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I. Introduetion 

Ever since the invention of the bipolar transistor there 

has been a need for a mathematical description of its electri

cal behaviour. To fulfillthis need one must solve, in one way 

or another, the basic set of equations for the carrier trans
port in semiconductors: 

Jn = qDn Cln + 
a x q\lnnE (la) 

Jp = qD ~+ qv pE ( lb) p a x p 

Cln 1 aJn 
- R (lc) TI = Tx" q 

~ 1 
aJ 

= _p_ - R (ld) at q dX 

ClE 
a x = ÇJ_(N - N 

E: D A + p - n) ( le) 

The first two are the equations for the electron and hole 

current, the secend two are the continuity equations, again 
for e lectrans and holes, and the last one is Poisson's equa

tion. R denotes the recombination term, the ether notations 

are convential. 

In general there are two ways of solving this set of 

equations. 
One method, which was historically the first, is to 

derive analytical expressions for the solutions, preferably 

in closed form, based on an understanding of the physical 

mechanisms inside the transistor. Such a description is orten 

approximate and for reasans of simplicity usually one-d~men

sional. 
With the advent of large computer systems a second methad 

has come into use. This methad starts with the five basic 

equations for the carrier transport in semiconductors. The 

input data required here are the impurity profiles for donors 

ND(x) and accepters NA(x) and a set of appropriate boundary 
conditions. A salution of these equations can then be obtained 
by mean s of numeri cal procedures [ 1] . Although this salution 
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is very accurate in itself, the overall result largely depends 

on the accuracy of the input data. Most of the existing numer

ical procedures are also one-dimensional, although two-dimen

sional solutions are reported in the literature [2). 

Both methods of describing the electrical behaviour of 

devices have advantages and disadvantages. Generally speaking 

the analytical method is simple and requires little cernputa

tien time, but it is approximate and therefore less accurate. 

The numerical method can be much more accurate but takes more 

computation time. The numerical method tends to be preferred 

in the study of the influence of several physical effects on 

the electrical behaviour of the transistor, such as recombi

nation mechanisms, high doping effects, dependenee of the 

mobility on doping level and electric field. 

The result of the analytical method is useful in the 

design of complicated integrated circuits. These circuits 

usually contain large numbers of passive and active components 

and the designer wants to know in advance how his circuit 

operates. In most cases this can only be accomplished by means 

of a computer analysis of the whole circuit. For this the de

signer needs a mathematical model of the devices used in the 

circuit that is simple and consumes little computation time. 

The analytical method is therefore more appropriate for con

structing such models. 
The purpose of this thesis is to present analytical 

models, describing the behaviour of the transistor as far as 

the collector is involved. These models are different from the 

existing Ebers-Moll and charge control models, which were 

derived for alloy transistors with heavily doped collectors. 

Modern transistors have a lightly doped collector and behave 

therefore differently. The models, developed in this thesis, 

take full account of the lightly doped collector; they can be 

used directly, or in a modified form· in the computer-aided 

design of integrated circuits. 

To test the accuracy of these analytical models we have 

made ample use of existing numerical computer programs [2) 

and have also carried out several experiments on real transis

tors. 
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In this introduc~ion we shall further discuss the Ebers

Moll and charge control models (section 1.2). Then the general 

aspects of the lightly doped collector will be given (section 

1.3), followed by a critical review of the most important 
literature on the subject of the lightly doped collector and 

its influence on such electrical quantities as the cut-off 

frequency fT and the current gain hFE (section 1.4). Sectien 

1.5 contains a short introduetion with some camment to the 

publications which constitute the major part of this thesis. 

Sectien 1.6 gives a few concluding remarks. 

To introduce the problems of a.nalytical modelling of 

bipolar transistors we will give in this sectien a short 

treatment of two classical models. One of the first roodels 

that came into use was the Ebers-Moll model I 31 . In i ts 

simplest form it depiets the three-layer structure of the 

bipolar transistor as two diodes, connected back to back, with 

two current sourees parallel to the diodes (see fig. 1). The 

two diodes represent the two p-n junctions of the transistor 

and show the normal exponential characteristics: 

The 

If = I 10{exp(qVb 6 /kT) - 1} 
Ir= Ir0 {exp(qVbc/kT) - 1} 

positive current directions are 

emitter, collector and base current 

I = If- et I e r r 

I c = arf - I 
:r 

Ib = (1 - af)I f + (1 - ar)I:r 

( 2a) 

(2b) 

indicated in fig. 1. The 
are respectively: 

(2c) 

(2d) 

(2e) 

If is the forward current, related to the emitter-base junc
tion, and Ir is the reverse current, related to the collector 
base junction. In the normal mode of operatien of an npn 
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b 

Fig. 1. 

Ci~auit aonfigu~ation of the basia Ebers-Moll model. 

The arrows indicate the positive aurrent direations 

in an npn transistor. 

transistor the emitter-base junction is forward-biased 

(Vbe > o) and the collector-base junction reverse-biased 
(Vba < o). This implies that Ir is very small compared with 

If and can usually be neglected. If the collector-base junc

tion is also in forward bias, Ir can become considerable and 

will decrease the collector current I 0 ; the transistor is 

said to operate i n saturation. The quantities denoted by ~~ 
and ar are called the current gain factors and give that part 

of the current inj e cted by one junction that wi ll arri ve at 

the other junction. The base current is then made up of the 

missing parts (see equation (2e)). 

The Ebers-Moll model describes the major features of the d.c. 

characteristics rather well, but it fails in the a.c. case. 
Several attempts have been made to r epair this deficiency by 

making the current gain factors ~~ and ar frequency-dependent 

[4], but we will not discuss this here. 

A model which accounts for the a.c. as well as the d.c. 

situation is the charge control model, introduced by Beaufoy 
and Sparkes [ 51 . It is based on the assumption that the cur

r ents of the bipolar transistor are completely controlled by 
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the stared charges of minority carriers in the base. In turn 

these charges are given by the junction voltages Vbe and Vbo· 

If we consider an npn-transistor and write down the continui
ty equation for the holes in the base: 

* = - p-:0 - ~9·Jp (3a) 

we can integrate this equation over the whole neutral base 

region and obtain 

dQ = - g_ - I 
dt T f.> 

(3b) 

In equation (3a) the recombination term R of equation (ld) 

has been substituted by the linear term (p-p 0 J/-r. 

Q is here the total charge of excess holes in the base, but 

because of the charge neutralityit is also equal to the total 

minority charge in the base. Equating the hole current - IP 
to the base current Ib gives us 

I = g_ + dQ 
b T at 

emitter 
neutrat 

base 

Fig. 2. 

(3c) 

ca lector 

The storage of the forward and reverse charges in the 

base of a bipo~ar transistor, aaoording to the con

ventiona~ aharge aontro~ model. 
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This equation states that the base current is made up of a 

recombination term Q/T and a capacitive charging current 

dQ/dt. This last term introduces the frequency dependenee in 
an elegant way. 

The basic assumption of the charge control principle now pres
cribes that the collector current is instantaneously and di~ 

rectly proportional to the stared charge Q: 

I = a' g_ 
a T 

( 4) 

We can make a refinement of this by dividing the stared base 

charge into two components: Q = Qf + Q~. 

The forward charge Qf is brought about by injection of minori

ties from the emitter into the base, the reverse charge Q~ by 
injection from the collector (see fig. 2). The charge Q~ 
causes a decreasein collector current, because the gradient 

dn/dx decreases. 

If we also make a distinction between the lifetimes for the 

two charge components, the base current can be written as 

Q dQ Q dQ~ 
Ib =:1+'?{-+2+ 

Tf t T~ a:t (5a) 

and the collector current as 

,~ Q~ dQ~ 
I = a - (1+a ')- - a:t a f Tf ~ T 

~ 

( 5b) 

where a[ and (1+a;) are the new proportionality factors. Con

sequently the emitter current is given by 

(5c) 

The stared charges Qf and Q~ depend on the junction voltages 

as fellows: 

Qf = Q10{exp(qVbe/kT) 1} 
Q~ = Q~0{exp(qVb0/kT) - 1} 

(5d) 

(5e) 
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In the d.c. case dQ~dt = dQP/dt = 0 and the equations 
give the same results as the Ebers-Moll equations (2), 

vided that 
...:l a , , p 

af = • a = 1-a • 1-a p 
f p 

and 
Qr 

= ( 1-a JI . 
t r r r 

(5) 
pro-

The quantities a; and a~ are again current gain factors, but 

now re.Jated to base currents. In normal forward operatien V ba 

is negative and Qr is reduced to almest zero, but for transis

tors in saturation Vbc is positive and QP must be taken into 

account. 

The charge control principle is a powerful tool in rnadel

ing because once the d.c. relations between the stored charges 

and the junction voltages have been established the time-de
pendent currents are given by equations (5a, b, c). The claim 

in fact is that the charges immediately fellow the applied 

junction voltages and control the currents in the prescribed 

way. In principle, then, the equations (5) can be used for 

d.c., a.c. small-signal and transient analysis. However, there 

is à limitation for high frequencies or very fast pulses. This 
is due to the assumption that the currents fellow the varia

tions of the stared charges instantaneously and that the lat

ter react imrnediately to changes of the junction voltages. At 

very high frequencies this is no longer true and delays will 

occur between the voltages and the charges and between the 
charges and the currents I 6] . Roughly speaking the charge con

trol principle can be used up to frequencies of one third of 

the cut-off frequency fp· 
For saturation both the Ebers-Moll and the charge control 

model prescribe symmetry between the emitter-base junction and 
the collector-base junction. Apart ~rom geometrical differ

ences between emitter and collector, this is an acceptable 

approximation for alloy transistors, because the collector 

region in these transistors is much more heavily doped than 

the base region. When the collector-base junction is forward
biased, as in saturation, the charge Qr is stored in the 

base. This situation is analogous to that of the emitter-base 



8 

junction, where the emitter is also more heavily doped than 

the base and the charge Qf is also stored in the base (see 

fig. 2). 

However, in modern planar transistors, which have lightly 

doped collectors, the situation is different: the doping pro

files show no symmetry in this case (see fig. 3). The current 

injection of the emitter-base junction is still controlled by 

only one variable: the junction voltage Vbe' but the injection 
of the collector-base junction is considered as being con
trolled by two independent variables: the junction voltage 

Vbc and the emitter current. An elaborate discussion of this 
phenomenon is given in chapters II and V. The problem is 

stated in more general terms in the next section. 

In a planar transistor the collector region usually has 

an impurity concentratien which is much less than that in the 

base. This lightly doped collector region may be an epitaxial 

layer on a heavily doped substrate (see fig. 3b) or it may 
consist of the lightly doped substrat~ itself. With such a 

collector region several phenomena can be quite different 

from those encountered in the alloy transistor situation. 

In the first place the minority carrier charge, which arises 
when the collector-base junction is forward-biased in satura

tion, is now mainly stored in the collector region (see fig. 

3c). This stored charge Qr can no longer be approximated by a 
function of only the junction voltage, but must be considered 

as being dependent on both junction voltage and current. 

'A major part of this thesis is devoted to the charge Qr• 

stored in the lightly doped collector and its dependenee on 
current and voltage, and to the consequences it has on several 

electrical effects. In the second place the collector series 

resistance is now much larger and becomes in fact a very im

p~rtant quantity for these transistors. 

Moreover, due to the large collector series resistance and 

the accompanying voltage drop when current flows, the collec
tor-base junction can become forward-biased internally, 

whereas externally the terminal voltage is still a reverse 
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voltage. This has important consequences for the electrical 

behaviour of the transistor, such as the fall-off of the 

current gain in grounded emitter circuits (hFE) and the cut

off frequency (fT) and the small-signal nonlinear distortions 

(higher harmonies, cross-modulation and intermodulation) at 

high collector currents. 

Some collector effects are not treated here, such as the 

Early effect [7] and avalanche multiplication. The Early 

effect is the effect that the reverse bias voltage of the 

collector-base junction influences the width of the neutral 

base region, causing variations in the collector current. In 

alloy transistors this effect can be quite strong, but in 

transistors with lightly doped collectors it is much less. 

This is because the depletion region will mainly extend into 

the collector region here, so the reverse bias will nothave 

much influence on the width of the neutral base junction. 

Neglect of avalanche multiplication in the collector is justi

fied by the consideration that the electric field strengths 

of interest to us are about ten times lower than the critical 

field strength at breakdown. 

Furthermore our treatment is limited to d.c. and a.c. small

signal situations in the normal mode of operation. Transient 

analysis and the inverse mode of operation, in which collec

tor and emitter have interchanged their functions, are there

fore omitted. The noise of the transistor will not be dis

cussed either. 

A well-known quality factor defining the high-frequency 

performance of an electron device is the so-called gain-band

width product or cut-off frequency fT. When the fT of a bipo
lar transistor is measured as a function of (emitter) current, 

while the collector-base voltage vab is kept constant, the 

characteristically shaped curve of fig. 4 is obtained. The fT 

can be defined as the inverse of the total signal delay in the 

transistor, and this delay is made up of several parts: 

+ r C a a (6) 
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~T (C +C ) = 
q e e c 

emitter delay, given 

resistance kT/qie of 

tion and the emitter 

by the differential 

the emitter-base junc

and collector depletion 

T c 

1' c c c 

capacitances (Ce+Cc). (The emitter delay 

determines mainly the fT at low currents and 

diminishes when the current increases; see 

fig. 4) 

= base delay, dependent on the base width: 
Wt 

Tb = mD where D is the diffusion constant 
for minority carriers in the base and m is 

a constant depending on the doping profile 

[ 8] and varying between the values 2 and 8 
approximately. Wb is the base width. 

= delay in the collector depletion region. 

This delay is equal to half the transit 

time of the mobile carriers through the de

pletion layer [ 91 • 

= collector charging time, being the product 

of the collector series resistance r and c 
the collector depletion capacitance Cc 

There also exists a charge control definition for the cut-off 

frequency: 

1 
2TrfT 

= dQ .... dQ 
die die 

( 7) 

It can be proved that equations (6) and (7) give practically 

identical results if Q is taken as the total charge of one 
type of mobile charge carriers (hole s or electrons) in the 

transistor. 

The fall-off of fT at high currents (see fig. 4) occurs 

when the transistor comes into saturation and the collector

base junction becomes (internally) forward-biased. This can 
be attributed with the help of equation (6) either to an in-
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fT (GHz) ~-----------------, 

i 5 
Vcb =5Volt 

Fig. 4. 

Typiaal b~haviour of the aut-off ~uenay fp as a 

funation of aolleator aurrent Ia. 

crease in Tb or to an increase in ca. In the latter case Ca 

is then considered as the surn of depletion and starage capa

citances (cf. fig. 9 on page 99 in chapter V). 

Messenger [ 10] and later Kirk [ 11] explained the fT fall

off by postulating that the neutral base region widens into 

the collector region in saturation, thus causing an increase 

of the base delay Tb (known as the Kirk effect). In his paper 

[ 11] Kirk starts with the farniliar situation where the collec

tor-base junction still has areverse bias. The collector 

region is then divided into a depletion region, adjacent to 

the metallurgical junction and an ohmic region. The width of 

the depletion region is influenced by the current flow in two 

ways: 

a. at a fixed value of the external voltage Vab the voltage 

drop across the collector series resistance reduces the 

junction voltage. This tends to decrease the depletion 

layer width; 

b. the space charge of the mobile carriers partly neutralize 
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the fixed ionized impurity charge, which tends to increase 

the depletion layer width. 

The external voltage V0 b determines which tendency will domi

nate. At high V0 b values the depletion layer width will in

crease with increasing current, at low V0 b values it will ·de
crease (see chapter II). Kirk only mentioned the possibility 

of a decreasing depletion layer width. At high currents this 
depletion layer can even disappear completely and the neutral 

base region moves into the collector region. In that case the 

base delay time is increased and becomes: 
2 

(Wb + xi) 
1 b = mD ( 8) 

The extension x . of the neutral base in one-dimensional form 
'l-

is roughly given by 

( 9) 

where p is the resistivity of the lightly doped collector 

material, W is the width of the lightly doped collector region 

and J 0 is the collector current density. Thus, when V0 b has a 
fixed value and J 0 is increased, xi must increase too, making 

the base region wider and wider until the whole collector 

region is occupied. Unfortunately Kirk did not discuss the 

physical mechanism, underlying this behaviour, clearly. It 

can be argued e.g. that for delay times, due to charge stored 
in the collector, the factor m in equation (8) is different 

from the value for charge stored in the base. 
A better description of the physical mechanism was given 

by Hahn [ 121. He was mainly interested in the (I 0 , V0 e) charac

teristics of high voltage npvn+ transistors (see fig. 5). Hahn 
stated that in saturation the collector-base junct i on is for

ward-biased and that holes from the heavily doped base are 

injected into the collector region, in which the current flow 

is due to ambipolar diffusion . . This is a combination of dirfu

sion and field terros inaspace charge neutral environment. 

We may therefore write for the concentration: 
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where Nd is the constant irnpurity concentratien in the light

ly doped v region. 

/ 
/ 

/ 
/ 

" "<.,._ / c 
/ 

Ib = constant 

,.....,___/ __ heavy saturotion 

Fig. 5. 

+ TypicaZ characteristic of a high voLtage npvn tran-

sistor, showing a two-region saturation behaviour. 

The sZope of the dotted Zine gi ves the (unmoduZated) 

coLZeetor s e ries r e aiatanee re. 

The arnbipolar diffusion equation for the d.c. case is derived 

frorn the set of equations (1) in the usual way: 

2 
D~ - ~ - ~E~ = 0 

dx2 T dx 
(10) 

with 

and 

For the recornbination R the line ar term R = p/T is taken. 
Hahn took the ambipolar diffusion coëfficiënt D as a constant 
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and omitted the term ~E~. Although this is not always per

missible, it has the advantage of giving a simple differential 

equation for the minority carrier distribution p(x) in t he 

collector: 

(11) 

The right-hand side is the recombination in the lightly doped 

collector, T is the lifetime there. The solutions for p(x) 

are of the form 

and sketched in fig. 6. 
The ambipolar diffusion recombinati on l ength L = IDT. 

base, Po 
p+-type 

~p(x) 

collector, P-type 

0 w 
Fig. 6. 

Minority aarrieP distribution p(x ) i n saturati on, 

aaaording to Hahn I 12). 

(12) 

The constants c1 and c2 are determined by the boundary condi

tions for which was taken at x = o: 

p(O) =Po (13a) 
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[~) ~ 
x=O 

(13b) 

J is here the total current density (a negative quantity). 

The boundary condition of equation (13b) is derived under the 

following assumptions: 

the hole current density JP(OJ ~ o; 
the diffusion components of electron and hole current cancel 

each other; 

high injection is present (p ~ n). 

Of these assumptions only the first is justified, and only 

provided the recombination remains small. 

The injected minority carrier concentratien at the metallur

gical junction p 0 is not further specified however. This can 

lead to the erroneous conclusion that the stored minority 

carrier charge decreases when the current increases (see fig. 

6). In reality the opposite takes place because Po also in

creases when the current increases. 

Concluding it can be said that Hahn's analysis of the 

saturation has a physically sound basis but that the obtained 

solutions are not very reliable. 

Beale and Slatter [ 131 have shown that in saturation one 

can obtain minority carrier profiles similar to these in fig. 

6 by neglecting the recombination of holes in the n-type 

collector. They started with the current equations for JP and 

J (see the set of equations (1)), put J = 0 (no recombina-n p 
tion) and substituted the electric field in the equation for 

J~. One then has a first order differential equation for n(x) 

and also for p(x) when space charge neutrality is assumed; 

see equation (28) in chapter II. This requires only one boun

dary condition, for which they took 

2 n. 
p(O) = ~xp(qVb~/kT) (14) 

Vb'c' is here the internal junction voltage of the forward

biased collector-base junction, ni is the intrinsic carrier 
concentratien and Nd is the impurity concentration, which is 

taken as a constant. The differential equation was assumed to 
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be valid for the entire lightly doped collector region. 

1.5. !b~-2~~1i~~ti2Qê~_êb2~~-iQ~~22~~~i2Q_~i!b_ê2~~-ê29~!~2Q~! 
remarks -------
In this sectien the publications, which are the main ma

terial of this thesis, will be discussed briefly in order to 

facilitate their separate reading. 

1. 5 .1. Q2H~2~Q;:_~b~g~-ê~2~ê:g~-~Q_êê:!!:!~ê:H2Q_Ühê:2!t!:·_E2 

Because the approach described by Beale and Slatter and 

mentioned in section 1.4 is, in the author's opinion, the most 

elegant and for small recombination fairly accurate, this 

approach is also followed in chapter II. The results are also 

compared with numerical solutions of the basic equations (1). 

It should be noted, that the examples given in chapter II 

pertain to pnp-germanium transistors. This is because the 

computer program was developed separately by J.A. Pals for that 

type of transistor. However, the general results are also valid 

for npn silicon transistors. 

In contrast with Beale and Slatter the first-order differential 

equation is solved in a limited region, the injection region, 

extending from the metallurgical junction at x = 0 up to a 

point x = xi. In the remaining part of the collector (from xi 

to W) the current flow is purely ohmic (see e.g. fig. 8 in 

chapter II). The boundary condition is taken as p(xi) = ni, the 

intrinsic concentration. The length (xi) of the injection 

region then fellows from the assumption that at the end of the 

lightly doped collectnr, at x = W, equilibrium carrier concen-
. 2 

trations are present (n = Nd and p = ni/Nd). 

It can be shown that this model holds for external voltages 

V0 b> - ~ln~ (see e.g. chapter V, sectien 2) inan npn transis
tor. If the external voltage is more in forward bias than the 

amount ~ln~~ (300 to 400 mV for silicon transistors) the as

sumed equilibrium at x= Wis no langer present. In this case 

we must take the whole lightly doped collector as injection 

region and prescribe as an alternative boundary condition: 

(15) 
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This is a case of "heavy saturation" and occurs near the cri

gin of the (I ,v J characteristic (see fig. 5)$ but will not a ae 
be treated further in this thesis. 

We remark here that in the li terature "heavy saturation" is 

sametimes simply called "saturation" as distinct from "quasi

saturation" $ which applies to the condition V b> - kTlnNd/n .• a q t. 

In the foregoing we have described a situation character-

ized by an injection region$ followed by an ohmic region. 

Chapter II also gives another possibility$ occurring at high 

Vab values$ namely that the injection region is followed by a 
space charge region$ where the majority carriers have their 

scattering-limited drift velocity. 

This is in contradietien with a model proposed by Van der 

Ziel and Agouridis [ 14] . In this model the collector-base 
junction remains in the reverse bias condition. They started 

with a depletion situation$ as Kirk [ 11] did, but tacitly 

assumed that the applied collector voltage was so high that 

with increasing currents the depletion layer widens. This goes 
on until the electric field has reached the value zero at the 

the metallurgical junction: E(OJ = 0. See also fig. 2 of chap

ter II$ case ~· Van der Ziel and Agouridis now postulate that 

the current density has reached a limit value which cannot be 
exceeded. Any further increase in current is only possible when 

the current starts to spread out in the base region (see fig. 

7). If a small a.c. current is superimposed on the direct 
current this a.c. ripple flows along the edges of the spread

out current in the base. Since it travela a langer distance$ 

the base transit time is increased and this causes in turn the 

f 2, fall-off. 
However$ the numerical calculations in chapter II show 

that the current density has no limit value, that the collec

tor-base junction does come into forward bias and that the 

extra injected carriers prevent the current from becoming 
space-charge limited. The fT fall-off is brought about by this 

extra charge starage in the collector and there is no need to 

rely on current spreading in ~he base. Whittier and Tremere 

[151 have confronted the Kirkmodel and the Van der Ziel
Agouridis-model with real fT measurements. They found that 
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emitter 

Fig. 7. 

outer current 
/i nes 

collector 

LateraZ ourrent spreading in the base region at high 

ourrent densities, acoording to Van der ZieZ and 

Agouridis [ 14] . 

the Kirkmodel gave ~fT fall-off whicn was too slow, while 

the Van der Ziel-Agouridis model gave an fT fall-off which was 
too steep. 

There remains one difficulty with the roodels as outlined 

in chapter !I. This difficulty occurs at rather low collector 

voltages, when the collector depletion layer disappears at high 

collector currents and the injection model must take over. The 

disappearance of the depletion region does nat coincide mathe
matically with the appearance of the injection region. This 

rnadelling difficulty is remedied in chapter VI. 

In conclusion it can be said that chapter II gives two 

possible modes for saturation, characterized respectively by: 
an injection region, followed by an ohmic region, 

and 

an injection region, followed by a space charge region. 

The various analytical descriptions of the behaviour have been 

checked by numerical calculations and a very close resemblance 
is found. 
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1.5.2. g~!~~!~t!2~_2f_t~~-~~11~~t~r_ê~r!~ê_r~ê!ê!~~2~ 

i~h~12!~!:-HU 

Chapter II makes it clear that the collector series re

sistance is a very important quantity in transistors with 

lightly doped collectors. Therefore chapter III is devoted to 

the calculation of this quantity in a three-dimensional multi

emitter structure. Mathematically it is a potential problem 

(Laplace's equation) which must be solved with the appropriate 
boundary conditions. This general problem has received much 

attention in the literature, but solutions applicable to tran

sistors are rare. Kennedy [ 16] has treated the problem for 

cylindrical semiconductor structures with one emitter, but 

for practical reasans we are interested in rectangular struc

tures with more than one emitter. 
If the emitters are very oblong the problem can be approximated 

as a two-dimensional one. This can be done by means of conform

al mapping with the Schwarz-Christoffel transformations, but 

for square emitter geometries the problem is really three-di

mensional and confermal mapping cannot be used. For the planar 

transistor structure we have taken a homogeneaus and isotropie 

parallelepiped with N injecting cantacts ("emitters") located 

on the top surface and a collector plane with zero potential 
at the bottorn (see fig. 2 in chapter III). This resembles the 

multi-emitter structure of a planar transistor. 
The total collector series reeiatanee is determined by two 
types of reaiatanee coefficients: 

a) the reaiatanee l'jj of the j-th emitter. Th is is the spread-

ing resistance of one emi tter alone. 
b) the mutual resistance l'jk' Th is gives the mean potential 

value of the j -th emi tter, due to the current inj eetion 

into the k-th emitter. 

The coefficient rjj is obtained first for a square emitter by 
means of a double Fourier series expansion. The expression 

found in this way is very cumbersome, but can be approximated 

by the first three terms of a series expansion for the spread
ing resistance of a circular emitter. The r .. of oblong emit-

JJ 
ters is then found by taking the value of a square emitter 
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multiplied by a form factor. This form factor is approximately 

the same as the one used in the transition from circular to 

elliptic geometries. The latter is determined by a complete 

elliptic integral of the first kind. This can be simplified 

further into 

1 
form faator ~ 1 + O,O?lnB ( 16) 

where B is the "oblongness" of the emitter. 

The coefficients rjk are derived from an integral expression 
for the potential outside the injecting emitter. This also 

gives a complicated expression, but after several approxima

tions a very suitable formula is obtained, with the constraint, 

however, that the distance Djk between the j-th and k-th emit

ter is smaller than twice the thickness h of the slice. For 
thin epitaxial collector layers this condition may not be met*. 

When a heavily doped substrate is present (or an n+ buried 

layer) we must deal, strictly speaking, with a two-layer struc

ture with different conductivities, but usually the contribu
tion to the total spreading resistance of the n+ layer i s ne

gligible. 

1.5.3. ~~~~~r~~~D!~_2f_!b~_92!!~~~2r_~~r~~~-r~ê~~!~E~ 
i~b~E~~r_!Yl 

Once the collector series resistance can be calculated, 

the need arises to measure this quantity. In chapter IV two 

methods are proposed for doing this. The basic idea is as 
follows. The externally applied collector-base voltage can be 

written as 

( 17 ) 

*)After publication of the paper in chapter III we found an 

approximation which is valid ·in all cases, namely 

rJ.k ~ __ 1 __ [ __ 1 __ + 1 ) 
2na Djk 2 2 

ID jk + h 
where a is the conductivity of the material. 
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Here Vc'b' is the internal junction voltage, r 0 is the collec

tor series resistance and I 0 is the collector current. If Vcb 

and I 0 are varied in such a way that vc'b' remains more or 
less constant, the value of r 0 can be determined. 

xmod. 

i 

0 

Vcb = 5Volt 

Fig. 8. 

Cross-moduZation (X mod, 

arbitrary scaZe) as a 

function of colZeetor 

current I 0 for a satur

ated transistor. The 

first maximum is emit

ter-induced, the second 

is coZZector-induced. 

With the first methad the vc'b' is kept constant by fol
lowing the maximum of the high-frequency cross-modulation dis

tortion. Cross-modulation is a nonlinear third-order distor

tion, produced in this case by the nonlinear characteristics 

of the transistor. It means that the amplitude modulation of 

an unwanted signal carrier is transferred as amplitude modula
tion to a wanted signal carrier. When the cross-modulation of 

a transistor is measured as a function of the collector cur

rent, with the external voltage Vcb kept constant, the charac

teristic curve shown in fig. 8 appears. It is known [ 17] that 

th~ first maximum is caused by the nonlinearity of the emitter
base junction. Te Winkel and Bouma [ 18] have shown that the 

secend maximum is related to the fT fall-off in saturation. 
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With the theory given in chapter II for saturation this becomes 

clear: the fT fall-off is caused by the first derivative of 

the stored collector charge Qr to the collector current Ia• as 
given by equation (8) in chapter IV*. 

The cross-modulation is strongly influenced by the third deri

vative d 3Q /di 3 . It can be shown by numerical calculations, 
1' a 

using the nonlinear transistor model outlined in chapter V, 

that the second maximum of the cross-modulation curve shifts 

towards higher currents when the external voltage Vab is in

creased and that this shift is determined by the collector 

series resistance. 

With the second method the capacitance of the stored 

charge Qr is kept constant while Vab and Ia are varied. This 

gives a relationship between Vab and I 0 , from which the col

lector series resistance is obtained, provided that the light

ly doped collector region is not too thin and saturation is 

not too weak. 

Both methods are applied to various types of germanium 

and silicon transistors and the results are compared with the 

theoretical values, calculated in accordance with the theory 

of chapter III. The agreement turns out to be reasonable; the 

mean values for each type are in most cases within 10%, while 

most individual samples lie within 20% of the theorectical 

values. According to the theory the constant capacitance 

method should give r 0 values slightly below the calculated 

values, but this is not found in our experiments (see table I 

in chapter IV). This is probably due toa much larger spread 

in the resisitivity of the collector material and the emitter 

dimenilions. 

The drawback of these experimental methods is that they 

are difficult to perform. 

Measuring the high-frequency cross-modulation requires a com

plicated measuring arrangement. The storage capacitance is 

measured at lower frequencies on an admittance bridge, which 

is not difficult, but here the results are sometimes disturbed 

by the presence of collector depletion capacitance. Moreover, 

•)In chapter IV the stored charge is denoted by the symbol Q8 • 
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for thin collector regions the methad gives wrong results. 

In chapter VII therefore a simpler methad is outlined, 

based on a low-frequency higher harmonies measurement. 

1.5.4. ~h~-~~9!f!~9-2h~~g~-2~~~~~1-~~9~1_ish~2~~~-Y2 

In chapter V an attempt is made to verify experimentally 

the relation between the stared charge Qr in the collector and 

the collector current and applied Vab for saturated npn sili

con transistors. Further this relation is used in a transistor 

model of the charge control type. The investigation is limited 

to transistors with a saturation behaviour, characterized by 

an injection region followed by an ohmic region in the collec

tor. Thus, space charge caused by hot carrier flow is not pre

sent in these collectors, because this would require too high 

a collector voltage here. The chapter begins with a concise 

reformulation of the theory, given in chapter II, showing that 

the collector charge Qr multiplied by the collector current Ia 

can be written as a function of the quantity (Iara - Vab). The 

collector series reaiatanee ra, already discussed in chapters 

III and IV, is the spreading reaiatanee of the lightly doped 

collector region, taken from the metallurgical junction to the 

collector contact (or the n+ substrate). It is therefore a 

constant, independent of current and voltage, which is very 

convenient in a transistor model. 

The appearance of the charge Qr determines the fT fall-off via 

the term dQr/di 0 and also the hFE fall-off. The latter occurs 

because Qr reduces the collector current and increases the 

base current (increased recombination). By measuring the hFE 

fall-off and the fT fall-off we thus have two methods of de

termining the charge Qr experimentally. These measurements 

affirm that Ia·Qr is a function of the internal junction vol

tage v0 ,b 1 (= Vab - Ia·ra) only. 
The theory is then applied to the construction of a com

plete transistor model, including the action of the emitter

base junction. This is needed because all measurements are 

necessarily carried out on real transistors, and it is not 

possible to separate collector effects completely from other 

effects. However, we tried to keep the model as simple as was 
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permitted by our purpose, in which conneetion we used the sim

plified, conventional charge control model as given by equati

ons (5). We made one modification of course, namely that the 

stored charge Qr is incorporated as a function of both Vcb and 
I . The experiments presented in this chapter were carried out c 
on two types of transistors, differing widely in geometry and 

doping profiles, to show the feasibility of the theory. For 

one type (BC 109) it proved to be necessary to take account of 

the emitter-base crewding effect, which makes the base reais

tanee current-dependent. For this effect Rey's [ 19] model for 
the voltage drop in the base was taken. To keep things as 

simple as possible several effects were not included: 

a) no high injection in the base; in these transistors the 

base dopes are rather high (10 17 - 1o18cm-3) and it can be 

demonstrated that with the given current levels high injec

tion is not present. 
b) depletion capacitances are incorporated as constants and 

their voltage dependenee is neglected. 

c) series resistances are added as constants, with the excep

tion of the base series resistance. 

d) the effective lifetimes '! and 'r are also taken as being 

constant; it has been argued by Hahn [20] that 'r in parti
cular is dependent on the injection level, but in our tran

sistors we found this dependenee to be very weak. 

e) the current gain factors ~~ and ~; are independent of the 
current. 

f) Early effect and avalance multiplication are disregarded. 

The assumptions in sub. e) imply that, because of the constan

cy of ~~, the decrease in the grounded emitter current gain 

hFE(= Ic/Ib) at low currents is not accounted for in this 
model. It can be shown theoretically that ~; too is current

dependent. Using Gumroel's integral charge control relation 
[ 21] we can write for the collector current 

Qbo 
= Q + Q at'It 

bo r 
( 18) 

where 

Qbo = fixed base charge, given by the doping profile in the 
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base, underneath the emitter; 

aU 
1 f Q 

= electron current, flowing from emitter to collector; 

I = ...!:. = 
l" T 

recombination current due to the stared charge Qr. 
l" 

According to equation (18) the decrease in electron current is 

b.I n ( 19) 

In our model the d.c. value of I is written as (see chapter c 
V, eq~~tion (15)): 

a'I 
l" l" 

- I 
l" 

and the decrease in electron current is now 

b.I n = a'I 
l" l" 

Equating (19) and (21) gives fora' 
l" 

T 

a;= Qbo: Qrafif 

(20) 

(21) 

(22) 

The above derivation shows that theorectically a; is approxi

mately linearly proportional to the current as long as 

Qr < Qbo' For Qr > Qbo it levels off toa constant value, be
cause Qr then grows linearly with current. Nevertheless the 
experimental results agree rather well with the assumption 

that a; is constant. This is because the model is not very 

sensitive to the precise value of a; as long as a; < (l+a}J 

(c.f. equation (11) in chapter V) and this condition is usual

ly fulfilled. 

A rather interesting debate has been going on in the li
terature on the question of which ef~ect is dominant in the 

hFE fall-off: an increase in recombination (Qr/Tr) and base 
current, or a decrease of collector current due to a deteri

oration of the emitter efficiency (the term b.In of equation 
( 19)). Whittier and Tremere [ 151 , Hahn [ 20] and Chudobiak [ 22] 
favoured the firbt possibility, but Clark [231 blamed the 

emitter efficiency. On the grounds of its low values for a; 
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the model of chapter V uses the recombination as the dominant 

effect. In general one can say that the decrease of electron 

current (emitter efficiency) will be dominant when the fixed 

base charge Qbo is small {Qr > Qb 0 ) and the lifetime in the 
collector is rather long. Recombination will dominate with 

short lifetimes, a large value for Qbo and a not too heavy 

saturation (Qr < Qb 0 ). 

Summarizing the results of chapter V, we can state that 

the experimental values for the stored charge Qr cernpare fa

vourabiy with the theory. A simple charge control model, using 

this charge Qr, can be linearized and it then gives rather 

well several a.c. small-signal quantities such as the trans

conductance g fb > the cu:t-off frequency fT' the input res i s

tance rib and the feedback admittance yre · The model ceases 

to be valid when the saturation becomes too heavy (too much 

recombination current) or when it i s too l i ght (too much de
pletion charge). 

1.5.5. ~~!~~ê~2~_2f_!b~-~b~2r~_!Q_~2~:2b~~9-~~b~Y~2~r 
i~bi!2!~!::_Yn 

So far the experiments have r e lated t o trans i s tors wi th 

a purely ohmic behaviour in the end region of the lightly 

doped collector. With the advent of the microwave trans i stor, 

the lightly doped collectors have become thinner and thinner. 

Under normal eperating conditions these transi s tors therefore 

have rather high ele ctri c f i eld strengths in the colle ctor, 

giving rise to carrier heating. In chapter II we have already 

mentioned the case that the carriers in the collector move 

with the scattering-limited drift velocity. In chapter VI we 

have distinguished, following Ryder [ 24) , three possibilitie s 

for the drift velocity of the carriers: 

a) vdr « E , ohmic behaviour 

b) vdr « IE, tepid behaviour 

c) vdr = vlim = aonatant, hot carriers. 
The introduetion in particular of the tepid carrier behaviour 

solves the problem of the mi s fit between the depletion and the 
injection roodels as encountered in chapte r II. 

Here too we dist i nguish two major modes of operatien with 
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regard to the collector. 

First we have the depletion mode of operation. The elec

tric field reaches its maximum value at the metallurgical 

collector-base junction and decreases towards the end of the 

collector region. In this case the total lightly doped collec
tor region can be divided into three parts: a hot carrier re

gion near the junction, an ohmic (or tepid carrier) region 

near the end, and an intermediate region in between. 

The injection mode of operatien is characterized by an 
electric field which has a minimum at the metallurgical junc
tion and increases towards the end. The three parts of the 

collector region are now respectively an injection region 

near the junction, an end region with ohmic, tepid or hot 

carrier flow, and an intermediate region in between. In the 

regions near the junction and near the end the majority car
rier concentratien (electrons in an npn transistor) can be 
found analytically, uut there is no analytical salution for 

n(x) in the intermediate regions. In these regions we have 

fitted the function n(x) to numerical solutions [ 251 , taking 

functions of the form xÀ. The constant À is afterwards esta

blished by a minimax criterion for the majority current. This 
criterion seeks to minimize the maximum deviation. 

A special case of the depletion mode is the situation where 

the depletion layer reaches to the end of the collector region 
and the carriers move with the scattering-limited drift velo

city vlim' the so-called SLDV mode. The collector-base junc
tion now remains reverse-biased and there will be no satura

tion and charge storage in the collector. This is of practical 

importance, because no charge storage means no fT and hFE fall
off due to saturation. 
Moreover, the second maximum in e.g. the cross-modulation (see 
fig. 8) will not appear. The SLDV mode of operatien can be 

enhanced by taking the impurity concentratien low and the epi

taxial collector width small. In general, the result of a 

small Nd•W product is that a large part of the (Ic,vcb) plane 

is occupied by the SLDV region: 'see fig. 9. A drawback might 
be that the small width of the collector region increases the 
feedback capacitance. 
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--•~ Vcb 
Fig. 9. 

EnZa~gement of the SLDV region in the (Ia,Vab) pZane 

by a proper ahoiae of aoZZeator dope Nd and aoZZeator 

width w. 

Technologically it i s also difficult to make thin, lightly 

doped collector r egions, be cause during the d i ffusion pro
cesses there will occur an out-diffusion of irnpurities from 

the heavily doped substrate. 

1.5.6. ~~ê~~~~~~~-2f-~b~-2~~~!-2f_êê!~ê!!2~-i~bê2!~~-YJJ2 

Chapter VII deals with the experimental de t errnina tion of 
the onset of saturation, descrihing how the boundary at which 

saturation beginscan be rneasured in the (Ia~vab) plane. The 
method consists of measuring the low-frequeney third harmonie 

output as a funetion of bias eonditions, with a small s i nus

aidal signal as input. Measured at a fixed value of Vcb' the 
third harmonie output as a funetion of bias eurrent I a shows 

a s eeond maximum. The eurrent at which this second maximum 

oeeurs depends on the applied Vab' This method resembles the 

eross-rnodulation rnethod in ehapter IV, but it is rnueh easier 

to perform. Caleulations with the model, outli ned in ehapter 
V and e xte nded to nonlinear behaviour up to the third order, 

have shown that the degree of s aturation is here ab out an or-
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der of magnitude larger than with the cross-modulation method. 

In ether words, the minority carrier concentratien at the 

metallurgical collector-base junction is of the order of 10% 

of the collector dope (p(O) ~ 0.1 Nd) against 1% with the 

cross-modulation, both taken in the secend maxima. 

In chapter VII the third harmonie methad is applied to 

several types of transistors, showing ohmic, tepid and hot 

carrier behaviour. The results are correlated with other phe

nomena, such as the temperature dependenee of the mobility 

and the built-in junction voltage, the fT fall-off and the hFE 

fall-off, and the high-frequency cross-modulation. Although 

the spread in the samples can be large, generally speaking the 

measurements are in accordance wi th the theory of chapter VI 
(see e.g. equation (37) of that chapter). This spread is due 

to the small dimensions of microwave transistors, which have 

emitter stripe widths of 1 to 2 ~m and epitaxial collectors 

of a few microns long. With such tiny dimensions the toleran
ces become very important. 

This simple method of measuring the saturation boundary 

can be used for investigating the spread of such technological 

parameters as the emitter geometry and the resistivity and 

width of the epitaxial collector region. It also provides a 

simple means of judging transistor performance in applications 

where severe requirements are made with regard to the nonline
ar distortions, as in wide band CATV amplifiers. 

The theory as given in chapter II, V and in particular 

VI, may be used for the development of nonlinear transistor 
models which can be incorporated in circuit analysis programs 

for calculating the small-signal nonlinear distortions. 

It must be stressed here that predicting the nonlinear 
behaviour imposes very strict requirements on the accuracy of 

the model, because not only the d.c. relations must be adequa~ 

tely modelled, but also their higher derivatives. It is sur
prising that the simple model of chapter V can predict the 

essential features of the low-frequency distortions rather 
well. Fig. 10 gives an exarnple of this for the BC 109 in 



31 

s~-----------------------, 
Vout (mV) 

i 

--~sured 

-----cakulatl!d 

---m«1SUrf!d 

--o-<>---calrulatPd 

Fig. 10 a. 

MeasuPements and modet aat

autations fop the (a) fiPst, 

(b) seaond and (a) thiPd OP

dep h a Pmonias at the output 

of a BC 109 tPansistoP i n 

gPounded emitteP aonfigupa

tion. Input signat is 10 mV 

at 200kHz, Vab = +0.1 V. 

The toad resistanae i s 1 n. 

Fig, 10 b. 



''IJJpV 
I 
I 
I 
I 
I 

I 
I 
I 

---mrosui'Pd 
_..,.... -o--calcuiatf!d 

1 
\ 
\ 
\ 
\ ·, 
' \ 

\ 

' 

32 

'o, ...._.o __ 

grounded emitter configuration. 

Fig. 10 a . 

The transition from one mode of eperation to another, 
e.g. from the depletion mode to the injection mode (see sec

tion 1.5.5.) may cause some difficulties, because the higher 

derivatives too must remain continuous functions of current 
and voltage. This can make it necessary to introduce "smooth

ing" functions. What is meant by this, is illustrated in the 
following example. 

Let f(x) be defined as 

f(x) = 0, x < 0 

and 

f(x) = x, x;;;. 0 

This function is continuous in x = O, but its derivatives are 

not. The function can now be smoothed at x = 0 either by 

1/ + lx2 + a 2 
f(x) = (1 + xm) m or by f(x) = =x--~2~~~ 
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where mand a are constants. 

In this way a transistor model is obtained which has continu

ous derivatives for all the important modes of operation. 

It may also prove necessary to incorporate other transis

tor effects which are now left out. For exarnple, operatien of 
the transistor at high vcb values in order to evade saturation 
at high currents can make it compulsory to take account of the 

avalanche multiplication in the collector region. 



34 

Heferences 

1) H.K. Gurnmel, IEEE Trans. ED-!!, p. 455, 1964. 

2) J.W. Slotboom, IEEE Trans. ED-20, p. 669, 1973. 

3) J.J. Ebers and J.L. Moll, Proc. IRE, ~. p. 1761, 1954. 

4) See e.g. D. Koehler, Bell Syst. Techn. J. ~. p. 523, 1967. 

5) R. Beaufoy and J.J. Sparkes, A.T.E. Journal, B, 13, p. 310, 

1957. 
6) J. te Winkel, IEEE Trans. ED-20, p. 389, 1973. 
7) J.M. Early, Proc. I.R.E. 40, p. 1401, 1952. 
8) J. Lindmayer and Ch. Wrigley, Fundamentals of Semiconduc

tor Devices, p. 171, van Nostrand, 1965. 

9) J.L. Moll, Physics of Semiconductors, p. 154, McGraw Hill, 
1964. 

10) G. Messenger, Electron Devices Meeting, Washington D.C., 

October 1959. 
11) C.T. Kirk, I.R.E. Trans. ED-2, p. 164, 1962. 

12) L.A. Hahn, Proc. I.E.E.E., 55, p. 1384, 1967. 
13) J.R.A. Beale and J.A.à. Slatter, Sol.St.Electr. !!• p. 241, 

1968. 
14) A. van der Ziel and D. Agouridis, Proc. IEEE, ~. p. 411, 

1966. 

15) R.J. Whittier and D.A. Tremere, I.E.E.E. Trans. ED-~, 

p. 39, 1969. 
16) D.P. Kennedy, Journal of Appl. Phys. }!, p. 1490, 1960. 
17) A.H.J. Nieveen van Dijkurn and J.J. Sips, Electronic Appli

cations, 20, p. 107, 1959-1960. 
18) J. te Winkel and B.C. Bouma, IEEE Trans. ED-~, p. 374, 

1967. 
19) G. Rey, Solid State Electr. 12, p. 645, 1969. 
20) L.A. Hahn and K.L. Ashley, Electr. Letters, ~. p. 485, 

1970. 
21) H.K. Gummel, Bell Syst. Techn. J. ~. p. 115, 1970. 
22) W.J. Chudobiak, Trans. IEEE ED-17, p. 843, 1970. 

23) L.E. Clark, Trans. IEEE ED-17,' p. 661, 1970. 
24) E.J. Ryder, Phys. Rev. 90, p. 766, 1953. 
25) The numerical solutions were obtained with a proced~re 

developed by J.W. Slotboom, see ref. 2. 



Chapter II 



35 
R 686 Philips Res. Repts 24, 53-69, /969 

ON THE BEHA VIOUR OF THE BASE-COLLECTOR 
JUNCTION OF A TRANSISTOR AT HIGH COLLECTOR 

CDRRENT DENSITIES 

by J. A. PALS and H. C. de GRAAFF 

Abstract 

A n a na lysis is given of the effects of a high collector current density on 
the d .c. behaviour of the base-collector junction of a transistor with a 
lightly doped collector region. Analytica! models are given which are 
valid in different ranges of the collector current density. The applied 
extern al voltages and the geometry and doping of the device also deler
mine which model is appropriate. Numerical calculations are made in 
order to judge to what extent the analytica! models are correct in de
scribing the solution of the non-linear set of differential equations govern
ing the current-transport phenomena in a semiconductor. The models 
are shown to be fairly good, especially in cases in which the base iniects 
minority carriers into the collector region . 

1. Introduetion 

The behaviour of the base-collector junction of a transistor at high collector 

current densities has been investigated by several authors. 

Kirk 1 ) described two effects of the collector current on the depletion layer. 

- In the depletion layer the current carriers have the lattice-scattering-limited 
maximum drift velocity and at high current densities they give a space-charge 

density which can no longer be neglected with respect to the ionized-impurity

charge density. The result of this is a tendency for the depletion-layer width 

to increase. 

- The voltage drop across the ohmic region of the collector causes alowering 

of the reverse-bias voltage of the base-collector junction. This results in a 
tendency to decrease the depletion-layer width. U nder certain conditions the 

base-collector junction may even become forward-biased, which implies a total 

collapse of the space-charge region. 
Van der Ziel and Agouridis 2 • 3) discussed a model in which the ohmic col

lector region is ignored and in which the current carriers in the space-charge 

region have the maximum drift ve[ocity. They conclude that there will be a 
maximum obtainable current density determined by space-charge-limited con

duction in the collector region. After reaching this maximum current density 

a further current increase is only possible if the current flow begins to spread 

in the collector region. 

Beale and Slatter 4 ) dealt with the behaviour of saturated transistors in which 

the base-collector junction is forward-biased due to the ohmic voltage drop in 
the collector region. The base injects minority carriers into the collector. 
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In this paper the roodels of the above-mentioned authors are used and after 
some additions a consistent set of roodels for the various possible situations is 
obtained. 

Numerical calculations are made in order to investigate to what extent the 
roodels of the base-collector-junetion behaviour describe adequately the solu
tion of the differential equations that govern the problem. In contrast to the 
analytica! roodels the numerical calculations are not based on a di vision of the 
transistor in different regions. The calculations in this paper are based on the 
following assumptions : 
(I) The current flow is one-dimensional. 
(2) The recombination and generation of electroos and holes is neglected. 
(3) The base is heavily doped with respect to the homogeneously doped col

lector. This situation often occurs in transistors made by means of planar 
technology. 

(4) The calculations are concerned with an n-type base and a p-type collector. 
Th is is no restrietion to the generality; we can obtain the other situation 
by simply interchanging p and n and the related quantities. 

(5) We use Boltzmann statistics and assume complete ionization of donors and 
acceptors. 

(6) Only the d.c. behaviour is considered. 
Using the above-mentioned basic assumptions we will give the general equa

tions describing the base-collector junction together with their boundary con
ditions. 

In secs 3 through 5 we shall deal with the analytica! models and their range 
of validity. As long as the depletion layer near the metallurgical ju netion exists 
the so-called depletion-layer model is used. When this depletion layer is over
flown by the current carriers having their maximum drift velocity the model 
with the carrier-swamped collector region becomes valid . In the case that the 
base-collector junction become~ forward-biased due to the potential drop in 
the ohmic collector region we use the injection model. 

In sec. 6 the numerical method used for solving the differential equations is 
outlined and comparisons of the numerical results with the analytica! solutions 
are made. 

2. General equations describing the base-collector junction 

The current flow through a semiconductor in one dimeosion is governed by 
the following equations. 

Current equations: 
dp 

J" = --q D" - + q p."p E, 
dx 

(I) 



37 

BASE-COLLECTOR JUNCTION AT HIGH COLLECTOR CURRENT DENSITIES 55 

J = n 

dn 
q D. - + q f.l.n n E. 

dx 

Continuity equation: 

dJ0 dJn 
-=-=0 
dx dx 

(d.c. case without generation-recombination). 

Poisson's equation: 

dE d 2 P q 
- = -- = -- (Nd- Na + p- n). 
dx dx2 B 

We wiJl use the quasi Fermi levels for electrans and holes defined as 

(2) 

(3) 

(4) 

(5) 

(6) 

The collector region extends from the metallurgical junction at x = 0 to the 

collector contact at x = W, the base region from x = -B to x = 0. At x = - B 
the emitter-base depletion layer is assumed to end. 

As boundary conditions we take: 

at x= -B: 
(7) 

at x = W: (8) 

t:P. = 0 at x = - B is an arbitrary choice of the potential level; v.b is the 
externally applied emitter-base voltage and (7) is valid if we assume that t:P. 
and t:P0 are constant through the forward-biased emitter-base depletion layer. 
At x = W we have chosen the usual boundary condition of an ohmic contact: 

thermaJ equilibrium (tJ>D = tJ>.); vcb iS the externally applied baSe-co!leCtOf 
voltage. We can do it in this manner due tothefact that the quasi Fermi level 
of the majority carriers in the base t:P" is practically constant, as mentioned by 

Gummei 5 ) . The externally applied base-collector voltage is the ditference be

tween t:P" in the base and t:P. = t:P0 at the collector contact. 
The electrostatic potential is determined at both boundaries by the space

charge-neutrality condition: 

Nd - Na + n1 exp {!__ (t1>0 - P)} - 11t exp {!__ (P - t:Pn)} = 0. (9) 
kT . kT 
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The space-charge-neutrality condition at x = -B is not strictly correct, but 
this has a completely negligible influence on the results as our numerical cal
culations have shown. With the equations (I) to (9) the solution is determined 
and in fig. I the behaviour of lf/, ÇPD and IJ>. is sketched schematically for a 
low collector current density. 

-------1 

-x 

\ .. 

'·- .. -- .. ..._ .. ..._ 
'"-._·-... ......... 

Fig. 1. Schematic behaviour of potential and quasi Fermi levels through an n-p base-col
lector junction. 

3. The depletion-layer model 

At sufficiently low collector current densities we may approximate the real 
behaviour of the reversely biased base-collector junction by a depletion-layer 
model. The following additional assumptions are made for the analytica! models 
of secs 3, 4 and 5: 
(I) Homogeneaus dope Na of the collector (0 < x < W). 
(2) Homogeneaus dope N 4 of the base (- B < x < 0) with N 4 » Na. We 

therefore neglect the potential drop in the base region. 
(3) JP » J., so the collector current is given by Je = JD. This is justifJ.ed by 

the results of our numerical calculations. 
In the depletion-layer model the collector can be divided into two regions: 

(a) Depletion layer extending from x = 0 to x = x 4 • The holes have the 
maximum drift velocity v11 m. The region is depleted of electrons. The 
space-charge density is thus given by 

e =q(-Na +~)-
q Vum 

(10) 

The poten ti al IJl satisfies Poisson's equation: 

dl~ = - ~(-Na + ...!..:.._)· 
dx e q V · 1m 

(!I) 
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(b) Ohmic region extending from x= xd to x= W, in which space-charge 

neutrality exists. The electroos and holes have their equilibrium concen
tration and the mobility is independent of the electric field, hence the con
duction is ohmic and given by 

dlJI 
Je = q flp p E = -q flp N. - . 

dx 

The boundary condition for lJI at x= W follows from eqs (8) and (9): 

kT N. 
lJI( W) = Veb-- In - . 

q n, 

(12) 

(13) 

Due to assumption (2) of this section the total potential drop over the collector 

region is given by 

V = lJI( W)- lJI(O) = V eb + Vd; (14) 

Vd is the ditfusion voltage of the base-collector junction and has a negative 

value. Combining (13) and (14) we get as boundary condition for lJI at x= 0: 

kT N. 
lJI(O) = -Vd--ln-. 

q n, 
(15) 

With the condition of continuity of lJI and dlJifdx at x = xd the value of xd 
can be calculated. The solution of (11) to (15) is given by the following equa

tions: 

lJI =- N.--- x(x-2xd)----x- Vd--ln-, 
q ( Je ) Je k T Na 

2e qv,,m q;tpN. q n, 
(16) 

xd <x< W: 

(17) 

(18) 

with 

(19) 

(20) 

(21) 
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Equation (18) is also obtained by Kirk 1) in a slightly different way. 
Examining equation (18) we learn that there are two possibilities: 

The depletion-layer width xd increases with increasing collector current den
sity Je . The model is only applicable as long as xd < W, which gives the fol
lowing condition with (18): 

(Wjxd0 ) 2 - I 
Je < = J3. (22) 

(WjxdoY (lfJl)- I /J2 

What will occur at higher collector current densities will be discussed in sec. 4. 

The depletion-layer width xd decreases with increasing collector current den
sity Je. The model is only applicable as long as the base-collector junction is 
reverse-biased and the potential drop over the ohmic region has to be less 
than the externally applied reverse voltage Veb: 

-Vebq f-1-p Na 
Je < ----

W-xd 
(23) 

For higher current densities the base-collector junction becomes forward-biased. 
The base injects electrons into the collector region and the model rapidly loses 
its validity. To take account of the injection of electroos into the collector an

other model has to be used as described in sec. 5. 

4. Model of the carrier-swamped collector region 

In the case J 1fJ2 < I the influence on the depletion-layer width of the 
space-charge density of the current carriers in the space-charge region is 
dominant over the potential drop in the ohmic region. At collector current 

densities Je > J 3 the depletion-layer model is no Jongervalid (see eq. (22)). 
In order to describe what is then happening we assume that the electric field 

is so high in the space-charge region that the holes have their maximum drift 
velocity. The space-charge density in this region then has the constant value 
given by (10) and the electric field ·is determined by 

:: =~ = ~(-Na + q ~:,J· (24) 

As the total applied voltage is kept constant with increasing collector current 

density Je the total area under the curve giving E as a function of x in the col
Jeetor region 0 < x < w is a constant equal to - veb - vd. 

We then have the following cases with increasing collector current density 
(fig. 2): 
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E 

r 

Fig. 2. Electric field in the collector for different collector current densities when J 1 /J 2 < 1. 

(I) J, < ] 3 . This is the case in which the depletion-layer model of sec. 3 is 
still valid . The behaviour of the electric field is sketched in fig. 2 in the 
curves a and b. 

(2) ]3 ~ J, < 11 • The space-charge density is negative and constant in the 
whole collector region. See curve c in fig. 2. 

(3) fe = 1 1 • The space-charge density equals zero, the electric field is a con
stant as represented by curve d in fig. 2. 

(4) For current densities fe > J, the space-charge density becomes positive 
and so does dEfdx. The electric field now has its minimum value at the 
metallurgical junction x = 0. This minimum value decreases with increas
ing collector current density and becomes zero at Je = 14 where 14 is 
given by 

(25) 

Curve e in fig. 2 gives this case. 
(5) Je > ] 4 . It will be possible to have a current density fe > 14 • We may 

then roughly divide the collector into two regions. A space-charge region 
exists in front of the collector contact over which almost the whole voltage 
drop is present. Tn this region a strong electric field exists and the current 
carriers have their maximum drift velocity. Between the metallurgical junc-
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tion and the space-charge region a "quasi-neutra!" region exists with a 
small electric field and a low voltage drop. This region can conduct the 
high current density with a smal! electric field because the base injects 
minority carriers into this region. The base-collector junction is forward
biased in this case. Curvefin fig. 2 gives the result. In reality the transition 
between the space-charge region and the quasi-neutral region is gradual 
and the space-charge density reaches a maximum between the two regions, 
as numerical calculations show (sec. 6). 

5. Injection model 

In the case J1fJ2 > I and at collector current densities exceeding the value 
given by eq. (23), the base-collector junction becomes forward-biased. The 
heavily doped base region injects electrons into the collector and the space
charge layer rapidly vanishes. The depletion-layer model ceases to be valid 
and another model based on injection has to be applied . There is an inter
mediate current-density region where neither model is quite correct. In the 
injection model we assume that it is possible to divide the collector into two 
regions: 

0 <x< x, 

x,< x< w 

injection region, 

ohmic region. 

lt will be shown further on that this is a correct assumption. 
In the ohmic region the hole concentration equals almost exactly the con

centration of acceptors N., the electron concentration is negligible. For 
x,< x< W we have 

pn=n,Z, 

JP = q f..lp p E '<::! Je, 

J. = q f..ln n E. 

So we find, as J" and J. are constant in the whole collector region (3), 

(26) 

Moreover the potential 'Pin the ohrnic region is given again by eq. (17): 

x,< x< W: 
kT N. Je 

'P= Veb--ln- + --(W-x). 
q n, q flp N. 

We assume that in the injection region we have quasi space-charge neutrality: 
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p ~ n + N.. (27) 

Eliminating the electric field from eqs (I) and (2) we find the with help of (27) 
the following equation: 

/hp ( N. ) ( N. ) dn -JP + - I + - J. = q DP 2 + - -. 
f.ln n n dx 

(28) 

We require that in the whole injection region the following relation holcts: 

/hp( N.) - } + - jn « jiJ' 
!hn n 

(29) 

We now show that it is possible to find a value xi such that for x < x 1 the 
relation (29) is fulfilled and for x > x 1 the collector no Jonger has a noticeable 
resistance modulation expressed by the condition 

n « N •. 

In the relation (29) we can eliminate the current densities using (26). We then 
have the following requirements: 

1 +- - « 1, ( N.) n/ 
n N.2 

x > x 1 : n « N •. 

Both conditions are fulfilled to the same ex tent if we choose as the separation 
point x 1 between injection region and ohmic region the point at which n = n1• 

This is the point where the electrostatic potential and the electron quasi Fermi 
level are equal. The electron quasi Fermi level is practically constant and equal 
to zero with our choice of the potential level in the injection region due to (26). 
Thus we can calculate the value of x 1 by ca\culating the point at which 'P given 
by (17) in the ohmic region reaches the value zero. Wethen find: 

x1 = W---- -Veb+-ln-. 
q f.lp N. ( k T N. ) 

le q n1 

In the injection region we have with (28) and (29): 

( N.) dn 
-Je = q Dp 2 + - - , 

n dx 

(30) 

(31) 

with the boundary condition n = n1 at x = x 1• Intcgrating this differential 
equation we .find in the injection region: 

0 < x < x1: 
le (x1 - x ) n(x) 
--- - = 2 n(x}- 2 n1 + N. In - - ; 

q DP n1 

(32) 
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p(x) is then given by 
p(x) = n(x) + N •. 

The potential tp follows from eq. (5) keeping in mind that <P. = 0 m the 
injection region: 

6. Numerical calculations 

kT n 
P=-ln- . 

q nl 

In order to investigate up to which degree analytica! solutions of the above 
models give a good approximation to the solution of eqs (I) to (9) we have 
solved these equations numerically. 

The metbod used in the calcu\ation is given by Gummei 5 ) and De Mari 6 ). 

However, at high collector current densities the convergence of these iterative 
numerical processes was very poor. lt turned out to be necessary to use con
vergence-increasing methods to obtain numerical solutions within reasonable 
computing times. 

In the numerical procedure the x-axis is divided into a number of intervals 
and the differential equations are replaced by a set of difference equations. We 
make a fi.rst estimate of the value of the quasi Fermi levels at each point and 
by an iteration process we approximate the final solution. We call the value 
of the quasi Fermi level at the jth point of the x-axis after k iterations <1>/. 
The array <1>/, <P/ ... , <1>/, <J>f+ 1 , ... is convergent to the final value <1>1. 

Two methods are used to increase the convergence rate of the process: 
(1) Introduetion of an overrelaxation factor ~X: instead of taking the value 

<J>f+ 1 after the (k + I )th interation we take for the following iteration the 
value iP/+ 1 given by 

<J>f+ I = </>/ + (X (<J>/+ I-</>")) (ex > J). 

With ex Ri 2 the convergence rate was satisfactory. For higher values of ex 
the metbod became divergent. 

(2) An even more rapid convergence rate was possible to achieve when we used 
the property that the differences <P/+ 1 - <P/ for sufficiently high k 
(k ;;:: 10) appear to form a geometrical series with a fairly high accuracy. 
After k iterations we a_re able to approximate the final value <1>1 with a 
rather good accuracy by 

with r=-- --- -

In principle this is the so-called Aitken o2 method 7 ). With this metbod 
there is a danger of subtracting numerically two nearly equal numbers in 
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calculating the r. It turned out to be necessary to put an upper limit to the 
value of r for which we used r < 0·95. 

With these methods we solved eqs (I) to (9) numerically for the following 
practical case. We took a germanium n-p base-collector junction with a profile 
given by 

Nd- N. = n1 {104 exp [-5·3 (x+ B)2]- 50} (-B <x< W), 

where x is expressed in tJ.m, B = I !J.m, n1 = 2·5.10 13 cm- 3 . 

The metallurgical junction is situated at x = 0. The profile is given in fig . 3. 
The profile at the junction is very steep, so this case approximates to an abrupt 
asymmetrical junction with a collector with constant dope N. = 50 n1 = 

= 1·25.1015 cm- 3 . 

To take account of the saturation of the drift velocity v of electrons and 
holes at high electric fields the drift-velocity dependenee on the electric field 
given by Ryder 8 ) is used. We have three regions: 

ft = flo, v = flo E (the mobility is a constant flo), 

10° -8~=~-,~----~0------~--------2~---
-x(J.Jm) 

Fig. 3. Doping profile of the base-collector junction used in the numerical calculations. 
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We have used the following values for Ge 8 ): 

electrons holes 
fto 3600 cm2/V s 1700 cm2/V s 
Et 900 V/cm 
E2 3300 Vfcm 
Vllm 6·2.106 cmjs 

For our example J 1 is given by 

400 

300 

Normalized 
space-charge 

density 200 
p/qn; 

100 

200 

100 

-50 

1400 V/cm 
8000 V/cm 
5·7.106 cmfs 

a)Jc=O 

2 3 

-----"""'....! 

3 

c) Jc=865A/cm 2 

---2---- 3 
w 

---x(pm) 

Fig. 4. Space-charge density in the base-collector region, for different collector current den
sities; JdJ 2 < I; -computer calculation, --- depletion-layer model. (a) J< = 0, (b) J< = 
530 A/cm2 , (c) J< = 865 A/cm 2 • 
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The value of J2 depends on the applied voltage Veb and the Jength of the 
collector region. 

We have calculated the following cases: 

(I) W = 3 fLm, Veb = -2 V 

Wethen find for J 2 : 

This is a case where Jd J2 < 1. The depletion-layer width increases with m
creasing current density Je. In fig. 4 the space-charge density obtained by means 
of the numerical calculation is plotted together with the results derived from 
the model described in sec. 3. A case is also calculated with a collector current 
density Je > J 1 • The results are given in figs 5 and 6, together with the electric
field distribution given by the model in sec. 4. The current density in this case 
is Je= 1680 A/cm 2 which is larger then the current density J 4 of eq. (25), 
which has the value J 4 = 1545 /Acm 2 • 

(2) W = 7 fLm, Veb = -1 V 

With these values we find 

This is a case where J1 jJ2 > 1. The depletion-layer width decreases with in
creasing collector current density. In fig. 7 the numerical results of the charge 
distribution are given together with the results of the depletion-layer modeL 
In figs 8 and 9 the results of the numerical calculations are compared with the 
curves derived from the injection model for a value of Je for which the base
collector junction is forward-biased CJe = 700 Ajcm 2) . 

7. Discussion 

An investigation has been made into the influence of high collector current 
densities on the base-collector junction of transistors with a lightly doped col
lector region. Two basic effects occur: 
(I) The collector current causes a potential drop over the ohmic region of the 
collector, thus reducing the reverse-bi as voltage of the junction and the deple
tion-layer width. 
(2) The charge carriers of the current ha ving their maximum drift velocity cause 
a lowering of the space-charge density in the depletion layer of the collector. 
This tends to increase the depletion-layer width. 
Both effects occur simultaneously and which of the two effects is dominant 
depends on the geometry, doping profile and the applied base-collector voltage. 
Kirk 1) already described these effects but only discussed the case in which the 
depletion-layer width decreases as Je increases. 
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W =3fJm 
lfb=-2V 
Je =1680A/cm1 

Fig. 5. Space-charge density, electron and hole concentration for a collector current density 
10 > 14 , given by numerical calculations. 

E 
(Wem) 

t 

W =3!Jm 
ltb= -2V 
Je =1680A/cm1 

-- Computer colc. 
--- Model of sec. 4 

00~~=-~-----7----~~ 
2 ~ 

-x(pm) 

Fig. 6. Electric field in the collector for 10 > J 4 , the numerical result as well as the result 
of the model in sec. 4. 
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Normalized 
space-charge 

density 
p/qn; 

240 

200 

160 

120 

80 

40 

0-1 
-B 

-40 

W =7[.1m 
!tb =-IV 

-- Computer ca/c. 
---- D•PI•tion -layer · mod•l 

2 
-x(f.1m) 

Fig. 7. Space-charge density in the base-collector region for different collector current den
sities and J .fJ 2 > 1. 
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Fig. 8. Space-charge density, electron and hole concentration in the collector for a collector 
current density Je with injecting base. 
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Fig. 9. Potential and quasi Fermi levels in the collector for a collector current density fc 

with injecting base. 

In sec. 3 a depletion-Jayer model is given which takes account of these effects. 
If we compare the results of the model with the results of the numerical cal
culations as is done in figs 4 and 7 we may draw the following conclusions. 
If the depletion-layer width is increasing with increasing collector current den
sity it becomes ever more difficult to speak about a depletion layer (fig. 4). 
There is no sharp separation between a region with a space-charge density and 
a neutral region, if the space-charge density of the current carriers in the de
pletion Jayer is no Jonger negligible with respect to the space-charge density of 
the ionized impurities. This is less pronounced in the case of decreasing de
pletion-layer width (fig. 7). 

When the collector current density exceeds the value given by (22) or (23) 
the depletion-layer model is no Jonger applicable. 

In the case where the influence of the series resistance of the collector region 
is smal! we arrive at high collector current densities in the situation where the 
depletion Jayer extends to the collector contact x = W. A further increase of 
the current density Je leads to a space-charge density of opposite sign to the 
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charge of the ionized impurities. The model in sec. 4 gives a schematic picture 
of wbat happens then, as a comparison with the numerical results shows (fig. 6). 

Van der Ziel and Agouridis 2 • 3) also discussed this case. They state that the 
current density J4 (25) at which the electric field at x = 0 equals zero is the 
maximum obtainable current density, determined by space-charge-limited con
duction. At higher collector currents the current then has to spread in the 
ba.se region and this causes a fall off of the cut-off frequency fT· Our cal
culation shows that it will be possible to exceed the value of J 4 . At Je = J4 

the base-collector-junetion potential harrier has disappeared and the base 
injects so many electrons into the collector, which compensate the space-charge 
density of the holes, that no maximum current density determined by space
charge-limited conduction occurs. This is also shown in our numerical cal
culations. Figures 5 and 6 give the results of the numerical calculation for a 
current density Je= 1680 Ajcm 2 , which exceeds indeed the value of J4 = 

1545 A/cm2 • The basic reason of Van der Ziel and Agouridis why current 
spreading should occur turns out to be invalid, although in a three-dimensional 
geometry a current spreading may nevertheless occur. 

If the potential drop over the collector series resistance causes a forward 
biasing of the base-collector junction the injection model of sec. 5 has to be 
applied. Comparison of the results of this model with the numerical calcula
tions shows that the agreement is very good. The assumption that quasi space
charge neutrality exists in the whole collector region (27) turns out in reality 
to be a very good approximation (fig. 8). 

Beale and Slatter 4) also dealt with this injection model. However, they did 
not split up the collector into an injection and ohmic region. The whole col
lector region is described by eq. (31) and they thus implicitly assume the rela
tion (29) to he valid in the whole collector region. Th is is only true if the electron 
current density Jn were exactly equal to zero. For normal ohmic conduction 
with a Jn given by eq. (26) the inequality (29) is not fulfilled in the ohmic region 
as can be easily understood. 
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APPROXIMATE CALCULATIONS ON THE SPREADING 
RESIST ANCE IN MUL TI-EMITTER STR UCTURES 

by H. C. de GRAAFF 

Abstract 

For a three-dimensional body with several curreot·emitting cantacts at 
its surface a spreading resistance between these cantacts cao be defined 
with the help of the dissipated-power expression. In this way thé 
spreading resistance cao be given as the weighted sum of the resistance 
coefficients for the different contacts. Rather simple approximation 
formulas art givcn for these resistance coefficients in case of homoge
neous, isotropie materiaL The derived expressions are applicable to 
transistors with relatively large collector regions, for calculating the 
collector series resistaoce in three dimensions. 

1. Introduetion 

The collector series resistance of a transistor is an important parameter of 
the model used in computer-aided design. The calculation of this resistance 
requires in general a long computation time, but in several cases the problem 
can be greatly simplified, thus reducing the computation time tremendously. 
This paper deals with these simplifications and the approximations derived 
from them. 

In an isotropic, homogeneous medium where current flow obeys Ohm's law 
J = a E and where internal sourees and sinks are absent (\7 . J = 0) the 
potential (V) satisfies LapJace's equation 

The solutions of this equation are subject to certain boundary conditions, such 
as a prescribed value of V at the surface of the body under consideration. It is 
also possible that the injected current density normal to the surface is given, 
which means that b Vfbn is given at the surf ace. If the surface is provided with 
several contacts we can ascribe toeach of them either the value of the potential V 
or the normal derivative b Vjbn. If two contact areas have a constant potential 
we can easily define the spreading resistance (R,) between them as the potential 
difference divided by the total.amount of current flowing through these co ntacts. 
lf in one or both of these contacts the injected current density is given instead 
of the potential, we then have to calculate the mean value of the potential in 
order to define a spreading resistance. lf more than two contacts are involved, 
the situation becomes more complicatcd. However, it is known that in all cases 
a spreading resistance can be defined by relating the dissipatcd power inside 
the body to the total current flowing through it. 
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The outcome will be that one must know the potential V and the current 
deosity J at the contact areas. This means that one has to seek solutions of 
Laplace's equation with the appropriate boundary conditions. Forsome simple 
geometries (e.g. rectangular parallelepipeds) this can be accomplished by 
analytica! means. The resulting expressions are rather cumbersome, but under 
certain conditions relatively simple approximations can be derived. These con
ditions are usually fulfilled in practice, when transistors are considered with 
collector regions which are large compared to the injecting-emitter areas and 
to the base transition region. The oh mie collector region can then be considered 
as the homogeneous isotropie body into which current is injected from the 
emitters. 

Thus the expressions obtained for the spreading resistance will be used to 
calculate the three-dimensional collector series resistance of such transistors. 

2. Definition of spreading resistance 

In a three-dimensional body with a current f!owing inside, the heat dissipation 
is given by the volume integral 

Pdlss = J J JE • J dv =-J J J \1 V· J dv, (I) 

where J is the current-density vector and E is the electric-field vector. Use has 
been made of the fact that the electric field can be expressed as the gradient of 
the potential V. The volume integral in (I) can be written as 

f f f \1 . (V J) dv = f f f ('V V. J + V \l . J) dv = f f f \l . V J dv, (2) 

because \1 . J = 0 when no sourees or sinks are present. Applying Gauss' 
theorem to the vector field V J gives 

f f f \1 ·(V J) dv = f j V J. dS. (3) 

The right-hand si de of (3) is now a surface integral. Combining (I), (2) and 
(3) gives 

pdlss = -JJ V Jn dS, (4) 

where J. is the normal component of J at the surface, pointing outwarcts and 
V is the potential at the surface. Physically speaking the surface integral in (4) 
gives the difference between the supplied power and the power taken from the 
body under consideration. 

In general the surface is provided with several contact areas (c 1 . • • Cs 

in fig. I). As an example we will assume that the total current I flows ioto the 
body via the contacts c,, c2 and c3 and is withdrawn via tl:e contacts c4 and Cs. 

The spreading resistance between c1-c2-c3 and c4 -c 5 can be given with the help 
of (4) as 
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Fig. I. Arbitrarily shaped body. Current goes in via contact areas c" c2 and c3 and out via 
c4 and c5 . 

R, = ~21 f f V J. dS; (5) 

(5) is the defining equation for the spreading resistance. For a point at the 
surface in between the cantacts J. = 0 thus only the contact areas give a con
tribution to the surface integral in (5). If there are only two cantacts with con
stant potentials V 1 and V2 respectively, R. becomes, according to (5), 

which is a familiar result. 

3. The multi-emitter structure 

In the following we will limit ourselves to rectangular parallelepipeds as 
indicated in fig. 2. This parallelepiped represents for instanee a slice of silicon 
or germanium. The ground plane is thought to be an equipotential plane with 
V= 0. In the upper plane several (N) emitters are located through which cur
rent is injected into the slice. This current is collected by the equipotential plane 
at the bottorn (see fig. 2). We will assume that the current density within one 
emitter is constant, although it may vary from emitter to emitter. 

h[ 
1
L....._ ___ 2_o----r 

Fig. 2. Rectangular parallelepiped with N emitters at the top surf ace. The ground plane is an 
equipotential surface with V = 0. The dimensions a re 2 a x 2 b x h. 



55 

SPREAO!NG RE.SISTANCE IN MULTI-EMITTER STRUCTURES 37 

The only contribution to the surface integral in (5) comes from the entitter 

areas because in the ground plane V = 0 and everywhere else 1. = 0. Thus 

from (5) follows : 

where 

R =~ !! s J2 
emltltr 

1 N 

V J. dS = - ~ I1 V1, 

J2 }=I 

11 = f f J. dS = J. S1 
J 

(6) 

is the total current of the jth emitter, because within one eruitter 1. = con

stant, and 

is the mean value of the potential in the jth emitter. The mean value V1 is not 
only brought a bout by the current 11, but also by all the other emitter currents. 
We can therefore write for V1 : 

N 

(7) 

This is allowed because the whole system is linear, and the effects of the cur
rents on the potential can be added. The quantity r1k is the resistance coefficient 

of the jth eruitter due to a current through the kth emitter. It can be proved 1) 

that r 1k = rkJ · Combining (6) and (7) gives in this case: 

N N 

Rs = I I ~~:k r;k· (8) 

} = I k = I 

Expression (8) gives the spreading resistance between the iniecting emitters in 
the upper plane and the equipotential plane at the bottom. The remairring 
problem is now to find means for calculating the resistance coefficients rJt · 

3. L The coefficients r 11 

Let us start with calculating 'JJ· In that case we only need to consider one 
emitter. The dimensions of the structure are given in fig. 3, in which a coor
dinate system is also drawn. We now must .find the mean value of the potential 

in the entitter area, with a current I (or a current density J = I /4 p 1 p 2 = 
a (b Vfbz)i z=h) injected from theeruitter into the body and with the ground plane 
at V = 0. The boundary values are therefore as follows: 
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Fig. 3. Coordinate system and slice (dimensions 2 a x 2 b x h) with one emitter (dimensions 
2pt X 2p2)· 

z = 0: V= 0, 

bV 
z = h: - =f(x,y) 

bz 

and in the remaining boundary planes b Vfbn = 0. Here f(x,y) is a prescribed 
function of x and y; f(x,y) = 0 outside the emitter and f(x,y) = 1/4 p 1 p 2 

inside the emitter. 
The solution of the Laptace equation with the above-mentioned boundary 

conditions can be given in the form of a Fourier series 2) . Once V(x,y,z) is 
known, the mean value of V in the emitter area can be calculated. In this way 
the following expression is found for rJJ (see app. I) : 

h { I tanh(/ n hfa) (sin(/ n ptfa))2 

rJJ = -- 1 + 2 + 
4abu lnhfa lnp 1/a 

1=1 

+ 2 "\' tanh(m n hfb)(sin(mnp2 fb)) 2 + 
i_; mnhfb mnP2/b 
m:::l 

+ 4 "\' "\' tanh(y h) (sin("/ n ptfa) sin(m n P2fb))2 }• 

i_; i_; yh lnptfa mnp2 /b 
(9) 

1= 1 m = l 

where u = conductivity of the material and 

2 _ ( In ) 2 
( m n ) 2 

y--+ - . 
a b 

Expression (9) is rather clumsy, especially when the emitter dimensions are 
small compared to the dimensions of the whole slice and the series converge 
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slowly. Equation (9) was evaluated with a digital computer ; some of the results 
are given in fig. 4 for the case a= b and p 1 = p 2 = p (a square emitter on a 
square slice). lt can be presumed that as long as the slice is relatively thin 
(h « a), the parameter a has little influence on R. ( = rJJ) and that only p and 
h are important. This is illustrated by the dashed line in fig. 4. Along this linea 
is varied while p and h are constant and so is Rs approximately. It tumed out 
that for hfa < 0·6, Rs can be regarcled as a function of p and h only. Within 
this limit the error made is only a few per cent. Figures 5 a and b give 4 a hR, as a 

' 6 

' \ \ 

:'\ 
10 

Q\ 
8~ .~ 
6 \ V..>co \I\ 

\ \1"\ 
2~~0~\r\ 
' \ 
8 t:-VJo" 

'\. 

10 

"l 
NI~ 

6 

' 

)""~ 
2 

10 
8 
6 

' 

10 } 

8 
6 

4 

2 

10 
8 
6 

' 
2 

_1\ 

hlo~lfÎ' 

.'\ 

'\ 

1'\ 

~ h a 

1\\ 

'" ·' ~ l\ 
1\'\. 

\'\ \~ 

N ."\ .~ 

"" f'_ ~ ~~ 
'\. 

""' 
~ 

~\ '\ '1\~ 
'\\ <~ 

Plh =0·1 "'\...\ ~ 
1\ 
'\\\ 

~~ 
N" -I 

10 1 2 4 6 8 10-2 2 4 6 8 10-1 2 4 6 8 1 2 4 6 8 X) 

-p;a 

Fig. 4. No rmalized spreading resistance as a function of pfa with h/a as a parameter. The 
dasbed line is a line with a varying a, but with p and h constant. Along this line R, remains 
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function of pfh under the condition hfa < 0·6; the parameter a has dis
appeared. From fig. Sb it is apparent that 

h 
R, ~ -- for p ~ 3 h, 

4 a p 2 

which is simply the resistance of a bar with length h and cross-section 4 p 2 • 

If we consicter a circular emitter instead of a square one, the expression for 
R. contains Bessel functions. By using a suitable expansion of these functions, 

the following result is obtained (see app. Il): 

I ( 4 I In 2 0·21 p 2 ) 

R, ~ ~ 3 n Vn ~- 2 n h + -;z h3 · (JO) 

The series has been cut after the third term, which is allowed for p ~ h. Ex
pression (10) refers to a circle with the sa me area as the square emitter; its 
radius equals 2 pfVn. In fig. Sa the circular emitter is represented by dots. For 
pfh ~ I there is hardly any difference with the square emitter, which suggests 
that the shape of the emitter is not so important and that it is the area that 

counts. 
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fig. 5. Normalized spreading resistance as a function of p/h in case h/a < 0·6. 
(a): -computer evaluation of eq. (9), 

... approximation according to eq. (10), 
--- approximation with two concentric hemispheres; 
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Fig. 5. (b): -computer evaluation of eq. (9), 
- -- R s = h/4 Cf p 2 . 
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b 

In case that hfa < 0·6 another approximation consists of caiculating the 
resistance between two concentric hemispheres, one with radius h and the other 
with radius p (2/n) 112 , which gives the sa me area as the square emitter has. We 

then find f or R.: 

R. = _I-(~ v'~ - ~). 
2na p 2 h 

This is also plotted in fig. 5a (dashed line), from which it follows that this 

approximation is much worse. 
We now come to o,blong emitter shapes. lf we put p1 = p V.B and Pz = pfV,B, 

the area of the emitter is again 4 p 2 • The factor ,8 is a measure of the "oblong
ness" of the emitter. The computer evaluation of expression (9) is represented 
in fig . 6 for three different values of ,8. The ,8 = I case refers to the square 
emitter again. As can be seen in this figure, rather great differences in ,8 only 
produce small differences in R. as long as the emitter area (4 p 2) remains con
stant. The results in fig. 6 suggest that expression (I 0) can be used for oblong 
emitter shapes when a n a ppropriate form factor is introduced. It is not SUI

prising that in this case the same form factor can be taken as is used in the 
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Fig. 6. Normalized spreading resistance as a function of pfh with the "oblongness" f3 as a 
parameter. 

transformation from circular to elliptic emitter shapes. This latter form factor 

is given by 3 ) 

4 V.B ( .B- 1) form factor = K -- , 
:n:(I+,B) ,8 + 1 

where Kis the complete elliptic integral of the first kind. Figure 7 gives a plot 
of the form factor as a function of ,8. In conclusion we can say that for an emitter 
with an area equal to 4 p 2 and of oblong, square, circular or elliptic shape, the 
spreading resistance to the ground plate R. ( = rJJ) is approximately given by 

4 V.B (,8- I) ( 4 1 In 2 0·21 p 2
) 

R, = rJJ ~n (J +,B)K ,8 + 1 3nVn;-2:n:h +~ h3 ' (
1l) 

provided hfa < 0·6; hfb < 0·6 and pfh ~ I. The accuracy of expression (11) 
is about 5%. For hfa < 0·6 and pjh ;;:: 3 the current hardly spreads and R, 
reduces to the well-known formula 

h 
R, = -- . 

4a p 2 
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Fig. 7. Form factor as a funct ion of the "oblongness" fJ of the emitter. 

3.2. The coefficients r1k 

43 

For calculating the coefficients r1k we must know the mean value of the 
potential in the kth emitter due toa current injected from thejth emitter, which 
is located outside the kth emitter. In principle we can use the Fourier-series 
approach here too, but in this case we shall follow a more convenient method, 
which was adopted by Oasterkamp 4 ) for solving a heat-conduction problem. 

The potential at a point (x0 ,y0 ) outside the jth emitter is, according to 
Oosterkamp, given by 

In fig. Sa the coordinate system is sketched. With the help of the above relation 
the mean value of Vin the kth emitter can be calculated, but the result is rather 
cumbersome. In order to simplify things we will assume that the mean value Vk 
is approximately equal to the potential at the centre of the kth emitter. A further 
simplification of (12) then leads to 

00 

n=l 



62 
44 H.C. de GRAAFF 

y 

b) 

-r-

Fig. 8. Coordinate system for the calculation of r 1,; D Jk is the distance between the eentres 
of the jth and kth emitter. (b): the sa me as in (a), but with a different orientation of the 
emitters. 

where D;k is the distance between the eentres of the jth and kth emitter. For 

D1• < 2 h we find for r1.: 

I ( I In 2 D1/) 
'Jk ""'-- ---- + 0·113 -- . 

27la D1• h h3 
(13) 

A more detailed derivation of these formulas is given in app. TIT. 

Relation (13) states that r1• depends only on the distance D1• between thc 
emitter eentres and the thickness h of the slice; the orientation of the emitters 

with respecttoeach other is not accounted for. This is due to the simplification 

of putting the mean value v. equal to V at the centre of the emitter. Especially 

for oblong emitter shapes with large values of fJ the orientation wiJl have a 

non-negligible inftuence on the value of r1 •. In fig. Sa and b two situations 
with the same D1• are depicted, which will nothave the same r1• in reality. In 

most cases, however, this is not too serious because with large values of fJ 
situations as in fig. 8b give rise to D1k values that are much larger than p. 

Th is makes the contri bution of this particular r1t to the total spreading resist

ance smal! anyhow. Thus a relatively large error in this r1k still gives only a 

small error in the total Rs· 
As a condusion it can he said that under the conditions 
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hfa, h/b <: 0·6, 

pfh < I 

D1k < h 

45 

the spreading resistance from the emitters to the ground plate in a multi-emitter 
structure can be calculated by means of eqs (8), (!I) and ( 13). In the special 
case that all N emitters and their currents are equal and so wide apart that they 
do not infiuence each other (r1k -+ 0) the result simply is Rs = (I IN) rli : the 
resistance of N identical emitters is N times smaller than the resistance of one 
emitter. 

4. Inhomogeneons current distribution 

So far we have assumed that the current density is a constant within one 
emitter. In the transistor we often encounter a situation in which the injected 
current is not homogeneously distributed in the emitter area, the edge injecting 
more heavily than the centre. This is brought about by the base current, which 
causes a voltage drop along the emitter-base junction 5). lt wil! be clear that 
this effect will change the value of the spreading resistance to the collector 6) . 

Equation (8) gives us a method for an approximate calculation of this effect. 
Once the current distribution within one emitter is known, we can give a step
wise approximation of this distribution as indicated in fig. 9. The emitter is 
divided into N sub-emitters, each with its own current, and the whole is treated 
as an N-emitter structure according to eqs (8), (11) and (13). This has to be 
done with some care as the following example will show. Suppose we have an 
emitter with f3 = 9 and p/h = 0·3. From (IJ) or fig. 6 it follows that 4 ah R. = 
2·07. For reasons of simplicity we take a constant current density. First we 
divide the emitter into two equal parts, leaving two emitters, each with f3 = 4·5 
and pfh = 0·212. We now find for the whole structure 4 ah Rs = 1·61. The 
error is a bout -22 %- Another possible di vision is to take e.g. 9 equal sub
emitters, each with f3 = I and pfh = 0·1. The answer now is 4 ah Rs = 2·20, 
the error +6 %. This approximation is better because orientation errors, as 

Ij 

~~ 
0 I I I I I I I I I I 

Fig. 9. Stepwise approx.imation of the current distribution in an oblong emitter. The emitter 
is divided into nine equal parts . 
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sketched in fig. 8b have Jess infiuence in this case. It can be stated as a rule of 
thumb that the emitter must be divided into several sub-emitters which have a 
(nearly) square shape. 

5. Discussion 

In this paper a three-dimensional spreading resistance is calculated in an 
analytica! way. The structure is one with several emitters on top of a slice, each 
injecting a constant current into the body and the total current being collected 
by an equipotential ground plane. When the lateral dimensions of the slice are 
larger than its thickness and the thickness in turn larger than the dimensions 
of the emitter areas, rather simple approximations can be found which permit 
a quick solution. 

The above-mentioned calculations can be applied to transistors for obtaining 
the collector series resistance under certain conditions. First the collector con
tact must be situated at the bottorn of the slice, while emitter and base are on 
top. Thus transistors with emitter, base and collector contacts all on one side 
are excluded. Furthermore the thickness of the ohmic coi!ector region must be 
much larger than the emitter-base and collector-depletion regions together. 
Then the spreading of emitter current takes place almost completely in the 
ohmic collector region and the resistance calculations are applicable, at least 
when this region is homogeneous. 

Experiments were carried out with Ge and Si transistors, having ohmic col
lector regions of about 200 fLID thick. Emitter and base diffusions were very 
shallow and because of the moderate value of the applied Vcb the depletion 
region was thin too; altogether a few microns. F or these transistors the measured 
values of the collector-series resistance were in good agreement with the cal
culations 7). 

In transistors with relatively thin epitaxial layers as collector region other 
approximations have to be made. If the lateral dimensions of the emitters are 
large compared to the thickness of the epitaxiallayer the current hardly spreads 
and the problem is essentially one-dimensional and can be solved directly. 
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Appendix I 

Derivation of eq. (9) 

LapJace's equation 

b2V b2V b2V 
-+-+-=0 
bx2 by2 bz2 

has to be solved under the following boundary conditions: 

z = 0: V = 0, 

bV 
x= ±a: -=0, 

bx 

bV 
y= ±b: -=0, 

by 

bV 
z = h: - = 0 outside the emitter, 

bz 

bV I 
inside the emitter. 

Separating the variables gives as a general solution 

V= {A 1 exp(i a x)+ A2 exp(-i a x)} {B1 exp(i f3 y) + B2 exp(-i f3 y)} x 

47 

x { C1 exp(y z) + C2 exp(-y z) }, 
where 

The integration constants can be found by using the boundary conditions. 
Taking account of the first three boundary conditions and the symmetry in x 
and y leads to 

a. = I nfa, f3 = m nfb, y = {(I nfa)2 + (m nfb)2 } 1/ 2 , 

lnx mny 
V = ~ K1m cos -- cos-- sinh(y z) 

a b 
and 

- = ~ y K1m cos-- cos-- cosh(y h) = f(x,y); 
bVI In x m ny 

bz z=h a b 

f(x,y) represents the current distribution in the emitter plane z = h. A double 
Fourier series expansion of f(x,y) gives us the values of the unknown con
stauts K 1m· In this way we find for V: 
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I I Isin(lnpda) lnx sinh{lnfa)z} 
V(x,y,z) = -- z + -- cos-- + 

4aab 2aab /npda a (/nfa)cosh(lnh/a) 
1=1 

I Isin(mnpzfb) mny sinh{(mnfb)z} + --- ------cos-- + 
2 a a b m n p2 /b b (m nfb) cosh(m n hfb) 

m= t 

"' "' 
I I I sin(/ n P1/a) sin(m n p2 jb) In x m n y sin(y z) + -- cos-- cos--.- . 

aab lnp 1/a m np2/b a b ycosh(yh) 

We can now also calculate the mean value in the emitter area : 
p p 

I 2 

Cl= - 1- j j V(x,y,h) dx dy. 
4pl Pz 

-p -p 
I 2 

The 'JJ then directly follows from r11 = CJji, which gives expression (9). 

Appendix 11 

Derivation of eq. (10) 

The problem of a circular emitter area on top of a cylinder is a rotationally 
symmetrie one, so the Laptace equation becomes 

l b ( bV) b2 V 
; br ' i); + bz 2 = O. 

Separating the variables gives as a general solution: 

V(r,z) = J {A 1(À) exp {h) + A2 (À) exp(-Àz)} J 0{Àr) dÀ, 
0 

where J0 (À r) is a Bessel function of order zero ofthe first kind. The radius of 
the cylinder is supposed to be much larger than its length, so the boundary 
conditions simply are 

V(r,O) = 0, 

bVI I - =--
bz •=h nae2 

for r < e (inside the emitter), 

=0 for r > e (outside the emitter). 

From the first boundary condition follows: 
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V(r,z) = J A(l) sinh(l z) J0 (À. r) dl 
0 

00 

and ()V I = J À. A(l) cosh(l h) J0(À. r) dl. 
bz z=h 0 

We now make use of the following property of Besset functions 8): 

oo I 
J Jl(), e)Jo(À. r) dÀ. =

o e 
l 

2e 

=Û 

for r < e, 

for r = (!, 

for r > f!· 

49 

Together with the second boundary condition this determines A(À.), so V(r,z) 
is known: 

I oo dl 
V(r,h) =-f tanh(l h) J 1 (À. e) J0 (À. r)-. 

naeo ,1, 

We can now determine the mean value of V in the emitter and also R.: 

Use has been made here of another property of Besset functions, namely 8): 

By putting 
2 exp(- 2 À. h) 

tanh(À.h) = l- , 
l + exp(-2 ,1,h) 

oo dl 4 e 
J J1 2(l e) - = -

0 À.2 3 7l 

and 
00 f exp(-2 À. h) dl 

F- J2)., 
- I+ exp(-2lh) 1 ( e) À.2 ' 

0 

we obtain for R,: 



68 

50 H.C. de GRAAFF 
----- ----

R, = -2-(~-2F). 
nar/ 3n 

Using the first two terros of a series expansion for J 12(À e) gives for F: 

oo exp(-2 x) {( e )2 
( e )4 

} 1 ( e )2 
FR; h J . - - - x2 dx = - h - In 2 + I + exp(-2 x) 2h 2h 2 2h 

0 

( e ) 4 J"' x 2 exp(- 2 x) 
-h - dx 

2h I + exp(-2 x) 
0 

The integral in this expression can be written as 

"' co I 

f x2 exp(-2 x) dx = ~ J (In y)2 dy = ~. ~ ~ ~ = 0·203. 
1 + exp(-2 x) 4 I + y 4 4 L n4 

0 0 
n=l 

All this inserted into the expression for R, gives: 

2 { 4 e ( e ) 2 
( e )4

} R. R; -- --- h - In 2 + 0·406 h -
nar/ 3n 2h 2h 

or 
8 In 2 0·812 e2 

R,R; ---+-- - . 
3 n 2 a e 2 n a h 16 na h3 

By putting n e2 = 4 p 2 eq. (10) will appear. 

Appendix lil 

Derivation of eq. (13) 

According to Oasterkamp 4 ) the potential V(x 0 ,y0 ) outside the jth emitter, 
in the plane z = h, can be written as 

Figure 8a gives the coordinate system. 
This double integral can a\so be written as 
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.x -P >' -p 

f 
0 2 dx' dy' 

J (4 nl hl+ x'2 + y'2)1J2 

0 I 0 2 dy 

- J dx J -
(4 nl hl + x2 + y2)1J2 

x +p 
0 I 

y +!> 
0 2 

x +p y +p 
0 J 0 l x -p 

0 I 

=-j dx { G(x,yo + P2)- G(x,yo- Pl) }. 

x +!> 
0 I 

As an approximation we now put 

If the same approximation is used in the x-direction, V(x0 ,y0 ) becomes 

00 

n=-oo 

If the mean value of V in the kth emitter is taken as the value of V at the 
centre of this emitter we find: 

00 

11=- 00 

or 
00 

17k R;:,j !..!.__ (-1 + 2 "\' (-I)" ) 
2na D1k ~(4n2 h2 +D1k2) 1 1 2 ' 

•= 1 
where 

2 _ (X1 + X2) 2 (Yt + y 2)2 
Dik - + 

2 2 

lf 

then 

Furthermorc 
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~ (-1)" 
L-n-=-1n2 

and 

n==1 

C is the Riemann Zeta function, which can be found in tables 9 ) . 

As aresult of all this we find for D1k < 2 h: 

11k I ( I In 2 D1/) 
'Jk =- ~ -- ---- + 0·1128 -- . 

11 2 n a D Jk h h3 
(13) 

Eindhoven, September 1968 
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In chapter III, page 68 the integral should read as 

00 1 2 

I 
2 2:r:) 1 f x exE(- d:r: = (lnwJ dy = 1 + exp(- 2:r:J 8 1 + y 

0 0 

= 1~ î ~ = 0.225. 
1 n 

Consequently the third term in equation (10) becomes 
2 0.225 E_ 

112 h3 • 

fellows: 



Chapter IV 
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TWO NEW METHODS FOR DETERMlNING 
THE COLLECTOR SERIES RESISTANCE IN BIPOLAR 

TRANSISTORS WITH LlGHTLY DOPED COLLECTORS 

by H.C. de GRAAFF 

Abstract 

Two measuring techniques are described from which the collector series 
resistance (R,c) in a bipolar transistor can be determined. The first 
method is based on the cross-modulation behaviour at high frequencies. 
Measuring the amount of cross-modulation at a constant collector-base 
voltafc {V eb) as a function of collector current U cl shows that there are 
two maxima. The second maximum occurs when the transistor goes into 
saturation and is caused by the slored charge in the collector region. 
The current (Je) at which this second maximum occurs increases linearly 
with the applied Veb· The slope of this Ie- Vcb relation is equal to 1/Rse · 
The second method consists of measuring the relationship between Ie 

and V eb fora saturated transistor, while the storage capacitance between 
collector and hase is kept constant. Again R,e is obtained from the slope 
of the measured Ie- V eb curve. A theoretica! treatment, based on simpli
fied rood els, is a lso given forthese measurements. The results of measure
ments on various Ge and Si transistors are compared with theoretica) 
calculations and fairly good agreement is obtained between calculated 
and measured values for R,e· 

1. Introduetion 

The ohmic resistance (Rsc) of thc collector region is an important quantlty 
of a transistor. This collector series resistance determines to an appreciable 
extent the value of the transistor cut-off frequency fT, the frequency at which 
the common-emitter current gain (h1 E) becomes unity. This is because the 
quantity I !fT is made up of several time constants, one being the collector
charging time. This collector-charging time is the product of the collector 
capacitance times the collector series resistance. Thus a low value of R,c favours 
a high value of fT· Moreover, the value of R,c determines the collector current at 
which the transistor goes into saturation, when the collector-base voltage is 
given. This is extremely important l,n the case of a transistor used under so
called "forward-control" AGC conditions. U se is then made of the rapid fall
off of fT with increasing collector current. In a previous artiele 1 ) an approx
imate calculation of R,c was given. This methad of calculation is applicable 
to transistors with an ohmic collector region which is large with respect to the 
base and collector depletion regions. The collector contact is assumed to be at 
the bottorn of the slice. The purpose of this paper is to describe two techniques 
for measuring the collector series resistance of such transistors. 

Direct experimental determination of the collector series resistance is not 
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possible because there is no direct access to the ohmic collector region in a 
transistor. The only quantities which can be measured directly are the exterior 
collector-base voltage (Veb), the collector current Ue) and the base current (Jb). 
The relationship between these can be given as 

where VJ is the collector-base junction voltage and Ib Rb the voltage drop 
across the base resistance. 

In most cases Ib Rb can be neglected against Ie Rse· The question now arises 
how to vary Veb and Ie while the junction voltage VJ is kept constant, for in 
that case R,e can be deterrnined. A criterion for a constant VJ is found at the 
onset of saturation. This criterion can be used, for example by measuring Ie 
versus Veb at different values of emitter current Ie 2). When Ie starts to drop, 
saturation sets in. The problem with most transistors is, however, that this 
point of saturation onset cannot be determined accurately. 

A more refined method for determining the onset of saturation consists of 
measuring at a sufficiently high frequency the amount of cross-modulation at 
a given Veb and with constant amplitudes of the wanted and unwanted signals 
as a function of Ie. A typical example is given in fig. 1 for an npn silicon tran
sistor. This kind ofmeasurement was first described byTe Winkel and Bouma 3), 

who also gave a theoretica! explanation. They showed that the second maximum 
of the cross-modulation is due to a maximum of the quantity d 2(1 /fn)/di/, 
where !Tt is the intrinsic cut-off frequency of the transistor. This maximum 

x 
mod. 

/6 

1 12 

8 

/ 
/ 

0 
0·1 0·2 

Vcb - 5()rl.l 

~ 

" ............_ ,....... 1\. 
IM 1 2 6 /0 20 60 

----I,;(mA) 

Fig. I. Measured amount of cross-modulation (in arbitrary units) as a function of collector 
current at a fixed value of Veb· The transistor is a Si one, type A (see fig. 8). 
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occurs when fT 1 starts to fall off rapidly because of the extra charge, stored in 
the collector region, which is supposed to be much more lightly doped than 
the base. Te Winkel and Bouma had already noticed that the second cross
modulation peak shifts towards higher currents when Veb is increased and that 
a linear dependenee exists between Veb and this "peak" current 4 ). On the 
grounds of simplified models of the behaviour of the collector-base region 
through which a current passes, which are described elsewhere 5), it will be 
shown in this paper that the slope of the linear relation between Vcb and cross
modulation-peak current is equal to 1/R,e. 

From the same models it can further be deduced that R,e is also found when 
Vcb and Ie are varied in such a way that the collector storage capacitance re
mains constant. The Kc va lues obtained by these two methods will be compared 
with each other and also with theoretica! calculations for several Si and Ge 
transistors with different emitter geometries. 

In condusion a discussion is given of the limitations ofthe measuring methods 
for different types of transistors. 

2. Theoretica! models 

The behaviour of the collector-base junction with a current ftowing through 
it is discussed in detail elsewhere 5); here we will only give a summary. The 
models used are based on the following simplifications : 
(a) one-dimensional d.c. analysis; 
(b) no generation and recombination; 
(c) Boltzmann statistics are valid; 
(d) only npn transistors with the base much more heavily doped than the col

lector are considered; the collector dope is supposed to be homogeneaus; 
(e) hole current in the collector region is neglected (Je R:< J.). 

We shall deal first with the "depletion-layer" model. 

2.1. Depletion-layer model 

As discussed in another paper 5 ) the collector region is divided into two pa ts. 
One is the depletion layer, extending from the metallurgical junction at x= 0 
to the point x = xd. The space-charge density in this region is equal to 
q Nd- lefv11 m, because the current carriers, which also contribute to the 
space charge, are assumed to have their limit velocity v11 m. The other part, 
extending from x = xd to the collector contact at x = Wis the ohmic region 
(see fig. 2). We wiJl only consicter relatively low values of Vcb to ensure that 
the depletion-Jayer width (x d) will decrease with increasing Je at a fixed value 
of Veb (c.f. Pais and de Graaff 5), sec. 3). This model is valid until the base
collector junction becomes appreciably forward-biased and starts to inject 
holes from the base into the collector. The depletion-layer model must then be 
replaced by the injection model. 
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Ju netion 
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regJon 

I 
I 
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p(O) ~ 
p(x) I 

r ! 
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Fig. 2. Representation of the collector re
gion in the dcpletion-layer model. Thc de
plet ion Jayer l:as a width x d and a sr~ce
charge density q Nd -- J ,/v11ml· 

Fic. 3. Representation o f the collector re
gion in thc injection model. The injection 
ends at x = x 1, where p(x1) = n1• 

2.2. The infection model 

The collector region is r.ow srlit into an injection region wl.ere p "", 11 + 
- Nd ~ 111 and an ohmic region wl':ere 11 = Nd » p 5). The end of the injection 
region is taken at x = x,, ''here p = n" ~ee fig. 3. l he following equations (I), 

(2) and (3) characterize the injection model ; they are der i\ ed clsewhere 5 ) for 

a p11p transistor and r.eed only a slight rroclif:cation to be valid for an npn 

transistor. Th: injected hole concentration as a function of x is given by 

x = - - - lp(O) - p(x) +- Ndln - - . 
2qD. I p(O)} 

J, l 2 p(x) 
(I) 

At the metallurgical junction (x = 0), p = p(O). The width (x1) of the injec
tion region follows from (I) after substituting p = n1 : 

2 q D. { I p(O)} 
x 1 = -- p(O) - 111 + - Nd In -- . 

Je 2 /11 

The applied collector-base voltage can be written as 

kT Nd 
veb = Je (! ( w- Xt)-- In - . 

q 11; 

(2) 

(3) 

The value p(O) is determined by the voltage V,b and the current J e; from (2) 
and (3) it follows that 

with 
Veb...:... (k Tjq) ln(Nd/11t) 

Jll = -------------
(!W 

(4) 

At J, = J 21 the density p(O) = 111; we shall take this value of current density 
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as the transition from depletion-layer model to InJection model. Thus for 
Je < J 21 the depletion-layer model is assumed to be valid, while for Je > J21 

the injection model is used. This is in agreement with the fact that the junc
tion in the depletion-layer model must become forward-biased, for at Je = J21 

the junction voltage 
. kT Nd 

vj~--ln-. 
q n, 

The current at which p(O) = a Nd follows from (4): 

Veb + (2 k Tjq) {a- nrfNd +-!In a+ In (Nd/n1)} 

~~= . (~ 
ew 

If the factor a= n,fNd, the current density Je; = J2 " while for a> ntfNd 
also Je 1 > J21 . The stored charge in the collector can be calculated with the 
help of (I) as 

!XJ q2 D. 
Q. = q p(x) dx = -- {p 2(0) + Nd p(O)- n1 Nd- n12 }. 

. J 
0 e 

(6) 

A storage capacitance, as measured at the base and collector terminals, can 
be defined in the following way: 

-( dQ •) -( dQ.) (dp(O)) c.= -- = -- x-- . 
d Veb 'e=eonst . dp(O) 'e=eonst dVeb 'e=eons• 

Combining (4) · and (6) gives for the storage capacitance 

c. = q p(O), 

e Je 
(7) 

The intrinsic cut-off frequency fT~> that is the value of fT when the emitter and 
collector-barrier charging times are neglected, simply is 

1 ( dQ.) ---=rb+ --
2nfTt dJe Veb=eonSI > 

where rb = base transit time. Using (4) and (6) we obtain 

1 Q. q p(O) W 
--- = rb-- + ---
2 nfTl Je Je 

(8) 

Expression (8) is va lid for Je ~ J21 • For Je < J21 we simply have 1/2 n !Ti = 

rb = constant. This means that as long as the depletion-layer model is used 
the transit time rb is taken as a constant because of the heavily doped base. 
In fig. 4 an example is given of I !!Ti as a function of Je . From this figure it 
is clear that the quantity d 2 (1/fTi)/dJ/ will have a sharp maximum for a Je 
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Fig. 4. Calculated relationship between/y1 and Je for Tb= 1·5.10- 9 s, 1 21 = 100 A/cm 2 , 

W = 200 f.tm, e = 0·25 Ocm, N• = 10 16 cm- 3 and n1 = 1013 cm-J 
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Fig. 5. Measured collector current for which the cross-modulation has its second maximum, 
as a function of Vco· The slope gives R,c = 90 0. The intersectien with the Vc0-ax.is is at 
v •• = - 655 mV, from which follows a = p(O)JN. = 0·03 (see fig. 6) Same transistor as 
in fig. I. 
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value slightly above 121 ; in order to find the J, value at this maximum, one 
has to ditferentiate eq. (8) twice. This is a rather cumhersome procedure and 
cari be avoided by simply taking as an approximation for the current at this 
maximum the value J, 1 as given by (5). Te Winkel and Bouma 3 ) have already 
shown that the second maximurn of the cross-modulation curve (fig. 1) is caused 
by the d2(! /fdfdJ/ maximum; both occur at the same J, value. lf we now 
change the applied voltage ( V,b), the second peak in the cross-rnodulation will 
shift according to (5). This gives a linear relationship between J,, and V,b with 
a slope equal to 1/e W, see fig. 5. The intersectien with the V,b-axis is given by 

2 kT ( n 1 I Nd) 
(V, b)J,,=o =- -q- a- Nd + 21n a+ In-;;; , (9) 

according to eq. (5). The value of a can now be obtained from the experirnental 
data with the help of fig. 6, which gives V,b at J,1 = 0 as a function of a for 
Ge and Si. Typical values for a are about 0·01. 

Surnmarizing we can say that the injection model prediets the second peak 
of the cross-rnodulation curve. This peak occurs at the onset of saturation, 
when the injected hole density p(O) is still a small fraction of the background 
doping Nd (a bout I %in our case). When the shift of this cross-rnodulation peak 
is rneasured as a function of V,b a straight line is obtained, the slope of which 
gives the ohmic resistance e W of the collector region. 

I 1/ I 
6 I I I 

I I Gej '/"S - - Nd = 8.1015 r-- - N: =2·5.1016-

I I 

a 

1 2 

1/ Ij 

I 
I V 

6 

2 
1/ 1/ 

I I /0-J 
500 600 700 
100 200 300 

---- -Vcb(Ipeak=O)(mV) 

Fig. 6. The factor a = p(O)fN. as a function of V, 0 for which J,, = 0, according to eq . (9) . 
The donor concentrat ions N • correspond to the resistivities of the materia is used. T he lower 
scale along the V, 0-axis is rela ted to Ge, the upper scale to Si. 
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Another method of determining the collector series resistance consists of 

measuring the relationship between Vcb and lc while the starage capacitance C, 

is kept constant. Using q D. = t-t. kT and e = 1/q ft• Nd as well as eqs (2), 
(3) and (7) gives for this relationship: 

Vcb + - In--2- = lc (e W- 2 (2 2 D. C,)- -In -- lc . kT( Nd n1 ) kT ((!C, ) 
q n1 Nd q q n1 

In most cases 2 ntfNd can be neglected against In (Nd/n1) and also 2 eD. C, 

against W. This leads to 

kT Nd kT (eC, ) 
Vcb + -In- ~ e W lc- -In -- lc 

q n1 q q n1 
(10) and 

(
d Vcb) kT -- ~ew--. 
dJc C,=cons< q Je 

For sufficiently high values of lc the slope of this C, = constant curve gives 
again the series resistance e W. Figure 7 gives an experimental curve for the 
same transistor as in fig. 5. 

.% 
.I 
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V 

I 
4 

) Ccb=5·86pF 

1/ 
) 

' 

I 
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0 
-800 -600 -400 -200 0 200 

Vcb (mV) 

Fig. 7. Measured relation between / 0 and Vcb for a constant storage capacitance C,. The 
slope at high currents gives R,. = 92 n. Same transistor as in figs I and 5. 

3. Experiments 

The cross-modulation measurements were carried out in the same way as 
already described by Te Winkel and Bouma 3). The frequencies of wanted and 
unwanted signals are 200 and 206 MHz. The C, measurements were done on 
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a Wayne & Kerr bridge, type B 201. The signa! frequency was 0·5 MHz. At 

a low value of collector current the Vcb value selected was such as to ensure that 

the total collector-base capacitance was almast entirely the starage capaci

tance C,. However, care must be taken that the Vcb gives not too much forward 

bias, because the base current must remain smal!, otherwise the voltage drop 

across the base resistance is no Jonger negligible. After the proper selection of 

Vcb the bridge was balanced. Then the current was varied and bridge output 

minimized by adjusting Vcb only. In this way curves as given in fig. 7 were 

obtained. 

Yarious types of Ge and Si npn transistors were measured according to the 

cross-modulation as wel! as to the constant-e, methad. All had the collector 
contact at the bottorn of the wafer and the emitter(s) on top of it. The lateral 

dimensions of the wafers were about I x I mm 2 . The Ge wafers had a thick

ness h = 200 fLm and a resistivity e = 0·25 D. cm. For the Si wafers we had 

h = 230 fLm and e = 0·30 D. cm. The base diffusion depth was about l fl ffi 

or less; all transistors were made by the plana r process. Figure 8 depiets the 

dimensions of the oxide windows for the emitter diffusion. For the real dimen

sions of the emitters we have to add 0·6 fLm in the Ge case and 1·4 fJ.ffi in the 

Si case because of underdiffusion of the emitters. Because the collector region 

is very large (200 f.Lm) as compared to the base and emitter regions (I to 2 fLm) 

the collector series resistance (R,c) can be calculated by a method outlined else

where 1 ). These calculated va lues are compared with the measurements in 

table I fo r the different types of transistors. For each type of transisto r several 

TABLE I 

Measured and calculated R ,c values (D.) 

type measured calculated 

cross-mod. C, = const. 

Ge A 36·7 34·0 29·6 
Ge B 50·0 46·3 46·7 
Si A 83·3 90·5 87·3 

Si Bl 47-4 50·1 47·9 
Si 82 94·1 102-4 9 1 9 
Si cl 20·0 20·9 22 8 
Si c2 39·0 45·5 42·9 
Si Dl 13-8 13:7 15·3 
Si 02 25·4 28·8 27·7 

Si E 47·5 53·0 51 ·2 
Si F 29·0 28·3 24·1 
Si G 22·5 21·2 2 1·4 
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Fig. 8. Geometries of the ditfusion windows for the emitters of thc various types of tran
sistors used in the experiments. All dimensions are in 1-'m. The Si types B1, C 1 and D 1 are 
obtained by connecting in parallel two emitters of the type 8 2 , C 2 and D 2 respectively. 

samples (two to five) were measured: in table I only the mean va lues for each 
type are given. The spread in the measured values was in most casesabout 10%. 
The current gain (cc' = fc/fb) was about 50 for the Ge and about 20 for the Si 
transistors while the base resistances ran from 15 into 150 n. Thus, in some 
cases /b Rb cou1d not be negleeled and the measured values had to be corrected 
by adding~Rb/cc'. As can be seen in table I, the agreement between the results 
obtained by the two methods and a1so between measured and calculated values 
is rather good. In most cases the deviations are less than 10%. 
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4. Discussion 

In the foregoing two measuring tcchniques are described for determining 

the collector series resistance of a bipolar transistor. From the cross

modulation method a linear relationship eetween Ie and Veb is obtained (see 
fig. 5) as predieled by the injection model (eq. (5)). From this the series resist

ance can easily be obtained. This is somewhat rrore difficult with the storage

capacitance method because in that case a constant slopc only appears at 

sufficiently high values of Je, see fig. 7 and eq. (10). Moreover, this constant 

slope gives the series resistance only if 2 (! D" Cs « W. Now in our case 

Cs~ J0- 5 to 10- 6 F/cm 2 , which makes 2 (! D" C ~ I fJ.ffi. This indeed can be 
neglected against W. However, in transistors with relat ively thin epitaxiallayers 

as colteetor regionone must be very careful. A nother difficulty with the storage

capacitance method is the choice of the initia! collector-base voltage ( Veb). The 

chosen Veb must give a certain amount of forward bias in order to measure 

storage capacitance instead of depletion-layer capacitance. lf too much de

pletion-layer capacitance is included, the slope of the Ie- Ve b curve wil I givc 

an incorrect value for the series resistance. On the other hand, if the forward 
bias bccomes too strong, the base current cannot be negleeled anymore and 

also the assumptions JP = 0 and Je = J" are violated . 
An advantage of the storage-capacitance method is that it can be performed 

at rather low frequencies (0·5 MHz in our case), whereas the cross-modulation 

has to be measured at high frequencies in most cases. This is due to the fact 
that the second peak in the cross-modulation curve can only be observed at 

frequencies near the cut-off frequency fT 3 ). With the help of eq . (9) and the 

measured shift in the cross-modulation peak a value for a= p(O)/N,, can be 

given. For all transistors (Ge as wellas Si) a values around 0·01 were found, 

which means that the second peak in the cross-modulation appears when p(O) 
is a bout I per cent of the collector doping. With the storage-capacitance method 

we found, using eq. (7) in the linear region of the le-Vcb curve, values between 

0·1 and 0-4 for a. This shows that injection from the base is now mo re pro

nounced. 

The two methods for measuring the collector series resistance are not limited 

to transistors with the collector contact at the bottorn of the slice. They can 
also be performed with collector contacts at the same surface as the emitters. 

Thc results show rather good agreement between the two methods but a re 

omitted here, because no theoretica] calculations are yet available. 

At first glance it is somewhat surprising that correct values for a three

dimensional spreading resistance are obtained from measurements, based on 

one-dimensional models. The reason for this success lies in the fact that the 
injection region is very short (only a few microns according to eq. (2)) as com

pared to the whole collector region. This enables us to treat it as one-dimen-
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sional, because the current spreading now mainly occurs in the ohmic collector 
region . The spreading resistance of this region can then be assumed to be in 
series with the one-dimensional injection region . But with small collector regions 
the situation may be different and further investigations are needed. 

In condusion we can say that fortransistors with lightly doped, and relatively 
thick collector regions, the collector series resistance can be obtained from 
either cross-modulation or storage-capacitance measurements. The cross
modulation method is somewhat more favourable, but can only be performed 
at frequencies near the cut-off frequency fT· 
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A MODIFIED CHARGE-CONTROL THEORY 
FOR SATURATED TRANSISTORS 

by H . C. de GRAAFF 

Abstract 

This paper deals with bipolar transistors in saturation, which have 
their collectors more lightly doped than their bases. In this case a 
charge is slored in the collector. This slored charge is measured in 
two different ways (via the fT and the hFE), thus covering a range 
of more than 5 decades. The results are compared with each other 
and with the existing theory. Furthermore a modilied charge-control 
model is developed which takes into account this charge slorage and 
the resulting recombination c~ rrent. This model is then used for 
deriving an a.c. small-signal equivalent circuit. This equivalent cir
cuit farms another check on the theory of collector-charge storage. 
This check is more severe than the previous ones (with fT and hFE) 
because now first derivatives are also involved. 

1. Introduetion 

If the collector region of a bipolar transistor is more lightly doped than the 
base region and if the collector-base junction is biased in the forward direc
tion, then the dominaril effect is that the base injects minority carriers into the 
collector region. This minority-carrier charge, stored in the collector, can have 
a great influence on the various transistor characteristics and it is therefore no 
surprise that this phenomenon bas attracted the attention of several investiga
tors. Kirk 1) described its effect as an extension of the quasi-neutral base region 
without specifying what was going on physically. By attributing to this extended 
base an increase in base transit time he was able to explain the fT fall-off at 
high current densities. Hahn 2 ) adopted a more physical approach and described 
the behaviour of the stored charge in the collector as an ambipolar ditfusion 
process, taking recombination into account by solving the continuity equation 
for the minorities, under the assumption of charge neutrality. Beale and Slatter 3) 

calculated the stored charge directly froru the current equations, neglecting 
recombination and minority-carrier current. Clark 4 ) and Hahn 5 •6 ) used a 
similar model to explain the two-region saturation phenomena of the (/c, vee) 
characteristics of epitaxial transistors, while Pals and De Graaff 7) checked the 
theory by comparing the minority-carrier distribution in the collector as given 
by the model, with exact numerical solutions, obtained on a digital computer. 
De Graaff 8 ) used this theory also for ajustification ofhis methods ofmeasuring 
collector series resistance. 

The essentials of the above-proposed theories can be stated as follows. The 



85 

192 H.C. DE GRAAFF 
---- -----------

base-collector junction becomes forward-biased because of the potential drop 
across the coUector series resistance. The resulting stored charge can be cal
culated on the assumptions of one-dimensional current flow, quasi-neutrality 
and neglect of minority-carrier current. 

Although the theory seems to be well established there is little quantitative 
ex perimental verification. From frlc curves Beate, Bridgen and Cusdin 9 ) cal
culated the stored charge in the collector for one type of transistor (BFY 90) 
and in a limited range. 

In this paper the measurement range is enlarged to several decades by using 
not only fT measurements, but also hFcf, curves to obtain the stared charge. 
lt tums out that this charge, multiplied by the current, is dependent on only 
one variable, which can be considered as a kind of junction voltage. The 
re lation between the fT and hFE measurements wilt be discussed in conneetion 
with the validity range of the theoretica! model. 

The calculated stored charge is then used in a charge-control theory to obtain 
a transistor model which gives the time-dependent behaviour. Linearizing the 
charge-control equations leads to an a.c. small-signal equivalent circuit from 
which all the desired small-signal quantities can be derived. This equivalent 
circuit, when confronted with measurements, constitutes an even more precise 
check on the calculated stored charge then fT and hFE measuremen ts, because 
now not only the charge itself is considered, but also its first derivatives with 
respect to current and voltage. An additional problem is emitter-base current 
crowding which has a great influence on the base resistance. The model incor
porates this effect by taking the base resistance as a monotonically decreasing 
function of base current. 

The complete transistor model is characterized by 13 parameters. A descrip
tion of how these parameters are determined is given in appendix E. All 
measurements were carried out on two types of transistors, widely differing in 
structure and electrical qualities. 

2. The stored collector charge 

The stored minority-carrier charge in the collector has been calculated al ready 
elsewhere 8 ), so we can content ourselves with a brief summary here. The 
following simplifications are used: 
(a) 1-dimensional d.c. analysis; 
(b) only npn transistors with the collector more lightly doped than the base 

are considered ; 
(c) in the injection region (see fig. I) quasi-neutrality is assumed (n '=:::! p + Nd); 
(d) the infl.uence of the hole current in the collector is neglected; 
(e) the collector doping Nd is homogeneous. 
With these simplifications the hole distri bution p(x) in the collector is given by 
(see ref. 8) 
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Ju netion 

p(O) 

p(x) 

t 

0 

Injection 
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Xj 

Contact 

Ohmic region 

w 
-x 

Fig. 1. The collector region in saturation is divided into an injection region (0 < x < x 1) 

and an ohmic region (x1 < x < W) . 

2 q D. A. ( I p(O) ) 
x = p(O) - p(x) + - Nd In - ; 

Ie 2 p(x) 
(I) 

A. is the emitter area. At the metallurgical junction x = 0, p = p(O) while 
the injection region terminates at x = x" where p(x1) = n1 7); see fig. I. 

The length x 1 of the injection region is thus given by 

x 1 = p(O)- n, + - Nd In - - . 
2 q D. A. ( I p(O) ) 

Ie 2 n1 

(2) 

The applied collector-base voltage can be written as 

(3) 

where re is the collector series -resistance pertaining to the region between con
tact and metallurgicaljunction: in fig. I, re= e W/A e and eis the resistivity 
of the collector region. As e x 1/A. ~ re and Ie ;?; 0, eq. (3) is only valid for 

kT Nd 
veb ;;,- - ln-

q n1 

Moreover, the ohmic region can only exist as long as the curtent density 

v 11 m is the constant drift velocity at very high electric fields. Equations (2) and 
(3) can be combined into 
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p(O) p(O) q 
2 -- + In-- = --(re I.- Vcb- V0 ), 

Nd Nd kT 

with 

2 kT ( Nd n; ) 
Vo = -q- In~ - Nd . 

The voltage drop across the ohmic region in the base is neglected here. 
The slored charge in the collector is given by 

or 

(4) 

(5) 

(6) 

Equations ( 4) and (6) together show that the quantity Q, Ie can be written 
a function of Vb'c' = r. Ie - Vcb only. This Vb'c' can therefore be considered 
as a sort of internal junction voltage with V0 as the ''diffusion voltage". 

From (4) and (6) fellows that for n; < p(O) « Nd 

and for p(O) » Nd 

Q, Ie ~ Dn (q Nd A.) 2 GkqT y (r. Ie - vcb- Vo) 2 . (7b) 

So in light saturation the collector- base junction has an exponential charac
teristic, though not for Q, itself, but for the quantity Q, 1 •. In heavy satura
tion this characteristic becomes quadratic. 

3. Determination of Qr from measurements 

In order to verify the theoretica\ relationship between 1. Q, and Vb.c' = 

r. 1.- Vcb as given in sec. 2, the stored charge Q, has to be measured. lt can
not be measured directly, but from either fT or hFE measurements its value is 
found. 

3. I. From fT measurements 

We can measure the cut-off frequency fT as a function of emitter current Ie 
at a constant value of the applied collector-base voltage Vcb· We then plot 
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1/2 nf~ = 1/wT as a function of I/Ie and this will result in a straight Jine 10 ) 

as long as the transistor is not saturated. When the transistor saturates J fr•)T 

wil! deviate sharply from this straight line by an amount Ll(l/wT) as can be 
seen in fig . 2. The quantity Ll( I fwT) can a lso be considered as a function of 

13.10-10 

I 
12 Vcb=- 0·15 V -

v/: 

VÎ V orv 
~ l.fs'tope:!!!(c.+Cc) 

q 

/ // 

11 

10 

9 

.rvl~ ~/ 
~y 

6 !L- 1/wr(O)= -r, /ai+O+r. / rc)rc Cc 

5 I I 

1.00 800 1200 
-vr.rA-1) 

Fig. 2. 1/wT as a function of I/fe for two values of the applied Vcb· Thc deviation from the 
straight line L1 (1 /wT) is due to saturation . 

Ie and this function is now known from the measurements. Because LI(J fwT) 
can be written as a charge-control relation : 

Ll(l /wT) = - , ( dQ,) 

d/c V cc= constanl 

there is an experimentally obtained relation between dQ,/dle and Ie . lntegrat
ing once gives Q, as a function of Ie: 

(8) 

This integration procedure is not quite correct because (dQ,/dle)vce=eon". is 
integrated with Veb =constant but in most cases the error is small (see appen
dix A). 

The integration can be carried out for various values of applied Veb• but the 
resulting Q., multiplied by Ie, must be the same when the junction voltage 
Vb'c' = re Ie - Vc b is the same. 
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3.2. From hr-E measurements 

The recombination current I, due to the charge storage in the collector is 
given by I, = Q,jr, where r, is the effective lifetime for the minorities in the 
collector. This I, is supplied via the base contact and has to be added to the 
normal forward base current I1 . The total d.c. base current then is 

(9) 

while the d.c. collector current can be written as 

(10) 

The current-gain factors a'1 and a', are supposed to be constant . 
From (9) and {10) it can easily be deduced that 

( 11) 

where hFE = 10 /lb. lf the constants a'1, a', and r, are known and hFE is meas
ured, e.g. as a function of Ie with Veb as a parameter, Q, can be calculated 
with help of eq. (J I), whereafter Ie Q, can again be plotted as a function of 

Vb'e' = ~'e Ie - Vcb· 

3.3. Comparison between theory and experiment 

For the experiments two widely differing transistor types were selected. One 
transistor, termed type A, was an experimental Iabaratory type. It had 3 stripe 
emitters, a non-epitaxial collector (200 flm thick) with a doping of Na ~ 1016 

cm-3 . The collector series resistance re= 30 .Q and a'1 = 19, a',= I and 
T, = 4.JO-? S. 

The other was a commercially available type, BC 109, with one circular 
emitter, an epitaxial collector, a bout 18 f.lm thick with a doping Na~ 10 15 cm -J . 

The other relevant parameters are here re = 53 n, a'1 = 270, a', = 2·5 and 
r, = 4·75 .10-7 s. How these values are obtained is discussed in appendix E. 
Figure 3 shows the emitter geometries for the two types. 

Figures 4a and b give Ie Q, (Vb'e.) fortransistor A as obtained fromfr and 
IIFE measurements respectively. Figures Sa and bare similar, but for the BC 109. 
The measurements were carried out at various values of Veb• but all the meas
ured points are brought on one curve approximately, when taking Vb'e' as 
the independent variable. As the effective lifetime r, is supposed to be already 
known, introducing a "constant of the structure" 

4 T, 
m=------

D. (q N. A.) 2 ( 12) 
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Fig. 3. The emitter geometries for the two transistor types discussed in this paper. Dimen
sions as indicated are in microns. 
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Fig. 4. Q, Ie as a function . i Vb'e ' = Ie re - V eb for transistor A. The theoretica! curve is 
calculated with 'e = 30 !1, m = 2·86.106 A- 2 and V0 = 800 mV. 
(a) Measured points are obtained from h data with the help of eq. (8); (b) measured points 
are now taken from hrE data with the help ofeq . (11): a'f = 19, a' ,= I and r, = 4. 1o--7 s. 

leaves us with the problem of determining two parameters, namely this m and 
the "diffusion" voltage V0 , because these two, together with 1:" pinpoint the 
position of the theoretica! Ie Q, (Vb·c·) curve on a semi-logarithmic scale. The 
shape of this theoretica! curve is fixed and given by the nature of eqs (4) and 
(6) . The values of V0 and mare available from eqs (5) and (12) respectively. 
The calculated order of magnitude for m is I 07 for transistor A and 108 for 
the BC 109, while V0 is around 700 m V for silicon. These results are rather 
inaccurate, firstly because eqs (5) and (12) are taken from a 1-dimensional 
analysis, but also because the values of such quantities likeNd and D. are not 
known exactly. It is therefore preferabie to deduce V0 and m from the exper
imental curves in figs 4 and 5. The measurements give the following values 
for V0 and m : 

transistor A 
BC 109 

V0 (mV) 

800 
695 

m 

2·86.106 

3·98.108 . 
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Fig. 5. The same as in fig. 4, but for the BC 109, with r0 = 53 n, m = 3·98.108 A- 2 and 
V0 = 695 mV. 
(a) From fT measurements; (b) from hFE measurements, with a.'1 = 270, a.' , = 2·5 and 
T, = 4·75.10- 7 S. 
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For transistor A there is excel.lent agreement with the theory as far as the hFE 
measurement is involved (fig. 4b), but the results are poor for values obtained 
fromfr measurements (fig. 4a). In that casethereis more spread and the slope 
of the measured curve is less than the theoretica] value of qjkT. Another differ
ence between figs 4a and b is that for all the Vb'e' va lues in fig. 4a, p(O) < Nd: 

theoretically p(O) = Nd at Vb'e' = 860 mV. This means that all the /r-origi
nated values are low-injection values. From exact numerical solutions 7) it is 
known, however, that in the low-injection case the quasi-neutrality condition 
(assumption (c) in sec. 2) is easily violated; we are then in a situation which is 
not correctly characterized by a depletion-layer model or by an injection model. 
So the charge calculated from anfrle curve in that case is not purely a storage 
charge, but a mixture of storage and depletion charges. As hFE is more or less 
insensitive to depletion charge, fig. 4b shows a better agreement with theory, 
even in the low-injection range (Vb'e' < 860 mV). 

For the BC I 09 the calculated value of Vb'e' for which p(O) = Nd is Vb'e' = 

740 m V, so the greater part of the fr and hFcoriginated Ie Q, values are in 
the high-injection range. In the low-injection range the agreement between theory 
and experiment deteriorates. 

So one of the limitations of the injection model is the vialation of the quasi
neutrality condition for low injection (p(O) < Nd). For transistor A this limit 
is reached at Vb'e' = 860 mV, for the BC 109 it is Vb'e' = 740 mV, which is 
much lower because of the lower collector doping. 

The high-injection limit is reached when the recombination current in the 
collector can no Jonger be neglected with respect to the total collector current 
(assumption (d) in sec. 2). 

This means, more precisely, that 7 ) 

The expression on the left-hand si de of this inequality is a function of position, 
but has its maximum at the metallurgical junction, at x = 0, as computer simu
lation shows 11 ). So the inequality can be reformulated as 

{ fin ( Nd )} I + - I + - I, « Ie 
flv p(O) 

or, with eq. (10): 

2 + rx.', + - I + -- -- « I. { 
fin ( Nd )} I, 

/ 1v p(O) rx.'f lf 
(13) 

Figure 6 shows the left-hand side of this inequality as a function of Ie, cal-
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Fig. 6. The high-injection limit for the model: the plotled quantity should stay much below 
unity. The value 0·1 is (arbitrarily) taken as the limit. The limiting value for Vb"c' can be cal
culated from Vb'c' = lcrc- Vcb· 

culated for the t\vo transistors under discussion. The curves for transistor A 
show a decrease with increasing current at the beginning, but this has little 
physical significanee because p(O) < Na in that region, so the usefulness of the 
model is doubtful anyway. The condusion drawn from the calculations in fig. 6 
can be stated as follows: for transistor A the model is va lid unti I the injection 
becomes so high that Vb'c' ~ 1100 mV while for the BC 109 this limit is 
beyond Vb'c' = 2300 mV. 

The high-injection limit of the validity range has a conneetion with hFE too. 
By assuming p(O) » Na. and making use of eqs (9), (JO) and (13), it can be 
proven that hFE has to futfit the following condition: 

(14) 

Usually this condition is fulfilled although transistor A comes pretty close to 
the limit in the high-injection situation (see fig. 7). 

4. The charge-control theory 

In the previous sections the stored minority-carrier charge Q. in the collector 
was investigated by means of the relationship between 1. Q. and the internat 
junction voltage Vb'c'· In this section the stored charge Q. is incorporated in 
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Fig. 7. hFE as a function of Ie, for various values of Vcb· The model does not include hFe 
fall-off at low currents. 
(a) For transistor A and (b) for the BC 109. Parameter values are given in table I. 

a charge-control model which wilt lead to an a.c. small-signal equivalent cir
cuit. The lumped elements of this circuit are given by the first derivatives 
b Vb ·c.fb/1 and b Vb·c.fbl, (11 and /, are the forward and reverse base currents). 
So the equivalent circuit provides another check, of a more refined nature, on 
the theory of collector-charge slorage because of the derivatives being involved 
now. The charge-control theory fortransistors states that the currents are linear 



A MODIFIED CHARGE-CONTROL THEORY FOR SATURATED TRANS[STORS 203 

functions of the stored charge, whereas these charges themselves are non-linear 

functions of the junction voltages. The charge-control equations, which can be 

found in many textbooks (e.g. in ref. 12) read as follows: 

Q, dQ, Q, dQ, 
Ib= - +-+-+-, 

r1 dl r, dl 

' Q, ( ' Q, dQ, 
Ie= a 1 -- I + a,)----; 

r 1 r, dl 

(15) 

Q1 is the charge, stored primarily in the base and linked with the normal, 
forward operation of the transistor. To simplify things we will take Qf as a 

function of the internal base-emitter-junction voltage Vb'e' only: 

Q1 = Q10 {exp (y Vb'e ·)- I}, 

y = qjkT. 
(16a) 

This functional relationship disregards high injection in the base and the Early 
effect. 

The charge Q, is stored primarily in the collector when the transistor is 

saturated. lf not saturated Q, = 0. Usually the relation between Q, and Vb'c' 

is assumed to be similar to (16a) . Although this can be good enough for alloy 
transistors it is certainly wrong for transistors with relative lightly doped col
lectors. In sec. 2 it was already stated that Q, is not only a function of v.,.c., 
but also of Ie. Equations (4) and (6) namely determine Ie Q, as a functio1 of 

Vb'c' and tlus, together with the second equation in (15), relates Q, to ~'b'c' 

and Q1 . The inverse expression, which relates Vb'c ' explicitly to Q1 and Q, is, 
however, more appropriate in our case. The following expression for the 
internal base-collector voltage in saturation ( Q, > 0) can be derived (see 
appendix B): 

y (Vb'e' - V0 ) = W - 1 +In {-t(W - 1)}, 

where (16b) 

The quantities ':1.'1 , a'" r1 and r, are supposed to be constant parameters (see 
appendix E). 

The equations (I 5) and (I 6) uniquely determine the currents Ie and /b as 

functions of internat junction voltages vb'c' and vb'c' but these internat voltages 
are different from those applied externally, because of the series resistances. 

The collector series resistance has al ready been considered; in this model re 
is constant and independent of current, even in saturation, when part of the 
collector region is swamped with injected carriers. This re being constant is 
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due to the specific definition of the internal base-collector voltage Vb 'e'· The 
emitter contact resistance (r.) usually is constant too and gives no problems. 
The base resistance is more difficult to handle, especially when current crowd
ing occurs, for that makes the base resistance dependent on base current 13 · 14). 

Rey has shown 14) that for a cylindrical structure the v0ltage drop in the base 
region under the emitter can be written as 

1 lb + lbo 
LlV=-In---

y lbo 
(17) 

in which lbo is a constant. The base region outside the eruitter has a constant 
resistance rw so the total d.c. voltage drop in the base is given by 

( 18) 

From eq. (18) inunediately follows that the small-signal base resistance rb is 

I 
rb =~'ex+ · 

Y (/b + lbo) 
(19) 

For rectangular structures, as treated by Hauser 13), the above is not exactly 
true, but eqs (18) and (19) give a good approximation in that case. It should 
be noted that (18) and (19) are derived under the asumption of constant con
ductivity in the base. However, in saturation conductivity modulation can occur 
in the base region near the collector junction. In that case lbo is not a constant 
anymore, but a function of lb, which increases when lb increases. 

The series resistances taken into account, the externally applied voltages Vbe 
and veb are given by 

Vbe = Vb·e· + Ll Vb + (!b + Ie) r., 

Vcb = - Vb'e - Ll Vb + Ie '•· 
(20) 

lf in eq. (15) the dQ/dt terrus are put equal to zero, eqs (15), (16), (18) 

and (20) completely determine the d.c. behaviour of the model. This is illus
trated by the measurements of hFE- lc for several Vcb values, shown in fig. 7. 

Because in this model rt.'f is a constant, the actual hrE fall-off at low currents 
is not present in the calculated curves in fig. 7. 

For the small-signal a .c. behaviour an equivalent circuit can be derived 15 ), 

depicted in fig. 8. The various circuit elements are determined by the following 
relations: 
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b 
c~ re 

}=--t=--c=f-o c 

e' 

e 
Fig. 8. The small-signal equivalent circuit. 

(21) 

where 11 = Q1 /rr and /, = Q,jr,; C and C are depletion eapaeitanees. The 
quantities R 2 , C 2 and k eontain the first derivatives of Vb'<' · All small-signal 
parameterscan no·.v be ealculated from this equivalent circuit. A few examples 
are presenled in ref. 15, where the cut-off frequency fT Ucl and the l.f. trans
conductanee g1 b(/cl are caleulated and eompared with measurements, for the 
same two types of transistors as discussed here. In this section we wil! therefore 
restriet ourselves to two other small-signal quantities, whieh are used in the 
determination of some of the model parameters. The first quantity to be dis
eussed is the feedback admittanee in grounded emitter eonfiguration. 

In appendixCis dedueed that 1/ Y,e can be considered as aresistor r5 in series 
with a parallel conneetion of a resistor RP and a capacitor CP, at least for fre
quencies up to !Tirx'1. On an a .c. bridge this is measured as a eapacitanee C'" 
in parallel with a eonductanee C'". As r,. RP and CP are dependani on the d .c 
bias of the transistor, C"' and C., are bias-dependent too. Figure 9 gives Cm 
and Cm as a function of Ie at Vbc = - 300 mV. fortransistor A. The measuring 
frequency was 0·5 Mc/s ( «!Tfc/1 """ 20 Mc/s). The calculated values show a 
rathersharp knee for C"' and also for Cm, although less, which is not confirmed 
by the measurements. A possible explanation is that due to conductivity modu
lation the base resistance decreases more rapidly than 'the model (with lbo 

constant) predicts. This effect would lower r5 and increase CP, both resulting 
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in a higher value of C,... Theoretica! calculations with no base resistance at all 
show, however, that the storage capacitance CP itself tends to a limit value 

beyond r. = 20 mA. In fig . 6 is indicated that beyond this 20 mA the model 
loses its validity because of too high an injection level. Also indicated in fig. 9 

103,--------,-------,--------,104 

Cm 
(pF) 

t 

Colcu/o/ed-

Meosured 

Vcb=-O·JOV 

Gm 
(J.lmho) 

I '--------__J_---"------_____L------____J JO 
0 10 20 30 

--I. (mA) 

1-'ig. 9. The cont.luctive and capacitance partsof the feedback admittance Y" = G." -7 jwC'" 
as a function of 1., fo rtransistor A. The dot s indicate C'" va lues, o bta ined fro m fT measure
mcnts. 

are CP values. obtained from fT ·fall-off data, with the help of the relation 

re CP ""' Ll(l /{I)T)- As long as the series resistance rs can be neglected, CP ""' c",. 
The Cm and Gm, when measured as a function of frequency. with Vcb and J. 

fixed, give thc possibility for the determination of r, (see appendix E). 
The other small-signal quantity di scussed here is the l.f. input resistance in 

grounded-base configuration. For non-saturated conditions this R 1b = re --

(RL --;-- rb)/ (1 ..:... :x'1 ). see fig. 8; rb is given by eq. (19), RL by eq. (21). lf R 1b is 

measured the value of r. can be found. In saturation the non-saturation value 
of RLb must be multiplied by a certain factor, which increases with saturation 
(see appendix 0). Figure 10 gives R1b-J • . Transistor A shows a large deviation 
from the experimental va!ues at Vcb = -300 mV and beyond Ie = 20 mA. 
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Fig. 10. The input resistance R1b as a function of Ie. (a) For transistor A and (b) fo r the 
BC 109. 
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This is the same as in fig. 9 for the C,.-1. curve and again attributed to the 
model losing its validity. 

5. Conclusions 

If transistors with lightly doped collectors have their base-collector junelions 
internally in forward bias, a minority charge is stored in the collector. This 
slored charge can be calculated with the assumption of quasi-neutrality and the 
neglect of minority-carrier current. It appeared that the quasi-neutrality condi
tion was not fulfilled at low injection levels (p(O) < Na) and that the fT fall-off, 
especially when Na is high, is entirely in this region. This situation pertains to 
transistor A; from the fT fall-off a mixture of stored and depletion charge is 
obtained, which differs from the slored charge alone, as deduced from the 
hFE curve. 

At high injection levels (p(O) ?: Na) it is possible that the minority-carrier 
current cannot be negleeled anymore. This limit is p::>.rticularly important when 
a'f is low, as is the case with transistor A. Too high an injection level is, at 
least partly, responsible for the deviations from theory in figs 9 and 10. 

The theoretica! expression for the slored charge Q, is also used in a modified 
charge-control theory, in which the dependenee of Q, on junction voltage Vb'c' 

and collector current /< is taken into account. From this a small-signal equiv
alent circuit is derived and this circuit is used in determining several small
signal quantities, such as fT, Yfb• Y,. and R 1b . The first two are discussed else
where 1 5 ) and Y,. and Rib are discussed in sec. 4 of this paper. Wh en the equiv
alent circuit is confronted with measurcments, it is a necessity that circuit 
elements, like series resistances and depletion capacitances, although not given 
by the charge-control theory, are yet incorporate~ . 

Therefore this model employs a constant collector resistance re and a current
dependent base resistance rb (current crowding) and also the emitter resistance 
r. is not neglected. Depletion capacitances, independent of current, are added. 
A satisfying theory, explaining the phenomena in the borderland between 
injection and depletion roodels 7 ), is still Jacking. 

As the usefulness of a model largely depends on the ease with which the 
parameters can be determined, it seemed worthwhile to sum up the various 
methods for establishing the required 13 parameter values, as is done in 
appendix E. 

All measurements and calculations were carried out at room temperature. 
lt is found, both by experiment and calculation, that many quantities become 
sensitive to ambient temperature variations. In order to find out if self-heating 
played a part in the measurements, pulsed bias currents were employed, but 
no significant effects were found . 

Some quantities, like gfb and Rib• were measured at different frequencies 
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(200, I 000 and 100 000 c/s), without any change in measured curves. Th is in
dicates that internal thermal feedback can be neglected for these devices. 

Eindhoven, Februm-y 1971 

Appendix A 

The charge Q, is a function of Ie and vb'e ' : Q, Ue, vb'c' ). The internal junc
tion voltage v •. e· depends on the applied voltages and the current: 

From these equations follow the total ditTerentials as 

dQ = - dl + --- dVb'c' ( oQ,) ( oQ, ) 
r ale Vb'c' c 0 Vb'c' Ie 

and 
if vee = constant, 

and 

( r. ) dVb'c' = re-- die if Veb = constant, 
hFE 

d Vb·e· d'"' · 1 · f h . b . . Th where r 0 = - - = 111erentJa res1stance o t e em1tter- ase JUnCtJon. us, 
d/e 

if veb = constant the result is 

dQ, ( oQ,) ( oQ, ) ( r. ) 
d/e = Ü/c vb'e' + oVb'e' Ie re- hFE ' 

while, if vee = constant 

In the current range of interest usually r0 and rbfhFE ~~ re, so 

Appendix B 

Equation (6) is rewritten as 
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This is solved for p(O)j N4 with the following result: 

Intredticing the "structure constant" m according to eq. (12) and using the 
fact that 2 n1/N4 « 1 and Q, = r, I, gives 

If eq. (4) is written as 

p(O) p(O) 
2-+In-= y (Vb"c' - Vo) 

Nd Nd 

combining with eq. (22) results in 

y (Vb·c·- V0 ) = W- I +In{± (W -1)}. 

Substituting in W the d.c. expression for Ie from eq. (15) leads to 

W = [I +mI, {cx'1 I1 - (l +et',) I,}]i12 , 

(22) 

which is precisely what eq. (16b) says. The first derivatives, used in the equiv
alent circuit, are 

bVb"c' ] 
--· = a'1 mi, 

bl1 2y(W-l) 

and 

Appendix C 

The feedback admittance in grounded-emitter configuration is defined as 

This quantity can be calculated from the circuit in fig. 8 by means of normal 
network analysis; the result is given in the form of a rational fraction 
Y,. = NjD. The numerator Nis 
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1 + jw RI (Cl+ kc.) 

and the denominator 

, '• { (1 + r1.'f + jw R1 C1) '•- k R1} 
D =I+ a,-+ Y2 rb + '• + rb + 

R 2 R 1 + '• (I + r:t'f + jw R 1 C1) 

rb{l +jwR1(C 1 +kC.) }{I+ a'y.+r.)}+ a',!..:_{kR 1-r.(a'r-jwkR1 C1)} 

R2 R2 + . 
R1 + '• (1 + a'f + jw R1 C1) 

In these expressions Y2 is the parallel conneetion of R 2 , C2 and c •. The de
pletion capacitance c. is incorporated in C 1 • In most cases a',:=:::: 1 and 
r. « r., which enables a simplification of the expression for N and D. The 
following approximation is obtained: 

+ ( l + a' • _' _• ) {I + rb __ l_ +_ j_w_R_I_C_ I_(_C_1_+_k_C_._) -} y2 _ 1. 
R2 R1 + '• (I + a'f + jw R 1 Ct 

Now 

where wT is the cut-off frequency of the unsaturated transistor. Thus for fre
quencies w « wTfa'f we can say that w R 1 C 1 « I. This simplilles the expres
sions still further: 

The above formula for 1/Y,. represents a resistor 

in series with a parallel circuit of a resistor RD and a capacitor CD: 
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An a.c. bridge usually measures this as a capacitance Cm in parallel with a 

conductance G.,: 

c. 
cm = - ----- ·---

(1 + r,/R0 ) 2 + (u> r, CP) 2 

and 
I (r) R.) (I + r./Rp) + (w r ,Cp)2 

G = - - - ---------
"' (I I 2 ( . c )2 r, + r,R.) +Wis P 

The ratio G.,/Cm becomes: 

Gm I + r./RP r, 2 
--- + - R.Cpl'>. 
R. c. Rp 

In saturation the depletion capacitance rapidly disappears, so 

R. c. = R2 (C2 + Cc)~ R2 c2 = T,. 

This makes 

Appendix D 

lf in the equivalent circuit in fig. 8 the capacitors are omitted the expression 
for the input resistance in grounded-base contiguration can be derived from 

the circuit. The result is 

l n the non-saturated situation K,., = I while for saturation this factor is given 

by 

I +R1 {(1-k)rb+(l + a',)rc+a', k r.}+(l +a'1 t a',)(r.rc+rerb+rbrc)[R2 {R 1 +(I + a'1 )r.+rb} )- 1 

I + (I + !X'1 + a',)rd -(1 +a'1 )(1 + a',)rc- a'1 a'rrc+ a' _kR 1 {(I + a'1 )R2} - I 

If /, ...... 0, R 2 ...... oo and K,., -+ I. 
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Appendix E 

The model is completely characterized by 13 parameters. These parameter 
values can be obtained as discussed below. 
(a) The forward current gain r:l1 ; from the normal / 0-Vce characteristics. The 

assumed independenee of current is fairly well justified, except for low cur
rents, as can beseen in fig. 7 (the hFE curve for Vbc = +500 mV). 

(b) The reverse current gain r:l,; also from Ic-Vee characteristics, but now with 
the emitter and collector interchanged. 

(c) The leakage current 110 of the base-emitter junction; from an extrapatation 
to vb. = 0 in the semi-logarithmic plot of I. versus vb. *). 

(d) The emitter series resistance r.; from R,., by platting I/R1b as a function 
of I., in the non-saturated region, and fitting the theoretica! curve by 

means of '•· 
(e) The collector series resistance re; from cross-modulation or capacitance 

measurements as outlined elsewhere 8 ). 

(f) The base-resistance quantities r .. and lbo; these are obtained from the 
small-signal value '•· plotted as a function of /b; see fig. IJ. The data are 

~ 
6 

5 -rb =6·5+ 

kT/q 
......._ 'b =25+ 
~b+I·IO.IO_, 

6 6 

kT/q 

lb+3·11..10-} 

500 
50 

trans. A 

1000 
100 

6 

300 

rb (Il) 

200 t 
BCI09 

6 

100 

1500 2000 2500 
150 200 250 

- Ib (JJA) 

Fig. 11 . Small-signal base resistance as a function of base current / 0 . The lower current scale 
and the right resistance scale pertain to the BC !09. 

deduced from measurements of the noise figure, at a frequency where the 
transistor noise has a white spectrum and with a low-ohmic souree resis
tor 16). When current crowding is present this methad can lead to certain 
errors 17 ), which are, however, disregarded here. 

1) As all the quantities discussed in this paper are taken as functions of current rather than 
of voltage, the parameter !10 is unimportant and arbitrarily set at I0- 10 A. 
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(g) The forward time constant T 1; when I fwT is plotted against lf/e in the non

saturated region a straight line will be the result (see fig. 2). The slope is 

given by (kT/q) (C. + C.), so (C. + Cc) is known. Extrapolation to 

I I I. = 0 gives us the value 

With r:l1 , re, re and c. known, T1 can be calculated. 
(h) The depletion capacitances Ce and Cc; Cc is measured cirectly on an a.c. 

bridge. Th is, together with ( C. + Cc) values obtained from I f (!)T data, 
gives us the value of c •. 

U) The reverse time constant T,; in principle this parameter can be measured 

in two ways. The first method rel i es on the fact that from Ll( I fwT) the 
charge Q, itself follows (if not mixed with depletion charge) while from 

the hFE measurement Q,/r, is deduced. The two quantities, plotted as a 
function of Vb'c'• should have the same shape if r, is a constant (see fig. 5). 
In this way T, is determined for the BC l 09. For transistor A this is not 

possible because Ll(! fwT) does not determine Q, solely. In this case an

other procedure is adopted, namely measuring the frequency dependenee 

of Gm/Cm; Gm and Cm are the parallel conductance and capacitance of the 
feedback admittance Y, •. In appendix C is derived that 

Figure 12 depiets GmfCm vs w 2 for two values of current. The slope and 

5106'r----,---- -,-----,---- -.----r---, 

2 L----~~------L-------L-------L-------L-~~ 

0 2 3 4 5.10 IJ 

~w2 

Fig. 12. The quantity Gm!Cm as a function of w2 , fortransistor A. 
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the extrapolated value (G",/ C",) (0) delermine the values of r., and rJR0 . 

This figure reveals a tendency for r., to deercase with increasing injection. 

This tendency is affirmed by measuring the lifetime according to the 

Kingston 1R) method. for the base- collector junction alone. However, the 

decrease in r, is soslight that r, can be taken as a constant here, although 
it may be different with other structures and materials. Hahn 6 ) e.g. has 

assumed that r, is inversely proportional to the minority-carrier concen

tration. 

( k) The structure constant m; this parameter can be calculated on a 1-dimen

sion<>.l basis with the help of eq . ( 12), but the result wil I not be too useful. 

lt is more practical to deduce an m value from the measured Ie Q,-Vb'<' 
curves (figs. 4 and 5). preferably in conneetion with the determination of 

the parameter V0 . 

(I) The "diffusion" voltage V0 ; in a plot on a semi-logarithmic scale of Ie Q, 
against Vb·c·· the theoretica! curve can be fitted to the measurements by 

a proper set of values for m (for adjustment along the vertical, logarithmic 

scale) and V0 (for adjustment along the horizontal, linear scale) . 

Table I contains all the model parameters, obtained as outlined in the fore

going, for the two transistors discussed in this paper. 

TABLEI 

i~·f ~ ·, 1 Tf (S) r , (s ) 111. 10 6 1 re 
(A- 1 ) 10) 

trans. A 
1'9 

I 14·8. 10-0 4.10- 7 2·86 I 0·65 
BC 109 270 2·5 9·8.10- 8 4·75.10- 7 398 0·20 
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A.C. SMALL-SIGNAL MODEL FOR BIPOLAR 
TRANSISTORS IN SATURATION 

Index/fiJI tnms: Blpolar tronsiston, s~mlconductor-devlce 
mode Is 

A modified charge-control thcory is used 10 derivt a small· 
si~al equivalent circuit which is vaiJd in saiUration. From th•• circuit c.an be deduced lhe [.,.(/~) and thc tra.nsconduCiancc 

~~~~)r1 ~i~~!k,~r~(~~~~~:fsmJ~~ wilh mcuurcmcnu. 

Jntroduclion: Recently several authors 1 -s have paid attention 
to the saturation behaviour of bi po lar transistors with lightly 
doped collectors. The proposed models all rely on the 
phenomenoo of SlOrage and rcc.ombination of minority 
carriers injected from the base into the collector. This offers 
an explaoation of the d..c. behaviour in satura.tion; e.g. the 
2-regîon (lt. V N") cha.racteristics. 1 • 1 • • 

This letter shows that the same model can be used in a 
modified charge-control theory to explain the a.c. sma11-
sîgnal characteristics and 10 givo some experimental data in 
suppor1 of the proposed model. 

T heory: The well k.nown charge-control relationsiDps6 can 
bo written as 

(I) 

where the forward base current 11 = Q1/r1 , and 1, = fbjr, 
the extra revcrse base current due to recombination in the 
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collector when the transistor is saturaled. The constaUts a/ 
and a.,' deoote the d.c. gains for the nonsaturated eanhed· 
emiuer case in forward and reverse operation, respectively. 

Tbe relatioosbip between IJ and the intemaJ emitter· 
junction voltage VI>· .. • is simply taken as 

(2a) 

wilh y = q/kr. 
Jo the usuaJ charge-control or Ebers-Moll models, thc 

reverse curreot /, is taken only as a function of the intema.l 
collector-junetion voltage Vn·· For collectors more ligbtly 
doped than the base, th.is is nol correct, and /, h.as to bo a 
function of I 1 too: 

Ofteo it is more convenient to use the inverse expression 

V~>'c ' = Vo·,-(1" 1,) 

a.nd its derivat.ives. 

e 
Fig. 1 Sma/1-signBI equivalent circu# 

(2b) 

Linearisiog I he vohage/current relatiooships (eqos. 2a:and 
b) giv~ with eqns. I the following small-signaJ expressions: 

1, = (1 / R, + jwC,)v,.,.- (1/R,+ jwC,)(v,.,.+kv,.,.)) 
(3) 

1., = 1,+(1 /R 1 +jwC1)(v.,.b·+kVt.·~·) 

i.o wh.ich 

Eqns. 3 lead directly to the equivalent circuit of Fig. J. 
Additional series rcsista.nc:es rb, r ... r, and depletion c.apaci
.tances C,, c .. are incorporated. The voltage souree between 
point! b' and c', in series with R1 C1 , represenlS the inftuence 
of tht. forward current 11 on tm coUector junction voltage. 
Once th.e function V~>· c·01,1,) is known, the circuit elements 
in Fig. 1 cao be determioed. 

Taking Q,(l, = Q,/r,) as the stored charge in the collector 
when the transistor i.s saturated, it can be shown 7 that the 
intemal collector junction voltage V..... in saturaf.ioo is 
given by 

y(V,.,.- V0 ) = (W - I)+ ln1(W -I) 
with (4) 

73 
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V0 ~ 0·7 V for silicon, m is a constant gjven by a.o. the 
geometry and the doping profile. A derivation of eqns. 4, 
its validity range aod experimental verification, as well as 
tM method for obtaining the value of the parameter m, will 
be g.iven elsewhere. 7 

Note that when there is no saturation (1, : 0), àV•·c·lai, 
tends to zero and OVa·c·/01. to infinity. Consequently the 
voltage souree kv •.•. and the elements R1 and C1 in the 
equivalent c.ircuit will disappear, as they ought to for a 
nonsaturated transistor. lt will be clea.r that all desired 
smali-sigoal quanliLies can be deduced from th~ equivalent 
circuit in Fig. I, although the algebra involved is rather tedious 
and will be onûtted here. 

600 

30 
Ie, mA 

Fig. 2A 17 (1.-) lor sever11l values of applifld Vu tor T ... 
--e~~lculaled 

~ }meuu~4 

Measurements : To demonstrate the feasibility of tM model 
for explainiog tho a.c. small-signal behaviour in saturation, 
we wil! show two sorts of measurements on two widely 
djffering types of transislOrs. Figs. 2A and 2u show the 
fr(lc) curve and the l.f. Mnhed-base transconductance 
g 1.(1.) for several values of the a pplied V..., of a transistor 
TA with the following structure: three emitter stripes 
(8 x 60 pm), a homogeneous collector region 200 pm wide, 
withadopingN" ~ l016 cm- 3 • lts a/ israth.erlow (a/= 19), 
thc base resistance is Jow too and fairly independent of current 
(no current crowding). Figs. 2c &.Dd n give the $óltne Clti"Ves 
for the BC 109, which is in many respects the opposite of 
transistor T ... : one circular emitter (140 pm diameter) aod a 
collector region consisting of an epilayer (15-18 .um wid.e, 
N~ ~ 10" cm - 3 ) on a heavily doped substrate. The a/ is 
hJg.h, and the base reststance is s trongly dependent on currenL 

This current dependancy can be modelled as 1 

l 
'• = r., .. + y(lb+f.o) 

where r.,,~ and I,.. are constant. 
Tablo 1 gi11es all the model paramoters for these two tran· 

sisters. The way in which. each of these-parameters can be 
dctermined is outlined in Reference 6. 

Tablel 

In the g16(1.,) measwements, an extemal collector resistor 
R1 is used, which is considered as part of the internal col
ector series resistance. 

400 

..::. 
< 
E 
;; 

a; 

300 

200 

0o~----~,~o------~2~0~----~30~---

Fig. 28 Transconduclllnce g1.(1.) tor diffaranl valutJs of 
V,. snd of Bxtemal resist11ncB R. lor ·T ... 
--- etkul•tcd 

~}~red 

300 

0o~----~,~o----~20~----~30~----~40 
Ic:,mA 

Fig. 2C lr(/c) lor BC 109 
--- eakul•ted 

~ }~u~ 

•/ .. T, r, m >< 10- 6 '• r, ru c. C, v, l•o 

. A-' 0 0 0 pf •• V mA 

T, 19 I 4 :x J0-7 4·8 x JO-• 2-86 0-65 30 6-5 8-5 4-5 0-8 31 ·4 
BCI09 270 2·5 4-75 x JO-' 9-8xJO-• 398 0-2 53 25 19-4 J-5 0·7 0·1 
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Discu.s.sion: The experimental fT(/c) curves show a more 
gradual fallolf than the model predicts. This is due 10 the 
collector depletion capacitance which is Laken tQ be indepen
dent of current in the model, while in reality it will increase 
witb increasing current' until the ba.s,e......collector junction is 
heavily forward-biased, when it rapidly disappears. Because 
the colle<:tor charging time rc Cc is of tho same order of 
magnitude as r1/«/ (sce Tablo 1), it has a nonnegligible 
inftuence on /T and will st.art to reduce Ir befare saturation 
selS in. 

> -< 
E 

400 

300 

• 200 .; 

10 

Fig. 2D g"(l.) Jo, BC 109 
--cal,ulalcd 

~ }mcasurc.d 
R,~ I 0 

20 
Ie,mA 

30 

x 

40 

Another remarkable tJ".iog is the difference in shape of the 
g111(/,) curves between the two transistors, which is very well 
predieteel by the model. It turned out that this is Jargely due 
to the difference in m vaJues (see Table I), Now m is inversely 
proportional to the square of the collector doping and also to 
the square of the etfecLive ernüter area. The BC 109 has a 
collecwr doping about 20 times lower 1han transistor T,., 
wh.ich makes its m vaJue mucb hig.het , allhough this effect is 
partly compeosated for by a larger emitter area for the BC 109. 

lo cooclusion, it can be said that lhe agreement between 
theoretica! calcuJations and ex perimental va lues is fairly good, 
although a better onderstanding of what actually goes on in 
.the collector depletion region just befere saturatîon sets in 
is still required. 
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Eindhoven, Netherlands 

Relerences 

30th Dl!.cember 1970 

I HAHN, L. A.: "The s.aturation cha.n.cterist.ics of hisb-voltage Iran· 
s.iston', Proc. hut. Elu.1. Electron. &gn, 1967, ~5. pp. 1384-1388 

2 HAHN, L . A .• and .UHUY, K . L.: 'Quantative mo&\ for ep\tult.l· 
traruistor CC!IIector cluracterislics', E/tctron. Uu .• 1970, 6., pp. 
485-487 . 

3 B.EAU. J, 11:. A., and SLATttR, J. A. o .: "11tc equivalent circuit of .,.tu
rat~ traosi.ston bavtna li&}ltly dopcd collectors', SollrJ-SttJtt Elutron., 
1968, u. pp. 241-2.52 

4 CI.AJliC, L s.: 'Cbaraclcristics of two·reJ,ion uturation phcnotMna', 
lEEETNUU., J969,ED-16, pp. lll-116 

5 PAU. 1. A . • and DE OlAAf', H. c.: 'On th.e bebaviour of the b&sc-
CC!Uector ju netion of a IraMiltOr at hla:h collector current densitles', 
PltJIJps Res. R6p., 1969, U. pp. H --69 

6 OR.AY, P. E., OI WTTT, 0 ., &OOTltii.OYO, A. R. , and OllliONS. J, F.: 
. ~~cal elccuonlcs and circuit models of transistor$' (Wiley, 1967), 

7 DB OltAAFf, H. c. : 'A modiftcd ch.afae contro l theory for ... IUfllled 
tnnsislon', PhillpJ Rn Rep. (lo be publi.sbed) 

ELECTRONICS LETTERS ltth Fob,u•ry 1971 Vol. 7 No. 3 

111 

76 



Chapter VI 



112 

Solid-Stou Elt>C/TDnio., 19H, Vol. 16, pp . 587-600. Pcrgamon Pres~ . Printed in Grca1 Brilain 

COLLECTOR MODELS FOR BIPOLAR 
TRANSISTORS 

H. C. DE GRAAFF 
Philips Research Laboratorîes. Eindhoven, Netherlands 

(Received 9 AugusJ 1972: in revisedform 12 Oeiober 1972) 

Abstract- Using Ryder's formula for drift velocity vs. electric field, the d.c . field and carrier densilies 
in lhe collector of a bipolar transis tor are calculated analytically for all possible bias condilions. This 
is accomplished by modeling the majority carrier distribution . The resuhs are compared with computer 
calculalions and fairly close agreement is found . The analytic calculations are used to make a detailed 
division of the ()(', V('6 ) plane into injection, depletion and scattering-limiled drift velocity (SLDV) 
areas. lt turns out that the doping level N 4 and I he collector width W delermine the nature of this 
division ofthe (lr, V('11) plane. 

I. INTRODUCTION 

IN MODERN double-diffused. bipolar transistors the 
collector is more Jightly doped than the base. 
Therefore high current effects wiJl occur in the 
collector region before such effects in the base 
region become noticeable. 

The situations in the collector can be roughly 
divided into two classes: saturation and non-satura· 
tion. 

In saturation both types of carriers. minorities. 
as well as majorities, have to be considered , be
cause saturation is characterized by the injection of 
minority carriers from the base into the collector. 
In this way an injection region is formed in some 
part of the collector, adjacent to the metallurgical 
base-collector junction. In this injection region 
quasi-neutrality is assumed: in the remaining part 
of the collector the minority carriers can be 
negleeled while the majority carriers behave as 
ohmic[J-3], 'tepid' or even hot carriers, moving 
with the scattering-limited drift velocity[3, 4]. 
Th is latter mode of operation is often denoted as 
space charge limited current flow[4-6]. 

In the non·saturated case only majority carriers 
have to be considered. unless there is excessive 
recombination in the collector region. lnstead of 
an injection region we now have a region more or 
l~ss depleted of mobile carriers. The space charge 
ditfers from zero appreciably in this region. The 
drift velocity here is usually high with hot[ I] or 
'tepid' carriers. In the remaining part of the 
collector the drift velocity is much lower. with 

l87 

ohmic of tepid carrier behaviour. This situation 
comprises the classica I picture of a depletion Jayer 
near the metallurgical junction, foliowed by an 
ohmic region. 

To obtain a solution of Poisson's equation in 
closed form severallimiting assumptions have been 
made[ 1-6]. such as constant mobility, or scattering· 
limited drift velocity and/or neglect of ditfusion 
current. 

Our purpose is to gel rid of these constraints 
and to give a detailed, though approximate descrip
I ion of all the possible carrier· and field distribu
tions and their dependenee on current and voltage 
as well as on doping level and (epitaxial) width of 
the collector. 

We wiJl start with Kirk's approach to the pro. 
blem [ 1]. which implies only two possibilities for 
the drift velocity: v., = JL.E (constant mobility) 
and v., = v11 m (scanering·limited velocity). With the 
results obtained in this way the (J,. v,.) plane can 
be divided into three areas. subsequently char· 
acterized by injection from the base, depletion and 
scauering-limited drift velocity. 

Then, with Ryder's formula for the drift velocity 
as a function of electric field [9] we will find approx· 
imate solutions of Poisson's equation, which will 
be checked by numerical calculations [I 0]. These 
approximate solutions enable us to derive more 
detailed models for collector behaviour which 
can be distinguished from each other by their 
different majority carrier distributions: 

(I) Depletion models. The majority carrier 
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(electron in an npn transistor) density increases 
with distance from the metallurgical junction 
(see Fig. 3 ). 

(2) Scauering-limited drift velocity (SLDV) 
models. The majority carrier density is essentially 
constant. 

(3) lfliection mode is. The ml\ioritycarrierdensity 
deercases with di stance (see e.g. Fig. 9). 

A more refined division of the (1,. v,.) plane is 
obtained, which is determined by the doping level 
N. in the collector and its ( epitaxiall width W, such 
thatthe product N d • Wis of decisive importance. 

In some cases the carrier- and field distributions 
are calculated by means of a special technique. 
which consists of taking only some part ('cutting 
slices') out of a spatially more extended solution. 
Th is is especially important for small values of the 
N • · W -product ( < 4 x I 0" cm-'). 

The analysis is one-dimensional : this gives 
suilkient insight, provided lateral effects (e.g. 
emitter-base crowding) are not dominant. More
over, current spreading can be incorporated by 
using a collector spreading resistance[7] or per
forming a transformation to cylindrical coordinates 
[8]. 

Throughout this paper we will only consicter 
npn transistors (pnp transistors behave similarly) 
with abrupt base-collector junelions and base 
doping levels much higher than collector doping 
levels. We can then assume that all the relevant 
phenomena occur at the collector side of the 
junction. 

l. KIRK'S APPROACH 

In his analysis [I] Kirk assumes that in the 
depletion region of the collector the carriers move 
with the scattering-limited drift velocity v11m and 
show ohmic behaviour outside it. For the width 
x, of the depletion layer he finds 

_ ( 2< V,,+ V0 -pW1,)"' 
X:z - qNd I -Je/), 

where q = electronic charge 
• = permittivity ofthe material 

N • = constant doping level in the collector 
W = width of the (epitaxial) collector 

(I) 

p = 1/(q!J.f)V.) = resistivity of the collector 
material 

V,, = applied collector-base voltage 
V0 = built-in voltage 

v,, 

E , 

Fig. I. Drift velocity vs. electric field. Curve I: only 
ohmic and hot cani~rs. Curve 2: ohmic, lepid and hol 

carriers. 

1, = current density in the collector 
J,=qN"vltm· 

Curve I in Fig. I gives the drift velocity v., as a 
function of the electric field in this case: for E < pl, 
we have vd,. = ~. otherwise vdr = Vum · 

Equation (I) reflecls the twofold influence of I he 
current on the depletion layer width : pW1, denotes 
the ohmic voltage drop across the collector series 
resistance and the term 1,/1, arises from the in
fluence of the mobile carriers on the space charge. 
Equation (I) loses its validity when either x,= 
0 or x,= W, that is when 

Vr~,+V0 =pW1, (2) 

or 

(3) 

In the (1" V,,) plane equations (2) and (3) con
stitute the boundaries for the validity of a model 
which describes the depletion + ohmic regions, 
provided 1, s;; 1, (see Fig. 2). V,, values higher than 
those given by equation (3) urge the carriers to 
flow with v11m in the entire collector region. lf 
1, > 1 , the mobile e lectrons overcompensate the 
donors and the sign of the space c ha rge (and of 
dE/dx) is reversed. The electric field has its mini
mum then at the metallurgical junction (x= 0) and 
this minimum E(O) must be ;" pJ,, otherwise the 
drift velocity is no Jonger scattering-limited there. 
Th is condition requires for V,.: 

V,,+ V0 = pW1,+ qN•W1 (1,/1,-1) . 
z. (4) 
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For J, > J, equation (4) forms another boundary 
in the (1,. v,,) plane. 

V,, values lower than those given by equation (2) 

and (4), cause the base-collector junction to be
come forward biased internally and minority 
carriers are injected from the base. 

Figure 2 gives the di vision of the (J" V,,) plane 

E, and E, are constants: for electrans in silicon we 
have taken E, = 2-5 x 1()3 V/cm and E, = 1·5 x 10' 
V/cm. With l'o = 1400 cm' v-• sec-• the value of 
v11m = 8·57 x 106 cm sec- •. Curve 2 in Fig. I gives a 
sketch of v4,(E). 

In the depletion situation the holes (minorities in 
an n-collector) are neglected. Figure 3(a) depiets 
the electron and field distribution which are 
typical for this situation. At x= 0 the metallurgical 
junction is situated, at x = W one finds the collector 
contact (or the n•-substrate in epitaxial collectors). 
The collector is divided into three parts: 

(a) A hot carrier region (0, x4 ); the electric field 
E;;. E,, the drift velocity is scattering-limited and 
the electron density is therefore 

n0 = __!s_ =l.s. N. =constant. (6) 
qvum J, 

The current density J, < J,. The slope of E(x) is 
v" also constant and equal to 

Fig. 2. The (J" V,,) plane. divided according to the dE N 
mode Is of Sectien 2. dx = ~ (I -J,/J, ). 

as brought about by the above-mentioned set of 
equations. 1t depiets the three basic situations: 
injection, depletion and scattering-limited drift 
velocity (SLDV). 

There is, however, one inconsistency: the drift 
velocity in the depletion region is assumed to be 
v11.,. For this to be true the electric field should nat 
drop below !he value pJ, within this region (see Fig. 
I). Continuity of E(x) with the oh mie region de
mands that the electric field dropstoa value of pJ, 
which is lower than pJ,. 

This inconsistency can be removed if we recog
nize the possibility for carriers to become 'tepid', 
as an intermediale situation between ohmic and 
scattering-limited behaviour. This will be treated 
in the next sections. 

J. THE BASIC DEPLETION MODEL DI 

For the drift velocity as a function of electric 
field we u se Ryder's [9] formula: 

v., =!'oE 
v., = l'o V(E,E) 

v4, = Jl.oV(E,E,) = Jl.op}, = Vum 

E<E, 
E, < E<E, 

E > E, 
(5) 

Inlegrating once gives the electric field: 

- E(x) = E, + qN• (I -J,/J,) (x4 -x) . 
E 

( 7) 

(b) An intermediale region (x •• x 4 +2a) with 
width 2a: both n and E vary with x and an analytica! 
salution of Poisson's equation is nol known. The 
electron density function must have the form 
[see F ig. 3(a)): 

n(x) = n0 + (N4 -n0 ) ·f(x). (8) 

From numerical calculations we learn thatf(x) is 
S -shaped and has, to a eertaio ex tent. u neven 
symmetry. Therefore we approximate f(x) as 
follows: 

I (x -x•)'• f(x) = 2 - 0- , x. < x < x4 +a 

and (9) 

J(x) =I -~(x• +~a -xr•. x.+a <x < x4 +2a. 

The proper choice of the exponent À• will be dis
cussed inSection 8. 



115 

590 H. C. DE GRAAFF 

02 

Dt (o) 

Fig. 3. (a) The distribution of E(x) and n(x) as given by depletion model Dl. (b. c. d) 
Typical distributions of E(x) and n(.x), definingthe other depletion mode is. 

With this approximation for n(x) Poisson's gives fora : 
equation can be integrated once, with the boundary 
condition _ 1-kpJ,/E, 

a - a. 1-J,/J, ( 13) 

E(x.)=-E,. (10) with 

The result is: 
r 

- E(x) = E, + q~• (I-JcfJ1) (x.-x+ J f(x)dx) 

'• (11) 

where use has been made of equation (6). 
The width (2a) of the intermediale region follows 

from another boundary condit ion, namely 

E(x.+2a) = -kp.J, 

with k= I forJ,";. J,=É1 
p 

and k=J,/12 forJ, > J ,. 

(12) 

The factor k is determined by the situation in the 
end region [see under (c)]. 

Substituting equation ( 12) in equation (IJ) and 
noting that 

"'"j'" f(x)dx =a 

'• 

EE, 
ao=--. 

qN• 

Figure 4 gives a/a0 as a function of J , /11• So the 
width of the intermediale region is only a function 
of current and is independent of the choice of the 
exponent À• in equation (9). 

2·0 

J(/J. 

Fig. 4. The normalized width of the intermediale region as 
a funclion of normalizcd currcnt density, for the depletion 

mode is. 
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(c) An end region (x4 + 2a. W): the electric field 
is IEl= kpl, [cf. equation ( 12)] and n(x) = N 4 . 

Jf pJ, < E, this is an ohmic region and k = I. For 
pl, > E, the carriers are tepid and the electric 
field follows from the current equation J, = qJJ.<>N4 

V(EE,). With J, = E,/p as a nother critica! current 
density the factor k = J,/J, in the tepid carrier case. 

The applied collector-base voltage (V,.) enters 
the picture when the electric field is integrated: 

V,.,+V,=-jE(x)dx (14) 

V0 is the built-in voltage of the collector-base 
junction. Performing the inlegration of equation 
(14) with the help of equations (7), (9) and (IJ) 
yields the value of x4 • the starting point of the 
intermediale region [see Fig. 3(a)]: 

{ 2• v,,+ v,-kpWJ, 
x.+a= qN• 1-J,/J, 

2a' }•'z 
-(>,.+1)(>,.+2) . 

( 15) 

The quantity (x4 +a) can be regarded as the width 
of the depletion layer: if the exponent /1. 4 goes to 
infinity equation ( 15) gives the same result for 
k = I as equation (I). Th is is not surprising because 
for very high /1. 4 values, the electron density 
distribution n(x) becomes equal to the one tacitly 
assumed in the model of Section 2. 

Figure 5 gives an example of the results. obtain-

'·""' 
Fig. 5. Results of calculations with rhe DI-model com
pared with numerical solutions. N 11 = 101:!> cm- 3 , W = 

6p.m.J,/J, ~ 0·214, X4 ~ J. V,..+ V,~ 6·7 V. 

able with this D,-model. The numerical solutions 
we re obtained by an iterative procedure [I 0]. In 
this procedure Ryder's formula for v4, (E) was 
used: the doping profiles near the junccion were 
not exac!ly abrupc, but had a finice steepness 
(dN 4 /dx = 4 x 10" cm-•). 

From equacion (I 5) !he boundaries of this model 
in che (1,. V,,) plane can be found. The region wich 
the scatlering-limiced drifc velocicy disappears 
when x4 = 0. while for x4 + 2a = W the region 
n(x) = N 4 vanishes. These cwo condicions are 
fulfilled if 

V,,+ V0 = kpWJ,+ qN• A.( I -1,/J,)a' ( 16) 
• 

for x4 = 0 and 

V,.+ V,= kpWJ, 

+q~"(J-J,/J,){A4a'+*(W-2a)} (17) 

for x4 + 2a = W. 

The factor k is the same as in equation ( 12) and 

( 18) 

In Fig. 6(a) che cwo boundaries are drawn for 
N 4 = 10" cm-3 and W = 6 !Lm: chey interseet each 
oe her when J,/J, = I. There is another incerseccion 
point possible, namely when W = 2a,chac is when 

J /} =.!!"...._, 
c 1 2a0 

[ cf. equacion ( 13)]. 

Because che Ol-model is only valid for J, <11, 

eh is means thac chis second incerseccion point has a 
physical meaning only if 

W · N 4 < 4 <E, = 4 x JO" cm-•. 
q 

This situation is shown in Fig. 6(b) where N 4 = 10" 
cm-3 and W = 3 JLm. 

lf W·N4 <2<E,/q=2XI0"cm-• !he boun
daries (I 6) and (I 7) do nol interseer at all and che 
sicuacion of Fig. 6(c) arises (N 4 = 10" cm-3, 

W = 6 !Lm): che 0 I-model is no Jonger applicable. 
This is because !he incermediate region is Jarger 
than the entire (epitaxial) collector region (2a > 
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W). The boundary conditions (I 0) and ( 12) are, 
strictly speaking, no longer valid and other deple
tion models have to be used (see Section 5). To find 
the field· and electron distributions in such cases 
requires a special technique, which will be out· 
lined first. 

4. 'SLICING', A CALCULATION METBOD FOR 
COLLECTOR REGIONS 

When the intermediale region is wider than the 

available space in the collector one or both 
boundary conditions (I 0) and ( 12) can no Jonger be 
used and strictly speaking E(.r) cannot be found 
with the foregoing method. Therefore we proceed 
as follows: 

(I) For the given background doping N• and the 
current density J, calculate the complete elec
tric field, using equation (7) and ( 11 ). This wil! 
require a collector width larger than W . 

Fig. 6(a) 

1500 

N~ 
1000 

<( .. 
!100 

Fig. 6(b) 
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v~r.. v 

Fig. 6(c) 

Fig. 6. The new (solid I i nes) and I he old ( dolled I i nes) di vision of lhe (J,. V") plane. 
(a) Nd . W > 4 x 1011 cm-1 . (b) 2 x 10•• < N11 • W < 4 x 1011 cm- *. (c) N11 • W < 2 x 1011 cm-2. 

The cross in (a) indica<es I he bias condilion of I he example in Fig. I 0. 

<21 Cu I out a part ofwidth W, such that 

... 
- j E(x)dx = V,,+ V0 . 

0 

Wethen gel a slice wilh widlh W for which E(x) 
and n (.<) are parls of more extended funcrions. 
These parrial dislributions are idenrical wilh rhe 
real distriburions onder lhc following circum
stances: 

(a) They mus I obey I he sa me, second order dif
ferenrial equations. Therefore J, and N. must 
be I he sa me in the two cases. As far as N" is 
concerned. this cannot be fulfilled completely 
because near x= 0 tmetallurgical junction) and 
x = W ( beginning of the subsrrate) the doping 
profile of lhe real collector deviales necessarily 
from rhe constanl value N. (see Fig. 7). How
ever. in most cases these deviations have. a 
small influence outside their immediare neigh
bourhood. 

<b) An idenrical set of 'boundary' condirions can 
be found. lf we choose for !hese E and dE/dx, 
we can always find a poinl x, where I he E(x,) 
values are idenrical. From the current equarion 
we obtain 

SSE Vol. 16, No. !i - D 

w 

Fig. 7. The doping profile in lhe collee lor of 1he real 
transistor (solîd !i nes). Near x= 0 and x= Wit de viales 

fromN,1. 

1 -qD dn' 
n(x,)= r "dxr•r 

qJJ.(E) · E(x,) 

So if we know I he ditfusion current or can neglee I 
il, we can see !hal n(x,) and (dE/dx),., , = 

q/<{N.-n(x,)} arealso idenrical. Bul even ifthe 
ditfusion currenl is unknown and canno1 be 
negleeled and we cannol prove the boundary 
va lues 10 be equal. I he solurion obtained by 'slicing· 
appears 10 be a fairly good approximalion. In Fig. H 
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0 -- Numeriooi 

•• IJ-"' 

Fig. 8. Resulcs or calculations with the 04-model, com
pared with numerical solutions. The dashed line gives 
n(x) according to the model of Section 2. N4 = IO'• cm-~. 

W = 6jJ.m.J,/J, = 0·01. A4 = 14, V,.+ V0 = I V. 

the results of the 'slicing' methad are compared 
with numerical computer calculations for the case 
W = 6 JLffi, N 4 = 10" cm-3, 1,/l, = 10-• and 2a = 
20 JLffi . The dilfusion current is maximally 70% of 
the drift current, nevertheless the approximation is 
quite good, except near the subsirale (at x = 6 JLffi), 

where the above-mentioned doping deviations 
become inftuential. The dashed line indicates 
n (x) according to the model of Section 2. 

5. THE OTHER DEPLETION MODELS 

lf the collector width W is too short to accomo
date for the complete distributions as given by the 
DI-model, some of the solutions discussed in 
Section 3 will only be used partly. In such cases the 
methad of 'slicing' can be used with convenience 
T he following situations are possible: 

(I) The hot carrier region and part of the inter
mediale region are used: see Fig. J(b). The 
model which describes this situation is named 
the D2-model. 

(2) A part of the intermediale region and the ohmic 

or tepid end region are used: see Fig. 3(c). 
Model DJ describes this case. 

(3) Only the intermediale region is used partly 
[Fig. 3(d)], which means that for some 1, < 1, 
the inequality W < 2a holds. This is only 
possible if W ·Na < 4<E,/q = 4 x 10" cm-•, 
the necessary condition for the existence of 
this situation. The model descrihing this case 
is termed the D4-model. 

In all the above-mentioned models E (x) and n (x) 
are again given by the forrnulasofthe Dl-model, but 
these formulas are used here in a limited interval. 
Which interval is required exactly, fellows from 
carrying out the inlegration in equation ( 14). The 
validity ranges in the (1, . V,,) plane for the various 
depletion mode is canthen be determined. 

As an example we will give a full description of 
the D4-model in Appendix A; the other rnadeis 
can be treated similarly. but this wiJl be omitted 
here. Only the boundaries of their validity ranges 
are sketched in Fig. 6 for different values of N • · W. 

6. THE SCA TTERING-LIMITED DRrFT VELOCITY 
(SLDV) MODEL 

In this situation the carriers move with the scat
tering-limited drift velocity .(v11ml in the entire 
(epitaxial) collector region. The slope of the 
electric field is constant and equalto 

dE= qN4 (l-1,/1,). 
dx • 

(19) 

The actual field dis tribution is determined by V,,: 

v,, + V0 qN. >( Iw) -E(x)=--w- - -,-(1 - 1, /1, x - Ï . 
(20) 

The electron density n(x) is constant and given by 
equation (6). The boundaries of the SLDV model 
follow from the consideration that the minimum 
of IE(x)J must nol drop below the E, -value (see 
Fig. 1): 

The plus sign refers to 1, ,. 1 ,. the minus sign to 
1, >1,. The boundaries of equation (21) farm a 
cone in the (1,, V,,) plane: see Fig. 6. 

7. THE INJECTION MODELS 

In general we can say that the depletion models 
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apply at relatively high collector voltages . whereas 
at relatively low collector voltages injection mode Is 
must be used. The typical electron density dis
tribution is sketched in Fig. 9(a) for these latter 
cases. We will stan again with a basic injection 
model; the other injection mode Is are deduced 
from this basic one by means of 'slicing'. 

The minority carrier density p(x) follows from (22) 
and (23). The electric field is rather low in the 
whole injection region and given by[3): 

(24) 

r, 

Fig. 9. (a) The distribution E(x), p(x) and n(x), as given by the injection model lt. 
(b, c. d) Typic..t distributions of E(x) and n(x) defining I he other injection mode Is. 

7.1 The basic ifliection 11 
As in the basic depletion model DI, he re too we 

cao distinguish three different regions [see Fig. 
9(a)) : an injection region, an intermediale region 
and an end region. These will be treated sub
sequently. 

(a) The ifliection region (0, x,); both types of 
charge carriers are important now, because there 
exists space charge neutrality; 

(22) 

By neglecting the hole current it can be derived 
(3 , 7) that n(x) is given by 

2qD.{ I n(x) - N•} 
x, - x =J;- n(x) - n1 + 2N"In n,-N. (23) 

where D, = ditfusion constant 
n1 =electron density at the end of the 

injection region. 

Once x, and n, are known, equations (22-24) 
completely describe the situation in the injection 
region. The concentration n 1 is a function of J, 
only and will be calculated in conneetion with the 
intermediale region [see under (b)). For the deler
mination of x; the value of v,. is required; this 
will be treated at the end ofthis section. A boundary 
in the (J" v,.) plane is found when the injection 
region occupies the whole collector region (x1 = 
W): 

pWJ, = v,.+ v. 
2kTn,-N. 
+q-~ [exp {q(V,.+ V0 )/kT} - 1). (25) 

Usually this boundary is of minor imponance, 
because v,. is very low and/or J, very high (a 
case of heavy bottoming). 

(b) An intermediale region (x"x,+b); the 
electron density decreases from n, to n,. Space 
charge neutrality does not exist here and the holes 
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are negleeled (p(x) ~ 0). There is a discontinuity 
for p(x) at x= x,. but n(x) is continuous at this 
point. 

There is no analytica! salution for n(x) avail
able, but we will assume for n (x) the following: 

(x1+b-x)'' 
n(x) = n, + (n 1 - n,) --b-- . (26) 

The values n, and n2 depend on the current density 
1,. Substituting equation (26) in Poisson's equation 
and inlegrating leads to: 

qN"{n,-N. E(x) = E(x,+ b) +- ,- -,v:;- (x,+b-x) 

+-b_n, - n, (x, +b- x)''.'} 
>. 1+ 1 N• b (2?) 

where E(x1 + b) is the electric field at the end of 
the intermediale region. 

For 1, < 1, < 1, is E(x1+ b) = -kp}, 
For1, -", J 1 is E(x1+b) =-E,. 

(28) 

For 1, "' 12 there is no intermediale region: the 
injection region is directly conneeled with the 
(oh mie) end region. The quantities 1, and k are the 
same as in equation ( 12). 

As a second boundary condition we have chosen 

E(x,) =-E,. (29) 

The width b of the transition region then follows 
from equations (27-29): 

b=(>.,+l) < - E(x1+b) - E, 
qN. n,IN. - 1 + >.,(nJN. - J) ·C30) 

Although the choice of the second boundary con
dition (29) makes E(x) discontinuous at x= x, 
[see equation (24)] it has the advantage that the 
value n 1 can now be obtained from a quadratic 
equation inslead of a third order equation. More
over, numerical calculations have shown that the 
error is not too serious. 

The boundary value n, depends on the situation 
in the end region: 

(31) 

and 

The boundary value n, is calculated as follows: 
For E(x1) =-E, we can also write 

E(x,) = p}, N" + kT ~n,-N. 
n, q b n 1 

(32) 

obtained from the current equation. 
By eliminating b equations (30) and (32) leadtoa 

quadratic equation for n" with the following 
solution: 

where 

t}[-t 

J"'] 
A,=->., __ kTqN•. 

>.,+I q <E,' 

(33) 

For J, "'J, the intermediale region disappears: 
we will take in this case n, = N • + n, (n, is the 
intrinsic concentration) independent of J, . This 
prevents the In-term in equation (23) from going to 
infinity and is the best boundary condition for the 
conneetion with an ohmic region[3]. 

(c) The end region (x1 + b,W); this region is: 

(i) Oh mie when 1, "'1,, then it is directly con
neeled to the injection region without an inter
mediale region in between. Field and carrier 
density are constant: n(x) = N• and E(x) = 
-p},. 

(ii) Tepid when 1, < 1, < 1, . Field and carrier 
density are again constant : n (x) = N •. but 
E(x) = - k. p},. 

(iii) Hot, when 1,> 1 1• n(x) = n0 = 1, /1,N., but 
- E(x) increases with a constant slope, given 
by qN•/<(1,/1,- I). 

The end of the injection region (x = x1) can be 
calculated by applying equation (14) again. Each of 
the aforementioned regions contributes to the inte
gral: 

11" - f Edx= V,. + V.= V,+V,+V,. 
• 

The contribution of the injection region V, is 
smalland given by: 

,, 
V,=- J Edx=kTinn(O)-N• 

o q n.-Nd 
(34) 
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where equation (24) has been used. The electron 
concentration at the metallurgical junction n(O) 
is related to x, via equation (23 ). 

For V,, the intermediale region contribution, it 
holcts that 

v, = 0 for J, .;; J,,else 

V. =- bE(x + b) - qN" b' { n., - I 
' ' 2• N• 

(35) 

Note that V, only depends on the current. V,, the 
end region contribut ion, is given by: 

V3 = kp.J,(W-x,- b) for J, < J, < J,, 

V3 = E,(W-x,-b) 

qN• + ~ (J,/J,-1) (W-x1-b)' for J , ;;. J, . 

(36) 

~ 

- Numericol 

0 " . . 
o E; l, 0:~ 

)( E; l; I 20 

• . J!fft 

10' 

"' ' 

Fig. I 0. Results of the I I-model, compared with numeri
cal calculations. for different values of>...,. Nd = 101:s cm- J, 

The limitsof the 11-model are reached when W=61Lm.J, /1, = 0·75andV,..+V, = 3·6V. 
x,= 0. This results for the different current 
densities in: 

V+V=kWJ-qN• b' n,-N. 
'' 0 p ' E (.\1+1)(.\1+2) N. 

forJ, < J, < ) 1, 

(37) 

The limit x,+ b = W. which is only applicable for 
J, > J ,, makes the contribut io n V3 = 0. In many 
cases V, is small (low field in the injection region) 
so in the (J, ,V,.l plane this boundary is given by 
Vz "= Vc-b + Vo. 

The various boundaries are shown in Fig. 6. 
Examples of the I I-model are given in Figs. 10 
and 11 , for N.= IO"cm-3 and W=6~m. The 
dashed lines in Fig. 10 give E(x) and n(x) when the 
simple model of Sectien 2 is used: it is s1ill of the 

depletion type! See also Fig. 6(a), where the cross 
indicates this bias condit ion. 

7.2 The other iJtiection models 
The other injection models are indicated in 

Figs. 9(b), (c) and (d). The 12-model takes up the 
injection region and part of the intermediale region, 
the 13-model the end region and part of lhe inter
mediale region, while the 14-model occupies 
only a part of the intermediale region. Which part 
is cut out exactly is again determined by equation 
( 14). 

For the sake of brevity we wiJl only treat the 14-
model (see Appendix B), the others can be treated 
in a similar way. 

8. THE CHOICE OF THE A's 

The electron densities in the intermediale 
regions are modeled as a power function of x . When 
these functions (and the E(x) and dn/dx derived 
from them) are substituted in the expression for J ,: 

dn 
J,(x) = qD.ct;+ q~.(E)nE 
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Numericol 

I 1 - model 

0 n (•I] 
p (,:I 

E (J.) 

. ~ 2 ' ' 
~ ~ ~ > 
,; ..i 0: I 

x, ~J-m 

Fig. 11. As in Fig. 10, but now for J~/J1 = 1·4 and Vc6 + 
V,= 7 V,X1 = 3. 

we will find that J, is not constant, but a function of 
x. This is because n(x) is not the genuine solution, 
but only a modeled approximation. The À 's are now 
chosen in such a way, that the distance between 
this J,(x) and the given constant J, is minimized. 
It tums out that this optima! value of À depends on 
J" especially when Nd is low. 

The result of this selection process is given in 
Fig. 13 for Àd and À1. lf J, < J, < J 1 the best value 
for ).1 is infinity, although the difference with finite 
values of À1 (e.g. À1 = 20) is hardly perceptible. 
Now we have 

. (x1 + b - ~'' (x,- x) hm ---- = exp - -,....,. b c 

with 

2 kT { ( 4A1 )"'}-' c=E,q -1+ I+I+J,/J, . 

This follows from equations (30) and (33). In the 
intermediale region we can therefore put 

(x -x) n(x) = N.+ (n1 - N.) exp ~ 

~ 

':'g 
,; 

Numericol 
ooo I,.-modtl 

x , JHn 

Q 

E 
~ 
> 
..i 

F ig. 12. Results of the 14-model, compared with numeri· 
cal calculations. Nd = tou cm- 3, W = 6J.Lm. À1 = 5,Jc/l1 = 

1·44, V,,+ V,= 6·2 V. 

inslead of the expression (26) and proceed with 
this formula. However, this is not necessary be
cause the final results are not very sensitive to 
the choice of the À·s. See for instanee Fig. I 0 where 
the results for two different Àrvalues are given. 

9. CONCLUSIONS 

When the complete dependenee of the drift 
velocity on electric field (hot, tepid and ohmic 
carriers) is taken into account, it is possible to 
calculate the d.c. field and carrier densities in the 
collector by modeling the majority carrier distribu
tion. In this way analytic expressions for E(x), 
p(x) and n(x) are available for any bias condition 
determined by J, and V,,. 

From these expressions a division of the 
(J,, V,,) plane is derived, which is determined by 
N • · W, the product of collector doping and epilayer 
width. Such a di vision of the (J, . V,.) plane is 
helpfut in the design of e.g. microwave transistors 
and can also be of use for selecting the adequate 
transistor model in CAD packages[ 11 ). 

The total majority charge Q.., in the collector 
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16r---------------------, 

10 

~ 

Col 

Fig. 13. The optima! values of>.., and À, as a function of 
JAJ,. 

can now also be expressed in analylic form as a 
function of 1, and V,,. Thus collector capacitance 

(oQ.cloV") and collector transit time (aQ.c/01,) 
as welf as other charge-controlled quantities can 
be expressed in analytic form. 

The function, found for the electric field E(x) 
can be used for investigating the dependenee of the 
avalanche multiplication factor on current and 
voltage. 
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APPENDIX A 

DEPLETION MODEL D4 
This model describes the situation in which x"< 0 and 

x.+ 2a > W (see Fig. 3(d)]. 
Equations (8) and (9) give n(x) and equation ( 11) gives 

E(x). 
When equation ( 14) is used, three different possibilities 

must be distinguished: 

(I) 0 <x.+ a < W: this is sketched in Fig. 3(d) 
(2) x.+a<O 
(3) W < x.+a. 

Perlorming the întegration in equation ( 14) resuhs in : 

Vct.+Vo=E.W 

_'l.!:!..t. (1-J,/Jtl {W(W - 2x4 ) - R(x4 )) (Al) z, 
where R(x") is, according to the three possibilities. 

(-x )'••') - ~ . W<x.,+o 

or 

R(x,) = W(W-2x4 -2o) 

+ a' !(x4 +Za)>.d• :._ (x"+Zo - W)..,d•2) 
(1,,+ I) (J. •• +Z) a a · 

x., + a < 0 

or 

a' 
R(x,) = (W-x.-a)'+ (~,+I) (A,+Z) 

I (=..!«)'••• (x• + 2a- !!'\ '• '') 2- 0 - ----a-----J • 0 <x., + o < W. 

So from equation (A I) the (negative) value of xr1 can be 
found: in many cases the term R(xr~) is smalland can be 
neglected. The validity range of this model has the 
following boundaries in I he (J ... . v ... h) plane: 

x11 = 0: thîs leads to 

V,,+V0 = E,W-~W'(I-J,/J,) tA2a) 

{I- (A, + I)\A4 +2) (-~)") 
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for W < a and equations (26) and (27). Application of ( 14) gives 

V"+ V,=E,W-~ (1-J,/J,) [a(2W-a) V,,+ v, = _ WE(x,+b) -~[ JV-'.·~~'(2x,+2b- W) 

fora< W < 2a. 

x,+ 2a = W; this leads to 

(A la) 

for W < a and to 

V,.+ V,= E,W-~ (1-J,/J,) [ W(4a- W) -a' 

a' ( (2a- W)''"}] 
(X,+ I) (X.+2) 2 - -a-

(Alb) 

fora < W < 2a. 

The boundaries (A 2) and (Al) are sketched in Fig. 6(b) 
for 2 x 10" < W · N, < 4 x 10" and in Fig. 6(c) for 
W · N" < 2 x 1011 cm- 2 • In Fig. 6(a) is W · N11 > 4 x 1011 

cm- :, so the D4-model does nol exist here. 

APPENDIX 8 

THE 14-MODEL 
The n(x) and E(x) in the 14-model are given by 

2b'~ n,- n1 ((~)"'•t 
+(À,+I)(x,+2) N, b 

(BI) 

The I i mits of the model are reached when x,= 0 or 
x,+ b = W (see Fig. 9(d)(. 

With the help of equation (8 I) the boundaries in the 
(J("' V..,,) plane are found as 

V.., + V, =- WE(x,+b) -~[ W"'~~· (2b- W) 

2b' n - n. ( (b - W)''")] +(>-,+I)(Jo.1+2)~ I- -b-

for x,= 0 and 

V V WE( b qN,(n, -N, 
~"+ o:::;;:- x,+)-~ ~·W2 

2b' n -n (~'••') +(~,+I) (X,+2) ~ h/ 

These boundaries as wellas those ofthe other înjection 
mode Is. are a lso shown in Fig. 6. In Fig. r 2 an example of 
the 14-model is given: l r > 1 1• N 11 = JOH cm- ·1 and 
W=6,.m. 



Chapter VII 
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MEASUREMENT OF THE ONSET OF 
QUASI-SATURATION IN BIPOLAR 

TRANSISTORS 

H. C. DE ÜRAAFF and R. J. VAN DER WAL 
Philips Research Laboratories, Eindhoven, Netherlands 

(Receiued 20 Apri/1974) 

Abstraet-The onset of quasi~saturation in a bipolar transis-tor is accompanied by hps- aod /r-faU-off 
and by an increase in h.f. dislortion (intermoduJatioo and cross-modulation). We show that the 
boundary between normal and quasi-saturated operation is easily established experimentaJiy by 
measuring the l.f. third harmonies of the collector current, as a function of bias voltage and current. 
Examples are gjven for ohmic, tepid and hot carrier current ftow in the epitaxial coUector region. 

I. INTRODUCTION 

Modern bipolar transistors have relatively lightly 
doped collector regions and may have therefore a 
rather high collector series resistance. lt is a 
well-known fact that the voltage drop across this 
resistance can cause the base- collector junction 
under the emitter to become forward biased 
internally (Kirk effect) although externally this 
junction remains in reverse bias. Under these 
circumstances a minority charge is stored in the 
collector[ I, 2] and the transistor is said to operate 
in the quasi-saturation mode as distinguished from 
complete saturation. The latter takes place when 
the entire base--collector junction is externally 
forward biased. 

Especially when the epitaxial thickness (W) of 
the collector is thin and its doping concentration 
(N,) is low (e.g. W. N, ";; 10" cm-') we can have the 
situation that hot carriers, moving with the 
scattering-limited drift velocity, overcompensate 
the fixed, ionized impurity charge, making the 
electric field E(O) at the base--collector junction 
lower than at the end of the epitaxial layer (3-5]. 
When this field E(O) reduces to approximately z~ro, 
again the base--collector junction becomes forward 
biased and quasi-saturation sets in. In this case the 
current flow in the collector is often denoted as 
space-charge-limited (SCL) current flow. Apart 
from purely ohmic- and SCL-current flow there 
also exists the possibility of a tepid carrier flow as 
an intermediale situation [6]. Th is is often encoun
tered in microwave transistors, even under normal 
operating conditions. 

In all cases the quasi-saturation is determined by 
the externally applied base--collector voltage (V,,) 

and the collector current (/, ). Therefore we can 
indicate a boundary in the (J" V,, )-plane, which 
marks the onset of quasi-saturation (see Fig. I). lt is 
important to know this boundary, because the 
quasi-saturation determines the h .. - and /r-fall off 
and causes an increase of nonlinear distortions like 
intermodulation and cross modulation [7]. 

When the coUector behaviour is ohmic, it is 
sametimes possible to determine the quasi
saturation boundary experimentally, namely when 
the (I,, V,.) characteristics show the so-called 
t wo-region saturation [I]. 

The experimentally determined h,. or Ir as a 
tunetion of current can also be used, but this is not 
very accurate and sometimes erroneous (namely 
when the h".- or Ir- fall off is not caused by 
quasi-saturation). 

QUASI
SATURATION 

l•pid 

NOIIMAL 

--vcb 
Fig. 1. Boundary in (1 ... V .. .,) plane between normaJ and 
quasi-saturated eperation for various types of carrier now 

in thecollector. 

1187 
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This paper presents a new and more precise 
method for measuring the quasi-saturation bound
ary which is applicable, not only in the ob mie case , 
but also when there is tepid carrier or SCL-current 
flow in the collector. This metbod is based on the 
small-signal low frequency behaviour of the third 
harmonie distortion. This third harmonie dislortion 
shows in most cases a very distinctive maximum at 
the onset of quasi-saturation. 

In the following sections we wil! first treat the 
theoretica] foundation,. then !he measuring set-up is 
explained and finally some results are shown and 
discussed. 

2. THEORY 

When the base-collector junction under the 
emitter becomes internally forward biased, the 
more heavily doped base starts to inject minority 
carriers into the collector region; in an npn 
transistor a hole charge is then slored in the 
collector. Jt is shown elsewhere [8] that the minority 
hole concentration at the metallurgical junction 
p (0) in the case of oh mie current flow is given by: 

V"' is the externally applied collector-base voltage, 
V, is the built-in voltage of the p -n junction and r, 
is the unmodulated spreading resistance, taken 
from collector contact to metallurgical junction• 

For the total minority charge Q, stored in the 
collector, it can be derived that[8]: 

_ (eJQL!!c) (e.!Q2 2!!. ) Q,. 1, - constant x N, N, N, + N, + I . 

(2) 

From equations (I) and (2) follows that Q,. I, is a 
lunetion of the quantity (r,l, - V,, - Vo): 

Q,. I, = f(r,l, - V,, - Vo). (3) 

As long as the base-collector junction remains in 
the reverse bias condition Q, = 0 and the small
signal, low frequency third harmonie dislortion is 
mainly due to the nonlinear emitter-base charac
teristic. However, when the collector-base ju netion 
becomes forward biased, Q, > 0 and the third 
harmonie dislortion then strongly depends on the 
third derivative a'Q,/ai/. The slored charge Q, is a 
complicated lunetion of I, and V,, and its influence 

on the third harmonie dislortion is not easily seen 
because the other third-order derivatives 
(a'Q,Jav :,, a'Q,/ai/aV,, etc.) also have a certain 
influence. From numerical calculations with a 
transistor model, containing, among other things, 
this Q, -nonlinearity, it turns out that the third 
harmonie in the collector current has a maximum 
for 

(4) 

This is illustrated in Fig. 2, where a sketch is given 
of Q, and some of its derivatives. Note that the 
maximum of la'Q, I ai.' I can be determined much 
more accurately than the increase of Q, (causing 
h .. -fall off) or its first derivative aQ,/al, (causing 
fr-fall off). 

The above-mentioned formulas are only valid as 
long as the current flow in the collector is purely 
ohm ie, that is for current densities below J, = E,/p, 
where p is the resistivity of the collector material 
and E, is the field strength at which the carriers 
become tepid (for Si E, ~ 2500 V /cm) . For current 
densities 1 > J, equation (4) bas to be modilied and 
becomes [6] : 

V,, + V,= t r,l , (5) 

Fig. 2. Sketch of the stored collector charge Q, and its 
•n.e vollage drop in the ohm ie base region is neglected. derivacives as a func1ion of thequantity(rf ft - vt~ - Vo). 
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with 

If the current deosity exceeds the value J, = 
qN, V,;. the carriers move with the scattering
limited drift velocity V,.. and overcompensate the 
fixed donor charges. The Poisson equation then 
reads as 

dE= _qN,(L:-I). 
dx < ], 

The minimum of the electric field occurs at the 
metallurgical junction and wb.en this minimum 
reduces toabout zero, quasi-saturation sets in. The 
boundary for this case is found by inlegrating the 
Poisson equation twice, with E(O) = 0 as a bound
ary condition (3-5]: 

V,,+ V, = qN,W' (!::- 1) (6) 
2< I, 

with 

I ,= qN,V,;.A,,. 

Equations (4), (5) and (6) give the boundary for 
the quasi-saturation region in the (I" V,,) plane for, 
respectively, the ohmic, tepid and hot carrier flow 
in the collector. The three situations are not always 
attainable in one and the same transistor; thin 
epilayers and low doping values enhance the hot 
carrier flow and below N,. W- 10" cm-' it is the 
only possibility [5, 6]. 

J, EXPERIMENTS 

The measuring set-up is sketched in Fig. 3. A 
signal generator delivers a I kHz sinusoidal signa! 
to the transistor under test, which has a grounded 
base. The twin-T filter suppresses the third 
harmonies of the signal generator, the transfarmer 
(an audio output transformer) lowers the internal 
resistance of the signa! souree to approxiinately 
0·5 !l.. When this internal resistance is too high, the 
third harmonie output is too small to be measured. 
The third harmonie (3 kHz) is measured by a wave 
analyzer, across a I !l.-load. The third hannonic 
output is measured as a function of the d.c. current 
I" with the d.c. voltage V,, as a parameter; see Fig. 
4. The first maximum is caused by the emiller-base 
junction; the current at which it occurs is indepen
dent of V,,. The second maximum, however, is due 
to the collector charge Q, ; the current at which this 
maximum occurs is strongly influenced by the 

0 

Fig. 3. Themeasuremenr set-up. 

' --..Ic(mA) 
25 

Fig. 4. The third harmonie output (arbitrary scale) as a 
functionof bias current (I~ ) with V~• as a parameter. 

applied V,,. In fact, this current obeys equations 
(4), (5) or (6). 

In the following a few exarnples will be given for 
each type of current flow. 

(a) Purely ohm ie CUfftnt flow 
When V,, is plotted against the current value at 

which the second maximum of the third harmonie 
occurs, a straight line results whose slope yields the 
collector series resistance r, = pW/A ... The ex
trapolated V,,-value for I, = 0 gives the built-in 
voltage ( Vo) of the collector-base junction (see 
equation (4)). Perlorming these measurements at 
different temperatures, gives us Vo(T) and p(T). In 
order to have ohmic current flow the product 
N,. W must be larger than 10" cm-'. In the chosen 
samples it exceeds the value 5 x 10" cm-'. Figure 
5(.a) gives Vo(T) for two different samples; the 
theoretica! curves are given by (9}: 

kT[ Nd { N, ( N')}] V, = q 21n -;;;-- I + In 21n-;;;- - I+ In 21n n;-

which is valid for strongly asymmetrie junctions. 
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Fig. 5. (a) Built-in vollage Vo as a tunetion of temperature 
T. (b) Thc (unmodulated) collector resistance (r,) as a 
funclion of temperature. Both Vo and re are measured on 

samples with purely ohm ie currenl flow, 

The intrinsic concentratien for silicon is taken as 
[10]: 

n. = 3 x 10". Tm . exp (-0·6()3q/kT) cm-'. 

Figure 5(b) gives r, (T) for the same samples. At 
JOO'K we find: 

_I_ dr, =.!. ..'!e. = 0·63%/'C for N, = 10" 
r, dT p dT 

and 

0·73%/'C for N, = 10" cm-'. 

This is slightly below the values reported in the 
literature[ll] and can be explained by taking into 
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Fig. 6. (a) Microwave transistors with different emirter 
geometries. showing tepid carrier behaviour in their 
quasi-saturation boundaries. The dashed line is the 
calculated (fictitious) boundary for thc 6-emitter strucrurc 
in the case of purely ohmïc carrier How and increasing 
temperatures. The black dots correspond with the 
beginning of /r-fall-off. (b) /r fall-off for the same 

transistors. 
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account the n • regions of the collector which are 
less sensitive to temperature changes. 

(b) Tepid carrier flow 
To illustrate this behaviour we have chosen three 

microwave transistors with a N, . W product equal 
to 5 x JO" cm-' and with I, 4 and 6 emitter stripes. 
The calculated current values at which tepid carrier 
behaviour begins (I,) are, respectively, 2, 7·5 and 
11 mA (see equation (5)). Figure 6(a) gives the 
quasi-saturation boundary, as obtained from third 
harmonie maxima. The position of this boundary is 
also connected . with the /T·fall otr, as Fig. 6(b) 
shows; the black dots in Fig. 6(a) mark the 
beginning of /T-fall otr. 

(c) Hot carrier flow 
Again three microwave transistors are chosen, 

but now their N,. W product is 6X IO"cm-' . They 
have, respeclively, I, 4 and 6 emiller stripes, the 
calculated critica! current values for hot carrier 
behaviour are I,= I, 4·3 and 6·5 mA. Figure 7(a) 
gives the measured quasi-saturation boundaries and 
also the theoretica! ones, calculated with equation 
(6). The slopes of the theoretica! curves are steeper 
than the measured ones. The reason is that the dope 
N, of the epitaxial layer is nol a constant, but 
increases towards the substrate (outditrusion from 

Ie {mA) 
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Fig. 7. (a) The quasi-saturation boundary in the case of hor 
carrier ftow, again for different emitler structures. (b) The 
posilion of the quasi-saturatîon boundary with respect to 

the (10 Vu)characteristics for the 1--emitter structure. 

the substrate). This means that in reality the W in 
equation (6) increases with increasing current, 
making the slope less steep. 

Figure 7(b) shows the measured boundary of the 
1-emitter transistor, in reistion to the (!" V,.) 
characteristics. A surprisingly large portion of this 

10~,-----~----~--------~ 

k/b 2 6rounded emitler 

f fWOt>tod = 55MHz 

lto3" ---- +---fur>Waf>led ~ 73MHz 

lf. =5V 

I 
I02Hrff--~~,-------+i----h--l 

Fig. 8. The cross-modulation factor. normalized 10 the 
square of rhe unwanled signa! amplitude. as a function of 
bias current for the transistors of Fig. 7(a). The arrows 

indicate the second maximum. 
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set of characteristics is in the quasi-saturation 
region. One can also notice that h,, decreases on 
the lefi-hand side of the boundary. 

Figure 8 shows that the high frequency nonlinear 
distortion, such as crossmodulation, is also related 
to the quasi-saturation boundary: the second hump 
coincides with the onset of quasi-saturation. The 
measurements were carried out on the transistors 
mentioned under section (c). 

4. DISCUSSION 

The bias current during the measurement is nol 
pulsed , but is a true d.c. current. At high current an 
appreciable rise in junction temperature occurs and 
this increases the ohmic resistance. 

The results will be that the boundary line in the 
(I" V,,) plane bends to the right, ju st as in the tepid 
carrier case. In Fig. 6(a) we have calculated for the 
6-emiller structure (with the highest dissipation) 
what the maximum effect of the tempersture rise 
can be on a purely ohmic current flow : the dashed 
line is the re sult. From the large discrepancy 
between the measured curve and this dashed line, 
we conclude however, thattepid carrier behaviour 
is still dominant in this case. The 4- and 1-emitter 
s tructures have even lower dissipations where the 
temperature rise can be neglected. With hot carrier 
flow the tempcrature rise has less influence because 
the scattering-limited drift velocity V,,~ is only 
weakly dependent on temperature ( t2]. 

The quasi-saturation boundary is difficult to 
measure in the low current-low voltage part of the 
(I" V,,) plane. Th ere are two reasoos for this : the 
first reason is that at low currents the collec tor
induced maximum for the third harmonie shifts to 
the left (see Fig. 4) and then interferes with the 
emitter-induced maximum. The second reason is 
that the basic principle of the measuring methad 
only holds for the active part of the base-collector 
junction, undernea th the emitter. This requires that 
the collector-base junction outside the emitter 

keeps its reverse bias, which implies for the 
externally applied collector-base voltage V,. > 
-400 mV (fora Si npn-transistor). 

lt is important to know the quasi-saturation 
boundary , not only for the h,, · and /T- falloff and 
the high frequency distortion, but a lso' because it 
gives information about some technological 
parameters. The position of the boundary in the (I,, 
V,.) plane is mainly determined by the emitter 
geometry and the thickness and the dope concen
tration of the epitaxial collector region. Whether the 
collector contact is on top (as in I C's) or on back (as 
in our samples) is a lso of importance. In conneetion 
with other measurements such as C-V measure
ments (for the doping profile) and avalanche 
breakdown voltage (for the epitaxial thickness) the 
quasi-saturation boundary enables us to study these 
technological parameters. 
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Samenvatting 

Dit proefschrift handelt over de elektrische en fysische 

verschijnselen die kunn~n optreden in het collectorgebied van 

een bipolaire transistor, speciaal wanneer dit collectorgebied 

veel lichter is gedoteerd dan het basisgebied. Het bestaat uit 

een inleiding (hoofdstuk I) eD een zevental reeds eerder ge

publiceerde artikelen (hoofdstukken II t/m VII). 

Het elektrisch gedrag van een dergelijke collector is 

weergegeven in wiskundige, analytische modellen, die afwijken 

van de klassieke modellen zoals het Ebers-Moll en het "charge 
control" model. Deze laatsten werden indertijd ontwikkeld voor 

transistoren met een zwaar gedoteerd collectorgebied, zoals de 

legeringstransistor. Modernere typen zoals de mesa- en de pla

naire transistor bezitten een relAtief licht gedoteerde collec

tor. Dit brengt met zich mee, dat het gedrag van de collector

basisovergang ingewikkelder is dan bij legeringstransistoren. 

Met name zal bij verzadiging de injectie van de in de door

laatrichting werkende collector-basisovergang hier niet alleen 

afhangen van de interne spanning over deze overgang, maar ook 

nog van de collectorstroom. De geinjeeteerde minderheidsla
dingsdragers worden bovendien opgeslagen in de collector en 

niet in de basis. De stroom heeft een grote invloed op de la

dingsverdeling in de collector, hetgeen twee oorzaken heeft. 

In de eerste plaats treedt bij stroomdoorgang in de collector 

een groot inwendig spanningsverlies op. In de tweede plaats 

zal de lading van de beweeglijke ladingsdragers de vaste la

ding van de geïoniseerde onzuiverheden geheel of gedeeltelijk 

kunnen compenseren. 
Na een inleidend overzicht wordt nagegaan hoe bij verza

digde transistoren de in de collector opgeslagen minderheids

lading afhangt van de collectorstroom en de coliectorspanning. 
Hierbij worden twee gebieden in de collector onderscheiden: 

een injectiegebied, grenzend aan de metallurgische over

gang, waar de minderheidslading wordt opgeslagen en het 

overige collectorgebied, dat zich hetzij ohms gedraagt, 

hetzij met ruimtelading is gevuld waardoor een zodanig 
veld ontstaat, dat de beweeglijke ladingsdragers dit ge

d eeltemet de verzadigde driftsnelhe id doorlopen. 
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Vanwege het grote belang het optredende spanningsverlies 

bij stroomdoorgang te kennen, zijn enkele hoofdstukken gewijd 

aan de berekening en de meting van de collectorserieweerstand. 

Voor het berekenen hiervan is een benaderingsformule afgeleid 

die de spreidingaweerstand geeft in een driedimensionale multi

eruitter structuur. De experimentele bepaling geschiedt door 

het verband vast te leggen tussen de collectorgelijkstroom en 

de uitwendige collectorgelijkspanning, waarbij ervoor wordt 

gezorgd, dat de inwendige spanning van de basis-collectorover

gang min of meer constant blijft. 
Zoals reeds is opgemerkt wordt bij verzadiging een min

derheidslading in het collectorgebied opgeslagen. Dit uit zich 

doordat bijv. de stroomversterking hFE en de afsnijfrequentie 

fT afnem~n bij toenemende stroom. Omgekeerd kan men uit deze 

afnemingen de hoeveelheid opgeslagen lading afleiden. Gaat men 

aldus te werk, dan blijkt een goede overeenkomst te bestaan 

met de theoretisch berekende waarden. Vervolgens is met behulp 

van deze theorie voor de opgeslagen collectorlading een gemodi

ficeerd charge control model ontwikkeld. Linearisering van dit 

model leidt tot een vervangingsschema voor een transistor in 

verzadiging, waarmee diverse kleinsignaal parameters zijn be

rekend die redelijk goed overeenkomen met gemeten waarden. 

Moderne microgolftransistoren bezitten zo'n dunne en 

licht gedoteerde collectorlaag, dat bij normale bedrijfsspan

ningende veldsterkte al boven de waarde van 2,5 kV/cm uit

komt. De driftsnelheden gaan dan afwijken van de wet van Ohm; 
dit maakt het noodzakelijk de theorie uit te breiden tot het 

gebied van de "lauwe" en "hete" ladingsdragers. Daarbij is 

zorg gedragen dat, voorzover het de wiskundige formulering be

treft, de verschillende gelijkstroominstellingen continu in 

elkaar overgaan. Deze uitgebreide theorie is tenslotte getoetst 
aan de uitkomsten van metingen aan verschillende transistoren 

die respectievelijk een ohms, een lauw of een heet ladingsdra

gersgedrag in de collector vertoonden. Hierbij is een meet

methode ontwikkeld, gebaseerd op het gedrag van de laagfrequen

te derde harmonische vervorming, om het begin van de verzadi
ging in deze drie gevallen te kunnen vastleggen. De aldus ge

meten verzadigingagrens is gecorreleerd met de afval van de 
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hFE en van de fT en met meer ingewikkelde niet-Uneaire vervor

mingaverschijnselen zoals de hoogfrequente kruismodulatie. 
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Summary 

This thesis deals with the electrical and physical 

phenomena which can occur in the collector region of a bipo

lar transistor, in particular when this collector region is 

much more lightly doped than the base region. It consists of 
an introduetion (chapter I) and seven previously published 

articles (chapters II to VII). 

The electrical behaviour of such a collector is repre

sented by mathematical analytical models which differ from 

the classical models such as the Ebers-Moll and the charge 
control model. The latter were developed for transistors with 

a heavily doped collector region, like the alloy transistors. 

More recent types, like the mesa- and the planar transistor, 

possess a relatively lightly doped collector. This implies 

that the behaviour of the collector-base junction is more 
complicated than with alloy transistors. Especially in satu
ration the injection of the forward-biased collector-base 

junction will not only depend on the internal junction vol

tage, but also on the collector current. Moreover, the in

jected minority carriers are stared in the collector and not 
in the base. The current has a great influence on the charge 

distribution for two reasons. In the first place a large in

ternal voltage drop occurs when current flows in the collec
tor. In the second place the mobile carriers may compensate, 

partly or wholly, the ionized impurities. 

After an introductory survey it is investigated how the 
minority carrier charge, stared in the collector, depends on 

the collector current and the collector voltage. Two regions 

are distinguished in the collector: 

an injection region, adjacent to the metallurgical 

junction, where the minority carrier charge is stored 
and the remaining part of the collector, which exhibits 
either ohmic behaviour or is filled with space charge, 

causing such a field that the mobile carriers have the 

scattering-limited drift velocity. 

A few chapters are dedicated to the calculation and the 
measurement of the collector series resistance, because it is 
of great importance to know the voltage drop when current 
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flows. For the calculation of this resistance an approximation 

formula is derived that gives the spreading resistance in a 

three-dimensional multi-emitter structure. The experimental 

determination is carried out by measuring the relationship 

between the d.c. collector current and the d.c. collector 

voltage, while care is taken that the internal collector-base 

voltage remains more or less constant. 

As said before, in saturation the minority carrier 

charge is stored in the collector region. This expresses it

self in that e.g. the current gain hFE and the cut-off fre
quency fT decrease with increasing current. From these de

creases one can derive the amount of stored charge. In doing 

so a good agreement appears to exist with the theoretically 

calculated values. Furthermore a modified charge control model 

is developed with the help of this theory for the stored col

lector charge. Linearizing this model leads to an equivalent 
circuit for a transistor in saturation. With this circuit 

various small-signal parameters are calculated and they show 

a rather good agreement with the measured values. 

Modern microwave transistors possess such a thin and 

lightly doped collector layer, that under normal eperating 
conditions the field strength already exceeds the value of 

2.5 kV/cm. The drift velocity then starts to deviate from 

Ohm's law and the theory must be extended to the region of 

tepid and hot carriers. In doing this, care is taken that, as 

far as the mathematical.formulation is concerned, the differ
ent modes of operatien link up continuously. Finally this ex

tended theory is checked against the results of measurements 
of different transistors, showing respectively an ohmic, tepid 

or hot carrier behaviour in the collector. To this end a meas

uring method is developed, based on the behaviour of the low
frequency third harmonie distortion, to determine the onset 

of saturation in these three cases . The saturation boundary, 

measured in this way, has been corre lated with the hFE and fT 
fall-off and with more complicated nonlinear distortions like 

the high-frequency cross-modulation. 
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1. De correlatie die Rey en Bailbe hebben gevonden tussen de 

I en de N in de formule voor de oppervlakterecombinatie-
ro 

stroom Ir = Ir 0 exp(qVb6 /NkTJ kan rechtstreeks uit een 
eenvoudige theorie worden afgeleid. Deze theorie kan even

eens bij bulkrecombinatie worden toegepast. 

G. Rey en J.P. Bailbe, Solid-State Electron. 
17. 1045 (1974). 

2. Lawinevermenigvuldiging in het gebied rondom de afvoer

elektrode van een MOS-transistor kan aanleiding geven tot 

een negatieve helling in de ID-VDS karakteristiek, ook in

dien het substraat niet zweeft en er geen injectie vanuit 
de aanvoerelektrode in het substraat plaats vindt. 

D.P. Kennedy en A. Phillips Jr., I.E.D.M. 
Washington D.C., 1974. 

3. Het door Kabell voorgestelde fotogevoelige aftastsysteem 

zal niet goed functioneren omdat bij belichting aftasting 

in de juiste volgorde niet verzekerd kan worden zonder dat 

de gevoeligheid en het scheidend vermogen praktisch te 

niet worden gedaan. 

L.J. Kabell, U.S. patent nr. 3378688, 
16 april 1968. 

4. Sommige leerboeken suggereren een foutief beeld van de 

toestand van het spinsysteem van een paramagnetisch zout 

na adiabatische demagnetisatie. 
Feynman, the Feynman lectures on physics, deel II, 
Addison-Wesley, Reading (1964). 
G.K. White, Experimental techniques in low
temperature physics, Oxford Univ. Press, London (1959). 

5. De kans op rondzingen van een versterkerinstallatie in een 
zaal wordt kleiner, indien deze zaal wordt gevuld met een 

bewegende mensenmenigte. 

M.R. Schroeder, Proc. 3rd, Int. Congress 
Acoustics, Stuttgart 1959. 

6. De klassificatie van de verschillende soorten smectische 
vloeibare kristallijne fasen dient op thermodynamische 

gronden te geschieden en niet naar aanleiding van alleen 

structuurverschillen. 

H. Sackmann, Pure Appl. Chem. 38, 505 (1974) 

A. de Vries, Chem. Phys. Lett. 28, 252 (1974 ) . 



7, Het is niet zinvol om in de lijst van gegevens van een 

buis, diode of transistor de distorsie-eigenschappen in 

een getal uit te drukken. 

8. Er is plaats voor een instituut dat lichamelijk gehandi

capten de toegang tot nieuwe hulpmiddelen vergemakkelijkt, 

Tot nu toe zijn zij hiervoor teveel afhankelijk van toe

vallig geïnteresseerden. 

9. Sommige vormen van middeleeuwse relikwieënverering ver

tonen gelijkenis met hetgeen men in de ethologie rituali

sering noemt. 

J. Huizinga, Herfstty der Middeleeuwen, 
Tjeenk Willink, Groningen (1973). 

K. Lorenz, Over agressie bij dier en mens, 
Ploegsma, Amsterdam (1965). 

10. De kwaliteitsbewaking van de curatieve geneeskundige be

handeling kan worden verbeterd door de medische beroeps

uitoefening meer in hiërarchisch verband te doen plaats

vinden. 

11. Kennis laat zich moeilijk nivelleren en iedere poging daar

toe leidt tot verschraling van onze cultuur. Derhalve 

dient in de discussie over nivellering kennis niet in één 

adem te worden genoemd met inkomen en macht. 


