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INTRODUCTION 

1. l Instability and self excited oscillations 

The instability of internal flows and boundary layers on solid 

bodies for Reynolds numbers above a critical value leads in many cases 

to the apparently chaotic behaviour of the flow that is called 

turbulence, For particular geometries of the confining walls however, 

periodic oscillations with a well defined frequency are observed, An 

example of such a flow is the shear layer that appears in f lows with 

separation. Self excited oscillations in a shear layer occur when the 

flow instability is able to generate a feedback signal strong enough 

to organise the hydrodynamic disturbances in such a way that energy 

is extracted from the main flow, A particular category is formed by 

the flows where the hydrodynamic disturbances excite a resonant 

acoustic field, In this case, referred to in the literature as flow 

excited acoustic resonance [WEL 86], the organisation of the 

oscillations and energy extraction are strongly enhanced, 

Classical examples are the sound production mechanisms in flutes 

and organ pipes, Examples of related technical problems are self 

sustained oscillations in flows over cavities such as cut-outs in 

aircraft components, slotted wall wind and water tunnels and gate 

slots, Flow excited acoustic resonance is also observed in pipe 

systems. Detailed reviews of the many contributions on the subject 

of self excited oscillations in shear layers have been given by 

Rockwell and Naudascher [ROC 78] and Rockwell [ROC 83]. 

1.2 Mechanisms for extraction of main flow energy 

The oscillations of the flow may be driven by a large variety 

of mechanisms. 

The elasticity of a solid confining wall plays an important role 

in woodwind instruments and in flows over cavities with an elastic 

wall (Fluid elastic oscillations, ROC 78). 

In the related problem of pulsating combustion, the ins t ability 

of the combustion process results in an instationary heat release that 

drives a resonant acoustic field [PUT 86] . When a shear layer is 

present in the pulse combustor, its unstable waves will interact 

strongly with the combustion process [JOU 86]. 



In high Mach number flow past a covered cavity as in a 

regulating valve in partially closed position, entropy fluctuations 

related to flow instability are the sound source [:KEL 83]. 

We will further limit ourselves to the case of low Mach number 

flows in pipelines. It was demonstrated by Howe [HOW 75] that in that 

case vorticity inhomogenities are responsible for sound production. 

1.3 Flow excited acoustic resonance in pipe systems 

The problem of acoustic resonance induced by a low Mach number 

flow in a duct with closed side branches is important to the design of 

piping layouts for gas transport systems. Pulsations in high pressure 

gas pipelines may cause severe structural vibrations. In addition the 

sound radiated by vibrating pipe structures is undesirable from an 

environmental point of view. Low frequency flow excited acoustic 

resonance was observed in the piping system of one of the compressor 

stations of N.V. Nederlandse Gasunie (Fig. 1.1). 

00 Ou~0 

t ~ 

A B 

Fi g . I. I Schematic of compressor station 

Resonance occurred in a part of the pipe system where all the 

compressors were shut off, resulting in a pipe configuration with a 

number of closed side branches. Flow in the manifold was maintained 

by a second set of compressors. The high pulsation amplitude made it 
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necessary to avoid this operating condition. In the investigation that 

followed it appeared that resonance could also be achieved when the 

second set of compressors was bypassed by opening valve A (Fig. 1.1). 

In this configuration the flow in the manifold was regulated by 

partially closing valve B in the main transport pipeline. This 

eliminated compressors as a cause of pulsations in this case. 

Pulsations were observed (Fig. 1.2) for a range of values of the 

nondimensional quantity based on frequency f, main flow velocity v0 
and side branch diameter D known as the Strouhal number: 

N 
:X: 

Fig. I. 2 

12 

10 

8 

24 142 250 k Pa 
0 0 0 

Pulsations measured at closed end of side 

branch (location p 1 in Fig. I. I) 

A maximum pulsation level of 1.75 bar rms (8 times the dynamic pressure 

of the main flow), measured at the closed end of the side branch was 

observed for SrD 0.32. The highest reported value of SrD was 2. The 

lowest value for SrD at resonance of 0.13 (Fig. 1.2) is remarkable as 

3 



values reported in the literature on self excited oscillations in 

flows over cavities are higher than 0.26. Further, the Reynolds number 

(based on the pipe diameter) of 108 , in combination with the low Mach 

number of the main flow, renders this an unusual technical problem. 

Even for lower Reynolds numbers, studies on resonance induced 

by a low Mach number flow in pipes with closed side branches are 

scarce. In one of these studies [ING 76] the sound generating mechanism 

is identified and experimental data are presented on resonant 

frequencies for different flow velocities and lengths of pipe sections, 

for a set-up consisting of a main pipe with one side branch cavity , 

both with a square cross section of 2 x 2 cm2. The medium was air at 

atmospheric pressure. 

The pulsating output of reciprocating compressors has been 

identified as a source of pressure fluctuations in piping systems by 

many authors. A number of these investiga tions is referenced by To 

[TO 84], I n these studies the response of a piping system with f low 

to a pulsating input is investigated, but aero-acoustic sources are 

neglected. The case of severe f l ow induced pulsations reported by 

Gasunie indicates that it is necessary to model these sources when 

ana lyzing the acoustic properties of a piping system with fl ow. The 

present knowledge of such aero- acoustic sources is r eviewed in the 

next section. 

1.4 A review of studies on modelling of self excited oscillations 

in low Mach number flow 

Severa l authors have developed analytical and s emi empirical 

models f or the resonant behaviour of shear l ayers in flows over slots 

and cavities. 

The model of Elder [ELD 80] uses the results of linearised 

stability theory for free shear layers in combination with experimental 

data on shear layer thickness. The phase relation between the 

acoustic field and the hydrodynamic disturbance that is used in the 

model is also based on experimental da ta. The model predicts resonant 

frequencies in a shear layer flow past a Helmholtz resonator. The 

oscillation amplitude is, in Elder's approach, calculated from the 

nonlinear impedance of the resonator's .orifice. 

4 



The model problem of resonant oscillations of a vortex sheet of 

infinitely small thickness in a slot has been investigated with 

linearized theory by a number of authors [MOH 75, CRI 81, HOW 81, 

DUR 84], These studies suffer from the difficulty to devise an 

experiment that duplicates all the conditions assumed in the model, 

Recently, Bechert succesfully carried out such an experiment in a 

duct with a splitter plate and a thin shear layer [BEC 84]. In this case 

due to the simple and symmetrical configuration, an analytical 

solution of the linearized equations is possible [BEC 82], 

In studies of organ pipes and other wind instruments, most 

authors use ad hoc models of the flow and emphasis is on the interaction 

of resonator and source [FLE 79, Mel 83]. 

The analysis of vorticity shedding in a flute as a nonlinear 

model of the aero-acoustic source by Howe [HOW 75] was the inspiration 

for the modelling of the hydrodynamic disturbances in the present 

study, The same ideas were used by Stokes [STO 86] to model flow 

excited acoustic resonance in ducts with plates, 

1.5 Scope of the present study 

In the present study pulsations induced by a low Mach number 

flow in a pipe with one or more side branch resonators are investigated, 

The pipe walls are assumed to be fixed in space, i,e, coupling to 

structural vibrations is neglected, The concept of a feedback loop is 

used to describe the resonance mechanism which is similar to the one 

observed in low Mach number flows over deep cavities [ROC 83], In our 

case, the feedback loop consists of the flow in the T-joints, which 

is capable of generating coherent vortex structures, and the low 

frequency acoustic field in the pipe system. The generation of 

vertical disturbances as a result of the interaction of the acoustic 

field and the separating flow a t the upstream edge of a T-joint is 

described by an unsteady Kutta condition [CRI 85, RIE 79, BEG 82], 

Instationary vorticity near solid walls is a dipole like sound source 

as recognized by Powell [POW 64, HOW 75], When the strength and the 

velocity of the vortices and the acoustic velocity in a T-joint are 

known, the generated acoustic power can be calculated [HOW 80], 

The classica l reference in the literature for the propagation of low 
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frequency acoustic waves in ducts with bends and T-joints is the 

approximation based on a mode expansion due to Miles [MIL 46, LIP 54, 

DAV 57]. However, in the present case this approximation fails since 

the acoustic field near the edges in a T-joint is not accurately 

described when a limited number of modes is used. Therefore the 

method of matched asymptotic expansions is used (LES 72, THO 84, 

HOW 75] which yields in first order approximation an accurate 

solution when the ratio of characteristic duct width and acoustic 

wavelength is small. To account for the convective effect on the 

propagation of low frequency acoustic waves in pipes, the high 

Reynolds number, low Mach number time averaged flow can be 

approximated with a uniform velocity profile [ING 75]. For the shear 

number (see chapter 2) typical for our problem, damping of acoustic 

waves due to molecular viscosity and heat transfer is small. It was 

shown in earlier studies, among others by Disselhorst (DIS 78] 1 that 

in that case, damping due to friction can be incorporated as an 

imaginary correction to the wavenumber describing inviscid, one 

dimensional acoustic wave propagation. The attenuating effect of 

turbulence of the low Mach number main flow (M ~ 0.2) on low · frequency 

acoustic waves is negligible compared to effects of molecular 

viscosity and heat transfer [HO~ 84]. 

1.6 Goal and outline of the present study 

The aim of the present investigation is to give a quantitative 

description of the role of the flow instability in a T-joint as a 

sound source in a pipe with side branch resonators and a low Mach 

number flow. This source description is then used in a model of the 

acoustic field in the pipe system to predict the influence of losses 

due to radiation and friction on the pulsation amplitude. 

The emphasis is on the behaviour of the aero-acoustic source at low 

Mach numbers and moderate pulsation amplitudes, i.e. M2 << I and 

(v0 /v0)M << I, where v0 , v0 and Mare the characteristic fluctuating 

velocity, time averaged velocity and Mach number of the main flow 

respectively. 

Much attention is given to an experimental verification of the 

low frequency acoustic field calculated with the method of matcheq 
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asymptotic expansions (chapter 2, appendix A-II and chapter 4). 

An integral equation is derived for the acoustic field in a 

2-dimensional pipe system with a compact vorticity inhomogenity in a 

T-joint as a source term (chapter 2), 

Next a 2-dimensional model for the description of the 

instationary vortical flow in a T-joint is developed and used as a 

model of the acoustic source in predictions of the acoustic field in 

chapter 3. 

Two experimental set-ups where designed and built to check the 

analysis in chapters 2 and 3 with experimental data. 

The first set-up, with pipes of square cross section of 6 x 6 cm2 has 

a T-joint with optical windows to make the flow accessible to 

diagnostic methods and is operated at atmospheric pressure, This set

up was used for justification of the model for the flow i~ a T-joint 

with flow visualisation and l aser doppler anemometry (chapter 4). 

The se cond set-up with pipes of circular cross section ha s a T-joint 

which is a lllOth scale model of a standard 12" I 12" I 10" T-joint as 

used in gas transport systems and can be operated at pressures from 

I up to 16 bars. 

By comparing the results of experiments in pipes with square cross 

section with the results of otherwise similar experiments in pipes 

with circular cross section, the validity of the assumption of 

2-dimensionality of the flow is investigated (chapter 5). 

The theoretical predictions for the amplitude and the frequency of 

the pulsations in the pipe system for the case o.f moderate amplitude 

are compared with experimental data (chapter 5). 

The static pressure in the set-up with pipes of circula r cross 

section is varied to check th~ influence of friction on the pulsations, 

With this technique an extrapolation is made from the experimental 

data to the situation with negligible friction which occurs in high 

pressure ga s transport systems (chapter 6). Finally ~he case of high 

pulsation amplitudes for which we do not have a deta iled theoretical 

model is considered (chapter 6). 
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2 SOUND PRODUCTION BY VORTICAL INHOMOGENITIES IN A PIPE SYSTEM 

WITH LOW MACH NUMBER FLOW 

2.0 Introduction 

In this chapter a theory is presented for sound production by a 

low Mach number flow with vortical disturbances in a pipe section 

with a T-joint. 

An analysis of the parameters relevant to the problem is 

presented in section 2. I. 

It appears that for the problem of low frequency pulsations induced by 

a low Mach number pipe flow, the stagnation enthalpy and acoustical 

velocity are most suitable as acoustical variables, as proposed by 

Howe {HOW 75] (section 2.2). 

In a pipe system with flow, neglecting the convective effect at the 

boundaries of the system leads to large relative errors when 

radiation losses are small. In the present theory for the case of 

moderate pulsation amplitudes (v0;v0 = O(M)), section 2.2, the 

convective effect of the time independent flow velocity is retained in 

an approximation to first order in the Mach number (section 2.2). 

To obtain the same effect in a theory for high pulsation amplitudes 

(v0 /v0 = 0(1), appendix A I), an approximation to the next order in M 

would be necessary. A low frequency approximation for the acoustic 

field is presented, for the case of small damping (section 2.3, 

appendix A II). An integral formulation for the problem is derived 

with Green's formula (section 2.4) and the low frequency Green's 

function of the problem (appendix A III). 

An approximate solution of the integral equation with van der Pol's 

method is obtained (section 2.5) and energy relations for low 

frequency acoustic waves in a pipe system with flow are presented 

(section 2.6). 

2. I Specification of the problem 

We are interested in low frequency sound production by a 

vortical flow in a pipe segment with a closed side branch at a right 

angle to the main pipe segment (Fig. 2.1). The duct sections I, II 

and III have a length of order L0 and a width of order H0. We def~ne 

the inner region of the joint between the main pipe and the side 
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branch (Fig. 2.1) as a region with a characteristic dimension H0 which 

we shall call the T-joint. 

m 

II 

Fig. 2.1 Pipe section with side branch 

In the present study it is assumed that H0 is small compared to the 

wavelength A of the acoustic pulsations in the duct system and that 

L0 = 0()./2TI). Hence, a small parameter ~ and a nondimensional 

wavenumber k, k = 0(1), are defined: 

(2. I) 

(2.2) 

where w0 is a characteristic frequency and c0 is the sound velocity of 

the medium at rest. Since ~ is small and k is 0 (I), higher order waves 

do not propagate 1n the duct sections I-III and only plane waves have 

to be considered at some distance from discontinuities. 

The flow in the pipe system is determined by the geometry 

(Fig. 2.1) and by the following quantities: 
v0 characteristic amplitude of the fluctuating velocity 

v0 characteristic steady velocity 
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Ho characteristic duct width 

La characteristic duct length 

Po density of the medium at rest 

co sound velocity of the medium at rest 

w characteristic frequency 
0 

\1 kinematic viscosity 

a thermal diffusivity 

c 
p 

specific heat a t constant pressure 

R 
g 

gas constant 

Only ideal gases with constant specific heats are considered . The 

following nondimensional products now appear: 

v 01v0 

wOHO/cO 
w0H0 1 (2Tr Vo) 

~/Ho 
via 
c I (c -R ) 

p p g 

Vol co 

volco 

amplitude number 

ck = reduced frequency 

SrH Strouhal number based on the characteristic 

duct width and time independent ve locity 

Sh 

Pr 

y 

M 

m 

Re 

shear number 

Prandtl number 

Poisson's constant 

Mach number 

Mach number based on fluctuating flow 

velocity 

Reynolds number 

From this list Pr andy are constant properties of the gas (Pr = 0.72, 

y = 1.4 for air, Pr 

Re is a ssumed large 

M = 0.07, ek = 0.1, 

0.78, y = 1.35 for standard Dutch natural gas). 

(108) and M, ek and Share assumed sma l l ( typically 
-5 Sh = 3 .10 )_. 

Since we are dealing wi th high Reynolds number pipe fl ow, a uni fo rm 

time averaged velocity profile is assumed in the pipe sections 

(Fig. 2.1). The pipe fl ow turbulence is neglected because its small 

length scale (O(H0)) prevents effective interaction with plane acoustic 

waves [HOW 84]. We assume that the threedimens ional pipe-flow 

turbulence can a lso be neglec ted in the T-joint because i t has as a 

sound source a quadropole character whereas the coherent two 

dimensional and periodic disturbances in the shear layer are dipole 

like sound sources. Thus, for the sake of simplic ity we limit 

ourselves t o these periodic and e ssentia lly two dimens ional structures 
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which are observed in our experiments. 

A correct way to incorporate the effects of velocity and 

temperature boundary layers in a one dimensional theory for acoustic 

wave propagation in a pipe is by taking the cross sectional averages 

of the full equations. For the case of zero main flow velocity this 

analysis has been carried out by Disselhorst [DIS 78] to second order 

in m (= v0/c0) and Sh. 

In the present work a first order approximation in m and Sh is used 

to include damping by viscosity and heat transfer. At this level of 

approximation the small effect of damping by viscous dissipation and 

heat transfer can be included as a correction in the boundary 

conditions (chapter 3). 

In flows with high Reynolds number and small shear number, viscosity 

still strongly affects the flow at edges. At sharp edges viscosity 

will induce separation. This effect of viscosity is described at such 

points by a Kutta condition which states that velocity should remain 

finite. 

Finally, viscosity and heat transfer in wall boundary layers are 

responsible for the creation of entropy variations. At points where 

separation occurs, these entropy variations are injected into the flow 
2 

along with vorticity. Since these entropy variations are O(M ) they 

are neglected in the present study. 

Our analysis is limited to linear acoustic oscillations. Hence 

the Mach number based on v0 must be small: 

m = volco << 

For a steady isentropic irrotational flow, variations in the sound 

velocity are of second order in the Mach number M. For an instationary 

flow, variations of the sound velocity are of first order in the Mach 

number m based on v0 • Hence, the sound velocity can be assumed constant 

if terms of second order in M and terms of first order in m can be 

neglected. 

In the present study, the case m << £k is of special interest. 

Then convective effects caused by the fluctuating velocity are small 

compared to unsteady effects and only convective effects of the steady 

flow have to be retained. This yields a convective wave equation. 
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The interaction of the unstable flow in the T-joint (Fig. 2. 1) 

with the resonant sound field in the pipe system forms the source that 

drives the sound field. Therefore the flow in the T-joint has to be 

examined in detail. Since the side branch (section III in Fig. 2.1) is 

closed at one end, the time independent flux into the side branch must 

vanish and, when pulsations are absent, a shear layer separates the 

stagnant medium in the side branch from the flow in the main pipe. 

Many studies, both theoretical and experimental, have been reported 

on the instability of shear layer flows and on self sustained 

oscillations of shear tayers interacting with Helmholtz resonators 

and cavities in walls (section 1.4). On the basis of these studies one 

expects that the shear layer oscillations in our problem are 

controlled by a feedback loop formed by the following processes: 

the sound field excites the shear layer at the upstream edge of 

the T-joint. The instability of the shear layer results in the 

generation of coherent vortex structures in the flow, 

the interaction of the nonstationary component of the vorticity in 

the flow with the sound field results in a transfer of energy from 

the incompressible flow to the acoustic field, and 

the acoustic properties of the system determine the amplitude and 

phase of the feedback at the upstream edge. 

Most theoretical studies of low frequency shear layer oscillations 

assume small amplitudes of the shear layer displacement in order to 

linearize the equations (section 1.4). The shear layer is then 

idealized as a continuous vortex sheet of infinitely small thickness. 

This type of analysis can, due to the feedback loop character of the 

self excited shear layer oscillations, only predict the frequency of 

resonant oscillations but not the finite amplitudes one finds in 

experiments (chapter 3)_. 

In the present study a model for strong shear layer oscillations 

is proposed. Experiments show that in that case the growth of the 

unstable shear layer wave saturates because a large portion of the 

vorticity in one wavelength of the hydrodynamic disturbance is 

concentrated in a structure which we will describe with a single 

instationary vortex. Models based on this concept of concentrated 

vorticity will be described in chapter 3. A model with a single 

instationary vortex, although it is rather crude, has the advantage 
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of simplicity, since the time independent flow can now be idealized as 

irrotational. 

Next, damping by radiation losses and viscous dissipation and 

heat transfer is considered. Radiation losses are determined by the 

geometry of the duct system (Fig. 2.1) and the reduced frequency Ek. 

Since the duct system is assumed to have hard walls and since Ek << I, 

radiation losses occur via the transmission of plane waves at the 

terminations of the pipe system, the boundaries S 1, s2 , s3 (Fig. 2. I). 

As s3 is also a hard wall, radiation loss at s3 is negligible for the 

conditions considered. Radiation losses can be minimized, for example 

by installing large stepwise area changes at s1 and s2• 

Damping by viscous dissipation and heat transfer is included in the 

radiation losses through the introduction of "effective boundary 

conditions" at s1-s3 (chapter 3). 

In many cases the amplitude of pulsations will be limited by sound 

absorption due to vorticity shedding at the edges of the T-joint 

(Fig. 2.1). This effect occurs on the same level as sound production 

by vortices and has to be dealt with accordingly. 

The amplitude of stationary oscillations is determined by the balance 

between acoustic energy produced by the aeroacoustic source and the 

acoustic energy losses per period. 

2.2 The basic equations 

Starting point are the equations of motion: 

the equation of continuity, 

~~ + ~ v. Vp + V.v = 0 
p at P -

(2.3) 

and the momentum equation in Crocco's form, which is for a homentropic 

gas without viscosity and heat conduction 

dV 
at+ VB -w x v (2.4) 

where w = V x ~· and B is the stagnation enthalpy, which is for an 

ideal gas given by: 

2 
B - _c_ + ! v2 

y-1 (2.5) 
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When viscosity and heat conduction are neglected (the entropy s is a 

constant), the speed of sound c relates variations of density and 

pressure within a fluid particle: 

2 Dp/Dt = c Dp/Dt 

where D/Dt denotes the material derivative: 

D/Dt = a/at + v.~ 

In steady irrotational·flow Eq. 2.4 reduces to ~B 

constant throughout. 

(2.6) 

0 and B is 

The velocity ~ is split into a time independent part ~ and a fluctuat~ng 

part ~· The fluctuating velocity ~ is the sum of the acoustical 

velocity ~a' ~ x ~a = 0 and a vortical velocity which is zero outside 

the compact source region. 

The formulation of the gas dynamic equations with B and ~a as dependent 

variables is convenient in the case of a non uniform time independent 

velocity distribution. 

Next, Eqs. 2.3- 2.4 will be nondimensionalised with the 

characteristic quantities which were introduced in section 2.1. For the 

inner region of the T-joint (Fig. 2.l),where HO is the characteristic 

length scale in x and y directions, velocities in x and y directions 

are of the same order and the circulation is assumed to scale on the 

circulation in the undisturbed shear layer, we set: 

~ 

~= 
at 

u 

w 

~~ 
Ho 

a 
wo ~ 

at 

~ 

v~ 

vo ~ 
H~ 

0 

(2.7) 

v -

Two cases can be distinguished on the basis of the parameter v0 /(w0H0). 

When the reduced frequency kE = w0H0!c0 is fixed, v0 /(w0H0) is a 
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measure of the oscillation amplitude. 

a. Small oscillation amplitude: v0 /(w0H0) << 

This condition is met when I) V0 /(w0H0) 0(1) and v0;v0 << I or 
2 2 

2) {V0 /(w0H0)} « I and (v0Jv0) « I. The first combination is 

not very attractive because of the severe constraint imposed on 

the amplitude number v01v0 . The second combination applies to the 

majority of the experiments to be discussed in this work where 

Strouhal number and amplitude number are in the range: 

Sr = 0(1) 

b. Large oscillation amplitude, v0/(w0H0) = 0(1), v01v0 • 0(1) 

This combination occurs in pipe systems with negligible acoustic 

energy losses by r adiation, viscous dissipation and heat 

transfer. In this case v0 is a measure of both the time independent 

and the fluctuating flow velocity. Further analytical progress is 

possible in this case when v0 Jc0 << 1 and convective effects on 

acoustic wave propagation are neglected. 

Since most of the experiments to be discussed in this work (chapters 

4 and S) are in the parameter range of case a), the analysis in this 

section is restricted to this case. The case of large oscillation· 

amplitudes (case b) corresponding to the data presented in chapter 6, 

is briefly discussed in appendix A-I. 

Hence, in this section it is assumed that the frequency f and the 

fluctuating velocity ~ are of the order of v0JH0 and MV0 respectively. 

Further, experiments show that, at moderate pulsation amplitudes, the 
. 2 

fluctuating pressure p' is of the order of p0v0 (see chapter 5). 

IS 



* This leads to the following nondimensionalization scheme 

'V 

~ MVO~ 

B' v 2 1( 
0 

(2.8) 

p' 2 'V 

Povo p 

Inserting these expressions into Eqs 2.3, 2.4 and 2.5 yields, after 

using Eq. 2.6 and dropping terms of second order in M so that the 

speed of sound is a constant and only the convective effect of the 

steady velocity is retained: 

a M Q.~) 'V 
+ ~ .~ 0 (k£- + p 

'V 
(2.9) 

at 

a;'; 
'V !( 'V 'V 

k£ + v - w XV 
'V at 

(2. I 0) 

1( 'V Mi:J.iJ. = p + (2. I I) 

This set of linearized equations yields a convected wave equation for 

~. forced by the instationary vorticity in the T-joint (cf. HOW 75): 

[(ke a"' + MQ.~)2 _ ~2] 1( = ~. <~ x ~) 
at 

(2. 12) 

where ~ now denotes the total velocity at the position of the vortex. 

Our definition of ~a yields with Eq. 2.10: 

k£ 

* 

a~ -a 
(2. 13) 

· 2 I 2 
Choosing p0v0 for nondimensionalization of P , rather than ! p0v0 
will result in a nondimensional linearised convected wave equation 

of the same form as Howe's dimensional convected wave equation 

[HOW 75]. This will not stop us from presenting experimental results 

in the usual form p' /! p0v0 2• · rms 
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It is clear that ~ does not satisfy a convected wave equation like 

Eq. 2.12 if~ is non-uniform. This explains why land~ are used 
- -a 

as acoustical variables as proposed by Howe [HOW 75]. 

2.3 Low frequency approximation 

In section 2.2 linearized equations of motion (Eqs 2.4- 2.10) 

were obtained, describing the sound production by a vortical flow in 

aT-joint (Fig. 2.1). We wish to obtain an approximation for l to 

leading order in e: (Eq. 2.1) which satisfies Eqs. 2.9- 2.10, impedance 

boundary conditions at s1, s2, s3 (Fig. 2.1) and the condition of 

vanishing normal velocity on the duct walls. Such an approximation can 

be obtained with the method of matched asymptotic expansions, MMAE 

[DYK 64, LES 75]. The application of MMAE to the propagation of low 

frequency waves in ducts with discontinuities has been treated by 

Lesser, Lewis and Thompson [LES 72, THO 84]. 

The propagation of low frequency waves in a duct system with a 

T-joint and with zero mean flow is discussed in appendix A-II. 

We will show in chapter 3 that, while the terms ~2 land~.(~ x ~) 
in Eq. 2.12 are of the same order, it is reasonable to assume that the 

acoustic energy corresponding to the fluctuating part of B is large 

compared to the energy generated by the aero-acoustic source in one 

period when, as in our case, acoustic energy losses due to radiation 

and friction are small but not zero. In that case, l is to leading 

order in e: continuous across the T-joint while the pulsation amplitude 

is still moderate, allowing a linearised analysi~ (section 2.2). 

The choice of the asymptotic series for ~. l and ~ in this section is 

based on this assumption. Since a linearized problem is considered, 

the asymptotic series reflect the relative order of magnitude of 

different terms rather than absolute orders of magnitude. 

As our experiments (chapters 4 and 5) show that the flow in the 

T-joint is essentially two-dimensional, the analysis is restricted to 

a two-dimensional duct system. We start with the "outer regions", 

duct sections I-III (Fig. 2.1). 

Taking section I as an example, where a uniform mean flow 

velocity profile is assumed, L0 and H0 are the characteristic 

dimensions in axial and transverse directions respectively and 

fluctuating velocities in transverse direction are expected to be of 
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order e compared to fluctuating velocities in axial direction, the 

following set of outer variables is introduced (Fig. 2.1): 

u (I ,0) 

_I 
cj( - h2)e X 

_l "' y y 

-I "' u u 

-I ;;h v (2.14) 

-I 0 w 

-I 
B ~ 

-I "' p p 

t "' t 

Substitution into Eqs. 2.9- 2.10 yields after dropping the superscript 

"I": 

ke ~ + e ( ali + a~ ) + Me lE. 0 (2. IS) 
ar a~ ay ax 

an aB 
ke- + e 0 (2. 16) 

at: ax 

2 a~ aB 
ke - +- 0 (2. 17) 

a£ ay 

and boundary conditions 

v ex, o) 0 (2. 18) 

Inserting expansions for p, B, Q and v: 

18 



B 

(2. 19) 

into Eqs. 2.15- 2.18 then yields after collecting terms of leading 

order in £: 

Bo Bo (x) Po + M Go (2.20) 

aG0 d 
Bo k-

aE ax 
(2.21) 

vo 0 (2.22) 

and 

[ ( kl_ + M l_ )2 
()2 

Bo 0 
aE ax ax2 

(2. 23) 

which is the one dimensional convected wave equation. 

In outer regions II and Ill (Fig. 2.1) the same procedure of 

nondimensionalization and substitution of asymptotic expansions yields 

similar results. Hence, to leading order in £, the fluctuating part of 

B and the fluctuating velocity ~ satisfy a one dimensional convected 

wave equation in outer regions I and II (Fig. 2.1) and a non convected 

one dimensional wave equation in outer region III. 

Next, the flow in the "inner region", the T-joint (Fig. 2.1), is 

considered. Here the previously ~.:sed nondimensionalization scheme 

(2.7) is retained and one condition is added: 

lim tJ (+ I ,0) 

"' x+ + "' 

lim "' u 0 

"' y + 
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As we have seen in section 2.2, this produces Eqs. 2.14- 2. IS. The 

problem for ~ and ~ in the inner region is completed with the boundary 

condition of vanishing normal velocity on hard walls: 

"' "' n u 0 (2.24) 

and limiting conditions which have to be obtained through term by 

term matching with the outer solutions. Inserting expansions for p, ~ 
"' and u: 

"' 1-v "' "' p ~Po+ PI + e:p2 + .... 

I! _I_~ 
e: 0 + Ill + e:Il2 + .... (2.25) 

"' I "' "' "' u -u +~I + e:~2 + .... 
e:.::O 

into Eqs. 2.9, 2.10 and collecting terms of leading order in e: yields: 

0 (2.26) 

0 (2.27) 

Eliminating ?0 from Eqs. 2.26 - 2.27 and neglecting terms of O(M2) 

yields: 

~. 0 (2. 28) 

~0 0 (2.29) 

I 
Now the reason for choosing 0(-) as the leading term in the asymptotic 

e: 
expansions 2.19 and 2.25 is clear.~ is to leading order in e: 

continuous across the T-joint (Eq. 2.29). The distribution of the 

fluctuating velocity in the inner region represents to leading order 

in e: an incompressible flow (Eq. 2.28). The continuity of~ and~ 
across the T-joint to leading order in e: is analogous to the 

continuity of the leading terms in the expansions of p and ~ that one 

20 



finds in the case of zero mean flow. For that case, the pressure 

distribution in the inner region was checked experimentally (appendix 

A-II). 

Matching of the leading order inner and outer solutions yields 

the continuity conditions across the T-joint (Fig. 2.1): 

-r 
Bo (0) 

-II 
Bo (0) 

-III 
Bo (O) 

III aii (2.30) 

E 
0 

)xi=O 0 
i=I a xi 

'V 
The relation between ~ and the aero-acoustic source can be 

found by collecting the terms of zeroth order in e: 

'V 
apo 'V 'V 

Mtf . ~ P', k- + "J ~, + 0 
'V 

:lt 
(2.31) 

'V 

a~ 'V 'V 'V 
+ "J Bl - w X V 

'V 
at 

(2.32) 

The magnitude of the R.H.S. of Eq, 2.32 is assumed to be independent 

~ 'V "' "' • d of ti and u and therefore w x ~ ~s not expan ed. 

With Eqs. 2.28 and 2.32, ~ 1 can be expressed in terms of ~ x ~: 

'V2 ~ 
- "J til 

'II 'V 'V 
V, (~X~) (2.33) 

In the region where the flow is irrotational, the acoustic velocity 

is equal to the fluctuating velocity which in that case is specified 

by Eq. 2.13. To leading order in e: 

'V 

d~ 
k-

'V 
:lt 

(2. 34) 

In order to determine u to leading order in £ we need the 
-1- -1 -

solution for B to order E in the outer regions: E B0 (Eq. 2.21) 

and the solution for B to order e0 in the inner region: e- 1 ~O +~I 
(Eq. 2. 34) . 
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2.4 Generalised Green's formula 

In this section Green's theorem is used to derive an integral 

formulation that relates the solution of the inhomogeneous convected 

wave equation: 

.L + u oT V , (!!_ X ~) 
y_ 

to the source distribution and boundary conditions (Fig. 2.1). 

First, the Green's function of the problem is introduced. 

Let G (~,t I y_,T) be the solution of 

G 

G 

where 

aG 
an 

G 

aG 
(ln 

.L + u 
d1 -

0 for T > t (causality) 

DG 
DT 

0 for T + -co 

o(~- y_) o(t- -r) 

D 
D-r 

a aT+ Q.Vz (initial conditions) 

0 on hard walls 

(boundary conditions, 

0 on 5 1 2 
Fig, 2. I), 

' 

0 on s3 

(2.35) 

(2.36) 

(2. 37) 

(2. 38) 

(2.39) 

Since the analysis is limited to the approximation forB' to 

leading order in E: B0 (section 2.3), the approximation for G to 

leading order in E: G0 will be used. An explicit expression f or G0 is 

obtained by using a mode expansion (appendix A-III), The expressions 

for B0 and G0 in the three duct sections I, II and III with uniform 

mean flow ve locity profiles Q = i v0 in I and II, Q = 0 in III are 

joined with the continu!ty conditions (Eq. 2.30) across the T-joint 

(region IV in Fig. 2.1) where the mean flow is non-uniform. 

Neglecting the non-uniformity of the mean flow in the entrance 

regions of the three duct sections is consistent with the assumed 
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plane wave character of the acoustic field in these areas. Applying 

Green's theorem [GOL 76] to B0 and G0 over the volume V of the duct 

system (Fig. 2.1) and integrating the result with respect tot from -T 

toT (where Tis some large interval of time) yields: 

where 

D 
Dt 

On using 

T 

J 
-T 

I 
--2 

co 

T 
+ f 

-T 

J 
-'T 

J 
v 

one finds [GOL 76]: 

J 
v 

T D2 
J Go -2 Bo 
iJ Dt 

( G 1/ 2 
0 y 

D 
Dt 

Bo - Bo 

D2 
- Bo -2 Go ) dy dt 

Dt 

2 vy c0 ) dx_ dt 

where, since to leading order in E VG = VB 0 in region IV 

(2.40) 

(Eq. 2.30) and since the time averaged flux into region III (Fig. 2.1) 

is zero, 
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However, as the contribution of s4 and s5 (Fig. 2.1) cancel and 

G0 = 0 on s 1 and s2 (Eq. 2.39), the surface integral vanishes. 

Hence, to leading order in e and neglecting terms of second order in 

M, we find: 

f 
v 

d1_ = ~ f 
de v 

Integrating this result with respect to e from -T to T yields: 

T 

f 
-T 

The integrated term vanishes at the upper limit as a result of the 

causality condition (Eq. 2.37) while at the lower limit (e = -T) it 

represents the effect of initial conditions (Eq. 2.38). Applying the 

divergence theorem to the last term on the R.H.S. of Eq. 2.40 yields: 

T 

f 
-T 

T 

J 
-T 

Finally Eq. 2.40 becomes: 

T 
Bo <~. t) f f Go 'V (~X "J_) d1_ de 

-T v y 

T 
+ f l ( GO 'V1. B0 - B0 'V1. GO ) ·E. d S(y) de 

-T 
(2.41) 

2.5 Approximate solution.with van der Pol's method 

In section 2.4 an integral equation (Eq. 2.41) was derived that 

relates the solution of the inhomogeneous convected wave equation 

(Eq. 2.35) to the source distribution and boundary conditions. The 

boundary conditions in Eq. 2.41 are usually a function of frequency. 

Further, the first term on the R.H.S. of' Eq. 2.41 is usually phase 
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related to the solution. A method to solve this weakly nonlinear 

problem is to expand the solution and the boundary conditions as sums 

of the modes p (x) which are also used to expand the Green's function 
n-

G0 (appendix A-III).: 

* 

Go 
H (t-t) pn(~) pn (y) sin [wn (t-t)] 

w 
(2.42) 

n n 

We set: 

L a p (x) sin (w t + a ) n n- n n 
n 

( 2. 43) 

for the solution of Eq. 2.41, where an and Bn are slowly varying 
* functions of time, i.e. their first derivatives are assumed small and 

second derivatives and squares of first derivatives are neglected 

[FLE 79, NAY 73]. Our goal is to find expressions for an and <an>• <Sn>' 

where < > denotes an average over a period. 

Differentiating Eq. 2.41 twice with respect to t yields: 

t a2G 
f f-0 'J 

v at2 X.. 
(~ X ~) dy dt 

+ f 
a co 

(~X~) ] t=t dy [at 'J 
v X.. 

t a2c a2G 
f f __ o'JB-

Bo r:;x.. 
0 . n d s (x_) dt + 
~ - s <lt2 X.. 0 

+ f 
aGo aGo 

.n d s (x_) at r:;x.. Bo - Bo 'J -] 
s x.. at t=t 

(2.44) 

We assume that the relation between B0 and ~ at the refere~ce planes 

s 1, s2 and s3 (Fig. 2.1) ~s for a specified frequency wn + Bn' given 

by the quantity s i (wn +an). At s 1 and s2 (Fig. 2.1) whe r e GO= 0 

(Eq. 2. 39): 

(B )(n) 
0 1,2 

* 
see Note on p. 26 

(2.45) 
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(2.46) 

where (n) indicates the Fourier component with frequency w n + Bn· 
With Eqs. 2.21 and 2.43 this yields: 

E;l 2 (w + i3 ) n.a V P (x) cos [ (wn + i3n) t ] n n - n n-
(Bo)s I 

S I 2 • 
1,2 n w + s n n • 

(2.47) 

a P (x) cos [ (w + Sn) t l 
(~.v 8o) s I 

n n- n 
(w + Sn) }s (2.48) 

(w + Sn) 
n 3 n E;3 3 n 

where n is the outward normal on S. 

With Eq. 2.43 we find for B0 (~,t), after neglecting terms of order 
·2 
i3n' an and sn: 

I [2 { an wn cos(wnt + 80 ) 

n 

-s w a sin n n n 
2 

(w t + i3 )} - w a sin 
n n n n 

(2.49) 

After substituting Eqs. 2.47- 2.49 into Eq. 2.44, multiplying L.H.S. 
. * and R.H.S. with p (x) and cos [ (w + i3 )t], integrating over V and 

n - Ji n n 
averaging over one period, we find an expression for <a >. 

n 
For simplicity we write ~n instead of n.V. 

Note: Following van der Pol [NAY 73], it is assumed that a and i3 are 

of the order of the small source term V.(~ x y_). Instead of 

26 

solving the stationary case: ~ O, the amplitude is allowed 

to change on a time scale much larger than one period. 

Hence, the present solution describes both the steady state 

and transient behaviour of the system. 



<a > 
n 

Jwn + en J * 
cos ( (w +e ) t)] (~~. 'ilpn <l) dx_ dt 

0 n n V 

a 
n 

2(w +e ) 
n n 

2 * co a (w +e ) n n n 
2 

Pn <X) Pn <z) 
d S(y) (2.50) 

1;3 (wn+Sn) 

Repeating this procedure with sin ( (w + 8 )t ) instead of 
n n 

cos ( (w + e ) t ] yields: 
n n 

2 • 
c0 (w +e ) 

n n 

2n --.-
w +e * 

f n n sin [ (w +8 ) t ] f (;0~). Vp0 (J.) dy dt 
0 n n V 

(2.51) 

For stationary oscillations, i.e. <an> = 0 and <Sn> constant, 

Eq. 2.50 yields a relation between an and en. Inserting this result 

in Eq. ~.51 will yield a nonlinear equation for <Sn>. In a situation 

of stationary oscillations the solution must be periodic, In that 

case either all frequencies w + 8 appearing in Eq, 2.43 are equal · n n • 
or they form a harmonic sequence (wn + Sn) = n (w 0 + e0). Therefore 

some form of mode coupling must be present in our model in order to 

allow for such a periodic solution, Inspection of Eqs. 2.50 - 2.51 

shows that mode coupling has to enter via the te·rm w x v in Eq. 2.50 

which may depend on all nonzero modes. 

Furthermore, inspection of Eq. 2.50 shows that when <an> is zero, the 
. . h th d b h . d net energy 1nput 1nto t e n mo e y t e aero-acoustlc source an 

the radiation losses of the nth mode, both averaged over one period, 

must be equal. This energy balance appears as the result of an 

analysis based on mode expansion and the method of averaging, In the 

next section the concepts of acoustic energy and acoustic intensity 

are introduced without using the mode concept i n order to derive an 

analogous expression for the energy balance, 
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2,6 Energy relations 

In this section expressions will be introduced for the acoustic 

energy E and the acoustic energy flux vector I· Following Goldstein 

[GOL 76] E and I are constructed from the solutions to linearized 

gasdynamic equations, in our case the linearized equations for 

conservation of mass and momentum for homentropic, inviscid flow and 

an irrotational, low Mach number time independent flow, Eqs, 2.9 and 

2. 10. In dimensional form: 

ie.' d t + "iJ' (p 0 ~ + pI _!!) 

(lu 

<lt 
+ VB 

0 (2.52) 

- W XV (2.53) 

where p' = p - p0 , _!!denotes mean flow,~ fluctuating velocity,~ is 

vorticity and ~ is the total velocity at the position of the vortex. 

Here B = p'/p 0 +~·.!!is the fluctuating part of the stagnation 

enthalpy in linearized form and p' = p - p0 . Several procedures to 

introduce definitions for E and I yielding different results are 

suggested by Goldstein [GOL 76] .The acoustic intensity that is 

calculated from solutions to the linearized gas dynamic equations will 

generaly not be a true measure of the mean energy flux carried by the 

acoustic di.sturbance as some of the second order terms are left out • 

However, the utility of the concept of acoustic energy is retained 

when E and I are defined in such a way that they satisfy a conservation 

law in regions of isentropic and irrotational flow: 

~ + V.I at 0 (2.54) 

Following Goldstein, an energy equation is derived from Eqs. 2.52, 
• 2.53 for a flow with regions of vorticity 

l§.+'"'.I= J ( ) Clt v - - Po• ~X~ (2.55) 

* 
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Note: It can be shown [MYE 86] that Eq. 2.55 is in fact the 

linearised form of an exact energy corollary for homen

tropic flow 



2 

E 
p' pI p0u 

+ pI u.U -
~ 

+ -2- (2.56) 

I - .i. + ~·.!D <Po~+ pI ,!!) (2.57) 
Po 

and 

(2.58) 

The acoustic power generated by the aero-acoustic source in 

Eq. 2.35 can be calculated with Eq. 2.55 if the sound field is 

periodic. In that case the time average of the rate of change of 

acoustic energy < aE/at > is zero and the power P of the sources in 

a region V must be equal to the time average of the acoustic energy 

flux through the surface S that encloses V: 

p f < ! >. ~ dS = -p O f < ~. (~) > dy (2.59) 
s v 

Hence, P can be calculated from the radiation losses through the 

surfaceS. 

For the geometry in Fig. 2.1 only the energy flux through the reference 

planes s 1 2 3 has to be considered. The time average acoustic energy 
' ' flux vector< I. >in each of the duct sections I, II and III (Fig. 2.1) 

-~ 

is: 

(2.60) 

i = I, II, III 

. 2 . 2 
where IB~+I /2 and IB~_I /2 are the mean square amplitudes of the 

acoustic waves travelling in positive and negative directions and i 

is the unit vector in the direction of the axis of duct i. 

In Eq. 2.60 both the uniform mean flow velocity profile and the plane 

wave character of the acoustic field have been used, the relation 

between Bi and Bi is specified by Eq. 2.45. 
+· • 

For a fixed frequency wn + en' Eqs. 2.45 and 2.53 yield: 
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B(n) 

< B(~) >s. 
E;. (w +f3 ) - c0 
~ n n 

+ ~ 

where E;~ (w +S ) 
L n n ) s .. 

(2.61) 

Hence, if we set \ B (n) ) + 
- + s. ( B(n) ) th _ S. , e power 

~ ~ 

of the aero-acoustic source is, for periodic oscillations with 

3 
IB(n)l2 

Po s. 
J < u . (wxv) > dx_ = E 

~ s. (2.62) p -po 2 -a -- i=l E;. (wn+Sn) 
~ 

v ~ 

where ~ has been replaced by ~a since terms of second order in M are 

neglected in our low Mach number analysis. This expression is 

equivalent to Eq. 2.50 with < an > = 0. 

The energy relations which we have derived in sections 2.5 and 

2.6 will be used in section 3.2 to predict the sound produced by models 

of the unstable shear layer flow in a T-joint. These shear layer models 

will be developed in section 3.1. 

2.7 Conclusions 

An approximation has been derived for the acoustic field in a 

two-dimensional pipe section with a closed side branch for M2 << 

and E = H0 I L0 << I, where M is the Mach number of an irrotational 

steady flow, H0 is the characteristic pipe width and L0 is of the 

order of the acoustic wavelength (sections 2.2- 2.3). 

For problems with a non-uniform time independent velocity 

distribution, the most suitable acoustical variables are the fluctuating 

part of the stagnation enthalpy B and the acoustic velocity ~ 

(section 2.2). 

The formulation for B and~ is, to leading order in E, analogous (in 

dimensionless form identical) to the formulation for u and the acoustic 

pressure p' in the case of vanishing time independent flow (section 

2.3, appendix A-Il). 

For small values of E, a low frequency approximation gives an accurate 
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description of the acoustic field in aT-joint (appendix A-II). 
2 For the case of moderate amplitudes, v0;v0 = O(M), M << I, 

where v0 and v0 are characteristic fluctuating and time independent 

velocity respectively, an integral formulation has been derived for 

the sound field produced by vortical inhomogenities (section 2.4, 

Eq. 2. 41)_. 

As the convective effect of the time independent flow has been 

retained to first order in M, the radiation losses at the boundaries 

of the pipe system are accurately described by the present theory 

(sections 2.5, 2.6). 

An approximation to zeroth order in M and £ such as the low frequency 

approximation for large amplitudes presented in appendix A-I will 

yield large errors when, as in the moderate amplitude case, small 

radiation losses determine the amplitude of the acoustic field. 

In the case of negligible radiation losses and large pulsation 

amplitudes, the theory presented in appendix A-I would be useful. 

The case of moderate pulsation amplitudes will be further 

investigated in chapter 3, 4 and 5. The case of large pulsation 

amplitudes will be discussed in chapter 6. 
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3 AERO-ACOUSTIC SOURCE MODELS 

3.0 Introduction 

In this chapter the interaction of the acoustic field in a pipe 

segment with a closed side branch (Fig. 2.1) and the vortical flow in 

aT-joint is modelled for the case of moderate .pulsation amplitude 
vo 
V = O(M) ). 

0 
First, the behaviour of the shear layer that separates the main 

flow from the stagnant gas in the side branch is considered (section 

3,1) . A survey of shear layer behaviour at small and moderate 

amplitudes is presented in section 3.1.1. A model is presented for 

shear layer behaviour at moderate amplitudes. In this model it is 

assumed that the forcing of the shear layer at the upstream edge is 

a linear proces and that nonlinear growth of the shear layer 

disturbance results in a coherent structure that can be modelled as 

a single vortex (section 3. 1.2). A model is discussed for situations 

in which the forcing of the shear layer at the upstream edge is 

nonlinear (section 3. 1.3). 

In the second part of the chapter (section 3 . 2) sound production 

by shear layer disturbances is analysed with the energy relations for 

low frequency acoustic waves in pipe systems with flow that were 

presented in sections 2. 5 and 2.6. These relations are summarized in 

section 3 . 2. 1. Next, sound absorption by vorticity shedding is 

considered (section 3.2 . 2). The influence of the acoustical velocity 

distribution in a T-joint on sound production is analysed in section 

3. 2. 3. Finally , the effect of losses due to radiation and friction 

is discussed in section 3. 2. 4. 

3.1 The shear layer 

3. 1. 1 The growth of shear layer disturbances 

Linearised stability theory 

In the linearised stability analysis of inviscid incompressible 

flows, it is assumed that fluctuating velocities and pressure are 

infinitesimally small comp.ared to the corresponding time averaged 

quantities. Rayleigh and others used li~arized equations of motion 
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* to predict the temporal growth of disturbances in two-dimensional 

quasi parallel flows with stepwise velocity profiles [RAY 45]. Later, 

it was recognized .that the growth of instabilities in laboratory 

experiments, where a fixed splitter plate or nozzle is used to generate 
** the time averaged velocity profile, is better described with a spatial 

theory. The effect of finite momentum thickness 8 of the velocity 

profile of the mean flow on spatial amplification and convective 

velocity of unstable waves in an inviscid parallel free shear layer 

is described by Michalke [MIC 65) (Fig. 3.1). Although forcing of the 

shear layer is not· included in Michalke's analysis, the influence of 

the mean flow velocity profile on the growth of unstable waves, 

predicted by the theory has been confirmed by experimental data 

[FRE 66]. Several authors have used Michalke's prediction in models 

of self excited oscillating flows [ELD 80, FLE 79, RON 80, ROC 77). 

For low frequencies, f 8 I v0 << I, where v0 is the main flow velocity, 

the theory predicts an integral amplification over one wavelength by 

a factor e2TI (Fig. 3.2). Furthermore, a maximum non-dimensional 

frequency for growing unstable waves is predicted by the theory: 

(f e 1 v0) = o.o4 max 
(3. I) 

Above this value no amplification will occur (Fig. 3.2). 

Recently the forcing of a shear layer separating from a semi infinite 

plate and the initial development of the instability wave were 

analysed on basis of linear theory [BEC 82, MUN 77, RIE 79]. The effect 

of viscosity at the edge is incorporated with an. unsteady Kutta 

condition which demands a finite flow velocity a t the edge. 

* 

** 

i.e. the wave number is assumed real and frequency has an 

imaginary component that describes the growth of disturbances. 

i.e. real frequency and complex wave number. 
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The theoretical predictions were confirmed by experimental data 

[BEC 84]. This yields an estimate of the initial amplitude of the 

shear layer disturbance for a given geometry and acoustic field. 

Saturation of the growth of shear layer disturbances and single vortex 

model 

Our experiments show that for resonance there must be an integral 

number of hydrodynamic wavelengths (at least one) between the up,stream 

and downstream edges of the T-joint considered. In our problem the 

acoustic velocities in the T-joint are, even at moderate pulsation 
-2 -1 amplitudes, of the order of 10 to 10 times the time independent 

velocity. Hence, the integral amplification factor of e 2'1r 

(approximately 500) over one wavelength, predicted by linearised 

theory yields an unrealistically large estimate of the amplitude of 

the disturbance after amplification. Of course, linear theory fails 

to give a complete description of the shear layer behaviour. Nonlinear 

influences on the growth of disturbances in the shear layer, which is 
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the amplifier in the feedback model of self excited oscillations, are 

necessary to obtain a finite oscillation amplitude [KEL 84]. Hence, 

linear theory is expected to be correct only in the first part of the 

shear layer. Further downstream a roll-up of the shear layer is 

observed (Fig. 3.3), forming coherent structures of concentrated 

vorticity as observed in free shear layers [HO 82, WIN 74]. This 

suggests the use of a single vortex model for the shear layer disturbance. 

Such a crude model has the obvious advantage of simplicity. 

Fig. 3.3 Flow visualization with Mach-Zehnder 

interferometry. 

Injection of small amount of cold N2 causes 

temperature difference of 2K across shear layer. 

f H/VO = 1,35, f 8/VO = 0.015 

3.1.2 Single vortex model for moderate amplitudes 

We assume that, when the acoustical velocity around the upstream 

edge is moderate, the forcing of the shear layer is still a linear 

proces while concentration of vorticity starts almost immediately 

downstream of the edge. This implies that the rate of vorticity 
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shedding can be approximated with the rate corresponding to the non 

disturbed shear layer, while the shear layer disturbance can be 

described as a discrete vortex that accumulates all the vorticity 

that is shed. For the sake of simplicity we assume that the vortex 

U is 
c 

travels at a constant velocity Uc parallel to the pipe axis. 

proportional to v0 and expected to be close to v0;2 (section 

The circulation of the vortex increases linearly in time: r = 
until it reaches the value corresponding to the concentrated 

circulation of one hydrodynamic wavelength of the shear layer 

3.1.3). 
2 

vo t/2 ' 

2 
disturbance: r v0 /2f. At that moment a new vortex is shed at the 

upstream edge of the T-joint. It is assumed that the acoustical 

velocity field in the T-joint triggers the formation of the new vortex, 

Our experiments show that a discrete vortex starts to develop every 

time the acoustical velocity at the upstream edge crosses the zero 

level and is directed into the side branch (at the moment of minimum 

pressure in the side branch), Nelson [NEL 81] and Stokes . [STO 86] 

have reported the same relation between acoustical velocity and 

vorticity shedding in their studies of flow excited acoustic resonance 

in Helmholtz resonators and ducts with plates. Vortices disappear as 

they reach the downstream edge of the T-joint, The time independent 

flow field in the T-joint is modelled with a source/sink flow that 

matches the assumed uniform velocity profiles in the pipe segments 

upstream and downstream of the T-joint, Combination of this stationary 

flow with the flow induced by the vortices and the assumed acoustic 

velocity distribution yields a prediction for the velocity field in 

the T-joint as a function of time that will be compared with point 

measurements of flow velocity in chapter 4. 

This model of the shear layer for moderate pulsation amplitude 

gives a description of the acoustic source distribution U,(~) in the 

T-joint (Eqs, 2,44, 2,50, 2,51), When the shape of the acoustic 

velocity distribution remains the same, V,(~~) is independent of the 

amplitude of the acoustic field, In that case V,(~~) is a sound 

source of constant strength, 

3.1.3 A model for large shear layer disturbances 

The assumption that vorticity shedding is determined by linear 
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theory will fail at large amplitudes (v0;v0 = 0(1)). As a model we 

consider a single line vortex shed at the upstream edge of the T-joint 

by an impulsively starting flow. While the line vortex moves away from 

the edge its circulation is adjusted to satisfy a Kutta condition at 

the edge, This implies that the rate of vorticity shedding is now a 

function of the velocity of the vortex, of its position relative to 

the edge and of its circulation, 

Statement of the problem and definition of coordinates 

Consider a two dimensional T-joint (Fig. 3.4) which is part of 

a duct system with one or more side branches, The flow in the T-joint 

is split in a time independent potential flow with a source in A 

(x +~) and a sink in A' (x = -~), a contribution of the vorticity 

shed at the upstream edge and a periodic potential flow that is 

determined by the low frequency acoustic field in the pipe system. 

H 

A'--,---~--------_JB' B '-------..,.---,-- A 

y 

a. Q 

A'-..___.___ ______ __j_ ______ __L _ ___...L_ A 

Fig. 3.4 

X 

Two dimensional T-joint, dimensional 

coordinates 

Since the time independent flow and the acoustic flow are singular at 

the upstream edge, in a real fluid the ~ssociated large velocity 
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gradients will produce a significant viscous effect resulting in flow 

separation at the edge and in the formation of a spiral vortex sheet 

which develops in time. We assume that this vortex field rolls up into 

a vortex core and represent it with a single line vortex. 

This description of a spiral vortex was used by Brown and Michael to 

model leading edge separation on slender delta wings [BRO 55] and by 

Howe in his model of the flute [HOW 75]. 

We model the vorticity shedding proces by assuming that the time 

independent potential flow starts impulsively at t 0. It is 

assumed that for moderate pulsation amplitude, v0 ;v0 = O(I0- 1), the 

acoustic velocity field can be neglected in the calculation of shed 

vorticity. In accordance with our experimental observations it is 

assumed that vorticity shedding starts when the acoustic velocity at 

the upstream edge is zero and turns into the side branch. 

Length and time coordinates (x, y and t), fluxes of time 

independent (Q) and acoustic flow (q) and circulation r are 

nondimensionalised with the main flow velocity v0 and half the width 

of the side branch H/2 (Fig. 3.4): 

* * Q Q v0 H/2 q q v0 H/2 

* * X = X H/2 r r v0 H/2 

* y y H/2 (3.2) 

* t t H/2 v0 

* * * * The two dimensional T-joint in the complex z -plane z X +iy 
* (Fig. 3.5), can be mapped onto a half plane (~ plane) with a Schwarz 

Christoffel transformation which is in differential form: 

* dz 
* d~ 

2i 
'IT 

~ 
.; I; --1 

*2 2 
~ -a 

where a is a measure of the duct width ratio across the T-joint: 

a 

(3.3) 
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and his the nondimensional width of the main duct (Fig. 3.5). 

A'-------' B' BL--------r-- A 

h 

A---------____j-----~---'-- A 
x• 

Fig. 3.5 

-1 -a 0 a 

Conformal mapping (Eq. 3.3). A', B', Band A 

are mapped onto -a, -1, I and a respectively 

The dimensionless potentials of the time independent flow and the 
. * * amplitude of the acoustic flow are ~O and ~O respectively: 
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* * * ~ (~.-a) ~0 ~ 
ln (3.4) 

~ +a 

* * 
~0 ~ ln (~ -a ) (3.5) 

~ 

In Eq. 3.5 an acoustic flow with zero flux into the downstream pipe 

section is given as an example. Since the acoustic field only serves 

as a trigger signal for the start of vorticity shedding, acoustic 

velocity distributions with the same phase at the upstream edge will 

yield an identical vortex. 

The possibility of extending this model to large pulsation amplitudes, 

when the acoustic velocity potential (Eq. 3.5) must be included in the 

imposed flow causing the vorticity shedding, is discussed in chapter 6. 

Numerical solution 

The path of the vortex was calculated numerically by first order 

(Euler explicit) integration of the induced velocity in the z-plane 

(Fig. 3.5). The circulation of the vortex was adjusted after every 

time step to satisfy the Kutta condition demanding (in this case) 

vanishing flow velocity at the upstream edge. The results are shown in 

Figs. 3.6 - 3.8. 

Fig. 3.6 

z• 

y• 2 

15 

Path of a vortex shed by an impulsively starting 

flow (see Fig. 3.7 for legend) 
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* Distance travelled in x directi on (Fig. 3.6) 

by a vortex shed by an impulsively starting flow 

--------- full T-joint geometry 

---. -- similarity solution 

The vortex moves approximately pa rallel to the pipe axis at an almost 

constant velocity of 0.4 v0 (Fig. 3.7) until it passes the point 

halfway between upstream and downstream edge. Then it makes a sharp 

turn into the side branch, increasing its velocity . We expect that 

the behaviour o f the vortex shed by an impulsively starting flow 

reasonably models the shear layer disturbance, up to the point where 

it turns into the side branch. 

In conclusion: the model of a single vortex shed by an 

impulsively starting flow supports the idea of a vortex moving at a 

constant velocity parallel to the pipe axis and yields a prediction 

for the convective velocity of the vortex: Uc ~ 0.4 v0 • 
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Fig. 3.8 

t* 

Circulation of a vortex shed by an impulsively 

starting flow (Fig. 3.6). 

full T-joint geometry 

similarity solution 

Similarity of the solution near the upstream edge 

A solution for the problem of vortex shedding by an impulsively 

starting flow could in the T-joint only be obtained by numerical 

integration of. the induced velocity at the position of the vortex. 

When we focus our attention to a region close to the upstream edge, 

the single vortex problem is easily solved analytically. First new 

coordinates are introduced (Fig. 3.9): 

* 
z' z -1-ih 

i 
(3.6) 

* r;' I; -I (3. 7) 

43 



I 
I 

/)r• 
I 

~· 

77/7}{777/77 
\ 
'\ . J-r 

Fig. 3.9 Conformal mapping for edge geometry 

(Eq. 3.8) 

Near the edge the mapping from z' to ~· is approximated by: 

z' ~ 2/3 c (~') 312 
I 

dz' (~') 1/2 -~ cl 
d~' 

where 

212 
cl = 

2 1T( 1-a ) 

(3.8) 

(3.9) 

and the potential of the impulsively starting flow is approximated by: 

* (z')2/3 <~>o (z') ~ 3/2 c2 (3. 10) 

where 

* 412 ~ ) I /3 
c2 2 12 31! ( 1-a ) 

(3. II) 

For the boundary conditions imposed by the edge geometry, the number 

of independent variables (see Eqs. 3.2, 3.4) can be reduced to two 
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[BLU 74] by setting: 

*1/2 ·I·** (x** **) 
t '+'o ,y * r 

** *3/4 
X t ** *3/4 

t 

(3. 12) 
x' y' y 

This implies that the path of the vortex is a straight line. The 

solution of this similarity problem is, when z' = Rei~, given by: 

2 
~ 

1 .; 6 (3. 13) sin 3 4 

R 
c2 .; 10 )3/4 *3/4 (3. 14) 9 t 

* 2'!T 2 101/4 ( l ) 3/2 *1/2 r 
9 2 c2 t (3. 15) 

These results were used to check the accuracy of the numerical 

integration procedure. 

Near the upstream edge, Eqs. 3.13- 3.15 virtually coincide with the 

numerical single vortex solution for the full T-joint geometry 

(Figs. 3.6- 3.8). 

The similarity of the problem of vorticity shedding at an edge 

by an impulsively starting flow can also be used to obtain a numerical 

approximation of the spiral vortex in order to check our assumption 

that a single vortex is an adequate description of the rolled up 

vortex sheet. A numerical solution is necessary since for this 

combination of a wedge angle of '!T/2 and a time independent imposed 

flow, an analytical solution is unknown [MAN 67]. We obtained an 

approximate solution by replacing the continuous vortex sheet with N 
* * line vortices, each with circulation r (t) and position z'. After 
n n 

rescaling to time independent variables with Eqs. 3.12: 

zl * ** *3/4 (t ) z t n n 
(3. 16) 

* ** *1/2 z;;' (t ) t; t n 
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* Q 

* * r n (t ) 

** *0 Q t 

*1/2 
t 

(3. 17) 

the development of the vortex sheet was simulated numerically with a 

scheme suggested by Disselhorst [DIS 78]. In this scheme three 

operations are executed in every timestep. First a new vortex is 

formed at the edge to satisfy the Kutta condition after the existing 

vortices have been shifted in the previous timestep. Next the shift 

of each vortex is calculated by first order integration in the 
** * z plane. Finally the indices of the vortices are shifted: r is now 

* * * n 
called rn+ 1 and the vortices rN and rN-l are amalgamated in order to 

keep the number of vortices constant. The result is that the center 

of the vortex spiral is represented by a single vortex. Combining 

Eq. 3.21 with the shifting operation for the vortices, we see that 
* * ** the timestep fit must be proportional to t in order to keep gn 

independent of time: 

* fit (3. I 8) 

The result of the numerical simulation depends on Nand fiT (Fig. 3.10). 

It is possible to represent one full turn of the spiral by taking a 

large number of vortices and a small timestep fi~. 

By using the time independent variables (Eqs. 3.16- 3.17) for 

a numerical scheme, we have avoided the instability near the edge that 

appears after some time if time dependent variables and a constant 

timestep are used. 

The position of the center of gravity of the spiral vortex sheet, 

determined with the numerical simulation roughly agrees with t he single 

vortex similarity solution (Table 3.1). As the vorticity is located at 

a larger di s tance from the edge in the single vortex solution, 

significantly more vorticity is needed in this case to satisfy the 

Kutta condition . We may therefore conclude that a single vortex 

representation is a crude but reasonable model of the spiral vortex. 
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N 2 15 20 

** 0.154 x e.g. 0.166 0 . 215 0.197 

** 
Y e.g . 0.255 0.156 0.172 0 . 168 

** I:gn -1.99 -1.27 -1.43 -1.39 

Table 3. I Comparison of single vortex solution (N = I) 

and numerical simulation of spiral vortex 

sheet with 2, 15 and 20 line vortices 

0.5 10 0.5 ty•• 0.5 fYu 

0.25 0.25 p 025 (\ 
0 0 0 --+x•• ~x•• _X .. 

0 0.5 0 0.5 0 0.5 
ll1•0.1, N· 15 f>l • 0.05, N ·15 f>l· 0.025, N -15 

0.5 fYu 0.5 fYu 0.5 fYu 

0.25 (::J 025 0 0.25 £)_ 
0 0 0 --+x•• -x•• 

0 
t.1 = 0.05, N • 20 

Fig. 3.10 

-;+X 
0.5 0 0.5 0 0.5 

f>l · 0.05, N • 25 f>l• 0.05, N• 30 

Numerical similation of spira l vortex shed by an 

impulsively starting flow around a square edge 
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3.2 Aero-acoustics of shear layer disturbances 

3,2,1 Source power and radiation losses for a stationary sound field 

The acoustic field in a pipe system can be represented with a 

sum of the orthogonal modes of the pipe system (section 2,5). For a 

stationary sound field, stagnation enthalpy and acoustic velocity are: 

Bo E etn Pn sin [ (w + Sn)t n n 

a (3.19) 
E 

n 
IJPn cos [ (w + a ) t l ~ n n • n w + sn n 

where an and Snare constants (section 2.5), and Eq. 2.50 yields for 

each mode an energy relation similar to Howe's equation (Eq. 2.62) 

(HOW 80]: 

21r I (w +13 ) 
5 n n 

0 

2 2 
Po an co 

-2-
<w +e ) 2 co 

n n 
2 a co n 

s3 +--
2 

t;3(wn+Sn) 

cos [(wn+Sn)1:] 5 (~~.IJPn(X) dz d-r 
v 

t;.(w +s) 
* 1. n n a a 

l: { an Pn an pn)s. 
i=l,2 co l 

* (p Pn)s 
n 3 

s. 
l 

(3. 20) 

The left hand side of Eq. 3.20 represents the acoustic energy input 

into the mode by the source distribution while the right hand side 

represents radiation losses of the mode at s 1, s2 and s3 (Fig. 2. 1). 

Eq. 3.20 shows that, when ~x~ is independent of pulsation amplitude, 

energy input into the mode is directly proportional to a while 
2 n 

radiation losses of the mode are proportional to a 
n 

3.2.2 Sound absorption by vorticity shedding 

In this section the acoustic power generated by the vorticity 

shedding models discussed in section 3.1.3 is investigated. In the 

present analysis an acoustic velocity distribution with zero acoustic 

flux into the downstream pipe section (Eq. 3.5) is considered since 
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this yields the highest acoustic velocity at the upstream edge. When 

the vortex travels not too far from the edge in the time interval 

considered, the similarity solution for the edge geometry can be used 

as an approximation of the path of the vortex. 

Near the upstream edge of the T-joint, the acoustic field specified 

by Eq. 3.5 reduces to 

* <l>o (z') "' 3/2 c3 (z')2/3 (3.21) 

* 412 q (I +a) 
) I /3 

c3 2 (3.22) 
212 31! ( 1-a ) 

The time averaged acoustic power of the first half of a period was 

calculated with Eq. 2.62 for the single vortex similarity solution 

(Eqs. 3.13- 3.15) and the numerical approximation for the spiral 

vortex (Fig. 3.10). The results for the numerical approximation are 

rather independent of the number of vortices used to represent the 

spiral and the difference with the single vortex similarity solution 

is quite small (Table 3.2). Apparently the differences in position and 

circulation cancel in the acoustic power calculation. 

p !T 

Table 3.2 

Numerical approximation of spiral Single vortex 
vortex sheet similarity 

N=2 N=l5 N=20 solution 

-0.2028 -0.2292 -0.2276 -0.2428 

Time averaged acoustic power during the first half 

of the period for vorticity shedding models of 

section 3.1.3 

The results in table 3.2 are independent of frequency as long as the 

vortex travels not too far from the upstream edge. Table 3.2 shows 

that, for the phase relation between shear layer disturbance and 

acoustic field which we derived from experimental observation, and for 

any acoustic velocity distribution which is locally similar to Eq. 3.21, 
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acoustic energy is absorbed by the vortex when it leaves the edge. 

Since acoustic velocity and time independent velocity have the same 

shape near the edge (Eqs, 3.10 and 3.21), this will still be the case 

at high pulsation levels. 

As our experiments indicate that vorticity shedding at the downstream 

edge exhibits the same phase relation between local acoustic velocity 

and the development of a vortex sheet, this type of vorticity shedding 

also implies absorption of acoustic energy. 

Note that in Howe's model for the flute, vorticity shedding yields a 

positive contribution to the sound field for certain combinations of 

time independent and acoustic velocity [HOW 75). 

In conclusion: the single vortex model yields an excellent 

approximation of the aero-acoustics of vorticity shedding at an edge. 

Furthermore,vorticity shedding at sharp edges in the T-joint geometry 

always implies absorption of acoustic energy. 

3.2.3 Influence of acoustical velocity distribution on sound 

production 

The effect of the acoustical velocity distribution on sound 

production is examined by considering the three limiting cases of 

vanishing acoustic flux in one of the three branches of a T-joint 

with sharp edges. In the low frequency approximation, the acoustic 

fluxes in the two other branches are in that case equal (section 2.3). 

The amplitude of this periodic flux is q as in Eq. 3.5. The shear 

layer model for moderate pulsation amplitudes (section 3. 1.2) is used 

as source model. 

For each acoustic velocity distribution, the source power P, 

calculated with Eq. 2.62 is shown as a function of SrH v0;uc in 

Fig. 3.11. 

For the cases in which the flux into the side branch is not 

vanishing (cases I and 2 Fig. 3. II), the model predicts at low 

frequenc ies a negative value of P. This is due to sound absorption 

by vorticity shedding in the first half of the period (section 3.2.2). 

At higher frequencies this absorption is compensated by sound 

production when the vortex approaches the downstream edge of the 

T-joint. In the first case - i.e. no acoustic flux into the upstream 

so 



* pipe segment - the higher acoustic velocity at the downstream edge 

in combination with the growing circulation of the vortex, results in 

a large positive value of P near SrH v0;uc = I (Fig. 3.11). 

* 

Fig. 3.11 . 

1lf--

2l'+l--

3lv,-·-

Acoustic power generated by single vortex source 

model as a function of frequency 

For sharp edges the acoustic velocity at the downstream edge is 2.6 

times the acoustic velocity at the upstream edge. This result is 

obtained by taking the limit of d¢0 /dz at ~ = + I in Eq. 3.3 and the 

potential of the acoustic flow, ¢0 = (q/TI)ln (~+a). 
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In the case of vanishing acoustic flux into the downstream pipe 

segment (case 2, Fig. 3.11) the maximum of Pis less pronounced as 

the acoustical velocity ~s now higher at the upstream edge. In the 

case of no acoustic flux into the side branche (case 3), the acoustic 

velocities are equal in magnitude but their components in the direction 

of the side branch are opposite in sign and P is now positive at low 

frequencies (Fig. 3.11), 0 < SrH v01uc < 0.53, with a maximum for 

SrH v01uc = 0.34. The use ·of the estimate of Uc = 0.4 v0 that we 

obtained in s ection 3.1.3, yields predictions for the value of SrH 

at resonance: SrH = 0.4 for case I and 2 and SrH = 0.13 for case 3. 

Comparison of these values with the data reported by Gasunie (section 

1.3) shows that the resonance condition for case I and 2 is close to 

the value for Sr0 of 0.32 reported by Gasunie for the maximum 

pulsation level, while Sr0 = 0. 13, the lowest value reported by 

Gasunie, corresponds to our estima te for cas e 3 (Fig, 3 . 1 1). 

Resonances at higher frequencies are expected for SrH = 0.4 (n+l) and 

0. 4 ( n+ I I 3) , n = 0, I , 2, • . • • • 

As shown in Fig. 3.3, vortices are actually smeared out as a 

result of turbulence, so that a point vortex model seems questionable. 

The effect of finite dimensions of the vortex structure was 

investigated by replacing the line vortex in the model by a strip with 

uniformly distributed vorticity parallel to the axis of the main pipe. 

The length of the strip increases linearly with distance travelled. 

For the cases of non vanishing acoustic flux into the side branch 

(cases I and 2, Fig. 3.11), the use of a longer strip reduces optimum 

sound power significantly (Fig , 3.12). 

A comparison of the predicted acoustic energy generated by the 

source in one period with the acoustic energy in the pipe system is 

now possible. The energy generated in one period is Plf. 

The acoustic energy E.V in a pipe system with a length of the order 
2 2 

of one acous tic wavelength A is estimated as ! Po v0 H A (Eq, 2.56). 
2 2 For mod~rate pulsation amplitudes - i.e. v01v0 = O(M) - ! Po v0 H A and 

l Po v0 H qlf are of the same order in M. The maximum value for PI£ 

is 0.2 !Po v02 H q/f (Fig. 3. 12). Therefore, the assumption, made in 

section 2.3, that the acoustic energy generated in one period is small 

compared to the acoustic energy in the pipe system seems reasonable. 
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Fig. 3.12 

Vo - Uc -

Acoustic power generated by vortex strip 

source model, influence of strip length 

In conclusion: for given acoustic velocity distributions, the 

single vortex model for moderate pulsation amplitude predicts 

resonance conditions for the unstable shear layer wave in terms of 

SrH v0 ;uc. The Strouhal number at resonance strongly depends on the 

acoustic velocity distribution. The lowest value SrH 0.13 

corresponds with the lowest value in the data reported by Gasunie 

(section I. 3). 

In section 5 we will compare the theoretical predictions with our own 

data. 
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3.2.4 Single mode model and effect of friction 

We expect that the unstable flow in a T-joint will generate a 

coherent vortex structure once in every period of the dominating 

frequency component of the acoustic velocity field at the upstream 

edge. Therefore mode coupling will occur: the aero-acoustic source 

contains a harmonic series of frequencies fn = n f 0, where f 0 is the 

dominating frequency component [FLE 79], 
* In a compact pipe system the modes will be well separated in the 

frequency domain. Further, the modes of many pipe configurations like 

the pipe section with one closed side branch (Fig. 2.1) will not form 

a harmonic sequence and damping due to radiation and friction will 

increase with frequency. A small dipole sound source, placed at an 

acoustic velocity antinode of a mode, will produce a high amplitude 

sound field if losses due to radiation and friction are small. 

This explains why in many cas es a single mode will yield a good 

approximation of the acoustic field. As only one mode is used, a mode 

of the quasi orthogonal set {g } (appendix A-III) is chosen for its 
n 

simplicity: 

a 
n . J * dv } I /2 

{ gn gn "-
V 

sin 

an ~gn cos [ (wn + 6n)t ] 

(wn+6n) f gn gn* dz }1/2 
v 

With Eq. 3.20, which relates an and 6n' and Eq. 2.51 a nonlinear 

equation for 6n is found, which can be solved numerically. When the 

radiation conditions at s 1, s2 and s3 are known and when a moderate 

amplitude description of the source~.(~) ~s available (section 

3.1.2), this yields a prediction for an and 6n' In chapterS, we will 

compare this prediction with experimental data. 

* not large compared to the acoustic wavelength 
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Next an adhoc procedure is developed to incorporate damping of 

acoustic waves in the pipe sections by viscous dissipation and heat 

transfer in the radiation conditions at s 1, s2 and s3 (Fig. 2.1). If 

the effect of friction is small, it can be included in "effective 

radiation conditions": 

(w + E; E;eff Sn) (wn+Sn) n 
) s. >s. + K. L. "' co co ]. ]. 

]. 

at sl and s2 , where (B. /B. ) 8 ]_- l.+ . " -I 

co 

E;eff(wn+Sn) 

at s3 , where 

coefficient of 

K. 
]. 

co 

E;3(wn+Sn) 

(B3_/B3+) 
acoustic 

]. 

+ K3L3 

" I and c0 /E;3 
waves in pipe 

]. 

i 1,2 

and E;/co << I ' and 

<< I. Ki is the damping 

segment i [MOR 68] : 

(3.23) 

(3.24) 

(3.25) 

and Li and Hi are the length and width of duct section i which is 

assumed to have either a circular or square cross section. When Eqs. 

3.23- 3.24 are inserted into Eq. 3.20 with pn replaced by 
* I /2 

gn I { gn gn dx } , we find: 
v 

a 
n 

2 
lgnl. 

]. 
max 

dz L. S. 
]. ]. 

(3.26) 

where lg I. is the modal amplitude at an acoustic velocity node in n l. 
pipe sectioWa~ and c1, c2 are constants determined by the source 

strength and the real radiation conditions: 

2 
E;. (w +8 ) agn co 

12 
co 2 

(w +8 ) 2 
E { ( 1. n n ) I an s. } + 831gnls 

i=l ,2 co s. ]. 

E;3(wn+Sn) ]. 
n n 

co * 2rr/(w +8) 

3 

J TI gn gn dz J n n cos [(w +s hl J (~~) .Vgn(y)dx d• v 0 n n v 
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2n/(w +B ) f n n 

0 
cos [(w +6 )T] f (~~).Vgn(x) dz dT 

n n V 

Eq. 3.26 can be used to calculate the source power P from experimental 

data: 

p (3.27) 

Eq. 3.26 suggests the introduction of a "friction weighted pipe length" 

Lf: 

~ K. 1. S. { lg 12 
. 1 1 1 n . 
l l max 

dz } (3.28) 

that characterises friction losses in the pipe system. 

Eq. 3.26 predicts that the pulsation amplitude is inversely proportional 

to Lf for a source of constant strength, in cases where the single mode 

approximation of the acoustic field is justified. This relation is 

useful for the interpretation of data obtained with small scale model 

experiments where friction is usually significant while it is 

negligible in typical full scale gas transport pipe systems. 

Once Eq. 3.26 has been confirmed with experimental data (chapter 5), 

this relation can be used to correct data obtained in a compact pipe 

system for the effect of friction by extrapolating to an effective 

zero friction length Lf = 0. 
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4 EXPERIMENTAL INVESTIGATION OF THE FLOW IN A T-JOINT 

4,0 Introduction 

In chapter 3 two models were proposed for shear layer behaviour 

at moderate pulsation amplitude, 

Since the formation of coherent vortex structures in the shear layer 

is essentially a two-dimensional proces, modelling of the shear layer 

behaviour in chapter 3 was two-dimensional, Consequently, experiments 

on shear layer behaviour were done in a pipe system with pipes of 

square cross section, The experimental set-up is described in section 

4.1. Flow visualization and laser doppler anemometry (LDA) were used 

to obtain qualitative and quantitative information on the flow in the 

T-joint. 

First, the case of comparatively low pulsation amplitudes 

(p'/pcV0 = O(I0-2)) is investigated in a pipe system with a single side 

branch (section 4,2). A flow visualization study yields a qualitative 

description of shear layer behaviour and the average convective 

velocity of shear layer disturbances is determined. This estimate is 

compared with the value predicted by linearised theory. 

Next, the flow in both T-joints of a compact double side branch 

system is examined (section 4,3). In this system with low radiation 
-I 

losses, moderate pulsation levels (p'/pcv0 • 0(10 )) can be obtained 

and the model developed in chapter 3 can be tested in a T-joint with 

negligible acoustic flux into the upstream pipe section (case 1, 

section 3.2.3) and in a T-joint with negligible acoustic flux into the 

downstream pipe section (case 2, section 3.2.3). 

4.1 Experimental set-up 

The set-up (Fig. 4.1) consisted of a duct with square cross 

section attached to a large settling chamber. Pressure vessels 
3 (200 bar, 18 m ) available in the laboratory were used for air supply 

but the model was operated close to atmospheric pressure. The 

temperature of the air was close to room temperature (293 K) and 

remained constant within 0.5 K in the course of a series of experiments. 

The inlet of the main pipe was a contraction with radius of curvature 

equal to the pipe width (H = 6 em) and square cross section. 
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Fig. 4.1 Experimental set-up 

A flow straightener and a number of gauzes were installed in the 

settling chamber to obtain a uniform flow with low turbulence level 

(less than 1%, measured in off resonance conditions, in the pipe 

section upstream of the first side branch, Fig. 4.1). The pipe segment 
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upstream of the first side branch was 18.3 em long. A I em strip of 

sand roughness (0.5 mm high) placed 10 em upstream of the first side 

branch was used to obtain a well defined turbulent boundary layer 

profile (Fig. 4.2). At the upstream edge of the first T-joint the ratio 

of momentum thickness of the boundary layer to pipe width was 
-3 

6b/H = 5 x 10 . 

Fig. 4.2 

. 
' 

~~~ 

0 

i 
! 

lD 

Time averaged velocity profile upstream of first 

side branch 
-3 v0 22 m/s, 6/H = 5.10 

x Experimental data 
. ~ 

---- 1/7 power law 

The length of the side branches could be varied continuously. 

The radius of curvature of the edges of the T-joints could be chosen 

between 0 (sharp), 6 and 12 rnrn. 

An effort was made to obtain a well defined acoustic field in 

the ·set-up . The walls of the settling chamber and the flow 

straightener were covered with acoustic damping material (2.5 em 

mineral wool for the settling chamber walls and 2 em open cell foam 
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for the flow straightener). to prevent resonance in the flow system 

outside the model. As an extra filter against external noise from 

valves in the air supply, a separate labyrinth muffler lined with 

mineral wool was installed upstream of the settling chamber. 

In absence of pulsations due to the model, the noise level in the pipe 

was less than 80 dB. 

The large change in cross section between the pipe and the 

settling chamber, in combination with the acoustic treatment of the 

settling chamber, resulted in a pressure reflection coefficient (ratio 

of reflected and incident sound wave) of approximately -0.95, 
* measured without flow, in the frequency range relevant to our 

experiments (Fig. 4.3a). This is quite close to the theoretical 

prediction of -0.96 (low frequency approximation), for the area ratio 

of the pipe and the settling chamber. For low frequencies, the pressure 

reflection coefficient without flow is a good measure for the 

stagnation enthalpy reflection coefficient with a low Mach number time 

independent flow, as separation does not occur. 

At the downstream end of the set-up an unflanged pipe end was 

employed. Here the stagnation enthalpy reflection coefficient with a 

time independent flow cannot be inferred from measurements without 

flow, because when there is flow sound is absorbed by shear layer 

waves in the jet, downstream of the pipe end. 

We found, for the flow velocities and frequencies relevant to our 

experiments, a constant pressure reflection coefficient of -1.07 (Fig. 

4.3). This corresponds to an energy reflection coefficient of 0.90 for 

v0 = 20.5 m/s dropping to 0.77 for v0 = 34 m/s. 

The pulsation amplitude in the pipe system was monitored by 

measuring the pressure fluctuations p' at the end of the side branch 

connected to the T-joint where the flow was investigated. 

Main flow velocity v0 was calculated (accuracy 2%) from the 

pressure drop over the inlet contraction between the settling chamber 

and the pipe, measured with a Betz micromanometer (accuracy 0.2 Pa). 

* 
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Reflection coefficients were measured with a two microphone method 

(appendix A-IV). 
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Optical windows were installed in one T-joint to allow flow 

visualization by shadow technique (Fig. 4.4). The necessary grading of 

refractive index was introduced. by injecting co2 in the side branch. 

The windows made the flow in the T-joint accessible to laser doppler 

anemometry (LDA). Only the velocity component in the axial direction 

of the main pipe was measured. A dual beam forward scatter system, 

operating in the individual realisation mode (less than one scattering 

particle at a time in the measuring volume) was used. LDA signals were 

processed with a counting technique. The frequency of the illuminating 

beams was shifted with a rotating grating to eliminate the bias in 

polar respons of the LDA measuring volume [DUR 81]. 

A circuit with variable delay time, triggered by the reference 

pressure signal p', was used to synchronize the light source used for 

flow visualization. The variable delay time allowed scanning of the 

periodic flow phenomena. 
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The same circuit was used to operate the LDA apparatus in a periodic 

sampling mode, This technique of averaging over many measurements, 

each obtained in the same time window (1/50 of a period) relative to 

the reference signalp'.yields velocity data (accuracy 1% of main flow 

velocity) free from velocity bias when the non periodic velocity 

fluctuations are small [ADA 84). 

In highly turbulent regions the periodic sampling technique could not 

be used and velocity bias was corrected for with one-dimensional 

weighting (JOH 84}. Only time averaged velocity data were obtained 

with the latter technique (accuracy 5% of main flow velocity). 

LDA measurements intended for verification of the aero-acoustic 

source models developed in chapter 3 where therefore taken in that 

part of the flow where velocity fluctuations had a highly periodic 

character. 

4.2 Low pulsation amplitude 

First, a pipe system with one side branch and a 121.0 em long 

downstream pipe segment was considered (Fig. 4.1). In this set-up, the 

maximum pulsation amplitude (p 1 /pcv0 = 0.07) occurred for a side 

branch length of 53.0 em and a flow velocity of 21 m/s (T-joint with 

sharp edges). For this condition the flow in the T-joint was 

investigated. 

Pressure measurements in the side branch and the downstream pipe 

segment showed that the acoustic fluxes in downstream pipe section and 

side branch were nealy equal (Fig. 4 .5). Hence, the acoustic velocity 

distribution in the T-joint corresponds to case I dis cussed in section 

3.2.3. 

A flow visualization study of the shear layer showed tangential 

separation of the shear layer at the upstream edge. At the 

comparatively low amplitudes in these experiments, this applies to 

both sharp and rounded off upstream edges (Fig. 4.6). Rapid growth of 

the shear layer disturbance travelling downstream is observed. A 

comparison of Fig. 4.6 for SrH = 0.42 with Fig. 3.3 for SrH = 1.35 

leads to the conclusion that the distance between upstream and 

downstream edges of the T-joint corresponds to approximately one wave

length of the shear layer disturbance for SrH = 0.42 and approximately 

three wavelengths for SrH = 1.35. 
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Fig. 4,5 A ' 1 ' d' 'b . UIII d . d f coust1c ve oc1ty 1str1 ut1on a eterm1ne rom 

p' measured at closed end of side branch (Fig. 4. 1) 

d UII d . d f d' . an a eterm1ne rom stan 1ng wave traverse 1n 

downstream pipe segment. 

v0 = 21 m/s, p'/pcv0 = 0.07, f 142 Hz 

From these observations we can estimate the ratio of the average 

convective velocity of the shear layer disturbance Uc and the main 

flow velocity v0 : uc;v0 = 0.4 (sharp edges). The influence of edge 

radius on the resonance condition for the hydrodynamic wave will be 

discussed in chapter 5. 

Next, the time averaged velocity distribution in the shear layer 

was investigated with LDA (Fig, 4.7), According to linearized theory 

(section 3.1.1, Fig. 3.1) the non dimensional shear layer thickness, 

calculated from these data (Fig. 4.8) corresponds to values of uc;v0 
between 0.7 and 1.0. As we found a considerably lower convective 

velocity in the experiment it appears that linearized free shear 

layer theory cannot describe the flow in a T-joint. 

Furthermore, flow visualization (Figs. 3.3 and 4.6) shows that the 

increase of shear layer thickness in downstream direction is to a 

large extent determined by the growth of the shear layer disturbance. 
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While linearised theory predicts exponential amplification of shear 

layer disturbances (Fig. 3.1), a linear and quite moderate increase 

of shear layer thickness is observed (Figs. 3.3, 4.6, 4.8), indicating 

a nonlinear saturation of the growth of shear layer disturbances, 

p~ 

Fig. 4.6a sharp edges 

Fi g. 4.6b radius of ups tream edge is 6 mm 

Fig. 4.6a,b Flow visualisation (shadow method) in the T-joint 

of a single side branch set-up (Fig. 4.1 a), injection 

of small amount of co2 causes grading of refractive 

index . v0 = 21 m/s, p 1 /pcV0 • 0,07, f = 142 H2 
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4.3 Moderate pulsation amplitude 

In this section the shear layer models that where developed in 

chapter 3 will be compared with the result of a flow visualization 

study and with LDA measurements of the periodic component of the 

velocity fluctuations. 

In order to achieve a stable resonant situation with velocity 

fluctuations large enough for accurate LDA measurements and shear layer 

disturbances which are clearly discernable in flow visualization, a 

double side branch set-up was used (Fig. 4.1). Since the closed side 

branches act as nearly perfect reflectors for sound with a wavelength 

of approximately four times their length [DAV 57), radiation losses 

are minimized by this configuration. For this set-up, with side 

branches of 64.5 em and a distance of 126.0 em between the side 

branches, the maximum pulsation amplitude was obtained at a main flow 

velocity v0 of 20.5 m/s. For this condition the flow in the T-joints 

was investigated. 

Since the models in chapter 3 were developed for a T-joint with sharp 

edges, the same geometry was used for the T-joint where the 

measurements were carried out. The other T-joint had rounded off edges 

(radius of curvature 6 mm, see Fig. 4.4). 

Upstream T-joint 

Fig. 4.9 shows the measured profile of the fluctuating velocity 

above the upstream edge in the first T-joint, and the theoretical 

prediction for the acoustic velocity distribution. The theoretical 

prediction was calculated from the acoustic pressure at the closed 

end of the side branch assuming that acoustic flux into upstream pipe 

segment is zero. Agreement between prediction and data is good (Fig. 

4.9). A relatively high amplitude of the acoustic field (p 1 /pcv0 = 0.17) 

is obtained, because the rounded off upstream edge in the second 

T-joint prevents strong sound absorption by vorticity shedding (section 

3.2.2)._ Although the acoustic fluxes into the side branch and the 

downstream pipe segment are considerable, the flow in this T-joint is 

still considered a moderate amplitude case as the acoustic velocity 

around the upstream edge is not too high (10% of v0 measured 3 mm 

upstream from and 3 mm above the edge, Fig. 4.9). 
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Fig. 4.9 

1.0 y/H 
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Comparison of point measurements of fluctuating 

velocity with theory. First T-joint, x = -3 mm. 

x Experimental data (LDA) 

----Theory, acoustic field only 

Tangential separation of the shear layer at the upstream edge is 

observed and the shear layer disturbance can be described as a discrete 

vortex soon after it has left the upstream edge (Fig. 4.10). The 

position of the shear layer disturbance was recorded as a function of 

the time elapsed since the zero crossing of the reference pressure 

signal measured at the closed end of the side branch (Fig. 4.11). 

Extrapolation of the data to the position of the upstream edge shows 

that it is reasonable to assume, as we did in chapter 3, that the 

shear layer disturbance leaves the upstream edge when the pressure in 

the side branch reaches a minimum. At that moment the acoustic velocity 

in the T-joint is zero and is directed into the side branch. The same 

phase rela tion between acoust i c field and shear layer disturbance is 

reported by Nelson [NEL 81] and Stokes [STO 86]. 

A comparison of the data for different values of v0 with the 

model for moderate amplitudes (section 3.1.2) shows that the convective 

velocity Uc of the disturbance is proportional to main flow velocity v0 
and that uc;v0 = 0.3 - 0.4 (Fig. 4.11). 
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Fig. 4.10 
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Flow visualisation (shadow method) in the first 

T-joint of a double side branch set-up (Fig. 4.1b). 

v0 = 20.5 m/s, p 1 /pcV0 = 0.17 

/0 -~: 
~~·· 

~~/~ . 

'tJ [m/s] 

17.6 

20.5 

22.7 

r.; /.V• • experimental data 

/ • v0 [m/s] 

~ 17.6 
• o. 

~ / 20.5 
0 22.7 

OL-~----------~-------------L __________ L_ __ ~ 

Fig. 4.11 

-0.25 0 0.25 0.50 

x coordinate of shear layer disturbance as a function 
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A comparison of the single vortex model with circulation 

adjusted to satisfy the Kutta condition at the upstream edge (section 

3. 1.3) with the data shows .that path and convective velocity of the 

vortex are predicted fairly well, at least in the first part of the 

oscillation period (Fig. 4.12). However, this model seriously 

overestimates the velocity fluctuations (Fig. 4.13). 

1.3 /'\. 
. \ Vo 

I \ -
1SLf 1.1 I \ I 

f.·~ l( • 11( 'Ill Jll )II 

x-10mm . 
~ ·--------"-....::. ------
...... 
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" "' • x-Omm 

0.90 2 4 10 

Fig . 4.13 Comparison of point measurements of ve locity with 

models of sections 3.1.2, 3.1.3. First T-joint, 

y = 10 mm, v0 = 20,5 m/s, SrH = 0.38, p 1 /pcv0 = 0,17 

x Experimental data (LDA) 

---Theory, section 3.1.2 

Theory, acoustic field only 

Theory, section 3.1.3 

The fluctuating velocity distribution predicted by the model 

for moderate pulsation amplitude (section 3.1.2), with Uc / v0 = 0.4 as 

input shows better agreement with LDA measurements (Figs. 4.13, 4.14). 
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Overestimation of the velocity induced by the vortex is however 

significant (about 50%1, when the downstream edge of the T-joint is 

approached. This effect of the finite dimensions of the vortex 
structure is less noticeable at a greater distance from the shear layer 

(Fig. 4.15). 

1.2 

Fig. 4.15 

.,.,.---- ...... 
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65 
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55 

Comparison of point measurements of velocity with 

the model of section 3.1.2. First T-joint, y = 20 mm. 

x Experimental data (LDA) 

---Theory, section 3.1.2 

- - Theory, acoustic field only 

Hence, it appears that the strip of distributed vorticity proposed in 

section 3.2.3 is a better model of the shear layer disturbance than a 

line vortex. 
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Downstream T-joint 

Next, the flow in the second T-joint of the double side branch 

set-up is examined. For this T-joint, the acoustic flux in the upstream 

pipe section is approximately equal to the acoustic flux in the side 

branch (Fig. 4.16). 

Fig. 4.16 

1.0 
I 

l__llf 

0 0.1 02 
u'/ V0 

Comparison of point measurements of fluctuating 

velocity with theory. Second T-joint, x = 0 mm 

x Experimental data (LDA) 

Theory, acoustic field only 

As a result of the high acoustic velocity at the upstream edge, a 

vortex is formed close to the edge, every time the pressure in the 

side branch reaches its minimum value (Fig. 4.17). Because of the 

enhanced sound absorption by the vortex passing through the region of 

high acoustic velocities near the edge (section 3.2.2), the pulsation 

level drops to p 1 /pcV0 = 0.1, 0.6 times the value obtained when the 

upstream edge of the second T-joint is rounded off. 

The convective velocity of the vortex shows the same 

proportionality to v0 that we found in the upstream T-joint: 
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Uc/v0 • 0.3-0.4 (Fig. 4.12). The prediction of path and velocity of 

the vortex by the numerical simulation with a vortex satisfying the 

Kutta condition is fair (Fig. 4.12). Please note that the thick 

turbulent boundary layers in the pipe section upstream of the second 

T-joint (Fig. 4.18), do not prevent the development of coherent vortex 

structures in the shear layer (Fig. 4.17). This supports the modelling 

of time independent flow by a uniform velocity profile in the pipe 

sections and a matching potential flow in the T~joints. 

F{g. 4.17 

p~ 

Flow visualisation (shadow method) in the second 

T-joint of a double side branch set-up, 

v0 = 20.5 m/s, p 1 /pcV0 = 0.1 

Fair agreement is observed between the measured distribution of 

fluctuating velocity on the centerline of the main pipe above the 

T-joint and the prediction by the model of section 3.1.2 (Fig. 4.19). 

The divergence of prediction and measured values in downstream 

direction is caused by an overrating of the vortex-induced part of 

the fluctuating velocity. As the vortex-induced velocity and the small 

acoustic velocity have opposite sign when the downstream edge is 

approached, the pattern of velocity as a function of time is distorted. 
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Time averaged velocity profile upstream of second 

T-joint. 

v0 20.5 m/s, SrH = 0.38, p'/pcv0 ~ 0.1 

x Experimental data (LDA) 

Velocity profile of fully developed turbulent 

pipe flow, Re = 105 , from [SCH 79] 

In the upstream T-joint this is less of a problem since vortex-induced 

velocity and acoustic velocity worked in the same direction and the 

acoustic velocity amplitude was large in the region where overrating 

of vortex-induced velocity was significant (Figs. 4.14, 4.15). 
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4.4 Conclusions 

The unstable shear layer waves show nonlinear behaviour even at 

low pulsation amplitudes (section 4.2). 

A comparison of the two models of the shear layer for moderate 

amplitudes proposed in chapter 3 with the results of a flow 

visualization study and point measurements of the fluctuating velocity 

field in a T-joint (section 4.3) confirms the concept of a vortex 

moving parallel to the axis of the main pipe at a constant convective 

velocity of 0.4 times the main flow velocity, 

Furthermore, it appears that the single vortex model with 

circulation adjusted to satisfy the Kutta condition at the upstream 

edge (section 3.1.3), overrates the circulation of the vortex by an 

order of magnitude. The model for moderate amplitudes (section 3.1.2) 

is better. However, the circulation is still overestimated when a line 

vortex is used in this model. 

The data suggest that a strip of distributed vorticity is a more 

realistic model of the shear layer disturbance. 
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5 SCALE MODEL EXPERIMENTS AT MODERATE PULSATION AMPLITUDE 

5.0 Introduction 

In chapter 4 we found that the shear layer model proposed in 

section 3.1.2 gives the best description of the flow in aT-joint for 

the case of moderate pulsation amplitudes. Furthermore, the data 

presented in chapter 4 suggest that a strip of distributed vorticity 

is a better model of the shear layer disturbance than a line vortex. 

The influence of main flow velocity and acoustical properties of the 

pipe system on the sound field was predicted in sections 3.2.3 - 3,2,4, 

using the shear layer model of section 3.1.2 as a source model, 

In this chapter, these predictions are compared with experimental 

data, Most of the data presented in this chapter were obtained in a 

set-up with pipes of circular cross section and a T-joint which is a 

1/IOth scale model of a 12" I 12" I 10" T-joint as used in high 

pressure gas transport pipe systems. 

To investigate the influence of viscosity, this set-up was operated 

at pressures from I to 16 bar. Details of the experimental set-up are 

given in section 5.1. 

The resonance condition for the shear layer disturbance was 

investigated by varying the main flow velocity for a given pipe system 

geometry (section 5,2). To check for the influence of the shape of the 

pipe cross section, some experiments were repeated in the set-up with 

square pipes that we discussed in chapter 4, 

The influence of the main flow velocity profile on the pulsations 

is discussed in section 5,3, The data are compared with the predictions 

of linearised theory, 

The hypothesis that the shear layer behaves as a sound source of 

constant strength when the pulsation amplitude is moderate (section 

3,1,2) and the single mode model of the acoustic field (section 3,2.4) 

are checked with experimental data in sections 5,4 and 5.5, 

The limitations of these simplifying assumptions are discussed in 

section 5,6, 

5.1 Experimental set-ups 

Model with square pipe cross section 
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For the experiments in a pipe with square cross section the 

single side branch set-up was used that is discussed in section 4.1. 

In some experiments the pressure reflection coefficient at the 

downstream end of the set-up (Fig. 4.1) was reduced with a muffler to 

investigate the effect of radiation losses on the pulsations, 

Model with circular pipe cross section 

The model with circular pipes was similar to that with square 

pipes. The diameters and T-joint geometry are given in Fig, 5.1a, In 

some experiments the rounded off edges were replaced by sharp ones, 

The set-up was operated at pressures from 1 to 16 bar, Static 

pressure was measured in the upstream settling chamber (Fig, 5.1b) 

(within 0.01 bar) with a Bourdon type gauge. 

A second settling chamber downstream of the model was employed to 

isolate the model acoustically from the valve at the downstream end 

of the set-up (Fig. S.lb), necessary for operation above atmospheric 

pressure. 

In order to vary the main flow profile, the length of the inlet 

pipe segment (1 1 in Fig, S.lb) was varied from 3 upto 40 times the 

pipe diameter D. A segment, 10 D long with sand roughness (1/30 D 

high) or a spoiler (consisting of 5 teeth with a length, width and 

height of 1/10 D and 1/10 D apart) could be placed I D or 2 D upstream 

from the middle of a side branch. 

The main flow velocity was determined from volume flow measurements 

(2% accuracy). At atmospheric pressure the mean flow profile at the 

upstream edge of the T-joint was measured with a hot wire anemometer, 

For these measurements the side branch was removed and the T-joint 

replaced by a dummy. By extrapolation from a series of measurements 

in the shear layer to the upstream edge of the T-joint, an estimate 

of the momentum thickness at the separation point 

Accuracy in e is about 10-3 D. 
s 
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5.2 Resonance condition for the shear layer disturbance 

In a first series of experiments a single side branch set-up 

with pipes of square cross section and a T-joint with sharp edges was 

investigated. For this set-up, with a downstream pipe length of 

121.0 em and a side branch length of 53.0 em (Fig. 4.1), the pressure 

p' at the closed end of the side branch was measured as a function of 

the main flow velocity v0 (Fig. 5.2). 

Fig. 5.2 
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Influence of the radius of curvature of edges of 

the T-joint on the amplitude of pulsations. 

Single side branch set-up, square pipe cross 

section (Fig. 4. I) 

In section 4 .2 we found for this set- up an acoustic vel ocity 

distribution with negligible acoustic flux into the upstream pipe 

section (Fig. 4.5). This acoustic velocity distribution is 

approximately equal to the velocity distribution of one of the modes 

of the pipe system (appendix A-III) . Hence, in this case, a single 
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mode describes the acoustic field fairly accurately. 

Furthe~re, we found Uc ~ 0.4 v0 for the convective velocity of the 

vortex (Figs. 4.11 - 4.12). 

Using these data as input in the model for moderate pulsation amplitude 

(section 3.2.2), resonance is predicted for SrH ~ 0.37 (Fig. 

case 1). Actually, the maximum pulsation amplitude (p' /!p 
~s 

is found for SrH = 0.42 (Fig. 5.2). 

3. II, 

v 2 
0 

1.5) 

The results for a T-joint with rounded off edges can be compared 

with results for sharp edges when the side branch width H is replaced 

by an effective width H + R, where R is the radius of curvature of the 

upstream edge. 

Variation of the radius of curvature of the downstream edge did not 

influence the value of SrH at resonance. However, larger pulsation 

amplitudes(Fig. 5.2) were found for smaller radii of curvature of the 

downstream edge. A sharper downstream edge corresponds to higher local 

values of the acoustic velocity resulting in more generated acoustic 

power P (Eq. 2.62). This effect is similar to experimental and 

analytical results reported for the case of a flow excited cavity in 

a wall [ROC 78, ROC 83, PAN 85]. 

Values of SrH at resonance in experiments with circular pipes 

and a T-joint geometry with sharp edges can be compared with results 

for pipes with square cross section when the diameter D is replaced by 

the average distance between upstream and downstream edges Heff = nD/4 

(Fig. 5,3). Similar results are then obtained. The influence of edge 

geometry on pulsations in pipes with circular cross section can be 

qualitatively predicted on the basis of the results for pipes with 

square cross section by using an average radius of curvature of the 

edges, These results indicate that there is no fundamental difference 

between the pulsation behaviour in pipes with square or circular cross 

section. This allows the use of two dimensional modelling of the flow 

in the case of circular pipes. 
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Single side branch set-up, circular pipe cross 

section (Fig. 5.1b). 
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5.3 Influence of the time independent velocity profile 

1inearised stability theory predicts a strong influence of the 

initial momentum thickness of the shear layer es on the amplification 

rate of shear layer disturbances. According to linearised theory the 

shear layer is stable for infinitesimal perturbations of frequency 

if, for a given main flow velocity v0 , as is larger than a critical 

valve Be (Eq. 3.1). On the basis of this result one would expect a 

strong influence ofchanges in the time independent velocity profile 
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at the upstream edge of a T-joint on pulsation amplitude. 

In an experiment at atmospheric pressure it appeared that 

resonance could be suppressed by changing the velocity profile with 

sandpaper and spoilers. For a non dimensional thickness Sr6 in excess 

of 0.04, where according to linearized theory the shear s layer is 

no longer unstable to infinitesimal perturbations, pulsations were 

reduced by one order of magnitude (Fig. 5.4). 

Fig. 5.4 
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Double side branch set-up, circular pipe cross 

section (Fig. 5.1b). 1 1 = 1.57 m, 1 2 0.120 m, 

13 = 0.065 m, L5 = 0.065, 16 = 0.070, M = 0.22 

Hence, the promising results reported in the literature for wall 

cavities [ROC 78, SHA 79], are confirmed for the case of moderate 

pulsation amplitude, atmospheric pressure and the small pipe diameter 

of the model. 
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The performance of spoilers at high pressure will be discussed in 

chapter 6. 

In this section the influence of the Reynolds number on the main 

flow velocity profile will be briefly discussed. As a situation of 

resonant pulsations is always characterised by a particular value of 

SrD, the ratio of momentum thickness e and pipe radius D/2 is the 

parameter relevant to shear layer instability. 26/D is a function of 

the Reynolds number and will be significantly smaller in gas transport 

systems operated at high pressure than in a model experiment at 

atmospheric pressure (Fig. 5.5). 

Fig. 5.5 
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The influence of static pressure on pulsations is illustrated by 

Fig. 5.6. At atmospheric pressure only one resonance peak appears, 

around SrD = 0.5 .At 5.2 bar, a new resonance peak appears around 

SrD =I. One possible explanation for this effect is the lower value 

of Sr 6 at a higher static pressure. However, the analysis of the 

data s is complicated by the simultaneous reduction of losses due to 

friction, which are particularly important at higher frequencies. 
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The slight increase of the resonance peak around SrD = 0.5 is probably 

also a result of ·the reduction of losses due to friction. 
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5.4 Sound source saturation at moderate amplitudes 

1.1 

A direct verification of the hypothesis that the aero-acoustic 

source is independent of the pulsation amplitude for moderate pulsation 

amplitudes (section 3.1.2) was obtained by supplementary excitation 

from a loudspeaker placed in the plenum chamber (Fig. 4.1). The 

difference in pulsation amplitude (again measured at the closed end of 

the side branch) with and without supplementary excitation appears to 

be equal to the amplitude of the pressure fluctuations caused by the 

supplementary excitation alone, without flow. This supports our 

hypothesis. 

Then, the hypothesis of constant source strength was further 

tested by observation of the influence of time independent flow 

velocity variations on pulsation amplitude for different radiation 

conditions at the downstream pipe end (Fig. 5.7). It was shown in 

section 3.2.1 that, for an aero-acoustic source of constant strength 
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and for an acoustic field that can be described with a single mode, 

the acoustic power P produced by the source is directly proportional 

to the amplitude of the field (Eq. 3.20). For a stationary sound field 

P is equal to the acoustic energy loss per second. For a situation 

with negligible losses due to viscous dissipation and heat transfer, 

acoustic energy losses are determined by the radiation losses at s 1 
and s2 (Fig. 2.1) 

1.0 

0.5 

0 

Fig. 5. 7 

20 

f, 
I 

v0 [ m/s] 

25 . 

Influence of radiation condition at downstream pipe 

end. Single side branch set-up, square pipe cross 

section (Fig. 4.1) 

For the four cases in Fig. 5.7, the source power a t the optimum flow 

velocity was calculated with Eq. 2.62 and the radiation conditions at 

s 1 and s2 , measured with the two microphone method (appendix A-IV). 

The direct proportionality between source power and pulsation 

amplitude that is observed f or a range of amplitudes (Fig. 5.8), 
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confirms the hypothesis that the source strength is independent of 

pulsation amplitude, when the pulsation amplitude is moderate. The 

hypothesis fails for very small amplitudes. Comparison of the acoustic 

power predicted by the model for moderate pulsation amplitudes with 

the data yields order of magnitude agreement (for p' ~ 400 Pa: rms 
predicted P ~ 0.2 Watt, measured P ~ 0.1 Watt). For the prediction, 

the shear layer disturbance was modelled as a strip with a length that 

increases linearly in time until it is !H when the center of the strip 

is at the downstream edge (Fig. 3.12). 
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at s2 (Fig. 2.1) for the data in Fig. 5.7 

Finally, the influence of friction on pulsation amplitude was 

investigated in a single side branch set-up with pipes of circular 

cross section operated at pressures from I to 16 bar (Fig. 5.1). A 

measure for the influence of friction is the friction weighted pipe 

length Lf (section 3.2.4). The different values of Lf were obtained 

by increasing the side branch in steps of half an acoustic wavelength, 

starting from the first resonance (Fig. 5.9). This procedure yields 

resonance at the same frequency for different pipe lengths. More data 

points were obtained by variation of static pressure. The data show 

the inverse proportionality of pulsation amplitude to friction 
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weighted pipe length predicted by Eq. 3.26. Hence, the hypothesis of 

constant source strength is again confirmed. From the slope of the 

straight line fit ted through the datapo'ints in Fig. 5. 9, the source 

strength can be estimated with Eqs. 3 . 26- 3.27. 

Fig. 5.9 
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5.5 Verification of single mode model 

The direct proportionality of the convective velocity of the 

shear layer disturbance Uc to main flow velocity v0 that was assumed 

in the shear layer model for moderate amplitudes (section 3. 1.2) was 

confirmed by the results of a flow visualization study and by local 

measurements of the flow velocity in aT-joint (section 4.3). In these 

cases Uc/V0 = 0.3- 0.4 gave a good fit to the data. This value was 

qualitatively confirmed by the data on integral shear layer behaviour 

(section 5.2). 

In this section the shear layer model for moderate pulsation 

amplitude is used in combination with a single mode model of the 

acoustic field (section 3.2.4) to predict amplitude and frequency of 

pulsations as a function of main flow velocity. It appears that values 

for Uc/V0 of 0.465 and 0.44 for square and circular pipe cross section 
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respectively give a good fit to the data for the pulsation frequency 

(Fig. 5.10 b,d). The velocity where the maximum pulsation amplitude 

occurs is also well predicted by the model (Fig. 5.10 a,c). The model 

overrates the pulsation amplitude. This is partly due to the single 

line vortex used in the model - i.e. the use of a vortex strip would 

reduce the predicted amplitude by 30% (Fig. 3.12). Furthermore it 

appears that the model fails for main flow velocities in excess of the 

optimum velocity. 

The single mode model gives a fair prediction of the influence 

of small variations of side branch length on pulsa tion amplitude 

(Fig. 5. II), provided the system remains in the same acoustic mode. 
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5.6 Limitations of the single mode model and the assumption of 

constant source strength 

When a pipe system is large compared to the acoustic wavelength, 

the distance between modes in the frequency domain is small and for 

such a system it is no longer possible to predict resonant behaviour 

with models based on a single mode assumption. 

This is illustrated in Fig. 5.12 where the influence of side branch 

length on pulsation amplitude in a compact single side branch system 

is compared with the behaviour of an extended double side branch 

system. In the compact system distinct resonances are observed when 

the side branch length 13 (Fig. 5.1) is varied. The fine structure 

of the resonance peaks for large values of 1 3 is a result of the 

presence of an increasing number of modes with increasing dimension 

of the resonator (for a given frequency interval). 
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M = 0.22, ---). 

Both set-ups with circular pipes (Fig. 5. I b) and 

T-joints with sharp edges 

The large mode density results into a continuous transition from one 

resonance to another in the case of an extended system. There is 

always a mode available that meets the hydrodynamic resonance 

condition. The multi mode character of resonance in an extended 

system is also clear from the strongly non harmonic character of the 

pressure signal. Hence, the single mode description fails in extended 

pipe systems because modes are not well separated in the frequency 

domain. 

The single mode model also fails in a compact pipe system when 

the acoustic energy generated in a period by the source is not small 

compared to the acoustic energy in the pipe system. This is the case 

when losses due to radiation and friction are large (data points for 

low amplitude in Figs. 5.8 and 5.9) or when the aero-acoustic source 

has to operate at an SrD value far from the opti !!Urn (Fig. 5. I 1). 

At very small oscillation amplitudes the assumption of constant 

source strength fails. 

For the data point corresponding to the largest radiation loss in 
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Fig. 5.8 the ratio of acoustic velocity and main flow velocity v0 is 

of the order of 10-2• We expect that at this amplitude the strength 

of the aero-acoustic source will increase with increasing pulsation 

amplitude . 

Hence, the assumption of constant source strength holds for moderate, 

but not for small pulsation amplitudes. Source behaviour at large 

·amplitudes is discussed in chapter 6. 

5.7 Conclusions 

The acoustic properties of a pipe system determine the frequency 

of flow induced pulsations. 

In a compact single side branch set-up, resonance occurs when 

the side branch length L and .acoustic wavelength A satisfy L = (2n+1)A/4; 

n = 0,1,2, ••.• 

In the same set-up, with a T-joint with sharp edges, the highest 

pulsation amplitudes were found for those flow velocities, where the 

Strouhal number based on side branch width H satisfies Sr = 0.4(n+1), 

n = 0,1,2, ...• The influence of the radius of curvature of edges in the 

T-joint . on the Strouhal condition for resonance can be taken into 

account by introducing an effective side branch width H+R, where R is 

the radius of curvature of the upstream edge. 

Experiments in pipes with circular and square cross section yield 

similar results. This justifies the two-dimensional modelling of the 

flow in a T-joint in chapter 3. 

At moderate pulsation amplitudes, the flow in a T-joint is an 

aero-acoustic source of constant strength. 

The single mode model yields a fair prediction of the influence of main 

flow velocity on amplitude and frequency of pulsations. 
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6 HIGH PULSATION AMPLITUDE 

6.0 Introduction 

The theoretical modelling of flow induced pulsations in pipe 

systems in chapters 2 and 3 and the experimental verification in 

chapters 4 and 5 have been restricted to the case of moderate pulsation 

amplitudes. As large pulsation amplitudes have been reported for high 

pressure gas transport systems (section 1.3), it is important to 

understand their properties. Modelling however, is not simple in this 

case. 

In section 6,1 high pulsation amplitudes are discussed 

qualitatively. Pulsations of high amplitudes can be expected in pipe 

systems with negligible losses due to friction, as in high pressure 

gas transport systems and negligible losses due to radiation, as in 

the double side branch set-up, discussed in section 4.3. 

It appears that at high acoustic velocities in a T-joint, both 

the strength of the aero-acoustic source and the resonance condition 

for the hydrodynamic disturbance are not independent of the pulsation 

amplitude anymore. 

Vortex damping is the amplitude limiting mechanism in cases 

where losses due to radiation and friction are negligible. 

This concept is used to define a criterion for the maximum amplitude 

of the acoustic velocity for a given T-joint geometry. 

The experimental set-ups which were used to obtain the data 

necessary to quantify these concepts have been described in sections 

4. I and 5. I. Some additional information is given ·in section 6.2. 

The experimental results are presented in section 6.3. 

6. I Qualitative modelling of the flow in a T-joint at high pulsation 

amplitudes 

In the case of moderate pulsation amplitude the shear layer can 

be modelled as a sound source of constant strength. The acoustic power 

of a source with strength independent of pulsation amplitude is 

directly proportional to the amplitude of the acoustic field, at 

least if the form of the acoustic velocity distribution does not 

change. As, in that case, acoustic energy losses due to radiation and 

friction are proportional to the amplitude of the acoustic field 
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squared, such a source model yields finite pulsation amplitudes as 

long as radiation and friction are the dominant loss mechanisms. 

However, in gas transport systems at high pressure, friction 

losses are negligible. Furthermore, when a pipeline has two closed 

side branches of length L at a distance of approximately 21 from each 

other, a subsystem is formed with negligible radiation losses (section 

4.3). In that case the amplitude of the pulsations is determined by 

the influence of the acoustic velocity in the T-joint on the source 

strength and the assumption of constant source strength is no longer 

valid. This amplitude limiting mechanism has been explained by Howe 

[HOW 84] and is referred to in the literature as vortex damping. 

Even at high pulsation amplitudes some form of the Kutta condition 

applies at the upstream edge of the side branch and instationary 

vorticity will be shed as a result of acoustic forcing. 

This proces can be modelled by extending the numerical single 

vortex simulation discussed in section 3.1.3. For the case of high 

pulsation amplitudes the sinusoidally varying acoustic velocity 

should be included in the imposed velocity field which causes 

vorticity shedding at the edge. 

In the present work, no attempt was made to simulate the case of high 

pulsation amplitudes numerically. It is clear, however, that the 

result of such a simulation would be different from the result 

obtained in section 3.1.3 where the vorticity~ and the velocity v of 

the vortex structure were determined by the main flow velocity v0 
independently of the acoustic velocity p'/pc. For the high amplitude 

case (p'/pcV0 = 0(1)), both~ and~ are determined by v0 and p'/pc. 

As a result, the acoustic energy absorbed by vorticity shedding will 

be proportional to a third power of the amplitude of the acoustic 

field (Eq. 2.6.2). 

Since the edge radius strongly affects the local acoustic 

velocity, vortex damping at high amplitudes is dependent on the 

geometry of the T-joint. A smaller radius of the upstream edge results 

into more vorticity being shed to satisfy the Kutta condition and this 

vorticity absorbs still more acoustic energy as it passes through a 

region with higher acoustic velocity. 

When the vortex approaches _the downstream edge, w is expected 
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to depend less strongly on the acoustic velocity, so that the power 

generated increases with approximately a second power of the amplitude 

of the acoustic field. 

This implies that for a given acoustic mode and given T-joint geometry 

(edge radii), above a certain critical amplitude (p 1 /pcV0)c the flow 

will absorb sound while below this amplitude sound will be produced. 

For rounded off edges the critical amplitude is expected to be 

of order unity. For a sharp upstream edge a lower critical amplitude 

is expected because of enhanced sound absorption by vorticity shedding. 

As (p'/pcV0)c is expected to depend mainly on the geometry of edges in 

the T-joint, we should find a dependence of the critical pulsation 

level on the Mach number: 

(6.1) 

Once this relation is experimentally verified it can be used, in 

situations where (p'/pcV0)c is known, to predict pulsation levels for 

any flow velocity that meets the resonance conditions and for any D/L 

ratio. An increase of D/1 ratio is useful as it reduces the effect 

of friction in model experiments (Eqs. 3.25-3.26). 

Following the same line of reasoning that we used to estimate 

the effect of pulsation amplitude on the strength of the aero-acoustic 

source, we expect that the convective velocity of the vortical 

structures will be affected by the acoustic velocity field at high 

amplitudes (p'/pcV0 = 0(1)), 

6.2 Experimental set-ups 

The experimental set-ups which were used to obtain the data 

presented in section 6.3 have been discussed in section 4. I (model 

with square pipe cross section, for flow visualization) and section 

5.1 (model with circular cross section, for all the other experiments). 

In addition to the spoiler that is described in section 5.1, we 

used in some experiments a flat plate, placed over the upstream edge 

of aT-joint to form a 1/10 D long trailing edge. Later this edge was 

modified into a spoiler with 5 teeth 1/10 D, long pointing upwards at 

an angle of 45° with the main pipe axis. This device was p l aced right 

at the upstream edge of a T-joint. 
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6.3 Experimental results 

High oscillation amplitudes were obtained in a pipe system with 

two side branches of equal length 1, a distance of about 21 apart. 

For this configuration with very small radiation losses, the effect 

of variation of friction weighted pipe length 1f is shown in Fig. 6. I. 

. / 

---~X"" 

~ = 1 bar 

I 

,x 1 ~ nl6 , ....__u r-3 u ~ 
D/L = 0.111 • 

/ D/L :0.35 • 

I • 

0~------~--------~--------~--------_j 
0 

Fig. 6. I 

0.5 2.0 

Effect of friction on amplitude of pulsations, 

checked by stepwise increase of the side branch 

length (--- constant source strength, single mode 

model, --- extrapolation based on data of Fig. 6.2 

(o) 12 = 0.220 m, (x) 12 = 0.268 m, (•) 1 2 = 0.085 . m). 

Single and double side branch set-ups, circular 

pipe cross section (Fig. 5.lb) 

Two double side branch set-ups with different D/1 ratio's are compared 

with a single side branch set-up. The data were obtained at 

atmospheric pressure. The lengths of the side branches were increased 

in steps of half a wavelength starting from the first resonance. This 

results in datapoints for different values of 1f while the frequency 

is kept constant. For low values of Lf' the double side branch systems 
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do not show the inverse proportionality of oscillation amplitude 

p'/!pv0
2 to 1f that is displayed by the compact single side branch 

set-up. However, for the double side branch set-up with D/1 = 0.35, a 

resonable estimate of p'/~pv02 in the limit of zero friction (1f + 0) is 

possible on the basis of data obtained at atmospheric pressure 

(Fig. 6. I). 

To investigate the behaviour of the other double side branch 

set-up (D/1 = 0. II) in the limit of zero friction (1f + 0), more data

points were obtained at higher pressure (Fig. 6.2), 

0.3 ,----------,-1------,-------, 

02r 
2 

evo 
2 P~ms 

0.1 

0 

Fig. 6. 2 

0 2 

p0 [bar) 

X l.Q 
o 10 

-

v 6.0 -
+ 9.5 
• 16.0 

3 
L1 (arbitrary units) 

Effect of friction on amplitude of pulsations, 

checked by stepwise increase of side branch length 

and variation of pressure p0 • Double side branch 

set-up, circular pipe cross section (Fig. 5.1b). 

1 2 = 0.268, M = 0.12 

It appears that when 1f is reduced, the source strength decreases as 

a result of the nonlinear character of vortex damping at high acoustic 

velocities (section 6.1). By extrapolation to 1f = 0 for various Mach

numbers (Fig. 6.3), we obtained an estimate of (p'/pcV0)c' the 

critical ratio of acoustic velocity and ma:in flow velocity for which 

vortex damping just compensates sound production. 
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Effect of main flow Mach-number on the amplitude 

p' /pcV0 in the limit of zero friction. rms 
Double side branch set-up with circular pipe cross 

section. 

For rounded off edges (R/D = 0.1) in both T-joints we found: 

(0.6 + 0.1); 0.04 < M < 0.3 

This value is twice the highest value reported by Hill and Green 

[HIL 77] for a whistler nozzle and by Nelson [NEL 81] for a flow 

excited Helmholtz resonator. 

The effect of edge radius on vortex damping is shown in Fig. 6.4. 

The pulsation level can be reduced effectively in a double side branch 

set-up by using a sharp upstream edge in the second T-joint. Here, 

vortex shedding occurs at a maximum of the acoustic velocity 

distribution. More sound absorption can be obtained when the acoustic 

velocity at this edge is furthe~ increased with a flat plate placed 

over the edge to form a 1/10 D long trailing edge (Fig. 6.5). 

A further decrease of (p'/pcV0)c is achieved by using a spoiler 

(section 6.2) instead of the flat plate. 
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Fig. 6.4 

p0 = 9.5 bar 

15 
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0.2 OJ 0.4 0.5 0.6 0.7 

Influence of edge radius on pulsation amplitude in 

double side branch set-up (Fig. 5. lb). 

1 2 = 0.597 m 

Compared to the set-up with rounded off edges in both T-joints, the 

pulsation amplitude can be reduced by a factor 40 in this way (Fig. 6.5). 

As shown in Fig. 6.4, for rounded off edges, the maximum 

pulsation level is found at SrD = 0.33. This value is identical to the 

Strouhal number for maximum amplitude reported by Gasunie (section 1.3) 

and significantly lower than the value of SrD = 0.45 found at moderate 

amplitudes for rounded edges (Fig. 5.3). This shift towards lower 

Strouhal numbers when the amplitude is increased is an indication for 

nonlinear behaviour: at high pulsation amplitudes the convective 

velocity of the vertical disturbance is affected by the acoustical 

velocity field in the T-joint. Visualization of the flow in the second 

T-joint of a double side branch set-up, for sharp (moderate amplitude) 

and rounded off (high amplitude) upstream edges (Fig. 6.6), indicates 

that the convective velocity of the vortex decreases with increasing 
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amplitude of the acoustic velocity in the T- joint. 
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Fig. 6.6a sharp edges 

Fig. 6.6b radius of upstream edge is 6 mm 

Fig. 6.6 Flow visualization in second T-joint of double side 

branch set-up, pipes with square cross section 

(Fig. 4. I). 

Fig. 6.6a vo 20.5 m/s, p'/pcV0 0.10 

Fig. 6.6b vo 22 m/s, p'/pcV0 0. 17 

Another indication of nonlinear behaviour is the hysteresis observed 

in the case of rounded off edges in both T-joints (Fig. 6.4). Hysteresis 

106 



is also observed in a double side branch set-up when the side branch 

length is increased and then reduced, starting from the value for 

maximum amplitude (Fig. 6.7). 
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Influence of side branch length variation on 

pulsation amplitude at high pressure, showing 

hysteresis. Double side branch set-up, circular 

pipes (Fig. 5.1b). 

L2 ; 0.597 m 

This is again an indication of nonlinear behaviour at high amplitudes. 

In addition, Fig. 6.7 shows that the radiation losses in a double side 

branch set-up become significant when the lengths of the side branches 

are different by more than 20%. 

The influence of static pressure p0 on the performance of 

spoilers is shown in Fig. 6.5. 

The succesfull reduction of pulsation amplitude with sandpaper and 

spoilers placed upstream of side branches in a set-up operated at 

atmospheric pressure was discussed in section 5.3. However, as shown 

in Fig. 6.5, the performance of a spoiler placed upstream of the 

first T-joint in a double side branch set-up appears to be strongly 
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pressure dependent. Above a critical pressure the spoiler becomes 

ineffective. Again we observe hysteresis indicating nonlinearity. 

A possible explanation for this result is that a spoiler only 

stabilises the shear layer for infinitesimal perturbations while it 

cannot prevent vorticity shedding. 

6.4 Conclusions 

A subsystem of a piping lay-out with negligible radiation 

losses is formed when a pipe has two closed side branches of length 

L(n/2 + 1/4), n = 0,1,2, .•.. , at a distance of L(m/2), m = 1,2,3, ••• 

from each other. 

Very high pulsation amplitudes (p'/pcV0 = 0.6) have been observed in 

such a system in cases where damping due to friction is also negligible. 

In our experiments, a change of the length of one of the side branches 

by 20% caused an increase of radiation losses which was sufficient to 

avoid very high pulsation amplitudes. 

The maximum value of p'/pcV0 is determined by the geometry of 

the T-joints. 

In pipe systems with negligible losses due to radiation and 

friction, it appears that enhanced vortex damping at sharp upstream 

edges of side branches is a reliable method to reduce pulsation levels. 

This confirms Howe's idea of sound absorption by vorticity shedding 

[HOW 86]. 

The pressure dependence of the performance of spoilers indicates that 

friction limits the usefulness of model experiments, in particular 

when high amplitudes can be expected. By modifying the D/L ratio of 

the pipe system and the static pressure in model exper i ments, one can 

check for the effect of friction. 
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7 SUMMARY AND CONCLUSIONS 

7.1 Flow induced resonance in pipe systems 

In the present study, the aero-acoustic behaviour of a low Mach 

number, high Reynoldsnumber flow through a pipe with closed side 

branches (Fig. 7. I) has been investigated. In such a system, sound is 

generated by coherent structures of concentrated vorticity which are 

formed periodically in the separated flow in the ~-shaped junctions 

of side branches and the main pipe (chapters 3,4,6). 

Fig. 7 .I Pipe system with closed side branches 

The case of moderate pulsation amplitudes- i.e. p'/pcV0 = O(M)-
. * has been investigated in detail • The results of a theoretical analysis 

of this case (chapters 2,3) have been checked with data obtained in 

model experiments (chapters 4,5). In addition, a qualitative discussion 

of the case of large pulsation amplitudes- i.e. p'/pcv0 = 0(1) -has 

been presented, along with experimental data (chapter 6). 

For the experiments, two model pipe systems were designed and 

built. Data obtained in the first set-up were used to check the 

modelling of the flow in aT-joint (chapter 4). 

* p',p,c and v0 are fluctuating pressure, density, velocity of sound 

and main flow velocity respectively 
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This set-up is made of pipes with a square cross section and it has a 

T-joint with windows to allow for flow visualization and laser doppler 

anemometry. 

The second set-up is made of pipes with a circular cross section. The 

shape of T-joints in this set-up is similar to the shape of T-joints 

used in full size gas transport piping. Data obtained in this set-up 

were used to check aero-acoustic calculations (chapters 5,6). By 

operating the set-up at static pressures from 1-16 bar an extrapolation 

was made to the situation where friction is negligible, as in full size 

pipe systems at high pressure. 

It appears that the vortical flow in a T-joint is an aero

acoustic source of constant strength when acoustic energy losses due 

to radiation and friction are small but not negligible (moderate 

amplitude case, chapters 3,4,5). In this regime, the pulsation 

amplitude is determined by the balance of source power and losses due 

to radiation and friction (chapters 3,5). 

When acoustic energy losses due to radiation and friction are 

negligible (high amplitude case), the nonlinear character of vortex 

damping is the amplitude limiting mechanism (chapter 6). 

In the high amplitude case, it is more appropriate to express pulsation 

amplitudes in terms of p'/pcV0 (sections 6.2, 6.3) instead of 

p' /~pv0 2 , as is often done in the literature [ROC 83) . 

Sound production by low Mach number, high Reynolds number flows 

in ducts with resonators plays an important role in many technical 

problems. In situations with small damping of acoustic waves, i.e. in 
* resonators and for large values of D ~(high pressure and large 

pipe diameter) very strong pulsations have been observed (p 1 /pcV0 = 0.6, 

see section 6 ; 3). As disturbance amplitudes are not small, linear 

theory can not be used to analyse these problems . 

In such cases, the theory of ·vortex sound as proposed by Powell 

(POW 64) and Howe [HOW 75], in combination with a simplified description 

of vortical inhomogenities, forms a good basis for analysis. 

* D,w and v are pipe diameter, circular frequency and kinematic 

viscosity respectively 
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The method for modelling sound production by low Mach number 

flows in pipes with side branches, presented in this study, can be 

used to design flow systems with low pulsation levels. The same method 

can be used to design flow devices with high pulsation levels, e . g. 

for increased mixing or improved heat transfer. 

7.2 Piping design 

The present study shows quite clearly that aero-acoustic sources 

can cause severe pulsations in pipe systems. Therefore, aero-acoustic 

sources should not be neglected in studies of the response of a piping 

lay-out with. flow to e.g. the pulsating output of a compressor [TO 84]. 

Subsystems of an extended piping lay-out can have negligible 

radiation losses. An example of such a subsystem is a pipe section 

with two closed side branches (Fig. 7.1) of length L (n/2 + 1/4), at 

a distance of approximately L(m/2), where m and n are 0,1,2, .••. 

(chapters 4,6). 

The results of the present study suggest that this type of 

configuration should be avoided in piping design. Our experimental 

data indicate that a difference in side branch lengths of more than 

20% yields a sufficient increase in radiation losses to avoid high 

amplitudes (section 6.3). Furthermore, in order to enhance vortex 

damping, T-joints with sharp upstream edges are preferred (section 

6.3). This supports Howe's idea of sound absorption by vorticity 

shedding [HOW 86]. 

One should be very carefull with model experiments intended for 

the prediction of pulsation amplitudes in high pressure piping lay

outs. While friction is negligible in flow systems operated at high 

pressure, it is often dominant in models with small diameters, operated 

at atmospheric pressure. 

In the present study, coupling to vibrations of the stucture 

of the pipe system has been neglected. 

This simplifying assumption requires a rigid pipe system, In our model 

experiments, it was easy to meet this condition. Full scale piping 

lay-outs however, are often quite elastic structures. In that case, 

the excitation of structural vibrations can not be neglected, 

In fact, one has to be very careful to avoid dangerous vibration 

I I I 



levels in full scale, high pressure experiments on flow induced 

pulsations. Coupling to structural vibrations in full scale, high 

pressure piping lay-outs causes acoustic energy losses comparable to 

losses due to friction in small scale, low pressure laboratory 

experiments. 

Therefore, further investigation of coupling to structural vibrations 

is recommended. 
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APPENDIX A-I 

Low frequency approximation for large oscillation amplitude 

In the case v0/(w0H0) = 0(1), v0;v0 = 0(1) the equation of 

continuity (assuming a constant velocity of sound): 

a } ".v = at+ ~·'J p + v 0 (A-I. I) 

. * . and the momentum equatLon Ln Crocco's form: 

ilv 
at+ 'JB -w XV 

(A-I.2) 

are nondimensionalized in the "inner region" IV (Fig. 2.1) with: 

t "' t/w0 

p' "' co vo P Po 

"' ~ vo ::. 

vo 
"' w = Ho w 

'J (H ) -I 
0 

~ 

B ~ co vo 

yielding: 

ek ~"' + M ~.~ p + ~.~ 
"'Clt 

ilv 
-M ~X~ 

(A-1.3) 

0 (A-I.4) 

(A-I.S) 

This two parameter problem (E,M) can be simplified to a one parameter 

problem when Ek/M = Sr.2~ is fixed(£ and k are defined in chapter 2.1). 
I We set Sr = 0( 2i) and M = £~, ~ ~ 0(1), and we find: 

£ ( k d"' + ~ ~.~ ) 
<lt 

* 

"' "'"' P + 'J.v 

see note on p. 115 

0 (A-1.6) 
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Ek - + (A-I. 7) 

Next, Eqs. A-I.I,2 are nondimensionalized in the outer regions I-III 

(Fig. 2.1), where 10 and H0 are the characteristic dimensions in axial 

and transverse directions respectively and transverse velocities are 

expected to be of order £ compared to velocities in axial directions 

by setting (for section I, as an example): 

-I (i< - h2)£ X 

-I 'V 
y y 

f ~ 

B I! 

p 'V 
p 

u 'V 
u 

v ~h 

w 0 

yielding, after using v.n 0 on hard walls, 

ailo ano 
kar+~- 0 

aa0 a:s0 
k~+ ax 0 

where expansions have 
- - - 2_ p ., Po + Epl + E p2 + 

-2 
As B p + ~ 

2 

we have 
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been inserted for p, B, i1 and v: 
etc. (.see section 2.3). 

0 

(A-1.8) 

(A-1.9) 

(A-LID) 

(A-I. II) 



0 (A-1.10) 

B0 and u0 satisfy a onedimensional nonconvected wave equation in the 

"outer regions" I, II, III (Fig. 2. I). 

Returning to the "inner region" and inserting expansions 
"' "' "' 2'V • • "' '), "' P =Po+ ep 1 + E p2 + •..• etc. ~nto Eqs. A-I.4,5 y~elds for p, ~. v 

to leading order in E:: 

~.~ 0 (A-1.12) 

~ !(0 0 _, (A-1.13) 

and collecting terms O(E): 

"' ()~ 
~ !() "' "' k "- + -)J~X ~ 

"' 
(A-1.14) 

()t 

Combining Eqs. A-I.I2 and A-I.14 yields: 

(A-1.15) 

Eqs. A-I.12, 13 show that both B0 and the flux to leading order in E 

are continuous across the inner region. 

When one assumes separation at sharp edges in the inner region, 

to satisfy a Kutta condition, Eqs. A-I.l5 and A-I.I4 may serve to 

calculate the resulting flow (and sound) field. 

Note: Entropy inhomogenities created by viscosity and heat 

transfer in the wall boundary layer are injected into 

the flow at the separation point. 

However, a dimensional analysis of the source terms 

related to vertical and entropy inhomogenities which 

appear in the full wave equation [HOW 75) shows that 

entropy inhomogenities can be neglected for the present 

combination of parameters (seep. 10). 
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APPENDIX A-II 

The propagation of low frequency sound in a two-dimensional duct 

system with T-joints and right angle bends: theory and experiment 

A-II,O Introduction 

In this appendix the propagation of low frequency sound in a 

two dimensional duct system with bends and T-joints is investigated 

for the case of zero mean flow, In particular the reflection and 

transmission of plane waves incident on a T-joint will be considered 

(see Fig. A-II), 

In section A-II,! the general problem of wave propagation in a 

duct system with a T-joint is outlined and the application of the 

results obtained by Lesser and Lewis [LES 72) and Thompson [THO 84) 

to the T-]oint geometry is discussed, In section A-II,2 low frequency 

approximations of reflection and transmission coefficients are 

presented for two special cases suitable for comparison with experiment, 

In section A-II,3 theoretical predictions for reflection and 

transmission coefficients are compared with experimental data. 

Section A-II.4 is devoted to a comparison of the low frequency 

solution for the pressure in the region inter-connecting the ducts 

with experimental data, 

A-II, I Wave propagation in a two dimensional duct system with a 

T-joint 

Consider the propagation of low frequency sound in the two 

dimensional duct system of Fig, A-II.!, Time dependence e-iwt of all 

oscillatory variables is omitted.The analysis is limited to the case 

L0 = 0(A/2n), H0 << A/2, where A is the acoustic wavelength and L0 
and H0 are the characteristic length and width of the duct sections 

respectively, 

In this case higher order waves generated at the T-joint do not 

propaga te, Hence, in the waveguides I, II and III only plane waves 

have to be considered, In our analysis waves are launched in t he 

direction of the T-joint from the far end of one of the waveguides, 

The other two waveguide sections are terminated by a reference plane 

with specified impedance, As a result of the inertia and the 
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compressibility of the fluid there will be jumps in both the acoustic 
* pressure p and flux q across the T-joint 

pi(O) 

qi(O) + qii(O) 

PIII(O) _ fipi,III 

qiii(O) - Aq 

(A-II.!) 

(A-II.2) 

(A-II.3) 

where the positive direction of the acoustic velocities in the three 
. . . f" d" . I Wh I,II . I,III wavegu~de sect~ons ~s de ~ne ~n F~g. A-II. • en fip , up , Aq 

and the amplitude of the incident wave are known the acoustic field 

in the duct sections I, II, III can be computed, Approximations of 

Api,j and fiq to any order in the small parameter E : H0/L0 can be 

calculated with the method of matched asymptotic expansions. 

In the present analysis the procedure outlined by Lesser and 

Lewis [LES 72] is followed. With the time dependence e-iwt suppressed, 

particle velocity ~(x,y) • (u,v) and pressure p(x,y) satisfy the 

linearized equations of motion: 

au + Clv iwp/pc 2 (A-II.4) ax Cly 

iwu = .!_~ (A-ILS) p ax 

iwv = .!_~ (A-II.6) p ()y 

where c is velocity of sound and p is density. 

On the rigid duct walls the boundary condition of vanishing normal 

velocity applies: 

n.u 0 (A-II. 7) 

Eqs. A-II.4,5,6,7 are nondimensionalized in the waveguide sections 

(outer regions) and the T-joint (inner region) with the scheme of 

Lesser and Lewis [LES 72] and asymptotic expansions in E are substituted 

* 
In this appendix p is used for the fluctuating pressure instead 

of p'. 
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for pressure and velocity. 

Starting with the outer regions I and III (see Fig. A-II, I), 

where x = 0(10), y = Q(H0) and v = O(eu) and ommitting the labels I 

and III we set: 

x/LO 

u/wL0 

p/p cwL0 k 

where k is the nondimensional wavenumber. 

This yields the Eqs.: 

Q 

ikp 

1 a~ 
-~ 
ik ax 
1 a~ 
-~ 
ik ()y 

and boundary conditions: 

v(x,o) 0 

* Inserting expansions for i>. Q and v: 

p Po + epl + 
2~ e p2 + 

Q no + eul + e 2-
u2 + 

v "o + evl + 
2~ e v2 + 

(A-II.8) 

(A-II.9) 

(A-II. 10) 

(A-II. II) 

into Eqs. A-II.8,9,10,11 then yields, after collecting terms of zeroth 

order in e: 

* 

(A-II.I2) 

Please note that the leading order terms in the expansions for p, u 
and v are of zeroth order in e, whereas leading order terms in 

section 2.3 are O(e- 1), 
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no a Po (x) 
ik ax (A-II. 13) 

"o 0 (A-II. 14) 

and 

a2-Po k2 Po 0 --+ 
ax2 

(A-II. IS) 

which is the one-dimensional wave equation with time dependence 

suppressed. Continuing this proces for terms of higher order in €, we 

find that every set p , u , v satisfies a set of equations similar · n n n 
to A-II.12,i3,14,15. In outer region II (see Fig. A-II.!) the same 

procedure of nondimensionalization and substitution of asymptotic 

expansions, with x and y and u and v interchanged, yields similar 

results. Hence, in the outer regions, the oscillatory pressure and 

velocity satisfy a one-dimensional wave equation. 

For the inner region (the T-joint in Fig. A-II. I), where 

X = O(y) O(H0) and v = O(u), we set: 

"' xi /€ + h2 xiii /€ X 

"' u/wL0 u 

"' p/pw cL0 p p 

yielding the equations: 

a~ a~ ik€p + 
aj{ a'Y 

lE: ik€~ 
"' ax 

lE: 
a'Y 

ik€~ 

"' y 

"' v 

(A-11.16) 

(A-II. 17) 

(A-II.18) 

and the boundary condition of vanishing normal velocity on hard walls: 

"' "' n u 0 (A-II. 19) 
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Inserting expansions for p, "' and "' in u v e:: 

"' "' "' 2'1. p Po + e:p1 + e: p2 + 

"' . . "' "' 2'1. 
u uo + e:u1 + e: u2 + 

"' "' "' 2'1. v vo + e:v1 + e:·v2 + 

into Eqs. A-II.16-19 and collecting terms of zeroth order in e: yields: 

0 (A-II.20) 

0 (A-II.21) 

and for the boundary condition on hard walls: 

0 (A-II.22) 

Equation A-II.21 shows that to zeroth order the pressure is 

continuous across the T-joint. Matching inner and outer solutions for 

the pressure with van Dyke's matching principle [DYK 64] then yields: 

b.A I ,II 
Po 0 (A-II. 23) 

In addition, equation A-II.20 shows that to zeroth order the acoustic 

flow in the T-joint is an incompressible oscillatory flow. 

Integrating Eq. A-II.20 over the volume of the T-joint, applying the 

divergence theorem and using the boundary condition (Eq. A-II.22) and 

the limiting conditions obtained from matching with the outer solutions: 

lim "' A I 
(0) uo uo 

"' X....., 

lim "' A III 
(0) uo uo 

'\, · 
X -+-«> 

lim "' All (0) vo vo 
"' y-t<JO 

we find the zeroth order continuity condition for the acoustic flux: 

0 (A-II.24) 
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Collecting terms of first ·order in £ yields: 

(A-II. 25) 

(A-II. 26) 

"' Renee, p 1 satisfies: 

0 (A-II.27) 

"' Equation A-II.27, the boundary condition for~ (Eq. A-II.22) and the 

limiting co~ditions for~ form a Neuman problem for Laplace's equation 

which can be solved with standard methods for potential flow problems. 

With p1 known, the jump conditions for p1 can be found by 

matching the complete first order expression: 

"' "' "' "' "' 2 p Po + £PI (x,y) + O(e ) 

with the corresponding expressions: 

_ i c-i -i) + _ i c-i _i) + oc 2) Po x ,y £PI X ,y £ i 1,2,3 

f "' "' d 11 -i d -i or large ~ x and y an sma ~ x an y . 
. h -I ("' ) -II ("' -h ) -III W1t X = £ X -h2 , y = £ y I I , X 

xi, XIII, YII = 0 yields: 

£~, e~ansion around 

d- I 
-I PoiCo) "' Po (O) + PII(O)) + O(e2) (A-II. 28) p + £[(x-h ) --

2 dxi 
dA II 

-II Po n co) "' Po + P1II (O)) + O(e2) (A-II.29) p + £ [ (y-h I) --:I'I (O) :! III 
_III 

Po III CO) £[ "' Po 
(0) + PIIII(O)] + 0(£2) p + X 

dxni 
(A-II. 30) 

Term by term matching then yields the continuity of p0 across the 

T-joint and the limiting conditions: 

Fm [pI - (~-h2) 
x-+«> 
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d- II 

J>,n<o) lim "' (y-hl) 
Po 

(0)] (PI -
dyll "' Y--

dA III 

P,III(O) lim "' "' Po (0)] (pl - x---

"' 
dylii 

x-+-oo 

The first order pressure jumps across the T-joint np 1i,j follow 

immediately from the limiting conditions. 

If we set: 

where q0 is a suitably defined flux, these pressure jumps are: 

ikq0 lim [ ~ - <'ii-h ) 
uOI (0) 

2 Cio ht "' x--

- lim "' "' 
"o II (O) 

} [ <P - (y-h I) 
<io h2 

l 
"' 

(A-II.31) 

Y--

ikq0 { lim "' "' 
GOI (0) 

[ <P - (x-h2) 
<io hi "' x--

-III (0) 
lim [ ~ "' uo 

- X 
<io hl 

l } 

"' 
(A-II, 32) 

X-+--<><> 

The limits in Eqs. A-II.31,32 can be evaluated with the conformal 

mapping which transforms the geometry of the T-joint into a half 

plane [CAR 59]. The first order pressure jumps are caused by the 

inertia of the fluid. 

"' Finally, the first order flux jump nq 1 is determined by 

integrating Eq. A-II.26 over the volume of the T-joint with ~ + + oo 

andy+ oo (see Fig. A-II.1). With the boundary condition for ~I on 

hard walls: 

0 

the limi ting conditions obtained from matching with the first order 

outer solutions: 
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dA I 

a/co> "' "' 
uo 

(O) ] lim ul - (x-h2) 
dxi "' X-+<>o 

dA II 

viii(O) "' 
vo 

lim v - (y-h ) -- (O) 
I I dyii 

"' y-+<><> 

dA III 

ul III(O) lim[ "' "' uo 
(0) ul - X 

dxiii 
"' X+-<o 

the divergence theorem and Eqs. A-II.13 and A-11.15 we find: 

(A-II. 33) 

II 

m 

·I ·I x_ 

Fig. A-II. I Schematic diagram of a two dimensional duct system with 

a T-joint. I,II,III: outer regions; shaded: inner region 

As pointed out by Thompson, the first order flux drop across a 

discontinuity of finite thickness, such as a bend or a T-joint, is 

caused by compressibility of the fluid in the junction [THO 84]. 

With these results the dimensional continuity conditions for acoustic 

pressure and flux (see Eq. A-11.1,2,3), which relate the solutions 

in the outer regions, are known to first order in E. 
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To illustrate the procedure fipi,j and fiq are determined to first 

order in E for two special cases in section A-11.2: 

a) Symmetric case (see Fig. A-11.2). Plane waves· are launched at 
II y = co in the direction ~f the T-joint while the waveguide 

sections I and III are anechoically terminated. Therefore, in 

duct I and Ill only waves running away from the T-joint have to 

be considered. This situation is identical to the right angle 

bend analysed by Thompson [THO 84] and Morse and Ingard [MOR 68J. 

b) Asymmetric case (see Fig. A-11.3). Plane waves are launched at 

x1 = "" and waveguide sections II and III are anechoically 

terminated. 

For any other case the same procedure can be followed to calculate 

fipi,j and fiq. 

Fig. A-11.2 

124 

Diffraction of plane waves at a T-joint: symmetric 
II case. Waves are launched at y =co and duct I and 

II have anechoic terminations 



t 
XI 

.....-....,..,--------11-Yfi=O-- '1'-------
1 

Fig. A-II.3 Diffraction of plane waves at a T-joint: asymmetric 

case. Waves are launched at xi = oo and duct II and 

III have anechoic terminations 

A-II.2 Low frequency approximations for reflection and transmission 

coefficients 

a) Symmetric case (see Fig. A-II.2) 

The relation between the oscillatory pressures in the three 

waveguide sections can be described with reflection and transmission 

coefficients: 

RSII 
-

II( II O) /p:I(yrr 0) Pr y 
~ 

(A-II.34) 

TSI I I = O)/p:I(yn = 0) - pt(x 
~ 

(A-II.35) 

TSIII:: III( III O) /p~I(yii 0) pt X 
~ 

(A-II.36) 

II II I III 
where pi , pr and pt' pt denote the dimensional acoustic pressure 

caused by the incident, reflected and transmitted waves respectively. 

Application of the definitions A-II.I,2,3 yields: 

(A-II.37) 
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(A-II.38) 

(A-II.39) 

where 

(A-II.40) 

H1 and H2 are the duct widths of section I and II respectively and qs 

is defined by: 

(A-II.41) 

Eqs. A-II.31,32 show that the first order acoustic pressure differences 

across the T-joint 6p~,j are related to the zeroth order flux q0 . If we 

rewrite Eqs. A-II.31 and A-11.32 in the form: 

(A-II.42) 

evaluation of the limits in Eqs. A-II.31,32 yields the potential jumps 

across the T-joint 6¢i,j: 

6¢II,I; 6¢II,III = y/ 2+ [(l/y-y) cos-! [(l-y2)/(l+y2)) 

2 + 2ln[(y +l)/4y])/2rr (A-II.43) 

where y ; h2/2h1 is the duct width ratio across the T-joint (see Fig. 

A-II.2) and the arc cosine of a negative argument is defined by: 

-I -I 
cos ( -x) = n-co s (x) 

There is a slight difference between Eq. A-11.43 and the corresponding 

expression given by Thompson [THO 84] and Morse and Ingard [MOR 68). 

In an earlier paper [BRU 86] the correctness of Eq. A-11.43 was 

demonstrated with the symmetry condition: 
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which has to be met since the flow is reversed every half period. 

Replacing y by 1/y we see that Eq. A-11.43 indeed meets this 

requirement. Next, the first order flux difference ~q 1 is determined 

with Eq. A-!1 . 33 and the zeroth order reflection coefficient (Eq. 

A-1!.37) which relates p0 and q~: 

(A-!!.44) 

Substitution of ~p~1 • 1 , ~PII,III and ~q 1 into Eqs. A-!!.37-39 yields 

the low frequency approximations: 

(A-II.45) 

SI Sill . ~ 
T = T "'[2y/(y+l)][l+(y/(y+l)) 1.K H1 (~~+!)] (A-II.46) 

where K = w/c is the dimensional wavenumber and~~= ~~II,!= ~~II,III. 

b) Asymmetric case (see Fig. A-11.3) 

A reflection coefficient RAI can be defined at x1 = 0 and 
All Alii II III transmission coefficients T and y- at y = 0 and x = 0: 

(A-II.47) 

(A-II.48) 

.. (A-II.49) 

where 

I II I Ill a a 
B = [H2~p ' +H 1 ~p ' ]/(pcq )-Aq/q (A-II. SO 

and qa is defined by: 

(A-II.Sl) 

For the acoustic pressure differences across the T-joint ~Pi,j,which 
are given by Eqs . A-!1.31,32, we set: 

(A-II.52) 
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Evaluation of the limits in Eqs. A-II.31,32 yields: 

-ui, II 
t.cp (lhr) [-(4yln2)/(2y+1)- •[y/(2y+1)] ln li/(y2+1)] 

2 -1 
+ln(l+y )-(2/(2y+1)-2y)tg (1/y)] +l/(2y+1) (A-II. 53) 

li~I,III =(lhr)[[2(y+l)/(2y+l)J[ln (/+1)] +[2y+2y/(2y+1)]tg-l(l/y)] • 

(A-II.54) 

Next, the acoustic flux jump is determined with Eq. A-II.33, using the 

) "' d ~a zeroth order reflection coefficient (Eq. A-11.47 to relate Po an q0 : 

(A-II. 55) 

Substitution of these expressions into Eqs. A-11.47,48,49 yields the 

low frequency approximations for RAI, TAil and TAIII: 

AI 2 . 'YI II 'VI III R -y/(y+l)-[2(1+2y)/(2+2y) J~KH 1 [2yll<p' +ll<p, -2y/(2y+l)] 

(A-II. 56) 

All 2 . -ui II 'YI III T 1/(l+y)+[2/(2+2y) )1KH 1 [2(1+2y)ll~, -(1+2y)ll<p, +2y] 

(A-II. 57) 

TAIII l/(l+y)+(2/(2+2y) 2]iKH 1 (-2y(2y+l)li~I,II+(l+2y) 2li¢'1 •III+2y] • 

(A-II.58) 

A-11.3 Experimental data for reflection and transmission coefficients 

a) Right angle bend without area change (y = I). 

The reflection of plane waves at a right angle bend in a waveguide 

without area change was investigated experimentally by Lippert [LIP 54]. 

This situation is identical to the symmetric case discussed in section 

A-11.2 a) withy= l. The theoretical values of the moduli of the 

reflection and transmission coefficients calculated with Eq. A-II.45 

and Eq. A-11 .46, agree with the experimental data, as shown in Fig. 

A-II.4a. The prediction of the phase angle of the reflection coefficient 

calculated from the first order approximations of llpi,j and llq fails 

to describe the linear dependence on frequency that is evident from 

the experimental data (see Fig. A-II.4b). 

This can be explained with Eq. A-11.45, which shows that for y =I the 
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first order approximation of the reflection coefficient contains only 

the imaginary first order terms while the real zeroth order term is 

zero. Therefore only a zeroth order approximation of the phase angle 

of R (= rr/2) can be computed from llpi,j and. ll~l • 

'<> 
\ 

' 
' ' ' ' 'o .... 

0 0.1 0.5 

Fig. A-II.4a Moduli of reflection <IR511 1) and transmission <IT51 1= 
IT5111 i) coefficients plotted over H1/A, for h2/2h 1=1 

(see Fig. A-II.l), symmetric case 

o experimental data (from [LIP 54]) 

low frequency approximation 

first approximation of the mode expansion 

(from [MIL 46]) 
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Fig. A-II.4b Phase angles of reflection (e811 ) and transmission 

(SSI = s8111) coefficients plotted over H1/A, for 

h2/2h 1 = I (see Fig. A-II.I), symmetric case 

o experimental data (from [LIP 54]) 

low frequency approximation 

- first approximation of the mode expansion 

(from [MIL 46]) 

b) T-joint with three waveguides of equal area (y = 0.5). 

Experiments were conducted in a duct system with a T-joint and 

three waveguide sections of equal width: H1 = H2 = 10 em (see Fig. 

A-II.S). This yields y = 0.5. 

One of the waveguides is connected to a loudspeaker driven by a 

harmonic signal while the other ducts have anechoic terminations. The 

reflection coefficient was determined from a microphone traverse of 

the standing wave pattern in the waveguide connected to the loudspeaker. 

The measurements were corrected for the nonideal behaviour of the 

anechoic terminations. 

The experimental data for the symmetric and asymmetric case are compared 

with the corresponding low.frequency approximations in Figs. A-11.6,7. 

Also shown is the first approximation of the mode expansion as proposed 

by Miles [MIL 46]. The advantage of the latter approximation is its 

validity up to the cut-off frequency. At ·low frequencies both 
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approximations for the amplitude of the reflection coefficient are 

equivalent but for the phase angle the approximation to first order 

in E derived with the method of matched asymptotic expansions is more 

accurate than the one-mode approximqtion of Miles (see Figs. A-II.6,7). 

Fig. A-II.S Experimental set-up for reflection coefficient 

measurements A, B: anechoic terminations; 

C: loudspeaker; D: probe microphone 

1.0 I I I I 

0.8 / -- / 

IRI,ITI Ill 
/ 

0.6 - / -_, 
" - ' ...: ..... 

IRI - " 0 

0.4 - 1S" - 0 ' -- ' 0 

' 0.2 ' ' -'-

' 
I I L I ' 

0 0.1 0.2 03 0.4 0.5 
H,IA 

Fig. A-II.6a Moduli of reflection (I RSII I) and transmission (I TSII = 

ITSIIII) coeff icients plotted over H1/A, for h2/2h 1=0 . S 

(see Fig. A-II.!), symmetric case 

o experimental data 

low frequency approximation 

first approximation of the mode expansion 

(from (MIL 46)) 
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9/rr 
0 

-0. 
a 

Fig. A-II.6b Phase angles of reflection (SSII) and transmission 

(SSI = SSIII) coefficients plotted ·ovei\.·ii1/f., for 

h2/2h 1 = 0.5 (see Fig. A-II.!), symmetric case 

o experimental data 

low frequency approximation 

first approximation of the mode expansion 

(from (MIL 46]) 

10 I I I J---
ITAIIJI --0.8 1- -- ---

IRI ,IT I - --
0.6 -

- ',JTAII1 
-

0.4 1- " -
' 0 0 - ' 0 0 0 o-o-~r-o-o IRA!I 

02f-
,_ 

' -' ' 
I 

-- ' I I I '_, 
0 0.1 0.2 03 0.4 0.5 

H1n 

Fig. A-II.7a Moduli of reflection (jRAi j ) and transmission ( jTAIII 

and jTAIIIj) coefficients plotted over H1/ A, for 

h2/2h 1 = 0.5 (see Fig. A-II.l), asymmetric case 

o experimental da ta 

low freq uency approximation 

first approximation of the mode expansion 

(from [MIL 46]) 
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n;n 
9/TT 
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-t 
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. ( AI) d . . Fig. A-II.7b Phase angles of reflect1on 9 an transm1ss1on 

(BAil and BAlli) coefficients plotted over H1/A, 

for h2/2h 1 = 0.5 (see Fig. A-II.l), asymmetric case 

o experimental data 

low frequency approximation 

first approximation of the mode expansion 

(from [MIL 46]) 

A-II.4 First order pressure field in the T-joint 

W. h · d d -iwt d h f" d 1t t1me epen ence e suppresse , t e 1rst or er pressure 

field in the inner region has the form 

'U 
Eq. A-11.21 shows that p0 is a constant. Its value can be obtained by 

extrapolating the zeroth order outer solution for the pressure p~ in 

one of the duct sections to xi= 0 (see Fig. A-II.l). In addition it 
'U 'U 'U 

was shown that p1(x,y) is the solution of a Neumann problem for 

Laplace's equation: 

(A-II.27) 

0 on hard walls, (A-II.22) 
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and the limiting conditions: 

"' "' 
lim 

apl 
lim -I uh . I ap I 

lim -II (yli) 
ik uo ' 

ll.m-.-- -- vo 

"' a it ~I-1-0 "' 1.k aic _II 0 X-+<o y-+<o 
y "" 

"' 
lim 

ap I 
lim 

_III (xiii) 
ik a';:: _III 

uo 

"' tO X+-«> X 

d-I 
"' (~,y) - ikq0 

"' Po _I 
(0) lim PI (x-h ) --(0) PI 

"' 
2 dxi 

x-+<o 

This problem was solved nummerically for the geometry of the 

experimental set-up in Fig. A-II.8. The pressure field in the duct 

sections was determined experimentally from microphone traverses of 

the standing wave pattern. The pressure field in the T-joint (inner 

region) w·as measured both with a condensor microphone and with a 

point interferometer or laser microphone (Fig. A-II.9) built after 

the design of Smeets and George [SME 77]. The experimental set-up and 

the calibration of the point interferometer have been described by 

Jutte [JUT 86]. Application of the point interferometer is limited to 

two-dimensional phenomena, but by virtue of the small diameter (I mm) 

of the measuring volume and the nonintrusive character of the method, 

accurate measurements as near as 2 mrn from walls and corners in the 

T-joint were possible (Fig. A-II.IO). With the use of the low 

frequency solution for deriving a Green's function in mind, the 

regions near the edges of the junction are particularly inieresting. 

Comparison of the numerical prediction based on the low frequency 

solution with the experimental data shows fair agreement near the 

edges of the junction. The prediction of the pressure field based on 

the first approximation of the mode expansion proposed by Miles (using 
I III II the acoustic fluxes at the reference planes x = 0, x = 0 , Y = 0 

as input, see Fig. A-II.8) shows errors of the order of 50%. 
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Fig. A-ILS 
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xm=O x1 =0 

m l·= y X 
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n 

B 

~ 

6cm 

Experimental set-up for pressure field measurements 

(h2/2h1 e 0.2) A: loudspeaker; B: reference 

microphone 
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Fig. A-II .9 
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piP, 
8 

o, 

O.L\L ___ ~__jL_ ____ ~___L ______ _j 

5 10 

x [em] 

The pressure p in the T-joint of the duct system 

of Fig. A-II.8, nondimensionalized with reference 

pressure p3 , frequency = ISO Hz. 

Traverse at y = 1.4 em (see Fig. A-!!.8). 

experimental data, condenser microphone 

o experimental data, laser microphone 

low frequency approximation 
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p/pB 

Fig. A-11.10 

A-II.S Conclusions 

' 
~ 

"'\: 0 

0. 

. .._ ---
O~-_L5 ____________ 0L-----------~5~ 

y [em] 

The pressure p in the T-joint of the duct system 

of Fig. A-11 .8, nondimensionalized with reference 

pressure pB' frequency • 150 Hz. 

o experimental data for x = 0.2 em (see Fig. 

A-II.8) 

-----low frequency approximation for x = 0.2 em 

x experimental data for x = 5.8 em (see Fig. 

A-II.8) 

low frequency approximation for x 5.8 em 

An analysis of the propagation of low frequency sound in a two 

dimensional duct system with T-joints and right angle bends has been 

presented. The flux and pressure jumps across the T-joint as well as 

the reflection and transmission coefficients for plane waves have been 

determined by means of an expansion to first order in the small 

parameter £ H0/L0 with the method of matched asymptotic expansions. 

It is shown that for a T-joint with equal cross sectional areas, the 

first order approximations of reflection and transmission coefficients 

show better agreement with experimental data then the one mode 

approximation of the mode expansion [MIL 46] with the same mathematical 

effort. 
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In the case of a right angle bend without change in cross section the 

real part of the approximation to first order in £ of the reflection 

coefficient equals zero. As a consequence the accuracy of the 

approximation of the phase angle is poor and a second order calculation 

should be carried out. 

The major advantage of the approximation derived with the method 

of matched asymptotic expansions is its exact description of the flow 

in the T-joint in the low frequency limit. Therefore it is most 

suitable to derive a low frequency Green's function for the acoustic 

field in the duct sections caused by a (aero acoustic) sound source in 

the T-joint. 
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APPENDIX A-III 

Calculation of the low frequency Green 1 s function with the 

method of eigenf1,1nctions 

The Green's function G(~,·l~,t) is the solution of: 

I n2 
-2-2 G 
c0 Dt 

with initial and boundary conditions: 

G _!)_G 
Dt 0 for t + -oo 

G = 0 on s 1 and s2 (Fig. 2.1) 

aG 
an 0 on s3 and on hard walls, 

G also satisfies the causality condition: 

G DG 
Dt Q for t < '. 

(A-III. I) 

In order to determine G0 , the solution to Eq. A-III.! to leading 

order in E (section 2.2), we assume that G can be expanded in eigen

solutions f : 
n 

G E a f (~. t) n n 

where 

D2 2 
f 0 -2 

Dt2 
- 'iJ n 

co 

and fn satisfies the same boundary conditions as G. 

Separation of variables: 

f (~) 
-iw t 

- gn e n n 

yields in the three duct sections I, II and III (Fig. 

iK i i 

2. I): 

-iK 
(~) (A . X 

B X), i = I,II,III gn e ·n+ + ni e n-
n~ 

(A-III. 2) 

(A-III. 3) 

(A-III.4) 

(A-III.S) 
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and 

(Jl 

K n 
n+ ui co .:: 

(A-III.6) 

The xi's are defined in Fig. 2.1 and Ui is the uniform mean flow in 

duct· section i. 

Each mode gn consists of outer solutions gn in the duct sections I, II 

and III matched to an inner solution~ in section IV (see section ' 2~1). 
n 

To leading order in £ the continuity conditions across the T-joint are 

given by Eqs. 2.30. This yields, together with Eq. A-III.S and the 

boundary conditions on 51, 52 and 53 a dispersion relation for wn: 

(Jl (Jl 

cot ( ~ 1 ) + cot ( ~ 1 ) - tg 
c0 I c0 2 0 (A-III. 7) 

where 1 1, 1 2 and 1 3 are the lengths of the duct sections I, II and III 

respectively and terms of order M2 have been neglected. 

To leading order in £ the modes gn are independent. 

The approximation of gn to leading order in £ consists of the plane 

wave solutions in section I 0 II and III to order £-I and the solution 

to order £ 0 in the T-joint (Fig. 2.1, see section 2.3): 

I iK n Ml 
I 

A sin K X 
gn "' (x -1 1 )e nl n 

II -iK n M2 
II 

An2 sin K X 

n (x -12)e , 

An3 cos K (xlli_13) where K wn/co· n n 

The set { gn is * quasi orthogonal 

3 
12 + 0 (M2) f gn g * dz cS l:: A ni 1. 5. } + (I - cSiun) O(M) m nm l. l. v i=l 

From the linearly independent set { gn } an orthonormal set { Pn } can 

be derived: 

f 
v 

* 

cS 
nm 

i.e. {gn} is orthogonal when terms O(M) are neglected 
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where * denotes a solution of the adjoint equation. 

It can be shown that the set 

PI gl I I gl I 

where 

g -
n 

n-1 -
I: 

i=1 

g. 
~ 

2 
g. I 
~ 

I :: { J g g * dv } ! 
gn V n n "-

J g g . * dx_ } I I g . I 
V n ~ n 

n 'f 1 (A-III.9) r 

(A-III.10) 

is orthonormal (Gramm-Schmidt, see [SIK 72)). Neglecting terms of 
2 order M , the set pn } also has the property: 

J 
v 

where K = ~ 
co 

w 
and K = ---.!! 

n c 0 

, (A-III.11) 

In order to determine G0 the following Fourier transform pair is 

defined [MOR 53) : 

-a t G0 (t)e o t > 0, ao > 0 
G (t) + 0 t < 0 

(A-III.l2) 

G+ (w) r G0 (t)e iwt dt J"' -a t icrt 
dt G0 (t)e 0 e 

0 0 
(A-III.13) 

where w = (J + i ao 
and 

Go (t) 
211 

J"'!'+ia0 G+ (w)e-iwt dw 
-oo+ia0 

(A-III.l4) 

t > 0 

Taking this Fourier transform of Eqs. A.III.l and A-III.3 yields: 

(A-III. 15) 
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0 (A-III. 16) 

Multiplying L.H.S. and R.H.S. of Eq. A-J.II.l5 with Pn* and integrating 

over V yields, using Eqs. A-III. II ·and A-111.16: 

. (A-III.I7) 

where we have put: 

eo 

G - l: c p ... c ., f G p * dy + n n n + n 
n=l v 

Hence 

2 (~) p * (y) e 
iwt 

G+ co l: pn n 
n 

2 2 
(A-III. 18) 

w - w 
n 

Taking the inverse Fourier transform (Eq. A-III.l4), closing the 

contour of integration in the lower half of the w-plane if t > T and 

in the upper half plane if t < <, yields : 

(A-III.l9) 
n w 

n 

where H(t-<) is the Heaviside unit step function. 

The causality condition G0 = 0 for t < T is therefore satisfied. 
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APPENDIX A-IV 

Two microphone method 

The relation between waves running in positive and negative 

directions in a duct with constant cross section can be determined 

from two pressure signals [SEY 77) p' (x 1) and p' (x2) (Fig. A-IV.I). 

The use of this method is limited to frequencies below the cut-off 

frequency for higher order modes. The pipe sections that is used· for 

the measurements should be some distance away from discontinuities 

(one duct width, for frequencies well below cut-off), to satisfy the 

plane wave condition. 

Fig. A-IV. I 

charge amps., filters. A-D converters. memories 

micro 
computer 

~~-c=J-c=J-c=J-~~ 

piezo elect ric 
pressure transducers 

)( 

Set-up for measuring reflection coefficients with 

the two microphone method 

It is convenient to express the relation between waves, with 

frequency wn running in positive and negative directions in a pressure 

reflection coefficient R (wn) at a fixed reference plane x = 0 (Fig. 

A-IV. I). When a time independent flow with cross section averaged 

velocity U is present, R (wn) can be expressed in p'(x 1) and p' 
(x2): 
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i K n+xl + { eicp }(n)ei K n+x2 -e pl2 
R(wn) 

-i K eicp 
(A-IV. I) 

e n-xl - p12 
} (n) ei Kn_x2 . 

where p 12 eicp is the ratio of p'(x1) and p'(x2) with p 12 real : 

(A-IV. 2) 

(n) denotes the nth Fourier component, K are the dimensional wave n+ 
numbers of waves running in positive and negative directions: 

w + i K (w ) 
K n+ 

n n (A-IV. 3) 
co + u 

and K(wn) is the coefficient of damping due to viscosity and heat 

transfer (Eq. 3.25): 

(3.25) 

The signals p'(x 1) and p'(x2) were analysed with an FFT routine 

PDP I I · t · d t o deterrn~ne { i .p } (n) on a m~crocompu er ~n or er L p 12 e . 
· { icp} (n) d · d f h f To 1ncrease accuracy, p12 e was eterrn1ne rom t e average o 

20 measurements. The differences between the two channels of the 

measuring set-up (Fig. A-IV.!) were eliminated by exchanging the 

transducers after 10 measurements . 

For accurate measurements, the positions of the transducers are 

very important. For the case discussed in section 5.3 (Figs. 5 .7 and 

5.8) the reflection coefficient at an open end had to be determined. 

It is immediately clear from Eq. A-IV.! that for this situation, the 

best results are expected when p 12 is as large as possible: one 

transducer at one duct width from the open end (pressure node) and the 

other t ransducer at a quarte r of the acoustic . wave length from the open 

end (pressure antinode). An accuracy of 0.005 IRI was obtained. 

A common problem is the sensitivity of wall mounted condenser 

microphones to structural vibrations [BEC 84]. In fact, tests showed 

that the accuracy that we needed (better than 0.01 IRI) could no t be 

achieved with 1/4" condenser microphones, because of vibra tion problems. 
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Therefore acceleration compensated piezo electric pressure transducers 

were installed (PCB 116A, 110 pC/bar, with Kistler 5001 charge 

amplifiers). This completely eliminated the problem. The use of piezo 

electric microphones is, however, limited to situations with sound 

levels above 80-90 dB (re 2.10-5 Pa). 

!'.-
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NOMENCLATURE * 

LATIN 

a 

a 

B 

c 

co 
c p 

c1' c2' 

c1' c2 

D 

E 

f 

f n 
G 

gn 

g ** n 

H(t--r) 

H 

H 

Ho 

h 

I 

< I > 

J 

k 

1 

* 

c3 

thermal conductivity (section 2,1) 

measure of duct width ratio 

·(a = 1 /~, section 3.1. 3) 

stagnation enthalpy 

velocity of sound 

velocity of sound of the medium at rest 

specific heat capacity at constant pressure 

constant coefficients 

pipe diameter 

acoustic energy density 

frequency 
th frequency of n Fourier component (section 3.2.4) 

Greens function 

mode of the quasi orthogonal set {gn} (section 3.2.4) 

dimensionless, time independent circulation 

(section 3. 1. 3) 

Heavyside function 

dimensional duct width 

dimensional side branch width (section 3.1.3) 

characteristic duct width 

dimensionless duct width 

acoustic energy flux vector 

time averaged acoustic energy flux vector 

quantity used in the derivation of acoustic energy 

relations 

(~=~a+ (p'/p0) Q, section 2.6) 

dimensionless wavenumber (k = w0L0 /c0 ) 

length of strip of distributed vorticity 

1) Symbols used in the appendices only are not included in this 

list 

2) Some of the symbols have been used for different quantitie&. 

The context should pvoid confusion 
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L 

10 

Lf 
M 

m 

n 

n -
N 

p 

Pn 
p 

Pr 

Q 

q 

R 

R 

R, ~ 

Re 

R g 
s 

s 

S I' ... , s5 
Sh 

Sr 

t 

T 

T 

u 

~ 

u -a 
u 

c 
v 

:!.. 

vo 

vo 
w 

length of a duct section 

characteristic duct length 

friction weighted pipe length (section 3.2.4) 

Mach number based on time independent flow velocity 

Mach number based on fluctuating flow velocity 

integer 

unit normal vector 

number of line vortices 

pressure 

mode of the orthonormal set {pn} 

acoustic power 

Prandtl-number (Pr = v/a) 

flux of the steady flow 

amplitude of acoustic flux 

pressure reflection coefficient 

edge radius 

polar coordinates of line vortex (section 3.1 .3) 

Reynolds-number (Re = v0 D/v) 

gas constant 

entropy 

boundary surface 

reference surface (Fig. 2.1) 

shear-number (Sh = I v/w0 /H0) 

Strouhal-number (Sr = f H/V0) 

time 

oscillation period (T = 1/f, chapters 3,4) 

large time interval (section 2.4) 

time independent velocity 

fluctuating velocity (~ = (u', v')) 

acoustic velocity 

convective velocity of shear layer disturbances 

volume 

total velocity (::._ = (u, v)) 

characteristic time independent velocity 

characteristic fluctuating velocity 

vorticity (~ = ~ x ::._) 
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x, 2: 

y, 1. 

z 

GREEK 

-Ct. 
~ 

a 
an 
e: 

e 
r,; 

} 

<;, (w +S ) 
n n 

p 

-r 

cj>, 

cj> * 0 

4> * 0 
w 

R 

SUBSCRIPTS 

a 

c 

eff 

max 

n 
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coordinates 

coordinate in the complex plane (z 

amplification of instability waves 

amplitude of a mode 

wavenumber of instability waves 

X + iy) 

increment of circular frequency of nth mode 

Poisson's constant (y = c /(c - R )) 
p p g 

circulation 

Dirac delta function 

Kronecker delta 

normal derivative 

small parameter (e: 

momentum thickness 

coordinate in the complex plane 

specifies the relation between B0 (n) and ~ (n) 

density 

time 

polar coordinates of line vortex (section 3. 1.3) 

dimensionless potential of the amplitude of the acoustic 

flow (Eq. 3.5) 

dimensionless potential of the steady flow 
-iwt circular frequency (harmonic time dependence is e ) 

characteristic circular frequency 

circular frequency of nth mode (sections 2.5, 3.2.1) 

acoustic field 

convective 

effective 

maximum 

nth mode 



res 

rms 
s 

S I' s2, s3 
T 

~. X.. 

I' 2, 3 

o, I' 2 

I' 2, 3 

0 

0 

+ 

SUPERSCRIPTS 

I, II, III 

** 1 
* 

(n) 

at resonance 

root mean square 
separation point 

boundary surfaces S I' s2, s3 (Fig. 

oscillation period 

with respect to ~. 'V 
d 

1.. y ay, ' 
i_, i. k direction 

order of terms in asymptotic series 

regions I, II, III (Fig. 2.1) 

characteristic (section 2.1) 

static 

travelling in positive direction 

travelling in negative direction 

2. I) 

a 
ay-2 

regions I, II, III, .... (Fig. 2.1) 

derivative with respect to time 

dimensionless quantities 

)) 

solution of adjoint equation (section 2.5) 

fluctuating quantity 

nth Fourier component 
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SAMENVATTING 

In dit proefschrift wordt het aero-akoestisch gedrag onderzocht 

van een stroming met een laag Mach getal en een hoog Reynolds getal 

door een pijp met een aantal afgesloten zijtakken (Fig, 7,1). 

In een dergelijk systeem wordt geluid opgewekt door coherente 

structuren van geconcentreerde wervelsterkte, Deze structuren worden 

gevormd in de schuiflaagstroming .in de T-vormige aansluitingen van 

zijtakken en hoofdleiding (hoofdstuk 3, 4, 6), 

Het geval van matig hoge pulsatieamplitude - i.e. p' /pcV0 ; O(M) 
* wordt in detail onderzocht (hoofdstuk 2-5). Met behulp van de methode 

van aangepaste asymptotische ontwikkelingen is een laagfrequente 

benadering afgeleid voor het akoestisch veld in een pijpleidingsysteem 

met stroming (hoofdstuk 2). 

Omdat de verstoringen niet klein zijn is een gelineariseerde behandeling 

van de geluidsproduktie door de stroming in een T-stuk niet mogelijk. 

Daarom is gebruik gemaakt van de door Powell [POW 64] en Howe [HOW 75] 

voorgestelde "theory of vortex sound" (hoofdstuk 2). Deze theorie 

vormt, in combinatie met een vereenvoudigde beschrijving van de stroming 

in een T~stuk (hoofdstuk 3), een goede basis voor de analyse. 

De resultaten van deze theoretische analyse zijn geverifieerd 

met modelexperimenten (hoofdstuk 4, 5). Hiervoor zijn twee schaalmodellen · 

van pijpsystemen ontworpen en gebouwd. De resultaten van experimenten 

in de eerste opstelling, die samengesteld is uit buizen met een vier

kante doorsnede, zijn vooral gebruikt om de modellering van de stroming 

in een T-stuk te verifieren (hoofdstuk 4). Een van de T-stukken in deze 

opstelling is voorzien van vensters, zodat de stroming hierin toegan

kelijk is voor visualizatie en laser doppler anemometrie. 

De tweede opstelling is gemaakt van buizen met een cirkelvormige 

doorsnede en voorzien van T-stukken, die dezelfde vorm hebben als de 

T-stukken, die gebruikt worden in pijpleidingsystemen voor gastransport. 

De resultaten van experimenten in deze opstelling zijn gebruikt om 

aero-akoestische berekeningen te verifieren (hoofdstuk 5). 

* p',p,c en v0 z~Jn respectievelijk fluctuerende druk, dichtheid, 

geluidssnelheid en hoofdstroomsnelheid 
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Op grond van experimenten bij statische drukken van 1-16 bar is een 

extrapolatie gemaakt van het modelexperiment, waar wrijving altijd 

een belangrijke rol speelt, naar een situatie waar wrijving verwaar

loosbaar is, zoals in hoge druk gastransportsystemen. 

In het geval dat akoestische verliezen door uitstraling en 

wrijving klein zijn, maar niet verwaarloosbaar (matig hoge amplitude), 

gedraagt de stroming in een T-stuk zich als een aero-akoestische bron 

van constante sterkte. In dat geval stelt de pulsatieamplitude zich 

in op de waarde waarbij het vermogen van de aero-akoestische bron en 

de verliezen door uitsttaling en wrijving elkaar compenseren (hoofd

stuk 3, 5). 

Het geval van zeer hoge pulsatieamplitudes- i.e. p'/pcV0 = 0(1)

waarvoor geen theoretisch model beschikbaar is, wordt qualitatief 

besproken (hoofdstuk 6). Zeer hoge pulsatieamplitudes treden opals 

verliezen door uitstraling en wrijving verwaarloosbaar zijn. In dat 

geval wordt de amplitude begrensd door het niet lineaire karakter van 

geluidsabsorptie door wervelafschudding. Op grond van experimenten 

kan voor een gegeven T-stuk geometrie een kritische amplitude 

(p' /pcV0)c aangegeven worden, waarbij geluidsproduktie en geluids

absorptie elkaar in evenwicht houden. Voor een T-stuk met afgeronde 

hoeken werd gevonden (p'/pcV0)c = 0.6 voor 0.04 < M < 0.3 (hoofdstuk 6). 

Door scherpe hoeken in een T-stuk toe te passen kan· geluidsabsorptie 

door wervelafschudding sterk verbeterd worden, zoals reeds eerder 

aanbevolen werd door Howe (HOW 86). Dit leidt tot een zeer sterke 

verlaging van het pulsatie niveau. 

Hieruit volgt dat men de T-stukken in pijpsystemen zodanig kan ontwer

pen dat hoge pulsatieniveaus vermeden worden. 

Ook kan men met eenvoudige wijzigingen een einde maken aan resonantie 

problemen in bestaande pijpsystemen, zonder dat het nodig is om pijpen 

te verleggen. 
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STELLINGEN 

J.C. BRUGGEMAN 

26 JUNI 1987 

I. In his model of self induced oscillations of the flow past a 

Helmholtz resonator, Elder claims that the most unstable 

frequency has the greatest probability of occurrence. However, 

this is not correct, since the amplification integrated over a 

wavelength, which is the relevant parameter in this case, does 

not have its maximum at the most unstable frequency. 

Elder, S.A., J. Acous~. Soc. Am., 67, 3, p. 774,, (1980) 

2. To states that aero-acoustic sources in a pipe system with 

non-zero mean flow can be neglected if the mean flow Mach number 

is smaller than 0.05. However, this matter is not decided by the 

mean flow Mach number. 

To, C.W.S., J. Sound Vibr., 95, 2, 9· 289, (1984). 

3. To states that to leading order in a l ow frequency approximation 

the acoustic pressure across a compact discontinuity in a pipe 

system is continuous. However, not the acoustic pressure but the 

fluctuating part of the stagnation enthalpy is continuous. 

To , C.W.S., J. Sound Vibr., 96, 2 , p. 175, (1984). 

4. The transmission coefficient for plane acoustic waves incident 

on a right angle bend in a ~we-dimensional wavegu ide has the 

form: 

2 T = T0 + cT1 + 0( £ ), 

where T0 and T1 are a rea l and an imaginary cons tant respec tively 

and £ is a small parameter based on duct width and acoustic 

wave length, E = 2rrH/A. 



I 

Hence, the modulus of T is given by 

ITI = T + 0(£2). 
0 

Therefore Thompson's claim that the solution fo~ ITI to first 

order in £depends on frequency is not correct. 

Bruggeman, J.C., Van de Wetering, T.F.H., 

J. Acoust . Soc . Am., 80, 4, p. 1257, (1986). 

Thompson, C., J. Acoust. Soc. Am., 80, 4, p. 1259, (1986). 

5. The expression given by Morse and lngard for the instationary 

pressure drop 6p across a right angle bend in a two-dimensional 

wavegui de , does not sa tisfy the symmetry condition with respec t 

to the duct width ratio across the bend H1/H2: 

6p(H 1/H2) = 6p(H2/H 1), and is therefore not correct. 

Morse, P.M., Ingard, K.U., Theoretical Acoustics, Mcgraw Hill, 

(1968). 

Bruggeman, J.C., Van de Wetering, T.F.H., J. Acoust. Soc. Am., 

80, 4, p. 1257, (1986). 

6. A laser doppler anemometer operated . in the individual realization 

mode, suffers from a systematic error when used in flows with 

large velocity fluctuations. This error is caused by the greater 

probability of measurements at higher flow velocities and is 

known as velocity bias. 

However, for flows where the velocity fluctuations are dominated 

by a periodic phenomenon, synchronization of the sampling by 

the LOA aparatus to the periodic phenomenon will yield bias free 

veloc ity measurements. 

Adams, E.W., Eaton, J.K., Johnston, J.P., Contribution to LOA 

Symposium, Lisbon, (1984). 



7. Flowmeters suffer from a systematic error when subjected to a 

pulsating flow. Hence, measurements of the pulsation level can 

increase the reliability of results from flowmeters. 

J. Gorter, private communication, (1987). 

8. An essential ingredient in the aero-acoustic model of the flute, 

as proposed by Howe, is the dissimilarity of the steady and the 

acoustic velocity field near the edge of the mouthpiece where 

separation occurs. This feature causes a positive contribution 

of the shed vorticity to the acoustic field for certain 

combinations of steady velocity and frequency. 

Howe, M.S., J. Fl. Mech., 71, 4, p. 625, (1975). 

9. The combustor analysed by Nosseir belongs to the large class of 

technical problems where the unstable flow in a confined geometry 

is strongly influenced by acoustic resonance. 

In such a case it is not advisable to omit the acoustic resonator 

in theoretical or experimental investigations of the problem at 

hand. 

Nosseir, N.S., Peled, U., 

AIAA Parer 86-1951, lOth Aero-acoustics Conference, Seattle WA, 

(1986). 

10. In problems involving compact sound sources located near sharp 

edges of confining walls which drive a low frequency sound field, 

a solution based on matched asymptotic expansions is superior 

to an approximation based on a modal expansion, at the same 

mathematical effort. 

Bullmore, A.J., Elliot, S.J., Nelson, P.A., 

Contribution to Euromech Colloquim 213, Marseille, (1986). 



I I. Van Dam states that aircraft wings shaped like a whale's tail are 

more efficient than wings with an elliptical lift distribution. 

However, the optimum lift distribution on cantilever aircraft 

wings is dominated by a single constraint - minimum construction 

weight - whereas animals in nature have to cope with a much 

larger set of boundary conditions. It is therefore improper to use 

the results obtained by nature as a recipe for optimum aircraft 

wings. 

Van Dam, C.P., AIAA J. of Aircraft, 24, 2, p. I 15, (1987). 

Scientific American, 256, 4, p. 63, (1987). 

Bos, H.J., private communication, (1987). 

12. Dowling and Ffowcs Williams state that very weak sounds may not 

be described very well in terms of continuum mechanics. 

However, the validity of continuum mechanics in a particular 

situation is not decided by the ratio of the acoustic vibration 

amplitude and the mean free molecular path length. 

Dowling, A. P., Ffowcs Williams, J.E., 
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