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1 

Chapter 1 

Introduction 

The research on inventory theory dates back to 1913 starting with the economic order 
quantity (EOQ) model (see Harris, 1913). The topic gained significant attention 
after World War II due to the needs of military service branches and some large 
corporations. Although at that time management information systems lacked the 
capability of adapting mathematical inventory theory models, United States Air 
Force, Navy and Army funded research in that area with the intention of improving 
the performance of logistics systems (see Wagner, 2002). 

The word multi-echelon was invented by Andrew J. Clark and the concept is 
explained in the seminal paper with Herbert E. Scarf "Optimal Policies for a Multi
Echelon Inventory Problem" in 1960. The multi-echelon inventory system captures 
the fact that products sold to global/local markets are manufactured at multiple 
geographically dispersed locations, where materials are converted to components, 
components are assembled into final products, and final products are distributed in a 
network of warehouses and stores. 

Over the last three decades there has been a constant pressure to reduce inventories to 
free up capital invested. Although such pressure has lead to creative (technological) 
solutions, allowing for reduced inventories and lead times without sacrificing efficient 
use of resources, this has not always been the case. Recent studies (see Van der 
Vlist, 2007) reveal that in many industries this has lead to a considerable increase in 
transportation and manufacturing costs, as technological innovations have their limits. 
The development of models, methods and techniques that allow for the quantitative 
analysis of real-life manufacturing and distribution networks, including the tactical 
lot sizing decisions next to the operational ordering decisions, can clarify to what 
extent lot size reduction is the appropriate measure or whether lot sizes should be 
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increased. Such comprehensive models can incorporate the trade-off between customer 
responsiveness, efficient use of scarce resources and materials, and the profitability of 
the network as a whole and that of individual companies in the network. 

The aim of this thesis is to find efficient ways to control multi-echelon inventory 
systems that require coordination between replenishment decisions, transportation 
planning and inventory control. In this context, we have studied three inventory 
models with stockpoints having different order/transportation intervals. The results 
of our analysis of these models contribute to a pragmatic and realistic vision on trade
offs in business. 

The rest of this chapter is organized as follows. In Section 1.1, an overview of multi
echelon inventory systems is given together with cost structures, control policies and 
coordination concepts. Next, in Section 1.2, we present an introductory literature 
review that includes related seminal papers in the field and core papers that are 
directly related to the models we have studied. Then, in Section 1.3, we discuss the 
specific models studied in this thesis together with our contribution to the literature 
and research methods used. Lastly, we conclude the chapter with an outline of the 
thesis and state the main contributions of each chapter. 

1.1. Multi-Echelon Inventory Systems 

Multi-echelon inventory systems occur when several stock points (installations) are 
linked together and form a network. We often see such inventory systems in 
practice. One example is the networks on large geographical areas where products 
are distributed from a central warehouse/factory to local warehouses (similar to the 
networks of product flows from wholesalers to retailers). Some production systems 
also have multi-echelon structures. During production, raw materials are fabricated 
into components, then components are assembled into a final product and sub
inventories occur between production units. Before fabrication, between fabrication 
and assembly, and after assembly, controlled stockpoints enable efficient production 
and satisfaction of immediate customer needs. In this section, we will look into 
the typical network structures studied in literature and discuss the control and 
coordination policies in relation to this thesis. We refer to Axsater (2006) for an 
extensive overview of multi-echelon inventory systems. 
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1.1.1 Network Structures 

Multi-echelon inventory systems are categorized as serial, assembly, divergent and 
general with respect to the links between stockpoints. Serial systems are the simplest 
form of multi-echelon structures. In these systems each stockpoint has one successor 
and one predecessor as shown in Figure 1.1. Here, the most upstream installation 
orders at an infinite supply source, while demand is occurring at the most downstream 
stage. Pure serial systems are generally rare in practice but studying these system 
helps for the analysis of more complex networks. 

Figure 1.1 A serial multi-echelon inventory system 

Assembly systems typically represent production environments. As shown in 
Figure 1.2, these systems are characterized by a group of stockpoints where each 
stockpoint has a single successor and may have more than one predecessor. Key 
added complexity of assembly / production inventory systems is the synchronization 
of multiple items used in parent items. 

Figure 1.2 An assembly / production inventory system 

In divergent systems products are distributed from one stockpoint to several locations. 
In other words, stockpoints have a single predecessor and may have more than one 
successor. An illustration of a divergent / distribution system is given in Figure 1.3. 
Allocation of stock to succeeding stockpoints is an important issue in such systems. 
The central warehouse can be regarded as a pooling stockpoint. There are also 
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Figure 1.3 A divergent / distribution multi-echelon inventory system 

other possibilities for pooling such as lateral transshipments in which stocks can be 
transported between parallel installations. In this way, the deliveries can be made 
with less time but additional costs. Lateral transshipments are used more commonly 
for emergency deliveries for high value items. 

If one or more stockpoints have several successors and predecessors as shown in 
Figure 1.4, we have general/mixed multi-echelon inventory systems which are common 
in practical situations. 

Figure 1.4 A general / mixed multi-echelon inventory system 
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1.1.2 State Definitions 

There are two common perspectives for considering stock in multi-echelon inventory 
systems: installation stock and echelon stock. The former approach determines 
ordering decisions by taking into account the physical stock levels at each stockpoint. 
The latter approach uses the concept of echelon stock in which the physical stock at 
the installation is considered together with the physical and in transit stock at the 
downstream stages. 

When we consider installation stock levels, the inventory level is defined as the stock 
on hand minus the backorders at that stockpoint. An inventory position is defined as 
the inventory level of the stockpoint plus the outstanding orders of that stockpoint. 

Similarly, when an echelon stock perspective is used, we define the echelon stock of 
a stockpoint as all stock at this stockpoint plus in transit to or on hand at all of its 
downstream stockpoints minus the backorders at its most downstream stockpoints. 
The echelon inventory position of a stockpoint is defined as its echelon stock plus all 
material in transit to that stockpoint. 

In terms of timing, the stock levels in the inventory can be monitored by two different 
approaches: periodic review and continuous review. When periodic review is used 
items kept in the inventory are counted at predefined time moments and necessary 
order decisions are taken. On the other hand, continuous review systems use the 
information systems to keep track of the stock levels moment by moment and allow 
for immediate ordering of items. 

The ordering policies for multi-echelon systems may be centralized or decentralized. 
Centralized policies consider the entire echelon network information and determine 
order amounts accordingly. Although being more effective, since availability of 
information is limited, these policies are more difficult to implement. On the other 
hand, decentralized decisions are only based on local stockpoint information and 
easier to implement in practice. The drawback of this approach is the bullwhip effect 
through upper echelons. Due to information delays, upper echelons perceive higher 
variation in expected demand (see Forrester, 1961). 

1.1.3 Cost Structures 

The cost structure of multi-echelon systems mainly consists of three types of costs: 
holding cost, backorder cost, and fixed cost. 

Holding costs capture the cost of capital tied up in inventory. They can be determined 
by estimating the return on an alternative investment instead of holding the stock at 
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the warehouse. Holding costs are usually expressed as a percentage of unit value. 

Backorder costs are charged for unsatisfied customer orders to reflect extra costs with 
respect to timeliness of delivery, material handling and transportation. It should also 
be taken into account that extra costs can occur if the customer chooses another 
supplier. In practice, it is more common to use service level constraints in place of 
backorder costs in the models since they are easier to estimate. There are many ways 
to define a service measure. Most well-known one is defined as the inventory level 
at which customer demand can be met from the on-hand stock. In this thesis, we 
show that there is a direct relationship between the linear holding and backorder costs 
and nonstockout probabilities at arbitrary points in time. These results extend the 
famous Newsvendor fractile for the Newsvendor problem. 

Fixed costs are charged based on activities that are independent of the order / 
shipment size. Such costs are typically associated with initial quality losses at the 
startup of a production batch, qualified personal to perform setups, administrative 
costs, order transshipment costs to mention a few. In this thesis, we use fixed ordering 
cost (which is incurred when a stockpoint places an order) and fixed transportation 
costs. 

1.1.4 Control Strategies 

Ordering policies/Control strategies determine when and how much to order. 
Ordering decisions should strike the right balance between holding costs, not to order 
too early, penalty costs, not to order too late, and ordering costs, not to order too 
often. A control policy thus defines for each state of the system, how much should be 
ordered. 

Next, we will explain some centralized echelon stock policies. We group these policies 
into two categories: base stock policies and reorder point policies. The term :'base 
stock" is used for the desired level of the inventory position. Base stock policies 
are more often used for periodic review systems. Under a pure base stock policy, a 
stockpoint orders such that the inventory position equals the base stock level. 

On the other hand, when reorder point policies are used an order is placed if the 
inventory position of the stockpoint is equal to or below a fixed level. All reorder point 
policies are usually used when the stock levels are monitored continuously. However, 
they can also be used in periodic review settings if fixed costs are involved. A typical 
example of these policies is the (s, S) policy, where s is the reorder level and S is the 
base stock level. The other common policy is the (s, Q) policy. Here, Q is defined 
as the batch size and it generally represents the size of a pallet in practice. Under 
this policy, if the inventory position reaches s, an order of Q units is placed with its 
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upstream stage. Some papers in literature allow for ordering more than one batch 
if the inventory position is below s. These policies are referred as (s, nQ) policies, 
where n is a positive integer. 

An illustration of the inventory position of a stockpoint under pure base stock policy 
and (s, S) policy is presented in Figure 1.5. 

inventory 
position 

s+---------------

time 

Base stock policy, continuous review 

inventory 
position 

s 

I----+--;.--+--+_~ time 

Base stock policy, periodic review 

inventory 
position 

s 

s 

(S, S) policy, continuous review 

inventory 
position 

s 

s 

time 

I----+--;.--+--+_~ time 

(S,S) policy, periodic review 

Figure 1.5 Sample paths of inventory position of a stockpoint under different policies 



8 Chapter 1. Introduction 

1.1.5 Coordination Strategies 

The purpose of coordination in multi-echelon systems is to determine the timing of 
ordering and shipping events when multiple-items or multiple locations are considered 
in the supply chain. 

In literature, when a periodic review system is used, it is usually assumed that different 
items can be controlled independently. Yet, there can be cases, where this assumption 
is not satisfied. Coordination of orders of different items can reduce setup costs 
and can smooth the production process. Also for single-item multi-echelon systems, 
it is generally assumed that the stockpoints place orders with the same frequency. 
However, in practice using different review periods for different stockpoints is not 
uncommon due to restrictions from suppliers and transportation issues. 

In continuous review systems, sometimes transportation to the downstream stock
points can be done periodically to reduce the transportation costs. In this case, the 
notion of different review periods translates to different shipment intervals. 

When different review periods are used for stockpoints, the type of base stock policy is 
(R, S) policy. In this case, the echelon inventory position is reviewed every R periods 
and orders are placed up to a base stock level S if the inventory position is below S. 

All papers assuming different review periods at each echelon use "nestedness 
assumption" such that each stockpoint's review period is longer than or equal to its 
successor's review period. This assumption account for the fact that larger batches 
and longer setup times (thus higher fixed costs) tend to occur as we move to the upper 
echelon. 

1.2. Literature Review 

Here, we briefly summarize existing optimal policy results on multi-echelon systems 
and key papers in literature that are relevant to the thesis. We focus on multi-echelon 
systems having 

• stochastic demand, 

• deterministic lead times / transportation times, 

• central control, 

• holding and backorder costs, 

since these are the common properties of the models we have studied in the thesis. 
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Firstly, we discuss relevant literature on stochastic serial systems under periodic 
review and without fixed costs. Base stock policies are shown to be optimal by Clark 
and Scarf (1960) for systems with equal review periods. These results are extended 
to the infinite horizon case by Federgruen and Zipkin (1984). For serial systems with 
fixed lot sizes Chen (2000) shows that echelon stock (s, nQ) policies are optimal. On 
the other hand, Van Houtum et al. (2007) analyze the serial system with different 
review periods and prove the optimality of base stock policies and derived Newsboy 
equations to compute base stock levels. By generalizing the work of Chen (2000) 
and Van Houtum et. al. (2007), Chao and Zhou (2005) find the optimal policy for 
a multi-echelon serial system with batch ordering and nested review periods. The 
result is a mixture of a base stock policy and an (s, nQ) policy. 

Since the seminal paper by Clark and Scarf (1960), researchers have pursued the 
generalization of this work towards more realistic manufacturing and distribution 
networks. Rosling (1989) shows that for so-called pure assembly systems, i.e. each 
stockpoint has at most one successor, the network can be represented as an equivalent 
serial system. So, the results and methods for serial systems can be used for solving 
equivalent pure assembly systems. 

In divergent systems, the key problem is the optimal replenishment and allocation 
of stock to succeeding stockpoints, for some cases negative allocations at stockpoints 
can occur. This "imbalance problem" can be handled either by allowing negative 
allocations or by making the solution feasible by using heuristics. Eppen and Schrage 
(1981) analyze a 2-echelon divergent system with stockless central warehouse. They 
derive near-optimal policies under the assumption that each retailer has an equal 
probability of stock out. Diks and De Kok (1998) generalize the work of Clark and 
Scarf (1960) to the case of N-echelon divergent systems without fixed costs. They 
show that the relaxed problem, where negative allocations are allowed, can be solved 
to optimality and echelon base stock policies are optimal. In addition, they generalize 
the Newsvendor optimality equations to divergent systems. In Diks and De Kok 
(1999) close-to-optimal linear allocation policies are analyzed, showing that under 
such allocation policies close-to-optimal policies can be efficiently computed and that 
the performance of the system can be accurately approximated when prohibiting 
negative allocations. Alternatively, an approximate approach named as METRIC 
is proposed by Sherbrooke (1968) for distribution systems with continuous review. 
This approach has been applied to practice for spare parts systems and military 
applications. 

For general systems there are no optimality results available but some heuristic 
approaches exist that are successfully applied to companies (see De Kok et al. (1998), 
Ettl et al. (2000), Graves and WilIams (2000)). These systems are rather complex 
since they cannot be represented as a serial system like assembly systems also they 
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have the same allocation problems as in divergent systems. In order to obtain 
efficient solutions for general systems, simplifying assumptions are made and/or 
approximations are implemented for the evaluation of base stock policies. 

In order to deal with systems with fixed costs two approaches have been proposed 
in literature. One of them is assuming different review periods for each echelon and 
the other one is using reorder point policies. A Combination of both approaches is 
possible, as well. 

In this thesis, we mainly use (R, S) type policies. Although (s, S) policies may 
work better in most problems involving fixed costs (see Rao, 2003), there are three 
advantages of using (R, S) policies. Firstly, with these policies we have complete 
control on timing of orders and shipments. With a reorder point policy timing of 
order and shipments are stochastic. This can be a problem for planing activities in 
practice. Secondly, (R, S) policies allow for better coordination of items compared 
to (s, S) policies when multi-items are used. This is a result of having control over 
timing of orders and shipments. Rao (2003) shows that (R, S) policy leads to less 
costs for single stockpoint with multi-item systems. Thirdly, (R, S) policies are more 
tractable than (8, S) policies, thus allow for detailed mathematical analysis. 

Next, we mention the key papers related to the models studied in this thesis. All of 
these papers use either (R, S) policies or different shipment intervals under continuous 
review policies. 

For serial systems, Feng and Rao (2007) analyze a 2-echelon periodic review model 
under the assumption of Poisson customer demand. They use an (R, S) policy and 
assume that fixed ordering cost are charged only when there is stock available at the 
upstream stockpoint. They propose an algorithm based on Golden Section search to 
estimate expected costs by computing near optimal base stock levels and reorder 
intervals. While computing total cost, they use simulation to find the expected 
ordering probabilities. 

In assembly systems, models with stockpoints having different review periods have 
not been studied explicitly. However, the paper of Van Houtum et al. (2007) can 
be extended to assembly systems if the equivalent serial system has nested review 
periods. 

For divergent systems, Graves (1996) studies a divergent system without fixed costs 
and the system is controlled by an (R, S) policy. He introduces the concept of 
"virtual allocation rule" where the inventory levels are monitored continuously even 
though orders are generated periodically. Van der Heijden (1999) analyzes a 2-echelon 
network with different shipment frequencies at each level in order to reduce inventory 
imbalance. Recently, Marklund (2011) studies a 2-echelon divergent system under 
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continuous review and Poisson distributed customer demand. The central warehouse 
sends shipments to retailers on a scheduled basis. He proposes a method to find 
the minimum cost of the system by optimizing the policy parameters and shipment 
intervals. 

1.3. Overview of the Thesis 

In this thesis, we study three 2-echelon stochastic inventory systems with different 
network structures. We choose these models in order to gain insights on larger multi
echelon systems with similar properties and determine further research directions. 

The Chapters 2 and 5 in this thesis build on the literature about serial systems 
with different review periods and divergent multi-echelon systems with transshipment 
intervals, respectively. The notion of different review periods in the context of 
assembly systems has been studied is Chapters 3 and 4. This has not been addressed 
in literature before. 

In Chapter 2, we study a single-item two-echelon serial inventory system with 
stochastic demand. The system is centrally controlled and inventory levels are 
reviewed periodically. The ordering decisions are based on echelon base stock policies. 
The review period of the upper echelon is an integer multiple of the review period of 
the lower echelon. We assume that linear holding and backorder costs are charged as 
well as fixed ordering costs. 

There two main purposes of studying this system. The first one is to find the optimal 
base stock policies and optimal review periods at the same time. To do that, we 
derive an exact analytical expression for the objective function to be used to determine 
optimal policy parameters and review periods. In a numerical study we illustrate that 
there may be several combinations of optimal review periods and that under high 
fixed ordering costs both stockpoints have the same order frequency. Additionally, 
we identify parameter settings under which the materials that arrive to the system 
are immediately pushed to downstream stages. Secondly, in literature, many authors 
do not consider upstream stock unavailability when determining fixed ordering costs. 
This situation occurs when the downstream stockpoint needs to place an order but 
there is nothing left at is predecessor stockpoint. However, the models in literature 
assume that the order is placed and fixed costs are charged under such situations. In 
that sense, we test the impact of this simplifying assumption and illustrate when it 
is justified. 

In Chapter 3, we consider an assemble-to-order (ATO) model with a single item 
assembled from two components. One of the components has a long lead time, high 
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holding cost and short review period as compared to the other one. We assume that 
net stocks are reviewed periodically, customer demand is stochastic and unsatisfied 
demand is backordered. Such a system cannot be solved to optimality by existing 
methods in literature since the review periods are not nested. Instead, we analyze the 
system under two different policies and show how to determine the policy parameters 
minimizing average holding and backorder costs. 

First, we consider a pure base stock policy, where orders for each component are 
placed such that the inventory position is raised up to a given base stock level. In 
contrast to this, only the orders for one component follow this logic while the other 
component's orders are synchronized in case of a balanced base stock policy (BBSP). 
Through mathematical analysis, we come up with the exact long-run average cost 
function and we show the optimality conditions for both policies. In a numerical 
study, the policies are compared. 

The balanced base stock policy, which is studied in Chapter 3, is applicable only 
when the review period plus the lead time of the expensive component is larger than 
the same measure of the other component. To find an efficient control policy for the 
reversed case, we characterize the optimal policy structure of the system by using 
dynamic programming under certain parameter assumptions in Chapter 4. Then, we 
suggest efficient heuristic ordering policies based on the optimal ordering behavior 
and discuss reasonable control policies for more general assemble-to-order systems. 
We name these heuristic policies as cyclic synchronized base stock policies (CSBSP), 
where each stockpoint can follow a different policy at different ordering moments. 

In Chapter 5, we consider a one-warehouse multi-retailer inventory system with a 
time-based shipment consolidation policy at the warehouse. This means that retailer 
orders are consolidated and shipped to groups of retailers periodically. Customer 
demand is compound Poisson distributed and unsatisfied demand at each stockpoint is 
backordered and allocated on a first-come-first-served basis. The system is centralized 
and inventory levels are reviewed continuously. This means that the warehouse has 
access to point of sale data and inventory information at the retailers. All retailers 
apply base stock policies, whereas the warehouse, which replenishes from an outside 
supplier/manufacturer, uses a batch ordering policy. 

We derive exact probability distributions of the inventory levels at the retailers and 
use these to obtain exact expressions of the long-run average holding and backorder 
costs, average inventory levels and service levels. Based on the analytical properties of 
the objective function, we construct an exact optimization procedure for determining 
the optimal reorder levels and shipment intervals both for single item and multi-item 
cases. 

Our contribution to the existing results in literature is as follows. In Chapter 2, we 
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extend the study of Feng and Rao (2007) by assuming more general customer demand 
distributions and we provide exact formulations to compute ordering frequencies. We 
introduce and analyze the problem of non-nested review periods in the context of 
assembly systems in Chapters 3 and 4. Lastly, in Chapter 5, we extend the work 
of Marklund (2011) to compound Poisson distributed demand and we use a different 
method that allows for computation of backorder distributions and service levels which 
is crucial for practical applications. 

Our research methodology throughout the thesis is based on quantitative modeling 
and mathematical analysis to gain insight on the behavior of the average expected 
system wide cost function. For example, in Chapters 2, 3, and 4 we take the first 
and second derivatives of the cost functions, which can enable us to compute optimal 
base stock levels. If we cannot obtain closed form expressions for the optimal policy 
parameters, we use built-in optimization tools of computing software, such as MatLab. 
In addition, we use discrete event simulation to validate our results in Chapter 5. 

1.4. Outline of the Thesis 

Chapter System Type Review Type Policy Fixed Cost 
2 Serial periodic (R,S) Ordering cost 
3 ATO periodic (R, S) and BBSP -
4 ATO periodic Optimal and CSBSP -
5 Divergent continuous (8,Q) Shipment cost 

Table 1.1 General assumptions on the studied models 

The research presented in Chapters 2, 3-4, and 5 is based on Karaarslan et al. 
(2012, 2011); Stenius et al. (2011), respectively. All of the chapters include different 
review periods aspect with Chapter 5 having shipment intervals under continuous 
review setting. In Chapter 2, the serial system is discussed with fixed ordering 
costs. In Chapters 3 and 4 the assemble-to-order system is studied. The models 
that we introduce in these chapters include the following attributes: periodic review, 
different review periods, and (R, S) type policies. In Chapter 5, we study the divergent 
system with continuous review and retailer groups. Chapter 6 summarizes the main 
conclusions and discusses possible future research directions. The general assumptions 
used in Chapters 2, 3, 4, and 5 are summarized in Table 1.1. The in-depth literature 
review, including some of the papers mentioned in Section 1.2, is given in each chapter 
separately. 

Although there are similarities between the presented models, each model require 
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different notation regarding the specific assumptions on time, policies, and demand 
structure. Thus, we explain the detailed notation related to the serial system, 
assemble-to-order system, and divergent system in Chapters 2, 3 and 5, respectively. 
We also note that, some of the important notations and assumptions are repeated in 
each chapter to make them self-contained and to facilitate reading. 
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Chapter 2 

Effect of Modeling Fixed Cost 
in a Serial Systelll 

2.1. Introduction 

Inventory models can be divided into two different classes based on the way stock levels 
are monitored. While the class of models with continuous review of the inventory 
status can be applied very well for slow moving products like spare parts, a different 
modeling approach should be used for fast moving items, as usually observed in 
production and distribution networks. Decision making is recurrent and proactive. It 
requires agreement between different functions in organizations such as purchasing, 
production, sales and marketing. In the latter situation decisions are often made on 
fixed days of the week/month since this is more practicaL Then, periodic review 
models with constant review intervals are more suitable to represent reality. FUrther, 
making replenishment decisions at given points in time is also more convenient if 
replenishments for multiple products have to be coordinated. 

The simplest periodic review model for a single stockpoint and a single product with 
stochastic demand is an (R, S) policy, where R denotes the review interval and S 
the base stock level. In this chapter an inventory model for a single product with 
stochastic demand is investigated, too, but we study the simplest serial inventory 
model under central control: a two-echelon inventory model. Stock levels are reviewed 
periodically and both stockpoints are allowed to have different review periods. 
Ordering decisions are based on global system information and we further assume that 
both stages use echelon base stock levels to determine the size of their replenishment 
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orders. 

Since the policy structure is given, it remains to determine the policy parameters. The 
overall goal is to minimize costs composed of fixed costs related to each order, costs 
for keeping items in stock and costs for not being able to deliver. We assume linear 
holding and backorder costs and we additionally suppose that fixed costs are charged 
whenever an order is executed and material is shipped to a stockpoint. This means 
that fixed ordering costs can only be incurred if an order is placed and material is 
available at the upstream stockpoint to be shipped. We call these costs fixed ordering 
costs, since they may include the set-up of a machine, as well as transportation costs. 
The latter aspect is often ignored and fixed costs are related to each order placed, 
independent of the state of the on-hand inventory of the supplying stockpoint. The 
advantage of this approach is a less complicated analysis of the system, but the impact 
of this simplifying assumption on the optimal solution is not clear. 

The research presented in this chapter is motivated by two questions: (1) How can 
the optimal policy parameters for the policy described above be computed under the 
given cost assumptions? (2) Does the simplifying assumption for the fixed ordering 
cost have an impact on the optimal solution? 

In contrast to Feng and Rao (2007), who studied a similar model and have used 
simulation to estimate the average cost of the system under given policy parameters, 
we derive exact analytical results based on our mathematical model in order to answer 
the questions formulated above. We further use a more general demand model and 
derive some insights about the policy structure at optimality. In the numerical study 
parameter settings are identified where the system behaves like a push system (Le. 
everything arrives to the upstream is immediately pushed to downstream stages) and 
the impact of the simplifying fixed cost assumption is investigated. 

The remainder of the chapter is structured as follows. First, relevant literature on 
serial systems with and without fixed ordering costs is discussed in the next section. 
Afterwards, we describe the mathematical model of the two-echelon system in detail in 
Section 2.3. Then, in Section 2.4, we present the analytical results on the optimization 
problem followed by the results of the numerical study in Section 2.5. The summary 
of the main results and a discussion of future research directions conclude the chapter. 

2.2. Literature Review 

We start the literature review with a discussion of the most important results for 
multi-echelon systems with continuous review, because (s, nQ) policies are often 
recommended in the presence of fixed costs. In this context Q represents the batch 
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size, n is an integer, and s is called the reorder point. For given lot sizes Q Chen 
(2000) shows that for serial systems echelon stock (s, nQ) policies are optimal. For 
a serial two-echelon system with Poisson demand, fixed order costs and zero lead 
time at the most upstream stage, Chen (1999) has proven that the (s, nQ) policy is 
guaranteed to be within 6% of optimality. Chen and Zheng (1994a) analyze a serial 
multi-echelon model under an echelon (s, nQ) policy as well. They compare this 
policy with a lower bound on minimum achievable costs with an installation stock 
(s,nQ) policy. In another study Chen and Zheng (1994b) provide lower bounds on 
total minimum costs of serial, assembly and one warehouse multi-retailer systems. 
They consider both periodic and continuous review models with fixed order costs. 
For a serial multi-echelon system with compound Poisson demand and fixed ordering 
costs, Chen and Zheng (1998) use a heuristic based on minimizing lower and upper 
bounds on the total cost function. They also suggest an algorithm to determine an 
optimal solution with more computational effort compared to the heuristic. Then, for 
a serial multi-echelon system with fixed ordering costs under an (s, nQ) policy, Shang 
(2008) provides a heuristic to determine near-optimal base order quantities, which 
outperforms the existing heuristics in literature. 

Closely related to our problem is literature on multi-echelon inventory systems under 
periodic review. However, in this setting fixed costs are often not considered at all 
or only implicitly mentioned. For serial systems with no fixed ordering costs orders 
can be placed at the beginning of each period. For this situation, base stock policies 
are shown to be optimal for the finite horizon case by Clark and Scarf (1960) and 
for the infinite horizon case by Federgruen and Zipkin (1984a). Fixed order costs 
are implicitly considered in Van Houtum et al. (2007), because they assume that 
review periods can be different at different stages, but they are given and have to 
satisfy the integer-ratio constraint. Under these assumptions they have proven that 
base-stock policies are optimal with respect to holding and backorder costs and they 
additionally provide newsboy-type formulas to compute the optimal numerical values 
for the base stock levels. Fixed costs are explicitly considered in Feng and Rao 
(2007) where optimal policy parameters, review periods as well as base stock levels, 
are determined for a serial two-echelon inventory system controlled by a periodic 
base-stock policy. A computational optimization technique based on simulation and 
a Golden Section search is presented to compute the optimal policy parameters for 
Poisson distributed customer demand. In contrast to our work, they do not provide 
an analytical expression for the average fixed ordering cost per period and we also 
consider a more general demand model. 

By generalizing the work of Chen (2000) and Van Houtum et al. (2007), Chao and 
Zhou (2009) derive the optimal policy for a multi-echelon serial system with batch 
ordering and nested replenishment intervals. The result is a mixture of a base stock 
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policy and reorder point policy. However, their objective function only includes 
shortage and holding costs. 

Periodic review policies in combination with fixed order sizes can also result in 
(R, 8, nQ) policies, where 8 represents the reorder level and R the review period. 
Such a policy is studied for a serial system by Shang and Zhou (2009). They propose 
a heuristic to compute policy parameters that minimize the average system-wide 
cost including fixed costs for ordering and for each review of the inventory status. 
Later on, Shang and Zhou (2011) develop another heuristic for the same system that 
outperforms the previous one. Shang et al. (2010) analyze a serial system with fixed 
ordering costs, incurred at each order moment. They compare an installation stock 
(R, S) policy with an echelon (R, S) policy and a continuous review (8, nQ) policy. 
Note that echelon stock policies are based on system-wide state information and final 
customer demand, while installation stock policies are based on local (stockpoint) 
state information and immediate successors' demand. Here, the echelon (R, S) policy 
reflects the fact that real-time demand information is shared between stockpoints 
and the (8, nQ) policy allows flexible deliveries of replenishment orders between 
stockpoints. The results of their numerical study show that the (8, nQ) policy yields 
lower system-wide cost than the echelon stock (R, S) policy. 

We would like to highlight once more, that in most papers in literature (see Shang, 
2008; Shang and Zhou, 2009, 2011; Shang et aL, 2010) the fixed ordering costs are 
assumed to be incurred at each order moment and upstream availability of material 
is not considered, which means that fixed ordering costs are overestimated. In order 
to investigate this effect, we study a model where fixed costs are only incurred when 
material is shipped. 

2.3. A Serial Two-Echelon (R, S) Model 

We consider a single item two-echelon serial inventory system where the stockpoints 
are labeled, starting from the downstream stock point to the upstream stock point as 1 
and 2 (see also Figure 2.1). Stockpoint 2 receives materials from an external supplier 
with infinite material availability, while stockpoint 1 replenishes its inventory from 
stockpoint 2. This order quantity is restricted by the stock on-hand at stockpoint 2 
such that it may happen that material is needed at stockpoint 1 but no order can be 
released. 

Time is divided into periods of equal length and the planning horizon is infinite. 
We want to make a clear distinction between a "period" and a "review period". 
Without loss of generality, each period is assumed to have length 1 and periods are 



2.3 A Serial Two-Echelon Model 

Supplier 

00 

1P2 (I) 
r------------~------------, 

I , 
I 

L, ~ L, 

I 

, 

.p, 1 __ ...... ! Customer 
~;V . : D[1,t+l) 

I 

.......... ---v----j 

I~(I) 

Figure 2.1 Illustration of the inventory model 

19 

numbered as {O, 1,2, ... }. On the other hand, the review period Rn of stockpoint 
n, can be composed of multiple periods where at the beginning of a review period 
the inventory is reviewed and orders can be placed. We assume that stockpoint 2's 
review period is an integer multiple of stockpoint 1 's review period, resulting in the 
condition R2 = rRl with r 1,2,3, .... This assumption, also called integer-ratio 
constraint, is common for such kind of systems, because it facilitates synchronization 
of ordering and it accounts for the fact that typically larger setup costs occur as we 
move to the upper echelon. 

Stochastic customer demand is satisfied from stockpoint 1 and unsatisfied demand is 
backlogged. Demand in each period is independent and identically distributed with 
expected value fL, variance 0"2, and coefficient of variation c ((0"1 fL)) where D[t, t + 1) 
represents the demand during period t. Cumulative demand occurring during a time 
interval between the beginning of period h and the beginning of period t2 (0 ::; t I < t2) 
is denoted by D[tl, t2)' The analytical results of this chapter hold for both continuous 
and discrete demand distributions with demand per period being nonnegative. 

Since the system is under central control and global information is used to determine 
replenishment quantities, an echelon policy is applied. The echelon stock of a 
stockpoint is defined as all stock at this stockpoint plus in transit to or on hand 
at any of its downstream stockpoints minus the backorders at its most downstream 
stockpoints. We define the echelon inventory position of a stockpoint as its echelon 
stock plus all material in transfer to that stockpoint. Let 1Ln(t) and IPn(t) be the 
echelon stock and echelon inventory position for stockpoint n at the beginning of a 
period t after ordering decisions have been made. At each review period, stockpoint 
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n's echelon inventory position is raised to the base stock level 8n , if possible and we 
assume that 8 2 ~ 8}. This policy is called an echelon base stock policy given by the 
parameters (Rn,8n). 

We use the concept of synchronization for the ordering moments of stockpoints such 
that each order arrival time of stockpoint 2 coincides with an ordering moment of 
stockpoint 1. Without loss of generality, we assume that stockpoint 2 places its first 
order at the beginning of period 1. Then the set of ordering moments of stock point 
2 can be defined by T2 {kR2lk E No}, where No = {O, 1,2, ... } is the set of natural 
numbers including zero. The lead time Ln between placement and arrival of an order 
for stockpoint n is assumed to be deterministic and it is defined in periods. Therefore, 
an order placed by stockpoint 2 at period t (t E T2 ) arrives at the beginning of period 
t + L 2 • At this time instant stockpoint 1 can place an order. The synchronized 
ordering moments of stockpoint 1 are given by T} = {L2 + kRllk E No}. With this 
constraint, we guarantee that the arriving orders to stockpoint 2 can be immediately 
forwarded to stockpoint 1 resulting in lower holding costs. 

We assume linear inventory holding and backorder costs. Each unit backlogged at 
the end of a period is charged a penalty cost p. Each unit in stock at stockpoint 2 
at the end of a period is charged a holding cost h2 (> 0). The added holding cost of 
an item held on stock at echelon 1 is denoted as h~ (~ 0). Thus, a unit in stock at 
stockpoint 1 at the end of a period incurs a holding cost of h'} + h2 • In each period 
where an order is received, a fixed cost Kn (n = 1,2) is charged. 

Summarizing, there are four main events that may occur during a period: 

1. Arrival of orders (if scheduled to this period), 

2. Placing of orders (if the period is a review period), 

3. Occurrence of demand, 

4. Incurring costs. 

The first two events take place at the beginning of the period. If these events are 
scheduled to the same period, we assume that ordering decisions are made just after 
receiving the shipment. Holding and penalty costs are incurred at the end of each 
period while fixed costs are charged after arrival of orders at the beginning of a period. 
Customer demand may occur at any point in time. 

The objective of this research is to determine base stock levels 8n and review periods 
Rn minimizing the long run average system-wide cost per period. Before we can 
formulate the total costs in one period, which is simply the summation of holding, 
backlogging, and fixed ordering costs for each echelon, we have to introduce some 
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notation. Since we may not charge fixed cost at each period, a variable on(t) is 
defined for stockpoint n as follows: 

On (t) = {I if an o~der arrives at stockpoint n at the beginning of the period t, 
° otherwIse. 

(2.1) 

Let Xn(t) be the echelon stock of stockpoint n at the end of period t. Also, for 
any x E JR, we define the operators "+,, and "-,, as = max{O, x} and x-
-min{O, x} = max{O, -x} such that x x+ - X-. Then, the cost at the end of 
period t, Co(t), can be written as: 

Co{t) 

This one period cost can be decomposed into two parts such that each part represents 
costs attached to each echelon. Let Cn(t) denote the costs attached to echelon n for 
period t. Then, the total costs at period t can be separated in: 

01 (t)Kl + h'1X1 (t) + (p + h~ + h2)X1 (t) 

02(t)K2 + h2X 2(t). 

(2.3) 

(2.4) 

Our aim is to minimize the long-run average expected cost per period G(R1' R2, 8 1 , 82 ,) 

as a function of the decision variables defined as: 

(2.5) 

For a continuous demand distribution, we obtain the following optimization problem 
(P) to be studied: 

(P): Min G(Rb R2 ,81,82 ), 

s.t. R2 = rR I • R1, R2 , r E N, 

81 :::; 8 2 • 

(2.6) 

If the demand distribution is discrete, 8 1 and 8 2 have to be integers in problem (P). 
A summary of all problem parameters, variables and functions used in the chapter is 
presented in Table 2.1. 
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Notation related to stock information: 
I Ln (t): echelon stock for stockpoint n at the beginning of period t 

after ordering decisions 
echelon inventory position for stockpoint n at the beginning of 
period t after ordering decisions 
echelon base stock level for stock point n 
echelon stock of stockpoint n at the end of period t 
maximum of 0 and x for any variable x 

x -: maximum of 0 and -x for any variable x 
Notation related to timing of orders: 
Ln: lead time for arrival of orders for stockpoint n 
Rn: replenishment interval of stockpoint n 
r: number of times stock point 1 orders per order of stockpoint 2 
t5n (t): binary variable indicating the arrival of an order at stockpoint n 

at the beginning of period t 
Notation related to the demand: 
D[tb t2): cumulative customer demand between the time interval [h, t2 ) 

p,: expected value of demand per period 
u: standard deviation of demand per period 
c: coefficient of variation for demand per period (u / p,) 
Notation related to the costs: 
Cn(t): costs attached to echelon n at the end of period t 

I 

hI: added inventory holding cost per period for each unit at stockpoint 1 
h2 : inventory holding cost per period for each unit at stockpoint 2 
Kn: fixed cost for stockpoint n 
p: penalty cost for unit backlog 

Table 2.1 Summary of model parameters, variables and functions 

2.4. Analysis 

In order to solve problem P, we need an analytical expression for the objective function 
G(RI' R2, 8 1 , 8 2 ). We follow the approach in Van Houtum et aL (2007) and define 
replenishment cycles for each stage of the system before we derive the expected average 
cost and necessary conditions for optimality. 
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Figure 2.2 The replenishment cycles and related costs for R2 = 4, Rl 2, L2 = 2, 
L1 = 1 

2.4.1 Replenishment Cycles 

Every R2 periods an order is shipped from the external supplier to the system and 
these orders subsequently determine the stock levels at the downstream stages and 
affect the costs of the system. Assume now that stockpoint 2 places an order at 
the beginning of period to E T2. This order is received at the beginning of period 
to + L2 and the present stock at level 2 is consumed by stock point 1 until the next 
replenishment order arrives at to + L2 + R2. Therefore, the order placed at period to 
by stockpoint 2 affects the holding and ordering costs of echelon 2 at the end of the 
periods to + L2 + k for k 0, ... , R2 -1. During the time interval [to + L2, to + L2 + R2) 
stockpoint 1 places r consecutive orders at periods to + L2 + iRl for i = 0, ... , r - L 
These orders arrive after Ll time units and affect the costs at the end of the periods 
to + L2 + Ll + iRl + j for j 0, ... ,R1 - 1 and i 0, ... ,r - L For an illustration 
we refer to Figure 2.2. 

Based on these observations, we define a "replenishment cycle of stage 2" as the 
time interval which starts with an order arrival from the external warehouse and 
ends just before the next order arrival from the external warehouse. During this 
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cycle, stockpoint 2 can receive maximum one order. Units of an order from the 
external warehouse can at the earliest arrive Ll time periods later at stockpoint 1. 
Thus, a "replenishment cycle of stage I" starts in periods to + L2 + Ll + jR2 and 
has length R2 , too, but stockpoint 1 may receive new components r times during 
its replenishment cycle. This means, the concept of shifted replenishment cycles 
is applied. The moments of ordering decisions, the replenishment cycles and the 
attached costs are illustrated in Figure 2.2 for R2 4, Rl = 2, L2 2, Ll = 1. 

In general the total costs attached to the replenishment cycles of stage 2 and stage 1, 
triggered by the ordering decision at the beginning of period to, are given as 

R 2 -1 r-l Rl 1 

L C2(to+L2+k)+ L L C 1(to+L 1 +L2+iR1 +j). (2.7) 
k=O i=O j=O 

2.4.2 Derivation of the Objective Function 

The cyclic pattern explained in section 2.4.1 repeats itself throughout the planning 
horizon. It is easy to see that this is a regenerative process where at every to E T2 , the 
inventory position of stockpoint 2 is set to 8 2 and this amount is used by stockpoint 
1 during replenishment cycle of stage 1. Thus, in the long-run, this inventory model 
can be considered as a renewal reward process (see Tijms, 1986), such that for each 
stockpoint n a replenishment cycle of stage n represents a renewal cycle and the reward 
is the total costs attached to this cycle. Then, for any to E T2 the long-run average 
cost per period will be equivalent to the expected cost of related replenishment cycles 
of both stages divided by the cycle length R2 • 

(2.8) 
1 R2-1 1 r-1Rl 1 

R L E[C2(to + L2 + k)] + If L L E[C1(to + L1 + L2 + iRl + j)]. 
2 k=O 2 i=O j=O 

The analysis of the objective function of problem P boils down to the analysis of the 
expected echelon stock levels and expected order frequencies during the replenishment 
cycles of both stockpoints. 

We first analyze the expected echelon stocks during the replenishment cycle of 
stockpoint 2. We know that the echelon inventory position of stockpoint 2 is raised 
up to 8 2 at the beginning of period to and the order arrives at the beginning of period 
to + L2. The echelon stock at the end of period to + L2 + k is the difference between 
8 2 and the demand during L2 + k + 1 periods where k = 0, ... , R2 - 1. Thus, the 
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expected value of X 2(to + L2 + k) is 

E[X2(to + L2 + k)] = E[S2 D[to, to + L2 + k + 1)], 

S2 - (L2 + k + 1)/-t. (2.9) 

Stockpoint 1 may not be able to raise its echelon inventory position up to S1 if there 
is not enough stock available at the upper stockpoint. In this case, we say that there 
is a shortfall in the echelon inventory position of stockpoint 1. We define the shortfall 
as the difference between the target value S1 and the actual inventory position of 
stockpoint 1 at the beginning of a review period t after placement of orders. Denoting 
the shortfall with B1 (t) the following holds at ordering moments to + L2 + iR 1 for 
t 0, ... ,r - L 

(S1 - IL2(to + L2 + iR1)) +, 

(D[to, to + L2 + iR1) (S2 - Sd) +. 

The shortfall determines the echelon inventory position of stockpoint 1 after ordering 
given as 1P1(to + L2 + iRd = min{S1,IL2(to + L2 + iR1)} = S1 B1(to + L2 +iRt}. 
By using the shortfall notation, the expected echelon stock at the end of each period 
turns out to be 

E[X1(to + L1 + L2 + iR1 + j)] 
E[S1 B1(to + L2 + iR1) - D[to + L2 + iRt, to + L1 + L2 + iR1 + j + 1)], 

= S1 (Ll + j + 1)/-t - E[B1(to + L2 + iR1)]. (2.10) 

The amount of backorders is represented by X 1(t)- at the end of period t, which 
can be interpreted as the shortfall of the customer. Combined with the definition of 
shortfall at stockpoint 1 the amount of backorders for periods to + L1 + L2 + kR1 + j 
with i = 0, ... , R2 - 1 and j 0, ... , R1 - 1 becomes: 

X 1(to + L1 + L2 + iR1 + j)-

(S1 - B1 (to + L2 + iRd D[to + L2 + iRI, to + L1 + L2 + iR1 + j + 1)) -, 
(B1(to + L2 + iR1) + D[to + L2 + iR1' to + L1 + L2 + iRl + j + 1) - S1) +. 

In order to analyze the expected fixed costs, we should know under which conditions 
the stockpoints cannot place an order. According to the (R, S)-policy, a stockpoint 
should place an order at each review period if its inventory position is below S. If there 
is no customer demand between two ordering moments of a stockpoint, the inventory 
position will stay at the same level, and, as a result, there will be no ordering. If 
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there is positive customer demand, an order cannot be placed when there is no stock 
available at the upper stockpoint. There can be cases where there is some stock left 
at stockpoint 2 but it is not sufficient to fulfill the demand. In this situation, all of 
the stock at stockpoint 2 will be ordered by stockpoint 1 and there will be no stock 
left for the next customer demand unless an order arrives to stockpoint 2. 

Since stockpoint 2 replenishes from an infinite supply depot, an order is placed, if the 
customer demand during the previous R2 periods was positive. The expected order 
frequency of stockpoint 2 given for k 0, ...• R2 1 is obtained as 

{ ~{D[to R2 • to) > o} if k = 0, 
otherwise. 

(2.11) 

The expected ordering decision of stockpoint 1 depends on the amount of stock 
available at the second stockpoint as well as on customer demand during previous 
periods. It is clear that the order arrived at stockpoint 2 at the beginning of period 
to + L 2 , will be used by stockpoint 1 till the end of r consecutive replenishment 
intervals of 1. If there is a shortfall at the previous review period of stockpoint 1 
in a replenishment cycle, this means that no stock is left at stockpoint 2 for the 
remaining replenishment decisions of stockpoint 1. Therefore, the probability of 
receiving a shipment at stockpoint 1 depends on the previous arrivals of shipments, 
and it decreases towards the following review periods during the replenishment cycle. 
Theorem 2.1 gives the expected order frequencies for stockpoint 1. The detailed proof 
is provided in the appendix. 

Theorem 2.1 The expected number of orders of stockpoint 1 during a replenishment 
cycle of stage 1 starting with period to + Ll + L2 is given as 

i = O,j 0, 
i = 1, ... ,r - l,j 0, 
i O, ... ,r 1,j=I, ... ,Rl 

PI - P{D[to - R2 , to + L2 - Rd > 52 - 51, D[to R2 , to) > O}, 

P2 P{D[to R2, to + L2 R l ) = 52 - 51, D[to - R2 , to) > 0, 

D[to + L2 - Rl, to + L 2 ) > O}, 

P3(i) P{D[to - R2 , to + L2 + (i - I)Rd < 52 - 51} 

.P{D[to + L2 + (i - I)R1, to + L2 + iRd > O}. 

1, 

The main idea behind the proof of this theorem is considering the cases, where the 
following three conditions are fulfilled just before stockpoint 1 places an order: 
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• The period should be a review period of stockpoint 1, 

• There should be positive physical stock at stockpoint 2, 

• Stockpoint 1 should have positive shortfall. 

The expressions PI, P2 , and P3 (i) represent the probabilities that stockpoint 1 places 
an order if at the end of the previous review period of stockpoint 1: 

1. There is no stock left at stockpoint 2 and there is shortfall at stockpoint 1 (PI), 

2. There is no stock left at stockpoint 2 and there is no shortfall at stockpoint 1 
(P2 ), 

3. There is stock left at stockpoint 2 (P3(i)). 

Obviously, under cases 1 and 2, there must be an order arrival to stockpoint 2 before 
stockpoint 1 can place an order. An order arrival to stockpoint 2 is only possible at 
the beginning of period to + L 2 , which is the first review period of stockpoint 1 related 
to replenishment cycle of stage 1 starting with period to + Ll + L2. 

It can be observed that the expected number of orders of stockpoint 1 during a 
replenishment cycle depends on the difference of 8 2 and 8 1 . If this difference gets 
infinitely large, stockpoint 1 will be able to order up to 8 1 at the beginning of each 
review period since it has access to an infinite capacity supplier. On the contrary, 
if the base stock levels of both stockpoints are the same, stockpoint 1 will order all 
the stock available at stockpoint 2 at its first review period. Thus, the all material 
arriving to stockpoint 2 will be pushed through the system. As a result, stockpoint 1 
can receive only one order during its replenishment cycle independent of the number 
of possible order arrival moments. 

Now we are in a position to reformulate the average expected cost per period by using 
equations (2.9-2.11) in (2.8), and we obtain: 

G(Rl' R2 , 8 1 , 8 2 ) = 

1 K2 
h2(82 - (L2 + 2(R2 + 1))fL) + R2 P {D[to - R2, to) > O} 

1 R r-l 

+h~(81 (L 1 + 2(RI +1))fL- RILE[BI(to+L2+iRdl) 
2 i=O 

I 1 r-l Rl 1 

+(p+ hI + h2) R L L E[Xl(tO + Ll + L2 + iRl + j)-] 
2 i=O j=O 

K r-I 

+ R 1 LE[61(t0 + L1 + L2 + iRl)]' 
2 i=O 

(2.12) 
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As mentioned before, many authors neglect the availability of stock when considering 
fixed ordering cost and charge fixed costs whenever the inventory position of 
stockpoint n is below 8n at the beginning of its review period. In this case, the 
last term in equation (2.12) changes and is only dependent on the probability of 

r-1 

having a positive demand ~ P{D[to + L2 + (i l)Rl' to + L2 + iR1) > o}. The 

expression related to K2 is the same, since the external supplier has always enough 
stock. Later we will discuss the impact of this simplifying assumption. 

2.4.3 Optimization of Policy Parameters 

At first, we determine properties for the optimal base stock levels for given review 
periods using the partial derivatives of G(Rb R2 , 8 1 , 82 ) with respect to 81 and 82 , 

We get the necessary conditions for optimality as shown in Theorem 2.2 setting the 
derivatives equal to zero. The proof of this theorem follows from standard calculus, 
and is therefore omitted (we also refer to Van Houtum et al. (2007)). 

Theorem 2.2 Let 8i(R1' R2 ) and 82(Rl, R2 ) be the optimal base stock levels of 
problem P for given values of R1 and R2 • Given that period demand is a continuous 
random variable with the density function f(·) and the distribution function F(·), 
8i(Rl, R2 ) and 82(R1 , R2 ) are solutions of the following equations: 

(2.13) 

(2.14) 

where for any positive number X, fxO and Fx(') represent the x-fold convolution of 
f(·) and F(·) respectively. 

Similar conditions with inequalities can be obtained for discrete demand distributions 
(see Theorem 2.3 in the Appendix). It can be observed that equation (2.13) does not 
depend on the fixed ordering cost. In fact, this equation is the same as the newsboy 
equation derived for the model of Van Houtum et al. (2007). On the other hand, in 
equation (2.14) the term ~ I::~~; !L2+iRl (82 - 8d has a nonmonotone behavior in 
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52 - 51. As a consequence, the objective function is , in general , not convex. This 
implies that a multi-start nonlinear optimization method should be applied to obtain 

the globally optimal ba~e ~tock levels. 

With the help of numerical exploration, we concluded that th(~ problem i~ not convex 

with respect to the review periods as well. An illustration can be seen in Figure 
2.3. Thus, we opt for using complete enumeration to compute the optimal numerical 
values for Hl and H2 . 

2.5. 
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Figure 2.3 The cost function with respect to review periods 

Numerical Study 

5 

The aim of our llumerical study is two-fold. Firstly, we would like to get insights in the 

structure of optimal ordering moments and optimal allocation of safety stocks for the 
system when availability of stock is included in the computation of the average fixed 
ordering costs. Secondly, we want to test the impact of the simplifying assumption 
related to the fixed ordering costs. 

For our numerical experiments we consider five different factors: holding cost, service 
level, coefficient of variation of demand, fixed cost, and lead time. We determine 
different levels (such as low, medium or high) for these factors by trying to preserve 
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the relation between them. Firstly, we fix h~ + h2 = 1 and change the levels of hi} 
and h2 • We consider three different scenarios for h; E {0.2, 0.5, 0.8} and we vary the 
penalty cost according to an a service level criterion. This service level represents the 
nonstockout probability during a replenishment cycle of stage 1, which is indeed equal 
to the right-hand side of equation (2.13). Let, a* be the target service level, then the 
corresponding penalty cost becomes equivalent to 1~:' (h; +h2)' We investigate three 
different values for the target service level a* E {0.8, 0.9, 0.99} and their corresponding 
backordering cost p. 

Further, we take into account three levels for the coefficient of variation of demand 
c E {0.5, 1.0, 1.5}. We relate the fixed ordering costs at stockpoint 1 to holding cost 
and average demand by using the EOQ formula. The holding cost at stock point 1 is 
fixed to 1, so we choose two situations where Kd /.1> 0.5 and Kd /.1> 2. To analyze 
the effect of fixed cost of stockpoint 2, we take two different levels for K2 for each 
given value of KI (K2/ K1 = 1 and K2/ Kl 2). Finally, we consider two levels for 
L1 E {1, 4} and similar to the setting of fixed ordering costs, two different levels of 
L2 are tested proportional to each level of L 1, (L2 / L1 E {1, 2} ). All factors and their 
levels used in the experiments are also presented in the first column of Table 2.5. 

We have conducted a full factorial experiment resulting in 432 problem instances. 
The optimal policy parameters are computed with the commercial software Matlab 
where we used a built-in nonlinear optimization tool called "fmincon" to compute the 
optimal base stock levels 8j and 8;' for given values of R1 and R2 • The optimal 
numerical values for the review periods are obtained by exhaustive search. The 
function "fmincon" can find a local minimum depending on the starting point of the 
search. Thus, we employ a multi-start method, and select the solution with minimum 
cost. We believe that our procedure finds the global optimum, however we cannot 
guarantee this. 

2.5.1 Structure of Optimal (R, S)-Policy 

In the first part of our numerical study we have used a Mixed Erlang demand model 
as a continuous demand distribution due to several reasons. First, Mixed Erlang 
distributions are very flexible and can represent a large number of different demand 
patterns (Tijms, 1986). Second, they are easy to use and there is an exact evaluation 
procedure available to compute the expected shortfall and the expected number of 
backorders as described in Van Houtum (2006). In the numerical study, we fix the 
mean demand to 100 and vary its standard deviation to get the desired coefficient of 
variation levels. 

In Table 2.2, we present our results for the situation where the added value at 
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stockpoint 1 is small, meaning h; = 0.2. 

I 

Table 2.2 Optimal solutions for hI = 0.2, Ll = L2 = 1, tL 100, and Kl / tL 2 

a* c K2 Ri Ri 8i 8; 8; -8i G(Ri, Ri, 8i, 8;) 

0.8 0.5 200 1 3 507.81 508.17 0.36 405.68 
0.8 0.5 400 1 4 582.40 582.41 0.01 458.55 
0.8 1 200 1 3 564.82 564.82 0.00 549.08 
0.8 1 400 1 4 635.74 635.74 0.00 601.43 
0.8 1.5 200 3 3 625.18 625.18 0.00 712.60 
0.8 1.5 400 1 4 698.84 698.84 0.00 766.58 
0.9 0.5 200 1 3 573.32 573.32 0.00 459.94 
0.9 0.5 400 1 4 657.75 657.76 0.01 519.93 
0.9 1 200 1 3 690.80 690.80 0.00 663.11 
0.9 1 400 1 4 773.55 773.55 0.00 724.73 
0.9 1.5 200 1 3 831.54 831.54 0.00 891.10 
0.9 1.5 400 1 4 912.75 912.75 0.00 956.14 

0.99 0.5 200 3 3 697.07 736.41 39.35 606.13 
0.99 0.5 400 3 3 697.07 736.41 39.35 672.80 
0.99 1 200 1 3 1050.36 1050.36 0.00 1003.08 
0.99 1 400 1 3 1050.36 1050.36 0.00 1069.75 
0.99 1.5 200 1 2 1274.46 1274.46 0.00 1405.51 
0.99 1.5 400 1 3 1392.94 1392.94 0.00 1486.32 

The first observation is related to the uniqueness of the optimal solution. In many 
situations there exist multiple optima in terms of review periods. For example, 
consider the problem instance with 0;* = 0.8, c 1 and K2 = 400, where the 
difference between the base stock levels is strictly zero. No matter how many ordering 
opportunities stockpoint 1 has, only at the first ordering moment of the replenishment 
cycle there is stock available to be shipped at stockpoint 2 and only at this point in 
time an order can be executed. Therefore, Kl is going to be incurred only once 
during a replenishment cycle of stage 1 independent on the number of possible order 
moments. Three different combinations of review periods (Ri, R2) lead to the same 
minimal cost: (1,4), (2,4), and (4,4). Note that the same line of thoughts does not 
hold if upstream unavailability is not considered. 

The second observation is also related to the review periods. For a positive difference 
of the base stock levels the numerical values for the length of the review periods Ri 
and R2 are equal and, as we have discussed before, when there is no difference between 
the optimal base stock levels, we can always find an optimal policy where Ri R2 
holds. The same results also hold for the case h; = 0.5. However, as the holding cost 
at stockpoint 1 increases, it is wiser to keep more stock at upstream stages and let 
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the downstream stages order more frequently. We observe this effect in many cases 
when h; = 0.8 (especially with high a*) as presented in Table 2.3. 

, 
1, J.L = 100, and Kl/J.L = 2 Table 2.3 Optimal solutions for hI 0.8, Ll = L2 

a* c K2 Rr R2 8i 82 82 - 8i G(Ri, R2, 8~, 82) 

0.8 0.5 200 3 3 421.49 525.83 104.34 342.90 
0.8 0.5 400 3 6 421.50 837.92 416.42 380.98 
0.8 1.0 200 3 3 481.58 608.34 126.76 483.53 
0.8 1.0 400 3 6 482.36 950.86 468.50 532.62 
0.8 1.5 200 3 3 550.87 681.38 130.51 649.05 
0.8 1.5 400 4 4 635.00 739.15 104.16 704.40 
0.9 0.5 200 3 3 478.39 595.99 117.60 395.17 
0.9 0.5 400 3 6 478.39 924.98 446.58 435.90 
0.9 1.0 200 3 3 593.74 746.06 152.32 593.99 
0.9 1.0 400 2 6 506.80 1140.27 633.47 645.28 
0.9 1.5 200 3 3 742.57 912.57 170.00 823.31 
0.9 1.5 400 2 4 656.54 1120.01 463.47 881.48 
0.99 0.5 200 2 4 516.07 913.55 397.48 521.92 
0.99 0.5 400 2 6 516.13 1142.75 626.62 566.30 
0.99 1.0 200 2 4 806.36 1323.65 517.29 911.94 
0.99 1.0 400 2 4 806.36 1323.65 517.29 961.94 
0.99 1.5 200 2 2 1115.36 1435.95 320.58 1306.07 
0.99 1.5 400 2 4 1116.77 1763.68 646.91 1359.63 

From the results presented in Table 2.2, it can also be observed that the differences 
between the optimal base stock levels are often zero or small. Thus, materials are 
pushed through the system when h; is low and demand variability is large, Kl is 
large and lead times are short, and all safety stock is placed close to the customer. 
Under these parameter settings the system behaves similar to a single stockpoint with 
lead time Ll + L 2 • We have compared the minimal costs of such a system with the 
cost under an optimal echelon policy for the two stage system for all our problem 
instances. The relative cost differences ~ are presented in Table 2.4 and support our 
findings. 

2.5.2 The impact of different cost assumptions 

In the second part of the numerical study we have investigated the effect of the 
assumptions related to the fixed ordering costs. As mentioned before, upstream 
stock availability is often neglected and in order to compute the average number 
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Table 2.4 Summary of the results for a push policy compared to the optimal solution 

%~ 

Factor Level Avg. Max. 
0.2 0.16 1.34 

I 

hI 0.5 1.65 7.06 
0.8 8.75 20.92 

of orders during a replenishment cycle only the probability of having positive demand 
is considered. In this part of the numerical study we have not only considered mixed 
Erlang distributed demand, but we have also included a demand distribution where 
the probability of having no demand in a period is positive. We have chosen a very 
simple distribution where demand is either zero with probability Po or a fixed positive 
amount (in our study the maximum demand is 5) is demanded with probability I-po. 

2 

For a given coefficient of variation, we set Po by using Po = 1 ~C2' This demand 
distribution represents a situation with nonregular, or even lumpy demand, while a 
mixed Erlang distribution is more suitable for regular demand. 

For both demand scenarios, we computed the optimal policy parameters for the cost 
model under the simplifying assumption that each order can be shipped. These 
parameters are represented by (R l ,R2 ,51,52 ). Then, we calculated the actual cost 
by putting (Rl' R2, 51, 52) into equation (2.12). Lastly, we have compared this actual 
cost with the optimal cost, G(Ri,R2,8i,82), where stock availability is included in 
the computation of the average number of orders placed. !:J..G denotes the relative 
difference between these costs: 

!:J..G 
G(R1 , R21 511 52) - G(Ri, R2, 8i, 82') 

G(Ri, R2, 8i, 82) (2.15) 

In order to measure the impact of the simplification on the computational effort, we 
consider relative differences in CPU time as follows. 

!:J..CPU 
CPU* -CPUs 

CPU* 
(2.16) 

where C PU* and C PUs represent the processing times for finding the optimal 
solution, and under the simplifying assumption, respectively. The results are shown 
in Table 2.5, where in the column with title A vg. the average of all observed relative 
differencE's and in the column with title Max. the maximum of all observed relative 
differences is depicted. 

It can be seen that the simplifying cost assumption does not have a great impact on 
the cost performance. When demand is regular nearly no differences can be observed 
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Factor 

hi 
1 

a* 

c 

Kd/-l 

K2/Kl 

Ll 

L2/Ll 

Table 2.5 Impact of the simplifying cost assumption 

P(D=O)=O I 
%L\a I %L\c PU 

Level Avg. Max. Avg. 
0.2 0.00 0.12 79.03 
0.5 0.01 0.27 77.77 
0.8 0.11 0.65 76.1 
0.8 0.04 0.65 77.10 
0.9 0.05 0.36 78.29 

0.99 0.03 0.24 77.5 
0.5 0.02 0.52 77.79 
1 0.04 0.65 79.4 

1.5 0.06 0.51 75.7 
0.5 0.05 0.65 77.00 
2 0.03 0.36 78.26 
1 0.03 0.39 77.82 
2 0.06 0.65 77.44 
1 0.05 0.65 77.91 
4 0.04 0.33 77.35 
1 0.03 0.47 78.33 
2 0.05 0.65 76.93 

P(D 
%L\a 

0) =Po 
I %L\cpu 

Avg. Max. Avg. 
0.01 0.46 12.85 
0.13 3.25 12.55 
0.11 3.11 11.93 
0.15 3.25 13.75 
0.08 2.72 12.90 
0.02 2.46 10.68 
0.03 1.20 13.38 
0.21 3.25 12.42 
0.02 0.57 11.53 
0.02 1.20 10.93 
0.14 3.25 9.77 
0.09 3.11 12.18 
0.08 3.25 12.70 
0.11 3.25 11.62 
0.06 2.46 13.27 
0.08 2.79 12.31 
0.08 3.25 12.58 

and the differences in the situation with lumpy demand are small. This means that 
the optimal policy parameters are determined in such a way that stockpoint 2 has 
available stock whenever stockpoint 1 needs to place an order. Thus, in the optimal 
solution fixed cost is incurred at every review period. As a result the simplifying 
assumption, works very well with considerably improved CPU performance. 

As we have mentioned before, periodic review systems are sometimes applied when 
orders for multiple items have to be coordinated or orders have to be coordinated 
with transportation schedules. In such situations it may happen, that a hierarchical 
approach is applied for making decisions, and the review periods are determined first. 
As a consequence they are exogenous variables in the process of optimizing safety 
stocks. 

We have conducted an experiment where optimal base stock levels are computed for 
given values of En and we have studied the impact of the cost assumption. The 
relative difference L\a is depicted in Figure 2.4 for h~ = h2 = 0.5, a* = 0.9, c 1, 
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Figure 2.4 Non-optimal review periods 

As can be seen in Figure 2.4, in case of nonoptimal review periods, the simplifying 
assumption for the fixed ordering cost can have a large impact on the cost performance 
of the obtained policy. Depending on the size of the fixed cost there can be significant 
differences. We can conclude that under limited flexibility for the review periods, it 
is crucial to take into account upstream availability, when optimizing safety stocks. 

2.6. Summary and Outlook 

In this chapter we have studied a serial two-echelon inventory system under periodic 
review and central controL The focus of this research was on the fixed cost related to 
an order. We have derived an exact expression for the average cost and have provided 
necessary conditions for the optimal base stock levels. Our model enabled us to 
investigate the impact of a simplifying assumption related to the fixed ordering cost, 
which is often the basis of an analysis of these kind of systems. Our numerical study 
supports the conjecture that the assumption is justified when all policy parameters 
can be optimized, review periods as well as order-up to levels. However, if the ordering 
moments are constrained by other factors it is crucial to consider upstream availability 
of stock for the optimization of safety stocks. Moreover, it turns out that for low added 
holding cost at stockpoint 1 materials should be pushed through the system, implying 
that both stockpoint should have the same review period. 
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Our study can be seen as a first step, because real-life supply chain structures are 
usually more complex. Thus, in a next step we investigate an assemble-to-order 
system with different review periods in Chapters 3 and 4. 
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Appendix 

Proof of Theorem 2.1: 
Stockpoint 1 will place an order at period t if the following conditions are met: 

1. t is a review period for stockpoint 1, 

2. Inventory position of stockpoint 1 before placing the order at the beginning of 
period t is below 8 1 , 

3. The physical stock level at stockpoint 2 is positive at the beginning of period t 
before stockpoint 1 places an order. 

By using these principles we prove each condition separately . 

• Case 1: i = 0, ... , r 1 and j 1, ... , R1 - 1 

The periods to + L2 + iRI + j for i = 0, ... , r - 1 and j 1, ... , Rl 1 are not 
review periods of stockpoint 1, so there will be no arrival of orders at the beginning 

of periods to + L1 + L2 + iR1 + j when j =/: O. Thus, 61 (to + L1 + L2 + iR1 + j) O . 

• Case 2: i = 1, ... , r - 1 and j = 0 

The installation stock level of 2 directly affects the decision of ordering of stockpoint 1. 
It changes only when there is an order arrival from the supplier, or items are ordered 
from stockpoint 1. We define the installation stock level of stockpoint 2 as 182 (t) at 
the beginning of period t, after arrival of orders to stockpoint 2 and after stockpoint 1 
places an order. It is equal to the difference between the echelon stock of stockpoint 2 
and the inventory position of stockpoint 1 at period t. Throughout the review periods 
to+ L2+iR l such that i = 1, ... ,r-1, there are no order arrivals to stockpoint 2. Also, 
there will be no shipments from stockpoint 2 to 1 in between two review periods of 
stockpoint 1. Thus, the installation stock level at stockpoint 2 at period to + L2 + iR1 
before stockpoint 1 places an order will be equal to 182(to + L2 + (i - l)Rd. 

182(to + L2 + (i 1)R1) = IL2(to + L2 + (i - 1)R1) - IP1(to + L2 + (i - l)Rd, 

= 82 81 D[to, to + L2 + (i - l)Rd + [D[to, to + L2 + (i -1)R1) - (82 - 8d]-. 

There are two possible outcomes for the installation stock level depending on the 
amount of demand during the time interval [to, to + L2 + (i l)Rd: 
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An order can be placed by stockpoint 1 at the beginning of period to + L2 + iRl' 
only when 182(to + L2 + (i - I)Rt} > O. If this is the case, it also means that 
stockpoint 1 has raised its inventory position up to 8 1 at period to + L2 + (i I)R1 • 

Then, if customer demand during last Rl periods is positive, stockpoint 1 will place 
an order at the beginning of period to + Ll + L2 + iRI . Thus, the expected value 
of (:h(to + Ll + L2 + iRt) for i = 1, ... , r 1 is P{D[to, to + L2 + (i - I)R1 ) < 
82 - 8dP{D[to + L2 + (i - I)Rl' to + L2 + iR1 ) > O}. 

• Case 3: i = 0 and j = 0 

The arguments we have followed for Case 2 also hold for this case. On top of that, 
there can be an order arrival to stockpoint 2 at the beginning of the period to + L2 
and 182 (to + L 2 ) can be positive. Therefore, we differentiate three situations where 
stockpoint 1 can place an order. 

1. 182 (to + L2 - R1 ) > 0, 

2. 182(to + L2 - Rt} 0 and IP1 (to + L2 - Rt} < 8 1, 

3. 182(to + L2 - R 1 ) = 0 and IP1(to + L2 - R 1 ) = 8 1. 

At the first situation, stockpoint 1 will place an order if D[to + L2 - R 1 , to + L2) > O. 
Here, it is not important if stockpoint 2 receives a shipment at to + L2 since it already 
has positive stock level. The probability for situation 1 is: P{ D[to, to + L2 Rl < 
82 - 81}P{D[to + L2 Rl, to + L2) > O}. 

At the second situation, stockpoint 2 has no physical stock left and stockpoint 1 has 
positive shortfall. Thus, stockpoint 1 will place an order even if there is no demand 
during [to + L2 - R1 , to + L2). Beware that an order can be shipped from stockpoint 2 
to stockpoint 1, if there is an order arrival to stockpoint 2 at the beginning of period 
to + L2· So, for situation 2, we have P{D[to - R2, to + L2 - Rt} > 8 2 - 8 1 , D[to 
R2 , to) > O} as the expected order frequency. 

At the last situation, stockpoint 1 will be below its inventory position if D[to + L2 -
Rb to + L2 ) > 0 and it can place an order if there is an arrival to stockpoint 2 at 
to +L2. The combined probability for ordering becomes P{D[to - R2, to + L2 R1) = 
8 2 81, D[to R2, to) > 0, D[to + L2 RI, to + L2) > O}. 

Theorem 2.3 Let 8i(Rll R2 ) and 8;'(Rt, R2 ) be the optimal base stock levels 
of problem P for given values of Rl and R2 . Given that period demand is a 
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discrete random variable, with the density function f(·) and the distribution function 
F(.), 8i (R 1, R2 ) and 82 (R 1, R2 ) are the smallest integers that satisfy the following 
inequalities: 

where for any positive number x, fx(-) and Fx(') represent the (x)-fold convolution 
of fO and F(·) respectively. 



41 

Chapter 3 

Assemble-to-Order Systems 
with Different Review Periods 

3.1. Introduction 

In real-life supply chains, individual items have their own lot sizing and lead time 
constraints based on contracts with suppliers or production process characteristics. 
Coordination of release decisions across multiple items is thereby not an easy task. 
In the existing literature, convenient assumptions are made, such as equal lot sizes 
for items (e.g. Svoronos and Zipkin (1988)), equal review periods (e.g. Clark and 
Scarf (1960)), nested lot sizes (e.g. Chen (2000)) and nested review periods (e.g. 
Van Houtum et al. (2007)). One of the consequences of these assumptions is that 
upstream items and long lead time items should have larger lot sizes. Unfortunately, 
in practice, simple and cheap materials can have short lead times whereas complex and 
expensive materials usually have long lead times. On top of that the economic order 
quantity of complex and expensive items implies that such items should be ordered 
more frequently than cheap items if they have equal demand rates and similar fixed 
ordering costs. 

Whether an item is cheap or expensive is generally determined by the complexity and 
capital intensity of the production processes. Complex processes consisting of multiple 
transformation steps require longer lead times, due to waiting times between these 
transformation steps. On the other hand, capital-intense production is characterized 
by high utilization, which naturally translates into long lead times, too. Thus, in 
practice long-lead time items are often more expensive than short-lead time items. 
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Typical examples of this situation can be found in High Volume Electronics, where 
key components like LED screens and integrated circuits have lead times beyond ten 
weeks, whereas cheap plastic parts have lead times of less than one week. Similarly, in 
pharmaceutics industry active ingredients have lead times exceeding half a year, while 
packaging materials and documentation have lead times of a few weeks. According 
to the lot sizing theory, long-lead time items should have higher order frequencies. In 
capital goods industry, where typically products are assemble-to-order, long-lead time 
expensive items (e.g. magnets for medical scanning equipment, lenses for lithography 
machines) are ordered daily or weekly, while short-lead time metal and plastic parts 
may be ordered monthly on average. Similar lead time and review period relations 
between components also exist in make-to-order and configure-to-order environments. 
Consequently, there is a need for control policies for assembly systems consisting of 
expensive, frequently ordered long-lead time items and cheap, infrequently ordered 
short-lead time items. 

In this context, we consider a two component assemble-to-order system, where the 
inventory levels are reviewed periodically. One component has a high holding cost, 
long lead time and short review period, whereas the other component has a relatively 
low holding cost, short lead time and long review period. We further assume that lead 
times are deterministic and review periods are determined exogenously. Customer 
demand is stochastic and unsatisfied customer demand is backlogged. The objective 
is to minimize the expected cost per period consisting of holding and backordering 
costs by determining the optimal policy parameters. Since the form of the optimal 
policy is not known for this system, we explore the performance of two different 
heuristic inventory control policies and determine the cost optimal policy parameters 
minimizing holding and backorder costs. In Chapter 4, we explore the structure of 
the optimal policy. 

The first policy considered is the pure base stock policy in which replenishment orders 
are placed to restore a fixed base stock level for each component. This policy is well 
studied in literature on assemble-to-order systems and widely applied in practice. 
Under a periodic review setting, pure base stock policies are shown to be optimal 
for serial systems with equal review intervals by Clark and Scarf (1960) and with 
nested review intervals by Van Houtum et al. (2007). Rosling (1989) shows that 
the results and methods for serial systems can be used for solving pure assembly 
systems. However, our problem does not fit into any of these cases due to the review 
period constraints. If we apply Rosling (1989)'s approach to our model, the equivalent 
serial network does not have the required nested review intervals property. As a 
consequence, Van Houtum et al. (2007)'s result cannot be applied to this model. We 
present and explain the equivalent serial system in more detail in Section 3.3. 

The second inventory control policy we consider is the so-called "balanced base stock 
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policy". Here, we assume a base stock policy for the longest lead time component. 
Then, all other components' base stock levels are coordinated with respect to the stock 
level of this pivot component. Balanced base stock policy was first studied by Zhang 
(1995) for an assemble-to-order system with one end-item and equal replenishment 
intervals. The analytical results show that indeed the system behaves like a single 
stock point. 

To the best of our knowledge, this is the first work on assemble-to-order systems with 
different review intervals for each component. We compute the exact expressions 
for expected cost and expected number of backorders, and we derive optimality 
conditions. We analytically prove the equality of the nonstockout probability to the 
newsboy fraction at optimality for both pure base stock policy and balanced base 
stock policy. Our numerical findings suggest that the pure base stock policy is better 
for the majority of the cases but the balanced base stock policy outperforms the other 
one when service levels are low, demand is highly variable, and the difference between 
the holding costs of the components is large. 

The remainder of the chapter is organized as follows. Firstly, in Section 3.2, we go 
through relevant literature on assemble-to-order systems in addition to the papers 
mentioned in the introduction. Secondly, we describe the detailed model assumptions 
and the related total cost function in Section 3.3. Thirdly, we formulate and analyze 
the optimization models based on pure base stock policy and balanced base stock 
policy in Section 3.4. Next, In Section 3.5, we present numerical results to asses 
and compare the system performance under both replenishment policies. Finally, 
we summarize the main contributions of this study and give directions for further 
research in Section 3.6. 

3.2. Literature Review 

In assemble-to-order systems, there are two major challenging problems. The first 
one is the component allocation problem for the case of multiple end-items. As we 
study a single end-item model, this problem does not occur. The second problem is 
minimizing the expected number of backorders or item-based backorders under pure 
base stock policies. In general, this is computationally demanding because the process 
involves joint probabilities and optimization of nonseparable functions. 

The literature on discrete-time assemble-to-order systems considers both of these 
issues. Hausman et al. (1998) study an assemble-to-order system with a decentralized 
base stock policy and normal distributed demand. They propose an equal fractile 
method for nonstockout probability and develop a heuristic for maximizing a lower 



44 Chapter 3. Assembly Systems with Different Review Periods 

bound on the order fill rate. Zhang (1997) and Agrawal and Cohen (2001) study a 
similar system where the objective is to minimize total inventory investment subject 
to a service level constraint. Zhang (1997) defines a so-called fixed-priority allocation 
rule and concentrates on demand fulfillment rates. On the other hand, Agrawal 
and Cohen (2001) gain managerial insights on the problem when the component 
allocation is based on fair-shares rule. Ak<;ay and Xu (2004) introduce a simple and 
order-based component allocation rule and compare it with the previously stated 
ones. De Kok (2003) defines a set of assemble-to-order systems named as "strongly 
ideal". Then, through rigorous analysis he finds exact expressions for the performance 
characteristics of such systems. Based on these expressions, he develops efficient 
approximation methods to solve large-scale assemble-to order systems. 

In the continuous-time framework, most research focuses on computing order-based 
backorders, performance measures like order-fulfillment rates or finding bounds for 
item-based backorders. The most recent work in this setting includes Song (2002), 
Song and Yao (2002), Lu et al. (2005), Lu and Song (2005), and Hoen et al. (2011). 
All these papers assume assemble-to-order systems with Possion distributed customer 
demand and pure base stock policies. Finally, we refer the reader to the book chapter 
of Song and Zipkin (2003) for an extensive literature review on assemble-to-order 
systems. 

3.3. The Assemble-to-Order Model 

We have a single item that is assembled from two components. One piece of each 
component is needed to produce one end item. The expensive component is stocked 
at stockpoint 1 and the cheap component is stocked at stockpoint 2. It is assumed that 
the inventories of components are replenished from suppliers with infinite capacity. 
Whenever customer demand occurs, the end item is assembled immediately if both 
components are available otherwise it is backordered. 

Time is divided into periods of equal length and the planning horizon is infinite. We 
want to make a clear distinction between a "period" and a "review period". Without 
loss of generality each period is assumed to have length 1 and periods are numbered 
as {O, 1, 2, ... }. A review period, on the other hand, is composed of multiple periods 
where at the beginning of a review period the stock levels are reviewed and orders 
are placed. 

There are four main events that may occur during a period: (i) arrival of orders (if 
scheduled to this period), (ii) placing of orders (if the period is also the beginning 
of a review period), (iii) occurrence of demand, (iv) incurring costs. The first three 
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events take place at the beginning of the period. We assume that customer demand 
occurs after ordering decisions are made. Holding and penalty costs are incurred at 
the end of each period. 

We define In(t) as the total on-hand inventory of component n at the end of period t. 
The net stock of a component equals all on-hand inventory at this stockpoint minus 
the amount of backorders. Xn(t) denotes the net stock of component n at the end 
of period t. Also, we define the inventory position of a component as its net stock 
plus all outstanding orders of that stockpoint minus the amount of backorders. Let 
IPn(t) be the inventory position for component n at the beginning of a period t after 
an ordering decision is made. 

Component n has a review period of length Rn such that the inventory position of n is 
reviewed and replenishments are made every Rn periods. We assume that component 
2's review period is an integer multiple of component l's review period. Further, we 
define r E N as the number of times that component 1 can be ordered per order of 
component 2. Thus, the relationship is R2 = rRl and R2 2': Rl by definition. 

Customer demand in each period is independent and identically distributed with 
density function f(.) and distribution function F(.). D[t, t+ 1) represents the demand 
during period t with expected value jL, variance (J2, and coefficient of variation c. 
Cumulative demand occurring during a time interval between the beginning of period 
it and till the beginning of period t2 (0 :s: tl < t2) is denoted by D[tl, t2)' Further, 
we assume that F(D[t, t + 1) < 0) 0 and F(O) 2': O. 

The lead time Ln between placing and arrival of an order for stockpoint n is assumed 
to be deterministic and it is defined in periods. The relation between the lead time 
of the components is L2 < L 1 • 

We further assume synchronization in the timing of order arrivals such that an order 
arrival at stockpoint 2 always coincides with an order arrival at stockpoint 1. Without 
loss of generality, we assume that stockpoint 1 places an order at the beginning 
of period zero. Thus, the ordering periods of stockpoint 1 are defined by the set 
Tl = {kRllk E No}, where No is the set of nonnegative integers. An order placed 
by stockpoint 1 at period t (t E T1 ) will arrive at the beginning of period t + LI in 
which an order of stockpoint 2 will also arrive. Since R2 is an integer multiple of R l , 
at periods kR2 + Ll (where kENo) there will be an arrival of both components. So, 
the set of ordering periods for stockpoint 2 is T2 = {kR2 + Ll - L21k E No}. Note 
that, in the long-run the system state will not depend on the initial conditions, so 
there exists a specific period such that the inventory positions will never be above 
their base stock levels. 

We assume linear inventory holding and backorder costs. Each end item backlogged 
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at the end of a period is charged a penalty cost p. Each component in stock at 
stockpoint n at the end of a period is charged a holding cost hn . As we have already 
mentioned hI ~ h2 • 

A representation of this assemble-to-order system can be seen in Figure 3.1. 

D[t,t+ I) 

L, >Lz 
R, $Rz 

hI '? h2 

Figure 3.1 Assemble-to-order problem with two stockpoints 

If we apply the approach of Rosling (1989) to this assemble-to-order model, the 
expensive component should be represented at the upstream of an equivalent serial 
system and the cheap component should be at downstream the due to lead time 
differences. On the other hand, we loose the nestedness of review periods on this 
serial system by having the frequently ordered component at the most upstream 
stockpoint (see Figure 3.2). In a serial system, this situation does not make sense, 
since the items frequently arriving to the upstream stockpoint will accumulate there 
in incur extra holding cost until an order is received from the the downstream. 

Figure 3.2 Equivalent serial system for the assemble-to-order problem with two 
stockpoints 

For any variable or parameter x, we define the operators "+,, and "-,, as x+ 
max{O,x} and x- = min{O,x} = max{O,-x} such that x x+ - X-. The 
backlog of the end item at the end of period t is denoted by Bo(t). It is equal to 
max{[XI(t)]-, [X2 (t)] } where [XI(t)] and [X2 (t)]- represents the shortage at the 

end of period t for component 1 and 2 respectively. We summarize the model variables 
and parameters in Table 3.1. 

Let C(t) be the one period total costs incurred at the end of period t which is simply 
the summation of holding costs for each component on stock and backlogging costs 
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Parameters and variables related to stock information: 
Bo(t): the amount of backlog of the end item at the end of period t 
In(t): on-hand inventory of component n at the end of period t 
IPn(t): inventory position of component n at the beginning of period t after 

the ordering decision is made 

Sn: base stock level for component n 
Xn(t): net stock of component n at the end of period t 
x+: maximum of 0 and x for any variable x 
x - maximum of 0 and -x for any variable x 
Parameters and variables related to timing of orders: I 

Ln: lead time for arrival of orders for component n 
Rn: review period of component n 
r: the number of times that stockpoint 1 can order per order 

of stockpoint 2. (r = R2/ R 1) 
Parameters and variables related to the demand: 
D[h, t2): cumulative customer demand during the time interval [tl' t2) 
f(·): probability density function for demand per period 
F{.): cumulative distribution function for demand per period 

It: expected value of demand per period 
0': standard deviation of demand per period 
c: coefficient of variation of demand per period (c = 0'/ It) 
Parameters and variables related to the costs: 
hn: inventory holding cost per period for each unit of component n 
p: penalty cost for each unit backlog 

Table 3.1 Summary of model parameters 

for each end item which cannot be assembled immediately. Then, C{t) is equivalent 
to the following: 

(3.1) 

The on-hand inventory is dependent on the net stock by In(t) = Xn{t) + Bo(t) as 
follows from De Kok (2003). Be aware that, we can have backorders of the end item 
while having stock of one of the components at hand. So, the total cost per period 
becomes: 

(3.2) 

The objective is to minimize long-run expected system-wide cost per period under 
a given replenishment policy. In the following section, we analyze the expected cost 
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per period under two different ordering policies. In order to facilitate the analysis, 
we define a replenishment cycle as the time interval which starts with an arrival of 
orders to both stockpoints and ends with the period before the next delivery to both 
stockpoints again. Thus, the cycle has length of R2 periods. Now, assume that a cycle 
starts with an order arrival at both stockpoints at the beginning of period to. During 
this cycle, stockpoint 2 will receive an order only once. The related order decision was 
taken at the beginning of period to L2 • On the other hand, stockpoint 1 will receive 
new components r times. Then, Stockpoint 1 will receive orders at the beginning of 
periods to + jR1 during the cycle where j = 0, ... ,r - 1. These arrivals of orders are 
results of the ordering decisions taken at the beginning of periods to + j RILl' By 
renewal theory, in the long-run, expected average cost per period will be equivalent to 
expected average cycle cost divided by the cycle length. Therefore, the cost function 
to optimize is equal to: 

r-lRl-1 

~ L L E[C(to + jR1 + k)]. 
2 j=o k=O 

(3.3) 

3.4. Analysis for Different Policies 

In this section, we analyze the assemble-to-order system as described above under two 
different heuristic policies. The first one is the pure base stock policy. Our motivation 
for choosing this policy is its ease of implementation, and its optimality in assembly 
systems and serial systems with stockpoints having different review periods. The 
other policy, is the balanced base stock policy which was first introduced by Zhang 
(1995). Under this policy, the system behaves like a single stockpoint and only one 
policy parameter has to be determined. While the optimization of the balanced base 
stock policy is easier, the application of the policy may be more difficult. 

3.4.1 Pure Base Stock Policy 

In this section, we assume a pure base stock policy which is characterized by two policy 
parameters (81, 8 2 ) such that at the beginning of each review period the inventory 
position of component n is raised to the base stock level 8n : 

(3.4) 

Gp(81 ,82 ) symbolizes the long-run average cost function for the pure base stock 
policy where 8 1 and 8 2 represent the base stock levels. Then, the optimization 
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problem (P1) to be studied is given as: 

(P1): Min Gp (Sl,S2) (3.5) 

By using the cycle definition mentioned in Section 3.3, under pure base stock policy, 
the corresponding net stocks at the end of periods to + jRl + k for j = 0, ... , r 1 
and k 0, ... 1 Rl - 1 are 

X 1(to + jR1 + k) 

X 2(to + jR1 + k) 

S1 D[to + jR1 - L 1 , to + jRl + k + 1), 

S2 D [to - L2 , to + j R 1 + k + 1). 

Then, the long-run average cost function given in equation (3.3) becomes: 

(3.6) 

(3.7) 

Gp (Sl,S2) = hl{SI-fL[Ll+R12+1 }+h2{S2 fL[L2+R2t1} 

+ (p + ~ + h2) ~ Rt1 
E[Bo(to + jRl + k)]. (3.8) 

2 j=o k=O 

Proposition 3.1 provides the analytical expression of the total expected backorders 
during the replenishment cycle in equation (3.8). Apparently, this part is the most 
complicated part of the objective function. Let us define j* as the smallest integer 
that satisfies to + j* Rl - Ll ~ to - L2. (Please note that if j* ~ r, the second part 
of expression (3.9) is zero.) For the aggregate demand during (L2 + jRl + k + 1), 
(k + Ll + 1), and (ILl L2 - jR1 1) periods, we define the convoluted distribution 
functions by Ft, Fk, and Fj respectively. Similarly, It, Ik' and Ii represent the 
density functions. We refer to the Appendix for the proofs of all propositions and 
theorems presented throughout the chapter. 

Proposition 3.1 Under a pure base stock policy, total expected backorders during 
a cycle is given as: 

r-lRl-l 

2: 2: E[Bo(to + jRl + k)] = (3.9) 
j=o k=O 

't.~' {E[X,(to + j R, + k )1- + 1.00 I.S,+x (1 - F' (S, + x y ))f/(. )dydx } 

+,~ ~~' {E[X, (to + jRd k)r + 1.00 I.S'+x (1 Fj(S,+ x - Y))f.(y)dydx}. 

Let, Sf and Sf be the optimal base stock levels for this assemble-to-order system 
under pure base stock policy. The properties of the objective function and optimality 
conditions for problem (P1) are given by Theorem 3.1. 
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Theorem 3.1 The cost function Gp(SI,S2) is convex and the optimal base stock 
levels have to satisfy the following conditions: 

(3.10) 

By Theorem 3.2, we show that at optimality the nonstockout probability is equal 
to the newsboy ratio similar to the serial and assembly systems. However, for this 
assemble-to-order system, this result does not lead to a recursive solution for finding 
the base stock levels. 

Theorem 3.2 Under optimal pure base stock policy the following holds: 

r-l R 1 -l 

~ I:: I:: P {Bo (to + j Rl + k) = O} = h
P 

h' 
2 j==O k==O P + 1 + 2 

(3.12) 

3.4.2 Balanced Base Stock Policy 

In this section, we assume a base stock policy for the expensive component and 
we synchronize the inventory position of the other component. We define the review 
period plus the lead time of the component as its uncertainty period. The uncertainty 
periods of stockpoint 1 and stockpoint 2 are denoted by .6.1 (= Rl + L 1 ) and .6.2 

R2 + L 2 ) respectively. Moreover, we define the difference between the uncertainty 
periods of the components by .6. (= .6.1 .6.2 ). 

When .6. ;::: 0, we are able to completely synchronize the net stock of component 2 
with respect to the net stock of component 1 since component 2's uncertainty period 
is shorter. We explain this by using timing of orders. Firstly, we know that only one 
order of stockpoint 2 arrives during the replenishment cycle that starts with period 
to and this order is placed at the beginning of period to - L 2 • Secondly, the last order 
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of the expensive item in a cycle is received at the beginning of period to + (r 1)R1 • 

This order was placed at the beginning of period to + (r - 1)R1 - L1. If we compare 
these two ordering periods, we find the following relation: 

to + rRl - R1 - L1 to + R2 - (R1 + Ld (3.13) 

::; to + R2 - (R2 + L2) = to - L2. (3.14) 

So, just before component 2 is ordered at the beginning of period to - L 2 , we already 
know how much of component 1 will be available during the cycle. Consequently, the 
amount of order for component 2 can be determined depending on the previous orders 
of component 1. This result enables us to avoid having excess stock of component 2 
at the end of the replenishment cycle. An illustration of ordering pattern for L). 1 
case is shown in Figure 3.3. In this figure, the order moments of both stockpoints 
related to the replenishment cycle between periods 4-7 can be seen, when R1 = 2, 
R2 4, L1 = 4, and L2 = 1. Here, the order of stockpoint 2 at the beginning of 
period 3 takes place after the orders of stockpoint 1 at the beginning of periods 0 and 
2. 

Stockpoint 1 
orders 

Stockpoint 1 
orders 

4 
---------- ------------~ 

o 

4 
------------------------~ 

2 3 4 5 6 7 

Stockpoint 2 
orders 

~,----------~~----------~ 
Replenishment cycle 

Figure 3.3 Ordering pattern when R1 = 2, R2 = 4, L1 = 4, L2 1 

When Ll. < 0, the uncertainty period of component 1 is shorter. So, it makes sense 
to completely synchronize the net stock of component 1 with respect to component 
2. Again, consider the cycle where at the beginning of period to the first orders of 
both components arrive. The ordering decision of these first arrivals take place at the 
beginning of periods to L1 and to - L2 for item 1 and 2, respectively. Additionally, 
we know that by definition L1 > L2, so to L1 < to - L2. This means that there is 
at least one order of stockpoint 1 that must be placed before we know what will be 
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available for item 2 at the beginning of the cycle. As a result, synchronization fails. 
Figure 3.4 depicts the ordering pattern for .6. 1 case, where Rl 2, R2 = 4, 
Ll 3, and L2 = 2. Here, the ordering decision of stockpoint 2 at the beginning of 
period 1, has to be made before the order of stockpoint 1 at the beginning of period 2. 

Stockpoint ] 
orders 

Stockpoint 1 
orders 

3 
---------- -----> 

-----------------~ 

o 1 2 

L2==2 
----------7 

Stockpoint 2 
orders 

...... 3 4 5 6 "'" 
-----------~-----------

Replenishment cycle 

Figure 3.4 Ordering pattern when R1 2, R2 = 4, £1 = 3, £2 2 

We define the balanced base stock policy only for the case where .6. ~ ° as follows: 

I PI (t) 8 1 , ift E T1 

IP2(t) - 8 1 - D[t -.6., t), if t E T2 

(3.15) 

(3.16) 

In this way, it is guaranteed that the net stocks of both components will be the same 
at the end of a replenishment cycle. Let, GB(81 ) be the long-run average cost per 
period under the balanced base stock policy. Then, the optimization problem (P2) 
to be studied is 

(3.17) 

In the long-run, the net stocks of stockpoint 1 during the cycle are the same as in the 
equations (3.6). The net stocks for stockpoint 2 at the end of periods to + jRl + k 
for j = 0, ... , r - 1 and k 0, ... , Rl - 1 are 

81 D[to + (1' - l)Rl L 1, to + jRl + k + 1). (3.18) 

The comparison between these net stock levels is stated in Proposition 3.2. 
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Proposition 3.2 Under balanced base stock policy with ~ ~ 0 the net stock of 
component 2 is always greater than or equal to the net stock of component 1. 

As a result of Proposition 3.2, the penalty cost will be charged with respect to the 
net stock of component 1 only. Then, the cost per period is computed by: 

(3.19) 

(3.20) 

Theorem 3.3 states necessary and sufficient conditions for optimal solution of problem 
(P2). 

Theorem 3.3 The cost function GB(Sl) is convex and the corresponding optimal 
base stock level Sf is found by: 

(3.21) 

The proof of this theorem can be done by following the same outline given for the 
proof of Theorem 3.1. Notice that equation (3.21) is also the nonstockout probability 
for this system and it is equivalent to the newsboy ratio similar to a single stockpoint. 
This property makes it computationally easy to find the optimal base stock level, 
unlike the pure base stock policy case defined in Section 3.4.1. 

3.5. Comparison of the Policies 

In this section we compare the performance of the pure base stock policy and balanced 
base stock policy on the assemble-to-order model discussed in Sections 3.3 and 3.4. 
At first, we analytically show the relation between the optimal base stock levels found 
by the two policies by Theorem 3.4. 

Theorem 3.4 The optimal base stock levels of stockpoint 1 found by a pure base 
stock policy and a balanced base stock policy meet the following condition when 
~ ~O: 

(3.22) 

We know that under a balanced base stock policy component 2 never imposes a 
restriction on the release decision to assemble the final product. However, the 
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same service level requirement applies to both policies, which depends on the same 
nonstockout probability. To fulfill this requirement under balanced base stock policy, 
the base stock level of component 1 has to be lower so that the nonstockout probability 
always depends on the expensive component. This theorem implies that stockpoint 1 
incurs lower holding costs under the balanced base stock policy whereas the penalty 
costs incurred due to the unavailability of component 1 will be lower for the pure base 
stock policy. 

Furthermore, we have conducted numerical studies involving five different factors: 
holding costs, service level, coefficient of variation of demand, replenishment intervals, 
and lead times. Firstly, we fix hI 1 and change the level of h2 . We vary the 
penalty cost according to type 1 service level criterion. This service level denotes 
the nonstockout probability per period, which is indeed equal to equations (3.12) 
and (3.21). Let, 1 be the target service level, then the corresponding penalty cost 
becomes: p = I(h i + h2 )/(1 I)' 

We take customer demand as Mixed Erlang distributed. There are two main 
reasons for choosing this distribution. Firstly, it is easy to approximate other 
distributions with a Mixed Erlang distribution by using two-moment fits (see Tijms, 
1986). Secondly, there is an exact evaluation procedure to compute the backorders as 
described in Van Houtum (2006). The factors and their levels used in the numerical 
experiment are presented in the first two columns of Table 3.2. Additionally, we set 
the review periods as Rl = 1, R2 4 and the lead time of component 2 as L2 = 1. 
We have solved 81 problem instances with Matlab. We used the built-in nonlinear 
optimization tool procedure "fmincon" to compute the optimal base stock levels of 
problem (PI). Then we optimized problem (P2) by finding the root of (3.21) for the 
balanced base stock policy. We compared the optimal cost and optimal base stock 
level of stockpoint 1 under different policies for each parameter setting. We present 
the results in terms of relative differences which are denoted by oG and Os as shown 
below: 

Gp(Sf, Sf) - GB(sf) 
Gp(Sf,Sf) 

Sf -Sf 
sP 

1 

(3.23) 

(3.24) 

The results are summarized in Table 3.2. From the overall results, we see that there is 
not much cost difference between the two policies but pure base stock policies are on 
average slightly better. In cases with high holding cost at stockpoint 2, high service 
level, low coefficient of variation, and longer lead time at stockpoint 1 the pure base 
stock policy performs better. 
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Table 3.2 Summary of the results of numerical experiment 

%00 %08 

Factor Level Avg. Max. Min. Avg. Max. Min. 
0.1 -0.06 1.50 -1.95 0.56 2.19 0.00 

h2 0.25 -1.49 0.94 -5.73 1.19 2.99 0.00 
0.5 -4.33 -0.11 -11.58 2.52 5.48 0.68 
0.9 -1.36 1.5 -9.24 1.64 5.48 0.00 

'Y 0.95 -1.93 0.88 -10.30 1.43 4.66 0.00 
0.99 -2.57 0.70 -11.58 1.21 3.54 0.00 
0.5 -2.47 0.78 -11.58 0.98 2.42 0.00 

c 1 -1.74 1.25 -9.86 1.46 4.10 0.00 
1.5 -1.66 1.50 -10.46 1.83 5.48 0.00 
4 -0.06 0.70 -0.50 0.42 2.19 0.00 

Ll 8 -1.18 1.50 -5.25 1.98 5.48 0.39 
16 -4.63 0.13 -11.58 1.88 5.22 0.35 

Overall -1.96 1.50 -11.58 1.42 5.48 0.00 

To understand these results better we conducted some experiments that show the 
marginal effects of the factors. We set a base case where hI = 1, h2 = 0.1" 0.95, 
c = 1, Rl = 1, R2 = 4, Ll = 8, and L2 = 1. For the following numerical results, we 
use these parameters unless they are specifically stated. 

We start with analyzing the trade-off between the holding and backordering costs as 
shown in Figure 3.5. Clearly the the pure base stock policy performs better with 
service levels higher than 0.7 and with holding cost higher than 0.3. The balanced 
base stock policy, on the other hand, should be preferred for the cases where the 
service level is as low as 0.5 and the holding cost at stockpoint 2 is low compared to 
the holding cost of stockpoint 1. Such service levels may seem unrealistic but they can 
occur in practice if there is an agreed upon time window for fulfilling the customer 
demand. Here, the low service level makes holding cost as important as the penalty 
cost, as a result holding less stock on hand becomes favorable. Balanced base stock 
policy is better since it gives lower optimal base stock level for the expensive item. As 
the service level increases, together with the h2/hl ratio, the pure base stock policy 
performs better since penalty cost is the most important term in the cost function. 
Moreover, the holding cost of both components have similar weights in the objective 
function. Finally, when h2 is zero both policies give the same result because the 
system actually reduces to a single stockpoint and the policies converge. 
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Figure 3.5 The effects of holding cost and service level on the performance of policies 

Next, we explore the effect of coefficient of variation under extreme service levels and 
different holding costs in Figures 3.6 and 3.7. In cases where service level and h2/hI is 
low, there is no regular pattern of results in terms of coefficient of variation in Figure 
3.6. In all other low service level cases, the balanced base stock policy performs even 
better as the coefficient of variation increases. In contrast, under high service level, 
the gap between the optimal cost of both policies increases with lower c levels as 

12 

10 

8 

6 

4 
%6G 2 

0 

-2 

-4 

-6 

-------+-----

, , 

-+ . Cv;;;: 2.5, Servo Level;;;: 0.5 -. -Cv;;;: 1.5, Servo Level::: 0.5 

-::If • Cv ;;;: 1, Servo Level::: 0.5 

Figure 3.6 The effect of coefficient of variation on the performance of policies, 'Y 0.5 
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Figure 3.7 The effect of coefficient of variation on the performance of policies, , = 0.95 

shown in Figure 3.7. This result suggests that synchronization of the net stocks is 
helpful under highly uncertain demand. 

Further, we demonstrate the effect of ~ on the optimal cost as shown in Figure 3.8. 
At the extreme case ~ = 0, the base stock level of the cheap component will be fixed 
under balanced base stock policy, thus the policy will behave as a pure base stock 

2 I 
I 

16 

-1.5 '------ --- ~-------

Figure 3.8 The effect of difference between uncertainty periods on the performance of 
policies 

policy. This explains 8c being zero at that point. As the number of times stockpoint 1 
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can order during a cycle decreases (like when r = 1), we observe sharper differences on 
the optimal costs. If the difference between uncertainty periods is short, the balanced 
base stock policy outperforms the pure base stock policy. As absolute difference 
between uncertainty periods in terms of lead times and review periods increases, we 
need to apply more sophisticated policies to control the system. The pure base stock 
policy works better under high ~, by having two control parameters for the system 
instead of one. 

Furthermore, we analyze the behavior of optimal base stock levels in Table 3.3. 
As h2/hl increases under pure base stock policy, the optimal base stock level of 
stockpoint 1 slightly increases and the base stock level of stockpoint 2 decreases to 
reduce the holding cost at stage 2. This result is related to the change in the weight 
of the optimality equations (3.10) and (3.11). Under given coefficient of variation and 
service level, optimal base stock level of stockpoint 1 found by the balanced base stock 
policy does not change due to different h2/ hI levels. This is because the optimality 
equation (3.21) depends on the p+h7 +h2 ratio which is equal to the service leveL As 
observed from the table, the high coefficient of variation results in sharp changes in 
optimal base stock levels when service level changes. We explain this effect due to 
higher uncertainty conditions. As service level decreases holding cost becomes more 
important, under highly uncertain demand and it is advantageous to keep the net 
stocks as low as possible. On the contrary, when penalty cost is high, the optimal 
base stock levels are higher with high c. 

Table 3.3 The effect of "I, c and h2/hl on optimal base stock levels 

sf 
0.5 1 0.25 866.90 898.86 493.35 

0.75 866.90 958.79 414.60 

0.5 1.5 0.25 839.65 886.13 547.03 
0.75 839.65 987.24 422.57 

0.5 2.5 0.25 513.51 531.62 307.09 
0.75 513.51 626.22 246.52 

0.95 1 0.25 1443.46 1471.09 954.40 
0.75 1443.46 1521.16 868.55 

0.95 1.5 0.25 1738.10 1783.07 1220.02 
0.75 1738.10 1858.04 1101.53 

0.95 2.5 0.25 2439.19 2499.78 1876.32 
0.75 2439.19 2670.13 1589.75 
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3.6. Summary and Conclusions 

We studied an assemble-to-order system with one final product that is composed 
of one long lead time component with short review period and one short lead time 
component with long review period. Such a system cannot be solved to optimality 
by existing methods in literature since the review periods are not nested. Instead, 
we assumed and compared two heuristic control policies: the so-called balanced base 
stock policy and pure base stock policy. 

We derived the exact cost expressions for both policies and we provide the optimality 
conditions for the policy parameters. We also show the equivalence of newsboy ratio 
to the nonstockout probability at optimality for both policies. For both the balanced 
base stock policy and the pure base stock policy, we showed that the under the optimal 
policy parameters the final product nonstockout probability is equal to the Newsboy 
fractile. Moreover, we prove that the balanced base stock policy gives lower optimal 
base stock level for stockpoint 1 compared to the pure base stock policy. Here, we 
would like to mention that the analytical results of this model holds under general 
holding costs. The specific choice for the cost parameters is based on our observations 
from practice. 

The numerical resul ts show that the balanced base stock policy performs better under 
low service levels, low h2/ hI ratios, and high demand uncertainty. Conversely, the 
pure base stock policy is preferable under high service levels, high h2/ hI ratio, and 
large difference between uncertainty periods. 

Computationally speaking, finding the optimal base stock level for the balanced base 
stock policy is much easier since we directly use the newsboy formula given in equation 
(3.21). For the pure base stock policy we have to use a generic optimization method 
to determine the optimal solution which takes longer time. On the other hand, from a 
practical point of view, applying the pure base stock policy is easy for the companies. 
Since the base stock levels are fixed to a certain value. 

Clearly, the model discussed in this chapter is far from the true complexity in practice. 
Thus, we intend to extend our research to more complex systems. The balanced base 
stock policy can be applied to two-echelon assemble-to-order systems with multiple 
components as long as we preserve the ordering of sums of lead times and review 
periods indicated by the situation ~ 2:: O. This leads to a single base stock level 
governing all subsequent decisions. The challenge is to develop the exact expressions 
for the component holding costs and final product penalty costs. Especially, when 
pure base stock policy is used, the derivation of the exact backorder cost term will 
become complicated since any component can cause backorders different from the 
pure base stock policy case. 
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The current analysis on one-product two-component assemble-to-order system is 
restricted to L\ 2: 0 case. In Chapter 4, we derive optimal policies for this system 
including the L\ < 0 case based on stochastic dynamic programming and formulate 
heuristic policies that allow for exact analysis. 
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Appendix 

Proof of Proposition 3.1 
The proof will be shown only for the first half of expression (3.9) which is j < j* 
case. For ease of notation, we define the following variables: Dl (j, k) = D[to + jRl -
L1, to + jRl + k + 1), D2 (j, k) = D[to - L2 , to + jRl + k + 1). The expectation of 
backorders at the end of period to + jRl + k is 

E[Bo(to + jRl + k)] = 

100 

P{ max(Xtfto + jRl + kr, X 2 [to + jRl + kr) > x }dx 

100 

(1 - P{[D1(j, k) - 8d+ :::; x, [D2 (j, k) - 82]+ :::; x} )dx 

100 

(1 - P{[D1(j, k) :::; 81 + x, D2 (j, k) :::; 82 + x} )dx. (3.25) 

Notice that DI(j, k) and D2 (j, k) are dependent. When j < j*, it holds that to -L2 > 
to+jRI L 1• Thus, D2 (j,k) < D1 (j,k) for givenj and k. Now, we redefine DI(j,k) 
as Dl (j, k) = D2 (j, k) +D3 (j, k) such that D3 (j, k) D[to+ jRl -L1' to -L2 ). Then, 
the following holds: 

(3.26) 

By using the resulting equation (3.26), in equation (3.25) the expectation of backorder 
for j < j* becomes: 

E[Bo(to + jR, + k)j = 1= {I 18

'+X Fj(S, + x - Y)fl(Y)dY} dx 

1= {1- f'+x {I - P{D3 (j,k) > Sd x - ylfl(y)} dY} dx 

roo {I Fl(z)} dz + roo r82

+
X 

P{D3 (j, k) > 81 + X - y} fl(y)dydx 182 10 10 
E[X2(tO + jR1 + k)r + 100 182

+
x 

(1 Fi(81 + x - y))fl(y)dydx. (3.27) 
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The other part of the expression, where j 2: j*, can be proven by following the same 
steps. 

Proof of Theorem 3.1 
The proof of this theorem follows from standard calculus. First, take the first order 
partial derivatives of the cost function (3.8) with respect to Sl and S2. Then, by 
making these partial derivatives equal to zero, we get equations (3.10) and (3.11). 
To prove convexity, first derive the related Hessian matrix by taking second order 
partial derivatives. Then, it can be shown that the determinants of the Hessian are 
nonnegative. This result implies that the cost function is convex, and the first order 
derivatives provide the optimal base stock levels. 

Proof of Theorem 3.2 
First, we write down the nonstockout probability in terms of conditional probabilities. 
For any j and k: 

P {Bo(to + jRl + k) O} 

1 - P {Xl(to + jRl + k) < 0, Xl (to + jRl + k) ::; X 2 (to + jRl + k)} 

-P {X2 (to + jRl + k) < 0, X 2 (to + jRl + k) < X1(to + jRl + k)}. (3.28) 

Consider the expression P{X1(to+jR1 +k) < O,X1(to+jRl +k) ~ X 2 (to+jR1+k)} 

in equation (3.28) when j < j*. Then, we can rewrite D1(j, k) as Dl(j, k) = D2 (j, k)+ 
D3 (j, k) and the expression becomes: 

P {Xl (to + jRl + k) < 0, Xl (to + jRl + k) ::; X 2(to + jRI + k)} 

= P{D1(j,k) > Sl,D2(j,k) - D1(j,k) ::; S2 Sd 

= P {D2 (j, k) + D3 (j, k) > S1, D3 (j, k) 2: Sl S2} 

= 100 

P {D2(j, k) + D3 (j, k) = SI + x, D3 (j, k) 2: SI - S2} dx 

100 151
+

x 

= fl(SI + X - z)fj(z)dzdx 
o 51-52 

roo r52 +X 

= Jo J
o 

fl(y)f
j 
(SI + X - y)dydx. 

Here again, under the same condition the other term 

P {X2(to + jRl + k) < 0, X 2 (to + jRl + k) < Xdto + jRl + k)} 

= P {D2(j, k) > S2, Dl (j, k) - D2(j, k) < SI - S2} 

(3.29) 

= [1- Ft(S2)]Fj(Sl - S2). (3.30) 
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If we follow the same arguments for j 2 j* case, we get the following set of equations: 

P{XI(tO + jRl + k) < 0,X1(to + jRl + k) ~ X 2(to + jRI + k)} 

= [1 - Fk (SI)]Fj(S2 Sd, (3.31) 

P{X2(tO + jRl + k) < 0,X2(to + jRl + k) < X1(to + jRI + k)} 

= 100 l s1
+

x 

fk(y)f j (S2 + x - y)dydx. (3.32) 

If we plug the equations (3.29), (3.30), (3.31), and (3.32) in equation (3.28), total the 
nonstockout probability for the optimal base stock levels becomes: 

r-l Rl-I 

2:: 2:: P {Bo(to + jRl + k) = O} = 
j=o k=O 

1- ~2 { f~'1' [1 F;(Sf)]Fj(S[ - Sf)} 

+ L~.1~' f t r 
+X fj (Sf + x - y )f.(y)dydx } } 

- ~2 { ft.1' f t' +x P(s[ + x - Y)ft(Y)dYdX} 

+ L~ ~'[1- F.(sf)]Fj(sf - Sf)} }. (3.33) 

We know that the optimal base stock levels satisfy the equations (3.10) and (3.11). 
Notice that the left hand side of the optimality conditions are contained in the 
equation (3.33). Then it holds that: 

r-I R1-I 

2:: 2:: P {Bo(to + jRl + k) = O} = 
j=o k=O 

= 1- hI 
(p + hI + h2 ) 
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Proof of Proposition 3.2 
For each j = 0, ... , r - 1 and k = 0, ... , R1 - 1 the following holds: 

X 2 (to + jRl + k) - X1(tO + jR1 + k) 

D[to + jRl - Ll, to + jRl + k + 1) - D[to + (r l)Rl - L 1 , to + jRl + k + 1) 

= D[to + jRl - L 1, to + (r - 1)R1 - L 1 ) > 0. 

Proof of Theorem 3.4 
For ease of notation, we again use the following variables: D1(j,k) = D[to + jRl -

L}, to + jRl + k + 1), D2 (j, k) = D[to - L2 , to + jRl + k + 1). From the equations 
(3.12) and (3.21) we have: 

'1'-1 Rl-l 

~ 2: 2: P {Dl(j,k) $ sf}· 
2 j=O k=O 

(3.34) 
Let's assume that Sf < sf, then for any j and k it holds that 

P{D1(j,k) $ S[,D2 (j,k) $ sf} < P{D1(j,k) $ Sf,D2 (j,k) $ sf} 

< P{Dl(j,k) $ sf}. (3.35) 

This results leads us to the following inequality: 

'1'-1 Rl-l '1'-1 R1-l 

~ 2: 2: P{D1(j,k) $ S{,D2 (j,k) $ sf} < ~ 2: 2: P{D1(j,k) $ Sf}. 
2 j=O k=O 2 j=O k=O 

(3.36) 
Equation (3.36) contradicts with equation (3.34). Thus, the relation between the 
optimal base stock levels must be sf ~ sf. 
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Chapter 4 

Optimal Control of an 
Assemble-To-Order System 
with Different Review Periods 

4.1. Introd uction 

In practice, simple and cheap materials can have short lead times, whereas complex 
and expensive materials usually have long lead times. On top of that the economic 
order quantity of complex and expensive items implies that such items should be 
ordered more frequently than cheap items. In Chapter 3, we have studied an assemble
to-order (ATO) system with two components. One of the components is an expensive 
one with a long lead time, the other component is cheap and has a short lead time. 
The expensive component is ordered more frequently compared to the other one. The 
optimal solution for such systems are to date unknown, so we developed two heuristic 
inventory control policies and compared their performances. 

The first heuristic was the pure base stock policy (PBSP), where each component 
orders up to its base stock level at every review moment. The second heuristic was 
the balanced base stock policy (BBSP), where the expensive component has a fixed 
base stock level and the cheap component's net stock level is synchronized with the 
expensive component's net stock leveL This policy can only be applied under a certain 
condition involving the review periods and lead times. We define the review period 
plus the lead time of the component as its uncertainty period. BBSP is applicable 
only if the difference between the uncertainty period of stock point 1 and stock point 2 
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is nonnegative. In a numerical study, we have tested both policies and identified the 
parameter values that work well. 

As follows from above, PBSP and BBSP have scientific deficiencies. Firstly, for 
both policies it is not known how well they perform compared to the optimal policy. 
Secondly, the balanced base stock policy has a limited application area. 

Our motivation for this chapter is to explore the optimal policy of the system in order 
to answer the following questions: 

• What is the optimal policy for this ATO system? 

• How do the heuristics studied in Chapter 3 perform compared to the optimal 
policy? 

• What kind of control polices can work well for this inventory system especially 
for the cases where BBSP is not applicable? 

To do this, we utilize a dynamic programming approach and we perform an extensive 
numerical study. Then we observe the optimal policy and develop heuristics that can 
work well and we discuss these heuristics in the context of general systems. 

Apart from this thesis, assembly and ATO systems with non-nested review periods 
have not been studied in literature. However, the optimal policy for assembly systems 
is known for systems with equal and nested review periods. Schmidt and Nahmias 
(1985) study a two component assembly system with one end item with random 
demand and equal review periods. They identify the finite-horizon optimal policy 
for this system by using dynamic programming. Later on, Rosling (1989) shows 
the optimal policy for assembly systems with equal review periods by restructuring 
the network as an equivalent serial system. Van Houtum et aL (2007) proves the 
optimality of base stock policies for serial systems with nested review periods and this 
result applies to assembly systems which preserve the nested review period structure. 

Despite the widespread use of ATO systems, there are very few papers in literature 
that identify the form of the optimal inventory control policy for ATO systems. In 
general the results are limited to certain network structures and parameters, and 
the optimal inventory control policies for any reasonable objective function are state
dependent. As stated in Song and Zipkin (2003), the difficulty with ATO systems in 
general is the combination of two decisions: inventory replenishment and inventory 
allocation. The latter situation does not occur in our model since there is only one 
end item. 

For systems with equal review periods, Benjaafar and EIHafsi (2006) study a single 
end item ATO system with multiple demand classes. Each component's supplier has 
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a finite production capacity. They show that under Markovian decision processes, the 
optimal replenishment policy is a state-dependent base-stock policy, and the optimal 
allocation policy is a rationing policy with different and dynamic rationing levels for 
different demand classes. 

Dogru et al. (2010) consider a special W-system which involves three components 
with identical lead times and two end items. They obtain the first characterization 
of the optimal policy for a multi-product ATO system when the balanced capacity 
condition (the base stock level of the common component equals the sum of the base 
stock levels of the unique parts) holds and both end items have the same unit costs. As 
a result, both the optimal replenishment policy and the optimal allocation policy are 
state-independent policies. Then, for general W-systems they provide an approximate 
solution approach, which outperforms the existing methods in literature. 

Lu et al. (2010) study a special continuous review ATO system with components 
having non-identical lead times. The system is defined as the N-system, where 
one end item requires only one component while the other end item requires both 
components. Characterization of the optimal policies for this system is done by using 
an unconventional approach that combines sample-path analysis, linear programming, 
and properties of conditional expectation. The optimality results require a certain 
symmetry in the cost parameters such that the backorder cost of the end item that 
uses only one component is equal to the backorder cost the other end item plus the 
holding cost of the component that is not shared. Under this condition, the optimal 
allocation rule is a product-based allocation rule, where a component is allocated to a 
product demand only if such an allocation can lead to the fulfillment of that demand. 
Moreover, the optimal replenishment policy is similar to the BBSP we have proposed 
in Chapter 3. For the systems, where the cost symmetry criterion does not apply, the 
optimal policies have no clear structure. Thus, the authors propose heuristic policies 
and show their effectiveness. 

This chapter is organized as follows. In Section 4.2, we present the ATO model and the 
related optimization problem. Then, the stochastic dynamic programming approach 
that is used for this model is explained together with the experimental design in 
Section 4.3. Afterwards, the cases where the difference between the uncertainty period 
is zero and negative are discussed in Sections 4.4 and 4.5. In these sections optimal 
policies are identified, and heuristic polices are developed under certain parameter 
settings. Next, in section 4.6, we discuss the possible heuristic control policies for 
more general parameter settings. We finalize the chapter with the summary of the 
main results and discussion of future research directions in Section 4.7. 
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4.2. Model 

In principle, we study the same model as in Chapter 3 from an optimization 
perspective. Here, we briefly summarize the necessary model assumptions and 
definitions. 

We have an ATO system with two components and one end item. One of the 
components is more expensive with longer lead time. The expensive component is 
kept at stockpoint 1, whereas the cheap component is kept at stockpoint 2. On top 
of that, the components have different review periods with the expensive component 
being more frequently ordered. There is one end item, which consists of one unit from 
each component. 

Time is divided into periods. There are four events that can occur during a period: (i) 
arrival of orders, (ii) placement of orders, (iii) occurrence of demand, (iv) incurring 
costs. The first two events take place at the beginning of the period if they are 
scheduled to that period. Holding and penalty costs are incurred at the end of each 
period and customer demand may occur at any point in time during the period. 

We define the net stock level of a component as the physical stock at that stockpoint 
minus the number of backordered end items. Xn(t) denotes the net stock level of 
component n at the end of period t. The inventory position of a stockpoint is defined 
as the net stock level of the component, plus the outstanding orders. I P n (t) (I p/! (t)) 
denotes the inventory position of stockpoint n at the beginning of period t after 
(before) ordering decisions are made. 

Let Rn denote the review period for stockpoint n such that every Rn periods the 
inventory position of stockpoint n is checked and ordering decisions are executed. 
Each order placed by stockpoint n, arrives to the stockpoint after Ln periods. In our 
model, we assume that RI < R2 and LI > L2. Also, R2 has to be an integer multiple 
of RI . The uncertainty periods of stockpoint 1 and stockpoint 2 are denoted by ~I 

Rl + Ld and ~2 (= R2 + L2) respectively. Moreover, we define the difference 
between the uncertainty periods of the components by ~ ~l - ~2)' 

Customer demand during the time interval [tl, t2) (tl ::::; t2) is denoted by D[t1 , t2)' For 
this chapter, we stick to discrete probability distributions in order to limit the state 
space for the dynamic programming approach. We assume that customer demand 
has a discrete probability distribution with probability mass function f(.), cumulative 
distribution function F(.), mean demand size IL, standard deviation (J, and coefficient 
of variation c. Further, A(.) is the convolution of the probability distribution of 
the demand over k periods. Similarly, Fk (.) is the convolution of the cumulative 
distribution of the demand over k periods. 
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For each unit on stock at the end of a period, a holding cost hn is charged at stockpoint 
n and for each end item backordered at the end of a period, a backorder cost p is 
charged. 

We summarize the model variables and parameters in Table 4.1. 

Rn: 
Ln: 
f{x): 
F{x): 

p,: 
u: 

c: 

D[tl' t2): 
hn : 

p: 

Xn(t): 
1Pn(t): 

IP!!{t): 

fixed replenishment interval of component n 
lead time for arrival of orders for component n 
probability of customer demand per period being equal to x 
probability of customer demand over k periods being less than or 
equal to x 
probability of customer demand per period being equal to x 
probability of customer demand over k periods being less than or 
equal to x 
expected value of demand per period 
standard deviation of demand per period 
coefficient of variation for demand per period 
cumulative customer demand during the time interval [tI' t2) 
inventory holding cost per period for each unit of component n 
penalty cost for unit backlog 
net stock of component n at the end of period t 
inventory position of component n at the beginning of period t 
after the ordering decisions 
inventory position of component n at the beginning of period t 
before the ordering decisions 
uncertainty period of stockpoint 1 
uncertainty period of stockpoint 2 
difference between the uncertainty periods of stockpoint 1 and 
stockpoint 2 

Table 4.1 Summary of model parameters 

For any variable or parameter x, we define the operators "+,, and \4-" as x+ = 
max{O, x} and x- = min{O, x} = max{O, -x} such that x = x+ -X-. We also define 
Z as the set of all integers and No as the set of nonnegative integers. 

We further assume synchronization in the timing of order arrivals such that an order 
arrival at stockpoint 2 always coincides with an order arrival at stockpoint 1. Without 
loss of generality, we assume that stockpoint 1 places an order at the beginning 
of period zero. Thus, the ordering periods of stockpoint 1 are defined by the set 
TI = {kRIlk E No}. An order placed by stockpoint 1 at period t (t E Td will arrive 
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at the beginning of period t + Ll in which an order of stockpoint 2 will also arrive. 
Since R2 is an integer multiple of R 1 , at periods kR2 + Ll (where kENo) there will 
be an arrival of both components. So, the set of ordering periods for stockpoint 2 is 
T2 = {kR2 + Ll - L21k E No}. 

The one period total costs incurred at the end of period t is the summation of holding 
costs for each component and backorder cost for the end item. It is equivalent to the 
following: 

(4.1) 

The derivation of one period total cost is shown in Chapter 3 (see equations (3.1-3.2)). 

Denoting the total costs at the end of period t under a policy Jr as Ot (Jr) and the 
long-run average cost per period under a policy Jr as G(Jr), we obtain: 

1 T 
G(Jr) = lim T" E[Ot(Jr)]. T~oo L.J 

t=O 

( 4.2) 

Let IT be the set of all ordering policies with nonnegative ordering amounts for this 
ATO system. Then, the optimization problem can be stated as follows: 

(P): Min G(Jr) 

s.t. Jr E IT. 

(4.3) 

In order to facilitate the analysis in the following sections, we define a replenishment 
cycle as the time interval which starts with arrival of orders to both stockpoints and 
ends with the next arrival of orders to both stockpoints again. Thus, the cycle has 
a length of R2 periods. Now, assume that a cycle starts with an order arrival to the 
stockpoints at the beginning of period to. During this cycle, stockpoint 2 will receive 
an order only once. The related ordering decision was taken at the beginning of period 
to - L2. On the other hand, stockpoint 1 will receive new components R2/ Rl times. 
It follows from renewal reward theory that, in the long-run, average cost per period 
will be equal to average cycle cost divided by the cycle length. Similarly, we define 
an order cycle as the time interval that stars with an order moment of stockpoint 2 
and ends just before the next order moment of stockpoint 2. This order cycle also 
has length R2 and stockpoint 1 can place orders R2/ Rl times throughout the cycle. 
Notice that we get a replenishment cycle, when we shift the order cycle by L2 periods 
to the future. 

Here, we would like to remark that the analytical and numerical results of this model 
holds under general holding costs. The specific choice for the cost parameters is based 
on our observations from practice. However, we sometimes take into account the case 
h2 > hI in the numerical study to get more insights about the policies. 
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4.3. Dynamic Programming Approach 

In this section, we first derive the Bellman equations based on the assumption that 
Ll - L2 = 1. The reason for choosing this constraint for lead times is to restrict the 
size of the state space by avoiding outstanding orders placed at the previous periods. 
This will enable us to compute the optimal policy in a reasonable time. Secondly, 
we provide a recursive solution method to approximate the minimal average cost per 
period. Lastly, we present the experimental design. 

4.3.1 Bellman Equations 

The system can be described by a three-dimensional state variable (Yl, Y2, Y3). The 
state Yl (Y2) describes the inventory position at the beginning of a period before 
ordering decisions are made at stockpoint 1 (stockpoint 2) and it holds that Yl, Y2 E Z. 
The variable Y3 indicates at which period of an order cycle we are. With the help of 
this state variable we know which stockpoints are allowed to place orders at a given 
point in time. The values of Y3 change periodically and they depend on the length of 
an order cycle which is R2 periods. Thereby, the state space is defined by S and its 
size is given as S = Z x Z X R2 • 

Let al (a2) denote the amount to be ordered by stockpoint 1 (stockpoint 2). If 
stockpoint 1 (stockpoint 2) is allowed to order at that period then al E No (a2 E No), 
otherwise al = 0 (a2 = 0). Thereby, the decision set consists of (aI, a2) pair. The 
numerical values of al and a2 are determined by the state variable Y3. We define 
the action set as A(Y3) (aI, a2). Note that, there is no general description for the 
set A(Y3) since it is problem specific. We define A(Y3) under specific assumptions of 
review periods in the following sections. 

The transition from one state to another depends on the demand distribution, the 
order decisions, and the indicator variable Y3' Let Yl (t), Y2(t) be the inventory 
positions at the beginning of period t and al(t),a2(t) be the ordering decisions at 
the same period. The state transformation for the inventory positions and Y3 in 
period t + 1 are 

Yl (t + 1) 

Y2(t + 1) 

Y3(t + 1) 

= Yl(t)+al(t) D[t,t+1), 

Y2(t) + a2(t) - D[t, t + 1), 

(Y3(t) + 1)(mod R2)' 

(4.4) 

(4.5) 

(4.6) 
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Assume that the ordering decisions (aI, a2) are taken in period t. Then the first order 
that is going to arrive will be a2 since it has a shorter lead time. Thus, the immediate 
costs affected by the decisions taken in period t will be incurred at the end of period 
t + L2. Note that these costs are only dependent on the action a2 and the inventory 
levels Yl and Y2. The ordering decision al affects the cost one period later, in other 
words, al is hidden in YI of future periods. This situation is a result of the lead time 
difference. Let C(YI, Y2, a2) be the one period expected total costs incurred at the 
end of a period, where the decision a2 is taken L2 periods ago. Then, the cost can be 
expressed as follows: 

00 

C (Yl,Y2,a2) L {hl(Yl i) + h2(Y2 + a2 - i) 
i=O 

+(p + hI + h2) max{(YI i)-, (Y2 + a2 i)-} } h 2 +1 (i) 

hIYI + h2(Y2 + a2) - (hI + h2)J1, 
00 

+(p + hI + h2) Lmax{(YI - i)-, (Y2 + a2 - i) }h2+1(i). (4.7) 
i=O 

We define the value function Vn(YI, Y2, Y3) as the total minimal expected costs when 
there are still n periods left until the end of the planning horizon and the system is 
in state (YI,Y2,Y3). The value function Vn(Yl,Y2,Y3) can be computed recursively as 
follows. 

00 

+ L!(i)Vn-1(Yl + al - i,Y2 + a2 - i,Y3 + l(mod R2))} (4.8) 
i=O 

4.3.2 Value-Iteration Algorithm 

To find the optimal policy structure we use the value-iteration algorithm as described 
in Tijms (1986). For our computations we assume that the initial values are Vo = 0 
and that Y3 R2 - 1 for n = 1. Here we present the steps of the algorithm as shown 
below, where c is a small number. 
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step 0: 
step 1: 

step 2: 

step 3: 

(initialization) Set VO(Yl, Y2, Y3) = 0 for all (Yl, Y2, Y3) E S, and let n 
Compute the value function Vn (Yl, Y2, Y3) as given in equation (4.8) 
for all (Yl, Y2, Y3) E S. 
Compute the bounds mn = min {Vn(i,j, k) Vn-1(i,j, k)}, and 

(i,j,k)ES 

Mn = max {Vn(i,j,k) - Vn- 1(i,j,k)} 
(i,j,k)ES 

if mn S c, stop. 
else, go to step 3. 
n = n + 1, and go to step 1. 
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1. 

When value iteration algorithm converges, the one step difference (Mn and m n) 
becomes very close to the minimal average cost per period as given in (4.2) and we get 
a stationary policy. The convergence of algorithm is guaranteed, if every stationary 
policy is unichain and gives rise to an aperiodic transition matrix (see Puterman, 
1994). In our problem, the unichain property is attained, since there are no two 
disjoint closed set of states in the state space. Thus, the resulting stationary policy 
is not dependent on the starting point. FUrthermore, if we start from a certain state 
returning to the same state can occur at irregular times. So, aperiodicity property is 
also fulfilled. 

4.3.3 Experimental Setting 

We aim to observe the optimal policy structure by using a numerical study. The 
computer processing time is an important concern, when choosing which parameter 
values to use. Due to this reason, we select two sets of (Rl' R2 , L 1 , L2) that represent 
~ = 0 and ~ < 0 cases. For both of these cases we use Ll = 1 and L2 = O. For the 
~ = 0 case, our choice of review periods are Rl 1 and R2 = 2. The case ~ = -1 is 
represented by Rl = 2 and R2 = 4. Note that it is not possible to represent a ~ > 0 
case, since the lead time difference is restricted to be equal to one and Rl < R2 by 
definition. 

The setting for other parameters we have used in the numerical study are shown in 
Table 4.2. Here, 1 represents the target type 1 service level, where the corresponding 

penalty cost is P l(h1 + h2 )/(1 -I)' 

We also use a discrete demand distribution with demand sizes varying between 0 and 
5. The reason for limiting the sizes is to restrict the size of the state space. Otherwise, 
the computer processing times will be long. We use the demand distributions given 
as in the Table 4.3. 

For the convergence of the algorithm, we take the difference between two consecutive 
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Table 4.2 Parameter values used in the numerical study 

Parameter Value 

hI 1 

h2 0.2, 0.5, 0.8 

'Y 0.8,0.9,0.99 
c 0.5,1,2 

Table 4.3 Demand distributions used in the numerical study 

c 0.5 I 1 I 2 

J..L 2.68 I 1.7 I 0.68 

x P(x) Ix P(x) Ix P(x) 

0 0.06 0 0.4 0 0.76 
1 0.10 1 0.1 1 0.06 

2 0.34 2 0.2 2 0.04 
3 0.20 3 0.1 3 0.06 
4 0.20 4 0.1 4 0.04 

5 0.10 5 0.1 5 0.04 

periods which have the same value of Y3. We use € = 0.0005 as the stopping criterion 
for the value iteration algorithm. 

4.4. Case 1: ~ - 0 

In this section, we observe the system when ~ = 0 and suggest a heuristic method 
based on the optimal policy structure. Then, we derive the long-run average cost 
function under this heuristic policy and obtain the related optimality equations. 
Finally, we test the performance of the heuristic and the heuristics studied in 
Chapter 3 in a numerical study. 

4.4.1 Decision Sets 

As noted above for the ~ = 0 case, we assume that R1 = 1, R2 = 2, L1 = 1 and 
L2 = O. Under these specific assumptions we define the state variable Y3 as follows: 
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{ 
0 only stockpoint 1 orders, 

Y3 = 1 if both stockpoints order. 

For this definition of Y3, we get the decision space as: 

if Y3 = 0, 
if Y3 = 1. 
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(4.9) 

(4.10) 

These decision sets are used for equation (4.8) in the value iteration algorithm. 

4.4.2 Optimal Policy 

Based on the numerical setting as explained in Section 4.3.3, we get the results as 
shown in Table 4.4, Figures 4.1 and 4.2 for ~ 0 case. The figures represent optimal 
order decisions taken by both stockpoints during an order cycle. Without loss of 
generality, we depict the situation with 8 1 > 82 in the figures. We summarize the 
optimal policy properties and principles as follows 

• The optimal policy is a state-dependent policy. 

• Both stockpoints have a lower base stock level (81 and 82 ) and an upper base 
stock level (81 and 82 ). 

• 82 is a common base stock level for both stockpoints when Y3 = 1. 

• In the long-run component l's (component 2's) inventory position is bounded 
by (82 ), 

• If the inventory position of the component is below its lower base stock level, 
the inventory position is raised to the lower base stock level. 

• If the inventory position of the component is above its upper base stock level 
no order is placed. 

• When the inventory position of component 1 (component 2) is in between the 
upper and lower base stock levels of component 2 (component 1), the inventory 
positions of the components are synchronized. 

• When the inventory position of component 1 (component 2) is above the upper 
base stock level of component 2 (component 1), then component l's (component 
2's) inventory position is raised to (82 ), 
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s. 
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Figure 4.1 Optimal policy when ~ = 0 and Y3(t) = 0 
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Figure 4.2 Optimal policy when ~ = 0 and Y3(t) = 1 
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From Table 4.4, we observe that 8 2 is always less than or equal to 8 1. This means 
that on average, stockpoint 1, orders up to a larger value when Y3 O. Also, in 
all problems, except the one with h2/ hI = 0.8, 'Y = 0.8 and c = 0.5, it holds that 
8 1 :::; . This result together with the constraint 8 2 :::; 8 1 , reveals that the optimal 
policy in the long-run is more restricted then the policy shown in Figures 4.1 and 
4.2. For example, once the inventory position of stockpoint 1 drops below 8 1 , it will 
always be ordered up to 8 1 whenever Y3 O. At the next period stockpoint 1 is going 
to have a larger inventory position than stockpoint 2. Thus, Component 2's inventory 
position will be completely synchronized with the other one whenever Y3 1. 1P2(t) 
will never be above 8 1 and 8 2 , Likewise, IP1(t) will never be above 8 1 • 

Table 4.4 Optimal solutions for Ll = 0 case 

h2/h1 'Y C 81 82 81 82 cost CPU 

0.2 0.8 0.5 7 7 7 8 3.376 4699.19 
0.2 0.8 1.0 6 5 6 7 4.532 10564.51 
0.2 0.8 2.0 3 3 4 5 4.074 35389.06 
0.2 0.9 0.5 8 8 8 9 4.156 4699.39 
0.2 0.9 1.0 7 7 7 8 5.690 10502.92 
0.2 0.9 2.0 5 4 5 5 5.225 32875.84 
0.2 0.99 0.5 10 9 10 10 5.742 4629.11 
0.2 0.99 1.0 10 9 10 10 8.030 10222.41 
0.2 0.99 2.0 8 7 8 9 8.797 35851.69 
0.5 0.8 0.5 7 7 7 7 4.555 4699.16 
0.5 0.8 1.0 6 5 6 6 5.803 10574.03 
0.5 0.8 2.0 3 3 4 5 5.177 35224.31 
0.5 0.9 0.5 8 7 8 8 5.507 4698.52 
0.5 0.9 1.0 7 6 7 7 7.265 9398.44 
0.5 0.9 2.0 5 4 5 5 6.586 32900.08 
0.5 0.99 0.5 10 9 10 10 7.395 4629.69 
0.5 0.99 1.0 10 9 10 10 10.175 10222.42 
0.5 0.99 2.0 8 7 8 8 11.052 35794.42 
0.8 0.8 0.5 8 6 8 7 5.638 4699.17 
0.8 0.8 1.0 6 5 7 6 7.073 10572.33 
0.8 0.8 2.0 3 2 4 4 6.257 34120.23 
0.8 0.9 0.5 8 7 8 8 6.782 4699.47 
0.8 0.9 1.0 7 6 8 7 8.828 10397.80 
0.8 0.9 2.0 5 4 5 5 7.947 34793.36 
0.8 0.99 0.5 10 9 10 10 9.048 4630.27 
0.8 0.99 1.0 10 9 10 10 12.320 10154.27 
0.8 0.99 2.0 8 7 8 8 13.306 35629.95 
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4.4.3 Cyclic Synchronized Base Stock Policy 1 

When we look at the optimal policy results, we see that 8 1 is less than in most 
cases. By using this property, we can reduce the optimal policy to a two parameter 
policy. If we consider an arbitrary order cycle that starts with period to, the optimal 
policy in the long-run becomes: 

if Y3(t) = 0, 

if Y3(t) = 1, 
(4.11) 

( 4.12) 

We propose this ordering scheme as Cyclic Synchronized Base Stock Policy 1 
(CSBSP1) and analyze the expected cost function and optimal policy parameters. 
We define G1(81,82 ) as the long-run average cost per period under CSBSP1 and 
obtain it as follows. We first find the expected cost per period under CSBSP1 at 
the end of each period of a replenishment cycle by using the expected value of (4.1). 
Then, as mentioned in Chapter 3, the the total expected cycle cost divided by the 
cycle length results in the long-run average cost per period. 

For the current parameter assumptions (RI 1, R2 = 2, Ll = 1, L2 0), we get 
G1(81,82 ) as: 

~ { hI (81 + E[max (82 , 81 - D[to - 1, to))] 4Jt) 

+h2 [2E[max (82 , 81 D[to 1, to))] - 3Jt] 

+(p + hI + h2 ) {E[(81 D[to - 1, to + 1))-} 

+E[(max (82 , 81 D[to - 1, to)) - D[to, to + 2)) }}. (4.13) 

Let (8f, 8i), be the optimal policy parameters under CSBSPl. Proposition 4.1, gives 
the optimality conditions to find (8f, 8i). 

Proposition 4.1 The optimal parameters 8i and 8i under CSBSPI are the smallest 
integers satisfying the following inequalities: 

(4.14) 

F(8i - 8d )(h2 p) 

+(p + hi + h,) { F,(SD + F2 (Si - i)f(i) } 2: p + h, (4.15) 
i=O 
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For the proof of Proposition 4.1, we refer to the Appendix. Equation (4.14) is a 
newsboy type equation to be used to determine Si. We can observe from this equation 
that if hI or h2 increases Si decreases. On the other hand, equation (4.15) is not 
separable in the base stock levels, implying a numerical search of st. In the numerical 
study, we first use complete enumeration to find Si from (4.14), and then we use this 
result in (4.15) to find st. 

4.4.4 Comparison with optimal policy 

We have compared CSBSP1 with the optimal policy as shown in Table 4.5. We have 
also computed the results for the heuristics studied in Chapter 3: PBSP and BBSP. 
The results can be seen in the last two columns of Table 4.5. Here, Sf denotes the 
optimal base stock level and GB(Sf) is the long-run average cost for the BBSP. As 
stated in Chapter 3, both heuristics give the same result for the 6. = 0 case. The 
relative difference in optimal cost of CSBSP1 (BBSP and PBSP) and the minimum 
cost is denoted by 81 (8B ). 

G1(Si,Si) - G(Si,S2'Sf,~) 
G (Si , S2' Si, S2) 

GB(Sf) - G(Si,S2'Sf,~) 
G(Si,S2,Si,S2) 

(4.16) 

( 4.17) 

As expected the heuristic gives the optimal solution in all cases except one problem 
where h2 0.8, I 0.8, CV 0.5. This problem is the only one where we see SI > S2 
in the optimal solution. Still in this case, the difference in costs is very small. As the 
example suggests, high holding cost at stockpoint 2 and low service levels may lead 
to such results since these circumstances increase the weight of the holding cost at 
component 2 in the cost function. Thus, it makes sense to keep less stock at stage 2 
by lowering S2. 

To test this marginal effect we have designed another experiment where c = 0.5, h2 
changes between 0.2 and 5, and service level is either 0.7 or 0.95. It is observed from 
Figure 4.3 that the difference between the optimal cost and the heuristic is less than 
0.5% when h2 ~ hI. When h2 > hI, then again the heuristic performs well if the 
service level is high. However, at low service levels, we see larger differences between 
the optimal solution and CSBSPl. Beware that h2 > hI case does not fit to our 
model assumptions. Also, in this situation, it is logical to order component 2 more 
frequently than component 1 to avoid excessive holding costs. Then, the role of the 
stockpoints change and component 2 becomes the expensive one in our model. 

Furthermore, BBSP works well on average, the maximum deviation from the optimum 
is 4.16%. The policy seems to work better under low h2 and low service levels. 



80 Chapter 4. Optimal Control of an Assemble-To-Order System 

Table 4.5 Comparison of the optimal policy with the heuristics when 6. = 0 

CSBSPI PBSP & BBSP 

C I 811 821 G (81 81) 1 l' 2 

0.2 0.8 0.5 7 7 3.376 0.00% 7 3.376 0.00% 
0.2 0.8 1.0 6 5 4.532 0.00% 5 4.550 0.40% 
0.2 0.8 2.0 3 3 4.074 0.00% 3 4.074 0.00% 
0.2 0.9 0.5 8 8 4.156 0.00% 8 4.156 0.00% 
0.2 0.9 1.0 7 7 5.690 0.00% 7 5.690 0.00% 
0.2 0.9 2.0 5 4 5.225 0.00% 5 5.247 0.43% 
0.2 0.99 0.5 10 9 5.742 0.00% 9 5.836 1.64% 
0.2 0.99 1.0 10 9 8.030 0.00% 9 8.090 0.75% 
0.2 0.99 2.0 8 7 8.797 0.00% 8 8.804 0.08% 
0.5 0.8 0.5 7 7 4.555 0.00% 7 4.555 0.00% 
0.5 0.8 1.0 6 5 5.803 0.00% 5 5.900 1.68% 
0.5 0.8 2.0 3 3 5.177 0.00% 3 5.177 0.00% 
0.5 0.9 0.5 8 7 5.507 0.00% 8 5.530 0.43% 
0.5 0.9 1.0 7 6 7.265 0.00% 7 7.325 0.83% 
0.5 0.9 2.0 5 4 6.586 0.00% 5 6.644 0.88% 
0.5 0.99 0.5 10 9 7.395 0.00% 9 7.630 3.18% 
0.5 0.99 1.0 10 9 10.175 0.00% 9 10.325 1.47% 
0.5 0.99 2.0 8 7 11.052 0.00% 8 11.090 0.35% 
0.8 0.8 0.5 8 6 5.651 0.23% 7 5.734 1.71% 
0.8 0.8 1.0 6 5 7.073 0.00% 5 7.250 2.50% 
0.8 0.8 2.0 3 2 6.257 0.00% 3 6.280 0.38% 
0.8 0.9 0.5 8 7 6.782 0.00% 8 6.904 1.80% 
0.8 0.9 1.0 7 6 8.828 0.00% 7 8.960 1.50% 
0.8 0.9 2.0 5 4 7.947 0.00% 5 8.041 1.18% 
0.8 0.99 0.5 10 9 9.048 0.00% 9 9.424 4.16% 
0.8 0.99 1.0 10 9 12.320 0.00% 9 12.560 1.95% 
0.8 0.99 2.0 8 7 13.306 0.00% 8 13.376 0.53% 

Although being more complicated, CSBSPI can perform much better than BBSP 
under more general cases of ~ 2:: O. In terms of CPU times, CSBSPI and BBSP give 
the results in less then a second for all problem instances. This is a huge improvement 
compared to the CPU times of the value-iteration method reported in Table 4.4. 
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Figure 4.3 Effect of h2/hl and 'Y on the performance of the heuristic when c = 0.5 
and ~ = 0 

4.5. Case 2: ~ --1 

In this section, we explore the negative ~ case for the first time. Since this case of the 
ATO problem has not been studied before, it is important to understand the optimal 
ordering mechanism. After observing the numerical results on the optimal policy, we 
propose two heuristic policies. Then, we present the analytical results on heuristics 
and investigate their performances compared to the optimal solution. 

4.5.1 Decision Sets 

For ~ = -1 case, we assume that Rl = 2, R2 = 4, L1 = 1 and L2 = O. For this 
setting of parameters the indicator function for orders is defined as: 

first order of stockpoint 1 in the order cycle , 
stockpoint 2 orders, 
second order of stockpoint 1 in the order cycle, 
no stockpoints order. 

(4.18) 
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The resulting state space for the given definition of Y3 is 

{ 

al E No, a2 = 0 if Y3 = 0 , 

A(Y3) = al = 0,a2 E No ~f Y3 = 1, 
al E No, a2 = 0 If Y3 = 2, 
al = 0, a2 = 0 if Y3 = 3. 

The optimal policy is obtained by using (4.18) and (4.19) in (4.8). 

4.5.2 Optimal Policy 

(4.19) 

We present the behavior of the optimal policy for ~ = -1 case in the Figures (4.4 -
4.6) and Table 4.6. The principles of the optimal policy are as follows. 

• Similar to the ~ = 0 case, the policy is state dependent and there are lower 
base stock levels 8 1 and 82 and upper base stock levels 8 1 and 82 . 

• The optimal ordering behavior of stockpoint 2 is the same as ~ = 0 case. 

• When stockpoint 1 orders for the first time in an order cycle (Y3 = 0), it has 8 1 

as an base stock level, as well as a synchronization area. 

• When Y3 = 2, the inventory position of stockpoint 1 is synchronized with the 
inventory position of stockpoint 2 if stockpoint 2's stock level is less than 8 1 . 

This policy suggest more synchronization compared to ~ = 0 case. This is expected 
since when ~ is negative there is at least one order of stockpoint 1 that occurs after 
stockpoint 2 places an order in the order cycle. Note that we cannot produce the end 
item more than the minimum amount of components available at the stockpoints. 
Further, overages of components at the end of the replenishment cycle will result in 
extra holding costs. Therefore, it makes sense to synchronize the inventory levels 
completely, instead of independent ordering at the last order moment of the order 

cycle. 

From Table 4.6, we observe two patterns in optimal policy parameters. The first one 
is when 8 1 = 8 1 , which occurs in 24 problem instances. In this case, 8 2 is always 
greater than or equal to 8 1 . In the long run, stockpoint 1 will order up to 8 1 if Y3 = 0 
and stockpoint 2 will order up to 82 when Yl = 1. For the remaining 3 problems, we 
see that 8 1 < 8 1 , and 8 1 = 8 2 . This means that stockpoint 1 will order up to 8 1 

at its first order and stockpoint 2 will order up to 82 . At the second review period 
of stockpoint 1, inventory position of stockpoint 1 will be raised to the same level of 

component 2. This case occurs when h2/ hI and demand variability is high, also low 
service level seems to playa role. 
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Figure 4.4 Optimal policy 6. = -1 when Y3(t) = 0 
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Figure 4.5 Optimal policy 6. = -1 when Y3(t) = 1 
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J~(t) 

JJ>(l(t) 
SI 

Figure 4.6 Optimal policy Ll = -1 when Y3(t) = 2 

Table 4.6 Optimal solutions for Ll = -1 

h2/hl 'Y C 81 82 82 cost CPU 

0.2 0.8 0.5 9 12 9 14 5.051 2759.03 
0.2 0.8 1.0 7 9 7 11 5.769 5825.16 
0.2 0.8 2.0 4 5 4 7 4.787 18069.61 
0.2 0.9 0.5 10 13 10 15 6.234 2758.10 
0.2 0.9 1.0 9 11 9 13 7.298 5121.72 
0.2 0.9 2.0 5 6 5 8 6.147 16655.12 
0.2 0.99 0.5 13 17 13 17 8.865 2058.82 
0.2 0.99 1.0 12 15 12 16 10.920 4098.49 
0.2 0.99 2.0 9 11 9 12 10.257 13292.36 
0.5 0.8 0.5 10 11 10 13 6.982 3065.67 
0.5 0.8 1.0 8 8 8 10 7.680 5865.81 
0.5 0.8 2.0 4 4 5 5 6.079 18785.87 
0.5 0.9 0.5 11 13 11 14 8.515 2776.83 
0.5 0.9 1.0 9 10 9 11 9.571 5452.77 
0.5 0.9 2.0 5 5 5 7 7.908 17468.96 
0.5 0.99 0.5 13 16 13 17 11.883 2077.28 
0.5 0.99 1.0 12 14 12 15 14.387 4123.87 
0.5 0.99 2.0 9 10 9 11 13.182 14376.21 
0.8 0.8 0.5 10 11 10 12 8.752 3075.51 
0.8 0.8 1.0 8 8 8 9 9.387 6150.46 
0.8 0.8 2.0 4 4 5 5 7.363 19094.43 
0.8 0.9 0.5 11 13 11 13 10.708 2758.21 
0.8 0.9 1.0 9 10 9 11 11.795 5432.69 
0.8 0.9 2.0 5 5 6 6 9.557 18074.87 
0.8 0.99 0.5 13 16 13 16 14.900 2058.59 
0.8 0.99 1.0 12 14 12 15 17.725 4408.98 
0.8 0.99 2.0 9 10 9 10 16.062 14310.41 
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4.5.3 Heuristic Policies 

We propose two heuristics based on our observations concerning the optimal policy. 
Then, we test these heuristic with a numerical study. 

Cyclic Synchronized Base Stock Policy 2 

The first case is when SI = SI. In this case S2 is always greater than or equal to SI. 
This structure simplifies the policy in the long-run. We name this policy as cyclic 
synchronized base stock policy 2 (CSBSP2) which is defined as follows: 

if Y3(t) = 0, 

if Y3(t) = 2, 

The expected cost per period is denoted by G2(SI, S2) under this policy: 

(4.20) 

( 4.21) 

G2(SI,S2) = l{ hI (2S1 + 2min(SI,S2 - D[to, to + 1)) -7J1) + h2 {4S2 -lOJ1} 

(p + hI + h2) [E[(SI - D[to - 1, to + 1))-] + E[(SI - D[to -1, to + 2))-] 

+E[(min (SI, S2 - D[to, to + 1)) - D[to + 1, to + 3))-] 

+ E[(min (SI, S2 - D[to, to + 1)) - D[to + 1, to + 4))-:1] } (4.22) 

Proposition 4.2 shows the optimality conditions under CSBSP2 where Sf and S~ 
denote the optimal policy parameters. 

Proposition 4.2 The optimal parameters Sf and S~ under CSBSP2 are the smallest 
integers that satisfy the following inequalities: 

( 4.23) 

2(h2 + p)F(S~ - S~) (4.24) 

+(p + h, + h,) {i~S~1+I {F,(S~ - i) + F3(S~ - i)} f(i) } ~ 2(p - h,) 

The proof of this proposition is omitted as it can be done by following the same logic 
given for the proof of Proposition 4.1. The equation (4.23) shows that if hI increases 
Sf decreases and if h2 increases Sf increases. 
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Cyclic Synchronized Base Stock Policy 3 

The second case is when 51 < 51. In this case, 52 is less than or equal to 51. Then, 
the optimal policy in the long-run will be applied as follows. 

{

51, 

1P1(t) = max {(52, 51 - D[to - 1, to))} - D[to, to + 1), 

if Y3(t) = 0, 

if Y3(t) = 2, 
( 4.25) 

We use this policy as a heuristic for the numerical study. The policy is referred as 
cyclic synchronized base stock policy 3 (CSBSP3). Let G2 (51 , 52) denote the expected 
cost per period under this policy which is 

G3 (51, 52) = l{ h1 (251 + 2 max (52, 51 - D[to - 1, to)) - 12Jt) 

+h2 {4max (52, 51 - D[to - 1, to)) -lOJt} 

(p + h1 + h2) [E[(51 - D[to - 1, to + 1))-] + E[(51 - D[to - 1, to + 2))-] 

+E[(max (52, 51 - D[to - 1, to)) - D[to, to + 3))-] 

+ E[(max (52, 51 - D[to - 1, to)) - D[to, to + 4))-:1] } ( 4.27) 

The optimal policy parameters of CSBSP3, (5r , 5~), can be found by using 
Proposition 4.3. 

Proposition 4.3 The optimal parameters 5r and 5~ under CSBSP3 are the smallest 
integers that satisfy the following inequalities: 

(4.28) 

sr-s~ 

+ L {F2 (5r - i) + F3 (5r - i)} f(i)} ~ 2(p + h2 ) (4.29) 
i=O 

We omit the proof of this proposition, since it has the same structure as the proof of 
Proposition 4.1. In equation (4.28), the increase in holding costs leads to lower 5~. 
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4.5.4 Comparison with optimal policy 

We have solved all the problem instances with CSBSP2 and CSBSP3. We have again 
used complete enumeration to find the optimal heuristic base stock levels. The results 
are shown in Table 4.7, where 02 and 03 represent the relative difference between the 
optimal policy and CSBSP2 (CSBSP3). 

G2(Si,S~) - G(S;,S2'Sf,Sf) 

G(Si,S2,Si,S2) 

G3 (Sr, S~) G(Si, S2, Sf, Sf) 

G (Si , S2' Si, S2) 

(4.30) 

(4.31) 

CSBSP2 works well for three problems, where S2 < in the optimal solution as given 
in Table 4.6. There is less than 3% gap between the minimum cost and G2(Si, S~). 
The common properties of these problems are that they have high variability in 
demand, higher h2/hl and lower ,. When these conditions occur, CSBSP3 gives 
the optimal solution. However, CSBSP3 does not work as good as CSBSP2 on the 
other problems. Thus, this policy should not be preferred when the demand variation 
is low and service level is high. 

In general, CSBSP2 performs better than CSBSP3 on this data set but both heuristics 
work well under certain conditions. Beware that the minimum of G2 (Sr, S~) and 
G3 (Sr, S~) always gives the optimal cost for each problem instance in Table 4.7. So, 
for more general problem settings it can be logical to compute costs according to both 
heuristics and choose the policy that renders the lowest cost. In terms of computer 
processing times both heuristics find the solution in less than a second similar to 
CSBSP1. 

4.6. General Systems 

In this section, we discuss what can be a logical ordering policy for this type of 2-
component ATO systems under different parameter settings such as when R2/ Rl > 2, 
and L1 - L2 > 1. 

When ~ ~ 0, none of the orders of the expensive component are placed after 
component 2. Then, it is logical to have fixed base stock levels for component 1. 
These fixed base stock levels can be different for different order moments of an order 
cycle. Component 2, on the other hand should be completely synchronized with the 
inventory level of component 1. If all the base stock levels for stockpoint 1 are equal, 
then the policy will be the same as BBSP. We know from Chapter 3 that this policy 
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Table 4.7 Heuristics comparison with optimal policy 6. -1 

I CSBSP2 I CSBSP3 

h2/hl 
0.5 4 s~ G2(Sr, S~) <h % sr s~ G3 (Sr, S~) <h% 

0.2 0.8 12 5.051 0.00% 11 11 5.508 9.03% 
0.2 0.8 1.0 7 9 5.769 0.00% 8 8 5.974 3.55% 
0.2 0.8 2.0 4 5 4.787 0.00% 4 4 4.795 0.16% 
0.2 0.9 0.5 10 13 6.234 0.00% 13 13 7.119 14.20% 
0.2 0.9 1.0 9 11 7.298 0.00% 10 10 7.656 4.91% 
0.2 0.9 2.0 5 6 6.147 0.00% 5 5 6.258 1.80% 
0.2 0.99 0.5 13 17 8.865 0.00% 16 16 10.377 17.05% 
0.2 0.99 1.0 12 15 10.920 0.00% 14 14 11.882 8.81% 
0.2 0.99 2.0 9 11 10.257 0.00% 10 10 10.654 3.87% 
0.5 0.8 0.5 10 11 6.982 0.00% 11 11 7.219 3.41% 
0.5 0.8 1.0 8 8 7.681 0.00% 8 8 7.681 0.00% 
0.5 0.8 2.0 5 5 6.259 2.96% 4 4 6.079 0.00% 
0.5 0.9 0.5 11 13 8.515 0.00% 13 13 9.233 8.44% 
0.5 0.9 1.0 9 10 9.571 0.00% 10 10 9.783 2.21% 
0.5 0.9 2.0 5 5 7.908 0.00% 5 5 7.908 0.00% 
0.5 0.99 0.5 13 16 11.883 0.00% 16 16 13.306 11.97% 
0.5 0.99 1.0 12 14 14.388 0.00% 14 14 15.065 4.71% 
0.5 0.99 2.0 9 10 13.182 0.00% 10 10 13.403 1.68% 
0.8 0.8 0.5 10 11 8.752 0.00% 11 11 8.931 2.05% 
0.8 0.8 1.0 8 8 9.387 0.00% 8 8 9.387 0.00% 
0.8 0.8 2.0 5 5 7.579 2.93% 4 4 7.363 0.00% 
0.8 0.9 0.5 11 13 10.708 0.00% 12 12 10.920 1.98% 
0.8 0.9 1.0 9 10 11.795 0.00% 10 10 11.909 0.97% 
0.8 0.9 2.0 6 6 9.814 2.69% 5 5 9.557 0.00% 
0.8 0.99 0.5 13 16 14.900 0.00% 16 16 16.235 8.96% 
0.8 0.99 1.0 12 14 17.725 0.00% 14 14 18.248 2.95% 
0.8 0.99 2.0 9 10 16.062 0.00% 10 10 16.151 0.56% 

does not work well for all cases. 

When.6. = 1, there are two heuristics that can work well under different conditions. 
Thus, the heuristic policy for .6. < 0 case should be more sophisticated than .6. 0 
case. Similar to .6. = 0 case, the first orders of component 1 which are placed before 
component 2 can be ordered up to fixed levels. Component 2, on the other hand should 
also have a lower base stock level but it should be synchronized with component 1 if 
the inventory position of stockpoint 1 exceeds stockpoint 2's lower base stock level. 
The remaining orders of component 1 can be synchronized with the inventory position 
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of component 2 unless component 2 has too much stock. If this is not the case an 
upper base stock level stock point 1 can be used as well. 

In fact, the policies we suggest for more general ATO systems are a mixture of BBSP 
and PBSP. These policies are regenerative for every order cycle since the first order 
of stockpoint 1 in the cycle is placed according to a base stock level. 

4.7. Conclusions 

In this chapter, we developed three heuristic policies for a two-component ATO system 
with non-nested review periods based on the optimal policy structure. The component 
having shorter review period is assumed to be more expensive and have a longer 
lead time than the other one. We have analyzed the system in two cases: (i) the 
uncertainty periods of the components are equal, and (ii) the uncertainty period of 
the cheap component is longer. 

For both cases, the optimal decisions and the heuristic policy decisions are state
dependent as expected. All the heuristic policies work well on the defined numerical 
setting. In particular, CSBSPl works better than the BBSP and PSBSP which were 
studied in chapter 3. Note that, the current study is explorative and has state space 
limitations. However, the current results provide useful insights on this ATO system. 
Executing our numerical study on larger systems is difficult due to high computer 
processing times. 

We believe that the studied model provides a milestone for further research on more 
general ATO structures with more general review periods and lead times. Also, 
research on multiple end item case can be investigated which will include optimal 
allocation decisions. The optimization of the system together with the review periods 
can also be an extension when fixed costs are also included in the model. 

In Chapters 2, 3 and 4, we studied a serial system and an assemble-to-order system 
with nested replenishment intervals. In the next chapter, we study a 2-echelon 
divergent system under continuous review but with periodic shipments for the central 
warehouse to the retailers. In this problem, the shipment intervals can be different for 
each retailer, which makes this part of the problem similar to the analysis of different 
review periods. 
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Appendix 

Proof of Proposition 4.1 
In order to show the optimality equations, we need to find the discrete derivatives of 
(4.13). We define the discrete derivative of Gl (81 , 8 2 ) with respect to 8 1 , denoted by 
~Gl(8d, to be Gl (81 + 1,82 ) - Gl (81,82 ). 

For ease of notation we define E l (81, 82 ), E2 (81, 82 ) and E2 (81, 82 ) as: 

El (81 ,82 ) = E[max (82 , 81 - D[to - 1, to))] 
Sl- S 2 

L (81 - i)f(i) + 82 (1 - F(81 - 82 )) ( 4.32) 
i=O 

E[(81 - D[to - 1, to + 1))-] 
00 

L (i - 8dh(i) ( 4.33) 

Sl-S2 00 

L L (i + j - 8dhU)f(i) 

00 00 

+ L L U - 82 )hU)f(i) ( 4.34) 
i=Sl-S2 j=S2 

We can derive ~Gl (8d by using equations (4.32)-(4.34) as follows: 

( 4.35) 

The minimum of Gl (81, 8 2 ) occurs when ~Gl(81) changes sign form negative to 
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positive. As a result, optimal 81 is the smallest integer satisfying the inequality 
(4.15). 

The other optimality condition, represented by inequality (4.14), can be proven by 
following the same steps for the discrete derivative of G1 (811 8 2 ) with respect to 8 2 , 
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Exact Analysis of Divergent 
Systellls with Tillle-Based 
Shiplllent Consolidation and 
COlllpound Poisson Dellland 

5.1. Introduction 

93 

The technological development of integrated supply chain information systems is 
making real-time point-of-sale and inventory information more and more accessible, 
also across multi-tier supply chains. In the process, administrative costs of sharing in
formation and placing of orders are decreasing, thus reducing the economic incentives 
for batch ordering. On the other hand, set up costs, batch processing and shipment 
consolidation are important considerations in manufacturing and distribution of 
physical products. In freight transportation these issues are accentuated by rising fuel 
prices and increasing emphasis on environmental concerns and sustainability. With 
respect to the latter, shipment consolidation can reduce the number of shipments 
(e.g. trucks) and thereby achieve both lower transportation costs and lower (carbon) 
emissions. However, consolidation typically means longer replenishment lead times 
and increased inventory costs. Thus, sustain ability in terms of economic viability 
and environmental friendliness requires coordination and balancing of shipment and 
inventory decisions. 
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In this chapter, we focus on these issues in the context of a divergent two-echelon 
inventory system consisting of one central warehouse and multiple non-identical 
retailers facing compound Poisson demand. The system is characterized by a time
based dispatching and shipment consolidation policy at the warehouse, in conjunction 
with real-time point of sale data and centralized inventory information. In our model 
this means that inventories are reviewed continuously, and base-stock policies are 
used to immediately convey demand information from the different retailers to the 
warehouse. The warehouse on the other hand uses a (R, Q) policy (a batch of Q 
units is ordered when the warehouse inventory position falls to or below the reorder 
point R) to replenish its stock from an outside supplier/manufacturer. Batch ordering 
at the central warehouse is motivated by set up costs and batch restrictions at the 
manufacturer. Shipments from the central warehouse are consolidated for groups 
of retailers and dispatched periodically. The time between shipments to a retailer 
group is referred to as a shipment interval. These intervals may be different for 
different retailer groups and items. For each shipment there is a fixed shipment 
cost. There are also linear holding costs at all inventory locations together with 
either fill rate constraints or backorder costs per unit and time unit at the retailers. 
All locations employ complete backordering and First-Come First-Served (FCFS) 
allocation policies. 

We find exact expressions for the probability distributions of inventory levels, from 
which we derive the expected costs for this distribution system. Using properties of 
the expected costs, we present methods to jointly optimize shipment intervals, reorder 
points, and base-stock levels to reach a cost-optimal solution. As indicated above, we 
consider both the case of backorder costs per unit and time unit at the retailers (Le., 
the total cost encompass expected shipment, holding and backorder costs) and the 
case of fill rate constraints at the retailers (where total cost consists of the expected 
shipment and holding costs only). The presented approach is applicable both for 
single-item and multi-item systems, although the analysis presented in this chapter 
focuses on the former. 

The motivation for studying the described model stems from discussions and 
interaction with several industrial companies that use different types of VMI (Vendor 
Managed Inventory) systems (see, for example, Cheung and Lee (2002) and Marques 
et al. (2010) for overviews). Although the details may vary, these systems are 
characterized by a supplier (here modeled as a central warehouse) with the mandate 
to control inventories at different customer locations (here modeled as retailers) 
under specified service agreements. This control is typically facilitated by access 
to point-of-sale data and inventory information from the retailers. These centralized 
systems enable the supplier to be flexible in planning the production, distribution 
and replenishing activities. Another motivation for our work is that the literature is 
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scarce on general multi-echelon inventory models that explicitly incorporate shipment 
consolidation decisions. Thus there is a need for such models, not least as tools for 
achieving more sustainable inventory distribution systems. 

5.2. Literature Review 

Our work is closely related to the study of Marklund (2011), which considers a similar 
system under the more restrictive assumption of Poisson demand. Marklund (2011) 
presents a fast recursive procedure for determining the exact average costs per time 
unit, and for optimizing the reorder points at all inventory locations for a given 
set of shipment intervals. It also presents a heuristic for determining near optimal 
shipment intervals. Compared to Marklund (2011) our present work distinguishes 
itself in three major ways. Firstly, it is more general as we provide an exact approach 
for compound Poisson demand. Secondly, we use a new methodology for analyzing 
the system, which enables us to compute inventory level distributions and service 
levels at all locations, not just the expected costs as Marklund (2011). Thirdly, 
we provide upper and lower bounds for the joint optimization of shipment intervals 
and reorder points at all locations in the system facilitating an exact optimization 
procedure. Howard and Marklund (2011) build on the model in Marklund (2011) 
and use simulation to investigate the cost benefits of replacing the First-Come First
Served (FCFS) allocation assumption at the supplier with a state dependent myopic 
allocation policy. The conclusion is that some cost benefits exist for long lead times, 
particularly, when the allocation decision is postponed to the moment of delivery, but 
in general the FCFS assumption performs very well. This result supports the use of 
FCFS allocation in our model. Giirbiiz et al. (2007) also consider joint inventory and 
transportation decisions, but for a system where the central warehouse is not allowed 
to carry inventory. More precisely, they consider a centralized ordering policy for a 
cross docking facility, which orders for a set of retailers simultaneously. This policy is 
compared to three well-known policies including a fixed replenishment interval policy. 

Our work is also related to the general multi-echelon literature which does not take 
shipment consolidation decisions into consideration. Of particular interest is the 
stream of literature on analysis of continuous review one-warehouse multiple-retailer 
systems. For overviews, see for example, Axsater (2003) and Axsater and Marklund 
(2008). Early contributions include Graves (1985) and Axsater (1990), which consider 
systems with Poisson demand, complete backordering, FCFS allocation, and base
stock policies at all locations. Graves (1985) uses an exact approach based on 
convolutions and binomial disaggregation of warehouse backorders to obtain the 
inventory level distributions at the retailers. Knowing these distributions it is straight 
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forward to determine the expected holding and backorder costs per time unit for the 
system. Axsiiter (1990) provides fast and exact recursive expressions for the expected 
inventory holding and backorder costs by tracking an arbitrary unit through the 
system. Our present work is related to both these approaches as we derive the exact 
distributions of warehouse backorders designated to the different retailers by tracking 
what happens in the system backwards and forwards in time. 

The methodology ofAxsiiter (1990) has been extended in various ways to deal with 
more general divergent systems. For example, Axsiiter (1993a, 1998) and Forsberg 
(1997) consider exact and approximate models with installation stock (R, Q)-policies 
and Poisson demand. In case of compound Poisson demand, Forsberg (1995) shows 
how to exactly calculate costs for base-stock policies at the retailers. Axsiiter (1997) 
extends the model to echelon stock (R, Q)-policies (the echelon stock of an inventory 
location is defined by the installation stock [or local stock] of the location itself 
plus the installation stock levels of all downstream stages). In a parallel work Chen 
and Zheng (1997) provide an alternative method for evaluating echelon-stock (R, Q)
policies which is exact for Poisson demand and approximate for compound Poisson 
demand. This approach is related to the disaggregation of warehouse backorders 
used by Simon (1971) and Graves (1985). Of particular interest for our present 
work is Axsiiter (2000) which provides exact analysis of the expected holding and 
backorder costs, together with the probability distributions for the inventory levels in 
a one-warehouse multiple-retailer system with installation stock (R, Q)-policies and 
compound Poisson demand. In the special case of no shipment consolidation (i.e. 
shipment intervals = 0) and order quantities equal to one at all retailers, our present 
work offers an alternative way to analyze the system in Axsiiter (2000). 

The same research stream on exact analysis of divergent continuous review systems 
also contains a number of recent papers that investigate more complex warehouse 
ordering policies. These policies utilize more detailed inventory and demand 
information than the traditional base-stock or (R, Q) policies to improve the inventory 
control. Marklund (2002) provides an exact analysis of a new type of service level 
policy at the warehouse (referred to as an (ao, Qo) policy). This replenishment policy 
uses real-time information about the individual inventory positions at all stock points. 
In a parallel work Moinzadeh (2002) investigates a generalized installation-stock 
(R, Q) policy at the warehouse assuming identical retailers. Axsiiter and Marklund 
(2008) derive a warehouse ordering policy that is optimal in the class of "position 
based" policies, which encompass all the policies discussed above. They also relax 
the FCFS assumption present in all previous models cited above. Marklund (2006) 
focus on the use of advance order (or demand) information, and provides exact and 
approximate analysis of warehouse reservation policies. These policies enable the 
warehouse to differentiate its service across the retailers through temporal allocation 
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and prioritization. All the models above assume the use of partial deliveries, i.e., all 
stock-points ship what is available as soon as possible. 

Apart from the exact results mentioned above there exist a large number of 
approximations for analyzing one warehouse multiple retailer distribution systems, 
see, for example, Axsater (2003) for an overview. One of the most common 
approximation techniques is to replace the stochastic waiting time due to stockouts 
at a stockpoint by its average value. This idea originates with the METRIC model by 
Sherbrooke (1968) and has been developed and adapted to many different settings (e.g. 
(Sherbrooke, 1986; Zipkin, 2000; Andersson et al., 1998; Andersson and Marklund, 
2000; Axsater, 2003)). This group of approximations is related to our work as the 
average waiting time usually is obtained by dividing the average total amount of 
backorders at the central warehouse with the average total demand per time unit. In 
some special cases this renders the correct mean, but in general the average waiting 
time per demanded unit at a warehouse is different across the retailers. Our analysis 
of the backorders at the central warehouse can be used for determining the correct 
average waiting time for each retailer. 

Kiesmiiller et al. (2004) build on the same idea, but use the first two moments of the 
waiting time. They derive an exact expression for the waiting time distribution of an 
arbitrary customer under compound renewal demand and installation (R, Q)-policy. 
From this exact, yet computationally intractable, expression they develop accurate 
approximations for the first two moments of the waiting time of replenishment 
orders at their supplying stockpoint. Assuming replenishment orders must be filled 
completely before being shipped, they find the first two moments of the so-called 
effective lead time being the sum of replenishment lead time and waiting time. 
They show that the resulting approximations for N -echelon divergent systems under 
compound renewal demand and installation (s,nQ)-policies are quite accurate. 

The time based dispatching and use of fixed shipment intervals also links our present 
work to the research on divergent periodic review systems. A major difference 
compared to the traditional periodic review literature (see Federgruen and Zipkin, 
1984b,c; Jackson, 1988; Federgruen, 1993; Axsater, 1993b; Graves, 1996; Verrijdt and 
De Kok, 1996; Van Houtum et al. , 1996; Heijden et al., 1997; Diks and De Kok, 1998, 
1999; Cachon, 1999; Cachon and Fisher, 2000; Axsater et al., 2002; Ozer, 2003; Dogru, 
2006; Chu and Shen, 2010; Shang and Zhou, 2011; Marklund and Rosling, 2011, and 
references therein) is that in our current model only shipments are made periodically, 
while inventory is reviewed and replenished continuously. Among the periodic review 
papers Graves (1996), Axsater (1993b) and Shang and Zhou (2011) have a closer 
relationship with our work because they assume a virtual (FCFS) allocation policy 
based on Poisson demand arrivals. In order to use this policy, the inventory levels 
must be monitored continuously even though orders are generated periodically. Our 
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model assumptions are less restrictive with respect to the compound Poisson demand 
and the (R, Q)-policy at the warehouse. A distinguishing feature of Shang and Zhou 
(2011) compared to Graves (1996) and Axsater (1993b), is that not only the base-stock 
levels but also the reorder intervals are decision variables. An important contribution 
is that the authors are able to provide bounds that facilitate optimization of all these 
decision variables to minimize the total expected costs. The reorder intervals are 
similar to the shipment intervals in our model. Our approach for optimizing the 
shipment intervals, reorder points and base-stock levels, is also based on deriving 
optimality bounds. 

Finally, there is a connection between our work and the growing body of literature 
that investigates different types of consolidation policies for outbound shipments in 
a single-echelon context. The focus in this literature is placed on a VMI supplier 
(typically with a negligible replenishment lead time) that receives orders from multiple 
retailers. The supplier wants to decide how and when to replenish and dispatch 
shipments in order to minimize its inventory and shipment costs. Examples from 
this literature include, Cetinkaya and Lee (2000), Axsater (2001), Cetinkaya and 
Bookbinder (2003), Cetinkaya et al. (2006), Cetinkaya et al. (2008), Mutlu and 
Cetinkaya (2010), and Mutlu et al. (2010). These papers essentially consider three 
different consolidation strategies for Poisson or compound Poisson demand: (i) 
time-based shipment consolidation policies where shipments leave with certain time 
intervals, (ii) quantity-based policies where shipments are consolidated into fixed 
dispatch quantities, and (iii) time-and-quantity based policies where shipments leave 
either when a dispatch quantity is reached or when a certain time since the last 
dispatch has passed. None of these papers provide an exact analysis for time
based shipment consolidation and inventory control under compound Poisson demand 
similar to our present work. 

The remainder of this chapter is organized as follows. In Section 5.3, we describe 
the detailed model assumptions and the related total cost function for the single-item 
model. Section 5.4 presents exact analysis of the inventory level distributions as well 
as the backorder distributions at the central warehouse. Section 5.5 explains the 
optimization procedure. Section 5.6 extends the model formulation, cost analysis and 
optimization procedure to the multi-item case. Section 5.7 presents numerical results, 
and finally, Section 5.8 concludes. 

5.3. Problem Formulation Single-Item Model 

As indicated above, we consider a centralized continuous review inventory system 
with one-warehouse and N non-identical retailers. Initially (Sections 5.3, 5.4 & 5.5), 
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we limit our attention to single-item systems. Extensions to multi-item systems are 
described in Section 5.6. The retailers order solely from the central warehouse (no 
lateral transshipments between retailers are allowed) and the warehouse replenishes 
its inventory from an outside supplier. The customer demand occurs at the retailers 
and unsatisfied demand is backordered. Units are allocated to demand according to 
a FCFS principle and partial deliveries of orders are allowed. 

The retailers are grouped such that shipments to the retailers within the same group 
are consolidated, i.e. the same vehicle { s) are used to ship the goods to all retailers in 
the group. We assume that the retailer groups are predefined, and we have K retailer 
groups in total (by definition K S; N), The set of retailers belonging to retailer group 
k is denoted by Nk' There are fixed shipment intervals for delivering units from the 
central warehouse to each retailer group. The shipment interval for retailer group k, 
Tkl is the time between two consecutive shipments and T is the vector of all shipment 
intervals (TI' ,." TK)' The shipment intervals may be different across retailer groups. 
The shipment time from the warehouse to retailer i, L i , (including picking, loading, 
transporting and receiving) is assumed to be constant. The replenishment lead times 
for retailer orders are however stochastic and depend on the shipment times, the 
shipment intervals and the stock availability at the warehouse. The replenishment 
lead time for the central warehouse, Lo, defined as the time from placement of an 
order until available at the central warehouse, is constant. 

We assume that the central warehouse has access to point of sale data, i.e, the 
customer demand at the retailers is directly transferred to the warehouse. Moreover, 
due to the FCFS allocation policy, the moment a retailer places an order (triggered by 
a customer demand of the same size) units are reserved to satisfy this particular order. 
When the reserved units are on hand at the central warehouse they will be shipped 
with the next shipment leaving for the retailer in question. As a consequence, the 
inventory at the central warehouse can conceptually be divided in two different parts; 
the availability stock and the consolidation stock. The availability stock consists 
of two parts; (i) available units that are on hand at the central warehouse which 
have not yet been reserved to satisfy a particular retailer order, and (ii) back ordered 
units that are not yet on hand at the central warehouse but have been reserved for 
a particular retailer. A unit that is both reserved and available becomes qualified 
for shipment and while waiting to be shipped it belongs to the consolidation stock. 
In other words, the consolidation stock consists of units that are physically at the 
central warehouse, reserved for a particular retailer and awaiting the next shipment 
leaving to the retailer in question. The distinction between the two different types of 
warehouse inventories is important for the subsequent analysis, but clearly there is no 
physical handling when a unit moves from the availability stock to the consolidation 
stock. 
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The inventory level of a retailer is defined as the stock on hand minus the amount 
of backorders at this retailer. The inventory level of the availability stock is defined 
analogously as the stock on hand of available (unreserved) units minus the backorders 
at the central warehouse. For the consolidation stock the inventory level is just 
the stock on hand of reserved units at the central warehouse (as there can be no 
backorders at the consolidation stock). The inventory position at a retailer is defined 
as its inventory level plus all outstanding orders. The inventory position at the 
central warehouse is defined as the inventory level of the availability stock plus all 
outstanding orders. We use the following notation to express the system stock levels 
and demand structure: 

I Li (t): Inventory level at retailer i at time t (i.e., stock on hand minus the amount 
of backorders at retailer i) 
I Lav(t): Inventory level of the availability stock at the warehouse at time t 
1Lcon(t): Inventory level of the consolidation stock at the warehouse at time t 
IPi(t): Inventory position of retailer i at time t 
IPo(t): Inventory position of the warehouse at time t 
Di(t1 , t2): Customer demand at retailer i in the time interval (tl' t2], (tl ~ t2) 
Di(x): Total customer demand at retailer i during x units of time (for simplicity 
Di == Di(1)) 
Pi: Variance-to-mean ratio of the demand per time unit at retailer i (Pi 
Var[Dill E[Di]) 
Do{x): Aggregate demand at the warehouse during x units of time (Do Do(l)) 

The customer demand for a given item at each retailer is assumed to follow a 
stationary compound Poisson process with a discrete compounding distribution. The 
demand processes can be different across retailers, but are assumed to be mutually 
independent. More precisely, customers demanding a given item arrive to retailer i 
with Poisson arrival rate Ai and each customer demands a stochastic number of units 
Yi. We assume that a customer always demands a positive number of units and the 
expected demand size is Jli = E[Yil for all i E N. 

We denote the aggregate order arrival rate at the warehouse by Ao, and the size of an 
arbitrary retailer order at the warehouse by Yo. As every customer arrival generates 
a retailer order of the same size, Ao = L~l Ai and Yo XiYi, where Xi is an 
indicator function that is 1 if a given order is from retailer i and 0 otherwise. The 
probability that a given order emanates from retailer i is P{Xi 1, Xj = 0, \f j =l=

i} = ~ for all i E N. The arrivals of retailer orders to the central warehouse from 
all other retailers than i has an arrival rate of Aic LjEN\i Aj and an order size of 

Yic = LjEN\iXj1j. 
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Based on the definitions above, the probability mass function (pmf) of the demand 
during x time units at retailer i is 

P{Di(X) = y} = t (>.~)n e-).i
X P{yt = y}, y ~ 0 

n=l 

(5.1) 

where Yin represents the total amount of units demanded by n customer orders 
arriving to retailer i. More precisely, Yin is the sum of n Li.d. customer orders, 
Yi, and the pmf of Yin is determined by the n-fold convolution of the pmf of Yi. Yon 
and Yi~ is defined and determined analogously. 

Turning to the inventory analysis, we define I Lt as the stock on hand and I L; as the 
backorders at retailer i. The stock on hand at the central warehouse, denoted I Lt, is 
the sum of the stock on hand in the availability stock, I Ltv, and in the consolidation 
stock, I Leon. Backorders at the central warehouse only exist in the availability stock 
and are denoted Bo. 

The central warehouse uses a (Ro, Qo) policy to replenish its stock. This means that 
as soon as the inventory position falls to or below Ro an order of Qo units is placed 
with an outside supplier/manufacturer. The order quantity Qo is presumed to be 
given with the restriction that it must be a positive integer (it may, for example, 
be determined by a deterministic EOQ method, as suggested in Zheng (1992) and 
Axsiiter (1996)). The analysis of the inventory levels and costs may be modified 
to other replenishment policies at the central warehouse with known lead time and 
inventory position distributions, for example periodic base stock policies or (8, S) 
policies. 

All retailers use base-stock ordering policies with base stock level Si for retailer i, 
and S representing the vector of base stock levels (S 1, ... , S N ). The use of base-stock 
policies is a consequence of the assumption that there are no fixed costs for placing 
orders and that the demand information is immediately transferred to the warehouse. 
Batching is done centrally by consolidating shipments. 

We consider inventory holding and backorder costs per unit and time unit, and fixed 
shipment costs associated with every scheduled shipment. More precisely, ho and hi 
denote the holding cost per unit and time unit of the central warehouse and retailer 
i respectively. Similarly, /3i denotes the backorder cost per unit and time unit at 
retailer i, and Wk represents the shipment cost for each scheduled shipment to retailer 
group k. 

The objective is to minimize the long-run average system-wide costs per time unit 
by optimizing the reorder points, base stock levels and shipment intervals. The total 
cost function is denoted by TC(Ro, s, T) and it consists of three parts: (i) The 
expected warehouse holding cost per time unit, hoE[I Lt], (ii) the expected holding 



102 Chapter 5. Divergent Systems with Shipment Consolidation 

and backorder costs per time unit at retailer i, hiE[I Ltl and .BiE[I Li], and (iii) the 
shipment cost per time unit SC(T). Clearly, the shipment cost is independent of Ro 
and S and only depends on the shipment intervals. TC(Ro, S, T) can be expressed as 

TC(Ro, S, T) = hoE[ILtl + L (hiE[ILtl + .BiE[ILiD + L ;;. (5.2) 
iEN kEK k 

In a system with fill rate constraints the objective is to minimize the total costs 
while meeting the fill rate constraint for each retailer. In this case there will be no 
backorder costs at the retailers and the total cost function will only consist of holding 
and shipment costs, that is, the term .BiE[I Lil disappear from (5.2). The fill rate 
is defined as the portion of the total demand that can be fulfilled immediately from 
stock on hand. How to analyze the fill rates is described at the end of Section 5.4.2. 

5.4. Analysis 

In this section, we provide an exact analysis of the probability mass function of 
the inventory levels and the expected inventory holding and backorder costs for the 
single-item system. The analysis is valid for any combination of the decision variables 
Ro, S and T. In Section 5.4.1 we determine the average stock on hand at the 
central warehouse. Section 5.4.2 explains how to compute the average stock on hand, 
backorders and fill rates at each retailer i. This analysis assumes that the probability 
mass functions of the backorders at the central warehouse, designated to retailer i \I i 
are known. Section 5.4.3 provides an exact approach for determining these probability 
mass functions. Finally, Section 5.4.4 provides an illustrative numerical example. All 
proofs are deferred to Appendix B. 

5.4.1 The Stock on Hand at the Central Warehouse 

As explained above, the stock on hand at the central warehouse, I Lt, is the sum of 
the stock on hand in the availability stock, I Ltv, and the consolidation stock, I Leon: 

E[I Ltl = E[I Ltv] + E[I Leon]. (5.3) 

The availability stock can be analyzed as a single-echelon system without shipment 
consolidation as the consequences of the latter is dealt with in the consolidation 
stock. Thus, in steady state ILav = IPo - Do(Lo). Moreover, because the retailers 
use continuous review base-stock policies the order process at the central warehouse is 
a superposition of the compound Poisson demand process at the retailers. Assuming 
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that not all orders seen by the warehouse (Le., all customer demand sizes) are multiples 
of some integer larger than one, the inventory position in steady state is uniform on 

[Ro + 1, Ro + Qo] (see Axsater, 2006). The average physical stock of available units 
at the central warehouse is therefore 

1 Ro+Qo 

E[IL~v] = Qo L E[(IPo - Do(Lo))+]. 
1Po=Ro+l 

(5.4) 

As soon as a unit is both demanded by a retailer and available at the central warehouse 
(Le., the moment it would be shipped if there was no shipment consolidation), the 
unit is conceptually transferred from the availability stock to the consolidation stock 
where it waits for the next shipment to leave. 

Proposition 5.1 The expected stock on hand in the consolidation stock is obtained 
as 

(5.5) 

5.4.2 Inventory Levels at the Retailers 

To derive the probability mass function for the inventory level at a given retailer, 
consider a shipment designated to retailer group k that leaves the warehouse at time 
to. This shipment arrives at retailer i in group k at time to + Li and the next shipment 
will arrive at to+Li+Tk. We call this time interval (to+Li, to+Li+Tk] a replenishment 
cycle for retailer i in group k (see Figure 5.1). This cycle will continuously repeat 
itself as time progresses. 

Shipment leaves the 
central warehouse for 

retailer group k 

Replenishment cycle for 
retailer i in group k 

Shipment 
arrives at 
retailer i 

Arrival of next 
shipment at 

retailer i 

Figure 5.1 Replenishment cycle for retailer i in group k 
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The inventory level for retailer i at to + Li + t (0 < t :s; Tk) is determined by the 
inventory level at to + L i , just after the considered shipment has arrived, and the 
demand in (to + Li , to + Li + tl. Defining Bi(tO) as the number of backordered units 
allocated to retailer i at to, we have 

1Li(to + Li) - Di(tO + Li, to + Li + t) 
Si - Bi(tO) - Di(to, to + Li + t), 0 < t :s; Tk. (5.6) 

Note that Bi(tO) and Di(to, to + Li + t) are independent since Bi(tO) depends on the 
demand before to. By using this property, we derive the pmf of the inventory level of 

retailer i at to + Li + t as 

Si-j 

L P{Bi(tO) = r}P{Di(Li + t) = Si - j - r}, j:S; Si. (5.7) 
r=O 

The challenging part in equation (5.7) is to determine the probabilities P{Bi(tO) = r}. 
We focus on this in Section 5.4.3. For now we assume that these probabilities are 
known and concentrate on determining the expected stock on hand and the expected 
backorders at retailer i. To obtain the former, we determine the total expected stock 
on hand during a replenishment cycle and divide it by the total cycle length Tk, see 
(5.8). 

(5.8) 

The expected inventory level can be determined analogously, 

(5.9) 

The expected number of backorders at retailer i follows from (5.10). 

E[ILil = E[ILtl- E[ILil (5.10) 

The fill rate for retailer i, denoted by "ii, can then be obtained from (5.11). This 
expression follows from analysis of single-echelon systems with compound Poisson 



5.4 105 

demand, see for example Axsater (2006). The difference between the stock on hand 
at the beginning and at the end of the replenishment cycle renders the amount of 
demand satisfied directly from stock. This amount is divided by the total expected 
demand during a cycle. 

"Yi = 
E[ILi(to + Li)+]- E[(ILi(to + Li ) - D(to + Li, to + Li + Tk))+](5.11) 

).,ifLiTk 

Recall that in systems with fill rate constraints we assume that there are no backorder 
costs, and the total cost consists of the sum of the holding and shipment costs. 

5.4.3 Distribution of the Warehouse Backorders 

Consider the central warehouse at time to when a shipment is leaving the central 
warehouse. We are interested in the probability mass function (pmf) of Bi(to), the 
number of backordered units designated to retailer i. As there can be no backorders 
in the consolidation stock (see Section 5.3), the analysis focus on the availability 
stock. The backorders at time to depend on the inventory position a replenishment 
lead time earlier, IPo(to - Lo), and the demand during the lead time. Since the 
inventory position in steady state is uniformly distributed on [Ro + 1, Ro + Qo], the 
pmf of Bi ( to) can be obtained as 

1 Ro+Qo 

P{Bi(tO) = r} = Qo L P{Bi(tO) rlIPo(to - Lo) = So} 
So=Ro+l 

(5.12) 

The remaining analysis focus on deriving expressions for P{Bi(tO) = rlIPo(to Lo) 
So} and is divided in two cases: So > 0 (in Section 5.4.3) and So s: 0 (in Section 
5.4.3). 

The Case of So > 0 

We first note that backorders at time to can only occur when the demand during 
the replenishment lead time, Do(Lo), is larger than So. The total amount of units 
backordered at time to, Bo(to), will be 

(5.13) 

Because of the FCFS policy, we also know that it always will be the last units 
demanded in (to - Lo, to] that are backordered. To track these units, we therefore 
study the retailer orders during (to Lo, to] (Recall that because of the base-stock 
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policies at the retailers, every customer demand at a retailer will generate a retailer 
order to the warehouse of the same size). We define: 

<Po : Total number of retailer orders arriving to the central warehouse (i.e., number 
of customers arriving to the system) during (to Lo, tol . 
lJIn: The nominal inventory position = the inventory position at the central 
warehouse at time to - Lo minus the aggregate demand of the n first retailer orders 
after time to - Lo, Yon, 

(5.14) 

The nominal inventory position helps us to track which retailer orders are backordered 
at time to. Note that lJIo = So and lJI<l'o = 1Lav(to), but for all other values 0 < n < 
<Po, lJIn can neither be seen as the inventory position nor the inventory level. 

For the analysis we divide the backorders in two categories; partial backorders, Bo(to), 
and complete backorders, Bo(to), such that Bo(to) Bo(to) + Bo(to). The partial 
backorders (at time to) result from a retailer order that brings the nominal inventory 
position from a strictly positive value to a non-positive value. Hence, there can be 
at most one retailer order that is partially backordered, but it may involve many 
units that are all referred to as partial backorders. All orders after the nominal 
inventory position has reached zero will be completely backordered and all these 
units are referred to as complete backorders, see Figure 5.2. 

units 

So 

'JIn 
/' 

0 ;---------~~----------r_--------~time 
1\ 

to - '-0 Bo(to 

Figure 5.2 Illustration of a possible sample path for the nominal inventory position, 
I]!n, at the central warehouse and the associated number of partial and complete 
backorders 

Focusing first on the partial backorders. We note that the distribution of the partial 
backorders belonging to retailer i will depend on which retailer order that causes these 
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backorders. We define: 

Iii(to) : Number of partial backorders for retailer i at to, when the nth retailer order 
after to Lo brings the nominal inventory position to a non-positive value. 

Lemma 5.1 The probability of u partial backorders for retailer i at time to, when 
the nth customer order after to Lo brings the nominal inventory position to 0 or 
below, p{B~n(to) = u} can be obtained for u > 0 as 

~ So-n+l A< 
P{Bi(to) = u} = P{~o ~ n} L p{q,n-l = x} At P{Yi = u + x}, 

x=l 0 

(5.15) 

and for u = 0 as 

p{Iii(to) = O} = 

So-n+l 

P{~o ~ n} L p{q,n-l 
x=l 

( 
A< A<c ) 

x} A~ P{Yi = x} + Ato P{Yic ~ x} .(5.16) 

TUrning to the retailer orders that are completely backordered, we know that after the 
nominal inventory position has reached zero for the nth retailer order, all subsequent 
orders are classified as complete backorders. Consequently, the distribution of the 
complete backorders is dependent on n. 

Bi,n(to) : Number of complete backorders for retailer i at to, given that the nominal 
inventory position is taken from a positive to a non-positive value by the nth retailer 
order after time to - Lo and ~o ~ n. 
<l>i,n : Number of orders from retailer i before to but after the nth retailer order has 
arrived to the warehouse, given ~o ~ n. 
Zi : number of orders from retailer i given m orders in total. 

Note that Zi is binomially distributed due to the Poisson arrivals of customer orders: 

(5.17) 

Lemma 5.2 The probability of v complete backorders for retailer i given that the 
nth retailer order after to Lo brings q,n to a non-positive value, P{Bi,n(to) = v}, 
can be obtained as 

v 

P{Bi,n(to) = v} LP{<I>i,n = a}P{Yt = v}, (5.18) 
a=l 
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where 

P{iF.. = } = ~ P{ <Po = n + m} P{Z~ = } 
'J!~,n a ~ P{<p 2. n} ~ a 

m=a a 
(5.19) 

Denoting the probability that the nominal inventory position never reaches zero by 
Po, we have 

8 0 -1 

Po = L P{ <Po = n}P{'l1n > O}. (5.20) 
n=O 

The probability mass function of the amount of backordered units for So > 0 can now 
be obtained from Proposition 5.2. 

Proposition 5.2 The probability that the central warehouse has r backordered units 
allocated to retailer i at to when the inventory position is So > 0 can be obtained for 
r>Oas 

8 0 r 

P{Bi(tO) = rlIPo(to - La) = So} = L L P{Bi(to) = U}P{Bi,n(tO) = r - u}, 
n=lu=O 

(5.21) 
and for r = 0 as 

80 

P{Bi(tO) = 0IIPo(to - La) = So} = Po + L P{Bi(to) = O}P{Bi,n(to) = O}. (5.22) 
n=l 

Remark 1. In case of Poisson demand there are no partial backorders at the central 
warehouse and the analysis is equivalent to the binomial disaggregation approach in 
Simon (1971) and Graves (1985). 

Remark 2. The expected amount of backorders is not always proportional to the 
demand per time unit resulting in different average waiting times per time unit due 
to stockouts across the retailers. The expected amount of complete backorders are 
proportional to the demand per time unit, but this is not always true for the expected 
amount of partial backorders (consider for instance two retailers, one facing unit 
demand and one facing larger demand sizes). 

The Case of So :::; 0 

When the initial inventory position is less than or equal to zero, all units ordered 
during the time interval (to - La, tal will be completely backordered at time to. We 
denote this part of the backorders Bo (to) and the units ordered by retailer i, Bi (to). In 
addition to this, the last -So units ordered before time to - La will also be backordered 
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at time to. We denote this part of the backorders as Bo(to) and the units ordered by 
retailer i Bi(to), see Figure 5.3. It follows that Bo(to) = Bo(to) + Bo(to), Bi(tO) = 
~ - N ~ 

Bi(tO)+ Bi(tO) and Bo(to) = 2:i=l Bi(tO)' Note that Bo(to) only consists of units from 
completely backordered retailer orders (ordered after to - Lo), while Bo(to) (which by 
definition equals -So) can consist of units both from completely backordered retailer 
orders and from a partially backordered retailer order. As Bi (to) depends on the 
demand before time to - Lo and Bi(tO) depends on the demand during (to - Lo, to] 
they are independent. The probability that there are r units backordered at the 
central warehouse for retailer i at time to, when So :s: 0, P{Bi(tO) = r}, can thus be 
obtained as a convolution of Bi(tO) and Bi(tO): 

min(r,-So) 

L P{Bi(tO) = U}P{Bi(tO) = r - u}, So:S: O. (5.23) 
u=O 

units 

o ~------+----------------+----------~time 

1 
ta- La 

B
o
(;: .............. ~-~ 

Figure 5.3 Illustration of a possible sample path for the backorders at the central 

warehouse at to for So ::; 0 

Because all units ordered in time interval (to - Lo, to] will be completely backordered, 
the probability that v units are backordered for retailer i at to is simply 

(5.24) 

Thrning to the analysis of Bi(tO), note first that for So = 0, there can be no backorders 
ordered before to - Lo. Consequently Bi(tO) = 0'11 i, which means that P{Bi(tO) = 

O} = 1 'II i and (5.23) simplifies to P{Bi(tO) = rlIPo(to - Lo) = O} = P{Bi(tO) = r}. 
In order to determine Bi (to) for So < 0 we study the system backwards in time from 
to - Lo. We define 

q:,-m : Nominal inventory position before to - Lo, defined as the inventory position at 
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time to - Lo plus the accumulated demand of the last m retailer orders before to - Lo. 
ir;m(to) : Backordered units to retailer i at to ordered before to Lo, when the 
nominal inventory position reaches a non-negative value by the occurrence of the mth 

retailer order before to - Lo (Le., counting backwards from to Lo, the mth retailer 
order is the first order that is backordered; either completely or partially). 
l/im : The number of units ordered by retailer i, given that a total of m retailer orders 
have occurred. 

Because the nominal inventory position can reach zero only once, B;m(to) for m E 

[1, -So] represent mutually exclusive events. Thus, we get 

{
L~=1 p{B;m(to) = u}, So < 0 

P{Bi(tO) = u} = 1, u = 0 and So 

0, otherwise 

0, (5.25) 

where p{B;m(to) = u} can be determined from Lemma 5.3. 

Lemma 5.3 The probability for u backordered units at to, ordered by retailer i 
before time to - Lo, when the mth customer order before to - Lo is the first order to 
be backordered, is 

p{B;m = u} 
-1 

L 
x=So+m-l 

~: P{Yie ~ -x}p{l/im-l = u and w-(m-l) x} 

,A. 
+ ,A~P{Yi ~ -x}p{l/im-l =u+x and w-(m-I) x}, (5.26) 

where 

p{l/im-l = u and w-(m-I) = x} = 
m-I 

L p{Z;n-1 = a}P{Yt = u}p{~~-l-a = X So u}. (5.27) 
a=O 

P{Bi(to) = rlIPo(to - Lo) = So} for So ~ 0 can now be determined from (5.23), 
(5.24), (5.25) and Lemma 5.3. 

5.4.4 A Small Illustrative Example 

To illustrate the analysis we consider a system consisting of 3 retailers belonging to 
2 retailer groups; retailers {1, 2} constitute the first group and retailer 3 the second. 
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Each retailer face compound Poisson demand with a logarithmic compounding 
distribution, i.e., P{Yi = y} = -Ctf /(In(1 Cti)Y) and Ai = -E[Di](1 - Cti)ln(1 
Cti)/Cti, where Cti = I-pi l

. The considered problem parameters are presented in Table 
5.1. As seen in Section 5.4.2, to analyze retailers i (i = 1,2,3) we need to determine 

1, 
{4, 2, L5} 

Table 5.1 Parameter values for illustrative example 

Ro =-2 

Qo =5 
Tk = 
Si = {4,4,4} 

the probability of r warehouse backorders designated to retailer i, P{ Bi(tO) = r}, for 
all r [0, Si - 1], and the expected amount of backorders to retailer i, E[Bi(tO)]' 
The computations are based on the analysis in Section 5.4.3. Two examples of 
the backorder distribution to retailer 1 conditioned on the inventory positions are 
{P{Bl(to) = rlIPo(to - Lo) = -I}, r = 0,1, 2,3} = {0.607, 0.262,0.057, 0.028} and 
{P{Bl (to) = rIIPo(to-Lo) = 3}, r = 0,1,2, 3} = {0.942, 0.023, 0.012, 0.008}. Taking 
the average over all possible inventory positions (IPo(to - Lo) = [-1,3]) we get the 
steady state distributions of the backorders designated to each retailer, presented in 
Table 5.2. 

Table 5.2 Distribution of warehouse backorders designated to each retailer 

Retailer (i) 
1 
2 
3 

{P{Bi{tO) r},r 0,I,2,3} 
{0.824, 0.096, 0.032, 0.0l7} 
{0.773, 0.144, 0.048, 0.020} 
{0.754, 0.165, 0.054, 0.OI8} 

0.399 
0.373 
0.367 

Knowing the backorder distributions, the expected stock on hand, E[ILt], the 
expected backorders, E[I Li], and the fill rates, '"'fi' at the retailers can be determined 
from (5.8), (5.10) and (5.11) respectively. Calculating the expected stock on hand at 
the central warehouse using (5.3), (5.4) and (5.5), the total cost of the system can 
be determined from (5.2). The results, determined analytically by the suggested 
approach, and simulated in a discrete event simulation program (Extend), are 
presented in Table 5.3. 

Exact 
Simi 

Table 5.3 Results from exact analysis and simulation (Sim) 

E[lLol 

1.639 
1.639 

{3.087,2.541,2.704} 
{3.087,2.541,2. 704} 

E[lLi 1 TC 

{0.236,0.165,0.071} 20.691 
{0.236,0.165,0.071} 20.691 

{72.6, 79.5,88.1} 
{72.6,79.5,88.1 } 

IThe Standard deviations of the simulated results were < 0.001. 
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5.5. Optimization 

In this section we present a method for optimizing the system parameters Ro, Sand 
T both in systems with backorder costs and in systems with fill rate constraints. Our 
approach is based on the analysis in Section 5.4 and we presume that the order 
quantity Qo is given by the outside supplier/manufacturer. The optimization is 
explained for the single-item case and is extended to the multi-item case in Section 
5.6. The objective is to minimize the total cost function (5.2) or the total expected 
shipment and holding costs if fill rate constraints are used. We know from Section 
5.4.1 that the stock on hand, and therefore also the holding costs, at the central 
warehouse can be separated into; the availability stock, which depends on Ro but 
is independent of T and S, and the consolidation stock that depends on T but is 
independent of Ro and S. Let: 

AC(Ro) : The holding cost for the availability stock at the central warehouse. 
CCk(Tk) : The holding cost for the warehouse consolidation stock allocated to retailer 
group k. 
SCk(Tk) : The shipment costs for shipments scheduled for retailer group k. 
RCi(Ro, Si, Tk) : The holding and backorder costs (when applicable) at retailer i in 
retailer group k. 
TCk : The total costs directly related to retailer group k, i.e. CCk(Tk) + SCk(Tk) + 
L:iENk RCi(Ro, Si, Tk). 
TC : The lowest total expected cost of the system that is known. 

Expressing the expected total cost in the components above renders 

TC(Ro,S, T) AC(Ro) + L [CCk(Tk) + SCdTk) + L RCi(Ro, Si, Tk)] 
kEK iENk 

AC(Ro) + L TCk(Ro, S, Tk). (5.28) 
kEK 

We can show by example that the total cost function is not jointly convex in Ro, 
Sand T. The proposed optimization method is therefore based on bounding Ro 
and Tk V k using Proposition 5.4 and Proposition 5.5 respectively, and searching this 
bounded region using the convexity property of the retailer base stock levels specified 
in Proposition 5.3. 

Proposition 5.3 For fixed Ro and T the total cost function TC(Ro, S, T) is convex 
and separable in the retailer base stock levels S. 
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5.5.1 Optimization procedure 

The first step in the optimization procedure is to determine lower bounds for the 
total costs directly related to each retailer group k E K, TCL valid for all T, Ro 
and S. Explanations of how TcL V k can be obtained are given in Section 5.5.2. 
The second step is to determine a good initial solution (a close to optimal initial 
solution will provide tighter bounds). We find such a solution by fixing the shipment 
intervals to some reasonable values T, i.e. Tk = Tk V k, and then optimizing Ro 
and S. Good initial values for the shipment intervals Tk V k may be determined 
from the Economic Order Interval (EOI) heuristic, based on a deterministic demand 
assumption, presented in Marklund (2011): 

(5.29) 

For these shipment intervals, the optimization of Ro and S is carried out by searching 
the possible values of Ro starting from R& = -Q (this bound is known from previous 
research, see for example Marklund 2011 and Axsiiter 1998), and using the convexity 
property of the retailer costs from Proposition 5.3 to optimize Si V i for each value of 
Ro. We stop increasing Ro when the upper bound R'O, obtained from Proposition 5.4, 
is reached. Note that TC (by definition) is updated concurrently during the search 
as better solutions (i.e. with lower expected costs) are found. This means that R'O is 
also updated and becomes tighter as the quality of TC improves. 

Proposition 5.4 An upper bound for the optimal reorder point at the central 
warehouse, R'O, is obtained for the smallest value of Ro for which 

AC(Ro) ~ TC - L TcL· (5.30) 
kEK 

For systems with fill rate constraints at the retailers we search Ro E [R&, RQJ, and for 
each Ro we determine the smallest Si satisfying the fill rate constraints, as we know 
that the costs are increasing for higher values of Si' 

Turning to the optimization of the shipment intervals lower and upper bounds for the 
optimal Tk V k E K are provided by Proposition 5.5. 

Proposition 5.5 For the optimal shipment interval of retailer group k, a lower bound 
is obtained by 

(5.31) 
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and an upper bound by 

(5.32) 

The optimal solution with respect to T, Ro and S can now be obtained by searching 
all combinations of Tk within the bounded region, and optimizing Ro and S for every 
combination according to the same procedure as for the initial solution (where Tk 
Tk 'V k) explained above. Note that the probability mass functions of the warehouse 
backorders, which can be time consuming to calculate, are independent of Tk and S 
and only need to be determined once for each Ro E [Rb, Raj. 

5.5.2 Lower Bound for Costs Directly Related to Retailer 
Group k 

The presented bounds on Tk and Ro are based on the existence of a lower bound for 
all costs directly related to retailer group k, TCL, valid for all values of Ro and Tk. 
Lemma 5.4 provides such a bound which is applicable both for systems with backorder 
costs and fill rate constraints. 

Lemma 5.4 A lower bound for the costs directly related to retailer group k, TCk 
CCk(Tk) + SCk(Tk) + L:iENk RCi(Ro, Sil Tk) for all Ro, can be obtained as 

TcL = 2hoWk L AiJ-ti. (5.33) 
iENk 

The optimization of the retailer base stock levels is more time consuming for systems 
with backorder costs than for systems with fill rate constraints, as a numerical 
integration is needed when evaluating the expected retailer costs for each value of 
Si. To compensate for this, Lemma 5.5 provides tighter bounds for TCL in backorder 
cost systems. 

Lemma 5.5 A lower bound for the costs directly related to retailer group k, TCk 
CCk(Tk)+SCk(Tk)+ L:iENk RCi(Ro, Si, Tk) for all Ro, can for systems with backorder 
costs be obtained by minimizing these costs with respect to Tk and Si for a system 
where there are no backorders at the central warehouse (infinite stock): 

TcL = min (TCkIBi(tO) = 0, 'V i E Nk) :::; TCk(Ro, S, Tk), 'V Ro, S, Tk. (5.34) 
Tk,Si'" ~ENk 

The bound, TcL = minTk,si (TCkIBi(to) 0, 'V i), may be computed based on the 
algorithm presented in Appendix A. 
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5.6. Multi-Item Systems 

In this section we extend the analysis to multi-item systems, where J items are 
controlled simultaneously. The items are distributed via a central warehouse to N 
retailers (The model is also applicable to situations where different items are located at 
different central warehouses and shipments from these warehouses are consolidated). 
The items may be distributed in any way across the retailers. However, without loss 
of generality, we assume that each item is sold by at least one of the retailers and 
each retailer sells at least one of the items. Shipments may be consolidated to K 
consolidation groups across items and retailers. A consolidation group consists of a 
group of items jointly distributed to a group of retailers. In principle there can be 
different groups associated with different items, but evidently K ::; N x J. Note that 
in the single-item case a consolidation group is equivalent to a retailer group. From 
a practical perspective, the possibility to consolidate shipments across items as well 
as retailers increases both the practical applicability and the possible gain. We define: 

RO,j : reorder point at the central warehouse for item j (RO,I' ... , RO,J) 
Bi,j : base stock level at retailer i for item j 
Sj : vector with base stock levels for all retailers for item j (Bl ,j, ... , BN,j) 
TCM : the total cost function in the multi-item system 

As explained in Section 5.3, the fixed shipment costs are incurred for every scheduled 
shipment that leave the warehouse. In the multi-item case, the fixed cost for every 
scheduled shipment to consolidation group k, Wk, may, for example, be determined 
as the sum of the fixed shipment costs per retailer and item belonging to this group. 
This way to model the costs will assure that consolidation can be obtained both across 
retailers and items in group k by using the same shipment intervals, and synchronizing 
their start. In the cost functions for multi-item systems, the total shipment costs per 

time unit can still be determined as BC(T) = LkEK ~. 

Given T, the holding and possible backorder costs for item j are independent of the 
other items, and can therefore be determined as in the single-item case. The total 
cost function for the multi-item system with backorder costs is 

TCM = L [HCo(RO,j, Sj, T) + L [HCi(Ro,j, Sj, T) + BCi(Ro,j, Sj, T)l] +BC(T). 
jEJ iEN 

(5.35) 

For a multi-item system with fill rate constraints, each item j at retailer i may have 
an individual fill rate constraint. The fill rate of item j at retailer i, li,j, can be 
determined analogously to the single-item case using (5.11). As before, the backorder 
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costs are excluded from the total cost function for systems with fill rate constraints. 

The optimization procedure for multi-item systems is similar to the single-item 
optimization with the additional restriction that all items associated with a specific 
consolidation group use the same shipment interval. Note that the shipment intervals 
are the only way in which the different items affect each other. The bounds for the 
warehouse reorder points need to be determined separately for each item, while Tk 
and T;: only need to be determined once for each consolidation group, taking all 
associated items into consideration. In order to determine these bounds we can still 
use Propositions 5.4 and 5.5, provided TC is redefined as the lowest known total 
expected cost for all items, and TcL is redefined as a lower bound for the total costs 
of all items related to consolidation group k. TcL can be determined from Lemma 
5.4 by including the holding costs of all items in the consolidation stock. 

The optimization procedure is analogous to the single-item case. First, TCL is 
determined. Second, a close to optimal total cost, TC, is obtained by optimiz
ing a system where the shipment intervals, Tk \j k E K, are determined by a 
straightforward extension of the heuristic in (5.29). In this extension, the total 
holding cost is a summation of the holding costs of all items associated with the 
considered consolidation group. The optimization, given Tk, is performed separately 
for each item j E J according to the single-item procedure. With TC in place, Tk 
and T;: \j k E K can be determined. Finally, the optimal solution can be found 
by searching through all combinations of shipment intervals within the bounds, 
optimizing the reorder points and base stock levels at all retailers for all items 
separately and choosing the solution with the lowest total cost for the system. 

5.7. Numerical Study 

In this section, we illustrate the behavior of the optimal solutions for a range of 
different systems in order to gain some insights. We also investigate the performance 
of the EOI heuristic for determining the shipment intervals (5.29), from Marklund 
(2011). According to Marklund (2011) it performs very well for Poisson demand, but 
it is unclear if it performs well also for systems with compound Poisson demand (with 
higher variance-to-mean ratio). The considered test series is obtained by varying 
each of the parameters N, Li , Pi, i3i, Wk, Lo and Qo between a low and a high value 
and investigating all combinations, creating 128 problem settings. More precisely, the 
number of retailers, N = 3 or 6; where in both cases we have two retailer groups; when 
N = 3, retailers {I, 2} constitute one group and retailer 3 a second, when N = 6, 
retailers {1,2,3,4} constitute one group and retailers {5, 6} a second. The expected 
demand per time unit, E[Di], is {2,1,3} when N = 3 and {2,1,2,1,4,2} when N = 6. 
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The shipment times, Li = {1, 2, 1} or {2, 4, 2} when N = 3 and {1, 1, 2, 2,1, 2} 
or {2, 2, 4, 4, 2, 4} when N = 6. We also consider Pi = 1 (Poisson demand) or 5 
(compound Poisson demand with logarithmic compounding distributions) \;/ i E N, 
f3i = 10 or 100 \;/ i E N, Wk = 10 or 100 \;/ k E K, Lo = 1 or 5, Qo = 2 or 20, and hi 
=1 \;/ i. 

For all 128 problem settings the shipment intervals, Tk \;/ k E K, the reorder points at 
the central warehouse, Ro, and the base stock levels at the retailers, Si \;/ i E N, are 
optimized using the method described in Section 5.5. For optimizing the shipment 
intervals we have used a step size of 0.01 time units. The complete results for all 
settings are available from the authors upon request. Table 5.4 summarizes the results 

in terms of average effects of varying Pi, f3i and Wk on: the optimal total cost, TC*, the 
optimal reorder point at the central warehouse, Ra, the average of the optimal base 
stock level at the retailers, S;, and the average of the optimal shipment intervals, T;. 
The results associated with Pi = 1 are averages across all 64 problems where Pi = 1 
and analogously for all other parameters. We focus on the impact of Pi, f3i and Wk as 
the results for the other four parameters were found to be rather intuitive. We also 
report the relative difference between the heuristic shipment intervals and the optimal, 
b..T, and the relative increase in the associated costs, b..C (b..T = (Tk - T*)jT*, 
b..C = (TC - TC*) jTC* , where TC denotes the expected cost for the system when Ro 
and S are optimized, and the shipment intervals are determined using the heuristic). 

Table 5.4 Average results for the test series, for low and high values of Pi, f3i and Wk 

E[TC*l E[Rol E[Sil E[T;l E[b..Cl E[b..Tl 

Pi = 1 82.02 19.11 15.08 3.24 0.12% -0.60% 

Pi = 5 141.00 20.67 23.75 3.05 0.16% 6.57% 

f3i = 10 93.66 18.19 15.88 3.30 0.08% -2.27% 

f3i = 100 129.37 21.59 22.94 2.99 0.21% 8.24% 

Wk = 10 81.96 21.25 15.97 1.54 0.13% 1.90% 

Wk = 100 141.07 18.53 22.85 4.75 0.15% 4.07% 

All problems 111.51 19.89 19.41 3.15 0.14% 2.99% 

Focusing on the behavior of the optimal solutions, Table 5.4 illustrates that when the 
variability is high, the biggest difference in the control parameters is seen in the base 
stock levels of the retailers, which increase from on average 15.08 to 23.75. However 
there are also effects on the shipment intervals and reorder points at the central 

warehouse. The optimal warehouse reorder point increases from on average 19.11 to 
20.67, thus raising the amount of available units at the central warehouse to handle 
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the variability. The shipment intervals decrease from on average 3.24 to 3.05 with 
the effect that there is more flexibility in the system (the system can react faster if 
there is a big order at a specific retailer). Similar effects can be seen when increasing 
the backorder cost (fJi). The largest effect on the optimal control parameters is an 
increase in the average base stock levels at the retailers from 15.88 to 22.94. But we 
also see an increase in the average reorder point at the central warehouse from 18.19 
to 21.59 and a quite significant decrease in the average shipment intervals (from 3.30 
to 2.99), increasing the flexibility. 

Turning to the shipment costs, we can see from Table 5.4 that as Wk V k increase, the 
system reacts by increasing the shipment intervals (from on average 1.54 to 4.75). 
Moreover, the base stock levels at the retailers need to be raised accordingly in 
order to ensure stock for a longer replenishment cycle. Maybe less intuitively the 
average optimal reorder points at the central warehouse decreases for these systems. 
This can be explained by the fact that increased shipment intervals results in longer 
replenishment lead times to the retailers, which may reduce the relative impact of 
inventory pooling at the central warehouse (longer lead times to the retailers mean 
that it takes longer to prevent a shortage at the retailer by an order from the central 
warehouse). Another contributing factor may be that the consolidation stock at the 
central warehouse increases with the shipment intervals. Thus, in order to avoid too 
much stock at the warehouse the reorder point is reduced (In our examples, we could 
see that the total stock at the central warehouse increased). 

Finally, the results in Table 5.4 illustrate that using the EOI heuristic for determining 
the shipment intervals seem to work quite well also for compound Poisson demand. 
The expected relative cost increase for all problem settings is only 0.14%, although 
the heuristic tends to overestimate the optimal shipment intervals with on average 
2.99%. The relative cost increase is also only slightly higher in the systems where the 
variability in the demand is high 0.16% compared to 0.12% for the Poisson systems. 
There is a stronger tendency to overestimate the shipment intervals for the systems 
where Pi = 5 (E[~Tl = 6.57%), but because the total costs are much higher in these 
systems, the relative increase is still quite small. The parameter that seems to have 
the biggest influence on the performance of the heuristic is, in fact, the backorder 
costs. In systems where the backorder costs are high we see that E[~Cl = 0.21%. An 
explanation may be the desire to increase the flexibility in these systems by reducing 
the shipment intervals (the shipment intervals are overestimated by 8.24% in systems 
where fJi = 100 when using the heuristic). 

Looking at the computational aspects, the optimization times were between 0.2 and 
120 minutes per problem setting on a Dell Latitude 6400 personal computer. The 
parameters that affect the computational time the most are >-'oLo, Nand K. An 
observation for shortening the computation times is that the fairly time consuming 
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calculations of the backorder distributions only needs to be computed once for each 
value of Ro. The suggested upper bound on Ro, R~, is also found to be rather tight. 
This is nice as the calculations of the backorder distributions are increasing for high 
values of Ro + Qo. In our study, on average R~ was only 7.4 units higher than the 
optimal value for Ro. The bounds on the shipment interval, Tk and T'k are looser, 
(T'k - Tk) was on average 25.74 time units (compared to T* which was on average 
3.15 as seen in Table 5.4). However, the bounds on the shipment intervals have a 
smaller impact on the optimization times than R~. 

5.8. Summary and Concluding Remarks 

In this chapter, we provide a method for exact analysis of inventory levels, fill rates 
and expected costs in one warehouse multi-retailer inventory systems with time based 
shipment consolidation and compound Poisson demand. Furthermore, we provide 
an optimization procedure based on bounds for the optimal decision variables; the 
warehouse reorder point, the retailer base-stock levels, and the shipment intervals. 
The suggested method is applicable for both single- and multi-item systems with 
either shortage costs or fill rate constraints at the retailers. 

The numerical results show how the different control parameters are influenced as 
the system parameters change. The shipment intervals are primarily used to control 
against changes in the shipment costs, but we can also see a tendency to shorten the 
shipment intervals for systems with high variability in the demand and for systems 
with high backorder costs. 

The exact approach presented in this chapter can be computationally challenging to 
apply to large systems. Thus, one direction for future research is to consider new, 
computationally more efficient, approaches for cost analysis and optimization. In 
addition, we believe that our analysis provides a good foundation for future research on 
both exact analysis and more accurate heuristic methods for solving similar divergent 
networks with other characteristics, e.g. N-echelon distribution models, periodic 
replenishments to the central warehouse or different demand distributions. 
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Appendix 

Appendix A: Algorithm for Determining TC~ 

To find the lower bound for the total costs directly associated with retailer group k, 

TCk, in Lemma 5.5, 

(5.36) 

we go through the following steps: 

1. Determine a near optimal shipment interval for retailer group k, T k , using the 
heuristic provided by Marklund(2011) in (5.29) 

2. Given Tk, determine near optimal reorder points for each retailer Si by optimizing 
Si ViE Nk using the convexity property. 

3. Calculate an initial total cost for the costs directly related to retailer group k, 

TCk = TCk(Tk, Si). 

4. Obtain upper and lower bounds for Tk for this optimization using the convexity of 
CCk(Tk) + SCk(Tk) in Tk proven in Proposition 5.5. We obtain these bounds for the 
two values of Tk that satisfies 

(5.37) 

Using a proof analogous to that in Proposition 5.5, lower and upper bounds are 

obtained as 

(5.38) 

(5.39) 

5. We now search through all values of Tk in this interval and optimize Si for each 
Tk to find the lower bound on the cost, TCL. 

Appendix B: Proofs 

Proof of Proposition 5.1 
The arriving process to the consolidation stock is equal to the departure process 

from the availability stock and independent of the length of the shipment interval 
and when shipment leave the central warehouse. Because all unsatisfied demand is 
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backordered, and every unit passes the consolidation stock, the expected number of 
units reserved by retailer i that enters the consolidation stock per time unit will in 

the long run be )..il1+ 

As a consequence, we know that if the previous shipment to retailer i E Nk left at 
time t, the expected number of units in the consolidation stock, reserved by retailer 

i, at t + T, for any T E (0, Tk], is )..i!-LiT. This means that the expected amount of units 
reserved by retailer i in the consolidation stock will increase linearly between two 

consecutive shipments from 0 to )..i!-LiTk. Taking the average over time and summing 
over all retailers in all retailer groups renders (5.5). 

Proof of Lemma 5.1: 
Conditioned on that there are at least n retailer orders during (to - La, to], <Po 2:: n, 
and that wn

-
1 = x, for x > 0, there will be u > 0 partial backorders for retailer i 

caused by the nth retailer order if two conditions are fulfilled: (i) The nth retailer 

order originates from retailer i. The probability for this is t. (ii) The quantity of 
this order is x + u. The probability for this is P{Yi = x + u}. This renders for u > 0, 

A )... 

P{Bf(to) = ul<po 2:: nand wn
-

1 = x} = )..~ P{Yi = x + u}, \I x > o. (5.40) 

(5.15) follows from unconditioning by taking the expectation for all possible positive 
values for wn

-
1 = x, x E [1, So - n + 1] and all <Po 2:: n. 

In order to have 0 partial backorders for retailer i, when the nth retailer order after 

to - La brings the nominal inventory position to a non-positive value, the proof is 
analogous. In this case, however, there are two different scenarios; either the nth 
customer arrives from retailer i and demands exactly x units to move the nominal 
inventory position to 0, or the nth customer arrives from another retailer and demands 
more than or equal to x units. 

Proof of Lemma 5.2: 
As stated before, the distribution of complete backorders depends on n, the retailer 
order that brings the nominal inventory position to a non-positive value. However, 
because of the memory less property of the compound Poisson demand, the complete 
backorders are independent of which retailers these n first orders originated from, and 
the sizes of these orders. 

Given that there are a orders to retailer i after the nth retailer order, i.e., <I>i,n = a, 
it is clear that P{Bi,n(to) = vl<I>i,n = a} = p{~a = v}. (5.18) follows by taking the 
expectation over all possible outcomes of <I>i,n. 

To arrive at (5.19) we note that given m retailer orders that are completely 

backordered, the probability that a of these originates with retailer i is P {Zr = a}. 
Moreover, the probability of n + m retailer orders in (to - La, to] given at least n 
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orders in (to - Lo, to] is P{ <Po = n + m} / P{ <Po ~ n}. (5.19) follows as an expectation 
over all possible values of m. 

Proof of Proposition 5.2: 
By definition P{Bi(to) = u} is the probability that the nth retailer order brings wn 

to a non-positive value, causing u partial backorders for retailer i. Also by definition 
P{Bi,n(tO) = r - u} is the probability that there is r - u complete backorders for 
retailer i conditioned on that the nth retailer order brings wn to a non-positive value. 
Taking the expectation over all possible values of n and u (noting that u ~ r) renders 
(5.21). 

For r = 0 we also need to consider the probability that the inventory position never 
reaches zero during the replenishment lead time, Po, rendering (5.22). 

Proof of Lemma 5.3: 
In order for Bi-m(tO) = u there are two possible scenarios; (a) The mth order before 
(to-Lo) arrives from retailer j =I- i and the size of this order is at least _w-(m-l) = -x 
units (x < 0), and (b) the mth order originates with retailer i and is for at least 
_w-m = -x units. Starting with (a) the probability that the mth customer arrives 
from retailer j =I- i and demands more than -x units is (>'ic/>'O)P{Yic ~ -x}. In 
order for Bim (to) = u in this scenario, the m -1 next customer orders need to contain 
u units to retailer i and need to assure that the nominal inventory position is x, which 
can be expressed as the probability p{~m-l = u and w-(m-l) = x}. Summing up 

for all possible values of x (x E [So + m -1, -1]) generates the first part of (5.26). 

The probability for scenario (b) (Le., that the mth order originates with retailer i and 

is for at least - W -m = -x units, x < 0) is (>'d >'o)P {Yi ~ -x}. Now there are already 
-x backorders for retailer i, so in order for Bim(to) = u, the next m - 1 customers 
need to order u - (-x) = u + x units to retailer i and ensure that w-(m-l) = x, 
which can be expressed as the probability p{~m-l = U + x and w-(m-l) = x}. A 

summation over all possible values of x renders the second part of (5.26). 

In order for ~m-l = u and w-(m-l) = x, the last m - 1 customer orders before 

to - Lo need to include u units to retailer i and x - So - u units to all other retailers 
(recall So < 0 and x < 0). With Zrn- 1 defined as in Section 5.4.3 and determined by 
(5.17) we get (5.27). 

Proof of Proposition 5.3: 
The shipment cost SCk(n) does not depend on any Si, and from the Section 5.4.1, we 
know that Ho(Ro, S, n) can be separated in AC(Ro) and CCk(n), which are neither 
dependent on Si' Furthermore, the holding cost and backorder cost at retailer i does 
not depend on base stock levels of other retailers. Thus, the cost function is separable 
in retailer base stock levels. Then, it is sufficient to show convexity for RCi(Ro, Si, n) 
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wi th respect to Si for each retailer i. First, we define the difference function ~ G ( 8 ) 

as follows: 

(5.41) 

To prove convexity, we need to show that ~G(8) - ~G(8 - 1) ~ O. First, by using 
(5.8) and (5.9), we rewrite RCi(Ro, 8, Tk) as: 

llCi(Ro, s, Tk) = (hi + t9i)E[I Lt (8)] - t9i E [ILi(s)] 

1 s s-j iTk 
= (hi + t9iLr, LLjP{Bi(to) = r} P{Di(Li + x} = s - j - r}dx, 

k j=l r=O 0 

-t9i(S E[Bi(tO)] - AiJ.tiLi)' (5.42) 

Note that the probability mass function and expectation of Bi(tO) does not depend 
on the base stock levels of the retailers. Then, we derive RCi(Ro, s + 1, Tk) in terms 
of RCi(Ro, s, Tk): 

RCi(Ro, s + 1, Tk) = 
1 s+ls+l-j Tk 

(hi + t9i)Tk f; ~ jP{Bi(tO) = r} 10 P{Di(Li + x) = s + 1- j - r}dx 

-t9i(8 + 1 - E[Bi(tO)] - AiJ.tiLi), 
1 s s-z {Tk 

= (hi + t9i)T
k 
LL(z + 1)P{Bi(tO) = r} io P{Di(Li + x) = s - Z - r}dx 
z=Or=O 0 

-t9i(S + 1 E[Bi(tO)] - AiJ.tiLi), 

As a result the first order difference is equal to: 

~G(8) (5.44) 

1 S s-j {Tk 
(hi + t9i)T LLP{Bi(to) = r} io P{Di(Li + x) = s - j - r}dx - t9i' 

k j=o r=O 0 
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By following the similar line of thought, we get the following for the second order 
difference: 

Proof of Proposition 5.4: 
It is clear from (5.4) that AC(Ro) = hoE[ILtvl is increasing in Ro for all values of 
Ro ~ -Qo and that the total cost TC(Ro, S, T) AC(Ro) + L.:kEK TCk(Ro, S, Tk) ~ 
AC(Ro) + L.:kEK TCk' With Rg = min{Ro : AC(Ro) + L.:kEK TCk ~ TC} it follows 
that for all Ro > Ro TC(Ro, S, T) ~ TC and searching this region cannot reduce the 
costs. 

Proof of Proposition 5.5: 
Note that the costs directly related to the shipment interval Tk, 

(5.46) 

are strictly convex in Tk as (for Tk > 0) 

Note also that 

TC(Ro, S, T) = AC(Ro) + L TC~(Ro, S, T~) 

> TCk(Ro, S, Tk) + L TCK,(Ro, S, TK,) ~ CCk(Tk) + SCk(Tk) + L TC~. 
K,EK\{k} ~EK\{k} 

(5.48) 

It follows that no Tk satisfying 

L TC~. (5.49) 
K,EK\{k} 

can render a lower total expected cost than From (5.46), (5.49) and the convexity 
of CCk(Tk) + SCk(Tk) we arrive at (5.31) and (5.32) by solving 

(5.50) 
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Proof of Lemma 5.4: 

125 

From Proposition 5.5 we know that CCk(Tk) + SCk(Tk) is convex in Tk. Hence, the 
shipment interval Tk,l that minimizes CCk(Tk) + SCdTk) is obtained from the first 
order optimality condition 

0, (5.51) 

which renders 

(5.52) 

(5.33) follows from 

TCk(Tk) ~ CCk(Tk) + SCk(Tk) ~ (CCk + SCk)(Tk,l) = 2hoWk L Ai!ti. (5.53) 
iENk 

Proof of Lemma 5.5: 
Note first that neither CCk(Tk) nor SCk(Tk) depend on Ro and the retailer costs, 
RCi(Ro, Si, n), depend on Ro solely through the backorder distribution, Bi(tO)' 
From (5.7) we can show that the probability of an inventory level j at time to + Li + t 
at retailer i when Bi(tO) bi is 

P{ILi(to + Li + t) = j} 

P{bi + Di(tO, to + Li + t) Si - j} 

= P{(bi + 1) + Di(to, to + Li + t) = (Si + 1) j}, (5.54) 

which implies that 

(5.55) 

For reasons of exposition and without loss of generality we renumber the retailers in 
retailer group k, {I, 2, ... , Nd. Now, let SNk denote the vector of all base stock levels 
within retailer group k, {Sl, ... , SNk}, and BNk(tO) denote the vector of backordered 
units to each retailer in retailer group k at to, {B1 (to), ... , B N k (to) }. The total costs 
for retailer group k, TCk(Ro, SNk' Tk), for any values of Ro, SNk and Tk can then be 
seen as a sum over weighted averages of costs for all possible backorder combinations: 

(5.56) 
00 00 

L'" L P{BNk(tO) = {b1, ... ,bd}TCk(SNk,TkIBNk(tO) = {b1, ... ,bk}). 
b1=O bk=O 
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This gives us for any value of Ro 

TGk(&:!, S, Tk) 2': min [TGk(&:!, S, Tk)] 
TkoSNk 

min [f ... f P{BNk(tO) =- {b1, ... ,bk}}TGk(SNk,TkIBNk(tO) = {b1, ... ,bk})] 
Tk,SN k bl=O bk=O 

IX) IX) 

> 

00 00 

L ... L P{BNk(tO) = {bl, ... ,bk}} min [TGk(SNk ,TkIBNk (to) = {O, ... ,O})] 
Tk,SN 

bl=O bk=O k 

min (TGkIBi(tO) = 0, ViE Nk), (5.57) 
Tk,SiV iENk 

which proves (5.34). Note that the next to last equality follows from (5.55) and the 
fact that the retailer costs are the only costs affected by the backorder distribution. 
The last equality follows directly as probabilities must sum to 1. 
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Chapter 6 

Conel us ions 

Multi-echelon inventory systems under stochastic demand have proven their validity 
with respect to modeling the trade-off between market requirements and company 
objectives, represented by holding costs, fixed costs and service levels. In this thesis, 
our primary goal was to find efficient ways to control multi-echelon inventory systems 
with different review/shipment intervals at every stockpoint. 

Real-life supply chains consist of multiple companies producing and distributing a 
multitude of components, subassemblies and final products. The resulting multi
echelon inventory system has a general structure: an item can have both multiple 
parents (successors) and children (predecessors). Under stochastic demand and linear 
holding and penalty costs the optimal policy minimizing long-run expected costs 
is intractable. This implies that we have to resort to heuristic policies without a 
guarantee of optimality. 

Our research starts with two echelon supply chain models with stockpoints having 
different review periods in order to get insight into the effectiveness of alternative 
heuristics. The models developed enable an integrated trade-off between efficiency 
and effectiveness, i.e. between efficient use of scarce materials and resources and 
timely delivery towards the market measured as operational customer service. We 
studied three different multi-echelon inventory models. Common assumptions used 
on the models are as follows: 

• two echelon systems with stochastic customer demand, 

• ordering or shipping of items are made at different time intervals for each 
stockpoint, 
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• lead times and transportation times are deterministic, 

• linear holding and backorder costs are incurred. 

In this thesis, we have added fixed costs either explicitly or implicitly to the 
linear holding and penalty costs. Clearly, intractability of optimal policies remains. 
However, we observed that even for very basic, i.e. small networks, the optimal policy 
for systems with fixed ordering costs under stochastic demand has not been found. 
Therefore, we have studied such'basic systems. We have applied well-known policies, 
which enable us to determine the optimal policy parameters and to find expressions 
for costs and operational performance. We also used stochastic dynamic programming 
to identify the possible structure of the optimal policy for our small scale systems. 
The policy structures found give directions for developing effective heuristic policies 
for large scale systems as encountered in practice. 

Below, we shortly summarize our findings per chapter. 

In Chapter 2, we study a periodic review serial system with fixed costs and stochastic 
customer demand. In literature, such systems with fixed ordering costs are generally 
controlled by continuous review policies and it is assumed that fixed costs are incurred 
whenever a downstream stockpoint places an order even if the orders are not fulfilled 
due to upstream unavailability. Although it is more realistic to relate fixed costs to 
each shipment, formulating the fixed cost for each order is mathematically easier. 
For this model, we have analyzed the impact of this simplifying assumption under an 
(R, S) policy with fixed costs incurred per shipment. Our analysis yields the following 
results: 

• We have shown that the nonstockout probability is equal to the Newsboy 
fraction under optimal (R, S) policy. This result also holds for systems without 
fixed costs and with equal review periods (see Clark and Scarf (1960)). The 
difference with our model is that the optimality equations are not separable in 
terms of base stock levels. 

• Our numerical results show that if holding cost is low at the downstream stage, 
optimal review periods are equal and items arriving to the upstream stockpoint 
are immediately pushed to the downstream stockpoint. 

• When review periods are optimized, fixed ordering cost is actually incurred 
at every ordering moment. This means that review periods are optimized in 
such a way that upstream unavailability does not occur so shipping frequency 
is always equal to ordering frequency. However, when review periods are given 
this situation may not hold anymore. Then, it can be important to incur fixed 
costs when the items are actually shipped. 
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In order to gain managerial insights, further work needs to be done to establish 
whether the assumption on the equivalence of shipping frequency and ordering 
frequency holds for larger systems. An immediate next step can be extending this 
model to N -echelon serial systems. This can be mathematically challenging as the 
expressions for order frequencies are getting more complex. Another useful research 
direction is to develop a technique to find good review periods for larger systems 
as it is crucial for minimizing the system wide cost. For optimizing review periods, 
techniques like power-of-two policies (see Roundy (1986)) and EOQ related formulas 
can be adapted to stochastic systems. A comparison of the (R, S) policy with an 
(s, S) policy for N-echelon serial systems with multi-items can also be intriguing for 
practice. 

In Chapter 3, we study the assemble-to-order model with a single item assembled 
from two components. We assume that inventory levels are reviewed periodically and 
customer demand is stochastic. One of the components has a longer lead time, higher 
holding cost and shorter review period compared to the other one. This situation is 
typical in practice where the long lead time component is a so-called key component. 
Our aim was to find efficient ways to control this system. For this purpose, we have 
analyzed and compared two policies. The first policy we have implemented is a pure 
base stock policy. Secondly, we defined the balanced base stock policy such that one 
stockpoint is controlled by a base stock policy. The orders for the other stock point 
are synchronized depending on its base stock level and inventory level of the other 
component. The key results of Chapter 3 are summarized as follows: 

• We defined the replenishment interval plus the lead time of an item as the 
uncertainty period of the item. Through mathematical analysis, we have 
observed that when the uncertainty period of the expensive item is longer, 
the inventory levels can be completely synchronized. Otherwise, we cannot 
synchronize the system since the ordering decisions of the cheap components 
depends on future orders of the expensive component. 

• We have shown that objective functions for both policies are convex and we 
have derived the optimality equations. Similar to the results in Chapter 2, we 
found that at optimality the nonstockout probability is equal to the Newsboy 
fraction for both policies and for pure base stock policy the optimality equations 
are not separable. 

• Our numerical analysis reveals that complete synchronization of orders does 
not always outperform other policies. We found that the pure base stock 
policy is better when service level is high, the gap between the holding costs of 
components is large, and demand is highly variable. 
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It is important to note that this model has not been studied in literature before 
although such systems exist in practice. In that sense, we open a new area of 
research towards more applicable models for assembly systems. Further research 
should investigate allocation issues for multi-items and ordering policies for multi
components in order to conclude for managerial insights. 

Chapter 4 builds on the assemble-to-order model we studied in Chapter 3. This time 
we investigated the optimal policy for this system by using dynamic programming 
on a limited problem set. Our main goal was to find efficient control policies when 
the cheap component's uncertainty period is longer than the expensive component's 
uncertainty period. The main results and contribution of this chapter are listed as 
follows: 

• We have characterized the structure of the optimal policy for our problem set, 
where uncertainty periods of the components are equal, and the uncertainty 
period of the cheap component is longer. Although our results are limited to 
the cases in the numerical study, they give indications for more general systems. 
Based on these results, we have developed and tested heuristic policies for each 
case . 

• Our analysis shows that more complicated policies are needed to effectively 
control the system. These policies should consider ordering different amounts 
at every moment during a replenishment cycle. These ordering decisions can 
be state dependent or independent for both components at different ordering 
moments. We define such policies as cyclic synchronized base stock policies. 

Focusing on cyclic synchronized base stock policies can be important for further 
research on assembly systems having nonnested review periods as the optimal policy 
is unknown for these problems. Similarly, non nested review periods can also appear 
in divergent and general multi-echelon systems and following the same approach can 
improve the supply chain performance for these systems as well. Another future 
research direction is proving the optimal policy mathematically for this system under 
more general assumptions. 

Chapter 5 deals with a divergent system under continuous review together with 
shipment consolidation at the warehouse. The system is controlled by reorder point 
policies and customer demand is compound Poisson distributed. Our aim was to find 
the optimal control parameters including reorder levels and shipment frequencies from 
the warehouse to the retailers. 

The literature on divergent multi-echelon models that explicitly consider shipment 
consolidation in conjunction with inventory decisions is scarce. Marklund (2011) 
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analyzes a similar system under Poisson demand where he uses unit tracking 
methodology to derive the average cost per period. The main idea of this approach 
is to follow each demanded unit as it travels through the system. In this chapter, we 
analyze disaggregation of warehouse backorders to the retailers to solve the model. 
Previously, exact solutions with this methodology have only been provided for systems 
with Poisson demand (see, for example, Graves (1985), Chen and Zheng (1997)). 
Compared to the approach given in Marklund (2011), our contributions in Chapter 5 
can be summarized as follows: 

• We show that the disaggregation method of warehouse backorders can be 
extended to divergent systems with compound Poisson demand distribution. 
This approach can be relevant beyond the context of this model, e.g. when 
applying multi-echelon inventory theory to spare parts with relatively high 
demand. 

• We provide an exact optimization procedure for determining the optimal reorder 
levels and shipment intervals both for single-item and multi-item cases under 
a more general demand distribution. The approach presented in this chapter 
also holds for systems with Poisson demand and systems without shipment 
consolidation. 

• The methodology we use enables us to determine exact expressions for the 
probability distributions of retail inventory levels by analyzing the backorder 
distribution at the central warehouse allocated to each retailer. These 
expressions enable determination of operational service levels. This is crucial for 
real-life problems since most companies use service levels instead of backorder 
costs. 

We believe that our methodology and analysis constitutes a good starting point 
for future research on exact or approximate methods for solving similar divergent 
networks with more general demand distributions. 
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Summary 

Coordination and Control of Multi-Echelon Inventory Systems 

Efficient management of multi-echelon systems requires coordination between re
plenishment decisions, transportation planning and inventory control. In this 
context, we have studied three inventory models with stockpoints having different 
order /transportation moments. 

The first model we have studied is a single-item two-echelon serial inventory system 
with stochastic demand. The system is centrally controlled and ordering decisions 
are based on echelon order-up-to policies. The review period of the upper echelon is 
an integer multiple of the review period of the lower echelon. We assume that linear 
holding and backorder costs are charged as well as fixed ordering costs. We derive 
an exact analytical expression for the objective function to be used to determine 
optimal policy parameters and review periods. In a numerical study we illustrate 
that there may be several combinations of optimal review periods and that under high 
fixed ordering costs both stockpoints have the same order frequency. Additionally, 
we identify parameter settings under which the materials that arrive to the system 
are immediately pushed to downstream stages. In literature, many authors do not 
consider upstream stock unavailability when determining fixed ordering costs. We 
test the impact of this simplifying assumption on fixed ordering costs and illustrate 
when it is justified. 

Secondly, we consider an assemble-to-order model with a single item assembled from 
two components. One of the components has a long lead time, high holding cost 
and short review period as compared to the other one. We assume that net stocks 
are reviewed periodically, customer demand is stochastic and unsatisfied demand is 
backordered. Such a system cannot be solved to optimality by existing methods 
in literature since the review periods are not nested. Instead, we analyze the 
system under two different policies and show how to determine the policy parameters 
minimizing average holding and backorder costs. First, we consider a pure base stock 
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policy, where orders for each component are placed such that the inventory position 
is raised up to a given base stock level. In contrast to this, only the orders for one 
component follow this logic while the other component's orders are synchronized in 
case of a balanced base stock policy. Through mathematical analysis, we come up 
with the exact long-run average cost function and we show the optimality conditions 
for both policies. In a numerical study, the policies are compared and the results 
suggest that the balanced base stock policy works better than the pure base stock 
policy under low service levels and when there is a big difference in the holding costs 
of the components. The balanced base stock policy is applicable only when sum 
of the review period and the lead time of the expensive component is larger than 
the sum for the other component. To find an efficient control policy for the reverse 
case, we characterize the optimal policy structure of the system by using dynamic 
programming under certain parameter assumptions. Then, we suggest an efficient 
heuristic ordering policy based on the optimal ordering behavior. 

In the third model, we consider a one-warehouse multi-retailer inventory system with a 
time-based shipment consolidation policy at the warehouse. This means that retailer 
orders are consolidated and shipped to groups of retailers periodically. Customer 
demand is compound Poisson distributed and unsatisfied demand at each stock 
point is backordered and allocated on a first-come-first-served basis. The system 
is centralized and inventory levels are reviewed continuously. This means that the 
warehouse has access to point of sale data and inventory information at the retailers. 
All retailers apply order-up-to replenishment policies, whereas the warehouse, which 
replenishes from an outside supplier/manufacturer, uses a batch ordering policy. We 
derive exact probability distributions of the inventory levels at the retailers and use 
these to obtain exact expressions of the long-run average holding and backorder costs, 
average inventory levels and service levels. Based on the analytical properties of the 
objective function, we construct an exact optimization procedure for determining the 
optimal reorder levels and shipment intervals both for single item and multi-item 
cases. 
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