj of the thicknesses is defined in ntp basic 

points (see also figure 3.2.1) 

Ati = w1jtjlretj j=l,ntp (3.2.2} 

where trefj denotes the jth reference bell wall thickness, lj denotes the dimensionless bell wall 

thickness variable, and w1; denotes the fraction of lrefj that corresponds to Atj if the 

lTbis choice enables a very Oexible description of the bell geometry. An outwards curling sound bow can 
be described, for instance. 
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dimensionless thickness variable tj is equal to 1.0. 

In this thesis the weighting factom wr1 and wtJ are chosen equal to O.OS and 0.10, respectively. 

This choice results in approximately the same maximum and minimum values of the 

dimensionless radius and thickness variables in the bell geometry domain. as will be seen in 

the next part of this section. 

Bell &OOQlel(y dpmain 

Apart from the method for the bell geometry description, the domain of the approximation 

models has to be chosen. The domain has to be large enough to contain many possibly 

interesting bell geometries. But the larger the domain. the more complex the approximation 

models are likely to be. 

Schoofs (1987) investigated the effect of several types of bell geometry variations on the first 

five important eigenfrequencies of a bell, using the minor-third bell as the reference bell. 

Varying the radius variables, he found strong nonlinear dependencies of the eigenfrequencies 

on large local and/or gl~bal bell geometry variations. In order to restrict the nonlinear 

dependencies to 3rd or 41b order behaviour as a function of the radii, the global and local bell 

geometry variations are restricted by bounding the dimensionless radius variables. The radii 

are allowed to vary between 85% and 115% of the corresponding reference radii (i.e. the 

dimensionless radii are allowed to vary between -3.0 and 3.0), thus limiting the global 

geometry variations (see equation (3.2.3)). The local geometry variations are bounded by 

restricting the difference of the deviations of two subsequent radii to 10% of the corresponding 

reference radius (see equation (3.2.4)). 

-3.0 s: ri s: 3.0 i=1,nrp (3.2.3) 

I ri - ri-1l 5 2.0 i=2,nrp (3.2.4) 

The frequencies were found to have an approximately linear dependency on the bell wall 

thicknesses. The frequency shift Afi due to a thickness variation ! from the reference wall 

thicknesses could approximately be described as Afi = !t(~/a!), within 2% accurate. Here the 

column afla! was evaluated at the reference wall thickness (i.e. !=~). It was found that the 

linearity holds for values of the dimensionless thickness variables between -3.0 and 4.0. This 

corresponds to wall thicknesses varying between 70% and 140% of the reference wall 

thicknesses (see equation (3.2.5)). However, a bell with very large local variations in the wall 

thickness would not be very practical. Both the casting and playing of such a bell would cause 

difficulties. Therefore, the local variations of the wall thickness are restricted as well, allowing 

local variations between -20% and 20% of the local reference wall thickness (see equation 

3.2.6)) 

-3.0 s: t; s: 4.0 j=l,ntp (3.2.5) 

I tj • tj-1l 5 2.0 j=2,ntp (3.2.6) 
Thus the domain of the approximation models, expressed in the dimensionless radius and 

thickness variables, is chosen to be 
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A value for mp and ntp had to be chosen as well. It was found that the number of 7 

dimension1ess radii is sufficient to accurately describe the shape of the midplane of the bell. 

Since the frequencies are linearly dependent on the thickness variables, the number of 

dimension1ess thickness variables can be chosen larger than the minimum of 7, without much 

extra computational costs (as will be explained in section 3.5). Therefore, the value of 13 was 

chosen for ntp, defining the wall thickness also halfway between every two radii (see figure 

3.2.1). 

In figure 3.2.3 a number of possible bell geometries within the bell geometry domain are 

shown. The reference bell is described by the column 

~ = [~] = [~]· (20•1)·column matrix (3.2.7) 

where the column ! contains the 7 dimension1ess radius variables, and the column ! contains 

the 13 dimension1ess thickness variables. 

3.3 Validity of approximation models for various bell sizes 

Apart from the bell geometry description, the shape of the reference bell, and the domain of 

the approximation models, the size of the reference bell has to be chosen. A minor-third bell 

with a lip radius of R1;p=0.588 m was chosen as the reference bell in the bell geometry 

domain. The approximation models are fitted on numerical data that are obtained for bells that 

are described relative to the reference bell with R1;p=0.588 m. However, this does not limit the 

applicability of the approximation models to bells described relative to the reference bell. It is 

shown in appendix B that the eigenfrequencies of similar bells are inversely proportional to the 

sizing factor of the bells. Uniformly enlarging a bell by a factor a, leads to a descrease of all 

eigenfrequencies by a factor 1/a. Moreover, it is shown in appendix B that the acoustical 

damping of similar bells is independent of the sizing factor of the bells. For small vibrational 

amplitudes the acoustical damping is also independent of the magnitude of the amplitude (see 

appendix B). 
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3.4 Optimal design of experiment and regression analysis 

Approximation models of the eigenfrequencies and the modal acoustical damping of the 7 

most important partials are developed. The approximation models can be evaluated very fast 

and will be used in a separate stage of the optimization to quickly locate bell geometries that 

reasonably fulfill the target values for the frequency ratios and decay rate ratios. The 

approximation models are valid in the complete bell geometry domain. described in section 

3.2. Therefore, the complete bell geometry domain can quickly be scanned for possibly 

near-optimal bells. 

The use of the globally valid approximation models (also known as response surface models, 

see Barthelemy et al., 1991) is in contrast with the common practice in mathematical 

programming optimization methods, where the nonlinear object function and nonlinear 

constraints are approximated linearly or quadraticly in the vicinity of the current solution point 

{see Vanderplaats, 1984). This requires the calculation or updating of the linear or quadratic 

approximations of the object function and nonlinear constraints in every iteration step of the 

optimization. If extremely large CPU-times are required for the calculation of the object 

function or the nonlinear constraints, e.g. if the BEM-analyses are incorporated, this method 

leads to unacceptable CPU-times for the optimization. 

Due to the ever-increasing computational speed of new generations of computers, the 

approximation models of the eigenfrequencies will soon be sheer luxury, whereas the 

approximation models of the acoustical damping are momentarily the only workable 

alternative for the BEM-analyses. 

The approximation models are fitted on numerical data, where the FEM/BEM-analyses are 

considered to be numerical experiments. The numerical data is collected for a design of 

experiment (DOE), i.e. the specified set of numerical experiments that is carried out. The DOE 

is determined with the aid of the optimal design of experiment theory (see appendix C, 

Fedorov (1972)),. and is tailored for the approximation model that will be fitted on the data 

afterwards, using regression analysis. Since the appropriate approximation models are 

unknown beforehand, several updates of the DOE and approximation model may be necessary 

before a satisfying regression model is obtained. 

In the building of the approximation models several steps can be distinguished. 

First of all, a choice for the (type of the) approximation models has to be made. Since the 

optimal design of experiment tlleory defines a tailored DOE of predefined size, the 

approximation model has to be chosen beforehand. Because there was no knowledge of the 

behaviour of the eigenfrequencies and the acoustical damping as a function of the bell 

geometry variables available beforehand, it was necessary to carry out a number of exploratory 

numerical analyses in order to define the global order of the influence of the variation of bell 
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geometry variables. (For the eigenfrequencies these exploratory analyses were carried out by 

Schoofs (1987), see section 3.2.) 

After the (first) choice of the approximation models (i.e. explicit functions) is made, the 

numerical data must be collected. The numerical data consist of the eigenfrequncies plus their 

derivatives with respect to the geometry variables, or of the acoustical damping values for a 

large number of differently shaped bells. Every analysed bell shape represents a numerical 

experiment. Obviously, it makes sense to choose the experiments in such a way that the 

maximum amount of information is obtained from a fixed number of experiments for fitting 

the chosen explicit function on the data in a regression analysis. The set of n experiments that 

will be carried out is called the design of experiment (DOE). The theory for optimal design of 

experiment is used to choose a set of n experiments from a set of p (p>n) candidate 

experiments. The set of candidate experiments is defined as some set of (all) available 

experiments in the domain of interest. (In this thesis the number of available experiments is 

infinitely large because the geometry variables are allowed to vary continuously.) The criterion 

for choosing an optimal DOE is the minimization of the variance of the estimated model 

coefficients ~ and of the predicted response ~i of the predefined regression model. 

cov@ = o2(Ftf)-1 

cov(ii) = o2F(Ftf)-lft 

(C.7) 

(C.8) 

Both the expressions for the variance of the estimated model coefficients and the predicted 

response in equations (C.7) and (C.8) contain the covariance matrix o2(Ftf)-1, see appendix C. 

Minimizing the covariance matrix, the variance of the model coefficients and of the predicted 

response is minimized. There is no unique definition of the measure of a matrix. Therefore a 

number of criteria for the measure of a matrix can be employed, for example the determinant 

or the largest eigenvalue of the matrix (see also appendix C, Fedorov (1972)). After the 

collection of the data the approximation model is fitted using regression analysis. The accuracy 

of the obtained model must then be tested. If the accuracy is unsatisfactory the approximation 

model and/or the DOE can be updated or enlarged. The regression analysis and the accuracy 

testing must then be carried out again. The building of an approximation model or regression 

model using the optimal design of experiment theory and regression analysis is carried out 

iteratively. 

Summarizing, the following steps are carried out subsequently in the building of the 

approximation models. First, an explicit function and the domain of interest are chosen. Then a 

limited set of (the infinite number) of candidate experiments in the chosen domain is 

determined. An optimal DOE, containing n experiments, is defined, in such a way that the 

variance of the model coefficients or the predicted response of the explicit function is 

minimized. After the numerical experiments are carried out, the explicit function is fitted on 

the data using iterative reweighted multivariate regression analysis (see appendix C). 
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Finally, the accuracy of the regression model is tested. If the accuracy is not satisfactory, the 

explicit function can be adapted, and/or the optimal DOE is enlarged and/or redefined. 

Thereafter the regression analysis is carried out again. This process is repeated until a 

satisfying regression model is obtained. 

The iterative reweighted multivariate regression analysis and the calculation of the optimal 

design of experiment are implemented in the software program CADE {Nagtegaal, 1986) and 

are discussed in more detail in appendix C. In the next section the development of the 

approximation models of the eigenfrequencies is described. 

3.5 Approximation models of the eigenfrequencies 

In the first step the global shape of the approximation models of the eigenfrequencies is 

chosen. The 7 most important eigenfrequencies, corresponding to the partials listed in table 

1.1.1, are modelled as explicit functions of the dimensionless bell geometry variables. Schoofs 

(1987) showed that the eigenfrequencies are in good approximation linearly dependent on the 

thickness variables (see section 3.2). Therefore an approximation model of the 

eigenfrequencies, that is linear in the thickness variables, was chosen 

13 

f;(!,!) = fn(!) + ~ tjfij(!) i=1,7 (3.5.1) 

j •l 

where ! denotes the column of the 7 dimensionless radius variables, and the column ! contains 

the 13 dimensionless thickness variables. The component fri(!} denotes the itb frequency of a 

bell, described by column !• with reference bell wall thickness (denoted by !~). The 

component fij(!) denotes the derivative of the jth frequency with respect to the jlh thickness 

variable of a bell with reference wall thickness 

fn(!} = f;(!·!=~) 

f;j(!) = Ofi(!·!=~)/atj 

i=1,7 

j=1,13 

The components fn(!) and fij(!) are (as yet) unknown functions of the column!· 

(3.5.2) 

(3.5.3) 

A type of function for the components fri(!} and f1j(!) has to be chosen. Polynomial functions 

that represent 3rd or 4th behaviour are chosen for the components fn(!} and f1j(!) of the 

approximation models. This type of function contains a constant term, a number of main effect 

terms (i.e. powers of the independent variables, e.g. x1, x12, x13, xi4• etc.), and a number of 

interaction terms (i.e. expressions of two or more independent variables, e.g. xixi+l• x1xr+t• 

etc.). The highest value of the sum of the powers of one of the main or interaction terms is the 

degree of the polynomial. Schoofs (1987) showed that the functions fn(r) must at least 
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represent a Jrd or 4th order behaviour as a function of the 7 radii. The tenns of the components 

fn(!) and fij(!) of the approximation models were chosen from a complete polynomial of 

degree 4 in 7 variables (containing 330 terms). The polynomial components fn(!) and tij(!) are 

linear in the unknown model coefficients. 

Before an optimal design of experiment can be determined, the data obtained from the 

numerical experiments must be considered. From a FEM-analysis of the bell the 

eigenfrequencies are calculated. Moreover, it is possible to calculate the eigenfrequency 

derivatives with respect to the 20 bell geometry variables as well, without substantial extra 

CPU-time, using the differentiated eigenvalue problem of the FEM-analysis (Van Asperen, 

1984) 

ut( K ' -rutM' )u. 
iJfj/ iJx : .I I .I 

4H~~~M~i 
. (3.5.4) 

where Wj=2nfi denotes the angular eigenfrequency, the column ~i is the associated eigenvector, 

K and M are the stiffness matrix and mass matrix, respectively, and K!=aK/iix and M'=aM/i/x 

denote the derivatives of the stiffness and mass matrix with respect to the variable x, 

respectively. Hence, the data obtained from a FEM-analysis of a bell for fitting the 

components fn(!) are : tj, iJfil«; for j=1,7, and the data available for fitting the components 

fij(!) is iJfi/atj. This implies that the amount of data available for the fitting of component f11(!) 

is eight times the amount of data available for the components fij(!)· The derivative data can 

easily be included in the regression analysis, employing the multivariate least squares method, 

if both the frequency and the frequency derivatives are considered as dependent data (see 
appendix C). 

The optimal design of experiment is determined, for a predefined model, from a set of 

candidate bell shapes. However, the domain of the approximation models contains an infinite 

number of differently shaped bells, as the 7 variables for the radii in column ! are allowed to 

vary continuously. Therefore, a limited set of candidate bells has to be determined first. A set 

of 44787 candidate bells results, if for every dimensionless radius variable the levels -3, -2, -1, 

0, 1, 2, and 3 are chosen, taking the restriction in equation (3.2.4) into account. Here the 

importance of limiting the number of variables in the components fn(!) and tij(!) to the 7 radii 

becomes apparant. If the 13 thickness variables would have been included, the candidate set 

would consist of approximately ( 44787)3 !l! 8.5 ·1013 candidate bells. Even if the number of 

thickness variables would be limited to 6 or 7, the candidate set would consist of 

approximately (44787)2 = 1.9·1()8 bells. Candidate sets of that size are absolutely 

unmanageable. 
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It is possible to determine an optimal design of experiment from a set of 44787 candidate bells 

for a model with 8 response quantities (i.e. 1 frequency plus 7 frequency derivatives) and a 

limited number of terms in the components of the approximation models. However, this would 

have taken immense amounts of CPU-time (possibly CPU-weeks) on the available Apollo 

D-3000 Domain workstations. Therefore, another strategy was used. Instead of defining one 

big set of 44787 candidate bells, two separate sets of candidate bells were chosen. The first set 

contained 1220 bells, using the levels -3, -1, 1 and 3 for the dimensionless radius variables. 

The second set contained 577 bells, based on the levels -2, 0, and 2. For both sets the 

restriction in equation (3.2.4) has been taken into account. 

Schoofs (1987) already started the fitting of regression models for the eigenfrequencies, using 

the set of 1220 candidate bells only. Gradually increasing the number of bells in the design of 

experiment and/or the degree of the polynomial model and the number of interaction terms, he 

found that fitting polynomials of degree 4 with 80 interaction terms on all 1220 bells in the 

first candidate set led to reasonable regression models for the components fn(!) of the 

eigenmodes 3-1, 4-1, 5-l and 6-1. It was believed that augmenting the number of interaction 

terms and the available amount of numerical data would lead to better results, especially for 

the unsatisfactory regression models for the components fn(!} of the eigenmodes 2·1, 2·2 and 

3-2. Therefore, all 577 bells in the second set candidate bells were analysed as well. The 

number of interaction terms was strongly augmented with terms from the complete polynomial 

function of degree 4 in 7 variables (containing 301 interaction terms), and fitted on the 

numerical data of the 1797 bells. 

Using the data of the eigenfrequencies and the eigenfrequency derivatives with respect to the 7 

radius variables in the iterative reweighted multivariate stepwise regression analysis (see 

appendix C), proved to be rather time-consuming if the polynomial contains a large number of 

terms. Compromising between the desired accuracy and the acceptable CPU-time for the 

regression analysis, the number of 210 terms from the available 330 terms was used for most 

of the components fn(!)· The iterative reweighted univariate stepwise regression analysis of the 

components fij(!) using the data for the derivatives afi/atj required much less computational 

effort. Therefore, the complete polynomial of degree 4, containing 330 terms, was fitted on the 

derivative data for the components fij(!). 

The accuracy of the resulting approximation models in equation (3.5.1) was tested with the aid 

of the FEM-eigenfrequencies and FEM-eigenfrequency derivatives of 400 randomly chosen 

bells. The values of both the radius and thickness variables were chosen randomly within the 

bell geometry domain (equations (3.2.3) to (3.2.6)), with the aid of a random generator. The 

FEM-eigenfrequencies are compared with the eigenfrequencies, predicted by the 

approximation models. The mean FEM-eigenfrequency, and the mean, the standard deviation, 
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and the absolute maximum value of the differences of the FEM-eigenfrequencies and the 

predicted eigenfrequencies, the so-called residuals, are listed in table 3.5.1. From table 3.5.1 it 

can be seen that the standard deviation of the residuals is approximately 1% of the mean 

FEM-eigenfrequency for the first 5 partials. This implies that 95% of the residuals are smaller 

than :t 2% of the corresponding mean FEM-eigenfrequency. For the 6th and 7tb partial, 95% of 

the residuals are smaller than :.t: 3.0% and :t 3.5%, respectively, of the corresponding mean 

FEM-eigenfrequency. In terms of semitones, 95% of the predicted eigenfrequencies are within 

:t 112 semitone accurate for the 7 partials. This is accurate enough for a rough optimization of 

the frequency ratios, but not accurate enough for the optimization of the frequency ratios of a 

carillon bell, where at least the lowest 5 partials are required to be accurate within lfto to 1J7 
semitone in order to obtain a tunable bell. 

The mean of the residuals for the 1797 data is equal to 0 Hz. This implies that the expected 

value of the residuals is equal to 0 Hz. Therefore, the estimators of the unknown model 

coefficients in the functions fn(!) and fij(!). and the estimators of the eigenfrequencies and 

eigenfrequency derivatives are unbiased. The Gauss-Markov theory shows that the employed 

estimators for the unknown coefficients possess the smallest variance of all linear, unbiased 

estimators (see Bard (1974), or appendix C). It was found that the distribution of the residuals 

of the FEM-eigenfrequencies and the predicted eigenfrequencies, and of the corresponding 

derivative residuals, is approximately the normal distribution (see figures 3.5.1 to 3.5.3). This 

implies that the employed estimators are also efficient, i.e. the variance of the estimators is the 

smallest possible variance (see Bard (1974), Roozen-Kroon(l) (1990)) 

partial 

hum 
fundamental 
third 
fifth 
nominal 
twelfth 
double octave 

Table 3.5.1 

FEM-mean freq residuals [Hz] 
[Hz] mean stand. dev. abs. max. 

198.8 0.10 2.54 12.90 
358.3 1.23 3.93 14.58 
440.0 1.29 4.54 31.76 
623.9 0.58 5.40 23.40 
738.4 0.28 7.33 73.02 

1093.6 -1.93 16.56 139.03 
1490.6 -5.50 26.18 266.29 

Mean FEM-eigenfrequency, and the mean, standard deviation and absolute maximum 
value of tbe residuals of tbe FEM-eigenfrequencies and the predicted eigenfrequencies, 
for the set of 400 randomly chosen bells. 
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Despite the obtained accuracy of the approximation models, a number of outliers was found 

for the set of 400 randomly chosen bells. Especially for the nominal, twelfth and double octave 

a small number of eigenfrequencies is grossly overestimated by the approximation models. No 

explanation could be found for the existence of these outliers, as neither the shape of the bells, 

nor the behaviour of the FEM-eigenfrequencies or approximation models in those particular 

parts of the bell geometry domain was very extreme (see Roozen-Kroon(l), 1990). 
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3.6 Approximation models of the modal acoustical damping 

Similar to the development of the approximation models of the eigenfrequencies, the 

approximation models of the modal acoustical damping of the 7 partials, listed in table 1.1.1, 

are build. The approximation models of the modal acoustical damping (referred to as damping 

models in this section) must be valid in the domain described in section 3.2 

-3.0 s ri s 3.0 

I ri • ri-ll s 2.0 
-3.0 s lj s 4.0 

ltj- lj-d s 2.0 

(3.2.3) 

(3.2.4) 

(3.2.5) 

(3.2.6) 

In order to study the effe~ of radius and thickness variations on the modal acoustical damping, 

a number of preliminary analyses were carried out. Starting from the reference bell geometry 

the effect of the variations of the radii r2 and r4, and of the variations of the corresponding 

thicknesses t3 and t7 (see figure 3.2.1) on the acoustical damping of the hum was determined, 

varying one variable at a time. In the figures 3.6.1 and 3.6.2 the effect of the variation of r2 

and t3, and of r4 and t7, respectively, on the acoustical damping of the hum is depicted It 

should be noted that the values -3.0 and 3.0 are actually outside the geometry domain, since 

they violate the constraints in equations (3.2.4) and (3.2.6). The effect of the geometry 

variations on the acoustical damping is expressed relative to the acoustical damping of the 

hum of the reference bell. From the figures 3.6.1 and 3.6.2 it is evident that the thickness 

variations are not nearly as important as the radius variations. Moreover, it can be seen that the 

damping variations of the hum exhibit a 3rd order behaviour in the radius variations, whereas 

the damping variations of the hum due to the thickness variations can be described with a 

straight line or a quadratic curve. 

As was pointed out in section 3.1, the BEM-analysis of the acoustical damping is very 

time-consuming. Therefore, only a limited number of damping analyses will be available for 

every damping model. The time required for the damping analysis of an even eigenmode (i.e 

with an even number of periods in circumferential direction) is :t 1t CPU-hours on an Alliant 

FX/40-2 mini supercomputer, and :t 2! CPU-hours for the twelfth (which is radiated by the 

uneven eigenmode S-1). It was estimated that an accurate damping analysis of the third and 

fifth (i.e. the uneven eigenmodes 3-1 and 3-2) would require :t 7 and :t 10 CPU-hours, 

respectively, on the Alliant FX/40-2. The various estimated CPU-times for the BEM-analysis 

of the uneven eigenmodes are based on the necessary number of elements in circumferential 

direction (see appendix D). A maximum of :t 300 damping analyses will be acceptable for 

each damping model. The BEM·analyses of the uneven eigenmodes were carried out on a 

CRAY Y-MP4/464 supercomputer in order to obtain the damping data in time. 
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Since only a limited number of BEM-analyses is acceptable, it is necessary to reduce the 

number of variables as much as possible. Neglecting the effect of the thickness variations, the 

number of variables can be restricted to the 7 radius variables. Two manageable sets of 1220 

and 577 candidate bells have already been defined in section 3.5. These sets of candidate bells 

are used to select the DOEs for the damping models from. 

First the damping model of the hum was developed. A polynomial function of degree 3 in 7 

variables was initially chosen to describe the acoustical damping as a function of the radii 

variables. The polynomial contains 33 terms, and consists of a constant, the main effects ri, ri2 

and ri3, plus the interaction terms rirj, where i=l,7 and j=i+l,i+2. The variable ri represents the 

jth radius. Using the optimal design of experiment theory (see appendix C, Fedorov (1972)), a 

robust design of experiment is determined. In a robust DOE the balanced sum of the average 

variance and the squared bias of the response estimator (known as the average mean squared 

error) is minimized. The robustness of a DOE implies that its properties (in casu the average 

mean squared error of the normalized covariation matrix) and its performance are rather 

insensitive to model changes. Especially when the correct model is unknown, it is very 

convenient to define a robust DOE. Such a DOE allows the model that is fitted on the data to 

differ significantly from the model for which the DOE was defined, without requiring an 

update of the DOE. The actual calculation of the DOE is carried out with the software program 

CADE (Nagtegaal, 1987), choosing the average mean squared error as the optimization 

Design of Experiment DOE 1 DOE2 DOE3 

candidates 1220 1220 577 1797 
design size n 300 200 100 300 
model number 1 2 3 4 
model terms p 33 43 36 50 
partial 2-1 even even uneven 

covariance matrix combined 
determinant**(llp) 0.181 0.147 0.142 
maximum variance 39.0 68.2 63.9 
average variance 32.4 47.7 46.5 
unsealed squared bias 1.05 1.10 1.10 
ratio 5.0 5.0 5.0 
average mean squared error 7940.0 8320.0 8290.0 

Table 3.6.1 Properties of the normalized covariance matrix of the designs of experiment. To obtain 
the covariance matrix properties, aU properties bave to multiplied by aZ/n. (The 
combined prQPCrties are evaluated for model 4). The DOEs are optimal with respect to 
the average mean squared error. The average mean squared error is defmed as : 
average MSE = average variance+ n(ratio)2{11115Caled squared bias) 
where ratio denotes the relative weight of the bias in the average MSE 
model 1: Xj, Xj2, Xj3, XjXj i•1,7 j=i+l,i+2 (33 terms) 
model 2: Xj, Xj2, Xj3, XjXj i•l,7 j•i+1,i+6 (43 terms) 
model 3: Xj, xi2, "it 1==1,7 j=i+1,1+6 (36 terms) 
model 4: Xj, Xj2, Xj , Xj4, XjXj 1=1,7 j•i+l,i+6 (50 terms) 
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criterion for the DOE, see appendix C. In table 3.6.1 the properties of the DOEs that have been 

used, are displayed. These DOEs are optimal with respect to the average mean squared error. 

In appendix C the average mean squared error and other properties are described in more 

detail. 

For the hum the size of the DOE was gradually augmented from 100 to 200, and lastly to 300 

bells. The DOE is based on model 1 in table 3.6.1 and is completely chosen from the set of 

1220 candidate bells. Including the damping data of the reference bell, and of the bells in the 

former two DOEs that are not included in the DOE of 300 bells, results in 326 data for the 

acoustical damping model of the hum (see figure 3.6.3). 

The augmentation of the DOE of the hum was alternated with the fitting of one or more 

regressions models on the collected data, using the univariate iterative reweighted stepwise 

regression analysis in CADE (see appendix C). A measure for the goodness of tit are the 

coefficient of determination r, the standard deviation s of the residuals (i.e. the differences 

between the actual values Yi and the predicted values yj), and the relative minimum and 

maximum residuals. The coefficient of determination r is the ratio of the explained variation 

(i.e. the quadratic sum of the differences between the predicted values Yi and the mean value y 
of the data) and the total variation (i.e. the quadratic sum of the differences of the actual 

values Yi and the mean value Y) 

n • n 
r = }; (yd')2 I I (yd')2 (3.6.1) 

i=l i=l 

(3.6.2) 

where n is the number of data, and p is the number of estimated model parameters in the 

regression model (Chatfield, 1983). 

There is a great temptation to keep adding model terms to the regression model in order to 

obtain a coefficient of determination that is nearly equal to 1.0, a standard deviation of 

approximately zero, and small relative minimum and maximum residuals. This corresponds to 

a model that (nearly) passes through all data. However, a perfect fit of a large regression 

model does not ensure a good predictional behaviour of the model. As a rule of thumb the 

number of estimated model parameters should not greatly exceed -/fi or n/4, especially if n is 

less than 100 {Chatfield; 1983). For a large number of data, an acceptable maximum of model 

parameters is approximately n/10. Therefore, the number of estimated parameters will be 

limited to n/10, at the upper-most to n/4. 

The predictional behaviour of the models is tested with the aid of 40 randomly chosen bells. 

Both the radii and the thicknesses of these bells are chosen randomly within the bell geometry 

domain. Since the acoustical damping values are always positive, it is very important that the 
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regression models always predict positive acoustical damping values of approximately the 

correct magnitude. 

The acoustical damping data of the hum are plotted versus the corresponding eigenfrequencies, 

see figure 3.6.3. Obviously, a pan of the acoustical damping data can be explained by a linear 

dependency on the eigenfrequency. Therefore, the linear and quadratic eigenfrequency are 

included in the regression model that is fitted on the data. For the hum eventually a regression 

model of 52 terms, consisting of a polynomial of degree 4 in the 7 radius variables, completed 

with the linear and quadratic frequency (expressed as a fraction of the reference frequency), 

was found to yield reasonable predictions (see table 3.6.2 and figure 3.6.4A). 

Another DOE has been designed for the hum as well. A DOE of 301 bells was composed of 

the reference bell, a DOE of 200 bells from the set of 1220 candidate bells based on model 2 

in table 3.6.1, plus a DOE of 100 bells from the set of 577 candidate bells based on model 3 in 

table 3.6.1. The same regression model of 52 terms found earlier, was fitted on the newly 

collected data set. The resulting coefficient of determination, standard deviation, and relative 

minimum and maximum residuals show that the regression model fits less welt on the new 

data (see table 3.6.2). However, comparing the predictional behaviour of the new model (see 

figure 3.6.48) with the predictional behaviour of the first model (see figure 3.6.4A), both 

models seemingly predict equally well. However, the first model was chosen as the acoustical 

damping model of the hum. 

results from regression analysis 

partial #fitted coeff. stan. 
param. determ. dev. 

[ ·1Q-4] [ ·10-4] 

hum (326 data) 24 0.80 0.28 
hum (301 data) 16 0.58 0.40 
fundamental 43 0.88 0.26 
third 23 0.95 0.23 
fifth 17 0.16 3.41 
nominal 20 0.56 1.31 
twelfth 20 0.61 0.20 
double octave 23 0.84 0.14 

mean residual 
damping %min %max 
[ ·10-4] 

0.86 -990.5 1152.7 
0.87 -3355.4 138.0 
2.19 -355.8 57.4 
2.03 -65.4 70.4 
8.69 -286.8 68.2 
5.51 -185.6 58.6 
1.63 -38.8 34.1 
1.42 -38.3 26.8 

results from 
prediction of 40 
randomly 
chosen bells 

mean stan. 
dev. 

[ ·10-4] [10-4) 

0.03 0.33 
0.13 0.33 
0.36 1.8 
0.03 0.08 
2.7 4.5 
0.44 3.3 
0.24 0.71 
0.20 0.73 

Table 3.6.2 In tbis table tbe properties of tbe regression models of tbe acoustical damping of tbe partials are 
given, i.e tbe number of fitted parameters in tbe regression model (including tbe constant), tbe 
coefficient of determination, tbe standard deviation, and the maximum and minimum relative value 
of tbe residuals. The mean value of the acoustical damping data (including tbe outliers) is given as 
well. Moreover, tbe predictional bebaviour of tbe regression models is tested witb 40 randomly 
cbosen bells. The mean and standard deviation of tbe residuals are given in tbe last two columns 
ot: tbe table. 
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Having determined the acoustical damping model of the hum, the acoustical damping models 

of the remaining even partials, i.e. the fundamental, nominal, and double octave, are build. 

Under the assumption that a DOE containing 7 different levels for each variable is more 

adequate for fitting a polynomial of degree 3 or 4, than a DOE containing only 4 different 

levels, the second DOE for the hum is applied to collect the acoustical data of the remaining 

even partials. Plotting the acoustical damping data in the same manner as in figure 3.6.3, the 

relation between the acoustical damping data and the frequency is judged visually. The 

relevant frequency terms (mostly linear or quadratic) are added to the starting polynomial of 

degree 4, containing 50 terms (model 4 in table 3.6.1). Removing the occasional outliers, i.e. 

extremely high acoustical damping values from the data, a regression model with a poor to 

reasonable predictional behaviour is found for each of the even partials. The results from the 

regression analysis are summarized in table 3.6.2. 

The data for all even partials were calculated on an Alliant FX/40-2 mini supercomputer. The 

data for the uneven partials, i.e. the third, fifth and twelfth, however, are calculated on a 

CRAY Y·MP4/464, as the CPU·time required for one acoustical damping analysis is extremely 

large for the uneven partials (see appendix D). 

It was decided to redefine the DOE for the uneven partials. It proved possible to combine the 

candidate sets of 1220 and 577 bells to one set of 1797 candidate bells, containing 7 different 

levels of each radius variable. A polynomial of degree 4 (model 4 in table 3.6.1) was used to 

calculate a DOE of 300 bells. It was found that this DOE does not significantly differ from the 

DOE used for the even partials (comparing the average mean squared error and other 

properties in table 3.6.1). It could be seen from the DOEs that the 300 chosen bells are more 

or less evenly distributed over the 1797 candidate bells in both cases. 

Again the regression models are fitted on the collected data, including frequency effects and 

excluding outliers in the data, if necessary. In table 3.6.2 the properties of the obtained 

regression models are summarized. It should be noted that the results from the regression 

analysis for the fifth are very disappointing. The coefficient of determination is as low as 0.16. 

Despite numerous attempts, no regression model could be found that fits reasonably on the 

data. 

Summarizing, the approximation models of the acoustical damping of the 7 most important 

partials were built. 1t was found that the predictional accuracy of the models is rather poor, 

especially for the fifth and the nominal. For these models the standard deviation of the 

residuals for both the regression analysis, and the prediction of the acoustical damping of the 

randomly chosen bells, is about half the mean acoustical damping. Generally, the standard 

deviation, based on the 40 randomly chosen bells, varies between lf3 and more than half the 

mean acoustical damping. 
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3. 7 Experimental validation of the modal material and acoustical 
damping 

As was mentioned in section 2.6 the modal damping consists of two parts, the modal material 

damping and the modal acoustical damping. In section 2.6 the modal material damping fJm of 

bell bronze was assumed to be constant, fJm = 0.55 ·10-4. The material damping value was 

estimated from experimental data given by Schad (1973), and Van Heuven (1949), see section 

2.6. The modal acoustical damping of the 7 most important partials has been modelled with 

approximation models, fitted on acoustical damping data that were obtained by means of the 

BEM (see section 3.6 and appendix D). 

In order to validate both the material damping (based on Schad's and Van Heuven's data), and 

the acoustical damping calculated by means of the BEM, modal damping measurements were 

carried out (Reinink, 1991). Measuring the modal damping of an eigenmode, both in air and in 

vacuum, the total modal damping '1 and the modal material damping fJm, respectively, are 

obtained. Substracting the material damping from the total damping, the acoustical damping ~ 

is obtained. 

In a linearly elastic structure the vibrational amplitude of every eigenmode decays 

exponentially. The power of the exponential function determines the decay rate, and contains 

the product of the modal damping T1 and the angular eigenfrequency w. In order to determine 

the product TJW, the acceleration of an eigenmode is measured during a short period of time, in 

which the acceleration amplitude decays substantially. 

The harmonica! excitation of the bell is stopped at t::::t0. Thereafter, the acceleration a(t) of an 

eigenmode with angular eigenfrequency w decays exponentially 

a(t) :::: Aoe ·f1w(t-to)cos(w(t-t0)+Cfu) t2!:to (3.7.1) 

where Ao denotes the acceleration amplitude at t::::to, q:u is the phase of the acceleration at t::::to, 

and T1 denotes either total or material damping. Taking the natural logarithm of the absolute 

value of the acceleration yields a linear expression in the modal damping 

In( I a(t) I> = ln(Ao) - f1w(t-to) + In( I cos( w(t-to)+q:u) I) (3.7.2) 

where -oo s In( I cos( w(t-t0)+q;o) I) s 0 

Hence, plotting the natural logarithm of the absolute acceleration versus timet, the slope of the 

upper envelop of the resulting graph is equal to -TJW (see figure 3.7.1B). Graphically 

determining the value of the slope of the upper envelop, the modal damping T1 is found from 

T1:::: slope/w (3.7.3) 

The modal material and total damping of a number of eigenmodes of two bells were 

determined. These bells were minor-third bells with a mouth radius of 0.174 m and 0.161 m, 

and a largest height of 0.273 m and 0.251 m, respectively. The choice for these relatively 

small bells was dictated by the size of the compartment, in which the vacuum measurements 
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were carried out. Since it had to be possible to quickly stop the excitation of the bells in the 

vacuum compartment, a non-contacting excitation method was chosen. Glueing a small iron 

plate (35x35x0.5 mm) to the outer bell wall in the vicinity of the sound bow, the bell was 

magnetically excited by an electro magnet, that was driven with a sinusoidal current. A sine 

generator was used to adjust the excitation frequency to the eigenfrequency of the eigenmode. 

The acceleration of the bell was measured with an accelerometer (accurate up to 10 kHz) at 

the inner bell wall, approximately opposite to the excitation point. The measurements of the 

total damping were carried out outside the vacuum compartment. 

The acceleration signal of the bell was amplified and 1020 samples were recorded digitally. 

The sample frequency varied, according to the frequency of the excited eigenmode. Thereafter, 

the absolute acceleration signal was plotted logarithmically versus time, and the modal 

damping was determined. In figure 3.7.1A the acceleration signal of the minor-third partial of 

the smallest bell is plotted versus time. In figure 3.7.1B the natural logarithm of the absolute 

acceleration signal is shown. 

experimental IWmerical 
mode freq. 'Jm Tfl FEM-freq. BEM-Tfl 

[Hz] [ ·1()-4] [ ·10-4] [Hz] [ ·1()-4] 

2-1 801.0 0.952 0.515 809.2 0.631 
2-2 1525.0 0.780 1.132 1515.2 0.920 
3-1 1853.0 1.266 1.806 1842.0 1.466 
4-1 3129.0 2.119 0.673 3078.0 0.709 
5-1 4642.0 1.497 0.757 4553.7 0.784 
7-1 8100.0 2.031 0.500 7955.6 0.401 

Table 3.7.1 Experimental and numerical damping values and eigenfrequencies for the bell with 
~ip =o.161 m 

experimental IW~Ii!OII 
mode freq. 'Jm Jf FEM-freq. BEM·Tfl 

[Hz] [ ·10-4] [ ·10-4] [Hz] [ ·10-4] 

2-1 714.0 1.862 0.667 725.7 0.589 
1-2 1364.0 1.143 1.088 1317.0 1.764 
2-2 1364.0 1.143 1.088 1403.9 0.924 
3-1 1662.0 1.271 7.261 1688.9 1.404 
4-1 2816.0 1.269 0.426 2846.9 0.649 
5-1 4181.0 1.041 0.795 4232.9 0.796 
3-5 7299.0 0.907 0.355 7159.5 0.165 
7-1 7299.0 0.907 0.355 7423.1 0.404 
4-5 8941.0 1.627 0.452 9039.7 0.101 
6-3 8941.0 1.627 0.452 8843.0 0.435 

Table 3.7.2 Experimental and numerical damping values and eigenfrequencies Cor the bell with 
~ip =0.174 m 
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In tables 3.7.1 and 3.7.2 the results of the experiments, i.e. eigenfrequencies, material damping 

1Jm, and acoustical damping rfl, are listed, together with the eigenfrequencies and 

corresponding acoustical damping data obtained by means of the FEM and BEM, respectively. 

In table 3.7.2 three experimentally determined eigenfrequencies could not be identified with a 

unique FEM-frequency (the mode shape was not measured). Therefore, the numerically 

determined eigenfrequency and acoustical damping are listed in table 3.7.2. for both 

FE-eigenfrequencies. Comparing the experimentally determined acoustical damping with the 

numerically defined acoustical damping, it is concluded that the eigenmodes 2-2, 7-1, 6-3 were 

excited, as for these eigenmodes the experimental and numerical damping values agree well. In 

table 3.7.2 the experimental value of the acoustical damping of the minor-third partial (i.e. 

eigenmode 3-1) greatly exceeds the numerical value. Probably some measurement or data 

processing fault is involved, as the same partial in table 3.7.1 does not show such a large 

difference between the experimental and numerical value. Comparing the experimental and 

numerical acoustical damping values (and allowing for the experimental and numerical 

inaccuracy), it can be concluded that the applied BEM-analysis of the acoustical damping is 

sufficiently accurate. 
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Experimental modal material damping, both from the two minor-third bells; and from 
Schad and Van Heuven. The mean material damping, based on Reinink's data is 
1.37 · 10-4, whereas the mean material damping, based on Scbad's and Van Heuven's 
data, is equal to S.l ·10-s. 
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The values of the material damping are plotted versus the experimentally determined 

eigenfrequencies in figure 3.7.2. The material damping data from Schad (1973) and from Van 

Heuven (1949) are given as well in figure 3.7.2. It can readily be seen that the material 

damping values of the two bells are approximately twice as large as the material damping 

values found by Schad and Van Heuven. This may be caused by a somewhat better quality of 

the bell bronze of the rods and bells used by Schad and Van Heuven, respectively, or perhaps 

some additional damping was introduced by the fixation of the head of the bells to the 

supporting frame. 

The mean value of the material damping data obtained by Reinink (1991) is 7Jm = 1.37 ·10-4. 

In chapterS, however, it will be seen that the experimentally determined value of 1.37·10-4 is 

substantially larger that the total damping of the hum of the minor-third bell whose 

characteristics will be used as target values in the optimization. Therefore, the mean material 

damping values obtained by Reinink, Schad and Van Heuven are averaged and the resulting 

value of 1Jm = 0.9·10-4 will be used as material damping throughout the rest of this thesis, In 

the subsequent analyses and optimization of bells, this new value for the material damping is 

used. 

3.8 Summary 

In this chapter the building of approximation models of the eigenfrequencies and the acoustical 

damping of the 7 most important eigenmodes has been described. The approximation models 

consist of polynomial functions of degree 3 or 4 in the bell geometry variables. 

Prior to the model building, a geometry description method was chosen. The geometry of a 

bell profile is de$Cribed relative to a reference bell geometry with the aid of 7 dimensionless 

radius variables and 13 dimensionless thickness variables. A minor-third bell with mouth 

radius Rup=0.588 m was chosen as reference bell geometry. Furthermore, the bell geometry 

domain wherein the approximation models are valid, was defined. It was found that the 

eigenfrequencies of bells with similar geometries are inversely proportional to the scaling 

factor. The acoustical damping values of eigenmodes of bells with similar geometries are 

independent of the scaling factor. Therefore, the approximation models of both 

eigenfrequencies and acoustical damping are valid for every possible value of the scaling 

factor of bells. 

The necessity to reduce the number of bell geometry variables as far as possible, led to the 

omission of the 13 thickness variables. This omission is based on the facts that 
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the frequencies are approximately linearly dependent on the dimensionless thickness 

variables, and 

the acoustical damping varies much more with radius variations than with thickness 

variations. 

Having limited the number of bell geometry variables to the 7 radius variables, 1797 candidate 

bells were selected within the bell geometry domain. The frequency approximation models 

were fitted on the frequency and frequency derivative data with respect to the design variables 

(calculated by means of the FEM) of all 1797 candidate bells. The resulting models are 

polynomial functions of degree 4 in the radius variables, and are linearly dependent on the 

thickness variables. The predictional accuracy of the frequency models is reasonably good. For 

the lowest 5 frequency m.odels some 95% of the residuals of FEM-frequencies and predicted 

frequencies are smaller than 2% of the mean FEM-frequency. The frequency models are 

accurate enough to roughly optimize the frequency ratios of a bell. 

The approximation models of the acoustical damping are fitted on approximately 300 damping 

data (calculated by means of the BEM), using optimal design of experiments to choose the 300 

bells from the 1797 candidate bells. The fitted models necessarily contain a low number of 

terms in radius variables only. Using 40 randomly chosen bells to test the approximation 

models, the predictional behaviour was found to be rather poor. The standard deviation of the 

residuals varied from 113 to over ltz the value of the mean BEM-acoustical damping. However, 

the predicted damping values are (almost) always positive and of the correct magnitude in 

most cases. A significant increase of the size of the DOE is probably necessary to improve the 

approximation models of the damping. The huge CPU-time for the BEM-analyses of the 

acoustical damping, however, prohibited the use of larger DOEs. 

An experimental validation of the calculation of the modal acoustical damping values was 

carried out. lt was found that the acoustical damping is calculated sufficiently accurately. 

Moreover, the modal material damping values were determined experimentally. The mean 

material damping was found to be twice as large as values from literature. The average of the 

mean material damping values from the experiments and the literature is used in the rest of 

this thesis as the modal material damping. 
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Optimization procedure 

4.1 Introduction 

The relationships between the most important characteristics of the sound spectrum and the 

modal properties of the dynamic response of the bell have been described in section 2.2. The 

modelling of the modal properties as a function of the bell geometry variables has been 

described in chapters 2 and 3. 

After modelling the important sound spectrum characteristics, a procedure for the optimization 

of these characteristics was designed and implemented in the FEM-program DYNOPI'. Using 

the bell and clapper geometry variables as the design variables (i.e. the variables that can be 

adjusted during an optimization), the optimal shape of the bell and clapper will result from the 

optimization process. 

In section 4.2 the sound spectrum characteristics that will actually be optimized, are chosen. In 

the remainder of this chapter the optimization procedure is described. 

4.2 Sound spectrum characteristics to be optimized 

The sound spectrum characteristics that will be optimized, describe the sound spectrum during 

the quasi-stationary sound radiation of the bell. The bell sound radiated during the excitation 

of the bell, and d1.1ring the rise time of the sound spectrum will not be optimized for a number 

of practical reasons. First of all, the duration of the contact between the bell and the clapper (::t 

1 ms), and the duration of the rise time of the sound spectrum (::t 10 to SO ms) are negligible 

compared with the duration of sound radiation by the bell (:t 20 to 100 s). Secondly, it is 

practically impossible to model and optimize the sound radiation of the bell during the 

excitation and during the rise time, because of its unstationary nature. In particular, the 

unstationary sound radiation cannot be modelled with the available software. (The acoustical 

BEM-program SYSNOISE is only capable of analysing the stationary sound radiation of 

harmonically vibrating structures (Sysnoise 4.3, 1990).) Finally, the structural acoustical 

perceptual phenomena underlying the rise time could not be sufficiently identified for analysis 

or optimization purposes. It is assumed that for every bell geometry that generates a "good" 

sound spectrum during the quasi-stationary sound radiation of the bell, a clapper geometry, a 
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contact point, and a range of contact velocities can be found that lead to an acceptable bell 

sound during the excitation and during the rise time. 

The sound spectrum of a bell is characterized by the frequency, decay rate and strength of a 

number of partials. Also several overall characteristics are important : the strike note, the rise 

time, the overall decay time, and the ID-value of a bell (see section 2.2). Of the overall 

characteristics the rise time has already been excluded from the optimization. 

For a number of partials the characteristics frequency, decay rate, and strength will be 

optimized explicitly. It is optional to optimize either the absolute values, or the ratios of these 

characteristics. However, if the ratios of the characteristics are optimized it is necessary to 

optimize the absolute values of the characteristics of one of the partials as well. The target 

value for the frequency of this partial will ensure the pitch (or strike note) of the bell. The 

frequencies of the partials were shown to be inversely proportional to the scaling factor of the • 

bell (see appendix B). Hence, the target value of the frequency of the partial can be reached by 

scaling the bell. The optimization of the absolute values of the decay rate and the strength of 

this partial ensures the correct values for the decay rates of the optimized partials, for the 

loudness of the sound spectrum, and for the overall decay time, thus avoiding sound spectra 

with e.g. too high or too low decay rates of the partials. 

The number of partial frequency ratios that can be optimized, using the FEM-analysis, is only 

limited by their relevance in the overtone structure. The optimization of the decay rate ratios 

and strength ratios is limited to the 7 partials for which the modal acoustical damping is 

modelled. These partials are listed in table 1.1.1 . 

. 
Besides the characteristics of the partials, the overall characteristics of the sound spectrum will 

be optimized as well, if possible. The ID-value can easily be optimized explicitly, along with 

the optimization of the frequency ratios of the partials. The existence of an unambiguous strike 

note is ensured by the correct choice of the frequency ratios of the nominal, twelfth and double 

octave. These are the three partials that generate the (physically not existing) strike note. The 

better the frequency ratios of these three partials resemble the harmonic series 2 : 3 : 4, the 

more distinct the strike note will be (Eggen et al., 1986). Hence, the strike note will be 

optimized implicitly, choosing suitable target values for the three frequency ratios. The overall 

decay time of a bell is equal to the decay time of the partial that can be heard the longest, 

usually the hum. Hence, the overall decay time of a bell is ensured by the target values for the 

decay rate and strength of the individual partials. (If the decay rate ratios and strength ratios 

are optimized, it will be necessary to define a target decay rate and a target strength for one of 

the optimized partials, in order to avoid extremely short or long sound radiation.) The overall 

decay time is optimized implicitly. 
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Summarizina, the characteristics of the quasi-stationary sound radiation will be optimized. 

These characteristics are the frequency ratios of a number of n partials, and the decay rate 

ratios and the strength ratios of the 7 most important partials. Also the absolute values of the 

frequency, decay rate and strength of one of those 7 partials must be optimized in order to 

ensure that the bell sound has the correct pitch, and is sufficiently lona·Iastin& and strona. A 

number of overall characteristics is optimized as well. The ID-value is optimized explicitly. 

The strike note and the decay time of the bell will be optimized implicitly by the choice of the 

target values. In table 4.2.1 all characteristics to be optimized are listed. 

Characteristics of the partials 

frequency ratio 

decay rate ratio 

strength ratio 

frequency 

decay rate 

strength 

Overall characteristics 

ID-value 

strike note 

overall decay time 

fi/fret 
( fJ(J})/( fJ(J})m 

( tj8(J}EJ/( r,ac:uEJret 

fp 

{ fJ(J})p 

2( tj8(J}EJp 

2fbumklip 
implicit 

implicit 

i=l,n 

j=l,7 

j=1,7 

pE{l, .. ,7} 

pE{l, .. ,7} 

pE{l, .. ,7} 

Table 4.2.1 SliDUillry of sound spectrum characteristics to be oplimized 
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4.3 Optimization strategy 

In order to optimize the selected characteristics of the sound spectrum a "black box" 

optimization algorithm that optimizes all characteristics at the same time, might be used. 

However, this approach has some serious disadvantages. The major disadvantage of a "black 

box" optimization is the fact that during each iteration all characteristics are optimized with 

respect to all design variables of the bell and the clapper. But obviously it is useless to 

optimize the strength ratios with respect to the contact point position if the frequency ratios 

and decay rate ratios of the partials, that depend only on the design variables of the bell 

geometry, are not yet near their target values. All insight in the optimization process is lost 

when trying to optimize all characteristics at the same time. Moreover, the computational 

effort required to optimize everything simultaneously will be much greater than the effort 

required when optimizing the characteristics in subsequent stages. Another problem using the 

"black box" optimization is the choice of the target values and the corresponding accuracies 

required. It is always possible that a chosen combination of target values for the frequency 

ratios and decay rate ratios cannot be reached for some partials, especially when trying to find 

a bell and clapper geometry matching a completely new sound spectrum. In that case it will be 

necessary to alter some target values or some accuracies required. However, this can only be 

concluded after a large number of iterations. To overcome these disadvantages a multi-staged 

optimization strategy is used. 

The most important characteristics of the sound spectrum are the frequency ratios of the lowest 

partials. (At present, bell founders can correctly tune the lowest 5 partials of a well cast bell.) 

The frequency ratios of these partials must correspond to musically well defined intervals. For 

example, the frequency ratios of the traditional minor·third bell are : 

1 : 2 : 2.4 : 3 : 4 : 6 : 8 

where the second, third, and fourth partial form a minor-third chord. If the frequency ratios of 

a bell do not sufficiently approximate the target values, the bell is not tunable and therefore 

worthless. Hence, in the optimization of the sound spectrum of a bell the frequency ratios 

constitute the most important optimization criteria. The goal of the first stage of the 

optimization strategy, therefore, is to find a bell geometry that satisfies (within the required 

accuracies) the target values of the frequency ratios, decay rate ratios and the ID-value. (Since 

the frequency ratios and decay rate ratios both depend only on the bell geometry it is necessary 

to optimize them simultaneously.) The strength ratios of the partials will be optimized in the 

second stage, keeping the bell geometry resulting from the first stage, constant. In the second 

stage the strength ratios are optimized with respect to the contact position only. 

One of the major issues in optimization is the question whether a minimum is a local or a 

global minimum of the object function. The lowest local minimum is called the global 
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minimum. Not every local minimum of the object function fultills the imposed accuracy 
requirements, i.e. is close enough to the target values. However, it is not always possible to 

detect whether a minimum is local or global. The shape optimization of bells belonas to the 

class of non-convex optimization problems (Vanderplaats, 1984). For such problems it cannot 

be proved that a local minimum of the object function is also the global minimum. The only 

way to gain confidence in the quality of an established local minimum is by restarting the 

optimization process from several starting points and comparing the generated minima. 

Using the FEM-analysis based optimization of the frequency ratios, a large amount of 

CPU-time and restarts can be necessary before a suitable (local) minimum is generated. 

Therefore, it is worthwhile to be able to obtain a "cheap" starting bell geometry for the 

FEM-analysis based optimization that already reasonably satisfies the target values for the 

frequency ratios and decay rate ratios of the most important partials, and the tD-value. The 

approximation models describing the frequencies, and modal acoustical damping of the 7 most 

important partials (described in chapter 3) can be used to optimize the frequency ratios and 

decay rate ratios of the partials, and the ID-value very quickly. Using these models in a 

separate optimization module a possible starting bell geometry is generated within a few 

minutes. Since the approximation models describing the eigenfrequencies and acoustical 

damping are sometimes very inaccurate, it is necessary to perform a check: on the obtained 

results (see section 3.5). If the accuracy check, based on the FEM-analysis of the 

eigenfrequencies and the BEM-analysis of the acoustical damping values of the bell, confirms 

that the frequency ratios, ID-value and decay rate ratios of the bell geometry found are close 

enough to the target values, the FEM-analysis based optimization of the bell is started. 

Thereafter, the frequency ratios, the decay rate ratios, and the ID-value, and the strength ratios 

are optimized in two subsequent stages of the FEM·based optimization. 

The advantage of detecting a starting bell geometry with the aid of the approximation models 

is the speed with which possible starting bell geometries are found. Within a few minutes (at 

the most an hour), it is known whether a bell geometry with the defined target values for 

frequency ratios, decay rate ratios, and ID-value might exist. Without the approximation 

models, one could spend many CPU-hours of FEM·analysis based optimization in search of a 

bell geometry that does not exist. 

Summarizing, the optimization process is divided into two main parts, shown in figure 4.3.1. 

In the first part, the frequency ratios, decay rate ratios, and the ID-value are optimized using 

approximation models to describe the frequencies, and modal acoustical damping values as a 

function of the bell geometry variables. If an analysis of the resulting bell geometry by means 

of the FEM and BEM, confirms that the frequency ratios and the decay rate ratios are close 

enough to the target values, and the ID-value is near the target value, the geometry is used as a 
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Figure 4.3.1 Flowchart of the optimization process. 
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starting bell geometry for the FEY-analysis based optimization of the bell. In the second part 

the frequency ratios, decay rate ratios, and ID-value, and the partial strength ratios am 

optimized using a FEM-model to calculate the eigenfrequencies of the bell, instead of the 

approximation models for the eigenfrequencies. The acoustical damping values am still 

calculated using the approximation models. Using the bell geometry resulting from the first 

part as a starting bell geometry for the FEM-analysis based optimization in the second part, 

many FEM-iterations are avoided, resulting in a reduction of the CPU-time required for the 

optimization of the sound spectrum. In the next sections the two main parts of the optimization 

strategy are discussed. 

4.4 Optimization using approximation models 

In the first main part of. the optimization strategy the approximation models are used to 

calculate the eigenfrequencies and the modal acoustical damping values of the 7 most 

important eigenmodes as a function of the bell geometry variables. An experimentally defined 

value for the modal material damping of bell bronze is also available. 

Using the approximation models the bell geometry can be optimized with respect to the 

frequency ratios, and decay rate ratios of the 7 modelled eigenmodes, and the ID-value. The 

frequency ratios, decay rate ratios, and the ID-value are optimized, minimizing the object 

function Fobj(~) in equation (4.4.1). The object function is the sum of weighted quadratic 

differences between the actual and the target values for the frequency ratios, decay rate ratios, 

and the ID-value. The superscript 'opt' denotes the target values of the characteristics to be 

optimized. The minimization of Fobj(~) is subject to bounds and inequality constraints of the 

design variables. The design variables x~c. describing the bell geometry, are stored in column~· 

The bounds and constraints on the design variables limit the solution of the optimization 

problem to the domain of the approximation models (see section 3.2). Moreover, the absolute 

value of the frequency and the decay rate of partial p are constrained in order to ensure the 

correct pitch and decay rates of the bell. The formulation of the optimization problem is given 

in equation ( 4.4.1). 

subject to 

minimize F00j(~) 
x€120 

tpin :s fp(~) :s 11p' 

(fJW)~n s lJp(~)wp(~) s (tJW}~ 

(4.4.1) 

k=l,20 

k=l,6 
k=8,19 
pE{l, .. ,7} 

pE{l, .. ,7} 
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where 

and fD(~) = 2fbgm(~)x1, 

11;(~) = 11T + flj(~.~{~)) 

Wj(~) = 2mj(~) 

Optimization procedure 77 

wo weighting factor of frequency ratio i 

wdl weighting factor of decay rate ratio i 

wrd weighting factor of ID-value 

A Sequential Quadratic Programming (SQP) algorithm is used to solve the optimization 

problem in equation (4.4.1) (routine E04VCF or E04UCF, NAG-library (1988), Vanderplaats 

(1984), Gill et al. {1981)). The formulation of the optimization problem necessitates a balanced 

choice of the different weighting factors in the object function. The, somewhat inelegant, 

formulation of the optimization problem, was chosen because numerical instabilities inhibited 

the use of nonlinear constraints of the decay rate ratios. After the SQP-algorithm has found an 

optimal solution, the resulting bell geometry is analysed by means of the FEM and BEM. It is 

checked whether the frequency ratios and the ID-value, resulting from the FEM-analysis, are 

close enough to the defined target frequency ratios. The proximity of the decay rate ratios, 

resulting from the BEM-analysis, to their target values is checked as well. The check of the 

frequency ratios and decay rate ratios by means of the FEM and BEM is necessary because the 

approximation models of the eigenfrequencies, and especially those of the acoustical damping, 

proved to be very inaccurate in some parts of their domain. 

If one or more of the frequency ratios, decay rate ratios and fD.value are not close enough to 

their target values a new run of the optimization using the approximation models is made, 

starting from randomly chosen values for the design variables of the bell geometry. If 

necessary the weighting factors in the object function will be altered as well. If the frequency 

ratios, decay rate ratios and fD.value are close enough to their target values, the FEM-analysis 

based optimization of the bell is started. The bell geometry resulting from the optimization 

using the approximation models in part 1, is used as a starting bell geometry for the 

FEM·based optimization in part 2. The flowchart of part 1, the optimization using 

approximation models, is shown in figure 4.4.1. 
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4.5 Optimization using Finite Element models 

In the FEM-based optimization (i.e part 2) the eigenfrequencies of the bell are analysed using 

the FEM-model of the bell. The modal acoustical damping values are calculated using the 

approximation models described in chapter 3. The optimization of the sound spectrum 

characteristics is subdivided into several stages, shown in the flowchart in figure 4.5.1. In two 

subsequent stages the frequency ratios, decay rate ratios, and the m-value, and the strength 

ratios of the partials are optimized. 

In the first stage, n frequency ratios are optimized. The weighted sum of the squared 

differences between the actual and the target values of the frequency ratios, decay rate ratios 

and m-value is minimized. Since a FEM-analysis of the bell is used, an arbitrary number of n 

frequency ratios can be calculated and optimized. However, the acoustical damping can only 

be calculated for the eigenmodes corresponding to the 7 most important partials. The 

formulation of the optimization problem in the first stage of part 2 is identical to the 

optimization problem in equation (4.4.1), with the exception of the object function. In the 

object function an arbitrary number of frequency ratios can be included for optimization. 

where 

(4.5.1) 

The optimization problem is solved using a Sequential Linear Programming (SLP) algorithm 

(see Vanderplaats (1984), Gill et al. (1981)). If no satisfying minimum of the object function 

can be found, the optimization process is abandonned. A new starting bell geometry for part 2 

has to be determined, using the "fast" optimization in part 1. After a bell geometry has been 

found that satisfies the target values for the n frequency ratios, the 7 decay rate ratios and the 

m-value, the strength ratios remain to be optimized in the second stage of the FEM-based 

optimization procedure. 

In the second stage, the strength ratios of the partials will be optimized, choosing the optimal 

position of the contact point on the inner bell wall, while keeping the bell geometry constant. 

The only design variable Zc denotes the z-coordinate of the contact point position. The strength 

of a partial is characterized by the acoustic power Psi(zc) radiated by eigenmode i, due to the 

contact force F(t) exerted in the contact point (see equation (2.2.1)). The acoustic power Psi(zJ 

is calculated from an assumed contact force, avoiding the time-consuming calculation of the 



actual contact force. The assumed contact force is defined as 

F(t) = Fllllll:sin(n(t-to)/(t11·to)) 

Optimization procedure 19 

tE[to.te] 
and acts perpendicular to the bell wall at the contact point. The values of Fmw to and te can be 

chosen in such a way that F(t) corresponds to a weat. moderate or strong excitation with a 

clapper. Thus, the strength ratios of the 7 most important partials can be optimized very fast. 

The described strategy was chosen for a number of reasons. First of all, since the analysis of 

the contact force during every iteration is avoided if an assumed contact force is used, the 

optimization of the strength ratios can be carried out very quickly. (An accurate contact force 

analysis would require the computation of 400 to 600 eigenmodes (see appendix A), which is 

very time-consuming.) Secondly, from the definition of the radiated sound power Pli in 

equation (2.2.1) it can be seen that the strength ratios can be influenced by altering the 

frequency ratios, the acoustic damping ratios, and the vibrational energy ratios. Since both the 

frequency ratios and acoustic damping ratios are not allowed to change, the strength ratios can 

only be influenced by altering the vibrational energy ratios. The vibrational energy itself can 

be changed by altering the vibrational amplitude and/or the eigenfrequency and the mode 

shape of the radiating eigenmode. Significantly changing the eigenfrequency and/or the mode 

shape would require large geometry changes, changing the frequency ratios and decay rate 

ratios as well, and is therefore unacceptable. Thus, the only remaining course is to optimize the 

vibrational energy ratios with respect to the contact point position, while keeping the bell 

geometry constant. 

In equation ( 4.5.2) the formulation of the optimization problem is given. The object function 

contains the weighted quadratic differences of the actual strength ratios and the target strength 

ratios. The strength ratios of the partials are optimized by minimizing the object function, 

using an SLP-algorithm. The z-coordinate of the contact point position is bounded, allowing 

only contact point positions on the lower part of the inner bell wall. 

subject to 

where 

and 

minimize FobJ{zJ 

zcEI 

(4.5.2) 

pE{l, .. ,7} 

The strength ratios of an excited bell depend strongly on the duration and the maximum force 

of the excitation. A strong stroke with a clapper excites the higher partials relatively stronger 

than the lower partials, and vice versa. Moreover, the geometry and material of the clapper 

strongly influence the strength ratios. This makes it is very difficult to define strict target 
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Figure 4.5.1 Flowchart of the FEM-based optimization of the bell 
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values for the strength ratios. Therefore, the described optimization of the contact point 

position has only a limited value, also because the assumed contact force used is only an 

estimate of the actual contact force. Hence, the accuracy requirements made on the strenath 

ratios for the optimal contact point are not very severe. The only strict demand on a strength 

ratio is made if a partial should JKil be excited. (The fifth is usually not or very weakly 

excited) 

After a suitable contact point position has been found, the dimensions of the clapper must be 

defined. Preferably, the clapper geometry is chosen in such a way that the direction of the 

velocity of the contact point on the clapper is more or less perpendicular to the bell wall. Also 

the centre of gravity of the clapper should lie approximately in the middle of the clapper ball. 

As a last check a response calculation can be made for the final bell and clapper geometry, in 

order to define the resulting partial strengths from a stroke with a clapper. The response 

calculation can be made for a number of different dapper velocities in order to get some 

insight in the distribution of the strength ratios of the partials for a range of clapper velocities. 

4.6 Summary 

In order to optimize the sound spectrum of a bell a number of characteristics of the sound 

spectrum have been chosen to be optimized. To avoid the usage of an incomprehensible "black 

box" optimization algorithm, a multi-staged optimization procedure was developed and 

implemented in the FEM-program DYNOPT. The optimization algorithms employed are based 

on mathematical programming. 

In order to reduce the number of iterations during the FEM-analysis based optimization, the 

starting bell geometry is already near the optimum with respect to the frequency ratios, and 

decay rate ratios of the 7 most important partials, and the ID-value. This starting bell geometry 

is obtained in an optimization using approximation models to describe the eigenfrequencies 

and the modal acoustical damping of the 7 most important partials. 
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Chapter 5 ---------

Optimization of major-third bells 

5.1 Introduction 

After the development of the numerical and analytical tools for the calculation of the most 

important sound spectrum characteristics (described in the chapters 2 and 3), and the design 

and implementation of an optimization procedure in a FBM-software code (described in 

chapter 4), the developed software is used to optimize · bells. In order to demonstrate the 

usefulness of the developed software the optimization of the major-third bell timbre was 

carried out. In section 5.2 the choice of the major-third bell timbre as the subject of 

optimization is explained. The definition of suitable target values for the most important sound 

spectrum characteristics is described in section 5.3. In section 5.4 the usefulness of the "fast" 

optimization for the scanning of the bell geometry domain for a number of promising bell 

geometries is demonstrated. In this stage of the optimization procedure the frequency ratios, 

decay rate ratios, and the fD-value are optimized. Moreover, a number of practical difficulties 

using the "fast" optimization software are described. In section S.S the optimization of the 

frequency ratios, decay rate ratios, and fD·value in the FBM·based optimization stage of the 

optimization procedure is discussed. In section 5.6 the optimization of the contact point 

position and the determination of the configuration of the dapper is described. 

5.2 Reasons for optimizing a major..;third bell 

As mentioned earlier, it was chosen to search for an optimal bell and clapper geometry of a 

major-third bell. The optimal major-third bell is defined as a bell with the frequency ratios, 

1: 2:2.5: 3: 4: 6: 8 (in just tone tuning), 

but with a similar timbre as a minor-third bell of approximately the same size and strike note. 

(A major-third bell with a minor-third bell-like timbre is what the bell founder optioned for 

from the beginning (Lehr(2), 1987).) This choice of target bell was made for a number of 

reasons. First of all, the regular minor-third bells are well-liked and completely accepted by all 

listeners and carillonneurs in Northern Europe. A major-third bell with a timbre similar to the 

minor-third bell timbre, is bound to be acceptable to (almost) everybody. Moreover, this type 

of major-third bell is likely to help overcome the existing resistance of a number of 
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carillonnews against the presently-cast major-third bells. The advisory committee of the Dutch 

Carillon Society even advices against the placing of new major-third carillons of the present 

bell type, based on the evaluation of the major-third carillon in Deinze (Belgium) (Zeelen, 

1991). Secondly, considering major-third bells as completely new bells that must be judged in 

their right, it is necessary to define completely new and unique timbres for the major-third 

bells. This would require a large perceptual investigation. Systematically varying the values of 

the most important sound spectrum characteristics of the recorded sound of a minor·third bell 

synthetically, and having listeners compare the resulting bell sounds with a reference bell 

sound, combinations of target values for possibly optimal bell timbres are obtained, including 

combinations ·for optimal major-third bell timbres. However, such a perceptual investigation 

could easily take one to two years to complete. Moreover, such a research is beyond the scope 

of this project, which is fQCussed mainly on structural modelling and optimization. Finally, the 

fact that experiments, yielding the total damping values and relative pressure amplitudes, 

performed on a number of minor-third bells, are available from the literature makes it 

unnecessary to perform new experiments. 

Unfortunately, the experiments that are described in literature are contradictory, and without 

any esthetical evaluation of the bells, see Bigelow (1961), Slaymaker (1954), Sonnemans 

(1988), and Hacquebord (1991). On the basis of dr. Lehr's personal experience the 

experimental values, obtained from the A/ bell in Germantown (cast by Taylor) are used to 

define the target values of the major-third bell timbre (Slaymaker et al., 1954) 

5.3 Target values of the major-third bell 

Slaymaker and Meeker (1954) analysed the recorded bell sound of a number of bells in 

existing carillons. Placing a microphone three feet from the sound bow at the strike point, the 

bell sound resulting from a medium force excitation was recorded. The frequencies, decay 

rates and relative sound pressure amplitudes of a number of partials were analysed. In table 

5.3.1 the experimental values for the A-.11 bell in Germantown are shown. These values are 

used as target values in the optimization of the major-third bell timbre. The target frequency 

ratios of a major-third bell are already known, and not equal to the frequency ratios of the 

minor-third bell. From the experimental values for the frequencies in Hz, and the decay rates 

in dB/s, the total modal damping 7J and the decay rate 7JW in s-1 can be calculated for every 

partial. Consider the exponentially decaying pressure amplitude llp(t)ll with an initial pressure 

amplitude of Po at t=to 



Optimization of major-third bells 85 

IIP<t)ll in [Pa] = Poe·fJa(t-to) U:to 

llp(t)ll in [dB]= 20 lOJog(PQe·fJa(t-to) lprer) 

= (-20f)a(t-to) + 20 ln(polprer))lln(10) 

(5.3.1) 

(5.3.2) 

, Pm= 2.0 ·1o-s Pa 

From equation (5.3.2) the relationship between the decay rate in dB/sand the decay rate in s-1 

(i.e. the negative slope of the logarithm of the sound pressure amplitude llp(t)ll plotted versus 

time t) can be determined 

decay rate [dB/s] = 20nw (5.3.3) 
In( 10) 

where fJW is expressed in s-1. 

Hence, using equation (5.3.3) both the total modal damping fJ and the decay rate fJW in s-1 can 

be calculated. The obtained target values for the total damping are listed in table 5.3.2. As was 

already mentioned in section 2.6, the modal material damping is assumed to be constant and 

equal to 0.9 ·1()-4. (Since the decay rates are inversely proportional to the scaling factor of the 

bell (see appendix B), only the target values of the total modal damping are displayed in table 

5.3.2.) 

The definition of the target values of the strength ratios is more cumbersome. Slaymaker and 

Meeker measured the pressure amplitudes at a specific point in space, i.e. three feet from the 

sound bow at the strike point. However, using the developed models of the acoustical 

damping, only the radiated sound power can be calculated from equation (2.2.1). It is possible 

to convert the measured sound pressure ratios to target sound power ratios that can be used 

during the optimization. This is described in detail in appendix E. However, studying the 

measured sound pressure ratios in table 5.3.2 closely, it can be seen that especially the sound 

pressure of the nominal is unrealistically high. The sound pressure ratio of approximately 20 

(see table 5.3.2) would lead to a sound power ratio of 800 to 1200 (see appendix E). The 

measurements of other bells by Slaymater et al. (1954) comtirm that the target sound pressure 

ratios are unrealistic. Therefore, the target sound power ratios were determined in another way. 

The target sound power ratios for the major-third bell timbre were determined by evaluating 

partial musical freq. decay rate rei. amplitude 
notation [Hz] [dB/s] [dB] 

hum A3# -30 229.1 1.4 -10 
fundamental ~#-35 456.8 4.1 0 
third Cs# -42 541.1 4.8 3 
fifth Fs -17 691.6 14.0 -25 
nominal As#-36 913.1 19.0 16 
twelfth F, -47 1360.0 12.0 0 
double octave At,# +17 1883.0 16.0 2 

Table 5.3.1 Valuea of tbe sound speclnlm cbaracterlstics of tbe minor-third A-.41# bell in lhe 
Gennantown carillon (obtained from Slaymaker and Meeker, 1954). 
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the sound power ratios of a reference minor-third bell to an assumed medium force excitation. 

The use of an assumed contact force enables a very fast optimization of the contact point 

position, avoiding a complete dynamic response analysis in every iteration step. Consequently, 

however, the influence of the clapper geometry is eliminated from the optimization. 

Considering only sound power ratios, the maximum value of the contact force is of oo 

importance, contrary to the contact duration. Choosing a fixed contact duration it will be 

possible to determine afterwards a clapper geometry and contact velocity that evoke the 

specified contact duration. (In section 2.7 the influence of the contact velocity and the contact 

radius on the clapper ball were shown.) The evaluation of the target sound power ratios is 

described in detail in section 5.6. 

The target values for the 7 most important partials are listed in table 5.3.2. It is remarked that 

the target frequency ratios are no longer nice round figures (1 : 2 : 2.5 : 3 etc.). In modem 

music it is required that every tone and semi-tone correspond to fixed inteiVals, allowing the 

music to be transposed. Therefore, instead of the just tone tuning. the equally- tempered tuning 

is used, where every tone and semi-tone correspond to an inteiVal of 200 and 100 cents, 

respectively. The relationship between the cents values and the frequency ratios is 

[cents]= 1200 2Iog(4f/fnom:l (5.3.7) 

where f1 is the frequency of interest, and fnom is the frequency of the nominal. (In bells the 

nominal is usually taken as reference frequency.) The target intervals in cents are given in the 

2nd column of table 5.3.2. The corresponding frequency ratiosl are listed in the 1st column of 

table 5.3.2. 

partial freq. cents total damping pressure ID-value 
ratio [ ·10-4] ratio [m/s] 

hum 1.000 0 1.11 1.000 200.0 
fundamental 2.000 1200 1.64 3.162 
third 2.520 1600 1.62 4.467 
fifth 2.997 1900 3.71 0.178 
nominal 4.000 2400 3.82 19.953 
twelfth 5.993 3100 1.61 3.162 
double octave 8.000 3600 1.55 3.981 

Table 5.3.2 Target values o£ lhe frequency ratios (and ceniS values), total damping, sound pressure 
ntios (based on the pressure just after lhe excitation), and the m-value for the 
major-third bell. The target sound pressure ratios are rejected since they are unrealistic. 

lit should be noted that in practice the target frequency ratio of both the twelflh and lhe double octave 
cannot be reached. This occurs both in traditional minor-third bells and in major-third bells. Therefore it 
is only required that either the twelfth or tbe double octave reaches the target frequency ratio. 
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The final characteristic that has to be optimized is the tD-value of a bell. The tD-value is the 

product of the frequency of the hum and the largest diameter of the bell. The tD-value relates 

the wall thickness of the bell to its size. A thick: bell wall results in relatively high frequencies, 

and therefore in a high tD-value, whereas a thin bell wall results in relatively low frequencies 

and a low tD-value. The target value for the tD-value is taken to be 200 m/s. Higher tD-values 

result in relatively high frequencies and therefore in relatively high decay rates tJW. Bells with 

a very low tD-value are too thin, and have an unpleasant sound spectrum. In practice bell 

founders use the tD-value to influence the timbre of the bell. However, since there is no 

information available on the relation between the timbre of new major-third bell shapes and 

the tD-value, the tD-value will be constrained around 200 m/s in order to avoid excessively 

thin-walled or thick-walled bells. 

It was already pointed out in section 1.2 that carillon bells have to be tuned aCcurately. The 

Dutch Carillon Society requires the lowest five partials to be tuned within 3 to 10 cents 

accurately (Lehr(2), 1987). This corresponds to required accuracies of the frequency ratios of 

0.17% to 0.57%. However, if the lowest five frequency ratios are accurate to within 0.6% they 

are considered to be tunable, and are therefore accepted. It is not so straigthforward to define 

the required accuracies for the total damping values and the radiated sound power ratios. In 

practice, however, inaccuracies of 10% or more may have to be accepted. 

Before optimizing new major-third bells, some existing major-third bells are analysed, i.e. the 

frequency ratios, and total modal damping values are calculated. The FEM is used to calculate 

the eigenfrequencies, and the BEM is employed to calculate the acoustical damping. 

Two majoHhird bells, designed and cast by Eijsbouts for the carillon in Deinze (Belgium), 

and an alternative major-third bell of a later date were analysed. Comparing the frequency 

ratios and total damping values of the two Deinze bells2 in table 5.3.3 (see also figure 5.3.1), 

the large differences in total damping values are evident. Calculating the 60 dB decay time of 

the hum of both Peinze bells, values of 21.3 sand 15.5 s, respectively, are found. (The 60 dB 

decay time of the hum is roughly equal to the perceived decay time of the bells.) For 

minor-third bells with an tD-value of 200 m/s the 60 dB decay time should be approximately 

120Rup s {Rup in [mD, as a rule of thumb. This rule would require the bell Deinze 1 to have a 

60 dB decay time of approximately 28.4 s. Hence, it can be seen that the bell sounds relatively 

short, compared with the minoNhird bell standards. The shorter sound radiation is one of the 

shortcomings the advisory committee of the Dutch Carillon Society (DCS) remarked upon 

(Zeelen, 1991). 

2The bell Deinze 2 bas been scaled to the same lip diameter as beU Deiue 1. In carillons the higb·pitcbed 
bells are cast with relatively thick walls (and higher acoustical damping values) in order to ensure 
satisfactory sound power levels. 
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bell Deinze 1 bell Deinze 2 

alternative major-third bell 

Figure 5.3.1 The profile of tbe two major·tbird bells, present in tbe Deinze carillon, and tbe 
alternative major·tbird beD. 
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Despite the nearly identical bell shapes (see figure 5.3.1), the modal damping of the Deinze 

bells 1 and 2 differ strongly. Since both the decay rate and the strength of the partials depend 

linearly on the modal damping and the frequency, it is evident that the bells will sound 

differently. This is indeed confirmed by the evaluation of the Deinze carillon by the DCS. The 

DCS found, amongst others, that the bells (sometimes' less than an ocuwe interval apart) 

possess dissimilar sound spectra (Zeelen, 1991). Note that the higher ID-value of the bell 

Deinze 2 leads to even higher decay rates of the three lowest partials because not only the total 

damping values, but also the frequencies were increased. From the damping values and the 

ID-value of the alternative major-third bell (see table 5.3.3 and figure 53.1) it is concluded 

that this bell will sound very much like bells of the type Deinze 1. Indeed, in the evaluation of 

the alternative major-third bell at the bell foundry no remarkable differences were found. In 

the next sections the optimization of major-third bells is discussed. 

partial 

hum 
fundamental 
third 
fifth 
nominal 
twelfth 
double octave 

Table 5.3.3 

I 
Deinze 1 

freq. damping 
ratio [ ·10-4] 

1.000 
1.998 
2.519 
2.994 
3.994 
5.873 
8.080 

1.22 
1.51 
1.91 
2.59 
3.85 
1.71 
1.88 

fhum = 423.3 Hz 
tD = 200 m/s 
Rup = 0.237 m 
T60 dB = 21.3 s 

I 
Deinze 2 

freq. damping 
ratio [ ·10-4] 

1.000 
2.001 
2.517 
2.992 
4.000 
5.767 
7.771 

1.46 
1.92 
2.60 
2.28 
2.80 
1.81 
1.56 

fhum = 486.2 Hz 
tD = 230 m/s 
Rup = 0.237 m 
T60 dB = 15.5 s 

I 
alternative 

freq. damping 
ratio [ ·10-4] 

1.000 
2.001 
2.508 
2.997 
3.990 
5.800 
7.942 

1.22 
1.61 
1.94 
2.68 
3.79 
1.70 
1.72 

fhum = 178.6 Hz 
tD = 206 m/s 
Rup= 0.577m 
T60 dB = 50.5 s 

Frequency ratios and total damping values of the two Deinze bells 1 and 2, and of an 
alternative major-third bell of a later date. The frequencies and total damping values 
are computed by means of FEM and BEM, respectively. Moreover, the frequency of 
the bum, the ID-value, the lip radius of the bell, and the estimated 60 dB decay time 
of the hum are given. 
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5.4 "Fast" optimization of major-third bells 

The "fast" optimization of the frequency ratios, decay rate ratios, and ID-value in the first 

stage of the optimization procedure is carried out using approximation models of the 

frequencies and the acoustical damping. This procedure was described in detail in chapter 4. 

The object function is the squared sum of the weighted differences between the frequency 

ratios, decay rate ratios, and the ID-value and the corresponding target values (see equation 

(4.4.1)). The object function contains 15 weighting factors. The values of the weighting factors 

represent the relative importance of the corresponding characteristics in the object function, 

and have to be determined on a trial-and-error basis. It was found that both the values of the 

weighting factors and the starting bell geometry influence the solution of the· optimization 

problem very strongly. 

For a number of combinations of weighting factors the "fast" optimization was carried out 10 

times, starting from randomly generated bell geometries (which lie within the bell geometry 

domain that was defined in section 3.2). Typically one to three different solutions of the 

optimization problem were found for one combination of the weighting factors. However, not 

every solution is useful. Sometimes the resulting frequency ratios, and/or decay rate ratios, 

and/or ID-value are not even close to their target values. These solutions are so-called local 

minima of the object function, a well-known problem in non-convex optimization problems 

(Vanderplaats, 1984). 

From the resulting solutions a number of bell geometries were selected, where most of the 
frequency ratios and decay rate ratios (both calculated by means of the approximation models) 

were reasonably close to the target values. For these bell geometries the frequency ratios and 

the acoustical damping values of the 7 most important partials were checked, calculating the 

eigenfrequencies and acoustical damping values by means of the FEM and the BEM, 

respectively. In most of these bell geometries, however, either the frequency ratios deviated 

very strongly from the target values, or the total damping value of one or more partials proved 

to be substantially too high. In table 5.4.1 the frequency ratios and total damping values 

(calculated by means of the FEM and the BEM, respectively), and the ID-value of a number of 

rejected bells are listed. Moreover the target frequency ratios, total damping values and 

ID-value are listed. Usually the total modal damping of the hum and/or the third is too high. 

(The total damping value of the fifth is unimportant since this partial is excited very weakly in 

general.) Moreover, the ID-value of the rejected bells is rather high. In figure 5.4.1 the 

geometries of the five rejected bells, listed in table 5.4.1, are shown. The high acoustical 

damping values are not completely unexpected, since the target acoustical damping values lie 

mostly in the lowest range of possible acoustical damping values (calculated for the building 

of the approximation damping models, see e.g. figure 3.6.3). 
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From the "fast" optimization, however, also a number of promising bell geometries could be 

found. Promising bell geometries have frequency ratios. total damping values and a fD..value 

that exhibit small to moderate deviations from the target values. These deviations from the 

target values, however, may sufficiently improve during the FEM-based optimization of the 

bell geometry. In table 5.4.2 the frequency ratios and total damping values of these bells 

(computed by means of FEM and BEM, respectively), plus the ID-values are listed. In figure 

5.4.2 the corresponding bell geometries are shown. 

partial 

hum 
fundamental 
third 
fifth 
nominal 
twelfth 
double octave 

partial 

hum 
fundamental 
third 
fifth 
nominal 
twelfth 
double octave 

Table 5.4.1 

target Belll Bell2 I freq. damping I freq. damping I freq. damping 
ratiq [ ·10-4] ratio [ ·10-4) ratio [·10-4] 

1.000 1.11 1.000 UQD. 1.000 l..lli 
2.000 1.64 1.990 1.588 1.929 1.317 
2.520 1.62 2.497 1.963 2.470 2.048 
2.997 3.71 3.021 2.624 2.917 2.602 
4.000 3.82 4.111 3.679 4.062 3.824 
5.993 1.61 6.102 1.792 5.906 1.816 
8.000 1.55 8.347 1.621 7.876 1.682 

m= 200 m/s ID= 214.8 m/s m= 225.2m/s 

bell3 bell4 bellS I fre9.. damping I freq. damping I freq. damping 
ratto [ ·10-4] ratio [ ·10-4] ratio [ ·10-4] 

1.000 1.202 1.000 1.l2.2. 1.000 .l..2M 
2.055 1.562 1.987 1.671 2.046 1.419 
2.524 U® 2.492 2.058 2.483 ~ 
2.954 2.612 3.002 2.539 2.984 2.599 
4.115 3.983 4.125 3.417 4.083 3.858 
5.948 1.888 6.127 1.804 5.971 1.955 
8.003 1.791 8.394 1.575 8.024 1.758 

m= 213.5 m/s m= 216.6mls m= 224.7 m/s 

Frequency ratios, Iota! damping values and fD.value or 5 rejected bells, resulting from 
lhe "fast• optimization (frequencies and damping values are computed by means of 
FEM and BEM, respectively). In lhe fllSt two columns the target frequency ratios, Iota! 
damping values and fD.value are listed. (The total damping values that are 
substantially too bigb are denoted underlined. These damping values cannot be 
improved to wilhin acceptable deviations from lhe target values during tbe FEM·based 
optimization) 
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bell 1 

bell 4 

Figure 5.4.1 

bell 2 bell 3 

bell 5 

The bell geometries of five rejected major-third bells, resulting from the "fast" 
optimization. 
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From figures 5.4.1 and 5.4.2 it can be seen that both the set of rejected bells and the set of 

promising bells contain varying types of bells. However, the set of promising bells consists of 

somewhat less thick-walled bells than the set of rejected bells. This is reflected by the 

generally lower ID-values of the bells in the set of promising bells. see tables 5.4.1 and 5.4.2. 

In the second stage of the optimization procedure, the frequency ratios, decay rate ratios, and 

ID-value of the promising bells will be optimized using the FEM to calculate the frequencies 

of the bells. 

partial 

hum 
fundamental 
third 
fifth 
nominal 
twelfth 
double octave 

partial 

hum 
fundamental 
third 
fifth 
nominal 
twelfth 
double octave 

Table 5.4.2 

bell6 bell7 bellS I freq. damping I freq. damping I fre9. damping 
ratio [·10-4] ratio [·10-4] ratio [ ·10-4] 

1.000 1.130 1.000 1.217 1.000 1.128 
2.055 1.572 2.021 1.679 2.085 1.636 
2.528 2.025 2.481 1.951 2.504 1.947 
3.048 2.628 2.970 2.729 3.030 2.757 
4.157 4.034 4.129 3.622 4.155 4.159 
6.100 1.698 6.075 1.792 6.077 1.679 
8.351 1.823 8.261 1.633 8.262 1.975 

tD = 198.0 m/s tD = 209.8 m/s tD = 194.4 m/s 

Bell9 Bell tO bellll I freq. damping I freq. damping I freq. damping 
ratio [·10-4] ratio [ ·10-4] ratio [·10-4] 

1.000 1.218 1.000 1.217 1.000 1.166 
1.899 1.393 2.020 1.421 2.035 1.584 
2.462 1.830 2.500 2.049 2.486 2.031 
2.949 2.798 2.998 2.673 3.054 2.707 
4.079 3.593 4.158 3.662 4.131 4.210 
5.894 1.859 6.005 1.906 6.062 1.793 
7.906 1.709 8.009 1.773 8.230 1.888 

I tD = 213.3 m/s I tD = 223.3 m/s I tD = 202.2 m/S 

Frequency ratios, total damping values, and fD.value of 6 more or less promising be.lls, 
selected after the "tast• optimization (frequencies and damping values are computed by 
means of FEM and BEM, respectively). 
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bell 6 

bell 9 

Figure $.4.2 

bell 7 bell 8 

bell 10 bell 11 

Tbe bell geomelry of six promi&iD& major-third bells, resulting from the "fast• 
optimilation. 
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5.5 FEM-based optimization of major-third bells 

After the "fast" optimization was carried out, the six promising bells geometries were used as 

starting bell geometries for the FEM-based optimization of the frequency ratios, decay rate 

ratios, and ID-value. In this optimization the frequencies are calculated by means of the FEM, 

whereas the acoustical damping values are still calculated by means of the approximation 

models. A Sequential Unear Programming algorithm is used to solve the optimization 

problem. However, SLP-algorithms cannot handle properly strongly nonlinear constraints, as 

defined in equation (4.5.1). Unearizing the nonlinear constraints in every iteration, and 

allowing only small increment steps or move limits (i.e. the maximum change of a variable 

from its current value), the SLP-algorithm was not always able to generate (a series ot) 

feasible solutions. This is caused by the strong nonlinearity of the constraints, and is possible 

reinforced by the magnitude of the move limits. Allowing only very small move limits, 

however, too many iterations would be necessary to reach an optimal solution of the 

optimization problem. Moreover, small move limits do not guarantee a good performance of 

the SLP-algorithm. Therefore, the optimization problem was restated as the linearly 

constrained optimization problem in equation (4.4.1) and solved by means of the 

SLP-algorithm. Again the weighting factors involved are determined in a trial-and-error 

process. 

Comparing the acoustical damping values, calculated by means of the approximation models 

and the BEM, it was found that the acoustical damping values cannot be calculated accurately 

enough by the approximation models for optimization purposes. Assuming that the bell 

geometry and, in consequence, the acoustical damping will not vary very strongly during the 

second stage of the optimization, however, the approximation models can be used to fix the 

partial 

hum 
fundamental 
third 
fifth 
nominal 
twelfth 
double octave 

Table S.S.l 

target target start. bell 6 final bell 6 
freq. damping freq. damping freq. damping 
ratios values ratio values ratios values 

[ ·10-4] [ ·10-4] [ ·10-4] 

1.000 1.11 1.000 1.130 1.000 1.121 
2.000 1.64 2.055 1.572 2.001 1.441 
2.520 1.62 2.528 2.025 2.516 1.810 
2.997 3.71 3.048 2.628 3.000 2.667 
4.000 3.82 4.157 4.034 4.010 3.551 
5.993 1.61 6.100 1.698 5.859 1.646 
8.000 1.55 8.351 1.823 8.039 1.887 

tD = 200 m/s fD = 198.0 m/S tD = 197.3 m/s 

Frequency ratios, total damping values, and fD...value of the starting bell geometry and 
tbe fmal bell geometry of bell 6 (frequencies and damping are calculated by means of 
FEM and BEM, respectively). The target values are given as well. 
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acoustical damping at the current values (calculated by the approximation models). Of course, 

this has to be checked at the end of the FEM-based optimization procedure. 

The six bells resulting from the first stage of the optimization procedure, were used as starting 

bell geometries in the second stage of the optimization. For bell 6 the first five frequency 

ratios were easily optimized within 80 iterations to within :t 0.25% of the target frequency 

ratios. This corresponds to maximally 10 cents deviation from the target cents values in table 

5.3.2. All frequency ratios of the final geometry of bell 6 are within :t 0.5% of their target 

values, with the exception of the twelfth. {In bells either the twelfth or the double octave 

cannot be tuned.) The final bell 6 can easily be tuned to the required accuracies of 3 to 10 

cents of the lowest five partials (see section 1.2, Lehr(2) (1987)). Comparing the frequency 

ratios of the starting bell geometry and the final geometry, it can be seen that the frequency 

ratios of the nominal, twelfth and double octave have been decreased substantially. The 

decrease of the frequency ratios of the 4 lowest partials was more modest. In table 5.5.1 the 

frequency ratios, total damping values, and ID-value of the starting bell geometry and the final 

bell geometry of bell 6 are listed. The target values are listed as well in table 5.5.1. 

Checking the acoustical damping values of the resulting bell shape by means of 

BEM-analyses, it was found that the total damping of the fundamental, third and nominal has 

been decreased approximately 10% due to the relatively strong local bell geometry variations. 

The total damping values of the hum, nominal, and twelfth are approximately equal to the 

target damping values. The total damping values of the fundamental and the fifth are too low. 

This is acceptable, however, since a longer decay time of these partials is no problem. The 

total damping values of the third and the double octave are approximately 10% and 20%, 

target target start. bell 7 final bell 7 
partial freq. damping freq. damping freq. damping 

ratios values ratio values ratios values 
[ ·10-4] [ ·10-4] [ ·10-4] 

hum 1.000 1.11 1.000 1.217 1.000 1.160 
fundamental 2.000 1.64 2.021 1.679 2.008 1.428 
third 2.520 1.62 2.481 1.951 2.518 1.712 
fifth 2.997 3.71 2.970 2.729 3.008 2.612 
nominal 4.000 3.82 4.129 3.622 4.020 3.912 
twelfth 5.993 1.61 6.075 1.792 5.886 1.877 
double octave 8.000 1.55 8.261 1.633 8.042 1.935 

ID= 200 m/s ID = 209.8 m/s tD = 203.4 m/s 

Table 5.5.2 Frequency ratios, total damping values, and ID-value of the starting bell geometry and 
the final bell geometry of bell 7 (frequencies and damping are calculated by means of 
FEM and BEM, respectively). The target values are given as well. 
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respectively, too high. (The double octave, however, is not as important as the third in the 

sound spectrum. Its relative high deviation from the target value is therefore acceptable.) The 

ID-value of the bell was approximately kept constant during the FEM·based optimization. The 

ID-value is somewhat low, indicating that the bell is rather thin-walled. All in all, the 

characteristics of the final geometry of bell 6 are considered acceptable. The starting and final 

geometries of bell 6 are shown in figure 5.5.1. It can be seen that the bell is rather narrow and 

thin-walled, with a thin sound bow. 

The FEM-based optimization was also carried out for the bells 7 and 8. The bells 7 and 8 

could be optimized to the target values within a sufficient accuracy. Again the total damping 

of the fundamental and the third were substantially lowered. The frequency ratios, total 

damping values and ID-value of both the starting and final bell geometries of bell 7 and 8 are 

listed in table 5.5.2 and 5.5.3, respectively. The starting and final bell geometries are depicted 

in figure 5.5.1. 

The three final bell geometries of bell 6, 7 and 8 are considered to be satisfactory. Especially 

the target frequency ratios have been reached accurately. 

The FEM-based optimization of bell 9, bell 10, and bell 11 was not as successful. The 

frequency ratios of these bells could not be optimized to the target frequency ratios within a 

sufficient accuracy. Therefore these bells were discarded further. 

target target start. bell 8 final bell 8 
partial freq. damping freq. damping freq. damping 

ratios values ratio values ratios values 
[ ·10-4] [ ·10-4] [·10-4] 

hum 1.000 1.11 1.000 1.128 1.000 1.128 
fundamental 2.000 1.64 2.085 1.636 1.985 1.457 
third 2.520 1.62 2.504 1.947 2.516 1.807 
fifth 2.997 3.71 3.030 2.757 2.999 2.712 
nominal 4.000 3.82 4.155 4.159 3.996 3.609 
twelfth 5.993 1.61 6.077 1.679 5.815 1.698 
double octave 8.000 1.55 8.262 1.975 7.956 1.997 

ID= 200 m/s ID = 194.4 m/s ID= 195.7 m/s 

Table 5.5.3 Frequency ratios, total damping values, and ID-value of the startiJig bell geomelry and 
the final bell geometry of bell 8 (frequencies and damping are calculated by meaDS of 
FEM and BEM, respectively). The target values are given as well. 
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bell 6 bell 7 bell 8 

0 0 0 
final geometry final geometry final geometry 

bell 6 bell 7 bell 8 

Figure 5.5.1 Starting and final bell geometries of bell 6, bell 7, and bell 8 
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5.6 Optimization of the contact point position 

In the previous sections 5.4 and 5.5 the shape optimization of the bell geometries with respect 

to the frequency ratios, decay rate ratios, and the tD-value was carried out, resulting in the 

three interesting major-third bell geometries 6, 7 and 8. The last stage in the optimization 

procedure is the optimization of the contact point position, and the determination of a suitable 

clapper configuration for these three bells. 

First the optimization of the contact point position was carried out. As was already mentioned 

in chapter 4, an assumed contact force was used to calculate the radiated sound power of the 

partials to be optimized. The assumed contact force is described by 

F(t) = FDBX sin(.n(t-to)/(te·to)) t E [le. to] 

where te·to denotes the contact time. 

As was already mentioned in section 5.3 the target sound pressure ratios, obtained from the 

work of Slaymaker et al., 1954, were judged to be unrealistic. Instead of calculating the target 

sound power ratios for the three bells from these target sound pressure ratios (see appendix E), 

it was chosen to evaluate the radiated sound power ratios of the reference minor-third bell to a 

medium force excitation. These sound power ratios were used as target sound power ratios in 

the optimization of the contact point positions of the bells 6, 7 and 8. Test calculations for the 

reference bell at contact durations of 0.5, 0.7, and 0.9 ms showed that the radiated sound 

power ratios of the higher panials were strongly decreased if the contact duration was 

increased, whereas the sound power ratios of the lower partials remained approximately 

constant. The contact duration of 0. 7 ms was judged to correspond to a medium force 

excitation, and was used in the contact point optimization. (fhe maximum value of the contact 

partial 

hum 
fundamental 
third 
fifth 
nominal 
twelfth 
double octave 

Table 5.6.1 

power power power total modal 
ratios ratios ratios damping 
:zc=O.OSO :zc=0.067 :zc=0.085 [ ·10-4] 

1.00 1.000 1.000 1.21 
3.15 2.36 1.66 1.55 

11.033 9.78 8.65 1.78 
0.48 0.10 0.01 2.80 

49.53 42.15 35.80 4.03 
8.99 7.35 6.02 1.65 
2.92 2.29 1.80 157 

Tbe radiated sound power ratios of tbe reference bell, evaluated at tbree different 
contact point positions at a contact duration Of 0.7 ms. Tbe contact points are 
identified by tbe vertical distance in meter of tbe contact point pa;ition to tbe lip of 
tbe bell. Moreover, tbe total modal damping of tbe reference beU (analysed by means 
of tbe BEM) is given in tbe fourtb column. Note tbat tbe modal damping values of tbe 
bum, tbird and nominal are somewbat higber tban tbe target damping values. 
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force has no influence on the calculated sound power ratios, and was therefore kept constant.) 

The evaluation of the sound power ratios of the reference bell was carried out at a contact 

duration of 0.7 ms for a number of points on the lower inner bell wall. In table 5.6.1 the 

resulting sound power ratios of three realistic contact point positions (indicated by their 

z-coordinate) are listed. In practice the contact point position in minor-third bells is determined 

experimentally, choosing the contact point that yields the "best" bell sound. In minor-third 

bells the fifth is always excited very weakly, although no emphasis is placed on minimizing 

the strength of the (aberrant) fifth. This is confirmed by the sound power ratios in table 5.6.1. 

The sound power ratios, corresponding to ze=0.067 m, were chosen as the target sound power 

ratios. 

Numerically optimizing the contact point position the weighting factors were again found to 

strongly influence the resulting position of the contact point. Employing several combinations 

of weighting factors it was found that for the bells 6, 7 and 8 the sound power ratio of the 

fundamental is always too low, whereas the sound power ratio of the third is always too high. 

Moving the contact point along the lower inner bell wall leads to a simultaneous increase or 

decrease of both fundamental and third, prohibiting a contact point where both target sound 

power ratios are reached. For all three bells the contact point position that best fulfilled the 

target sound power ratios, was found to reasonably fulfill the target value of the fifth. In table 

5.6.2 the resulting sound power ratios and the corresponding contact point positions are listed. 

For the bells 6, 7 and 8 the selected contact point positions and possible clapper configurations 

are shown in figure 5.6.1. The pivot points are chosen at the top of the bell, which is common 

practice in carillon bells. The radius of the clapper ball influences the duration of the contact 

between bell and clapper and, in consequence, the radiated sound power ratios. Employing an 

partial 

hum 
fundamental 
third 
fifth 
nominal 
twelfth 
double octave 

Table 5.6.2 

power power power target 
ratios ratios ratios power 
bell6 bell7 bellS ratios 
rc=0.428 rc=0.440 rc=0.438 
zc=0.047 Zc--D.084 Zc=0.068 

1.000 1.000 1.000 1.000 
1.948 1.938 1.795 2.36 

13.322 10.668 12.876 9.78 
0.145 0.205 0.171 0.10 

42.238 43.876 42.830 42.15 
8.735 10.337 9.684 7.35 
4.599 4.299 5.871 2.29 

The sound power ratios and corresponding optimal contact point positions for the bells 
6, 7 and 8, using an assumed contact force with a contact duration of 0.7 ms. (The 
sound power ratios are calculated for the acoustical damping values obtained from the 
BEM.) 



bell 6 

bel'! 8 

Figure 5.6.1 
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bell 7 

Geometries of the major·lhird bells 6, 7, aDd 8, wilh the contact point positions and 
possible clapper configurations. 
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assumed contact force, however, the influence of the clapper radius was eliminated from the 

optimization. For illustration purposes the bells 6, 7 and 8 are supplied with arbitrary clappers 

striking the bells at the optimal contact point positions, see figure 5.6.1. 

5.7 Discussion 

Using the developed software to search for major·third bell geometries and matching clapper 

configurations that fultill the target values, a number of practical difficulties and restrictions 

were encountered. 

The poor accuracy of the approximation models of the acoustical damping necessitated a check 

of the acoustical damping values of the bell geometries, resulting from both the "fast" and 

FEM·based optimization of the frequency ratios, damping ratios, and fD-value. Using the 

approximation models of the acoustical damping, however, to keep the total damping values 

more or less constant during the accurate FEM-based optimization of the frequency ratios, 

proved to work reasonably. For example, a relative shift of the total damping values of no 

more than 15% was encountered for the partials of the bells 6, 7 and 8. 

Moreover, it was concluded that it is extremely difficult to find major·third bell geometries 

that fulfill the low target values for the acoustical damping. These target acoustical damping 

values usually lie in the lowest range of the acoustical damping data, obtained during the 

building of the approximation models of the acoustical damping (see chapter 3). Having found 

a promising bell geometry from the "fast" optimization, that roughly fulfills the target 

frequency ratios and total damping values, it is not always possible to optimize the frequency 

ratios of such a bell geometry to the target values within the desired accuracies, while keeping 

the total damping values more or less constant. For instance, the frequency ratios of bell 9 

could not be optimized to the target frequency ratios within the desired accuracy. On the other 

hand, if it is possible to reach the target frequency ratios, the damping values may have been 

raised too much, making the bell unacceptable as well. Nevertheless, three acceptable 

major-third bell geometries and suitable contact point positions were found. 

All in all, it was concluded that the optimization of some 20 sound spectrum characteristics 

requires a lot of compromises. 

It was already known that the frequency ratio of either the twelfth or the double octave is 

always some 50 cents (i.e. :t 3%) too low, for both minor-third bells and major·third bells. In 

this project this was confirmed again. However, no deviations larger than 0.6% (i.e 

approximately 10 cents) from the other target frequency ratios were accepted. 

The total damping values are not allowed to greatly exceed the target values. If the damping 
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values are too low, e.g. for the fundamental and the fifth of bells 6, 7 and 8, this can readily be 

accepted, since a longer decay time of these partials is generally no problem. The radiated 

sound power of the fundamental, however, was found to be too low in consequence. It was 

seen that the total damping values of the twelfth and double octave generally do not vary 

greatly. But, even if they are some 20% too high, this hardly influences their (already small) 

partial decay time, and is therefore accepted. Summarizing, if the total damping values of the 

hum, third, and nominal are near their target values, and the total damping values of 

fundamental and fifth are too low, the bell design must be considered acceptable. 

Using the sound power ratios of the reference minor-third bell to a medium force excitation as 

target sound power ratios, the contact point positions of the major-third bells 6,7 and 8 were 

optimized. For all three bells a contact point could be found such that the sound power ratios 

reasonably fulfill the target values. 
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----------Chapter 6 --------

Conclusions and recommendations 

In this thesis the modelling and optimization of the sound spectrum characteristics of carillon 

bells, resulting in structural optimization software for the design of bell geometries with 

specified sound spectrum characteristics, was described. Essential is the modelling of the 

sound spectrum characteristics and the underlying modal properties of the transient structural 

dynamic response of the clapper-excited bell as a function of the variables describing the bell 

and clapper geometry. The values of these geometry variables are adjusted during the 

optimization of the sound spectrum characteristics, resulting in an improved bell design. In this 

thesis the modelling and optimization were carried out for carillon bells, but the method can be 

applied to similar structures that can be described geometrically with a limited number of 

variables. 

A large number of characteristics of the sound spectrum of a bell have been established, i.e. 

the frequency ratios, decay rate ratios, and strength ratios of the partials. Moreover the strike 

note, the overall decay time, the rise time, and the ID-value are important characteristics of the 

sound spectrum. Of these characteristics only the rise time could not be identified, and was 

excluded from the modelling and optimization. The remaining sound spectrum characteristics 

were modelled as a function of the modal properties of the transient structural dynamic 

response of a clapper-excited bell, i.e. eigenfrequency, mode shape, modal material and 

acoustical damping, and amplitude of the excited eigenmodes. The dynamic response of the 

clapper-excited bell is described modally as a summation of the eigenmodes, multiplied by 

time-dependent amplitudes. The eigenfrequencies and eigenmodes are calculated by means of 

a Finite Element Method software code, employing axi-symmetric finite elements with 

non-axi-symmetric deformations. The cross-sectional bell profile is described by 20 bell 

geometry variables. An efficient mesh generator is used to automatically generate a suitable 

two-dimensional finite element mesh of the bell profile from the values of the geometry 

variables. The time-dependent amplitudes of the eigenmodes are calculated from the uncoupled 

equations of motion, using Hertz's law to model the contact between the bell and the clapper. 

The clapper is modelled as a rigid pendulum. The modal material damping value is obtained 

from experimental damping values, both from the literature and from experiments. The modal 

acoustical damping is calculated by means of a Boundary Element Method software code. 

Both the modelling of the acoustical damping and of the transient structural dynamic response 

of the bell to a stroke with a clapper have been validated experimentally. It was found that the 

calculation of the acoustical damping is correct and accurate. The experimental va:Jidation of 
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the contact model showed that Hertz's law accurately describes the normal collision of a ball 

on a beam. The modelling of the dynamic response of the dapper-excited bell was found to be 

sufficiently accurate, although for high contact velocities the flexibility of the clapper clearly 

influences the contact force. Therefore it was concluded that the flexibility of the clapper 

should be taken into account. Moreover, it was found that the exact geometry of the contact 

region on the dapper ball greatly influences the resulting contact force and contact duration, 

and must therefore be known accurately. 

In every iteration step of an optimization process some amount of analysis is carried out. The 

computational time required for the analysis should be as small as possible, in order to keep 

the turn-around time of the optimization acceptable. The FEM-calculation of the 

eigenfrequencies of a bell is rather time-consuming. but the CPU-time required for the 

calculation of the acoustical damping of the 7 most important partials of a bell is totally 

unacceptable during an iteration of the optimization. Therefore the eigenfrequencies and the 

acoustical damping of the 7 most important eigenmodes have been described by regression 

models, fitted on numerical data obtained by means of the FEM and the BEM, respectively. 

The selection of the bell geometries for which the numerical data was obtained, was carried 

out with the aid of the theory of optimal design of experiments. This theory selects the 

experiments that yield the maximum amount of information for a specified regression model. 

It was found that in the case of regression models of degree 3 or more, containing a large 

number of terms and variables, the theory selects bell geometries distributed more or less 

uniformly in the bell geometry domain. The regression models can be evaluated very fast, but 

the building of these models is very time-consuming and laborious. Moreover, the accuracy of 

the FEM!BEM is traded for the speed with which the regression models can be evaluated. The 

accuracy of the regression models of the eigenfrequencies is high, despite the fact that these 

models make very erroneous mispredictions in a very limited number of situations. The 

accuracy of the regressions models of the acoustical damping was found to be rather poor, 

although the predicted damping is usually of the correct order of magnitude. The inaccuracy of 

the acoustical damping models is caused by the fact that the true relationship between the 

acoustical damping and the bell shape is unknown, and the fact that only a very limited 

number of numerical data for the acoustical damping was acceptable because of the high 

CPU-times required for the BEM-calculations. 

An important improvement of the acoustical damping models could be achieved if more 

numerical data could be obtained. This would require the implementation of an axi-symmetric 

boundary element with non-axi-symmetric deformation in the BEM-software code in order to 

achieve large CPU-time reductions. If the improved BEM-software code is full-time available, 

however, it could be more advantageous to locally approximate the acoustical damping with a 

regression model of low order in the vincinity of the current point during the optimization. 

The regression models of the acoustical damping are used for the analysis of the acoustical 
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damping throughout the dynamic response calculation and the optimization of the bells. The 

regression models of the eigenfrequencies are used only in the first stage of the optimization 

procedure, the so-called "fast" optimization. 

The optimization was subdivided in three subsequent stages : the "fast" optimization, the 

FEM-based optimization of the bell geometry, and the optimization of the contact point 

position. In the first and second stage the bell geometry is optimized with respect to the 

frequency ratios, decay rate ratios, and fD-value. In the "fast" optimization regression models 

of the frequencies and acoustical damping are used to calculate the frequencies and damping 

values, plus their derivatives with respect to the geometry variables. This optimization stage 

quickly yields a number of possibly interesting bell geometries. Truly interesting bell 

geometries are used as starting bell geometries for the FEM-based optimization, employing the 

FEM, instead of the regression models, to calculate the eigenfrequencies. After the 

optimization of the bell geometry with respect to the frequency ratios, decay rate ratios, and 

the tD·value, the position· of the contact point is optimized with respect to the strength ratios 

of the partials, while keeping the bell geometry constant. Employing the described 

optimization procedure to optimize the major·third bell timbre, it was found that it is 

extremely difficult to find a bell geometry that fulfills all the target values. In part this is 

caused by the inaccuracy of the regression models of the acoustical damping. For every 

interesting bell geometry a check: of the acoustical damping by means of the BEM had to be 

carried out. at the end of the first and second stage of the optimization. For the most pan, 

however, this is caused by the vinual incompatibility of the target values. A minor-third bell 

fulfilling the target values is known to exist, but there is no guarantee that a major-third bell 

can be found that fulfills most (or all) of the target values. Therefore, the optimizer has to 

compromise, judging what target values must be reached, and allowing a number of 

characteristics not to reach the target values. Hence, the use of the optimization software 

requires a cenain amount of experience and expenise in order to obtain useful bell geometries. 

Nevertheless, already three interesting major-third bell have been determined using the 

optimization procedure. 

From the experience with the optimization software it is concluded that it is impossible to 

automate the optimization of a large number of sound spectrum characteristics. The optimizer 

must always judge the intermediate results, rejecting some solutions, or adjusting weighting 

factors and/or target values, as is possible in the chosen multi-staged optimization procedure, 

contrary to any black-box optimization. 

The use of the optimization software, especially the choice of an appropiate combination of 

weighting factors, would be facilitated by the implementation of an optimization algorithm that 

can truly handle strongly nonlinear constraints and infeasibitities. The presently implemented 

algorithms both require the linearization of the nonlinear constraints, which results in severe 
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numerical problems. In order to avoid the numerical problems all relevant sound spectrum 

characteristics had to be included in the object function, necessitating a balanced choice of 

weighting factors. 

A number of the important sound spectrum characteristics have been included in the shape 

optimization of bells. The relative importance of the characteristics, however, has not been 

determined, save for the fact that the target frequency ratios must be obtained accurately. 

During the optimization of the sound spectrum characteristics it was concluded that not all 

target values can be reached simultaneously. A number of compromises with regard to the 

damping values and the strength ratios were inevitable. In order to supply a foundation for 

sensible compromises, and, at the same time, suitable weighting factors (i.e. the relative 

importance) for the optimization, a perceptual investigation of the importance of the individual 

sound spectrum characteristics should be carried out. In such a research the individual 

characteristics in a recorded bell sound will be altered systematically. The preference of 

listeners, choosing between the resulting bell sound and a reference bell sound, will establish 

the relative importance of characteristics. At the same time combinations of target values are 

generated, that correspond to optimal (i.e well-liked) bell timbres, including optimal 

major-third bell timbres. Moreover, this investigation could indicate whether still other sound 

spectrum characteristics, besides the rise time, must be included in the modelling and 

optimization. 

Becommen4atjons 

In the modelling and optimization of the sound spectrum characteristics a number of problems 

and questions remain to be solved : 

• The rise time of the sound spectrum must be identified and modelled. 

• For the accurate calculation of the dynamic response of a clapper-excited bell the flexibility 

of the clapper has to be implemented. 

• The modelling of the acoustical damping must be improved : 

an axi-symmetric boundary element with non-axi-symmetric deformation should be 

implemented in the BEM-software code, 

the regression models of the acoustical damping must be improved 

• The implementation of an optimization algorithm, capable of handling strongly nonlinear 

constraints, would facilitate the use of the optimization software. 

• A perceptual investigation to determine the importance of the individual sound spectrum 

characteristics, and to determine combinations of target values that correspond to optimal 

(i.e well-liked) bell timbres is necessary. 

• Lastly, it would be advantageous to cast the bells 6, 7 and 8 in order to perceptually 

evaluate the bells, and compare the numerically optimized timbres with the actual timbres 

of the bells. 
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Convention and list of symbols 

Convention 

X 

X 

t 
X -
x' -x• 

x 
x' 

xs 

xa 

Symbols 

a 

bm 

c 
c 

f 

f 

tD 

scalar 

matrix 

vector 

column matrix 

transposed of column matrix 

conjugated of x 

time derivative 

spatial derivative 

superscript s denotes symmetry 

superscript a denotes anti-symmetry 

acceleration 

jib diagonal element of matrix Xm1BmXm 
speed of wave propagation 

column with contact point coordinates, ~~ = [ r0 0, zc] 

ei genfrequency 

column matrix contaning the equivalent nodal point forces 

m-value, product of the hum frequency and the lip diameter 

frequency of the hum partial 

index 

[mJs2] 

[m/s] 

[m] 
[s-1] 

[N] 

[m/s] 

[s-1] 

k - Hertz's constant, depending on the material and geometry of the bell and the 

dapper in the vincinity of the contact point 

• wave number, k = w/c 

ith diagonal element of matrix Xm1KmXm 
- distance between the dapper pivot point P and the contact point C 

- characteristic length 

m • number of periods in circumferential direction of an eigenmode 

• index 

[m-1] 

[m] 

[m] 
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moi itb diagonal element of matrix Xm'MXm 

n column matrix containing the outward normal on the bell in the contact point 

np number of nodal points in a finite element mesh 

nr number of unknown degrees of freedom 

p 

p 
Pref 

Po 
llpsbll 

sound pressure 

normalized sound pressure 

reference pressure, Pm = 2 ·10-S Pa 

pressure amplitude at time t = to 
pressure amplitude at the sound bow 

[Pa] 

[Pa] 
(Pa] 
(Pa] 

9 column matrix containing the displacements of the nodal points in a FEM-mesh 

r ~ r·coordinate of cylindrical coordinate system [m] 

- coefficient of determination 

r-coordinate of contact point C [m] 
rreti ith radius describing the perpendicular distance from the axis of symmetry to the 

midplane of the reference bell [m] 

ri jtb dimensionless radius variable 

r column of dimensionless radii variables 

s standard deviation 

sm(t) time-dependent amplitude of eigenmode ~oi 

time [s] 

trefj jth thickness of the reference bell wall, measured perpendicular to the midplane of 

the bell [m] 

tj jth dimensionless thickness variable 

t column of dimensionless thickness variables 

~i 
V 

V 

wbell 

Wctap 

Wfi 

starting time 

finishing time 

particle velocity 

eigenvector 

velocity of the contact point on the clapper at the start of the collision 

normal velocity of the bell wall 

normalized normal velocity of the bell wall 

column matrix containing the normalized equivalent nodal point forces 

normal displacement of the contact point on the bell 

normal displacement of the contact point on the clapper 

weighting factor for frequency ratio i 

wdi weighting factor for decay rate ratio i 

wrd weighting factor for the ID-value 

X displacement 

X column of dimensionless radii and thickness variables, ~~ = [ !'• !'] 

[s] 
[s] 

[m/s] 

[m/s] 

[m/s2] 

[m/s] 

[m] 

[m] 

[m] 



114 Structural optimization of bells 

z z-coordinate of cylindrical coordinate system 

z-coordinate of contact point C 

A - constant 

• cross section 

acceleration amplitude 

B constant 

[m] 
[m] 

Bm damping matrix, dependent on the number of m periods in circumferential 

direction 

c 
E 

E. 
F(t) 
F0(t} 

F,(t) 

F1111x 

fe 
pi 

Fobj(~) 

Io 
L 

Km 

contact point 

Young's modulus 

vibrational energy of an eigenmode 

contact force 

normal component of the contact force F(t} 

circumferential component of the contact force F{t} 

maximum value of contact force F(t) 

elastic force 

inertia force 

object function, dependent on the radii and thickness variables 

[N/m2] 

[J] 

[N] 
[N] 
[N] 
[N] 
[N] 
[N] 

rotational moment of inertia [m4] 

matrix locating the nodal points of the element on which the contact point lies 

stiffness matrix, dependent on the number of m periods in circumferential 

direction 

M mass matrix 

N(~) matrix of the interpolation functions of the finite elements 
p 

Pa 
Po 
R 

Rup 
s 

pivot point 

radiated sound power 

reference sound power, P0 = l·lQ-12 W 

ball radius 

radius of the lip of the bell 

sound power level of radiated sound power P5 

[W] 

[W] 
[m] 

[m] 
[dB] 

V volume [m3] 

~m column matrix containing the jth eigenmode with m periods in circumferential 

direction 

Xm matrix containing the eigenmodes ~m with m periods in circumferential direction 
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a • normal compression of bell and clapper in the contact point 

- factor 

[m] 

fJ angle between the direction of the contact velocity and the line perpendicular to 

the bell wall in the contact point C 

e strain 

tp cp-coordinate of cylindrical coordinate system 

lA> - initial clapper rotation at the start of the contact between bell and clapper 

- phase shift at time t = to 
f rotation of the clapper during the contact between bell and clapper 

11 modal damping, where 11 = 1.0 represents the critical damping 

1J' modal acoustical damping 

71m modal material damping . 

p 

At 

• 

mass density 

integration variable 

angular eigenfrequency 

damped angular eigenfrequency 

time step 

particle velocity potential 

BEM boundary element method 

DOE design of experiment 

FEM finite element method 

DOF degrees of freedom 

[kg!m3] 

[s-1] 
[s-1] 

[s] 



Appendices 

Appendix A Convergence criteria 

In sections 2.4 and 2.5 the transient structural dynamic response calculation of the bell to a 

stroke with a dapper is described. Before the implemented software can be used, a number of 

choices has to be made. 

• For the evaluation of equation (2.5.5) a suitable time step at has to be chosen. 

• The dynamic response of the bell is described modally by equation (2.4.7). However, in this 

equation the indices m and i range from 0 and 1 to infinity and nr, respectively. For both m 

and i a suitable maximum value has to be chosen. 

• The FEM-mesh of the bell has to be chosen fine enough to represent all eigenmodes 

included in the dynamic response calculation accurately. 

time ste.p At 

First the value of time step At has been chosen. In order to study the effect of the value of At, 

the normal collision of a ball on a simply supported beam was analysed, using Hertz's law to 

model the contact and a modal description of the dynamic response of the beam. It was shown 

that a large value of At leads to an underestimation of the maximum of the contact force. 

Slowly decreasing the value of At, it was found that the numerical process had converged 

completely for At=l·IO"" s (Roozen-Kroon, 1990). A smaller value of At will result in more 

CPU-time for the analysis, without increasing the accuracy of the analysis results noticeably. 

For the contact i>e:tween the bell and the clapper the time step At=l·l0-6 swill be sufficiently 

small as well, since exactly the same integral equation has to solved. 

number of ei!Ulnmodes 

The maximum miDIIX of the index m yields mllBx+ 1 Fourier terms that are used to describe the 

displacement and loading characteristics in the circumferential direction. Both the 

displacement of the bell, and the local pressure distribution between the bell and the clapper 

have to be described by a Fourier series in the q>-direction. The magnitude of miDIIX is a 

compromise between the CPU-time required for a large value of mllBx {as for every value of m 

a separate eigenvalue problem has to be solved), and the inaccuracy caused by a small value of 

mllllx· 
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The maximum value iiiiiX(m) of the index i denotes the number of eigenmodes that are 

calculated for each value of m. The value iuax must always be smaller than :t 20% of the 

number nr of unknown degrees of freedom (DOF) of the FEM-mesh. Because only the lowest 

10 to 20% of the nr eigenmodes are calculated accurately in a FEM-analysis. The total number 

of eigenmodes calculated for a dynamic response analysis is equal to 
muax 

I iaax(m) 
m-o 

A number of calculations with varying values for miiiiX and iaax<m), using a constant value for 

At and a constant FEM-mesh, lead to the following conclusions. 

1. The maximum value of the contact force is overestimated, and the maximum value of 

the normal displacement of the contact point on the bell is underestimated using a low 

number of eigenmodes for the dynamic response calculation. If more eigenmodes are 

used in the modal description, the bell stiffness is effectively reduced, giving a lower 

maximum contact force and a larger maximum normal displacement (see figure A.1). 

2. The contact force converges for a lower number of eigenmodes than the normal 

displacement of the contact point on the bell (see figure A.1). 

Instead of a dynamic response calculation in which the contact force and the normal 

displacements are calculated simultaneously, a number of dynamic response calculations were 

carried out using a known contact force. The effect of the number of eigenmodes on the 

convergence of the normal displacement of the contact point on the bell could be studied, see 

figure A.2. 

3. From figure A.2 it can be seen that the convergence is dominated by the total number 

of eigenmodes. For a total number of eigenmodes higher than :t 400 the combination 

muax-iuax is of no importance. For more than 400 eigenmodes the curve iaax=30 nearly 

coincides with the data points for the curves iuax=25, 20 and 15. 

4. For iuax:slO the maximum normal displacement of the contact point is grossly 

underestimated for all values of maax· Figure A.2 suggests that iaax:t15 gives reasonable 

results. 

5. For a total number of 600 eigenmodes the maximum normal displacement is about 5% 

less than the value found for 1200 eigenmodes (see figure A.2). This is reasonably 

accurate. In figure A.3 the convergence of the displacement of the contact point on the 

bell is plotted versus the value of m08x· The slopes of the graphs in figure A.3 confirm 

that the maximum displacement is nearly converged when 600 or more eigenmodes are 

used. 
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tEM-mesh of the bell 
The effect of the FEM-mesh on the accuracy of the calculated eigenmodes has been studied 

using quadratic isoparametric finite elements. The mode shape of an eigenmode converges 

faster than the corresponding eigenfrequency. Therefore, the convergence of the 

eigenfrequencies was used to judge the convergence of both the eigenfrequencies and the 

eigenmodes. 

• It was shown that the eigenfrequencies of eigenmodes with a small value for index i (i:::S) 

decreased ± 1% if a double layer of elements in the thickness of the bell was used. 

• The eigenfrequencies of the eigenmodes with higher values for index i (i:::30) decreased ± 

5% if the number of elements in the height of the bell was increased. 

• The exact modelling of the tip of the bell proved to be of little importance. 

• The number of elements used to model the head and the shoulder of the bell proved to be of 

little importance as well. This can be explained by the fact that all eigenmodes show little 

to no displacement in the head and shoulder of the bell. 

Using no more than (i118x=) 40 eigenmodes for every value of m, it was concluded that a single 

layer of 8-noded quadratic isoparametric elements will be sufficient for the overall accurate 

calculation of the 40 lowest eigenfrequencies and eigenmodes. The number of elements in the 

height of the bell should be about 40 to 50 elements, including the head and shoulder of the 

bell (see figure A.4). If onJy the lowest eigenfrequencies and eigenmodes are required a 

single-layered FEM-mesh of 19 finite elements is sufficient. 

Sum mill)' 

It was concluded that the following choices have to be made in order to obtain accurate results 

from a transient structural dynamic response calculation 

a time step At s 1 ·10-6 s 

a number of about 600 eigenmodes 

a single-layered FEM-mesh of about 40 to 50 quadratic isoparametric finite elements 
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Appendix B Dynamic similarity of radiating bells 

The eigenfrequencies of similarly shaped bells are inversely proportional to their size. If a bell 

is uniformly enlarged by a factor a, all eigenfrequencies decrease by a factor 1/a. This holds 

for bells cast from the same, homogeneous and isotropic, material. The dynamic similarity can 

be proved with the aid of Cauchy's principle of similarity (Beitz et al., 1990). Consider two 

homogeneous isotropic structures of similar shape, subject to elastic forces and inertia forces. 

The dimensions of structure 1 are scaled with a factor a, compared with the corresponding 

dimensions of structure 2. Hence, the ratios of a typical size 1., cross-section A, and volume V 

of structure 1 and 2 are 

The typical elastic forces and inertia forces in structure 1 and 2 are 

Ff = E1E1A1 ' 11 = E2E2~ 

(8.1} 

(8.2) 

(8.3) 

respectively, where p denotes the mass density, E denotes the Young's modulus, E_ denotes 

strain, and acceleration is denoted by a. Two structures are dynamically similar, if the ratios of 

elastic forces and inertia forces are equal 

?.,IF;- Fi/Fi ~ El~l11-~ 1 2- 1 2 E2 2 2 -P2V23z (8.4) 

Substituting equation (8.1} into equation (8.4) yields * = a[z;~~J* (8.5) 

The acceleration a can be expressed as 

a= w2x (8.7) 

where x denotes the displacement amplitude of the vibration. The displacement x can be 

expressed in the strain E 

x = El , and w = 2.7r/t (8.8) 

where t is the cycle time of the vibrations. After substituting equation (8.8) into (8.7), the 

acceleration ratio can be expressed as 

!1 = ~2 = !Jk[!z]2 a2 E2l27{t2) E2l2 t 1 

substituting [~u:~o:2([i~iro eq~ation (8.5) gives 

Thus, the relation between the typical size land the cycle time t becomes 

!l- ~ HPI§~ 
t2- lz P2El 

or, for structures of identical material 

a = t 1/t2 

(8.9) 

(8.10) 

(8.11} 

(8.12) 

From equation (8.12) it can be seen that uniformly enlarging a structure by a factor a, implies 

multiplying the cycle time t by a factor a. Hence, all eigenfrequencies are decreased by a 
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factor a. Choosing the strains of the two dynamically similar structures identical, Et = E2, the 

displacement, velocity and acceleration ratios are 

X t/Xz = Et 1.1/ Ez/.z ;:: a 

V1/v2 = (Etltftt)f(Eztz/t'J) = 1 

a1/az = (s1l1/tr)/(s2lz/ti) = 1/a 

The acoustical damping of dynamically similar structures of the same homogeneous isotropic 

material is independent of the scaling of the structure. This holds for structures radiating into 

infinity, without encountering any reflections or obstacles, as is hown in the remainder of this 

appendix. The acoustic damping rr is defined as 

rfi = PJ(2wfs) (2.2.1) 
where w is the angular frequency, E5 denotes the vibrational energy of the structure, and P1 is 

the radiated acoustic power. Uniformly enlarging a structure by a factor a it was shown that 

·a= l.tll2, and ro1 = W'].la, (8.13) 

The vibrational energy of a structure can be characterized by 

Es = !pVv2 (8.14) 

The velocity distribution of the dynamically similar structures was found to be identical at 

corresponding points in the structure 

~~ = ~2 ~ vl(~t) = v2(~'1) (8.15) 

the ratio of the vibrational energy is found to be 

Est = a3Esz (8.16) 

Substituting the equations (8.13) and (8.16) in the acoustical damping ratio gives 

flt/1]~ = psl/( a2P ~ (8.17) 

The radiated power ratio P51/P s2 remains to be determined. The radiated power is calculated 

from the integral expression (Kinsler et al., 1982} 

Ps = 2f Re(p•vn)dS (8.18) 

s 
where p• is the complex conjugate of pressure p, vn is the normal velocity of the vibrating 

surface, and S is the surface of the vibrating structure. The pressure p is governed by the 

linearized lossless wave equation 

v2p(x,t} + !....vx,t) = 0 
- (;ZY\. 

(8.19) 

where c is the speed of wave propagation through the medium (i.e. air). The wave equation is 

completed by initial conditions and boundary conditions. Substituting a time harmonic 

behaviour of the pressure p(~,t} = p(~)eiwt into equation (8.19) yields the Helmholtz equation 

(8.2{)8) 

(B.20b) 
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where k = OJ/c, the so-called wave number. The normal velocity distribution v11 of the 

vibrating surface S is the necessary boundary condition. The normal velocities of the two 

dynamically similar structures are identical in corresponding points in the structures (see 

equation (8.15)). 

If the Helmholtz equation for both structures can be shown to be identical as well, the pressure 

p(~) is identical in corresponding points. Now consider the Helmholtz equations for structures 

1 and2 

(8.21) 

Substitution of ~1 = ~2· vy = (1/a2)vi. and k1 = kz/a into the Helmholtz equation for 

structure 1 gives 

(lla2)[ v~1(~z) + ~t(~z) = o] (8.22) 

Comparing the equations (8.21) and (8.22) it can be seen that 

Pt<~v = Pz<~v 

Hence, the pressure distribution on the surface of two dynamically similar vibrating structures 

is identical in corresponding points. Therefore, the radiated power P5 depends only on the 

radiating surface, since both the pressure and normal velocity distribution are unaffected by the 

scaling of the vibrating structure. Using equation (8.18), it can be seen that 

Ps1/Ps2 = S1/S2 = a 2 (8.23) 

Substituting equation (8.23) into equation (8.17) gives 

'11111~ = 1 (8.24) 

This implies that the acoustical damping of dynamically similar structures of the same 

homogeneous and isotropic material is not affected by the scaling of the structures. 

Moreover, it can be shown that the acoustical damping 7J5 is independent of the amplitude of 

the normal velocity Vn of the bell wall. 

For the linearized lossless wave equation in equation (8.19) it can be shown that the pressure p 

is proportional to the time derivative of the particle velocity potential t (Kinsler et al., 1982) 

p = -Po~ (8.25) 

it= Vt 
where it particle velocity 

t particle velocity potential 

p pressure 

Po mass density 

At the bell surface the panicle velocity tt is equal to the normal velocity of the bell. Thus the 

velocity il is taken to be the normal velocity of the bell surface. Multiplying the velocity it by 

a constant a, the velocity potential t and its time derivative ~/at are also multiplied by a 
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factor a. From equation (B.25) it can be seen that the pressure p is also multiplied by a factor 

a. Hence, the radiated sound power Pa in equation (B.18) is multiplied by a factor a2. The 
vibrational energy Ea in equation (8.14), containing the squared velocity, is also multiplied by 

a factor a2. Now it can be seen from equation (2.2.1) that the acoustical damping tJ8 is not 

affected by the vibrational amplitude of the bell. However, this only holds for acoustic 

processes of small amplitudes, for which the linearized lossless wave equation is valid 
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Appendix C Regression analysis and optimal design of experiment 

Multjyaria&e jteratjye reweil$d rep:ssion analpjs 

Consider k independent variables x1 to Xt, and m dependent variables y1 to yiD' A possible 

choice for the dependent variables is a quantity Yh plus (m-l)sk derivatives iJy1/iix;. If only 

one dependent variable is used, the univariate iterative reweighted regression analysis is 

obtained. The functional relationship between the column ~ of m dependent variables, and the 

column ~ of independent variables is assumed to be linear in the p (unknown) function 

coefficients, represented by the column e· The functional relationship between the columns l• 
~· and e can be expressed as 

li = ft(~;>e + ~i i=l,n (C.l) 

where n number of experiments 

values of k independent variables for experiment i 

li l(zV• values of m dependent variables for experiment i 

F(~;) (p*m)-matrix, F(z;) = [!t(z;) ..... !J~;)] 

fj(x;) column of p explicit functional expressions of the independent 

variables, !/(~;) = [1 fjt(z;) ~2(~;) ..... fjp-1(~;)] 

e column ofp (unknown) model coefficients 

~; :<9· column of m model errors 

The unweighted least squares estimator e of column e is 

e = (FtF)-lftl 

where t = [ll li ···· ~~] 
Ft = [F(~t) F(~z) .... F(~n)] 

and the unweighted least squares estimator of ii of the response li is 

ii::: ft(~;)~ 
If the expected value of the column :; of model errors is equal to zero 

E(:;) = ~ 

the estimators e and ii are unbiased, that is 

The covariance matrix of the model errors :i is S2 

cov(:;) = S2 

(C.2) 

(C.3) 

(C.4) 

(C.S) 

1t is often assumed that the variance of the components of the error column :i have the same 

value and are uncorrelated 

cov(:;) = a21 (C.6) 

In that case the covariance of the estimators ~ and ii can be expressed as 
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cov(~ = (FIF)-lftS2F(FtF)-t = ol(FtF)-1 

cov(ii) = F(F'IF)-1f'IS2F(FtF)-t = ~F(FIF)-lf'l 

(C.7) 

(C.8) 

In order to be able to distinguish the importance of data. the weighted least squares method 

can be applied. Premultiplying equation (C.l) with the weighting matrix S-1 yields 

~i = Wt(~i)~ + !Ji (C.9) 
where ~i = S-1li 

W(~i) = F(~i)S-t 

!}i =S~i 
Assuming the model errors ~i to be normally distributed, the weighting matrix S-1 transforms 

the normal distribution of the model errors to the standard normal distribution. The weighted 

least squares estimators ~of the column ~· and ~i of the weighted response ~i are 

where 

~ = (WtW)-lWt~ 

~i = W!(~;)~ 

~ = [~l ~~ .... ~~] 
Wt = [W(~t) W(~2) .... W(~n)] 

If the expected value of the column !}i of model errors is equal to zero 

E(!];) = E(S-l:i) = S-lE(:;) = 2 

(C.lO) 

(C.ll) 

(C.12) 

the estimators ~ and ~; are unbiased. The Gauss-Markov theory shows that the weighted least 

squares estimators for e and ~i possess the smallest variance of all l.ins:J.t, unbiased estimators 

(Bard, 1974). Moreover, if the model errors :; are normally distributed, the estimators are 

efficient. If so, the estimators have the theoretically smallest possible variance of all linear and 

nonlinear estimators (Bard, 1974). 

In practice the matrix S-1 is unknown. Therefore column ~ and matrix S-1 have to be 

estimated iteratively. Initially the unweighted least squares estimate of ~ is calculated. 

Subsequently, the covariance matrix S2 and matrix S-1 are determined. Then the weighted least 

squares estimate of e is calculated. Iteratively, the matrix S-1 and colum e are calculated, until 

the process has converged. 
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Qgjmal slesian of gperiment 
A design of experiments is defined as a set of experiments that will be carried out. Especially 

if experiments are expensive, it is important to carry out as few as possible experiments, 

yielding the highest possible amount of information. The optimal design of experiments theory 

deals with methods to determine "optimal" design of experiments (DOE), i.e. DOEs that yield 

the maximum amount of information in a specified situation. 

An experiment is described by a column ~ of k independent variables xi> i=1,k. The domain 

from which the column ~ is chosen, contains all possible experiments, the so-called candidate 

experiments. If the variables x; vary continuously, the domain contains an infinitely large 

number of candidate experiments. If the variables x; are only admitted a limited number of 

discrete values, the so-called levels, the number of candidate experiments is finite. 

The optimal design of experiments theory is highly suited to determine a DOE if the domain is 

shaped irregurarly, e.g. caused by constraints on the variables, or if the number of levels of the 

variables varies considerably. Moreover, the classical designs are not easily applicable in every 

situation, and their use requires a thorough statistical knowledge. 

The optimal design of experiment theory starts from the formulation of the unweighted least 

squares method. Given an assumed regression model, the DOE is called optimal if the variance 

of the estimator of the parameters ~ or of the predicted response ii is minimal 

cov(~ is minimal 

cov(~;) is minimal 

Both the expressions of cov(~) and cov(i;) in equations (C.7) and (C.8), respectively, contain 

the covariance matrix 

(C.13) 

Minimizing the covariance matrix, the variance of the estimators ~ and ii is minimized. The 

measure of a matrix, however, is not defined uniquely. Several definitions of the measure of a 

matrix are available : 

• determinant of the matrix 

• trace of the matrix 

• largest eigenvalue of the matrix 

A number of possible criteria has been developed to generate an optimal set of n experiments, 

chosen from a set of r candidate experiments (see Fedorov (1972), Welch (1983), Nagtegaal 

(1986)). 

1 D-optimality 

This criterion minimizes the determinant of the covariance matrix in equation (C.13). The 

geometrical interpretation of the D-optimality criterion is the minimization of the 
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confidence ellipsoid of the estimated parameters (under normality assumptions). 

2 Trace of the covariance matrix 

Minimizing the trace of the covariance matrix, the averaged variance of the parameter 

estimates in the estimated column ~ is minimized. 

3 E-optimality 

The maxip1um eigenvalue of the covariance matrix is minimized. The geometrical 

interpretation of the E-optimality is the minimization of the largest axis of the confidence 

ellipsoid of the estimated parameters (under normality assumptions). 

4 Averaged variance of the response estimator (A V) 

The AY-criterion chooses n experiments such that the variance of the estimated response, 

averaged over all r candidate experiments in the domain, is minimized. The use of this 

criterion ensures accurate response estimations in the complete domain. 

5 G-optimality 

This criterion chooses the n experiments such that the maximum variance of the estimated 

response, evaluated for all r candidate experiments, is minimized. Using this criterion, 

accurate response estimations in a small part of the domain are ensured. • 

The 5 criteria described above are based on the assumption that the regression model is 

accurate, i.e. the assumption that no bias is encountered due to model inaccuracies. However, 

in many situations the exact model is not known, and model inaccuracies and bias are very 

likely to occur. The last criterion is used to determine a DOE that is insensitive to model 

inaccuracies. 

6 Averaged mean squared error of the response estimators (AM) 

The AM minimizes the sum of the squared residuals of the predicted and the true responses, 

i.e. the averaged mean squared error. The AM is averaged over all r candidate experiments 

in the domain. The residuals contain both a stochastic error and a bias term. The bias term 

can range from 0 to infinity. A bias of 0 corresponds to no model inaccuracy. In this case 

the AM-criterion is equal to the AY-criterion. An inifinitely large bias corresponds to severe 

model inaccuracies. Now only the bias is minimized, resulting in a uniform distribution of 

the n experiments over the domain. The optimal DOE is the design for which the sum of 

squared residuals does not vary strongly with varying values of the bias. The optimal DOE 

is a robust design, i.e. a DOE that is rather insensitive to the (possibly large) model 

inaccuracies of the model. 

The minimization of the criteria is carried out by means of mathematical programming 

optimization algorithms. The program CADE (Nagtegaal, 1986) offers the possibility to choose 

the criteria 1, 4, 5, and 6 for the calculation of an optimal design of experiment. 
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Appendix D Calculation of the acoustical damping using the 
Boundary Element Method 

The modal acoustical damping of a structural eigenmode of the bell is defined as the loss of 

vibrational energy due to sound radiation into the air surrounding the bell. The modal 

acoustical damping is expressed as a fraction of the critical damping, where 'fl=l.O corresponds 

to critical damping. The value of the modal acoustical damping r,- is calculated from the 

sound power Pa radiated by the eigenmode of the bell 

7J8 = PJ2f»Es (2.2.1) 

where w is the undamped angular eigenfrequency, and Es is the vibrational energy of the 

eigenmode. Both the angular eigenfrequency w and the corresponding eigenmode are obtained, 

by solving the eigenvalue problem of the bell (using a FEM-software program). The 

vibrational energy Es. contained in the eigenmode with eigenfrequency w, is calculated from 

the bell geometry, and the eigenfrequency, the amplitude, and the mode shape of the 

eigenmode. The radiated sound power Pa is determined from the sound pres8ure distribution 

and the velocity distribution in the air 

(0.1) 

• where p is the complex conjugate of the sound pressure p, vn the particle velocity normal to 

surface A, and A an arbitrary surface encircling the complete bell (Fahy, 1985). For 

convenience the surface of the bell can be taken for A. 

The problem that remains to be solved is the pressure distribution on the bell surface generated 

by the vibration of the bell. The presence of the air does not affect the eigenfrequency and the 

mode shape of the eigenmode, due to the minimal fluid loading effects of the air on the bell 

wall. The only substantial effect of the fluid-structure interaction is the radiation of sound into 

the air, thereby damping the eigenmode. Ignoring the fluid-structure interaction, the structural 

and acoustical analysis of the bell can be carried out separately (i.e. uncoupled). To determine 

the power radiated by an eigenmode it is sufficient to analyse the pressure distribution in the 

air surrounding the bell, caused by the harmonically vibrating bell wall. 

The radiation of sound into the air surrounding the bell is governed by the linearized lossless 

wave equation describing the propagation of pressure in fluids (Kinsler et al, 1982) 

v2p(~,t) + h p(~,t) = o (0.2) 

where p(~,t) represents the acoustical pressure, ~ is the column of spatial coordinates, t denotes 

the time, and c is the wave speed of the acoustical waves in the fluid (i.e. air). Equation (0.2) 

is valid for a fluid without internal sources. The excitation of the air by the vibrating bell can 
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be accounted for by the boundary conditions. In the case of the vibrating bell, this is the 

normal velocity distribution at the surface of the bell. The harmonically vibrating bell excites a 

harmonically varying sound pressure p(!,t) with amplitude p(!) 

p(!,t) = p(!)eio.C (0.3) 

Substituting equation (0.3) in equation (0.2) the wave equation is reduced to the Helmholtz 

equation 

(0.4) 

where the wave number k is defined as k=w/c. Given the angular frequency (!), and the normal 

velocity distribution at the boundary, the stationary pressure radiation can be solved from the 

Helmholtz equation in a specified domain. 

Since the radiated power has to be determined, it is necessary to calculate the stationary 

pressure radiation by the bell, undisturbed by any reflections or sources in the domain. In order 

to prevent any reflections from the boundaries, the domain is chosen infinitely large. In the 

complex shaped domain (i.e. the air surrounding the bell) the Helmholtz equation cannot be 

solved analytically. A numerical method will have to be used to solve the problem. Since the 

domain is infinitely large, it is not possible to model the complete domain with finite elements. 

However, it is possible to define a sphere around the bell, that is modelled with finite 

elements. The spherical boundary is then modelled with a special purpose element that 

prevents reflections. Another option is the use of the Boundary Element Method (BEM), 

requiring only the discretisation of the domain boundaries. Especially the ease of discretizing 

the domain boundaries led to the choice of the BEM to analyse the pressure radiation. 

Essential in the BEM is the use of the so-called fundamental solution (also known as Green's 

function). The fundamental solution is the exact solution of the governing equation to a unit 

point load (a dirac function) in an infinite domain. 

Like the FEM, the starting point for the direct BEM~formulation is the principle of virtual 

work. Instead of using a virtual displacement field that satisfies the boundary conditions (and 

leads to the FEM-formulation), the fundamental solution is substituted in the virtual work 

expressions. Integrating by parts until all derivatives of the unknown quantities have been 

removed and replaced by derivatives of the fundamental solution, only integrals over the 

domain boundaries remain (Butterfield, 1979). Oiscretizing the boundaries of the domain with 

the aid of boundary elements, the resulting integral expression can be solved (more or less 

similar to the FEM). 

The undamped angular eigenfrequency w and the corresponding mode shape of an eigenmode 

of a bell can be determined by solving the eigenvalue problem in the FEM·module of 

DYNOPT, followed by the calculation of the vibrational energy E5 from the mass matrix of the 

bell, and from the eigenfrequency, vibrational amplitude and the mode shape of the 
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A 2-dimensional FEM·mesh of tbe bell profde, and tbe corresponding 3-dimensional 
BEM·mesh of half tbe bell. 

eigenmode. The pressure distribution radiated by an eigenmode is calculated using the 

Boundary Element Method (BEM) in the acoustical analysis program SYSNOISE (Sysnoise 

4.3, 1990). The acoustical analysis program SYSNOISE can solve the Helmholtz equation in 

equation (0.4) in the frequency domain, given the angular frequency c.u, the corresponding 

normal velocity distribution on the surface of the bell, and a domain on which the equation 

must be solved. In figure 0.4 the spatial distribution of the eigenmode radiating the 

fundamental, and the resulting spatial sound pressure distribution are shown. For the analysis 

of sound radiation into infinity, boundary elements are available in the program SYSNOISE. 

The surfaces of the inner and outer bell wall are modelled with 8-noded quadratic boundary 

shell elements. Since the program SYSNOISE offers no axi-symmetric boundary elements with 

non-axi-symmetric pressure or velocity distribution, it is necessary to model the bell fully in 3 

dimensions. Due to existence of planes of symmetry in the eigenmode only a part of the bell 

has to modelled. If the mode shape has an even number of periods in circumferential direction, 

it is sufficient to model a quarter of the bell. For eigenmodes with an uneven number of 

periods in circumferential direction, half the bell. has to be modelled (see figure 0.1). The 

computational time required for one acoustical analysis is extremely high compared with a 

FEM-analysis with the same number of degrees of freedom (OOF). This is caused by the fact 

that the matrices in BEM-analysis are non-symmetric and completely filled, whereas the 

matrices in a FE-analysis are symmetric and banded. 
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Figure 0.2 Convergence of the acoustical damping of the eigenmode 2-1 of the reference bell for an 
increasing number of boundary elements in circumferential direction. 
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Figure 0.3 Convergence of the acoustical damping calculation of the eigenmode 3-2 of the reference 
bell for an increasing number of boundary elements in circumferential direction. 
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In figures A and B the spatial distribution of the normal velocity of the fundamental (i.e. 
eigenmode 2-2) of the reference bell is shown. The resulting spatial sound pressure 
distribution, calculated by means of the BEM, is shown in figures C and D. 



134 Structural optimization of bells 

A convergence test showed that the calculation of the acoustical damping of even, eigenmodes 
I 

requires a mesh with 1169 nodes (11 elements in figure 0.2). The CPU-time req~ired for the 

analysis of the acoustical problem using this mesh is about 4500 CPU-secf>nds on an 

Alliant FX/40-2 mini supercomputer. The acoustical analysis of uneven modes was not 

sufficiently converged using a mesh of 1869 nodes (18 elements in figurJ 0.3). The 

Alliant FX/40.-2 cannot handle much more than 1900 nodes. The analysis with 11869 nodes 

required about 4! CPU-hours. . I 

In order to be able to analyse enough different bell shapes accurately for the uneven 

eigenmodes, the BEM-analyses for the uneven eigenmodes were carried out OQ the CRA Y 

Y-MP4/464 of SARA (Stichting Academisch Rekencentrum Amsterdam). 
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Appendix E Conversion of sound pressure ratios to sound power 
ratios 

The definition of the target values of the sound power ratios from target sound pressure ratios 

is possible. Slaymaker and Meeker (1954) measured the sound pressure amplitudes of the 

partials of the A/ bell at a specific point in space, i.e. three feet from the sound bow at the 

strike point. Using the developed approximation models of the acoustical damping, however, 

only the radiated sound powers can be calculated from equation (2.2.1). From equation (0.1) it 
can be seen that the radiated sound power P1 is linearly dependent on the sound pressure 

amplitude IIPIIIIXII, and the normal velocity amplitude llvaiiiiXII· 

Ps = i J Re(p*vn)dA= 2 J IIPIIJixllllvniiiiXII Re(p•vu)dA (0.1) 

A A 
Here p• denotes the complex conjugate of the sound pressure p at the bell surface, and v0 

denotes the normal velocity of the vibrating bell surface A (Fahy, 1985). The symbols p* and 

v0 denote the complex conjugated normalized sound pressure and the normalized normal 

velocity, respectively. Moreover, employing the linearized lossless wave equation to describe 

the sound radiation, the velocity amplitude llvniiJixll and the sound pressure amplitude llp1111xll 

are linearly related 

(E.l) 

Substituting equation (E.1) into equation (0.1} yields 

Ps = ! f CtiiPIIJixll2 Re(p•vu)dA = C1C211piiJixll2 (E.2) 

A 

where the constant Cz depends both on the normalized pressure distribution p and the 

normalized velocity distribution v0 on the bell wall. From equation (E.2) it can be seen that the 

radiated sound power is proportional to the squared sound pressure amplitude IIPIIIIXII· Without 

any loss of generality the pressure amplitude IIPIIJIXII can be replaced by the pressure amplitude 

l!psbll on the sound bow at the strike point (adjusting the constant C1 accordingly). However, it 

is impossible to determine the constant C1C2 from the approximation models of the acoustical 

damping. Since the BEM-software code SYSNOISE yields both the radiated sound power and 

. the sound pressure distribution at the bell surface due to predefined normal velocity 

distribution, it is possible to obtain the sound pressure amplitude at the sound bow of the bell 

and the corresponding radiated sound power, and to determine the constant C1Cz for the 7 

most important partials from equation (E.2). 

However, the exact geometry of the A/ bell is unknown. Therefore the constants C1Cz of the 

partials of this bell cannot be determined. Moreover. the sound pressure amplitudes were 

measured three feet from the sound bow. Assuming that the pressure distributions of both the 
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A/ bell and the bell to be optimized possess antinodes at the sound bow for all partials of 

interest (except the fifth), and assuming that the pressure ratios at the sound bow and three feet 

away from the sound bow are nearly identical, the target sound power ratios for the bell to be 

optimized can be calculated from the measured pressure ratios of the A/ bell. (In effect it is 

assumed that the constant (C1~i of the jtb partial· of the A.;.11 bell and the constant (C1~i of 

the bell to be .optimized are equal. This is not necessary if the exact geometry of the target A/ 
bell is known.) 

As an example the results from the BEM·analyses of the final geometry of bell 6 were used to 

determine the target values of the radiated sound power ratios (immediately after the 

excitation) from the A;. 11 bell pressure amplitude ratios. For the seven most important partials 

of bell 6 the radiated sound power P sibem and the corresponding sound pressure amplitude 

llpsblbbem at the sound bow were calculated by means of the BEM. The predefined normal 

velocity distributions of the eigenmodes were scaled such that the vibrational energy Esi of the 

partials was equal to 1.0. Using the radiated sound powers psibem• the pressure amplitudes 

llpsbllibem, and the corresponding target pressure ratio in table 5.3.2, the target sound power 

ratios for the 7 most important partials of bell 6 are calculated from equation (E.3), 

(E.3) 

where r denotes the reference partial. The hum is used as reference partial (see table E.l). 

The target sound power ratios correspond to a medium force excitation. 

partial 

hum 
fundamental 
third 
fifth 
nominal 
twelfth 
double octave 

Table E.l 

Ps ~~~~) target target 
(BEM) pressure power 
[W] [Pa] ratios ratios 

0.051 15.316 1.000 1.000 
0.249 26.141 3.162 16.946 
0.522 39.919 4.467 30.371 
1.191 22.166 0.178 0.356 
2.445 65.891 19.953 1041.460 
0.973 56.195 3.162 14.313 
1.781 66.952 3.981 29.242 

For bell 6 tbe radiated sound power, and the corresponding pressure amplitude at the sound 
bow, resulting from BEM-aualyses, are given in the fmt and second column, respectively. 
Using the target sound pressure ratios in column 3 (taken from table 5.3.2), tbe target values 
for the sound power ratios (in column 4) are obtained from equation E.3. It can be seen tbat 
the target pressure ratio and target power ratio of the nominal are unrealistically higb. 



Stellingen behorend bij het proefschrift : 

Structural optimization of bells 

1 Het lineariseren van Jocaal zeer sterk niet-lineaire constmints in het Sequential Quadratic 

Programming algoritme leidt tot onoverkomelijke numerieke problemen. Het gebruik van move 

limits kan dit probleem niet geheel oplossen. 

The NAG Fortran Library Manual - Mark 13, Numerical Algorithms Group, 1988. 

2 Het gelijktijdig optimaliseren van meerdere grootheden is vrijwel niet te automatiseren. De 

interpretatie van de gebruiker is namelijk onmisbaar voor het sluiten van compromissen. 

3 Voor de demping van zwak gedempte systemen wordt vaak een ruwe aanname gedaan. Voor 

de bepaling van het uitdempgedmg van (zwak gedempte) klokken moet de modale demping 

echter nauwkeurig bepaald worden. 

4 De door Hertz opgestelde relatie tussen de contactkracht en de quasi-statische vervorming van 

twee loodrecht samengedrukte lichamen, is zeer breed toepasbaar. 

W. Goldsmith, Impact, the theory and physical behaviour of colliding solids, Edward Arnold, London, 1960. 

5 Bij optimaliseren is het essentieel om te beschikken over nauwkeurige doelwaarden. Het 

bepalen van doelwaarden voor de subjectieve grootheden die het klankspectrum van een klok 

karakteriseren, is echter zeer moeilijk. Het verdient aanbeveling om als eerste stap 

geconditioneerde metingen aan "algemeen als mooi beoordeelde" klokken te doen, teneinde 

betrouwbare doelwaarden vast te stellen. 

6 De negatieve beoordeling van majeur-muziek op majeur-klokken door carillonneurs is 

muzikaal gezien onverwacht. 

AJ.M Houtsma, J.G.M. Tholen, A carillon of major-third bells J/: A perceptual evaluation, Music Perception, 

voL 4, pp. 255-266, 1987. 

7 Grootstedelijke stations zijn een goed voorbeeld van menselijke nestbevuiling. 

8 Telewerken is sociaal verdorsten. 

9 De regel van de W-faculteit van de Technische Universiteit Eindhoven een afstudeeropdracht 

met een geheel cijfer te beoordelen, frustreert de beoordelaars vaak mateloos en doet onrecht 

aan de student{ e). 

10 De nederlandse inkomenspolitiek beoogt de totale nivellering van inkomsten. Dit zal 

grotendeels door kapitaalvlucht tot werkelijkheid worden. 

Amsterdam, maart 1992 Petra Roozen-Kroon 


