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Abstract. A central task in control theory, artificial intelligence, and
formal methods is to synthesize reward-maximizing strategies for agents
that operate in partially unknown environments. In environments mod-
eled by gray-box Markov decision processes (MDPs), the impact of the
agents’ actions are known in terms of successor states but not the stochas-
tics involved. In this paper, we devise a strategy synthesis algorithm for
gray-box MDPs via reinforcement learning that utilizes interval MDPs as
internal model. To compete with limited sampling access in reinforcement
learning, we incorporate two novel concepts into our algorithm, focusing
on rapid and successful learning rather than on stochastic guarantees
and optimality: lower confidence bound exploration reinforces variants
of already learned practical strategies and action scoping reduces the
learning action space to promising actions. We illustrate benefits of our
algorithms by means of a prototypical implementation applied on exam-
ples from the AI and formal methods communities.

1 Introduction

Many machine learning methods take inspiration from the inner-workings of the
human brain or human behavior [29]. For instance, learning based on neural
networks mimics the human brain at a structural level by explicitly modeling its
neurons and their activation. Taking a more high-level view, reinforcement learn-
ing (RL) [37] formalizes human learning behavior by reinforcing actions that are
repeatedly associated with successful task solving [3]. The usual application of
RL is to learn reward-optimizing strategies in environments modeled as Markov
decision processes (MDPs) [31] where the agent has only partial knowledge and
learns based on guided exploration through sample runs. Existing RL approaches
prioritize stochastic guarantees and convergence to a globally optimal strategy,
leading to slow learning performance and infeasibility for small sample sizes [37].

? The authors are supported by the DFG through the Cluster of Excellence EXC
2050/1 (CeTI, project ID 390696704, as part of Germany’s Excellence Strat-
egy) and the TRR 248 (see https://perspicuous-computing.science, project ID
389792660).
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In contrast, human decision making can compete with limited sampling access,
not focusing on strict optimality but on efficiency. The more urgent a task and
the less time available for its solving, the more humans tend to exploit previously
learned strategies – possibly sacrificing optimality but increasing the chance of
finishing the task in time [32]. In the extremal case, humans rely on habits [42],
i.e., sequences of actions that, once triggered, are executed mostly independent
from reasoning about the actual task [7]. Habits avoid further costly exploration
during learning by restricting the action space.

In this paper, we take inspiration from humans’ ability to reason efficiently
with few explorations, shaping novel RL algorithms that rapidly synthesize
“good” strategies. Specifically, our learning task amounts to an agent being able
to determine a strategy with high expected accumulated reward until reaching
a goal, given a limited number of samples. We consider the setting where the
environment is modeled as contracting MDP, i.e., goal states are almost surely
reached under all strategies, on which the agent has a gray-box view, i.e., knows
the reward structures and the topology but not the exact probabilities [4]. We
tackle this task of sample-bounded learning towards nearly-optimal strategies
by introducing two new concepts: lower confidence bound (LCB) sampling and
action scoping. Classical reward-based sampling in RL is based on upper confi-
dence bounds (UCB) [2], balancing the exploration-exploitation dilemma [37]. In
contrast, our LCB sampling method favors situations already shown viable dur-
ing the learning process. Hence, exploration is limited when there are no good
reasons for leaving well-known paths, similar to what humans do with habit-
ual sequences of actions [42]. The second learning component is action scoping,
restraining exploration actions when shown to be suboptimal in past samples.
Scoping is parametrized to tune the degree of exploration and balance between
fast strategy synthesis or increasing the chance of learning optimal strategies.

To implement our novel concepts, we provide technical contributions by pre-
senting an RL algorithm on contracting gray-box MDPs with arbitrary rewards
and various sampling methods. The learning algorithm is a sample-based ap-
proach that generates an interval MDP (IMDP) to approximate the environment
and whose intervals are iteratively refined. While methods for analyzing IMDPs
have already been considered in the literature [17,43], we provide a new connec-
tion of their use in RL algorithms. We devise our human-inspired RL algorithms,
including LCB and action scoping, by modeling knowledge of the agent as IMDP
using concepts from model-based interval estimation (MBIE) [35] and probably
almost correct (PAC) statistical model checking (SMC) [4]. We show that our
algorithms on IMDPs are PAC for UCB and LCB sampling, i.e., the probability
of a suboptimal strategy can be quantified by an arbitrarily small error toler-
ance. This, however, cannot be guaranteed in the case of action scoping. Towards
an evaluation of LCB and action scoping, we implemented our algorithms in a
prototypical tool [1]. By means of several experimental studies from the RL and
formal-methods community, e.g., on multi-armed bandits [40] and RaceTrack
[10], we show that LCB and action scoping foster fast strategy synthesis, provid-
ing better strategies after fewer sample runs than RL-style PAC-SMC methods.
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We discuss the impact of scoping parameters and related heuristics, as well as
combinations of sampling strategies. In summary, our contributions are:

– A (model-based) RL algorithm for contracting gray-box MDPs with integer
rewards relying on IMDP and sampling strategy refinements (see Section 3)

– Instances of this RL algorithm subject to lower and upper confidence bound
sampling and tunable action scoping (see Section 4).

– A prototypical implementation of our RL algorithms and an evaluation in
examples from both the RL and formal-methods communities.

Related work. SMC [28] for unbounded temporal properties in stochastic sys-
tems is most related to our setting, establishing algorithms also in gray-box
settings [44,20]. Given a lower bound on transition probabilities, SMC algo-
rithms have been presented for Markov chains [15], MDPs, and even stochastic
games [4]. Recent SMC algorithms for MDPs also include learning [13,4] but only
for reachability problems. IMDPs have been investigated outside of the RL con-
text in formal verification [33,14] for ω-regular properties, for positive rewards in
contracting models [43] by an extension of the well-known value-iteration algo-
rithm [37], and in the performance-evaluation community in the discounted set-
ting [17]. In particular, the RL algorithms we present in this paper use an adap-
tation of the latter algorithm without discounting as a subroutine to successively
tighten bounds on the maximal expected accumulated rewards. More recently,
algorithms with convergence guarantees for reachability objectives in (interval)
MDPs have been presented [6,19]. Interval estimation for RL has been intro-
duced by Kaelbling [24] towards Q-learning [39] and extended to model-based
approaches [41] such as MBIE [34] and the UCRL2 algorithm [23] using an error
tolerance based on the L1-norm opposed to the L∞-norm employed in interval
MDPs. Besides UCB sampling, the exploration-exploitation dilemma in reward-
based learning has also be addressed with exploration bonuses [24,25,36,38],
performing well when applied to MBIE [22,35] or in other RL methods such as
E3 [27] and Rmax [12].

Supplements. The appendix contains proofs and full experimental evaluations.
Our implementation and data sets to reproduce the experiments of this paper is
available [1].

2 Preliminaries

A distribution over a finite set X is a function µ : X → [0, 1] where
∑
x∈X µ(x) =

1. The set of distributions over X is denoted by Dist(X).

Markov decision processes (MDPs). An MDP is a tupleM = (S,A, ı,G,R, T )
where S, A, and G ⊆ S are finite sets of states, actions, and goal states,
respectively, ı ∈ S is an initial state, R : S → R is a reward function, and
T : S×A ⇀ Dist(S) is a partial transition probability function. For state s ∈ S
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and action a ∈ A we say that a is enabled in s if T (s, a) is defined. We assume the
set Act(s) of all enabled actions to be empty in goal states s ∈ G and non-empty
in all other states. For (s, a, s′) ∈ S×A×S we define T (s, a, s′) = T (s, a)(s′)
if T (s, a) is defined and T (s, a, s′) = 0 otherwise. The successors of s via
a are denoted by Post(s, a) = {s′ | T (s, a, s′) > 0}. A run of M is a se-
quence π = s0a0s1a1 . . . sn where s0 = ı, sn ∈ S, (si, ai) ∈ (S\G) × A, and
si+1 ∈ Post(si, ai) for i = 0, . . . , n−1. The set of all runs in M is denoted by

Runs(M). The accumulated reward of π is defined by R(π) =
∑n−1
i=0 R(si).

An interval MDP (IMDP) is a tuple U = (S,A, ı,G,R, T̂ ) where S,A, ı,G,
and R are as for MDPs, and T̂ : S×A ⇀ Intv(S) is an interval transition func-
tion. Here, Intv(S) denotes the set of interval functions ν : S → {[a, b] | 0 < a ≤
b ≤ 1}∪{[0, 0]} over S. Note that Dist(S) ⊆ Intv(S), i.e., every distribution over
S is also an interval function. A distribution µ ∈ Dist(S) is an instantiation of
ν ∈ Intv(S) if µ(s) ∈ ν(s) for all s ∈ S. We again say a is enabled in s if T̂ (s, a)
is defined and denote the set of enabled actions in s as Act(s), assumed to be
non-empty for all s ∈ (S\G). For each s ∈ S and a ∈ Act(s) we denote by T as the
set of all instantiations tas of T̂ (s, a) and define Post(s, a) = {s′ | T (s, a, s′) > 0}.
The MDP M is an instantiation of U if T (s, a) ∈ T as for all s ∈ S, a ∈ A. We
denote by [U ] the set of all instantiations of U . Note that as all instantiations of
an IMDP U share the same topology, the set of runs Runs(M) is the same for
all instantiations M∈ [U ].

The semantics of the MDP M is given through strategies, i.e., mappings
σ : S → Dist(A) where σ(s)(a) = 0 for all a 6∈ Act(s). We call a run π =
s0a0s1a1 . . . sn in M a σ-run if σ(si)(ai) > 0 for all i = 0, . . . , n−1. The proba-

bility of π is defined as Prσ(π) =
∏n−1
i=0 σ(si)(ai) · T (si, ai, si+1) if π is a σ-run

and Prσ(π) = 0 otherwise. The probability of some B ⊆ Runs(M) w.r.t. strat-
egy σ is defined by Prσ(B) =

∑
π∈B Prσ(π). If Prσ(B) = 1, then the expected

(accumulated) reward is defined as Eσ(B) =
∑
π∈B Prσ(π) · R(π). We call M

contracting [26] if Prσ(♦G) = 1 for all strategies σ, i.e., a goal state is almost
surely reached for any strategy. The semantics of an IMDP U is the set of its
instantiations [U ]. An IMDP U is contracting iff all MDPs in [U ] are contracting.
Note that for IMDPs there is also a notion of an operational semantics that lifts
strategies to instantiations of transitions [33]. While different in its nature, our
contributions of this paper can be easily extended also to the latter semantics.

Value and quality functions. A value function VM : S → R of MDP M is
the solution of the Bellman equations [11] given by VM(s) = R(s) for s ∈ G and

V (s) = R(s) + maxa∈Act(s)

∑
s′∈S VM(s′) · T (s, a, s′) for s 6∈ G.

The quality QM : S ×A ⇀ R of M is defined for all s ∈ S and a ∈ Act(s) by

QM(s, a) = R(s) +
∑
s′∈Post(s,a) VM(s′) · T (s, a, s′)

Intuitively, the quality represents the value of choosing an action a in state
s continuing with a reward-maximizing strategy. For an IMDP U , the value
function differs between instantiations, leading to Bellman equations
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Fig. 1: Schema of reinforcement learning in gray-box MDPs

V U (s) = minM∈[U ] VM(s) V U (s) = maxM∈[U ] VM(s)

for the lower and upper bounds on possible instantiations, respectively. These
value functions are naturally lifted to quality functions for IMDPs. We omit
subscriptM or U if clear from the context. Further, we define the pessimistically
optimal strategy σ for all s ∈ (S \ G) as σ(s) = arg maxa∈Act(s)Q(s, a) and

similarly the optimistically optimal strategy as σ(s) = arg maxa∈Act(s)Q(s, a).

3 Interval MDP reinforcement learning

In this section, we establish an RL algorithm for contracting gray-box MDP
that generates a white-box IMDP and successively shrinks the transition prob-
ability intervals of the IMDP while updating the sampling strategy. Let M =
(S,A, ı,G,R, T ) be a contracting MDP as above, serving as environmental model.
With RL in a gray-box setting, the agent’s objective is to determine reward-
maximizing strategies knowing all components ofM except transition probabil-
ities T . We further make the common assumption [4,6,16] that there is a known
constant pmin that is a lower bound on the minimal transition probability, i.e.,
pmin ≤ min{T (s, a, s′) | T (s, a, s′) > 0}.

To learn strategies in M, samples are generated according to a sampling
strategy determining the next action an agent performs in each state. Figure 1
shows the overall schema of the algorithm, which runs in episodes, i.e., batches
of samples. The sampling strategy is updated after each episode by refining an
internal IMDP model based on the sample runs and an IMDP value iteration.

3.1 Generating IMDPs from sampled gray-box MDPs

Let #(s, a, s′) denote the number of times the transition (s, a, s′) occurred in
samples thus far and let #(s, a) =

∑
s′∈Post(s,a) #(s, a, s′). The goal of each

episode is to approximate M by an IMDP U = (S,A, ı,G,R, T̂ ) that is (1−δ)-
correct, i.e., the probability ofM being an instantiation of U is at least 1−δ for a
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Algorithm 1: IMDP RL(M, δ,K,N)

Input : gray-box MDP M = (S,A, ı, G,R, ·), error tolerance δ, K,N ∈ N
Output: pessimistically and optimistically optimal strategies σ and σ, value

function bounds V and V

1 forall (s, a) ∈ S ×A do
2 σ(s)(a) := 1/|Act(s)| // initialize

3 forall s′ ∈ Post(s, a) do T̂ (s, a, s′) := [pmin, 1]

4 U := (S,A, ı, G,R, T̂ )

5 forall k ∈ {1, . . . ,K} do
6 forall n ∈ {1, . . . , N} do SAMPLE(M, σ) // sample runs

7 U := UPDATE PROB INTERVALS(U , δ) // build IMDP model

8 (V , V ) := COMPUTE BOUNDS(U , k) // IMDP value iteration

9 σ := UPDATE STRATEGY(U , V , V ) // compute sampling strategy

10 forall s ∈ (S \G) do

11
(
σ(s), σ(s)

)
:=
(

arg maxa∈Act(s)Q(s, a), arg maxa∈Act(s)Q(s, a)
)

12 return σ, V , σ, V

given error tolerance δ ∈ R. Formally
∏

(s,a)∈S×A P
(
T (s, a) ∈ T̂ (s, a)

)
> 1−δ [4],

where P refers to the probabilistic behaviour of the algorithm due to sampling
the gray-box MDP. The idea towards (1−δ)-correct IMDPs is to distribute the
error tolerance δ over transitions by defining a transition error tolerance η ∈ R.
Given a state s ∈ S, an action s ∈ Act(s) and a successor s′ ∈ Post(s, a), we
define the interval transition probability function T̂η : S×A→ Intv(S) as

T̂η(s, a, s′) =
[
#(s,a,s′)
#(s,a) − c(s, a, η), #(s,a,s′)

#(s,a) + c(s, a, η)
]
∩ [pmin, 1] .

where c(s, a, η) =
√

log η/2
−2#(s,a) . Hoeffding’s inequality [21] then yields T (s, a) ∈

T̂ (s, a) with probability at least 1−η. To instantiate an environment approx-
imation, we distribute the error tolerance δ uniformly, i.e., to define T̂η and
thus obtain U we set η = δ/Nt where Nt is the overall number of probabilistic
transitions in M, i.e., Nt = |{(s, a, s′) | s′ ∈ Post(s, a) and |Post(s, a)| > 1}|.
Note that Nt only depends on the topology of the MDP and is thus known in a
gray-box setting.

Value iteration on environment approximations. We rely on value itera-
tion for IMDPs [17,43] to solve the interval Bellman equations for all possible
instantiations of our environment approximation IMDP U . Standard value iter-
ation for IMDPs does not exhibit a stopping criterion to guarantee soundness
of the results. For soundness, we extend interval value iteration [6,19] with a
conservative initialization bound for the value function. For technical details of
the value iteration on IMDPs we refer to the appendix.
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3.2 Reinforcement learning

Piecing together the parts discussed so far, we obtain an IMDP-based RL algo-
rithm sketched in Algorithm 1 (cf. also Figure 1), comprising K episodes with
N sample runs each, updating the model and performing a value iteration (see
Line 5 and Line 6, respectively). Both K and N can be seen as parameters limit-
ing the sampling access of the agent. The function SAMPLE in Line 6 interacts
with the environment M and chooses either a yet not sampled action, or sam-
ples an action according to σ. A run ends when entering a goal state s ∈ G,
or upon reaching a length of |S|. The latter is to prevent runs from acquiring a
large number of samples by simply staying inside a cycle for as long as possible.
In Line 7, the subroutine UPDATE PROB INTERVALS incorporates the fresh
gathered samples from the environment into the internal IMDP representation
as outlined in Section 3.1, updating transition probability intervals. The IMDP
value iteration COMPUTE BOUNDS in Line 8 yields new upper and lower value
functions bounds. The number of value iteration steps is k · |S|, i.e., increases
with each episode to guarantee that the value function is computed with ar-
bitrary precision for a large number of episodes, also known as bounded value
iteration [4,13]. The computed bounds are then used in UPDATE STRATEGY
in Line 9 to update the sampling strategy for the next episode. The environment
approximation U can be achieved following several strategies according to which
samples are generated [2]. A strategy that is widely used in SMC [4] or tabular
RL [5,23,34,35] is upper confidence bound (UCB) sampling. The UCB strategy
samples those actions a in state s that have highest upper bound on the quality
Q(s, a), resolving the well-known exploration-exploitation dilemma in RL. This
principle is also known as “optimism in the face of uncertainty” (OFU), referring
to UCB allocating uncertain probability mass to the best possible outcome [2].
In our framework, standard UCB sampling will serve as the baseline approach.
Lastly, we compute and return pessimistic and optimistic strategies along with
their value function bounds, before returning them.

Theorem 1. Let V ∗ be the solution to the Bellman equations of a given MDP
M. Then for all δ ∈ ]0, 1[ and K,N ∈ N the value function bounds V and V
returned by IMDP RL(M, δ,K,N) as of Algorithm 1 contain V ∗ with probability
at least 1− δ, i.e., P

(
V (s) 6 V ∗(s) 6 V (s)

)
> 1− δ for all s ∈ S.

The proof of this theorem is provided in the appendix, essentially showing that
(1)M∈ [U ] with probability at least 1−δ and (2) for each state s the solution to
the interval Bellman equation of U is a subinterval of the computed [V (s), V (s)].

4 Learning under limited sampling access

Previous work has shown that RL algorithms utilizing the OFU principle con-
verge towards an optimal solution and are also able to perform well in prac-
tice [37]. However, they are known to converge rather slowly, requiring lots of
sampling data and training time. In this section, we use our IMDP-RL algorithm
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presented in Algorithm 1 in a setting where sampling access is limited, i.e., the
parameters K and N are fixed. Then, the OFU principle might be not suitable
anymore, as the strategy is learnt under an optimistic view for increasing con-
fidence in the actions’ impacts, which requires lots of samples for every action.
We propose to focus on finding “good” strategies within the bounded number
samples rather than on guaranteed convergence to an optimal strategy. Specifi-
cally, we present two complementary methods to reduce the action spaces during
sampling: lower confidence bound sampling and action scoping. Both methods
are parametrizable and thus can be adapted to the model size as well as the
bound imposed on the number of samples.

4.1 Lower confidence bound sampling

As new sampling strategy incorporated in Line 9 of Algorithm 1, we propose to
choose an action a in a state s if it has the highest lower bound Q(s, a) instead
of the highest upper bound as within UCB sampling. While then the agent still
naturally chooses actions that were already sampled often with high rewards,
this avoids further exploring actions with high transition uncertainty. However,
such a lower confidence bound (LCB) sampling might result in performing ex-
ploitations only. Hence, we include an ε-greedy strategy [37] into LCB sampling:
In each step, with probability 1−ε the action with the highest LCB is sampled
and with probability ε a random action is chosen. In the following, we iden-
tify LCB sampling with a degrading ε-greedy LCB strategy. Note that also any
other exploration strategies, such as sampling with decaying ε or softmax action
selection [37], can easily be integrated into LCB sampling.

While our focus of LCB sampling is on exploiting “good” actions, we can
still guarantee convergence towards an optimal strategy in the long run:

Theorem 2. Algorithm 1 with LCB sampling converges towards an optimal so-
lution, i.e., for K →∞ both V and V converge pointwise towards V ∗, and their
corresponding strategies σ and σ converge towards optimal strategies.

Similar to how UCB sampling can provide PAC guarantees [4], we can pro-
vide PAC guarantees for the value function bounds returned by Algorithm 1
as Theorem 1 guarantees that the solution is in the computed interval with
high probability 1 − δ and Theorem 2 guarantees that the interval can become
arbitrarily small converging towards the optimal solution from both sides.

4.2 Action scoping

As another approach to compete with resource constraints, we propose to per-
manently remove unpromising actions from the learned IMDP model, forcing
the agent to focus on a subset of enabled actions from the environment MDP.
We formalize this idea by setting the scope of a state to the set of actions that
the agent is allowed to perform in that state.

Scope formation. As depicted in Figure 1, scopes are introduced after each
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episode based on the samples of that episode. Initially, all enabled actions are
within a scope. Removing an action a from the scope in s is enforced by modifying
the interval transition function T̂ of U to the zero interval function at (s, a), i.e.,
T̂ (s, a, s′) = [0, 0] for all s′ ∈ Post(s, a). Scope formation has several notable
advantages. First, removing action a from a scope in s reduces the action space
Act(s), leading to more sampling data for remaining actions as σ(s)(a) = 0 for
all future episodes. Further, the removal of actions may also reduce the state
space in case states are only reachable through specific actions. These positive
effects of scoping come at its cost of the algorithm not necessarily converging
towards an optimal strategy anymore (cf. Theorem 2). The reason is in possibly
removing an optimal action due to unfortunate sampling.

Eager and conservative scopes. We introduce two different scoping schemes:
eager and conservative. Both schemes are tunable by a parameter h ∈ ]0, 1[ that
specifies the transition error tolerance similar as η = δ/Nt does in our IMDP
construction (see Section 3.1). Intuitively, while the formal analysis by means of
Line 8 in Algorithm 1 guarantees 1−δ correctness, we allow for different confi-
dence intervals depending on h when forming scopes. Here, greater h corresponds
to higher tolerance and hence smaller action scopes.

To define scopes, we introduce Uh = (S,A, ı,G,R, T̂h). That is, Uh is an
IMDP with the same topology as the internal model U , but allows an error
tolerance of h in each transition. We denote the corresponding solution to the
interval Bellman equations of Uh by V h and V h, respectively, and the quality
functions as Q

h
and Qh. Additionally, the mean quality function Q̇ is computed

from the solution of the Bellman equations on the maximum likelihood MDP
Ṁ = (S,A, ı,G,R, Ṫ ) where Ṫ (s, a, s′) = #(s, a, s′)/#(s, a) are the maximum
likelihood estimates of the transition probabilities. Both functions can be com-
puted, e.g., using standard value iteration approaches.

In state s an action a is eagerly removed from its scope if Q̇(s, a) < V h(s),
i.e., if the mean quality of a is lower than the lower bound of the (presumably)
best action. The idea is that a is most likely not worth exploring if its expected
value is lower than what another action provides with high probability. Likewise,
an action a is conservatively removed from the scope of a state s if Qh(s, a) <
V h(s), i.e., the upper bound quality of a is lower than the lower bound of the
(presumably) best action. Here the idea is similar as for eager scoping but with a
more cautious estimate on the expected value from action a (observe Qh(s, a) >
Q̇(s, a)). Note that the parameter h is only used as an error tolerance in Uh in
order to reduce the action scopes. The bound V and V returned in Algorithm 1
still use an error tolerance of δ/Nt per transition.

5 Implementation and evaluation

To investigate properties of the algorithms presented, we developed a proto-
typical implementation in Python and conducted several experimental studies,
driven by the following research questions:
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(RQ1) How do UCB and LCB influence the quality of synthesized strategies?
(RQ2) Does action scoping contribute to synthesize nearly optimal strategies

when limiting the number of samples?

5.1 Experiment setup

We ran our experiments on various community benchmarks from the formal-
methods and RL communities. All our experiments were carried out using Python
3.9 on a MacBook Air M1 machine running macOS 11.5.2. For each system vari-
ant and scoping parameter, we learn M strategies (i.e., run the algorithm M
times) in K=50 episodes each with batch size N as the number of state-action
pairs that have a probabilistic successor distribution. Plots show results aver-
aged over the M learned strategies. We chose an error tolerance δ = 0.1, a total
of k·|S| value iteration steps in the k-th episode, and an exploration of ε=0.1.

Models. For an evaluation, we focus on two models: RaceTrack and multi-
armed bandits. Results for all other experiments can be found in the appendix.

In RaceTrack [10,30,18,9], an agent controls a vehicle in a two-dimensional
grid where the task is to reach a goal position from some start position, not
colliding with wall tiles. Figure 2 depicts two example tracks from Barto et
al. [10], which we identify as “small track” (left) and “big track” (right). At
each step, the movement in the last step is repeated, possibly modified by 1 tile
in either direction, leading to 9 possible actions in each state. Environmental
noise is modelled by changing the vehicle position by 1 in each direction with
small probability. We formulate RaceTrack as RL problem by assigning goal
states with one reward and all other states with zero reward. In the case that
the vehicle has to cross wall tiles towards the new position, the run ends, not
obtaining any reward. In RaceTrack experiments, we learn M = 10 strategies
constrained by N = 940 sample runs.

The second main model is a variant of multi-armed bandits with one initial
state having 100 actions, each with a biased coin toss uniformly ranging from
0.25 to 0.75 probability, gaining one reward and returning to the initial state.
Here, we learn M = 100 strategies constrained by N = 101 sample runs.

5.2 Sampling methods (RQ1)

We investigate the differences of UCB and LCB sampling within RaceTrack.

State-space coverage. UCB and LCB sampling differ notably in covering the
state space while learning. With UCB sampling, actions with high uncertainty
are more likely to be executed, lowering their upper bound and thus increasing
the chance of other actions with higher uncertainty in the next sample run.
Hence, UCB sampling leads to exploration of many actions and thus to a high
coverage of the state space. In contrast, LCB sampling increases confidence in
one particular action shown viable in past samples, leading to sample the same
action sequences more often. Hence, LCB sampling is likely to cover only those
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(a) UCB sampling

(b) LCB sampling

Fig. 2: RaceTrack exploration visualization of sampling methods (tiles colored
by start (yellow), goal (green), wall (dark gray), and visit frequency (red-white))

states visited by one successful sampling strategy, showing low coverage of the
state space. This can be also observed in our experiments. Figure 2 shows the
frequency of visiting positions in the small and big example tracks, ranging from
high (red) to low (white) frequencies. Both tracks already illustrate that UCB
sampling provides higher state-space coverage than LCB sampling. The small
track is symmetric and for each strategy striving towards a lower path, there
is a corresponding equally performing strategy towards an upper path. UCB
sampling treats both directions equally, while the LCB sampling method in
essential learns one successful path and increases its confidence, which is further
reinforced in the following samples. reached by one of the symmetric strategies.

Robustness. A further difference of the sampling methods is in dealing with
less-explored situations, where UCB sampling is likely to explore new situations
but LCB sampling prefers actions that increase the likelihood of returning to
known states of an already learned viable strategy. This is due to those states
having smaller confidence intervals and thus a greater lower bound on the value
and quality functions. Figure 2 shows this effect in the frequency plot of the
big track: LCB sampling leads to only few isolated positions with high visit
frequencies, while UCB shows a trajectory of visited positions.

Guaranteed bounds. The different characteristics of UCB and LCB sampling
can also be observed during the learning process in the small track. In Figure 3
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Fig. 3: Comparison of obtained bounds for strategies

on the left we show V and V after each episode. Note that these bounds apply
to different strategies, i.e., the optimistically optimal strategy σ maximizes V ,
while the pessimistically optimal strategy σ maximizes V . Here, LCB provides
values V more close to the optimum and, due to its exploitation strategy, gains
more confidence in its learned strategy. However, unlike UCB sampling, it can-
not improve on V significantly, since parts of the environment remain mostly
unexplored. We plot bounds under a single fixed strategy σ on the right. After
50 episodes, UCB then can provide value function bounds [0.29, 0.75], while LCB
provides [0.33, 0.53], being more close to the optimal value of 0.49.

LCB is also favorable under limited sampling access, e.g., in (mostly) sym-
metric environments as the small track: UCB explores the symmetry and requires
at least double samples for achieving a similar confidence on the learned strategy.

Concerning (RQ1), we showed that LCB sampling can provide better strate-
gies with high confidence than UCB sampling, while UCB sampling shows
better bounds when ranging over all strategies.

5.3 Impact of scoping (RQ2)

We now investigate the impact of action scoping and its parameter h on the
multi-armed bandit experiment.

Action-space reduction. Figure 4 shows the number of state-action pairs in
the IMDP after each episode w.r.t. UCB and LCB sampling. Here, eager and
conservative action scoping is considered with various scoping parameters h.
As expected, more actions are removed for greater h. Since Q̇(s, a) 6 Qh(s, a),
eager scoping leads to more actions being removed than conservative scoping
(cf. eager plots in the lower part of the figures). Observe that the choice of eager
or conservative scoping has more impact than the choice of h. In terms of the
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Fig. 4: Action-space reduction by action scoping (UCB left, LCB right)
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Fig. 5: Bounds of the subsystem obtained by scoping (UCB left, LCB right)

sampling method we observe that for conservative scoping with UCB sampling
more actions are removed from scopes than with LCB sampling. A possible
explanation is that in LCB sampling, suboptimal actions do not acquire enough
samples to sufficiently reduce the upper bound of their expected reward.

Strategy bounds. Next, we investigate the bounds obtained by the strategies
returned by Algorithm 1. For brevity, we focus here on the cases h=δ/Nt and
h=0.05. Our results are plotted in Figure 11 and Figure 12 for V and V on the
subsystem obtained by applying action scopes with both σ and σ and solely σ,
respectively. For UCB sampling, we observe that bounds tighten faster the more
actions are removed from scopes and reduce the system size, i.e., particularly
for eager scoping and for h=0.05. For LCB, scopes do not have such a drastic
influence, since actions are only leaving the scope if there is an alternative action
with high V , in which case the latter action is sampled mostly anyway.
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Sampling strategy quality. In Figure 13 we plot the expected total reward
of the employed sampling strategy σ in Algorithm 1 after each episode. Eager
scoping tremendously improves the quality of the sampling strategy for both
UCB and LCB sampling. For the UCB strategy we observe an initial monotonic
increase of the online performance that that eventually drops off. This is be-
cause a lot of actions cannot improve on the trivial upper bound of 1 until a lot
of samples are acquired. In the first roughly 20 episodes the number of actions
with trivial upper bound decreases as more samples are collected. Additionally,
the actions with upper bound less than 1 are those which were less successful
in the past, i.e., likely suboptimal actions, explaining the monotonic increase.
Afterwards, the fluctuations within UCB sampling stem from the fact that after
reducing all upper bounds below 1, UCB sampling may result in a fully determin-
istic sampling strategy that only updates after each episode. Hence, exploring a
particular action takes the full N runs of an episode, even if the action is sub-
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Table 1: Values of the optimal strategy in the multi-armed bandit model

no UCB-cons. UCB-eager LCB-cons. LCB-eager

scoping h=δ/Nt h=0.05 h=δ/Nt h=0.05 h=δ/Nt h=0.05 h=δ/Nt h=0.05

value 0.75 0.75 0.75 0.75 0.742 0.75 0.75 0.746 0.739

optimal and only has a high upper bound due to a lack of samples. Especially
here, scoping helps to eliminate such actions and avoids sampling them for a full
episode just to confirm the action was indeed suboptimal. For LCB sampling
the better performance with scoping is due to suboptimal actions being removed
and thus not eligible in the exploration step with probability ε.

Subsystem bounds. With the introduction of scopes, our RL algorithm is not
guaranteed to converge to optimal values. To determine how far the learned
strategies depart from the optimum, we compute the optimal strategy within
the subsystem generated by only considering actions within the computed scope.
Note that for the transition function we are using the exact probabilities as in
the environment MDP. The results are given in Table 1. Without scope reduction
the subsystem is just the entire environment. When introducing scopes, we did
not remove the optimal action via conservative scoping a single time with either
sampling method, even for h = 0.05. With eager scoping, the optimal action
may not be in the scope anymore, but the optimal strategy in the subsystem
still performs reasonably well compared to the overall optimal strategy. The fact
we observe this only with eager scoping is not surprising, as removing more
actions from scopes (recall Figure 4) of course increases the chance of removing
the optimal action in a state.

For (RQ2), we conclude that for both UCB and LCB sampling, scoping and
especially eager scoping significantly improves the quality of learned strategies
after few samples, while only slightly deviating from the optimal strategy. In
the UCB setting, scoping leads to further exploitation and thus better bounds.

5.4 Further examples

We ran our algorithms on several other environment MDPs from the RL and
formal-methods communities. The bounds of the expected reward obtained for
the reduced subsystem, as well as for the strategy maximizing the lower bound,
are given in the appendix (cf. Table 3). In general, the strategy learned from
LCB yields equal or higher lower bounds and tighter bounds for single strategies,
while UCB sampling gives tighter bounds for the entire system. Employing action
scoping generally tightens the bounds further with the eager scoping emphasizing
this effect. The margins of the differences vary between the examples. In general,
both LCB sampling and scoping have biggest impact on large action spaces and
on models with high probability deviations such as with small error probabilities.
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On the flipside, we observed that LCB performs poorly when mostly or fully
deterministic actions or even runs are available, as those incur little uncertainty
and thus tend to have relatively large lower bounds even with few samples.

6 Concluding remarks

We devised novel model-based RL algorithms that are inspired by efficient human
reasoning under time constraints. Similar to humans tending to stick and return
to known situations during strategy learning, LCB exploration favors to return to
states with high confidence and proceeding with viable learned strategies. On the
action level, scoping implements a reduction of the exploration space as humans
do when favoring known actions without further exploration. As for humans
acting under resource constraints, both ingredients have been shown to yield
better strategies after few sample runs than classical RL methods, especially
when choosing high scoping parameters that foster action scoping. While our
methods synthesize good strategies faster, an optimal strategy might be not
achievable in the limit. We would like to emphasize that also using IMDPs as
internal model for RL is a result by itself, incorporating the knowledge about
action scopes and confidences in the learned probabilities of the environmental
MDP model.

We mainly discussed applications of our techniques in the setting of reinforce-
ment learning. Nevertheless, they can well be utilized also in the formal methods
domain, providing an existential variant for statistical model checking of MDPs,
asking for the existence of a strategy to reach a goal with accumulating a certain
reward.

In future work, we will further investigate adaptations of our algorithms to
reflect main properties of human reasoning, e.g., by establishing real-world neu-
roscientific experiments that involve humans. Our vision is to use formal methods
to support explanations of human behaviors, to which we see the present paper
providing a first step in this direction [8]. Future adaptations of our proposed
algorithm may focus on more sophisticated exploration schemes than dithering,
such as softmax selection or exploration bonuses, that allow for deeper explo-
ration of the environment [37]. While not the main focus of this paper, it is well
possible to extend our approach also to a black-box setting, i.e., without knowl-
edge about the topology of the MDP, using similar techniques as in [4]. One
advantage of using the gray-box setting is in also ensuring applicability to the
instance of infinite state MDPs with finitely many actions if this MDP can be
effectively explored. For this, it suffices to consider only a finite fragment of the
MDP given that our algorithms restrict the sample lengths to a fixed bound.
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A Appendix

In this appendix, we provide content that had to be omitted from the main paper
due to the lack of space.

A.1 Environment approximation

While the approximation approach by Ashok et al. [4] does not explicitly operate
on IMDPs, it can be expressed in our setting by

T̂ (s, a, s′) =

[
max

(
pmin,

#(s, a, s′)

#(s, a)
− c′

)
, 1

]
where c′ =

√
log δT
−2#(s,a) . The latter is the confidence interval obtained by applying

the Hoeffding inequality [21] that guarantees (1−δT )-correctness for each tran-
sition triple (s, a, s′) ∈ S×A×S when viewing one sample of action a in state s
as a Bernoulli trial. Their method takes only the lower bound of the transition
probability into account, which we extend to also consider the upper bound.

We now prove the correctness of our definition of

Lemma 1. Let M = (S,A, ı,G,R, T ) be an MDP, and η ∈]0, 1[. Assume that
for a fixed state s ∈ S an action a ∈ Act(s) has been sampled #(s, a) ∈ N>0

times and successor s′ was observed #(s, a, s′) times. Then, with probability 1−η
it holds that

T (s, a, s′) ∈
[

#(s, a, s′)

#(s, a)
− c, #(s, a, s′)

#(s, a)
+ c

]
where c =

√
log η/2
−2#(s,a)

Proof. We can directly bound the probability of T (s, a, s′) being outside the
interval for a given s, a, s′ by applying the two-sided Hoeffding bound, proving
the Lemma.

P

(∣∣∣∣T (s, a, s′)− #(s, a, s′)

#(s, a)

∣∣∣∣ > c) 6 2 exp
(
−2#(s, a)c2

)
= 2 exp

−2#(s, a)

√
log η/2

−2#(s, a)

2


= η

ut
Using this result we can also easily show that M ∈ U = (S,A, ı,G,R, Tη)

where η = δ/Nt. As M and U by definition have the same graph structure and
rewards, we only need to check that T (s, a, s′) ∈ Tη(s, a, s′) for all s ∈ S, a ∈
Act(s) and s′ ∈ Post(s, a).
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Algorithm 2: MINIMIZING TRANSITIONS(U , V̂ )

Input : IMDP U = (S,A, ı, G,R, T̂ ), value function estimate V̂
Output: value minimizing transition function T−

1 forall s ∈ S do
2 forall a ∈ Act(s) do
3 forall s′ ∈ Post(s, a) do T−(s, a, s′) := T (s, a, s′)
4 while

∑
s′∈Post(s,a) T

−(s, a, s′) < 1 do

5 if 1−
∑

u∈Post(s,a) T
−(s, a, u) > T (s, a, s′)− T (s, a, s′) then

6 T−(s, a, s′) := T (s, a, s′)
7 else
8 T−(s, a, s′) := 1−

∑
u∈Post(s,a),u6=s′ T

−(s, a, u)

9 return T−

First, note that for a non-probabilistic transition (i.e., s, a with Post(s, a) =

{s′}) the statement also holds trivially as T (s, a, s′) = #(s,a,s′)
#(s,a) ∈ Tη(s, a, s′).

Using Lemma 1 the probability that T (s, a, s′) is outside the interval for any
of the Nt probabilistic transitions can thus be bounded by ηNt = δ.

A.2 Building minimizing and maximizing instantiations

A core idea in the adapted value iteration algorithm for IMDPs is to find an
instantiation that minimizes or maximizes the value in each state with respect
to a previously computed value function [17,43].

Formally, we can state the problem as follows: Given an IMDP U = (S,A, ı,G,R, T̂ )
with value function estimate V̂ : S → Intv(S), choose for each state s and action
a ∈ Act(s) a transition instantiation tas ∈ T as such that Q̂(s, a) =

∑
s′∈Post(s,a) V̂ (s′)tas

is minimized (resp. maximized).

As the instantiation of tas only impacts any Q̂(s, a), and Q̂ for no other pa-
rameters, this can be optimized locally in a straight forward way. We exemplify
this for the minimization case in Algorithm 2. The maximization case is analo-
gous. First, in an effort to ensure that tas ∈ T as , we shift the minimum amount
of probability mass into each successor state, i.e., we initialize the value of tas(s′)
to T (s, a, s′) for each s′ ∈ Post(s, a). We then distribute the remaining prob-
ability mass into the state s∗ ∈ Post(s, a) for which V̂ (s∗) is minimal (resp.
maximal) until either the total probability mass of tas reaches 1, or until tas(s∗)
reaches T (s, a, s′). If the former is the case, we are done. Otherwise, we repeat
the procedure with the state out of the other states for which V̂ is minimal (resp.
maximal).

As we initialized all transition probabilities with T (s, a, s′) and only increase
them, but to no more than T (s, a, s′), and as we stop when tas reaches a prob-
ability mass of 1 we guarantee that tas ∈ T as . The result also clearly minimizes
Q̂(s, a).
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Algorithm 3: COMPUTE BOUNDS(U , k)

Input : IMDP U = (S,A, ı, G,R, T̂ ), parameter k
Output: Lower and upper bound value functions V and V

1 V , V = INITIALIZE BOUNDS(U)
2 repeat k · |S| times
3 T− := MINIMIZING TRANSITIONS(U , V )

4 T+ := MAXIMIZING TRANSITIONS(U , V )
5 forall s ∈ S do
6 V ′(s) := R(s) + maxa∈Act(s)

∑
s′∈S V (s′) · T−(s, a, s′)

7 V
′
(s) := R(s) + maxa∈Act(s)

∑
s′∈S V (s′) · T+(s, a, s′)

8 V := V ′

9 V := V ′

10 return V ′, V
′

A.3 Value iteration for IMDPs

We briefly recall the IMDP value-iteration algorithm outlined in Algorithm 3
first developed by Givan et al. [17] for discounted rewards, and later applied by
Wu et al. [43] for positive rewards.
An important observation for that is that for any IMDP U there is an instan-
tiation that is minimizing (or maximizing) the value function for all states si-
multaneously. The main idea behind the algorithm is then to guess a total order
≤V over all states s ∈ S and assume that s ≤V s′ ⇐⇒ V (s) 6 V (s′). Given
this assumption one can easily perform a value iteration step by first computing
the minimizing transition instantiation for a state s and an action a: Transitions
are initially instantiated with the lower bound of T̂ (s, a, s′) for each successor
state s′ ∈ Post(s, a) and then probability mass is added to the transitions to
the successors which are minimal w.r.t. ≤V until the sum of the instantiated
probabilities reaches 1. The computation for the maximizing MDP is analogous.
Following that, the order ≤V is redefined according the value function computed
in the VI step.

In total, we perform k·|S| such value iteration steps where k gives the number
of episodes that have passed. 3

Recall that there is no stopping criterion with formal guarantees. Towards
proving that the algorithm can be seen as an any-time algorithm, we first show
the following Lemma:

Lemma 2. Let V ∗ and V
∗

be the solution of the interval Bellman equations of
an IMDP U , respectively, and ([V i(s), V i(s)])t∈N be a sequence of interval value

functions s.t. [V 0(s), V 0(s)] ⊇ [V ∗(s), V
∗
(s)] for all s ∈ S and V̇i+1(s) where

3 Technically any function f : N→ N with the restriction that limk→∞ f(k) =∞ could
be used here, but we choose k · |S| as linear growth in k avoids unnecessarily many
iterations and scaling by |S| adapts the algorithm to the environment size
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V̇ ∈ {V , V } is computed according to Algorithm 3, i.e.,

V i+1(s) = R(s) + max
a∈Act(s)

∑
s′∈S

V i(s
′) · T−(s, a, s′)

V i+1(s) = R(s) + max
a∈Act(s)

∑
s′∈S

V i(s
′) · T+(s, a, s′)

Then [V i(s), V i(s)] ⊇ [V ∗(s), V
∗
(s)] for all i ∈ N, s ∈ S.

Proof. We first show the statement for the lower bound, i.e., that V i(s) 6 V
∗(s).

By induction. The base case V 0 holds by assumption.
For the induction step, we assume V i satisfies the condition, i.e., V i(s) 6

V ∗(s) for all s ∈ S.
First, notice that by definition of MINIMIZING TRANSITIONS, we have

T−(s, a) = arg mintas∈Ta
s

∑
s′∈S V (s′) · tas(s′). This is the case since the function

shifts as much probability mass as possible into states with a low value function
in the previous step.

Then,by induction hypothesis and because tas(s′) > 0 the following chain
holds:

V ∗(s) = max
a∈Act(s)

min
tas∈Ta

s

∑
s′∈S

V ∗(s′) · tas(s′)

> max
a∈Act(s)

min
tas∈Ta

s

∑
s′∈S

V i(s
′) · tas(s′)

= V i+1(s)

The analogous case for upper bounds can be proven in the same way, i.e., for
any i ∈ N and s ∈ S we can guarantee that V i(s) ≥ V

∗
(s).

From the inequalities for both bounds we can deduce that indeed [V i(s), V i(s)] ⊇
[V ∗(s), V

∗
(s)] for all t ∈ N. ut

Note that this requires a safe upper and lower bound, V 0(s) and V 0(s), of the
value function in each state s ∈ S. For reachability tasks the trivial bounds 0 and
1 suffices while for general reward structures the topology of the environment
along with pmin can be used to compute such bounds [6].

The sequences (V i)i∈N and (V i)i∈N are not necessarily monotonic. However,
one could adapt the definition to

V i+1(s) = max{V i(s),W i}

with
W i(s) = R(s) + max

a∈Act(s)

∑
s′∈S

V i(s
′) · T−(s, a, s′)

and analogously (using the minimum between W and V ) for the upper bound,
to enforce monotonicity. Under this definition Lemma 2 still holds, as the proof
already handles the case W i(s) > V i(s), and the case W i(s) < V i(s) can be
proven directly from the induction hypothesis as it implies V i+1(s) = V i(s)
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Algorithm 4: UPDATE LCB STRATEGY(U , V , ε)
Input : An IMDP U = (S,A, ı, G,R, T̂ ) with lower bounds on its value

function V , exploration parameter ε
Output: a strategy σ

1 ≤V := {(s, s′) | V (s) 6 V (s′)}
2 forall s ∈ S do
3 forall a ∈ Act(s) do
4 T− := MINIMIZING TRANSITIONS(U ,≤V )
5 Q(s, a) := R(s) +

∑
s′∈S V (s) · T−(s, a, s′)

6 σ(s, a) := ε/|Act(s)|
7 a∗ := arg maxa∈Act(s)Q(s, a)

8 σ(s, a∗) := σ(s, a∗) + (1− ε)
9 return σ

Theorem 1. Let V ∗ be the solution to the Bellman equations of a given MDP
M. Then for all δ ∈ ]0, 1[ and K,N ∈ N the value function bounds V and V
returned by IMDP RL(M, δ,K,N) as of Algorithm 1 contain V ∗ with probability
at least 1− δ, i.e., P

(
V (s) 6 V ∗(s) 6 V (s)

)
> 1− δ for all s ∈ S.

Proof. By Lemma 1 we have M ∈ [U ] with probability at least 1 − δ. Assume

M∈ [U ] and let V ∗ and V
∗

be the solutions to the interval Bellman equations.

Then, clearly V ∗(s) 6 V ∗(s) 6 V
∗
(s) for all s ∈ S and further by Lemma 2

V i(s) 6 V
∗(s) 6 V i(s) for all t ∈ N where V i(s) and V i(s) denote the computed

lower and upper bounds of value function in the t-th iteration step. Note that
Lemma 2 is applicable since we pick safe initial bounds in Line 1 in Algorithm 3.

Hence, P
(
V (s) 6 V ∗(s) 6 V (s)

)
> 1− δ for all s ∈ S. ut

A.4 LCB sampling

After computing the bounds of the value function for a given dataset over the
unknown MDP (cf. Algorithm 3), we can utilize the obtained bounds to define
the strategy to be used to sample the MDP in further episodes. We outline
this procedure in Algorithm 4. Similar to the idea behind value iteration on
IMDPs, we first define a state ordering according to the given lower bounds of
the value function. We then also compute the instantiation that minimizes the
value function in all states (cf. algorithm 2). This yields the lower bound of
the expected reward for each state-action pair. While each action a ∈ Act(s) is
allocated a probability of ε/Act(s), the action a∗ with the highest lower bound
is allocated the the remaining (1− ε) probability mass of the strategy is state s.

As described in the main part of the paper, the ε-sampling serves as an explo-
ration mechanism while at the same time guaranteeing the algorithm converges
in the long run.
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Theorem 2. Algorithm 1 with LCB sampling converges towards an optimal so-
lution, i.e., for K →∞ both V and V converge pointwise towards V ∗, and their
corresponding strategies σ and σ converge towards optimal strategies.

Proof. Let M be an MDP and U the IMDP computed according to Line 7,
calling Algorithm 3. We first show the claim that as K → ∞, the computed
bound of the value function V and V converge towards the correct solution to
the interval Bellman equations, i.e., for all s ∈ S:

V (s) = min
M∈[U ]

VM(s)

V (s) = max
M∈[U ]

VM(s)

As that the main loop, i.e., the value iteration step, is executed k ·|S| times in
the k-th episode, and the value iteration step is a point-wise contraction mapping
(cf. [43, Lemma 5]), we can apply Banach fixed-point theorem to show that the
value iteration converges as k →∞.

Further, it is known that there are globally reward-minimizing (resp. reward
maximizing) MDP M− and M+, i.e.,

V (s) = VM−(s)

V (s) = VM+(s)

for all s ∈ S [17,43]. As both M− and M+ have the same graph structure
as M, they are contracting as well and thus there is a unique fixed point of the
Bellman equations [11]. Hence, the value iteration converges the the (unique)
solution to the Bellman equations.

Next, we show that V and V converge towards V ∗ under LCB sampling.
It is well known that, as long as each run has the chance to visit any state, an

ε-greedy sampling strategy is guaranteed to visit each state infinitely often. More
precisely, the probability of reaching any state s in L > |S| steps can be bounded
from below by a constant (pmin

ε
|A| )
|S| > 0. Thus, the expected number of times

s is visited as well as the number of times any action a ∈ Act(s) is sampled
in S go towards infinity. Hence, the confidence interval size approaches 0, i.e.,

limt→∞ c(s, a) = 0. Further, by the law of large numbers, limt→∞
#(s,a,s′)
#(s,a) =

T (s, a, s′) and thus limt→∞ T̂ (s, a, s′) = [T (s, a, s′), T (s, a, s′)].
In particular, this implies that

lim
t→∞

∑
s∈S

T (s, a, s′) = lim
t→∞

∑
s∈S

T (s, a, s′) = 1

and thus the distributions T− and T+ in COMPUTE BOUNDS(U), converge
pointwise towards the true distribution T which means the solution the inter-
val Bellman equations the algorithm is solving coincide with the true Bellman
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equations of the environment, and thus V and V converge pointwise towards the
solution of the Bellman equations V ∗ of the MDP M.

Lastly, as in the long run V = V = V ∗, and σ and σ maximize V and V ,
respectively, clearly both also maximize V ∗ and thus converge towards optimal
strategies. ut

Such random exploration schemes are also called dithering. One well known
disadvantage of such approaches is that this unguided exploration does not dif-
ferentiate between suboptimal actions [37].

Another viable sampling strategy would be to use the softmax action selection
where, for each state-action pair (s, a) we define a temperature parameter τs,a
and compute the strategy as

σ(s)(a) =
eQ(s,a)/τs,a∑

a′∈Act(s) e
Q(s,a′)/τs,a

Specifically, this allows of to perform exploration probabilistically, but un-
like ε-learning introduces a weight to distinguish between non-optimal actions.
One problem that arises however is that finding good parameters τs,a requires
some degree of knowledge about possible action quality values. In a resource
constrained setting there is most likely not enough time to find suitable param-
eters, thus we focus on ε-learning in the main part of the paper. If however good
estimates of action quality are present a priori, one might want to consider other
exploration schemes, such as the softmax sampling strategy.

A.5 Runtime

Table 2: Model sizes and runtimes
model size runtime [s]

model optimal solution states state-action pairs transitions no scoping scoping

Bandit 0.99 3 99 198 0.17 0.25

Bandit25-75 0.75 3 101 202 0.17 0.27

BanditGauss 0.7 3 100 200 0.15 0.24

BettingFav 17.5 235 771 1542 2.2 4.2

BettingUnfav 10 235 771 1542 2.2 3.2

consensus 0.11 272 400 492 23 34

csma 0.50 1038 1054 1282 27 30

Gridworld -5.5 20 48 132 3.1 5.2

pacman 0.45 6854 8484 8889 7.6 10

RacetrackSmall 0.49 158 1377 4608 13 19

RacetrackBig 0.89 12913 101701 568334 1874 3326

SnL100 -17.41 80 480 1894 99 99

wlan cost -220 2954 3972 5202 134 22
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In the main evaluation section we abstracted time constraints by limiting
each learning approach to 50 episodes with a fixed number of runs each. In
Table 2 we give the real-time runtime for each algorithm as well as the expected
reward of the optimal strategy and model sizes.

The runtimes are given for the LCB samploing method, for both without
scoping, and with a scoping parameter h = 0.05 and eager scoping. Introducing
scoping increases the runtime of up to a factor of 2, as it is necessary to perform
an additional value iteration to compute V h and V h as opposed to only V and V .
We found that neither the sampling method nor the scoping method (i.e., eager
or conservative, and choice of h) have a measurable impact on the runtime. The
overhead from checking the scoping criterion is negligible. In most examples,the
reduction of the model does not yield a significantly faster value iteration since
its runtime is mostly dependant on the state-space whereas scopes mostly only
reduce the action space. However, in cases where a lot of actions are removed
from scopes, and certain states become unreachable, we do indeed observe a
significant speedup. This is most emphasized in the wlan cost example.

In the table we can clearly see a correlation between model size and runtime.
The most contributing factors here are the state-space and the topological com-
plexity of the model, i.e., the number of transitions, especially in the presence of
loops which causes the value iteration to require more iterations. Even though
models with the reachability objective (those with optimal solution ∈ [0, 1]))
can initialize the value interval to [0, 1] in each state while models with cost-
minimizing objectives (those with negative optimal solutions) have to start with
more conservative bounds, there is no clear correlation between the reward struc-
ture and runtime.

B Further examples

Here we provide results for further examples of MDPs from the formal methods
and RL community. Important model parameters as well as the value function
the optimistically optimal strategy σ and pessimistically optimal strategy σ after
the full 50 episodes for a scoping parameter of h = 0.05 are provided in Table 3.
Additionally, we provide plots of the value function bounds for each example after
each episode. For the experimental setup and a full description of the plotted
values, we refer to Section 5.
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Table 3: Optimistic and pessimistic strategy bounds for further examples
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Fig. 8: Bounds of the subsystem obtained by scoping (UCB left, LCB right)
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Fig. 9: Bounds for pessimistically optimal strategy (UCB left, LCB right)
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Fig. 10: Expected total reward in M w.r.t. policy σ (UCB left, LCB right)
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Fig. 11: Bounds of the subsystem obtained by scoping (UCB left, LCB right)
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Fig. 12: Bounds for pessimistically optimal strategy (UCB left, LCB right)
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Fig. 13: Expected total reward in M w.r.t. policy σ (UCB left, LCB right)
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Fig. 14: Bounds of the subsystem obtained by scoping (UCB left, LCB right)
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Fig. 15: Bounds for pessimistically optimal strategy (UCB left, LCB right)
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Fig. 16: Expected total reward in M w.r.t. policy σ (UCB left, LCB right)
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Fig. 17: Bounds of the subsystem obtained by scoping (UCB left, LCB right)
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Fig. 18: Bounds for pessimistically optimal strategy (UCB left, LCB right)
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Fig. 19: Expected total reward in M w.r.t. policy σ (UCB left, LCB right)
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Fig. 20: Bounds of the subsystem obtained by scoping (UCB left, LCB right)
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Fig. 21: Bounds for pessimistically optimal strategy (UCB left, LCB right)
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Fig. 22: Expected total reward in M w.r.t. policy σ (UCB left, LCB right)
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B.6 consensus
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Fig. 23: Bounds of the subsystem obtained by scoping (UCB left, LCB right)
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Fig. 24: Bounds for pessimistically optimal strategy (UCB left, LCB right)
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Fig. 25: Expected total reward in M w.r.t. policy σ (UCB left, LCB right)
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Fig. 26: Bounds of the subsystem obtained by scoping (UCB left, LCB right)
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Fig. 27: Bounds for pessimistically optimal strategy (UCB left, LCB right)
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Fig. 28: Expected total reward in M w.r.t. policy σ (UCB left, LCB right)
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Fig. 29: Bounds of the subsystem obtained by scoping (UCB left, LCB right)
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Fig. 30: Bounds for pessimistically optimal strategy (UCB left, LCB right)
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Fig. 31: Expected total reward in M w.r.t. policy σ (UCB left, LCB right)
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Fig. 32: Bounds of the subsystem obtained by scoping (UCB left, LCB right)
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Fig. 33: Bounds for pessimistically optimal strategy (UCB left, LCB right)
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Fig. 34: Expected total reward in M w.r.t. policy σ (UCB left, LCB right)
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Fig. 35: Bounds of the subsystem obtained by scoping (UCB left, LCB right)
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Fig. 36: Bounds for pessimistically optimal strategy (UCB left, LCB right)
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Fig. 37: Expected total reward in M w.r.t. policy σ (UCB left, LCB right)
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Fig. 38: Bounds of the subsystem obtained by scoping (UCB left, LCB right)
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Fig. 39: Bounds for pessimistically optimal strategy (UCB left, LCB right)
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Fig. 40: Expected total reward in M w.r.t. policy σ (UCB left, LCB right)
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Fig. 41: Bounds of the subsystem obtained by scoping (UCB left, LCB right)
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Fig. 42: Bounds for pessimistically optimal strategy (UCB left, LCB right)
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Fig. 43: Expected total reward in M w.r.t. policy σ (UCB left, LCB right)
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B.13 wlan cost
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Fig. 44: Bounds of the subsystem obtained by scoping (UCB left, LCB right)
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Fig. 45: Bounds for pessimistically optimal strategy (UCB left, LCB right)
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Fig. 46: Expected total reward in M w.r.t. policy σ (UCB left, LCB right)
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