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Executable Behaviour and theπ-Calculus

Bas Luttik1,2 and Fei Yang1

1 Department of Mathematics and Computer Science, EindhovenUniversity of Technology,
The Netherlands

2 Department of Computer Science, VU University Amsterdam, The Netherlands

Abstract. Reactive Turing machines extend Turing machines with a facility to
model observable interactive behaviour. A behaviour is called executable if, and
only if, it is behaviourally equivalent to the behaviour of areactive Turing ma-
chine. In this paper, we study the relationship between executable behaviour and
behaviour that can be specified in theπ-calculus. We establish that all executable
behaviour can be specified in theπ-calculus up to divergence-preserving branch-
ing bisimilarity. For the converse, however, we need to let go of the requirement of
divergence-preservation: we exhibit behaviour specifiable in theπ-calculus that
is not executable up to divergence-preserving behaviouralequivalence, but do
obtain that every behaviour definable in theπ-calculus is executable up to the
version of branching bisimilarity that does not preserve divergence.

1 Introduction

The Turing machine [16] is generally accepted as the machinemodel that captures
precisely which functions are algorithmically computable. As a theoretical model of
the behaviour of actual computing systems, however, it has limitations, as was al-
ready observed, e.g., by Petri [14]. Most notably, Turing machines lack facilities to
adequately deal with two important ingredients of modern computing:interactionand
non-termination. Concurrency theory emerged from the work of Petri and developed
into an active field of research. It resulted in a plethora of calculi for the formal specifi-
cation of the behaviour of reactive systems, of which theπ-calculus [13,15] is probably
the best-known to date.

Research in concurrency theory has focussed on defining expressive process speci-
fication formalisms, modal logics, studying suitable behavioural equivalences, etc. Ex-
pressiveness questions have also been addressed extensively in concurrency theory, es-
pecially in the context of theπ-calculus (see, e.g., [10,6]), but mostly pertaining to
the so-calledrelative expressivenessof process calculi. The absolute expressiveness of
process calculi, and in particular the question as to which interactive behaviour can ac-
tually be executed by a conventional computing system, has received considerably less
attention. In this paper, we consider the expressiveness oftheπ-calculus with respect
to the model of reactive Turing machines, proposed in [3] as an orthogonal extension
of conventional Turing machines with a facility to model interaction in the style of
concurrency theory.

Reactive Turing machines serve to define which behaviour canbe executed by a
computing system. Formally, we associate with every reactive Turing machine a tran-
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sition system, which mathematically represents its behaviour. Then, we say that a tran-
sition system is executable if it is behaviourally equivalent to the transition system of
a reactive Turing machine. Process calculi generally also have their operational seman-
tics defined by means of transition systems. Hence, we get a method to investigate the
absolute expressiveness of a process calculus, by determining to what extent transition
systems specified in the calculus are executable, and by determining to what extent ex-
ecutable transition systems can be specified in the calculus. Note that the behavioural
equivalence is a parameter of the method: if a behaviour specified in the process cal-
culus is not executable up to some fine notion of behavioural equivalence, it may still
be executable up to some coarser notion of behavioural equivalence, and we may look
for the dividing line. The entire spectrum of behavioural equivalences (see [9]) is at our
disposal to draw precise conclusions.

We shall use the aforementioned method to investigate the expressiveness of theπ-
calculus. We shall prove that theπ-calculus is, indeed, expressive: every executable be-
haviour can be specified in theπ-calculus up to divergence-preserving branching bisim-
ilarity [7,8], which is the finest behavioural equivalence discussed in van Glabbeek’s
seminal paper on behavioural equivalences [9]. We also prove that the converse is not
true: it is possible to specify, in theπ-calculus, transition systems that are not exe-
cutable up to divergence-preserving branching bisimilarity. The culprit turns out to be
the preservation of divergence, for we prove that everyπ-calculus behaviour is exe-
cutable up to the divergence-insensitive variant of branching bisimilarity.

Milner already established in [12] that theπ-calculus Turing powerful, by exhibiting
an encoding of theλ-calculus in theπ-calculus by which every reduction inλ-calculus
by a sequence of reductions inπ-calculus. Our result that all executable behaviour can
be specified in theπ-calculus also implies that theπ-calculus is Turing powerful, and
thus subsumes Milner’s result. Note that Milner’s result confirms the computational
power of theπ-calculus, but does not make a qualitative statement about its interactive
expressiveness. Similarly, in [4] several expressivenessresults for variants of CCS are
obtained via an encoding of Random Access Machines, and alsothose results only make
claims about the computational expressiveness of the calculi.

In our framework, we believe that it is better to distinguishwith the computable
functions and executable systems when we study the expressiveness ofπ-calculus. So
we investigated the expressiveness power and executability of transition systems associ-
ated withπ-calculus processes modulo (divergence-preserving) branching bisimilarity.
Like the method used in [4,3], we establish the powerfulnessof a model by encoding
it into a machine which has a certain computability/executability. With this basic idea,
we prove the reactive Turing powerfulness ofπ-calculus modulo divergence-preserving
branching bisimilarity by establishing a finite specification of a reactive Turing machine
in π-calculus. Our specification simulates the behaviour of a reactive Turing machine
by encoding every functional part of the machine directly. The tape memory is modeled
by making use of the link structure ofπ-calculus. On the other hand, we prove the ex-
ecutability ofπ-calculus modulo branching bisimilarity. We prove that it is not a diver-
gence preserving result by defining an unboundedly branching processes inπ-calculus.
The two statements above refines the absolute expressiveness result forπ-calculus.



The paper is organized as follows. In Section 2, the basic definitions of reactive
Turing machines and divergence-preserving branching bisimilarity are recapitulated,
and we also recall the operational semantics ofπ-calculus with replication. In Sec-
tion 3, we prove the reactive Turing powerfulness ofπ-calculus modulo divergence-
preserving branching bisimilarity: a finite specification of reactive Turing machines in
theπ-calculus is proposed and verified. In Section 4, we discuss the executability of the
transition systems associated withπ-calculus processes, establishing that every transi-
tion system specifiable in theπ-calculus is executable modulo branching bisimilarity,
but at the cost of introducing divergence to simulate unboundedly branching behaviour.
The paper ends with a conclusion in Section 5.

Note to the reviewers: the full version of this article with proofs of the results is
available as [11].

2 A Mathematical Theory of Behaviour

The transition system is the central notion in the mathematical theory of discrete-event
behaviour. It is parameterised by a setA of action symbols, denoting the observable
events of a system. We shall later impose extra restrictionsonA, e.g., requiring that it be
finite or has a particular structure, but for now we letA be just an arbitrary abstract set.
We extendA with a special symbolτ, which intuitively denotes unobservable internal
activity of the system. We shall abbreviateA∪ {τ} byAτ.

Definition 1. [Labelled Transition System] AnAτ-labelled transition systemT is a
triple (S,−→, ↑), where,

1. S is a set ofstates,
2. −→ ⊆ S × Aτ × S is anAτ-labelledtransition relation. If (s, a, t) ∈ −→, we write

s
a
−→ t.

3. ↑ ∈ S is an initial state.

Transition systems can be used to give semantics to programming languages and
process calculi. The standard method is to first associate with every program or process
expression a transition system (its operational semantics), and then consider programs
and process expressions modulo one of the many behavioural equivalences on transition
systems that have been studied in the literature. In this paper, we shall use the notion
of (divergence-preserving) branching bisimilarity [7,8], which is the finest behavioural
equivalence from van Glabbeek’s linear time - branching time spectrum [9].

In the definition of (divergence-preserving) branching bisimilarity we need the fol-
lowing notation: we useReach(s) to denote the set of reachable states froms through
transitions. Let−→ be anAτ-labelled transition relation on a setS, and leta ∈ Aτ; we

write s
(a)
−→ t for “ s

a
−→ t” or “ a = τ ands = t”. Furthermore, we denote the transitive

closure of
τ
−→ by−→+ and the reflexive-transitive closure of

τ
−→ by−→∗.

Definition 2. [Branching Bisimilarity] Let T1 = (S1,−→1, ↑1) and T2 = (S2,−→2, ↑2)
be transition systems. Abranching bisimulationfrom T1 to T2 is a binary relationR ⊆
S1 × S2 and, for all states s1 and s2, s1Rs2 implies



1. if s1
a
−→1 s′1, then there exist s′2, s

′′
2 ∈ S2, s.t. s2 −→

∗
2 s′′2

(a)
−→ s′2, s1Rs′′2 and s′1Rs′2;

2. if s2
a
−→2 s′2, then there exist s′1, s

′′
1 ∈ S1, s.t. s1 −→

∗
1 s′′1

(a)
−→ s′1, s′′1Rs2 and s′1Rs′2.

The transition systems T1 and T2 are branching bisimilar(notation: T1 ↔b T2) if there
exists a branching bisimulationR from T1 to T2 s.t.↑1 R ↑2.

A branching bisimulationR from T1 to T2 is divergence-preservingif, for all states
s1 and s2, s1Rs2 implies

3. if there exists an infinite sequence(s1,i)i∈N s.t. s1 = s1,0, s1,i
τ
−→ s1,i+1 and s1,iRs2

for all i ∈ N, then there exists a state s′2 s.t. s2 −→
+ s′2 and s1,iRs′2 for some i∈ N;

and
4. if there exists an infinite sequence(s2,i)i∈N s.t. s2 = s2,0, s2,i

τ
−→ s2,i+1 and s1Rs2,i

for all i ∈ N, then there exists a state s′1 s.t. s1 −→
+ s′1 and s′1Rs2,i for some i∈ N.

The transition systems T1 and T2 are divergence-preserving branching bisimilar(nota-
tion: T1 ↔

∆
b T2) if there exists a divergence-preserving branching bisimulationR from

T1 to T2 s.t.↑1 R ↑2.

We call the infiniteτ transition sequence in the above definition state-preserving

τ sequence. For↔∆b, a divergence is an infinite sequences1,1
τ
−→ s1,2

τ
−→ . . ., with

s1,i ↔
∆
b s1, j for any i, j ∈ N. Sometimes we adopt the branching bisimulation over

two states in the same transition system, we also denote the relation by↔b, which is
actually a bisimilarity from a transition system to itself.Next we define the notion of
bisimulation up to↔∆b, which is useful in establishing proofs of↔∆b.

Definition 3. Let T1 = (S1,−→1, ↑1) and T1 = (S2,−→2, ↑2) be two transition systems.
A relationR ⊆ S1 × S2 is a bisimulation up to↔∆b if, whenever(s, t) ∈ R, then for all
a ∈ Aτ:

1. if s
a
−→ s′, then there exists t′ such that t

a
−→ t′ and s′ ↔∆b ◦Rt′; and

2. if t
a
−→ t′, then there exists s′ such that s

a
−→ s′ and s′ ↔∆b ◦Rt′.

Lemma 1. If R is a bisimulation up to↔∆b, thenR ⊆↔∆b.

Proof. We first prove that↔∆b ◦R is a branching bisimulation. Suppose we haveP↔∆b
P1RQ, then,

1. if P
a
−→ P′, then according to Definition 2, we haveP′1, P′′1 , with P1 −→

∗ P′′1
(a)
−→

P′1, and P′′1 ↔
∆
b P, P′1 ↔

∆
b P′. By Definition 3, we haveQ′ and Q′′ such that

Q −→∗ Q′′
(a)
−→ Q′, and for someP′2 andP′′2 , P′′1 ↔

∆
b P′′2RQ′′, P′1 ↔

∆
b P′2RQ′, from

which it followsP′ ↔∆b ◦RQ′, andP↔∆b ◦RQ′′.

2. If Q
a
−→ Q′, we can establish a similar proof.

Therefore, a branching bisimulation up to↔∆b is included in↔b.
Now we proceed to prove that↔∆b ◦R is divergence preserving. We still use as-

sumption thatP↔∆b P1RQ, then,



1. if there is a divergence fromP, then sinceP↔∆b P1, there is also a divergence from

P1. AsR is a bisimulation up to↔∆b, every state preservingτ transitionP1
τ
−→ P′1 is

simulated byQ
τ
−→ Q′ with P′1 ↔

∆
b ◦RQ′, which is also state preserving. Therefore

the divergence is preserved.
2. If there is a divergence fromQ, then we can establish a similar proof.

2.1 Executable behaviour

The notion of reactive Turing machine (RTM) was put forward in [3] to mathematically
characterise which behaviour is executable by a conventional computing system. In this
section, we recall the definition of RTMs and the ensued notion of executable transition
system. The definition of RTMs is parameterised with the setAτ, which we now assume
to be a finite set. Furthermore, the definition is parameterised with another finite setD
of data symbols. We extendD with a special symbol� < D to denote a blank tape cell,
and denote the setD∪ {�} of tape symbolsbyD�.

Definition 4. [Reactive Turing Machine] Areactive Turing machine(RTM)M is a
triple (S,−→, ↑), where

1. S is a finite set ofstates,
2. −→ ⊆ S×D�×Aτ×D�×{L,R}×S is a(D�×Aτ×D�×{L,R})-labelledtransition

relation(we write s
a[d/e]M
−→ t for (s, d, a, e,M, t) ∈ −→),

3. ↑ ∈ S is a distinguishedinitial state.

Remark 1.The original definition of RTMs in [3] includes an extra facility to declare a
subset of the states of an RTM as being final states, and so doesthe associated notion of
executable transition system. In this paper, however, our goal in this paper is to explore
the relationship between the transition systems associated with RTMs and those that
can be specified in theπ-calculus. Since theπ-calculus does not include the facility to
specify that a state has the option to terminate, we leave it out from the definition of
RTMs too.

Intuitively, the meaning of a transitions
a[d/e]M
−→ t is that wheneverM is in states, and

d is the symbol currently read by the tape head, then it may execute the actiona, write
symbole on the tape (replacingd), move the read/write head one position to the left or
the right on the tape (depending on whetherM = L or M = R), and then end up in state
t.

To formalise the intuitive understanding of the operational behaviour of RTMs, we
associate with every RTMM anAτ-labelled transition systemT (M). The states of
T (M) are the configurations ofM, which consists of a state fromS, its tape contents,
and the position of the read/write head. We define tape contents by an element of (D�)∗,
replacing precisely one occurrence of a tape symbold by amarked symboľd, indicating
that the read/write head is on this symbol. We denote by̌D� = {ď | d ∈ D�} the set
of markedsymbols; atape instanceis a sequenceδ ∈ (D� ∪ Ď�)∗ such thatδ contains
exactly one element of̌D�.

We adopt a convention to concisely denote new placement of the tape head marker.
Let δ be an element ofD∗

�
. Then byδ< we denote the element of (D� ∪ Ď�)∗ obtained



by placing the tape head marker on the right-most symbol ofδ (if it exists), and�̌
otherwise. Similarly>δ is obtained by placing the tape head marker on the left-most
symbol ofδ (if it exists), and�̌ otherwise.

Definition 5. LetM = (S,−→, ↑) be an RTM. Thetransition systemT (M) associated
withM is defined as follows:

1. its set of statesS consists of the set of all configurations ofM;
2. its transition relation−→ is the least relation satisfying, for all a∈ Aτ, d, e ∈ D�

andδL, δR ∈ D∗�:

– (s, δLďδR)
a
−→ (t, δL<eδR) iff s

a[d/e]L
−→ t, and

– (s, δLďδR)
a
−→ (t, δLe>δR) iff s

a[d/e]R
−→ t, and

3. its initial state is the configuration(↑, �̌).

Turing introduced his machines to define the notion ofeffectively computable func-
tion. By analogy, the notion of RTM can be used to define a notion ofeffectively exe-
cutable behaviour.

Definition 6. [Executability] A transition system isexecutableif it is the transition
system associated with some RTM.

Usually, we shall be interested in executability up to some behavioural equiva-
lence. In [3], a characterisation of executability up to (divergence-preserving) branch-
ing bisimilarity is given that is independent of the notion of RTM. In order to be able
to recapitulate the results below, we need the following definitions, pertaining to the
recursive complexity and branching degree of transition systems. LetT = (S,−→, ↑)
be a transition system. We say thatT is effectiveif −→ is a recursively enumerable set.
The mappingout : S → 2Aτ×S associates with every state its set of outgoing transitions,

i.e., for all s ∈ S, out(s) = {(a, t) | s
a
−→ t}. We say thatT is computableif out is a

recursive function. We call a transition systemfinitely branchingif out(s) is finite for
every states, andboundedly branchingif there existsB ∈ N such that|out(s)| ≤ B for
all s ∈ S.

The following results were established in [3].

Theorem 1. 1. The transition systemT (M) associated with an RTMM is com-
putable and boundedly branching.

2. For every finite setAτ and every boundedly branching computableAτ-labelled
transition system T, there exists an RTMM such that T↔∆b T (M).

3. For every finite setAτ and every effectiveAτ-labelled transition system T there
exists an RTMM such that T↔b T (M).

We also propose a criterion to decide whether a transition system is not executable.
An auxiliary notion of branching degree up to a certain equivalence relation is as fol-
lows. The set ofequivalence classesmodulo an arbitrary equivalence relation� onS
is the quotient setS/�, and we denote the equivalence class ofs ∈ S modulo� by
[s]� = {s′ ∈ S | s� s′}.



Definition 7. Let T = (S,−→ , ↑) be an LTS, and s∈ S.
Thebranching degreemodulo�, denoted by deg�(s) is the cardinality of the set

{(a, [s′]�) | s
a
−→ s′, a ∈ Aτ}.

The branching degree modulo� of a transition system is the least upper bound of the
branching degrees of all reachable states, which is defined as deg�(T) = sup{deg�(s) |
s ∈ Reach(↑)}.

We say that a transition system Tisboundedly branchingup to � if there exists
B ∈ N, such that deg�(T) ≤ B, otherwise it isunboundedly branchingup to�.

The following lemma shows that transition systems with different branching degrees
cannot be divergence-preserving branching bisimilar. In other words, divergence has to
be introduced to simulate a transition system with higher branching degree.

Lemma 2. Let T1 be a transition system with deg↔∆

b
(T1) = b1 ∈ N, and suppose

that T1 does not contain a divergence. Then there is no transition system T2 with
deg↔∆

b
(T2) = b2 < b1, and T1 ↔

∆
b T2.

Proof. We prove by contradiction. We suppose thatT1 = (S1,−→1, ↑1), and s1 ∈

Reach(↑1), with deg↔∆

b
(s1) = b1, and a transition systemT2 = (S2,−→2, ↑2), satis-

fying thatdeg↔∆

b
(T2) = b2 < b1, andT1 ↔

∆
b T2. Since there is no divergence inT1,

there exists a states′1 such thats1 −→
∗ s′1, s1 ↔b s′1, and there is no transitions′1

τ
−→ s′′1

with s′1 ↔
∆
b s′′1 .

SinceT1 ↔
∆
b T2, there is a states2 ∈ Reach(↑2), such thats1 ↔

∆
b s2. And T2 dose

not contain a divergence as it preserves non-divergence with T1. Therefore, every state-
preservingτ transition sequence inT2 terminates. Without loss of generality, we assume

that s′2 is a state, such thats2 −→
∗ s′2, s′2 ↔

∆
b s2, and there is no transitions′2

τ
−→ s′′2

with s′2 ↔
∆
b s′′2 .

On the other hand,deg↔∆

b
(s′2) ≤ b2 < deg↔∆

b
(s′1), ands′1 ands′2 do not have any

state-preservingτ transitions. We now show thats′1 ↔
∆
b s′2 only if they deg↔∆

b
(s′1) =

deg↔∆

b
(s′1). Since the bisimulation requires a one-to-one correspondence between the

elements from the sets{(a, [s′′1 ]�) | s′1
a
−→ s′′1 , a ∈ Aτ} and{(a, [s′′2 ]�) | s′2

a
−→ s′′2 , a ∈

Aτ}. It follows thats′2 6↔
∆
b s′1, which leads to a contradiction.

Thus we conclude the following theorem from Theorem 1(1) andLemma 2.

Theorem 2. If a transition system T has no divergence and is unboundedlybranching
up to↔∆b, then it is not executable modulo↔∆b.

2.2 π-Calculus

The π-calculus was proposed by Milner, Parrow and Walker in [13] as a language to
specify processes with link mobility. The expressiveness of many variants ofπ-calculus
has been extensively studied. In this paper, we shall consider the basic version presented
in [15], excluding the match prefix. We recapitulate some definitions from [15] below
and refer to the book for detailed explanations.



We presuppose a countably infinite setN of names; we use strings of lower case
letters for elements ofN. Theprefixes, processesandsummationsof theπ-calculus are,
respectively, defined by the following grammar:

π ≔ xy | x(z) | τ (x, y, z∈ N)

P ≔ M | P | P | (z)P | !P

M ≔ 0 | π.P | M + M .

In x(z).P and (z)P, the displayed occurrence of the namez is bindingwith scopeP.
An occurrence of a name in a process isboundif it is, or lies within the scope of, a
binding occurrence inP; otherwise it it is free. We usefn(P) to denote the set of names
that occur free inP, andbn(P) to denote the set of names that bound inP.

We define the operational behaviour of aπ-processes by means of the structural
operational semantics in Fig. 1, in whichα ranges over the set ofπ-calculus actions

Aπ = {xy, xy, x(z) | x, y, z∈ N} ∪ {τ} .

PREFIX
τ.P

τ
−→ P xy.P

xy
−→ P x(y).P

xz
−→ P{z/y}

SUML
P

α
−→ P′

(P+ Q)
α
−→ P′

PARL
P

α
−→ P′

P | Q
α
−→ P′ | Q

bn(α) ∩ fn(Q) = ∅

COML
P

xy
−→ P′, Q

xy
−→ Q′

P | Q
τ
−→ P′ | Q′

CLOSEL
P

x(z)
−→ P′, Q

xz
−→ Q′

P | Q
τ
−→ (z)(P′ | Q′)

z < fn(Q)

RES
P

α
−→ P′

(z)P
α
−→ (z)P′

z < α OPEN
P

xz
−→ P′

(z)P
x(z)
−→ P′

z, x

REP
P

α
−→ P′

!P
α
−→ P′ | !P

P
xy
−→ P′, P

xy
−→ P′′

!P
τ
−→ (P′ | P′′) | !P

P
x(z)
−→ P′, P

xy
−→ P′′

!P
τ
−→ (z)(P′ | P′′) | !P

Fig. 1. : Operational rules forπ-calculus

The rules in Fig. 1 define onπ-terms anAπ-labelled transition relation−→. Then,
we can associate with with everyπ-term anAπ-labelled transition systemT (P) =
(SP,−→P,P). The set of statesSP of T (P) consists of allπ-terms reachable fromP,
the transition relation−→P of T (P) is obtained by restricting the transition relation−→
defined by the structural operational rules toSP (i.e.,−→P = −→ ∩ (SP × Aπ × SP)),
and the initial state ofT (P) is theπ-termP.

An α-convention betweenπ-terms is defined in [15] as a finite number of changes of
bound names. In this paper, we do not distinguish withπ-terms which areα-convertible,
and we writeP = Q if P andQ areα-convertible.

For convenience, we sometimes want to abbreviate interactions which involve the
transmission of no name at all, or more than one name. Insteadof giving a full treatment



of the polyadicπ-calculus (see [15]), we define the following abbreviations:

x〈y1, . . . , yn〉.P
def
= (w)xw.wy1. · · ·wyn.P (w < fn(P)), and

x(z1, . . . , zn).P
def
= x(w).w(z1). · · ·w(zn).P .

The following lemma establishes that divergence-preserving branching bisimilarity
is compatible with restriction and parallel composition. This will be a useful property
when establishing the correctness of our simulation of RTMsin π-calculus, in the next
section.

Lemma 3. For all π-terms P, P′, Q, and Q′:

1. if P↔∆b P′, then(a)P↔∆b (a)P′;
2. if P↔∆b P′ and Q↔∆b Q′, then P| Q↔∆b P′ | Q′.

Proof. 1. It is straightforward to verify that the relation

R = {((a)P, (a)P′) | P andP′ areπ-terms s.t.P↔∆b P′}

is a divergence-preserving branching bisimulation relation.
2. Define the relationR by

{((a)(P | Q), (a)(P′ | Q′)) | a is a sequence of restricted names and

P, P′, Q, andQ′ areπ-terms s.t.P↔∆b P′ andQ↔∆b Q′} ;

we verify thatR is a divergence-preserving branching bisimulation. For simplicity,
we only analyze the terms with no restricted names. To this end, first suppose that

P | Q
a
−→ R; we distinguish three cases according to which operationalrule is

applied last in the derivation of this transition:
(a) if P

a
−→ P1 andR= P1 | Q, then, sinceP↔∆b P′, we haveP′ −→∗ P′′1

a
−→ P′1

with P′ ↔∆b P′′1 andP1 ↔
∆
b P′1. ThusP′ | Q′ −→∗ P′′1 | Q

a
−→ P′1 | Q, and,

according to the definition ofR, we haveP | Q R P′′1 | Q andP1 | Q R P′1 | Q.

(b) If P
xy
−→ P1, Q

xy
−→ Q1, R = P1 | Q1, anda = τ, then, sinceP ↔∆b P′ and

Q ↔∆b Q′, we haveP′ −→∗ P′′1
xy
−→ P′1 with P ↔∆b P′′1 andP1 ↔

∆
b P′1, and

Q′ −→∗ Q′′1
xy
−→ Q′1 with Q ↔∆b Q′′1 andQ1 ↔

∆
b Q′1. Hence, it follows that

P′ | Q′ −→∗ P′′1 | Q
′′
1

τ
−→ P′1 | Q

′
1, with P | Q R P′′1 | Q

′′
1 andP1 | Q1 R P′1 |

Q′1.

(c) If P
x(z)
−→ P1, Q

xz
−→ Q1, R = (z)(P1 | Q1), anda = τ. SinceP ↔∆b P′ and

Q ↔∆b Q′, we haveP′ −→∗ P′′1
x(z)
−→ P′1 with P ↔∆b P′′1 and P1 ↔

∆
b P′1,

andQ′ −→∗ Q′′1
xz
−→ Q′1 with Q ↔∆b Q′′1 andQ1 ↔

∆
b Q′1. Hence, it follows

that P′ | Q′ −→∗ P′′1 | Q′′1
τ
−→ (z)(P′1 | Q′1), with P | Q R P′′1 | Q′′1 and

(z)(P1 | Q1) R (z)(P′1 | Q
′
1).

The symmetric cases can be proved analogously.



3 Specifying executable behaviour in theπ-Calculus

In the previous section, we introducedπ-calculus as a language to specify behaviour,
and we have proposed RTMs to define a notion of executable behaviour. In this sec-
tion we prove that every executable behaviour can be specified in theπ-calculus up to
divergence-preservingbranching bisimilarity. To this end, we associate with every RTM
M a π-termP that simulates the behaviour ofM up to divergence-preserving branch-
ing bisimilarity, i.e., such thatT (M) ↔∆b T (P). Our specification will consist of two
parts: a generic finite specification of the behaviour of a tape, and a finite specification
of a control process that is specific for the RTMM under consideration. In the end,
we establish that the RTMM is simulated by the parallel composition of the two parts.
The structure of our specification is illustrated in Figure 2. In this figure, each node rep-
resents a parallel component of the specification, and each labelled arrow stands for a
communication channel with certain labels, and the dashed lines represent the links be-
tween cells. Moreover, the equalities on arrows and dashed lines tell the correspondence
between the names defined in the linked terms.

Ci Ci+1 Cn Br,n+1Ci−1CmBl,m−1

Hi

. . .. . .

S

uiti
r i = ti+1ti−1 = l i

r i = ti+1ti−1 = l i rn = tn+1tm−1 = lm

write, left, rightread

Fig. 2.π-specification of a RTM

Tape In [1], the behaviour of the tape of a Turing machine is finitely specified in ACPτ
making use of finite specifications of two stacks. The specification is not easily modi-
fied to take intermediate termination into account, and therefore, in [3], an alternative
solution is presented, specifying the behaviour of a tape inTCPτ by using a finite spec-
ification of a queue (see also [2]). In this paper, we will exploit the link passing feature
of theπ-calculus to give a more direct specification. In particular, we shall model the
tape as a collection of cells endowed with a link structure that organises them in a linear
fashion. We first give an informal description of the behaviour of a tape. The state of
a tape is characterised by a tape instanceδLďδR, consisting of a finite (but unbounded)
sequence with the current position of the tape head indicated by a marking. The tape
may then exhibit the following observable actions:

1. read d: the datum under the tape head is output along the channelread;
2. write(e): a datume is written on the position of the tape head, resulting in a new

tape instanceδLěδR; and



3. left, right: results in the tape head moving left or right, resulting inδL<dδR or δLd >δR,
respectively.

Henceforth, we assume that tape symbols are included in the set of names, i.e., that
D� ⊆ N.

In ourπ-calculus specification representing the behaviour of a tape each individual
tape cell is specified as a separate component, and there is a separate component mod-
elling the tape head. A tape cell stores a datumd, represented by a free name in the
specification, it has pointersl andr to its left and right neighbour cells. Furthermore,
it has two links to the component modelling the tape head: thelink u is used by the
tape head for updating the datum, and the linkt serves as a general communication
channel for communicating all relevant information about the cell to the tape head. The
following π-term represents the behaviour of a tape cell:

C
def
= c(t, l, r, u, d).C(t, l, r, u, d)

C(t, l, r, u, d)
def
= u(e).c〈t, l, r, u, e〉.0+ t〈l, r, u, d〉.c〈t, l, r, u, d〉.0 .

Note that the behaviour of an individual tape cellC(t, l, r, u, d) is very simple: either it
receives along channelu an updatee for its datumd, after which it recreates itself with
datume in place ofd, or it outputs all relevant information about itself to the tape head
along channelt, after which it recreates itself. A cell is created by a synchronisation
on namec, by which all relevant information about the cell is passed;we shall have a
component !C to regenerate new incarnations of existing tape cells.

At any stage during the simulation of an RTM, the number of tape cells modelled
by a parallel component will be finite. To model the unboundednature of the tape, we
define a processB that serves to generate new blank tape cells on either side ofthe tape
whenever needed:

B
def
= bl(t, r).(u, l)Bl(t, l, r, u) + br(t, l).(u, r)Br(t, l, r, u)

Bl(t, l, r, u)
def
= t〈l, r, u,�〉.(c〈t, l, r, u,�〉.0 | bl〈l, t〉.0)

Br(t, l, r, u)
def
= t〈l, r, u,�〉.(c〈t, l, r, u,�〉.0 | br〈t, r〉.0) .

Note thatB offers the choice to either create a blank tape cell at the left-hand side of
the tape throughbl(t, r), or a blank tape cell at the right-hand side of the tape through
br (t, l). In the first case, the cell to the right of the new blank cell already exists, and it
maintains a link to itself and a link to its left neighbour; these links are passed on to the
new blank cell asr andt, respectively. At the creation of the new blank cell, two new
links are generated:u is the update channel of the new blank cell, andl will later be
used as the link to a new neighbour blank cell.

Throughout the simulation of an RTM, the number of parallel components mod-
elling individual tape cells will grow. We shall presupposea numbering of these parallel
components with consecutive integers from some interval [m, n] (m andn are integers
such thatm ≤ n), in agreement with the link structure. The numbering is reflected by
a naming scheme that adds the subscripti to the linkst, l, r, u andd of the ith cell; we
abbreviateC(ti , l i , r i , ui, di) by Ci , Bl(ti , l i , r i , ui) andBl(ti , l i, r i , ui) by Bl,i andBr,i, and



define:

Cells[m,n]
def
= (bl , br , c)(Bl,m−1 | Cm | Cm+1 | · · · | Cn−1 | Cn | Br,n+1 | !C | !B) .

The component modelling the tape head serves as the interface between the tape
cells and the RTM-specific control process. It is defined as:

H
def
= h(t, l, r, u, d).H(t, l, r, u, d)

H(t, l, r, u, d)
def
= read d.h〈t, l, r, u, d〉.0+ write(e).u e.h〈t, l, r, u, e〉.0

+ left.l(l′, r ′, u′, d′).h〈l, l′, r ′, u′, d′〉.0+ right.r(l′, r ′, u′, d′).h〈r, l′, r ′, u′, d′〉.0 .

The tape head maintains two links to the current cell (a communication channelt and
an update channelu), as well as links to its left and right neighbour cells (l and r,
respectively). Furthermore, the tape head remembers the datum d in the current cell.
The datumd may be outputted along theread-channel. Furthermore, a new datume
may be received through thewrite-channel, which is then forwarded through the update
channelu to the current cell. Finally, the tape head may receive instructions to move left
or right, which has the effect of receiving information about the left or right neighbours
of the current cell throughl or r, respectively. In all cases, a new incarnation of the tape
head is started, with a call on theh-channel.

Let t [m,n] = tm, tm+1, . . . , tn−1, tn, andu[m,n] = um, um+1, . . . , un−1, un to denote re-
stricted names. Furthermore, letHi = H(ti , l i , r i , ui , di). Then, withd[m,n] = dm, dm+1, . . . , dn−1, dn,
we define,

Tapei[m,n](d[m,n])
def
= (t[m−1,n+1], u[m,n])((h)(Hi | !H) | Cells[m,n]) .

Furthermore, we shall abbreviateTape0[0,0](�) by Tape. The following lemma is about
the behaviour of our tape specification:

Lemma 4. There are four types of transitions from Tapei
[m,n](d[m,n]):

1. Tapei[m,n](d[m,n])
read di
−→ ↔∆b Tapei[m,n](d[m,n]);

2. Tapei[m,n](d[m,n])
write(e)
−→ ↔∆b Tapei[m,n](dm, . . . , di−1, e, di+1, . . . , dn);

3. Tapei[m,n](d[m,n])
le f t
−→↔∆b Tapei−1

[m,n](d[m,n]) (if i > m);

Tapei[m,n](d[m,n])
le f t
−→↔∆b Tapei−1

[m−1,n](�, d[m,n]) (if i = m);

4. Tapei[m,n](d[m,n])
right
−→↔∆b Tapei+1

[m,n](d[m,n]) (if i < n);

Tapei[m,n](d[m,n])
right
−→↔∆b Tapei+1

[m,n+1](d[m,n] ,�) (if i = n).

Proof. Here we only verify the first case. We suppose that

Tapei[m,n](d[m,n])
read di
−→ (t[m−1,n+1], u[m,n])((h)(h〈ti , l i , r i , ui, di〉 | !H) | Cells[m,n]) = T′. .

It is obvious that (h)(h〈ti , l i , r i , ui , di〉 | !H) ↔∆b (h)(Hi | !H). According to Lemma 3, we
haveT′ ↔∆b Tapei[m,n](d[m,n]).



Finite control We associate with every RTMM = (SM,−→M, ↑M) a finite specification
consisting of a tape instance and a control process. Heremcan bele f t or right.

S
def
=
∑

s∈SM

s.
∑

d∈D�

d.Ss,d

Ss,d
def
=

∑

(s,d,a,e,m,t)∈−→M

a.write e.m.read( f ).t. f .0

Let s = s1, s2, . . . , sm, wheres1, s2, . . . , sm ∈ SM, ande = e1, e2, . . . , en, where
e1, e2, . . . , en ∈ D�, then we define

Controls,d
def
= (s, e)(Ss,d | !S) .

And the control process corresponding to the initial state is Control↑,�. The following
lemma illustrates the behaviour of control process.

Lemma 5. Given an RTMM = (SM,−→M, ↑M), for every transition rule(s, d, a, e,m, t) ∈−→M,
we have the following corresponding transition sequence:

Controls,d
a
−→ (s, e)(write e.m.read( f ).t. f .0 | !S)

write e
−→

m
−→

read f
−→−→

∗ Controlt, f .0 .

Finally, for a given RTMM, we associate with every configuration (s, δLďδR) a π-
term Ms,δLďδR

, which is a parallel composition of the specifications of itstape instance
and control process. Letr = read,write, le f t,write, and we define

Ms,δLďδR
= (r)(Controls,d | Tapei[m,n](d[m,n])), whered[m,n] = δLďδR .

The following lemma concludes the behaviour ofMs,δLďδR
.

Lemma 6. Given an RTMM = (SM,−→M, ↑M), for every configuration(s, δLďδR),
its transition(s, δLďδR)

a
−→ (t, δ′L f̌ δ′R) corresponds to a transition

Ms,δLďδR

a
−→↔∆b Mt,δ′L f̌δ′R

.

Proof. Suppose the transition is resulted from the rule (s, d, a, e,m, t) ∈−→M, then ac-
cording to Lemma 5, we have

Ms,δLďδR

a
−→ (r, s, e)(write e.m.read( f ).t. f .0 | !S | Tapei[m,n](d[m,n])) = M′ .

Then we just prove that

M′ ↔∆b (r, s, e)(m.read( f ).t. f .0 | !S | Tapei[m,n](dm, . . . , di−1, e, di+1, . . . , dn)) = M′′ .

Using Lemma 4, we get

M′
τ
−→ (r, s, e)(m.read( f ).t. f .0 | !S | T′) ,

whereT′ ↔∆b Tapei[m,n](dm, . . . , di−1, e, di+1, . . . , dn). Thus M′ ↔∆b M′′ according to
Lemma 3.

Hence, we can prove the whole statement by the above method.



Theorem 3. Given an RTMM, and letM(↑, �̌) be the initial configuration ofM, we
have

T (M↑,�̌) ↔
∆
b T (M(↑, �̌)) .

Proof. We establish a relationR = {(Ms,δLďδR
,M(s, δLďδR)) | s ∈ SM, δLďδR ∈ D∗�}.

Using Lemma 6, it enough to show thatR is a branching bisimulation up to↔∆b (see
also Figure 3). Thus we getT (M↑,�̌) ↔∆b T (M(↑, �̌)) by Lemma 1.

M(s, δLďδR)

M(t, δ′L f̌ δ′R)

Ms,δL ďδR

M′

Mt,δ′L f̌ δ′R

a

a

τ∗

↔∆
b

↔∆
b

↔∆
b

Fig. 3. Bisimulation relation betweenM ∈ Ms,δL ,ďδR
andM(s, δL, ďδR)

Thus we have the following expressiveness result forπ-calculus.

Corollary 1. For every executable transition system T there exists aπ-term P, such
that T↔∆b T (P).

4 Executability of π-Calculus Process

We have proved that every executable behaviour can be specified in theπ-calculus mod-
ulo divergence-preserving branching bisimilarity. We shall now investigate to what ex-
tent behaviour specified in theπ-calculus is executable. Recall that we have defined
executable behaviour as behaviour of an RTM. So, in order to prove that the behaviour
specified by aπ-term is executable, we need to show that the transition system asso-
ciated with thisπ-term is behaviourally equivalent to the transition systemassociated
with some RTM.

Note that there is an apparent mismatch between the formalisms of RTMs andπ-
calculus. On the one hand, the notion of RTM as we have defined it presupposesfinite
setsAτ andD� of actions and data symbols, and also the transition relation of an RTM
is finite. As a consequence, we have observed, the transition system associated with an
RTM is finitely branching, and, in fact, its branching degreeis bounded by a natural
number. (Note that this does not mean that RTMs cannot deal with data of unbounded
size, but it has to be encoded using finitely many symbols.) Theπ-calculus, on the other
hand, presupposes an infinite set of names by which an infinitesetAπ is generated. The
transition system associated to aπ-term by the structural operational semantics (see



Fig. 1) may contain states with an infinite branching degree,due to the rules for input
prefix and bound output prefix.

Observe, however, that the infinite branching caused by input prefix can be thought
of as a technical device in the operational semantics to model the communication of an
arbitrary name from one parallel component to another. The name that will be received,
can either be a free name of the sending process (a value), or of a restricted name (a
private channel). Since the sending parallel component will only have a finite number
of free names, only finitely many values can be communicated.Although, technically
speaking, according to the operational semantics, infinitely many distinct private chan-
nels may be communicated when an input prefix synchronises with a bound output
prefix, the communicated private channel is not observable,and the resultingπ-terms
are all equated byα-conversion, so the only observable effect of the interaction is that
after the communication the sending and receiving parties share a private channel of
which the name is irrelevant.

Our goal is to investigate to what extent the behaviour specified by an individual
π-term is executable. Motivated by the above intuitive interpretation of interaction of a
π-term with its environment, we assume that the behaviour specified by thatπ-term is
executed in an environment that may offer data values from some presupposed finite set
on its input channels. Furthermore, we assume that there is afacility for establishing a
private channel between theπ-term and its environment. (Such a facility could, e.g., be
implemented using encryption, but we will abstract from theactual implementation of
the facility.) We define a restriction on the transition systems associated withπ-terms
that is based on these assumptions.

Definition 8. LetN ′ ⊆ N be a finite set of names, letA′π = Aπ − ({xy | x ∈ N , y <
N ′} ∪ {x(z) | x, z ∈ N}), and let P beπ-term. The transition system associated with P
restricted to a finite set of input namesN ′ , denoted byTN

′

(P), is a triple (SN
′

P ,−→
N ′

P
,P), obtained fromT (P) = (SP,−→P,P) as follows:

1. SN
′

P is the set of states reachable from P by means of transitions that are not labelled
by xz (z< N ′); and

2. −→N
′

P is the restriction of−→P obtained by excluding all transitions labelled with
xz (z< N ′), and relabelling all transitions labelled withx(z) (x, z ∈ N) to νx, i.e.,

−→
N ′

P = (−→P ∩ (SN
′

P × A
′
π × S

N ′

P )) ∪ {(s, νx, t) | s, t ∈ SN
′

P , s
x(z)
−→P t} .

Using [15, Lemma 1.4.1], it is straightforward to show that for everyπ-term the set
of π-calculus actions appearing as labels inTN

′

(P) is finite. Furthermore, the transition
system associated withπ-term by the operational semantics, and also its restriction
according to Definition 8 are clearly effective. Hence, as an immediate corollary of
Theorem 1(3), we may conclude that the transition system associated with aπ-term can
be simulated by an RTM modulo (divergence-insensitive) branching bisimilarity.

Corollary 2. For everyπ-term P and for every finite set of input namesN ′, there exists
an RTM M such thatTN

′

(P) ↔b T (M).



The following example shows that there existπ-terms with which the structural op-
erational semantics associates a transition system without divergence that is unbound-
edly branching up to↔∆b. Note that by Theorem 2 suchπ-terms are not executable
modulo divergence-preserving branching bisimilarity.

Example 1.Consider theπ-processP
def
= (c, i, d, s, flip)(i s.0 | flip.0 | !C | ! I | !D), with

C, I andD defined as follows:

C
def
= c(h, t, b).(h〈t, b〉.0+ flip.c〈h, t, 1〉.0)

I
def
= i(h).(inc.(h′)c〈h′, h, 0〉.i h′.0+ flush.flip.d h.0)

D
def
= d(h).(h(t, b).b.d t.0)

Intuitively, the process !C facilitates the generation of a linked list of one-bit cells
with a pointerh to the head of the list, a pointert to the tail of the list, and a bitb. Each
cell may either output, alongh, the link t to the tail of the list and its bitb, or it may
receive the instructionflip after which it recreates itself with the value 1. The processI
serves as the interface process. It maintains a link to the head of the list. Upon receiving
an inc-instruction, it adds another one-bit cell to the list, and upon receiving theflush-
instruction, it flips at most one of the bits, and then callsD. The processD then simply
outputs the bits in reverse sequence.

Consider the state reached after performingn inc-actions, followed by aflush-
action. In this state, the list contains a string ofn 0s. Theτ-transitions that correspond
to the interaction offlip betweenI and one of theflips of one of the one-bit cells orflip
in the definition ofP have the effect of non-deterministically changing (at most) one of
the 0s to a 1. Note that there aren+ 1 suchτ-transitions, and sinceD will subsequently
output the sequence in order, the states reached by theseτ-transitions are (pairwise) not
divergence-preservingbranching bisimilar. Hence, it follows that for everyn, the transi-
tion system associated withP has reachable state with a branching degree modulo↔∆

b
of at leastn+ 1. It follows that the transition system associated withP is unboundedly
branching up to↔∆b.

We combine the positive result in Corollary 2 and the observations in the preceding
example in a general conclusion about the executability ofπ-calculus.

Corollary 3. Everyπ-term is executable modulo branching bisimilarity, but there ex-
ist π-terms that specify transition systems that are not executable modulo divergence-
preserving branching bisimilarity.

5 Conclusions

We have investigated the expressiveness of theπ-calculus in relation to the theory of
executability provided by reactive Turing machines. We have established that, up to
divergence-preserving branching bisimilarity, every executable transition system can
be specified by aπ-calculus term, showing that theπ-calculus is reactively Turing pow-
erful. On the other hand, we have proved that everyπ-calculus process can be simulated



by a reactive Turing machine modulo branching bisimilarity, at the cost of introducing
divergence in the simulation. Divergence is then used to simulate behaviour that is un-
boundedly branching. It has been claimed (e.g., in [5]) thatπ-calculus provides a model
of computation that is behaviourally more expressive than Turing machines. Our results
provide further justification for this claim, and formally characterises the difference.
It should be noted that the difference in expressive power is at the level of interaction
(allowing interaction between an unbounded number of components), rather than at the
level of computation.
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