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Societal summary

The impact of environmental noise on our well-being is more severe and widespread
than ever before, and it will continue to increase in magnitude and severity because
of population growth, urbanization and increasing highway, rail, and air traffic. In
addition, noise and vibration problems are more often encountered due to the trend
towards light-weight design in high-tech mechatronic systems. As a result, there
is an increasing demand for light-weight structures which should be able to reduce
the impact of noise as much as possible.

In this research several passive sound reduction measures are studied in order to
improve the low-frequency domain acoustic shielding performance of light-weight
single and double wall panels. For both types of panels, the most important sound
reduction measure is based on multiple optimally tuned vibration absorbers. As
a result, the overall vibration level of the panel decreases and, therefore, also the
impact of noise is reduced. It is shown that vibration absorbers have great po-
tential to improve the low-frequency domain performance of both types of panels,
which implies that it is possible to design light-weight panels with high acoustic
performance in a broad frequency domain.

Ultimately, these panels can be employed to improve the sound transmission loss of
thin walled structures (such as the engine cover of a truck and the casing of a MRI
scanner) but also to protect extremely sensitive devices from noise disturbances
(such as wafer steppers and electron microscopes).
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CHAPTER 1

Introduction

1.1 Motivation

The impact of environmental noise (unwanted sound) on our well-being is more se-
vere and widespread than ever before, and it will continue to increase in magnitude
and severity because of population growth, urbanization and increasing highway,
rail, and air traffic. Nowadays, it is estimated that traffic related noise alone results
in a lost of at least one million healthy life years in the western part of Europe
every year [1]. Besides the impact of noise on health, there is also a technological
challenge to protect extremely sensitive devices, such as wafer steppers and elec-
tron microscopes, from acoustic disturbances, since the performance accuracy of
these devices is affected by the presence of noise. Finally, there is a trend towards
light-weight design in high-tech mechatronic systems. As a result, noise and vibra-
tion problems are more often encountered. In light of these developments, it can
be concluded that there is an increasing demand for light-weight structures which
should, at the same time, be able to reduce the impact of noise as much as possible.

This research is part of a Dutch technology foundation STW project entitled
”Acoustic shielding of high-tech systems”. The objective of this project is to im-
prove the acoustic performance of light-weight plate-like acoustic shielding panels
by combining passive sound transmission reduction measures for both the low and
mid/high frequency domain.

This work focuses on low-frequency domain passive sound transmission reduction
measures for single and double wall panels. The double wall panel consists of two
plates, an air-layer, and a foam layer which is attached to one of the plates. For
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the double wall panel, the first three passive noise reduction measures are related
to the material choice of the foam layer, to the topology configuration of the dou-
ble wall panel, and to the weight distribution between the plates of the double
wall panel. The final and most important low-frequency domain noise reduction
measure addressed in this work is based on the concept of optimally tuned vibra-
tion absorbers. This methodology is applicable for passive low-frequency domain
performance optimization of both single and double wall panels.

1.2 Passive sound transmission reduction

Double wall panels are a widespread solution to passively reduce the sound trans-
mission in the mid/high frequency domain. A double wall panel consists of two
plate-like structures which are separated by means of an air-layer, a frame, or a
light-weight material. The most well known example of a double wall panel is the
double glazing in houses and offices. Besides glazing, double wall panels are also
employed as structural elements in buildings, aircrafts, city buses, etc. In building
industry, one can think of two plasterboard panels which are separated by e.g.
a wooden or aluminium frame. Double wall panels are also specifically designed
in order to reduce the transmission of sound from noisy machinery and the noise
transmission between two adjacent rooms.
Double wall panels have a better acoustic performance than single panels with the
same mass because the sound transmission loss of a double wall panel is higher
in the mid/high frequency domain provided that the acoustic air-layer resonances
are attenuated. The sound transmission loss of a double wall panel is higher be-
cause the air-layer decouples the dynamic behaviour of the plates. This implies
that mechanical connections between the plates of the double wall panel have to
be avoided, i.e. mechanical connections between the plates of a double wall panel
introduce a structure-borne path besides the air-borne path which deteriorates the
sound transmission loss. There are many ways to passively attenuate the acoustic
air-layer resonances in a double wall panel, for example, by means of Helmholtz
resonators [2], viscothermal dissipation in the boundary layer of the air-layer [3],
and by inserting a micro perforated panel [4] or a foam layer [5] in the air-layer
volume.

In this work, a foam layer is chosen to attenuate the air-layer resonances for four
reasons, namely; 1) the acoustic material properties of the foam layer can be opti-
mized to have a high absorption coefficient in the mid/high frequency domain (the
acoustic air-layer resonances are attenuated), 2) the mechanical properties of the
foam layer can be optimized not only to have a high stiffness to mass ratio but
also to have high structural dissipation (the structural response of the plate with
the foam layer is attenuated), 3) the presence of the foam layer can be exploited to
embed mass inclusions in the foam layer, where the mass inclusions are designed to
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function as vibration absorbers (structural resonance peaks are attenuated), and
4) foam layers are light-weight materials, especially when compared to common
engineering materials.

1.3 Problem definition

The goal of this thesis is to develop efficient, robust, and fast vibro-acoustic models
in order to describe the response of a double wall panel including the poro-elastic
behaviour of a foam layer in the low frequency domain, i.e. f < 500 [Hz]. These
models are used to passively enhance the broad-band low-frequency domain sound
transmission performance by adding multiple optimally tuned vibration absorbers
to the double wall panel. The optimal mechanical properties of the vibration
absorbers are computed by solving a Linear Quadratic Regulator (LQR) based
optimization problem. By assuming that the double wall panel is backed by a
cavity with rigid walls, two types of acoustic excitation can be studied, namely 1)
the cavity-backed double wall panel is excited by an incident plane wave and the
goal is to minimize the potential energy of the cavity and 2) the cavity is excited
by means of a point source and the goal is to minimize near- and far-field sound
radiation of the double wall panel.

Vibro-acoustic modelling

There is always a mutual interaction between a vibrating structure and the sur-
rounding air (except if the structure is placed in-vacuum). Usually the mass of the
vibrating structure is lager so that the influence of the air can be discarded when
computing the dynamic response of the structure. Hence, the dynamic response
of the system is computed first by assuming a one-way coupling between the plate
and the surrounding air and the acoustic parameters, such as the radiated sound
power, are evaluated afterwards based on the structural response. It is not valid to
assume a one-way coupling between the structure and the acoustic domain if the
structure is in contact with a confined acoustic air domain, such as an air-layer or
cavity. As a result, a fully coupled vibro-acoustic problem has to be solved in order
to accurately predict the structural and acoustic response [6] [7] [8].

Optimization of the vibration absorbers

Although there are many studies in which the vibration response of a system is
minimized by means of vibration absorbers, to the authors’ knowledge, there are no
results available in literature where multiple vibration absorbers are individually
and optimally tuned to attenuate not only the dynamic but also the acoustic re-
sponse of Multi-Degree-Of-Freedom (MDOF) vibro-acoustic problems. Therefore,
we propose a robust, uniform, and concise methodology to optimize vibration ab-
sorbers in a broad low-frequency range for MDOF vibro-acoustic problems. Since
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the optimization of the vibration absorbers is based on a LQR optimization ap-
proach, a (stable and causal) state-space model of the vibro-acoustic system has
to be available. The main advantage of having a state-space model of the vibro-
acoustic system is that the H2-norm of the system output, i.e. a measure for the
broad-band performance, can be evaluated simply by solving a Lyapunov equation,
which is very efficient, fast, and robust. It is also possible to apply optimal state-
feedback to the vibro-acoustic system, since the LQR based optimization problem
is based on an optimal state-feedback control methodology. However, there are
some challenges to obtain a state-space model of the cavity-backed double wall
panel. The first challenge is to find an equivalent proportional damping model
which captures the structural dissipation forces of a hysteretic damping model, i.e.
hysteretic damping models are usually used to characterize structural dissipation
in common engineering materials. Even more challenging is the computation of
the so-called radiation filter. The radiation filter describes the radiation resistance
matrix, which is required in order to compute the active sound power.

The solution approach

In general, the solution of a vibro-acoustic problem in the low-frequency domain can
be obtained by means of Finite Element Method (FEM) models, Boundary Element
Method (BEM) models, and modal based solution approaches. FEM models are
very suitable to study interior vibro-acoustic problems, whereas BEM models are
especially suitable to study exterior problems, i.e. sound radiation problems. The
advantage of FEM models is that the system matrices are diagonal dominated but
the dimensions of the system matrices are, in general, large. The advantage of BEM
models is that the dimensions of the system matrices are smaller but the system
matrices are fully populated. As a result, both FEM and BEM models lead to
large computation times when the complexity of the system increases. Modal based
solution approaches allow to reduce the model size and, therefore, the computation
time while keeping the system complexity. The second advantage of modal based
solution approaches is that these models are very suitable for parametric studies.
Therefore, the modal based solution approach is preferred above the other solution
approaches in this work.

1.4 Contributions

The contributions of this thesis are summarized as follows;

- A uniform, robust, and concise LQR based optimization methodology is pro-
posed in order to optimize vibration absorbers, in a broad frequency range,
for MDOF vibro-acoustic problems.

- Low order state-space models of vibro-acoustic systems are derived including
the poro-elastic behaviour of foam layers and sound radiation.
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- A dynamic model of a multilayered plate is derived based on classical plate
theory in combination with exponential shear deformation theory and Mindlin’s
theory.

- An acoustic model of a rectangular cavity with a sound absorbing wall is
derived, where the sound absorbing wall is modelled by an impedance bound-
ary condition which approximates the normal acoustic surface impedance of
a foam layer.

- A low-order sound excitation model is proposed in order to approximate the
surface excitation pressure at the upper plate of the cavity-backed double
wall panel due to plane wave excitation.

- A robust solution to the spectral factorization of real rational matrices is
proposed with no restrictions on the Laplace model that leads to a stable
representation of the radiation filter.

- An extensive analysis of optimally tuned vibration absorbers for broad low-
frequency domain performance is presented for several cost functions and
system configurations.

Overall, the numerical modelling techniques and findings of this work can be used
for future design studies but also to obtain insight in vibro-acoustic problems en-
countered in industry. The gathered knowledge regarding the optimal vibration
absorbers of mechanically and acoustically excited structures can be used as a
starting point to passively reduce the impact of noise in industrial problems.

1.5 Outline of this thesis

This thesis is divided in three parts.

Part I consists of Chapters 2-4 and deals with the derivation and the analysis of
the free equations of motion of the cavity-backed double wall panel.
The dynamic models of a single plate and a multilayered plate, i.e. a thin plate
with an attached foam layer, are derived and analyzed in Chapter 2. The dy-
namic model of the multilayered plate includes higher order translational and ro-
tary inertia terms and shear forces of the foam layer. The damping forces, which
are initially described by hysteretic damping models, are included by defining an
equivalent proportional damping model.
The acoustic models of the cavity and the air-layer are derived in Chapter 3.
The acoustic model of the air-layer is based on a rectangular cavity model with
one sound absorbing wall. The sound absorbing wall is modelled by an impedance
boundary condition. The properties of the impedance boundary condition are based
on the surface impedance of the foam layer, which is described by the Johnson-
Allard-Champoux (JAC) model.



6 Introduction

The dynamic models of Ch. 2 are combined with the acoustic models of Ch. 3 in
order to derive the equations of motion describing the free vibro-acoustic response
of the cavity-backed double wall panel including the poro-elastic behaviour of the
foam layer in Chapter 4. A (numerical) modal analysis of the cavity-backed dou-
ble wall panel is presented and three fluid-structure interaction phenomena are
addressed in detail.

Part II consists of Chapters 5-6 and deals with sound excitation and sound radi-
ation modelling.
The sound excitation models, which are presented in Chapter 5, are used to com-
pute the surface excitation pressure at the upper plate of the double wall panel as a
result of plane wave excitation. The first sound excitation model is the well known
blocked pressure approximation, i.e. it is assumed that the double wall panel is
baffled. A second sound excitation model is proposed in order to approximate the
excitation pressure at the upper plate of the double wall panel for the case that
the system is placed in an unbounded air domain. The vibro-acoustic model of
the cavity-backed double wall panel is extended with the second sound excitation
model and the forced response due to plane wave excitation is presented and ana-
lyzed.
In Chapter 6, sound radiation models are presented in order to compute the ac-
tive and reactive sound power of a baffled point-force excited plate. The active and
reactive sound power are compared to the kinetic energy of the plate in order to
define appropriate cost functions which describe the acoustic performance of the
system. The forced response of the cavity-backed double wall panel due to point
source excitation of the cavity is presented and the kinetic energy of the upper
plate of the double wall panel is compared with the active sound power.

Part III consists of Chapters 7-8 and deals with passive low-frequency domain per-
formance optimization by means of multiple optimally tuned vibration absorbers.
Chapter 7 focuses on plate sound radiation reduction by means of multiple op-
timally tuned vibration absorbers. The spring stiffness and damping values of
the vibration absorbers are optimally tuned by solving a LQR based optimization
problem. Since the optimization methodology is based on an optimal state-feedback
control methodology, a state-space model of the system has to be available. The
active sound power is described by a state-space model which is known as the ra-
diation filter. The influence of the cost function, the initial guess, the mass ratio,
the number of vibration absorbers, and the design freedom is addressed in detail.
In Chapter 8, the low-frequency domain acoustic performance of the double wall
panel is passively enhanced by means of topology and configuration optimization
and by adding multiple optimally tuned vibration absorbers to the plate with the
foam layer.

The conclusions and recommendations are presented in Chapter 9.



Part I

Vibro-acoustic modelling of
a cavity-backed poro-elastic

double wall panel

A vibro-acoustic model is derived in order to compute the free response of a cavity-
backed poro-elastic double wall panel. To be more specific, the double wall panel
consists of a multilayered plate, an air-layer, and a single plate. The multilayered
plate contains a thin aluminium plate with an attached thick foam layer. Since the
foam layer is in contact with the air-layer, the poro-elastic behaviour of the foam is
included in the model formulation. The dynamic models of the multilayered plate
and the single plate of the double wall panel are derived and analyzed in Ch. 2. The
acoustic models of the cavity and the air-layer are derived and analyzed in Ch. 3.
The vibro-acoustic model of the cavity-backed double wall panel is derived in Ch.
4 by combining the dynamic models of Ch. 2 with the acoustic models of Ch. 3
and by including a two-way coupling between the structural and acoustic domains.
A (numerical) modal analysis of the vibro-acoustic system is performed and three
fluid-structure interaction phenomena are addressed in detail.





CHAPTER 2

Dynamic modelling of plates

The dynamic models of plate-like structures are introduced in this chap-
ter, where a distinction is made between thin and multilayered plates.
The multilayered plate consists of one thin and one thick layer. The
main difference between these models is that, besides bending forces
and translation inertia terms, also shear forces and rotary inertia terms
are included in the dynamic modelling of the thick layer of the multilay-
ered plate. The dynamic models of the single and multilayered plate are
used in Ch. 4 in order to derive a vibro-acoustic model of a cavity-backed
double wall panel including the poro-elastic behaviour of a foam layer.
Therefore, the multilayered plate model is used to examine the dynamic
response of a thin aluminium plate with an attached foam layer. Three
foam layers with identical mass are considered, namely a polyurethane,
a mineral wool, and a melamine foam layer.

2.1 Structural dynamics of thin plates

By considering thin, uniform, homogenous, isotropic plates, i.e. the thickness is
small compared to the dimensions of the plate (h1 << Lx, h1 << Ly), the Kirchhoff
plate equation describes the out-of-plane motion of a plate by including translation
inertia and bending stiffness provided that deformations are small [9]. Hence, in
Classical Plate Theory (CPT), it is assumed that transverse shear and transverse
normal strains are zero. The deformation of a transverse normal according to CPT
is shown in Fig. 2.1.
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w1(x, y, t)

Undeformed

Deformed

h1/2

h1/2

−∂w1

∂x

−∂w1

∂x

w1(x, y, t)

~ex

~ez

ρ, E, ν, η

Fig. 2.1: The deformation of a transverse normal according to CPT.

The Kirchhoff plate equation [10], which describes the transversal displacement
field w1(x, y, t) of a thin plate, is given by

ρh1
∂2w1

∂t2
+D1∇2∇2w1 = f(t)δ(xe, ye), (2.1)

where ρ is the density of the plate material, h1 is the thickness of the plate, D1 is the
bending stiffness, f(t) is an external point force acting on the plate surface at the
spatial location (xe, ye), δ is the Delta-Dirac function, and ∇2 = ∂2/∂x2 + ∂2/∂y2.
The bending stiffness is equal to

D1 =
Eh3

1

12(1− ν2)
, (2.2)

where E is the Young’s modulus and ν is the Poisson ratio of the plate material.
The damping forces of common engineering materials are, in general, defined in the
frequency domain by means of a structural loss factor η, which corresponds to a
frequency independent hysteretic damping model with a complex Young’s modulus
Ẽ = (1 + jη)E.

2.1.1 Hysteretic and proportional damping models

The model of hysteretic damping was introduced in the late 1940’s in order to
comply with experimental observations on engineering materials subjected to cyclic
loading [11]. In (frequency independent) hysteretic damping models, it is assumed
that the phase lag between material stress and strain is independent of frequency.
This observation allows the definition of a constant complex stiffness as was done in
the previous section, i.e. Ẽ = (1 + jη)E. A severe limitation of hysteretic damping
models is that solutions of dynamic time simulations are difficult if not impossi-
ble to obtain due to the apparent non-causal behaviour of the hysteretic damping
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model [12] [13] [14] [15]. To be more specific, the system which is initially at rest
has a non-zero deformation before a force is applied. There is an ongoing discussion
in literature regarding the correct mathematical form of the time domain repre-
sentation of a Single-Degree-Of-Freedom (SDOF) model with hysteretic damping.
According to Inaudi and Kelly [15], the correct formulation is

mẍ(t) + kx(t) + kηH(x(t)) = f(t), (2.3)

where x is the displacement, m is the mass, k is the stiffness, η is the structural
loss factor, f(t) is an external force, and H(x(t)) is the Hilbert transform of x(t).
In time domain, the Hilbert transform is defined by

H(x(t)) = − 1

π

∫ ∞
−∞

x(τ)

t− τ dτ. (2.4)

By taking the Fourier transform of (2.3), the frequency domain representation of
the SDOF model with hysteretic damping becomes(

−ω2m+ k(1 + jη sgn(ω))
)
X̃ = F̃ , (2.5)

where sgn is the signum function

sgn(ω) =


−1 if ω < 0

0 if ω = 0

1 if ω > 0

(2.6)

A necessary condition for the response x(t) to be real is that the frequency response
function H̃(ω) = X̃/F̃ must be Hermitian, i.e. H̃(−ω) = H̃∗(ω). It is clear that
(2.5) satisfies this condition. However, the signum function has a discontinuity at
ω = 0 in the imaginary part of H̃(ω). Therefore, the impulse response function
cannot be computed in closed form. There are many studies in which the impulse
response function is approximated either analytically or numerically by contour in-
tegration in the complex plane [14] [15] [16] [17] [18]. However, the non-causality of
the hysteretic damping model is in all cases confirmed, i.e. h(t) is real but h(0) 6= 0.

As mentioned in the introduction, the optimization of the vibration absorbers is
based on a causal state-space model of the vibro-acoustic system. To be more
specific, the H2-norm of the system output response is minimized by optimally
tuning the mechanical properties of the vibration absorbers, i.e. the steady-state re-
sponse over all frequencies is minimized. Therefore, a proportional damping model
is introduced in such a way that it matches with the hysteretic damping model
for small/moderate structural loss factors, i.e. the hysteretic non-causal damping
model is replaced by a causal proportional damping model. In order to find an
equivalent dimensionless damping parameter, the logarithmic decrement and the
energy balance is used. The logarithmic decrement describes the rate at which the
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amplitude of a free damped vibration decreases [19]. The free equation of motion
of a SDOF system with proportional damping is described by

mẍ+ dẋ+ kx = f(t), (2.7)

where d is the damping value. The logarithmic decrement δp of the SDOF model
with proportional damping is derived based on the general solution of (2.7) with
f(t) = 0

δp(ξ) =
2πξ√
1− ξ2

, (2.8)

where ξ = d/2
√
km is the dimensionless damping parameter. The logarithmic

decrement δh of a SDOF system with hysteretic damping is derived in [20]

δh(η) = ln

(
2 + πη

2− πη

)
. (2.9)

By equating the logarithmic decrements δp(ξ) and δh(η), a relation between the
structural loss factor η and the dimensionless damping parameter ξ is obtained

ln

(
2 + πη

2− πη

)
=

2πξ√
1− ξ2

. (2.10)

By assuming a harmonic input force f(t) = F̃ ejωt and harmonic solutions x(t) =
x̃ejωt, the Bode plot of the velocity response ˙̃x of the SDOF hysteretic (solid lines)
and the SDOF proportional damped (dashed lines) system is shown in Fig. 2.2
for several structural loss factors, namely η = 0.01 [-] (blue lines), η = 0.05 [-]
(red lines), η = 0.10 [-] (green lines), η = 0.20 [-] (cyan lines), and η = 0.30 [-]
(magenta lines). The corresponding dimensionless damping parameters are given
by ξ = 0.005 [-], ξ = 0.025 [-], ξ = 0.0504 [-], ξ = 0.1029 [-], and ξ = 0.1607 [-].
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−40
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d
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−100
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50

100
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6
˙̃ x
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eg
]

Fig. 2.2: For several structural loss factors, the Bode plot of the velocity response of a SDOF
model with hysteretic damping (solid lines) and proportional damping (dashed lines).
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The frequency axis is normalized according to f/f0, where f = ω/2π is the fre-
quency and f0 =

√
k/m/2π is the eigenfrequency of the undamped system. As

expected, the well known expression η = 2ξ is retrieved for small dimensionless
damping values (δv ≈ 2πξ) and small structural loss factors (δh ≈ πη). Even for
moderate structural loss factors η ≤ 0.2, the magnitude of the velocity response
at the resonance frequency is correctly approximated by the proportional damping
model. However, the difference between the eigenfrequencies of the models with
hysteretic and proportional damping becomes visible. In fact, the eigenfrequency
of the damped model with hysteretic damping increases when compared to the
eigenfrequency of the undamped model, whereas the eigenfrequency of the damped
model with proportional damping decreases w.r.t. the eigenfrequency of the un-
damped model. For even higher structural loss factors η ≥ 0.3, it is observable
that not only the difference between the eigenfrequencies but also the difference
between the velocity response at the eigenfrequencies is more pronounced.

There are other alternatives to more accurately model frequency independent hys-
teretic damping in a time domain description, for example, with the Maxwell-
Wiechert model [21] [22]. More sophisticated models of hysteretic damping are not
required here, since only small and moderate structural loss factors are considered
in this work. In addition, only the response at the eigenfrequencies of the plates
has to be approximated correctly. As a result of the above observations and by
assuming that we are dealing with small/moderate structural loss factors (η ≤ 0.2),
the damped Kirchhoff plate equation can be defined by including a proportional
damping model

ρh1
∂2w1

∂t2
+ d1

∂w1

∂t
+D1∇2∇2w1 = f(t)δ(xe, ye), (2.11)

where d1 is the damping value.

2.1.2 Discretization of the displacement field

This work focuses on the low-frequency domain response of vibro-acoustic sys-
tems. Therefore, the governing equations are discretized based on the Rayleigh-
Ritz method in combination with truncated modal solutions. The (transversal)
displacement field w1(x, y, t) of the thin plate is approximated by a truncated series
of structural modes ϕm1

and (unknown) displacement amplitudes wm1
according

to

w1(x, y, t) ≈
M1∑
m1=1

ϕm1
(x, y)wm1

(t). (2.12)

The structural modes, which correspond to simply supported boundary conditions
[8], are defined as

ϕm1(x, y) = 2 sin

(
mx1

πx

Lx

)
sin

(
my1πy

Ly

)
, (2.13)
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where mx1
and my1 are positive integers greater than zero. Note that, for a ho-

mogenous plate, the structural modes ϕm1
are orthogonal according to∫ Lx

0

∫ Ly

0

ϕm1
(x, y)ϕm′1(x, y) dy dx =

{
LxLy if m1 = m′1
0 if m1 6= m′1,

(2.14)

A matrix representation, describing the modal displacement amplitudes of the thin
plate, can be found by applying the Rayleigh-Ritz method to (2.11) in combina-
tion with (2.12) and by collecting the modal displacement amplitudes wm1

in the

column w1 =
[
w1 · · · wM1

]T
. This leads to a set of M1 independent Ordinary

Differential Equations (ODEs)

Ms1ẅ1 + Ds1ẇ1 + Ks1w1 = Bs1f(t), (2.15)

where Ms1 is the (diagonal) mass matrix, Ds1 is the (diagonal) proportional damp-
ing matrix, Ks1 is the (diagonal) stiffness matrix, and Bs1 is an input column. The
entries of the diagonal system matrices are defined by

Mm1
= ρh1LxLy, Km1

= ρh1LxLyω
2
0,m1

, and Dm1
= 2ξ1

√
Mm1Km1 , (2.16)

where ω0,m1 = 2πf0,m1 . Here, f0,m1 is the mth
1 eigenfrequencies of the undamped

plate

f0,m1
=
h1

2π

√
E

12ρ(1− ν2)

[(
mx1

π

Lx

)2

+

(
my1π

Ly

)2
]
. (2.17)

Note that the dimensionless damping parameter ξ1 in (2.16) is computed from
(2.10) for a given structural loss factor η of the plate material. Finally, for a single
external point force, the entries of the input column are defined by

Bm1
= ϕm1

(xe, ye). (2.18)

It is emphasized that the structural modes ϕm1 are defined in such a way that
the eigenfrequencies of the undamped model increase monotonically by choosing
appropriate values for the integer combination m1 = (mx1

,my1).

A note on the BC’s of the plate

In this work only simply supported plate-like structures are considered because the
corresponding structural modes are described by simple mathematical expressions.
Nevertheless, it has been shown in [23] that the forced response of a cavity-backed
plate with clamped boundary conditions can be computed efficiently. Therefore, it
is emphasized that the presented methodology can also be applied to plates with
other boundary conditions, such as clamped boundary conditions and a combina-
tion of simply supported and clamped boundary conditions [24].
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2.2 Structural dynamics of multilayered plates

Fig. 2.3 shows the deformation of a transverse normal of a multilayered plate,
which consists of two layers. The first layer, with thickness h2, is assumed to be
thin when compared to the second layer, i.e. h2 << h3. The centreline (z = 0) of
the multilayered plate is defined by the mid-plane of the first layer. The thin layer
is characterized by the material properties ρ,E, ν, and η, whereas the thick layer
is characterized by the material properties ρ2, E2, ν2, and η2. Since h2 << h3, the
dynamic description of the thin layer is based on CPT.

Undeformed

Deformed

h3

h2
~ex

~ez

−z1
z1

z2

(u2, v2)

ρ, E, ν, η

ρ2, E2, ν2, η2

z3

w2(x, y, t)

−∂w2

∂x

−∂w2

∂xf(z)

ψx(x, y, t)

Fig. 2.3: The undeformed and deformed geometry of a multilayered plate consisting of a thin
and thick layer based on, respectively, CPT and exponential shear deformation theory.

If the spatial dimensions of the plate are much larger than the total thickness of the
multilayered plate, an equivalent plate model can be used to describe the dynamic
response of the multilayered plate. If the second layer is relatively thick, shear
forces and/or rotary inertia terms of this layer have to be included on top of the
bending forces and translation inertia terms of both layers in order to obtain an
accurate dynamic model of the multilayered plate. Both models are presented in
the following two sections.

2.2.1 The equivalent plate model

Shear forces can be neglected if the total thickness of the multilayered plate is much
smaller than the spatial dimensions of the plate, i.e. (h2 + h3 << Lx, h2 + h3 <<
Ly). In this case, CPT in combination with the equivalent density ρ23 and the
equivalent bending stiffness D23 of the multilayered plate can be used to describe
the dynamic response of the multilayered plate. The equivalent plate parameters
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are defined by Ross-Kerwin-Ungar (RKU) theory [25] according to

ρ23 =
ρh2 + ρ2h3

h2 + h3
and D23 = D2 +D3. (2.19)

Here, D2 is the bending stiffness of the first layer (with thickness h2) and D3 is
the bending stiffness of the second layer (with thickness h3). For both layers, the
bending stiffness is defined w.r.t. the centreline of the first layer at z = 0, i.e.

D2 =
Eh3

2

12(1− ν2)
and D3 =

E2A0

1− ν2
2

with A0 =

∫ z3

z1

z2 dz. (2.20)

Here, z1 = h2/2 and z3 = h2/2 + h3. Note that the equivalent mass m23 of the
multilayered plate is given by m23 = ρ23(h2 + h3) = ρh2 + ρ2h3.

2.2.2 Higher order multilayered plate models

For (relatively) thick plates and/or multilayered plates with (relatively) thick lay-
ers, CPT in combination with the equivalent plate parameters is no longer valid
and higher order plate models have to be applied. Reissner’s theory [26] includes,
besides bending stiffness and translation inertia, also shear forces and in Mindlin
theory [27] also rotary inertia terms are included. Shear forces can be included
based on several models. In First-order Shear Deformation Theory (FSDT) [9],
the normal to the mid-plane after deformation remains straight but not necessarily
parallel to the normal of the undeformed mid-plane, i.e. the transverse shear stress
is assumed to be constant through the thickness of the plate. In this approach, a
shear correction factor is necessary in order to satisfy the constitutive relations for
transverse stresses and shear strains, i.e. the shear stress free surface condition is
violated by assuming that the shear stress is constant through the thickness of the
thick layer. FSDT based models of multilayered plates containing two layers can
be found in e.g. [28] and [29].

In this work, shear forces of the (relatively) thick layer of the multilayered plate
are included based on Exponential Shear Deformation Theory (ESDT) instead of
FSDT, since a shear correction factor is not required if ESDT is used [30]. A
schematic representation of the deformation of the transverse normal of the (thick)
second layer of the multilayered plate corresponding to ESDT is shown in Fig. 2.3.
Besides shear forces and translation inertia terms, also rotary inertia terms of the
(thick) second layer are included. In the following analysis it is assumed that the
strains and rotations are small and that the multilayered plate is subjected to trans-
verse loads only. As a result, the dynamic equations describing in-plane stretching
can be neglected. The displacements field (u2, v2, w2) of the plate, corresponding
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to the ~ex, ~ey, and ~ez-direction, is described by

u2(x, y, z, t) = −z ∂w2(x, y, t)

∂x
+ f(z)ψx(x, y, t) (2.21a)

v2(x, y, z, t) = −z ∂w2(x, y, t)

∂y
+ f(z)ψy(x, y, t) (2.21b)

w2(x, y, z, t) = w2(x, y, t), (2.21c)

where the function f(z) is defined according to

f(z) = (z − z2) exp

{
−2

(
z − z2

h3

)2
}
− (z1− z2) exp

{
−2

(
z1 − z2

h3

)2
}
, (2.21d)

with z1 = h2/2, z2 = (h2 + h3)/2, and z3 = h2/2 + h3. The function f(z) is
valid for z1 ≤ z ≤ z3. The functions ψx and ψy are the (unknown) rotations
of the transverse normal about the ~ey-axis and the ~ex-axis, respectively. Note
that in FSDT f(z) = z − z1, see [9]. Note further that, the expression for f(z),
which corresponds to a single thick plate with the centreline at the mid-plane of
the plate, is presented in [30]. The transversal displacement field w2(x, y, t) of the
multilayered plate is described by

(ρh2 + ρ2h3)
∂2w2

∂t2
− I1

∂2

∂t2

(
∂2w2

∂x2
+
∂2w2

∂y2

)
+ I2

∂2

∂t2

(
∂ψx
∂x

+
∂ψy
∂y

)
+

D23∇2∇2w2 −D4

(
∂3ψx
∂x3

+
∂3ψx
∂x∂y2

+
∂3ψy
∂y3

+
∂3ψy
∂x2∂y

)
= f(t)δ(xe, ye), (2.22a)

where D23 = D2 + D3, see (2.19). The rotations of the transverse normal about
the ~ey-axis and ~ex-axis are described by

I3
∂2φx
∂t2
−I2

∂2

∂t2
∂w2

∂x
+D4

(
∂3w2

∂x3
+

∂3w2

∂x∂y2

)
−D5

(
∂2ψx
∂x2

+
(1− ν2)

2

∂2ψx
∂y2

+
(1 + ν2)

2

∂2ψy
∂x∂y

)
+D6ψx = 0 (2.22b)

and

I3
∂2ψy
∂t2
−I2

∂2

∂t2
∂w2

∂y
+D4

(
∂3w2

∂y3
+

∂3w2

∂x2∂y

)
−D5

(
∂2ψy
∂y2

+
(1− ν2)

2

∂2ψy
∂x2

+
(1 + ν2)

2

∂2ψx
∂x∂y

)
+D6ψy = 0. (2.22c)

The inertia terms of the second layer of the multilayered plate are defined by

I1 = ρ2A0, I2 = ρ2B0, and I3 = ρ2C0 (2.23a)
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and the corresponding stiffness terms D4, D5, and D6 are expressed in the mechan-
ical properties of the thick layer according to

D4 =
B0E2

(1− ν2
2)

D5 =
C0E2

(1− ν2
2)
, and D6 =

D0E2

2(1 + ν2)
. (2.23b)

The constant A0 is defined in (2.20) and the constants B0, C0, and D0 are computed
from

B0 =

∫ z3

z1

zf(z) dz, C0 =

∫ z3

z1

f2(z) dz, and D0 =

∫ z3

z1

(
df

dz

)2

dz. (2.23c)

2.2.3 Discretization of the displacement fields

The (transversal) displacement field w2(x, y, t) of the multilayered plate is approx-
imated by a truncated series of structural (bending) modes ϕm2

and corresponding
(unknown) displacement amplitudes wm2 according to

w2(x, y, t) ≈
M2∑
m2=1

ϕm2(x, y)wm2(t), (2.24)

where the structural modes of the simply supported plate are given by

ϕm2
(x, y) = 2 sin

(
mx2πx

Lx

)
sin

(
my2πy

Ly

)
. (2.25)

Here, mx2 and my2 are positive integers greater than zero. Again, the struc-
tural modes are defined in such a way that the eigenfrequencies of the undamped
model increase monotonically by choosing appropriate values for the integer com-
bination m2 = (mx2

,my2). In [9] it is shown that, by applying the bound-
ary conditions ψx(x, 0, t) = ψx(x, Ly, t) = ψy(0, y, t) = ψy(Lx, y, t) = 0 and
Myy(x, 0, t) = Myy(x, Ly, t) = Mxx(0, y, t) = Mxx(Lx, y, t) = 0, the rotations ψx
and ψy of the transverse normals of a simply supported plate can be approximated
by truncated series approximations

ψx(x, y, t) ≈
M2∑
m2=1

2 cos

(
mx2

πx

Lx

)
sin

(
my2πy

Ly

)
Xm2(t) (2.26)

and

ψy(x, y, t) ≈
M2∑
m2=1

2 sin

(
mx2πx

Lx

)
cos

(
my2πy

Ly

)
Ym2(t). (2.27)

The equations of motion of the undamped multilayered plate are written in matrix
form by substituting (2.24), (2.26), and (2.27) in (2.22), by applying the Rayleigh-
Ritz method, and by collecting the modal displacement amplitudes wm2 and the
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rotation amplitudes Xm2
and Ym2

in the columns w2 =
[
w1 · · · wM2

]T
, X =[

X1 · · · XM2

]T
, and Y =

[
Y1 · · · YM2

]T
. Finally, a compact notation is

obtained by introducing the column vector q =
[
wT

2 XT YT
]T

, which leads to

(M1 + M2) q̈ + (K1 + K2) q = Bf(t), (2.28)

where (M1 + M2) is the mass matrix, (K1 + K2) is the stiffness matrix, and B is
the input column. Note that M1 and K1 are the mass and stiffness matrix of the
first (thin) layer of the multilayered plate, whereas M2 and K2 are the mass and
stiffness matrix of the second (thick) layer. The mass matrices M1 and M2 have
the form

M1 =

M11 0 0
0 0 0
0 0 0

 and M2 =

M11 M12 M13

M12 M22 0
M13 0 M33

 . (2.29)

The stiffness matrices K1 and K2 have the form

K1 =

K11 0 0
0 0 0
0 0 0

 and K2 =

K11 K12 K13

K12 K22 K23

K13 K23 K33

 . (2.30)

Finally, the input column is given by B =
[
BT

1 0T 0T
]T

, where the entries of
the input column B1 are defined by B1,m2

= ϕm2
(xe, ye). Hence, again we assume

that there is only one external point force exciting the system. A full description of
the system matrices can be found in Appendix A, where also the difference between
the Reissner and Mindlin based model is highlighted.

Eigenfrequencies of the undamped system

The eigenvalues λ0,m2
= jω0,m2

of the undamped multilayered plate and the cor-
responding (real valued) eigenmodes u0,m2

are computed by solving the eigenvalue
problem (

(K1 + K2)− ω2
0,m2

(M1 + M2)
)
u0,m2 = 0, (2.31)

where ω0,m2 is the mth
2 undamped angular eigenfrequencies and u0,m2 is the corre-

sponding (mass normalized) eigenmode. The mth
2 undamped eigenfrequency f0,m2

follows from

f0,m2
=
ω0,m2

2π
. (2.32)

2.2.4 The damping model

Based on the discussion of hysteretic damping in Sec. 2.1.1, an equivalent propor-
tional damping model is proposed in order to include the damping forces of the
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multilayered plate which are initially defined by two (frequency independent) hys-
teretic damping models described by the structural loss factors η and η2. Since
each layer of the multilayered plate is characterized by its own structural loss fac-
tor, first the equivalent modal structural loss factors are computed by means of the
complex stiffness matrix

K̃ = (1 + jη)K1 + (1 + jη2)K2. (2.33)

Since, the mass matrix (M1 +M2) and the real part of the complex stiffness matrix
Re(K̃) = K1 +K2 are symmetric but not diagonal, the equivalent modal structural
loss factors can be obtained by computing a diagonal (complex valued) stiffness
matrix K̃∗ based on the eigenmodes of the undamped multilayered plate. To this
end, the (mass-normalized) eigenmodes u0,m2

of (2.31) are stored column wise
in the matrix U0 =

[
u0,1 . . . u0,3M2

]
. The diagonal complex valued stiffness

matrix K̃∗ is computed by evaluating

K̃∗ = UT
0 K̃U0. (2.34)

Hence, the equivalent modal structural loss factors η
m2

are given by

η
m2

=
Im(K̃∗m2

)

Re(K̃∗m2
)

(2.35)

for m2 = 1, 2, ..., 3M2. Next, based on (2.10), the corresponding equivalent dimen-
sionless damping parameters ξm2 are computed and stored in the diagonal matrix

Ξ = diag
[
ξ1 . . . ξ3M2

]
. (2.36)

By collecting the angular eigenfrequencies ω0,m2 of (2.31) in the diagonal matrix
Ω0 = diag

[
ω0,1 · · · ω0,3M2

]
, the proportional damping matrix D is approxi-

mated by means of the equivalent dimensionless damping matrix Ξ and the matrix
with the eigenmodes U0 according to

D = 2U−T0 ΞΩ0U
−1
0 . (2.37)

Summarizing, the equations of motion describing the dynamic response of the
multilayered plate are modelled by including translation inertia terms and bend-
ing forces of the first (thin) layer, by including translation/rotary inertia terms
and bending/shear forces of the second (thick) layer, and by approximating the
hysteretic damping models of both layers by an equivalent proportional damping
model. This results in

(M1 + M2) q̈ + Dq̇ + (K1 + K2) q = Bf(t). (2.38)
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2.3 Results and comparison

The frequency domain response of a single and three multilayered plates are pre-
sented and compared in this section. Hence, by assuming a harmonic excitation
force and harmonic solutions, the modal displacement amplitudes w̃1 of the single
plate are computed from

w̃1 =
(
−ω2Ms1 + jωDs1 + Ks1

)−1
Bs1 F̃ , (2.39)

where F̃ is the amplitude of the external point force. In a similar way, the frequency
domain response of the multilayered plate is obtained. In order to be able to
compare the results, the length and width of the single plate and the multilayered
plate are chosen to be identical, i.e. Lx = 0.5 [m] and Ly = 0.425 [m]. It is
assumed that the single plate and the thin layer of the multilayered plate consist
of aluminium. The material properties of aluminium are listed in Tab. 2.1.

Tab. 2.1: The material properties of aluminium.

Parameter Value Unit

ρ 2770 [kg/m3]
E 69·109 [N/m]
ν 0.33 [-]
η 0.01 [-]

The material properties of the thick layer of the multilayered plate are based
on three types of acoustic foams, namely a polyurethane, a mineral wool, and
a melamine foam. The mechanical properties of the foams are consistent with the
values reported in [29] and [31]. The thickness h3 of three foam layers is defined in
such a way that the mass of the foam layers is identical, i.e. ρ2h3 = 0.32 [kg/m2].
The material properties and the foam thicknesses are denoted in Tab. 2.2. Al-
though the mass of the three foam layers is chosen to be identical, the remaining
mechanical properties are essentially different.

Tab. 2.2: The material properties and the thickness of three foam layers.

Parameter Polyurethane Mineral wool Melamine Unit

ρ2 32 64 8 [kg/m3]
E2 845·103 1060 ·103 160 ·103 [N/m]
ν2 0.3 0 0.44 [-]
η2 0.1 0.08 0.06 [-]

h3 10 5 40 [mm]
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2.3.1 Convergence of the solution

Before comparing the eigenfrequencies and the forced response of the single and
multilayered plates, first convergence of the solution is addressed in order to ensure
that the displacement fields w1 and w2 are computed with sufficient accuracy in the
frequency domain of interest, i.e. f ≤ 500 [Hz]. Here, convergence of the solution
is studied by computing the kinetic energy of, respectively, the displacement fields
w1 and w2 at fe = 500 [Hz] for different truncation orders M1 and M2. Note that
convergence of the solution is also guarantied for frequencies f < 500 [Hz] provided
that the solution is converged at fe = 500 [Hz]. This is due to the fact that plate
modes are included in such a way that the eigenfrequencies increase monotonically
and that the displacement field is computed by means of modal superposition.
For harmonic solutions, the time averaged kinetic energy Ts1 of the single plate is
computed from

Ts1(ω) =
ρh1

4

∫ Lx

0

∫ Ly

0

| ˙̃w1(x, y, ω)|2 dy dx. (2.40)

By introducing the line vector Φ1(x, y) =
[
ϕ1(x, y) · · · ϕM1(x, y)

]
with the

structural modes of the single plate and a column vector with the corresponding

(complex) modal velocities ˙̃w1 = jωw̃1 = jω
[
w̃1 · · · w̃M1

]T
, the transversal

velocity field ˙̃w1 is written in matrix form by

˙̃w1(x, y, ω) = Φ1(x, y) ˙̃w1(ω). (2.41)

Substituting (2.41) in (2.40) and by using the orthogonality condition of (2.14),
the kinetic energy is described by

Ts1(ω) =
1

4
ρh1LxLy ˙̃wH

1 (ω) ˙̃w1(ω), (2.42)

where H denotes the Hermitian transpose. The (time averaged) kinetic energy Ts2
of the multilayered plate is defined by

Ts2(ω) =
ρh2 + ρ2h3

4

∫ Lx

0

∫ Ly

0

| ˙̃w1(x, y, ω)|2 dy dx

+
ρ23

4

∫ Lx

0

∫ Ly

0

∫ z3

z1

| ˙̃u2(x, y, z, ω)|2 + | ˙̃v2(x, y, z, ω)|2 dz dy dx. (2.43)

Since the multilayered plate is only excited by transversal loads in this work, out-off-
plane vibrations are dominant when compared to in-plane vibrations. It is validated
that the kinetic energy contributions due to the in-plane velocities ˙̃u2(x, y, z, ω)
and ˙̃v2(x, y, z, ω) can indeed be neglected. Therefore, the kinetic energy of the
multilayered plate is computed from

Ts2(ω) =
1

4
(ρh2 + ρ2h3)LxLy ˙̃wH

2 (ω) ˙̃w2(ω). (2.44)
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The results of the convergence study are obtained by setting the entries of the
excitation columns Bs1 in (2.15) and B1 in (2.38) to unity. In this way, all the
structural (bending) modes are excited equally. The results of the convergence
study are presented in Fig. 2.4. Here, black lines correspond to a single aluminium
plate with thickness h1. The colored solid lines correspond to a multilayered plate
consisting of an aluminium layer with thickness h2 and, respectively, a polyurethane
(blue lines), mineral wool (red lines), and melamine (green lines) foam layer with
thickness h3 (see Tab. 2.2). The left plot of Fig. 2.4 shows the kinetic energy at
fe = 500 [Hz] for h1 = h2 = 0.5 [mm] and different truncation orders.
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Fig. 2.4: Left plot; the kinetic energy as a function of the truncation order at fe = 500 [Hz] for
h1 = h2 = 0.5 [mm]. The remaining plots show the truncation order satisfying εrel ≤ 0.01. The
black solid line correspond to a single aluminium plate with thickness h1. The colored solid lines
correspond to the multilayered plates consisting of an aluminium layer with thickness h2 and a
polyurethane (blue), a mineral wool (red), and a melamine (green) foam layer. The dashed lines

correspond to the convergence criterium defined by (2.46).

It is observable that the kinetic energy increases monotonically and converges to a
constant value by increasing the truncation order M1 (single plate) and M2 (multi-
layered plates). This is expected because the structural modes are defined in such a
way that the corresponding eigenfrequencies are increase monotonically by choos-
ing appropriate values for the integer combinations (mx1

,my1) and (mx2
,my2), see

(2.12) and (2.24). For both the single plate and the multilayered plates, the kinetic
energy shows a sudden jump at the truncation order for which all the modes in
the frequency domain upper bounded by fe = 500 [Hz] are included. For example,
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there are 61 eigenfrequencies located in the frequency domain f ≤ 500 [Hz] for an
aluminium plate with a thickness of h1 = 0.5 [mm].

The remaining plots of Fig. 2.4 show the truncation ordersM∗1 andM∗2 as a function
of the plate thicknesses h1 and h2. The truncation orders M∗1 and M∗2 are computed
by means of the relative error εrel, which describes the relative difference between
the kinetic energy at fe = 500 [Hz] for the truncation orders Mi and Mi−1, i.e.

εrel =
|Tsi(fe,Mi)− Tsi(fe,Mi−1)|

Tsi(fe,Mi)
≤ 0.01, (2.45)

where i = 1 corresponds to the single plate and i = 2 to the multilayered plate. The
truncation ordersM∗1 andM∗2 decrease by increasing the thickness of the aluminium
plate and the thickness of the aluminium layer of the multilayered plates. This is
expected since the modal density decreases. By comparing the truncation order
M∗1 of the aluminium plate with the truncation orders M∗2 of the multilayered
plates, it can be concluded that M∗1 < M∗2 for a multilayered plate with a mineral
wool foam layer and that M∗1 > M∗2 for a multilayered plate with a melamine foam
layer. Based on the observation that the truncation order satisfying εrel ≤ 0.01 [-]
is related to the modal density, the following convergence criterion is defined

Mi =

∞∑
mi

(f0,mi ≤ 500[Hz]) + 7 for i = 1, 2. (2.46)

The results of this convergence criterion are denoted by dashed lines in Fig. 2.4. It
can be concluded that, the convergence criterion of (2.46) guarantees convergence
of the solution in the sense that the relative error always satisfies εrel ≤ 0.01 [-].

2.3.2 Eigenfrequencies for different plate thicknesses

Fig. 2.5 shows the eigenfrequencies f0 of the undamped aluminium plate (left plot)
and the three multilayered plates (right plot). Again, the multilayered plate con-
sists of an aluminium layer with thickness h2 and a foam layer with thickness h3,
see Tab. 2.2. Blue, red, and green lines correspond to a multilayered plate with,
respectively, a polyurethane, a mineral wool, and a melamine foam layer. The
eigenfrequencies of the undamped aluminium plate are computed based on CPT,
i.e. it is verified that the eigenfrequencies are not altered by including shear forces
and/or rotary inertia terms for 0.5 ≤ h1 ≤ 3.5 [mm]. As expected from (2.17), the
eigenfrequencies of the aluminium plate dependent linearly on the plate thickness
h1. This is not the case for the multilayered plates, especially if the thickness of
the aluminium layer is small when compared to the thickness of the foam layer,
i.e. h2 << h3. For example, the eigenfrequencies of the multilayered plate with a
melamine foam layer are considerably higher when compared to the eigenfrequen-
cies of the remaining multilayered plates for h2 ≤ 1.5 [mm].
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Fig. 2.5: For different plate thicknesses, the eigenfrequencies of an aluminium plate (left plot)
and three multilayered plates (right plot) consisting of an aluminium layer with thickness h2

and a polyurethane (blue), mineral wool (green), and melamine (red) foam layer.

Since the mass of the foam layers is chosen to be identical, it can be concluded that
the melamine foam layer is effectively adding more stiffness to the aluminium layer
when compared to the other foams. This might seem surprising, since the Young’s
modulus of the melamine foam is much smaller than the Young’s modulus of the
polyurethane and mineral wool foams, see Tab. 2.2. However, the bending stiffness
of the melamine foam layer is much higher when compared to other foam layers,
since the bending stiffness is proportional to h3

3.

2.3.3 Forced response due to a single point force

Figs. 2.6-2.7, show the kinetic energy of a point-force excited aluminium plate
(black lines) and the kinetic energy of three point-force excited multilayered plates
(colored lines) for h1 = h2 = 3.5 [mm] and h1 = h2 = 0.5 [mm], respectively. The
external point force is located at the spatial position (xe, ye) = (9Lx/14, 9Ly/14).
In this way, all the structural (bending) modes are excited. The amplitude of the
point force is equal to F̃ = 1.0 [N]. Again, blue, red, and green lines correspond
to a multilayered plate consisting of an aluminium layer with a polyurethane, a
mineral wool, and a melamine foam layer.
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Fig. 2.6: For h1 = h2 = 3.5 [mm], the kinetic energy of a point force excited aluminium (black
lines) and three multilayered plates. Blue, red, and green correspond to a multilayered plate

with a polyurethane, mineral wool, and melamine foam layer.

From Fig. 2.6, it seen that the responses of the multilayered plates are almost iden-
tical for h1 = h2 = 3.5 [mm]. Hence, the bending stiffness of the aluminium layer is
much higher than the bending stiffness of the three foam layers, i.e. (D3 << D2).
Although the responses of the aluminium plate and the multilayered plates are
comparable, there are two differences, namely 1) the resonance peaks of the mul-
tilayered plates are located at lower frequency values and 2) the kinetic energy at
the resonance frequencies is lower for the multilayered plates. Both differences are
caused by the mass which is added by the foam layers. Note that the mass of the
3.5 [mm] thick aluminium layer increases with approximately 3.3% by adding the
foam layers. As a result, not only the eigenfrequencies decrease but also the kinetic
energy at the eigenfrequencies is reduced.

The response for h1 = h2 = 0.5 [mm] is presented in Fig. 2.7 on a log-log scale
in order to clearly visualize low frequency domain differences. In this case, it is
clear that the response of the aluminium layer is strongly influenced by the foam
layers. This is expected since the mass of the aluminium layer increases with ap-
proximately 23% by adding the foam layers. Although the kinetic energy of the
multilayered plates is lower than the kinetic energy of the single aluminium plate in
the entire frequency domain, now there are large differences between the responses
of the multilayered plates. As concluded in the previous section, the differences
between the locations of the resonance peaks can be explained by the mass and
stiffness which is added by the foam layers. The difference between the response
well below the first resonance frequency can easily be related to the bending stiff-
ness of the foam layer, i.e. a higher stiffness leads to a lower response for f → 0. In
this case, the bending stiffness of the aluminium plate is equal to D1 = 0.81 [Nm2],
whereas the bending stiffness of the multilayered plates are equal to D23 = 1.1
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[Nm2] (polyurethane), D23 = 0.87 [Nm2] (mineral wool), and D23 = 5.1 [Nm2]
(melamine). In general, the response of a plate decreases by increasing the stiffness
to mass ratio. In this case, the stiffness to mass ratio of the foam layer is given by
E2h

2
3/ρ2, which is equal to 2.6, 0.4, and 32.0 for the multilayered plate with the

polyurethane, mineral wool, and melamine foam layer. Indeed the response of the
multilayered plate with the melamine foam layer is smaller than the response of
the remaining multilayered plates.
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Fig. 2.7: For h1 = h2 = 0.5 [mm], the kinetic energy of a point force excited aluminium (black
lines) and three multilayered plates. Blue, red, and green correspond to a multilayered plate

with a polyurethane, mineral wool, and melamine foam layer.

The damping is quantified by comparing the equivalent modal structural loss fac-
tors η

m2
of (2.35). The equivalent modal structural loss factors, which correspond

to the bending modes of the multilayered plates, are presented in the left plot of
Fig. 2.8 for a multilayered plate with an aluminium layer of thickness h2 = 0.5 [mm]
and, respectively, a polyurethane (blue), mineral wool (red), and melamine (green)
foam layer with identical mass. By comparing the results it can be concluded that;
1) the amount of damping introduced by the melamine foam layer is higher for
all bending modes, 2) the amount of damping decreases for higher order bending
modes, and 3) as expected the equivalent modal structural loss factors are always
located between η < η

m2
< η2. For h2 = 0.5 [mm], it can be concluded that the

melamine foam layer is the most dissipative of the three foams. This is expected
since the equivalent modal structural loss factor is proportional with the bending
stiffness. The equivalent modal structural loss factor η

1
of the first bending mode

is shown in the right plot of Fig. 2.8, where the thickness h2 of the aluminium
layer is varied according to 0 ≤ h2 ≤ 3.5 [mm]. Hence, only the foam layers are
considered for h2 = 0 [mm]. The dashed lines correspond to the structural loss fac-
tor of aluminium (black), polyurethane (blue), mineral wool (red), and melamine
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(green). For an identical foam layer mass of 0.32 [kg/m2], the equivalent modal
structural loss factor of the first bending mode of the multilayered plate with the
polyurethane foam layer has the highest value for h2 ≤ 0.35 [mm]. For h2 > 0.35
[mm], the multilayered plate with the melamine foam layer is the most dissipative
of the three.
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Fig. 2.8: Left plot: the equivalent modal structural loss factors of the bending modes of the
multilayered plates for h2 = 0.5 [mm]. Right plot; the equivalent modal structural loss factor of
the first bending mode of the multilayered plates as a function of the thickness h2. Blue, red,
and green correspond to a polyurethane, mineral wool, and melamine foam layer. The dashed

lines denote the structural loss factors of aluminium (black) and the foams.

In [28], it is concluded that the most reliable way to obtain damping in the low-
frequency domain is to maximize structural dissipation and the Young’s modulus
of the foam layer if there is a constraint on the thickness of the multilayered plate.
However, if there is a constraint on the mass, the thickness of the foam layer
is playing an even more important role in reducing the dynamic response in the
low-frequency domain. To be more specific, structural dissipation and the ratio
E2h

2
3/ρ2 have to be optimized to be as large as possible meaning that indeed the

Young’s modulus of the foam layer should be as large as possible but also that the
foam layer thickness h3 should be as large as possible. The latter requirement is
met by minimizing the density ρ2 of the foam layer.

2.3.4 Comparison between the plate models

The differences between the multilayered plate models are addressed and the forced
response of the models with hysteretic and proportional damping are compared.
Only the multilayered plate with a melamine foam layer is considered in this sec-
tion, since this foam affects the response of the multilayered plate the most when
compared to the remaining foam layers.
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Comparison between multilayered plate models

In Sec. 2.2.1 and Sec. 2.2.2, three models are defined in order to compute the
response of multilayered plates, namely 1) CPT in combination with the equivalent
plate parameters, 2) Reissner theory based on ESDT, and 3) Mindlin theory in
combination with ESDT.
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Fig. 2.9: Comparison between the multilayered plate models with a melamine foam layer with
thickness h3 = 40 [mm]. Blue, red, and green corresponds to the CPT model, the Reissner

model, and the Mindlin model. Left plot: the eigenfrequencies. Right plots: the kinetic energy
due to point force excitation at (xe, ye) = (9Lx/14, 9Ly/14) for h2 = 0.5 [mm] (upper plot) and

h2 = 3.5 [mm] (lower plot).

The left plot of Fig. 2.9 shows the eigenfrequencies f0 of the undamped multilayered
plate models, where blue, red, and green lines denote the results of, respectively, the
CPT based model, the Reissner based model, and the Mindlin based model. The
differences between the multilayered plate models are more pronounced for higher
order structural modes and small thicknesses of the aluminium layer. It can be
concluded that the model based on CPT in combination with the equivalent plate
parameters overestimates the values of the eigenfrequencies and that the model
based on Reissner theory in combination with ESDT underestimates the values
of the eigenfrequencies when compared to the model based on Mindlin theory in
combination with ESDT. The forced response is presented in the right plots of
Fig. 2.9 for h2 = 0.5 [mm] (upper plot) and h2 = 3.5 [mm] (lower plot). As
expected, the differences between the responses of the multilayered plate models
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is small for h2 = 3.5 [mm]. However, for h2 = 0.5 [mm], not only the values of
the eigenfrequencies but also the magnitude of the response is essentially different.
Since there is no difference between the computation time of the Reissner and
Mindlin based models, the latter and most complete multilayered plate model is
used in the remainder of this thesis.

Comparison between hysteretic damping and proportional damping

An equivalent proportional damping model is defined in Sec. 2.2.4 in order to
replace the hysteretic damping model which is solely suitable for frequency domain
applications. For the multilayered plate with a melamine foam layer, Fig. 2.10
shows the forced response based on the model with hysteretic damping (black
lines) and equivalent proportional damping (gray markers), where the thickness of
the aluminium layer is equal to h2 = 0.5 [mm] (left plot) and h2 = 3.5 [mm] (right
plot). There is a perfect match between the damping models. This is expected
since the maximum equivalent structural loss factor η

m2
= 0.06 [-] is much smaller

than 0.2 [-], see Sec. 2.1.1.
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Fig. 2.10: The kinetic energy of the multilayered plate, which is obtained by the model with
hysteretic damping (black lines) and equivalent proportional damping (gray markers). Left plot;

h2 = 0.5 [mm]. Right plot; h2 = 3.5 [mm].

2.4 Model reduction

Since only the transversal displacement field w2 of the multilayered plate is required
in order to compute, e.g. the kinetic energy and the vibro-acoustic response of a
cavity-backed multilayered plate, model reduction techniques are employed in order
to reduce the number of DOFs of the multilayered plate model. Fig. 2.11 shows the
eigenfrequencies of the bending (gray markers) and shear (black markers) modes
for an undamped multilayered plate with a melamine foam layer, where h2 = 0.5
[mm] (left plot) and h2 = 3.5 [mm] (right plot).
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Fig. 2.11: The eigenfrequencies of the bending (gray makers) and shear (black markers) modes
of the undamped multilayered plate with a melamine foam layer. Left plot; h2 = 0.5 [mm].

Right plot; h2 = 3.5 [mm].

Based on the observation that the eigenfrequencies of the shear modes are located
outside the frequency domain of interest, i.e. above 500 [Hz], a static reduction
technique is very suitable to reduce the number of DOFs of the multilayered plate
model. By introducing a column qm = w2 with the so called master DOF’s, i.e.

in this case the modal displacement amplitudes, and a column qi =
[
XT YT

]T
containing the so called internal DOFs, which are related to the rotations of the
transverse normals, (2.38) is partitioned according to[

Mmm Mmi

Mim Mii

] [
q̈m
q̈i

]
+

[
Dmm Dmi

Dim Dii

] [
q̇m
q̇i

]
+

[
Kmm Kmi

Kim Kii

] [
qm
qi

]
=

[
Bm

Bi

]
(2.47)

In case of (static) Guyan reduction [19], it is assumed that the sum of the mass
terms Mimq̈m and Miiq̈i, the sum of the damping terms Dimq̇m and Diiq̇i and
load column Bi = 0 are small when compared to the stiffness terms Kimqm and
Kiiqi. As a result, the internal DOFs qi can be approximated by

qi = −K−1
ii Kimqm = Timqm = Timw2, (2.48)

where Tim is the Guyan-transformation matrix. By using the coordinate transfor-

mation q =
[
ITmm TT

im

]T
w2, a reduced set of equations is obtained

Ms2ẅ2 + Ds2ẇ2 + Ks2w2 = Bs2f(t), (2.49)

where

Ms2 = Mmm −MmiK
−1
ii Kim −KT

imK−1
ii Mim + KT

imK−1
ii M−1

ii K−1
ii Kim (2.50a)

Ds2 = Dmm −DmiD
−1
ii Dim (2.50b)

Ks2 = Kmm −KmiK
−1
ii Kim (2.50c)

Bs2 = Bm = B1 (2.50d)
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The effectiveness of this reduction method is validated by comparing the response
of the full model with the reduced order model in Fig. 2.12 for a multilayered plate
with an aluminium layer with thickness h2 = 0.5 [mm] and a polyurethane (left
plot), a mineral wool (middle plot), and a melamine foam layer (right plot). The
response of the full model (denoted by black lines) is in perfect agreement with
the response of the reduced order model (denoted by gray makers). Summarizing,
based on the Guyan reduction method, the number of DOFs is reduced by a factor
three from 3M2 to M2. Note that the number of DOFs of the reduced order
model is of the same order as the number of DOFs which are needed in order to
describe the response of the multilayered plate based on CPT in combination with
the equivalent plate parameters.
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Fig. 2.12: The kinetic energy of the full (black lines) and reduced order (gray markers) model
for a multilayered plate with an aluminium layer with thickness h2 = 0.5 [mm] and a

polyurethane (left plot), a mineral wool (middle plot), and a melamine (right plot) foam layer.

2.5 Conclusion

In this chapter, the dynamic models of thin and multilayered plates are defined
and discretized based on the Raleigh-Ritz method. The multilayered plate con-
sists of a thin aluminium layer and a (relatively) thick foam layer. The dynamic
model of the thin layer includes bending and translation inertia terms, whereas
the dynamic model of the thick (foam) layer includes, besides bending forces and
translation inertia terms, also shear forces and higher order rotary inertia terms.
The damping forces of the single and the multilayered plates are taken into ac-
count by defining an equivalent proportional damping model, which matches with
a frequency-independent hysteretic damping model defined by the structural loss
factors of the plate and foam materials. Finally, by applying a static model re-
duction technique, the number of DOFs describing the dynamic response of the
multilayered plate is reduced by a factor three form 3M2 to M2.
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The dynamic response of a single aluminium plate is compared with the dynamic
response of three multilayered plates consisting of a thin aluminium layer with a
(relatively) thick foam layer. Three types of foam are considered in this analysis,
namely a polyurethane, a mineral wool, and a melamine foam layer. The results are
obtained by keeping the mass of the three foam layers identical, i.e. this leads to
different foam layer thicknesses. For this choice, the most reliable way to minimize
the dynamic response in the low-frequency domain is to maximize structural dissi-
pation and the ratio between the stiffness and mass of the foam layer, i.e. E2h

2
3/ρ2.

Hence, both the Young’s modulus E2 and the foam layer thickness h3 should be as
large as possible, which means that the mass density ρ2 of the foam layer should
be as small as possible. In agreement with this conclusion, the response of the
multilayered plate with the melamine foam layer is the lowest of the three.

The dynamic models of the single plate and multilayered plates are applied in
Ch. 4 in order to derive the equations of motion of a cavity-backed double wall
panel. Before the equations of motion of this vibro-acoustic system can be derived,
first the acoustic models of the air-layer and the cavity are introduced in the next
chapter.





CHAPTER 3

Acoustic modelling of bounded domains

This chapter focuses on the acoustic modelling of the pressure response
in bounded acoustic domains, where a distinction between a cavity with
rigid walls and a cavity with one sound absorbing wall is made. The
sound absorbing wall is modelled by means of a surface impedance
boundary condition which is based on the sound absorption character-
istic of three foam layers with identical mass, namely a polyurethane,
mineral wool, and melamine foam. Note that this model is used in or-
der to include the acoustic behaviour of the foam layer on the air-layer
response of the cavity-backed double wall panel in Ch. 4.

3.1 Introduction to general acoustics

The (acoustic) pressure fluctuation in a medium is described by the wave equa-
tion, which is derived from the Navier-Stokes equation by assuming that; 1) The
medium is homogeneous, isotropic, linearly elastic, inviscid, and behaves like an
ideal gas, 2) Wave propagation through the medium is adiabatic and reversible, 3)
Gravitational effects can be neglected, i.e. the ambient pressure and density are
constant, and 4) The fluctuations in the pressure, velocity, density, and tempera-
ture are small. Based on the above assumptions, the wave equation is derived, e.g.
in [6], by combining the equation of conservation of mass and momentum and the
thermodynamic equation of state, which results in

1

c20

∂2p(x, y, z, t)

∂t2
−∇2p(x, y, z, t) = ρ0

∂q(x0, y0, z0, t)

∂t
, (3.1)
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where p(x, y, z, t) is the pressure (fluctuation on top of the ambient pressure), ρ0

and c0 are the density and speed of sound of the medium, and ∇2 = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 .

The right hand side term of (3.1) represents a source distribution causing acoustic
loading, e.g. due to one or multiple point sources and/or due to the vibrations
of a structure being in contact with the acoustic domain. By assuming that the
source and the pressure are time harmonic of the form q(t) = Q̃(x0, y0, z0)ejωt and
p(x, y, z, t) = p̃(x, y, z)ejωt, (3.1) is transformed to the well known inhomogeneous
Helmholtz equation

k2p̃(x, y, z) +∇2p̃(x, y, z) = −jωρ0Q̃(x0, y0, z0), (3.2)

where k = ω/c0 is the wavenumber, ω is the angular frequency, and j2 = −1.
At this point it is important to make a distinction between interior and exterior
vibro-acoustic problems, see Fig. 3.1.
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Fig. 3.1: A schematic representation of an interior vibro-acoustic problem (left picture) and an
exterior vibro-acoustic problem (right picture).

In both interior and exterior problems, there are three common boundary condi-
tions which can be specified at the boundary surface Ω = Ωp ∪ Ωv ∪ Ωz, namely;

- A prescribed pressure p̃ = p̃0 on Ωp,

- A prescribed velocity ṽn = − 1
jρ0ω
∇p̃ · ~n on Ωv,

- A prescribed impedance − 1
jρ0ω
∇p̃ · ~n = p̃

Z̃
on Ωz.

In exterior vibro-acoustic problems, an additional boundary condition is needed in
order to ensure that the outward travelling pressure waves are not reflected back
into the acoustic domain. This non-reflecting boundary condition is given by

- The Sommerveld radiation condition limr→∞ r (∇p̃ · ~n+ jkp̃) = 0 on Ωs.

This chapter focuses on the acoustic modelling of the pressure response in bounded
acoustic domains, see the left plot of Fig. 3.1. To be more specific, the acoustic
response of a cavity with six rigid walls is compared with the acoustic response of
a cavity with one sound absorbing wall which consists of a foam layer. Before the
latter model can be derived, first the sound absorption of the foam layer has to be
defined.
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3.2 Sound absorption in foam layers

In general, there are two classes of models to describe wave propagation in foams.
In the first model class, the skeleton of the foam is assumed to be rigid. As a
result, acoustic disturbances can only propagate through the fluid, i.e. there is
only propagation of a single longitudinal wave [32]. These models, also known as
equivalent fluid models, are valid in the low-frequency domain. It can be assumed
that the skeleton of a foam is rigid if the resonance frequency of the frame-borne
wave is much higher than the frequency domain taken under consideration [33].
The resonance frequency of the frame-borne wave, denoted by f0,FBW , can be
approximated based on the material properties of the foam layer

f0,FBW =
1

4h3

√
E2(1− ν2)

ρ2(1 + ν2)(1− 2ν2)
, (3.3)

where ρ2 is the density, E2 is the Young’s modulus, ν2 is the Poisson ratio, and h3

is the thickness of the foam layer. Note that the viscous and thermal losses due
to the interaction between the skeleton and the fluid are neglected in equivalent
fluid models since it is assumed that there is no effective displacement between the
skeleton and the fluid. In a second model class, flexibility of the frame is included
and the full interaction between the skeleton and the fluid is taken into account.
In contrast to the previous model class, there are three types of waves propagating
through the foam in this case, namely the so-called air-borne, frame, and shear
wave [34].

In both model classes, the acoustic behaviour of the fluid phase of the foam can
be described by a frequency dependent complex wavenumber k̃ and a frequency
dependent complex characteristic impedance Z̃c. The characteristic impedance and
the complex wavenumber are related to the effective density ρ̃0 and the effective
bulk modulus Ẽ0 according to

Z̃c(ω) =

√
ρ̃0(ω)Ẽ0(ω) and k̃(ω) = ω

√
ρ̃0(ω)

Ẽ0(ω)
. (3.4)

3.2.1 The Johnson-Allard-Champoux model.

There are, in general, three types of models which can be used to describe the
effective density and bulk modulus of foams, namely; 1) empirical models (based
on measurements), 2) analytical models corresponding to foams with regular pores
having a simple geometry, and 3) semi-phenomenological models corresponding to
foams with non-regular pores having a complex geometry.

For porous materials with non-regular pores and non-uniform cross sections, the
semi-phenomenological model of Johnson-Allard-Champoux (JAC) is widely used
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in literature to describe sound absorption in rigid and poro-elastic foam layers. The
JAC model describes the effective density and bulk modulus by means of a five
parameter model. The effective density described by Johnson et al. [35] accounts
for viscous losses, whereas the effective bulk modulus, introduced by Champoux-
Allard [36], accounts for thermal losses. The effective density and bulk modulus of
the JAC model are defined by

ρ̃0 = α∞ρ0

{
1 +

σφ

jωρ0α∞

√
1 +

4jωα2∞η0ρ0

(σΛφ)2

}
(3.5a)

and

Ẽ0 =
γP0

γ − (γ − 1)/

(
1 +

σ′φ
jωPrρ0α∞

√
1 +

4jωα2
∞η0ρ0Pr

(σ′λ′φ)2

) , (3.5b)

where

Λ′ =

√
8α∞η0

σ′φ
. (3.5c)

Here, σ is the air-flow resistivity, φ is the porosity, α∞ is the tortuosity, Λ is the
thermal length, and Λ′ is the viscous length (Λ ≤ Λ′). The properties of the
air in the pores of the foam layer are defined by the density ρ0, the atmospheric
pressure P0, the ratio of specific heats γ, the dynamic viscosity of the fluid η0,
and the Prandtl number Pr. A limitation of the JAC model is that the low-
frequency domain limits of the real part of the effective density and bulk modulus
are not exact when compared to the effective density and bulk modulus predicted
by analytical models of foams with regular pores, see e.g. [37] and [38]. Although
there are expressions which are able to describe the correct low-frequency domain
limits of the effective density, e.g. the model of Pride et al. [39], and the effective
bulk modulus, e.g. the model of Lafrage et al. [40], these models are rarely used
since the characterization of the additional required parameter values needs further
development.

3.2.2 Surface impedance and absorption coefficient

Based on the characteristic impedance Z̃c and the complex wavenumber k̃, the
surface impedance Z̃ of a foam layer with a rigid skeleton and thickness h3 can
be computed based on the transfer matrix method [41] by assuming that the foam
layer is fixed to a rigid impervious wall and subjected to a normal incident plane
wave

Z̃(ω) = − jZ̃c

φ tan(k̃h3)
. (3.6)
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The absorption coefficient α of the foam layer is related to the surface impedance
Z̃ according to

α = 1−
∣∣∣∣∣ Z̃ − ρ0c0

Z̃ + ρ0c0

∣∣∣∣∣
2

. (3.7)

3.2.3 Results

The acoustic properties of a polyurethane, mineral wool, and melamine foam are
listed in Tab. 3.1. The acoustic properties are used in combination with the JAC
model in order to compute the surface impedance for a foam layer with thickness
h3. Note that the mechanical properties of these foams are listed in Tab. 2.2, see
Sec. 2.3. The mechanical and acoustic properties of the three foams are consistent
with the values reported in [29] and [31].

Tab. 3.1: The acoustic properties of three foams and the eigenfrequency of the frame-borne
wave for a given foam layer thickness h3.

Parameter Polyurethane Mineral wool Melamine Unit

φ 0.96 0.96 0.99 [-]
σ 32000 29000 12600 [N m−4 s]
α∞ 1.7 1.08 1.00 [-]
Λ 90·10−6 30·10−6 78·10−6 [m]
Λ′ 65·10−6 80·10−6 192·10−6 [m]

h3 10.0 5.0 40.0 [mm]
f0,FBW 4714 6435 1591 [Hz]

The properties of air are denoted in Tab. 3.2. Note further that, the mechanical
material properties are used in Ch. 2 in order to study the influence of a foam layer
on the dynamic response of a multilayered plate in the low-frequency domain.

Tab. 3.2: Material properties of air.

Parameter Value Unit Parameter Value Unit

ρ0 1.205 [kg/m3] Pr 0.716 [-]
c0 343.2 [m/s] γ 1.401 [-]
η0 1.821·10−5 [N s/m2] P0 1.013·105 [Pa]

The absorption coefficient α is presented in Fig. 3.2 for a polyurethane (blue lines),
a mineral wool (red lines), and a melamine (green lines) foam layer. The foam
layer thickness is chosen to be identical and equal to h3 = 20 [mm] in the left
plot, whereas the mass of the foam layers is chosen to be identical and equal to
ρ2h3 = 0.32 [kg/m2] in the right plot. For an identical foam layer thickness, it can
be concluded that the foam layers are all efficient sound absorbing materials in the
mid-frequency domain, especially the polyurethane and mineral wool foam layers.
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Fig. 3.2: The absorption coefficient for a polyurethane (blue lines), a mineral wool (red lines),
and a melamine (green lines) foam layer. Left plot; the foam layer thickness is identical (h3 = 20

[mm]). Right plot; the mass of the foam layers is identical (ρ2h3 = 0.32 [kg/m2]).

This is expected since the air-flow resistivity σ of these materials is higher when
compared to the air-flow resistivity of the melamine foam. For an identical foam
layer mass, it is clear that the melamine foam layer has a better acoustic perfor-
mance. This is not surprising, since the melamine foam layer is much thicker when
compared to the polyurethane and mineral wool foam layers in this case. Note that
it is valid to use an equivalent fluid model in order to predict the acoustic behaviour
of the three foam layers in the low-frequency domain, since the eigenfrequency of
the frame-borne wave is much higher than f = 500 [Hz], see Tab. 3.1.

Fig. 3.3 shows the low-frequency domain real part (left plot) and imaginary part
(right plot) of the surface impedance for a polyurethane (blue), mineral wool (red),
and melamine (green) foam layer, where the foam layer mass is chosen to be iden-
tical and equal to ρ2h3 = 0.32 [kg/m2].
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Fig. 3.3: The real part of the surface impedance (left plot) and the imaginary part of the
surface impedance (right plot) for a polyurethane (blue lines), a mineral wool (red lines), and a

melamine (green lines) foam layer.
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It is observable that the real part of the surface impedance, i.e. the acoustic resis-
tance, of the polyurethane foam layer is higher when compared acoustic resistance
of the mineral wool and melamine foam layers. The imaginary part of the surface
impedance, i.e. the acoustic reactance, is considerably lower for the melamine foam
layer when compared to the polyurethane and mineral wool foam layers.

In Appendix B, the empirical Delany-Bazley-Miki law [42] and the analytical model
of a foam with regular and cylindrically shaped pores [37] [38] are presented and
the absorption coefficient and the surface impedance of these models are compared
to the Johnson-Allard-Champoux (JAC) model for the considered foams. From
this analysis, it can be concluded that the acoustic reactance is comparable for
the three models. However, there are large differences between the models when
comparing the acoustic resistance of the foam layers in the low-frequency domain.
As mentioned before, the JAC model is used to give an estimate of the surface
impedance of the foam layers simply because the JAC model is widely used in
literature to describe sound absorption in rigid and poro-elastic foam layers.

3.3 Modelling the acoustic response in cavities

Fig. 3.4 shows two rectangular cavities both with length Lx and width Ly. The
first cavity, with height L1, has six rigid walls. The second cavity, with height L2,
has five rigid walls and one sound absorbing wall located at z = L2. Both cavities
are filled with air and excited by a single monopole point source.
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Fig. 3.4: A geometric representation of a cavity with six rigid walls (left plot) and a cavity with
five rigid walls and one sound absorbing wall (right plot).

In the following two sections, the acoustic modes of both cavities are computed
and used in order to discretize the inhomogeneous Helmholtz equation based on
the Rayleigh-Ritz method. This solution approach might seem straightforward
since the theoretical sound pressure solution for a cavity with six rigid walls and
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for a cavity with two open and four rigid walls is well known since the 1940’s,
see e.g. [43] and [44]. In addition, there are many studies which focus on finding
the (complex) eigenvalues of a cavity with a sound absorbing wall by solving the
acoustic eigenvalue equation [45] [46] [47]. However, the corresponding acoustic
modes are, to the authors’ knowledge, never been used to discretize the inhomo-
geneous Helmholtz equation. Nevertheless, the acoustic response of a cavity with
a sound absorbing wall is obtained by using the acoustic modes of a cavity with
rigid walls [48], an improved Fourier series approximation of the pressure field [49],
and by means of Chebyshev polynomials [50] [51]. The aforementioned solution
approaches are based on a frequency-domain modelling approach. A FEM time
domain modelling approach is presented in [52] by introducing the normal fluid
displacement field as an additional variable. In this work, the acoustic modes are
obtained by solving the acoustic eigenvalue equation and this modal basis is used to
discretize the inhomogeneous Helmholtz equation. In addition, the viscous losses
of the sound absorbing wall are included by defining an equivalent viscous damping
model.

3.3.1 Cavity with rigid walls

For a time harmonic source q(t) = Q̃ejωt and a time harmonic solution p1(x, y, z, t) =
p̃1(x, y, z, t)ejωt, the (complex) pressure p̃1 in a rectangular cavity with six rigid
walls is described by the inhomogeneous Helmholtz equation

k2p̃1 +∇2p̃1 = −jρ0ωQ̃δ(x0, y0, z0) in V1 (3.8a)

with the BC
∂p̃1

∂~n
= 0 on Ωr, (3.8b)

where (x0, y0, z0) denotes the spatial location of the point source and Q̃ is the
amplitude of the point source. Since the inhomogeneous Helmholtz equation is
discretized based on the Rayleigh-Ritz method in combination with a truncated
modal series approximation of the pressure field, the acoustic modes have to be
computed first.

Acoustic modes of a cavity with rigid walls

The acoustic modes are obtained by neglecting the source term and by assuming
time harmonic solutions of the form p1(x, y, z, t) = Re(Φ1(x, y, z)eλt), where the
eigenvalues λ are purely imaginary numbers λ ∈ jR which are related to the angular
eigenfrequencies ω of the undamped system according to λ = jω. As a result, the
cavity pressure p̃1 is described by a homogenous Helmholtz equation

k2Φ1(x, y, z) +∇2Φ1(x, y, z) = 0 in V1, (3.9a)
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with the BC
∂Φ1

∂~n
= 0 on Ωr. (3.9b)

The general solution of (3.9a) is obtained by assuming separation of variables. To
this end, the acoustic modes are written as

Φ1(x, y, z) = φx1(x)φy1(y)φz1(z). (3.10)

Substituting (3.10) in (3.9a) and dividing the result by φx1
(x)φy1(y)φz1(z) yields

1

φx1

∂2φx1

∂x2
+

1

φy1

∂2φy1
∂y2

+
1

φz1

∂2φz1
∂z2

−
(
λ

c0

)2

= 0. (3.11)

Since each term in the above equation only depends on one variable, there are three
independent ODEs

d2φx1

dx2
+ k2

x = 0,
d2φy1
dy2

+ k2
y = 0, and

d2φz1
dz2

+ k2
z = 0, (3.12)

which have to satisfy the wavenumber equation

−
(
λ

c0

)2

= k2
x + k2

y + k2
z . (3.13)

The general solution of, for example, φx1 is given by

φx1
(x) =

(
c1e
−jkxx + d1e

jkxx
)
. (3.14)

Now, the BC of (3.9b) at x = 0 implies that c1 = d1 and together with the BC at
x = Lx, it is straightforward to show that kx = nx1

π/Lx for nx1
= 0, 1, 2, ...,∞.

Likewise, the expressions for φ1,y(y) and φ1,z(z) are obtained. Summarizing, the
acoustic modes φn1 of a cavity with rigid walls are defined by

φn1
(x, y, z) = c1c2c3 cos

(
nx1

πx

Lx

)
cos

(
ny1πy

Ly

)
cos

(
nz1πz

L1

)
, (3.15)

where nx1 , ny1 , and nz1 are positive integers equal or greater than zero. The
integration constants c1, c2, and c3 are determined by using the orthogonality
condition∫ Lx

0

∫ Ly

0

∫ L1

0

φn1(x, y, z)φn′1(x, y, z) dz dy dx =

{
V1 if n1 = n′1
0 if n1 6= n′1,

(3.16)

where V1 = LxLyL1 is the volume of the cavity. Note that the values of the
integration constants c1, c2, and c3 depend on the values of the integers nx1 , ny1 ,
and nz1 . For example c1 = 1 if nx1 = 0 and c1 =

√
2 if nx1 > 0.
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Discretization of the pressure field

The pressure p̃1 is approximated by a truncated series of acoustic modes and cor-
responding (complex) pressure amplitudes

p̃1(x, y, z, ω) ≈
N1∑
n1=1

φn1
(x, y, z)p̃n1

(ω). (3.17)

By applying Green’s second identity [8] to (3.8a) and by using the modal approx-
imation of the pressure field of (3.17), the boundary condition of (3.8b), and the
orthogonality condition of (3.16), the pressure amplitude of the nth1 acoustic mode
is described by (

−ω2Mn1
+Kn1

)
p̃n1

= jωBn1
Q̃, (3.18)

where the modal mass Mn1
, the modal stiffness Kn1

, and the value of the input
column Bn1

are defined by

Mn1
= ρ0V1, Kn1

= ρ0V1ω
2
0,n1

, and Bn1
= −ρ2

0c
2
0φn1

(x0, y0, z0). (3.19)

By neglecting the source term, i.e. the right hand side term of (3.18), it is easy to
show that the eigenfrequencies f0,n1 of the cavity with rigid walls are given by

f0,n1
=
c0
2

√(
nx1

Lx

)2

+

(
ny1
Ly

)2

+

(
nz1
L1

)2

. (3.20)

Note that the acoustic modes φn1 are included in the modal approximation of
the pressure field in such a way that the eigenfrequencies increase monotonically.
In order to ensure that the magnitude of the cavity pressure is bounded at the
resonance frequencies of the cavity, a viscous damping model with proportionally
damped modes is introduced. Hence, the modal damping value Dn1

is defined
according to

Dn1
= 2ξa

√
Mn1

Kn1
, (3.21)

where ξa << 1 is the acoustic dimensionless damping parameter. A matrix
representation describing the modal pressure amplitudes of the cavity with rigid
walls is obtained by collecting the modal pressure amplitudes p̃n1

in the column

p̃1 =
[
p̃1 · · · p̃N1

]T
, which leads to(
−ω2Ma1 + jωDa1 + Ka1

)
p̃1 = jωBa1Q̃. (3.22)

Note that the entries of the diagonal mass matrix Ma1 , the diagonal proportional
damping matrix Da1 , the diagonal stiffness matrix Ka1 , and the entries of the input
column Ba1 are defined in (3.19) and (3.21).
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3.3.2 Cavity with one sound absorbing wall

A cavity with five rigid walls and one sound absorbing wall located at z = L2 is
considered in this section, see Fig. 3.4. The sound absorbing wall is modelled by
prescribing a surface impedance BC at z = L2. In this case, the cavity pressure p̃2

is described by the inhomogeneous Helmholtz equation

k2p̃2 +∇2p̃2 = −jρ0ωQ̃(x0, y0, z0) in V2, (3.23a)

with BCs

∂p̃2

∂~n
=

−jρ0ω
p̃2

Z̃∗
on Ωz

0 on Ωr.
(3.23b)

In literature, many low-frequency domain surface impedance models are used to
study the acoustic response of cavities with one or multiple sound absorbing walls.
The most simple surface impedance model consists of a frequency-independent
real and imaginary part Z̃∗ = β − jα, see e.g. [47], but also spatially dependent
surface impedance models with a frequency independent real and imaginary part
of the form Z̃∗(x, y) = β(x, y) − jα(x, y) are reported in e.g. [49]. In contrast
to frequency independent surface impedance models, the so-called Kelvin-Voigt
model is often used in literature in order to approximate the surface impedance of
foam layers, see e.g. [45], [52] and [53]. In the Kelvin-Voigt model, it is assumed
that the real part of the surface impedance is frequency independent and that the
imaginary part is inversely proportional to frequency, i.e. Z̃∗(ω) = β − jα/ω. The
last model mentioned here is a higher order Taylor series approximation of the
surface admittance, which is reported in [53]. In this work, the surface impedance
model Z̃∗ is an approximation of the surface impedance Z̃ described by the JAC
model, see Sec. 3.2. The approximation model Z̃∗ of the surface impedance Z̃ is
defined by a model very similar to the Kelvin-Voigt model with the exception that
the acoustic resistance is defined by a frequency dependent function

Z̃∗(ω) = β(ω)− jα

ω
. (3.24)

Hence, the acoustic reactance is assumed to be inversely proportional to frequency,
which is the case if the JAC model of (3.5) is used in order to compute the surface
impedance of the polyurethane, mineral wool, and melamine foam layers in the
low-frequency domain. This is validated in Fig. 3.5, where the acoustic reactance
of the JAC model (solid lines) is compared with the approximation of the acoustic
reactance (gray markers) defined by (3.24). The acoustic reactance of the foam
layers is obtained by assuming that the foam layers have an identical mass of
ρ2h3 = 0.32 [kg/m2]. For each foam layer, the α value is computed by solving a
weighted non-linear least-squares minimization problem

α = argmin r(α, fn)T r(α, fn), (3.25a)



46 Acoustic modelling of bounded domains

where the residue column r(α, fn) defines the difference between the surface impedance
Z̃ of the JAC model and the surface impedance Z̃∗ of (3.24) at N = 350 discrete
equally spaced frequency points in the frequency interval 100 ≤ f ≤ 500 [Hz]

r(α, fn) =


w1

(
Im(Z̃(f1))− Im(Z̃∗(α, fn))

)
...

wN

(
Im(Z̃(fN ))− Im(Z̃∗(α, fN ))

)
 . (3.25b)

Here, weight function wn = 1/|Im(Z̃(fn))| is introduced in order to equally dis-
tribute the overall error of the residue vector. Note that the frequency domain used
in the above nonlinear-linear least-squares minimization problem is chosen based on
the observation that the first non-zero eigenfrequency is located above f = 100 [Hz].
The acoustic reactance models of the polyurethane, mineral wool, and melamine
foam layer are, respectively, defined by α = 1.036 · 107 [Pa/m], α = 2.027 · 107

[Pa/m], and α = 2.554 · 106 [Pa/m]. From Fig. 3.5, it can be concluded that the
acoustic reactance of the foam layers can indeed be approximated by a function
which is inversely proportional to frequency in the low-frequency domain. In con-
trast to the acoustic reactance, there is no simple and unique function which is
able to approximate the acoustic resistance of the foam layers in the low-frequency
domain. Therefore, the acoustic resistance of the foam layer is directly defined by
the results of the JAC model, i.e. β(ω) = Re(Z̃(ω)).
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Fig. 3.5: A comparison between the acoustic reactance of the JAC model (black lines) and the
approximation of (3.24) (gray markers) for a polyurethane (left plot), a mineral wool (middle

plot), and a melamine (right plot) foam layer with identical mass.

In the remainder of this section, the acoustic model of a cavity with one sound
absorbing wall is derived by making two additional assumptions on top of the
assumption that the surface impedance of the JAC model can be approximated by
(3.24), namely; 1) a frequency independent and diagonal mass matrix is obtained
by assuming that ω2β2(ω) << α2 and 2) a frequency independent viscous damping
matrix is defined in such a way that the viscous losses due to the presence of the
foam layer are correctly described at the resonance frequencies of the cavity.
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The acoustic modes of a cavity with one sound absorbing wall

Again, the acoustic modes of the undamped system are obtained by neglect-
ing the source term and by assuming time harmonic solutions p2(x, y, z, t) =
Re(Φ2(x, y, z)eλt). Note that for the undamped case, the real part of the surface
impedance is zero, i.e. β(ω) = 0. Therefore, the homogenous Helmholtz equation
and the BCs are given by

−
(
λ

c0

)2

Φ2 +∇2Φ2 = 0 in V2, (3.26a)

α
∂Φ2

∂z
= −ρ0λ

2Φ2 on Ωz, (3.26b)

∂Φ2

∂~n
= 0 on Ωr. (3.26c)

The solutions of (3.26) are obtained by assuming separation of variables with
Φ2(x, y, z) = φx2(x)φy2(y)φz2(z). In this case, the three independent second order
ODEs have the form

d2φx2

dx2
+ k2

x = 0,
d2φy2
dy2

+ k2
y = 0, and

d2φz2
dz2

− κ2 = 0, (3.27)

which should satisfy the wavenumber equation

−
(
λ

c0

)2

= k2
x + k2

y − κ2. (3.28)

The minus sign in front of κ is introduced solely in order to highlight that the
solution for φz2 is essentially different when compared to the solution of φz1 , see
(3.12). However, note that κ and kz are related to each other by κ = jkz. The
acoustic modes in the ~ex- and ~ey-direction are identical to the acoustic modes of a
cavity with six rigid walls, hence

φx2(x) = c1 cos

(
nx2

πx

Lx

)
and φy2(y) = c2 cos

(
ny2πy

Ly

)
, (3.29)

where nx2
= 0, 1, 2, ...,∞ and ny2 = 0, 1, 2, ...,∞. The general solution of the

acoustic mode in the ~ez-direction has the form

φz2(z) =
(
c4e
−κz + d4e

κz
)
. (3.30)

By applying the boundary condition at z = 0, it is easy to see that κ = 0 or
c4 = d4. For κ = 0, φz2(z) is constant. This solution corresponds to the constant
pressure mode with λ = jω = 0. For c4 = d4, the general solution of (3.30) can be
written as

φz2(z) = c4 cosh(κz). (3.31)
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Finally, the boundary condition at z = L2 should be satisfied, which leads to the
algebraic equation

ακ sinh(κL2) = −ρ0λ
2 cosh(κL2). (3.32)

The influence of the parameter α becomes clear by considering two limit cases,
namely α → ∞ and α → 0. In the former case, (3.32) reduced to sinhκL2 = 0,
which leads to κ = jnz2π/L2 for nz2 = 0, 1, ...,∞. Hence, the boundary condition
at z = L2 corresponds to a rigid boundary condition. In the latter case, (3.32)
reduced to coshκL2 = 0, which leads to κ = j(nz2 − 0.5)π/L2 for nz2 = 1, ...,∞.
In this case, the boundary condition at z = L2 defines a pressure release boundary
condition.

Summarizing, the eigenvalues λ and the corresponding acoustic modes φn2
(x, y, z)

are obtained by solving the acoustic eigenvalue equation, which is defined by (3.32)
in combination with

κ2 −
(
λ

c0

)2

=

(
nx2

π

Lx

)2

+

(
ny2π

Ly

)2

. (3.33)

By combining (3.29) and (3.31), the acoustic modes φn2
of the cavity with one

sound absorbing wall are given by

φn2
(x, y, z) = c1c2c4 cos

(
nx2

πx

Lx

)
cos

(
ny2πy

Ly

)
cosh

(
κnz2

z
)
, (3.34)

where nx2
= 0, 1, ...,∞, ny2 = 0, 2, ...,∞, and nz2 = 0, 1, 2, ....,∞. The integration

constants c1, c2, and c4 are defined according to∫ Lx

0

∫ Ly

0

∫ L2

0

φn2(x, y, z)φn′2(x, y, z) dz dy dx = V2 if n2 = n′2, (3.35)

where V2 = LxLyL2 is the volume of the cavity with the sound absorbing wall.
Note that the acoustic modes of the cavity with one sound absorbing wall are not
orthogonal. This is demonstrated in the next section.

Discretization of the pressure field

The pressure p̃2 of the cavity with one sound absorbing wall is approximated by a
truncated series of acoustic modes φn2 and corresponding pressure amplitudes p̃n2

p̃2(x, y, z, ω) ≈
N2∑
n2=1

φn2(x, y, z)p̃n2(ω), (3.36)

Applying Green’s second identity [8] to (3.23a) in combination with (3.26) yields∫∫∫
V2

(
p̃2∇2Φ2 − Φ2∇2p̃2

)
dv =

∫∫
Ω

(
p̃2
∂Φ2

∂~n
− Φ2

∂p̃2

∂~n

)
ds, (3.37)
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where Ω = Ωr ∪ Ωz. A matrix representation, describing the modal pressure am-
plitudes of the cavity with one sound absorbing wall, is obtained by substituting
(3.36) and (3.23b) in (3.37) and by collecting the modal pressure amplitudes p̃n2

in the column p̃2 =
[
p̃1 · · · p̃N2

]T
(
−ω2MV

a2 −KV
a2 + KS

a2 +
jρ2

0c
2
0ω

Z̃∗
ISa2

)
p̃2 = jωBa2Q̃, (3.38)

where the entries of the matrices corresponding to the volume integrals, i.e. MV
a1

and KV
a2 , are defined by

MV
n2,n′2

= ρ0

∫∫∫
V2

φn2
φn′2 dv and KV

n2,n′2
= ρ0c

2
0

∫∫∫
V2

(
∇2φn2

)
φn′2 dv, (3.39a)

the entries of the matrices corresponding to the surface integrals, i.e. KS
a2 and ISa2 ,

are defined by

KS
n2,n′2

= ρ0c
2
0

∫∫
Ωz

∂φn2

∂z
φn′2 ds and ISn2,n′2

=

∫∫
Ωz

φn2φn′2 ds, (3.39b)

and the entries of the input column Ba2 are defined by

Bn2 = −ρ2
0c

2
0φn2(x0, y0, z0). (3.39c)

Hence, the superscripts V and S refer to the contribution of the volume and surface
integrals in (3.37). Note that the first surface integral in the right hand side term
of (3.37) results in an additional stiffness term, whereas the second surface integral
includes the approximation of the surface impedance Z̃∗ of the foam layer. At this
point, it is convenient to introduce the acoustic admittance Ỹ , which is related to
the acoustic impedance by Ỹ = 1/Z̃∗. The contribution of the acoustic admittance
is divided in a real and imaginary part, i.e. the acoustic conductance and acoustic
susceptance, by substituting (3.24) in (3.39a). This leads to

(−ω2
(
MV

a2 + YRe(ω)
)

+ jωYIm(ω) +
(
KS
a2 −KV

a2

)
)p̃2 = jωBa2Q̃, (3.40)

where the entries of the matrices YRe(ω) and YIm(ω) are given by

Y Ren2,n′2
=

ρ2
0c

2
0α

ω2β2(ω) + α2
ISn2,n′2

and Y Imn2,n′2
=

ρ2
0c

2
0ω

2β(ω)

ω2β2(ω) + α2
ISn2,n′2

. (3.41)

At this point, it is important to recognize that the matrix MV
a2+YRe(ω) is not diag-

onal. This is due to the fact that the acoustic resistance of the surface impedance
is neglected in the computation of the acoustic modes. In addition, the system
matrices YRe(ω) and YIm(ω) are frequency dependent. From this point, an ap-
proximation of (3.40) is derived in such a way that diagonal and frequency inde-
pendent system matrices are obtained. By observing that ω2β2(ω) << α2 in the
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low frequency domain, it is clear that the matrix YRe can be approximated by
(ρ2

0c
2
0/α)ISa2 . Based on this approximation and by neglecting the source term and

the dissipation term jωYIm, the discretized homogenous Helmholtz equation takes
the form (

−ω2Ma2 + Ka2

)
p̃2 = 0, (3.42)

where

Ma2 = MV
a2 +

ρ2
0c

2
0

α
ISa2 and Ka2 = KS

a2 −KV
a2 . (3.43)

The matrix Ma2 is diagonal since the acoustic modes are also obtained based on
the assumption that β = 0, which corresponds to assuming that ω2β2(ω) << α2.
To be more specific, the imaginary part of the eigenvalues defined by (3.32)-(3.33)
are identical to the eigenfrequencies which are obtained by solving the eigenvalue
problem corresponding to (3.42). Finally, a frequency independent damping matrix
is obtained by approximating YIm(ω) by means of a viscous damping model with
damping matrix DIm. To this end, the entries of the viscous damping matrix are
determined at the eigenfrequencies of the system

DIm
n2,n′2

=

(
Y Imn2

(ω0,n2
)

jω0,n2

)1/2
(
Y Imn′2

(ω0,n′2
)

jω0,n′2

)1/2

. (3.44)

Besides the viscous damping matrix DIm, which includes energy dissipation due to
the presence of the foam layer, an additional viscous damping model with propor-
tional damped modes is included. This proportional damping matrix is denoted by
DPr. Hence, the total damping matrix Da2 of the system is given by the sum of
the two damping matrices DIm and DPr. By including the damping matrix DPr,
a fair comparison between the acoustic response of a cavity with rigid walls and a
cavity with a sound absorbing wall is presented and the influence of the foam layer
on the acoustic response can be quantified. The additional modal damping value
DPr
n2

is similar to the modal damping value defined in (3.21) and is defined by

DPr
n2

= 2ξa
√
Mn2

Kn2
, (3.45)

where ξa << 1 is the acoustic dimensionless damping parameter. Summarizing,
the modal pressure amplitudes of the cavity with one sound absorbing wall are
computed from (

−ω2Ma2 + jωDa2 + Ka2

)
p̃2 = jωBa2Q̃, (3.46)

where Ma2 is the diagonal mass matrix, Ka2 is the diagonal stiffness matrix, and
Da2 = DIm + DPr is the viscous damping matrix, which includes the acoustic
resistance of the foam layer and small viscous losses in the cavity.

3.3.3 Convergence of the solution

In order to ensure that the pressure fields p̃1 and p̃2 are sufficiently accurate in
the frequency domain f ≤ 500 [Hz], the converge of the solution is studied by
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computing the potential energy of both cavities with L1 = L2 = 0.6 [m] at fe = 500
[Hz] for different truncation orders, see the left plot of Fig. 3.6.
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Fig. 3.6: Left plot; the potential energy as a function of the truncation order at fe = 500 [Hz]
for L1 = L2 = 0.6 [m]. For various cavity heights, the convergence criterion of (3.50) for a

cavity with rigid walls (black line) and a cavity with one sound absorbing wall consisting of a
polyurethane (blue line), mineral wool (red line), and melamine (green line) foam layer.

To this end, the entries of the input columns Ba1 of (3.22) and Ba2 of (3.46) are
set to unity. In this way all the acoustic modes are equally exited. The (time
averaged) potential energy Va1 of the cavity with rigid walls is defined by

Va1(ω) =
1

4ρ0c20

∫ Lx

0

∫ Ly

0

∫ L1

0

|p̃1(x, y, z, ω)|2 dz dy dx. (3.47)

By introducing the line vector Ψ(x, y, z) =
[
φ1(x, y, z) . . . φN1

(x, y, z)
]

in (3.17)
and by using the fact the modal pressure amplitudes are collected in the column
vector p̃1 and that the acoustic modes of a cavity with rigid walls are orthogonal,
i.e. see (3.16), the potential energy is evaluated by

Va1(ω) =
LxLyL1

4ρ0c20
p̃H1 p̃1. (3.48)

Likewise, the (time averaged) potential energy Va2 of the cavity with one sound
absorbing wall is given by

Va2(ω) =
1

4ρ0c20
p̃H2 IVa2 p̃2, (3.49)
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where IVa2 = 1
ρ0

MV
a2 . Note that IVa2 is not necessarily a diagonal matrix, see (3.39a).

From the left plot of Fig. 3.6, it is seen that the potential energy of the cavity
converges to a constant value by increasing the truncation order of the pressure
fields. This is expected because the acoustic modes are defined in such a way that
the eigenfrequencies increase monotonically by choosing appropriate values for the
integer combinations (nx1 , ny1 , nz1) and (nx2 , ny2 , nz2). The potential energy shows
a jump at the truncation order for which all the acoustic modes in the frequency
domain f ≤ 500 are included. Next, the truncation ordersN∗1 andN∗2 are computed
for different cavity heights L1 and L2, see the remaining plots of Fig. 3.6. The
relative error, which corresponds to the truncation order Nk and Nk−1, is defined
by

εrel =
|Vak(fe, Nk)− Vak(fe, Nk−1)|

Vak(fe, Nk)
, (3.50)

where k = 1 refers to the cavity with rigid walls and k = 2 refers to the cavity with
one sound absorbing wall. The truncation orders N∗1 and N∗2 correspond to the
solution for which the relative error at fe = 500 [Hz] satisfies εrel ≤ 0.01. Although
the convergence criterion depends on the modal density, there is no clear relation
between the truncation order corresponding to εrel ≤ 0.01 and the cavity depth.
This is due to the fact that the modal density is low, since there are only a few
eigenfrequencies in the frequency domain taken under consideration. It is seen that
the truncation orders N∗1 and N∗2 have considerably lower values for cavity heights
which correspond to the point where an eigenfrequency is entering the frequency
domain taken under consideration, for example, N∗1 = 6 for L1 = 0.34 [m] and
L1 = 0.47 [m]. At these cavity heights, the eigenfrequencies of the (0, 0, 1) and
(1, 0, 1) acoustic modes are entering the frequency domain, see Fig. 3.7. Since there
is no clear relation between the truncation order N∗1 and the cavity height L1, the
pressure field of the cavity with rigid walls is approximated by a truncated modal
series with N1 = 19 [-] acoustic modes. The results for the cavity with one sound
absorbing wall consisting of a polyurethane, mineral wool, and melamine foam
layer, are approximated by a truncated modal series with, respectively, N2 = 15
[-], N2 = 19 [-], and N2 = 20 [-] acoustic modes.

3.3.4 Eigenfrequencies for different cavity heights

For cavity heights ranging from 2.0 [cm] till 0.6 [m], Fig. 3.7 shows the eigenfre-
quencies of an undamped cavity with rigid walls (left plot) and one sound absorbing
wall (right plot). The sound absorbing wall is located at z = L2 and consists of a
polyurethane (blue lines), a mineral wool (red lines), and a melamine (green lines)
foam layer. The mass of the foam layers is identical, see Tab. 3.1. As expected,
for a cavity with rigid walls, only the values of the eigenfrequencies of the cav-
ity modes which depend on the cavity height L1 change, e.g. the (0, 0, 1) and the
(1, 0, 1) acoustic mode.
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Fig. 3.7: The eigenfrequencies of an undamped cavity with rigid walls (left plot) and one sound
absorbing wall (right plot) consisting of a polyurethane (blue lines), mineral wool (red lines),

and a melamine (green lines) foam layer with identical mass.

The eigenfrequencies of the cavity with one sound absorbing wall are essentially
different when compared to the eigenfrequencies of a cavity with rigid walls, see the
right plot of Fig. 3.7. To be more specific, the eigenfrequencies decrease due to the
presence of the foam layer, especially for small cavity heights L2. The melamine
foam layer has the largest influence on the location of the eigenfrequencies, whereas
the influence of the polyurethane and mineral wool foam layers are comparable.
This is due to the fact that the melamine foam layer is much thicker when compared
to the remaining foams. Note that the eigenfrequencies of the cavity with one
sound absorbing wall converge to the eigenfrequencies of a cavity with rigid walls
by increasing the cavity height.

3.3.5 Forced response due to a monopole source

Figs. 3.8-3.9 show the response of a point source excited cavity with rigid walls
(black lines) and the response of a cavity with one sound absorbing wall for a
cavity height of L1 = L2 = 2.0 [cm] and L1 = L2 = 0.6 [m], respectively. Blue, red,
and green lines denote the results of a cavity with a polyurethane, mineral wool,
and melamine sound absorbing foam layer, respectively. The point source with
source strength Q̃ = 10−3 [m/s] is located at (x0, y0, z0) = (9/14)(Lx, Ly, L2). In
this way, all the acoustic modes are excited. The value of the acoustic dimensionless
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damping parameter ξa = 0.0025 [-], which is used in both models, is chosen rather
arbitrarily but in such a way that the viscous losses are small.
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Fig. 3.8: For L1 = L2 = 0.6 [m], the potential energy of a point source excited cavity. Black
lines denote the response of a rigid cavity. Blue, red, and green lines correspond to the response

of a cavity with a polyurethane, mineral wool, and melamine sound absorbing wall.
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Fig. 3.9: For L1 = L2 = 2.0 [cm], the potential energy of a point source excited cavity. Black
lines denote the response of a rigid cavity. Blue, red, and green lines correspond to the response

of a cavity with a polyurethane, mineral wool, and melamine sound absorbing wall.

From the results, it is clear that not only the locations of the eigenfrequencies
change but also that the cavity pressure decreases considerably by including a
sound absorbing wall. The largest difference between the response of a cavity with
rigid walls and one sound absorbing wall is observed for L1 = L2 = 2.0 [cm] in
combination with the melamine foam layer. For this case, only two resonance
peaks are clearly visible at f = 175 [Hz] and f = 208 [Hz], whereas the remaining
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resonance peaks are heavily damped, which leads to an approximately uniform
cavity pressure for f > 350 [Hz]. The large differences between the amount of
dissipated energy in the sound absorbing foam layers is directly related to surface
impedance. To be more specific, a measure for the dissipated energy of the nth2
acoustic mode is defined by the acoustic susceptance Y Imn2,n′2

, which depends on the

acoustic resistance β(ω) and the acoustic reactance −jα/ω of the foam layer, see
(3.41). Tab. 3.3 shows the maximum value of the acoustic resistance β(ω) in the
frequency domain f ≤ 500 [Hz] (see Fig. 3.3), the value α which is a measure for
the acoustic reactance (3.24), and the ratio between the maximum value of the
acoustic resistance and the acoustic reactance β/α.

Tab. 3.3: The acoustic resistance and reactance of the foams layers, and the ratio between the
acoustic resistance and reactance.

β [Pa/m s] α [Pa/m] β/α [1/s]

polyurethane 592.5 1.036 · 107 5.72 · 10−5

mineral wool 327.2 2.027 · 107 1.61 · 10−5

melamine 277.3 2.554 · 106 10.86 · 10−5

From Tab. 3.3 it seen that the ratio β/α is maximum for the melamine foam
layer. Since ω2β2(ω) << α2 for the considered foams, the acoustic susceptance of
the melamine foam layer is the largest of the three and, as expected, the cavity
pressure the smallest, see Figs. 3.8-3.9. This results indicates that viscous losses
are optimized by maximizing the ratio β(ω)/α, which means that the acoustic
resistance should be maximized and that the acoustic reactance of the foam layer
should be minimized. This conclusion is in agreement with the results presented in
e.g. [50] and [51] despite the fact that the influence of the acoustic resistance and
the acoustic reactance is studied separately there. In [54], the influence of phase
angle of the acoustic admittance on the complex eigenvalues of a Sedan cabin is
studied, where it is concluded that the eigenfrequencies of higher damped modes
are more sensitive to the admittance phase angle when compared to lower damped
modes. Note that the above design guidelines can be used in combination with the
JAC model to optimize the acoustic properties of the foam layer in such a way that
the cavity pressure is minimized.

3.3.6 Accuracy of the model

The model of the cavity with one sound absorbing wall is derived based on three
assumptions, namely; 1) the acoustic reactance of the JAC model can be approxi-
mated by a model which is inversely proportional to frequency, 2) a frequency inde-
pendent and diagonal mass matrix is obtained by assuming that ω2β2(ω) << α2,
and 3) energy dissipation of the foam layer is included by means of a viscous damp-
ing model. These assumptions are validated by comparing the ”exact response”
with the response of the proposed model of (3.46).
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”The exact response”

By replacing the approximation model Z̃∗ of the surface impedance with the ex-
act surface impedance Z̃ described by (3.5), the exact response of the cavity is
obtained based on (3.38). In this case, (3.38) is discretized by using the cavity
modes which correspond to the solution of (3.26) in combination with the BC
∂Φ2

∂z = −ρ0λΦ2/jIm(Z̃(ω)). Hence, the ”exact response” is described by the sur-
face impedance of the JAC model and by frequency dependent system matrices.
For L2 = 2.0 [cm] (left plot) and L2 = 0.6 [m] (right plot), Fig. 3.10 shows the
response of the cavity with a melamine sound absorbing wall, where black lines
correspond to the ”exact response” and gray lines to the solution of (3.46). Since
there are only minor differences between both responses, it can be concluded that
the assumptions which are made in order to derive (3.46) are valid for the box
structure.
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Fig. 3.10: For L2 = 2.0 [cm] (left plot) and L2 = 0.6 [m] (right plot), a comparison between the
exact response (black lines) and the response of the simplified model (gray lines) for a cavity

with one sound absorbing wall which consists of a melamine foam layer.

3.4 Conclusions

In this chapter, two models are derived in order to compute the acoustic response
in two types of cavities, namely a cavity with six rigid walls and a cavity with one
sound absorbing and five rigid walls. The model of the cavity with one sound ab-
sorbing wall is derived by assuming that the skeleton of the foam layer is rigid. As a
result, the surface impedance and the absorption coefficient of the foam layer can be
defined by means of the effective density and the effective bulk modulus in combi-
nation with the foam layer thickness. In this work, the semi-phenomenological five
parameter Johnson-Allard-Champoux (JAC) model is used to compute the effec-
tive density and bulk modulus of the foam layer. The resulting surface impedance
is used as a BC in order to compute the acoustic response of a cavity with one
sound absorbing wall. To be more specific, the cavity response is obtained by
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first computing the acoustic modes of the undamped cavity by solving the acoustic
eigenvalue equation. Next, the inhomogeneous Helmholtz equation is discretized
based on the Rayleigh-Ritz method in combination with a truncated series approx-
imation of the cavity pressure based on the acoustic modes of the cavity. This
solution approach is based on three assumptions, namely 1) the acoustic reactance
of the foam layer is inversely proportional to frequency, 2) the acoustic reactance is
dominant when compared to the acoustic resistance of the foam layer, and 3) the
viscous losses of the foam layer are included by means of a viscous damping model.

The acoustic response of a cavity with rigid walls is compared with the acoustic
response of a cavity with one sound absorbing wall consisting of a polyurethane,
mineral wool, and melamine foam layer. As in Ch. 2, the mass of the foam layers
is chosen to be identical. Based on the results, it can be concluded that the eigen-
frequencies of the undamped cavity decrease if the acoustic reactance −jα/ω of
the foam layer decreases, e.g. by increasing the foam layer thickness. Note that the
limit cases −jα/ω → 0 and −jα/ω → ∞ correspond to, respectively, a pressure
release and rigid wall BC. The highest amount of acoustic dissipation is achieved
by maximizing the ratio β(ω)/α, where β(ω) is the acoustic resistance. In agree-
ment with this conclusion, the cavity response is attenuated the most efficiently
by the melamine foam layer. This might seem surprising since the air-flow resis-
tivity of the melamine foam is much smaller than the air-flow resistivity of the
polyurethane and mineral wool foams. However, for identical foam layer mass, the
melamine foam layer is much thicker and therefore a more efficient low-frequency
domain (f < 500 [Hz]) sound absorbing material.





CHAPTER 4

Vibro-acoustic modelling of a
cavity-backed double wall panel

In the first part of this chapter, a vibro-acoustic model of a cavity-backed
double wall panel including the poro-elastic behaviour of a foam layer
is derived. The double wall panel consists of a multilayered plate (a
thin plate with a thick poro-elastic foam layer attached), an air-layer,
and a single plate. The vibro-acoustic model is derived by combining
the dynamic models of Ch. 2 with the acoustic models of Ch. 3 and
by including a two-way coupling between the structural and acoustic
domains. In the second part of this chapter, a (numerical) modal anal-
ysis of the vibro-acoustic system is performed and three fluid-structure
interaction phenomena are addressed in detail.

4.1 Problem definition and model assumptions

Fig. 4.1 shows a geometric representation of a cavity-backed double wall panel.
The double wall panel consists of a multilayered plate, an air-layer, and a single
plate. The multilayered plate has two layers, namely a (thick) foam layer which is
attached to a thin aluminium plate. Based on the proposed topology, two types of
acoustic excitation can be considered, namely;

- Plane wave excitation of the upper plate of the double wall panel.

- Cavity excitation by means of a point source.
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Fig. 4.1: A geometric representation of a cavity backed acoustic shielding panel. The acoustic
shielding panel consists of a thin plate which is separated by an air-layer from a multilayered

plate, which contains a (thin) aluminium layer and a (thick) poro-elastic foam layer.

The vibro-acoustic poro-elastic model of the cavity-backed double wall panel is
derived based on the following assumptions;

- The skeleton of the foam layer is rigid. As a result, the poro-elastic behaviour
of the foam layer can be included by an uncoupled dynamic and acoustic
model.

- The dynamic model of the thin aluminium plate and the thin layer of the
multilayered plate are based on classical plate theory, see Ch. 2, Sec. 2.1.

- The dynamic model of the (thick) foam layer is based on exponential shear
deformation theory in combination with Mindlin’s theory, see Ch. 2, Sec. 2.2.

- The acoustic behaviour of the foam layer is included by prescribing an impedance
boundary condition at the boundary surface between the foam layer and the
air-layer. The surface impedance of the foam layer is based on the Johnson-
Allard-Champoux model, see Ch. 3, Sec. 3.3.2.

- The air-layer and cavity walls which are not in contact with one of the plates
of the double wall panel are rigid.

Note that, in agreement with the models presented in Ch. 2 and Sec. 3.3, the
(transversal) displacement fields of the multilayered plate and the single plate are
denoted by w2(x, y, t) and w1(x, y, t) and the air-layer and cavity pressures by
p2(x, y, z2, t) and p1(x, y, z1, t). Note further that, the air-layer and cavity domains
are defined w.r.t. O2 and O1, respectively. Hence, 0 ≤ z2 ≤ L2 and 0 ≤ z1 ≤ L1.
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4.1.1 Literature survey

This short literature survey focuses on the sound transmission through cavity-
backed panels, on the Sound Transmission Loss (STL) of acoustic shielding panels,
and on the modelling of the poro-elastic behaviour of foams. The works most
related to this research are further categorized by making a distinction between
the modelling approach and the solution method.

Cavity-backed panels

Lyon [55] analyzed the problem of sound transmission through a flexible panel
backed by a cavity in 1963. In the same year, Dowell and Voss [56] studied the
modal response of a cavity-backed plate. Since then, ongoing research has been
performed in order to improve the understanding of sound transmission though
cavity-backed plates. The free and forced response of a rectangular cavity-backed
plate is studied in [57] [58] [59] [60]. In [61], the occurrence of the coincidence effect
in a finite plate with and without a backing cavity is explained. The effect of the
boundary conditions of the plate is investigated in combination with noise reduc-
tion inside the cavity in [62]. Numerically and experimentally obtained responses
of a cavity-backed plate are compared in [63].
Besides rectangular cavity-backed plates, also different cavity geometries are ana-
lyzed. In [64], the sound transmission of an irregularly shaped cavity including a
point source is studied and the sound transmission through a vibrating plate into
a cavity with a tilted wall is presented in [65]. The sound transmission response
of a cavity-backed plate with an additional rigid box inside the cavity is presented
in [66].
Next to cavity-backed plates, the sound transmission through cavity-backed sand-
wich plates is addressed in several works, for example, for a sandwich panel which
consists of two elastic face layers with a constrained visco-elastic core [67] [68] [69]
and for a two layer sandwich panel which consists of one face layer and one foam
layer [70] [71].

Acoustic shielding panels

The sound insulation properties of acoustic shielding panels are often assessed
by means of the STL. To this end, the acoustic shielding panel is placed in a
baffle. The structure is exited at one side by an incident plane wave and, as a
result of structural vibrations, sound is radiated at the other side. The STL is
defined as the ratio between the radiated sound power and the sound power of
the incident plane wave. There are many studies dealing with the STL through
single plates [72] [73] [74], double wall panels [75] [76] [3] [77] [78], triple wall pan-
els [79] [80], sandwich panels [81] [82] [83] [84], and double wall panels including a
foam layer [85] [86] [87] [88] [89].
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Especially the latter category is of interest here, since we focus on a double wall
panel with an air-gap and foam layer. In general, the STL is computed by means
of unbounded models in the high-frequency domain, whereas the STL in the low-
frequency domain can only be obtained by bounded models. The main advantage
of unbounded models is that the computation burden is low when compared to
bounded models. However, unbounded models are only able to predict the global
high-frequency domain trend of the STL.
The high-frequency domain STL of a double wall panel with a foam layer is studied
by means of unbounded models in [86] and [88], where wave propagation mod-
els of plates, air-layers, and foam layers are combined. The wave propagation in
the unbounded foam layer is described by means of Biot theory. It is concluded
that the high-frequency STL of a plate/air-layer/foam/air-layer/plate topology and
a plate/foam/air-layer/plate topology is higher when compared to the STL of a
plate/foam/plate topology.
The low-frequency domain STL of a bounded double wall panel including the poro-
elastic behaviour of a foam layer is examined by means of a three-dimensional finite
element model in [87], where the model of the poro-elastic material is based on a
two-field displacement formulation derived from Biot theory. Furthermore, it cou-
ples with a boundary element approach to account for fluid-structure coupling and
to calculate the STL through the multilayered structure. It is shown that the
plate/foam/air-layer/plate topology is preferred above other topologies, such as a
plate/foam/plate topology and a plate/air-layer/foam/air-layer/plate topology.
Summarizing, the plate/foam/air-layer/plate topology is chosen in this work since
both the low and high frequency domain STL is higher when compared to other
topologies [86] [87] [88].

Poro-elastic modelling of foams

The vibro-acoustic response of a cavity-backed plate with a bonded foam layer is
examined by solving Biot’s equations by means of a FEM model in [70] and [71].
Hence, flexibility of the skeleton is included and the full interaction between the
skeleton and the air is described in this approach. This interaction is especially im-
portant at high frequencies and it leads to high sound absorption values. Although
FEM models are usually considered in obtaining a solution for Biot’s equations,
also modal based solution methods are proposed, see e.g. [90] and [91].
At low frequencies, the interaction between the skeleton and air is less important.
As a result, the poro-elastic behaviour of a foam layer can be described by a dy-
namic and acoustic model provided that the frequency domain of interest is below
the resonance frequency of the frame borne wave [33].
The dynamic response of a plate with a bonded foam layer is addressed in [28]
and [29], where the interaction between the plate and the surrounding air is ne-
glected, the behaviour of the foam is modelled by Biot theory, and solutions are
obtained by FEM models. In both studies, it is validated that thermal and viscous
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losses in the foam layer can be neglected.
There are also many studies which focus on the acoustic response of cavities with
one sound absorbing wall [49] [50] [51] [92]. In these studies, the sound absorb-
ing wall is modelled by prescribing a surface impedance boundary condition which
includes the acoustic behavior of the foam layer.

Contribution

In this chapter, an efficient low-frequency domain (f ≤ 500 [Hz]) vibro-acoustic
poro-elastic model is proposed, which describes the sound transmission through a
cavity-backed double wall panel. The poro-elastic behaviour of the foam layer is
modelled by means of an uncoupled dynamic and acoustic model. Solutions are
obtained by following a modal based solution approach. A similar topology of the
double wall panel is studied in [87], where the poro-elastic behaviour of the foam
layer is modelled by means of Biot theory and an equivalent fluid model. It is
concluded that there are only minor differences between those model approaches
in the low-frequency domain f < 1000 [Hz]. In addition, they obtain solutions
by following a FEM approach. For low-frequencies, the Biot based model is un-
necessarily complicated and the FEM based solution approach is slow. We show
that the simplified foam model presented in this work gives accurate results for less
computation times.

4.1.2 The geometric and material properties

Material properties

Based on the results of Ch. 2 and Ch. 3, a multilayered plate with a melamine foam
layer is considered in the remainder of this work, since the melamine foam layer
provides the highest amount of structural and acoustic damping when compared to
a polyurethane and mineral wool foam layer with the same mass. The mechanical
and acoustic properties of the melamine foam layer are listed in Tab. 2.2 and Tab.
3.1, respectively. The mechanical properties of aluminium are listed in Tab. 2.1.
The properties of air are listed in Tab. 3.2.

Geometric properties

The length Lx = 0.5 [m] and the width Ly = 0.425 [m] of the plates are chosen
in such a way that the eigenfrequencies of the plates coincide as little as possible.
The air-layer height L2 = 0.02 [m] is defined rather arbitrarily but in such a way
that visco-thermal effects can be neglected [93] [94], i.e. the shear wave number
s = L2

√
ρ0ω/η0 >> 1. The cavity height L1 = 0.6 [m] is defined is such a way

that the eigenfrequencies of the cavity coincide as little as possible. The sum of the
mass of the aluminium plate and the aluminium layer of the multilayered plate is
defined to be constant and chosen to be equal to h1 +h2 = 4.0 [mm]. Note that the
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mass of a 4.0 [mm] thick aluminium plate increases with (only) 2.9 % by adding a
melamine foam layer with a thickness of h3 = 40 [mm].

4.2 The unforced equations of motion

4.2.1 Structural dynamic modelling

In this section, the vibro-acoustic poro-elastic equations of motion of the system
are derived by including a two-way coupling between the structural and acoustic
domains. Here, it is assumed that there are no external forces acting on the system.
The modal displacement amplitude wm2(t) of the mth

2 structural mode of the upper
multilayered plate of the double wall panel is based on (2.49) and found by including
the boundary load due to the pressure fluctuation in the air-layer

Mm2
ẅm2

(t) +Dm2
ẇm2

(t) +Km2
wm2

(t)− p2(x, y, L2, t) = 0, (4.1)

where p2(x, y, L2, t) is the air-layer pressure evaluated at z2 = L2, and Mm2
, Dm2

,
and Km2

are the modal mass, damping, and stiffness value of the mth
2 mode of

the multilayered plate as defined in (2.50). Note that the dynamic formulation of
the multilayered plate includes translation/rotary inertia terms and bending/shear
forces of the foam layer. The modal displacement amplitude wm1

(t) of the mth
1

structural mode of the lower single plate of the double wall panel is based on (2.15)
and found by including the boundary loads due to pressure fluctuations in the
air-layer and cavity

Mm1
ẅm1

(t) +Dm1
ẇm1

(t) +Km1
wm1

(t) + p2(x, y, 0, t)− p1(x, y, L1, t) = 0, (4.2)

where p1(x, y, L1, t) is the cavity pressure evaluated at z1 = L1, p2(x, y, 0, t) is the
air-layer pressure evaluated at z2 = 0, and Mm1 , Dm1 , and Km1 are the modal
mass, damping, and stiffness value of the mth

1 mode of the single plate as defined
in (2.16). The dynamic model of the thin plate includes translation inertia terms
and bending forces.

4.2.2 Acoustic modelling

Based on (3.46), the modal pressure amplitude pn2
(t) of the nth2 acoustic air-layer

mode is described by including the boundary loads due to plate vibrations

Mn2
p̈n2

(t) +Dn2
ṗn2

(t) +Kn2
pn2

(t) = −ρ2
0c

2
0

(
∂q̄1(x, y, t)

∂t
+
∂q̄2(x, y, t)

∂t

)
, (4.3)
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where q̄1(x, y, t) and q̄2(x, y, t) are the volume velocity distributions caused by the
vibrations of the multilayered and single plate, respectively. Note that Mn2

, Dn2
,

and Kn2
are the modal mass, damping, and stiffness value of the nth2 air-layer mode

as defined in (3.46). By assuming that the normal displacement fields of the plates
are directed outwards from the air-layer volume, the load terms are described by

q̄1 = −2
∂w2(x, y, t)

∂t
δ(z2 − L2) and q̄2 = 2

∂w1(x, y, t)

∂t
δ(z2 − 0). (4.4)

By combining (4.3) and (4.4), the modal pressure amplitude pn2
(t) is described by

Mn2
p̈n2

(t)+Dn2
ṗn2

(t)+Kn2
pn2

(t)+2ρ2
0c

2
0

(
∂2w2

∂t2
δ(z2 − L2)− ∂2w1

∂t2
δ(z2 − 0)

)
= 0.

(4.5)

Note that the acoustic behaviour of the foam layer is included in (4.5), since (3.46)
is derived by including the surface impedance of the foam layer. To be more specific,
the acoustic air-layer modes are computed by prescribing a surface impedance BC
to the air-layer domain at z2 = L2. This impedance BC corresponds to the surface
impedance of the foam layer which is modelled by the JAC model. Finally, the air-
layer modes are used to discretize the inhomogeneous Helmholtz equation, which
corresponds to the air-layer domain. For more details see Sec. 3.3.2.
By defining the normal direction as being directed outwards from the cavity volume,
the modal pressure amplitude pn1

(t) of the nth1 cavity mode is based on (3.22) and
found by including the acoustic load term due to vibrations of the lower single plate
of the double wall panel

Mn1 p̈n1(t) +Dn1 ṗn1(t) +Kn1pn1(t) + 2ρ2
0c

2
0

∂2w1

∂t2
δ(z1 − L1) = 0, (4.6)

where Mn1
, Dn1

, and Kn1
are the modal mass, damping, and stiffness value of the

nth1 cavity mode as defined in (3.19) and (3.21), respectively.

4.2.3 Discretization of the coupling terms

Based on the modal series approximations of the displacement fields of the mul-
tilayered and single plate, defined in (2.12) and (2.24), and the modal series ap-
proximations of the pressure fields of the air-layer and cavity, defined in (3.17) and
(3.36), the vibro-acoustic poro-elastic response of the system is described by a set
of coupled second order ODEs
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Mm2
ẅm2

+Dm2
ẇm2

+Km2
wm2

−
N2∑
n2=1

Km2,n2
pn2

= 0, (4.7a)

Mn2
p̈n2

+Dn2
ṗn2

+Kn2
pn2

+

M2∑
m2=1

Mn2,m2
ẅm2

−
M1∑
m1=1

Mn2,m1
ẅm1

= 0, (4.7b)

Mm1ẅm1 +Dm1ẇm1 +Km1wm1 +

N2∑
n2=1

Km1,n2pp2 −
N1∑
n1=1

Km1,n1pn1 = 0, (4.7c)

Mn1
p̈n1

+Dn1
ṗn1

+Kn1
pn1

+

M1∑
m1=1

Mn1,m1
ẅm1

= 0, (4.7d)

where the coupling terms Km2,n2 , Km1,n2 , Km1,n1 are defined by

Km2,n2
=

∫ Lx

0

∫ Ly

0

ϕm2
(x, y)φn2

(x, y, L2) dy dx, (4.8a)

Km1,n2
=

∫ Lx

0

∫ Ly

0

ϕm1
(x, y)φn2

(x, y, 0) dy dx, (4.8b)

Km1,n1 =

∫ Lx

0

∫ Ly

0

ϕm1(x, y)φn1(x, y, L1) dy dx. (4.8c)

The coupling terms are only non-zero if the structural and acoustic modes ex-
change energy. The expressions of the non-zero coupling terms can be computed
analytically. For example, if (mx2

+ nx2
) and (my2 + ny2) is even

Km2,n2
= c

mx2my2 [(−1)mx2 (−1)nx2 − 1] [(−1)my2 (−1)ny2 − 1]

π2(m2
x2
− n2

x2
)(m2

y2 − n2
y2)

, (4.9)

where c = 2LxLyc1c2c4 cosh
(
κnz2

L2

)
. Note that the coupling terms are related

to each other according to Mn2,m2 = ρ2
0c

2
0Km2,n2 , Mn2,m1 = ρ2

0c
2
0Km1,n2 , and

Mn1,m2 = ρ2
0c

2
0Km2,n1 .

4.2.4 Matrix representation of the equations of motion

By collecting the modal displacement amplitudes of the plates in the vectors

w2 =
[
w1 . . . wM2

]T
and w1 =

[
w1 . . . wM1

]T
, the modal pressure am-

plitudes of the air-layer and the cavity in the vectors p2 =
[
p1 . . . pN2

]T
and

p1 =
[
p1 . . . pN1

]T
, and by defining x =

[
wT

2 p2
T wT

1 p1
T
]T

, the coupled
equations of (4.7) are written in matrix form

Mẍ + Dẋ + Kx = 0, (4.10a)
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where

M =


Ms2 0 0 0

Ma2s2 Ma2 −Ma2s1 0
0 0 Ms1 0
0 0 Ma1s1 Ma1

 , D =


Ds2 0 0 0

0 Da2 0 0
0 0 Ds1 0
0 0 0 Da1

 ,
and

K =


Ks2 −Ks2a2 0 0

0 Ka2 0 0
0 Ks1a1 Ks1 −Ks1a1

0 0 0 Ka1

 . (4.10b)

The subscripts s2 and s1 refer to the (structural) multilayered and single plate,
respectively. The subscripts a2 and a1 refer to the (acoustic) air-layer and cavity
domain.

4.3 Modal analysis

Due to the fluid-structure interaction between the structural and acoustic domains,
the eigenfrequencies and the corresponding modes of a vibro-acoustic system can
be (very) different when compared to the uncoupled situation. Therefore, a modal
analysis is presented. To this end, the system’s eigenvalues λ0,l = jω0,l and corre-
sponding (real) eigenvectors u0,l are computed by solving the eigenvalue problem(

K− ω2
0,lM

)
u0,l = 0, (4.11)

where l = 1, ..., L with L = M2 + N2 + M1 + N1. The lth eigenfrequency f0,l

of the undamped system follows from f0,l = ω0,l/2π. Before presenting a modal
analysis of the vibro-acoustic system, first convergence of the numerical solution is
addressed.

4.3.1 Convergence of the numerical solution

Convergence of the numerical solution is examined based on the eigenfrequencies of
the undamped vibro-acoustic system, since the structural and acoustic domains are
solely coupled by the off-diagonal mass and stiffness coupling matrices, see (4.10b).
The average value of the eigenfrequencies, which is denoted by f

0
, is computed

from

f
0

=
1

L

L∑
l=1

f0,l(N2, N1), (4.12)

where f0,l(N2, N1) corresponds to the eigenfrequencies of the undamped system
which are obtained by including N2 air-layer modes and N1 cavity modes and L is
the total number of eigenfrequencies in f ≤ 500 [Hz]. The truncation orders M2 and
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M1 of the displacement fields of the multilayered and single plate are defined by the
convergence criterion of (2.46), i.e. the truncation orders are based on the modal
densities of the plates. Fig. 4.2 shows the average value of the eigenfrequencies
for (h1, h2) = (0.5, 3.5) [mm] (left plot) and (h1, h2) = (3.5, 0.5) [mm] (right plot).
In the former case, the stiffness of the single plate is small when compared to the
stiffness of the multilayered plate, whereas the stiffness of the multilayered plate
is high when compared to the stiffness of the single plate in the latter case. Note
that the average value of the eigenfrequencies is presented for N2 ≥ 8 and N1 ≥ 6,
which corresponds to the number of uncoupled eigenfrequencies of the air-layer and
cavity which are located in the frequency domain f ≤ 500 [Hz], see Fig. 3.7.

Fig. 4.2: The average value of the eigenfrequencies of the undamped cavity-backed double wall
panel as a function of the truncation orders N2 and N1. Left plot; (h1, h2) = (0.5, 3.5) [mm].

Right plot; (h1, h2) = (3.5, 0.5) [mm].

In both cases, the average value of the eigenfrequencies converges to a constant
value by increasing the number of air-layer and cavity modes. For (h1, h2) =
(3.5, 0.5) [mm], the average value of the eigenfrequencies strongly depends on the
number of air-layer modes. Apparently, there is a weak coupling between the single
plate and the cavity in this case. The discontinuities in the average values of the
eigenfrequencies are explained by the fact that the total number of eigenfrequencies
L changes if an eigenfrequency enters or leaves the frequency domain due to the
coupling between the structural and acoustic domains.

Next, two convergence criteria are defined in order to determine the truncation
order of the air-layer and cavity pressure. For example, the truncation order N∗2
corresponds to the number of air-layer modes for which the relative error between
the eigenfrequencies satisfies εN∗2 ≤ 0.005 [-]. The relative error εN∗2 is defined by
the sum of the relative differences between the eigenfrequencies of the system which
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correspond to the truncation orders N2 and N2 − 1 and a fixed number of cavity
modes N1R = 200 [-]. Hence,

εN∗2 =

L∑
l=3

|f0,l(N2, N1R)− f0,l(N2 − 1, N1R)|
f0,l(N2 − 1, N1R)

≤ 0.005, (4.13)

where N2 = 8, ...,∞. Note that the first two eigenfrequencies are not included in
(4.13) since the vibro-acoustic system has two constant pressure modes located at
f0,1 = f0,2 = 0 [Hz]. In a similar way, the truncation order N∗1 is defined as

εN∗1 =

L∑
l=3

|f0,l(N2R, N1)− f0,l(N2R, N1 − 1)|
f0,l(N2R, N1 − 1)

≤ 0.005, (4.14)

where N1 = 6, ...,∞ and N2R = 200 [-]. The truncations orders N∗2 and N∗1
defined by (4.13) and (4.14) are presented in Fig. 4.3 for different plate thickness
distributions, where the mass of the thin layer of the multilayered plate and the
single plate is chosen to be constant, i.e. h1 + h2 = 4.0 [mm].
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Fig. 4.3: The truncation orders N∗
2 and N∗

1 of the air-layer and cavity pressure for different
plate thickness distributions obtained by the convergence criteria of (4.13) and (4.14).

The truncation order N∗1 decreases by increasing the thickness h1 of the single
plate, i.e. the coupling between single plate and the cavity becomes weaker since
the stiffness of the single plate increases. The truncation order N∗2 decreases till a
minimum is reached at h1 ≈ h2 after which it increases again. Based on Fig. 2.4,
it can be concluded that this trend is related to the sum of the uncoupled modal
densities of both plates. For example, the sum of the modal densities of both plates
is at a minimum for h1 = h2.

Unless stated otherwise, the equations of motion of the cavity-backed double wall
panel are discretized by including M2 structural modes of the multilayered plate
and M1 structural modes of the single plate, which are defined by the convergence
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criterion of (2.46), and by including N2 acoustic air-layer modes and N1 acoustic
cavity modes, which are defined by the convergence criteria defined in (4.13) and
(4.14).

4.3.2 Structural and acoustic modal energy functions

Based on the sum of the kinetic energy of the plates and the potential energy of
the air-layer and the cavity, the modes of the vibro-acoustic system are compared
in terms of energy contribution at each eigenfrequency f0,l. In this way, it is easy
to determine if a mode of the vibro-acoustic system is dominated by an uncoupled
structural mode of the multilayered/single plate or by an uncoupled acoustic mode
of the air-layer/cavity. Since the goal is to minimize sound radiation of the mul-
tilayered plate or the cavity pressure, the potential energy of the plates and the
kinetic energy of the air-layer and the cavity are not included here. Also from a
practical point of view, it is easier to measure plate vibrations and acoustic pres-
sure. In order to compute the kinetic and potential energy, each eigenvector u0,l is
divided in four parts corresponding to the eigenvectors of the in-vacuum structural

and acoustic modes according to u0,l =
[
uTs2,l uTa2,l uTs1,l uTa1,l

]T
. Based on

(2.42) and (2.44), the kinetic energy Ts2 of the multilayered plate and the kinetic
energy Ts1 of the single plate, which correspond to the lth eigenfrequency of the
undamped system, are computed from

Tsi =
1

4
ω2

0,lu
T
si,lMsiusi,l for i = 1, 2. (4.15)

The potential energy Va2 of the air-layer and the potential energy Va1 of the cavity
is obtained based on (3.49) and (3.48)

Va2 =
1

4ρ0c20
uTa2,lI

V
a2ua2,l and Va1 =

LxLyL1

4ρ0c20
uTa1,lua1,l. (4.16)

For each eigenfrequency, the total energy ΠT in [J] is scaled to unity

ΠT = Ts2 + Va2 + Ts1 + Va1 = 1. (4.17)

4.3.3 Eigenfrequencies v.s. plate thickness distributions

The eigenfrequencies of the undamped coupled system are compared with the un-
coupled eigenfrequencies of the undamped multilayered and single plate, the air-
layer, and the cavity in Fig. 4.4 for different plate thickness distributions between
the thin layer of the multilayered plate and the single plate, i.e. h1 +h2 = 4.0 [mm].
Dashed and solid lines refer to the uncoupled eigenfrequencies and the eigenfrequen-
cies of the coupled system, respectively. The solid red, blue, cyan, and green lines
correspond to a coupled mode of the vibro-acoustic system which is dominated by,
respectively, the multilayered plate, the single plate, the air-layer, or the cavity.
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Fig. 4.4: The uncoupled eigenfrequencies of the undamped multilayered plate (dashed blue),
the single plate (dashed red), the air-layer (dashed cyan), and the cavity (dashed green)

together with the eigenfrequencies of the undamped vibro-acoustic system (solid lines). Red and
blue correspond to a mode dominated by, respectively, the multilayered plate or the single plate.

Cyan and green correspond to a mode dominated by the air-layer and cavity, respectively.
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(a) (b) (c)

(d) (e) (f)

Fig. 4.5: Several coupled modes of the vibro-acoustic system for (h1, h2) = (1.5, 2.5) [mm], a)
f0,3 = 52.5, b) f0,4 = 67.6, c) f0,6 = 108.2, d) f0,20 = 289.9, e) f0,35 = 428.8, and f)

f0,39 = 467.2 [Hz].
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It is clear that there are large differences between the uncoupled eigenfrequencies
and the eigenfrequencies of the vibro-acoustic system. These differences are caused
by the so called added mass and added stiffness effect and by spatial matching
between structural and acoustic modes. Before addressing these fluid-structure
interaction phenomena in detail, first several coupled modes of the vibro-acoustic
system are presented in order to illustrate that the coupled modes are also (very)
different when compared to the uncoupled structural and acoustic modes.

Fig. 4.5 shows six coupled modes of the vibro-acoustic system for (h1, h2) =
(1.5, 2.5) [mm]. The displacement fields of the multilayered plate and the sin-
gle plate are scaled with respect to each other and the two colour bars indicate the
pressure values in the air-layer and the cavity. The coupled modes at f0,3 = 52.5
[Hz], f0,4 = 67.6 [Hz], and f0,6 = 108.2 [Hz] are dominated by plate vibrations. To
be more specific, the coupled modes at 52.5 [Hz] and 108.2 [Hz] are dominated by
the uncoupled (1, 1) structural modes of the multilayered and single plate which
vibrate in-phase at 52.5 [Hz] and out-phase at 108.2 [Hz]. The coupled mode at
67.6 is dominated by the (2, 1) uncoupled structural mode of the single plate. The
air-layer and cavity pressure corresponding to these modes are described by a com-
bination of the uncoupled acoustic modes. The coupled mode at f0,20 = 289.9
[Hz], f0,35 = 428.8 [Hz], and f0,39 = 467.2 [Hz], are dominated by, respectively,
the (0, 0, 1) uncoupled cavity mode, the (1, 0, 0) uncoupled air-layer mode, and the
(2, 1, 0) uncoupled air-layer mode. In these cases, the displacement fields of the
multilayered plate and the single plate are described by a combination of the un-
coupled structural plate modes. Note that the above observations are in agreement
with the results presented in Fig. 4.4, i.e. the eigenfrequencies of the coupled modes
presented in Fig. 4.5 are indicated by black markers in Fig. 4.4.

4.3.4 Physics of fluid-structure interaction

As mentioned before, the differences between the eigenfrequencies of the coupled
vibro-acoustic system and the uncoupled systems are caused by the added mass
and added stiffness effect and by spatial matching between structural and acoustic
modes. These fluid-structure interaction phenomena are studied in detail by com-
puting the modal energy distribution along a branch of continuous varying eigenfre-
quencies. Several branches of eigenfrequencies are shown in Fig. 4.6. The branches
of eigenfrequencies are followed by means of the Modal-Assurance-Criterion [95].

Figs. 4.7-4.10 show the energy contributions of the structural and the acoustic
domains which correspond to a branch of eigenfrequencies. To be more specific,
the left plots refer to the kinetic energy of the multilayered plate (upper plot) and
the single plate (lower plot). The right plots refer to the potential energy of the
air-layer (upper plot) and the cavity (lower plot). Note that the sum of the four
energy contributions is equal to one for all eigenfrequencies of the coupled system
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due to the energy scaling defined in (4.17). Finally, the energy distribution within
the structural and acoustic domains is expressed in terms of the modal energies of
the uncoupled structural and acoustic modes.
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Fig. 4.6: The fluid-structure interaction phenomena are addressed by computing the energy
distribution of several branches of continuous varying eigenfrequencies. Branch A is used to

study the added mass effect. Branches B and C are used to examine the added stiffness effect.
Branch D is used to illustrate spatial matching between structural and acoustic modes.

Added mass effect

Structural vibrations of non-volume displacing plate modes result in movement
of air in the air-layer/cavity. As a result, an inertia force is introduced and the
eigenfrequency of the coupled system decreases when compared to the uncoupled
eigenfrequency.

Fig. 4.7 shows the energy distribution along branch A of Fig. 4.6. First of all, it is
seen that the kinetic energy of the plates is much higher than the potential energy
of the air-layer and the cavity for all plate thickness distributions, i.e. Ts2 +Ts1 >>
Va2 + Va1 . Hence, the coupled mode which corresponds to the eigenfrequencies of
branch A is dominated by vibrations of the multilayered/single plate, which is in
agreement with Fig. 4.6. To be more specific, the coupled mode is first dominated
by the (2, 1) uncoupled mode of the single plate. By increasing the thickness h1

of the single plate, the coupled mode becomes dominated by the (2, 1) uncoupled
mode of the multilayered plate for h1 > 2.0 [mm].
From the right plots of Fig. 4.7, it can be concluded that there is a weak coupling
between the (1, 2) uncoupled mode of the single plate and the (1, 0, 0) uncoupled
air-layer mode. In addition, there is an even weaker coupling between the (1, 2)
uncoupled mode of the single plate and the (1, 0, 0) and the (1, 0, 1) uncoupled
cavity modes. Finally, there is a weak coupling between the (1, 2) uncoupled mode
of the multilayered plate and the (1, 0, 0) uncoupled air-layer mode. It is seen that
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Fig. 4.7: The energy distribution of the eigenfrequencies along branch A is used to illustrate the
added mass effect.

the coupling between the multilayered plate, the single plate, and the air-layer is
stronger than the coupling between the single plate and the cavity for the coupled
modes corresponding to the eigenfrequencies of branch A.
From Fig. 4.6, it is seen that the eigenfrequencies of branch A are smaller when
compared to the eigenfrequencies of the uncoupled system, i.e. see the dashed blue
and red lines of the uncoupled (2, 1) mode. Hence, the eigenfrequency of a coupled
mode which is dominated by a non-volume displacing plate mode indeed decreases
due to the added mass effect. Although the influence of the added mass effect is
less pronounced for coupled modes which are dominated by higher order uncoupled
non-volume displacing structural modes, the influence of the added mass effect is
especially important if h1 ≈ h2, see Fig. 4.4.

Added stiffness effect

Structural vibrations of volume displacing plate modes effectively change the air-
layer/cavity volume. As a result, the air in the air-layer/cavity is compressed, the
pressure increases, and the acoustic domains act as air-springs. Due to this added
stiffness term, the eigenfrequency of the coupled system increases when compared
to the uncoupled eigenfrequency.

Fig. 4.8 shows the energy distribution of the eigenfrequencies along branch B of
Fig. 4.6. For all plate thickness distributions, the coupled mode is dominated by
vibrations of the multilayered/single plate since Ts2 + Ts1 >> Va2 + Va1 . Refer-
ring to the coupled mode corresponding to f0,3 = 52.5 [Hz] in Fig. 4.5, it can be
concluded that the multilayered and single plate vibrate in-phase along branch B.
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This conclusion can also be obtained by studying the potential energy of the air-
layer and the cavity. For h1 = 1.8 [mm], the potential energy of the air-layer is
zero, which can only be the case if the displacements fields of the multilayered and
the single plates are identical.
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Fig. 4.8: The energy distribution of the eigenfrequencies along branch B is used to illustrate
the added stiffness effect of the vibro-acoustic mode dominated by in-phase vibrations of the

multilayered and single plate.

The coupled mode of branch B is dominated by vibrations of the single plate for
0.5 ≤ h1 ≤ 0.75 [mm] and 2.67 ≤ h1 ≤ 3.34 [mm], see Fig. 4.8. To be more specific,
for 0.5 ≤ h1 ≤ 0.75 [mm], the coupled mode is dominated by the (3, 1) uncoupled
mode of the single plate, whereas the coupled mode is dominated by the (1, 1)
uncoupled mode of the single plate for 2.67 ≤ h1 ≤ 3.34 [mm]. For the remaining
plate thickness distributions, the coupled mode of branch B is dominated by vibra-
tions of the multilayered plate. In this case, the coupled mode is always dominated
by the (1, 1) uncoupled mode of the multilayered plate.
From Fig. 4.6, it is seen that the added stiffness effect is especially important if
there are large differences between the thickness of the multilayered plate and the
single plate, i.e. h1 << h2 and h1 >> h2. In addition, it is observable that the
eigenfrequencies of branch B are not symmetric about h1 = h2 = 2.0 [mm], i.e. the
eigenfrequencies of branch B are lower for h1 << h2 when compared to h1 >> h2.
Although the difference between the dynamic models of the multilayered plate and
the single plate contribute slightly to this asymmetry, this difference is mainly
caused by the presence of the cavity. Hence, the eigenfrequency of the coupled
mode which is dominated by in-phase plate vibrations increases the most when
compared to the uncoupled eigenfrequencies by choosing (h1, h2) = (3.5, 1.5) [mm].
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Fig. 4.9: The energy distribution of the eigenfrequencies along branch C is used to illustrate
the added stiffness effect of the vibro-acoustic mode dominated by out-off-phase vibrations of

the multilayered and single plate.

Fig. 4.9 shows the energy contribution of the coupled mode of the eigenfrequen-
cies corresponding to branch C of Fig. 4.6. The coupled mode is again dominated
by two volume displacing plate modes. To be more specific, the coupled mode of
branch C is dominated by a combination of the (1, 1), the (3, 1), and the (1, 3)
uncoupled modes of the single plate for h1 < 2.0 [mm], whereas the coupled mode
is dominated by a combination of the (1, 1) and the (3, 1) uncoupled modes of the
multilayered plate for h1 ≥ 2.0 [mm]. In contrast to the previous case where the
multilayered and the single plates were vibrating in-phase, now the plates vibrate
out-phase. It is easy to see that the plates vibrate out-phase by looking at the cou-
pled mode corresponding to f0,6 = 108.2 [Hz] in Fig. 4.5. Also the potential energy
of the air-layer confirms that the multilayered and single plate vibrate out-phase,
since the potential energy of the air-layer is maximum for h1 ≈ h2.

From the above analysis, it can be concluded that the eigenfrequencies of the cou-
pled modes which are dominated by volume-displacing plate modes are essentially
different when compared to the eigenfrequencies of the uncoupled systems. This
difference is due to the added stiffness effect, which is the result of the interac-
tion between structural and acoustic domains. For example, if h1 ≤ 0.72 [mm],
the eigenfrequencies f0,3, f0,4, f0,5 of the vibro-acoustic system belong to a cou-
pled mode which is dominated by, respectively, the (2, 1) the (1, 2), and the (2, 2)
uncoupled modes of the single plate, see Fig. 4.4. This behaviour is essentially
different when compared to the uncoupled situation, since the first eigenfrequency
of a (uniform/homogenous) plate always corresponds to the (1, 1) mode.
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Spatial matching between structural and acoustic modes

Spatial matching between structural and acoustic modes occurs if an uncoupled
eigenfrequency of one of the plates coincides with an uncoupled eigenfrequency
of the air-layer/cavity provided that the uncoupled structural and acoustic modes
match in spatial sense, which means that they can exchange energy. The frequency
points where the uncoupled structural and acoustic eigenfrequencies intersect are
so called isochronism points [96]. The isochronism points between the uncoupled
(1, 0, 0) cavity mode and the uncoupled (2, 3) and (4, 1) modes of the multilayered
plate and the uncoupled (4, 1) and (2, 3) modes of single plate are studied in more
detail here. The isochronism points are indicated by black markers in the right plot
of Fig. 4.6. Note that the uncoupled acoustic and structural modes corresponding
to these isochronism points create a positive amount of work. Fig. 4.10 shows the
energy distribution of the mode corresponding to the eigenfrequencies of branch D
in Fig. 4.6.
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Fig. 4.10: The energy distribution of the eigenfrequencies along branch D is used to illustrate
spatial matching between structural and acoustic modes.

Near the first isochronism point at h1 = 1.8 [mm], the coupled mode is first domi-
nated by the (2, 3) uncoupled mode of the multilayered plate and a gradual transi-
tion to a coupled mode which is dominated by the (1, 0, 0) uncoupled cavity mode
is made. The acoustically dominated coupled mode makes a transition to a struc-
turally dominated coupled mode near the second isochronism point at h1 = 1.9
[mm]. In this case, the coupled mode becomes dominated by the (4, 1) uncou-
pled mode of the multilayered plate. Similar observations hold for the last two
isochronism points at h1 = 2.0 [mm] and h1 = 2.2 [mm]. However, in this case, the
coupled mode is first dominated by an uncoupled cavity mode and a transition to a
coupled mode which is dominated by an uncoupled single plate mode is described.
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The distance between the eigenfrequency branches near an isochronism point gives
an indication of the strength of the coupling. This distance is indicated by arrows
in the right plot of Fig. 4.6. As expected, it is observable that the coupling between
an uncoupled cavity and single plate mode is stronger (large distance between the
branches) than the coupling between an uncoupled cavity and multilayered plate
mode (small distance between the branches).

4.4 Conclusion

A vibro-acoustic model of a cavity-backed double wall panel is derived. The dou-
ble wall panel consists of a multilayered plate, an air-layer, and a single plate.
The multilayered plate has a thick foam layer which is fixed to a thin aluminium
plate. By assuming that the skeleton of the foam is rigid, which is the case since
the eigenfrequency of the frame-borne wave is much higher than the frequency
domain taken under consideration, the poro-elastic behaviour of the foam layer is
included by means of an uncoupled dynamic and acoustic model. The dynamic
behaviour of the foam layer is described by a multilayered plate model in which
translation/rotary inertia terms and bending/shear forces of the foam layer are
included based on Mindlin theory and ESDT. The dynamic behaviour of the foam
layer is defined by four material properties, namely the density, the (in-vacuum)
Young’s modulus, the Poisson ratio, and the structural loss factor. The acoustic
behaviour of the foam layer is modelled by prescribing a surface impedance BC
at the boundary surface between the foam layer and the air-layer. The surface
impedance of the foam layer is based on the JAC model, which is defined by five
acoustic parameters, namely the porosity, the tortuosity, the thermal length, the
viscous length, and the air-flow resistivity.

Based on the results of the modal analysis, it can be concluded that eigenfrequen-
cies and the coupled modes of the cavity-backed double wall panel are very different
when compared to the uncoupled eigenfrequencies and modes of the multilayered
plate, the single plate, the air-layer, and the cavity. These differences are caused
by the added mass and added stiffness effect and by spatial matching between
structural and acoustic modes. The eigenfrequencies of the coupled modes which
are dominated by uncoupled non-volume displacing plate modes decrease by the
added mass effect. The eigenfrequency of a coupled mode which is dominated by
a volume-displacing uncoupled plate mode increases due to the added stiffness ef-
fect. Finally, spatial matching between uncoupled structural and acoustic modes
occurs near the intersection points of an uncoupled structural and acoustic eigenfre-
quency provided that the uncoupled modes are able to exchange energy. If spatial
matching of structural and acoustic modes occurs, the coupled mode which is first
structurally dominated makes a transition to an acoustically dominated mode and
vice versa.
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From this analysis, it can be concluded that a fully coupled vibro-acoustic problem
has to be solved in order to accurately predict the eigenfrequencies and modes of
the cavity-backed double wall panel. Hence, even for low frequencies a two-way
coupling has to be included in the model formulation. The modal analysis results
can be used to determine when decoupling between structural and acoustic domains
occurs. This can be very useful if one is interested in optimising the low-frequency
domain performance of the system.



Part II

Sound excitation and sound
radiation modelling

The forced response of the cavity-backed double wall panel is studied for two types
of acoustic excitation, namely plane wave excitation and point source excitation of
the cavity. Ch. 5 focuses on plane wave excitation of the cavity-backed double wall
panel, where a low-order sound excitation model is proposed in order to compute the
modal excitation force as a result of plane wave excitation. The sound excitation
model is coupled to the vibro-acoustic model of the cavity-backed double wall panel
and the potential energy of the cavity is analyzed for oblique plane wave excitation
and different weight distributions between the plates of the double wall panel. Ch.
6 focuses on sound radiation modelling, where a distinction between near-field and
far-field sound radiation is made. Based on these models, the acoustic performance
of the point source excited cavity-backed double wall panel is studied for different
weight distributions between the plates of the double wall panel. In addition, the
influence of the radiation impedance matrix on the forced response is addressed.





CHAPTER 5

Sound excitation modelling

In the first part of this chapter, a sound excitation model is proposed
in order to approximate the surface excitation pressure due to plane
wave excitation of box structures which are located in an unbounded
air domain. In the second part of this chapter, the proposed half-space
sound excitation model is coupled to the vibro-acoustic model of the
cavity-backed double wall panel and the forced response due to plane
wave excitation is presented and analyzed.

5.1 Problem definition

Fig. 5.1 shows a graphical representation of a plane wave excited baffled cavity-
backed double wall panel (left plot) and a plane wave excited cavity-backed double
wall panel which is placed in an unbounded air domain (right plot). In the former
case, the surface excitation pressure is described by the sum of the blocked pressure
and the radiated pressure. This model is less attractive from a practical point of
view, since a baffled boundary condition, i.e. a zero normal velocity on Ωr, can
only be achieved by very stiff or heavy structures. Therefore, it is assumed that
the cavity-backed double wall panel is placed in an unbounded air domain, e.g. an
anechoic chamber. From now on, this problem is referred to as the unbaffled case.
Instead of solving a 3D sound scattering problem, some assumptions are made in
order to define a half-space sound excitation model which is easy to solve for low
computational cost. Since we focus on low-frequency domain acoustic excitation,
it is assumed that edge diffraction effects are negligible. In addition, it is assumed
that no sound waves enter the half-space air domain from z < 0. This condition is
met by restricting the sound source to be located in the half-space air domain above
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the double wall panel. As a result of the above assumptions, a free-field boundary
condition can be imposed on the infinite plane Ωz surrounding the plate at z = 0
and a half-space sound excitation model can be defined in order to approximate
the excitation pressure at the upper side of the box structure due to plane wave
excitation.
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Fig. 5.1: A geometrical representation of plane wave excited cavity-backed baffled (left plot)
and unbaffled (right plot) double wall panel.

5.1.1 Literature survey

A baffle is often used to divide an infinite acoustic domain in two half-space acoustic
domains. In this way, the STL through a vibrating structure can be studied. For
baffled structures, the blocked pressure describes the surface pressure as a result
of plane wave excitation. The blocked pressure states that the surface pressure
is twice the pressure of the impinging plane wave [8] [97]. Based on the blocked
pressure, the STL of baffled single and double wall panels is studied in order to
characterize the sound insulation between two adjacent rooms [97] [98]. Also the
STL through sandwich plates is examined for plane wave [99] and diffuse sound
field excitation [100]. The response of a baffled structure might be overestimated if
the added radiation damping term (which is caused by the radiated sound due to
structural vibrations) is excluded in the model formulation by assuming that there
is a one-way coupling between the structure and the acoustic domain.
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Although it is well known that the blocked pressure is inaccurate for box struc-
tures which are placed in an unbounded air domain, it is still used to examine the
low-frequency sound transmission of cavity-backed plates [60] [101] [65] and cavity-
backed double wall panels [102]. It is easy to see that the blocked pressure is not
valid at low-frequencies by considering the limit case for which the wavelength of
the incident plane wave becomes infinite, i.e. the plane wave represents a constant
pressure field. In this case, the surface pressure due to the impinging plane wave
should be identical to the amplitude of the plane wave instead of being twice as
large. This observation is supported by the results presented in the work of Nelisse
et al. [103], where double layer potential theory is used to describe the pressure
jump across a plane wave excited simply supported plate which is located in an
unbounded air domain. Many studies focus on sound scattering of plane waves
on structures which are placed in an unbounded air domain [103] [104]. However,
these models are relatively complex because the full surface of the structure has to
be discretized in order to compute the scattered pressure. Therefore, we propose
an efficient half-space sound excitation model which is used to approximate the
excitation pressure at the upper plate of the double wall panel as a result of plane
wave excitation. To be more specific, the reflected pressure is modelled by means
of the Rayleigh integral which is efficiently solved for low computational cost. The
Raleigh-Ritz method in combination with Legendre shape functions is used to dis-
cretize the Rayleigh integral describing the reflected pressure. This modal based
solution approach has the advantage that the numerical convergence properties are
excellent, since the reflected pressure is, in general, a-periodic and non-zero at the
contour of the plate.

5.1.2 The Rayleigh integral

The Kirchhoff-Helmholtz integral, also known as the direct boundary integral equa-
tion, can be used to study interior and exterior vibro-acoustic problems for complex
shapes structures [8] [105]. The main advantage of this approach is that 3D vibro-
acoustic problems are solved by only considering the boundary surface Ω of the
structure, i.e. a 3D problem becomes a 2D problem. Therefore, this approach is
especially suitable to study exterior vibro-acoustic problems. The general form of
the Kirchhoff-Helmholtz integral equation is

C(~r)p̃(~r) =

∫∫
Ω

[
p̃(~r0)

∂G̃(~r, ~r0)

∂~n
+ jρ0ωG̃(~r, ~r0) ˙̃w(~r0)

]
ds0, (5.1)

where p̃(~r) is the pressure at the receiver position ~r ∈ R3, C(~r) is the so-called
fluid-angle, G̃(~r, ~r0) is the free-field Green’s function, ˙̃w(~r0) is the normal velocity
distribution of the structure at the load point ~r0 ∈ R3, and ~n is the normal pointing
towards the acoustic domain. The free-field Green’s function G̃(~r, ~r0) is a solution
of the inhomogeneous Helmholtz equation

(
∇2 + k2

)
G̃(~r, ~r0) = −δ(~r, ~r0) which

satisfies the Sommerfeld radiation condition limr→∞ r (∇p̃ · ~n+ jkp̃) = 0, where
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the Delta-Dirac function satisfies two properties, namely; 1) δ(~r, ~r0) = 0 for ~r 6=
~r0 and 2)

∫
V (~r0∈V )

δ(~r, ~r0) dv = 1. This work focuses on plane structures which

are in contact with a half-space air domain. For such half-space problems, the
Kirchhoff-Helmholtz integral equation of (5.1) reduces to the so-called Rayleigh
integral equation [106]

p̃(~r) = 2jρ0ω

∫∫
Ω

G̃(~r,~s0) ˙̃w(~s0) ds, (5.2)

since ∂G̃(~r, ~r0)/∂~n = 0 on Ω and C(~r) = 1/2. The free-field Green’s function
G̃(~r,~s0) is given by

G̃(~r,~s0) =
e−jk|~r−~s0|

4π|~r − ~s0|
, (5.3)

where |~r − ~s0| =
√

(x− x0)2 + (y − y0)2 + z2. Note that the fluid point ~r is an
arbitrary point in the half-space air domain z ≥ 0, whereas the load point ~s0 is a
point located on the surface Ω of the upper side of the box at z0 = 0, see Fig. 5.1.

5.2 Plane wave excitation of baffled structures

In this section, the model of a baffled, plane wave excited, simply supported plate
is presented. The plate is assumed to be coupled to a half-space air domain in
z ≥ 0. A baffle is characterized by a zero normal velocity, i.e. a Neumann bound-
ary condition. Since the Rayleigh integral of (5.2) is based on a frequency domain
modelling approach, harmonic solutions of the form p(~r, t) = p̃(~r)ejωt are consid-
ered. Accordingly, the harmonic incident pressure field p̃in(~r) of the plane wave is
described by [98]

p̃in(~r) = e−jk(n1x+n2y+n3z)P̃ , (5.4)

where P̃ is the (complex) amplitude of the incident plane wave. Unless stated
otherwise, the angle of incidence of the plane wave is defined by using a Cartesian
reference frame which is spanned by the vectors ~n1 = n1~ex, ~n2 = n2~ey, and ~n3 =
n3~ez, where n2

1 + n2
2 + n2

3 = 1. A thin plate with simply supported edges (see
(2.15)) is excited by a pressure field. For the baffled plate, this pressure field is
equal to the sum of the blocked pressure p̃bp = 2p̃in [8] and the radiated pressure
field p̃rad. Accordingly, the displacement amplitude w̃m1

of the mth
1 mode of the

plate is described by

(
−ω2Mm1 + jωDm1 +Km1

)
w̃m1 = −

∫∫
Ω

[2p̃in(~s) + p̃rad(~s)]ϕm1(~s) ds. (5.5)

Note that the blocked pressure 2p̃in represents the standing interferences field which
is generated by the incident and reflected pressure waves from a completely immo-
bile infinite plane [8], i.e. a baffle. Note that a positive pressure at the top side of
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the plate results in a force acting in the negative ~ez-direction, hence the negative
sign in the right hand side term of (5.5). The radiated pressure p̃rad is related to
the transversal velocity ˙̃w1 of the plate by means of the Rayleigh integral

p̃rad(~s) = 2jρ0ω

∫∫
Ω

G̃(~s,~s0) ˙̃w1(~s0) ds0, (5.6)

where the radiated pressure is evaluated at the boundary surface Ω of the plate,
i.e. ~s0 = x~ex + y~ey with 0 ≤ x ≤ Lx and 0 ≤ y ≤ Ly. By substituting (5.6) in
(5.5) and by collecting the modal displacement amplitudes in the column w1 =[
w1 . . . wM1

]T
, the response of the baffled plate is described by(

−ω2Ms1 + jω
[
Ds1 + Z̃R(ω)

]
+ Ks1

)
w̃1 = 2B̃1(ω)P̃ , (5.7)

where B̃1(ω) is the (complex valued) input column which is related to the blocked
pressure and Z̃R(ω) is the so-called (complex valued) radiation impedance matrix,
which includes the radiated pressure as a result of plate vibrations. The elements
B̃m1,1 of the input column B̃1 are given by

B̃m1,1 = −
∫∫

Ω

p̃in(~s, ω)ϕm1
(~s) ds. (5.8)

Note that the input column B̃1 is only frequency dependent for non-normal inci-
dent plate waves, i.e. n1 6= 0 and n2 6= 0. The elements Z̃Rm1,m′1

of the radiation

impedance matrix Z̃R(ω) are equal to

Z̃Rm1,m′1
= 2jρ0ω

∫∫
Ω

∫∫
Ω

G̃(~s,~s0)ϕm1(~s0)ϕm′1(~s) dsds0. (5.9)

The radiation impedance matrix Z̃R(ω) is symmetric (Z̃Rm1,m′1
= Z̃Rm′1,m1

) but not

diagonal. To be more specific, the entries of the radiation impedance matrix are
only non-zero if mx1

+mx′1
and my1 +my′1

are even. The real part of the radiation
impedance matrix is associated with the radiated sound power and introduces an
additional damping force on top of the structural dissipation forces. Therefore, this
terms is also known as the added radiation damping term [107]. The imaginary
part of the radiation impedance matrix corresponds to the reactive near-field. This
term is adding mass on top of the modal mass of the plate.

By applying a suitable coordinate transformation [108], the double surface integral
in (5.9) is reduced to a surface integral of the form

Z̃Rm1,m′1
= 2jρ0ω

∫∫
f(u1, u2) du1 du2, (5.10)

where the integrand kernel f(u1, u2) contains the (transformed) Green’s function
and the expressions of the two integrals which are evaluated analytically. The coor-
dinate transformation is presented and worked out in detail in Appendix C.1. The
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applied coordinate transformation has two advantages, namely 1) the computation
burden is reduced considerably and 2) the line singularity of the Green’s function
is transformed to a (weak) point singularity.

The response of a baffled plate is presented in Appendix D, where also a method is
presented in order to compute a frequency independent radiation resistance matrix.

5.3 Reflection of plane waves on unbaffled rigid
box structures

In this section, it is assumed that a rigid box is placed in an unbounded air domain
and a model is proposed in order to compute the excitation pressure at the upper
side of the box due to plane wave excitation. Since the box is assumed to be rigid,
the excitation pressure is described by the sum of the (known) incident pressure
and the (unknown) reflected pressure.

5.3.1 Modelling of the reflected pressure

As mentioned before, there is no simple relation between the amplitude of the
incident pressure p̃in and the reflected pressure p̃ref for the unbaffled case (a box
structure in an unbounded air domain). Therefore, the reflected pressure is an
unknown variable. The reflected pressure is modelled by means of the Rayleigh
integral

p̃ref(~s) = 2jρ0ω

∫∫
Ω+Ωz

G̃(~s,~s0)ũref(~s0) ds, (5.11)

where ũref is the normal velocity of the reflected pressure. The reflected pressure
is independent of structural vibrations and thus solely determined by the incident
pressure. Therefore, a Neumann BC is prescribed at the surface Ω of the box,
which states that the sum of the normal velocity of the incident plane wave ũin and
the reflected pressure ũref is zero, i.e. ũin(~s0) + ũref(~s0) = 0. The BC at the infinite
plane Ωz (which surrounds the box at z = 0) is based on the free-field assumption.
The free-field assumption states that the incident plane wave is not reflected at
Ωz and it corresponds to a normal acoustic impedance boundary condition with
Z = ρ0c0. Accordingly, ũref = 0 on Ωz. Summarizing, the following BCs are
imposed at the infinite plane at z = 0

ũref(~s0) =

{
−ũin(~s0) on Ω

0 on Ωz.
(5.12)

The normal velocity ũin of the incident plane wave at the surface Ω of the box is
equal to

uin(~s0) = − 1

jρ0ω

∂p̃in

∂z

∣∣∣∣
z=0

=
kn3

ρ0ω
e−jk(n1x0+n2y0)P̃ . (5.13)
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By combining (5.11), (5.12), and (5.13), the reflected pressure field is described by

p̃ref(~s) = −2jkn3

∫∫
Ω

G̃(~s,~s0)e−jk(n1x0+n2y0) ds0P̃ . (5.14)

5.3.2 Discretization

The reflected pressure is obtained by discretizing (5.14) based on the Rayleigh-Ritz
method. Many shape functions exist to approximate the reflected pressure, such as
trigonometric shape functions, Legendre polynomials, and Chebyshev polynomials.
Trigonometric shape functions are efficiently used in [109] in order to approximate
the pressure jump across a simply supported plate which is located in an unbounded
air domain. In this work, Legendre polynomials are used to approximate the re-
flected pressure for two reasons, namely; 1) the spatial distribution of the reflected
pressure is, in general, a-periodic and 2) the Legendre polynomials are orthogonal
with respect to each other by means of a constant value enabling the reformu-
lation of double surface integrals into surface integrals. The reflected pressure is
approximated by a truncated series of (shifted) Legendre polynomials φn(x, y), i.e.
pressure modes, and corresponding pressure amplitudes p̃n(ω)

p̃ref(x, y, ω) ≈
N∑
n=1

φn(x, y)p̃n(ω), (5.15a)

where

φn(x, y) =
1

nx!

1

ny!

∂nx

∂xnx

[
(x̄2 − x̄)nx

] ∂ny

∂yny

[
(ȳ2 − ȳ)ny

]
, (5.15b)

with n = (nx, ny), nx = 0, ..., Nx, and ny = 0, ..., Ny, so N = (Nx + 1)(Ny + 1). By
defining x̄ = 2x/Lx−1 and ȳ = 2y/Ly−1, the pressure modes are shifted to match
with the surface Ω of the box. The pressure modes are orthogonal with respect to
each other according to∫∫

Ω

φn(x, y)φn′(x, y) ds =

{
LxLy

(2nx+1)(2ny+1) if n = n′

0 if n 6= n′
. (5.16)

A matrix representation of the sound reflection problem is obtained by substitut-
ing (5.15) in (5.14), by applying the Rayleigh-Ritz method, and by collecting the

reflected pressure amplitudes in the vector p̃ =
[
p̃1 . . . p̃N

]T
Λp̃ = H̃1(ω)P̃ , (5.17)

where Λ is a diagonal matrix with entries defined by (5.16). The entries H̃n,1 of

column H̃1 are given by

H̃n,1 = −2jkn3

∫∫
Ω

∫∫
Ω

G̃(~s,~s0)φn(~s)e−jk(n1x0+n2y0) dsds0. (5.18)
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The double surface integral in (5.18) is reduced to a surface integral by means of a
suitable coordinate transformation, see Appendix C.2.

Since the box is assumed to be rigid, the surface pressure p̃ is equal to the sum of the
incident pressure p̃in and the reflected pressure p̃ref, i.e. p̃ = p̃in + p̃ref. The averaged
squared absolute surface pressure < |p̃| >, which is scaled with the amplitude P̃ of
the impinging plane wave, is equal to

< |p̃| >=
1

LxLy

∫ Lx

0

∫ Ly

0

|p̃in(x, y, ω) + p̃ref(x, y, ω)|2
|P̃ |2

dy dx. (5.19)

In the following, the term normalized surface pressure is used to refer to the above
quantity. Note that the normalized surface pressure corresponding to the blocked
pressure is frequency independent and equal to < |p̃| >= 4 [-] for both normal
and oblique plane wave excitation. In order to clearly visualize the low and high
frequency domain differences, the normalized surface pressure is computed for fre-
quencies f ≤ 1000 [Hz].

5.3.3 Validation of the reflected pressure

The solution of the reflected pressure is validated by comparing the results of the
proposed model to the results obtained with a FEM model implemented in Comsol
Multiphysics 2a. The FEM model includes a Cartesian based perfectly matched
layer in order to model the non-reflecting boundary conditions. The FEM model is
discretized by 81511 free tetrahedral elements, where mesh refinement is applied at
the boundary between the rigid rectangular surface and the half-space air domain.
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Fig. 5.2: The real part (left plot), imaginary part (middle plot), and absolute value (right plot)
of the normalized surface pressure for a rigid plate with length Lx = 0.5 [m] and width

Ly = 0.425 [m]. Black lines; normal plane wave excitation. Gray lines; oblique plane wave

excitation with n1 = n2 = n3 = −
√

1/3. Solid lines correspond to the proposed model and
markers to the FEM model.

Fig. 5.2 shows the real part, the imaginary part, and the absolute value of the
normalized surface pressure for an unbaffled rigid box with length Lx = 0.5 [m]
and width Ly = 0.425 [m] for normal (black lines) and oblique (gray lines) plane
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wave excitation. The reflected pressure is computed by including Nx = Ny = 4
[-] Legendre polynomials in the ~ex- and ~ey-direction, i.e. N = 25 [-]. The corre-
sponding FEM results are denoted by markers. For both normal and oblique plane
wave excitation, there is an excellent match between the results of the proposed
model and the FEM model. The main advantage of the proposed model is that
the computation time is 614 times faster for normal plane wave excitation and 60
times faster for oblique plane wave excitation when compared to the computation
time of the FEM model, where all simulations are performed on the same Intel(R)
Core(TM) i5 desktop computer.

5.3.4 Convergence of the reflected pressure

The convergence of the reflected pressure is studied for a rigid box with length
Lx = 0.5 [m] and width Ly = 0.425 [m]. Since no analytical solution is available
and because the results between the proposed model and the FEM model match
excellent for Nx = Ny = 4 [-], the solution of the reflected pressure with Nx =
Ny = 6 [-] pressure modes is defined as the ”exact solution”, which is denoted
by < |p̃ex| >. Convergence of the reflected pressure at f = 1000 [Hz] is studied
by the computing the relative error εrel between the ”exact solution” and the
solution which is obtained by including Nx pressure modes in the ~ex-direction and
Ny pressure modes in the ~ey-direction

εrel =
| < |p̃ex| > − < |p̃Nx,Ny

| > |
< |p̃ex| >

× 100%. (5.20)

Fig. 5.3 shows this relative error as a function of the truncation order for normal
(left plot) and oblique (right plot) plane wave excitation.

Fig. 5.3: Convergence of the reflected pressure for a box with length Lx = 0.5 [m] and width
Ly = 0.425 [m]. Left plot; normal plane wave excitation. Right plot; oblique plane wave

excitation (n1 = n2 = n3 = −
√

1/3).
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In general, it can be concluded that only a limited number of pressure modes have to
be included in order to ensure that the solution of the reflected pressure is accurate,
i.e. in this case Nx = Ny = 4 [-]. It is seen that only the symmetric pressure modes
contribute to the solution of the reflected pressure for normal plane wave excitation.
This is expected since the reflected pressure is described by standing waves (as
will be demonstrated later). By excluding the asymmetrical pressure modes, the
computation burden of the model can be reduced considerably for normal plane
wave excitation. Hence, in total N = 25 [-] and N = 9 [-] pressure modes are
needed in order to ensure that the reflected pressure is accurate for oblique and
normal plane wave excitation, respectively. In addition, the four integrals Ĩn,1,

Ĩn,2, Ĩn,3, and Ĩn,4 defining the entries H̃n,1 of column H̃1 are identical due to
symmetry, see Appendix C.2. As a result, the computation burden for normal
plane wave excitation is reduced with an additional factor 4. This explains why
the computation burden is approximately a factor (25/9) × 4 ≈ 10 smaller for
normal plane wave excitation when compared to oblique plane wave excitation, see
Sec. 5.3.3.

5.3.5 Parametric study

The frequency dependent reflected pressure depends on the length and width of
the box and the angle of incidence of the plane wave. The influence of the spatial
dimensions on the reflected pressure is addressed first. The dimensions of the
rigid boxes and the number of pressure modes which are used to approximate the
reflected pressure are depicted in Tab. 5.1. Note that Lx = 0.5 [m] and Ly = 0.425
[m] are chosen to match with the dimensions of the plates of the double wall panel.

Tab. 5.1: The dimensions of the rigid boxes and the number of pressure modes.

length [m] width [m] number of modes [-]

box 1
√

1/2Lx
√

1/2Ly Nx = Ny = 4
box 2 Lx = 0.5 Ly = 0.425 Nx = Ny = 4

box 3
√

2Lx
√

2Ly Nx = Ny = 6

The normalized surface pressure is presented in Fig. 5.4 for normal (left plot) and
oblique (right plot) plane wave excitation. At low frequencies, the normalized sur-
face pressure is close to one for both normal and oblique plane wave excitation. As
expected, the normalized surface pressure increases at higher frequencies, where
the normalized surface pressure is higher for normal plane wave excitation when
compared to oblique plane wave excitation. In addition, it is seen that the nor-
malized surface pressure increases more rapidly with frequency by increasing the
length and width of the box. For normal plane wave excitation, the frequency
point fmax for which the surface pressure is maximum can be predicted by equat-
ing the acoustic wavelength to the diagonal length of the box surface, for example,
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fmax = c0/
√
L2
x + L2

y = 521 [Hz] for Lx = 0.5 [m] and Ly = 0.425 [m]. By compar-

ing the normalized surface pressure of Fig. 5.4 with the normalized surface pressure
of the blocked pressure, i.e. < |p̃| >= 4 [-], it can be concluded that the blocked
pressure overestimates the surface pressure considerably in the low-frequency do-
main, especially for oblique plane wave excitation.
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Fig. 5.4: For different boxes, the normalized surface pressure for normal (n1 = n2 = 0, n3 = −1)

plane wave excitation (left plot) and oblique (n1 = n2 = n3 = −
√

1/3 plane wave excitation
(right plot). Black lines; box 1. Gray lines; box 2. Dashed black lines; box 3.

The real part of the normalized surface pressure which corresponds to normal plane
wave excitation is presented in Fig. 5.5 for four frequencies, namely f = 250 [Hz],
f = 500 [Hz], f = 750 [Hz], and f = 1000 [Hz]. Note that the real part of the
normalized surface pressure of the incident plane wave is constant in this case. At
low frequencies, the normalized surface pressure is closely related to the radiated
pressure of a vibrating piston in a baffle. This is not surprising because the re-
flected pressure is described by a sound radiation type of problem with in this case
an uniform velocity profile. The shape and magnitude of the normalized surface
pressure gradually changes if the frequency is increased. At f = 1000 [Hz], the nor-
malized surface pressure is closer to two, which is in agreement with the blocked
pressure. For normal plane wave excitation, the surface pressure is described by
standing waves.

The real part of the normalized surface pressure for oblique plane wave excitation
is shown in Fig. 5.6. In this case, the normalized surface pressure is described by
a travelling wave instead of a standing wave as encountered for normal plane wave
excitation. Again, the magnitude of the surface pressure distribution increases for
higher frequencies.
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Fig. 5.5: For normal plane wave excitation, the real part of the normalized surface pressure for
a box plate with length Lx = 0.5 [m] and width Ly = 0.425 [m]. From left to right; f = 250

[Hz], f = 500 [Hz], f = 750 [Hz], and f = 1000 [Hz].

Fig. 5.6: For oblique plane wave incidence (n1 = n2 = n3 = −
√

1/3), the surface pressure for a
rigid plate with length Lx = 0.5 [m] and width Ly = 0.425 [m]. From left to right; f = 250,

f = 500, f = 750, and f = 1000 [Hz].

The influence of the angle of incidence is further examined by fixing the dimensions
to Lx = 0.5 [m] and Ly = 0.425 [m] and by computing the normalized surface
pressure for different angles of incidence. To this end, the angle of incidence is
expressed in spherical coordinates

~n1 = − cos(φ) sin(θ)~ex, ~n2 = − sin(φ) sin(θ)~ey, and ~n3 = − cos(θ)~ez. (5.21)

Fig. 5.7 shows the normalized surface pressure for different angles of incidence at
four frequencies, namely f = 250 [Hz] (top left), f = 500 [Hz] (top right), f = 750
[Hz] (bottom left), and f = 1000 [Hz] (bottom right). The gray surfaces denote
different values of the normalized surface pressure < |p̃| > ranging from 1 to 5
[-]. In order to get uncluttered plots, the normalized surface pressure is shown for
0 ≤ θ ≤ 90◦ and 45 ≤ φ ≤ 270◦.
It is seen that the normalized surface pressure is rotation symmetric about the
~ez-axis. The surface pressure is maximum for normal plane wave excitation and
minimum for θ = 90◦. In the latter case, there is no sound reflection at all. From
the results, it can be concluded that the surface pressure is strongly influenced by
the angle θ, whereas the angle φ has a minor influence on the surface pressure,
especially at low frequencies. At low frequencies, the acoustic wavelength c0/f is
much larger than the dimensions of the box. At higher frequencies, the acoustic
wavelength is of the same order as the dimensions of the box. In this case, the
angle φ influences the surface pressure slightly, see the normalized surface pressure
at f = 500 [Hz] and f = 1000 [Hz] in Fig. 5.7.



Plane wave excitation of unbaffled structures 95

Fig. 5.7: For different frequencies, the surface pressure on a rigid box of length Lx = 0.5 [m]
and width Ly = 0.425 [m] as a function of the angle of incidence.

5.4 Plane wave excitation of unbaffled structures

In the previous section, a sound excitation model is proposed in order to compute
the reflected pressure at a single side of a rigid box due to plane wave excitation.
Here, it is assumed that the upper side of the box is flexible and there is no medium
in the box. Note that we refer to this problem with the term unbaffled plate. This
proposed sound excitation model is coupled to the dynamic model of the plate in
order to compute the response of the system. The response of the mth

1 mode of the
unbaffled plate is (again) described by

(
−ω2Mm1 + jωDm1 +Km1

)
w̃m1 = −

∫∫
Ω

[p̃in(~s) + p̃ref(~s) + p̃rad(~s)]ϕm1(~s) ds,

(5.22)
where p̃in is the incident pressure, p̃ref is the reflected pressure, and p̃rad is the
radiated pressure. By substituting the expression of the reflected pressure of (5.15a)
and the expression for the radiated pressure of (5.6) in (5.22), the response of the
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unbaffled plate is written in matrix form(
−ω2Ms1 + jω

[
Ds1 + Z̃(ω)

]
+ Ks1

)
w̃1 = B̃1(ω)P̃ + Bp̃, (5.23)

where the entries B̃m1,1 of input column B̃1 are defined in (5.8) and the entries
Bm1,n of matrix B are given by

Bm1,n = −
∫∫

Ω

ϕm1(~s)φn(~s) ds. (5.24)

By combining (5.23) and (5.17), the response of the unbaffled plate and the reflected
pressure is obtained by solving[(

−ω2Ms1 + jω
[
Ds1 + Z̃R(ω)

]
+ Ks1

)
−B

0 Λ

] [
w̃1

p̃

]
=

[
B̃1(ω)

H̃1(ω)

]
P̃ . (5.25)

Note that the above expression simplifies to a pure reflection problem for a rigid
box, i.e. w̃1 = 0. Note further that, the set of linear equations can also be written
as (
−ω2Ms1 + jω

[
Ds1 + Z̃R(ω)

]
+ Ks1

)
w̃1 = (B̃1(ω) + BΛ−1H̃1(ω))P̃ . (5.26)

By comparing (5.7) with (5.26), it is immediately clear that the blocked pressure
term 2B̃1 is now replaced by the term (B̃1 + B̃Λ−1H̃1). Note that a frequency
independent radiation impedance matrix can be defined by following the same
approach as presented in Appendix D.1.

5.4.1 Model validation

The proposed model is validated by comparing the response of (5.26) with FEM
model results. The computation time of the FEM model is reduced by considering
frequencies f ≤ 150 [Hz]. A frequency independent radiation impedance matrix
is used to compute the response, see Appendix D.1. The geometric and material
properties are listed in Tab. 5.2.

Tab. 5.2: Geometric and material properties of the plate.

Lx 0.5 [m] E 69·109 [N/m] η 0.01 [-]
Ly 0.425 [m] ρ 2770 [kg/m3] ρ0 1.205 [kg/m3]
h1 0.5 [mm] ν 0.33 [-] c0 343.2 [m/s]

Fig. 5.8 shows the normalized surface pressure (top plot) and the kinetic energy of
the plate (lower plot) for P̃ = 0.1 [Pa] and n1 = n2 = n3 = −

√
1/3, where black

lines correspond to the results obtained with (5.26) and gray makers correspond
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to the FEM model results. It can be concluded that there is an excellent match
between the proposed model and the FEM model. This is partly expected because
the reflected pressure in absence of plate vibrations is already validated in Sec.
5.3.3.
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Fig. 5.8: For n1 = n2 = n3 = −
√

1/3, the response of the unbaffled plate obtained with (5.26)
(black line) together the response which is obtained by a FEM model (gray markers). Upper

plot; the normalized surface pressure. Lower plot; the kinetic energy of the plate.

5.4.2 Comparison between the excitation models

Fig. 5.9 shows the kinetic energy of a plate for normal (left plot) and oblique (right
plot) plane wave excitation, where the excitation pressure is described by means of
the blocked pressure (black lines) and the proposed sound excitation model (gray
lines). As expected, the kinetic energy of the plate is higher if the blocked pressure is
used to describe the excitation pressure. The difference between the plate response
of the excitation models decreases for higher frequencies and for normal plane wave
excitation they are almost identical at f = 500 [Hz]. These results can be explained
directly by comparing the surface pressure of the blocked pressure with the surface
pressure of the proposed sound excitation model, see Sec. 5.3.5. The other main
difference between normal and oblique plane wave excitation is that only volume
displacing plate modes are excited by normal plane wave excitation, whereas all
the plate modes are excited by oblique plane wave excitation.
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Fig. 5.9: For h1 = 0.5 [mm], Lx = 0.5 [m] and Ly = 0.425 [m], the kinetic energy of a the plate

for normal (left plot) and oblique, i.e. n1 = n2 = n3 = −
√

1/3, (right plot) plane wave
excitation. The excitation pressure is described by the blocked pressure (black lines) and by the

proposed excitation model (gray lines).

5.5 The response of the cavity-backed double wall
panel due to plane wave excitation

In this section, the forced response of the cavity-backed double wall panel due to
plane wave excitation is presented. To this end, the free equations of motion of
the vibro-acoustic system (Sec. 4.2, see (4.10a)) are extended with the proposed
sound excitation model. In the frequency domain, the forced equations of motion
are given by (

−ω2M + jωD̃(ω) + K
)

x̃ = B̃(ω)P̃ , (5.27)

where x̃ =
[
w̃T

2 p̃T2 w̃T
1 p̃T1

]T
, M is the mass matrix, D̃ is the damping matrix,

K is the stiffness matrix, and B̃ is the input column. Note that w̃2 and w̃1

contain the modal displacement amplitudes of the multilayered and single plate
(corresponding to the upper and lower plate of the double wall panel) and that
p̃2 and p̃1 contain the modal pressure amplitudes of the air-layer and cavity. The
damping matrix D̃ now includes the radiation impedance matrix, which includes
the coupling between the upper plate of the double wall panel and the half-space
air domain. The damping matrix has the form

D̃(ω) =


Ds2 + Z̃R(ω) 0 0 0

0 Da2 0 0
0 0 Ds1 0
0 0 0 Da1

 , (5.28)

where Z̃R(ω) is the radiation impedance matrix. The radiation impedance matrix is
computed based on (5.9). Note that the coupling between the plates, the air-layer,
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and cavity is described in Sec. 4.2 and that this coupling is included in the mass
and stiffness matrix M and K. Finally, the frequency dependent input column B̃
is equal to

B̃ =


B̃s2

Ba2

Bs1

Ba2

 =


B̃1(ω) + BΛ−1H̃1(ω)

0
0
0

 , (5.29)

where B̃1 includes modal excitation force of the incident plane wave and BΛ−1H̃1

includes the modal excitation force of the reflected pressure.

The forced response of three double wall panels is presented. In all cases, the total
weight of the double wall panel is fixed but the weight distribution between the
upper and lower plate of the double wall panel is varied. In the first case, the
weight of the multilayered plate (the upper plate of the double wall panel) is much
higher when compared to the weight of the single plate (the lower plate of the
double wall panel), i.e. (h1, h2) = (0.5, 3.5) [mm]. In the second case, the weight
of both plates are comparable, i.e. (h1, h2) = (2.0, 2.0) [mm]. In the last case, the
weight of the multilayered plate is much smaller than the weight of the single plate,
(h1, h2) = (3.5, 0.5) [mm].

The influence of the radiation impedance matrix

First the influence of the radiation impedance matrix is addressed. To this end,
Fig. 5.10 shows the kinetic energy Ts2 of the upper plate of the double wall panel
(left plot) and the potential energy Va1 of the cavity (right plot), where black
lines correspond to (h1, h2) = (0.5, 3.5) [mm] and gray lines to (h1, h2) = (3.5, 0.5)
[mm]. Solid lines denote the response which is obtained by including the radia-
tion impedance matrix Z̃R and dashed lines correspond to the response which is
obtained by excluding the radiation impendence matrix.

The influence of the radiation impedance matrix is negligible for (h1, h2) = (3.5, 0.5)
[mm]. This is expected, since the multilayered plate is heavy in this case. For
(h1, h2) = (3.5, 0.5) [mm], it is seen that there are some small differences between
the response which is obtained by considering a one-way or two-way coupling.
As expected, the locations of the eigenfrequencies are slightly overestimated and
the amount of damping is slightly underestimated if a one-way coupling is con-
sidered. Since the differences between a one-way and two-way coupling are small
and because it is not straightforward to define a frequency independent radiation
impedance matrix in this case, a one-way coupling is considered from this point
on.
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Fig. 5.10: For (h1, h2) = (0.5, 3.5) [mm] (black lines) and (h1, h2) = (3.5, 0.5) [mm] (gray lines),
the kinetic energy of the upper plate of the double wall panel (left plot) and the potential

energy of the cavity (right plot) due to oblique plane wave excitation. Solid and dashed lines
correspond to the model based on a two-way and a one-way coupling between the upper plate of

the double wall panel and the half-space air domain.

The forced response of the cavity-backed double wall panel

Fig. 5.11 shows the kinetic energy Ts2 of the upper multilayered plate (top left
plot), the potential energy Va2 of the air-layer (top right plot), the kinetic en-
ergy Ts1 of the lower single plate (bottom left plot), and the potential energy
Va2 of the cavity (bottom right plot) as a result of oblique plane wave excita-
tion, i.e. n1 = n2 = n3 = −

√
1/3 and P̃ = 0.1 [Pa]. Red lines correspond to

(h1, h2) = (0.5, 3.5) [mm], blue lines correspond to (h1, h2) = (2.0, 2.0) [mm], and
green lines correspond to (h1, h2) = (3.5, 0.5) [mm].

It can be concluded that the response of the system is strongly influenced by the
weight distribution between the upper and lower plate of the double wall panel
despite the fact that the total mass of the system is identical in all cases. For
example, the kinetic energy of the multilayered plate increases globally by decreas-
ing the weight of the multilayered plate. Although the kinetic energy is higher in
this case, it is seen that the structural dissipation forces are also higher, i.e. the
dynamic influence of the foam layer is more pronounced present if the foam layer
is fixed to a thin aluminium plate. The air-layer pressure is much higher for the
double wall panel with (h1, h2) = (3.5, 0.5) [mm], whereas the air-layer pressure for
the other two configurations have similar magnitudes for f > 200 [Hz]. Also the
kinetic energy of the lower single plate and the potential energy of the cavity have
similar magnitudes for (h1, h2) = (0.5, 3.5) [mm] and (h1, h2) = (3.5, 0.5) [mm].
Finally, it is seen that magnitude of the potential energy of the cavity pressure is
similar for all configurations if f > 300 [Hz].
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Fig. 5.11: For (h1, h2) = (0.5, 3.5) [mm] (red lines), (h1, h2) = (2.0, 2.0) [mm] (blue lines), and
(h1, h2) = (3.5, 0.5) [mm] (green lines), the response of the cavity-backed double wall panel due
to oblique plane wave excitation. Top left; kinetic energy of the multilayered plate. Top right;

potential energy in the air-layer. Bottom left; kinetic energy of the plate. Bottom right;
potential energy of the cavity.

It is expected that all the uncoupled plate modes of the upper plate of the double
wall panel are excited since oblique plane wave excitation is considered. However,
it is not so evident to recognize this solely based on the response presented in
Fig. 5.11. In addition, based on the modal analysis of the cavity-backed double
wall panel presented in Sec. 4.3.3 (see Fig. 4.4), one might expect to see many
more resonance peaks in the response. Both issues are addressed by computing
the modal kinetic energy of the uncoupled modes of the upper and lower plate of
the double wall panel for (h1, h2) = (3.5, 0.5) [mm]. The results is shown in Fig.
5.12. Indeed, it can be concluded that all the uncoupled plate modes of the upper
plate of the double wall panel are excited. For example, the uncoupled non-volume
displacing (2, 1) and (1, 2) modes at, respectively, f = 40.4 [Hz] and f = 50.9 [Hz]
are clearly excited. However, there are no resonance peaks visible in the response
of the lower plate at these frequencies. This is due to the fact that the air-layer
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pressure is (in good approximation) constant at these frequencies. As a result, only
the volume displacing modes of the lower plate are excited. Hence, the resonance
peaks at f = 40 [Hz] and f = 50 [Hz] for (h1, h2) = (0.5, 3.5) [mm], see the red lines
in Fig. 5.11, correspond to the modes which are dominated by uncoupled volume
displacing plate modes.
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Fig. 5.12: For (h1, h2) = (3.5, 0.5) [mm], the modal kinetic energy of the uncoupled modes of
the upper and the lower plate of the double wall panel.

Not only is the air-layer pressure approximately constant at low frequencies but
also the cavity pressure. This is illustrated in Fig. 5.13, where the modal potential
energy of the uncoupled cavity modes is shown for (h1, h2) = (3.5, 0.5) [mm].
The cavity pressure is indeed in good approximation constant for f < 170 [Hz],
i.e. the response of the constant pressure mode is dominant. Above 170 [Hz], the
influence of the constant pressure mode decreases and the influence of the remaining
uncoupled cavity modes increases. In addition, it is seen that the cavity response
is solely determined by an uncoupled cavity mode at the resonance frequencies of
the system which correspond to cavity dominated modes.
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Fig. 5.13: For (h1, h2) = (3.5, 0.5) [mm], the modal potential energy of the uncoupled cavity
modes.

As mentioned before, the optimum design of the plane wave excited double wall
panel is obtained by minimizing the cavity pressure. It is important to note that
the performance of the double wall panel is directly influenced by the frequency
domain in which the cavity pressure has to be minimized. Based on this design
requirement, a recommendation for the optimal weight distribution between the
plates of the double wall panel can be formulated. For example, if it is desired
to minimize the cavity response in the frequency domain f ≤ 500 [Hz], the best
performance is obtained by choosing (h1, h2) = (3.5, 0.5) [mm], i.e. the H2-norm
of the cavity pressure is minimum for this design requirement, see Fig. 5.11. It is
less evident which weight distribution leads to the best performance if it is desired
to minimize the cavity pressure in the frequency domain 250 < f < 500 [Hz]. This
problem is further addressed in Ch. 8.

5.6 Conclusion

A sound excitation model is proposed in order to compute the surface excitation
pressure at a single side of a box which is located in an unbounded air domain
due to plane wave excitation. In this model, the reflected pressure is modelled
by means of the Rayleigh integral, which is discretized by using the Rayleigh-Ritz
method in combination with Legendre polynomials. The convergence properties
are excellent and the computations are fast. It is demonstrated that the excitation
pressure of a baffled structure (which is described by the blocked pressure) is higher
than the excitation pressure of a structure which is located in an unbounded air
domain, especially in the low-frequency domain and for oblique plane wave exci-
tation. It can be concluded that; 1) the excitation pressure due to normal plane
wave excitation is higher when compared to oblique plane wave excitation and 2)
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the excitation pressure is described by standing waves for normal plane wave exci-
tation and by travelling waves for oblique plane wave excitation. Although plane
wave excitation is studied here, it is emphasized that the proposed methodology
can also be applied to other types of incident pressure fields such as spherical waves.

When computing the response of plane wave excited structures, it is not only im-
portant to have a suitable excitation model but also the influence of the added
radiation damping term has to be addressed. We show that, as expected, it is not
valid to a priori assume a one-way coupling between the vibrating structure and
the acoustic domain if the vibrating structure is light-weight. In general, it can
be concluded that the eigenfrequencies decrease and that damping increases if a
two-way coupling is taken into account.

Finally, the proposed sound excitation model is coupled to the vibro-acoustic model
of the cavity-backed double wall panel and the response due to oblique plane wave
excitation is presented for three double wall panels with the same overall weight
but with different weight distributions between the upper and lower plate. We
demonstrated that; 1) it is valid to consider a one-way coupling between the upper
plate of the double wall panel and the half-space air domain, 2) there are large
differences in the response for different weight distributions between the plates of
the double wall panel while keeping the total mass fixed, 3) the dynamic response
of both plates is dominated by the uncoupled volume displacing modes, and 4) the
air-layer and cavity pressure are (in good approximation) constant for f < 170 [Hz].

By changing the weight distribution between the upper and lower plate of the
double wall panel, the performance of the system can be passively enhanced. For
example, if it is desired to minimize the cavity pressure response in the frequency
domain f ≤ 500 [Hz], the best performance is obtained for a double wall panel
with a thin upper and a thick lower plate.



CHAPTER 6

Sound radiation modelling

In the first part of this chapter, sound radiation models are presented
in order to compute the active and reactive sound power of a baffled
point force excited plate. The kinetic energy is compared to the active
and reactive sound power and a recommendation of the most appro-
priate cost function is formulated, i.e. the acoustic performance of the
cavity-backed point source excited double wall panel is optimized by
minimizing this cost function in Ch. 8. The choice of the cost function
depends on the relative positions of the eigenfrequencies of the structure
and the corresponding modal critical frequencies. The second part of
this chapter focuses on the vibro-acoustic response of the cavity-backed
double wall panel as a result of point source excitation of the cavity.

6.1 Active and reactive sound power

The sound radiation models are outlined by considering a baffled point-force excited
plate, i.e. sound is radiated in a half-space air domain as a result of plate vibrations.
Once the transversal velocity response ˙̃w(~s) of a (fluid-loaded) baffled structure is
computed, the radiated sound power can be evaluated based on two methods,
namely; 1) a modal based approach [110] [111] [112] and 2) a non-modal based
approach [113] [114] [115]. Since, in this work, modal series approximations are used
to compute the response of the vibro-acoustic system, the modal based approach
is preferred above the non-modal based approach. When using a modal based
approach, there are two methods to compute the radiated sound power. In the
first method, the radiated sound power is computed by integrating the far-field
sound intensity over a hemisphere surface positioned with reference to the centre



106 Sound radiation modelling

of the vibrating surface [8]. In the second method, which is presented here, the
radiated sound power is computed by integrating the product of the surface pressure
and the normal structural velocity over the plate surface. This approach is very
similar to the method which is used to evaluate the radiation impendence matrix
in Sec. 5.2. At this point, it is important to make a distinction between the far-field
radiated sound power, i.e. the active sound power, and the near-field non-radiated
sound power, also known as the reactive sound power. The active sound power PA
is computed from

PA(ω) =
1

2

∫∫
Ω

Re{ ˙̃w(~s)H p̃(~s)}ds, (6.1)

where p̃(~s) is the surface pressure at the plate surface Ω, i.e. ~s = x~ex + y~ey with
0 ≤ x ≤ Lx and 0 ≤ y ≤ Ly. The acoustic surface pressure can be expressed in the
structural normal velocity by means of the Rayleigh integral equation (see (5.2)).
Since je−jkr = j cos(kr)+sin(kr) and because ˙̃wH(~s) ˙̃w(~s0) is bound to be real and
positive, the active sound power is equal to

PA(ω) =
ρ0ω

4π

∫∫
Ω

∫∫
Ω

˙̃wH(~s) ˙̃w(~s0)
sin(k|~s− ~s0|)
|~s− ~s0|

ds0 ds. (6.2)

In a similar way, an expression for the reactive sound power PR is obtained

PR(ω) =
jρ0ω

4π

∫∫
Ω

∫∫
Ω

˙̃w(~s)H ˙̃w(~s0)
cos(jk|~s− ~s0|)
|~s− ~s0|

ds0 ds. (6.3)

6.2 Sound radiation of plates

The response of a point-force excited simply-supported baffled plate is computed
from (

−ω2Ms1 + jω [Ds1 + ZR(ω)] + Ks1

)
w̃1 = Bs1 F̃ , (6.4)

where Ms1 is the mass matrix, Ds1 is the damping matrix, ZR(ω) is the radiation
impedance matrix, Ks1 is the stiffness matrix, Bs1 is the input column, and F̃ is
the amplitude of the point force which is located at the plate surface at the spatial
location (xe, ye). The system matrices of the plate and the radiation impedance
matrix are defined in (2.16) and (5.9), respectively. By substituting the modal
series approximation of the transversal displacement field of the plate

w1(x, y, t) =

M1∑
m1=1

ϕm1(x, y)wm1(t) (6.5)

in the expression of the active sound power, see (6.2), one obtains

PA(ω) = ˙̃wH
1 R(ω) ˙̃w1, (6.6)
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where R(ω) is the so called radiation resistance matrix and ˙̃w1 = jωw̃1 is a column
with the modal transversal velocities of the plate. The entries Rm1,m′1

of the
radiation resistance matrix are defined by

Rm1,m′1
=
ρ0ω

4π

∫∫
Ω

∫∫
Ω

sin(k|~s− ~s0|)
|~s− ~s0|

ϕm1(~s)ϕm′1(~s) ds0 ds. (6.7)

Note that the entries of the radiation resistance matrix are only non-zero if mx1
+

m′x1
and my1 +m′y1 are even. Note further that the above expressions is identical

to the real part of the radiation impedance matrix with exception of a factor 2,
i.e. Re(Z̃R) = 2R̃. Therefore, the double surface integral in (6.7) is reduced to a
surface integral by means of the coordinate transformation presented in Appendix
C.1. In a similar way, the expression for the reactive sound power PR is derived

PR(ω) = w̃H
2 Q(ω)w̃2, (6.8)

where Q(ω) is the so called radiation reactance matrix. The entries of the radiation
reactance matrix are defined by

Qm1,m′1
=
ρ0ω

4π

∫∫
Ω

∫∫
Ω

cos(k|~s− ~s0|)
|~s− ~s0|

ϕm1
(~s)ϕm′1(~s) ds0 ds. (6.9)

Note that the radiation resistance matrix is related to the imaginary part of the
radiation impedance matrix according to Im(Z̃R) = 2Q̃.

The condition for maximum radiation of a plate mode occurs at the frequency for
which there is coincidence between the structural and acoustic wavelength. This
frequency point is the so-called modal critical frequency [116]. The modal critical
frequency f ci

m1
for a given plate mode m1 is computed by using the dispersion

relation ω2
0,m1

= (D/ρh) k4
m and the condition km = k, where ω0,m1

is the angular

eigenfrequency of the mth
1 plate mode, km is the structural wavenumber, and k =

ω/c0 is the acoustic wavenumber. For a simply supported plate, the modal critical
frequency is given by

f ci
m1

=
c0
2π

(
D1

ρh1

)1/4

ω
1/2
0,m1

=
c0
2

((
mx1

Lx

)2

+

(
my1

Ly

)2
)1/2

. (6.10)

For Lx = 0.5 [m] and Ly = 0.425 [m], Fig. 6.1 shows some diagonal (left plot) and
non-zero off-diagonal terms (right plot) of the radiation resistance matrix. The
dashed vertical lines correspond to the modal critical frequencies defined in (6.10).
It is seen that the magnitude of the diagonal terms of the radiation resistance ma-
trix are much higher for the volume-displacing plate modes when compared to the
non-volume displacing plate modes, i.e. the volume displacing plate modes radi-
ate sound the most efficiently into the far-field. Note that the off-diagonal terms
of the radiation resistance matrix oscillate between positive and negative values,
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indicating that the mutual radiation effect between the pairs of structural modes
can contribute either constructively or destructively to the active sound power.

10
0

10
1

10
2

10
3

10
−4

10
−2

10
0

10
2

f [Hz]

R
[k
g
/s
]

R(1,1),(1,1)

R(1,2),(1,2)

R(2,2),(2,2)

R(1,3),(1,3)

R(3,3),(3,3)

10
0

10
1

10
2

10
3

−10

−5

0

5

10

f [Hz]

R
[k
g/
s]

R(1,1),(1,3)

R(1,1),(3,3)

R(1,3),(3,3)

Fig. 6.1: For Lx = 0.5 [m] and Ly = 0.425, several diagonal (left plot) and off-diagonal (right
plot) terms of the radiation resistance matrix.
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Fig. 6.2: For Lx = 0.5 [m] and Ly = 0.425, several diagonal (left plot) and off-diagonal (right
plot) terms of the radiation reactance matrix.

Fig. 6.2 shows several diagonal and off-diagonal terms of the radiation reactance
matrix. It is seen that the diagonal terms of the radiation reactance matrix have
the same slope and that the magnitude decreases for higher order plate modes. The
radiation reactance reaches a maximum just before the modal critical frequency is
reached. The radiation reactance rapidly decreases after passing the modal critical
frequency. As expected, above the modal critical frequency, the near-field effect is
negligible when compared to the far-field effect since the sound waves propagate
efficiently into the far-field. The off-diagonal terms of the radiation reactance ma-
trix contribute, in general, more destructively than constructively to the reactive
sound power.
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Independent radiation modes

Both the radiation resistance matrix R(ω) and the radiation reactance matrix Q(ω)
are normal, i.e. real valued, symmetric, and positive definite at every frequency
point. This property can be used to define a set of modes which radiate sound
independently. The independent radiation modes of the active and reactive sound
power of the baffled plate can be found in [117].

6.2.1 Comparison between the kinetic energy and the ac-
tive/reactive sound power

In this section, it is assumed that the plate is excited by means of a single point
force with an amplitude of F̃ = 1 [N]. The point force is located at (xe, ye) =
(Lx/5, Ly/5) [m] and a distinction between a thin plate (h1 = 1.0 [mm]) and a
thick plate (h1 = 20.0 [mm]) is made. In both cases, the displacement field of the
plate is described by including the first 10 structural modes, i.e. M1 = 10. The
response of the h1 = 1.0 [mm] thick plate is used to compare the kinetic energy
Ts1 with the reactive sound power PR and the active sound power PA in Fig. 6.3,
where the kinetic energy, the active sound power, and the reactive sound power are
normalized in such a way that the maximum value is equal to one.
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Fig. 6.3: For h1 = 1.0 [mm], a comparison between the normalized kinetic energy and radiated
sound powers. Left plot; kinetic energy (black) v.s. the reactive sound power (gray). Right plot;

kinetic energy (black) v.s. the active sound power (gray).

For a high modal density, the structural resonances are located well below the modal
critical frequencies. In this case, it can be concluded that the kinetic energy is (in
good approximation) proportional to the reactive sound power, whereas the kinetic
energy is significantly different when compared to the active sound power. As
expected, the volume displacing plate modes radiate sound the most efficiently, i.e.
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the eigenfrequencies of the volume displacing plate modes are located at f0,1 = 21.9
[Hz], f0,5 = 98.3 [Hz], f0,6 = 127.6 [Hz], and f0,10 = 203.8 [Hz]. This observation is
in line with the generally known fact that minimizing the kinetic energy corresponds
to minimizing near-field effects. In addition, it is evident that minimizing the
kinetic energy is is not equivalent to minimizing the active sound power in this
case.

For h1 = 20.0 [mm], the normalized kinetic energy is compared with the normalized
reactive and active sound power in Fig. 6.4. In this case, the modal density of the
plate is low. Hence, the structural resonances are located near/above the modal
critical frequencies. In contrast to the previous case, where the modal density was
high, here, the active sound power is (in good approximation) proportional to the
kinetic energy. This behaviour is explained by the fact that the diagonal terms of
the radiation resistance matrix have approximately the same magnitude above the
modal critical frequencies.
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Fig. 6.4: For h1 = 20 [mm], a comparison between the normalized kinetic energy and radiated
sound powers. Left plot; kinetic energy (black) v.s. the reactive sound power (gray). Right plot;

kinetic energy (black) v.s. the active sound power (gray).

In the previous two figures, only the normalized versions of the kinetic energy, the
active sound power, and the reactive sound power are compared. Therefore, Fig.
6.5 shows the actual values of the active sound power (solid line) and the reactive
sound power (dashed line) for h1 = 1.0 [mm] (left plot) and h1 = 20.0 [mm] (right
plot). For h1 = 1.0 [mm], the active sound power is much smaller when compared
to the reactive sound power, i.e. PA << PR. Since the reactive sound power is dom-
inant when compared to the active sound power, sound radiation in the near-field
is reduced efficiently by minimizing the kinetic energy, whereas sound radiation in
the far-field is reduced efficiently by minimizing the active sound power. Note that
if one is interested in reducing the radiation characteristics in between the near-
and far-field, a weighted sum of both the kinetic energy and active sound power
should be chosen as a cost function. For h1 = 20.0 [mm], the reactive sound power
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is much smaller than the active sound power, i.e. PR << PA. Hence, the kinetic
energy, which is proportional to active sound power, is a suitable cost function to
minimize both near and far-field sound radiation.
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Fig. 6.5: For h1 = 0.5 [mm] (left plot) and h1 = 20.0 [mm] (right plot), the active sound power
(solid lines) and the reactive sound power (dashed lines).

Summarizing, it is shown that the choice of the cost function which describes the
acoustic performance of the system depends on the relative position between the
eigenfrequencies of the structure and the corresponding modal critical frequencies.
Tab. 6.1 shows the most appropriate cost function to minimize near- and far-field
sound radiation for two cases, namely 1) the structural eigenfrequencies are located
well below the modal critical frequencies and 2) the structural eigenfrequencies are
located above the modal critical frequencies.

Tab. 6.1: The cost function which should be minimized to obtain the highest acoustic
performance.

Structural eigenfrequencies Structural eigenfrequencies
are located well below the are located above the
modal critical frequencies modal critical frequencies

Far field minPA minT

Near field minT minT

Although the choice for the cost function is straightforward if the structural eigen-
frequencies of the system are located well below or well above the modal critical
frequencies, the choice for the cost function is less evident if the structural eigenfre-
quencies are located in the frequency domain around the modal critical frequencies.
In this case, a weighted sum of the active and reactive sound power is probably the
most appropriate cost function.
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Since this work focuses on the acoustic response and performance of thin plate-
like structures, the structural eigenfrequencies are always located below the modal
critical frequencies. As a result, the kinetic energy and the active sound power are
suitable cost functions to describe, respectively, the near-field and far-field acoustic
performance of the system.

6.3 Acoustic point source excitation of the cavity-
backed double wall panel

In this section, it is assumed that the cavity is excited by means of an acoustic
point source. The point source is located near the bottom side and near the centre
of the cavity at (x0, y0, z0) = (9Lx/14, 9Ly/14, L1/14) [m]. As a result of the
cavity pressure fluctuation, which is initiated by the noise source, the double wall
panel starts to vibrate and sound is radiated into the half-space air domain above
the upper plate of the double wall panel. The forced equations of motion of the
cavity-backed double wall panel are described by(

−ω2M + jωD + K
)
x̃ = B̃, (6.11)

where x̃ =
[
w̃T

2 p̃T2 w̃T
1 p̃T1

]T
, M is the mass matrix, D is the damping matrix,

K is the stiffness matrix, and B̃ is the input column. Note that w̃2 and w̃1 contain
the modal displacement amplitudes of the multilayered plate (the upper plate of
the double wall panel) and the single plate (the lower plate of the double wall
panel) and that p̃2 and p̃1 contain the modal pressure amplitudes of the air-layer
and the cavity, respectively. Based on the results presented in Sec. 5.5, a one-way
coupling between the upper plate of the double wall panel and the half-space air
domain is considered, i.e. the radiation impedance matrix is not included in the
damping matrix D of the system. The input column B̃ includes the modal acoustic
loading terms as a result of the power point source in the cavity

B =
[
BT
s2 BT

a2 BT
s1 BT

a2

]T
=
[
0T 0T 0T BT

a2

]T
. (6.12)

If it is assumed that the source dimension is very small when compared to the
acoustic wavelength, the sound power Ps of an omnidirectional monopole source is
equal to [8]

Ps =
ρ0ω

2Q2

8πc0
, (6.13)

where Q is the source strength. In general, the sound power of a sound source
(such as a speaker) is small at low frequencies. This effect is included by defining a
second order high-pass Butterworth filter with a cut-off frequency of fc = 40 [Hz],
which is described by the transfer function G(s), and by multiplying the excitation
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column Ba2 with this filter. Based on (6.13) and the high-pass filter, the modal
excitation column is defined according to

Ba2 = −ρ2
0c

2
0

√
8πc0Ps
ρ0

φn1
(x0, y0, z0)

...
φN1

(x0, y0, z0)

 G̃(jω). (6.14)

For a point source with Ps = 10−5 [W] (a noisy office), Fig. 6.6 shows the kinetic
energy Ts2 of the upper multilayered plate (top left plot), the potential energy
Va2 of the air-layer (top right plot), the kinetic energy Ts1 of the lower single
plate (bottom left plot), and the potential energy Va2 of the cavity (bottom right
plot). Red lines correspond to (h1, h2) = (0.5, 3.5) [mm], blue lines correspond to
(h1, h2) = (2.0, 2.0) [mm], and green lines correspond to (h1, h2) = (3.5, 0.5) [mm].

0 100 200 300 400 500

10
−10

10
−8

10
−6

10
−4

f [Hz]

T
s
2
[J
]

0 100 200 300 400 500

10
−12

10
−10

10
−8

10
−6

f [Hz]

V
a
2
[J
]

0 100 200 300 400 500
10

−10

10
−8

10
−6

10
−4

f [Hz]

T
s
1
[J
]

0 100 200 300 400 500
10

−8

10
−7

10
−6

10
−5

10
−4

f [Hz]

V
a
1
[J
]

Fig. 6.6: For (h1, h2) = (0.5, 3.5) [mm] (red lines), (h1, h2) = (2.0, 2.0) [mm] (blue lines), and
(h1, h2) = (3.5, 0.5) [mm] (green lines), the response of the cavity-backed double wall panel due
to cavity excitation by means of a point source with Ps = 10−5 [W]. Top left; kinetic energy of
the multilayered plate. Top right; potential energy in the air-layer. Bottom left; kinetic energy

of the plate. Bottom right; potential energy of the cavity.
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The weight distribution has a large effect on the response of the system. As ex-
pected, the kinetic energy of the lower single plate increases by decreasing the
weight of this plate. The air-layer pressure is considerably higher for (h1, h2) =
(0.5, 3.5) [mm] when compared to the other double wall panels. The differences in
the kinetic energy of the upper multilayered plates are less pronounced for f > 200
[Hz]. Based on the results of Sec. 5.5, it can be concluded that only volume displac-
ing plate modes are excited and that the air-layer and cavity pressure is in good
approximation constant for f < 170 [Hz].

Since the kinetic energy of the multilayered plate is a performance measure for
near-field sound radiation (the dynamic response is well below the modal critical
frequency), it can be concluded that (for this specific sound source) the double
wall panel with (h1, h2) = (3.5, 0.5) [mm] gives the best low-frequency domain
performance, i.e. the H2-norm of the kinetic energy is minimal for this topology.
The active sound power, which is radiated by the upper plate of the double wall
panel into the half-space air domain above the multilayered plate, is computed from

PA(ω) = ˙̃w2R(ω) ˙̃w2 (6.15)

where R(ω) is the radiation resistance matrix corresponding to the upper plate of
the double wall panel. Fig. 6.7 shows the active sound power for (h1, h2) = (0.5, 3.5)
[mm] (red lines), (h1, h2) = (2.0, 2.0) [mm] (blue lines), and (h1, h2) = (3.5, 0.5)
[mm] (green lines). The active sound power is computed by including the full
radiation resistance matrix (solid lines) and by only including the diagonal terms
of the radiation resistance matrix (dashed lines).
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Fig. 6.7: The active sound power which is radiated in a half-space air domain by the upper
plate of the double wall panel for (h1, h2) = (0.5, 3.5) [mm] (red lines), (h1, h2) = (2.0, 2.0) [mm]
(blue lines), and (h1, h2) = (3.5, 0.5) [mm] (green lines). Solid lines; the full radiation resistance
matrix is included. Dashed lines; only the diagonal terms of the radiation resistance matrix are

included.
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Firstly, it is observable that there are only minor differences between the active
sound powers which are obtained by including a full or diagonal radiation resistance
matrix, especially at the resonance frequencies of the system.

Secondly, it is observable that the frequency content of the kinetic energy (see the
top left plot of Fig. 6.6) is very similar to the frequency content of the active sound
power. This might seem surprising because there are large differences between the
kinetic energy and the active sound power for a point force excited plate, see the
right plot of Fig. 6.3. As mentioned before, only the uncoupled volume displacing
structural modes are excited by the point source. As a result, the differences
between the kinetic energy and the active sound power are less pronounced in this
case. The differences between the kinetic energy and the active sound power are
further examined in Fig. 6.8 by comparing the normalized kinetic energy (black
lines) with the normalized active sound power (gray lines).
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Fig. 6.8: The normalized kinetic energy of the upper plate of the double wall panel (black lines)
and the corresponding normalized active sound power (gray lines). From left to right;
(h1, h2) = (0.5, 3.5) [mm], (h1, h2) = (2.0, 2.0) [mm], and (h1, h2) = (3.5, 0.5) [mm].

It is seen that the difference between the kinetic energy and the active sound power
is the most pronounced for frequencies f < 300 [Hz] and that it is the largest for
(h1, h2) = (3.5, 0.5) [mm]. The differences between the kinetic energy and the
active sound power is mainly caused by vibrations of the (1,1) uncoupled plate
mode, since this mode has a dominant contribution to the velocity response at low
frequencies and because the radiation resistance of this mode increases rapidly in
the frequency domain f < 300 [Hz]. Summarizing, it can be concluded that the
low-frequency domain active sound power of the double wall panel is minimal for
(h1, h2) = (3.5, 0.5) [mm].
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6.4 Conclusion

In the first part of this chapter, it is clarified which cost function should be chosen
in order to minimize near-field and far-field sound radiation of a vibrating structure
by comparing the active and reactive sound power to the kinetic energy. As illus-
trative example we consider a baffled simply supported point-force excited plate.
It can be concluded that the choice of the cost function depends on the relative
position between the eigenfrequencies of the structure and the corresponding modal
critical frequencies.

In the second part of this chapter, the forced response of the double wall panel due
to point source excitation of the cavity is presented, where the frequency dependent
sound power of the point source is modelled by means of a high-pass filter. In this
case, the double wall panel is used to confine the noise of the sound source and
the goal is to minimize near-field and far-field sound radiation of the upper plate
of the double wall panel.

We show that it is sufficient to use a diagonal radiation resistance matrix in order
to accurately predict the active sound power at the resonance frequencies of the
system.
For this specific sound source and the considered weight distributions between the
plates of the double wall panel, the highest low-frequency domain (f < 500 [Hz])
performance is obtained for a double wall panel with a thin upper plate and a thick
lower plate, i.e. the H2-norm of the kinetic energy and the active sound power are
minimal.



Part III

Low-frequency domain
acoustic optimization by

means of vibration absorbers

The low-frequency domain performance of two vibro-acoustic systems with essen-
tially different dynamic behaviour is passively enhanced by adding multiple vibration
absorbers to both systems and by optimally tuning the spring stiffness and damp-
ing value of each vibration absorber. In Ch. 7, a baffled point-force excited plate
is considered and the kinetic energy and the active sound power of the plate are
minimized. To this end, a linear quadratic regulator based optimization problem
is proposed in order to compute the optimal mechanical properties of the vibration
absorbers. The influence of the mass ratio (the ratio between the mass of the vi-
bration absorbers and the structure), the initial guess of the mechanical properties
of the vibration absorbers, and the number of vibration absorbers is addressed in
detail. In addition, a comparison between the performance of three resonator lattice
designs is presented. In Ch. 8, multiple vibration absorbers are added to the plate
with the foam layer of the cavity-backed double wall panel in order to optimize the
vibro-acoustic response of the system. The main idea is to embed mass inclusions
in the foam layer in such a way that they function as vibration absorbers. The vi-
bration absorbers are tuned to minimize the velocity response and the active sound
power of the upper plate of the double wall panel if the cavity is exited by means of
a power point source. For the plane wave excited cavity-backed double wall panel,
the vibration absorbers are tuned to minimized the potential energy of the cavity.





CHAPTER 7

Plate sound radiation reduction by means
of vibration absorbers

This chapter focuses on plate sound radiation reduction by means of
vibration absorbers. To be more specific, a point-force excited baffled
plate is considered, where it is assumed that the plate is in contact with
a half-space air domain. An efficient and fast low-frequency domain op-
timization methodology is proposed which is used to compute the spring
stiffness and damping values of the vibration absorbers in such a way
that kinetic energy or the active sound power of the plate is minimized.
The optimization methodology is based on a Linear Quadratic Regula-
tor (LQR) based optimization problem. Since the optimization problem
is formulated based on a optimal state-feedback control methodology, a
stable state-space model of the system has to be available. The state-
space model of the radiation filter, which describes the active sound
power, is obtained by spectral factorization. The vibration absorbers
are tuned to minimize the narrow-band and low-frequency domain ki-
netic energy and the active sound power of the plate. Also the influence
of the initial guess, the number of vibration absorbers, and three design
approaches are addressed in detail.

7.1 Literature survey

The potential of using vibration absorbers to obtain low-frequency stop bands in
periodic (infinite) panels is addressed by Claeys et al. in [118]. A vibration absorber
is a classical engineering device containing a mass, a spring, and a damper, which
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is attached to a main system to attenuate undesirable vibrations. The vibration
absorber is found in a wide range of applications, for example, in submarines [119],
buildings [120], and bridges [121]. By considering the most ideal case, that is the
main system is undamped and described by a 1 DOF dynamic model, the optimal
tuning frequency and damping ratio of the vibration absorber can be computed
based on analytical expressions in which the peak amplitude magnification factor
(the H∞-norm) or the vibration energy over all frequencies (the H2-norm) of the
main system is minimized, see e.g. [122] and [12]. Although there exist analyti-
cal expressions for the optimum tuning frequency and damping ratio for vibration
absorbers which are attached to a damped main system [123], the optimum pa-
rameter values are usually obtained numerically in this case. A disadvantage of
using a single vibration absorber attached to a 1 DOF main system is that the
effectiveness of the vibration absorber is sensitive to errors in the eigenfrequency
of the main system and to damping variations of the vibration absorber. In [124]
and [125], it is shown that multiple vibration absorbers are more effective in at-
tenuating undesirable vibrations when compared to a single vibration absorber.
When using multiple vibration absorbers, the question arises of how to divide the
mass between the individual vibration absorbers. In [126], it is shown that multiple
vibration absorbers with an uniformly distributed mass are more effective in reduc-
ing the peak amplitude magnification factor, whereas multiple vibration absorbers
with a linearly distributed mass are more robust against a mismatch between the
eigenfrequencies of the main system and the vibration absorbers.

7.1.1 Contribution

Although there are many studies in which the vibration response of a system is
minimized by means of vibration absorbers, to the authors’ knowledge, there are no
results available in literature where multiple vibration absorbers are individually
optimized to attenuate the acoustic response of vibro-acoustic systems. Therefore,
we propose a uniform, robust, and concise methodology in order to optimize vibra-
tion absorbers, in a broad frequency range, for MDOF vibro-acoustic systems. To
be more specific, the mechanical properties of the individual vibration absorbers
are efficiently optimized by minimizing not only the dynamical response but also
the acoustic response of the system. Up to now, LQR based optimization prob-
lems are only applied to minimize the (narrow-band) vibration response of 1 DOF
mechanical systems [127]. In order to compute the optimal mechanical properties
of the vibration absorbers when minimizing the acoustic response based on a LQR
optimization problem, a (stable) state-space model describing the radiated sound
power has to be available. This so called radiation filter is introduced in the con-
text of optimal state-feedback control of the radiated sound power of thin walled
structures by means of (multiple) point force actuators [128] [129] [130]. A sta-
ble representation of the radiation filter can be obtained by spectral factorization
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of real rational matrices. In contrast to algorithms reported in [128] and [129],
we propose a robust solution to the spectral factorization problem without having
restrictions on the Laplace model of the radiation resistance matrix.

7.2 Derivation of the model

Fig. 7.1 shows a graphical representation of a baffled point-force excited simply-
supported plate together with Nd mass-spring-damper systems. As mentioned
before, the additional mass-spring-damper systems are used to suppress the dy-
namic response of the plate in such a way that the kinetic energy or the active
sound power of the plate is minimized by computing the optimal spring stiffness
and damping value of each mass-spring-damper system. Therefore, from this point
on, the mass-spring-damper systems are referred to as vibration absorbers.

Lx

Ly

∆y

∆x

w1(x, y, t)

xe

ye

f(t) (xNd
, yNd

)

kNd cNd

md qNd
(t)

baffle

ρ0, c0

Fig. 7.1: A graphical representation of a baffled point force excited plate with Nd additional
equally distributed mass-spring-damper systems.

7.2.1 Plate dynamics

The modal displacement amplitudes w =
[
w1 . . . wM1

]T
of the plate with the

Nd vibration absorbers are described by

Ms1ẅ1 + Ds1ẇ1 + Ks1ẇ =

Nd∑
nd=1

und
ϕm1

(xnd
, ynd

) + Bs1f(t), (7.1)

where Ms1 , Ds1 , and Ks1 are the mass, damping, and stiffness matrix of the
plate, und

is the force between the nthd vibration absorber and the plate, Bs1 is
the input column, f(t) is the external force, and (xnd

, ynd
) denotes the location of

the nthd vibration absorber. For simplicity, a one-way coupling between the plate
and the half-space air domain is considered. By introducing the state variable
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xp =
[
w1 ẇ1

]T
and a column with the forces between the vibration absorbers

and the plate surface u =
[
u1 u2 . . . uNd

]T
, (7.1) is written in state-space

form
ẋp = Apxp + Buu + Bff(t), (7.2a)

where

Ap =

[
0 I

−M−1
s1 Ks1 −M−1

s1 Ds1

]
, Bf =

[
0

M−1
s1 Bs1

]
, Bu =

[
0

M−1
s1 B

]
,

and

B =

 ϕ1(x1, y1) · · · ϕ1(xNd
, yNd

)
...

. . .
...

ϕM1
(x1, y1) · · · ϕM1

(xNd
, yNd

)

 . (7.3)

7.2.2 Vibration absorber dynamics

In this work, the total mass of the vibration absorbers is fixed and uniformly
distributed over the vibration absorbers. The vibration absorbers are, in addition,
distributed uniformly over the plate surface (if multiple vibration absorbers are
added to the plate). By considering Ndx vibration absorbers in the ~ex-direction
and Ndy vibration absorbers in the ~ey-direction, the location (xnd

, ynd
) of the nthd

vibration absorber is defined by

xnd
=

Lxnnd

(Ndx + 1)
and ynd

=
Lynnd

(Ndy + 1)
, (7.4)

where ndx = 1, ..., Ndx and ndy = 1, ..., Ndy . The total number of vibration ab-
sorbers is equal to Nd = NdxNdy . Consequently, the total mass ratio µ between
the mass of the plate and the total mass of the vibration absorbers is equal to

µ =
Ndmd

ρh1LxLy
, (7.5)

with md being the mass of a single vibration absorber. Although the vibration
absorbers are distributed periodically and the total mass of the vibration absorbers
is distributed uniformly in this work, the proposed methodology can also be applied
to random spatial and mass distributions of the vibration absorbers. The equation
of motion of the nthd vibration absorber is described by

mdq̈nd
= −und

, (7.6)

where qnd
is the displacement of the nthd vibration absorber. As in (7.1), the force

between the plate and the nthd vibration absorber, which can now be defined, is
equal to

und
= knd

[qnd
− w1(xnd

, ynd
)] + cnd

[q̇nd
− ẇ1(xnd

, ynd
)] , (7.7)



Derivation of the model 123

where knd
and cnd

are the spring stiffness and damping value of the nthd vibration
absorber. It is emphasized that the force und

is introduced not for compact notation
but in order to be able to define a optimization problem based on a linear control
theory framework. Using this methodology, it is necessary to explicitly define the
so called control force of the system, i.e. in this case the forces between the plate

and the vibration absorbers. By introducing the state variable xd =
[
qTd q̇Td

]T
with qd =

[
q1 . . . qNd

]T
, the state-space model of the vibration absorbers is

given by

ẋd = Adxd + Bdu, (7.8a)

where

Ad =

[
0 Id

0 0

]
, and Bd =

[
0

−M−1
d Id

]
. (7.8b)

Here, Id is a Nd×Nd identity matrix and Md is a diagonal mass matrix containing
the mass md of each vibration absorber.

7.2.3 The radiation filter

In order to compute the optimal mechanical properties of the vibration absorbers
when minimizing the acoustic response of the baffled plate based on an iterative
LQR based optimization problem, a (stable) state-space model of the active sound
power has to be available. To be more specific, the square measure of the radiation
filter, which is used to define the cost function of the LQR based optimization
problem, should be identical to the active sound power. The radiation filter is
introduced in the context of optimal state-feedback control of the radiated sound
power of thin walled structures by means of (multiple) point force actuators [128]
[129] [130]. Although there are more methods to obtain a stable state-space model
of the radiation filter [131] [132], in this work, a stable state-space model of the
radiation filter is obtained by means of spectral factorization. In this way, both
the radiation filter and the solution of the optimization problem are formulated in
terms of Algebraic Riccati Equations (AREs) and Lypanov equations, which are
closely related. In contrast to algorithms reported in [128] and [129], we propose
a robust solution to the spectral factorization problem without having restrictions
on the Laplace model of the radiation resistance matrix.

Spectral factorization of real rational matrices

The basic steps of spectral factorization algorithm are presented for clarification
and reproducibility of the presented results. Detailed descriptions of the theory can
be found in e.g. [133] [134] [135]. The first step is to compute a rational Laplace fit
of each non-zero term of the radiation resistance matrix, i.e. the frequency domain
data Rm1,m′1

(ω) is transformed to the Laplace domain R̃m1,m′1
(s). The rational

Laplace fits are computed by means of an equation error method in which the
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numerator coefficients bp and the denominator coefficients aq of a rational Laplace
function

R̃m1,m′1
(s) =

∑P
p=1 bps

2(p−1)∑Q
q=1 aqs

2(q−1)
(7.9)

are identified in such a way that the rational Laplace function R̃m1,m′1
(s) fits the

data Rm1,m′1
(ω) the best for a specified order of the numerator and denominator,

denoted by P and Q, respectively. In order to ensure that the fit is sufficiently
accurate, the weighting function β for the diagonal terms of the radiation resistance
matrix is chosen as β = 1/Rm1,m′1

(ω). In this way, the absolute error between the
Laplace fit and the diagonal terms of the radiation resistance matrix is equally
scaled over the entire frequency domain. The weighting function β for the off-
diagonal (non-zero) terms of the radiation resistance matrix is defined as β =
|Rm1,m′1

(ω)|. In addition, for the diagonal terms of the radiation resistance matrix,

the relative degree of the Laplace fits R̃m1,m1
(s) is defined to be zero (Q−P = 0) in

order to ensure that lims→∞ R̃m1,m1
(s) 6= 0. The relative degree of the Laplace fits

R̃m1,m′1
(s) of the off-diagonal (non-zero) terms of the radiation resistance matrix

is defined to be Q − P = 2 in order to ensure that lims→∞ R̃m1,m′1
(s) = 0. In

this way, the rational Laplace model of the radiation resistance matrix is positive
definite for s → ∞, which is a necessary requirement for the presented spectral
factorization algorithm. The order of the numerator and denominator, i.e. P and
Q, is computed in such a way that the relative error

ε =
|Rm1,m′1

(ω)− R̃m1,m′1
(ω)|

|Rm1,m′1
(ω)| × 100% (7.10)

is always smaller than one percent, i.e. ε ≤ 1%. The second step is to transform the
Laplace model R̃(s) of the radiation resistance matrix to a state-space realization
of the form

R̄(s) =
[
C1 C2

](
sI−

[
A1 0
0 A2

])−1 [
B1

B2

]
+ D, (7.11)

where the eigenvalues of the matrices A1 and A2 satisfy λ(A1) = −λ̄(A2). Due
to the mathematical properties of the radiation resistance matrix, there is pole-
zero symmetry about the real and imaginary axis. Consequently, the A1,B1, and
C1 matrices are defined by selecting all stable poles/zeros of R̃(s) and half of the
poles/zeros of R̃(s) which are located on the imaginary axis. The final step is to
spectral factorize R̄(s) in such a way that

R̄(s) = GT (−s)G(s), (7.12a)

where G(s) is the stable spectral factor defined by [133]

G(s) = Cr(sI−Ar)
−1Br + Dr, (7.12b)
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with Ar = A1, Cr = D−
1
2 (C1 + BT

1 X), Br = B1, and Dr = D
1
2 . The stable

spectral factor is defined by the (unique) solution X of the ARE

ÃTX + XÃ−XR̃X + Q̃ = 0, (7.13)

where Ã = A1 −B1D
−1C1, R̃ = B1D

−1BT
1 , and Q̃ = −CT

1 D−1C1. The rational
Laplace fits can contain poles/zeros on the imaginary axis. As a result, the Hamil-
tonian matrix, which is associated with the ARE of (7.13), has eigenvalues which
are zero. In this case, conventional algorithms such as the matrix sign function
method and the Schur method fail to compute the solution of the ARE. Note that
the solution of the ARE in Maltab is computed by solving a Schur-type generalized
eigenproblem [136]. Therefore, the algorithm presented in [137] is implemented to
compute the solution of the ARE defined in (7.13). In this way, an improved
spectral factorization algorithm is presented, which can be applied to any Laplace
model of the radiation resistance matrix as long as D is positive definite for s→∞.
To conclude, the state-space formulation of the stable spectral factor (also called
the radiation filter) is driven by the modal velocity of the plate modes, leading to
the state-space model

ẋr = Arxr + Brẇ1

zr = Crxr + Drẇ1. (7.14)

7.2.4 The state-space model of the full system

In the previous sections, the state-space models describing the model displacement
amplitudes of the plate (7.2), the displacement(s) of the vibration absorber(s) (7.8),
and the active sound power (7.14) are derived. By defining the state variable

x =
[
xTp xTd xTr

]T
, the state-space model of the total system becomes

ẋ =

 Ap 0 0
0 Ad 0

BrΘ 0 Ar


︸ ︷︷ ︸

A

x +

Bp

Bd

0


︸ ︷︷ ︸

B2

u +

Bf

0
0


︸ ︷︷ ︸

B1

f(t), (7.15)

where the matrix Θ is defined in such a way that ẇ1 = Θxp. In order to complete
the state-space representation of the system, the force(s) between the vibration
absorber(s) and the plate surface is written in the form

u = Ppy, (7.16a)

where Pp is a Nd×2Nd block diagonal matrix containing the mechanical properties
of the vibration absorber(s)

Pp =

k1 c1
. . .

. . .

kNd
cNd

 (7.16b)
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and y defines the relative displacement and velocity between the vibration ab-
sorber(s) and the plate surface

y =


q1 −

∑M1

m1=1 ϕm1(x1, y1)wm1

q̇1 −
∑M1

m1=1 ϕm1
(x1, y1)ẇm1

...

qNd
−∑M1

m1=1 ϕm1(xNd
, yNd

)wm1

q̇Nd
−∑M1

m1=1 ϕm1
(xNd

, yNd
)ẇm1

 =̇C2x. (7.16c)

At this point, it is important to define the output of the system. The output of the
system is used to define the cost function of the LQR based optimization problem.
Two system outputs are considered, namely; 1) the (scaled) modal velocities of the
plate

zv =

√
1

4
ρh1LxLy

[
Θ 0 0

]
x, (7.17)

and 2) the output of the radiation filter

zr =
[
DrΘ 0 Cr

]
x. (7.18)

7.2.5 The LQR based optimization problem

A LQR based optimization problem is defined in order to iteratively compute an
optimum set of spring stiffness and damping values of the vibration absorbers by
minimizing a cost function. The cost function in a LQR problem is defined as
a square measure of the system output, i.e. the H2-norm of the system output.
Note that a LQR based optimization approach is very suitable for the baffled plate
problem and the cavity-backed double wall panel, since the kinetic energy, the
active sound power, and the potential energy of the cavity are defined by a square
measure of the states of the system. For a Linear Time Invariant system, the H2-
norm is defined as the root-mean-square value of the system output for unit white
noise input (E[f(t)] = 0 and E[fT (t)f(t+ τ)] = Iδ(τ))

||H||22 = lim
T→∞

E

[
1

T

∫ T

0

z(t)T z(t)dt

]
. (7.19)

Using the system output of (7.17) or (7.18), respectively, in combination with the
above definition of the H2-norm results in a cost function describing the kinetic
energy of the plate (zTv zv) and in a cost function describing the active sound power
of the plate (zTr zr). By considering the closed-loop system

ẋ = Acx + B1f(t) (7.20)

z = C1x,
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where Ac = (A+B2PpC2) and C1 is defined by either (7.17) or (7.18), the square
of the H2-norm can be obtained by solving

||H||22 = trace
(
BT

1 KB1

)
, (7.21)

where K is the (symmetric) observability Gramian. The observability Gramian is
the solution of the Lyapunov equation

KAc + AT
c K + CT

1 C1 = 0. (7.22)

The feedback gain matrix Pp is stabilizing the square of the H2-norm of the closed
loop system provided that Ac is stable. The dynamic behaviour of the system
changes by altering the mechanical properties of the vibration absorbers. Conse-
quently, the optimal mechanical properties of the vibration absorbers are computed
by solving an iterative constrained minimization problem of the form

arg min
Pp

trace
(
BT

1 KB1

)
(7.23a)

subjected to

KAc + AT
c K + CT

1 C1 = 0. (7.23b)

As in [127] [138] [139], the gradient of the cost function with respect to the me-
chanical properties of the vibration absorbers is obtained by using the Lagrange
multiplier method. The Lagrange function L(Pp,K,L) is defined as

L = trace
(
BT

1 KB1 +
[
KAc + AT

c K + CT
1 C1

]
L
)
, (7.24)

where L is the symmetric Lagrange multiplier matrix. Using this Lagrange func-
tion, the gradient of the cost function with respect to the mechanical properties of
the vibration absorbers is given by

∂L
∂Pp

= 2BT
2 KLCT

2 � Ip, (7.25)

where K is the observability Gramian defined by (7.22) and the Lagrange multiplier
matrix L is computed by solving a second Lyapunov equation

LAT
c + AcL + B1B

T
1 = 0. (7.26)

Note that matrix 2BT
2 KLCT

2 is not exactly the derivative of the Lagrange function
with respect to the mechanical properties of the vibration absorbers. The actual
derivatives are found by multiplying 2BT

2 KLCT
2 entry by entry (denoted by �)

with the matrix Ip, where Ip is a matrix with ones at the entries of the mechanical
properties of the vibration absorbers and zero elsewhere.
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7.2.6 The initial guess of the mechanical properties of the
vibration absorbers

The initial guess of the spring stiffness and damping values of the vibration ab-
sorbers is based on a 1 DOF undamped main system with a single vibration ab-
sorber for which the optimum response is defined by minimizing the H2-norm of
the velocity response of the main system [123]. For this choice, the optimal ratio
between the mth

1 angular eigenfrequency of the plate ω0,m1
= 2πf0,m1

and the nthd
angular eigenfrequency of the vibration absorber ω0,nd

= 2πf0,nd
together with the

corresponding optimal dimensionless damping parameter ξnd
are defined by

ω0,nd

ω0,m1

=
1

1 + µnd

√
2 + µnd

2
and ξnd

=

√
µnd

(4 + 3µnd
)

8(1 + µnd
)(2 + µnd

)
. (7.27)

where µnd
= µ/Nd is the mass ratio of the nthd vibration absorber.

7.3 Results

The results are obtained by making the following choices;

- The dimensions of the aluminium plate are chosen to match with the dimen-
sions of the plates of the double wall panel, i.e. Lx = 0.5 [m] and Ly = 0.425
[m]. The plate thickness is defined as h1 = 1.0 [mm] because the differences
between the kinetic energy and the active sound power is more pronounced
for thin plates.

- The frequency domain of interest is defined by f ≤ 215 [Hz]. In this frequency
domain, there are M1 = 10 plate modes, i.e. 4 volume displacing plate modes
and 6 non-volume displacing plate modes. The point force is located at
(xe, ye) = (Lx/5, Ly/5) [m]. In this way, all the plate modes are excited.

- The total mass of the vibration absorber(s) is varied between 5% and 35% of
the mass of the plate, i.e. 0.05 ≤ µ ≤ 0.35 [-].

7.3.1 A single vibration absorber and one plate mode

Some essential differences between minimizing the kinetic energy and the active
sound power of the plate are illustrated by first considering the response of a sin-
gle plate mode, which is attenuated by a single vibration absorber. The vibration
absorber is positioned at the centre of the plate at (Lx/2, Ly/2) [m]. A distinction
between minimizing the broadband response (f < ∞ [Hz]) and the low-frequency
domain response (f < 215 [Hz]) is made. In order to minimize the low-frequency
domain response, the cost function is filtered by means of a second order Butter-
worth low-pass filter with a cut-off frequency fc = 215 [Hz]. Since the goal is to
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minimize the response in the frequency domain f ≤ 215 [Hz], the performance
measure of the system, i.e. the H2-norm of the kinetic energy and the active sound
power, is always filtered with a second order low-pass filter with a cut-off frequency
of fc = 215 [Hz]. Fig. 7.2 shows the kinetic energy of the plate without the vibration
absorber (black lines) and the kinetic energy of the plate with a single vibration
absorber for different mass ratio’s (gray lines). The vibration absorber are tuned by
minimizing the broadband kinetic energy (left plot) and the low-frequency domain
kinetic energy (right plot), i.e. the cost function corresponding to the broadband
kinetic energy is denoted by the black dashed line in the left plot of Fig. 7.2. The
gray area denotes frequencies with f > 215 [Hz].
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Fig. 7.2: A single vibration absorber is used to minimize the kinetic energy of the (1, 1) plate
mode. The vibration absorber are tuned by minimizing the broadband (f <∞ [Hz]) kinetic
energy (left plot) and the low-frequency domain (f < 215 [Hz]) kinetic energy (right plot).

It is seen that the kinetic energy of the first plate mode is more efficiently sup-
pressed by increasing the mass of the vibration absorber. Despite the fact that
the vibration absorber is stronger damped for higher mass ratio’s, the vibration
absorber is in all cases a dissipative mass-spring-damper system. In addition it
is seen that there are no differences between minimizing the broadband and the
low-frequency domain kinetic energy. This is expected because the kinetic energy
is very small at high-frequencies and therefore not contributing to the cost function
which is minimized.

Next, the broadband and the low-frequency domain active sound power of the
(1, 1) plate mode is minimized by a single vibration absorber located, which is at
the centre of the plate. The results are depicted in Fig. 7.3. For a small mass
ratio, it is seen that the vibration absorber is a dissipative mass-spring-damper
system, i.e. two resonance peaks are visible in the plate response. For higher mass
ratio’s, there is only a single resonance peak observable. This indicates that the
vibration absorber is (in good approximation) fixed to the plate. This result is
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expected since the kinetic energy decreases at high frequencies by adding a point
mass to the plate and, as a result, the approximately constant active sound power
between 40 < f < 215 [Hz] decreases. In addition, it is seen that there is a
difference between minimizing the broadband and the low-frequency domain active
sound power. This is due to the fact that the active sound power above f > 215
[Hz] contributes significantly to the cost function if the broadband response is
minimized.
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Fig. 7.3: A single vibration absorber is used to minimize the active sound power of the (1, 1)
plate mode. The vibration absorbers are tuned by minimizing the broadband active sound

power (left plot) and the low-frequency domain active sound power (right plot).

The effectiveness of the vibration absorber is quantified by comparing the kinetic
energy of an equivalent plate to the kinetic energy of the plate with the vibration
absorber. The equivalent plate has a thickness of heq = h1(1 + µ) [mm], i.e.
the weight of the equivalent plate is identical to the weight of the plate with the
vibration absorber. In this way, not only the efficiency of the vibration absorber is
quantified but it is also directly compared to the performance of a plate with the
same overall weight. The amount of reduction in the kinetic energy is defined by

∆T = 20 log10

( ||Teq||2
||T ||2

)
, (7.28)

where ||T ||2 denotes the H2-norm of the kinetic energy of the plate with the vi-
bration absorber and ||Teq||2 denotes the H2-norm of the kinetic energy of the
equivalent plate. Likewise, the amount of reduction of the active sound power is
defined by

∆PA = 20 log10

( ||PAeq
||2

||PA||2

)
. (7.29)

For different mass ratio’s, Fig. 7.4 shows the amount of reduction in the kinetic
energy (left plot) and the amount of reduction in the active sound power (right
plot), which corresponds to minimizing the kinetic energy (black lines) and the
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active sound power (gray lines) of the (1,1) plate mode with a single vibration
absorber. In addition, a distinction between minimizing the broadband response
(solid lines) and the low-frequency domain response (solid lines with markers) is
made.
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Fig. 7.4: The amount of reduction in the kinetic energy (left plot) and the amount of reduction
in the active sound power (right plot), which correspond to minimizing the kinetic energy (black

lines) and the active sound power (gray lines) of the (1,1) plate mode by means of single
vibration absorber. Solid lines; the broadband response is minimized. Solid lines with markers;

the low-frequency domain response is minimized.

First of all, it seen that the highest amount of reduction in the kinetic energy is
obtained by minimizing the kinetic energy, i.e. the values of the black line in the
left plot of Fig. 7.4 are always higher than the values of the gray lines. Likewise, the
highest amount of reduction in the active sound power is obtained by minimizing
the active sound power. From this result, it can be concluded that minimizing the
kinetic energy does not mean that also the active sound power is optimally reduced.
Second of all, the amount of reduction of the active sound power is identical when
minimizing the broadband and the low-frequency domain active sound power if
µ ≤ 0.14 [-]. For µ > 0.14 [-], the amount of reduction in the active sound power
is higher if the low-frequency domain active sound power is minimized. Finally,
it can be concluded that the amount of reduction of the kinetic energy is always
higher when compared to the amount of reduction in the active sound power for
all mass ratio’s. Note that the above observations are all supported by the results
presented in Figs. 7.2-7.3.

With the above analysis, we demonstrated that large differences in the optimal
mechanical properties of the vibration absorbers can be expected when minimiz-
ing the kinetic energy or the active sound power. In addition, the importance of
filtering the cost function and the performance measure of the active sound power
is explained.



132 Plate sound radiation reduction by means of vibration absorbers

7.3.2 A single vibration absorber and multiple plate modes

Again, a single vibration absorber is added to the plate in order to minimize the
kinetic energy and the active sound power of the plate. In contrast to the previous
section, now M1 = 10 plate modes are taken into account. First, a distinction
between minimizing the narrow-band response (the response near a single resonance
peak) and the low-frequency domain (f < 215 [Hz]) response is made. Second, we
briefly address the influence of positioning the vibration absorber at different plate
locations.

Narrow-band v.s. low-frequency domain optimization

The dashed black lines in Fig. 7.5 denote the kinetic energy (left plot) and the active
sound power (right plot) of the plate without the vibration absorber. Although both
responses show a similar trend in the sense that the resonance peaks are located at
the same frequencies, the active sound power is clearly influenced by the radiation
resistance matrix. For example, the fourth resonance peak, which corresponds to
the (2,2) plate mode at 91.4 [Hz], is clearly visible in the kinetic energy of the plate
but is (almost) absent in the active sound power. For more details see Fig. 6.3 of
Sec. 6.2.
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Fig. 7.5: The kinetic energy (left plot) and the active sound power (right plot) of the plate
without the vibration absorber (dashed black lines) together with the response of the plate with
a single vibration located at the centre of the plate for µ = 0.05 [-] (light gray lines), µ = 0.2 [-]

(black lines), and µ = 0.35 [-] (dark gray lines). The narrow-band kinetic energy and active
sound power is minimized in the frequency domain 17 < f < 28.5 [Hz].

The vibration absorber (which is located at the centre of the plate) is tuned by min-
imizing the narrow-band kinetic energy (left plot) and active sound power (right
plot). To this end, the cost functions are filtered by means of a second order Butter-
worth bandpass filter with cut-off frequencies f1 = 17 [Hz] and f2 = 28.5 [Hz], i.e.
only the response in the white area is included in the cost function. The response
of the plate with a single vibration absorber is shown in Fig. 7.5 for a mass ratio
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of µ = 0.05 [-] (light gray lines), µ = 0.2 [-] (black lines), and µ = 0.35 [-] (dark
gray lines). It is seen that the narrow-band response is minimized efficiently. The
response is further reduced in the narrow-band frequency domain by increasing the
mass of the vibration absorber. Although the response is minimized efficiently in
the predefined narrow-band frequency domain, it is seen that the response outside
the narrow-band frequency domain might deteriorate. For example, both the ki-
netic energy and the active sound power of the plate with the vibration absorber
are higher when compared to the kinetic energy and the active sound power of the
plate without the vibration absorber for f < 17 [Hz]. In addition, it is seen that the
active sound power considerably increases in the frequency domain 70 < f < 90
[Hz] for higher mass ratio’s. In order to address this phenomena, the modal kinetic
energy and the modal active sound power corresponding to the (1,1) plate mode
is presented in Fig. 7.6 for the case where the narrow-band active sound power is
minimized.
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Fig. 7.6: The modal kinetic energy (left plot) and the modal active sound power (right plot) of
the (1,1) plate mode, which is obtained by minimizing the narrow-band (17 < f < 28.5 [Hz])

active sound power by means of a single vibration located at the centre of the plate for µ = 0.05
[-] (light gray lines), µ = 0.2 [-] (black lines), and µ = 0.35 [-] (dark gray lines).

It is seen that the modal kinetic energy of the (1,1) plate mode increases for higher
mass ratio’s in the frequency domain 50 < f < 90 [Hz]. For higher mass ratio’s,
the dynamic coupling between the plate modes is stronger, i.e. the response of all
volume displacing plate modes are dynamically coupled by adding a vibration ab-
sorber at the centre of the plate, see also Fig. 7.5. The increase of the modal kinetic
energy of the (1,1) plate mode is not pronounced visible in the total kinetic energy
of the plate, since the modal kinetic energy of the (2,1) and (1,2) modes contribute
the most to the total kinetic energy in the frequency domain 50 < f < 90 [Hz].
The increase of the active sound power is thus caused by the combined effect of an
increasing modal kinetic energy of the (1,1) plate mode and by the fact that the
radiation efficiency of the (1,1) plate mode is much higher when compared to the
radiation efficiency of the remaining plate modes.



134 Plate sound radiation reduction by means of vibration absorbers

Next, the kinetic energy and the active sound power near the 5th plate resonance
peak (which corresponds to the (3,1)-plate mode) is minimized, see Fig. 7.7. In
this case, the cost functions are filtered by means of a second order Butterworth
bandpass filter with cut-off frequencies f1 = 94.5 [Hz] and f2 = 104.5 [Hz].
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Fig. 7.7: The kinetic energy (left plot) and the active sound power (right plot) of the plate
without the vibration absorber (dashed black lines) together with the response of the plate with
a single vibration located at the centre of the plate for µ = 0.05 [-] (light gray lines), µ = 0.2 [-]

(black lines), and µ = 0.35 [-] (dark gray lines). The narrow-band kinetic energy and active
sound power is minimized in the frequency domain 94.5 < f < 104.5 [Hz].

Again it can be concluded that the narrow-band response is minimized efficiently.
However, it is seen that the response is not further reduced by increasing the mass
of the vibration absorber. For the kinetic energy, this is a direct result of posi-
tioning the vibration absorber at the centre of the plate since the response of the
(2, 2) plate mode cannot be altered. For the active sound power, this is caused by
the fact that the active sound power of the (1,1) plate mode is now dominant in
the frequency domain 95 < f < 104.5 [Hz]. Also in this case, it is seen that the
response outside the narrow-band frequency domain can be very different when
compared to the response of the plate without the vibration absorber, especially if
the active sound power is minimized.

In the previous two examples, the narrow-band response near a single resonance
peak is efficiently minimized. Now, the low-frequency domain (f < 215 [Hz])
response of the plate is minimized. In order to obtain an optimum design of the
vibration absorber when minimizing the active sound power, the corresponding
cost function is filtered by means of a second order low-pass Butterworth filter
with a cut-off frequency of fc = 215 [Hz]. Fig. 7.8 shows the response of the plate
with a single vibration absorber located at the centre of the plate for a mass ratio
of µ = 0.05 [-] (light gray lines), µ = 0.2 [-] (black lines), and µ = 0.35 [-] (dark
gray lines).
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Fig. 7.8: The kinetic energy (left plot) and the active sound power (right plot) of the plate
without the vibration absorber (dashed black lines) together with the response of the plate with
a single vibration located at the centre of the plate for µ = 0.05 [-] (light gray lines), µ = 0.2 [-]

(black lines), and µ = 0.35 [-] (dark gray lines). The low-frequency domain (f < 215 [Hz])
kinetic energy and active sound power is minimized.

Although it is seems that the results of minimizing the low-frequency domain re-
sponse is very similar to minimizing the narrow-band response near the first eigen-
frequency of the plate (see Fig. 7.5), there are some essential differences. For
example, for µ = 0.05 [-] it is seen that; 1) the magnitude of the resonance peak at
f = 17 [Hz] increases, 2) the resonance peak at f = 29 [Hz] disappears, and 3) the
magnitude at the resonance peaks corresponding to (1,3), the (3,1), and the (3,3)
mode considerably decrease when minimizing the low-frequency domain response.
Also for higher mass ratio’s, the effect of minimizing the the low-frequency domain
response is clearly visible. For example, the active sound power does not deterio-
rate in the frequency domain 70 < f < 90 [Hz] by increasing the mass ratio if the
low-frequency domain active sound power is minimized.

The location of the vibration absorber

In this section, the low-frequency domain kinetic energy and active sound power
is minimized by means of single vibration absorber which is positioned at three
locations. Fig. 7.9 shows the amount of reduction in the kinetic energy (the kinetic
energy is minimized) and the amount of reduction in the active sound power (the
active sound power is minimized) for a single vibration absorber positioned at; 1)
the excitation point (Lx/5, Ly/5) (circles), 2) the centre of the plate (Lx/2, Ly/2)
(diamonds), and 3) the upper right corner of the plate (4Lx/5, 4Ly/5) (squares).

The highest amount of reduction in the kinetic energy is obtained by positioning
the vibration absorber at the point of excitation, whereas the lowest amount of
reduction is obtained by positioning the vibration absorber at the centre of the
plate. This is not surprising because, for this position, the vibration absorber can
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Fig. 7.9: The amount of reduction of the kinetic energy (left plot) and the active sound power
(right plot) for a single vibration absorber positioned at the excitation point (circles), the centre

of the plate (diamonds), and the upper right corner of the plate (squares).

only affect the response of the volume displacing plate modes, whereas the (1, 2)
and (2, 1) plate modes have a large contribution to the low-frequency domain ki-
netic energy. In addition, it is seen that the amount of reduction in the kinetic
energy is negative for µ > 0.12 [-]. This means that the low-frequency domain ki-
netic energy is more efficiently reduced by using an equivalent plate with the same
overall weight. Again, this is due to the fact the vibration absorber is located at
the centre of the plate. Furthermore, it is seen that increasing the mass ratio does
not necessarily mean that a higher amount of reduction is achieved. In fact, this
is only the case if the vibration absorber is located at the point of excitation. For
example, for the vibration absorber located at (4Lx/5, 4Ly/5), it is seen that the
amount of reduction in the kinetic energy reaches a maximum at µ = 0.125 [-].
The highest amount of reduction in the active sound power is obtained by position-
ing the vibration absorber at the centre of the plate for µ ≤ 0.08 [-], whereas for
µ > 0.08 [-] the highest amount of reduction in the active sound power is obtained
by positioning the vibration absorber at the point of excitation. This might be ex-
plained by the fact the vibration absorber is excited more efficiently at the centre
of the plate. As a result, the response of the (1,1) plate mode (and thus the active
sound power) is attenuated better in this case. For a larger vibration absorber
mass, the dynamic coupling between the plate modes increases which implies that
the location of the vibration is less important.

The (uncoupled) eigenfrequency f0,nd
=
√
knd

/md/2π of the vibration absorber

and the corresponding dimensionless damping parameter ξnd
= cnd

/2
√
mdknd

is
shown in Fig. 7.10, where black and gray lines correspond to the parameter values
which are obtained by minimizing the kinetic energy and the active sound power,
respectively. Circles, diamonds, and squares denote the mechanical properties of
the vibration absorber which is located at, respectively, the excitation point, the
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centre of the plate, and at the upper right corner of the plate. Based on the initial
guess of (7.27), it is expected that the eigenfrequency of the vibration absorber
decreases and that the dimensionless damping parameter increases for higher mass
ratio’s. However, it is seen that both the eigenfrequency and the dimensionless
damping parameter decrease for higher mass ratio’s. The dimensionless damping
parameter is in addition high which indicates that the vibration absorber is over-
damped, i.e. for the most cases ξ0,nd

> 1. High damping values are a direct result
of low-frequency domain performance optimization, i.e. small damping values are
obtained for narrow-band performance optimization. Note that the spring stiffness
is very small and that the dimensionless damping parameter is extremely high for
the vibration absorber located at (xnd

, ynd
) = (4Lx/5, 4Ly/5) [m] if µ > 0.18 [-].

This result indicates that the vibration absorber behaves like as an added point
mass instead of a dissipative mass-spring-damper system.
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Fig. 7.10: The uncoupled eigenfrequency (left plot) and dimensionless damping parameter
(right plot) for a single vibration absorber positioned at the excitation point (Lx/5, Ly/5)

(circles), the centre of the plate (Lx/2, Ly/2) (diamonds), and the upper right corner of the
plate (4Lx/5, 4Ly/5) (squares). Black lines; the kinetic energy is minimized. Gray lines; the

active sound power is minimized.

7.3.3 Multiple vibration absorbers and multiple plate modes

In this section, multiple vibration absorbers are added to the plate and the influence
of the initial guess and the number of vibration absorbers is addressed.

The influence of the initial guess

Both cost functions are convex for Nd = 1. However, it is not valid to assume
that the cost function is also convex for Nd > 1. Therefore, the influence of the
initial guess is studied by running a multi-start optimization problem for 20 initial
guesses with Nd = 9 [-] vibration absorbers. The first and second initial guess are
defined in such a way that all vibration absorbers are used to suppress the first
(m1 = 1) and tenth (m1 = 10) resonance peak of the plate.
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The third initial guess is based on the fact that only the volume displacing plate
modes radiate sound the most efficiently. This leads to the initial guess as shown
in Tab. 7.1. For the remaining initial guesses, each vibration absorber is defined to
suppress a random plate resonance.

Tab. 7.1: The definition of the third initial guess.

Vibration absorber location Plate mode
(Lx/4, Ly/4) (Lx/2, Ly/4) (3Lx/4, Ly/4) (3,3) (1,3) (3,3)
(Lx/4, Ly/2) (Lx/2, Ly/2) (3Lx/4, Ly/2) (3,1) (1,1) (3,1)
(Lx/4, 3Ly/4) (Lx/2, 3Ly/4) (3Lx/4, 3Ly/4) (3,3) (1,3) (3,3)

Figs. 7.11-7.12 show the influence of the initial guess of the mechanical properties
of the vibration absorbers on the amount of reduction in the kinetic energy and
active sound power. In both figures, the left plots show the response of the plate
without the vibration absorbers (black lines) and the upper and lower bound of
the optimal responses which correspond to the optimally tuned vibration absorbers
based on the different initial guesses. The light gray area corresponds to µ = 0.05
[-] and the dark gray area to µ = 0.35 [-]. The right plots in Figs. 7.11-7.12 show
the amount of reduction in, respectively, the kinetic energy and active sound power
for each initial guess.
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Fig. 7.11: For µ = 0.05 [-] (light gray) and µ = 0.35 [-] (dark gray), the influence of the initial
guess of the mechanical properties of the vibration absorbers on the amount of reduction in the

kinetic energy.

From Fig. 7.11, it is seen that the amount of reduction in the kinetic energy of the
plate by adding Nd = 9 [-] vibration absorbers with a mass ratio of µ = 0.05 [-]
and µ = 0.35 [-] is approximately 8.5 [dB] and 10.7 [dB]. The amount of reduction
in the kinetic energy for µ = 0.05 [-] shows a deviation of approximately 0.5 [dB]
with respect to the average reduction. For µ = 0.35 [-], the amount of reduction
is less dependent on the initial guess of the mechanical properties of the vibration
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absorbers. Based on this result, it can be concluded that the cost function of
the optimization problem is not convex. However, the results indicate that similar
minima are found for different initial guesses. Although the amount of reduction in
the kinetic energy is more or less independent on the initial guess, it is emphasized
that the response is certainly influenced by the initial guess of the mechanical
properties of the vibration absorbers, see the left plot of Fig. 7.11. With exception
of the 9th resonance peak, it is seen that the response of the remaining resonance
peaks are attenuated. The 9th resonance peak, which corresponds to the (4,1) plate
mode, is not affected by the vibration absorbers since the displacement of this mode
is zero at all the locations of the vibration absorbers. Since the amount of reduction
is approximately independent of the initial guess, the differences between the upper
and lower bound in the response of the kinetic energy is explained by a phenomena
similar to the ”waterbed effect”. For example, a high amount of reduction at low
frequencies means that the amount of reduction is less high at high frequencies.
On the other hand, a high amount of reduction at high frequencies means that the
amount of reduction is less high at low frequencies. Apparently, this is an inherent
property of minimizing the low-frequency domain response.
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Fig. 7.12: For µ = 0.05 [-] (light gray) and µ = 0.35 [-] (dark gray), the influence of the initial
guess of the mechanical properties of the vibration absorbers on the amount of reduction in the

active sound power.

Similar observations hold for the amount of reduction in the active sound power of
the plate, see Fig. 7.12. For µ = 0.05 [-] and µ = 0.35 [-], the amount of reduction
in the active sound power is approximately 8.7 [dB] and 14.6 [dB]. For µ = 0.05 [-],
the vibration absorbers are tuned in such a way that the response of the volume-
displacing plate modes are attenuated, i.e. these modes contribute the most to the
active sound power. For µ = 0.35 [-], all the resonance peaks are attenuated (with
exception of the 9th resonance peak) since all the plate modes contribute to the
active sound power in this case.
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From this point on, the initial guess of the mechanical properties of the vibration
absorbers is defined in such a way that the response of the first plate mode is
attenuated.

The influence of the number of vibration absorbers

In this section, the number of vibration absorbers Nd is varied. The vibration
absorbers are equally distributed in the ~ex- and ~ey-direction, i.e. Ndx = Ndy . The
optimal spring stiffness and damping values of the vibration absorbers are com-
puted for three design configurations;

1) Design 1: The spring stiffness and damping value of each vibration absorber
is individually optimized, i.e. there are 2Nd unknown variables.

2) Design 2: The spring stiffness and damping values of the vibration absorbers
are identical, i.e. there are 2 unknown variables.

3) Design 3: The spring stiffness and damping values of the vibration absorbers
are identical. In addition, there is a lower and upper bound on the spring
stiffness and the dimensionless damping parameter is constant, i.e. there is 1
unknown variable.

Although the latter two designs are restricted in the sense that the design freedom
is much smaller when compared to the former case, it is much easier and cheaper
to manufacture a resonator lattice in which the individual vibration absorbers are
characterized by identical mechanical properties (and in this case also an identical
mass).

In design 1, the spring stiffness and damping value of the vibration absorbers are
individually optimized by minimizing the low-frequency domain kinetic energy or
the active sound power of the plate. A physical constraint is that the mechanical
properties are positive. This requirement is included in the optimization problem
by defining a lower bound on the mechanical properties of the vibration absorbers,
i.e. a constrained minimization problem is solved. Fig. 7.13 shows the amount of
reduction in the kinetic energy (the kinetic energy is minimized) and the active
sound power (the active sound power is minimized) for different numbers Nd of
equally distributed vibration absorbers and three mass ratio’s, namely µ = 0.05
[-] (light gray), µ = 0.20 [-] (black) and µ = 0.35 [-] (dark gray). In general, the
results indicate that; 1) the amount of reduction increases for higher mass ratio’s,
2) the amount of reduction in the active sound power is higher when compared to
the amount of reduction in the kinetic energy, and 3) there is an optimum number
of vibration absorbers for each optimization and mass ratio if the kinetic energy is
minimized, whereas the amount of reduction in the active sound power is always
the highest for Nd = 16 [-] vibration absorbers, see Tab. 7.2. In addition, it is
seen that the amount of reduction in both the kinetic energy and the active sound
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power is (very) small if Nd = 4 [-] vibration absorbers are added to the plate. In
fact, the negative amount of reduction in the kinetic energy for Nd = 4 [-] with
µ = 0.35 [-] indicates that the performance of an equivalent plate with the same
total weight as the plate with the vibration absorbers is better.
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Fig. 7.13: For different numbers of vibration absorbers, the amount of reduction in the kinetic
energy (left plot) and the active sound power (right plot), where µ = 0.05 (light gray), µ = 0.2

(black), and µ = 0.35 [-] (dark gray).

Tab. 7.2: The optimum number of vibration absorbers, which leads to the highest amount of
reduction in the kinetic energy and the active sound power for different mass ratio’s.

mass ratio µ = 0.05 µ = 0.20 µ = 0.35

the kinetic energy is minimized Nd = 36 Nd = 25 Nd = 16
the active sound power is minimized Nd = 16 Nd = 16 Nd = 16

By comparing the results from Fig. 7.9 with Fig. 7.13, it is seen that the perfor-
mance of multiple vibration absorbers is, in general, better than the performance
of a single vibration absorber (at least for the considered positions). From a de-
sign perspective this is convenient since there is no longer a need to compute the
optimal location of the vibration absorber.

For µ = 0.05 [-], Fig. 7.14 shows the kinetic energy (the kinetic energy is minimized)
and the active sound power (the active sound power is minimized) of the plate
with Nd = 4 [-] (blue lines), Nd = 25 [-] (green lines), and Nd = 49 [-] (red lines)
vibration absorbers. For reference, the kinetic energy and active sound power of the
plate without the vibration absorbers is depicted by black solid lines. Finally, the
response of the equivalent plate (which has the same weight as the plate with the
vibration absorbers) is depicted by black dashed lines. Only a few plate modes are
affected by usingNd = 4 [-] vibration absorbers. Although the overall low-frequency
domain performance is the worst in this case, the plate response is still efficiently
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suppressed at low frequencies f < 75 [Hz]. For the remaining cases, it is seen that
the response is very efficiently attenuated, especially by using Nd = 49 [-] vibration
absorbers. It is emphasized that the response of the plate with the vibration
absorbers is much lower than the response of the equivalent plate independent of
the number of vibration absorbers.
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Fig. 7.14: The response of the plate without the vibration absorbers (black solid lines) and the
response of the plate with Nd = 4 (blue lines), Nd = 25 (green lines), and Nd = 49 [-] (red lines)

vibration absorbers for µ = 0.05 [-]. The dashed black lines correspond to the response of the
equivalent plate. Left plot; the kinetic energy (the kinetic energy is minimized). Right plot; the

active sound power (the active sound power is minimized).
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Fig. 7.15: The response of the plate without the vibration absorbers (black solid lines) and the
response of the plate with Nd = 4 [-] (blue lines), Nd = 25 [-] (green lines), and Nd = 49 [-] (red
lines) vibration absorbers with µ = 0.35 [-]. The dashed black lines correspond to the response
of the equivalent plate. Left plot; the kinetic energy (the kinetic energy is minimized). Right

plot; the active sound power (the active sound power is minimized)
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In general, the amount of reduction increases for higher mass ratios’s. Therefore,
Fig. 7.15 shows the plate response for again Nd = 4 [-] (blue lines), Nd = 25 [-]
(green lines), and Nd = 49 [-] (red lines) vibration absorbers but now with a mass
ratio of µ = 0.35 [-]. When compared to µ = 0.05 [-], it is seen that the response
level is even more uniform in the entire frequency domain and smoother at high
frequencies. Despite the fact that the H2-norm of the kinetic energy of the plate
with Nd = 4 [-] vibration absorbers is smaller than the H2-norm of the kinetic
energy of the equivalent plate, it is seen that below f < 70 [Hz] the response of the
plate with the vibration absorbers is much smaller.

The mechanical properties of the vibration absorbers are studied by computing the
(uncoupled) eigenfrequencies and the corresponding dimensionless damping param-
eters of each vibration absorber. For µ = 0.05 [-], the mechanical properties are
visualized in a compact way by means of box-plots in Fig. 7.16. The left two plots
denote the eigenfrequencies and dimensionless damping parameters which corre-
spond to minimizing the kinetic energy and the right two plots correspond to min-
imizing the active sound power. For each box, the horizontal line in the box is the
median, the edges of the box are the 25th and 75th percentiles, the whiskers extend
to the most extreme data points not considered as outliers, and outliers are plotted
individually by black circular makers. In a similar way, the mechanical properties
of the vibration absorbers with a mass ratio of µ = 0.35 [-] are visualize in Fig. 7.17.

From Fig. 7.16, it is seen that there are two parameter sets which deviate (very)
much from the rest. Both exceptional cases occur if the kinetic energy is mini-
mized, namely; 1) for µ = 0.05 [-] with Nd = 25 [-] and 2) for µ = 0.35 [-] with
Nd = 16 [-]. The former case is in addition characterized by a much lower amount
of reduction in the kinetic energy when compared to Nd = 9 [-] and Nd = 25 [-],
see Fig. 7.13. Nevertheless, the performance of the optimally tuned vibration ab-
sorbers is a factor five better than the performance of the vibration absorbers with
the mechanical properties based on the initial guess.

By excluding the two exceptional cases, some general trends can be recognized in
Figs. 7.16-7.17. Firstly, the median of the eigenfrequencies increases and the me-
dian of the dimensionless damping parameter decreases if the number of vibration
absorbers increases. Note that these trends are in agreement with the parameter
values which are obtained by adding a single vibration to the plate, see Fig. 7.10.
Secondly, it is seen that the 75th percentiles of the eigenfrequencies are always
below f < 215 [Hz]. This result indicates that the vast majority of the vibration
absorbers are effectively tuned for frequency domain of interest. Finally, it is seen
that there are multiple vibration absorbers with a very high dimensionless damp-
ing parameter if the active sound power is minimized, which implies that there are
several added point masses.
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Fig. 7.16: For µ = 0.05 [-] and different number of vibration absorbers Nd, box-plots of the
eigenfrequencies and the dimensionless damping parameters. The left two plots correspond to
minimizing the kinetic energy. The right two plots correspond to minimizing the active sound

power.
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Fig. 7.17: For µ = 0.35 [-] and different number of vibration absorbers Nd, box-plots of the
eigenfrequencies and the dimensionless damping parameters. The left two plots correspond to
minimizing the kinetic energy. The right two plots correspond to minimizing the active sound

power.

Although realizable, it is complex, time consuming, and cost expensive to manufac-
ture a resonator lattice with many vibration absorbers which are characterized by
a wide range of mechanical properties. From a realization point of view, it is there-
fore preferred that each vibration absorbers has similar mechanical properties. In
design 2, the spring stiffness and damping value (which are assumed to be identical
for each vibration absorber) are optimized in order to have an optimal amount of
reduction. In the design 3, the mechanical properties of a melamine foam layer are
used to impose constraints on the spring stiffness of the vibration absorbers and to
predefine the damping value. Note that the melamine foam layer is present in the
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double wall panel studied in this work. Note further that, vibration absorbers can
be realized by embedding mass inclusion in the foam layer, i.e. the feasibility of this
concept is experimentally validated in Appendix E. Here, it is assumed that the
mass of the vibration absorber is cylindrically shaped and bonded to the surface
of the foam layer (instead of embedding the mass in the foam layer). The radius
of the vibration absorber mass is denoted by rnd

and the height of the vibration
absorber mass by hnd

. Vibration absorber masses with a large surface area and a
small height and vibration absorbers masses with a small surface area and a large
height are avoided by imposing an upper and lower bound on the ratio between
the radius and the height of the vibration absorber mass

rnd
/3 < hnd

≤ 2rnd
. (7.30)

In addition, it is assumed that 1) the material properties of the foam layer are
frequency independent, 2) boundary effects due to deformations of the foam layer
around the vibration absorber masses are negligible, 3) the mass of the foam column
underneath the vibration absorber is much smaller than the mass of the vibration
absorber itself, and 4) the vibration absorber mass is made from steel with density
ρnd

= 7850 [kg/m3]. Based on the above assumptions, the complex stiffness of the
foam layer can be approximated by

k̃ =
E2(1 + jη2)And

h3
, (7.31)

where And
= πr2

nd
is the surface area of the vibration absorber mass, E2 is the

Young’s modulus of the foam layer, η2 is the structural loss factor of the foam
layer, and h3 is the foam layer thickness. Hence, the spring stiffness has an up-
per and lower bound which is determined by the ratio between the radius and
the height of the vibration absorber mass, i.e. min(Re(k̃)) ≤ knd

≤ max(Re(k̃)),
whereas the dimensionless damping parameter is constant and fully determined by
η2, i.e. cnd

= 2ξ2
√
knd

mnd
, where the relation between the dimensionless damping

parameter ξ2 and the structural loss factor η2 is defined by (2.10). Note that the
mechanical material properties of the melamine foam layer are listed in Tab. 2.2.

The amount of reduction in the kinetic energy (the kinetic energy is minimized)
and the amount of reduction in the active sound power (the active sound power is
minimized) is shown in Fig. 7.18 for the final two designs, different mass ratio’s,
and different number of vibration absorbers. The light gray, dark gray, and black
bars correspond to design 2, whereas the white bars correspond to design 3. Again,
the mass ratio’s are denoted by light gray (µ = 0.05 [-]), black (µ = 0.20 [-]), and
dark gray (µ = 0.35 [-]) colours. It is seen that the performance of the design 3 is
considerably lower than the performance of design 2. For design 2, the amount of
reduction in the kinetic energy and active sound power increases for higher mass
ratio’s, whereas only the amount of reduction in the active sound power increases
for higher mass ratio’s for design 3.
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Fig. 7.18: For different number or vibration absorbers Nd, the amount of reduction in the
kinetic energy (left plot) and the amount of reduction in the active sound power (right plot),
where µ = 0.05 (light gray), µ = 0.2 (black), and µ = 0.35 [-] (dark gray). The colored bars

correspond to design 2 and the white bars to design 3.

By comparing the amount of reduction of design 1 (see Fig. 7.13) with design 2 and
design 3, it is seen that design 1 is optimal. This observation is not surprising, since
the design freedom is much higher in this case. Although it is more beneficial to
have a resonator lattice which is characterized by vibration absorbers with similar
mechanical properties from a particle point of view, this is certainly not leading to
the most optimal design.

The uncoupled eigenfrequency and corresponding dimensionless damping parame-
ter of the vibration absorbers of design 2 are depicted in Fig. 7.19.
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Fig. 7.19: For different number of vibration absorbers Nd and three mass ratio’s, namely
µ = 0.05 [-] (light gray), µ = 0.2 [-] (black), and µ = 0.35 [-] (dark gray), the eigenfrequencies

and the dimensionless damping parameters corresponding to the case where the kinetic energy
(left two plots) and the active sound power (right two plots) is minimized.
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The left two plots correspond to kinetic energy minimization and the right two
plots correspond to active sound power minimization. The eigenfrequency of the
vibration absorbers increases for higher mass ratio’s and for a higher number of vi-
bration absorbers, especially if the kinetic energy is minimized. The dimensionless
damping parameter of the vibration absorbers increases for higher mass ratio’s.
However, the dimensionless damping parameter decreases in all cases if Nd > 9 [-].
As mentioned before, high damping values are a result of low-frequency domain
performance optimization. When compared to active sound power minimization,
it seen that the eigenfrequency of the vibration absorbers is in general higher and
that the dimensionless damping parameter is in general lower if the kinetic energy
is minimized.

The eigenfrequencies of the (uncoupled) vibration absorbers of design 3 are depicted
in Fig. 7.20. The left and right plot corresponds to kinetic energy and active sound
power minimization. For each case, the box denotes the upper and lower bound of
the eigenfrequency which is realizable by adding cylindrically shapes mass on the
surface of the foam layer. The dimensionless damping parameter is not shown in
this case because this value is constant.

Fig. 7.20: For µ = 0.05 [-] (light gray), µ = 0.2 [-] (black), and µ = 0.35 [-] (dark gray), the
uncoupled eigenfrequency of the vibration absorbers of design 3. Left plot; kinetic energy

minimization. Right plot; active sound power minimization. Each box denotes the upper and
lower bound of the eigenfrequency which is realizable by the vibration absorber mass and the

melamine foam layer.

Also in this case, the eigenfrequency of the vibration absorbers decreases for higher
mass ratio’s and a higher number of vibration absorbers. If the kinetic energy is
minimized, it is seen that for Nd = 4 [-] with µ = 0.05 [-] the eigenfrequency of
the vibration absorber coincides with the lower bound of the realizable eigenfre-
quency. This result indicates that the amount of reduction is not optimal in this
case. For the remaining mass ratio’s and number of vibration absorbers, the opti-
mal eigenfrequencies of the vibration absorbers are always located in between the



148 Plate sound radiation reduction by means of vibration absorbers

upper and lower bound of the realizable eigenfrequency. This is not the case if the
active sound power is minimized, i.e. the eigenfrequency of the vibration absorbers
is only located in between the upper and lower bound for Nd > 16 [-].

Finally, a comparison between the response of the three designs is presented in Fig.
7.21 for Nd = 49 [-] vibration absorbers with a mass ratio of µ = 0.05 [-]. In all
cases, the low-frequency domain kinetic energy (left plot) or active sound power
(right plot) is minimized. For the same added mass, the low-frequency domain per-
formance is considerably increased by individually tuning the vibration absorber.
From a realization point of view, this optimal design might be difficult to achieve.
Vibration absorbers with identical mechanical properties have the advantage that
the practical realizability increases but the drawback is that the efficiency of the vi-
bration absorbers is much lower. A realizable resonator lattice with a high amount
of performance might be obtained by combing both extreme designs. The most
straightforward way to achieve such design by means of a foam layer with mass
inclusions is to randomly scatter mass inclusions with different width to height
ratio’s in the foam layer.
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Fig. 7.21: The kinetic energy (left plot) and the active sound power (right plot) of the plate
without vibration absorbers (black lines). The coloured lines denote the response of the plate

with Nd = 49 [-] vibration absorbers with a mass ratio of µ = 0.05 [-] for design 1 (green lines),
design 2 (blue lines), and design 3 (red lines).

7.4 Conclusion

A uniform, robust, and concise methodology is proposed in order to individually
optimize vibration absorbers for MDOF vibro-acoustic systems. To be more spe-
cific, the mechanical properties of the vibration absorbers are efficiently optimized
by minimizing not only the low-frequency domain dynamic response but also the
acoustic response by solving a LQR optimization problem. This approach is very
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suitable since a quadratic measure of the system output is minimized. However,
an additional modelling effort has to be made in order to obtain the so-called radi-
ation filter, which includes the frequency dependent radiation resistance matrix by
means of a stable state-space model. The radiation filter is obtained by spectral
factorization. In contrast to spectral factorization algorithms presented in litera-
ture, there is no restriction on the rational Laplace model describing the radiation
impedance matrix in the sense that poles/zero on the imaginary axis are allowed in
our approach. Although the vibration absorbers are distributed periodically and
the total mass of the vibration absorbers is distributed uniformly in this work, the
proposed methodology can also be applied to random spatial and mass distribu-
tions. As demonstrated, this LQR based optimization approach is also effective to
minimize narrow-band responses.

It is shown that vibration absorbers have a great potential to not only reduce
the low-frequency domain dynamic but also the low-frequency domain acoustic re-
sponse of a baffled point-force excited plate, especially if the mechanical properties
of each vibration absorber are optimized. In general, it can be concluded that
the low-frequency domain response of the plate is more efficiently suppressed by
using multiple equally distributed vibration absorbers with a uniformly distributed
mass when compared to a single vibration absorber with the same mass. The per-
formance of the vibration absorbers can be increased even further by increasing
the mass ratio, i.e. not only the vibration absorber is more efficient but also the
coupling between the plate modes is higher. In general, it can be concluded that
the eigenfrequencies increase and that the corresponding dimensionless damping
parameter decrease if the number of vibration absorbers is increased.
Approximately the same performance (after optimization) is obtained by varying
the initial guess of the mechanical properties of the vibration absorbers. However,
by varying the initial guess, an inherent property of low-frequency domain opti-
mization is revealed which is similar to the ”waterbed effect” known from control
theory. For example, a high reduction of the response at low frequencies means
that the reduction in the response at high frequencies is less high. On the other
hand, a high amount of reduction at high frequencies means that the reduction of
the response at low frequencies is less high.

From a realization point of view, it is complex, time consuming, and expensive to
manufacture a resonator lattice which is characterized by vibration absorbers with
a wide range of mechanical properties. Therefore, the performance of two addi-
tional designs is studied in which the parameter values of the vibration absorbers
are assumed to be identical. In the second design, the spring stiffness and damping
value are both optimized. The third design is based on the material properties
of a melamine foam layer in combination with cylindrically shaped steel vibration
absorber masses which are bonded to the surface of the foam layer. Based on the
ratio between the radius and the height of the vibration absorber mass, there is now
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a lower and upper bound on the realizable spring stiffness. In addition, the dimen-
sionless damping parameter is constant. The low-frequency domain performance
of a resonator lattice with identical vibration absorbers is considerably lower when
compared to the optimal design (the vibration absorber are individually optimized).

An efficient and not to complex resonator lattice might be obtained by combing
both extreme designs, i.e. there is a compromise between the performance at one
hand and the cost/realizibility on the other hand. The most straightforward way to
achieve such design by means of a foam layer with mass inclusions is to randomly
scatter mass inclusions with different width to height ratio’s in the foam layer.



CHAPTER 8

Passive low-frequency domain performance
optimization of double wall panels

In this chapter, the influence of the double wall panel configuration and
the weight distributions between the plates of the double wall panel on
the low-frequency domain performance is addressed. The low-frequency
domain performance is, in addition, enhanced by adding multiple opti-
mally tuned vibration absorbers to the plate with the attached foam
layer. The influence of the type of excitation is also addressed by con-
sidering plane wave excitation of the upper plate of the double wall
panel and acoustic point source excitation of the cavity.

8.1 Summary of the design approach

As mentioned in the introduction, there is an increasing demand for light-weight
panels which should be able to reduce the impact of noise as much as possible and
preferably in a broad frequency range. Double wall panels have a better acoustic
performance than single panels with the same mass in the mid/high frequency
provided that the air-layer resonances are attenuated. Although there are many
ways to attenuate the air-layer resonances, it is likely that a foam layer is used for
this purpose because a foam layer is light-weight, cheap, and easy to manufacture.
Accordingly, the mid/high frequency domain performance of the double wall panel
can be enhanced by optimizing sound absorption of the foam layer, whereas the
mechanical properties of the foam layer can be optimized to passively enhance the
low-frequency domain performance. This topic is briefly addressed in Ch. 2 and
Ch. 3, where the dynamic and acoustic response of three foam layers with identical
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mass are compared. In this chapter, the low-frequency domain performance of
two double wall panel configurations is compared and the influence of the weight
distribution between the plates of the double wall panel is addressed. The low-
frequency domain performance is further enhanced by adding multiple optimally
tuned vibration absorbers to the plate with the attached foam layer. The vibration
absorbers can be realized in practice by embedding mass inclusions in the foam
layer. This concept is experimentally validated in Appendix E.

8.2 Double wall panel configurations and vibra-
tion absorber design

The performance of the cavity-backed double wall panel is compared with the
performance of a cavity-backed single panel. Two double wall panel configurations
are considered. This leads to the following three systems;

- A plate / cavity (P-C) system

- A plate with foam layer / air layer / plate / cavity (MLP-A-P-C) system

- A plate / air-layer / plate with foam layer / cavity (P-A-MLP-C) system

A graphical representation of the systems is shown in Fig. 8.1.
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Fig. 8.1: Three cavity-backed acoustic shielding panels. Left plot; P-C system. Middle plot;
MLP-A-P-C system. Right plot; P-A-MLP-C system.

The total weight of the single and double wall panels is chosen to be identical in or-
der to be able to compare the performance of the systems. The sum of the thickness
of the single aluminium plate and the thickness of the aluminium plate with the
attached foam layer is chosen as h1 +h2 = 4.0 [mm]. The thickness of the melamine
foam layer is h3 = 4.0 [cm]. The density of the foam layer is ρ2 = 8 [kg/m3]. There-
fore, the equivalent thickness heq of the aluminium plate of the P-C system is de-

fined by heq = h1+h2+ ρ2h3

ρ , where ρ is the density of aluminium. The total weight
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of each acoustic shielding panel is equal to mt = ρheq = ρ(h1 + h2) + ρ2h3 = 2.42
[kg]. As in Ch. 4 (see Sec. 4.1.2), the dimensions of the plates are Lx = 0.5 [m] and
Ly = 0.425 [m], the height of the air-layer is L2 = 0.02 [m], and the height of the
cavity is L1 = 0.6 [m]. The mechanical properties of aluminium are listed in Tab.
2.1. The mechanical and acoustic properties of the melamine foam layer are listed
in, respectively, Tab. 2.2 and Tab. 3.1. The properties of air are listed in Tab. 3.2.

The vibration absorbers are optimized based on the following choices;

- The total vibration absorber mass is chosen to be 5 % of the total mass of the
acoustic shielding panel, i.e. µ = 0.05 [-], where µ = (Ndmnd

)/mt. Here, Nd
is the number of vibration absorbers, mnd

is the mass of a single vibration
absorber, and mt is the total mass of the double wall panel.

- The vibration absorbers are equally distributed over the plate surface and
the total mass of the vibration absorbers is distributed uniformly, see Sec.
7.2.2.

- The initial guess of the mechanical properties of the vibration absorbers is
based on the vibro-acoustic response of the system, see Sec. 7.2.6. To be
more specific, the frequency value which corresponds to the response of the
system with the largest magnitude is defined as the eigenfrequency of the 1
DOF main system.

- The spring stiffness of each vibration absorber is optimized whereas the di-
mensionless damping parameter is constant, i.e. there are Nd unknowns in
the optimization problem.

The latter design choice is based on the fact that the mechanical material properties
of the melamine foam layer are fixed. Hence, the spring stiffness of the vibration
absorber is varied by changing the geometry of the mass inclusions, whereas the
dimensionless damping parameter is constant and defined by the structural loss
factor of the melamine foam layer. Instead of predefining an upper and lower
bound on the realizable spring stiffness, we only ensure that the spring stiffness is
positive. This assumption is based on the results of Sec. 7.3.3, where it is shown that
the performance of the vibration absorbers might decrease by including this design
constraint. However, the realizability of the spring stiffness is checked afterwards.

8.3 Passive optimization for plane wave excitation

The acoustic shielding panels are excited by an incident plane wave with a pressure
amplitude of P̃ = 0.1 [Pa]. It is the goal to minimize the low-frequency domain
potential energy of the cavity. Since the H2-norm of the system output is defined
as the performance measure, it is evident that the resonance peak with the largest
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cavity pressure magnitude determines the measure for the low-frequency perfor-
mance. For the double wall panel systems, this resonance peak is always located
below f = 80 [Hz]. In this frequency range the response of the system does not
depend on the angle of incidence of the plane wave. This is illustrated in Fig. 8.2,
where the potential energy of the cavity for the MLP-A-P-C system is shown for
oblique, i.e. n1 = n2 = n3 = −

√
1/3, (gray lines) and normal (black lines) plane

wave excitation. The vibro-acoustic response is obtained by means of the proposed
sound excitation model of Ch. 5. Indeed, it can be concluded that there are only
minor differences in the low-frequency domain (f < 250 [Hz]) cavity response for
normal and plane wave excitation.
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Fig. 8.2: The potential energy of the cavity for the MLP-A-P-C system with
(h1, h2) = (0.5, 3.5) [mm] (left plot) and (h1, h2) = (3.5, 0.5) [mm] (right plot). The black line
corresponds to normal plane wave excitation. The gray lines correspond to oblique plane wave

excitation with n1 = n2 = n3 = −
√

1/3.

It is the goal to compare the performance of different cavity-backed acoustic shield-
ing panels. Therefore, the blocked pressure is used to model the surface excitation
pressure. The main advantage of describing the surface excitation pressure with
the blocked pressure is that the column with the modal excitation forces is fre-
quency independent for normal plane wave excitation. As a result, the model size
reduces considerably since no state-space model of the otherwise frequency depen-
dent input column has to be computed and coupled to the state-space model of the
vibro-acoustic system.

Model reduction

It is important to have an accurate H2-norm of the low-frequency domain (f < 250
[Hz]) potential energy of the cavity in order to compare the performance of the con-
sidered systems. This topic is also addressed in Ch. 7 (see Sec. 7.3.1), where the
kinetic energy and active sound power of a baffled point force excited plate is min-
imized. For the baffled plate system, an accurate H2-norm is obtained by filtering
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the output response of the system by means of a low-order low-pass filter. For the
cavity-backed double wall panel, the low-frequency domain accuracy of the model
is influenced by higher order uncoupled structural and acoustic modes. The H2-
norm of the system output is, therefore, influenced by resonance peaks which are
located outside the frequency domain of interest. This contribution can be reduced
by filtering the output of the system with high-order low-pass filters. Applying
high-order low-pass filters results in an increased system complexity and high com-
putation times.

An alternative for obtaining an accurate H2-norm of the low-frequency domain
response of the system is based on a modal based model reduction technique [19].
Since the mass and stiffness matrix are not symmetric, a left and right eigenvalue
problem has to be solved in order to be able to diagonalize the system matrices.
The left and right eigenvalue problems are defined by

(K− ω2
0,lM)u0,l = 0 and (KT − ω2

0,lM
T )v0,l = 0, (8.1)

where f0,l = ω0,l/2π are the eigenfrequencies of the undamped system (f0,1 <
f0,2 < ... < f0,L) and u0,l and v0,l are the corresponding left and right eigenvectors.
Note that the system has L = M2+N2+M1+N1 eigenfrequencies, i.e. the dynamic
response of the upper and lower plate are described by M2 and M1 uncoupled
structural modes and the air-layer and cavity pressure are described by N2 and N1

uncoupled acoustic modes. The left and right eigenvectors corresponding to the
eigenfrequencies in the frequency domain f1 ≤ f0,1, ..., f0,Mr ≤ f2 are stored in the
matrices

U =
[
u0,1 ... u0,Mr

]
and V =

[
v0,1 ... v0,Mr

]
, (8.2)

where f1 and f2 denote the lower and upper bound of the frequency domain of
interest and Mr is the total number of eigenfrequencies in this frequency range.
Since the left and right eigenvectors fulfil the bi-orthogonality property, the eigen-
vectors are normalized in such a way that VTMU = I, where the normalization of
the left and right eigenvectors is uniquely determined by defining that the lengths
of both columns are identical vT0,nv0,n = uT0,nu0,n. The reduced order state-space
model of the cavity-backed double wall panel has the form

ẋ =

[
0 I

−M−1
redKred −M−1

redDred

]
x +

[
0

M−1
redB

]
f(t) (8.3)

z = Credx (8.4)

where Mred = VTMU, Dred = VTDU, Kred = VTKU, Bred = VTB, and
Cred = CU.
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In order to illustrate the effectiveness of the model reduction method, Fig. 8.3
shows the potential energy of the cavity pressure for the MLP-A-P-C system for
(h1, h2) = (0.5, 3.5) [mm] (left plot) and (h1, h2) = (3.5, 0.5) [mm] (right plot). The
black lines correspond to the response of the full model and the gray dashed lines
to the response of the reduced order model with f1 = 0 [Hz] and f2 = 250 [Hz].
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Fig. 8.3: The potential energy of the cavity of the MLP-A-P-C system for (h1, h2) = (0.5, 3.5)
[mm] (left plot) and (h1, h2) = (3.5, 0.5) [mm] (right plot). The black lines correspond to the

response of the full model and the gray dashed lines to the response of the reduced order model.

It is seen that the response of the full model and the reduced order model match
perfectly for f < 250 [Hz] and that the response of the reduced order model de-
creases at higher frequencies. Therefore, the H2-norm of the output response (in
this case the potential energy of the cavity) of the reduced order model is now an
accurate low-frequency domain performance measure.

8.3.1 Topology optimization

It is demonstrated in Ch. 5, see Sec. 5.5, that the cavity pressure is strongly influ-
enced by the weight distribution between the upper and lower plate of the double
wall panel. This implies that there is an optimal weight distribution which leads to
the best low-frequency domain performance. This topic is further addressed here.
To this end, the H2-norm of the potential energy of the cavity is shown in Fig. 8.4
for the P-C system (black lines), the MLP-A-P-C system (gray solid lines), and the
P-A-MLP-C system (gray dashed lines). The weight distribution ms1/mt defines
the ratio between the mass ms1 of the lower plate of the double wall panel and the
total mass mt of the double wall panel. The thickness of the lower aluminium plate
is varied between 0.5 ≤ h1 ≤ 3.5 [mm], i.e. h2 = 4.0 − h1 [mm]. As a result, the
weight distribution ms1/mt is different for both double wall panel configurations
since the foam layer is fixed to the upper plate for the MLP-A-P-C system and to
the lower plate for the P-A-MLP-C system.
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Fig. 8.4: The H2-norm of the potential energy of the cavity pressure for the P-C system
(black), the MLP-A-P-C system (gray solid), and the P-A-MLP-C system (gray dashed).

The performance of the double wall panel configurations improves for small and
large weight distributions ms1/mt. For both double wall panel configurations, the
cavity pressure response is the smallest at low and high values of ms1/mt and the
two curves are more or less mirrored with respect to ms1/mt = 0.5 [-]. It is seen
that the potential energy of the cavity is the smallest for the MLP-A-P-C system
with ms1/mt = 0.85 [-] and for the P-A-MLP-C system with ms1/mt = 0.15 [-],
see the markers in Fig. 8.4. Note that the performance of the double wall panel
configurations at low and high values of ms1/mt is similar to the performance of
the P-C system with the same mass.

Overall, it can be concluded that the low-frequency domain performance of the
double wall panel configurations is the best provided that there is a large difference
between the weight of both panels and that the foam layer is attached to the plate
with the smallest mass. In addition, it can be concluded that there are only minor
differences between the performance of the double wall panel configurations.

8.3.2 Passive optimization by means of vibration absorbers

At this point it is not clear if the optimal weight distribution between the plates
of the double wall panel also provides the best starting point to further attenuate
the potential energy of the cavity by adding multiple optimally tuned vibration
absorbers to the plate with foam layer. Therefore, the efficiency of a single vibration
absorbers is studied for both double wall panel configurations and different weight
distributions between the plates. The single vibration absorber is attached to the
centre of the plate with the foam layer. The H2-norm of the potential energy of
the cavity is computed for different eigenfrequencies of the vibration absorber and
compared with the H2-norm of the potential energy of the cavity of the system
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without the vibration absorber by

∆Va1 = 20 log

( ||Va1,main||2
||Va1 ||2

)
, (8.5)

where ||Va1,main||2 and ||Va1 ||2 denote the H2-norm of the potential energy of the
cavity pressure of, respectively, the system without and with the vibration absorber.
The amount of reduction in the potential energy of the cavity is shown in Fig. 8.5 for
the P-A-MLP-C system (dashed lines) and the MLP-A-P-C system (solid lines) and
for three (extreme) weight distributions between the upper and lower plate of the
double wall panel, namely (h1, h2) = (0.5, 3.5) [mm] (left plot), (h1, h2) = (2.0, 2.0)
[mm] (middle plot), and (h1, h2) = (3.5, 0.5) [mm] (right plot).
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Fig. 8.5: The amount of reduction in the potential energy of the cavity for the P-A-MLP-C
system (dashed lines) and the MLP-A-P-C system (solid lines) which is obtained by adding a

single vibration absorber with different eigenfrequencies f0,1 to the centre of the plate with the
attached foam layer for (h1, h2) = (0.5, 3.5) [mm] (left plot), (h1, h2) = (2.0, 2.0) [mm] (middle

plot), and (h1, h2) = (3.5, 0.5) [mm] (right plot).

It should be noted that the amount of reduction in the potential energy of the
cavity is presented, which means that an inverse measure of the cost function is
visualized, i.e. the cost function describes the potential energy of the cavity as a
function of the eigenfrequency of the vibration absorber. Therefore, it can be con-
cluded that the cost function is convex and that there is one global minimum in all
cases. The maximum reduction of the MLP-A-P-C system and the P-A-MLP-C
system are comparable if the upper and lower plate of the double wall panel have
approximately the same mass, i.e. ∆Va1 = 6.5 [dB]. It is seen that the maximum
reduction in the potential energy of the cavity is considerably smaller if the vibra-
tion absorber is attached to the thin plate of the double wall panel. For example,
for (h1, h2) = (0.5, 3.5) [mm], the maximum reduction of the P-A-MLP-C system
is equal to ∆Va1 = 0.5 [dB], whereas the maximum reduction of the MLP-A-P-C
system is equal to ∆Va1 = 7.0 [dB]. In addition, the performance of the double
wall panel might deteriorate if the vibration absorber is not properly tuned and
attached to the plate with the smallest mass.
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Based on the above observations, it seems that the double wall panel topology with
the best low-frequency domain performance (the foam layer is attached to plate
with the smallest mass) is not very suitable for low-frequency domain performance
optimization by means of vibration absorbers because the vibration absorber is
more efficient if it is attached to the plate with the largest mass.

The influence of the number of vibration absorbers

The influence of the number of vibration absorbers on the low-frequency domain
performance is addressed in this section. Based on the results of the previous
section, both the foam layer and the vibration absorbers are fixed to the plate with
the largest mass. For different numbers of equally distributed vibration absorbers
Nd, Fig. 8.6 shows the H2-norm of the potential energy of the cavity for the P-A-
MLP-C system (black bars) and the MLP-A-P-C system (gray bars). The results
in the left plot correspond to the P-A-MLP-C system with (h1, h2) = (3.5, 0.5)
[mm] and to the MLP-A-P-C system with (h1, h2) = (0.5, 3.5) [mm]. The results
in the right plot correspond to h1 = h2 = 2.0 [mm]. For clarity, the H2-norm of
the potential energy of the P-A-MLP-C system (black dashed lines) and the MLP-
A-P-C system (gray dashed lines) without the vibration absorbers is also depicted.
Finally, the H2-norm of the potential energy of the cavity for a P-C system with the
same total mass as the double wall panel with the vibration absorbers is denoted
by black solid lines.
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Fig. 8.6: For different numbers of vibration absorbers, the H2-norm of the potential energy of
the cavity for the MLP-A-P-C system (gray bars) and the P-A-MLP-C system (black bars).

Left plot; (h1, h2) = (3.5, 0.5) [mm] for the MLP-A-P-C system and (h1, h2) = (0.5, 3.5) [mm]
for the P-A-MLP-C system. Right plot; h1 = h2 = 2.0 [mm].

The performance of the double wall panels improves by adding vibration absorbers
to the system. It is seen that the performance of the double wall panels with
non-symmetric weight distributions and vibration absorbers is better than the per-
formance of a single panel with the same overall mass. For the non-symmetric
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configurations, it seems that it is sufficient to add Nd = 4 vibration absorbers to
the heavy plate with the foam later since the H2-norm of the potential energy
of the cavity is comparable for Nd > 4. However, the cavity response becomes
more uniform in a broader frequency range if the number of vibration absorbers
increases. This is illustrated in Fig. 8.7, where the response of the MLP-A-P-C sys-
tem without the vibration absorbers (black lines) is compared with the response
of the MLP-A-P-C system with Nd = 1 [-] (blue lines), Nd = 9 [-] (red lines),
and Nd = 25 [-] (green lines) equally distributed vibration absorbers which are
tuned by minimizing the potential energy of the cavity in the low-frequency do-
main f < 250 [Hz]. The left plot corresponds to (h1, h2) = (0.5, 3.5) [mm]. The
right plot corresponds to h1 = h2 = 2.0 [mm].
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Fig. 8.7: The response of the MLP-A-P-C system for (h1, h2) = (0.5, 3.5) [mm] (left plot) and
h1 = h2 = 2.0 [mm] (right plot). Black lines; the response of the system without vibration

absorbers. Blue, red, and green lines correspond to the response which is obtained by,
respectively, adding Nd = 1 [-], Nd = 9 [-], and Nd = 25 [-] vibration absorbers to the plate with

the foam layer.

For both weight distributions, the response of the system with the optimally tuned
vibration absorbers is similar in the sense that the response near the first dominant
resonance peak is attenuated. The behaviour of a classical vibration absorber is
encountered if a single vibration absorber is added to the system. It is seen that
the response is more uniform in a broader frequency domain if multiple vibration
absorbers are added to the system. This is in agreement with the result reported
in [127], where the response of a 1 DOF system is efficiently reduced by adding
multiple optimally tuned vibration absorbers to the system.

The uncoupled eigenfrequencies of the optimally tuned vibration absorbers are
shown in Fig. 8.8 for the MLP-A-P-C system (gray markers) and the P-A-MLP-C
system (black markers). The realizability of the vibration absorbers is checked by
computing the upper and lower bound of the eigenfrequency which is realizable by
placing cylindrically shaped masses on top of the foam layer. As in Ch. 7, the ratio
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between the radius rnd
and height hnd

of the vibration absorber mass is defined by
rnd

/3 ≤ hnd
≤ 2rnd

. The boxes in Fig. 8.8 denote the upper and lower bound of the
realizable eigenfrequency of the vibration absorbers. Note that the dimensionless
damping parameter of each vibration absorbers is equal to ξ0,n = 0.0301 [-] since
the structural loss factor of the melamine foam layer is η2 = 0.06 [-].

Fig. 8.8: The eigenfrequencies of the vibration absorbers for the MLP-A-P-C system (gray
markers) and for the P-A-MLP-C system (black markers). Left plot; (h1, h2) = (3.5, 0.5) [mm]
for the MLP-A-P-C system and (h1, h2) = (0.5, 3.5) [mm] for the P-A-MLP-C system. Right

plot; h1 = h2 = 2.0 [mm]. The boxes denote the upper and lower bound of the realizable
eigenfrequencies of the vibration absorbers.

The eigenfrequencies of the vibration absorbers are very similar for both double
wall panel configurations. In combination with the response of Fig. 8.7, it can
be concluded that the eigenfrequencies of the vibration absorbers are, in general,
located in a narrow frequency band around the dominant resonance peak of the
system without the vibration absorbers. In addition, it is seen that the eigenfre-
quencies of the vibration absorbers are only realizable for the double wall panel
configurations with one heavy and one light weight plate.

Summarizing, the low-frequency domain performance of a cavity-backed double
wall panel with one heavy plate with multiple optimally tuned vibration absorbers
and one light single plate is better than the low-frequency performance of a cavity-
backed plate with the same mass. The same amount of reduction is achieved for
both double wall panel configurations. It is shown that the vibration absorbers are
realizable by placing cylindrically shaped masses on top of the foam layer provided
that the foam layer is fixed to the plate with the largest mass.
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8.4 Passive optimization for point source excita-
tion of the cavity

In this section, the cavity is excited by a power point source with a source strength
of Ps = 10−5 [W]. The point source is located in the cavity at (x0, y0, z0) =
(9Lx/14, 9Ly/14, L1/14) [m]. The frequency dependent power of the point source
is modelled by means of a high-pass filter. Two sources are considered, namely;

• A low-frequency domain power point source, which is defined by a second
order Butterworth high-pass filter with a cut-off frequency of fc = 40 [Hz].

• A mid-frequency domain power point source, which is defined by a second
order Butterworth high-pass filter with a cut-off frequency of fc = 400 [Hz].

The goal is to minimize the velocity response of the upper plate of the double wall
panel or the active sound power. Note that the velocity response of the upper plate
is a measure for near-field sound radiation, whereas the active sound power is a
measure for far-field sound radiation. Since the active sound power is dominated
by the response of the system in the low-frequency domain f < 300 [Hz], the active
sound power is computed by using a diagonal radiation resistance matrix.

8.4.1 Topology optimization

First, the performance of the P-C system is compared with the performance of
the cavity-backed double wall panels for the low-frequency domain power point
source (fc = 40 [Hz]). By using the model reduction technique of Sec. 8.3, the
vibro-acoustic model is reduced in order to ensure that the H2-norm of the system
output is accurate in the frequency domain f < 300 [Hz], i.e. f1 = 0 [Hz] and
f2 = 300 [Hz].

Fig. 8.9 shows the H2-norm of the averaged squared absolute velocity of the (up-
per) plate of acoustic shielding panel (left plot) and the H2-norm of the active
sound power (right plot) for the P-C system (black lines), the MLP-A-P-C system
(gray solid lines), and the P-A-MLP-C system (dashed gray lines). It is seen that
the single plate outperforms the double wall configurations. For both double wall
panel configurations, the velocity response of the upper plate and the correspond-
ing active sound power are minimal for ms1/mt = 0.15 [-], i.e. the mass of the
upper plate is much higher than the mass of the lower plate. Again, it is seen
that the performance improves by attaching the foam layer to the plate with the
smallest mass, i.e. the performance of the P-A-MLP-C topology is higher than
the performance of the MLP-A-P-C system for ms1/mt = 0.15 [-]. Note that the
results presented in Fig. 8.9 should be interpreted as the low-frequency domain
(f < 80 [Hz]) performance since there is only one dominant resonance peak in the
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system response. Note further that, the forced response of the MLP-A-P-C system
with the low-frequency domain sound source is studied in detail in Sec. 6.3.
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Fig. 8.9: For a low-frequency domain power point source with fc = 40 [Hz], the H2-norm of the
velocity response of the (upper) plate of the acoustic shielding panel (left plot) and the active

sound power (right plot) for the MLP-A-P-C system (solid gray lines), the P-A-MLP-C system
(dashed gray lines), and the P-C system (black lines).

The performance of the P-C system is compared with the MLP-A-P-C and the
P-A-MLP-C systems for the mid-frequency domain power point source (fc = 400
[Hz]) in Fig. 8.10. For this point source, there are several dominant resonance
peaks in the frequency domain f < 300 [Hz].
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Fig. 8.10: For a mid-frequency domain power point source with fc = 400 [Hz], The H2-norm of
the velocity response of the (upper) plate of the acoustic shielding panel (left plot) and the

active sound power (right plot) for the MLP-A-P-C system (solid gray lines), the P-A-MLP-C
system (dashed gray lines), and the P-C system (black lines).

When compared to the low-frequency domain sound source (see Fig. 8.9), it is seen
that the velocity response of the upper plate of the double wall panel for both
configurations is now similar to the velocity response of the plate of the P-C sys-
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tem and that influence of the weight distribution is less pronounced. The velocity
response of both double wall panel configurations is minimal for ms1/mt = 0.15
[-]. For this weight distribution, the performance of the P-A-MLP-C configuration
is better because the foam layer is attached to the plate with the smallest mass.

The active sound power of the double wall panel configurations is always smaller
than the active sound power of the P-C system. The active sound power is mini-
mal for the MLP-A-P-C system with ms1/mt = 0.88 [-] and for the P-A-MLP-C
system with ms1/mt = 0.15 [-]. Although these differences are small, it confirms
that minimizing the structural response does not mean that the acoustic response
is also optimally reduced.

Summarizing, the low-frequency domain performance of double wall panels is not
only influenced by the topology configuration and the weight distribution between
the plates but also by the properties of the sound source. For identical mass, the
low-frequency domain performance of a single panel is better for a low-frequency
domain sound source, whereas the performance of the single and double wall panels
are comparable for a mid-frequency domain sound source.

8.4.2 Passive optimization by means of multiple vibration
absorbers

The low-frequency domain performance of the double wall panel is passively en-
hanced by adding multiple optimally tuned vibration absorbers to the plate with
the foam layer. A mid-frequency domain sound source is used to excite the cavity.
In this way, there are multiple dominant resonance peaks in the response of the
system below f < 300 [Hz]. In addition, a distinction between minimizing the
velocity response of the upper plate of the double wall panel and the active sound
power is made.

The efficiency of the vibration absorber (in terms of the topology configuration
and weight distribution) is addressed by adding a single vibration absorbers to the
centre of the plate with the attached foam layer and by computing the amount of
reduction in the velocity response and the active sound power for different eigen-
frequencies of the vibration absorber. Fig. 8.11 shows the amount of reduction in
the velocity response of the upper plate of the double wall panel, denoted by ∆ẇ2,
whereas Fig. 8.12 shows the amount of reduction in the active sound power, de-
noted by ∆PA. In both figures, dashed lines correspond to the P-A-MLP-C system
and solid lines to the MLP-A-P-C system. The weight distribution between the
upper and lower plate of the double wall panel configurations is (h1, h2) = (0.5, 3.5)
[mm] (left plot), (h1, h2) = (2.0, 2.0) [mm] (middle plot), and (h1, h2) = (3.5, 0.5)
[mm] (right plot).



Passive optimization for point source excitation of the cavity 165

50 100 150 200 250

−4

−2

0

2

4

6

f0,1 [Hz]

∆
ẇ
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Fig. 8.11: The amount of reduction in the velocity of the upper plate of the P-A-MLP-C
system (dashed lines) and the MLP-A-P-C system (solid lines) which is obtained by adding a

single vibration absorber with different eigenfrequencies f0,1 to the centre of the plate with the
attached foam layer. Left plot; (h1, h2) = (0.5, 3.5) [mm]. Middle plot; (h1, h2) = (2.0, 2.0)

[mm]. Right plot; (h1, h2) = (3.5, 0.5) [mm].

50 100 150 200 250
−4

−2

0

2

4

6

f0,1 [Hz]

∆
P
A
[d
B
]

50 100 150 200 250
−4

−2

0

2

4

6

f0,1 [Hz]

∆
P
A
[d
B
]

50 100 150 200 250
−4

−2

0

2

4

6

f0,1 [Hz]

∆
P
A
[d
B
]

Fig. 8.12: The amount of reduction in the active sound power of the P-A-MLP-C system
(dashed lines) and the MLP-A-P-C system (solid lines) which is obtained by adding a single

vibration absorber with different eigenfrequencies f0,1 to the centre of the plate with the
attached foam layer. Left plot; (h1, h2) = (0.5, 3.5) [mm]. Middle plot; (h1, h2) = (2.0, 2.0)

[mm]. Right plot; (h1, h2) = (3.5, 0.5) [mm].

In general, it is better to attach the vibration absorber to the heaviest plate of the
double wall panel. When compared to the efficiency of a single vibration absorber
which is used to minimize the cavity pressure as a result of plane wave excitation
(see Sec. 8.3.2, Fig. 8.5), there are now also relatively large differences in amount of
reduction if the plates of the double wall panel have a comparable weight. This in-
dicates that the type of acoustic excitation influences the vibration absorber design.

Note that the cost function has a global minimum in all cases, i.e. the cost function
is an inverse measure of the amount of reduction. However, the cost function is not
always convex, which means that there are multiple local minima. For example,
the cost function which describes the velocity response of the upper plate of double
wall panel has two minima for the MLP-A-P-C topology with (h1, h2) = (0.5, 3.5)
[mm]. This implies that it is important to have a correct initial guess of the me-
chanical properties of the vibration absorbers even for this simple case.
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The influence of the number of vibration absorbers on the low-frequency domain
performance is studied for the MLP-A-P-C system with (h1, h2) = (0.5, 3.5) [mm],
where the vibration absorbers are optimized by minimizing the velocity response of
the upper plate of the double wall panel and the corresponding active sound power.
Fig. 8.13 shows the H2-norm of the velocity response of the upper plate (the plate
velocity is minimized) and the H2-norm of the active sound power (the active sound
power is minimized). The horizontal dashed lines denotes the performance of the
system without the vibration absorbers and the horizontal black line denotes the
performance of a P-C system with the same mass as the double wall panel with
the vibration absorbers. The low-frequency domain performance of the double wall
panel is considerably better than the performance of a P-C system with the same
mass. This is in agreement with the results of Sec. 8.4.2. Despite the fact that
the performance improves by adding optimally tuned vibration absorbers to the
system, it seems that there is no significant benefit in adding multiple vibration
absorbers to the system since the performance measure is comparable.
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Fig. 8.13: For different number of vibration absorbers, the H2-norm of the velocity response of
the upper plate of MLP-A-P-C system with (h1, h2) = (0.5, 3.5) [mm] (the velocity response is

minimized) and the active sound power (the active sound power is minimized).

Fig. 8.14 shows the response of the MLP-A-P-C system without the vibration ab-
sorbers (black lines) and the response which is obtained by adding Nd = 1 [-] (blue
lines), Nd = 9 [-] (green lines), and Nd = 25 [-] (red lines) optimally tuned vibration
absorbers to the plate with the foam layer. It is seen that the vibration absorbers
are (again) tuned to minimize the response around the dominant resonance peak.
To be more specific, the resonance peak of the velocity response near f = 76 [Hz]
is minimized, whereas the resonance peak of the active sound power near f = 185
[Hz] is minimized. Although the performance of different number of vibration ab-
sorbers is comparable (see Fig. 8.13), it is seen that the optimal response can be
very different. It is also observable that only the narrow-band response near a
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certain resonance peak is minimized instead of the low-frequency domain response
despite the fact that there are multiple dominant resonance peaks in the response
for the mid-frequency domain point source.
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Fig. 8.14: For the MLP-A-P-C system with (h1, h2) = (0.5, 3.5) [mm], the velocity response of
the upper plate of the double wall panel (left plot) and the active sound power (right plot) for
Nd = 1 [-] (blue lines), Nd = 9 [-] (green lines), and Nd = 25 [-] (red lines) optimally tuned
vibration absorbers. The black lines correspond to the response of the system without the

vibration absorbers.

8.5 Discussion

The vibration absorbers are optimally tuned in order to reduce the dynamic re-
sponse of the double wall panel for both plane wave excitation and acoustic point
source excitation of the cavity. For both types of acoustic excitation, it can be con-
cluded that the performance of the double wall panel, which consist of one heavy
plate (with attached foam layer and vibration absorbers) and one light plate, is
better than the performance of a single plate with the same mass. However, it is
also observed that the vibration absorbers are tuned to minimize the narrow-band
response around a single resonance peak. This might seem surprising because the
LQR based optimization problem is specifically chosen in order to minimize the low-
frequency domain response of the system. The effectiveness of this optimization
methodology is demonstrated in Ch. 7, where the low-frequency domain response of
multiple dominant resonance peaks of a single baffled point-force excited plate are
indeed efficiently minimized by multiple optimally tuned vibration absorbers. For
double wall panels, the vibration absorbers are optimized in a narrow frequency
range as a result of the inherent dynamic behaviour of the system. In order to
explain this, Fig. 8.15 shows the displacement field of the upper and lower plate
of the MLP-A-P-C system (without vibration absorbers) for (h1, h2) = (0.5, 3.5)
[mm] at three resonance frequencies, namely at f = 77.3 [Hz], f = 155.3 [Hz], and
f = 187.2 [Hz] (see also the left plot of Fig. 8.14).



168 Passive low-frequency domain performance optimization of double wall panels

Fig. 8.15: For the MLP-A-P-C system with (h1, h2) = (0.5, 3.5) [mm], the displacement field of
the upper and lower plate of the double wall panel at the resonance frequencies f = 77.3 [Hz]

(left plots), f = 155.3 [Hz] (middle plots), and f = 187.2 [Hz] (right plots).

It is seen that the displacement field of the upper plate is dominated by the un-
coupled (1,1) plate mode at the three resonance frequencies. By adding a single
vibration absorber to the centre of the plate, only the response of the (1, 1) uncou-
pled mode for one specific frequency can be attenuated efficiently. If the velocity
of the upper plate is minimized, the vibration absorber is tuned to attenuate the
vibration response near f = 77.3 [Hz] because this resonance peak contributes the
most to the performance measure. The velocity response of the (1, 1) plate mode
is the most efficiently reduced by adding the vibration absorber to the centre of
the plate, since the plate displacement is the largest there. The mass of the indi-
vidual vibration absorbers decreases by adding multiple vibration absorbers to the
plate since the mass ratio is fixed. As a result, the response of the system becomes
more uniform near the first dominant resonance peak at f = 77.3 [Hz]. However,
the combined effect of a lower vibration absorber mass and non-optimal vibration
absorber locations results in the fact that the second dominant resonance peak at
f = 187.2 [Hz] cannot be attenuated efficiently too.

Possible solutions for low-frequency domain performance optimization based on
multiple vibration absorbers are; 1) The mass distribution between the vibration
absorbers can be optimized (instead of distributing the mass uniformly over the
vibration absorbers), 2) The vibration absorbers can be attached to both sides
of the plate, i.e. two vibration absorbers are allowed to be located at the same
position (instead of distributing the vibration absorbers at one side of the plate),
and 3) The complexity of the vibration absorber can de increased to have more
DOFs (instead of one DOF).
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8.6 Conclusions

The low-frequency domain performance of cavity-backed double wall double wall
panels with different topology configurations and weight distributions between the
plates of the double wall panel are compared with the performance of a cavity-
backed single panel with the same mass for both plane wave excitation and point
source excitation of the cavity. An accurate H2-norm of the low-frequency domain
response is obtained by applying a modal based model reduction technique. The
optimum design with the best low-frequency domain performance is in all cases
obtained for double wall panels with one light plate with the attached foam layer
and one heavy plate, where the light plate is coupled to the cavity.

The low-frequency domain performance is further enhanced by adding multiple op-
timally tuned vibration absorbers to the plate with the foam layer of the double
wall panel. In contrast to the optimal topology and weight distribution design, the
vibration absorbers have a higher efficiency if they are attached to the plate with
the largest mass. All in all, the MPL-A-P-C configuration with vibration absorber
seems the best option, i.e. the vibration absorbers are attached to the outer and
heaviest plate of the double wall panel. For both plane wave excitation and acous-
tic point source excitation, the vibration absorbers minimize the response near a
single dominant resonance peak. This is due to the inherent dynamic behaviour of
double wall panels since the structural response at different resonance frequencies
of the system is characterized by similar displacements fields of the thick plate. The
response becomes more uniform in a broader frequency range by adding multiple
optimally tuned vibration absorbers to the heaviest plate of the double wall panel.

The most important observation is that the low-frequency domain performance of
the double wall panel with the optimally tuned vibration absorbers is better than
the performance of a P-C system with the same overall weight. This indicates that
it is possible to design light-weight double wall panels which are efficient in a broad
frequency range by combining passive sound transmission reduction measures for
both the low and mid/high frequency domain.





CHAPTER 9

Conclusions and recommendations

9.1 Conclusions

As mentioned in the introduction of this thesis, there is an increasing demand for
light-weight structures which should be able to reduce the impact of noise as much
as possible. The objective of this work is to develop efficient, robust, and fast
vibro-acoustic models of thin plate-like acoustic shielding panels, which are used to
enhance the low-frequency domain performance by means of passive sound trans-
mission reduction measures. Two types of acoustic shielding panels are considered
in this work, namely a point-force excited single plate and an acoustically excited
cavity-backed double wall panel. The double wall panel consists of a thin plate with
an attached thick foam layer, an air-layer, and a thin plate. For both systems, the
low-frequency domain performance is improved by adding multiple optimally tuned
vibration absorbers to the acoustic shielding panel. The main conclusions of this
work are categorized in terms of the optimization methodology, the state-space
model formulation of the vibro-acoustic systems, and the performance improve-
ment of single and double wall panels by means of vibration absorbers.

• A LQR based optimization problem is solved in order to compute the mechan-
ical properties of the vibration absorbers. This optimization methodology is
efficient and robust because it can be used to improve both the narrow-
band and low-frequency domain performance of the system by minimizing a
quadratic cost function. The choice of the cost function depends on the ap-
plication. The cost function can describe the structural response (such as the
kinetic energy of the acoustic shielding panel) but also the acoustic response
(such as the cavity pressure and the active sound power). Besides the flexi-
bility of choosing the frequency domain of interest and the cost function, the
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optimization methodology is also applicable for different types of external
loads such as mechanic and acoustic excitation (with frequency dependent
power spectra).

• A direct consequence of the choice for a LQR based optimization method
is the need for a causal and stable state-space model of the vibro-acoustic
system, which is developed in this thesis. To this end, structural dissipation
of the plates and the foam layer, which are assumed to be described by
frequency independent hysteretic damping models, are included by means of
equivalent proportional damping models. Acoustic dissipation of the air-layer
pressure as a result of the surface impedance of the foam layer is included by
means of a viscous damping model. Finally, a robust solution to the spectral
factorization of real rational matrices is proposed which leads to a stable
representation of the radiation filter. The resulting state-state space model
is not only suitable for passive performance optimization purposes but it can
also be used for active control based solutions such as optimal state-feedback.

• The (broad) low-frequency domain structural and acoustic response of a sin-
gle plate is effectively suppressed by multiple optimally-tuned vibration ab-
sorbers. The performance of the vibration absorbers can be improved further
by increasing the mass ratio, i.e. not only the vibration absorber is more ef-
ficient but also the coupling between the plate modes is stronger. In general,
the eigenfrequencies of the vibration absorbers increase and the dimension-
less damping parameters decrease if the number of vibration absorbers is
increased. The mechanical properties of the optimally tuned vibration ab-
sorbers are directly influenced by the frequency domain taken under consid-
eration and by the cost function which is minimized. The performance of
the vibration absorbers strongly depends on the allowed design freedom of
the mechanical properties of the vibration absorbers. This leads to a conflict
between performance on the one hand and practical realizability and cost on
the other hand.

• In general, it can be concluded that vibration absorbers are more suitable
for (broad) low-frequency domain performance optimization of single panels
when compared to double wall panels due to the inherent dynamic response
of double wall panels, i.e. the displacement fields of the plates are dominated
by the same uncoupled structural mode at different eigenfrequencies of the
coupled system. However, the low-frequency domain sound transmission per-
formance of a double wall panel can be better than the performance of a
single panel with the same mass if vibration absorbers are added to the dou-
ble wall panel. In addition, it is shown that the mechanical properties of the
vibration absorbers are realizable by embedding cylindrically shaped masses
in the foam layer of the double wall panel.
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When studying vibro-acoustic systems, it is important to properly include the fluid-
structure interaction terms in the model formulation and special attention should
be paid to the acoustic excitation model if plane wave excitation in considered.

• As expected, a two-way coupling between the plates of the double wall panel
and the air-layer/cavity has to be included in order to obtain an accurate
vibro-acoustic model, i.e. even for low frequencies a two-way coupling has to
be included in the model formulation. However, it is sufficient to include a
one-way coupling between the upper plate of the double wall panel and the
half-space air domain above the double wall panel, i.e. the added radiation
damping terms can be neglected.

• A low-order sound excitation model is proposed in order to approximate the
excitation pressure at the upper side of the cavity-backed double wall panel
which is located in an unbounded air domain due to plane wave excitation.
To this end, the reflected pressure at the top side of the box structure is
approximated by the solution of a half-space sound reflection model based
on the Rayleigh integral in which edge diffraction effects and sound reflection
form the remaining sides of the box structure are neglected. The reflected
pressure is expanded in a series of pressure modes described by Legendre
polynomials, which leads to excellent convergence properties. It is shown
that the blocked pressure is not accurate in the low-frequency domain, where
the low-frequency domain can be located at quite high frequency values,
especially for oblique plane wave excitation.

To conclude, the following guidelines can be used to passively improve the sound
transmission performance of double wall panels, which include an air-layer and a
foam layer, namely;

• For a fixed (pre-defined) foam layer mass, the low-frequency domain struc-
tural response of the plate with the foam layer is best attenuated by maximiz-
ing structural dissipation of the foam layer and by maximizing the stiffness to
mass ratio. This implies that the foam layer density should be as low as pos-
sible so that the thickness of the foam layer is as large as possible. Also the
low-frequency domain acoustic response of the air-layer is best attenuated by
a foam layer which is as thick as possible. The air-layer pressure at resonance
is best reduced by maximizing the ratio between the acoustic reactance and
the acoustic resistance of the surface impedance of the foam layer.

• The sound transmission performance of a double wall panel and a single wall
panel with identical mass are similar in the low-frequency domain provided
that the topology of the double wall panel is chosen properly, i.e. an asym-
metric weight distribution between the plates of the double wall panel and
the foam layer should be attached to the plate with the smallest mass.
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• The vibration absorbers are more efficient to improve the low-frequency per-
formance of double wall panels if they are fixed to the plate with the largest
mass.

9.2 Recommendations

In this final section, recommendations for future research directions are given. First
two general recommendations are given;

• It is straightforward to apply the optimization methodology in order to im-
prove the mid/high frequency domain performance by means of multiple vi-
bration absorbers. It is interesting to study the differences between the me-
chanical properties of vibration absorbers for low and mid/high frequency do-
main performance optimization because the vibro-acoustic response in terms
of the modal density is quite different in both frequency domains.

• The sound transmission performance might be enhanced further by using
semi-active or active vibration absorbers. For light-weight acoustic shielding
panels, especially semi-active vibration absorbers are an interesting concept
which should be explored further. A semi-active vibration absorber might be
achieved by (passively) adjusting the mechanical properties of the material
which supports the vibration absorber mass in such a way that the tuning
frequency of the vibration absorbers varies with frequency.

The following recommendations are specifically related to the performance opti-
mization of double wall panels;

• For double wall panels including an air-gap, further research should be carried
out in order to attenuate the response of the first volume displacing plate
mode which is dominant at several eigenfrequencies of the system. Possible
solutions for this problem are MDOF vibration absorbers, adding a periodic
resonator lattice at both sides of the plate, and by using vibration absorbers
which are coupled to both plates of the double wall panel.

• Since vibration absorbers are more effective in reducing the dynamic response
of a single plate when compared to a double wall panel with an air-gap,
an alternative for optimal low and mid/high frequency domain performance
might be achieved by means of a sandwich plate, e.g. two thin aluminium
plates with a foam core.

The following recommendations are related to the optimization methodology;

• A possible way to further improve the low-frequency domain performance of
the vibration absorbers is to extend the optimization algorithm in such a way
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that also the mass distribution between the vibration absorbers is optimized,
i.e. the total mass is fixed but the mass is divided randomly over the vibration
absorbers. The optimization algorithm can, in addition, be adjusted in such a
way that an efficient but not too complex resonator lattice design is obtained
which is easy and cheap to manufacture.

• The optimal actuator location is determined by a gradient-based optimization
approach based on an optimal state-feedback control methodology in [140].
Since the vibration absorber location directly influences the performance if
only a few vibration absorbers are added to the system, it is interesting
to explore the possibility to simultaneously optimize the vibration absorber
location and the mechanical properties of the vibration absorbers.

• The optimization methodology is not limited to the design of mechanical
vibration absorbers but it can also be applied to optimize the geometric
properties of Helmholtz resonators.

The final recommendations are related to experimental validation of the vibration
absorber concept;

• It is important to have an accurate estimation of the material properties of
the foam layer in order to design a resonator lattice by embedding mass inclu-
sions in a foam layer because the material properties of foams are frequency
dependent. For vibration absorber applications, also the influence of the pre-
load (caused by the vibration absorber mass) and the excitation amplitude
on the material properties of the foam should be examined.

• The next step is to use the identified material properties of the foam layer in
order to design, manufacture, and test a periodic resonator lattice based on
mass inclusions in a foam layer in order to improve the sound transmission
loss of single or double wall panels in a proof of concept experimental set-up
(such as a rectangular cavity with five rigid walls and one flexible panel).

• Finally, the applicability of the concept of optimally tuned vibration ab-
sorbers for passive sound transmission improvement in industrial problems
should be validated, e.g. the vibration absorber lattice can be designed to pro-
tect extremely sensitive devices (such as wafer steppers and electron micro-
scopes) and to improve the sound transmission loss of thin walled structures
(such as the engine cover of a truck or the casing of a MRI scanner).





APPENDIX A

System matrices of the multilayered plate

The system matrices of the multilayered plate, as defined in Sec. 2.2,
are presented in this appendix and a clear distinction between the sys-
tem matrices corresponding to the Reissner and Mindlin based models
is made.

Note that only the expressions of the mass and stiffness matrix are presented since
the damping matrix is fully defined by the mass and stiffness matrix in combination
with the structural loss factors of the two layers of the multilayered plate. Note
further that the values corresponding to the mass terms I1, I2, and I3 and the
stiffness terms D3, D4, D5, and D6 are defined in (2.23a) and (2.23b), respectively,
by means of the material properties and the thickness h3 of the thick layer of the
multilayered plate. For the thin layer of the multilayered plate, the entries of the
(diagonal) mass matrix M11 and the stiffness matrix K11 are

M11
m2

= LxLyρh2 and K11
m2

= LxLyD2

{(
mx2

π

Lx

)2

+

(
my2π

Ly

)2
}2

, (A.1)

where D2 = Eh3
2/12(1−ν2) is the bending stiffness of the thin layer. For the thick

layer of the multilayered plate, the stiffness matrix

K2 =

K11 K12 K13

K12 K22 K23

K13 K23 K33

 (A.2a)

includes both bending and shear forces. The diagonal entries of the individual
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stiffness matrices are given by

K11
m2

= LxLyD3

{(
mx2π

Lx

)2

+

(
my2π

Ly

)2
}2

, (A.2b)

K22
m2

= LxLyD6 + LxLyD5

{(
mx2

π

Lx

)2

+
1− ν2

2

(
my2π

Ly

)2
}
, (A.2c)

K33
m2

= LxLyD6 + LxLyD5

{(
my2π

Ly

)2

+
1− ν2

2

(
mx2

π

Lx

)2
}
, (A.2d)

K12
m2

= −LxLyD4

{(
mx2π

Lx

)3

+

(
mx2π

Lx

)(
my2π

Ly

)2
}
, (A.2e)

K13
m2

= −LxLyD4

{(
my2π

Ly

)3

+

(
my2π

Ly

)(
mx2

π

Lx

)2
}
, (A.2f)

K23
m2

= LxLyD5
1 + ν2

2

(
mx2

π

Lx

)(
my2π

Ly

)
. (A.2g)

The mass matrix M2 of the thick layer of the multilayered plate is divided in
a part corresponding to the Reissner based model (denoted by MR) and a part
corresponding to the Mindlin based model (denoted by MM ), i.e. M2 = MR+MM .
The matrix MR includes first order translational and rotary inertia terms

MR =

M11R 0 0
0 M22R 0
0 0 M33R

 , (A.3a)

where the entries of the individual mass matrices are given by

M11R
m2

= LxLyρ2h3, M22R
m2

= LxLyI3, and M33R
m2

= LxLyI3. (A.3b)

The matrix M2M includes the higher order rotary inertia terms and has the formM11M M12M M13M

M12M 0 0
M12M 0 0

 , (A.4a)

where the elements of the individual (diagonal) mass matrices are given by

M11M
m2

= LxLyI1

{(
mx2π

Lx

)2

+

(
my2π

Ly

)2
}
, (A.4b)

M12M
m2

= −LxLyI2
(
mx2

π

Lx

)
, and M13M

m2
= −LxLyI2

(
my2π

Ly

)
. (A.4c)



APPENDIX B

Effective density and bulk modulus models

As mentioned in Sec. 3.2.3, there are in general three types of models
which can be used to compute the effective density and bulk modu-
lus of foams, namely; 1) empirical models (based on measurements), 2)
analytical models of foams with regular pores and simple pore geom-
etry, and 3) semi-phenomenological models of foams with non-regular
pores and complex pore geometry. In this Appendix, the empirical
Delany-Bazley-Miki law and the analytical model of a foam with regu-
lar and cylindrically shaped pores are presented and compared with the
Johnson-Allard-Champoux model, which is introduced in Sec. 3.2.1.

B.1 An empirical relation (1 parameter σ)

Based on measurements, there are many empirical relations which describe the com-
plex wave number k̃ and the characteristic impedance Z̃c for foams with a porosity
close to unity. These empirical relations are based on a macroscopic viewpoint,
since the details of wave propagation through the pores are not considered. The
most well known empirical law is the Delany-Bazley law [141]. Here, the Delany-
Bazley-Miki law [42] is presented since the Delany-Bazley-Miki law is, in general,
more accurate than the Delany-Bazley law in the low frequency domain. Hence, at
low frequencies the real part of the characteristic impedance of the Delany-Bazley
law can become negative, which is physically impossible. The relations for the char-
acteristic impedance Z̃c and the complex wavenumber k̃ of the Delany-Bazley-Miki
law are given by

Z̃c = ρ0c0
{

1 + 5.5X−0.632 − j8.43X−0.632
}

(B.1a)
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and

k̃ =
ω

c0

{
1 + 7.81X−0.618 − j11.41X−0.618

}
, (B.1b)

where X = (f/σ) · 103. The main advantage of the above expressions is that
they only depend on the airflow resistivity σ of the foam. Although the Delany-
Bazley-Miki law is well behaved in a larger frequency domain when compared to
the Delany-Bazley law (especially for low frequencies) it is recommended to use the
lower and upper frequency bound of the original Delany-Bazley law

0.01 ≤ f/σ < 1.00. (B.1c)

B.2 An analytical model (2 parameters σ and φ)

By assuming that the cross section of the pores are regular and cylindrically shaped,
see e.g. [37] and [38], the effective density and bulk modulus of the foam can be
described by

ρ̃0 = ρ0

{
1− 2

λc
√
−1

J1(λc
√−j)

J0(λc
√−j) )

}−1

(B.2a)

and

Ẽ0 = γP0

{
1 + (γ − 1)

2√
Prλc

√−j
J1(
√
Prλc

√−j)
J0(
√
Prλc

√−j)

}−1

, (B.2b)

where

λc =

√
8ωρ0

σφ
. (B.2c)

Here, J0 and J1 are Bessel functions of the first kind of zero and first order, respec-
tively, φ is the porosity, P̃0 is the atmospheric pressure, γ is the ratio of specific
heats, and Pr is the Prandtl number. There are also analytical models which de-
scribe the effective density and bulk modulus of foams with regular pores having a
slit cross section, an equilateral cross section, and a rectangular cross section, see
e.g. [142] and [143].

B.3 Comparison between the models

The absorption coefficient and the surface impedance of the Delany-Bazley-Miki
law, the analytical model, and the JAC model are compared for three foams.
The mass of the foam layers is chosen to be identical, i.e. the thickness of the
polyurethane, mineral wool, and melamine foam layers are, respectively, equal to
h3 = 10 [mm], h3 = 5.0 [mm], and h3 = 40 [mm].
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Fig. B.1: The absorption coefficient for a polyurethane (left plot), mineral wool (middle plot),
and melamine (right plot) foam layer. Blue, red, and cyan lines correspond to the
Delany-Bazley-Miki law, the analytical model, and the JAC model, respectively.
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Fig. B.2: The acoustic reactance of a polyurethane (left plot), mineral wool (middle plot), and
melamine (right plot) foam layer. Blue, red, and cyan lines correspond to the Delany-Bazley

law, the analytical model, and the JAC model.
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Fig. B.3: The acoustic resistance of a polyurethane (left plot), mineral wool (middle plot), and
melamine (right plot) foam layer. Blue, red, and cyan lines correspond to the Delany-Bazley

law, the analytical model, and the JAC model.
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Fig. B.1 shows the absorption coefficient for a polyurethane (left plot), a mineral
wool (middle plot), and a melamine (right plot) foam layer. In this appendix, blue,
red, and cyan lines correspond to, respectively, the Delany-Bazley-Miki law, the
analytical model, and the JAC model. Note that the circular blue markers indicate
the lower bound of the frequency interval for which the original Delany-Bazley law
is valid. It is observable that the absorption coefficient of the Delany-Bazley-Miki
law and the JAC model are comparable in the low-frequency domain, i.e. f < 500
[Hz], and for the entire frequency domain if the melamine foam layer is consid-
ered. In addition, it is seen that the low-frequency domain limit of the absorption
coefficient of the analytical model is essentially different when compared to the
remaining models.

Figs. B.3-B.2 show the real and imaginary part of the surface impedance of the
polyurethane (left plots), the mineral wool (middle plot), and the melamine (right
plot) foam layers. It can be concluded that acoustic reactance of the three models
is in good agreement. The acoustic resistance of the Delany-Bazly-Miki law and
the analytical model increases rapidly at low frequencies, whereas the acoustic
resistance of the JAC model converges to a constant value.



APPENDIX C

Coordinate transformations

A coordinate transformation is presented in order to reduce a double
surface integral to a surface integral. This coordinate transformation is
used to compute the radiation impedance matrix, the input column of
the half-space sound excitation model, the radiation impedance matrix,
and the radiation resistance matrix.

C.1 The radiation impedance matrix

The elements of the radiation impedance matrix are defined in (5.9), i.e.

Z̃Rm2,m′2
= jρ0ω

∫∫
Ω

∫∫
Ω

G̃(~s,~s0)ϕm2
(~s0)ϕm′2(~s) dsds0. (C.1)

The double surface integral is reduced to a surface integral by introducing the
following coordinate transformation

u1 =
x− x0

Lx
, v1 =

x0

Lx
, u2 =

y − y0

Ly
, and v2 =

y0

Ly
. (C.2)

The mapping of the original integration domain (defined by the coordinates x, x0)
to the transformed integration domain (expressed in the u1, v1 coordinates) is il-
lustrated in Fig. C.1. Likewise, the integration domain defined by the y, y0 co-
ordinates is transformed to u2, v2 coordinates. Based on the change of variables
theorem [144], it is easy to show that

dxdy dx0 dy0 = L2
xL

2
y dv1 dv2 du1 du2. (C.3)
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Fig. C.1: Illustration of the mapping of the original integration domain defined by the
coordinates (x, x0) to the transformed integration domain defined by the coordinates (u1, v1).

By substituting (C.2) and (C.3) in (C.1) and by using the fact that the double
surface integral is symmetric about v1 and v2 if mx2

+mx′2
and my2 +my′2

are even,
the non-zero terms of the radiation impedance matrix are obtained by solving

ZRm2,m′2
=

8jρ0ωL
2
xL

2
y

π

∫ 1

0

∫ 1

0

e−jk
√
L2

xu
2
1+L2

yu
2
2√

L2
xu

2
1 + L2

yu
2
2

Φ1(u1)Φ2(u2) du1 du2, (C.4)

where

Φ1(u1) =

∫ 1−u1

0

sin (mx2π(u1 + v1)) sin
(
mx′2

πv1

)
dv1, (C.5)

Φ2(u2) =

∫ 1−u2

0

sin (my2π(u2 + v2)) sin
(
my′2

πv2

)
dv2. (C.6)

The solutions for Φ1(u1) and Φ2(u2) can be computed analytically. For example,
the analytical solution for Φ1(u1) is

Φ1 =


sin(πmx2(u1 − 2)) + sin(πmx2u1)

4πmx2

− cos(πmx2u1)(u1 − 1)

2
for mx2

= m′x2

mx2 sin(πm′x2
(u1 − 1)) cos(πmx2)−m′x2

sin(πmx2u1)

π(m2
x2
−m′2x2

)
for mx2

6= m′x2

The analytical solution for Φ2(u2) is obtained by subsequently replacing mx2
, mx′2

,
Lx, and u1 by my2 , my′2

, Ly, and u2. Summarizing, the double surface integral of
(C.1) is reduced to a surface integral defined by (C.4). In an similar way, the double
surface integrals of the radiation resistance and reactance matrix are reduced to
surface integrals.
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C.2 The input column of the reflected pressure

By applying the coordinate transformation defined in (C.2) to the integral of (5.18),
the double surface integral of the nth entry of the input column H̃1 becomes

H̃n,1 = −2jkn3L
2
xL

2
y

(
Ĩn,1 + Ĩn,2 + Ĩn,3 + Ĩn,4

)
, (C.7a)

where

Ĩn,1 =

∫ 1

0

∫ 1

0

f̃(u1, u2)

∫ 1−u1

0

Ψ1(u1, v1) dv1

∫ 1−u2

0

Ψ2(u2, v2) dv2 du2 du1,

Ĩn,2 =

∫ 1

0

∫ 0

−1

f̃(u1, u2)

∫ 1−u1

0

Ψ1(u1, v1) dv1

∫ 1

−u2

Ψ2(u2, v2) dv2 du2 du1,

Ĩn,3 =

∫ 0

−1

∫ 1

0

f̃(u1, u2)

∫ 1

−u1

Ψ1(u1, v1) dv1

∫ 1−u2

0

Ψ2(u2, v2) dv2 du2 du1,

Ĩn,4 =

∫ 0

−1

∫ 0

−1

f̃(u1, u2)

∫ 1

−u1

Ψ1(u1, v1) dv1

∫ 1

−u2

Ψ2(u2, v2) dv2 du2, du1, (C.7b)

and

Ψ1(u1, v1) = e−jkn1v1φnx(u1, v1),

Ψ2(u2, v2) = e−jkn2v2φny
(u2, v2).

(C.7c)

Finally, f̃(u1, u2) contains the transformed Green’s function

f̃(u1, u2) =
e−jk
√
L2

xu
2
1+L2

yu
2
2

4π
√
L2
xu

2
1 + L2

yu
2
2

. (C.7d)

Now, the integrals with respect to v1 and v2 can be computed analytically. For
example, take the first order Legendre polynomial in the ~ex-direction and assume
normal plane wave incidence, i.e. nx = 1 and n1 = 0, than∫ Lx−u1

0

Ψ1(u1, v1) dv1 =

∫ Lx−u1

0

[
2(u1 + v1)

Lx
− 1

]
dv1 = u1 − u2

1/Lx. (C.8)





APPENDIX D

Plane wave excitation of baffled plates

First the influence of the fluid-structure interaction between plate vi-
brations and the half-space air domain is quantified and a frequency in-
dependent radiation resistance matrix is defined. Finally, the response
of a plane wave excited baffled plate is presented.

D.1 The frequency independent radiation matrix

The modal mass and modal damping values Mm1
and Dm1

of the in-vacuum plate
are compared to the modal mass and the modal damping values of the baffled plate
which is in contact with a half-space air domain. The modal mass and damping
values of the plate can be approximated by neglecting the off-diagonal terms of the
radiation impedance matrix [107]. In this case, the modal displacement amplitude
of the mth

1 plate mode is described by(
−ω2

[
Mm1 +MR

m1
(ω)
]

+ jω
[
Dm1 +DR

m1
(ω)
]

+Km1

)
w̃m1 = 2B̃m1,1P̃ , (D.1)

where the radiation impedance is split in a real and imaginary part according to

Z̃Rm1
(ω) = DR

m1
(ω) + jωMR

m1
(ω). (D.2)

The influence of the coupling between the plate and the half-space air domain
can be quantified by evaluating the added mass and damping terms MR

m1
(ω) and

DR
m1

(ω) at the eigenfrequencies of the system. By neglecting the radiation damping
term, structural dissipation forces, and the external pressure field in (D.1), the
eigenfrequencies of the baffled undamped plate are approximated by solving the
non-linear eigenvalue problem(

Km1
− ω2

0,m1

[
Mm1

+MR
m1

(ω)
])
um1

= 0. (D.3)
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The resulting eigenfrequencies of the baffled undamped plate, denoted by f c0,m1
=

ω0,m1
/2π, are used to compute the equivalent added mass terms MR

m1
(f c0,m1

) and

the equivalent added damping terms DR
m1

(f c0,m1
).

Tab. D.1: For h1 = 0.5 [mm], the in-vacuum eigenfrequencies f0,m1 of the aluminium plate and
the corresponding eigenfrequencies of the baffled undamped plate fc0,m1

, the equivalent added

mass term MR
m1

(fc0,m1
), and the equivalent damping term DR

m1
(fc0,m1

).

m2 (mx1 ,my1) f0,m1 [Hz] f c0,m1
[Hz] MR

m1
(f c0,m1

) [%] DR
m1

(f c0,m1
) [%]

1 (1,1) 11.43 10.60 16.389 34.752
2 (2,1) 25.82 24.88 7.649 0.092
3 (1,2) 31.34 30.30 6.984 0.120
4 (2,2) 45.73 44.56 5.295 0.001
5 (3,1) 49.79 48.45 5.614 18.224
6 (1,3) 64.52 62.94 5.086 23.586
10 (3,3) 102.88 101.19 3.366 3.884
21 (4,4) 182.90 180.72 2.434 0.048
34 (5,5) 285.79 283.09 1.915 0.606
49 (6,6) 411.53 408.30 1.587 0.281

Tab. D.1 shows several in-vacuum eigenfrequencies f0,m1
of the plate and the cor-

responding eigenfrequencies f c0,m1
of the baffled plate, the equivalent added mass

term MR
m1

(f c0,m1
), and the equivalent damping term DR

m1
(f c0,m1

). The geometric
and material properties of the plate are listed in Tab. 5.2. The eigenfrequencies of
the fluid-loaded baffled plate are significantly altered by the coupling between the
plate and the half-space air domain, especially for lower order plate modes. The
equivalent added damping term is high for volume-displacing plate modes, e.g. the
(1, 1), the (1, 3) and the (3, 1) modes, and decreases for higher order modes.

Based on the above observations, it can be concluded that it is not valid to assume
that there is a one-way coupling between the plate and the half-space air domain.
Although this might seem surprising since the acoustic domain consists of air, the
reader should keep in mind that a very thin, and therefore, light-weight plate is
considered in the above analysis. Based on the equivalent added mass and damping
terms, a frequency independent radiation impendence matrix can be defined in
order to approximate the response of the baffled plate according to

(
−ω2

[
Mm1 +MR

m1
(f c0,m1

)
]

+ jω
[
Dm1 +DR

m1
(f c0,m1

)
]

+Km1

)
w̃m1 = 2B̃m1,1P̃ ,

(D.4)
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D.2 The forced response

Fig. D.1 shows the kinetic energy of the plate which is obtained by neglecting
the coupling between the plate and the half-space air domain (black line) and by
including this coupling (colored lines). The plate is excited by a plane wave with
a pressure amplitude of P̃ = 0.1 [Pa]. The angle of incidence of the plane wave is
chosen as n1 = n2 = n3 = −

√
1/3. The red line corresponds to the model with

the frequency dependent radiation resistance matrix (see (D.1)), whereas the green
line corresponds to the model with the frequency independent radiation impedance
matrix (see (D.4)).
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Fig. D.1: For h1 = 0.5 [mm] and n1 = n2 = n3 = −
√

1/3, the response of the plate without the
coupling to the air-domain (black line) together with the response of the plate with the coupling

to the air-domain which is obtained by (D.1) (red line) and (D.4) (green line).

As expected, it is not valid to a priori assume a one-way coupling between the vi-
brating structure and the acoustic domain if the vibrating structure is light-weight.
In general, it is seen that the eigenfrequencies decrease and that damping increases
if a two-way coupling is taken into account. In addition, it can be concluded that
there are only minor differences between the response obtained by the full model of
(D.1) and by model with the frequency independent radiation impedance matrix
of (D.4). These observations are in agreement with the results presented in [107].





APPENDIX E

Proof of concept experiment

The potential of creating a vibration absorber by embedding a mass
inclusion in a foam layer is validated by performing a proof of concept
experiment. The details of this research are presented in [145].

E.1 The experimental set-up

A part of the experimental set-up is depicted in the left picture of Fig. E.1.

At the experimental set-up, an electrodynamic shaker is used to dynamically ex-
cite a vibration absorber in the vertical direction. The moving armature of the
shaker is supported by an elastic support mechanism based on folded leaf springs
in order to ensure linear vertical motion of the shaker armature. Two aluminium
discs are fixed to each other by means of three thread rods and twelve bolts.
The vibration absorber consists of a steel plate, i.e. the vibration absorber mass,
which is clamped between two identical foam blocks. The goal is to attenuate the
dynamic response near the resonance peak of the shaker system without the vi-
bration absorber. The foam samples are provided by the Huntsman corporation
http://www.huntsman.com.

E.2 The shaker-amplifier model

The shaker, containing a massive exciter housing and a moving armature, is driven
by an amplifier operating in voltage-mode, i.e. a prescribed input voltage V0(t)
results in an output voltage V (t) of the amplifier, which causes a current through

http://www.huntsman.com
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Fig. E.1: Left picture; the experimental set-up with an electrodynamic shaker a), an elastic
support mechanism b), two aluminium disks c) and d), thread rods e), vibration absorber mass
f), and foam blocks g) and h). Right plot; a graphical representation of the mechanical part of

the shaker model with the vibration absorber (right plot).

the coil of the shaker. This current generates a vertically directed force f(t) acting
on the armature of the shaker. The resulting acceleration of the shaker armature
is not proportional to the input voltage V0(t) due to the internal dynamic response
of the shaker. The modelling and parameter identification of the electrodynamic
shaker and the amplifier is based on research conducted by [145] [146] [147]. In
general form, the equations of motion of the shaker-amplifier model are

Lcİ +RcI + κcu̇ = Pa(V0(t) + baV̇0(t)) (E.1)

(ms +ma)ü+ csu̇+ ksu = κcI + Fv, (E.2)

where I(t) is the current, u(t) is the position of the armature, V0(t) is the input
voltage, Fv(t) is the force of the vibration absorber which acts on the shaker, Lc
is the coil inductance, Rc is the coil reactance, κc is the current-to-force constant,
Pa and ba are the amplifier coefficients, ms is the moving mass of the shaker,
ma is an additional mass which is fixed to the moving armature of the shaker,
cs is the damping coefficient, and ks is the spring stiffness. The additional mass
ma = 2.201 [kg] consists of the mass of the two aluminium disks c) and d), three
thread rods e), and twelve bolts. Fig. E.2 shows the Bode plot of the measured
transfer function Ĥ∆u̇,∆V0 and the Bode plot of the transfer functionH∆u̇,∆V0 which
is computed based on the model with the identified parameter values ms = 1.9368
[kg], ks = 4.11 · 104 [N/m], cs = 132.5 [kg/s], Lc = 2.76 · 10−2 [H], κc = 26.6
[N/A], Rc = 6.34 [Ω], Pa = −61.4 [-], and ba = 4.32 · 10−2 [s−1]. The numerically
and experimentally obtained responses are in good agreement. The shaker has a
resonance peak at f ≈ 17 [Hz]. Therefore, the vibration absorber is designed to
attenuate the dynamic response near this resonance peak.



The shaker-amplifier model 193

H
u̇
,∆
V
0
,
[m

/s
/V

]

f [Hz]

f [Hz]

6
H
u̇
,∆
V
0
,
[r
ad

]

Fig. E.2: Bode plot of the measured transfer function Ĥ∆u̇,∆V0 (solid line) and the transfer
function of the shaker-amplifier model H∆u̇,∆V0

(dashed line).

The vibration absorber model

A graphical representation of the mechanical part of the electrodynamic shaker
model together with the model of the vibration absorber is depicted in the right
plot of Fig. E.1. The dynamic model of the vibration absorber consists of a mass
md, i.e. a steel rectangular plate, two dampers with an identical damping value
cd, and two springs with identical spring stiffness kd. The spring stiffness of the
identical foam blocks is approximated by the relation

kd =
EfAf
hf

, (E.3)

where Ef is the in-vacuum Young’s modulus of the foam, Af is the surface area
of the rectangular foam blocks, and hf is the undeformed thickness of the foam
blocks. The displacement of the vibration absorber mass is described by

mdq̈ + 2cd(q̇ − u̇) + 2kd(q − u) = 0, (E.4)

where cd = 2ξf
√

2kdmd. Here, ξf is the dimensionless damping parameter which
is related to by the structural loss factor ηf of the foam according to (2.10).
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E.3 Material property identification

The experimental set-up is also used in order to identify the mechanical properties
of the foam, i.e. the Young’s modulus Ef and the structural loss factor ηf , see Fig.
E.3. To this end, a foam block with thickness 2hf is placed on top of the aluminium
disk. The dimensions of the foam block are 7.5×7.5×10 [cm3]. The sample is loaded
with top mass of mt = 647 [gr]. Pure vertical translation of the top mass is realized
by six air-bearings k). During the material property identification experiment, the
velocity of the shaker armature u and the velocity of the top mass qt is measured
by two laser vibrometers. The electrodynamic shaker model is extended with a
mass-spring-damper model, see the right plot of Fig. E.3. The spring stiffness k
and the damping value c of the foam block are identified by minimizing the error
between the experimentally obtained response and the response of the model by
means of a nonlinear least-squares optimization problem. Based on the identified
spring stiffness k and the damping value c, the material properties of the foam are
estimated by (E.3). The identified material properties of the foam are Ef ≈ 76 ·103

[Pa] and ηf ≈ 0.059 [-].

Fig. E.3: Left plot; the experimental set-up for material property identification experiments
with aluminium disk c) foam block i), top mass j), and air-bearings k). Right plot; a graphical

representation of the model which is used to identify the material properties of the foam.

E.4 Experimental results

The mass of the vibration absorber is chosen as md = 526 [gr], i.e. the mass
ratio is equal to µ = md/(ms + ma) = 0.526/(1.937 + 2.201) = 0.136 [-]. The
identified material properties of the foam are used to compute the surface area of
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the foam blocks in such a way that the resonance peak of the shaker system at
f ≈ 17 [Hz] is minimized. The dimensions of the foam blocks which are used in
the vibration absorber experiments are 5.9 × 5.9 × 5 [cm3]. The left plot of Fig.
E.4 shows the transfer function of the shaker without the vibration absorber (gray
line) and the response of the shaker with the vibration absorber (black lines) for
several measurements. The right plot of Fig. E.4 shows the corresponding coherence
γ2
u̇,∆V0

. The results clearly indicate that it is possible to create an optimally tuned
vibration absorber by embedding a properly designed mass inclusion in a foam
layer.
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Fig. E.4: The transfer function (left plot) and the corresponding coherence (right plot) of the
relation between the input voltage V0 and the velocity of the shaker u̇ for the system without

the vibration absorber (gray line) and for the system with the vibration absorber (black lines).
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Summary

This thesis focuses on passive sound transmission reduction measures in order to
improve the low-frequency domain performance of single and double wall panels
by adding only a small amount of mass. The double wall panel consists of two alu-
minium plates, an air-gap, and a foam layer which is fixed to one of the two plates in
order to attenuate the air-layer resonances in the mid/high frequency domain. The
low-frequency domain performance of the single and double wall panel is improved
by adding multiple optimally tuned vibration absorbers to the system. The main
challenges addressed in this work are; 1) the optimization methodology, which is
used to compute the optimal mechanical properties of the vibration absorbers, 2)
the modelling of the poro-elastic behaviour of the foam layer and the state-space
model formulation of the vibro-acoustic systems, and 3) the performance improve-
ment of single and double wall panels by means of multiple vibration absorbers.

The optimal mechanical properties of the vibration absorbers, i.e. the stiffness
and damping values, are obtained by solving a Linear Quadratic Regulator (LQR)
based optimization problem in which the H2-norm of the system’s output response,
e.g. the kinetic energy or the active sound power, is minimized. In this way, a ro-
bust and efficient broad frequency domain optimization problem is proposed for the
tuning of vibration absorbers for MDOF vibro-acoustic systems. This optimiza-
tion methodology is flexible because different cost functions, frequency domains of
interest, and both mechanical and acoustic excitation forces can be considered.

A vibro-acoustic model of a cavity-backed double wall panel is derived by coupling
the dynamic models of the plates with the acoustic models of the air-layer and the
cavity. The poro-elastic behaviour of the foam layer is included by a dynamic and
acoustic model. Besides translation inertia terms and bending forces, the dynamic
model of the foam layer also includes rotary inertia terms and shear forces. The
acoustic behaviour of the foam layer is included by prescribing a normal impedance
boundary condition (which is based on the surface impedance of the foam layer) at
the interface between the foam layer and the air-layer. A low-order vibro-acoustic
model of a cavity-backed double wall panel is obtained by discretizing the gov-
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erning equations by means of the Rayleigh-Ritz method in combination with the
in-vacuum structural modes of the plates and the in-vacuum acoustic modes of the
air-layer and cavity. The cavity-backed double wall panel is acoustically excited by
either a point source in the cavity or by plane wave excitation. In the latter case,
the excitation pressure at the upper plate of the cavity-backed double wall panel
is approximated by the solution of a half-space sound excitation model in which
edge diffraction effects and sound reflection from the remaining sides of the box
structure are neglected.
Since a LQR based optimization approach is used for the tuning of the vibration
absorbers, a (causal and stable) state-space model of the vibro-acoustic system has
to be available. To this end, equivalent proportional damping models are defined in
order to include structural dissipation of the aluminium plates and the foam layer,
which are initially defined by frequency independent hysteretic damping models.
The damping of the air-layer pressure due to the presence of the foam layer is
included by means of a viscous damping model. Finally, a robust solution to the
spectral factorization of real rational matrices is proposed which leads to a stable
representation of the radiation filter.

The state-space models of the vibro-acoustic systems are coupled to the state-space
models of multiple vibration absorbers and the optimization methodology is used
to compute the optimal spring stiffness and damping value of each vibration ab-
sorber. The vibration absorbers are equally distributed over the plate surface and
the mass of the vibration absorbers is distributed uniformly. It can be concluded
that the broad low-frequency domain structural and acoustic response, i.e. the ki-
netic energy and the active sound power, of a single plate is effectively suppressed
by multiple optimally tuned vibration absorbers. The performance of the vibration
absorbers can be improved further by increasing the vibration absorber mass. The
mechanical properties of the optimally tuned vibration absorbers are directly influ-
enced by the frequency domain taken under consideration and by the cost function
which is minimized. The performance of the vibration absorbers strongly depends
on the allowed freedom of the mechanical properties of the vibration absorbers.
This leads to a conflict between performance on the one hand and practical realiz-
ability and cost on the other hand.
The low-frequency domain sound transmission performance of a double wall panel
can be better than the performance of a single panel with the same mass if vibra-
tion absorbers are added to the double wall panel. This implies that it is possible
to design light-weight double wall panels with high performance in both the low
and mid/high frequency domain.

The numerical modelling techniques and the findings of this work can be used for
future design studies and the gathered knowledge regarding the optimal vibration
absorbers of mechanically and acoustically excited structures can be used as a
starting point to passively reduce the impact of noise in industrial problems.



Dankwoord

De laatste vier jaar zijn voorbij gevlogen. Dat komt mede door het verbouwen
van onze in-casco gekochte woning, gaan samenwonen, papa worden, thuiswerk da-
gen, hottubs bouwen, nog een keer papa worden, alle vakanties, de vele feestjes, de
weekaanbiedingen van bakker Michielsen, wiskundebijles geven, en klussen met de
Bruijn Interieur, maar zeker ook omdat ik met veel plezier aan dit onderzoek heb
gewerkt.

Op de eerste plaats wil ik mijn promotoren Henk en Ines bedanken. Henk, be-
dankt dat je mij de mogelijkheid hebt gegeven om binnen onze groep een promotie-
onderzoek uit te laten voeren. Daarnaast wil ik je bedanken voor de vrijheid die je
mij hebt gegeven, dat waardeer ik enorm. Ines, heel erg bedankt voor de fijne
samenwerking. Ik heb de laatste vier jaar veel van je geleerd, niet alleen op weten-
schappelijk gebied maar ook over het onderwijssysteem en lesgeven in het algemeen.
Ik heb er bewondering voor dat je het volhoudt om te pendelen tussen Eindhoven
en Stockholm.

Steffen Marburg, Sjoerd Rienstra, Wim Desmet, Arthur Berkhoff, and Marc Geers,
I want to thank you very much for taking part in my research committee and for
the constructive comments on my thesis. Special thanks to my project partners
Kun and Flaviano. Daarnaast wil ik de gebruikers van dit STW project bedanken
voor de fijne sfeer tijdens de halfjaarlijkse bijeenkomsten en voor jullie visie op dit
project.

De afgelopen jaren heb ik veel plezier gehad met mijn collega’s van vloer -1. Met
name de gezelligheid, tijdens de lunch- en koffiepauzes, vormt een aangename afwis-
seling op de dagelijkse gang van zaken. Speciaal wil ik mijn kamer genoten Elise,
Multalib, Hefeng en Maarten bedanken voor de inhoudelijke discussies en onze
”dinner events”.

Daarnaast wil ik de vriendengroep bedanken. Het is onmogelijk om alle hoogtepun-
ten op te sommen. Ik kan alleen maar hopen dat er nog heel veel bijkomen.



212 Dankwoord

Vaders (Erwin en Ger), mama (Monique) en Toni en schoonouders (Hans en Aly)
heel erg bedankt voor alles. Jullie staan altijd voor Karin, de kids en mij klaar,
dat waardeer ik enorm. Ik geniet van de momenten die we samenzijn (zowel hier
als in Spanje) en ik hoop dat er daar nog vele van zullen komen. Broer (Marijn)
bedankt voor de hulp tijdens de verbouwing en voor het maken van de bediening
van mijn rijskast. Broer (Niels) bedankt voor de hulp bij het ontwerp van de kaft
van mijn proefschrift. Oma, bedankt voor alle lieve kaartjes, smsjes en mailtjes die
je altijd stuurt. Naast een poster in de gang van mijn afstudeerwerk kan ik je nu
een extra boek geven voor in de boekenkast. Daarnaast wil ik ook de rest van de
familie bedanken voor alle leuke dingen die we samen ondernomen hebben.

Karin zonder jouw steun, geduld en liefde zou dit proefschrift er heel anders uit
hebben gezien. Ik ben ontzettend trots op je en ik hou van jou met heel mijn
hart. Ik kan niet genoeg benadrukken hoe blij ik ben dat we elkaar ruim acht jaar
geleden tegen het lijf zijn gelopen met carnaval. Isa (mijn meisje meis) en Daan
(mijn kanjer) jullie beseffen nu nog niet in welke mate jullie mijn leven verrijken.
Ik vind het geweldig om de wereld weer door onbezonnen kinderogen te mogen
zien. Ik geniet van jullie nieuwsgierigheid, doorzettingsvermogen, eeuwige energie,
en onvoorwaardelijke liefde. Papa houdt van jullie.

Joris Michielsen



List of publications

Peer-reviewed journal articles

• J. Michielsen, I. Lopez Arteaga, and H. Nijmeijer, A half-space sound ex-
citation model for box structures in unbounded air domains subjected to
impinging plane waves, Submitted to Journal of Sound and Vibration, 2015.

• J. Michielsen, I. Lopez Arteaga, and H. Nijmeijer, LQR-based optimization
of multiple tuned resonators for plate sound radiation reduction, Submitted
to Journal of Sound and Vibration, 2014.

• J. Michielsen, R.H.B. Fey, and H. Nijmeijer, Steady-state dynamics of a 3D
tensegrity structure: simulations and experiments, International Journal of
Solids and Structures, 49(7-8), 973-988, 2012.

Conference contributions

• F. Tateo, J. Michielsen, I. Lopez Arteaga, H. Nijmeijer, Design and ex-
perimental validation of a plate with internally resonating lattices for low-
frequency vibro- acoustic control, Proceedings of EuroNoise 2015, Maastricht,
31 May-3 June, 2015.

• F. Tateo, J. Michielsen, I. Lopez Arteaga, H. Nijmeijer, Resonant lattices for
low-frequency vibro-acoustic control, Proceedings of the Noise and Vibration
- Emerging Technologies, (NOVEM 2015), Dubrovnik, 13-15 April, 2015.

• J. Michielsen, I. Lopez Arteaga, and H. Nijmeijer, Appropriate cost functions
for minimizing the radiated sound power of a simply supported baffled plate.
Proceedings of the International Conference Noise and Vibration Engineering
(ISMA2014), KU Leuven, 15-17 September, 2014.

• J. Michielsen, I. Lopez Arteaga, and H. Nijmeijer, Plate sound radiation
reduction by means of multiple tuned mass dampers. Proceedings of the
20th International Congress on Sound and Vibration (ICSV20), Bangkok,
International Institute of Acoustics and Vibration, 7-11 July, 2013.



214 List of publications

• J. Michielsen, I. Lopez Arteaga, and H. Nijmeijer, Response to acoustic exci-
tation of a cavity-backed plate. Proceedings of the International Conference
Noise and Vibration Engineering (ISMA2012), KU Leuven, 17-19 September,
2012.

• J. Michielsen, R.H.B. Fey, and H. Nijmeijer, Dynamic stability of a 3D tenseg-
rity structure carrying a top mass : simulations and experiments. Proceedings
of the 12th European Conference on Space Structures, Materials & Environ-
mental Testing, 20-23 March 2012, Noordwijk, The Netherlands, (pp. 1-6).
Noordwijk, the Netherlands: European Space Agency (ESA), 2012.

• M. Milovanovic, M. Gayer, J.Michielsen, and O.M. Aamoo, Model-based sta-
bilization of vortex shedding with CFD verification. Proceedings of the Joint
48th IEEE Conference on Decision and Control and 28th Chinese Control
Conference (CDC/CCC 2009), 15-18 December 2009, Shanghai, China, (pp.
8252-8257). New York: IEEE, 2009.

Presentation published as abstract

• J. Michielsen, Acoustic shielding of high-tech systems, 16th Engineering Me-
chanics Symposium, Lunteren, the Netherlands, 28-29 October, 2013.



Curriculum vitae

Joris Michielsen was born on May 20th, 1985 in Weert, the Netherlands. In 2004 he
finished his secondary education at the Dendron College in Horst, the Netherlands.

Subsequently, he studied Mechanical Engineering at the Eindhoven University of
Technology in Eindhoven, the Netherlands, where he obtained his Master’s degree
cum laude in 2011. As part of this curriculum, he performed an international intern-
ship at the NTNU in Trondheim, Norway, on ”Parameter Estimation in a Partial
Differential Equation; An application to 2D vortex shedding and the Ginzburg-
Landau equation”. His master’s thesis was entitled ”Numerical and experimental
Dynamics of a 3D Tensegrity Structure” and was performed in the Dynamics and
Control Group under the supervision of Prof.Dr. H. Nijmeijer and Dr.Ir. R.H.B.
Fey.

After completion of his Masters thesis, Joris has been working as a Ph.D. student
in the Dynamics and Control group under the supervision of Prof.Dr.Ir. I. Lopez
Arteaga and Prof.Dr. H. Nijmeijer, at the Eindhoven University of Technology,
the Netherlands. The research is part of the STW project ”Acoustic shielding of
high-tech systems”. The main results of this research are presented in this thesis.


	Introduction
	Motivation
	Passive sound transmission reduction
	Problem definition
	Contributions
	Outline of this thesis

	Part I: Vibro-acoustic modelling of a cavity-backed poro-elastic double wall panel
	Dynamic modelling of plates
	Structural dynamics of thin plates
	Hysteretic and proportional damping models
	Discretization of the displacement field

	Structural dynamics of multilayered plates
	The equivalent plate model
	Higher order multilayered plate models
	Discretization of the displacement fields
	The damping model

	Results and comparison
	Convergence of the solution
	Eigenfrequencies for different plate thicknesses
	Forced response due to a single point force
	Comparison between the plate models

	Model reduction
	Conclusion

	Acoustic modelling of bounded domains
	Introduction to general acoustics
	Sound absorption in foam layers
	The Johnson-Allard-Champoux model.
	Surface impedance and absorption coefficient
	Results

	Modelling the acoustic response in cavities
	Cavity with rigid walls
	Cavity with one sound absorbing wall
	Convergence of the solution
	Eigenfrequencies for different cavity heights
	Forced response due to a monopole source
	Accuracy of the model

	Conclusions

	Vibro-acoustic modelling of a cavity-backed double wall panel
	Problem definition and model assumptions
	Literature survey
	The geometric and material properties

	The unforced equations of motion
	Structural dynamic modelling
	Acoustic modelling
	Discretization of the coupling terms
	Matrix representation of the equations of motion

	Modal analysis
	Convergence of the numerical solution
	Structural and acoustic modal energy functions
	Eigenfrequencies v.s. plate thickness distributions
	Physics of fluid-structure interaction

	Conclusion

	Part II: Sound excitation and sound radiation modelling
	Sound excitation modelling
	Problem definition
	Literature survey
	The Rayleigh integral

	Plane wave excitation of baffled structures
	Reflection of plane waves on unbaffled rigid box structures
	Modelling of the reflected pressure
	Discretization
	Validation of the reflected pressure
	Convergence of the reflected pressure
	Parametric study

	Plane wave excitation of unbaffled structures
	Model validation
	Comparison between the excitation models

	The response of the cavity-backed double wall panel due to plane wave excitation
	Conclusion

	Sound radiation modelling
	Active and reactive sound power
	Sound radiation of plates
	Comparison between the kinetic energy and the active/reactive sound power

	Acoustic point source excitation of the cavity-backed double wall panel
	Conclusion

	Part III: Low-frequency domain acoustic optimization by means of vibration absorbers.
	Plate sound radiation reduction by means of vibration absorbers
	Literature survey
	Contribution

	Derivation of the model
	Plate dynamics
	Vibration absorber dynamics
	The radiation filter
	The state-space model of the full system
	The LQR based optimization problem
	The initial guess of the mechanical properties of the vibration absorbers

	Results
	A single vibration absorber and one plate mode
	A single vibration absorber and multiple plate modes
	Multiple vibration absorbers and multiple plate modes

	Conclusion

	Passive low-frequency domain performance optimization of double wall panels
	Summary of the design approach
	Double wall panel configurations and vibration absorber design
	Passive optimization for plane wave excitation
	Topology optimization
	Passive optimization by means of vibration absorbers

	Passive optimization for point source excitation of the cavity
	Topology optimization
	Passive optimization by means of multiple vibration absorbers

	Discussion
	Conclusions

	Conclusions and recommendations
	Conclusions
	Recommendations

	System matrices of the multilayered plate
	Effective density and bulk modulus models
	An empirical relation (1 parameter )
	An analytical model (2 parameters  and )
	Comparison between the models

	Coordinate transformations
	The radiation impedance matrix
	The input column of the reflected pressure

	Plane wave excitation of baffled plates
	The frequency independent radiation matrix
	The forced response

	Proof of concept experiment
	The experimental set-up
	The shaker-amplifier model
	Material property identification
	Experimental results

	Bibliography
	Summary
	Dankwoord
	List of publications
	Curriculum vitae

