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Recently a microscopic theory for the dynamics of suspensions of long thin rigid rods was
presented, confirming and expanding the well-known theory by Doi and Edwards �The Theory of
Polymer Dynamics �Clarendon, Oxford, 1986�� and Kuzuu �J. Phys. Soc. Jpn. 52, 3486 �1983��.
Here this theory is put to the test by comparing it against computer simulations. A Brownian
dynamics simulation program was developed to follow the dynamics of the rods, with a length over
a diameter ratio of 60, on the Smoluchowski time scale. The model accounts for excluded volume
interactions between rods, but neglects hydrodynamic interactions. The self-rotational diffusion
coefficients Dr��� of the rods were calculated by standard methods and by a new, more efficient
method based on calculating average restoring torques. Collective decay of orientational order was
calculated by means of equilibrium and nonequilibrium simulations. Our results show that, for the
currently accessible volume fractions, the decay times in both cases are virtually identical.
Moreover, the observed decay of diffusion coefficients with volume fraction is much quicker than
predicted by the theory, which is attributed to an oversimplification of dynamic correlations in the
theory. © 2005 American Institute of Physics. �DOI: 10.1063/1.1940031�

I. INTRODUCTION

Suspensions of rigid rodlike colloids dissolved in New-
tonian liquids are of great importance both in biological and
in industrial applications. Already in the first half of the pre-
vious century, Onsager1–3 understood that very long and thin
rods will display interesting thermodynamic phase behavior
at very low volume fractions. The complete phase diagram
for varying aspect ratios and volume fractions was deter-
mined a decade ago by Bolhuis and co-workers4,5 by means
of Monte Carlo simulation. In dilute solutions, the basic
equation describing the dynamics of rigid long thin rods is
well established6–8 and the dynamical properties have been
calculated by various authors.9–13 The self-orientational dif-
fusion of rods in semidilute or concentrated solution, how-
ever, is difficult to understand quantitatively due to the com-
plexity of the restoring torque exerted by surrounding rods.
A theoretical analysis is very complicated because in prin-
ciple both excluded volume interactions and hydrodynamic
interactions have to be taken into account. Fortunately, it
may be argued14 that the latter are negligible for very large
aspect ratios L /D, where L is the length of the rods and D

their diameter. Even then, the problem remains to be very
tough and results are only obtained on the basis of severe
approximations.

In this paper we present the results of Brownian dynam-
ics simulations of a system of interacting rods without hy-
drodynamic interactions. A justification for the neglect of the
latter has been presented in Ref. 14. Besides this justifica-
tion, the main reason to neglect hydrodynamic interactions in
this work is that we intend to provide results with which to
compare the theoretical predictions. Any possible deviation
between theoretical prediction and corresponding simulation
results must then be due to one or more of the remaining
approximations in the theory. In Sec. II we briefly discuss
these approximations.

In Sec. III we describe our simulation model, which we
prove in Appendix B to be equivalent to the Smoluchowski
equation on which the theory is based. Excluded volume
interactions are modeled with a pairwise interaction potential
whose terms are proportional to the overlap volume of the
corresponding pair of rods. It will be shown that this poten-
tial is accurate enough to simulate collections of hard rods.
In Sec. IV we present the results of our simulations and
compare them to the corresponding theoretical prediction.
Finally, in Sec. V we summarize our findings.a�Electronic mail: w.j.briels@utwente.nl
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II. THEORY

For long and thin rigid rodlike colloids suspended in
Newtonian liquids, the fundamental equation of motion, in
the overdamped limit, is the N-particle Smoluchowski equa-
tion, describing the time evolution of the probability density
function �pdf� of the phase-space coordinates of the rods.
When hydrodynamic interactions between rods are ne-
glected, integration of the N-particle Smoluchowski equation
for a very large aspect ratio leads to �see Appendix A�

�

�t
P�û,t� = DrR̂ · �R̂P�û,t� − �P�û,t�T̄�û,t�� . �1�

Here, P�û , t� is the one-particle pdf of the orientation û of
some rod, with û being the unit vector along the long axis of

the rod at time t. The rotational operator R̂� û�� /�û plays
a role analogous to that of the gradient operator �r in trans-
lational diffusion. � is defined as 1/kBT with Boltzmann’s
constant kB and temperature T, and Dr is the rotational dif-
fusion coefficient of a single rod

Dr =
kBT

�r
=

3kBT ln�L/D�
��sL

3 , �2�

where �r is the rotational friction coefficient and �s the vis-
cosity of the solvent. The average torque acting on the cen-

tral rod T̄�û , t� in Eq. �1� is expressed as

T̄�û,t� = − �̄� dr�	 dû�P̄�û�,t�g�r − r�,û,û�,t�

�R̂V�r − r�,û,û�� , �3�

where �̄ is the number density of rods and V�r−r� , û , û�� is
the pair-interaction potential for two rods with orientations û
and û� and center-center separation r−r�; because of trans-
lational invariance the pair-correlation function g�r
−r� , û , û� , t� depends on r−r� instead of r and r� separately

and consequently T̄�û , t� does not depend on r. P̄�û� , t� is the
one-particle pdf of the surrounding rods.

A few remarks about the average torque T̄�û , t� and its
use in Eq. �1� should be made at this point. First, we note
that the most basic equation of motion describing the dynam-
ics of our system, the N-particle Smoluchowski equation, is a
first-order differential equation of time. Therefore, it requires
for its solution a precise description of the initial N-particle
pdf, the initial state for short, which obviously depends on
the specific experiment that we want to describe. The ensu-
ing N-particle pdf at later times, and consequently the corre-

sponding reduced pdf’s such as P�û , t�, P̄�û� , t�, and g�r
−r� , û , û� , t�, will depend on this initial state as well. Now
suppose that during our experiment we only monitor the one-
particle pdf P�û , t�. Equation �1� then in principle suffices to
describe our results. In order to solve this equation, however,

we need to specify the average torque T̄�û , t�, which accord-
ing to Eq. �3� and the remarks just made depends on the
initial state. In Eq. �3�, depending on the specific experiment

under investigation, P̄�û , t� may be equal to P�û , t� or not. To
describe the decay of a single rod initially aligned along û0

in an isotropic environment, P̄�û , t�=1/4� while P�û , t� de-
cays from P�û ,0�=��û− û0� to P�û ,	�=1/4�. To study the
decay of rods which are all initially aligned along û0,

P̄�û , t�= P�û , t� at all times.

In Ref. 14 only the case with P̄�û , t�= P�û , t� has been
investigated. Moreover, for analytical purposes, Dhont and
Briels14 neglect all dynamical correlations and put g�r
−r� , û , û� , t� equal to its equilibrium value g�r−r� , û , û��.
Next, following Onsager,2,3 for long and thin rods they write

g�r − r�,û,û�� = exp�− �V�r − r�,û,û��� . �4�

With this approximation, the torque is given by14

T̄�û,t� = − 2�−1DL2�̄R̂	 dû�P�û�,t�
û � û�
 . �5�

In a final step, they use a Ginzburg–Landau-type expansion
of 
û� û�
 in the above equation:


û � û�
 �
5�

16
�1 −

3

5
ûû:û�û� . �6�

Note that in this expansion a factor of �2/3 has been re-
placed by � /4 for cosmetic reasons �with 3.8% deviation�.
Evaluation of the average torque T̄�û , t� then leads to14

T̄�û,t� = −
5

2
�−1� L

D
�R̂�1 − 	 dû�û�û�P�û�,t�:ûû� ,

�7�

where � is the volume fraction of rods.
We now introduce a quantity of central importance for

homogeneous suspensions of long thin rods: the orientational
order tensor

S�t� = 	 dû ûûP�û,t� , �8�

which measures the orientational order. The largest eigen-
value of this tensor S is a measure of the degree of nematic
order, while the corresponding eigenvector is “the director”
of an aligned state and points in the preferred direction of the
orientation of the rods.

Multiplying both sides of Eq. �1� by ûû, applying Eq. �7�
for the torque, and integrating with respect to û, we obtain
the equation of motion of the orientational order-parameter
tensor S as

d

dt
S = − 6Dr�S −

1

3
Î +

L

D
��S�4�:S − S · S�� , �9�

where Î is the unit tensor, S�4�= �ûûûû� is a fourth-order
tensor, and the brackets �¯� denote ensemble averaging. In
order to make further progress we approximate14

S�4�:S =
1

5
�2S · S + 3SS:S� . �10�

Equation �9� is called the DEK equation after Doi and
Edwards and Kuzuu and Doi.6,15 Note that in order to arrive

at the DEK equation, P̄�û� , t� in Eq. �7� has been put equal to
the pdf P�û� , t� of the central rod. This means that the DEK

244903-2 Tao et al. J. Chem. Phys. 122, 244903 �2005�
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equation applies to the dynamics of S of a rod floating
among other rods, all having the same initial pdf as the cen-
tral rod. Consequently, the DEK equation applies to the order
tensor of one rod monitored during a collective decay of
some collective perturbation. We therefore apply a small per-
turbation �S�t� to our system and write S�t� as

S�t� = S0 + � S�t� , �11�

where S0 is the stationary solution of the equation of motion
in Eq. �9�. Linearizing Eq. �9� with respect to �S�t�, we ob-
tain

d

dt
� S = − 6Dr

coll���� S . �12�

The collective rotational diffusion coefficient Dr
coll��� is

given by

Dr
coll��� = Dr�1 −

1

5

L

D
�� . �13�

As has been stressed above, Dr
coll��� is a collective diffusion

coefficient, which describes the decay of a very small pertur-
bation of an initially isotropic state. The spinodal concentra-
tion can be found at the point where Dr

coll��� is equal to zero.

III. SIMULATION METHOD

A. Dynamics

In this section we will briefly sketch a motivation for the
equations of motion on the diffusive time scale used in this
paper, starting from the more fundamental Langevin equa-
tion on the Fokker–Planck time scale. In Appendix B, we
will prove that the resulting equations, Eqs. �27�, �28�, �30�,
and �31�, indeed give rise to a probability distribution func-
tion evolving according to the Smoluchowski equation
Eq. �A1�.

Brownian dynamics is basically the solution of a set of
Langevin equations on the Smoluchowski time scale. For
very long and thin rods,16 the rotational motion around the
cylindrical axis does not couple to the remaining degrees of
freedom and may be neglected. Assuming that for large as-
pect ratios L /D and low volume fractions L /D� the flow
field around the rods is equal to the externally applied field,
the Langevin equations of motion for translation and rotation
can be written as

dp

dt
= − � · v + FR + FS, �14�

v =
dr

dt
, �15�

dJ

dt
= − �r� + TR + TS, �16�

� = û �
dû

dt
. �17�

Here p and J denote the momentum and angular momentum
of some rod, v and � the linear and angular velocity, and F

and T denote the force and torque, respectively. The sub-
scripts R and S refer to random �caused by thermal collisions
with solvent molecules� and systematic �due to the interac-
tions between rods�. In Eq. �14�, the translational friction
tensor � is orientation dependent:

� = ��ûû + ���Î − ûû� , �18�

where �� and �� are the translational friction coefficients for
motions parallel and perpendicular to the axis of the rod,
respectively, while in Eq. �16� �r denotes the orientational
friction coefficient.6,17 From hydrodynamics, the following
expressions can be derived for long thin rods:

�r =
��sL

3

3 ln�L/D�
, �19�

�� =
2��sL

ln�L/D�
, �20�

�� = 2�� . �21�

In Eqs. �19� and �20�, �s denotes the viscosity of the solvent.
Finally, the random force and torque are related to the cor-
responding friction tensors by fluctuation-dissipation theo-
rems,

�FR�t�FR�0�� = 2kBT���t� , �22�

�TR�t�TR�0�� = 2kBT�r�Î − ûû���t� , �23�

where ��t� is the Dirac delta function.
In the highly damped systems that we will study, mo-

menta lose their memory and relax to thermal equilibrium
well within a time interval 
t, which is still too short for the
configuration to change appreciably. We therefore average
Eq. �14� over time 
t while keeping � fixed at its value at
the beginning of the interval. Doing so, we arrive at

0 = − � · �v� + �FR� + FS, �24�

which is the equation of motion on the Smoluchowski, i.e.,
diffusive, time scale. The left-hand side is equal to zero be-
cause the average acceleration is very small compared to the
individual terms on the right-hand side. �v� is the average
velocity, which is equal to d�r� /dt. Being a sum of Gaussian
variables, the average random force �FR� is itself a Gaussian
variable, with autocorrelation function

��FR��
t���FR�0��� = 2kBT�
��,0


t
, �25�

for integer � and with � the Kronecker delta. On the Smolu-
chowski time scale ��,0 /
t acts as a Dirac delta function.

Since from now on we are only interested in the dynam-
ics at the Smoluchowski time scale, we omit the bracket
indicating the time average, and simply write r, v, and FR

instead of �r�, �v�, and �FR�. Equation �24� then reads

244903-3 Rotational diffusion coefficients of rods J. Chem. Phys. 122, 244903 �2005�
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dr

dt
= �−1 · �FR + FS� . �26�

Assuming that the friction tensor � and the systematic force
FS are constant over the integration time step �t, we integrate
Eq. �26�, obtaining

r�t + �t� = r�t� + �−1�t� · FS�t��t + �r�t� , �27�

��r�t��r�t�� = 2kBT�−1�t��t . �28�

The random displacement �r�t�, which is contributed by the
random force, is defined as

�r�t� � �
0

�t

d� �−1�t + �� · FR�t + ��

� �−1�t� · �
0

�t

d� FR�t + �� . �29�

Since �−1=��
−1ûû+��

−1�Î− ûû� depends on the fluctuating
variable û, the first integral in Eq. �29� is ambiguous and a
choice has to be made to its interpretation. Since reorienta-
tions are generally much slower than displacements we have
chosen to put �−1�t+�� equal to �−1�t�, which in the math-
ematical literature is known as the Itô interpretation. Given
this interpretation, the moments in Eq. �28� follow from the
autocorrelations in Eq. �25�. In the simulation program, the
random displacements �r�t� are calculated as follows: a ran-
dom displacement with standard deviation �2kBT�t /�� is ap-
plied along the cylindrical axis direction û, and two random
displacements, each with standard deviation �2kBT�t /��,
are applied in two mutually perpendicular directions, both
perpendicular to û.

A similar treatment of the reorientations in the strongly
damped limit leads to

û�t + �t� = û�t� +
1

�r
TS�t� � û�t��t + �û�t� , �30�

��û�t��û�t�� = 2kBT
1

�r
�Î − ûû��t . �31�

Again we have used the Itô interpretation to calculate the
moments in Eq. �31�. The random reorientations �û�t� are
treated in the same way as �r�t� above: two Gaussian reori-
entations, with standard deviation �2kBT�t /�r, are applied in
two mutually orthogonal directions, both perpendicular to û.
Since this procedure will slightly change the length of û�t�,
the latter is normalized to unity after the integration step has
been applied.

Equations �27�, �28�, �30�, and �31� constitute the equa-
tions of motion used in this paper. In Appendix B we prove
that they indeed give rise to the Smoluchowski equation Eq.
�A1�. This proof should be considered to be the decisive
motivation for choosing the above equations of motion.

The simulation system in the present work was based on
the experimental data of fd virus.16 All simulations were run
using a time step �t of 0.05 �s. The simulation box was
cubic, and contained N=1000L /D� rods of diameter

D=14.8 nm and length L=0.88 �m, hence L /D=60. Water
was used as the solvent, with viscosity �=10−3 Pa s. The
temperature was 300 K.

B. Potential

In this section, the implementation of the excluded vol-
ume interactions between rods will briefly be discussed. Ex-
cluded volume interactions are described by means of the
potential

 = k�
i�j

Vov�ri,r j,ûi,û j� , �32�

where the sum runs over all pairs of rods. The “hardness” k
of the potential is independent of the position r and orienta-
tion û of the rod. In our simulations, the value of this param-
eter k is chosen such that the pair potential equals the thermal
energy kBT when the distance between two perpendicular
rods equals 0.8 times their diameter. The overlap volume
between rods i and j, Vov�ri ,r j , ûi , û j�, is calculated from

Vov�ri,r j,ûi,û j� = Vov�d�ri,r j,ûi,û j�, ��ûi,û j�� , �33�

Vov�d,�� =
4

sin �
�

−�D+d�/2

�D−d�/2

dp��D

2
2

− �d

2
+ p2

���D

2
2

− �d

2
− p2

, �34�

where d is the shortest distance between the two rods, i.e., d
is the projection of the center to center separation onto the
direction of ûi� û j,

d�ri,r j,ûi,û j� =

�ri − r j� · �ûi � û j�



ûi � û j

, �35�

and � is the angle between the long axes of the two rods.
Details can be found in Ref. 18.

Equation �33� is valid only for infinitely long rods. For
long thin rods of finite length, the overlap volume must be
calculated in a different way in cases when two rods are
almost parallel, or, to be more precise, when sin ��D /L. In
this work we have set the overlap volume in these cases
equal to

Vov�ri,r j,ûi,û j� = AovLov

= 2�1

4
D2 arccos

d

D
−

d

4
�D2 − d2

� �L −
1

2
�
�ri − r j� · ûi
 + 
�ri − r j� · û j
� .

�36�

Here, Aov and Lov denote the overlap area and the overlap
length, respectively.

A consequence of using a continuous potential to de-
scribe the repulsive or excluded volume interaction between
two rods is that the rods can partly overlap. The parameter D
is no longer a legitimate measure of the rod’s diameter. We
therefore propose to use the average shortest distance, calcu-
lated according to Eq. �35�, of two interacting, i.e., overlap-
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ping, rods as an effective diameter Deff. The measured prob-
ability densities Pd�x� of shortest dimensionless distances x,
defined as d /D, between interacting rod pairs are plotted in
Fig. 1 for various volume fractions L /D�. The effective di-
ameter of the rods can be calculated according to

Deff = D

�
0

1

dxPd�x�x

�
0

1

dxPd�x�
= 0.88D , �37�

and is independent of the density, which illustrates the hard-
ness of the potential. The small root-mean-square deviation

� = ��x2� − �x�2 � 0.1 �38�

confirms the impenetrability of the rods. By introducing the
effective diameter, the rods become “thinner,” which changes
the aspect ratio L /Deff from 60 to 68. Henceforce we will use
D as a shorthand for Deff, except of course in the calculation
of Vov. The volume fraction of the rod material will be cal-
culated as if all rods have a fixed diameter equal to Deff.

Given the potential , the forces and torques that are
needed to propagate the system are calculated according to

Fi = − �i = − k
�

�ri
Vov�ri,r j,ûi,û j� , �39�

Ti = − R̂i = − ûi �
�

�ûi

 = − kûi �
�

�ûi

Vov�ri,r j,ûi,û j� .

�40�

Occasionally two rods may come very close to each other,
mainly as a result of the random parts in the equations of
motion; the forces and torques become extremely large in
these cases. In order to keep the maximum displacements
and reorientations per time step within reasonable limits,
one-tenth of a diameter and 2D / �10L� radians, respectively,
we have restricted forces and torques to be smaller than

Fmax =
1

10

D��

�t
, �41�

Tmax =
1

10

2D�r

L�t
, �42�

respectively. The probability densities in Fig. 1 used to cal-
culate Deff were sampled from runs based on the forces and
torques just described.

IV. RESULTS

We first performed Brownian dynamics simulations on
long and thin noninteracting rods, i.e., without considering
excluded volume interactions between the rods. By calculat-
ing the mean-square displacement19 of the centers of mass of
the rods, we confirmed that the translational diffusion coef-
ficient obeys

Dt =
D� + 2D�

3
, �43�

with D� =kBT /�� and D�=kBT /��. We measured the rota-
tional diffusion coefficient by calculating

�Pn�û�t� · û�0��� = exp�− n�n + 1�Drt� , �44�

where Pn�x� is the Legendre polynomial of nth order,

Pn�x� =
1

2nn!

dn

dxn �x2 − 1�n, �45�

and found that it agreed well with its input value �see Eqs.
�2� and �19��.

A. Measurements of the rotational diffusion
coefficient Dr„�…

In semidilute and concentrated solutions the rotational
motion of a typical rod is very much restricted by the rods in
its direct neighborhood. This is the more true, the higher the
concentration is, and as a consequence the rotational self-
diffusion coefficient depends on the volume fraction �. It
may still be calculated according to Eq. �44�, but with Dr

replaced by Dr���. The results of these calculations are pre-
sented in Fig. 2, together with those of two alternative meth-
ods. The second method consists of applying a constant ex-

FIG. 1. The probability distribution Pd�x� of the dimensionless closest dis-
tance x, defined as d /D, between two interacting rods at various volume
fractions. There is no overlap between rods when the dimensionless closest
distance x becomes larger than one.

FIG. 2. Rotational self-diffusion coefficients Dr���, calculated by three dif-
ferent kinds of simulations at various volume fractions of rods. The curves
are normalized by Dr, the rotational diffusion coefficient of a single nonin-
teracting rod. Method I is based on the Debye theory, Eq. �44�, method II on
the drag torque on a forceably rotated rod, Eq. �46�, and method III on the
restoring torque, Eq. �52�.
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ternal torque Tex on a chosen rod and measuring the resulting
average angular velocity ���. A small extra potential was
applied to restrict the motion of the rod to a plane perpen-
dicular to Tex. The rotational diffusion coefficient Dr��� is
then obtained from the measured rotational friction coeffi-
cient according to the Einstein equation:

Tex = �r������ =
kBT

Dr���
��� . �46�

As can be seen from Fig. 2, the results of the two methods
are in good agreement with each other, and depend strongly
on the volume fraction �.

In order to obtain reasonable estimates of the rotational
diffusion coefficients for the higher volume fractions, the
correlation function �P1�û�t� · û�0���= �û�t� · û�0�� had to be
calculated for correlation times up to t=0.5 s. In this subsec-
tion we present a method to obtain the same information in a
much shorter time. First, take the time derivative of the cor-
relation function �û�t� · û�0��:

d

dt
�û�t� · û�0�� = 	 dû û · û�0�

�

�t
P�û,t� , �47�

where P�û , t� is the probability distribution function of a rod
with initial distribution P�û ,0�=��û− û�0��. Introducing Eq.
�1� for the time derivative of the pdf we obtain

d

dt
�û�t� · û�0�� = Dr	 dû û · û�0�R̂ · R̂P�û,t�

− �Dr	 dû û · û�0�R̂ · P�û,t�T̄�û,t� .

�48�

Performing two integrations by parts in the first term and one
in the second term according to6

	 dû A�û�R̂B�û� = − 	 dû �R̂A�û��B�û� , �49�

we obtain

d

dt
�û�t� · û�0�� = − 2Dr�û�t� · û�0��

+ �DrTr�û,t��û�t� · û�0�� . �50�

The second term, with

Tr�û,t� =
��û�t� � û�0�� · T̄�û,t��

�û�t� · û�0��
, �51�

represents the contribution of the restoring torque exerted by
the surrounding rods to the time evolution of �û�t� · û�0��.

For long time Tr�û , t� becomes constant and �û�t� · û�0��
diffusive. Inserting Eq. �44�, with n=1, into the left-hand
side of Eq. �50� and performing the time derivative,
we obtain

Dr��� = lim
t→	

Dr��,t� = lim
t→	

Dr�1 −
1

2
�Tr�û,t�� . �52�

Repeating the same procedure, starting at Eq. �47�, with
higher values of n yields

Dr��� = lim
t→	

Dr�1 −
�

n�n + 1�

�
�Pn��û�t� · û�0����û�t� � û�0�� · T̄�û,t���

�Pn�û�t� · û�0���
� ,

�53�

where Pn��x� is the derivative of Pn�x�.
The results of our calculations of �Tr�û , t� are plotted in

Fig. 3. The total time of these simulations is around
0.1–0.2 s, which is considerably shorter than the traditional
methods. The corresponding rotational diffusion coefficients
are plotted in Fig. 2, referred to as method III. It is seen that
all these methods give the same results within statistical
errors.

Figure 3 reveals clearly that for all volume fractions
�Tr�û , t� becomes constant within about 0.005 s. As a result,
only rather short simulations are needed to calculate the ro-
tational diffusion coefficients. Contrary to this, for the higher
volume fractions �û�t� · û�0�� becomes diffusive only after
0.05 s. In order to understand why this correlation takes
much longer to become diffusive than the time needed for
the restoring torque to become constant, we formally solve
Eq. �50�, obtaining

�û�t� · û�0�� = exp�− 2t�1

t
�

0

t

d�Dr��,���� . �54�

Although Tr�û , t�, and therefore Dr�� , t�, becomes constant
very quickly, it takes some extra time before the correspond-
ing transient effects in 1/ t�0

t d�Dr�� ,�� have converged. In
Fig. 4 the results of �û�t� · û�0�� calculated according to Eq.
�54� are plotted, together with those obtained directly from
the simulations. Both agree well within statistical errors.

B. Collective orientational decay

In this subsection we will study the collective orienta-
tional decay of initially aligned, but transitionally disordered,

FIG. 3. The “restoring torques” Tr shown as functions of time, see Eq. �51�.
From bottom to top, the lines correspond to L /D�=0.09, 0.22, 0.44, 0.88,
and 1.76. In each case, a plateau value is reached in a short time.
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rodlike colloids. Since we are only interested in exponential
decay close to the equilibrium state, see Eq. �12�, all runs
had to be extended up to the point where the order tensor
elements started to fluctuate. The collective rotational diffu-
sion coefficient defined in Eq. �12� was calculated for vari-
ous volume fractions and is plotted in Fig. 5, referred to as
method A. Obviously, this is not a very efficient method to
obtain the quantities aimed for. For this reason, and also to
have an independent check of the results, we have resorted to
Onsager’s regression hypothesis20,21 to write

�� S�t�� S�0�� = �� S�0�� S�0��exp�− 6Dr
coll���t� , �55�

where the brackets indicate averages in the equilibrium state.
The results of these calculations are also plotted in Fig. 5,
referred to as method B. The results of both methods agree
very well with each other but deviate considerably from the
theoretical prediction of Dhont and Briels given in Eq. �13�.
Moreover, they are almost equal to the corresponding self-
rotational diffusion coefficients Dr��� discussed in
Sec. IV.

In order to test if our potential =Vov given in Eq. �32�
is sufficiently hard, we have performed additional simula-

tions with somewhat different potentials. The results of runs
with double and half the original hardness parameter k are
included in Fig. 5, denoted as “harder” and “softer,” respec-
tively. It turns out that the harder potential yields the same
results as our original potential, indicating that the latter is
most probably hard enough to represent hard colloids.

As already mentioned above, the simulation results of
the collective rotational diffusion coefficients differ mark-
edly from the theoretical predictions of Dhont and Briels
based on DEK theory. As was shown by these authors, sev-
eral approximations are used to arrive at the DEK equations.
First, the time dependence of g�r−r� , û , û� , t� is neglected by
putting it equal to its equilibrium value, which to a very good
approximation is given by the Onsager formula Eq. �4�.
Next, 
û� û�
 occurring in the torque is approximated by a
Landau–Ginzburg expansion. Finally, contractions of the
fourth-order tensor S�4� are calculated by means of closure
relations like the one in Eq. �10�. Let us start our discussion
with the last of these possible shortcomings of the theory. In
order to check the quality of Eq. �10�, we have calculated
both sides directly from the simulations during four typical
runs and plotted them in Fig. 6. It is seen that the closure
approximation performs very well for all values of the order
parameter. Next we turn our attention to the Landau–
Ginzburg expansion. From Eq. �5�, i.e., right after the neglect
of dynamic correlations, it is obvious that the average torque
and, therefore, the equation of motion of the order tensor S
are linear in L /D�, although they may be highly nonlinear in
S. Since, in order to calculate the decay of � S close to equi-
librium, we linearize the equation of motion of S in any case,
we obtain a linear dependence of Dr

coll��� on L /D� irrespec-
tive of how exactly the average torque is approximated. This
leaves us with the neglect of dynamic correlations as the
only possible cause of the difference between theory and

FIG. 5. The collective rotational diffusion coefficient Dr
coll��� at various

volume fractions. In method A, an initially fully aligned system is decaying
to the isotropic state, while method B uses Onsager’s regression hypothesis
to analyze equilibrium fluctuations. The dashed and dotted lines are fits to
these methods. The value of the potential parameter k for the “harder” and
“softer” simulations �both using method A� are twice and half the standard
value, respectively. The straight line is the prediction by the theory of Dhont
and Briels, and Dr is the rotational diffusion coefficient of a single nonin-
teracting rod.

FIG. 6. Validation of the approximation made in the doubly contracted form
of S�4� :S, see Eq. �10�. For the xx �a� and yy �b� component of this contrac-
tion, the approximate right-hand side is plotted against the exact left-hand
side. The analyzed configurations are extracted from nonequilibrium simu-
lations, decaying from fully aligned to isotropic, with arrows indicating the
evolution in time. The approximations are seen to hold very well for the
isotropic system.

FIG. 4. The autocorrelation of û in isotropic systems at various volume
fractions, calculated directly �symbols� and from the restoring torque �lines�,
see Eq. �54�.
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simulations. Notice that both in the theory and in the simu-
lations hydrodynamic interactions were neglected, and that
these therefore cannot be the cause of the large deviations
between theory and simulations.

Finally, let us return to the fact that the collective rota-
tional diffusion coefficients are virtually equal to the rota-
tional self-diffusion coefficients. Obviously this tells us that
the average decay of different rods is hardly correlated, if at
all. In Appendix C we prove that under this condition,

�� Sii�t��Sii�0�� = �� Sii�0�� Sii�0���P2�û�t� · û�0��� . �56�

Together with �P2�û�t� · û�0���=exp�−6Dr���t�, this proves
that under these assumptions Dr

coll���=Dr���.

V. CONCLUSION

A Brownian dynamics simulation program has been
written to investigate the diffusion properties of rigid long
thin rodlike colloids. This program is based on the solution
of the Langevin equations of motion on the Smoluchowski
time scale. Hard-core interactions are taken into account by
means of a pairwise additive potential, with each pair con-
tributing proportional to the overlap of the corresponding
rods. Hydrodynamic interactions between different rods are
neglected. Self- and collective rotational diffusion coeffi-
cients were calculated from isotropic equilibrium simulations
as well as from nonequilibrium simulations of initially fully
aligned systems. The results of the present paper can be sum-
marized as follows:

�i� A new method for calculating the self-rotational dif-
fusion coefficient Dr��� is proposed by exploiting the
restoring torque on a rod by its surrounding rods. The
simulation results based on this much quicker tech-
nique agree very well with those calculated from two
traditional time-consuming approaches, at various
volume fractions L /D�.

�ii� The measured collective rotational diffusion coeffi-
cients Dr

coll��� show large deviations from the theoret-
ical prediction of Dhont and Briels, for both equilib-
rium and nonequilibrium Brownian dynamics
simulations. This is attributed to the neglect of dy-
namical correlations in the theory.

�iii� The simulations indicate that the self-rotational diffu-
sion coefficients Dr��� and the collective rotational
diffusion coefficients Dr

coll��� are virtually identical
for the systems studied here. A theoretical investiga-
tion corroborates this observation and the conditions
for which it is expected to hold true.

The insights gained from the simulations in the impor-
tance of the dynamical correlation between rods are a valu-
able asset to guide future improvements of the theory on the
dynamics of long thin rigid rods. Further algorithmic im-
provements are needed to extend the current simulations to
higher volume fractions, in order to study the dynamics of
liquid crystal-like phase transitions, which are computation-
ally too demanding for the current program.
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APPENDIX A: DERIVATION OF EQ. „1… FROM THE
N-PARTICLE SMOLUCHOWSKI EQUATION

The N-particle Smoluchowski equation is the equation of
motion for the probability density function P of the positions
�r1 , . . . ,rN� and orientations �û1 , . . . , ûN� of the N rigid rods
in the system under consideration. This equation
reads,17,22–24

�P

�t
= �

j=1

N �3

4
Dt� j · �Î + û jû j� · �� jP + �P� j�

+ DrR̂ j · �R̂ jP + �PR̂ j�� , �A1�

where Dt and Dr are the translational and rotational diffusion
coefficients of a free, noninteracting rod, and  is the total
interaction energy of the assembly of N rods. Hydrodynamic
interactions between the rods are neglected in the above
equation.

Analytical progress can be made by assuming a pairwise
additive total potential, that is,

�r1, . . . ,rN,û1, . . . ,ûN� = �
i�j

V�ri − r j,ûi,û j� , �A2�

with V the pair-interaction potential. This is exact for the
rods with hard-core interactions considered here. According
to the integral theorems of Gauss and Stokes, we have, re-
spectively,

� dr j� j · �¯� = 0 and 	 dû jR̂ j · �¯� = 0. �A3�

Using these relations, and noting that

P�û1,t� =� dr1 ¯� drN	 dû2 ¯	 dûN

�P�r1, . . . ,rN,û1,û2, . . . ,ûN,t� , �A4�

the integration of both sides of the Smoluchowski equation
with respect to r1 , . . . ,rN and û2 , . . . , ûN leads to Eqs. �1� and
�3� �with û= û1, û�= û2, r=r1, and r�=r2�, where the pair-
correlation function g is defined as

P�r,r�,û,û�,t� � � dr3 ¯� drN	 dû3 ¯	 dûN

�P�r,r�,r3, . . . ,rN,û,û�,û3, . . . ,ûN,t�

�
1

V2 P�û,t�P̄�û�,t�g�r − r�,û,û�,t� , �A5�

with P�r ,r� , û , û� , t� the pdf for the positions and orienta-
tions of two rods and V the volume. The two one-particle
pdf’s have been assumed to possibly differ. This point is
further discussed in Sec. II.
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APPENDIX B: EQUIVALENCE OF BROWNIAN
DYNAMICS EQUATIONS OF MOTION
AND THE SMOLUCHOWSKI EQUATION

In this Appendix we will briefly sketch the proof of the
equivalence of the equations of motion used in this paper,
Eqs. �27�, �28�, �30�, and �31�, and the Smoluchowski equa-
tion Eq. �A1�. Although the general approach in this Appen-
dix is fairly standard,25–27 some of the technical details are
a bit intricate. We will closely follow Appendix IV C in
Ref. 27.

From the equations of motion it is obvious that our sys-
tem is Markovian. Therefore, the pdf P= P�z ,z0 ; t� with z
= �z1 , . . . ,zN� and zi= �ri , ûi� satisfies the Chapman–
Kolmogorov equation

P�z�,z0;t + �t� =� dzP�z�,z;�t�P�z,z0;t� . �B1�

We explicitly mention the initial value z0 of z to clarify
the meaning of the Chapman–Kolmogorov equation. Since
we are interested in the limit of �t→0, in which case
P�z� ,z ;�t� approaches a Dirac delta distribution, and we pre-
fer not to make a Taylor expansion of the latter, we multiply
the Chapman–Kolmogorov equation by F�z�� and integrate,
obtaining

� dzP�z,z0;t + �t�F�z�

=� dz�� dz�P�z�,z;�t�F�z���P�z,z0;t� . �B2�

In the integral between the square brackets on the right-hand
side we may now safely expand F�z�� around z�=z, writing

F�z�� = F�z� + �z� − z� · �zF�z�

+ 1
2 �z� − z��z� − z�:�z�zF�z� + ¯ . �B3�

It will turn out that all terms of order higher than two do not
contribute to the final result. Performing the integral we find

� dz�P�z,z�;�t�F�z�� = F�z� + �
z;�t� · �zF�z�

+ 1
2 �
z
z;�t�:�z�zF�z� , �B4�

with moments defined by

�
z;�t� =� dz��z� − z�P�z�,z;�t� , �B5�

�
z
z;�t� =� dz��z� − z��z� − z�P�z�,z;�t� . �B6�

Although the second-order moments contribute a 5N�5N
matrix, only those elements which are of first order in �t
contribute to the final result. Since elements corresponding to
two different particles are of order ��t�2, we may restrict our
attention to just one particle and write in more detail

��z;�t� · �zF�z� + 1
2 �
z
z;�t�:�z�zF�z�

= �
r;�t� · � F�z� + �
û;�t� · �Î − ûû� · �ûF�z�

+ 1
2 �
r
r;�t�: �� F�z�

+ 1
2 �
û
û;�t�:�Î − ûû� · �û�Î − ûû� · �ûF�z� , �B7�

where � is the gradient with respect to r and �û the deriva-
tive with respect to û. In the Itô interpretation of the stochas-
tic integrals Eqs. �28� and �31�, mixed second-order mo-
ments of translational and rotational displacements are
uncorrelated and therefore of second order in �t. The remain-
ing moments are

�
r;�t� = − �−1�t� · � �t��t ,

�
û;�t� =
1

�r
û�t� � R̂�t��t ,

�
r
r;�t� = 2kBT�−1�t��t ,

�
û
û;�t� = 2kBT
1

�r
�Î − û�t�û�t���t , �B8�

where we have used Eqs. �27�, �28�, �30�, �31�, �39�, and

�40�. Introducing these moments into Eq. �B7�, using �Î
− ûû� ·�û=−û�R̂, �û� �R̂�� · �û�R̂�= �R̂� ·R̂ and �Î
− ûû� : �û�R̂��û�R̂�= �û�R̂� · �û�R̂�=R̂ ·R̂, we obtain

�
z;�t� · �zF�z� + 1
2 �
z
z;�t�:�z�zF�z�

= − ��−1 · � � · � F�z��t − �r
−1�R̂� · R̂F�z��t

+ kBT�−1: �� F�z��t + kBT�r
−1R̂ · R̂F�z��t . �B9�

We finally combine Eqs. �B2�, �B4�, and �B9� and perform
some partial integrations according to14

� d3r A�r� · � F�z� = −� d3r �� · A�r��F�z� ,

	 dû A�û� · R̂F�z� = −	 dû �R̂ · A�û��F�z� , �B10�

obtaining in the limit of �t→0:

� dz
�

�t
P�z,z0;t�F�z� =� dz�� · �−1 · ���P�z,z0;t�

+ �r
−1R̂ · �R̂�P�z,z0;t�

+ kBT �� :�−1P�z,z0;t�

+ kBT�r
−1R̂ · R̂P�z,z0;t��F�z� .

�B11�

Since F�z� is completely general, � /�t P�z ,z0 ; t� must be
equal to the sum between curly brackets on the right-hand
side. Summing over all particles on the right-hand side and
using �� :�−1P= � ·�−1 · � P, we obtain the Smoluchowski
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equation Eq. �A1�. The reader will have no difficulties
to justify the unproven claims made in the course of the
derivation.

APPENDIX C: DERIVATION OF EQ. „56…
WITH APPROXIMATIONS OF TIME
CORRELATION FUNCTION

For a homogeneous isotropic equilibrium system the
time correlation functions of the spontaneous fluctuations of
the orientational order-parameter tensor �� S�t�� S�0�� are
given by

��Syy�t��Syy�0�� =
1

N2�
n

�
m
��uyn�t�uyn�t� −

1

3


��uym�0�uym�0� −
1

3
� , �C1�

where we have chosen the yy component for convenience.
Rewriting Eq. �C1� leads to

��Syy�t��Syy�0�� = −
1

9
+

1

N2�
n

�uyn�t�uyn�t�uyn�0�uyn�0��

+
1

N2�
n

�
�m

�uyn�t�uyn�t�uym�0�uym�0�� .

�C2�

Assuming that correlations of uy�t� for different rods can be
neglected, i.e.,

�
n

�
�m

�uyn�t�uyn�t�uym�0�uym�0��

= �
n

�
�m

�uyn�t�uyn�t���uym�0�uym�0�� , �C3�

the right-hand side of Eq. �C2� results in

−
1

9
+

1

N2�
n

�
m

�uyn�t�uyn�t���uym�0�uym�0��

+
1

N2�
n

��uyn�t�uyn�t�uyn�0�uyn�0��

− �uyn�t�uyn�t���uyn�0�uyn�0��� . �C4�

Thus,

��Syy�t��Syy�0�� =
1

N2�
n
���uyn�t�uyn�0��2� −

1

9
� . �C5�

In the isotropic state, the time correlation functions for x,
y, and z components are identical,

�
n

��uyn�t�uyn�0��2� =
1

3�
n

���uxn�t�uxn�0��2�

+ ��uyn�t�uyn�0��2�

+ ��uzn�t�uzn�0��2�� . �C6�

Assuming that the off-diagonal correlations of the one-

particle orientational order-parameter tensor decay extremely
fast, i.e., �Sii�t�Sjj�0���0, we obtain

�
n

��uyn�t�uyn�0��2� �
1

3�
n

��uxn�t�uxn�0� + uyn�t�uyn�0�

+ uzn�t�uzn�0��2� . �C7�

Finally, Eq. �C1� results in

��Syy�t��Syy�0�� �
2

9

1

N2�
n
� 3

2
�ûn�t� · ûn�0��2 −

1

2
� .

�C8�

Apart from a constant factor, this is nothing but
�P2�û�t� · û�0���.
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