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IOT!TIOI 

The most frequently used symbols are explained below. Other symbols are 
explained in the text where they occur. 

GEOIETlY 

le•ber geo•etry (see Figs. 6.1 and 6.5) 
bbf width of the bottom flange, measured between the points of 
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6tf;fl 
6tf;nt 

AV 
r 

ri 

ri;bf 
ri;tf 
t 

intersection of the web and flange midlines 
effective width of the bottom flange 
flat width of the bottom flange 
notional width of the bottom flange, measured between the 
midpoints of the corners 
width of the top flange, measured between the points of 
intersection of the web and flange midlines 
effective width of the top flange 
flat width of the top flange 
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web and flange midlines 
clear distance between the flanges, measured along the plane of 
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effective width of the web near the compression flange 
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flat width of web 
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corners 
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midline corner radius 
interior corner radius 
interior corner radius between the web and bottom flange 
interior corner radius between the web and top flange 
plate thickness (of uncoated steel sheets) 
base steel thickness (exclusive of coatings) 
thickness of zinc layers (sum of two sides) 
acute angle between the web and flange, web angle 
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experimentally determined mechanism initiation load 
(calculated) ultimate load 
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(calculated) ultimate bending moment resistance (Eurocode 3) 
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Chapter 1 
IITlODUCTIOI 

The conscious formation of novel things is a creative process, 
which is not dependent on existing things. Creating something out 
of nothing is only possible in our imagination, which evades 
logical processes from causes towards results. It is a highly 
personal process, which starts with (sometimes unconscious) 
criticism to existing things and which leads along ways that have 
to be made by ourselves towards results that are unpredictable 
also for ourselves. 

C.J. Slothouber 

1.1 Subject 

This thesis reports on a research project on web crippling of 
thin-walled cold-formed steel members. Nowadays these members are 
frequently used as structural elements in buildings. Vhen such a member is 
subjected to a concentrated load or reaction, its web may cripple due to 
the high local intensity of the load (Fig. 1.1). This type of failure is 
denoted as web crippling. 

Fig. 1.1 Veb crippling of a thin-walled cold-formed steel member at an 
interior support (Reinsch, 1983) 
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Veb crippling of cold-formed steel members has been studied since the 
1940s. Because theoretical analysis was found to be rather complicated, 
aost studies concentrated on the development of design formulas based on 
curve fitting of test results. These empirical formulas.have a limited (and 
often not well described) range of applicability. Of course, each formula 
correlates well with the test results it is based on, but the correlation 
is •uch worse for tests from other sources (Bakker and Pekoz, 1985). The 
present research was prompted by the lack of analytical models that 
describe the web crippling behavior and the significance of the principal 
parameters. The primary objective of the research was to develop such 
aodels. These models should then be used to develop reliable and generally 
applicable design formulas. 

Before discussing the objective and scope of the research project in 
more detail, it is thought necessary to place the web crippling problem in 
the context of the design of cold-formed steel structures. This context is 
described in Section 1.2. The terminology needed to discuss the web 
crippling problem is presented in Section 1.3. Using this terminology, 
then, in Section 1.4, the objective and scope of the research are explained 
in more detail. In Section 1.5 finally the structure of this report is 
explained. This structure reflects the research method used. 

1.2 Context 

Thin-walled cold-formed steel members are a relatively new product: 
they were not widely used in building construction until around 1940. In 
the US!, the first design code for cold-formed steel structural members was 
issued in 1946. In Europe, the first codes were issued in the 1970s. 

Cold-formed steel members are composed of cold-formed sections, which 
are formed by press braking, bending braking, or roll-forming of steel 
sheet. They are called cold-formed members to distinguish them from the 
familiar hot-rolled shapes and members built up of plates. Cold-formed 
sections are not necessarily thin-walled. Plates as thick as 25 mm may be 
cold-formed into shapes. The cold-forming operations allow much freedom in 
the forming of the shapes. Sections can be formed with inclined webs and 
with various types of intermediate and edge stiffeners in the web and 
flange elements (Fig. 1.2). Typical features of cold-formed steel sections, 
resulting from the production method, are the uniform wall thickness and 
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the curved transition (corner radius) between the webs, flanges and 
stiffeners. 

Another characteristic feature of these members is the relatively large 
width-to-thickness ratio of their web and flange elements. Therefore these 
elements may buckle at stress levels lover than the yield stress. Buckling 
of the elements of a member is called local buckling, to distinguish it 
from the overall (global) buckling of a member. Traditionally, in 
hot-rolled steel design, the maximum stress in web and flange elements is 
limited to the local buckling stress. However, the member does not normally 
fail when the buckling stress in any of the elements is reached. Depending 
on the boundary conditions of the elements, the member is able to carry 
loads larger than the loads at which local buckling is initiated. This is 
called the post-buckling resistance of the member. For an economic use of 
cold-formed steel members, it is necessary to exploit this resistance. This 
requires appropriate design methods and has resulted in the development of 
a new specialism of steel design: cold-formed steel design. 

n 1I c., rl L 
edge stiffener 

I I [J 
stiffener 

Fig. 1.2 Various shapes of cold-formed sections 

Veb crippling is only one of many failure modes which should be 
considered in the design of cold-formed steel structures. For many failure 
modes reliable design formulas have already been developed. These formulas, 
based on research findings and accumulated practical experience, have been 
compiled into cold-formed steel design codes. In Europe, a great effort has 
recently been carried out to develop a unified design code: the Eurocode. 
In this thesis, the Eurocode No.3 Part 1 {1988) is adopted as a reference 
framework, although occasionally other design codes will be referred to, 
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especially the AISI Specification for the design of cold-formed steel 
_structural members (1986). 

For the analysis of steel structures it is useful to distinguish two 
levels at which the structure can be considered (Table 1.1): the frame 
level and the member level. Veb crippling is a phenomenon occurring at the 
member level. Usually web crippling is understood as the localized failure 
of flexural members caused by the application of a concentrated load 
perpendicular to the length direction of the member. Veb crippling may 
influence the behavior of the structure at the frame level, as will be 
shown in the discussion of the redistribution of bending moments in 
continuous multi-span members due-to web crippling (Section 2.4.4). The 
term web crippling suggests that this phenomenon is influenced only by the 
properties of the web elements of the member. In general, a member consists 
of both web and flange elements. The web and flange deformations need to be 
compatible, and therefore the flange properties will influence the web 
crippling behavior as well. For built-up members, the connections too may 
influence the web crippling behavior. 

Table 1.1 Structural levels in (cold-formed) steel structures 

level 

frame 

member 

structural elements 

members: 
-tension members 
-compression members 
-flexural members 
-torsional members 
connections 

plate elements: 
-flange elements 
-web elements 
connections 
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Other features which should be considered in the design of flexural 
members are: 
- Bending moment resistance. 

!s will be discussed later, in many loading cases the web crippling 
resistance depends on the bending moment resistance. In this report, the 
Eurocode 3 (1988) approach is followed for the determination of the 
bending moment resistance. 

- Resistance to lateral-torsional buckling. 
This problem is not considered. It is assumed that the flexural member is 
sufficiently braced to prevent lateral-torsional buckling. 

1.3 Ter.inolosx 

1.3.1 leabers and ele.ents 

In Fig. 1.3, an overview of the different types of flexural members is 
given. Two types of flexural members can be distinguished: ~~ which 
have only a load carrying function, and ~~ which have both a load 
carrying and a space enclosing function. Beams can be characterized as 
linear elements, and are often named after their shape, for instance hat, 
I, U, C, Z, E and channel sections. I sections and channel sections are 
built-up sections. Panels can be thought of as plane elements. They have a 
limited width, but may be connected to form floors, roofs and walls. Based 
on the connections between the panels they can be classified as deck panels 
(connected by overlapping flange elements) or as standing seam panels 
(c~nnected by overlapping web elements). Deck panels are also referred to 
as profiled or corrugated sheeting, standing seam panels as wall cassettes. 
It must be noted that, for the determination of their mechanical properties 
(resistance and stiffness), panels are usually idealized to beams (uniaxial 
bending). 

In the calculation of the ultimate moment resistance of a member, the 
post-buckling resistance of the elements must be considered. The buckling 
and post-buckling behavior of these elements depend on the stress 
distribution (uniform or stress gradient) and the boundary conditions. An 
element may have edges supported by another element, free edges, or edges 
supported by an edge stiffener (Fig. 1.2). In Eurocode 3 (1988), depending 
on the translational stiffness of the edge supports, elements are idealized 
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to doubly suoported, singly supported, or elastically supported elements 
.(Fig. 1.4). Usually the rotational restraint of the edge supports is 
assuaed to be negligibly small. 

Il lJ c 1 L 
hat section U-section (-section Z- section ~-section 

II [J 
beams 

built-up sections 

channel section 

deck panels 

(corrugated sheetingl 
panels 

r L... --lrE .... r _ _.fE' .... r _ __.r standing seam panels 
(wall cassettes) 

Fig. 1.3 Classification of flexural members 

• ;Jk 

doubly 
supported 
element 

singly 
supported 
element 

elastically 
supported 
e>lement 

Fig. 1.4 Classification of elements (Eurocode 3, 1988) 

WL 

In the !ISI Specification (1986), a doubly supported element is 
referred to as a stiffened element, a singly supported element as an 
unstiffened element. In this report however, the term unstiffened element 
will be used to denote a flat element without intermediate stiffeners, the 
term stiffened element to denote an element with intermediate stiffeners. 
Stiffened elements may be distinguished into longitudinally stiffened 
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elements (with intermediate stiffeners parallel to the stress direction) 
and transversely stiffened elements (with intermediate stiffeners 
perpendicular to the stress direction). Based on the chronology in the 
first use of different types of stiffeners, Baehre (1982) classified deck 
panels as first. second and third seneration decks (Fig. 1.5). First 
generation decks have plane flange and web elements, second generation 
decks have elements with longitudinal intermediate stiffeners, while third 
generation decks have both longitudinal and transverse stiffeners. The 
transverse stiffeners provide stiffness needed due to the rather large 
spacing of the webs. 

first generation deck panel 

tunstiffened elements) 

second generation deck panel 

(longitudinally stiffened elements) 

third generation deck panel 

(longitudinally and transversely 

stiffened elements} 

Fig. 1.5 First, second and third generation deck panels 

The rotational restraint of the web is important when considering web 
Crfppling. In the !ISI Specification (1986), for web crippling a distinc
tion is made (Fig. 1.6) between I beams having a high degree of restraint 
against rotation of the web, and members having single, unstiffened webs, 
with a low degree of restraint against rotation of the web (for instance U 
sections, hat sections, deck sections and channels). In Eurocode 3 Annex A: 
Cold-formed thin-gauge members and sheeting (1988), a distinction is made 
between members with webs eccentric to the load direction and members with 
webs concentric to the load direction. This is an awkward definition. The 
eccentricity of the load application on the web is determined by the corner 
radius. From the comments in the design code, and by comparing the 
recommended formulas, it can be seen however that the Eurocode means to 
distinguish members based on the rotational restraint of the web. 
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!-section 

I 
section with 

single, unstiffened webs 

>»7»W»»77 

t 
(a} I b) 

fig. 1.6 Sections having a high {a) and a low (b) degree of restraint 
against rotation of the web 

1.3.2 Loadipg conditions 

In practice, different loading conditions are encountered in which web 
crippling may occur. In Eurocode 3 (1988), a distinction is made between 
two types of concentrated load applications (Fig. 1.7): 
a) force applied to one flange and resisted by shear forces in the web; 
b) force applied to one flange and transferred through the web directly 

to the other flange, where the reaction occurs. 

(a) 

fig. 1.7 Classification of loading conditions (Eurocode 3, 1988) 

In the !ISI Specification (1986), a more elaborate classification is 
giv~n. ! type (a) load application (Fig. 1.7) is called a One Flange 
loading and a type (b) load application a Two Flange loading. Furthermore, 
a distinction is made between Exterior loadings, in which the concentrated 
load is applied near the end of the member, and Interior loadings, in which 
the concentrated load is applied somewhere in the middle of the member. 
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This results in four types of loading conditions: an Interior One Flange 
(IOF) loading, an Interior Two Flange (ITP) loading, an Exterior One Flange 
(EOF) loading, and an Exterior Two Flange (ETF) loading. This 
classification is based on the loading arrangements of web crippling tests 
performed in the USA and Canada for the development of empirical formulas 
(Fig~ 1.8). Fig. 1.9 shows how load arrangements occurring in practice can 
be classified as one of these four loading conditions. 

In Eurocode 3 Annex A (1988), a distinction is made between first and 
second category loadings. First category loadings are equivalent to ITF, 
EOF or ETF loadings, second category loadings to IOF loadings. 

/--vregion of failure 
I \ 

~ l~ 15bw~ t ~:!: t5bw~ 
IOF loading ITF loading 

EOF loading ETF loading 

Fig. 1.8 Classification of loading conditions for web crippling tests 
(Yu, 1985) 
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IOF loading 
,'- ... , 

I 'I 

ETF loading 
/,..-, <1.5bw 

<tsb 

Pig 1.9 Classification of loading conditions occurring in practice 
(Yu, 1985) 

During the research it was found that the !ISI classification is not 
accurate enough. In this report therefore a distinction will be made 
between the load apolication mode, the deformation mode and the type of 
loading. The load application modes are classified according to the !ISI 
approach in IOF, ITF, EOF and ETF load applications. For the deformation 
'modes, analogously to the load application modes, a distinction is made 
between Interior and End deformations, and One Flange and Two Flange 
deformations (Fig. 1.10). ! One Flange deformation is defined to be a 
one-sided indentation of the member, a Two Flange deformation is defined to 
be a two-sided indentation of the member. A Two Flange deformation mode may 
be ~ymmetrical, but in most cases will be asymmetrical. Vith respect to the 
type of loading, a distinction is made between cases that only a 
concentrated load is acting on the member (denoted as a C loading), cases 
that a combination of a concentrated load and a negligibly small bending 
moment are acting on the member (denoted as a Cb loading), and cases that a 
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combination of a concentrated load and a bending moment are acting on the 
member (denoted as CB loading). The reasons for this classification will 
become clear when considering the origin of the Cb loading. 

[ 

,....[ ~----......_._.-.--- ... 

[ ~----··. 

Fig. 1.10 Deformation modes 

symmetrical 
n Interior Two Flange 

.J Ldeformation mode 

asymmetrical 
n Interior Two Flange 

.J Ldeformation mode 

n Interior One Flange 
.J Ldeformation mode 

The Cb loading is needed to explain the format of the current design 
formulas for Interior One Flange load applications. ! characteristic of an 
Interior One Flange load application is, that there is always a bending 
moment acting at the place of the concentrated load application. This 
bending moment will reduce the resistance of the member against the 
concentrated load. In the approach of the current design formulas the 
influence of the concentrated load is described separately from that of the 
bending moment. The Cb web crippling prediction formulas predict the 
ultimate web crippling resistance Fcb;u of a member subjected to a 
concentrated load and a bending moment which is assumed to be negligibly 
small. These formulas are based on curve fitting of the results of web 
crippling tests, which are performed as three-point bending tests on 
members with very short spans (just long enough to guarantee an Interior 
One Flange load application instead of an Interior Two Flange load 
application). For larger spans, the influence of the bending moment is 
taken into account by means of interaction formulas, with the format 
(Fig. 1.11): 

a·FcB;ul1cb;u + P·1cB;ul1u = 1, (1.1) 
where fCB;u and 'cB;u represent a combination of concentrated load and 
bending moment resulting in the attainment of the ultimate, combined 
bending moment-web crippling resistance of the member, and 'u is the 
ultimate bending moment resistance of the member. The constants a, p and 1 
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are deterained from curve fitting of the results of combined bending and 
~eb crippling tests. These tests are performed as three-point bending tests 
on aembers with a longer span. 

failure by combined bending and 
web crippling 

fig. 1.11 Graphical representation of an interaction formula 

In general, the bending moment occurring at the concentrated load 
application depends on the concentrated load: 

1cB = £eq·1cB· (1.2) 
Therefore, from the interaction formula, the web crippling resistance FCB;u 
of a member subjected to both a concentrated load and a (larger) bending 
moment can be derived as: 

1·• ·'eh· F _ u ,u 
CB;u - a·l + P·£ ·Fcb u eq ;u 

(1.3) 

It can be con.cluded that the definition of the Cb loading is awkward. 
The loading condition is not relevant in practice, it is arbitrary what 
moment may be considered negligibly small, and for some members the web 
crippling resistance FCb;u cannot be determined experimentally, because, in 
order to keep the bending moment sufficiently small, the span length should 
be taken so short that the loading condition has to be considered an ITF 
load application instead of an IOF load application. The only reason to 
define this type of loading is, to have a parameter denoting the web 
crippling resistance without the influence of a bending moment, for use in 
the interaction formula. 
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fig. 1.12 Loading arrangement to study web crippling in members subjected 
to IOF deformation modes, without influence of a bending moment 

The problems encountered in separating the influence of the bending 
moment from that of the concentrated load are partly definition problems. 
Shifting the attention from the load application mode to the deformation 
mode of the member, it will be found that, for Interior One Flange 
deformation modes, it is perfectly possible to study the influence of the 
concentrated load separately from the influence of the bending moment. One 
may use for instance the loading arrangement as shown in Fig. 1.12. This 
arrangement vas used by keinsch (1983) for the development of his model 
(Section 3.4.2). It vas also used by Zhao and lancock (1990) to study the 
combined bending and web crippling behavior ofT-joints in rectangular 
hollow sections. It can be objected however, that this type of loading 
arrangement is not very suitable for web crippling research, since neither 
the place of application of the reaction is known, nor·the exact boundary 
conditions of the bottom flanges. It makes a large difference whether the 
bottom flanges are fixed to the support or free to deflect upwards. 

For members subjected to Interior Two Flange load applications too, it 
may be useful to distinguish between different deformation modes. lembers 
subjected to Two Flange load applications will not necessarily fail by 
symmetrical Two Flange deformation modes. In many cases, due to asymmetry 
in the section shape or loading conditions (see Fig. 1.12 for instance), 
such members will fail by asymmetrical deformation modes. Depending on the 
magnitude of the smallest flange indentation, such an asymmetrical 
deformation mode may even be idealized to a One Flange deformation mode. 
Different deformation modes probably require different design formulas. 

In Table 1.2 an overview of the loading conditions characterized by 
Interior load application and deformation modes is given. Exterior load 
application and deformation modes (Fig. 1.9) will not be considered in this 
report. 
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Table 1.2 ·overview of the loading conditions characterized by Interior 
load application and deformation modes 

I ~ I 

I ~ . I 

I ~ I ~rt»n=/M»?l 

b 
~ 

' 

~ 
k 

ITP: Interior Two Flange 
IOf: Interior One Flange 
C: Concentrated load only 

~ 

~ 

load defor-

appL mat ion 

mode mode 

sym. 

ITF ITF 

asym . 

ITF ITF 

ITF IOF 

IOF IOF 

IOF IOF 

Cb: Concentrated load and negligibly small bending moment 
CB: Concentrated load and bending moment 

1.4 Objective and scope 

type 

of 

loading 

c 

c 

c 

Cb 

CB 

The main reason to start the current research project was, that the 
foraulas predicting the ultimate web crippling load of members subjected to 
the.combined action of a concentrated load and a bending moment (CB 
loading) showed a large scatter in results (Fig. 1.13). As explained in 
Section 1.3.2, the CB web crippling resistance is determined as a function 
of the Cb web crippling resistance and the ultimate bending moment 
resistance. Since it was thought that the formulas for determining the 
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ultimate bending moment resistance of thin-walled cold-formed steel 
sections are fairly accurate, it was hoped that the foraulas for predicting 
the CB web crippling resistance might be improved by improving the Cb web 
crippling prediction formulas. 

0.2 

0 0.2 0.4 0.6 0.8 to 1.2 

fig. 1.13 Interaction between the bending moment and the support reaction 
for 1500 first and second generation deck sections (Bryan and 
Davies, 1984) 

An evaluation of Cb web crippling prediction formulas with test results 
(Bakker and Pekoz, 1985) indeed showed that the formulas for members having 
single unstiffened webs give inconsistent and sometimes unsafe results. 
furtheraore, these formulas are based on curve fitting of test results, and 
not on an understanding of the failure mechanisms. Since it was believed 
that the Cb design formulas could not be improved simply by basing them on 
more test results, it was decided to direct the research towards the 
development of analytical models, which could then be used to develop more 
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reliable, theoretically based design formulas. 
From the beginning of the research project it vas clear that the 

analytical models to be developed should be yield line models. Therefore a 
study on yield line theory vas done. Yield line models are based ~n 
rigorous simplifications and idealizations, but it is exactly these 
simplifications that enable the derivation of general expressions,, offering 
a clear insight in the influences of the various parameters on the veb 
crippling behavior. 

Finite element models are much more refined than yield line models, but 
do not result in general solutions of the veb crippling problem: basically, 
a numerical veb crippling simulation gives the same kind of information as 
a veb crippling test. For parameter studies numerical simulations may be 
simpler than testing. Therefore, at the start of the project, it vas 
intended to model the web crippling behavior with the finite element 
program DI!N!. However, for geometrically and physically non-linear 
problems (as is the web crippling problem), the finite element method is 
not easy to use. It was found that the simulations took so much time that a 
parameter study was not feasible at that time. It may well be that, as a 
result of the improved performances of computers and the availability of 
sophisticated pre- and post-processing facilities, this situation will· 
change in the near future. Since the simulation& did not contribu~e much to 
the understanding of the web crippling behavior, the numerical research was 
not continued and is not reported in this thesis. 

Although many web crippling tests are described in. the literature, it 
was found that these descriptions did not offer enough information for the 
development and checking of the yield line models. As a part of the 
research project therefore an experimental study was performed. 

Originally, following the established research approach, it was 
intended to restrict the research to members subjected to Interior One 

. Flanse deformation modes, loaded by a concentrated load and a negligibly 
small bending moment (Cb loading). Vorking on the modeling of the web 
crippling behavior, it was found however that the influence of the bending 
moment cannot be separated from the influence of the concentrated load, and 
the~efore members subjected to a concentrated load and a (larger) bending 
moment were included in the research. Some attention was given to members 
subjected to a concentrated load only, because it was thought that this 
loading condition would be easier to model than the loading situations 
including a bending moment. 
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The research has been restricted to cold-formed hat sections with 
unstiffened elements and first generation deck panels (Fig. 1.14). These 
are not the types of sections most frequently used in practice. The 
restriction is based on the fact that, for these types of sections, failure 
mechanisms were observed, which were thought to be analyzable with yield 
line theory. It was hoped that, once a yield line model for these types of 
sections was developed, similar models could be developed for other types · 
of sections. 

Although the research is confined to cold-formed steel members, this 
does not imply that other types of members will not be referred to. Other 
types of members (especially rectangular hollow sections and plate girders) 
may have features similar to those of cold-formed steel members. Therefore 
it is to be expected that, to a certain degree, there is an analogy between 
the web crippling behavior of these types of members and that of cold
formed steel members. This analogy will be referred to where appropriate. 

fig. 1.14 Section types included in the research 

1.5 lethod of research and structure of the report 

The analysis of web crippling is an applied mechanics problem. 
Crandall, Dahl and Lardner (1978) wrote: "Applied mechanics is the science 
of applying the principles of mechanics to systems of practical interest in 
order (1) to understand their behavior and (2) to develop rational rules to 
their design. The general method of attack in solving problems in applied 
mechanics is similar to that in any scientific investigation. These steps 
may be outlined as follows: 
1. Select system of interest. 
2 Postulate characteristics of system. This usually involves idealization 

and simplification of the real situation. 
3 Apply principles of mechanics to the idealized model. Deduce the 

consequences. 
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4 Compare these predictions with the behavior of the actual system. This 
usually involves recourse to tests and experiments. 

5 If satisfactory agreement is not achieved, the foregoing steps must be 
reconsidered. Very often progress is made by altering assumptions 
regarding characteristics of the system, i.e. by constructing a 
different idealized model of the system.." 

This schem.e describes a cyclic process. The last cycle can be used as a 
scheme to account for the research results in reflection. 

The postulating of characteristics of the system can be regarded as the 
form.ulation of hypotheses. There is no logical path to these hypotheses. 
The process of solving a problem by formulating and adapting hypotheses is 
a trial and error process -a creative search process- in which the 
researcher is only guided by intuition and experience. Basically there are 
two approaches in doing research: the theoretical approach and the 
experimental approach. As Freudenthal (1966) wrote, these two approaches 
aust rely on each other: "The experimenter needs the theory to give 
structure and purpose to his experiments, while the theoretician, if he is 
concerned with physical reality, needs the experiment to assess the 
physical significance of his theory. If such theory dissociates itself 
deliberately from experiment, it tends toward a physically empty f~rmalism, 
while experiment refusing the guidance of theory leads to unorganized 
in:form.ation which is of limited use." 

The current researchproject reflects this dependence of theoretical 
and experimental mechanics. Based on the observed correspondence between 
the failure mechanisms in cold-formed hat sections and those in plate 
girders, the research was guided by the idea to use yield line methods to 
analyze the web crippling behavior. Since in most web crippling tests 
·described in literature only the ultimate resistances are measured, and not 
much •ttention is. given to the load-deformation behavior and failure 
mechanisms, it was found necessary to perform new tests. The insights 
gained by studying yield line methods helped to interpret the results from 
these tests, and to recognize two types of failure mechanisms. Based on an 
understanding of these mechanisms, a yield line model for one of these 
:failure mechanisms was developed. It is thought that both the experimental 
study and that on yield line methods were essential to arrive at the final 
result. 
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In Chapters 2 and 3 of this report, a qualitative description of the 
web crippling behavior and an overview of the existing calculation aodels 
are given. These Chapters summarize what research has been performed on web 
crippling, what is understood already of the web crippling behavior, and 
what questions still need to be answered. They are colored by the insight 
gained from the developed model, and serve as an introduction to the 
research described in the later Chapters. Chapter 4 describes the performed 
experimental study, while Chapter 5 summarizes the conclusions from the 
study on yield line theory. In Chapter 6, the developed web crippling model 
is described, which incorporates the results of steps 2 and 3 of the 
research procedure as outlined by Crandall, Dahl and Lardner (1978). In 
Chapters 1 and 8 the model is compared with test results (steps 4 and 5), 
and in Chapter 9 the conclusions and recommendations for further research 
are given. 
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Chapter 2 
QU!LITATIYI DISCIIPTIDI Of TIE VEB CIIPPLIIG BEI!YIDl 

The essence of an explanation consists in reducing a situation 
to elements with which we are so familiar that we accept them as 
a matter of course, so that our curiosity rests. 

P.V. 8ridgman 

2.1 Introduction 

From the literature it can be concluded that there are three important 
phenomena determining the behavior of cold-formed steel members subjected 
to a concentrated load and a bending moment: local buckling, the mode of 
web deformation, and the formation of a plastic hinge mechanism in the 
member. In the following Sections, for the sake of clearness, these 
phenomena are discussed separately, although in actual mechanisms they will 
influence each other. 

Local buckling (Section 2.2) influences the stress distribution in the 
flange and web elements. Before discussing local buckling in members 
subjected to the combined actions of a bending moment and a concentrated 
load, first local buckling in members subjected to a bending moment only 
and a concentrated load only will be treated. 

Due to the post-buckling resistance of the member, the ultimate web 
crippling resistance will be larger than the load corresponding to the 
initiation of local buckling. The actual web crippling failure is thought 
to be caused by the formation of a plastic mechanism. In general, a 
cold-formed steel member consists of web and flange elements, whose 
deformations need to be compatible. A mechanism is thus characterized by 
·both flange and web deformations. Based on the mode of web deformation two 
different mechanisms will be distinguished, namely a yield arc mechanism 
and a rolling mechanism. In Section 2.3 these two mechanism are described, 
and it is discussed what parameters determine the mode of web deformation. 

Both in the yield arc and the rolling mechanism, the flange 
deformations result in the formation of a plastic hinge mechanism (Section 
2.4). This hinge mechanism causes mechanism rotations, which, in continuous 
members, result in redistribution of bending moments. The plastic hinge 
mechanism develops only after some elastic deformation. The load 
corresponding to the initiation of the hinge mechanism is defined to be the 
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aechanism initiation load. 
The foregoing introduction may have made clear that, in the discussion 

of local buckling, the mode of web deformation and the formation of the 
hinge mechanism, several new concepts will be introduced. In Section 2.5 
these concepts are summarized. 

2.2 Local buckling 

2.2.1 Local buckling due to a bending mo.ent 

The buckling stresses of the flange and web elements of a member 
subjected to a·bending moment can be determined by idealizing these 
elements to long, simply supported rectangular flat plates, subjected to 
uniform or linearly varying normal stresses (Fig. 2.1). The theoretical 
buckling stress ucr of such plates is calculated as: 

k·'12 .g. t2 
u = ' 
er 12·(1-v) 2 ·b2 

(2.1) 

where k is the buckling factor, E the modulus of elasticity, t the plate 
thickness, b the width of the plate, and v the coefficient of Poisson. For 
doubly supported flanges subjected to uniform compression, the buckling 
factor k is equal to 4. For webs subjected to linearly.varying normal 
stresses, the magnitude of the buckling factor k depends on the ratio 
between the maximum compression and tension stresses. 

s.s. 
s.s. flange element ss. 

s.s. 

s.s.: simply supported 

Ut 

ss. 
web element s.s. 

s.s. 

Fig. 2.1 Idealization of the flange and web elements in a member subjected 
to a bending moment only 

Due to the post-buckling resistance of the member elements, a member 
will not fail when the buckling stress in an element is reached. In 
Eurocode 3 !nnex! (1988), the ultimate bending moment resistance of 
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(class 4) cold-formed members is calculated based on an effective width 
agproach. This approach can best be explained from the post-buckling 
behavior of a compression flange. After the initiation of buckling the 
stress distribution over the width of the flange becomes non-uniform 
(fig. 2.2). In the effective width approach this non-uniform distribution 
is replaced by a uniformly distributed stress (equal to the edge stress 
'edge> acting over a fictitious effective width bef· This width is 
determined in such a way that the stress resultant of the fictitious 
uniform stress distribution equals the resultant of the actual non-uniform 
stress distribution. 

fig. 2.2 Effective width of a (doubly supported) compression element 

This method was first proposed by von Karman in 1932. He assumed that 
the effective width bef represents a particular width of the plate which 
just buckles when the compression stress reaches the yield stress. from 
this assumption it can be derived that: 

(2.2) 

where fy is the yield stress and 'er the theoretical buckling stress of the 
plate. This formula is not applicable to the elements of cold-formed 
members, since it does not account for the influence of initial 
deformations and residual stresses. The effective width formulas used in 
Eurocode No.3 Part 1 Annex ! (1988) are therefore based on a modification 
of an empirical formula originally proposed by Vinter: 

(2.3) 

for the determination of the effective width at edge stresses less than the 
yield stress, the yield stress in Eq. 2.3 must be replaced by the edge 
stress. The post-buckling behavior of the web is accounted for by means of 
the effective width formulas, similar to those for flanges. 
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If the effective widths of the flange and web elements are known, the 
section modulus of the eff.ective cross section can be determined, fro• 
which the stresses in the cross section can be calculated. The ultimate 
bending moment is assumed to be reached when the stress in the compression 
flange attains the yield stress. Vhen yielding first occurs in the tension 
flange, the member experiences a partial plastification of the cross 
section before reaching the ultimate moment. 

2.2.2 Local buckling due to a concentrated load 

The buckling loads of the flange and web elements of a member subjected 
to a concentrated load only can be determined by idealizing these elements 
to long, simply supported rectangular flat plates, subjected to two 
opposite partial edge loadings (Fig. 2.3). In members with vertical webs 
only the web will buckle. In members with inclined webs, the concentrated 
load can be resolved into a component acting on the web and one acting on 
the flange, and thus both flange and web elements may buckle. 

L 

I s.s. 

bw '-s_.s_. __ w_e_b,e~le•m•e~n-t ___ s._s.~ 
_ S.S. 

s.s.:simply supported 

Fig. 2.3 Idealization of the web elements of a member subjected to a 
concentrated load only 

The buckling problem of rectangular plates under partial edge loadings 
has been studied by numerous researchers. The most extensive work was 
reported by Khan and Johns (1975) and Khan, Johns and Hayman (1977). They 
used a method suggested by !lfutov and Balabukh (1967), in which the 
buckling analysis is restated to eliminate the need to determine the exact 
pre-buckled stress distribution, so that the buckling load can be 
determined from an assumed deflection mode and a statically determinate 
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stress field. This relatively simple .ethod enabled them to perform 
paraaetric studies on the buckling of plate elements under various loading 
conditions, including partial edge loadings and combined loadings (see 
Section 2.2.3). The method did not result in simple formulas for the 
calculation of buckling loads. Simple formulas were developed by Galea 
(1984 a,b), based on the results of these and other parametric studies (See 
!ppendix D). 

In itself the calculation of the theoretical buckling loads Fer is of 
limited interest. The calculation of the ultimate resistance of these 
plates requires the determination of the post-buckling behavior. So far, 
for plates subjected to partial edge loadings, no simple formulas to 
determine this behavior (like the effective width formulas for plates 
subjected to uniform or linearly varying compression stresses discussed in 
Section 2.2.1) have been derived. Furthermore, for the correct modeling of 
the web crippling behavior of a cold-formed member, also the influence of 
the corner radius between web and flange elements must be accounted for. 
Due to this radius the web and flange elements will be loaded by eccentric 
partial edge loadings, while in the literature only plate elements 
subjected to centric partial edge loadings are considered. 

2.2.3 Local buckliug dge to a combined concentrated load and bendiug aoment 

For members subjected to the combined action of a concentrated load and 
a bending moment, the flange elements may be idealized to rectangular flat 
plates subjected to combined partial edge loadings and normal compression 
stresses (Fig. 2.4). In principle the buckling loads of such plates may be 
determined by the method described by Alfutov and Balabukh (1967), using a 
suitable approximate deflection mode and statically determinate stress 
field. Since the application of this method is rather complex, it has been 
proposed in the literature to determine the buckling loads of plates 
subjected to combined loadings from buckling interaction formulas. 
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s.s.:simply supported 

Fig 2.4 Idealization of the flange elements of a member subjected to the 
combined action of a concentrated load and a bending moment 
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Fig. 2.5 Influence of the flanges on the statically determinate stress 
field of a web element loaded by a partial edge load on one edge 
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Care should be given to the correct modeling of the web elements of 
cold-for.ed members subjected to the combined action of a concentrated load 
and a bending .oment. They cannot simply be idealized to plates loaded by a 
partial edge load on one edge resisted by shear stresses (Fig. 2.q). The 
buckling loads of such plates will be smaller than those of the webs of 
cold-for.ed members subjected to a concentrated load and a bending moment, 
because in a member a part of the bending moment is carried by the flanges, 
resulting in a different statically determinate stress field in the web. In 
principle the buckling loads of the web elements can be determined based on 
a suitable statically deteminate stress field. In the literature simpler 
methods have been proposed (see Appendix D), in which the webs, like the 
flanges, are idealized to plates subjected to combined loadings, and the 
buckling loads are calculated from buckling interaction formulas. 

In the literature various interaction for.ulas are described. For 
plates subjected to the combined action of partial edge loadings F and 
unifom compression stresses uy (in the following simply denoted as u), 
Vilkes.ann (1960) prosed the formula (Fig. 2.6): 

F • 2 IT ·F 
( cr,u) + ~ = 1, (2.4) 

1cr ITer 
where fer is the critical partial edge load and ITer the critical ~ormal 
stress if no other loadings occur, and fcr;u and ucr;f are the critical 
load and stress for combined loadings. 

f/~r 

11' 
I 

.......... 
.......... 

"' \ f--

\ 
0 

Fig. 2.6 Buckling interaction formula (Vilkesmann, 1960) 

Therefore the buckling problem of a plate subjected to combined 
loadings can be regarded in two ways. According to one interpretation, the 
critical partial edge load is reduced by the presence of (uniform or 
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linearly varying) in-plane compression ·stresses u: 

u I 
1 

_ cr;f 
ucr 

(2.5) 

According to the other, the critical compression stress is reduced bJ the 
partial edge loadings 1: 

1cr·" 2 

trcr·f = "er' (1 - (....::.:.J...::) ) • 
' 1cr 

(2.6) 

In the literature on web crippling usually the first interpretation is 
taken. Bergfelt (1977 a,b) draws attention to the second interpretation, by 
showing that in box-girders with inclined webs (which were stiffened to 
prevent web crippling) the application of a concentrated load reduces the 
bending moment resistance. This reduced bending moment resistance can be 
explained from a reduced effective width due to a reduced buckling stress 
of the compression flange. In the design codes this effect is probably 
concealed in the interaction formulas for combined bending and web 
crippling. In' the web crippling model described in Chapter 6 it will be 
taken into account explicitly (see Section 6.5.2). 
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2.3 leb deforwation lOdes 

2.3.1 Introduction 

An important parameter in the description and modeling of the web 
crippling behavior.is the web crippling deformation 4Aw, which is defined 
as the decrease in the height of the web of the member (Fig. 2.7). The web 
crippling deformation is not a complete characterization of the web 
deformation, because it does not describe the out-of-plane deflections of 
the web. 

Pig. 2.7 Veb crippling deformation 

Based on the mode of web deformation two mechanisms can be 
distinguished, namely the rolling mechanism and the yield arc mechanism. 
Although both mechanisms can be traced in the literature, it is not 
generally known that there are two types of failure modes. Little 
infoi'IIlation on the load-defoi'IIlation behavior of the mechanisms is 
available, since in most experimental studies only the ultimate loads are 
reported. For a clear description of the two mechanisms it is therefore 
necessary to anticipate the results of the experimental study described in 
Chapter 4. Figs. 2.8 to 2.11 show the deformation modes and the typical 
·load-deformation graphs of the rolling and yield arc mechanisms as 
determined in this study. In the Sections 2.3.2 and 2.3.3 a short 
description of the two mechanisms is given, and in Section 2.3.4 the 
parameters determining the occurrence of either mechanism are discussed. 
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Fig. 2.8 Web deformations in the rolling mechanism 
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b 

Fig 2.10 Veb deformations in the yield arc mechanism 
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Fig. 2.11 Load-deformation behavior of a member failing by the yield arc 
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2.3.2 lolling .echanis• 

In the rolling mechanism the web crippling deformation is caused by a 
rolling process, in which the corner radius "rolls down" through the web. 
This mechanism was first described by leinsch {1983), who referred to this 
failure mode (in german) as "Kantenbeulen." Be idealized the deformation 
•ode of the web to the deformation mode as shown in Fig. 2.12. According to 
this idealization, the fold line between the web and the flange is moving. 
For members with vertical webs, the increase of the width of the flange is 
equal to the decrease of the height of the section, that is, the web 
crippling deformation Ahw. 

• stationary ·yield line o moving fold line 

Fig. 2.12 Rolling mechanism modeled with moving f2ld lines 

• stationary yield line o moving yield line 

Figure 2.13 Rolling mechanism modeled with moving yield lines 

Vierzbicki and Abramowicz {1983) pointed out that a yield line mechanism 
with moving fold lines is kinematically inadmissible. A kinematically 
admissible mechanism can be obtained by modeling the moving fold line with 
two moving yield lines {Fig. 2.13). The first yield line bends the (web) 
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plate into curvature, the second straightens the (flange) plate again. The 
process of winding and rewinding of a metal strip is referred to as a 
rolling process in the literature (Abramowicz and Vierzbicki, 1979). Hence 
the name rolling mechanism. The curvature which is imposed and removed by 
the two moving yield lines will be called the rolling radius. leinsch was 
not concerned with the kinematical admissibility of his simplified 
deformation mode, since he did not use yield line analysis in his research. 
le was certainly aware of the actual deformation mode, as he wrote about 
"Abrollen der Langskiinte." 

The load-deformation behavior of a member failing by the rolling 
mechanism is shown in Fig. 2.9. After a rather sudden decrease in the web 
crippling stiffness, the load steadily increases up to the ultimate load. 
The load then slowly decreases. The sudden decrease in the web crippling 
stiffness (marked by a bend in the load-web crippling deformation diagram) 
corresponds to the formation of a hinge mechanism (Section 2.4). 

Santaputra (1986) described an overstressing failure which, from the 
photographs in his thesis, is thought to be identical to the rolling 
mechanism. The failure mode was observed in high strength steel hat 
sections subjected to a concentrated load and a small bending moment. In a 
paper by Santaputra, Parks and Yu (1989) this overstressing failure was 
described as: "Failure of this type occurred just under the bearing plates, 
with relatively small lateral deformations of the webs of the hat sections. 
The applied load increased steadily up to the ultimate load and remained at 
that level for a long period of time while the bearing plate gradually 
penetrated into the web. It was believed that overstressing of the web 
underneath the bearing plate caused this type of failure." 

In this report the name "rolling mechanism" is preferred to 
"overstressing failure", since it is believed that the member fails by a 
'rolling process, rather than by compression yielding underneath the load 
bearing plate. 
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2.J.3 Yield arc .echaniB! 

In the yield arc mechanism the web crippling deformation is caused by a 
yield arc (curved yield line) in the web underneath the load bearing plate 
(Figs. 2.10 and 2.14). The load-deformation diagram of a member failing by 
the yield arc mechanism is shown in Fig. 2.11. The ultimate resistance is 
attained for small web crippling deformations and flange deformations, 
after which the load suddenly drops. For large web crippling deformations, 
when the web underneath the load bearing plate almost contacts this plate, 
the deformation process begins to resemble that of the rolling mechanism. 

yield arc 

• stationary yield line 

Fig. 2.14 Veb deformations in the yield arc mechanism 

The yield arc mechanism was first described by Rockey, El-gaaly and 
Bagchi (1972). They performed web crippling tests on the webs of a 
cold-formed steel deck to study the relation between the ultimate load and 
the buckling load of the webs, and wrote about the occurring failure 
mechanism: " .. In all of the tests failure occurred by the formation of a 
local yield curve ••• This yield curve corresponds closely to the segment of 
a circle, and has a width equal to that of the patch load .•• The depth of 
the curve is proportional to the width of the load ... The shape of the 
yield curve did not vary with hwf t values ... 11 
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lockey, El-gaaly and Bagchi did not comment on the load-defor.ation 
behavior or on the flange deformations at failure. From the photographs in 
their paper it can be seen however that the flange is hardly defor.ed at 
failure. 

Santaputra {1986) described a web buckling failure which, from the 
photographs in his thesis, is thought to be identical to the yield arc 
.echanism. The failure mode was observed in high strength steel hat 
sections subjected to a concentrated load and a small bending moment. Its 
description in the paper by Santaputra, Parks and Yu (1989) is interesting 
because it focuses on the load-deformation behavior, rather than o~ the 
defomation mode: "For this type of failure the load increased steadily up 
to the ultimate load. !t the ultimate load, the web became unstable and the 
load dropped suddenly. There were. relatively large lateral deformations of 
the webs of the hat sections even before failure. Paired strain gages that 
were attached to the webs of some of the hat sections indicated that the 
strains caused by bending of the web were much more pronounced than the 
strain caused by the vertical compressive stress." 

It must be noted that, although the above described failure mode may be 
initiated by web buckling, the ultimate web crippling load is not equal to 
the web buckling load. In this report therefore the name "yield arc 
echanism" is preferred to "web buckling failure". This name is derived 
from a thesis by Dean (1975), in which a circular yield arc mechanism 
occurring in plate girders with intermediate stiffeners is described. 

!s shown by Dean, the yield arc mechanism may be analyzed with,yield 
line theory. Usually in yield line theory the structure to be analyzed is 
supposed to consist of rigid plate elements joined by yield lines, in which 
all deformation is postulated to occur. Since the line of intersection of 
two rigid plates is a straight line, in principle only straight yield lines 
are possible. In thin.- walled steel structures however, curved yield lines 
are a familiar phenomenon (see for instance lurray and Ihoo, 1981). In the 
literature it is proposed to model these curved yield lines by assuming 
that the plate elements are flexible for out-of-plane bending but rigid for 
in-plane deformations. 
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2.3.4 Para~eters dete~ining the .ode of veb deforaation 

In the literature little is reported on the parameters determining the 
occurrence of the rolling and yield arc mechanisms. lost researchers seem 
to have observed only one failure mechanism. Santaputra (1986) vas the 
first to state explicitly that there are two types of web crippling failure 
modes. le distinguished between a web buckling failure (yield arc 
mechanism) and an overstressing failure (rolling mechanism), but did not 
comment on the parameters determining the occurrence of either mechanism. 

In the experimental study described in Chapter 4, the failure 
mechanisms seemed to be determined primarily by the corner radius, the 
yield arc mechanism occurring in members with a small corner radius, the 
rolling mechanism in members with a large corner radius. This observation 
is consistent with observations by Andersson and Bergfors (1973). They 
performed Cb web crippling tests on hat sections, and noted that for 
members with small corner radii the ultimate load vas attained for small 
deformations, whereas for members with large corner radii the ultimate load 
was attained for deformations which were too large to be accepted in 
practice. This description of the deformations corresponds to the yield arc 
and rolling mechanisms respectively (Figs. 2.11 and 2.9). 

The influence of the corner radius can be understood by regarding this 
radius as a parameter influencing the eccentricity of the load application 
to the web. In plate girders subjected to concentrated-loads, where the 
eccentricity of the load application to the web is very small, yield arc 
mechanisms similar to those in cold-formed members are observed (Fig. 2.15, 
lockey, 1977). In plate girders the width of the yield arc is larger than 
the length of the load bearing plate, due to the larger stiffness of the 
flange. 

I J 6 ~ 

fl i Cy;etd arc 
I ' / ... ----- / 

fig. 2.15 Yield arc mechanisms in cold-formed steel members and plate 
girders 
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In rectangular hollow section joints, too, different mechanisms are 
.encountered for different eccentricities, the eccentricity in this case. 
being defined by the difference between the chord and branch widths. Iato 
and Nishiyama (1984), for example, showed that in aT-joint of rectangular 
tubes three different failure mechanisms in the chord member may occur: a 
web crippling failure for small eccentricities, a chord flange failure for 
large eccentricities, and a combined web crippling and chord flange failure 
for •edium eccentricities (Fig. 2.16). 
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Fig. 2.16 Failure mechanisms in rectangular hollow section joints 

. The load-deformation curves of the web crippling and chord flange 
failures show a remarkable similarity with the load-deformation curves of 
the yield arc and rolling mechanisms. It must be noted however that the 
chord flange failure mechanism is not directly comparable to the rolling 
mechanism. The bend in the load-deformation curve of the chord flange 
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failure mechanism corresponds to the initiation of aembrane yielding in the 
chord flange. In the rolling mechanism, the flange deformation resulting 
from the web crippling defor,mation does not result in flange yielding, but 
in the development of a hinge mechanism, as will be discussed in the next 
Section. The bend in the load-deformation curve of the rolling mechanism is 
thought to correspond to the initiation of this hinge mechanism. 

2.4 Plastic hince !eehanis• 

2.4.1 latrodgction 

In the current approach of the web crippling prediction formulas it is 
assumed that web crippling is a local phenomenon (occurring at the member 
level) not influencing the overall force distribution in the structure at 
frame level. However, from the literature on the load carrying capacity of 
continuous multi-span members, it can be concluded that web crippling at 
interior supports results in the formation of a plastic hinge mechanism, 
which does influence the bending moment distribution in continuous members. 
!t the interior supports the ~ember is subjected to the combined action of 
a concentrated load and a bending moment. The hinge mechanism is thus 
directly relevant for the modeling of the CB web crippling behavior. 

The hinge mechanism should not be confused with the simple plastic 
hinge as known from the familiar theory of plastic analysis of frames 
(Fig. 2.17). l simple plastic hinge cannot develop in thin-walled 
cold-formed members, since the flange and web elements will buckle before 
the yield stress is reached. However, in some types of sections a simple 
hinge may partially develop (Yener and Pekoz, 1985 a). 

The difference between a (partially developed) simple hinge and the 
hinge mechanism can best be explained by noting the origin of the resulting 
non-linear rotation. In a binge mechanism the rotation is primarily caused 
by the yeb crippling deformation. The hinge mechanism may even develop in 
members subjected to a concentrated load only with no bending moment at all 
(see for instance the results of the C tests described in Chapter 4).' The 
web crippling deformation is enabled by flange bending deformations, which 
are idealized to be concentrated in yield lines. It is interesting to note 
that the web crippling deformation can also occur without a concentrated 
load. In bending tests on cold-formed steel members, hinge mechanisms have 
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been observed (Van Neste and Van Pelt, 1980) very similar to those 
9ccurring in web crippling tests. 

simple hinge hinge mechanism 

Fig. 2.17 Distinction between a plastic hinge mechanism and a simple 
plastic hinge 

In a (partially developed) simple hinge the rotation is caused by 
'in-plane yielding of the flange and web elements due to the bending moment, 
and has nothing to do with a web crippling deformation. The method 
developed by Yener and Pekoz (1985 b) to account for the redistribution of 
bending moments due to partial plastification is based on the assumption 
that at the interior support the webs of the member are stiffened to 
prevent web crippling. 

In this report the rotation caused by the hinge mechanism will be 
denoted as the mechanism rotation ~'mec· The hinge mechanism develops both 
in members failing by the yield arc mechanism and members failing by the 
rolling mechanism (Figs. 2.8 and 2.10). In the yield arc mechanism the 
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initiation of the hinge mechanism more or less corresponds to the 
attainment of the ultimate load. In the rolling mechanism however, the 
hinge mechanism is formed before the ultimate load is reached, resulting in 
a clear change in the load-deformation behavior. It is therefore proposed 
to define a mechanism initiation load as the concentrated load acting on 
the member corresponding to the initiation of the hinge mechanism. The 
determination of the mechanism rotation will be discussed in Section 2.4.2, 
and the determination of the mechanism initiation load in Section 2.4.3. 
Although the subject is strictly outside the scope of this research 
project, in Section 2.4.4 an example of the modeling of the redistribution 
of bending moments due to the hinge mechanism is given, because it is 
thought that this example may add to the understanding of the relation 
between the research on web crippling and that on the load carrying 
capacity of continuous cold-formed steel members. 

2.4.2 Iechanis• rotation 

! characteristic of the hinge mechanism is, that the mechanism rotation 
is caused by the web crippling deformation !Aw. This can be understood from 
the model of the hinge mechanism proposed by Reinsch (1983), as shown in 
Fig. 2.18. Assuming that the top and bottom flanges are inextensible and 
that all bending deformations of the flanges are concentrated in the yield 
lines, the relation between the web crippling deformation AAw and the 
mechanism rotation 'mec can be derived from purely geometric considera
tions. leinsch proposed to determine the distance Lyt between the yield 
lines in the top flange from an empirical formula, and assumed that the 
distance Lyb between the yield lines in the bottom flange is equal to that 
between the out~r yield lines in the top flange: 

Lyb = 2·Lyt + Llb" (2.7) 
le did not compare the resulting relation between !Aw and 'mec with test 
results. 

In this report the model proposed by leinsch is generalized (Fig. 2.19) 
to arbitrary values for the distances Lyt and Lyb" Furthermore, since it 
was found from the experimental research (Chapter 4) that the hinge 
mechanism is initiated only after some elastic web crippling deformations, 
it is assumed that the top flange is inextensible only for web crippling 
deformations larger than the deformation Ahw;imec corresponding to the 
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initiation of the hinge aechanism. Thus web crippling deformations smaller 
than !Aw;imee do not result in a mechanism rotation. 

Lyt L lb Lyt 
t I I I 

Jllllllllllllllll[ fhw llllllllllllllllllll!J 
Lyb 

• yield line in flanges 

IIIllJJ undeformed part of member 

Fig. 2.18 Idealization of the hinge mechanism proposed by leinsch (1983) 

flhwS. Ahw·imec 
I 

fmec=O 

• yiel.d line in flanges 

[]]]ID undeformed part of member 

Fig. 2.19 Generalization of the hinge mechanism 
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Von Unger (1973), Bryan and Leach (1984), and Tsai and Crisinel (1986) 
have discussed the experimental determination of the mechanism rotation 
'•ec' They proposed to determine the mechanism rotation from the measured 
mid-span deflection in three-point bending tests, which can be regarded as 
CB web crippling tests. The measured deflection consists of an elastic and 
a mechanism deflection. Von Unger (1973) and Bryan and Leach (1984) assumed 
all deflection up to the attainment of the ultimate load Fu to be elastic, 
and determined the mechanism deflection by subtracting the elastic 
deflection from the total deflection (Fig. 2.20). Tsai and Crisinel (1986) 
realized that the hinge mechanism may form before the attainment of the 
ultimate load and proposed to determine the mechanism deflection as the 
non-linear deflection (Fig. 2.21), arguing that, for short test specimens, 
the influence of local buckling (resulting in non-linear elastic 
deflections) can be neglected. This procedure will also be used in the 
experimental study described in Chapter 4. 

F F 

~ wlful 

lt':!WI'ij): W=Wel 
Wmec=O 

'---1----'-..,.._......_ ... w 
w!ful 

4 Wet t Wmec 

Fig. 2.20 Determination of the mechanism deflection (Von Unger, 1973 and 
Bryan and Leach, 1984) 

F 

Fig. 2.21 Determination of the mechanism deflection (Tsai and Crisinel, 
1986) 
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From the thus deterained load-mechanism deflection curves, 
.o.ent-mechanism rotation curves are deterained by considering that the 
bending moment can be calculated as (Fig. 2.22): 

1cB = 114·1cs·(Ltest-Lyb), <2·8) 
while the mechanism rotation is calculated from the mechanism deflection 
as: 

w 
Paec =&resin ( mec ). 

112 · ( Ltest- Lyb) 
(2.9) 

These 108-pmec relations are valid only for a specific 'cn/FcB ratio and a 
specific width of the load bearing plate used to apply the concentrated 
load on the member. They depend on the. distance Lyb between the yield lines 
in the bottom flange. Von Unger (1973) and Bryan and Leach (1984) simply 
assumed that the mechanism rotation is concentrated in one yield line, 
taking: 

Lyb = 0. (2.10) 

If, in the above discussed three-point bending tests, not only the 
deflection but also the rotation at the end supports is measured, the 
distance Lyb can be calculated from the relation between the mechanism 
deflection and rotation (Fig. 2.22): 

Lyb = Ltest- 2'Wmecfsin'mec· <2•11) 

F/2 i L test- Lyb 
2 Lyb 

I M: 1/4f· IL test -L Yb l 

Fig; 2.22 Determination of the 1- 'mec curves from the F- wmec curves 

In the experimental study described in Chapter 4 much attention will be 
given to the experimental determination of the mechanism rotation and the 
determination of the distance L b' This information is used to check the . y 
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mechanism rotations predicted by the theoretical model described in Chapter 
6, which is based on a generalization of the hinge model proposed by 
leinsch (Section 8.5). 

2.4.3 leehanis• initiation load 

The definition of the mechanism initiation load as the load 
corresponding to the initiation of the hinge mechanism suggests that there 
is a specific load at which this mechanism is formed. In reality the hinge 
mechanism develops gradually. Yet the mechanism initiation load was found a 
useful idealization for the analysis of the web crippling behavior. 

The web crippling model presented in Chapter 6 is based on the idea 
that the web crippling behavior can be described approximately by using two 
different models: a model of (linear) elastic behavior for the first phase 
of loading, and a model of rigid-plastic behavior after the formation of a 
hinge mechanism (Fig. 2.23}. According to this approach the mechanism 
initiation load is determined as the point of intersection of the elastic 
and rigid-plastic curves in a load-deformation diagram. The actual load
deformation behavior of the member (indicated by the dotted line in 
Fig. 2.23) will start to deviate from the elastic curve at first yield, and 
will coincide with the rigid-plastic curve only after the formation of the 
hinge mechanism. 

load load 
elastic curve 

' .. ·····~, 
............... --rigid-plastic 

curve Q)mechanism initiation load 

(!>ultimate load 

deformation deformation 

A) rigid plastic curve= unloading curve 8) rigid plastic curvejlounloading ctrve 

Fig. 2.23 lodeling of load-deformation behavior by means of elastic and 
rigid-plastic curves. 
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Usually, no distinction is aade between the mechanism initiation 
~esistance and the ultimate resistance. This may be caused by the fact that 
in aany cases the rigid-plastic curve will be an unloading curve (as for 
example in the yield arc mechanism), so that the model mechanism initiation 
resistance is equal to the model ultimate resistance, providing an upper 
bound of the actual ultimate resistance. However, vhen the rigid-plastic 
curve is not an unloading curve (as for instance in the chord flange 
failure (Fig. 2.16) and in the rolling mechanism), the model mechanism 
initiation resistance will be smaller than the model ultimate resistance, 
merely marking a typical change in the load-deformation behavior. 

load 

<D 
CD mechanism initiation load 

®ultimate load 

deflection 

Pig. 2.24 Determination of the experimental mechanism initiation load in 
members failing by the rolling mechanism 

!s vill be discussed in Chapter 6, the first step in the development of 
a web crippling model for members failing by the rolling mechanism is the 
determination of the mechanism initiation load. To compare the model 
mechanism initiation load with test results, an objective procedure is 
needed to determine an experimental mechanism initiation load. This load 
cannot simply be determined as the load corresponding to the initiation of 
the mechanism rotation (non-linear rotation). Since the hinge mechanism 
develops gradually rather than instantaneously, there is no sharp 
transition from linear to non-linear behavior. Therefore it is proposed to 
determine the experimental mechanism initiation load of members failing by 
the rolling mechanism from the point of intersection of tvo tangents at the 
measured load-deflection curve (Fig. 2.24), thus interpreting the gradual 
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transition from one tangent to another as the gradual development of the 
hinge mechanism. This procedure will be explained in more detail in Section 
4.4.1. In members failing by the yield arc mechanism, the experimental 
mechanism initiation load is simply taken to be equal to the ultimate load. 

2.4.4 ledistribution of bending •o•ents due to a hinge .echanis• 

In the literature various approaches are described to determine the 
increase in the load carrying capacity of continuous members due to the 
redistribution of bending moments caused by the hinge mechanism (Von Unger, 
1973, Reinsch, 1983, Bryan and Leach, 1984, and Tsai and Crisinel, 1986). 
In this Section these approaches will not be discussed. It is merely shown 
how, based on the approach proposed by Reinsch, the redistribution in a 
two-span member can be determined. This discussion is only intended to 
illustrate the relation between the research on web crippling and that on 
redistribution of bending moments due to a hinge mechanism. 

For the determination of the redistribution of bending moments due to 
the hinge mechanism, the mechanism rotation 'mec and the moment resistance 
'cB at the interior support of the member must be known as a function of 
the web crippling deformation Ahw. These functions can be determined either 
from small scale bending tests (CB web crippling tests) or from a 
theoretical web crippling model. Both depend on the width of bearing and 
the 1/f ratio at the interior support. 

Neglecting the web crippling deformation at the end supports and the 
influence of local buckling on the flexural rigidity E·l, it can be derived 
that (Fig. 2.25): 

q·La IB·L 
, = spn _ spn 

24·E·l 3·E·l 
with: 

Ahw ,=, +-mec L 
spn 

(2.12) 

(2.13) 
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Fig. 2.25 Redistribution of bending moments in a continuous two-span 
member 

Combining Eqs. 2.12 and 2.13 results in: 
Ilk 

I 2 3·B·I ( w ) 1B = 1 8· q·Lspn - --· flmec + -- • 
Lspn Lspn 

The support reactions at ! and B can then be calculated as: 
Ah 

F, = 3/8·q·L + 3·B·l·(fl + ____ w ), 
a spn .£ 2 mec L 

spn spn 
1B = 2·(q·.£spn- 1!), 

·and the maximum moment .lspn;max in the span as: 

'I .I =-. spn;max 2.q 

(2.14) 

(2.15) 

(2.16) 

(2 .17) 

The bending moment distribution corresponding to a web crippling 
deformation Ah.

11 
at the interior support can be calculated by estimating the 

.ls/fs ratio at the interior support (for instance based on the elastic 
moment distribution) and determining the corresponding mechanism rotation 
flmecand bending moment resistance .18 from a theoretical web crippling model 
or from CB web crippling tests. From Eq. 2.14 then the corresponding 
distributed load q can be calculated as: 
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8·la 24·EI Akw 
q = - + --· (fl + -). L 2 L a mec L 

spn spn spn 
(2.18)· 

Subsequently t\te support reactions and the aa.xim1111 aoaent in the span can 
be calculated from Eqs. 2.15 to 2.17. Based on the thus calculated support 
reactions and bending moment at the interior support, a new estiaate for 
the 18jF8 ratio can be made. This procedure is repeated until the estimated 
18jF8 ratio corresponds to the calculated ratio. By considering different 
values for the web crippling deformation, the complete load-deformation 
behavior of the continuous two-span member can be analyzed. This procedure 
is valid until the ultimate moment resistance in the span is reached. 

The ultimate load carrying capacity of the member will be at least 
equal to the load corresponding to the attainment of the ultimate moment 
resistance at the interior support. The change in the load carrying 
capacity of the member after the attainment of the ultimate moment 
resistance at the interior support depends on the moment-rotation 
characteristics of the hinge mechanism at the interior support. If the 
moment resistance drops very fast for increasing mechanism rotation, the 
load carrying capacity of the member cannot increase anymore. If the moment 
resistance decreases more gradually, the ultimate load carrying capacity of 
the member may still increase. The ultimate bending moment resistance at 
the interior support may be attained after some mechanism rotation. The 
effects of redistribution due to this rotation are not.included in the 
current design procedures. 

2.5 SuMan 

To prevent the reader from losing the overview, in the following the 
most important aspects of the web crippling behavior, as discussed in the 
foregoing Sections, are summarized. 

1. According to Eurocode 3 (1988), in the determination of the bending 
moment resistance of a member, the post-buckling capacity is determined 
by means of an effective width approach. In the determination of the 
effective width of members subjected to the combined action of a 
bending moment and a concentrated load, the influence of partial edge 
loadings on the web and flange elements (resulting from the application 
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of a concentrated load) is not considered, although these loadings do 
influence the buckling stresses of the member elements. In the web 
crippling model described in Chapter 6 it is attempted to model the 
influence of the concentrated load on the effective widths of the web 
and flange elements. 

2. Based on the mode of web deformation, two failure mechanisms can be 
distinguished, namely a rolling mechanism occurring in members with a 
large corner radius between the web and loaded flange, and a yield arc 
mechanism occurring in members with a small corner radius. The 
influence of the corner radius on the occurrence of either mechanism 
can be understood from the analogy between the behavior of cold-formed 
members, rectangular hollow sections, and plate girders subjected to 
concentrated loads. 

3. Veb crippling of cold-formed steel members results in the formation of 
a hinge mechanism. The rotation in this hinge mechanism, called the 
mechanism rotation Pmec' depends on the veb crippling deformation Ahw. 
In the literature methods for both experimental and theoretical 
determination of the mechanism rotation are described, which will be 
generalized for use in the experimental study described in Chapter 4 
and the model described in Chapter 6. 

4. For members failing by the yield arc mechanism, the formation of the 
hinge mechanism more or less corresponds to the attainment of the 
ultimate resistance. For members failing by the rolling mechanism, the 
formation of the hinge mechanism merely results in a change in the 
load-deformation behavior, the ultimate resistance being attained after 
some mechanism rotation. 

5. Although in reality a hinge mechanism develops gradually, it was found 
a useful idealization to define a mechanism initiation load as the load 
corresponding to the initiation of the hinge mechanism. 
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Chapter 3 
EXISTING C!LCUL!TIOJ IODELS FOl VEB CliPPLIJG 

The research tradition has insisted that you should read all 
available knowledge on a matter before starting work in that 
field. But if we become too aware of the existing concepts 
we shall only be able to view the field in exactly the same 
way. So there is a dilemma. Insufficient knowledge means 
duplication and also the inability to build on existing 
work. Too much knowledge means lack of originality. 

B. de Bono 

3.1 Introduction 

Calculation models for predicting the response and resistance of struc
tures can be distinguished into empirical models, based on curve fitting of 
test results, and theoretical models. The latter can be further divided 
into numerical models (for instance finite element models) and analytical 
models (Fig. 3.1). 

calculation models 

theoretical models empirical models· 

numerical models analytical models 

Fig. 3.1 Classification of calculation models 

As explained in Chapter 1, the object of the research described in this 
report was to develop an analytical web crippling model. For the sake of 
completeness, in Section 3.2 an overview of the existing empirical web 
crippling models (Cb web crippling formulas and interaction formulas) is 
given, and in Section 3.3 of the numerical web crippling models (finite 
element simulations). In Section 3.4, the analytical models for web 
crippling in thin-walled cold-formed steel members are discussed. 
Analytical models are based on more rigorous idealizations and simplifi
cations than numerical models. Suitable idealizations for modeling the web 
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crippling behavior of cold-formed steel members may be derived from analy
.tical models for web crippling in other types of members. In Section 3.5, 
therefore, some models for web crippling in plate girders and rectangular 
hollow sections are described. In Section 3.6, finally, the conclusions 
from the review of the existing calculation models are summarized. 

3.2 llpirical IOdels 

As explained in Chapter 1, the current empirical web crippling models 
(for Interior One Flange load application modes) concentrate on the predic
tion of the ultimate resistance of members subjected to the combined action 
of a concentrated load and a bending moment. This resistance is determined 
by means o£ an interaction formula, from the ultimate web crippling 
resistance Fcb;u of a member subjected to a concentrated load and a small 
bending moment, and the ultimate bending moment resistance lu of a member 
subjected to a bending moment only. 

According to the literature, the Cb web crippling resistance for me~ 
hers having single unstiffened webs is influenced by the following 
parameters: 
- the yield strength fy: a higher yield strength results in a larger web 

crippling resistance; 
- the plate thickness t: a larger plate thickness results in a larger web 

crippling resistance; 
- the interior corner radius ri between the web and the (loaded) flange: a 

larger corner radius results in a larger eccentricity of the load 
application on the web, and hence in a smaller web crippling resistance; 

- the width of the web bw: a web with a larger width buckles more easily, 
resulting in a lower web crippling resistance; 

- the length of the load bearing plate Lb: a smaller length of the load 
bearing plate results in a more concentrated load application, and hence 
in a smaller web crippling resistance; 

- the web angle Uw: members with inclined webs have a lower web crippling 
resistance than members with vertical webs, because the load component Fw 
in the web increases with decreasing web angle (Fig. 3.2), and because 
interaction may occur with local buckling of the flange due to the 
horizontal component Ftf in the flange. 
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fig. 3.2 Veb crippling load for a section with inclined webs 

for the derivation of the Cb web crippling formulas, it is assumed that the 
influences of these parameters are not correlated, and that the web 
crippling foraulas can thus be written in the following general form: 

2 
Fcb· = k·(t ·I )·kf ·k11 ·k. ·kL ·kb , (3.1) ,u y y uw r1 lb w 

where k is a constant, (t
2

·fy) is a coefficient with the dimension of 
force, and kf, ko, kr·' kL and kb are non-dimensional factors accoun-

Y w 1 lb w 

ting for the influence of the yield stress fy' the web angle Ow, the inside 
corner radius ri, the height of the web bw' and the bearing length Llb 
respectively. In Table 3.1 (at the end of this Section) an overview of 
these factors in the existing web crippling prediction formulas is given. 
In this table the value of the constant k is not given. It can be chosen in 
such a way as to predict the mean value of test results, a characteristic 
value of test results, or a design strength. In Table 3.1 only web 
crippling formulas are included, which are based on a statistical 
evaluation of test results reported in the literature. The justification of 
the modifications of these formulas to the formulas given in the various 
design codes, and the changes in subsequent versions of the design codes, 
are often hard to trace. 

In Table 3.2 (also at the end of this Section) an overview is given of 
the existing interaction formulas for members having single, unstiffened 
webs. These formulas can be written in the general form (Fig. 1.11): 

1cB·u 1cB·u a·~ + p.~ = 1• (3.2) 
1cb;u 1u 

The results of this formula depend on the methods used to determine the web 
crippling resistance fcb;u and the bending moment resistance •u· 

Both th.e Cb web crippling formulas and the interaction formulas are 
based on the curve fitting of test results. In Table 3.3 an overview is 
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given of the Cb and CB web crippling tests used for this purpose. There are 
9ther experimental studies reported in the literature, but most of these 
are concerned with a small number of tests, or with tests which are not 
directly comparable to those summarized in Table 3.3. 

! critical evaluation and comparison of the empirical web crippling 
prediction formulas and interaction formulas with test results is outside 
the scope of this report. However, the following issues are worth 
considering in such an evaluation: 

1. It may be necessary, for the derivation of empirical web crippling 
formulas, to distinguish between members with doubly supported 
compression flanges (hat and deck sections) and members with singly or 
elastically supported compression flanges (U and channel sections), 
since the first type of flanges offers a much larger rotational 
restraint to the web than the second. 

2. Compatibility requires that a web crippling deformation is accompanied 
by a flange indentation. It is therefore to be expected that the web 
crippling resistance is influenced by the bending resistance of the 
flanges. The web crippling behavior of members with stiffened flanges 
may thus be different from that of members with unstiffened flanges. 

3. Except in the formulas derived by Santaputra, Parks and Yu (1989), no 
explicit distinction is made between members failing by the rolling 
mechanism and members failing by the yield arc mechanism. Possibly, an 
implicit distinction is made by means of the factor kr

1
• 

4. Studnicka (1990) showed that the behavior of deck sections is 
influenced by spreading of the webs. He performed a series of web 
crippling tests on deck sections (with three pitches) with and without 
ties to prevent spreading (Fig. 3.3), and found that the ultimate test 
loads for specimens with ties are larger than for specimens without 
ties. It is to be expected that in tests on hat sections (with inclined 
webs) the influence of ties to prevent spreading of the webs will be 
even larger. The current web crippling formulas are based on tests 
characterized by various spreading restraint conditions. 
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spreading of 
webs 

Fig. 3.3 Ties to prevent spreading of the webs 



Table 3.1 Overviev of Cb veb crippling formulas 
2 

General form: FCb;u= l:·(t ·fy)·k
11

-t8,.-kr
1 
•kt

1
b·kb,. 

foi'Illula A (beam) B (deck) C (beam) 

reported by Zetlin and Vinter Andersson Betrakul (1978) 

I (1952/53) and Bergfors ( 1973) 
Betrakul ( 1978) Baehre ( 1975) 

I I I 
li:/y 1.22· 0.22-:L 2.s-o.s.:L 1.22·0.22-:L 

228 340 228 

"e. 1 
9!1 2 

1 2.4.•(-) 
90° 

1.06- 0.06·.:! 1.0·0.1-Jri/!
1 r. 

kr1 1.06-0.06-..! 
t ! 

kLt b 
Lib Llb 

1.0+0.1·- 1.0+0.007·-
t or t 

Llb 
(17000•125·-. Llb 

0.75+0.011·-
t t 

L b o.s . ...!!!. v;cl 
t t 

b 
291-0.4- bv;cl kb,. 30 _ w;cl) 1 

t t 

based on CU· 52 !!.TB- 73 CU-52 

tests UIB.- 78 

(Table 3. 3) 

' 

Lcl: distance betveen opposite bearing plate 

D (deck) E (deck) F (beaa) G (beam) 

Ving (1981) Tsai and Santaputra, Parks Santaputra, Parks 

Crisinel and Yu (1989) and Yu (1989) 
(1988) ( overstressing) ( veb buckling) 

' 

I 
JB!fy I 1.0.0.1-:L 1 B/11 228 

sinl
11 

sinl
11 

sin8
11 

sinl
11 

1.0-0.075·.:! l.O·O.dri/1
1 

1.0.0.0814·.:! 1 
t t 

~ 
Llb 

1.0+0.217·JL1b/t 
1 

1.0+0.005·-
l 

I 

. , Llb Llb 
1.24+0.5·- (1.0+2.4-- ) • 

bv b!l 
b!l 

1 
bv 

1.0 ·0.001·- (1.0· 0.0017 ·-). 
l t 

Lcl 
(1.0-0.12·- ) 

b!l 

CC· 52 CU· 52 ITI· 73 Ull· 78 011·78 
IJV. 81 un- 73 tu&- 80 Ull-86 Ull-86 

liV-81 EPfL-87 ca.pan:r tests coapany tests 
I 
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Table 3.2 Overview of interaction formulas 

General form: a·'cu;u + p.'cn;u = 7 (Fig. 1.11) 
1Cb;u 1u 

1cb;u 
a p 7 (Table 3.1) 

Baehre (1975) 1.0 1.0 1.3 Eq. B 

Hetrakul (1978) 1.07 1.0 1.42 Eq. C. 

Ving (1981) 
brake-formed 1.0 1. 1.2 Eq. D 

roll-formed 1.0 1.~ 1.3 Eq. D 

Santaputra, Parks 
and Yu (1989) 1.10 1.0 1.42 Eq. F 
(overstressing) 

•u based on tests 
(Table 3.3) 

- 1-

.USI-1977 CU-52, UR-78 

USI-1980 cu- 52, uv- 81 

.USI-1980 CU- 52, SVE- 78 
UV-81 

un~ 78, un- 86 
AISI-1986 company tests 



Table 3.3. Cb and CB web crippling tests reported in the literature (proprietary tests reported by private co•panies not included) 

code perfor11ed reported section inclined edge conditions loaded flange type of spreading 

at by shape webs of loaded flange stiffened loading prevented 

C0-52 Cornell University Zetlin and u no doubly or elastically no Cb and CB ? 

(USA) Vinter (1952/53) and hat supported 

Betrakul (1978) (, 

ITB-73 !loyal Institute of lndersson and hat some doubly supported no Cb rb and 

Technology (KTB) Bergfors ( 1973) sections ties 

(Sweden) 

TN0-74 TNO Institute Toma and Stark deck yes doubly supported no CB lb 

(the Nether lands) (1974) 

UIB.-78 University of Betrakul (1978) channel no singly or elastically no Cb and CB ties 

lissouri-llolla (USA) supported 

SVE- 78 ? Boglund (1978) deck yes doubly supported soae sections Cb and CB ? 

(Sweden) 

TOE- 80 Eindhoven University Keulers (1980) deck yes doubly supported no Cb and CB rb and ~ 
of Technology ties 

(the Nether lands) 

DV- 81 University of Ving (1981) hat and some doubly supported so•e sect ions Cb and CB rb 

Vaterloo (Canada) deck sections 

on- 81 University of Vu (1981) hat and IIOSt doubly supported most sections Cb and CB ties near 

lissouri- B.olla (USA) deck sections rb plate 

on- 86 University of Santaputra (1986) hat no doubly supported no Cb and CB ties 

lissouri- Rolla (USA) 

EPFL- 87 Ecole Polytechnique Tsai (1987) deck yes doubly supported no Cb and CB no 

Federale de Lausanne 

(Switzerland) 

CTU-90 Czech Technical Studnicka (1990) deck yes doubly supported so•e sections Cb some 

University sections 
(Czechoslovakia) with ties 

rb: spreading prevented at reaction bearing plates lb: spreading prevented at load bearing plate ties: spreading prevented by ties 
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3.3 lu.erical .odels 

The numerical web crippling models described in the literature are 
confined to finite element models. Simulations of the web crippling 
behavior using existing finite element programs are reported by Santaputra 
{1986) and Sharp {1989, 1990). These simulations draw attention to the 
modeling of the load application on the member. 

Santaputra (1986) reported on simulations of the web crippling behavior 
of cold-formed steel members, subjected to IOr, ITJ, EOJ and ETF load 
application modes, with the finite element program !DIN!. For IOF load 
application modes (and Cb types of loading), the accuracy of the calculated 
ultimate loads was found to be within 217. compared with test results, the 
finite element calculations consistently resulting in lower ultimate loads. 
The degree of underestimation decreased with a reduction in the corner 
radius of the section. According to Santaputra this might be caused by the 
fact that during the test the contact point between the load bearing plate 
and the test specimen, and thus the point of load application, moved 
towards the web with increasing load, while in the finite element model the 
applied load was stationary (Fig. 3.4). Therefore the out-of-plane bending 
caused by the eccentric load application in the actual test was smaller 
than in the finite element model. Consistently, the calculated out-of-plane 
deflections underneath the load bearing plate were found to be larger than 
those measured in tests. 

The findings by Santaputra were confirmed by those of Sharp, who 
simulated the web crippling behavior of aluminum members with the finite 
element program DYN13D. In 1989 Sharp reported on a comparison of the 
calculated and measured load~deflection behavior of a box section subjected 
to a Cb loading, and concluded that the failure load was underestimated by 
about 207.. In this simulation the load was applied at the point of 
tangency. In a later report (Sharp, 1990) he showed that the accuracy of 
the simulations might be improved (Fig. 3.5) by applying the load at the 
estimated point of contact at failure (at a distance of about 407. of the 
radius outward from the point of tangency), or by applying the load through 
a steel block, implying a moving contact. 

Note that the modeling of the rolling mechanism with moving yield lines 
implies a changing contact point (Fig. 2.13). In the yield arc mechanism 
the position of the contact point depends on the location "Of the yield line 
between the web and top flanges (Fig. 5.8). 
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fig. 3.4 lodeling of the load application in nuaerical simulations 
(Santaputra ,1986) 

.,.,..-- -- -r 
calculated-casEc> 1 

,.--case 1 load at point of tangency 

-._ case'2 load at estimated point of 
con tact near ultimate load 

case 3 load through thick steel 
.~ blotk 

out of plane de·flect ion 

Fig. 3.5 Influence of the modeling of the load application on the accuracy 
of finite element calculations (Sharp, 1990) 
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3.4 Analytical .odels 

3.4.1 The lSD !Odel 

The lSD model (lSD-1974, 1976, Stark, 1976) is the first analytical 
model described in the literature for the analysis of web crippling of 
flexural cold-formed steel members. It is based on a column analogy, in 
which the Euler load of the column is replaced by the buckling load of the 
web plate (Fig. 3.6). The influence of stresses due to the bending moment 
is accounted for in the determination of the buckling load of the web. The 
effect of the corner radius is accounted for by a moment of eccentricity. 
The model was used in the first Dutch design code for cold-formed sheeting, 
but was abandoned in later codes in favor of the empirical web crippling 
and interaction formulas used in the European Recommendations for the 
design of profiled steel sheeting (ECCS, 1983). The theoretical correctness 
of the model is questionable. Due to the post-buckling resistance, the 
behavior of a plate is fundamentally different from that of a column. 

( 

I 
I 

' notional 't( .... ~ 
bearing length 

web 

f 
..ro\112 

)~;p~~ at ·.-+ I 
__,. -* ___..,. moment of eccentricity \..:.)1 !11>!12 

l t t t t t 111 t t support reaction jF 

fig. 3.6 RSD model 
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3.4.2 !he .odel by leinsch 

leinsch (1983) developed a model to determine the load carrying 
capacity of cold-formed continuous multi-span steel members, accounting for 
the redistribution of bending moments due to the mechanism rotation at the 
interior supports (Sections 2.4.2 and 2.4.4). The essence of this model is 
the assumption that the behavior of a member subjected to a combined 
concentrated load and bending moment (that is, the behavior of the 
continuous member at the interior support) can be determined from the 
behavior of a member subjected to a concentrated load only (Fig. 3.7). This 
assumption is based on the following simplification&: 
1. The deformation mode of a member subjected to the combined action of a 

concentrated load and a bending moment is identical to the deformation 
mode of a member subjected to a concentrated load only. 

2. The mechanism rotation Fmec can be calculated as a function of the web 
crippling deformation &hw, by assuming an idealized deformation mode, 
enabled by stationary yield lines in the top and bottom flanges 
(Section 2.4.2). 

3. For identical deformation modes, the incremental internal energy 
dissipation due to an incremental web crippling deformation is 
independent of the load acting on the member. 

I 

\init(al stiffness k Ahw 
L-~~------------~~hw 

~hw·o 
I 

Fig. 3.7 Typical load-deformation behavior of a member loaded by a 
concentrated load only (Reinsch, 1983) 
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leinsch proposed to determine the load-web crippling deformation 
behavior of a member subjected to a concentrated load only (Fig. 3.7) from 
the empirical formula: 

1 (3.3) 

where fc;u is the ultimate web crippling resistance of a member subjected 
to a concentrated load only, Ahw;O is a parameter determined by the initial 
web crippling stiffness kAhw (Fig. 3.7): 

1c·u Ah ·O = ~, (3.4) w, k 
4hw 

and the exponent n is determined from the empirical formula: 
n = _ ___;;1 __ 

o.32·r. 0•8 
1 

(3.5) 

leinsch's empirical formula to determine fc;u will not be discussed in this 
report. lis formula to determine the web crippling stiffness kAhw is 
discussed in Section 4.4.5. 

leinsch assumed that the hinge mechanism is formed by stationary yield 
lines in the top and bottom flanges. Be developed an empirical formula to 
calculate the distance Lyt between the inner and outer yield lines in the 
top flange, and determined the distance Lyb between the yield lines in the 
bottom flange (Fig. 3.7) as: · 

Lyb= L1b+2·Lyt· (3.6) 

Based on the previously mentioned simplifications, the load carrying 
capacity 'cs(Ahw) of a me~ber subjected to a combined concentrated load and 
a bending moment can be determined from the load carrying capacity fc{Ahw) 
of a member subjected to a concentrated load only, by considering the 
incremental internal and external work resulting from an incremental web 
crippling deformation 6Ahw for both loading cases (Fig. 3.8). For a member 
subjected to a concentrated load, the external incremental work is 
calculated as: 

6fc·ext(Ahw) = fc{Ahw)·6Ahw. , (3.7) 

Equilibrium requires that the internal incremental work equals the external 
incremental work: 

ofC;int(Ahw) = 6fc;ext(Ahw)· (3.8) 
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Lyt 
t • 

Ltb Lyt 
I j 

'ltAh:· 
L lb Lyt ~ 

} Ahwt: __ re~-- ~··~J 11cst l • J hw : Mea 
Lyb Lyb 

Fig. 3.8 Determination of the external incremental work due to an 
incremental web crippling deformation 

For a member subjected to the combined action of a concentrated load and a 
bending moment, the external incremental work equals: 

6fCB;ext(Akw) = 'cB(Akw)·6Akw + 2·1cB(Akw)·6pmec(Akw)· (3.9) 

Equilibrium once more requires that the internal incremental work equals 
the external incremental work: 

61CB;int(4hw) 61cB;ext(Ahw)· (3.10) 

·From the assumption that the internal incremental work is identical for 
both loading cases: 

61cB;int = 41C;int' 
it follows that: 

Fc(Ah,)·6Ahw fcB(Ahw)·8Ahw + 2·1cB(Ahw)·6p111ec(Akw)· 

Considering that: 

and: 

L -L 
'cB(Akw) = 'cB(Ahw)· tes: yb, 

(3.11) 

(3.12) 

(3.13) 
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89 (Ah ) 
69 (Ah ) = mec w ·6Ah , (3.14) 

mec w IJAh w 
w 

it can be derived, by inserting Eqs. 3.13 and 3.14 into Eq. 3.12, that: 
L -L b 89 (Ah ) 

Fc(Ahw) = F (Ah )·(1+ test Y . mec w ), (3.15) 
CB w 2 IJAh 

w 
and hence: 

Fc8(Ahy) = kred(Ahw)·Fc(Ahw), (3.16) 

with: 
1 

(3.17) 
Ltest-Lyb 8Fmec(Ahw) 

1+ - .~~~~ 
2 IJAhw 

Prom Eq. 3.17 it can be seen that, according to the model by leinsch, the 
reduction of the web crippling resistance due to the application of a 
bending moment is caused by the mechanism rotation only. In Pig. 3.9 an 
example of the application of Eq. 3.15 to members with different span 
lengths is given, based on the geometry of the hinge mechanism as proposed 
by leinsch. for this geometry it can be derived that (Fig. 3.8): 

~ 2 2
1 

. - Lyt- Lyt-Ahw (3.18) 
Sln Fmec - ' 

hw 

which for small AhwfLyt ratios and small mechanism rotations may be 
approximated as: 

b,h2 

Fmec = w (3.19) 
. 2·Lyt'hw 

Hence: 
0'mec _ Ahw 
-- - -- . (3.20) 
IJAhw Lyt • hw 

In principle, the model can also be applied to other hinge mechanism 
geometries. 
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Fig. 3.9 Example of the application of the model by Reinsch 

It must be noted that, in Eq. 3.9, the external incremental work caused 
by the bending moment is calculated as: 

BfcB;ext;l = 2' 1cB(Ahw)· 6Pmec(Ahw)· (3•21 ) 

leinsch used another approach. He proposed to determine the external 
·incremental work by the bending moment from the stresses in the member 
caused by this moment. These stresses are calculated from a reduced section 
aodulus. According to the author it is more straightforward to calculate 
the incremental external work directly from the applied moment. Further
more, the calculation of the reduced section modulus as proposed by Reinsch 
is incorrect (Bakker, 1992). 

Vith respect to the validity of the simplifications proposed by Reinsch 
the following further remarks can be made: 
1. In the experimental research described in Chapter 4, it was found that 

the deformation mode (and thus the Ahw-Pmec relation) depends on the 
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span length (Section 8.5). 
2. Reinsch did not report on a comparison of observed and predicted 

yield line patterns or Ahw 'mec relations. In the experimental research 
described in Chapter 4, it was found that the outer yield lines in the 
top flange may be moving yield lines (Section 4.4.4), which means that 
the Ahw-Pmec relation cannot be predicted exactly by assuming an 
idealized deformation mode with stationary yield lines in the top 
flange. Yet, the model for the rolling mechanism described in Chapter 6 
is also based on the assumption of stationary yield lines in the top 
flange. The sensitivity of the predicted Ahw~'mec relation to the yield 
line pattern is discussed in Section 8.4. 

3. Although Reinsch's model is based on a deformation mode characterized 
by fold lines which can be interpreted as yield lines, he did not 
mention the use of yield line theory for the analysis of the web 
crippling behavior. Calculating the internal incremental work from the 
energy dissipation in the yield lines, one would conclude that 
different loads on the member, resulting in different stresses in the 
yield lines, do influence the internal incremental work (Section 
7.4.2). 

4. Reinsch assumed that the hinge mechanism is formed at zero web 
crippling deformation. No distinction is made between elastic and 
plastic behavior. 

3.4.3 The aodel by Tsai 

Tsai (1987) developed a model to determine the load-deformation 
I 

behavior of members subjected to the combined action of a concentrated load 
and a bending moment. This behavior is described by the curves b and c 
(Fig. 3.10). The model is based on Reinsch's formulae, and the idea to 
distinguish between elastic and rigid-plastic structural behavior. 

According to Tsai the ideal rigid-plastic load-deformation behavior of 
a member subjected to a concentrated load only is given by curve a0 
(Pig. 3.10): 

1curve a
0

(Ahw) = 1c;u' (3.22) 

where Fc;u is determined from a modified veb buckling formula. The actual 
(elasto-plastic) load-deformation is described by curve b0• The formula for 
this curve is identical to that proposed by Reinsch (see Eq. 3.3): 



with 
1c·u 

Ab ·O = ~, w, k 
Ahw 

and 

1 n = _ ___;;_ __ 

0.32·r.0·8 
1 
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(3.23) 

(3.24) 

(3.25) 

Tsai however developed different formulas to determine the initial web 
crippling stiffness kAAw (Section 4.4.5). 

Vhen a member is subjected to the combined action of a concentrated 
load and a bending moment, the ideal rigid-plastic load-deformation 
behavior is described by curve a, which Tsai derived by modifying Reinsch's 
formula (3.16) to: 

1curve a(Ahw) = kred(AAw)·Fc;u· (3.26) 

The actual (elasto-plastic) load-deformation behavior is described by curve 
b, which is calculated analogously to the calculation of curve b0. Vhere 
curve b0 has curve a0 as an asymptote, curve b has curve a as an asymptote, 
the distance between curves a and b being determined by means of an 
empirically determined 11plastification factor" ne, which depends on the 
path of curve b (resulting in an iterative calculation): 

neJ 1 
1curve b(AAw)= 1curve a(AAw)· l+(AAw:o/Ahw)ne (3.27) 

It may be noted that curves b0 and b have the same initial tangent 
ku , since: 
. w 

lim curve b w = k (AA ) • 1 . _ ___;1 __ _ F (Ah ) nej 
Ahw .... 0 Ahw red w C;u Ahwne+ 4Aw;One 

1c·u = ~ kAAw' (3.28) 
Ahw;O 

This is consistent with the findings from the experimental study (Section 
4.4.5) that the initial web crippling stiffness is hardly influenced by the 
span length. Vith respect to Tsai's determination of the rigid-plastic 
load-web crippling deformation behavior of a member subjected to a 
concentrated load only, it can be noted that according to the experimental 
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study described in Chapter 4, and the yield line model described in Chapter 
6, for members failing by the rolling mechanism this behavior results in an 
ascending curve rather than a horizontal curve {Section 8.2). 

For large web crippling deformations the load carrying capacity is 
limited by the attainment of the yield stress in the compression flange. 
Curve c describes. the load on the member resulting in the attainment of the 
yield stress in the compression flange, accounting for.the influence of the 
web crippling deformation llhw. To determine curve c, the stress in the 
compression flange is calculated from the reduced section modulus, as 
proposed by leinsch. The calculation of this modulus is incorrect (Bakker, 
1992). However, the underlying idea that the web crippling capacity is 
limited by the moment capacity of the member, which is reduced by the web 
crippling deformation, is certainly correct. 

F 

I 
1 arctan kflhw 

V 

member subjected to a concentrated 
load only 

F 

I 
l arctan k"h 

\/ L.l w 

member subjected to a concentrated 
load and a bending moment 

Fig. 3.10 lodel of the web crippling behavior by Tsai (1987) 

It can be concluded that, although the model by Tsai in many aspects 
resembles the model proposed by leinsch, it is fundamentally different. It 
is based on the idea to describe the load-deformation behavior using 
different curves. The derivation of these curves is susceptible to 
improvement. 
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3.5 Analytical ~ls for other types of sections 

3.5.1 Bea~ton-elastic-fou&dation IOdels 

Bergfelt (1977 c) has attempted to model the web crippling behavior of 
plate girders by considering the flange of the plate girder as an elastic 
beaa on an elastic foundation formed by the web (Fig. 3.11). This approach 
enables the determination of the resistance of the web as a function of the 
veb crippling deformation. The effects of flange and web yielding were 
taken into account by applying the differential equation outside the 
plastic zones and considering suitable boundary conditions. The effects of 
flange yielding can be modeled more accurately by using the available 
solutions for the analysis of the behavior of elastic-plastic or 
risid-plastic beams on an elastic foundation (Bhat and Xirouchakis, 1986). 

Fig. 3.11 Analysis of a beam on an elastic foundation (Bergfelt, 1977 c) 

The difficulty with the beam-on-elastic-foundation models is the 
determination of the flexural rigidity of the beam and the spring constant 

'of the foundation. Vith respect to cold-formed steel members, it may be 
noted that it is arbitrary whether the corner radius is considered as a 
part of the beam influencing the beam stiffness, or as a part of the web 



69 

influencing the stiffness of the foundation, or as a part of both the web 
and the flange. The beam-on-elastic-foundation models are not suited to the 
analysis of the web crippling behavior after the formation of a hinge 
mechanism, but they may be useful for the determination of the 
load-deformation behavior in the elastic phase of loading. 

3.5.2 Yield line aodels 

As explained in Section 3.4, the models proposed by Reinsch (1983) and 
Tsai (1987) are based on an idealized deformation mode characterized by 
fold lines. Although it seems natural to interpret these fold lines as 
yield lines, both Reinsch and Tsai did not use yield line theory for the 
calculation of the energy dissipation in the members. During the last 
fifteen years in the literature various yield line models have been 
described (Figs. 3.12 to 3.14), which may serve as examples for the 
development of a yield line model for web crippling in cold-formed steel 
members. 

Lyt Ltb Lyt 
• + • ! 

~ I I 
j . 

I - stationary yield line 
• 

Fig. 3.12 Yield line model for the determination of the ultimate web 
crippling resistance of plate girders (Roberts, 1983) 
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F 

-stationary yield I ine 

,L-------- ----- ""•11--.,j.t 

Fig. 3.13 Yield line model for the analysis of chord flange failures in 
rectangular hollow section joints (Kato and Nishiyama, 1980) 

-stationary yield line 
-moving yield line 

Fig. 3.14 Yield line model (including moving yield lines) for the 
determination o£ the energy dissipation in the bending collapse 
of rectangular hollow sections (Kecman, 1983) 

! critical discussion of these models is outside the scope of this 
'report. It will only be noted here that the models differ in the following 
aspects: 
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1. The influence of the elastic deformations on the mechanism initiation 
load. 

2. The determination of the yield line pattern. This may be determined 
from empirical formulas, by minimizing the mechanism initiation load 
with respect to some parameters, from compatibility considerations, or 
from a combination of these methods. 

3. The calculation of the energy dissipation in the yield lines. Different 
researchers use different formulas to determine the magnitude of the 
fully plastic moment. They also differ in their taking into account the 
normality rule and the influence of coexisting normal and shear 
stresses on the energy dissipation in the yield lines. 

The variety of views on these subjects prompted a study on yield line 
theory (Bakker, 1990). In the summary of this study in Chapter 5 the above 
mentioned issues will be further discussed. 

3.6 Conclusions 

The study of the existing calculation models for web crippling leads to the 
following conclusions: 

1. The existing empirical web crippling and interaction formulas 
point to some parameters influencing the web crippling behavior. Since 
the formulas have not been based on an insight in the failure modes, 
one cannot be sure that all the relevant parameters have been included 
in the right way. 

2. The numerical simulations of the web crippling behavior draw 
attention to the changing contact point between the member and the 
bearing plate during loading, which is inherent to the rolling 
mechanism. 

3. The most important web crippling model described in the literature is 
that proposed by Reinsch (1983). This model is based on the idea to 
determine the web crippling behavior of a member subjected to the 
combined action of a concentrated load and a bending moment from that 
of a member subjected to a concentrated load only. 



72 

4. The model by Tsai (1987) is based on the idea to distinguish between 
elastic and rigid-plastic structural behavior, and to describe the 
load-deformation behavior using different curves. Tsai's derivation of 
these curves is susceptible to improvement. 

5. The beamron-elastic-foundation models, as known from the analysis of 
web crippling in plate girders, may be used for the analysis of the 
elastic web crippling behavior of cold-formed steel members, but are 
not suitable for analyzing this behavior after the initiation of the 
hinge mechanism. 

6. The yield line models developed for rectangular hollow sections and 
plate girders suggest that it should be possible to develop a yield 
line model for web crippling in cold-formed steel members. 
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Chapter 4 
EIPEIIIEIT!L STUDY 

Yhen we think we are analyzing data we are actually only looking 
at it through our existing paradigms and with a limited range of 
available concepts. In the future we may come back to the same 
data and see them very differently. 

B. de Bono 
4.1 Introduction 

The objective of the experimental study was to obtain the necessary 
information for developing and checking a model for web crippling in 
cold-formed steel members, that is, information on the load-deformation 
behavior and the occurring failure modes. The tests described in the 
literature could not be used for this purpose, since in most of these only 
the ultimate loads were measured. 

The most important result from the study was the observation that there 
are two types of failure mechanisms: the yield arc mechanism and the 
rolling mechanism. The load-deformation behavior of these mechanisms was 
described already in Section 2.3. The test program was designed to enable 
the determination of the influences of various parameters on the web 
crippling behavior. In this Chapter the emphasis is on·an overview of the 
test program (Section 4.2) and test setup (Section 4.3), and on the 
presentation of the test results which were used for the evaluation of the 
web crippling model described in Chapter 6. ! detailed discussion of the 
experimental study is given in a separate test report (Bakker, 1990 a). 

The model described in Chapter 6 predicts the mechanism initiation load 
of members failing by the rolling mechanism. In Section 4.4.1, therefore, a 
procedure is proposed to determine an experimental mechanism initiation 
load from the measured load-deflection behavior. Iri Section 4.4.2 an 
overview is given of the loads and deformations characterizing the measured 
load-deformation behavior of all tests. In Section 4.4.3 it is shown that 
the occurrence of either the yield arc or the rolling mechanism is 
primarily determined by the corner radius. Also, the attention is drawn to 
an asymmetric failure mode which occurred in a few tests. In Section 4.4.4 
then the yield line patterns are discussed. The model described in 
Chapter 6 is based on an idealization of these patterns. In Section 4.4.5 
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finally the initial web crippling stiffness is discussed, since this para
•eter is used in the model to determine the load-web crippling deformation 
behavior before the initiation of the mechanism. The Chapter ends with a 
su..ary of the most important findings from the experimental research. 

!s mentioned before, the test program was designed to enable the 
determination of the influences of various parameters on the web crippling 
behavior. The discussion of these influences will be postponed to Chapter 
7, where they will be compared to those predicted by the model. 

4.2 fest progra. 

4.2.1 Objectiye and scope 

The primary objective of the test program was to study the 
load-deformation behavior of cold-formed steel members subjected to the 
combined action of a concentrated load and a bending moment. This behavior 
can be studied in three-point bending tests. !s discussed in Chapter 1, in 
the literature a distinction is made between web crippling tests on short 
span members (Cb tests), where the influence of the bending moment is 
believed to be negligibly small, and tests on long span members (CB tests), 
where this influence is more pronounced. Originally, the emphasis was on 
the Cb loading condition. Therefore most tests performed are short span 
bending tests. During the research it was concluded, however, that the 
distinction between Cb and CB loading conditions is arbitrary. In this 
Chapter therefore all three point bending tests are referred to as CB web 
crippling tests, regardless of the magnitude of the bending moment. In 
order to get a better understanding of the influence of the bending moment 
on the web crippling behavior, also some tests were performed in which the 
member was subjected to a concentrated load only. These tests are denoted 
as C tests. 

Different types of members will fail by different mechanisms. It was 
decided to restrict the test program to hat sections with doubly supported 
compression flanges without intermediate stiffeners in the flange or web 
elements. The behavior of this type of members is similar to the behavior 
of first generation deck sections. Two test series, consisting of 73 tests 
altogether, were performed. In these tests, besides all parameters 
occurring in the current Cb web crippling prediction formulas, the width of 
the compression flange and the span length were also varied. 
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4.2.2 Test speci~ns 

Four different materials were used for forming test specimens. 
laterials 1 and 2 were zinc coated steel sheets as normally used for 
cold-formed deck panels. laterials 3 and 4 were uncoated, gradually 
yielding steel sheets. The material properties of these steel sheets are 
summarized in Fig. 4.1 and Table 4.1, where t denotes the thickness of the 
steel core and tzn the thickness of the zinc coating (sum of two sides), fy 
is the yield strength (respectively 0.2% offset strength), fu the tensile 
strength (ultimate strength), eu the strain corresponding to the attainment 
of the tensile strength, and ef the strain at fracture. 
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Fig. 4.1 lechanical properties of steel sheets 

Table 4.1 laterial properties of steel sheets 

~~aterial type t tzn fy fu fu ff 
[mm] [mm] [N/mm2] [N/mm2J % % 

1 sharp yielding 0.68 0.05 327 413 14 >20 
2 sharp yielding 0.62 0.04 376 447 14 27 
3 gradual yielding 0.58 258 384 19 36 
4 gradual yielding 0.97 312 426 14 33 
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! zinc coated steel cross-section can be regarded as a composite 
~ross-section. In principle the properties of such a cross-section can be 
calculated from the properties of the composing materials {zinc and steel). 
lowever, little is known of the mechanical properties of the zinc layer, 
and it is difficult to determine these properties accurately. It is normal 
practice to idealize a zinc coated steel cross-section to a homogeneous 
cross-section. In this report the most common idealization, based on the 
core thickness and modified mechanical properties, will be used. According 
to this idealization the stress in the cross-section is determined by 
dividing the load on the zinc coated test specimen by the area of the steel 
core. Not only the (yield) stress, but also the modulus of elasticity of a 
composite cross-section will depend on the composition of the cross
section. For the zinc coated sheets used in practice, it can be shown that 
the influence of the zinc layer on the stiffness is relatively small. 
Therefore the modulus of elasticity of the composite cross-section 
(referring to the core thickness) will simply be taken equal to the steel 
modulus of elasticity {210000 N/mm2), regardless of the zinc coating. 

btf= 60-160 mm 

9w=60o_90° 

f'i;tf ~ 
I t ' 50 mm 50 mm 

Fig. 4.2 Geometry of the test specimens 

f 

~ri·tt= 1 
' 5 

10 mm 

The hat sections used as test specimens (Fig. 4.2) were made by press 
braking in the workshop of the Eindhoven University of Technology from 
steel sheets as specified in Table 4.1. They were formed with a nominal 
height of the web of 50 or 100 mm, a nominal width of the top flange of 60 
or 160 mm, a width of the bottom flange of 100 mm, a web angle of 900 or 
600, an interior corner radius between the webs and the top flange of 1, 5 
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or 10 mm, and an interior corner radius between the webs and the bottom 
flanges of 1 mm. The actual (measured) geometrical dimensions of each test 
specimen are given in the test report. The definition of top and bottom 
flanges refers to the way the sections were tested (Section 4.3). In the 
three-point bending tests the concentrated load was applied on the top 
flange, so that the resulting bending moment caused compression stresses in 
the top flange and tension stresses in the bottom flanges. 

4.2.3 Outline of test series 

An outline of the test series is given in Tables 4.2 and 4.3. Besides 
by their number, the tests can be characterized by the code: 

bw-btrri;tr 0w I fy-ts I Ltest-llb' 

that is, by the nominal values of the width of the web - width of the top 
flange - interior corner radius between the web and the top flange - web 
angle 11 yield strength - plate (core) thickness 11 test span length length 
of the load bearing plate. The first part of this code describes the 
geometrical dimensions of the test specimens, the second part the steel 
sheet properties, and the third part the loading conditions. A test in 
which the member is subjected to a concentrated load only (C test) is coded 
as a test with a span length Ltest=O. 

In the test program it was tried to investigate the influences of the 
parameters with a minimum number of tests. In test series 1 the influences 
of the corner radius, the width of the compression flange, the width of the 
web, and the span length were investigated. Some tests were duplicated to 
check the reproducibility of the test results. In test series 2 the 
influences of the web angle, the length of the load bearing plate, and the 
sheet steel properties were investigated. Also some tests on longer span 
members were included. The tests 11 and 110, which were performed on 
members with a different width of the top flange, were carried out 
primarily to photograph the deformations of the member during the test. 
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Table 4.2 Outline of test series 1 (35 tests, diaensions in ailliaeters) 

6tf -1 
60 160 

ri;tf ""' 1 5 10 1 5 10 

* 
bw Ltest l 
50 0 13 15 19b 21 39 23a < 

13b 19c Ita lab 
21b 

190 12 18 
290 11 14 17 20 38 22 

390 10 16 
100 0 26 28 32 3.1 37b 36 

290 25 31 
490 2.1 27 30 33 29 35 

Table 4.3 Outline of test series 2 (38 tests, diaensions in ailliaeters) 

Llb -1 25 50 100 

ri·tf""' 1 5 10 1 5 10 1 5 10 
aat. ow bw btf Ltest l 

1 900 50 100 290 l1 110 
2 900 50 60 265 52 59 54 

340 46 n lu 
540 66 67 68 

66a 
100 160 450 1 56 

t±±dso 460 1 55 57 
540 51 
940 69 70 71 

600 50 60 290 ,JO J1 Jl 
100 160 490 .13 u J5 

540 72 79 7j 

3 900 50 60 290 58 59 
100 160 490 60 61 

4 900 50 60 290 69 
100 160 490 65 

1 These span lengths were meant to be 465 mm 
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4.3 Test setup 

4.3.1 Overview 

As mentioned in the previous Section, two types of web crippling tests 
vere performed, namely CB tests and C tests. An overview of the test setups 
is given by the photographs in Figs. 4.3 and 4.4. In the following Sections 
only the main features of these test setups will be described. For more 
details the reader is referred to the test report (Bakker, 1990 a). 

Fig. 4.3 Overview of the test setup for the CB tests 

Fig. 4.4 Overview of the test setup for the C tests 



80 

4.3.2 Loading arrangeaent 

The test setup for the CB tests is shown in Fig. 4.5. The test specimen 

was fastened on two reaction bearing plates with a length Lrb of 40 mm 
each~ The test setup for the C tests is shown. in Fig. 4.6. In these tests 
the length of the reaction bearing plates was equal to the length Lib of 
the load bearing plate. Auxiliary plates were attached to the test specimen 
for the measurement of the deformations (Section 4.3.3). 

In both types of tests, the load was applied by a hydraulic jack, 
operated by a hand pump. The magnitude of the applied force was measured by 
a load cell between the hydraulic jack and the load bearing plate. For the 
correct measurement of the deformations of the test specimen, it was 
necessary that the load bearing plate contacted the test specimen 
completely at the beginning of the test. Therefore the positions of the 
load and reaction bearing plates needed to be adjustable to account for 
small variations in the dimensions of the test specimens. The reaction 
bearing plates were hinged to allow for rotations in the longitudinal 
direction of the test specimen. The load bearing plate was hinged to allow 
for rotations in the width direction of the test specimen (Fig. 4.7). After 
the first loading step, resulting in the adjustment of the load bearing 
plate to the test specimen, these hinges were fixed. No deformation 
measurements were made during the first loading step, since these would be 
unreliable due to the setting effect of the load bearing plate. Instead, 
the deformation during the first loading step was determined by linearly 
extrapolating the test results. 
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Fig 4.5 Test setup for the CB tests 

Fig. 4.6 Test setup for the C tests 

2 

1. test speci.en 
2. load bearing plate 
3. reaction bearing plate 
4. load cell 
5. hydraulic jack 

1. test specimen 
2. load bearing plate 
3. reaction bearing plate 
4. load cell 
5. hydraulic jack 
6. auxiliary plate 

1. temporary hinge which is 
fixed after first 
loading step 

2. permanent hinge 

Fig. 4.7 Temporary hinges to allow for the adjustment of the load bearing 
plate to the test specimen 
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The support conditions at the load bearing plate are shown in Fig. 4.8 • 
. The width of the load bearing plate was chosen to be larger than the width 
of the top flange of the test specimen. Both in the CB and the C web 
crippling tests the load bearing plate was not fastened to the test 
specimen. Consequently, in all the tests, the first clearly visible 
deformation of the member was the downward curling of the flange underneath 
the load bearing plate, caused by the eccentric application of the 
concentrated load on the web. As a result the load bearing plate was 
supported only by the webs of the member. 

The support conditions at the reaction bearing plates and auxiliary 
plates are shown in Fig. 4.9. The bottom flanges were clamped between the 
reaction bearing (or auxiliary) plate and a clamping plate. In the CB tests 
sway of the test specimen was prevented at the supports by restraining the 
top flange from moving sideways by means of a screw through the top flange. 
In the C tests sway was prevented at the auxiliary plates. Spreading of the 
webs (Fig. 3.3) was prevented only at the supports. Further ties were 
considered to be redundant, since the tested members had relatively wide 
bottom flanges and short spans. 

width of 

1 
load bearing plate 

'Fig. 4.8 
Support conditions at the 
load bearing plate 

support against sway 
1"""1""-=:1:::::~ ........ 

I 
I , 

I 
I 

Fig. 4.9 

I 
I 
I 
I 
1 clamping plate 

:.J 

Support conditions at the 
r~action bearing plates 
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4.3.3 leasureaent of deforaations 

The purpose of- the tests was to measure the load-deformation behavior 
and to determine the occurring yield line patterns. Therefore in the CB 
tests the following deformations were measured (Fig. 4.10): 
1. the web crippling deformation Ahw, that is, the displacement of the 

load bearing plate with respect to the bottom of the web underneath it; 
2. the displacement wr of the load bearing plate with respect to the 

reaction bearing plates. This displacement was used to determine the 
deflection w of the member as: 

w = wr- Ahw; (4.1) 
3. the rotation pat the reaction bearing plates (only in test series 2). 
All these deformations were measured with digital displacement indicators, 
as shown in Fig. 4.12. 

Veb crippling results in the formation of a plastic hinge mechanism 
(Fig. 4.11). As discussed in Chapter 2, in the CB tests the mechanism 
deflection wmec can be determined as the non-linear component of the 

·measured deflection, the mechanism rotation Pmec as the non-linear 
component of the measured rotation (Fig. 4.13). It must be noted that, at 
the initiation of the mechanism, the thus determined mechanism deflection 
will not be very accurate, due to non-linear elastic effects. 

~~=t---___:C~~~~~~= deflection w 
1. load bearing plate 
2. reaction bearing plate 

Fig. 4.10 leasured deformations in the CB tests 

Ltb Mw~Mw;imec 
+-+ -0 

Lyt ~yt !me<-

JIIIII!!IIIIIIIIffitJIIII!II!IIIIII~);,w 
+4hw-l:::.hw 

Fig. 4.11 Idealization of the hinge mechanism observed in the CB tests 
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1. test speci11en 
2. load bearing plate 
3. reaction bearing plate 

3 4. fra~~e 

5. angle glued to 11ember 
6. 11easuring bar 
7. displace11ent indicator 

11easuring Ah.w 
8. displace11ent indicator 

3 11easuring wr 
9. displace11ent indicator 

11easuring 'P 

Fig. 4.12 leasure•ent of the web crippling defor~~ation AAw, the 
displace•ent wr and the rotation 'P in the CB tests 

F 

L-~--~~----------_.w, 

.. Wet .t Wmec • 

"'et tmec 
1 

Fig. 4.13 Deter11ination of the mechanis11 deflection wmec and the •echanis11 
rotation '~'mec in the CB tests 
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In the members subjected to a concentrated load only (C tests), the web 
crippling deformation 4Aw and the displacement •a of the load bearing plate 
with respect to the auxiliary plates were measured (Fig. 4.14). These 
deformations were measured with digital displacement indicators as shown in 
fig. 4.15. 

1. load bearing plate 2. reaction bearing plate 3. auxiliary plate 

fig. 4.14 leasured deformations in the C tests 

test specimen 
load bearing plate 
reaction bearing plate 
auxiliary plate 
measuring bar 
displacement indicator$ 
measuring 4Aw 
displacement indicators 
measuring •a 

Fig. 4.15 •easurement of the web crippling deformation-4Aw and the 
displacement •a in the C tests 
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It vas found that, due to the asymmetry in the geometry of the member 
.and the support conditions at the opposite load bearing plates, the top 
flange vas more indented than the bottom flanges. This one-sided 
deforaation resulted in the formation of a hinge mechanism (Fig. 4.16), 
si•ilar to that formed in the CB tests (Fig. 4.11). 

Lyt ltbl.yt 
t I I I 

F 
Ahw~Ahw;imec 

'mec=O 

~1b hw-Mw 
I +-+-, 

Lyb 

Ahw>Ahw;imec 
hw-Ahw 

fmec 

Fig. 4.16 Idealization of the hinge mechanism observed in the C tests 

It should be noted that the web crippling deformation measured in the C 
tests includes both the top flange indentation Ahw;tf and the bottom flange 
indentation Ahv;bf: 

Ahw = Ahw;tf+Ahv;bf' (4.2) 
while the displacement wa includes the effects of the top flange 
indentation and the deflection: 

wa = Ahw;tf -w. (4.3) 
Therefore the influence of the bottom flange indentation cannot be 
separated from that of the deflection: 

w- Ahw;bf = Ahw - wa. (4.4) 
Vhen the bottom flange indentation is small compared to the top flange 
indentation (as is the case for test specimens with a smaller top flange 
corner radius than bottom flange corner radius), a reasonable lower bound 
approximation of the deflection of the member can be determined as: 

w ~ Ahw wa. (4.5) 
For test specimens where the top flange corner radius is equal to the 
bottom flange corner radius, the bottom flange indentations are so large 
that this approximation will be rather crude. 
In principle, in C tests, all deflections are caused by the hinge 
Bechanism, and thus: 

111mec = w. (4.6) 
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4.3.4 Test proee4ure 

The load application was controlled by the web crippling deformation, 
so that the descending branch of the load-defor.ation behavior could be 
determined. The web crippling deformation vas increased in steps. The load 
and deformations were measured simultaneously one minute after the 
application of a deforaation step. In the first test series the test.s were 
stopped at a web crippling deforaation of 10 aa, because this deforaation 
was thought to be unacceptably large in practice. In the second test series 
the tests were continued further, to obtain the ultiaate web crippling 
loads of the test speciaens. 

4.4 Test resglts 

4.4.1 Determination of the aechanism initiatioa load 

In the rolling aechanism the initiation of the hinge mechanism 
corresponds to a typical change in the load-deflection and load-web 
crippling deformation behavior. The model for the rolling mechanism, which 
will be described in Chapter 6, focuses on the prediction of the mechanism 
initiation load. In order to be able to compare the model predictions to 
the test results, in this Section a procedure is described to determine an 
experimental mechanism initiation load. 

In principle, the mechanism initiation load is defined to be the load 
corresponding to the initiation of a hinge mechanisa, that is the load 
corresponding to the maximum web crippling deforaation for which '•ec=O. 

The problem with the experimental determination of the initiation of 
the mechanism is, that the mechanism rotation is determined as the 
non-linear component of the measured rotation, and that there is no sharp 
transition from linear to non-linear behavior. Therefore it is proposed to 
determine the experimental mechanism initiation load as the point of 
intersection of two tangents at the measured load-deflection curve 
(Pigs. 4.17 to 4.20). The first tangent describes the initial deflection 
stiffness of the member. The second tangent is determined by fitting a 
straight line through the points of the measured load-deflection curve 
satisfying the following condition: 
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2r Ltest 2r Ltest 
0.05·-·-- < IIJ < 0.1·-·--

360 2 mec 360 2 
(4. 7) 

in the case of a CB test, and: 

2r Laux 2r Lau 
0.025·-·- < Ah -IIJ < 0.05·-·-x (4.8) 

360 2 w a 360 2 
in the case of a C test, where Ahw-1/Ja is used as an approximation of the 
.echanism deflection (Section 4.3.3). Neglecting the influence of the 
distance Lyb between the yield lines in the bottom flange on the mechanism 
rotation, this means that it is assumed that in a CB test the hinge 
mechanism is completely formed for mechanism rotations larger than o.o5o, 
and that the load-deflection behavior of the member in the initial phase of 
the mechanism {0.050<'mec<0.10) is linear. This procedure worked well for 
the perfor.ed tests, except for the tests failing by the yield arc 
mechanism, where the ultimate load was attained for mechanism rotations 
smaller than 0.1o. Since the distinction between the ultimate load and the 
mechanism initiation load is irrelevant for the yield arc mechanism 
(Section 2.4.3), for these tests the mechanism initiation load is simply 
taken to be equal to the ultimate load. 

It can be objected that the proposed procedure for the determination of 
the mechanism initiation load is somewhat arbitrary. This is true, but 
since in reality the hinge mechanism develops gradually rather than 
instantaneously, the decision at what point the mechanism is considered to 
be initiated is necessarily subjective. From Figs. 4.17 to 4.20 it can be 
seen that the load-web crippling deformation behavior becomes non-linear 
before the initiation of the hinge mechanism. This may suggest that it 
would be more accurate to determine the experimental mechanism initiation 
load as the load corresponding to the initiation of non-linear web 
crippling deformations. However, the initiation of a hinge mechanism is 
considered to be more important than the initiation of non-linear web 
crippling deformations, since the latter only affect the local behavior, 
while the mechanism rotations resulting from a hinge mechanism also affect 
the global behavior of the member. 
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Fig. 4.17 Typical load-deformation diagram~Vfor a member failing by the 
rolling mechanism (CB test) 
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Fig. 4.18 Typical load-deformation diagrams for a member failing by the 
yield arc mechanism (CB test) 
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4.4.2 Oyeryiev of typical loads and defor.ations 

Por the description of the web crippling behavior both the web 
crippling load and the mechanism rotation need to be known as a function of 
the web crippling deformation. For a concise presentation of the test 
results, this behavior can be characterized by a few typical loads and , 
corresponding deformations (Figs. 4.17 to 4.20): the mechanism initiation 
load Fimec and the corresponding web crippling deformation AAw(Ft.ec>' the 
ultimate load 1

0 
and the corresponding web crippling deformation AAw(1

0
), 

the mechanism deflection wmec(F
0
), and, if measured, the mechanism rotation 

'mec(F
0
). In Tables 4.4 and 4.5 an overview is given of these loads and 

deformations and of the initial web crippling stiffnesses kAAw for the test 
series 1 and 2. For a discussion of the test results the reader is referred 
to the next Sections and Chapters 7 and 8, 
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Table 4.4 Overview of typical loads and deformations for test series 1 

test kuw 1imec Ahw(1imec> 'u 4hw(Fu) 111mec<1u) 1ul1i.ec 
[N/•) [N] [•] [N] [•] [•] 

10 27568 4540 0.448 4540 0.448 0.229 1.000 
11 37094 4965 0.387 4965 0.387 0.179 1.000 
12 32084 5730 0.380 5730 0.380 0.054 1.000 
13 18430 6490 0.817 6490 0.817 -0.063 1.000 
13b 22231 6410 0.744 6410 0.744 0.013 1.000 
14 4298 2992 1.194 3475 3.326 0.703 1.161 
15 4496 3746 1.858 5545 10.161 1.224 1.480 * 
16 2049 2308 1.634 3110 5. 744 1.493 1.347 
17 1960 2378 1.819 3580 7.289 1.524 1.505 
18 1965 2660 2.041 4455 9.743 1.285 1.675 
19b 1973 2854 2.624 5285 10.296 0.619 1.852 * 
19c 1829 2773 2.499 5295 10.286 0.689 1.909 * 
20 24666 5355 0.519 5355 0.519 0.142 1.000 
21 27901 6665 0.830 6665 0.830 -0.118 1.000 
21& 30178 6595 0.680 6595 0.680 -0.068 1.000 
21b 27244 6655 0.663 6655 0.663 -0.067 1.000 
22 1641 2321 1.930 3855 8.801 1.933 1.661 
23a 1804 2841 3.038 5220 10.336 0.440 1.837 
23b 1763 2782 3.034 5135 10.317 0.429 1.846 
24 11848 5180 0.797 5180 0.797 0.107 1.000 
25 16155 5715 0.745 5715 0.745 0.042 1.000 
26 13520 6155 1.325 6155 1.325 -0.131 1.000 
27 2691 3406 2.370 3575 8.254 2.360 1.050 
28 3519 3882 2.600 5475 10.205 0.506 1.410 * 
29 3041 3631 2.408 3890 8.169 2.443 1.071 
30 1061 2417 3.241 3690 10.670 1.619 1.527 * 
31 1167 2742 4.253 4210 10.525 0.556 1.535 * 
32 1551 2597 3.194 4400 10.401 0.365 1.694 * 
33 10481 5225 0.975 5225 0.975 0.086 1.000 
34 18447 5915 1.656 5915 1.656 -0.471 1.000 
35 1104 2438 3.019 3735 10.494 1.432 1.532 * 
36 979 2459 3.170 4210 10.567 0.222 1. 712 * 
37b 3564 3700 2.057 5475 10.188 0.353 1.480 * 
38 3481 3054 1.336 3700 4.210 0.825 1.212 
39 4986 4111 2.431 5715 10.137 0.826 1.390 * 
* in these tests the load was still increasing when the test was ended 
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Table 4.5 Overview of typical loads and deformations for test series 2 

test kAhw 1i•ec Ahw('i•ec) 'u Ahw(Fu) •.ec(Fu) '•ec<1u) 1ul1i.ec 

[N/u] [N] [mm] [NJ [u] [u] [OJ 

40 37332 4430 0.219 4430 0.219 0.132 0.079 1.000 
41 7745 3300 0.763 3300 0.763 0.177 0.095 1.000 
42 2722 2638 1.263 3120 4.376 2.067 0.910 1.183 
43 5625 4250 1.277 4250 1.277 0.018 0.009 1.000 
44 3784 3550 1.620 3550 1.620 0.052 0.023 1.000 
45 1551 2821 2.387 3470 7.147 2.370 0.563 1.230 
46 49648 '6890 0.222 6890 0.222 0.167 0.042 1.000 
47 5456 3956 0.999 4270 2.332 0.534 0.231 1.079 
48 2151 2993 2.106 4020 6.215 1.128 0.605 1.343 
49 23736 6965 0.922 6965 0.922 0.087 0.047 1.000 
50 3088 4475 2.201 4475 2.201 0.055 0.016 1.000 
51 1218 3582 4.311 3980 10.909 2.234 0.617 1.111 
52 15615 4170 0.520 4170 0.520 0.062 0.022 1.000 
53 3048 2196 1.125 3000 5.190 1.315 0.643 1.366 
54 1150 1589 1.619 3125 6.842 0.861 0.525 1.967 
55 14036 4230 0.732 4230 '0.732 0.055 0.019 1.000 
56 2099 2511 2.286 3620 8.932 2.317 0.620 1.442 
57 862 2144 3.646 3365 11.693 1.866 0.598 1.569 
58 8800 3665 0.607 3665 0.607 0.120 0.039 1.000 
59 1186 1656 2.088 2655 9.371 2.080 1.143 1.603 
60 10579 3705 0.586 3705 0.586 0.033 0.008 1.000 
61 813 1753 3.390 2555 9.093 1.041 0.286 1.458 * 
62 44560 9225 0.601 9225 0.601 0.288 0.118 1.000 
63 4460 4267 1.694 6325 8.203 2.737 1.378 1.482 
64 21202 9125 0.938 9125 0.938 0.136 0.026 1.000 
65 2673 4806 3.094 7170 12.236 2.530 0.720 1.492 
66 79127 4525 0.067 4525 0.067 -- -- 1.000 
66a 104637 4770 0.086 4770 0.086 -- -- 1.000 
67 6059 3108 0.664 3520 1. 722 1.070 0.280 1.133 
68 2024 2560 1. 720 3150 4.674 1.938 0.496 1.230 
69 12316 5095 0.619 5095 0.619 -- -- 1.000 
70 3088 3875 1. 733 3875 1.733 0.281 0.033 1.000 
71 1034 2813 3.248 3060 6.194 1.549 0.199 1.088 
72 15951 5090 1.379 5090 1.379 0.098 0.054 1.000 
73 4332 4505 1.784 4505 1.784 0.061 0.035 1.000 
74 1966 3955 2.919 3955 2.919 0.035 0.017 1.000 
11 23376 5200 0.403 5200 0.403 0.106 0.052 1.000 
110 1703 2532 2.400 3685 7.944 1. 718 0.887 1.455 

* in this test the load was still increasing when the test was ended 
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4.4.3 Oyeryiev of the failure !Odes 

In order to determine by what failure mode a member fails, an objective 
criterion is needed to distinguish between the different mechanis~s. In 
this report the failure mode is assumed to be a yield arc mechanism when: 

F, = Fimec' (4.9) 
and to be a rolling mechanism when: 

F, > Fimec' (4.10) 
According to this criterion, in Table 4.7 an overview of the failure modes 
in the tests is given. The criterion must be regarded as a more or less 
intuitive classification of failure modes based on the observed load-web 
crippling deforaation behavior. To clarify the meaning of the criterion, in 
Fig. 4.21 the load-web crippling deformation curves for members with 
varying interior top flange corner radii are shown. As an indication of the 
clearness of the initiation of the mechanism, also the corresponding 
load-mechanism deflection curves are given. From Fig. 4.21 it can be seen 
that the proposed criterion is clear for members with ri;tf = 1 mm and 
ri;tf = 10 mm. The criterion is less clear for members with ri;tf = 5 mm. 
This may be caused by the fact that there is not necessarily a sharp 
distinction between the yield arc and the rolling mechanism. There may be a 
gradual transition between the two, by means of a kind of mixed mechanism. 
Indeed, some of the tests on members with ri;tf = 5 mm (see for example 
tests 47 and 50, Fig. 4.21) show neither the rapid decrease in the load 
carrying capacity after the attainment of the ultimate load typical for the 
yield arc mechanism, nor the increase of the load carrying capacity after 
the initiation of the hinge mechanism typical for the rolling mechanism. 
For a better criterion more insight is needed in the load-deformation 
behavior of the yield arc mechanism. 

From Table 4.6 and Fig. 4.21 it can be concluded that the occurrence of 
either the rolling mechanism or the yield arc mechanism is determined 
primarily by the corner radius. It is also influenced by the web angle: 
members with inclined webs (Ow < 900) fail more easily by the yield arc 
mechanism than members with vertical webs (Fig. 4.22). This phenomenon will 
be explained in Section 7~3.2. 
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Table 4.6 Overview of failure modes (dimensions in millimeters) 
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Fig. 4.21 Influence of the corner radius on the load-deformation behavior 
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Fig. 4.22 Influence of the web angle on the load-deformation behavior 

It must be noted that in the tests 66, 66a and 69 asymmetrical failure 
~were observed, in which the load bearing plate tilted (Fig. 4.23). 
This phenomenon might be caused by insufficient rigidity of the hydraulic 
jack. It is also possible that this asymmetrical failure mode is typical 
for failure by bending moment, that is, failure by the attainment of the 
ultimate resistance of the compression flange. This failure mode was 
described by Stark (1976) as one of the possible failure modes of a section 
at an interior support. From Table 4.7 it can be seen that tests 66, 66a 
and 69 are the only ones with ratios 'u;testl'u close to one, where 'u;test 
is the moment in the tested member corresponding to the attainment of the 
ultimate load: 

1u;test = 1/4•1u;test·(Ltest-Llb), (4.11) 

and lu is the calculated ultimate moment capacity of the member. 
Although it is recognized that it is important to study the conditions 

for and characteristics of these asymmetrical failure modes, in this study 
only symmetrical failure modes are considered. 



100 

Table 4.7 Overview of ratios 'u;testflu 

ri;tf-+ 1 5 10 
at. Ow 6w 6tf Ltest Llb ! 

\ 

1 900 50 60 190 0.393 0.320 
290 0.569 0.398 0.421 
390 0.728 0.515 

50 160 290 0.586 o.4o5lo.455 
100 60 290 0.302 0.222 

490 0.494 0.341 0.352 
100 160 490 0.416 0.352 0.333 
50 100 290 0.561 0.419 

2 900 50 60 265 25 0.491 0.358 0.384 
340 100 0.797 0.503 0.483 
540 0.954 0.740 0.679 

1.005 
100 160 450 25 0.342 

460 0.411~ 
540 100 0.683 
940 0.945 0.715 0.562 

0 50 60 290 50 0.599 0.466 0.436 
100 160 490 50 0.474 0.401 0.395 

540 100 0.583 0 .• 518 0.450 
3 900 50 60 290 50 0.611 !0.447 

100 160 490 
I o.s1o\ 0.348 

4 900 50 60 290 0.460 
100 160 490 1 0.347 
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Fig. 4.23 Asymmetrical failure mode, resulting in or caused by tilting of 
the load bearing plate 

4.4.4 Qyeryiew of the yield line patterns 

For the discussion of the occurring yield line patterns, a distinction 
can be made between the web and flange deformations. The yield arc and 
rolling mechanisms differ in their web deformation modes, while in both 
mechanisms the flange deformations result in the formation of a plastic 
hinge mechanism. 

In the yield arc mechanism the web deformation is enabled by the 
formation of a yield arc {Fig. 4.24). In all tests the width of the yield 
arc was approximately equal to the length of the load bearing plate. The 
depth of the yield arc varied with the length t1b of the load bearing 
plate, from approximately 7 mm for t1b = 25 mm to 12 mm for Lib = 50 mm and 
18 mm for Llb = 100 mm. 
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yield arc 

• stationary yield line 

fig. 4.24 Yield arc in a cold-foraed steel .ember 

In the rolling aechanism the web defor.ation is enabled by the rolling 
dovn of the corner radius through the web. It was observed that for 
increasing web crippling deforaations the magnitude of the rolling radius 
di.inished and varied over the line !BCD (fig. 4.25). It was smallest near 
the edges B and C of the load bearing plate, and equal to the initial 
corner radius of the member in the points ! and D. 

Lyt L lb Lyt 
,., ,. ;.¥ ;;." 

fig. 4.25 Variation of the rolling radius 
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Both in the yield arc and the rolling mechanism, the flange 
deformations resulted in the formation of a hinge mechanism (Figs. 4.11 and 

4.16). This hinge mechanism can be characterized by the distance Lyb 
between the yield lines in the bottom flanges and the distance Lyt between 
the yield lines in the top flange. For all members, regardless of the 
corner radius, even for large mechanism deflections no clear yield lines 
(fold lines) were visible in the bottom flanges. Nevertheless, in test 
series 2 it was found that the relation between the mechanism rotation ~mec 
and the deflection wmec is given with good accuracy by a straight line, 
which is illustrated in Fig. 4.26 for the tests R1 and &10. 

0.1 

b <> test R 1 

' 0 0.1 Q) 

# 
+ test R10 

c: 0.1 iii 

0 .0 

0.0 arctan 0.008765 

0 .007368 

5 10 15 

mechanism deflection w mec [mm) 

Fig. 4.26 Relation between the measured mechanism rotation and the 
measured mechanism deflection in the tests R1 and R10. 

Therefore it was concluded that the mechanism rotation can be concentrated 

in two stationary yield lines in the bottom flange, and the distance Lyb 
between these lines can be determined as (Section 2.4.2): 

Lyb = Ltest- 2 "Wmecfsin~mec = Ltest- 2/k~~, (4·12) 
where the coefficient k~~ can be determined by fitting a straight line 
through the measured wmec-~mec relations using the method of least squares: 

sin~mec = k~ ~ • wmec. ( 4.13) 

The yield lines in the top flange were more clearly visible, especially 
for large web crippling deformations. As can be seen from Figs. 4.27 and 
4.28, these yield lines were curved. This might be caused by flange 
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curling, that is, the phenomendn that (due to the eccentric application of 
the load on the web) the center part of the top flange deflects toward the 
neutral axis (Fig. 4.8). 

Fig. 4.27 Typical deformation modes observed in the CB tests 
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Fig. 4.28 Typical deformation modes observed in the C tests . 

In principle, assuming straight yield lines, the dista~ce Lyt can be 
determined from the measured Ahw- ~mec relation (Appendix A, Section A.5), 
provided the distance Lyb and the web crippling deformation Ahw;imec 
corresponding to the initiation of the mechanism are known . In Figs. 4.29 
and 4.30 the thus calculated distances Lyt are shown for test R1 (failing 

·by the yield arc mechanism) and test R10 (failing by the rolling 
mechani sm). 

To analyze the sensitivity of the calculated distances L t to the web . y 
crippling deformation Ahw;imec' the distances Lyt were calculated for 
various values of this deformation: 

Ahw;imec = a·FcB;imec/kAhw' (4·14) 

with a = 0, 0.5, 1 and 1.5. It can be seen that in the yield arc mechanism 
the web crippling deformation Ahw;imec is so small that it has little 
influence on the calculated distance Lyt' In the rolling mechanism the web 
crippling deformation Ahw;imec is larger, and has a more pronounced 
influence on the calculated distance Lyt' especially for small web 
crippling deformations. This means that, in the rolling mechani sm, it is 
impossible to determine an accurate value for Lyt at the ini tiation of the 
mechanism. 
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It can furthermore be seen that, for members with a small corner radius 
failing by the yield arc mechanism, the distance Lyt tends to increase for 
increasing web crippling deformations, while for members with a large 
corner radius failing by the rolling mechanism, it tends to decrease. The 
latter behavior can be made plausible by idealizing the loaded flange to a 
beam on an elastic foundation. In the literature (for instance Bhat and 
Iirouchakis, 1~86) it is described that, for elastic-plastic beams on an 
elastic foundation subjected to a concentrated load larger than the load to 
form a three-hinge mechanism, the outer plastic hinges move towards the 
center of the beam, that is, the distance between the hinges decreases 
(Fig. 4.31). For members with a small corner radius, the flexural rigidity 
of the beam formed by the loaded flange is so small that there is hardly 
any spreading of the load. For these members the increasing distance 
between the yield lines in the top flange can be understood by idealizing 
the loaded flange to a series of coupled springs (Fig. 4.32). 

Fig. 4.31 Idealization of the loaded flange in a member with a large 
corner radius 

Fig. 4.32 Idealization of the loaded flange in a member with a small 
corner radius 
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In the C tests yield line patterns similar to those in the CB tests 
were observed. Sinee the rotations of the auxiliary plates were not 
aeasured, the distance Lyb between the yield lines in the bottom flange 
could not be determined from the wmec-'Pmec relation, but it was observed 
that the width of the blister in the web near the bottom flange was much 
larger than in the CB tests (compare Figs. 4.27 and 4.28). 

In Tables 4.8 and 4.9 an overview is given of the observed yield line 
patterns. The distances Lyb;w-tp were calculated from the measured wmec '~'mec 
relation, the distances Lyb;meas were determined by measuring the width of 
the blister in the web near the bottom flange after testing, and the 
distances Lyt;meas by measuring the distance between the fold lines in the 
top flange (near the corner radius) after testing (Fig. 4.33). It should be 
noted that L b;meas and Lyt;meas could not be measured very accurately, 
because the blister in the web and the fold lines in the top flange could 
not always be clearly distinguished. From Table 4.8 it can be seen however, 
that there is a reasonable correspondence between the distance L b 'P y ;w-
determined from the measured wmec-'Pmec relation and the distance Lyb;meas 
determined as the width of the blister. 

It may be noted that the observed yield line patterns differ from those 
proposed in Reinsch's and Tsai's models (Sections 3.4.2 and 3.4.3). In the 
model for the rolling mechanism described in Chapter 6, it is assumed that 
both the yield lines in the top flange and in the bottom flanges are 
stationary and that the distances Lyt and Lyb can be calculated by 
minimizing the mechanism initiation load with respect to these parameters. 
In Section 8.3, the values of Lyt and Lyb predicted by this model will be 
compared to those observed in the tests. The sensitivity of the model 
results to the assumed yield line pattern will be discussed in Section 8.4. 

Lyb;meas 

Fig. 4.33 leasurement of Lyb;meas and Lyt;meas after testing 
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Table 4.8 Yield line patterns for test series 2 

test Ltest Llb ri;tf Lyb Lyb Lyt 
111-1(1 meas. meas. 

[mm] [mm] [mm] [11111] [1111 J [mm] 

40 290 50 1 39 35 15 
41 290 50 5 38 35 15 
42 290 50 10 35 40 20 
43 490 50 1 40 50 50 
44 490 50 5 23 40 50 
45 490 50 10 27 40 50 
46 340 100 1 52 65 10 
47 340 100 5 71 85 20 
48 340 100 10 114 125 45 
49 540 100 1 82 110 40 
50 540 100 5 86 90 50 
51 540 100 10 120 130 70 
52 265 25 1 17 25 15 
53 265 25 5 25 32 25 
54 265 25 10 57 70 50 
55 460 25 1 19 20 35 
56 450 25 5 19 45 55 
57 460 25 10 93 95 85 
58 290 50 1 24 32 15 
59 290 50 10 74 90 40 
60 490 50 1 15 45 40 
61 490 50 10 65 140 95 
62 290 50 1 21 30 15 
63 290 50 10 60 55 30 
64 490 50 1 41 40 40 
65 490 50 10 88 110 70 
66 540 100 1 
66& 540 100 1 
67 540 100 5 71 85 20 
68 540 100 10 101 125 20 
69 940 100 1 
70 940 100 5 33 80 30 
71 940 100 10 112 160 60 
72 940 100 1 193 70 
73 540 100 5 97 100 65 
74 540 100 10 78 90 55 
11 290 50 1 19 40 15 
110 290 50 10 62 90 50 
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Table 4.9. Yield line patterns for test series 1. 

test };test Llb ri;tf Lyb Lyt 
aeas. meas. 

[•] [u] [u] [•] [•] 

10 390 50 1 40 15 
11 290 50 1 40 15 
12 190 50 1 45 20 
13 0 50 1 120 40 
13b 0 50 1 120 40 
14 290 50 5 45 25 
15 0 50 5 125 50 
16 390 50 10 80 40 
17 290 50 10 80 40 
18 190 50 10 85 45 

19b 0 50 10 * 
19c 0 50 10 * 
20 290 50 1 35 20 
21 0 50 1 130 45 
21a 0 50 1 130 45 
21b 0 50 1 130 45 
22 290 50 10 105 55 
23a 0 50 10 * 
23b 0 50 10 * 
24 490 50 1 50 35 
25 290 50 1 40 40 
26 0 50 1 * 
27 490 50 5 60 50 
28 0 50 5 * 
29 490 50 5 60 50 
30 490 50 10 * 
31 290 50 10 * 
32 0 50 10 * 
33 490 50 1 50 45 
34 0 50 1 * 
35 490 50 10 * 
36 0 50 10 * 
37b 0 50 5 * 
38 290 50 5 55 35 
39 0 50 5 140 50 

* For these tests the defor.ations were too small to discern the yield line 
pattern. 

4.4.5 Discussion of the web crippling stiffness 

From the test results it can be seen that the hinge mechanism, is 
developed only after some (elastic) web crippling deformations. In the 
model described in Chapter 6, it is assumed that the load-web crippling 



111 

deformation in the rolling mechanism is linear up to the initiation of the 
mechanism, and can thus be characterized by the web crippling stiffness 
k44 •• In this Section some remarks will be made about the possibility of 
predicting the (initial) web crippling stiffness by means of a model. 
Therefore in Table 4.10 an.overview is given of the experimentally 
determined web crippling stiffnesses. Note that large web crippling 
stiffnesses are more sensitive to measuring inaccuracies then small 
stiffnesses. 

At first sight, the aost simple approach to calculate the web crippling 
ptiffness would be to idealize the cross-section loaded by the concentrated 
load to a portal frame. lowever, this approach is only suitable to members 
which are uniforaly deformed over the length of the member. Veb crippling 
results in local deforaations. The influence of varying deformations over 
the length of the member can clearly be recognized from the sensitivity of 
the web crippling stiffness to the length of the load bearing plate 
(compare tests 52-53-54 to tests 46-47-48). This influence might be aodeled 
by using an empirical effective length formula, but the.derivation of such 
a foraula is beyond the scope of this research. 

The models proposed by leinsch and Tsai (Sections 3.4.2 and 3.4.3) 
include empirically derived predictions of the initial web crippling 
stiffness. Both aodels imply that this stiffness is indepeadeat of the span 
leagth. The test results indicate that this may indeed be a useful 
idealizatioa. 

Accordiag to leinsch (1983), the initial web crippliag stiffness of a 
section with two webs can be calculated as: 

(4.15) 

where the values of the plate thickness t and the width of the web bw 
should be entered in aillimeters. This empirical formula, which includes 

· the influence of the corner radius ri and the width of the top flange btf 
on the web crippling stiffness (kaAw is coasidered to be iadependent of 
these para.eters) was derived for first generatioa deck sectioas, with a 
length of the load bearing plate -'lb of 60 •, a yield strength I Y of 300 
1/ .. 2, and a web angle of 900. 



112 

Table 4.10 Overview of the measured web crippling stiffness kAhw [N/mm] 

ri:tf-+ 

u.t. t (Jw bw btf Ltest Llb ! 
1 0.68 900 50 60 0 50 

190 
290 
390 

50 160 0 

290 
100 60 0 

290 
490 

100 160 0 
490 

50 100 290 
2 0.62 900 50 60 265 25 

340 100 
540 

100 160 450 25 
460 
540 100 
940 

600 50 60 290 50 
100 160 490 50 

540 I 1oo 
3 0.58 900 50 60 290 50 

100 160 490 
4 0.97 900 50 60 290 

100 160 490 

1 5 

18430 4496 
22231 
32084 
37094 4298 
27568 
27901 4986 
30178 

= 1 
9 

~ 2691 
18447 
10481 3041 
23376 
15615 3048 
49648 5456 
79127 6059 

104637 
2099 

14036 
23736 3088 
12316 3088 
37332 7745 
5625 3784 

15951 4332 
8800 

10579 
44560 
21202 

10 

1973 
1829 
1965 

1: 20 
1804 
1763 

1641 
1551 
1167 
1061 

79 
1104 
1703 
1150 
2151 
2024 

~~2 12 
103• 
2722 
1551 
1966 
1186 
813 

4460 
2673 

tests 

13-15-19b 
13b-19c 
12-18 
11-14-17 
10-16 
21-39-23a 
21a.- 23b 
21b 
20-38-22 
26-28-32 
25-31 
24- 27~ 30 
34- 37b- 36 
33-29-35 
BJ-BJO 
52-53~54 

46-47-48 
66- 67~ 68 
66a. 
56 
55-57 
49-50-51 
69-70-71 
40-41-42 
43-44-45 
72-73~ 74 

58-59 
60-61 
62- 63' 
64-65 
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It is striking that according to Reinsch the initial web crippling 
stiffness is independent of the corner radius ri. In the tests it was found 
that the corner radius is the most important parameter in determining the 
web crippling stiffness. 

According to Tsai (1987), the initial web' crippling stiffness (for a 
member where the corner radius between the web and top flange is equal to 
that between the web and bottom flange) can be calculated as: 

k,h = 1500·kt•k .·kL ·kb ·kg (N/mm], 
A w r1 lb V w 

with: 

(0. 7 <t < 1.2} 

k = 0.102·~ - 1.52·r. + 6.28, 
rt 1 1 

(3.0 < r < 10.0) 

Llb 
kL = 0.563·- + 0.437, 

lb 100 
6v 6w kb. = 0.74 (-)2 -1.7·- + 1.91, 

w 100 100 
(55 < bw < 100) 

8w 9w kg = 3.39· (-)2 - 8.01· (-) + 5.29, (500 < ow < 900) 
w 900 900 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

(4.20) 

(4.21) 

where t, ri' Llb and bw should be expressed in millimeters. This for.ula is 
based on curve fitting of finite element simulations. 

ao~--~--------------------------~ 

1.5 

1.0 

0.5 

QOL-~~~~~~~~~~~~~~--~ 

3 6 7 8 
7.45 

9 10 

ri[nm) 

fig. 4.34 Pactor krt as a function of the interior corner radius ri 
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It was found that this formula does not give good results for the 
performed tests. This may be caused by the fact that for most tests the 
plate thickness was (slightly) smaller than 0.7 mm, and that in all the 
tests, except in those with ri;tf = 1mm, the bottom flange corner radius 
was saaller than the top flange corner radius. From Pig. 4.34 it can 
.oreover be seen that, according to Tsai's formula, the web crippling 
stiffness of a member with an interior corner radius ri = 10 mm is larger 
than that of a member with ri = 5 mm. This does not correspond to the 
observed test results, where the web crippling stiffness of the members 
with an interior corner radius ri;tf = 10 mm was much smaller than that of 
the members with ri;tf = 5 mm. 

It can be concluded that the existing web crippling stiffness 
prediction formulas do not give satisfactory results for the performed 
tests. Therefore, the model calculations presented in Chapter 7 are based 
on the measured values of the web crippling stiffness, as shown in Tables 
4.4 and 4.5. 

4.5 Conclusions 

1. Cold-formed steel sections subjected to the combined action of a 
concentrated load and a bending moment may fail by two different types 
of web crippling failure modes, namely the yield arc mechanism and the 
rolling mechanism. Vhat mechanism occurs is determined primarily by the 
corner radius between the web and the loaded flange. It is also 
influenced by the web angle. In three tests an asymmetrical failure 
mode was observed, which might indicate the possibility of a third 
failure mode, namely failure by bending moment. 

2. The yield arc and rolling mechanisms are characterized by different web 
deformation modes. In both mechanisms the flange deformations result in 
the formation of a plastic hinge mechanism. This hinge mechanism is 
enabled by two yield lines in the bottom flange and four yield lines in 
the top flange. It is shown that the yield lines in the bottom flange 
are stationary, while the outer yield lines in the top flange may be 
moving. In the yield arc mechanism these yield lines move outward with 
increasing web crippling deformations, in the rolling mechanism inward. 
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3. In the yield ar~ mechanism the initiation of the hinge mechanism more 
or less corresponds to the attainment of the ultimate load. In the 
rolling mechanism it merely marks a typical change in the load-web 
crippling deformation behavior, the ultimate load being attained at 
larger web crippling deformations and some mechanism rotation. 

4. For the comparison of the web crippling model presented in Chapter 6 
with test results, a procedure is needed to determine an experimental 
mechanism initiation load. The proposed procedure is necessarily 
somewhat arbitrary, since in reality a hinge mechanism develops 
gradually rather than instantaneously. 

5. The test results indicate that the hinge mechanism is formed after some 
(elastic) web crippling deformation. The initial, linear load-web 
crippling deformation behavior can be described by the ·web crippling 
stiffness kAhw' This stiffness decreases with increasing corner radius 
and decreasing length of the load bearing plate, and is almost 
independent of the span length. The existing (empirical) models for. 
predicting the web crippling stiffness'do not give good results for the 
performed tests. 
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Chapter 5 
GEIWLIZED YIELD LID TIEOlY 

An important feature of plastic theory is the extent to which 
intuitive ideas of structural behavior may be used to help in the 
derivation of solstions. 

I.J. Horne 

5.1 Introduction 

In Section 2.4.3 it was suggested that the web crippling behavior of 
members failing by the rolling or yield arc mechanism can be modeled by 
means of an elastic loading curve and a rigid-plastic curve (Fig. 2.23). 
The latter curve can be determined from generalized yield line theory. 

Generalized yield line theory was developed from classical yield line 
theory, an upper bound limit analysis technique for determining the 
mechanism loads of transversely loaded reinforced concrete slabs. In the 
literature on classical yield line theory, the mechanism load is usually 
referred to as the limit load (of incipient, unrestrained plastic flow). In 
this report this term is not used, since it may easily be confused with the 
limit states referred to in limit state design (ultimate limit load and 
serviceability limit load). 

In classical yield line theory, only bending moments are considered in 
the calculation of the energy dissipation in the yield lines, and it is 
assumed that the deformations of the structure do not influence the 
governing equations. Therefore no distinction is needed between a mechanism 
and a mechanism initiation load. In generalized yield line theory not only 
bending moments but also in-plane normal forces and shear forces are 
considered in the calculation of the energy dissipation in the yield lines. 
Furthermore, the effects of changes in the geometry of the structure on the 
load-deformation behavior are taken into account by calculating a series of 
mechanism loads, where each calculation is based on a geometrical 
configuration differing from the previous one by a small amount 
corresponding to the deformation mode of the assumed mechanism. In general, 
the resulting rigid-plastic load-deformation curve will not be a horizontal 
curve, and a distinction can be made between the mechanism initiation-load 
and the mechanism loads corresponding to deformations larger than the 
mechanism initiation deformation. 
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In the literature various yield line models have been described. A few 
examples, relevant for the analysis of web crippling in cold-formed steel 
members, were given in Section 3.5.2. Studying these yield line models one 
will find a wide variety of methods of analysis. To account for the 
simplified work method chosen for the development of the yield line model 
described in Chapter 6, in ·section 5.2 the basic concepts of generalized 
yield line theory are summarized: the classification of mechanisms, the 
meaning of upper bound analysis, the determination of a yield line pattern, 
the differences between the exact and the simplified work method, and the 
derivation of an appropriate yield surface. This summary can clarify the 
validity and limitations of the use of generalized yield line theory for 
the derivation of a rigid-plastic curve. The reader who is not interested 
in these matters might skip this Section. A more elaborate treatment of the 
concepts is given by Bakker (1990 b). 

In Section 5.3 then, the application of yield line theory to the 
analysis of the rolling and yield arc mechanisms is discussed. This Section 
does not describe the actual models for these mechanisms. A model for the 
rolling mechanism will be described in Chapter 6. A model for the yield arc 
mechanism has not yet been developed, but Section 5.3 traces some of the 
problems to be solved in the development of such a model. A model for the 
yield arc mechanism is not only needed for the prediction of the 
load-deformation behavior of members failing by the yield arc mechanism, 
but is also important for the determination of the range of applicability 
of .the rolling mechanism. If both models were available, one could decide 
which mechanism is decisive by determining which .echanism results in the 
saallest mechanism initiation load. 

In Section 5.4 finally a short sumaary is given. 

5.2 lasie coneeuts 

5.2.1 Classification of the -echanisms 

In classical yield line theory a mechanism is determined by defining a 
yield line pattern. In generalized yield line theory the determination of a 
mechanism is more complex, because in the yield lines not only bending 
moments but also in-plane normal and shear forces can be active. The 
normality rule requires that these forces are accompanied by in-plane 
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normal and shear deformation increments. This means that a mechanism is not 
only determined by the choice of a yield line pattern, but also by the 
determination of the incremental displacements of the rigid plate elements 
defined by this pattern. Different mechanisms can be defined for the same 
yield line pattern. It is possible to determine the displacement increments 
of the rigid plate elements in such a way that the in-plane equilibrium of 
these elements is satisfied. Such a mechanism will be called an equilibrium 
mechanism. Any mechanism in which this equilibrium is not satisfied will be 
called a non-equilibrium mechanism. 

Furthermore a distinction can be made between true mechanisms 
and quasi mechanisms (lurray and Khoo, 1981). A true mechanism is a 
mechanism which can develop with only rotational deformations in the yield 
lines. A quasi mechanism cannot develop without normal or shear 
deformations in (some of) the yield lines. A yield line mechanism may be 
simulated with cardboard models. For a true mechanism all yield lines can 
be represented by folds in the cardboard model, for a quasi mechanism some 
cuts have to be made in the model (Figs. 5.7 and 5.9 in Section 5.3). 

In the literature often mechanisms are treated as true mechanisms, 
while strictly speaking they are quasi mechanisms (see for instance 
loberts, 1983). Since for thin plates the energy associated with plate 
stretching is much larger than the energy associated with plate bending, it 
can be argued that, whenever kinematically possibly, a true mechanism will 
develop. If one is convinced that in reality, due to elastic deformations 
and complex yield line patterns, compatibility in the mechanism can be 
ensured without developing extensive membrane st.resses, it may be 
justifiable to treat a simplified yield line pattern resulting in a quasi 
mechanism as a true mechanism by ignoring the energy dissipated in plate 
stretching. However, this approximation should be used with care. If 
stretching is kinematically necessary, not the energy dissipated in 
stretching can be neglected, but, on the contrary, the energy dissipated in 
bending. 
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5.2.2 Upper bound analysis 

Yield line theory is an upper bound limit analysis technique. Assuming 
a kinematically admissible mechanism, a mechanism load can be calculated by 
equating the external incremental work to the internal incremental 
(bending) energy dissipat~on in the yield lines. The thus determined 
mechanism load will be either higher than or equal to the exact mechanism 
load. From the lower bound theorem of limit analysis it follows that, for 
the actual mechanism, the stress field has to satisfy the local equilibrium 
equations, the stress boundary conditions, and the yield inequality. Thus a 
necessary condition for finding the actual mechanism is, that the mechanism 
is an equilibrium mechanism. It is not a sufficient condition, because 
local equilibrium in the rigid plate elements may still be violated, as may 
the yield condition. For a given yield line pattern, the equilibrium 
mechanism normally results in the lowest mechanism load, and therefore in 
the best approximation of the actual mechanism load. 

The upper bound limit analysis technique can also be used to analyze 
the rigid-plastic (geometrically non-linear) load-deformation behavior of a 
structure. This is done by calculating a series of mechanism loads, where 
each calculation is based on a geometrical configuration differing from the 
previous one by a small amount corresponding to the deformation mode of the 
assumed mechanism. Together these loads describe the rigid-plastic curve of 
the structure (Fig. 5.1). 

The thus determined rigid-plastic curve is not necessarily an upper 
bound for the load-deformation behavior of the structure. For each assumed 
deformation mode the curve gives an upper bound for the mechanism load, but 
the assumed deformation modes may never be attained in the actual 
aecbanism. In principle, starting from the actual aechanism, the actual 
load-deformation of the structure can be calculated. Since in practice the 
actual aechanisa cannot be determined, generalized yield line theory 
results in a rigid-plastic curve which cannot be proven to be an upper 
bound (nor a lower bound) of the actual load-deformation behavior of the 
structure. However, experience learns that it may result in a useful 
approximation. Note that an equilibrium mechanism does not necessarily 
result in a better prediction of the load-deformation behavior than a 
non-equilibrium mechanism. This is illustrated by Fig. 5.1, showing the 
rigid-plastic curves resulting from the equilibrium and a non-equilibrium 
mechanism in an in-plane loaded square plate (Bakker, 1990 b). 
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Fig. 5.1 Generalized yield line analysis of an in-plane loaded square 
plate (Bakker, 1990 b) 
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5.2.3 Deter.ination of a yield line pattern 

In classical yield line theory a mechanism is determined by defining a 
yield line pattern consisting of stationary yield lines. Different 
mechanismst characterized by different yield line patterns, result in 
different mechanism loads. The decisive mechanism can be found by 
determining the yield line pattern resulting in the smallest mechanism 
load. If this procedure is used in generalized yield line theory, it may be 
found thatt for increasing deformations, different yield line patterns 
result in the smallest mechanism load. This does not mean that an accurate 
prediction of the load-deformation behavior can be made by minimizing the 
mechanism load at each deformation step. A change in the yield line pattern 
is only possible when the mechanism includes moying yield lines. 
Furthermore it must be remembered that the rigid-plastic curve is not an 
upper bound of the load-deformation behavior of the structure. The most 
consistent approach in determining a yield line pattern consisting of 
stationary yield lines would be to minimize the mechanism initiation load, 
and then keep the yield line pattern constant. 

In practice it may be difficult to determine the complete yield line 
pattern by minimizing the mechanism initiation load. Therefore the assumed 
yield line pattern in models is often partly based on observations of 
patterns occurring in tests, or on the elastic behavior of the member. 

5.2.4 the exact and a si!plified vork .ethod 

In generalized yield line theory various work and equilibrium methods 
are used (Bakker, 1990 b). In this report only the exact and a simplified 
vork method vill be described. The exact work method can be summarized in 
the following steps: 
1} !ssume a yield line mechanism, that is, choose a yield line pattern and 

determine the displacement increments of the rigid plane elements. For 
a non-equilibrium mechanism these increments can directly be determined 
as a function of one deformation parameter. In an equilibrium mechanism 
the increments will depend on more deformation parameters. 

2) Determine the incremental yield line deformations from the incremental 
displacements of the rigid plate elements. 

3) Determine the yield line forces by applying the normality rule to a 
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yield surface (Section 5.2.5) and inserting the yield condition. 
4) Calculate the mechanism load of the structure at any deformation state 

by equating the incremental energy dissipation in the yield lines to 
the incremental work performed by the external loads. The incremental 
energy dissipation in a yield line is calculated as: 

L 
6fint ~0/ (mnn·6p + nnn·6Aun + nn1·6Au1)·dx1, (5.1) 

where mnn' n~n' and nnl are the bending moment and the in-plane normal 
and shear forces per unit length of the yield line (Fig. 5.2), 6p, 64un 
and 6Au1 are the incremental rotation, normal and shear deformations in 
the yield line, and L is the length of the yield line. Note that the 
incremental yield line deformations 64un and 6Au1 influence the 
external incremental work, because they are related to the incremental 
displacements of the rigid plate elements. 

Fig. 5.2 Yield line forces and local coordinate axes in a yield line 

For true mechanisms, the application of the exact work method is very 
simple, provided one is satisfied with finding a non-equilibrium mechanism. 
The finding of an equilibrium mechanism is more complex, because all the 
yield line deformations must be determined as a function of the in-plane 
displacements of the rigid plate elements. Especially for yield line 
patterns with a large number of rigid plate elements, the derivation and 
solving of the work equations becomes very complex. Therefore the analysis 
of true equilibrium mechanisms in the literature is often performed by 
using a simplified work method. 

This simplified work method differs from the exact work method by the 
fact that the normality rule is not obeyed. Vhen the simplified work method 
is applied to true mechanisms, in the calculation of both the internal and 
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external incremental work only rotational deformations in the yield lines 
are considered. The incremental energy dissipation in the yield lines is 
calculated as: 

L 
6fint = / (mnn·6F)·dz1, (5.2) 

0 
where mnn is the bending moment acting in the yield line. According to the 
exact work method, taking 6hn = 0 and 6h1 = 0 results in: 

mnn = mpl" (5.3) 

In the simplified work method the bending moment mnn is not equal to the 
fully plastic moment mpl' but is reduced to satisfy the yield condition for 
a combined bending moment mnn' normal force nnn' and in-plane shear force 
nnl" The magnitude of the normal and in-plane shear forces nnn and nnl is 
not determined from the incremental yield line deformations but from 
(intuitive) equilibrium considerations. 

For some simple true mechanisms (with one or two yield lines), it was 
shown (Bakker, 1990 b) that the above described simplified work method 
gives the same results as the exact work method, provided the same yield 
surface is used. In this report it is assu•ed that this will also be the 
case for more complex true mechanisms. For quasi mechanisms the normality 
rule is needed to derive the forces in the yield lines, and therefore these 
mechanisms can be analyzed only approximately by this simplified work 
method. 

5.2.5 A yield surface for the Si!Qlified vork lethod 

In generalized yield line theory a yield surface expressed in stress 
resultant& or generalized stresses (bending moment mnn' in-plane noraal 

. force nnn and shear force nn1) is needed (Fig. 5.2). Such a yield surface 
can be derived from a general yield surface, expressed in the coaponents of 
the stress tensor. For steel the von lises yield surface is an accepted 
general yield surface. 

There are two different approaches to derive a yield surface expressed 
in generalized stresses. In a strain-increment field induced yield surface, 
a strain-increment distribution over the plate thickness is assumed, which, 
by the normality rule, is associated to a stress distribution. The yield 
surface in generalized stresses is then found by integrating these stresses 
over the plate thickness. It can be shown that a strain-increment field 
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induced yield surface is an upper bound of the actual yield surface. In a 
stress field induced yield surface, a stress distribution satisfying the 
yield condition is assumed over the plate thickness. ! stress field induced 
yield surface will be a lower bound yield surface provided the assumed 
stress distribution also satisfies the equilibrium conditions. In general, 
stress field induced yield surfaces are kinematically inadmissible, which 
means that no corresponding kinematically admissible strain-increment field 
can be found. Strain-increment field yield surfaces are statically 
inadmissible, which means that the associated stress field does not satisfy 
the equilibrium conditions. Only the actual yield surface will be both 
kinematically and statically admissible. 

The yield line model for the rolling mechanism described in Chapter 6 
is based on the kinematical approach and the simplified work method. Using 
a strict kinematical approach, the yield surface should be based on a 
strain-increment field induced yield surface. Such a yield surface was 
derived by Dean (1975) and Out (1981, 1985). This yield surface is suitable 
for use in the exact work method, but cannot be used in the simplified work 
method, because the resulting interaction formulas, describing the 
magnitude of the bending moment mnn as a function of the normal and shear 
forces nnn and nnl' can be presented only in a parametric representation, 
as functions of the incremental yield line deformations 6Aan and 64a1. In 
this Section therefore a stress field induced yield surface will be 
described (Out, 1981), usable in the simplified work method, which is based 
on the kinematical assumption DE11=0 and closely resembles the 
strain-increment field induced yield surface. 

Expressing the stresses in the zn-z1-zt coordinate system (Fig. 5.2), 
and taking account of the geometry of the stress tensor, the von lises 
yield criterion can be written as: 

; =trn!+O'd+trti- 11nn ·tru-trn·trtt- O'tt ·O'nn +3• (O'ni+O'li+O'nV- fy =O. <5•4) 

For thin plates it is usually assumed that: 

ITtt = 0. (5.5) 

In a yield line the three-dimensional strain increment tensor is 
reduced by the following assumptions: 
a) 6f11= o, (5.6) 

because the yield lines do not experience deformations in the length 
direction. The normality condition then requires: 



and thus: 

trn = unn12• 
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In Eq. 5.1 A is a positive constant of proportionality. 

b) 6Ent = 6Elt = 0, 

(5.7) 

(5.8) 

(5.9) 

which means that shear deformation is limited to the n-1 plane. This 
assumption is equivalent to stating that straight lines initially 
normal to the middle surface remain straight and normal to that surface 
subsequent to bending, and implies that twisting curvature across the 
yield line is precluded. From the normality condition it can be 
concluded that: 

unt = ult = 0• 

The von lises yield surface then reduces to: 

; = 3/4·6 2 + 3·11' 12 - 1?. = o. nn n y 

If 'nl = 0 yielding will occur if: 

unn = 2//J·fy· 

If 'nn 0 yielding will occur if: 

unl = 1//J·fy· 

Unn CTnn 

f/2 

~------- --------

--~-~---
Fig. 5.3 Assumed stress distribution for the determination of the 

interaction formulas 

(5.10) 

(5.11) 

(5.12) 

(5.13) 
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The derivation of the interaction formulas is based on the stress 
distribution as shown in Fig. 5.3. This stress distribution was chosen 
because it is the rectangular stress distribution best resembling the 
stress distribution corresponding to the strain-increment field induced 
yield surface (Out, 1981). It implies that the axial load is carried by the 
core of the plate and the bending moment by the outer layers, while the 
shear force is carried by the whole plate section. By integrating these 
stresses over the plate thickness, the yield line forces •nn' nnn and nnl 
can be determined: 

t/2 
•nn = 1 'nn'xt•dxt' (5.14) 

-t72 
t/2 

8nn = I 'nn'dxt' (5.15) 
-t72 

t/2 
•nl = I 'nl·dxt. (5.16) 

-t72 
fro. Bqs. 5.12 and 5.13 it can be derived that the expressions for the 
fully plastic moment, nor.al force, and shear force are: 

m 1 = 2/J!·f ·1/4·t2, p y 

npl = 2/J!·!1·t, 

'~~pi= 1//J·fy·t. 

(5.17) 

(5.18) 

(5.19) 

These expressions correspond ~o those derived by Out {1981, 1985). The 
resulting interaction formulas are: 

(5.20) 

(5.21) 

fig. 5.4 shows that the intersections of this yield surface with the planes 
•nn = 0, nnn = O, and n81 = 0 are very close to those following from the 
strain-increment field induced yield surface. 
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fig. 5.4 Intersections of the stress and strain-increaent field induced 
·yield surfaces with planes mnn=O, 'nnn=O and nn1=o {Out, 1981) 

The above described stress field induced yield surface is not a lower 
bound yield surface. Due to the kinematical assumption 6e11 = 0, which 
implies u11 · u

00
/2, the assumed stress distribution in general does not 

satisfy the equilibrium equations {fig. 5.5). It may be noted that there is 
an important difference between statically admissible stress field induced 
yield surfaces and the proposed yield surface. According to the proposed 
yield surface: 

(5.22) 

· irrespective of the value of u11 following from global equilibrium 
considerations. According to a statically admissible stress field induced 
yield surface, the plastic moment capacity of the yield line decreases for 
increasing values of the longitudinal stress u11: 

2 
mpl = 1/4·t ·fy when u11= 0, (5.23) 

and: 
when 1 u11 1 = fy· (5.24) 

lemember that in a statically admissible stress field induced yield surface 
the kinematical condition 6e11=0 is not satisfied, and that the difference 
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between Eq. 5.22 and Eqs. 5.23 and 5.24 thus reflects the difference 
between the upper and lover bound methods. The workability of the proposed 
yield surface for the model for the rolling mechanism will be discussed in 
Section 7.4.2. 

fig. 5.5 Yield line subjected to longitudinal normal stress 

1.1 APJlicatiom to Ue ualysis of veb criali• 

The research on the develo~nt of a web crippling .odel described in 
this report has been based on the kineaatical approach, that is, the 
starting point has been the formulation of a kiaeaatically admissible 
mechanism. No attention was given to the statieal admissibility of the 
corresponding stress fields. 

is discussed in Chapters 2 and 4, veb crippling of cold-formed steel 
members may be caused by two different types of mechanisms, namely the 
yield arc mechanism and the rolling mechanism. So far no model for the 
yield arc mechanism has been developed. A fev remarks will be made to 
illustrate the difficulties in developing such a model. For small 
deformations, the yield are mechanism observed in cold-formed members 
resembles the yield arc mechanism described by Dean (1975). However, Dean's 
mechanism is incompatible with the flange deformations in the member 
(fig. 5.6). For larger deformations, the yield arc mechanism might be 
modeled by the yield line pattern shown on the cardboard model in Fig. 5.7. 
from the cuts in the cardboard model, necessary to enable the deformation, 
it can be seen that this mechanism is a quasi mechanism. In the cardboard 
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model the corner radii of the member are idealized to sharp fold lines. 
Vhen these radii are not idealized to fold lines, the exact location of the 
yield line in the corner between the web and the top flange is important 
(Fig. 5.8). For the analysis it would be easiest to assume that the yield 
line develops in the web. If the yield line develops in the top flange, the 
contact point between the load bearing plate and the section will change. 
Numerical simulations (Section 3.3) suggest that the latter is the case. 

In Section 2.3.4 it was stated that the yield arc mechanism occurs in 
members with a small corner radius, the rolling mechanism in members with a 
large corner radius. In principle for members with a small corner radius, a 
yield line pattern corresponding to the rolling mechanism can be assumed. 
However, the corresponding mechanism loads are so high, that the yield arc 
mechanism will develop before a rolling mechanism is initiated. 

Lyt Ltb Lyt 

deformations? 

yield arc mechanism 

described by Dean (1975) 

Fig. 5.6 The yield arc mechanism described by Dean (1975) is incompatible 
with the flange deformations in the cold-formed steel member 
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Fig. 5.7 A cardboard model of the yield arc mechanism (with cuts and 

folds) 



I I 

yield arc mechanism with 

upper yield line in web 
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yield arc mechanism with 

upper yield line in flange 

Fig. 5.8 Importance of the exact location of the yield line between the 
web and the top flange in the yield arc mechanism 

For the rolling mechanism a model has been developed, which will be 
described in the next Chapter. Yhen the corner radii and moving yield lines 
are idealized to (moving) fold lines, it can be shown with a simple 
cardboard model (Fig. 5.9) that the proposed deformation mode corresponds 
to a true mechanism (a mathematical proof is given in Appendix B, Section 
B.4.) For simplicity it is assumed that, when the corner radii and rolling 
radii of the moving yield lines are included in the yield line pattern, the 
mechanism may still be treated as a true mechanism. 

The model is. based on an equilibrium mechanism, not because such a 
mechanism can be proven to result in a better prediction of the load
deformation behavior than a non-equilibrium mechanism, but because it 
enables the modeling of the influence of the stresses caused by the global 
bending moment on the web crippling behavior. 

In principle an equilibrium mechanism should be determined by the exact 
work method, using a strain- increment field induced yield surface. Since 
this method was found too complex, instead the model was based on the 
simplified work method, described in Section 5.2.4, using a stress-field 
induced yield surface based on the kinematical assumption D£11 = 0, as 
described in Section 5.2.5. 
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Fig. 5.9 A cardboard model for the rolling mechanism (with folds only, 
no cuts) 
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5.4 S,...ry 

1. Generalized yield line theory may be used to determine the rigid
plastic, geometrically non-linear load-deformation behavior of a 
structure. The analysis is in the spirit of the kinematical, upper 
bound approach, but the resulting load-deformation curve cannot be 
proven to be an upper bound (nor a lower bound) of the actual load-de
formation behavior. 

2. Equilibrium mechanisms (in which the in-plane equilibrium of the rigid 
plate elements is satisfied) enable the modeling of the influence of 
coexistent stresses in the yield lines on the load-deformation behavior 
of the structure, but cannot be proven to result in a better prediction 
of the load-deformation behavior than non-equilibrium mechanisms. 

3 In a strict kinematical approach, yield line analysis should be based 
on the exact work method and a strain-increment field induced yield 
surface. In true mechanisms, as a simplification, the analysis can be 
carried out by a simplified work method (in which the normality rule is 
not satisfied), using a stress-field induced yield surface based on the 
kinematical assumption that the yield lines do not deform in their 
length direction. 

4. Cardboard models indicate that the yield arc mechanism should be 
considered a quasi mechanism, while the rolling mechanism may be 
considered a true mechanism. 

5. The assumed yield line pattern in models is often partly based on 
observations of patterns occurring in tests, because it may be too 
difficult to determine the complete yield line pattern by minimizing 
the mechanism initiation load. 

6. The model for the rolling mechanism (described in the next Chapter) 
has been developed on the following basis: 
- kinematically admissible, true mechanism, including both stationary 

and moving yield lines 
- equilibrium mechanism 
- simplified work method, using a stress-field induced yield surface 
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Chapter 6 
! IOIBL POI TIE IOLLIIG IICI!IISI 

lll valvable ideas that come abovt as a reswlt of insight, chance 
or mistake must almays be presented in the scientific literature 
as if they had come about by a process of carefwl, step-wise 
logic, otherwise the paper would never be published. 

E. de Bono 

8.1 Iatroductioa 

In this Chapter a yield line model is described for analyzing the 
load-deformation behavior of a thin-walled member subjected to the combined 
action of a concentrated load and a bending moment, failing by the rolling 
mechanism. In this model the mechanism load is calculated by equating the 
external incremental work by the applied loads on the member to the 
internal incremental energy dissipation in the yield lines. 

Fig. 6.1 shows the assumed yield line pattern, which is characterized 
by the distance Lyb between the yield lines 10 in the bottom flange, the 
distance L1b between the yield lines 8 in the top flange (developing at the 
edges of the load bearing plate), the distance Lyt between the yield lines 
8 and 9 in the top flange, the rolling radius rrol' and the web crippling 
deformation Ahw;imec' ill yield lines are assumed to be stationary, except 
the yield lines 1, 2, 4 and 5, which enable the rolling down of the web. 
The proposed yield line mechanism is believed to be the simplest (more or 
less) kinematically admissible mechanism which can be used for the analysis 
of the rolling mechanism. The statical admissibility of the mechanism is 
not checked. 

At the initiation of the mechanism (corresponding to the attainment of 
the maximum web crippling deformation for which 9mec=O), the rolling radius 
rrol is assumed to be equal to the initial corner radius rtf' The distances 
Lyt and Lyb are determined by minimizing the mechanism initiation load with 
respect to these parameters. Since these distances depend on the web 
crippling deformation Ahw, the actual mechanism initiation load can be 
determined as the point of intersection of the elastic curve and a 
mechanism initiation curye describing the potential mechanism initiation 
load as a function of the web crippling deformation Ahw (Fig. 6.2). 
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b~----ft. 

Ahw=flhw:imec 

- • stationary yield line 

---- o moving yield line 

fig. 6.1 Assuaed yield line pattern in the analysis of the rolling 
mechanism 
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h. elastic curve 

ardankimec decreasing-rolling-radius 
mechanism curve 

'·.-:::-.-.:.:. ·::·······< ... . . . ............. ··. 
·~:,... rrol;2 
.. · -· .. ·· -·-

fcB,·imec I---~·· ·-rrol;1 
·~ . 

.... -·-. I' -r. t=rtt 
mechaniSm ro 
inifiation curve 

-·-·.....:. constant-rolling-radius 
mechanism curves 

Ahw;imec web crippling deformation Ahw 

Fig. 6.2 Analysis of the load-deforaation behavior of a ~ber failing by 
the rolling aechanism 

Each point on the aechanism initiation curve corresponds to a different 
aechanism, characterized by different values of the paraaeters Lyt and Lyb' 
The point of intersection of the elastic curve and the mechanism initiation 
curve thus determines both the mechanism initiation load FCB;iaec' the 
corresponding web crippling deformation Ahw·imec' and the yield line 

' pattern paraaeters Lyt and Lyb' 
It is assuaed that, after the initiation of the •echanism, the 

distances Lyt and Lyb do not change. In the perfor.ed tests it was observed 
that the rolling radius decreases with increasing web crippling 
deforaations. In the model the influence of the ugnitude of the rolling 
radius is investigated by determining the rigid-plastic curves for various 
constant-rolling-radius mechanisms. In Chapter 8 it will be shown that the 
constant-rolling-radius mechanism curves predict decreasing mechanism loads 
for increasing web crippling deformations. Smaller rolling radii result in 
higher mechanism loads. The increase in the load carrying capacity after 
the initiation of the mechanism, observed in meabers failing by the rolling 
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mechanism, can thus be explained by a decreasing rolling radius. It cannot 
be explained from membrane stresses (compare with flange yielding in 
rectangular hollow section joints, fig. 2.16, Section 2.3.4), since their 
development is prevented by the formation of the hinge mechanism. 

The calculation of a decreasing-rolling-radius mechanism curve is 
outside the scope of this report. It would require the determination of the 
rolling radius as a function of the web crippling deformation. The points 
of intersection of the calculated constant-rolling-radius mechanism curves 
and the actual (measured) decreasing-rolling-radius mechanism curve (Pig. 
6.2) may give a rough indication of this relation. In principle, at such a · 
point, the instantaneous rolling radius in the decreasing-rolling-radius 
mechanism curve must be larger than that of the constant-rolling-radius 
mechanism curve. The reason is that for identical yield line patterns and 
web crippling deformations, a decreasing rolling-radius mechanism will 
result in larger mechanism load than a constant-rolling-radius mechanism, 
since in the first the internal incremental energy is larger, due to the 
energy dissipation resulting from changing the rolling radius. 

lote that the path of a decreasing-rolling-radius-mechanism curve does 
not explaia why the rolliag radius decreases. lormally one would expect the 
member to fail by the mechanism resulting in the lowest mechanism loads, 
that is, to fail by a constant-rolling-radius mechanism rather than by a 
decreasing-rolling-radius mechanism. 

The model is based oa a simplified work llthod (Sectioa 5.2.4). The 
work method means that the mechanism (initiation) load is calculated by 

equating the external incremental work by the applied loads to the internal 
incremental energy dissipation in the yield lines. It is a simplified work 
method because the coexistent stresses in the yield lines are determined 
from global equilibrium considerations and not from the normality rule, as 
in the exact work method. The influence of these stresses (that is, the 

· stresses caused by the global bending .ament and the concentrated load) on 
the energy dissipation in the yield lines is taken into account by means of 
stress factors. These factors are derived from a stress-field induced yield 
surface based on the kinematical consideration 6tll = 0 (Section 5.2.5). 

It is well known that cold work influences the .achanical properties of 
steel. The increase of the yield point due to cold forming is known as 
hardening. Two different aspects of hardening can be distinguished: 
hardening due to the forming process of the section, and hardening due to 
the yield line deformations. 
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Hardening due to the yield line deformations affects the energy 
dissipation in the yield lines. In moving yield lines an initially flat 
plate element is instantaneously bent into a curvature. The radius of 
curvature may be so small that the material is deformed into the hardening 
range. In the •odel the influence of hardening on the energy dissipation in 
the •oving yield lines is taken into account by means of a hardening factor 
(!ppendix E). Stationary yield lines are idealization& of yield zones 
gradually bent into a curvature. In this idealization the width and 
curvature of the yield zone is undetermined. In the model it is assuaed 
that the width of the yield zones is so large, that the material need not 
be defor.ed into the hardening range to enable the yield line rotations. 
This assu.ption is certainly reasonable for the calculation of the 
.achanis• initiation load. It may be less reasonable for the calculation of 
ultimate loads attained at large web crippling deformations. One •ight even 
suspect that the increase in the load-carrying capacity after the 
initiation of the mechanis• is caused by the influence of hardening on the 
energy dissipation in the stationary yield lines. In Section 8.2 it will be 
shown however that hardening in the stationary yield lines may contribute, 
but cannot be the sole cause of the observed increase. 

lardening due to the forming process affects the moment capacity of the 
member, the moment capacity of the yield lines and the yield line pattern .. 
In the forming of the section, the material in the corners is cold-worked 
to a considerably higher degree than the material in the flat elements; and 
hence exhibits an increased yield strength. Therefore it is assumed that 
yield line 3 (Fig. 6.1) is not located in the corner but at the transition 
between the corner and the.flat part of the web. In this report the 
influence of the increased corner yield strength on the moment capacity of 
the member is not considered. Since hardening vas not considered explicitly 
in the development of the empirical effective widths formulas, the combined 
use of effective width and hardening formulas might result in an 
overestimation of the ultimate moment resistance. The influence of 
hardening on the energy dissipation in the stationary yield lines (6, 7, 8 
and 9) extending over the flat widths of the flange and web to the corner 
regions is neglected (Section 6.2.1). The influence on the energy 
dissipation in the moving yield lines {1, 2, 4 and 5) is covered by the 
above mentioned hardening factor. 



139 

The current Chapter is devoted to a description of the model. The 
comparison of the model with test results will be dealt with in Chapters 7 
and 8. In Section 6.2 the assumed yield line pattern and the calculation of 
the incremental yield line deformations are discussed. In Section 6.3·the 
principle of the model is explained, in Section 6.4 the determination of 
the stress factors and the hardening factors. The stress factors depend on 
the stresses caused by the global bending moment. In the determination of 
these stresses, the influences of local buckling and shear lag must be 
considered, as will be explained in Section 6.5. In Section 6.6 finally a 
model for a member subjected to a concentrated load only, without a global 
moment (Two Flange loading), is described. This model, limited to Interior 
One Flange deformation modes, is of no direct practical use, but.aay 
contribute to the insight in the influence of a bending moment on the web 
crippling behavior. 
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6.2 Qeteraination of the yield line deforaations 

6.2.1 AsBUied yield line pattern 

constant 
rolling radius 

observed 

idealized 

fig. 6.3 Observed and idealized yield line patterns for the rolling 
•echanism 

The yield line pattern assumed for the development of the model for the 
rolling mechanism is based on the following idealization& and 
simplification& of the yield line patterns observed in tests (Fig. 6.3.): 
1. !11 yield lines are assumed to be straight. 
2. Flange curling is not •odeled. 
3. The mechanism is treated as a true mechanism. The assumed deformation 

mode corresponds to a true mechanism only for the case that the corner 
radii are equal to zero (Section 5.3). The treatment of the idealized 
deformation mode, resulting in a quasi mechanism, as a true m~chanism 
is based on the assumption that in the actual rolling mechanism 
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compatibility is ensured without extensive aembrane stresses. 
4. !11 yield lines are assumed to be stationary except the yield lines 1, 

2, 4 and 5, which enable the rolling down of the web. In the tests 
(Section 4.4) it vas observed that the yield lines 10 in the bottom 
flange, and the yield lines 8 in the top flange, located at the edge of 
the load bearing plate, are stationary yield lines. The yield lines 9 
in the top flange (and thus the yield lines 6 in the web) aay be aoving 
yield lines in reality, but for st.plicity are treated as stationary 
yield lines. Fro• the cardboard .OOel shown in fig. 5.9 (Section 5.3) 
it can be seen that a kinematically admissible •echanis• can be defined 
in which all fold lines are stationary, except the •oving fold lines 
between the loaded web and flange. These lines are •odeled by the 
•oving yield lines 1, 2, 4 and 5. The paper .adel represents the 
special case that Lyb = t 1b. for the general case that Lyb# tlb' the 
fold line 7,•ust be aoving (fig. 6.4). In Section 6.2.3 it is explained 
that it is acceptable to treat this line as a stationary yield line. 

+-+
Lyb 

Fig. 6.4 If Lyb # t1b fold line 7 must be a aoving fold line 

5. The variation of the rolling radius over the line ABCD is simplified. 
Fro• the tests it was concluded that the rolling radius decreases with 
increasing veb crippling deformations and varies over the length of the 
moving yield lines (fig. 6.3). The model is based on the simplifica
tions that in the points ! and D the rolling radius is equal to the 
initial corner radius rtf of the ae•ber, and that it decreases linearly 
to a value rrol at the edges of the load bearing plate. Over the length 
of the load bearing plate the rolling radius is assumed to be constant. 
for the initiation of the mechanism rrol= rtf' resulting in a constant 
rolling radius in all the moving yield lines. 



142 

6. The deformation of the corner regions is treated approximately. 
According to the idealization shown in Fig. 6.5, the yield lines 8, 9 
and 10 extend over the flat widths of the top and bottom flanges to the 
corner radii. In the model calculations, the contribution of the 
deformation of the corner regions is taken into account by assuming 
that the yield lines in the top and bottom flanges act over the 
notional width of the flange elements, where the notional width is 
defined to be the distance between the mid points of the corner (Fig. 
6.5). This idealization corresponds to the idealization used for the 
determination of the moment capacity of the member and the determina~ 
tion of the stress factors (Section 6.4). The yield lines in the web 
are assumed to act only over the flat width of the web. 

Fig. 6.5 Notional width of the flange elements . 

7. After the initiation of the mechanism, elastic deformations are 
neglected. !s can be seen from Fig. 6.3, due to the web crippling 
deformation A4w;imec some yield lines have experienced a rotation 
already at the initiation of the mechanism. In a stationary yield line 
(i) the incremental energy dissipation due to an incremental web 
crippling deformation 6&4w is calculated as: 

6fint = mpl'Li· 69i;aec' {6.t) 

· where the incremental yield line rotation 69i;aec is: 
a,. 

69. = l;•ec·6Ah • (6.2) 
l;aec au w 

w 
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By neglectingt all elastic defo~ations after the initiation of the 
mechanisa, the yield line rotation pi;aec can be deterained as: 

Pi;aec : Pi -pi;iaec· (6.3) 

Since: 
8'i·iaec ' = 0, (6.4) 
&~ 

it follows that: 
8Pi•aec 8Pi ' = ----. (6.5) 

66hv 8Ahv 
In the aodel, for siaplicity, no distinction is aade between the yield line 

rotations 'i;aec and 'i' 

Based on the assuaed yield line pattern, the (increaental) yield line 
deforaations can be calculated froa purely geoaetrical considerations. In 
this calculation it is advantageous to distinguish between the flange 
deforaations (Section 6.2.2) and the veb deforaations (Section 6.2.3). 
Co•patibility only requires that the flange and web deforaations are 
deterained for identical yield line patterns and identical veb crippling 
deforaations. 

t Blastic defon.atioas •ill vanish onlr in the case of elasti~perfectlr 
plastic material behavior (no hardening), •hen tAe d~formations of tAe 
stractare do not inflaence the governing equations. 
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8.2.2 fiance defor~~tions 

Vith respect to the flange deformations, the yield line mechanism is 
idealized to the hinge mechanism as shown in Fig. 6.6. This mechanism is 
characterized by the distance Lyt between the yield lines 8 and 9 in the 
top flange, the distance L1b between the yield lines 8 in the top flange, 
the distance Lyb,between the yield lines 10 in the bottom flange, and the 
web crippling deformation Ahw;imec for which the mechanism rotation is 
initiated. For a given Ahw·imec' Lyt and L b' the mechanism rotation Pmec 

' y . and the yield line rotations , 8, ,9 and , 10 can be calculated as a function 
of the web crippling deformation Ahw. In Appendix 1 the formulas to 
calculate these yield line rotations, and the incremental yield line 
rotations due to an incremental web crippling deformation 6Ahw' are derived 
for arbitrary distances Lyt and Lyb' Since the derivation is independent of 
the mode of web deformation, these formulas also apply to the yield arc 
mechanisms as observed in the tests (Chapter 4). 

Ltb 
-+-+ 

• yield line in flanges 

IIIIII undeformed part of member 

I:J.hw ~ I:J.hw;imec 

9mec=O 

fig. 6.6 Idealization of the flange deformations 
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6.2.3 Veb de£or.ations 

Vith respect to the web defor.ations, a distinction can be made between 
the web underneath the load bearing plate and the web beside the load 
bearing plate. 

Fig. 6.7 shows the idealized deformation mode of the web underneath the 
load bearing plate. Flange curling is neglected, and it is assu.ed that the 
web is uniformly deformed over the length of the load bearing plate. Due to 
the rolling mechanisa the flat width of the top flange increases froa 
6tf;fl to btf;fl+ Abtf;fl' and the flat width of the web decreases fro• 
6v;fl to bv;fl- Abv;fl' The yield line displaceaents 11 and v2 of the 
.oving yield lines 1 and 2 can then be calculated as: 

•t = 1/2•46tf;fl' 
'2 = 46w;fl' 

· I btt:tl ' 
1 

2 ;11 L: 
rrol 

~fl hw 

3 c 

• moving yield I int 

AhW 
"2 
b 

Pig 6.7 Idealized deforaation .ode of the veb underneath the load 
bearing plate (rrol = rtf) 

(6.6) 
(6.7) 

Vhen the rolling radius equals the initial corner radius rtf of the 
section, the displaceaents u1 and 12 can be determined as a function of the 
veb crippling deforaation AAw by demanding that both the total length of 
the flange and web elements and the distance between the bottoas of the 
webs of the •ember do not change (Appendix B, Section B.2.1). 

Vhen the rolling radius is smaller than the initial corner radius, the 
yield line deformations can be determined from the formulas derived for the 
case that rrol = rtf' by assuming that the considered deformation mode has 



146 

been attained by deforming a fictitious section, whose corner radius equals 
the rolling radius of the actual section (Fig. 6.8). The dimensions of this 
fictitious section are determined by demanding that the total length of the 
flange and web elements of the fictitious section is equal to that of the 
actual section, and that the distance between the bottoms of the webs is 
the same for both sections (Appendix B, Section B.2.2). Since the height 
Av·fic of the fictitious section will be smaller than the height kw of the 

t . 
actual section (Appendix B), for identical deformation aodes the web 
crippling defor.ation of the fictitious section must be smaller than that 
of the actual section: 

46v;fic = 46w- <4v- 4v;fic>· (6.8) 

The yield line deformations in the actual section with a web crippling 
deformation A4v can then be determined as the yield line deformations in 
the fictitious section with a web crippling deformation 44w;fic' 

hw·fic 
I 

actual undeformtd 
section 

deformei:J section fictitious undeformed 
section 

Fig 6.8 Fictitious section with a corner radius equal to the rolling 
radius of the actual section (rrol< rtf) 

The determination of the web deformations beside the load bearing plate 
is based on the assumption that the web crippling deformation, the rolling 
radius and the (incremental) yield line displacements in the yield lines 4 
and 5 vary linearly between the yield lines 9 in the top flange and the 
edges of the load bearing plate. At the yield lines 9 the yield line 
displaceaents are equal to zero, at the edges of the load bearing plate 
equal to the values attained underneath the load bearing plate. The 
(incremental) rotations in the yield lines 6 and 7 are determined from the 
lateral displacement w of point P6 (Fig. 6.9, and Appendix B, Section B.3). 
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Fig 6.9 Determination of the (incremental) yield line rotations in the 
yield lines 6 and 7 

moving yield line 
-+ • 

fig. 6.10 lodeling of the moving yield line 7 as a stationary yield line 

As explained in Section 6.2.1, for the case that Lyb # t1b the fold 
line 7 must be moving. This line can be modeled with one moving yield line, 
leaving behind a bent plate. Assuming that the radius of curvature is 
constant, it follows that (fig. 6.10}: 

(6.9) 

6•1= 6,1·r, (6.10) 
where 17 represents the distance which yield line 7 has travelled, and , 7 
the rotation between the adjacent plate eleaents. leglecting the influences 
of coexistent stresses and hardening, the energy dissipation per unit 
length in the moving yield line is calculated as: 

'"7 6Jint = •pl·-r. (6.11) 

Inserting Eq. 6.10 into Eq. 6.11 results in: 

6Aint= mp1·6p7• (6.12) 
This equation is identical to that for the calculation of the energy 
dissipation in a stationary yield line. Therefore in the model yield line 7 
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is simply treated as a stationary yield line. Note that this simplification 
is based on the assumption that the radius of curvature r can be determined 
in such a way that Eq. 6.9 is satisfied, and that it is so large that 
hardening need not be considered. 

6.3 Priaciole of the IOdel 

6.3.1 lasic eauations 

The mechanism load fcB;mec of a member subjected to the combined action 
of a concentrated load and a bending moment is calculated by equating the 
external incremental work done by the applied load (due to an incremental 
web crippling deformation 64hw) to the incremental energy dissipation in 
the yield lines. The external incremental work equals (Fig. 6.11): 

_ • _ • + .~test-~yb 
6Vext - 1CB;mec 6•tot - 1CB;mec (oAkw 0,mec 2 ) 

6, L -L 
= F ·64k ·(1 + ~. test yb). {6.13) CB;mec w 644 2 w 

Fig. 6.11 Determination of the incremental work by the applied loads 

The incremental energy dissipation in a stationary yield line is calculated 
as: 

~ 

61int = I mnn(zl)·o,·dxl, 
0 

where mnn is the bending moment acting in the yield line, 6, is the 

{6.14) 
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incremental yield line rotation in the yield line, and L is the length of 
the yield line. The magnitude of the moment mnn depends on the magnitude of 
the in-plane stresses in the yield line, caused by the global bending 
moment and the concentrated load. Since these stresses may vary over the 
length of the yield line, so may the moment mnn· The incremental yield line 
rotation 6p is constant over the length of the yield line. Eq. 6.14 can 
therefore be written as: 

6fint= L·mp1·6p·kstr' (6.15) 

where mpl is the fully plastic moment, calculated as (Section 5.2.5): 

mpl= 2/~·1/4·t2 ·fy' (6.16) 

and kstr is a stress factor accounting for the influence of the in-plane 
stresses caused by the global bending moment and the concentrated load on 
the energy dissipation in the yield line. The calculation of the stress 
factor will be discussed in Section 6.4. 

The incremental energy dissipation per unit length in a moving yield 
line in rigid plastic material can be determined from: 

ovint =mpl·ou/rrol' (6.17) 

where 6u is the incremental yield line displacement. This expression can be 
understood by considering that it represents the energy required to bend an 
initially flat strip with width 6u to a radius of curvature rrol· The ratio 
6u/rrol can be regarded as the yield line deformation (Appendix E). 

In a moving yield line the incremental yield line displacement 6u and 
the rolling radius rrol may vary over the length of the yield line. Since 
the strains in the moving yield lines 1,2 4 and 5 (Fig. 6.1) are so large 
that the material is stretched into the hardening range, the influence of 
hardening on the energy dissipation must be considered. In principle the 
energy dissipation may also be influenced by stresses caused by the 
concentrated load and the global bending moment. Since the determination of 
the combined influence of stresses and hardening is very complex, only the 
influence of hardening will be considered, which is supposed to be more 
important than that of the stresses. In the model the incremental energy 
dissipation in the moving yield lines is therefore written as: 

6u(L) 
6Vint L·mpl. ·khar·kgeo' (6·18) 

rrol(L) 
where L is the length of the yield line, khar and kgeo are factors 
accounting for the influence of hardening and the influence of the 
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variation of the yield line deforaations over the length of the yield line 
on the energy dissipation in the yield line respectively, and 6u(L)/rr01 (£) 
is the (non zero) incremental yield line defor~~a.tion at one end of the 
yield line. The determination of the hardening and geometry factors will be 
discussed in Section 6.4. 

In the model only the yield lines 1,2 4 and 5 are moving yield lines. 
!s discussed in Section 6.2.1, in the moving yield lines 1 and 2 the 
(incremental) yield line displaceaents are constant over the length of the 
yield lines, that is: 

kgeo;l = kgeo;2 = 1. (6.19) 

In the yield lines 4 the increaental yield line displaceaents vary linearly 
over the length of the yield line between 0 and 8a1frrol' in yield line 5 
between 0 and 8a2/rrol' The total internal increaental energy dissipation 
in the yield lines can thus be calculated as: 

l6•tl 
6fint = 2·L1·mpl' __ r ____ ·khar·1·kgeo·t 

rol ' ' 

16121 
+ 2•£2 •• 1·--·le.. 2·k 2 p rrol .. har; geo; 

+ 2·£3·mpl·l 6,31·kstr;3 

l6•tl 
+ 4·£4.mpl' __ r ____ ·khar·4·kgeo·4 

rol ' ' 
16121 

+ 4·Ls·•pl·--r----·khar·5·kgeo·5 
rol ' ' 

+ 4·£6-•pl·l 6,61·kstr;6 

+ 4·L7·mpl·l 6,71·kstr;7 

+ 2·1s·•pr·l 69sl·kstr;8 

+ 2·Lg·mpl·1 6,91·kstr;9 

+ 4·£1o·mpl·l 6,1ol·kstr;to· (6.20} 

Note that the lengths of the yield lines may change during deformation. 
Eq. 6.20 can be written in a more general fora as: 

6Vint = E Li·mpl·1 6,il·kstr;i + 

l61j I 
E £J ·•pr·--·'iaar;j ·kgeo;j' 

rrol;j 
(6.21) 
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where the index i refers to stationary yield lines and the index j to 
moving yield lines. For a given yield line pattern (Lyt' Lyb' rrol and 
Ahw·imec) and a given web crippling deformation Ahw' the rigid-plastic 

' resistance FCB·mec can be calculated by equating the incremental internal 
work (Eq. 6.21j to the incremental external work (Eq. 6.13), resulting in: 

l6pil l6aj 1/rrol;j 
l: Li ·m 1·--·k t . +l: L. ·m I' ·khar·,J· ·kge.O:J· 

P 6U s r; 1 J P 6Ah • 
F w w CB;mec= _____ ....::._ _____ __,.._-,-__ .:.:..._ ______ _ 

Ltest-Lyb 6f'mee 
1 + - ·--

2 6Ahw 
(6.22) 

6.3.2 Deteraination of the .achanism initiation curve 

The mechanism initiation curve is determined by calculating the 
(potential) mechanism initiation load as a function of the web crippling 
deformation Ah • This calculation is based on the assumption that the w . . . 
distances Lyt and Lyb between the yield lines in the top and bottom flanges 
can be determined by minimizing the mechanis• initiation load FCB;i•ec with 
respect to these paraaeters. Considering that for the initiation of the 
mechanism: 

and 

or: 

Ahw =Ahw;imec' 
rrol = rtf' 

k5 + k6·L b + k1·L ~ 
1CB;imec(Ahw) =m I' 

1 1 
• 

P k8+ k9·Lyb 

(6.23) 
(6.24) 

(6.25) 

(6.26) 

(6.27) 

where k1 to kg are factors depending on the web crippling deformation Uw, 
the section dimensions, the loading paraaeters, and the stress, hardening 
and geometry factors. The (lengthy) formulas to determine the factors k1 to 
kg are given in Appendix C. linimizing the mechanism initiation load with 
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respect to t~, that is, demanding that: 
81CB·iaec<AAv) 

I :0, 

"yt 
results in: 

(6.28) 

J 
2 k4- t1-k21 

'rt = -tl + kl + (6.29) 
. k3 

liaiaizing the aechanis• initiation load with respect to Lyb' that is, 
deaanding that: 

81ca· iaec<Uv) 
I : 01 (6.30) 

''yb . 
results in: 

(6.31) 

Siace the factors t 1 to t 4 depend on Lyb' while the factors t5 to kg depend 
oa £

11
, Eqs. 6.29 and 6.31 aust be solved siaultaneously. The equatioas are 

too coaplex to be solved analytically, but can be solved iteratively 
(fig. 6.12) by alternately ainiaiziag 'cB;iaec(&Aw) with respect to Lyt 
(fig. 6.13) and Lyb (fig. 6.14). 

'"ea·. (AA ) la the calcalatioa of the partial derivatives ,taec v and 
IJ. t 

If. • . (U ) . J 
Cl,taee v it is assuaed that the other paraaeters do aot depead oa Lyt 

IL b 
and L~b· This is true for the section diaeasions, loadiag paraaeters and 
hardening and geoaetry factors. It is not true for the stress factors, 
siace the stresses caused by the bending aoaent vary over the length of the 
aeaber, as do the positions of the yield lines in the top and bot to• 
flanges. In the aodel the dependency of the stress factors on £11 and Lyb 
is neglected by deteraining the stress factors for all yield lines froa the 
stresses acting at the edges of the load bearing plate. The stress factors 
also depend indirectly on L

1
t and £yb' since the stresses in the aeaber 

depend on the load to be deterained, which in turn depends on t
1
t and L

1
b. 

This dependency does not influence the foraulas for the coefficients t 1 to 
t9, because: 
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(6.32) 

81cB·imec(Ahw) for ' 0, as demanded in minimizing the mechanism initiation 

load. 
OLyt 

The dependency of the stress factors on the load to be determined does 
lead to iterative procedures to determine Lyt for a given Lyb (Fig. 6.13), 
or Lyb for a given Lyt (Fig. 6.14). Based on an estimated value of the 
mechanism initiation load FCB;imec;est(Ahw), the stress factors can be 
determined and a new value for the mechanism initiation load can be 
calculated. Since the method of successive substitution does not converge 
in all cases, the method of bisection is used to make a new estimate. ! 

lower bound to FCB;imec{Akw) is determined as: 

1CB;imec;ain(Akw) = 0• (6.33) 

!n upper bound can be determined by calculating ICB;iaee(Akw) without 
taking into account the influences of the stresses caused by the bending 
moment on the energy dissipation in the yield lines, that is, by taking all 
stress factors equal to l. 

Note that for given values of Lyt' Lyb and Akv=AAw;iaec' Eqs. 6.22, 
6.26 and 6.27 should result in identical loads. 
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Fig. 6.12 Flow chart for the calculation of Lyt' Lyb and 'cB;imec(Ahw) 

Lyb;est := tlb' 'rt;est:=O; Lyb:=Lyb;est 

determine Lyt and FCB;imec(Ahw) 
co:responding to Lyb and tyt;est (Fig.6.13) 

determ1ne t 1b and FcB;imec(AhwJ 
corresponding to t

1
t and tyb;est (Fig. 6.14) 

false 

Lyb;est:=Lyb Lyt;est:=Lyt 
determine Lyt and FCB;imec(Ahw) 

corresponding to Lyb and Lyt;est 
determine tyb and FCB;imec(Ahw) 

corresponding to Lyt and tyb;est 

(Pig. 6.13) 

(Pig. 6.14) 
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Fig. 6.13 Flow chart for the calculation of Lyt 

input: section properties, Ltest' Llb' Lyb' 
Ahw, 'u;red (Section 6.5.2) 

hardening and geometry factors (Section 6.4) 
1CB;imec;min(Ahw), 1CB;imec;max(4hw) 

1cB;imec;est<44w):=fcB;imec;max(Ahw) 
determine stress factors (Section 6.4) and factors k1 to k4 (App. C) 

corresponding to Lyb and Lyt;est 
calculate Lyt and FCB;imec(Ahw) (Eqs. 6.26 and 6.29) 

>--"'M output:Lyt 
1CB;imec(Ahw):=fcB;imec;est(Ahw) 

false 

1CB;imec;est<44w):=(fcB;imec;min(Ahw)+fcB;imec;max(Akw))/2 

determine stress factors (Section 6.4) and factors k1 to k4 (App. C) 
corresponding to Lyb and Lyt;est 

calculate Lyt and 'cB;imec(Ahw) (Eqs. 6.26 and 6.29) 
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Pig. 6.14 Flow chart for the calculation of Lyb 

input: section properties, Ltest' Lib' Lyt' 
4hw, 'u;red (Section 6.5.2) 

hardening and geometry factors (Section 6.4) 
1CB;imec;min<44w)' 1CB;imec;max<44w) 

1cB;imec;est<44w):=FcB;imec;max<44w) 
determine stress factors (Section 6.4) and factors k1 to k4 (!pp. C) 

corresponding to Lyt and Lyb;est 
calculate Lyb and FCB;imec(4kw) (Eqs. 6.27 and 6.31) 

output:Lyb 
1CB;imec<44w):=FcB;imec;est<44w) 

1cB;imec;est<44w):=(FcB;imec;min(44w)+FcB;imec;max<44w))/2 

determine stress factors (Section 6.4) and factors k1 to k4 (!pp. C) 
corresponding to Lyt and Lyb;est 

calculate Lyb and 'cB;imec(4hw) (Eqs. 6.27 and 6.31) 

true 

false 



157 

6.3.3 Deter.ination of the ~chanis• initiation load 

So far it has been discussed how, for a given web crippling defor.ation 
Ahw' the distances Lyt and Lyb and the potential mechanism initiation load 
FcB·imec(Akw) can be calculated, resulting in a mechanism initiation curve. 

' This curve has no physical significance, except for the actual initiation 
of the mechanism, determined as the point of intersection of the mechanism 
initiation curve and the elastic curve. This is caused by the fact that 
after the initiation of the mechanism the rolling radius decreases. 
Furthermore, the derivation of the mechanism initiation curve is based on 
the assumption that the yield lines in the top and bottom flanges are 
stationary yield lines. This implies that the distances Lyt and Lyb do not 
change after the initiation of the mechanism, but remain equal to the 
values at the initiation of the mechanism. 

The point of intersection of the elastic curve and the (rigid-plastic) 
mechanism initiation curve can be determined graphically or iteratively 
(Fig. 6.15). For the iterative determination, first the potential mechanism 
initiation load corresponding to Akw=O is calculated. ! new estimate for 
Akw can be determined as the elastic web crippling deformation 
corresponding to FcB;imec{Akw=O). This procedure is repeated until the 
calculated mechanism initiation resistance FCB;imec is sufficiently close 
to the elastic resistance corresponding to Akw;imec' 

elastic curve 

-...,mechanism initiation curve 
..... F-cs· IMwl ;1mec 

Fig. 6.15 Iteration process to determine the point of intersection of the 
elastic curve and the mechanism initiation curve 
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The mechanism initiation load FCB;imec will result in a bending moment 
limec at the place of the load application, with: 

1imec = 1/4·Fimec·(Ltest-Llb). (6.34) 
! moment limec larger than the ultimate moment resistance 'u;red o£ the 
member (Section 6.5.2) should be interpreted as a failure by bending moment 
(compare with Section 4.4.3) instead of a web crippling failure by the 
rolling mechanism. In the model the stress factors for a member where 

limec>'u;red are calculated as if limec = 'u;red' that is, as if the 
assumed stress distribution corresponds to that at failure by bending 
moment. 

6.3.4 Deter.ination of constant-rolling-radius mechanism curves 

In the tests described in Chapter 4 it was observed that the rolling 
radius decreases with increasing web crippling deformations. Since the 
rolling radius was not measured, in the model the influence of a decreasing 
rolling radius is investigated by determining several constant-rolling
radius mechanism curves (Fig. 6.2). Each curve is based on the distances 

Lyt and Lyb and the web crippling deformation Ahw;imec as determined for 
the initiation of the mechanism (rrol = rtf). For a given rolling radius 
the mechanism resistance FCB;mec can be calculated from Eq. 6.22. Since the 
stress factors kstr once more depend on the load to be determined, the load 
FCB;mec must be calculated by an iterative procedure very similar to the 
procedure described for the determination of the mechanism initiation load 
FCB;imec' ! flow chart of this procedure is given in Fig. 6.16. In Section 
8.2 a few examples of mechanism curves determined with the model are given. 
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Fig. 6.16 Flow chart for the calculation of fcB;mec 

section properties, Ltest' Llb' Lyb' 
Ahw' Ahw;imec' •u;red (Section 6.5.2) 

hardening and geometry factors (Section 6.4) 

1CB;mec;min' 1cB;mec;aax 

1cB;mec;est:=fcB;mec;max 
determine stress factors 

calculate fcB;mec(!pp. C) 

:>---~ output: 
1cB;mec:=fcB;mec;est 

false 

1cB;aee;est:=(FcB;mec;min+1CB;mec;max)/2; 
determine stress factors 
calculate FcB;mec (!pp. C) 

stop criterion: stop criterion: lfcB;mec- FcB;mec;estl ~ 0.001·fc1;mec ' 
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6.4 Stress. hirdenins and seOJettY factors 

6.4.1 Stress field 

For the determination of the influence of the stresses due to the 
global bending moment and the concentrated load on the energy dissipation 
in the yield lines, the distribution of these stresses over the member must 
be known. In this thesis a very simple stress field will be used. Only 
normal stresses will be considered, the influence of shear stresses on the 
energy dissipation in the yield lines is neglected. This is thought to be 
an acceptable simplification, since the shear stresses are much smaller 
than the normal stresses. 

Another simplification is, that the stresses are calculated for an 
undeformed cross section: the influence of the web crippling deformation is 
not taken into account. For small web crippling deformations this 
siaplification is certainly acceptable. For large web crippling 
deformations it will result in unconservative results. In principle, it is 
possible to determine the stresses for the deformed section by calculating 
the section .odulus of the deformed section (accounting for local 
buckling). lowever, at the present stage of develo,.ent of the .odel it is 
not thought worthwhile to consider this refineaent. 

Pig. 6.17 !ssu.ed distribution of the bearing stresses in the •eaber 

The assu.ed noraal stresses caused by the concentrated load are shown 
in fig. 6.17. Spreading of the load due to the flange stiffness is 
neglected so that, in the upper side of the web, bearing stresses occur 
only underneath the load bearing plate: 
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vf;w = 
2· sin8w·11 b • t . . 

(6.35) 

If the .eaber has inclined webs, it also results ia bearing stresses. in the 
top flange: 

· 1cs 
,, tf = 

' · 2·t&ni.·Llb't 
(6.36) 

Since the influence of stresses on the energy dissipatioa ia aoviag yield 
lines is not considered (Section 6.3.1), and the beariag stresses are equal 
to zero at the stationary yield line 3, the beariag stresses do DOt 
directly influeDee t~e aodel results (they do influence the effective 
widths of the web aad flange ele.ents, Sectioa 6.5.2). 

la the ealeulatioa of the stresses ia the .elber due to the global 
bendiag aolleDt, two pea011e11a •st be acco11ated for: local buckling ucl 
shear lac. Shear lac is the phenOilenoa that, due to the action of ia-plue 
shear strains in the flanges, the lonsitudiaal displace.ents in the parts 
of the flanges reaote froa the webs lag behind those nearer to the webs. It 
results in a non-liaear stress distribution over the coapression and 
tension flanges. Local buckling results in a noa-liaear stress distriblltioD 
over the eoapression flange and web. Both local bllekliag and shear lac cu 
be accounted for by •ans of an effective widtla approach. !he deteraiaatioa 
of these effective widths will be discussed iD SectioD 6.5. 

btt~tl2 

M( hw } 
O'H·bf . 

fig. 6.18 issUiled distribution of the stresses caused by the slobal 
bending aoaent 

Vhen the effective widths are known, the aaxiawa bending stresses in the 
top and bottoa flanges ('l·tf and 'l·bf) are calculated as (Pis. 6.18): 

I I . 
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(6.37) 

Ief 
(6.38) 

where zef is the distance of the bottom flange to the neutral axis of the 
effective cross section, and Ief is the second moment of area of the 
effective cross section corresponding to the stress level. In a similar way 
the bending stresses at the transition from the web to the corner radius 
( er1 . r and er1 ..._ ) are c_alculated. 

' tf )•uf 
The bending stresses vary over the length of the member~ For simplicity 

it is assumed that all over the yield linepattern the bending stresses are 
equal,to the bending,stresse~ occurring in the member at the edges of the 
load bearing plate. T}tis means that both the stresses caused by the 
concentrated load and those caused by the. global bending moment are 
independent of the parameters Lyt and Lyb' 

6.4.2 Stress factors for the stationary yield lines 

.S.ince in a statio~aryyield line hardening does not occur, and the 
yield line rotations are uniform over the length of the yield line, the 
stress factors can simply be calculated as: 

/, 

/ mnn(zl) ·dzl . 
kstr = ' (6.39) 

h•/11 1 p . 
where z1 denotes the in-plane coordinate along the yield line (Fig. 5.2), L 
is the yield line length. The moment capacity mnn(z1) is determined from 
the interaction formula derived in Section 5.2.5: 

. ' 

. 2 

•nnl•pl = 1 - (nnnfnpl) ' (6.40) 
where: 

Ill 1 = 2/f3'·1/4·t'Lf, p y 

npl = 2/f3'·t·fy' 
nnn = er nn • t ' 

(6.41) 

(6.42) 
(6.43) 

and cr
88 

is the normal stress acting in the direction perpendicular to the 
yield line. Due to the assumption that '6£11 = 0 in the yield lines, the 

,normal stresses er11 parallel to the yield lines do not influence the energy 
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dissipation in the yield lines. In the following, first the stress factors 
for the stationary yield lines in the flanges will be determined, then the 
stress factors for those in the web. 

8treBB factors for the stationau yield lines in the flagps 

Due to local buckling the stress distribution over the width of the 
coapression flange may be non-uniform. Following the effective width 
approach, this stress distribution is replaced by a uniform 'stress 'tf 
acting over the effective width btf;ef" Applying Eq. 6.39 to this stress 
distribution results in: 

k = k = (1 _ 314.c'l;tf2
))·

6
tf;ef + 

0
tf;nt-

6
tf;ef (6•44) 

str;8 str;9 . ' 
fy 0tf;nt 0tf;nt 

where 6tf;nt is the notional width of the top flange (Pig. 6.5). Vhen the 
flange is fully effective, Eq. 6.44 reduces to: 

'l·tf2 

kstr;8 = kstr;9 = 1 - 3/4·(~). (6.45) 
1 

! aore accurate reduction factor could be determined by considering a aore 
realistic stress distribution. This would result in a higher stress factor 
(that is, a smaller reduction of the energy dissipation in the yield line). 

In the tension flange too, the normal stresses may vary over the width 
of the flange, due to the effects of shear la.g (Section 6.5.3). Analogously 
to Eq. 6.44, the stress factor kstr; 1o is determined as: 

kstr;
10 

= (1 _ 314.('1jbf}).
0
bf;ef + 

0
bf;nt-

6
bf;ef, 

fy 0bf;nt 0bf;nt 
(6.46) 

where 6bf;nt is the notional width of the bottom flange (Fig. 6.5). 

Stress factors for the &tatioa&[J yield lines in the vebs 

In the yield line 3 at the bottoa of the web, no stresses normal to the 
yield line are acting. Hence: 

kstr;3 = 1• (6.47) 

The normal stresses caused by the bending aoaent vary over the height 
of the web. Therefore in the yield lines 6 and 7 the yield line forces nnn 
vary over the height of the yield line. The magnitude of these forces also 
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depends on the angle of inclination of the yield lines in the web, which is 
determined by the distances Lyt and Lyb" For siaplicity the stress factors 
of the yield lines 6 and 7 are calculated as if these lines were 
perpendicular to the direction of the stresses caused by the bending 
moment. Also for simplicity, the calculation is based on the stress 
distribution as shown in Fig. 6.19, that is, the web is assumed to be fully 
effective. Note that in the calculation of the stresses uu.r and uu.~ 

•z tf •, • uf 
the influence of web buckling is considered. Based on these simplifications 
the stress factors kstr; 6 and kstr; 7 can be determined as: 

lu1. I u1. . 2 
kstr;6 = kstr;7 = ,rtr ·(1- 114·(--=.L!.ti.) ) + 

lul;rbrl+lul;rtfl fy 
luu.r I Uu • .,.._ 2 

I •' bf • ( 1- 1/4 • ( •' • uf ) ) • 

lu1;10r l+lul;ru I fy 
(6.48) 

c:rM;r tf 

bw.fl 
I 

Fig. 6.19 Stress distribution in the web assumed for the calculation of 

kstr;6 and kstr;7 

6.4.3 lardening and geo.etry factors for the !Oying yield lines 

As explained in Section 6.3.1, the energy dissipation in a moving yield 
line is calculated as: 

h(L) 
6Vint = L·mpl" ·khar·kgeo' (6.49) 

rrol(L) 
where khar and kgeo are factors accounting for the influence of hardening 
and the influence of the variation of the yield line deformations over·the 
length of the yield line on the energy dissipation in the yield lines. 

The exact analysis of the influence of hardening on the energy 
dissipation in the moving yield line is very complex. In Appendix E an 
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approximate method to determine the hardening factors is described. These 
factors depend primarily on the ratio between the yield strength and the 
tensile strength of the basic material, and the rolling radius to plate 
thickness ratio. Due to the Bauschinger effect, the hardening factors for 
aoving yield lines bending the plate (khar;b) will differ froa those for 
yield lines rebending the plate (khar;r>· 

In the following, first the hardening and geo.etry factors for the 
aoving yield lines underneath the load bearing plate are discussed, then 
those for the yield lines beside the load bearing plate. 

lovigg yield lines JD4erneath the load bearins plate 

In the moving yield lines 1 and 2 underneath the load bearing plate, 
both the rolling radius and the incremental yield line displacements are 
constant over the length of the yield line. Hence: 

(6.50) 

The energy dissipation in the aoving yield lines 1 and 2 can thus simply be 
determined from Eq. 6.49 as: 

l6u11 
61int·1 = L1-mpl·--r---·khar·r(rrol), (6·51) 

' rol ' 
and: 

l6u21 
61int·2 = L2·mpl·--r---·~ar·b(rrol)' (6·52) 

1 rol 1 

where ~ar;r is the hardening factor for a moving yield line rebending the 
plate, and khar;b that for a moving yield line bending the plate 
(Appendix E). lence: · 

khar;l = khar;r<rrol), {6.53) 
and: 

~ar;2 = ~ar;b(rro1>· (6.54) 

lovinc yield lines beside the load bearinc plate 

In Section 6.2.3 it was explained that in the aodel it is assumed that 
in the yield lines 4 and 5 the incremental yield line displacement 6ui 
varies linearly over the length of the yield line (Pig. 6.1): 

zl 
6u(z1) = --·6u(L). {6.55) 

L 
ror the initiation of the mechanism the rolling radius is constant over the 
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length of the moving yield lines, and equal to the top flange corner radius 
rtf' The energy aissipation in the yield lines 4 and 5 can then be 
calculated as: 

L I ou(zl) I 
uint = I mnn' r ·dxl' (6.56) 

0 tf 
resulting in: 

6Vint = 1/2·L·mnn·8~(L), (6.57) 
tf 

where: 

mnn = ~ar;b(rtf)·mpl {6.58) 

in the case of a moving yield line bending the plate, and 
11nn = ~ar;r(rtf)·mpl (6.59) 

in the case of a moving yield line rebending the plate. For the calculation 
of the mechanism initiation load fcB·imec the geometry and hardening 

' factors of the yield lines 4 and 5 can thus be determined as: 

kgeo;4 = kgeo;5 = 1/2, (6.60) 

khar;4 = ~ar;r(rtf), (6.61) 

khar;5 = ~ar;b(rtf>· (6.62) 

After the initiation of the mechanism, the rolling radius underneath 
the load bearing plate will decrease, resulting in a linearly varying 
rolling radius over the length of the yield lines 4 and 5: 

rrol(zl) = rtf + (rrol(L) -rtf)·zl/L. 

The formulas for the hardening and geometry factors for the case that 
rr01(L) < rtf are derived in Appendix F. 

(6.63) 
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6.5 Deter.ination of the stresses due to a slobal bendins 101ent 

6.5.1 Introduction 

For the deteraination of the stress factors accounting for the 
influence of coexistent stresses on the energy dissipation in the yield 
lines, the bending stresses in the member due to the applied concentrated 
load need to be known. In cold-formed members there are two phenoaena which 
influence the bending stress distribution: local buckling and shear lag. 
Both phenoaena can be accounted for by means of an effective width 
approach. In Section 6.5.2 the effective width foraulas accounting for the 
effects of local buckling are discussed, in Section 6.5.3 those accounting 
for the effects of shear lag. Local buckling influences the stress 
distribution in the web and coapression flanges, shear lag that in the 
tension and compression flanges. The stress distribution in a coapression 
flange is thus influenced by both local buckling and shear lag. The 
interaction between these two phenoaena is discussed in Se.ction 6.5.4. 

6.5.2 lffec:tUe vidU du to local b!tekliq 

The effective width approach for local buckling was explained already 
in Section 2.2.1. For the calculation of the stresses in coapression 
eleaents, it aust be understood that the eoapression stresses in a plate 
subjected to axial coapression do not only vary over the width of the 
plate, but also over the length of the plate (Fig. 6.20). The edge stresses 
in a buckled plate have a minimum at a node and a aaxiaua at a crest. 
According to Valker {1975), the load-carrying capacity of the plate is 
governed by the maximua edge stress, and the shortening of the plate (and 
thus the deflection of a member) is proportional to the aean edge stress. 

In the proposed yield line aodel for coabined bending and web 
crippling, the variation of the edge stresses in the compression flange due 
to the shape of the buckling wave is neglected. The stresses acting at the 
yield lines in the top flange are calculated from the effective width 
foraulas predicting the maximum edge stress: 

(6.64) 
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CTedge;max 

~B 

F>fcr 

O'edge;max 

b A 

fig. 6.20 Variation of the noraal stresses over the length of a eoapressed 
plate 

for a aore ~efined deteraination of the stresses acting in the yield 
lines, it would be necessary to know the shape of the buckling wave in the 
flange and web eleaents, and to have foraulas to account for the variation 
of the stresses due to the shape of the buckling wave. 

froa lq. 6.-64 it can be seen that the effective width ratio bef/b 
depeads on the theoretical buckling stress of the flange. In Section 2.2.3 
it vas discussed already that the buckling stress of the flange of a aeaber 
subjected to the eoabined action of a concentrated load and a bending 
aoaent is influenced by the concentrated load. In this report it is 
proposed to aodel this influence by deteraining the effective width of the 
top flange based on a reduced buckling stress 'cr·f (Section 2.2.3) 

, tf 
~alculated as: 

'cr;ftf = 'er'(1-(ltf/1tf;cr) 2
) '. (6.65) 

where 'tf is the coaponent of the concentrated load acting in the top 
flange (Fig. 6.17): 

1cB 'tf = 1/2·--, (6.66) 
tanOv 

'er is the critical stress of the top flange (coapression flange) of the 
aeaber when subjected to a bending aoaent only, and J'tf;cr is the critical 
load of the top flange of the member when subjected to a concentrated load 
only (Appendix D). for web angles smaller than goo, the concentrated load 
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causes a compression force in the flange, resulting in a decrease of the 
buckling stress. For web angles larger than 900, the load causes a tension 
force in the top flange, resulting in an increase of the buckling stress. 

In a similar way, using a slightly different buckling interaction 
formula (Appendix D), the effective width of the web of a member subjected 
to the combined action of a concentrated load and a bending moment is 
determined. 

The above described procedure is not based on exact theoretical 
•echanics. It can be regarded only as a reasonable, more or ·less intuitive 
proposal to account for the influence of a concentrated load on the 
effective widths of the web and compression flanges, in the spirit of the 
current design procedures. 

The influence of the concentrated load on the effective widths of the 
web and flange elements must be considered in the determination of the 
stress factors and in the calculation of the ultimate moment resistance. 
Since in general the load will reduce the ultimate moment resistance, the 
calculated ultimate moment resistance of a member subjected to the combined 
action of a concentrated load and a bending moment, taking into account the 
influence of the load on the effective widths, will be denoted as the 
reduced ultimate moment resistance 'u;red' In sections with web angles 
larger than 900, or sections in which yielding first occurs in the tension 
flange, the moment capacity may increase due to the influence of the 
concentrated load. As illustrated in Fig. 6.21, •u;red must be determined 
by means of an iterative procedure. 
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Fig. 6.21 Flow chart for the calculation of 'u;red 

1u;red;max==1•05 "1u 
1u;red;est:=lu 

false 

1u;red;min:=O 
1u;red:=O 

1u;red==•u;red;est 

1u;red;est==(1u;red;max+1u;red;min)/2 
1(1u;red;est>=4·1u;red;estf(Ltest-Llb) 
determine ucr;Ftr and ucr;Fw corresponding to F(lu;red;est> 
determine effective widths (taking into account both the 
effects of shear lag and local buckling, Sections 6.5.2 
and 6.5.3) 

determine •u;red 

1u;red;max==1u;red;est 

stop criterion: llu;red;est-lu;redl~ 0.001·1u;red 
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6.5.3 Bffective width due to shear lac 

Shear lag is the phenoaenon that, due to the action of in-plane shear 
strain in the flanges, the longitudinal displaceaents in the parts of the 
flanges remote fro• the webs lag behind those nearer to the webs. It 
results in a non-uniform distribution of the longitudinal noraal stresses 
along the flange width, the stresses at the web- flange intersections being 
auch larger than those given by the elementary theory of bending. The 
effect of shear lag is negligible for most cold-foraed aembers occurring in 
practice, but is pronounced for beams with relatively wide flanges coapared 
to the span length. Since the tests described in Chapter 4 (and Cb web 
crippling tests in general) were performed on short span meabers, in this 
Section soae attention will be given to the deteraination of the effective 
widths due to shear lag. 

For the treataent of shear lag a distinction aust be aade between its 
influences on the elastic behavior and the plastic behavior (Burgan and 
Dowling, 1990). In this report (partial) plastification of the 
cross-sections is not considered and only elastic shear lag behavior will 
be discussed. 

Extensive studies on (elastic) shear lag in steel box girders are 
reported by loffatt and Dowling (1975) and Evans and Taherian (1980). They 
concluded that the elastic effective width depends primarily on the flange 
width to span length ratio, the position and type of the applied loads, and 
the support conditions of the girder. Based on the results of finite 
eleaent calculations, loffatt and Bowling developed tables and rules to 
determine the effective widths of box girders. According to these rules the 
effective width of doubly supported flanges of simply supported beaas 
loaded by a concentrated load at aid-span can be calculated as: 

be£ = ;s1·6, (6.67) 
where b is the distance between the webs, and ;sl is the appropriate (shear 
lag) effective width ratio (Table 6.1). The effective width of singly 
supported flanges was found to be smaller than that of doubly supported 
flanges and can be calculated as (BSI, 1982): 

be£ = (1 - 0.15·6/t)·;s1·6, (6.68) 
where b is twice the width of the singly supported flange. 

In the analysis of shear lag, coapatibility of flange and web 
deformations aust be ensured. In principle shear lag thus not only depends 
on the flange diaensions but also on the web diaensions. In practice it was 
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found to be independent of the cross-sectional dimensions, except in the 
region of concentrated loads. (which is relevant for web crippling tests). 
Por this loading case loffatt and Bowling (1975) introduced the 
aultiplieation factor 1.08-0.04-Af/Aw, where Af is the flange area and Aw 
the web area. Neglecting this influence, the above described formulas, 
which were developed for symaetrical box girders, can also be applied to 
the tested a-sy .. etrical hat sections. In the model the effective width 
ratio ; 11 is calculated froa the sixth-order polynoaial fitted through the 
points of Table 6.1 (Pig. 6.22): 

'si = 1.000- 2.3245·6/~ +4.183766·(b/t) 2-5.098451·(b/t) 3 

+3.587861· (b/t) 4-1.299566· ( b/ 1/ + 0.187545· (b/ ~)·. (6.69) 

Table 6.1 Effective width ratios due to shear lag in the region of a 
concentrated load applied at aid-span (loffatt and Bowling, 1975) 

6/1 o.oo 0.10 0.20 0.40 0.80 1.20 1.60 2.00 

'•1 1.00 0.80 0.67 0.49 0.30 0.19 0.14 0.12 

1.0 

0.8 

'l'st 0.6 

().4 

0.2 

0.0 
0.0 o.s 

•Table 6.1 

1.0 

biL 

1.5 

Pig. 6.22 Polynomial interpolation of the effective width ratios due to 
shear lag according to Table 6.1 
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The thus deterained effective widths are directly applicable to tension 
flanges. In fig. 6.22 also the range of the b/L ratios of the tension 
flanges of the tested hat sections is indicated, froa which it can be seen 
that shear lag indeed aust be considered in these tests. 

Q.S.f Iateractioa betveea local bactlia& pd gev 1y 

The coabination of local buckling and shear lag is auch ·aore difficult 
to handle analytically than the isolated effects of either shear lag or 
local buckling. This is due to the interaction between the two phenoaena, 
both of which reduce the flange efficiency. 

Laaas and Bowling (1980) derived upper bound expressions for the load 
carrying capacities of siaply supported box girders, based on the web and 
flange shear capacity and the flange coapressive strength. for high 6/L 
values the load carrying capacity is deterained by the shear capacity of 
the edges of the web or flange. for low b/L values, or high flange 
slenderness ratios, it is deterained by the coapression strength, which is 
reduced by local buckling. They also carried out nnaerical analysis of a 
nuaber of girders with different flange slenderness ratios and b/L values. 
fig. 6.23 shows the convergence of their nnaerical results towards the 
upper bound solutions. 1 siaple and reasonably accurate expressioa for the 
shear lag and buckliag interactioa (fig. 6.24) was proposed by Burgan and 
Bowling (1990): 

-int = -lb.;s{b/(2·LP)), (6.70} 
where ;int is the effective width ratio for local buckling and shear lag 
interaction, ;1b is the local buckling effective width ratio, ;sl is the 
elastic shear lag effective width ratio, b is the flange width, L is the 
span length between the supports, and P is a flange slenderness paraaeter 
calculated as: 

p = bIt. J I yl B I • ( 6. 71) 

!s can be seen froa Pig 6.24, for the b/L and b/t ratios as occurring 
in the perforaed tests, the influence of shear lag in the coapression 
flange is saall. It is assuaed therefore that in the coapression flange 
only local buckling need to be considered. 
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t'int 

1.0 

~ -~--------= 
Winter's effective width ratios lfy=240 N/mmt.l 

0 ~..--_ _.__----JL...-----'--_..~.__ _ ____.,. bll 
0.5 1.0 

fig. 6.23 Interaction between local buckling and shear lag (La.as and 
Bowling, 1980) 

flint 

lM:100 

~tests btt=60mm 
L test>190 mm 
bttlt>60 

~tests btt=l60mm 
Ltest>Z90mm 

bttlt >160 

~~~~~:i..-----"--~ b/L I2Sl 1.0 

- Eq. 6.70 ---lamas and Dowling(1980) 

Fig. 6.24 Prediction of the interaction between local buckling and shear 
lag (Burgan and Dowling, 1990) 
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6.6 lodgl for a llmlhtr objected to a concentrated load oab 

The behavior of the perfor.ed C loading tests (Chapter 3) resulting in 
IOF deforaations can be deterained fro• a aodel based on the saae rield 
line pattern as the described aodel for eoabined bending and web crippling. 
The aain difference between the two aodels is, that in the aodel for web 
crippling onlr the external work is not influenced br the aechanisa 
rotation. Consequently, the aechanisa load 'c;aec can siaplJ be deterained 
froa (coapare with Bq. 6.22): 

6'i . 61J frrol•j 1c;aec = E 'i ·•,t·l616 l·kstr;i +E "r•,r I IAA ' l·kw-;fkgeo;j' 
V V 

(6.72) 
where the index i refers to stationary rield lines, and ~e index j to 
aoving rield lines. To deteraine the distances .£Jt and £

1
b between the 

rield lines in the top and bottoa flanges, and t•e potential aechanis• 
initiation load 'c;iaee(4Av), Bq. 6.72 can be written as (coapare with 
Bq. 6.26): 

'c;iaec(AAv) = •pl·(k2 + ks·'rt + k•/'rt>' (6.73) 

or (coapare with Eq. 6.27): 

1c;taee<46w> = •pl·(ks + ke·L,.b+ k7·L,.t>• (6.74) 

where ~ to k4 and k5 to k7 are factors depending on the web crippling 
deforaation, the section diaensions, the loading paraaeters, and the 
stress, hardening and geoaetry factors. liniaizing 'c;iaec(AAw) with 

IJF • . (AA ) 
respect to Lrt! that is, deaanding that C,taec v = o, results in: 

IJLyt 

(6.75) 

liniaizing 'c;iaec(AAv) with respect to tyb' that is, deaanding that 
IJFc.. (AA ) 

,laec v = 0, results in: 
I)Lyb 

-k6 
L b = ----. (6.76) 
y 2·k7 

The factors ~ to k4 and k5 to k1 are deterained froa the foraulas derived 
in Appendix ·c for the aodel for coabined bending and web crippling, taking 
into account suitable stress factors. Since there are no stresses caused by 
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the bending moment, the stress factors in all the stationary yield lines 
are equal to 1, except in yield line 3, where: 

a 'c 2 
kstr·a= 1- -·( ) ' (6.77) 

' 4 2·sin0w·Llb·t·fy 
to account for the influence of the normal stresses caused by the 
concentrated load. In the moving yield lines the influence of in-plane 
stresses is not considered. 

Since the factors k2 to k4 depend on Lyb' while the factors k5 to k7 
depend on Lyt' Eqs. 6.75 and 6.76 must be solved siaultaneously. This can 
be done iteratively {Fig. 6.25) by alternately minimizing 'c;imec with 
respect to Lyt (Fig. 6.26) and with respect to Lyb (Fig. 6.27). The 
procedures for the determination of the point of intersection between the 
elastic-plastic curve and the mechanism initiation curve and for the 
calculation of the constant-rolling-radius •echanis• curves are analogous 
to those described in the •odel for co•bined bending and web crippling. 
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fig. 6.25 Plow chart for the calculation of Lyt' Lyb and 'c;iaec{Ahv) 

Lyb;est := Llb' Lyt;est:=O; Lyb:=Lyb;est 

deteraine Lyt and 'c;iaec<Uv) . 
· . corresponding to Lyb and Lyt;est (Pig.6.26) 
deteraine £7b and 'c;iaec<Uv) 

corresponding to Lyt and Lyb;est (Pig. 6.27) 

Lyb;est:=Lyb Lyt;est:=Lyt 
deteraine Lyt and fc;iaec(Ahv) 

corresponding to Lyb and Lyt;est (Pig. 6.26) 
deterain~ Lyb and 'c;iaec(AAv) 

corresponding to Lyt and Lyb;est (Pig. 6.27) 
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fig. 6.26 Flow chart for the calculation of Lyt 

Ltest' Llb' Lyb' Lyt;est 
Ahw, hardening and geometry factors (Section 6.4) 

1C;imec;min(Ahw), 1C;imec;max(Ahw) 

1C;imec;est(Ahw):=fc;imec;max(Ahw) 
deteraine stress factors (Section 6.4) and factors k1 to k4 (!pp. C) 

corresponding to Lyb and Lyt;est 
calculate Lyt and FC;iaec(Ahv) (Eqs. 6.73 and 6.75) 

~-~ output:Lyt 
1CB;iaec(Ahv):=fcB;iaec;est(Ahv) 

false 

1C;iaec;est<Ahv):=(fc;iaec;ain(Ahv)+fc;iaec;~~ax<Ahv))/2 

deteraine stress factors (Section 6.4) and factors k1 to k4 (!pp. C) 
corresponding to Lyb and Lyt;est 

calculate Lyt and Fe ;iaec(Ahw) (Eqs. 6.73 and 6.75) 



179 

fig. 6.27 Flow chart for the calculation of Lyb 

Ltest' Llb' Lyt' Lyb;est 
AA , hardening and geometry factors (Section 6.4) w . 

1C;imec;min(6Aw)' 1C;iaec;max(6Aw) 

1c;imec;est(6Aw):=Fc;imec;max<6Aw) 
determine stress factors (Section 6.4) and factors k1 to k4 (!pp. C) 

corresponding to L1t and Lyb;est 
calculate Lyb and FC;iaec(AAw) (Eqs. 6.74 and 6.76) 

>--~ output:Lyb 
1C;imec(6Aw):=Fc;imec;est<6Aw) 

false 

1C;imec;est(6hw):=(Fc;imec;min(6Aw)+Fc;imec;max(6Aw))/2 

determine stress factors (Section 6.4) and factors k1 to k4 (!pp. C) 
corresponding to Lyt and Lyb;est 

calculate Lyb and FCB;imec(AAw) (Eqs. 6.74 and 6.76) 
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6.7 Spuan 

In this Chapter a web crippling model has been described for members 
subjected to the combined action of a concentrated load and a bending 
.oment, failing by the rolling mechanism. The model is inspired by the 
aodel for the redistribution of bending moments in cold-formed continuous 
deck sections developed by leinsch (Section 3.4.2), a model for web 
crippling in plate-girders developed by loberts (Section 3.5.2), and a 
aodel for the determination of the energy dissipation in bending collapse 
of rectangular hollow sections developed by lecaan (Section 3.5.2). 

According to the model, the mechanism initiation load (corresponding to 
the initiation of the mechanism rotation Paec> is determined as the point 
of intersection of an elastic curve and a rigid-plastic mechanism 
initiation curve (Fig. 6.2). In principle, the subsequent load-deformation 
behavior is described by a decreasing-rolling-radius aechanism curve, but 
so far only foraulae for the calculation of constant-rolling-radius 
aechanism curves are derived, describing the load-deforaation behavior of 
the member for the special case that the rolling radius does not change 
during deformation. 

The calculation of the elastic curve is not treated in this report. It 
is taken siaply as a straight line with a slope corresponding to the 
iaitial web crippling stiffness kAAw' The rigid-plastic aechanisa 
iaitiatioa curve aad the constant-rolling-radius aechanisa curves are 
calculated using generalized yield line theory. Based on the observed 
failure aode.s in the tests, a siaplified yield line pattern is proposed 
(Fig. 6.1). The general expression for the constant-rolling-radius 
aechanisa curves can then be derived by equating the increaental energy 
dissipation in the yield lines to the external incremental work by the 
applied loads: 

. l6p i I I.S.J 1/ r rol. j 
E .£. ·• 1·-·-·k . +E .£.·m 1' •- .i.ar·,J· ·kgeo·,J· 

1 p 6Ahw str; 1 J p 6Ahv ''h 

1cB;aec=----~----~------------------~--------------
Ltest- .£yb 6flec 

1 + - ·---
2 6Uv 

(6.78) 
where the index i refers to stationary yield lines and the index j to 
aoving yield lines (Fig. 6.1). The formulae for the incremental yield line 
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rotations 6pi and yield line displacements 6uj/rrol;j as a function of the 
section dimensions, the web crippling deformation AAw, the web crippling 
deformation Ahw;imec' the distances Lyt and Lyb' and the rolling radius 
rrol are derived in the appendices 1 and B from purely geometrical 
considerations. The formulae for the hardening and geometry factors koar;j 
and kgeo;j' modeling the' influence of hardening and varying yield line 
displacements over the length of the yield line on the energy dissipation 
in the moving yield lines, are summarized in Table 6.1. 

The calculation of the constant-rolling-radius mechanism curves is 
based on a simplified work method. The coexistent stresses in the yield 
lines are determined from global equilibrium considerations, and not from 
the normality rule, as in the exact work method. The influence of these 
stresses on the energy dissipation in the yield lines is taken into account 
by means of stress factors. The formulae for these factors kstr;i are 
su.marized in Table 6.1. Since the stress factors depend on the load to be 
determined, the constant-rolling-radius mechanism curves can only be 
determined by means of an iterative procedure. 

The formulae for the mechanism initiation curve can be derived from the 
constant-rolling-radius mechanism curve corresponding to rrol = rtf' by 
noting that for the initiation of the mechanism: 

Ahw =Ahw;imec' 
and: 

flmec = 0· 
In Appendix C it is derived that Eq. 6.78 can then be written as: 

- .k4 + k2·Lyt + ka·Lyi 
1cB·imec(4Aw) - mpl ' 

' kl+ Lyt 
or: 

k5 + k6·Lyb + k1 ·Ly~ 1CB;imec<Ahw) = mpl' kg+ kg·Lyb 

(6.79) 

(6.80) 

(6.81) 

(6.82) 

From Eqs. 6.81 and 6.82 the distances Lyt and L b can be determined by 
y . 

minimizing the mechanism initiation load with respect to these parameters, 
resulting in: 

(6.83) 



I 
k6. kg- k5. kg 

k7·kg 
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Eqs. 6.83 and 6.84 must be satisfied simultaneously by means of an 
iterative procedure. 

{6.84) 

In the calculation of the stresses caused by the bending moment the 
effects of shear lag and local buckling must be considered. It is assumed 
that the effective widths due to local buckling are influenced by the 
concentrated load. The ultimate moment resistance of the member, taking 
into account the influence of the concentrated load on the effective widths 
due to local buckling, is denoted as the reduced ultimate moment resistance 
'u;red' Vhen the bending moment limec corresponding to the calculated 
mechanism initiation load Fimec is larger than the reduced ultimate moment 
resistance 'u;red' the member is believed to fail by the attainment of the 
(reduced) ultimate moment resistance, rather than by web crippling. 

Table 6.1 Overview of the hardening and geometry factors in moving yield 
lines 

geometry factor 
yield hardening factor kgeo;i kgeo;i 
line j khar;j (rrol=rtf) (rrol#rtf) 

1 khar; r( r rol) } 1 1 

2 ~ar;h(rrol) . Appendix 1 1 

4 khar;r<rrol) E 1/2 Appendix F 
5 ~ar;b(rrol) 1/2 Appendix F 
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Table 6.2 Overview of the stress factors in stationary yield lines 

yield stress factor kstr;i 
line i Equation 

3 1 6.19 

6+1 l'l;rtrl ·(1_114.('1;rtr) 2
) + 

l'l;fbrl+lul;rtrl fy 

+ lv,i!bfl ·(1-1/4·('1;fbr )2) 6.48 
lvl;fbrl+lvl;rtrl fy 

8+9 (1 _ 3/4·('1;tf)). 6tf;ef + 6tf;nt- 6tf;ef 6.44 
fy 6tf;nt · 6tf;nt 

10 (1 - 314.('1;bf)). 6bf;ef + 
6bf;nt- 6bf;ef > 6.46 

fy 6bf;nt 6bf;nt 
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Chapter 1 

PIEDICTION OF TIE IECIAIISI INITIATION LOAD 

There are two modes of knowledge, through argument and experience. 
Argument brings conclusions and compels us to concede them, but it 
does not cause certainty nor remove doubts in order that the mind 
may remain at rest in truth, unless this is provided by 
experience. 

R. Bacon 

7.1 Introduction 

In the previous Chapter a model was described which can be used to 
predict the load-deformation behavior of thin-walled cold-formed steel 
members subjected to the combined action of a concentrated load and a 
bending moment, failing by the rolling mechanism. To check the validity of 
this model, the predicted load-deformation behavior must be compared to 
test results. For this comparison a distinction is made between the 
initiation of the mechanism and the behavior after the initiation. The 
current Chapter focuses on the prediction of the mechanism initiation load. 
The load-deformation behavior after the initiation of the mechanism will be 
discussed in Chapter 8. 

The comparison of model and test results is based on the tests 
described in Chapter 4, on the understanding that only tests on members 
failing by the rolling mechanism are included. in overview of the 
experimentally determined mechanism initiation loads was presented in 
Chapter 4 (Tables 4.4 and 4.5). An overview of the mechanism initiation 
loads calculated with the model is given in Section 7.2, and a comparison 
between the predicted and observed mechanism initiation loads is given in 
Section 7.3.1. 

The test series were designed in order to be able to determine the 
influences of various parameters on the web crippling behavior, namely the 
plate thickness t, the yield strength fy' the span length Ltest' the length 
.of the load bearing plate Llb' the corner radius ri;tf' the web angle Ow, 
and the widths btf and bw of the top flange and the web. In Section 7.3.2 
the influences of these parameters on the mechanism initiation load are 
discussed. It is shown that, although the model gives reasonable results, 
it over or underestimates the influences of some parameters. 
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To determine possible explanations for the differences between model 
and test results, in Section 7.4 the impact of some simplification& made in 
the model is analyzed. These simplification& concern the neglect of flange 
curling, the modeling of the influence of stresses caused by the bending 
11011ent, and the ass1111ption that the load-web crippling deformation behavior 
is linear up to the initiation of the mechanism. In Section 7.5 finally the 
conclusions. of the comparison of the model and test result are. summarized. 

7.2 lodel renlts 

for the calculation of the mechanism initiation load two cnrves are 
needed: an elastic curve and a rigid-plastic mechanism initiation curve 
(fig. 7.1). The calculation of the elastic curve is not treated in this 
report; it is taken siaply as a straight line with a slope equal to the 
initial web crippling stiffness kAAw measured in the tests. 

F 

: F 
,elastic Ly~Lyt 

1 curve t,.. 
'imec (0)~--L.- JL IDIIIIIIIIIIIIIIIII~IIIIIIIIIIIIIII{.r.·w 

1 arctan kmic JJj /Yb, hw-Ahw 
'imecl6h~mec 1--

I . , : 
I ' , \..:.arc tan k6,., 

I : 

I 

6hw;imec 

mechanism initiation 
curve 

web crippling deformation 6hw 

Fig. 7.1 Calculation of the mechanism initiation load 

The determination of the mechanism initiation curve was discussed in 
Chapter 6. This curve describes potential mechanism initiation loads 
fimec(Ahw) as a function of the web crippling deformation Ahw. The actual 
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aechanism initiation load Fimec(Ahw;imec) is determined as the point of 
intersection of the elastic curve and this rigid-plastic mechanism 
initiation curve. In Table 7.1 an overview is given of the thus determined 
mechanism initiation loads and corresponding web crippling deformations. 

To give an impression of the path of the mechanism initiation curves, 
in Table 7.1 furthermore the mechanism initiation loads Fimec(O) 
corresponding to Ahw = 0 are listed. As illustrated by Fig. 7.1, the 
mechanism initiation curve is a descending curve, which in its first 
traject may be approximated with good accuracy by a straight line: 

1imec(Ahw) = 1imec(0) + kmic·Ahw, (7.1) 
where: 

. 1imec(Ahw·imec)-Fimec(O) 
kmic = ' • (7.2) 

Ahw·imec , 
The parameter kmic describes the (initial) slope of the mechanism 
initiation curve and indicates the sensitivity of the calculated mechanism 
initiation load to the web crippling deformation 4hw;imec (see Section 
7.4.4). 

Calculating the mechanism initiation load with the model implies 
determining the yield line pattern: the rolling radius is assu~ed to be 
equal to the top flange corner radius, and the distances L t and L b . y y 
between the yield lines in the top and bottom flanges are determined by 
minimizing the mechanism initiation load. To show the variation of these 
distances with increasing web crippling deformation, in Table 7.1 not only 
the distances Lyb and Lyt corresponding to Ahw=Ahw;imec are listed, but 
also the distances corresponding,to Ahw=O. Since the occurring yield line 
patterns are primarily relevant for the modeling of the load-deformation 
behavior after the initiation of the mechanism, they will further be 
discussed in Chapter 8. It is only noted here that the distances Lyt and 
Lyb predicted by the model result in reasonable yield line patterns, but do 
not correspond exactly to those observed in the tests. 

The reader aay find that Table 7.1 provides little insight in the 
influences of the varied parameters on the model results. These influences 
will therefore be discussed in Section 7.3.2. 
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Table 7.1 Overview of model results for tested meabers failing by the 
rolling mechanism 

1imec Lyb Lyt 1imec AAw;imec L b Lyt 1) 
(0) (0) (Ahw;imec> (IAw;iaec> kAAw kaic 

test [N] [mm] [N] [mm] [mm] .. (N/mm] [N/a] 

14 3929 74.2 24.5 3606 0.839 63.0 20.7 4298 -385 
15 3965 75.3 25.0 3931 0.874 75.7 25.4 4496 -39 
16 2495 81.0 31.2 2217 1.082 69.8 25.1 ·2049 -257 
17 2504 81.4 31.5 2295 1.171 71.2 27.0 196.0 -178 
18 2515 81.6 31.7 2392 1.217 72.8 29.1 1965 -101 
19b 2523 82.0 31.8 2507 1.271 82.6 32.4 1973 -13 
19c 2524 81.8 31.7 2506 1.370 82.5 32.3 1829 -13 
22 2993 91.6 41.8 2717 1.656 76.3 35.9 1641 -167 
23a 3002 92.7 42.4 2971 1.647 93.5 43.2 1804 -19 
23b 3003 92.7 42.4 2971 1.685 93.5 43.2 1763 -19 
27 4265 81.0 32.0 3867 1.437 61.0 27.1 2691 -277 
28 4379 84.1 33.6 4352 1.237 84.4 33.9 3519 -22 
29 4756 87.4 38.6 4384 1.442 65.7 34.1 3041 -258 
30 2741 95.1 45.2 2441 2.301 74.0 38.1 1061 -130 
31 2742 95.2 45.2 2585 2.215 77.4 41.8 1167 -71 
32 2740 95.5 45.3 2722 1.755 96.2 45.9 1551 -10 
35 3087 104.1 54.3 2783 2.521 79.5 47.1 1104 -121 
36 3088 104.7 54.3 3049 3.114 105.8 55.5 979 -13 
37b 4851 90.7 40.0 4847 1.360 91.1 40.4 3564 -3 
38 4537 81.7 32.1 4132 1.187 65.0 27.5 3481 -341 
39 4568 83.1 32.6 4524 0.907 83.5 33.0 4986 -48 
42 3330 76.5 26.9 2968 1.090 61.8 21.5 2722 -332 
45 3950 87.2 41.9 3427 2.210 50.8 33.7 1551 -237 
47 5392 124.6 25.1 4906 0.899 106.7 18.8 5456 -540 
48 3361 132.3 32.5 3013 1.401 114.6 24.2 2151 -248 
51 3753 153.9 54.7 3342 2.744 119.4 44.2 1218 -150 
53 2809 50.3 25.4 2598 0.852 41.9 22.8 3048 -248 
54 1873 57.4 32.4 1693 1.472 47.6 28.3 1150 -122 
56 3641 64.7 40.2 3356 1.599 45.8 36.4 2099 -178 
57 2454 80.0 55.1 2222 2.578 59.2 49.3 862 -90 
59 1469 82.0 32.1 1355 1.142 71.9 27.9 1186 -100 
61 1775 104.6 54.7 1637 2.014 84.6 49.0 813 -69 
63 5126 80.4 . 30.6 4727 1.060 70.7 26.5 4460 -376 
65 6094 103.4 53.6 5591 2.092 82.4 47.7 2673 -240 
67 5176 121.8 23.6 4418 0.729 102.8 13.2 6059 -1040 
68 3277 131.2 31.8 2678 1.323 108.8 17.2 2024 -453 
71 3653 146.9 51.4 2929 2.833 109.2 32.1 1034 -258 
110 2720 86.3 36.4 2477 1.454 73.3 31.2 1703 -178 

1) determined trom experiments, see Table 4.4 
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7.3 Co!Qarison of the .odel and test results 

7.3.1 Overview 

To compare the model and test results, the mechanism initiation loads 
predicted by the model are compared to those observed in the tests. The 
mechanism initiation loads Fimec(Ahw;imec) predicted by the model (Table 
7.1) are determined as the point of intersectio~ of the elastic curve and 
the rigid-plastic mechanism initiation curve. For simplicity, in the 
following these loads will be denoted as Fimec' The mechanism initiation 
load is defined to be the load corresponding to the initiation of the hinge 
mechanism, that is, the load corresponding to the largest web crippling 
deformation for which ,mec = 0. For practical reasons, the mechanism 
initiation loads Fimec;test observed in the tests (Tables 4.4 and 4.5) are 
determined from the measured load-deflection behavior (Section 4.4.1). 

z 4 

~ 
u 
"' !2 3 

2 

2 

deflectoon w (nm] 

z 
~ 

u 
"' .Q 

4 
.'elastic curve 

3 

2 

>CF;mec 
• "'imec;test 

1 2 3 4 5 
lihw;imec 

web crippling deformation lihw [nm] 

Fig. 7.2 Predicted and measured mechanism initiation loads in test 16 

From Fig. 7.2 it can be seen that in the model it is assumed that the 
load-we~ crippling deformation behavior is linear up to the initiation of 
the mechanism, while according to the tests this behavior may be 
non-linear. The influence of non-linear web crippling deformations on the 
·aodel results will be discussed in ·section 7 .4.4. 

In Table 7.2 an overview is given of the ratios Fimec;test/Fimec for 
all tested members failing by the rolling mechanism. In Table 7.3 the 
correlation coefficients of the predicted and observed mechanism initiation 
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loads are given, together ~ith the mean value and coefficient of variation 
of the ratios Fimec;test/fimec· In general, the model slightly 
overestimates the mechanism initiation load. As will be discussed in the 
next Section, this overestimation is largest for the members witk a corner 
radius of 5 mm. Yet the fact that the mean values of the ratio 
Fimec;testl'imec are close to 1 clearly demonstrates that the model makes 
sense, especially since no empirical correction factors were used in the 
calculations. The correlation coefficients meet the efficiency requirements 
(correlation coefficient ~ 0.9) of design models, formulated in the 
procedure for the determination of the design resistance from tests 
(Eurocode 3, 1988, Part 1, Annex Z). The coefficients of variation of the 
ratios Fimec;test/fimec are rather high, but not unreasonable when compared 
to the coefficients of variation reported for the existing web crippling 
prediction formulas (predicting the ultimate web crippling load instead of 
the mechanism initiation load). Wing (1981), for instance, reported a 
coefficient-of variation of 0.137 in the evaluation of his web crippling 
prediction formula with 90 Cb web crippling tests, and a coefficient of 
variation of 0.143 in the evaluation of his empirical interaction formula 
for combined bending and web crippling with 286 CB web crippling tests. 
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Table 7.2 Overview of ratios a1iaec = fimee;test/limee of tested members 
failing by the rolling mechanism 

Llb= 25 

ri·t 10 
ll&t. ew bli btf L 

1 900 50 60 0 

190 
290 
390 

50 160 0 

290 
100 6o I 0 

290 
490 

100 160 0 
490 

50 100 290 
2 900 50 60 265 0.845 0.939 

340 
540 

100 160 450 0.748 
460 0.965 
540 
940 

600 50 60 290 

~4~ 3 90° 290 
490 

4 900~290 
1 490 

0
fimec 

Llb= 50 

5 10 

0.953 t:l 
1.112 

0.830 1.036 
1.041 

0.909 0.956 
0.936 

0.739 0.854 

0.892 

1

0.954 I 

0.763 0.806 
0.828 0.876 

1.022 

89 
~.823 

1.222 
1.071 
0.903 
0.860 

L1b= 100 

5 10 

0.806 0.993 
o. 703 0.956 

1.072 
0.960 

tests 

15-19b 
19c 
18 
14-17 
16 
39-23a 
23b 
38-22 
28-32 
31 
27-30 
37b-36 
29-35 
110 
53-54 
47'-48 
67-68 
56 
57 
51 
71 
42 
45 
59 
61 
63 

65 
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Table 7.3 Statistical evaluation of the efficiency of the model 

41taee = 1imec;testf1imec 

number ·correlation mean coefficient 
tests of tests coefficient of variation 

all (CB and C tests) 38 0.926 0.933 0.138 

C tests (Ltest= 0) 10 0.901 0.942 0.130. 

ri;tf = 5 mm 4 0.057 * 0.879 0.105 

ri·tf = 10 mm 6 -0.414 * 0.983 0.126 

CB tests (Ltest# 0) 28 0.932 0.930 0.143 

ri;tf = 5 mm 8 0.911 0.798 0.104 
r .• = 10 mm 20 0.966 0.982 0.096 

* the correlation .coefficients for these small svbsamples merely indicate 
that the model does not accurately describe the influence of the midth of 
the meb and the midth of the top flange in the C tests (fables 7.9 and 
7.10). 

In Tables 7.2 and 7.3 (and in the discussion of the influences of the 
varied parameters on the mechanism initiation load in the next Section), 
both tests on members subjected to a concentrated load only (C tests with 
Ltest= 0) and tests on members subjected to the combined action of a 
concentrated load and a bending moment (CB tests with Ltest> 0) are 
included. The C tests do not correspond to practical loading conditions, 
but are included since they represent the marginal loading condition in the 
model corresponding to Ltest= 0. Seemingly the model gives better results 
for the CB tests than for the C tests. In interpreting Table 7.3 it must be 
noted though that the performed C tests cover a much smaller range of 
varied parameters than the CB tests. However, not so good results for the C 
tests might be explained from the influence of bottom flange indentations 
on the test results, which are neglected in the model. 
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7.3.2 Influences of the varied oaraaeters 

In this Section the influences of the varied parameters as observed in 
the tests are compared to the influences predicted by the model. The 
parameters are discussed in the following order: plate thickness and yield 
strength - span length length of the load bearing plate - corner radius -
web angle - width of the top flange -width of the web. The conclusions are 
summarized in Section 7.5. 

Influence of the vlate thickness and the yield strength 

The influences of the plate thickness and the yield strength on the 
aechanism initiation load are treated together, since the plastic moment 
capacity mpl (and thus the product t2·fy) is a fundamental parameter in 
yield line analysis. According to the model, the mechanism initiation curve 
is proportional to the plastic moment mpl' Alt~ough this does not 
necessarily mean that the mechanism initiation load is also proportional to 
mpl (because this load is also influenced by the elastic curve), in Fig. 
7.3, for two representative tests, the mechanism initiation load is shown 
as a function of the product t2·f • Table 7.4 gives a overview of the 
ratios Fimec;test/Fimec for all the tests which can be used to study the . 
influence of the plate thickness and the yield strength. Both in the model 
and in the tests, increasing values of t2·fy result in increasing mechanism 
initiation loads. The increase predicted by the model is slightly higher 
than that observed in the tests. Yet the good correspondence between model 
and test results may be interpreted as a justification of the use of yield 
line theory. 



193 

6.----------------------------------. 

i 5 + test 
• model 0 

l.i..~ 4 65 

3 

2 35 

0~----~----~----~----~--~~--~ 

0 100 200 300 

Fig. 7.3 Comparison of the predicted and observed influences of the plate 
thickness and the yield strength 

Table 7.4 Overview of the ratios a1iaec = Fimec;test/Fimec for the tests 
which can be used to study the influence of the plate thickness 
and the yield strength 

mat. t fy 
[mm] [N/mm2] 

3 . 0.58 258 
1 0.68 327 
4 0.97 312 

t 2 ·I 
[N] y 

87 
151 
294 

a Fimec 

.£test=290 mm Ltest=490 mm 
bte 60 mm btf=160 mm 
bw= 50 mm bw=100 mm 

1.222 1.071 

1.036 0.876 
0.903 0.860 

tests 

59-61 
17-35 
63-65 
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Influence of the span length 

As illustrated in Fig. 7.4, both in the model and in the tests, an 
increasing span length results in a decreasing mechanism initiation load. 
Table 7.5 shows that the ratio Fimec;test/Fimec decreases with increasing 
span length. This indicates that the model tends to underestimate slightly 
the influence of the span length. This might be caused by an inaccurate 
•odeling of the influence of the stresses caused by the bending moment on 
the energy dissipation in the moving yield lines (Section 7.4.2). For a 
good evaluation of the influence of the span length it is necessary though 
to include longer span tests. 

Table 7.5 Overview of the ratios a1imec= Fimec;test/Fimec for the tests 
which can be used to study the influence of the span length 

mat. bw 6tf Llb Ltest ri·tf °Fimec ' 
[mm] [mm] [mm] [mm] [mm] 

1 50 60 50 190 10 1.112 
290 1.036 
390 1.041 

100 60 50 290 1.o61 I 
490 0.990 

2 50 60 100 340 5 0.806 
540 0.703 

100 340 10 0.993 
540 0.956 

100 160 100 540 10 1.072 
940 0.960 

Ow=900, ut. 1: .t;,0.68 mm, fy=327 N/mm2 
ut. 2: t=0.62 mm, !

1
=376 N/mm2 

tests 

18 
17 
16 
31 
30 
47 
67 
48 
68 
51 
71 
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• model 
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Ltest [m] 

Fig. 7.4 Comparison of the predicted and observed influences of the span 
length 

Influence of the length of the load bearing plate 

As illustrated in Fig. 7.5, both in the model and in the tests 
increasing bearing lengths result in increasing mechanism initiation loads. 
Table 7.6 shows the ratios Fimec;test/Fimec for the tests which can be used 
to study the influence of the length of the load bearing plate on the 
mechanism initiation load. It can be concluded that the model is reasonably 
accurate in predicting this influence. 
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Llb [rrm] 

Fig. 7.5 Comparison of the predicted and observed influences of the length 
of the load bearing plate 

Table 7.6 Overview of the ratios a1imec= fimec;test/fimec for the tests 
which can be used to study the influence of the length of the 
load bearing plate 

bw btf ri·tf 
[•] [mm] [~] 

50 60 5 
10 

100 160 10 

a Fimec 

Llb= 25 mm Llb= 100 mm 

0.845 0.806 
0.939 0.993 
0.965 1.072 

tests 

53-47 
54-48 
57-51 

Ow=900, t=0.62 •, fy=376 N/ .. 2, Ltest=L1b+4·bw+40 • 
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Iafluence of the corner radius 

fig. 7.6 shows an example of the predicted and observed influences of 
the corner radius on the mechanism initiation load. Both in the model and 
in the tests, a decreasing corner radius results in an increasing mechanism 
initiation load. From Tables 7.3 and 7.7 and Fig. 7.7 it can be seen that 
the model gives good results for the members with ri;tf = 10 mm, but 
consistently overestimates the mechanism initiation load for members with 
ri;tf = 5 mm. This does not necessarily mean that the influence of the 
corner radius is modeled incorrectly. lembers with ri;tf = 5 mm may fail by 
a mixed mechanism rather than by the rolling mechanism (see Section 4.4.3 
and Fig. 7.8). Also, the-sensitivity of the mechanism initiation load to 
the corner radius increa~es with decreasing corner radius. 

Table 7.7 also shows that the overestimation of the influence of the 
corner radius by the model increases with increasing span length. This 
might be caused by inaccurate modeling of the influence of stresses caused 
by the bending moment on the energy dissipation in the moving yield lines 
(Section 7.4.2). 

r i;tf [rrm] 

Fig. 7.6 Comparison of the predicted and observed influences of the corner 
radius 
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Table 7.7 Overview of the ratios aftmec = fimec;test/Fimec for the tests 
which can be used to study the influence of the corner radius 

aftmec 

ri·tf .... 
aftmec(10) 

ov btf Ltest ! mat. bv Lib 5mm 10 mm 
[mm] [mm] [mm] [mm] aftmec(S) test 

1 900 50 60 50 0 0.953 15-19b/c 
290 0.830 14-17 

50 160 50 0 0.909 39-23a/b 
290 0.739 38-22 

100 60 50 0 0.892 28-32 
490 0.881 27-30 

100 160 50 0 0.763 0 1.056 37b-36 
490 0.828 0.876 1.058 29-35 

2 900 50 60 25 265 0.845 0.939 1.111 53-54 
100 340 0.806 0.993 1.232 47-48 

540 0.703 0.956 1.360 67-68 
100 160 25 450 460 0.748 0.965 1.290 56-57 

mat 1: t=0.68 mm, fy=327 N/mm2 mat 2: t=0.62 mm, fy=376 N/mm2 

0 CB tests • other 
Table 7.7 CB tests 

1.5 ,---------------------. 

• 
• 

1.0 - - - - - - - - - - - - - - - - - - t --------
8 I 
8 

~s~~~~~~~~~-~L-~~~~~ 

0 5 10 15 

ri:tf [nm] 

fig. 7.7 Accuracy of the model predictions as a function of the corner 
radius. 
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• Fimec;test • Fimec;test 

3 

-test 14 
2 

- test 17 
--- test 27 

- test 47 lri;tt= 5
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- - - test 30 ..-----.,--, 
-- test 48 jri;tf- 10 I 

test 56 ···· test 57 

0~------~~~--~----~~ 0~--~--~~----~------~ 
0 5 10 15 0 5 10 15 

web crippling deformation l>"'w [rrrn] web crippling deformatton l>h.w(rrrn] 

Fig. 7.8 Some load-web crippling deformation curves for comparable members 
with ri;tf = 5 and ri;tf = 10 mm respectively, failing by the 
rolling mechanism 

Influence of the web angle 

The web angle is an interesting parameter, because the effect of a 
decreasing web angle on the mechanism initiation load is opposite to its 
generally believed effect on the ultimate load. According to the existing 
web crippling prediction formulas, the ultimate load decreases with more 
inclined webs, whereas the model predicts an increasing mechanism 
initiation load. This difference is caused by the fact that the web 
crippling prediction formulas consider the component of the load acting in 
the web (Section 3.2), while the model considers the energy needed to 
deform a member (Fig. 7.9). Unfortunately there are only two tests 
available to check the influence of the web angle, since most tested 
members with a web angle of 600 failed by the yield arc mechanism. From 
Figs. 7.10 and 7.11 it can be seen though, that the tendency predicted by 
the model is confirmed by the test results, albeit that the model 
overestimates the influence of the web angle. This overestimation may be 
caused by inaccurate modeling of the influence of stresses caused by the 
bending moment on the energy dissipation in the moving yield lines (Section 
7.4.2). It may be noted (Table 7.8) that the tests shown were made from 
different materials. Using Table 7.4 to correct for these differences would 
make the increase in the mechanism initiation load due to the decrease in 
the web angle even more pronounced. 
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ou~>c:lu, 6ui>ou2 !Appendix Bl 
ou : incremental yield line 

displacements due to dllhw 

fig. 7.9 Influence of the web angle according to the web crippling 
prediction formulas and the model 
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lig. 7.10 Comparison of the predicted and observed influences of the web 
angle in tests 17 and 42 
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fig. 7.11 Comparison of the predicted and observed influences of the web 
angle in tests 35 and 45 

Table 7.8 Overview of the ratios aFimec= Fimec;test/Fimec for the tests 
which can be used to study the influence of the web angle 

ow mat. t fy 
[mm] [N/mm2J 

900 1 0.68 327 
600 2 0.62 376 

°Fimec 

Ltest=290 mm Ltest=490 mm 

t 2 • f bt£= 60 mm btf=160 mm 

[ri] y bw= 50 mm bw=100 mm 

151 11 1.036 0.876 
145 0.889 0.823 

tests 

17-35 
42-45 

So far no model for the yield arc mechanism has been developed. 
However, since the yield arc mechanism is essentially a buckling mechanism, 
it is likely that the ultimate load in members failing by the yield arc 
mechanism decreases with decreasing web angle. Since the mechanism 
initiation load for members failing by the rolling mechanism increases with 
decreasing web angle, it can be concluded that members with inclined webs 
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are aore likely to fail by the yield arc mechanism than members with 
vertical webs (see also Fig. 4.22). This conclusion is confirmed by the 
fact that all tested members with inclined webs and a corner radius of 5 mm 
failed by the yield arc mechanism (Table 4.6), while almost all other 
.eabers with a corner radius of 5 mm failed by the rolling mechanism. Fig. 
7.12 illustrates that the eccentricity of the load application on the web 
decreases with decreasing web angle. A decreasing web angle thus has a 
siailar effect on the web crippling behavior as a decreasing corner radius. 

fig. 7.12 Influence of the web angle on the eccentricity of the load 
application on the veb 

IRflaenee of the width of the top fliiiJ 

According to the aodel the aechanisa initiation load increases with 
increasing width of the top flange. Table 7.9 shows that in all CB tests 
(ttest> 0), except tests 110 and 22, the experiaentally deterained 
aechanisa initiation load indeed increases with increasing width of the top 
flange, but that the.increase predicted by the aodel is auch larger than 
that observed in the tests (fig. 7.13). For all C tests (ttest= 0), except 
tests 15 and 39, the experiaentally deterained aechanisa initiation load 
(slightly) decreases with increasing width of the top flange. It can be 
concluded that the aodel consistently overestimates the influence of the 
width of the top flange. The overestimation is larger for .eabers with a 
large corner radius, and may be caused by the inaccurate aodeling of the 
influence of flange curling (Section 7.4.1). The results of tests 110 
iadieate that possibly this overestiaation occurs only for members with 
very wide top flanges. 
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Table 7.9 Overview of the ratios aFimec = Fimec;test/Fimec for the tests 
which can be used to study the influence of the width of the top 
flange 

Ltest bw 
[mm] [mm] 

0 50 

100 

290 50 

490 100 

z 
~ 

0 
Q) 

E 
LC 

F imec; test [kN] 4Fimec 

btf -1 60 100 160 60 100 160 ap. (160) 
[•] [•] [•] [•] [•] [11111] 1mec 

ri·tf 
ap. (60) [~] 1mec 

5 3.746 4.111 0.953 0.909 0.954 

10 2.814 2.812 1.123 0.946 0.842 
5 3.882 3.700 0.892 0.763 0.855 

10 2.597 2.459 0.954 0.806 0.845 
5 2.992 3.054 0.830 0.739 0.890 

10 2.378 2.532 2.321 1.036 1.022 0.854 0.824 
5 3.406 3.631 0.881 0.828 0.940 

10 2.417 2.438 0.990 0.876 0.885 

3.0 
+ test. 

• model 

35 
2.5 

2.0 '---~-....___-~_........__~-----'--~-__J 
0 50 100 150 200 

tests 

15-39 
b a 

19c-23b 
28-37b 
32-36 
14-38 
17-1.10-22 
27-29 
30-35 

Fig 7.13 Comparison of the predicted and the observed influences of the 
width of the top flange 
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lnf1aeDce of the width of the web 

According to the model the mechanism initiation load increases with an 
increasing width of the web. In the C tests (Ltest= 0) this tendency is not 
recognized; Table 7.10 shows that for some tests the mechanism initiation 
load decreases, while for others it slightly increases. As shown in 
Jig. 7.14, in the only CB test (Ltest> 0) which can be used to check the 
influence of the width of the web, the increase in the mechanism initiation 
load predicted by the model corresponds reasonably to that observed in the 
test. 

i 
3.0 

+ test 

~ 
• model 

t.C 

2.5 

2.0 1!:---~------''------'~---l-----'----l 
0 50 100 150 

bw [mm) 

fig. 7.14 Comparison of the predicted and observed influences of the width 
of the web 
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Table 7.10 Overview of the ratios aFimec = Fimec;test/Fimec for the tests 
which can be used to study the influence of the width of the 
web 

Fimec;test[kNJ 

bw -+ 50 mm 100 mm 

Ltest btf ri·tf , 
[mm] [mm] [mm] 

0 60 5 3.746 3.882 
10 2.814 2.597 

160 5 4.111 3.700 
10 2.812 2.459 

290 60 10 2.378 2.742 

7.4 Evaluation of so•e basic assu.ptions 

7.4.1 Influence of flange curling 

aFiaec 

50 1111 

0.953 
1.123 
0.909 
0.946 
1.036 

100 mm 

0.892 
0.954 
0.763 
0.806 
1.061 

tests 

15-28 
19b/c-32 
39- 37b 
23a/b- 36 
17- 31 

In the tests it was 9bserved that the top flange deflects underneath 
the load bearing plate (Fig. 4.8). This phenomenon, which is stronger for 
members with wider top flanges and larger corner radii, is neglected in the 
model. From the findings that the model overestimates the increase in the 
mechanism initiation load for an increasing width of the top flange, and 
that this overestimation is stronger for members with large corner radii, 
one may formulate the hypothesis that, due to flange curling, the yield 
lines are formed only near the edges of the top flange (Figs. 7.15 and 
7.16), and that the center part of the flanges is deformed elastically. The 
influence of flange curling would then be to reduce the energy dissipation 
in the yield lines in the top flange. This reduction might be modeled by 
developing (empirical) effective length formulas for these yield lines. 
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Fig. 7.15 Observed yield line patterns in two tests with wide top flanges 

partially formed_.---:\ , 
yield lines ,' 

Fig. 7.16 Influence of flange curling on the formation of the yield lines 
in the top flange 
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7.4.2 Influence of the stresses caused by the bending .o-ent 

In discussing the influence of the stresses caused by the bending 
moment on the determination of the mechanism initiation load, two questions 
must be answered. First, are the stress factors describing the influence of 
a given stress distribution. on the energy dissipation in the yield lines 
determined correctly (Section 6.4.2). Second, is the stress distribution 
resulting from the global bending moment calculated with sufficient 
accuracy (Sections 6.4.1 and 6.5). In this Section the accuracy of the 
stress factors is discussed. In Section 7.4.3 the proposed method of 
determining the stress distribution accounting for the influence of a 
concentrated load on the effective widths is evaluated. 

To discuss the influence of the bending stresses on the energy 
dissipation in the yield lines, and hence on the determination of the 
mechanism initiation load, in Table. 7.11 an overview is given of the ratios 
•imecl'u;red' where limec is the moment corresponding to the calculated 
mechanism initiation load: 

1imec 114'1imec·(Ltest-Llb), (7.3) 
and 'u;red is the calculated reduced ultimate moment capacity of the 
member, taking into account the influence of the concentrated load on the 
effective widths of the flange and web elements due to local buckling. This 
ratio can be used as a measure of the stresses caused by the bending 
moment. As can be seen, for test 45 the ratio limecl•u;red is larger than 
1. This is caused by an overestimation of the influence of the concentrated 
load on the effective widths (Section 7.4.3). In the model the stress 

factors for a member where limec>'u;red are calculated as if limec=•u;red' . 
that is, as if the assumed stress distribution corresponds to that at 
failure by bending moment. Test 45 is thus a suitable test for evaluating 
the influence of the stresses caused by the bending moment. 

In Table 7.1 it was shown that the calculated mechanism initiation load 
for test 45, taking into account the influence of stresses caused by the 
bending moment, equals 3.427 kN. Neglecting the influence of these stresses 
(by taking all stress factors equal to 1) results in a mechanism initiation 
load of 3.555 kN. Thus, according to the model, the influence of the 
stresses is very small (the difference between neglecting and considering 
the influence of stresses corresponding to the ultimate bending moment 
being less than 4 7.). 
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Table 7.11 Overview of the ratios limecl•u;red 

Llb -+ 25 50 

ri;tf -+ 5 10 5 
•at. Ow bw 6tf Ltest 1 

1 900 50 60 0 0.000 

190 
290 0.472 
390 

50 160 0 0.000 

290 0.522 
100 60 0 0.000 

290 
490 0.676 

100 160 0 0.000 
490 0.701 

50 100 290 
2 900 50 60 265 0.482 0.300 

340 
540 

100 160 450 0.566 
460 0.378 
540 
940 

600 50 60 290 
100 160 490 

3 900 50 60 290 
100 160 490 

4 900 50 60 290 
100 160 490 

100 

10 5 

0.000 
0.000 
0.270 
0.299 
0.384 
0.000 
0.000 
0.343 
0.000 
0.246 
0.422 
0.000 
0.434 
0.313 

0.654 
0.978 

0.702 
1.534 
0.276 
0.391 
0.344 
0.457 

10 

0.400 
0.602 

0.570 
0.935 

tests 

15-19b 
19c 
18 
14-17 
16 
39- 23a 
23b 
38-22 
28-32 
31 
27-30 
37b- 36 
29-35 
RlO 
53-54 
47-48 
67-68 
56 
57 
51 
71 
42 
45 

59 
61 
63 
65 
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The main reason for this small influence is the assumption that the 
energy dissipation in the moving yield lines, which accounts for a major 
part of the total energy dissipation (Table 7.12), is not affected by the 
stresses caused by the bending moment. Furthermore, the influence of the 
stresses on the energy dissipation in the yield lines in the top flange is 
small, due to local buckling (Table 7.13). 

Table 7.12 Yield line contributions to the mechanism initiation load in 
test 45, calculated neglecting the influence of the bending 
moment 

test 45 [kN] % 

moving yield lines 2.057 57.9 
stationary yield lines in 

web 0.828 23.3 
top flange 0.665 18.7 
bottom flange 0.005 0.1 

total fimec 3.555 100 

Table 7.13 Example of the calculation of the stress factors kstr 
determining the reduction of the energy dissipation in the 
yield lines in the top flange as a function of the stress u in 
the top flange 

kstr = 
be£ b- be£ 

(1-3/4·(1T// )2)·- + --
y b b 

IT = 0.5•/ er y 

qff IT/ IT er beffb kstr 

0.00 0.00 1.000 1.000 
0.25 0.50 0.974 0.954 
0.50 1.00 0.780 0.854 
0.75 1.50 0.670 0.717 
1.00 2.00 0.597 0.552 



210 

The theoretical determination of the exact influence of the stresses on 
the energy dissipation in the yield lines is very complex, since it 
requires the derivation of a yield surface which is both kinematically and 
statically admissible (Section 5.2.5). The fact that the model 
underestimates the influence of the span length may indicate that the 
chosen kinematical approach underestimates the influence of longitudinal 
stresses on the energy dissipation in the moving yield lines and requires 
modification. A recent study on the moment capacity of an inclined yield 
line under axial load (Zhao and lancock, 1992 a and b) also suggests that a 
statically admissible stress-field induced yield surface gives better 
results than a strain-increment field induced yield surface or than a 
stress-field induced yield surface based on the kinematical assumption that 
the yield lines are not deformed in their length direction. 

It may be noted that an inaccurate modeling of the influence of bending 
stresses on the energy dissipation in the yield lines not only influences 
the sensitivity of the model to the span length, but also to the corner 
radius, the length of the load bearing plate, and the web angle. 

It should be kept in mind that the fact that the model results are 
hardly influenced by the stresses caused by the bending moment, does not 
mean that the model results are not influenced by the bending moment 
itself. In the previous Section it was shown that, according to the model, 
the mechanism initiation load decreases with increasing span length. This 
decrease is caused by the increasing incremental external work resulting 
from the mechanism rotation. 

7.4.3 Determination of the stresses caused by the bending moment 

At the beginning of Section 7.4.2 it was stated that, in discussing the 
influence of the stresses caused by the bending moment on the determination 
of the mechanism initiation load, two questions ~ust be answered, namely 
whether the stress factors are determined correctly, and whether the stress 
distribution resulting from the bending moment is calculated with 
sufficiently accuracy. One might argue that an accurate determination of 
the stresses caused by the bending moment is not important, since it was 
shown in the previous Section that these stresses hardly influence the 
mechanism initiation load. However, since it was also concluded that this 
might be caused by an underestimation of the influence of these stresses on 
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the energy dissipation in the moving yield lines, it is thought worthwhile 
to include a discussion of the accuracy of the deteraination of the bending 
stresses in this report. 

In the model described in Chapter 6, both the effects of shear lag 
(Section 6.5.3) and local buckling of the flange and web eleaents (Section 
6.5.2) are taken into account by means of an effective width approach. 
furtheraore it is assuaed that the effective widths of the top flange and 
web eleaents due to local buckling are reduced by the application of a 
concentrated load (Section 6.5.2). This reduction affects both the stress 
distribution in the aeaber and the ultimate aoaent capacity. In Section 
7.4.2 it vas stated that.the influence of the concentrated load is 
overestiu.ted. To show this, in Table 7.14 an overview is given of the 

ratios 'u;test/10 , 'u;testf'u;red' and 'u;redflu, for all the tests of test 
series 2 (including aeabers failing by the yield are aechanisa), where 1

0 
and 'u;red are the ultiaate aoaent capacities calculated by neglecting 
respectively taking into account the influence of the concentrated load on 
the effective widths of the top flange and web, and 'u;test is the aaxiaua 
aoaent occurring in the tests, calculated as: 

1u;test= 114•1u;test·(£test-Llb). (7.4) 
for u.ny tests the ratio 'u;testl'u;red is larger than 1. This means that 
the maximum moments occurring in the tests are larger than the predicted 
reduced ultimate moment resistances, and thus that the model underestiaates 
this resistance, most. li~ely because it overestimates the influence of the 
concentrated load on the effective widths of the web and flange elements. 
(The results of bending tests on sections, similar to those used for the 
web crippling tests (Van Neste, 1983), show that the calculation procedure. 
for •u is reasonably accurate). 

In members with vertical webs {lw = 900), the reduction of the moment 
capacity by the application of the concentrated load is solely caused by 
the reduction of the effective widths in the web. In members with inclined 
webs, the concentrated load not only influences the effective width of the 
webs, but also that of the flange. This is probably the reason that the 
largest overestimation of the influence of the concentrated load on the 
bending aoment capacity occurs in members with inclined webs. 

It can thus be concluded that the calculated bending stress 
distribution is not very accurate. It should be noted though that, even 
when the influence of the concentrated load on the effective widths could 
be modeled 'exactly', the resulting stress distribution would still be a 
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rather crude approximation, because the variation in the stresses in the 
top flange and the web due to the shape of the buckling wave is neglected 
(see also Fig. 6.20). 

Earlier in this Section it was stated that the reduction of the 
effective widths by the application of a concentrated load affects both the 
stress distribution and the ultimate moment capacity. In principle a member 
subjected to the combined action of a concentrated load and a bending 
aoaent may fail by the attainment of the (reduced) ultimate moment 
resistance (Section 4.4.3), rather than by combined bending and web 
crippling. Vhen test results indicate that this type of failure indeed 
occurs for practical loading conditions, the prediction of this failure 
aode might also require a further investigation into the influence of the 
concentrated load on the effective widths. It may be noted though that the 
reduction of the ultimate bending moment resistance decreases with a 
increasing span length, since in long span members a given bending moment 
is caused by'& smaller concentrated load than in short span members. 
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Table 7.14 loment capacities for test series 2 

test ri;tf 0w Ltest 
1u;test 1u;test 1u·red .....:..z..:..: 
1u;red 'u 'u 

[a] (OJ [a] 

40 1 60 290 ·1.034 0.599 0.579 l 2 
41 5 60 290 0.789 0.466 0.591 2 
42 10 60 290 0.738 0.436 0.590 2 

43 1 61 490 1.941 0.474 0.244 1 2 

44 5 61 490 1.587 0.401 0.252 2 

45 10 61 490 1.553 0.395 0.254 2 

46 1 90 340 0.932 0.797 0.855 
47 5 91 340 0.569 0.503 0.883 
48 10 91 340 0.534 0.483 0.905 
49 1 90 540 1.232 0.683 0.555 1 

50 5 90 540 0.780 0.436 0.559 
51 10 91 540 0.679 0.383 0.565 
52 1 90 265 0.798 0.491 0.615 
53 5 89 265 0.556 .0.358 0.643 
54 10 89 265 0.554 0.384 0.693 
55 1 90 460 0.740 0.411 0.555 
56 5 90 450 0.611 0.342 0.560 
57 10 90 460 0.573 0.324 0.565 
58 1 90 290 0.772 0.611 0.791 
59 10 90 290 0.540 0.447 0.827 
60 1 90 490 0.911 0.510 0.559 
61 10 91 490 0.610 0.348 0.571 
62 1 90 290 0.633 0.633 1.000 
63 10 89 290 0.460 0.460 1.000 
64 1 91 490 0.762 0.441 0.578 
65 10 92 490 0.586 0.347 0.592 
66 1 90 540 1.012 0.954 0.943 t 

66a 1 89 540 1.066 1.005 0.943 1 

67 5 92 540 0.779 0.740 0.949 
68 10 92 540 0.708 0.679 0.959 
69 1 90 940 0.705 0.945 0.554 
70 5 91 940 1.268 0. 715 0.564 1 

71 10 90 940 0.976 0.562 0.576 
72 1 60 540 2.076 0.583 0.281 2 

73 5 61 540 1.809 0.518 0.286 2 

74 10 60 540 1.593 0.450 0.283 1 2 

B.1 1 90 290 0.678 0.561 0.829 
110 10 90 290 0.465 0.419 0.900 

1: tests for which 'u;testflu;red>1 
2: tests on members with inclined webs 
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7.(.( Influence of the non-linear web cripplinc deforaations 

In the model it is assumed that the load-web crippling deformation 
behavior is linear up to the initiation of the mechanism. This is a 
simplification; from Fig. 7.2 it can be seen that in the tests the load-web 
crippling deformation behavior becomes non-linear before the initiation of 
the mechanism. Since the mechanism initiation curve is a descending curve, 
it is to be expec.ted that the neglect of non-linear web crippling 
deformations results in an overestimation of the mechanism initiation load 
by the model. It can be deduced form Tables 7.1, 4.4 and 4.5 that for the 
performed tests this overestimation may amount up to 7 ~. It was found 
however, that considering the non-linear web crippling deformations does 
not result in a consistently_better prediction of the mechanism initiation 
load. This may be caused by· the fact that the determination of the 
experimental mechanism initiation· load and the corresponding web crippling 
deformation is (necessarily) somewhat arbitrary (Section 4.4.1). As yet, 
there is no reason thus to refine the model to consider non-linear web 
crippling deformations. 

Table 7.15 shows that the slope of the mechanism initiation curve 
increases with increasing span length. Since it is to be expected that the 
non-linear web crippling deformations at the initiation of the mechanism 
decrease with increasing span lengths (Fig. 7.17), it is likely that the 
influence of non-linear web crippling deformations may also be neglected in 
longer span tests. For the insight of the reader it may be added that the 
descent of the mechanism initiation curve is caused by the influence of the 
mechanism rotation on the incremental external work. 

caused by 
tsmall} influence 
of stresses * 

F 

non-linear etastic curve 
(independent of L testl 

web crippling deformation 

Fig. 7.17 Influence of non-linear web crippling deformations on the 
calculation of the mechanism initiation load 
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Table 7.15 Influences of the varied parameters on the slope kmic of the 
mechanism initiation curve 

kmic[N/•] 

-'lb= 25 -'lb= 50 .£lb=100 

ri·tf ... 5 10 5 10 5 10 
ll&t. (Jw bw 6tf Ltest i tests 

1 900 50 60 0 -39 -13 15-19b 
-13 19c 

190 -101 

t= 
18 

290 -385 -178 14-17 
390 -257 16 

50 160 0 -48 -19 39-23a 
-19 23b 

290 ~-167 38-22 
100 60 0 - -10 28-32 

290 -71 31 
490 -277 -130 27-30 

100 160 0 -3 -13 37b-36 
490 -258 -121 29-35 

50 100 290 

p8 

-167 IUO 
2 900 50 60 265 -122 53-54 

340 -540 -248 47-48 
540 

R:· 
-1040 -453 67-68 

100 160 450 56 
460 51 

540 ·-150 51 
940 t -256 71 

600 50 60 290 -332 42 
100 160 490 -237 45 

3 900 50 60 290 -100 59 .. 

100 160 490 -69 61 
4 900 50 60 290 -376 63 

100 160 490 -240 65 
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7.5 Coaclasions 

The model described in Chapter 6 is a first attempt to develop an 
aaalytical web crippling model. Although the comparison of the model with 
test results indicates that the proposed approach is a promising one, it 
also makes clear that the model is still susceptible to improvement. 

The model gives good results for the members with a corner radius of 
10 ... It gives less good results for the members with a corner radius of 
5 ... This may (partly) be caused by the fact that members with a corner 
radius of 5 mm are failing by a mixed mechanism, rather than a clear 
rolling mechanism. Furthermore the sensitivity of the mechanism initiation 
load to the corner radius increases with decreasing corner radius. Vith 
respect to the influence of the other varied parameters in the tests, it 
was shown that, for members subjected to the combined action of a 
concentrated load and a bending moment, the tendencies predicted by the 
model correspond to those observed in the tests, albeit that the influences 
of the width of the top flange and the web angle are overestimated, while 
the influence of the span length is underestimated by the model. 

Differences between the model and test results can be explained by the 
idealizations and simplifications in the model. Flange curling, which is 
neglected in the model, might influence the energy dissipation in the yield 
lines in the top flange, and hence the sensitivity of the model to 
variations in the width of the top flange. 

It was shown that, in the model, the mechanism initiation load is 
hardly influenced by the stresses caused by the bending moment. This is 
caused primarily by the assumption that the energy dissipation in the 
moving yield lines is not affected by these stresses. The fact that the 
influence of the span length is underestimated by the model might indicate 
that this assumption needs modification. It was furthermore shown that the 
influence of the concentrated load on the effective widths of the top 
flange and web is overestimated by the model, resulting in an 
overestimation of the stresses caused by the bending moment. A more 
accurate determination of these stresses (and the influence of the 
concentrated load on the effective widths) will only be worthwhile, when it 
is concluded that these stresses indeed influence the mechanism initiation 
load, or that failure by the attainment of the ultimate moment resistance 
is significantly influenced by the concentrated load. 
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In the·members subjected to a concentrated load only, the 
experimentally determined influence of the vidths of the veb and top flange 
is not clear, and does not correspond to the influence predicted by the 
model. This might be caused by the impact of small bottom flange 
indentations, which occurred in the tests, but are neglected in the model. 
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Chapter 8 
PUDICTIOif OF JUlTIEl DCiilfiSI BIB YIOl 

is we must necessarily make idealisations in setting up our simple 
models we cannot of course ever expect complete agreement between 
"theory" and experiment, and we must be content with broad 
agreement on the main features of behaviour. 1he question of 
whether agreement is satisfactory or not is thus to some extent a 
question of taste. 

C.l. Calladine 

8.1 Introduction 

In Chapter 6 a model was described for predicting the load-deformation 
behavior of thin-walled steel members subjected to the combined action of a 
concentrated load and a bending moment, failing by the rolling mechanism. 
To check the validity of this model, in Chapter 7, the mechanism initiation 
loads predicted by the model were compared to those observed in tests. In 
this Chapter some other aspects of the mechanism behavior will be treated. 
It will be clear that the modeling of these aspects is affected by the same 
shortcomings of the model as noted in Chapter 7. Therefore the emphasis in 
this Chapter will be on a tentative discussion of possible implications of 
the model, to be checked by future research, rather than on a mere 
comparison of model and test results. 

In Section 8.2 the determination of the ultimate load is discussed. In 
members failing by the rolling mechanism the ultimate load is higher than 
the mechanism initiation load. It will be shown that the model may be 
further developed for the prediction of the ultimate load, but that an 
accurate determination of this load is much harder than that of the 
mechanism initiation load. So far, web crippling- research has been focused 
on the prediction of the ultimate load. The hypothesis is set forth that, 
for loading conditions as occurring in practice, the difference between the 
ultimate load and the mechanism initiation load may be so small, that it 
would not be unduly conservative to base design rules on the determination 
of the mechanism initiation load. 

The calculation of the mechanism initiation load implies the 
determination of the distances Lyt and Lyb between the yield lines in the 
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top and bottom flanges. In Section 8.3 the predicted yield line patterns 
are compared to those determined from the tests. Since it was found that 
the patterns predicted by the model correspond only roughly to those 
observed in tests, in Section 8.4 the sensitivity of the model to the 
assumed yield line patterns is discussed. It will be shown that the yield 
line pattern has a large influence on the prediction of the mechanism 
rotation as a function of the web crippling deformation. This relation is 
important for the determination of the redistribution of bending moments in 
continuous members (Chapter 2, Section 2.4.4). In Section s:s it is 
discussed that in principle the model can be adapted to predict this 
redistribution, but that it will be difficult to develop an accurate model. 
However, even an inaccurate model can contribute to a better insight, and 
aay be used to clarify simplifications proposed by other researchers. It is 
shown for example, that both the model and test results indicate that the 
relation between the web crippling deformation and mechanism rotation 
depends on the span length. 

In Section 8.6 finally the conclusions are summarized. 

8.2 Prediction of the ultiaate load 

In Chapter 7 the accuracy of the calculation of the mechanism 
initiation load as the point of intersection of an elastic curve and a 
rigid-plastic mechanism initiation curve was discussed. This calculation 
implies the determination of the web crippling deformation Ahw;imec and the 
distances Lyt and Lyb between the yield lines in the top and bottom 
flanges. In this Section, the modeling of the subsequent load-deformation 
will be discussed, that is, the determination of the load-deformation 
behavior for web crippling deformations 4hw larger than Ahw;imec· This 
modeling is based on the,assumption that the distances L t and Lyb do not 
change after the initiation of the mechanism. Assuming that the rolling 
radius rrol does not change either (and thus remains equal to the initial 
top flange corner radius rtf of the member), for any web crippling 
deformation the corresponding resistance can simply be calculated by 
equating the incremental energy dissipation in the yield lines to the 
incremental external work (Chapter 6). The resulting curves are called the 
constant-rolling-radius mechanism curves for rrol = rtf' Since it was 
observed i~ the tests that the rolling radius decreases with increasing 
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-o-- ri:rol =5 
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Fig. 8.1 Comparison of the predicted and observed load-web crippling 
deformation behavior for a member subjected to a concentrated 
load only 
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Jig. 8.2 Comparison of the predicted and observed load-web crippling 
deformation behavior for a member subjected to the combined 
action of a concentrated load and a bending moment 
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web crippling deformation, in Chapter 6 also formulae were derived to 
determine constant-rolling-radius mechanism curves for rr01<rtf' !scan be 
seen from Figs. 8.1 and 8.2, smaller rolling radii result in higher 
constant-rolling-radius mechanism curves. Therefore it is concluded that, 
in principle, the load-deformation behavior after the initiation of the 
mechanism can be described by a decreasins-rollins-radius mechanism curve. 

One may wonder whether the increase in the load-carrying capacity of 
the member after the initiation of the mechanism can be influenced by 
hardening in the stationary yield lines. ! reasonable upper bound of this 
influence can be determined by calculating the constant-rolling-radius 
mechanism curve for rrol = rtf' using the hardening factors derived in 
Appendix E and assuming that in all stationary yield lines (which are 
idealizations of yield zones occurring in reality), the interior radius of 
curvature ri is equal to a (extremely small) value of 1 mm. It can be 
assumed that such a small radius can be attained without rupture of the 
material, since the tested sections were formed with an interior radius 
between the webs and bottom flanges of 1 mm. As illustrated by Fig. 8.3, 
hardening in the stationary yield lines may contribute, but cannot be the 
sole cause for the increase in the load-carrying capacity after the 
initiation of the mechanism. 

test 16 
50-60-10-9011327-0.6811390-50 

4r-----,--------------------------, 

3 

2 

I 
1 elastic curve 

• "lmec:test 

me<;:~sm initiation : 1 curve .....,..":"-__ _ 

; I 
: 61 

,' I' 
hardening 

-..,,,..![I statiof!8rY yield lines 
"6.._ -... ' - .. ':""_A...--._·- .... _ 

no hardening.: - .... _-,. _ :•- - .... -
in stationary yield tines .. :.:' • - ...._ -

constant-rolling-radius.:· 
mechanism CISVes r i;rol= 10 

o~~--~~~~--~~~~--~~~~ 

0 2 3 4 5 6 7 8 9 10 

web crippling deformation t.hw [rrm] 

Fig. 8.3 Influence of hardening in the stationary yield lines on the 
calculated load-web crippling deformation behavior 
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Interpreting the measured load-deformation behavior after the 
initiation of the mechanism (test results) as a decreasing-rolling-radius 
.echanism curve, it can be seen from Figs. S.l and 8.2 that the calculation 
of the ultimate load requires the determination of the maximum of this 
curve, unless one finds a way to directly estimate the web crippling 
deformation corresponding to the attainment of the ultimate load. The 
calculation of decreasing-rolling-radius mechanism curves is outside the 
scope of this report. It would require two modifications in the model. 
first, the rolling radius must be known as a function of the web crippling 
deformation. Second, in the calculation of the incremental energy 
dissipation in the yield lines, a term must be included for the determi
nation of the incremental energy dissipation resulting from changing the 
rolling radius. Noting furthermore that the constant-rolling-radius 
.echanism curves (and thus the decreasing-rolling-radius mechanism curves) 
are sensitive to the magnitude of the rolling radius, it will be clear that 
the analytic determination of the ultimate load is much harder than that of 
the mechanism initiation load. 

A. suggestion could be to develop design rules based on the mechanism 
initiation load instead of the ultimate load. it first sight this approach 
may seem to be_ very conservative, since in many tests described in Chapter 
4 it was found that the ultimate load is much higher than the mechanism . 
initiation load. lowever, the test results indicate that the ratio between 
the ultimate load and the mechanism initiation load decreases with 
increasing span length (Fig. 8.4). 
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fig. 8.4 Influence of the span length on the ratios Fu;test/Fiaec 
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The performed three point bending tests described in Chapter 4 can be 

regarded as a simulation of the behavior of a part of a continuous member 
at an interior support, provided~the span length Ltest in the test is 
chosen in such a way that the occurring 'testfFtest ratio corresponds to 
the 'supfFsup ratio at the interior support of the continuous member. The 
question thus is, what span lengths result in loading conditions as 
occurring in practiee, and what are the corresponding ratios between the 
ultimate load and mechanism initiation load. 

For a two-span member with two identical spans, loaded by a uniformly 
distributed load q, this span length Ltest can be approximated (neglecting 
the influence of the length of the load bearing plate) as: 

1sup = 1test ~ l/S·q·Lspi _ l/4·Ltest'1test 

1sup 1test 5/4·q·Lspn 1test 
(8.1) 

and thus: 

Ltest = 0·4·Lspn· (8.2) 

For roof, floor and deck panels as used in practice, the height hw of 
the section will usually be smaller than 1/25·Lspn' Cold-formed steel 
sheets may also be used in composite roof and floor construction. For this 
type of application the steel deck performs the dual role of serving as a 
form for the concrete during construction and as reinforcement for the slab 
during service. To ensure that sheet bending failure does not occur during 
concreting, temporary propping of the steel deck may be necessary. For 
temporarily propped steel decks the height of the section hw may be larger 
than 1/25·Lspn' but in most cases will be smaller than 1/20·Lspn· For tests 
on roof, floor and deck panels, 'practical' test span lengths are thus 
defined by: 

Ltest~ lO·hw' (8.3) 

for profiled sheeting used as permanent form work: 

Ltest~ S·hw. (8.4) 

All tests described in Chapter 4 are performed on members with Ltest<lO·hw. 
Before devoting time and energy to the refinement of the model to predict 
the ultimate web crippling load, it would thus be wise to check the ratio 
between the ultimate load and the mechanism initiation load for longer span 
tests. 

The decrease in the ratio between the ultimate load and mechanism 
initiation load for increasing span lengths can be understood from the 
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.odel. Comparing Figs. 8.1 and 8.2 it can be seen that a longer span length 
results in a steeper descent of the constant-rolling-radius mechanism 
curves. Thus for longer span lengths, the rolling radius must decrease 
faster, in order to enable an increase in the load carrying capacity of the 
.ember after the initiation of the mechanism. 

8.3 Yield line vatterns 

The calculation of the mechanism initiation load implies the 
calculation of the distances Lyt and Lyb between the yield lines in the 
top and bottom flanges (see Table 7.1). The question may arise, whether the 
thus determined yield line patterns correspond to those observed in the 
tests. To answer this question, in Tables 8.1 and 8.2 an overview is given 
of the calculated and, experimentally determined distances Lyt and Lyb' Only 
tests from test series 2 are included, since for many tests of test series 
1 these distances could not be measured accurately (Section 4.4.4). The 
distances Lyb;test shown in Table 8.2 were calculated from the measured 
•.ec-'mec relations. In principle the distance Lyt can be calculated from 
the measured Ahw-'mec relation, but unfortunately this calculation is 
inaccurate for the initiation of the mechanism (Section 4.4.4). Therefore, 
in Table 8.2, the values of Lyt;test are the distances measured in the test 
specimens after testing. As discussed in Section 4.4.4, these values are 
not very accurate. Furthermore it was shown in Fig. 4.30 that the distance 
Lyt between the yield lines in the top flange may decrease with increasing 
web crippling deformations. This means that the values of Lyt;test 
corresponding to the initiation of the mechanism may tend to be larger than 
those shown in Table 8.2. Thus the differences between the calculated and 
experimentally determined values of L t may be larger than the differences . y 
shown in Table 8.2. 

It can be seen that the observed and calculated distances L b and Lyt 
are of the same order of magnitude, but do not correspond exactly. Both in 
the tests and in the model, a decreasing corner radius results in 
decreasing distances Lyb and Lyt' but the tendency observed in the tests is 
auch stronger than that predicted by the model. 
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Table 8.1 Comparison of the calculated and observed values for Lyb 
(dimensions in millimeters) 

The experimentally determined distances Lyb;test are shown on the upper 
lines. The distances Lyb' calculated with the model, are shown, in italics, 
on the lower lines. 

Llb= 25 Llb= 50 Llb=100 

5 10 5 10 5 10 
mat. ow b tests 

2 900 53-54 

340 71 47-48 
107 

540 11 67-68 
109 

100 160 450 19 56 
6 

460 93 57 
59 

540 120 51 
119 

940 112 71 
109 

600 50 60 290 35 42 
62 

100 160 490 27 45 
51 

3 74 59 
72 

100 160 490 

4 900 50 60 290 

100 160 490 
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Table 8.2 Comparison of the calculated and observed values for Lyt 
(dimensions in millimeters) 

The experimentally determined distances Lyt;test (measured after testing) 
are shown on the upper lines. The distances Lyt calculated with the model 
(corresponding to the initiation of the mechanism) are shown, in italics, 
on the lower lines. 

Llb= 25 Llb= 50 • Llb=100 • 

ri:tf -t 5 10 5 10 5 10 

~ Ltest ! 
265 25 50 

19 18 

tests 

53-54 

340 20 45 47-48 
19 14 

540 20 20 67-68 
13 17 

100 160 450 55 56 
96 

460 85 57 
49 

540 ~~ 51 

940 

~ 
60 
91 

600 50 60 290 

71 

42 

100 160 490 50 45 
9i 

3 900 50 60 290 4Q 59 
!8 

100 160 490 
I ~~ 61 

·4 900 50 60 290 30 63 
t7 

100 160 490 70 65 
48 
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8.4 5ensitiyity of the aodel results to the yield line pattern 

In the previous Section it was concluded that the calculated yield line 
patterns do not correspond exactly to those observed in the tests. Since an 
accurate prediction of the yield line pattern in itself is of limited 
interest, in this Section the sensitivity of the model results to the yield 
line pattern will be discussed. Therefore a distinction is made between the 
determination of the mechanism initiation load and of the subsequent 
load-deformation behavior. 

Table 8.3 gives an indication of the sensitivity of the mechanism 
initiation load to the yield line pattern. The me~hanism initiation load 
(for test 68) is calculated for distances Lyt and Lyb different from the 
distances determined by minimizing this load (Lyt = 17 mm and Lyb= 109 mm). 
is is to be expected, this results in higher mechanism initiation loads, 
but it can be seen that the load is not very sensitive to the yield line 
pattern. 

To get an impression of the sensitivity of the determination of the 
load-deformation behavior after the initiation of the mechanism to the 
yield line pattern, in Table 8.4 the mechanism loads (determined for 

Ahw= 5 mm, Ahw·imec= 1.32 mm and rrol = rtf) are shown for different values 
' of Lyt and Lyb' Comparing Tables 8.3 and 8.4 it can be concluded that the 

sensitivity of the load-deformation behavior predicted by the model to the 
yield line pattern increases with increasing web crippling deformations. 
This can be explained by considering the influence of the yield line 
pattern on the calculation of the mechanism rotation Pmec as a function of 
the web crippling deformation. 

From Table 8.5 it can be seen that the mechanism rotation is very 
sensitive to the distance Lyt between the yield lines in the top flange. In 
Chapter 6 it was derived that the mechanism load for any web crippling 
deformation can be calculated as: 

lt5f1il lhj 1/rrol;j 
E L- ·m 1·--·k . +E L. ·m 1. -- .~r_ar·,J· ·kgeo·,J· 

1 p t54h strp J p t5Ah .. h 
w w 1cB;mec= ----------~--------------------~-------------

Ltest- Lyb 6Pmec 
1 + - ·----

2 6Ahw 
(8.5) 

where the numerator represents the incremental energy dissipation in the 
yield line~ and the denominator represents the incremental external work. 
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IJrp 
Since the derivative mec increases with increasing web crippling 

IJ!J.hw 

deformation (Fig. 8.5), so does the sensitivity of the mechanism Joad to 
the mechanism rotation, and hence to the yield line pattern. 

Table 8.3 Sensitivity of the mechanism initiation load to the yield line 
pattern. Calculations based on test 68 
!J.h . =1.32 mm, r. 1=r. tf=10 mm w;1mec 1;ro 1; 

1imec(Lyb'Lyt) [kN] 1imec(Lyb'Lyt)/Fimec<109 ,17) 

L 
L yb 90 mm 109 mm 120 mm 90 mm 109 mm 120 mm "yt 
14 mm 2.710 2.691 2.714 1.012 1.005 1.013 
17 mm 2.706 2.678 2.692 1.010 1.000 1.005 
20 mm 2.718 2.684 2.691 1.015 1.002 1.005 

Table 8.4 Sensitivity of the mechanism load to the yield line pattern. 
Calculations based on test 68 
!J.h . =1.32 mm, r. 1=r. tf=10 mm, !J.h =5 mm, k . = -453 N/mm w;1mec 1;ro 1; w m1c 

1mec(Lyb'Lyt) [kN] 'mec(Lyb'Lyt)/Fmec(109,17) 

L 
L yb 90 mm 109 mm 120 mm 90 mm 109 mm 120 mm 'yt 
14 mm 1.363 1.449 1.521 0.893 0.949 0.996 
17 mm 1.463 1.527 1.582 0.958 1.000 1.036 
20 mm 1.543 1.594 1.640 1.010 1.044 1.074 
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Table 8.5 Sensitivity of the mechanism rotation to the yield line pattern. 
Calculations based on test 68 

AAw;imec=1.32 mm, ri;rol=ri;tf=10 mm, AAw=5 mm 

'mec(Lyb'Lyt) [OJ 'mec(Lyb'Lyt)/'mec(109,17) 

lyb 
lyt 90 mm 109 mm 120 mm 90 mm 1M -- 1' 

14 llUil 1.121 1.033 0.989 1.341 1.236 1.183 
17 mm 0.891 0.836 0.807 1.066 1.000 0.965 
20 llUil 0.757 0.717 0.696 0.906 0.858 0.833 

It should be noted that the increasing sensitivity of the model results 
to the yield line pattern with increasing deformations implies an 
increasing sensitivity to the web crippling deformation AAw;imec' since 
this parameter influences the occurring yield line pattern (Table 7.1). 

The model is based on the assumption that the yield lines in the top 
and bottom flanges, enabling the hinge mechanism, are stationary yield 
lines. from the tests (Section 4.4.4) it was concluded that the yield lines 
in the bottom flange are indeed stationary yield lines, but that the outer 
yield lines in the top flange may be moving yield lines. Due to the 
sensitivity of the model results to the yield line pattern, the assumption 
of stationary yield lines in the top flange may be reasonable for the 
calculation of the mechanism initiation load, but may be too crude for the 
modeling of the subsequent load-deformation behavior. 
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8.5 ledistribution of bending -oaents 

In Chapter 2 it was described that the formation of a hinge mechanism 
may cause redistribution of bending moments in continuous multi-span 
aembers. Potentially, the described model can be used to determine this 
redistribution. However, an accurate prediction will not be easy. The 
aodeling of redistribution of bending moments not only requires the 
determination of the load-web crippling deformation behavior after the 
initiation of the mechanism (and thus the calculation of a decreasing
rolling-radius mechanism curve), but also the determination of the 
mechanism rotation as a function of the web crippling deformation. Since it 
was shown that the mechanism rotation is sensitive to the yield line 
pattern, and that the present model does not result in an accurate 
prediction of the (changes in. the) yield line patterns, it is to be 
expected that the present model does not result in an accurate prediction 
of the mechanism rotation. This is indeed the case, as Table 8.6 
illustrates. However, even a rough model may add to the insight in the 
redistribution of bending moments due to the hinge mechanism, and may be 
used to evaluate (empirical) simplifications proposed by other researchers. 
Reinsch (1983) developed a web crippling model (Section 3.4.2), based on 
the assumption that the yield line pattern, and hence the Ahw-'mec 
relations, are independent of the span length. According to the model the 
distances Lyb and Lyt decrease with increasing span length, resulting in an 
increasing mechanism rotation for a given web crippling deformation. This 
tendency is also observed in the tests (Fig. 8.5). 

Tsai and Crisinel (1986) proposed a simplified procedure for 
determining the redistribution of bending moments resulting from the 
mechanism rotation 'mec(FCB;u)' occurring at the attainment of the ultimate 
web crippling resistance at the interior support. They assumed that this 
rotation is independent of the span length. This assumption is not 
confirmed by the test results (Table 8.7). According to the model it can be 
true if for increasing span lengths the ultimate load is reached for 
smaller web crippling deformations (Fig. 8.5). 

It may be noted that the number of tests is too small to come to 
definitive conclusions about the simplifications proposed by Reinsch, Tsai 
and Crisinel. It is believed however that, for a good insight in the nature 
of redistribution of bending moments due to mechanism rotation, the above 
discussed tendencies need further investigation. 
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Table 8.6 Overview of the ratios wmec;test(fu;test)/wmec 

Llb .... 25 50 100 

ri·tf .... 5 10 5 10 5 10 tests 
ma.t. (Jw bw btf Ltest ! 
1 900 50 60 0 15-19b 

19c 
190 18 
290 14-17 
390 0.670 16 

50 160 0 0.225 0.161 39- 23a. 
0.157 23b 

290 1.141 0.729 38-22 
100 60 0 0.150 0.150 28-32 

290 0.370 31 
490 0.809 0.486 27-30 

100 160 0 37b- 36 
490 29-35 

50 100 290 1.10 
2 900 50 60 265 0.956 0.457 53-54 

340 1.804 0.602 47-48 
540 2.635 0.719 67-68 

100 160 450 1.000 56 
460 0.644 57 
540 0.764 51 
940 0.739 71 

600 50 60 290 1.703 42 

3 900 

4 900 
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Fig. 8.5 Influence of the span length on the Ahw-'mec relation 

Table 8.7 Overview of the web crippling deformations and mechanism 
rotations corresponding to the ultimate load for tests which can 
be used to study the influence of the span length. 

mat. bw 6tf Llb Ltest ri·tf Ahw(Fu·test) 
[mm] [mm] [mm] [mm] [~] [mmj 

1 50 60 50 190 10 9.743 
290 7.289 
390 5.744 

100 60 50 290 525 
490 670 

2 50 60 100 340 5 2.332 
540 1.722 

100 340 10 6.215 
540 4.674 

100 160 100 540 10 10.909 
940 6.1194 

0w=900, mat. 1: t=0.68 mm, fy=327 N/mm2 
mat. 2: t=0.62 mm, fy=376 N/mm2 

'mec(Fu·test) 
[OJ ' 

0.231 
0.280 
0.605 
0.496 
0.617 
0.199 

tests 

18 
17 
16 
31 
30 
47 
67 
48 

68 
51 
71 
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8.6 Conclusions 

1. The calculation of the ultimate load requires the calculation of a 
decreasing-rolling-radius mechanism curve. To modify the model for this 
calculation, the rolling radius must be known as a function of the web 
crippling deformation, and, in the calculation of the incremental 
energy dissipation in the yield lines, a term must be included for the 
determination of the incremental energy dissipation resulting from 
changing the rolling radius. 

2. An accurate prediction of the ultimate load i~ much harder than an 
accurate prediction of the mechanism initiation load. For loading 
conditions as occurring in practice, the difference between the 
ultimate load and the mechanism initiation load may be so small that it 
would not be unduly conservative to base design rules on the 
calculation of the mechanism initiation load. 

3. The calculation of the mechanism initiation load implies the 
determination of the distances Lyt and Lyb between the yield lines in 
the top and bottom flanges. The model results in reasonable yield line 
patterns, which do not correspond exactly to those determined from the 
tests. 

4. The calculated mechanism initiation load is not very sensitive to the 
yield line pattern. 

5. The calculated relation between the mechanism rotation and the web 
crippling deformation, which is needed for the calculation of 
redistribution of bending moments in continuous members, is sensitive 
to the yield line pattern, especially to the distance Lyt between the 
inner and outer yield lines in the top flange. Since it was observed in 
the tests that the outer yield lines in the top flange may be moving 
yield lines, the assumption of stationary yield lines may be too crude 
for an accurate model for redistribution of bending moments. 

6. Both model and test results indicate that the occurring yield line 
pattern, and hence the relation between the web crippling deformation 
and mechanism rotation, depend on the span length. 
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Chapter 9 
CONCLUSION 

The true splendor of science is not so much that it names and 
classifies, records and predicts, but that it observes and desires 
to know the facts, whatever they may turn out to be. However much 
it may confuse facts with conventions, and reality with arbitrary 
divisions, in this openness and sincerity of mind it bears some 
resemblance to religion, understood in its other and deeper sense. 
The greater the scientist, the more he is impressed with his 
ignorance of reality, and the more he realizes that his laws and 
labels, descriptions and definitions, are the product of his own 
thought. They kelp him to use the world for purposes of his own 
devising rather than to understand and ezplain'it. 

1.11. Tlatts 

9.1 SU!!&!J and conclusions 

This thesis reports on the findings of a research project on web 
crippling of cold-formed flexural steel members. The object of the research 
was, to develop an analytical model for describing the load-deformation 
behavior of members subjected to the combined action of a concentrated load 
and a bending moment, to be used in the development of more reliable design 
rules. The research was restricted to cold-formed hat sections and deck 
panels with unstiffened web and flange elements (Fig. 9.1). In the follo
wing a short overview of the research and its conclusions is given. lore 
detailed summaries and conclusions can be found at the end of each Chapter. 

For the development of the model it was found necessary to perform new 
web crippling tests. The web crippling tests described in the literature 
were unusable, since in most of these tests only the ultimate loads were 
reported. A test set-up was designed to perform deformation controlled web 
crippling tests. In these tests besides the load also the web crippling 
deformation, the mid-span deflection and the rotation at the end supports 
were measured (Fig. 9.2). A test program was developed to enable the 
determination of the various parameters on the web crippling behavior. 

From the experimental research it was concluded that cold-formed hat 
sections, subjected to the combined action of a concentrated load and 
bending moment, may fail by two different types of web crippling failure 
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modes: the yield arc mechanism occurring in members with small corner 
radii, and the rollin& mechanism occurring in members with large corner 
radii. Furthermore, in three tests an asymmetrical failure mode was 
observed which might be caused by the attainment of the ultimate bendin& 
moment resistance. 

The yield arc and rolling mechanisms are characterized by different web 
deformation modes (fig. 9.3). In the yield arc mechanism the web buckles 
and the web deformation is enabled by a curved yield line. In the rolling 
mechanism the corner radius rolls down through the web, a process which can 
be modeled with moving yield lines. In both mechanisms the flange 
deformations result in the formation of a olastic hin~e mechanism 
(Fig. 9.4). This hinge mechanism affects the global load-deformation 
behavior of the member. In the yield arc mechanism the initiation of the 
hinge mechanism more or less corresponds to the attainment of the ultimate 
load, in the rolling mechanism it merely marks a change in the load-web 
crippling deformation behavior, the ultimate load being reached at larger 
web crippling deformations and some mechanism rotation. Therefore a 
gechanism initiation load is defined as the load corresponding to the 
initiation of the hinge mechanism (Fig. 9.5). 

In the research project a model for predicting the mechanism initiation 
load of members failing by the rolling mechanism has been developed (no 
model was developed for the yield arc mechanism). According to the model, 
the mechanism initiation load is determined as the point of intersection of 
an elastic curve and a rigid-plastic mechanism initiation curve (Fig. 9.6). 
The analytical determination of the elastic curve is not treated, the curve 
is taken simply as a straight line with a slope equal to the initial web 
crippling stiffness measured in the tests. The rigid-plastic mechanism 
initiation curve is derived by using generalized yield line theory. Based 
on the observed failure modes in the tests, a simplified yield line pattern 
is proposed (Fig. 9.7). It is assumed that at the initiation of the 
mechanism, the rolling radius (that is, the instantaneous radius of the 
curved transition between the web and top flange) is equal to the initial 
corner radius between the web and loaded flange, and that the other yield 
line pattern parameters (that is, the distances Lyt and Lyb' Fig. 9.7) can 
be determined by minimizing the mechanism initiation load. 

The comparison of the model with test results shows that the model 
gives reasonably accurate predictions of the mechanism initiation load for 
members with an interior top flange corner radius of 10 mm. For members 
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with a radius of 5 mm, the model tends to overestimate the mechanism 
initiation load. This may partly be caused by the fact that the rolling 
mechanisms occurring in these members are at the transition from the 
rolling to the yield arc mechanism. It is suspected that especially the 
influence of flange curling and the influence of stresses caused by the 
bending moment on the energy dissipation in the moving yield lines are not 
yet modeled sufficiently accurate. Both model and test results indicate 
that the occurring mechanism is also determined by the web angle. 

In principle, the calculated mechanism initiation load may be larger 
than the load corresponding to the attainment of the ultimate moment 
resistance of the member. In that case the member is supposed to have 
failed by the attainment of the ultimate moment resistance. According to 
the model the ultimate moment resistance of a member subjected to the 
combined action of a concentrated load and a bending moment will be reduced 
due to the influence of the concentrated load on the effective widths of 
the web and flange elements due to local buckling. The comparison of these 
reduced ultimate moment resistances with the maximum occurring moments in 
the tests shows that the proposed calculation procedure overestimates the 
influence of the concentrated load, resulting yet in an underestimation of 
the reduced ultimate moment resistance. 

To predict the load-deformation behavior after the initiation of the 
mechanism, so far only constant-rolling-radius mechanism curves have been 
derived, based on the assumption that the rolling radius and the yield line 
pattern do not change during deformation. In the tests it was observed that 
the rolling radius decreases with increasing web crippling deformation. A 
typical feature of the rolling mechanism is the increase in the 
load-carrying capacity after the initiation of the mechanism. From the path 
of the constant-rolling-radius mechanism curves it can be derived that this 
increase is probably .caused by a decreasing rolling radius (Fig. 9.6). 

Potentially, the model can be further developed for the prediction of 
the decreasing-rolling-radius-mechanism curve. From this curve then the 
ultimate load can be determined. An accurate prediction of the ultimate 
load will be much harder than that of the mechanism initiation load. The 
hypothesis is set forth, that the difference between the ultimate load and 
the mechanism initiation load decreases with increasing span lengths, and 
that for practical span lengths this difference is so small that it would 
not be unduly conservative to develop design formulas based on the 
prediction of the mechanism initiation load instead of the ultimate load. 
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Fig. 9.1 Section types included in the research 
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Fig. 9.2 leasured deformations in the performed web crippling tests 

• stationary yield line o moving yield line 
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Fig. 9.3 Idealized web deformation modes in the yield arc and the rolling 
mechanism 

• yield line in flanges 
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Fig. 9.4 Idealization of the hinge mechanism 
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9.2 leco..endations for future research 

Other failure IIOdes 

So far only a model for members failing by the rolling mechanism has 
been developed. Yet members subjected to the combined action of a 
concentrated load and a bending 11oment •ay also fail by th.e yield arc 
mechanism or by the attainment of the (reduced) ultimate moment resistance 
(Table 4.6). So far the yield arc mechanism has been observed only in 
relatively short span members. Before trying to develop a model for the 
yield arc 11echanism, it would be wise to check if the yield arc mechanism 
also occurs in practical loading conditions. If the asJIIIIetrical failure 
modes described in Chapter 4 indeed correspond to failure by the attainment 
of the ultimate moment resistance, this might indicate that longer span 
members with small corner radii tend to fail by the attainment of the 
(reduced) ultimate moment resistance rather than by the yield arc 
mechanism. 

)efinewent of the developed .odel for the rollinc aechanisa 

For the further improvement and validation of the model for the rolling 
mechanism, experimental research on long span members and members with 
inclined webs is needed. Long span tests ·are needed to analyze the 
influence of the stresses caused by the bending moment on the energy 
dissipation in the moving yield lines, and to check the supposition that 
the difference between the ultimate load and the mechanism initiation load 
decreases with increasing span length. The web angle is a particularly 
interesting parameter, because, according to the model, the mechanism 
initiation load increases with a decreasing web angle, while according to 
the current web crippling prediction formulas, the ultimate load decreases. 

In the tests, besides the load, the web crippling deformation, the 
deflection and the rotation at the end supports should be measured. If one 
wishes to extend the model to the prediction of decreasing-rolling-radius 
mechanism curves, the rolling radius must be determined as a function of 
the web crippling deformation. It would therefore be interesting if also 
the rolling radius could be measured during the tests. 

Furthermore a calculation method for the prediction of the elastic 
curve shoul~ be developed. 
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Generalization of the developed .odel to other types of ~•hers 

Since the model was based on an idealization of the observed failure 
•ode in first-generation cold-formed hat sections, it cannot automatically 
be generalized to other types of members. The easiest generalization will 
be to adapt the model to members with longitudinal intermediate stiffeners 
in the flanges. It may be expected that in these types of members rolling 
•echanisms develop, very similar to those described in this report. This is 
not the case for members with intermediate stiffeners in the web. If the 
veb crippling blister extends to the intermediate stiffener, rather than 
to the bottom flange (Fig. 9.8), a rolling mechanism without mechanism 
rotations will develop, because the geometry of the section prevents the 
development of a hinge mechanism. 

Fig. 9.8 Veb crippling blister extending to the intermediate web stiffener 

Qeneralization of the developed .odel to other types of loading 

So far only symmetrical loadings have been discussed. Before developing 
design rules it would be wise to investigate the web crippling behavior of 
members subjected to asymmetrical loading conditions (Fig. 9.9). 

Fig. 9.9 Asymmetrical loading conditions 

It may be interesting to note that in principle the influence of 
preventing flange curling can easily be described by the model. It is to be 
expected that the prevention of flange curling will result in a higher 
initial web crippling stiffness and a slightly higher mechanism initiation 
curve, and thus in a higher mechanism initiation load. 
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!PPENDII ! 
FLANGE DEFOliATIONS 

!.1 Introduction 

Veb crippling of cold-formed steel members results in the formation of 
a local plastic hinge mechanism. The rotation in this hinge (mechanism 
rotation ~ ) is caused by the web crippling deformation Ah , and enabled mec w 
by yield lines in the top and bottom flanges. The mechanism can therefore 
be characterized by the distance Lyt between the yield lines 8 and 9 in the 
top flange, the distance Lyb between the yield lines 10 in the bottom 
flange, and the web crippling deformation Ah . for which the me~hanism w;1mec 
rotation is initiated (Fig. A.l). 

• yield line in flanges 

JIIill undefor~ed part of member 

Fig. A.l Idealization of flange deformations 

!J.hw ~ !J.hw·i mec 

~mec=O 

For the yield line model described in Chapter 6 and Appendix C, the 
incremental mechanism and yield line rotations must be known as a function 
of the web crippling deformation. In this appendix, in Section A.2, the 
formulas to calculate the incremental mechanism rotation due to an 
incremental web crippling deformation are derived, and, in Section A.3, 
those to calculate the incremental yield line rotations. These incremental 
rotations depend on the mechanism rotation. The determination of the 
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mechanism rotation as a function of the web crippling deformation is 
discussed in Section !.4. 

!11 these derivations are based on given values for the distances Lyt 
and Lyb' In the model these distances are determined by minimizing the 
mechanism initiation load. Of course it is interesting to compare the thus 
determined values of Lyt and Lyb with those observed in tests. The 
calculation of the distance Lyb from the measured •mec-'mec relation was 
discussed in Section 4.4.4. The calculation of the distance Lyt from the 
measured AAw-'mec relation is discussed in Section !.5. 

In the derivations the corresponding mode of compatible web deformation 
is not considered. This means that the derived formulas apply both to the 
yield arc and the rolling mechanism observed in the tests described in 
Chapter 4. The formulas are derived for the general case that nothing is 
known about the magnitude of the deformations. 

!.2 Calculation of the incremental mechanism rotation 

In the model the mechanism rotation is considered as a function of the 
web crippling deformation: 

'•ec= f(AAw)· (!.1) 
The incremental mechanism rotation 6'mec due to an incremental web 
crippling deformation 6AAw can then be calculated as: 

6, = 
8
'•ec·6AA = f'(AA )·6AA • (!.2). 

mec DAh w w w 
w 

The calculation of the incremental mechanism rotation thus requires the 
determination of the mechanism rotation function f(AAw)· Unfortunately no 
simple expressions for this function can be derived (Section !.4). However, 
a simple expression can be derived for the web crippling deformation as a 
function of the mechanism rotation: 

Akw = g('mec>· (!.3) 
The incremental mechanism rotation will therefore be calculated from the 
derivative 8Ahw/8'mec' instead of a,mec/DAAw, by considering that: 

. 1 

6'mec= ·6Ahw= 1/g'(Ahw)·6Akw. 
&h/~ w mec 

(!.4) 
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To derive the web crippling deformation as a function of the mechanism 
rotation, the deformation mode of the member is considered in more detail 
(Fig. !.2). The web crippling deformation Ahw is defined to be the decrease 
in the height of the web, the flange indentation wtf to be the vertical 
displacement of point P3 with respect to P4• Furthermore the angle ,w is 
defined as the angle between the line segments P1P2 and P1P4, the parameter 
Lyw as the distance between the points P1 and P4: 

Lyw =IP1,P41= j h! + ((Llb-Lyb)/2 +JLyf -Ahw;ime~')2 I (!.5) 

~-Mwimec 
I 

Fig. !.2 Geometry for determining the yield line rotations 

Based on the assumption that the angle 'w and the distances Lyt' Lyb and 
Lyv do not change during deformation (which implies stationary yield lines 
and inextensible flanges), it can be derived from Fig. !.2 that: 

sin,w = hwfLyw' (!.6) 
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JL2-AA. 21 
cos, = yt w;1mee 

w L 
yw 

and: 

{!.7) 

wtf+kw-Akw = Lyw·sin(pw+Pmee) 

= Lyw·(sinpw·eospmec+ cospw·sinpmec>· (!.8) 

Inserting Eqs. !.6 and !.7 into !.8, the web crippling deforaation can be 
calculated as: 

I I Llb-L b 
Akw = wtf+kw·(1-cos'mec)-(~Lri -Akw;ime~ + 2 Y )·sin'mec· (!.9) 

To deteraine the flange indentation wtf as a function of the web crippling 
deforaation Akw and the mechanism rotation 'mec' the horizontal 
displacement of point P4 is considered (Fig. !.3). 

u4·w 
-+---4-

- P. 4 

Fig. !.3 Deteraination of u4;fl and u4;w 

The horizontal displacement u4·tf of point P4 due to the flange indentation 
' wtf is: 

I 2 2
1 I 2 2

1 
( 

'4;tf 1 Lyt - Ahw;imee - 1 Lyt - 10tf ' 1·10) 

the horizontal displacement u4.w of point P4 due to the mechanism rotation 
' Pmec is: 

'4;w = Lyw·(cospw- cos(pw+Pmec)) 

Lyv·COSfw Lyw·(cospw·cospmec sinpw·sinpmec>· 

Inserting Eqs. !.6 and !.7 into !.11 results in: 

'4;v .dLy{ -Ahw;ime~'+ Llb~Lyb)·(1- cospmec)+hw·sinfmec' 

(!.11) 

(!.12) 
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Compatibility requires that u4·tf = u4·w' from which it can be derived 
' ' that: 

L - L 
lb yb·(1-cosp ))2 . 

2 mec 
(!.13) 

Coabining Eqs. !.9 and !.13 results in the web crippling deformation as a 
function of the mechanism rotation. To determine the incremental mechanism 
rotation, these equations are differentiated with respect to Pmec= 

IJ!J.hw IJwtf . I 2 2 1 Llb- Lyb 
-{}-- = -{}-- + hw·Slnpmec- (~Lyt-Ahw;imec + )·cospmec' 

Pmec Pmec 2 
and 

IJwtf 

·(JLyi-Ahw;ime~
1 

·sinpmec+hw·cospmec+(Llb-Lyb)/2·sinpmec)· 

Rewriting Eqs. A.9 and !.13 it can be concluded that: 
L -L 

I L 2_ 'h 2 I • • + h • + lb yb . h Ah 
~ yt u w;imec Slnpmec w cospmec 

2 
·Slnpmec= w- w+wtf' 

and 

Inserting Eqs. A.16 and A.17 into A.14 and A.15 results in: 

~ 2 2 I IJwtf _ Lyt- wtf · ( hw- Ahw +wtf) 
--- ' 
a,mec wtf 

and: 

a,mec 

Hence: 

(A.14) 

(A.15) 

(A.16) 

(A.18) 

(A.19) 
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0'aec 111tf 
--= ' 
8Ait.w JLY~-•tf. (hw-Ahw)-•tf* (Llb- Lyb)/2 

(!.20) 

where the flange indentation •tf can be determined from Eq. !.13. Note that 
"'tf depends on the mechanism rotation Pmec· 

1.3 Calculation of the increaental 7ield line rotations 

In.Section !.2 the determination of the incremental mechanism rotation 
was discussed. From Fig. !.2 it can be seen that the rotation , 10 in the 
yield line in the bottom flange is equal to the mechanism rotation: 

'1o= 'mec' 
an~ hence (Eq. !.20): 

6P10 6Pmec 111tf 
--=--=~~--~-------

6Ahw 6Ahw ~L~-~~~t{. (hw-Ahw)-llltf' (Llb- Lyb)/2 

Furthermore, at any deformation stage: 
, 8 = aresin(•ttfLyt>' 

and thus: 
61p8 8'(18 
--=--= 
6Ahw IJAhw 

Since (Fig. !.2): 

J L 2_., 2 I 

COSflg = yt tf ' 
Lyt 

and (Eqs. !.18 and !.20): 

(!.21) 

(!.22) 

{!.23) 

(!.24) 

(!.25) 

(!.26) 

(!.27) 
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Hence (Eqs. !.20 and !.27): 

6Jig 6Jis 6flmec 
--=-----
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6Ahw 61J.hw 6Ahw ~ 2 . 2 1 
Lyt-wtf ·(hw-Ahw)-wtr(Llb-Lyb)/2 

(!.28) 

(!.29) 

Note that the incremental yield line rotations depend on the mechanism 
rotation through the flange indentation wtf' 

At the initiation of the mechanism the yield lines 8 and 9 have 
experienced a rotation already: 

!h. 
arcsin Wjlmec 

fls;imec = fl9;imec 
Lyt 

The above described determination of the incremental yield line 

(!.30) 

deformations is based on the assumption that, after the initiation of the 
mechanism, elastic flange deformations can be neglected. The rotations 
fli (i = 8,9) can then be written as: 

fli = fli;imec + fli;mec' 
with: 

o,i•imec 
' = 0. 

OAhw 
Based on these assumptions it follows that: 

o,i o,i ·mec 
--= ' . 
/JAhw {)Ahw 

(!.31) 

(!.32) 

(!.33) 
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!.4 Ca1eu!atioa of the .eelaaisa rotatioa 

For the determination of the mechanism rotation as a function of the 
web crippling deformation no simple, general expression can be derived. 'For 
specific web crippling deformations the mechanism rotation 'mec can be , 
determined either iteratively from Eqs. !.9 and !.13 or directly by using 
analytic geometry. In the model described in Chapter 6 the mechanism 
rotation is determined by the direct method, in order to minimize the 
necessary iterations. Yet the iterative method is also described, because 
it offers the possibility to check the mechanism rotations calculated by 
the direct method. 

To determine the mechanism rotation iteratively, the bisection method 
can be used (fig. !.5). for this method an upper and a lower bound for the 
mechanism rotation need to be known. The lower bound is determined as: 

. '•ec;min = 0• (!.34) 

The upper bound is determined as (Fig. !.4): 
L -L h 

p = arccos( lb yb ) - arcsin (__!) if Lyb~ Llb' 
mec;max 2.(L -L ) L 

yw yt yw 
(!.35) 

_ Llb- Lyb (~) 
'mec·max - arccos( ) - arcsin if Lyb> Llb' 

' 2·Lyw Lyw 
(!.36) 

I I.? 

t'·~" 11_:\J..;..r..,L_yt ___ ----.t 
!)• LP'w 1.? 
-c: 'L · 1mec=0 

yb/2 

Fig. !.4 Determination of 'mec;max 
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Fig. !.5 Flow chart of the iterative procedure to determine Pmec 

input 
section properties 

Ahw, Ahw;imec' Lyt' Lyb' Llb 

determine Pmec;min and Pmec;max 
(Eqs. !.34 to !.36) 

false 

m :=(m . +tn )/2 rmec;est rmec;mtn rmec;max 

calculate Ahw;est corresponding to Pmec;est 

(Eqs. !.9 and !.13) 

Pmec;max ·- Pmec;est 

Pmec;est 

stop criterion: IPmec;est~Pmec;maxl <0.001·Pmec;max 
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To determine the mechanism rotation 'mec by analytic geoaetry, it is 
calculated from the mechanism deflection wmec (Fig. !.2): 

• 
111mec 'mec = arcs1n( ). (!.37) 

112• (Ltest- Lyb) 
The mechanism deflection wmec can be determined as the displacement in the 
z-direction of point P2: 

111mec = p2;z' (!.38) 

The position of P2 can be determined from the positions of P1 and P4, 
the position of P4 from the positions of P1 and P3• The positions of P1 and 
P3 can simply be determined as: 

pl;x = Lyb/2, pl;z = 0, (!.39) 

Pa;x = Llb/2, p3;z = Aw - AAw. (!.40) 

. P4 is the point of intersection of the circle c1 with center P1 and 
radius IP1,P41 and the circle c2 with center P3 and radius IP3,P41 

(Fig. !.6), where: 
IPpP41 = Lyw' (!.41) 

and 
IP3,P41 = Lyt. (!.42) 

The circles C1 and C2 may have two points of intersection. P4 is the one 
satisfying the condition P4.x > Pa·x· 

' ' 

Fig. A.6 Determination of 'mec from analytic geometry 
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P2 is the point of intersection of the circle c3 with center P1 and radius 
IP1,P21 and the circle c4 with center P4 and radius IP2,P41 (fig. A.6), 
where: 

IP1,P21 = (Ltest-Lyb)/2, (!.43), 

(!.44) 

The circles c3 and c4 may have two points of intersection. P2 is the one 
satisfying the condition P2;x > P4;x' 

1.5 Calculation of the distance t
1

t from the relation between the web 
cripplins deforaation and the aechanism rotation 

In the foregoing Sections it was described how, for a given Lyt' L b 
. y 

and Ahw;imec' the mechanism rotation 'mec can be calculated for a given web 
crippling deformation Ahw. In this Section the reverse procedure will be 
described. In Fig. !.7 the flow chart of the procedure to determine Lyt 
from a given Ahw-'mec relation is shown. As can be seen from the flow 
chart, for the iteration process it is necessary to determine an upper 

bound Lyt;max and a lower bound Lyt;min for Lyt' An upper bound Lyt;max·can 

simply be determined as (Fig. A.l): 

Lyt;max = (Ltest-Llb)/2· (A.45) 

The smallest possible value for Lyt is the value resulting in 'mec;max' For 
the case that Lyb ~ Llb' a lower bound Lyt;min can thus be determined as 
(Pig. !.4): 

Lyt;min = IP1,P41 -IPt,Pal' (!.46) 

where 

(!.47) 
and 

(!.48) 
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A! - AAw·iae~ - (Aw-AAw)2 
~==========~====~~~~--~============~' 
2·J (Llb/2-Lyb/2)2+ ( hw- Ahw) 2 

'- (Llb- Lyb) .J l- (AAw; iaecf Lyt ;min) 2 1 

which for practical calculations can be approximated as: 

A~ - Ahw·iae~ - (Aw-AAw)2 
L . = ' • 
~;mro 1 1 

2·1(Llb/2-Lyb/2) 2+(Aw-Ahw) 2 -(L1b-Lyb) 

For the case that L b > Llb' a lower bound Lyt·min for Lyt can be 
. y ' 

determined from (Fig. !.4): 

(hw-AAw+Lyt;min)2 = Ly!· 

Combined with Eq. !.5 this results in: 

A! - Ahw·ime~ - (Aw Ahw)2 
Lyt·min= ' 

' I 2 I 2·(hw-AAw)-(Llb-Lyb)·1l-(Ahw;imecfLyt;min) 

which for practical calculations can be approximated as: 

h! Akw·ime~ -(kw-Ahw)2 
Lyt; m in= -"--...:.:..L' .;;:.;;.;..::...:.___;;..__;.__ 

2·(kw-AAw)-(L1b-Lyb) 

(!.49) 

(!.50) 

(!.51) 

(!.52) 

(!.53) 
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fig. !.7 Flow chart of the iterative procedure to calculate Lyt 
from the Ahw-Pmec relation 

Ahw, Ahw;imec' Lyb' 
Lyt;min' Lyt;max 

L t= (L t . +L t )/2 y y ;m1n y ;max 

calculate Pmec;est(L1t) 

(Section !.4) 

false 

Lyt;max :=Lyt 

Lyt:=(Lyt;min+Lyt;max)/2 

calculate Pmec;est<Lyt) 

(Section !.4) 

--t-ru_e_7"N/ outputo L1t7B 

L t . :=L t y ;m1n y 

Lyt:= (Lyt;min+Lyt;max)/2 

calculate Pmec;est(Lyt) 

(Section A.4) 
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.lPPEJDll I 
VEB DDOU!TIOIS 11 Tll lOLLING IECI.UISI 

1.1 Introduction 

In this appendix the formulas describing the web deformations of the 
rolling mechanism will be derived. First, in Section 8.2, the web 
deformations underneath the load bearing plate will be discussed, that is, 
the (incremental) yield line deformations in the yield lines 1 to 3 
(Fig. 8.1). Then, in Section 8.3, the web deformations beside the load 
bearing plate, that is, the (incremental) yield line deformations in the 
yield lines 4 to 7. In the derivation of the formulas it is assumed that 
the rolling mechanism is a true mechanism, which can develop without 
in-plane normal or shear deformations in the yield lines. In Section 8.4 
this will be proven for the special case that the corner and roJling radii 
are equal to zero, that is, for the cardboard model of the roiling 
mechanism shown in Section 5.3. 
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b,Z __ ___,. 

6hw=6hw;imec 

~ Lyb ~ 

l::.hw > l::.hw;imec 

-- • stationary yield line 

---- o moving yield line 

Jig. B.1 Assumed yield line pattern for the analysis of the rolling 
mechanism 
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1.2 Veb deforutions und.erneatll tile load. bearins plate 

· 1.2.1 lollins radius equal to tile corner radias 

In this Section the incremental yield line deformations of the yield 
lines 1 to 3 are derived for the case that the rolling radius is equal to 
the corner radius of the member. Fig. 8.2 shows the idealized deformation. 
mode of the web underneath the load bearing plate. Flange curling is 
neglected, and it is assumed that the web is uniformly deformed over the 
length of the load bearing plate. Yield lines 1 and 2 are moving yield 
lines, yield line 3 is a stationary yield line. . 

'trsin9w 

1 
btf;fl 

bw;frcos9w . -2-
+-----+-+--+~ 

Ill 

1'74~-+- e 
I 

Fig 8.2 Geometry of the cross-sectional deformations in the rolling 
mechanism 

The initial·flat widths of the top flange and web are: 

btf;fl = btf 2·rtf·tan(Ow/2), 

and: 
bw;fl bw- (rbf + rtf)·tan(Ow/2), 

(8.1) 

(8.2) 
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where btf and bw are the widths of the flange and the web measured between 
the points of intersection of the web and flange mid-lines. Due to the 
rolling mechanism the flat width of the top flange increases from btf;fl to 
(btf;fl + Abtf;fl)' the flat width of the web decreases from bw;fl to 
(bw;fl- Abw;fl). The yield line displacements u1 and u2 can then be 

determined as: 
81 = l/2•46tf;fl' 

and: 
(B.3) 

(B.4) 

The formulas describing the incremental yield line deformations due to 
an incremental web crippling deformation 6Ahw can best be derived by first 
determining the incremental yield line deformations due to the incremental 
rotation 6,3 in yield line 3 at the bottom of the web. Therefore the 
changes in the flat widths of the elements must be expressed as a function 
of the rotation , 3. Since the total length of the flange and web elements 
does not change, it can be derived from Fig. B.2 that: 

6w;fl + rtf' 0w + 112· 6tf;fl = 

6w;fl- 46w;fl +rtr< 0w+,3) +l/2·(btf;fl + 46tf;fl), (B .. S) 

resulting in: 

Abtf;fl = 2·(Abw;fl- rt£"'3). (B.6) 

The distance between the bottoms of the webs does not change either, and 
therefore: 

bw;fl·cosUw+rtf'sinUw + 1/2·btf;fl 

(bw;fl-Abw;fl)·cos(Uw+,3)+rtf·sin(Uw+,3)+1/2·(btf;fl+Abtf;fl). (B.7) 

Combining Eqs. B.6 and B.7 results in: 
bw·fl·(cosUw-cos(Uw+,3)) +rtf·(sinUw+,3-sin(Uw+,3)) 

Ab = ' (B.S) 
v;fl 1-cos(Uw+,3) 

The incremental changes in the flat widths of the top flange and the web 
due to the incremental rotation 6,3 can be determined by differentiating 
these widths with respect to , 3: 

6Abtf·fl 8Abtf·fl 6Abw·fl 
_.;;..;;;...z..;, = = ' = 2· ( ' rtf), (B.9) 

6,3 a,3 . 6,3 
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(8.10) 

To determine the incremental yield line displacements 611 and 612 due to an 
incremental web crippling deformation oAAw, this deformation must be 
determined as a function of the incremental rotation 693• Therefore the web 
crippling deformation·Ahw must be expressed as a function of the rotation 
, 3• From Fig. 8.2 it can be seen that: 

Uw = bw;fl' sinOw- ( bw;fl- Uw;fl) ·sin{ Ow +JI3)+rtf · (cos( Ow +f13)- cosOw). 

(8.11) 
lence: 

6Uw 64bw·fl . . 
-o,-3- = Of'~ • sin( 'w +Jia)- ( bw;fl- uv;n> •CO~( 'w +JI3)- r tf·sin( llw +f13). 

(B.12) 
Inserting Eq. 8.10 into Eq. 1.12 results in: 

6Uw 
---- = 6w·fl-A6w·fl' 6,3 , , 

(8.13) 

Prom Eqs. 8.3, 8.4, 8.9, B.10 and 8.13 it can then be derived that: 
611 6u1 693 6Abtf·fl 693 sin(Ow+f13) 
---- = -·---- = 1/2· ' ·- = , (B.14) 
64Av 6tp3 6AAw 6fl3 6Uw 1- cos ( Ow +f13) 

ou2 6u2 o,3 6Abw·fl o,3 sin(Ow+f'3) . rtf 
- = -·- = ' ·- = + (B.15) 
oAhw 693 oAhw 093 oAAw 1-cos(Ow+,3) bw;fl-Uw;fl 

where Abv;fl is given by Eq. B.S. Note that (Pig. B.2): 

"2 = 't + rt£""3' (B.16) 
and hence: 

6u2 = ou1 + rtf'6f'3. (B.17) 
The incremental yield line displacements depend on the yield line rotation 
, 3 • The rotation , 3 corresponding to any web crippling deformation Ahw can 
be calculated by considering that: 

Ow+f'a 1-cos(Ow+f'a) 
tan(--) = • (B.18) 

2. sin(Ow+f'3) 

Writing Eq. 8.8 as: 
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bw ;fl' ( 1- cosf/w)+r tf' (sin( f/w +p3)- sinf/w , 3)) 
' (8.19) 

and Eq. 8.11 as: 
b ·fl·sinf/ -Ah +rtf·(cos(f/ +JI3)-cosf/ ) 

b -Ab = w, w w w w 
w;fl w;fl sin(f/ +p ) ' 

w 3 

(8.20) 

it can be derived that: 

tan (f/w+f'a) = bw;n·(l-cosf/w)+rtr(sin(f/w+Jia)-sinf/w-Fa)' 

2 bw;fl·sinf/w Ahw+rtf·(cos(f/w+JI3)-cosf/w) 
(8.21) 

from which , 3 can be solved as a function of Ahw by successive substitution 
(Section 8.2, Fig. 8.5). 

Fig. 8.3 Derivation of the incremental yield line displacements for 
Ah =0 w 

For the case that rtf=O and Ahw=O, the correctness of the derived 
formulas can easily be checked. From Eq. 8.6 it follows that, in that case: 

Abtf·fl = 2·Abw·fl' (8.22) 
' ' 

and hence: 

6Abtf;fl = 2·6Abw;fl' 

Fro• Fig. 8.3 it can be seen that: 

6Abw;fl = 6Abw;fl·cos1Jw + 6ww • sinOw, 

(8.23) 

(8.24) 
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6Ahw = 6Abw;n·sin911 - 611J11 ·cosfJ11 , 

(B.25)and: 
6ww 

6fJ3 = , (B.26) 
0w;n- 646w;fl 

where 61/Jw is the incremental out-of-plane displacement of the web. 
Combining Eqs. B.24 and B.25 it follows· that: 

64kw= 6ww, (B.27) 
and: 

sinOw 
646 = • 64h (B 28) 

w;fl 1-cosO w· • 

Consequently: 

611 6112 
--=--= 
64hw 64hv 

and: 

w 

6fJ 1 
- 3- = --for infinitesi~~al increments. 
64hw 0w;fl 

(B.29) 

(B.30) 

1he same results are obtained by inserting , 3 = O, rtf =0 and Abw;fl = 0 
into Eqs. B.13 to B.15. 

1.2.2 lollina radius smaller than the corner radius 

Vhen the rolling radius in a cross section underneath the load bearing· 
plate is smaller than the initial corner radius, the yield line 
deformations can be determined from the formulas derived for the case that 
rrol rtf' by assuming that the considered deformation mode. has been 
attained by deforming a fictitious section, whose corner radius equals the 
rolling radius of the actual section. 

The dimensions of this fictitious section are determined by demanding 
that the total length of the flange and web elements of the section is 
equal to that of the actual section: 

0w;fl+rt£' 0w+ l/2' 0tf;fl = 

0w;fl;fic+ rrol' 0w+ 112•6tf;fl;fic' (B.31) 

and by assuming that the distance between the bottoms of the webs of the 
fictitious Bection is equal to that of the actual section: 
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bw;fl·cosDw+rtf'sinOw+ 1/2·btf;fl = 

bw;fl;fic·cosOw+rrol·sinDw+ 1/2·btf; l;fic' (B.32) 

Combining Eqs. B.31 and 8.32 results in: 
fJ - sinfJ 

bw·fl·fic = bw·fl + (rtf-rrol)· w w, (8.33) 
' ' ' 1-cosfJ w 

btf;fl;fic = btf;fl + 2·(bw;fl-bw;fl;fic) + 2•(rtf-rrol)· 0w· (8•34) 
Analogously to the derivation of Eqs. B.6 and 8.8 it follows that: 

Abtf;fl;fic = 2·{Abw;fl;fic-rrol'F3), (8.35) 

and: 

actual undeformPd 
section 

deformei:l section fictitious undeformed 
section 

(B.36) 

hw·fic 
J 

Fig. B.4 Fictitious section with a corner radius equal to the rolling 
radius of the actual section 

From Fig. 8.4 it can be seen that: 

"w;fic = bw;fl;fic·sinOw +(rbf+rrol)·(l-cosfJw), 
and: 

hw = bw;n·sinOw + (rbf+rtf)·(1-cosfJw)· 
lence: 

2·{1-cosO )-0 ·sinO 
z. ,_ (r _ r ) • w w w. 
nw;fic-"w = rol tf 1-cosO 

w 

(B.37) 

(B.38) 

(B.39} 

Since {1-cosfJw) ~ 0 and {2·{1-cosOw)-Ow·sinOw) i 0 for on i fJw i 1soo, it 
can be concluded that, if the rolling radius is smaller than the initial 
corner radius, the height of the fictitious section is smaller than the 



height of the actual section: 
4w;fic~ 4v for rrol~ rtf' 
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·To arrive at identical shapes for the actual and fictitious deformed 
sections: 

4v;fic- 44v;fic = hw-Ahv, 

(B.40) 

(B.41) 

the web crippling deformation Ahv;fic of the fictitious section must be 
s•aller than the web crippling deformation Ahv of the actual section: 

Ahw;fic = Ahv - ( hv - hv;fic) • (B.42) 

Based on the assumption that the rolling radius does not change during an 
. _693 6u1 6u2 incremental web crippling deformation, the ratlos --, -·- and -- can 

6Ah.., 6Ahw 64h.., 
be calculated as: 

1 6,3 6,3 -- = _ ___;;;,_ = --------, 
6Ah.., 6&hv;fic bv;fl;fic-Abv;fl;fic · 

6u1 6u1 sin(Ow+f13) 
-- = = ' 
6Ahw 6Ahv;fic 1-cos(Ow+f13) 

6u2 6u2 sin(Ow+f13) rrol -- = = + ___ __.::.;:..=.__ __ _ 

6Ahw 6Ahw;fic 1-cos(Ow+V'a) bw;fl;fic-Abw;fl;fic 

The rotation , 3 can be determined ~s a function of the web crippling 
deformation Ahw by successive substitution (Fig. B.5) · 
from the equation: 

Dw +f13 bw·fl·fic • (1- cosDw)+r rol' (sin( 01.,+V'3)- sinDw- , 3) tan(--) = _;:_j'=J...:' =---..:;._...-::..::...:;.. __ __.::_...-::.. __ ...:.;__;::__ 

2 bw;fl;fic·sinOw-Ahw;fic+rrol·(cos(8w+f13)-cosDw) 

(B.43) 

(B.44) 

(B.45) 

(B.46) 

From Eq. B.39 it can be seen that smaller rolling radii result in smaller 
heights of the fictitious sections. To prevent the height of the fictitious 
section from becoming smaller than the height of the actual deformed 
section (which would result in negative web crippling deformations of the 
fictitious member), the rolling radius should not be taken too small. From 
Eq. B.39 it can be derived that demanding: 

hw;fic ~ (hw- Ahw)' (B.47) 

results in: 
1-cosO 

rrol ~ rtr Ah • w . 
w 2· (1- cos8 )- 0 • sinli w w w 

(B.48) 
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fig. 8.5 Flow chart of the procedure to determine VIa corresponding to 

uw;fic 

input 
section properties, rolling radius rrol 

web crippling deformation Akw 

determine the section dimensions bw;fl;fic and kw;fic 
and the web crippling deformation Akw·fic , 
of the fictitious section 
(Eqs. B.aa, 8.a7 and 8.42) 

'a:est :=l 

false 

VIa, est: VIa 

bw·fl·fic·(l-cosOw)+rrol·(sin(Ow+VIa·est)-sinOw 'a·est> 
VIa: =2 ·arc tan ( ' ' . ' ' ) 

bw;fl;fic·SinOw-Akw;fic+rrol·(cos(Ow+VIa;est>-cosOw) 
-9 w 
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B.3 Veb deforaations beside the load bearing plate 

The deteraination of the web deformations beside the load bearing plate 
is based on the assumption that the web crippling deformation, the rolling 
radius, and the (incremental) yield line displacements in the yield lines 3 
and 4 vary linearly between the yield lines 9 in the top flange and the 
edges of the load bearing plate (fig. B.1). At the yield lines 9 the yield 
line displacement& are equal to zero, at the edges of the load bearing 
plate they are equal to the values attained underneath the load bearing 
plate •. 

The rotations in the yield lines 6 and 1 are determined based on the 
out-of-plane deflection w of point P6 (Fig. B.6): 

111 = sinf3•(bw;fl- 46w;fl;imec>· (8•49) 
Hence: 

• Ill p1 = arcSln -, 
Lh1 

0'~6 °'16 cosp3 °'~3 <6w·fl-A6w·fl·imec> 
-- = -- = --·--· ' ' ' ' 
6Ahw OAhw COSJ'6 6Ahw Lh6 

and: 
0'17 °'~1 cosp3 °9'3 (bw·fl-Abw·fl·imec) 
-- = -- = --·-· ' ' ' ' 
6Ahw IJAhw COSJ'T 6flhw Lh1 

where (Fig. B.6): 

Lh6 L7;imec·sin(a-P) = L7;imec·(sina·cosP- cosa·sinP), 
tana - tanP 

Lh7 = L7·,imec·tan(a-P) L7 . ·( ), 
;tmec 1+ tana·tanP 

(Llb-L b)/2 
cosa = Y , 

L7;imec 

(Llb-Lyb)/2 + JLyi-Ahw;ime~
1 

cosP ~ - - - , 
L6 

and: 

(8.50) 

(B.51) 

(8.52) 

(8.53) 

(8.54) 

(8.55) 

(8.56) 

(B.57) 

(8.58) 



276 

w 

bW;fl-t.bw;t~imec bw·fl 
I 

Fig. B.6 Determination of the rotations in the yield lines 6 and 7 

L7;imec is the length of yield line 7 at the initiation of the mechanism: 

LT;imec = j (bw;fl-Abw;fl;imec) 2 + ((Llb-Lyb)/2)
21 

(B.59) 

Inserting Eqs. B.55 and B.56 into B.53 and B.54, it follows that: 

(bw;fl-Abw;fl;imec)·JLyf-Ahw;ime~
1

-(Llb-Lyb)/2 ·Abw;fl;imec 
Lh6 = ' 

L6 
(B.60) 

and: 

I 2 21 
L =L . • (bw;fl-Abw;fl;imec)·~Lyt-Ahw;imec- (Llb-Lyb)/2·Abw;fl;imec 
h7 7jlmec L -L L -L 

lb yb (( lb yb) IL 2 Ah 1)+b (b Ab ) 
2 · 2 +~ yt- w;imec w;fl" w;fl- w;fl;imec 

(B.61) 
Eqs. B.60 and B.61 may be approximated as: 



277 

(B.62} 

(B.63) 

(B.64) 

and: 

,7 = arcsin (sin,a·{ L7;imec + (Llb-Lyb)/2 )). 

J 2 Ah 2 1 
· L7 ·, imec Lyt- w;imec 

(B.65) 

Inserting Eqs. B.43, B.62 and B.63 into B.52 and B.53 results in: 
6,6 cos,3 L6 
-- = --· ' 
64

"'w COSf6 < 6w;fl;fic- 46w;fl;fic)·JLyi-Ahw;ime~
1 

(B.66) 

and: 

6,1 

(B.67) 
The above derived formulas apply also to the case that Lyb ~ Llb' 

B.f Co!Q&tibility of the web and flange defor~~tions in the cardboard !Qdel 

In Section 5.3 a cardboard model of the rolling mechanism was shown, 
corresponding to the special case that the corner and rolling radii are 
equal to zero (Fig. 5.9). Fig. B.7 shows a cut-out of this model. For a 
given value of Abtf' the resulting values of the web crippling deformation 
Ahw and the flange indentation wtf can be calculated from Eqs. B.8, B.11 
and B.21. The value of the corresponding mechanism rotation 'mec can be 
calculated from Eqs. A.9 and A.13. These formulas were derived from the 
assumption that the distances Lyt (=IP3,P41) and IP1,P41 do not change 
during deformation. From Fig. B.8 it can be concluded that it is possible 
to fold the cut-out into the deformed shape, without changing the distance 
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IP4,P61, thus without making cuts in the cardboard model. This means that 
the proposed mechanism is indeed a true mechanism. The derivation is also 
valid for members with inclined webs, and yield line patterns where 
~yb# ~lb' In the latter case the fold line P1,P6 is a moving fold line 
{Section 6.2.1) 

Lyb 
.,~t. .. 

~ 

! ---·-··· f.\ --Lyt Ltb Lyt 

\ ·~----. 
v~LkMt/ Abtf 

---moving fold line (idealization of two moving yield lines) 

Fig. B.7 Cut-out of a cardboard model for the rolling mechanism 

PS P4 

Wtt= see also Fig A.2 

Fig. B.8 Cut-out folded into the deformed shape 
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iPPDDII C 

IODIL IQU.I.TIOIS 

C.l Overview of the egnatioas for the calculation of the .ecbanisa load 

In Chapter 6 it vas derived that, for the rolling mechanism, the 
mechanism load can be determined as: 

l6f' i I l6uj I/ r rol· j 
E k t . ·m 1.L. ·-- + E kh . ·k . ·m 1.L. • - • 

s rp p 1 6Ahv ar;J geo;J p J 6Ahv 
1cB;mec= ------------------------

(Ltest-Lyb) 6f'mec 
1 + - ·--

2 6Ahv 

where the index i refers to stationary .yield lines and the index j to 
moving yield lines. Elaborating Eq. C.l results in (Fig. C.l): 

L -L b 6f' 
F • (l + test y .~ ) _ . 

CB;mec 2 oAh 
V 

I 6utlfrrol 
+ 2 '~ar;l'kgeo;1' 111pl'L1· oAh 

w 

16•21/rrol 
+ 2·k ·k ·m ·L ·-----'-''har;2 geo;2 pl 2 oAh . 

w 

16,31 
+ 2·k a·m l·La·--str; P 6Ah 

V 

l6•1l/rrol 
+ 4'khar·4 ·kgeo·4 ' 111pl'L4 ,_..;;;,___;;...;;.;;;;. 

' · ' 6Ah V 

l6u21/rrol 
+ 4·k ·k ·m ·L ,_..;;..__ __ 
. har;5 geo;5 pl 5 oAh 

V 

16,61 169'71 
+ 4·k 6 -m 1.£6·-- + 4·k 1·m 1-t ·--str; p oAh str; p 7 oAh 

V V 

16,81 16,91 
+ 2·k 8 -m 1-L8·-- + 2·k 9 -m 1-t ·--str; p oAh str; p 9 oAh 

V V 

1°"tol 
+ 4·k t ·to' 111 1·L1o·--, 8 r, P 6Ah 

V 

(C.l) 

(C.2) 
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b~---A-

'-------~L--L-!X--------'0/2·bbt;fl ,. 

- • stationary yield line 

---- o moving yield line 

fig. C.1 Assumed yield line pattern for the rolling mechanism 
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where: 

L1 = L2 = Llb' 

La = Lyb' 

L 2 + (btf;fl;fic+Abt£;fl;fic-btf;fl) 2 

yt 2 ' 

L6 = j b a + (Llb- Lyb + J L 2 . Ab. . 2 I) 2 I 
w;fl 2 yt w;1mec ' 

J 
2 Llb-Lyb21 

(bw;fl;fic- 40w;fl;fic) + ( 2 ) ' 

Ls = (btf;fl;fic + 40tf;fl;fic) + 2·sin(Owf2)·rrol' 

Lg = btf;nt 0tf;fl + 2·Sin(Owf2)·rtf' 

L1o= 1/2·bbf;nt = 1/2·bbf;fl + sin(Ow/2)·rbf' 

'(C.3) 

(C.4) 

(C.5) 

(C.6) 

(C. 7) 

(C.8) 

(C.9) 

(C.10) 

It must be noted that the lengths of the yield lines 4, 5, 7 and 8 change 
during deformation (for the initial lengths corresponding to Ahw = Ahw;imec 
and rrol = rtf see Eqs. C.31, C.32, C.34 and C.35). 

In the Appendices A and B it was derived that the ratios I6Pmeci/6Ahw, 
j6pii/6Ahw and loujl/oAhw can be calculated as: 

I6Pmecl 
= -;::::::::::::::::;-___;;~----, 

I 2 2 1 
1 Lyt -wtf • (kw- Ahw)- wtf' ( Llb- Lyb) /2 

sin(Ow+flg) 
--- ' 

5Ahw 1-cos(Ow+f13) 

I ou21 sin(Ow+fla) rrol -- - __ ...;;;..__..;__ + __ __..;;..;..;;;._ ___ , 

oAhw 
I5Pgl 

1-cos(Ow+fla) bw;fl;fic- 40w;fl;fic 
1 

--- -------, 
0w;fl;fic Abw;fl;fic 

COSfla L6 ----· ' 
COSf16 (b -Ab ) I L 2_1J.h 21 

w;fl;fic w;fl;fic '1 yt w;imec 

(C.U) 

(C.12) 

(C.13) 

(C.14) 

(C.15) 
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I6Psl hv- Ahv +wtf 
--= ' 

6Ahv J Ly~- wtf. (hw- Ahv)- wtf' (Llb- Lyb) /2 

l6f1gl hv- Ahw 
--= ' 

6Ahw J Lyi- wtf . Uv Ahv)- wtf' ( Llb- Lyb) /2 

16 101 .,tf 
-= ' 

6 h I 2 2 1 

where: 
w 1 J;yt- 111tf · ( hw- Ahw)- 111tf • ( J;lb- Lyb) 12 

0 -si nO 
b fl f · = b fl+ ( rtf- r 1) • v w' w; ; 1c w; ro l-cosO 

w 
6tf;fl;fic = 6tf;fl + 2 '(6w;fl- 6w;fl;fic) "+ 2·(rtrrrol)· 0w' 

4w;fic"' 6v;fl;fic' 8 inOw + (rbf+rrol)·(l-cosOv)' 

(C.16) 

(C.17) 

(C.18) 

(C.19) 

(C.20) 

(C.21) 

(C.22) 

Ahw·fic = Akw - (hv - kw·fic)' (C· 23) ' . ' 
Ab . = bv;fl;fic·(cos0w-cos(Ow+f13))+rrol'(sin0w+f3-sin(Ow+p3))' . 

w;fl;flc 1-cos(Ow+p3) 

(C.24) 
(C.25) 

"tf "J Ly~. d Ly~- Ah•; ioe~ I • cos'oec- hv" sinp.,.C Llb~ Lyb • ( 1- cos'•ec) ) ' ' 

(C.26) 

. sinp3·L6 , 6 = arcsin ( ), 
I 2 2 1 
1 Lyt- Ahw; imec 

(C.27) 

L7 . (Llb- L b)/2 
,
7 

= arcsin (sinp
3
·( jlmec + Y )). 

~ I L 
L 2-Ak2 7;imec yt w;imec 

(C.28) 

The determination of f1mec corresponding to Ahw was discussed in Appendix !, 

the determination of , 3 in Appendix B. 
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C.2 Qyerview of the equations for the calculation of 'Jt and LJb 

To determine the yield line pattern, the mechanism initiation load 
FCB;imec is minimized with respect to Lyt and Lyb' At the initiation of the 
mechanism Ahw=Ahw;imec and rrol = rtf' resulting in flmec = o, fla = fl~;imec, 

wtf = Ahw;imec' 46tf;fl=46tf;fl;imec and 46w;fl =46w;fl;im~c· The yield 

line lengths Li and the ratios l6flmeclf64hw, 16flil/64hw and l6•jl/64hw are 
then given by: 

L1 L2 = Llb' (C.29) 

La = Lyb' 

L L j ~ 2 + (
40

tf;fl;imec)
21

, 
4 = 4;imec = yt 2 

's 's;imec = L4;imec' 

L = J b 2 + (Llb- Lyb + ~ L 2 Th 2 I) 2 
6 w;fl 2 yt - w;imec ' 

's = 's;imec = btf;nt + 46t£;fl;imec' 

L9 °tf;nt' 

'to= 112· 0bf;nt' 

l6t'mecl 

64hw 

16fl61 cosfla·imec L6 -- = _ __;;_,t.l=.;;.:...;., ' 

COSf16;imec (bw;fl- 4 bw;fl;imec>·JLYi- 4 hw;ime~
1 

(C.30) 

(C.31), 

(C.32) 

(C.33) 

(C.34) 

(C.35) 

{C.36) 

(C .37) 

(C.38) 

(C.39) 

(C.40) 

(C.41) 

(C.42) 
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__ 16 __ ,7 __ 1 = cos'a;imec. 1 ·( L7;imec 
6Ah COSfl b -Ab · J 2 2 I w 7;imec w;fl w;fl;1mec L

1
t-AAw;imec 

l6t?gl Aw 
---= ' 

64
hw JL1{-Ahw;ime~

1 

·(hw-Ahw;imec)-Ahw;imec·(Llb-Lyb)/2 

l6flgl Aw-Ahw·imec 
--= ' 6Ahw I 2 2 1 

1Lyt-Ahw;imec ·(hw-Ahw;imec)-Ahw;imec·(Llb-Lyb)/2 

where: 

Abw;fl;imec= 
6w;fl·(cosOw-cos(Ow+fla;imec))+rtf'(sinOw+~3;imec-sin(Ow+t'3;imec)) 

l-cos(Ow+f13;imec) 

46tf;fl;imec = 2•(46w;fl;imec-rtf'P3;imec>' 
L 

. ( . 6 ) "6·i•ec = arcstn Slnf13·i•ec" ' 
' ' I 2 2 I 

1 Lyt- Ahw; imec 

(C.43) 

(C.44) 

(C.45) 

(C.46) 

' 

(C.47) 
(C.48) 

(C.49) 

L1 . (Llb-L b)/2 
111 arcs1·n (s1"nm . ·( pmec + Y )). (C.50) r7.,1·11ec = r3'111ec ' I I L 

1L1i-AA!;imec 7;imec 
The rotation 'a;imec can be deter~~ined by successive substitution from the 
equation: 

fla;imec= 
bw·fl·(1-cos0w)+rtf'((sin0w+f13·imec)-sin0w-fl3·imec> 

2·arctan( ' ' ' )- Ow. 
6w;fl·sinOw-Ahw;imec+rtf"(cos(Ow+f13;imec>-cosOw) 

Eqs. C.38 and C.44 to C.46 all contain the factor: 
1 

~======~-----------------------, 

JLy{-AAw;ime~
1 

·(Aw-Ahw;imec)-A.Aw;imec·(Llb-Lyb)/2 

which may be written as: 

(C. 51) 

(C.52) 
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1+kc·1 
----'1 __ , I ' 

Av- 44v;imec JL7~-4Av;ime~ 
(C. 53) 

vith: 

"'w; imec • ( Llb- Lyb) /2 

kc; 1 = -( h-v-_-,-Av_;_i-me_c.:)_:· ~~J;~y~~-~A~A~w::::;i ~m~e::=~~~ -!:.A~Aw-;-i_me_c_·-:(-::-J;l-b--~J;y-b~)-=/2 (C.54) 

Taking furthermore: 

(C.55) 

~------------~, 

j Abtf·fl·imec) 2 
( , ' ' kc·,3 = 1 + 2 r 

'"yt 
(C.56) 

cost'a;imec 
k 4 = ' c· 

' cosf16;imec 
. (C.57) 

cosf13;imec 
k 5 = ' 
c; cost'7;imec 

(C.58) 

Eq. C.2 can be written as: 

Ltest-Lyb Akw;imec • 1+kc;1 ) = 
F ·(1 + k L 

CB;mec 2 kw-Ahw;imec c;2' yt 

Llb sin(8w+f13;i~ec> 
2 k k •m ·-· 

+ • har;1' geo;1 pl rtf 1-cos(8w+f13;imec> 

Lib sin(Ow+f13;imec> + ___ ___;Ll::.::b:;__ __ ) 
2 k k •m • (-· b Ab 

+ • har;2' geo;2 pl rtf 1-cos(Ow+f'a;imec) w;fl- w;fl;imec 

Lyb 
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(Llb-L b)/2 
+ 4·k •m ·k • Y str;7 pl c;5 _ 

bw;£1 Abwf;fl;imec 

(btf;nt+Abtf·fl·imec)·hw 
+ 2·k ·m · ' ' str;S pl h -Ah . 

81cB·imec ' = 0, 
IJLyt 

then results in: 

Deu.nding that: 
81CB·imec 

' . ::0' 
8Lyb 

then results in! 

w w;1mec 

1+kCj1 

kc;2'Lyt 

l+k 1 C• 
' 

(C.59) 

C.59 is written as: 

(C.60) 

(C.61) 

(C.62) 

Eq. C.59 is written as: 

(C.63) 

(C.64) 
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" ks ks' k6·ks-ks·k9 
Lb=---
y k9 kg2 k7·kg 

(C.65) 

In the derivation of Eqs. C.62 and C.65 it is assuaed that the factors 
k1 to k4 and k5 to kg do not depend on Lyt and Lyb respectively. Yet it c~ 
be seen from Eqs. C.66 to C.74 that the factors k1 to kg include the 
factors kc;l to kc;S'·depending on Lyt and Lyh' It is assumed that the 

/Jk • /Jk • 
derivatives __£1! and __£1! are so small, and the nature of the problem 

IJLyt /JLyb 
' IJk • lJk • 

such, that taking __£1! and __£1! equal to zero w~ll not result in a large 
IJJ,yt /JLyb 

error in the determination of the minimum value of FCB·imec and the 
. ' corresponding distances Lyt and Lyb" I~ is hard to prove thi~ in a rigorous 

mathematical way. In this report, therefore, this assumption is merely 
checked after the calculation of Lyt and Lyb' If slightly different values 
for Lyt and Lyb do not result in a significant smaller value of the 
corresponding FCB;imec' the above made approximations have been valid. 

lJk • IJk . 
Taking __£1! and __£1! equal to zero still leaves the problem of the 

lJLyt 8Lyb 
determination of the factors kLyt;i to kLyb;i' which depend on the 
distances Lyt and Lyb to be determined. Due to the iterative solution 
procedure needed to determine Lyt and Lyb (Chapter 6),·the factors kc;i can 
simply be determined from the estimated values for Lyt and Lyb" · 

It should be noted that the factors k1 to kg have different dimensions:. 
k2, k5 and k8 are dimensionless, k1 and k4 have the dimension of length, 

k3, k6 and kg have the dimension of (length)- 1, and k7 of (length)- 2• The 
factors can be determined from: 

(Ltest-Lyb)·!hw·imec l+kc·1 . 
k1 - ' .~, 

2·(hw-!hw;imec) kc;2 
(C.66} 

Llb sin(Ow+1f!3·imec) 
k = 2·k ·k ·-· ' 2 har;l geo;l r 1-cos(O +Ill . ) 

tf w r3;lmec 

(
Llb sin(Ow+1f!3·imec> 

+ 2. k • k • -· ' + 
har;2 geo;2 r 1-cos(IJ +tp • ) 

tf w 3;lmec 
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(C.67) 

(C.68) 

(C.69) 
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b 1+k 1 
2 ,_ • tf;nt.~ 

+ ·~str·9 k 
, Lyt c;2 

b ·Ah · 1+kc·1 bf;nt w;Jmec .~, 
+ 

2
·kstr;10'(h -Ah . c)·Lyt kc·,2 w wpme 

(C.70) 

1 

(C.71) 

(C.72) 
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(C.73) 

(C.74) 



291 

iPPEKDII D 
EL.lSTIC BUCILIIG or TIE n!IGE JJD VD ELEDITS 

0.1 Introduction 

In the web crippling model described in Chapter 6 it is proposed to 
model the effect of the concentrated load on the bending moment resistance 
by determining the effective widths of the flange and web elements using a 
reduced buckling stress ucr;F' where (Vilkesmann, 1960): 

ucr;F = ucr'J 1- 111cr
1

' (D.1) 
in the case of web elements, and: 

ucr;F = ucr·(l- (F/1cr) 2
, 

in the case of flange elements. (D.2) 
In this appendix it is described how the critical concentrated loads 'er 
and the critical stresses ucr for the web and flange elements can be 
calculated. 

D.2 flange bucklinc 

The flange of a member subjeoted to the combined action of a 
concentrated load and a bending moment may be idealized to a plate as shown 
in Fig. D.L 

l 

s.s.:simply supported 

Fig. D.l Idealization of the flange of a member subjected to the combined 
action of a concentrated load and a bending moment 
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The buckling stress ucr of a plate subjected to uniform compression 
only is calculated as: 

1'2 .g. t2 

u = ' 
er 12· (1-v2 ) • b2 

(D.3) 

where the buckling coefficient: 
k = 4. (D.4) u 
The critical load fer of a plate loaded by two opposite edge loadings 

only can be calculated from the formulas given by Galea (1984 a). These 
formulas were derived based on the work by Khan and Valker (1972). The 
buckling load is written as: 

k1·r2 ·D 

b 
(D.5) 

where the buckling coefficient k1 is calculated as a function of the 
parameter m = £1b/b: 

k1 m2·(0.363-0.044·m) + 1.52 £or m< 4, (D.6) 
k1 = 1/m·(m+1/m)2 for m~ 4, (D.7) 

aad: 

D = 8·t3 (D.8) 
12(1- v2 ) 

These formulas apply to a plate with simply supported edges, for which the 
ratio a Lfb is so large that the plate length does not influence the 
critical load: 

a ~ 0.2·m + 1.8 for m S 1, (D.9) 
a~ m+ 1 for 1 < m< 4. (D.10) 

for m ~ 4 the influence of the plate length on the buckling load may be 
neglected. 

1.3 Veb bud:lig 

In the literature two approximate methods are described to determine 
the buckling loads of the webs of a member subjected to the combined action 
of a concentrated load and a bending moment. 

Galea (1984 b) proposed to idealize the web to a plate with a 
fictitious length £~, subjected to the combined action of a concentrated 
load resisted by shear forces and a bending moment (Fig. D.2). The 
fictitious length £~ corresponds to the wave length of the deflection mode 
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as assumed by lhan and Valker (1972) for the determination of the buckling 
loads of a plate loaded by a partial edge load resisted by shear forces 

·(Fig. D.3). The bending moment lw represents the contribution of the web to 
the bending moment I acting at the edges of the fictitious plate, the 
bending moment lfl that of the flanges: 

I= lw + lfl = F/4·(/rL).). (D.U) 

,---------

F/21 
,~- - - - - - - - - - - - - - --

1 f/2 

F 

Mw(t JJMw 
F/2 1-----------' F12 

Fig. D.2 Idealization of the web of a member subjected to the combined 
action of a concentrated load and a bending moment according to 
Galea (1984 b) 

0C ~F 0( f 0( 0( 

/~CJ!\= CD+ /i[_}]t l 
loading case 1 loading case 2 

Fig. D.3 Idealization of a long web plate subjected to a point load on 
o.ne edge according to Vilkesmann (1960) 



In this report, a simpler and more direct approach described by 
Wilkesmann (1960) will be used. Be proposed to treat the loading case of a 
plate subjected to the combined action of a point load and in-plane bending 
stresses as a superposition of two simpler loading cases (Fig. D.4). In 
loading case 1, the point load is balanced by a uniformly distributed line 
load over the height of the web. In loading case 2, in principle, the plate 
is subjected to bending stresses and a uniformly distributed line load over 
the height of the web, but it is assumed that this line load does not 
influence the critical bending stress. 

Vilkesmann derived that the critical load Fer for loading case 1 can be 
calculated as: 

k1·r2 ·D 
~r= , 

b 
(D.12) 

where the buckling coefficient k1 is given by: 

· ( -2 92·a / k1 = 2.31· 1+7.15·e • ) for a~ L b ~ 1. (D.13) 

For long plates therefore k1 = 2.31. Be did not derive formulas to 
calculate the critical load of a plate loaded by a partial edge, with a 
length Llb' resisted by a uniformly distributed load over the height of the 
web. To account for the influence of the length of the partial edge loading 
it is assumed in this report that the ratio between the buckling load of a 
plate, loaded by a partial edge loading resisted by a uniformly distributed 
load over the height of the web, and the buckling load of a plate, 
subjected to two opposite edge loadings (Fig. D.5), is independent of the 
length of the partial edge loading. 

For a plate subjected to two opposite point loads, Vilkesmann gives the 
formula: 

kF 1.273·(1+1/2·e- 3·(a- 1)), (D.14) 
from which it follows that for long plates k1 = 1.273. The buckling 
coefficient of a plate loaded by a partial edge load resisted by a 
uniformly distributed load over the height of the web can thus be 
calculated as 2.31/1.273 = 1.8 times the buckling coefficient of a plate 
subjected to two opposite partial edge loads. The calculation of the 
buckling coefficients for this loading condition was discussed in Section 
D.2. It may be noted that Eq. D.14 is not consistent with Eq. D.6. This is 
caused by the fact that Vilkesmann determined a lower bound of the critical 
load by disregarding any spreading of the bearing stresses in the plate. 
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. F. ·1 
as~umption: ~ 

Fcr;2 

j fcr·2 , 

ffiFcr;3 

Pcr·3 =-' 

ffiFcr;4 

m rcr:4 

Fig. D.5 Determination of the critical load of a plate loaded by a partial 
edge load resisted by a distributed load 

The buckling stress ucr for loading case 2 depends on the ratio ; 
between the maximum compression and tension stresses: 

; utfuc. (D.15) 
Following Eurocode No.3 Part 1 Annex A (1988), it is calculated as: 

k • r 2 ·E· t 2 

u = u (D.16) 
er 12·(1-v2)·b2 

with 

ku [(t-;)/(0.362- 0.103·t+)J2 when -0.5 < ; < 0, (D.17} 

ku = 5.85·(1-;) 2 when ; ~ 0.5. (D.18) 
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APPENDIX E 
IIILOIICI Of BAIDEIIIG DJ TIE EIElGY DISSIPATION Il YIELD ZONES 

1.1 Introduction 

Yield lines are idealizations of yield zones occurring in reality. In 
this Appendix the formulas to determine the influence of hardening on the 
energy dissipation in yield zones subjected to a bending moment only are 
derived. The influence of hardening depends on the radius of curvature of 
these yield zones. This radius may be so small, and the resulting (plastic) 
strains so large, that the analysis can best be carried out in terms of 
true stress and strain instead of engineering stress and strain, as 
generally used in structural engineering. A distinction must then be made 
between yield zones bending the plate.and yield zones rebending the plate. 
Due to the Bauschinger effect, the stress-strain behavior for monotonic 
loading (as occurring in the first type of yield zones) differs from that 
for cyclic loading (as occurring in the second. type). 

The analysis of the energy dissipation in the yield zones is based on 
the theory of plate bending. Bill (1950) described a general theory of 
plate bending for perfectly plastic material. Since an exact analysis of 
plate bending for hardening material was found very complex, and not 
feasible within the context of this study, in this Appendix an approximate 
approach is proposed. This approach is based on rather crude assumptions. 
Nevertheless it is thought that the analysis may give an idea of the 
importance of strain hardening in yield zones. 

First, in Section E.2 the idealization of the material properties, to 
be used in the analysis, is presented. Then, in Section E.3, the moment 
capacity of yield zones is determined, distinguishing between yield zones 
bending and rebending the plate. As described in Chapter 6, the influence 
of hardening on the energy dissipation in yield lines can be described by 
hardening factors. In the Sections E.4.1 and E.4.2 the formulas for the 
determination of the hardening factors in (moving and stationary) yield 
lines are derived, again distinguishing between yield lines bending and 
rebending the plate. In Section E.4.3 finally an overview is given of the 
hardening factors for the materials used in testing. 
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1.2 Idealization of the waterial properties 

1.2.1 lonotonic loadiQS 

In the literature many material models for steel are proposed 

(Pig. E.1), describing the effective stress u' as a function of the 

effective strain£', where the effective stress is calculated from the 
principal (true) stresses as: 

tr' 1/f2l·i (tri-tr2) 2+(tr2- tra) 2+(tr3- tri)
21

, (E.l) 
and the effective strain from the principal (natural) strains as: 

£' = J 2/3·(Ei2+E22+Ea2
)

1
• (E.2) 

fy 

if' 

rigid-perfectly plastic 

E'' 
if' 

rig id - I inear hardening 

r· 

rigid-exponential hardening 

1--------------. E' 

fy 

Fig. E.l Various material models 

if' I 
I 

elastic -perfectly plastic 

E'' 
(fj 

£' 

exponential hardening 
..___ _______ _,. ·t 
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These models can be regarded as idealizations of stress-strain curves 
measured in tensile tests (Fig. E.2), since, for uniaxial loading: 

-(J, - ,, 
- 1' 

and: 
(E.3) 

t' = fi. (E.4) 
In a tensile test, in the range of uniform plastic deformation (no change 
of volume), the true stress "i and strain fi can be calculated from the 
engineering stress u1 and strain t 1 as: 

ti ln(1+t1), (E.S) 
and: 

"i = (t+e1)·u1. 

u, 

a; 
ui;r ------
a"t,u ----

uniform 
deformation neck 

4 ~ I .---~-+ 

~----------~•~------~--~•Ei 
E'\u 

Fig. E.2 Stress-strain curves obtained from a tensile test 

(E.6) 

Usually the energy dissipation in yield zones is determined based on a 
rigid-perfectly plastic material model. To investigate the influence of 
hardening on the energy dissipation in yield zones, in this Appendix a 
modified rigid-exponential hardening is adopted (Fig. E.3): 



u' = 1 y 
- . (. )n u' = k· e' 
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if 'f' <_ ;' y' 

if 'f' > ;' y' 
where k is the strength coefficient, n is the hardening coefficient, 

is the maximum effective strain for which u' - 1 · - y' 

e' = y 
(I /k)l/n y • 

~ ~--------------- , 
/ modified 

1 rigid-exponential hardening 
I . . 

rigid-perfectly plastic 

1-----------.£' '----1-_-:-, ------· f' 
Ey 

Fig. E.3 lodified rigid-exponential hardening material model 

(E.7) 

and 'f' 1 

(E.8) 

The coefficients k and n are most accurately determined by fitting a 
straight line through the logarithmic plot of the true stress-strain curve 
measured in a tensile test. A less accurate but much simpler procedure is, 
to determine the coefficients k and n from the relation between the stress 
ul;u and strain ei;u at the attainment.of the ultimate strength. The 
momentaneous force F in a tensile test equals: 

F ITi·A, (E.9)" 

where A is the momentaneous area of the test specimen. At the attainment of 
the tensile strength (Fig. E.2), F has attained its maximum, and hence: 

dF = dui·A + ui·dA = 0. 
Consequently: 

du' 
_1 =- d..4 

ui;u Au 

(E.lO) 

(E. H) 

Plastic deformations occur without a change of volume. Volume invariance 
for a part of the tensile test specimen with length LP and area A requires: 

dY = A·dLP + d.4·Lp' (E.12) 
and thus: 
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dJ dL 
- = .::.....2 = dei. 
_A LP 

Combining Eqs. E.11 and E.13 results in: 

dui 
ui ;u = (d---;)u • 

f1 
from Eq. E.7 it follows that: 

ul;u = k·(ei;u)n. 

Combining Eqs. E.14 and E.15 gives: 

k·(ei;u)n = n·k·(ei;u)n-1, 

and thus: 
n = t.' 1;u' 

and: 

(E.13) 

(E.14) 

(E.15) 

(E.16) 

(E.17) 

(E.18) 

Since the ultimate strength is reached within the range of uniform 
deformation (no necking), k and n can be determined from the engineering 
stress u1.u and strain e1.u as: 

' ' ' 
n = ln(l+El;u), (E.19) 

and: 

(E.20) 

By determining k and n in this way the predicted stress-strain behavior is 
fitted to the measured stress-strain behavior at only one point. There 
exist material models with more parameters, which allow for a more accurate 
fit. However, considering the crude approximations which will be made in 
the following Sections for the determination of the influence of hardening 
on the energy dissipation in yield zones, the present model is accurate 
enough. 

If the strain fl·u is not known, the coefficients k and n can be 
' determined from two simple empirical formulas proposed by larren (1967): 

k = 2.80·/u- 1.55·/y' (E.21) 

fu 
n = 0.225·-- -0.120. (E.22) 

fy 
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1.2.2_Cyclic loadiBs 

laterial stress-strain characteristics based on monotonic tests are not 
usually applicable to cyclic loading conditions, because stress-strain 
response varies with cyclic history. The presence of plastic strains causes 
the loading and unloading paths to separate and results in a hysteresis 
loop (Fig. E.4). In this Appendix, based on lassing 1s hypothesis (Jhansale 
and Topper, 1973), it is assumed that either branch of this loop is 
geometrically similar to the monotonic stress-strain curve with a scale 
factor of two, and is described by: 

if A"f' <= A"f', y 

if A€' > A€' y' (1.23) 

where Au' and A€' are the absolute changes in effective stre&s and 

effective strain, and A€' is the maximum effective strain reversal for y -

which Au = 2·fy: 

A"f' = €' (l /k) 1/n. (E.24) y y y 

-· 0" 

Fig. E.4 lodified rigid-exponential hardening material model accounting 
for cyclic loading 
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For strain reversals the resultant effective stress u; can thus be 
determined as: 

u;fe',Ae') = u'(e')- A~'(A"E'). 
In the case that A€' = €': 

Au'= 2·k·("f')8 = 2·u'("f'), 
and thus: 

(E.25) 

(E.26) 

u;<e' ,A"f'="E') = -u("E'). (E.27) 
Note that the proposed material model implies time independent stress
strain relations, that is, strain aging is not considered. 

1.3 IO!eDt capacity 

1.3.1 l~t capacity of yield zones bending the plate 

Rill (1950) described a general theory of rigid-plastic sheet bending 
for strains of any magnitude. The analysis vas given in terms of cylinder 
coordinates (Fig. E.5), and was restricted to the bending of a wide sheet 
with negligible strain in the width direction (plane strain): 

E' = 0. z 
For this case the strain to at a radius r can be calculated as: 

to = ln(r/r
0
), 

where r
0 

is the radius to the surface of zero strain. 
Since volume invariance requires that: 

E' +E' + E' = 0 r (} z ' 
it follows from Eq. E.28 that: 

e~ = - e0, 
and: 

€'= J 2/3·(e' 2+e' 2+e' 2 )
1
= ~ ·lln(-I)I. · r 0 z f31 r0 

The corresponding effective stress can be determined as: 

u' = 1/f2l·J(~r;-uiJ) 2 +(11iJ-11~) 2 +(u~-u;) 21 
= k·(e')n. 

(E.28) 

(E.29) 

(E.30) 

(E.31) 

(E.32) 

(E.33) 
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r 

Fig. E.5 ! wide plate plastically deformed by pure bending 

The normality rule requires that: 
6e~ = 6.\·(2·11~- 11;- 110) = 0, 

and thus: 
(E.34) 

11' + 11' 
11' ·= ~. (E.35) 
z 2 

Combining Eqs. E.33 and E.35, and using .the condition that the stress 
component u~ will b~ equal to zero at the boundaries of the plate, the 
stress component u0 at these boundaries can be determined as: 

' 2 -, ( ) 110 = :1: -·11 E.36 
~ 

For a rigid-perfectly plastic material u' 

' 2 f uo=:l:~·y· 

= fy' and hence (Fig. E.6): 

(E.37) 

The determination of the internal stress distribution in the plate is 
more complex. Hill (1950) showed that the overall thickness of a 
rigid-perfectly plastic plate does not change during deformation, and that 
the neutral surface (that is the surface where the sign of u0 reverses) and 
the surface of zero strain are not the same,. the radius r

0 
to the surface 

of zero strain being given by: 
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the radius rn of the neutral surface by: 

rn = ~ ri·rel· 

(E.38) 

(E.39) 

le furthermore showed that for rigid-perfectly plastic material the moment 
m (per unit width) is independent of the amount of plastic bending, and can 
be calculated as: 

Fig. E.6 Stress distribution in a sheet of rigid-perfectly plastic 
material bent in plane strain (Hill, 1950) 

(E.40) 

As far as the author knows, in the literature no theory of 
sheet-bending for hardening materials is described. Hill (1950) stated that 
both the effect of work-hardening and the effect of uniform pressure 
applied over the inner surface of the plate (corresponding to bending under 
tension} result in an inward displacement of the_ neutral surface and the 
surface of zero strain and a thinning of the plate. larren (1967) studied 
the plastic strains in the corners of cold-formed shapes, as a part of a 
study to the corner properties of cold-formed steel shapes. le measured a 
slight reduction in thickness of the corner, varying between 01. for the 
largest to 31. for the smallest rift ratios, and found that the measured 
strains could best be predicted.from Eq. E.29 by assuming that the axis of 
zero strain is located at: 



r. • r 1. 
1 e 
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. (E.41) 

.The similarity between Eqs. E.39 and E.41 is·a coincidence. Since larren 
also concluded that the forming methods used had little influence on the 
properties of the cold-formed corners, in this Appendix it will be assumed 
that the observed thinning effect is caused by hardening rather than by 
radial pressure during the forming process. Based on' this assumption, 
larren's formulas to determine the strain at the outer fibers in 
cold-formed corners are also applicable to yield zones •. · 
The effective strains at the inner and outer fibers in the yield zone 
bending the plate can then be calculated from: 

-, -, 2 ll (re·b)l (E ) Ei;b = Ee;b = .f3l · n ~ , .42 

where the subscript b refers to yield"zones bending the plate. Neglecting 
the thinning effect, so that: 

r b = r. b + t, e; 1; . (E.43) 

Eq. E.42 can be written as: 

-, -, 2 I I I e. ·b = E ·b = -·ln ~ 1 + t r. ·b . 
1, e, .f3l 1, 

The effective stress at the outer fibers can then be determined as: 

(E.44) 

-, f -, f f 6 iib = - y 6e;b y i ri;b ~ ri;b;y' 
-' k (-' )n - ' k (- ' )n 'f (E 45) 6 i;b = - • ei;b ue;b = • ei;b 1 ri;b < ri;b;y' • 

where ri;b;y is the· inside corner radius corresponding to the effective 

strain £': y 

/( e'·.f3 ) ri;b;y = t e y -1 . (E.46) 

The derived formulas are only valid for uniform plastic deformation, that 

is, for effective strains £' smaller than £~. Therefore the inside corner 
radius should not be taken smaller than ri·b·u= 

J I. 

- £'·.[3 ri;b;u - tf(e u -1). (E.47) 

As discussed before, the stresses u0 at the outer fibers can be 
determined from the effective strain at these fibers. Since the 
determination of the actual stress distribution in the plate is very 
complicated, in this report the moment capacity of a yield zone will be 
determined .from the simplified stress distribution shown in Fig. E.7. 
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Based on this stress distribution, and neglecting the thinning effect, the 
moment capacity mb of a yield zone bending the plate will be determined as: 

/nb = ..!L.(l/4·t2
·/ + 1/6·t2 ·(liT!.bl- 1)) (31 y 1, y 

= mp1·(1/3 + 2/3·11Ti;bl/fy)' (E.48) 

where mpl is the fully plastic moment calculated as: 

m 1 = ..:!_·1/4·t2 ·/. 
p (31 y 

till2 -- --
t/2 

21-IT-c.re:b 
r----fl> I 

(E.49) 

Fig. E.7 Assumed stress distribution for the calculation of the moment 
capacity of yield zones bending the plate 

It is easy to show that the assumed stress distribution cannot be 
correct. It is justified only by the facts that the strains at the outer · 
fibers correspond to the experimentally determined strains, and that for 
perfectly plastic material the resulting moment capacity corresponds to the 
exact moment capacity. Lacking a more accurate stress distribution, it is 
believed that the assumed stress distribution at least may serve the 
purpose of illustrating the theoretical implications of yield zones in a 
hardening material. 

From Eqs. E.45 and E.48 the bending moment capacity of the yield zone 
can be determined as .a function of the corner radius. The resulting 
expressions are quite complex. A simplified expression (to be used in the 
calculation of the hardening ·factors in Section E.4.1) can be derived by 

noting that the effective strain ti·b' which is given by: , 
t:! ·b = ..:L.1n 4 1 + tjr. ·b

1
, 

1, (31 1, 

for small values of tjri;b may be approximated as: 
1 

t:i;b = (31 •tjrb, 

where rb is the mid-line corner radius: 

(E.50) 

(E.51) 
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(E.52) 

.Hence the ratio mb/mpl can be determined from Eqs. E.45 and E.48 as: 

mb/mpl = 1 if rb ~ rb;y' 

mbfm 1 = 1/3 + 2/3·lf_· (-1- • t/rb)u if rb < rb·,y' (E.53) 
p fy (31 

where rb;y is the mid~line corner radius for which the yield stress is 
reached in the outer fibers: 

rb = r. b + tf2. (E.54) ;y 1; ;y 

Since rb = 1/~b' Eq. E.53 may also be written as: 

n;,/mpl = 1 if "'b ~ ~;y' 

~fm 1 = 1/3 + 2/3·!_·(_!_ '"'b)u if "'b> ~ •• 
D p fy (31 . o,y 

(E.55) 

In Table E.1 a comparison is shown of the bending moment capacity 
determined by the 'exact' method (Eqs. E.45 and E.48) and the approximate 
method (Eq. E.55). The calculations are based on the properties of material 
3, as described in Chapter 4 and summarized in Table E.3 of Section E.4.3. 
It can be seen that the approximate method is sufficiently accurate within 
the range of application. The corresponding m-" diagram is shown in 
Fig. E.8. 

Table E,1 Calculation of the moment capacity of yield zones bending the 
plate 

'exact' simplified 

ri ;bft rb/t kb·t - ' fi;b - ' 11i;b n;,/mpl mb/mpl 

2.8 3.3 0.303 0.1740 -457 1.514 1.512 
3.0 3.5 0.286 0.1661 -453 1.504 1.502 
4.0 4.5 0.222 0.1288 433 1.452 1.452 
5.0 5.5 0.182 0.1053 418 1.413 1.414 

10.0 10.5 0.095 0.0550 -374 1.300 1.299 
15.0 15.5 0.065 0.0373 -349 1.235 1.236 
30.0 30.5 0.033 0.0189 -310 1.135 1.135 
50.0 50.5 0.020 0.0114 -284 1.067 1.068 
88.3 88.8 0.011 0.0065 -258 1.000 0.999 

(I) (I) 0.000 0.0000 -258 1.000 1.000 
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0.0 

0.5 

Kr;yf-t 

' r.rlt=3.5 ' . I I 

,~·'' \ I I ' 

mrt / ~ : : . . ~mr, a 

\ I 

1.0 

1.5 l------------_...,........_..-

~ 
mr/mpl 

2.0 

Fig. E. 8 m- " diagra m correspond· Ing to Tables E 1 · and E.2 
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B.3.2 lo.ent capacity of yield zones rebendins the plate 

In the yield zones rebending the plate, the Bauschinger effect will be 
present. For a plate initially bent into a curvature 1/ri;b and rebent to a 

curvature 1/ri;r' the effective strain reversals 4fi and 4f~ at the outer 
fibers can be calculated as: 

-, -, 2 ( I I I I I '> Af = 4f. = -· • lJ41+t r. ·b -ln~ 1+t r. • , e 1 f3' 1, 1,r (E.56) 

from which the absolute effective stress reversal can be calculated: 

·AD-' = AD-! = ·2·/ e 1 Y 

Au~ = A'Ul = 2·k·{A!i)n if ri > ri;r;y' (E.57) 

where r
1
. ·r·y is the inside corner radius corresponding to the strain 
' ' ' 

reversal A!;: 
1+t/ri·b 

ri·r·y = tf( m 
4
!, -1). (E.58) 

' ' 43 . f e Y 
The effective stress at the outer fibers is then determined as: 

-, I-' I ,-, -, -I-' I ,-, {E 59) 1'i;r - ITi;b + ITi' ITe;r - ITe;b - ITe· • 

The bending moment capacity mr of the yield zone rebending the plate can be 
determined as (Fig. E.9, compare to Fig. E.7): 

m =- ..2.....(1/4·t 2
·/ + 1/6·t2 ·(1D-i. I -/ )) r [31 . y ,r y 

mp1·(1/3 + 2/3·(- ID-i;bl//1 + AD-iffy)). (E.60} 

~m-
Fig. E.9 Assumed stress distribution for the calculation of the moment 

capacity of yield zones rebending the plate 
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It can be shown that, for A€! = €! b: 
1 1j 

-, - -, ( ) 
qi;r - - cri;b' E.61 

and thus: 

111r = -~· (E.62) 
It may be noted that the preceding derivations are based on the sign 
convention that a moment bending the plate is positive, a moment rebending 
the plate negative. 

From Eqs. E.57 and E.60 the bending moment capacity of a yield zone 
rebending the plate can be determined as a function of the corner radius. 
This results in a complex expression. A simplified expression (to be used 
in the calculation of the hardening factors in Section E.4.2) can be 

derived by noting that the effective strain reversal A€j, which is given 
by: 

-, 2 ~ I 2 ~ I Ae. =-·In 1+tfr. ·b -·In 1+tfr.. , (E.63) 
1 f3l 1, f3l 1,r_ 

for small values of t/ri·r may be approximated as: 
' 

- 2 Jt+t/ri·b 1 
A£! =-·In + -·(tfr • - t/r) 

1 f3l . h+t/r. 1 f3l r,y r 
1;r;y 

= A€' + -
1
-· ( tfr - t/r ) • (E.64) y f3l r;y r 

From Eqs. E.57 and E.60 the bending moment capacity can then be determined 
as: 

111 fm 1 = -(1/3 + 2/3·2·k/f ·(A€'- -1 ·(tfr +t/r ))n- 2/3·lu
1
!.,bl/fy) r p y y f3l r;y r 

= mr.,y/mpl. +4/3 4/3·k/f ·(A€'- -1-·(t/r. +tfr ))n y y f3l r,y r 
if rr> rr;y' 

(E.65) 
Since rb= 1/~b' rr;y 1/~r;y and rr = 1/~r' Eq. E.65 may also be written 
as: 

mr/lllpl = lllr;yfmpl 

mr/mpl = mr;ylmpl + 4/3 

if ~r ~ ~r·y' 
. ' 
if ~r < ~r;y' 

(E.66) 
In Table E.2 a comparison is shown of the bending moment capacity 
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determined by the 'exact' method (Eqs. E.57, E.59 and E.60) and the. 
approximate method (Eq. E.66). The corresponding.-~ diagram is shown in 
Fig. E.8. The calculations are based on the properties of material 3, as 
described in Chapter 4 and summarized in Table E.3 of Section E.4.3, and 
the assumption that the process of rebending the plate starts at a corner 
radius ri;b = 3. It can· be seen that the approximate method is sufficiently. 
accurate within the range of application. 

Table E.2 Calculation of the moment capacity of yield zones rebending 
the plate 

'exact' simplified 

ri ·rft rrft A"E. A iT. -
mrfmpl mrfmpl 

' 
"r 1 1 ui,r 

3.141 3.641 0.275 0.0065 516 63 0.496 -0.495 
3.5 4.0 0.250 0.0210 632 179 0.796 -0.792 
4.0 4.5 0.222 0.0373 699 246 -0.969 -0.963 
5.0 5.5 0.182 0.0608 761 308 -1.129 -1.124 

10.0 10.5 0.095 0.1111 845 392 -1.346 -1.342 
50.0 50.5 0.020 0.1547 895 442 -1.475 -1.472 

11) 11) 0.000 0.1661 906 453 -1.504 -1.501 

1.4 lardeniag factors 

1.4.1 Hardening factors for yield liaes bendiag the plate 

It is convenient to determine the incremental energy dissipation in 
yield lines in hardening material from the energy dissipation of these 
yield lines assuming perfectly plastic material and a hardening factor 

khar= 
6fint(hardening material) = ~ar·6fint(perfectly plastic material). 

(E.67) 
Vhen hardening is considered, a distinction need to be made between yield 
lines bending the plate and yield lines rebending the plate. In this 
Section the hardening factors for yield lines bending the plate will be 
determined. First stationary, then moving yield lines will be considered. 
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To deteraine the hardening factors, a plate element with an initial 
length by and thickness t is considered (Fig. E.10). This element can be 
regarded as a yield zone with a width by. The energy required to bend the 
initially flat strip to a curvature ~b = 1/rb can be calculated as: 

"'b 
fint;b = bY·b mb(.t)·d.t. (E.68) 

... f _____ _.-ct t 
by 

Fig E.10. Plate element to be, considered 

The incremental energy dissipation 6fint;b in a stationary yield line 
bending the plate is caused by a change in "'b: 

86int·b 6f. t b = ' ·6.tb = mb(.tb)·by·6~b. (E.69) 
In ; 8.tb 

Since 9b= by'"'b' and 69b 6~·by, Eq. E.69 can also be written as: 
6fint;b = ~(.tb)·69b. (E.70) 

For a perfectly plastic material: 
66int;b = mpl' 09b· (E.71) 

From Eqs. E.67, E,70 and E.71 it follows that the hardening factor khar;b 
for a stationary yield line bending the plate can be determined as: 

khar;b = mb(.tb)/mpl' (E.72) 

In a stationary yield line the width by and the curvature "'b are 
undetermined. Usually it is assumed that the width by of the yield zone is 
such that the material is not strained into the hardening range. Hence: 

mb(.tb) O, (E.73) 
and: 

khar;b 1. (E.74) 
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In Table E.4 of Section E.4.3, for the materials used in testing 
(Chapter 4) an overview is given of the hardening factors corresponding to 
initially flat material bent to an interior bending radius of 1, 5 or 10 
... A radius of 1 .. can be attained without rupture of the material, since 
the tested sections had an interior corner radius ri·bf between the webs 

. ' and the bottom flanges of 1 ... Since a radius of 1 .. is quite small, the 
hardening factors determined for this radius can be used to determine an 
upper bound to the influence of hardening in the energy dissipation in the 
stationary yield lines in the tested members (Section 8.2). 

The incremental energy dissipation 6fint;b in a moving yield line 
bending the plate is caused by a change in by: 

8"int·b "b 
6Yint;b = IJl ' ·6b1 = ~ ~(.t)·d.t·6by. (E.75) 

y 
Note that 6by corresponds to the yield line displacement and 1/.tb= rb 
corresponds to the rolling radius. 
For a perfectly plastic material: 

6Y. t b =m l'"b·6b • (E.76) 1n ; p y 

From Eqs. E.67, E.75 and E.76 it follows that the hardening coefficient 
~ar;b for a moving yield line bending the plate can be determined as: 

/l;b 
I mb(~~;)·d.t 

~ - o (E.77) ar;b - m .. 
pl''"b 

"b 
The integral I mb(.t)·d.t can be evaluated by using Eq. E.55, resulting in: 

0 

"b 
b mb(.t)·d.t = mpl'kb for "b~ "b;y' 

"b "b;y "b k t n 
I mb(.t)·d~t =I m 1·d.t +I (1/3·m 1 + 2/3·m 1·-·(- ·.t) )·dit 
o o P " P P I '3' b;y .Y 1~ 

n+l 

[ 
k t n " ]/Gb = mpl'"b;y + 1/3·mpl'" + 2/3·mp1·--I ·('3') ·n+

1 
" 

y 1~ b;y 

( n+l n+1) 
k t n "b -"b· 

1/3·m l'"b +2/3·m l'"b· + 2/3·m 1·--·(-) · ,y 
p P ,y p I f3l n+l 

y 
for "b> "b;y· (E.78) 



Hence: 

khar;b = 1 

ltb 
I llb(~~:)·d~~: 
0 
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for~~ ~;y 

· t n ~. (-t-)n 
rb k 1 n ( rb) - r r 

= 1/3 + 2/3·- + 2/3·-·(-) ,__::. _ ____;b~;.._y___;b:..z.;._y-
rb;y fy ,(31 n+1 

for ~> ~;y' 
The resulting hardening factors for the materials used in testing 
(Chapter 4) are shown in Table E.5 of Section E.4.3. 

1.4.2 lardeninc factors for yield lines rebendinc the plate 

(E.79) 

To determine the hardening factors for yield lines rebending the plate, 
a plate element with an initial length by, thickness t, and initial 
curvature ~~:b = 1/rb is considered. The energy required to rebend the curved 
plate to a radius of curvature ~~:r = 1/rr can be calculated as: 

K.r 
fint·r = b

1
·I mr(~~:)·dK.. (E.80) 

' ~ 
Note that mr(~~:), being a moment rebending the plate, is negative. The 
incremental energy dissipation ofint·r in a stationary yield line rebending 

I 

the plate is caused by a change in ~~:r: 

avint·r 
6f1.nt·,r = ' ·bit = m(~~: )·b ·DK. • (E.81) 

a~ r r y r 
r 

Since: 

!Or= by{~~:b-~~:r)' 
and: 

6AfJr = b1·6itr' 
Eq. E.81 can also be written as: 

6f. t = -m(K. )·6AO. . 1n ;r r r 

For a perfectly plastic material: 

(E.82) 

(E.83) 

(E.84) 
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· (E~85) 

Hence the hardening factor for a stationary yield line rebending the plate 
can be determined from Eqs. E.67, E.84 and E.85 as: 

khar;r = -m(~r)fmpl' (E.86) 
!s stated in the previous Section, in a stationary yield line bending the 
plate it is generally assumed that the width by of the yield zone is such 
that the material is not strained into the hardening range. Then in 
rebending the plate the Bauschinger effect will not be present: 

m(~r> = -mpl' (E.87) 
and hence: 

~ar;r = 1. (E.88) 

Stationary yield lines rebending the plate do not occur in the model 
described in Chapter 6. 

The incremental energy dissipation cfint;r;m in a movins yield line 
rebending the plate is caused by a change in by. For a moving yield line 
rebending the plate from ~b to ~r=O: 

avint·r 0 
6f1·nt·,r = ' ·Db = 1 m ·(~)·d~·ob • (E.89) at y ~ r y 

y . 
For a perfectly plastic material: 

ofint;r mp1 ·(0-~b)·6by = mpl·~·oby. (E.90) 

The hardening factor ~ar;r for a moving yield line re~ending the plate can 
thus be determined as: 

0 
1 mr(~)·d~ 

~b 
khar;r 

0 

(E.91) 

To integral 1 mr(~)·d~ can be evaluated by using Eq. E.66, resulting in: 
~ 

0 
f m (~)·d~ =m l'~b for ~b ~ ~b;y' 
~b r P 
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"r;y 0 k -, t n 
= J m. ·d.t + J (m. +4/3·m 1-4/3·m 1--·(Af + -·(.t. -.t)} )·d.t ,. r,y .t r,y p p I y '31 r,y 

b r;y y i~-

= mr;y • {~tr;y- x;b) 

[ 
k (A"f'+(~tr· -.t)·t/{f31))n+1]o 

+ (mr· +4/3·m 
1
) .x; -4/3·m 

1
._, ---LY----'::...z'.JL.y ____ _ 

,y P PI -(n+1)·t/f31 .t, . Y r,y 
= - 4/3 ·m 1• 1t - m • "b p r;y r;y 

k (A"fi+'("r·y·t/(f31))n+1 
- 4/3 ·m 1·-· ( __,_ _ ___;;~'-"------

P I -(n+1)·t/f31 y 

Since (Eqs. E.45 and E.64): 

.-, 1-' I m Afy ITi ·b 
+ 4/3·m 1.1.:!...._, { ---=..t.:::_ -1). 

P n+t t I y 
lence: 

'itar;r = 1 

for "b. > "'b;y' 

for "b 5 "'b;y' 

(E.92) 

(E.93) 

(E.94) 

(E.95) 



317 

0 
1 mr(~t) ·dit 

k ::: ';,.:..__ __ 
har;r m 

pl"ltb 

1-' I A-' 1-' I ltr!v 1 qi·b mr;y '31 fv qi·b 
= 4/3·--=-.z...L.· (-1 + -·-=:..z..::._)- +4/3·1.'.!.._·-'-· (-=:..z..::._ -1) 

'i> n+1 fy mpl n+l~tb·t fy 

rb 1 I o-i · b I mr; y 131 rb I q i. b I 
= 4/3·-· (-1 + -·-=:..z..::._)- +4/3·1.'.!._·!J.'f' ·-· (-=:..z..::._ -1) 

rr;y n+l fy mpl n+l Y t fy 
for Kb > Kb;y· (E.96) 

The resulting hardening factors for the materials used in testing 
(Chapter 4), are shown in Table E.5 of Section E.4.3. 
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1.4.3 Oyerviev of the hardening factors for the aaterials used in testing 

In Table E.3 an overview is given of the properties of the steel sheets 
used for the forming of the test specimens (Chapter 4) needed for the 
calculation of the hardening factors. 

In Table E.4 an overview is given of the hardening factors in 
stationary yield lines'(zones) bending an initially flat plate, with an 
interior bending radius of 1, 5 or 10 mm. The hardening factors for a 
radius of 1 mm can be used to determine an upper bound to the influence of 
hardening on the energy dissipation in stationary yield lines in the 
materials used in testing. In Table E.5 an overview is given of the 
influence of hardening in moving yield lines, depending on the interior 
rolling radius. 

It can be seen from Tables E.4 and E.5 that according to the model, 
potentially, hardening has more influence on the energy dissipation in 
stationary yield lines than in moving yield lines. Also, in moving yield 
lines bending the plate hardening has more influence than in moving yield 
lines rebending the plate. 

Table E.3 Material properties of test specimens described in Chapter 4 

material fy fu €u t k n 

N/mm2 Nfmm2 mm Nfmm2 

1 327 413 0.14 0.68 614 0.131 
2 376 447 0.14 0.62 665 0.131 
3 258 384 0.19 0.58 619 0.174 
4 312 426 0.14 0.97 634 0.131 
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Table E.4 Hardening factors for stationary yield lines (zones) bending the 
plate 

r. 
1 [•] ma.terial 1 material 2 ma.terial 3 ma.terial 4 

1 1.404 1.332 1.602 1.532 
5 1.224 1.161 1.323 1.338 

10 1.149 1.092 1.214 1.256 

Table E.S Hardening factors for moving yield lines as a function of 
the rolling radius 

ma.terial 1 ma.terial 2 

ri;rol khar;b ~ar;r ri;rol khar;b khar;r 

[•] [•] 

1.0 1.279 1.160 1.0 1.217 1.108 
2.0 1.214 1.104 2.0 1.156 1.057 
4.0 1.149 1.050 4.0 1.098 1.011 
5.0 1.129 1.034 5.0 1.080 0.999 

10.0 1.071 0.993 10.0 1.033 0.974 
48.0 1.000 1.000 27.4 1.000 1.000 

material 3 material 4 

ri;rol ~ar;b khar;r ri;rol khar;b khar;r 

[•] [•] 

1.0 1.414 1.233 1.0 1.388 1.256 
2.0 1.314 1.149 2.0 1.320 1.194 
4.0 1.217 1.073 4.0 1.248 . 1.132 
5.0 1.187 1.051 5.0 1.225 1.112 

10.0 1.104 0.994 10.0 1 •. 156 1.055 
51.1 1.000 1.000 124.6 1.000 1.000 
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APPENDIX l 

GEDIETlY l!CTOIS JOl lOVING YIELD LINES VITI V!lYIIG lOLLING l!DII 

In the web crippling model described in Chapter 6 it is assumed that 
the rolling radius rrol and the incremental yield line displacement bu may 
vary linearly over the length of a yield line: 

rrol(zl) rrol(o)·+ (rrol(L)-rrol(O))·zl/L, (F.l) 

6u{x1) = x1/L·6u(L). (F.2) 
The energy dissipation in such a yield line is calculated as: 

DV - L·m · ou(L) ·k ·k (F 3) int - pl (£) har geo' • 
rrol 

where khar and kgeo are factors accounting for the influence of hardening 
and the influence of the variation of the yield line deformations over the 
length of the yield line on the energy dissipation in the yield line 
respectively, and 6u(L)/rr01 (L) is the (non-zero) incremental yield line 
deformation at one end of the yield line. To determine the geometry and 
hardening factors for such a moving yield line, the variation of the 
bending moment capacity over the length of the yield line is linearized: 

mnn(x1) = mnn(O) + x1/L·(mnn(L)-mnn(O)). (F.4) 

The incremental energy dissipation in the moving yield line can then be 
calculated from: 

L ou( x1) 
6Vint =I mnn(x1)· ·dx1• (F.5) 

0 rrol(xl) 

Using the notation: 

mo = mnn(O), 

ro = rrol(O), 

6uL = O.(L), . 

(F.6) 

(F.7) 

(F.8) 
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Eq. f~9 can be written as: 

6ft.L mL 
6Vint = L·mpl·~·kgeo'mpl 

ouL m0 mL-m0 = L·m 1·-·k · (- + k h·--) p rL .seo mpl g mpl 

with: 

and: 

kgeo = 1/2 
rL 

k. =--
geo r r . 

L- 0 

The hardening factors can then be determined as: 

khar = mofmpl = mLfmpl 

· ~ar = (mL/mpl + kgh·(mL-mo)/mpl) 

For moving yield line 4 rebending the plate: 

mL ~ar;r(rrol)·mpl' 

mo khar;r<rtf)·mpl' 

For moving yield line 5 bending ·the plate: 

mL = khar;b(rrol)·mpl' 

mo khar;b(rtf)·mpl' 

if r0 = rL, 

if ro # rL" 

(f.10) 

(f .11) 

(F.12) 

(F.13) 

(F.14) 

(F.15) 

(F.16) 

(F.17) 
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S!IEIV!TTIJG 

Dit proefschrift doet verslag van een onderzoek naar het kreukelen van 
de lijven van dunwandige, koudgevormde profielen onder een geconcentreerde 
krachtsinleiding. Doel van het onderzoek was het ontwikkelen van een 
analytisch model om het belasting-vervormingsgedrag van koudgevormde 
profielen onder de gecombineerde belasting van een geconcentreerde kracht 
en een buigend moment te beschrijven. let behulp van zo'n model kunnen de 
bestaande rekenregels voor de praktijk worden verbeterd. Het onderzoek is 
beperkt tot hoedprofielen en trapeziumvormig geprofileerde platen met 
onverstijfde lijven en flenzen (Fig. 9.1). 

Als steun bij de modelontwikkeling en ter toetsing van het ontwikkelde 
model zijn vervormingsgestuurde lijfkreukelproeven uitgevoerd, waarbij veel 
aandacht is gegeven aan het meten van de vervormingen van de proefstukken 
(Fig. 9.2). Uit de proeven bleek dat er twee verschillende lijfkreukel
bezwijkmechanismen bestaan, namelijk een vloeiboogmechanisme optredend bij 
profielen met een kleine afrondingsstraal tussen de belaste flens en de 
lijven, en een afrolmechanisme optredend bij proeven met een grote 
afrondingsstraal. Ook werd een asymmetrische bezwijkvorm waargenomen die 
zou kunnen duiden op het bereiken van het uiterst opneembare moment. 

Het vloeiboog- en afrolmechanisme worden gekarakteriseerd door 
verschillende wijzen van lijfvervorming (Fig. 9.3). In het vloeiboog
mechanisme plooit het lijf en ontstaat er een gebogen vloeilijn onder de 
belastingplaat. In het afrolmechanisme 'rolt' de afrondingstraal door het 
lijf naar beneden, een verschijsel dat gemodelleerd kan worden met zich 
verplaatsende vloeilijnen. Beide bezwijkvormen gaan gepaard met de vorming 
van een scharniermechanisme (Fig. 9.4). Dit scharniermechanisme beinvloedt 
het globale belasting-vervormingsgedrag van het profiel. Bij het 
vloeiboogmechanisme valt het ontstaan van het scharniermechanisme ongeveer 
samen met het bereiken van de uiterste belasting. Bij het afrolmechanisme 
markeert het ontstaan van het scharniermechanisme een stijfheids
verandering in het belasting-lijfkreukelvervormingsgedrag, maar wordt de 
uiterste belasting pas bereikt bij grotere vervormingen en enige 
mechanismerotatie. Daarom is er een mechanisme initiatie belasting 
gedefinieerd als de belasting behorende,bij het ontstaan van het 
scharniermechanisme (Fig. 9.5). 

Voor het afrolmechanisme is een model ontwikkeld (niet voor het 
vloeiboogmechanisme), waarmee de mechanisme initiatie belasting bepaald kan 
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worden als het snijpunt van een elastische kro .. e en een star-plastische 
mechanisme initiatie kromme in een belasting-lijfkreukelvervormingsdiagram 
(Fig. 9.6). Vooralsnog is het elastische verband bepaald als een rechte 
lijn met een belling gelijk aan de experimenteel bepaalde initiele 
lijfkreukel-vervormingsstijfheid. De star-plastische mechanisme initiatie 
kromme is afgeleid met behulp van gegeneraliseerde vloeilijnen-theorie, 
gebaseerd op een geidealiseerd vloeilijnenpatroon (Fig. 9.7). Er is 
aangenomen dat, bij het onstaan van het scharniermechanisme, de afrolstraal 
(de momentane waarde van de afronding tussen de belaste flens en de lijven 
van het profiel) gelijk is aan de initiele afrondingsstraal van het 
profiel, en dat de andere parameters die het vloeilijnenpatroon bepalen (de 
afstanden Lyt en Lyb) bepaald kunnen worden door het minimaliseren van de 
berekende mechanisme initiatie belasting. 

Uit de vergelijking van het model met de proefresulaten blijkt dat het 
model redelijke resultaten geeft voor de proeven met een afrondingsstraal 
van 10 mm. Voor de proeven met een afrondingsstraal van 5 mm voorspelt bet 
model te hoge mechanisme initiatie belastingen. Dit kan voor een deel 
veroorzaakt worden door het feit dat deze proeven vallen in een 
overgangsgebied tussen het vloeiboog- en het afrolmechanisme. Het vermoeden 
is dat met name de invloed van het hol gaan staan van de flens onder de 
belastingplaat ("flange curling11

) en de invloed van de spanningen 
veroorzaakt door het buigend moment op de energiedissipatie in de 
vloeilijnen nauwkeuriger gemodelleerd zouden '~oeten worden. Zowel het model 
als de proefresultaten geven aan dat het optredende bezwijkmechanisme niet 
alleen bepaald wordt door de afrondingsstraal, maar ook door de lijfhoek 
van het profiel. 

In principe kan de berekende mechanisme initiatie belasting groter zijn 
dan de belasting die nodig is om de uiterste momentsterkte te bereiken. In 
dat geval wordt aangenomen dat het profiel bezwijkt door het buigend 
moment. Volgens het model wordt de momentsterkte gereduceerd door de 
invloed van de geconcentreerde belasting op de plooispanning van de lijf
en flenselementen. De vergelijking van de berekende gereduceerde 
momentsterkten met de maximaal optredende momenten in de proeven laat zien 
dat de voorgestelde berekeningsmethode (gebaseeerd op een reductie van de 
medewerkende breedtes van de lijf- en flens elementen) deze invloed van de 
geconcentreerde belasting overschat, en daardoor leidt tot een 
onderschatting van de gereduceerde momentsterkte. 
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Om het belasting-vervormingsgedrag na het ontstaan van het scharnier
•echanisme te kunnen voorspellen zijn tot nu toe alleen constante
&frolstraal mechanisme krommen afgeleid (Fig. 9.6). lierbij is aangenomen 
dat de afrolstraal en het vloeilijnenpatroon niet veranderen bij toenemende 
vervorming. Uit de proeven bleek echter dat de afrolstraal kleiner wordt. 
Uit het verloop van de constante-afrolstraal mechanisme krommen blijkt dat 
daardoor de belasting na het ontstaan van het mechanisme toeneemt, zoals 
ook bij de proeven is waargenonen. 

In principe kan het model verder ontwikkeld worden voor het berekenen 
van de krommen van mechanismen waarbij de afrolstraal afneemt bij 
toenemende vervorming. Uit deze kromme zou dan de uiterst opneembare 
belasting van het profiel bepaald kunnen worden. Een nauwkeurige bepaling 
van de uiterste sterkte is echter veel moeilijker dan van de mechanisme 
initiatie sterkte. Er zijn aanwijzingen dat het verschil tussen de 
mechanisme initatie sterkte en de uiterste sterkte kleiner wordt voor 
grotere overspanningen van de proefstukken. logelijk is het daarom voor de 
praktijk voldoende nauwkeurig om de rekenregels te baseren op de mechanisme 
initiatie sterkte. 
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STELLINGEN 
behorende bij het proefschrift 

VEB CRIPPLING OF COLD-FORMED STEEL IEIBERS 

1. In koudgevormde stalen hoedprofielen en trapeziumvormig geprofileerde 
stalen platen met onverstijfde lijven en flenzen kunnen twee verschillende 
lijfkreukelmechanismen optreden, namelijk een vloeiboog mechanisme en een 
afrol mechanisme. 

2. Bet optredende lijfkreukelmechanisme wordt voornamelijk bepaald door de 
afrondingsstraal van het profiel. 

3. Volgens het ontwikkelde model voor het afrolmechanisme is het effect van 
de lijfhoek op de mechanisme initiatie sterkte tegengesteld aan het door 
de Eurocode en AISI rekenregels voorspelde effect op de uiterste sterkte. 

4. Volgens de Eurocode en AISI rekenregels kan bij korte proefstukken de 
invloed van het moment op de uiterste lijfkreukelsterkte verwaarloosd 
worden. Bit geldt echter niet voor het modelleren van het lijfkreukel
gedrag. 

5. Bet gebruik van vloeilijnenmodellen voor de analyse van het niet-lineaire 
belasting-vervormingsgedrag van een constructie leidt niet steeds tot een 
bovengrensoplossing. 

6. Voor een goed inzicht in de voorspellende waarde van (niet-lineaire) 
numerieke simulaties is het noodzakelijk om deze uit te voeren zonder 
voorkennis van de proefresultaten waarmee wordt vergeleken. 

7. Bet verdient aanbeveling om in normen voor de berekening van constructies 
literatuurverwijzingen op te nemen waarin de herkomst van (modificaties 
van) empirische rekenregels wordt vermeld. 



8. Het definieren van begrippen in een onderzoek is het bepalen van de 
grenzen·van wat men aanneemt en niet ter discussie wil stellen. 
Onduidelijke definities duiden derhalve op een gebrekkig besef van de 
gemaakte vooronderstellingen. 

9. In het (Nederlandse) universitaire onderwijs wordt te weinig aandacht 
besteed aan de didactische scholing van docenten. 

10. leten is pas weten als je weet wat je meet. 


