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Preface

When I applied for this research doctoral project, it was one year after I started
working for the engineering doctorate program “User System Interaction” (USI)
at Technische Universiteit Eindhoven (TU/e). It was by chance that I came
upon one of the projects within the research proposal of “Expression of Interest”.
The description of the project ”manipulating human visual attention through
graphical elements” particularly caught my eyes and it appeared to be a good
complement with my background, as well as my past experience in mathematics,
design engineering and user studies. The project was proposed by Prof. Jarke
J. van Wijk from the department of Mathematics and Computer Science, who
I was not acquainted with at the time. I still remember vividly that sunny
afternoon in October 2005 when I had my first interview with Jarke.

When I arrived in his office, I found that I was to be interviewed by him
together with Prof. Alex Telea. That was the first time I saw Jarke. He gave
me the first impression of being much more serious than his photo suggested.
Though I was inexperienced in graphical programming at that time, Jarke still
decided to give me the opportunity to join his VIS (visualization) group and
become his PhD student for the next four years. The research project, funded
by the Netherlands Organization for Scientific Research (NOW) under research
no. 643.100.502, was supposed to start in early 2006. However, my USI design
project for Philips CE would not be completed until later October 2006, but
Jarke was kind enough to delay the starting date. Now, as I sit here writing the
preface to my thesis, I realize that I would not be where I am today without his
help and supervision. I must thank him for trusting me, believing in my skills
and taking the risk in hiring me.

What surprises me after joining VIS group is that Jarke is always clearly
aware of all the ongoing research of his PhD students while burdening an excess
of responsibilities such as leading the group, giving lectures, chairing interna-
tional conferences, and presenting at research meetings. Even now, it is still
hard to imagine how he is always available for discussions with his students. In
addition, he always has a sharp insight in cutting-edge research, an inexhaustible
inspiration for novel ideas, and high standards for scientific work.

My first experience at an international conference was both interesting and
comical. When Jarke introduced me with enthusiasm to other famous re-
searchers in the field, I describe my project in a very humble voice while being
completely intimidated by the surrounding of professors. I soon discovered that
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Jarke would always introduce me to anyone that would be relevant to my re-
search at all kinds of occasions. I later realized that these introductions have
helped me considerably in broadening my perspective and increasing my confi-
dence, which are crucial to a novice in the academic world.

Under his supervision, what I learnt is not simply how to be a qualified
researcher, but also how to live a rich life by staying energetic, brave, genuine
and curious to the world. That is what a mentor will do and I am very lucky
to have met one in my life.

In my research, a large amount of user experiments were performed. Ad-
vanced theories in statistics and perception are heavily applied to data modeling.
Prof. Jean-Bernard Martens from Industrial Design department has supported
me with all of his expertise in these domains even though he was very busy
leading his own research lab. I met him earlier in my previous USI class, and
was reacquainted with him during my PhD work, and he turned out to be a
very wise and smart, open and innovative person. In the discussions with him,
mathematics and statistics became so practical and connected with the real
world problems that all the formulas were hidden behind the meanings of nat-
ural phenomena. I often found myself having an epiphany because a word he
spoke, though it may be something that I have learned long ago but not fully
understood. Jean-Bernard, you have shown me the correct mind set for solving
difficult technical problems. I really appreciate your supervision.

I thank Prof. dr. J.D. (Jean-Daniel) Fekete (Université Paris-Sud, France),
Prof. dr. Daniel Weiskopf (Universität Stuttgart), Prof. dr. J.B.T.M. (Jos)
Roerdink (University of Groningen, The Netherlands), and Prof. dr. D.G.
(Don) Bouwhuis (Technische Universiteit Eindhoven) who has also supervised
my engineering doctorate project, for reviewing my work, giving comments and
serving on my doctoral core committee. I also thank prof. dr. M.T. (Mark)
de Berg (Technische Universiteit Eindhoven) for participating in the extended
committee. My thanks also go to Dr. Tamara Munzner (University of British
Columbia, Canada) for an intensive discussion when she visited our group in
2007 and Prof. dr. Yuan Xiaoru (Peking University, China) for his support and
encouragement to my PhD work and advices to my academic career.

It is my pleasure and honor to work with the clever and talented young
people in VIS group for the past four years. I thank Danny Holten, Yedendra
Shrinivasan, Hannes Pretorius, Lucian Voinea, Dennie Reniers, Frank van Ham,
Niels Willems, Romain Bourqui, Koray Duhbaci, Mickeal Verschoor and Kasper
Dinkla. Every one of you has left me with a deep impression of your characters.
Your input, advices, and our discussions, either science oriented or humanism
oriented, enriched my PhD experience and my life in the Netherlands. Espe-
cially, Danny has helped me a lot for learning graphical programming and Niels
helped to translate the dissertation summary in Dutch. I also thank the senior
members of VIS group: Huub van de Wetering (also his wife QinMei), Alex
Telea, Michel Westenberg and Andrei Jalba, who used to give me useful advices
both to my PhD work and my personal life. I am grateful to Tineke van den
Bosch, Elisabeth Melby, Maggy de Wert, Lutgart van Kollenburg and the other
members from the personnel and management team, who have supported me in
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the daily administrative procedures.
Recruiting participants for user studies was also an important part of my

work. My Chinese friends in TU/e have done me a great favor. I thank all
of them and also their international colleagues who have ever been the victims
in my user tests. My thanks also go to the FM (Formal Method) group in
our department and the BIA (Biomedical Imaging Analysis) group in BME
(Biomedical Engineering) department. All of these research fellows and their
friends provided me a well mixed sample of demography.

On a personal level, I would like to thank dr. Chen Shudong who shared
with me a lot of her experience of being a faculty member, and Shufen Tsoi who
helped to improve my written English. My thanks also go to all the marvelous
friends in our dance club and student union in TU/e. All of you have created a
colorful campus life for me and I am proud of you. I would never forget to thank
those who have helped and supported me on my way of pursuing my dream: Dr.
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the supervisor of my Master graduation project, Dr. ir. Maddy Janse , Director
of my USI programme, Drs. Joep Huiskamp and Drs. Marriët Mittendorff who
gave me a lot of advices for my personal development, Prof. Han Zhengzong
and Prof. Huang Jun (Southeast University, China), the supervisors of my
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Chapter 1

Introduction

New symbol systems are being developed constantly to meet the needs
of a society increasingly dependent on data. Once developed, they
may stay with us for a very long time, so we should try to get them
right.

— Colin Ware, [85], 2004

A picture is worth a thousand words. In the human brain, around twenty billion
neurons are devoted to analyzing visual information. These neurons provide a
pattern-finding mechanism which is a fundamental component in most of our
cognitive activities. We acquire more information through vision than through
all of the other senses combined [85].

This unique capability of the human visual system enables us to obtain
insight in external data and to exploit the highest bandwidth channel between
computer and human. Information Visualization (InfoVis) is defined as the use
of computer-supported, interactive, visual representations of abstract data to
amplify cognition [10]. InfoVis technology employs intuitive visual metaphors,
dynamic graphics and interactive exploration of abstract data, to speed up our
understanding and reaction in a world of increasing information volumes [10].
Instead of aesthetic or entertainment purposes, the science of InfoVis aims to
support the decision-making process. In this sense, InfoVis is not just about
creating interesting pictures, the aim is to amplify cognitive performance [9].

In InfoVis, data items are often represented by graphical objects, for instance
glyphs or symbols. Data attributes are encoded via visual features of the glyphs,
such as their position, orientation, shape, color, and size. This mechanism is
called graphical encoding. It determines the final representation shown to the
end-users and greatly impacts the consequent steps of perceiving and cognitive
processing.

There are many alternative ways to encode a data set, and different encoding
schemes are likely to result in different information to be perceived more easily.
According to the theory of sensory languages [85], our visual system has evolved

1



2 CHAPTER 1. INTRODUCTION

over tens of millions of years to perceive visual stimuli presented in certain
ways. Therefore, an arbitrary encoding may lead to unwanted bias or even
illusions. This can cause distorted interpretation of the data and hence wrong
decisions. In order to achieve the goal of InfoVis, i.e., to support better decision-
making, we should therefore use visual encodings that match visual perception.
In this way, we optimize the given condition for a less biased and more accurate
understanding of the source data.

However, in many cases it is unknown what encoding is optimal. Perception
is heavily studied in psychology, and it is gaining more and more attention in In-
foVis. However, there still remains a large gap between the current research and
a synergetic methodology that serves an engineering and application oriented
goal. Specifically:

∙ The working context of psychological experiments and InfoVis tasks are
very different. Results from visual perception research require further
adaptation and validation for the much more complex context of analytic
tasks.

∙ Methods, models and results from perception research have been well es-
tablished, but are not adopted by the InfoVis field yet, and vice versa, the
specific challenges in InfoVis are not addressed by psychologists.

∙ Much work has been done to understood how we perceive the world around
us, but the available guidelines remains at a primary or qualitative level
and hence not suitable for engineering synthesis.

As a result, the question of how to design graphical encodings for a visual
analytic process has not been answered yet.

1.1 Optimal Encoding

There is an ongoing discussion concerning the status of visual encoding. Accord-
ing to nominalistic philosophers on one hand, representations are conventional
symbols, like words, and people should learn to interpret them. The correlation
under which a picture represents an object is established arbitrarily. Hence, the
earlier we learn and use the convention, the better the representation should
work. Also, there is no systematic way to design better visualizations. On the
other hand, the theory of sensory languages states that all humans have a sim-
ilar visual sensory system, which has evolved over tens of millions of years as
an instrument to perceive the physical world and the natural environment. Our
visual system has been tuned to receive information in certain ways that match
our needs and natural circumstances.

Colin Ware has discussed the both propositions mentioned above in his book
Information Visualization: perception for design [85] and argues that both play
a role in InfoVis and should be studied differently. Arbitrary coding explains
that visualizations can be learned and interpreted, while sensory coding makes
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it possible to design the same representation for all users. Most visualizations
are actually hybrids of the two.

We take the view here that all humans share the same mechanism of visual
sensory processing, thus a standard model of visual perception can be assumed.
Hence, under the same visual input, it is very likely that an individual’s percep-
tion will always yield the same results, which is known as perception homogene-
ity in psychology [27]. Meanwhile, we acknowledge that there are individual dif-
ferences due to the individual capabilities and diversity in convention-learning.
We argue that in order to achieve optimal encodings for InfoVis, it is essen-
tial to characterize individual variation and access the commonality of human
perception in a quantitative sense. The main question in this dissertation is
how to realize encodings that coincide with this commonality (also known as
the homogeneity of perception [27]). Such optimal encodings ensure the highest
probability that a typical (ideal) end-user can perform his visual analytic tasks
easily, efficiently, and accurately. We assume that the problem can be treated
as an optimization problem and can be fitted by suitable models with assumed
parameters; second, we assume that the perception commonality can be sepa-
rated from individual variation in these models, quantitatively determined, and
explicitly applied to encoding designs which in return are the “optimal” encod-
ings. With the adjective “optimal” used here, we do not claim that this is the
only or always the best solution, as this depends also on the assumptions made,
models used, population of users in the experiment, etc.

The next question is what tasks to consider. Perception researchers typi-
cally adopt minimal tasks, such as deciding if two stimuli are different or not.
As mentioned earlier, this is too specific and not representative for the context
where visual encoding is used. Visualization ultimately aims at providing in-
sight such that sound decisions can be made, but how to measure the insight
obtained is notoriously hard [58]. We therefore adopt low level analytic tasks
that are relevant for InfoVis, i.e., a task level in between these two approaches.
Examples of such tasks are correlating, clustering, sorting, characterizing dis-
tribution, finding anomalies, etc., as identified by Amar et al. [1] in a generic
task taxonomy in visual data analysis. By using such tasks in experiments, we
expect the results to be useful for a wide range of applications.

1.2 Research Question and Methodology

In summary, we aim to answer the following research question:

How can we quantitatively model the perception of visual encodings,
in particular the relation between visual features and task perfor-
mance for standard information visualization tasks, in order to ob-
tain optimal visual encodings for these?

To answer this question, we propose a synergetic methodology to model
the visual analytic process globally in a more complex context compared with
classical psychological methods and experiments, and to test and quantify the
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Figure 1.1: The key stages of our research methodology.

perception as a key step in this process. The human perceptual system is con-
sidered as a black box here. Visualizations, where assignments to visual features
are varied, are input to the black box, and the cognitive results, i.e., task per-
formances are recorded as the output of the black box. From these inputs and
outputs, we can make a deduction on the transformation that occurred in the
black box according to psychological theories and approaches. Different func-
tions that map physical measurement of visual features to the corresponding
perception are hypothesized. Finally, we obtain an explicit form of the trans-
formation by doing (non-)linear regression on the performance data and by
selecting the optimal function. The model is quantitative and general such that
they can be directly used and implemented by others. Figure 1.1 demonstrates
how this research method, in order to answer the research question, is applied
to the user experiments in the following chapters and is reused for different
modeling situations.

The research methodology consists of the following stages:

1. Stimulus configuration: selection and modeling of visual features for test-
ing;

2. Task design: selection of tasks that are representative for common use
cases;

3. Model hypothesis: selection of possible models, based on psychological
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results and exploration of the experimental data;

4. Statistical optimization: determination of model parameters to obtain an
optimal correspondence with the measured data;

5. Model selection and interpretation: selection of the best model and inter-
pretation of it;

6. Synthesis verification: generation of an encoding scheme according to the
obtained model and verifying it with subjective visual experience in com-
parison with other schemes.

1.3 Contribution

Our main contributions to InfoVis are the following:

∙ Narrow the gap between visual perception research and InfoVis research.
Visual perception research focuses on understanding low-level sensory pro-
cesses, using simple stimuli that can be strictly controlled, whereas in In-
foVis there is a need for concrete guidelines of optimized encodings in a
more complex task environment. Our research does not aim at develop-
ing or reinventing the current psychological theories or methods, but aims
at providing a synergetic approach to narrow the gap, and demonstrat-
ing how to apply the available theories and methods to engineering fields,
particularly to visual analytical processes that are addressed in InfoVis
field.

∙ Set up systematic approaches to evaluate visual encoding quantitatively.
To date, the most popular measures used to evaluate InfoVis designs are
time and errors in performing a task. However, these do not reveal what
users perceived and often have a limited applicability. Once the goal and
task change, visualization designs have to be tested again. In our research,
we model the perception process explicitly and estimate the perceived
information for different encodings consistently through standard analytic
tasks. The same modeling techniques are repeated. In this sense, we set
up a platform for comparison of different visual encoding schemes through
versatile modeling.

∙ Obtain concrete results for specific visual features: clusters of points or
lines for correlation visualization, glyph size and glyph lightness. These
are frequently used in InfoVis, but have not been quantitatively studied
before in analytic tasks to our knowledge. In this thesis, specific models are
successfully constructed for these graphics and optimal encoding schemes
are suggested. Our results can be directly applied to InfoVis work that
uses these graphics as components.

∙ Show that these results can be used for automatic design and encoding.
Our quantitative models are not only useful for evaluation purposes, but
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also for automatic design purposes. Quantitative models can be used to
obtain the optimized encodings with given constraints. We give a number
of examples of this approach. This part of the work makes our model more
valuable for InfoVis designers, in the sense that both users and what users
perceive are considered at a very early stage of the design process, rather
than only validated for the system after completion.

∙ Propose a new way of understanding the perception of achromatic (gray)
appearance of visual objects, especially presented by digital media at high
luminance levels (light emitting). The paper and ink used for centuries at
a low luminance level (light reflecting) definitely have an influence on the
perception mechanism. In literature, the reference point for perception is
an unresolved issue. In our research, we propose a novel way to reconcile
this problem. A compound model is applied by taking both the black end
as one reference point and the white end as the other reference point. This
model creates a new point of view to study the perception of lightness (see
its definition in the next section).

1.4 Glossary

We have tried to use standard terminology from literature, but found that some
terms have various meanings and interpretations. In the following we give an
overview of a number of terms and how we interpret them in the context of this
dissertation, focusing especially on terms that may lead to confusion.

Sensation is defined as the passive process of bringing information from the
outside world into the body and to the brain. The process is passive in the sense
that we do not have to be consciously engaged in a “sensing” process. It happens
mostly at a low level involving sensory activity of absorbing physical energy,
converting that to neural impulses and send them to brain. In this dissertation,
the sensed information is assumed to be identical for different subjects in an
identical condition, and integrated with perception.

Perception is defined as the active process of selecting, organizing, and in-
terpreting the information brought to the brain by the senses. The output of
sensation is the input of perception. In this dissertation, sensation and percep-
tion is treated as a single process, which is referred as the perception system. An
optimal perception mechanism is assumed for an ideal subject (refer to Section
1.1).

Cognition within psychology or philosophy, is closely related to abstract con-
cepts such as mind and intelligence; it refers to the capability of processing
information, applying knowledge, and changing preferences. In this disserta-
tion, cognition refers to the top-down process of interpreting the given requests,
making decisions, sending action orders and executing them. It emphasizes the
subjective thoughts and responses, therefore varies among individuals.

Contrast refers to a type of distinction made between two (sometimes more)
concepts. In visual research, contrast is often associated with distinctions be-
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tween luminance or color, and conspicuity is used to denote the perceived promi-
nence of a visible object against its surroundings by virtue of the sensory or
perceptual features [60]. In this dissertation, we also use contrast to indicate
the visual difference between two types of glyphs in general, especially when
both are presented contemporarily in one visualization.
Dissimilarity in this dissertation is used to refer to the measurement of the
contrast between entities. For instance, a matrix is called a dissimilarity matrix
if the elements contain the measured contrast between combinations of glyph
pairs. Various measures can be used, such as subjective judgement and speed
of response.
Luminance(Y ) is a physical measure of the amount of light that passes through
or is emitted from a particular area, and falls within a given solid angle. The
unit for luminance is candela per square meter (cd/m2). In this dissertation, Y
is normalized and represented by l (refer to equation (6.5)).
Whiteness(W ) in this dissertation is defined as the subjective achromatic or
gray appearance of visual objects, increasing together with luminance from a
minimum (referred as “black” in daily life) to a maximum (referred as “white”
in daily life). The starting (reference) point is therefore “black”. The perceived
achromatic difference with the black reference is called the perceived whiteness
and denoted by WP .
Blackness/Darkness(B) in this dissertation is used as the opposite of white-
ness, which refers to the gray appearance as well but decreasing with luminance
from a maximum (“white”) to a minimum (“black”). The starting (reference)
point is therefore “white”. The perceived achromatic difference with the white
reference is called the perceived blackness and denoted by BP . Considering our
experience in daily life, “white” is also associated with “blank”, and “black” as-
sociated with “full inked”. These suggests the perception mechanism for black-
ness exists in nature and subjects do not differentiate whether it is caused by
reducing screen illumination or by subtracting paper reflection.
Lightness(L) is used to indicate the perceived scale of achromatic appearance
in this dissertation. It is defined here as a compound function of both the per-
ceived whiteness and the perceived blackness with black and white ends as their
starting (reference) points respectively. Particularly, it is a monotonic function
of luminance, and is assumed to increase by luminance for convenience. CIE
(abbreviation of the French name of International Commission on Illumination)
has defined lightness differently. Although the same concept being targeted, CIE
Lightness is in a different form as given by equation (6.1) and denoted by L∗.
Only using the black reference makes L∗ fall short for our model construction.
Details are addressed in Chapter 6.

1.5 Outline

This dissertation is organized as follows:
Chapter 2 positions the dissertation in the context of graphical encoding,

and introduces relevant theories and background knowledge required for later
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analysis. The concept of uniform perception is introduced as the key towards
quantitative analysis of perception.

In Chapter 3, a process model is established for visual correlation analysis.
The encoding capacities of two popular visualizations, i.e., scatterplots and par-
allel coordinates are evaluated. At first, the statistical definition of correlation
and common misinterpretations of correlation are discussed. Next, user exper-
iments and data analysis are carried out through the proposed methodology
in Section 1.2. The input stimuli are configured by four independent variables,
i.e., visualization technique used, correlation coefficient, sample size, and display
time. Users are asked to judge the intensity of visualized correlation directly.
A one-dimensional model determined by judgment frequencies is hypothesized
and estimated using a maximum likelihood approach and compared with the
ideal linear model.

In Chapter 4, based on the quantitative model of correlation analysis, a
perceptually uniform space is established for glyphs varying in shape and size.
Three fundamental visual analytic tasks are set up to evaluate the perceived
difference/contrast between glyphs. Multi-dimensional scaling is used to ob-
tain and select the space structure. By exploring the three dimensional space
adopted, preliminary conclusions for the mapping mechanism are drawn from
the visual features to their perceived correspondents and interaction effects be-
tween them.

In Chapter 5, more sizes are configured to obtain an accurate model for the
single channel perception of size. The three analytic tasks described in Chap-
ter 4 are used to obtain user performances and ratings of task difficulty. The
perceptual mapping function of size is explicitly hypothesized, based on both
psychological theories and observations of the perception space. Moreover, for
different users, individual mapping functions are compared with shared mapping
functions. The best model is selected according to the statistical index AIC and
validated across subjective and objective measurements. An additional exper-
iment is performed to test and compare different size encoding schemes under
different instructions for judgment. At the end of the chapter, an optimal en-
coding is proposed and applied to different shapes and shows high consistency.

Chapter 6 follows the same approach as Chapter 5 for modeling glyph light-
ness perception, i.e., gray scale perception. First, cartography literature, color
theory and screen calibration are discussed. Next, a novel perceptual mapping
function is proposed to model the opposite curving trend, which is observed in
the perception space and in cartography literature. Finally, optimal models are
selected and explained in the working context of framed and unframed glyphs
respectively. Optimal encoding schemes are suggested to designers.

In Chapter 7, the same test method is used to obtain a model with multi-
channel interaction. Stimuli are configured by size and lightness channels using
results from earlier chapters. Interaction models are proposed, partially based
on the statistical analysis of experimental data and partially based on our as-
sumptions. In particular, the Minkowski metric [18] is applied to integrate the
perception over both channels. The optimal model is then selected according to
the AIC index [7]. The achieved model is applied in a tool which automatically
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finds encoding schemes for optimal discrimination of glyphs in various use cases.
In Chapter 8, the main findings of our research are summarized. Limitations

of current results and remaining issues are discussed and suggestions for possible
research directions to address these issues are given.

This dissertation is based on the following publications:

∙ Li, J., Martens, J.B. and Van Wijk, J.J. Judging Correlation from
Scatterplots and Parallel Coordinate Plots. Information Visualization
Journal, vol. 9, no. 1, pp. 13–30, March 2010. (Chapter 3);

∙ Li, J., Van Wijk J.J. and Martens, J.B. Evaluation of Symbol Con-
trast in Scatterplots. In Proceedings of IEEE Pacific Visualization Sym-
posium (PacificVis’09), pp. 97–104, April 2009. (Chapter 4);

∙ Li, J., Martens, J.B. and Van Wijk, J.J. A Model of Symbol Size Dis-
crimination in Scatterplots. In Proceedings of the 28th ACM Conference
on Human Factors in Computing Systems (CHI 2010), pp. 2553–2562,
April 2010. (Chapter 5);

∙ Li, J., Van Wijk, J.J. and Martens, J.B. A Model of Symbol Light-
ness Discrimination in Sparse Scatterplots. In Proceedings of IEEE Pacific
Visualization Symposium (PacificVis 2010), pp. 105–112, March 2010.
(Chapter 6).



10 CHAPTER 1. INTRODUCTION



Chapter 2

Background

2.1 Overview

To answer the research question introduced in Chapter 1, knowledge from dif-
ferent research domains is required. In this chapter, we review the literature on
encoding research for InfoVis, and analyze the available results, their limitations
and gaps, particularly from the point of view of how to use them for automatic
generation of encoding schemes. Beside this, theories and approaches in psychol-
ogy and statistics are collected to find a new approach for quantifying human
visual perception in InfoVis-supported analytic tasks. Challenges of quantita-
tive modeling are pointed out, and solutions from different sub-domains, such
as psychophysics, attention theories, and psychometrics are discussed.

The chapter proceeds as follows: First, the graphical encoding process is de-
fined for InfoVis and previous results from literature are summarized. Second,
visual attention theories are explored and different attention models are dis-
cussed, together with their contributions to InfoVis. Third, classic psychophys-
ical laws of human perception are introduced, and experimental methods for
quantifying them are identified. Finally, a number of statistical theories and
techniques are introduced to support the modeling work in the following chap-
ters.

2.2 Graphical Encoding

There are two successive mappings when visualizing data to an end user: first,
the mapping from data into graphical elements; and second, the mapping from
graphical elements into perceived information. The first mapping is executed
explicitly by visualization designers, while the second mapping is executed im-
plicitly by the end users. The output of the first mapping is the input for the
second one.

To obtain optimal graphical encodings, both mappings have to be considered.
It is a common mistake to assume that graphical encoding involves only the first

11
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mapping, for instance by designing and testing candidate schemes one by one
with users. This is a passive and never exhaustive approach. We argue that to
encode data effectively and efficiently, a quantitative model of the perceptual
mapping is required.

It is natural to describe graphical elements with features such as color, shape,
size, direction, position and so on. These visual features are closely related to
our perception of objects in the physical world. They are considered as ele-
mentary channels through which our visual system collects information [85].
Furthermore, they can be described in (physically) measurable terms, for in-
stance by light wavelengths, luminance levels, number of vertices, length, area,
degree of angles, and coordinates.

In InfoVis, a frequent practice of graphical encoding is to map data linearly
to the physically measurable units of visual variables. We call this physical
mapping. However, there is no evidence that physical scales are also linearly
mapped to perceived scales. In fact, the perceptual mapping of a physical scale
is often nonlinear and therefore, biases are created in the data analysis. Besides
bias, the human capability to detect and differentiate stimuli varies for different
visual channels, which leads to a specific accuracy level of analysis (usually in
the form of quantified detection noise/error) when a channel is adopted. Most of
the previous work in graphical encoding focuses on the comparison of alternative
channels and the selection of the channel with the lower bias and higher accuracy
for data encoding.

Cleveland and McGill [16] have identified ten visual channels to encode quan-
titative information and related them to elementary perceptual tasks of judg-
ing quantities. A ranked list was proposed in order of decreasing accuracy of
performing these tasks: position along a common scale > positions along non-
aligned scales > length > direction(slope) ≈ angle > area > volume ≈ curvature
> shading ≈ color saturation. This list still guides graphical encoding in much
of today’s visualization work. The proposed order was based on a variety of
sources. For encoding with position, length and angle, Cleveland and McGill
performed two experiments and the outcomes were correctly predicted by the
list. The performance accuracy was measured by the judgment deviation from
the true quantity represented by the graphical channels through physical map-
pings. A substantial under-estimation when true values increase was found to be
the significant contributor to inaccuracy for both length and angle estimation.
For encoding with length, area and volume, psychophysical results were used to
deduce the order. The deviation from a linear perceptual mapping (indicated by
the exponent of a Stevens’ power-law mapping [70]) which indicates the severity
of judgement bias was deemed to also imply the degree of accuracy decreas-
ing. Although they acknowledged that judgement bias and inaccuracy are two
different concepts, bias was still viewed as the main factor causing inaccurate
analysis, as they state that it can not be systematically corrected due to the
personal variation and the stochastic characteristics of the perception process.

However, we argue in this dissertation that the non-linearity bias can be
corrected to a large extent based on the results of nonlinear statistical modeling
that deduces the optimal encoding for a typical/average user. First, accuracy
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Figure 2.1: Accuracy ranking of graphical encodings for elementary perceptual
tasks by Cleveland and McGill [16].

is always limited and subject to noise. For physical measuring tools, precision
has to be determined in repeated measurement by the minimum unit holding
the same value every time. In perception studies [42], a similar concept of
precision is defined, i.e., the Just Noticeable Difference (JND), which defines
the minimum amount of physical change in a stimulus that produces a notice-
able variation in mental intensity (perceived strength) [42]. JND indicates the
human capacity of perceiving a physical attribute of stimuli, and implies the
minimum perception unit in a specific sensory channel in terms of the physical
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quantity. Second, JND was originally measured in a process of comparative
judgments based on a starting value (see Section 2.4). Normally, an observer is
inconsistent in his judgments from one occasion to the next [77]. In this sense,
JND should be defined as a random variable which describes the perceptual
noise with its variance. We call this the discriminal variable and use a statistic
distribution to characterize it. Third, it is often the case that a physical scale of
stimuli features uneven sensitivity due to the non-linear mapping of perception
(discussed further in Section 2.4 on psychophysics). The discriminal distribu-
tions on the physical scale are therefore not identical and biased. Theoretically,
a continuous transformation can be applied to the physical scale which corrects
the nonlinearity and uniformizes the distributions. The transformed scale will
then have a uniform sensitivity and can produce equal perceptual intensities.
It is an unbiased scale that we target (see Section 2.5.1); and according to the
minimax principle, it optimizes the perception accuracy. Therefore, modeling
and correcting the non-linear bias is the precondition of achieving perception
accuracy. Finally, for different persons and task conditions, the perceptual dis-
tributions (transformed onto the unbiased/perceived scale) are very likely to be
different. We believe that the common tendency of human perception, i.e., the
nonlinear relationship between a physical scale and the perceived scale, can be
closely estimated when individual variation is modeled separately. The quan-
titative models addressed in the rest of this dissertation show the feasibility
to capture the individual variance, correct the bias, and progress to optimal
encoding schemes.

Judgment accuracy can be improved by increasing the encoding unit accord-
ing to the discriminal variance on the perceived scale. Because the range that
can be used is limited by practical and perceptual limits, the different levels
that people can reliably distinguish for a specific channel is given by the entire
range scaled down by the distribution variance (see [92] and Section 3.5.1, where
the d′ index from detection theory is described). This index of distinguishable
levels, in our point of view, should be used to determine the correct ranked list
of different channels rather than the severity of bias.

Other influential work on graphical encoding was done by Mackinlay [51].
The focus of his work was on automating visualization design. Two types of
design criteria were used for synthesis. The expressiveness criteria determine
whether the desired information has been expressed. The effectiveness crite-
ria express how well the capabilities of the human visual system and output
medium are exploited. However, as Mackinlay mentioned in his paper, there
does not yet exist an empirically verified theory of human perceptual capabil-
ities that can be used to predict the effectiveness of graphical encodings. The
conjectural theory proposed in his work was based on Cleveland and McGill
[16]. Their ranked list was further extended by Mackinlay into a more complete
framework, which contains more visual channels and varies in order for ordinal
and nominal encoding. This extension, however, was not empirically verified.
In the synthesis process of Mackinlay’s automatic design [51], optimal visual
channels were selected based on their ranking in the extended lists. The last
step of the synthesis was to compose the choices of individual channels into a
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Figure 2.2: Ranked lists of various visual channels (the same channel is con-
nected by lines) which are used to encode the three types of data (presented in
columns) by Mackinlay [16] (The tasks shown in gray boxes are not relevant to
the corresponding type of data).

unified presentation of all the information. We argue here that quantitative
knowledge of interactions between channels is needed for a correct composition.
However, there is no further discussion of the interaction between channels in
the work of Mackinlay, and the composition step remains conjectural.

Nowell [61] made an extensive review of theoretical and empirical results in
literature for graphical encoding, and performed her own experiments to com-
pare icon color, shape and size. Ranking lists of visual channels proposed in
literature were discussed. The ranking orders depend on the tasks and mea-
sures used as well as the types of data being encoded. Two types of tasks
were used to evaluate the display effectiveness of nominal data and quantitative
data. A visual search task was defined as locating a target symbol among a
set of distractive symbols, which is very close to low-level tasks used in psycho-
logical studies; and an identification task was defined as to report the semantic
meaning of an interesting symbol, which aims at high-level analytic goals in the
specific domain and context. The dependent measures used were task comple-
tion time, accuracy (the number of judgement errors), and cognitive workload,
with cognitive workload measured through questions asking ease of use and like-
lihood of use in a post-test survey. The accuracy measure was only used in the
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identification task.
Multi-channel encoding was also discussed in this work and categorized into

redundant and non-redundant/unidimensional encoding, with redundant encod-
ing conveying the same information through more than one encoding channel
and with non-redundant encoding conveying different information through dif-
ferent channels. It was hypothesized that redundant encoding is more powerful
than unidimensional encoding, but turned out to be dependent on the data type
and the measure type. For non-redundant encoding, Nowell differentiated two
categories of perceptual tasks: integration tasks which require to use informa-
tion encoded by more than one encoding channels to reach a single decision,
and non-integration tasks which require only one of multiple channels and with
the other channels presenting irrelevant data attributes. Integration tasks were
considered to be facilitated by displaying the whole object. In such tasks, a
single decision is to be reached on selecting objects, the visual features of which
satisfy the criteria for analyzed attributes. Since human attention works well
with objects, the decision is easy to be made. Non-integration tasks require
extra effort to filter out distractive information. The unwanted distraction is
caused by the irrelevant channels carried in objects as a package and interferes
with the analysis. Interactions among channels were only qualitatively analyzed
in terms of channel interference in non-integration tasks.

Nowell’s experimental results led to ranked lists of icon color, shape and
size for different data types and measures, and were again different from those
in literature [16, 51]. The inconsistency makes it difficult to use the results
in design practice, since most InfoVis work is not meant to be used for one
type of task or data, or just in favor of one type of measure. We propose here
that a new research method for graphical encoding is required and propose to
develop a general model which can comprehend these results based on developing
perception theory.

In summary, most of the previous research has focused on selecting one visual
channel over others, but the questions on how to obtain optimal encoding scales
that comply with human perception for individual channels and how to deal
with the interaction between channels remain open.

2.3 Visual Attention

Perception is the process of attaining awareness and understanding of sensory
input. It plays a key role in the cognitive process of analyzing visual informa-
tion to substantiate decisions. Our focus here is on how the relation between
the sensed information and human performance can be modeled. Due to lim-
itations in human resources, not all the sensed information can be perceived
and analyzed in equal detail. Visual attention is directly relevant here. It de-
fines the process of allocating perceptual and cognitive resources and selectively
concentrating on one aspect while ignoring others in the environment.

Visual attention involves complex perceptual processes. In Feature in-
tegration theory, visual attention is considered to consist of two different
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successive sub-processes [29, 79, 80], which are referred to as “preattentive” and
“attentive”. In the first step of visual processing, several primary visual fea-
tures are processed and represented in separate feature maps. These feature
maps are subsequently integrated in a saliency map, which can direct attention
to the most conspicuous areas [79]. Preattentive processing can be traced back
to early low-level neural mechanisms of detecting visual patterns and can be
done quickly, effortlessly and without any attention being focused on the dis-
play. It can be characterized as a parallel search task, which requires search
time independent of the display complexity (total number of objects in the dis-
play), thus being distinguished from a serial or sequential search, where the
search time increases with display complexity as attention must be located to
analyze objects one by one. The findings of preattentive studies suggest an ac-
tive and effective way to attract attention and showing things at a glance, and
are viewed as the most important contribution of vision science to the field of
visualization [85]. In most of the InfoVis literature, the preattentive process is
roughly identified by instantaneous identification of patterns in less than 200ms
[28].

In early visual processing, when a visual feature can be extracted and pro-
cessed within 200ms, it is labeled as a preattentive feature. However, the strict
dichotomy of parallel search and serial search has been doubted for years. Many
features seem to be processed in a way that is intermediate between the two
types of search. Moreover, when the viewing context changes, preattentive fea-
tures can become less distinct. Thus, more recent models assume that search
ability varies continuously along with the salience of the target as compared to
the viewing surroundings [93, 95, 96]. In this sense, searching time might not be
the most distinctive characteristic of preattentive processing, and it applies only
to simple patterns and primary features. The preattentive process is therefore
most useful to understand neural activity.

A study on eye movements and visual attention [60] has defined the so-
called conspicuity area as the retinal field in which the target can be noticed
against its background during a single eye fixation without foreknowledge of
its location. The size of the conspicuity area is an experimental measure of
visual conspicuity of the target object. It has been found that the number
of fixations was proportional to the size of the non-target conspicuity area.
Therefore, visual conspicuity is an external determinant of input selection by
eye movements. Meanwhile, the internal determinants of cognitive origin which
decide where to fixate are acknowledged.

Consequently, the theory of visual attention has been developed further into
Guided search [93, 95, 96]. Guided search is a widely accepted theory of early vi-
sual processing. Beyond studying preattentive processes, it studies the triggers
of visual attention and suggests that an activation map is constructed during
visual search based on both bottom-up and top-down information [62, 93]. The
bottom-up activation measures how different a presented element is from its
neighbors, while the top-down activation is defined by subjective requests. Hills
in the activation map can be intensified or reduced by manipulating dissimi-
larities or contrasts between stimuli (which is also defined as visual salience)
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as well as by modifying subjective requests. If the hills of target regions stand
out, then a more parallel search is triggered, otherwise a more serial search is
triggered. In summary, the theory of guided search teaches us that contrasts
between stimuli are important (as they determine the bottom-up activation),
but subjective requests (for instance, the task to be done) play an important
role as well. Most of the previous findings in preattentive studies can be well
explained by this theory as well.

Figure 2.3: The architecture of Guided Search 2.0 [93].

Visual attention theories, especially the guided search theory, suggest two
facts. First, searching time can reflect the perceived difference between visual
objects, since attention is manipulated by the hills in the activation map. The
larger the perceived difference, the higher the hill, and therefore the more atten-
tion can be attracted to compare and identify the specific patterns. Second, to
obtain a direct link between search time and the perceived difference of stimuli,
the top-down activation has to be suppressed.

2.4 Psychophysical Laws and Experiments

Psychophysics deals with the relation between physical stimuli and subjective
perceptions, and therefore measures the human sensation of various physical
stimuli quantitatively. The continuous nature of perception is assumed pre-
conditionally in most studies [42]. The goal is to determine whether or not
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a subject can detect a simple stimulus, can differentiate it from another, and
can describe the magnitude and nature of the difference. Hence, it provides a
quantitative basis to study the perceived scale (perceptually uniform scale) of
visual channels as a function of the physical characterization of the variables.
The perceptual mapping as a consequent step in graphical encoding, as discussed
in Section 2.1, can then be abstracted and modeled explicitly.

As the name of this field suggests, the methods used and models aimed at
are comparable with those in physics. In parallel with the measurable physical
world, psychologists try to define and measure the subjective world. Gustav
Theodor Fechner is regarded as the founder of psychophysics and was the early
pioneer in experimental psychology. Influenced by Ernst Heinrich Weber, Fech-
ner described the relationship between the physical magnitudes of stimuli and
the perceived intensity of the stimuli by a logarithmic function, which become
well known as the Weber-Fechner law. The estimation of perception thresholds
and just noticeable differences (JND) plays a key role in the deduction of such
a logarithmic relation.

In an experiment, Weber found that the JND in weight was proportional to
the starting value that the increment was based on. Then, an extensive empirical
generalization of a law across different stimulus attributes was published in 1846
[86] as: if X is a starting value of stimulus variation and ΔX is the JND of the
variation, then

Φ =
ΔX

X
(2.1)

where Φ is a constant which depends on the specific attribute in variation. This
is known as Weber’s Law. It described the phenomenon that if the starting
weight is high, increasing a little bit will not be noticed; while if the weight
is low, perception will be more sensitive, and described this in a quantitative
manner.

Fechner’s original idea was to make ‘the relative increase of bodily energy the
measure of the increase of the corresponding mental intensity’ [42]. ΔX/X was
taken to be the measure of a constant unit of ‘mental intensity’ at the instant
local value X of stimulus. Then the discovered relation can be described with
a differential equation:

dP = k
dX

X
(2.2)

where dP is the differential change in perception and k is a constant factor
depending on the stimulus attribute in variation which should be determined
experimentally. Assuming that perception is a continuum, this equation can be
integrated to give:

P = k lnX + C (2.3)

where ln is the natural logarithm and C is the constant of integration, and C
can be determined when put P = 0:

C = −k lnX0 (2.4)



20 CHAPTER 2. BACKGROUND

where X0 is the perceptual threshold of the specific stimulus attribute and below
which the attribute cannot be perceived at all. By substituting this in equation
(2.3), we obtain a logarithmic function:

P = k ln
X

X0
. (2.5)

This is widely known as Fechner’s Law or the Weber-Fechner Law. In most cases,
X0 can be omitted, for instance via a translation on the perceived scale, and
the simpler function P = k lnX is directly used. Since it can not be determined
by the method itself if Φ and k remain constant when X varies along the whole
perceivable range, Fechner’s Law is also known to be a local psychophysical law.
For Fechner, sensation can only be inferred from the precision of discrimination
between similar stimuli, where X is always provided as a start of variation rather
than being directly measured [42]. However, the discussion remains open if JNDs
throughout the whole attribute range are equally noticeable and quantitatively
comparable at the perceptual level. This problem was intended to be solved in
Stevens’s Power Law for global psychophysics.

Stanley Smith Stevens is another famous pioneer in psychophysics, who is
credited with the Power Law. In Stevens’s view, the proportional relation not
only exists at the physical side, but also exists at the subjective side, in the
sense that judgment variation/error is usually not constant but tends to vary
with magnitude [70]. Therefore, equation (2.2) is amended to:

dP

P
= k

dX

X
(2.6)

Integrating this equation, we obtain:

P = aX� , (2.7)

where � is an exponent that characterizes the attribute being judged, for in-
stance � = 0.33 for brightness and � = 1 for length judgement, and a is a
constant which depends merely on one’s choice of measuring unit of sensation
and thus could be taken out by scaling. By this means, the perception unit
can be tuned to be constant throughout the perceivable range and measured by
the methods he developed: magnitude estimation and magnitude production.
In magnitude estimation, a standard stimulus and a number (named modulus)
assigned to it are identified, either by the experimenter or freely selected by
subjects. The standard is usually only presented in the beginning. The per-
ceived intensity of subsequent stimuli is reported relative to the modulus so as
to preserve the ratio between the sensations and the numerical estimates. In
magnitude production, subjects are required to produce a stimulus that is per-
ceived as a given number times the perceived intensity of a reference stimulus.
In summary, a standard stimulus and a global ratio scale are always used in
Stevens’s studies.

The power Law was empirically verified for many perceptual channels and
also across different modalities [71, 73]. Furthermore, the law has been claimed
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to be true for overall statistical properties, such as the mean size of sets of glyphs
or mean brightness of sets of spots [3, 56, 88].

In Stevens’s experiments, judgments on isolated stimuli are collected and
an instruction on what to judge is required [3, 56, 71, 73, 88]. However, some
comments on this approach arose in the field and it is not straightforward to
determine the appropriate values of the power coefficient (exponent) for different
visual channels.

First, the experimental context is quite different from that in real use cases.
The practical context is much more complex and often involves multiple com-
parisons and attention allocations. The focus of this research is to improve
visual analytic work in practice, and hence judgments cannot be isolated from
the working context and validation with InfoVis tasks is required for optimal
graphical encoding.

Second, Stevens’s approach presumes that people can make absolute judge-
ments (in other words, with a globally constant reference), others believe that
only relations between specific stimuli provide a basis for judgment [42]. It was
found that the value of the power coefficient produced by experiments without
an explicit reference was different from those with an explicit reference [52]. Re-
searchers believed that without predefined references, subjects tend to compare
with implicit references that are unconsciously defined and varied [42]. In the
common practice of InfoVis, multiple stimuli are displayed at the same time and
there is no way to define a global reference. The judgment references are very
likely to vary implicitly, especially for different analytic goals. Those implicit
references cannot be controlled by experimenters. Therefore, a discrimination
task for multiple stimuli in an analytic context is more practical and meaningful
for experiments involving visual perception and judgement.

Third, alternative descriptions may apply to the same visual channel. For
instance, size can be described by either the diameter or the area of a glyph, color
is differently defined in HSV and HSL measurement space and achromatic tones
can be assumed as either increments to a black base or decrements from a white
base. We are not sure which criteria people adopt when they are performing
tasks of glyph discrimination. Once instructions are clearly given, the top-
down activation will affect their judgements and people will try to perform, for
instance, exact length judgement or area estimation. Thus, the results may be
irrelevant for explorative visual analysis aiming at serendipitous and creative
insight.

Furthermore, individual variance has often been ignored in the analysis as
only average data are reported in Stevens’ experiments. While visualization
could potentially be optimized for a specific viewer, it has been seriously ques-
tioned if averaging can be correctly applied to the sensation variability between
individuals. We believe that a more appropriate model can be achieved by mod-
eling the individual perception and performance of different subjects in distinct
test conditions. Only in this way, the generic trend of perception commonality
can be accurately modeled.

Nevertheless, the existing psychophysical laws provide us relevant clues to
model the relationships between internal perceived scales and external physical
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scales. We regard these non-linear relationships as a perception bias of physical
attributes. In the context of visual analytic process, quantitative models can be
based on these laws for empirical data such as task performances, and then to
be selected according to the criteria introduced in the next section.

2.5 Modeling Concepts and Statistic Approaches

In the following sections, we introduce a key concept for our modeling work —
the uniform perception model. It provides a quantitative basis for understanding
the perception of visual features with consistent grammar. Later on, in Chapter
4, we use it as an intermediate between the physical configuration of stimuli and
the measurement of human responses. Furthermore, a number of methods and
approaches from statistics are introduced here as basis for the later modeling
work. Those who are not interested in technical details, can skip Section 2.5.2—
Section 2.5.4. Meanwhile, these sections only provide very basic principles and
examples for a quick reference. Due to the limited space, it is impossible to
have a complete review of the theories having been developed for a long time.
Those who are interested in technical details should take a lot broader readings
in order to have a comprehensive understanding.

2.5.1 Uniform Perception Models

A perceptually uniform space is a space where every point represents a physi-
cal stimulus and the positions of these points are determined by the quantified
perceived differences between the stimuli represented by these points. In this
sense, equal distances indicate equal perceived differences and therefore a uni-
form metric for perception.

In color theory, the CIELUV space [98] was defined aiming at perceptual
uniformity. Every color can be represented by a point in the space, the same
variations of Euclidean distance in the space are supposed to result in equal
perceived color differences. The traditional HSL and HSV spaces are defined
based on semantic features of color such as hue, saturation and lightness or value.
LUV space can be obtained through nonlinear continuous transformations of
HSL or HSV space. Although the uniformity is not perfect, LUV has been
widely used to characterize and model color perception in InfoVis.

There is no standard way to obtain the perceived difference of varying fea-
tures. The construction of a perceptually uniform space therefore remains open.
As indicated in Section 2.3, a higher saliency attracts more visual attention and
thus requires less time to differentiate the stimuli. In an earlier study of visual
discriminability of glyphs [82], a 2D uniform separation space of glyphs was pro-
duced by means of a multi-dimensional scaling approach, which used logarithm
of decision time as the measure of the perceived difference between glyphs. Only
one analytic task, i.e., judging glyph quantity, was performed. No clear specifi-
cation channels were tested, and the 2D results were used to visualize the task
performances, but not for quantitative modeling.
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According to the law of comparative judgment by Thurstone [77], the dis-
criminal process fluctuates corresponding to a given stimulus. Measuring the
perceived difference between stimuli always involves such a process. Therefore,
the perceived difference should be defined as a random variable and character-
ized by statistic distributions. For us, this indicates that the perceptual mapping
does not work as a point-to-point transformation but a point-to-distribution
transformation. Since human beings can be assumed to possess similar vi-
sual sensory systems [27], the distributions should not vary greatly across sub-
jects. Therefore we can conjecture the existence of a homogeneous uniform
space for glyph perception and discrimination [20] internally, in which the non-
linear mapping mechanism can be set up from the external measurable (often
physical) configuration based on psychophysical results. Meanwhile, as the law
of comparative judgment suggests, the construction of such a space should be
supported by statistical methods which are introduced in the following sections.
Details of the modeling are given in Chapter 4.

2.5.2 Multidimensional Scaling (MDS)

Multidimensional Scaling (MDS) is a statistical technique used mainly in ex-
ploratory data analysis rather than in hypothesis testing. In MDS, objects are
characterized by values on multiple variables and similarities or dissimilarities
of objects are used to explore their relationship. To this point, MDS is often
used to support multivariate visualization as well.

A standard MDS algorithm starts with obtaining a dissimilarity or distance
matrix for data objects in an exhaustive way of item-to-item measurement:
�i,j := dissimilarity between objects i and j, where totally I objects are under
study and 1 ≤ i, j ≤ I. These vales are the entries of the following matrix:⎛⎜⎜⎜⎝

�1,1 �1,2 ⋅ ⋅ ⋅ �1,I
�2,1 �2,2 ⋅ ⋅ ⋅ �2,I

...
...

. . .
...

�m,1 �m,2 ⋅ ⋅ ⋅ �I,I

⎞⎟⎟⎟⎠
The goal of MDS is, given the matrix and a dimensionality N , to find I

vectors x1, x2, . . . , xI ∈ ℜN , such that ∥xi − xj∥ ≈ �i,j for all i, j ∈ I. ∥ ⋅ ∥ is
a vector norm, and can be a Euclidean distance or given by other metrics or
functions. In other words, the I objects are positioned in a N -dimensional space
with the closest approximation of their dissimilarities in terms of the relative
spatial distances or the special norms.

MDS is quite often used to reduce the dimensionality of multivariate data,
and to present data objects in a space with a dimensionality that can be visual-
ized, such that clusters and patterns can be found by a human observer. Note
that MDS processes data in a relative manner, the obtained locations (speci-
fied by vectors xi, i ∈ I) are not unique. Especially in a Euclidean space, they
may be arbitrarily rotated, translated or even scaled (if the measurement of �i,j
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Figure 2.4: A perceptually uniform space constructed quantitatively by means
of MDS analysis according to attention theories introduced in Section 2.3.



2.5. MODELING CONCEPTS AND STATISTIC APPROACHES 25

only requires to preserve the ratio) without changing the pair-wise relationship
among data.

To determine the locations of objects (vectors xi), a MDS algorithm is usu-
ally formulated as an optimization problem, where the resulted vectors minimize
a cost function that measures the differences between ∥xi − xj∥ and �i,j for all
i, j ∈ I, for example:

Δ =
∑
i<j

(∥xi − xj∥ − �i,j)2 (2.8)

There are different approaches of MDS, characterized by different cost functions
and different optimization methods. Up to now, what we introduce here is the
classical Metric MDS method which assumes a linear relation between ∥xi−xj∥
and �i,j . Non-metric MDS methods are to find a configuration of points such
that distances reflect as closely as possible the rank order of the measured
dissimilarity, thus assuming a non-parametric monotonic (non-linear) relation
between ∥xi − xj∥ and �i,j . In our research, the XGms tool [54] is used for
MDS analysis. It offers both metric and non-metric MDS options, as well as
the hybrid and extensions of both under different assumptions. Particularly,
a parametric power-like relation is assumed when we process the experimental
data (details in Section 4.3.4). The parametric relation is built in a metric MDS
analysis, and iteratively optimized together with xi, i ∈ I.

In statistical modeling, we often define the degree of freedom of a model,
which means the number of variables that are free to vary. For MDS meth-
ods, the predefined dimensionality determines the degree of freedom, since it
limits the freedom of rearranging items in space. As the number of dimensions
increases, the space fits more accurately with the data set, but becomes more
complex and harder to interpret. The model with the highest dimensionality is
the data set itself, which has a perfect match, but reveals nothing. The dimen-
sionality choice should be a balance between the model accuracy and complexity,
which is discussed in Section 2.5.4 on model selection.

For a uniform perception space, the dimensionality is not known but dis-
similarities between stimuli can be measured experimentally. Thus, MDS can
also be used to explore perceived differences of stimuli. Figure 2.4 shows how
the perceived differences of stimuli can be conjectured to construct a perception
space and be processed by MDS to obtain a quantitative space model. Due to
the explosion of the number of pairwise measurements when I increases, missing
data must be handled by a MDS approach. This might lead to a sacrifice of
accuracy, but is practically beneficial.

2.5.3 Maximum Likelihood Theory

In modeling work, statistical models are usually formalized with random vari-
ables and free parameters under certain hypotheses. The random variables are
observed in independent trials of an experiment and always follow identical
distributions. These models are supposed to predict the probability of any pos-
sible outcome of an experiment. Maximum Likelihood (ML) theory is used to
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estimate the parameter values in these models with which the models produce
maximum probabilities, given the observations of the experimental trials [53].

More precisely, let y = (y1, y2, . . . , yn) be the vector of independent random
variables as observed in independent trials and let P (y;�) be the probability of
this vector in case the model parameter is equal to � (which can be a vector of
parameters as well). In an experiment, the actual observations (samples) of y are
known, and then P (y;�) can be viewed as a function of �: P (� ∣ y1, y2, . . . , yn).
This function is called the Likelihood Function (LF) of the parameter � given
the observations y.

According to the ML principle, the optimum choice �̂ for the parameter
(vector) � is such that the likelihood function P (� ∣ y) is maximized. For
independent and identically distributed samples y1, y2, . . . , yn, the likelihood
function is the joint density function for all observations:

P (� ∣ y) = f(y1, y2, . . . , yn ∣ �)

= f(y1 ∣ �) ⋅ f(y2 ∣ �) ⋅ ⋅ ⋅ f(yn ∣ �)

=

n∏
i=1

f(yi ∣ �) (2.9)

where f(yi ∣ �) is the probability density function (PDF) of the random vari-
able yi with the built-in parameter �. For instance, if yi follows a normal (or
Gaussian) distribution with the average yi and the standard deviation �i, and
either yi or �i might depend on the given value of �, then:

f(yi ∣ �) =
1√

2� ⋅ �i∣�
exp[−

(yi − yi∣�)2

2�2
i∣�

]

= N ∣�(yi, �
2
i ) (2.10)

Since probabilities are often characterized by exponential functions, it is
more convenient to work with the logarithm of the likelihood function:

L(�) = logP (� ∣ y) = logP (y;�) =

n∑
i=1

ln f(yi ∣ �) (2.11)

which is called the log-likelihood. Sometimes, the scaled version 1
nL(�), the

average log-likelihood is used. The method of ML estimates � by finding a
value that maximizes the log-likelihood:

�̂ = arg max
�∈Θ

L(�) (2.12)

Without the assumption of independent and identically distributed y, ML
can also apply to problems where the joint density function f(y1, y2, . . . , yn ∣ �)
can be explicitly written and the parameter � does not depend on the sample
size n and has a finite dimension. In Chapter 3, ML is applied to estimate the
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data configuration on a unidimensional scale for subjective judgement (refer to
Section 3.4.1).

Combined with the ML principle, the MDS technique (introduced in the
previous section) can be applied to multiple observations of object dissimilarities
in an experiment. For example, in a test with I multivariate objects, we obtain

m independent observations of dissimilarity �
(1)
ij , �

(2)
ij , . . . , �

(m)
ij between any pair

of objects i and j. We could hypothesize that the positions of these objects
in a space with predefined dimensionality N are random variables p̃1, p̃2, . . . , p̃I
which are normally distributed and have identical standard deviation �. The
model parameter here are the average positions and the standard deviation:
� = (x1, x2, . . . , xI ;�) where xi ∈ ℜN . As is known that linear combination
of independent normally distributed variables is still normally distributed, the
observations of dissimilarity can be viewed as samples from random variable
∥p̃i − p̃j∥ ∼ N(∥xi − xj∥, 2�2). The PDF of ∥p̃i − p̃j∥ is:

f(y ∣ �) =
1

2
√
� ⋅ �

exp[− (y − ∥xi − xj∥)2

4�2
]. (2.13)

For all the combinations of the object pairs C2
I and each with m observations,

thus totally n = m⋅C2
I samples, the likelihood function as in formula 2.9 would

be:
P (� ∣ y) = f(y1, y2, . . . , yn ∣ �)

= f(y1 ∣ �) ⋅ f(y2 ∣ �) ⋅ ⋅ ⋅ f(yn ∣ �)

=

I∏
i,j=1

f(�
(1)
ij ∣ �) ⋅ f(�

(2)
ij ∣ �) ⋅ ⋅ ⋅ f(�

(m)
ij ∣ �)

=

I∏
i,j=1

m∏
k=1

f(�
(k)
ij ∣ �). (2.14)

Here, we also assume that the dissimilarities between different pairs are also
independent of each other. Considering the individual as PDF in (2.13), the
log-likelihood would be:

L(�) =

I∑
i,j=1

m∑
k=1

ln f(�
(k)
ij ∣ �) ∼

I∑
i,j=1

m∑
k=1

Ψ( (�
(k)
ij − ∥xi − xj∥)

2, � ), (2.15)

where Ψ(s, t) is a function of s and t.

The maximum likelihood estimate �̂ = (x̂1, x̂2, . . . , x̂I ; �̂) of parameters is
supposed to maximize L(�) in condition of the dimensionality N . With normal

distributions, the maximum likelihood is achieved independent of � when (�
(k)
ij −

∥xi − xj∥)2 is minimized for all i, j and k. This also satisfies the minimization

criterion of MDS referring to equation (2.8). The process of finding �̂ is a process
of conditional optimization with the condition that x̂i ∈ ℜN for all i ∈ I. In this
way, ML and MDS are well combined and can be applied to repeated measures
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of the perceived differences of different pairs of stimuli. In a book of Jean-
Bernard Martens [53, 54], ML and MDS are combined to solve more complex
problems with various measured data, discrete or continuous, for image quality
assessment.

In this thesis, the ML principle is not only used in combination with the MDS
technique to explore experimental data and hypothesize alternative models, but
also directly applied to hypothesized models for parameter estimation and model
comparison. Details are given in the following chapters.

2.5.4 AIC Index and Model Selection

In scientific research, there are often many possibilities to model data. Model
selection is a general and fundamental challenge for many research fields. The
fact is that model accuracy increases with an increasing number of degrees
of freedom under the same modeling mechanism, but the model complexity
increases as well. The more complex the model, the harder it is to interpret.
Hence models with high complexity are inapplicable. A good selection technique
will balance goodness of fit with simplicity.

In this research, models are all estimated through the ML approach. Mean-
while, model accuracy (goodness of fit) is addressed by log-likelihood. Model
complexity is represented by the number of free parameters. The most appro-
priate model is selected by a tradeoff between model accuracy and complexity.

There is no standard way to handle this tradeoff. In this research, we use
the popular AIC (Akaike Information Criterion) index for model evaluation and
selection [7], given by

AIC = −2L+ 2K (2.16)

where L stands for the log likelihood, K denotes the number of model parame-
ters. A correction for small sample size (S/K <40, where S is the sample size)
is made by adding (2K(K + 1))/(S − K − 1) to equation (2.16). This term
converges to zero as the sample size gets large [7]. We use the corrected version
of AIC in our data analysis.

Further, the selection rule is based on ΔAIC:

ΔAIC = AICthe simpler model −AICthe more complex model (2.17)

If ΔAIC ≤ 2, there is substantial support for the simpler model; if 4 ≤
ΔAIC ≤ 7, there is considerably less support for the simpler model; if ΔAIC >
10, there is essentially no support for the simpler model.

However, the AIC index should be used as a reference rather than a doctrine.
The rule of thumb is to select simpler models for an easy interpretation. Only
when both models are easy to interpret, we will choose the more complex model
if there is essentially no support for the simpler model.
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2.6 Summary

In this section, we have given an overview of previous studies on graphical encod-
ing and relevant perception theories. Comparing and ranking visual channels are
so far the main direction to study graphical encoding for InfoVis, which however
yields inconsistent results that are difficult to interpret. Gaps are identified in
this field and we argue that a quantitative model is required and feasible. Mean-
while, in psychology, visual attention is identified as the key contributor to a
consequent visual analysis. In a bottom-up activation, the comparison between
visual stimuli and their relative relationships determine how our brain allocates
the limited resources to complete perception. There are ways of testing the
relative capabilities of physical stimuli when capturing attention and ways of
quantifying the perceived results by psychophysical laws. These can be used to
characterize the mapping from an external physical measure of stimuli into a
perceived intensity.

Later, we have introduced a key concept of our quantitative modeling, the
uniform perception model, which is provided as an important link between the
implicit information we obtain in our mind and the measurable responses we
perform in an experimental task. Experimental data are often noisy and hy-
pothesized models are often complex with parameters hardly being estimated.
To obtain explicit quantitative models, mathematical techniques and statistical
approaches are required. We have introduced Multi-Dimensional Scaling (MDS)
and Maximum Likelihood (ML) theory as well as how to apply both in a com-
bined way to model repeatedly measured dissimilarity data. Finally, regarding
to alternative models and the frequently encountered issue of model selection,
we introduced a statistical index AIC to support our decision to select from
different models.

In Chapter 3, we apply the statistic modeling approach to a basic visual
analysis: correlation analysis. We start with a simple task: correlation judge-
ment. Due to the speciality of correlation, the judgment references are dictated
by a common sense: the extreme cases in no correlation or full correlation.
This makes absolute judgment and global scale possible. Furthermore, as a
good start, it provides a simple process of perception and cognition for our
quantitative modeling. Judgment bias and accuracy are modeled and analyzed.
The perceptually uniform scales (one-dimensional PUS) estimated with the ML
principle are compared for different visualization methods.
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Chapter 3

Quantifying the Perception
of Correlation

We propose a methodology to simulate the perception process of visualized cor-
relation by means of a statistical model. Such a model relates the visualization
inputs to the observable user responses [54]. More specifically, the probabilities
of different outputs in response to a specific input are expressed in terms of the
parameters in the model. The parameter values are estimated using the ML
(Maximum Likelihood) principle, i.e., they are iteratively optimized until the
observed frequencies of responses are the most likely outputs of the model. We
adopt this approach here, because such a model provides some insight in the
perceptual process, and because the estimated model parameters can be eas-
ily compared across experimental conditions. The quantificational techniques
introduced here are also adopted in the following chapters.

Our aim is to evaluate the effectiveness of two visualization methods: scatter-
plots and parallel-coordinate plots (PCPs) for correlation analysis and to deduce
whether or not observers perceive correlation differently in both methods. To
this end, we have performed a user experiment in which the observers were asked
to report perceived correlation as a function of population correlation, sample
size, visualization method and observation time. We limit ourselves to bivariate
data analysis, because this is a common activity and also because scatterplot
matrices as well as higher dimensional PCPs consist of combinations of bivariate
displays. The perception model and the value changes of model parameters are
used to highlight the influences on perception in distinct conditions.

Results from statistics, psychology and information visualization provide
useful background information for the modeling work. In the following sec-
tions, we first explain correlation in the statistic context, explore the common
vitalization practices of it, and identify the misuses. Then we construct the
model and design the user experiment. Finally, data analysis and conclusions
are presented.

31
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3.1 Introduction

Multivariate data analysis is concerned with finding patterns and relationships
in data that contain measurements on one or more variables. Linear association
is the most basic and simple relationship between two variables and correlation
is the most widespread measure for quantifying the strength and direction of
such bivariate linear associations. Assessing correlation is often an important
first step in more advanced data analyses, such as factor analysis. Moreover,
correlation analysis was identified as one of the ten low-level analysis tasks that
are important within information visualization [1].

These low-level tasks are fundamental to the cognitive processes involved in
analyzing data, and describe key user activities while employing visualization
for understanding data.

Scatterplots are used intensively in practice, and statistical studies and psy-
chological experiments have suggested how to use scatterplots for correlation
analysis. PCPs support simultaneous viewing of relations between multiple
pairs of variables, but we are not aware of any studies to evaluate how effective
they are in conveying relevant information. We focus here on correlation anal-
ysis, as a central issue in multi-variate data analysis, but we acknowledge that
other tasks, such as cluster detection, are also highly relevant.

The standard approach in information visualization for the assessment of
new techniques is to carry out a task with an existing and a new method, and
to measure the time needed and the errors made [25, 32, 41, 43]. Such a compar-
ative evaluation was carried out between parallel coordinates and stardinates
(a glyph-based technique with multiple dimensions represented on asterisk-like
axes) [43]. The efficiency and effectiveness of the two visualization methods were
compared based on the task completion time, the number of correct answers,
the number of hypotheses and on how subjective statements were in agreement
with expert views. The results demonstrated that stardinates seem less infor-
mative at first glance to individuals but are more appropriate for interpreting
highly structured data in detail. In the study however, measuring insight was
addressed with open-ended protocols and domain relevance [58]. These exper-
imental findings provided very little insight into how the perceptual processes
developed. An alternative approach that we advocate in this section is to de-
scribe the perceptual process using a statistical model.

3.2 Correlation Analysis

In statistical analysis, correlation can be defined in different ways, but most
common is to use r, Pearson’s product-moment coefficient [2]. If xi and yi, for
i = 1, . . . , n, are the sample data for the two variables under consideration, then
the sample correlation coefficient r is equal to

r =
Sxy
SxSy

(3.1)
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where Sx =
√∑

(xi − x̄)2/(n− 1) and Sy =
√∑

(yi − ȳ)2/(n− 1) are the sam-
ple standard deviations of x and y, and Sxy =

∑
(xi − x̄)(yi − ȳ)/(n− 1) is the

sample covariance between x and y. The value of r ranges from −1 (perfect
negative correlation) via 0 (no correlation) to 1 (perfect positive correlation). If
the data pairs (xi, yi), for i = 1, . . . , n, are drawn from a population with popu-
lation correlation coefficient �, then the sample correlation coefficient r will vary
around �. The variance in r will decrease with increasing sample size n. Figure
3.1(a) shows these sampling distributions of r for nine different values of � and
two different sample sizes (n = 10 and n = 100). When the absolute value of �
is close to zero, then the sampling distribution of Pearson’s r is approximately
normal, but when the absolute value of � is close to one, then the sampling dis-
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Figure 3.1: (a) Distributions of the sample correlation coefficient r, for sample
size n = 10 (larger variance) and n = 100 (smaller variance). The distribution
is positively skewed for negative correlations, symmetric for zero correlation
and negatively skewed for positive correlations. (b) Illustration of the Fisher
z transformation on r for n = 10. The skewed sampling distributions with
varying standard deviations on r are transformed into normal distributions with
constant standard deviation on z.
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tribution is highly skewed and has noticeable smaller standard deviation. This
change in the shape of the distribution of r as a function of � implies that the
sensitivity of the estimation equation (3.1) is not constant. Phrased otherwise,
the estimation equation is biased, in terms of accuracy, towards high correlation
coefficients.

In statistics, there is a well-known scale with constant sensitivity, i.e., the
Fisher z transformation of r:

z = Z(r) =
1

2
log

1 + r

1− r
(3.2)

Fisher z has the property that the estimated values for Z(r) are normally dis-
tributed around the true value Z(�), while the standard deviation of this normal
distribution � = 1/

√
n− 3 only depends on the sample size n, and not on �. In

other words, the sensitivity is constant across the z scale for a fixed sample size
n. Figure 3.1(b) illustrates this by means of an example for n = 10. Although
a single measure for correlation is easy to interpret, much information is left
out. This may lead to misinterpretation of data, especially when the underlying
assumption of a joint normal distribution of both variables is violated, as in
the example of Figure 3.2. Visualization can complement calculation in that it
aims at showing all data, instead of only a summary statistic. Visualization is
used increasingly in data analysis, especially when setting up hypotheses and
identifying characteristic patterns.

3.3 Visualizing Correlation

In statistics, there is a long history of using scatterplots to study correlation.
Restrictions and problems of using scatterplots have been clearly identified.

Figure 3.2: The value of r(0.917) suggests a high degree of correlation, while x
and y are not linearly associated.
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Figure 3.3: The three extreme values of r visualized with scatterplots.

Also, assessing bivariate association has interested psychologists since it is a
basic cognitive task. However, not many guidelines can be found for PCPs. In
information visualization, many applications of PCPs have been presented for
multivariate data analysis, and suggestions for improvements have been made.
Finally, we consider the evaluation methodology to be used in our comparative
study.

3.3.1 Scatterplots

Scatterplots are used most often to visualize bivariate data, and are routinely
used to estimate correlation visually. The x and y variables are mapped to
Cartesian coordinates, and sample items (xi, yi), for i = 1, . . . , n, are depicted
by points. The strength of the correlation is usually associated with the degree
to which the points aggregate around a line. The direction of the correlation
is indicated by the dominant direction of the cloud of points, see Figure 3.3
(direction southwest-northeast for positive correlation, and direction southeast-
northwest for negative correlation).

Although scatterplots are routinely used, they can be seriously misleading
when used to judge correlation [50]. Before explaining the problem, we define
some visual features of scatterplots.

The SD-line is defined as the line passing through the centroid of the point
cloud with slope Sy/Sx, where Sx and Sy are the sample standard deviations,
as defined in equation (3.1). The major axis D is defined as the major diameter
of an ellipse fitting the point cloud and the minor axis d is the minor diameter
of the ellipse. The direction of D is approximately the direction of the SD-line.
The ratio d/D is a measure for how closely the point cloud approximates a line
(Figure 3.4).

One common mistake is to consider the linear degree of the point cloud (d/D)
as representative of ∣r∣. However, ∣r∣ measures the degree of linear association
between two normally distributed random variables, and not the degree to which
the point cloud is linear; ∣r∣ is actually determined by both d/D and the direction
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Figure 3.4: The major diameter D and minor diameter d of the ellipse fitting
the point cloud.

r ~ -0.3

r ~ 0.75 r ~ -0.9

r ~ 0.85

Figure 3.5: Effect on correlation of rotating a point cloud in a scatterplot.
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Figure 3.6: Two scatterplots with r = 0.66 and different scales for which the
visually estimated correlation tends to vary.

of the SD-line. Indeed, rotation of a point cloud yields different ∣r∣ values [50],
while the linear degree of the point cloud obviously remains the same (Figure
3.5). If the axes in scatterplots are rotated continuously, the value of ∣r∣2 varies
smoothly from 0 to its maximum value [50]. The maximum of ∣r∣2 is attained
when Sy/Sx = 1. Visually combining the two features in scatterplots is difficult
and a recommendation [15] is therefore to fix Sy/Sx to 1, such that the ∣r∣ of
different sample data sets is visually comparable by comparing d/D. In this
case, the direction of the SD-line is fixed to be parallel to the line y = x. We
follow this recommendation and use sample data sets with Sy/Sx = 1 in our
experiment.

Another perceptual problem of scatterplots was demonstrated by Cleveland
et al. [15]. In this study, it was established that variables looked more correlated
when the size of the point cloud size was decreased. The direction of D was fixed
to be y = x, which is approximately equal to the condition that Sy/Sx = 1. The
smaller the point cloud size, the more points fuse (Figure 3.6). According to this
observation, the scales of the axes in the scatterplots should be kept constant
when comparing correlation coefficients across different samples. An interesting
issue is how the perceived correlation relates to the actual sample correlation
r. Several experiments have demonstrated that the perceived correlation is
often different from r in case of scatterplots, particularly underestimating ∣r∣ for
smaller values [15, 24, 76]. So the relationship between perceived and statistical
correlation is not linear. The experiments by Cleveland et al. [15] showed
that neither of two proposed functions of r: w(r) = 1 −

√
1− r2 and g(r) =

1−
√

(1− r)/(1 + r) , succeed in describing the perceived correlation very well.
The geometric interpretation of w(r) is d/D. The geometric interpretation of
g(r) is the ratio of the elliptical area of the point cloud to the rectangle area
that contains the point cloud. Therefore, they concluded that, despite the fact
that both geometrical cues might be employed during the perceptual process of
judging correlation, neither w(r) nor g(r) describe the human perception scale
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Figure 3.7: Visualization of multivariate data with scatterplot matrix.

correctly. They hypothesized that this might be due to the fact that area and
length perceptions may be non-linearly related to their physical quantities (more
specifically, they proposed a power-law relationship with a power less than 1).
Their hypothesis may also explain the failure of one alternative proposal in [76]
for describing the non-linear perception of correlation.

A recent intensive study on the physiological processing involved when view-
ing scatterplots was carried out by Best et al. [5]. No explicit response was
required from participants, as different brain sites were monitored while sub-
jects were observing scatterplots with eleven different correlation levels (r =
0,±0.1,±0.3,±0.5,±0.7,±0.9). The result showed that perceiving correlation
needs visual coding of spatial patterns as well as verbal coding to label the rela-
tionships. This indicates that visual correlation perception is not a pre-attentive
activity. It was also observed that positive and negative correlations are pro-
cessed in different ways, which might explain the positive bias when observing
negative correlations [38]. Three levels of correlation strength (weak, moderate
and strong) were treated differently during the perception process. The men-
tal effort increased when judging moderate correlations (particularly, in case of
∣r∣ = 0.3 and 0.5), which was explained by means of an efficiency hypothesis
[38]. In case of moderate correlations, it was less obvious for the brain to de-
cide which spatial areas were most relevant for the cognitive task and should be
activated. For multivariate correlation analysis, it is common practice to place
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correlation coefficients for each pair of variables in a matrix with one row and
one column for every variable [2]. In the same way, a matrix of scatterplots
can be used as a combined view of all bivariate scatterplots [66] (Figure 3.7).
However, it may be difficult to get an overview of all the relationships in such
a matrix, especially when the number of variables is large.

3.3.2 Parallel coordinate plots

Parallel Coordinates Plots (PCPs) constitute another, somewhat less known vi-
sualization method. The x and y variables are mapped to two vertical parallel
axes with sample items being depicted by line segments between these axes. In
other words, the projective line-point duality [30, 31] from geometry is used, so
that a scatterplot can be transformed into a PCP and vice versa. Thus, it is
also possible to visualize correlation by PCPs [30, 66, 89]. Positive and negative
correlations lead to very different patterns in PCPs [65, 66]. The three charac-
teristic patterns, associated with the extreme values of r, are shown in Figure
3.8. Positive correlation leads to a pattern with parallel line segments; negative
correlation gives a diabolo-like pattern, with line segments intersecting in one
point. For data sets with an intermediate correlation the direction of correlation
can be estimated by judging which of these those patterns is approximated best,
and the strength of correlation by judging how close this approximation is.

Figure 3.8: The three extreme values of r visualized with parallel coordinate
plot.

PCPs were particularly invented to deal with multivariate data (Figure 3.9).
Bivariate PCPs are easily extended into multivariate visualizations by adding a
parallel axis for each variable (Figure 3.9). Sample items are depicted as polyg-
onal lines across the set of parallel axes. The pattern of those polygonal lines
can disclose relationships for multiple pairs of variables. However, to explore
relationships between variables exhaustively, different orders of the axes have to
be examined.

We have only found few experimental results [8, 33] for PCPs and the ques-
tion of what exactly humans can deduce from PCPs is largely open. There
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Figure 3.9: Visualization of multivariate data with parallel coordinate plots
(using the data set in Figure 3.7).

Visual Perceived
stimulus strength

Quantization ki

Figure 3.10: The proposed statistical model describing the human perception
and judgment process of visual correlation. The parameters � and n specify the
data set that is visualized, while V and T identify the visualization method being
used and the time available for the participant to observe the visualization. The
visual stimulus vki triggers a perceptual process that is statistical in nature, i.e.,
the perceived signal strength ski is assumed to be normally distributed around
an average value pki that depends on both the correlation strength � (coded
by index i) and the independent parameters n, V and T (coded by the index
k), and a standard deviation �k that is independent of correlation strength.
The mapping from the internally perceived signal strength ski to the externally
observed user response uki is modeled by a quantization process.
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however seem to be two rather common agreements in the field of information
visualization. One agreed advantage of using PCPs for viewing multivariate
data is that the linked sequence of bivariate displays supports both a contin-
uous view and a comparative view for more than one pair of variables. Most
applications of PCPs have been developed based on this advantage [22, 78, 87].
An agreed disadvantage of using PCPs is that the noisy intersections of many
lines obscure the underlying patterns and cause visual clutter, especially when
visualizing a large amount of data. Several efforts have been made to reduce
visual clutter in PCPs. For instance, algorithms have been developed to focus
on the main trends and filter out the less relevant ink [23, 59]. Alternatively,
sample data can be preprocessed into clusters, and different rendering meth-
ods can be used to highlight these clusters [4, 34]. An interesting method with
curved lines was also proposed for better clustering in parallel coordinate plots
[26]. We focus here on standard PCPs, but acknowledge that such methods can
be used to reduce clutter. The visual stimuli used in our experiment will be
limited to a range of sample sizes where clutter is not a dominant issue (see
Section 3.4.2).

Regarding the advantage of using PCPs for multivariate data, we agree that
an integrated view may help to obtain a good overview of the data. However,
we argue also that finding correlations in PCPs is ultimately based on finding
correlations between pairs. Hence, effectively capturing the decomposed view of
every bivariate display is a prerequisite for an effective overview or comparison
among different pairs of variables. We therefore evaluate the simplest form of
PCPs, where just one pair of variables is visualized.

3.4 Experiment Design

In an experiment, independent variables refer to variables that are manipulated
by the experimenter and dependent variables are those being measured [55]. In
order to keep the required experimental effort limited, we need to identify the
most interesting aspects of the task. This has resulted in the variation of four
independent variables in our user experiment: the visualization method V (scat-
terplots sc versus PCPs pc), the observation duration T (limited display time
ld versus unlimited display time ud), sample size n, and population correlation
coefficient �. The user judgment of correlation U is the dependent variable.
Our experiment aims to find out how the independent variable V influences the
dependent variable U in case of different settings of the other three independent
variables T , n and �.

3.4.1 Model

The experiment involves only one user task, namely judging correlation. The
proposed model for the perceptual and judgment process is shown schemat-
ically in Figure 3.10. The outputs uki provided by the subjects in response
to the correlation level i (i = 1, . . . , I, where I = 7 in our experiment) and
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the experimental condition k (unique combinations of n, V and T ) are the ob-
servable in the experiment. The mean pki and standard deviation �k of the
normally distributed internal visual perceptions ski cannot be observed directly
but need to be deduced from the pattern of observed responses. More specif-
ically, we assume that the relationship between the continuous perception ski
and the discrete response uki is described by a uniform quantizer. This implies
that the expected frequencies of responses in the available output categories
(−2,−1, 0,+1,+2, which we will explain in more detail in Section 3.4.3) can be
established as described below. If we denote the Gaussian distribution by

'(u; pki, �k) =
1√

2� ⋅ �k
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(
− (u− pki)2

2�2
k

)
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Similarly, the expected frequencies of responses u = 1, 0,−1, and −2 can be
expressed as
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and
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In this sense, pki, for all i ∈ I, can be assumed to represent the perceptually
uniform scale of correlation under condition k.

By varying the model parameters pki and �k we can adjust these expected
frequencies to the actually observed distribution of responses in the experiment.
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Figure 3.11: The quantization mechanism and estimation process based on the
ML principle for condition k = {(sc, ud), n = 160}: (a) The estimated pa-
rameters pki and �k determine the distributions of perceived strength ski; (b)
Quantization of sk3 into a discrete response uk3 (ski in [−∞,−1.5] results in
uki = −2, ski in [−1.5,−0.5] results in uki = −1, ski in [−0.5, 0.5] results in
uki = 0, ski in [0.5, 1.5] results in uki = 1, ski in [1.5,∞] results in uki = 2); (c)
Producing response frequencies by integrating distributions over quantization
intervals; (d) Expected response frequencies presented by a bubble chart; (e)
Average stimulus strengths pki; (f) Observed response frequencies presented by
a bubble chart with the same scales as in (d).
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More specifically, maximum likelihood estimation is used to find the optimal
parameter values. This estimation process is illustrated in Figure 3.11.

The model assumes the existence of a perception scale for correlation that
has constant sensitivity (or noise) across its entire range. This sensitivity reflects
the accuracy of the underlying physical processes (of viewing and processing the
visual stimulus), and is supposed to be independent of the type of information
being processed. The practical argument for being interested in a scale with
constant sensitivity (i.e., with interval properties) is that it helps to assess the
differences (or intervals) between stimuli. More specifically, if a scale has interval
properties then we can deduce that the perceptual difference between stimulus
1 and 2 is bigger or smaller than the perceptual difference between stimulus 2
and 3, if the corresponding distances between the stimulus representations on
the interval scale behave accordingly.

3.4.2 Stimulus specification - independent variables

The visual stimuli in the experiment are determined by the sample data sets, the
visualization method V and display time condition T . The combination of V and
T results in four test sessions: (sc, ld), (pc, ld), (sc, ud), (pc, ud). Furthermore,
in each test session we use 42 sample data sets. We use 3 different levels of n
and 7 different levels of � (Figure 3.13), and for each pair of (n, �), two random
samples are generated. Examples of the resulting visual stimuli for different
values of �, n and V are shown in Figure 3.13. Below, we explain how the
specific stimulus levels were selected.

Fisher-z transformation

In agreement with an earlier study [5], we decided for three levels of correla-
tion strength, i.e., weak, moderate and strong. We wanted to explore both
positive, negative and zero correlations, which resulted in 7 different levels for
�. Since earlier experiments have revealed that these levels of correlation are
treated differently by humans, we expected to be able to reveal differences in
the perception and judgment process with such stimuli. Next, we needed to
decide on the precise values of �. The aim was to select values that were about
equally distant on a human judgment scale. As discussed earlier, equidistance
on the scale of � does not map to equidistance on the human perception scale
of correlation [15, 76]. Hence equal intervals of � did not seem appropriate.
Since alternative functions like �2 (Strahan and Hansen [76]) and w(�) and g(�)
[15] have also not been proven to represent human perception, we decided to
select our stimuli such that they were equidistant on the theoretically optimal
Fisher-z scale. This is equivalent to assuming that human perception is close
to optimal. We therefore adopted equal intervals on z(z = 0,±0.5,±1.0,±1.5)
to select the average correlation coefficients in our experiment (corresponding
to � = 0,±0.462,±0.762,±0.905). The correlation strength levels range from
weak to strong (Figure 3.12). In Section 3.5 we consider to what extent the
actual human perception differs from this theoretical optimum.
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Figure 3.12: Fisher z - Pearson’s � transform, with the four equidistant levels
chosen for z and the corresponding values for �. Note that z has an infinite
range.

Sample size n

For both scatterplots and PCPs, we should use the same sample sizes for com-
parison purposes. Empirically, n can be varied over a wide range for scatterplots
without problems. However, PCPs become cluttered for large n. We carried
out a small user test to obtain more insight into the problem. Three subjects (2
males and 1 female), aged between 25 and 30 years, were involved in the test.
Random sample sets with increasing size were presented to them as PCPs. In
the first round, the increment was 50 data items (n = 50, 100, 150, 200, 250).
We stopped increasing n when the subject reported that the image shown
made no sense anymore due to visual clutter. One subject stopped at 150,
the other two stopped at 200. In the second round, the increment was 10
items (n = 150, 160, 170, 180, 190, 200, 210, 220, 230, 240, 250). Now two sub-
jects stopped at n = 200 and one at n = 180. Since our experiment is not
intended to expose the well-known problem of visual clutter in case of PCPs,
we adopted the following three sample sizes to be used in the experiment: 10,
40, and 160, which correspond to small sample size, medium sample size and
large sample size.

Display time condition T

We also wanted to investigate the difference between limited and unlimited in-
spection (display) time, in order to better understand the difference between
occasional observation (for instance in scatterplot matrices) and careful study-
ing. The limited display time is supposed to be short enough to only allow a
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Figure 3.13: Visual stimuli: scatterplots (top) and PCPs (bottom) with con-
trolled correlations defined by z (in columns) and sample size n (in rows).

quick impression of the data. At the same time, since correlation analysis is
not a pre-attentive activity, it should not be too short either. A small pilot
study was conducted to make an informed choice about the limited time con-
dition. Three subjects were involved here (2 female, 1 male), aged between 20
and 35 years. Random sample data were presented to them for increasingly
long display times. In the first round we used an increment of 300 milliseconds
(t = 500ms, 800ms, 1100ms, 1400ms). All subjects reported increased difficulty
of judgment for time settings below 1100ms. They complained that the visual
image could no longer be retained properly in memory. In the second round, we
used an increment of 100 milliseconds (t =900ms, 1000ms, 1100ms, 1200ms).
All subjects declared that a display time of 1000ms was marginally acceptable.
Based on this result, we selected 1 second for the limited time condition.
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3.4.3 Response - the dependent variable

For the response scale, we used five semantic levels: strongly negative, nega-
tive, not correlated, positive and strongly positive. The scale is restricted to
five levels, which are organized symmetrical around no correlation. Past ex-
perience [54] with categorical scaling has shown that such limited scales allow
for an approximately linear mapping between perception strength and response
rating. We abstained from a continuous scale, because a discrete scale is faster
to work with and matches better with the task at hand. No scores or values
were indicated to users in order to avoid associations of categories with specific
correlation values. In Section 3.5, we use the frequencies of different responses
in the same condition to deduce the actual perception strengths. For the sake
of the data analysis, the categorical responses are coded as numerical values -2,
-1, 0, 1, and 2.

3.4.4 User Test

Test procedure and participants

The experiment started with a small tutorial which briefly introduced scatter-
plots and PCPs and how to use them to analyze correlation. Characteristic
images of both visualization methods for r = −1, r = 0 and r = 1 were shown
on paper. Next, there was a trial session in which participants could familiarize
themselves with the test environment and the test interface. Trial samples were
presented with both visualization methods and displayed in both time condi-
tions. Afterwards, the formal test sessions started.

We wanted to use the same images for both the limited and unlimited time
conditions, to enable direct comparison. In a pilot study (with ten participants,
simulating the formal test but not included in the data analysis) we found that
participants spent quite a long time to investigate patterns in the unlimited time
condition. As a result, patterns could be remembered, which led us to decide
to start always with the limited time condition. In order to avoid an effect on
the order in which the two visualization methods were tested, we used both
orders. Consequently, there were two orders of the four sessions: (A) (sc, ld)→
(pc, ld) → (sc, ud) → (pc, ud); (B) (pc, ld) → (sc, ld) → (pc, ud) → (sc, ud). In
the formal test, participants were randomly assigned to one of these two orders.
For each session and subject, the 42 stimuli created by combining pre-generated
sample data sets and visualization conditions were displayed in random order.
This arrangement aimed to average out learning effects. During the test sessions,
participants were allowed to refer to the characteristic graphs from the tutorial
since most of them were not familiar with PCPs. Finally, participants were
interviewed to give their subjective comments. The experiment was performed
by 25 participants. They were university PhD students or faculty from different
departments and between 24 to 45 years old. All of them knew the concept of
correlation in statistics. Most of them had experienced scatterplots before, and
one fourth of them knew the concept of PCPs, but none of them had actually
used PCPs to analyze correlations. All subjects however commented that the
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pre-test tutorial and trial session supplied enough information for them to do
correlation analysis with the help of PCPs.

Test environment

The experiment was carried out in an office environment during daytime. The
evaluation program was running on a desktop PC. The graphs were displayed
on the left-hand side of the PC screen in an area of 24 × 26cm2 with white
background and black objects (Figure 3.14). One point in a scatterplot occupied
an area of 1×1mm2. The same axis scale was used for all graphs. The resolution
of the plotting area was 788× 854 pixels.

The interface for collecting user responses was displayed on the right-hand
side of the PC screen (Figure 3.14). Participants were asked to push one of the
five buttons, corresponding to the five response levels as defined in section 3.4.3.
They could change their rating up to the point of clicking the ‘Next’ button.
Since the ‘Next’ button also triggered the next stimulus, the participants were
reminded to be prepared for this next stimulus, especially in the limited time
condition. In this condition, the visualized pattern appeared right after the
‘Next’ button was clicked, but disappeared after 1 sec. After 1 sec, the graph
area was blanked, while the right-hand side input interface remained visible,
waiting for an input from the test person. In this way, we were able to limit the
time of the visualization, without limiting the response time. We observed in the
pilot study that participants sometimes clicked the ‘Next’ button before they
had finalized their response. Although we explicitly reminded our participants of
this potential mistake before the formal test, there were five judgments of three
subjects that required correction afterwards by the experiment leader who kept
track of such occurrences.

3.5 Quantitative Analysis

The effectiveness of the different visualization methods for correlation assess-
ment can be characterized in a number of different ways. One option is to
estimate the discriminative power (performance accuracy), which we define as
the number of levels of correlation that users can distinguish reliably in a spe-
cific condition. Another option is to establish how closely the actual human
perception approximates the theoretically optimal performance of the Fisher z
scale. A third option is to establish whether or not there are systematic biases
in the correlations being reported, such as a bias towards negative over positive
correlations.

In order to quantitatively study these aspects, we need to derive the actual
perceptions (expressed by the average perception values pki in the model in
Section 3.4.1) and the internal noise �k from the observed response data uki.
We report the performance accuracy as a function of visualization method,
inspection duration and sample size below in Section 3.5.1. We also establish
whether or not perception values that are proportional to the Fisher z scale are
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Figure 3.14: The interface of the experimental program.

able to explain the observed response data. Any deviation of the perception
scale from the Fisher z scale and any offset from the origin will be interpreted
as signs of perception bias.

Figure 3.15 shows the distributions of the response data in the four different
test sessions. The x-axis present the z values of the stimuli, while the y-axis
presents the corresponding user response value u. The area of the bubbles
visualize the number of observations for all combinations of z score and response
value u. Observations are accumulated over all subjects and sample sizes n. An
approximate linear relationship passing though the origin seems to exist between
z and u in all cases. Therefore we can hypothesize linearity between the average
subjective perceptions pki and the Fisher z scores. The results of statistical tests
of this hypothesis are reported in Section 3.5.2.

In practice, we use XGms, a statistical modeling tool, developed by Jean-
Bernard Martens [53, 54] to support the data analysis.

3.5.1 Performance accuracy

The response data per condition k (i.e., every unique combination of visualiza-
tion method, observation duration and sample size) were analyzed using XGms
[54], in the sense that the relevant parameters of the statistical model that we
introduced in the model in Section 3.4.1, i.e., the average perception values pki,
for i = 1, . . . , I, and the noise standard deviation �k, were estimated from the
observed response frequencies.

In order to describe how the estimated parameters can be used to derive a
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Figure 3.15: Distributions of observed responses in the four test sessions.
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Figure 3.16: (a) Discriminability index d-prime from signal detection theory: if
the overlap between the distributions of the measurement variables on which
detection is substantial (such as when d′ = 1), then a substantial percentage of
errors is expected; if the overlap is small (such as when d′ = 3), then few errors
are expected; (b) For the same uniform overlaps (i.e., the same error rates 32
% are expected as when d′ = 1), large �k (top) yield fewer discriminable levels
(corresponding to a smaller d∗k) than when �k is small (bottom).
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Table 3.1: Accuracy index d∗k for scatterplots

T
n

10 40 160

Limited 7.70 13.14 14.59
Unlimited 8.84 11.36 22.25
All time conditions 7.99 10.99 15.45

Table 3.2: Accuracy index d∗k for PCPs

T
n

10 40 160

Limited 3.51 5.34 6.11
Unlimited 5.17 6.01 6.50
All time conditions 4.20 5.57 6.18

performance index, we need to borrow some well-known facts from statistical
detection and estimation theory [54]. Detection theory describes how well two
conditions can be distinguished based on noisy measurements. As it shown in
Figure 3.16(a), a large overlap between the distributions of the measurement
variable in both conditions gives rises to a substantial percentage of errors. In
case both distributions are normal with equal standard deviation � but different
average values �1 and �2, then the percentage of errors P" is determined by the
discriminability index d′ = (�1 − �2)/� (d-prime). A d′ = 1 corresponds to
a just noticeable difference (JND), which still gives rise to a substantial error
rate of P" = 32%, while d′ = 3 corresponds to a difference that can be judged
reliably, i.e., with a small error rate of P" = 7%. In case several levels need to
be distinguished, we can add discriminability indices between successive levels
to obtain a discriminability (accuracy) index for the entire range. In our specific
case, this results in

d∗k = Rk/�k (3.9)

where Rk = maxi(pki)−mini(pki), where i = 1, . . . , I is the range of the average
perceptions for the correlation strengths used in the experiment. The index d∗k is
the normalized perception range (normalized by �k) and indicates the number of
JNDs under condition k (i.e., the number of levels that can be distinguished with
a d′ of one). Higher values of d∗k indicate that more levels can be distinguished
reliably, as is illustrated in Figure 3.16(b). Table 3.1 and 3.2 give an overview
of the obtained d∗k values in the different experimental conditions. d∗k is also
analyzed for size perception and lightness in later chapters (refer to Section
5.6.3 and 6.6.3).

There exists a theoretical upper limit for d∗k. More precisely, since the z
scale is the theoretically optimal scale (with constant variance), and z has a
known normal distribution N(Z)(�, 1/(n− 3)2), the expected value for the dis-
criminability index is

dz =
Zmax − Zmin

�z
=
Zmax − Zmin

1/
√
n− 3

= 3
√
n− 3 (3.10)
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where Zmax = 1.5 and Zmin = −1.5 in our case. This optimal index dz only
depends on the sample size . The upper limits for the discriminability index are
hence expected to be at 7.94 for n = 10, 18.25 for n = 40 and 37.59 for n = 160.
Figure 3.17 plots discriminability indices, together with the theoretical upper
limits, for the different conditions considered in the experiment. By comparing
indices d∗k for different conditions, we can establish the influence of different
independent variables on the accuracy.

discriminability 
(accuracy)
index
*

Figure 3.17: Summary of accuracy under different conditions.

Effect of visualization method

In Table 3.1, d∗k values are provided for scatterplots under different conditions.
The lowest value is 7.70 under limited display time and sample size n = 10. If we
adopt d′ = 3, for a reliable distinction between successive levels, then this leads
to that only 3 levels can be reliably distinguished in this condition (calculated
by d∗k/3 = 7.7/3 ≈ 3, since d∗k is calculated as when d′ = 1). The highest d∗k
value is 22.25, or 7 (22.25/3 ≈ 7) clearly distinguishable levels, for an unlimited
display time and a sample size equal to n = 160. Figure 3.18 shows 22 levels of
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Figure 3.18: An example of 22 levels of correlation visualized by scatterplots.
According to our estimation, the discriminability between two neighboring scat-
terplots is similar as when d′ = 1. If we assume that d′ = 3 is required to be
clearly distinguishable, then the clearly discernable levels should be such that
there are two scatterplots in between them in this figure.

correlation, with uniform sampling of the z-value, in scatterplots with n = 160.
Note that these levels are indeed close to what is just distinguishable.

From Figure 3.17, we can see that for n = 10, scatterplots allow to fully
exploit the information in the data. For n = 40 and n = 160, the performance
increases, but stays well below the theoretical optimal limit. A confusing case
might be (sc, ud) and n = 10, where the estimation of d∗k is slightly above the
optimal limit. This case is discussed later about confidence intervals of d∗k on
the next page.

In Table 3.2, d∗k values are provided for PCPs under different conditions. The
lowest value is 3.51 for limited display time and sample size 10. It indicates that
users cannot make very reliable judgments for correlation. The highest value is
6.50 for unlimited display time and sample size 160, which demonstrates that
reliably distinguishing 3 levels of correlation is what can be expected at best.
Comparing both visualization methods, the highest performance of PCPs is even
lower than the lowest performance of scatterplots and the average performance
of scatterplots is at least twice as high as that of PCPs. All the evidence hence
implies that the accuracy of judgment for PCPs is much lower than that for
scatterplots.

Effect of display time and sample size

For both visualization methods (Figure 3.17), d∗k values for unlimited viewing
T = ud are almost always larger than d∗k values for restricted viewing T = ld
in case of identical sample size. This indicates that giving users more time to
observe helps them to distinguish more levels of correlation, especially in case
of scatterplots. The only observed exception is for scatterplots with n = 40.

We have also measured the time to complete each test session per partici-
pant. The average times for all participants and the differences between different
sessions are shown in Table 3.5.1. A paired t-test was used to compare the mean
of the completion times of the four test sessions. The mean completion time of
(sc, ld) was 62s lower (33% faster) than that of (pc, ld); and the mean comple-
tion time of (sc, ud) was 92s lower (39% faster) than that of (pc, ud). Both cases
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Table 3.3: Means of completion times of a test session
In seconds sc pc pc-sc

ld 127 189 62
ud 144 236 92
ud-ld 17 47

are statistically significant with p-values smaller than 0.001. It is also interest-
ing to observe that for PCPs, the mean completion time in the limited display
time session (pc, ld) is significantly lower than that in the unlimited display time
session (pc, ud); while for scatterplots, the mean completion time of ld is not
significantly lower than that of ud. These results seem to indicate that people
can perceive correlation easily and quickly with scatterplots. For PCPs, it is
more difficult both to sense signals and to perceive correlations. When display
time is limited, people spend more time to interpret the perceived signal and to
generate an output response when using PCPs instead of scatterplots. When
display time is unlimited, people also spend more time for viewing stimuli and
reporting responses, which seems to point at an increase in cognitive load when
using PCPs. For both visualization methods, the judgment accuracy increases
with increasing sample size within the experimental range (for our case, up
to 160 items). This indicates that a larger sample size leads to a more accu-
rate judgment. For scatterplots, the accuracy improves substantially for larger
sample sizes; while for PCPs the improvement is very modest.

Confidence interval on d∗k and dz

Although we have estimated the values of d∗k from our experimental data, we
need to recognize that this estimate is actually a stochastic variable. We would
very likely obtain a different set of responses in case we would repeat the same
experiment. Using such new data would result in (slightly) different values for
the model parameters, and hence also for the deduced performance variable
d∗k. In order to properly judge differences in this performance variable, the
(for instance, 90%) confidence intervals (CI) should hence be computed for this
variable. However, to compute the CI for d∗k by means of experiment repetition
is not feasible. A common statistical practice is to perform re-sampling of the
obtained experimental data. We consider the CI obtained through re-sampling
for two special cases: (sc, ud), n = 10 where the d∗k values are slightly above the
optimal value dz; and (sc, ud), n = 160 where the d∗k values seems surprisingly
high. Table 3.4 shows the 90% confidence intervals that were obtained for d∗k
using the re-sampling procedure. Note that the optimal boundary dz, is also a
stochastic variable that should be treated in a similar way. The corresponding
CI of dz is also shown in Table 3.4 the bottom row (although it was obtained by
re-sampling, it could also be derived from our knowledge of the average standard
deviation for this theoretical case).

We can see that the CI of dz for n = 10 contains the CI of d∗k for (sc, ud) and
n = 10. This can explain why the d∗k value from our experiment could be slightly
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above the average optimal value for dz. The CI of dz for n = 160 is completely
above the CI of d∗k for (sc, ud) and n = 160, which indicates the discriminability
of human sensors is substantially below that of an optimal estimator when the
sample size is large. At the same time, the CI of d∗k for (sc, ud) and n = 160 is
small and precise, which provides confidence in the accuracy of our estimate.

Table 3.4: Confidence Intervals at 90%

Var
n

10 40 160

dz [4.01, 11.85] [14.95, 21.53] [34.28, 40.85]
d∗k(sc, ud) [8.16, 9.55] [20.67, 23.20]

3.5.2 Judgment bias

The perception and judgment bias can also be assessed by comparing the hu-
man perception scale with the Fisher z scale. This deviation can be assessed
by observing the non-linearity between the estimated perception values and the
optimal z values. A lack of symmetry or an offset from the origin in the percep-
tion scale points at a different treatment of positive and negative correlations.
We first report the results of a statistical test on linearity, before providing the
actual perception values and assessing the evidence for asymmetric behavior.

Non-linearity

Hypothesizing the existence of a linear relationship between perception values
and z scores is equivalent to assuming a simplified model where the perception
values in the statistical model of Figure 3.10 can be expressed as

pki = fkzi + ck, (i = 1, . . . , I). (3.11)

In this sense, pki represents a continuous scale with the following merits:

∙ it is perceptually uniform;

∙ it is linear with a physical metric z of correlation.

In the original model, there are I = 7 parameters pki, where each parameter
specifies the perception value for one of the seven correlation levels. In the
simplified model, there are only two parameters fk and ck required to specify
the perception values, since the zi values are known. Hence, the simplified
model has 5 parameters less than the more general model. Since we use a
maximum likelihood estimator, we can compare the likelihood of both models,
using a Chi-squared (�2) test (with 5 degrees of freedom)[54]. More precisely,
if the difference in likelihood exceeds the threshold set by the �2 test, then we
can reject the hypothesis that both models are equivalent. �2 tests most often
choose the boundary such that the confidence of false rejection is below 0.05.
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Table 3.5: �2 (P -value) for scatterplots

T
n

10 40 160

Limited 10.50(0.062) 78.06(0.000. . . )∗ 31.02(0.000. . . )∗

Unlimited 10.33(0.067) 22.77(0.000. . . )∗ 13.93(0.016)
All time conditions 15.55(0.008) 84.43(0.000. . . )∗ 31.11(0.000. . . )∗

∗P -value is smaller than 0.001

Table 3.6: �2 (P -value) for PCPs

T
n

10 40 160

Limited 6.45(0.265) 7.81(0.167) 19.04(0.002)
Unlimited 7.22(0.205) 9.44(0.093) 16.64(0.005)
All time conditions 13.42(0.020) 12.54(0.028) 28.55(0.000. . . )∗

∗P -value is smaller than 0.001

If the difference in likelihood is below the threshold, then we have insufficient
evidence for rejecting the hypothesis that the perception values are linearly
related to the z scores. Table 3.5 and 3.6 present the �2 statistics obtained
from the comparisons between both models under different conditions. A small
P -value (the most widely used threshold for the P -value is 0.05) stands for
a significant difference between the optimal model and the linear regression
model, thus indicating a significant non-linearity. In case we adopt 0.05 as the
threshold value, any P -value larger than 0.05 indicates insufficient evidence for
non-linearity between perception values and z scores.

For scatterplots, the P -values are larger than 0.05 when n = 10 which in-
dicates no evidence for a non-linear relationship. In case of scatterplots with
n = 40 or n = 160, the P -values are quite small, which is evidence for a signif-
icant non-linearity. For PCPs, P -values are larger than 0.05 in case of n = 10
and n = 40. The perception scales for PCPs hence seem to be more linearly
related to z scores than in the case of scatterplots. Given that the range of per-
ception values is much smaller in case of PCPs, this should not be considered
very unexpected.

In cases where there is evidence for a non-linear relationship between z scores
and perception values, we of course would like to obtain more insight into the
nature of this non-linearity. This can be obtained by plotting perception val-
ues as a function of z scores in the different experimental conditions. Such a
visualization will not only reveal deviations from linearity, but also evidence for
any asymmetric behavior (a different treatment of positive and negative corre-
lations). In order to properly compare the perception values pki across different
experimental conditions k, we normalize them by dividing them by the standard
deviation �k of the estimated noise:

p̄ki =
pki
�k
, (i = 1, . . . , I). (3.12)
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This definition is also in agreement with our earlier discussion, since

d∗k =
maxi(pki)−mini(pki)

�k
= max

i

(
pki
�k

)
−min

i

(
pki
�k

)
= max

i
(p̄ki)−min

i
(p̄ki) (3.13)

Figure 3.19 and Figure 3.20 respectively present the relationship between
p̄ki and zi under under different conditions of sample size and viewing time.

z scale

Figure 3.19: Relationships between the normalized average perception values
and the Fisher z scores for scatterplots. The arrow indicates the offsets in
judgment for zero correlation.
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Figure 3.20: Relationships between the normalized average perception values
and the Fisher z scores for parallel coordinate plots. The arrow indicates the
offsets in judgment for zero correlation.

Comparing Figure 3.19 with Figure 3.20, we observe that the normalized
perception scores for PCPs are indeed indeed more linearly related to z scores
than in case of scatterplots. A compression of the perception scale, such as
observed for the extreme z scores in case of scatterplots, implies that the vi-
sualization method is more sensitive for discriminating small correlations than
for discriminating high correlations. For PCPs, the most obvious characteristic
is the offset at a z score of zero, which is discussed in more detail in the next
section. It indicates a bias towards reporting negative correlations, even in cases
where the true correlation value is (slightly) positive. Another interesting issue
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here is that the z scores have an infinite range while human judgments can be
assumed to be restricted to a finite range. Therefore, obtaining a perception
scale that is linearly related to z scores over the entire range of z scores is not
possible. In other words, linearity inevitably needs to be broken when the range
of z scores increases. The evidence for this is obviously most pronounced in case
of scatterplots.

Offset

Negative offsets for PCPs are shown in Figure 3.20 while no discernible offsets
can be observed for scatterplots. To test the significance of the offset, we extract
the frequency tables of ui when zi = 0 under different conditions. Any significant
skew of the distribution will indicate a significant offset from the origin. For
scatterplots, almost 100% of the responses are that u = 0. Therefore, there is
no evidence for any offset. For PCPs, the frequencies are not symmetrically
distributed. A corrected binomial test [64] is used to test the skew significance
and Table 3.7 presents the P -values for a statistical test of negative skew.

Table 3.7: Corrected binomial test Z(P -value) for PCPs

T
n

10 40 160

Limited -0.14(0.444) -0.71(0.239) -1.70(0.045)
Unlimited -0.99(0.161) -2.55(0.005) -2.12(0.017)

There is evidence for significant negative skew in case of {T = ld} ∪ {n =
160}, {T = ud} ∪ {n = 40} and {T = ud} ∪ {n = 160}. Furthermore, 90%
of the subjects commented during the post-test interview that the intersection
pattern of PCPs is a dominant visual cue for them. When this pattern is clearly
present, they can easily make up their decision on strong negative correlation;
however, when this pattern coexists with a parallel pattern, they feel quite
irritated because of its interference. Therefore, the offset bias, particularly the
bias towards negative correlation, does exist for PCPs. Moreover, the bias
tends to be more serious when people get more time to view the graph and
more samples are visualized with PCPs.

3.5.3 Comparison between scales for Scatterplots

For scatterplots, there seems to be a linear relation between the perception scale
and the z scale which is broken by the data of strong correlation levels from
Figure 3.19. To prove this discovery, we run a �2 test on the data excluding
those for z = +1.5 and z = −1.5. Table 3.8 presents the test results. Except
{T = ld}∪{n = 40} and {T = ud}∪{n = 10}, no significant non-linearity exists
among the rest of conditions. Comparing with Table 3.5, we conclude that an
almost linear relation exists between the perception scale and z for scatterplots
which is broken by the strong correlation levels.
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Further, to compare the unbiased scale z with other scales, for instance,
r2, w(r) and g(r) which appeared in previous studies [15, 50], we run multi-
regression analysis on all the other scales, and test the difference between them
and the perception scale estimated from our data. Since those studies only
involve positive correlation, our analysis is also based on positive correlation.
Table 3.9-3.12 present our test results and Figure 3.21 shows the relations of
these scales with the normalized perception scale (only for the positive part).

Table 3.8: �2 (P -value) z = [−1.0, 1.0] of scatterplots

T
n

10 40 160

Limited 7.14(0.068) 33.92(0.000. . . )∗ 4.95(0.176)
Unlimited 10.11(0.018) 4.83(0.184) 5.78(0.123)
All time conditions 14.61(0.002) 27.61(0.000. . . )∗ 1.58(0.665)
∗P -value is smaller than 0.001

Table 3.9: �2 (P -value) for z > 0 of scatterplots

T
n

10 40 160

Limited 1.74(0.419) 16.71(0.000. . . )∗ 21.62(0.000. . . )∗

Unlimited 4.70(0.096) 11.07(0.004) 4.74(0.094)
All time conditions 4.05(0.132) 9.83(0.007) 22.14(0.000. . . )∗

∗P -value is smaller than 0.001

Table 3.10: �2 (P -value) for r2 scatterplots

T
n

10 40 160

Limited 4.30(0.116) 13.05(0.001) 34.34(0.000. . . )∗

Unlimited 0.41(0.817) 21.49(0.000. . . )∗ 6.72(0.043)
All time conditions 2.62(0.270) 14.35(0.001) 39.87(0.000. . . )∗

∗P -value is smaller than 0.001

Table 3.11: �2 (P -value) for w(r) of scatterplots

T
n

10 40 160

Limited 2.39(0.304) 30.44(0.000. . . )∗ 52.85(0.000. . . )∗

Unlimited 1.65(0.439) 30.02(0.000. . . )∗ 20.69(0.000. . . )∗

All time conditions 1.99(0.370) 39.67(0.000. . . )∗ 71.60(0.000. . . )∗

∗P -value is smaller than 0.001

It shows that the z-scale has the most linear relation with the perception
scale among all scales. Scale g(r) works well for large sample size but has
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Table 3.12: �2 (P -value) for g(r) of scatterplots

T
n

10 40 160

Limited 22.49(0.000. . . )∗ 22.64(0.000. . . )∗ 1.67(0.435)
Unlimited 28.16(0.000. . . )∗ 4.60(0.100) 0.02(0.990)
All time conditions 46.57(0.000. . . )∗ 22.17(0.000. . . )∗ 1.80(0.406)
∗P -value is smaller than 0.001

significant non-linearity for middle and small sized samples; while scale r2 works
well for small sample size but has significant non-linearity for middle and large
sized samples. Moreover, from Figure 3.21, we can see that scale g(r) leads to
concave curves, while scale r2 gives convex curves.

3.6 Conclusions

The effectiveness of different visualization methods for correlation judgment
has been assessed in a number of different, but related aspects. Firstly, it
was assessed by establishing a performance index for the number of correlation
levels that can be distinguished reliably; secondly, by looking for evidence of a
non-linear or asymmetric relationship between perception values and (optimal)
Fisher z scores.

The discriminability index d∗k is proposed as a performance measure. It is a
combined indicator of all the parameters in our statistical model (the percep-
tion values pki for the different levels i of correlation and the noise factor �k
that describes the accuracy of the judgments). Roughly speaking, d∗k is the nor-
malized range of the perception values, and can be interpreted as the number
of correlation levels that people can judge. We have established that, for all
combinations of sample size n and observation time T , scatterplots allow people
to distinguish at least twice as many different correlation levels as PCPs and
the performance is even approaching the theoretically optimal expressed by the
Fisher z scores when sample size is small.

Another relevant observation is the deviation of the human perception scale
from the optimal z scale. The deviation has been examined in two ways: by
visualizing and statistically testing the non-linear relationship between the per-
ceived scale and the z scale; and by estimating the offset in perception for zero
correlation. The non-linearity is more pronounced in case of scatterplots than
in case of PCPs. Furthermore, the non-linearity seems to be most pronounced
at high correlation levels for scatterplots. For PCPs, the perception scale is
more linear with z, but negative offset at the origin is observed. People un-
derestimate correlation in PCPs by perceiving strongly positive correlated data
as positively correlated, uncorrelated (and slightly positively correlated) data
as negatively correlated, and negatively correlated data as strongly negatively
correlated. This result matches with the subjective comments we collected after
the experiment that the intersection pattern for r = −1 is perceptually stronger
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Figure 3.21: Comparing the linearity with the human perception of the z-scale
with other scales for the positive correlation for scatterplots.
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than the parallel pattern for r = 1. We call this phenomenon the diabolo ef-
fect in PCPs. Moreover, in the unlimited time condition with larger sample
sizes, the offset is more serious, which means that the longer people look at it,
the stronger the diabolo effect is evoked. We also found that people tend to
overestimate negative correlations (negative correlations were estimated to be
more negatively correlated). This might also be explained by the diabolo effect,
since strongly negatively correlated data lead to a more pronounced intersection
pattern.

Generally speaking, scatterplots are more effective in supporting visual cor-
relation analysis between two variables than PCPs. For PCPs, the judgment is
less accurate. At the same time, a diabolo effect is introduced into the perception
process of PCPs, which causes a bias towards reporting negative correlations.
Since none of our subjects had previous experience with PCPs for correlation
analysis, the poor performance of PCPs could be an effect of unfamiliarity.
Meanwhile, we could also argue that the current unfamiliarity of PCPs to mass
users is due to the poor performance of PCPs and the high training cost.

The statistical model of the perceived correlation established in this paper
enabled us to compare and evaluate two different visualization methods. A
similar approach can also be used for other visualization aspects, such as cluster
detection. In the following work, we intend to use it to study the differentiation
between visual attributes of glyphs.
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Chapter 4

Perception of Glyph
Contrast

Glyphs are frequently used to represent data objects in visualization. An appro-
priate contrast between glyphs is a precondition that determines the efficiency
of a visual analysis process. We study the contrast between different types of
glyphs in the context of scatterplots, based on user testing and a quantitative
model for glyph contrast. In total, 32 different glyphs were generated by using
four sizes, two classes (polygon- and asterisk shaped), and four categories of
rotational symmetry; and three different tasks were used. From the user test
results an internal separation space is established for the glyph types under
study. In this space, every glyph is represented by a point, and the visual con-
trasts defined by task performance between the glyphs are represented by the
distances between the points. The positions of the points in the space, obtained
by Multidimensional Scaling (MDS), reveal the effects of different visual feature
scales. Also, larger distances imply better glyph separation for visual tasks, and
therefore indicate appropriate choices for glyphs. The resulting configurations
are discussed, and a number of patterns in the relation between properties of
the glyphs and the resulting contrast are identified. In short we found that the
size effect in the space is not linear and more dominant than the shape effect.

4.1 Introduction

Information visualization aims to support visual analytic processes for users.
With limited time and effort, a large amount of visual stimuli have to be scanned
and interesting patterns need to be discovered and located interactively. This
requires an encoding method such that interesting patterns stand out and that
the contrast between stimuli is proportional to the contrast in the underlying
data.

The scatterplot is a classic and still very effective method for visualizing
multi-dimensional data. Data objects are represented by glyphs, which position
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is governed by the two spatial axes, representing two continuous or ordinal data
attributes. Furthermore, different data attributes of objects can be encoded by
different visual features of the glyphs, for instance, nationalities can be indicated
by color, weights can be indicated by size, etc. According to visual perception
theories [85, 93], the perceived contrast of a target relative to the visual context
determines whether the target stands out or not. Therefore, the perceived
contrasts between different glyph types, i.e., the glyph separability, determines
how easy sets of such objects can be perceived as a whole and discriminated
from the other sets of a different type [14].

We aim at modeling the perception of glyph discrimination, which is a more
complex process than a simple intensity judgment. The modeling work is based
on the perception model of correlation analysis established in the previous chap-
ter. The discrimination model simulates a human perception process [46] map-
ping glyphs into a space such that the distances between items represent the
contrasts between these glyphs. The contrasts are experimentally established
in the context of basic information visualization tasks, and based on user test
results.

4.2 Related Work

A number of studies on glyph perception have used perceptual experiments with
visual search tasks [13, 35, 61, 62, 67, 81, 94]. Visual search implies perceptual
tasks requiring attention. These experiments, heavily used in research on early
visual perception, usually involve two kinds of tasks: a search task and an iden-
tification task. A search task is to determine the presence of one or more glyphs
meeting certain visual criteria and to locate them if present. An identification
task is to report semantic data of the glyphs represented, typically by noting
some facts about the encoded data. For a search task, the search time is the
standard measure and for an identification task, accuracy is usually measured
[61].

In the research field of InfoVis, the work of Jock Mackinlay in 1987 [51] is
based on the accuracy measure of perceptual tasks by Cleveland and McGill
[16]. The accuracy measure defines a rank of elementary perceptual channels
for graphical design. At the same time, Mackinlay stated that since an empiri-
cally verified theory of human perceptual capabilities is lacking, there are other
possible alternative measures beyond accuracy, such as speed, visual impact or
cost. Later on, the time measure was formally brought forward as a complement
to the accuracy measure [45, 94]. According to Lewandowsky and Spence [45],
both have to be considered to decide on task performance, because of subject
individual differences, i.e., different strategies or expertise, which can lead to a
different trade-off between speed and accuracy. This dual-measure issue might
lead to two rank orders, for instance the rank order between size and shape of
Nowell [61], which makes the interpretation more difficult.

Other studies on glyph perception have concentrated on glyph structure,
particularly perceptual discriminability of structures. Cleveland and McGill
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summarized a list of standard glyph types in statistical graphs [14] and pro-
posed a tentative rank order for them for scatterplots [17]. Colors are assumed
to provide optimal discriminability, followed by amounts of fill, then geometric
shapes, and finally letters. Two sets of glyph types were suggested for plots
with little overlap and more overlap. Some evidence to support this rank order
may be found in psychophysical work with respect to the topological structure
of glyphs [12]. The order was further tested and improved by a comprehensive
analysis based on both accuracy and time measures [45] of visual analytic tasks.
However, only one task (judging correlation) was used. In a study by Tremmel
[82], accuracy was ignored under certain constraints on the task. The loga-
rithm of time was input to a two-dimensional MDS analysis. Glyph contrasts
were represented by 2D-distances. A combination of shape and fill contrast
(using redundant coding) yielded the optimal separation, followed by fill-only
contrast, then by shape-only contrast. Terminators (the number of line ends
for instance, in an asterisk) are a relevant feature to facilitate glyph separation,
next to brightness. However, only one analytic task (judging glyph amount)
was performed and no structural configuration, for instance clear visual feature
scales, was proposed.

4.3 Perceptually Uniform Space

Due to the fact that human beings possess similar sensory systems, we can hy-
pothesize the existence of a homogeneous uniform space for glyph perception
and discrimination [20, 27]. Our conjecture is that an internal space for glyph
perception exists with a scalar metric defined to measure the perceptual con-
trast or separability between glyphs. In other words, each glyph type in the
visualization context is represented by a point in this space and the perceived
differences between glyphs are then represented by the distances between the
points.

A large distance between two points, representing a target group and a
distractor group of glyphs in visualization, is equivalent to a large perceived
contrast. In the same manner, equal distances between points define equal
perceived differences. Therefore, the space is restricted to be uniform with
respect to the distance metric and perception sensitivity and denominated as
”Perceptually Uniform Space” (PUS).

The analysis of our PUS model in the current chapter was supported by the
XGms tool [53, 54]. The tool was made especially for quantitative perception
analysis. In the following subsections, we first propose our model which is
quantitatively analyzed in XGms, and then give an overview of the methods
being used in XGms and the motivation of using these methods.

4.3.1 Model

In order to establish the mapping from the visual feature space to the inter-
nal perception space, a quantitative model describing the perception process is
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Figure 4.1: Model of the process of testing glyph contrast.

needed (Figure 4.1). We assume for simplicity that a visualization is shown to
a user with two different sets of glyphs (I and J), which glyphs are defined by
their values in the configuration space constructed by the visual feature scales
(f1×f2× . . .×fn). After being processed by the human perception system, it is
assumed that the stimuli are projected onto an internal continuous space as spe-
cific points xi and xj , such that the glyph contrast is correspondingly mapped
onto distance dij(= ∥xi − xj∥). For different times of observation on the same
stimuli, some noise (�) will be added into the perceived contrast strength c̃ij
and we assume it to have a normal distribution N(dij , �

2). Linear relationships
are pursued among the perceived contrasts from different subjects and sessions
which are indexed by k, such that the individual scaling factor sk of sensation
amplitude can be modeled to produce c̃k,ij . A schematic overview of the per-
ception process which maps the visual stimuli into task performances is shown
in Figure 4.1 bottom row, which is similar as what was used in the previous
chapter on visual correlation analysis (also refer to [46]). To investigate the
internal space, subjects are assigned with tasks and enforced to give responses
on a certain measure scale (Figure 4.1, top row). In our case, we aim to use vi-
sual analysis tasks that are representative and that rely on measuring contrasts
between stimuli. If the response scale is continuous, we can assume that the
responses measure the perceived differences between stimuli and this is further
discussed in section 4.3.6.

4.3.2 Statistical Approach: MDS and ML

In order to construct the glyph perception space, the Multi-Dimensional Scaling
(MDS) technique is adopted to optimally approximate the positions of glyphs
in the space based on the perceptual dissimilarities between each pair of the
sampling glyphs, as derived from experiments.

The dimension of the space is specified a priori before the optimization pro-
cess. Under the predefined dimension, initial positions of glyph items can be set
randomly. The distances between each pair of items are then into a tentative
distance matrix, which is compared with a dissimilarity matrix. The dissimilar-
ity data are obtained empirically by testing the item pairs and measuring the
task performances. Since neurons do not perfectly react in the same way, even
to the same stimulus, we assume the empirical data from repeated observations
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follow normal distributions, and therefore process the noisy data with the ML
(maximum likelihood) principle. In case of the MDS technique, the glyph posi-
tions in the perceptual space can be considered as stochastic variables (refer to
the mathematical explanation in Section 2.5.3). Hence, they produce a proba-
bility distribution, instead of a single value of dissimilarity between each pair of
glyphs. A loss function, which defines the degree of how the tentative matrix
deviates from the maximum likelihood estimator of the dissimilarity matrix,
is then minimized in a process of repeatedly updating the tentative matrix by
changing item positions in the predefined space. The residual error can be used
to evaluate the accuracy of the space model.

As aforementioned, the final configuration of glyphs in the space is rela-
tive. This means the space can be rotated, translated and linearly scaled in an
arbitrarily way and no meaning is attached to the underlying dimensions. Mean-
while, with the optimized glyph positions, general patterns can be observed for
different visual channels, leading to further quantitative hypotheses. Complete
perception models are generalized in the following chapters.

4.3.3 Linear Scaling

Experiential evidences indicate that responses to the same stimuli vary a lot
from person to person. The sensation range and amplitude differs from person
to person, so does the sensitivity of responding to the same stimulus. In other
words, even though we assume that the performances from the same person
follow a normal distribution, we should not assume that the responses from
different persons share the same normal distribution. The variances of the
sampling data collected from different persons would be quite different, and
therefore should characterize different normal distributions.

However, all these distributions can be generalized in one distribution through
linear scaling. By this means, all the responses are comparable, and maximum
likelihood theory can be correctly applied for dissimilarity matrices from all the
subjects.

4.3.4 Power Like Transformation

Furthermore, many empirical evidences show that human perception and cog-
nition is not a linear process. We are more sensitive to physical stimuli at a
certain strength level than other levels, and we respond most efficiently to a
certain range of them. In most of the cases, as the strength of stimulus in-
creases from zero, we recognize nothing until the strength reaches a threshold.
As it keeps increasing, our responses get less sensitive until no differentiation
can be made at all when the strength reaches certain boundary. In this sense,
the distributions of responses are always skewed, and our previous assumption
of a normal distribution is not valid.

If we assume that human perception is a continuum as assumed in psy-
chophysics, such kind of phenomena can be described by a power-like function
as shown in Figure 4.2. This function has been successfully applied to many
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Figure 4.2: Power-like functions and their inverse functions.

experimental data of perception measurement by Martens [54]. In our model,
we apply the power-like transformation directly to the measurement data. It
models the nonlinearity of user responses to the visual stimuli, or in other words,
the efficiency of getting task answers from the perceived patterns.

The power-like function models two evidences about perception: firstly, there
is certain threshold when a human is responding to a physical stimulus that can
be perceived; secondly, the human capability of perceiving stimuli is limited
within a range. It furthermore assumes a monotonic relationship. The power-
like function is defined by

P (x; q, xt) = sgn(x) ⋅ (∣x∣+ xt)
q − xqt

q
(4.1)

where P denotes the perceived intensity of a stimulus x, xt stands for the thresh-
old, and the exponent q models the severity of non-linearity of cognition. To
preserve the same range [m,M ] as the input data, we apply a linear transfor-
mation and use

T (x; q, xt, b) =
(M −m) ⋅ P (x− b; q, xt)−M ⋅ P (m− b; q, xt) +m ⋅ P (M − b; q, xt)

P (M − b; q, xt)− P (m− b; q, xt)
(4.2)

where b within [m,M ] is the origin.

After the power-like transformation, the experimental data can be assumed
to be normally distributed in most cases (see examples in Section 5.5.3 and
Section 6.5.4) [54], and then linear modulation and the ML theory make sense.
The transformation is embedded into our quantitative model as a step of the
whole process (see Figure 4.1), and xt, q and b are to be optimized together with
other parameters.
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Figure 4.3: The overview of quantification mechanism in XGms tool.

4.3.5 Overview of the Model Analysis

As a summary, we first apply a power-like transformation, then linear modula-
tion, followed by ML estimation to the measurement data of perception analysis.
An overview of the quantitative analysis is given in Figure 4.3, with parameters
defined in Section 4.3.1 and 4.3.4. The“Direction A” simulates the analytic pro-
cesses in user minds and the “Direction B” indicates our reverse engineering to
reconstruct the homogeneous perception space. In later chapters, we combine
these two steps in one parametric function with a scaling parameter, a power
parameter and a threshold parameter.

Though the space is implicit and abstract, it has a direct association with
task performance in the context of visual analytic tasks. Typical visual ana-
lytic tasks are to compare glyph sets and to distinguish patterns from random
clutter. If the perceived strengths of two sets of glyphs are very different, the
task becomes easy, and can be finished quickly and precisely. Hence, a large
distance between the target point and the distractor point in the space, which
represent the two sets of glyphs, indicates high task performances, for example
fast and accurate task completion. This suggests a possible mapping mecha-
nism which preserves order and relationship between the distance metric and
the task performances. This enables further testing and deduction of the space
structure.

4.3.6 Distance Metric

The empirical dissimilarity matrix is the input to MDS algorithms. In our
case, it contains the perceived differences between glyphs. However, there is no
standard way to obtain these.

As indicated in Section 2.3, a higher saliency attracts more visual attention
and thus requires less search time to locate the target. We hypothesize that the
perceived difference between glyphs, the allocated attention, and the easiness
of the task are all positively correlated, and negatively correlated with the task
completion time. In this sense, time could be a good objective measure of the
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perceived difference, and task easiness could be a good subjective measure. We
have tried to avoid direct judgement on the difference between two glyphs since
we aim to obtain perceived differences in performing a realistic analytic task.

It is a challenge to deal with experimental measures of perceptual separa-
bility. Such measurement data are often very noisy, and vary a lot in a mixed
sense among individual observations. The following subsections introduce the
approaches that we adopted in our research to get a quantitative modeling so-
lution.

Symmetry

We consider the basic case for standard scatterplots: glyphs on a white back-
ground and within a fixed size area. Both targets and distracters are glyphs and
we use only two different types of glyphs (glyph I and glyph J). Two points xi
and xj in the internal separation space represent the two types of glyphs, while
the distance ∥xi−xj∥ between the two points represents the perceived contrast
between glyph I and J . The visual features under study are those frequently
used in current statistical and business graphics, and in visualization tools (such
as Excel, Matlab, and SPSS), and are discussed in the next subsection.

One assumption underlying the above model is the (as yet unconfirmed)
feature symmetry. Suppose that the number of glyphs of one type is different
from the number of glyphs of the other type in some analytic tasks. This might
influence the measured contrast, and hence, the contrast when group I is larger
than group J might be different from the contrast when group J is larger than
group I, which relates to the well-known asymmetry discussion in psychology
[63, 81]. As a result, the distance between point xi and xj in the internal
separation space would have two lengths corresponding to the two directions,
and such a space cannot be modeled by a normal meaningful space. This has
therefore to be verified before further analysis is done.

Measures

Once the glyph contrast is perceived by the human mind, it can be reflected
by either direct sensation judgment or by task performance. In other words,
humans can express a judgment as to what extent two types of glyphs look
different for them, and they can also perform a visual analysis task given the two
types of glyphs. We can measure their perceived glyph separation subjectively
or measure how well it affects their task performances. Both can be used as
input for the description of the internal distance between the glyph points (or
say the relative positions of these points). Since we aim at improving the process
of visual analytic tasks, the task performance is the preferred measure here.

The two standard measures for task performance are the time needed and
the number of errors. Since we aim at the perceived scale in a separation space,
we selected time as measure, as it gives a higher sensitivity in outcomes as well
as a better match with the assumption on the continuity of internal space.
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One concern here is the influence of different individual capabilities and
strategies on time, a well-known issue in perception experiments and crucial
to our model. Different people might have different skills in judging graphical
configurations, and they might employ different strategies to finish the tasks:
a subject might be faster than others but make more errors. Some previous
experiments [82] handled the strategic variance by instructing and training sub-
jects to perform tasks as quickly as possible without sacrificing accuracy (i.e.,
minimizing errors). In our study, we also aim at minimizing errors, to assure
the direct link between task accomplishment time and the glyph discrimination
(see Section 4.5.2). Hence, a quickly accomplished task indicates a high per-
ceived contrast and therefore a large distance and vice versa. In addition to
dealing with the strategic variance, individual capability variance is modeled
statistically as explained before in Section 4.3.2. Notice that our approach still
requires an assumption that the skills and the strategy of an individual user do
not change during one test session.

Once the measure is defined for glyph contrast (similar as dissimilarity data),
the MDS approach can be used to approximate the internal separation space via
relative positions of every pair of glyph types. Next we analyze the influences
of individual feature scales on the perceived contrast and their interactions.

4.4 Selected Visual Features

Shape is a frequently used feature to construct different glyph types in scatter-
plots. In for instance Microsoft Excel, there are basically two families of shapes:
convex polygons and asterisks (also called sun-flower glyphs [17] or termina-
tors [36, 37, 82]). One choice to characterize the elements of the families is the
number of sides (polygons) or line segments (asterisks). We prefer to use angle
of rotational symmetry here, since this can be used for both families, and also
because the difference in shape is better represented on this scale. To limit the
number of different glyphs, we do not take the rotation angle itself into account
yet, hence we for instance only consider squares and not diamonds.

A very important scale is the size of glyphs, since size is believed to be the
second dominant feature after color [17, 61]. We fix the value of color channel in
the current stage, because color is believed to be the most dominant and might
block out interaction effects in the internal space. Size can be either denoted
by the radius or the area of the enclosing circle (the minimum circle containing
the glyph), so the scale could be the radius scale or its square. However, for the
same enclosing circle, a triangle occupies much less area than a circle. If the
perceived contrast is determined by the real occupation instead of the enclosing
circle, then the perceived contrast between different polygons is a compound
result of the angle of rotational symmetry and the enclosing circle size. In other
words, there is interaction between the two scales.
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Figure 4.4: Glyphs used in the experiment, arranged by size and shape (rota-
tional symmetry and family). Printed in the real experimental size.

4.5 User Experiment

The general set-up of the viewing context is based on the practical use of scat-
terplots. Normal printed scatterplots in books have glyphs sized in diameter
roughly between 1-3mm and the normal reading distance is 35cm. This implies
a range of 0.164∘ ∼ 0.491∘ visual angle. Now, on the PC screen, due to the res-
olution constraints, glyph size is required to be larger than that in paper prints
for a clear visibility. At the same time, the reading distance is also normally
further away. In our set-up, we use a reading distance of one meter, therefore,
the glyph size should be in the range of roughly 2mm to 10mm in diameter.
The scatterplots are displayed at the center-to-left part of an LCD PC screen
(Dell 17”) in a white area sized 25×25cm2.

30 participants joined the tests including 8 females. They were all univer-
sity Ph.D students or faculty from different departments, between 23 and 49
years old (the average age was 30) and with varied nationalities (7 different
nationalities).

4.5.1 Stimulus configuration

As we discussed in Section 4.4, we selected glyph size and glyph shape as inter-
esting visual features. For glyph shape we identify two characters: rotational
symmetry and family (polygon and asterisk).

Four levels of size were selected on the radius scale r of the enclosing circle:
r = i ⋅ r0, i = 1, ..., 4 and r0 = 1.25mm with a visual angle between . We denote
them by t(iny), s(mall), m(edium), and l(arge). This ratio scale is believed to
be the best to describe the magnitude of human sensation [42]. We use four
levels here as a compromise between accuracy and keeping the total number of
glyphs within reasonable bounds.

For polygons, a pilot study showed that a hexagon (a 6 sided polygon) at
5mm cannot be reliably distinguished from a circle. Therefore, we selected the
triangle, square, pentagon and circle (n=3, 4, 5, infinite, n denotes the number
of sides). In terms of the angle of rotational symmetry, the selected stimuli
correspond to 120, 90, 72, and 0 degrees.
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Task3Task2Task1

Figure 4.5: Some examples of configurations shown to participants for the three
different tasks.

For asterisks, we found that the difference between 6-ends and 7-ends could
not be distinguished reliably by users in pilot tests and higher number of ends
bring in brightness effects obviously. Therefore, we selected four types of glyphs
(n′=3, 4, 5, 6, n′ denotes the number of ends), or, with rotational symmetry
angles of 120, 90, 72 and 60 degrees.

4.5.2 Visual analytic tasks

Instead of using a simple judgment task, we use more complicated tasks that
are representative for visual analytic tasks and which require comparing and
differentiating visual objects. The reason of this choice has been articulated in
Section 1.1

We displayed 2D scatterplots on the PC monitor in the white plotting area.
In each plot, two sets of glyphs were used with different specifications. One
glyph set corresponded to the target group, while the other set corresponded to
distractors. The total number of glyphs displayed in each plot was fixed to 50
in order to keep the viewing context more or less the same. The plotting area
was divided into 20 × 20 cells and each cell contained only one glyph to avoid
unwanted overlap. Furthermore, the area of a cell was slightly larger than a
specified glyph, which allowed for some random shift of the glyph shown inside
the cell. This prevents glyphs to assemble into lines and show up the regular
grid layout.

We selected three visual analysis tasks, based on the literature [1]. These
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tasks are fundamental and frequently involved in more advanced and complex
visual analysis:

Task 1 (T1): Visual Segmentation and Quantity Comparison

Instruction: Select the glyph that is presented most frequently in the plot.

Task 2 (T2): Outlier Detection

Instruction: Locate and count the glyphs of the type that is least presented.

Task 3 (T3): Distribution Characterization and Cluster Detection.

Instruction: Select the glyph that is distributed around the center of the plot
with the smaller variance. (Or, select the glyph that has higher chance to
appear in the center of the plot and converges more into a cluster.)

Examples of plots for these tasks are shown in Figure 4.5. These three
tasks occur frequently in routine analytic cases. They represent at least four
fundamental tasks in a ten-task list of a recent taxonomy of low-level analytic
activities [1], i.e., computing derived value, characterizing distribution, finding
anomalies, and clustering. Particularly, T1 is the same as the quantity esti-
mation task used by Tremmel [82]; T2 is similar to the identification task in
Nowell’s work [61]; and T3 is comparable to the correlation judgment task from
Lewandowsky and Spence [45].

These tasks and their instructions were presented to the subjects in such a
way that no prediction of the target features is possible before the display of the
plot. This design is in order to prevent the influence of a top-down attention
process as indicated by Guided Search theory [93].

All the three tasks are intended to be accomplished in a very short time, i.e.,
they must be performed as quickly as possible while keeping the same strategy
throughout a test session. Furthermore, we took the following practice to assure
the error minimization aforementioned:

T1. The target type was presented 3 times more frequently than the distractor
type;

T2. The number of outliers were constrained to be within the range of 1-4
and they spread within a range of 2∘ visual angle to allow eyes focus at a
single location and to eliminate extra effort of eye movement for counting
(according to Fitts’s Law).

T3. The target type had the same number of items as the distractor type and
had a four times smaller standard deviation than the distractor type.

These arrangements make the tasks fairly simple and the difficulty is mainly
determined by the contrast between the two sets of glyphs rather than by the
complexity of the task itself. Therefore, a higher contrast makes the task easier,
and can be performed quicker; while a lower contrast makes the task more
difficult, and requires more time. Our pilot studies and the formal experiment
showed that the above task setup indeed yielded very few errors (0—5%).
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4.5.3 Test protocol and procedure

Figure 4.6: Stimulus matrix: each cell represents a testing plot with one glyph
type indicated by the row and the other type by the column (excluding the
diagonal cells). The four sizes are represented by ‘t’, ‘s’, ‘m’ and ‘l’ which stand
for tiny, small, medium and large.

The configuration choices produce 32 different glyph types: 4 size levels
× 8 shapes (4 for polygons, 4 for asterisks). These 32 types produce 32 ×
(32− 1)/2 = 496 different pair combinations. Considering the asymmetry issue
(Section 2.1), we also have to swap the roles of the two glyph types in each of
the three user tasks. This produces 496 × 2 = 992 plots per task (Figure 4.6),
which is too much for one test session. Hence, we divide them into six groups:
the first half of polygons configured by size and angle of rotational symmetry
(SP1: 120 plots) and the second half of them (SP2: 120 plots); the first half of
asterisks configured by size and angle of rotational symmetry (SA1: 120 plots)
and the second half them (SA2: 120 plots); the first half of combinations of
polygons and asterisks with varied size and angle of rotational symmetry (SPA1:
256 plots), and the second half of them (SPA2: 256 plots). These groups are
divided symmetrically around the diagonal. It is possible to view all the pair
combinations (C1

2 ⋅ C1
2 ⋅ C1

2 = 8) in three groups — any combination of one SP,
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one SA and one SPA groups without considering asymmetry.
Every subject performs all the three tasks, views one plot group in one

task, and explores all the glyph pairs. To make sure the randomization, we
designed six codes for the test with three test sessions per each (not exhaustive
in permutation and combination):

1. T1,SP1→ T2,SA1→ T3,PAS2;

2. T1,SA1→ T3,SP2→ T2,SPA1;

3. T2,SP2→ T3,SA1→ T1,SPA1;

4. T2,SP1→ T1,SPA2→ T3,SA2;

5. T3,SPA1→ T1,SP2→ T2,SA2;

6. T3,SP1→ T2,SPA2→ T1,SA2.

Subjects are randomly assigned to one of the six codes where the task order is
also randomized.

One example of a systematic bias is that the viewing context in the current
trial will influence the one right after. The way to limit such kind of systematic
influence is to randomize the plot display order in each test session, and to
provide training sessions before the formal ones to the experimental subjects.
By this means, subjects may have an overview of the general range of the possible
sensations and performances.

Pilot tests showed that subjects can finish one session within 15 minutes, but
with a large variance among individuals (session with 120 plots: 3 ∼ 8 minutes
and session with 256 plots: 6 ∼ 12 minutes). This indicates that different
persons do use different strategies to perform the task. No breaks are allowed
in one test session to avoid strategy shifting, and subjects are also instructed
before the test to keep the same strategy and trained in a trial session with all
the tasks but different data sets. Later on, the data per subject are normalized
per test session. However, breaks are required between trials to relax the eyes.
During a test session, a plot is displayed when the subject presses the space bar
on the keyboard. Once the subject knows the answer, he or she should press
the space bar again immediately. Next, the plot is removed and the user gets
access to the input interface. After input of the answer, he or she can view the
next plot until all the plots have been viewed. The response time between the
two times of pressing the space bar is recorded.

4.6 Quantitative Analysis

The data of the response times cannot be directly used for analysis. It re-
quires inversion, since shorter time indicates better discriminability and larger
distance. Therefore, we use the following pre-transformation (see Figure 4.1):

Ct = C(tk,ij) =
tk,ave

tk,ave + tk,ij
(4.3)
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where tk,ave is the average time per subject per session. The value of C(t)
is monotonically decreasing from 1 to 0 exclusively and transforms the average
time value right to 0.5 while keeping the performance noise. This transformation
makes the data comparable across different subjects. These values are used
as input to the XGms Tool, which supports the analysis of our PUS model
(see Section 4.3). XGms is also able to handle missing data in a dissimilarity
matrix for MDS analysis, which allows us to divide plots in groups with reduced
amounts as we designed in Section 4.5.3.

Nevertheless, we found out later that the transformation of Ct is not crucial
here if the power-like transformation is used for a non-metric MDS analysis.
The value of the individual average tk,ave in the numerator can be treated as
a scaling factor, and tk,ave in the denominator can be treated as a translation
factor. As introduced in Section 4.3.2, the MDS results can be arbitrarily scaled
and translated such that Ct matches with the reciprocal of time t. In the
following chapters, we therefore simply use 1/t. Individual variation among
subjects is assumed in the parameters of a power-like transformation which
models the cognitive process of decision making and responding (more stimulus
levels are sampled later to support the quantitative analysis). In this chapter,
the individual variation is ignored since the goal is to find a way of constructing
the general PUS and spotting general patterns in an explorative way.

4.6.1 Symmetry verification

Before MDS estimation, we need to verify if the role swap of glyph pairs results
in symmetric time responses. A symmetric model is firstly constructed by av-
eraging the sum of all the data of the same glyph pair in repeated observations.
An ANOVA test can be performed between the symmetric predictor and the
experimental samples [54]. For all the three tasks and each subject, we found
no evidence of asymmetry. Therefore, the symmetric model fits the data quite
well and can be used for further analysis, as the input to MDS tool.

4.6.2 Dimensionality decision

A lower dimensional model has fewer parameters (freedom) and is easier to
interpret, however gives larger errors. As a corollary, a higher dimensional
model has larger freedom and leads to smaller errors, but can be very complex
and difficult to interpret. The data set itself could be taken as the model with
highest freedom and is a perfect description with no error, but cannot disclose
the underlying patterns at all. An appropriate model should balance its freedom
with estimation error. To find an optimal model we have applied MDS with 1
to 9 dimensions. The resulting errors of the n-D models for Ct estimation are
shown in Figure 4.7.

We see that that the error drops noticeably when going from 2D to 3D.
Increasing the number of dimensions leads to a further reduction of the error,
but not as dramatic as compared with the error drop from 2D to 3D. Since 4D
model are much more complex, we use the results of 3D MDS for our analysis.
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Mantel tests [68] (testing the correlation between dissimilarity matrices) shew
that the distance matrices predicted by the 3D models (respectively for T1, T2,
T3 and all the tasks) are significantly correlated with their experimental data
matrices, which indicate a rather good prediction by 3D models.
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Figure 4.7: Estimation Errors of the n-D model (T1 - Task1, T2 - Task2, T3 -
Task3, and all - all the tasks).

4.6.3 Results Interpretation

Between the different tasks, we analyzed the correlation between the collected
matrices from different tasks using Mantel Test [68]. The results are all signif-
icant. Moreover, a separate analysis for each task results in similar patterns
of positioning the points in the MDS space. Since we aim at a general model,
we therefore used a combined analysis. In Figure 4.8, results of the 3D MDS
are shown, with (a) a close view of polygon glyphs; (b) a close view of asterisk
glyphs; (c) and an overview of all glyphs simultaneously. Glyphs of the same
type and with varying sizes are given the same color and are connected by lines.
The results are intriguing. On one hand, the resulting structure is complex and
hard to understand, especially from 2D projections of the 3D positions. On the
other hand, structures and patterns do appear. A certain curvature is evident
in different sub-groups. In studies with subjective measurement, curved pat-
tern often occurs due to the limited sensitivity of human judgement. In our
study, the continuous time measurement is used, which might indicate a limited
capability of cognitive processing. This is further addressed as the saturation
effect in Section 5.5.2. In the following we consider the various feature scales
separately.

Size effect

The 3D MDS results show that the mapping of glyph types into the internal
separation space is rather complex (not linear for size and shape). Further,



4.6. QUANTITATIVE ANALYSIS 81

(a)

(b)

(c)

Figure 4.8: 3D MDS results explored in 2D views with a right-handed sys-
tem and each type of shape encoded by identical color: (a) polygons (hiding
asterisks), (b) asterisks (hiding polygons), and (c) all glyphs presented simulta-
neously. For each case, 2D views are captured in three pairs with the bottom
view as a 90∘ counter-clockwise rotation around z dimension of the upper view
according to the right-handed rule.
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Figure 4.9: Optimal superposition of size scale for different shapes: (a) polygons,
(b) asterisks.

a strong pattern can be observed for the size scale for all different shapes: All
polylines in Figure 4.8 seem to be 2D curves. Hence, we have performed separate
MDS estimations for each kind of glyph type with varying sizes. It turns out
that there is a strong decrease in error when going from 1D models to 2D
models, but that the step from a 2D models to a 3D models does not lead to
significantly smaller errors. Therefore, for different shapes, we conclude that the
size scale produces a 2D pattern. Figure 4.9 shows separately for the two shape
families, the superposed projections of such 2D patterns which are optimized
by Procrustes rotations.

It can be observed that the 2D pattern of size is uniform within the polygon
family and within the asterisk family, but changes somewhat between the two
families. This could be interpreted as no interaction between the size and the
angle of rotational symmetry, and some interaction between the size and the
shape family (polygon or asterisk). The order of the glyphs along the polyline
is according to the linear size of the glyphs. The polyline is bending in the
same direction in 2D, and the (counter)clockwise direction does not provide
meaningful information due to the arbitrary rotation in MDS (see Section 2.5.2
and Section 4.3.2). At the same time, the segments along the polyline seem
to be shortened gradually to the larger sizes. On one hand, the bending effect
shows that the perceived contrast of glyphs with increased size difference is
impaired, since the distance between any two points is smaller than adding up
the distances from a middle point to both of them. On the other hand, the
shortened segments of the polyline might imply that size is not mapped (either
linearly or non-linearly) to a single scale, but that in judging the perceptual
difference between glyphs, both their sizes must be taken into account.

To analyze this effect, we have calculated the average perceptual distances
of glyph combinations with the same pairs of size levels. Next, we distinguish
the increasing steps between these size levels: 1 (t-s, s-m, m-l), 2 (t-m, s-l), and
3 (t-l), and calculated the average distances of each category (Figure 4.10). The
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Asterisk

(b)(a)

Polygon

Figure 4.10: Perceptual distances between glyphs for different size steps and
families.

average distance increases with increasing steps, which is the dominant tendency.
But also, the average distance usually decreases within the same number of steps
when the absolute size level is increasing. Thus the size separation of glyphs
is influenced by two factors: the size difference between the glyphs and the
absolute size level. Moreover, the size difference has a strong positive impact,
and the absolute size level has a weakly negative impact.

One could argue that a similar effect would be obtained if for instance the
perceptual distance would be modeled by D(r1, r2) = ∣ log(r2/r1)∣ = ∣ log(r2)−
log(r1)∣. But by using this, the sizes are mapped to one scale (the logarithmic
scale), and this should lead to straight lines in the MDS-plots (with the points
non-uniformly distributed), and this is clearly not the case.

A first step to a more appropriate model is to use a function g(r) for the
absolute size effect, and s(∣r1 − r2∣) for the size difference, where g should be
monotonically decreasing and s should be monotonically increasing. Notice that
s controls the main tendency. Therefore the mapping function for size might be
given by D(r1, r2) = s(∣x2g(x2)− x1g(x1)∣). However, we have only four levels
for the size in our experiment. To further depict the mapping function more
test data is needed. This is addressed in Chapter 5.

Shape effect

The patterns for shape are less strong than for size. However, we can make
three observations:

1. Glyphs with the same size but different angles of rotational symmetry lead
to a tetrahedron-like object within the polygon family or asterisk family,
and there is no standard order for different angles;

2. Particularly for the asterisk family, the configuration is more likely to be
a 2D pattern;
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3. Polygons and asterisks are two clear clusters.

To explore these observations further, we take the distance data within the
polygon family and asterisk family for each size level and run MDS optimiza-
tions. This showed that a 2D model suffices for the asterisk family. For the
polygon family, a 3D model does reduce the error, but with quite a large p-value
(0.04). Therefore, we could conclude that for both families, the symmetric ro-
tation configuration produces a 2D effect in PUS. Then, the configurations at
a fixed size level for all different shapes is analyzed by 2D MDS. The result-
ing projections are again superimposed, optimized by Procrustes rotation (for
different groups), and shown in Figure 4.11. Two clusters are clearly shown in

(a)

(b)

(c)

Figure 4.11: Optimal superposition of shape scales for different sizes: (a) op-
timized for all the shapes simultaneously; (b) optimized only for asterisks; (c)
optimized only for polygons.

Figure 4.11 (a). The distances between the polygon family and asterisk family
are larger than those within both families. To explore the third hypothesis, we
applied K-means clustering to all glyphs at the same size levels, requesting two
clusters. The result indicates that polygons and asterisks indeed are split into
two clusters. In Figure 4.11 (b) and (c), the glyphs with increasing rotational
symmetry are not always aligned along a curve, but zigzagging (the larger the
size, the stronger zigzagging). If refer back to Figure 4.9, we observe that the
square and the plus-asterisk behave quite different from the other glyphs. The
zigzag patterns seem to be caused by these two outliers. When the two outliers
are removed, the order retains. According to the study on orientation search
[97], search is quite efficient if the target is the only “steep”, “shallow”, “left-”,
or “right-tilted” item in the display. For the square and the plus-asterisk, their
outlines contain only the extremely “steep” (vertical) and extremely “shallow”
(horizontal) lines and are distinct from the rest with combination of tiled lines.
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Hence, they may attract more attention than the others as the Guided Search
theory implies. Another interesting result is that the distance between the circle
and the pentagon, which is expected to be farther away, is almost the same as
the distance between the pentagon and the square, despite the circle has an
infinitely small symmetric rotation angle. For asterisks, the distance between
4-ends and 5-ends is almost the same as distance between 3-ends and 6-ends.

Size dominance

In the previous analysis, we found that the shape has little influence on the
perception of size. However, the reverse is not true. In Figure 4.12 we show
the average size contrast of each shape in red, and we see that it is quite con-
stant for all shapes. This indicates that the perceived size contrast is barely
influenced by shape difference. The blue part presents the average contrast of
all rotational symmetry angles (either in the polygon family, denoted by ‘P’,
or in the asterisk family, denoted by ‘A’ in the image) for each size level. A
clear positive correlation with size can be observed. This indicates that the per-
ceived contrast between polygons or between asterisks is positively influenced
by increase in size. Furthermore, the yellow part shows the average contrast
between the two families for each size level. We see that the positive impact of
size remains between the two families.

The interaction between size and shape seems to be asymmetric. This is
probably because size has a larger weight than shape in perception of the dif-
ferences. A simple multiple regression analysis produces effect coefficients on
glyph contrast: 0.8215 for the size effect and 0.0048 for the rotational symmetry
angle effect. In practice, we always judge first whether something is presented
or not, and then characterize the details if it is perceived. When the size is
small, we might omit it. When the size is large, we start to scan it for further
categorization. However, there is also a tendency that the size impact fades out
with increasing size.

4.7 Conclusions

A Perceptually Uniform Space (PUS) is successfully constructed for glyphs with
varying size and shape. In the PUS, the uniform bending pattern of size indi-
cates that size difference is not linearly perceived. Further, the size separation is
impaired with increasing size (conforms with Weber’s law). However, the order
on the size scale is kept. For different shapes, a better separation exists between
the polygon family and asterisk family than within the families. The distance
between glyphs does not follow the order of the rotational symmetry angle; and
the square and the plus-sign behave singularly. Shape has little influence on
the size separation. However, size affects shape separation positively like an
amplifier, but the impact fades out quickly when the size increases. Neverthe-
less, there are only four sizes used in the experiment, more data required for a
quantitative result.
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Figure 4.12: Average size contrast of each shape (red), average P(olygon) and
A(sterisk) contrast of each size (blue), and average between-family contrast of
each size (yellow).

The perceived difference/contrast is evoked by the physical variety of the
glyphs. In order to manipulate configurations in the PUS, a mapping mechanism
has to be set up from the physical configuration to the PUS configuration.
This mapping mechanism corresponds to the second perceptual mapping step
as described in Section 2.2. Psychophysical results as introduced in Section 2.4
could help us to model this mapping quantitatively.

We view the intuitive interpretation of the current results as a confirmation
that our methodology is sound. The next step is to carry out more experi-
ments to generate more data as input for a refined model of the perception of
differences in size as well as the task effect. After this, the aim is an extended
and integrated quantitative model for more glyph features. Our ultimate aim
is to quantify and understand the PUS, which mediates stimulus configuration
and task performance, in order to support data analysis and obtaining insight
optimally. A quantitative mapping model will contribute to predict the results
of a data analysis process using predefined configurations, or vice versa, help us
to design configuration schemes for a required performance of analysis.



Chapter 5

Perceptual Mapping of
Glyph Size

In InfoVis, glyphs are frequently used to encode data in a way that is appro-
priate for perception through visual channels. Glyph size is believed to be the
second dominant channel after color. In this chapter, we study size perception
of glyphs in scatterplots in the context of analytic tasks requiring glyph dis-
crimination. More specifically, we performed an experiment to measure human
performance in three visual analytic tasks. Circles are used as the representative
glyph, with eight, linearly varying radii; 24 persons, divided across three groups,
participated; and both objective and subjective measures were collected. We
propose a model to describe the perception and cognition process in two func-
tions. Size perception is assumed to be an early step in the complex process
to mediate discrimination, and psychophysical laws are used to describe the
perceptual mapping. The successive user responses are modeled by a cognitive
function. Different mapping hypotheses and cognitive variation hypotheses are
compared through regression of parametric models on the experimental data.
The results show that approximate homogeneity of size perception exists among
individuals and across different tasks and performance measures, which can be
closely described by a power law transformation with an exponent of 0.4. This
suggests the optimal encoding scheme using glyph size.

5.1 Introduction

Glyphs are used in scatterplots to denote objects of interest. Besides their posi-
tion, other visual attributes can be used to represent multivariate information.
The size of glyphs is believed to be a dominant visual channel of glyphs after
color [13]. It has an intuitive association with many analytic features of data,
such as order, quantity and difference, and thus supports information decoding
and interpretation well. However, there are few quantitative results on size per-
ception of glyphs in an applied perspective, such as visual analytic tasks. Our
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question here is what sizes can support a visual analysis as well as possible.

Existing psychophysical research provides us relevant clues to design graph-
ical encoding schemes. Among them, Stevens’s Power Law depicts the rela-
tionship between the physical magnitude of a stimulus and the corresponding
experienced magnitude [69, 70]. The perceived magnitude is a power function of
the stimulus, where the power coefficient depends on the tested physical channel
of the stimulus [70]. However, for glyph size encoding it is not straightforward
to select the appropriate value of the power. This is due to a number of rea-
sons. First, experiments in psychophysics are set up in a context quite different
from practical user tasks. Second, these experiments require the user to make
judgments on a specific physical scale, for instance the length of projected lines
or area of squares or circles [73]. However, we are not sure yet how these scales
might be involved in size discrimination tasks. Third, individual variance has
often been ignored in the analysis as only average data are reported, while
visualization could potentially be optimized for a specific user.

We consider size encoding in applications of information visualization. Our
aim is to pick sizes such that fundamental analytic tasks, such as distinguishing
sets and counting outliers, are as easy as possible. We use perception models
based on psychophysical laws as starting point. Furthermore, we hypothesize
that the perceptual difference between glyph sets is negatively correlated with
task difficulty, based on the Guided Search theory of visual attention [93, 95].
Or, put simply, we assume that the more different two sets of glyphs look,
the easier it is to discriminate them, thereby enabling fast and precise pattern
discovery.

Our earlier user experiments in Chapter 4 (see also [48]) revealed that cer-
tain non-linear patterns uniformly exist for varying sizes across different shaped
glyphs (circles, pentagons, squares, triangles, and stars with 3, 4, 5 and 6 legs)
in discrimination tasks, but only four different sizes were used there. In this
chapter, we take the circle, as the most commonly used shape, use eight linearly
varying sizes, test with three visual analytic tasks, and measure user perfor-
mance both objectively and subjectively. We leave the study of interaction
between size and other visual channels to Chapter 7.

A quantitative model is proposed for describing the relation between stimulus
sizes and task performance, and the model parameters are estimated from the
experimental data. Following the principle of Homogeneity of Perception [27], a
uniform perceived size scale across users is assumed. The resulting size scale can
for instance be used to produce encoding schemes for visualization designers. In
practice, continuous ranges are often split up into a limited number of discrete
bins, and an ordinal scale is used to represent different data classes. Our model
suggests how to pick the size of the glyphs used to optimize discriminability
rather than optimizing the accuracy of quantity perception.

In the following, we construct our quantitative model based on related work,
report our user studies, analyze the experimental data, compare alternative
models, and finally discuss the implications of our work for interface designers.
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5.2 Related Work

Many different research fields study how humans process visual information.
In psychophysics, the aim is to derive quantitative models for sensation and
perception via vision and other modalities. Generic laws have been developed to
describe perceptual mappings. Meanwhile, the fields of information visualization
and statistical graphics focus on visual features of graphical objects and analytic
tasks. The goal is to provide guidelines for the design of better displays of
information in terms of easy discovery of patterns, and veracious interpretation.
Here, we briefly review related work in these fields and point out the gap and
challenge of modeling based on real user tasks.

Psychophysics deals with the relation between physical stimuli and subjec-
tive percepts. Pioneers in this field have developed general relationships, such
as the Weber-Fechner Law: P = k log(x) and Stevens’s Power Law: P = ax� ,
where P presents the sensed or perceived magnitude and x is the physical magni-
tude of the stimulus (see Section 2.4). Stevens’s power law was empirically ver-
ified for many perception channels and also across different modalities [71, 73].
However, the common criticisms in the field are as follows:

∙ Stevens’s method averages data in observations from different observers. It
had been seriously questioned if averaging can be correctly applied to the
sensation variability [42, 57]. We believe that a more appropriate model
can be achieved by modeling the individual perception and performance
of different subjects in distinct test conditions.

∙ The judgment of a single stimulus was used in Stevens’s experiments, i.e.,
subjects were required to make judgments without an explicit reference.
However, only relations between stimuli might provide a basis for judg-
ment [42]. We believe that a discriminability scale is more meaningful in
real use cases.

∙ Besides these methodological issues, Stevens’s experiments require a clear
instruction on what to judge. Alternative descriptions are however pos-
sible for object size, such as the width or height or the area. We are
not sure what criteria people use when they perform tasks that involve
size discrimination. Hence, it is relevant but not complete to understand
human judgments regarding the length of projected lines or the area of
squares or circles tested by Stevens and his followers.

Visual/graphical encoding is ubiquitous in InfoVis and statistical graphics, which
aims at enabling high quality data analysis, for instance by selecting optimal
visual channels. Thus, the rank order of different visual channels is determined
by the task performance for visual analytic tasks. In the work of Cleveland and
McGill, ten visual channels were identified and ranked in relation with elemen-
tary perceptual tasks (see Section 2.2). Among the elementary channels, length
and area relate with size judgment. The rank order was based on Stevens’s
power coefficients, using the reasoning that smaller coefficients produce lower
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accuracy. However, we question the validity of this argument, since Stevens’s
Power Law does not model judgment errors or noise. In the rankings given by
Christ [13] according to task efficiency and effectiveness, size was ranked after
color and before shape in both cases. Nowell adopted search tasks and iden-
tification tasks and ranked size ahead of shape in time of task completion for
nominal data, but not in any other situation [61]. Tasks of judging correlations
were used in a study by Lewandowsky and Spence [45]. This work has supported
the contention that psychophysical judgments on single stimuli do not extrap-
olate simply to the perception of more complex displays. In a study of visual
separability of glyphs [82], Tremmel reduced the level of task difficulty in order
to inhibit mistakes. Subjects were shown two sets of glyphs in a scatterplot,
and they were instructed to find the largest set as quickly as possible. However,
these results were constrained by few analytic tasks and inconsistency between
them. Moreover they provide no quantitative models and no information about
the configuration within a single visual channel. Nevertheless, we know from
these studies that size is indeed an important channel, and mostly ranked right
after color.

In the previous chapter, we have assumed the existence of a PUS: a space in
which different glyphs can be positioned and where distances between them are
proportional to their discriminability. In that study, we have tested 32 glyphs
by configuring four linearly varying sizes and eight different shapes. The glyphs
were tested pairwise in three visual analytic tasks. A 3D separation space was
established to position the glyphs according to the discriminability between
them. Further, different sizes of the same shape could be projected onto a 2D
plane for each shape with little error. A superposition of these 2D planes is
shown in Figure 4.9 (p. 82), which reveals a generic non-linear pattern for size
across different shapes: first, the order of sizes is preserved so that larger size
differences also result in larger separation distances; second, the separation dis-
tances between larger glyphs are relatively smaller than between smaller glyphs,
which indicates that equal size differences do not yield equal separation and par-
ticularly it is more difficult to distinguish larger glyphs; finally, the connected
polylines bend significantly, expressing for instance that the size discrimination
between tiny (t) and medium (m) is comparable to that between tiny (t) and
large (l), which phenomenon repeats in the user study described in this chapter,
which we call the ‘saturation effect’.

5.3 Glyph Discrimination Model

Glyphs sizes can be expected to influence both objective task performances and
subjective judgments on the difficulty of tasks. We aim to model both these
overall processes, with size perception as an intermediate step.
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|G(sj) – G(si)| H(|G(sj) – G(si)|)

Figure 5.1: Model of size discrimination in visual analytic tasks: si, sj are two
different sizes; function G models the size perception; function H models the
size discrimination in an analytic task.

5.3.1 Process model

In Guided Search theory [93], visual attention involves top-down and bottom-up
processes, and the bottom-up process is determined by how different a target
is from its context. Also, according to Ware [85], whether something stands
out pre-attentively is determined by the degree of difference of the target from
the non-targets and the degree of difference of the non-targets from each other.
We make the assumption here that a measure of the discriminability between
targets and distractors should be based on the difference between the perceived
strengths of their visual channels, instead of the difference between the physical
scales of those channels. In other words, it is how much they look different which
determines the successive processing, rather than their difference in physical
measurement. This enables us to model the visual analytic task process as
two consequent steps, as shown in Figure 5.1. We assume a function G that
transforms the original size stimulus onto a perceived or sensed scale, such that
equal distances between stimuli on this scale denote equal separability. Stevens’s
power function could be a candidate description for G.

Further, we consider judgment in the context of analytic tasks. Typical
visual analytic tasks are to compare glyph sets and to distinguish patterns from
random clutter. In the simplest situation, just two different sets of glyphs are
used. If the perceived strengths of the two sets are very different, the task
becomes easy, and can be finished quickly and precisely. More generically, we
could assume that there is a monotonically increasing function H, which maps
the difference of the perceived size strengths ∣G(sj)−G(si)∣ into the measured
task performance Mij , i.e., the larger the size difference, the easier the task can
be performed.

5.3.2 Perception models

Function G describes the relation between a physical measure and a value P
on the perceptual scale. Taking the radius r of the circular glyph as a physical
measure, it is given by P = G(r). Given a certain G, we can construct percep-
tually uniform scales. The radii follow from ri = G−1(Pi)(i = 1, . . . , N), where
Pi is a linear interpolation on the perceptual scale. Using different instances
of G, we can generate different sequences of glyphs sizes. Some candidates are
the power function, with different values for the exponent, and the logarithmic
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Figure 5.2: Sequences of circles configured by linear interpolation on different
scales: (a) radius scale; (b) area scale; (c) Stevens’s area judging scale; (d)
Fechner’s logarithmic perception scale.

function:

∙ Physical length, Stevens’s length judgment: P = G(r) = � ⋅ r, � = 1;

∙ Physical area: P = G(r) = � ⋅ r2, � = 2;

∙ Stevens’s area judgment, with the exponent 0.7: P = G(r) = � ⋅X0.7 =
� ⋅ (r2)0.7 = �

′ ⋅ r1.4, thus � = 1.4;

∙ Fechner’s logarithmic function: P = G(r) = log r.

Suppose we want N + 1 glyphs with radii ri, and i = 0, . . . , N , and that r0

and rN are given. It follows then

P0 = � ⋅ r�0 , PN = � ⋅ r�N (5.1)

Linear interpolation on P yields

Pi =
N − i
N

⋅ P0 +
i

N
⋅ PN (5.2)

Using equation 5.1 and 5.2, we obtain

ri = (
N − i
N

⋅ r�0 +
i

N
⋅ r�N )1/� . (5.3)

The resulting scales are shown in Figure 5.2. We are not sure if one of
these scales will yield the optimal discriminability in an analytic task context,
or whether yet still a different scale is required. In the following we describe our
experiments to obtain relevant measurements, followed by an analysis.

5.4 User Experiment I - Encoding Deduction

For an extensive study on the effect of size, we selected one standard glyph
shape, the circle, and eight different sizes. Three relevant visualization tasks
and two types of measures were selected and evaluated.
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5.4.1 Stimuli and apparatus

Eight sizes of circles were used, with radii i ⋅ r, i = 1, . . . , 8 and r = 0.625mm.
Participants were required to sit at one meter distance from a PC monitor. This
setup gives experimental sizes within the range of 0.072∘ ∼ 0.573∘ in the visual
angle of diameters, which covers those normally used in both print media and
digital media. Below this range, glyphs might not be viewed clearly, as the lower
limit of visual acuity is around 0.01∘; while for larger sizes, they might not be
considered as glyphs anymore.

We displayed 2D scatterplots on the PC monitor as described in the previous
chapter. In each plot, two sets of circles were used with different sizes. One
size corresponded to target glyphs, while the other corresponded to distractors.
The total number of circles displayed in each plot was fixed to 50, occupying
10%-25% of the plotting area, in order to keep the viewing context more or less
the same. For each user task, 56 randomly generated plots were used. Subjects
performing the same task viewed the 56 plots in different random orders.

5.4.2 Analytic Tasks and Measures

To be consistent with previous work, we used the same analytic tasks as before.
These were:

Task 1 (T1): Visual Segmentation and Quantity Comparison

Instruction: Select the glyph that is presented most frequently in the plot.

Task 2 (T2): Outlier Detection

Instruction: Locate and count the glyphs of the type that is least presented.

Task 3 (T3): Distribution Characterization and Cluster Detection.

Instruction: Select the glyph that is distributed around the center of the plot
with the smaller variance. (Or, select the glyph that has higher chance to
appear in the center of the plot and converges more into a cluster.)

Examples of plots for these tasks are shown in Figure 5.3. These three tasks
occur frequently in routine analytic cases. We aim at minimizing errors (refer to
Section 4.5.2 for details), to assure the direct link between task accomplishment
time and glyph discrimination. The three tasks were measured in both an
objective session and a subjective session.

For the objective measurement, the experimental data were processed as
Mij = 1/tij (t denotes the measured time, i, j = 1, 2, . . . , 8 and i ∕= j), such
that a higher sensitivity corresponds to a shorter time performance by our as-
sumption. Subjects were instructed to complete the task as quickly as possible
without sacrificing accuracy. In the previous chapter, we used a different mea-
surement, Ct (p. 78), where we eliminated individual differences upfront. Here,
these are modeled explicitly in the function H. In other words, by reformulating
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Task1 Task2 Task3

Figure 5.3: Examples of the plots shown to subjects in the three different tasks.

the parameters of the power-like function (given by Equation (4.1)), individual
differences can be expressed in H.

For the subjective measurement, we used a zero-to-ten-point scale to measure
the subjective opinion of the glyph discriminability in terms of task difficulty.
All plots used in the objective sessions were again presented to subjects in the
subjective session. Subjects were instructed to rate the plot difficulty in two
steps: first categorize plots in difficult (0—3), neutral (4—6) and easy (7—10),
and then give further differentiation within a category. Point 10 indicated the
easiest plots among the total of 56, and since the tasks were simple and produced
almost no errors, point 10 also implies the highest contrast between the two sets
of glyphs among the 56 different random plots. For the data processing, we use
Mij = ratingij/10 (i, j = 1, 2, . . . , 8 and i ∕= j), i.e., a normalized rating.

Subjects and procedure

Twenty-four subjects were recruited from different departments of the Eind-
hoven University of Technology, all students or researchers. They all had expe-
rience in using statistical graphs, but in different fields. All of them had normal
or corrected-to-normal vision and they were aged between 24 and 34 years, and
balanced in gender.

Subjects were divided into three groups, with each group assigned to one
task condition in two separate measurement sessions. The objective session
was performed before the subjective session. A training session preceded the
test session, and instructions were given together with the training session. It
was emphasized for the objective session that the decisions should be made as
quickly as possible, under the precondition that subjects took sufficient time to
perceive the plot clearly and did not guess the answers.

In the objective sessions, the test was started by pressing the space bar. A
blank screen was presented for 1.5 seconds to clear the viewport, after which a
plot was displayed and an internal clock was started. As soon as the subject
decided on the answer, she or he hit the space bar to stop the timing and the
plot was replaced by a response interface. The response screen displayed the
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two glyphs that were used in the plot for T1 and T3, or displayed “0”, “1”, “2”,
“3”, “4”, “5” as the number of outliers for T2. Next the subject could select
the answer. For T1 and T3 the smaller circle was always at the left side and the
larger circle at the right side on the response screen, to reduce cognitive error
of answer inputting. Next, the test continued with the next plot by pressing
the space bar again. In the subjective sessions, the test procedure was similar
as in the objective sessions. The only difference was that decisions were made
without time constraint and that the same 10-point rating scale was displayed
on the response screen in all task conditions.

5.5 Data Exploration and Model Inference

As shown in the previous chapter, a PUS model can be constructed with non-
metric MDS processing (refer to Section 4.6). MDS result offers an optimized
structure of the noisy data (in condition of the pre-defined space dimensionality
that are selected based on reconciliation criterion between the model complexity
and precision). However, MDS result does not disclose or abstract the model of
mapping mechanism in perception process. Further efforts are required to tackle
this problem. Nevertheless, MDS supports a good overview and inspire ideas for
the further modeling work. In this section, the raw data are first processed and
visualized by a non-metric MDS analysis, thus the clues of characterizing the
mapping model are detected. Another technique, i.e., Spearman’s rank order
correlation (Section 6.5.4) is used to support model inference based on the logical
assumption and reasoning in Section 6.6. In the next section, evidence from both
perspectives coincides and are integrated into a synergetic model.

The general model for the perception and cognition process is specified in
Figure 5.1 in terms of functions G and H. Before fitting any specific function,
the underlying assumptions or evidences are investigated as follows.

5.5.1 Symmetry of size discrimination

One underlying assumption is that how glyph A differs from glyph B is the same
as how glyph B differs from glyph A. In other words, the output of H should
be constant when the target set and distractor set are swapped. We verify this
as follows.

For each subject the 56 plots viewed in a session lead to a 8×8 dissimilarity
matrix, filled with Mij (i, j = 1, 2, . . . , 8 and i ∕= j) and with an empty diagonal.
The assumption made is valid if this matrix is symmetric. We use the following
method to test the matrix symmetry. A matrix of a symmetric predictor is
created by averaging the data of the same glyph pair tested in the observations
of role swapping for each subject. Then an ANOVA test can be performed
between the symmetric predictor and the experimental samples [54]. For all the
twenty-four subjects, we found no evidence of asymmetry, which indicates that
swapping the role of the target and distractor glyph has no significant effect on
the experimental data.
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5.5.2 The perceived scales

Stevens’s power law is a possible candidate for the function G. Furthermore,
we assume that H is monotonic and describes the cognitive process, starting
from the perceived difference. To get more insight, we visualize the results first
in an explorative way. One straightforward approach to deal with dissimilarity

S1 S2

S3

S4
S5S6

S7
S8

x y

z(a)  Objective

S1

S2

S3

S4
S5S6

S7S8

(b)  Subjective

Figure 5.4: Curve fitting with 3D MDS results: the red dots represent the 8
sizes si i = 1, 2, ...8 and a ; the distance between every two dots represents
the performance differences. The result is a spiral curve that represents the
continuous scale of the perceived sizes. In this image, a larger i corresponds
with a higher value for the z dimension. The curvature shows a clear saturation
effect due to the limited capability of human cognition, in other words, even if
the task is much easier, subjects cannot respond quicker up to a certain point.

data is multi-dimensional scaling (MDS) [54]. We can use it here to observe
how the eight circles with different sizes are arranged in a separation space.
We have tried one dimensional to five dimensional MDS, and found that a 3D
space gives the best balance between model complexity and prediction error.
Figure 5.4 shows two 2D views of the 3D separation space, for T1 tested with
8 subjects, taking Mij as the measure for dissimilarity. It agrees with what we
obtained in previous chapters.

Assuming the continuous nature of perception, if we sample as many as
possible different sizes, the projected points of these samples into the perceptual
separation space should form a continuous scale. Therefore, we used 3D curve
fitting to observe the status of the continuous perceived scale of size. Our
observations are:

∙ The 8 points are located on a conical spiral curve, in order of increasing
radius. This indicates that both G and H increase monotonically.

∙ The spacing between the points along the curve (on-path length) decreases
gradually for increasing radius. This indicates that the derivative of G
decreases monotonically.
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∙ The curve indicates a saturation effect. If three points l,m and n stand
for sizes that Sl < Sm < Sn, and Dij stands for the separation distance
between points i and j, then Dln < Dlm +Dmn. As shown in Figure 5.4,
the saturation effect is strongest for high radii compared to the smallest
one, i.e., D18 is almost equal to D17. This indicates that the derivative of
H also decreases monotonically.

If we use a power function for G, the power coefficient must be larger than 0
and smaller than 1 to fulfill these requirements. Also, if H is a power function,
its power coefficient must also be larger than 0 and smaller than 1.

Figure 5.5 shows the optimal positions of si i = 1, 2, ...8 using one dimen-
sional MDS for subjective and objective data. An exponential pattern is dis-
closed. Later on, by adding the predicted perceptual difference by our model
in Section 6.6 for comparison, we could observe a very close depiction in Figure
5.5.

y

i

1D MDS

1D MDS

Figure 5.5: 1D MDS results for subjective and objective data in comparison
with our model prediction given by equation (5.3) with parameter � = 0.4 as
estimated in Section 5.6.1. The y scale represents the normalized 1D configu-
ration, estimated by MDS or by our model; i represents the index of the eight
different sizes we sampled.

5.5.3 Relating the perceived difference to the performance
data

One of our assumptions is that the objective measurements, i.e., the measured
time, are negatively associated with the size differences perceived by subjects.
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： ：
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R

Figure 5.6: The optimal rank order correlation R for every subject (denoted by
k) in different measurements: objective data (green) and subjective data (red);
with different G: power function (solid lines) and logarithmic function (broken
lines).

Independent of the specific form of H, this indicates that the rank order of time
should correlate negatively with the rank order of perceived size difference.
Using task performance Mij = 1/tij , we expect a highly positive correlation
for the rank orders, and the same holds for the subjective measurements, a
highly positive correlation is expected for the rank orders between ratings of
task easiness and perceived size differences.

We hypothesize G as

P = G(S) = �(S + s0)� (5.4)

where s0 models a possible threshold of size perception. Thus the Spearman’s
rank order correlation R can be treated as a function of � and s0

Rk = Ψ(�, s0) = 1−
6 ⋅ ΣD2

ij

N(N2 − 1)
(5.5)

where Dij = Rank∣G(sj ;�,s0)−G(si;�,s0)∣ −RankMij
, N = 56 and k = 1, 2, . . . , 24

denoting individual subjects.
We studied the graphs of the 3D surfaces of Rk = Ψ(�, s0) for every subject

assuming the meaningful range that 0 < � < 1.4 and 0 < s0 < 2 with step
0.05. We observed that the peaks of the surfaces were always at or near to
s0 = 0. Thus, we decided to drop the parameter s0 to simplify the optimization
problem. The values of the optimal R obtained for each subject are presented in
Figure 5.6 with solid green line for objective data and solid red line for subjective
data. We can observe that the correlation values are quite high and approach
the maximum 1 (the critical value of R is smaller than 0.4 for N = 56 at the
0.01 significance level) which suggests that our assumption is sound. The power
coefficients which produced the optimal Rk are in the range of 0.1—0.7, average
to 0.4763 in T1, 0.3738 in T2, and 0.4325 in T3 for objective measurement
and average to 0.4725 in T1, 0.4963 in T2, and 0.3650 in T3 for subjective
measurement. The rank order correlation Rk produced by the logarithmic form
of G (without parameters) is also presented in Figure 5.6. The correlation values
are also quite high, which suggests another possible form of G.

Our next hypothesis is that all subjects share the same power function G.
This hypothesis is known as the principle of Homogeneity of Perception [27]. To
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explore this, we add up all the Spearman’s rank order correlations calculated on
an individual basis. The sum is a function of the shared � for all the subjects.
The optimal ΣRk were obtained throughout an interval of � in Table 6.1. In
Figure 5.7 we show the relation between the perceived size difference ∣G(sj) −
G(si)∣ and Mij for two subjects with G determined by their individual �k (k
denotes the subject number and k =1 and 17). Although there is quite some
variation, the overall pattern suggests that H can indeed be described by a
power-like relationship.

Table 5.1: The optimized sum of R for all subjects with a shared power function
Measurement G max

∑
R ave R � →

Objective G(si;�obj) 20.12 0.84 [0.38, 0.48]
Subjective G(si;�sub) 21.26 0.89 [0.38, 0.48]
All G(si;�all) 41.37 0.86 [0.38, 0.48]

Figure 5.7: Examples for subject 1 and 17: x - the perceived size contrast given
by G; y - the reciprocal of measured time.

5.6 Model Fitting and Quantitative Analysis

This exploration of the data has verified our main assumptions and given us
suggestions for the functions to use. We use nonlinear regression models to fit
the data and to perform inferences [83]. H is assumed to be in the following
power-like [54] form:

H = a ⋅ ((∣ G(sj)−G(si) ∣ +q)b − qb)/b (5.6)

where the free parameters b and q denote, respectively the nonlinear effect of
the user responses in the discrimination tasks and the threshold of size contrast
perception. Meanwhile, G is given by G(r) = r� or log r. The parameter a is a
linear regression parameter, and the complete nonlinear regression model is:

Mij = H + "ij (5.7)

where "ij is assumed to be normally distributed with zero means and unknown
standard deviation � [83].
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5.6.1 Perception homogeneity

We can make different assumptions for the free parameters, dependent on how
we share cases. For instance, we can aim at one shared value for �, or we can fit
individual values per subject or task. According to Maximum Likelihood Theory
[54, 83], the most appropriate model should be selected by tradeoff between the
model fit in terms of the log likelihood and the penalty from the model complex-
ity in terms of the total number of free parameters. The AIC index is the most
widely adopted measure for this purpose (refer to Section 2.5.4). We calculate
AIC indices for different models and present them in Table 5.2. The model se-
lection is based on ΔAIC: AICthe simpler model−AICthe more complex model. The
comparison shows that models with shared parameter � and � are preferred
over models with individual parameters �k and �k for both objective data and
subjective data, and the best model is (�, ak, bk, qk, �). For objective data, the
estimation result from the best model is �=0.3880 with 95% confidence interval
[0.3797, 0.3964]; and for subjective data, it is �=0.3880 with 95% confidence in-
terval [0.3814, 0.3945]. The confidence interval of the former result contains that
of the latter completely. Hence, there is significant evidence that the value of �

Table 5.2: AIC index comparison for alternative models. k (k = 1, 2, . . . , 24)
denotes a subject and Ti (i = 1, 2, 3) denotes a task condition within which H
is shared by all the subjects.

Model
AIC Index

(-2Log likehood)

Formula
Free Parameters

Obj. Data Subj. Data
(Para. Number)

G = r�

�k, ak, bk, qk, �k 1087 1324
(120) (822) (1060)

�, ak, bk, qk, �k 1048 1313
(97) (838) (1106)

�, ak, bk, qk, � 997 1263
(74) (840) (1104)

G = log r

ak, bk, qk, �k 1110 1353
(96) (902) (1146)

ak, bk, qk, � 1205 1433
(73) (1050) (1278)

�Ti , aTi , bTi , qTi , �Ti 1996 1444
(15) (1966) (1414)

G = r� �, aTi , bTi , qTi , �Ti 1994 1442
(13) (1968) (1416)

�, aTi , bTi , qTi , � 1992 1440
(11) (1970) (1418)

aTi , bTi , qTi , �Ti 2018 1492
G = log r (12) (1994) (1468)

aTi , bTi , qTi , � 2030 1492
(10) (2010) (1472)
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is even shared across objective and subjective data. This shows that the internal
homogeneity of size perception is a sound assumption. This value 0.3880 of �
coincides with the estimation from previous data exploration in Table 6.1. As
to the model with a logarithmic function for G, there is no evidence to support
it as the preferred simpler model.

The individual variance in task performance is modeled by ak, bk, qk and �k.
Modeling the individual variance aims at a more precise model approximation to
the data. The fluctuation of the estimated values across individual parameters
is limited which suggests that a model with shared H and common a, b and q
might be acceptable. The evidence for such a shared H is presented in the next
section. In Section 5.6.3, we elaborate on individual variation.

5.6.2 Task effect

In our model, H models the performance in the cognitive part of a particular
task. Different tasks do not necessarily share the same cognitive process, which
means that the response behavior expressed by b and d is expected to vary across
tasks. Therefore, it is reasonable to assume task associated values for the free
parameters of H. Different models with shared a, b and q are compared in the
gray rows of Table 5.2. The model (�, aTi, bTi, qTi, �) with shared parameters �
and � is preferred over the model (�Ti, aTi, bTi, qTi, �Ti) for both the objective
and the subjective data. The estimation of � by the model (�, aTi, bTi, qTi, �)
for objective data is �=0.3884 with 95% confidence interval [0.3754, 0.4016] and
for subjective data is �=0.3878 with 95% confidence interval [0.3801, 0.3956],
both of which largely overlap with the previous results. Figure 5.8 presents the
estimates for bTi and qTi in case of the model (�, aTi, bTi, qTi, �Ti).

(a) (b)

Figure 5.8: Parameter values of shared H in different tasks and measurements
with their 95% confidence intervals: (a) parameter b; (b) parameter q. O − Ti:
objective data, S − Ti: subjective data.

There is no significantly different bTi for different task and measurement
conditions since the confidence intervals overlap. The average estimated value
of bTi is 0.0442. For qTi, no significant difference is found for subjective data
among different tasks. However, there is significant difference between T2 and
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the other two tasks for objective data. Particularly, qT2 for objective data
produces the highest threshold for size contrast perception, and coincides with
the thresholds for subjective data. This indicates that in T2 a performance
limit was approached in case of high-perceived contrast. Hence, T2 results in
the highest sensitivity of time performance when discriminating glyphs.

If we compare these models with task associated parameters (in gray cells)
with the previous models with individualized parameters (in white cells) in Ta-
ble 5.2, we see that the number of parameters drops sharply, but also that the
AIC increases strongly. This indicates that individual variation is strong and
cannot be neglected. Nevertheless, the analysis of models with just task asso-
ciated parameters gives a direct insight in the influence of the tasks in different
measurement. Furthermore, we can observe in Table 5.2 that the models with
G = log r, although having generally higher AIC values than those with G = r� ,
still yield possibly acceptable AIC values, hence indicating reasonable fit with
the data. This elicits the question whether or not we can further simplify G
as the logarithmic function. If so, ∣G(sj)−G(si)∣ can be written as log(sj/si),
i.e., the final output of H is simply determined by the ratio of radii between
two circles. Noticing that the Stevens’ power coefficient of length judgment is
1, the glyph size discrimination might be simplified to judgment of the ratio of
the width or height between two glyphs. This hypothesis is investigated in the
second experiment.

5.6.3 Perception Accuracy

The perception accuracy is defined in this dissertation as the number of levels
humans can reliably distinguish within the range of the perceived signals. This
has been explained in Section 2.2 and Section 3.5.1 where d∗k is defined similarly
as d′ in detection theory [92] (a good illustration given in Figure 3.16). We here
define the accuracy index for distinguishable levels as:

d∗ =
max(GI)−min(GI)

�′
(5.8)

where I is the physical range of stimuli and �′ is the uniformed noise of per-
ceiving a channel intensity on the perceptual scale. This definition allows about
32% discrimination error as it is when d′ = 1. It is also worth to mention that
the prediction error of the model could also contribute to �′. However it is not
practical to detach the model error from the perception noise, hence we simply
assume that our model can predict the data perfectly. Since �′ is equal or larger
than the perception noise, the accuracy index calculated by equation 5.8 defines
the upper limit for the number of distinguishable levels.

In our case, with the explicit model of perception and cognition process
as described in Section 5.6, �′ can be estimated from the experimental data.
First, the performance data should be reversely transformed by H−1 back to
the perceptual scale; second, the noise of perception is assumed to be normal
distributed, in other words G(si) has a standard deviation �′ for ∀i ∈ I, and
thus ∣G(sj) − G(si)∣ produces

√
2�′ (refer to Section 2.5.3, equation (2.13)),
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which can be estimated as the standard deviation of the transformed data by
H−1.

Considering individual variation, we use the individual parameters ak, bk
and qk, and k = 1, . . . , 24 for H in Section 5.6.1 to transform the experimental
data. Individual accuracy d∗k with k denoting a subject is therefore calculated
with the estimated �′k by equation (5.8). The results are shown in Figure 5.9.

* *

**

* *

*****

k

Accuracy
d*

Figure 5.9: Accuracy indices calculated in d∗k based on individual noise, in d∗obj
and d∗sub based on the shared noise over objective data or subjective data, and
in d∗ for homogeneous noise over all the observations. The dashed lines define
the 95% Confidence Interval (CI) for the corresponding values.

In Figure 5.9, we can clearly observe the individual diversity of capability for
size perception through the large variation of d∗k for both objective and subjec-
tive measurement. Meanwhile, d∗k,obj is generally below the values of d∗k,sub for
different subjects. This indicates that objective measurement yields larger noise
than subjective measurement. In order to analyze this difference, we take an
alternative assumption that �′ is shared over individuals but distinct between
objective and subjective measurement. �′obj and �′sub are then estimated from

the transformed data by H−1(ak, bk, qk). Figure 5.9 also shows the values of
the accuracy indices d∗obj and d∗sub together with their 95% confidence intervals
(CI) by horizontal lines. The perception accuracy varies significantly for dif-
ferent measurements, since the CI-d∗obj is far below the CI-d∗sub. Theoretically,
this could be due to the limited number of rating levels used in subjective mea-
surement that might reduce the amplitude of judgment noise. However, in our
study, we used eleven points which should almost reach the boundary of human
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dTi*

Figure 5.10: Accuracy Indicies calculated for shared noise over one task and one
type of measurement, together with their 95% Confidence Interval

capability. Practically, this shows that our subjects have high agreement on task
difficulty subjectively even when the time needed to complete the task varies.

As indicated in Section 5.6.2, size perception may vary with task. Therefore,
�′Ti and d∗Ti are estimated assuming shared noise per task Ti. For data trans-
formation, we still use individual function H−1(ak, bk, qk). Results are shown
in Figure 5.10. T2 has resulted in the highest accuracy (the least noise) in
objective measurements, but the lowest accuracy (the largest noise) in subjec-
tive measurement; the phenomena are significant. Moreover, d∗T2 remains the
same across different measurements, which indicates T2 produces stable perfor-
mance under different measurement. T1 and T3 give in equal accuracy in the
same measurement; but the equal values are significantly higher in subjective
measurement than those in objective measurement.

In Section 4.3.5, our model hypothesized a shared noise � and then being
scaled into varied individual noises �k. The individual scaling factor sk is sup-
posed to be modeled in parameter ak in equation (5.6). Furthermore, in Section
5.6.1, we have found support to the model with the shared � and � as an evi-
dence of perception homogeneity for size. Therefore, the data transformed by
H−1(ak, bk, qk) can be assumed to follow the same normal distribution across
different measurement and described by �′. The general accuracy index d∗ for
size perception and its 95% confidence interval are therefore obtained as 11.3280
and [10.8563, 11.8143] (see Figure 5.9). Notice that this index is calculated based
on the range of 0.072∘ ∼ 0.573∘ visual angle of diameters used in our study.

5.7 User Experiment II - Encoding Proof

Our experiments and analysis have led to a function G that describes size per-
ception based on size discriminability in the task context. We can use G now to
generate sequences of circles with equally perceived steps. We might even extend
the perceptual mapping to other types of glyphs with equal width and height.
However, we do not know how such a perceived scale relates with subjective de-
scriptions of glyphs. In other words, we want to know if the internal perceived
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size scale looks closer to a 1D length scale or a 2D area scale subjectively and
if it represents the difference or proportion subjectively. Further, we want to
know if the logarithmic scale can represent the perceived scale subjectively or
not.

(a)

(b)

(c)

(d)

(e)

Figure 5.11: Sequences of circles configured by linear interpolation on different
scales (refer back to Figure 5.2, we added a discriminability scale obtained from
the first experiment with G in power form and � = 0.4).

A two-alternative forced choice experiment was designed for the above pur-
pose, in which people were required to compare two of the five sequences of
circles shown in Figure 5.11 with respect to their optimality on five different
tasks. The tasks were to distinguish the five relationships: (a) equal differences
in diameter; (b) equal differences in area; (c) equal ratios of diameters; (d) equal
ratio of areas; (e) equal visual separability. An example of task (a) is shown
in Figure 5.12. For each task description, there were C2

5 = 10 combinations of
the five sequences which were doubled by left-right switching. Thus for each
subject, there were 10 × 2 × 5 = 100 selections to be made, including all the
tasks. We randomized the order between the tasks and the order of selections
within a task and tested with 7 subjects. For each task, the frequencies of every

Example
Which of the following sequence is more likely to present 

equal difference in DIAMETER between every two subsequent circles?

Figure 5.12: An example of an instruction in Experiment 2.
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sequence being selected by each subject were counted and normalized by divid-
ing the total number of selections in one task (20). We estimate the most likely
(normalized) frequency of a sequence being selected across all the subjects as
well as its 95% confidence interval. In Figure 5.13, we present the results.

(a)Equal Difference of Diameter (b) Equal Difference of Area

(c) Equal Ratio of Diameter (d) Equal Ratio of Area

Figure 5.13: Normalized frequencies for different sequences being selected by
people for the five tasks.

We can see that the sequence with � = 0.4 is significantly preferred over
the alternatives in the case of equal visual separability (no overlap of confidence
intervals with the second highly selected scale: linear scale). It is also relatively
high in the cases of equal difference of diameter, equal ratio of diameter and
equal ratio of area. The logarithmic scale is preferred for the task of distinguish-
ing equal ratios of diameter but scores relatively low in the case of equal visual
separability. Although the linear scale is preferred in the case of equal difference
of diameter and equal ratio of area, the confidence intervals largely overlap with
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Figure 5.14: Tentative sequences of different glyphs configured by the discrim-
inability scale obtained from our experiments with G in power form and � ≈ 0.4.

other scales. All of these suggest that in tasks requiring size discrimination,
people compare glyph size in a mixed sense and we cannot simplify it to the
ratio estimation of lengths.

5.8 Conclusions

We found that an optimal scale with respect to equal perceptual separation of
glyph size is generated by:

P = G(r) = � ⋅ r� , � ≈ 0.4. (5.9)

Visualization designers can use this as a guideline to encode data. Also, this
could be used for other cases where circles have to be discriminated, such as
button design for user interface or coin design. As shown by the previous study
(see Figure 4.9, this encoding scheme of glyph size should also be relevant when
different shapes or colors are used. In Figure 5.14, we present some size-varying
sequences generated by using the � ≈ 0.4 scale with different lightness and
shapes. They are very likely to produce equal separation as well.

In order to obtain this optimal scale, we aim at models that depict the in-
ternal homogeneity well and handle the individual variance correctly, which is
missing in Stevens’s method. Individual variance has been modeled and esti-
mated by using individual cognitive functions H. No evidence was found to
support the more complex model with an individually varied power coefficient
for G. The estimated values of this power coefficient are also similar for objec-
tive and subjective data. Therefore, � ≈ 0.4 is highly supported as the invariant
power coefficient for size perception. The perception noise is assumed to be uni-
form on the power 0.4 scale of radius. Calculation of the perception accuracy
shows that 11 levels can be reliably distinguished within the size range we used
for our study. Furthermore, we used � ≈ 0.4 to produce a scale, and compared
it subjectively with four other scales as candidates for the perceptually uniform
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scale of size. Results show that the scale with � ≈ 0.4 is considered to be the
optimal scale for equal visual separation, which indicates that users do not em-
ploy a simple length or area judgment, nor their ratios to discriminate glyph
sizes.

The methodology of modeling presented in this chapter can be extended to
other visual channels of glyphs in scatterplots and furthermore to other graphical
contexts, such as maps, where glyphs are heavily used. In the next chapter, we
apply the methodology to gray scale (the lightness channel).



Chapter 6

Perceptual Mapping of
Glyph Lightness

In graphical encoding, color is believed to be the most dominant channel with
lightness regarded as the most important one of the color dimensions. We study
lightness perception in scatterplots in the context of analytic tasks requiring
glyph discrimination. Outlined circles and unframed spots, equally sized and
filled with a uniform luminance at ten or eleven equispaced levels between black
and white, were used as glyphs and displayed on a uniform white background.
Sixteen subjects divided in two groups, performed three tasks and task comple-
tion time was used as a measure for their performances with limited few errors.
We propose a similar model as for size to describe the task process. Lightness
perception is assumed to be an early step in the complex cognitive process to
mediate discrimination, and results from cartography and psychophysics are
considered to hypothesize the perceptual mapping. Different mapping func-
tions estimated from the experimental data are compared. The results show
that approximate homogeneity of lightness perception exists and can be closely
described by a blended combination of two power functions which assume either
the light end or the dark end of the scale as a starting point and increase in
opposite directions. The model further yields the optimal schemes of lightness
encoding for glyphs in sparse scatterplots with a white background.

6.1 Introduction

Glyphs are used in scatterplots to denote objects of interest. Color is believed to
be the most dominant channel among all the visual channels, with lightness (the
perceived achromatic scale) regarded as the most important one of three color
dimensions [85]. The lightness channel has an intuitive association with many
analytic features of data, such as order, proportion and density, and also can
convey high spatial frequency information. Therefore, it supports information
decoding and interpretation quite well. However, lightness is very sensitive

109
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to the applied context, such as the environment illumination and the color of
the background. There are few quantitative results on the perception of glyph
lightness in visual analytic tasks. Our question here is what scale to use to
support a visual analysis as well as possible. Our aim is to pick luminance levels
such that analytic tasks, such as distinguishing sets and counting outliers, are
as easy as possible. We hypothesize that the perceived contrast between glyph
sets is negatively correlated with task difficulty as assumed for size channel in
the previous chapter.

Cartographic experiments revealed different equal-value gray scales with
non-linear patterns for printed maps. In our research, we intend to model the
computer displayed gray tones, i.e., glyph lightness and discriminability in vi-
sual analytic tasks. We take the circular glyph, as the most commonly used one;
use eleven equispaced luminance levels for outlined circles including black and
white ends, and ten equispaced levels for unframed spots without white end;
and measure user task performances. We fixed the glyph size and the spatial
frequency, since these two channels were found to be influential [11, 75] and
we leave the study of channel interaction to the next chapter. A quantitative
model is proposed for describing the relation between stimulus luminance levels
and task performance, and the model parameters are estimated from the ex-
perimental data. Adopting the principle of Homogeneity of Perception [27], we
also test the assumption of a uniform lightness scale across users. The resulting
scales suggest possible encoding schemes for visualization designers.

In the following, we construct our quantitative model based on related work,
report our user study, analyze data on alternative models, and discuss the im-
plications of our work.

6.2 Related Work

Many different research fields study how humans process visual information.
In psychophysics, the aim is to derive quantitative models for perception via
vision and other modalities. Generic laws have been developed to describe
perceptual mappings. Meanwhile, the fields of visualization and cartography
focus on visual features of graphical objects and analytic tasks. The goal is to
provide guidelines for the design of better displays of information in terms of
easy discovery of patterns, and veracious interpretation.

6.2.1 Psychophysical results

Existing psychophysical research provides us relevant clues to design graphical
encoding schemes. Among them, Stevens’s Power Law depicts the relationship
between the physical magnitude of a stimulus and the corresponding experienced
magnitude [70]. The perceived magnitude is a power function of the stimulus,
where the power coefficient depends on the tested physical channel of the stim-
ulus. However, for lightness, it is not straightforward to select the appropriate
value of the power. This is due to a number of reasons. First, experiments in
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psychophysics are set up in a context quite different from practical user tasks.
Second, these experiments require the user to make judgments on an explicit
scale, for instance the perceived whiteness of a gray toned paper or the per-
ceived blackness of an inked area [72, 91]. However, lightness is not simply the
perception of target luminance or reflectance, and it adapts to the luminance
of the surround, affected by the simultaneous contrast of the background [11].
We are not sure yet how those factors might be involved in glyph discrimina-
tion tasks, especially when a self-luminous display such as a PC screen is used.
Third, individual variance has often been ignored in the analysis as only average
data are reported.

A widely accepted standard scale of lightness, CIE L∗ is the power law
mapping from luminance [74, 85]:

L∗ = 116(Y/Yn)1/3 − 16, Y/Yn > 0.008856 (6.1)

where L∗ presents the perceptually uniform scale of lightness and Y is the
luminance variable with Yn as the luminance of a reference white. When Y/Yn
is below 0.008856, we should replace it with a linear transformation or correct
the exponent to be approximately 1/2.43 [74]. In our experiment, Ymin/Yn is
always ≥ 0.02 (see Figure 6.10), thus equation (6.1) can be used. However, this
model does not account for the influence of the surroundings [11], particularly
the luminance contrast distortion.

There are different luminance contrast models which consider the modula-
tion of achromatic appearance via the eye adaptation to the background [75].
Weber’s model is often used for larger uniform backgrounds:

ΔL = CWb = (YSti − YBg)/YBg; (6.2)

where the subscript Sti denotes stimulus, and Bg denotes background. Michel-
son’s model is often used for simple but high-frequency patterns without a clear
uniform background:

ΔL = CMs = (Ymax − Ymin)/(Ymax + Ymin). (6.3)

In this chapter, we focus on how to improve visual analytic work in practical
applications, and argue that lightness judgment thus cannot be isolated from the
working context. We use sparse scatterplots with a uniformly white background
in the analysis. With “sparse”, we mean here a clearly recognizable background.
Moreover, we propose an alternative way to analyze lightness perception in such
a more complex context.

6.2.2 Cartography results

In choropleth (shades or patterns areas in proportion to the measurement of the
statistical variable in a map), dasymetric (uses areal symbols to spatially classify
volumetric data in a map), monochromatic ”layer-tinting”, and other mapping
techniques, lightness differences encode classes or progressions of quantitative
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data. Cartographers aim at maximum distinguishability in maps to be produced
by an equal perceived contrast between all pairs of adjacent gray tones. Many
experiments have been done to obtain an optimal equal-value gray scale, and
with quite different results.

Figure 6.1: S-shaped curves in literature with reflectance measure. The plot
was reproduced by the author according to Kimerling [39, 40] and Leonard [44].

A first difference concerns the type of measurement. Stevens used magnitude
estimation where subjects were asked to assign numbers to different shades of
gray paper in proportion to the perceived reflectance [72]. However, subjects
might use white paper as the comparison base and judge on the perceived dark-
ness. Munsell used a partition method where subjects were asked to divide the
gray spectrum (with white and black ends) into evenly spaced tones [39]. The
former produced a ratio scale with exponent 1.2 and the latter produced an em-
pirical curve that could be closely approximated by a power law with exponent
1/3 as the CIE L∗ [40]. The difference between the obtained values for the expo-
nents was explained by Kimerling [40] by the fact that the second method used
explicit references for the extreme luminance levels, while the former method
didn’t.

Another difference exists within the experiments that use the partition method.
An empirical curve, i.e., Williams’ curve, achieved by using patterned areas and
a partition method, gave results that deviated significantly from the Munsell
curve where solid tints were used [40]. More specifically, a certain amount of re-
curvature is apparent near 70 percent reflectance, leading to an S-shaped curve
[44], as shown in Figure 6.1. This was explained as being due to the visible
patterns, i.e., the contrast between white and a patterned gray tone was higher
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than between white and a finely screened gray tone.
A similar pattern of recurvature was also observed in other studies. Kimer-

ling studied the influence of background reflectance, for a screened area (solid
tint) on a white background using a partition method [39]; while Stoessel used
finely screened squares and a measurement method that mixed magnitude esti-
mation, the partition method and the just-noticeable-difference method [39, 91];
and Leonard used a laser printer, printed chips on a white background with pre-
cisely measured values of dpi for different gray tones, and a partition method
[44]. The recurvature from Kimerling’s study using a white background was
found to be significantly different from the results with black and gray back-
grounds that fit the Munsell curve quite well. However, he concluded by using
a general curve averaged across different backgrounds which resembles closely
the Munsell scale. Although acknowledged by other cartographers as interesting
and relevant [39, 91], the recurvature found by Stoessel is obviously a complex
phenomenon (neither logarithmic nor exponential) that lacks a sound theoreti-
cal understanding. Leonard explained his result as similar to Williams’ that the
recurvature was caused by the printed dot pattern that became obvious at high
reflectance levels.

In summary, the recurvature at high reflectance level has either been ignored,
or explained as being a consequence of the use of patterns. However, we want
to put forward an alternative explanation. The recurvature primarily occurs in
experiments where gray tones have to be judged against a white background.
As explained before, lightness may be a combined construct. One gray tone is
not universally judged to be “more” or “less” than another gray tone. When
a white background is used, it is reasonable to assume that this constitutes
the reference and that objects are discriminated from their background using
perceived darkness. On the other hand, the surface reflectance (from the print
material) or the luminance in the working context (from the computer screen)
has its own influence on human perception, so that the perceived whiteness may
also influence the human judgement. We propose that the ambiguity in what end
constitutes the reference for the judgment is possibly causing the recurvature.
This is going to be addressed later on when we model our experimental data.
Our proposal doesn’t exclude that the pattern might be a factor in Williams’
curve. When the viewing background is black, this ambiguity disappears since
detecting a gray object from the black background is in the same manner of
perceiving whiteness. This explains why the gray and black backgrounds used
in Kimerling’s study fit with the Munsell curve very well.

From another point of view, the perceived blackness is closely related with
the simultaneous contrast to the white background. Thus in our case, the Weber
contrast ∣ΔL∣ = −CWb in equation (6.2) could be used to describe the perceived
blackness BP of glyphs. Meanwhile, the CIE L∗ in equation (6.1) is a good
candidate to model the perceived whiteness WP of glyphs. The final achromatic
perception should be a combined effect of (L∗,ΔL). This hypothesis accords
with Carter’s general idea [11] that the gray-scale appearance of a stimulus is
determined by both the stimulus luminance and the contrast from the surround.
However in Carter’s research, he did not further specify how these two factors
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affect achromatic perception. Referring to the recurvature phenomenon, we
later on propose a novel way of blending the effects of (L∗,ΔL) and modeling
the cognitive processing.

6.2.3 Chromatic and achromatic studies

Because of the strong association with data features such as order, proportion
and density, lightness is heavily used in visualization to encode ordinal, interval
and ratio data. This is known as a sequential encoding scheme in Brewer’s work
[6]. In a study by Healey [28], the color distance in the CIELUV color space was
used as one of the three most important effects to develop a multi-color selec-
tion technique. Ware studied linear gray sequences and the CIE L* perceptual
gray sequence as well as other chromatic sequences for relative encoding [84].
In a recent study [90], Wijffelaars has adopted a logarithmic scale of lightness
to calculate distances between different colors, which produce equal-contrast se-
quential palettes for data encoding. He demonstrated that the resulting palettes
look more uniformly spaced than those generated from CIE standards on a grey
background. However, as Ware pointed out [85], the gray scales are perceptually
altered by background lightness and the current standard should be taken as no
more than a useful approximation.

Another important issue to be considered by visualization designers is the
user-task context. We are not sure if a perceptually uniform color space can
also be used to describe uniform separability in a specific task context. In our
previous study on glyph discrimination Section 4.3, the existence of a separa-
tion space for glyphs was assumed. A separation space is a space in which
different glyphs can be positioned and where distances between them are pro-
portional to their discriminability. In this study, 32 glyphs were tested with
four linearly varying sizes and eight different shapes in three visual analytic
tasks. A 3D separation space was established to position the glyphs according
to the task performance when discriminating between them. We propose that
such a separation space generated through user tests in the task context could
result in more practically relevant design rules. By using the same technique,
the equal-contrast lightness scale might also be produced in such a separation
space.

6.3 Glyph Discrimination Model

The contrast in glyph lightness can be expected to influence task performance
by altering the task difficulty. We aim to model the overall mappings, with
lightness perception as an intermediate step.

As for size, we make the assumption here that a measure for the difference
between targets and distractors should be based on their perceived strengths,
instead of their direct physical difference. This enables us to model the visual
analytic task process as two consequent steps, as shown in Figure 6.2. A function
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Figure 6.2: Model of lightness discrimination in visual analytic tasks: li, lj
are two different luminance levels; function G models the lightness perception;
function H models the lightness discrimination in an analytic task and maps to
the task performance measure.

G is assumed to transform the original stimulus onto a perceived scale, such that
equal distances between stimuli on this scale denote equal separability.

Generically, we assume a monotonically increasing function H that maps
the contrast of the perceived lightness ∣G(lj) − G(li)∣ into the measured task
performance Mij , i.e., the larger the (lightness) contrast, the easier and quicker
the task can be performed.

Function G describes the relation between a physical measure and a value
P on the perceptual scale (specifically, Lightness here). Taking the luminance
level l of the circular glyph as a physical measure, it is given by P = G(l). Given
a certain G, we can construct perceptually uniform scales. The luminance levels
follow from li = G−1(Pi)(i = 0, , N), where Pi is a linear interpolation on the
perceptual scale L between the black and white ends. Using different instances
of G, we can generate different sequences. Some candidates are:

∙ Fechner’s logarithmic function: P = G(l) = log l;

∙ Stevens’s magnitude estimation: P = G(l) = � ⋅ l� , � = 1.2;

∙ Assuming linear relationship between luminance and lightness: P = G(l) =
� ⋅ l, thus � = 1;

∙ Munsell’s scale by partition method and fitted with a power function:
P = G(l) = � ⋅ l� , � = 1/3 ≈ 0.33, refer to equation (6.1).

Figure 6.3: Sequences of outlined circles and unframed spots encoded linearly
with proposed scales of L.
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The resulting sequences are shown in Figure 6.3. One issue in working with
luminance is that the medium used has its own influence, also the size and
surround. Hence this printed version cannot be expected to match perfectly.
The following remarks are based on judging the sequences on an LCD computer
monitor. Stevens’s scale provides a better contrast at the dark end, but worse
discriminability at the darker grays. Fechner’s logarithmic scale provides the
best contrast at the lighter side but is the worst at the darker side. Munsell’s
scale seems to be better than the logarithmic scale, but still bad for darker
side. A linear scale balances well for both ends, but not yet produces optimally
equal discriminability considering the middle grays. We are not sure if one of
these scales will yield the optimal discriminability in an analytic task context,
or whether yet still a different scale is required. In the following we describe our
experiments to obtain relevant measurements, followed by an analysis.

6.4 User Experiment

For an intensive study on lightness, we selected one standard glyph shape, the
circle, and drew it in two commonly used ways, i.e., with an outline and without.
The lightness was specified via physically measurable luminance levels with
the white and black ends determined by the capacity of the PC monitor used
in the test. A colorimeter was used to obtain the empirical mapping from
the parameters that we can manipulate via the PC graphics card and the real
luminance of glyphs displayed on the PC screen in the test setup. Three relevant
visualization tasks were selected and task performance in terms of accomplishing
time was evaluated.

6.4.1 Screen calibration

The experiment was carried out in a room with the background illumination
kept roughly constant. Comparing with artificial darkness, we think this is
closer to the real working space and is more likely to produce practical results.

A Dell 17 inch LCD monitor was used to display glyphs at different lumi-
nance levels. Before configuring the stimulus, a colorimeter was used to evaluate
the relationship between the parameter that controls the displayed lightness and
the luminance values in the test environment. The lightness control parameter
used in the test application is ranging from 0 to 1. We test the whole range
including 0 and 1 with equal steps spacing 0.005. A square covering 90% of the
screen area was configured by the lightness parameter in every sampled step;
next it was displayed and measured with the colorimeter. The empirical curve
depicting the relationship is shown in Figure 6.4. The nonlinearity is quite ob-
vious at the dark side. The highest luminance level measured was 193 cd/m2,
which corresponds to the white on the monitor, the lowest level measured was
4 cd/m2, which corresponds to black. This lowest level was affected by the
background illumination; in principle, a lower value ought to be possible.

Including the white and black ends, eleven luminance levels were sampled by
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Figure 6.4: Empirical mapping curve from the control parameter of PC screen
x (communicating with the PC monitor via a built-in function RGB(x, x, x) for
graphical programming) to the measured luminance Y .

linear interpolation between the two ends: 4 + i ⋅ (193 − 4)/10, i = 0, 1, . . . , 10,
which then were mapped to eleven values of the lightness control parameter
including 0 and 1. Circles were shaded with these values and sized 0.573∘ in the
visual angle of diameters. Usually, shaded glyphs can be drawn with outlines
or without. Here we use both: shaded circles with a black outline (a black
line with a thickness of 5% of the total length of diameter) and consistent with
the previous study [48], and shaded circles without outlines and consistent with
another study [3]. For the circles without outlines (also called unframed spots),
the highest luminance level cannot be used (indistinguishable from the white
background), hence we used 10 sampled levels (i = 0, 1, . . . , 9).

We displayed 2D scatterplots on the PC monitor in a white plotting area
of size 25 × 25cm2. In each plot, two sets of circles (either outlined or not
outlined) were used with different lightness and only differing in lightness. One
of the two sets was the target set, while the other was the distractor set. The
total number of circles displayed in each plot was fixed to 50, occupying 10%-
25% of the plotting area, in order to keep the plot density and viewing surround
more or less the same. The plotting area was divided into 20 × 20 cells and
each cell contained only one glyph to avoid unwanted overlap. Furthermore,
the area of a cell was slightly larger than a specified glyph, which allowed for
some random shift of the glyph shown inside the cell. This prevents glyphs to
assemble into lines. For each user task, 11× (11− 1) = 110 randomly generated
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Figure 6.5: Examples of the plots used in different tasks.

plots were used for outlined circles and 10×(10−1) = 90 were used for unframed
spots. Subjects performing the same task viewed either the 110 plots or the 90
plots in different random orders.

6.4.2 Experiment set-up

To be consistent with previous work, we used the same analytic tasks as before.
These are:

Task 1 (T1): Visual Segmentation and Quantity Comparison

Instruction: Select the glyph that is presented most frequently in the plot.

Task 2 (T2): Outlier Detection

Instruction: Locate and count the glyphs of the type that is least presented.

Task 3 (T3): Distribution Characterization and Cluster Detection.

Instruction: Select the glyph that is distributed around the center of the plot
with the smaller variance. (Or, select the glyph that has higher chance to
appear in the center of the plot and converges more into a cluster.)

Examples of plots for these tasks are shown in Figure 6.5. These three tasks
occur frequently in routine analytic cases. These tasks and their instructions
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were presented to the subjects in such a way that no prediction of the target is
possible before the display of the plot. This design is in order to prevent the
influence of a top-down attention process as indicated by Guided Search theory
[93].

In order to obtain a continuous PUS, we selected time as measure, as it
gives a higher sensitivity in outcomes. We aim at minimizing errors, to assure
the direct link between task accomplishment time and the glyph discrimination.
More practical details are given in Section 4.5.2. As a result of these arrange-
ments, the difficulty is mainly determined by the contrast between the two sets
of glyphs rather than by the complexity of the task itself. Therefore, a higher
contrast makes the task easier, and can be performed quicker; while a lower con-
trast makes the task more difficult, and requires more time. We use Mij = 1/tij
(t denotes the measured time, i, j = 1, 2, . . . , 8 and i ∕= j) representing human
performance to process the data, such that a higher sensitivity corresponds to
a shorter time performance.

Sixteen subjects were recruited from different departments of the Eindhoven
University of Technology, all students or researchers. They all had experience
in using statistical graphs, but in different fields. All of them had normal or
corrected-to-normal vision and they were aged between 24 and 34 years, and
balanced in gender.

Subjects were divided into two groups, with one group assigned to the out-
lined circles and the other assigned to the unframed spots. Every subject per-
formed all the three tasks in three separate measurement sessions. A training
session preceded each test session, and instructions were given together with
the training session. It was emphasized that the decisions should be made as
quickly as possible, under the precondition that subjects took sufficient time to
perceive the plot clearly and did not guess the answers.

The test was started by pressing the space bar. A blank screen was presented
for 1.5 seconds to clear the viewport, after which a plot was displayed and an
internal clock was started. As soon as the subject decided on the answer, she or
he hit the space bar to stop the timing and the plot was replaced by a response
interface. The response screen displayed the two differently shaded circles that
were used in the plot for T1 and T3, or displayed ‘0’, ‘1’, . . . , ‘5’ as the number
of outliers for T2. Next, the subject could select the answer. For T1 and T3
the lighter circle was always at the left side and the darker circle at the right
side on the response screen, to reduce cognitive errors while inputting answer.
Next, the test continued with the next plot by pressing the space bar again.

6.5 Data Exploration and Model Inference

As explained before, MDS approach and Spearman’s rank order correlation are
applied to the experimental data for our deducing. Somewhat different patterns
are disclosed here from those for size channel and thus new formats of function
are proposed and studied. Nevertheless, the general model of the perception and
cognition process holds the same as specified in Figure 6.2 in terms of functions
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G and H. The following assumptions are investigated before we carry over to
address the specific formats and model fitting.

6.5.1 Symmetry of lightness discrimination

One underlying assumption is that how glyph A differs from glyph B is the same
as how glyph B differs from glyph A. In other words, the output of H should
be constant when the target set and distractor set are swapped. We verify this
as follows.

For each subject the plots viewed in a session lead to a 11× 11 or a 10× 10
dissimilarity matrix, filled with Mij (i, j=0—10 or 0—9, and i ∕= j) and with
an empty diagonal. The assumption made is valid if this matrix is symmetric.
For all the 16 subjects in the three task conditions, totally 16×3 = 48 matrices,
we found no significant evidence of asymmetry (the same method was used as
for size, see Section 5.5.1), which indicates that swapping the role of the target
and distracter glyph has no significant effect on the experimental data.

6.5.2 The perceived scales

One straightforward approach to deal with dissimilarity data is multi-dimensional
scaling (MDS) [54, 82]. We use it here to observe how the glyphs with different
luminance levels are arranged in an internal separation space under perception
[48]. A 3D space gives the best balance between model complexity and predic-
tion error among 1D to 5D spaces. Figure 6.6 shows 2D views of the 3D generic
separation space for outlined circles and unframed spots across subjects and
tasks, taking Mij = 1/tij as the measure for dissimilarity.

Assuming the continuous nature of perception, if we sample as many as
possible different luminance levels, the projected points of these samples into
the perceptual separation space should form a continuous scale. Therefore, we
used a 3D curve fitting to observe the status of the perceived scale of lightness.
We have three observations as follows.

First, the points are located on a conical spiral curve, in order of increasing
lightness. This indicates that both G and H increase monotonically. Second,
the spacing between the points along the curve (on-path length) is largest at
the black and the white end, and lower in between. This indicates a similar
recurvature pattern as the equal-value gray scales in cartographic studies. Third,
the 3D curving indicates a saturation effect that if three points m,n and o
stand for luminance levels with lm < ln < lo, and Dij stands for the separation
distance between points i and j, then Dmo < Dmn +Dno. As shown in Figure
6.6, the saturation effect is strongest between the highest and the lowest level,
e.g., D08 is almost equal toD09. This indicates that the derivative ofH decreases
monotonically.

Figure 6.7 shows the optimal positions of li i = 0, 1, ...N where N = 10 for
circle and N = 9 for spot using one dimensional MDS. Later on, by adding the
predicted perceptual diference of our models in Section 6.6 for comparison, we
could observe a very close depiction in Figure 6.7.
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Figure 6.6: Curve fitting with 3D MDS results. The tested stimuli are la-
beled with their normalized luminance li(i = 0, 1, . . . , 9, 10). Distances between
stimuli represent performance differences and the spiral curve represents the
continuous scale of the perceived lightness. In the image, a larger i corresponds
with a higher value for the z dimension. The curvature shows a clear saturation
effect due to the limited capability of human cognition, i.e., even if the task is
much easier, subjects cannot respond quicker up to a certain point.

1D MDS

1D MDS

y

Y/Yni

Figure 6.7: 1D MDS results for circle and spot data in comparison with our
model prediction given by equation (6.6) with parameters (�, �, u) estimated as
(0.33, 0.65, 0.43) for circles and (0.33, 0.78, 0.74) for spots in Section 6.6.1 (also
refer to Figure 6.10). The y scale represents the normalized 1D configuration
either estimated by MDS or by our model; Yi represents the different luminance
levels we sampled and Yn is the luminance of the white reference.
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6.5.3 Switching feature and blended perception

As mentioned before, when judging lightness with a white viewing background
two different reference points can be assumed. It is reasonable to assume that
for lighter glyphs, the white end is more likely to be the starting point, and for
darker glyphs, the black end gets a higher chance.

We use linearly increased levels of luminance to configure stimuli, i.e.,

Yi = 4 + i ⋅ (193− 4)/10, i = 0, 1, . . . , 10 (6.4)

which can be scaled into

Ỹi = 0.02 + li ⋅ (1− 0.02), li = 0, 0.1, 0.2, . . . , 1 (6.5)

with the normalized luminance levels li = (Y −Ymin)/(Ymax−Ymin) modulating
the perceived whiteness WP of glyphs (0 corresponds to black and 1 corresponds
to white). Meanwhile, variable di = 1 − li can be defined to modulate the
perceived blackness (darkness) BP against the white background (0 corresponds
to white and 1 corresponds to black). If both follow a psychophysical power law,
then WP should fit with the widely accepted CIE L∗ scale with an exponent
� ≈ 0.33 applied to li; while BP might have another exponent � (most probably
smaller than 1) applied to di.

Furthermore, BP is viewed as reversely contributing to lightness by 1−BP =
1− (1− l)�. Thus the two power functions can be added up to affect lightness
perception simultaneously as:

P = GF (l;�, �, u) = (1− u) ⋅WP (l) + u ⋅BP (l) (6.6)

where WP (l) = (0.02 + l ⋅ (1− 0.02))� , BP (l) = 1− (1− l)�, and u controls the
blending weights (suffix F indicates the blending weights are fixed and not vary
with l).

Noticing that value 1 corresponds to the normalized luminance of the white
background lBg, the perceived darkness can thus be transformed into a function
of Weber’s contrast (refer to equation (6.2)):

BP (l) = 1− ((1− l)/1)� = 1− ((lBg − lSti)/lBg)�

= 1− (−CWb)
� = 1− ∣ΔL∣� (6.7)

Meanwhile, WP is just a linear transformation of L∗. Therefore the final per-
ception P can be described by L∗ and ΔL. This coincides with Carter’s model
[11] but in a substantial form.

The blending weights might not be constant over the whole range. We found
high positive correlation between Mij and WP (lj) −WP (li) when li, lj < 0.5
and high positive correlation between Mij and BP (lj)−BP (li) when li, lj > 0.5.
This indicates that for lighter glyphs, WP (l) might constitute the main influence
on the perceived lightness; while for darker glyphs, BP (l) affects more. In other
words, L∗ works fine when target luminance is well below the white background,
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Figure 6.8: The optimal rank order correlation R for the 24 subjects tested with
either circles or spots.

and Weber’s contrast CWb works when it is close to the background luminance.
Hence, we can assume the two power functions are blended with either linearly
varying weights: 1− l and l, or nonlinearly varying weights: 1− le and le where
e > 1. A generic form the blending function with varying weights is given by:

P = GV (l;�, �, e) = (1− le) ⋅WP (l) + le ⋅BP (l) (6.8)

where e ≥ 1 (suffix V indicates the blending weights vary with l).
Both functions, GF and GV , allow us to model the recurvature pattern.

6.5.4 Relating the perceived difference to the performance
data

One of our assumptions is that the measured times are negatively associated
with the perceived contrast by subjects. Independent of the specific form of H,
this indicates that the rank order of time should correlate negatively with the
rank order of perceived lightness contrast. Using task performance Mij = 1/tij ,
we expect a highly positive correlation for the rank orders.

Based on the different hypotheses of G in equation (6.6) and (6.8), the
Spearman’s rank order correlation R can be treated as a function of power-law
parameters � and � and also the blending weights parameter u or r:

Rk = 1−
6 ⋅
∑
D2
ij

N(N2 − 1)
(6.9)

where N = 110 (for circles) or 90 (for spots), k = 1, 2, . . . , 24 denoting the index
of test session per person per task, and Dij = Rank∣G(lj)−G(li)∣−RankMij

with
G(lj) and G(li) follow the form either in equation (6.6) as GF (l;�, �, u) or in
equation (6.6) as GV (l;�, �, e).

For both outlined-circle data and unframed-spot data, we have studied the
graphs of the 3D surfaces of Rk ∼ (�, �, u = 0.5) defined by GF assuming
fixed blending weights and Rk ∼ (�, �, e = 1) defined by GV assuming linearly
varying weights. We have also studied the graphs of the 3D surfaces of Rk ∼
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k k

Figure 6.9: Plots of relationship between the perceived lightness determined by
hypothesized G and the task performance M .

(� = 0.33, �, u) defined by GF and Rk ∼ (� = 0.33, �, e) defined by GV and both
assuming � to be 0.33, the widely accepted exponent for lightness. The peaks of
the surfaces in the case of Rk ∼ (� = 0.33, �, u) are generally the highest across
all the subjects and tasks. The highest Rk values are presented in Figure 6.8.
This indicates that the more complex blending function GV is not necessary,
and the fixed-weight blending function GF is preferred. Furthermore, these
values are generally far higher than the critical values of R and approaching the
maximum value of 1 (see Figure 6.8), which suggests that our model assumption
is sound. Meanwhile, we also find out that the � values, which produce the
optimal Rk, are largely in the range of 0.6-0.9 for both circles and spots: average
to 0.6563 in T1, 0.7262 in T2, and 0.8038 in T3 for circles; average to 0.74 in
T1, 0.7113 in T2, and 0.8038 in T3 for spots. These results indicate that all
the subjects may share the same exponent �, which would confirm the principle
of Homogeneity of Perception [27]. To explore this, we add up all the Rk
calculated on an individual basis. The optimal sum

∑
Rk is roughly produced

by (�, �, u) = (0.33, 0.6, 0.47) for circles, and by (�, �, u) = (0.33, 0.8, 0.66) for
spots.

Figure 6.9 shows the relation between ∣G(lj) − G(li)∣ and Mij in two dif-
ferent test sessions with G determined by GF (�, �, u) = GF (0.33, 0.6, 0.47) for
circle and GF (0.33, 0.8, 0.66) for spot. Although there is quite some variation,
the overall pattern suggests that H can indeed be described by a power-like
relationship.

6.6 Model Fitting and Quantitative Analysis

The exploration of the data has verified our main assumptions and given us
suggestions for the functions to use. We use nonlinear regression models to fit
the data and to perform inferences [83]. H is assumed to be in the following
power-like [54] form:

H = a ⋅ ((∣G(lj)−G(li)∣+ q)b − qb)/b (6.10)



6.6. MODEL FITTING AND QUANTITATIVE ANALYSIS 125

Table 6.1: AIC index comparison for alternative models. k (k = 1, 2, . . . , 24)
denotes a subject and Ti (i = 1, 2, 3) denotes a task condition whithin which H
is shared by all the subjects.

Model (No. of Parameters)
AIC (-2L) AIC (-2L)
Circles Spots

�k, �k, uk, ak, bk, qk, �k(168) 1841(1482) 1433(1068)
�, �, uk, ak, bk, qk, �k(122) 1843(1587) 1365(1106)
�, �, uk, ak, bk, qk, �(99) 1919(1714) 1498(1290)
�, �, u, ak, bk, qk, �k(99) 1845(1640) 1334(1126)
�, �, uk, ak, bk, qk, �(76) 1883(1726) 1630(1472)
�Ti , �Ti , uTi , aTi , bTi , qTi , �Ti(21) 1996(1966) 1444(1414)
�, �, uTi , aTi , bTi , qTi , �Ti(17) 1994(1968) 1442(1416)
�, �, uTi , aTi , bTi , qTi , �(15) 1992(1970) 1440(1418)
�, �, u, aTi , bTi , qTi , �Ti(15) 2018(1994) 1492(1468)
�, �, uTi , aTi , bTi , qTi , �(13) 2030(2010) 1492(1472)

where the free parameters b and q denote the nonlinear effect of the user re-
sponses in the discrimination tasks and the threshold of lightness contrast per-
ception respectively. Meanwhile, G is given by formula (6.4) as suggested in
our data exploration. The parameter a is a linear regression parameter, and the
complete nonlinear regression model is:

Mij = H + "ij (6.11)

where "ij is assumed to be normally distributed with zero means and unknown
standard deviation �.

6.6.1 Perception homogeneity and parameter interpreta-
tion

We can make different assumptions for the free parameters, dependent on how
we share cases, i.e., one shared value for � and � or individual values per subject
per task. According to Maximum Likelihood Theory [54, 83], the most appro-
priate model should be selected by balancing between the model fit in terms
of the log likelihood and the model complexity in terms of the total number of
free parameters. The AIC index is the most widely adopted measure for this
purpose (refer to Section 2.5.4). We calculate AIC indices for different models:
(�k, �k, uk, ak, bk, qk, �k), (�, �, uk, ak, bk, qk, �k), (�, �, uk, ak, bk, qk, �), (�, �, u,
ak, bk, qk, �k) and (�, �, u, ak, bk, qk, �) where k = 1, 2, . . . , 24 denotes the
individual parameters per subject per task. In Table 6.1, we observe that for
the same set of data, the use of common parameters �, �, and u results in far
fewer model parameters and produces small or negative values of ΔAIC for
both spots and circles comparing the use of individual parameters �k, �k, and
uk. Hence, models with shared �, �, and u are preferred over models with indi-
vidual �k, �k, and uk. This indicates that the internal homogeneity of lightness
perception is a sound assumption. The parameter estimates are as follows.
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Figure 6.10: The plot of function G in different proposed forms.

For circle data, � = 0.3290 with 95% confidence interval (CI) [0.2986,
0.3624], and for spot data, � = 0.3270 with 95% CI [0.2257, 0.4198] which
completely contains the CI for the circle data. The estimate coincides with the
widely accepted exponent 0.33 for the perceived lightness, which functions as
one of the two blended factors for achromatic perception with a white back-
ground. This also indicates that the same mechanism of lightness perception is
involved in the discrimination tasks regarding the both types of glyphs.

For circle data, � = 0.6540 with 95% CI [0.6036, 0.7082], and for spot data,
� = 0.7810 with 95% CI [0.7211, 0.8463] which is significantly different from
that of circle data since there is no overlap between the CIs. This indicates
that the darkness perception (also the contrast perception) is different for the
two types of glyphs: circles are more difficult to discriminate. The circles with
outlines are much easier to detect from the background, but it seems that this
makes discrimination of subtle variations in their interior more difficult.

For circle data, u = 0.4263 with 95% CI [0.3901, 0.4633] and for spot data,
u = 0.7422 with 95% CI [0.6922, 0.8243]. This indicates that the black outline
might also influence the way of blending, i.e., where the recurvature happens.
Specifically, the perception of darkness has larger impact to perceive spots than
circles. This is reasonable since without the black outline, the object detection
relies only on the darkness of glyph fill. These results largely coincide with what
has been observed in the previous data exploration. Figure 6.10 and Figure 6.11
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Figure 6.11: Sequences of outlined circles and unframed spots configured by
linear interpolation on different scales assumed. (The printed glyphs do not
match exactly the luminance we specified based on our PC screen)

compare our results with other choices of G in a plot of functions and a plot
of sequential glyph encoding. It is worth to remark that for spots, the plot
of G with estimated parameters resembles closely a linear relationship. Since
subjects commented that it is more difficult to detect objects without outlines,
this coincides with a study for detection purposes [84] that a physically linear
gray scale may be optimal.

The individual variance in task performance is modeled by ak, bk, dk and �k.
Modeling the individual variance aims at a more precise model approximation to
the data. The fluctuation of the estimated values across individual parameters is
limited which suggests that a model with shared a, b and d might be acceptable.
The analysis for such a shared H is presented in the next section. In Section
6.6.3, we elaborate on the analysis of individual variation.

6.6.2 Task effect

In our model, H models the performance in the cognitive part of a particular
task. Different tasks do not necessarily share the same cognitive process, which
means that the response behavior expressed by b and q is expected to vary
across tasks. Therefore, it is reasonable to assume task associated values for the
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q

Figure 6.12: Estimates of shared b and q in different tasks with their 95%
confidence intervals for circle ‘C’ and spot ‘S’.

free parameters of H. Again, different models with shared a, b, and q across a
specific task are compared based on ΔAIC in Table 6.1. Figure 6.12 presents
the estimates for b and q in the case of shared �, �, and u.

We can observe that b is not significantly different in T1 and T2 for both
circle and spot. However, it is significantly larger for circle than for spot in
T3, which indicates the least extent of the saturation effect. With the black
outlined circles on a white background, i.e., with both black and white ends
of the lightness scale presented as reference and the clusters of the same type
of glyphs, users’ responses might be linearly regulated. Besides this, there is
significant difference of the parameter q between different tasks. For both types
of glyphs, q produces the highest threshold in T2 and the lowest threshold
in T3 for lightness discrimination, which indicates that in T2 a performance
limit was approached in case of high-perceived contrast; while in T3, that was
approached in case of low-perceived contrast. Due to the clusters of the same
type of glyphs, T3 might become easier for low contrast sets which might result
in quick completion as that for high contrast sets. Hence, the sensitivity of time
measure in T3 is the lowest. Vice versa, the sensitivity of time measure in T2
is the highest.

Although the analysis of models with task associated parameters gives a di-
rect insight in the influence of the tasks, the models with individualized param-
eters still yield much better model fits. This indicates that individual variation
is strong and cannot be neglected.

6.6.3 Perception Accuracy

The perception accuracy is defined as in Section 5.6.3 (also refer to Section 3.5.1
and the illustration in Figure 3.16):

d∗ =
max(GI)−min(GI)

�′
(6.12)

where I is the physical range of stimuli and �′ is the uniform noise of per-
ceiving a channel intensity on the perceptual scale. As explained in Section
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Figure 6.13: Accuracy indices based on individual noise per person per task.

5.6.3, we made a simple assumption on the goodness of fit of our model and
ignored the prediction error. Hence d∗ defines the upper limit for the number
of distinguishable levels.√

2�′ can be estimated from the transformed data by H−1 on the percep-
tual scale. Individual parameters ak, bk and qk, and k = 1, ..., 24 are used to
transform the experimental data. Individual accuracy d∗k per person per task is
therefore calculated with �′k. The results are shown in Figure 6.13.

In Figure 6.13 we can clearly observe the individual diversity of perception
capability for lightness. Meanwhile, there are two abnormal cases (k = 3, 22)
with accuracy approaching to zero. We investigated the raw data and found out
that the subjects responded irregularly in the corresponding sessions. Therefore,
we remove the two cases for the following analysis. No clear difference can be
observed between the perception accuracy for circle lightness and spot lightness
in Figure 6.13. To analyze this, we take an alternative assumption that �′

is shared over individual cases but distinct for circle and spot data. �′circle
and �′spot are then estimated from the transformed data by H−1(ak, bk, qk).
Figure 6.14 shows the accuracy indices d∗circle and d∗spot together with their 95%
confidence intervals. The confidence intervals do not overlap, which indicates
that for circle lightness the perception accuracy is significantly larger than that
for spot lightness and the black outlines improve the accuracy with one more
level.

As indicated in Section 6.6.2, perception may vary in different tasks. There-
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Figure 6.14: Accuracy indices calculated in d∗k based on individual noise, in
d∗circle and d∗spot based on the shared noise over circle data or spot data. The
dashed lines define the 95% Confidence Interval (CI) for the corresponding val-
ues.

dTi*

Figure 6.15: Accuracy Indices calculated for shared noise over a task Ti and
i = 1, 2, 3 together with their 95% Confidence Interval
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fore, �′Ti and d∗Ti are estimated assuming the shared noise in task i. For data
transformation, we still use individual function H−1(ak, bk, qk). Results are
shown in Figure 6.15. Similar patterns are shown as the threshold parameter
dTi of the power-like function in Figure 6.12. T2 has resulted in the highest
accuracy significantly for both circle and spot. For circles, d∗T1 and d∗T3 are
equal; for spot, d∗T1 is significantly larger than d∗T3. Meanwhile, T2 and T3 are
responsible for the lower accuracy for spots since d∗T2 and d∗T3 are significantly
lower for spots than those for circles.

6.7 Conclusions

We found a way to model the optimal lightness scale with respect to equal per-
ceptual separation of glyphs on a white screen background. It is used to generate
a blended combination of two opposite power functions with one modulating the
perceived lightness and the other modulating the perceived darkness (glyph con-
trast to the background). This idea of blending power functions proposes a way
to understand other types of switching between visual channels, for instance
the thickness of outlines bounded by the inner and the outer boundaries. For
the perceived lightness, the estimated exponent is the same as the widely ac-
cepted 0.33; while for the perceived darkness, the estimated exponent varies
with the painted circles with a black outline (0.65) and without (0.78). More-
over, the blending weights show the higher impact of the darkness perception
when discriminating the unframed spots (0.43) than the outlined circles (0.74).
The model successfully combines the two major determinants of achromatic ap-
pearance, namely the stimulus lightness and contrast to the background. For
different colored backgrounds, the perceived darkness could be extended to the
Weber contrast; for dense plots, the contrast to background could be modeled
by the Michelson model. Meanwhile, the unframed spots can be viewed as an
extreme case of with outlines, thus the corresponding parameter values might
be viewed as boundaries. The resulting scales might be used to guide the data
encoding of sparse scatterplots with a white background. Since our models are
based on luminance input, screen calibration is required for a different type of
display. The blending weights and the exponent of the perceived blackness will
vary if a different white reference is chosen. Further studies are required to
model the interaction between different visual channels, for instance the size
effect on color perception.

Similar as we did for size in Chapter 5, individual variance has been modeled
and estimated by using individual cognitive functions H for a better depiction
of the internal homogeneity. Meanwhile, no evidence was found to support the
more complex model with an individually varied perception function G.

The next interesting question is how size and lightness perception interact
with each other. This is addressed in the next chapter.
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Chapter 7

A Generic Model for
Interacting Glyph Features

Glyphs or graphical symbols are often used to encode multivariate data via mul-
tiple visual channels. A properly tuned scale of a visual channel allows reliable
encoding of more values in that channel, hence achieving the optimal discrim-
ination between data classes with semantic meanings. Single-channel models
have been proposed for this, but these fall short for more complex situations
where multiple visual channels that possibly have interaction are used for encod-
ing. In this chapter, we model the perceptually uniform space of glyphs varying
in size and lightness. A quantitative model is derived from the performance
data of glyph discrimination in three analytic tasks performed by users. An
optimization algorithm is developed to demonstrate how to automate graphi-
cal encoding using this model. Different encoding schemes are generated for
nominal and ordinal data.

7.1 Introduction

Information Visualization is concerned with encoding data by graphic objects.
The quality of the encoding is determined by how well and easy users can obtain
insight into large amounts of rendered data through the graphical representa-
tions. Glyphs or graphical symbols are often used to encode multivariate data,
with the visual channels (or visual features), such as position, size, color, and
shape, encoding different data attributes.

During encoding, continuous ranges are often split up into a limited number
of discrete bins, and processed in an ordinal way. A properly tuned scale of
a visual channel allows encoding more values in that channel while achieving
optimal discrimination between data classes with different semantic meanings.
However, it is currently not well known how this optimal encoding can be ac-
complished, especially not when more than one visual channel is involved, as
quantitative descriptions of the interactions between visual channels are usu-

133
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ally not available. What users perceive in the end may depart a lot from what
designers expect if such interaction effects are ignored. In case models are avail-
able, they are usually derived from psychological experiments that cannot be
extrapolated reliably to realistic visual analytic tasks. Encoding schemes which
are developed and contextualized for real-world analytic tasks are therefore re-
quired to ensure better validity.

In this chapter, we present a methodology for modeling the Perceptually
Uniform Space (PUS) that describes the discriminability of glyphs in analytic
tasks as they are performed by users. Two interacting visual channels which
are commonly used in visual analysis are considered: size and lightness. On top
of modeling individual visual channels, we model the interaction effect between
them. Towards the end of the chapter, we present how the PUS model can be
used to automatically design encoding schemes.

Our contributions are: a methodology for modeling visual discrimination
that is based on existing psychological insights and that focuses on the ho-
mogeneity of perception in specific visual analytic tasks, and that can easily
be extended to other visual channels and tasks; a specific model for combined
size and lightness discrimination that is based on collected user data; and an
optimization algorithm for observing the structure of the PUS space obtained
through our modeling and for generating encoding schemes.

This chapter is structured as follows. In the first part, we describe how
the model is constructed based on existing psychological insights. We use size
and lightness as an example to estimate the PUS through user experiments and
statistical modeling. In the second part, we demonstrate how to use the model
in an optimization algorithm to configure glyphs with optimal discriminability,
and how to generate encoding schemes corresponding to different use cases. In
the end, we discuss future work on how to possibly improve both the model and
its application.

7.2 Related Work

Much work has been done on graphical encoding. In order to construct a stan-
dard reference model for automatic encoding, knowledge in multiple disciplines
is required, particularly in psychology. In this section, we first give an overview
of current research results that are relevant for graphical encoding, and then
step into sub-fields of psychology for theories and theorems that can support
our model construction.

7.2.1 Feature integration and visual attention

In graphic presentations, visual objects usually afford multivariate encoding,
and vary simultaneously in different visual channels. According to the feature
integration theory of Anne Treisman, visual attention is responsible for binding
different features into consciously experienced wholes [80]. In other words, the
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variations on different visual channels are integrated when performing glyph
discrimination.

According to Treisman, in the first step of visual processing several primary
visual features are processed and represented with separate feature maps. These
feature maps are subsequently integrated in a saliency map which can direct
attention to the most conspicuous areas [79]. This psychological model has
been further developed in a widely accepted theory, Guided search [93, 95,
96]. It suggests that an activation map based on both bottom-up and top-
down information is constructed during visual search. The bottom-up activation
measures how different a presented element is from its neighbors, while the top-
down activation is defined by subjective requests. Hills in the activation map can
be intensified or reduced by manipulating dissimilarities or contrasts between
stimuli as well as by modifying subjective requests. If the hills of target regions
stand out, then a more parallel (fast) search is triggered, otherwise a more serial
(slow) search is triggered. Similar claims have been made by Ware [85]: whether
something stands out preattentively is determined by the degree of difference of
the target from the non-targets and the degree of difference of the non-targets
from each other.

These theories reveal how the glyph discrimination process might work. The
variations on different visual channels might be firstly perceived individually and
then integrated into the perceived differences of visual objects which attract
attention and facilitate consequent judgments.

7.2.2 Fechnerian Analysis and Minkowski Metric

In psychometrics, the theory of Fechnerian scaling has been developed by Dzha-
farov and Colonius [19, 20]. They define a space of psychological stimuli, to-
gether with a measure of local discriminability (of each stimulus from its neigh-
bours). Next, by cumulating this measure along specific paths, they obtain Fech-
nerian distances (discriminability between any two stimuli in the space) among
stimuli. The underlying assumptions, mathematical reasoning, and quantitative
characteristics of this theory are described in a series of journal papers written
by Dzhafarov on the topic of Multidimensional Fechnerian Scaling (MDFS) [18–
21].

The internal space of perception we aim at is also a Fechnerian space under
the continuum assumption. Two specific theorems are used here to support our
modeling:

1. If one imposes a certain “subjective” (computed from perceptual judge-
ments) metric on the stimulus space, this metric must be invariant with
respect to the choice of stimulus dimensions [21]. In a simple exam-
ple of a two-dimensional continuous stimulus space: each stimulus can
be described by two coordinates, (x, y), taking their values within a re-
gion of ℜ × ℜ. The dimensions < x, y > can be chosen in an infi-
nite number of ways. With any given choice of < x, y >, one obtains
other representations by arbitrarily transforming these dimensions into
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x′ = X(x, y), y′ = Y (x, y), provided the transformations are one-to-one
and smooth.

2. Let the dimensions X and Y imposed on the stimulus space be perceptu-
ally separable (independent from each other) with respect to the discrim-
ination process. Then the Fechnerian metric on this space is a Minkowski
power metric with respect to the dimensions X and Y [18]:

F (p,u)r = F (px,ux)r + F (py,uy)r (7.1)

where p and u represent two stimuli in the space, F denotes the Fechnerian
metric, and r = max{�, 1}, � being the psychometric order of the space.

The first theorem is consistent with the feature integration theory of visual
attention, since the discrimination should be only determined by the perceived
strengths of the visual objects (the subjective sensation), and should not de-
pend on one’s choice of the physical descriptions of the visual objects. This
also indicates that although visual channels might not always be perceptually
separable, they might be transformed into independent dimensions.

The second theorem provides the basic framework of modeling the object dis-
criminability based on the perceived differences in individual component chan-
nels. In this research, we assume that perceptually separable dimensions can
be obtained for interacting channels by explicitly modeling the dependency be-
tween the given physical configurations (Section 7.4.3)

7.2.3 Clues in the current study

In previous chapters, we have constructed the discrimination space for variations
in a single visual channel [47, 49]. The visual analytic task process was modeled
by two consecutive steps, as shown in Figure 5.1 in Chapter 5 and Figure 6.2 in
Chapter 6. A function G was assumed to transform the primary visual attribute
of the glyphs into a perceived or sensed scale, such that equal distances on this
scale correspond to equal perceptual difference. Stevens’s power function was
selected as a candidate description forG. A monotonically increasing functionH
was assumed for the mapping of such differences in perceived strengths ∣G(sj)−
G(si)∣ to the measured task performance Mij , i.e., the larger the difference, the
easier the task can be performed.

Given the form of G, we can construct perceptually uniform scales for sep-
arate visual channels. Figure 5.11 in Chapter 5 and Figure 6.11 in Chapter
6 show the perceived scales produced by this discriminative model for the size
and lightness channels in between other scales proposed in the literature [47, 49].
The results predicted by such models generally produce better perceptual dis-
crimination than the existing scales.

7.2.4 Modeling Principles

We adhere to the following three principles when constructing our discrimination
model.
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First, the discriminability between targets and distractors should be based
on the difference between the perceived strengths of their visual appearance,
instead of on the difference between the physical characteristics of the visual
attributes. In other words, it is how much the stimuli look different (or, are
thought to be different) which determines the successive processing, rather than
their difference in physical properties. Our model will therefore relate task
performances to the perceived differences rather than physical differences.

Second, the perceived difference between glyphs is a composite result that
arises by integrating the perceived strengths on diverse visual channels. This
is equal to saying that distinct visual features are integrated to form an overall
object perception. Specifically, when the individual channels are independent
or can be transformed into independent dimensions, the Minkowski metric will
be applied to measure the integrated variation.

Third, the perceived strengths on individual channels should be related back
to the physical magnitudes of the visual stimuli. Only in this way, we can
leverage user performance by manipulating physical intensities. Therefore, the
perception modeling serves as a bridge and intermediate here.

In the following subsections, we construct the interaction model step by step
under these principles.

7.3 User Experiment on Glyph Size and Light-
ness

For an extensive study on the interaction effect between size and lightness, we
selected a standard glyph shape: a circle, in different sizes and shaded at dif-
ferent lightness levels. Three relevant visualization tasks were selected as in
previous studies. Task completion time was recorded. Our current discrimina-
tion model is based on the previous modeling on the single channels of size and
lightness [47, 49]. Therefore, we decided to invite only three subjects (one for
each task) to perform the very lengthy experiment, with large numbers of plots
to be viewed. Later on, when modeling the interaction effect, we asked a few
more users to test with a reduced amount of plots in order to improve and verify
the single-user model.

7.3.1 Stimuli, apparatus and procedure

Eight sizes si (diameter ranges from 1.25mm to 10mm) and eight lightness
levels li were used to configure circles by means of linearly varying the perceived
size and linearly interpolating between the minimum and maximum perceived
lightness as given by the results in previous studies [47, 49]. This yields 8× 8 =
64 different circles. Similarly as in the previous size study, participants were
required to sit at one meter distance from a Dell 17 inch LCD monitor. This
setup results in sizes within the range of 0.072∘ ∼ 0.573∘ in the visual angle
of diameters, which covers those normally used in both print media and digital
media. Below this range, glyphs might not be viewed clearly, as the lower
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limit of visual acuity is around 0.01∘; while for larger sizes, they might not be
considered as glyphs anymore. A colorimeter was used to calibrate the screen as
described in the previous study on the lightness channel [49]. The experiment
was carried out in a room without windows in order to avoid variation of ambient
illumination due to sunlight change. Instead of testing in artificial darkness, the
room was illuminated by standard fluorescent lamps installed in the ceiling. We
think such an environment is closer to the real working space and is more likely
to produce practical results.

We displayed 2D scatterplots on the PC monitor in a white plotting area of
size 25×25cm2. In each plot, two sets of circles were used. One set corresponded
to target glyphs, while the other corresponded to distractors. The total number
of circles displayed in each plot was fixed to 50, occupying 10%-25% of the
plotting area, in order to keep the viewing context more or less the same. The
plotting area was divided into 20 × 20 cells and each cell contained only one
glyph to avoid unwanted overlap. Furthermore, the area of a cell was slightly
larger than a specified glyph, which allowed for some random shift of the glyph
shown inside the cell. This prevents glyphs to assemble into lines.

For each task, 4032 (= 64× (64− 1)) plots were randomly generated. This
is certainly an overlarge amount. On average, judging all of these plots would
take 6—7 hours for a person, which is infeasible for an experiment. We handled
this challenge in the following way. Subjects viewed the 4032 plots on successive
days in a week and started at the same time and within one hour in order to
avoid fatigue as well as keep a consistent environment. Furthermore, only three
subjects were invited to complete all the plots in the three tasks respectively.
Their data provided as a complete overview and supported the data exploring
and hypothesis making in our modeling work. Other subjects were tested with
a small part of the plots in a largely reduced amount, where the used part
depends on the specific hypothesis we made. Their data were used to verify the
hypothesis and estimate parameters. Details are provided in Section 7.4.3.

On every day of testing, a training session preceded the test session, and
instructions were given together with the training session. It was emphasized
that the decisions should be made as quickly as possible, under the precondition
that subjects took sufficient time to perceive the plot clearly and did not guess
the answers. The test was started by pressing the space bar. A blank screen was
presented for 1.5 seconds to clear the viewport, after which a plot was displayed
and an internal clock was started. As soon as the subject decided on the answer,
she or he hit the space bar to stop the timing and the plot was replaced by a
response screen. Next the subject could select the answer. The test continued
with the next plot by pressing the space bar again.

Three analytic tasks were performed by each subject. The tasks are ex-
plained in the next section.

7.3.2 Analytic tasks and measures

To be consistent with previous work, the same analytic tasks were used:
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Figure 7.1: Examples of the plots shown to subjects in the three different tasks.

Task 1 (T1): Visual Segmentation and Quantity Comparison
Instruction: Select the glyph that is presented most frequently in the plot.

Task 2 (T2): Outlier Detection
Instruction: Locate and count the glyphs of the type that is least pre-
sented.

Task 3 (T3): Distribution Characterization and Cluster Detection.
Instruction: Select the glyph that is distributed around the center of the
plot with smaller variance and converges more into a cluster.

Examples of plots for these tasks are shown in Figure 7.1.
Tasks were arranged in a way that task difficulty is mainly determined by

the difference between glyph sets rather than the task complexity. All of our
previous studies and the formal experiment showed that the above task setup
indeed yielded very few errors (0—5%). As before, Mij = 1/tij (t denotes the
measured time, i, j = 1, 2, ..., 64 and i ∕= j) is used for data processing such that
a higher sensitivity corresponds to a shorter time performance.

7.4 Model Inference and Adoption

With the experimental data, we first verify the underlying symmetry assumption
which is indispensable to define a meaningful space. Then, the structure of
the perception space is deduced by means of multidimensional scaling (MDS).
Based on the observation of the MDS results, hypotheses are made with respect
to the model structure and parameters. Alternative models are constructed and
compared against the data using multiple regression [83]. Statistical inference
is used to compare alternative models and to select one.

7.4.1 Symmetry of glyph discrimination

As aforementioned, an underlying assumption of our perceptual spaces is the
symmetry of the task performances when the target glyph and distractor glyph
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in an analytic task are swapped. Here we verify this as follows. For each
subject, all the 4032 plots viewed in a task lead to a 64 × 64 dissimilarity
matrix, filled with Mij(i, j = 1, 2, ..., 64 and i ∕= j) and with an empty diagonal.
The assumption made is valid if this matrix is symmetric. We use the following
method to test this. The best symmetric predictor is obtained by averaging the
data above and below the diagonal for the same glyph pair. Then an ANOVA
test can be performed between the symmetric predictor and the experimental
samples [54]. We found no significant evidence supporting asymmetry.

7.4.2 MDS exploration

Multidimensional scaling (MDS) is applied to process the experimental data
[54]. The results show how the stimulus circles with different sizes and lightness
are arranged in a discrimination space where we can observe the final perceived
results under the influence of interaction between channels. 3D scaling gives
the best balance between model complexity and prediction error among the
one to five dimensional MDS configurations that we tried. Figure 7.2 shows
2D projections of the 3D separation space. An amplifying effect caused by
the size channel on the lightness perception shows up. Moreover, the effect
increases monotonically with increasing size. The larger the glyphs, the easier
it is to distinguish subtle variations in lightness. In general, we are much more
sensitive to differences between large patches of color [85]. No obvious effect
caused by the lightness channel on the size perception can be observed.

The MDS results support good insight in the data in the sense of making
general patterns visible, but do not disclose how the output are transformed
from the input. In other words, MDS analysis optimizes the local configuration
of sampling data, but does not model the global summary of data structure.
Hence, we use it only for exploring purpose. In the next subsection, we deduce
the global model though focus analysis on sub-groups of data and model fitting
with multiple nonlinear regression.

7.4.3 Channel Interaction Inference

The previous perception model needs to be modified when more than one visual
channel is involved in a discrimination task. On the one hand, as suggested by
feature integration theory, the perceived difference of glyphs should be affected
by variations in all visual channels. On the other hand, interaction effects be-
tween visual channels need to be modeled. Specifically, we will look for transfor-
mations that can map visual channels with interaction into independent factors
whose combined effect can be described by a Minkowski metric.

General Process

In our case of the two visual channels under study, the perception and cognition
process is assumed to consist of the following steps. First, physical stimuli are
processed on individual channels. Next, the influence on the other channel is
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Figure 7.2: 3D MDS results explored for each task (in rows) in 2D views with
a right-handed system. The right views are 90∘ counter-clockwise rotations
around the z dimension of the left views.
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Figure 7.3: Model of glyph discrimination with interactive visual channels in
visual analytic tasks: (si, li) and (sj , lj) represent two different glyphs i and j
with different sizes (s) and different lightness (l); function G models the single
channel perception; function A models the influence of the s channel on the l
channel, and function B models the influence of l channel on the s channel;
function M is a Minkowski metric for combining the transformed metrics U
and V which are assumed to be independent; function H models the glyph
discrimination in a visual analytic task.

modeled by a multiplicative factor expressing the effect of a perceived difference
in one channel on the perceived difference in the other channel. Two channels
are perceptually separable and independent if the multiplicative factors are con-
stant. According to theorem 2 in Section 7.2.2, the Minkowski metric is able to
model the integral perception of stimuli that are characterized by independent
dimensions. Finally, a monotonic mapping translates the perceived difference
into a task performance measure. Figure 7.3 shows the complete model for a
discrimination process with two specific visual channels, i.e., size and lightness.

Dependent Factor Deduction

The specific form of the influence factor from a channel and how it applies to
the other channel might vary from case to case. Here we use our experimental
results as an example to show the general approach of deducing the interaction
mechanism between channels and especially for size and lightness here.

According to the observation in Figure 7.2, we can make our hypothesis that
the interaction between channels in our case is a one-way effect and not mutual.
Referring to the model in Figure 7.3, this means that function B can be replaced
by a constant factor b, while function A is not a constant.

In order to verify that B is a constant, we extracted the experimental data
for the 8× (8− 1) = 56 combinations of size at a fixed lightness level. At each
lightness level, we use our existing model for size discrimination [47], i.e., the
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(a) (b)

T2

T3

T1

B

B

BA

A

A

G(si)
  1     2      3     4     5      6      7     8   

G(si)
  1     2      3     4     5      6      7     8   

G(si)
  1     2      3     4     5      6      7     8   

G(li)
  1     2      3     4     5      6      7     8   

G(li)
  1     2      3     4     5      6      7     8   

G(li)
  1     2      3     4     5      6      7     8   

Figure 7.4: The estimation of the interaction factors with 90% confidence inter-
vals: (a) scaling factor on size perception by lightness, with horizontal coordi-
nates present each fixed lightness level; (b) scaling factor on lightness perception
by size, with horizontal coordinates present each fixed size level.

nonlinear regression model in equation (5.6), and modify it into:

H = c ⋅ ((Bl{i=j} ⋅ ∣Gs(si)−Gs(sj)∣+ q)ℎ − qℎ)/ℎ (7.2)

Mij = H + "ij (7.3)

The function G describing the size perception is taken from our existing size
discrimination model in Chapter 5. The difference "ij between the predicted
and actual data is assumed to be normally distributed with zero means and
unknown standard deviation �. The values of the multiplicative factor B at
each lightness level and its confidence intervals are estimated and presented in
column (b) in Figure 7.4. We observe that for all three tasks, the confidence
intervals largely overlap, which indicates that there is no significant variation
of B. In other words, B is most probably a constant (written into b): lightness
does not influence size perception.

In order to model the specific form of function A, we extracted the experi-
mental data for glyphs with fixed size and varying lightness. We ran the tests
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Figure 7.5: Models of glyph discrimination with respect to V − R. Parameter
meanings are given in Figure 7.3

for different size levels using a largely reduced amount of plots (56 × 8 = 448)
with five users who performed all the three tasks. At each size level, we use
our existing model for lightness discrimination 6.7, i.e., a nonlinear regression
model in the form:

Mij = c ⋅ ((As{i=j} ⋅ ∣Gl(li)−Gl(lj)∣+ q)ℎ − qℎ)/ℎ+ "ij (7.4)

The function G describing the lightness perception is taken from our existing
lightness discrimination model. As shown in column (a) Figure 7.4, the multi-
plicative factor A linearly increases with perceived size, which implies a function:

A = a′ ⋅Gs(s) (7.5)

where a′ is a linear scaling parameter. Notice that there seems to be a threshold
and a saturation point along in column (a) Figure 7.4. However, we decided to
use a simple linear function for modeling.

When discrimination between glyphs varying in both size and lightness is
considered, two different sizes si and sj are involved. Alternative models for the
amplification effect of size on the lightness channel are considered:

1. Weighted combination of the effects of both sizes:

VA = ((1− w) ⋅Ai + w ⋅Aj) ⋅ ∣Gl(li)−Gl(lj)∣ (7.6)

This is what we adopted in Figure 7.3. This hypothesis implies that the
sizes of both glyphs affect the lightness perception of either glyph at the
same time.

2. The lightness perception of a glyph is only affected by its own size:

VR = ∣Ai ⋅Gl(li)−Aj ⋅Gl(lj)∣ (7.7)
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Figure 7.6: Models of glyph discrimination with respect to VN . Parameter
meanings are given in Figure 7.3

The corresponding model is illustrated in Figure 7.5

3. A third alternative is to ignore interaction as shown in Figure 7.6, and
simply use:

VN = a ⋅ ∣Gl(li)−Gl(lj)∣ (7.8)

with a denotes the relative weight of V . Though, this is not likely to
be true according to our observation on user data. We will evaluate this
simpler model further and demonstrate how our methodology can correctly
exclude it and thus disclose the truth from the data.

In the next step, we use these forms in the distance function and select the
model using statistic inference.

7.4.4 Distance function in PUS

The distance metric between glyphs in the perception space is modeled by the
following function:

D = (U� + V �)1/� (7.9)

where U and V are perceptually independent and U = b ⋅ ∣Gs(si)−Gs(sj)∣ with
b denotes the relative weight of U .

For comparison purposes, we hypothesize three models:

1. Non-interactive model (DN ), which assumes a distance function that dis-
regards interaction between size and lightness:

DN (si, sj , li, lj ; a, b, �) = (U� + V �N )1/� (7.10)

where the multiplicative parameters in this model are constant as a and
b, shown in Figure 7.6 and equation (7.8), and denote the proportional
weights of size perception and lightness perception;
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2. Average model (DA) using VA defined by equation (7.6). When the sym-
metry of discrimination is imposed D((si, li), (sj , lj)) = D((sj , lj), (si, li)),
the weighted combination in equation 7.6 should equal the average, i.e.,
w = 0.5:

DA(si, sj , li, lj ; a
′, b, �) = (U� + V �A{w=0.5})

1/� (7.11)

3. Respective model (DR) using VR in equation (7.7):

DR(si, sj , li, lj ; a
′, b, �) = (U� + V �R )1/� (7.12)

when glyphs have the same size, this model is identical to equation (7.11).

7.4.5 Model adoption

Assuming H is a power-like function as in equation (7.2) and (7.4), the final
mapping from the internal distance to the task performance is:

Mij = H + "ij = c ⋅ ((D + q)ℎ − qℎ)/ℎ+ "ij (7.13)

We ran non-linear regression on the experimental data of all the subjects.
Table 7.1 shows a comparison of regression results for the three distance models.

According to Maximum Likelihood Theory [54, 83], the most appropriate
model should be selected by a trade off between the model fit in terms of the
loglikelihood and the penalty from the model complexity in terms of the total
number of free parameters. The AIC index is the most widely adopted mea-
sure for this purpose [7]. When the model complexity is the same, a higher
log-likelihood indicates a better model fit. In Table 7.1, we show the model
comparison. The model is selected based on ΔAIC [7]. In all the three tasks,
the average model DA is significantly better than the other two models.

Furthermore, the distance function can be shared across different tasks.
Therefore, we can build one DA(a′, b, �) model for all the experimental data
with parameters (a′, b, �, cTi, qTi, ℎTi, �) where Ti = T1, T2, T3, and with
sample size = 4032×3 = 12096. The non-linear regression gives the generic dis-
tance function with parameter values: (a′, b, �) = (1.5802, 1.2534, 1.8635) with
95% confidence intervals: ([1.5490, 1.6118], [1.2356, 1.2713], [1.7877, 1.9483]).
As a proof, we also show the relation between DA provided by these parameter
values and Mij the task performance data in Figure 7.7. The overall pattern
indeed is a power-like relationship. Notice that the variance is quite constant in
the range of 0.2 ∼ 0.8; the smaller variance around 0 is due to the smaller size
of available samples.

Figure 7.8 shows the positions of tested stimuli optimized by two dimensional
MDS in comparison with our three models of perceptual difference. We could
observe a better depiction of DA model than the other two. The experimental
data are still quite noisy due to the limited sample of participants. Meanwhile,
the 2D MDS results in (a) magnify the saturation of size amplification; while
in 3D space, the fit between (a) and (b) is improved. A better model might be
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Mij

Mij

Mij

DA(si,sj,li,lj)

DA(si,sj,li,lj)

DA(si,sj,li,lj)

(a)     T1,   K=1

(b)    T2,  K=2

(c)    T3,  K=3

Figure 7.7: Plots of relationship between the estimated perceptual distance
function DA and the task performance M .

Table 7.1: Distance Model Comparison
Task Model Parameters Loglikelihood AIC

T1 DN (a, b, �, c, q, ℎ, �) -1806.86 3625.75
T1 DA (a′, b, �, c, q, ℎ, �) -1343.10 2698.22
T1 DR (a′, b, �, c, q, ℎ, �) -1375.78 2763.58
T2 DN (a, b, �, c, q, ℎ, �) -1718.77 3449.57
T2 DA (a′, b, �, c, q, ℎ, �) -1064.81 2141.64
T2 DR (a′, b, �, c, q, ℎ, �) -1118.64 2249.30
T3 DN (a, b, �, c, q, ℎ, �) -2116.48 4244.99
T3 DA (a′, b, �, c, q, ℎ, �) -1726.41 3464.84
T3 DR (a′, b, �, c, q, ℎ, �) -1793.33 3598.68
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(a) MDS (b) DA

(d) DR(c) DN

Figure 7.8: 2D MDS results for the experimental data and model prediction
given by equations (7.10), (7.11) and (7.12) respectively.

achieved through modeling the saturation of size amplification but it also adds
the model complexity.

The average model wins over the respective model in our selection. This
proves that the size perception not only interacts with the lightness perception
of the same glyph, but also interacts with the lightness perception of the other
glyphs which are presented in the same viewing context. This claim is sound
since our tests are carried out in a visual analytic context using scatterplots,
instead of using isolated glyph pairs to compare. According to Carter’s idea,
the gray-scale appearance (lightness perception) of a stimulus is determined by
both the stimulus luminance and the contrast with the surround. Hence, the
lightness perception of a glyph is affected when the size of other glyphs in the
background alters the lightness of the surround.

Our whole model is constructed under the validation of discrimination sym-
metry (see Section 7.4.1). The results might not be valid for extended configura-
tions or task conditions. For example, in our test, we observed that comparing
a large amount of big black glyphs with a few tiny white glyphs can be differ-
ent from comparing a large amount of tiny white glyphs with a few big black
glyphs. If a visual analysis involves these kind of plots most of the time, then
data asymmetry might be significant and the distance metric of the internal
perception space should be redefined, for instance, as an asymmetric weighted
combination of the perceived differences in both situations.
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7.4.6 Perception Accuracy

The perception accuracy is considered in the 2D perceptually uniform space.
Similarly as the 1D cases for size and lightness, the data transformed by H−1

should produce uniform a 2D Gaussian noise �′. Thus the perception accuracy
is defined as:

d∗ =
D(smin, smax, li, li)×D(sj , sj , lmin, lmax)

�′
(7.14)

where i is any value within the physical range of lightness, and j is any value
within the physical range of size. As explained in Section 5.6.3 and 6.6.3, if
consider the ignored prediction error, d∗ defines the upper limit for the number
of distinguishable levels in the 2D configuration (physical) space.

Finally, the number the total levels of accurate discrimination in the 2D
space are given by d∗ ≈ 187 with accurate discrimination we allow roughly
32% discrimination error (as when d′ = 1) or more (depends on the model
accuracy as explained in Section 5.6.3). Therefore, within the range of our
glyph configuration, more than 187 glyphs may not be reliably distinguished by
users.

7.5 A Model Application

A frequently encountered question with respect to graphical encoding is how to
obtain a configuration that provides optimal discriminability between a given
number of glyphs. The discriminability should be as high and constant as
possible (i.e., unbiased). In other words, within a restricted area of a percep-
tually uniform space of glyphs, we have as criterion for an optimization prob-
lem the maximization of the distance between all glyph pairs combined with
the minimization of the discriminability deviation between glyph pairs. This
problem can be formulated mathematically as to generate Pi ∈ ℜM , where
i = 1, . . . , N and ℜM = (x1

inf , x
1
sup) × . . . × (xMinf , x

M
sup) a finite space, such that

mini,j(D(Pi, Pj)) is maximized where D ∈ ℜ+ is a distance metric defined on
ℜM .

7.5.1 An optimization rationale

Let D(o(si, li), p(sj , lj)) ∈ ℜ+ be a distance function that returns the percep-
tual distance between two glyphs o and p based on their perceived size (Gs)
and perceived lightness (Gl). Given this distance function, the aforementioned
optimization criterion, and an initial (possibly random) configuration of glyph
points, various methods, e.g., steepest descent, linear programming, or itera-
tive force-based methods such as MDS, can be used to find or approximate the
optimal placement of these points. We used a modified, iterative algorithm to
optimize (update) the current glyph positions during each iteration step, guided
by the optimization criterion and controlled by the distance function D.
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7.5.2 Visualizing the spaces

The optimal configuration produced by the PUS model DA(a′, b, �) in Section
7.4.5 is shown in Figure 7.9. The perceptually uniform space (PUS) is de-
picted here by a 2D Euclidian space with its horizontal and vertical dimensions
representing the perceived size scale Gs and the perceived lightness scale Gl
respectively. Glyphs (stimuli) positioned in the space were configured and dis-

Figure 7.9: Distribution of 200 glyph points in a space with the horizontal
and vertical scales representing the perceived scales of size (Gs) and lightness
(Gl = L) respectively. Inter-glyph distance is maximized and kept approxi-
mately constant according to D. Notice that the uniformity is distorted by the
artificial orthogonality between the two scales, hence it is not a PUS. However,
uniformity is closely depicted for different Gs values at a fixed Gl level and for
different Gl values at a fixed Gs level. Moreover, the amplification effect of the
size channel is clearly shown here.
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played correspondingly using the reverse ofG, which maps the perceived size and
lightness back to physical measurement of size and lightness. 200 points were
randomly positioned and then optimized using the aforementioned algorithm.
The final, stable layout depicted in Figure 7.9 clearly shows the amplification
effect of the size channel, while glyph density in the vertical direction appears
quite uniform.

In the following sections we discuss how to generate encoding schemes for
different use cases.

7.5.3 Use cases of encoding

User case 1: categorical encoding

Figure 7.10: Encoding scheme for 18 categories. The printed glyphs do not
match exactly the luminance we specified based on our PC screen.

In the first use case, we consider a simple scenario where size and lightness
are configured to encode data without order, i.e., nominal or categorical data.
A feasible proposition is that the two extreme stimulus points at both ends of
a diagonal through the space shown in Figure 7.9 will generally be part of the
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optimal configuration. We therefore initially position the stimulus positions at
equidistant distances along the diagonal from (Gs, Gl) = (0, 0) to (1, 1). Given a
number of, say, 18 categories, the algorithm generates a layout as shown Figure
7.10. The size setting is directly usable for various types of media and can be
linearly scaled for different ranges of sizes. The lightness setting depends on
the grey-value-to-luminance mapping of the medium, which can be obtained by
means of screen calibration, for instance.

In Figure 7.11, we show the minimum perceptual distance min∀i,j∈N (DA(Pi,
Pj)) (denoted by Dmin) between glyphs when number N glyphs are required
to be used. Dmin has been normalized by the largest distance in the encoding
range. For the N glyphs, their spatial distances are optimized by out algorithm
either in a PUS or in an Euclidian space of physical configurations. The sub-
conditions of the space are: only size is used for encoding (a 1D space); only
lightness is used for encoding (a 1D space); and both size and lightness are
used together (a 2D space). Since function D is constructed from the user
performances and with a positively monotonic association (see Section 5.5.3,
6.5.4 and 7.4.5), Dmin can predict the user performance supported by a specific
encoding scheme. Notice that in our case, the performance data Mij is defined
by the reciprocal of the measured time of perceiving. Therefore the ratio of
H(Dmin,scℎeme1)/H(Dmin,scℎeme2) can be used to indicate the ratio of time
increase or decrease of using scheme2 comparing with using scheme1 for the
least discriminability condition.

The best performance is achieved with the 2D PUS model (with circles and
solid line) and is much higher than the performances of the other models. The
solid lines in Figure 7.11 stay above the dashed lines, which implies that the PUS
encodings (1D or 2D) generally yield better performances than physical encod-
ings. Particularly when N ≥ 6 for the 2D cases, using PUS optimization yields
60% ∼ 80% time reduction as of using physical optimization. For lightness-only
encodings, using PUS optimization yields 10% ∼ 25% time reduction as of us-
ing physical optimization; while for size-only encodings, PUS yields 20% ∼ 35%
time reduction. Lightness-only encodings (the diamonds) are generally better
than size-only encodings (the stars) with 10% ∼ 20% time reduction for PUS
optimization and 10% ∼ 30% time reduction for physical optimization, which
however, is getting less obvious when N is getting large. Although using two
dimensions leads to large Dmin, it can be confusing. Suggestions are made that
large dark glyphs attract more attention than small white ones which imposes
ordinal information to our perception system. Therefore, other use cases are
discussed next using this methodology for encoding generation.

Use case 2: 1D ordinal encoding

Redundant encoding can be used for 1D ordinal data, such that size and lightness
are varied together. A simple solution is to select a line in the configuration
space. The perception space is uniform and without discrimination of white
and black ends. Hence, there are two symmetric lines for configuration with the
same absolute slope in different directions, which also result in the same Dmin
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Figure 7.11: Comparison of the performances of different encoding methods.

Dmin=0.097 Dmin=0.111(b) |slope|=1.000,(a) |slope|=0.600,

Figure 7.12: Encoding scheme for 10 ordinal classes in a linear path (automat-
ically generated). The printed sizes are linearly scaled, and the printed glyphs
do not match exactly the luminance we specified based on our PC screen.

(see Figure 7.12).

Due to the amplification effect of size, the larger glyphs are preferable for
higher discriminability. Therefore, when the absolute value of the slope is larger
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Dmin=0.0736 Dmin=0.0889
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(d)  MiniMax Distance Comparison(c)  MiniMax Distance Comparison
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Figure 7.13: Scheme translation and performance comparison between different
encoding schemes.

=2,  Dmin=0.1294(a) =5,  Dmin=0.1558(b) =10,  Dmin=0.1686(c)

Figure 7.14: Encoding scheme for 10 ordinal classes in a power-curved path. The
printed sizes are linearly scaled, and the printed glyphs do not match exactly
the luminance we specified based on our PC screen.
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Dmin {N=10}

Figure 7.15: Performance of encoding in a power-curved path.

than 1, the encoding schemes can be improved by translating the linear scale
towards the right boundary of size. We show the results in Figure 7.13 (a).
Moreover, we calculated the Dmin of different encoding schemes for compar-
ison which are shown in Figure 7.13 (b)-(d)(“Trans” for translated schemes,
“NonTrans” for not translated schemes, “per” for optimization based on the
2D PUS model, “phy” for optimization based on the 2D physical configuration
space). The predictions show: translation indeed improves the performances in
sub-figure(b) by reducing time 10% ∼ 20% for the slowest analytic condition;
the perceptual encodings result in better performance than physical encodings
in sub-figure (c) reaching 20% time reduction when N increases, which however
is not obvious without translation in sub-figure(d) with less than 10% or no
time reduction. For the translated perceptual encoding, Dmin values approach
1/(N − 1) when N > 4 which is the optimal performance on a 1D scale for
number N of glyphs.

An alternative method of redundant encoding is to use a curved path instead
of linear path in PUS. Considering the amplification effect of size, the path
should curve towards the boundary for large size. In Figure 7.14, we show
the encoding results by using a power function (s = l') with an exponent
' = 2, 5, 10. Again, Dmin values for N = 10 and ' = 1, 2, 5 − 13 are shown in
Figure 7.15 with a comparison between the 2D PUS model and the 2D physical
Euclidean space. Roughly 20% ∼ 25% time reduction is achieved using the PUS
model for optimization. The results obtained for curved paths are generally
better than those obtained for linear path (refer to Figure 7.13 (b), where N =
10 and Dmin ≈ 0.1, hence about 40% time reduction).
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Use case 3: 2D ordinal encoding

Dmin = 0.0408 Dmin = 0.0306
(a) S   L = 5   4 S   L = 4   5(b)

Figure 7.16: Encoding scheme for 20 classes with two ordinal attributes.

Size and lightness are often associated with different semantics in our daily
life and both of them imply order. Hence, in the third use case, we consider a
scenario of encoding 2D ordinal data. Besides the optimization criteria that are
used in use case 1, the 2D ordinal layout must fulfill the additional condition
that groups of points are arranged along parallel Gs and Gl lines, i.e., into a
grid. Formally, in space ℜ2 = [smin, smax] × [lmin, lmax], and total number of
Ms ×Nl points: Pi,j = (si, lj) ∈ ℜ2 where i = 1, . . . ,M , j = 1, . . . , N , the goal
is to maximize min(D(Pi,j , Pi′,j′)) where ∀i, i′ ∈ M and ∀j, j′ ∈ N , under the
condition that ({i = i′} ≡ {si = si′}) and ({j = j′} ≡ {sj = sj′}).

Given two attributes, each of them is divided in ordinal levels, for instance
five age ranges (indicated by lightness) and four weight levels (indicated by
size), for a total of 20 classes. The adapted algorithm generates a layout as
in Figure 7.16. A person belonging to one of the 20 classes is represented by
a distinct glyph. For the 4 × 5 and 5 × 4 grid, the values of Dmin are 0.0306
and 0.0408, which is higher than the performance of sampling in the Euclidean
physical space where Dmin = 0.0235 and 0.0317 respectively. Both cases yields
about 20% time reduction. Due to the fixed number and associated positioning
on lightness axis across different size levels, the performance largely decreases
for 2D ordinal encoding compared to 2D categorical and 1D ordinal encodings.
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7.6 Conclusions

We found that a perceptually uniform space with respect to optimal discrim-
inability of circular glyphs with varying size and lightness is determined by a
distance metric DA defined in equation (7.11). Visualization designers can use
this as a guideline to encode data. Also, this could be used for other cases where
glyphs have to be discriminated optionally such as map marking. An iterative
algorithm is used to optimize the glyph configurations automatically.

The methodology presented in this chapter can be extended to study other
visual channels, for instance color hue and saturation. It is also interesting to
know if the Minkowski metric can be successfully applied to more than two
independent factors.

Regarding the algorithm, efficiency could possibly be improved by being
adapted with other techniques aforementioned in Section 7.5.1. A user inter-
face might be developed to allow more flexible options and specifications for
automatic encoding.
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Chapter 8

Conclusion

In the preceding chapters, we have established quantitative models of perceptual
distances for various encoding situations and have produced optimal encoding
schemes from these models. This final chapter contains concluding remarks
about the work discussed in this dissertation. First, we summarize the main
findings of the empirical studies, the modeling work and their implications.
Second, opportunities in various directions for future work are presented.

8.1 Contributions

In this dissertation human perception of graphical encodings in InfoVis was
modeled and quantitatively analyzed. More precisely, the following research
question, introduced in Chapter 1, was addressed:

How can we quantitatively model the perception of visual encodings,
in particular the relation between visual features and task perfor-
mance for standard information visualization tasks, in order to ob-
tain optimal visual encodings for these?

In response to this question, it was shown that a perceptually uniform space
(PUS) can be constructed from empirical data obtained from performing visual
analytic tasks; and this space can be further regressed into a nonlinear mapping
of the physical specification of the visual features under investigation. On one
hand, by modeling the stochastic properties of perception, it was shown that
the performance variation among individuals and different task types (top-down
activation) can be quantitatively estimated, which contributed to find the per-
ception commonality and homogeneity of the visual encodings for InfoVis work.
On the other hand, by modeling the uneven sensitivity of perception, it was
shown that the perception bias on physical scales can be closely described with
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a non-linear mapping across all observations, which in return has proven the ho-
mogeneity of perception and externalized the configuration of encodings. More-
over, it was demonstrated that the PUS model, as a bridge between visual
features and task performance, can be used in a optimization process to au-
tomate the encoding generation corresponding to the expected and predicted
performances.

Figure 8.1: Overview of quantitative modeling.

A number of visual features and their graphical encodings in InfoVis were
tested and analyzed. In Chapter 3, correlation visualization was studied. Scat-
terplots and parallel-coordinate plots were compared in terms of perception bias
and accuracy. Chapter 4 introduced the perceptually uniform space (PUS) to
explore shape and size features of glyphs and established user tests for visual
analytic tasks. Chapter 5 presented an approach to quantify the PUS for glyph
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size. Perception bias and accuracy of size were estimated. In Chapter 6, glyph
lightness was analyzed using the same modeling and estimation approach as
that for size. Finally, in Chapter 7, the interaction effect between different vi-
sual features was addressed, and particularly the interaction between glyph size
and lightness was quantified. Table 8.1 provides a high level summary of the
results presented in this dissertation. The non-linear mappings could be used
for graphical encodings and are expected to result in a perceptually uniform
scale for the specific glyph features.

The modeling work presented in previous chapters is based on psychological
theories, such as attention models and psychophysical models, statistical tech-
niques based on MDS and ML, and analytic tasks from the InfoVis context.
Such a methodology has offered an integrated way to analyze perception of
graphical encodings for information visualization, which is in contrast to previ-
ous studies, where the relevant fields are independently explored and developed.
The modeling approach we used was as presented in Figure 8.1.

The task performances by users were first transformed by a nonlinear power-
like function which models the individual thresholds and response boundaries;
then the transformed sample data were characterized by individual Gaussian
noises; a uniform perception noise was obtained after the linear scaling of in-
dividual noises, and contributed to estimate the perceived intensities of stimuli
in a homogeneous and uniform space; finally, a non-linear function modeled the
relationship between the physical configuration and the perceived intensities of
stimuli. The tools we used for our analysis are XGms by Jean-Bernard Martens
[53, 54] and Statistical Inference built in Mathematica6 by Esa Uusipaikka [83].

8.2 Future Work

The methodology presented in this dissertation has established a quantitative
way to model visual perception for information visualization. Nevertheless,
there are still a broad range of opportunities for future work to validate and
improve the model for visual encodings. These are considered below.

Extended tasks. In the current research, we only considered a judgment task
for a single analytic target, i.e., correlation, and discrimination tasks for a
pair of targets, particularly in analysis of quantities, outliers and clusters.
Based on different analytic goals, different tasks might be employed. To
validate the model for a broader range of tasks remains a challenge.

Other visual features. For size and lightness, alternative models were hypoth-
esized based on pioneering research in psychophysics and cartography.
These features are fundamental, static, and continuous, and therefore a
natural start for an in-depth study. However, many other features can
be studied, such as shape, orientation and animation. These features are
more difficult to model quantitatively, so are the interactions between
them.
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Advanced interaction model. The perceptually uniform space we constructed
was based on the MDS approach, and did not consider the interaction
among three or more visual features simultaneously. It is very likely that
the perceptual discrimination on two targets will be distorted when more
features are varying at the same time; for example, the background color
will affect lightness perception. It is even more complex when integral and
separable features are considered.

Non-symmetric model. A basic assumption of our model is that the discrim-
inability between two types of glyphs is identical and this has been val-
idated in our empirical studies. However the discrimination symmetry
might not be validated for other extended configurations, especially in
case of large quantity gap between the two types. Non-symmetric models
must be required for a generic situation.

Model analysis support. In the model estimation, we took alternative options
supported by current tools. According to our theoretical model, percep-
tion noise should be added before the power-like transformation, which
however was not supported by current tools. We therefore first estimated
the power-like function together with a cognitive noise ", then transformed
the data back to the perception space and estimated the perception noise
�. We expect a solution for a direct estimation of � in the future work.

Generation Algorithms. The optimization algorithms used in our model appli-
cation were not very stable and efficient. Also, the results obtained should
be evaluated in practice.

Encoding Proof. Although we have preliminarily verified our encoding schemes
by subjective visual experience, we have not yet made a full circle due to
lack of practical proof. To reach this level, we need to widely apply our
results to InfoVis systems, and evaluate them in realistic user tasks for
different analytic goals and compare them with other schemes that were
obtained differently.

The increased power of computers enables a large amount of information
being encoded by graphics and being perceived and analyzed interactively by
human beings. Quantitative models and standards should be set up for data
encoding used in various visualization systems. In this dissertation, we have
made first steps in this direction, and provided results and a methodology to
improve data encoding for a higher performance in visual data analysis.
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Summary

Analysis of the Perception of Graphical
Encodings for Information Visualization

Information Visualization concerns the use of interactive computer graphics to
enable people to obtain insight in large amounts of abstract data. To this end,
data objects and their attributes have to be graphically encoded such that users
can easily obtain such insight. Multivariate data are often presented by glyphs
or icons, graphical symbols which visual features, such as color, shape, size,
and position, encode data attributes. However, it is currently not clear how
this should be done in an optimal way, and models for this are not available
or incomplete, especially in the context of visual analytic tasks. Our research
focuses on the development of quantitative user models for graphic encoding
and aims to answer the following question:

How can we quantitatively model the perception of visual encod-
ings, in particular the relation between visual features and task per-
formance for standard information visualization tasks, in order to
obtain optimal visual encodings for these?

To answer this question, we have decomposed our work into several steps
with increased complexity and difficulty. In the first step, we set up a method-
ology to test and model the human perception process of correlation analysis for
two different visualization methods: scatterplots and parallel-coordinate plots.
Using statistic estimation enables us to compare both methods quantitatively.
In the second step, we test and quantify the human perception of differences be-
tween glyphs. The more complicated process of visual analysis is modeled using
the methodology developed in the previous step. This leads to the construction
of a perceptually uniform space for glyphs, where glyph location indicates a
specific configuration. Distances between glyphs represent the discriminability
between them and are derived from consequent user performances in visual an-
alytic tasks, such as finding outliers and patterns. In the third step, mapping
schemes are obtained between the physical metrics of glyphs varying in a single
feature and the perceived scale of glyphs as portrayed in the space. Different
mapping schemes from psychophysical theories are considered, compared and
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adapted. A model is derived where general human perception and variation
among users are separated. We test on size and lightness separately. For both,
nonlinear mapping functions are obtained and interpreted. In the fourth step, a
more complex situation is considered when two visual features of glyphs are var-
ied simultaneously. A generic mapping scheme of human perception is achieved
for the interaction between size and lightness. In the last step, visual encoding
schemes are generated by using our space model and mapping mechanism. An
optimization algorithm is used to compute configurations where the glyphs are
optimally discriminable. We show different use cases for which the model can
be applied.

The results of this research can be used to improve the effectiveness and
efficiency of visual analysis performed by users. Also, the generic approach that
has been developed can be used to model other graphical encoding schemes.



Samenvatting

Analyse van de Perceptie van Grafische
Coderingen voor Informatievisualisatie

Informatievisualisatie is het gebruik van interactieve computergrafiek om mensen
inzicht te geven in grote hoeveelheden abstracte data. Om dit te bereiken
moeten data objecten en hun attributen grafisch worden gecodeerd om gebruik-
ers dit inzicht makkelijk te verschaffen. Data bestaande uit meerdere attributen
worden vaak gecodeerd door een glyph of icoon, waarbij de grafische kenmerken,
zoals kleur, vorm, grootte en positie, data-attributen representeren. Het is op
dit moment nog niet duidelijk hoe dit goed gedaan kan worden, en, met name
voor visuele analyse taken, zijn modellen niet beschikbaar of incompleet. Ons
onderzoek richt zich op de ontwikkeling van kwantitatieve gebruikersmodellen
voor grafische codering en op het beantwoorden van de volgende vraag:

Hoe kunnen we de perceptie van visuele coderingen kwantitatief
modelleren, in het bijzonder de relatie tussen visuele kenmerken en
de prestaties voor standaard informatievisualisatie taken, om opti-
male visuele coderingen te verkrijgen.

Om deze vraag te beantwoorden hebben we ons werk opgedeeld in verschil-
lende stappen met toenemende complexiteit en moeilijkheid. In de eerste stap
hebben we een methodologie voor het testen en modelleren van menselijk percep-
tie van correlatie in twee verschillende visualizaties: scatterplots en parallele co-
ordinatenplots. Met behulp van statistische schattingen kunnen we beide meth-
oden kwantitatief vergelijken. In de tweede stap hebben we de menselijke per-
ceptie van verschillen tussen glyphs getest en gekwantificeerd. Dit complexere
proces in de visuele analyse is gemodelleerd met de methodologie ontwikkeld
in de vorige stap. Dit leidt tot de constructie van een perceptueel uniforme
ruimte voor glyphs, waarbij de locatie een specifieke configuratie aanduidt. Af-
standen tussen glyphs representeren hun onderscheidbaarheid en zijn afgeleid
van consequente gebruikersprestaties in visuele analyse taken, zoals het vinden
van uitbijters (outliers) en patronen. In de derde stap beelden we de fysieke
metrieken van glyphs die varieren in een enkel kenmerk af op de waargenomen
schaal van glyphs zoals weergegeven in de ruimte. Verschillende afbeeldingen
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van psychofysieke theorieën zijn beschouwd, vergeleken en aangepast. Generieke
menselijke perceptie en cognitieverschillen tussen gebruikers zijn gemodelleerd.
We testen apart op grootte en lichtheid. Voor beide zijn niet-lineaire afbeeldin-
gen verkregen en gëınterpreteerd. In de vierde stap is een complexere situ-
atie beschouwd waarbij twee visuele kenmerken van symbolen tegelijkertijd zijn
gevarieerd. Een generieke afbeelding van menselijke perceptie is bereikt voor de
interactie tussen grootte en lichtheid. In de laatste stap zijn visuele coderingen
gegenereerd met behulp van ons model van de ruimte en afbeeldingen. Een
optimalisatie-algoritme is gebruikt om configuraties uit te rekenen waarbij de
symbolen optimaal onderscheidbaar zijn. We laten verschillende scenario’s zien
waarbij het model kan worden toegepast.

De resultaten van dit onderzoek kunnen worden gebruikt om de effectiviteit
en efficiëntie van visuele analyse taken van gebruikers te verbeteren. De ont-
worpen generieke aanpak kan ook worden gebruikt om andere grafische coder-
ingschema’s modelleren.
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