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Τὰ πάντα ῥεῖ καὶ οὐδὲν μένει
(Tà pánta rheı̂ kaı̀ oudèn ménei)
“Everything ﬂows, nothing stands still”
−

Attributed to Heraclitus
Plato’s Cratylus, ca. 360 BCE
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Summary
Rotating machinery are omnipresent in process industry. With their centrifugal action, compressors and pumps act on process streams to transport
them throughout an industrial plant, or to control pressure. Centrifugal separators can divide materials based on a diﬀerence in density. Rotating foam
reactors, thin ﬁlm spinning disc, and rotor-stator spinning disc reactors take
advantage of the rotational motion induced in gasses and liquids to improve
mixing. All of these pieces of process equipment have one thing in common:
their performance is fully determined by their internal ﬂow structure.
The hydrodynamics of rotating multiphase ﬂows between a rotating and a
stationary disc thus directly determines the performance of rotating disc
equipment as the rotor-stator spinning disc reactor. The ﬂow ﬁeld is divided
into three main structures: the Von Kármán boundary layer attached to
the rotating disc, the Bödewadt boundary layer near the stationary disc,
and an intermittent region in inviscid rotational motion. With a decreasing
angular velocity of the rotor, or decreasing distance between the two discs,
the inviscid region shrinks until it disappears completely, leading to a ﬂow
structure that only consists of boundary layer ﬂow, but can still be turbulent.
The interactions between these elements of the liquid ﬂow on the one hand
and solid particles, or gas bubbles on the other hand can be quite complex.
At the same time these interactions greatly determine the performance of
the rotor-stator spinning disc reactor. Therefore, the hydrodynamics of these
rotating multiphase ﬂows are investigated experimentally and theoretically
in this thesis.
The ﬁrst chapter of the thesis deals with the thickness of the Von Kármán
and Bödewadt boundary layers as a function of the rotational velocity of
the rotor and viscosity of the liquid. Numerical simulations in conjunction
with theoretical considerations on the dimensionality of the physical system
are used to obtain correlations for the thickness of these boundary layers.
It was additionally found that the radius of convergence of an analytical
series solution of the momentum conservation equation shows a remarkable
resemblance to the boundary layer thickness.
The second chapter elucidates the proven existence of Stewartson-types of
ﬂow which should be unstable according to theory. Stewartson ﬂow ﬁelds
are characterised by the absence of a Bödewadt boundary layer and a region
1
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in inviscid motion. Through time-dependent numerical simulations of the
ﬂow ﬁeld it was shown that indeed, Stewartson types of ﬂow are unstable.
The instability is triggered by a convective inﬂow of angular momentum
from larger radii to smaller ones, leading to the buildup of inviscid motion
in the core region and the formation of a Bödewadt boundary layer near the
stator. The experimental evidence on the existence of Stewartson ﬂow can
thus be theoretically explained as these ﬂow ﬁelds only were found to occur
in situations where this inﬂow of angular momentum was hindered.
In the third chapter, an experimental and theoretical framework is used to
derive a model for the size of bubbles inside the rotor-stator spinning disc
reactor. The bubbles under investigation are larger than the rotor-stator
distance and are connected to the inlet oriﬁce via a thin neck. The bubble
moves away from the oriﬁce under the inﬂuence of centrifugal buoyancy and
liquid drag, until the neck reaches a critical length as described by RayleighPlateau instability theory. The model was veriﬁed by comparing the modeled
bubble size with their experimental counterparts and it was found that the
modeled values showed a maximum of ±10% deviation with respect to their
experimental values. Moreover, the surprising absence of the eﬀect of liquid
density and viscosity on the bubble size, as determined experimentally, was
correctly predicted by the model within the experimental domain.
In the fourth chapter, gas-liquid mass transfer is discussed theoretically for
bubbles that are again larger than the rotor-stator disc spacing. Starting
with Direct Numerical Simulations on the ﬂow ﬁeld surrounding these bubbles, vortex stretching inside the liquid ﬁlm surrounding the bubble was
identiﬁed to be responsible for the persistence of turbulence inside these
thin liquid ﬁlms. The presence of vortices leads to enhanced turbulent dispersion, increasing mass transfer between the gas and the liquid. Turbulent
dispersion coeﬃcients were directly obtained from the numerical simulations
and used as input parameters for gas-liquid mass transfer calculations.
The ﬁfth and ﬁnal chapter proposes a novel conﬁguration of the rotor-stator
spinning disc reactor which can entrap solid particles and can thus be used
in a catalytic solid-liquid reactive system. In this experimental setup, the
rotor is replaced with an assembly consisting of two hollow discs ﬁlled with
a porous foam. Without the foam, boundary layers develop along the rotors
which transport particles radially inward. It was found that spherical glass
beads with a diameter larger than 17.8 μm could be fully contained.

Introduction
Current scientiﬁc challenges in the ﬁeld of process technology and chemical
reactor engineering focus on process intensiﬁcation. This key research area
comprises the study of innovative ways to make chemical industry more
eﬃcient in terms of raw materials and energy consumption, to increase the
level of safety, and reduce the environmental impact, while simultaneously
maintaining or increasing the overall productivity. Methods of achieving this
goal can be found in overcoming mass transfer limitations in gas-liquid and
liquid-solid multiphase processes, reducing equipment scale, extending the
operation window to higher pressures and temperatures, or inventing ways
to operate processes at (or near) ambient conditions.

Figure 1: The rotor-stator spinning disc reactor consists of a rapidly rotating
disc encased by a stationary shroud. The angular velocity of the rotor can
be as high as Ω = 4,000 rpm, while the gap spacing is of the order one to
several millimetres.
A novel type of multiphase reactor that strongly increases molecular transport between diﬀerent phases, while at the same time drastically reducing
equipment size, is the rotor-stator spinning disc reactor [1, 2]. This chemical
reactor is schematically depicted in Figure 1 and consists of a rapidly rotating disc (the rotor), encased by a stationary cylindrical housing (the stator).
The rotor has a radius of the order RD = 5 − 15 cm and rotates with a
3
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velocity as high as Ω = 4, 000 rpm. These very high velocities lead to a
high degree of turbulence, rapidly renewing liquid elements at the gas-liquid
or liquid-solid interface and reducing the resistance to mass transfer. The
rotor-stator gap spacing, h, on the other hand, is very small and is typically
of the order of one to a few millimetres. The high velocity diﬀerence over
such a narrow gap gives rise to high shear forces inside the reactor triggering
early pinch-oﬀ of gas bubbles from the inlet oriﬁce. These smaller bubbles
have a higher speciﬁc surface area available for molecular transport, further
increasing the mass transfer rate. It is the combination of these two eﬀects
that gives the rotor-stator spinning disc reactor its high mass transfer rates.
Obviously, the multiphase hydrodynamics between a rotating and a stationary disc profoundly inﬂuences the mass transfer coeﬃcient, the size and
shape of bubbles that are formed between the rotor and the stator, and
the dispersion of catalyst particles throughout the reactor. The research
on ﬂow ﬁelds near rotating discs already has a long history in the ﬁeld of
ﬂuid dynamics, starting with the pioneering work by Von Kármán (1921)
[3]. Von Kármán investigated the ﬂow of an inﬁnitely extended ﬂuid near an
inﬁnite rotating disc. In this study it was found that the full Navier-Stokes
equations could be reduced to a set of two ordinary diﬀerential equations by
assuming that the velocity normal to the disc was a function of the distance
to the disc only. Numerical solutions of this system of ordinary diﬀerential
equations showed that the velocity gradients were conﬁned to a boundary
layer attached to the disc, termed the Von Kármán boundary layer [3, 4]. In
this boundary layer, depicted in Figure 2, the azimuthal velocity gradually
decreases from the azimuthal velocity of the disc to zero, while moving axially away from the disc. Additionally, there is a radial outﬂow of ﬂuid inside
this layer caused by the centrifugal motion of the disc.
The reverse situation, an inﬁnite rotating ﬂuid near a stationary disc was
studied by Bödewadt (1940) [5]. By applying the same mathematical formulation adopted by Von Kármán, it was found that the velocity gradients
were similarly conﬁned to a boundary layer attached to the stationary disc;
the Bödewadt boundary layer as shown in Figure 3. In this layer, increasing
the distance from the disc leads to an increasing azimuthal velocity from
zero to the azimuthal velocity of the ﬂuid inﬁnitely far away. Moreover, a
radial inﬂow of ﬂuid is present in the Bödewadt boundary layer due to an
increase in centrifugal pressure with an increasing radial distance from the
axis of rotation.
Von Kármán’s solution method was later generalised by Batchelor (1940)
to include the solution of the ﬂow between a rotating and a stationary disc
[6]. According to Batchelor, the ﬂow ﬁeld would consist of a Von Kármán
boundary layer attached to the rotor and a Bödewadt boundary layer near
the stator. Depending on the distance between the discs, these two boundary
layers can be in contact with each other, or they can be separated by a
region in inviscid rotational motion. In this non-viscous core, the azimuthal
velocity is constant and the radial velocity is zero. Chapter 1 of this thesis

Summary

5

Figure 2: The ﬂow ﬁeld in a Von Kármán boundary layer is characterised
by its azimuthal velocity component in panel (a), and its radial one in panel
(b). Velocity is non-dimensionalised by dividing by the angular velocity of
the disc (Ω) and the radial distance from the axis of rotation (r). The axial
position from the disc is written
√in its non-dimensional form by dividing by
the characteristic length scale ν/Ω, in which ν is the kinematic viscosity
of the ﬂuid.

Figure 3: The ﬂow ﬁeld in a Bödewadt boundary layer is characterised by its
azimuthal velocity component in panel (a), and its radial one in panel (b).
Velocity is non-dimensionalised by dividing by the angular velocity of the
ﬂuid at inﬁnity (Ω) and the radial distance from the axis of rotation (r). The
axial position from the disc is written
√ in its non-dimensional form by dividing
by the characteristic length scale ν/Ω, in which ν is the kinematic viscosity
of the ﬂuid. Additionaly, the velocity ﬁeld shows a dampened oscillation with
an increasing distance from the disc.

6
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deals with the development and thickness of the Bödewadt and Von Kármán
boundary layers for Batchelor ﬂow and reports the peculiar coincidence of
this boundary layer thickness with the radius of convergence of an analytical
series approximation of the velocity proﬁle.
Batchelor’s predictions were challenged by Stewartson (1953) [7] who argued
that the Bödewadt solution is unstable due to the oscillation that can be
seen in Figure 3. Stewartson’s solution of the ﬂow between a rotating and a
stationary disc consists only of a Von Kármán layer at the rotating disc, while
the majority of the ﬂuid would be at rest. This debate in the ﬁeld of ﬂuid
dynamics lasted for several decades until a numerical study by Holodniok et
al (1977) [8] showed that no unique solution exists to the system of ODEs
describing the ﬂow between a rotor and a stator. In fact, depending on the
Reynolds number, up to ﬁve diﬀerent solutions could be obtained, including
the Batchelor and Stewartson ﬂow proﬁles [9].
When discs of ﬁnite sizes are considered, Brady and Durlofsky (1987) [10]
showed that the boundary conditions at the edge of the disc determines
the particular ﬂow ﬁeld that is observed between the discs. When there is a
stationary or co-rotating shroud at the radial edge of the system, the velocity
ﬁeld is of the Batchelor type [11], while Stewartson ﬂow is found in open
conﬁgurations [12] or when a radial outﬂow is superimposed [13]. Chapter
2 of this thesis then gives an explanation on the eﬀect of the boundary
conditions on the experimentally observed ﬂow ﬁelds based on a theoretical
analysis of the transport of angular momentum between the two discs.
The thesis then continues its investigation on multiphase ﬂows, for the case
where a rotating disc is in close proximity to a stationary wall and the ﬂow is
turbulent. This ﬂow conﬁguration is industrially most relevant as the large
shear forces and high degree of turbulence have been shown to result in very
high mass transfer rates [1, 2]. Gas-liquid mass transfer in the rotor-stator
spinning disc reactor is discussed in Chapters 3 and 4. Chapter 3 presents
an experimental and theoretical study on the size of bubbles that are formed
between a rotating and a stationary disc, while chapter 4 gives a theoretical
discussion on gas-liquid mass transfer through the interface of these bubbles.
Finally, in Chapter 5 solid-liquid multiphase ﬂow is discussed in terms of
a novel reactor conﬁguration which allows for the complete containment of
spherical glass beads purely by hydrodynamical means. In this conﬁguration
the solid disc is replaced by an assembly comprising two conjoined rotating
discs with a distance between 1 and 10 mm. This volume is ﬁlled with a
highly porous reticulated carbon foam so that liquid can ﬂow out through
the rotor-rotor assembly and the hollow axis. The porous foam structure
prevents the build-up of centripetal boundary layers inside the rotor-rotor
cavity, allowing for the entrapment of solid particles.
This thesis thus identiﬁes the most important phenomena caused by rotating multiphase ﬂows which understanding is of paramount importance in the
development of the rotor-stator spinning disc reactor. With the ﬁndings in
this thesis the experimentally observed trends in ﬂow patterns, mass trans-
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fer rates, bubble shapes and sizes, particle dispersion and entrapment, and
many more topics can be understood. Moreover, a beginning is made with
modelling and forming design equations for the further development of the
rotor-stator spinning disc reactor. These reactor design models will facilitate the industrial application of this novel type of reactor and thus help in
achieving process intensiﬁcation goals for chemical industry: safer processes,
less environmental impact, and more eﬃcient use of natural resources.
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Chapter 1

Boundary layer
development in the ﬂow
ﬁeld between a rotating
and a stationary disc
This chapter has been published as: K.M.P. van Eeten, J. van
der Schaaf, J.C. Schouten, and G.J.F. van Heijst. Boundary
layer development in the ﬂow ﬁeld between a rotating and a
stationary disk. Phys. Fluids, 24:033601, 2012.

Abstract
This paper discusses the development of boundary layers in the ﬂow of a
Newtonian ﬂuid between two parallel, inﬁnite discs. One of the discs is
rotating at a constant angular velocity while the other remains stationary.
An analytical series approximation and a numerical solution method are
used to describe the velocity proﬁles of the ﬂow. Both methods rely on the
commonly used similarity transformation ﬁrst proposed by Von Kármán [1].
For Reh < 18 the power series analytically describe the complete velocity
proﬁle. With the numerical model a Batchelor type of ﬂow was observed
for Reh > 300, with two boundary layers near the discs and a non-viscous
core in the middle. A remarkable conclusion of the current work is the
coincidence of the power series’ radius of convergence, a somewhat abstract
mathematical notion, with the physically tangible concept of the boundary
layer thickness. The coincidence shows a small deviation of only 2% to 4%.
9
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Introduction

The ﬂow of a ﬂuid between two parallel, rotating discs has obtained a lot of
attention since the pioneering study by Von Kármán in 1921 [1]. In his paper,
Von Kármán described the ﬂow of a Newtonian ﬂuid ﬂowing near an inﬁnite
disc rotating with angular velocity Ω. By adopting a similarity assumption,
for this axisymmetric conﬁguration the Navier-Stokes equations can be reduced from a system of three partial diﬀerential equations (PDEs) to a less
complex system of three ordinary diﬀerential equations (ODEs). Although
no full analytical solution of this system has been found yet, numerical calculations in subsequent years have shown that the azimuthal ﬂuid velocity
gradually decreases from the velocity of the disc to zero when moving further
away from the disc. Furthermore, the rotating disc acts as a centrifugal fan
by which ﬂuid is sucked towards the disc in the axial direction and thrown
radially outwards near the disc [2].
The region in which these velocity changes occur will be termed here as the
‘Von Kármán boundary layer’. In literature nowadays, there is a tendency to
refer to this layer as the ‘Ekman layer’. However, Ekman layers are boundary layers occurring at horizontal boundaries in rotating ﬂuid systems: they
establish the proper matching of the relative ﬂow to the pertinent boundary
conditions (in terms of velocity or shear stress). Their mathematical description is based on the assumption of small relative ﬂuid velocities compared to
the basic rotational speed of the system, thus comprising a balance between
Coriolis, pressure and viscous forces [3]. The governing equations of Ekman layer ﬂow are essentially linear, in contrast to the nonlinear equations
describing the Von Kármán boundary layer ﬂow.
Two decades after the publication by Von Kármán, Bödewadt followed a
similar analysis for the case of a ﬂuid ﬂowing above an inﬁnite stationary
disc, but rotating uniformly at constant angular velocity Ω inﬁnitely far
away from the disc [4]. In this situation the azimuthal velocity component
gradually decreases to zero with a decreasing distance from the disc. Also,
the centrifugal pressure created by the rotation of the ﬂuid invokes a radial
inﬂow of ﬂuid near the disc and at the same time (due to continuity) an
axial ﬂow away from the disc. Here the region of ﬂuid in which the velocity
changes take place is generally termed as the ‘Bödewadt boundary layer’.
In the early ﬁfties of the previous century, Batchelor generalized Von Kármán’s
solution method for the case of ﬂow between two discs [5]. This eventually
led to a classical controversy in the ﬁeld of ﬂuid dynamics, when two completely diﬀerent predictions for the ﬂow of a ﬂuid between two discs were
put forward.
Batchelor [5] suggested that when one disc was rotating at a constant angular
velocity, while the other remained stationary, for moderate Reynolds numbers, three distinct layers would form between the discs. Near the rotating
disc a Von Kármán boundary layer would form, whereas near the stationary
disc a Bödewadt boundary layer would develop. According to Batchelor,
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these two boundary layers were separated by a core in which viscous eﬀects
were negligible. The ﬂuid in this non-viscous core would have a constant
angular velocity, a constant axial velocity and zero radial velocity.
Stewartson [6] opposed this view by predicting that indeed a Von Kármán
boundary layer would develop near the rotating disc, but that the main body
of the ﬂuid would be at rest. In this situation, both the Bödewadt boundary
layer and the non-viscous core would be absent.
The argument lasted for several decades until in 1977 a numerical study by
Holodniok et al. [7] showed that there is no unique solution of the system
of ODEs. In fact, it was shown that depending on the Reynolds number up
to ﬁve diﬀerent solutions could be obtained.
For the case of ﬁnite-sized discs, it was found by Brady and Durlofsky [8]
that the boundary conditions at the edge of the disc greatly determine the
ﬂow pattern actually emerging between the two discs: in an open disc conﬁguration the ﬂow ﬁeld would tend towards a Stewartson type of ﬂow, while
an enclosed disc would result in a Batchelor type of ﬂow. Also, according
to Brady and Durlofsky, the region of ﬂuid in which the similarity solution
applies, asymptotically shrinks towards the axis of rotation with an increasing Reynolds number. In fact, at a Reynolds number of 500, the obtained
ﬂow proﬁles for conﬁned ﬂow diﬀer by 50% with the similarity solution at a
radial position of 60% of the disc radius.
It should be noted that Brady and Durlofsky assumed that the ﬂuid near the
end wall was in inviscid motion. The inviscid ﬂuid would thus conserve its
angular momentum at the endwall while its radial outﬂow near the rotating
disc was redirected in the axial direction. This indirectly implies that there
is no eﬀect on the ﬂuid velocity in the interior of the cavity whether the
shroud is co-rotating with the disc or not.
In a later study by Lopez [9], however, it was shown that the motion of the
cylindrical shroud does have a profound impact on the ﬂuid motion inside the
cavity. When the full velocity ﬁeld is calculated inside the cavity together
with the no-slip conditions at the cylindrical end wall, it was found that
a co-rotating shroud, on the one hand, resulted in Batchelor types of ﬂow.
This is in agreement with the results of Brady and Durlofsky [8] where the
ﬂuid angular momentum is unchanged at the position of the shroud.
A stationary shroud, on the other hand, yields Stewartson types of ﬂow.
This diﬀerence is a direct result from the shape of the vortex lines; the
vortex lines originate from the rotating disc and terminate at the singularity
at the joint between the co-rotating shroud and the stator for Batchelor
type of ﬂow. For Stewartson types of ﬂow the vortex lines are terminated
at the singularity at the joint between the rotating disc and the stationary
shroud [9]. Moreover, recent work by Lopez et al. [10] has revealed that
the self-similar solution is indeed able to describe the ﬂow of a ﬂuid near
a conﬁned rotating disc up to a radial position of 80% of the disc radius
for Reynolds numbers up to the order 103 . Above this Reynolds number,
circular axisymmetric waves propagate radially inwards through the ﬂuid,
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breaking the self-similarity [10]. It was also observed in the same study that
instabilities in the form of spiral waves occur at Reynolds numbers greater
than approximately 5 · 104 .
Today the study of rotating disc ﬂow is still very relevant. Not only is the
outlook of solving the full Navier-Stokes equations an appealing incentive,
but a proper description of the ﬂow pattern between two discs is also crucially
important for the design of rotating machinery as, for example, the novel
rotor-stator spinning disc reactor [11, 12]. The formation and behavior of
diﬀerent layers of ﬂuid between the two discs have an enormous eﬀect on
mass and heat transfer in single phase and multiphase ﬂows [13, 14].
In this paper, the Navier-Stokes equations will be subjected to a Von Kármán
transformation to yield a system of ODEs. This system of diﬀerential equations will then be solved with a numerical solution method and an analytical series approximation. From these solutions, the thicknesses of the Von
Kármán and Bödewadt boundary layers are determined. As will be shown
in the present work, a remarkable property of the power series approximation is the coincidence of its radius of convergence with the boundary layer
thickness for both the Bödewadt and the Von Kármán boundary layers.
This chapter is structured as follows: ﬁrst, the ﬂow geometry is sketched,
the physical system and quantities are deﬁned and the relevant mathematical
equations are derived. This is followed by a discussion of the mathematical
methods, including the Von Kármán similarity transformation, the numerical
solution method, and the power series solution strategy. Next, the deﬁnitions
of the Von Kármán and Bödewadt boundary layer thicknesses are discussed
and four of these deﬁnitions are adopted. Then, the resulting velocity proﬁles
from the numerical solution method are presented and they are used to
calculate the boundary layer thicknesses. Finally some concluding remarks
are made.

Physical system and governing equations
Axis of rotatation
^r = 0

1.2

^
r ∞
^z = h

Stator: ^vθ = 0
^
r
h

Rotor: ^
vθ = Ω^r

^z
^z = 0
^
r ∞

Figure 1.1: Schematic drawing of the ﬂow geometry, consisting of two parallel, inﬁnite discs. The lower disc rotates with an angular velocity Ω, while
the upper disc is stationary. The gap distance between the discs is h.
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Figure 2.1 shows a schematic drawing of the ﬂow geometry, including a rotating disc and a stationary disc with a disc spacing h. The ﬂow is conveniently
described in terms of a cylindrical coordinate system (r̂, θ, ẑ), being the radial, azimuthal and axial coordinates, respectively. The position r̂ = 0 is
identiﬁed with the rotation axis and the plane ẑ = 0 is identiﬁed with the
rotor. The ﬂuid ﬂow is then described by the velocity vector v̂ = (v̂r , v̂θ , v̂z )
The ﬂuid is taken to be Newtonian with a density ρ and a kinematic viscosity
ν. The pressure is a function of position and is denoted by p̂. The physical
quantities are nondimensionalised as follows:
z ≡ ẑh−1 , r ≡ r̂h−1 , p ≡ p̂ρ−1 Ω−2 h−2

(1.1)

v = (vr , vθ , vz ) ≡ (v̂r , v̂θ , v̂z )/Ω−1 h−1 = v̂/Ω−1 h−1 ,

(1.2)

while the Reynolds number becomes
Reh ≡ Ωh2 ν −1 .

(1.3)

For the case of rotational symmetry and steady ﬂow, the three components
of the Navier-Stokes equations in their dimensionless form can be written
as:
∂vr
∂vr
v2
∂p
1
vr
+ vz
− θ =−
+
∂r
∂z
r
∂r
Reh

vr

∂vθ
∂vθ
vr vθ
1
+ vz
+
=
∂r
∂z
r
Reh

vr

(

∂vz
∂vz
∂p
1
+ vz
=−
+
∂r
∂z
∂z
Reh

(

∂ 2 vr
∂ 2 vr
1 ∂vr
vr
+
+
− 2
∂z 2
∂r2
r ∂r
r

∂ 2 vθ
∂ 2 vθ
1 ∂vθ
vθ
+
+
− 2
2
2
∂z
∂r
r ∂r
r
(

∂ 2 vz
∂ 2 vz
1 ∂vz
+
+
2
∂z
∂r2
r ∂r

)
(1.4)

)
(1.5)

)
,

(1.6)

while the continuity equation is
∂vr
vr
∂vz
+
+
= 0.
∂r
r
∂z

(1.7)

The boundary conditions at the rotating disc are
v z=0 = (0, r, 0),

(1.8)

while at the stationary disc, the ﬂow has to satisfy
v z=1 = (0, 0, 0).

(1.9)
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Methods of solution

The similarity transformation used by Von Kármán was based on the assumption that vz = vz (z) is a function of z only [1]. From this assumption
it can be derived that:

vr = rH (1) (z)

(1.10)

vθ = rG(z)

(1.11)

vz = −2H(z)

(1.12)

(
)
(2)
p = −2 H(z)2 + Re−1
H
(z)
+ kr2
h

(1.13)

The coeﬃcient k is unknown. The expression H (n) (z) represents the n-th
order derivative of H(z) with respect to z.
With these transformations, the z-component of the Navier-Stokes equations
(1.6) and the equation of continuity (1.7) are automatically satisﬁed. The r
and θ-components of the Navier-Stokes equations (1.4) and (1.5) can then
be rewritten in the form of two ordinary diﬀerential equations:
(
)
H (4) = −2Reh HH (3) + GG(1)

(1.14)

(
)
G(2) = −2Reh HG(1) − GH (1) .

(1.15)

These equations have to be solved subject to the boundary conditions (1.8)
and (1.9) at the rotating and non-rotating disc, respectively. The boundary
conditions are rewritten in terms of G and H so that they take the following
form:

H(0) = H (1) (0) = 0, G(0) = 1

(1.16)

H(1) = H (1) (1) = G(1) = 0.

(1.17)
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Figure 1.2: Schematic of the numerical procedure; the ODE45 numerical
initial value ODE-solver in Matlab is used in the FSOLVE environment.
The system of equations (1.14) and (1.15), subject to the boundary conditions (1.16) and (1.17) are solved in two diﬀerent manners: a numerical
solution method and an analytical solution method. The numerical solver,
on the one hand, ﬁnds the numerical solution via the algorithm schematically depicted in Figure 1.2. The algorithm makes use of the boundary
values (1.16) and the following initial values at the rotor:
H (2) (0) = α

(1.18)

H (3) (0) = γ

(1.19)

G(1) (0) = β.

(1.20)

At a given Reynolds number, an estimate is made with a second-order polynomial model to calculate the initial values of α, β and γ. These initial values
are used to numerically integrate the diﬀerential equations, after which it is
checked whether the boundary values at the stationary disc are satisﬁed.
The analytical solution method, on the other hand, searches for a set of two
analytic functions H(z) and G(z) that are an exact and analytical solution of
(1.14) and (1.15), subject to the boundary conditions (1.16) and (1.17). Any
analytic function can be represented by an inﬁnite power series in (z − z0 )
in the region z0 − Rc < z < z0 + Rc , where Rc is the radius of convergence
of the power series around the initial point z0 . When it is assumed that the
system of equations (1.14) and (1.15) can be solved by an analytic function,
these functions are of the form:

H(z) =

∞
∑
i=0

ai z i

(1.21)
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G(z) =

∞
∑

bi z i ,

(1.22)

i=0

with ai and bi coeﬃcients to be deﬁned. It should be noted that this form
of H(z) and G(z) is determined by the deﬁnition of analytic functions and
they do not correspond to a ﬁtted polynomial.
These inﬁnite series will be able to describe the velocity proﬁles analytically in some range −Rc < z < Rc . The radius of convergence Rc can be
calculated from:

Rc =

(
)−1
√
.
lim sup i |ai |

(1.23)

i→∞

After substituting the power series (1.21) and (1.22) into (1.14) and (1.15),
the following recurrence relations are obtained:
i
∑

ai+4 = −2Reh

(ai−j aj+3 (j + 1)(j + 2)(j + 3) + bi−j bj+1 (j + 1))

j=0

i
∑

bi+2 = −2Reh

(1.24)

(i + 1)(i + 2)(i + 3)(i + 4)
(ai−j bj+1 (j + 1) − bi−j aj+1 (j + 1))

j=0

(i + 1)(i + 2)

.

(1.25)

Again, it should be noted that an analytic function can be represented by an
inﬁnite power series and that any two polynomials are the same if and only if
all of their coeﬃcients are the same. Therefore, the set of two polynomials in
equations (1.21) and (1.22), with the recurrence relations (1.24) and (1.25)
for their coeﬃcients, is the only representation of all analytic functions that
are exact, analytical solutions of the Navier-Stokes equations for this speciﬁc
system.
From the initial values at the rotating disc at z = 0, it follows:

a0 = 0, a1 = 0, a2 = 2α, a3 = 6γ, b0 = 1, b1 = β.

(1.26)

As deﬁned earlier, the plane z = 0 coincides with the rotating disc and the
plane z = 1 with the non-rotating disc. The choice of the position of the
plane z = 0 has an impact on the values of ai and bi and via (1.23) also
on the radius of convergence. The radius of convergence, found when the
plane z = 0 coincides with the rotor, is termed the radius of convergence
of the power series near the rotating disc. Similarly, the choice can also be
made to let the plane z = 0 coincide with the stationary disc and z = 1 with
the rotating disc. The radius of convergence that is found when the plane
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z = 0 coincides with the stator is then termed the radius of convergence of
the power series near the stationary disc. In accordance with the deﬁnition
made earlier, the plane z = 0 will be identiﬁed with the rotating disc in all
the following results, unless explicitly stated otherwise. In the cases when
the plane z = 0 is identiﬁed with the non-rotating disc it follows that:
a0 = 0, a1 = 0, a2 = 2α, a3 = 6γ, b0 = 0, b1 = β.

(1.27)

Please note that the only diﬀerence is the value of b0 , which equals zero at
the stator side and unity at the rotor side.

1.4

Deﬁnitions of the boundary layer thickness

There is no universal deﬁnition of the thickness of a boundary layer, because
there is no sharp boundary between the boundary layer and a central region in a ﬂuid. It is common practice, however, to deﬁne the thickness of a
boundary layer as the position where velocity gradients are negligible. For
both the Von Kármán and the Bödewadt boundary layer, two sets of deﬁnitions are adopted here. The ﬁrst set of deﬁnitions is somewhat abstract and
mathematical and does not have a clear physical meaning. According to the
ﬁrst set of deﬁnitions, the boundary layer thickness of both the Bödewadt
layer δB and the Von Kármán layer δK are equal to the radii of convergence
of the power series:
I
≡ Rc (stator)
δB

(1.28)

I
δK
≡ Rc (rotor).

(1.29)

A second set of deﬁnitions for the two boundary layer thicknesses, with
a clearer physical meaning can be introduced as illustrated in Figure 1.3.
According to these deﬁnitions of the boundary layer thickness, the Bödewadt
layer thickness equals that distance from the non-rotating disc at which the
axial derivative of the azimuthal velocity function G(z) is zero:
(

∂G(z)
∂z

)
= 0.

(1.30)

II
z=1−δB

The deﬁnition of the Von Kármán layer thickness is similar to the deﬁnition
commonly used in boundary-layer theory: the thickness of this boundary
layer is given by the position at which the azimuthal velocity function G(z)
has developed for 99% from its value at the rotor, i.e. 1, to its constant value
in the inviscid core Gcore :
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Figure 1.3: Typical vertical structure of the azimuthal velocity component
II
II
vθ = rG(z), with the deﬁnitions of δK
and δB
.

II
G(δK
) = 1 − 0.99(1 − Gcore )

(1.31)

The value of G(z) in the non-viscous core equals Gcore = 0.313, as reported
II
by Dijkstra and Van Heijst [15]. The two boundary layer thicknesses δK
II
and δB can thus be calculated from the numerical solution.
As pointed out by Von Kármán [1], the only relevant length scale in the
description
of the ﬂow of an inﬁnite ﬂuid near an inﬁnite rotating disc is
√
ν/Ω. All other length scales should be proportional to this term, including the Von Kármán boundary layer thickness. Similarly, the only relevant
length scale in the description of √
the ﬂow of an inﬁnite rotating ﬂuid near
an inﬁnite stationary disc equals ν/Ω, as shown by Bödewadt [4]. Again,
all other length scales should be proportional to this quantity, including the
Bödewadt boundary layer thickness.
When it is furthermore assumed that the ﬂow between the two discs is of
Batchelor type and that both boundary layers are not inﬂuencing each other,
the azimuthal core velocity is vcore = 0.313r. It then follows that the
thicknesses of the Bödewadt
layer and the Von Kármán layer must both
√
be proportional to ν/Ω. Recalling the deﬁnition of the Reynolds number
(Reh = Ωh2 ν −1 ), it follows that:
δ̂K
1
= δK ∝ √
h
Reh

(1.32)
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δ̂B
1
= δB ∝ √
.
h
Reh
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(1.33)

Also, when the Reynolds number approaches inﬁnity, the boundary layers
should disappear:
lim δK = 0

(1.34)

lim δB = 0.

(1.35)

Reh →∞

Reh →∞

−1

It is thus clear that a plot of the boundary layer thickness versus Reh 2 should
result in a straight line with zero intercept for ﬂows that are of Batchelor
type.

1.5
1.5.1

Results
Numerical calculation of velocity proﬁles

Figure 1.4: The vertical structure of the radial velocity component vr =
rH (1) (z), calculated with the numerical solution method, shows both a
Bödewadt and a Von Kármán boundary layer for all values of Reynolds.
A non-viscous core starts to develop at Reh ≈ 300.
Numerical calculations were found to converge over the range 0 < Reh < 975.
The resulting velocity proﬁles are given in Figures 1.4, 1.5 and 1.6 for the
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Figure 1.5: The vertical structure of the azimuthal velocity component vθ =
rG(z), calculated with the numerical solution method. A non-viscous core
is beginning to develop at Reh ≈ 100.

Figure 1.6: The vertical structure of the axial velocity component vz =
−2H(z), calculated with the numerical solution method. It shows a development to Batchelor ﬂow in the same way as the radial velocity, since
vr ∝ vz′ .
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radial, azimuthal and axial velocity, respectively. In these ﬁgures, velocity
proﬁles are shown for Reh -values of 10, 100, 300 and 975.
It can be seen from these ﬁgures that the ﬂow develops from a ﬂow where
an inviscid core is absent to a Batchelor ﬂow structure in which the Von
Kármán boundary layer and the Bödewadt boundary layer are separated
by a non-viscous core. The transition to Batchelor ﬂow is completed at
Reh ≈ 300.
For lower Reynolds numbers (i.e. Reh < 300), the ﬂow gradually develops a
non-viscous core. It is observed in the azimuthal velocity proﬁle at Reh ≈
100 and it appears when the Reynolds number is increased in the radial
velocity proﬁle at Reh ≈ 300.
The values of the coeﬃcients α, β and γ in equations (1.18), (1.19) and (1.20)
were also determined with the numerical solver. These values will be used in
the series approximation, as will be discussed in the following section. The
values of α, β and γ as a function of the Reynolds number Reh are depicted
in Figure 1.9.

1.5.2

Power series solutions

A power series can only describe solutions of the system of ODEs within its
radius of convergence. It can be seen in Figures 1.7 and 1.8 that the radii
of convergence Rc are functions of the Reynolds number, and also that the
radius of convergence at the stator side is Rc < 1 when Reh > 8, while at the
rotor side this holds for Reh > 18. For Rc < 1, the power series solution is no
longer able to describe the velocity proﬁle over the entire range of 0 ≤ z ≤ 1.
In Figures 1.10, 1.11 and 1.12, the velocity proﬁles are depicted for both
the numerical calculations and the power series approximations for Reh =
5, 500, and 975. It can be seen that the power series solution gives similar
results for Reh = 5 over the entire range of z between the rotor and the
stator. At Reh = 500, the velocity proﬁles are equally well described, but
only within the ranges of convergence of both power series (i.e. those at the
rotor and the stator). The velocity proﬁles can thus not be described by the
power series in the range 0.119 < z < 0.789. The same situation arises for
Reh = 975 where the power series are unable to describe the velocity proﬁles
in the range 0.085 < z < 0.849.

1.5.3

Development of the boundary layers

I
The thickness δK
of the Von Kármán boundary layer, based on the radius of convergence near the rotating disc (z = 0), is presented graphi−1/2
cally as a function of Reh
in Figure 1.13. Only values of Reh > 300
are considered, because above this Reynolds number, Batchelor ﬂow was
I
observed. A best linear
√ ﬁt on the 95% conﬁdence interval yields: δK =
(2.6622 ± 1.1 · 10−4 )/ Reh . Similarly, for the Bödewadt boundary layer
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Figure 1.7: The radius of convergence Rc at the stator side decreases with
increasing Reynolds number. Rc = 1 for Reh ≈ 18, up to this Reynolds number, the analytical series solution can completely describe the ﬂuid velocity
proﬁle starting from the stator side.

Figure 1.8: The radius of convergence Rc at the rotor side decreases with
increasing Reynolds number. Rc = 1 for Reh ≈ 8, up to this Reynolds number, the analytical series solution can completely describe the ﬂuid velocity
proﬁle starting from the rotor side.
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Figure 1.9: The coeﬃcients α, β and γ as deﬁned in equations (1.18), (1.19)
and (1.20) are a function of the Reynolds number Reh and are required in
the calculation of the power series approximation.
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Figure 1.10: At Reh = 5, the numerical solution and the power series approximation coincide over the entire range between the rotor and the stator,
because both radii of convergence are greater than unity. The order of the
approximation is 900.
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Figure 1.11: At Reh = 500, the numerical solution and the power series
approximation coincide only within the radii of convergence. The order of
the approximation is 328.
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Figure 1.12: At Reh = 975, the numerical solution and the power series
approximation coincide only within the radii of convergence, but at the stator
(z = 1) it starts diverging when it approaches this radius. The order of the
approximation is 284.
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based on the radius of convergence near the stationary disc (z = 1), the results are displayed in Figure 1.16. √
A linear ﬁt on the 95% conﬁdence interval
I
gives: δB
= (4.7157 ± 1.6 · 10−3 )/ Reh .
II
The thickness δK
of the Von Kármán boundary layer, based on 99% development of the azimuthal velocity vθ with respect to the inviscid core (see
Fig. 1.3), is shown in Figure 1.14. Again for the same reason, only values of
Reh > 300 are considered. √
A linear ﬁt on the 95% conﬁdence interval yields:
II
δK
= (2.7203 ± 1.7 · 10−3 )/ Reh . A similar conclusion can be drawn for the
Bödewadt boundary layer thickness based on ∂G(z)/∂z = 0 (see Fig.√ 1.3),
II
= (4.9025 ± 1.6 · 10−3 )/ Reh .
as shown in Figure 1.17. Here one ﬁnds: δB
In Figures 1.15 and 1.18, both deﬁnitions of the boundary layer thicknesses
are compared for the Von Kármán and the Bödewadt boundary layers, respectively. It can be seen that for any of the deﬁnitions the boundary layers
vanish when the Reynolds number approaches
inﬁnity.
In addition, the
√
√
boundary layer thickness is linear with 1/ Reh or ν/Ω, as would be expected of Von Kármán and Bödewadt boundary layers. There is only a small
deviation in the thickness of the Bödewadt boundary layer between both defII
I
initions: δB
= 1.04δB
. The deviation is even smaller when comparing the
I
II
= 1.02δK
. It is a
diﬀerent deﬁnitions of the Von Kármán boundary layer: δK
striking feature of the power series that their radii of convergence so closely
agree with the more physical deﬁnition of the thickness of the boundary
layer. Especially since the radius of convergence is a somewhat abstract
mathematical concept, whereas a boundary layer based on a negligible velocity gradient has a concrete physical meaning.
Although no full explanation to this coincidence can be given at this time,
a preliminary analysis has been added in the Appendix. In this analysis it
is assumed that there are two mathematical singularities outside the ﬂuid
domain at distances equal to the boundary layer thicknesses away from both
discs. From the analysis in the Appendix it can clearly be seen that the
hypothesis with the two singularities outside the ﬂuid domain is able to
describe the coincidence of Rc and δ on a qualitative level, but not on a
quantitative level.
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I
Figure 1.13: The thickness δK
of the Von Kármán boundary layer√based on
the radius of convergence near the rotor (z = 0) plotted versus 1/ Reh .

II
Figure 1.14: The thickness δK
of the Von Kármán boundary layer based
on 99% development
of
v
with
respect to the inviscid core (see Fig. 1.3)
θ
√
plotted versus 1/ Reh .
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II
Figure 1.15: The thickness δK
of the Von Kármán boundary layer based on
99% development of the azimuthal velocity vθ with respect to the inviscid
I
core (see Fig. 1.3) and the thickness δK
based
√ on the radius of convergence
Rc near the rotor (z = 0) plotted versus 1/ Reh .

I
Figure 1.16: The thickness δB
of the Bödewadt boundary layer based
√ on the
radius of convergence Rc near the stator (z = 1) plotted versus 1/ Reh .
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II
Figure 1.17: The thickness δB
of the Bödewadt
boundary layer based on
√
∂vθ /∂z = 0 (see Fig. 1.3) plotted versus 1/ Reh .

II
Figure 1.18: The thickness δB
of the Bödewadt boundary layer based on
I
∂vθ /∂z = 0 (see Fig. 1.3) and the thickness δB
based√ on the radius of
convergence Rc near the stator (z = 1) plotted versus 1/ Reh .
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Concluding remarks

The ﬂow of a Newtonian ﬂuid in the region between an inﬁnite rotating
disc (angular velocity Ω) and an inﬁnite stationary disc with a disc spacing
h has been analysed within the framework of the Von Kármán similarity
assumption by numerical solution of the governing set of ODEs. With increasing Reynolds number Reh , the ﬂow develops from a situation where a
Von Kármán boundary layer near the rotor and a Bödewadt boundary layer
near the stator are touching, to a Batchelor type of ﬂow in which the two
boundary layers are separated by an inviscid core. The transition from one
ﬂow structure to the other occurs within the range 100 < Reh < 300. The
non-viscous core ﬁrst appears in the azimuthal velocity proﬁle at Reh = 100
and is present in the axial and radial velocity proﬁle at Reh = 300. For
Reh > 300, the ﬂow is thus of a Batchelor type.
The ﬂow proﬁles can also be calculated with an analytical power series approximation. The power series are able to completely describe the velocity
proﬁles over the entire domain between the rotating disc and the stationary
disc for Reh < 18. In this situation the radius of convergence Rc at the
stator side is larger than unity. When the Reynolds number is increased,
the velocity proﬁles can only be described for z < Rc , i.e. within the radius
of convergence of the power series. A remarkable feature of this radius of
convergence is the fact that it coincides with the boundary layer thickness
of both the Von Kármán and the Bödewadt boundary layers.
For the Von Kármán boundary layer near the rotating disc and the Bödewadt
boundary layer near the stationary disc, four deﬁnitions are given for their
thicknesses in the Batchelor regime:
I
• δK
is the thickness of the Von Kármán layer based on the radius of
convergence Rc of the power series near the rotating disc;
I
• δB
is the thickness of the Bödewadt layer based on the radius of convergence Rc of the power series near the stationary disc;
II
• δK
is the thickness of the Von Kármán layer based on the 99% development of the azimuthal velocity vθ to the velocity in the inviscid
core;
II
• δB
is the thickness of the Bödewadt layer based on the condition
∂G(z)/∂z = 0.

The thicknesses of these boundary layers all correspond to the physical necessity that the boundary layer thickness should vanish when
√
√ the Reynolds
number approaches inﬁnity and they are linear with 1/ Reh and ν/Ω.
This leads to the following relations:
2.6622
2.7203
4.7157
4.9025
I
II
I
II
δK
= √
, δK
= √
, δB
= √
, δB
= √
.
Reh
Reh
Reh
Reh

(1.36)
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Apparently the mathematical concept of the radius of convergence of the
series solution in this speciﬁc conﬁguration closely follows the theoretical
predictions on the boundary layer thickness based on the commonly used
physical characteristics.
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Appendix: Analysis on the coincidence of the
boundary layer thicknesses and the radii of convergence
A function g(z) is analytic on an interval z0 − Rc < z < z0 + Rc when it can
be written as a power series of the form:
g(z) =

∞
∑

ci (z − z0 )i ,

i=0

in which the radius of convergence (Rc ) is given by:
(
)−1
√
i
Rc = lim sup |ci |
.
i→∞

One way, but maybe not the only way, in which a function can be said to
be not analytic at a point z ∗ is when the function value itself and thus all of
its derivatives approach inﬁnity as z approaches z ∗ . The point z ∗ is termed
a singularity. When it is assumed that two singularities are responsible for
the functions G(z) and H(z) to be non-analytic at the position of the end
of the boundary layer, we are left with two options:
1) At least one singularity is located in the ﬂuid domain, 0 ≤ z ≤ 1. This
I
would mean that there would be a singularity at z = δK
and/or one at
I
z = 1 − δB ;
2) Both singularities are located outside of the ﬂuid domain, z < 0 and
I
z > 1. This would mean that there would be a singularity at z = −δK
and
I
one at z = 1 + δB .
When it is furthermore assumed that neither the ﬂuid velocity, nor its gradients are allowed to approach inﬁnite values, only option 2 is left. When in
this situation the functions f1 (z0 ) = z0 + Rc (z0 ) and f2 (z0 ) = z0 − Rc (z0 )
are plotted in the domain 0 ≤ z0 ≤ 1, as is schematically depicted in Figure
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1.19, it can be found from simple geometrical considerations that the following must hold with respect to the derivatives of f1 and f2 with respect to
z0 :
{
I
I
2 if 0 ≤ z0 < 0.5(1 + δB
− δK
)
f1′ (z0 ) =
I
I
0 if 0.5(1 + δB − δK ) < z0 ≤ 1
{
I
I
0 if 0 ≤ z0 < 0.5(1 + δB
− δK
)
f2′ (z0 ) =
I
I
2 if 0.5(1 + δB − δK ) < z0 ≤ 1

Figure 1.19: (Blue) f1 (z0 ) = z0 + Rc (z0 ), (Red) f2 (z0 ) = z0 − Rc (z0 ).
In Figure 1.20 an example is given of f1 (z0 ) and f2 (z0 ) for Reh = 975 as
well as the graph that would result from the purely theoretical considerations
given above. It can be clearly seen that the situation qualitatively resembles
the theoretical situation, but is quantitatively diﬀerent.
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Figure 1.20: (Blue line) Theoretical value of f1 (z0 ), (Blue markers) Numerical values of f1 (z0 ), (Red line) Theoretical value of f2 (z0 ), (Red markers)
Numerical values of f2 (z0 ).
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solution branches of
rotating disc ﬂow
This chapter has been published as: K.M.P. van Eeten, J. van
der Schaaf, J.C. Schouten, and G.J.F. van Heijst. Lyapunovstability of solution branches of rotating disk ﬂow. Phys. Fluids, 25:073602, 2013.

Abstract
This chapter investigates the stability of solutions to the problem of viscous
ﬂow between an inﬁnite rotating disc and an inﬁnite stationary disc. A random perturbation, satisfying the Von Kármán similarity transformation, is
applied to the steady velocity proﬁles for four solution branches, after which
the disturbance propagation is tracked as a function of time. It was found
that three of the four solution branches (including the Batchelor solution)
were Lyapunov-stable and the development of the Lyapunov-coeﬃcients as
a function of the Reynolds number was determined. Stewartson-type of ﬂow
was found to be unstable and developed into a ﬂow ﬁeld corresponding to the
Batchelor-solution. The mechanism with which the non-viscous core in this
latter type of ﬂow acquired its angular momentum was identiﬁed as being
dominated by radial convection towards the axis of rotation.

2.1

Introduction

The topic of laminar ﬂow near rotating discs allows for a solution of the full
Navier-Stokes equations and has hence received a lot of research attention
37
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starting with the pioneering work by Von Kármán in 1921[1]. Von Kármán
argued that the ﬂow of an inﬁnite ﬂuid near an inﬁnite rotating disc can
be fully described by assuming that the ﬂuid velocity perpendicular to the
disc is a function of the distance to the disc only. Under this hypothesis,
the ﬂuid ﬂow can be described by a class of so-called self-similar solutions.
Von Kármán found that the velocity gradients were conﬁned in a boundary
layer attached to the disc, which the present authors would like to term a
“Von Kármán boundary layer”[2]. In this boundary layer, the azimuthal
velocity gradually decreases from the azimuthal velocity of the disc to zero,
while moving away from the disc. Also, in this boundary layer, ﬂuid moves
radially outwards due to the centrifugal action of the disc, which is balanced
via continuity by an axial ﬂow towards the disc.
Von Kármán’s similarity transformation was later used by Bödewadt for
the case of an inﬁnitely extended rotating ﬂuid over an inﬁnite stationary
disc [3]. Similarly, it was found that a boundary layer is attached to the
stationary disc. In this so-called Bödewadt boundary layer, the azimuthal
velocity of the ﬂuid gradually decreases from the azimuthal velocity of the
ﬂuid at inﬁnity to zero, while approaching the disc. Due to the rotational
motion of the ﬂuid, the pressure in this boundary layer decreases towards
the axis of rotation, invoking a radial inﬂow in this boundary layer. This
centripetal ﬂow is again balanced via continuity by an axial ﬂow away from
the disc.
The similarity hypothesis was later adopted by Batchelor to describe the
ﬂow between two inﬁnite discs; one rotating and one stationary[4]. Batchelor argued that the ﬂow ﬁeld would show similarities to both Von Kármán’s
solution for the case where an inﬁnite ﬂuid was rotating over an inﬁnite
stationary disc, and the Bödewadt-solution where an inﬁnite ﬂuid rotates
over an inﬁnite stationary disc. According to Batchelor, a Bödewadt boundary layer is attached to the stationary disc, which is separated from a Von
Kármán boundary layer at the rotating disc by a bulk region in solid-body
rotation, with a uniform azimuthal velocity and zero radial velocity.
Batchelor’s views were completely opposed by Stewartson, who argued on the
basis of the same similarity transformation that apart from a Von Kármán
layer near the rotating disc, the main body of the ﬂuid would be at rest[5].
The existence and uniqueness of either of these solutions was intensely debated over the following decades until in 1977 a numerical study by Holodniok et al.[6] revealed that there is not a unique solution to the system of
equations derived via the similarity transformation. In fact, a whole multitude of solution branches was found, some of which seeming quite exotic or
physically unrealistic[7].
The question remains, however, how the diﬀerent solution branches predicted
by Holodniok et al.[7], might be achieved from an arbitrary initial condition
of the ﬂuid and whether these solution branches are stable under a minor
perturbation. This paper addresses these issues, all under the Von Kármán
similarity hypothesis. It should be noted that an experimental procedure
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of adding a self-similar perturbation to a steady ﬂow ﬁeld which does not
disturb the self-similar nature of the ﬂow, might not be physically feasible.
The present investigation will, however, shed some light on the stability of
these hypothetical self-similar solutions, which are nonetheless still found to
describe the interior ﬂow ﬁeld between ﬁnite sized discs. In fact, for Reynolds
numbers up to the order O(103 ) and radii up to 80% of the radius of the
discs, Lopez et al. showed that the ﬂow ﬁeld can correctly be described with
self-similar solutions[8]. Also, any discrepancies in the observed stability of
ﬂow ﬁelds between ﬁnite sized discs and the stability of self-similar solutions
can be discussed with regard to the boundary conditions at the edges of the
discs.
This chapter is structured as follows: ﬁrst, the physical system is stated
together with the governing equations describing the time-dependent ﬂow
ﬁeld of a ﬂuid between two inﬁnite discs, one stationary and one rotating.
Subsequently, the mathematical methods are described with which these
equations are solved to yield ﬂow ﬁelds corresponding to several solution
branches. Then, in the following section, the tools for analysing the stability of the various solution branches are presented. Next, the results are
presented for the development of the ﬂow ﬁeld, depending on diﬀerent initial conditions, and its stability towards a minor disturbance. This chapter
ﬁnishes with some concluding remarks and a discussion on the eﬀect of radially ﬁnite discs, with regard to the boundary condition at the edge of the
disc. Also, the physical plausibility of self-similar perturbations which do
not disturb the self-similar nature of the ﬂow ﬁeld is discussed in the ﬁnal
section.

2.2

Physical system and governing equations

Figure 2.1: Schematic drawing of the ﬂow geometry, consisting of two parallel, inﬁnite discs. The lower disc rotates with an angular velocity Ω, while
the upper disc is stationary. The distance between the discs is h.
Figure 2.1 shows a schematic drawing of the ﬂow geometry, consisting of
a rotating disc and a stationary disc with a disc spacing h. The ﬂow is
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conveniently described in terms of a cylindrical coordinate system (r̂, θ, ẑ),
being the radial, azimuthal, and axial coordinate, respectively. The position
r̂ = 0 coincides with the rotation axis, the plane ẑ = 0 represents the bottom
disc, and the plane ẑ = h corresponds to the top disc. The ﬂuid ﬂow is
then described by the velocity vector v̂ = (v̂r , v̂θ , v̂z ) and depends on both
position and time. The ﬂuid is taken to be Newtonian with a density ρ and
a kinematic viscosity ν. The pressure is a function of position and time and
is denoted by p̂. The angular velocity of both discs can be varied so that at
some time before t̂ = 0, a steady ﬂow ﬁeld of the ﬂuid is obtained, which
is given by v̂ 0 . Then, at t̂ = 0 the top disc is impulsively put to rest, while
the bottom disc is impulsively set to rotate at an angular velocity of Ω [rad
s−1 ]. All physical quantities are non-dimensionalised as follows:
t ≡ t̂Ω, z ≡ ẑh−1 , r ≡ r̂h−1 , p ≡ p̂ρ−1 Ω−2 h−2

(2.1)

v = (vr , vθ , vz ) ≡ (v̂r , v̂θ , v̂z )Ω−1 h−1 = v̂Ω−1 h−1 .

(2.2)

For the case of rotational symmetry and incompressible ﬂow, the three components of the Navier-Stokes equation in their dimensionless form can be
written as:
( 2
)
∂vr
∂vr
∂vr
v2
∂p
1
∂ vr
∂ 2 vr
1 ∂vr
vr
(2.3)
+ vr
+ vz
− θ =−
+
+
+
−
∂t
∂r
∂z
r
∂r
Reh ∂z 2
∂r2
r ∂r
r2
( 2
)
∂vθ
∂vθ
∂vθ
vr vθ
1
∂ vθ
∂ 2 vθ
1 ∂vθ
vθ
+ vr
+ vz
+
=
+
+
−
(2.4)
∂t
∂r
∂z
r
Reh ∂z 2
∂r2
r ∂r
r2
( 2
)
∂vz
∂vz
∂vz
∂p
1
∂ vz
∂ 2 vz
1 ∂vz
(2.5)
+ vr
+ vz
=−
+
+
+
,
∂t
∂r
∂z
∂z
Reh ∂z 2
∂r2
r ∂r
while the continuity equation for incompressible ﬂow takes the form:
∂vr
vr
∂vz
+
+
= 0.
∂r
r
∂z
The Reynolds number of the ﬂow is deﬁned as:
Reh ≡ Ωh2 ν −1 .

(2.6)

(2.7)

The initial condition of the ﬂuid at t = 0 is taken as a state of solid-body
rotation, of which the azimuthal velocity can freely be chosen: v 0 (r, z) =
(0, sr, 0), in which −1 ≤ s ≤ 1. For t > 0 the ﬂow ﬁeld has to satisfy
the no-slip conditions at both discs. The boundary condition at the rotating
disc for t > 0 is given by:
v z=0 = (0, r, 0),

(2.8)

while at the stationary disc, for t > 0, the ﬂow has to satisfy:
v z=1 = (0, 0, 0).

(2.9)
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Methods of solution

For the case of steady, self-similar ﬂow over an inﬁnite rotating disc in an
inﬁnite ﬂuid, Von Kármán argued that vz = vz (z) is a function of z only
[1]. For the present conﬁguration, in which derivatives in time are allowed,
a similar transformation is adopted, according to which vz = −2H(z, t) is a
function of both z and t, allowing for changes in time as well as in space. It
should be noted that in this way it is possible to calculate time-dependent solutions of the ﬂow ﬁeld, while still conforming to the Von Kármán similarity
hypothesis. It can then be derived that:

vr = r

∂H(z, t)
,
∂z

(2.10)

vθ = rG(z, t),

(2.11)

vz = −2H(z, t).

(2.12)

With these transformations, the equation of continuity (2.6) is automatically
satisﬁed and the only relevant equations in the description of the ﬂow ﬁeld
are the radial and azimuthal components of the Navier-Stokes equation. The
r and θ-components of the Navier-Stokes equation (2.3) and (2.4) can then
be rewritten in the form of two partial diﬀerential equations:
(
)
4
∂3H
∂3H
∂G
−1 ∂ H
= Reh
+2 H 3 +G
∂z 2 ∂t
∂z 4
∂z
∂z

(2.13)

(
)
∂G
∂2G
∂G
∂H
= Reh−1 2 + 2 H
−G
.
∂t
∂z
∂z
∂z

(2.14)

For t > 0, these equations have to be solved subject to the boundary conditions (2.8) and (2.9) at the rotating and non-rotating disc, respectively.
These boundary conditions are rewritten in terms of G(z, t) and H(z, t) so
that they take the following form:

H(z = 0, t) = 0,

H(z = 1, t) = 0,

∂H
∂z

(z=0,t)

∂H
∂z

(z=1,t)

= 0, G(z = 0, t) = 1

(2.15)

= 0, G(z = 1, t) = 0

(2.16)

The initial condition of the ﬂuid velocity will be chosen so that the ﬂuid is
in solid-body rotation with angular velocity sΩ, in which −1 ≤ s ≤ 1. The
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ﬂuid at t < 0 can thus be rotating in line with the rotational direction of the
bottom disc (i.e. s > 0), opposed to the rotational direction of the bottom
disc (i.e. s < 0), or the ﬂuid can be initially at rest (i.e. s = 0). The initial
condition of the ﬂuid is hence given by:

H(z, t = 0) = 0,

∂H
∂z

= 0, G(z, t = 0) = s.

(2.17)

(z,t=0)

The system of partial diﬀerential equations (2.13) and (2.14), subject to
the boundary conditions (2.15) and (2.16), and the initial condition (2.17)
is solved numerically using a ﬁnite diﬀerence method. The axial coordinate between the discs is discretised in nz equidistant gridpoints zi (i =
1, 2, 3, ..., nz ), with z1 = 0 and znz = 1. Time is discretised in nt equidistant gridpoints tj (j = 1, 2, 3, ..., nt ), with t1 = 0 and tnt = tf . With this
discretisation, G(zi , tj ) and H(zi , tj ) are represented by Gji and Hij . Their
derivatives with respect to z are approximated with a second order central
ﬁnite diﬀerence to improve accuracy, whereas their derivatives with respect
to t are approximated with a ﬁrst order backwards ﬁnite diﬀerence to enhance numerical stability by solving the system of ﬁnite diﬀerence equations
implicitly. This will thus result in second order accuracy in z, so that the
numerical error is of the order O(n−2
z ), while the time-stepping error is of
the order O(tf n−1
t ).
To determine the required resolution of the solution grid, an initial set of
two simulations was run. In these numerical simulations, ﬂuid with zero
initial momentum was accelerated by the rotating disc at z = 0 for the
case Reh = 1000. For the ﬁrst run, the number of grid points was taken
to be nz = 200, while in the second run nz = 100. Since no qualitative
diﬀerence between the two runs could be observed, for the remainder of the
simulations, the number of grid points in z was ﬁxed to nz = 100, so that
z1 = 0 and z100 = 1. The implicit method always resulted in converging
solutions, regardless of the number of time steps that was chosen. The
number of time steps was thus ﬁxed at nt = 200, while the ﬁnal value of the
calculated time, tf , was chosen so that:

nz
∑
(

Gni t − Gni t −1

)2

< ϵ,

(2.18)

i=1

in which ϵ is the machine accuracy: ϵ = 2−53 ≈ 2.204 · 10−16 . A steady
solution (G∞ (z),H ∞ (z)) is thus deﬁned as a solution for which inequality
(2.18) is ﬁrst satisﬁed. This steady solution will then be tested for stability.
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Stability analysis

A random perturbation was applied to a steady solution, after which the
temporal evolution of this disturbance was numerically investigated. At
t = 0 a pseudo-random disturbance is added to G∞
i so that:
G0i = G∞
i + δi ,

(2.19)

in which δi is a vector containing nz pseudo-random numbers between −0.005
and 0.005. The pseudo-random numbers are generated with the 32-bit
Mersenne Twister Algorithm and scaled to the interval [−0.005, 0.005]. An
exaggerated example of a disturbed azimuthal velocity proﬁle is shown in
Figure 2.2.
The disturbance propagation expressed in non-discretised form is deﬁned as:
∫

1

∆(t) =

(G(z, t) − G∞ (z)) dz,
2

(2.20)

0

and is numerically approximated using the trapezoid rule for numerical integration.

Figure 2.2: A random disturbance δi is added to the azimuthal velocity proﬁle G(z). In this example ﬁgure, the order of the disturbance is exaggerated.
The vector δi normally has nz random numbers between −0.005 and 0.005.
However, for visualisation reasons, in this ﬁgure δi ranges from −0.05 to
0.05.
In theory, three situations may arise with respect to the stability of a steady
solution branch, which are reﬂected in the limit as t → ∞ of the function
∆(t):
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1. if lim ∆(t) = 0, the solution is stable and converges back to its original
t→∞
state;
2. if lim ∆(t) = α and α is a (positive, real) constant, the solution is
t→∞
unstable and diverges from its original state to a new steady state;
3. if lim ∆(t) does not exist, the solution is unstable and diverges from
t→∞
its original state and never reaches any other steady state, i.e. either
a periodic solution is obtained, or the system becomes chaotic.
For the ﬁrst case, in which ∆(t) → 0 as t → ∞, an additional analysis will
be performed to check whether the solution is Lyapunov stable; i.e. does the
disturbance to the steady velocity proﬁle exponentially decay in time? For
a Lyapunov-stable solution branch it holds that:
[
lim

t→∞
∆(0)→0

1
ln
t

(

∆(t)
∆(0)

)]
= λ,

(2.21)

in which the Lyapunov coeﬃcient λ is a measure of the stability of the
system. For Lyapunov stable solution branches, a plot of ln ∆(t) versus t
results in a straight line with slope λ < 0 as t → ∞. The more negative λ is,
the faster the solution branch converges back to its original state and thus
the more stable the solution branch is.

Figure 2.3: The Lyapunov coeﬃcient λ is determined via a log-linear ﬁt of
∆(t) for all stable solution branches at Reh = 500, 750, and 1000.
For the second case, in which ∆(t) → α as t → ∞, the original steady state is
not retained and another steady solution branch is found. This new solution
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branch will represent a new balance of transport of angular momentum,
Γ(z, r, t) = G(z, t)r2 . The transition from the original steady state to the
new steady state will be characterised according to the mechanism with
which the angular momentum is transferred from the original situation to
the ﬁnal situation.
The transport of angular momentum is described by:
∂Γ
∂Γ
∂Γ
+ vr
+ vz
= Re−1
h
∂t
∂r
∂z

(

∂ 2 Γ ∂ 2 Γ 1 ∂Γ
+ 2 −
∂z 2
∂r
r ∂r

)
.

(2.22)

After substituting Γ(z, r, t) = G(z, t)r2 , application of the similarity transformation in equations (2.10)-(2.12), and dividing by r2 , an expression for
the transport of angular momentum in terms of the similarity functions
G(z, t) and H(z, t) is obtained:
∂2G
∂H
∂G
∂G
= Re−1
− 2G
.
+ 2H
h
2
∂t
∂z
∂z
∂z

(2.23)

Not surprisingly, this equation is the same as the result obtained from the azimuthal component of the Navier-Stokes equations in equation (2.14). However, via equation (2.23), it is now possible to identify the terms leading to
a change of the azimuthal velocity to its sources:
2
2
• Re−1
h · (∂ G/∂z ) represents the diﬀusive transport of angular momentum in the axial direction,

• 2H · (∂G/∂z) describes the convective transport of angular momentum
in the axial direction,
• −2G· (∂H/∂z) denotes the convective transport of angular momentum
in the radial direction.

2.5

Results

The following section starts by presenting and discussing the numerical results of the development of the ﬂow ﬁeld starting from three situations.
A ﬂuid, which is initially at rest (s = 0) will be shown to develop into a
Batchelor-type of ﬂow ﬁeld via an intermediate, meta-stable Stewartson-type
of ﬂow. When numerical calculations were started with a ﬂuid which was initially in weak counter-rotation with respect to the rotating disc (s = −0.1),
a solution branch was obtained, diﬀerent from both Batchelor’s or Stewartson’s predictions. This steady type of ﬂow is termed “Branch 3” type
ﬂow. Similarly, starting with a ﬂuid in exact counter-rotation with the rotating disc (s = −1) another steady ﬂow ﬁeld was obtained, which is termed
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“Branch 4” type of ﬂow. It will be shown that the solutions corresponding to Branch 3, Branch 4 and Batchelor-types of ﬂow are Lyapunov-stable.
The Stewartson-branch was found to be unstable and the ﬂow ﬁeld will be
shown to develop from Stewartson-type of ﬂow to a Batchelor-type of ﬂow
ﬁeld. Finally, the mechanism behind this transition will be identiﬁed as being dominated by radial convection of angular momentum towards the axis
of rotation.

2.5.1

Variation of initial conditions

The temporal evolution of the numerical solution, starting from a ﬂuid at
rest (i.e. s = 0) and Reh = 1000, is shown in Figure 2.4. In panel (a),
the development of the azimuthal velocity proﬁle is depicted, while panel
(b) shows the radial velocity proﬁle. The sequence in time between curves
is indicated by an arrow in which the time increment between subsequent
curves is equal to δt = tf /200 = 25.3. At t = 0 the bottom disc is impulsively
set in motion, resulting in the very rapid formation of a Stewartson-type of
ﬂow. In this ﬂow type, a Von Kármán boundary layer exists near the rotating
disc in which the azimuthal velocity of the ﬂuid rapidly decreases from the
azimuthal velocity of the disc to zero while moving away from the disc, so
that the main part of the ﬂuid is non-rotating. Fluid is also moving radially
outwards due to the centrifugal motion of the disc, which is balanced by
continuity by a weak axial ﬂow into the Von Kármán boundary layer.
At ﬁrst, the curves for the velocity proﬁles are very close together, indicating very small changes in the ﬂow ﬁeld over time. However, this near-steady
solution rapidly changes after about t = 150. At this point one observes
an increase in azimuthal velocity in the core region of the ﬂuid. The situation then becomes unstable and diverges from a Stewartson-type of ﬂow
to a Batchelor-type of ﬂow, in which a Von Kármán boundary layer and a
Bödewadt boundary layer are present at the rotating and stationary disc, respectively. The ﬂuid in the core region is behaving as if it were in inviscid, rotational motion. It should be noted that up to this point no disturbance has
been added to the system other than small inherent disturbances present in
any numerical calculations. It therefore seems that the Stewartson-solution
might not be a stable solution of the Navier-Stokes equations for ﬂow between two inﬁnite discs.
In Figure 2.5, the numerical solution is given starting from a ﬂuid in weak
counter-rotation with respect to the rotation of the disc. In this case, the
ﬂuid is initially in solid-body counter-rotation with s = −0.1, and Reh =
1000. Panel (a) shows the development of the azimuthal velocity, whereas
the development of the radial velocity is given in panel (b). In panels (c)
and (d), the azimuthal and radial components of the steady ﬂow ﬁeld are
given for t = 250, respectively. The ﬂuid velocity proﬁles can be described
as a dampened oscillation around the steady ﬂow ﬁeld, making it diﬃcult
to indicate the direction of time between the curves in this ﬁgure. This
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Figure 2.4: A ﬂuid which is initially at rest (i.e. s = 0) rapidly develops a
ﬂow structure described by Stewartson-type of ﬂow. This intermediate ﬂow
ﬁeld, however, is unstable and evolves into a Batchelor-type of ﬂow. The
transition from a Batchelor-type to a Stewartson-type ﬂow occurs around
t = 150. The azimuthal and radial components of the velocity vector during
this transition are given in panels (a) and (b), respectively. (Reh = 1000,
tf = 505, δt = tf /200 = 25.3)

steady type of ﬂow is termed “Branch 3” type of ﬂow. Although the main
body of the ﬂuid retains the negative azimuthal velocity, the ﬂow structure
is very similar to a Batchelor-type of ﬂow, in which both a Von Kármán
and a Bödewadt boundary layer are separated by a bulk region of uniform
azimuthal velocity.
The numerical solution, starting from a ﬂuid in counter-rotation with respect
to the rotation of the disc, is depicted in Figure 2.6. In this situation, the
ﬂuid is initially in solid-body counter-rotation with s = −1, and Reh = 1000.
The development of the azimuthal and radial components of the velocity
vector are given in panels (a) and (b), respectively. The time increment
between subsequent curves is equal to δt = tf /200 = 1.26. At t = 0 the
bottom disc is impulsively set in motion, resulting in the very rapid formation
of a type of ﬂow, which is termed “Branch 4” type of ﬂow. The ﬂow ﬁeld
again retains most of its negative azimuthal velocity, but the ﬂow ﬁeld is
very diﬀerent from either Branch 3, Batchelor or Stewartson-types of ﬂow.
There is no clear distinction between a boundary layer and a center region of
the ﬂow ﬁeld, as the changes in velocity over the axial coordinate are more
gradual and spread out over the entire region between the discs. Also, one
observes radial outﬂow at both the rotating and the stationary disc.
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Figure 2.5: A ﬂuid which is initially in mild counter-rotation (s = −0.1)
with respect to the bottom disc develops a ﬂow structure which retains most
of the negative azimuthal velocity, but is very similar to a Batchelor- type of
ﬂow. The ﬂow ﬁeld converges via a dampened oscillation towards the steady
situation. The oscillatory nature of the ﬂow makes a graphical representation
of the temporal evolution of the ﬂow ﬁeld less clear. For clarity reasons, the
steady velocity proﬁles have been given as well. In panels (a) and (b), the
temporal evolution of the azimuthal and radial velocity proﬁles is depicted,
respectively. The ultimate, steady azimuthal and radial velocity proﬁles
are shown in panels (c) and (d), respectively. (Reh = 1000, tf = 250,
δt = tf /200 = 12.6)
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Figure 2.6: A ﬂuid which is initially in counter-rotation (s = −1) with
respect to the bottom disc develops a ﬂow structure which retains most
of the negative azimuthal velocity. Panels (a) and (b) show the azimuthal
and radial velocity components, respectively. (Reh = 1000, tf = 251.3,
δt = tf /200 = 1.26)

2.5.2

Stability analysis

Starting with the steady velocity proﬁles for Branch 3, Branch 4, and Batchelorﬂow, a random perturbation is added at t = 0. The disturbance propagation
in time is monitored by means of the function ∆(t), as deﬁned in equation
(2.20). For each of the three stable solutions a stability analysis was performed at Reh = 500, 750, and 1000. This stability analysis consists of a set
of 20 simulations per branch for each selected value of the Reynolds number.
The resulting data for ∆(t) was then ﬁtted to equation (2.21) on a log-linear
scale to obtain the Lyapunov-coeﬃcient. A Discrete Fourier Analysis was
performed on the data to determine the frequencies of the oscillations that
were present in the data for ∆(t).
The Lyapunov-coeﬃcients for the Batchelor, Branch 3 and Branch 4 solutions are depicted in Figure 2.7. The Lyapunov-coeﬃcients all have a negative value, conﬁrming their stability to a minor disturbance. The Lyapunovcoeﬃcients of Branch 4 type of ﬂow are lower than those for Batchelor-type
of ﬂow, which are again lower than those for Branch 3 type of ﬂow. This indicates a trend in relative stability, in which Branch 4 types of ﬂow are very
stable to a minor disturbance, in the sense that they return more rapidly
to the original ﬂow ﬁeld than the Branch 3 type of ﬂow. From Figure 2.8a
it can again be seen that Branch 3 hosts an oscillation with a characteristic frequency f . From a Discrete Fourier Analysis on the data of ∆(t) for
Branch 3 at Reh = 500, 750, and 1000 it was observed that the frequency
of the oscillations increases with the Reynolds number, as shown in Figure
2.8b. Also note that the amplitude of the frequency appears to be constant
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Figure 2.7: The Lyapunov coeﬃcients for the three stable solution branches.
Branch 4 is more stable than the Batchelor branch, while Branch 3 is the
least stable of these solutions.
over time in the logarithmic scale of Figure 2.8a, but this is a visual artefact
from the logarithmic scaling of the vertical axis. In fact, the amplitude of
the oscillation is decreasing exponentially as well.

2.5.3

Instability of the Stewartson solution

Under the Von Kármán similarity hypothesis, Stewartson-type of ﬂow seems
to be an unstable solution of the steady Navier-Stokes equations for rotationally symmetric ﬂow between two discs. It appears to be an intermediate
ﬂow ﬁeld in the development of the ﬂow from a ﬂuid at rest to a Batchelortype of ﬂow. From the evolution equation (2.22) of angular momentum, it is
possible to track the change of angular momentum in terms of radial, axial,
diﬀusive and convective transport during the transition from Stewartson to
Batchelor-type of ﬂow, as depicted in Figure 2.9.
Figure 2.10 presents graphs of the transport of angular momentum associated with convective transport in the radial and axial direction and diﬀusive
transport in the axial direction. Figure 2.10a shows the entire time frame
from a ﬂuid at rest to fully developed Batchelor-ﬂow, while Figure 2.10b only
shows a limited time interval, during which the change from Stewartson-ﬂow
to an unstable intermediate type of ﬂow takes place. It can clearly be seen
that the process becomes unstable as soon as the radial transport of angular
momentum by convection becomes dominating, triggering an unstable ﬂow
ﬁeld which changes from a Stewartson-type ﬂow to a Batchelor-type solution.
This can be understood by realising that the angular momentum in the core
region, however small, is not exactly zero and this non-zero angular momen-
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Figure 2.8: (a) Branch 3 hosts an oscillation in the ﬂow ﬁeld which amplitude
exponentially decays in line with the decay of the magnitude of the disturbance propagation itself. (b) The frequency of oscillation f as a function of
the Reynolds number Reh is determined via a Discrete Fourier Transform.

Figure 2.9: During the transition from Stewartson to Batchelor-ﬂow, the (a)
azimuthal velocity increases from near-zero to 0.313 Ωr, in line with earlier
ﬁndings by Dijkstra and Van Heijst (1983)[9], whereas the (b) radial velocity
proﬁle develops a Bödewadt boundary layer.
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tum is convectively transported from larger radii to smaller ones. Then, by
conservation of angular momentum, the azimuthal velocity increases, leading
to an azimuthal acceleration of the ﬂuid in the core region.
It should be noted that Stewartson-types of ﬂow have been observed experimentally [10] where a ﬁnite rotating disc is moving near a stationary disc
without an encasing cylindrical wall; i.e. the ﬂuid between the edges of the
discs is unbounded. Stewartson-ﬂow is also observed in systems where there
is a superimposed centrifugal outﬂow between the discs[11]. In an unbounded
conﬁguration, fresh incoming ﬂuid with negligible angular momentum is constantly replacing the rotational outgoing ﬂuid in the Von Kármán boundary
layer. For the case of a net radial outﬂow, the outﬂowing ﬂuid acts as a sink
for the angular momentum by convectively transporting it out of the region
between the discs. It might be that these two mechanisms of transport of
angular momentum away from the axis of rotation hamper the buildup of
azimuthal velocity in the center region between the discs and thus prevent
the trigger of an instability leading to Batchelor-ﬂow.
In fact, when a cylindrical housing was set to co-rotate with the rotating
disc and radial transport of angular momentum towards the axis of rotation
was thus not as strongly limited, Batchelor-types of ﬂow were indeed found
both experimentally[9] and numerically[12, 13, 8, 9].

Figure 2.10: (a) The dimensionless magnitude of the diﬀerent transport
terms for the transport of angular momentum are plotted versus time during the transition from a ﬂuid at rest, via a Stewartson-type of ﬂow, to a
Batchelor-type of ﬂow. In panel (b), only the period of time is considered in
which a ﬂuid at rest develops into an unstable intermediate type of ﬂow.

2.6

Concluding remarks

The time-dependent Navier-Stokes equations for the rotationally symmetric
ﬂow between two inﬁnite discs are numerically solved, under the Von Kármán
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similarity assumption, using an implicit ﬁnite diﬀerence method. Three
diﬀerent steady solution branches were found as a result of varying the initial
condition of the ﬂuid:
• A ﬂuid initially at rest develops via a Stewartson-type ﬂow ﬁeld to a
Batchelor-type of ﬂow.
• A ﬂuid which is initially in weak counter-rotation with respect to the
motion of the rotating disc (i.e. v̂ 0 = (0, −0.1Ωr̂, 0)) evolves into a
type of ﬂow (Branch 3) which retains most of its negative azimuthal
velocity. The ﬂow ﬁeld is very similar to a Batchelor-type of ﬂow,
consisting of Von Kármán and Bödewadt boundary layers at the discs,
separated by a region of uniform (but negative) azimuthal velocity.
• A ﬂuid which is initially in complete counter-rotation with respect to
the motion of the rotating disc (i.e. v̂ 0 = (0, −Ωr̂, 0)) evolves into
a type of ﬂow (Branch 4) which also retains most of its negative azimuthal velocity. However, the ﬂow ﬁeld does not allow for a deﬁnition
of diﬀerent regions in the ﬂuid, since the velocity gradients are more
gradually spread out over the entire region between both discs in comparison to the other types of ﬂow.
Furthermore it was found that three of these solution branches were stable to
a minor disturbance and the propagation of this disturbance can be described
by Lyapunov stability theory. Branch 4 was found to be the most stable
solution, with the lowest Lyapunov-coeﬃcient λ. The Batchelor-solution
was stable to a minor disturbance as well, but its Lyapunov-coeﬃcient was
higher. The least stable of the stable solution branches was found to be
Branch 3. Not only did this branch have the smallest negative λ-value,
the system also harboured a characteristic oscillation with a frequency that
increases with an increasing Reynolds number.
The unstable solution branch, the Stewartson-type of ﬂow, already diverged
from its initial state by disturbances that are inherently present in numerical calculations. The ﬂow ﬁeld develops from a Stewartson-type of ﬂow in
which a Bödewadt boundary layer and a core region with uniform azimuthal
velocity are absent, to a Batchelor-type of ﬂow. The process with which
the core region obtains its azimuthal velocity was found to be triggered and
dominated by the convective transport of angular momentum from larger to
smaller radii.
The experimental procedure of adding a random disturbance conforming
to the Von Kármán similarity hypothesis might not be physically feasible.
However, the theoretical discussions on the existence and multiplicity of
solutions for rotating disc ﬂows in the 20th century also were held under
this similarity hypothesis. In that light, it thus appears that Stewartson’s
claim on the structure of the steady ﬂow ﬁeld between two inﬁnite rotating
discs might be incorrect and that the Stewartson-type of ﬂow was actually
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an intermediate, meta-stable ﬂow ﬁeld in the evolution of a ﬂuid from rest
to a ﬂow structure more reminiscent of Batchelor-ﬂow.
The presence of a cylindrical wall at a ﬁnite radial distance will have an
important eﬀect on the stability of the ﬂow ﬁeld in the center region of the
ﬂuid as this end region will have an additional stabilising or destabilising
eﬀect on the radial transport of angular momentum. In ﬁnite systems, in
which the ﬂuid near the edge of the discs is unbounded, or where there is
a superimposed centrifugal outﬂow, the radial transport of angular momentum towards the axis of rotation will be limited, preventing the trigger of an
instability in the Stewartson-type ﬂow ﬁeld. This might explain the physical
existence of Stewartson-types of ﬂow in open rotor-stator systems of ﬁnite
dimensions or systems in which there is a superimposed centrifugal outﬂow.
Although a Batchelor-type of ﬂow would be expected from the stability of
the self-similar solution branches, the build-up of azimuthal velocity and a
non-viscous core is hindered, because the limited radial transport of angular momentum towards the axis of rotation prevents the triggering of the
instability.
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An experimental and
theoretical study on the
size of bubbles formed
between a rotating disc
and a stationary wall
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Houben, J. van der Schaaf, and J.C. Schouten. An experimental and theoretical study on the size of bubbles formed between
a rotating disc and a stationary wall. Chem. Eng. Sci., 109,
251-263, 2014.

Abstract
This chapter comprises an experimental and theoretical study on gas bubble
formation in a liquid in a spinning disc device. Measurements were done in
a device with a rotor radius of 0.135 m and a distance of 2·10−3 m between
the rotating disc and the stationary wall. Experiments have been performed
at rotational velocities where the Von Kármán boundary layer at the rotor
and the Bödewadt layer at the stationary wall interfere. It was found that
the highest angular velocities resulted in the smallest average bubble diameters (3.32 ± 0.662 mm), while at the highest gas mass ﬂow rate and lowest
rotational velocities, the largest bubbles were produced (15.3 ± 1.89 mm).
Variation of liquid density from 1000 to 1150 kg m−3 and liquid viscosity
from 0.81 to 1.70 mPa s appeared to have a negligible eﬀect on the bubble
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size. A model was derived from a mass and momentum balance, which incorporates the unsteady eﬀects of added mass, gas momentum, bubble growth
rate, drag force and centrifugal buoyancy. The general trends in calculated
average bubble size are in agreement with the experimental results and the
model calculations were able to simulate average bubble diameters within a
single experimental standard deviation.

3.1

Introduction

Bubble formation in rotating liquids is fundamentally diﬀerent than its counterpart in stationary or cross-ﬂowing liquids. The eﬀect of centrifugal buoyancy leads to additional detaching forces resulting in earlier bubble detachment and thus reduced bubble diameters [1, 2]. These smaller bubbles have
a higher speciﬁc surface area which is beneﬁcial for gas-liquid mass transfer
near gas-inducing stirrers [3], or in a novel type of multiphase reactor, called
the rotor-stator spinning disc reactor [4].
The rotor-stator spinning disc reactor has proven to signiﬁcantly increase
gas-liquid and liquid-solid transport by simultaneously lowering the resistance to mass transfer and increasing the interfacial area through which
mass transfer takes place [4, 5, 6]. The reactor consists of a rapidly rotating
disc (the rotor) in a narrow cylindrical housing (the stationary wall). The
distance between the rotor and the stator h is typically one to several millimetres, while the rotor radius RD is of the order 5 − 15 cm. The rotating
disc has a high angular velocity of up to Ω ≈ 2 · 103 rpm, resulting in very
high shear forces in the ﬂuid in the narrow gap between the rotor and the
stationary wall1 . These shear forces trigger the early pinch-oﬀ of bubbles or
droplets from their inlets, resulting in smaller bubble/droplet diameters, and
thus in an increasing speciﬁc surface area available for molecular transport.
Also, the high angular velocity of the disk invokes a high degree of turbulence,
which allows for the rapid renewal of ﬂuid elements near the surfaces of
bubbles, droplets, and particles, lowering the resistance to mass transfer. It
is the combination of these two eﬀects that gives the rotor-stator spinning
disc reactor its excellent mass transfer performance.
In fact, reported values for the liquid-solid mass transfer coeﬃcient of kLS aLS =
−1
0.22 m3L m−3
in the spinning disc reactor are one order of magnitude
R s
−1
higher than typical values of kLS aLS = 0.01 − 0.1 m3L m−3
in packed
R s
bed columns [5, 7, 8]. For the case of gas-liquid mass transfer, values are
−1
reported of kGL aGL = 0.95 m3L m−3
in the spinning disc reactor, which
R s
are about four times higher than those for bubble columns [4], and twice as
high as in conventional spinning disc reactors [9]. When the relatively low
1 The rotor-stator spinning disc reactor is in fact an improved version of the conventional
spinning disc reactor where a thin liquid ﬁlm is ﬂowing over a freely moving rotating
disc. A more elaborate comparison between a rotor-stator spinning disc reactor and a
conventional spinning disc reactor can be found in Meeuwse (2011) [10].
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gas hold-up in the spinning disc reactor, typically of the order of εG = 0.021
m3G m−3
R is taken into account, values of the rate of volumetric mass transfer
per unit of volume of gas in the spinning disc reactor are calculated to be
−1
20.5 m3L m−3
, which is about 40 times higher than typical values found
G s
−1
in conventional bubble columns (0.5 m3L m−3
) [11].
G s
Recent endeavours in describing the mass transfer characteristics in this
novel type of reactor mostly consisted of experimental observations, while
a more fundamental description of the physical situation between the rotor
and the stator still is lacking. Model equations to describe bubble size, gas
hold-up and mass transfer coeﬃcients based on a combination of experimental results and theoretical insights will greatly improve the design process
for developing a rotor-stator spinning disc reactor. The present work will
shed some light on the determination of the average bubble size, just after
detachment from the oriﬁce at the gas inlet.
This chapter is structured as follows: ﬁrst, the experimental setup is described along with the measurement procedure. Then, the theoretical model
is derived, including a description of all relevant hydrodynamic forces and
a discussion on bubble detachment criteria. The experimental results are
subsequently discussed and compared with the model calculations. This
chapter ends with some concluding remarks on the observed experimental
and theoretical trends.

3.2

Experimental setup and procedure

The experimental setup that is schematically depicted in Figure 3.1, consisted of a stainless steel disc of radius RD = 0.135 m which was encased
in a cylindrical, transparent PMMA housing, so that the distance between
the rotating disc and the stationary wall equals h = 2 · 10−3 m, while the
distance between the edge of the disc and the concentric shroud was 1 mm.
Nitrogen gas was fed through an oriﬁce of diameter do = 1.5 · 10−3 m in the
bottom stator.
The density and viscosity of the liquid could be ﬁnely tuned by producing
binary mixtures of potassium iodide, sodium chloride, or glycerol in demineralised water [13, 14, 15, 17, 16, 12]. Depending on the solute molality,
the desired liquid density and viscosity can be achieved according to Figures
3.2 and 3.3.
In addition to the eﬀect of liquid properties on bubble formation, the gas
ﬂow rate and the rotational velocity were varied as well. The nitrogen feed
−6
rate was set to ϕm
, 8.58 · 10−6 , or 11.6 · 10−6 kg s−1 with a mass
G = 5.82 · 10
ﬂow controller (Bronckhorst, EL-FLOW Select IP-40), while the rotational
velocity (Ω) of the rotor was set to a value in the range 15.7 − 68.1 rad s−1
with a servomotor (SEW, DFS/CFM Synchronous Servomotor). A complete
overview of experimental conditions for all experiments can be found in Table
3.1.
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Figure 3.1: The experimental setup consisted of a stainless steel disc in a
transparent PMMA housing. The gap spacing between the rotating disc and
the parallel stationary wall was equal to h = 2·10−3 m, while the rotor radius
was RD = 0.135 m. Gas was fed through an oriﬁce of diameter do = 1.5·10−3
m in the bottom stator. With a Canon EOS digital 400D camera, images
were taken from the bottom of the setup, which were digitally analysed to
resolve the bubble diameters.

Table 3.1: Overview of experimental conditions.
Exp. nr. Solute
ρL
µL
ϕm
G
−3
−3
−6
[−]
[kg m ] [10 Pa s] [10 kg s−1 ]
1
1000
1.00
5.82
2
1000
1.00
11.6
3
KI
1060
0.83
8.85
4
KI
1110
0.81
8.85
5
KI
1150
0.81
8.85
6
NaCl
1049
1.12
8.85
7
NaCl
1083
1.23
8.85
8
NaCl
1116
1.38
8.85
9
Glycerol
1049
1.70
8.85
10
1000
1.00
8.85
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i = KI
i = NaCl
i = C3 H8 O3

1500

1250

1000
2.5

5

7.5

mi [moli kg−1
H2 O ]

Figure 3.2: The liquid density can be tuned by adding potassium iodide,
sodium chloride, or glycerol in diﬀerent molalities to demineralised water.
The curves are obtained from interpolation by cubic splines of experimental
data from MacInnes and Dayhoﬀ (1952) [12], Pawar et al. (2009) [13], and
Visscher et al. (2012a) [14] for potassium iodide solutions, from Kestin et
al. (1981) [15] for sodium chloride solutions, and from Cheng (2008) [16] for
glycerol-water mixtures.

Figure 3.3: The liquid viscosity can be tuned by adding potassium iodide,
sodium chloride, or glycerol in diﬀerent molalities to demineralised water.
The curves are obtained from interpolation by cubic splines of experimental
data from Goldsack and Franchetto (1977) [17] for potassium iodide solutions, from Kestin et al. (1981) [15] for sodium chloride solutions, and from
Cheng (2008) [16] for glycerol-water mixtures.
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The reactor outlet was connected to an open liquid storage vessel so that
the pressure in the reactor at the outlet equals the ambient pressure. Temperature was kept constant at room temperature (T = 293 ± 2 K) by cooling
the liquid storage vessel with a heat exchanger (Lauda WKL 1200) and recirculating liquid through the setup at a ﬂow rate of ϕvL = 7.5 10−6 m3 s−1
with a Coriolis Mass Flow Meter (Bronkhorst, CORI-FLOW IP-65). Note
that the liquid velocity at the edge of the disc due to this recirculating ﬂow
is of the order ϕvL /2πRD h = 4.7 · 10−3 m s−1 , while the liquid velocity at
this position invoked by the rotation of the disc is proportional to ΩRD .
The minimal value of Ω in this investigation equals 15.7 rad s−1 , leading
to (ΩRD )min = 2.1 m s−1 ≫ 4.7 · 10−3 m s−1 , so that the eﬀect of liquid
throughﬂow on the bubble dynamics can be neglected.

3.3

Digital image analysis

Figure 3.4: Example of a photograph used in the image analysis script. This
picture was taken during experiment 4 (Table 3.1) at a rotational velocity
of Ω = 15.7 rad s−1 . The number of pixels per unit of length is determined
via a circular ﬁt over the edge of the disc. One by one, all bubbles are then
selected for further analysis.
During the experiments, at each rotational velocity, four digital images were
made with a Canon EOS digital 400D camera. These photographs were
then analysed in MATLAB to determine the bubble size. The algorithm
for determining the bubble diameter is as follows: First, an image (e.g.
Figure 3.4) is loaded into MATLAB. A circle is then ﬁtted through three
points on the edge of the disc. Since the rotor radius in all cases is equal
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to RD = 0.135 m, the number of pixels per unit length, np [m−1 ], can be
calculated. Each individual bubble is then enclosed in a rectangle for further
analysis, resulting in nb bubble images per photograph.

Figure 3.5: The selected bubble from Figure 3.4 in panel (a) is ﬁrst converted
from grayscale to black and white in panel (b). Parts of other bubbles are
removed and open contours of the bubble are closed manually by drawing
lines on the original image (a), resulting in a clean bubble outline in panel
(c). The bubble area is determined via panel (d), where pixels outside of
the bubble are not counted, pixels within the bubble contours are counted
with a weight factor of 1, while pixels belonging to the bubble contour are
assigned a weight factor of 12 .
The algorithm for determining the bubble size of an individual bubble consists of four steps. First the bubble image enclosed by the rectangular area
in Figure 3.4 is loaded into MATLAB as an (n×m)-matrix, A, where an element Ai,j corresponds to the grayscale value (a number between 0 for black
and 1 for white) of a pixel at position (i, j) in the small picture containing
the bubble. The resulting grayscale image of A is shown in Figure 3.5(a),
which is subsequently converted to a binary image B (depicted in panel (b))
by introducing a threshold value (δ) for distinguishing between black and
white2 :
2 The resulting bubble diameter was found to be largely independent on the somewhat
arbitrary value of δ in the range 0.2 < δ < 0.4. Since the used value of δ was always
set within this range its eﬀect on the interpretation of the experimental results therefore
seems small.

64

Hydrodynamics of rotating multiphase ﬂows

{
Bi,j =

if Ai,j ≤ δ
.
if Ai,j > δ

0
1

(3.1)

The contour of the bubble is closed by manually drawing lines on the original
image in panel (a), while edges of adjacent bubbles are removed. This results
in a contour of the bubble in panel (c) from which the bubble size can be
determined. Pixels inside the bubble contour (white in panel (d)) are counted
with a weight factor of 1, bubbles belonging to the contour are counted with
a weight factor of 12 , and bubbles outside of the contour are not counted,
resulting in a weighted pixel count of Np . The projected surface area of
bubble i is then calculated via:
Ai = Np /n2p ,

(3.2)

so that the circle equivalent bubble diameter of any bubble i is given by:
√
di =

4Ai
.
π

(3.3)

For each rotational velocity in a given experimental run, the average bubble
diameter is calculated according to:

db =

nb
1 ∑
di ,
nb i=1

(3.4)

while the standard deviation of the average bubble diameter at that rotational velocity is determined via:
v
u nb
∑
1u
t (di − db )2 .
σb =
nb i=1

(3.5)

It is the average bubble diameter db in equation (3.4) that is the key parameter to be modelled in the following section.

3.4

Theoretical model

Most bubble formation models describe the dynamics by treating the bubble
as a point mass that is accelerated under the eﬀect of a sum of forces according to Newton’s Second Law for constant mass systems. Unsteady eﬀects on
the bubble’s momentum that are caused by the addition of both mass and
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linear momentum via the gas feed ﬂow are incorporated as ﬁctitious forces
like the gas momentum ﬂux force [18, 19, 20]. Although this approach will
result in the correct calculation of bubble size and motion, it obscures the
underlying physical mechanisms involved, making it more diﬃcult to extend
these models.
The following model is somewhat diﬀerent from models presented in literature, as it does not deal with the bubble as a single point mass accelerating
under the inﬂuence of a sum of forces, but will treat the system (bubble, and
incoming feed ﬂow) as a whole. This will not only be more reminiscent of the
underlying physical mechanisms, but will also allow for an easier extension
of the model to a more complex situation. This will be done in the following
subsections with the incorporation of the eﬀect of expansion/contraction of
bubbles due to diﬀerences in centrifugal pressure in rotating systems.
The theoretical section begins with a sketch of the geometry of the model
system, after which a brief explanation will be given on why the general
form of Newton’s Second Law can not be used in this speciﬁc situation.
Then, the momentum and mass balances will be introduced with which the
governing diﬀerential equations are derived. The hydrodynamic forces that
play a role in the calculation of the bubble trajectory will be discussed in the
subsequent section. This section closes with a discussion and selection of a
bubble detachment criterion and a discussion on the initial bubble volume
for the diﬀerential equations and the ﬁtting parameter.

3.4.1

Geometry

A schematic depiction of the geometry of the model system is given in Figure
3.6. The bubble is assumed to be a cylinder with height h and diameter db
squeezed between the rotor and the stator. The existence of small surface
waves on the liquid-gas interface, as can be seen from Figure 3.7, implies
the existence of a very thin liquid ﬁlm layer between the bubble and the rotating disc and stationary wall. Since the bubble is fully surrounded by the
liquid, the eﬀects of three-phase contact lines and wetting can be neglected.
Furthermore, the thickness of these liquid ﬁlms is assumed to be orders of
magnitudes smaller than the distance between the rotating disc and stationary wall, so that the bubble geometry can still be correctly modelled as a
cylinder with height h and diameter db .
The bubble is connected via a neck of length L to an oriﬁce which feeds the
bubble at a gas mass ﬂow rate of ϕm
G . It is assumed that the neck and the
oriﬁce are of the same diameter, do . The oriﬁce is positioned right below
the edge of the rotating disc, while the position of the centre of mass of the
bubble is described by the vector ⃗z = (r, x), in which r is the radial distance
from the axis of rotation of the rotating disc, while x equals the displacement
from the oriﬁce in the azimuthal direction. At t = 0, the bubble is assumed
to be concentrically aligned with the oriﬁce, so that ⃗z0 = (RD , 0), while its
diameter is equal to the disc spacing, so that its volume at t = 0 is denoted
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Figure 3.6: Geometry of the model system. Panel (a) gives a side view in
which the bubble diameter, oriﬁce diameter, neck thickness, and rotor-stator
distance are denoted by db , do , do , and h, respectively. Panel (b) shows a top
view indicating the neck length L, the radial position of the oriﬁce, together
with the 2D Cartesian coordinate system (r, x). Note that there exists a
liquid ﬁlm layer between the bubble and the discs with a thickness that is
orders of magnitude smaller than the bubble height.

Figure 3.7: It can be seen from this photograph, taken under experiment
6 (Table 3.1) at 15.7 rad s−1 , that there exists a thin ﬁlm layer of liquid
between the bubble and the rotating disc and stationary wall, which is made
clear by the wavy nature of the gas-liquid interface. The presence of this
narrow liquid ﬁlm implies that wetting and three-phase contact lines have a
negligible eﬀect on the bubble formation process.
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by Vb0 = π4 h3 . As will be shown in section 3.4.6, the initial bubble volume
has a negligible eﬀect on the bubble diameter as calculated by the model.

3.4.2

Momentum balance for non-growing bubbles

Since some important eﬀects play a role which are not included in the typical representation of Newton’s Second Law, the dynamics of a growing gas
bubble accelerating in a rotating liquid can not be described via equation
(3.6) directly when considering the gas bubble as the only accelerating mass.
∑

d⃗v
F⃗ = m .
dt

(3.6)

In addition to the net force acting on the centre of mass, a variety of phenomena also aﬀect the momentum of the bubble in this conﬁguration. For
instance, momentum is changed via the so-called gas momentum ﬂux force
caused by the continuous feed ﬂow towards the bubble. Freshly introduced
gas packages through the oriﬁce incorporate into the bubble to increase its
mass, and at the same time transfer their momentum to that of the growing
bubble.
A second important eﬀect is observed when the motion of the bubble requires
a displacement of an amount of surrounding ﬂuid as well. The liquid that is
set in motion by the moving bubble can be described as an additional mass
attached to the bubble, moving along with it and increasing its inertia. This
phenomenon is commonly known as the added mass eﬀect.
Also, the rotational motion of the liquid invokes a strong centrifugal ﬁeld in
which the pressure increases when moving radially outwards. A gas bubble
that moves in the radial direction will thus experience a changing pressure,
which will result in a changing gas density, eﬀectively expanding or contracting the bubble. This change in volume not only inﬂuences the dynamics of
the bubble directly, the changed bubble dimensions have a secondary eﬀect
on its dynamics too, since it inﬂuences the amount of liquid that is dragged
along under the added mass eﬀect.

3.4.3

Mass and momentum balances for a growing bubble

With these additional factors, equation (3.6) is no longer valid for describing
the dynamics of the bubble itself, but a theoretical description of the total
system (i.e. including mass in the feed ﬂow) is still possible when comparing
both the total mass and momentum before and after an inﬁnitesimal timestep dt in Figure 3.8.
At a certain time t, the total mass and momentum are given by equations
(3.7) and (3.8), respectively:
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Figure 3.8: (a) At a certain time t, the total gas mass equals dm + (ρG Vb )t ,
while the total momentum is given by ⃗udm + (ρG Vb )t⃗v . (b) An inﬁnitesimal
time-step dt later, the total mass of gas is unchanged and can be calculated
via (ρG Vb )t+dt , while its momentum has become (ρG Vb )t+dt (⃗v + d⃗v ). Please
note that Vb changes both by an addition of mass dm, and by a change in
density due to a changing centrifugal pressure at the diﬀerent positions of
the centre of mass of the bubble at t and t + dt.

Mt = ρG Vb + dm,

(3.7)

p⃗t = (ρG + χρL ) Vb⃗v + ⃗u∥⃗z dm.

(3.8)

In equation (3.8), χ is the added mass coeﬃcient which is equal to 1 for
inﬁnite cylinders/2D-circles [21]. The vector ⃗u∥⃗z is the projection of the gas
feed velocity on the position vector ⃗z of the bubble’s centre of mass and can
be calculated according to:

⃗u∥⃗z =

√
πρG d2o

(

4ϕm
G
2

(r − RD ) + x2 + 14 h2

r − RD
x

)
.

(3.9)

Note that according to equation (3.9), it is assumed that only the components of the velocity parallel to the disc have a contribution to the inertia
force and that the eﬀects of the velocity perpendicular to the disc on the
inertia force cancel out.
When the mass and momentum of the system in Figure 3.8 are again evaluated a time dt later, it can be derived that:
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(
Mt+dt =

p⃗t+dt

)
∂ρG
ρG +
vr dt (Vb + dVb ) ,
∂r

)
(
∂ρG
= ρG +
vr dt + χρL (Vb + dVb ) (⃗v + d⃗v ) .
∂r
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(3.10)

(3.11)

Note the presence of the term containing the density gradient, as it incorporates the eﬀect of a change in gas density due to a change in centrifugal
pressure experienced by the bubble as it changes position between time t
and t + dt.
Subtracting equation (3.7) from equation (3.10), and noting that the total
mass of the system remains unchanged, i.e. Mt = Mt+dt , yields:
(
)
∂ρG
vr dt (Vb + dVb ) − ρG Vb − dm = 0.
ρG +
∂r

(3.12)

Rearranging, neglecting products of inﬁnitesimal quantities, dividing by dt,
and noting that dm/dt = ϕm
G , results in a diﬀerential equation describing
the change of volume of the bubble in time:
dVb
ϕm
vr Vb ∂ρG
= G −
.
dt
ρG
ρG ∂r

(3.13)

In a similar fashion equation (3.8) is subtracted from equation (3.11), while it
is being
∑ ⃗noted that the change in momentum over a time-step dt is calculated
F dt = p⃗t+dt − p⃗t , it can be found that:
via
∑

F⃗ dt =

(
)
∂ρG
ρG +
vr dt + χρL (Vb + dVb ) (⃗v + d⃗v ) + ...
∂r
... − (ρG + χρL ) Vb⃗v − ⃗u∥⃗z dm.

(3.14)

Again, rearranging, neglecting products of inﬁnitesimal quantities, dividing
by dt, and noting that dm/dt = ϕm
G , now results in a diﬀerential equation
describing the change of the bubble’s velocity vector ⃗v in time:

d⃗v
=
dt

∑⃗
G
F + ⃗u∥⃗z ϕm
v Vb ∂ρ
⃗v dVb
G − vr ⃗
∂r
−
.
(ρG + χρL ) Vb
Vb dt

(3.15)

Equations (3.13) and (3.15) can be solved numerically together with equation
(3.9) and the initial conditions:
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Vb0 =

π 3
4h ,

(r, x)t=0 = (RD , 0),

(3.16)

(3.17)

to calculate the position and size of the bubble at any time t. The
√ bubble
diameter db can then be obtained from the bubble volume via db = 4Vb /πh.
In order to solve equations (3.13) and (3.15), it is imperative to have proper
expressions for all relevant forces. Apart from the unsteady eﬀects already
incorporated in equations (3.13) and (3.15), the drag force on the bubble and
the centrifugal force are taken into account, which depend on the governing
hydrodynamic ﬂow regime.

3.4.4

Hydrodynamic forces

Daily and Nece (1960) [22] delineated four possible ﬂow regimes between a
−1
rotor and a stationary wall depending on the gap ratio G = hRD
and the
−1
2
Reynolds number ReR = ΩRD ρL µL . The basic structure of the ﬂow in all
these regimes consists of two boundary layers, a Von Kármán boundary layer
near the rotating disc, and a Bödewadt boundary layer near the stationary
wall3 . For larger values of G, these boundary layers would be separated by a
core region in inviscid rotational motion with constant azimuthal velocity of
around vθ /(Ωr) = 0.313 and negligible radial velocity [23]. As the gap ratio
decreases and the distance between the rotating disc and the stationary wall
becomes smaller, the axial extent of the core region will shrink until at some
point the boundary layers overlap. The ﬂow regime in which the boundary
layers are interfering is termed Regime I, while Regime II is found when
the boundary layers are separated by the inviscous core. Regimes III and
IV are the turbulent analogues of Regimes I and II, respectively. Djaoui et
al. (2001) [24] further delineated these ﬂow regimes and their boundaries
in a ﬂow map as a function of ReR and G. In the current investigation, all
experimental results conform to G = 7.69 · 10−3 and 2.15 · 105 ≤ ReR ≤
1.64 · 106 , so that all data points lie within Regime III, i.e. the turbulent
regime in which the Von Kármán and Bödewadt boundary layers interfere.
The azimuthal velocity proﬁle in this regime is diﬃcult to determine and its
highly sheared nature would then still not allow for a simple calculation of
3 In literature nowadays there is a tendency to incorrectly refer to the Von Kármán
boundary layer as an Ekman type of boundary layer. Ekman layers occur when there is a
permanent background rotation that is much larger than the inertia in the rotating frame
of reference, i.e. very small Rossby numbers. For example, Ekman layers are observed
in oceanic currents where there is a balance between the Coriolis force (as observed on
Earth) and turbulent drag of wind over the ocean surface. They thus are another class
of boundary layer ﬂow than Von Kármán boundary layers, where centrifugal motion of a
rotating disc invokes a boundary layer ﬂow [25].
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the hydrodynamic forces. In the calculation of these forces, the ﬂuid velocity
is therefore assumed to be:

⃗uL = (vr , vx ) = (0, αΩr),

(3.18)

so that it still conforms to the Von Kármán similarity theorem [26], which
was found to hold for many similar ﬂow structures [23, 27, 28]. According
to this theorem, the axial velocity of the liquid is largely independent on the
radial position between the discs, while the azimuthal and radial velocities
are both proportional to the product Ωr. Numerical calculations of the ﬂow
ﬁeld with similar geometries under laminar conditions, or with larger aspect
ratios h/RD have shown that the azimuthal velocity is at least one order of
magnitude greater than the radial velocity, which is again at least one order
of magnitude greater than the axial velocity [29, 30, 31, 32]. For the sake of
modelling, the liquid azimuthal velocity (i.e. the x-direction) is thus assumed
to be equal to a fraction α times the speed of the rotor, while the ﬂuid
radial velocity is neglected as it is one order of magnitude less than the ﬂuid
azimuthal velocity. Note that the parameter α corresponds to an unknown
hydrodynamical parameter that will be ﬁtted to the experimental data. The
quantity αΩr can then physically be interpreted as a hypothetical uniform
azimuthal velocity of a liquid that would result in the same hydrodynamical
forces on a bubble in comparison to the more complex situation of the highly
sheared liquid in this investigation.
These assumptions on the ﬂow ﬁeld will reduce the complexity of the hydrodynamics considerably, so that the centrifugal pressure can then be calculated via:
p = p0 + 21 ρL α2 Ω2 r2 ,

(3.19)

so that,

ρG =

pMW
.
RT

(3.20)

In equation (3.20), the molar mass of nitrogen MW = 2.800 · 10−2 kg mol−1
was used. Since gravitational buoyancy can be neglected in this highly centrifugal system, the centrifugal force is calculated according to Wick and
Tooby (1977) [33]:
F⃗c = −Vb (ρL − ρG ) α2 Ω2 r⃗er .

(3.21)

The drag force on the bubble can be calculated with the correlation for
inﬁnite cylinders:
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F⃗d = − 12 db hρL CD (⃗v − ⃗uL ) |⃗v − ⃗uL | ,

(3.22)

CD = a + bRe−c
b ,

(3.23)

with:

and

Reb =

ρL |⃗v − ⃗uL | db
.
µL

(3.24)

The drag coeﬃcient correlation was ﬁtted to data in Perry et al. (1999) [34],
so that a = 1.2, b = 8.8, and c = 1.20.

3.4.5

Detachment criterion

Solving the diﬀerential equations (3.13) and (3.15), together with the initial
values in equations (3.16) and (3.17), and expressions for the drag and centrifugal forces, allows the bubble trajectory and its volume to be tracked in
time.
The moment of detachment of the bubble from the oriﬁce will obviously determine the ﬁnal bubble size, requiring the careful formulation of a detachment criterion. Since the choice of this criterion has an enormous impact
on the ﬁnal bubble size determined by the model, considerable care needs
to be taken to implement a detachment criterion which is reminiscent of the
physical situation occurring at detachment.
Most bubble detachment criteria deal with oriﬁces in horizontal plates in
quiescent liquids or under large vertical columns of liquid in cross-ﬂow [35,
36, 37, 38]. Departure from the gas inlet then occurs as soon as the detaching forces perpendicular to the plate surface (e.g. gravitational buoyancy)
overcome the attaching forces (e.g. surface tension). However, since in the
rotor-stator conﬁguration the bubble is conﬁned in a small horizontal region
parallel to the disc, vertical detaching forces are absent. Investigations by
Nahra and Kamotani (2000 [39], 2003 [19]) on the International Space Station in micro-gravity environments, without gravitational buoyancy, pointed
out that bubble detachment occurs as soon as the component of acceleration away from the oriﬁce becomes positive. Again, this will not allow for
a proper description of the present conﬁguration as there once again is no
component of velocity perpendicular to the stationary disc and the acceleration of the bubble will always be directed away from the oriﬁce in the
plane parallel to the discs. This would imply that bubbles would always
and immediately detach from the oriﬁce, leading to arbitrary bubble sizes
corresponding to the initial condition Vb0 .

On the size of bubbles between a rotating and a stationary disc

73

For bubbles that are conﬁned in three-dimensional micro channels as Tjunctions, it was found that bubble detachment occurs as soon as the pressure
drop over the gutters between the bubble and the T-junction’s walls changes
sign [40, 41, 42]. The ﬂow direction is then reversed in those gutters, leading
to an inﬂow of liquid in the oriﬁce and closure of the connection between the
bubble and the interface. This physical representation of bubble departure
does not apply in our situation, however, since the reversal of ﬂow direction
in the gutters requires the bubble to be conﬁned in two dimensions, instead
of only one. A cylindrical bubble between a rotor and a stationary wall,
might be conﬁned in the axial direction, but it is still free to move in the
azimuthal or radial direction. The pressure buildup in the gutters, or ﬁlm
layers around the bubble can thus be prevented by motion in planes parallel
to the disc. Arbitrary, or empirical bubble departure criteria as proposed
by [18] might mathematically be simple to implement, but lack in physical
meaning, undermining the entire theoretical framework of this investigation.
Appropriate bubble detachment conditions can be found, when considering
the neck connecting the bubble to the oriﬁce. As the bubble moves further
and further away from the oriﬁce, the neck would by deﬁnition become longer
and longer. At a certain point, instabilities would occur in the gas-liquid
interface circumscribing the neck, leading to a collapse and closure of the
neck and subsequent bubble detachment. The critical length of the neck can
be predicted by Rayleigh-Plateau instability theory in which a jet of one
ﬂuid is injected into another ﬂuid [43]. Assuming the neck to be a cylinder
of diameter do , it can be found that instabilities with the highest growth
rate will have a wavelength of:

λc =

π
do .
0.697

(3.25)

√
When the neck length L = (r − RD )2 + x2 − 12 db equals the critical wave
length λc , the fastest growing instabilities will occur, leading to a closure
and break-up of the neck and hence bubble detachment. This can be worked
into a bubble detachment criterion:
√
(r − RD )2 + x2 >

π
do + 12 db .
0.697

(3.26)

The ﬁnal bubble size (i.e. right after detachment occurs), thus equals the
bubble size when equation (3.26) is ﬁrst satisﬁed.
Notice should be taken oﬀ the eﬀect of turbulence in the liquid surrounding
the bubble neck, which might have a further destabilising eﬀect, triggering
earlier pinch-oﬀ than predicted by classical Rayleigh-Plateau instability theory. Simultaneously, the higher gas ﬂow rates that are forced through the
bubble neck will be responsible for keeping the gas-liquid interface from collapsing, counteracting this destabilising eﬀect of turbulence. Incorporating
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Figure 3.9: This snapshot of a single bubble being formed from the oriﬁce
clearly shows the presence of a neck connecting the bubble to the oriﬁce. This
image was taken at experimental conditions of Ω = 52.4 rad s−1 , h = 1·10−3
−6
kg s−1 . The liquid in this
m, RD = 6.75 · 10−2 m, and ϕm
G = 7.9 · 10
experiment consisted of an aqueous sodium chloride solution with a molality
−3
of 0.856 mol kg−1
.
H2 O , so that µL = 1.079 mPa·s, and ρL = 1033 kg m
both these phenomena into a bubble detachment criterion is a non-trivial
task that lies far outside of the scope of the relatively simple bubble formation model presented here. However, as can be seen in Figure 3.9, a neck
connecting the bubble to the oriﬁce does indeed exist between the bubble and
the oriﬁce. The detachment criterion in equation (3.26) can thus be viewed
as a ﬁrst-order approximation of the length at which critical instabilities occur, where the destabilising eﬀect of turbulence and the stabilising eﬀect of
a net gas ﬂow are neglected. The use of this ﬁrst-order approximation will
come at the cost of loss of determinism as the turbulence surrounding the
bubble neck is fundamentally chaotic in nature. The ﬁrst-order approximation of the critical neck length and subsequent bubble size will thus represent
an average bubble diameter, as the model does not include the eﬀect of variations in critical neck length induced by the chaotic nature of turbulence in
the liquid surrounding the bubble neck.

3.4.6

Fitting parameter and initial bubble volume

In the above equations, only the initial bubble volume Vb0 and the parameter
α are not known a priori. The value of α was ﬁtted by minimizing the sum of
squares of the modelled data, using the experimentally determined average
bubble diameter dexp
and the modelled value for the average bubble diameter
b
dmod
:
b
SS =

∑(

dmod
− dexp
b
b

)2

,

so that together with the sum of squares in the experimental data:

(3.27)
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∑(
)2
d¯b − dexp
,
b
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(3.28)

the coeﬃcient of determination can be determined:
R2 = 1 −

SS
.
SSexp

(3.29)

In order to estimate the inﬂuence of the initial bubble volume on the modelled bubble size, it was chosen to perform two extra sets of simulations
in which the initial bubble volume was set to 12 Vb0 and 2Vb0 , being half or
twice the initial bubble volume as deﬁned in equation (3.16), while all other
parameters (including the best ﬁt value of α) were kept constant. In both
cases the resulting diﬀerence in the calculated bubble diameter was around
3%-6%, indicating that the eﬀect of the initial value Vb0 is minor in the
investigated interval.

3.5
3.5.1

Results and discussion
Experimental results

The eﬀect of liquid density and viscosity appears to be negligible as is made
clear from Figure 3.10. In panel (a) the experimentally determined values of
the average bubble diameter and its standard deviation are plotted against
−6
viscosity for all experiments with ϕm
kg s−1 (i.e. experiments
G = 8.85 · 10
3-10 in Table 3.1). For visualisation purposes only three rotational velocities
were selected. The same pattern in experimental results can be seen in panel
(b), where average bubble diameters are plotted against liquid density for
experiments 3-10.
In addition to the rotational velocity of the rotating disc, the gas feed ﬂow
also aﬀected the bubble sizes as can be seen in Figure 3.11. Especially at
lower angular velocities of the disc, an increase in gas ﬂow leads to an increase
in average bubble diameter. At higher disc speeds, this eﬀect becomes less
pronounced, however.

3.5.2

Modelling results

By minimising the sum of squares of the diﬀerence between the experimentally determined average bubble diameters and their modelled counterparts,
the angular velocity of the liquid as a fraction of the disc speed was found
to be given by α = 0.628, with a standard deviation of σα = 0.0892. The
95% conﬁdence interval then corresponds to 0.4530 < α < 0.8027 at a coefﬁcient of determination R2 = 0.947. This interval does include the value of
α = 0.5, at which the ﬂuid has an azimuthal velocity equal to the average
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Figure 3.10: The eﬀect of liquid viscosity (a) and liquid density (b) on
average bubble size seem to be negligible, while the rotational velocity of the
disc has a far larger impact on bubble size. The average bubble diameters and
their standard deviations in this graph were all experimentally determined
−6
kg s−1 , i.e. experiments 3-10 in Table
at a gas ﬂow rate of ϕm
G = 8.85 · 10
3.1.

Figure 3.11: Higher gas feed ﬂow rates lead to larger bubbles as can be seen
from the results of experiments 1, 2, and 10 (Table 3.1). This eﬀect is most
pronounced at lower angular velocities of the disc.
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velocity of the rotating disc and the stationary wall. The size of the 95 %
conﬁdence interval appears quite large, which can be explained with Figure
3.12. As can be seen, any value of alpha lower than α < 0.45 will result in
an increasingly poorer ﬁt, while values of α > 0.8 will not result in a good ﬁt
either. However, in the range corresponding to the 95 % conﬁdence interval,
the dependency of the sum of squares on the ﬁtting parameter becomes less
pronounced.

Figure 3.12: The sum of squares strongly depends on the ﬁtting parameter
outside of the 95% conﬁdence interval 0.4530 < α < 0.8027, while this
dependency is less pronounced within this range. Any value within this
interval (including α = 0.5) will therefore result in an acceptable ﬁt.
The ﬁtted model shows good qualitative and quantitative agreement with
the experimental data, as can bee seen in the parity plot in Figure 3.18. The
experimentally observed eﬀect of gas ﬂow rate is correctly modelled as can
be seen in Figures 3.13 and 3.14. The dependency of the average bubble
diameter on the rotational velocity is also eﬀectively taken into account as
is made clear in Figures 3.13-3.17, while liquid density and viscosity are
correctly modelled to have no eﬀect on bubble size (Figures 3.15, 3.16, and
3.17). Also, except for the single datapoint in experiment 1, at the lowest
rotational velocity and highest gas feed ﬂow, the estimated average bubble
diameter is always within one standard deviation of the experimental data.
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Figure 3.13: The bubble diameters as calculated by the model lie within
one standard deviation for all experimental values of the average bubble
diameter for experiment number 1 (Table 3.1). In this conﬁguration a low
gas ﬂow rate and demineralised water were used.

Figure 3.14: The average bubble diameters as calculated by the model lie
within one standard deviation for nearly all experimental values of the bubble
diameter for experiment number 2 (Table 3.1). In this conﬁguration a high
gas ﬂow rate and demineralised water were used.
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Figure 3.15: The average bubble diameters as calculated by the model lie
within one standard deviation for all experimental values of the bubble diameter for experiment number 9 (Table 3.1). In this conﬁguration a mixture
of glycerol and demineralised water was used to increase liquid viscosity.

Figure 3.16: The average bubble diameters as calculated by the model lie
within one standard deviation for all experimental values of the bubble diameter for experiment number 5 (Table 3.1). In this conﬁguration an aqueous
solution of sodium chloride was used to change density and viscosity.
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Figure 3.17: The average bubble diameters as calculated by the model lie
within one standard deviation for all experimental values of the bubble diameter for experiment number 7 (Table 3.1). In this conﬁguration an aqueous
solution of potassium iodide was used to change density and viscosity.

Figure 3.18: The model accurately simulates the average bubble diameter.
Although not all modelled bubble diameters lie within the ±10% bounds,
they do lie within one experimental standard deviation.
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Sensitivity analysis on the eﬀect of density and
viscosity

Although the lack of inﬂuence of viscosity and density on bubble diameter
might seem counter-intuitive, it can be explained fairly easily by examining their contribution to the drag force, centrifugal force and added mass
eﬀect. Of these three dynamical eﬀects, the drag force is the only one that
is inﬂuenced by the liquid viscosity via the drag coeﬃcient and the bubble Reynolds number in equations (3.24) and (3.23), respectively. Given
the fact that Reb during all simulations always stayed within the bounds
2.58 · 103 < Reb < 1.21 · 104 , the drag coeﬃcient CD never deviated more
than 0.58 0/00 from its asymptotic value of 1.2 when Reb → ∞. When considering the reverse situation where the Reynolds number becomes very low, the
average bubble size might be aﬀected by viscosity. It is therefore expected
that under an increase of liquid viscosity of several orders of magnitude,
while keeping density and velocity constant, the average bubble diameter
will become smaller at higher viscosities due to an increase in drag on the
bubble.
The eﬀect of the density of the liquid on the average bubble diameter shows a
more complicated relationship however, as it both inﬂuences the drag force,
centrifugal buoyancy, and added mass eﬀect simultaneously. When the drag
force becomes independent of the Reynolds number Reb , the drag force is
directly proportional to the liquid density via equation (3.22). A similar
linear proportionality is found with regard to the centrifugal buoyant force
when ρL ≫ ρG in equation (3.21). An increase in these forces would lead
to an increase in bubble velocity, a shorter time to reach the critical neck
length and subsequently a smaller bubble size. This eﬀect is immediately
counteracted, however, by a similarly linear proportional increase in the
added mass eﬀect as can be seen in the denominator of the ﬁrst term on the
right hand side of equation (3.15), (ρG + χρL ).
In order to quantify these eﬀects on the average bubble size, a sensitivity
analysis on the model results was performed starting with a base case of
−6
ϕm
kg s−1 , ρ0L = 1000 kg m−3 , µ0L = 1 · 10−3 Pa·s, and
G = 5.82 · 10
−1
Ω = 15.71 rad s . The density and viscosity were the only values that
were varied while all the other parameters were kept constant. In the base
scenario, an average bubble diameter was calculated of d0b = 8.1482 mm. In
Figure 3.19 the results are given of this sensitivity analysis where in panel
(a) the quantity db /d0b is plotted versus ρL /ρ0L , while in panel (b) db /d0b is
plotted versus log µL /µ0L .
Although the results in Figure 3.19 should be interpreted with caution as no
experiments were performed in this range of conditions, it can be seen that
again the eﬀect of liquid density seems negligible. This is in line with physical
considerations regarding drag, buoyancy and added mass as detailed above.
The decrease in bubble size at the higher range of viscosity is similarly in
agreement with the discussion above on the eﬀect of liquid viscosity on the
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Figure 3.19: A sensitivity analysis was conducted on the model with the
−6
following base case: ϕm
kg s−1 , ρ0L = 1000 kg m−3 , µ0L = 1·10−3
G = 5.82·10
−1
Pa·s, and Ω = 15.71 rad s . The average bubble diameter in this situation
was calculated to be db = 8.1482 mm. In panel (a), the eﬀect of changing the
density can be seen, while panel (b) details the eﬀect of a varying viscosity.

drag force.

3.6

Concluding remarks

The size of bubbles that are formed from an oriﬁce through a stationary wall,
parallel to a rotating disc, was investigated experimentally and theoretically.
The radius of the rotating disc, the oriﬁce diameter, and the rotor-wall
spacing were kept constant at RD = 0.135 m, do = 1.5 · 10−3 m, and h =
2 · 10−3 m, respectively. In all cases, nitrogen was used as gas medium
to grow bubbles, while aqueous solutions of sodium chloride or potassium
iodide, a mixture of glycerol and demineralised water, or pure demineralised
water were used to tune viscosity between µL = 0.81 · 10−3 − 1.70 · 10−3 Pa
s and density between ρL = 1000 − 1150 kg m−3 . The maximum rotational
velocity of the rotor in this investigation was Ωmax = 68.1 rad s−1 and gas
−6
ﬂow rates were set between ϕm
− 11.6 · 10−6 kg s−1 .
G = 5.82 · 10
Under these conditions, it was found that liquid density and viscosity had
negligible eﬀects on the ﬁnal bubble size. The rotational velocity was the
most important factor in the resulting bubble size after detachment, while
gas ﬂow rates were found to inﬂuence the ﬁnal bubble diameter mostly at
lower angular velocities of the rotor. In general, an increase in the rotational
velocity leads to smaller bubbles while an increase in gas ﬂow rate leads to
larger bubbles at smaller rotational velocities.
A theoretical model was derived to calculate the average bubble size after
detachment from the oriﬁce. The model incorporated the added mass eﬀect,
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the drag force and centrifugal force to a gas mass balance and momentum
balance, resulting in a set of two ordinary diﬀerential equations. A bubble
detachment criterion based on a Rayleigh-Plateau instability in the gas neck
attaching the bubble to the oriﬁce was used to determine the emergent bubble size after detachment from the oriﬁce. The model contains one unknown
parameter α, the dimensionless liquid velocity in the azimuthal direction.
Minimisation of the sum of squares yielded a best-ﬁt 95% conﬁdence interval α = 0.628 ± 0.175 at a coeﬃcient of determination R2 = 0.947.
The model qualitatively describes the bubble formation process by eﬀectively
estimating the eﬀects of rotational velocity and gas ﬂow rate, while being
invariant to a change in liquid density and viscosity in the investigated range.
Quantitatively, the model was found to make accurate simulations of the
average bubble diameter within one standard deviation in the experimental
data.
With the presented model, average bubble sizes in rotor-stator spinning disc
equipment can be calculated for bubbles larger than 3 mm in the turbulent
ﬂow regime where the Von Kármán and Bödewadt layers interfere. In order
to further clarify the mechanisms of mass transfer in spinning disc devices,
future endeavours should be aimed towards modelling turbulent behaviour
and surface renewal rates of ﬂuid elements near gas-liquid and liquid-solid
interfaces. These renewal rates, which are directly inﬂuenced by turbulence
intensity, will determine the magnitude of mass transfer and thus kGL and
kLS values.
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Appendix: The eﬀect of non-ideality in the geometry of the bubbles
Throughout the model, the bubble geometry is assumed to be described by
a cylinder with diameter db and height h. In practice, however, the bubble
surface will be deformed by the ﬂow of the surrounding liquid and the internal circulation inside the bubble. In order to take this eﬀect into account,
the bubble shape must be tracked for each individual bubble throughout
the entire formation process, i.e. before closure of the neck. Not only is this
experimentally diﬃcult to realise, incorporation in the model is not straightforward as the model would also require the shape of the bubble as an extra
input parameter. This would lead to an increase in complexity of the model,
or an additional ﬁtting parameter dealing with the bubble’s non-ideal geometry. Unfortunately, this parameter can not be experimentally determined
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from the bubble sizes and shapes as observed in the experimental results in
the photographs as the bubble shape during bubble formation is the relevant
parameter and not the bubble shape after detachment.

Figure 3.20: The updated geometry of the bubble for the additional simulations consists of an elliptical cylinder with semi-major axis’ length of db and
semi-minor axis’ length of db /4. The semi-major axis was aligned with the
azimuthal ﬂow direction of the liquid.
However, in order to still somewhat quantify the eﬀect of departure from
cylindrical geometry of the bubble on the parameter α, an additional set
of calculations were run where the cylindrical shape was replaced with an
elliptical cylinder (see Figure 3.20). The length of the semi-major axis (i.e.
the large radius) of the cylinder was arbitrarily set to equal db , while the
semi-minor axis’ length (i.e. the small radius) was taken to be db /4. In this
way, the circle equivalent diameter of the elliptic area of the new bubble
still equals the circular area of the old bubble, so that the total bubble
volume remains unchanged. The semi-major axis was aligned parallel to the
azimuthal ﬂow direction of the liquid, so that the projected surface area for
the drag force in the drag equation was given by A⊥ = hdb /2, while the
added mass coeﬃcient was given by χ = 1/2, in line with [21].
As can be seen in the ﬁtting of α in Figure 3.21, the model still properly
ﬁts the experimental data with α = 0.54 (was 0.628). The ﬁtted value
of α does indeed seem to get closer to 0.5, which would be expected from
ﬁrst considerations, when a more physically realistic (but arbitrary) shape
of the bubble is used. Although, this analysis makes the underlying physical
mechanism of the model more plausible, it was chosen not to include the
elliptical cylindrical shape of the bubble in the model. The reason for this
lies in the fact that it would lead to either an undesired increase in model
complexity, or an introduction of an additional ﬁtting parameter for the
non-ideal shape of the bubble during the formation process.
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Figure 3.21: The updated geometry leads to a value of α = 0.54, which is
closer to 0.5, which would be expected from ﬁrst considerations.
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Abstract
The gas-liquid mass transfer coeﬃcient was investigated in a novel multiphase reactor; the rotor-stator spinning disc reactor. Direct Numerical
Simulations of the ﬂow ﬁeld around a single bubble in the reactor showed
that vortex stretching invoked the presence of turbulence inside the thin liquid ﬁlm surrounding the bubble. The Direct Numerical Simulations further
provided a measure for the eddy diﬀusivity in the thin liquid ﬁlm caused by
this increase in vorticity. A theoretical expression was subsequently derived
from a mass balance using these eddy diﬀusivities in order to estimate the
order of magnitude of gas-liquid mass transfer coeﬃcients. These estimates
were found to lie more in line with experimental results in literature than
previously used mass transfer models based on Higbie’s penetration theory.
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Introduction

The rotor-stator spinning disc reactor is a novel type of chemical reactor
that greatly enhances mass transfer [1, 2]. A schematic depiction of such
a reactor is given in Figure 4.1. Typically such a reactor has the following
conﬁguration and dimensions. A rotating disc -the rotor- with a radius of
RD ≈ 5 − 15 cm revolves about its axis of rotation at high angular velocities
of Ωmax = 2, 000 rpm. The rotor is enclosed by a cylindrical stationary
encasing -the stator- with a rotor-stator spacing, h, of the order of one to
several millimetres.

Figure 4.1: In the rotor-stator spinning disc reactor, there is a narrow gap
between a rapidly rotating disc and a stationary encasing, inducing high
shear forces, a high degree of turbulence and thus high mass transfer rates.
Image was slightly modiﬁed from Meeuwse et al. (2010b) [2].
Gas-liquid mass transfer is a process that involves several subsequent steps.
Gas molecules in the gas phase, denoted by the subscript G , absorb on the
gas liquid interface. The speciﬁc surface area of this interface is given by aGL ,
in which the subscript L indicates the liquid phase. Once absorbed onto this
surface it is assumed that an instantaneous equilibrium occurs between the
gas phase concentration, CG , and the interface concentration on the liquid
side Ci . From the liquid side of this interface, dissolved gas molecules then
diﬀuse into the bulk of the liquid where the concentration is given by CL .
The total amount of moles transported per unit time can then be calculated
via:
kGL aGL (Ci − CL ) εG ,

(4.1)

in which kGL , is the gas-liquid mass transfer coeﬃcient and εG is the gas
hold-up per unit volume of reactor (subscript R ).
The mass transfer rate in the rotor-stator spinning disc reactor is increased
in two ways. The high velocity diﬀerence between the liquid near the rim
of the rotor and the liquid near the stator over the narrow gap gives rise to
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large shear forces. For the case of gas-liquid systems inside of the reactor,
these high shear forces trigger the early pinch-oﬀ of bubbles from the inlet
oriﬁce through the stator, leading to smaller bubbles and thus to a higher gasliquid surface area aGL . Simultaneously, the high degree of turbulence evokes
the rapid replacement of ﬂuid elements near the bubbles’ surface, lowering
the resistance to mass transfer and increasing the gas-liquid mass transfer
coeﬃcient kGL . It is the combination of these two eﬀects that gives the
rotor-stator spinning disc reactor its high mass transfer rates. In fact, gas−1
liquid mass transfer rates as high as kGL aGL εG = 0.95 m3L m−3
have been
R s
reported by Meeuwse et al. (2010b) [2], which are about four times higher
than values reported for more conventional bubble columns. Furthermore,
when the relatively low gas holdup of εG = 0.021 m3G m−3
R is taken into
account, the gas-liquid mass transfer per unit volume of gas is found to be
−1
, being 40 times higher than typical values in
kGL aGL = 20.5 m3L m−3
G s
bubble columns [3].
Although the high mass transfer rate in the spinning disc reactor has thus
been proven experimentally, the underlying physical mechanisms involved
are not yet fully understood. In order to come to useful industrial designs
for rotor-stator spinning disc reactors, it is imperative that gas-liquid mass
transfer is correctly modeled via its kGL aGL -value. Evidently, such a mass
transfer model needs to incorporate both the eﬀects of the bubble dimensions
in its aGL -value and the ﬂuid dynamics over the gas-liquid interface in the
mass transfer coeﬃcient kGL .
For the size and geometry of bubbles in the spinning disc reactor, Meeuwse
et al. (2010b) [2] have postulated that two types of bubbles co-exist in
the reactor, according to Figure 4.2. Bubbles smaller than the rotor-stator
distance are small enough to be spherical in shape, while larger bubbles have
a shape which is the combination of the outer half of a torus, and a cylinder
in the middle.

Figure 4.2: Two types of bubbles are present in the rotor-stator spinning
disc reactor. On the left, spherical bubbles are shown which diameters, db ,
are smaller than the rotor-stator distance, h, the bubbles on the right are
larger than h and are squeezed between the rotor and the stator.
Since the shape of the gas-liquid interface and its possible positions inside
the liquid ﬂow ﬁeld are fundamentally diﬀerent in both situations, any mass
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transfer model for the rotor-stator spinning disc reactor needs to be split into
two parts. Accordingly, the total mass transfer per unit volume of reactor
is given by:
(kGL aGL εG )tot = (kGL aGL )db <h εG,db <h + (kGL aGL )db >h εG,db >h .

(4.2)

Obviously, separate investigations are required to determine the magnitude
of the two terms on the right-hand side of equation (4.2) to come to a fully
closed mass transfer model.
Following the experimental results by Van Eeten et al. (2014) [4] on the size
of bubbles in the spinning disc reactor for which db > h, this chapter deals
with a theoretical discussion on the mass transfer coeﬃcient for these larger
bubbles.
An initial attempt to theoretically determine the gas-liquid mass transfer
coeﬃcient in a rotor-stator spinning disc reactor has been made by Meeuwse
et al. (2011) [5]. Based on a Higbie-type of mass transfer model [6], it is
assumed that a liquid ﬁlm moves in a laminar fashion over the gas-liquid
interface through which solvent molecules are transported via molecular diffusion. Depending on the binary diﬀusion coeﬃcient and the contact time
of ﬂuid elements with the gas-liquid interface, the total amount of transported material and thus the surface-averaged mass transfer coeﬃcient can
be calculated via:

k̄GL

4
=
5

√

2DΩRD
,
πdb

(4.3)

in which D is the binary diﬀusion coeﬃcient. For all practical purposes in
the rotor-stator spinning disc reactor, the mass transfer coeﬃcient predicted
−1
by equation (4.3) is of the order O(10−5 ) − O(10−4 ) m3L m−2
. However, it
i s
was experimentally found that the order of magnitude of the mass transfer
−1
coeﬃcient was in fact around O(10−3 ) − O(10−2 ) m3L m−2
[7]. This large
i s
mismatch between theory and experiments of several orders of magnitude
suggests a diﬀerent physical mechanism than the one proposed by Higbie
(1935) [6].
A possible explanation for the higher than usual mass transfer rates around
these type of bubbles can be found when considering the presence of turbulence in the thin liquid ﬁlm between the gas-liquid interface and the rotating
or stationary disc. Liquid that ﬂows from the bulk into this thin layer is
eﬀectively squeezed into a very narrow conﬁnement. In turn, one or more
components of vorticity will be increased by vortex stretching. This increase
in vorticity in the ﬁlm layer may then just be responsible for an increased rate
of surface renewal of liquid elements near the gas-liquid interface enhancing
mass transfer.
The eﬀect of vorticity, turbulence and molecular dispersion on gas-liquid
mass transfer is investigated theoretically in this chapter, which is structured
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as follows. First, an overview is given on the gas-liquid hydrodynamics in
the rotor-stator spinning disc reactor. From the reasoning presented therein,
a simpliﬁed model system is proposed to simulate the liquid ﬂow over a gas
bubble using Direct Numerical Simulation (DNS) of the Navier-Stokes equations. From a mass balance over a solute species in the thin liquid ﬁlm at the
gas liquid interface, a theoretical expression is obtained for the mass transfer coeﬃcient. Results from the DNS are used to estimate the magnitude of
turbulent dispersion of solute molecules inside the ﬁlm layer. Subsequently,
a discussion follows on the eﬀect of varying process and simulation parameters on the mass transfer coeﬃcient. This chapter ﬁnishes with a qualitative
comparison on the order of magnitude between the theoretical mass transfer
coeﬃcient with some experimental results from literature.

4.2

Hydrodynamics in closely conﬁned rotating multiphase ﬂows

The mass transfer coeﬃcient inside the thin liquid ﬁlm at the gas-liquid interface is completely determined by the liquid ﬂow ﬁeld. The hydrodynamics
of rotating ﬂows have been studied extensively, starting with Von Kármán
(1921) [8] on the ﬂow of an inﬁnitely extended ﬂuid over an inﬁnite rotating
disc. By assuming that the velocity normal to the rotating disc is a function
of the distance from the disc only, Von Kármán showed that the full NavierStokes equations could be reduced to a system of two ordinary diﬀerential
equations by a so-called similarity transformation. Numerical calculations of
these ODEs revealed that the ﬂow structure for this particular geometry consists of an axial ﬂow towards the rotating disc and a centrifugal outﬂow near
the rotating disc [9]. The azimuthal velocity gradient is conﬁned, together
with the radial ﬂow, to a Von Kármán type of boundary layer attached to
the disc.
Following the work of Von Kármán, the reverse situation was studied by
Bödewadt (1940) [10], with a ﬂuid rotating over an inﬁnitely extended stationary disc. For this ﬂow type, ﬂuid is moving axially away from the disc
and, by continuity, there is a net radial inﬂow. Similar to the situation
studied by Von Kármán (1921) [8], the radial inﬂow and azimuthal velocity
gradients are conﬁned to a Bödewadt type of boundary layer attached to the
stationary disc.
The similarity transformation was also found to apply to the ﬂuid ﬂow between a rotating and a stationary disc by Batchelor (1951) [11]. It was
predicted that the ﬂuid would be stratiﬁed in three regions; a Von Kármán
boundary layer near the rotor, and a Bödewadt boundary layer near the
stator, separated by a region of constant azimuthal and zero radial velocity.
This view was later challenged by Stewartson (1953) [12] who, following the
same mathematical considerations, concluded that all the velocity gradients
in the ﬂuid were conﬁned in the Von Kármán layer. According to this Stew-

96

Hydrodynamics of rotating multiphase ﬂows

artson ﬂow type, there is no Bödewadt boundary layer and, outside of the
Von Kármán layer, the majority of the ﬂuid is at rest.
These seemingly incompatible views led to a debate on the existence and
uniqueness of either one of the solutions until Holodniok et al. (1977) [13]
numerically showed that both ﬂow ﬁelds are indeed correct solutions of the
ODEs emerging from the Navier-Stokes equations via the similarity transformation. In fact, depending on the Reynolds number a multitude of possible
ﬂow conﬁgurations were deemed theoretically possible [14].
When the ﬂow ﬁeld is considered in a ﬁnite-disc system, the pseudo-3D
structure under the similarity assumption was found to accurately predict
the liquid ﬂow structure up to 80% of the radius of the rotor [15]. Moreover,
most experimentally and numerically observed ﬂow ﬁelds were of the Batchelor type [15, 16, 17, 18], while Stewartson-ﬂow is only observed in rare cases
[19, 20].
Although Stewartson ﬂow is theoretically predicted to be unstable, it is observed experimentally, which can be explained by the boundary conditions
at the edge of the disc. Diﬀerent types of boundary conditions can either
act as a sink for angular momentum leading to Stewartson types of ﬂow, or
a conﬁnement for angular momentum, resulting in Batchelor types of ﬂow
[21]. In situations where a rotating disc is enclosed by a co-rotating or stationary shroud a transition from Stewartson to Batchelor ﬂow is observed
as the shroud acts as a conﬁnement for angular momentum. This triggers
the buildup of azimuthal velocity in the core of the liquid and the subsequent formation of a Bödewadt layer. For the cases where the disc is either
un-shrouded, or were a centrifugal outﬂow is superimposed, the buildup of
angular momentum is prevented and the Stewartson ﬂow ﬁeld remains stable.
Due to the presence of a stationary shroud enveloping the rotor, the ﬂow
ﬁeld in the spinning disc reactor can thus be seen as a form of Batchelor
ﬂow in which a Von Kármán boundary layer is attached to the rotor and a
Bödewadt boundary layer exists near the stator.
Moreover, depending on the rotor-stator spacing and the presence of turbulence, one can delineate four operating regimes in the reactor as deﬁned by
Daily and Nece (1960) [22]. Djaoui et al. (2001) [23] further delineated the
2
ﬂow governing ﬂow regimes in a ﬂow map as a function of ReR = ΩRD
/ν
and G = h/RD . The laminar ﬂow ﬁeld in Regime II is deﬁned for large
gap spacings where the two boundary layers are separated by a region in
inviscous motion with constant angular and zero radial velocity. When the
distance between the rotor and the stator decreases, this region of constant
velocity shrinks until at one point it completely disappears and the two
boundary layers start to interfere under Regime I. Regimes III and IV are
the turbulent analogies of the laminar Regimes I and II, respectively.
Following the bubble size model by Van Eeten et al. (2014) [4], this chapter
focuses on bubbles larger than the gap spacing, while the ﬂuid motion is
of the sort as described by Regime III. The bubbles will thus be squeezed
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between the rotor and the stator, while there is a thin liquid ﬁlm between the
gas bubble, and the disc and stator. Since this liquid ﬁlm is aligned parallel
with the ﬂow inside the Von Kármán and Bödewadt boundary layers, it is
expected that the ﬂow ﬁeld inside this liquid ﬁlm strongly inﬂuences the
mass transfer rates.
In addition, the axial position of the bubble between the rotor and the stator
will also have an eﬀect on the ﬂow ﬁeld in the thin ﬁlms, resulting in an eﬀect
on the mass transfer rate. The centrifugal force due to rotation is many times
larger than gravitational buoyancy on the bubble, so gravity can be neglected
in this regard. However, there is another eﬀect that inﬂuences the horizontal
position of the bubble between the rotor and the stator: the Von Kármán
and Bödewadt
√ boundary layer thicknesses. Both boundary layer thicknesses
scale with ν/Ω, but the Bödewadt boundary layer is about 77% larger
than the Von Kármán layer in Regime IV [24]. In Regime III, this diﬀerence
of boundary layer thickness is less simple to calculate, but velocity proﬁles
for laminar ﬂow in Regime I indicate that the Bödewadt layer is also thicker
than the Von Kármán layer in these narrow gap situations [25].
A further complicating factor is found in the position and shape of the bubble surface, which will change over time. Moreover, under the inﬂuence
of centrifugal buoyancy and liquid drag (parts of) the bubble surface will
inevitably move outside of the computational domain.
Unfortunately, directly simulating the liquid ﬂow around a bubble in the
full geometry of the rotor-stator spinning disc reactor is computationally
impossible due to the large dimensional mismatch in the radial and axial
directions. In practical situations, the radial dimensions are of the order
O(10−1 m), while the axial distance between the rotor and the stator is
around O(10−3 m), easily requiring several millions of grid points to suﬃciently resolve turbulent structures in the ﬂow ﬁeld.
In order to fully resolve the ﬂow ﬁeld around a bubble squeezed between the
rotor and the stator, it would thus be necessary to calculate the liquid ﬂow
ﬁeld in millions of grid points, while simultaneously tracking the position and
shape of the bubble interface in the reactor in three dimensions. This still lies
far outside of the realm of modern computational capabilities necessitating
simulations to be done on a simpliﬁed model system.

4.3

Direct Numerical Simulation

A simpliﬁed model system, as seen in Figure 4.3, was used to simulate the
liquid velocity using the Direct Numerical Simulation method developed by
Verzicco and Orlandi (1996) [26]. This method was slightly modiﬁed for use
with Cartesian coordinates, since in the vicinity of the bubble it was assumed that the curvilinear nature of the liquid ﬂow could be neglected. The
deﬁnition of the coordinate system is explained in Figure 4.3. The position
vector ⃗x = (x1 , x2 , x3 ) is aligned parallel to another position vector (r, z, θ),
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being the radial displacement from the axis of rotation, the distance normal
to the rotating disc, and the azimuthal coordinate in line with the rotation
of the rotor, respectively. A frame of reference is chosen that coincides with
the bubble and is assumed to move at half the velocity of the rotor, in line
with the ﬁndings by Meeuwse et al. (2011) [5]. The liquid velocity relative
to this frame of reference is then denoted by: ⃗v = (v1 , v2 , v3 ).

Figure 4.3: The simulated domain in the DNS consists of a cuboid region of
dimensions L1 × L2 × L3 in the Cartesian directions (x1 , x2 , x3 ), respectively.
This coordinate system is parallel to the vector (r, z, θ) in the near vicinity
of the bubble.
All simulation variables are written in their non-dimensional forms. The
relevant length scale is hb , being the height of the bubble in meters, the
relevant time scale is given by hb /Ωr in seconds, where Ωr equals the azimuthal velocity of the rotor at that point in the reactor. The Reynolds
number characterising the ﬂow ﬁeld can then be calculated with the liquid’s
kinematic viscosity ν [m2 s−1 ] via:
Reb = Ωrhb ν −1 .

(4.4)

The size of the computational domain is given by:
0 ≤ x1

≤ 0.2

(4.5)

0 ≤ x2
0 ≤ x3

≤ 3.5
≤ 1 + 2δ/hb ,

(4.6)
(4.7)

where δ [m] is the ﬁlm layer thickness. The computational domain is divided
into N1 grid points in the x1 -direction, N2 points in L2 , and N3 in L3 .
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Although N2 and N3 can be freely chosen, the numerical method used by
Verzicco and Orlandi (1996) [26] relies on a Fast Fourier Transform of the
velocity data and requires that N1 be of the form:
N1 − 1 = 2n 3m 5p ,

(4.8)

where n, m, and p are non-negative integers. All simulations reported in this
paper are based on values for N1 = 33, N2 = 129, and N3 = 193. Spacing
of grid points in the x1 -direction was uniform, while a higher resolution
was desired inside the liquid ﬁlm. Nodal clustering was achieved using a
hyperbolic tangent function so as to increase the grid ﬁneness in this area
similar to the one used by Verzicco and Camussi (2003) [27].
The shape of the simulated bubble can be seen in Figure 4.3. The bubble
is assumed to be of a shape that is composed of a cuboid and two halves
of a cylinder split over the plane normal to x3 and through its central axis.
The dimensions of the cuboid in (x1 × x2 × x3 ) are given by (0.2 × 1 × 0.5)
with its centre of mass exactly at the middle of the computational domain.
The two halves of the cylinder are aligned with its axis parallel to x1 and
are both of axial length 0.2 with diameter 1.
The maximum size of the bubble in the x2 -direction equals 1 and is therefore
used as scaling length, while the maximum size of the bubble in the direction
of x3 equals 1.5. The chosen shape of the bubble will allow for obtaining
more statistical information on turbulence by averaging over planes normal
to x1 , while turbulence is still fully resolved in three dimensions. The alternative, a bubble that is circular in the (x1 , x3 )-plane, although intuitively
more reminiscent of the real world physical situation, will only give relevant
statistical information close to the plane x1 = L1 /2 as boundary eﬀects will
become more important. Also, since the range of the computational domain
in x1 would then necessarily need to be of the same size as L3 , more grid
points and more computational time would be needed for less useful data on
turbulence statistics.
There are seven ﬂuid boundaries inside the ﬂuid domain: the gas-liquid
interface, and all six vertices of the cuboidal domain. For the gas-liquid
interface a free-slip boundary condition was chosen. The no-slip condition
was applied to the surfaces that were moving with respect to the bubble’s
reference frame:
⃗v = (0, 0, 12 ) for: x2 = 0
⃗v = (0, 0, − 12 ) for: x2 = 1 + 2δ/hb .

(4.9)
(4.10)

The boundary conditions at x1 = 0 and x1 = 0.2 are both of the periodic
type, while at x3 = 0 and x3 = 3.5 the liquid has to conform to a mass
conservation boundary condition.
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The Reynolds numbers used in the simulations were Reb = 20,000, 25,000,
and 30,000 where the lower limit equals the point where the system is just
turbulent and Reb = 30, 000 corresponds to the upper convergence limit for
the simulations. The lower Reynolds number also corresponds to a rotorstator spinning disc conﬁguration used in the experiments by Van Eeten et
al. (2014) [4] at a rotational velocity of the disc of around 700 rpm, while
the highest Reynolds number corresponds to the upper range that can be
achieved in the current state of the art spinning disc reactors [28]. Since there
is no pre-existing knowledge on the thickness of the liquid ﬁlm between the
bubble and the disc, the ﬁlm layer thickness in the simulations was set to be
equal to δ/hb = 0.025, 0.05, and 0.1.
The simulated non-dimensional time in the simulations ranged up to t = 300,
while every ∆t = 5 the velocity data in the grid points were saved to disc.
In all situations, turbulence was initially seeded and was found to result in
statistically steady turbulence after a period of approximately t = 100. Each
data-ﬁle saved every ∆t = 5 after t = 150 was consequently used for analysis
of the turbulence statistics.
From each of these nine numerical simulations an average velocity ﬁeld, as
a function of x2 , and x3 , was calculated with the data ﬁles for t > 150, by
averaging over all time steps and over planes normal to the direction of x1 .
The ﬂuctuating part of the velocity ﬁeld was subsequently determined as the
square root of the variance at each grid point in the same way.
In order to verify the hypothesis that vortex stretching may be responsible
for the increased mass transfer rates, for each simulation the vorticity ﬁeld
is calculated according to its deﬁnition:
⃗ × ⃗v ,
ω
⃗ =∇

(4.11)

being the curl of the velocity ﬁeld. Note that ω
⃗ is dimensionless and its counterpart in dimensional units can be derived from its deﬁnition in equation
(4.11): ω
⃗ Ωrh−1
b .
The partial derivatives required in the calculation of the vorticity are approximated with second order, central diﬀerences. However, estimates of the
partial derivatives near the edges of the ﬂuid domain, are obtained somewhat
diﬀerently. The velocity ﬁeld in these cases is ﬁtted using polynomials of degree two in all three directions of space using velocity data on the nine grid
points that are nearest neighbours by nodal distance. A partial derivative
at a point near the edge of the simulated domain is then calculated directly
from the partial derivative of these polynomials at that position.

4.4

The mass transfer coeﬃcient k̄GL

In the derivation of the mass transfer coeﬃcient, only the liquid ﬁlm is
considered that exists between the bubble and the discs, neglecting mass
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transfer within the bubble.
A Cartesian coordinate system (x′1 , x′2 , x′3 ) is deﬁned as given in Figure 4.4.
The vector component x′2 equals the distance in the axial, or x2 -direction
from the gas liquid interface. The component x′1 represents the distance
from the diametric line through the bubble parallel to the azimuthal, or x3 direction. Finally, x′3 is the distance in the x3 -direction inside the liquid ﬁlm.
Note that under this choice of coordinate system, the vectors ⃗x = (x1 , x2 , x3 ),
⃗x′ = (x′1 , x′2 , x′3 ), and (r, z, θ) are all parallel to each other although having a
diﬀerent origin. Furthermore, while x′2 can range from 0 to δ and x′1 covers
the interval between −rb and rb , the range of x′3 is a function √
of x′1 . Following
′
simple Pythagorean considerations it follows that x3 ∈ [0, 2 rb2 − x′2
1 ].

Figure 4.4: Pane (a) depicts a top view of the bubble with the deﬁnition of
the coordinates in the x′1 and x′3 -directions being the radial and azimuthal
directions, respectively. The side view in (b) shows the deﬁnition for the
x′2 and x′3 -directions, being the axial and azimuthal directions, respectively.
An extended top view to include the parallel coordinate system in polar
coordinates is shown in panel (c).
The concentration, C, of a component within the liquid ﬁlm layer between
the bubble and the disc can be written in its dimensionless form as:
C∗ =

C − Cs
,
Cb − Cs

(4.12)

where Cb is the concentration in the bulk of the liquid and Cs is the saturation concentration. It is furthermore assumed that the liquid is moving
in plug ﬂow at half the azimuthal velocity of the rotor and that there is
dispersive transport by turbulent eddies, which can be described analogous
to Fick’s law:
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ji = −De,i

∂C
,
∂x′i

(4.13)

with ji equal to the amount of component that is transported dispersively
through a unit area of surface in the direction of x′i . Since only vortices
with an axis of rotation parallel to x1 will be shown to be dominant in the
liquid ﬁlm layer, only dispersive transport in the x′2 -, and x′3 -directions is
considered. The eddy diﬀusivity De,i [m2 s−1 ] in these directions is obtained
via the direct numerical simulations as will be described in section 4.5.
A mass balance over a volume element of size dx′1 dx′2 dx′3 yields a partial
diﬀerential equation describing the time-averaged concentration ﬁeld in the
liquid ﬁlm layer:
∂C ∗
1
Ωr
2
∂x′3

= De,2

∂2C ∗
∂2C ∗
+
D
.
e,3
∂x′2
∂x′2
2
3

(4.14)

In order to solve equation (4.14) for C ∗ , three boundary conditions are used:
for x′2 = 0 : C ∗ = 0

(i.e. C = Cs ).

(4.15)

for x′3 = 0 :

(i.e. C = Cb ).

(4.16)

C∗ = 1

Since there can be no ﬂux through the solid disc, the boundary condition at
x′2 = δ can be written as:
for x′2 = δ :

∂C ∗
= 0.
∂x′2

(4.17)

However, in order to more conveniently solve the partial diﬀerential equation
by using Fourier series, this boundary condition is replaced with:
for x′2 = 2δ : C ∗ = 0.

(4.18)

Equation (4.14) can be solved by the method of separation of variables.
According to C ∗ (x′3 , x′2 ) = f (x′3 )g(x′2 ) the partial diﬀerential equation can
be written as the combination of two ordinary diﬀerential equations:
1 df (x′3 )
2 De,3 d2 f (x′3 )
2 De,2 d2 g(x′2 )
−
=
= −p2 , (4.19)
′ ) Ωr
′2
f (x′3 ) dx′3
f (x′3 ) Ωr dx′2
g(x
dx
3
2
2
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in which p2 is an unknown parameter which is always larger than zero to
avoid complex solutions. A solution satisfying the diﬀerential equation for
g(x′2 ) is given by:
√

(
gn (x′2 )

=

A′n

cos

Ωr
2De,2

p(n)x′2

)

√

(
+

Bn′

sin

p(n)x′2

)
Ωr
,
2De,2

(4.20)

where p(n) is still to be determined from the boundary conditions.
The part of the diﬀerential equation for f (x′3 ) can be solved when assuming
′
that f (x′3 ) is a linear combination of functions of the form esx3 , so that:
′
′
2De,3 2 sx′3
s e − sesx3 − p(n)2 esx3 = 0.
Ωr

(4.21)
′

This equation can only hold for non-zero values of esx3 when:
2De,3 2
s − s − p(n)2 = 0,
Ωr

(4.22)

which has two roots for s:

Ωr
s± =
4De,3

(

√
1±

p(n)2 De,3
1+8
Ωr

)
(4.23)

The general solution for the f (x′3 )-part of the diﬀerential equation is then
written as:
′

′

fn = c1 ex3 s+ + c2 ex3 s− .

(4.24)

It should be noted that for any realistic value of Ωr and De,3 , the positive
root s+ will always be larger than Ωr/4De,3 and thus larger than zero.
Furthermore, as x′3 → ∞, the concentration in the ﬁlm layer should approach
the saturation concentration, or C ∗ → 0, which can only hold if c1 = 0.
In order to satisfy the boundary condition in equation (4.15), it must hold
that:
0 = A′n cos(0) + Bn′ sin(0),
so that A′n = 0.
The boundary condition at x′2 = 2δ yields:

(4.25)
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√

(
0 = Bn′ sin p(n)2δ

)
Ωr
,
2De,2

(4.26)

leading to an expression for p(n):

p(n) =

nπ
√
,
Ωr
2δ
2De,2

(4.27)

for: n = 1, 2, 3, ...

Since any linear combination of solutions of a partial diﬀerential equation is
a solution in itself, the total solution for the concentration ﬁeld is given by:

C∗ =

∞
∑
n=1

(
Bn sin

nπx′2
2δ

(

)
exp

(

x′3 Ωr
4De,3

√

1−

4n2 π 2 De,2 De,3
1+
δ 2 Ω2 r 2

))
,(4.28)

in which it is written that Bn = c2 Bn′ , being the only unknown left. However,
from the boundary condition at x′3 = 0 it must hold that:

1=

∞
∑

(
Bn sin

n=1

)
nπx′2
.
2δ

(4.29)

The coeﬃcients Bn can then be obtained from the Fourier sine series according to:

Bn =

1
δ

∫

(

2δ

sin
0

)
nπx′2
dx′2 ,
2δ

(4.30)

and thus:

Bn =

2 − 2(−1)n
.
nπ

(4.31)

The concentration C in the liquid ﬁlm layer can now be expressed as a
function of x′2 and x′3 :
(
)
∞
∑
C − Cs
nπx′2
=
Bn sin
exp
Cb − Cs
2δ
n=1
with:

(

x′3 Ωr
4De,3

(

√
1−

4n2 π 2 De,2 De,3
1+
δ 2 Ω2 r2

))
(4.32)
,
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2 − 2(−1)n
.
nπ

Bn =

(4.33)

In order to obtain an expression for the gas-liquid mass transfer coeﬃcient
kGL , the total amount of moles transported per unit of time through the
two parts of the bubble surface parallel to the disc has to be equal to:
(

∫∫
N =−

De,2
Ab

∂C
∂x′2

)
x′2 =0

dAb = kGL (r)Ab (Cs − Cb ) ,

(4.34)

and therefore:
∫
kGL (r) = −

rb

−rb

∫ 2√rb2 −x′2
1

(
De,2

0

∂C
∂x′2

)
x′2 =0

Ab (Cs − Cb )

dx′3 dx′1
.

(4.35)

The kGL -value in equation (4.35) is a local mass transfer coeﬃcient as a
function of the radial position, r. In order to obtain an average value for the
entire reactor, kGL (r) is averaged over the surface of the disc according to:

k̄GL =

2
2
RD

∫

RD

kGL (r)rdr.

(4.36)

0

Both equations (4.35) and (4.36) are numerically integrated in MATLAB
using the dblquad and trapz algorithms, respectively.

4.5
4.5.1

Direct Numerical Simulation results
Vorticity in the thin liquid ﬁlm

For the case Reb = 30, 000 and δ/hb = 0.1, Figure 4.5 depicts a typical
example of the average vorticity distribution ∥ ω̄ ∥. All simulations yielded
similar ﬂow ﬁelds, except for Reb = 20, 000, and δ/hb = 0.05, which never
converged on times larger than t ≈ 120. As the absolute magnitude of the
partial derivative with respect to time increases, the size of the next time
step decreases. At t ≈ 120, the time step was so low that computations were
automatically aborted. For the remainder of the discussion, this speciﬁc
simulation was therefore omitted from the results.
Vorticity is mostly localised near the moving boundaries at x2 = 0 and
x2 = 1 + 2δ/hb . Moreover, a strong local increase in vorticity is observed at
the gas-liquid interface as can be seen in panel (b) in Figure 4.5.
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Figure 4.5: In panel (a) the time-averaged vorticity distribution, ∥ ω̄ ∥, is
shown for the case Reb = 30, 000 and δ/hb = 0.1, while panel (b) focuses
on the thin liquid ﬁlm only. Vorticity is mostly localised near the moving
boundaries normal to x2 , and at the gas-liquid interface.
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When investigating the individual components of vorticity as a function of
x′3 for this simulation in Figure 4.6, it becomes clear that at the gas-liquid
interface ω1 -vorticity appears to be most dominant. Moreover, when neglecting the initial decrease in the absolute value of ω1 , the average values
for all ω-components remain more or less constant.

Figure 4.6: Panels (a), (b), and (c) depict the components of vorticity in
the x1 , x2 , and x3 directions, respectively. The 99% conﬁdence band is
given together with the raw numerical data and the average vorticity at
each position on the gas-liquid interface. Vorticity in the radial direction,
i.e. ω1 , is strongest and shows an initial small decrease due to boundary
eﬀects when ﬂuid enters the thin liquid ﬁlm. After this initial decrease,
however, the average vorticity remains more or less constant.
The average vorticity as a function of Reb and δ/hb is plotted in Figure
4.7. Again, vorticity in the radial direction, ω1 , is strongest, while the other
values are (much) smaller. The increase in ω1 with a decreasing value of the
ﬁlm layer thickness suggests that vortices in the radial direction are stretched
when entering the narrow liquid layer over the gas-liquid interface.
Experimental evidence for the increase in strength of ω1 -vortices can be
seen in Figure 4.8, where surface waves appear to be present on the bubble
surface. The images were taken during experiments described in a paper by
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Figure 4.7: The three components of vorticity are depicted in panels (a),
(b), and (c), for the radial, axial and azimuthal components of vorticity,
respectively, while the total vortex intensity is given in panel (d). The radial
component of vorticity, i.e. ω1 , is the most dominating term.
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Van Eeten et al. (2014) [4], and clearly show a wavy interface of a shape
that would be caused by the presence of these ω1 -vortices.

Figure 4.8: The presence of ω1 -vortices can be seen in the presence of surface
waves parallel to the x1 -, or radial, direction in experiments performed by
Van Eeten et al. (2014)[4]. The experiments pertaining to panel (a) were
performed at Ω = 150 rpm, h = 2 mm, while the liquid was pure water.
The image in pane (b) was taken during experiments where Ω = 150 rpm,
h = 2 mm, while the liquid was an aqueous solution of potassium iodide
with a liquid density of 1060 kg m−3 . The dash-dotted line in both images
indicates the edge of the rotating disc.

4.5.2

Turbulent dispersion coeﬃcients

Figures 4.9 and 4.10 show a plot of the average and ﬂuctuating part of the
azimuthal velocity ﬁeld, respectively. Similar to the results for vorticity, the
ﬂuctuations are localised mostly near the moving walls normal to x2 and the
gas-liquid interface.
One must take considerable care in determining values for the turbulent
dispersion coeﬃcients, since dispersion by turbulent advection for small time
scales is not dependent on time on a similar way as molecular diﬀusion is. For
molecular diﬀusion, the average displacement is proportional to the square
root of time, while this only holds for turbulent dispersion for large time
−1
scales. The characteristic time for an eddy τe = hb ω1−1 Ω−1 RD
is of the
order O(µs), while the time a ﬂuid element needs to traverse the length of
the thin liquid ﬁlm is equal to τP F R = db /ΩRD and is of the order O(102 µs).
Since τP F R ≫ τe it is assumed that the turbulent dispersion coeﬃcients can
eﬀectively be estimated via De,i = vi′ l, in which l is the size of the largest
eddy.
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Figure 4.9: The v3 -component of the average velocity ﬁeld for Reb = 30, 000
and δ/hb = 0.1. All average velocity gradients are conﬁned to narrow boundary layers near the moving boundaries at x2 = 0 and x2 = 1.2.

Figure 4.10: The v3 -component of the ﬂuctuating part of the velocity ﬁeld
for Reb = 30.000 and δ/hb = 0.1. The ﬂuctuations in the velocity ﬁeld are
more intense close to the moving boundaries at x2 = 0 and x2 = 1.2.
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Since vorticity is most strongly present in the form of ω1 -vortices (i.e. ωr vortices), and these vortices are conﬁned inside the thin liquid ﬁlm of thickness δ, the turbulent dispersion coeﬃcients are calculated according to:
(

De,2
De,2

)

 √
= √

(v2′ )2
(v3′ )2


 Ωrδ + D,

(4.37)

which have dimensions [m2 s−1 ].
Since turbulent dispersion coeﬃcients are a function of the boundary layer
thickness and the intensity of the turbulent velocity ﬂuctuations, a Reynolds
number based on the boundary layer thickness deﬁned as:
Reδ = Ωrδν −1 ,

(4.38)

will be used to ﬁt the simulated dispersion coeﬃcients according to:
De,i
= ai Rebδi ,
Ωrδ

for i = 2, 3.

(4.39)

Figure 4.11: The turbulent dispersion coeﬃcients De,2 and De,3 are given as
a function of Reδ in panels (a) and (b), respectively.
A least-square ﬁt of equation (4.39) to the numerical data in Figure 4.11
results in values for the ﬁtting parameters and their standard deviation given
by:
a2 = (1.51 ± 0.20) · 10−12 , b2 = 3.16 ± 0.22,
a3 = (9.88 ± 0.56) · 10−6 , b3 = 1.33 ± 0.34.
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Mass transfer coeﬃcient results

The theoretically determined mass transfer coeﬃcients are given in Figure
4.12 where the values for the dispersion coeﬃcients were estimated via the
results from the Direct Numerical Simulations. Panels (a), (b), and (c) show
the results for a ﬁlm layer thickness of 0.025, 0.05, and 0.1 dimensionless
units, respectively, while the bubble size predicted by Van Eeten et al. (2014)
[4] is mapped in panel (d). Simulations were performed using the same
experimental conditions as reported by Van Eeten et al. (2014) [4] for a
rotor-stator spinning disc reactor with RD = 13 cm and h = 2 mm, using
water as a liquid.
The Reynolds number ranged from 20,000 to 30,000, being equal to the
simulated range of Reynolds numbers. In terms of azimuthal velocity of the
rotor for this speciﬁc reactor, the lower range corresponds to Ω ≈ 81 rad
s−1 , while the highest Reynolds number is achieved at Ω ≈ 138 rad s−1 .
Although the volumetric ﬂow rate of gas is not a parameter in the calculation
of the mass transfer coeﬃcient, it does inﬂuence the bubble size via the
model by Van Eeten et al. (2014) [4]. Since lower gas ﬂow rates lead to
smaller bubbles, liquid elements in the thin ﬁlm have shorter contact times
preventing the saturation of liquid in this ﬁlm layer and thus increasing the
mass transfer rate.
Since the results of the gas-liquid mass transfer coeﬃcient are in line with
experimental observations, a more speciﬁc set of simulations was performed
at the speciﬁc conditions used in the experiments by Van Eeten et al. (2014)
[4]. Particularly, the eﬀect of bubble size was further investigated by a set of
simulations resulting in the plot in Figure 4.13. For these cases, the bubble
size predictions by Van Eeten et al. (2014) [4] were replaced with the range
db = [2 mm; 5 mm]. The Reynolds number was ﬁxed at Reb = 24, 761, while
δ/hb = 0.025, corresponding to a situation where water is used in a spinning
disc reactor of RD = 13.2 cm, h = 2 mm and Ω = 100 rad s−1 . Although the
pre-deﬁned bubble size does not necessarily conﬁrm to a physically realistic
situation1 , it does allow for determining the parametric eﬀect of bubble
size on the mass transfer coeﬃcient decoupled from the increasing angular
velocity of the rotor.
The increase in mass transfer at higher rotor speeds is apparently caused
by two separate eﬀects: First of all, the degree of turbulence is increased,
leading to higher turbulent dispersion coeﬃcients and hence higher mass
transfer rates. Secondly, a larger disc speed causes the formation of smaller
bubbles which results in a lower saturation rate of liquid in the thin ﬁlm,
further increasing the concentration diﬀerence as the driving force for mass
transfer.
Direct comparisons of the theoretical results with experiments is diﬃcult
1 To give an indication of realistic bubble sizes: at gas ﬂow rates of 7.3 ml s−1 , bubbles
with a diameter of 3.2 mm are formed according to calculations with the bubble size
model.
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Figure 4.12: The gas-liquid mass transfer coeﬃcient is depicted in panels
(a),(b), and (c), for the cases δ/hb =0.025, 0.05, and 0.1, respectively. The
bubble size as a function of the Reynolds number is given in pane (d). The
gas-liquid mass transfer coeﬃcient increases due to an increasing turbulence
intensity and a decreasing bubble size.
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Figure 4.13: As the bubble becomes larger, the thin liquid ﬁlm gets more
saturated, increasing the resistance to mass transfer and reducing k̄GL .
since there is no data on the thickness of the liquid ﬁlm δ and the exact
distribution between smaller and larger bubbles remains unknown. Another
eﬀect which can not be quantiﬁed yet is the thickness of the ﬁlm layer as
a function of the operating conditions. For falling ﬁlm ﬂow over stationary
walls [29], or the annular ﬂow in pipes [30], the ﬁlm layer thickness increases
with an increasing Reynolds number. However, in rotating disc ﬂow an extra
complicating factor exists in the form of the Von Kármán and Bödewadt
boundary layer thicknesses. The net source for inﬂow in these ﬁlm √
layers
is focussed in boundary layers which thickness scales proportional to ν/Ω
[24]. The boundary layers near the rotating and stationary layers act as the
source for inﬂow in the ﬁlm layers and decrease with an increasing Reynolds
number, making quantitative predictions on the ﬁlm layer thickness more
diﬃcult.
However, the ﬁlm layer thickness does seem to have a strong eﬀect on the
mass transfer coeﬃcient. Although there is no quantitative data on this
ﬁlm layer, comparisons by order of magnitude of kGL between theory and
experiments suggest that δ/hb is expected to lie closer to the lower bound
of the simulated domain: 0.025 ≤ δ/hb ≤ 0.1.

4.7

Concluding remarks

Direct Numerical Simulations were performed on a simpliﬁed model system
describing the ﬂow around bubbles with a diameter larger than the rotorstator distance in the spinning disc reactor. It was found that ﬂow near the
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disc was forced into a thin liquid ﬁlm between the bubble and the disc. This
resulted in vortex stretching, increasing the radial component of vorticity.
Surface waves found on bubbles in experiments performed in the spinning
disc reactor are of a shape similar to those that would be induced by these
radial vortices.
Since radial vortices will enhance turbulent dispersion in the axial and azimuthal direction inside the thin liquid ﬁlm surrounding the bubbles, a theoretical expression for the gas-liquid mass transfer coeﬃcient was derived
incorporating this eﬀect. The turbulent dispersion coeﬃcients in the azimuthal and axial directions were obtained from the ﬂuctuating part of the
turbulent velocity ﬁeld as predicted by the Direct Numerical Simulations.
These so-called eddy diﬀusivities were used as input parameters for the calculation of the gas-liquid mass transfer coeﬃcient for bubbles that are larger
than the rotor-stator gap.
Mass transfer is increased for these types of bubbles by an increasing disc
speed, both due to an intrinsic increase in turbulence intensity and by the
formation of smaller bubbles. These smaller bubbles will result in shorter
contact times between ﬂuid elements in the liquid ﬁlm and the gas-liquid
interface, leading to less saturation of the ﬁlm layer. In turn, these less
saturated ﬁlm layers show an increased driving force for mass transfer and
thus a further increase in the mass transfer coeﬃcient.
The order of magnitude of the gas-liquid mass transfer coeﬃcients is more in
line with the experimental values by Meeuwse et al. (2010c) [7] than those
predicted by classical Higbie theory [6, 5]. Moreover, the ﬁlm layer thickness
has a strong eﬀect on the mass transfer coeﬃcient as kGL is of the order
O(10−2 ) m3L m−2
s−1 for the lower range of δ, while it is as high as O(100 )
i
−2 −1
3
mL mi s for the higher range of the ﬁlm layer thickness. Although there
is no quantitative data on this ﬁlm layer, comparisons by order of magnitude
of kGL between theory and experiments suggest that δ/hb is expected to lie
closer to the lower bound of the simulated domain: (0.025 ≤ δ/hb ≤ 0.1).
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Chapter 5

Hydrodynamical particle
containment in a
rotor-stator spinning disc
device
This chapter has been submitted as: K.M.P. van Eeten, D.H.J.
Hülsman, J. van der Schaaf, and J.C. Schouten. Hydrodynamical particle containment in a novel rotor-stator spinning disc
device. AIChE J.

Abstract
A novel type of rotor-stator spinning disc device is proposed which allows for
the entrapment of solid particles solely by hydrodynamic means. In this new
conﬁguration, the solid rotating disc is replaced with two conjoined rotors
with a variable gap spacing. Liquid is fed through the top stator and can
ﬂow out again through the rotor-rotor interior and the hollow rotation axis.
Moreover, the volume between the two rotors is optionally ﬁlled with a highly
porous reticulated carbon foam. It was found that particle containment was
strongly improved by the presence of this reticulated foam as it hinders the
buildup of centripetal boundary layer ﬂow near the discs in the interior of the
rotor-rotor assembly. These centripetal boundary layers drag along particles
resulting in a loss of containment. Experiments utilising glass beads showed
that particles with a diameter down to 17.8 μm can be completely entrapped
when a carbon foam is placed between the two conjoined discs at rotor speeds
up to the maximum investigated value of 178 rad s−1 . Additionally, the
rotor-rotor gap did not have an eﬀect on the particle entrapment level when
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the reticulated carbon foam was omitted and can be ascribed to the build-up
of boundary layers, which is independent of rotor-rotor distance.

5.1

Introduction

The rotor-stator spinning disc reactor is a novel type of chemical reactor which shows very high mass transfer rates. The basics of the reactor,
schematically depicted in Figure 5.1, typically consists of a rapidly rotating
solid disc (the rotor) encased by a narrow cylindrical housing (the stator).
The high rotational velocities of the rotor of up to Ωmax = 2, 000 rpm, combined with the very small rotor-stator spacing of 1 to several millimetres,
lies at the heart of the reactor’s mass transfer performance [1].

Figure 5.1: The rotor-stator spinning disc reactor consists of a rapidly rotating disc (the rotor) with angular velocities up to Ωmax = 2, 000 rpm. The
rotor is enclosed by a narrow cylindrical housing (the stator), where the
rotor-stator spacing, h, is of the order of one to several millimetres.
The high velocity gradients in the ﬂuids present between the rotor and the
stator lead to high shear forces on droplets or bubbles being formed, triggering early pinch-oﬀ from their inlet points [2]. These smaller bubbles and
droplets then give rise to an increase in the interfacial area, a, available for
molecular transport. The high degree of turbulence invoked by the high
rotational velocity of the disc allows for the rapid renewal of ﬂuid elements
near the surfaces of bubbles, droplets, and particles, lowering the resistance
to mass transfer and leading to an increase in the mass transfer coeﬃcient,
k. It is the combination of these two eﬀects that makes the rotor-stator
spinning disc reactor such a versatile multiphase chemical reactor.
For the case of gas-liquid mass transfer, a study by Meeuwse et al. (2010b) [3]
has shown that the gas-liquid mass transfer rate can be as high as kGL aGL =
−1
0.95 m3L m−3
, which is about four times higher than typical values
R s
in bubble columns and twice as high as values in a traditional thin ﬁlm
spinning disc reactor [4, 5]. Furthermore, when the relatively low gas holdup (εG = 0.021 m3G m−3
R ) is taken into account, values of the gas-liquid mass
transfer rate per unit volume of gas are calculated to be kGL aGL /εG = 20.5
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−1
m3L m−3
, which are about 40 times higher than reported values for more
G s
traditional reactors [6].
When considering solid-liquid mass transfer, values up to kLS aLS = 0.25 m3L
−1
m−3
were reported by Meeuwse et al. (2010a) [7]. In that investigation,
R s
the rotating disc was catalytically coated with platinum on a Naﬁon-coating
so as to eﬀectively contain the catalytic solids inside the reactor. Although
this might indeed prevent the necessity of downstream separation of the solid
fraction, it does limit the mass transfer rate as both the interfacial area and
the mass transfer coeﬃcient are lowered by this conﬁguration. One would
preferably be able to freely suspend, leading to a high kLS -value, catalytic
particles with a small diameter, and thus a high aLS -value, without allowing
them to exit the system together with the outgoing stream.
This chapter presents a new conﬁguration of the rotor-stator spinning disc
reactor which will be shown to achieve such complete particle entrapment
without the use of mechanical ﬁlters, or downstream processing of the eﬄuent stream. The chapter is structured as follows: First, the hydrodynamics
of rotor-stator, and rotor-rotor ﬂow is discussed from which the general operating principle of the reactor can be explained. This is then followed by a
description of the experimental setup and the experimental method to test
particle containment. Subsequently, the image analysis method is discussed
which was used to analyse the microscopic photographs that where made
during the experiments. After that, the experimental results are discussed
and interpreted, and the chapter ﬁnishes with some concluding remarks.

5.2

Hydrodynamics and working principle

The working principle of the novel rotor-stator spinning disc device can
be explained via Figure 5.2. Similar to the more conventional rotor-stator
spinning disc reactor, the setup consists of a rotating part inside a stationary
shroud. Liquid is fed near the axis of rotation through the top stator (part
(1) in Figure 5.1) and leaves through the hollow axis of rotation, part (2) in
5.1. The rotating part in this conﬁguration does not consist of a single solid
disc, but comprises a construction of two parallel conjoined discs through
which liquid can ﬂow radially inwards towards the hollow axis and out of
the reactor.
The two distinct liquid regions between the two conjoined rotating discs (3),
or between the rotor and the stator (4), both serve a diﬀerent purpose with
regard to the operating principle of the reactor. The liquid ﬂow between the
rotating and stationary discs (4) enhances the distribution and recirculation
of solid particles inside of the reactor, while simultaneously increasing mass
transfer rates. The rotor-rotor ﬂow ﬁeld (3) on the other hand prevents solid
particles from leaving the reactor. Both eﬀects are caused by hydrodynamical properties of the ﬂow ﬁeld, and can be understood by considering the
ﬂuid dynamics near rotating and stationary discs.
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Figure 5.2: Particles with a higher density than the liquid are entrapped in
this setup due to an increased centrifugal force in the rotor-rotor interior ﬂow
ﬁeld. Liquid is fed through the top stator at position (1), and leaves through
the hollow axis at (2). There are two distinct liquid regions with diﬀerent
hydrodynamics inside the setup: a rotor-rotor region (3), and a rotor-stator
region (4). In the rotor-stator ﬂow ﬁeld, there is a net centrifugal outﬂow
from the liquid inlet towards the edge of the disc while the azimuthal velocity
lies somewhere in between the velocity of the rotor and zero, i.e. the velocity
of the stator. The ﬂuid ﬂow inside the rotor-rotor assembly is centripetal
in nature and has a higher azimuthal velocity than the one between the
rotor and the stator. This increased centrifugal force will eﬀectively cause
containment of solid particles which have a higher density than the liquid.
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The hydrodynamics near rotating discs have been intensively studied as it
was the ﬁrst geometrical conﬁguration which could potentially lead to a
full analytic solution of the Navier-Stokes equations. For the case of an
inﬁnitely extended ﬂuid over an inﬁnite rotating disc, Von Kármán (1921)
[8] showed that the set of partial diﬀerential equations describing ﬂuid motion
can be simpliﬁed to a system of ordinary diﬀerential equations with a socalled Von Kármán similarity transformation. This mathematical transform
follows from the assumption that the velocity normal to the disc is a function
of the distance from the disc only.
Numerical solutions of these ordinary diﬀerential equations showed that all
velocity gradients were conﬁned to a boundary layer near the rotating disc
termed the Von Kármán boundary layer [8, 9]. Within this boundary layer,
the azimuthal velocity decreases to zero while moving axially away from the
disc. There is furthermore a radial outﬂow invoked by the centrifugal motion
of the disc, which is balanced by continuity with an axial ﬂow towards the
disc.
The reverse situation was studied by Bödewadt (1940) [10], where an inﬁnitely extended rotating ﬂuid ﬂows over an inﬁnite stationary disc. By
again applying the same similarity transformation with a diﬀerent set of
boundary conditions, it was found that the velocity gradients were conﬁned
to a Bödewadt boundary layer attached to the stationary disc. In this layer,
the azimuthal velocity gradually decreases to zero when approaching the disc.
The centrifugal motion of the ﬂuid in this boundary layer led to a pressure
increase when moving radially away from the axis of rotation resulting in
a centripetal ﬂow of ﬂuid within this boundary layer. By continuity, this
radial inﬂow is then balanced by an axial ﬂow away from the disc.
Batchelor (1951) [11] proved that Von Kármán’s similarity hypothesis could
also be applied to ﬂow situations between two parallel discs, one rotating
and one stationary. According to Batchelor, the ﬂow ﬁeld would consist of
a Von Kármán boundary layer near the rotor, a Bödewadt boundary layer
near the stator, separated by a core region of constant azimuthal velocity
and zero radial velocity.
The existence of this core region in inviscid ﬂow was later challenged by
Stewartson (1953) [12]. Following the same similarity transformation, Stewartson argued that both the Bödewadt boundary layer and the region of
inviscid rotation do not exist and apart from the Von Kármán boundary
layer near the rotor, the majority of the ﬂuid would be at rest. These seemingly incompatible views lead to decades of discussion on the existence and
uniqueness of either of the solutions until it was later shown that, in fact,
Batchelor’s and Stewartson’s results were both solutions of the ODEs following the Von Kármán similarity transformation [13]. In fact, a whole range
of solutions was found to exist depending on the Reynolds number [14].
The speciﬁc ﬂow ﬁeld in the rotor-stator region of any spinning disc setup
can be identiﬁed by the deﬁnitions given by Daily and Nece (1960) [15]
which was further delineated in a ﬂow map by Djaoui et al. (2001) [16].
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Depending on the Reynolds number and the gap ratio, four diﬀerent ﬂow
regimes were observed. Regime I is observed at low Reynolds numbers and
small gap spacings. In this case, the liquid ﬂow ﬁeld consists of a Von
Kármán boundary layer near the rotor in direct contact with a Bödewadt
boundary layer. As the gap spacing increases at a constant Reynolds number,
the two boundary layers get separated by a core region in inviscid, rotational
motion in Regime II. Regimes III and IV are then the turbulent analogons
of Regimes I and II, respectively.
Since this novel rotor-stator spinning disc device is operated at high angular velocities and small disc spacings, the ﬂow ﬁeld inside the rotor-stator
regime, (4) in Figure 5.2, is of the type characterised by Regime III. There
exists therefore a high amount of shear in the region between the rotor and
the stator, increasing mass transfer. Simultaneously, the large boundary
layer ﬂows guarantee a more uniform spatial distribution of solid particles
inside the reactor.
The ﬂow ﬁeld in the interior domain between the two rotating discs, (3) in
Figure 5.2, shows a somewhat diﬀerent behaviour compared to the rotorstator ﬂow. Since there is a net throughﬂow, ϕv , between the rotating discs,
there are two eﬀects of the radial position on the intrinsic ﬂuid dynamics.
One part of the ﬂow ﬁeld will be proportional to the angular velocity of the
disc which scales linearly with r as vrotation ∝ Ωr, while the part that scales
with the net ﬂow is reciprocal to r according to vﬂow ∝ ϕv /2πrh. Obviously,
centripetal ﬂow will induce a drag force on a particle, dragging it radially
inwards, while the centrifugal ﬁeld will force particles radially outwards when
particles are more dense than the surrounding liquid. At the outer edge of
the disc, ﬂuid ﬂow will be dominated by rotation instead of throughﬂow,
so any solid particle heavier than water will experience a net centrifugal
force. Moreover, since centrifugal buoyancy scales with particle volume and
centripetal drag with particle surface, depending on the size of the particle,
the presented spinning disc assembly will fully contain solid particles, while
simultaneously freely suspending them.
This somewhat over-simpliﬁed situation is disturbed, however, by a secondary eﬀect described by Owen and Rogers (1980) [17] and Owen et al.
(1985) [18]. Angular momentum, a conserved quantity, is transported radially inwards between the two conjoined rotors. As the radial distance to
the axis of rotation decreases for inﬂowing ﬂuid elements, by conservation of
angular momentum, the azimuthal velocity of the liquid increases, leading
to a situation where the liquid in the interior between the conjoined rotors
have a higher angular velocity than the discs. Similar to the situation described by Bödewadt (1940) [10] where a rotating ﬂuid near a stationary
disc invokes a Bödewadt type of boundary layer, two centripetal boundary
layer ﬂows are formed near the rotors focussing the net throughﬂow in these
narrow layers. The drag force on particles between the conjoined rotors subsequently strongly increases as vﬂow is no longer reciprocal to the rotor-rotor
spacing, but to the much smaller boundary layer thickness. Moreover, since
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2
this boundary layer thickness is proportional to Ωcore
[19], increasing the
angular velocity of the disc will, counter-intuitively, lead to a poorer entrapment of solid particles in the reactor. Additionaly, and contrary to the case
of rotor-stator ﬂow, the boundary layer thickness is independent of the distance between the discs, so that an increasing hr−r will not reduce the drag
force experienced by the particles.
Obviously, placing a mechanical ﬁlter between the two rotors will prevent
particles from leaving the reactor, but at the cost of a very high pressure
drop when entrapping very small particles. This can be prevented by placing
a highly porous solid foam between the two rotating discs which acts as a
hydrodynamical ﬁlter instead of a mechanical one. Since the foam is highly
porous, liquid will suﬀer negligible additional pressure drop when ﬂowing
radially inwards between the rotors, but the foam will hinder the build-up
of the undesired boundary layer ﬂow.
Based on these hydrodynamical considerations, this novel rotor-stator spinning disc conﬁguration can be divided into two distinct zones which both
inﬂuence the reactor operation in their own way. The rotor-stator ﬂow consists of a centrifugal von Kármán boundary layer at the rotor in close contact
with a centripetal Bödewadt boundary layer near the stator, introducing a
recirculation increasing homogeneity in the spatial distribution of solid particles. At the same time, the high degree of shear in this narrow region between the rotor and the stator increases solid liquid mass transfer by rapidly
replacing ﬂuid elements at the particle surfaces. The rotor-rotor region on
the other hand, when the centripetal boundary layer ﬂow can be negated,
hydrodynamically entraps solid particles without introducing high pressure
drops normally occurring over mechanical ﬁlters.

5.3

Experimental setup and procedure

A schematic representation of the experimental setup is shown in Figure
5.3. The setup consists of a PMMA housing encasing a set of two anodised
aluminium discs. The spacing between the housing and the rotor was ﬁxed at
h = 1 mm, the rotor radius was given by RD = 6.6 cm, while the rotor-rotor
distance could be varied with the help of spacers to values of hr−r = 1 mm,
or hr−r = 10 mm. When hr−r = 10 mm, the rotor-rotor interior domain can
accommodate the presence of a 20 PPI Duocel Reticulated Vitreous Carbon
foam disc with a radius of 5.7 mm and height of 1 cm.
Particle entrapment was tested for three cases:
• A rotor-rotor distance of hr−r = 1 mm, without reticulated foam.
• A rotor-rotor distance of hr−r = 10 mm, without reticulated foam.
• A rotor-rotor distance of hr−r = 10 mm, with reticulated foam.

126

Hydrodynamics of rotating multiphase ﬂows

Figure 5.3: The experimental setup consists of a modiﬁed rotor-stator spinning disc assembly with a PMMA housing and two conjoined anodised aluminium rotors. The rotor-stator spacing is equal to h = 1 mm, while the
rotor radius equals RD = 6.6 cm. The rotor-rotor inter-disc spacing can be
set to either hr−r = 1 mm, or hr−r = 10 mm. Moreover, for the case where
hr−r = 10 mm, a reticulated carbon foam block can be placed between the
two conjoined rotating discs.

In order to test the maximum size of particles that could be entrapped,
spherical glass beads were used. Three particle size distributions were investigated: Polysciences prod. nr. 07668, 189201, and 15926. The particle size
distributions are given in Figures 5.4, 5.5, and 5.6, respectively.
Note that the 20 PPI carbon foam has a pore diameter of 1.27 mm, which is
one to two orders of magnitudes larger than the diameter of the glass beads,
eﬀectively ruling out the eﬀect of mechanical ﬁltering on the results.
For every experiment, ﬁrst an amount of 0.25 g of intermediately sized glass
beads (30-50 μm) and 0.25 g of larger glass beads (50-100 μm) with particle
size distributions as in Figures 5.5 and 5.6, respectively, were weighed on a
Sartorius LE623S and subsequently suspended in 250 ml of demineralised
water. The disc rotational velocity was set to its maximum value of Ω =
178 rad s−1 , after which the suspension was fed to the reactor at a ﬂow rate
of 4.39 ml s−1 using a Masterﬂex 7523-35 peristaltic pump with a 77200-60
easy-load II head. The aqueous suspension was fed to the system through
the stator, exited via the hollow rotor through the rotational shaft, and
recycled to the liquid storage vessel. At this highest rotational velocity
the centrifugal forces on the glass beads are highest, potentially leading to
maximum achievable particle containment.
At each rotational velocity a minimum of four samples were taken with a
Pasteur pipette. Several millilitres of suspension were extracted from the
liquid vessel and deposited on a petri-dish. This process was repeated after each incremental decrease of the rotational velocity of the disc. Each
petri-dish was dried overnight in an oven at 80 ◦ C after which microscopic
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Figure 5.4: Particle size distribution of 1-30 μm spherical glass beads as
supplied by Polysciences prod. nr. 07668. In panel (a) a bar plot is shown,
while panel (b) depicts the cumulative particle size distribution.

Figure 5.5: Particle size distribution of 30-50 μm spherical glass beads as
supplied by Polysciences prod. nr. 189201. In panel (a) a bar plot is shown,
while panel (b) depicts the cumulative particle size distribution.
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Figure 5.6: Particle size distribution of 50-100 μm spherical glass beads as
supplied by Polysciences prod. nr. 15926. In panel (a) a bar plot is shown,
while panel (b) depicts the cumulative particle size distribution. Notice that
the jump in the cumulative particle size distribution in panel (b) around
70-80 µm suggests a mixture of two diﬀerent particle size fractions.
photographs were taken on an Zeiss Axio Observer D1m microscope and an
IDT Motionpro X3plus camera. Whenever it was found that the intermediate and large glass beads were fully entrapped inside the experimental setup,
the experiment was repeated with 0.5 g of 1-30 µm particles to determine
the lower limit of particle diameters that could be entrapped.

5.4

Image analysis

The microscopic photographs taken from the dried petri-dish samples were
analysed in MATLAB 2013a using the functions im2bw and imfindcircles,
which are both part of MATLAB’s Image Processing Toolbox.
The function im2bw is ﬁrst used to convert the photograph from its original
RGB-state, via an intermediate grayscale stage, to a black and white image.
A threshold level is chosen by the user between 0 (black) and 1 (white),
below and above which grayscale values are turned into black and white,
respectively. The imfindcircles-function then makes use of a so-called
Phase Coding method, where the likelihood of the presence of a circle in the
black and white image is estimated using a sensitivity factor. This sensitivity
factor can be set to any value in the range between 0 and 1 and corresponds
to the tolerance for detecting a circle in the image; the closer this value lies
to unity, the more circles will be found at the risk of ﬁnding false positives.
In order to accurately ﬁnd circular particles in the microscopic images, ﬁrst
an initial pass through these two functions is made. Under this initial run,
the sensitivity factor (in imfindcircles) and threshold level (in im2bw) are
slightly adjusted when necessary form their default values 0.85 and 0.225,
respectively. An optimal combination of these values was then found when
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simultaneously the number of false positives was as low as possible, the
number of true positives was as high as possible, and the number of missed
particles was again as low as possible. This ﬁrst step then resulted in the conversion of the original image in panel (a) in Figure 5.7 to the black and white
picture in panel (b). Another factor that was taken into account during this
initial phase was the sharpness of ﬁt of the circle’s edge over the particle’s.
When the black-and-white threshold level was not properly set, the found
circumferences could be erroneously ﬁtted through the particle’s shadow, or
inside the particle body. By carefully adjusting both the sensitivity factor
and the threshold level, these problems could be circumvented.
After this ﬁrst step, a number of circles was found as depicted in Figure 5.7c.
These circles were deﬁned by their (x,y)-coordinates in the image, their radii,
and a value corresponding with its likeliness of ﬁt from the Phase Coding
method. Following visual inspection of this preliminary result it was possible
to manually remove false positives, manually add individual particles by
clicking on three points on the edge of the particle, or locally ﬁnd other
particles using other values for the sensitivity factor and threshold level.
This last step was particularly useful when the image displayed a gradient
in background lighting. The ﬁnal, resulting image can then be seen in Figure
5.7d.
The ﬁnal list of circle positions and radii in pixels was then converted to a
list of particle diameters using the magniﬁcation factor for the photographs
of 1.2 μm px−1 . A particle size distribution for this speciﬁc example was
plotted as in Figure 5.8, from which the largest observed particle diameter,
the average particle diameter, the standard deviation and 99% conﬁdence
interval were obtained.

5.5

Results and discussion

The results of the particle containment experiments pertaining to hr−r =
1 mm in the absence of the carbon foam are shown in Figure 5.9. For this
particular situation particle entrapment is very poor. In fact, particles of all
sizes are seen to come out of the reactor. For the case of a large rotor-rotor
spacing of hr−r = 10 mm without a reticulated foam, particle entrapment
is also quite poor as can be seen in Figure 5.10. Even though the distance
between the rotors is one order of magnitude larger, the containment results
are qualitatively similar. This is in line with the observations made by Owen
and Rogers (1980) [17] and Owen et al. (1985) [18] where the Bödewadt
boundary layers attached to the rotors act as a focus for the centripetal
throughﬂow, while their thicknesses are indepent of the distance between
the two discs. So, even though the average radial velocity between the two
discs would be ten times lower when increasing the rotor-rotor spacing from 1
mm to 10 mm, the average radial velocity inside the boundary layers remains
unchanged. This consequently leads to the same poor entrapment results as
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Figure 5.7: The image analysis process can be detailed in this example
photograph taken from a sample corresponding to experimental conditions
where no foam ﬁller was used, hr−r = 1 mm, and the rotational velocity of
the rotor was set to 52.4 rad s−1 . The original image in panel (a) was ﬁrst
converted to a black and white picture in (b) in such a way that the balance
between true positives and false positives was optimal. Moreover, by carefully tuning the threshold factor between black and white and the sensitivity
factor for the Phase Coding method in imfindcircles, the circular ﬁt over
the particle edges could be optimised, in a way that the ﬁtted circle did not
overlap the particle shadow, or lay within the particle interior. The circles
that were then found by imfindcircles after this ﬁrst analysis can be seen
in panel (c), after which false positives were removed, missed particles were
added, and the sensitivity factor and threshold level were locally enhanced
to account for gradients in background lighting. The ﬁnal result of detected
particles and diameters are given in panel (d).
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Figure 5.8: Panel (a) shows a bar plot of the experimental result corresponding to Figure 5.7, while panel (b) details the corresponding cumulative
particle size distribution. After analysing all photographs corresponding
to an experimental run, the average particle diameter, standard deviation,
maximum observed particle diameter, and the 99% conﬁdence interval were
determined for further analysis.

observed in the experiments where the spacing between the rotors equals 1
mm. Note that less particles were observed in the eﬄuent for the situation
where hr−r = 10 mm than was the case when hr−r = 1 mm. Additionally,
no particles where found in the eﬄuent stream for high rotational velocities,
i.e. Ω = 115 rad s−1 . Apparently the larger rotor-rotor gap spacing leads
to a slightly better particle containment, but it is still too unreliable to be
useful.
The formation of boundary layers between the discs appears to be hindered,
however, when the reticulated carbon foam is installed. As can be seen in
Figure 5.11, all particles in the size ranges 30-50 μm and 50-80 μm are fully
entrapped. Furthermore, as becomes clear from Figure 5.14, the largest
= 17.8 μm, for the case
observed particle diameter was found to be dmax
p
where the reticulated foam was used at a rotor-rotor distance of 10 mm and
glass beads with a diameter in the range of 1-30 μm. The corresponding value
of the cumulative particle size distribution for this diameter in Figure 5.5 is
) = 0.80. Furthermore, given the fact that on average 79.3
equal to F (dmax
p
glass beads where identiﬁed per photograph, the chance of not observing a
particle larger than dmax
while it would be present in the eﬄuent is calculated
p
79.3
to be P = (1 − F (dmax
))
= 3.73 · 10−56 . It is therefore nearly certain
P
that glass beads with a size down to 17.8 μm can be fully entrapped in this
conﬁguration.
A remarkable observation that can be made from Figure 5.14 is the constant
value of dmax
when changing the angular velocity of the rotor-rotor assembly.
p
When considering the forces acting on a spherical glass bead that is just
entrapped at the edge of the rotor-rotor construction, the centrifugal buoyant

132

Hydrodynamics of rotating multiphase ﬂows

Figure 5.9: The containment of glass beads is poor for the experiments
where the rotor-rotor spacing was set to 1 mm without using a reticulated
carbon foam. The formation of Bödewadt boundary layers which act as a
focussing region for the net throughﬂow results in higher centripetal drag
forces resulting in poor entrapment results.

Figure 5.10: The containment of glass beads is poor for the experiments
where the rotor-rotor spacing was set to 10 mm without using a reticulated
carbon foam. The formation of Bödewadt boundary layers which act as a
focussing region for the net throughﬂow results in higher centripetal drag
forces resulting in poor entrapment results.
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Figure 5.11: Not a single particle was observed on the photographs taken
for experiments where hr−r = 10 mm and carbon foam was used. Panels (a),(b),(c), and (d) show evaporated fractions of eﬄuent for rotational
velocities of 41.9, 73.3, 115, and 178 rad s−1 , respectively.
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Figure 5.12: Panel (a) shows a digitally enhanced photograph taken through
the microscope for an experiment using the reticulated foam with the smallest particle fraction where dp is in the range 1-30 μm. The image analysis
algorithm detected particles indicated by the blue circles in (b). The rotational velocity of the rotor-rotor assembly was equal to 52.4 rad s −1 .

Figure 5.13: Panel (a) shows a bar plot of the experimental result corresponding to Figure 5.12, while panel (b) details the corresponding cumulative particle size distribution.
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Figure 5.14: Full containment of glass beads with a particle diameter larger
than dp > 17.8 μm is observed in the experiments where the rotor-rotor
spacing equals 10 mm, which is ﬁlled with a highly porous carbon foam.
The reticulated foam hinders the formation of Bödewadt boundary layers,
allowing for better particle entrapment.
force can be written as:
Fc =

max 3
π
)
6 (dp

(ρP − ρL ) Ω2 RD ,

(5.1)

where ρP and ρL are the densities of the particle and the liquid, respectively.
The other major force that works on the particle is the drag force acting
radially inwards:
)2 CD ρL vr2 ,
Fd = − π8 (dmax
p

(5.2)

where vr is the velocity diﬀerence between the particle and the liquid in
the radial direction. The drag coeﬃcient CD is a function of the Reynolds
number:

Rep =

vr
ρL dmax
p
,
µL

(5.3)

where µL is the dynamic viscosity of the liquid. When a particle is just
entrapped, the net force on it will be zero so that equations (5.1) and (5.2)
are set to be equal. Rearranging of Fc = Fd yields:
2
CD vR
=

4dmax
(ρP − ρL ) Ω2 RD
p
.
3ρL

(5.4)
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2
In order for dmax
to not be a function of Ω it is thus required that CD vR
∝ Ω2 .
p
For very low Reynolds numbers (Stokes ﬂow) the drag coeﬃcient can be
expressed as:

24
,
Rep

(5.5)

24µL
,
ρL dmax
vr
p

(5.6)

CD =

CD =

while for Reynolds numbers much larger than 1000, CD is a constant. Therefore, for Stokes ﬂow, one obtains a proportionality where vr ∝ Ω2 , which can
not be described by Bödewadt ﬂow. Obviously, this can not be satisﬁed when
the radial component of the ﬂow ﬁeld is fully dominated by throughﬂow either, since:

vr ∝

ϕv
.
2πRD hr−r

(5.7)

For the case of very high Reynolds numbers where CD is a constant it must
hold that vr ∝ Ω. Although this is in line with the similarity assumption
underlying Bödewadt ﬂow, the largest Reynolds number for 17.8 μm particles
and an angular velocity of 179 rad s−1 , is calculated to be equal to Rep = 21.
From this, two conclusions can be drawn. First, it can be concluded that
Bödewadt layers are not formed between the interior region between the
rotors. Secondly, a simple force balance based on centrifugal buoyancy and
drag is insuﬃcient to explain the constant value for the maximum particle
diameter when changing the angular velocity of the rotor-rotor assembly.

5.6

Concluding remarks

A novel conﬁguration of the rotor-stator spinning disc reactor is proposed
where the rotating disc is replaced with two conjoined rotating discs with
a rotor-rotor spacing of 1 mm, or 10 mm. In addition, the interior domain
between the rotors for the 10 mm case could be ﬁlled with a highly porous
reticulated carbon foam. This conﬁguration allows for the entrapment of
spherical glass beads so that the setup can be used for solid-liquid multiphase
reactions without needing to catalytically coat the rotating disc, mechanical
ﬁltering of the eﬄuent stream, or downstream processing of the product
stream to recover the solid fraction.
It was found that particle containment was poor without the use of the
porous carbon foam due to the formation of Bödewadt boundary layers attached to the interior of the rotating discs. These boundary layers act as
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a focus for the net throughﬂow, increasing the centripetal drag force on
the glass beads hampering particle entrapment. The eﬀect of changing the
rotor-rotor distance on the magnitude of the drag force is negligible as the
Bödewadt boundary layer thickness is not a function of the rotor-rotor spacing, in line with the observations done by Owen and Rogers (1980) [17] and
Owen et al. (1985) [18].
The addition of a highly porous reticulated carbon foam between the two
rotating discs hindered the formation of the Bödewadt boundary layers, improving the conﬁnement of glass beads inside the experimental setup. Particle entrapment for this situation showed good results, where glass beads
with diameters down to 17.8 μm could be fully contained inside the reactor. The diameter of the largest particles that were observed in the eﬄuent
stream was found to not be a function of the azimuthal velocity of the rotorrotor assembly. Moreover, a simpliﬁed force balance based on centrifugal
buoyancy and drag does not seem to be able to account for this eﬀect.
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Chapter 6

Conclusions and outlook
This thesis describes the hydrodynamics of rotating multiphase ﬂows. In
particular, the ﬂow of a liquid as a single phase, or with suspended solid
particles or gas bubbles between a rotating and a stationary disc is analysed.
A thorough understanding of this physical system is of paramount importance for the further development of the rotor-stator spinning disc reactor
as a novel type of multiphase reactor in chemical industry. This chemical
reactor consists of a rapidly rotating disc (the rotor, with Ω ≈ 2000 rpm),
encased by a stationary housing (the stator). The rotor has a radius of the
order RD = 5 − 15 cm, while the rotor-stator gap spacing h is typically one
or a few millimetres.
The liquid ﬂow ﬁeld is described by so-called Batchelor ﬂow and it is stratiﬁed
into separate regions parallel to the discs; a Von Kármán boundary layer
attached to the rotating disc, a Bödewadt boundary layer near the stator,
and (depending on the gap-spacing and angular velocity) a central region in
non-viscous rotation. The Von Kármán boundary layer is characterised by a
radial outﬂow of ﬂuid and a decreasing azimuthal velocity while moving away
from the rotor, while the Bödewadt layer harbours a centripetal liquid ﬂow
and an increasing rotational velocity while moving away from the stator.
For this Batchelor type of ﬂow, the thicknesses of the Von Kármán and
Bödewadt boundary layers are denoted by δK and δB , respectively and can
be calculated according to:
2.6622
2.7203
4.7157
4.9025
I
II
I
II
= √
= √
= √
= √
δK
, δK
, δB
, δB
,
Reh
Reh
Reh
Reh

(6.1)

where Reh = Ωh2 ν −1 is the Reynolds number and ν is the liquid kinematic
viscosity. Note that two diﬀerent deﬁnitions of the boundary layer thicknesses were used, indicated by the superscripts I and II . The former is
a somewhat abstract mathematical concept based on the radius of convergence of an analytical series approximation of the equations of ﬂow, while
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the latter is based on the 99% development of the azimuthal velocity vθ to
the velocity in the inviscid core. Surprisingly, these two completely diﬀerent
deﬁnitions yield coinciding results, which can be attributed to a mathematical singularity in the series approximation outside of the ﬂuid domain at the
same distance from the discs as the boundary layer thickness. The physical
meaning of this abstract mathematical analysis requires additional study.
Aside from Batchelor ﬂow, one can experimentally observe a diﬀerent ﬂow
ﬁeld termed Stewartson ﬂow. In this particular ﬂow conﬁguration, the Bödewadt boundary layer and the non-viscous core region do not exist, and apart
from the Von Kármán layer, the majority of the ﬂuid is at rest. Although
this ﬂow ﬁeld is experimentally observed in situations where a net centrifugal
throughﬂow is superimposed, or where the rotating and stationary disc are
unshrouded, it is theoretically deemed to be unstable. In most experimental
systems where a shroud is used, the instability is triggered by a recirculation
of angular momentum by convective transport in the radial direction, leading to a buildup of azimuthal velocity in the core region between the rotor
and the stator. The newly formed region in inviscid rotational motion subsequently leads to the formation of a Bödewadt boundary layer, and hence
Batchelor ﬂow develops.
The liquid ﬂow in the rotor-stator spinning disc reactor can thus be eﬀectively described by Batchelor ﬂow, and depending on the gap spacing and
rotational velocity, the non-viscous core can be absent or present. Moreover,
the ﬂow can be either laminar or turbulent. Industrially, the situation where
the gap spacing is very small and the ﬂow is turbulent is most relevant for
increasing mass transfer rates due to the high shear forces and liquid renewal rate over a bubble or particle surface. For this reason the formation of
bubbles in the rotor-stator spinning disc reactor is investigated for the case
where h is small and the ﬂow is turbulent.
It was found that two types of bubbles exist in the reactor: those that have
a diameter smaller than the rotor-stator gap spacing are spherical in shape,
while those that are larger resemble the combination of a cylinder and the
outer half of a torus. For this larger bubble type, the mechanism behind
its formation was identiﬁed. The bubble remains connected with a neck to
the gas inlet oriﬁce and is moving between the rotor and the stator under
the inﬂuence of centrifugal buoyancy and liquid drag. When the length of
the neck reaches a critical value, predicted by Rayleigh-Plateau instability
theory, the bubble detaches from the oriﬁce.
Based on these observations, a mathematical model is constructed to calculate the size of these larger bubbles as a function of diﬀerent process parameters and physical properties. Within a maximum of ±10% deviation from
experimental results, the model calculations accurately calculate the bubble
size. Moreover, the bubble diameter appears to be independent from the liquid viscosity and liquid density in the investigated range of these properties.
This (absence of this) eﬀect is observed experimentally and is in line with
model calculations.

Conclusions and outlook

143

The most important parameter aﬀecting the size of bubbles formed in the
reactor is the angular velocity of the rotor, while the gas ﬂow rate has a
secondary eﬀect. The higher the velocity of the rotor (and hence the liquid),
the larger the drag and bouyant forces are and the earlier the bubble neck
will reach its critical length. Simultaneously, the larger the gas ﬂow rate,
the larger the bubble can become as long as the neck remains stable.
In order to come to a fully closed explanation of the sizes of bubbles in the
spinning disc reactor, research endeavours should be directed towards the
size (distribution) and residence time of the bubbles that are smaller than
h. Possibly, these bubbles are formed from the collapsing neck between the
bubble and the oriﬁce.
Design models for the spinning disc reactor as a gas-liquid multiphase reactor not only need input on the bubble size, but also on the mass transfer
coeﬃcient around these bubbles. Therefore, in conjunction with the bubble
size model for large bubbles, a theoretical analysis on gas-liquid mass transfer was performed using Direct Numerical Simulations of the Navier-Stokes
equations. The ﬂow ﬁeld around the bubble was resolved, particularly in the
thin liquid ﬁlm parallel to the discs and the bubble surface.
As liquid is squeezed into the narrow ﬁlm layer over the bubble interface,
vortices are preferentially stretched in the radial direction. This increase in
the radial component of vorticity is in line with experimental observations
of surface waves parallel to this direction. The persistence of turbulence
inside this thin liquid ﬁlm directly leads to increased turbulent dispersion,
enhancing mass transfer between the gas and liquid phase.
Turbulent dispersion coeﬃcients were subsequently obtained from the ﬂuctuating parts of the turbulent velocity ﬁelds from the Direct Numerical Simulations. These dispersion coeﬃcients were then used as input parameters
in a mass balance over the thin liquid ﬁlm. From this mass balance and
the dispersion coeﬃcients, a theoretical value of the gas-liquid mass transfer
coeﬃcient can be calculated as a function of the Reynolds number and the
ﬁlm layer thickness.
The mass transfer coeﬃcient increases with an increasing Reynolds number,
both due to an inherent increase in turbulence intensity, but also due to
a decrease in bubble size. Smaller bubbles will result in smaller contact
times between gas and liquid and thus to a higher driving force for mass
transfer. On the other hand, larger ﬁlm layers will also lead to a larger mass
transfer coeﬃcient as the scale of the largest vortices is by deﬁnition equal
to the ﬁlm layer thickness. Larger vortices obviously lead to a better spatial
redistribution of ﬂuid elements and thus a higher mass transfer rate. It is
expected that at a certain maximum value of the boundary layer thickness
this eﬀect wil disappear as vortices are no longer stretched strong enough in
the radial direction, but this eﬀect has not yet been observed in the range
of simulated conditions. Further research should be done on the thickness
of this ﬁlm layer as there is no pre-existing knowledge and its values have
been arbitrarily chosen in the simulations.
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Finally, solid-liquid interactions were investigated to come to a novel conﬁguration of the rotor-stator spinning disc reactor. In this new setup, the
rotating disc is replaced with two conjoined rotating discs with a rotor-rotor
spacing of either 1 mm, or 10 mm. The interior between the two rotating
discs can be optionally ﬁlled with a highly porous carbon foam. This assembly allows for the complete hydrodynamical entrapment of suspended solid
particles for use as a solid-liquid multiphase reactor, without the need to
catalytically coat the disc. The main advantages of this particular conﬁguration are the increased shear forces at the particle surfaces and the more
homogeneous spatial distribution of these solids. Moreover, there will be no
need for downstream ﬁltering or processing of the reactor eﬄuent to recover
the solid fraction.
Experiments were performed to test the particle containment using spherical
glass microbeads. It was found that particle containment was poor without
the use of the porous carbon foam due to the formation of Bödewadt boundary layers attached to the interior of the rotating discs. These boundary
layers act as a focus for the net throughﬂow, increasing the centripetal drag
force on the glass beads, hampering particle entrapment. The eﬀect of changing the rotor-rotor distance on the magnitude of the drag force is negligible
as the Bödewadt boundary layer thickness is not a function of the rotor-rotor
spacing.
The addition of a highly porous reticulated carbon foam between the two
rotating discs hindered the formation of the Bödewadt boundary layers, improving the conﬁnement of glass beads inside the experimental setup. Particle entrapment for this situation showed good results, where glass beads with
diameters down to 17.8 μm could be fully contained inside the reactor. The
diameter of the largest particles that were observed in the eﬄuent stream
was found to not be a function of the azimuthal velocity of the rotor-rotor assembly. Moreover, a simpliﬁed force balance based on centrifugal buoyancy
and drag does not seem to be able to account for this eﬀect. Further research
should be directed to come to correct model predictions for the minimum
entrapped particle size. Additionally, the solid-liquid mass transfer rates
should be measured to test the novel setup as a candidate for solid-liquid
reactions.
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