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Summary. 

The physico-chemical equilibrium of biological tissue is maintained by a circulatory system 
that accounts for distribution, collection and exchange of nutrients and waste products. 
Especially in muscle tissue, where many metabolic processes take place, this system is cru
cial. An important part of the circulatory system is the blood vascular system, in which the 
blood is pumped through an extremely dense, hierarchical network of blood vessels. Mus
cle tissue is subject to large deformations and mechanical loads, by which blood perfusion 
can be severely disturbed. This interaction between tissue mechanics and blood perfusion 
is the result of complex phenomena that take place at a microscopic scale in the tissue. 
Experimental investigation of these phenomena is very difficult. Mathematical models can 
be used to fill the gaps that are left blank by the experiments. Because of the dense mi
crostructure of the vasculature, the explicit description of blood flow in each of the blood 
vessels in a macroscopic (i.e., large compared to the microstructure), deforming piece of 
tissue is impracticable. An adequate description of blood perfusion is achieved by a volume 
averaged representation of blood flow through the microvessels. In such a description, the 
complexity of the model is independent of the complexity of the microstructure. In con
tinuum mechanics, the macroscopic mechanical behaviour of materials is usually described 
by relations between averages of the relevant physical quantities, e.g., average stress and 
average strain. Continuum theories of fluid flow through deforming porous media have been 
derived, where relations between average fluid pressure and average fluid flow have been 
used (Darcy's equation). The existing continuum theories are inappropriate for the descrip
tion of blood perfusion, as they are incapable of dealing with the hierarchical architecture 
of the vasculature and with the separation of blood and tissue by elastic vessel walls. 

In this study, a specific continuum theory for blood perfused tissue, which accounts 
for the hierarchy of the vasculature and the pressure difference between the blood and the 
interstitium, is derived from the theory of immiscible mixtures. In this description, the 
blood perfused tissue is modelled as a mixture of an intrinsically incompressible, hierarchi
cal porous solid, saturated by an incompressible fluid. The fluid pressure depends on the 
hierarchical level, and differs from the solid pressure. The pressure difference between fluid 
and solid contributes to the local elastic energy that is stored in the vessel walls and their 
surrounding tissue. As such, the resistance of the tissue against blood volume variation is 
described. Constitutive equations describing the local material behaviour are formulated. 
The mechanical behaviour of the tissue during deformation is described by a stress-strain 
relationship. Blood flow through the vasculature is described by spatial and hierarchical 
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components. An extended form of Darcy's equation relates these flow components to spatial 
and hierarchical gradients of the blood pressure. 

A finite element formulation of the continuum description of blood perfused tissue 
is derived. This finite element model accounts for finite deformation of the tissue, blood 
flow through the vasculature and interaction between tissue pressure and blood pressure. 
Displacements of the tissue, tissue pressure and a series of blood pressures, representing 
the blood pressure in the vascular hierarchy, are the nodal degrees of freedom. The finite 
element formulation is implemented in the software package DIANA, and is suitable for 
2-D, axi-symmetric and 3-D analysis. The description of the blood pressure as a function 
of the hierarchy is achieved by linear interpolation. To prevent numerical oscillations in 
the solution of the tissue pressure in deforming tissue, different orders of interpolation 
are required for the different degrees of freedom: displacements are interpolated one order 
higher than tissue pressures and blood pressures. Contraction is included in the simulations 
by addition of an active stress component in fiber direction to the passive stress tensor. 

A verification study of the continuum description of blood perfusion is performed. In 
the verification procedure, blood flow through computer generated rigid arterial vascular 
tree models, computed with linear hydraulic network analysis, is simulated with the finite 
element model. For this purpose, the vascular geometry and hierarchy are translated to 
input data for the finite element model, i.e., permeability tensors. This translation requires 
quantification of the vascular hierarchy, preferably based on structural properties, such 
as vessel diameters or Strahler-orders of vessels. The quantified hierarchy should be well 
correlated to the blood pressures in the vascular tree. Hence, within a bounded local region 
(representative volume element), equal hierarchical levels should be assigned to vessels with 
approximately equal blood pressures. The correspondence between finite element results 
and network results of blood pressure and flow, strongly depends on the correlation between 
the hierarchical quantification and the hierarchical pressure distribution. The finite element 
model predicts good approximations of total flow through the vasculature and of regional 
effects of blood perfusion due to macroscopic changes in the vasculature. 

Finite element simulation of tetanic, isometric contraction of a blood perfused mus
cle is performed. Results of total blood flow through the contracting muscle correspond 
to experimental results. However, experimental investigation of the precise mechanical 
interaction between muscle contraction and blood perfusion is difficult. Well controlled 
mechanical loading conditions are more suitable for such an investigation. Experimental 
results of blood pressures and flows in muscles during hydrostatic compression have been 
reported in literature. The effects of the mechanical interaction between blood and tis
sue in these experiments are well predicted by the finite element model. Both experiment 
and finite element simulation show that the collapse of the compliant vessels of the ve
nous compartment is responsible for blood flow cessation during mechanical compression 
of the tissue. Finite element simulations of blood perfusion in contracting muscles indicate 
a similar effect. The finite element model of blood perfused skeletal muscle tissue provides 
insight into the mechanical interaction between blood and tissue during complicated load
ing conditions, such as muscle contraction, and is therefore useful in the interpretation of 
experimental results, and in the design and evaluation of animal experiments. 
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Introduction 

Skeletal muscle tissue constitutes about 40% of the body mass in mammals. Within a wide 
variety of functions, its most important task is to move the body or parts of it. To perform 
this task, metabolic energy is converted into mechanical energy inside the muscle tissue. 
The processes involved in this conversion strongly depend on blood perfusion, which is 
responsible for the supply of nutrients and metabolic energy carriers, and the drainage of 
waste matter and heat (Rhoades and Pflanzer, 1989; Williams et al., 1989; Guyton and 
Hall, 1996). 

Intrinsic to its primary function, skeletal muscle tissue is subject to large mechanical 
loads and deformations. The muscle material experiences these exposures as local stresses 
and strains, which are important determinants of mechanical damage of the tissue (Jones 
and Round, 1990; Meulen, 1991). Moreover, accumulation of metabolic byproducts and 
decline of metabolic substrate concentration due to impaired blood perfusion are main 
causes of tissue damage (Adams, 1975; Carpenter and Karpati, 1984; McComas, 1996). 

The aim of this study is to develop a mathematical model that provides insight into 
the mechanical behaviour of blood perfused skeletal muscle tissue, in particular into the 
regional mechanical interaction between blood and tissue. For this purpose, the continuum 
theory of immiscible mixtures is used to derive equations of local conservation of mass 
and momentum for blood perfused tissue and appropriate constitutive equations. These 
equations-are moulded into a finite element model, which is used in computer simulations 
of blood perfusion of contracting skeletal muscles. 

In this chapter the context of the study is described and the research objectives are 
given. 
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1.1 Continuum Mechanical Modelling of Materials 

In the research fields of mechanics and material sciences, materials are commonly concep
tualized as single homogeneous continua. Because an important task of many constructions 
is to transmit mechanical loads, material behaviour under mechanical loading conditions 
is a vast area of interest in these research fields. A method that is widely used in this 
research is continuum mechanics. In classical continuum mechanics, the material proper
ties of a structure on the macroscopic level are typically considered as homogeneous and 
continuous. However, when materials are considered in more detail on a microscopic scale, 
they appear to be inhomogeneous, contain discontinuities, and often comprise a mixture 
of constituents. If the material behaviour is studied on a macroscopic scale, which is large 
compared to the microscopic scale of the discontinuous properties, and if the material 
properties of the different constituents are properly approximated by one average mate
rial property, the simplifications made in the classical continuum mechanics theory are 
mostly justified. If, however, the material behaviour investigation focuses on phenomena 
that depend on the discontinuities and inhomogeneities of the material, and on the states 
and interactions of the individual constituents, the classical continuum mechanics theory is 
inadequate. In order to include such phenomena of the material behaviour in the analysis, 
two extensions of the classical continuum mechanics theory have been developed: the con
tinuum theory of mixtures (Truesdell, 1965) and the continuum theory of materials with 
microstructure ( Cosserat and Cosserat, 1909). In the first theory, the abstraction that a 
material is represented by one single continuum, is extended to a representation by a num
ber of superimposed, interacting continua, each representing one constituent of the mixture 
and each occupying the full spatial domain of the mixture. In the second theory, the set of 
degrees of freedom that is traditionally used to describe the state of the continuum, i.e., 
the displacements of the material points, is extended with additional independent degrees 
of freedom that are used to describe the local state of the heterogeneities of the material, 
e.g., the volume fraction of the heterogeneities (Nunziato and Cowin, 1979). 

This study is concerned with the description of the mechanical behaviour of blood 
perfused skeletal muscle tissue. This material is considered as a mixture of a fluid, which 
represents the blood, and a solid, which represents the mixture of all tissue components 
excluding the blood. The two constituents are assumed immiscible, which implies that they 
remain physically separate on a scale that is large compared to molecular dimensions (Bed
ford and Drumheller, 1983). Consequently the material must contain some microstructure 
by which the constituents are separated, and on the microscopic level the constituents obey 
their own intrinsic constitutive behaviour. These special features of immiscible mixtures 
allow for the development of specific continuum theories of immiscible mixtures, in which 
certain microstructural aspects of the continuum theory of materials with microstructure 
are incorporated into the continuum theory of mixtures (Bedford and Drumheller, 1983). 
For example, in the so called volume fraction theories, the volume fractions of the con
stituents are incorporated as additional degrees of freedom in the continuum theory of 
mixtures. In the incorporation of these microstructural properties, certain homogenization 
procedures are used. Two basic assumptions with regard to the microstructure of the rna-
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terial are made herein (Hashin, 1983). Firstly, the statistical properties of the physically 
relevant quantities are macroscopically homogeneous. Secondly, a good separation between 
the microscopic length scale of the microstructure in the material and the macroscopic 
length scale of the considered structure is ensured. Consequently, there exists a so called 
representative volume element, which is large enough to contain a good representation of 
the aforementioned statistical properties, and small enough to represent these properties 
in a macroscopically localized region. The basic idea of the homogenization procedures is 
to derive a macroscopic continuum description that is based on relations between averages 
of the relevant quantities, for example average stress and average strain. 

1.2 Mixture Theory of Biological Tissue 

In technical literature, the mechanical behaviour of materials that consist of solid and fluid 
components is described by a special case of the continuum theory of immiscible mixtures, 
known as porous media theory. This theory was first developed by Biot (1955) for a mixture 
of an elastic solid and a viscous fluid. Many further developments of this theory followed, 
i.e. (Slattery, 1967; Whitaker, 1969; Biot, 1972; Sposito and Gupta, 1979; Bowen, 1980; 
Prevost, 1980; Wilson and Aifantis, 1982). Each of these developments pertained to non
biological materials, such as water saturated soil, day and rock, and aimed at describing 
fluid flow through deforming porous solids. 

The important role of fluid components in the mechanical behaviour of biological 
tissue is generally acknowledged, and in the last two decades continuously increasing effort 
has been invested in the development of porous media models of biological tissue. From 
the early developments of biphasic theories for articular cartilage (Mow et al., 1980; Mow 
et al., 1984) and skin and subcutis (Oomens et al., 1987), and the poroelastic descriptions 
of the spinal motion segment (Simonet al., 1985) and cardiac tissue (Yang and Taber, 1991; 
Huyghe et al., 1992), more sophisticated theories followed, for example describing the ion
induced swelling of intervertebral disc tissue (Lai et al., 1991; Snijders, 1994; Huyghe and 
Janssen, 1996). In each of these theories, the contribution of the fluid components -and 
of the dissolved components in the latter theories- is included into the description of the 
mechanical behaviour of the tissue. This contribution is essential in certain aspects, for 
example the increase in stiffness of the intervertebral disc due to ion-induced swelling. 

1.3 Mixture Theory of Blood Perfused Tissue 

Blood perfusion is essential for the proper functioning of biological tissue, especially muscle 
tissue, in which many metabolic processes take place. Blood perfusion can be severely 
altered by mechanical interaction with the tissue, for example blood flow impediment due 
to increased tissue pressure. Disturbance of blood perfusion is a main determinant of tissue 
failure (Adams, 1975; Harris et al., 1986). Therefore, not only the effect of the blood on 
the mechanical behaviour of the tissue, but especially the mechanical effect of the tissue 
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on blood perfusion is of major importance for muscle function. Hence we believe that, if 
analysis of the mechanical behaviour of muscle tissue is performed in order to gain insight 
into the functioning of the tissue and into the mechanisms that lead to tissue failure, blood 
perfusion should be included as a field variable in such analysis. 

Blood perfusion in biological tissue accounts for distribution of nutrients and drainage 
of waste products in each microscopic volume element of the tissue. This is achieved by 
pressure driven blood flow through an extensive hierarchical network of blood vessels, which 
is extremely dense at the level of the microvessels. Because of this very high density (more 
than 1000 capillaries per mm3 in muscle tissue (Williams et al., 1989)), and the relatively 
homogeneous distribution within one organ, a representative volume element of tissue can 
be identified, which is small compared to the size of the organ and large compared to the 
size of the microvessels, and which contains a good representation of the statistical prop
erties of the relevant microcirculatory quantities, such as capillary blood volume, pressure 
and flow. Hence, blood perfusion in the microvascular part of the vascular hierarchy can be 
adequately described by the continuum theory of immiscible mixtures. The larger vessels, 
which are much fewer in number than the microvessels, are less appropriate to be described 
by this theory. Nevertheless there are several reasons for employing the continuum theory 
of mixtures in the description of blood perfusion. First of all, the microvasculature is the 
part of the vascular system in which the exchange processes between blood and tissue take 
place. The main physiological interest in blood perfusion is therefore focused on this part of 
the vasculature. Moreover, blood flow resistance in the vasculature is mainly found in the 
microvessels, especially the arterioles. As such, these vessels are responsible for the amount 
of blood flow at a given perfusion pressure. The primary function of the large blood vessels, 
i.e., arteries and veins, is macroscopic distribution and collection of the blood to and from 
the tissue, which can be described by a continuum theory. 

If blood perfused muscle tissue is considered as an immiscible mixture of blood 
and tissue, then, as a first approximation and according to biphasic porous media theory, 
one fluid constituent -the blood- and one solid constituent -the 'solid' tissue1

- can be 
distinguished. However, two very specific aspects of blood perfusion are not accounted 
for by standard biphasic porous media theory: firstly, the hierarchical architecture of the 
vasculature, which is essential, because the state of the blood strongly depends on the 
hierarchical position (e.g., blood pressure and velocity are much higher in arterial vessels 
than in capillaries). Secondly, the blood is surrounded by distensible vessel walls, which 
allow for large differences between intravascular pressure (blood pressure) and extravascular 
pressure (tissue pressure). These two aspects have been dealt with in the development of 
a specific hierarchical porous media description of blood perfused tissue. A hierarchical 
continuum description of fluid flow through rigid vascular trees wa.<> first derived by Huyghe 
et al. (1989). The incorporation of this description in a finite deformation theory, in which 
vessel elasticity was also included, was presented by Huyghe and van Campen (1995). In 
their derivation, Huyghe and van Campen used a formal averaging method, by which the 

1. In fact, the solid constituent represents all tissue components excluding the blood: it comprises the 
matrix of muscle fibers and connective tissue, the blood vessels, and the interstitial fluid. 
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Figure 1.1: The vascular system (Reprinted from P.L. Williams et al., p. 684, Copy
right 1989, with kind permission from Churchill Livingstone, Robert Stevenson House, 1-3 
Baxter's Place, Leith Walk, Edinburgh EHl 3AF, UK). 

microstructure of the vasculature is translated to a macroscopic continuum description. 
The same macroscopic continuum description is derived in this study by making use of the 
continuum theory of mixtures (Vankan et al., 1996d), and is applied to blood perfusion in 
skeletal muscles (Vankan et al., 1994; Vankan et al., 1995a; Vankan et al., 1996a). 

1.4 Anatomy of Blood Perfused Skeletal Muscle Tissue 

The microstructural properties of blood perfused skeletal muscle tissue depend on the 
micro-anatomy of the tissue, which is very intricate because of the many different compo
nents, structures and materials that can be distinguished. In this section an overview of the 
most relevant anatomical aspects of blood perfused skeletal muscle tissue is given. Blood 
perfusion of skeletal muscles is part of an extensive circulatory system. The main features 
of this system are first presented. More detailed information can be found in (Ferner and 
Staubesand, 1982; Rhoades and Pflanzer, 1989; Williams et al., 1989; Solomon et al., 1990; 
Guyton and Hall, 1996; McComas, 1996). 

1.4.1 The Vascular System 

Living cells depend for their functioning on the physico-chemical stability of their tissue 
fluid environment. In mammals, this stability is maintained by a circulatory system of cell-
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lined tubes, which accounts for distribution, collection and exchange of nutrients, gases 
and waste materials. This vascular system consists of two complementary parts: the blood 
vascular system, known as the circulation, and the lymphatic system (fig. 1.1). The latter 
functions as an overflow drain, returning superfluous tissue fluid into the circulation. The 
circulation is subdivided into the pulmonary circulation and the systemic circulation. In 
the pulmonary circulation, the blood flows from the right ventricle of the heart through 
the lungs, where it is oxygenated, to the left ventricle of the heart. Here starts the systemic. 
circulation, which leads the blood through the organs of the body -among which the skeletal 
muscles-, back to the right ventricle. 

The circulation consists of an extensive network of blood vessels. Blood is pumped 
through this network by the heart. It is distributed to the tissues of the body by large 
vessels, the arteries, which divide into many grades of arteriole. The arterioles adapt blood 
flow in an organ to the demand of the organ, by active constriction or dilation of their 
vessel walls. The arterioles diverge into numerous microscopic capillaries, which are in 
close contact with the tissue -most cells in the body lie within a few microns of a capillary 
(Williams et al., 1989)- and which are responsible for the exchange of matter between blood 
and tissue fluid through their permeable walls. The capillary blood is collected by venules, 
which unite repeatedly to form increasingly large veins, by which the blood is transported 
back to the heart. This anatomical characterization of blood vessels is based on function, 
topology, size and structure. 

Exchange of matter between blood and tissue fluid is possible due to diffusion and 
filtration through the permeable walls of the microvessels -mainly the capillaries- in the 
circulation. Diffusion, which is the free flow of water and solutes, is responsible for the 
major part of the exchange, and the flow out of the vessels equals the flow into the vessels. 
Filtration is the pressure driven flow, which is directed outward at the arterial side of the 
microvessels. The inwardly directed flow at the venous end of the microvessels reabsorbs 
approximately 90% of the filtrated fluid. The residual remains in the tissue fluid and 
is drained by the lymphatic system. However, in skeletal muscle tissue the vessel wall 
permeability is relatively low, and less than 0.5% of the blood flow through the microvessels 
is filtrated (Guyton and Hall, 1996). Hence, lymphatic drainage represents a volume flow 
that is very small (i.e., 0.05%) compared to blood flow. 

1.4.2 Skeletal Muscle Tissue 

Skeletal muscle is a subclass of the general tissue class muscle. The other subclasses are 
cardiac muscle and visceral muscle. This subdivision is based on the location of the organs 
in which these muscle types occur: skeletal muscles are attached to the skeleton, the heart 
consists of cardiac muscle, and visceral muscle is found in the walls of the viscera. The 
main common feature of these three types of muscle tissue is contractility. 

The main function of skeletal muscles is to move (parts of) the skeleton. For 
this purpose they are, almost without exception, attached to the skeleton via tendons, 
mostly interconnecting two skeletal parts. As such they allow for relative movement of 
these parts by tensile forces that are induced by voluntary activation. The cellular units 
that are typical for skeletal muscle tissue are the skeletal muscle fibers: very long cylin-
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Figure 1.2: Main anatomical structures in skeletal mus
cle. (Reprinted from P.L. Williams et al., p. 554, Copy
right 1989, with kind permission from Churchill Living
stone, Robert Stevenson House, 1-3 Baxter's Place, Leith 
Walk, Edinburgh EHl 3AF, UK). 

drical cells, containing numerous nuclei, 
varying in diameter from 10-lOOttm and 
ranging in length up to several centime
ters (fig. 1.2). These cells contain groups 
of myofibrils, which are made up of or
dered, longitudinal arrays of contrac
tile components called sarcomeres. From 
this regular sequence, muscle fibers ob
tain their striated structure which is 
observed by light microscopy. Several 
types of skeletal muscle fibers are dis
tinguished by functional, physiological 
and biochemical criteria. The three main 
types are type I (red, slow twitch, ox
idative, fatigue resistant fibers), type 
IIA (fast twitch, intermediate, oxidative 
and glycolytic, fatigue resistant fibers) 
and type liB (white, fast twitch, gly
colytic fibers). These fiber types oc
cur intermingled within one muscle, al
though there is usually a predominance 
for one type, depending on the spe
cific function of the muscle (Williams 
et al., 1989). Groups of muscle fibers 
are arranged in fasciculi, delicately in
terwoven by a connective tissue matrix 
called endomysium, ensheathed by the 
somewhat stronger perimysium, which 
merges into the epimysium. This ex
tensive connective tissue structure ac
counts for the coherence between indi
vidual muscle fibers, blood vessels and 
fasciculi. Activation of muscle fibers is 
performed by electrical stimulation via 
nerves. Groups of muscle cells inner
vated by a single motor neuron form 
functional entities called motor units. 
Skeletal muscles are supplied by one or 
several nerves. Often the main nerve en
ters along a strip, together with the feed
ing artery and the draining vein. The 
matrix of connective tissue, nerves and 
muscle fibers is crossed by a dense net
work of blood vessels (fig. 1.3), of which 
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Figure 1.3: Corrosion cast of the large arterial vessels of a rat calf muscle ( m. tricep.~ 

surae). The real vasculature contains many more vessels, which have not been casted. The 
smallest branches of the cast are about 20pm in diameter. 

the microscopic capillaries (diameter ~ 5 pm) are most plentiful and generally oriented 
parallel to the muscle fibers which they serve. In skeletal muscle, two distinct blood cir
culations are distinguished: the nutritive and the non-nutritive. The nutritive circulation 
feeds the capillaries in the endomysium by arteriolar trees which stem from the main feed
ing artery. The draining venules converge in the main vein. The non-nutritive circulation, 
which is normally located in the peri- and epimysium, contains few capillaries but many 
arteriovenous anastomoses -large interconnections between arterioles and venules- allowing 
blood to pass when the endomysia! capillary flow is impeded, for example during muscle 
contraction (Williams et al., 1989). The total blood volume fraction -ratio of blood volume 
and tissue volume- in skeletal muscle is approximately 6%. 

1.5 Scope 

Mathematical models have been used in the past to investigate the mechanical behaviour 
of contracting skeletal muscles (Woitiez et al., 1984; Otten, 1988; Leeuwen and Spoor, 
1992). These studies focused on muscle function, force generation, muscle architecture and 
deformation, and did not include a description of blood perfusion. On the other hand, 
blood perfusion in skeletal muscles has been the subject of massive research, in which 
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also mathematical models have been used. Skeletal muscle circulation was described, for 
example, by discrete network models (Smaje et al., 1970; Lipowsky and Zweifach, 1974; 
Pries et al., 1990) and lumped parameter models (Nellis and Zweifach, 1977; Braakman 
et al., 1989). Blood perfusion, being a key quantity in muscle tissue and being subject to 
the mechanical interaction with the tissue, is most desirable to be incorporated into the 
description of the mechanical behaviour of the tissue. In cardiac research, a few authors 
have attempted to achieve this goal. Arts (1978) included a description of the coronary 
circulation into a mathematical model of the mechanics of the left ventricle. Based on 
this model, Huyghe (1986) developed a finite element description of the blood perfused 
left ventricle, consisting of two coupled finite element models, one accounting for tissue 
deformation and the other for blood perfusion. 

In this study, an integrated finite element model of finite deformation and blood 
perfusion of skeletal muscle tissue, with emphasis on the local mechanical interaction be
tween blood and tissue, is developed. This model is based on a local description of the 
mechanical states of the tissue and the blood, which is derived from the continuum the
ory of immiscible mixtures. On the local level, the model obeys the physical balance laws 
of mass, momentum, moment of momentum and energy, and the constitutive equations 
account for the entropy inequality. 

The tremendous complexity of the microstructure of the muscle material is reduced 
to an approximation in which only two constituents are distinguished: a fluid, which repre
sents the blood, and a solid, which represents the mixture of all other tissue components. 
Both these constituents are assumed intrinsically incompressible. In skeletal muscle tissue, 
blood flows through a hierarchical network of blood vessels, being separated from the tis
sue by the vessel walls. Because the volumetric exchange between blood and tissue due 
to filtration is extremely small compared to the volumetric blood flow (less than 0.05%), 
blood and tissue are assumed immiscible, and lymphatic drainage of the filtrated fluid is 
neglected. Consequently, the blood is considered as a closed system, interacting with the 
environment outside the tissue only at the arterial and venous boundaries that are con
nected to the circulatory system. In the model, special attention is paid to the description 
of the blood, because, unlike standard biphasic porous media, the local mechanical state of 
the blood strongly depends on the position in the vascular hierarchy. Therefore a descrip
tion of this hierarchy is included in the mathematical model. Moreover, the vessel walls, 
which form a mechanical interface between blood and tissue, are included in the model 
as a local relation between the blood volume fraction and the pressure difference over the 
vessel wall. As such, only passive mechanical properties of the vessel walls are described. 
Autoregulation by active tension of smooth muscle cells in the arteriolar vessel walls, is 
left out of consideration. Therefore we focus on the effects of mechanical interaction be
tween tissue and blood in maximally vasodilated vasculature, in which autoregulation is 
minimized. 

Skeletal muscles occur in a huge variety of shapes. The finite element model of 
blood perfused skeletal muscle tissue calculates the solutions of the differential equations 
that represent the local mechanical equilibrium in the tissue, for random muscle geometries. 
Because contracting skeletal muscles undergo very large deformations, the finite element 
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model accounts for finite deformation. An essential feature of skeletal muscle tissue is 
contractility, which is the result of cooperative shortening of many muscle fibers. Because 
muscle tissue exhibits resistance against deformation, contracting muscle tissue can be con
sidered as a passive, elastic material, in which active contraction stress occurs. Contraction 
is included in the finite element simulations by addition of an active stress component in 
local fiber direction to the passive effective stress. 

Because the continuum description of blood perfusion is an extension of standard 
biphasic porous media theory, thorough verification of this hierarchical porous media de
scription is required. Firstly, specific evaluation of the continuum description of hierarchical 
networks, leaving tissue deformation and vessel elasticity out of consideration, is performed. 
Next, the descriptions of the compliance of the vasculature in the finite element model and 
of the mechanical interaction between blood and tissue are investigated by comparison of 
finite element results with experimental results of blood flow through mechanically loaded 
tissue. Finally, finite element analysis of blood perfusion in contracting skeletal muscles is 
performed. 

1.6 Outline of the Thesis 
Before the theoretical background of the finite element model of blood perfused muscle 
tissue is given, the basic concepts of the model and its possibilities for 3-D simulation of 
blood perfusion are first illustrated in chapter 2. In chapter 3 the conservation equations 
and the constitutive restrictions for the constituents in the continuum description of blood 
perfusion are derived from the theory of immiscible mixtures. The finite element formula
tion of the resulting equilibrium equations is presented in chapter 4. Chapter 5 deals with 
a verification study of the finite element description of blood perfusion in non-deforming 
tissue. Finite element results of blood perfusion are compared to volume averaged results of 
network analyses of blood flow through rigid vascular tree models. In chapter 6 non-linear 
descriptions of vascular compliance and permeability, which have been implemented in the 
finite element model, are presented. Finite element results of total blood flow through con
tracting rat calf muscle are compared to experimental results. A finite element simulation 
of blood flow through a skeletal muscle under well-defined mechanical loading conditions is 
presented in chapter 7. The results are compared to experimental measurements that are 
obtained from literature. The correspondence of these results with blood flow through a 
contracting muscle is illustrated. The main conclusions of the study and some recommen
dations for further research are given in chapter 8. 



2 

3-D Finite Element Simulation of Blood Perfusion 

In this chapter, a study is presented in which the finite element model of blood perfusion 
is applied to a geometrically detailed 3-D model of the passive gastrocnemius medialis 
muscle of the rat. The main purpose of this study was to evaluate the possibilities of 
the finite element model in analysis of complex, geometrical structures. To restrict the 
complexity of the analysis, isotropic, linearly elastic and non-contracting muscle material 
behaviour is used, and the blood flow permeability tensor is assumed constant and isotropic 
for each vascular compartment. This chapter is intended to illustrate the concepts and 
possibilities of the finite element model of blood perfusion, stressing the important feature 
of applicability to 3-D structures. 

This chapter is reprinted from European Journal of Morphology, 34(1), W.J. Vankan, J.M. 
Huyghe, J.D. Janssen and A. Huson, A 3-D finite element model of blood perfused rat 
gastrocnemius medialis muscle, pp. 19-24, Copyright 1996, with kind permission from 
Swets & Zeitlinger, Heereweg 347 B, 2161 CA Lisse, The Netherlands. 
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Abstract 

A finite element description of blood perfusion has been developed, and is applied to skele
tal muscles. Three-dimensional distributions of blood pressures and flows in deforming 
muscles are calculated. The muscle tissue is considered as a fluid-saturated porous solid. 
The blood is modelled as a series of five intercommunicating compartmental fluids, rep
resenting arterial, arteriolar, capillary, venular and venous blood, that reside in the pores 
(blood vessels) of the muscle tissue. The blood vessels are modelled as distensible tubes, 
embedded in the muscle tissue. A 3-D finite element mesh has been mapped on a recon
structed geometry of a gastrocnemius medialis muscle of the rat. Blood perfused linear 
elastic muscle material behaviour has been assigned to this mesh. A simulation of blood 
perfusion, resulting from a constant arterio-venous pressure difference, through the recon
structed muscle has been performed. Calculated blood pressure and flow distributions were 
within physiological range. 

2.1 Introduction 

In the past decades finite element modelling has become the most popular method for 
mechanical analysis of morphological structures in biology (Huyghe et al., 1992; Yin, 1985). 
This is because of its flexibility to combine realistic geometries and complex material 
behaviour. This study fits into a research program that aims at including micro-structural 
morphology of biological structures into special purpose finite element models, thereby 
intensifying the interaction between morphologists and biomechanists. 

Blood flow through muscle tissue can be regarded as fluid flow through a porous 
solid. Thus, porous media theories can be employed to describe the mechanics of deforming, 
blood perfused muscle tissue. These theories are based on the concept of fluid flow due to 
pressure gradients through porous solid materials that are saturated by the fluid. As an 
illustration of this concept, the very early experiment of Darcy and Ritter (1840) clearly 
shows its essential aspects (fig. 2.1). They investigated the relation between fluid flow and 
pressure gradient for soil specimens. Their results obeyed the following law (Darcy's law): 

2_ = KP1 -P2 
A L 

(2.1) 

where Q is the flow (m3 /s), A is the cross sectional area of the soil specimen (m2), K is 
the conductivity1 coefficient of the soil specimen (m2/(s Pa)), Pis pressure (Pa) and L 
is the length of the soil specimen (m). The conductivity coefficient of the soil specimen 
appeared to depend on the pore geometry (size, orientation) and the fluid viscosity. The 
one-dimensional law of Darcy has been generalized to three-dimensional, steady state, 
Newtonian flow of an incompressible fluid through a saturated porous solid (e.g. (Neuman, 
1977)): 

q=-K·Vp (2.2) 

1. In porous media theory known as permeability 
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Figure 2.1: Darcy and Ritter's experimental setup: glass tube in which a soil specimen 
is fixed; due to the pressure difference Pl - P2 water flows from left to right through the 
specimen. 

where q is the volume specific fluid flow (mfs), Vp the 3-D gradient of the volume averaged 
pressure (Pafm), and K the 3-D conductivity tensor (m 2f(s Pa)), which relates fluid 
flow (size and direction) to fluid pressure gradient. Flow and pressure are now expressed 
as volume averaged quantities, representing fluid flow and pressure averaged over all the 
pores in an arbitrarily bounded local region (averaging volume; fig. 2.2). Thus, instead of 
concentrating on micro--mechanical phenomena within pores (e.g. detailed description of 
capillary blood flow), a macro--mechanical description of fluid flow between different regions 
is obtained. 

When comparing perfused muscle tissue with Darcy's soil specimen, two major com
plications concerning the description of the fluid flow arise~ Firstly, blood flows through a 
vascular tree, which consists of a dense bed of arterial, capillary and venous vessels, in each 
of which blood pressure and flow are totally different. Secondly, the blood is surrounded 
by distensible vessel walls, which mechanically interfere between blood pressure and hy
drostatic pressure in the surrounding tissue. These complications have driven us to the 
development of an extended description of fluid flow through porous solids, in which 1 the 
hierarchical architecture of the vasculature, 2. the vessel wall elasticity, and a finite defor
mation of the porous solid are incorporated. 2 The hierarchy is dealt with by subdividing 
the fluid into five intercommunicating fluid compartments, representing the arterial, arte
riolar, capillary, venular and venous blood respectively. Each of these blood compartments 
is characterized by its own Darcy equation with a specific conductivity tensor, so that 

2. The derivation of this description, together with a detailed explanation of its characteristics, are given 
in (Huyghe and van Campen, 1995a; Huyghe and van Campen, 1995b; Vankan eta!., 1996d; Vankan eta!., 
1996b). 
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Figure 2.2: Illustration of volume averaging procedure: cross-section of muscle tissue in 
which several types of blood vessels are embedded; an averaging volume is drawn. 

compartmental blood pressures and flows can be calculated. Moreover, the intercommuni
cating flow between the compartments, which corresponds with the physiological definition 
of regional capillary perfusion (mlf(s lOOg)), is also described by a Darcy-like equation: 

8 
qo = -koo-p 

oxo 
(2.3) 

where x0 is a dimensionless parameter that quantifies the hierarchical position in the vascu
lar tree from arteries to veins, and Jb--p represents the hierarchical gradient of the (volume uxo 
averaged) blood pressure (Pa). The vessel wall elasticity is modelled as a relation between 
the local compartmental blood volume fraction (local blood volume in a compartment di
vided by the local averaging volume, e.g. for the capillary blood: neap Vcap/Vavg (fig. 
2.2)) and the local transmural pressure difference (local compartmental blood pressure -
local extravascular tissue pressure). Thus for each compartment a vessel compliance can be 
specified that relates the compartmental blood accumulation to the compartmental intra
extra-vascular pressure difference. Intra-extra-vascular exchange of fluid and solutes is not 
included in the model. Although this exchange is essential from a biological point of view, 
its influence on the fluid mechanics of blood perfusion is only minimal on the time scales 
(seconds) that we consider here. 

The newly developed model has been implemented in the finite element software 
package DIANA (DIANA Analysis bv, P.O. Box 113, 2600 AC Delft, The Netherlands). 
To perform finite element simulations of perfusion of skeletal muscles, many input data 
containing geometrical information, material behaviour, vessel wall elasticity and conduc
tivity tensors for the blood perfusion, need to be obtained. In this paper we will focus on 
geometrical input information, which consists of muscle geometry and geometries of the 
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Figure 2.3: Shaded view of the finite element mesh of the muscle geometry. Top and 
bottom edges represent distal and proximal ends, respectively. 

tendinous structures. This information can be obtained from geometrical reconstruction of 
a muscle, which has been performed in our group on a rat gastrocnemius medialis muscle. 
In a companion paper (Donkelaar et al., 1996) the actual reconstruction procedure is ex
tensively described. In this paper we illustrate the use of such a geometrical reconstruction 
in finite element perfusion analysis. 

2.2 Methods 
A simulation of blood perfusion through rat gastrocnemius medialis muscle was performed. 
The geometry, which was obtained via precise reconstruction, and its element-division are 
given in fig. 2.3. The mesh consists of 1170 tetrahedral elements that constitute the mus
cle tissue, and 130 triangular elements, attached to the muscle surface, representing the 
aponeuroses. The aponeuroses thicknesses range from circa 0.5mm near the tendon to 
circa 0.01mm at the other end. The muscle material was modelled as linearly elastic, with 
a Young modulus of 5.0K Pa (Heerkens et al., 1987). The linearly elastic tendinous ma
terial of tendons and aponeuroses was modelled much stiffer, with a Young modulus of 
1.5GPa (Trestik and Lieber, 1993). The vasculature was modelled by five intercommuni
cating blood compartments, representing arterial, arteriolar, capillary, venular and venous 
blood respectively. Blood conduction through the tissue was prescribed for each vascular 
compartment (i) by isotropic spatial conductivity tensors K; (2.2), that were constant 
in the whole geometry. Vascular conductivity k00, (2.3) was prescribed analogously. The 
values forK; and koo, that were used in the simulation are listed in table 2.1. These values 
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Table 2.1: Perfusion parameters 

K (mm) koo(e!s) c (l) l!.a s. l!.a 
arterial 5 10 3 510 6 10-9 
arteriolar w-6 325 w-9 10-9 
capillary w-6 5 w-6 10-9 
venular w-6 5 w-6 10-9 
venous 5 w-3 5 w-6 10-7 

were obtained under the assumption that K is isotropic, and were estimated by (Huyghe, 
1986): 

K=K I ; (2.4) 

where I is the unity tensor, dis the vessel diameter, Am is the muscle's cross-sectional area 
and p the apparent blood viscosity. For the large, single supplying artery and draining vein, 
d = 0.5 mm, Am= 30 mm2 and J.L = 3.5 10-3 Pas), by which K = 5 10-3 mm2 f(Pa s). 
Because of the relatively small distances that blood travels through arteriolar, capillary 
and venular vessels, K ~ 0 for these compartments. Thus macroscopic spatial blood flow is 
only accounted for the arterial and venous compartments. Estimations of the hierarchical 
conductivity (i.e. vascular conductivity) k00, are made by dividing the expected hierarchical 
flow (q0 2.5 10-3 s-1 (Hudlicka et al., 1984)) by the expected compartmental hierarchical 

pressure gradient -Jb-p (Fronek and Zweifach, 1975). 
UXo 

Table 2.1 also contains the values of the vessel compliances c;, which were also 
constant in the whole geometry. Suppressing the displacements of the proximal and distal 
ends ofthe muscle ensured isometric deformation (fig. 2.3). Furthermore 80mmHg arterial 
blood pressure and OmmHg venous blood pressure were prescribed in one node at the 
muscle surface. This node represents the position where the supplying artery and draining 
vein penetrate into the muscle (fig. 2.3). In the analysis the transient development of 
blood pressures and flows in each compartment in the whole muscle, due to the stepwisely 
applied blood pressure boundary conditions, was calculated. Already after circa 20ms a 
steady state of blood perfusion was reached, of which some results will be presented. 

2.3 Results 

The main objective of this study is to predict blood pressures and flows in a realistic model 
of the rat gastrocnemius medialis muscle. The driving force for this blood perfusion is the 
arterio-venous pressure difference, which is modelled as nodal arterial and venous blood 
pressure boundary conditions. The resulting blood pressure patterns in the muscle are 
given in fig. 2.4. Due to the isotropy and large value of the spatial conductivity K of the 
arterial compartment, the blood is distributed homogeneously and almost without loss of 
pressure throughout the muscle. The same holds for the venous blood that flows towards 
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Figure 2.4: (a) Arterial, (b) capillary and (c) venous blood pressure values (MPa), and 
(d) capillary hierarchical blood flow (1/ms) (i.e. regional capillary perfusion). 

the draining vein. (fig. 2.4a,c). From the arterial compartment, the blood flows via the arte
riolar compartment towards the capillary compartment, between which a significant blood 
pressure difference exists due to the small hierarchical conductivity k00 of the arteriolar 
compartment (fig. 2.4b ). The arteriovenous decrease in blood pressure is comparable to 
experimentally measured blood pressures in resting skeletal muscles (Fronek and Zweifach, 
1975). The calculated hierarchical flow q0 at the capillary level (fig. 2.4d) corresponds to 
the physiological regional capillary perfusion in resting skeletal muscles (Hudlicka et al., 
1984). 
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2.4 Discussion 

In this paper an illustration of finite element analysis of blood perfusion in resting skeletal 
muscle has been given. The analysis was applied to a precise reconstruction of a muscle 
geometry. Roughly estimated input for material behaviour and blood perfusion have been 
used. Nevertheless reasonable approximations of physiological values of blood perfusion 
were calculated. Any given muscle geometry can be used in the simulation, which is an 
important feature of the finite element method. 

Another essential feature of the employed finite element model is that contraction 
and finite deformation of the muscles can be included in the simulations (Vankan et al., 
1995b ). Thus interaction between contraction and perfusion can be studied. Contraction 
is prescribed as an active stress component in the local fiber direction and the resulting 
deformation is calculated. The contraction stress is a function of activation, time, local 
strain and strain rate, dependent of the contraction model that is used. This, however, is 
beyond the scope of this paper. 

Future work should focus on the acquisition of more realistic input parameters, 
such as muscle material behaviour (e.g. transverse isotropic, non-linearly elastic), more 
exact anisotropic conductivity tensors for blood perfusion and more realistic values for 
compartmental vessel compliances. 



3 

Mixture Theory of Blood Perfused Tissue 

The derivation of the conservation equations and constitutive equations for deforming 
blood perfused tissue is presented in this chapter. The tissue is described as a deforming 
hierarchical porous solid, in which the hierarchical arrangement of the pores corresponds 
to the hierarchy of blood vessels of the vascular tree. The blood is described as a fluid 
that saturates the porous solid, and thus fills the total hierarchy of pores throughout the 
solid. Fluid flow is described by spatial components and a hierarchical component. An 
important feature of the vasculature in blood perfused tissue is vessel wall elasticity. This 
feature is accounted for by distinguishing between a hydrostatic pressure in the mixture, 
which represents the extra-vascular pressure in the tissue, and a fluid chemical potential, 
which represents the intra-vascular blood pressure. The difference between these pressures 
contributes to the elastic energy of the mixture. 

This chapter is reprinted from International Journal of Engineering Science, 34(9), W.J. 
Vankan, J.M. Huyghe, J.D. Janssen and A. Huson, Poroelasticity of saturated solids with 
an application to blood perfusion, pp. 1019-1031, Copyright 1996, with kind permission 
from Elsevier Science Ltd, The Boulevard, Langford Lane, Kidlington, OX5 1GB, UK. 
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Abstract 

A description of finite deformation of, and fluid flow through, a hierarchically arranged 
porous solid has been developed using the theory of mixtures. This hierarchical mixture 
consists of one solid constituent and a fluid constituent that is subdivided into a continuous 
series of intercommunicating compartments. Conservation laws for mass and momentum 
have been derived and additionally appropriate formulations for the constitutive behaviour 
of the constituents are proposed. A finite element description of the hierarchical mixture 
model has been implemented in the software package DIANA. 2-D, axi-symmetric and 3-D 
elements can be used in finite deformation analysis. An example of application is blood 
perfused biological tissue. A simulation of a blood perfused contracting skeletal muscle is 
presented. 

3.1 Introduction 

The mixture theory has proven to be a valuable means to model the mechanical behaviour 
of biological tissue (Oomens et al., 1987; Lai et al., 1991; Huyghe et al., 1992). In this 
theory the various solid and fluid components of the tissue are modelled as interacting 
continua. An important fluid component in biological tissue is blood. It is responsible for 
the nutrition and drainage processes that are essential for the tissue. Blood flows through 
a hierarchical system of blood vessels: the vascular tree. This tree consists of one or a 
few large arterial vessels from which smaller vessels bifurcate (fig. 1.3) and diverge into 
numerous capillaries which assemble to converging venous vessels. Because of this hierar
chical architecture blood flow cannot be adequately described by biphasic mixture theory: 
the state of the blood strongly depends on the position in the hierarchy. For example, the 
velocity and pressure of the capillary blood are much lower than of the arterial blood. The 
pressure difference between arterial and venous vessels is essential as the driving force for 
the blood flow. Huyghe et al. (1989) developed an extended form of Darcy's equation in 
which this dependency of the fluid flow on hierarchical position was included. They verified 
their model for Newtonian flow through a rigid vascular tree. Because in biological tissue 
alterations in blood perfusion can occur due to deformations of the tissue (Hoffman and 
Spaan, 1990), the focus of this study is to integrate the concepts developed in (Huyghe 
et al., 1989b) into a finite deformation theory of saturated porous media. 

Aifantis (1977) introduced the concept of multiporosity for deforming media that 
are characterized by several distinct families of diffusion or flow paths. A special case of this 
concept, in which only two degrees of diffusivity were included, was applied to fissured rock 
formations, in which most of the fluid volume is located in the low permeability pores of 
the rock, and most of the permeability is associated with the fissures (Wilson and Aifantis, 
1982). An important aspect of blood perfused biological tissue, which is not covered by 
Aifantis' multiporosity concept, is the vessel wall, which can be regarded as an elastic 
interface between solid (tissue) and fluid (blood). Huyghe and van Campen (1995) derived 
a description of finite deformation of hierarchical porous media, in which they used a formal 
averaging procedure. Unlike the previous authors, they included the concept of a vessel 
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wall, and they derived an extended Darcy equation for the case of anisotropic orientation 
of the interface between compartments from the assumption of validity of a Poiseuille-type 
equation on the level of the individual pore. Moreover, they used a continuous spectrum 
of porosities. 

In this paper, mixture theory is used to derive the same equations as presented in 
(Huyghe and van Campen, 1995a; Huyghe and van Campen, 1995b ), in a more general 
context of hierarchical porous media. The tissue is modelled as a mixture of one solid and 
one fluid where the fluid represents the blood. The fluid is subdivided into a number of 
compartments, each of which represents the blood on a different hierarchical position in the 
vascular tree. Blood flow through the vasculature is described as communication between 
the fluid compartments, which corresponds with the physiological definition of perfusion: 
the volume of blood passing a given level in the vascular hierarchy per unit of time and per 
volume of tissue. Vessel walls, modelled as an elastic solid-fluid interface, are included as a 
local contribution of the pressure difference between solid and fluid to the mixture's elastic 
energy. Although this mixture description is specifically developed for biological materials, 
its applicability to technical materials is not excluded. 

In the derivation of the hierarchical mixture model conservation laws of mass and 
momentum have been formulated and corresponding constitutive behaviour has been de
rived from constitutive theory. An integrated finite element description of the total mixture 
model has been developed and implemented in the DIANA software package (Borst et al., 
1985). The implementation was subjected to several test procedures, one of which was 
comparison of the finite element solution with the analytical solution for a confined com
pression test. As an illustration of the possibilities of the model a simulation of contraction 
of a perfused skeletal muscle has been performed. 

3.2 Conservation Laws 

In technical literature we find porous media theories dealing with solids saturated with 
different fluid constituents (Bedford and Drumheller, 1983). Bowen (1980) has derived 
equations from mixture theory for v incompressible immiscible fluids saturating one incom
pressible solid. The equations of conservation of mass and momentum for such mixtures 
are formulated for each phase and in case of intrinsic incompressibility of each constituent, 
their quasi-static local form can be denoted as: 

on<> + V · (n<>v<>) = ()<> a 1, ... ,v (3.1) 

V • (!'a + 1r" 0 a=1, ... ,v (3.2) 

where n" is the volume fraction, v" the velocity, t1'o: the Cauchy stress tensor and 0"' and 
1r" are the volume and momentum interactions of phase a. The exponent a refers to the 
constituent number and t is time. Balance of mass for the total mixture requires: 

ea = 0. (3.3) 
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Likewise for the balance of momentum: 

I: 1ra = 0. (3.4) 
Ot 

Furthermore no moment of momentum interaction between the constituents is assumed, 
so that ua is symmetric. 

A hierarchical mixture can be thought of to consist of one solid constituent and a 
fluid constituent that is divided into a continuous series of fluid compartments. Each fluid 
compartment resides on a specific position in the hierarchy of pores of the solid. The fluid 
in a compartment flows spatially through the solid (spatial flow) and communicates with 
compartments on neighbouring hierarchical positions (hierarchical flow). The position in 
the hierarchy is quantified by a dimensionless parameter x0 , which is assumed to run from 
0 to 1, and the communication between the fluid compartments is described by the fluid 
volume interaction term ()I appearing in Eq. (3.1). A fluid compartment defined by the 
hierarchical range [x0 , x0 + dx0 ] has a volume fraction ii/ dx0 in which fi/ represents the 
fluid volume fraction per unit hierarchical parameter x0 • Generally in this paper a tilde will 
be used to indicate that a quantity depends on x0 and, if the quantity is volume specific, is 
defined per unit Xo. The exponents s and f refer to solid and fluid, respectively. The mass 
balance for this fluid compartment is: 

{} ~I n d v (-1-l)d -1 -1 -1 -1 
{)t Xo + • n V Xo = n(xo)VO(xo) n(xo+dxo)VO(xo+dxo) (3.5) 

in which the right hand side represents the volume interaction with the neighbouring 
compartments. v[ is a measure of the rate at which fluid flows from one compartment to 
the next, and is defined as the material time derivative of x0 with respect to the fluid: 

(3.6) 

It can be shown that i/ v[ corresponds to the traditional, physiological definition of regional 
blood perfusion (Huyghe et al., 1989b; Guyton, 1986). Dividing Eq. (3.5) by dx0 yields for 
infinitesimal dx0 the local fluid mass balance: 

{} -J 8(-1-1) 
_!!__ + V · (il/fj/) = iJI =- n Vo • (3.7) ot OXo 

Assuming no mass interaction between solid and fluid, the mass balance for the total 
hierarchical mixture (3.3) can be rewritten: 

1 

o· J jjf dxo = 0 . 
0 

(3.8) 

Because the actual hierarchical fluid volume fraction ii/ is defined per unit x0 , saturation 
of the mixture is expressed as: 

1 

n• + j ii/ dx0 = n• + n1 1 , (3.9) 
0 
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which can be used in combination with Eqs. (3.7) and (3.8) to rewrite solid, fluid and total 
mass conservation as: 

(3.10) 

(3.11) 

1 

V · ((1 nf)vs) + j (4V · (fi/4vf))dx0 = 0 , (3.12) 
0 

where 4 V is a four-dimensional operator and 4vf a four-dimensional vector: 

(3.13) 

Because the fluid related quantities depend on x0 , the momentum balance of the 
total hierarchical mixture is written as: 

1 

V · CT8 + j V · ;,.J dxo = 0 
0 

where the balance condition for momentum interaction, Eq. (3.4), has been used: 

1 

11'
8 + j ir1 dx0 = 0. 

0 

3.3 Constitutive Behaviour 

(3.14) 

(3.15) 

In the derivation of requirements for the constitutive behaviour of the hierarchical mixture 
use is made of the first and second laws of thermodynamics. The first law, conservation 
of total energy, reads for constituent a of a unit volume of hierarchical mixture (Bowen, 
1980): 

(3.16) 

where ua is the total internal energy, W"' is the external work, Q"' is the heat supply 
of phase a and E" is the energy gain of a due to phase-interaction. The dots above the 
variables denote their material time derivatives. Assuming intrinsic incompressibility and 
quasi-stationarity for each constituent, Eq. (3.16) can be written for the solid and fluid 
constituents in a volume V of hierarchical mixture with surrounding surface A: 

solid : :t (I n 8 U8 dV) +I n8 U8
V

8
• n dA =I V 8

• u•. n dA + 
V A A 
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1n•r•dV+ 1h•·ndA+ 1e•dV+ 11r8 ·v•dV, (3.17) 
V A V V 

fluid !!_(1n/(;1 dV) + 1r,J(;l f/. n dA + 1_!!__(r/Uli/) dV at ax0 ° 
V A V 

1 t:/ · u1 · n dA + 1 a: ( vt u6) dV + 1 n/ r:J dV + 1 i/ . n dA + 
A V 

0 
V A 

1 a: (h£) dV + 1 f.l dV + 1 frl. iJf dV, (3.18) 
v 0 v v 

where r" is the internal heat supply, h"' the external heat supply and e" the direct energy 
supply of constituent a due to phase interaction. ul is the fluid stress at the interface 
between neighbouring hierarchical levels and h£ the heat supply between neighbouring 
hierarchical levels. Note that Eq. (3.18) is expressed per unit of x0 , and that internal energy 
variation of the fluid due to volume interaction is included in the third term. Applying 
Gauss' theorem gives for the local conservation of total energy of the solid and the fluid: 

solid : !!_(n•u•) -V·(n•u•v•)+V·(v"·u")+n"r"+ 
8t 

fluid 

(3.19) 

(3.20) 

which can be rewritten by using the material time derivative of U, and the local mass and 
momentum balances Eqs. (3.10) and (3.11): 

solid (3.21) 

fluid (3.22) 

In Eq. (3.22) also use has been made of the four-dimensional gradient operator 4 V and 

fluid velocity 4i/ (Eq. (3.13)) and the analogously defined external heat supply 4#/: 

(3.23) 

The local balance condition of the energy interaction of the total mixture requires that no 
energy is created by the interaction: 

1 

€
8 + 1r8

• v• + 1 (€1 + ir1 . vf)dxo = 0 . 
0 

(3.24) 
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At this point the second law of thermodynamics, the entropy inequality, is intro
duced: 

dS > dQ 
- T (3.25) 

which relates the change of entropy of the total hierarchical mixture, dS, to the supplied 
heat dQ at a temperature T. For a volume V of mixture with surrounding surface A and 
constant temperature T in each constituent this can be written as: 

(3.26) 

By applying Gauss' theorem and making use of the material time derivative of S, the local 
form of Eq. (3.26) can be written as: 

(3.27) 

Substituting the local energy equations for solid and fluid, Eqs. (3.21) and (3.22), into the 
local entropy inequality, Eq. (3.27), yields: 

n·s· 1 ni§J 1 n·u· 
n• ---yjt + j ( i/ ----rJt )dx0 ~ T( n• ----vi - u• : (V v") + 11"

8 
• v• + 

0 

1 J- J 

J[i/D U - jjf: (Vi,l)- _i_(a6v6) + ir1 · v1]dxo) 
Dt oxo 

0 

(3.28) 

1 
in which the total energy interaction E

8 + J (f dx0 was eliminated by means of Eq. (3.24). 
0 

Introducing Helmholtz' free energy F = U- TS for each constituent, and substituting 
momentum balance Eq. (3.14) yields: 

1 n· p• 1 
Df fi'J 

-( -n•-- + u•: (Vv") + v• · (V · u") + j[-i/-- + r m m 
0 

uf : (Vvf) + vf. (V. uf) + "'a (a6v6)Jdx0 ) ~ o . (3.29) 
uxo 
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Expressing Eq. (3.29) per unit of undeformed volume of mixture and transforming the 
material time derivative of Ff yields: 

DaF• 1 D•fi'i 
-Jn"]jt + JV · (CT8 

• v') + j[-Ji1/J5t + 
0 

J 4V · (4u1 ·4v1)- Jii/(4vf -4v") ·4V fri]dxo ~ o. (3.30) 

For compactness of notation, the four-dimensional fluid stress tensor 4uf and solid velocity 
vector 4v• have been used, which can be written in matrix notation as: 

~ 1 -[ui o] 
4CT - O ;,.J (3.31) 

Again rewriting the material time derivatives of F gives: 

(3.32) 

Because of incompressibility of the solid, D")ft•) = 0. Substituting the Lagrangian form 
of the equation of conservation of fluid mass (Eq. (3.11)): 

D"(Jn/) J 'r1 (~fr~J ")) --'-D-t--'- + 4 v · n \4V - 4V 0 

in Eq. (3.32) yields: 

l -

! [- D•W + JV. (u• · V8
)- F1 J 4V(n1 (4v1 -4v"))

Dt 
0 

(3.33) 

Jn1(4v1 -4v') ·4V F1 + J 4V · (4u' ·4v1 )]dxo ~ o, (3.34) 

where the strain energy function W = Jn• F• + Jnf fi'J has been introduced. By using the 
1 

total stress defined as CT = u• + f ;,.! dx0 , Eq. (3.34) can be written as: 
0 

1 ~ 

Ju: (Vv") + j[- D~~- J4V · (n1(4v1 -4v")F1) + 
0 

JV · ((4v1 -4v") ·4u1)]dxo ~ 0. (3.35) 

Expressing the free energy of the fluid per unit mixture volume as ;p fil F f, introducing 
the well known effective stress u•fl = u +pi (Terzaghi, 1943) and adding the total mass 
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balance Eq. (3.12) with a Lagrange multiplier p, Eq. (3.35) can be written as: 

1 -

Jueff : (Vv") + j[-D~~ + J(4ir1 - ;{J14I- pi/41) : 4V(4v1 -4v") + 
0 

27 

J(4v1 -4v•) · (4V ·4ir1 -4v¢1 + p4Vii1)]dxo 2 0 (3.36) 

where 4I represents the four-dimensional unity tensor. We choose as independent variables 
the Green-Lagrange strain tensor E, the Lagrangian form of the fluid volume fraction Jiif 
and the relative velocity 4vf• = 4F-1 

• (4i,l - 4v•). For convenience of notation we introduced 
the four-dimensional tensor 4F: 

(3.37) 

in which F is the deformation tensor. Applying the principle of equipresence and the chain 
- 1 -

rule for time differentiation of W and defining W f W dx0 , yields the inequality: 
0 

(3.38) 

which should be true for any value of the state variables. Here use has been made of the 
definition of the chemical potential of the fluid: 

(3.39) 

The fourth term of the left-hand side of Eq. (3.38) represents the dissipation due to fluid 
flow. The first term is linear in the solid velocity gradient, the second linear in the accel
erations and the third linear in the relative velocity gradients. Therefore, by a standard 
argument, we find the constitutive relations: 

leaving as inequality: 

1 

(3.40) 

(3.41) 

(3.42) 

J j[(4v1 -4v•) · (-4V;{J1 + jl/4Vii1 +4V ·4ir1)]dxo 2 0. (3.43) 
0 
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If we assume that dissipation associated with fluid flow is a quadratic function of the fluid 
velocities we find: 

-4Vo;J';1 + p/4Voi/ +4Vo ·4iT1 ==4B1 
·4v1•. (3.44) 

Substituting the constitutive expression Eq. (3.42) of the fluid stress 4iTJ into Eq. (3.44), 
yields the extended Darcy equation: 

which can be written in a more common form (Huyghe et al., 1989b): 

n14v1• == -4k ·4Vof1/ 

in which the four-dimensional permeability tensor 4K reads: 

K- _ (-f)2B-r' _ [ koo ko] 
4-n4 ---. 

ko K 

3.4 Numerical Implementation 

(3.45) 

(3.46) 

(3.47) 

The hierarchical mixture model has been implemented in the finite element software pack
age DIANA. The displacement of the solid us, the hydrostatic pressure p and the fluid 
pressure ji/ have been chosen as the degrees of freedom. Three equations are used: l the 
momentum balance (3.2), in which the constitutive equation for the effective stress (3.40) 
is substituted, f. the solid mass balance (3.10), and~ the fluid mass balance (3.11), in which 
the extended Darcy equation (3.46) is substituted. The weighted residual method has been 
applied to the resulting system of non-linear coupled differential equations. After spatial 
discretization of the degrees of freedom the weighting functions are chosen according to 
Galerkin's method. Special attention was paid to the discretization of the fluid pressure [1/, 
which depends on both spatial position ro and x0 • Its spatial discretization was achieved 
analogously to the hydrostatic pressure's discretization, while an extra linear discretiza
tion in x0 direction was used. A more detailed description of the finite element formulation 
and implementation is given in (Vankan et al., 1996b ). The resulting total element matrix 
equation is: 

with: 

0 
~BJM 

jBf:M 
~KfM 

0 
0 

Juf: iterative correction of displacement component in direction j of node L, 

(3.48) 
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APONEUROSIS 

~ 
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APONEUROSIS 

Figure 3.1: FE model geometry. The mesh consists of 112 6-node wedge-shaped 3-D ele
ments for the muscle belly, 22 3-node triangular plane stress elements for each aponeurosis 
and 2 3-node triangular plane stress elements for each tendon. 

opM: iterative correction of hydrostatic pressure in node M, 
op,~N: iterative correction of fluid pressure at hierarchical level n in node N. 
and a dot above a variable denotes its material time derivative. In this matrix equation 
symmetry is found in the submatrices ~B, }1 B, :;,K, }1 K and moreover jBfM ~f Bf!K 
and ~BfL = ;',.I<fJ. Thus a fully symmetric matrix equation can be obtained after time 
integration of the damping contribution. This time integration is achieved by a third order 
Houbolt scheme (Bathe, 1982): 

3 

s(t) = hos(t) + 2:: h;s(t- ri) 8 -! s = 'U ,p,p . (3.49) 
i=l 

Linear and quadratic two-dimensional, axi-symmetric and three-dimensional isoparametric 
elements of the serendipity family can be used (TNO, 1993a). The non-linear equations 
can be solved by several regular and modified Newton-Raphson iteration techniques and 
a direct Gauss decomposition (TNO, 1993b). The implementation has been tested for 
several problems. Rigid body rotations and translations and analytical solutions of a one
dimensional confined compression experiment and a four-dimensional Laplace equation 
have been succesfully computed (Vankan et al., 1996b ). 

3.5 Application 

A simulation of a perfusion experiment on an isometrically (at constant length) and tetan
ically (sustained) contracting skeletal muscle has been performed, using the finite element 
model. The muscle under consideration is a rat calf muscle (gastrocnemius medialis), of 
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Table 3.1: Blood perfusion parameters. 
K ( mm

2 
) k ( l ) -( 1 ) 

a kPa 00 ' kPa C kPa 
arterial 100 0.0025 0.001 
arteriolar 0.05 0.00025 0.01 
venular 0.02 0.0025 0.1 

which the geometry has been roughly estimated from experimental measurements. This 
muscle is about 30 mm long and 6 mm thick. The model geometry and mesh are given in 
fig. 3.1. The tendons and aponeuroses (tendinous sheets on the muscle surface by which the 
tendons are attached to the muscle belly) are marked by the dark regions in fig. 3.1. The 
tendons, each consisting of 2 triangular 3-node plane stress elements, and the aponeuroses, 
each consisting of 22 similar elements, behave isotropic and linearly elastic, with a Young 
modulus of 1.5 106 kPa (Trestik and Lieber, 1993) and Poisson ratio of 0.3. The thickness 
of the tendons is 0.5 mm. The thickness of the aponeuroses runs from 0.5 mm at the tendon 
to 0.01 mm at the other end. 

The passive material behaviour of the muscle tissue is based on a transverse isotropic, 
non-linearly elastic description of cardiac tissue according to Bovendeerd (1990). The di
rection of anisotropy (e1) corresponds with the direction of the muscle fibers (fig. 3.1), and 
the contribution of the local Green strain in the tissue to the elastic energy is: 

(3.50) 

where C 0. 7 kPa, a = 5.0. The elastic energy is assumed to depend also on strain in 
vessel walls, which is associated with changes in vascular volume. The contribution of the 
vessel strain to the elastic energy is expressed as: 

We= ;c(Jn1? (3.51) 

where the vessel compliance c represents the relation between the local blood volume 
fraction and local intra-extra vascular pressure difference: 

B(Jnf) 
8(j1/- p) 

(3.52) 

The values for c that were used in the simulation are listed in table 3.1. Thus the total 
strain energy function of the muscle material reads: 

w =wE+ We= C[ea(2Bf,+Ei2+Eta+2Er2+2Eia+2E~~~ -1] + ;c(Jnf? . (3.53) 

Contraction is described as an active second Piola-Kirchhoff stress component in 
fiber direction depending on time: 

Sf 
Smax( ( 1 )) 
>:; 1- (1 + (1;)4) (3.54) 
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where Smax = 100 kPa, AJ is the relative elongation in fiber direction, tr = 0.05 s, and 
t is time (s). This contraction function is a rough approximation of the stress generation 
in tetanic contraction of rat gastrocnemius medialis muscle as described in (Huijing and 
Rozendal, 1990). 

. . . . . 
' ' ' 

PART OF 

fEMESH 

I 

NODAL POINTS 

\ ~ ARn:~::.:E~a:ENT 
~ : ARTERIOLAR PRESSURE 

• t-- ARTERIOLAR SEGMENT . 
, CAPILLARY PRESSURE 

:-<-- VENOUS SEGMENT 

VENOUS PRESSURE 

Figure 3.2: Illustration of the 
division of the fluid into three seg
ments, from which 4 blood pres
sures result in each nodal point. 

Discretization of the hierarchical range is achieved by 3 lin
ear segments, resulting in arterial, arteriolar, capillary and 
venous blood pressures in each spatial nodal point. The vas
cular segments are assumed to represent the arterial bed, 
arteriolar bed and the capillary-venous bed respectively (fig. 
3.2). The permeability tensor 4K and the vessel compliance 
c are prescribed for each compartment according to table 
3.1, whereas they are constant in the whole geometry. For 
the sake of simplicity 4K, which is defined according to eq. 
(3.47), is assumed to be diagonal, where K = k I. We as
sume that the main artery and vein penetrate into the muscle 
at the tip of one of the aponeuroses (fig. 3.1). At that posi
tion the nodal arterial input pressure is set at 10 kPa, and 
nodal venous outflow pressure at 0 kPa. No force load is ap
plied to the muscle. Due to these nodal boundary conditions 
a stationary blood flow pattern is reached after about 0.3 
s. In fig. 3.3a,b,c contours of arterial, capillary and venous 
blood pressures are given. Also hierarchic capillary flow ( vol
ume averaged blood flow through the capillary compartment, 

which corresponds to the physiological definition of regional capillary perfusion, defined as 
volume of blood passing the capillaries per second and per volume of tissue) is given in 
fig. 3.3d. The calculated values approximate experimentally measured values, which were 
found to be circa 2.5 10-3 s- 1 in resting skeletal muscle (Hudlicka et al., 1984). 

When the muscle is in the stationary perfusion state, contraction is started. After 
0.1 s the contraction stress has reached its maximum value. Due to the contraction, a sig
nificant rise in intramuscular pressure (hydrostatic pressure in the solid) occurs, which is 
transmitted to the blood via the elastic vessel walls. The arterial blood pressure slightly in
creases (fig. 3.3e). Capillary and venous pressure however, increase drastically (fig. 3.3f,g). 
Moreover we find a strongly decreased hierarchical flow for the capillary blood (fig. 3.3h), 
which is due to the decreased pressure difference between the capillary and venous com
partments. 

3.6 Discussion 

In this paper, mixture theory has been applied to finite deformation of incompressible 
elastic porous media saturated with a series of intercommunicating fluid compartments. 
The resulting equations are moulded into a family of finite elements. The finite element 
model is applied to a simulation of blood perfusion of contracting skeletal muscle. Among 
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Figure 3.3: Contours of blood pressures (MPa) and hierarchical flows (1/ms) in passive 
and contracting muscle. a: passive arterial blood pressure. b: passive capillary blood pres
sure. c: passive venous blood pressure. d: passive hierarchic capillary flow. e: arterial blood 
pressure during contraction. f: capillary blood pressure during contraction. g: venous blood 
pressure during contraction. h: hierarchic capillary flow during contraction. 

others the model predicts regional hierarchical flow, a quantity that corresponds to the 
physiologically relevant quantity of regional capillary blood perfusion. 

Finite element analysis often aims at predicting failure of structures. Whereas failure 
of technical materials is mostly associated with excess of stress, biological material often 
fails due to disturbance of the supply of nutrients and drainage of waste matter. Finite 
element analysis of technical structures therefore focusses on stress analysis, whereas finite 
element analysis of biological structures ought to persue a broader scope of mechanical 
function, including remodelling processes and transport phenomena. Regional capillary 
blood perfusion, being a key quantity for transport through many biological tissues, we 
believe is essential to include as a field variable in the analysis of mechanical function 
of biological tissues. Moreover, tissue deformation and blood perfusion are mechanically 
linked (Livingston and Resar, 1993; Resar et al., 1993). The model presented in this paper, 
specifically describes the mechanical interaction between blood perfusion and deformation 
of the tissue, and as such may provide a better insight in this interaction. 

In the simulation it is shown that in an isometrically contracting skeletal muscle, 
the rise in intramuscular pressure is transferred particularly to the capillary and venous 
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blood compartments, which results in a decrease of the capillary hierarchical flow (regional 
capillary perfusion), which is consistent with experiments reported in (Wisnes and Kirkeb~, 
1976). 

The permeability tensor 4k contains much information about vessel distribution, 
vessel directions and vessel density for each compartment and each mesh-element. Because 
no values for 4k were available, it was made diagonal for the sake of simplicity. However, 
values for 4K can be derived from geometrical information of a vascular tree (Huyghe et al., 
1989b; Huyghe et al., 1989a). This information can for example be obtained by reconstruc
tion of the vasculature by corrosion casting. For the large arterial and venous vessels, the 
vessel density of the tissue is very low and inhomogeneous which makes them relatively 
easy to reconstruct. Accurate simulation of the perfusion in these compartments however 
might need special attention, because the model deals with volume averaged quantities, 
which intrinsically assume homogeneity within the averaging volume. On the other hand 
the small vessels like arterioles and capillaries, which are tedious to reconstruct because of 
their huge density, can be described rather well by the volume averaged relations of the 
model. 



4 

Finite Element Model of Blood Perfused Tissue 

A finite element formulation of the porous media description of blood perfused tissue has 
been developed. In this chapter the derivation of the finite element equations is presented. 
The conservation equations and constitutive equations presented in the previous chapter 
are combined, yielding the basic differential equations that are used for the finite element 
formulation. The weighted residual forms of these differential equations are transformed 
to the finite element equations according to Galerkin's method. The resulting finite ele
ment formulation has been implemented in the DIAN A software package, which offers a 
wide variety of element types and numerical solution procedures. Two test problems are 
presented, followed by an illustrative finite element simulation of contraction of a blood 
perfused skeletal muscle. 

This chapter is reprinted from International Journal for Numerical Methods in Engineer
ing, W.J. Vankan, J.M. Huyghe, M.R. Drost, J.D. Janssen and A. Huson, A finite element 
mixture model for hierarchical porous media, (in press), Copyright 1996, with kind per
mission from John Wiley & Sons Ltd, Baffins Lane, Chichester, West Sussex, P019 IUD, 
UK. 
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Summary 

A finite element description of fluid flow through a deforming porous solid, with a hi
erarchical structure of pores, has been developed and implemented in the finite element 
software package DIANA (Borst et al., 1985). Several standard element types can be used 
for 2-D, axi-symmetric and 3-D finite deformation analysis. The hierarchy is dealt with as 
an extra dimension, quantified by a parameter x 0 • Both spatial and hierarchical fluid flow 
is described by a Darcy equation. Fluid pressure and hydrostatic solid pressure are related 
via an elastic fluid-solid interface. The state of the fluid, the Darcy p~rmeability tensor and 
the elastic interface depend on both spatial position and hierarchical level. Discretization 
and integration of fluid related quantities are split into a spatial and a hierarchical part. 
The degrees of freedom of the finite element model are the displacements of the solid, the 
hydrostatic pressure and a number of fluid pressures on different hierarchical levels. Blood
perfused biological tissue can be regarded as a hierarchical porous solid, where the fluid 
represents the blood and the hierarchy corresponds to the tree-like vascular structure. As 
an example, a simulation of a contracting, blood-perfused skeletal muscle is presented. 

4.1 Introduction 

Blood pedusion is a complex and sophisticated mechanism of nutrition and drainage of 
biological tissues. Some of these tissues are subject to large mechanical loads and defor
mations. Mechanical processes in the tissue can significantly interact with blood perfusion 
(Livingston and Resar, 1993; Resar et al., 1993). In order to investigate these mechanical 
processes and interactions, the material behaviour of the tissue can be mathematically 
modelled by means of the mixture theory (Oomens et al., 1987; Huyghe et al., 1992). 

Blood-perfused biological tissue can be described as a mixture, in which the fluid 
phase .represents the blood and the surrounding tissue is represented by the solid. The 
blood vessels can be regarded as pores in the solid. An essential aspect of vasculature is its 
hierarchical architecture: the blood flows from one or a few large supplying arteries through 
a diverging, arteriolar vascular bed (Fig. 1.3), reaches the capillaries, and is drained by a 
converging venous vasculature. In the greater part of the hierarchy, vessels are numerous 
and lie homogeneously distributed in the tissue. Within each small and bounded spatial 
region in the tissue (averaging volume in mixture theory), we therefore distinguish between 
blood that resides in the different parts of the hierarchy. Vascular properties, like vessel di
ameter, wall thickness and stiffness, vessel orientation and vessel density of the tissue, vary 
over the hierarchy. Consequently the state of the blood is a function of its position in the 
hierarchy. Therefore blood pressure and flow should, apart from their spatial dependency, 
also be specified by a hierarchical dependency. Moreover, the vessel walls, which form an 
elastic interlace between the blood and the extravascular tissue, should be described as a 
function of hierarchical position. 

A description of biphasic mixtures, which consist of one solid and one fluid, was de
rived by Biot (1972). We extended this biphasic theory for application to blood perfusion 
(Huyghe and van Campen, 1995a; Huyghe and van Campen, 1995b). The extended theory 
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describes the state of the fluid phase as a continuous function of both spatial and hierar
chical position. Just like in the biphasic mixture theory, the flow of the fluid is described 
by a Darcy equation. In the extended theory however, this Darcy equation includes flow 
components in the hierarchical direction, by which the communication of blood between 
the different compartments in the vasculature is described (Huyghe et al., 1989b). Huyghe 
et al. illustrated the applicability of this extended theory to Newtonian flow through a 
rigid vascular network (Huyghe et al., 1989a). In the present study a finite element formu
lation has been derived for the extended theory, which includes finite deformation of the 
tissue and elasticity of the vessel walls. Galerkin's method has been used to transform the 
discretized weighted residual equations to their finite element form. The resulting nodal 
degrees of freedom are the displacements of the solid, the mixture's hydrostatic pressure 
and a number of fluid pressures representing the different pressures in the hierarchy. Special 
attention was paid to the discretization of the fluid pressure because of its dependency on 
both space and hierarchical position. Although this mixture description is specifically de
veloped for biological materials, its applicability to technical materials, such as for example 
cracked rocks and soils, is not excluded. 

The finite element model has been implemented in the finite element software pack
age DIANA (Borst et al., 1985) (DIANA Analysis bv, P.O. Box 113, 2600 AC Delft, The 
Netherlands). As an illustration of the possibilities of the model, some results of a simula
tion with the model of a blood-perfused, contracting skeletal muscle are presented. 

4.2 Material Behaviour 

4.2.1 Conservation of Mass and Momentum 

The equations of conservation of mass and momentum for a hierarchical mixture can be 
derived from the ordinary conservation equations of constituents of mixtures, which read 
in their quasi-static local form and under the assumption of intrinsic incompressibility of 
each constituent (Bowen, 1980): 

mass: 0lJt' + v. (nava:) =(}<X ' 

momentum : V · O'a + 1r"' = 0 

a l, ... ,v 

a=l, ... ,v 

(4.1) 

(4.2) 

where t is time, n" is the volume fraction, v"' the velocity, u<> the Cauchy stress tensor 
and oa and 1r" are the volume and momentum interaction of constituent a. It is assumed 
that there is no exchange of moment of momentum among the constituents, so that O'cx is 
symmetric. A hierarchical mixture consists of one s?lid constituent and a fluid constituent 
that is subdivided into a continuous series of fluid compartments. The positions of the fluid 
compartments in the hierarchy are specified by a parameter x0 , which will be interpreted 
as an extra independent dimension. Each compartment represents the fluid that resides in 
the part [x0 , x0 + dx0 ] of the hierarchical range, and is treated as a separate constituent. 
Communication between the compartments is described by the fluid volume interaction 
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term iJ!: 
-! Dxo 
Vo = Dt . (4.3) 

il/ Vb represents the fluid flux from one compartment to the next per unit volume of mixture. 
Thus Of can be physically interpreted as the difference between the fluid flux from the 
previous compartment and the fluid flux to the next compartment. jjf and n/ are measured 
per unit x 0 and per unit volume of mixture. As we ensure that no fluid is assigned an x 0-

value outside the range [0, 1], we require the boundary conditions: vt (x0 , :e) = 0 ; x0 

0, x0 = 1 ; V:e. Throughout this paper the exponents s and f are used to indicate solid 
and fluid, respectively, and a tilde n is Used to indicate that a quantity depends OU Xo. 

and, if the quantity is volume specific, is defined per unit x0 • 

Equations ( 4.1) and ( 4.2) yield for conservation of the hierarchical mixture: 

solid mass 

fluid mass 

momentum 

onf - ot + v. ((1- nf)v8
) 0 

an/ at +4V. (n14v1) o 
1 

V · tT 8 + j V · frl dxo = 0 , 
0 

where use has been made of the assumption of saturation 

1 

n 8 + J nl dxo = n• + nl = 1 
0 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

and the four-dimensional operator 4 V and vector 4v1, in which x0 components are included: 

(4.8) 

4.2.2 Constitutive Behaviour 

The constitutive behaviour of the hierarchical mixture can be derived by applying the 
first law of thermodynamics, conservation of energy, of each constituent to the entropy 
inequality of the total mixture (Bowen, 1980). By choosing the Green-Lagrange strain 
tensor E, the Lagrangian form of the fluid volume fraction Jfi/, and the relative velocity 

4vf• as independent variables in the description of the mixture's constitutive behaviour, 
the following constitutive relations for effective stress and the relative volumetric flux of 
the fluid can be found respectively: 

(4.9) 

( 4.10) 
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where J is the relative volume change and W is the strain energy function of the mixture. 
4K is the four-dimensional permeability tensor and 4vf• is the four-dimensional vector of 
the relative fluid velocity: 

. - J•- Vo 
{ 

-1 

' 4v - F-I . ( i/ (4.11) 

in which F is the deformation tensor. Equation ( 4.10) is known as the Darcy equation 
(Biot, 1972), in which p/ is the chemical potential of the fluid, defined as: 

_
1 

ow 
~" = a( Jnl) + P (4.12) 

which represents the fluid pressure. The effective stress u4! in (4.9) is defined as the 
deformation dependent part of the total stress in the mixture: 

I 

uef 1 u• + j frl dxo + pi 
0 

where p represents the mixture's hydrostatic pressure. 

(4.13) 

A more detailed description of the derivation of the conservation equations and 
constitutive restrictions is given in (Vankan et al., 1996d). Similar conservation equations 
and constitutive behaviour were found by Huyghe and van Campen (1995), who used a 
formal averaging procedure in their derivation. 

4.3 Numerical Solution Method 

4.3.1 Weighted Residual Formulation 

The hierarchical mixture description has been implemented in the finite element software 
package DIANA. For this purpose the expression of the effective stress ( 4.13) is substituted 
into the equation of conservation of momentum ( 4.6), the equation of conservation of solid 
mass (4.4) is used as such, and the extended Darcy equation (4.10) is substituted into 
the equation of conservation of fluid mass ( 4.5). Thus the system of differential equations 
results in: 

momentum 

solid 

fluid 

(4.14) 

(4.15) 

( 4.16) 

The finite element formulation of this system of equations is obtained by using the weighted 
residual method (Zienkiewicz, 1977). The weighted residual form of the momentum equa
tion (4.14) is applied to an actual volume V of mixture with surrounding surface A: 

(4.17) 
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which, by applying Gauss' theorem, can be transformed to: 

[CVIY: (u•ff- pl)dV = L I. adA. ( 4.18) 

Here I is an arbitrary vector function defined in V, a -(u•ff pi)· n is the external 
load applied to A and n is the outer normal on A. Equation ( 4.18) is transformed to 
the undeformed configuration, with reference volume V0 and surrounding surface A0 with 
normal no: 

( 4.19) 

where a 0 = -(u•ff- pl) ·no and the second Piola-Kirchhoff stress tensor, which is defined 
asS= JF- 1 

• u•ff ·F-e, are used. The exponent c denotes the conjugate of a tensor. 
Conservation of solid mass ( 4.4) is transformed to a more suitable form by employing 

the the identity V · v• = (D• JfDt)fJ: 

1 n· 
-J Dt (Jn1) + V · v• 0 . (4.20) 

The weighted residual form of ( 4.20) is applied to a volume V of mixture with surrounding 
surface A, and the expression for nl according to ( 4. 7) is substituted: 

1 D• 
1 

[ g( -J Dt (J j ii/ dx0 ) + V · v•)dV 0 (4.21) 
0 

where g is an arbitrary scalar function defined in V. The strain energy function W of the 
mixture is assumed to depend on the solid deformation via the strain tensor E and on the 
chemical potential jil via the fluid volume fraction Jii/ (Eq. ( 4.12)). Furthermore assuming 
Jnl to depend only on (jif -p) and transforming ( 4.21) to the reference configuration yields: 

where 

1 
o(Jnl) n· ~~ 

fvo g( -1 o(jif p) Dt (J.L p)dxo + JF-c · Vo · v")dVo = 0 

8(Jnf) 1 
o(jif- p) = f)2W 

8(Jnf)2 

(4.22) 

(4.23) 

Similar to conservation of solid mass, conservation of fluid mass ( 4.16) is transformed 
to a suitable form: 

(4.24) 

The weighted residual form of equation (4.24) is applied to a volume V of mixture with 
surrounding surface A, containing the total hierarchical range: 

1 ~ 1 n• -j j[h( J Dt (Jf/) -4V · (4F ·4K ·4V0 ji1))]dx0 dV = 0 (4.25) 
v 0 
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where h is an arbitrary scalar function defined in each point of the hierarchy in V. Applying 
Gauss' theorem to (4.25) and transforming it to the reference configuration yields: 

( 4.26) 

Here 4q0 = (4k · 4 V 0fi/) · 4ilo is the external flow through the hyper surface 4 A0 sur
rounding the hyper volume spanned by V and the hierarchical range 0 $ x0 :::; 1, with 
four-dimensional normal4ilo· 

Because the model describes finite deformations of a physically non-linear mate
rial, equations ( 4.19), ( 4.22) and ( 4.26) are non-linear and can not be solved directly. 
Their solution is expressed by a three-dimensional displacement field for the solid u( ~) 
(v0 = 0; Eq. (4.8}), a three-dimensional pressure field p(~) (alsop is x0 independent), 
and a four-dimensional fluid pressure field which is represented by the fluid's chemical po
tential fi'(~,x0). This solution is assumed to consist of an estimate, marked by·, and a 
perturbation, marked by o: 

'U = 
p 

fi' = 

u+ou 
fo+ap 
~~ +r' p, p, . 

(4.27) 

(4.28) 

(4.29) 

Assuming that the perturbations are small compared to the estimates, the following ex
pressions for the dependent variables can be derived: 

F=F+oF ; F=(Vou)" 
F-1 ~ F-1 

- F-1 
. oF. F-1 

J j +§J ; 

E E+oE 

S= S+oS 

J = det(F) oJ = det(F)F-
1 

: oF 

oE =Fe ·oF 
as •c 

oS= oE: (F ·oF). 

(4.30) 

( 4.31) 

( 4.32) 

( 4.33) 

(4.34) 

Substitution of these variables into the weighted residual equations yields after linearization 
for the momentum equation (4.19): 

fvo (VofY: [(S · oFc + <Z!: (Fe· oF))· Fe) 
•• -1 • -1 •• -1 • -1 

(opJF + poJF - PJF ·oF· F )]dVo = 
{ }f·(F-c·ao)dAo+ { (Vof)c:(-S·Fc+p}F-

1
)dVo 

lAo lvo 
( 4.35) 
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in which the two last terms on the left-hand side will be neglected. The linearized equation 
for conservation of solid mass ( 4.22) results in: 

1 1 

fv. g[1 c of/ dx0 - 1 cdx0 op Ji?-c · V 0 · Ju + 
0 

0 0 

Ji?-c. oFC. F-e. Vo. it (JF-1
: JF)F-c. Vo. i.t]dVo = 

1 1 

fv. g[- j c J/ dxo + 1 cdxo p + Ji?-c · V 0 · i.t)dVo 
0 

0 0 

( 4.36) 

in which vessel compliance c = o( Jfl/)fo(fi/- p) represents the distensibility of the blood 
compartment (4.23) and the definition it= (D• u)f(Dt) = v• has been used. The fourth 
and fifth terms on the left-hand side of this equation will be neglected. Similar to conser
vation of solid mass, conservation of fluid mass ( 4.26) is linearized: 

1 

[o 1[hc(oft1 - Jp) + J(4Vofz) ·4K ·4V0J[J/ + 
0 

JF-
1

: JF(4V0h) ·4K ·4Vop
1]dxodVo = 1 h J4q0 dt Ao-

4Ao 
l 

[oj(hc(~1 - p) + J(4Voh) ·4K ·4V0p1
]dx0dVo 

0 

(4.37) 

where the third term of the left-hand side will be neglected. The simplifications that were 
introduced by neglecting several terms on the left-hand sides of the linearized equations, 
are justified because the left-hand side terms are only involved in the estimation step of 
the non-linear computation. 

4.3.2 Discretization 

The linearized weighted residual equations for momentum ( 4.35), solid mass ( 4.36) and fluid 
mass ( 4.37) describe equilibrium for a three-dimensional continuum, externally loaded by 
a force a and a flow 4q. They cannot be solved exactly for each material point in the 
continuum. However, their exact solution can be approximated by interpolation of the 
solution that is calculated in a limited number of material points in the continuum, the 
nodal points. This approximated solution of the independent variables is expressed as: 

p(~,t) = r.pJ(e)pJ(t) 

p/ ((, t) = XK (()j11K (t) 

I= 1, ... ,nu 

i = 1,2,3 

J=l, ... ,np 

K = 1, ... ,ii'"t 

(4.38) 

( 4.39) 

( 4.40) 

where Einstein summation convention is used and an orthonormal coordinate system has 
been introduced with unit vectors ell e 2 and e3 . Here the interpolation functions ql and 
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r.pJ are defined in the material points ~ of the volume V, and XK is defined for the total 
hierarchical range in each of these material points, which is denoted as [ = (~, ~0 ). These 
interpolation functions are chosen such that they equal 1 in only one of the nodal points 
and that they equal 0 in all the other: 

<ti<e) = o[J 
r.p1(e)=o[J 
x1(e) = o[J. 

( 4.41) 

(4.42) 

( 4.43) 

The number of interpolation functions therefore is equal to the corresponding number of 
nodal points: nu for the displacements (q/), np for the hydrostatic pressure (r.pJ) and ii~"' 
for the fluid pressure (xK). According to Galerkin's method the weighting functions are 
chosen equal to the interpolation functions (Bathe, 1982): 

f ~If= q/e; 

g ~ gJ = 'PJ 

h ~ hK = XK 

The gradient operator is discretized by: 

I= 1, ... , nu 

i = 1,2,3 

J = 1, ... ,np 

K = 1, . .. ,ii~"t. 

b1(0 = Vo¢1 (~) 
cJ(O = Vor.pJ(~) 
4;t< (e) =4VoxK ([) . 

Thus the gradients of the weighting functions are written as: 

Vof{ b1e; 

VogJ = CJ 

-K 4;t< . 4Voh = 

( 4.44) 

( 4.45) 

( 4.46) 

( 4.47) 

( 4.48) 

( 4.49) 

( 4.50) 

( 4.51) 

(4.52) 

The discretized weighted residual equations are written in matrix form. This matrix equa
tion consists of a damping part, a stiffness part and a right hand side which represents the 
difference between the external loads and internal loads: 

[ .;n 0 
0 ]{ 0 L } ~BJM ~~ sJN a?;[ + s J 

0 PBKM !' sKN ofi1N 
f 

["K'L ":,.K{M 
0 ]{ OuL } { 

mR!xi }-{ mR{ni } m 'J 

o o/J 0 0 = 0 sRfn (4.53) 
0 0 !' KKN op/N -K -K 

!Rex !Rin 
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The upper and lower left-indices of the matrix elements refer to the corresponding degree 
of freedom ( u, p or jj/) and the corresponding equation (conservation of momentum, §.olid 
mass or fluid mass), respectively. The upper and lower right-indices refer to row number 
(I, J, K) and column number (L, M, N), and to displacement component j, respectively. 
The ranges of the right-indices are: I, L 1, ... , nu; J, M = 1, ... , nv; K, N = 1, ... , n~<t; 
j = 1, 2, 3. The matrix elements are: 

u [{!.L J. I A L I A c as L A c (4.54) = v.fe;b : S ·b ei + (e;b ·F): (
0
E): (ejb · F )]dV0 m •J 

':,K{M - J. (F-e: b1e;<pM)JdVo 
Vo 

(4.55) 

"BJL = J. (<pJF-c: bLej)JdVo (4.56) • J Vo 
1 

PB.IM = fvo ( t.pJ J cdXo<pM)dlfo (4.57) • 
0 

1 

1'1 BJN = fv. ( <p.J j c XN dxo )dVo ( 4.58) s 

0 
1 

PBKM = - fvo (! XK cdxo <pM)dVo (4.59) J 
0 

1 

1'1 BKN ;:;; fvo ( j XK c XN dxo )dVo { 4.60) J 
0 

1 

~'f[{KN 
;:;; fv. (j ilK ·4K · dN dxo)JdVo (4.61) J 

0 

mR!x; -1 ( ¢/e; ·F-e· ao)JdAo 
Ao 

( 4.62) 

-K 
JR • ., LA. XK4q}t:4_ Ao (4.63) 

mR[,; = J. S ·Fe· eb1dVr +P KIM PM (4.64) ~ z 0 m ~ Vo 

sRfn [ :BJL ~BJM :'sJN I u~} (4.65) 

-K [ jBKM l'f BKN 
j'KKN I u; 1 

(4.66) JR;, J 
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4.3.3 Implementation 

Because finite element programs and their pre and post-processors generally deal with up 
to three-dimensional elements, the integration over the x0 range is implicitly performed 
within each spatial node. For this purpose the four-dimensional interpolation function x is 
split into two independent parts: one three-dimensionally defined part x, which is expressed 
as a function of the three-dimensional coordinates (C of the material points{, and a part Xo 
that only depends on the x0 coordinate of the material points { Thus the four-dimensional 
solution of [t/ is rewritten: 

K::::: 1, ... ,n~'' k=l, ... ,no. (4.67) 

The original four-dimensional set of nodal points {J; J 1, ... , n"', is split into n0 three
dimensional sets of nodal points eK; K = 1, ... , nllt, where each of these sets has a different 
x 0 value. Obviously n"t n 0 nl't. The integrations over x 0 in the matrix elements ( 4.57), 
(4.58), (4.59), (4.60) and (4.61), are included as algebraic expressions, that result from the 
integrations over the x0 range, in the element matrix: 

1 

PBJM J. (<PJccpM)dVo c = J cdxo (4.68) • Vo 
0 

1 

~I B"/,N ::: -f. ( <PJ C, XN)dlfo c, = j c Xondxo (4.69) 
Vo 

0 

1 

jBfM =-f. (XK i<C cpM)dVo J<C = j Xok c dxo (4.70) 
Vo 

0 
1 

I'! KN f. ( K N)d kCn = J Xok c xo .. dxo (4. 71) J Bkn = X 1ccn X Vo 
Vo 

0 

fvo (XK kkoonXN + XK kkon • V oXN 

+ VoxK. nko~oXN + VoxK. kKn. VoxN)JdVo (4.72) 

In all the above definitions the ranges of the indices are: 

J,M = 1, ... ,np K,N l, ... ,n~'t k,n 1, ... ,no. ( 4. 73) 
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The definition of 4k according to ( 4.11) has been used and it should be noted that k()(h ko 
and K depend on Xo. The one-dimensional interpolation functions Xok are linear functions 
of x0 • Because of the structure of the software package DIANA, the spatial interpolation 
functions XK are chosen equal to the spatial interpolation functions <fl' and r..pK. Their 
shape can be linear or quadratic (TNO, 1993a). The solutions for uf, pK and fit are 
calculated in the same spatial nodal points eK, and nu = np = n!J.t' The input parameters 
c and4K are constant per element in the Xo range. The number of elements in the x 0 range 
may vary between 1 and 5 (2 :5 n0 :5 6). 

Time discretization is achieved by a third order Houbolt scheme, which defines the 
time derivative of the independent variables as a function of their actual value and their 
values at three previous time steps (Bathe, 1982): 

3 

s(t) hos(t) + l:h;s(t- r;) s=uj,p,{tf. (4. 74) 
i=! 

Thus time derivative of the iterative change 8s can be expressed as 88(t) = h0c5s(t). 
Consequently the resulting total element matrix after time integration can be written 
as Ktot = [h0Be1 + Ke1] where Bel is the element damping matrix and Kel is the element 
stiffness matrix (4.53). Because symmetry can be found in the element sub-matrices ~B, 
11-' B "K 11-

1 K and moreover P BKM = 11-
1 BMK and "BJL = -P KLJ the element matrix f •m •! f k s k s 3 m 3' 

Ktat can be reordered to symmetry. 
In simulations physically non-linear material behaviour is included, as well as geo

metrical non-linearity. The resulting non-linear system of equations is solved by a regular 
or modified Newton-Raphson technique and Gauss decomposition (TNO, 1993h). 

4.4 Tests 

4.4.1 Laplace Equation 

The finite element model describes four-dimensional fluid flow through distensible pores in 
a deforming porous solid. This process is governed by equations (4.14), (4.15) and (4.16). 
If solid deformation and pore distensibility are suppressed, qef f in ( 4.14), and v• and 
(8it/)/(8t) in (4.15) and (4.16) disappear. The resulting governing equation is: 

(4.75) 

in which the Laplace equation can be recognized if 4K is constant in the considered domain. 
To test the implementation of the model, the above described problem has been 

analyzed and the solution was compared to an analytical solution of the four-dimensional 
Laplace equation. Figure 4.1 shows the three-dimensional mesh with the four-dimensional 
boundary conditions for the fluid pressure [tf. Nodal displacements were suppressed and 
the permeability tensor equaled the identity tensor: 4K = 41. Vessel compliance was very 
low: c = 0.001. The x0 range was discretized by 4 linear elements and each of the 5 fluid 
pressures was prescribed in the corners of the geometry, as indicated in Fig. 4.1. 
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Figure 4.1: Mesh with boundary conditions and node numbers used in finite element sim
ulation of the four-dimensional Laplace problem. The oblique lines in the nodes represent 
the hierarchical range, where x0 = 0 at the node and x0 1 at the other end of the line. 
The values of the nodal boundary conditions for the fluid pressures at x0 = 0 and x0 1 
are printed between rectangular brackets. 
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Figure 4.2: Numerical solution of the four-dimensional Laplace equation; respectively first, 
second, fourth and fifth fluid pressure pattern on the three-dimensional body (a,b,c,d). 

This problem is defined by the following equation: 

4V 2jJ/ 0; ji1 =ji1(xo,Xt,X2,x3) 0:5x;:51 i = 0, 1,2,3 ( 4.76) 

with boundary conditions (Fig. 4.1): 
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jj/(xo,~) = 1- xo 

An analytical solution of this equation is expressed as: pJ = ( x0 + x 1 + x2 + x3)- (2x0 x1 + 
2xox2 + 2xox3 + 2XtX2 + 2XtX3 + 2x2x3) + (4xoXtX2 + 4xox2x3 + 4XtX:zX3 + 4xox 1x3) -
(8x0 x1x2x3 ). The computed numerical solutions of each fluid pressure appeared to be equal 
to the corresponding analytical solutions in each nodal point. The computed solution is 
presented as a number of contour plots of fluid pressures, each representing a different 
hierarchical position, on the surface of the three-dimensional body 0 :::; x; :::; 1 ; 1, 2, 3 
(Fig. 4.2). 

4.4.2 Confined Compression 
Analytical and FE solution 

1.2 .---...--=--.---r---.---, 

0.4 

0.2 

• = .f.nai.sol.: 
+=I=E.sol.! 

Figure 4.3: Analytical (Terzaghi 
(1943)) and numerical (FE) solution 
of the one-dimensional linear confined 
compression test. 

4.5 Application 

The poroelastic behaviour of the model is tested by 
comparing numerical results for the fluid pressure in 
a confined compression test to an analytical solution 
(Terzaghi, 1943). In the simulation a cylindrical, hi
erarchically porous sample with cross-sectional sur
face of lmm2, height of lmm, Young modulus of 
100N/mm2

, Poisson ratio of 0.3, and axial permeabil
ity kzz 743 10-5 mm4/(N s), is loaded by a force 
of -IN on the top surface (z = 1), while the bot
tom surface (z = 0) is supported by a highly perme
able filter (p = 0). Vessel compliance is chosen very 
large, c = 1000, so that all fluid pressures equal hy
drostatic pressure, and a biphasic mixture behaviour is 
approximated. The mesh consists of 10 quadratic axi
symmetric elements and the x0 range is discretized by 1 
linear element. Nodal pressures and analytical solution 
are plotted against their z-coordinate at several points 
in time (T) (Fig. 4.3). 

The finite element model can be used to simulate finite deformations of, and fluid flow 
through, hierarchically arranged porous solids. A simulation of blood perfusion in a non
contracting, three-dimensional model of a rat calf muscle (medial gastrocnemius) is pre
sented in (Vankan et al., 1996c). A strongly simplified model of the same muscle is used 
here in a simulation of blood perfusion during contraction. 
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APONEUROSIS 

APONEUROSIS 

Figure 4.4: Finite element muscle model geometry. The mesh consists of 52 2-D 8-node 
quadratic plane strain elements; 28 for the muscle belly, 22 for the aponeuroses and 2 for 
the tendons. Displacements in all directions of the free ends of the tendonsare suppressed, 
and arterial and venous blood pressure are prescribed in one node. 

4.5.1 Input 

The 3-D muscle geometry is modelled by a 2-D plane strain approximation. The simplified 
model geometry and mesh are given in Fig. 4.4. The mesh consists of 28 2-D 8-node 
quadratic plane strain elements for the muscle belly, and 24 of the same elements for the 
tendons and aponeuroses (tendinous sheets on the muscle surface by which the tendons 
are attached to the muscle). The muscle belly is 5 mm wide (Y-direction) and 30 mm long 
(X-direction). The tendons are 3 mm long and 0.1 mm thick and consist of one element 
each. The aponeuroses, each consisting of 11 elements, are 22 mm long and run in thickness 
from 0.1 mm at the tendon to 0 mm at the other end. 

The tendinous material of tendons and aponeuroses was assumed to behave linearly 
elastic with a Young modulus of 1.5 GPa (Trestik and Lieber, 1993) and Poisson ratio of 
0.3. The mechanical behaviour of the passive muscle material is based on a description of 
cardiac tissue by Bovendeerd (1990). It is non-linearly elastic and transversely isotropic 
with respect to the muscle fibers. Thus the contribution of the Green-Lagrange strain 
tensor E to the elastic energy W, is expressed as: 

(4.78) 

where C = 0. 7 kPa, a = 5.0. The indices 1, 2, 3 correspond to the local element coordinate 
system with base vectors eh e2, e3, where e1 coincides with the local fiber direction (Fig. 
4.4). 

Contraction is modelled as an active component of the second Fiola-Kirchhoff stress 
in fiber direction. This contraction stress is defined as a function of time according to 

s ( 4. 79) 

where Smax 100 kPa, tr 50 ms, and t is time in ms. The choice of the function 



50 4. Finite Element Model of Blood Perfused Tissue 

Table 4.1: Vascular parameters. 

K (.m;:pJ koo L tpJ c( k~J 
arterial 100 0.0025 0.001 
arteriolar 0.05 0.000325 0.001 
venous 100 0.0025 0.1 

and its parameters is roughly estimated from tetanic isometric force generation in rat 
gastrocnemius medialis muscle as described in (Huijing and Rozendal, 1990). 

Blood perfusion is described as fluid flow through the hierarchical pores (vascular 
tree) of the muscle. The hierarchy was divided into 3 intercommunicating compartments 
(arterial, arteriolar and venous). Both spatial (K) and hierarchical permeability (koo) were 
prescribed for each of the compartments. For the sake of simplicity the spatial permeability 
was taken isotropic and the three-dimensional permeability tensor was assumed to be 
diagonal: :J( ko0e0e0 + f< e;e; ; i = 1, 2, where e0 is the base vector in x0 direction. 
Moreover,:J( was assumed to depend only on hierarchical position, being constant within 
each compartment, and constant over the whole geometry. The actual values used in the 
simulation are listed in table 4.1. 

Just like the permeability, the vessel compliance c is assumed to depend only on 
hierarchical position, being constant within each compartment, and constant over the whole 
geometry. Its values are also listed in table 4.1. Because permeability and compliance do 
not depend on n/ in this simulation, the initial fluid volume fractions n{=O do not appear 
in the equations and are not needed as input. . 

In order to prevent oscillations in the solution for the hydrostatic pressure p, it 
was necessary to reduce the order of interpolation for p and jJ/. This was achieved 

P7 P6 by adding constraints for these degrees of freedom: 

D 
PS the values in each mid-side node were prescribed to 

P2= (PI +P3)12 
equal the average of the values in the correspond-

P8 p4 P4= (P5+P3)12 
ing corner nodes (Fig. 4.5). The model contains 192 

P6= (P5+P7)/2 
nodes, 76 of which have only 2 degrees of freedom pg., (P7 +PI )12 

PI P2 P3 (u1,u2) and the other 116 have 7 degrees of freedom 
Figure 4.5: Linearising pressure con- ( Ut, u2, p, JL{, JLL JLL JL~ ). Displacements of the nodes of 
straints in 8-node element that were pre- the free ends of the tendons are suppressed, and JL{ and 
scribed for P and il1 · JL~ are prescribed in one node. Furthermore linearizing 
constraints were applied to each pressure in 72 mid-nodes. the resulting system consists 
of 76 x 2 + 116 x 7 - 6 x 2 - 2 - 72 x 5 590 linearized equations, which were solved 
iteratively in 12 time steps. 

4.5.2 Results 

The simulation consists of two phases. In the first phase passive perfusion is calculated, 
which results from boundary conditions of 10 kPa arterial pressure and a 0 kPa venous 
pressure prescribed in one node in the tip of one aponeurosis at the muscle surface (Fig. 
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Figure 4.6: Contours of hydrostatic and blood pressures (MPa) and hierarchical flow 
(1/ms) in the passive and contracted muscle: a: passive hydrostatic pressure. b: passive 
arterial blood pressure. c: passive capillary blood pressure. d: passive venous blood pressure. 
e: passive hierarchical blood flow at venular level. f: hydrostatic pressure during contraction. 
g: arterial blood pressure during contraction. h: capillary blood pressure during contraction. 
i: venous blood pressure during contraction. j: hierarchical blood flow at venular level during 
contraction. 

4.4). This node can be interpreted as the position where the supplying arterial vessel enters 
the muscle, and the draining venous vessel leaves the muscle. Due to the prescribed arterial 
pressure and the permeability of the tissue, blood enters the muscle, arterial pressure rises 
in the whole geometry, blood flows towards the arteriolar and venous compartments so 
that blood pressures in these compartments also rise. After about 10 ms a stationary 
perfusion situation comes into being. A decay in blood pressure from the arterial to the 
venous compartment is found. In Fig. 4.6b-d contour plots of these blood pressures are 
given. These values approximately correspond with blood pressures that were measured in 
skeletal muscles (Fronek and Zweifach, 1975). 

Next contraction is started. Displacements of the free ends of the tendons are sup
pressed (isometric contraction). After 100 ms the contraction stress has reached its max
imum (tetanic contraction). Due to this contraction stress, a strong rise in hydrostatic 
pressure occurs (Fig. 4.6f), which is transmitted via the vessel walls particularly to the 
venous blood (Fig. 4.6h), while the arterial blood pressure hardly changes (Fig. 4.6g). Due 



52 4. Finite Element Model of Blood Perfused Tissue 

to this increase in venous blood pressure, the blood is squeezed out of the muscle and a 
strongly increased hierarchical venous flow occurs (Fig. 4.6j). 

4.6 Discussion 

To the authors' knowledge, this is the first finite element formulation for the integrated 
description of finite deformation of and fluid flow through hierarchical porous media. A 
particular application of the finite element model is analysis of the mechanical interaction 
between deformation and blood perfusion of biological tissue. This interaction plays a 
significant role in for example myocardial infarct or initial obstruction of perfusion during 
skeletal muscle contraction. This study focusses on phenomena in skeletal muscles, as was 
illustrated in the presented simulation. The rise in hydrostatic pressure during contraction 
of the muscle, as was predicted by the model, was qualitatively consistent with experimental 
findings of Kirkeb!ll and Wisnes (1982). Some years earlier, the same authors reported a 
decrease in blood perfusion during contraction in the centre of the muscle (Wisnes and 
Kirkeb!1l, 1976), which supports the concept of a mechanical link between tissue deformation 
and blood perfusion. 

The presented finite element formulation is based on three equations~ conservation of 
momentum for the mixture, conservation of solid mass and conservation of fluid mass. Both 
solid and fluid are incompressible, which is accounted for in their conservation equations. 
The solid displacements, hydrostatic pressure and fluid pressures are chosen as degrees of 
freedom, in order to keep the number of nodal degrees of freedom to a minimum. 

In the implementation of the finite element model, the spatial interpolation functions 
for the displacements u, hydrostatic pressure p and fluid pressure ji/, are of the same order. 
The finite element equations ( 4.53), however, imply that p should be interpolated one order 
lower than u (momentum equation) and spatial interpolation of ji,l should be of the same 
order as of p (conservation of solid mass). Nevertheless equal orders of spatial interpolation 
for all degrees of freedom have been used because of the structure of the DIAN A-package. 
Calculations have shown numerical oscillations in the solution of the hydrostatic pressure 
p. Reducing the order of interpolation for p and jjl by linearizing constraints (Fig. 4.5) 
resolved this problem. 
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Blood Flow through Rigid Arterial Tree Models 

The newly developed finite element model of blood perfused tissue needs thorough testing 
and verification. This chapter presents a quantitative verification study of the finite element 
description of blood perfusion. Tissue deformation is not included in the analysis. Blood 
flow through 2-D rigid arterial vascular tree models is calculated by hydraulic network 
analysis. These tree models are translated to a finite element representation. The finite 
element results for blood pressures and flows are compared to the volume averaged network 
results of blood pressures and flows. The correspondence between these results appears to 
depend on the quantification of the vascular hierarchy that is applied in the translation of 
the vascular trees to the finite element representation. 

This chapter is reprinted from International Journal of Engineering Science, W.J. Vankan, 
J.M. Huyghe, J.D. Janssen, A. Huson, W.J.G. Hacking and W. Schreiner, Finite element 
analysis of blood flow through biological tissue, (in press), with kind permission from 
Elsevier Science Ltd, The Boulevard, Langford Lane, Kidlington, OX5 1GB, UK. 
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Abstract 

Quantitative analysis of blood perfusion has been performed with a hierarchical mixture 
model of blood perfused biological tissue (Vanka.n et al., 1996d; Vanka.n et al., 1996b), for 
low Reynolds steady state Poiseullian flow through two-dimensional, computer generated, 
rigid, arterial vascular trees. The mixture model describes blood flow through the vas
culature by spatial and hierarchical flow components, both related to the blood pressure 
gradient via an extended Darcy equation (Huyghe and van Campen, 1995b). The Darcy
permeability tensor is derived from the geometry of the vascular tree, the fluid viscosity, 
and the vascular hierarchy which is quantified by a dimensionless parameter x0 (Huyghe 
et al., 1989a). Finite element results of fluid pressure and flow on certain levels of the 
hierarchy are compared to correspondingly volume averaged pressures and flows calculated 
by hydraulic network analysis. 

The correspondence between the finite element results and the network results 
strongly depends on the quantification of the hierarchy, which should be closely related 
to the hierarchical fluid pressure. Two methods for hierarchical quantification have been 
used, one of which is based on the network fluid pressure and the other on the segment 
diameters. With the first method a good correlation between x0 and fluid pressure, and 
consequently a good correspondence between finite element and network results, are found. 
The second method yields a poor correlation between x0 and fluid pressure. However, still 
satisfying correspondence between finite element and network results is found. 

5.1 Introduction 

Blood perfusion is responsible for the nutrition and drainage processes in biological tissue, 
and is a result of blood flow through a hierarchy of microvessels. It is therefore often mod
elled as fluid flow through a hierarchical network of tubes (Lipowsky and Zweifach, 1974; 
Skalak and Schmid-Schonbein, 1985; Pries et al., 1990; Sud and Sekhon, 1990; Gaehtgens, 
1992). Because of the huge density of microvessels (more than 1000 capillaries per mm-3 

tissue), it is almost impossible to explicitly describe blood flow through each vessel. More
over, the main interest in medicine is often the state of perfusion in a certain region of the 
tissue, expressed in terms of capillary pressure and flow. Therefore a continuum approach 
to blood perfusion, describing blood flow by averaged quantities, would be appropriate. 
We developed a hierarchical mixture model in which blood perfusion is described as fluid 
flow through deforming porous media (Vankan et al., 1996d). Besides spatial components, 
there is a hierarchical flow component which quantifies the blood flow from arterial towards 
venous vessels. The vascular hierarchy is quantified by a parameter x0 • A finite element 
formulation of the model has been implemented in the software package DIANA (Vankan 
et al., 1996b ). Degrees of freedom in the finite element model are a number of hierarchical 
fluid pressures. An extended Darcy equation (Huyghe and van Campen, 1995b) describes 
fluid flow through the vasculature by spatial and hierarchical components. Unlike discrete 
models of vascular blood flow, the extensiveness of the mixture model is independent of 
the complexity of the considered vascular tree, because irrespective of its complexity, the 
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detailed tree double tree half occluded tree 
\ 

Figure 5.1: Left pannel: computer generated arterial vascular tree model (Tree 1). Right 
pannel: double arterial vascular tree (Tree 2) (left) and resulting vasculature after occlusion 
of the right branch (right). 

vasculature is represented by a permeability tensor function defined in each point of the 
tissue. Moreover, the mixture model is appropriate for finite element formulation (Vankan 
et al., 1996b ), so that integrated analysis of structural tissue mechanics (deformation, con
traction) and blood perfusion can be performed. 

Besides the mixture model, a quantitative relationship has been derived between 
the geometry of the microvasculature in a representative elementary volume (which will 
be further referred to as averaging volume V..vu) and the fluid viscosity on the one hand, 
and the permeability tensor belonging to this V..vu on the other hand (Huyghe and van 
Campen, 1995b). The formal averaging procedure applied in (Huyghe and van Campen, 
1995b) suggests that this relationship tends to be exact, when the number of vessels within 
the V..vu tends to infinity. The present study investigates the reliability of the geometry
permeability relationship in the case of a limited number of vessels within the V..,9 • For 
this purpose quantitative analyses of blood perfusion through rigid vasculature in non
deforming tissue has been performed with the finite element model. The results of the finite 
element analyses are compared to appropriately volume averaged results of corresponding 
network analyses of fluid flow through the vasculature. 

Because of the immense amount of work involved in geometric reconstruction of in 
vivo microcirculatory vasculature, we used computer generated models of vascular trees: 
A detailed vascular tree model, generated by a computer algorithm based on "constrained 
constructive optimization" 1 (fig. 5.1) (Schreiner and Buxbaum, 1993; Schreiner, 1993; 
Schreiner et al., 1994), and a somewhat simpler vascular tree model 2 (fig. 5.1). Some 
biologically important properties, such as anastomoses (hierarchical shunts) and arcades 
(connections between hierarchically equal segments) are not included in the considered 
vascular trees. 

1. Developed by Prof. W. Schreiner, University of Vienna, Austria 
2. Developed by Dr. W.J.G. Hacking, University of Limburg, Maastricht, the Netherlands 
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5.2 Methods 

5.2.1 The Hierarchical Mixture Model 

The hierarchical mixture model describes blood perfusion as fluid flow through distensible 
pores in a deforming porous solid. The governing conservation equations are (Vankan et al., 
1996d): 

momentum 

solid mass 

fluid mass 

(5.1) 

(5.2) 

(5.3) 

Equation (5.1) represents conservation of momentum for the total mixture. The Cauchy 
stress tensor of the total mixture, u, is written as a combination of the well-known effective 
stress, ueff, and hydrostatic pressure, p, of the mixture: u = u•ff pi (Terzaghi, 1943). 
It should be noted that Eq. (5.3) represents conservation of fluid mass for an infinitesimal 
part dx0 of the hierarchical range, which is quantified by a parameter x0 that runs from 
0 to 1. Hence the specific hierarchical fluid volume fraction n/ represents~ the part of the 
total fluid volume fraction nl that resides in dx0 , and is expressed per unit x0 : 

1 

n1 = j ii/dx0 • 

0 

{5.4) 

Equation (5.3) accounts for both spatial divergence of fluid flow (V · ( il/ vi)) and hierarchi
cal divergence of fluid flow ( ..ft-( ft/ vi)), which is denoted by the four-dimensional operator 

UXo 

4 V and the four-dimensional fluid velocity vector 4vi: 

(5.5) 

in which vi represents the three-dimensional fluid velocity, and vi is defined as the material 
time derivative of x0 with respect to the fluid (Vankan et al., 1996d). Equation (5.2) 
represents the conservation of solid mass, in which the equation of saturation of the mixture 
( n8 +ni = 1) has been substituted, and V 8 is the solid velocity vector, n8 is the solid volume 
fraction and t is time. 

Because we restrict ourselves to analysis of rigid, non-distensible vascular trees in 
non-deforming tissue, the effective stress u•ff in Eq. (5.1) and the solid velocity V 8 in Eq. 
(5.2) vanish, and the fluid volume fractions ii/ and nl are constant. Applying these restric
tions and substituting the appropriate form of the constitutive equation for hierarchical 
fluid flow, the extended Darcy equation (Va.nkan et al., 1996d): 

(5.6) 
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into Eq. (5.3), yields the resulting governing equation: 

4v ·4k ·4Vp/ = o, 

in which 4K is the permeability tensor and ill is the fluid pressure. 

57 

(5.7) 

Huyghe and van Campen (1995) have derived a general expression for 4K in de
forming porous solids, assuming Poiseuillian fluid flow on the level of the individual vessels 
and making use of the Slattery-Whitaker averaging theorem. In previous work, Huyghe 
et al. (1989) found a corresponding expression for the case of rigid vascular trees in non
deforming tissue: 

(5.8) 

where 8 is the curvilinear coordinate representing the distance along the vessel axis, d is 
the vessel diameter and 17( d) is the diameter dependent fluid viscosity. The hierarchical and 
spatial positions of the vessels are expressed by the coordinate vector 4:c ( x0 , :c). The 
notation < f >• indicates the real volume average of quantity f. Thus the permeability 
tensor in a point ( x0 , :c) is uniquely defined by the fluid viscosity and the geometry of the 
vasculature within the Vav9 surrounding :c and belonging to the hierarchical compartment 
ox0 surrounding x0 • In the case of straight vessel segments and a diameter independent 
viscosity, a permeability tensor 4k vol for volumetric fluid flow can be derived by taking the 
circular vessel cross sections into account, and its components read (Huyghe et al., 1989b): 

1r 2: d4 tlxitlx j 
128Vav9 0Xo'1 ns l 

i,j=0, ... ,3, (5.9) 

where ns is the number of segments belonging to the hierarchical compartment 8x0 and 
within the Vav9 surrounding :c (fig. 5.2). 

5.2.2 Quantification of the Hierarchy 

Analogous to the spatial averaging volume Vav9 , the hierarchical compartment 8x0 is a 
representative elementary part of the hierarchical range. The primary unknown in the 
hierarchical mixture model, ill ( x0 , :c) (Eq. 5. 7), represents the fluid pressure, averaged 
over the vessel segments within Vavg and oxo. Therefore ox0 , just like the Vav9 , should 
only contain vessel segments in which the fluid pressure is within a narrow range about 
the average pressure ill. Consequently the x0-value should be closely related to the fluid 
pressure in the vasculature. On the other hand it would be preferable to relate x0 to 
material properties, for example by deriving the x0-value from the micro structure of the 
vasculature. 

Several authors have been dealing with hierarchical quantification of biological tree
shaped structures (Popel et al., 1988; Horsfield and Woldenberg, 1989; Jiang et al., 1994). 
Also Strahler ordering (Strahler, 1957), developed in geography for modelling of rivers, is 
a well known quantification technique of hierarchical levels in fractal structures. However, 
most of these methods introduce discrete hierarchical categories of segments. In our hierar
chical mixture model we essentially need a continuous representation of the hierarchy. As 
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/ Xt:2 

Figure 5.2: Illustration of the x0 definition, and of the contribution of a vessel segment, 
within averaging volume Vavu and compartment ox0 (shaded vessels), to 4K. 

a first trial we use the x 0 definition as presented in (Huyghe et al., 1989a): x0 is calculated 
in vascular branching points according to 

Xo (5.10) 

only if d2 < 0.95d1• d1 is the largest diameter and d2 is the second largest diameter in a 
branching point, and dn is a characteristic diameter, for example the capillary diameter. 
If the branching point is a capillary terminal node, it is assumed that d2 = d1 dn. In 
between these branching points the value of x0 varies linearly (Huyghe et al., 1989a) (fig. 
5.2). 

5.2.3 Network Analysis 

Two-dimensional, rigid, arterial vascular trees in square domains are generated by computer 
algorithms. Blood flow through each of the segments in these trees is calculated by network 
analysis. Pressure boundary conditions are prescribed at the free ends of the terminal 
segments: high arterial pressure at the inflow and low pressure at the capillary outflows. 
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Figure 5.3: Illustration of the finite element problem definition. 

According to Poiseuille's law the pressure-flow relation in each segment is: 

(5.11) 

where Q is the volumetric flow and !:::.P the pressure drop in the segment. A constant 
blood viscosity of approximately 17 = 0.0037 Pa s is used. From the connectivity of the 
vessel segments a system of linear equations can be derived for the pressure flow relation 
in the total network. 

5.2.4 Finite Element Analysis 

The problem definition of the network analysis, including boundary conditions, is trans
lated to a finite element formulation. For this purpose the hierarchy of the vasculature is 

volume 
averaging 
of network 
results 

finite element 
simulation 

Figure 5.4: Schema of the anal-
yses. 

translated to an x0 range, which is scaled to [0,1] and divided 
into a number of compartments of equal size <5x0 • The square 
domain of the vascular tree is divided into a number of square 
finite elements. The numbers of finite elements and compart
ments are optional, although the finite element software can 
only deal with up to 5 compartments. Permeability tensors 
are calculated according to Eq. (5.9) for each compartment 
of each finite element. Thus we obtain a three-dimensional 
field of permeability tensors, piecemeal constant per finite 
element and per compartment (fig. 5.3). Volume averages 
of the network pressure at the lowest (arterial) and highest 
(capillary) hierarchical level are prescribed as boundary con
ditions in the nodal points of the finite element model. The 
schema in fig. 5.4 summarizes all the steps involved in the 
analysis. 
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Hierarchical fluid pressures on the boundaries xg, of the compartments (fig. 5.3), being de
grees of freedom in the finite element model, are calculated in the nodal points of the mesh. 
These fluid pressures actually represent real volume averages of fluid pressure (Huyghe and 
van Campen, 1995a). The corresponding volume averages of the network pressure are cal
culated by summation over all the segments (nsi) in the V,..,0 surrounding nodal point I, 
and within the x0-range [x~, (&x0 )l2 , xg, + (6x0 )l2]: 

(5.12) 

where Pseg represents the average pressure in a segment, Yseo is the volume of a segment 
and Vi =Ens; Yse9 is the total fluid volume within the V.,,9 • 

The nodal values of fluid flow in the finite element model represent the integral 
over the domain of the nodal shape function 4/ multiplied with the fluid flux passing a 
compartment boundary xg, per unit of volume. The corresponding value of the network 
flow is obtained by summation of the ns; segment flows passing the compartment boundary 
Q.eu(xg,), within the Vavu surrounding nodal point I, multiplied by the nodal shape function 
value at the position of the segment 4/ (:c): 

(5.13) 

5.3 Results 

5.8.1 Translation of Discrete Network to Finite Element Model 

The vascular tree in fig. 5.1 contains 7999 vessel segments and is embedded in a square 
piece of tissue of 7.854 w-3m 2 with a mass of 100 g. According to the network analysis, 
it conveys a total blood flow of 1.133 10-5m3 Is, which results from the network pressure 
boundary conditions of 13.3 kPa at the arterial inflow and 8.0 kPa at the terminal capillary 
outflows. The blood perfused, square piece of tissue is modelled by a finite element mesh 
of 8 x 8 equal, square linear elements, each containing 5 fluid compartments of &x0 = 0.2. 
Nodal boundary conditions for fluid pressure are derived from volume averages of the 
pressure boundary conditions of the network analysis according to Eq. (5.12). A circular 
averaging volume with a diameter of twice the element edge size is applied to achieve 
smooth variation of the element permeability tensors. 

In the translation of the network to the finite element model, we used as a first trial 
an x0 definition which is based on the network pressure: x0 -Pnw· Contour plots of pre
capillary fluid pressure and capillary flow, from both the finite element and the network 
simulations, are given in fig. 5.5. Fluid pressure is given at the pre-capillary level (x0 = 0.8), 
because capillary (x0 = 1.0) fluid pressure is prescribed as boundary condition. A total 
finite element flow of 1.089 w-5m3 1 s is calculated, which is 96% of the total network flow. 

Next we investigated the quality of the finite element model in the case that x0 was 
derived from structural parameters according to Eq. (5.10). The finite element simulation 
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pre-capillary pressure capillary flow 

FE 

NW 

Figure 5.5: Pressure (Pa) and flow (m3 fs) patterns from finite element (FE) and network 
(NW) simulations in which Xo = -Pnw· 

gives a total flow of 0.705 10-5 m3 /s, which is 62% of the total network flow. Contour 
plots of pre-capillary fluid pressure and capillary flow, from both the finite element and 
the network simulations, are given in fig. 5.6. A rather wide range of fluid pressures at the 
pre-capillary level is found in both the finite element and the network analysis. This is due 
to the poor correspondence of the x0 values to the fluid pressure (fig. 5.7). Mainly at the 
higher x0 levels a wide range of fluid pressures is found. 

5.3.2 Macroscopic Changes in Blood Perfusion 

The finite element model has also been used for analysis of macroscopic changes of blood 
perfusion due to an occlusion of a feeding artery. The vasculature consists of two inde
pendent vascular trees (left pannel of fig. 5.1) in a square piece of tissue of dimensionless 
size 0 S (xb x2) S 1. Each tree contains 300 vessel segments with diameters ranging from 
3.125 w-3 for all the capillary segments to 23.89 w-3 for the feeding artery. The Xo def
inition of Eq. (5.10) is used and the resulting x0-range is scaled to [0,1]. Dimensionless 
pressure boundary conditions are prescribed at the feeding arteries (P:::::l.O) and at the 
capillaries (P=O.O). A fair relation between the x0 value and the fluid pressure exists in 
this tree (fig. 5.7). A finite element mesh of 8 X 8 equal, square linear elements, each con-
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pre-capillary pressure capillary flow 

FE 

NW 

Figure 5.6: Pressure ( Pa) and flow ( m3 / s) patterns from finite element (FE) and network 
(NW) simulations. 

l. .. 

Figure 5.7: Network pressures plotted against x0 for Tree 1 (left) and Tree 2 (right). 

taining 5 fluid compartments, is used. Volume averages of the pressure boundary conditions 
of the network analysis, calculated according to Eq. (5.12), are prescribed as arterial and 
capillary fluid pressure boundary conditions. 

The patterns of pre-capillary pressure and capillary flow from the network analysis 
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Figure 5.8: Capillary flow patterns for the double tree (left) and the occluded tree (right) 
from finite element (FE) and network (NW) simulations. 

correspond to the finite element results. The capillary flow patterns for the double tree 
are given in the left panels of fig. 5.8. Good correspondence between total flow in the 
finite element analysis (1.126 10-3 ) and network analysis (1.117 10-3 ) is found. Occlusion 
of the right feeding artery of the double tree results in the vasculature given in the right 
panel of fig. 5.1. Total network flow in the occluded vasculature is 0.58 10-3

, and the finite 
element flow is 0.535 10-3 . The macroscopic changes in the pattern of capillary flow from 
the network analysis are predicted by the finite element model (right panels of fig. 5.8). 

5.4 Discussion 

The hierarchical mixture model has been used in quantitative analysis of fluid flow through 
vascular tree models. The Darcy permeability was derived from the microstructure of the 
vasculature. For this purpose the vascular hierarchy must be adequately quantified, and 
should as such be closely related to the fluid pressure in the hierarchy. A hierarchical 
quantification method, based on microvascular fluid pressures, yielded satisfying results in 
the finite element analysis. Microstructural material properties are an alternative basis for 
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hierarchical quantification, and a method which relates the hierarchical parameter :r0 to 
microvascular diameters in branching points was used. 

The considered vascular trees show a large variation in fluid pressure per hierarchical 
level (fig. 5.7). This is due to the poor correlation between fluid pressure and segment 
diameter, the latter of which is the basis of the structural x 0 definition. Experimental 
measurements of blood pressure distributions in skeletal muscle microvasculature have 
shown a much tighter correlation between blood pressure and vessel diameter, mainly in the 
arteriolar and capillary range (Fronek and Zweifach, 1975). This supports the applicability 
of the mixture model to physiological microvascular blood perfusion. 

The finite element results are very sensitive to the employed x0 definition. A good 
correspondence between x0 and fluid pressure is essential for the model. However, even if 
this requirement is not completely fulfilled, the finite element model quantitatively predicts 
regional distributions of blood perfusion in terms of pressure and flow, hereby accounting 
for local microvascular properties. 

The mixture model deals with averaged pressures and flows, representative in a local 
region. Because the representation of regional fluid pressure and flow by means of volume 
averaged values improves with increasing density of the vascular trees, the mixture model 
offers an adequate method for analysis of these structures. The size of the finite element 
model in terms of algebraic equations is directly related to the numbers of compartments 
and nodal points in the finite element mesh, which are independent of the number of 
segments in the vascular tree. For example, the finite element model of tree 1 contains 
81 nodal points, each of which has 6 fluid pressures (degrees of freedom), of which two 
(arterial and capillary) are prescribed as boundary conditions. The resulting 324 unknown 
pressures are solved from a symmetric matrix system of 324 equations. In contrast, the 
network simulation of tree 1 contains 8000 segment pressures, 4001 of which are prescribed 
as boundary conditions, leaving a system of 3999 equations in as many unknowns. 
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Mechanical Interaction Between Muscle Contraction 
and Blood Flow 

Mechanical blood-tissue interaction in deforming muscle tissue takes place at the vessel 
walls. The mechanical properties of these walls and the embedment of the vessels in the 
tissue play an important role in this interaction. Therefore a sophistication of the descrip
tion of the vascular compliance is introduced. A local non-linear relation between blood 
volume fraction and transmural pressure difference is implemented in the finite element 
model of blood perfusion. Moreover, a local non-linear relation between the permeability 
tensor and the blood volume fraction is included. To test these extensions of the finite 
element model, finite element results of blood perfusion are compared to results that have 
been calculated with a lumped parameter model of the circulation. In this chapter the 
extension to the finite element model, and a description of the lumped parameter model 
-which contains the same non-linear relations- are given. Furthermore, the results of the 
test procedure, and a finite element simulation of blood flow through a contracting muscle 
-the results of which are compared to experimental measurements- are presented. 

This chapter contains a revised version of the paper submitted for publication in the Jour
nal of Biomechanics, W.J. Vankan, J.M. Huyghe, C.C. van Donkelaar, M.R. Drost, J.D. 
Janssen and A. Huson, Mechanical blood-tissue interaction in contracting muscles: a model 
study. 
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Abstract 

A finite element (FE) model of blood perfused biological tissue has been developed. Blood 
perfusion is described by fluid flow through a series of 5 intercommunicating vascular com
partments that are embedded in the tissue. Each compartment is characterized by a blood 
flow permeability tensor, blood volume fraction and vessel compliance. Local non-linear 
relationships between intra-extra vascular pressure difference and blood volume fraction, 
and between blood volume fraction and the permeability tensor, are included in the FE 
model. To test the implementation of these non-linear relations, FE results of blood perfu
sion in a piece of tissue that is subject to increased intramuscular pressure, are compared 
to results that are calculated with a lumped parameter (LP) model of blood perfusion. FE 
simulation of blood flow through a contracting rat calf muscle is performed. The FE model 
used in this simulation contains a transversely isotropic, non-linearly elastic description 
of deforming muscle tissue, in which local contraction stress is prescribed as a function 
of time. FE results of muscle tension, total arterial inflow and total venous outflow of 
the muscle during contraction, correspond to experimental results of an isometrically and 
tetanically contracting rat calf muscle. 

6.1 Introduction 

Blood perfusion in biological tissue is subject to mechanical interaction between blood and 
tissue. This interaction plays an important role in, for example, compartment syndrome, 
where blood perfusion decreases when intramuscular pressure increases (Reneman et al., 
1980; Shrier and Magder, 1995). Reduced blood flow during tetanic muscle contraction is 
also a result of this interaction (Barcroft and Miller, 1939; Gray and Staub, 1967; Hirche 
et al., 1970; Livingston and Resar, 1993). The local mechanical phenomena involved in this 
interaction are not exactly understood. Gray et al. ( 1967) supported the concept of pinching 
of large arteries and veins at sites of large muscle deformations as suggested by Barcroft 
(1964). Downey and co-workers .showed that increased tissue pressure, rather than local 
deformation, is responsible for coronary flow impediment during cardiac systole (Downey 
et al., 1974; Downey and Kirk, 1974; Downey and Kirk, 1975). They postulated the vascular 
waterfall mechanism, proposed by Permutt and Riley (1963}, as an explanation of the 
observed phenomena. Vascular waterfall effects have also been reported in measurements 
of blood perfusion in skeletal muscles that were subjected to hydrostatic compression (Slaaf 
et al., 1987; Shrier and Magder, 1995). 

An essential aspect of the vascular waterfall mechanism is vessel collapse at negative 
transmural pressure difference. Mathematical models of blood perfusion that account for 
this behaviour by non-linear vessel compliance, have been developed (Arts and Reneman, 
1985; Spaan, 1985; Bruinsma et al., 1988). Intramuscular pressure, determined from ex
periments or estimated with simple models, is prescribed in these models. On the other 
hand, models describing the mechanical behaviour of muscle tissue have been developed 
(Horowitz et al., 1988; Huyghe et al., 1991a; Huyghe et al., 1991b; Huyghe et al., 1992; 
Bovendeerd et al., 1992), which do not include a local description of blood perfusion. 
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The mechanical interaction between intramuscular pressure and blood perfusion 
takes place at the blood vessel walls, all along the vascular tree, and depends on the 
mechanical properties of the vessel walls and the local mechanical states of the blood and 
the extravascular tissue. Therefore the mechanical blood-tissue interaction is essentially 
regional and inhomogeneous, which has been illustrated by experimental results (Wisnes 
and Kirkeb~, 1976; Kirkeb~ and Wisnes, 1982). To investigate this mechanical interaction, 
we have integrated the aforementioned models of blood perfusion and tissue mechanics in 
a FE description of regional blood perfusion in deforming biological tissue (Vankan et al., 
1996b). We incorporated non-linear vessel compliance and a local relation between blood 
flow conductance and blood volume fraction into the FE model. For verification of the FE 
description of blood perfusion, we also developed a LP model, which is based on the models 
in (Arts and Reneman, 1985; Spaan, 1985; Bruinsma et al., 1988). In this paper, both the 
FE and LP descriptions of blood perfusion including non-linear vascular compliance are 
presented. 

As a first attempt of verification of the FE model, simulations of blood flow through 
a piece of tissue that is subject to increased intramuscular pressure, are performed with 
the FE and LP models. The results of the two models are compared. The intramuscular 
pressure, which is prescribed in both the FE and LP analysis, is considered as the driving 
force for the tissue-blood interaction. 

FE simulation of blood flow through a contracting skeletal muscle is performed also. 
The FE results are compared to experimental results of blood flow through an isometrically 
and tetanically contracting rat calf muscle. Because autoregulation is not described by the 
FE model, the measurements have been performed in an approximately constant vasoactive 
state during active hyperemia. 

6.2 Methods 

6.2.1 The FE Model 

A hierarchical mixture description of blood perfused biological tissue has been derived 
(Vankan et al., 1996d). This mixture contains one solid constituent, which represents the 
total extravascular tissue, and a hierarchy of intercommunicating fluid constituents, each 
representing the blood on a different level in the vasculature. The hierarchical level is quan
tified by a dimensionless parameter x0 , which is assumed to run from 0 (arterial level) to 1 
(venous level). Blood flow is described by spatial components and a hierarchical component. 
The latter corresponds to the physiological quantity of regional perfusion (ml/(s 100 g)) 
(Huyghe et al., 1989b; Vankan et al., 1996e). Equations for conservation of solid mass, 
conservation of fluid mass per unit of x0 , and conservation of momentum for the mixture 
have been formulated (Vankan et al., 1996b): 

on! 
solidmass - ot +V·((l-nf)v") 0 (6.1) 

a-' 
fluid mass __!.:__ +4V · (i1/4vf) = 0 (6.2) at 
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momentum : V · qeff Vp 0, (6.3) 

where nl is the total local fluid volume fraction, ii/ is the local fluid volume fraction per 
unit x0 , v• is the solid velocity, qef f is the effective stress and pis the hydrostatic pressure 
in the mixture, and t is time. Also constitutive relations for the stress in the mixture and 
the fluid flow have been derived (Vankan et al., 1996d): 

mixture q•ff = .!.p. aw. pc (6.4) 
J 8E 

fluid r/4F-1 
• (4v1 -4v") = -4k ·4V0ji.f, (6.5) 

which are substituted in the conservation equations. Eq. 6.5 is the extended form of the 
well known Darcy equation (Huyghe and van Campen, 1995b). In eq. (6.4), W is the strain 
energy function, F is the deformation tensor, E is the Green-Lagrange strain tensor, ji.f is 
the x0-dependent fluid pressure, and J is the relative volume change of the mixture. The 
four-dimensional operators4 V and4 V 0 and permeability t~nsor 4k contain x0-components, 
and for compactness of notation the vector 4V8 and tensor 4F, which contain dummy x0-

components, are used: 

4V = { ~ } ; 4Vo = { ~ } 
4v• = { ~. } 

(6.6) 

(6.7) 

In (Vankan et al., 1996b) the derivation of the non-linear FE equations from the 
conservation equations is presented. Vessel compliance, defined as c = 8(Jii/)/8(ji.f -
p), was assumed constant in this derivation. In this study, a more sophisticated, non
linear relation between the Lagrangian fluid volume fraction (Jfl/) and intra-extra vascular 
pressure difference (ji.f - p) is used: 

( Jiif)0 (1 + ?:..arctan( (ji.f- p) - Ps)) , 
1f' Po 

(6.8) 

where ( Jiif)0 is the fluid volume fraction in the reference configuration and Po and p8 are 
reference pressures. Vessel compliance now depends on (ji.f p): 

c = (Ji/)o2_(1 + ((ji.f- p)- Ps )2)-1 • (6.9) 
11'Po Po 

Vessel volume, and consequently fluid volume fractions, are assumed to depend on the 
square of the vessel diameters. If, as an approximation, P<>iseuillian flow is assumed on 
the level of the individual vessels (e.g., (Huyghe and van Campen, 1995b; Vankan et al., 
1996e)), the permeability tensor is related to the fourth power of the vessel diameters. 
Hence the following relation is used: 

- - (Jii/) 2 
4K =4Ko((Jii/)o) , (6.10) 
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Figure 6.1: Schematic representation of the LP model. 

where 4K 0 is the permeability tensor in the reference configuration. 

~m 
J 

Because of the introduction of these non-linear relations, the FE equation for con
servation of solid mass (eq. 6.1) must be reformulated. The identity V · v• (D8 Jf Dt)jJ 
is used to transform eq. (6.1): 

n•J 
Dt 0' (6.11) 

where D•j Dt is the material time derivative with respect to the solid. To effectively account 
for conservation of solid mass, equation (6.11) is integrated over time and the Lagrangian 
fluid volume fraction ( JnJ) is substituted: 

1 

j((Jii/) (JnJ)o)dxo (J 1) 0. (6.12) 
0 

This equation is further evaluated in combination with the other conservation equations 
(6.2,6.3) by a weighted residual procedure and discretization as described in (Vankan et al., 
1996b). 

6.2.2 The LP Model 
In order to test the FE model, and to perform parameter studies for the values of the blood 
perfusion parameters in the FE model ((Jn/)0 , 4K0 , p0 ), the LP model was developed. The 
description of blood perfusion in the LP model corresponds to the FE perfusion model, and 
represents blood flow through a series of vascular compartments via a number of parallel 
vascular flowpaths (fig. 6.1). This model is based on the concepts that have been presented 
in (Arts and Reneman, 1985; Bruinsma et al., 1988; Braakman et al., 1989). 

Boundary conditions for arterial (PA) and venous (Pv) blood pressures and intra
muscular pressures Pjm are prescribed as a function of time. The system consists of nc 
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compartments, which contain non-linear compliances Gl and C2 and a non-linear resis
tance R, and which are equally distributed over nf flowpaths. The flow through the system 
is calculated from the equations that are based on fluid mass conservation and Poiseuille's 
law. The behaviour of the components is described by a pressure-volume relation, analogous 
to eq. (6.8), and a volume-resistance relation, analogous to eq. (6.9): 

VO;(l+ 1[ t ((P;,i-Pr)-PS;)+ t ((P;+l,i PS;m.l3) = nf :;;: arc an PO; arc an -'--:.;__--"--'---w 

K; 
R· ,,, (6.14) 

where the reference volume VO;, the reference pressures PO; and P S; and the resistance 
parameter K; are input parameters. Conservation of mass for each component results in a 
system of coupled non-linear differential equations: 

lJP;,i _ 1 ( P;-t,i - P;,; _ P;,i - P;+IJ) + oP;m , 
~ C2;-t,i + Cl;J Ro-t.i R;,i lJt 

(6.15) 

fori = 2, ... , nc; j = 1, ... , nf and with boundary conditions P1J = pA and Pnc+IJ = pV. 
The compliances C1;J and C2;,; depend on the intra-extra vascular pressure difference: 

Cl;,i 
8( P;,J - Pjm) 

8\l;,j 
(6.16) 

From the blood pressure and intramuscular pressure boundary conditions and their time 
derivatives, arterial inflow pA and venous outflow pv are derived: 

nf pA p. JO>pA JO>pim 
pA = ~ - 2,j Cl ·(-u -- _u_i_) 

L- R · + 1 .J at m 
J=l l,J 

{6.18) 

nf n pV JO>pV l)pim 
pV = ~ Fnc,j C2 ·(-u -- _j_) 

LJ D.+ nC,J/)t /)t • 
J=l •Lnc,J 

(6.19) 

6.2.3 Test Problem 

To test the non-linear relations that have been implemented in the FE model of blood 
perfusion, FE results of blood flow through a piece of tissue that is subject to gradually 
increasing intramuscular pressure, are compared to results that are calculated by the LP 
model. In the FE simulation, the piece of tissue is represented by 1 finite element that 
contains the description of blood perfusion. In the LP simulation only 1 flowpath is used. 
The increasing intramuscular pressure is prescribed in both models. Arterial (Pa) and 
venous ( Pv) blood pressure boundary conditions are also prescribed in both models: Pa is 
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Table 6.1: Blood perfusion arameter values for FE and LP. 

arterial 
arteriolar 
capillary 
venular 
venous 

VO ( J n )o K koo0 PO = Po P S = Ps 
(-) (-) (kPa s) (1/kPa s) (kPa) (kPa) 
0.01 0.05 0.02 10 3 5 0 

0.0076 0.038 0.0963 12 10-5 22.2 0 
O.Ql8 0.09 0.14 465 10-6 32.8 0 
0.022 0.11 0.0968 10-3 62.8 0.2 
o.o1 o.o5 o.oo36 555 w-s o.5 o.5 

71 

increased to 13 kPa, and Pv is maintained at 0 kPa. The vasculature is divided into a series 
of five compartments, representing the arterial, arteriolar, capillary, venular and venous 
vessels respectively. Values for the input parameters of the LP model -reference volume 
VO; and resistance K;- for each of the compartments have been derived from morphometric 
data of microvasculature in skeletal muscle tissue (Braakman et al., 1989). Estimates for 
the reference pressures PO; and P S; are based on (Skalak and Schmid-Schonbein, 1986). 
Blood flow in the LP model is expressed per unit of tissue volume (1/s), which corresponds 
to the flow component in x0-direction of the FE model: 

_ - - aJ;t - -
qo =-eo· (4K '4V~-tf) = -koo-- k 0 • V~-tf. 

8xo 
(6.20) 

The permeability cross-term k0 (eq. 6.6) is assumed to be 0 and e0 is the unit vector 
in x0-direction. The initial spatial permeability tensors ( eq. 6.6) are large and isotropic 
for the arterial and venous compartments (K a = K v = 1 I), and zero for the other 
compartments. The FE perfusion parameters are related to the LP model parameters 
according to: (Jnf)o; = VO;jilxo, koOo; = (Axo(VO;JZ)/K; and po; =PO;. Axo is the 
x0-range of one compartment, which equals 0.2 because of the equidistant discretization of 
the x0-range into 5 compartments. The values that were used in the analyses are listed in 
table 6.1. 

6.2.4 FE Simulation of Blood Perfusion During Muscle Contraction 

Simulation of blood perfusion in a tetanically and isometrically contracting muscle is per
formed. Experimental measurements of total arterial and venous flow through a rat calf 
muscle (m. triceps surae (Donkelaar et al., 1995)) during tetanic, isometric contraction 
have been recorded. Arterial inflow, venous outflow and muscle tension, predicted by the 
FE model, are compared to the experimental results. 

The mesh of the FE model of the muscle is based on the rat gastrocnemius medialis 
muscle, and (fig. 6.2) consists of 112 quadratic plane-strain elements for the blood perfused 
muscle belly and 45 quadratic truss elements for the aponeuroses and tendon. This 2-D 
approximation represents the cross section of the muscle in the mid-frontal plane. The 
medial and lateral distal aponeuroses merge into the achilles tendon and the proximal end 
of the muscle is attached to the femur. The length of the muscle is 30 mm and muscle 
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Pa Pv 

Pa Pv 

Figure 6.2: FE mesh of the rat calf muscle, with boundary conditions and fiber directions. 
Pa and Pv are prescribed at two nodes of non-deforming elements, that represent the 
supplying and draining blood vessels. 

fibers are approximately 12 mm long. The surface area is 90 mm2• Length and thickness 
of the achilles tendon are 3 mm and 0.02 mm respectively, and the aponeuroses vary in 
thickness from 0.1 mm to 0.01 mm. Fiber directions are within the 2-D plane, such that 
they align with the free muscle surfaces (fig. 6.2). Nodal boundary conditions are prescribed 
to suppress displacements of the free ends of muscle and tendon (isometric contraction). 
Arterial and venous pressures are prescribed in one node, representing the position of the 
muscle's feeding artery and draining vein. 

The passive material behaviour of the muscle tissue is based on a non-linear elastic, 
transverse isotropic description of cardiac tissue (Bovendeerd et al., 1992). The strain 
energy in the tissue is expressed as: 

(6.21) 

where E;j are the components of the Green-Lagrange strain tensor. The indices i,j refer to 
the local element coordinate system with base vectors eb e 2, where e1 coincides with the 
local fiber direction (fig. 6.2). Because biaxial experimental data on gastrocnemius muscle 
are not available, the parameter values in this relation are based on experimental data of 
the diaphragm (Strumpf et al., 1993). The stiffness in cross-fiber direction is larger than in 
fiber direction and the shear stiffness is low. Contraction of the muscle tissue is modelled by 
addition of an active stress component to the passive second Piola-Kirchhoff stress in fiber 
direction. The active stress is prescribed explicitly as a function of time, mimicking a tetanic 
pulse with a duration of 0.9 s and a maximum stress of 100 kPa. The tendinous material 
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behaviour is modelled linearly elastic with a Poisson ratio of 0.3 and a Young modulus of 
200 MPa, which is an estimation of tendon stiffness at small strains (Smith et al., 1996). 
The same FE blood perfusion parameter values as in the test problem are used. Only the 
arterial and venous initial spatial permeability tensors are larger: f< a ::::: 10 I; f< v ::::: 100 I. 
For the sake of simplicity, all the initial material parameters of the muscle tissue -except 
the muscle fiber directions- are assumed to be equal in the whole geometry. To account for 
resistance and compliance of the feeding arterial vessels and draining venous vessels, extra, 
non-deforming, blood perfusion elements are attached to the muscle (fig. 6.2). The blood 
pressure boundary conditions (Pa=l6 kPa; P,=O kPa) are prescribed in one node of each 
of these elements. 

FE simulation of transient blood flow through the muscle during tetanic and iso
metric contraction is performed. During the first 2 s, Pa is increased from 0 to 16 kPa, and 
then maintained constant. The arterial pressure at the muscle is about 13 kPa. Venous 
pressure is kept 0 throughout the simulations. After 5 s the tetanic contraction pulse is 
started. The contraction stress in the FE model increases along a sine-shaped function of 
time, from 0 to 100 kPa within 0.1 s, then remains constant for 0.7 s, and then decreases 
to 0 again in 0.1 s. 

6.3 Results 

6.3.1 Test Problem 

Transient blood flow through compliant vasculature, subject to gradually increasing in
tramuscular pressure (fig. 6.3a), is predicted by the FE model and the LP model. Good 
correspondence between the solutions of the two models is found for the arterial inflow 
(fig. 6.3b), venous outflow (fig. 6.3c), and the arterial volume fraction (fig. 6.4). Worse 
correspondence is found for the results of the venous volume fraction. 

6.3.2 FE Simulation of Muscle Contraction 

About 4 s after the start of the simulation stationary blood perfusion in the passive muscle 
is reached. Arterial inflow equals venous outflow in the stationary state. Stationary mi
crovascular blood pressures in the passive muscle are in good agreement with experimental 
data of blood pressures in the microcirculation of the cat tenuissimus muscle (Fronek and 
Zweifach, 1975) (figure 6.5). 

Deformation and intramuscular pressure distribution of the muscle during contrac
tion are computed by the FE model (figure 6.6). In the FE simulation, contraction stress 
is prescribed in the local fiber direction. Due to the resulting deformation and incompress
ibility of the muscle tissue, hydrostatic intramuscular pressure rise occurs (figure 6.6b ). 

In the experiment, the contraction force is measured at the achilles tendon. The 
contraction stress that is prescribed in the FE simulation also results in a tendon force. The 
normalized contraction stresses presented in figure 6.7 are calculated by (jn = (Ft lJ)/Vm, 
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Figure 6.3: a: The boundary conditions P,. (-) and pim (- - -) in the test problem. 
Results for arterial (b) and venous (c) flows, calculated by the LP model and the FE 
model (- - -). 
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Figure 6.5: Blood pressures in the vasculature during stationary flow in passive muscle. 
Experimental data (-) after Fronek and Zweifach, 1975 (cat tenuissimus muscle; values 
are presented relative to venous pressure), and from FE simulation(---). 
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a 

b 

Figure 6.6: FE results for muscle deformation (a) and intramuscular pressure (b) during 
contraction. The dark lines in (a) represent the deformed geometry. 

where Ft is the tendon force, l f is the average muscle fiber length, and Vm is the muscle 
volume. 

Due to the compliance of the vascular compartments, the blood volume fractions 
change during contraction. Arterial and venous blood flow during and after contraction, 
calculated in the FE simulation, are compared to experimentally measured values (fig. 
6. 7). The pulsatility of the experimental arterial flow is due to the pulsatile arterial blood 
pressure. This is left out of consideration in the FE simulation, in which a constant arterial 
pressure is prescribed. From the steady state level of blood flow, of about 0.006 , arterial 
inflow is strongly decreased at the onset of contraction. At the same time, venous outflow 
is strongly increased. These peaks result from the blood that is squeezed out of the mus
cle. The FE model over-estimates both these peaks. The effect during the contraction on 
arterial and venous flow is also over-estimated. At the end of the contraction pulse, a short 
period of increased arterial inflow is found in the FE simulation, while in the experiment 
arterial inflow is slightly increased during a longer period. Both the FE simulation and the 
experiment show a diminished level of venous outflow just after the contraction. 

6.4 Discussion 

The good correspondence between FE and LP results for transient arterial and venous 
flows and arterial volume fraction (figs. 6.3 and 6.4) in the test problem, indicates that 
the descriptions of the non-linear vascular compliances and the non-linear flow resistances 
are correctly implemented in the FE software. The difference between the results for the 
venous volume fraction may result from the instability due to the very high compliance of 
the venous compartment. 

The level of blood perfusion in the passive muscle in the experiment (0.0045 s-1) is 
approximated in the FE simulation, from which it can be concluded that suitable values 
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for the input parameters of the perfusion description have been derived directly from 
the morphometric data. Moreover, these parameters -blood volume fractions, blood flow 
resistances and vessel compliances- represent relevant microvascular quantities. In spite 
of the gross assumptions and simplifications, such as Poiseuillian flow with a constant 
viscosity in the blood vessels, that have been used in the derivation of the parameter 
values, experimental results for blood pressures and flows are approximated by the model 
results. 

In the deformed muscle the aponeuroses are pulled towards each other, while the free 
muscle surfaces slightly bulge. Strains in aponeuroses and tendon vary between 1% and 3%, 
which is consistent with experimental findings that were measured both during contraction 
and during passive stretch (Bavel et al., 1996) of rat calf muscle. During contraction, the 
FE simulation predicts a region with very high intramuscular pressure in the center of the 
muscle, running from one to the other aponeurosis. Very low, even negative, pressures occur 
closer to the tendons. Qualitatively the heterogeneity of the pressure pattern is consistent 
with experimental results (Kirkeb0 and Wisnes, 1982). The negative pressure values in the 
FE simulation, which are due to stretch of the tissue in fiber direction, may be unrealistic. 

Because of the essential role of the tissue mechanics in the blood-tissue interac
tion during muscle contraction, and because of the inhomogeneity of this interaction, we 
conclude that a model of the blood-tissue interaction must contain an integrated local de
scription of regional blood perfusion and tissue mechanics. The finite element model meets 
these requirements. 



7 

Blood Perfusion in Mechanically Loaded Muscle 
Tissue 

A verification study of the finite element model of blood perfused muscle tissue is presented 
in this chapter. Finite element results of blood flow through mechanically loaded muscle 
tissue are compared to experimental results. The experimental results of blood flow through 
a passive skeletal muscle subject to compression, are obtained from literature. The verified 
finite element model is used in a simulation of blood perfusion in a skeletal muscle during 
sustained contraction. The results of this simulation indicate that there exist vascular 
waterfall effects in skeletal muscles during sustained contraction. 

The contents of this chapter is submitted for publication in the American Journal of 
Physiology, W.J. Vankan, J.M. Huyghe, D.W. Slaaf, C.C. van Donkelaar, M.R. Drost, J.D. 
Janssen and A. Huson, Finite element simulation of blood perfusion in muscle tissue during 
compression and sustained contraction. 
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Abstract 

Mechanical interaction between tissue stress and blood perfusion in skeletal muscles plays 
an important role in blood flow impediment during sustained contraction. The exact mech
anism of this interaction is not clear, and experimental investigation of this mechanism is 
difficult. We developed a finite element model of the mechanical behaviour of blood per
fused muscle tissue, which accounts for mechanical blood-tissue interaction in maximally 
vasodilated vasculature. Verification of the model was performed by comparing finite ele
ment results of blood pressure and flow with experimental measurements in a muscle that 
is subject to well controlled mechanical loading conditions. In addition, we performed sim
ulations of blood perfusion during tetanic, isometric contraction and maximal vasodilation, 
in a simplified, 2-D finite element model of a rat calf muscle. A vascular waterfall in the 
venous compartment was identified as the main cause for blood flow impediment, both in 
the experiment and in the finite element simulations. The validated finite element model 
offers possibilities for detailed analysis of blood perfusion in 3-D muscle models under 
complicated loading conditions. 

7.1 Introduction 

Muscle contraction is known to have severe circulatory implications (Anrep et al., 1934; 
Barcroft and Miller, 1939; Barcroft, 1964; Lind et al., 1964; Wisnes and Kirkeb~, 1976). 
Increased intramuscular pressure ( P;m) has been reported during muscle contraction (Hill, 
1948; Bauer, 1953; Hargens et al., 1981; Kirkeb~ and Wisnes, 1982). The increase in P;m 
is suspected to be a main cause of blood flow impediment in contracting muscles. In spite 
of the many experimental investigations that have been performed, the exact mechanisms 
by which the mechanical interaction leads to the observed phenomena are unclear. Such 
experiments are intricate, especially with respect to the phenomena that occur in the deeper 
tissue layers. Therefore these phenomena have been investigated in very thin muscles. For 
example, experimental measurements of P;m in contracting dog diaphragm showed a linear 
relation between P;m and muscle tension, and limitation of blood flow at P;m lower than 
arterial pressure (Hussain and Magder, 1991). 

One concept of mechanical interaction between blood and tissue is that blood vessels 
are compressed by a decrease of the intra-extravascular pressure difference (i.e., transmural 
pressure Ptm). This concept was specifically investigated by Permutt and Riley (1963) for 
collapsible vessels, in the case that P;m is lower than inflow pressure and higher than 
outflow pressure. They concluded that blood flow was governed by the difference between 
inflow pressure and P;m, instead of the difference between inflow and outflow pressure, and 
they referred to this effect as the vascular waterfall. Downey and Kirk (1975) extended this 
concept to the case in which not just one single P;m, but a series of different P;m values 
was included, as such accounting for the complex situation in the heart, where P;m varies 
across the ventricular wall. According to the vascular waterfall concept, the collapse will 
occur in the distal part of the circulation. Low blood pressure and high compliance cause 
a concentration of this collapse in the distal venous vessels. 
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The mechanical loading of intramuscular blood vessels is difficult to quantify during 
contraction. Hence, in vivo or in vitro investigation of the vascular waterfall mechanism 
requires mechanical loading of the blood vessels by other means than muscular contraction. 
Well controlled loading conditions were achieved in an experiment in which a muscle was 
placed within an airtight box, being compressed by an increasing box pressure (Pbox) (Shrier 
and Magder, 1995; Reneman et al., 1980). In such a box experiment, P;m follows Hox 
because the muscle tissue is almost incompressible. Blood flow decreased with increasing 
Pbox (Shrier and Magder, 1995). Mechanical compression of the compliant vasculature 
occurs due to the increased P;m, venous vessels collapse and a venous waterfall impedes 
blood flow. 

In order to improve the insight into the relevant mechanical blood-tissue interaction, 
and to support the design of experiments, mathematical models of blood flow through 
compliant vasculature have been developed for the heart (Downey and Kirk, 1975; Arts, 
1978; Spaan, 1985; Bruinsma et al., 1988). These models account for the influence of P;m on 
flow resistance, while P;m is based on experimental or computational estimations. Evidence 
accumulates that P;m is affected by complex interplay of factors, such as contractile state 
(Hill, 1948), 3-D deformation (Kirkeb(il and Wisnes, 1982), perfusion pressure (Resar et al., 
1993), and external loading (Shrier and Magder, 1995). 

We developed a mathematical model of muscle tissue mechanics and blood perfu
sion, based on porous media theory (Vankan et al., 1996d), integrating the above mentioned 
factors. Biphasic porous media models, describing spatial flow of one fluid through a porous 
solid, are standard in for example soil mechanics (Biot, 1972). This biphasic approach is not 
adequate for the description of blood perfusion, because no distinction is made between 
feeding and draining vessels. Therefore a new porous media description was developed 
(Huyghe et al., 1989b; Huyghe et al., 1989a; Huyghe and van Campen, 1995a; Huyghe 
and van Campen, 1995b; Vankan et al., 1996d). This new description consists of a set of 
differential equations, which are solved with the finite element (FE) method (Vankan et al., 
1996b). The FE model describes the local mechanical phenomena involved in tissue defor
mation, P;m, and blood perfusion, accounting for the mechanical interaction between tissue 
and blood. This interaction is described by a local non-linear relationship between P1m and 
the blood volume, which represents the elasticity of the vessel walls. The FE model can 
be used to. simulate muscle blood flow during complicated mechanical loading conditions, 
as such contributing to the understanding of the mechanical blood-tissue interaction in 
skeletal muscles. 

The box experiment clearly illustrates the influence of P;m on blood perfusion. The 
interaction between P;m and blood perfusion that is responsible for this influence, is incor
porated in the FE model. Because the mechanical state of the tissue in the box experiment 
is well controlled, this experiment is very suitable for a verification study of the model de
scription of blood perfusion at known values of Pim· For this purpose the box experiment 
presented in (Shrier and Magder, 1995) has been simulated with the FE model. 

In this paper, the results of the verification study of the FE model are presented. 
The FE results of P;m, total flow, and microvascular pressures at different levels of Pbox are 
compared to experimental results presented by Shrier and Magder (1995). The verified FE 
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model is used in a simulation of blood perfusion in a contracting skeletal muscle. 

7.2 Methods 
The FE model. The FE model is based on a porous media description of blood perfused 
muscle tissue. In this description, the total matrix of muscle fibers, collagen fibers and 
blood vessels, embedded in the interstitial fluid, is represented by a porous solid. The lu
mens of the blood vessels are the pores of this solid. The fluid which saturates these pores 
represents the blood. The porous media description of blood perfused muscle tissue is an 
extension of standard, biphasic porous media models. Two special features are incorpo
rated: (1) The pores have a hierarchical architecture, corresponding to the hierarchy of the 
vascular tree. As such, the fluid resides on each hierarchical level, and also moves from one 
level to the other, which corresponds to blood flow from arterial vessels towards venous 
vessels. Beside this hierarchical flow, a spatial fluid flow through the porous solid represents 
blood flow within one hierarchical level. (2) An elastic interface between solid and fluid is 
included, which represents the blood vessel walls. This interface relates the local, hierar
chical intravascular blood volume to the intra-extravascular pressure difference (i.e., Ptm)· 
The description of hierarchical fluid flow through porous media was first derived by Huyghe 
et al. (1989). The incorporation of this description in a finite deformation theory, in which 
also vessel elasticity was included, was presented by Huyghe and van Campen (1995). In 
this derivation a formal averaging method was used, by which the microstructure of the 
vasculature is translated to a macroscopic description. The same macroscopic description 
was also found -under less stringent assumptions- by a formal derivation from the mixture 
theory (Vankan et al., 1996d). The integrated description of tissue deformation and blood 
perfusion was moulded into a FE model (Vankan et al., 1996b) and implemented into a 
FE software package. 

The FE model describes deformation of blood perfused tissue as deformation of a hi
erarchical porous solid that is saturated by a fluid. Both the solid and the fluid constituents 
are assumed incompressible. Volume change of the mixture can occur due to inflow or out
flow of fluid. The FE model accounts for the mechanical behaviour of the tissue, blood 
flow through the vasculature and the mechanical interaction between blood and tissue. In 
the FE model, the hierarchical range of the vasculature is divided into a sequence of 5 
hierarchical compartments, which correspond to the arterial, arteriolar, capillary, venular 
and venous compartments, respectively. Each compartment is characterized by a blood 
flow resistance, blood volume fraction and vascular compliance. The FE model is based 
on the local equations of conservation of mass and momentum (Vankan et al., 1996d). 
The solution of these differential equations in a domain that is subject to known loads on 
its boundaries (boundary conditions), is calculated according to the FE method (Bathe, 
1982). To this end, the domain space is subdivided into a finite number of standard, flexible 
geometrical units, i.e., elements. In each of these elements, the solution is expressed by the 
values of the tissue displacements, P;m, and a set of blood pressures, (degrees of freedom), 
in a few discrete points (nodal points) of the element, and by interpolation between these 
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Figure 7.1: The translation of the box experiment to the FE simulation. It is illustrated 
how the vascular hierarchy is included in the FE model. A and V represent arterial inflow 
and venous outflow, respectively, and P represents Pbox· 

values (Vankan et al., 1996b). As such, the solution field in the full domain space is known 
by these nodal values and interpolation functions of each of the elements. Analysis of the 
mechanical behaviour of any geometrical structure (i.e., in any domain), for example a 
skeletal muscle or a heart, can thus be performed. With our FE model, blood perfusion 
is included in such analyses. This has useful applications in for example analysis of blood 
perfusion in contracting skeletal muscles. 

Verification study. FE results are compared to experimental results to validate the 
FE description of the mechanical interaction between blood and tissue. Experiments in 
which blood perfusion in skeletal muscles is studied during a well defined mechanical com
pression of the muscle, are presented in (Reneman et al., 1980; Slaaf et al., 1987; Shrier 
and Magder, 1995). In these experiments, isolated skeletal muscles are subjected to a sur
rounding hydrostatic pressure which is increased relative to the pressure surrounding the 
rest of the body. The experiment presented in (Shrier and Magder, 1995) is reduced to a 
2-D plane strain model, consisting of 1 FE unit (square element), which contains a series 
of 5 vascular compartments. This element is surrounded by a compressive load that is 
prescribed at the edges of the element, and which represents Pbox· Furthermore, arterial 
and venous blood pressures are prescribed in one point of the element, which represents 
the site of arterial inflow and venous outflow. Only in this point blood can enter or leave 
the tissue. The FE representation of the experiment is illustrated in fig. (7.1). Under nor
mal conditions, blood enters the muscle at the arterial inflow, is distributed all over the 
tissue (spatial flow) by the arterial compartment, flows through the other compartments 
(hierarchical flow), is collected by the venous compartment, and leaves the muscle at the 
venous outflow. This blood flow is governed by the arterial-venous pressure difference, and 
is affected by changes in blood volume and flow resistance of the compartments due to 
changes in P1m, which occurs during mechanical compression of the tissue . 
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Table 7.1: Initial values of blood perfusion parameters for each com artment. 
Ko kooo (Jii/)o Po Ps 

(mm kPa- 1 (kPa- 1 s-1 ) (ml 10og-1 ) (kPa) (kPa) 
arterial 100 10 3 1 20 0 
arteriolar 

: 
0 162 w-6 0.76 22.2 0 

capillary 0 4645 w-7 1.2 32.8 0 
venular 0 w-3 1.6 62.8 0 
venous 100 5547 w-6 2 0.2 0.2 

The stress-strain relationship of the muscle tissue is based on a non-linear elasc 
tic, transverse isotropic description of cardiac tissue (Bovendeerd et al., 1992). Material 
parameters different from those in (Bovendeerd et al., 1992) have been used. These param
eter values are based on experimental data of the diaphragm (Strumpf et a!., 1993). The 
resulting strain energy function represents a higher stiffness than in (Bovendeerd et al., 
1992), but a much lower resistance against shear. Input parameters for the blood perfusion 
description are the initial values of the vascular conductances for spatial flow K 0;, and 
hierarchical flow koo.,;o and blood volume fraction (Jii/)0; for each vascular compartment 
i. Estimates for their values (table 7.1) are derived from morphometric data of microvas
culature in skeletal muscle tissue according to the procedure described by Braakman et 
al. (1989). Due to the compliance of the blood vessels, the actual blood volume fraction 
Jii/ depends on Ptm· This relation is described by an arctan-function, which is illustrated 
in fig. 7.2. The input parameters in this relation are the reference pressures Poi and ps;, 
which are defined for each compartment i, and which describe the sigmoid relationship 
between Ptm and compartmental blood volume fraction Jii{. Their values are based on 
literature data (Skalak and Schmid-Schonbein, 1986; Davis, 1988; Davis and Sikes, 1990), 
and listed in table 7.1. It is assumed that vessel length is constant, and hence that the 
blood volume fraction is related to the square of the vessel diameters. Consequently, the 
actual conductances, which are related to the fourth power of the vessel diameters (Poiseuil
lian flow), depend quadratically on the blood volume fractions: k = Ko[(Jii/)/(Ji/)0]2; 
koo = kooo[(Jii1 )/(Jii1 )or~. 

FE model of contracting muscle. We have built a 2-D FE model of a skeletal muscle, 
based on a cross section of a rat gastrocnemius medialis muscle, in which 112 of the above 
described elements are used. This muscle model contains an achilles tendon and aponeu
roses, represented by 45 additional very stiff elastic 1-D truss-elements. An active stress 
component in the local fiber direction, representing the contraction stress, is prescribed 
as a function of time in the muscle tissue. An illustration of the FE mesh is given in fig. 
7.3. With this model we have performed simulations of blood flow through rat calf muscle 
during sustained isometric contraction. Local capillary blood flow is calculated at several 
levels of contraction stress. 
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Figure 7.2: a: Dependence of Jn/ on Ptm, illustrating the meaning of the parameters 
( Jfl/)0 , p0 and p8 • b: Blood volume fractions of the compartments (V= Jii{) as a function 
of Ptm· 0: arterial; +:arteriolar; 0: capillary; x: venular; I::J.: venous. 

7.3 Results 

FE simulation of box experiment. The surrounding compressive load in the FE simulations, 
which corresponds to Pbox in the experiment, is gradually increased up to 40 mmHg. The 
hydrostatic pressure in the tissue that is predicted by the FE model, is homogeneous and 
corresponds well to ~m in the box experiment (fig. 7.4). The increased Pim compresses 
the compliant blood vessels, especially in the venous compartment, which results in an 
increased resistance to blood flow. Also the decrease of blood flow with increasing Pbox is 
well predicted by the FE simulation (fig. 7.4). The main cause for this decrease in blood flow 
is a vascular waterfall in the venous compartment. According to the waterfall mechanism, 
the venular blood pressure (Pvenui), just proximal to the waterfall, increases along with the 
Pbo:r as long as the venous blood pressure (Pv) is below Hox (Reneman et al., 1980). This 
phenomenon has been confirmed by experimental measurements of Pvenul at several levels 
of Pbo:r, and for simultaneously increased Pv (Reneman et al., 1980; Shrier and Magder, 
1995). Similar results for Pvenul were predicted in the FE simulation (fig. 7.5). Moreover, 
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Figure 7.3: 2-D plane strain FE model of the rat calf muscle. Each polygon represents one 
element. The bold lines represent the achilles tendon (at the right end) and the aponeuroses. 
Pa and Pv represent the prescribed arterial and venous blood pressures, respectively. The 
dashed lines represent the muscle fiber directions, which are defined per element. 
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Figure 7.4: P;m vs. Pbox (a) and flow vs. Hox (b), in FE simulation(-·-) and experiment 
(D) (Shrier and Magder, 1995); Pa=75 mmHg. 

according to what is suggested by the vascular waterfall theory, the arterial inflow at 
constant Pa is independent of Pv, as long as Pv is below Pbox· The flow is governed by the 
difference between Pa and Pbox (fig. 7.6). 
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Figure 7.5: Pvenv.l vs. Pv in FE simulation(~) and experiment (D) for different Pbox; 
(Shrier and Magder, 1995). 
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FE simulation of muscle contraction. FE simulations of blood perfusion in a skeletal 
muscle during sustained isometric contraction are performed. The contraction stress causes 
muscle deformation, and an inhomogeneous field of Pim occurs (fig. 7.7). The symmetry 
in the pattern of P;m results from the symmetry in muscle geometry and fiber directions. 
The deformation and P;m shown in fig. 7.7 result from an active stress component of 53 
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a 

Figure 7. 7: a: Deformed muscle geometry during contraction (dark lines), a.nd uncle
formed, passive muscle geometry (bright lines). The relatively mild contraction stress of 
53 kPa causes only small deformation. b: Pattern of P;m during contraction. 

kPa, by which an effective muscle tension (Tm) of circa 45 kPa is developed (Tm=tendon 
forcexaverage fiber length/muscle volume). The increased P;m compresses the vasculature. 
Especially the venous blood volume fraction decreases during contraction (fig. 7.8). Con
sequently a vascular waterfall occurs in the venous compartments (fig. 7.8). This waterfall 
effect is similar to the effect in the box experiment. To illustrate the existence of this effect 
in the contracted muscle, blood flow through the muscle for increasing Pv a.nd at different 
levels of the contraction stress is presented in fig. 7.9. 

7.4 Discussion 

The vascular waterfall in the venous compartment, which is responsible for the blood flow 
impediment in the box experiment, is predicted by the FE model. Unlike in previous models 
(Downey and Kirk, 1975), the waterfall mechanism is not assumed priori in the FE model. 

The FE model computes a steady state flow in the uncompressed state of 36 ml/(lOOg 
min). This value is much higher than the flow reported in (Shrier and Magder, 1995) (12 
ml/(lOOg min); dog gastrocnemius), because the blood perfusion parameters of the FE 
model are derived from anatomical vascular data in maximally dilated state, while the 
flow in (Shrier and Magder, 1995) was measured in an autoregulating vasculature. Good 
correspondence is found between FE flow and own experimental data of blood flow through 
rat calf muscle during reactive hyperemia (unpublished data). 

The increased Pbox causes a.n increase in P;m, due to which the vascular compart
ments are partially compressed. By this compression, blood is squeezed from the muscle, 
muscle volume decreases and elastic deformation of the muscle tissue and blood vessels 
occurs, equilibrating the pressure difference Pbox-Pim by elastic stresses. These stresses are 
relatively small, because of the restricted deformation of the tissue. The FE results com
pare well to the experimental results, which is concluded from the correspondence for P;m 
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Figure 7.8: Upper panel: blood volume fraction of the venous compartment during tetanic 
contraction (Tm=45 kPa).lower panel: blood pressures during contraction, representing the 
venous waterfall effect 

as a function of P~w.z: (fig. 7.4). 
The venous compartment collapses when Pbox increases above venous blood pres

sure, due to its very compliant vessel walls (fig. 7.2). As a result, the resistance increases 
very strongly in this compartment and a venous waterfall occurs. Venular blood pressure, 
just proximal to the waterfall, approximately equals Hox as long as the venous pressure 
remains below Pbox (fig. 7.5). Therefore, Ptm in the microcirculation first strongly decreases 
when flow is reduced from 100% to 95%, and then remains on a lower level when Pbox is 
further increased (Shrier and Magder, 1995). The FE simulation is consistent with these 
experimental findings (fig. 7.10). The reduction of :flow is caused rather by increased venous 
resistance (Rv=(Pvenul-Pv)/Q), than by increased arterial resistance (Ra=(Pa-Pvenui)/Q) 
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Figure 7.9: Flow vs. Pv in FE simulation for different levels of muscle tension: Tm=O kPa 
(-), Tm=lO kPa {- -), Tm=20 kPa (-- -), Tm=45 kPa ( ... ); Pa=75 mmHg. 
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Figure 7.10: a: Pverw.J vs. flow in FE simulation (-) and experiment (D). b: Capillary 
(-) and venular (- - -) Ptm vs. flow in FE simulation, and Ptm in small venules vs. flow (3 
experiments:<>,+, D; Shrier and Magder, 1995). 

(Shrier and Magder, 1995). This effect is found in both the box experiment and in the FE 
simulation (fig. 7.11). 

FE results of blood perfusion in a simplified, 2-D model of an isometrically contract
ing rat calf muscle are presented. These results indicate that the mechanical interaction 
between tissue and blood that is responsible for limitation of blood flow in the box experi
ment, also causes the effect of muscle contraction on blood perfusion. In the FE simulation 
of blood flow through contracting muscle, it was found that arterial inflow was almost 
independent of Pv, as long as Pv remained lower than a critical value which depends on 
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Figure 7.11: Normalized Ra (a) and Rv (b) vs. flow in FE simulation(-) and experiment 
(D; Shrier and Ma.gder, 1995). 

P;m (fig. 7.9). This corresponds to the results for arterial inflow in the box experiment 
(fig. 7.6). However, the critical value of Pv in the box experiment practically equals Pbo:c, 
whereas this value is less evident in the contraction simulation, because there exists an 
inhomogeneous pattern of P;m in the contracted muscle. 

The FE simulations represent the muscle in the maximally dilated state. The results 
·Of the box experiment (Shrier and Magder, 1995) were well predicted, probably because 
in this experiment the muscle was pump perfused and dilated. In experiments of tetanic 
muscle contraction, alterations in vasoactivity occur, which are difficult to include in the 
FE simulations. Although intricate, microcirculatory autoregulation mechanisms could be 
included in future simulations. 

In the FE simulation of the contracting muscle, a simplified 2-D plane strain mus
cle model was used. The software readily includes the option of 3-D computation (Vankan 
et al., 1996c). We preferred a 2-D computation in the present analysis, because of the uncer
tainty associated with the fiber architecture. In a 3-D analysis, even more detailed analysis 
can be performed in order to gain insight into the regional microcirculatory mechanisms 
that are involved in the interaction between muscle contraction and blood perfusion. 
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Conclusions and Recommendations 

Mathematical models aid in understanding the complex phenomena that are involved in 
the mechanical interaction between deforming muscle tissue and blood perfusion. For ex
ample, the effects of mechanical loads on the microcirculation in deep tissue layers, which 
are difficult to examine by experiments, can be investigated by model studies. In this re
search a finite element model of blood perfused muscle tissue has been developed, and 
verified on the basis of computational data and experimental data from the literature. The 
model predicts finite deformation of contracting muscles with realistic geometries. Intra
muscular pressure distribution and distributions of blood pressures and flows in each of 
the vascular compartments are computed. The finite element model provides regional re
sults, such as regional capillary perfusion and microcirculatory blood pressure distributions 
during complicated loading conditions, which are difficult to evaluate experimentally. In 
this chapter the main conclusions of this study are summarized and recommendations for 
future research are given. 



94 8. Conclusions and Recommendations 

8.1 Conclusions 

A continuum description of the mechanical behaviour of blood perfused muscle tissue has 
been derived from the theory of immiscible mixtures, where the blood perfused tissue is 
considered as a hierarchical porous medium. The same macroscopic equations were found 
by Huyghe and van Campen (1995), under more stringent assumptions than those handled 
here. In their derivation, e.g., Huyghe and van Campen assumed Poiseuillian fluid flow 
on the level of the individual vessels, while in this study, the assumption was that energy 
dissipation due to fluid flow is related to the square of the relative fluid velocity. 

Based on the continuum description of blood perfused muscle tissue, an integrated 
finite element model of finite deformation and blood perfusion of muscle tissue has been 
developed. Displacements of the tissue, tissue pressure and a set of blood pressures in the 
vascular hierarchy, are the nodal degrees of freedom. This set of blood pressures represents 
the hierarchical range of the blood pressure in each nodal point. This finite element model 
has been implemented in the software package DIANA. Several 2-D, axi-symmetric and 
3-D serendipity elements, with linear and quadratic interpolation functions are available. 

The hierarchical range of the blood pressure is discretized by a series of maximally 5 
1-D hierarchical elements with linear interpolation functions, resulting in a set of maximally 
6 blood pressures in each nodal point. To prevent numerical oscillations in the solution 
of the tissue pressure, quadratic interpolation functions for the displacements and linear 
interpolation functions for the tissue pressure and the blood pressures were used. 

Analytical solutions of the 4-D Laplace equation, and of a linear confined compres
sion test on a biphasic porous sample, were well-predicted by the finite element model. 

Finite element simulations of stationary Newtonian fluid flow through rigid, arterial 
vascular tree models were performed. The permeability tensors that were required as input 
parameters in the finite element simulation, were obtained from quantitative hierarchic 
and geometric information of the vascular tree. The finite element results of fluid pressures 
and flows were compared with volume averaged results from linear network analysis. Good 
correspondence between finite element and network results -e.g., for total flow, a difference 
of no more than 4%- was achieved when the hierarchy of the network was quantified 
such that a good correlation between the hierarchical level and the network fluid pressure 
existed. 

The compliance of the blood vessels has been included in the finite element model 
as a local, non-linear relation between the transmural pressure and blood volume frac
tion. Moreover, a quadratic relation between blood volume fraction and permeability has 
been included. Finite element simulations of blood perfusion in mechanically compressed 
muscle tissue and in tetanically and isometrically contracting skeletal muscles have been 
performed. 

The finite element results support the experimental finding that a vascular water
fall in the venous compartment is responsible for blood flow impediment in muscle tissue 
during mechanical compression. It should be noted that this vascular waterfall behaviour 
was found in the simulations due to the strong increase of venous resistance that results 
from the collapse of the venous compartment, without a..<;suming a priori a vascular wa-
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terfall mechanism in the finite element model. Furthermore, the finite element simulations 
indicated that the venous waterfall was responsible for the decrease of blood perfusion in 
maximally vasodilated skeletal muscles during tetanic, isometric contraction. 

8.2 Recommendations for Future Research 

The continuum description of blood perfusion needs further validation. In this study, the 
verification was confined to relatively small, 2-D, rigid, arterial vascular tree models. Larger, 
3-D vascular structures, with many more segments, and including anastomoses and arcad
ing arterioles should be investigated. Better hierarchical quantification procedures should 
be explored. Some preliminary results that have been achieved in this study (Brouwers, 
1996), indicated that Strahler-ordering of vascular trees offers good possibilities for hier
archical quantification. Improvement of the finite element representation of the hierarchy 
can also be achieved by using more hierarchical compartments. Future verification studies 
should include the venous part of the vasculature, and more specific attention should be 
paid to the limitations of the continuum description of blood perfusion for the very few 
large vessels in the arterial and venous compartments. Compliance of the blood vessels 
and deformation of the vasculature are important aspects of the blood perfusion model, 
and should be included in the verification study. Future verification studies should deal 
not only with network computations, but also with in vivo experimental measurements of 
blood perfusion. 

The implementation of the finite element model in the software package needs fur
ther evaluation. A maximum number of 5 hierarchical elements has been used in this study, 
in order to keep the size of the numerical models within practical limits. This, however, re
stricts the discretization of the hierarchical range, and the quality of the results. To improve 
the accuracy, especially in the verification studies, the maximum number of hierarchical 
elements can be increased, for example to 10 or 20. Moreover, due to the data-structure of 
the software package DIAN A, in the present implementation of the finite element model of 
blood perfused tissue equal orders of interpolation are used for each of the nodal degrees 
of freedom (i.e., displacements, tissue pressure and the set of blood pressures). To prevent 
oscillations in the solution of the tissue pressure, we used elements with quadratic inter
polation functions for the displacements, and linear interpolation functions for the tissue 
pressure and the blood pressures, which was achieved by prescribing linearizing constraints 
for these degrees of freedom (see chapter 4). This procedure was successful, but the exact 
mathematical motivation for this procedure has not been investigated in this study. Such 
an investigation is recommended. 

In this study, the mechanical effect of tissue deformation (e.g. during muscle con
traction) on blood perfusion was evaluated only on the global level, i.e., by comparison of 
total blood flow through contracting muscle. The finite element model provides regional 
results for blood pressure, blood flow, and blood volume fraction, for each hierarchical 
level. Experimental verification of this regional data should be performed. This requires 
detailed reconstruction of the geometry of the considered muscle, including the complete 
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field of muscle fiber directions in this geometry, and translation of the vascular structure 
in this muscle to permeability tensors. Although tedious, good possibilities for geometrical 
reconstruction are offered by high-resolution MRI, and for fiber direction measurement 
by diffusion-tensor MRI. For translation of the vasculature histologic corrosion casting 
techniques can be used. 

Muscle contraction was approximated by a simplified contraction model, in which 
the active stress component in fiber direction was prescribed as a function of time. More 
sophisticated contraction models are available, in which contraction stress also depends 
on kinematic quantities, such as strain and strain rate, and biochemical quantities, such 
as calcium concentration. Future research should include these sophisticated contraction 
models in the finite element simulation of contracting blood perfused muscles, eventually 
extending these models by introducing local relations between contraction stress and blood 
perfusion. 

The exchange of nutrients and waste products is the result of diffusion of water and 
solutes through the capillary vessel walls. In this process, colloid osmotic pressures that 
arise from differences in protein concentrations between plasma and interstitial fluid, play 
an important role. The exchange of solutes between plasma and interstitium, which has 
been neglected in this study, can be investigated with suitable extensions of the perfusion 
model. For this purpose, a useful combination between the finite element descriptions of 
blood perfusion and ion-induced swelling (Snijders, 1994), should be developed. 

In the finite element model of blood perfused tissue, the effect of autoregulation 
was left out of consideration. Autoregulation causes an adaptation of the vascular resis
tance, mainly by constriction or dilation of the arteriolar vessels, such that blood flow 
remains unchanged for a wide range of perfusion pressures. It is recommended to include 
an appropriate description of the autoregulation mechanism in the perfusion model. 

The mechanical interaction between tissue and blood may play an important role in 
muscular diseases. Muscle tissue suffers from many different diseases, for example congen
ital defects, hereditary dystrophies, tumors, spinal and neural muscular atrophies, inflam
matory diseases, and traumatic and circulatory diseases (Adams, 1975; Jones and Round, 
1990). Although metabolism and circulation play an important role in each of these dis
orders, the combination of mechanical impact and disturbance of blood perfusion is most 
pronounced in traumatic and circulatory diseases. Therefore the model of blood perfused 
tissue provides insight in the mechanisms that are responsible especially for these diseases. 

Traditionally, damage and failure of materials have been main topics of research 
in material science and mechanical engineering. In the relatively new field of biological 
material science, very particular phenomena such as repair and adaptation occur. Besides 
gaining insight in these phenomena in order to have better knowledge of the behaviour of 
biological materials, useful applications of these phenomena in technical materials must be 
considered. Present research and development in the field of, for example, smart materials, 
may therefore profit from a better understanding of the mechanics underlying these phe
nomena. The finite element model that has been developed for blood perfusion in biological 
tissue, may have useful applications in analyses of other materials, for example wood or 
fractured rocks. 
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Samenvatting 

Het fysico-chemische evenwicht in biologisch weefsel wordt in stand gehouden door een 
uitgebreid toe- en afvoersysteem van voedingsstoffen en afvalstoffen. Met name voor spier
weefsel, waarin vele metabole processen plaatsvinden, is dit systeem van belang. Een 
belangrijk onderdeel van dit systeem is de bloedcirculatie. Hierin wordt bloed door een 
sterk vertakkend, fijnmazig netwerk van bloedvaten rondgepompt. De bloedcirculatie in 
spierweefsel kan verstoord worden door de grote mechanische belastingen en vervormingen 
waaraan spierweefsel onderhevig is. De mechanische interactie tussen weefsel en bloed die 
aan deze verstoring ten grondslag ligt, berust op gecompliceerde fenomenen die op micro
scopische schaal in het weefsel plaatsvinden. Experimenteel onderzoek van deze fenomenen 
is moeilijk, met name in de microcirculatie. Om inzicht in deze fenomenen te krijgen, 
kan gebruik gemaakt worden van wiskundige modellen van bloedstroming in spierweef
sel. Vanwege de dichte, microscopische structuur van bloedvaten in spierweefsel, is een 
expliciete beschrijving van bloedstroming door elk bloedvat in een macroscopisch (i.e., 
groot ten opzichte van de microstructuur), deformerend stuk weefsel onuitvoerbaar. Door 
de bloedstroming door de bloedvaten weer te geven met volume-gemiddelde grootheden, 
wordt een geschikte beschrijving van de doorbloeding verkregen. De complexiteit van een 
dergelijke beschrijving is onafhankelijk van de complexiteit van de microstructuur. In de 
continuiimsmechanica is het gebruikelijk om het macroscopische mechanisch gedrag van 
materialen te beschrijven met relaties tussen gemiddelden van de relevante grootheden, 
bijvoorbeeld gemiddelde spanning en gemiddelde rek. Voor de beschrijving van vloeistof
stroming door deformerende poreuze media zijn continuiimstheorie€n afgeleid, waarin re
laties tussen gemiddelde vloeistofdruk en gemiddelde vloeistofstroming gebruikt worden 
(Darcy-vergelijking). De bestaande theorie€n zijn echter niet geschikt voor de beschrijviug 
van doorbloeding vanwege de hiera.rchische architectuur van het vertakkende vaatbed en 
de scheiding tussen bloed en weefsel door de elastische vaatwanden. 

In dit onderzoek is een continuiimsbeschrijving van het mechanisch gedrag van door
bleed spierweefsel afgeleid uit de continuiimstheorie van onmengbare mengsels. Het weef
sel wordt beschouwd als een intrinsiek incompressibele, hierarchisch-poreuze vaste stof, 
verzadigd met een incompressibele vloeistof. De vloeistof vertegenwoordigt het bloed en de 
porien worden verondersteld een hierarchische structuur te hebben, overeenkomstig met de 
hierarchische structuur van het vaatbed. De lokale toestand van de vloeistof is afhankelijk 
van het hierarchische niveau. Bovendien kan de lokale vloeistofdruk in de porien verschillen 
van de lokale hydrostatische druk in de vaste stof. Dit drukverschil veroorzaakt een hij
drage aan de lokale elastische in het weefsel, waarmee de weerstand van het weefsel 
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(bloedvatwand en omringend weefsel) bloedvolumeverandering wordt beschreven. Het 
macroscopisch mechanisch gedrag van het weefsel tijdens vervorming wordt heschreven met 
een spannings-rekrelatie. Macroscopische hloedstroming in het weefsel wordt beschreven 
met een uitgebreide Darcy-vergelijking en uitgedrukt in ruimtelijke en hiera.rchische com
ponenten. 

Op basis van de continuiimsbeschrijving van doorbloed spierweefsel is een 
greerde eindige-elernentenbeschrijving van eindige vervorming en doorbloeding van spier
weefsel ontwikkeld. Verplaatsingen, hydrostatische druk in het weefsel en een serie van 
bloeddrukken verdeeld over de hierarchie zijn de vrijheidsgraden in deze beschrijving. Deze 
eindige-elementenbeschrijving is gelmplementeerd in het softwarepakket DIANA en is ge
schikt voor 2-D, a.xi-symmetrische en 3-D analyses. Het verloop van de bloeddruk over de 
hierarchie wordt beschreven met lineaire interpolatie tussen de bloeddruk vrijheidsgraden. 
Om numerieke oscillaties te voorkomen in de oplossing van de hydrostatische druk, dienen 
de hydrostatische druk en de bloeddrukken een orde lager geinterpoleerd te worden dan de 
verpla.atsingen. Contractie wordt in de eindige elementen simulaties beschreven door ee11 
aktieve spanningscomponent in vezelrichting op te tellen bij de passieve spa.nningstensor. 

Een verificatiestudie van het eindige-elementenrnodel van doorbloeding is uitge~ 
voerd. Bloedstroming door starre arteriele vaatboommodellen, berekend met linea.ire 
draulische netwerkanalyse, is gesimuleerd met het eindige-elementenmodel. De invoerdata. 
voor de eindige-elementensimulatie -de permeabiliteitstensoren- worden bepaald aan de 
hand van geometrische en hierarchische gegevens van de vaatboom en de viscositeit van 
het bloed. De hierarchie van de va.atboom moet hiervoor gekwantificeerd worden op ba.
sis van structurele eigenschappen van de vaatboom, zoals vaatdia.meters of Strahler-orden 
van de vaten. De hierarchische niveaus die met de kwantificatie a.an de va.atboom toege
kend worden, dienen binnen elk lokaa.l begrensd gebied ( representatief volume element) 
een goede correlatie te hebben met de bloeddruk in de vaatboom. Het is gebleken dat de 
overeenkomst tussen de eindige-elernenten- en netwerkoplossingen voor bloeddruk en bloed
stroming sterk afhankelijk is van deze correlatie. De eindige-elementensimulaties leveren 
goede bena.deringen voor totale bloedstroming door de vaatboom en voor regionale effecten 
op de doorbloeding ten gevolge van macroscopische veranderingen van de vaatboom. 

Eindige-elementen resultaten van totale bloedstroming door een tetanisch en iso
metrisch contraherende spier vertonen overeenkomst met experimentele resultaten. 
rimenteel onderzoek van de exacte mechaniscbe interactie tussen weefsel en bloed tijdens 
spiercontractie is echter gecompliceerd. Dergelijk onderzoek is beter uitvoerbaar indien de 
spier aan goed gecontroleerde mechanische belasting onderworpen wordt. Experimentele 
metingen van bloeddruk en bloedstroming in een passieve spier tijdens hydrosta.tische 
compressie zijn gerapporteerd in de literatuur. De mechanische interactie tussen weefsel 
en bloed in deze experimenten wordt goed voorspeld door het eindige-elementenmodel. 
Zowel uit de eindige-elementensimulaties als uit de experimenten blijkt dat bloedvaten in 
het veneuze compartiment dichtgedrukt worden en dat daardoor een obstructie van de 
bloedstroming ontstaat. Uit eindige-elementensimulaties van doorbloeding in skeletspieren 
tijdens tetanische contractie, blijkt dat ditzelfde fenomeen verantwoordelijk is voor de ver
minderde bloedstroming. Het eindige~elementenmodel van doorbloed skeletspierweefsel kan 
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dus gebruikt worden voor analyse van de mechanische interactie tussen weefsel en bloed 
in gecompliceerde belastingssituaties, zoals spiercontractie, en is daarom geschikt voor het 
verkrijgen van inzicht in de optredende fenomenen, interpretatie van experimentele resul
taten en ontwerp van experimenten. 
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6. Het 'vasculaire waterval-mechanisme' (Downey and Kirk, 1975) is een te simplistische weer
gave van het concept van distaal gecollabeerde veneuze bloedvaten als verklaring voor de 
afname van bloedstroming in spierweefsel ten gevolge van verhoogde weefseldruk (Mellander 
and Albert, 1993). 
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9. Meestal vormen economische motieven, vee! meer dan ideologiBche, de drijvende kracht achter 
technologische ontwikkelingen. 
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