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1
Introduction

Microfluidic devices are extensively used for a variety of applications in pro-
cesses involving chemical reactions and transfer of small volumes of fluid
in DNA and protein analysis.1 Many microfluidic devices which have been
developed are currently available for commercial use. Some examples are
microreactors, micromixers, micropumps and lab on a chip systems.2 The
smallness of these devices can be estimated from the fact that the typical size
of channels in microfluidic devices is of the order of several hundred microns.

One of the interesting phenomena of microscale engineering is mixing,
which in the context of this thesis is also termed as “micromixing”. In the
thesis we have used the term ”micromixing” strictly to refer to mixing at
microscale. Microscale mixing has a variety of applications in many bio-
medical and industrial processes. Mixing at this scale typically occurs at low
Reynolds number (Re). Due to the absence of turbulence in this range of
Re, the driving mechanism behind micromixing is ”convection-diffusion”.3

The inter-diffusion among two or more fluids depends on the interfacial area
between them. In order to design efficient micromixers, special geometries
have to be adopted. This requires proper quantification techniques which can
assist to optimize the micromixer designs. Certain designs increase the in-
terface between the fluids and enhance the diffusion. This leads to enhanced
mass transport between the constituents, which are to be mixed.4 There are
several ways how this can be achieved.2 Among many others, the concept of
”chaotic advection” is found to be the most efficient and hence is the focus of
this thesis.
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2 Introduction

The process of “chaotic advection” sets in when the interface of the flu-
ids stretches and folds at an exponential rate, leading to a rapid mixing of
the fluids. The concept was first reviewed by Aref.5 In his work he argued
that even in laminar flow regimes, it is possible to have a strong advection.
This leads to flow kinematics which are chaotic.5 Experiments on chaotic ad-
vection using fluorescent dyes produced images which clearly establish the
“chaotic flow kinematics”.6 The design of the microchannels plays a major
role in the development of these flow kinematics.7,8 In this thesis we focus
on a popular example, namely the “staggered herringbone mixer”(SHM) de-
veloped by Stroock et al. in 2002.9 This mixer belongs to a special class of
micromixers which are called ”chaotic micromixers”.

Quantifying mixing is a very important step in the optimization of mixer
designs. In order to study the performance of a micromixer and also to de-
velop better designs, we need to develop techniques which can quantify the
quality and the efficiency of the mixing process. Techniques must be adopted
which are suitable to the specific micromixing processes. Traditionally, this
is done by systematic trial and error in rather expensive and time consuming
experiments. In this work we attempt to optimize the geometries in a nu-
merical framework using the lattice Boltzmann method (LBM). The LBM is
a simplified approach to solve Boltzmann’s equation in discrete space, time
and with certain discrete velocities.10 Along with the fluid flow across con-
fined geometries, we simulate tracers and apply Wolf’s method to measure the
relative stretching of the distance between the particles.11 The chaotic flow
structures could be observed from the trajectories of the tracer particles which
are introduced into the flow field. From the information on separation of the
tracer particles the finite time Lyapunov exponent (FTLE) is calculated, which
quantitatively measures the “chaotic advection” in fluid flows.11–14 With this
method it is possible to measure the optimal parameters for the SHM which
generate chaotic flow structures. These parameters are then verified with the
findings of other authors.

In practice the mixing experiments are performed with two or more flu-
ids. It is possible to numerically study advection within a single component
framework but in order to incorporate the diffusion process along with advec-
tion we need a model which can simulate multicomponent flows. The Shan-
Chen model is implemented into the LBM which can simulate multiphase and
multicomponent flows. We shall discuss in detail the model in the following
chapters.15 Certain quantities like the Schmidt number (Sc), the Péclet num-
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ber (Pé) and the Reynolds number (Re)5 give us an idea of the inherent mass
transport between the fluid components. Re is used to characterize different
flow regimes such as laminar or turbulent flows. Pé and Sc give the ratio
of mass transport by advection to mass transport by diffusion and momen-
tum diffusivity to mass diffusivity respectively. These numbers are calculated
from the flow field which we simulate. We study how these numbers change
with the diffusivity of the system. In the Shan-Chen multicomponent lattice
Boltzmann model, the diffusivity depends on certain parameters. We ana-
lyze these parameters and optimize them to simulate diffusive mixing through
complicated geometries and optimize the mixer geometries. We further apply
the so-called intensity segregation (Id) to calculate the rate of decay of ini-
tial concentration, with which we can approximate the mixing length.16 By
studying the variation of the mixing length with the Péclet number we suc-
cessfully compare the performance of the geometries. This technique can also
be applied for tracer particles, where instead of the concentration profile the
particle number density is used. This method was first used to quantitatively
study the rate of mixing by Danckwerts in 1952.17 Stroock et al. also used
this technique to study and quantify the performance of their SHM.9

It is challenging to mix fluids when the Schmidt number of the flow is
high, especially at low Reynolds number. High value of Schmidt number in-
dicates a low diffusivity or a high viscosity value. Such cases require a strong
advection to stretch and fold the fluid surfaces. The advection disintegrates the
domains of larger sizes into smaller ones. It is complicated to quantify such
mixing processes as standard techniques cannot be applied easily. In order to
study such processes, we propose the so-called “multiscale measure” denoted
by Q. This can be used to quantify the process of disintegration of larger do-
mains and also the inter-diffusion among the domains. We verify this with
a 2D time periodic sine flow (TPSF) in COMSOL, which is a prototype for
simulating chaotic advection. The proposed scheme is used to estimate the in-
terplay of advection and diffusion. We vary the diffusivity and the strength of
advection to study the proposed measure under different conditions. Finally,
we extend the measure to analyze 3D LBM simulations for flow through three
different geometries. Multiscale variance is successfully used to compare ge-
ometries on the basis of 3D simulations. The results obtained in this work
convince us that with the present LBM set-up and the numerical optimization
schemes it is possible to compare the effectiveness of geometries and optimize
their performance before initiating experiments.
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2
Microfluidic devices and micromixers

Microfluidic devices such as micromixers are used in several do-
mains of interdisciplinary areas of science. The importance of
these devices in various areas of biological and chemical sciences
has been recognized. This chapter gives an overview of the differ-
ent types of micromixers and their applications. Different prin-
ciples to achieve efficient mixing and optimization techniques to
design better micromixers are also discussed.

2.1 Microfluidic devices and micromixers

Microfluidics, as the name suggests, is the field of engineering and science
that describes flows in devices with dimensions from millimeters to microm-
eters.18 These devices are gaining popularity both in industrial applications
and in scientific research. Today, it is possible to miniaturize several types
of systems to this length scale. These systems could be mechanical, electro-
mechanical or thermal. It is also possible to design microfluidic devices which
are combinations of any one or more such systems. The popular name given
to such devices is MEMS (micro electro-mechanical systems). Each of these
devices is developed and studied for their application in the domains of biol-
ogy, chemical and bio-medical sciences. In our research, we are concerned
with the devices which are designed and engineered to deal with the mixing
of fluids at very small scales. At such scales mixing is usually difficult and

5
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a challenging problem. Devices such as micromixers are used to obtain effi-
cient mixing at these scales. In this work we focus on numerically studying
fluid flows through complex topologies and optimization of their designs. This
chapter presents an overview on the broad areas of microfluidic devices and
their application in the area of micromixing. We also discuss various types
of micromixers, furthermore we discuss numerical schemes to optimize the
micromixer design. These are discussed elaborately in the following chapters.

The field of “microfluidics” is a diverse field of fluid dynamics at mi-
croscale which owes its origin to the need for detecting bio-molecules, mixing
and characterizing them all within one device. For example, in traditional ge-
nomic analysis it is necessary to purify and amplify the DNA fragments prior
to the analysis. This pre-treatment requires complex labor and highlights the
advantage of being able to integrate all these in a single chip to make it pos-
sible to directly analyze a raw sample such as blood. Achieving this requires
miniaturizing systems such as cytometers, separators and bio-reactors and fi-
nally connecting them together. This domain of integrated analysis systems
has been designated as ”micro total analysis systems” (µTAS). These are also
referred to as “lab on a chip” systems. The mechanism to control the flow
in these devices still needs to be understood and is an ongoing field of re-
search. However, in the future we expect to see much more sophisticated and
advanced microfluidic devices by observing todays development of technolo-
gies.

The usefulness of the microfluidic devices in a wide range of interdisci-
plinary areas motivates us to understand their working principles. At such
small scales, the dynamics of the fluid is complicated and it is expected that
the working principles of these microdevices will be different from large sys-
tems. Microscopic effects such as friction due to electrostatic forces and vis-
cous effects due to surrounding air or liquid play a very important role in
fluid flows inside these devices. Apart from these, there is a combined in-
fluence of several phenomena such as thermal creep, electrokinetics, viscous
heating, anomalous diffusion and also quantum and chemical effects which
are studied for example by Chan et al.19 The transport phenomena of these
devices depend on the time and length scales and hence these become an
important parameter for such flows. The mass, momentum and the energy
transport in the fluid all depend on these parameters and decide if the model
to study these flows should be a continuum or an atomistic one. The number
which can predict this is the Knudsen number (Kn), which is defined as the
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ratio of the molecular mean free path λL and the dimension of the channel `,
Kn = λL

` . In the macroscopic domain (Kn ≤ 10−3), the flow behavior can
be well described by the Navier Stokes (NS) equation with no slip boundary
conditions. In the regime 10−3 < Kn < 10−1, the NS equations are still
applicable with slip boundary conditions at the solid interfaces. In the transi-
tion regime (10−1 < Kn < 10) and for free molecular flows (Kn ≥ 10), the
Boltzmann equation becomes necessary for a proper description of the flow
as its molecular nature becomes dominant. The classification of the differ-
ent flow regimes is studied in detail by Schaaf and Chambre.20 However, the
complete theoretical understanding of fluid flows at the microscale taking all
effects into consideration is still an ongoing field of research.

Mixing within microfluidic devices is both a challenging and difficult task
to achieve due to the small length scales of these devices. In a ”lab on a
chip” system it is often necessary to mix reactants, especially biological sam-
ples. This includes for example bio-reactants such as bacteria cells, large
DNA molecules, enzymes or proteins. It also involves mixing of solutions in
chemical reactions, sequencing of nucleic acid or drug solution - dilution etc.
To perform these operations in a portable integrated microsystem is often a
challenging task. An example of a mixing process in a typical micromixer is
shown in the Figure 2.1: two fluids are injected into a micromixer from the
right end emerge as a mixed fluid at the left end. The challenges in achieving
a perfect mixing within a short time and a short length can be accounted for
due to several factors. From our general understanding, mixing is usually en-
hanced in processes with high Reynolds numbers due to the turbulent motion
of the fluid, but this is not the case with flows through confined geometries at
the microscale where the Reynolds number is usually low. In such a situation
mixing is achieved only by molecular inter-diffusion. However, the typical
bio-fluids like protein solution or solutions of large DNA molecules have a
very low diffusivity and hence a very high Péclet number, which is the ratio of
advective mass transport to diffusive mass transport of the flow. This creates
further problems by lowering the mass transfer between the fluids and hence
increasing the mixing time further. According to Fick’s law, the diffusive flux
of a solute is dependent on the interfacial area, the concentration gradient and
the diffusion constant. The influence of interfacial area dominates over the
other factors. Hence the easiest way to enhance micromixing is to design
micromixers which increase the interfacial area between two co-flowing liq-
uids. Since the surface to volume ratio of the channels is very high, it has



8 Microfluidic devices and micromixers

been found that by carefully designing the topology of micromixers efficient
mixing can be achieved.21

Figure 2.1: A typical example of a micromixer which is used to mix two
different fluids, in this case water and a dye based liquid. The figure on top
shows water and dye being injected into the micromixer from the right and
a mixed fluid emerging at the other end. The figure at the bottom shows the
cross-section of the micromixer body with its dimensions. Source: Jeon et
al.22

Micromixers are devices which are designed to deal with mixing at the
microscale. Different ways are adopted to design efficient micromixers which
are based on various schemes. Micromixers are classified on the basis of their
required energy input. If energy from an external source is used, the mi-
cromixer is termed as an active mixer. These energy sources could be ultra-
sound,23 acoustic bubble induced vibrations,24 electrokinetic instabilities,25

periodic variation of the flow rate,26 vibrating membranes,27 or integrated mi-
cropumps and valves.28 In the absence of any external energy sources, mixing
can be enhanced by restructuring the flow profiles with complex geometries.
Such mixers are called passivemixers. In terms of robustness, passive mixers



Microfluidic devices and micromixers 9

are superior to active mixers. They have the advantage of easy operation and
absence of elements which generate heat e.g. from mechanical energy dissi-
pation or due to changing electro-magnetic fields. The absence of heat gener-
ated by the mixing process is important for applications in biological studies,
where temperature is a significant factor. Usually, the fluids which are mixed
at the microscale are enzymes, DNA or similar biochemical or chemical flu-
ids where the reactions are sensitive to temperature. Active mixers are more
expensive to operate than passive mixers, hence we will focus on passive mi-
cromixers for our research work. In the following paragraphs we shall discuss
the various types of passive micromixers.

In order to reduce the mixing length the first generation of micromixers
were designed to increase the inter-diffusion between the fluids by decreasing
the striation thickness. There are several ways to decrease the striation thick-
ness based on parallel lamination, sequential lamination, segmentation based
on injection and focusing. Bi-lamination can be achieved in T- and Y- type mi-
cromixers. These are the simplest and not yet very effective form of parallel
lamination type micromixers, which generate a T- or Y- shaped flow config-
uration. The Y-type flow configurations have been applied to gas and liquid
mixing. After the investigation of the Y-type mixer, it was found that the time
taken for mixing of oxygen/methanol was 0.5 ms, which is least among other
mixer designs for similar flow configuration.29 The T-type flow configuration
for quenching flow analysis was demonstrated using fast acid-base neutral-
ization with color change.30 An example of a T-type micromixer is shown in
Figure 2.2.

Multi-lamellae flows are created by posing geometric constraints, thereby
compressing the lamellae. More than one fluid can be injected into the chan-
nel in an alternate way as shown in Figure 2.3 for the super-focus mixer. The
reduction in channel width increase in lateral pressure which induces the rate
of inter-diffusion among the streams to rise. There is also a method in which
several streams of the fluids are hydrodynamically focused, resulting in a non
laminar mixing inside the channel.32 An example of hydrodynamic focus-
ing is shown in Figure 2.5 where the so-called superfocus mixer is depicted.
Two iodide solutions fed by excess pressure compress fluorescent lamellae
until mixing is achieved by fast diffusion. Similar techniques are applied
by geometric rearrangements which reduces the cross-section of the flows.
This leads to the creation of a transverse pressure which enhances the mix-
ing. Hence, the fluids can be forced to diffuse into each other by suitable
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Figure 2.2: The T- shaped mixer: Two fluids are injected into the channel from
the two short arms of the micromixer. The two jets collide perpendicularly to
produce non laminar flows. The typical dimensions of the micromixer which
is used for the experiments are shown in the figure. Source: Bothe et al.31

geometric arrangements. This has been experimentally confirmed by pho-
tometric analysis i.e. by studying mixing patterns with fluorescent dyes.33

Highly regular and periodic patterns were observed before and after the fo-
cusing arrangement. In addition it was shown in experiments that at high
Re the liquid lamellae form re-circulation if the focusing angle is greater than
a certain range.34 A special liquid focusing arrangement, with a parallel fluid
feeding flow was optimized and first tested as a glass version with 128 noz-
zles and later as a steel version with 138 nozzles.34 This micromixer is known
as the ”superfocus micromixer”. The mixing time for 95 percent mixing is 4
ms.29

Several types of flow dividing and recombining structures were developed
for SAR (Split and Recombine) type mixing, this is a serial way of creating
multi-lamellae.13 In this way each time the fluid recombines, it is split into n
further parts to enhance inter-diffusion. In the work of Elwenspoek et al. they
have found that sub-dividing the fluid into n parts results in n2 times faster
mixing.37 Three steps are required for the SAR type flows. These are flow
splitting, flow recombination and flow rearrangement as shown in Figure 2.4.
There are several possible geometries for a SAR type flow arrangement: the
“fork like” architecture by Schwesinger et al.38 ramp like and curved architec-
tures.39 Another way of achieving fast mixing is by colliding fast jets of differ-
ent fluids at the focal point of the configuration. This system can be used even
at low velocities. In certain conventional static micromixers 3D internal struc-
tures are used for distributed mixing. Using modern micro-fabrication tech-
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Figure 2.3: Slit-type inter-digital micromixer used to create multiple lamel-
lae. This kind of micromixers is used to inject more than one fluid into a
channel in an alternating manner, which increases the inter-diffusion of the
fluids. Source: Werner et al.35

niques it is possible to design such complicated internal structures. Bertsch et
al. used a helical flow configuration and visualized the flow field with particle
trajectories.40 They could see the influence of the complicated structures, but
the mixing performance was similar to other known micromixers. Micromix-
ers with zig-zag elements were studied by Mengaud et al.41 at high Reynolds
number flow.

All the above mentioned passive micromixers utilize the underlying prin-
ciple that by providing a greater area of contact between the fluids intermixing
of the fluids can be enhanced. The category of micromixers in which the inter-
facial surfaces increase at an exponential rate is called ”chaotic micromixers”.
The “chaotic micromixers” is based on the principle of “chaotic advection”.
This term was first introduced by Aref.3 However, the phenomenon was stud-
ied much earlier by Arnol’d in 1965 and Henon in 1966 in the context of
a class of steady solutions to three dimensional Euler equations in a peri-
odic cube. In 1984 a simple concept was mathematically formulated by Aref
to address this issue. He developed a so called “blinking vortex model”, a
2D mechanism which creates an alternating agitation vortex.5 During mixing
the interface of the fluids was exponentially stretched and folded by ’chaotic
advection’. In practice chaotic advection can be realized by manipulating
the laminar flow profiles inside the microchannels. Hence it is only by de-
signing the topology of the micromixers, that efficient micromixers can be
designed. The design concept of chaotic micromixers based on their macro-



12 Microfluidic devices and micromixers

(A)

(B)

Figure 2.4: (A) This figure shows an example of a Split and Recombine
type mixer, serial multi-lamination is visualized by a dilution type experiment
using dye based liquid and water. The components chosen are diffusive in
nature. (B) The flow patterns of the same mixer using iron and iodine. We
observe from the figures, that we start with two fluids which are made to
recombine due to the geometric arrangement. Each part is further split into
two more parts, in this way it is made to recombine and split in thin lamellae.
The components chosen are non-reactive in nature. Source: Schönfeld et al.36

scopic counterparts are described in the book of Ottino.42 This process will
be discussed in detail in Chapter 4. Since mixing is drastically enhanced by
this process, many attempts were made to design “chaotic micromixers”. The
group of Beebe demonstrated chaotic flows by stirring the fluid in a serpen-
tine microchannel.13 It is the typical shape of the microchannel that helps in
achieving efficient micromixing.43 However, the mixer type is not efficient
at low Re (Re < 1) and it is difficult to fabricate it at the microscale due to
its complicated shape. A further prototype of a chaotic mixer was proposed
by Evans et al. using a thermally actuated source-sink model.44 This mixer
was fabricated in silicon on an area of 1 cm2. Niu et al. reported a cross
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channel micromixer consisting of several intersections, which are activated
by external oscillatory flows.26 Liu et al. used a three dimensional serpentine
structure to induce rotational flows.43 Jiang et al. investigated chaotic mix-
ing in a curved microchannel.36 Simonnet et al. developed a channel mixer,
which has periodically repeating segments with custom designed profile.45

Among the several proposed designs of chaotic micromixers, the one which
is most efficient and widely used for investigations and scientific research is
called the ”staggered herringbone micromixer” (SHM). This mixer was first
designed by Stoock et al. in 2002.9 The mixing principle of the SHM is based
on the 2D ”blinking vortex model”, developed by Aref. This micromixer con-
sists of grooves in the shape of a herringbone on the floor of the channel. The
alternating sets of asymmetric arms of the SHM create increased mixing as a
result of cross-channel flows. This combination of alternating cycles creates
a flow transverse to the direction of the flow. These transverse components of
the flow can be used to induce “chaotic mixing” and also reduce the mixing
length due to stretching and folding of the volumes of the fluid. The SHM can
work well at low Re from 1 to 10. Several people also worked on Stroock’s
design to improve its performance. For example Kim et al. who used embed-
ded barriers parallel to the flow directions.7 The embedded barriers change the
original elliptic pattern to a hyperbolic pattern which enhances the mixing.4

2.2 Quantification techniques used in the study of mi-
cromixers

In order to design efficient micromixers and optimize their performance we
need to qualitatively and quantitatively study their performance. These stud-
ies are based on various experimental and numerical techniques which we
shall discuss here. Most of the existing methods for systems with larger di-
mensions are not always applicable for microsystems. It is to be noted that
the performance of a micromixer is affected by various parameters includ-
ing heat and mass transfer rates, process operating cost and product quality.
Hence optimization studies of these parameters will enhance the process of
micromixing and make them more efficient devices. The simplest qualitative
technique which is applied to study the flows is by visualizing the flow pro-
files. Such analysis is made with ”dilution-type experiments” with the help of
microscope, videos, photos, or very fast cameras. It is done with the help of
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Figure 2.5: Multi-lamination pattern fed by 138 microchannels in a super-
focus mixer which is made of stainless steel and equipped with an inspection
window. This kind of micromixers can be used to generate non-laminar mix-
ing through the collision of jets. Source: Löb et al.46

photometric analysis. In fluorescence experiments this is usually studied with
quenching of fluorescent streams in the flow. There are also several methods
of quantifying mixing based on spontaneous reactions, these are called “reac-
tion type experiments”. In this type of reaction the final species is a colored
product like iodine, which is easy to identify. An example of such a reaction is
the Dushman reaction, from which iodine is formed. Photometric techniques
are applied to study the concentration profiling. The concentration profiles
of the mixed fluids are measured along the length of the channel. These im-
ages are studied to determine the mixing length of the channels for different
micromixers and to make a comparative study of their mixing behavior.47

The homogenous distribution of the individual fluid components represents a
mixed state. The degree of mixing is evaluated with the distribution of the
intensity values of the cross-section images.

Apart from the flow visualization, there are also special experimental tech-
niques such as the micro-particle tracking velocimetry (micro-PTV) which
can be used to quantify micromixing. Tracer particles are used to study fluid
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profiles, and from their trajectories one gets information on the mixing regions
or zones in the fluid. Niu et al. used Poincaré cuts to evaluate the performance
of the micromixers and to optimize them for efficient use.48 The Poincaré cuts
can be obtained from stroboscopic images of passive tracer particles. The im-
ages are obtained as a collection of points, when the trajectories of the passive
tracer particles, enter the phase space of the flow. The time period of motion is
defined as the time interval between successive visits of the trajectories. With
the Poincaré sections one can also distinguish between the bad and the good
mixing zones. The domains of the fluid, which exhibit periodic structures are
called “regular zones” which are separate from “chaotic zones”. These “regu-
lar zones” are the bad mixing zones and they can be quantitatively determined
from the Poincaré sections.21

We develop numerical techniques to quantify micromixing and to opti-
mize these microsystems. Optimization of the micromixers numerically, re-
quires enhanced understanding of the deformation mechanism and a fluid
solver which can simulate fluids through complex geometries. We simulate
our fluid flow with the lattice Boltzmann method (LBM). The ability of the
LBM to tackle flows through complex geometries and its extension to a mul-
ticomponent model makes it a suitable candidate for our mixing studies. The
initial stages of our research work deals with micromixers in which mixing is
due to “chaotic advection”, we develop a method which can numerically quan-
tify chaotic micromixing. The experimental techniques to analyze a ”chaotic
flow field” are usually based on Lagrangian particle tracking. Numerically we
simulate a large number of non-interacting tracer particles with the flow. The
trajectories of the tracer particles give the necessary information on the flow
field.

We estimate the Lyapunov exponents from trajectories of the tracer parti-
cles. The Lyapunov exponents can be a tool to measure the advective strength
of the chaotic flow field. As it is difficult to estimate Lyapunov exponents di-
rectly from an experimentally or numerically obtained data set, we therefore
calculate the finite time Lyapunov exponents (FTLE).11 The chaotic behav-
ior is characterized by exponential divergence of nearby trajectories, hence
a positive value of the FTLE indicates the presence of chaos in the system.
The difficulty in estimating FTLE experimentally is due to the fact that the
positions of some of the tracers need to be readjusted systematically. The
implementation of the FTLE and how it can be used to quantify chaotic ad-
vection is described in detail in Chapter 4. In a chaotic flow field the mixing
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efficiency can also be measured by an alternative mechanism which involves
stretching of the flow field.21 The higher the stretching, the higher is the actual
area of contact between the fluids, hence higher the mixing efficiency of the
micromixer.49 For practical purposes, the probability density function (PDF)
of the stretching as a measure for mixing is evaluated. These stretching val-
ues are independent of the initial orientation of the stretching lines, hence the
PDF is independent of the initial configuration of the system. From the PDF
we get information on the regions of good and bad mixing.42 In a globally
chaotic mixing the PDF has only one peak in a high stretching region form-
ing a Gaussian distribution. For other cases it has been reported that the PDF
has sub-peaks. This method gives us an insight into the stretching-folding
and “chaotic advection”, but is computationally more expensive than the eval-
uation of FTLE.50 The box counting algorithm is yet another technique by
which we can measure the dispersion of the tracer particles in the flow field.
The entire domain is divided into equal sized boxes and the mixing is con-
sidered uniform, when each box contains at least one tracer particle. Tracer
particles are initially confined in small zones and are then allowed to evolve
with the fluid flow. The number of particles in each box is counted to measure
the “stirring index”.51 However the method cannot determine the presence of
chaos or chaotic strength.

Most of the mixing processes that we encounter in our day to day lives,
involves two or multiple fluids. So, diffusion is also an important aspect of mi-
cromixing along with advection. All quantitative methods to study advection,
as discussed above can be very efficient until we take diffusion into consider-
ation. However, when multiple fluids are considered we adopt the so called
Shan-Chen multicomponent model to simulate the fluid flow. The quantifi-
cation technique for a multicomponent system is different and is based on
intensities and scales of concentration distribution.16 When mixing of two
co-flowing liquids is considered the decay rate of the initial concentration is
estimated with the intensity of segregation. This helps to estimate the mixing
length of the system. By studying certain dimensionless numbers such as the
Sc, Pé and Re together with the behavior of the mixing length, one can op-
timize and compare the geometries. In our work we estimate the ”stretching
exponent” from the simulations which measure the strength of advection in
the different geometries.

When mixing of two co-flowing liquids is considered, the magnitude of
the diffusion constant or the Péclet number, usually influences the mixing of
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the fluid. For typical bio-fluids the Sc is several orders higher as compared
to miscible fluids. To quantify the micromixing in each of these different
cases we consider the segregation of scales. Segregation of intensity is used
as a technique to estimate the mixing length for two easily miscible fluids
and eventually to compare their performance. When the Péclet number of the
fluid is very high, the advection in the flow usually separates the fluids into
domains of different sizes and concentration, hence mixing at different length
scales is considered. This domain distribution can be quantified by studying
the scale segregation. In Chapter 6 of this thesis we present a method which
quantifies mixing based on the concentration at different scales. We have
extended this scheme to successfully study the variation of scale segregation
along the length of the microchannel. Specifics of all these methods will be
discussed in detail in the following chapters.
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3
The lattice Boltzmann method

The lattice Boltzmann method as used in this thesis is a tool to nu-
merically solve the weakly compressible Navier Stokes equation.
In this chapter, we briefly describe the lattice Boltzmann method
for single component fluids in general and multicomponent fluids
in particular. We also discuss the related boundary conditions and
give an overview of applications in some relevant areas.

3.1 Introduction

Over the last decades the lattice Boltzmann method (LBM) has emerged as
an alternative computational technique for numerical flow simulations.52 Al-
though this method is being constantly developed, it is already being exten-
sively used for flow applications, such as multiphase and multicomponent sys-
tems,53–56 flow through porous media,57 as well as suspensions,58,59 emul-
sions60,61 and chemically reactive flows.62 Along with the development of
advanced computers with parallel processors, the LBM has become an effi-
cient tool for studying various kinds of problems in fluid dynamics as it is
witnessed by thousands of publications in scientific journals. It is the sim-
plicity and adaptability of this method which make it so popular in the scien-
tific community across interdisciplinary areas. Certain features of the LBM
make it appropriate for our application: the ability of the LBM to tackle flows
through complicated geometries, the framework to incorporate multicompo-
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nent flows as in mixing of multiple fluids and the ability to parallelize the
simulation code are some of them. Unlike the various schemes based on the
direct solution of Navier Stokes equation, the LBM follows a completely dif-
ferent approach based on the discretization of the Boltzmann equation.63 The
LBM incorporates the essential physical picture by implementing distribution
functions and collision operators to achieve the equilibrium state.64 In the
LBM, the physical model is constructed such that the macroscopic quantities
are given by the statistical average of microscopic quantities. The microscopic
averaged quantities also obey the desired macroscopic equations. Within this
framework, one can implement a simplified lattice version of the Boltzmann
equation which is known as the lattice Boltzmann equation. In this way, one
can avoid taking into account the interaction of individual fluid particles as for
example in molecular dynamics simulations.52,65,66

The popularity of discretized kinetic models started with the emergence of
lattice automata.67 The lattice gas automaton (LGA) replaces the macroscopic
framework of the Navier Stokes with a discrete set of imaginary particles that
follow simple local rules. This model mimics the complex macroscopic dy-
namical behavior by repeated application of simple local translation and col-
lision rules. The first LGA model was formulated in 1973 by Hardy et al. It
is based on square lattices and popularly known as the HPP model.68 Later,
Frisch, Hasslacher and Pomeau came up with a different version of the LGA
model which was based on a hexagonal lattice and popularly known as the
FHP model.69 With the FHP model, it was for the first time, possible to arrive
at a macroscopic equation by starting from microscopic considerations. Wol-
fram also proposed a model similar to the FHP model.70 These models have
some intrinsic flaws, such as not obeying Galilean invariance and large fluc-
tuations. The lattice Boltzmann (LB) scheme provides an alternative to over-
come these problems. In the LB scheme, the study of hydrodynamics is made
from a statistical standpoint. The Boolean particle states are replaced with
real valued distribution function. Furthermore, the Fermi-Dirac equilibrium
distributions (discrete energy states) of LGA71 is replaced with the Maxwell-
Boltzmann distribution.72,73

In the current work, we apply the lattice Boltzmann scheme to study mix-
ing inside microchannels. Hence, it is important to understand the basis of this
model. In the following chapter we briefly describe the method, the applied
boundary conditions as well as the application of this scheme to other areas of
fluid dynamics.
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3.2 The lattice Boltzmann scheme

The LB model arising from the concept of LGA has its roots in the kinetic
theory. In the classical kinetic theory of gases, the particle probability distri-
bution function (PDF) f(x, c, t) is defined such that f(x, c, t)d3xd3c is the
number of particles at any instant of time t located inside the phase space
volume d3xd3c at x. Here x represents the coordinates of the particle and c
the velocities of the particle at an instant of time t. The transport equation
for the PDF is governed by the equation formulated by Ludwig Boltzmann
in 1872.63,74 It describes the evolution of the velocity distribution function
by molecular transport and binary intermolecular collisions. The Boltzmann
equation in the absence of any external forcing is given as

(∂t + c · ∇x)f(x, c, t) = (∂tf(x, c, t))coll. (3.1)

In the derivation of the Boltzmann equation, two assumptions are made for
the collision term on the right hand side. It is assumed that all collisions are
binary, which is a good approximation for an ideal gas (very low density) and
there is no correlation between the velocity and the position of the molecules.
This assumption is the statement of molecular chaos. Only under these as-
sumptions it is possible to express the collision operator in terms of the known
quantities. Boltzmann expressed it as

(∂tf)coll =

∫
dσ

∫
d3cσ(Θ)|c− c0|(f ′f ′0 − ff0), (3.2)

where Θ is the scattering angle of a binary collision and σ(Θ) is the differen-
tial cross section of this collision.18 f , f0 and f ′, f ′0 are the distributions of
the two particles before and after the collision. The velocities before and after
the collision are denoted by c and c0, respectively. The right hand term of
Eq. (3.2) makes it difficult to solve the Boltzmann equation. In order to avoid
this and to solve Eq. (3.1) numerically, the Boltzmann equation is extended
to the lattice Boltzmann equation. The collision operator is then simplified
with the evolution of the hypothetical fluid particles (PDF) restricted to a dis-
crete set E = {c0, c1, ...ck, ..., cQ−1} of Q velocities. The collision term is
replaced with a linearized collision operator Ω(fk). With these modifications
the Boltzmann equation can be expressed in the discretized velocity space as

(∂t + ck · ∇x)fk(x, t) = Ω(fk), (3.3)
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where, fk(x, t) = f(x, ck, t).72 It follows from classical kinetic theory that
the local particle velocity distribution function fk associated with the discrete
velocity ck, relaxes to the equilibrium distribution function given by

f
(eq)
k =

ρ

(2πRT ∗)D/2
exp

(
−(ck − u(eq))2

2RT ∗

)
. (3.4)

Here D is the dimension of the system, R is the Rydberg constant and T ∗ is
the equilibrium temperature of the system (a constant in this case). We define
a quantity called “speed of sound” Cs, where Cs = (RT ∗)

1
2 . However Cs

is a fixed value as we simulate only isothermal systems. For simplicity of
calculations we set the magnitude of this constant to one (Cs = 1), which can
be later rescaled to physical units. ρ and u(eq) are the macroscopic density
and equilibrium velocity, respectively. Towards the end of this section, we
will provide u(eq) in terms of the discretized LB variables.

The right hand side of Eq. (3.3) is the collision term which balances the
transport of the particles. We use a simplified version as developed by Bhatna-
gar, Gross and Krook (BGK) for a single relaxation time and later generalized
to multiple relaxation times (MRT) in 1992.64,66,75 The local particle distribu-
tion function relaxes to the equilibrium distribution function given by Eq. (3.4)
at a uniform rate.76 The single relaxation time BGK operator is given as

Ω(fk) = −1

τ

(
fk(x, t)− f (eq)

k (x, t)
)
. (3.5)

The update of fk depends on the collision operator Ω in such a way that mass
and momentum are conserved locally. It captures the essential physics and
allows to simplify the collision term in the Boltzmann equation without going
into the details of the nature of interactions. Although the BGK model seems
to describe only weak departures from local equilibrium, it has long been rec-
ognized that such an approximation works well beyond its theoretical limits
by suitable adjusting the the relaxation time.66,77

With the collision operator as defined in Eq. (3.5) the evolution of the PDF
is governed by two simple rules in the discretized space (∆x) and discretized
time (∆t). These two rules of the LBM can be described mathematically by
the following equations:

collision: fnew
k (x, t)− fk(x, t) = ∆tΩ(fk) (3.6)



The lattice Boltzmann scheme 23

propagation: fk(x + ck∆t, t+ ∆t) = fnew
k (x, t) (3.7)

The collision and the propagation are completely local, making the LBM effi-
ciently parallelizable. Combining Eqs. (3.6) and (3.7) we obtain a lattice ver-
sion of the Boltzmann equation which is also referred to as the lattice Boltz-
mann equation (LBE). Using the BGK operator, the equation is written as

fk(x + ck∆t, t+ ∆t)− fk(x, t) = −∆t

τ

(
fk(x, t)− f (eq)

k (x, t)
)
. (3.8)

By considering small velocities and constant temperature the equilibrium dis-
tribution function given by Eq. (3.4) can be restricted to a third order Taylor
expansion of the Maxwell Boltzmann distribution function.1 This is described
in terms of the ”lattice speed of sound”, cs in the form

f
(eq)
k (x, t) =wk

ρ

ρ◦

(
1 +

ck · u(eq)

cs
2

+
(ck · u(eq))2

2cs
4

− u(eq) · u(eq)

2cs
2

+
(ck · u(eq))3

6cs
6

− (ck · u(eq))(u(eq) · u(eq))

2cs
4

)
,

(3.9)

where the wk’s are the weight factors, depending on the velocity vectors
ck. Their magnitude is 1

3 for k = 0, 1
18 for k = 1, ..., 6 and 1

36 for k =
7, ..., 18 (see Figure 3.1). ρ◦ is the reference density. The constant cs is for
our lattice related to Cs by the relation ( csCs )2 = 1

3 . The ratio of cs to Cs
varies with the choice of the lattice. These constants are tuned to recover the
mass, momentum conservation and the viscous stress tensor during a multi-
scale perturbative expansion procedure.78 Out of all possible lattices in three-
dimensions, only the lattices which satisfy the conditions for isotropy should
be implemented for the LBM.79

The widely used lattices for three-dimensional (D3) flows are D3Q15,
D3Q19, and D3Q27. The D3Q15 lattice has the least number of velocity
distributions and is least isotropic and more prone to numerical instability. The

1The third order distribution function is used for stability of the multicomponent simula-
tions. In many applications a second order distribution is sufficient and thus more popular in
the literature.
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Figure 3.1: In the D3Q19 model, each node is connected to 18 neighboring
nodes. The vectors pointing from the center to the surrounding sub-lattices
denote the discretized velocity space. The sub-lattices have different weights,
as can be seen from the magnitude of the vectors.

D3Q27 lattice is composed of four sub-latices. It has 27 distributions at each
fluid node and therefore the simulations require about twice as much CPU
time and storage space. The D3Q19 lattice has three sub-latices and has 19
possible directions at each lattice node. The velocities along the 19 directions
are shown with lines in Figure 3.1. The center is the distribution with zero
velocity. The lines represent the 18 velocity directions starting from the node
at the center. Each node is connected to the twelve nearest lattice points and
six other diagonal neighboring links and the site itself. The magnitude of the
lattice weights depends on the direction and the distance of the lattice nodes
from the origin of the coordinate system. The macroscopic density (mass)
and velocity u(eq) are calculated from the respective velocity moments of the
distribution function as

ρ = ρ◦
18∑

k=0

fk = ρ◦
18∑

k=0

f
(eq)
k , (3.10)
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u(eq) =
ρ◦

ρ

18∑
k=0

fkck =
ρ◦

ρ

18∑
k=0

f
(eq)
k ck, (3.11)

ρE =
ρ◦

2

18∑
k=0

fk(ck − u(eq))2 =
ρ◦

2

18∑
k=0

f
(eq)
k (ck − u(eq))2. (3.12)

E is the kinetic energy of the system. This set of equations relates the LB
quantities to the macroscopic quantities which determine the hydrodynamic
behavior of the system. Estimating ρ and u(eq) is one of the most important
steps in the LBM since these quantities must be calculated prior to calculat-
ing the equilibrium distribution function. The expression for the kinematic
viscosity ν is related to the relaxation time by

ν = c2
s∆t

(
τ

∆t
− 1

2

)
. (3.13)

Due to the choice of our lattice model, we have cs = 1√
3

∆x
∆t . Since the kine-

matic viscosity is always greater than zero, τ must be greater than ∆t
2 .

The model follows the underlying assumptions of kinetic theory and re-
covers the correct set of macroscopic hydrodynamic equations. This paradigm
shift from continuum mechanics to (lattice) kinetic theory, brings about major
computational advantages. The particle streaming is linear and particle colli-
sions are local. As particles move on lattices, streaming can be performed on
computers with zero-error. Additionally, due to the built in mass and momen-
tum conservation in the simple collision rules, they are precise up to machine
roundoff. The conceptual and mathematical simplicity of the stream-collide
dynamics translates into a corresponding computational efficiency and ease of
implementation.

Implementation of a body force

The simulation of microfluidic problems often requires the implementation
of external or internal forces. These forces could be gravity,80 electric or
magnetic forces,81 or fluid-particle interaction.82,83 In our case, we require
a body force which can drive the fluid and mimic the influence of gravity
or pressure gradients. Let us consider a fluid that is driven by a constant
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acceleration due to body force g. This time independent acceleration acts per
unit volume at each lattice node of the simulation domain.

There are several ways this force can be defined.84 In our case we use the
relation Fg = ρg to implement the net external force. For multiphase flows
with high density ratio, this force can also be introduced as Fg = ρg(1− 〈ρ〉ρ ),
where 〈ρ〉 is the average fluid density of the domain.84

There are several schemes to incorporate the body force in the LBM. For
example the exact difference method (EDM),85 the Guo forcing scheme86 or
the Shan-Chen forcing scheme which we follow in this thesis.53 The equi-
librium velocity (u(eq)) in Eq. (3.9) is shifted by an amount ∆t

ρ Fg. After
considering all these changes, finally the hydrodynamic fluid velocity is given
by14

v(x, t) =
ρ◦

ρ(x, t)

18∑
k=0

fk(x, t)ck −
∆t

2ρ(x, t)
Fg. (3.14)

3.3 The multicomponent pseudopotential model

The LBM can also be effectively used to simulate multiphase and multicom-
ponent flows. As the method was developed based on a mesoscopic descrip-
tion of a fluid, the interactions among the different fluid elements can be nat-
urally included. The first attempt to simulate more than one fluid component
was made by Rothman and Keller, based on the LGA.87 This was later ex-
tended by Gunstensen et al. to develop a multicomponent LB model for the
first time.56 The problem with this model is its inability to deal with multiple
components of different molecular masses and unphysical interface effects.88

Like the others discussed earlier, this also suffered from intrinsic problems
of LGA models. Another LB model, which is based on free energies was
developed by Swift, Orlandi and Yeomans.55 Their model uses free energy
functions to include surface tension in a thermodynamically consistent man-
ner. A model was also proposed by Körner et al., which treats the interface as
an artificial boundary. However, this model requires more complicated inter-
face treatments and is computationally demanding.89 In the current work we
follow the approach of Shan and Chen for the multicomponent flow.15,53 This
model incorporates an interparticle potential based on the concept of nearest
neighbor interactions. To model the interaction of the fluid components, Shan
and Chen modified the BGK collision operator by using an equilibrium veloc-
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ity that includes the interactive potential. The following LB equation is used
to solve the fluid flow with S components

fσk (x+ck∆t, t+∆t)−fσk (x, t) = −∆t

τσ

(
fσk (x, t)− fσ(eq)

k (x, t)
)
, (3.15)

where, σ = 1, 2, ..., S. To incorporate the microscopic interaction, a non
local interaction potential V (x,x′) = Gσ,σ̄(x,x′)ψσ(x)ψσ̄(x′) is defined for
two different components located at x and x′. Here Gσ,σ̄(x,x′) is the Greens
function and

ψσ(x) = ρ◦σ (1− exp (−ρσ(x)/ρ◦σ)) , (3.16)

is the effective number density. This is proportional to the local density
ρσ = mσfσ and ρ◦σ is a constant reference density. We set ρ◦σ = 1 through-
out this thesis.90 This form of density function reduces to ρσ at low densities
and reaches a saturation value at high density. The saturated values for high
density increase the stability of the simulations. The form in Eq. (3.16) was
first used in the original work of Shan-Chen.53 The choice of functions like
ψσ(x) = ρσ(x) is inconsistent as they are unable to describe thermodynami-
cally consistent interactions in the discretized lattice space.84,91 By introduc-
ing a potential between different species of the multicomponent system, given
by the above expression, the model introduces forces between them. The long
range force between an arbitrary lattice site x with component σ due to neigh-
boring fluid nodes at x′ with component σ̄ is proportional to the product of
their effective number densities. The net force acting on the component σ at a
site x is thus given by

Fσ = −ψσ(x)
∑
x′

σ̄=S∑
σ̄=1

Gσ,σ̄(x,x′)ψσ̄(x′)(x′ − x). (3.17)

The magnitude of Gσ,σ̄ controls the interaction and the sign of Gσ,σ̄ determines
whether the fluids are attractive or repulsive. It is observed that by introducing
such a collision operator and interaction potential, the local momentum at each
site is not conserved. However the global momentum is conserved provided
Gσ,σ̄ is a symmetric matrix. If only isotropic and nearest neighbor interactions
are allowed Gσ,σ̄(x,x′) reduces to the following symmetric matrix:

Gσ,σ̄(x,x′) =

{
0 |x− x′| > ck

G |x− x′| = ck
(3.18)
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where ck are the lattice constants, whose magnitudes are given by ck = |ck|.
The change in momentum is caused due to long range forces as well as the in-
terparticle interactions. To incorporate this momentum change in the dynam-
ics of the distribution function one can simply define the equilibrium velocity
u

(eq)
σ in the form

u(eq)
σ = umc + ∆uσ, (3.19)

where

umc =

∑
σ

ρ◦σ
τσ

∑
k

fσk (x, t)ck∑
σ

ρ◦σ
τσ

∑
k

fσk (x, t)

. (3.20)

Here, umc is the averaged velocity that represents the overall mass transfer.
∆uσ is the shift which incorporates the multicomponent interaction Fσ and
the body force Fg (defined earlier in section 3.2) which drives the fluid

∆uσ(x, t) =
τσ
ρσ

Fσ +
∆t

ρσ
Fg. (3.21)

u(eq) is chosen at each lattice site and for each collision step, and additional
momentum due to Fσ is added at each lattice site. When Fσ = 0, all the
components are assumed to have a common average velocity u given by
Eq. (3.20). The macroscopic velocity for component σ is finally expressed
in the form

vσ(x, t) =
ρ◦σ

ρσ(x, t)

18∑
k

fσk (x, t)ck −
1

2
∆uσ(x, t). (3.22)

With the equilibrium distribution function given by Eq. (3.4) and the equi-
librium velocity described by Eq. (3.19), following the Chapman-Enskog pro-
cedure, the NS equation with the equation of state of the form

p = cs
2ρ+

cs
2

2

∑
σ

Gσ,σ̄ψσψσ̄ (3.23)

can be obtained.90 This equation of state of the non-ideal multicomponent sys-
tem gives a relation between pressure and density, similar to an isotherm in a
thermodynamic system. However there is no existence of a temperature like
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quantity in the LB model. The first term of the equation represents the kinetic
contribution to the pressure and the sum provides the potential contribution
due to interparticle interaction. The equation of state of the system depends
on the choice of the function ψσ and Gσ,σ̄. If the interaction strength is chosen
to be higher than a critical value, then phase separation can be observed. Criti-
cal issues of the Shan-Chen model15,92 related to density ratios and interfacial
tensions have been addressed by Sbragaglia et al.93 A connection between the
free energy model55 and the Shan-Chen model was also established by Sbra-
gaglia et al.94 However, the multicomponent model has been validated by
Shan and Chen,53 by measuring the pressure difference inside and outside of
a drop of fluid. Similarly, it was also verified in the work of Frijters et al. that
the Young-Laplace law is recovered for the three-dimensional LBM that we
use for our analysis.95 Most important for us, is the work of Shan and Doolen
in 1996, where they derive the macroscopic equations for the multicompo-
nent LBM and obtain their mutual diffusivity in a binary mixture.90 They also
demonstrated some salient features of the model, for example Galilean in-
variance of diffusion, the ability to simulate multiple components at the same
time and also the fact that the components can be either miscible or immisci-
ble depending on the interaction potential. These characteristics of the model
prompted us to apply this scheme to simulate mixing of two fluids inside mi-
crochannels. Further below in the chapter we shall describe the boundary
conditions and the application of the model in other areas of microfluidics.

3.4 Boundary conditions

3.4.1 The bounce back boundary condition

In order to describe the velocities at the walls and the gradual decrease of
velocity to zero at solid interfaces, a proper boundary condition (BC) has to
be applied. For this reason the bounce back BC has been discussed within
the LB framework. In Eq. (3.8), if the lattice point x + ∆x represents a solid
node, the LB equation is re-written as

f∗(x, t+ ∆t)− f(x, t) = ∆tΩ(f), (3.24)

where f∗ is associated with c∗ and c∗ = −c. This simple mechanism is
called the simple bounce back boundary condition and has been extensively
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utilized to model straight channel walls with straight line grids. The mid-
plane or mid-grid BC is an improvement over the simple bounce back74 as it
eliminates the small inconsistencies in the mass flux along the direction of the
flow.66,96 More accurate but more complex bounce back rules are available in
the literature.97 An application of this bounce back scheme can be found in
the work of Narváez and others.57

3.4.2 Periodic boundaries

The periodic boundary condition (PBC) is one of the most commonly used
BC. Here, fluid leaves the simulation domain from one side and re-enters the
domain from the opposite direction. If the domain has a dimension of L in one
direction (say x) and a fluid particle is displaced by a distance L+ ∆L along
this direction then by applying the PBC, the fluid reappears in the domain
from the opposite side at a distance ∆L along the x direction.

3.4.3 Non-interacting walls

In flow through porous media and complicated geometries, especially in mul-
ticomponent flows, it is important to model the solid-fluid interaction. In the
set up of our simulations, the non fluid node or a wall node is modeled with
a density value which is different from the fluid. The density difference gives
rise to an effective Shan-Chen force, given by Eq.(3.17). The force acts on
the fluid next to the surface. This is a physical artifact, and gives rise to high
velocities at the interface. This also leads to accumulation of fluid near the
walls. To prevent such artifacts the outermost layer of the solid volume is
filled with a virtual fluid. The density of this virtual fluid is an average of the
densities of the surrounding fluid nodes, and is estimated as

ρ̄(x, t) =
1

N

∑
iN

ρ(x + ciN , t), (3.25)

where, iN are all indices for which x + ciN is a fluid node, surrounding a
rock node. N is the total number of fluid nodes surrounding the rock node.
The virtual fluid is not advected in the LB scheme. This arrangement leads to
a balance of forces. An advantage of a virtual fluid inside the wall is that, it
can be utilized to change the wettability of the rocks. For further details on
verification and implementation of this method, refer to the work of Jansen et
al.61
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3.5 Tracer particles

Passive tracer particles are massless and non interacting particles that are used
to track the flow of the fluid. The particles can be further used to study the
advection of the flow. The trajectories of these tracers are obtained by inte-
grating the vector equation of motion

dr

dt
= v(r). (3.26)

The velocity at any point r within the domain is obtained by interpolating
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Figure 3.2: The figure represents the interpolation of the velocity at the point
’r’. The cube is divided into eight boxes of different volumes. The cube is
defined by the set of points eight points, xi with velocities v(xi). The volumes
of the boxes are the weights of the velocities, given in Eq. (3.27).

the velocity of the nearby Eulerian LB nodes xi, given by Eq. (3.14). In this
work, we adopt a simple algorithm for interpolation of the velocities. The
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simple interpolation scheme considers the weight of the cuboidal volumes
defined by the position vector r and the eight LB fluid nodes xi surrounding
the point.98 The magnitude of each component of velocity has a weight which
is proportional to the diagonally opposite cuboidal volumes, see Figure 3.2.
This is given by

v(r) =

8∑
i=1

v(xi)Γ(r,x∗i ). (3.27)

Here, x∗i represents the diagonally opposite vertex to the point xi and Γ(r,x∗i )
is the volume of the cube defined by r and the point x∗i . As the notations are
interchangeable within the domain, we have

8∑
i=1

v(xi)Γ(r,x∗i ) =

8∑
i=1

v(x∗i )Γ(r,xi). (3.28)

After obtaining the velocity it is integrated using Euler’s scheme to compute
the trajectory of the particles. Here, the particles are massless, hence no other
interaction can influence the trajectories. When other interactions of the parti-
cles are incorporated in the computations, as in the molecular dynamics simu-
lations, then higher order integration techniques, such as the Adams Bashforth
or Leap Frog methods may be considered.99 Moreover, we do not update the
interpolated velocity, instead interpolate the velocity at each time step. In this
work we simulate flow through channels hence we make use of the periodic
boundary condition in the flow direction and the no slip BC for the walls.
When the tracers are near the walls (non-fluid nodes), they rebound from the
wall due to the interpolation of the velocities. In the flow direction, the tracers
re-enter the domain due to the periodic boundary condition.14

3.6 Applications of the lattice Boltzmann method

The LBM has been successfully applied to various fields from our day to day
lives, for example in the study of automotive, aerospace and medical devices
or areas wherever microfluidic devices find applications.18 There are various
formulations of the LBM, but the one we use in this thesis has been success-
fully applied to study several other challenging problems. In this section, the
research work performed within our group, related to the application of LBM
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in various areas of fluid dynamics is reviewed and put in the context of the
existing literature.

Surface to volume ratios for flows in microfluidic devices are large.100 In
such devices the effect of fluid-surface interactions due to surface roughness
and hydrophobicity cannot be ignored. These factors influence the interfa-
cial slip at the solid liquid interface, hence it is desirable to have a numerical
model to study these issues. The first attempt to simulate such effects with the
LBM was conducted by Zhu et al.101 The effect of roughness of the surface
on the slip length2 has also been investigated by Kunert et al. using LB sim-
ulations.102–104 Their results agree well with analytical results for sinusoidal
boundaries and can be extended to arbitrary geometries. With the multicom-
ponent Shan-Chen model, Harting et al. also studied the effect of hydropho-
bic surfaces, in particular their effect on the slip length.105 Hyvälouma and
Harting extended the investigations from rough and hydrophobic surfaces to
surfaces covered with microscale gas bubbles.106 Schmieschek et al. imple-
mented the MRT collision scheme for simulations of mixtures in flow through
porous media (geometries with rough surfaces).107 They studied the effect of
slip on super-hydrophobic surfaces with LB simulations.108

For applications in the area of biological and biomedical analysis, sim-
ulations of droplets and particles can be commonly found.109 The study of
droplet dynamics is also important for many lab-on-a-chip devices. In such
systems, the fluid is usually in contact with the solid surfaces. Hence, the
surface wettability becomes significant.100 Wettability is usually measured by
the contact angle of the liquid droplet on the surface. Schmieschek et al. simu-
lated droplets on hydrophobic surfaces with the LBM. He then determined the
contact angles for these droplets, which varies with the LBM parameters.110

The contact angles obtained from the multiphase LB model were measured by
Benzi et al.111 By applying the multicomponent LBM and molecular dynam-
ics the formation and stabilization of Pickering emulsions or bijels was stud-
ied.61,112 In the research works of Frijters et al., they studied the effect of shear
on fluid droplets with three-dimensional LBM simulations. The deformation
properties were studied when surfactants and nanoparticles are added at the
fluid-fluid interface.95 The model for spherical particles was later extended
by Günther to anisotropic ellipsoidal particles, which can be more efficient
stabilizers of fluid interfaces than spherical particles.113,114 The dynamical

2The measure of fluid slippage is the slip length, which is defined as an extrapolated dis-
tance relative to the wall where the tangential velocity component vanishes.
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study of the fluid-fluid interfaces is difficult as they are deformable and the
shapes are not known apriori. By combining the finite-element method, the
immersed boundary method and the LBM, simulations of three-dimensional
suspensions of soft particles, subjected to a planar Poiseuille flows at finite
Re was studied by Krüger et al.115 Depending on the deformability of the par-
ticles and inertial effects, the dynamics of the flow was studied. Kaoui et al.
also reproduced the tank treading and tumbling dynamics of viscous vesicles
with a 2D LBM model, when subjected to a viscosity contrast.114

The ability of LBM to simulate particles in fluids has also attracted in-
creasing interests in simulating biological flows such as blood. Blood is
considered as a fluid with many small, discrete and suspended particles.116

Migliorini et al. developed LBM models with red blood cells (RBC) and
white blood cells (WBC) represented by rigid particles. This model was later
applied to study WBC dynamics, microscopic heamorology, plasma leakage
and blood flows in vessel networks.117 Later on a three-dimensional model
with deformable RBCs was developed by Dupin et al.98 Three-dimensional
models have also been developed to simulate RBC flows more accurately. The
deformation of the RBC obtained from the simulations agreed with the mea-
surements obtained with optical tweezers. Deformation of capsules with vari-
ous initial shapes under shear flow has been studied and tank treading, swing-
ing and tumbling motion of the capsules were reproduced.115,118 Janoschek et
al. developed a physically consistent model of blood cells based on a three-
dimensional LB model. This model however does not describe the tank tread-
ing and cell deformations.99

In conclusion we have shortly described the application of the LBM in
various domains such as fluid-surface interaction, droplet dynamics and bi-
ological studies of blood flows. However, in this research project we have
applied the LBM to study mixing in microfluidics. We use the LBM-BGK
model to study chaotic advection in microchannels. We have extended the
applications by applying it to multicomponent flows. For the multicomponent
systems we use the Shan-Chen model to study advection and diffusion pro-
cesses in microchannel flows. These studies demonstrate that the LBM is an
efficient and useful approach for computational microfluidics.



4
Optimizing chaotic micromixers on the basis

of finite time Lyapunov exponents

Chaotic micromixers such as the staggered herringbone mixer
developed by Stroock et al. allow efficient mixing of fluids even
at low Reynolds number by repeated stretching and folding of the
fluid interfaces. The ability of the fluid to mix well depends on
the rate at which “chaotic advection” occurs in the mixer. An
optimization of mixer geometries is a non trivial task which is
often performed by time consuming and expensive trial and er-
ror experiments. In this chapter an algorithm is presented that
applies the concept of finite time Lyapunov exponents to obtain
a quantitative measure of the chaotic advection of the flow and
hence the performance of micromixers. By performing lattice
Boltzmann simulations of the flow inside a mixer geometry, in-
troducing massless and non-interacting tracer particles and fol-
lowing their trajectories the finite time Lyapunov exponents can
be calculated. The applicability of the method is demonstrated by
a comparison of the improved geometrical structure of the stag-
gered herringbone mixer with available literature data. 1

1The contents of this chapter is based on the publication: A. Sarkar, A. Narváez and J.
Harting, Quantification of the performance of chaotic micromixers on the basis of finite time
Lyapunov exponents, Microfluidics Nanofluidics 13, 1, 19-27 (2012).
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4.1 Challenges in mixing at the microscale

We have learnt in Chapter 2 that microfluidic devices have been applied in
various scientific investigations and industrial processes.1 Micromixers are
microfluidic devices which are for example used to mix various bio-reactants
such as bacterial cells, large DNA molecules, enzymes and proteins in portable
integrated microsystems with minimum energy consumption. They are also
used in mixing of solutions in chemical reactions,62 sequencing of nucleic
acids or drug solution dilution. In each of the processes related to micromix-
ing, the design of these devices plays a major role. It is only through effi-
cient designing that it is possible to achieve fast and efficient mixing at the
microscale. Hence, the design of practical and efficient micromixers is a ma-
jor research topic in microfluidics,7,8 especially in the development of micro
total analysis systems. Over the years various methods of efficient mixing
have been developed and many of those have been successfully applied in in-
dustry.2 In this chapter we discuss in detail, how the LBM can be applied to
design efficient micromixers. We also discuss how we can use numerical algo-
rithms to quantify the efficiency of mixing and propose a new way to optimize
micromixers.

The small length scales of the micromixers are disadvantageous for mix-
ing as they result in laminar flows inside the channels. Due to these small
scales, the Reynolds number (Re) is very low, typically Re ∼ 1. In certain
experiments of flow chemistry this can go up to Re ∼ 10. At such scales,
turbulence is absent. Under these conditions, mixing is influenced solely by
the process of molecular inter-diffusion.3 If the diffusivity of the fluids is low,
which is generally the case for bio-fluids, than mixing can be highly time
consuming and inefficient. Hence, it is desirable to design a mechanism by
which mixing can be enhanced under these conditions. If the interfacial mass
transfer of the fluids can be enhanced by some mechanism, then it is possible
to enhance micromixing. This requires a larger interface between the fluids.
“Stirring” is a mechanism, by which larger interfaces can be generated. The
idea of efficient micromixing implies an effective stirring mechanism which
generates large interfaces at the microscale. Experiments on channels with
complex surface topology including special grooved walls have revealed that
microscale mixing is enhanced by “chaotic advection”, a process which was
first reviewed by Aref in 1984.5 He describes how efficient mixing is possi-
ble even at low Reynolds numbers by repeated stretching and folding of fluid
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elements.119 It was proven that even under laminar flow conditions, it is pos-
sible to achieve chaotic particle trajectories, which implies an efficient stirring
mechanism. If properly applied, this mechanism causes the interfacial area be-
tween the fluids to increase exponentially, which eventually leads to enhanced
inter-material transport, hence efficient mixing. A comprehensive mathemat-
ical description of the exponential growth of interfacial surfaces can be found
in the book by Ottino.42 Mixers were designed in the following years, which
utilize the principle of “chaotic advection”.120 However, it is important to note
that the term “chaotic” is used strictly in a Lagrangian sense.121 In Eulerian
chaos, the trajectory in phase space moves around an attractor, which can be
periodic, quasi periodic or strange, depending on the flow. In Lagrangian
chaos, the trajectories of each fluid particle are taken into consideration and
a system is considered to be chaotic when initial nearby trajectories diverge
exponentially.

As we have discussed in Chapter 2, depending on the working principle,
micromixers can be categorized a follows: if energy from an external source
is used to drive the mixing process, then it is termed as “active mixer”.122

The second category of micromixers is based on restructuring the flow profile
using static but sophisticated mixer geometries. These are termed as “passive
mixer”. We have learnt that passive micromixers have the advantage of sim-
ple fabrication, easy operation and no elements which can generate heat. The
mixing length and mixing time are defined as the distance and time span the
fluid constituents have to flow inside the mixer in order to obtain a homoge-
neous mixture. An effective micromixer should reduce the mixing length (Λ)
and mixing time (tmix) substantially, in order to achieve rapid mixing.

Several designs of passive micromixers and their working principles are
presented in Chapter 2. We have seen how in each of these cases the mi-
cromixers are designed to enhance the diffusion among the co-flowing liquids.
The so-called “chaotic micromixer” has gained substantial interest in the liter-
ature since it overcomes some of the drawbacks of conventional mixers based
on multi-lamellation. These micromixers are found to be very efficient for low
Re, especially if we rely only on inter-diffusion to ensure complete mixing.
The mixer consists of micro-structured objects in the shape of “herringbones”
(see, Figure 4.1) to stretch and fold the fluid interface. Successive stretching
and folding of fluid elements in microchannels dramatically reduces the stri-
ation thickness of the lamellae, which is essential for fluid mixing. Hence,
in order to maximize the mixing efficiency one has to optimize the design of
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Figure 4.1: A typical example of a SHM geometry as it is used for the simula-
tions. The dimensions of this channel are 32×64×Dz/∆x lattice units, where
Dz depends on the distance between the grooves d and the number of grooves
per half cycle n. H is the height of the channel and w is the horizontal length
of the long arm. We define the height fraction as α = h/H , the width fraction
as β = w/W , and the distance fraction as γ = d/Dz . The wall at x = 32 is
not shown in the figure, in order to depict the inside of the channel.14

structures which are essential for “chaotic mixing” to occur. The staggered
herringbone mixer (SHM) was introduced as one of the first experimental im-
plementations of chaotic micromixers in 2002 by Stroock et al.9 From, Fig-
ure 4.1 we can see that the half cycles of the SHM consist of grooves with two
arms which are asymmetric and unequal in length. These arms are inclined
at an angle of 45◦ to the wall and 90◦ against each other, while the pattern
interchanges every half cycle of the herringbone. The peculiar arrangement of
the herringbone structure enhances the mixing process by “chaotic advection”
where the interfacial area between the fluids grows exponentially in time – an-
other important advantage over mixers using the concept of multi-lamellation.
The SHM was used by several authors for studies related to mixing and the
analysis of the quality of mixing. To characterize the mixing quality of the
SHM, Aubin et al.123 implemented particle tracking techniques using the vari-
ance of tracer dispersion. Li and Chen report on an optimization of the SHM
using the standard deviation of particle concentrations. As in the current the-
sis, they used the lattice Boltzmann (LB) method to model the flow field.124

Further, the SHM was used by Kirtland et al.125 to study the mass transfer to
reactive boundaries from three-dimensional microchannels.

For the development of efficient micromixers and to optimize their per-



Challenges in mixing at the microscale 39

formance it is important to have reliable tools at hand to quantify their per-
formance. Efficiency and mixing quality have been studied using various
methods in the past. The dispersion of passive tracer particles in a circular
domain was studied by Jones et al.126 The box counting algorithm was uti-
lized by Liu et al. as a tool to study the spread of particles.43 To study mixing,
the stretching field is considered and the probability density function of these
flow profiles are utilized to study the mixing efficiency,21 the Poincaré section
analysis,127 or the intensity of segregation and scales as introduced by Danck-
werts in 1952,16 have been used to quantify mixing. Mixing is also quantified
using the standard deviation of flouresence intensity from a perfect mixture.9

A comparative study of some of these methods is discussed in the work of Kim
and Beskok.50 In this thesis an alternative numerical procedure is presented
which is based on LB simulations. It describes the flow inside complex mixer
geometries together with the measurement of finite time Lyapunov exponents
(FTLE) as obtained from trajectories of massless tracer particles immersed in
the flow.14 The LB method can easily handle flows in complex geometries,
which makes this method convenient for flows in advanced microstructures
such as the micromixer our current research focuses on. The Lyapunov ex-
ponent provides a quantitative measure of long term average growth rates of
small initial flow perturbations and thus allows a quantification of the chaotic
advection.128,129 Since the systems of interest are finite and simulations are
limited to a finite time span, the proposed method utilizes Wolf’s method to
calculate the FTLE.13

While we apply the LBM to simulate the flow in micromixers, FTLE com-
putations using particle trajectories are used to quantify the degree of chaotic
advection. Chaotic advection has been reported in the literature before, how-
ever the combination for 3D performance quantification of realistic chaotic
micromixers, to our knowledge has never been done before. The numerical
scheme along with the suitable boundary conditions as discussed in Chap-
ter 3, has the potential to assist an experimental optimization. Geometrical
parameters or fluid properties can easily be altered without requiring a new
experiment. To demonstrate its applicability, the scheme is applied to evalu-
ate the parameters of the staggered herringbone mixer that lead to improved
performance.

In the following sections the setup of the lattice Boltzmann model which
is applied to simulate the fluid flow and the Wolf’s algorithm from which the
finite time Lyapunov exponents are obtained is described. The implementation
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of the tracer particles and the velocity interpolation are described in detail in
Chapter 3. Finally, the numerical results obtained from our simulations for
flow through the SHM and conclusions are discussed.

4.2 Simulation setup

The LB method has been discussed in Chapter 3. We have seen how the fluid
flow can be described using the two step propagation and collision mecha-
nism. These discrete LB steps are implemented using Eq. (3.8). This gives
the dynamic evolution of the discretized Boltzmann kinetic equation. While
implementing the LB scheme, we have considered small velocities at constant
temperature and have also considered a discretized third order Taylor expan-
sion of the equilibrium distribution function as in Eq. (3.9).

The experimental setup of Stroock et al. consists of a number of repeated
cycles (∼15) consisting of two asymmetric half cycles each. By simulating
one full cycle only and applying periodic boundary conditions we can reduce
the required computational effort substantially. If the system is in steady state,
we do not expect any substantial differences in the flow field across different
cycles. If, however, the experimental system would not be periodic, such a
simplification would not be allowed and the entire geometry would have to be
simulated.

We simulate a fluid which is hydrodynamically similar to water, flowing
inside a SHM with a cross-section of 96µm × 192µm. The length of the
channel is 1536 µm, but can be varied in order to always accommodate a
full cycle of the herringbone structure. For computational efficiency, we have
chosen a lattice resolution of ∆x = 3µm resulting in a fixed cross-section
of 32∆x × 64∆x and system lengths of the order of 512∆x. Such a rela-
tively low resolution is sufficient to properly resolve the flow field as can be
observed in Figure 4.2,where the velocity field perpendicular to the flow is
shown at positions within different half cycles (a,b). Figure 4.2 c) shows the
profile in flow direction. While the first two sub figures nicely demonstrate
the swirling motion of the flow, the third one depicts how the flow penetrates
between the grooves and stays mostly unaffected close to the upper boundary
of the channel. Previously, it was shown that a well resolved velocity field
with less than 4 percent error as compared to the analytical solution can be
obtained even for a resolution of 6-8 lattice nodes in the case of a 3D rect-
angular Poiseuille flow.57 It was further demonstrated that flow over random
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Figure 4.2: The velocity field perpendicular to the flow direction at z = 30∆x
and z = 460∆x is shown in insets a) and b). The figures depict the circulating
motion of the flow which is triggered by the asymmetry of the herringbone
shaped surface structures. Inset c) shows the velocity field in flow direction
at y = 21∆x. The longest vectors corresponds to a velocity of 0.01ms−1

and the rest are scaled accordingly. Due to the choice of β = 0.66 this value
corresponds to a position close to the tips of the herringbones in case of the
first half cycle and to a case in the center of the long arm in the case of the
second half cycle. As can be observed the velocity vectors point strongly
downwards within the first half of the channel, but mostly upwards in the
second half.14

rough surfaces can be well resolved even if the smallest obstacles are only de-
scribed by 2-4 lattice units.103,104 In the LB method, the kinematic viscosity
is related to the discrete time step through the expression ν = cs

2(τ −∆t/2).
Since τ/∆t is chosen to be 1 to minimize artefacts due to the mid-grid bounce
back boundary conditions and the simulated fluid has the kinematic viscos-
ity of water, ν = 10−6 m2 s−1, this implies for the current choice of ∆x
that ∆t = 1.5 × 10−6 s and cs = 1.15 m s−1. When the magnitude of g is
1.2×10−3 m s−2 along the z direction, the average steady state velocity of the
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system is u ≈ 6.0 × 10−3 m s−1 which corresponds to a subsonic flow. The
Reynolds number Re = u `/ν of the flow is ≈ 1.3, where ` =

√
H2 +W 2

is the characteristic length of the channel given by the height and the weight.
One set of simulations is obtained for g being 0.4× 10−3 m s−2 which corre-
sponds to Re ≈ 0.4.

4.3 Quantification scheme based on Lyapunov expo-
nents

When the flow simulation has reached its steady state, P = 1, 000 massless
and non-interacting tracer particles are introduced at fluid nodes in the z = 0
plane and then their velocities are integrated at each time step. A real time
snapshot of the evolution of the particles inside the microchannel is shown
in Figure 4.3. One of the two snapshots shows the distribution of the tracer
particles at an initial time step and the other one at a later time where the
particles are distributed homogeneously. To calculate the FTLE from particle
trajectories a group of five particles forms four pairs, with every 5th particle
placed at the center and the remaining ones being placed at the four nearest
off-diagonal neighboring LB lattice sites. The particle at the center traces a
fiducial orbit. With this arrangement we are able to follow 800 particle pairs
by using only 1, 000 particles.

4.3.1 Lyapunov exponents and FTLE

The trajectories are obtained by integrating the vector equation of motion

drj
dt

= v(rj), j = 1, ..., P (4.1)

where rj denotes the position vector of an individual tracer particle. The ve-
locity v(rj) is obtained from the discrete LB velocity field through a trilinear
interpolation scheme given by Eq. (3.27)

“Chaotic” systems in general have the important feature that two nearby
trajectories diverge exponentially in time. The rate at which these trajectories
diverge can be related to the ability of the flow field to create conditions for
chaotic mixing. The Lyapunov exponent is a possible measure of the perfor-
mance of a micromixer as it is related to the rate of stretching of the fluid
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Figure 4.3: A snapshot from a typical simulation of flow inside a stag-
gered herringbone micromixer demonstrating the highly regular arrangement
of tracer particles at the beginning of the simulation (left) and a fully mixed
state at a late stage of the simulation (right). The fluid itself is not shown.130

elements. It is defined by

λ∞ = lim
t→∞

1

t
ln
D(t)

D(0)
, (4.2)

where D(t) is the distance between two trajectories at time t which evolve
from an initial separationD(0). λ∞ gives the value of the Lyapunov exponent
as t tends to infinity. Due to the finite size of any microfluidic system it is not
possible to implement this definition in a simulation code to study the perfor-
mance of a micromixer. Also, when two trajectories separate from each other,
this definition does not allow to understand the ongoing stretching and folding
dynamics of the flow. A quantitative measure of the mixer performance based
on the Lyapunov exponent can be obtained by using the FTLE instead of the
previous expression.131,132 The FTLE takes the dynamical process more com-
pletely into account and provides a numerically implementable scheme for
quantification of the performance of mixers. The FTLE is defined as133

λFTLE =
1

δt
ln
D(t+ δt)

D(t)
, (4.3)

where t is any particular instant of time and δt is a finite time after which
the FTLE is measured. The same process is repeated over N times, where N
is a large number denoting the number of times the FTLE is evaluated from
trajectories of particle pairs. Amon et al. named the FTLE as finite time
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Lagrangian Lyapunov exponent.121 The convergence of the average FTLE to
the Lyapunov exponent for large N is discussed in the paper by Tang and
Boozer,132

lim
N→∞

〈λFTLE〉N = λ∞. (4.4)

4.3.2 Measurement using Wolf’s algorithm

D(ti)

D(ti + τi)

D(ti+1)

D(ti+1 + τi+1)

D(ti+2)

D(ti+2 + τi+2)

Figure 4.4: A schematic representation of Wolf’s method. D(ti) is the dis-
tance between a particle pair at an arbitrary time ti. If the distance is greater
than the maximum distance (discussed later) then one of the particles is re-
placed near the other particle along the line of separation.14

Wolf et al. suggested a method to calculate the FTLE from a set of ex-
perimental data which is well applicable to our simulations.11,13 The key idea
of the method is to monitor the distance between particles forming a pair and
to renormalize it by moving back one of the two particles towards the other
one in case they have separated more than a given threshold distance.134 The
FTLE is then computed from the sum of individual Lyapunov exponents mea-
sured between replacements. The method has been verified on systems with
known Lyapunov spectra and exact results have been achieved. Following
Wolf’s approach, we implement the following equation to quantify the mixer
performance on the basis of the average FTLE as

〈λ〉N =
1

N

N−1∑
i=0

1

τi
ln
D(ti + τi)

D(ti)
, (4.5)

where ti is the ith time when a FTLE is evaluated, D(ti + τi) and D(ti) are
the distance between particle pairs at time step ti + τi and ti, respectively.
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Figure 4.5: This plot shows the number of particles which hit the wall (non-
fluid node) versus the renormalization distance of the FTLE. We simulate sys-
tem with 1,000 particles and measure the FTLE. For 100,000 time steps we
calculate the number of times the particles reach the non fluid nodes as a
function of the renormalization length. When the renormalization distance D
is maximized to less than half the system height which is 15∆x in this case,
we have less number of particles hitting the walls as compared to a larger D.

τi is the number of time steps which a pair of particles takes until the next
replacement and its magnitude could be different for each measure. N is the
total number of replacements made until time t when 〈λ〉N is evaluated. If
〈λ〉N has a positive and non-zero value, the particles separate from each other
at an exponential rate. These particle pairs are initially very close to each
other and evolve in time. If the separation between the pair is greater than
a maximum distance, the distance between the particles is re-adjusted to the
initial distance D(t0).

To implement this scheme for every particle pair, one of the trajectories is
chosen as the fiducial path, while the position of the other particle is replaced
if the distance between them becomes larger than a certain critical value. This
idea is schematically represented in Figure 4.4. To apply this scheme we have
to choose a proper critical value. Figure 4.5 shows the variation of the num-
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Figure 4.6: (Top) Figure represents the pair of five particles which lie in a
plane and are equidistant from the fiducial particleO. The length of the cross-
section is W and the height of the channel is H . The maximum threshold
distance, which the particles in this plane can separate from each other without
hitting the walls is H/2. In the (bottom) figure we plot the average FTLE,
〈λ〉N for flows through a SHM of dimensions 32∆x× 64∆x× 512∆x. The
plot depicts the average FTLE with three different threshold values. σd is the
standard deviation of the data set from the mean value at late time steps.
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ber of particles which hit the wall in dependence on a given renormalization
length or the threshold distance. The choice of the critical value is based on a
variation of it together with a comparison of the obtained FTLEs: If the criti-
cal value chosen is too large, many tracer particles hit the channel walls and do
not separate any further, affecting the measurement of the FTLE. As we can
see in Figure 4.5, with the increase of the threshold value, the number of parti-
cles hitting the wall increases. This is not desirable as the particles move very
slowly near the wall which affects the computation of FTLE. If the critical
value chosen is too small, the tracers do not have a sufficient amount of time
to separate sufficiently so that an exponential increase of the distance cannot
be detected. The idea is to maximize the critical value within the limitations.
Figure 4.6 (top) depicts the simplest situation, where the fiducial particle O
along with the particles p1,p2, p3 and p4 lie in a plane. These particles form
the pairs that are used for the estimation of FTLE. The rectangular plane rep-
resents a cross-section of the microchannel. As we can infer from the figure,
in this situation the maximum value of the threshold D, for which the pairs of
particles do not hit the wall is H/2. Therefore, we plot Figure 4.6 (bottom)
with different values of the threshold around H/2. Considering the magni-
tude of the standard deviation (σd) of the data sets, the chosen value D that
is 15∆x has been found to be a good compromise between the two extreme
cases. For all systems with cross-section 32∆x × 64∆x, the magnitude of
the threshold value is fixed at 15∆x. Once the separation between particles is
greater than the critical value, a suitable replacement point must be found. In
order to avoid errors due to orientation, one of the particles of a pair is placed
along the line of separation. If a replacement point cannot be found due to a
wall node present at the location, a nearby fluid node is selected as the replace-
ment point. If, even such points cannot be found since all surrounding nodes
are surface nodes, the replacement is postponed until a suitable replacement
is possible.

The following section presents how FTLE can be utilized for an optimiza-
tion strategy for chaotic micromixers. As an example, the influence of differ-
ent parameters which directly affect the performance of the SHM is evaluated.
These are the ratio of the height of the grooves to the height of the channel α,
the ratio of the horizontal length of the long arm to the channel width β, the
ratio of distance between the grooves to the length of the channel γ and the
number of grooves per half cycle n. The width of the grooves is kept fixed
at 24µm for all simulations. Figure 4.1 provides a pictorial representation of
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these parameters.

4.4 Results and discussions
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Figure 4.7: The average FTLE for 1,000 particles is shown versus time for
Re = 1.3. After 0.6 × 106 time steps, 〈λ〉N is converged and the average of
this value is denoted by λ. The value of λ depends on the width fraction β as
it is further mentioned below.

The algorithm and the numerical set up discussed are implemented to nu-
merically optimize the performance of micromixers and make them more ef-
ficient. We apply our model to the SHM and the performance of the SHM
is studied by varying four geometrical parameters, namely the height fraction
(α), the width fraction (β), the distance fraction (γ) and the number of grooves
in a half cycle (n). While keeping all other parameters fixed (γ =0.089,
α =0.2, n=10), the width fraction (β = w/W ) is varied within the range
of 0.5 and 0.82 and the distance fraction (γ = d/Dz) from 0.04 to 0.11. Then,
the number of grooves per half cycle (n) is varied from 2 to 10 and the height
fraction (α = h/H) from 0.125 to 0.343. The optimization of the SHM as
presented here is meant to demonstrate the feasibility of the algorithm only
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Figure 4.8: The variation of the maximum averaged finite time Lyapunov ex-
ponent λ with different width fraction β, for two different Reynolds numbers.
The data indicates that the maximum λ can be obtained for a width fraction of
β = 2/3. Error bars are given by the standard deviation of the mean value of
〈λ〉N .

since several optimization studies of the SHM are already available in the lit-
erature. Therefore our optimization is reduced to a limited variation of the
four dimensional parameter space. This surely leads to a local optimum of the
geometrical parameters, but it is not assured that the global optimum has been
found. However, as shown below, our parameters correspond to the optimal
ones found by other groups suggesting that our local optimum coincides with
the global optimum. Figure 4.7 depicts simulated 〈λ〉N (t) for different width
fractions β = 0.66, 0.71, and 0.82. The Reynolds number is kept fixed at
Re = 1.3 and 〈λ〉N (t) is obtained from tracing the trajectories of 1, 000 par-
ticles. From Figure 4.7, it can be observed that in each case 〈λ〉N fluctuates
before finally converging to a particular value after ∼ 0.6 × 106 time steps.
All further simulations are run until the FTLE has thoroughly converged. The
effect of the geometry can be measured by comparing the average of the con-
verged FTLE which is denoted by λ. The error bars in Figure 4.8 to 4.13
are given by the standard deviation of the data from the point where it has
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Figure 4.9: The average FTLE for 1,000 particles is shown versus time for
Re = 1.3. After 0.6 × 106 time steps, 〈λ〉N is converged and the average of
this converged value is denoted by λ. The value of λ depends on the distance
fraction γ as it is further investigated below.

converged.
When one of the parameters is varied, it is taken care that the other pa-

rameters remain unchanged, because we are interested in the dependence of
the individual parameters on the performance of the SHM. Figure 4.8 shows
the variance of λ and as such the performance of the SHM with respect to the
parameter β for two different Reynolds numbers, Re = 0.4 and 1.3. Larger
values of Re are difficult to obtain due to the limits of the LB method. Due
to the symmetry of the mixer geometry, only values for β ≥ 0.5 are shown.
The simulations β ≤ 0.5 are similar to the ones for β ≥ 0.5 hence we only
plot half of the values of β. The data sets peak at β = 2/3, which implies
that the degree of chaotic advection is maximized for this particular value of
the width fraction β. According to the units chosen above this corresponds
to w = 130µm. The curves for the different Reynolds numbers depict that
changing the driving force of the fluid does influence the absolute value of λ,
but has no influence on the general shape of the curve. Similar studies of the
Re dependence for other geometrical parameters and various different driv-
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Figure 4.10: The variation of λ versus the distance fraction γ for Re = 1.3
and β = 2/3. The FTLE rises with the increase of γ until it reaches a distinct
peak. After that the data shows a decrease, indicating that the optimized per-
formance of the micromixer is at a groove distance γ = 0.07. The error bars
are given by the standard deviation from the mean.

ing forces confirm this behavior. Our findings are consistent with the original
experimental work of Stroock et al.9 as well as 2D numerical optimizations
by Stroock and McGraw.17 The latter study how the so-called heterogeneity

factor I =

√
〈(C−〈C〉)2〉
〈C〉 of a dye concentration C varies with the number of

cycles in the mixer. In both articles it is found that β = 2/3 generates a
maximum swirling motion of the fluid.

For the next set of simulations β is fixed at the optimized value of 2/3
and the distance fraction γ is varied from 0.04 to 0.11. In Figure 4.9 we
plot 〈λ〉N (t), as a function of time for different γ. Similar to Figure 4.7,
we observe that 〈λ〉N fluctuates before converging to particular value beyond
∼ 0.6× 106 time steps. Since it is observed from the previous results that the
optimal value is independent of the Reynolds number, the following simula-
tions are performed at a constant Re = 1.3. The average value of converged
FTLE for different distance fractions is shown in Figure 4.10. It can be ob-
served that after a moderate increase of λ with γ, the curve has a sharp peak
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Figure 4.11: The average FTLE for 1,000 particles is shown versus the time
steps for Re = 1.3. After 0.6 × 106 time steps, 〈λ〉N is converged and the
average of this converged value is denoted by λ. The value of λ depends on
the number of grooves in a half cycle n, as it is further investigated below.

at γ = 0.07, which corresponds to a value of d = 105µm for the current
choice of ∆x. Afterwards, λ decreases in a similar fashion as for small γ, but
still at higher absolute values. A possible explanation is as follows: when the
grooves are very close to each other, they create “dead spaces”, i.e. areas in
the micro-channel where the fluid gets trapped and cannot move freely. With
increasing the distance between the grooves, the transverse component of the
velocity increases, hence “chaotic advection” is enhanced resulting in a large
value for λ. On the other hand, if the distance between grooves is too large,
the mixer behaves like a plain channel without any chaotic advection compo-
nent. The maximum in Figure 4.10 is then given by the optimal interplay of
these two effects.

After having optimized the values for β and γ, the number of grooves per
half-cycle n is varied from 2 to 10. Figure 4.11 depicts the dependence of
the FTLE on time steps for different values of the parameter n. A similar
convergence plot as before is obtained. It can be understood from Figure 4.12
that a variation of n has the largest impact on the performance of the mixer as
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Figure 4.12: The variation of λ with the number of grooves per half cycle (n)
is shown. It can be observed that the SHM with n = 5 performs best. Error
bars indicate the standard deviation from the mean values.

compared to β or γ. For the current setup, by variation of n it is possible to
change the value of λ by a factor of 2.3 as compared to 1.2 for β and 1.3 for
γ. Figure 4.12 clearly shows that a staggered herringbone mixer with n = 5
performs best. The existence of a maximum performance in dependence on
the number of grooves can be explained by the fact that interplay between ad-
vection in flow direction and the swirling motion needs to be optimized for a
well performing mixer. If the number of grooves is too small, the flow field
is not sufficiently rotated when flowing through a half cycle. The change of
direction of the swirling motion at the beginning of the following half cycle
does not result in a relevant distortion of the trajectories then. If the number
of grooves is too large, however, the fluid might perform one or more full
rotations and come back to its original position before entering the next half
cycle. An optimized value for n therefore depends on the ratio of optimum ro-
tation to the frequency at which the distortions at the end of a half cycle occur.
Similar to the work presented in the current paper, Li and Chen performed
LB simulations and used tracers to follow the flow field.124 They, however,
quantify mixing by computing the standard deviation of the local tracer con-
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Figure 4.13: The average FTLE for 1,000 particles is shown versus time for
Re = 1.3. After 0.6 × 106 time steps, 〈λ〉N is converged and the average of
this converged value is denoted by λ. The value of λ depends on the height
fraction α as it is further investigated below.

centration and conclude that SHM with n = 5 or n = 6 perform best. Even
though this result is in agreement with our finding, the FTLE analysis clearly
shows that the channel with n = 5 performs better than the one with n = 6.

The final parameter, which is varied is the ratio of the half depth of the
grooves to the height of the channel α. Figure 4.13 shows the time dependence
of the measured FTLE. From the average of the converged value of these plots
we obtain Figure 4.14. It shows the average value of the converged Lyapunov
exponents for different α between 0.125 and 0.343, which depicts that after
a strong increase of λ(α), the data shows a maximum at α = 0.25. For
larger α, the value of λ decreases again. Our result is similar to the original
experimental analysis of Stroock et al.9 Again, one can find the argument
for the existence of an optimal value for the ratio between groove depth and
system height: if the grooves are too shallow, they are not able to generate
the swirling motion required for chaotic advection. On the contrary, if the
grooves are too deep the flow is not able to fully penetrate into the grooves.
Furthermore, the volume between grooves and top surface becomes so small
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Figure 4.14: The variation of the average converged FTLE with the height
fraction (α). The data indicates that the maximum FTLE can be obtained for
α = 0.25. Error bars indicate the standard deviation from the mean values.

that the swirling motion cannot develop anymore.
Without loosing generality, a limited optimization study was performed

for the particular example of the SHM. Using the LB method for the flow in
complex mixer geometries together with Wolf’s method to calculate FTLE
from trajectories of passive tracers. The optimal parameters α = 0.25, β =
2/3, γ = 0.07 and n = 5 have been found which is in good agreement with
known experimental and numerical literature data.

4.5 Conclusions

Efficient mixing at the microscale is both a challenging and an exciting area
of research. Due to the limitations of small Re, common mechanisms which
involve stirring, cannot be utilized. The impact of micromixing in various do-
mains of microfluidics is so huge that it is desirable to design a mechanism to
enhance mixing at that scale. It is found that mixing at the microscale under
passive conditions can be made efficient if a large interface between fluids is
provided. This is obtained by passive chaotic micromixers utilizing repeated
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Parameter Definition Optimal value
α h/H 0.25
β w/W 0.66
γ d/Dz 0.07
n − 5

Table 4.1: The values of the parameters optimized by FTLE

stretching and folding of the fluid interfaces. The performance of such mix-
ers depends on the rate at which “chaotic advection” of the fluid takes place.
For the development of efficient chaotic micromixers it is mandatory to un-
derstand the underlying transport processes as well as their dependence on the
geometric structure of the microfluidic device. In this work we have demon-
strated an efficient numerical scheme which allows the quantification of the
performance of a micromixer. The scheme is based on a single component LB
solver to describe the time dependent flow field in complex mixer geometries
combined with Wolf’s method to compute FTLE from passive tracer trajec-
tories. We have demonstrated the applicability of the quantification method
by applying it to find an optimal geometrical configuration of the SHM, but
the scheme should be generally applicable to any chaotic mixer. By perform-
ing a systematic variation of the relevant geometrical parameters we obtained
a set of optimal values which is consistent with literature data published by
others. A summary of the optimal parameter values is presented in the Ta-
ble 4.1. However, those data was obtained from experiments or numerical
simulations not taking the chaotic nature of the tracer trajectories into ac-
count. The method presented here allows a quantification and optimization of
the mixing performance by investigation of the underlying flow profiles. Fur-
ther work in this area includes the optimization of other chaotic micromixer
geometries and the introduction of multiple fluids to the problem. For the lat-
ter, the lattice Boltzmann method offers a number of possibilities to simulate
multicomponent flows and is thus a well suited candidate. Hence, in the fol-
lowing chapters we shall elaborate how the multicomponent lattice Boltzmann
simulations can be utilized to quantify micromixing.



5
Advection versus diffusion in passive

micromixers

Mixing is based on a combination of advection and diffusion of
fluids. It is challenging to mix fluids with very low diffusivity at
the microscale especially when the advection is weak. In order
to overcome this limitation and to design efficient micromixers,
complex geometries are introduced in the flow with the goal to
enhance advection. Systematic quantification and evaluation of
the performance of geometries is important for the design of ef-
ficient micromixers. However, due to limited theoretical insight
into the complex underlying processes, traditional approaches are
based on expensive trial and error experiments. We present an
alternative method based on 3D multicomponent lattice Boltz-
mann simulations. The numerical scheme is validated by suc-
cessfully comparing the flow across different geometries using
the so-called stretching exponent. The presented approach can be
extended to any other passive mixer geometries. It has the poten-
tial to become an efficient and standardized tool for the design of
passive micromixer geometries. 1

1The contents of this chapter is based on the work: A. Sarkar, A. Narváez and J. Harting,
Advection versus diffusion: A multicomponent lattice Boltzmann study of enhanced mixing in
passive micromixers, in preparation (2015).
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5.1 Introduction to multicomponent mixing

Mixing at the microscale occurs at low Reynolds (Re) numbers, where the
flow is in the laminar regime. The Reynolds number relates the advective
mass transport to the momentum transport. Due to very weak advection at
such low Re it is challenging to achieve efficient mixing. On the contrary
efficient mixing can be easily achieved in turbulent flows. Even under lam-
inar conditions processes like “chaotic advection” can be utilized to achieve
efficient mixing at the microscale. Advection occurs due to transport of com-
ponents from one region to the other due to the fluid’s bulk motion. The role
of advection in micromixing becomes important especially among fluids with
very high Schmidt numbers (Sc) at which the fluids refuse to mix easily.9 Mix-
ing also depends on diffusion which happens due to the net migration of fluid
from one region to the other, driven by the concentration or chemical potential
gradient of the components. We separately study the advection and diffusion
processes to gain insight into the physics of mixing at the microscale. Diffu-
sion has been studied by estimating the mass transport across scalar gradients,
this depends on the nature of the components. The advection is studied by
introducing complex geometries in the flow and then quantifying their impact
on the mixing process.

In passive micromixers as simple as the plain channel mixer (PC), mixing
occurs due to the interplay of advection and molecular diffusion. In the so-
called diagonal mixer (DM), grooves are implemented in the channel which
are inclined at a certain angle to the direction of flow and in the staggered
herringbone mixer (SHM) herringbone shaped grooves are introduced in the
floor of the channel.9 The modified flow patterns enhance the advection in the
flow.13 Snapshots of the representative concentration fields of each of these
micromixers are shown in Figure 5.1. The complex geometries increase the
surface area between different species by introducing transverse flows and
consequently reduce the time taken for the species to mix or homogenize.

In the current chapter we apply the lattice Boltzmann method to study
mixing in passive geometries. The capability of the LBM to tackle flows
through complex geometries is discussed in the previous chapters.14 The straight-
forward extension of the LBM to multicomponent flows helps us to incorpo-
rate diffusion of binary fluids in flow through complex geometries. We con-
sider flows through the PC and also through micromixers with geometries
such as the DM and the SHM. The flow across these structures can help to
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Figure 5.1: Snapshots of the concentration field as obtained from LB simula-
tions for two component flows through a plain channel (top), a diagonal mixer
(center), and a staggered herringbone mixer (bottom). The colors represent
the concentration of the two different components.

stretch and fold the fluid interfaces drastically and thus enhance the mixing
process.5

The nature of stretching and folding influences the efficiency of the mi-
cromixers. The efficiency can be measured by observing the mixing length Λ
or mixing time tmix. These are the distance inside the microchannels or the
time needed to achieve 95% homogeneity.29 We determine the mixing length
from our simulations based on the intensity of segregation (Id) as introduced
by Danckwert, which is an estimate of the homogeneity of a fluid mixture.16

Id gives the deviation of the concentration of the fluid elements from the con-
centration of the homogenous mixture. Since this measure is a normalized
measure, which is independent of the length scale of the system it can directly
be used to compute the mixing length of the different flow configurations. We
further use the mixing length as a performance index to study the efficiency



60 Advection versus diffusion in passive micromixers

of several micromixers and compare them for a range of Péclet numbers (Pé).
The Péclet number is the ratio of advective mass transport to diffusive mass
transport. The variation of Λ or tmix with Pé is decided by the nature of the
micromixers. For example, depending on the strength of the shear or the na-
ture of advection in flow through passive geometries it is decided whether
there would be a linear, a power law or a logarithmic dependence of Λ or tmix

on Pé.9,135

In this chapter, we study the advection due to complex geometries for
two-component flows in the range Pé ∼ 103 − 104. Such a value of Pé is
an intermediate state between purely diffusive systems (Pé ≤ 10) and highly
advective systems (Pé ≥ 105). It will be shown in a later section that by us-
ing the LB method it is indeed possible to reach Pé ∼ 104 in a simulation
domain with 109 lattice nodes, which is highly demanding in terms of com-
putational resources. As an alternative to the LB method, the finite volume or
finite difference method could be used to study mixing of fluids in microchan-
nel geometries. Up to Pé ∼ 103, finite volume computations can be used to
numerically solve the governing equations, but beyond that they require huge
computational resources as well.136 Numerical approaches based on finite dif-
ference or finite volume techniques are strongly affected by spurious numeri-
cal diffusion. This demands very high resolution grids with the increase of Pé.
Thus it is challenging to simulate mixing of multiple fluids at Pé as high as
105 or beyond especially at low Re unless special techniques such as spectral
or pseudo-spectral methods are used to solve the species equation. However,
the difficulty to model flow through complex geometries remains an issue.137

In the following sections, the techniques used to compute the diffusivity of
the fluid species and the mixing length for flow through the microchannels are
discussed in detail. We also quantify the regimes of advective and diffusive
transport using dimensionless numbers, and analyze how these numbers can
be varied within the lattice Boltzmann framework. Finally, we compare the
mixing lengths obtained from various flow configurations and compare their
performance based on a measurement of the stretching exponent. Based on
our studies with the LBM it is found that more efficient geometries such as
the SHM leads to a higher stretching exponent than the other geometries such
as the DM or the PC.
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5.2 Study of enhanced diffusion with the lattice Boltz-
mann method

5.2.1 Fick’s laws and diffusivity

For miscible fluids, the process of diffusion is governed by Fick’s law. Con-
sidering a binary system of components with diffusivity D, Fick’s first law of
mass flux of one component into another is

jσ = ρσ(uσ − u) = −ρD∇ωσ, (5.1)

where uσ and u are the velocity of component σ and the mean velocity of
the mixture, respectively. ωσ is the mass fraction of component σ and ρ is
the total density. For a binary system we have only one value of diffusivity.
After inserting Fick’s first law from Eq. (5.1) into the continuity equation for
the components, Fick’s second law of diffusion is obtained. At a constant
temperature and pressure, which assures a constant ρD, it is given by

∂ωσ
∂t

+ u · ∇ωσ = D∇2ωσ. (5.2)

By analyzing the temporal and spatial variation of the concentration field
along with the velocities obtained from the multicomponent LB method we
can estimate the diffusivity of the components by evaluating the derivatives
of Eq. (5.2). The diffusivity D of the multicomponent system depends on
the interaction parameter G of the Shan-Chen model which is discussed in
detail in Chapter 3. By changing the interaction parameter G, we can sim-
ulate multicomponent flows through microchannels with varying diffusivity.
With the increase in G the repulsion between the individual components in-
creases, until a critical value is reached beyond which phase separation occurs
and the fluids are no longer miscible.90 To estimate the magnitude of D we
simulate a one dimensional multicomponent system with a length of 64 lat-
tice nodes. We initialize the system with two lamellae, each occupying 32
lattice nodes. Hence, a very sharp density gradient exists between the species
in the initial stages. We allow the system to evolve to a stable state (≈ 5000
time steps), before we can estimate D from Fick’s laws. The results obtained
are plotted in Figure 5.2. In this figure the diffusivity is plotted against the
parameter G of the Shan-Chen model for different values of the kinematic
viscosity ν. We observe that the diffusivity D decreases linearly with G. A
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Figure 5.2: The dependence of the diffusivity D on the Shan-Chen parameter
G for different kinematic viscosities. As G increases the diffusivity of the
species linearly decreases upto a limit, beyond which phase separation starts.
It is then no longer possible to estimate the diffusivity by using Fick’s laws.
The inset shows thatD varies linearly with the viscosity ν. We find the lowest
estimated value of diffusivity close to the metastable state to be D = 1.028×
10−3(∆x)2/∆t.

similar behavior is also reported in the work of Shan and Chen.90 Further-
more, the Shan-Chen multicomponent lattice Boltzmann model reproduces
a metastable state, between the immiscible and the miscible phase, where
Fick’s law breaks down and phase separation starts. We measure the low-
est estimated value of diffusivity close to the metastable state. In the inset of
Figure 5.2 we depict the dependence of the diffusivity on the kinematic vis-
cosity ν for G = 2.880(ρ◦σ/∆t)

−1. This shows how the diffusivity and the
viscosity changes by varying the LBM parameter τ . However, the lower limit
of viscosity is decided by the stability of the model.
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5.2.2 Dimensionless numbers

The study of mixing in multicomponent systems involves certain dimension-
less numbers, which describe the physical behavior of the system. These num-
bers depend on the kinematic viscosity ν, the diffusivity D, the average ve-
locity ū and the characteristic length ` of the system. It is important to study
these numbers to co-relate the numerical studies to physical systems. The na-
ture of mixing and also the quantification techniques are inter-related to these
numbers. Here, we report on the range of these numbers in context to mixing
at the microscale.

The Reynolds number, Re = (ū · `)/ν. For most microfluidic experi-
ments, 10−2 < Re < 10 and hence the flows are laminar.

The Péclet number, Pé = (ū · `)/D. In the SHM experiment of Stroock
et al. the Pé lies between 103 and 106.9 However for other microfluidic
applications in fluids with diffusivity D typically between 10−6 and
10−9m2s−1, Pé lies between 102 < Pé < 104.4

The Schmidt number, Sc = Pé / Re = ν/D. The value of ν for water is
1 × 10−6m2s−1. The D for acetone in water is 1.6 × 10−9m2s−1 and
hence the Sc ∼ 103. In the case of larger molecules, as for biological
fluid samples in the SHM experiment of Stroock et al. where D ∼
10−10m2s−1, Sc is even larger.9,135

By means of the LB simulations within the specific range of the dimension-
less numbers mentioned above, we study the role of “advection” and “diffu-
sion” and their interplay in flows through geometries such as the SHM. The
advection diffusion equation which is studied to understand the process of
micromixing, can in dimensionless form be expressed as

∂ωσ
∂t′

+ u · ∇′ωσ =
1

Pé
∇′2ωσ. (5.3)

Here, the primed operator and the primed variables represent dimensionless
time and space coordinates. The time t is normalized with respect to the
diffusion time scale `2/D, the spatial variables are normalized with respect
to the characteristic length ` and the mass fraction with respect to the initial
mass fraction. The right hand side of the above equation is the diffusion term
and the left hand side is the advection term. It is clear that for large values of
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Figure 5.3: The variation of the Schmidt number Sc with the viscosity ν. For
higher G the Sc decreases with the increase of ν. At ν = 0.167(∆x)2/∆t, for
G = 2.894 (ρ◦σ/∆t)

−1 we obtain the highest value of Sc ≈ 160.

Pé the advection dominates over the diffusion. At a very low Pé the right hand
side of the equation is more dominant than the advection term on the left hand
side. When Pé ∼ 1 − 10, the advection and the diffusion scales are nearly
of the same order and mixing of fluids is not considered as a challenge as the
fluids mix easily. As the Péclet number gradually increases to 103, advection
starts to dominate the mixing process. At this scale the performance of the
micromixer can be enhanced by introducing passive geometries which create
transverse flows. It becomes gradually easier for fluids with higher Sc to mix
more efficiently at higher Pé. The efficiency of a micromixer can be judged
by its ability to efficiently mix fluids with high Sc. Hence, we would like
to achieve the maximum value of Sc with the lattice Boltzmann model with
which we can study the interplay of advection and diffusion in a regime at
which it is usually difficult to mix fluids.
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5.2.3 Accessible parameter ranges in the LB method

In Figure 5.3 we plot the Schmidt number against ν for various different val-
ues of G. We observe that the maximum value of ν/D that we obtain is≈ 160.
This value is obtained when the relaxation time τσ = 1. When the value of
viscosity is lowered, the simulations are found to exhibit numerical instabil-
ities. The reason for this is still an open question. Implementing a multi
relaxation time (MRT) might be a possible way to overcome this problem.138

By fixing the ratio of ν and D to its optimal value as obtained from the LBM,
the Pé and Re can be varied by changing ū or `. The two free parameters ū
and ` are independent of the physical properties of the fluids. Hence, we can
write Pé(ū, `)≈ Re(ū, `)× 160. Thus, to simulate flows at higher Pé we have
to increase either of the two parameters ū or the characteristic length ` of the
flow. The velocity can be varied as long as the flows continue to be in the
laminar regime. When we attempt to simulate the transition from Re < 10 to
higher Re with the Shan-Chen LB model, compressibility effects set in due
to the development of very high velocities at the edges of the geometries. In
Figure 5.4 snapshots of velocity profiles for two systems with Re ≈ 0.51 and
Re ≈ 15.0 at the same position (z = 100∆x) inside the channels are shown.
The compressibility artefacts are clearly visible at higher Re where strong ve-
locity components can be observed at the edges. Since the LB scheme we use
is only valid in the weakly compressible limits, this renders the simulation
invalid.

The systems we simulate have the dimensions 32∆x× 64∆x× 1536∆x
with ` ≈ 71∆x. ` is computed from the diagonal of the cross-section of the
microchannels. The maximum average velocity in lattice units that can be
obtained with the model for weakly compressible flow is ū ≈ 0.01 ∆x/∆t. If
we set the average velocity to its maximum value we obtain the corresponding
dimensionless numbers as

Pé(`) = 19.55× `, Re(`) = 0.12× `. (5.4)

By scaling the system size 10 times in each direction, we have ˜̀≈ 715∆x ≈
10× ` and the corresponding dimensionless numbers are

Pé(˜̀) = 195.5× `, Re(˜̀) = 1.2× `. (5.5)

In order to increase the Pé by scaling the characteristic length by a factor of 10,
we need to simulate 3 × 109 nodes. This would require huge computational
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Figure 5.4: Figures a) and b) represent the cross-section of the flow field
inside the SHM for Re ≈ 0.51 and Re ≈ 15.0 respectively. Both figures
show the velocity profile at z = 100∆x inside the microchannel. Due to the
increase of Re, high velocities appear at the edges of the structures. This can
be observed from the longer velocity vectors for Re = 15. The velocities in
this case are higher than in the previous case and low compressibility cannot
be ascertained anymore.

resources and eventually we only increase the value of Re(`) and Pé(`) by
single order of magnitude. Hence, we can conclude that it is not feasible to
vary ` to simulate flows with higher Pé.

If we keep the domain size fixed and ` = 71∆x, a wide range of Pé can
be obtained by varying the average velocity from 0.0001 ∆x/∆t < ū <
0.01 ∆x/∆t, we have

7.1 < Pé < 7.1× 103, 0.425 < Re < 4.25. (5.6)

Hence, in order to analyze the flow behavior in different mixer geometries for
a range of Pé, we choose to vary ū.

5.3 Quantification scheme and simulation setup

5.3.1 Quantification scheme based on intensity segregation

In order to compare the efficiency of geometries we need a quantitative mea-
sure to evaluate mixing. Since mixing involves the relative motion of the fluid
material, the study of the underlying kinematics is very essential in under-
standing the mixing process. Hence, in our previous work we have estimated
the finite time Lyapunov exponent from the dynamics of tracer particles. This
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ignores the diffusion in the process and only measures the advection.14 To
quantitatively study the mixing of multiple components we insist on study-
ing the homogeneity of components. Experimentally it is very difficult to
quantitatively measure the concentration in every sub-volume of a mixture,
especially in a dynamical microfluidic setup. To quantify the homogeneity we
measure the spatial variation of the concentration field. The numerical value
of the concentration field obtained from the LB method can be used to esti-
mate the homogeneity of the species at all points of the mixture. The value
of the concentration field at any given point in the system in the mixed state
is the mean value, cmean. Based on Danckwert’s segregation of intensity (Id)
we can quantitatively evaluate and compare different states of mixing in mi-
cromixers.16 To evaluate Id we need to have knowledge of the concentration
field of the system at different locations along the length of the micromixer.
Considering the flow to be along the z-direction, the intensity of segregation
at a distance Dz along the channel is defined as

Id(z) =
〈σ2
d(z)〉

cmean(z) (1− cmean(z))
, (5.7)

where 〈σ2
d(z)〉 is the mean of the standard deviation of the concentration of all

points in some plane z inside the channel and cmean(z) is the mean concen-
tration at position z. The mixing length (Λ) is defined as the value of z when
Id is less than 5% of its initial value.29 The system is initialized with two par-
allel fluid lamellae from which we estimate Λ in a microchannel. However,
at higher Sc other considerations must be taken into account which will be
discussed in the next chapter.139

5.3.2 The stretching exponent (δ) to quantify advection

The mixing length or mixing time obtained from the above scheme varies with
the Péclet number in general. The nature of the dependence of Λ or tmix on
Pé varies with the geometry of the micromixer and is specific to that partic-
ular geometry. To quantitatively understand mixing, we follow the method
adopted by Meunier et al. and Villermaux et al.140,141 Let us consider a three-
dimensional situation where we study the stretching of the fluid element of
volume s3

0. The stirring in the flow converts the fluid element into sheets of
increasing surface area and consequently decreasing thickness. We assume
the stretching of the element to be linear in the directions perpendicular to the
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flow and the rate of stretching or deformation to be denoted by ε.142 Assum-
ing the fluid volume which is undergoing stretching has a velocity ũ in the
medium, we have ε = ũ/s0. The advection in the flow gradually converts the
fluid element into sheets of dimensions L‖ and L⊥ with thickness s(t). These
sheets are linearly stretched along L‖ and L⊥ at a rate such that the volume of
the structure is conserved, i.e. s(t)L‖L⊥ remains constant. Assuming L‖ and
L⊥ grow at the same rate the thickness of the lamellae s(t) in course of time
(t� 1) is given by

s(t)

s0
=

1

1 + (εt)2
≈ (εt)−2, (5.8)

where, ε > 0. The stretching continues as long as molecular diffusion does not
take over the mixing process. z is the direction normal to the iso-concentration
surface with the density of a component denoted by ωσ. σ(t) = ∂lns(t)/∂t
denotes the rate of compression of the fluid element.142 The convection-diffusion
transport equation reduces to a one dimensional problem provided the radius
of the curvature of the iso-concentration surface is large as compared to the
lamellae thickness. In that case the direction z aligns with the direction of
maximal compression and for a species with diffusion coefficient D the gov-
erning equation is given by

∂ωσ(z, t)

∂t
+ σ(t)z

∂ωσ(z, t)

∂z
= D

∂2ωσ
∂z2

. (5.9)

By substituting the variables

t̃ = D

∫ t

0

dt′

s(t′)2
, ξ =

z

s(t)
(5.10)

in Eq. (5.9), it reduces to a simple one-dimensional diffusion equation

∂ωσ

∂t̃
=
∂2ωσ
∂ξ2

. (5.11)

The solution of this equation describes the evolution of the concentration pro-
file in ξ and t̃ subject to the initial boundary conditions. From the concentra-
tion profile it is possible to obtain an estimate of the mixing time when study-
ing the dissolution of the fluid element of length s0. Starting with a sheet of
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initially uniform concentration and thickness s0, the maximum concentration
at ξ = 0 is given by

ωσ(0, t̃) = erf
( 1

4
√

t̃

)
. (5.12)

After a certain time the maximal concentration of the lamella ωσ(ξ, t̃) falls
below the initial concentration and the scalar lamella has reduced to a sheet
which starts to vanish in the diluting medium. This happens when t̃ ∼ 1,
consequently by solving Eq. (5.10) for t̃ we obtain t̃ = Dt

s20
(1 + 2

3(εt)2 +
1
5(εt)4). By approximating for t� 1 and ε > 0 we have

tmix ∼ Pé1/5, (5.13)

where Pé = εs2
0/D. In the mixing studies by Meunier et al. it has been shown

that when the fluid element grows as (εt)−1, the mixing time of a scalar blob
is given as tmix ∼ Pé1/3.140 These results can be generalized to the situation
of any fluid element. If the stretching of the cross-section of a blob in general
is given as (εt)−δ in the steady state, δ is a positive number, which depends
on the stretching function due to the advection (geometry) of the flow.141 The
corresponding tmix or Λ is then proportional to

tmix ∼ Pé
1

1+2δ , (5.14)

which is a general power law behavior.126,141 This general expression can be
used to quantify the influence of the passive geometries on the efficiency of
mixing. As the efficiency of the geometry increases the magnitude of δ in-
creases as well. In an ideal case for a very efficient micromixer the transverse
stretching goes as s(t) = s0e

−εt. In this case for very high Pé the tmix or Λ
are proportional to ln(Pé).135,140,143

5.3.3 Initial tests for the simulation setup

The non-dimensional parameters of the SHM geometry we use have been op-
timized for efficient mixing, following the procedure we presented in the pre-
vious chapter.14 It has already been demonstrated by Kunert et al. that the
LB method well resolves the flow over rough surfaces even when the obsta-
cles are represented by only 2–4 lattice nodes.103,104 In our previous work we
have shown that a system with cross-section 32∆x × 64∆x is sufficient to
properly resolve the flow field. In order to introduce lamellae of two different
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Figure 5.5: The normalized mixing length obtained for a plain channel
(PC) mixer decreases with D. The dimensions of the system are 32∆x ×
64∆x × 1536∆x. The mixing length obtained for the smallest diffusivity
(D = 1.028× 10−3(∆x)2/∆t) is 14` ≈ 1000∆x.

fluids at the inlet and to keep them separated we use a split-wall of 2 nodes
width and 50 nodes long, see Figure 5.1. The split-wall is long enough to
develop a Poiseuille flow profile for the two lamellae.

The normalized mixing length is plotted against the diffusivity for two
components as shown in Figure 5.5. In a plain channel mixer, which is dis-
cretized by 32∆x × 64∆x × 1536∆x, the mixing length obtained from the
simulations is of the order of 1000∆x (14`), for the smallest value of diffusiv-
ity, D = 1.028× 10−3(∆x)2/∆t. Also from the plot one can clearly observe
the uniform increase in mixing length with the decrease in diffusivity. We have
discussed in the previous section that it would be outside our capabilities to
increase the dimensions of the system 10 fold in each of the directions. How-
ever, increasing the system size by a factor of two is well within our capacity
and at the same time it gives a better resolution. So we double the cross-
section and hence the characteristic length is then twice as long. As a result of
this we increase the length of the channel by four times keeping in mind that



Results and discussion 71

the diffusive length is proportional to the square of the characteristic length
scale. The micromixers are then discretized by 64∆x× 128∆x× 6144∆x in
x-, y-, and z-direction, respectively.

The reference density is set to the density of water, so for both components
we set ρ◦σ = 1000 kg m−3. Furthermore, we use the same relaxation time for
both components τσ/∆t = 1. By using the kinematic viscosity of water,
ν = 10−6 m2 s−1 and choosing ∆x = 1.5 µm we have ∆t = 0.375× 10−6s
and cs = 2.31ms−1. With such values the diffusivity obtained from the LBM
translates to 6.168× 10−9m2s−1.

5.4 Results and discussion

The order of the Péclet number signifies the influence of mass transport due
to advection over diffusion in the microchannel. Higher the Péclet number,
the higher is the possibility of mass transport by stretching or folding of the
fluid interfaces. Maximum leverage of this process can be obtained at higher
Schmidt number when mixing due to diffusion is most difficult. In corre-
sponding experiments the Reynolds number is typically low and it is only due
to the corresponding large values of the Schmidt number (between 105 to 107)
that the Pé of the fluid still remains high.4 The aim of this work is to study
the mixing at the microscale with the LBM and to compare the efficiency of
passive mixer geometries based on numerical analysis.

Mixing is quantified on the basis of the mixing length Λ as obtained by
the intensity of segregation Id from the steady state of the multicomponent
LB simulations. It is the nature of components and the geometry of micromix-
ers that determine the stretching function and hence the dependency of Λ on
Pé. Analytically, it is difficult to estimate the stretching exponent δ for flows
across complex topologies, unless very strong assumptions are made. The
value of the exponent δ can be estimated from the slope of the double loga-
rithmic plot of Λ versus Pé as will be shown in the following example. As the
advection of the flow increases the magnitude of the exponent is also expected
to increase. With Re ∼ O(1) and Sc = 160, the Pé is sufficiently high to
observe the difference in the mixing length for a plain channel and channels
with different groove heights.

In Figure 5.6 we plot the variation of the normalized mixing length for dif-
ferent groove heights (h) for flow through the SHM and observe its deviation
from the PC. We observe the effect of the structures in influencing the mixing
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Figure 5.6: Log-log plot of the normalized mixing length against the Pé for
flow across the SHM. As the height h of the grooves increases, the advection
introduced in the flow enhances the mixing. This data was generated using
the 32∆x× 64∆x× 1536∆x discretization.

process. We have mentioned in Section 5.3.2 that the slope of such plots is
given by 1

1+2δ , from which we can estimate the value of δ. To qualitatively
evaluate this behavior we use the discretization 32∆x × 64∆x × 1536∆x to
reduce the computing demands. The value of the exponent δ for the PC is
0.13, which increases with the strength of advection in the channels. Due to
the increase of groove heights, there is an increase of stretching and folding
of the fluid interfaces. To understand this better, we refer again to the double
logarithmic plot in Figure 5.6. For groove heights of 4∆x, 6∆x and 8∆x the
corresponding exponents are δ = 0.29, 0.43 and 0.96, respectively. With the
increase of δ the mixing length decreases accordingly.

As we would like to perform the analysis with the simulations of larger
systems for reasons mentioned in Section 5.3.2, we set up the fluid flow simu-
lations through the SHM of dimension 64∆x×128∆x×6144∆x and groove
height 16∆x. This is a scaled up version of the previous simulations with
h = 8∆x. In Figure 5.7, we compare the behavior of both systems. We mea-
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Figure 5.7: Log-log plot of Λ/` versus Pé for two SHM geometries of di-
mension 32∆x × 64∆x × 1536∆x and 64∆x × 128∆x × 6144∆x. Both
data sets show the same slope and the value of the exponent δ is the same
for both systems. Hence we observe that if all the parameters are the same,
scaling the system does not affect the performance of the mixers. It is only
the geometrical parameters which affect the performance.

sure from the log-log plot an exponent of δ = 0.96 for both systems. We can
infer from this behavior that the exponent does not scale with the size of this
system and that the advection of the fluid depends only on its dimensionless
parameters.

In order to compare the impact of advection in enhancing the diffusion
process, we plot the data from simulations with system size 64∆x×128∆x×
6144∆x with three different geometry types, the SHM, the DM and the PC
mixers. Both the SHM and the DM geometries are proven to have the same
permeability. To evaluate the permeability we use the single component LB
simulations. For details regarding the calculation of the permeability, we refer
to the work of Narváez.57 Thus, when the same pressure drop is applied to
both geometries the same mass flow is obtained, but due to the passive struc-
tures the strength of advection is different. From the log-log plot in Figure 5.8
we observe that both SHM and DM have a sub-exponential stretching. How-
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Figure 5.8: Log-log plot of the variation of the normalized mixing length
with Pé. From this plot we can estimate the influence of the geometry on the
advection. The magnitude of δ for the SHM is 0.96, for the DM it is 0.66 and
for the PC it is 0.13. Similarly the efficiency of any other passive micromixers
with a different groove design can be quantified. Smaller slopes correspond
to more efficient mixers.

ever, the exponent δ in the case of the SHM is 0.96 and in the case of the
DM the exponent is 0.66. We can infer from the magnitude of the exponents
that the performance of the SHM as a micromixer is better than that of the
DM based on the advection of the fluids in the range Pé ∼ 103 − 104. Under
the same considerations, we also simulate the flow through the PC to observe
the mixing length variations with Pé. The exponent δ for the case of the PC
is 0.13. The flow through the SHM or other passive geometries gives rise
to transverse flows and advections which make these passive devices more
efficient for micromixing. With our present multicomponent LB model we
can quantify the influence of passive structures for flows through microchan-
nels. We can now apply the multicomponent Shan-Chen model to compute the
mixing lengths and to estimate the influence of advection for various passive
geometries and compare them.
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Figure 5.9: Log-log plot of the experimental data set of Λ/` versus Pé of
Stroock et al. The slope of this plot is 0.152433 +/- 0.01024 with asymptotic
standard error (6.71%). The magnitude of δ obtained from the data is 2.13.9

The Pé is varied within a very small range in their experiment to make any
general conclusions on the nature of the Λ/` versus Pé.

To relate the analysis of our simulation data to the experiments, we re-use
the data set from the plot obtained in the original experiment of Stroock et
al.9 In Figure 5.9 we present the data set obtained from Stroock et al. in a
log-log plot. The value of δ obtained from the Stroock’s data is 2.13. Such
high values represent a very strong case of advection which is difficult to
obtain in simulations. However, in order to establish the micromixer as a
chaotic one, it must be substantiated with more experimental data points. We
are unable to achieve the domain of high Sc≈ 105 which is usually achievable
in experiments, due to the high diffusivity of the numerical model and the very
simple approximation of the interaction in the multicomponent Shan-Chen
model. However, the present scheme offers a numerical method with which
we can successfully compare the designs of different passive micromixers.
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5.5 Conclusions

Passive micromixers are microscale devices to achieve efficient mixing. The
efficiency or the performance is dependent on their design. For more efficient
designs their optimization or comparing their performance is important. In
the literature we find several examples of microstructures which enhance the
mixing of multiple fluids in microchannel flows. The underlying transport
phenomenon which governs micromixing is essentially a combination and in-
terplay of advection and diffusion. While the advection is dependent on the
geometry, the diffusion is dependent on the nature of the components. Since
there are not many analytical models to study this phenomenon, we developed
a numerical setup based on the Shan-Chen multicomponent LB method. The
ability of the LB method to deal with complicated flow profiles is very useful
for our studies. We simulate flow through the PC, the DM and the SHM to es-
timate the mixing length based on the intensity of segregation of Danckwert.
From the LB simulations we observe the effect of transverse flows in reduc-
ing the mixing length for Pé ∼ 103 − 104. If we can adopt the present model
or find an alternative way to simulate Sc ∼ O(4), we can mimic the experi-
mental set up of Stroock et al.9 However, even with the present model we can
numerically compare several passive geometries and study their influence on
advection. This can be used as a tool before initiating tedious and expensive
trial and error experiments.



6
Optimizing micromixers based on scale

segregation

Highly efficient micromixers depend on the optimization of their
geometrical designs. In order to design efficient micromixers it is
important to develop accurate quantification techniques which are
coherent with the process of mixing. In micromixing, the inter-
play of advection and diffusion plays a major role. The advection
disintegrates the domains of individual components from larger
to smaller scales which is followed by the inter-diffusion among
the smaller domains. This effect is dependent on the diffusivity,
the viscosity of fluids and the nature of advection in the flow. The
multiscale measure presented here and originally introduced by
Mathew et al. is a quantification scheme that takes into consider-
ation the segregation of scales. We extend the scheme to analyze
mixing in a 3D framework and successfully compare three dif-
ferent micromixers using the lattice Boltzmann method. This can
also be applied to analyze data in scattering or diffraction type
experiments. 1

1The contents of this chapter is based on the work: A. Sarkar, J. Harting and A. A. Darhuber
A numerical optimization scheme based on scale segregation for multicomponent mixing, in
preparation (2015).
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6.1 Introduction

Mixing is a phenomenon that is commonly present in nature. At the mi-
croscale, mixing occurs for example in many bio-chemical processes and re-
actions. The interplay of advection and diffusion decides the course of inter-
mixing of two or more fluids. Since the diffusivity especially of bio-chemical
fluids is very low and flows at the microscale are generally laminar, mixing is
a challenging problem under these circumstances. When such situations arise,
devices such as micromixers are used to efficiently mix fluids. For scientific
and industrial applications these devices need to be optimized for efficient use.
Schemes to optimize and compare the performance of several micromixers are
presented in Chapter 4 and Chapter 5. However, the detailed analysis of the
process demands a quantitative measure to evaluate mixing. Despite the long
history of studies in fluid mixing a definitive and a clear scheme to quantify
mixing which can study the inter-dependence of advection and diffusion has
not been proposed. Different schemes are tailored to specific applications.

Mixing implies the homogeneity of scalar properties like concentration,
temperature, etc. in the bulk of the sample. In a perfectly mixed state all these
properties should be homogenous throughout the domain. When the diffusiv-
ity of the components is high, the fluids mix easily. The individual compo-
nents diffuse into each other without much effort. As the Schmidt number of
the fluids increases, the difficulty to mix them increases accordingly. The ad-
vection of the flow transports quantities of fluid via the motion of the fluid and
reduces the larger domains of individual components into domains of smaller
sizes. This implies that fluid elements are stretched, folded and segregated
into “clumps” of smaller scales. This segregation is due to the mechanism
of stretching and folding which essentially depends on the type of micromix-
ers involved in the process. However, complete mixing can only be achieved
due to the inter-diffusion among the fluids, which occurs at the edges of these
“clumps”.16 This process is known as “scale segregation” and it continues un-
til there is a homogenous distribution of the fluid concentration in the bulk. A
scheme to quantify mixing should be able to capture this entire process.

Mapping methods as introduced by Spencer et al. and its simplified ver-
sion by Singh et al.144,145 make it possible to study the advection in mixing by
ignoring the diffusion completely. The velocity field can also be tracked with
passive particles and quantities such as the Poincaré sections and stretching
rates etc. can be estimated.127 In one of our earlier works on quantification,
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we implement tracer particles in the lattice Boltzmann method (LBM) and use
finite time Lyapunov exponents (FTLE) as a scheme to optimize parameters
of the staggered herringbone mixer (SHM).14 In another part of our work,
we emphasize on the diffusion aspect of mixing, and use intensity segrega-
tion (Id) to quantify mixing.146 However, problems arise when the diffusivity
of the fluids is low. At high Péclet number and for flow through complex ge-
ometries scale segregation due to the advection in the flow is a predominant
phenomenon. The quantification schemes have to consider this aspect of the
mixing as well. If advection or diffusion will be dominant, depends on several
factors. Hence, the ideal quantification technique should be able to quantify
the advection as well as the diffusion in mixing.

In flows across various complex or chaotic micromixers for very low dif-
fusivity, we observe that the distribution of concentrations is not uniform over
the cross-sections. For example, in the experiment of Stroock et al. chaotic
advection triggers scale segregation which in turn leads to the non-uniform
concentration distribution.9 Due to such a phenomenon, traditional schemes
which are based on estimating the homogeneity of the fluid are not able to
provide much insight into the problem. As in Chapter 5, while estimating the
mixing length using Id, we measure the variance of the concentration field.
This measure is the L measure of a scalar field which in this case is the con-
centration of the system.139 The L measure considers the mean concentration
to have a constant magnitude over the entire domain. Such measurements can
give rise to very different results, especially at high Pé which is verified using a
mapping method in the work of Schilick et al..145 Similar discrepancies were
also identified in the analytical work of Mathew et al..139 At low diffusivi-
ties combined with strong advection, the mean concentration varies with the
length scales and the position. The alternative measure defined in this chapter
is based on a multiscale measure by taking into account the local concentra-
tion of the domain. The contributions from various smaller scales upto the
entire domain are considered for the measurement. The measure is defined
as the multiscale measure (LM ) of the domain.139 The multiscale measure
can be seen as a coarse graining of the L measure, which takes several length
scales into account.147

In this chapter we propose a scheme by which we can take into consider-
ation the contribution from the various length scales generated during the ad-
vection process. At the same time we avoid estimating measures such as LM .
For this reason we express the concentration field as Fourier series of sines
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and cosines of different frequencies and amplitudes. The power spectrum
density (PSD) of the concentration field is obtained from the Fourier trans-
form. This gives the information on the variation of the concentration field
for various length scales. The magnitudes of the co-efficient of the Fourier
decomposed concentration field for different spatial frequencies are consid-
ered instead of the means at different length scales.148 We apply the proposed
quantification scheme to study a two-dimensional prototype with the time pe-
riodic sine flow (TPSF) model. The prototype generates contours similar to
chaotic advection. With this set-up we study the various cases for the inter-
play of advection and diffusion by varying the Péclet number and the Strouhal
number. Finally, we apply the presented multiscale measure for flows across
the plain channel, the diagonal mixer and the herringbone mixer and study the
variation based on the simulations obtained with the LBM.

6.2 Scale segregation in chaotic mixing

To elaborate the “qualitative features” of chaotic mixing, which are different
from mixing dominated by diffusion only, we consider two parallel and mis-
cible streams of fluid flowing through a rectangular channel with velocity u
and characteristic length `. Initially segregated, the streams will eventually
mix and evolve towards a mixed state. If we consider mixing in the absence
of advection, then the time required for the process would be of the order of
∼ `2/D.143 While flowing through passive micromixers, internal shear flows
are developed due to the viscous effects of the fluid or the presence of certain
complex geometries. These geometries influence the kinematics of the mixing
both at low and high Pé.145 However, the effects are more pronounced at low
diffusivities.9 This process can be studied by observing how the flow kine-
matics stretches the contours of the components before finally diffusion takes
over. The total time taken for this process depends on the influence of the
geometries and characteristics of the components, for example the diffusivity,
viscosity, etc..

We elaborate on this further with the example of the mixing in the SHM.
The experiment of Stroock considers mixing of a protein solution in an aque-
ous buffer with D ∼ 10−6cm2/s and Pé ∼ 104. When the fluids flow through
the SHM with 10−2 ≤ Re ≤ 10, the contours of the components get re-
peatedly stretched and folded. This reduces the mixing length drastically to
≈ 1 cm, which would otherwise require ≈ 102 cm in un-stirred flows across
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0.5 for completely segregated streams and

0 for completely mixed streams. Figure 3D

shows the evolution of s for flows of dif-

ferent Pe in the SHM (open symbols), in a

simple channel as in Fig. 3A (Œ), and in a

channel with straight ridges as in Fig. 3B

(F). We see that the SHM performs well

over a large range in Pe; as Pe increases by

a factor of ;500 (Pe 5 2 3 103 to Pe 5
9 3 105), the mixing length, Dy90, required

for 90% mixing (dashed line), increases by

less than a factor of 3 (Dy90 5 0.7 cm to

Dy90 5 1.7 cm). In Fig. 3E, we see that

Dy90 increases linearly with ln(Pe) for large

Pe, as expected for chaotic flows. Within

the limits of our simple model of mixing

(13), we estimate from the linear portion of

the plot in Fig. 3E that l is on the order of

a few millimeters; the average width of the

filaments of unmixed fluid decreases by a

factor of ;3 as the fluid travels this axial

distance. This estimate agrees qualitatively

with the evolution seen in Fig. 3C.

On the basis of the results presented in

Fig. 3, consider mixing a stream of protein

solution in aqueous buffer (molecular

weight 105, D ; 1026 cm2/s) with U 5 1

cm/s and l 5 0.01 cm. For this system, Pe

5 104. The mixing length in a simple mi-

crochannel would be Dym ; Pe 3 l 5 100

cm. On the basis of Fig. 3D, the mixing

length in the SHM would be, Dym ; 1 cm.

Furthermore, increasing the flow speed by

a factor of 10 (i.e., to Pe 5 105) will

increase the mixing length in the SHM to

Dym ; 1.5 cm. With the same change in

flow speed, the mixing length in the ab-

sence of stirring will increase 10-fold, to

Dym ; 103 cm.

An important application of mixing in

pressure flows is in the reduction of axial

dispersion. Axial dispersion is important in

determining performance in pressure-driv-

en chromatography— e.g., in the transfer of

fractions from a separation column to a

point detector—where it leads to peak

broadening. The most rapid dispersion of a

band of solute takes place when its axial

length is much shorter than the mixing

length of the solute in the flow. During this

stage, the length of the band grows at the

maximum speed of the flow (i.e., more

quickly than the center of the band moves

along the channel). This effect is illustrated

schematically in the diagram in Fig. 4A for

an unstirred Poiseuille flow. Once the

length of the band is greater than the mix-

ing length, volumes of fluid have sampled

both fast and slow regions of the flow, and

the broadening of the band becomes diffu-

sive, i.e. ; =Deff tr, where Deff is an effective

diffusivity that again depends on the mixing

length and tr is the residence time of the band in

the flow (8, 25).

The experiments presented in Fig. 4

demonstrate that, by stirring the fluid in the

cross section of the flow, the SHM (Fig.

4C) reduces the extent of the initial, rapid

broadening of a band of material relative to

that in an unstirred flow (Fig. 4B). The

mixing length in the unstirred flow is

Dym ; 100 cm. In this case, the asymmetry

of the trace of fluorescence intensity as a

function of time measured near the end of

the channel (green trace in Fig. 4B) indi-

cates that the band is still broadening rap-

idly as it reaches the end of the channel:

The fluorescent fluid in the fast, uniform

flow near the center of the channel is weak-

ly dispersed and arrives at the detector first

(steep initial rise of the trace); the fluores-

cent fluid in the shear flow near the walls is

strongly dispersed and arrives at the detec-

tor later (long tail of the trace). With the

SHM (Fig. 4C), the mixing length is Dym ;
1 cm (estimated from the curves in Fig. 3D

for Pe 5 104). In this case, the band broad-

ens rapidly in the first few centimeters of

the channel as indicated by the asymmetry

of the trace acquired 2 cm downstream

from the inlet (blue trace in Fig. 4C). The

traces acquired further downstream are no-

ticeably more symmetrical; this change in-

Fig. 3. Performance of
SHM. (A to C) (Left)
Schematic diagrams of
channels with no struc-
ture on the walls (A),
with straight ridges as in
Fig. 1 (B), and with the
staggered herringbone
structure as in Fig. 2 (C).
In each case, equal
streams of a 1 mM so-
lution of fluoroscein-la-
beled polymer in water/
glycerol mixtures (0 and

80% glycerol) and clear solution were injected into the
channel (29, 30). (Right) Confocal micrographs that show
the distribution of fluorescent molecules in the cross
section of the channels at a distance of 3 cm down the
channels in (A) and (B) and at distances of 0.2, 0.4, 0.6,
0.8, 1.0, and 3 cm down the channel (i.e., after 1, 2, 3, 4,
5, and 15 cycles of mixing) in (C). Experimental parame-
ters: (A) h 5 70 mm, w 5 200 mm, Re ; 1022, Pe 5 2 3
105; (B) h5 85 mm, w5 200 mm, a 5 0.18, u 5 45°, q5
2p/100 mm21, Re; 1022, Pe5 23 105; (C) h5 85 mm,
w5 200 mm, a 5 0.18, q5 2p/100 mm21, p5 2/3, u 5
45°, Re ; 1022, Pe 5 2 3 105, six ridges per half-cycle,
Dfm ; 60°, Re ; 1022, Pe 5 9 3 105. (D) Plot of the
standard deviation, s, of the fluorescence intensity in

confocal images such as in (A) to (C) as a function of the distance down the channel, Dy. Only the central
50% of the area of the images [indicated in the bottom frame in (C)] was used to measure s to eliminate
variations in the fluorescence intensity due to optical effects at the channel walls. The open symbols are
for the mixing channel in (C): (E) for Pe 5 2 3 103, (h) for Pe 5 2 3 104, (‚) for Pe 5 2 3 105, and
({) for Pe 5 9 3 105. 1022

# Re # 10 in these experiments. The points (Œ) are for a smooth channel
(A), and (F) are for a channel with straight ridges (B); for both, Pe 5 2 3 105. Horizontal dotted line
indicates the value of s used to evaluate Dy90, the axial distance required for 90% mixing. (E) Plot
of Dy90 as a function of ln(Pe) from the curves in (D).
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(a)

520 E. Villermaux,J. Duplat / C. R. Mecanique331(2003)515–523

Fig. 3.Top: The stirring protocol of a drop of ink deposedat thesurfaceof pure Glycerol using a small rod. The sequencedisplaysthe initial
state,half, and a completedstirring cycle. Bottom: themixture’s stateafter 21

2 completedstirring cycles.

Fig. 3. Protocoledemélanged’unegouttecoloréedansunecouchemincede liquide visqueux.

lines is equalto the distancetraveled by the rod in the medium, andit is actually observed that the net contour
length of thedeformedscalardropincreasesin proportionto thenumberof cyclesas

L/L0 = 1+ γ t ≈ 1+ 17.5× p (8)

asshown onFig. 4. Themixing time, or, alternatively, the numberof cycles p neededto start mixing the drop in
the surroundingmediumis thusgiven by

γ ts ≈ 17.5× ps ∼
(

γ s2
0/D

)1/3
= (ReSc)1/3 (9)

With γ ≈ u/s0 the typical elongation rate, u ≈ 4.6 cm/s the rod velocity, Eq. (9) gives, with s0 ≈ 2 mm and
Sc≈ 106, a mixingcycleps of the orderof 2.5(seeFig. 4).

(b)

Figure 6.1: Cross-sections showing scale segregation in two different experi-
mental setups. Figure (a) shows confocal micrographs of the Stroock experi-
ment. It shows the stretching and folding of fluids when passing through the
cycles of the SHM. The cross-section represents the contours of fluids after
cycles 1-5 and after cycle 15 when the fluid is mixed. Source: Stroock et
al.9. Figure (b) depicts how a drop of dye is elongated due to constant move-
ment/advection of a stick. The initial situations of the dye are shown in the
sub-figures. The stretching and folding of the drop generates contours similar
to (a). Source: Villermaux et al.135

simple microchannels.9 Figure 6.1(a) shows confocal micrographs of the flow
through the SHM at Pé = 9 × 105. 1 mM solution of fluorescein-labeled
polymer in a water/glycerol mixture and a clear solution were injected into
the SHM channel. Confocal micrographs show the distributions of the fluo-
rescent molecules at the cross-sections of the channel after 1, 2, 3, 4, 5 and 15
cycles of mixing. The effect of chaotic mixing is visible from the contours
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after each cycle. With each cycle the fluid undergoes considerable advection
which further elongates the contour of the components. The fluids progress
through each cycle of the SHM until a uniformly mixed composition is ob-
tained after 15 cycles. In a different research work of Villermaux et al., it is
shown that a similar effect can be observed with a dye deposited on the top
of pure glycerol.135 In their experiment the blob of dye is stirred with a rod
by a two-dimensional quasi-periodic protocol. The Reynolds number for the
motion of the rod is ∼ 10−1. The fluid is deformed by the stirring of the rod
as we can see from Figure 6.1(b). The length of the stretched dye element is
equal to the length traveled by the rod. The mean and the total contour length
of the deformed drop increase in proportion to the number of periodic cycles.
The concentration of the dye remains constant due to the very slow diffusion.
This experiment with dye and glycerol represents a two-dimensional situation
where contours similar to the experiments of Stroock can be observed. From
both examples shown in Figure 6.1, we observe that the features of the con-
focal micrograph images of the cross-section of the SHM and the contours
obtained in the glycerol experiment of Villermaux et al. are qualitatively and
visually similar. In the next section we describe how the TPSF can be used to
reproduce similar contours to give us insights on mixing.

6.3 Simulations of 2D multicomponent advective mix-
ing

A study of scale segregation is based on studying cross-sections of the flow
through micromixers. For this reason, we simulate a system which can mimic
multicomponent mixing and scale segregation in a 2D framework. We solve
the advection-diffusion equation for a concentration field ρ(r, t) in a square
domain of dimension L i.e. (x, y) ∈ [0, L]× [0, L]. The equation is given as

∂ρ

∂t
+ u · ∇ρ = D∇2ρ . (6.1)

Here, u denotes the advective velocity vector field, which is a divergence free
(∇·u = 0), time periodic sine flow (TPSF). Periodic boundary conditions are
applied in the x− and y− directions, e.g. ρ(x, 0) = ρ(x, L).149 The initial
concentration field is defined as: ρ(x, y ≥ L/2) = 0 and ρ(x, y < L/2) =
ρ0 = const. Eq. (6.1) is solved with the finite element solver COMSOL using
a mesh with approximately 1.4× 105 elements.
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The TPSF model was previously studied by Liu et al. for quantifying
chaotic mixing in aperiodic flow.51 It was also used to study laminar chaotic
mixing150 and to evaluate mapping methods.144,145 The velocity field of the
TPSF is the periodic alteration between two piecewise sinusoidal steady flows
is given by

(ux,uy) =

{
(0,U0 sin(2πx/L)) 0 ≤ mod(t,T) ≤ T/2
(U0 sin(2πy/L), 0) T/2 ≤ mod(t,T) ≤ T

, (6.2)

where (ux, uy) are the x- and y- velocity components of u with amplitude
U0. A pictorial representation of the velocity field is shown in Figure 6.2. The
period T is the controlling parameter of the TPSF, as will be demonstrated in
the results section. Depending on the time period of the flow, the TPSF can
exhibit regular or chaotic behavior.

In order to non-dimensionalize the advection-diffusion equation, we choose
L as the length scale, U0 as the velocity scale, L/U0 as the advection time
scale and ρ0 as the concentration scale. The corresponding dimensionless
variables are x′ ≡ x/L, y′ ≡ y/L, t′ ≡ U0t/L and ρ′ ≡ ρ/ρ0, respectively.
Consequently, Eq. (6.1) and Eq. (6.2) become

∂ρ′

∂t′
+ u′ · ∇′ρ′ = Pé−1∇′2ρ′ (6.3)

and

(u′x′ ,u
′
y′) =

{
(0, sin(2πx′)) 0 ≤ mod(t′,Sr−1) ≤ Sr−1/2
(sin(2πy′), 0) Sr−1/2 ≤ mod(t′,Sr−1) ≤ Sr−1 (6.4)

respectively. Where we have introduced the inverse Strouhal number, Sr−1 =
U0T/L, while non-dimensionalizing the equations. The non-dimensional
Strouhal number is typically used in unsteady flow calculations for momen-
tum transfer in general. Both U0 and T contribute to advection, but in a con-
trary sense. Hence, the effect of Sr−1 has to be studied by varying U0 and T
individually.

These non-dimensional equations can be solved over a wide range of Pé
to study different mixing behavior. Typical values of Pé are Pé ≤ 102 for
diffusive mixing, Pé ∼ 103 to 105 for laminar flows with molecular dyes in
typical microfluidic water/glycerol solutions,9 Pé ∼ 107 for granular materi-
als in rotating tumblers151 and Pé ∼ 1010 for turbulent reactive flows.152
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Figure 6.2: Schematic diagram of the time periodic sine flow (TPSF). TPSF
is a combination of periodically alternating sinusoidal velocities in the x and y
directions. The left subfigure represents the velocity field along y− direction
in the first half of the period T. The right subfigure represents the velocity
field in the x− direction in the second half of T.

6.4 Quantifying scale segregation using the multiscale
variance

6.4.1 Definition of “mixedness”

The degree of mixing in a mixture is a measure which does not quantify the
properties of the mixture but only its homogeneity. The term mixing is de-
fined as the homogenization of different components in a given volume. The
components should differ in at least one property such as the color, density,
viscosity, etc.. Mixing leads to the homogeneity of the components in the
mixture and thus the homogeneity of the properties mentioned above. Homo-
geneity can be defined qualitatively or quantitatively. A qualitative analysis is
done by collecting and analyzing data from frozen or photographed samples
as in Figure 6.1.9 From the appearance of the concentration profiles it can
be judged how well mixed a sample is. Although, it only provides a rough
estimate of the ongoing mixing process, this information can be used to start
preliminary investigation. The quantification scheme developed in this work
goes beyond the qualitative appearance. It can also be extended to a 3D frame-
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work.

6.4.2 The concept of the global and local mean of density distri-
butions

When a concentration is homogenous and uniform, the concentration ρ′ of the
mixed sample has the same value in the entire domain of the fluid. We denote
the value of the concentration as ρ′global. This is defined as

ρ′global =

∫ 1

0

∫ 1

0
ρ′(r′)dx′dy′, (6.5)

where r′ ≡ (x′, y′).
In homogenous samples the value of the concentration at any point in

the domain ρ′(r′) is equal to ρ′global. However, when segregated regions are
formed in the domain (see Figure 6.1) the definition of a mean concentration
is not simplistic anymore. We define another quantity called the local concen-
tration ρ′local. In the case of fluid mixing at an intermediate state with very
high Pé, where diffusion is very slow, the concentration profiles cannot be
represented by a unique mean such as ρ′global. ρ

′
local depends not only on the

position but also on the scale η of the system, where 0 ≤ η ≤ 1. The local
distribution which depends on the position r′ and scale η is then given as

ρ′local(r
′, η) =

1

η2

∫ y′+η/2

y′−η/2

∫ x′+η/2

x′−η/2
ρ′(r′)dx′dy′. (6.6)

The value of ρ′local varies quite substantially from ρ′global in scale segregated
domains. The importance of ρ′local is demonstrated by a simple one-dimensional
example presented in the Appendix.

6.4.3 Measures with respect to global and local mean values

A natural step towards quantifying the degree of mixedness is computing the
variance of the concentration field. A similar measure was implemented dur-
ing our computation of mixing lengths using Id. This was obtained from
Danckwerts intensity of segregation (see Chapter 5). If we know every point
of the domain, we can compute the mixing length or the mixing time of the
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entire domain using the relation

L ≡
∫ 1

0

∫ 1
0 |ρ′(r′)− ρ′global|dx′dy′∫ 1

0

∫ 1
0 ρ
′
globaldx

′dy′
. (6.7)

In such a case the measurement of mixedness is defined with respect to cer-
tain reference states, ρ′global. Considering the examples from Figure 6.1 it may
well happen that such a simple definition does not apply in those cases. The
reference states in such cases is best denoted by Eq. 6.6. The local concen-
tration is a function of position and depends on the scale of the measurement.
Hence, to extend the idea of measuring L in order to include all scales we
have to modify Eq. (6.7) accordingly. A comparable measure based on the
underlying assumptions is denoted by the relation

LM (η) ≡
∫ 1

0

∫ 1
0 |(ρ′(r′)− ρ′local(r

′, η)|dx′dy′∫ 1
0

∫ 1
0 ρ
′
local(r

′, η)dx′dy′
. (6.8)

These measures take into consideration the different mean values at various
scales. In the ideal case of perfect mixing one has 〈ρ′local〉 = ρ′global and
hence LM and L converge to the same value, in the limit of infinite t′. The
initial difference between the two measures depends on the Péclet number of
the system.145 We take this measure as a motivation to develop our idea of a
multiscale measure.

6.4.4 Measures based on multiple scales

By using a Fast Fourier Transform (FFT) the functions in direct space are
transformed into their Fourier space with spatial frequencies k.153 In the Ap-
pendix it is shown that the intrinsic difference between functions with the
same ρglobal are revealed when the power spectral density (PSD) of the func-
tions is plotted against the spatial frequencies. The same idea is extended to a
two-dimensional framework to study small scale fluctuations in mixing.

A two-dimensional concentration field can be analytically expressed is a
scalar function of two variables ρ(x, y). It is critical to measure the variation
and the fluctuations of the concentration field at small scales in direct space
(x, y). Similar to the one-dimensional example these features are effectively
revealed in the 2D reciprocal space of spatial frequencies (kx, ky). By com-
puting the PSD from this information it is possible to study the presence of
various length scales in the mixing domain.
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To start with, we compute the FFT of the concentration field which is
considered as a superposition of sinusoidal waves of various frequencies or
scales. Dimensions of the domain along x and y are denoted by Lx and Ly,
respectively. If Lx and Ly are different, it is made sure that they have the same
value by padding the domain with zeros or truncating it accordingly. The FFT
of ρ(x, y) is then given by

F (kx, ky) =

Ly∑
y=0

Lx∑
x=0

ρ(x, y) exp

(
− 2πi

{ x

Lx
kx +

y

Ly
ky

})
, (6.9)

where F (kx, ky) is a complex quantity. In general it can be represented as

F (kx, ky) = Fr(kx, ky) + iFi(kx, ky), (6.10)

where Fr and Fi are the real and the imaginary components of F (kx, ky), re-
spectively. This generates a surface in the two-dimensional k space. To com-
pute the FFT of the concentration field we use the standard Fastest Fourier
Transform in the West (FFTW) libraries.154 The FFT-shift algorithm then re-
arranges the result of the FFT by moving the zero frequency components to the
center of the array. It is useful to visualize and estimate the Fourier transform
in polar coordinates with zeros in the middle of the spectrum. By interpolating
the 2D data set, we obtain the polar PSD from the PSD in kx and ky, i.e. we
obtain the concentration profile in the spatial frequency k and its correspond-
ing amplitude |F |. This helps to get insight on the various scales which give
rise to good or bad mixing conditions. In the polar form the modulus of the
wave number and the corresponding spectral density which is averaged over
all polar angles are given as

|k| = (k2
x + k2

y)
1
2 , |ak|2 = 〈|Fr(kx, ky)|2 + |Fi(kx, ky)|2〉. (6.11)

The polar PSD can be plotted against the modulus of the wave number of
the radially averaged spectral density in 2D. This allows to understand the
dominant length scales which are active in the advection processes.

6.4.5 Determination of Q from the 2D power spectral density

It has been described how FFTs can be used to reveal the presence of multi-
ple scales in the cross-section of fluid flow in mixing. However, we need to
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define a measure which can quantify the presence of smaller or larger scale
components and their behavior during the mixing of domains.

Considering the situation of Stroock et al., where we have chaotic mixing
between two components at a high Schmidt number and high Péclet number,
we observe the dominance of small scale fluctuations. We also observe that
stretching and folding leads to the formation of fluid elements which are of
smaller length scales. In such cases the emphasis of our measurement should
be always on the higher frequency components (or smaller length scales)
and our quantification measure should accordingly put more emphasis on the
higher spatial frequencies. The maximum value of spatial frequencies kmax is

2π
Lmax

, where Lmax is the maximum dimension of the system. A simple and
straightforward measurement in such a case is given by Q1 ≡

∑
k2a2

k, where
k is varied between kmax/2 ≤ k ≤ kmax. We apply this formula to estimate a
multiscale measure from the LBM data set. We take each cross-section of the
LBM data, crop them and measure the so-called Q1. In the following we also
make use of a slightly modified definition:

Q2 ≡
∫∫
|F (kx, ky)|2k2dkxdky∫∫

k2dkxdky
, (6.12)

where kx and ky are varied over the entire domain i.e. 0 ≤ kx ≤ 2π
Lx

and
0 ≤ ky ≤ 2π

Ly
. Both Q1 and Q2 essentially measure the same quantity.

6.5 Results

6.5.1 Analysis based on the time periodic sine flow

The TPSF exhibits different spatial distributions of chaotic and non-chaotic
nature for different values of the parameter T, which is similar to real mix-
ing flows. With lower values of T, islands are formed and segregated regions
are developed which behave as non-mixing zones. However, as T increases
these zones or islands start to disappear. Since we study the system with re-
spect to the non-dimensional parameter Sr−1 we describe this change of T
in terms of Sr−1. It has been confirmed in the works of several authors that
the system is globally chaotic at Sr−1 = 1.6.145,155 These non-mixing islands
reappear again at a higher value of Sr−1. Moreover, this creates an impression
of “random and chaotic” mixing which can be used as a prototype for theo-
retical and numerical investigations at moderate computational expense. We
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Figure 6.3: Concentration profiles at t′ = 3.0 for 4 different values of Sr−1 =
0.25, 1.0, 1.4 and 2.0. Only for Sr−1 = 1.4, the system is uniformly mixed
throughout the domain. In all other cases shown here, regular or non-mixing
zones are developed.

investigate the system for different values of Pé and Sr−1. A variation of T
leads to different dynamics of the flow and its contours. To compare the TPSF
for different T we choose Sr−1 = 0.25, 1.0, 1.4 and 2.0, respectively. Each
of these systems is a square domain of unit dimension. The concentration
profiles after t′ = 3.0 are shown in Figure 6.3. Typically for small values of
Sr−1 < 1.0, regular structures in the concentration distributions are observed,



90 Optimization based on scale segregation

0

1

1
0

x’

y’

(a) t′ = 0.0

0 1x’

1

0

y’

(b) t′ = 1.5

0 1x’

1

0

y’

(c) t′ = 4.5

0 1x’

1

0

y’

(d) t′ = 6.0

Figure 6.4: Concentration profiles at four different times for Pé = 104. The
value of the inverse Strouhal number is Sr−1 = 1.4. We observe that due
to advection, stretched and folded surfaces are formed in the domain. This
process generates large interfaces, which allow efficient inter-diffusion.

see Figure 6.3(a). Singh et al. studied the Poincaré sections of the velocity
field with tracer particles and found that such regions exhibit Kolmogorov-
Arnold-Moser (KAM) structures.155 These structures are regular islands that
have a negative impact on the efficiency of mixing.42 For Sr−1 = 1.0 large
regions are observed where the concentration corresponds to the initial val-
ues ρ′ = 0.0 and 1.0. This is caused by the fact that during a half period of
the flow the material that has resided in a no-shear zone (e.g. at x′ = 0.25 or
x′ = 0.75) is displaced exactly into the adjacent no-shear zone. Consequently,
the stretching and folding of the concentration distribution in these regions is
essentially suppressed. Thus, we expect that the overall mixing efficiency will
be reduced. For Sr−1 = 1.4 material that previously resided in the no-shear
zone is displaced close to the location of maximum shear during a half period.
Consequently, the stretching and folding occurs efficiently throughout the en-
tire domain and large unmixed regions are absent, see Figure 6.3(c). Further,
for Sr−1 = 2.0 and higher, the evolution of the concentration distribution
is governed by the large deformation amplitudes during a half-period, which
gives rise to a striped appearance, see Figure 6.3(d). These regions exhibit
partly chaotic and partly regular characteristics. In general we notice that at
Sr−1 = 1.4 the stretching and folding is evenly distributed in the domain and
we have a “global chaotic” region. There are no non-mixing islands or regions
in this case. A similar verification was also presented by Singh et al.155

In order to quantitatively understand the interplay of advection and diffu-
sion in “chaotic mixing”, we study the time variation for the case Sr−1 = 1.4
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Figure 6.5: The variation of the mixing time (tmix) with Sr−1 at different
fixed values of Pé. We observe that, for each curve tmix peaks at Sr−1 = 1.0
and has a minimum at Sr−1 = 1.4. We estimate the stretching exponent at
both these Strouhal numbers in Figure (b).

in Figure 6.4. We observe how the advection stretches and folds the fluid and
thus creates interfaces to facilitate diffusion.

To quantify this process we study the variation of L with time for three
different values of Pé. We define the mixing time (t′mix) as the time when
L = 0.05. This quantity serves as a reference time quantifying the mixing
efficiency for a given set of parameters. Figure 6.5(a) presents the mixing
time as a function of Sr−1, for three different values of Pé. We can observe
from the plot that for high Pé there exists a sharp maximum at Sr−1 = 1.0 and
a minimum around Sr−1 = 1.4. Similar observations can also be made for the
cases of lower Pé. However, the difference between the peaks at Sr−1 = 1.0
and the dips at Sr−1 = 1.4 decreases with lower value of Pé. This behavior
is consistent with the observations and conclusions made in the context of
Figure 6.3. The curves exhibit non-smooth behavior due to the discontinuous
nature of the flow field.

Figure 6.5(b) presents the mixing time as a function of Pé, for the two
different values of Sr−1 at which we observe the maximum and the minimum
in the tmix versus Sr−1 plots of Figure 6.5(a). We observe that the mixing time
increases approximately in a power law like fashion t′mix ∼ Pé0.25 and t′mix ∼
Pé0.16 for Sr−1 = 1.0 and Sr−1 = 1.4, respectively. From our previous
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analysis in section 5.3.2 we know the power law dependence of tmix on Pé
for advective flow fields. Now, if we compare the value of the “stretching
exponent” δ from Eq. 5.14 we obtain δ(Sr−1=1.0) = 0.50 and δ(Sr−1=1.4) =
2.58. These are two cases corresponding to weak and a very strong advection.
We have mentioned in Chapter 5 that the value of the stretching exponent from
Stroock’s data is δ(SHM) = 2.13. This implies that the flow field generated by
the two-dimensional TPSF produces stronger advection as compared to the
SHM in three-dimensions. However, it is extremely challenging to develop a
three-dimensional counterpart of the TPSF.
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Figure 6.6: The variation of L versus t′ and Q2 versus t′ for Pé = 103. The
value of the inverse Strouhal number is 1.4. The inflection point in the L
versus t′ matches well with the transition time of the Q2 versus t′ plot.

In order to carry our analysis forward, we study the effect of advection
on three different systems, where we keep the value of inverse Strouhal num-
ber fixed at 1.4. In Figure 6.6 we study the variation of L versus t′ and the
corresponding Q2 versus t′ for Pé = 103. Similarly, we also study two other
systems for Pé = 104 and Pé = 105 as shown in Figure 6.7 and Figure 6.8,
respectively. Each of these curves start at the same value of L(t′ = 0.0) and
Q2(t′ = 0.0) given by the initial condition. In the limit of larger times, L
goes to zero, as we approach the mixed state. Similarly, Q2 also decays to
zero as the Fourier co-efficients of the high spatial frequencies decay during
the homogenization. In each of the three cases we observe a prominent peak
in Q2 versus t′. The peak positions t′d (referred to as transition time) cor-
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Figure 6.7: The variation of L versus t′ and Q2 versus t′ for Pé = 104. The
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Figure 6.8: The variation of L versus t′ and Q2 versus t′ for Pé = 105. The
value of the inverse Strouhal number is 1.4. The inflection point in the L
versus t′ data matches well with the transition time of the Q2 versus t′ plot.

respond to times of highest mixing rates in Figure 6.6(b), Figure 6.7(b) and
Figure 6.8(b). We find that the inflection points of L(t′) in Figure 6.6(a),
Figure 6.7(a) and Figure 6.8(a) match exactly with the td in the correspond-
ing Q2 versus t′ curves. This implies that the concentration non-uniformity
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decays with the fastest rate around the transition time. Our interpretation of
a positive value of dQ2/dt

′ is the stretching and folding of the concentra-
tion distribution and the concomitant increase of the higher spatial frequency
Fourier co-efficients. The maximum in Q2(t′) corresponds to the transition
from this advection dominated phase to a diffusion dominated phase of the
mixing process. We observe in Figure 6.6 to Figure 6.8 the heights of the
peaks strongly increases with the decreasing value of diffusivity. This is be-
cause the advection process is given the opportunity to generate higher spatial
frequencies or smaller length scales. For Sr−1 = 1.4 we also observe that the
ratio t′d/t

′
mix, remains constant to within ±5% in the range of Pé considered.

Consequently, one can determine the value of t′mix from the value of t′d.

After analyzing the three cases for different Pé at a fixed value of Sr−1,
we now study the effect of Sr−1 on two different systems with Pé = 103 and
105. We vary Sr−1 by varying T of the TPSF. A larger value of T indicates
a longer time duration between the alternating flow fields, which corresponds
to a weaker advection in the flow. We plot Q2 versus t′ for Pé = 103 in
Figure 6.9. The plot shows that the peak position does not change significantly
in the range of Sr−1 considered. Which shows that, when the diffusivity is
high, the advection in the flow is not able to influence the transition time t′d
and consequently mixing time t′mix. For Pé = 104 the peak position does
not change significantly for Sr−1 ≤ 1.4 and shifts towards longer times for
Sr−1 ≥ 2.0 (see Figure 6.10). The shift in t′d indicates that Q2(t′) is able to
quantify the response of the system to changes in Sr−1 and also the fact that
this quantification scheme is sensitive to Pé.

In Figure 6.11, we can see the time variation of two similar systems with
Pé = 103 and Pé = 104. We can further visualize the conclusions made
before with respect to the Pé. The inverse Strouhal number of both system
1.4. Under these conditions we observe that the scale segregation disappears
in the system with Pé = 103 after a time t′ = 4.0. In the system with a
lower value of diffusivity i.e. Pé = 105, we observe the effect of advection
persists until a later time t′ = 8.0. This shows that at a low value of Pé, the
advection is not able to influence the mixing process. This is in agreement
with our previous observation, that for low Pé the td and consequently tmix

remains almost constant. In the following section we extend this analysis
to the 3D LBM based simulations of multicomponent flow in realistic mixer
geometries.
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Figure 6.11: Concentration distribution for several times t′ and two values
of the Péclet number. For (a-d) Pé = 103 and (e-f) Pé = 105. Due to the
strong diffusion in this case, the advection is not able to stretch and fold the
concentration distribution. The fluid is mixed at t′mix = 4.0. For the second set
of simulations from (e-h), we observe the formation of shorter length scales
due to stretching and folding of the distribution. The mixing time is much
longer in this case t′mix = 8.5, due to the low diffusivity.

6.5.2 Analysis based on the LBM results

The motivation of using scale segregation to study the various cases observed
using the TPSF is to pursue our goal, i.e. to analyze and numerically quan-
tify mixing in three dimensions. The cross-sections of 3D concentration fields
obtained from simulations and experiments can be studied from the measure-
ment of Q1. From our multicomponent LBM simulations for flow across ge-
ometries such as the stagarred herringbone mixer, the diagonal mixer and the
plain channel, we measure Q1 from the cross-section of the concentration
fields. By studying the variation of Q1 against z (length along the channel)
one can estimate the influence of the geometry and compare the performance
of the different micromixers. This can also be used to estimate the mixing
length for the flow through these channels with geometrical designs. In Fig-
ure 6.12, we plot Q1 at various cross-sections of the domains. We observe
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Figure 6.12: The variation of Q1 versus z(∆x), for flow through the three
different geometries which are used in Chapter 5. In the case of the PC, the
magnitude of Q1 drops uniformly with distance due to the absence of trans-
verse flows in the domain. In the case of the DM and the SHM the fluctuations
reveal the advection in the flow.

that in the case of the PC, the magnitude of Q1 decreases uniformly with z.
This is due to the absence of strong advection due to geometries which would
give rise to transverse flows. We rougly assume that the mixing length is the
point when the fluctuations in the Q1 versus z dies out. The mixing length in
this case of Plain channel is approximately 4300∆x, the point after which Q1

steadies. In the case of the DM, initial fluctuations in Q1 steady down after
approximately 3200∆x. However, in the case of the SHM, we observe that
the fluctuations in Q1 disappear after a distance of approximately 2000∆x
along the channel. We can observe that there are multiple peaks in the data for
the DM, which is due to the regular regions present in the mixing domains.
This is not the case for the SHM, as the geometry uniformly distributes the
scales over the entire mixing domain.

As discussed in Chapter 5, with the present multicomponent LBM model
it is difficult to simulate systems at a high Sc. Due to this limitation the mag-
nitude ofQ1 is lower than what can be achieved with the 2D TPSF. At present
we are able to simulate systems with Sc only upto 102. However, for future
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work we propose to study the interplay of advection and diffusion in geome-
tries with a 3D fluid model which can reach higher Schmidt numbers, possibly
up to 105. Then, with the combination of the multiscale variance scheme it
will be possible to numerically study the mixing process and optimize almost
any complicated geometry.

6.6 Conclusions

The advection of the fluid plays a major role in enhancing the efficiency of
mixing. At low diffusivity, strong advection is required to make mixing faster,
especially if the Reynolds number is low. It has been observed that in such
processes the advection disintegrates the domains of larger components into
smaller scales. Due to such a process, high concentration gradients exist even
at smaller scales. The variation and the nature of these scales are directly
proportional to the nature of the fluids and the type of advection or geometry
which produces it in the first place. The multiscale measure that we describe
in this chapter provides an alternative to quantify the interplay of advection
and diffusion by studying scale segregation. This can be used to optimize
or compare geometries, based on numerical simulation as well as experimen-
tal data. We have verified this with the 2D TPSF model, which can mimic
“chaotic advection”. By varying the Strouhal number and the Péclet number
we have studied the various cases of advection-diffusion mixing. We have also
extended this scheme to analyze the simulation data obtained from the LBM
studies and obtained consistent results. However, with a 3D model which
can simulate systems with high Sc the numerical studies with Q(t′) can be
extended to optimize complicated geometries.

In technological applications, the use of the L = 0.05 criterion is chal-
lenging as the entire concentration distribution has to be measured with high
spatial resolution. There are few experimental methods that allow measure-
ments with 3D resolution. For instance the technique of confocal fluorescence
microscopy is typically too slow and too expensive to be useful. It is much
easier to perform a scattering or diffraction type of experiment that is sensi-
tive to the Fourier components of the concentration distribution. Moreover,
the time resolution of these techniques is far superior to 3D-resolved imaging
methods. Therefore the determination of Q(t′) and the transition time td pro-
vides an attractive strategy for characterizing the efficiency of micromixers.



7
Conclusions and Outlook

7.1 Conclusions

On the microscale fluid flows are at a very low Reynolds number. The flows
are laminar and hence mixing becomes a challenging issue. This process gets
even more complicated when the Schmidt number is high. In such cases the
fluids do not mix easily by themselves. This demands techniques and pro-
cesses to make mixing more efficient. Several methods are incorporated to
increase the efficiency of micromixers. In Chapter 2 of this thesis we have
presented a literature overview on different types of micromixers and their
applications. The design of the micromixers plays an important role in im-
proving their efficiency. One such case is the example of Stroock et al.,9

where we have seen how the staggered herringbone shapes of the geometries
are used to create “chaotic advection” - a process that is favorable for mixing
under laminar conditions.

In most of the research in this field, the performance of the micromixers
was quantified by expensive trial and error experiments because suitable ana-
lytical models are limited. In this thesis, we have numerically quantified the
performance of geometries by using the lattice Boltzmann method as a tool.
In Chapter 3 we described the lattice Boltzmann method in detail. We elabo-
rated on the necessary boundary conditions and the Shan-Chen multicompo-
nent model which was used to simulate the two component fluid system.

Quantification plays a major role in order to efficiently design micromix-
ers. The advection and the diffusion of fluids during the mixing process and

99



100 Conclusions and Outlook

their interplay were quantified by using different schemes. In Chapter 4 we
used passive tracer particles to track the streamlines of the flow. Since no dif-
fusion was involved, this allowed to study only the advection of the process
which is directly influenced by the geometries. The “staggered herringbone
mixer” (SHM) was used as a sample geometry which is known to generate
“chaotic advection” in the flow. The finite time Lyapunov exponents are a
measure for the stretching and folding in the flow, hence the efficiency of the
geometries. This method was used to optimize the dimensionless parameters
of the SHM such as height fraction (α), width fraction (β), distance fraction
(γ) and number of grooves per half cycle (n).

Considering physical processes where diffusion is also involved, we im-
plemented the Shan-Chen multicomponent model. By performing simulations
of two component fluid flow in various mixer geometries, the efficiency of the
geometries was compared by studying the variation of the mixing length with
the Péclet number in Chapter 5. A power law variation of the mixing length
Λ with the Péclet number of the simulations was found. From this variation
we determined the “stretching exponent” (δ) which is a performance index.
This power depends on the nature of the advection, hence the design of the
geometries involved in the process. Λ was determined with the intensity seg-
regation Id. It was verified that the performance of the SHM is better than that
of a mixer with diagonal stripes, i.e. the “diagonal mixer” (DM). Also, it was
verified that both the SHM and the DM perform better than a plain channel
(PC) without any grooves. This could be used as a first step before performing
experiments with specific design. When the Schmidt number is high, quantifi-
cation is not so simple anymore. Geometries such as the SHM induce a strong
advection that disintegrates the domains of the components into domains of
smaller scales. Hence, the concentration varies with the scales. We considered
this factor and developed a quantification scheme appropriate for the situation.
This technique is based on the analysis of multiple length scales occuring and
known as the “multiscale measure”. In Chapter 6 we demonstrated that this
scheme is applicable for flows at high Schmidt number and high Péclet num-
ber and that it can be used as an alternative to complement the measurement
of intensity segregation. Two-dimensional time periodic sine flow (TPSF) has
been used as a prototype to simulate advection and diffusion to verify the mea-
surement. We further used this scheme to successfully compare flows simu-
lated with the three-dimensional lattic Boltzmann method through the SHM,
the DM and the PC.



Outlook 101

7.2 Outlook

Even though we successfully applied the LBM to study and quantify the effi-
ciency of micromixers, there are several areas where the current work can be
further extended. In this thesis we attempted to use the Shan-Chen LBM in
its miscible regime. It would be useful to go to the next step, where it is pos-
sible to simulate multicomponent systems with higher Schmidt number. The
first important step in this direction is to study and compare various available
lattice Boltzmann based multicomponent models. A proper investigation of
the interactive potential of the Shan-Chen model has to be made. In order to
extend and study the possibilities of the Shan-Chen model to simulate fluids
at high Péclet number and high Schmidt number. If this can be overcome then
it should be possible to simulate 3D multicomponent mixing under realistic
conditions, such as in the experiment of Stroock et al. A combination of mul-
tiscale variance along with simulations could be used to optimize and study
any complicated microfluidic system.

After we have a model which can achieve the above objectives, it should
be possible to extend this to study cell diffusion and osmosis and eventually
transport and mixing within cells. Charged particles in multicomponent flows
have already been studied by using the LBM. This can be further extended
to study multi-physiochemical transport. The LBM can thus be useful to nu-
merically study the dynamics of cell transfusion and metabolism and other
complicated processes within the cells.
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Appendix

Power spectral density as an alternative to a global mean

We consider a one-dimensional concentration distribution denoted by the func-
tion ρ′(x). The global mean of this distribution as defined in Chapter 6, is
given as:

ρ′global =

∫ 1

0
ρ′(x)dx. (1)

where ρ′(x) is a normalized distribution. However, if ρ′(x) is a combination
of multiple frequencies, then ρ′global do not give much information about the
nature of distribution. Further, any quantification scheme based on ρ′global will
remain insensitive to these differences. For such cases we define ρ′local(x, η)
in Chapter 6.

The one-dimensional concentration distributions with frequencies 10, 20, 80
and 90 are depicted in Figure A.1. The distributions are: ρ′1(x) = sin(20πx),
ρ′2(x) = 1 + sin(40πx), ρ′3(x) = sin(160πx) and ρ′4(x) = 1 + sin(180πx).
The superimposed distributions are denoted by P1(x) and P2(x), where we
have P1(x) = ρ′1(x) + ρ′2(x) and P2(x) = ρ′3(x) + ρ′4(x). The global mean
of P1(x) and P2(x) estimated from Eq. 1 is 1.0. However, the fundamental
differences between them cannot be captured by only measuring ρ′global. This
difference is due to the differences in frequencies or scales.

The Fast Fourier Transform (FFT) of the distributions in direct space,
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Figure A.1: A linear superposition of distributions with different frequencies.
The function P1(x) = 1 + sin(20πx) + sin(40πx) is a linear superposition of
two functions of lower frequencies. The function P2(x) = 1 + sin(160πx) +
sin(180πx) is a linear superposition of two functions of higher frequencies.

transforms them into their Fourier space with spatial frequencies kx. The
FFT algorithm was initially developed by Cooley and Tukey in 1965.153 Fig-
ure A.2 shows the power spectral density (PSD) of the functions P1(x) and
P2(x). The PSD is the distribution of the squared modulus of the co-efficients
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Figure A.2: The power spectrum density of the concentration distributions
P1(x) and P2(x) shows that even though they have the same ρ′global, the small
scale and the large scale spatial frequencies are distinctly separate in the kx
space.



Appendix 105

of the FFTs (a2
kx

) in kx space. The intrinsic differences between the distri-
butions which has the same ρ′global are clearly revealed. The four discrete
frequencies which constitute P1(x) and P2(x) are four distinct points in this
plot. Similarly, it is possible to extend this idea to more than one-dimension
to develop quantification schemes for mixing.
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[2] V. Hessel, H. Löwe, and F. Schönfeld. Micromixers- a review on active
and passive mixing principles. Chem. Eng. Sci., 60:2479, 2005.

[3] H. Aref. Chaotic Fluid Dynamics and Turbulent Flow. Springer-
Verlag, New York, 1990.

[4] N.-T. Nguyen. Micromixers Fundamentals, Design and Fabrication.
William Andrew, New York, 2007.

[5] H. Aref. Stirring by chaotic advection. J. Fluid Mech., 143:1, 1984.

[6] M. Liu, F. J. Muzzio, and R. L. Peskin. Quantification of mixing in
aperiodic chaotic flows. Chaos Solitons and Fractals, 4:869, 1994.

[7] D. S. Kim, S. W. Kwon, T. H. Lee, and S. S. Lee. Barrier embedded
chaotic micromixer. J. Micromech. Microeng., 14:757, 2004.

[8] G. M. Whitesides and A. D Stroock. Flexible methods in microfluidics.
Phys. Today, 54:42, 2001.

107



108 Bibliography

[9] A. D. Stroock, S. K. W. Dertinger, A. Adjari, I. Mezić, H. A. Stone, and
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Summary

Quantification for micromixing using the lattice Boltz-
mann method

Mixing at the microscale is a complex process which has tremendous impact
in the field of industrial development and scientific research. Micromixers are
devices which play a major role in making the process efficient and effective.
These devices find application in genomics, diagnostics, drug discovery and
many other areas that require mixing of bio-reactants and chemical samples.
Due to the low Reynolds number of the microscale flows, efficient micromix-
ing is difficult to achieve. This becomes a challenging problem especially
when the Schmidt number of the fluids is high. In such cases, the geometries
play a major role to increase the performance of the micromixers. Processes
such as “chaotic advection” have been proposed on the basis of specially de-
signed geometries.

The optimization of the micromixer design plays a major role in enhancing
their efficiency. It is a challenging task to have an analytical model which can
be used to quantitatively classify the process of mixing. Traditionally, the
geometries are optimized by time consuming trial and error experiments. In
this thesis we numerically study and optimize the performance of micromixers
by applying suitable quantification schemes. The lattice Boltzmann method is
used as a numerical technique to solve the fluid flow in complex geometries.
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122 Summary

The process of mixing is a combination of advection, diffusion and their
interplay. Hence, the quantifying schemes should consider these processes
sometimes individually otherwise simultaneously. In our work we simulate
massless and non-interacting particles along with appropriate boundary con-
ditions. From the trajectories of these particles we obtain the finite time Lya-
punov exponents. This measures the advection in the flow and is used to suc-
cessfully optimize the geometrical parameters of the staggered herringbone
micromixer. As a next step we implement the Shan-Chen multicomponent
model in our lattice Boltzmann code in order to incorporate two-component
flows. This creates the necessary framework to study the interplay of advec-
tion and diffusion and their role in determining the efficiency of the micromix-
ers. Dimensionless numbers such as the Schmidt number, Péclet number and
Reynolds number are used to study the systems. The so-called “stretching ex-
ponent” is used to measure the variation of the mixing length with the Péclet
number. We then successfully compare the performance of geometries such
as the plain channel, the diagonal mixer and the herringbone mixer based on
our simulations with the lattice Boltzmann method.

In the case of high Schmidt number flow, advection is mainly responsi-
ble in determining the efficiency of the micromixers. Quantification of such a
process should not only consider the concentration of the individual compo-
nents but also the way domains of each component are segregated over various
length scales. Such segregation occurs when the diffusivity of the fluids is low
and advection is strong. We quantify the scale segregation with the so-called
Q-value, which is obtained from the Fourier transform of the concentration
fields. We first study the scheme using a 2D prototype model and then ex-
tend it to flows based on 3D lattice Boltzmann simulations. This approach is
then utilized to compare the performance of the geometries which were used
before.

In this work, we successfully show the application of the lattice Boltzmann
method in studies related to micromixing. We propose different schemes for
quantification and mixing studies, which along with the lattice Boltzmann
method can be used to numerically optimize the performance of micromixers.
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Nomenclature

Acronyms

BC Boundary conditions
BGK Bhatnagar-Gross-Kroock
FFT Fast Fourier transform
FTLE Finite time Lyapunov exponent
LB Lattice Boltzmann
LBM Lattice Boltzmann method
LBE Lattice Boltzmann equation
LGA Lattice gas automaton
MRT Multi-relaxation time
PC Plain-channel mixers
PBC Periodic boundary condition
PDF Probability density function
PSD Polar spectral density
PTV Particle tracking velocimetry
SHM Staggered herringbone mixer
TPSF Time periodic sine flow
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Symbols

Dimensionless numbers

Kn Knusden number
Pé Péclet number
Re Reynolds number
Sr−1 Inverse Strouhal number
Sc Schmidt number

Latin

ak Fourier co-efficient
cs Lattice speed of sound
d Distance between the grooves
D Diffusivity
D(t) Separation between the trajectories at time t
D(0) Initial separation between the trajectories
Dz Total length of the SHM
Cs Speed of sound
fσk Velocity distribution function for σ component
f

(eq)
k Equilibrium distribution function
f∗ Distribution function with negative velocity
G Shan-Chen interaction parameter
h Height of the grooves in SHM
H Height of the SHM geometry
Id Intensity segregation
kx, ky Spatial frequencies in x− and y− directions.
` Characteristic length of SHM
Lx, Ly The dimensions in x− and y−
LM Multiscale variance of a scalar field
L Variance of a scalar field
Lmix Mixing length
N Total number of renormalizations
p Pressure
Q,Q1, Q2 Multi-scale variance
tmix Mixing time
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td Transition time
t′ Non-dimensionalized time t
∆t Discretized time
T Time period of TPSF
ū Average velocity in flow direction
U0 Velocity amplitude in TPSF
w Width of the longer arm of SHM
W Width of the SHM channel
∆x Discretized space
x′ Non-dimensionalized space x

Vectors

ck Maxwellian velocity
Fσ Shan-Chen force
Fg Net external force
g Body force
rj Lagrangian position of particles
r′ Position in a non-dimensional space
u LBM velocity
u(eq) Equilibrium velocity
u

(eq)
σ Equilibrium velocity for component σ

vσ Macroscopic velocity of component σ
v(r) Interpolated velocity at r
xi Eulerian LB nodes

Greek

α Height fraction
β Width fraction
γ Distance fraction
Γ Volume of cube
δ, δSHM Stretching exponents
η Length scales
λ Lyapunov exponent
λFTLE Finite time Lyapunov exponent
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Λ Mixing length estimation from Id

ν Viscosity
ρ Density
ρ̄ Average density
ρlocal Local mean density
ρglobal Global mean density
ρ◦ Reference density
σd Variance of a scalar dataset
τ Relaxation time for f (eq)

k

ψ(x) Density function in Shan-Chen model
ωα Mass fraction
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