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INTRODUCTION, 

Through the years, the complexity of an infinite ensemble of interact

ing spins has motivated experimentalists and theoreticians to study the 

properties of such systems. Although most of the characteristic phenomena 

of ferro- and antiferromagnetics are understood qualitatively these days, 

little progress has been made in the field of exact solutions of therm6-

dynamical functions (for a review see Domb, 1960 and Griffiths, 1972). ., 
In fact it is only for one "realistic" model that shows long-range order, 

that some of the thermodynamical functions have been solved (Onsager, 1944, 

1949; Kaufman, 1949; Kaufman and Onsager, 1949; Yang, 1952; Wu, 1966; 

Cheng and Wu, 1967; McCoy and Wu, l967a, 1967b). 

In order to classify the Hamiltonians, "model" systems have been in

troduced (Stanley, 1971, 1974). They are characteri~ed by the spin dimen

sionality (D) and the lattice dimensionality (d). For classical models, 

D describes the dimensionality of the spin vector, We can distinguish· the 

special cases D•l (!sing model (1925), spins are restricted to the ~-axis), 

D=2 (plane rotator, Vaks and Larkin, 1966; spins are free to rotate in the 

XY plane), D=3 (classical Heisenberg, Heller and Kramers, 1934; isotropic 

in three dimensions) and Daoo (spherical model, Berlin and Kac, 1952; gene

rali~ation of the Heisenberg model for n-component spin vectors with n~). 

With this notation the Onsager solution describes the model with D=l and 

d=2. Solutions are also known for the classical models with d=l and gene

ral D (Nakamura, 1952; Fisher, 1964; Stanley, 1969a) and D-», for d=l,2,3 

(Stanley, 1968, 1969b). 

For quantum-mechanical (QM) models, the spin dimensionality is always 

three, but the type of exchange may favour certain directions. For QM mo

dels it is therefore more appropriate to identify D with the number of 

non-~ero principal values of the exchange tensor. As in the classical 

case1 we assume that these eigenvalues are equal. We shall have to specify 

the spin quntum nuber as well. 

Solutions for QM models on infinite lattices are even fewer than those 

for classical Hamiltonians. Solutions exist for D•l, d=l, S=! (!sing, 

1925) and D=2, d=l, S=i (Katsura, 1962). The !sing chain with S>! can in 

principle be solved by a transfer matrix technique (see for instance 

Kramers and Wannier, 1941 and Stanley, 1971). The Onsager solution also 

belongs to the class of QM models with D=1, d=2 and S=i· 

For all other Hamiltonians approximate techniques are required to 
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estimate the thermodynamical behaviour of the infinite system. The tech

nique of series expansions of thermodynamic functions around T=O and Taoo 

is a common tool for the estimation of thermal and magnetic behaviour in 

these cases (see for instance Betts, 1974; Domb, 1974a, 1974b; Rushbrooke 

et al., 1974). Although the method has been applied chiefly to, the class of 

model systems (classical as well as QM) other - more realistic - Hamilto

nians can be studied as well. 

In this thesis the technique of series expansions is applied to a num

ber of models and in various ways. In many cases attention is given to 

non-model Hamiltonians (QM) in order to obtain results that are of imme

diate practical interest. 

The division into chapters is largely determined by the contents of 

previously published articles. In view of the central position of the se

ries expansion technique itself, we include one chapter (II) that summa

rizes different methods of interest, and reviews such elementary items as 

graphs and oaa~renae numbers. Although chapter II is predominantly an 

introduction, it is not only a summary of previously published theories. 

In fact it also describes two new techniques. The first one, the finite 

cluster moment method (FCMM), may at present have little theoretical in

terest, but it can serve as a check on other techniques. The second, 

the finite lattice cumulant method (FLCM), on the other hand, may turn out 

to be of more general interest, It simplifies the calculation of series 

coefficients. 

Later chapters include frequent references to the methods and results of 

chapter II. 

In the chapters following II the general theories are applied in var

ious ways, All, except chapter VII, were initiated by experimental needs, 

although the emphasis will be on the expansion theories. 

Chapter Ill deals with Hamiltonians that contain two exchange inter

actions (J and J') of the same type but of different strength, with a 

ratio J'/J=A (de Neef, l975e). It is shown how the coefficients in the 

series expansion of a thermodynamic function depend on A. With this know

ledge it is possible to calculate these series to some order from the 

series for the special cases A=O, A=l and A=», The number of coefficients 

in a series that can be calculated in this way is limited. Use of the re

sults is simple since the special cases often correspond to model systems 

and the expansions for model Hamiltonians are extensively reported in 
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literature, 

The actual deviations from a model Hamiltonian often relate to the 

form of the exchange tensor; this means that the spin dimensionality D 

cannot be specified because of anisotropies. The resulting Hamiltonian 

of the system can still posses axial symmetry or it may even be completely 

anisotropic, Chapter IV deals with these modifications (de Neef and 

Hijmans, 1975). It is shown that certain series for the completely aniso

tropic Hamiltonian can be derived from a suitable combination of the coef

ficients in the series for the axial case. 

A somewhat different application of series expansions is presented in 

the chapters V and VI, which deal with the thermodynamic properties of 

one-dimensional lattices (rings and chains). Estimates for the infinite 

chain are obtained from a suitable combination of the results for finite 

chains. Their proper combination can be derived from series expansion 

techniques. 

In chapter V a Hamiltonian is examined that describes a chain of spins 

with Sml, coupled by a Heisenberg exchange and subject to a lattice ani

sotropy (de Nee£ and de Jonge, 1975). This situation is likely to occur 

in Ni2+ chains for instance. Results for the specific heat and the sus

ceptibility are reported for a variety. of ratios of exchange and aniso

tropy constants. The predictions are compared with a specific heat 

experiment. 

In chapter VI the specific heat and entropy of chains with Heisenberg 

exchange are studied. The spin quantum number ranges from S=! to 8=5/2. 
. 1 ( 5/2) • f . 1 . . Mn2+ h . Th1s last va ue S= 1s o spec1a 1nterest s1nce c a1ns may 

conform to such a model system. Here we have taken great care to obtain 

estimates of the specific heat over the whole temperature range. 

The extrapolations employed in chapters V and VI to the limit of an 

infinite chain are based on a formula that relates the properties of the 

infinite chain to those of finite chains. In chapters V and VI this for

mula is derived in different ways, according to the historical develop

ment. With the formulation of the FLCM technique of series expansions, a 

third, and very simple, derivation can be added, Moreover, with the FLCM 

we can show that this formula is a special case of a more general rela

tion. This is the subject of chapter VII, where we derive a method of ex

trapolating the thermodynamical functions of finite cubic lattices with 

arbitrary lattice dimensionality to the limit of the corresponding infini

te lattice, Motivated by the good results obtained in chapters V and VI 
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for d .. J. we examine the features of this technique for d=2 (de Neef and 

Enting, 1975). 

The thesis concludes with a review of the results obtained (CONCLUSIONS) 

and two appendices. Appendix A shows some exact results for short chains 

and rings. In appendix B a proof is presented for some relations occurring 

in the theory of the FLCM. 

Since each chapter may be identified with a separate publication, some 

c.are had to be taken to ensure uniformity in notation and lay-out. A satis

factory result could be obtained in most cases. However. certain quantities 

are hard to standardize. Graphs, for instance, will in chapter III have a 

label that shows their correspondence with the lattice dimensionality, 

while in chapter IV their relation to the anisotropy in the exchange is 

of importance; and in chapter VI none of these quantities is of interest. 

To avoid excessive labeling, we allowed graphs to have different·index-

ing in the different chapters. We hope that such concessions to readabi

lity will not give rise to confusion. 

4 



CHAPTER II 

SERIES EXPANSIONS OF THERMODYNAMIC FUNCTIONS, 

2.1 Introduation. 

Different types of series expansions have been used for thermodynamic 

functions. Depending on the type of the Hamiltonian one may apply high 

and low temperature expansions or density expansions (Domb, 1974a,b; 

Rushbrooke et al., 1974). For quantummechanical models, however, 

application is almost completely restricted to the high temperature 

series expansions (HTE). Spin wave theory may be considered as an ex

pansion around T = 0 (for a review see Keffer, 1966), but its power is as 

yet quite inferior to the HTE. 

This chapter will be devoted completely to the different techniques 

that can be used to calculate coefficients in the HTE of a thermodynamic 

function. The discussion is limited to techniques for quantum mechanical 

models. The advanced methods for Ising Hamiltonians (Domb, 1974b) are 

besides the interest of later applications in this thesis. 

Two methods are described that have not been reported in literature, 

but in order to show their full advantage we must include two "classic" 

techniques as well. 

We start in § 2.2 with the description of the moment method (MM). This 

technique, introduced by Opechowski (1937) 1 is an expansion of the part

ition function. A convenient approach is to introduce gPaphs, and some ex

amples of graphs and their properties will be shown. It will turn out 

that a calculation of series coefficients by this method is quite com

plicated but an easy simplification is possible. This results in a (new) 

method that uses the (separately calculated) eigenvalue spectrum of spin

clusters. It is called the finite cluster moment method (FCMM) (§ 2.3). 

Clusters of spins are of importance also in the calculation by the 

finite cluster cumulant method (FCCM) reviewed in § 2.4. This technique, 

introduced in 1960 (Domb), applies an expansion of ln(Z) instead of z. In 

comparison with the FCMM its application is simple. The second new 

technique, the finite lattice cumulant method (FLCM) is discussed next 

(§ 2,5), This technique is directly related -to -the FCCM. It is 

simpler than the FCCM, but application is limited. It may successfully be 

used with quantummechanical models for one dimensional (d = l) systems 
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only. For certain Ising models application was shown to be very powerful 

on a two dimensional lattice (de Neef and Enting, 1975). A formal dis

cussion of this application is deferred to chapter VII. 

Throughout the discussion in §§ 2.2 - 2,5 a Hamiltonian of the 

Heisenberg type is assumed, This does not influence the derivations. But 

there are differences between the methods in .the possibility to general

ize a calculation to other Hamiltonians. These differences are discussed 

in § 2.6. 

Series expansions of the type discussed here (finite power series in 

S • l/kT) are in a way a primitive tool when estimating the behaviour of 

a magnetic system. This is due to the inevitable singularities in the 

function under study, which determine the radius of convergence. A con

sequence is that the function cannot easily be estimated in this way 

below a certain temperature. On the other hand, when carefully analysing 

a series, one may obtain information about the singularities. If type and 

position of the singularity closest to the origin (13 • 0) is known, the 

series can be corrected for it and the temperature region of useful 

application increased. Often this singularity is physically interesting 

(ordering temperature) and knowledge about its position and its type are 

then of special interest. The last section of this chapter (§ 2,7) 

summarizes an important tool in the analysis of powerseries, the so

called Pade-approximant. 

2. 2 Moment method (MM). 

Expansion of a thermodynamic function around 13 = 0 is based on the 

possibility to expand the partition function in a power series in 13 • as 

z = E exp(-SE.) 
• l. 
l. 

-SH Tr(e ) = E (-l)kTr(Hk)Sk/k! 
k~O 

(l) 

The essential difficulty is the calculation of Tr(Hk) for sufficiently 

high It. For a general review Rushbrooke et al. (1974) should be consulted. 

We will confine our attention in this chapter to the case of a 

Hamiltonian with isotropic exchange, 
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H .. -2J E s.·s. - 2H E s~ 
<ij> 1 J i ' 1 

(2) 

The summation in (2) runs over all pairs of nearest neighbours on the 

lattice, This lattice will have N sites, all sites will be equivalent and 

we assume periodic boundary conditions*). 

The Hamiltonian contains only one exchange constant. In later chapters 

different couplings will be considered, but in this chapter all neigh

bouring pairs are equivalent. 

In order to discuss the different steps in the calculation of Tr(~) 
it is convenient to introduce the abbreviations 

and 

.... .... 
E s. •s. 

<ij> 1 J 

E s~ 
i 1 

Q. 

p (3) 

(4) 

We further define the normalized trace of an operator A working on the 

vector space spanned by N spins S as 

Tr(A)/ (2S+I}N, 

With 

equation (1) can be written as 

*) In later chapters the Zeeman term will have a proportionality constant a instead of 2, 

but for the present discussion a factor 2 is simplifying. 

(5) 

(6) 
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z (2S+I)N E 2k~kBk/k! (7) 
k>O 

The crucial point, the calculation of ~· will now be discussed. The de-
composition of JJk' 

lJk = Jk ~ (~)! {<Q~Pk-!>}, (8) 
!=0 J 

(the brackets {} indicate a summation over all permutations of P and Q) 

shows the need to examine normalized traces of the form <Q~~. 

If each spin product Si•Sj in His represented by a bar between points i 

and j on the lattice, and correspondingly S~ is represented by a cross 
1 

at site i, then PnQm covers a summation over all possible orientations of 

n bars and m crosses. In calculating the trace of PnQm, it is unimportant 

where the bars and crosses are located on the lattice, as lorlg as their 

topology is unchanged. Such an assembly is called a graph. Each graph has 

a certain order (n,m), depending on the number of bars and crosses in 

it. Two graphs are identical if the numbering of the sites in the first 

graph can be changed so as to obtain the numbering used for the second. 

Thus. on the square lattice, the two graphs shown in fig. I are identic

al. 

T 
I 

I I 

FIG.! Two possible embeddings of a graph on a square lattice. 

The number of graphs of order (n,m) is limited, and they may be indexed, 

We will use ~(n,m) to denote the k-th graph in PnQm and assign it the 

value corresponding to its normalized trace, In order to establish the , 

relation between <Q~~ and dk(n.m) it is required to count' the occurren-
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ce of \_(n,m) in the summation in <QnP~. This occurrence, pk(n,m), is 

identical to the number of different ways the graph can be placed on the 

lattice. 

Eq,(7) can now be rewritten as 

z (9) 

We will first comment on the calculation of pk(n,m). Obviously, since 

(9) does not otherwise relate to the previous summation over lattice 

sites, pk(n,m) bears all the information concerning the type of lattice 

for which (2) was defined. When changing the lattice type, (9) is thus 

changed through pk(n,m), reflecting the difference in occurrence of 

\_(n,m) on the lattice. Moreover, pk(n,m) must reflect the size of the 

lattice as well, 

The actual calculation of the occurrence factors is straightforward, 

though, for complicated graphs, time consuming. Three simple examples will 

give a general idea of the fundamental method, First the graph of fig. 2a 

is considered. When dealing with a square two dimensional lattice, this 

graph may appear in one of the orientations shown in figure 2b. Since 

a fixed point on the graph - say the centre position - can be placed at N 

different sites, the corresponding p2 (4,0) will be 6N. 

FtG.2a Graph with an inversion eenter. 

.......... I 
r---1 I 

FIG.2b All possible orientations of the 

graph of fig.2a on a square lattice. 
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The closely related graph of fig. 3 can be placed in the same manner, but 

since it lacks an inversion centre, its occurrence will be twice as high. 

FIG.3 Graph without an inversion center. 

In this way the occurrence is always found proportional to the number of 

lattice sites N, if the graph consists of a single part (simple graphs), 

When a graph is build from two or more unconnected parts (composite 

graphs), the procedure is slightly different. To show this, attention is 

given to the composite graph shown in fig. 4a. 

I l 
I 

I I 

! l 
1- I 

r--'1 

FIG.4a Composite graphs. FIG.4b 

It consists of the part examined already, and a separate cross, In order 
i 

to maintain this topology, the cross may be placed anywhere on the 

lattice, except on a site occupied already by the other part. Thus on the 

square lattice we would have pk(4,1) = 6N(N-3) for this graph. It is ob

vious that the expression for pk(n,m) can be written as a polynomial inN 

with as many terms as the number of separate parts in the graph. Due to 

the assumption of periodic boundary conditions, no constant term appears 

in this polynomial. 

Ac.tual calculations are done by computer and the programming is quite 

complicated (Martin, 1974). In this connection we mention that even 

simple graphs of order ten may occur already in the order of a few 

million times on a BCC lattice, 
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The next thing to examine is the calculation of ~(n,m), in (9). In 

recalling the definition of these graphs, we see that 

~(n,m) 
z .... s >} q • (10) 

+ + z 
where the<> enclose n terms (S.•S.) and m terms S , and the site in-

l. J p 
dices refer to the numbering of the sites occupied by the graph. The 

definition further implies a summation over all permutations of the n + m 

factors. 

The actual calculation is again most easily demonstrated by a simple 

example. The graph d2 (4,0), shown in fig. 5, will serve for this. 

---12--3 FIG.S Tile graph d (4,0) with a labeling of the sites. 
2 

The sites have been numbered, and with the notation (S1 •S2) = (12) and 

(S
2

•S
3

) = (23), (10) may be written as 

d2(4,0) < (12) (12) (23) (23) > + 

< (12) (23) (23) (12) > + 

< (23) (23) (12} (12) > + (ll) 

< (23) (12) (12) (23) > + 

< (12) (23) (12) (23) > + 

< (23) (12) (23) (12) > 

reflecting the six possible permutations of the four spin pairs. Each 
. x x YsY pair (12) and (23) is a scalar and conta1.ns three products: S1 S2 , S1 2 

and s~s:. If we further abreviate, and write [12]x for s~s~. etcetera, 

then the first of the six parts in (11) can be written as 

11 



< (12) (12) (23) (23) > = z < [12]a[12] 8[23]Y[23] 0>, (12) 
a,S,y,o= 
x,y,z 

and corresponding expressions are obtained for the other parts. Now, 

since <SaSS> = 0 for a + 8, (a, 8 = x,y.z) but <(Sa) 2 > does not vanish, 

the four factors in (12) should match in order that the trace does not 

vanish identically. In order to satisfy this requirement for S1 • we have 

a= 8 in (12) and for S
3

, y = o is required. In summary, the equivalent 

of (12) reads 

< (12) (12) (23) (23) > = 
a,y= 

x,y,z 

(13) 

When using the identities <(Sx) 2> = <(sY) 2> = <(Sz) 2>, (13) may be worked 

out, resulting in 

< (12) (12) (23) (23) > 3<(SZ)2(Sz)~(SZ)2> + 
1 2 a 

+ 6<(SZ)2(SZ)2(SX)2(SX)2>, 
1 2 2 3 

The properties of traces enable a further simplification, since 

<(Sz) 2(Sz) 2> = <(Sz) 2> <(Sz) 2> giving the final expression 
1 2 1 2 • 

< (12) (12) (23) (23) > 3<(SZ)2>2<(Sz)~> + 

+ 6<(SZ)2>2<(SZ)2(SX)2>, 

(]4) 

(15) 

Examination now shows that the first four terms in (11) all result in 

this expression, but that the last two differ. Proceeding along the same 

lines these can be found also and we end with the expression for d
2

(4,0): 
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(16) 

In similar calculations for other graphs, use can be made of certain 

theorems, These are summarized in Rushbrooke and Wood (1958) and 

Rushbrooke et al. (1974); for later use we will state the most important 

ones here. 

A, Any graph possesing a site that sees only one bar has vanishing 

trace. This is directly related to the fact that <Sa> = 0 for 

a = x,y,z. 

B. Any simple graph of order (n,O) that can be transformed in a compos

ite graph by the removal of a single bar, has vanishing trace. 

The proof proceeds along the following lines. First it is shown that 

the removal of a bar and subsequent insertion of two crosses on the 

sites previously connected to this bar, multiplies the trace by 

a constant, The two parts of the resulting composite graph thus bear 

one cross. Each of them will therefore be part of <P~Q>, It is then 

shown that these factors have vanishing trace by noting that ln(Z) is 

is an even function of H. 

c. In the calculation of <PnQ~ permutation of the n P-factors and m 

Q-factors can be avoided. This relates to the fact that [P,Q] = 0. 

D. In the calculation of the trace of a composite graph, permutations of 

the factors relating to different parts of the graph, can be avoided. 

The commutivaty of operators is here also basic. 

Since no actual calculations will be carried out in detail in the text of 

this thesis, we have ommitted other useful rules. 

Summarizing the different steps in the calculation of Tr(Hn), as part 

of the expansion of Z, we have 

1. Consider all topologically different graphs of the required order. 

2. Omit all graphs that have vanishing trace from first principles (A 

and B above) • 

3. Calculate the number of times each graph may occur on the lattice. 

4. Calculate the trace of each graph. 

The crux of the problem lies in step 4, as may be apparent from the pre

vious example. Expressions for the ~ (n,O), with S as a parameter, can be 

found in Rushbrooke et al. (1974) for n ~ 8, The pk(n,O) are tabulated 

for all simple graphs with n S 9 (Baker et al. 19~7b). 
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Before switching to methods avoiding step 4, we will first consider 

the relation between the expansion of z and the expansion of physical 

quantities, such as specific heat and susceptibility. Since these funct

ions, as others, are related to the Gibbs free energy, it.is convenient 

to consider the expansion of ln(Z). 

In view of the expansion of the logarithm, 

ln(l + x) 
i - E (-x) 

i2:l i 

ln(Z) can be obtained from (7) as 

ln(Z)/N ln(2S+l) + ln{l + E 2k~kBk/k!} • 
k.;::l 

(17) 

(18) 

(19) 

where the coefficients A.R. are called the cumulants, corresponding to the 

moments. ~R. (see for instance Rushbrooke and Wood, 1958), Straightforward 

comparison of the two expressions shows the relation between .the ~k and 

At for the lowest orders as 

A = ~1 1 

A. ~2 - ~2 
2 1 

(20} 
A3 ~3 - 3~1 ~2 + 2ll 3 

1 

A = - 4~1ll3 - 3~2 + 2 .. ~ .. 2 12ll1~2' 

It may be verified that for any order n the expression for An always con

tains lln once and only once. Now we recall that llk' when expressed in the 

lattice size, contains terms inN, N2 , N3 etc. The occurrence of simple 

graphs contributes to terms in N while composite graphs contribute to the 
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other terms as well. In combining the )J' s to the cumulants A., all terms 

in N2
, N3 etc. are canceled, This is a necessity since the Gibbs free 

energy and hence ln(Z) should remain finite when expressed per site, for 

increasing lattice dimensions (eg. Rushbrooke and Wood, 1958)• Thus, if 

the coefficient of N in the polynomial pk (n,m) is denoted by pk (n ,m), we 

may use all previous results for ln(Z) instead of Z by the substitution 

pk(n,m) ~ p~(n,m). 

The expansion for the specific heat in zero field is found by the 

usual differentiation of ln(Z) (C = - S2 32 lnZ/382 ). When calculated di

rectly, one may differentiate (19) and proceed as before, considering all 

graphs dk(n,O) only, 

The magnetic susceptibility in zero field (X = T o2 ln(Z)/oH2 ) comprises 

graphs dk(n,2). 

When proceeding along the lines sketched, one confines attention 

primarily to the calculation of the moments ~k' hence this technique is 

called the moment method (MM). It is applicable quite generally and the 

results may be expressed as polynomials in S. This is due to the general 

expressions that may be derived for the traces of products of spin 

operators in (16). 

However, the different steps involved in the calculation are complicated 

and this technique is hardly suitable for machine computations. Calculat

ions by hand were performed for specific heat and susceptibility for 

general S by Brown and Luttinger (1955), Brown (1956), Wood and 

Rushbrooke (1957) and Rushbrooke and Wood (1958). The longest known 

series are reported by Stephenson et al. {1968). For S = ~ reference 

should be made to Domb· and Sykes (1956, 1957). A review is found in 

Rushbrooke et al. (1974). Usually the coefficients are expressed in 

certain lattice constants, such that they may be evaluated for any 

lattice of interest. 

2.J Finite cLueteP moment method (FCMMJ 

In considering the derivation of (9) we note that no use has been made 

of the fact that the lattice was assumed periodic. For any (finite) 

cluster of N spins it is thus possible to express the partition function 

as 
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(21) 

L where now the occurrence numbers pk(n,m) are superscripted to denote the 

cluster for which they are calculated. 

This expression is the basis for a new technique that closely resem

bles the former (MM). But instead of going through all steps involved in 

the calculation of the traces of graphs, this method will consider only 

the sum of certain graphs and their contribution may be found from the 

partition function of (small) spin clusters. These partition functions 

are determined by solving (numerically) the eigenvalues of the corres

ponding Hamiltonian. 

Specializing to the case of a 1-d lattice, we encounter only one type 

of cluster, i.e. finite chains of different length, and L can be 

identified with the number of sites on this finite chain, hence L = N. 

Next we observe that a simple graph, covering M sites • occurs N-M+l 

times on a chain of length N (N ~ M) if the graph shows an inversion 

centre. If the graph is asymmetric these numbers are twice as large, This 

leads us (for the 1-d lattice) to the following definition*) of a shadow 

graph SG: 

{the sum (overt) of all simple graphs d~(n,m) that 

cover k sites, each d1 (n,m) multiplied by its 

occurrence number per site an· the infinite chain, 

p~ (n,m)}. 

The use of the definition is illustrated by the example presented in 

fig. 6. 

*) 

For a more general definition, valid for any lattice, we would have to introduce several new 

conceptions. In an informal description one considers the "shadow" of .a graph, which is the 

graph that results when all double bonds are replaced by single bonds and all crosses are 

removed. Several simple graphs will show the same shadow and their weighted sum forms a 

shadow graph. The weight assigned to each simple graph is related to its occurrence per site 

relative to the occurrence per site of its shadow. For the chain, the definition (22) is 

possible since each simple graph can be assigned a "length" and hence an identification of 

its shadow, and since the occurrence per site for the shadow is just unity. 

16 

/ 

(22) 



FIG.6 Relation between simple graphs and shadow graphs. 
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The occurrence of SGk(n,m) on a chain of length N is now N-k+l for N~k, 

and zero otherwise. 

It will be useful to distinguish between simple graphs and composite 

graphs. Since these latter are built from simple graphs we may use a 

vector subscript to denote which simple graphs are contained in it. 

But for convenience we turn here also to their shadows and define shadow 

composite graphs (SCG), whose traces are found from application of ruleD 

in the preceding paragraph (page 13): 

r 
with E n. = n, 

i=l l. 

SCG+(n,m) 
k 

r 
E m. =m. 

i=l l. 

r 
(n+m)! IT 

i=l 

SC\ (n. ,m.) 
i l. l. 

The r components of the vector subscript to SCG indicate what simple 

shadow graphs are its elements. 

(23) 

If we define the occurrence of an SC~ on a chain of length N as ~. then 

(21) can be rewritten as 

(24) 

with 
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(25) 

In (25) the last summation runs over all shadow composite graphs of order 

(n,m). In order to calculate the logarithm of Z for the infinite chain, 

we may proceed as before and find the analogue of (19) as 

ln(Z)/N 
2tat t i ~ i 

ln(2S+l) + E ~ Jt E (tl) Rt- • 
t>O ~ i=O J 

00 
• 

(26) 

n m. · when R
00

' lS deflned as 

(27) 

with q':.k· indicating the coefficient of N in the occurrence of SCGk· on 
l l 

the infinite chain. 

Although the relation between P~'m and R:•m is complicated, due to the 

difference between ~ and q~ • it is possible to calculate ln(Z)/N for 
ki ki 

the infinite lattice, if ZN is known for a number of finite chains*) • 

. The calculation is recursive, and in order to outline it further, we will 

*) 

For a chain 1 the occurrence functions ~ and q~ can be, calculated recursive~y. If the number 

of components of k is r and if k. gives the length of the i-th shadow graph in se~. then we 
N oo 

1 

may express Qj:' and qk as 

and 

with 

~ • (N-p+I):/{(N-p+r+l): n(k)} 

r 
p • E k. 

i•J ~ 
(accumulated length of the shadow graphs) 

p p 
and n(k) • IT { E o(k. ,l'.)): (reduction due to the occurrence of shadow graphs with 

t•2 i=l 1 

equal length). 

We recall that ~ gives the occurrence of the shadow composite graph S~(n,m) on the chain 

of length N, while <ti gives the coefficient of N in the polynomial (in N) that describes the 

occurrence of this sraph on the infinite ring. 
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suppose that all S~(n,m) are known for n~n0 , ~m0 , and examine if then 

all SG (n +l,m ) can be determined, -k 0 0 . 

Attention is therefore turned to eqn, (23), (24) and (25) first. The 

expression for the shadow composite graphs (23) shows that SCG+(n +I m ) 
k 0 • 0 

can be calculated if all of its components are known. But since these 

components are the shadow graphs SGk(n.,m.) with all n.~n and all m.~m, 
1 1 1 0 1 0 

it is certainly possible to calculate all SCG+(n +l,m ), Utilizing this 
k 0 0 

kn,owledge, eqn. (25) may be transformed in a matrix equation with 

SGk. (n +l,m) as unknowns: 
0 0 

+ 
M• SC(n +l ,m ) 

0 0 

...... 

+ 
V. 

The components of the vector SG are all possible shadow graphs 

( ) . :t . . SGk n
0

+1,m
0 

• The matr1x M conta1ns the informat1on concerning the 

occurrence of each S~ on a chain of length t, and v
1 

presents the 

information for each chain, hence, 

Mtk t-k+l (t~k) 

P no+l,m E SCG+ (n +l,m )r}. 
t 0 - k. 0 0 k. 

i l l 

VR, 

+ 

The matrix M is thus of the triangular type, and solutions for se can 

(28) 

(29) 

therefore be found if the number of equations equals or exceeds the num

ber of unknowns. The number of unknowns, the components of sG(n +l,m ), 
0 0 

is at most n +2 since we are dealing with simple graphs, whose length is 
0 

at maximum the number of bars plus one. 

The number of equations equals the number of chains for which 
n +l m • n +l m PR, o ' o can be calculated. S1nce the P 1 o · ' o are directly related 

to the partition function for a chain of length t, this is the number 

of chains for which the eigenvalue spectrum could be solved, 

Returning to the original assumption of this calculation, we conclude 

that all SGk(n +l,m) can be determined if all SGk(n,m) with ~n , ~m 
0 0 0 0 

are known, provided ZN is known for a sufficiant number of chains to 

solve (28), Since the same reasoning holds for the stepwise increase in 
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m , and since for n =m = 0 the solution is trivial, one may deten'nine all 
0 0 0 

contributions from shadow graphs up to a certain order. 

This maximum order is determined by the rules A and B of the preceding 

section (p. 13) If for all chains with length N~N the partition function 
0 

is known, then the limits are 

n max 2N - l 
0 

n ,. N - l max o 

when m = 0, (30) 

when m > 0. (31) 

The series for the infinite chain are now obtained by substituting the 

graph contributions determined in eqn.(28) and (23). The above rules show 

that the series for the specific heat in zero field can be extended about 

twice as far as the series for the susceptibility. This stems from rules 

A and B that show that for the specific heat series two neighbouring 

sites in a graph should at least be connected by two bars. For the sus

ceptibility graphs (graphs with two crosses present) no such condition 

holds. 

Although the present derivation was specialized to the case of a 

chain, there is no objection to using the finite cluster moment method 

for other lattice types as well. In comparing it to the original moment 

method we note the following differences: 

1. With the MM all graphs of a certain order are considered, while with 

the FCMM these are combined and only shadow graphs enter the express

ions. That this is possible stems from the fact that the ratio of the 

occurrence of two graphs having the same shadow, is a fixed number, 

determined by the symmetry of the graphs and it is independent of 

lattice type. 

Thus, for instance, the two graphs C:-) and <==)are treated 
separately in the MM, while on any lattice, finite or infinite, only 

their.weighted contribution 2~ + <==>is of interest. 

2. The traces of all graphs are, in the MM, obtained by direct enume

ration of all possible permutations of the spin pairs in each graph 

and finally reducing to products of traces of single spin operators. 

This elaborate calculation is in the FCMM replaced by the determina-
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tion of all eigenvalues for the Hamiltonians of a number of finite 

clusters. This operation is easily coputerized since it involves 

only the diagonalization of matrices. 

3. The process of diagonalization in the FCMM supposes a fixed value 

for the spin quantum number and the results obtained are valid only 

for the inserted S. The MM however, reducing all traces of graphs to 

the traces of single spin operators, will give the results with s as 

a parameter. 

In view of point 2. and 3. we may conclude that if the FCMM will enable 

the calculation of more coefficients in the series expansion of a thermo~ 

dynamic function than can be realized with the MM, this will be most 

pronounced for S • ~· For chains this is reflected by the highest 

coefficients that we could calculate by these methods for the series 

of the specific heat: 

s = 

s = 

s 

l 
2 

3 
2 

MM 

MM 

MM 

11 FCMM Zl 

11 FCMM 13 

I I FCMM ll 

Thus for S = ~ clearly a considerable number of extra coefficients can 

be obtained with the FCMM, 

2.4 Finite a~uster aumu~t method (FCCM). 

In order to find the trace of certain shadow graphs with the FCMM, the 

trace of a cluster was corrected for contributions from all composite 

graphs contained in it (cf. eqns. 24, 25, 28 and 29). 

A comparable procedure is employed in the finite cluster cumulant 

method (FCCM). But instead of a handling of the moments, associated with 

different clusters, the corresponding cumulants are the basic entities. 

Thus, instead of Z for a cluster (as in the FCMM), ln(Z) is calculated 

and compared with other clusters. That such a technique is possible. and 

moreover. that it is suitable for the calculation of a finite number of 

terms in a series, was not easily proved. But unlike the FCMM, the FCCM 
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is very extensively described in literature and we will restrict ourselves 

to a brief description. The technique was introduced in 1960 by Domb. The 

proof of its correctness was given by Rushbrooke (1964) and a good descrip

tion of its application may be found in Baker et al. (1967a). 

A complete description is present in the review of Rushbrooke et al. (1974) 

For the underlying cumulant method see also Brout (1959) and Horwitz and 

Callen (1961) for references. 

We will start again with the description for the case of a chain and 

consider other lattices later. 

The logarithm of the partition function of a chain with N spins, 

ln(ZN), has certain contributions that are present in smaller chains as 

well. One may try to correct ln(ZN) for these contributions of smaller 

chains, like the corrections for composite graphs in the FCMM, An import

ant observation is (Rushbrooke, 1964) that ln(Z), calculated for a 

composite graph, does not give rise to contributions other than those 

from the two separate parts. It is then possible to define the following 

recursion relations for the cumulant functions $: 

$1 

4> • 2 

4>3 

$ • 
N 

ln(Z ) 1 

ln(Z
2

) - 2$1 

ln(Z
3

) - 2$2 - 34>1 

N-1 
ln(ZN) - E (N-k+l)$k' 

k=l 

(32) 

The equations may be inverted to obtain the expression for ln(~) in 

terms of the !J>'s, This is important for the limit N ~ ""• in which case 

we find 
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At first glance, the usefulness of this method seems limited, since the 

summation in (33) is infinite, and truncation is likely to result in an 

error in all coefficients of the series expansion of ln(Z), Fortunately 

this is not the case. The series expansion of a cumulant function starts 

at some initial power of S, which is higher if the function has a higher 

index. Thus truncation of the series (33) affects only coefficients above 

a given order of e. 
Since the susceptibility and the specific heat are related to ln(Z) 

through simple differentiations, equivalents of (32) can be defined for 

these quantities as well as for ln(Z). Substitution of GN for ln(ZN) in 

(32) and (33) for instance, implicitly changing the meaning of the ~·s, 

gives the formal prescription for a direct expansion of the specific 

heat by the FGGM. For G as an example we may be more specific about the 

series expansions of the ~·s. Recalling the result of the FGMM, we note 

that the largest simple graph in order Sm contains I + ~m or I + ~(m-1) 

spins, depending on the fact wether m is even or odd. A chain with more 

than this number of spins will thus - to the order considered in a - not 

give more information than any smaller chain containing this largest 

graph. In (32) this will be reflected in the vanishing of ~·s - again 

to the order of S cosidered. In general we can write 

(34) 

and for an expansion of G we have i
0 

= 2k - 2. 

The effect of a finite number of ~·s on the number of correct terms in 

the expansion (33) is obvious, For actual calculations, the expansion of 

ln(ZN) is calculated from the eigenvalues of different clusters with the 

aid of the expansion of ln(l+x). 

The equation (32) can be solved stepwise or by use of a least squares 

criterion to avoid excessive error propagation. 

When dealing with other lattices, the method is virtually the same. 

One considers all shadow graphs on the lattice that may contribute to a 

certain order of the series expansion under study. All shadow graphs are 

now seen as clusters and their ln(Z) evaluated, Each cluster is corrected 

for contributions of smaller clusters as in (32). Thus, if the clusters 
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are numbered uniquely and deno):ed by [k] and if the occurrence of cluster 
' [k] . :.l: 

[k] on cluster [t] is given by the element T[t] of a matr~x T then 

(35a) 

or 

+ 
"Q .. T ;. (35b) 

The occurrence per site of cluster [k] on the infinite lattice may be re
+ 

presented by an element V[k] of a vector V, and consequently 

lnZ
00
/site 

+T + 
.. E VIkJ cj)[k] .. V </>. 

k 
(36) 

An extensive tabulation of clusters is given by Baker et al. (1967b), to

gether with the elements of l and V. 

2.5 Finite lattiae cumulant method (FLCM}.t 

Calculations with the aid of the FCCM include a considerable number of 

clusters and even if their eigenvalues can be calculated easily, as in 
+ 

the !sing case, limitations are set by the calculation of T and V. A 

possible escape may be found in the FLCM, described next. 

It is convenient to comment briefly on the notation that will be used. 

Two assemblies of spins are of importance in the discussion: clusters and 

lattiaes. Physically there is no difference between clusters and lattices 

but it is most helpful in the discussion to call a certain class of 

clusters by a special name. A cluster is, as in Rushbrooke et al. (1974), 

a number of spins coupled by interactions as prescribed by the 

tWith some modifications this paragraph will be published together with parts of chapter VII 

(de Neef and Enting, 1975). 
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Hamiltonian for which the series expansion is, evaluated, Of all possible 

clusters, only those are of importance that can be embedded on the in

finite lattice under investigation. A tattice is a cluster that displays 

certain characteristics of the infinite lattice, On a two dimensional 

square lattice for instance, we will call a cluster of wxt spins in a 

rectangle a lattice, In the three dimensional .case the term is reserved 

for all blocks of wxlxh spins. On a chain, each cluster is a lattiae as 

well. We further impose the condition that no two lattiaes are equal, 

That is, the rectangle lxwis distinguished from the rectangle wxl (if 

l + w), The essential property of a lattice is now that it can be placed 

on the infinite lattice only in one way (per site) while most clusters 

may be embedded in a number of ways, The notation for a lattice will be 

.{~}with~ a unique identification. Apart from the matrix land the 
+ • 

vector v, 1ntroduced at the end of the previous paragraph (p. 24), two 

more matrices are of importance, The occurrence of a cluster [k] on a 

lattice {~}, represented by the matrix 

+ 

i, with elements Rt~J· 

and the number of embeddings of a lattice {~} on a lattice {m} by 

i, with elements si!~· 

(37) 

(38) 

For all matrices the occurrence is the total number of embeddings (and 

not the number per site). When si!j + 0 we will say that {~} is contained 

in {m}. 

Any other quantities to be introduced will be subscripted with brackets 

or accolades depending on their relation to clusters or lattices. Where 

possible.we will define quantities first in component notation and repeat 

the formulation with vector or matrix products. The matrix notation, 

however, does not show whether components are in-brackets or in 

braces. 
In analogy with (35) the properties of lattices can be expressed as 
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(39a) 

hence 

-+-

0 = i $. (39h) 

In the thermodynamic limit the logarithm of the partition function can be 

expressed per site of the infinite lattice and in the adopted notation 

(36) reads 

(40) 

Our aim is to combine (40) and (39) in such a way that for the calculat

ion of the properties of the infinite lattice the properties of a (small) 

number of finite ~attiaes can be used, Now, of course, by inverting (39b) 

one may obtain this link immediately as 

(4J). 

-+ 
but the calculation of R and its inverse are cumbersome. Another solution 

may be obtained when V and i are suitably related. To accomplish this we 

introduce the number of "original embeddings" Wt~} of cluster [k] on 

~ttiae {~}. This number expresses the embeddings of [k] that are 

possible on {t} but not on any ~attiae contained in {t}. It is found by 

subtracting from the total number of embeddings R~~J. the number of 

original embeddings on all ~attiaes contained in {t} and hence 

or equivalently 
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{t} {p} ' (42) 



+ + + 
i4 .. s-I R:. (43) 

+ 
The important observation is that V may be expressed in components of W 
as 

(44) 

if i runs over all lattices with an original embedding of lk]. This 

expression states that VIkJ is the total number of original embeddings 

and thus the total number of embeddings per site, as is required by its 

definition. 

Combining (40), (43) and (44) the expression for 8
00
/site is obtained as 

8
00
/site (45) 

which is, with the aid of (39) expressed as 

{46) 

A further simplification is obtained after the introduction of a vector 

r. defined by 

+ .... +-1 .... r .. s e, 

+ 
so that 8

00
/site is related to the components of r as 

e,Jsite 

(47) 

(48) 
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The physical meaning of r is now to be considered: Comparison of (47) and 

(43) shows that the components of r can be expressed as 

and hence 

corrected 

Zattiaes. 

S{p} r 
{R,} {p}' (49) 

that r{R,} for a certain lattiae {R,} is the corresponding e{R,}• 
for contributions to e{t} that are present already on smaller 

. 4: 
In analogy w1th W one may say that r{R,} represents the contrib-

ution to e{R,} "original" for the lattiae. 
Equation (46) shows that the properties of an infinite lattice may be 

obtained from a suitable combination of the properties of a number of 

finite lattiaes. The correspondence with the finite cluster cumulant 

method, where the properties of a number of clusters are combined (c.f. 

eqn.(36)) lead us to the identification of the method: finite lattice 

cumulant method. 

It is by no means obvious at this point that the FLCM may be as power

ful as the FCCM. Moreover, it is not clear to what power of B the corres

pondence of (48) is fulfilled, that is, how many terms in the series ex

pansions left and right of the = sign are equal. This last question 

will be considered first. 

From the FCCM it is known what clusters must be considered in (40), in 

order to have the correspondence correct to some order Bn in inverse 

temperature. 

In view of eqn.(34) it is clear that only those clusters are of interest 

that have i0~ n. If for the moment the attention is focussed on the terms 

in e~ that are quadratic in the applied field (corresponding to the series 

expansion of the susceptibility), then it is easy to specify i
0

• For, in 

that case i
0 

is equal to the number of bonds in the cluster. Thus if (40) 

is required to be correct to order Bn then all clusters with n bonds or 

less have to be considered. The connection of the FCCM and the FLCM then 

shows that the same requirement for (46) implies that no Zattiae may be 

omitted that has an original embedding of one of these clusters. But to 

realize a cluster of n bonds, we need a block of spins of dimensions 

lxwxh with Z~+h S n+3. In fact, to include all original embeddings of 

all clusters with n bonds, we need all lattiaes for which l+w+h s n+3. 

For a calculation of the specific heat the FCCM requirement: is that twice 
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the number of bonds in a cll.tster should. be les.s than or equal to n and as 

a consequence, in the FLCM, l~+h ~ [t(n+3)]. 

The question of the possible application of;the FLCM can now be con

sidered, Attention is given first to a two dimensional square lattice. A 

logical consequence of the above results is to consider the solution of 

(46) or (48) for the ensemble of all rectangular lattiaes LxW with 

z~ ~ n+2. Equation (49) can then be solved numerically and the result 

substituted in (48). The exp~ession for e~Z-dim) is remarkably simple. 

We have 

0 (2-dim)/ 't 
00 sl e "' (50) 

when 

n-l 
Q i: 0{kx(n-k)} (n~Z), (5l) 
n 

k=l 

Q = 0 (n<2), n 

where the index to e shows the size of the lattiae. Once this result is 

known, it is not hard to prove by induction that it is correct. (This 

proof is, for the above equations as well as for the following, presented 

in Appendix B.) In order to compare the labour involved in solving e~Z-d) 
to some order by the FLCM it is most helpful to consider an example, 

Suppose then that n=9. When advancing along the lines of the FCCM, Q[k] 

must be solved for 280 clusters. All 40600 elements of the matrix t must 
-+ 

be evaluated as well as the 280 elements of V. 
In the procedure of the FLCM, the number of lattiaes for which e{k} must 

be solved is 16. No further counting is required since (50) is universal. 

It thus looks as if the FLCM is considerably simpler than the FCCM, 

and as far as counting problems are involved this is certainly the case. 

The crux lies in the calculation of Q[k] and e{k}' In the above 

example the largest clusters have 10 spins but the largest lattice 

contains 30 spins. Application of the FLCM is thus useful only if the 

calculation of e{k} for a large number of spins in a lattice is no ob-
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jection. This excludes in general all but the Ising Ramiltonians. 

Application to such models will be considered in chapter VII. 

In the class of simple cubic lattices. to which we limit the discuss

ions. there are two more situations. The linear chain and SC lattice are 

the one and three dimensional realizations. 

For the linear chain the analogue of (50) reads 

e<J) /site "' e - e 
oo n+l n• (52) 

a result that has been applied before (Baker et al., 1964; de Neef et al., 

1974; chapter V of this thesis). 

For the three dimensional simple cubic lattice the equation is found to 

be 

e~3 ) /site "' Q +
1
-sn +lOQ 

1
-lOQ 

2
+5Q 

3
-n 

4
, (53) 

w n n n- n- n- n-

if Qn is a generalization of (51) and now sums all lattices with l+W+h=n, 

In view of (SO), (52) and (53) it is straightforward to gene~alize the 

expression for 8
00 

to the case of a hyper cubic lattice of dimension d. If 

Qn in this generalization is interpreted as the sum of all lattiaea with 

constant sum of their edges, we arrive at 

(d) Zd-l k 2d-l 
800 /site "' E (-1) ( k ) Qn+J-k' 

k•o 

A complete proof is presented in Appendix B. 
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2,6 Anisotropia Hamiltonians. 

All the previously described methods start with the Hamiltonian 

(2.2), Introduction of other terms in H will affect the calculations only 

slightly. If for instance, H is no longer isotropic, but includes axial 

exchange tensors, 

H' = -2J L {S~S~ + o(s':s~ + S~S~)} - 2 HI: s7, (55) 
<ij > l. J 1 J 1 J i 1 

the series expansion can still be calculated with all the techniques 

mentioned, There are, however, a few remarks concerning such changes in 

H in the various techniques. 

First of all we note that the moment method, when all steps in the 

calculation for the Heisenberg Hamiltonian (§2.2) were carefully record

ed, would easily be transformed for the case of H'. All previous equiva

lences of <(Sa)k> for a = x,y,z could merely be replaced in order to 

distinguish between a x,y and a= z as in (55). 

For the FCMM and the FCCM it is not possible to handle a Hamiltonian like 

(55) directly. Since for both methods a knowledge is required of the 

eigenvalue spectrum of a number of clusters, o needs to be specified 

beforehand. It is in general impossible to include a parameter in the 

calculations as outlined, This difficulty can be avoided in two ways. 

First, the series of a quantity is calculated for a number of different 

values of 6. These series are then compared and, since the coefficients 

are necessarily polynomials in o, their general expression may be deter

mined in this way. 

The second way is to avoid the evaluation of eigenvalues and instead 

calculate Z directly for all clusters of interest. Since Z can be ex

pressed in traces of powers of H (cf. §2.1), the expansion of Z can be 

found from repeated multiplication of the matrix, representing H, with 

itself and summing the diagonal elements after each stepp. In this way 

it is possible to maintain o as a parameter, although the complete eva

luation along these lines is quite complicated. 
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2. 7 Anatysis of se:t'ies e:x:pansions. 

The expansion of a thermodynamic function in a power series (in ~) 

will describe the function correctly in the neighbourhoud of S = O. It 

depends on the radius of convergence of the series, in what temperature 

region and to what extend a correct description of the true function is 

possible. The singularity that determines the radius of convergence is of 

special interest. First of all it may be situated on the real T axis. In 

· that case it has a physical origin and corresponds to a phase boundary in 

the magnetic phase diagram. In this case a number of thermodynamic 

functions diverge at the same temperature and it was found that for any 

function Q(S) an approximation of the form 

(56) 

is likely (see,for instance, Domb, 1960; Helier, 1967 and Stanley, 1971). 

The prediction of relations between the "critical indices" y for differ

ent functions (Griffith, 1972; Vicentini-Missoni, 1972) makes an analysis 

of the divergence of different functions of special interest. The power . 

series expansions provide a helpful tool here. 

The singularities closest to the origin may also lie off the real 

axis. In this case they occur in pairs, and to ensure a real Q(S) for 

real arguments we have 

* A(S- S )-y (13- 13*)-y • 
0 0 

Although a complex value for y has been reported (Domb and Guttmann, 

(57) 

1970), (57) can in many cases be simplified for real y. It is not cl~ar 

if the relations among the critical indices should occur in this case. 

Nevertheless an analysis of these singularities is of interest for prac- . 

tical reasons. For, if it is possible to obtain realistic values for S 
0 

and y, the original series can be corrected for the contribution of the 

singularities and a new series is obtained with a larger radius of con
vergence. 
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A quite commonly used tool for series ~nalysis is the technique of 

Fade approximants (PA1s) (Baker et al., l967b; Gaunt and Guttmann, 1974). 

A PA [N/D] of a series is the ratio of two powerseries of degree N and D 

respectively, whose coefficients are such that the series expansion of 

the PA equals the original series for N+D terms. 

Thus, if for the quantity Q(i3) the series is known to some degree n as 

Q(i3) "' 
n 
2: 

i=O 

i q.S • 
l 

we may construct all f<n+l)(n+2) PA's [N/D] to Q with N+D+l ~ n as 

N i 2: niB N+D 
IN/D] = 

i=O i + 0(!3N+D+l), 
D 2: q.S 

l + E d.Si i=O 1 

i=l 1 

By starting the denominator with a fixed number, as in (59), it is 

possible to determine all N+D+l coefficients n. and d. uniquely. 
1 l 

(58) 

(59) 

If the divergence of Q(S) is properly described by (57), then we hav~ 

for the logarithmic derivative of Q(S), 

l _!q w + a ) = ...::L_ 
Q as o a - a 

0 

(60) 

One may hope that PA's to this function will indicate the simple pole as 

a root in the denominator polynomial. The usual procedure is to construct 

a table of the roots of the denominator in all [N/D] to the corresponding 

series and see if a common zero is present. In this way 13
0 

can be estim

ated as an average over different FA's. The residue of [N/D] at the 

appropriate zero of the denominator is the negative of y and for that 

quantity too an averaging is possible. The original function may then 

be rewritten as 
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Q 'V (61) 

and an increase in the radius of convergence is likely, 

The procedure may be repeated with the nominator of (61). This procedure 

thus results in a description of the function that is applicable for 

larger arguments f3 than. was possible with the original powerseries, 

An estimate of Q(f3) may be obtained also from a direct integration of 

the approximants [N/D) to alnQ/aa. Although this method is not very use

ful for the presentation of a functional description, it does' serve as a 

simple tool in tabulations of Q. Plots of the results for various N and 

D indicate the reliability of the result. 
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CHAPTER Ill 

HIGH TEMPERATURE SERIES ON LATTICES WITH TWO INTERACTION STRENGTHS.t 

3.1 Introduction. 

The calculation of coefficients in series expansions of the thermo

dynamic-functions has been concentrated on the model Hamiltonians on 

model lattices. For theoretical use of these series this is a logical 

development since the effort can be concentrated in this way. 

Application of series expansions in experimental magnetism, on the other 

hand,requires knowledge of expansions for a variety of Hamiltonians, 

since a model system is not likely. Also the close approximations of 

ideal models as DAG (Dysprosium Aluminium Garnet, Landau,l967; Landau et 

al., 1971; Wolf et al., 1972) (3-d, Ising) and TMMC (Tetra Methyl Ammonium 

Manganese Chloride, Di~tz et al., 1971) (1-d, Heisenberg) show- under de

tailed examination - discrepancies from their assumed model equivalents. 

It is hard to indicate the influence of additional interactions in 

the Hamiltonian on the coefficients in a series expansion of some quan

tity. For TMMC, for instance, one may argue that the corrections in 

the coefficient of Sk (B=I/kT) are proportional to 6k, if 6 is the ra

tio of inter and intra exchange J
1
/J

0
• This would make such corrections 

of interest only in the first few terms. However, examination of dif

ferent graphs on the 1-d and the 3-d lattice indicates that corrections 

can be present in order 62 and that their ma~itude increases rapidly 

with increasing k. Therefore they would be of .interest especially in 

the higher coefficients. 

This chapter is devoted to the examination of possible general rules 

for the series for Hamiltonians with nearest neighbour and next nearest 

neighbour interactions, The situation of a dominant chain structure 

is a special case of this. 

3.2 Theory. 

Given a common form and magnitude of intra chain and inter chain ex-

from minor modifications the text of this chapter was submitted for publication in 

Solid State Conmunications (de Neef, 1975e). 
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change tensors, it is possible to calculate the first few coefficients 

in a powerseries with general techniques (Rushbrooke and Wood, 1958; 

'nomb, 1960, 1970; Rushbrooke et al., 1974). However, the result would be 

useful only for a special case. We therefore have attempted to derive re

lations that are not restricted by the magnitude of A or by the spin 

quantum number S, An examination of the simplest possible arrangement of 

chains (in a P type tetragonal 3-d lattice) readily resulted in quite a 

general rule. In order to turn to a more general lattice afterwards, it 

is most helpful to study the result for this tetragonal arrangement in 

more detail first. Therefore we listed the graphs that may contribute in 

this situation in table I. Each bar represents a nearest neighbour ex

change bond. 

1 
ORDER GRAPH OCCURRENCE pt (t,s) OCCURRENCE at (R) I 

B.t dt (1) ! 1!.2 li' !!.' t.' 1-d 2-d 3-d 

s• d (2) - ! 2 0 0 0 ! 2 3 
l 

B' d (3) - l 0 2 0 0 I 2 3 
1 -

s• d (4) 
I - ! 0 0 2 0 l 2 3 

d (4) 
2 == ! 8 0 6 0 l 6 ! 5 

d (4) 

' D 0 2 0 l 0 0 l 3 

d (4) 

' 
= - _, /2 -8 0 -7 0 _, 12 -7 -" t. 

s• d (5) 
1 

' I 0 0 0 2 l 2 3 

d (5) 
2 

iiii3l 2 8 8 0 !2 2 !2 30 

d(5) 0 0 4 4 0 4 0 4 12 
' 

d (5) = • - -3 -8 -8 0 -14 -3 -14 -33 

TABL!! I The graphs that may contribute to the specific heat series of a primitive tetragonal 

lattice. The use of the table is explained in the text. 

The three rightmost columns give the occurrence of each graph for the 

linear chain at ( l), the plane square lattice at (2) and the simple cubic 

lattice at(3), respectively. For the 3-d tetragonal lattice with 

36 



exchange ~atio J 1/J0 • A the graphs may contribute in different orders 

of'A. The corresponding frequencies are tabulated in the first five 

columns, All numbers indicate the terms linear in N (= number of lattice 

points). The series expansion for the specific heat C may be written as 

C(A) E 
R->1 

(I) 

with K = SJ0 and where pt(R.,s) is the occurrence of graph d (R.) in order 
s t 

8 on the 3-d lattice. The dt(R,) themselves represent the trace of a graph. 

It may be verified that the cases 8 = 0 and 8 = 1 yield the correct 1-d 

and 3-d result respectively. In order to calculate the third summation 

in (1) it is not required to know the values of dt(t) in detail, since 

the columns in table I are not independent. For instance, for all t, 

(2) 

This allows us to express the powerseries for the tetragonal lattice with 

exchange J
0 

and J
1 

= AJ
0 

in terms of the series for the 1-d, 2-d and 3-d 

lattices, each with only one exchange constant (which in the following 

text will be called homogeneous lattices). If for these lattices the se

ries is written as 

C(R) (3} 

with R labeling the lattice dimension, then by inspection and with the 

use of relations like (2), 

{a
2

(l)+A2 a
2

(2)}K2 + 

{a (I)+A3a (2)}K3+ 
3 3 

{a (I)+A2 [a (3)-a (2)-a,,(l)]+A~a (2)}K4 + 
4 4 q ~ 4 

{a5 (l)+~(82+8 3 )fa5 (3)-a5 (2)-a 5 (l)]+A5a5 (2)}K5 • (4) 
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At this point it is convenient to determine the significance of the 

coefficients of Ak. Fo,r A = 0 the resulting series should be that for a 

1-d lattice and thus the coefficients of A0 are just the coefficients in 

C(J). In order~ of K, the term.with A1 is composed of graphs that have 

no bonds on,the chain, and thus these terms are the coefficients of C(2), 

We are then left with graphs that have bonds on the chain as well as 

perpendicular to it, so that their contributing trace is proportional to 

some power of A, smaller than ~. Since in the case A = I the series 

should be that of a homogeneous 3-d lattice, their total contribution in 

that case adds up to c
2 

(3) - c1 (2) - C~ (l). 

For K" then the term with 1:!,2 is explained, Fo.r K5 we note that all graphs 

are equally distributed over n2 and A3 which explains the last line in 

(4). It is impossible to determine in this way a corresponding expression 

for K6
• In that term there appear graphs such as 

and 

... 

'which may contribute in different orders of A. But on any homogeneous 

lattice only their weighted sum is of importance (shadow graph) and it is 

thus impossible to deduce their individual contribution from the series 

expansions on different homogeneous lattices. 

The question arises whether relation (4) can be generalized for 

other lattices. The structure of the terms indicates such a possibility. 

In correspondence with (3) we therefore first define the seri~s on the 

basic lattices. For a lattice with two different exchange constants J
0 

and J 1 we then call the lattice that results if J
1 

= 0, lattice A. The 

case J 0 = 0 results in lattice B and for J 0 = J 1 a homogeneous lattice C 

is obtained. 

It is then easy to generalize eq,(4) to this more general case: 
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C(A) • {a
2

(A)+A2a
2

(B)}K2+ 

{a
3

(A)+A 3 a
3
(B)}K3+ 

{a,. (A)+il4 [a
4 

(C)-a., (B)-a., (A)] +A"a., (B) }K'++ 

{a5 (A)+!(A2 +A 3 )(a
5

(C)-a
5

(B)-a
5

(A)]+A 5a
5

(B)}K5 • (Sa) 



Due to the possible existence of triangles on the basic lattices, the 

validity of (5a) is restricted. These may cause problems in order 1{5 

like those shown before for linear graphs in order K6 , The traces of the 

two graphs 

and 

for instance, cannot be obtained separately from a combination of the 

series expansion on homogeneous lattices. However, they do not interfere 

with (Sa) when they occur on A or B alone. We thus conclude that (Sa) is' 

valid for any combination of lattices A and B to a more complicated 

lattice C if the combination of A and B does not introduce extra 

triangles of neighbouring spins. (It is thus not allowed to combine a 

linear chain (A) and a plane square lattice (B) to a plane triangular' 

configuration (C), but combination of a linear chain and a plane 

triangular lattice to a simple hexagonal layered lattice is possible 

with (Sa).) 

In case the number of triangles on C is more than the sum of their 

numbers on A and B (Sa) should be modified. The fifth and fourth order 

terms can no longer be determined and the third order term changes. 

Proceeding along the same lines as before we find in that case*) 

C I (fl) 

(Sb) 

The two relations (Sa) and (Sb) describe the modification of the terms in 

*) 

It should be observed that (!ib) is derived assuming that a triangle introduced by combining 

A and B has one bond in the lattice A and two in B~ In the reverse case the factor A2 in the 

second term shoUld be changed to 6. In the rare cases where the combinati~ of A and B intro

duces triangles that share two bonds in A and triangles that do so in B, the factor must be 

replaced by CIA+( l-a)i>1 , if <> is the ratio of the occurrences. 

A tenn in K~ may be derived if only triangles are introduced, and no squares. 
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a series expansion of the specific heat on a certain lattice when intro

ducing extra interact.ions. Their application is useful when the series 

expansions are known on the three composing homogeneous lattices. No res

trictions exist on the actual form of the exchange tensors, providing J
0 

and J
1 

are of the same type (both Heisenberg or both XY for instance). 

The spinquantumnumber does not enter in (Sa) or (Sb) and any combination 

of lattices may be studied, Since the result is exact only to order K5 or 

K3 , theoretical use will be limited, However, in experimental magnetism, 

where the first few coefficients of a powerseries are widely used to fit 

datapoints and to estimate the form and strength of exchange interactions 

(Kopinga et al., 197S; de Jonge et al., l97S), the expressions may be of 

help. With the aid of known series for model lattices (e.g. Rushbrooke 

and Wood, 1958; Rushbrooke et al,, 1974) it is now possible to calculate 

correction terms for the actual physical lattice. For nearly l-d and 

nearly 2-d lattices for instance the expressions are easily applied. 

In cases where more than two exchange constants are of importance, the 

general outline may still be followed, although direct use of (Sa) or 

(Sb) is not possible. 

Series expansions for the susceptibility X in general involve "larger" 

graphs and application of the procedure to that quantity is possible only 

to order K2
: 

(6) 

The definition of b. (R) corresponds with. that for a. (R) in (3), In this 
1 1 

case no restrictions are set upon the lattice, since in K2 no triangles 

can contribute. For lattices with nearest neighbour and next nearest 

neighbour interactions, which are a speciali.zation of the cases studied 

here, extensive series have been published (see for instance Pirnie et al. 

1966; Dalton, 1966 and Rushbrooke et al., 1974). 
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CHAPTER IV 

HIGH TEMPERATURE SERIES FOR S 

4.1 IntPoduation. 

t 
~ WITH ANISOTROPIC EXCHANGE. 

In practice many magnetic compounds do not behave like model systems and 

experimental physicists are confronted with a lack of data concerning the 

series for more general Hamiltonians. This may imply interactions of 

different strength (Ch.III) or a more general form of the exchange tensor. 

In this chapter we will turn our attention to this last case and write 

the Hamiltonian in the axial form 

H = -2 E {J1 (S~S~ + S~S~) + JJ.S~S7} +HE s7 
<ij> l J J. J l J i l 

(1) 

with S = ~. The summation runs over all pairs of nearest neighbours and 

each pair is counted once. In order to calculate the series expansion 

for the logarithm of the partition function, 

(2) 

we employed the finite cluster cumulant method (Domb, 1960; Rushbrooke, 

1964; Rushbrooke et al., 1974; chapter II), for a set of ratio's J11 /J.L• 

The e~perimental interest of our laboratory in the magnetic behaviour 

of certain insulators motivated us to see whether this same technique 

could be applied to the more general Hamiltonian 

H' -2 E {J s~s~ + J s~s~ + J s7s~} + HE s7 
<ij> X l J y l J Z l. J i l 

for which the series would read 

tThis chapter corresponds to a paper appearing in Journal of Physics A (de Neef and Hijmans, 

1975). 

(3) 
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ln(z'(~,H)) (4) 

It is obvious that the extra labour involved is considerable, partly due 

to the higher number of yki~ but mainly due to the fact that T (= L S~) 
N Z • 1 

is no longer a good quantum number in (3). This reduces the symmetry of 

H'(as compared to (t)) and results in much larger matrices that have to 

be handled, 

It was found however, that the coefficients in the series for the zero 

field specific heat (or equivalently the yki~) for a Hamiltonian like (3) 
iO k 

are related to the~ from the axial case (1). 

4.2 Method of calculation. 

The most powerful method of calculating the coefficients in a series 

expansion of ln(Z) for aS = I Hamiltonian like (1) is probably the 

finite cluster cumulant method (Domb, 1960). In order to find the series 

for an infinite lattice with this technique, the series for a number of 

relatively small clusters of spins are calculated and combined in a 

suitable way. Details of the different steps in this process are clearly 

described elsewhere (see for instance Baker et al., 1967a; Rushbrooke et 

al., 1974 and chapter II, §2.4) and tables that describe the way in which 

clusters should be combined have been published by Baker et al. (1967b). 

Here we wish to emphasize one point, concerning the arithmetic. 

The coefficients in the series for any particular cluster are obtained 

from Tr(HiT~) for the corresponding Hamiltonian. When dealing with an 

isotropic interaction tensor (Jg = J~), this is usually done through 

repeated multiplication of the matrix representation of H on any suitable 

set of basis functions. 

For S = ~ the basis can be chosen such that this matrix contains only 

integer numbers and computer calculations are then errorless. In our case 

of anisotropic exchange, Tr(HiTj) should be solved for a number of z 
ratio's J6 /J~. Although it is still possible to choose J1/JL as an 

integer, thereby obtaining a matrix that contains only integers also, we 

found this way too cumbersome and proceeded differently. Instead of using 
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matrix multiplications to obtain Tr(BiT~), we calculated the eigenvalues 

of H and computed the traces from these. Since T is a good quantum num
z 

her, the eigenvalues can be labeled according to the eigenvalues of T 
z 

and no difficulties arise. This set up introduces some rounding errors 

but on the other hand the computations are less time consuming, 

Solving ln(Z) for given J 11 and J.L results in a series 

ln(Z(f3,H)) (5) 

It should be noted that in this expression the coefficients a .. are not 
l.J 

known as funationa of Jl and J.L. Their numerical values are known only 

for certain combinations of the two parameters. Since each coefficient 

aij(Jq,JL) in (5) can be expressed in a homogeneous polynomial of degree 

i in J 0 and J.L• 

the final coefficients ~tj can be solved by comparing the numerical 

values of aij (J11 ,J l.) in (5) for different sets of J 1 and J l.. 

(6) 

As mentioned, the aij (J 11 ,JJ.) are subject to rounding errors and an aver

aging is therefore desirable. We solved (5) for 14 different ratio's 

J 1/JJ. and this averaging was accomplished by requiring the squaressum 

F. • = (7) 
l.J 

to reach a minimum for the ~~j to be determined. The ~~j' found in this 

way, are not errorless but the minimum value of F .. can be used to in
l.J 

dicate their reliability. 

We will now turn to the possibility of calculating the series for the 

general Hamiltonian (3). In order to find the expressions for the 

coefficients b .. (J ,Jy,J) in (4), we first define their polynomial ex-
l.J X Z 

pression in accordance with (6) as 
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b .. (J ,J ,J) 
lJ X y Z 

Our aim is to establish a relation between Y~i and a!j· Since 

b •• (J.L,J.1.,J11 ) = a •• (J.L,J1 ), this is readily done by the substitution 
lJ lJ 

(8) 

J = J = JJ.. and J = Ja in (8) and comparing the result with (6). This 
X y Z 

shows that for any i and j 

k' .. 
r r!l ~ (k=O,l, •••• i). 

~-o """-"1 

For i and j fixed, the number of unknowns on the right hand side is 

!(i+l)(i+2), whereas the number of coefficients on the left hand side 

(9) 

is just i+l. In general it is 

for all rti for given i and j 

symmetries may be present and 

thus not possible to determine the values 

from the i different aij. However, certain 
m ' 

these are most helpful when j=O and R=O. In 

that case no external prefered direction is imposed on the Hamiltonian 

and H' is invariant under any permutation of J , J and J • 
• X y Z 

F h ff . . 10 h. . 1 . h 1 . or t e coe .1c1ents yk~ t 1s 1mp 1es t e re at1ons 

(lO) 

iO It is obvious that this symmetry reduces the number of coefficients yk~ 

quite drastically. To show the effect on the calculation we will consider 

the coefficients in S3 in more detail. 

For the general Hamiltonian (3) we find, grouping different terms in 

accordance with (10), 

b3o(Jx,Jy,Jz) y3 0 
00 

(J3 + J3 + J3) + 
X y Z 

y30 (J J2 + J J2 + J J2 + J2J + J2J + J2J ) + 
01 X y y z Z X xy y z Z X 

y30 
ll JxJyJz• 
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and for the axial case 

(12) 

Substitution of Jx = JY = J~ and J~ = JU in (11) and comparison of (11) 

and (12) then leads to the set of equations (9), which read 

et 3 0 y30 
0 00 

Ct30 2y30 
1 01 

Ct30 
2 

2y30 
01 + y~~ 

et 3 0 2y30 + 2y30 
3 00 Ol' (l3) 

The three different y3 0 
kR. are thus uniquely determined as 

y30 a so 
00 0 • 

y30 
01 

!et 3 0 
1 • 

y30 = 
1 1 

Ct30 
2 

- a.30 
1 • (14) 

and besides, it is clear that a relation must exist between the four a. 30 • 
m 

For higher terms the corresponding set of equations becomes still under-

determined and no unique solution can be found. In fact, for i = 4 one 

would end up with five equations and six unknowns. However, a number of 

the coefficients yt~ can be neglected since their value must be ~ero. In 

the above example for instance, y~~ must vanish since in 63 the only 

graphs with a nonvanishing trace are 

and 
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But the first gives rise to Y{~ since any other combination would result 

in a vanishing trace, and the second graph contributes only to y;g. (This 

explains the predicted extra relation between the four a 30
,) 

m 
A systematic examination of all graphs yields some general rules con-

• h . d. . k d 0 • iO T.T • 11 h cern1ng t e 1n 1ces 1, an N 1n yki' we may state qu1te genera y t at 

no graphs exist that contribute to yiO with R, odd, Other restrictions may 
OR-

be present that depend on the type of lattice for which the series is 

calculated, For all open cubic lattices (no odd numbered rings) for in

stance, examination of the graphs show that i, j and k should be all even 

or all odd. Such conditions affect both the number of equations and the 

number of unknowns in (9). We did not study this problem in great detail 

for all lattices, but a first examination reveals that the set is still 

solvable in order 87 for any lattice. We conclude therefore that thls 

method is rather generally applicable, although its use is primarily 

of experimental interest, because for theoretical analysis of series, 

order 87 is quite low. On the open lattices, where solutions can be 

found to order B11
, the restriction is less severe. 

Attempts to apply the same method to the series of the susceptibility 

(yti> fail already at order 84
, due to the fact that H' no longer is in

variant under all permutations of Jx• Jy and J
3

, 

4,3 Results. 

The series expansion of ln(Z) was calculated on four open lattices: 

the linear chain (1-d), square (2-d), simple cubic (3-d) and BCC (3-d). 

The polynomials representing the coefficients b. 0 (J ,J ,J ) and 
l. X y Z 

aij(Jft,JL) (j>O) are expressed as integer ratio's in table I. The table 

is divided in sections, corresponding to the power of H in (2). Each 

section contains seven columns, corresponding respectively to: the order 

of e. ~ identification of the non-zero coefficients a~j or yt~- a multi

plication factor and the information for the four lattice types, 

F th t . H0 h • d • f. • f h iO • f or e erms 1n t e 1 ent1 1cat1on o t e yki 1s a set o three 

numbers listing the respective powers of J , J and J , It should be re-
• X y Z 

minded that, like in (11), permutation of the J , J and J is implicit. 
X y Z 

Thus {1,1,3} for example, corresponds. to (J J J 3 + J J 3J + JsJ J) 
X y Z .X y Z X y Z 0 

{2,2,2} to J2J2J2 and {1,3,5} to (J JaJs + JsJsJ + JsJ Js + J JsJs + 
5 3 3 X I z X y z X y z X y z X y z 

J J J + J J J ). xyz xyz 
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The other sections of the table compile information for the axial sym

metric Hamiltonian (1). In that case no permutations are allowed and 
. 2 .. 

(2,4) for example, should thus be read as (J~J~). 

Each of the numbers in the four last columns must be multiplied by the 

appropriate constant in the third column. 

As was mentioned, the coefficients are not free from rounding errors, 

The minimum squaressum resulting from the least squares fit (7) in the 

determi~ation of the ~j' is used to estimate the accuracy of the 

numbers. This is expressed by asterisks, superscripted to the numbers in 

the four last columns of the table. If one asterisk is attached, a 

deviation of ±5 is possible. For two asterisks a maximum error of ±50 

terms in a0 in ln ( Z' (6,H) ) 

i"Jl f" 
{ X y z} factor CHAIN SQUARE CUBIC BCC 

eo {0,0,0) ln(2) 

1!2 {0,0,2} 1/222~ 4 

63 { 1' 1' 1} 6/233! -1 -2 -3' -4 

e4 {0,0,4) 2/244! -1 10 33 140 

{0,2,2) -4 -24 -60 -112 

as { 1,1 ,3} 40/255~ 10 21 12 

86 {0,0,6} 8/266! 64 1626 11888 

{0,2,4} 18 -108 -810 -7560 

{2,2,2} -51 846 4131 12756 

B7 {1 ,I ,5} 16/27 7l -238 224 -4662 -19600 

{1,3,3} -679 -5418 -16569 13412 

B8 {0,0,8} 16/288! -17 4250 370641 5580220 

{0,2,6} -272 2306' -313096 .. -3256052>+ 

{0,4,4} -612 -1212' -16012 
.. -1021032 •• 

{2,2,4} 5424 11536 -216246 2536608 

B9 {1,1, 7} 64/299! 2790 -30056 -453634' -L3922881 .. 

{ 1 ,3,5} 15480 95539' 1467052' 7873215 .. . . 
-13809423 .. {3,3,3} 27840 864970 3870492 

TABLE I Coefficients in the series expansion of ln(Z(I!,H)) for four lattices, Terms 

in H0 are expressed in J , .J and J for the general Hamiltonian (3) • Other 
X y Z 

terms are given for the axial Hamiltonian (I). The correct use of the table 

is explained in the text. 
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may be present. Care was taken to ensure the correct result for Heisen

berg interaction (J = J = J) (Rushbrooke et al., 1974), for Ising ex-x y z . 
change (J = J = 0) (Domb, 1974b) and for the XY model (J • J , J • 0) 

X y X y Z 

(Bet~s, 1974 for terms in H0 ; Lee, 1971 for terms in H2 ). 

Previous results on the axial Hamiltonian were used as a check also, 

especially the results of Obokata et al. (1967) for the susceptibility of 

(I) on the linear chain, square and simple cubic lattices and the work 

of Wood and Dalton (1972). 

These checks were made by comparing the series for the specific heat in 

terms in H2. in ln ( Z (8 ,I!) ) 

(JkJi) 
:1. • factor CHAIN SQUARE CUBIC BCC 

a2 (0,0) l/2
22! 

g3 (0, l) 6/233! 4 

a4 (0,2) 24/244! 6 IS 28 

(2,0) -1 -2 -3 -4 

as (0,3) 80/255! 26 Ill 292 

(2,1) -3 -18 -45 -84 

86 (0,4) 240/266! 138 1059 3916 

(2,2) -2 -132 -606 -1640 

(4,0) 6 20 42 24 
B1 (0,5) 672/277! 902 12603 6.5524 

(2,3) -1110 -9345 -36100 

(4, 1) 15 350 1425 2100 

ss (0,6) 896/268! 2 13752 354450 2593136 

(2,4) -6 -20388 -323010 -1762294 
. 

(4,2) -225 8286 72405 197532. 

(6,0) -170 ~916 -4806 -8792. 

a9 (0,7) 4608/299! 60566 2904051 29907112 

(2,5) -63 -105630 -3139017 -24166230. 

(4,3) -273 54838 946617 4049008 
. 

(6,1) !75 -11396 -109725 -247688 
. 

TABLE I (Continued) 

48 



zero field, C = L i(i-l)ai0ai, and for.the susceptibility in zero field 

X= L 2ai2ai-l. For the Heisenberg Hamiltonian, the tables of Ruhbrooke 

et al. (1974) offered the possibility of a direct comparison for the 

expansion of ln(Z). Very recently van Dongen et al. (1975) obtained 

results for the linear chain with a comaprable method. Their results 

match with ours. 

terms in H4 in ln ( Z (S ,H) ) 

(J~J:) factor CHAIN SQUARE CUBIC BCC 

84 (0,0) 2/244! -I -I -I -I 

as (0,1) 80/255! -I -2 -3 -4 

s6 (O,Z) 120/266! -13 -66 -159 -292 

(2,0) 4 8 12 16 

s7 (0,3) 560/277! -40 -608 -2424 -6208 

(2,1) 39 198 477 876 

gB (0,4) ' 2240/288! -121 -6174 -41919 -150340 

(2,2) 212 3480 14124 36464 

(4,0) -51 -194 -429 -492 

B9 (0,5) 16128/299! -182 -34564 -407706 -2051288 

(2,3) 440 28260 198420 723800 

(4,1) -345 -4330 -16395 -30300 

terms in H6 in ln ( Z (B ,H) 

il6 (0,0) 16/266! 

87 (0,1) 1904/277! 2 3 4 

ss (0,2) 896/288! 107 522 1245 2276 

(2,0) ~ -17 -34 -51 -68 

B9 (0,3) 5376/299! 602 8092 31542 80024 

(2,1) -321 -1566 -3735 -6828 

terms in a 8 in ln ( Z(ll,H) ) 

as (0,0} 272/288! -I -1 -I -I 

a9 (0,1) 71424/299! -I -2 -3 -4 

TABLE t (Continued) 
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CHAPTER V 

THERMODYNAMICS OF LINEAR CHAINS WITR HEISENBERG EXCHANGE AND CRYSTAL 

FIELD ANISOTROPY FOR S = I . t 

5,1 Int~duction. 

The calculation of thermodynamic properties of an infinite ensemble of 

magnetically interacting spins forms a problem which has been a challenge 

to many theoreticians over the last decades. It is clear that, due to 

their relative theoretical simplicity, the one dimensional model systems 

have attracted most of the attention. However, even for these systems the 

exact solution of the Hamiltonian in terms of thermodynamical potentials 

gives rise to severe problems. 

Until now closed form expressions for the partition function could 

only be derived for the S = ~ Ising model (Ising, 1925), the S = ~ XY 

chain (Katsura, 1962) and for the classical limit S + oo with arbitrary 

spin dimensionality (Nakamura, 1952; Fisher, 1964; Stanley, 1969a). In 

principle the general spin !sing chain can also be solved with the aid of 

the transfer matrix technique (see for instance Kramers and Wannier, 1941; 

Stanley, 1971). For a number of other Hamiltonians approximate solutions 

have been published. Among these we mention low temperature approximations 

(spin wave theory; for a review see Keffer, 1966), high temperature series 

expansions (Rushbrooke and Wood, 1958; Baker et al., 1964; Rushbrooke et 

al., 1974; Domb, 1974b), Green's function approaches (Rhodes and Scales, 

1973; Kondo and Yamaji, 1972) and limited chainlength calculations 

(Bonner and Fisher, 1964; Weng, 1968), 

The approximate techniques were mostly applied to the case of isotropic 

interactions. In practice such isotropic interactions can hardly be expec-
• . 2+ 3+ 3+ ted. Except for S-state 1ons such as Mn , Fe and Gd an anisotropy 

in the exchange or in the single ion properties will, in general, be pre-
s 2+ 3+ • • sent. ForS = 2 (Mn , Fe ) the Green's funct1on analys1s of the specific 

heat of a Heisenberg chain (Rhodes and Scales, 1973) is therefore valuable, 

while for S = ! the general Hamiltonian with anisotropic exchange is re

viewed by Bonner and Fisher (1964). 

t 
This chapter is a modification of an article in The Physical Review B (de Nee£ and de Jonge, 

1975) • The main difference lies in the addition of the data for the susceptibility. 
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Whatever the dimensionality of the lattice, all ions with s > ! (ex

.cept those in an S-state) will in practise exhibit a zero field splitting 

due to interactions with the surrounding ligands. Among those the most 

experimental evidence is obtained on Ni2+ (S = I) compounds. Since the 

magnitude of the zero field splitting (6) depends on the actual surroun

ding, insight may be obtained in the dependence of the thermal and magne

tic behaviour on the ratio of zero field splitting and exchange. The 

theoretical prediction of a tricritical point in the related Blume-Emery

Griffiths model (1971) (Arora and Landau, 1973) make these s = I compounds 
• 11 • • ' • 2+ espec1a y 1nterest1ng. ExperLmental observatLons on Ni salts also indi-

cate a complicated magnetic behaviour (Schmidt and Friedberg, 1970; 

Botterman et al., 1973; Witteveen et al., 1975). In some salts, for instan

ce, it is observed that the specific heat displays two singularities, 

both of magnetic origin (Polgar et al., 1971; Klaaijsen, 1974). 

This is until now understood only on the basis of a molecular field 

approximation (de Neef and de Jonge, 1974). Except for some preliminary 

notes (de Neef, 1974; Klaaijsen, 1974; de Nee£ and de Jonge, 1975) no 

quantummechanical predictions are available for the thermal and magnetic 

behaviour of S = I assemblies with Heisenberg exchange and & ~ 0. 

In view of this lack of theoretical predictions we have started an 

investigation of Hamiltonians for S = I with axial zero field splitting 

and isotropic exchange, A logical start was found in the case of 1-d 

arrangement of spins. In that case the lattice (a chain or ring) is so 

simple that,apart from the series expansion of a thermodynamic potential, 

other methods are possible, This chapter deals with the thermodynamics 

of such linear systems and applies the methods of extrapolation from 

finite clusters of spins. 

In an attempt to justify such an extrapolation we derived a relation 

between the thermodynamical functions of clusters of different size and 

used this to obtain an estimate for the infinite chain. Like the earlier 

notes that deal with the same type of Hamiltonian we had to exclude the 

extreme low temperature limit. Attempts resembling those of Bonner and 

Fisher (1964) to describe the low temperature limit failed in the pre

sence of &. 
The next section (§5.2) defines the Hamiltonian and describes the ge

neral theory. The basic formula that justifies the extrapolation procedure 

is deriv~d on the basis of a series expansion. In paragraph three the 

specific heat and susceptibility for varying 6 and J (in magnitude as 
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well as in sign) will be presented and discussed. In the last paragraph 

we discuss the usefulness of the extrapolation procedure. 

5.2 Theor.>y. 

A one dimensional assembly of N spins S = 1 with axial zero field 

splitting /:,. and nearest neighbour isotropic exchange J may be represented 

by the Hamiltonian 

H = 
N-1 + ..... N N 

-2J E (s.·s .• 1) -D. r (s: -~) + aH r s. 
i•l l l i=] lZ 3 i=J lZ 

(1) 

In this form H represents an open chain, For the description of a ring an 

additional coupling between s1 and SN can be assumed. For small N the 

eigenvalues and associated eigenstates of H can be calculated by exact 

diagonalization of the corresponding matrix. No solution is known for the 

eigenvalues or for the partitionfunction in the case N + ""• 

The maximum N for which calculations can be performed is determined 

by the dimension of the eigenvalue problem. Therefore, good quantum 

numbers are of great help since by their application the matrix is 

divided in blocks, which can be diagonalized separately. 

The z component of total spin Tz • E Siz commutes with H and·basis funct

ions can be chosen that are eigenfunctions of T , The translational in-
z 

variance of H in the case of rings make the irreducible representations 

(IR) of the group DN (for N spins in the ring) good quantum numbers. 

Application of projection operators creates the appropriate basis 

functions belonging to a certain IR, For N > 3 some of the IR are two 

dimensional, resulting in a twofold degeneracy of the eigenvalues. This 

further reduces the eigenvalue problem. For a chain the only symmetry 

element is an inversion centre and therefore H transforms according to 

D2 • Calculations were performed on a Burroughs B6700 computer and this 

set a maximum allow ab le dimension of 300 .for the matrix equations, The 

application of good quantumnumbers then enables ring calculations up to 

N = 8, Due to the lower symmetry the largest chain for which H can be 

solved has seven spins, 

In order to outline the procedure of estimating the thermodynamical 

52 



properties of the infinite chain, we w.ill, for the moment, confine our 

attention to the specific heat. 

Once the eigenvalues Ei are known, the specific heat per spin can be 

calculated as 

kT 32 

-N - {T ln[L: exp(-E./kT)]}. 
. ar2 · i 1 

(2) 

The results of such a calculation for chains with various N are shown in 

fig, 1 for a case with ferromagnetic exchange. In order to obtain an 

6 

s 

::£ 
4 

0 
E -...., 
iO 3 
Ql 

.r:; 

.!::! -[2 
"' 

0 2 3 

kl/IJ I 

J>O 

MJ=1 

s 

FIG. l CN as a function of kT/J for finite chains with ferromagnetic exchange and A > 0. 

6 

estimate for the specific heat of an infinite chain, a correlation must 

be found between the results of the finite clusters of different size. 

Sometimes a sufficiently reliable result is obtained from an interpolat

ion between ~ and ~+ 1 for various N, if C
00 

is approached alternatingly. 
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This behaviour is displayed by antiferromagnetic rings (Bonner and 

Fisher, 1964}, In case of ferromagnetic coupling however, C00 is approach

ed monotonically for rings as well as for chains as is shown in fig. ~. 

In this case an erotFapolation of the data is required, introducing severe 

problems in the estimation of errorbounds. In order to avoid these un

certainties a relation of the form CN = f(N,C
00

) is desirable to establish 

a rigid base for the extrapolation formula. Such a relation may be ob

tained, at least for the high temperature tail, through an expansion of 

~in powers of JS (=J/kT), 

(3) 

and then deriving a relation of the form a~= g(N,a~). To do .this, a~ is 
l. 1 1 

expressed in traces of the Hamiltonian for a chain of N spins. The traces 

are correlated with the occurrance of certain graphs on the lattice 

(Rushbrooke and Wood, 1958; chapter II, § 2,2) through which the depend

ence of a~ on the chainlength N is determined. This procedure will be 

outlined in more detail for a~. Thereafter, general arguments will be 

sufficient to derive the relation for all coefficients, In the example 

of a~ we will restrict ourselves to the case ~ = o. However, the results 

are valid for the more general Hamiltonian as well. 

The relation between a~ and the traces of HN is given by 

OCCURRENCE 
GRAPH 

FOR N ... C>O 

d N 
2 

dl N • 
I d2 N 

4 

d' 

I 
lN(N - 3) • 
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2 

[tr(H~) - 3{tr(H~)} ]/N 

OCCURRENCE -
FOR FINITE N CONDITIONS 

N - 1 N > 1 
I 

N- I N > I 

N - 2 N > 2 

!(N- 2}(N- 3) N > 3 

(4) 

TABLE I 

Occurrence of graphs in g2 and g4 

on an infinite lattice and on finite 

chains of length N. For this last 

case the formulae at'e subject to the 

conditions in the right-most 

column • 



where tr(HN) denotes the normalized t~ace Tr(HN)/(2S+1)N. The only graph 

that contributes to tr(H~) is (S1 •S2 )
2

• denoted by d
2
.*) 

In H~ the nonvanishing graphs are 

and (5) 

The traces can now be expressed in the graphs by counting their frequency 

of occurrence on the lattice. For finite as well as for infinite chains 

the occurrence numbers are given in table I. Using these numbers we 

arrive at 

(6a) 

and 

(6b) 

in (6a) vanishes in view of (5) and N be expressed in The last term a., may 

"" a~ as 

N 00 1 
2d

2 2 (7) a a - [d + - 15(d ) ]/N. .. .. ~ .. 2 

*) The notation for a graph differs from that in Chapter II. Here only graphs for the specific 

heat are used in the example, and the correspondence with the identification of Chapter II 

is given by d:~(n,O). 
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To' obtain expressions like eq.(7) for all a~ it is observed that in 

analogy with eq. (6a) a~ can be expressed in a polynomial in N, 
l 

N a. • 1. (8) 

where the coefficients b~ are combinations of graphs di' Since for large 

N the result should be finite, all b! vanish for k > I (as was shown for 
N) F N h • a
4 

• or ai we may t us wr1.te 

FIG. 2 
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5·1 J>O 

1/2 

1/N 

A plot of ·~ versus l/N for two temperatures; For high temperatures the data points 

obey a linear relation, For lower temperatures deviations from this linearity are 
observed, 

(9) 



00 

In the limit N + oo this should equal &i' and combining this result with 

eq.(3) we obtain the required general expression between CN' c,., and N, 

(lO) 

with a(~) independent of N. 

Expressi6n (10) explains the fact that ~(T) is a monotonic function of N 

for ferromagnetic as well as for antiferromagnetic chains. 

A plot of ~vs. 1/N should result in a straight line from which C
00 

may be obtained. This actually turns out to be the case for kT>>IJI but 

for lower temperatures discrepancies from the linear relation appear, as 

shown in fig. 2. This can be understood when the conditions mentioned in 

table I are taken into account, since they affect the validity of eq.(9). 

In general it can be stated that eq.(9) is subject to the condition that 

i c. 11i2 ai3 I ai4 a iS 1 

2 I -3456 28800 116640 -3683232 

3 -9 57600 -207360 -4572288 42579432 

4 -720 8553600 -70615314 -92025461 

5 16200 -249965352 1644309072 

6 997920 -29387401344 

7 -43627248 i 

TABLl! It Coefficients in the series for the specific heat if C is written as 

with 

and 

i j i+j/3i+j(. ")' C(J l!.) ~ C(J,O) + C(O,l!.) + l: a •• J l!. B t+J • 
• • " l.J 

l,J 

When expressed in J/mol K , C must be multiplied by R • 8.3143. 

11 i6 

9386118 
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N should be large enough so that the chain contains all graphs in tr(Hi) 

at least once. For high temperatures the series expansion (3) is limited 

to one term of appreciable importance. Therefore eq,(lO) can be applied 

to all chains that contain the graph of tr(H2
), and thus for N ~ 2~ 

For decreasing temperature more and more terms in (3) are of importance 

and consequently a longer chain is required to contain the largest graph. 

The discrepancies of the linear relation (10) turn out to be alter

nating in sign for even and odd N and therefore it is possible to use 

the plot of CN VB. 1/N even for fairly low temperatures. Apart from C~, 

a least squares fitting procedure to the points gives a measure of the 

linearity and consequently results in an estimate of the uncertainty in 

C
00

, Independently we calculated the high temperature series by use of 

the finite cluster moment method (cf. chapter II, § 2.3), The coeffi

cients of the series were calculated for different ratios A/J. A combi

nation of these series (using the method explained before in chapter IV, 

§4.2) yielded expression for the coefficients in terms of J and A. Due 

to lack of accuracy, these general expressions are limited to six terms, 

They are tabulated in tables II and III .for specific heat and suscept

ibility respectively, 

i d. bil I bi2 bi3 bi4 
I 

biS 1 
I 

! 2 
64 i 0 -768 960 24192 

2 32 !008. 3744 -25440 -164592 

3 240 3840 i 174720 292608 

4 -3072 -181440 I 1841472 

5 -62400 225792 

6 2820096 i 

TABLE Ill Coefficients in the series for the susceptibility, if X is written as 

with 

and 
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The use of Pade appro~imants make these series useful for kT>2J. Compar

ison of the results obtained from the outlined extrapolation method with 

those of the series expansions show no differences. 

For rings a relation between ~ and C
00 

may also be derived. In that 

case however, the number of spins equals the number of bonds and it can 

be proved that the first term in eq. (8) vanishes. Consequently eq. 

(10) reduces to CN = C
00 

for all N. Here the formula is also subject to 

the condition that all graphs contributing appreciably to the series 

(3) must be present in the ring, Moreover, the ring graphs of order 

k~N that occur in tr(uk) for a ring of N spins should not contribute. 

This last condition probably explains the observed fact that extra

polation from rings is useful only for kT > 2J, 
All of the previous discussion may be applied to other thermody

namical functions as well. Thus, in order to find an estimate for the 

susceptibility (X) of the infinite chain, a plot of ~vs. 1/N will be 

used. The calculation of ~· 

6 
J>O 
6<0 

5 

:2 4 
0 e -.... 
.... 
" Gl .s: 
u 

i52 
Gl 

lit 

0 2 3 s 6 

k TIIJ I 

"FIG, .3 Estimated specific heat of an infinite "hain with ferromagnetic interaction and h < O. 

The ratio M IJI is indicated, The curves are drawn only for temperatures where the 

estimated error is less than 4%. C,. is expressed in the experimental wits J/mol K. 
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FIG. 4 Estimates of C
00 

when J > 0 and !; > 0. The comment of fig. 3 applies. 

(ll) 

may be made if the eigenvalues of HN are labeled with the eigenvalues of 

Tz' Since Tz was used as a good quantumnumber. this is easily accomplish

ed • 

5, ;; Resu "lts. 

Calculations were performed for all four possible sign combinations of 

J and a, with a variety of values for A/J, Estimates of the magnetic spe

cific heat for an infinite chain (C
00
). resulting from the extrapolation 

procedure sketched in the previous section, are shown in figures 3-6 *), 

*) Note that in de Nee£ and de Jonge (1975) a mistake was made in the indexing of the curves. 
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As we mentioned before, the uncertainty in the extrapolation increases 

with decreasing temperature, The results displayed in the figures are 

restricted to the temperature region where the estimated uncertainty is 

less than 4%. At kT/J • 2 a typical value for the possible error is 0.5%, 

Discussing the specific heat results we will distinguish two cases: the 

ferromagnetic (J>O) and the antiferromagnetic chain (J<O), The most in

teresting behaviour is observed in the case of ferromagnetic exchange 

(fig. 3.and 4), For small positive 8 the curves show a pronounced peak 

at the low temperature side. For small negative 8 the peak is less 

pronounced and reduces to a "shoulder". For moderate values of 8.(j8/Jj"'2) 

the temperature dependence of C
00 

is smooth and for large b (jb/Jj>4) a 

Schottky type anomaly appears in the high temperature tail. 

The influence of b in the case of an antiferromagnetic exchange is far 

less pronounced (fig. 5 and 6}. The specific heat curves remain smooth 

and the maximum gradually shifts to higher temperatures with increasing 

b/J. For jbj<\J\ the calculated curve hardly depends on b. In a compar

ison with experimental data it will probably be very difficult to 

determine even the sign of b in this case, 

i 
.J:. 

.\:! 

·~ 
·a. 
"' 

6.-------.--------.--------.--------,-------,,-------, 

3 

2 

0 2 3 

kl/IJI 

-8.0 

FIG. 5 c., when J < 0 and 1!:. < 0. Otherwise as fig. 3. 

6 
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The rather different effect of increasing ·A on the low temperature 
J specific heat of a ferromagnetic and an antiferromagnetic cha1n seems 1 at 

first glance, somewhat surprising. 

A possible physical interpretation of this effect may be found in the 

different behaviour near T = 0 of a ferromagnet and an antiferromagnet. 

For A = 0 1 the specific heat near T = 0 can be written as C « T~ with 

~ =· i for J > 0 and ~ = I for J < 0 (Bonner and Fisher, 1964), while for 

increasing A a gradual change to an exponential behaviour should be 

observed, irrespective to the sign of J. From this low temperature 

behaviour it can be concluded that the entropy gain near T = 0 is re

latively large for a ferromagnet compared with an antiferromagnet when 

A= 0, while it vanishes in the case of large jAj. 

As the total entropy gain between T = 0 and T + oo is fixed, one may 

expect an increase in C at higher temperatures for increasing A. In view 

of the above mentioned argument this increase will be more significant 

in the case J > 0. 

Due to the normalization on J, the effect of a large zero field split-

6 
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FIG. 6 Cm when J < 0 and !; > 0. Otherwise as fig. 3. 
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0 

kTIA 

FIG 7 Display of the specific heat for A < 0 as a function of kT/IAI. The labels refer 

to J/jaJ. For J = 0 the result is exact. 

ting on the specific heat can not properly be represented in the figures 

3 - 6. We plotted therefore some of the results normalized to A in figures 

7 and 8. 

For large negative A (fig. 7), the groundstate is non magnetic and the ex

change interaction will be a perturbation on the Schottky anomaly of the 

single ion specific heat. The plot illustrates this clearly. In first order 

the discrepancies from the case with J = 0 seem to be proportional to J 2 • 

For large positive A the two states with S = ±l are a low lying doub-z 
let. For J = 0 the specific heat will show the broad maximum of the single 

ion term (cf. fig. 8). In this case an additional exchange will have matrix 

elements between the two ground states and for small J the spin Hamiltonian 

formalism can be applied (Abragam and Pryce, 1951; Abragam and Bleaney, 

1970). This shows that in first order only the z-component of the exchange-
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FIG 8 Specific heat for 8 > 0 as a function of kT/6. The comment of fig. 7 applies. 

The dashed curves are obtained by adding the specific heat of an Ising chain to 

the Schottky specific heat (J : 0). 

tensor is of importance. Consequently the system should show the specific 

heat of an !sing chain superposed on the Schottky anomaly. In fig. 8 we 

show with dashed curves the specific heat resulting from such an approxi

mation. For the !sing chain no dependence exists on the sign of J. 

The'influence of the zero field splitting on the magnetic suscept

ibility is less drastic than on the specific heat. 

A gradual change in X is observed with increasing 6 (cf. fig. 9 and 10). 

For the ferromagnetic chain (fig. 10) the susceptibility diverges at 

T = O, unless the energy splitting is so large compared to the exchange 

that the groundstate is a non magnetic singlet. This occurs when 6/J<-2, 

in which case X will fall to zero for T + 0, 

When J < 0 the susceptibility remains finite for all 6 (fig. 9). Most 
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likely X will remain non zero when A =. 0, even for T = o. as indicated 

by Bonner and Fisher (1964) and Weng (1968), Their work indicates also 

that, as soon as the complete isotropic character of H is destroyed, X 

drops to zero for decreasing temperature, Our data are not reliable 

enough near T = 0 to conclude on this point. 

Recalling the discus.sion about the specific heat • we may conclude 

that for J < 0, a combination of C and X measurements will enable a de

termination of J and A. also when IA/JI<l, For J > 0 analysis of C 

alone is; sufficient to determine A and J. An example of such analysis 

is shown in fig. ll for the specific heat of CsNiF
3 

(Lebesque et al., 

1975). 

0 2 t. 
kl/J 

5 6 7 8 

FIG 9 Estimated (reduced) susceptibility of an infinite chain with antiferromagnetic ex

change for various ratio's M I J I· The curves are drawn in the temperature region 

where the estimated error is less than 4%. Note the break in the X-axis, 
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Estimates of X
00 

for ferromagnetic exchange. 

7 8 

In view of the results presented here for specific heat and suscept

ibility we may conclude that the technique of extrapolation from finite 

chains is powerful*), A complete discussion of its applicability must 

await the results of chapter VI, but even now we may draw some conclus

ions. 

First of all there is the difference in reliability of the results for 

C and X. The figures indicate this, since they give data only in a region 

*) The same technique as employed here, may be used to estimate other quantities, as entropy and· 

energy. Results for these .functions are not presented here. Details were reported with compre

hensive tables (de Neef, 1975b). 
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Comparison of our data with experimental observations of the specific heat of CsNiF3 
after subtraction of the lattice contribution. A least squares fit to the datapoints 

resulted in the estimates J/k = 10.8 K and A/k = -5.4 K. The drawn curve shows our 

estimate of C
00 

for these values of J and A. From Lebesque et al. (1975). 

where the estimate is accurate to 4%. It was possible to obtain estimates 

of C to a lower temperature than was possible for X. This is not sur

prising since in the discussion of § 5.2 the "largest graph" in a certain 

order became of importance, and while for C this graph will have double 

bonds, for X single bonds are required. It is thus obvious that estim
ates of C must be more reliable than those for x. One may observe also 

that, in case of the specific heat, estimates for J > 0 are slightly 

better than in the case J < 0. The explanation must be found in the 

character of the ground state in these cases. A ferromagnetic ground 

state is one with all spins aligned, and influence from the boundaries 

of a finite chain enter only through excited states. An antiferromagnetic 

ground state on the other hand is not simply a state with alternating 

spins. The finiteness of a chain is likely to enter here more direct. One 

may thus expect that for J > 0 a smoother behaviour of ~ with increasing 

N is observed than for J < 0, The better estimates for the ferromagnetic 

chains are therefore not surprising. 
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CHAPTER VI 

THERMAL PROPERTIES OF CHAINS WITH HEISENBERG EXCHANGE FOR S ~ f•t 

6. 1 Introduation. 

A direct extrapolation of thermodynamic functions from finite chains, 

as derived in the previous chapter, may be a useful method for many I-d 

Hamiltonians. The principal restriction of this technique is the calcul

ation of the properties of finite chains, which implies a diagonalizat

ion of the Hamiltonian. For spins S = l this was possible for seven 

spins at most (chapter V). For S = f this number is higher and applicat

ion is likely to result in reliable estimates. For S > 1 however, the 

maximum chainlength which can be handled decreases rapidly and it is 

not certain if the reduction of information allows meaningful predict

ions in that case. On the other hand, for S + oo the Hamiltonian can be 

treated in a classical way and it can be shown that in that limit a 

chain with two spins is sufficient to determine the behaviour of the 

infinite chain (Nakamura, 1952; Fisher, 1964; Stanley. 1968. 1969b). The 

reduced number of solvable chains, when studying higher spin quantum 

numbers, may tpus be compensated with a smoother dependence of the 

properties on the chainlength. 

The motive to study Hamiltonians with higher spin quantum ~umbers is 

found in the experimental need for estimates on S = f systems,' At least 

two &
2
+ c's = ~) salts are known to approach the limit of a one dimen

sional model system very well: TMMC (tetra methyl ammonium manganese 

chloride; Dingle et al., 1969; Dietz et al., 1971) and CMC (cesium man

ganese chloride; Smith. and Friedberg. 1968; Kobayashi et al., 1973). 

Since Mn2+ is an S-state ion, spin orbit coupling can be neglected in 

first approximation and the exchange between nearest neigbours can be 

expected to be highly isotropic. 

TMMC and CMC are therefore very good approximations of the model 

Hamiltonian with d = 1, D = 3 and S =f. Very little theoretical work is 

done to support the experimental effort in this case. Apart from the 

series expansions for general spin (Rushbrooke and Wood, l958; Stephenson 

tAn adopted version of this chapter was submitted for publication in The Physical Raview B 

(de Neef, 1975c). 
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et al., 1968) there have been investigations by Rhodes and Scales (1973) 

and Weng (1968). 

Rhodes and Scales performed a Green's-function analysis for the ferro

magnetic case and Weng interpolated between S t• S = J and S = oo, Their 

predictions on the specific heat deviate quite strongly from each other, 

even for fairly high temperatures. 

In view of this we have started an investigation on the specific heat 

of S = ~ chains with Heisenberg exchange, using the direct extrapolation 

from finite chains as a basic tool. It was felt that a study of the case 

s = ~ alone, might result in serious difficulties when estimating the re

liability of the result and a study of the cases with S < f was therefore 

included to Obtain some insight and to get some feeling. Apart from the 

temperature region when the direct extrapolations are reliable, we ex

amined the region near T = 0. Here, the data of finite chains are of 

little direct use, They may nevertheless be used to establish some low 

temperature relations and, together with the additional requirements im

posed by a correct entropy gain between T = 0 and T + oo, a fair result 

is obtained in this region as well. 

The difference in extrapolation techniques used in the high and low 

temperature regions determined the lay out of this chapter. After some 

general remarks (§ 2) we turn to the high temperature limit and consider 

the series expansion of C in §§ J and 4. Next the intermediate temper

ature region is investigated, employing Pade approximants (§ 5) and the 

technique of chapter V (§ 6). The basic formula for the extrapolation is 

rederived using the FCCM (in chapter V the MM was used), Finally the low 

temperature region is examined (§ 7). In the discussion of the results 

in § 8 we present the combined results and compare them with previous 

work, The chapter is concluded with some remarks concerning the useful

ness of the direct extrapolation from finite chains. 

6. 2 GenePal Pema!'ks. 

The common features of all systems studied here are the 1-d arrange

ment of spins and the absence of any anisotropy in the exchange inter

action. The interaction is between nearest neighbours only and a 

magnetic field is not present. For chains the Hamiltonian can be written 

as 
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(1) 

When dealing with rings the additional interaction ~etween sl and SN is 

included. 

The exchange J may be of ferromagnetic sign (J>O) or antiferromagnetic 

(J<O) and the spinquantumnumber S ranges from S = l to S = ~. 
2 2 

In estimating the thermodynamic behaviour of the 1-d system when 

N ~ oo, use will be made of the data for finite clusters of spins. To 

calculate the thermal behaviour for these systems, a detailed knowledge 

about the eigenvalue spectrum for given N and S is a prerequisite and we 

will first consider the limitations set upon this calculation. For N 

spins S there are (2S+l)N eigenvalues and they can be found by diagonal

izat1on of the matrix representation of H on any set of basis functions. 

The use of good quantumnumbers may facilitate such a diagonalization 

process since it will result in a factorization of the matrix. Due to 

the complete isotropic character of the interactions, good quantum-
-+z + -+ 

numbers are T and T (T = E S.). These are independent of the precise 
z i ~ 

topological way the spins are coupled. Further factorization may be 

accomplished with the aid of the symmetry of the cluster. The good 

quantumnumbers can be introduced in two different ways which we will 

briefly describe here. 

The first one is to construct basis functions that are eigenfunctions 

of Tz• project them on one of the IR of the group associated with H and 

finally apply a projection after total spin T. The first projection can 

be obtained using ordinary group theoretical methods (since the functions 

are already eigenfunctions of T , only positional permutations of the z 
spins are of importance and use of double groups can be avoided). The 

projection of a function on the subspace of a certain total spin T may be 

accomplished with the aid of the projector PT' 

rr [+sz ( )] - S S+l • 
s+T 

(2) 

Since any eigenfunction of Tz « ~ can contain only functions that belong 

to T > ~· the product may even be limited to S > T. 
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The second possibility consists of a <:onstruction of eigenfunctions of 'T2 

and Tz in the first stage by use of Clebsch-Gordon coefficients (see for 

instance Messiah, 1970) and use of the group symmetry in the second 

stage. In both cases further use can be made of the commutation of H and 

T2 , since this guarantees that any eigenvalue for the solution in the 

subspace with Tz a: M,: will reappear in the problem with M.f < M,: (all 

eigenvalues belonging to a. certain total spin Tare (2T+l) fold de

generate). Of these two possible attacks to the solution, the first one 

is preferable for the matter of program generality, since it results in 

a program that can handle any Hamiltonian that shows axial symmetry. The 

first projection is then applied according to the symmetry group of H and 

the second may be used if [H,T2 ] = O, as in the present study, This has 

been the set-up of our main programs. It turns out however, that the 

application of PT is so elaborate that it consumes all computer time 

saved in the solution of a smaller eigenvalue equation. For large N 

s _! N A(ring) A(chain) 

J/2 9 lO 66 

10 25 126 

11 44 236 

12 78 

u, 138 

I 6 24 74 

7 56 200 

8 140 

31 SI 

6 96 

2 4 19 45 

5 76 197 

5/2 4 35 76 

5 156 

B 

48 

90 

165 

297 

512 

40 

105 

280 

36 

120 

17 

70 

24 

120 

TABLE I. 

SU!IIlllary of the order of the largest eigen-

value problem arising in the solution of the 

energy spectrum of finite rings and chains. 

· The columns headed A give these numbers when 

use is made of the topological symmetry of 

the cluster, but not of the commutivity of 

H and T2
• Column B lists the order of the 

largest eigenvalue equation when the symmetry 

of the cluster is not taken into account, but 

JH,r2 ]wO and [H,Tz]=O is used. In this case 

no difference exists between rings and chains. 

Italic numbers in the second column indicate 

that it was not possible to calculate the 

eigenvalues for chains, but ·that rings could 

still be handled. 
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therefore the second scheme had to be used and there the symmetry of B 
had to be omitted for the same reasons. 

The maximum allowable number of spins in a cluster is determined by the 

resulting order of the largest eigenvalue problem, together with computer 

limitations. A summary of these numbers is given in Table I for rings and 

chains. 

Once the complete set of eigenvalues is know~, the partition function 

c:an be calculated from 

ZN • ~ exp(-SEi), (3) 
1 

with i summing over all (2S+l)N energylevels (S • 1/kT). 

The thermodynamic functions are then found from the Gibbs free energy 

(GN • -ln(ZN)/8) and its derivatives. All these functions, of course, 

give detailed information only for the finite systems from which they are 

derived, The main task in finding the behaviour of an infinite chain is 

to eliminate the boundary effects in case of a chain calculation or to 

extend the finite k spectrum to its continuous limit when dealing with 

rings. This happens to be possible in the two limits S + 0 and T + o, at 

least in principle. The high temperature region (SJ<<S2
) is most easily 

analysed by use of a perturbation series. The coefficients of these high 

temperature series expansions (HTE) for the infinite chain can be ex

pressed in traces of the Hamiltonian for finite clusters, which enables 

an indirect extrapolation to the case N + oo, The next section will be 

devoted to this case. 

For temperatures near T = 0 a spin wave approach may be used, It is 

generally assumed that this technique yields fair results for 3-d lat

tices but for a 1-d arrangement of spins the predictions turn out to be 

only of qualitative correctness. Study on this low temperature limit is 

suspended till §7~ 

The HTE, although covering a considerable part of the temperature scale, 

is not powerful enough to reach the spin wave region and one is left with 

the intermediate temperatures (SJ ~ 82 ). The use of Pade approximants for 

this temperature region will be considered in § 5. In § 6 we derive the 

chain extrapolation technique and show its usefulness. The complete re

sults for specific heat and entropy are presented in § 8 and in § 9 we 

conclude with some remarks concerning the technique employed, 
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6. 3 High temper>atUPe r>egion - series. e:x:pansion, 

In the extreme limit of S + O, all energy levels are equally populated 

and the partition function Z is just the total number of levels. For in

creasing B, Z(S) may then be expressed in a powerseries and all thermo

dynamic functions can be found by suitable: differentiation of this 

series. We will turn our attention mainly to the specific heat per site 

(C) and.for that quantity the first term in the series is in B2, 

M 
2: 

i=2 

i a.K 
l 

(4) 

with K = SJ. The series is infinite but in actual calculations M will be 

finite, The number of computable terms depends on the technique of cal

culating the coefficients. A straight-forward calculation after the 

general rules of Rushbrooke and Wood (1958) (MM cf. Ch. II § 2. 2) limits 

us to a maximum of M= 11 for general spin. However, once the Hamiltonian 

is solved for a number of finite chains, the coefficients may be calcul

ated from the eigenvalues by use of the FCCM or FCMM (Ch. II, §§ 2.4, 

2.5) and the maximum M is then related with the maximum size L of a 

chain through M= 21-1. 

With a Hamiltonian that is isotropic in its interactions and one 

dimensional, one might hope to find some recursions among the coeffi

cients in the HTE. We have studied this in some detail by examining the 

contributing graphs. Some recursions may in fact be found and one of them 

allows the calculation of a further term in the HTE, extending the upper

bound in (4) to M = 2L. 

This extra term would require a knowledge of the contribution of all 

shadow graphs SGJI, (2L,O) with Jl, :> L+l, Examination of equations · (23) 

through (28) of chapter II shows that any SGJI,(2L,O) with Jl, :1: L can be 

solved with the FCMM. We are thus left with the calculation of 

SGL+l (2L,O), which consists of only one simple graph that has a double 

bar between L+l consecutive sites. 

In analogy with the identification of the shadow graphs, we will index 

simple graphs also with their length, and since the Hamiltonian does not 

contain a Zeeman term, the index m in dJI, (n,m) may as well be omitted. The 

simple graph of interest is then dL+J(2L) •. Fig, 1 shows some of. these 
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graphs. 

d (2) 
2 

d (4) 
a 

d (6) • 

--------
------------

d(8) ==== s 

FIG. I 

Simple graphs ~+ 1 (2L) for 

increasing L. 

An approximate solution of dL+J(2L) is possible due to its close re

lation with d
1

(2L-2). This can best be demonstrated by starting with 

d
3

(4) and examine how from this graph d~(6) can be constructed. 

With reference to the discussion of the MM in chapter II (notably 

eq. ll-16), we may express d
3

(4) as 

4<(12)(12)(23)(23)> + 2<(12)(23)(12)(23)>. 

Each of these terms in turn can be expressed in the traces of single 

spin operators: 

<(12)(12)(23)(23)> = L 
a,y= 
x,y,z 

E 
a,y• 
x,y,z 

<(12)(23)(12)(23)> • E <[12]ct[23] [12] [23] > 
a,y= Y a Y 
x,y,z 

a,y= 
x,y,z 

where we used the notation of chapter II, § 2.2. 
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The combination of (5), (6a) and (6b) leads to 

which we will abbreviate to 

The terms T and R have different values. They are a basis for the re

presentations of the group of permutations of four quantities in two 

groups of two. 

Now for d
4

(6) there will be combinations of T , R , T and R • Here 
2 2 3 3 

(7) 

(8) 

again, T occurs twice as often as R as is also the case for T relat-
2 2 3 

ive to R
3

• In a simple minded attempt one might thus express d4 (6) in 

d
3

(4) as 

(9) 

reflecting the idea that 

(10) 

For general order we would then arrive at 

where the subscripts to T and R are omitted since they do not affect 
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their respective values, These formulae are of course not correct since 

it was assumed in (10) that T and R occur four and two times respective

ly; irrespective of the terms already present in the smaller graph. 

REAL 
TERM PAIR 

OCCURRENCE 

T T 42 
2 3 

T .lt 18 
2 • 

R T 18 
2 • 

R R 12 
2 3 

ESTIMATE OF 

I!Q. 10 

40 

20 

20 

10 

TABLE II 

The trace of the graph d~ (6) has contribu

tions from terms with different symmetry. 

The occurrence of combinations of these 

terms is listed, together with the numbers 

that result from an approximate formula. 

1Sr--------.---------.---------.---------.---------, 

10 

0 so 100 150 
2l(2l·ll 

FIG. 2 Plot of df.+l(2R.)/d~(2R,-2) versua 41(21-1) for S • i· The asymptotic linear behaviour 

ia used to estimate an extra coefficient in the HTI!. 
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Actqally there are correlations, as can be verified from table II where 

we list the possible combinations for d4 (6). For a large number of 

terms, as in the case of d
12 

(22) for S = I, one may assume that there 

will be a more or less constant distribution over all terms and equation 

( l l) may be generalized 

d1+1(21) d1(21- 2) a 21(21- J), (12) 

with a some constant. A plot of di+l(21)/d1 (21-2) against 21(21-1) 

would thus show a linear behaviour. The results for S = l are plotted 

in this way in fig. 2 and it is obvious that eq. (12) is a good approx

imation. The approximate value of d
12

(22) forS=~ can be calculated 

in this way and is accurate within 0.1 %. This results in a possible 

relative error of 10-
7 

in the coefficient a
22

• Similar calculations 

could be performed. for the· case of other S, although the errors in

crease considerably with increasing S. 

13. 4 Results of the series e:x;pansions. 

In order to calculate the coefficients in the series expansion of C 

we employed both the FCMM and the FCCM (cf. Ch. II, § § 2. 3 and 2. 4). 

Each of these techniques makes use of the eigenvalues of the Hamiltonians 

for finite chains. The results are therefore not completely independent, 

even concerning their errors. 

The way of solving the contributions of simple graphs and cumulant 

functions with a least squares criterion (cf. Ch. II, ,§ 4) gives, ex-

cept for the highest coefficients, an in.dication of their errors. Very 

surprisingly, this indicates that the errors in the coefficients obtained 

with the FCCM are about three orders of magnitude higher than those from 

the FCMM, although the latter involves more complicated steps •. Apparently 

an error in ·sG1 (k) does, through the action of shadow composite graphs 

to which it contributes, stabilize the errors in following coefficients. 

The series coefficients, as we present them in tables III thro1.1gh VII, 

are rounded at six decimals except the last ones in each series. Our 

checks indicate this to be the correct number of reliable digits for the 
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I 

higher coefficients. The last coefficient in each series, found by 

application of eq.(l2), is very rough for higher spin. Their errors are 

indicated in the tables. 

In order to obtain coefficients in the order of unity, the series are 

expressed in powers of JSS(S+l) instead of JS. 

i b. 
l 

0 1.0 

I -1.333333 

2 -2.222222 

3 5.925926 

4 1.382716 

5 -16.100960 

6 8.293370 

1 31.980259 

8 -41.425570 

9 -43.1i03537 

10 121.959798 

11 I I .991318 

12 -273.767213 

13 159.718026 

14 479.79798 

IS -664.30269 

16 572.72727 

17 1798.4461 

18 1827.128 

19 -12696.13 

20 -100357.5 

TABLE Ill S & 1/2. 

i b. 
l 

0 1.0 

I -0.166667 

2 -1.133333 

3 0.243827 

4 1.009671 

5 -0.267781 

6 -0.823004 

7 0.262174 

8 0.57±0.06 

TABLE VI S • 2. 
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b. i b. 
l l 

0 1.0 0 1.0 

-o.s I -0.266667 

-1,666667 2 -1.312000 

3 1.250000 3 0.477234 

4 2.138889 4 1.355578 

5 -2.226389 5 -0.625065 

6 -2.397016 6 -1.279653 

3.447366 7 o. 726823 

8 2.364325 8 1.148911 

9 -4.902016 9 -0.791381 

10 -1.939088 10 -1.07±0,02 

ll 6.541397 

12 1 1.35±0.2 TABLE V S • 3/2. 

TABLE VI S • I. 

i 

0 

I 

2 

3 

4 

5 

6 

7 

8 

TABLES II 1 - VII 

Coefficients in the series expansion of the 'specific heat 

of infinite chains with various spin. The nllll!bers corres

pond to the expression for C: 

C/k = 

b. 
l 

1.0 

-0.114286 

-o.t03336 

0. 147032 

0.838068 

-0.145777 

-0.619784 

0.129303 

1.5±0.3 

TABEL VII S • 5/2. 



6. 5 Intermediate temperatUPe region. 

As is well known a l-d arrangement of spins with short range inter

actions cannot sustain a state of long-range order and instead of a 

marked peak in C, a broad maximum is observed. The results obtained from 

a direct application of the HTE do not even indicate such a broad 

maximum, as shown in Fig. 3. In the neighbourhood of this maximum 

(T .~ S2 ;J) other techniques have thus to be used. The analysis of the 

series coefficients by Pade approximants (PA) has been shown to increase 

the region of usefulness of a series considerably (Baker et al., 1964). 

Basically a PA indicates the position of poles in the complex 8 plane, 

which determine the convergence radius of the HTE and the removal of 

these poles from the series automatically extends its applicability (cf. 

Ch. II, § 2,7), 

7 FlG. 3 

/5-a·,, J<O 

I ' 
Antiferromagnetic specific heat 

I ' as a function of reduced temper-
5 I ' 'I ature T* = kT/JS(S+l), for S;l/2 

-;:: I 
-o4 I and S=S/2. The curves represent 

E I estimates based on a finite num-

;:;3 I ber of terms in the RTE. The 
I 
I / 

numbers indicate the power of e 
2 I / in the last term of the series. 

I 113/ 
The dashed curves are estimates 

I / 6 
I / of the overall specific heat. / 
I / 
/ 

0 0.4 0.8 1.2 1.6 
kT [JS(5+1l]-1 

2.0 2.4 2.8 

It is convenient to apply the PA to the logarithmic derivative of the 
' specific1 heat series, assuming a power law divergence of C. The singular-

ities in C will lie in the complex B plane, off the real axis. The series 

of C may then be written in the form 

c 'V 
( 13) 

(B-B ) y (13-6*) Y* 
0 0 
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where s and s* indicate the position of the two conjugated singularities 
0 0 

closest to the origin. The orders are y and y* respectively, ensuring a 

real expression for real S. 
The zeros of the denominator of a PA to (oC/oS)/C then indicate the 

position of S
0 

and S~ and the residue of the PA in S
0 

is a measure for y. 

The results obtained in these ways are not very convincing. First of 

all the temperature region of reliable use is not as large as was hoped. 

Secondly we find a residue y which is spin dependent. For S = k• 
y = 1.55: 0.01 and forS=~. y = 1.83: 0.05. Such a spindependency is 

not expected in view of the general assumptions of universality (Stanley, 

1971; Kadanoff, 1966). 

In order to examine the poles more closely we used the following 

simple consideration. Since C is a derivative of the Gibbs free energy G, 

any pole in C may be caused by a zero in the partition function z. We can 

thus study the zeros of Z for different chains and estimate their limit

ing behaviour in that way. Fig. 4 displays the position of these zeros 

for a number of chainlengths when S = i· Since the location of roots of a 

complex function is not at all simple, we did not attempt to find them 

all, but those shown in the plot are sufficient to indicate the behaviour. 

With increasing chainlength, the number of roots increases and their 

location changes. The lines indicate this change of position if the 

chainlength is increased. Several lines can thus be drawn, all approach

ing the point S = 0.11 : 0.46 i obtained from the PA analysis. All 
0 

zeros lead to a residue y = 2, since if we write: 

z 

then 

c 
o* 

--- +- [(~) 
(S-S*)z ez e 

0 

(14) 

e" - -]. 
ez 

(IS) 

It is hard to justify the conclusion that y = 2 in the limit N + oo since 

several poles, distinct for finite N, then coincide. We found however, 
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S2 
~ 2.5 
..... 

"" 

2.0 

-1.0 

·-
-0.75 -0.5 

4 Re (KJ 

FIG. ~ 

The position of some roots in the partition 

function for finite chains (S • f>, together 

with the estimated limit for the infinite 

chain. The numbers indicate the length of the 

chains. Only those roots are shown that dis

play a regular behaviour for increasing number 

of spins. Others exist but are in general 

further fro1n the origin. Note that the origin 

is outside the frame of the plot. 

-025 

that for y = 2, a 6
0 

can be located such that in (13) all bi with i > 2 

become of order 0.1 (while in the original series the highest coeffi

cients are of order 20). We note also that an approximate fitting of the 

estimated C for N ~ oo, obtained in section 8, results in y ~ 2 for all S, 

as was shown also in a preliminary paper (de Neef et al., 1974). 

The uncertainty in y may be related to the fact that the usefulness of a 

HTE generally increases with increasing coordination number of the lat

tice, 

(See, for instance, the difference between two and three dimensional 

lattices (Betts et al., 1970; Yamaji and Kondo, 1973) and, for 3-d 

81 



systems, the difference between open and close packed arrangements 

(Baker et al., 1967a).) One may anticipate that in the case of a 1-d 

lattice this situation will be worst and that the results of a Fade

analysis of series in that case should be interpreted with care. 

Fortunately we are not primarily interested in the order of the 

singularities, but in an estimate of C for real temperatures. Pade
approximants can then be used directly, Thus instead of averaging over 

position and order of the singularities found with various [N/D] to 

(actaS)/c. we may integrate each [N/D] in order to find different estim

ates for ln(C), The results obtained in this way are considerably better 

than the results from application of (4) or (13). Examples of the estim

ates are shown in fig. 5. 

u 

FIG. 5 

1.6 
kT[JS(5+1lr1 

2.0 2.l. 

J<O 

2.8 

Antiferromagnetic specific heat as a function of reduced temperature T* = kT/JS(S+l), 

forS= 1,2 and 5/2. The curves represent estimates based on an integration of the 

Pade-approxifants to the logarithmic derivative of the HTE. The order of the approxi

mant is indicated. 

Also the direct extrapolation of the results for different chain

lengths to the limit N + oo may serve to establish the behaviour of the 
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infinite chain. It was shown that such.a procedure gives fairly reliable 

estimates for a wide range of temperatures (Chapter V; de Nee£ and 

de Jonge. 1975). In the previous chapter the basis for this technique was 

derived from an examination of the MM. An easier foundation is possible 

on the basis of the FCCM and will be presented in the following section. 

6.6 Di'f'eat erlPapotation of finite ahaine. 

The simplicity of the relations defining the cumulant functions (Ch,II. 

eq. 32) offers a basis for a direct relation between the specific heat 

peP site in finite and infinite chains. Equating the terms in (11. 32) and 

(11.33) readily leads to the relation 

where 

1 coo- b/N + N L k ~k+N+lt 
k=l 

00 

(16) 

(17) 

is independent of N. Since the cumulant function ~k is a polynomial in S 

starting with SZk-Z (Rushbrooke et al., 1974), we may thus write 

(J8) 

That is, for high enough temperatures, c., may be obtained from a plot of 

~ against 1/N for a given temperature. Increasing Swill result in de

viations from the supposed linear relation between ~ and l/N as was in

dicated already in the previous chapter (cf. fig. 2 of Ch. V), For odd 
2N+2 . and even N the correction term O(S ) has an alternat1ng effect. This 

offers a good possibility for extrapolation. Using a least squares 

criterion, C
00 

and b may be calculated so as to fit best to the relation 

(18) for any temperature. A higher weight may be assigned to the points 
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for high N but this is not necessary, In any case the squares sum offers 

a reliable measure for the error in the estimate of C
00

, 

The sketched procedure gives good results forS •} and S • i. Fig. 6 

shows the estimates obtained in this way for these two cases and a com

parison with Fig. 3 marks the extension of the useful temperature range 

as compared with the results from the HTE. 

For higher spin, and especially for S • f where the longest chain has 

N • 5 only, the estimates are based on a smaller number of points. But 

still, this procedure gives fair results. To understand this one should 

note that forS~ oo CN = NC00/(N-l) is exact for all N > I. For higher 

spin the deviations from (18) are therefore smaller and this compensates 

the loss of data points. 

When rings are used as the basic items for an extrapolation procedure, 

we may rederive eq. (18), If the cumulant function associated with a 

2.5 

2.0 

'Q 
1.5 

'B 
E ..._ 

:::1 
u 

0 0.2 0.4 0.6 0.8 1.0 1.2 
kT[JS(S+1)]-1 

1.4 1.6 1.8 

FIG. 6 Estimates of the specific beat of an infinite ferromagnetic chain for S = i and 
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S • J. 'The estimates are obtained from a direct extrapolation of CN vs. 1/N. The two 

curves show for each S deviate in the low temperature region and indicate' the un

certainty in the result. They are obtained by using all and all but the largest 

chain in the calculation. 



polygon of N spins is denoted by ~N we can write 

, ~ring 
00 

(l 9) 

In this way the correction term is O(f3N). In comparison with the chain 

formula. thl's 1's a loss of 0( 0 N+2). B t · · • · ~ u a more 1mportant restr1ct1on 1s 

found in. the behaviour of the last term in eq. (19). For antiferromagnet

ic exchange this term is alternating in sign for different N but for 

ferromagnetic coupling the term is of uniform sign. This severely limits 

the temperature range of application as may be seen from the work of 

Bonner and Fisher (1964). These authors already noted the marked similar

ity between the specific heat curves for different (short) ahains. It is 

this similarity that actually leads to the powerful procedure of direct 

extrapolations. 

6.7 Low temperature region. 

When the energyspectrum of a finite ring or chain is known, one can 

construct a density function of the energy levels. On examination of this 

function for clusters Qf different size one may notice a gradual steady

ing of its shape with increasing cluster size. That is, after smoothing, 

the difference between the functions for chains with N and with N-1 spins 

decreases for increasing N. This may be an indication for the possibil

ity of constructing a limiting function and hence to an estimate of the 

thermodynamical functions in that limit. The discussion of the last two 

sections showed this to be true for high enough temperatures. On closer 

examination, however, the differences will be significant. It is thus 

very hard to use the information of finite systems in cases where the 

details of the density function are of importance. This obviously ex

cludes the low temperature region since there only few energy levels are 

of importance which dominate the thermodynamic behaviour. 

Nevertheless it was shown by Bonner and Fisher (1964) that reasonable 

estimates may be obtained since the ratio of internal energy (U) and 

entropy (n will be used for this quantity instead of S to avoid confus

ion) in less sensitive to the deviations in the energy spectrum than the 
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quantities themselves. A plot of U against the product of temperature 

and entropy shows a linear relation down to fairly low temperatures. And 

if one assumes a power law behaviour for U near T = 0 

U(T) - U(O) (20) 

then obviously 

U(T) - U(O) (J - 1/a) T n(T) (21) 

which explains the linearity. Moreover the exponent a may be found from 

such a plot. The amplitude A can then be determined otherwise and the 

results can be used to obtain the specific heat in the very low temperat

ure region, For S = }, Bonner and Fisher (1964) found in this way « ~ f 
for J > 0 and « ~ 2 for J < 0. Weng (1968) reported the same values for 

S"" 1. Green's function analysis (Kondo and Yamaji, 1972), for the S = f 
chain and the ferromagnetic chain with general S (Rhodes and ~cales, 

1973) also predict a = f and a = 2. With spin wave theory corresponding 

results are obtained, independent on S. Discrepancies exist however in 

the maJnitude of A. 

In our examination of the low temperature behaviour we started with 

the assumption (20) and checked whether « was spinindependent using plots 

of U versus Tn. This was found to be the case. In order to find a reason

able estimate of C(T) in this region, we attempted to describe C(T) by a 

polynomial in T. For the ferromagnetic case, for instance, we assumed 

l 3 5 
C{T) = a0 (kT/J)2 + a1(kT/J)2 + a2(kT/J)2 (22) 

and equated the coefficients such that at a certain temperature T
0 

the 

curve fits to the estimate obtained by direct extrapolation both in value 

and in slope. Moreover, it is required that the total entropy gain 

between T = 0 and T ~~equals R !n(2S+l), If the expression (22) is 
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reasonably good. little influence is expected from a change of T • 
0 

Fig. 7a shows the influence of T
0 

for the ferromagnetic chain with ~ a ~· 

The differentcurves are drawn in the interval O<T<T and although dis-o 
crepancies are present the maximum deviation does not exceed 3%. Curve A 

results when kT /J = 0.24. about the lowest temperature for which the 
0 

extrapolation in the intermediate temperature region is reliable, For a 

30% higher value of T • curve B is obtained, Solutions for 0.24<kT /J< 
0 0 

0,32 show an array of curves that lie between the two drawn. In view of 

the considerable difference between T
0

(A) and T
0

(B). the maximum deviat

ion of 3% between the two results is not surprising. 

In case of antiferromagne.tic exchange the leading term should .be in T 

and the polynomial used reads 

FIG, 7a 

C(T) 

1.2.----,------,----,-----.-------, 

8 

A 

S-1/2 J>O 

02 

'----~~;-----;::-':-:-------:.L:--------::-':-:----.,-J 
0 0.05 0.10 0.15 0.20 0.25 

k T[JS I 5+1 lT1 

Low temperature specific heat of a ferromagnetic chain with s ~ t• The two curves 

are .obtained by equating the coefficients in the assumed polynomial such that the 

curves fit smoothly to the estimated C at different temperatures, The curves are 

drawn below thi.s take-over temperature. 

(23) 
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In/ this case too, the resulting curves are quite insensitive to the value 

of T
0

, and deviations like those shown in fig. 7b are representative. The 

actual values of the coefficients are tabulated in Tables VIII and IX. 
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5=5/2 J<O 
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FIG. 7b Low temperature specific heat for S • :f• J < 0 • 

The comment of fig. 7 a applies, 

s • 1/2 S • I s • 3/2 s • 2 s - 5/2 

al 3.77 2.81 2.45 2.01 1.91 

a2 -9.96 -1.20 -0.73 0.06 -0.09 

a3 12.99 0.56 0.39 0.001 0.04 

T• 0.2125 0.45 
0 

0.325 0.425 0.325 

TABLE VIII Coefficients in the polynomial used for the description of the low temperature 

specific heat of ferrOIIUI.gnetic chains, 

T~ is the reduced temperature kT
0

/JS(S+l) where this polynomial is fitted to the 

estimated C in the intermediate temperature region. The coefficients have a dimen

sion (J/mol K). 



/ 

It should be noted that an extra coefficient may be introduced if also 

the internal energy gain U(~) - U(O) is required to be correct. However,. 

the result is not sensitive to this requirement since U(O) - U(T ) is 
. 0 

very small for the T
0 

we have used. 

The description of the low temperature part of the specific heat by 

polynomials as introduced above is based on spin wave theory. One might 

thus expect at least a qualitatively correct description. In a way the 

insensitivity of the resulting curves to changes in T is an indication 
0 

of this,:Nevertheless there are important differences in the numerical 

result as compared to spin wave and GFA predictions and extrapolations 

from rings. 

The coefficients of the leading terms in the series (22) and (23) are 

compared for various techniques in Tables X and XI. In these tables the 

coefficients correspond to C/R in order to simplify comparison with 

published work. We note,that in the case of ferromagnetic exchange little 

variations exist between the predictions from the various techniques. 

In the antiferromagnetic case however, large discrepancies are observed. 

In this case we can reference some theoretical results for the S = i· 
chain. The leading term in (23) was calculated as b

0
/R =1/3 (Takahashi 

and Suzuki, l972; Johnson and McCoy, 1972; Takahashi, 1973), as a special 

case of a general expression for the axial Hamiltonian. However, the 

tABLE IX 

s- 1/2 s .. I s .. 3/2 s .. 2 s = 5/2 

bl 1.67 0.90 1.02 I. 27 1. 15 
! 

b2 7.10 4.60 2.05 0.71 0.41 

b3 -6.04 -2.16 -0.68 -0.17 -0.08 
I i 

r* 0.8 o. 7 0.4 0.475 0.4 
0 

Coefficients in the polynomial used for the de.scripdon of the low temperature 

specific heat of antiferromagnetic chains, 

The take-over temperature- is conform the.description in table VIII. 
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J > 0 S m 1/2 S = I s • 3/2 s • 2 s = 5/2' 

BF 0.42 

RS 0.46 0.424 0.379 0.340 0.307 

SW 0.552 0.391 0.319 0.276 0.247 

w 0.297 

deN 0.45 0.338 0.295 0.242 0.230 

TABLE X Comparison of predictions for the coefficient of IT in the expression for C/k 

near T = 0 in case of ferromagnetic coupling. 

BF = Bonner and Fisher (I 964) 

RS Rhodes and Scales (1973) 

SW Spin Wave Theory (cf. Keffer, 1966) 

W Weng (I 968) 

deN = this work. 

1/2 s 3/2 

BF 0. 35 

KY <0. 05 

SW 

w 
deN 

1.047 

0.200 

0.523 

0.4 

o. 108 

0.349 

o. 123 

s = 2 s = 5/2 

0.262 0.209 

\).153 o. 138 

TABLE XI Comparison of predictions for the coefficient of T in the expression for C/k 

near T = 0 in case of antiferroma.gnetic exchange. 

BF Bonner and Fisher ( 1964) 

KY = Kondo and Yamaji (1972) 

SW Spin Wave Theory (cf. Kuh~ , 1952) 

W Weng ( 1968) 

deN = this work. 

assumptions underlying these results were shown to be invalid in a 

certain region of the anisotropy parameter (Johnson et al., 1972) and as 

yet the prediction for b
0 

is not rigorous. Examination of Table XI shows 

that spin wave theory (Kubo, 1952) predicts here unreasonably high 

values, while our own results are low compared to equivalent work of 

Bonner and Fisher (1964) and Weng (1968). In comparing our predicted 

specific heat curve with that of BF we note an excellent agreement for 

all temperatures above kT/J = 0.3. For lower temperatures our result 
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is systematically lower with a maximum difference of about 70%. 

Since the difference in entropy gain is only 2%, which is accounted 

for in both our uncertainty in n at T0 and BF's overall uncertainty, 

it must be concluded that differences of this order are not unaccount

able in the extreme low temperature region. The differences in entropy 

gain between Weng's estimates and ours for S = I are larger. We think 

it likely that Weng's total entropy gain is to high by about 6%. 

A comparison with experiment was made in the case of S = t antiferro_; 

magnetic chains in TMMC (de Jonge et al., 1975), A careful analysis of 

the specific heat shows a very good agreement with our prediction down 

to temperatures just above the ordering temperature T (kT /J = 0,83 K). c c 
This analysis moreover indicates that the amplitude of the leading term 

as found from spin wave predictions is too high. 

In order to estimate the groundstate energy for the infinite anti

ferromagnetic chain a plot of UN(O) for rings against some inverse power 

of N was thought to be useful. 
-2 -3 

For S = ! Bonner and Fisher (1964) used N , and N was used by 
2 

· Weng (1968) for S = 1. Weng pointed out that since forS~ oo, UN(O) is 

independent of N one might predict that a plot of UN(O) against N-(ZS+I) 

would result in a straight line for general s. Our data do not support 

this last prediction. First of all the results for S = l rings can hardly 

be said to obey the relation 

N S=l/2 s = l 

3 0.5 2.0 

4 1.0 3.0 

5 0.747 2.612 

.6 0.934 2.872 

7 0.816 2.734 

8 0.913 2.834 

9 0.844 

10 0.903 

11 0.858 

12 0.898 

• 13 0.866 

"' 0.833 2.857 

5=3/2 s • 2 

3.5 6.0 

6.0 10.0 

4.972 8.456 

5.796 

5.900 9.935 

S•5/2 

8.5 

15.0 

12.426 

15.041 

I 
TABLE XII 

Ground state energy E/NJ for antiferro

magnetic rings of different size. The row 

with N = oo indicates the l<>Wer bound for· 

E
0

/NJ for the infinite ring or chain, 

based on eq. 25. 
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(24) 

with K = 3 (for details of UN(O) for different Nand S see table XII). 

Secondly, the data for S =; can not at all be fitted to an equation of 

the form (24). For S > f not enough data points are available to examine 

the relation. An interpolation technique as used by Duffy and Barr (1968) 

is not possible either, for similar reasons. The results for the low spin 

values (S ~ ~) indicate that in all cases a prediction of U
00

(0) based on 

the connection of UN(O) and UN+Z(O) in a plot of UK(O) against K-(2S+I) 

results in a value that is too negative when the data is used of even 

n~bered rings*), 

If such behaviour is assumed for all s, then clearly (24) may be used in 

order to obtain a lower bound for U
00

(0). With the aid of the exact re

sults for rings with N = 2 and N = 4 (Appendix A) we then arrive at the 

relation 

with K = 2S+l, and J < 0. 

The lower bounds obtained in this way are summarized in Table XII to

gether with the exact results for small N. 

6.8 Disaussion of the l'esuZts. 

(25) 

Parts of the results were shown in the preceding paragraphs. Here we 

will present and discuss the estimates for the overall thermodynamic be

haviour of the infinite chain, resulting from a combination of the 

different techniques that were used. 

For antiferromagnetic interaction a combination of high, low and 

intermediate temperature techniques results in the curves shown in 

figures 8 and 9 for C and n respectively. The specific heat has been our 

It may hardly be expected that odd numbered rings obey a relation like (24) since for s-- the 

ground state energy is proportional to cos(21!/N) for odd N. 
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FIG. 8 Estimates of the specific heat of infinite chains with antiferromagnetic exchange 

for different spins as a function of reduced temperature. For each curve the temper

ature is indicated where the low temperature polynomial is fitted to the estimates 

obtained by a direct extrapolation of the specific heat of finite chains. 

basic quantity in all three temperature regions (for the series expansi9n 

around S = 0, for the direct extrapolation to N + oo in the neighbourhood 

of C and for the fitting around T • 0). The entropy is obtained by max 
integration of C/T. The conditions set upon the evaluation of the coef-

ficients in the low temperature polynomial ascertain the correct overall 

entropy gain of R in(2S+l) between T = 0 and T + oo, 

As could be expected, C increases monotonically with increasing spin 

when scaled to a reduced temperature T* = kT/JS(S+l), and the reduced 

temperature for which C attains its maximum value (T;) gradually de

creases. In the limit S + oo, T; tends to zero. 

The take-over temperatures T
0

, where the low temperature polynomials 

are fitted to the estimated curves obtained from direct extrapolations of 

finite chains, are indicated in fig. 8. 

The differences in these T 1 s is due to the differences in the estimated . . 0 

uncertainty in the results from the direct extrapolations. Although the 

maximumchain'length for which the eigenvalues could be calculated 

decreases with increasing spin, the estimates are generally better for 
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J<O 

Q.6 

0.6 

U2 

0.4 o.6 ae 1.0 
kT[JSIS+1lT1 

1.2 1.4 

FIG. 9 

Reduced entropy n/R ln(2S+l) as 

a function of reduced temperat

ure for antiferroma8;netlc chains 

with different spin. 

The curves result from an inte .... 

gration of C/T when:for c the 

estimates of fig. 10 are used. 

For T -+ <:JJ all curves tend to 

unity. 

higher spin. This is not surprising since in the limit S + 00 the exact 

result is obtained from a combination of the data for two chains with 

length N = 2 and N = 3. 

The entropy (fig. 9) is plotted in reduced form n* • n/R!n(2S+J) 

against reduced temperature T*. Here too, there is a gradual increase of 

n* with increasing s. The limiting curve for S + oo is not known, because 

the limit of n(S,T)/~n(2S+I) for S + oo cannot be calculated since the 

spin dependence of n is unknown in that limit. 

C as well as n show a smooth change with increasing S, also for low 

temperatures. Examination of table IX however, shows a difference in the 

low temperature behaviour between integral and half integral spins. But 

the net result of the expression (24) is still regular. 

The data for the ferromagnetic case are displayed in figures 10 and 11 
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/ 

for C and n* respectively. Here too the specific heat gradually approach-

es the limiting curve for S + oo with increasing S, and T* at the same 
m 

time decreases. For all S (except S = 00 ) the ferromagnetic specific heat 

is lower than the corresponding antiferromagnetic specific heat. 

The specific heat for J > 0, unlike in the case J < 0, does show dif

ferences in overall shape between the integral and half integral spins. 

For S = f and S = ~ (and possibly for S = ±) a linear part in C is ob

served below Tm' whereas for S = I and S = 2 the specific heat is curv

ed in this region. We recall that this low temperature part was fitted 
I 3 5 

with a polynomial in T2 , T2 and T2
• Although such a form is not com-

pletely arbitrary - spin wave theory also indicates these powers (Cf. 

Kef fer, 1966) - it may be the cause of this linear part. However, as 

mentioned, little changes are observed when varying the fitting tem-
1 

perature T. Even the use of other polynomials, such as one with T2 , T 
3 0 

and T2 , does not destroy this linearity. For integralS on the other 

hand, the curved result is obtained in all cases and also with the ment-

FIG, 10 Spe"Cific heat of infinite chains with ferromagnetic exchange for various spin. The 

dots are explained in the caption of fig, 8. 
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ioned alternative polynomial. Differences in the energy spectrum exist 

between half integral and integral numbered spins, even for the ground 

state (see Appendix A), but we have no rigorous arguments to support the 

indicated difference.s in the specific heat. 

Also the entropy (fig. 11) displays some differences but they are too 

small to be obvious in a plot. Striking is the overall similarity of the 

entropy curves as compared to the antiferromagnetic data. For increasing 

spin the curves soon overlap and one might anticipate that the thermo

dy~amic functions for ferromagnetic chains can more easily be scaled 

with respect to spin value that the antiferromagnetic equivalents. 

None of the figures with complete results (8-11) show erro~ bars or 

indicate uncertainties in the estimates otherwise. Discussions in pre

vious sections may help to establish some rules concerning the errors. 

For T > 3T the high temperature expansions rapidly converge in all 
m 

cases and the results are undisputed. For Tm<T<3Tm the extrapolations 

from chains work very favorably and although errors are introduced in 

0 0.2 Q.4 o.6 Q.8 1.0 
kT[JSIS+1)]-l 
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FIG. !! 

Reduced entropy for chains with 

ferromagnetic exchange for var

ious spin. 



this way, the error estimate is of the.order of 10- 3 , Th . . . e temperature TO . 
is situated ~n a reg1on where the extrapolations give rise to uncertain-

ties of the order of 2% and between Tm and T
0 

the errors gradually in

crease. Below T0 an error indication is very hard. The results for 

different T0 show little variations (cf. fig. 7a and 7b), but the 

resulting values for the parameters in (22) and (23) are quite sen

sitive to errors in C, oC/oT and 11 at T = T
0

. The situation is pro

bably wqrst in the case J < 0, S = ~. The difference with estimates 

of Bonner and Fisher amounts to 20% neat kT/J = 0.1 and 70% for 

kT/J < 0.01. The assumption that b0/R ~ 0.35 (BF) or b
0

/R = J/3 

(Takahashi, 1973) for this situation, would introduce an unrealis-

tic peak in C for some temperature below T* = 0.5, unless we take C 

as large as possible within our error bounds for T* > 0.8. This indi

cates a possible error of 70% in b0 for S = ! , J < 0. For higher S the 

error is smaller and drops to the order of 5% for S = 5/2. In the case 

of ferromagnetic coupling we can indicate an error of 5% in a
0 

for all 

S. This would also be the error bound for the specific heat itself. 

The specific heat of a ferromagnetic chain with S = f offers a 

possibility for comparison with other techniques of evaluation. It was 

calculated by Rhodes and Scales ( 1973) on the basis of a Green's function 

approach. Weng (1966), using the results of Bonner and Fisher (1964) for 

S = i together with his own calculations for S = I and the exact result 

for S .... oo (Fisher, 1964), used an interpolation to· obtain estimates for 

other spins. (The scheme essentially is a two-point Pade approximant, 

introduced by Baker et al., 1964). 

Since for many properties S = -f is "quite close'' to S = oo, one may 

also use the formulae of Harrigan and Jones (1973) that describe the 

assumed discrepancies from the S = oo curve. 

The estimated specific heat curves that result from these three differ

ent techniques are plotted in fig. 12 together with our own result. In 

discussing the plot we first of all recall that our result is (nearly) 

errorless for T > T since the Pade approltimants to the high temperature 
m 

series as well as the direct extrapolation of finite chains rapidly 

converge. Weng' s estimate (W) approaches this curve for high enough 

temperatures, which is not surprising since his interpolation should be 

good when only a few terms in the HTE are of importance. For higher tem

peratures,. the corrections for quantum effects (HJ) and the Green's 

function result (RS) are both off by about 5% even at T = 3Tm. As 
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FIG, 12 Estimates from different techniques for the specific heat of an infinite ferromag

netic chain with S = ~· The drawn curve is the result of the present study (cf. 

fig. 10). The broken line (RS) is the estimate of Rhodes and Scales obtained from 

Green's function analysis. Quantum corrections to the infinite spin model by 

Harrigan and Jones are represented by the dashed curve (HJ) and the dotted curve is 

an estimate obtained by Weng using an interpolation between the specific heat for 

S = ! , S = I and S = ""• 

emphasized by Rarrigan and Jones (1973), HJ is not valid at all for low 

temperatures, which is clearly demonstrated. Also W deviates more and 

more for lower T. Overall, RS does show the same features as our estim

ate, including the linear part below Tm. However, the deviations between 

RS and our curve amounts to 5% for T > T and 15% for T < T • The same m m 
effect is observed for S •% where the discrepancies between the Green's 

function result and the estimates of Banner and Fisher are large even 

for temperatures where the latter are undisputed. 

The specific heat of CMC (Kopinga et al., 1975b) and TMMC (de Jonge et 

al., 1975) was measured and carefully analysed in our laboratory. The 

main difficulty in comparing the observed heat capacity with our pre

diction for the antiferromagnetic S = f chain lies in the contribution to 

C from the lattice (CL). Using a theoretical description for CL (with 

three parameters) (Kopinga et al., l975a) together with our prediction 

for the magnetic part (one parameter: J), it was possible to obtain a 

very good comparison with the experimental observations over a wide 

temperature interval. For CMC the inferred magnetic part of C is plotted 
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together with our estimates for J/k = ~3.0 K in fig. 13. The agreement is 

excellent above the ordering temperature. The small discrepancies for 

T > 30 K are likely a result from the subtraction of c
1

. In this region 

c
1 

accounts for more than 80% of the total heat capacity. 

Presentation of the results in its present form is hardly useful iri 

experimental physics, where the curves are fitted to data points in order 

to check the one-dimensional character of the crystal .under study and to 

fit the ~agnitude of J. For the high and low temperature parts the tables 

with coefficients in the respective series do suffice but the intermedia

te temperature region is poorly described. In order to avoid compre

hensive tables*), we used in a preliminary paper a formula to cover this 

temperature region (de Neef et al., 1974; de Neef, 1975c). 

Guided by the expressions obtained from Pade approximant representat

ions of a series we fitted the estimated specific heat to a function F 

of the form 

8 

U4 

2 

20 30 50 
HKJ 

FIG. 13 Comparison of the predicted specific beat of an infinite antiferromagnetic chain 

of spins s • 5/2 with the experimental magnetic specific beat of CMC • The circles 

are the experimental data point& after subtraction of the lattice. contribution to 

c. The duvn curve represents our estimate of C for J/k • -3.0 K (cf • fig. S) • 

From Kopinga et al. (1975). 

•) Tables are published as an internal report (de Neef, 1975d). 
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F(K) (26) 

with K = SJ S(S+l), 

The parameters are fitted such that 

If2 
f {F(K) - C(K)] 2 dK + 

~ I [F(K) - C(K)] 2 dK (27) 

Kl ~ 

attains a minimum value for given K1 , ~· K3 and K4 • 

Since an expression of the form (26) should be valid in the complex K

. plane, we introduced two integrals in (27) in order to cover both sides 

of the real axis. By chosing R) and ~ in the ferromagnetic domain and 

i 
PARAMETERS J > 0 J < 0 

I s a2 a3 "4 bl b2 y INTERVAL T• INTERVAL T• 
m m 

1/2 10.935 1.6555 2.8722 0.6900 1.7030 2.1765 1,06 - 4.0 0.88 0.95 - 4.0 1.32 

I 10.745 -0.1034 1.0334 0. 2450 0.8502 2.1078 0.59 - 2.8 0.85 0.56 - 4.0 0.86 

3/2 10.939 -0.6760 0.6481 0.1047 0.6514 2.0792 o.so - 4.0 0.80 0.50 - 4.0 0.75 

2 11.072 -<1.9653 0,4408 0.0408 0.6Q41 1.9449 0.40 - 4.0 0.75 0.50 - 4.0 0.67 

I 5/2 11.097 -<1.85!1 0.1799 0.0195 0.5845 1.8081 0.38 - 4.0 0.71 0.36 - 4.0 0.62 

TABLE Xlll Review of the values for the parameters in the formula 
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that fit best to the calculated specific heat (C.,.), for different spin (cf. eq.27). 

The columns headed "intervaln indicate the temperature region where the difference 

between F and C., is less than 2%. The reduced temperature for which c., reaches its 

maximum value is given in the column headed "T;_". 



K
3 

and K
4 

in the antiferromagnetic reg~on, we finish in this way with a. 

set of parameters for the function F(K) such that F(K) describes C(K) 

favorably for both J > 0 and J < 0 for each S separately, The dis

crepancies between F(K) and C(K) are a function of the integration 

bounds, These boundaries are now chosen such that the maximum error 

between F(K) and C(K) in the integration intervals does not exceed 2%. 

The values of the parameters and of the integration boundaries found in 

this waY: are summarized in table XIII for all S studied, The table lists 

also the values for r* the reduced temperature for which C reaches its m• 
maximum. 

6.9 Conalusions. 

The method of extrapolation from finite chains seems a useful 

technique for the estimation of the thermodynamic properties of 1-d 

Hamiltonians. The cases studied in this chapter indicate that, also for 

higher spin quantum numbers. fair results may be obtained down to 

reasonably low temperatures. The results of the previous chapter showed 

that an additional term in H (actually an anisotropy) do not influence 

the applicability of the method. 

We will review here some of the properties of the technique with refer

ence to the results of this chapter as well as chapter V. 

First of all we note the fair results obtained from a plot of CN 

VePsus 1/N for higher S. This may, at first glance. seem somewhat sur

prising, since the number of chain lengths used in the construction 

decreases with increasing S. On second thought, two effects may be of 

importance here: the number of eigenvalues involved and the approxim

ation to the classical limit S + oo, 

The number of eigenvalues, (2S+J)N, increases with increasing S although 

the length of the longest chain decreases. (Eleven spins S = ~ give 

rise to 2048 energies, five spins S ~have 7776 eigenstates.) It is 

hard to justify that this effect is of importance, but it seems likely 

that a better estimate of the energy distribution function is obtained 

for higher S - also (2S+J)N / (N-J) increases with increasing S - and 

consequently the prediction for C should be better. 

For higher S the Hamiltonian may display a more "classical" character. 

In the classical limit (S + oo) no quantization exists and spins can be 
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seen as unrestricted vectors. A transfer matYix technique may then be 

used to obtain the behaviour of the infinite chain (Nakamura, 1952; 

Fisher, 1 964; Stanley, 1968, J 969a, 1911). This shows, that in this limit 

the properties of the infinite chain may be derived from the solution 

of the partition function for a pair of spins (Appendix A). When 

approaching the infinite spin model, one may expect that a reliable 

use of a plot of ~ against l/N requires less and less chains. The idea 

that S • ~ behaves more classical then S = ~ may be justified with the 

expansion in 1/S of Harrigan and Jones (1973). Their series contains 

only two terms but even so, the prediction for the ferromagnetic S = ~ 
chain is elegant (cf. fig. 12). For smaller S results on the same basis 

become poorer. 

An effect observed in this chapter as well as in chapter V is the 

possibility to obtain results for lower temperatures for J > 0 then for 

J < o. 
The nature of the ground state may be of importance here. For a ferro-

magnet the ground state (degenerate) consists of parallel spins and 

addition of one spin does not influence this. The ground state energy 

per site is thus U
0 

= -2S2 J(N-l)/N for chains with N spins and a plot of 

U against 1/N shows a straight line. The first excited states have all 
0 

but one spin with Sz =Sand one spin with Sz = S-1. All these states 

are coupled and this results in a band of energies. The width of this 

band is again proportional to (N-1)/N (see for instance Reklis, 1973 

and Reklis and Drumheller, 1973), In the case of antiferromagnetic ex

change the ground state of a chain with N spins is not simply an array 

of antiparallel spins. This state has matrix elements with N-1 higher 

states and exact diagonalization is needed to find the eigenstates. The 

addition of a spin at the end of the chain destroys the solution. When 

considering the symmetry of the chain, one may infere that the solutions 

for even and odd N are quite different. 

With these arguments one may anticipate that the properties of a ferro

magnet will - at low temperatures - vary smoother with the chainlength 

than do the corresponding functions for an antiferromagnet. We think 

this effect responsible for the observed possibility to reach lower 

.temperatures for J > 0 then is possible with J < 0. 

The better results with C compared to X, as indicated by the plots of 

chapter V, are related to the graphs of importance in C and X, Since it 

is possible to extend the HTE to order e2L-l for C but only to order 
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SL-l for X (for a set of chains with N S L) it is not surprising that 

the extrapolation technique works better for C than for X, 

Although little attention was paid to the entropy in the previous 

chapters, it is worth remarking that an extrapolation of nN against 1/N 

works even better than the procedure for c. 
In general we may conclude from the results of chapters V and VI that 

the sketched technique of extrapolation yields fait results. Differences 

exist in;the lowest attainable temperature, depending on the quantity 

studied and the Hamiltonian used. A relation with the type of graphs of 

interest was indicated. Overall however, the applicability is not 

hampered by spin quantum number or anisotropy and we think it probable 

that the technique will be of use for any l-d Hamiltonian with short 

range interactions. 
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CHAPTER VII 

EXTRAPOLATIONS BASED ON THE FLCM.t 

7.1 IntPoduation. 

A usual method of estimating the properties of an infinite lattice 

is to calculate the coefficients in a series expansion of the quantity 

of interest and apply the Pade-approximant scheme to this series. (Apart 

from a FA-analysis other techniques may be used as well. For a review 

see Gaunt and Guttmann, 1974). The results of the preceding chapters 

showed that a more direct approach is possible as well. For, the extra

polation of ~ to N + oo, using a plot of ~ vePsus 1/N, results in 

estimates for C
00 

that are slightly better than the PA results. This 

procedure however, was invented for extrapolations in one dimension and 

it is not clear wether an equivalent method can succesfully be applied on 

two or higher dimensional systems. In this chapter we will discus how -

on the basis of the FLCM ~ such an extrapolation can be performed for 

d-dimensional cubic lattices. 

Actual calculations will be performed for the three states Potts model 

on a 2-d lattices (to be defined in section 3) for which theoretical 

interest revived recently (Enting, 1974a, 1974b, 1975; Enting·and Domb, 

1974). Our main reason to choose this model lies in the fact that it 

shows a phase transition for ferromagnetic exchange, while for antiferro

magnetic interaction no singularities exist for real temperatures. It 

thus offers the possibility to study two different situations. The result 

of our extrapolation of the specific heat will be compared with a PA 

analysis of the series expansion of C. 

In section 2 we will first consider how to apply the results of the 

FLCM in order to find a useful extrapolation procedure. In section 3 the 

actual calculations are described and in §4 we will review the results. 

7.2 Theor-y - extPapolations. 

The extrapolation procedure that was used in the preceding chapters 

tWith the addition of §2,5 this chapter will be published (de Neef and Enting, 1975). 
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for chains is based on general series expansion techniques. In chapter V 

the motivation for the functional relation 

c(l-d) (l - a./N) 
00 

(l) 

was found in the moment method (CN and_C
00 

are expressed per site). Like

wise in chapter VI, the same result was, more rigidly, obtained by 

application of the FCCM. It is bard to generalize (I) to the case of 

higher dimensional lattices with the MM or FCCM. 

The finite lattice cumulant method however, (Ch. II, § 2.5) forms a 

basis for this type of extrapolations in any lattice dimension, Recalling 

the results of chapter II (eq. 54) we see that ford= l, 

(2) 

if the specific heat is expressed per site. 

When the correspondence is replaced by an equality (which is correct only 

for N + oo), we may find an expression for eN, such that (2) holds for 

any N. The relation (l) satisfies this requirement with a. as an undeter

mined parameter. 

Before considering the case of higher dimensional lattices, we will 

first introduce a notation for the specific heat per site of a hyper 

cubic block of spins. 

For a d-dimensional (hyper) cubic lattice we introduce the vector 

that contains the linear dimensions of a finite lattiae, 
(d) 

The specific heat per site for such a lattiae is then denoted by C't 

(3) 

and the equivalent of then-functions of Ch. II, § 2.5, may be written as 
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d (d) 
{(IT r.) c+ o(Er-.N)}. 

i•l 1 r i 1 

(The Q-functions are not expressed per site). 

The equivalent of (2) for a cubic lattice of dimension d is obtained 

from equation 54 of chapter II as 

2d-l 
E (-l)k (2d-l) o.(d) 

k -""N+l-k' 
k=O 

(4) 

(5) 

for any N. The equivalent of (I) may now be found by assuming an express

ion for ~d) of the form 

2d-l 
E 

i=O 

i a.N 
l. 

with the coefficients a. to be determined by (5). 
1 

(6) 

Using the properties of binomial coefficients (Appendix B), the substit-

ution of (6) in (5) shows that 

c~d)/(2d-l)l (7) 

and that all other coefficients are undetermined, The generalization of 

(l) can thus be written as 

~d) 
2d-T. 
N 

(2d-l): 

2d-l a.. 
{l - E ~}. (8) 

i=l N1 

In the case d=l (8) reduces to (I) since ~ 1) • N CN in that case. For 

higher dimensions the left-hand side of (8) represents a normalized 

specific heat. Although the number of sites covered in the summation (4) 
• 1 _2d-J Q(d)/ 2d-l . f' . f (Th 1s not exact y rr , _""N N rema1ns 1n1te or N + oo, e correct 

number of spins is given in Appendix B, e~. 16). 
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For d=2 for instance, ~2) is a summation over ~attiaes that together 

contain N(N2-1)/6 spins. A useful check on the derivation of (8) in this 

case is to assume that all spins are independent (no exchange inter-
(2) (2) '""' 

action). C
00 

and c; are then equal for all r, which is satisfied in 

(8) if all ~i except ~2 vanish and ~2 -1. 

Equation (8) can be used to estimate C~d) from a number of n~d)• 
Although the simple procedure of the preceding chapters (plot of ~ 

versus 1/N) is not possible, a solution can be found with a correspond

ing technique. A least squares criterion is then used to determine C~d) 
and all ~ .• 

]. 

It is worth recalling at this point what is the principal difference 

between an estimate of C~d) based on (5) and on (8). The expression (5) 
2N-I was shown to be exact to order a (Ch. II, § 2.6, page 29). When (S) 

is used in connection with 2d successive n~d), it results also in an 

estimate of C~d), exact to order SZN-l if N is the highest n in the set 

of n(d). The power of (8) lies in an application to a set with more than 
n 

2d successive n(d). This is most clearly demonstrated in the case d=l. 
n 

In a plot of eN versus 1/N (see fig. 2 of chapter V) the estimate of 

c~1 ) is then obtained by connecting ~+J and ~· while with (8) a 

straight line is constructed that follows the general trend of all en 

with n $ N+l. This result, although less exact in terms of a series 

expansion is in better correspondence with the real C
00

, 

?,3 Ising mode~ on square ~attiae. 

We will now consider an application of this technique. In doing so, 

we must restrict ourselves to an Ising model, as was mentioned already 

in chapter II. 

The main problem in the calculation of QN is to calculate the part

ition function for a ~attiee .with a considerable number of spins. Such a 

calculation however, is identical for all !sing H~iltonians and the 

description of the technique involved will not specialize to any specific 

model. 

We start by defining the eigenstates of a Hamiltonian 
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Hllj!k> e:klljJk> (9)_ 

as 

lljJk> 
k k Mk ~> (lO) IMl, M2' n-l' n 

where in 
k 

each Mi, k ranges over p states and i numbers the n sites on the 

lattice. The energy 

where 

of the k-th eigenstate is written as 

E 
<ij> 

E(M~, M~) 
1 J 

counts the exchange between neighbouring sites on the lattice, and 

H E G(M~) 
• 1 
1 

represents the Zeeman energy. 

( 11) 

(12) 

(13) 

The functions E and G are model dependent. In order to find Z for a 

rectangular lattice of dimension l x w, it is convenient to start with a 

chain of length W and next couple Z chains. In the preceding formulae k 
w then runs over p states and in (12) j = i+l is substituted. 

For the coupling of chains, one more function is needed, showing the 

interaction energy between two chains, one in state t, the other in state 

m, 

w t 
E E(M., ~). 

i=l 1 1 
(J 4) 

+ 
The conventional approach would now be to construct a transfer matrix T 
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with elements 

and find the partition function for the lattice of Z x w spins from 
~(Z-1) · the elements of T (corrected for the boundary effects of the first 

and the last row) (see for instance. Thompson, 1974). Such an approach . ~ 
however, is too complicated here. For any reasonable lattlce, T would 

have in the order of a million elements and expanding the sum of the 
. ~(Z-l) . . . Q • b . 1 elements 1n T 1n a ser1es 1n ~ 1s y no means s1mp e, 

A much more direct approach is the registration of the degeneracies 

of all energies. We define density functions ptu(i,j) that count the 

degeneracy of energy iJ + jH on a lattice l x w with the last row in 

state t. The partition function for this lattice is then found as 

E E p;_.(i,j) exp (-iSJ- jf3H). 
t ij WJ 

Since the density functions label the state of the last row, it is 

possible to calculate the functions stepwise for increasing l, using 

(16) 

For a single row, p~ 1 (i,j) must be composed from the eU:ergy spectrum 

(11), With the aid of (17) and (16) it is then straightforward to find 

the expansion of tn Zlw for any lattice Z x w that allows storage of 

P~w(i•j) in a digital computer, 

7.4 Results. 

The actual calculations on a square net were performed for the three 

states Potts model (Potts, 1952; Kihara et al., 1954). 
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In this model we have p=3 and 

G(k)- ok1• (18) 

The Burroughs B6700 computer of the THE computer centre limits the 

calculations in this case to a largest lattice of 6x7 spins. It should 

be realized that the number of energies in this case adds up to about 

1021 and that the highest degeneracy is about 1017
• 

Using (5), the expansion of c~2) for the infinite lattice was found 

2. 

3 

4 

5 

6 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

2l 

22 

llO 

a. 
1 

4 

4 

36 

420 

2244 

32004 

607716 

9082.980 

245696004 

6465848004 

153084015396 

5127592955940 

181076318346564 

6235516998838404 

25548705177 4079076 

11199673214527587300 

50097387084572432192.4 

24606309518901954075204 

1284798799637476621326756 

69883984631113403924145060 

40470J182531440449l564550084 

TABLE I 

Coefficients in the expansion of C., for the 

three state potts model on a square lattice, 

c., -



from the expansion of clw for all lattices with 10 ~ l+W s 13. The dis

cussion in chapter II (§ 2,5) showed this to be sufficient for order (322 

in the specific heat series, The complete series is presented in table I. 

It is 6 terms longer than any series for the three states Potts model 

evaluated previously (Kihara et al., 1954; Straley and Fisher, 1973). 

Here we will use this series only to obtain estimates for c~2 ) to compare 

with the results of our extrapolation. The analysis of the series and 

discussion of its implications are outside the scope of this chapter. 

30 
I 

:I 

2.5 l I le 

I 
2.0 

k[10/9] I [9/10] 

1.5 

~ 
(J 

1.0 

kTIJ 

FIG. 1 Specific heat of the three states Potts model with ferromagnetic exchange. The 

figure shows some 0 functions and the estimate for C., based on these. The dashed 

curve is an estimate of c., resulting from a PA analysis of the series of C. The 

critical temperature Tc is indicated. 
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For J > 0, the ~Z)_functions, as defined in (4) are plotted in fig. l 

for some values of N. A least squares fit to all ~Z) with 6 :::; N ::; 13 to 

a relation as defined in (8) results in an estimate for c~2 ) which is 

plotted in the same figure. Further are indicated the estimate of c~2 ) 
obtained by an integration of the Pade-approximants [9/10] and [10/9]. 

These estimates coincide in the plot. They diverge at T = 1.0055 which 

is very close to the exact critical temperature T = ~n(l+/3)~1.00505. c 
The estimate of c~2 ) found with the extrapolation through (8) deviates 

for T < 1.15 Tc from the "true" function. 

We could not expect a much better result since equation (8) is unable to 

represent the singularity in c~2 ) at T = Tc since all n~2 ) are regular 

for real temperatures. Nevertheless we may conclude that the technique is 

principally correct. The gradual change in the QN (maximum higher and at 

o.s.,----.---.-------,-------, 

0.4 

OJ 

-"' u 
0.2 I 

I 
I 
I 
I 

0.1 /--J9/9] 
I 0019] 

I 
I 

0 1.0 2.0 
kT/J 

FIG. 2 Specific heat of the three states Potts model with antiferroma.gnetic exchange. 
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Some of the Q - functions and the estimate for C., obtained from them. The' estimate 

resulting from a PA analysis is dashed. Above kT/J = 0.4 it coincides with the 

drawn curve. 



higher temperatures for larger N) is extrapolated through the relation 

(8) although the maximum in the estimate for C(Z) does not coincide with 
00 

Due to the special form of E(k,t} (18) the three states Fotts model 

does not exhibit an ordered antiferromagnetic state, We can thus use the 

same model te examine the power of our technique on a two dimensional 

model that in its properties resembles a chain. The results for this case 

(J < 0) are displayed in fig. 2. Here too we plotted some of the ~"~N• two 

Fade approximants and the estimate based on (8), Above kT/J = 0.3 the .two 

PA's show differences of less than 3%, above kT/J = 0.4 this number is 

l%. Our estimate based on a use of all riN with 6 $ N ~ 13 differs hardly 

from that based on all riN with 7 ~ N ~ 13, The largest differences are 
1.7%, in the neighbourhood ofT= 0, For kT/J > 0.45 the FA's and our two 

estimates coincide within 0.5%. 

On first sight one would conclude that the extrapolation yields the 

correct result for kT/J > 0.4, relying, as usual, on the correctness of 

Pade approximants. 

Moreover, on closer examination, we may even claim that our estimate is 

better than the FA result for kT/J < 0.4. To show this we will examine 

the region near T = 0. 

Since in this Potts model the energy difference between the first 

excited state and the ground state is !JI, the low temperature specific 

heat behaves as 

c( 2) = n(l) K2 exp(-K) + O(exp(-2K)) 
oo n(O) (19) 

with K = !JI/kT and with n(O) and n(!)xN the degeneracies of ground state 

and first excited state respectively. 

The results of the extrapolation through (8) show this behaviour also, 

with n(l)/n(O) = 0.263 (kT/J < 0,15), The exact value for n(l)/n(O) is 

not known, but an initial calculation showed it to be less than 0.29, and 

0.26 is not excluded. 

Whether our prediction near T = 0 is reliable in absolute magnitude or 

not, its behaviour as a function of temperature is correct, whereas from 

the FA predictions it is not possible to yield the correct dependence in 

the low temperature limit. 
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7.5 ConaZuaions. 

In this chapter we showed that the FLCM may successfully be applied to 

a two dimensional Ising model. The number of coefficients in the HTE of 

the specific heat is considerably higher than that of previous work. This 

alone may proof the power of the FLCM, but a real appreciation is obtain

ed when considering the simplicity of the calculations involved. 

We used the expressions from the FLCM also to obtain a relation 

through which the properties of the infinite lattice may be estimated 

from those of finite assemblies of spins, without the intermediate of 

a series expansion, This relation proved to be identical to the previous

ly derived expressions (chapters V and VI) in the case of a chain. A 1-d 

lattice however, is only a specialization of the presently derived relat

ion, since it is general for d-dimensional (hyper) cubic lattices, 

Application of this technique of direct extrapolations was .studied on 

the specific heat of the square (2-d) three states Potts model, and this 

showed its features. For the ferromagnetic case this model shows a phase 

transition and the technique was unable to describe C close to the 

critical temperature. Successful use was limited toT> l.lS T . For the 
c 

antiferromagnetic case however, no phase transition occurs and the re-

sults were good for any temperature. Comparison with Pade approximants 

shows these to be the more powerful for J > 0, while for J < 0 they are 

inferior to our technique pear T = 0. 

These results, and those of chapters V and VI, mark this method as 

useful and further research on this topic should be considered. 
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. CONCLUSIONS~ 

In this thesis we have applied different techniques of series expansions 

in various ways. The subjects studied are closely related to problems 

encountered in the interpretation of experimental observations. Most of 

the tables and figures of chapters III through VI are expected to be of 

immediate help in experimental magnetism. In the t~bles we present the 

coefficients of series expansions for various models (chapters IV, v and 

VI). The plots of chapters V and VI display estimates of specific heat, 

entropy and susceptibility for chain-models. In two cases the usefulness 

of these results has already been demonstrated (Kopinga et al., 1975; 

Lebesque et al., 1975). 

A number of the results are probably of more general value. They relate 

to the theories developed and introduce useful methods for future calculat

ions. The simplest examples of these are the formulae of chapters III 

(series for Hamiltonians with more than one exchange constant) and IV (re

lation between axial and non-axial models). A useful result of chapters V 

and VI is the demonstration of the power of an extrapolation technique. It 

is already clear from chapter VI that this method (a suitable combination 

of the data of finite chains) is likely to be of use for most one-dimensio

nal Hamiltonians. 

Finally we specify the theoretical progress since the results mentioned 

above are consequences of theoretical developments. A strictly theoretical 

outcome has been the formulation of the finite lattice cumulant method of 

series expansions (chapter II; Appendix B) and the related general theory 

of extrapolations (chapter VII). This latter theory covers the method of 

extrapolation employed in chapters V and VI. It was specialized to the case 

of simple cubic lattices of arbitrary dimension. The demonstration of its 

power for a two-dimensional model warrant future examination of its features. 

The FLCM technique itself also requires further attention. Although it 

cannot, at present, compete with the advanced methods for S = l Ising models, 

its usefulness has been clearly demonstrated on an S = I Ising system (two

dimensional three states Potts model), where the specific heat series has 

beeR extended by six terms. 
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APPENDIX A 

ExaatZy soZvabZe rings and ahains. 

The energy spectrum of a Heisenberg ring with N = 3 or N = 4 spins and 

of a chain with N = 2 or N = 3 can be solved exactly. These clusters are 

examples of the equivalent neighbour Hamiltonian or the hypercubical 

Hamiltonian (Tindemans and Capel, 1974). 

When H can be reduced to the form 

H (I) 

the eigenvalues may be labeled with R, Tl and T2 since these are good 

quantum numbers. 
..... ..... ..... ..... ..... ..... + For a chain with N = 2, we haveR= S

1
+S2 , Tl s l. T s2 • n=m=l, 2 

and accordingly the partition function is given by 

zchain,2 
e-2KS(S+I) 

2S 
L (2R+l) eKR(R+l) 

R=O 
(2) 

with K = J/kT. The ground state energy per spin for the ferromagnet and 

the antiferromagnet may be calculated as 

U(O)J<O S(S+J )J 

U(O)J>O (3) 

A chain with three spins reduces to the form (J) when we set T
1 

= S
2

, 
+ + + ..... + + 
T2 = S

1 
+ S

3
, R = T

1 
+ T

2 
and the partition function and ground state 

energies are then. 
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-K5(5+1) 25 -KT(T+l) 
Z = e E e chain,3 TmO 

T+S 
E (2R+I) 

R=IT-sl 

KR(R+l.) 
e • (4) 

U(O)J<O = i5(5+l)J <-:J if 5 half integer), 

U(O) J>O = -jS2 J. (5}. 

.... + 
A ring with N"' 3 may be written in the form (l) when T2 = S, m= 3, 

+ -+ + + • .. "' "' n = 0 and R = 5
1 

+ 5
2 

+ 5
3 

~s subst~tuted, The quant~t~es are then 

z . = e -3KS(5+l) 
r~ng,3 

3S 
E (2T+l) eKT(T+I), 

T=S 
(6) 

U(O)J<O 5(5+l)J <-tJ if 5 half integer), 

(7) 

.... + 
For a ring with N = 4, S + S 

1 3 
and 82 + 8

4 
are good quantum numbers 

.... .... + + + + + 
(T

1 
= 5

1 
+ 5

3
, T

2 
= 5

2 
+ 5

4
, R = + T

2
) and we find 

z . 4 
r~ng, 

2~ e-KT2(T2+1) Tl~T2 (2R+I) eKR(R+I) 
T2=0 R•IT

1
-T

2
! (8) 

U(O)J<O = S(2S+l)J 

(9) 
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In order to calculate the traces of the graphs d
2

(k) (chapter V) it is 

sufficient to calculate tr(Hkh~, 2), ,which is easily done from (2). Since 
_i c ~1n, 

tr(hr-h . 3) = 2d
2

(k) + d (k), d (k) may be found from (4) in combination c a1n, a 3 

with d2 (k). No limitations exist for the order k. 

The limiting high temperature behaviour of the specific heat per site 

may be found from (2) and (4) (using eq. 18, chapter V) 

C h , = 3C . - 2C . 2 , c a1n,oo cha1n,3 cha1n, (lO) 

a result that is correct to order 85 for general spin. For S + oo this ex
pression is exact, 
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APPENDIX B 

B.1 Saope. 

In this appendix we will prove the relations (54) of chapter II and 

(7) of chapter VII. (Henceforth, when reference is made to equations in 

the chapters, their number will be prefixed with the chapter index). 

Both involve combinatorial methods and we will start with the proof of 

four relations that are of importance. In general the description will 

only indicate the lines along which a mathematically sound proof would 

progress. With the aid of these four relations it will then be possible 

to check (II.54) in§ B.3 and (VII.7) in§ B.4. 

B.2 GenePaZ PeZations. 

Proof, With the identity 

k > n, n > 0 

we show that 

which is consistent with (l) if (Rl) is correct. 

The proof may be completed with induction 

(R2) 
p-1 
I (p-.q 

R.=n 
[R.) - (p+ I) 
n -- n+2 

(l) 

(2) 

119 



P!'oof. 

(R3) 

P!'oof, 

p-l ( J p-1 r (n!L) .. pr~=nl (nr++ 11) 1~ (p-!L) ! • r~n !L~n L (p+1) 
n+2 

where the last step is an application of (Rl), 

N 
B(N,!L) - I 

m=O 
(:} (-!)m m'- = j 0 if 1 < N 

(-l)N N! if !L=N 

N (:J (-1 )m 
m 1-1 

B(N,t) N I "N m 
m=O 

N-1 
(N:l] (-l)m (m+l)1-l = -N I 

m=O 

!L-1 [ !L-1) = -N I k B(N-J, !L-k-1) 
k=O 

(4) 

With B(N,O) = o(N,O) it is straightforward to show what the de

composition of B(N,!L) has all vanishing contributions when !L < N. 

Repeated application of (4) shows the answer in the case !L = N. 

(R3) is a generalization of the formulae presented in mathematical hand

books, where only the cases .11, = 0 and 1 = I are considered (see for in

stance, Abramowitz and Stegun (1965); Gradshteyn and Ryzhik (1965); 

Weast and Selby (1967)), 

-::: min~t,n) ( t r t 
(R4) P~!~ !L~ t+~-R.J t~J (-1}!1, = 

P!'oof. We first consider the case n ~ t. For that situation we express 
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the first binomial in (R4) as .a polynomial 

I ~ i I t~ I b t-i a i + ( -l) t • t. = -r. 1. a.n + -::-r 1. .n ._ "' 
t. i=O ~ t. i=l 1 t! 

(5) 

(R4) can then be wr.itten as (with the aid of (R3)) 

(t} t i I t-l t-i ( 1 )t 
P -t'. /: a.n B(t,O) +-,- I bin B(t,i) + ...;-t. P(t,t). 

(n) i=O 1 t. i=l 

In view of (R3) all terms vanish. except the last which equals 

unity for all t. 

(6) 

In the case n < t we progress as follows (repeated application 

of (l)) 

= (t) + ~ (t+n-1-IJ[t-IJ(-1)1+ I (t+n-1-1) [t-1)(-l}1 = 
p (n-l) JI,;O t-1 Jl, g_,. 1 t-1 Jl,-1 

= p(t) + p(t-l) - p(t-1) 
(n-1) (n) (n-1)' (7) 

Since P(t) = 1 for any t, we may progress this recursion and show 
(O) 

the correctness of (R4). 

B.3 The equation (II.54). 

With the aid of (R2) and (R4) we can now show the equality of (!!.54) 

and (!!.48). For this proof we need a labeling of the Zattiaee that shows 
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their dimensions. Since the notation of chapter 11 (§ 2.5) is too general 

for this purpose, we will start this paragraph with the introduction of a 

suitable notation. Thereafter a property of the S-matrix (11.38) is 

examined. With this property and (R4) it is then straightforward to work 

from (11.54) to {11.48). 

Notation. 
The tattiaea of interest, when dealing with a d-dimensional (hyper) cubic 

lattice, may be labeled with a d-dimensional vector that shows their 

linear dimensions. We then write for the tn(Z) associated with such a 

'lattiae 

e (d)(~"> 
n 

(8) 

where the subscript n, 

d 
n = \ r !. p 

i=.l 
(9) 

additionally labels the sum of the edge-lengths (SEL). (Note that, using 

the adoption of chapter 11, the linear dimension of a block is the number 

of sites in the direction of interest. A chain of n sites in a d-dimen

sional space has thus a SEL = n + d- 1.) 

This same indexing will be used for the r-functions (11.49). 

In analogy with (II.Sl) we define the generalized n-functions as 

o<d> ., 
n 

(10) 

where the summation runs over all 'lattiaea with their SEL--n, A corres

~onding grouping of the r-functions (11.49) can be made, and we define 

(ll) 
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+ 
The matrix S (II.38), expressing the occurrence of one lattice on 

another, will now be written as 

(w.-r.+1). 
1 1 

(12) 

+ 
It counts the occurrence of·the lattice with dimension vector (DV) rand 

SEL = n on the lattice with DV ; and SEL = m. 

+ 
+ 

Prope:r>ties of s. 

+ 
The definition (12) shows that S is invariant under translation of the 

origin and especially 

(d) ........ 
S (r w) 
nm ' 

(d) ................ 
S (J,w-r+l) d,m-n+d (13) 

if with i (SEL=d) we denote a single site. 
. ~ . To calculate matr1x elements of S we must thus count the number of s1tes 

on lattiaea. 

For the proof of 

the summation of 

(II.54) we will need a 

e in Q. Of interest is 

\ (d) .... + 
L S (r w) ..,. nm • . • 
w 

+ 

summation of elements of s, like 

the quantity T(d} defined as nm 

(l4) 

where, as before, the summation runs over all Zattiaes with SEL = m. With 

(13) we see that a calculation involves the counting of the number of 

sites in all Zattiae~ with a certain SEL. If we call this number G(d) for n 
the collection with SEL = n, then we have the recursion 

G(d} • n-J k 
n l 

k•l 

(15) 
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which is most easily verified by considering the problem on a chain, a 

square and a cubic lattice. 

A solution satisfying (15) is 

G(d) [n+d-1) 
n 2d-l • 

(16) 

since then 

( n+d-J) 
n+d-3 

(n+d-2-t) [z!-3). L 2d-J i=2d-3 
(17) 

which is correct in view of (R2). Now, since T(d) = G(d) we arrive at nm m-n+d' 

[
n-m+2d-lt 

2d-l J. (18) 

Clearly the only quantities of interest in the result of the summation 

(14) are the lattice dimension d and the difference in SEL between ; and 
• -+ 

the plane spanned by the collect1on w. 

Equatity of (II.48) and (11.54). 

In order to show the equivalence of (II.48) and (11.54) (when the 

summation in (II.48) includes all lattiaes with SEL ~ n + I) we will have 

to relate Q and r or, with (ll), nand~. This relation is sought first, 

and obtained in the following way: 

L s<d)<;.~) r<d>(;) 
-+ mn m 

(.19) 

r 

(from (11.49)). Hence, 
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With (14) this is written as 

(21) 

where in the last step we used the definition (11), 

With this result we can rewrite (II.54) in terms of ~ instead of Q and 

obtain 

=2d~l (-l)k [2d-l} n+~-k (d) (d) 
L k l Tn+l-k m ~m • 

k=O m=d ' 

Rearranging this summation we arrive at 

( d) n+l (d) 2d-l [ } e /site. I ~ l (-l)k 2dk-1 T(d) 
oo ~=d ~ k=O n+J-k,~' 

and since, according to (II.48) we have 

(d) n+l (d) 
eoo /site • I ~t • 

i=d 

(22) 

(23) 

(24) 

the equality of (II.48) and (11.54) amounts to the proof of the relation 

2d~l (-1 )k (2dk-l) T(d) = t. 
L n+l-k,~ 

k•O 
(25) 
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.... 
using the previously derived expression for T (18) and with the substit-

ution 2d-l = t, n+l-~ = m, we transform this to 

(26) 

which in fact is an identity in view of (R4), 

This completes the proof of the correctness of (II.54). 

8.4 The equation (VII.7). 

Equation (VII.7) may be checked with the aid of (R3). Substitution of 

(VII.6) in (VII.5) results in 

2d-l 2d-l [ ] I a. L (-1 )k 2dk-l (N+l-k)i 
i=O 1 k=O 

2d-l i 
= I a. I (-l)j (N+l)i-j B(2d-l,j) 

i=O 1 j=O 

(27) 

(28) 

where the B(N,~) are defined in (R3). For j < 2d-l (27) vanishes in view 

of (R3) and the result is thus 

(29) 

Hence, 

a • c(d)/(2d-l)' 2d-1 00 • (30) 

and all other ai in (VII.6) are undetermined. 
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SAMENV ATTING. 

In dit proefschrift wordt het thermodynamisch gedrag van oneindige mag

netische systemen theoretisch onderzocht. Slechts voor zeer weinig model

len bestaat een exacte beschrijving van thermodynamische functies zoals 

soortelijke warmte en susceptibiliteit. In de overige gevallen moeten be-· 

naderingsmethoden worden gebruikt om een schatting te verkrijgen van deze 

functies. Ontwikkeling van de functies in een machtreeks in inverse tem-
' 

peratuur (high temperature series expansions, HTE) is daarvoor een geschik-

te methode. 

Na de introductie - in hoofdstuk II - van verschillende technieken om de 

coefficienten in deze HTE's te berekenen, worden mogelijkheden besproken 

om uitgaande van reeksen voor speciale systemen, de reeksen voor algemene 

modellen te berekenen. In hoofdstuk III wordt daartoe aandacht besteed aan 

roosters met interacties van verschillende sterkte. De coefficienten in de 

HTE voor de soortelijke warmte kunnen in dit geval worden uitgedrukt in 

die van de HTE's voor roosters met slechts een interactie sterkte. In 

hoofdstuk IV wordt het effect van anisotropie in de interacties beschouwd. 

In dit geval blijkt het mogelijk om de HTE voor een volkomen anisotroop 

model uit te drukken in de reeksen voor axiale modellen. 

Van experimenteel belang zijn de voorspellingen omtrent soortelijke warm

te en susceptibiliteit van een een-dimensionaal array (oneindige keten) van 

spins. In de hoofdstukken V en VI wordt hieraan aandacht besteed. De onder

zochte modellen zijn die van spins (S=l) met isotrope interactie en een 

kristalveldwisselwerking (Hst. V) en spins met 8(.5/2 met isotrope exchange 

(Hst. VI). In deze berekeningen wordt gebruik gemaakt van de gegevens -met 

behulp van compdterberekeningen verkregen - voor korte ketens van spins. 

Theoretisch is een basis gelegd voor een extrapolatie van deze gegevens 

naar de limiet van een oneindige keten. De gunstige resultaten die met deze 

methode worden bereikt motiveerde het onderzoek van een vergelijkbare tech

niek voor het geval van hoger dimensionele roosters. Een van de in dit 

proefschrift ontwikkelde methoden van reeksontwikkeling blijkt:een goede 

basis te leveren voor zulk soort extrapolaties. Zulks wordt beschreven in 

hoofdstuk VII, waar tevens als voorbeeld van de werking een berekening wordt 

verricht aan een twee-dimensionaal.Ising model. Het verkregen resultaat 

voor de antiferromagnetische soortelijke warmte is bijzonder goed en acti

veert .tot verder onderzoek op dit gebied van de benaderingen. 
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STELLINGEN 

behorende bij het proef~ch~~£t van r, de Neef 

I 

B~j Monte-Carlo berekeningen aan het the~modynamisch gedrag van 

roostersystemen dient voorzi~htigheid te worden betracht bij het 

realiseren van periodieke randvoorwaarden in het modelrooster, 

Yu.A.Sh~eide~. Method of Statisti¢aZ Testing~ Monte Ca~Zo Method, 

Elsevie~, Amste~dam, 1964. 

II 

Farragher's analyse van de reaultaten van suseeptibiliteitsmetingen 

aan ws 2 met ge!ntercaleerde Ni 2+ ionen gaat voorbij aan het bestaan 

van w3+ ionen. 

A.L.FaPPagheP and F.Cossee, Pro~. 5th Int. Congres Catalysis (1973). 

lli 

Het aantal decirnalen dat Blote geeft in tabellen voor de magnetische 

soortelijke warmte van lineaire ketens mag niet worden DFgevat als 

een aanduiding voor de roate waa~in ziju resultaten de exaete oplos

sing benaderen, 

H.W.J.Bl5te, Physioa ?9B, 427 (1975). 

lV 

De "finite lattice cumulant method", als techniek voor het berekenen 

van een reeksontwikkeling voor de thermodynamische £unkties van cen 

magnetisch roodel op pr~m~t~eve ~ubi~c~e ~oosters, kan worden toege

past op alle primitieve rooste~s. 

Dit p~efsch~Jt. Hoofdstuk II, §2.5. 

v 

Ret ongenuanceerd aanvaarden van een r 34Net voor het gedrag van de 

rooster socrtelijke warmte bij lage temperaturen is aan ernstige 

bedenk~ngen onderhevig, 



VI 

Een systeem voor de doorberekening van computergebruik dient ~odanig 

te zijn ontworpen dat een regulerende werking op de belasting van de 

ma.ohine kan worden verwacllt. 

Eind~appo~t Van d~ THE Werkg~ep doo~berekening rekenkoeten, mei 1975. 

VII 

Takeda's interpretatie van de aoortelijke warmte bij lage temperatu

ren van CuC1
2

·2NC
5

H
5 

is aan ern~tige bedenkingen onderhevig. 

K,7'akeda, S.Mabsuk=a and 1',Haeeda, J. Phys. Soo. JapWI §!!.., lJJO (19?1). 

VIII 

Ret i.s te llopen dat de wetenscllappelijke output van de TRE in de vorm 

van rapporten en publikatics niet is gerelateerd aan de fa.oiliteiten 

die de TH heeft om dit soort drukwerk te verzenden. 

T. de Necf IS november 1975 


