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Summary

Multiscale modelling of grain boundary plasticity

In polycrystalline materials, such as metals, different types of material defects occur,
two of which are dislocations and grain boundaries. Dislocations are line defects that
perturb the regularity of the crystal lattice. The collective motion of dislocations induces
the irreversible plastic deformation of the material. Grain boundaries are planar defects,
constituting the interfaces between two adjacent crystals with a different orientation
of the atomic lattice. Both of these microstructural defects have a major influence on
the resulting material properties and macroscopic behaviour, in particular when grain
boundaries constitute a relatively large fraction of the material volume, e.g. in fine-
grained metals, thin films and micro-devices. In these cases, the role of grain boundaries
and their interaction with dislocations become of key importance. Various types of
interaction mechanisms between dislocations and grain boundaries have been identified
in the literature using small-scale experiments and computer simulations: dislocations
can be accumulated, transmitted, absorbed or nucleated at the interfaces. The accurate
account of these grain boundary mechanisms is one of the current challenges in the
modelling of the plasticity of polycrystalline metals, which is the subject of this PhD
thesis.

The objective in this thesis is to bridge the scale between the fine-scale interaction mecha-
nisms associated with grain boundary plasticity and the polycrystalline continuum level,
where most engineering design methods rely on. This is established by the development
of a multiscale grain boundary interface plasticity framework, to be used in the context
of dislocation based gradient enhanced crystal plasticity.

First, the foundations of the grain boundary plasticity model are developed through the
formulation of interface balance equations and thermodynamically consistent constitutive
equations, which enter a microstructurally motivated strain gradient crystal plasticity
framework through the higher-order boundary conditions. A key ingredient is the grain
boundary flow rule, which is an evolution equation of a scalar continuum scale quantity
on each slip system at the interface, representing the net effect of the different fine-
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vi Summary

scale phenomena taking place at the grain boundary. Only atomistic simulations can
provide access to the details of the grain boundary structure and energy. Hence, driven
by the need for a physically based continuum scale description of the grain boundary
energy required in continuum modelling frameworks, a multiscale approach is proposed
that leads to a continuum representation of the initial grain boundary structure defect
content and energy, based on the output of atomistic simulations. Next, this multiscale
atomistic-to-continuum approach is exploited in the grain boundary extended crystal
plasticity model, by means of a generalisation of the continuum expression for the initial
grain boundary energy. Finally, a continuum model is developed that incorporates the
description of the defect redistribution along the grain boundary into the grain boundary
plasticity model. A diffusion type evolution law is proposed for the redistribution of the
net defect within the grain boundary, which allows for the nonlocal relaxation of the
locally accumulated grain boundary net defect. This continuum model consists of a
set of equations, including a balance and constitutive equations, for a vectorial grain
boundary net defect field along the grain boundary surface.

In order to investigate the capabilities of the developed grain boundary plasticity frame-
work at different stages of the model development, it is applied to study the microscopic
and macroscopic behaviour of bicrystal benchmark problems. Detailed numerical analy-
ses of the influence of the grain boundary constitutive parameters and the crystal geome-
try have revealed that the macroscopic behaviour is altered considerably with respect to
the conventional grain boundary modelling approaches that lack the critical interactions
between dislocations and grain boundaries.

The multiscale model of grain boundary plasticity presented in the thesis provides a
foundation to a more thorough analysis of polycrystalline metals at the continuum level.
Especially when large fractions of grain boundaries are present, the accurate description
of the role of these boundaries becomes increasingly important.



Notation

In the following definitions, a Cartesian coordinate system with unit vector base {e1, e2, e3}
applies and following the Einstein summation convention, repeated indices are summed
from 1 to 3. The definitions are used throughout the thesis, unless indicated otherwise.

Quantities

scalar α, a, A

vector a = aiei

second order tensor A = Aijeiej

higher (nth) order tensor nA = Aij . . . neiej . . . en

column
˜
a

matrix A

Operations

multiplication c = ab, c = ab, C = aB

dyadic product C = ab = aibjeiej

cross product c = a× b = εijkajbkei (Levi-Civita symbol εijk)

dot product c = a · b = aibi, C = A ·B = AijBjkeiek

double dot product C = 4A : B = AijklBlkeiej, c = A : B = AijBji

triple dot product c = 3A ∴ 3B = AijkBkji

conjugate/transpose AT = Ajieiej

gradient operator ∇ = ei
∂
∂xi

derivative of vector w.r.t. vector C = ∂a
∂b = ∂ai

∂bj
eiej

time derivative ȧ, ȧ, Ȧ
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viii Notation

Crystallographic notation

crystallographic direction, family [uvw], 〈uvw〉
crystallographic plane, family (hkl), {hkl}
slip system, family (hkl)[uvw], {hkl}〈uvw〉



Chapter 1

Introduction

1.1 Background and motivation

Whatever application one considers, the engineering design thereof always involves dif-
ferent types of materials, such as metals, polymers, ceramics, organic materials and com-
posites. All these materials behave differently with respect to their material properties,
e.g. their mechanical, thermal, magnetic, electrical and optical properties. Although, ap-
parently invisible at an application level, the material properties are determined by the
underlying microstructure, which is strongly influenced by the chemistry and processing.
By exploiting in-depth knowledge of the intrinsic relation between structure, proper-
ties, processing and chemistry, materials and products can be engineered, endowed with
specific functionalities of interest.

Physical mechanisms that govern the material behaviour occur at different characteris-
tic time and length scales [140], as schematically illustrated in Fig. 1.1 in the case of
plasticity of metallic materials, which have a crystalline structure. The study of plas-
ticity, entailing permanent deformations, is of key importance, since a wide range of
technologies depend upon the ability to deform metals into particular desirable shapes.
Moreover, permanent and time-dependent deformations are often undesired for other
applications, requiring precise control over the underlying plasticity processes. The plas-
tic deformation of metals is accommodated by a collective motion of material defects,
among which dislocations, which are line defects disturbing the regularity of the crystal
lattice. In the last few decades, different modelling approaches have been developed that
can describe the plasticity of metals, each model limited to a particular range of time
and length scales. Typically, with decreasing length scale, the amount of underlying mi-
crostructural features and phenomena to be resolved increases. For example, on the one
hand, atomistic models can resolve the atomic structure of dislocations in the crystalline

1
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Figure 1.1: Schematic illustration of the different characteristic time and length scales in modelling the
plasticity of metallic materials.

lattice, but the material volume under consideration is restricted to a few hundreds of
nanometers within a time span of nanoseconds. On the other hand, continuum plasticity
models consider length and time scales up to the order of meters and hours, respectively.
However, these models cannot resolve the microstructural phenomena that dictate this
macroscopic behaviour.

In order to accurately describe the overall response of a material subjected to a certain
applied load, the details of each of the processes at the various time and length scales need
to be incorporated. The paradigm of multiscale modelling is an attempt to compromise
in the trade-off between the resolution of the fine-scale discrete models and the efficiency
of the macroscopic continuum models. Different multiscale modelling techniques exist,
which can be classified into three categories [116, 177]. The first class are the bottom-
up approaches including sequential methods and coarse-graining (homogenisation). In
the sequential methods, parameters obtained at smaller scales are passed to the larger
scales, whereas in coarse-graining microscopic processes and features are homogenised
resulting in macroscopic constitutive descriptions. The second category are the top-
down approaches, where physical phenomena are incorporated by adopting particular
constitutive formats based on observations at smaller scales. The third class are the
concurrent methods, in which multiple scales are considered simultaneously.

In polycrystalline metals, in addition to dislocations, other material defect exist. An
important defect is the grain boundary, which is the interface between grains (crystals)
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with a different orientation of the atomic lattice. Grain boundaries have a major influence
on the material properties and the macroscopic behaviour, in particular when these
interfaces constitute a relatively large fraction of the material volume, e.g. in fine-grained
metals, thin films and micro-devices. In these situations, so called size effects often
emerge. This is typically the case when a characteristic length scale, such as the specimen
size, approaches a microstructural length scale, such as the grain size. Another well-
known example of a size effect is the Hall-Petch effect, inducing an increased material
strength resulting from grain size refinement. However, when the average grain size
reduces, the role of grain boundaries and their interaction with dislocations become of
key importance.

Various types of interaction mechanisms between dislocations and grain boundaries have
been identified from small-scale experiments and computer simulations [145, 175]. In
general, the details of the interaction mechanisms that take place depend upon the ini-
tial structure of the grain boundary, the magnitude of applied forces, and the degree
of available thermal activation. Grain boundaries can act as obstacles to the motion of
dislocations in the crystal lattice leading to a dislocation pile-up, or as sources of dis-
locations generating dislocations in the adjacent grains and at the interface. A lattice
dislocation may also be transmitted through the interface from one grain to the next in a
direct or indirect manner, possibly leaving behind a residual defect in the grain boundary.
Furthermore, a grain boundary can act as a sink that absorbs lattice dislocations, which
can redistribute along the interface. All of these interaction mechanisms have a strong
effect on the material properties. The precise account of these grain boundary mecha-
nisms is one of the current challenges in the modelling of the plasticity of polycrystalline
metals [117].

In terms of continuum scale modelling, the incorporation of the behaviour of grain bound-
aries is still in its infancy. For example, conventional continuum plasticity models, even
those enhanced with gradient effects and interface behaviour, do not explicitly account
for the crystallographic misorientation across a grain boundary, which is an important
quantity defining micro-scale interactions between dislocations and grain boundaries.
Classical crystal plasticity models overcome this deficiency, by incorporating the crystal-
lographic structure in a natural way. However, they generally do not account for grain
boundary phenomena, i.e. grain boundaries are only incorporated as planes where the
crystallographic orientation changes. Gradient enhanced crystal plasticity partially re-
solves this limitation through higher-order boundary conditions, yet, mostly limited to
either impenetrable or completely transparant grain boundaries. More recently, these
models have been extended by the inclusion of grain boundary interface mechanics, but
the constitutive equations at the grain boundary, e.g. the continuum scale expression
of the grain boundary energy, still lack a solid physical background. At the same time,
atomistic simulations have indicated that the grain boundary energy depends on the grain
boundary structure and the defect content evolution. Hence, a multiscale description is
required to establish a physically sound continuum scale description of the interaction
between plasticity and grain boundaries.



4 1 Introduction

1.2 Objective and outline of the thesis

The main objective of this work is the development of a multiscale modelling framework
for the plasticity of grain boundaries within the context of dislocation based gradient
enhanced crystal plasticity. To this end, the interactions between dislocations and grain
boundaries enter the framework in a continuum fashion through the higher-order bound-
ary conditions. The grain boundary plasticity model gradually increases in complexity in
each subsequent chapter. The model framework, which consists of a set of highly nonlin-
ear coupled equations, is numerically implemented using the finite element method. In
order to investigate the influence of the resulting model on the microscopic and macro-
scopic behaviour at the different stages of the model development, a bicrystal benchmark
problem is used throughout the thesis.

In Chapter 2 the foundations of the grain boundary interface framework are developed
through the formulation of interface balance equations and thermodynamically consis-
tent constitutive equations within the adopted microstructurally motivated strain gra-
dient crystal plasticity model. A key ingredient is the grain boundary flow rule, which
is an evolution equation of a scalar continuum scale quantity on each slip system at the
interface, representing the net effect of the different fine-scale phenomena taking place
at the grain boundary. The plastic slip at the grain boundary is governed by the com-
petition between three interface microforces, i.e. bulk-induced, energetic and dissipative
microforces. In the numerical analysis, the interface constitutive parameters and crystal
orientations are systematically varied, providing insights into the impact of the grain
boundary behaviour on plastic deformation.

Driven by the need for physically based continuum scale descriptions of the grain bound-
ary energy to be used in continuum modelling frameworks, Chapter 3 describes a mul-
tiscale approach leading to a continuum representation of the initial grain boundary
structure defect content and energy based on the output of atomistic simulations. Dif-
ferent atomistic and continuum concepts related to the grain boundary structure are
consolidated in the development of the model. The proposed approach introduces an
intrinsic net defect density, representing the grain boundary structure, which is related
to the atomistically calculated grain boundary energies through a logarithmic expression.
The ability of the multiscale approach to capture the grain boundary energies in the com-
plete misorientation range of three symmetric tilt grain boundary systems in aluminium
and copper is demonstrated.

The exploitation of the atomistic-to-continuum approach (Chapter 3) into the grain
boundary extended crystal plasticity model (Chapter 2) is elaborated in Chapter 4.
The incorporation requires a generalisation of the continuum expression for the initial
grain boundary energy. An analytical study of the resulting initial energetic interface
microforce is performed, followed by a numerical study examining the particular role and
influence of the grain boundary energetic contributions on the macroscopic response. In
this chapter it is assumed that the grain boundary net defect density remains a local
property at a material point at the interface.
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Chapter 5 describes the development of a continuum model that incorporates the defect
redistribution along the grain boundary into the grain boundary plasticity model of the
previous chapters. A diffusion type evolution law is proposed for the redistribution of
the net defect within the grain boundary, which allows for the nonlocal relaxation of the
local build-up of the grain boundary net defect. The continuum model consists of a set of
equations, including a balance and constitutive equations, for a vectorial grain boundary
net defect field along the grain boundary surface. The incorporation of a strongly nonlocal
interaction term leads to an integro-differential equation for the net defect evolution,
which is further reformulated into a differential form. A numerical analysis investigates
the effect of the defect redistribution and the influence of the constitutive parameters
associated with this relaxation mechanism on the plastic deformation of a bicrystal.

Finally, in Chapter 6, the main conclusions are summarised and an outlook is given for
future work.





Chapter 2

Grain boundary interface mechanics
in strain gradient crystal plasticity1

Abstract

Interactions between dislocations and grain boundaries play an important role in the
plastic deformation of polycrystalline metals. Capturing accurately the behaviour of
these internal interfaces is particularly important for applications where the relative
grain boundary fraction is significant, such as ultra fine-grained metals, thin films and
micro-devices. Incorporating these micro-scale interactions (which are sensitive to a
number of dislocation, interface and crystallographic parameters) within a macro-scale
crystal plasticity model poses a challenge. The innovative features in this chapter include
(i) the formulation of a thermodynamically consistent grain boundary interface model
within a microstructurally motivated strain gradient crystal plasticity framework, (ii) the
presence of intra-grain slip system coupling through a microstructurally derived internal
stress, (iii) the incorporation of inter-grain slip system coupling via an interface energy
accounting for both the magnitude and direction of contributions to the residual defect
from all slip systems in the two neighbouring grains, and (iv) the numerical implemen-
tation of the grain boundary model to directly investigate the influence of the interface
constitutive parameters on plastic deformation. The model problem of a bicrystal de-
forming in plane strain is analysed. The influence of dissipative and energetic interface
hardening, grain misorientation, asymmetry in the grain orientations and the grain size
are systematically investigated. In each case, the crystal response is compared with ref-
erence calculations with grain boundaries that are either ‘microhard’ (impenetrable to
dislocations) or ‘microfree’ (an infinite dislocation sink).

1Reproduced from [187]: P.R.M. van Beers, G.J. McShane, V.G. Kouznetsova, and M.G.D. Geers.
Grain boundary interface mechanics in strain gradient crystal plasticity. Journal of the Mechanics and
Physics of Solids, 61:2659–2679, 2013.
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8 2 Grain boundary interface mechanics in strain gradient crystal plasticity

2.1 Introduction

Internal interfaces (such as grain and phase boundaries) play an important role in the
plastic deformation of polycrystalline metals. They provide obstacles to dislocation glide,
with a resistance that depends on a number of material and crystallographical parame-
ters. As a consequence, they constrain the plastic deformation of adjacent grains, whose
different crystallographic orientations and preferential slip directions result in complex
intra-granular strain fields. The high local stresses developing at the tip of a pile-up [105]
can influence local plasticity and damage, and is obviously sensitive to the ability of dis-
locations to transmit through the boundary. The defect structure of a grain boundary
(GB) can also act as a dislocation source, promoting plastic slip [194].

The challenge addressed by the current work is the development of a macroscopic crystal
plasticity model which accounts for the fine-scale grain boundary micromechanics. A
number of applications motivate this. Metallic thin films and micro-devices can have a
grain size comparable with some of the component dimensions, and accurate resolution of
interface micromechanics may therefore be important for predicting device performance.
For fine-grained and nano-crystalline metals, the large grain boundary area plays a pivotal
role in plastic deformation. As outlined in the review by Meyers et al. [121], a conventional
Hall-Petch relationship breaks down for grain sizes below 1 µm, and the mechanisms by
which plastic deformation progresses at these small grain sizes remains the subject of
continued investigation. Accurate models of grain boundary behaviour during plastic
deformation are required in order to capture these phenomena.

Experimental observations and, more recently, numerical simulations at the atomistic and
discrete dislocation scales, indicate that the micro-scale interactions between dislocations
and grain boundaries are complex and diverse. To motivate the model development, first
these experimental and model observations of the micro- and meso-scale behaviour of
grain boundaries are briefly reviewed. Existing strategies for bridging the length scales
to capture the continuum level response are then summarised.

2.1.1 Interactions between dislocations and grain boundaries

Microscopic investigations of dislocation motion in the vicinity of grain boundaries have
been used to develop an understanding of the interaction mechanisms and the criteria for
the propagation of slip across the interface. Livingston and Chalmers [111], studying pile-
ups at a bicrystal interface, suggest that slip is induced in the adjacent grain in accordance
with a resolved shear stress criterion: slip propagates on the slip plane on which the
magnitude of the resolved shear stress induced by the pile-up is greatest. Later studies
employed transmission electron microscopy (TEM) to track the motion of individual
dislocations during interaction with a grain boundary [100, 101, 158]. A number of
interaction mechanisms were identified, most common of which is the initiation of slip
near the incoming pile-up on the preferentially oriented slip system, leaving a residual
Burgers vector at the grain boundary. Three parameters emerge as most important for
determining the slip plane and slip systems on which dislocations are emitted into an



2.1 Introduction 9

adjacent grain: (i) minimising the angle between the projections onto the grain boundary
of the incoming and outgoing slip systems, (ii) maximising the resolved shear stress in
the slip direction and (iii) minimising the residual defect at the interface, required by
conservation of the Burgers vector. These TEM investigations are generally restricted
to very local phenomena. Sun et al. [170, 171] and Zaefferer et al. [215] use orientation
imaging microscopy (OIM) to measure spatial variations in the densities of geometrically
necessary dislocations (GNDs) over a larger area in the vicinity of an interface in a
deformed aluminium bicrystal.

Although microscopy can provide insights into governing interaction mechanisms, it is
difficult to quantify the resistance to slip posed by an interface. This issue has been
addressed using nano-indentation in the vicinity of interfaces. Hardness variations across
interfaces in various material and interface combinations have been reported [99, 168,
204]. While providing a measure of the obstruction to slip provided by the interface,
the results appear to be sensitive to experimental conditions, such as indentation force
and the orientation of the faces of the indenter tip relative to the interface. A number of
authors have also studied ‘pop-ins’, interpreted as the sudden release of a pile-up through
a grain boundary [167, 212]. Although challenging to interpret, these results indicate that
grain boundaries pose an obstacle to slip of finite strength, and can be overcome with
sufficient applied stress.

More recently, numerical approaches at the micro- and meso-scales have been used to
study the interactions between dislocations and grain boundaries. At the atomistic scale,
molecular dynamics (MD) has been used to study individual dislocation interactions. The
study of de Koning et al. [44] reveals that transmission of a dislocation loop across a tilt
boundary is blocked if the misorientation angle exceeds 20◦. Furthermore, de Koning
et al. [45] show that the resistance to transmission is higher for an asymmetric tilt
boundary compared to a symmetric interface. The initial interface energy (which is
higher in the asymmetric case) appears to play a role. The calculations of Jin et al.
[89] show that the recombination of partial dislocations prior to absorption into a grain
boundary (which is influenced by the stacking fault energy) appears to influence the
critical applied stress for transmission.

At the meso-scale, discrete dislocation dynamics (DDD) has been used to study the
motion of a large number of individual dislocations and their interactions with interfaces,
for example [10, 17, 103]. In these studies, grain boundaries are treated as hard obstacles
to the motion of individual dislocations, but stresses local to the head of a pile-up may
activate sources in the adjacent grain which reside on favourably oriented slip planes. The
propagation of slip therefore depends on the activation strength of dislocation sources,
their locations and the elastic stress fields which develop due to slip incompatibility.
Recently Li et al. [106] have introduced penetrable interfaces within a DDD calculation.
A criterion is specified by which a dislocation may transmit across a grain boundary,
in the form of a threshold shear stress which accounts for the energy balance for the
transmission event.
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2.1.2 Modelling grain boundary behaviour at the continuum scale

The problem of interest is fundamentally multiscale in nature: dislocations interacting
with interfaces at the micro-scale influence the macroscopic response of the material.
This poses a challenge in accounting for the fine-scale behaviour across different length
scales. Three main strategies have emerged recently in order to capture grain boundary
behaviour at the continuum scale.

(i) Multiscale modelling via embedded, higher resolution domains. One approach to the
problem is to directly couple domains with different degrees of resolution (micro-, meso-
and macro-scales), passing information between them at the boundaries. Dewald and
Curtin [47] use a coupled molecular dynamics (MD) and discrete dislocation dynamics
(DDD) approach to model the interactions between dislocations and a symmetric tilt
boundary in aluminium. Individual dislocations exit the DDD domain and are modelled
in greater refinement via MD as they approach the interface, and vice versa. Wallin et al.
[196] couple discrete dislocation and continuum level calculations. These approaches have
a high level of local refinement, providing insights into grain boundary micromechanics
for multiple dislocation interactions. For example, Dewald and Curtin [47] reveal grain
boundary defect accumulation and relaxation mechanisms. Refinements to the slip trans-
mission criteria of Lee et al. [100, 101] are also proposed which account for the influence of
a multiple dislocation pile-up. In particular, the interface normal stress component and
the modification of the interface structure due to the absorption of multiple dislocations
are shown to have an influence. However, the method introduces significant modelling
challenges at the MD/DDD domain interfaces, to avoid introducing non-physical arti-
facts.

(ii) Modelling grain boundaries as embedded continuum plasticity zones of finite volume.
A lower resolution but computationally less demanding strategy (and therefore more
suited to larger boundary value problems) is to model grain boundaries as an embedded
continuum plasticity zone of finite volume, but having a distinct constitutive behaviour
from the bulk crystal. Ashmawi and Zikry [6] adopt a conventional (i.e. not strain gra-
dient dependent) crystal plasticity framework for the bulk crystal and grain boundary
zones featuring mobile and immobile dislocation densities as internal variables. A crite-
rion is specified for transmitting dislocation density across the interface between the bulk
and grain boundary zones, based on slip system misorientation. Ma et al. [113] adopt a
strain gradient crystal plasticity framework. Slip resistance in the grain boundary zone is
reformulated to include an energetic penalty to slip (entered via the activation energy in
the flow rule) which accounts for the misorientation of the adjacent grains. This energy
penalty is representative of the residual defect which would remain at a grain boundary
after absorption or transmission of a dislocation. A disadvantage of this type of approach
is that a realistic grain boundary zone width (of the order of the Burgers vector) would
require an impractically small finite element mesh size.

(iii) Specification of internal boundary conditions within strain gradient plasticity theo-
ries. Continuum level plasticity theories which introduce strain gradient dependence in
order to account for experimentally observed size effects are well established (see [95] for a
recent comparative review). These theories may be phenomenological in nature or, more
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recently, microstructurally motivated, accounting directly for gradient dependence via
the evolution of populations of geometrically necessary dislocations (GNDs) [5]. Includ-
ing strain gradient dependence requires ‘higher-order’ boundary conditions (BC) to be
specified in addition to the conventional ones. There is scope to use these boundary con-
ditions to control plastic slip at interfaces, effectively reducing the grain boundary zone
to an interface layer. This is the approach adopted in the current investigation. In the
following, existing strategies for specifying higher-order boundary conditions that govern
interface behaviour within strain gradient plasticity frameworks are briefly reviewed.

2.1.3 Higher-order interface BCs: review of existing approaches

To date, the majority of studies adopt ‘microscopically simple’ boundary conditions, i.e.
conditions which expend zero interface work, of which there are two limiting cases:

1. A ‘microfree’ boundary, such as a free surface, which requires zero GND density on
the interface. Physically, this represents an interface at which dislocations are free
to escape, essentially an infinite sink.

2. A ‘microhard’ condition would correspond to zero plastic strain at the interface or,
in the case of crystal plasticity frameworks, zero slip on systems interacting with
the interface. Refer to [95] and [54] for discussions on the geometric considera-
tions for slip system-interface interactions. In other words, the interface poses an
impenetrable obstacle to dislocations.

The ‘microhard’ case has been commonly applied to grain boundaries (see [16, 56] for
example). It is possible to relax this constraint, by specifying constitutive relationships
coupling the jumps in higher-order tractions (moment tractions) and plastic strain across
the grain boundary to the interface work rate, consistent with appropriate higher-order
balance equations. A third ‘intermediate’ condition, which also expends zero interface
work, is obtained when assuming continuity of both the higher-order tractions and plastic
strain, for example [38]. Since it is rather difficult, both practically and physically, to
constrain individual slip systems with such a global constraint, as would be required in
the context of the framework developed here, this condition has not been further explored
in this work.

Gudmundson [74] outlines such a treatment of boundary conditions within a phenomeno-
logical strain gradient plasticity framework. Interface moment tractions are defined work
conjugate to the local plastic strain. Both the moment traction and plastic strain are
permitted to be discontinuous across the interface. An energetic form for these moment
tractions is proposed, with an interface free energy that is quadratic in the local plastic
strain at the interface. An interface length scale parameter (taken as a material constant)
is specified which controls the rate of accumulation of interface free energy with plastic
straining. The investigation focuses on an elastic-plastic interface, whereby coupling of
slip activity on either side of an interface is not considered. The model is implemented
numerically by Fredriksson and Gudmundson [62, 63], to analyse the problem of a plastic
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thin film on an elastic substrate. The authors develop the interface model further in [64].
A more general power-law form for the interface energy is proposed, as well as dissipative
moment tractions. Aifantis and Willis [2] also propose energetic constitutive relations
for internal interfaces which, similar to Fredriksson and Gudmundson, are functions of
the local plastic strain. Solutions are obtained for the one-dimensional plastic deforma-
tion of a medium containing internal interfaces. This is further developed in [3], with
calculations of the effective response (in 1D) of materials with a random distribution of
internal interfaces accounting for the influence of the interface energy. The treatment of
coupling between grain behaviour on either side of an interface is handled by constrain-
ing plastic strain to be continuous across an interface. However, this may in general be
an over-constraint for a grain boundary. Recently, Fleck and Willis [59] propose a more
elaborate form for the interface free energy which considers this cross-coupling further.
Plastic strain is permitted to be discontinuous, with an interface energy that depends
on both the jump in plastic strain and the average plastic strain across the interface.
However, this is not pursued in detail in that work.

A drawback in the preceding studies is the inability to explicitly account for crystallo-
graphic misorientation across a grain boundary, which is an important quantity to be
considered in modelling micro-scale interactions between dislocations and grain bound-
aries. Employing crystal plasticity overcomes this deficiency.

Cermelli and Gurtin [30] propose constitutive relationships for internal interfaces within
a strain gradient crystal plasticity framework incorporating densities of geometrically
necessary dislocations (GNDs). This approach facilitates comparison with experimental
investigations such as those of Sun et al. [170, 171]. Visco-plastic power-law relations
are proposed linking slip rates adjacent to an interface to the interface microtractions.
These microtractions are in turn related to the GND densities on each slip system via the
bulk crystal constitutive relations. Furthermore, constitutive relations are proposed for
macroscopic slip at an interface, i.e. governing displacement discontinuities. Analytical
solutions are obtained for the problem of a semi-infinite crystal with two active slip
systems bonded to a rigid substrate. The interface jump conditions are developed in
more detail by Gurtin and Needleman [78]. A more elaborate description of the interface
kinematics is proposed, employing an interface defect tensor, analogous to the Nye tensor
for the bulk crystal. Dissipative constitutive relations for plastic slip adjacent to the
interface are introduced, dependent on the rate of change of this interface defect tensor,
physically representing the flow of Burgers vector in and out of the grain boundary.
A consequence of this approach is that adjacent grains are coupled in their interface
response: slip on either side of the boundary contributes to the rate of change of the
interface defect tensor. This model has been developed further by Gurtin [77]. An
energetic contribution to the interface microtractions is introduced, based on an interface
energy that is quadratic in the interface defect tensor. This additional contribution
is interpreted as an interface back stress, which also couples slip activity in the two
grains. ‘Slip interaction moduli’, which characterise the slip system coupling, are derived,
incorporating intra-grain and inter-grain contributions.

Although qualitative descriptions of the interface response are given in the preceding
crystal plasticity studies, the proposed models are not numerically implemented. How-



2.1 Introduction 13

ever, it is desired to explore the capability of an interface model to capture complex
behaviour.

2.1.4 Outline and scope of the chapter

In the present chapter, the modelling of grain boundary behaviour through the develop-
ment of microstructurally motivated higher-order internal boundary conditions within a
strain gradient crystal plasticity framework is pursued. The following specific contribu-
tions are made:

1. An interface constitutive model is developed which incorporates intra-grain slip sys-
tem coupling consistent with the ‘full internal stress’ approach developed in the sin-
gle crystal plasticity model of Bayley et al. [16]. This provides a microstructurally
motivated basis for slip system interactions at the grain boundary. Furthermore, as
a non-local approach, it allows the cumulative effect of a dislocation pile-up to be
accounted for in determining slip activity at the interface. The resulting interface
slip system couplings are distinct from the formulations of Gurtin and Needleman
[78] and Gurtin [77].

2. The proposed interface constitutive model accounts in a transparent manner for the
geometric constraints on slip system-interface interactions identified by Kuroda and
Tvergaard [95] and Ertürk et al. [54]. These interaction conditions influence both
(i) the interface dissipation and (ii) the evolution of the interface energy.

3. The interface energy is formulated in terms of an accumulated interface defect,
analogous to the interface net Burgers vector. This provides a micromechanically
sound basis for inter-grain slip system coupling at the interface. Consistent with the
experimental and numerical observations outlined above, the interface net defect is
allowed to either retard or promote slip on intersecting slip systems, depending on
the defect magnitude and relative orientations of the Burgers vectors.

4. The interface constitutive model is numerically implemented in order to investigate
directly the influence of the grain boundary constitutive model on plastic deforma-
tion. The model problem of a bicrystal consisting of alternating misoriented grains
is considered. Interface constitutive parameters and crystal orientations are system-
atically varied, providing insights into the influence of grain boundary behaviour
on plastic deformation, at both macroscopic and microscopic levels.

The chapter is structured as follows. In Section 2 the bulk crystal strain gradient plas-
ticity formulation is summarised. The grain boundary constitutive model is developed in
Section 3. Section 4 describes the numerical implementation of the constitutive model.
The results of an analysis of the role of grain boundaries during the plastic deformation
of a bicrystal are described. Conclusions are provided in Section 5.
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2.2 Bulk crystal formulation

In this section, the strain gradient crystal plasticity model developed by Evers et al. [56]
and Bayley et al. [16], shown to be thermodynamically consistent by Ertürk et al. [54], is
briefly summarised. This framework is adopted for the bulk crystal in the current work.
Connections are made between this constitutive model and the balance equations within
a strain gradient crystal plasticity framework, to provide a more general basis for the
interface equations derived subsequently. In the current work, attention is restricted to
small deformations.

2.2.1 Crystal geometry and dislocation sign convention

A crystal plasticity approach is adopted, with dislocation densities on individual slip
systems acting as key variables. Consider a grain A containing slip systems α, each
defined by a slip plane normal mα and orthogonal unit vectors sα and lα which lie in
the slip plane. The Burgers vector is given by bsα. Edge and screw dislocations residing
on α are considered to follow the ‘finish-start/right-handed’ (FS/RH) sign convention
with respect to the reference crystal [82]: a Burgers circuit traversed in a right-handed
manner with respect to the dislocation line direction is closed by the Burgers vector,
which is directed from the finish to the start of the circuit. An idealised dislocation
loop is sketched in Fig. 2.1 consisting of four straight line segments (two of pure edge
character and two of pure screw) with the dislocation signs as indicated. If the slip plane
experiences a resolved shear stress as shown, the material within the loop undergoes a
positive shear deformation γα as the loop expands. The glide directions of the various
signed dislocation segments are shown in Fig. 2.1. The total distortion is given by the
sum of elastic (e) and plastic (p) components

∇u = He + Hp . (2.1)

The plastic distortion is given by

Hp =
∑
α

γαsαmα . (2.2)

Geometrically necessary dislocation densities of edge and screw character, defined ρ
α(e)
g

and ρ
α(s)
g respectively, arise from gradients in slip as follows

ρ
α(e)
g = ρ

α(e)
g0 − 1

b
∇γα · sα and ρ

α(s)
g = ρ

α(s)
g0 +

1

b
∇γα · lα . (2.3)

Here, the unit vector lα = sα×mα and ρ
α(e)
g0 and ρ

α(s)
g0 represent the initial GND densities.



2.2 Bulk crystal formulation 15

m®

s®

l
®

(+) edge

(+) screw

({) screw

({) edge

slip plane ®

glide directions dislocation line
direction

positive resolved shear stressdislocation loop

Figure 2.1: An idealised dislocation loop on slip plane α. The slip plane unit vectors and the adopted
sign convention for dislocation loop segments (here assumed to be either pure edge or pure screw) are
shown.

2.2.2 Bulk crystal balance equations

First the principle of virtual work is employed to outline the balance relationships within
the strain gradient crystal plasticity framework.2 Consider a bicrystal domain consisting
of two grains A and B separated by an internal interface Γ with normal direction ngb,
which points from A to B. The domain has total volume V = V A ∪ V B and external
surface S = SA∪SB with outward normal n. Strain gradient dependence is incorporated
via the gradient of the plastic slip on slip plane α, and hence the rate of internal work
reads

Ẇ int =

∫
V

σ : Ėe dV +
∑
α

∫
V

(πα γ̇α + ξα ·∇γ̇α) dV +

∫
Γ

(
φ̇gbM + φ̇gbm

)
dΓ .

(2.4)

Here, the Cauchy stress σ is work conjugate to the elastic strain

Ee =
1

2

(
He + HeT

)
. (2.5)

The ‘microforce’ πα and ‘microstress’ ξα are work conjugate to the plastic slip and
plastic slip gradient ∇γα, respectively. The rate of internal work at the grain boundary
consists of two parts φ̇gbM and φ̇gbm that account for the work done due to macroscopic and

microscopic interface mechanisms, respectively. The role of φ̇gbM and φ̇gbm will be described
subsequently. The rate of external work on the bicrystal domain is

Ẇ ext =

∫
S

text · u̇ dS +
∑
α

∫
S

χαext γ̇
α dS , (2.6)

2A form for the virtual power balance is adopted consistent with the group of theories categorised by
Kuroda and Tvergaard [95] as ‘work-conjugate’ type. The equivalence between this and the ‘non-work
conjugate’ frameworks of Evers et al. [56] and Bayley et al. [16], on which the current model is based,
has been shown by Kuroda and Tvergaard [95] and Ertürk et al. [54].
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where text and χαext are external tractions and microtractions, respectively. Equating
internal and external work rates leads, after eliminating the elastic strain rate and ap-
plication of the divergence theorem, to the following balance equations within the bulk
crystals V A and V B

∇ · σ = 0 and πα − σ : sαmα −∇ · ξα = 0 . (2.7)

2.2.3 Bulk constitutive equations

As has been shown by Kuroda and Tvergaard [95] and Ertürk et al. [54], the bulk crystal
balance equation (2.7b) is equivalent to the definition of the effective shear stress ταeff on
a slip plane α, as used in [56] and [16]

ταeff = τα − ταb , (2.8)

with

ταeff = πα , τα = σ : sαmα and ταb = −∇ · ξα . (2.9)

In the above relations τα and ταb are the Schmid and the back stress on a slip system α,
respectively. The Schmid stress τα follows from an elastic relationship for the Cauchy
stress, projected on the slip plane α

σ = 4C : Ee , (2.10)

where 4C is the fourth order elasticity tensor and Ee the elastic strain.

The back stress, Eq. (2.9c), is derived from a microstructurally motivated internal stress
σint

ταb = −σint : sαmα . (2.11)

The internal stress can be interpreted as a fine-scale correction, accounting for microstruc-
tural effects not resolved by the macroscopic elastic strain field, e.g. dislocation pile-ups.
In the frameworks of Evers et al. [56] and Bayley et al. [16], spatial gradients in the
densities of geometrically necessary dislocations (GNDs) are shown to induce a net re-
solved shear stress on the slip plane. In this work the ‘full internal stress’ approach of
Bayley et al. [16] is adopted, in which gradients in the GND densities on all slip systems
are accounted for in the formulation of the internal stress tensor, and hence the resolved
back stress. In the derivation, the stress fields of dislocations in an infinite elastically
isotropic medium are used. Further, by assuming a linear variation in the GND densities
of both edge and screw type within a radius R of the relevant material point, the follow-
ing expression for the internal stress accounting for contributions from all slip systems ζ
is obtained [16]

σint =
GbR2

8 (1− ν)

∑
α

∇ρ
α(e)
g · 3Cα(e) +

GbR2

4

∑
α

∇ρ
α(s)
g · 3Cα(s) . (2.12)
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The third order slip system orientation tensors are

3Cα(e) = 3mαsαsα + mαmαmα + 4νmαlαlα − sαsαmα − sαmαsα ,

3Cα(s) = −mαlαsα −mαsαlα + lαmαsα + lαsαmα , (2.13)

Parameter G is the shear modulus and ν is Poisson’s ratio. Substituting Eqs. (2.11) and
(2.12) into Eq. (2.9c) yields an expression for the microstress ξα [54]

ξα =

[
GbR2

8 (1− ν)

∑
ζ

ρ
ζ(e)
g

3Cζ(e) +
GbR2

4

∑
ζ

ρ
ζ(s)
g

3Cζ(s)

]
: sαmα . (2.14)

The effective stress results from a visco-plastic power-law form

ταeff = sα
( |γ̇α|
γ̇0

)m
sign (γ̇α) . (2.15)

Parameters γ̇0 and m are positive constants, and sα is the slip resistance. The slip
resistance sα for slip system α reflects the obstruction of dislocation glide through short-
range interactions of all dislocations on coplanar and intersecting slip systems. Both
the densities of geometrically necessary dislocations (GNDs), ρξg, and statistically stored

dislocations (SSDs), ρξs , contribute to the slip resistance [5]

sα = Gb

√∑
ξ
Aαξ

∣∣ρξs ∣∣+
∑

ξ
Aαξ

∣∣ρξg∣∣ , (2.16)

where Aαξ represents the full dislocation interaction matrix as given by Franciosi and
Zaoui [61]. The generalised form of Essmann and Mughrabi [55] is employed to describe

the evolution of the SSD densities ρξs

ρ̇ξs =
1

b

(
1

Lξ
− 2ycρ

ξ
s

) ∣∣γ̇ξ∣∣ with ρξs (t = 0) = ρξs0 . (2.17)

The dislocation accumulation is governed by the average dislocation segment length

Lξ =
K√∑

ζ H
ξζ
∣∣ρζs ∣∣+

∑
ζ H

ξζ
∣∣ρζg∣∣ , (2.18)

where Hξζ are the immobilisation coefficients, structured analogously to the interaction
coefficients Aαξ. The dislocation annihilation is controlled by a critical annihilation
length yc.

Making use of Eq. (2.8) to substitute for the effective stress in Eq. (2.15) the following
slip system flow rule for the bulk crystal is obtained

γ̇α = γ̇0

( |τα − ταb |
sα

) 1
m

sign (τα − ταb ) . (2.19)

Note that Evers et al. [56] include a thermal activation term in the effective stress,
which is omitted here for brevity (isothermal conditions are assumed). Evers et al. [56]
and Bayley et al. [16] describe the solution method for the strongly coupled system of
equations, (2.3), (2.10), (2.11), (2.15) and (2.19).
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2.3 Interface formulation

2.3.1 Interface balance equations

First, reconsider the statement of virtual work presented in Section 2.2.2, above. Equat-
ing internal and external work rates for the bicrystal domain, Eqs. (2.4) and (2.6), and
applying the divergence theorem as before, the following interface balance relationships
emerge. On the external surfaces SA and SB

σ · n = text and ξα · n = χαext . (2.20)

Across the internal interface Γ two balance equations hold:

〚t · u̇〛 + φ̇gbM = 0 , (2.21)

〚
∑
α

ξα · ngb γ̇α〛 + φ̇gbm = 0 . (2.22)

Here, 〚·〛 = (·)|A−(·)|B , indicates the jump across Γ. In this work it will be assumed that
no displacement jump occurs at the internal interface, i.e. no grain boundary sliding or
opening takes place. Therefore, the ‘macroscopic’ interface balance equation (2.21) does
not need to be considered further. The ‘microscopic’ interface balance equation (2.22)
sets the stage for the development of constitutive relationships enabling plastic slip at
the grain boundary, as will be developed next.

2.3.2 Grain boundary constitutive model

As a starting point the geometric arguments of Kuroda and Tvergaard [95] and Ertürk
et al. [54], related to the interaction of slip systems at boundaries, are taken. The
following parameters are defined, which will be referred to subsequently as ‘interface
normal slip’ components of edge (e) and screw (s) dislocations at the interface Γ between
adjacent grains A and B

grain A: qα(e) = γα sα · ngb and qα(s) = −γα lα · ngb ,

grain B: qβ(e) = −γβ sβ · ngb and qβ(s) = γβ lβ · ngb . (2.23)

The interface normal slip q is a meso-scale representation of different fine-scale phenom-
ena taking place at the boundary, e.g. absorption, emission and transmission, that are
not resolved separately at the scale of the model. Positive q is defined in the sense of
growth of the net boundary defect. Note that, in what follows, the term ‘interface normal
slip’ is reserved for dislocation-grain boundary interactions, and should not be confused
with macroscopic cohesive interface slip or opening 〚u〛. Recall that in the bicrystal do-
main outlined previously the grain boundary normal ngb is defined to point from A to
B. The superscript α represents a slip system in grain A and β a slip system in grain
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B. Note that having both qα(e) = 0 and qα(s) = 0 implies that either (i) sα · ngb = 0
and lα · ngb = 0, in which case slip plane α lies parallel to the interface, or (ii) γα = 0.
Either case corresponds to no interface normal slip, i.e. no interactions between lattice
dislocations on a slip system α and the grain boundary. Therefore the rate of microscopic
interface work is taken to depend only on these normal components of slip, accounting
for contributions from all slip systems in both grains A and B, giving

φ̇gbm =
∑
α

(
∂φgbm

∂qα(e)
q̇α(e) +

∂φgbm

∂qα(s)
q̇α(s)

)
+
∑
β

(
∂φgbm

∂qβ(e)
q̇β(e) +

∂φgbm

∂qβ(s)
q̇β(s)

)
.

(2.24)

On the other hand, elaborating the jump in the microscopic interface balance equation
(2.22) gives

φ̇gbm =
∑
β

ξβ · ngb γ̇β −
∑
α

ξα · ngb γ̇α . (2.25)

Eqs. (2.24) and (2.25) may be satisfied by balancing terms for each slip system separately
(making use of Eq. (2.23)), leading to the sufficient conditions

∂φgbm

∂qα(e)
sα − ∂φgbm

∂qα(s)
lα = −ξα ,

∂φgbm

∂qβ(e)
sβ − ∂φgbm

∂qβ(s)
lβ = −ξβ , (2.26)

for all slip systems α and β. Note that, although Eq. (2.26) refers to individual slip
systems, cross-coupling between slip systems may be accounted for via ξ and φgbm , as
described subsequently. Further manipulation, i.e. projection on the orthogonal unit
vectors sα or lα respectively, leads to four separate balance equations for edge and screw
dislocations in grains A and B:

∂φgbm

∂qα(e)
= −ξα · sα and

∂φgbm

∂qα(s)
= ξα · lα ,

∂φgbm

∂qβ(e)
= −ξβ · sβ and

∂φgbm

∂qβ(s)
= ξβ · lβ . (2.27)

The microscopic interface work rate may be decomposed into dissipative (φ̇dm) and ener-
getic (φ̇em) parts which satisfy

φ̇gbm = φ̇dm + φ̇em with φ̇dm ≥ 0 , (2.28)

so that

∂φgbm

∂qα(e)
=

∂φdm
∂qα(e)

+
∂φem
∂qα(e)

, (2.29)

and likewise for screw dislocations. Next, the balance equations (2.27) are expressed in
terms of slip system microforces, as follows

Fα(e)
d + Fα(e)

e = Fα(e)
bk and Fα(s)

d + Fα(s)
e = Fα(s)

bk ,

Fβ(e)
d + Fβ(e)

e = Fβ(e)
bk and Fβ(s)

d + Fβ(s)
e = Fβ(s)

bk , (2.30)
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where the individual microforces are defined as follows for grain A (likewise for grain B,
substitute B for A and β for α):

(i) Bulk-induced interface microforces, related to the microstress, and hence the distri-
bution of GNDs in the bulk crystal

Fα(e)
bk = −ξα · sα and Fα(s)

bk = ξα · lα . (2.31)

(ii) Energetic interface microforces, related to the interface free energy which in turn
may be linked to the grain boundary structure and its evolution

Fα(e)
e =

∂φem
∂qα(e)

and Fα(s)
e =

∂φem
∂qα(s)

. (2.32)

(iii) Dissipative interface microforces, required to satisfy

Fα(e)
d q̇α(e) =

∂φdm
∂qα(e)

q̇α(e) ≥ 0 and Fα(s)
d q̇α(s) =

∂φdm
∂qα(s)

q̇α(s) ≥ 0 . (2.33)

The constitutive relationships are completed by specifying an explicit form for these
interface microforces, as follows.

Bulk-induced interface microforces

Adopting the form of the microstress related to the microstructurally motivated internal
stress (Eq. (2.14)), the bulk-induced microforces (Eq. (2.31)) are determined. For slip
systems in grain A these are given by

Fα(e)
bk = −

[
GbR2

8 (1− ν)

∑
ζ

ρ
ζ(e)
g

3Cζ(e) +
GbR2

4

∑
ζ

ρ
ζ(s)
g

3Cζ(s)

]∣∣∣∣
A

∴ sαmαsα ,

Fα(s)
bk =

[
GbR2

8 (1− ν)

∑
ζ

ρ
ζ(e)
g

3Cζ(e) +
GbR2

4

∑
ζ

ρ
ζ(s)
g

3Cζ(s)

]∣∣∣∣
A

∴ sαmαlα . (2.34)

For grain B substitute B for A and β for α. The third order orientation tensors 3Cζ(e)

and 3Cζ(s) are defined in Eq. (2.13). Note that the GND densities on all slip systems
ζ on the grain A side may influence the microforce on a particular system α. The effect
of the pile-up structure with its internal stress enters the interface model through these
bulk-induced microforces that depend on ξα.

Energetic interface microforces

The structure and energy of a grain boundary depends on both its initial state, closely
linked to the misorientation of the adjacent grains, and the subsequent deformation
history of these grains. When a lattice dislocation interacts with a grain boundary, the



2.3 Interface formulation 21

structure of the interface is altered. A residual defect remains, which is necessary for the
conservation of the Burgers vector [101]. Here, a simple form is proposed for the grain
boundary structure which employs the normal slip components q as a convenient measure
of interface normal slip activity. The following vectorial measure of the net defect at a
point on the grain boundary is defined

Bgb = B0 + Ceb
∑
α

(
qα(e) + qα(s)

)
sα + Ceb

∑
β

(
qβ(e) + qβ(s)

)
sβ . (2.35)

The quantity B0 represents the initial grain boundary structure. In the low-angle limit,
this initial defect could be obtained, for example, from an equivalent dislocation array
model for the grain boundary, such as the Read-Shockley model [150]. Physically, this
represents the contribution of ‘intrinsic’ grain boundary dislocations [13, 82]. Note that
in the low-angle case, the net Burgers vector is an equivalent measure to the surface
dislocation density, both related via the Frank-Bilby equation [175]. In the case of a
high-angle boundary, the Read-Shockley model is no longer applicable and one has to
resort to alternative descriptions. The detailed specification of B0, accounting for grain
boundary microstructure for a range of grain boundary types, and the assessment of its
influence on interface normal slip activity, is the subject of a parallel investigation. In
this chapter it is opted to omit the influence of the initial interface structure, and restrict
attention to the influence of normal slip activity at a grain boundary. Hence, the form
of the initial grain boundary defect is not elaborated further here.

The contribution of lattice dislocations interacting with the grain boundary from grain
A (i.e. ‘extrinsic’ grain boundary dislocations) will have Burgers vector direction sα for
either edge or screw type. The cumulative defect magnitude will depend on the net flow,
which scales with qα(e) and qα(s). Note that slip in either of the grains A and B which
border the grain boundary are accounted for via qα and qβ , respectively. The interface
length scale Ceb is a modelling parameter.

A free energy based on this interface defect is defined as follows

φem =
1

2

G

Ceb
Bgb ·Bgb . (2.36)

Hence, the energetic microforces for slip system α in grain A are

Fα(e)
e = GBgb · sα

= GB0 · sα + CeGbs
α ·
[∑

ξ

(
qξ(e) + qξ(s)

)
sξ
]∣∣∣∣
A

+

CeGbs
α ·
[∑

ζ

(
qζ(e) + qζ(s)

)
sζ
]∣∣∣∣
B

,

Fα(s)
e = Fα(e)

e . (2.37)

For grain B, substitute B for A and β for α. The microforce therefore depends on
the orientations of the slip planes in both crystals (via the slip direction vectors s) and
the orientation of the interface plane Γ relative to these crystals (via the normal slip
components q).
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Dissipative interface microforces

A visco-plastic power-law form is chosen for the dissipative interface microforces, in a
similar manner to the effective stress in the bulk crystal. For edge dislocations on slip
system α in grain A, let

Fα(e)
d = Rα(e)

(∣∣q̇α(e)
∣∣

q̇0

)n
sign

(
q̇α(e)

)
(2.38)

For screw dislocations substitute (s) for (e), and for grain B, substitute B for A and
β for α. Note that the positive dissipation requirement, Eq. (2.33), is satisfied. The
quantity Rα(e) (units Nm−1) is the interface normal slip resistance for edge dislocations
on slip system α. The parameters n and q̇0 are positive constants (equivalent to the bulk
crystal parameters m and γ̇0).

2.3.3 Discussion

Substituting the expressions for the slip system dissipative microforces (Eq. (2.38)) into
the balance equations (2.30) and rearranging yields the following interface flow rules, i.e.
evolution equations for the normal slip components on slip system α on the grain A side
of Γ (the expressions for grain B are obtained by substituting β for α):

q̇α(e) = q̇0

(∣∣Fα(e)
bk −Fα(e)

e

∣∣
Rα(e)

) 1
n

sign
(
Fα(e)

bk −Fα(e)
e

)
,

q̇α(s) = q̇0

(∣∣Fα(s)
bk −Fα(s)

e

∣∣
Rα(s)

) 1
n

sign
(
Fα(s)

bk −Fα(s)
e

)
. (2.39)

From Eq. (2.39) it is apparent that the bulk-induced microforce Fbk can be interpreted
physically as the driving force for interface normal slip, with the energetic microforce
Fe acting as an interface ‘back stress’ that evolves with the defect content of the grain
boundary. Qualitatively, slip will occur at the interface when the net driving force on
that slip system, given by Fbk − Fe, exceeds a threshold value, governed by the slip
resistance R.

In its simplest form, the slip resistance R might be taken to be a material constant.
However, there are a number of microstructural mechanisms that would justify more
complex dependencies. Cermelli and Gurtin [30] propose a dependence on the slip sys-
tem orientation, the orientation of the boundary with respect to the grains, the relative
misorientation of the grains, and the net accumulated slip from both grains at the grain
boundary. Another model for slip transmission at interfaces relates to the activation of
sources in adjacent grains by the internal stress induced by a pile-up [10]. R could incor-
porate the nucleation strength of dislocation sources close to the grain boundary. It might
also be taken to capture the additional work required to overcome the configurational
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changes necessary for a dislocation to enter the grain boundary or to be emitted from
it. Such changes might include the recombination or dissociation of partial dislocations
[89], which depends on the stacking fault energy of the crystal. There is scope to refine
these definitions through input from numerical calculations at smaller length scales, such
as MD. These elaborations will not be considered further in the current work.

The proposed form of the energetic microforce Fe, Eq. (2.37), provides a simple rep-
resentation of the interface defect that captures both the magnitude and orientation of
contributions from all interacting slip systems from both sides of the interface. It is
capable of responding in a manner that is representative of a number of experimental
observations. Firstly, experiments show that slip activity on a given system is reduced
if it results in the accumulation of an interface defect [101]. In the model, the energetic
microforce will increasingly penalise slip on a particular slip system if the interface defect
is well aligned with its Burgers vector. Secondly, an initial interface defect is included in
the model, which may initiate slip in the absence of a pile-up, effectively representing a
dislocation source. This has been observed experimentally by Venkatesh and Murr [194].
However, some interface features are omitted by the current model. Firstly, the energetic
microforce depends only on the interface defect at that point, i.e. the influence of the
defect remains local. However, it might be the case that distributions of defects may
cumulatively exert a long range influence. Secondly, the defect structure itself remains
local in nature: the interface defect at a point on the grain boundary depends only on
slip activity at that point. Redistribution of the defect within the grain boundary by
glide or climb (as observed experimentally by Lee et al. [101]) is not yet accounted for.

The bulk-induced microforce Fbk is here obtained from the bulk crystal internal stress
derived by Bayley et al. [16]. This ‘full internal stress’ approach accounts for the resolved
components of internal stress resulting from GNDs on all slip systems. Therefore, intra-
granular slip system couplings within Fbk are incorporated in a physically viable manner.
However, there remains scope to further refine this internal stress definition at (or near)
an interface. For example, in the current approach Fbk at a point on the grain A side of
the interface depends only on the GND distribution in grain A. A more elaborate internal
stress might be conceived which would add the influence of the GNDs in grain B to these
grain A microforces. The level of cross-interface influence from bulk GNDs would depend
on the details of the grain boundary structure and its disruptive screening effect. Again,
finer-scale modelling methods may be required to resolve this. In the current work,
this coupling is omitted, and the interface is therefore considered to perfectly screen the
individual GND stress fields from each side of the grain boundary.

2.4 Numerical investigation

The interface model developed above is now implemented numerically in order to ex-
plore the influence of the interface constitutive parameters and the crystal geometry. To
this end, a model problem consisting of a periodic bicrystal loaded in plane strain is
considered.
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Figure 2.2: (a) Geometry and boundary conditions for simple shear deformation of a periodic bicrys-
tal. (b) Definition of slip plane orientations θa and θb, misorientation angle θm and grain boundary
orientation θgb.

2.4.1 Model definition

The geometry and boundary conditions of the periodic bicrystal are shown in Fig. 2.2(a).
It consists of alternating columnar grains, designated A and B, separated by grain bound-
aries (GBs). Each grain has width d in the e1-direction and is of infinite height in the
e2-direction. A repeating unit cell of width 2d and height h is modelled, with periodic
boundary conditions applied to the top and bottom boundaries and the left and right
boundaries, as shown in Fig. 2.2(a). Simple shear deformation is simulated by apply-
ing a prescribed displacement U = γ̇ht on the top boundary. A constant shear rate of
γ̇ = 10−3 s−1 is applied, up to a maximum of 0.1% macroscopic shear.

First grains are considered containing only a single slip system, whose orientation is
defined by the slip plane normal m and slip direction s, as shown in Fig. 2.2(b). Only
edge dislocations are considered. The slip plane angle θa in grain A (θb in grain B)
defines the anti-clockwise rotation of the slip direction relative to the e1-direction. To
specify the geometric mismatch between the grains, two quantities are defined: (i) the
misorientation angle

θm = θa − θb , (2.40)

and (ii) the rotation of the symmetry plane relative to the grain boundary

θgb =
1

2
(θa + θb) . (2.41)

2.4.2 Finite element implementation

The numerical implementation follows the approach of Evers et al. [56] and Bayley et al.
[16], with the addition of the new grain boundary model. The weak forms of the equi-
librium equation (2.7a) and the GND balance equations (2.3) are solved in a coupled
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Table 2.1: Material parameters representative of copper.

Parameter Description Magnitude

E Young’s modulus 144 GPa
G Shear modulus 54.1 GPa
ν Poisson’s ratio 0.33
b Burgers vector length 0.256 nm
γ̇0 Reference slip rate 0.001 s−1

A11 = A22 Interaction coefficient 0.06
A12 = A21 Interaction coefficient 0.612
H11 = H22 Immobilisation coefficient 0.2
H12 = H21 Immobilisation coefficient 0.4
R GND evaluation radius 20 µm
m Rate sensitivity exponent 0.1
K Disl. segment length constant 26
yc Critical annihilation length 1.6 nm
ρs0 Initial SSD density 7.0 µm−2

manner. Further details are provided in Appendix A. The periodic bicrystal is discre-
tised using 24 elements per grain (48 elements in total) in the e1-direction, which has
been shown to provide sufficient resolution in a mesh sensitivity analysis. In the e2-
direction a single element is adequate due to the periodicity, which has been verified by
separate calculations. Further details on the discretisation are provided in Appendix A.
The material parameters used in the current work are similar to those of Bayley et al. [16]
and are representative of copper. Individual values used in the numerical implementation
are listed in Table 2.1. The initial GND densities are assumed to be zero.

2.4.3 Influence of interface properties

First the influence of the interface constitutive parameters on the shear response of the
bicrystal with fixed geometry (grain size and misorientation) is considered. The influ-
ence on the crystal deformation of dissipative and energetic interface contributions will
be systematically addressed. The results will be compared with limiting cases having
microhard (zero interface normal slip) and microfree (zero interface microforce) grain
boundaries.

A bicrystal will be considered with grain size d = 100µm and a symmetric tilt boundary
with θa = −θb = 10◦ (θm = 20◦, θgb = 0◦). The interface reference slip rate q̇0 and rate
sensitivity exponent n are taken to be the same as their bulk counterparts γ̇0 and m,
respectively. Dissipative and energetic hardening at the interface are altered by varying
the interface normal slip resistance R and grain boundary free energy parameter Ce,
respectively. Both R and Ce are taken constant in the present calculations. Note that
the limit of a microhard and microfree boundary corresponds to Ce = 0 and R → ∞
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Figure 2.3: The influence of dissipative interface hardening described by the interface normal slip re-
sistance R. (a) Stress-strain responses, (b) interface normal slip rates in grain A (right interface in
Fig. 2.2(a)), (c) bulk-induced microforces in grain A and (d) GND density fields at 0.001 applied macro-
scopic shear (the grey lines indicating the location of the grain boundaries).

and R → 0, respectively. In all calculations reported here, the role of the initial grain
boundary defect is neglected, i.e. B0 = 0.

Interface normal slip with dissipative hardening

To assess the influence of dissipative hardening at the interface, the grain boundary free
energy constant Ce is set to zero (such that the energetic interface microforce remains
zero) and the interface normal slip resistance R is varied. The results are shown in
Fig. 2.3. Considering the normalised shear stress-shear strain results shown in Fig. 2.3(a),
the responses for various interface normal slip resistances are bounded by the limiting
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Figure 2.4: Evolution of the GND density field with increasing applied macroscopic shear for R = 0.06
N/mm.

cases of microhard and microfree interfaces. (Note that the reference shear stress τ0 in
Fig. 2.3(a) is taken to be the initial bulk crystal slip resistance, as defined Eq. (2.16).)
For a given value of R, the shear stress initially follows the microhard grain boundary
behaviour as the deformation is increased. The interface normal slip rate, shown in
Fig. 2.3(b), remains zero, and the bulk microforce, Fig. 2.3(c), increases as the pile-up
at the interface develops. At a critical value of shear, the interface yields and interface
normal slip begins, Fig. 2.3(b). A larger interface resistanceR causes this transition point
to occur at a larger applied shear. As the deformation progresses, the interface normal
slip reduces the development of strain gradients within the crystal, lowering the rate at
which the GND density adjacent to the interface increases. This in turn reduces the rate
of increase of both the driving force for continued slip (i.e. the bulk microforce) and
the strain hardening of the crystal. After further deformation a steady state is reached:
the interface normal slip rate reaches a plateau and the rate of strain hardening remains
constant, both equal to the value for a microfree interface. In this steady state, the rate
at which GNDs join the pile-up exactly matches the rate at which they are eliminated
by interface normal slip, resulting in a constant pile-up, Fig. 2.4. This rate is dependent
only on the bulk crystal constitutive behaviour, and is independent of the interface
normal slip resistance. However the bulk microforce required to achieve this steady-state
interface normal slip rate increases withR, and likewise the magnitude of the steady-state
pile-up, Fig. 2.3(d). These results are, indeed, in qualitative agreement with published
experimental observations. The bicrystal experiments of [170, 171] show the pile-up of
dislocations at the interface at small strains leading to locally high GND densities, that
evolve to a more uniform GND distribution at larger strains. This is consistent with the
transition in interface normal slip regimes predicted by the current model, as the bulk
microforce builds up and overcomes the interface normal slip resistance, Figs. 2.3 and 2.4.
A similar transition in interface slip activity has been identified experimentally in the
‘pop-in’ phenomena observed during nano-indentation near to a grain boundary [167,
212].
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Figure 2.5: The influence of energetic interface hardening described by the grain boundary free energy
constant Ce. (a) Stress-strain responses, (b) interface normal slip rates in grain A (right interface in
Fig. 2.2(a)), (c) bulk-induced microforces in grain A and (d) energetic microforces in grain A.

Interface normal slip with energetic hardening

The influence of energetic hardening at the interface is now explored. In the following,
the interface normal slip resistance remains constant at an intermediate value R = 0.03
N/mm and the grain boundary free energy constant Ce is varied. Recall that Ce deter-
mines the magnitude of the energetic microforce once interface normal slip occurs. The
results are shown in Fig. 2.5. After interface normal slip begins (at an applied shear
strain independent of Ce), the interface normal slip rate increases and the rate of strain
hardening decreases, both reaching a steady-state value (Figs. 2.5(a),(b)). However, the
steady-state interface normal slip rate no longer matches the microfree limit, reaching
a plateau dependent on Ce. This can be explained as follows. As interface normal slip
proceeds, the resultant grain boundary defect, and hence the energetic microforce, grows.
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At steady state, the bulk microforce must therefore continue to rise to balance this effect
(Figs. 2.5(c),(d)). The rate at which GNDs join the pile-up (dictated by the bulk consti-
tutive behaviour) therefore needs to be greater than the rate at which they are eliminated
by interface normal slip. This is achieved by a reduction in the steady-state interface
normal slip rate compared to the microfree case. Note that the energetic microforce
only has a significant influence on the overall stress-strain response of the bicrystal when
Ce & 104, i.e. when the reference length scale Ceb & 2.5 µm. A physical basis for the
parameter Ce, and hence an indication of the importance of the energetic contribution
for realistic hardening parameters, is the subject of ongoing investigation and will not be
elaborated further here.

2.4.4 Influence of crystal geometry

In the following, the effects of relative misorientation between adjacent grains (θm), grain
boundary orientation (θgb) and grain size d are examined. In all simulations, an interface
with fixed parameters (Ce = 0 and R = 0.03 N/mm), which will here be referred to as
‘intermediate’, is considered together with the limiting cases of microhard and microfree
grain boundaries. For simplicity, here the influence of energetic hardening is omitted,
facilitating the interpretation of the results.

Grain misorientation

To investigate the influence of misorientation, symmetric tilt boundaries are considered,
i.e. θgb = 0◦, with misorientations in the range θm = 0◦ − 40◦. The results are shown in
Fig. 2.6. Considering first the microhard grain boundary, increasing the misorientation
reduces the resolved shear stress on the slip planes and increases the incompatibility
between the slip directions and the applied shear. As a result, a larger misorientation
increases the yield strength and strain hardening, Fig. 2.6(a). The characteristics of the
microhard behaviour are the same as described before, but the rate of accumulation of
GNDs depends on the misorientation, Fig. 2.6(c). In the case of the intermediate strength
grain boundary, a larger applied shear strain is required to induce grain boundary yielding
for larger relative misorientations. This can again be attributed to the less favourable
orientation of the slip systems with respect to the applied load. After interface yielding,
a steady-state interface normal slip rate is reached which is equal to the value of the
microfree interface, see Fig. 2.6(b) (consistent with previous results in the absence of
energetic hardening at the interface). This steady-state slip rate, dependent on the bulk
crystal slip rates, reduces with increasing misorientation due to the lower resolved shear
stresses. The bulk-induced microforce also reaches a steady-state, Fig. 2.6(c), which is
independent of the misorientation. The steady-state GND density at the grain boundary,
Fig. 2.6(d), is the same for each misorientation (intermediate case), as it depends on R
only. The current model predicts an increased resistance to interface normal slip as the
misorientation is increased. This is qualitatively consistent with the bicrystal experiments
of Zaefferer et al. [215], that show similar trends for increasing misorientation.
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Figure 2.6: The influence of grain misorientation. (a) Stress-strain responses, (b) interface normal slip
rates in grain A (right interface in Fig. 2.2(a)), (c) bulk-induced microforces in grain A and (d) GND
density fields at 0.001 applied macroscopic shear (the grey lines indicating the location of the grain
boundaries).

Grain boundary orientation

To investigate the effect of an asymmetric tilt boundary, the relative misorientation of
the grains is now fixed at θm = 20◦ with their orientation relative to the grain boundary
varied in the range θgb = 0◦−20◦ (Fig. 2.2(b)). The results are shown in Fig. 2.7. Due to
the asymmetric configuration, the two grains now reach a steady state at different levels
of applied shear strain. This is due to differences in their orientation with respect to the
direction of applied shear. As grain B becomes more favourably oriented than A with
increasing θgb, the pile-up and associated bulk-induced microforces in grain B increase
faster, Figs. 2.7(e),(f), and therefore overcome the interface resistance faster. The two
grains also reach different steady-state conditions, with the preferential orientation of
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grain B, inducing a larger resolved shear stress, leading to greater interface normal slip
rates, Figs. 2.7(c),(d).

Grain size d

The influence of the grain size is now explored for a symmetric tilt boundary (θgb = 0◦)
with fixed relative misorientation θm = 20◦. Results are shown in Fig. 2.8 for different
values of the grain size d. It is noted that the stress-strain responses (Fig. 2.8(a)) are
the same for all grain sizes in the case of a microfree grain boundary. This is due to
the absence of slip gradients and the associated GNDs. In the case of a microhard grain
boundary, larger slip gradients, higher GND densities (Fig. 2.8(b)) and higher rates
of strain hardening result as the grain size is reduced. For the intermediate strength
grain boundary, yielding of the interface and the development of interface normal slip,
Fig. 2.8(c), occurs at a lower applied shear strain but a higher applied shear stress as the
grain size reduces. This is due to the larger bulk-induced microforces associated with
the higher GND densities, Fig. 2.8(d). After interface yielding, the steady-state interface
normal slip rate and strain hardening behaviour are identical for the different grain sizes.
Consequently, the grain size dependence of the steady-state rates of strain hardening are
diminished.

2.4.5 Influence of multiple slip systems

Finally, the effect of multiple slip systems is addressed. Two slip systems are considered
in each crystal. An important difference with respect to the previous simulations is the
presence of intra-granular slip system coupling that naturally influences both the bulk
crystal deformation and the interface normal slip via the bulk-induced microforce. The
slip system orientations, shown in Fig. 2.9, are: θα1 = 50◦, θα2 = −10◦, θβ1 = 30◦, θβ2 =
−30◦. The material parameters used, including the slip system interaction coefficients
for the bulk crystal constitutive model [16], can be found in Table 2.1. The grain size
d = 100 µm and the interface parameters for the intermediate strength grain boundary
are R = 0.3 N/mm and Ce = 0. In this calculation, the interface normal slip resistance
R is increased compared to previous cases in order to clarify the role of multiple slip
systems.

The results for the different grain boundary conditions are shown in Fig. 2.10 for applied
macroscopic shear strain up to 0.4%. Considering the normalised shear stress-shear strain
results in Fig. 2.10(a), kinks in the curve indicate the distinct yielding of different slip
systems in each grain, with preferentially oriented slip systems yielding first. For the
microfree and intermediate grain boundaries, the development of interface normal slip,
Figs. 2.10(c),(d), also changes the rate of strain hardening. Again, interface normal slip
begins on preferentially oriented slip systems first. As observed previously, the grain
boundary resistance influences the applied strain at which these slip events occur. Note
that the evolution of slip activity on the various slip systems shown in Figs. 2.10(c)-(f)
is more complex than in previous cases due to the additional intra-granular slip system
interactions in the bulk and at the interface.
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Figure 2.7: The influence of grain boundary orientation. (a) Stress-strain responses, (b) GND density
fields at 0.001 applied macroscopic shear, (c) interface normal slip rates in grain A (right interface in
Fig. 2.2(a)), (c) interface normal slip rates in grain B (right interface in Fig. 2.2(a)), (e) bulk-induced
microforces in grain A and (f) grain B. The grey lines in (b) represent the GBs.
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Figure 2.8: The influence of grain size. (a) Stress-strain responses, (b) GND density fields at 0.001
applied macroscopic shear, (c) interface normal slip rates in grain A (right interface in Fig. 2.2(a)), and
(d) bulk-induced microforces in grain A. The grey lines in (b) represent the GBs.
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Figure 2.9: Slip system orientations used for investigating the effect of multiple slip systems.



34 2 Grain boundary interface mechanics in strain gradient crystal plasticity

microhard GB

microfree GB

intermediate GB

(a)

1 slip system
st

2 slip system
nd

microhard GB

microfree GB

intermediate GB

(b)

1 slip system
st

2 slip system
nd

microhard GB

microfree GB

intermediate GB

(c)

1 slip system
st

2 slip system
nd

microhard GB

microfree GB

intermediate GB

(d)

1 slip system
st

2 slip system
nd

microhard GB

microfree GB

intermediate GB

(e)

1 slip system
st

2 slip system
nd

microhard GB

microfree GB

intermediate GB

(f)

Figure 2.10: The response of multiple slip systems. (a) Stress-strain responses, (b) GND density fields at
0.004 applied macroscopic shear, (c) interface normal slip rates in grain A (right interface in Fig. 2.2(a)),
(d) interface normal slip rates in grain B (right interface in Fig. 2.2(a)), (e) bulk-induced microforces in
grain A and (f) grain B. The grey lines in (b) represent the GBs.
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2.5 Conclusions

Grain boundaries impede or constrain the motion of lattice dislocations, influencing the
plastic deformation of polycrystals. They present an obstacle to slip whose strength is
influenced by crystallographic orientations, the initial grain boundary structure and the
accumulation of a residual defect at the grain boundary due to dislocation interactions.
In this chapter some key features of grain boundary behaviour at the continuum scale are
captured, by presenting a constitutive model for the higher-order boundary conditions
at internal interfaces required within a strain gradient crystal plasticity theory. The
innovative features in this chapter are:

• A thermodynamically consistent grain boundary interface model is formulated
within the microstructurally motivated strain gradient crystal plasticity framework
developed by Evers et al. [56] and Bayley et al. [16]. Plastic slip at the grain
boundary is governed by the competition between three interface microforces. A
bulk-induced microforce, derived from the bulk crystal GND densities, provides
a driving force for interface normal slip which depends on the magnitude of the
interface pile-up. A dissipative microforce provides a resistance to slip at the inter-
face. An energetic microforce acts as an interface ‘back stress’, tending to oppose
accumulation of the interface residual defect (i.e. the grain boundary net Burgers
vector).

• By making a connection with the ‘full internal stress’ formulation of Bayley et al.
[16], the bulk-induced microforces capture intra-granular slip system coupling in a
physically realistic manner.

• The energetic interface microforce provides inter-granular slip system coupling, ac-
counting for both the magnitude and direction of contributions to the residual
defect from all slip systems in the two neighbouring grains. The geometric condi-
tions controlling the interaction of a particular slip system with the grain boundary
are accounted for.

• The grain boundary model has been implemented numerically in order to study
the influence of a grain boundary on the shear deformation of a bicrystal.

The initiation of interface normal slip results in a departure from the ‘microhard’ bound-
ary case, with a reduction in the rate of strain hardening. Higher interface normal slip
resistance, i.e. a larger dissipative interface microforce, requires a larger applied shear
strain to induce interface yield. Post yield, interface normal slip reaches a steady-state
level, achieving a balance between (i) the bulk crystal GND accumulation (dependent
on the bulk crystal constitutive parameters) which drives interface normal slip via the
bulk-induced microforce, (ii) the interface normal slip resistance and (iii) the developing
energetic interface microforce, linked to the accumulated interface defect. Increasing the
misorientation of the adjacent grains delays the onset of interface normal slip and reduces
steady-state interface normal slip rates, leading to higher rates of strain hardening. For
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asymmetric tilt boundaries, the grain preferentially oriented with the applied load ex-
periences earlier interface yield and higher rates of interface normal slip. As the grain
size is reduced, larger strain gradients and higher GND densities result, which initiate
interface normal slip at a lower applied shear strain. For a bicrystal with two slip systems
per grain, the development of slip in the bulk and at the interface again depend on the
orientation of the slip system with respect to the applied load. However, slip activity
on each system now varies in a more complex way with increasing applied shear strain
due to the intra-granular slip system coupling present in both the bulk and interface
constitutive models.

Qualitative agreement between the model prediction and the experimental observations
reported in the literature has been shown. Quantitative calibration and validation of the
model is presently hindered by a lack of suitable experimental data.

Possible directions for future development of the model include more complex microstruc-
turally dependent interface microforces. The interactions between GNDs influence both
the bulk internal stress and the bulk-induced interface microforces. These formulations
can be refined to account for the presence of the grain boundary and the fact that stress
fields of individual GNDs might interact across it. The interface normal slip resistance
could incorporate dependencies on local microstructure, for example the misorientation
of the grains, the interface net defect or the nucleation strength of dislocation sources
close to the grain boundary. The energetic interface microforces could account for the
non-local influences between grain boundary dislocations, and the redistribution of the
interface defect within the grain boundary. Finer-scale modelling methods, such as MD
or DDD, are required to support these elaborations.



Chapter 3

A multiscale model of grain
boundary structure and energy1

Abstract

Grain boundaries play an important role in the mechanical and physical properties of
polycrystalline metals. While continuum macro-scale simulations are appropriate for
modelling grain boundaries in coarse-grained materials, only atomistic simulations pro-
vide access to the details of the grain boundary structure and energy. Hence, a multiscale
description is required to capture these grain boundary details. The research objective
herein is to consolidate various approaches for characterising grain boundaries in an ef-
fort to develop a multiscale model of the initial grain boundary structure and energy.
The technical approach is detailed using various 〈100〉, 〈110〉 and 〈111〉 symmetric tilt
grain boundaries in copper and aluminium. Characteristic features are: (i) grain bound-
ary energies and boundary period vectors as obtained from atomistic simulations, (ii)
structural unit and dislocation descriptions of the grain boundary structure and (iii) the
Frank-Bilby equation to determine the dislocation content. The proposed approach de-
fines an intrinsic net defect density scalar that is used to accurately compute the grain
boundary energy for these grain boundary systems. The significance of this work is that
the developed atomistic-to-continuum approach is suitable for realistically inserting the
initial grain boundary structure and energy into continuum level frameworks.

1Reproduced from [188]: P.R.M. van Beers, V.G. Kouznetsova, M.G.D. Geers, M.A. Tschopp, and
D.L. McDowell. A multiscale model of grain boundary structure and energy: From atomistics to a
continuum description. Acta Materialia, 82:513-529, 2015.
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3.1 Introduction

Grain boundaries (GB) have a major influence on the material properties of polycrys-
talline metals [80]. The grain boundary behaviour contributes significantly to the macro-
scopic response of metallic materials with large grain boundary-to-volume ratios. Ex-
amples of these include fine-grained materials, thin films and micro-devices. In past
research, it has become clear that not only the original static grain boundary structure,
but also the evolution of this structure, due to the interaction of grain boundaries with
other lattice defects, plays an important role in the deformation behaviour [186]. Experi-
mentally, it has been observed that many different interactions exist between dislocations
and grain boundaries during plastic deformation, see [60, 145, 175] and references therein.

One of the current challenges in modelling plasticity of polycrystalline metals is to account
more accurately for the role of grain boundaries [116, 117]. In terms of continuum
scale modelling, for example in classical crystal plasticity approaches, grain boundary
phenomena are often not accounted for and grain boundaries are only present as planes
where the crystallographic orientation changes. Gradient enhanced crystal plasticity
approaches mostly incorporate only the limiting situations of either impenetrable or
completely transparent grain boundaries through higher-order boundary conditions [16,
56, 76, 95, 115]. More recently, several attempts have been made to elaborate these
frameworks to include grain boundary interface mechanics [21, 51, 77, 92, 110, 210].
However, among the different choices that have to be made, the grain boundary energy
often follows a simple ad hoc expression that does not depend on the grain boundary
structure. Only a limited number of the above approaches (can) address the underlying
initial and evolving grain boundary structure [66, 178, 187].

At a finer (discrete) scale, different grain boundary modelling approaches exist in litera-
ture that differ in their ability to describe the initial structure, defect content and energy.
These include: (i) dislocation and disclination models [4, 104, 150, 151, 161, 162], (ii) geo-
metric theories, such as the coincidence site lattice (CSL), Frank-Bilby and O-lattice the-
ory [20, 83, 148, 213], (iii) atomistic simulations, which led to the identification of struc-
tural units and their relation with dislocation and disclination models [8, 68, 130, 176].
Experiments can be used to validate these models, such as (a) conventional (bright
and dark field) and high resolution transmission electron microscopy (HRTEM) for the
grain boundary structure at small length scales [39, 50, 97, 119, 120, 122], and (b) mea-
surements of dihedral angles of surface grooves related to the grain boundary energy
[70, 79, 127, 132, 133, 154].

Dislocation models are typically used for low-angle boundaries. For large misorientations
(& 15◦) dislocation cores start to overlap and the model is only applicable in a formal way.
The geometric theories elucidate many phenomena from a crystallographic perspective,
but are unable to incorporate boundary core relaxation processes or describing boundary
energy. Sutton and Balluffi [174] compared five geometric criteria for low interfacial
energies. They concluded that no general and useful criterion for low energy can ensue
from a simple geometric framework. Any understanding of the evolution of interfacial
energy must account for the atomic structure and the details of the interatomic bonding at
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the interface. Indeed, at present, atomistic simulations provide most detailed information
concerning grain boundary structure and energy, but also these calculations face their
own difficulties, such as the choice of interatomic potential.

At the atomistic level, a considerable amount of investigations into the structure and
energy of symmetric and asymmetric grain boundaries has been performed [153, 179–
181, 197, 198, 206]. However, at this point, no continuum net defect description of the
grain boundary structure exists that properly describes the boundary energy. Recently,
Bulatov et al. [24] proposed a universal grain boundary energy function for face-centered
cubic (FCC) metals motivated by observations from extensive atomistic simulations to
determine grain boundary energies in the case of four metallic elements [84, 131]. It is
assumed that the grain boundary energy is a continuous function of the five macroscopic
degrees of freedom of the grain boundary. A hierarchical interpolation is applied in
which the full 5D energy function is built on a scaffolding consisting of lower-dimensional
subsets of the 5D space. This approach, however, does not provide a corresponding
net defect description of the grain boundary structure suitable for implementation in
advanced continuum crystal plasticity models that can incorporate grain boundary in-
terfacial plasticity, such as the model developed in Chapter 2.

In this chapter, the aim is to bridge the gap between the materials science and mechan-
ics views on modelling an initial grain boundary structure and energy. The main novel
contribution of this chapter is the development of a multiscale approach leading to a
continuum representation of the initial grain boundary structure defect content and en-
ergy based on the output of atomistic simulations through the consolidation of different
concepts related to the grain boundary structure. An intrinsic net defect is attributed to
a boundary period of a certain length that represents the initial grain boundary struc-
ture. It is found that the corresponding net defect density can be related to the initial
grain boundary energy remarkably well. This is shown for the complete misorientation
range, i.e. both low- and high-angle boundaries, for three symmetric tilt grain bound-
ary (STGB) systems in aluminium and copper. The developed multiscale approach can
be hierarchically incorporated in a grain boundary interface continuum model, thereby
realistically capturing the initial boundary structure and its energetics.

This work focuses on a special case of symmetric tilt boundaries. Although in some FCC
metals, it is experimentally found that asymmetric tilt grain boundaries and more general
mixed tilt-twist boundaries are preferred over symmetric tilt boundaries [149], symmetric
tilt grain boundaries represent an idealized case to test the developed multiscale formal-
ism, because of the extensive amount of experimental and computational data available
on the structure and energy of symmetric tilt grain boundaries, e.g. [120, 122, 153, 198].

The chapter is organized as follows. Different grain boundary structure concepts that
are used in the atomistic-to-continuum approach are summarized in Section 3.2. In Sec-
tion 3.3, the methodology and the results of the atomistic simulations, used as the input,
are briefly explained. Section 3.4 then describes the details of the multiscale approach
for deriving the corresponding continuum representations of the boundary structure and
energy. A summary of the procedure and an illustrative example are provided. In Sec-
tion 3.5, the results for three symmetric tilt boundary systems in two metallic elements
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are presented, followed by a discussion in Section 3.6. Finally, conclusions are made in
Section 3.7.

3.2 Fundamental GB structure concepts

Several fundamental concepts related to the structure of grain boundaries used in the
development of the atomistic-to-continuum approach will be summarized here: (i) the
degrees of freedom that define the grain boundary geometry, (ii) lattice descriptions and
grain boundary dislocations, (iii) structural units and (iv) the Frank-Bilby equation.

3.2.1 Grain boundary degrees of freedom

The structure of a grain boundary depends on five macroscopic degrees of freedom
(DOFs) [208]: grain misorientation (3 DOFs: rotation axis and angle) and boundary
plane inclination (2 DOFs: plane normal). For the grain boundaries studied in this
work, the rotation axis is contained within the grain boundary plane (i.e. tilt grain
boundaries) and the misorientation of the adjacent crystal lattices is symmetric about
the grain boundary plane (i.e. STGBs). An alternative representation of the five macro-
scopic DOFs relies on the interface plane normals in both crystals (4 DOFs) and a twist
rotation of one crystal with respect to the other about the interface normal (1 DOF). In
addition, three microscopic DOFs involve translations parallel (2 DOFs) and perpendic-
ular (1 DOF) to the boundary. These microscopic DOFs provide an important relaxation
mechanism for reducing the grain boundary energy.

3.2.2 Lattice descriptions and grain boundary dislocations

In analysing interfacial structures of grain boundaries, useful descriptions are provided by
the coincident site lattice (CSL) and displacement shift complete (DSC) lattice construc-
tions [20, 73]. For certain discrete misorientations between two (virtually) interpenetrat-
ing lattices a fraction of the lattice sites will coincide, see Fig. 3.1(a). The coincident
atom positions themselves form a lattice, called the coincident site lattice (CSL), see
Fig. 3.1(b). The CSL is characterised by the parameter Σ, which is the inverse density
of coincident sites, equivalently expressed as the ratio of the volume of the unit cell of
the CSL to that of the crystal lattice. The actual grain boundary plane runs through the
CSL (Fig. 3.1(c)). The displacement shift complete (DSC) lattice is the coarsest lattice
that contains all of the sites of both crystals in the coincidence orientation as sublattices,
see Fig. 3.1(b). It is noted that all translation vectors of the CSL and the crystal lattices
are also vectors of the DSC lattice, but the elementary vectors of the DSC lattice are
much smaller.

Different types of dislocations exist that are part of the grain boundary, two of which
are (i) primary and (ii) secondary grain boundary dislocations [175]. A dislocation is
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Figure 3.1: Lattice descriptions in the analysis of grain boundaries. (a) Two interpenetrating lattices
rotated 36.87◦ with respect to each other about [001]. (b) The Σ5 CSL (thick lines) and the DSC lattice
(thin lines). (c) A possible (3 1 0) boundary generated from the CSL. After [58].

characterised by its Burgers vector, which can be determined by a Burgers circuit con-
struction [82]. A primary GB dislocation has a Burgers vector that is a translation vector
of one of the crystal lattices. A secondary GB dislocation has a Burgers vector that is a
translation vector of a DSC lattice, excluding those vectors that are also crystal lattice
translation vectors. Whereas primary interface dislocations conserve the periodicity of
the crystal lattice by accommodating small deviations from the perfect single crystal
(Σ1), secondary interface dislocations conserve the structure of the coincidence orien-
tation boundary by the accommodation of small deviations from the nearest CSL [85].
Furthermore, secondary GB dislocations can be considered as perturbations in a uniform
distribution of primary GB dislocations.

3.2.3 Structural units

The grain boundary structure can be described in terms of the structural unit model
(SUM) [18, 19, 176]. For any misorientation axis, short-period boundaries exist that
consist of a contiguous sequence of only one type of structural element. These bound-
aries are called ‘favoured’. Non-favoured boundaries in the misorientation range between
two adjacent favoured boundaries are composed of a mixture of these two structural el-
ements. The proportion and sequence of the structural units are derived from a rule of
mixture. The favoured boundary may be regarded as being composed of a uniformly dis-
tributed array of primary (lattice) dislocations. Secondary grain boundary dislocations
are periodic perturbations of this distribution and are localized at the minority struc-
tural units, which are the units smallest in number. A hierarchy of structural unit and
dislocation descriptions exists, where each description corresponds to a different choice
of reference boundaries (termed ‘delimiting’, i.e. favoured or multiple unit reference
structures (MURS)) that provide the basic units [11, 12, 129]. The selection of delimit-
ing boundaries may vary with the physical property under study [175] or the ability to
visualize dislocations using TEM diffraction-contrast [11, 97]. Although the predictive
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capability of the structural unit model is limited for grain boundaries with relatively
high-index rotation axes, i.e. 〈uvw〉 with some indices larger than one, and/or for mixed
tilt and twist boundaries [173], the model is particularly effective in the case of pure tilt
and twist boundaries with low-index rotation axes, such as 〈100〉, 〈110〉 and 〈111〉. The
structural unit model is not found to be useful for describing the grain boundary struc-
tures in low stacking fault energy (SFE) FCC metals, due to the extensive local atomic
relaxations and delocalized or dissociated grain boundary dislocations [153]. Nonetheless,
even when the structural unit model does not fully apply, boundaries are still composed
of structural units and boundaries that are comprised of only one type of structural unit
do exist.

3.2.4 Frank-Bilby equation

The Frank-Bilby equation is a widely used approach to determine the dislocation content
of a general boundary, including both grain and interphase boundaries. This equation,
based on a Burgers circuit construction, relates the net Burgers vector Bp of all interfacial
dislocations crossing any vector p in the interface and the lattice deformations SA and
SB (each including rotation and elastic deformation) converting the reference lattice,
from which the bicrystal is created, into real lattices A and B [33, 176]

Bp =
(
S−1
A − S−1

B

)
· p (3.1)

The net Burgers vector Bp is defined as the closure failure in the perfect reference lattice.
This reference lattice, used to construct the bicrystal, could be chosen to be one of the
two crystal lattices A or B. When the two lattices can be related by a pure rotation,
which is the case for grain boundaries, the same lattice at a median orientation, called
the median lattice, could be taken as the reference lattice. The two crystal lattices are
then obtained from the median lattice by equal and opposite rotations. The Frank-Bilby
equation can be employed to determine both primary and secondary GB dislocations by
carrying out a Burgers circuit construction using the single crystal and DSC reference
lattices, respectively [12, 60].

The net lack of closure resulting from the Burgers circuit construction for high-angle grain
boundaries has a significant contribution from dissociated partial dislocations within the
interface, in accordance with the elevated excess energy. From a continuum perspec-
tive, one may kinematically represent the closure fault of a Burgers circuit by using a
combination of translational dislocations and rotational lattice defects known as par-
tial disclination dipoles, which are characterised by a Frank vector. Some continuous
field theories have employed this combined dislocation-disclination representation with
associated interface energy functions, cf. [35, 36] and [65, 66].
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3.3 Atomistic simulations of GB structure and energy

In this section, based on the atomistic simulations in [179, 180], the methodology to
compute the structure and energy of grain boundaries using atomistic simulations will
be briefly described, followed by the simulation results. Emphasis is given to the required
elements from the atomistic output to be used in the multiscale approach developed in
this chapter.

3.3.1 Simulation methodology

The equilibrium structures and energies at 0 K of three symmetric tilt grain boundary
systems with the 〈100〉, 〈110〉 and 〈111〉 rotation axes in Al and Cu have been calcu-
lated using a bicrystal computational cell with 3D periodic boundary conditions. A large
number of initial configurations with different in-plane rigid body translations and an
atom deletion criterion were used to access the minimum energy structures. A nonlinear
conjugate gradient algorithm was used for energy minimization. The embedded-atom
method interatomic potentials for Al and Cu [123, 124] were used that reproduce the
stacking fault energies consistent with available experimental data and ab initio calcula-
tions. Further details of the simulation methodology and parameters used can be found
in [179].

3.3.2 Simulation results

The results of the atomistic simulations are shown in Fig. 3.2. The grain boundary
energies versus the misorientation angle for the three rotation axes in Al and Cu are
given in Fig. 3.2(a). In particular, the grain boundary energy varies strongly with the
misorientation angle for the 〈110〉 rotation axis. The two deep cusps are the Σ11 (1 1 3)
θ = 50.48◦ symmetric tilt boundary and the Σ3 (1 1 1) θ = 109.47◦ coherent twin
boundary in the 〈110〉 STGB system. Examples of grain boundary structures associated
with minimum energies in Cu are shown in Fig. 3.2(b)-(d) for each rotation axis. The
different coloured circles represent atomic positions on consecutive planes perpendicular
to the rotation axis. In each grain boundary, the structural units characterising the grain
boundary structure are indicated. These structural units, consistent with the structural
units of nearby favoured boundaries, are kite-shaped. Note, however, that the definition
of structural units is not unique, i.e. different shapes of structural units can be defined as
long as these are used consistently. In general, multiple structural units are present within
one boundary period. The grain boundary structure is composed of repeating boundary
periods, which are characterised by the boundary period vector p perpendicular to the
rotation axis, see Fig. 3.2(d). In contrast to the other two rotation axes, the 〈110〉 axis
shows grain boundary dissociation by the emission of stacking faults reducing the grain
boundary energy, see Fig. 3.2(c). Finally, as can be seen in Fig. 3.2(b), a pair of atomic
planes terminates at a minority unit that forms the core of an edge dislocation.
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Figure 3.2: Results of the atomistic simulations. (a) Symmetric tilt GB energy versus misorientation
angle for the 〈100〉 (blue), 〈110〉 (red) and 〈111〉 (green) rotation axes in Al (open circles) and Cu (closed
circles). (b)-(d) Examples of grain boundary structures in Cu for the 〈100〉, 〈110〉 and 〈111〉 rotation
axes, respectively. The black, white and red circles represent atomic positions on consecutive {200},
{220} and {333} planes in (b)-(d), respectively. Structural units in each grain boundary are indicated.
Two atomic planes (dashed) terminating at a minority unit corresponding to an edge dislocation are
depicted in (b). The period vector of the grain boundary p is illustrated in (d).

From these atomistic simulations the grain boundary energy data required in the atomistic-
to-continuum multiscale approach has been extracted. The grain boundary structure
plots can also be used to analyse the dislocation content and the boundary period vec-
tors.
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3.4 Multiscale approach to GB structure and energy

In order to incorporate the initial grain boundary structure and energy, obtained from
the simulations at the discrete atomistic scale, in continuum level frameworks, continuum
equivalent measures should be defined that realistically reflect the energetics and the
structure of grain boundaries. After explaining the details of the proposed atomistic-
to-continuum approach, a summary of the procedure and an illustrative example are
presented next.

3.4.1 Details of the approach

The key idea behind the proposed multiscale approach is to attribute an intrinsic net
defect, representing the initial grain boundary structure, to a boundary period for each
boundary in the whole misorientation range around a certain rotation axis. A corre-
sponding intrinsic net defect density is then related to the grain boundary energy. In the
development of this multiscale approach, the following information is consolidated:

1. The grain boundary energies and boundary period vectors obtained from the atom-
istic simulations.

2. The structural unit and dislocation descriptions of the grain boundary structure.

3. The Frank-Bilby equation to determine the effective net dislocation content.

Consider a grain boundary period of a certain length. An intrinsic net defect Bp within
this period is defined as the sum of the Burgers vectors of the primary and secondary
dislocations in that period. In general, the intrinsic net defect comprises both primary
and secondary dislocations, but only the contribution of one type in a certain misorien-
tation range is considered in this work. The term ‘intrinsic’ in the definition of Bp is to
indicate that it is the net defect representing the initial boundary structure. The corre-
sponding dislocations form a part of the equilibrium structure of the boundary [13, 81].
In contrast, ‘extrinsic’ dislocations, which are not part of the equilibrium structure, are
lattice dislocations that interact with the grain boundary during plastic deformation.
Consideration of the extrinsic dislocations is outside the scope of this chapter.

The Frank-Bilby equation, Eq. (3.1), can be used to determine the primary or secondary
dislocation content. In the case of (i) homophase interfaces, i.e. grain boundaries where
the two adjoining lattices are related by a rotation only, and (ii) taking the median
(perfect crystal) lattice as the reference lattice (for primary dislocations), this equation
reduces to Frank’s formula [82, 175]

Bp = 2 sin

(
∆θ

2

)
(p× c) with |Bp| = 2|p| sin

(
∆θ

2

)
(3.2)

Here p is the boundary period vector, c is the unit vector along the rotation axis and
∆θ is the misorientation angle between the two adjacent grains with respect to the
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Figure 3.3: Illustration of Frank’s formula in the case of a symmetric tilt grain boundary. Starting with
a closed loop of length |p| around the boundary in the bicrystal (left) and applying equal and opposite
rotations of ∆θ/2 around unit vector c back to the median reference lattice, the resultant Burgers vector
Bp is defined by the closure fault (right).

perfect reference lattice. Bp is the resultant Burgers vector of the primary dislocations
pierced by the boundary period vector p. An illustration of Frank’s formula in the case
of a symmetric tilt grain boundary is shown in Fig. 3.3. For the determination of the
secondary dislocation content, the median DSC lattice is used as the reference lattice
and ∆θ in Eq. (3.2) then reduces to the misorientation from the nearby CSL orientation.
Furthermore, the ‘finish-start/right-handed’ (FS/RH) convention is used.

The intrinsic net defect density |Bp|/|p| is determined and related to the grain boundary
energy φgb obtained from the atomistic simulations. It is found that for each rotation
axis considered here, a logarithmic relationship matches

φgb = M
|Bp|
|p| −N

|Bp|
|p| ln

( |Bp|
|p|

)
(3.3)

where M and N are the two continuum parameters. A standard least squares fitting
procedure will be applied. This logarithmic relationship shows resemblance with the
Read-Shockley equation [150, 151] and, as will be discussed later in Section 3.6, con-
stitutes a generalization to the whole misorientation range, including high-angle grain
boundaries. For the purpose of subsequent analyses, Eq. (3.3) can be split into two
contributions

φgb = φcore+φstrain with φcore = M
|Bp|
|p| and φstrain = −N |Bp|

|p| ln

( |Bp|
|p|

)
(3.4)

This split resembles the contributions of the core and strain energy to the total grain
boundary energy [150, 205, 207]. This will be discussed further in Section 3.6.

As will be shown in the following sections, for the 〈100〉 and 〈111〉 rotation axes primary
dislocation descriptions are used in the full misorientation ranges. In the case of the
〈110〉 rotation axis, the primary and secondary dislocation descriptions are employed in
different parts of the misorientation range. It may be argued that the primary dislocation
description has little physical meaning in the case of high-angle grain boundaries, because
dislocation cores overlap and dislocations can no longer be resolved discretely. However,
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in this case the boundary period can be considered to be a continuous distribution of
infinitesimal dislocations [33], the net effect of which leads to the same intrinsic result.
Under this assumption, the use of the primary dislocation description for high-angle grain
boundaries is justified.

3.4.2 Summary of the procedure and illustrative example

To summarize, the atomistic-to-continuum approach follows a three-step procedure:

1. For each of the grain boundaries in the complete misorientation range around a
given rotation axis, determine the boundary period vector p from the atomistic
simulations and employ Frank’s formula, Eq. (3.2), to determine the intrinsic net
defect Bp. Calculate the corresponding intrinsic net defect density |Bp|/|p|, to-
gether with Bp providing the continuum measures of the grain boundary defect
structure.

2. Determine the continuum parametersM andN in the logarithmic relation, Eq. (3.3),
between the intrinsic net defect density |Bp|/|p| and the grain boundary energy
φgb as obtained from the atomistic simulations.

3. Combine the previous two steps to obtain a continuum scale relation between the
grain boundary energy φgb and the misorientation angle θ. If needed, the boundary
energy can be split into representative core and strain energy terms, Eq. (3.4).

The output of this multiscale approach is a continuum representation of the initial grain
boundary structure and energy, i.e. Bp and φgb (θ), that can be used in continuum level
frameworks.

As an example, this procedure is demonstrated for the grain boundaries with the [0 0 1]
rotation axis in Al. For this rotation axis, the misorientation angle range is θ ∈ [0◦, 90◦],
in which the end points, θ = 0◦ and θ = 90◦, are perfect crystals.

Step 1. From the grain boundaries within the misorientation domain, the Σ41 (5 4 0)
θ = 77.32◦ boundary is selected to be further elaborated as a particular example, see
Fig. 3.4. The orientations of both crystals are shown together with the boundary period
vector p and the atomic planes terminating at the minority structural units, which form
the dislocation cores. In this example, the (perfect) Σ1 (1 1 0) θ = 90◦ crystal boundary
is used as the reference. Hence, the misorientation angle ∆θ = 77.32◦ − 90◦ = −12.68◦.

It is pointed out that symmetric tilt grain boundaries can be described with an array
consisting of one type of edge dislocations each having Burgers vector b [86]. Hence, the
intrinsic net defect Bp = nb, where n denotes the number of edge dislocations crossed
by the boundary period vector p. These Burgers vectors b are translation vectors of the
reference lattice. Furthermore, for symmetric tilt boundaries, the Burgers vectors b are
parallel to the boundary normal unit vector n [86]. This corresponds to b = a

2 [1 1 0]
in this example, with a the lattice parameter. In order to determine the number of
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Figure 3.4: A grain boundary in Al that is used to illustrate the first step in the atomistic-to-continuum
approach. The crystal orientations, the boundary unit normal n, the unit vector c along the rotation
axis, the boundary period vector p and pairs of atomic planes terminating at the minority structural
units are shown.

dislocations pierced, the boundary period vector p is expressed as p = (c× n)|p|. Then
Frank’s formula (Eq. (3.2)) yields

nb = 2 sin

(
∆θ

2

)
[(c× n)× c] |p| = 2 sin

(
∆θ

2

)
|p|n (3.5)

where c · n = 0 is used in the second equality. Since b = −|b|n (in the reference lattice)
and sin(−∆θ) = − sin(∆θ), the number of pierced dislocations reads

n = 2 sin

(−∆θ

2

) |p|
|b| (3.6)

For the [001] rotation axis and associated (h k 0) boundary planes, the boundary period
length |p| = a

√
h2 + k2. With |b| = a

2

√
2, Eq. (3.6) then gives n = 2 dislocations crossed

by vector p, as can be verified in Fig. 3.4. Hence, the intrinsic net defect Bp = 2b =
2a
2 [1 1 0] and the intrinsic net defect density |Bp|/|p| = 0.22.

This procedure is repeated for all the grain boundaries within the complete misorientation
range. The resulting intrinsic net defect density versus misorientation angle is shown in
Fig. 3.5(a). The primary dislocations are those related to the (perfect) Σ1 (1 0 0) θ = 0◦

and Σ1 (1 1 0) θ = 90◦ crystal boundaries, i.e. b = a[1 0 0] and b = a
2 [1 1 0], respectively.

As will be discussed in Section 3.6, when employing Frank’s formula, the multiplicity of
dislocation descriptions of the same boundary has to be dealt with. The misorientation
angle at which the preferred description changes can be determined from the atomistic
data on the boundary energy. A natural choice would be the boundary associated with
a cusp in the energy versus misorientation angle profile. These boundaries typically
correspond to favoured boundaries that have a simple boundary structure as observed
computationally and experimentally [120, 122, 153, 180, 198]. Furthermore, automating
the demarcation angle based on the coefficient of determination R2 in step 2 predicts
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Figure 3.5: Symmetric tilt grain boundaries with the 〈100〉 rotation axis in Al. (a) The intrinsic net
defect density versus misorientation angle. (b) The grain boundary energy versus intrinsic net defect
density with the fit in red. (c) The grain boundary energy versus misorientation angle with the energy
profile resulting from the multiscale approach in red; the boundary energy is split into representative
core (solid blue) and elastic strain (dashed blue) terms.

angles that are favoured boundaries or boundaries reasonably close to these and, hence,
confirms the natural choice. Here, the demarcation angle for the 〈100〉 rotation axis
corresponds to the Σ5 (3 1 0) θ = 36.87◦ boundary.

Step 2. The grain boundary energies, obtained from the atomistic simulations, versus
the intrinsic net defect densities, acquired in the first step of the procedure, are shown
in Fig. 3.5(b). Applying a standard least squares fit, the parameters M and N in the
logarithmic relation, Eq. (3.3), read M = 425 mJ/m2 and N = 842 mJ/m2. At this
point, it is emphasised that the complete misorientation range, including both low- and
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high-angle grain boundaries, can be captured remarkably well (R2 = 0.949) using the
logarithmic relationship.

Step 3. Upon combination of the two previous steps, the grain boundary energy versus
misorientation angle profile resulting from the multiscale procedure is shown in Fig. 3.5(c)
along with the atomistically computed grain boundary energy data points. Furthermore,
the split of the boundary energy into representative core and strain energy terms is
shown. As can be observed, the continuum energy profile and its split are discontinuous,
which is related to the change in dislocation description, see Fig. 3.5(a).

3.5 Results

The multiscale atomistic-to-continuum approach, as described above, is applied to the
atomistic data sets of symmetric tilt boundaries with the 〈100〉, 〈111〉 and 〈110〉 rotation
axes in aluminium and copper. The results are shown in Figs. 3.5-3.10. In each figure one
can find for Al or Cu (i) the intrinsic net defect density versus the misorientation angle,
(ii) the boundary energy versus the intrinsic net defect density with its corresponding
logarithmic fit and (iii) the boundary energy versus misorientation angle profile following
from the multiscale approach along with the split of the grain boundary energy into
representative core and strain energy terms. The values of the continuum parameters
M and N (Eq. (3.3)) and the coefficient of determination R2 of each fit are provided in
Table 3.1 for all three rotation axes in both Al and Cu. Further detailed information per
rotation axis can be found in Appendix B.

For copper, Fig. 3.6, the relation between the grain boundary energy and the intrinsic
net defect density matches adequately (R2 = 0.976) using the logarithmic expression, see
Fig. 3.6(b). For the 〈111〉 rotation axis in Al and Cu, see Figs. 3.7 and 3.8, respectively,
the misorientation angle range is θ ∈ [0◦, 60◦]. The primary dislocations are the ones
corresponding to the (perfect) Σ1 (0 1 1) θ = 0◦ reference boundary, i.e. b = a

2 [0 1 1]. It
is emphasised that the boundary energy versus intrinsic net defect density relations are
again accurately represented (R2 = 0.996 and 0.998 for Al and Cu, respectively) in this
case, see Figs. 3.7(b) and 3.8(b).

The results in the case of the 〈110〉 rotation axes are shown in Figs. 3.9 and 3.10 for Al and
Cu, respectively. For this rotation axis, the misorientation angle range is θ ∈ [0◦, 180◦].
This is a more difficult case, because of the presence of the special Σ3 (1 1 1) θ = 109.47◦

coherent twin boundary. To address this, the following considerations have been applied.
Coherent twin boundaries can be described by simple shear, not requiring any dislocations
[33], although a dislocation description can also be associated with it [81]. Furthermore,
the Σ3 coherent twin boundary has a low energy. Therefore, it may be considered as a
‘perfect’ crystal boundary with no dislocation content and zero energy. (Note that the
Σ11 (1 1 3) θ = 50.48◦ also has a relatively low energy; however, in this case, a distribution
of dislocations, and thus a non-zero net defect, is still attributed.) The misorientation
domain can then be divided into two parts delineated by the Σ3 (1 1 1) boundary, i.e.
θ ∈ [0◦, 109.47◦] and θ ∈ [109.47◦, 180◦]. In the first misorientation regime, the primary
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Figure 3.6: Symmetric tilt grain boundaries with the 〈100〉 rotation axis in Cu. (a) The intrinsic net
defect density versus misorientation angle. (b) The grain boundary energy versus intrinsic net defect
density with the fit in red. (c) The grain boundary energy versus misorientation angle with the energy
profile resulting from the multiscale approach in red; the boundary energy is split into representative
core (solid blue) and elastic strain (dashed blue) terms.

dislocations are those related to the (perfect) Σ1 (0 0 1) θ = 0◦ reference boundary and
the (secondary) dislocations having the Σ3 (1 1 1) θ = 109.47◦ boundary as the reference,
i.e. b = a[0 0 1] and b = a

3 [1 1 1], respectively. In the second misorientation regime,
the (secondary) dislocations again correspond to the Σ3 (1 1 1) θ = 109.47◦ reference
boundary, whereas the primary dislocations take the Σ1 (1 1 0) θ = 180◦ boundary as
the reference, i.e. b = a

3 [1 1 1] and b = a
2 [1 1 0], respectively. The demarcation angles in

the two misorientation regimes correspond to the Σ11 (1 1 3) θ = 50.48◦ and Σ9 (2 2 1)
θ = 141.06◦ boundaries, respectively. It is observed that the resulting boundary energy
versus the intrinsic net defect density in each of the two misorientation regimes matches
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Figure 3.7: Symmetric tilt grain boundaries with the 〈111〉 rotation axis in Al. (a) The intrinsic net
defect density versus misorientation angle. (b) The grain boundary energy versus intrinsic net defect
density with the fit in red. (c) The grain boundary energy versus misorientation angle with the energy
profile resulting from the multiscale approach in red; the boundary energy is split into representative
core (solid blue) and elastic strain (dashed blue) terms.

well (R2 > 0.9), see Figs. 3.9(b),(c) and 3.10(b),(c). Similar to the 〈100〉 rotation axis,
discontinuities are present in the continuum boundary energy versus misorientation angle
profiles and in the decompositions into representative core and strain energy terms, see
Figs. 3.9(d) and 3.10(d), related to the change in dislocation descriptions, see Figs. 3.9(a)
and 3.10(a).

The total number of continuum parameters in the present work, examining symmetric
tilt grain boundaries in the case of three rotation axes in aluminium and copper, equals
8 for one material, for the full misorientation ranges, see Table 3.1. Inspired by the



3.5 Results 53

0 10 20 30 40 50 60
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Misorientation angle, θ (degrees)

In
tr

in
s
ic

 n
e
t 
d
e
fe

c
t 
d
e
n
s
it
y
 (

−
)

Cu <111>

(a)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0

100

200

300

400

500

600

700

800

900

Intrinsic net defect density (−)

G
ra

in
 b

o
u

n
d
a
ry

 e
n
e
rg

y
 (

m
J
/m

2
)

Cu <111>

(b)

0 10 20 30 40 50 60
0

100

200

300

400

500

600

700

800

900

Misorientation angle, θ (degrees)

G
ra

in
 b

o
u
n
d
a
ry

 e
n
e
rg

y
 (

m
J
/m

2
)

Cu <111>

(c)

Figure 3.8: Symmetric tilt grain boundaries with the 〈111〉 rotation axis in Cu. (a) The intrinsic net
defect density versus misorientation angle. (b) The grain boundary energy versus intrinsic net defect
density with the fit in red. (c) The grain boundary energy versus misorientation angle with the energy
profile resulting from the multiscale approach in red; the boundary energy is split into representative
core (solid blue) and elastic strain (dashed blue) terms.

work in [84], it has been investigated if a scaling relationship exists between the grain
boundary energies of the metallic elements considered in this work. This would imply
that the number of continuum parameters for different FCC metals can be reduced.
The result is shown in Fig. 3.11. As pointed out in [84], the linear trend suggests that
the boundary energy can be scaled by an element-dependent proportionality constant.
Material parameters can be taken for this constant. In atomistic simulations of material
systems, appropriate interatomic potentials need to be used that reproduce material
parameters consistent with experimental data and ab initio calculations. The lines in
Fig. 3.11 indicate the scaling for three different material parameters following from the
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Figure 3.9: Symmetric tilt grain boundaries with the 〈110〉 rotation axis in Al. (a) The intrinsic net
defect density versus misorientation angle. (b),(c) The grain boundary energy versus intrinsic net defect
density with the fit in red for the two misorientation regimes, θ ∈ [0◦, 109.47◦] (b) and θ ∈ [109.47◦, 180◦]
(c). (d) The grain boundary energy versus misorientation angle with the energy profile resulting from
the multiscale approach in red; the boundary energy is split into representative core (solid blue) and
elastic strain (dashed blue) terms.

interatomic potentials for Al and Cu [123, 124] employed in this work. The ratios of the
stacking fault energy γSF, the elastic constant aC44 and the Voigt average shear modulus
aµ are used for the scaling, the latter two being multiplied by the lattice constant for
dimensional consistency with the grain boundary energy. Here, the Voigt average shear
modulus seems to be a reasonable candidate for the scaling, although the scaling is less
good for higher energy boundaries.
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Figure 3.10: Symmetric tilt grain boundaries with the 〈110〉 rotation axis in Cu. (a) The intrinsic net
defect density versus misorientation angle. The grain boundary energy versus intrinsic net defect density
with the fit in red for the two misorientation regimes, θ ∈ [0◦, 109.47◦] (b) and θ ∈ [109.47◦, 180◦] (c).
(d) The grain boundary energy versus misorientation angle with the energy profile resulting from the
multiscale approach in red; the boundary energy is split into representative core (solid blue) and elastic
strain (dashed blue) terms.

3.6 Discussion

3.6.1 Frank-Bilby equation

As already discussed extensively in the literature, two sources of ambiguity exist when
applying the Frank-Bilby equation to determine the dislocation content of a grain bound-
ary [175]. The first source of ambiguity is due to the rotational symmetries in the crystal
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Table 3.1: Values of continuum parameters M and N (in mJ/m2) for each rotation axis in Al and Cu.
The coefficient of determination R2 and the misorientation domains are indicated.

〈100〉 axis 〈111〉 axis 〈110〉 axis

Al Cu θ Al Cu θ Al Cu θ

M 425 901 [0◦,90◦] 400 766 [0◦,60◦]
177 358 [0◦,109.47◦]
395 797 [109.47◦,180◦]

N 842 1329 [0◦,90◦] 803 1331 [0◦,60◦]
905 1434 [0◦,109.47◦]
755 1263 [109.47◦,180◦]

R2 0.949 0.976 [0◦,90◦] 0.996 0.998 [0◦,60◦]
0.905 0.983 [0◦,109.47◦]
0.966 0.984 [109.47◦,180◦]

that can lead to a multiplicity of dislocation descriptions of the same grain boundary.
However, Balluffi and Olson [12] argued that no problems of real physical significance
arise due to this lack of uniqueness, whereby any of the various possible descriptions
can be used. Comparison of the dislocation descriptions to the image of the boundary
obtained by electron microscope diffraction contrast may guide the selection of the de-
scription. Furthermore, Cahn et al. [27, 28] considered the migration of high-angle grain
boundaries coupled to shear deformation. The grain boundaries are shifted by shear
stresses and their motion agrees very accurately with the one or the other (sometimes
both) solution of the Frank-Bilby equation over the entire misorientation range, which
they verified by atomistic simulations. Similarly, in this work, in the case of the 〈100〉
and 〈110〉 rotation axes, the multiplicity is utilized in the relation between the grain
boundary energy and the intrinsic net defect density.
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Figure 3.11: Comparison of the grain boundary energies for Al and Cu, having high and moderate
stacking fault energies, respectively. The lines are the scaling using three different material parameters.
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The other source of ambiguity is the choice of a reference structure in which the dislo-
cation content is defined. It has been argued that this choice may be arbitrary, often
taking one of the adjacent crystals or the median lattice as the reference lattice. How-
ever, as discussed in [193], who included the consideration of elastic fields along with the
geometry, the choice of the reference lattice is not arbitrary, since it influences the values
of the far-field stresses, strains and rotations associated with the interface dislocations.
These, in turn, are usually subject to constraints, namely that the long-range stresses are
absent, which is a requirement for the application of the Frank-Bilby equation, and that
the far-field rotations are consistent with the prescribed misorientation. They showed
that for symmetric tilt and twist boundaries only the median reference lattice leads to
zero long-range stresses. In the present work, the median lattice is therefore taken as the
reference lattice.

3.6.2 Grain boundary structure

Rittner and Seidman [153] investigated the grain boundary structures of 〈110〉 symmetric
tilt grain boundaries in FCC metals with low stacking fault energies using atomistic sim-
ulations. One of the main conclusions in their work is that the grain boundary structures
in low stacking fault energy materials may be quite wide, i.e. on the order of 1 nm, due
to delocalization or dissociation of the primary or secondary grain boundary dislocations.
These structures tend to have stronger local atomic relaxations than those typical for
grain boundaries in higher stacking fault energy materials. Therefore, a structural unit
model is not found to be useful for describing low to moderate stacking fault energy FCC
metals, such as copper. However, in this work the interest is in obtaining an average,
continuum scale, representation of the initial grain boundary structure without consid-
ering small-scale details, such as steps, microfacets and partial dislocations, which are
typically not resolved in continuum level frameworks. The effect of these local atomic
relaxations is captured implicitly by relating the corresponding net defect to the relaxed
boundary energy. Indeed, the total net defect will be conserved, even if dislocations dis-
sociate into partials. Therefore, the applicability of the developed multiscale approach
is not restricted by atomistic limitations of the structural unit model.

In order to analyse relaxed grain boundary structures, Wolf [206, 207] defined a coor-
dination coefficient that represents a convenient measure of how well on average the
grain boundary is coordinated. The coordination coefficient equals the number of bro-
ken nearest-neighbor bonds per unit area and is closely related to the radial distribution
function, which contains all the detailed information on the distribution of interatomic
separations. It was found that a good correlation exists between the coordination co-
efficient and the grain boundary energy. Examining the coordination coefficient versus
misorientation plots for the 〈100〉, 〈110〉 and 〈111〉 rotation axes in [206], it is observed
that similar trends are present in the intrinsic net defect density versus misorientation
angle profiles in this work, see Figs. 3.5(a), 3.6(a), 3.7(a), 3.8(a), 3.9(a), 3.10(a). Wolf
[206] also pointed out that a connection seems to exist between the measure of coordina-
tion and geometric models describing the (more local) structure of symmetric tilt grain
boundaries, without further investigation. This work presents an approach that supports
this statement.
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3.6.3 Grain boundary energy

The results in Section 3.5 show that the atomistic-to-continuum approach, employing
dislocation descriptions representing the initial grain boundary structure, adequately
matches the atomistically computed grain boundary energies (R2 > 0.9). As mentioned
in Section 3.4, for high-angle grain boundaries dislocation cores start to overlap and
dislocations can no longer be resolved discretely. Yet, remarkably good results are still
obtained, even for the 〈110〉 rotation axis including the special case of the Σ3 coherent
twin boundary. Moreover, the adopted logarithmic relation (Eq. (3.3)) is similar to the
Read-Shockley equation applicable for low misorientation boundaries [150, 151]. The
boundary energy, according to the Read-Shockley equation, consists of contributions due
to the core energy and elastic strain energy. For increasing misorientation, the disloca-
tion spacing decreases and the stress fields associated with isolated dislocations cancel
each other over larger areas. Hence, for high-angle grain boundaries it is expected that
the relative contribution of the core energy increases. This behaviour has been observed
in [205, 207], who proposed a strictly empirical extension of the Read-Shockley model to
high-angle grain boundaries by replacing θ with sin(θ) and tested its validity by compar-
ison with energies of some twist and tilt boundaries in copper and gold obtained from
atomistic simulations. In this work, the boundary energy is related to a continuum mea-
sure of the boundary structure. The total grain boundary energy has been decomposed
into terms representative of the core and elastic strain energy (Eq. (3.4)). Indeed, it
is seen in Figs. 3.5(c), 3.6(c), 3.7(c), 3.8(c), 3.9(d), 3.10(d) that for high-angle bound-
aries the relative contribution of the core energy increases and can dominate. Hence,
this suggests that the energetics of high-angle boundaries is represented in a physically
correct manner by the proposed multiscale approach. Note, however, that the decompo-
sition is less ‘clean’ when grain boundary dissociation occurs, which is the case for some
boundaries with the 〈110〉 rotation axis in Cu and to a much lesser extent in Al due to
the higher stacking fault energy. The contributions to the total grain boundary energy
then also include terms resulting from the excess energy associated with the stacking
faults created from dislocation core spreading and the interaction energy between the
two closely spaced sub-boundaries that have been formed [153].

It is of interest to compare the current findings with experimental work in the literature.
However, a direct comparison regarding the grain boundary energies cannot be done for
two reasons [197]. First, the experimentally measured values are not the internal ener-
gies, but free energies. Whereas the atomistic simulations in this work are at 0 K, the
experimental measures are usually at much higher temperatures, such that the entropic
contribution due to atomic thermal vibrations is not negligible. Secondly, atomistic stud-
ies employing empirical interatomic potentials cannot be expected to give exact numerical
values of boundary energies in a given material. In the work in [182], a comparison was
made between the geometric structures observed in HRTEM images and those expected
from the O-lattice theory. They found a good correlation between the grain boundary
dislocation density and the grain boundary energy obtained from experiments [133] for
〈110〉 symmetric tilt boundaries in aluminium for the whole misorientation range, i.e.
low- and high-angle grain boundaries. Using three types of Burgers vectors, two of which
are equal to the ones in this work, they found, in contrast to the Read-Shockley theory,
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that the data points could be fit irrespective of the specific choice of the Burgers vectors.
The boundary energy as a function of the grain boundary dislocation density parameter
was well described by a relation similar to the Read-Shockley equation and Eq. (3.3)
in this work. In order to facilitate comparison with their fitting parameters (α = 837
mJ/m2 and B = 0.20), a single fit in the whole misorientation range has been performed,
resulting in N = 934 mJ/m2 and M/N = 0.20, which are in good agreement. Note that
if we would restrict ourselves to small misorientation angles, more dedicated fits could be
made that would enable a direct comparison with experimental data of 〈100〉 low-angle
grain boundaries in Cu [70] and Al [132]. However, this was not the focus here.

3.6.4 Model extension

Randle [149] reviewed experimental data on the statistics of grain boundary plane crys-
tallography in polycrystals. Asymmetric tilt grain boundaries prevail over symmetric tilt
grain boundaries in FCC metals, such as nickel, copper and gold. Only few twist grain
boundaries were reported. Furthermore, over half of the 900 grain boundaries char-
acterised in annealed high-purity nickel and copper consisted of 〈110〉 tilt boundaries.
Symmetric tilt boundaries that have relatively large energies may reduce their energy by
rotation of the grain boundary plane. This inclination of the boundary plane renders
the boundary asymmetric. These conclusions suggest to also extend the developed mul-
tiscale approach to asymmetric tilt boundaries in the future, using published atomistic
data [179, 180]. In this case, two sets of dislocations are required to describe the bound-
ary. The determination of the dislocation content again employs Frank’s formula, but
now following the techniques as detailed in [60, 82, 175]. It is expected from [150, 161]
that the form of the grain boundary energy in Eq. (3.3) is still applicable, but the pa-
rameters M and N will then become dependent on the inclination angle. Extension of
the developed approach towards more complex grain boundaries, including asymmetry,
twist and general boundaries, poses extra challenges related to the details of the grain
boundary structure.

Finally, comparing the grain boundary energies of aluminium and copper (Fig. 3.11) a
linear trend is observed, but some outliers and scatter are present. As discussed in [84],
this is due to the increased differences in grain boundary structure when materials differ
strongly in stacking fault energy. Aluminium and copper have a high and moderate
stacking fault energy, respectively. From the observations in [84], it is expected that
a strong correlation exists when comparing metallic elements of similar stacking fault
energy that will enable a reduction in the number of continuum parameters for capturing
the grain boundary energy.

3.7 Conclusions

In this chapter, a multiscale approach to obtain a continuum representation of the initial
grain boundary structure and energy has been developed based on the output of atomistic
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simulations. An intrinsic net defect density, representing the initial boundary structure,
is related to atomistically computed grain boundary energies for symmetric tilt grain
boundaries with the 〈100〉, 〈110〉 and 〈111〉 rotation axes in aluminium and copper. The
key features of the proposed approach are:

1. Grain boundary energies and boundary period vectors are obtained from atomistic
simulations.

2. Structural unit and dislocation descriptions of the grain boundary structure are
established.

3. The Frank-Bilby equation to determine the dislocation content is exploited.

The developed atomistic-to-continuum approach can be directly incorporated in grain
boundary interface continuum models, realistically reflecting the initial boundary struc-
ture and energetics. Note that the current approach is by no means unique and different
methods to capture structure and energy may be applied.

The results have shown that the multiscale approach yields adequate descriptions (R2 >
0.9) of the atomistically computed grain boundary energies for both low- and high-angle
grain boundaries in the complete misorientation range. A comparison with literature
based on experimental results for the 〈110〉 rotation axis in Al shows a good agreement
and supports the findings in this work.

Possible future directions are twofold. Firstly, from a materials science perspective, an
extension of the current work may include the application and elaboration of the de-
veloped atomistic-to-continuum approach to (i) the full space of macroscopic DOFs of
a grain boundary, starting with asymmetric tilt boundaries and twist boundaries, (ii)
grain boundaries in body-centered cubic and hexagonal close-packed metals, and (iii)
interphase boundaries. Furthermore, metallic elements of similar stacking fault energy
could be investigated to verify the possibility of the reduction of the number of contin-
uum parameters through scaling. Secondly, from a mechanics perspective, the multiscale
approach is to be implemented into a continuum level extended crystal plasticity frame-
work to investigate its influence of the atomistically informed grain boundary energetics
on the macroscopic response, which will be the topic of the next chapter.

The issue of the evolution of the grain boundary structure and energy upon plastic
deformation remains a challenge. This will demand methods that account for the change
in the elastic energy of the boundary in the continuum bulk-interface representation, in
addition to the interface-specific evolution of the dislocation core energy as dislocations
from the bulk react with the interface.



Chapter 4

Grain boundary plasticity
incorporating internal structure

and energy1

Abstract

Modelling the behaviour of grain boundaries in polycrystalline metals using macroscopic
continuum frameworks demands a multiscale description of the underlying details of the
structure and energy of grain boundaries. The objective in this chapter is the incor-
poration of a multiscale atomistic-to-continuum approach of the initial grain boundary
structure and energy into a grain boundary extended crystal plasticity framework in order
to investigate the role of the grain boundary energetics on the macroscopic response. To
this end, the methodology includes: (i) the generalisation of the atomistic-to-continuum
results of the initial grain boundary structure and energy, (ii) an analytical analysis of
the resulting grain boundary energetics in the continuum framework, (iii) the numerical
implementation of the developed framework in the case of a periodic bicrystal subjected
to simple shear deformation considering a symmetric tilt boundary system in the full
misorientation range. This work provides a step forward towards the physically based
continuum modelling of grain boundary interfacial plasticity.

1Reproduced from [189]: P.R.M. van Beers, V.G. Kouznetsova, and M.G.D. Geers. Grain boundary
interfacial plasticity with incorporation of internal structure and energy. Submitted.

61
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4.1 Introduction

In polycrystalline materials, differences in the orientation of the crystals that constitute
the material play a significant role in the macroscopic behaviour. In spite of numerous
investigations in the past, the physical understanding of the underlying deformation
mechanisms defining this macroscopic behaviour and its incorporation into continuum
level modelling are still the subject of ongoing studies. A well-known example is the
increased strength and hardening due to grain size refinement, i.e. the Hall-Petch effect,
which has led to advanced material models capturing these size effects. However, when
the average grain size reduces, also the behaviour of the grain boundaries (GB) and their
interaction with crystal defects become of key importance. Various types of interactions
between dislocations and grain boundaries have been reported experimentally [67, 101,
159, 166, 186] and in atomistic simulations [9, 45, 139, 156, 216]. Dislocations can be
accumulated, transmitted, absorbed or nucleated at the interfaces.

From a continuum modelling point of view, conventional continuum plasticity models,
even those enhanced to include strain gradients and interface behaviour [41, 64, 114, 141,
195], do not explicitly account for crystallographic misorientation across a grain bound-
ary, which is an important quantity defining micro-scale interactions between dislocations
and grain boundaries. Classical crystal plasticity models overcome this deficiency, but
they generally do not account for grain boundary phenomena, i.e. grain boundaries are
only incorporated as planes where the crystallographic orientation changes. Gradient
enhanced crystal plasticity resolves this limitation. While these approaches mostly in-
corporate the limiting situations of either impenetrable or completely transparent grain
boundaries through higher-order boundary conditions [16, 56, 76, 95, 115], several at-
tempts have been made to elaborate these frameworks to include grain boundary inter-
face mechanics [51, 77, 92, 110, 134, 210]. Among the different constitutive choices that
have to be made, the grain boundary energy often follows a simple ad hoc expression.
However, atomistic simulations indicate that the grain boundary energy is dependent on
the grain boundary structure [79, 153, 180, 198, 206]. Currently, a limited number of the
continuum modelling approaches (can) address the underlying initial and evolving grain
boundary structure [66, 178, 187].

In the previous chapter, a multiscale approach has been developed that leads to a con-
tinuum representation of the initial grain boundary structure and energy based on the
output of atomistic simulations. The proposed approach introduces an intrinsic net defect
density, representing the grain boundary structure, which is related to the atomistically
calculated grain boundary energies through a logarithmic expression. It was shown that
this multiscale method can accurately describe the grain boundary energies in the com-
plete misorientation range of symmetric tilt grain boundary systems in aluminium and
copper. In this chapter, this atomistic-to-continuum approach is incorporated into the
grain boundary extended crystal plasticity model, developed in Chapter 2. The resulting
model is implemented numerically in order to examine the particular role and influ-
ence of the grain boundary energetic contributions on the macroscopic response. The
modelling approach is illustrated on a periodic copper bicrystal subject to simple shear
deformation, considering symmetric tilt boundaries with the [001] rotation axis in the
full misorientation range, including both low- and high-angle grain boundaries.
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The outline of this chapter is as follows. In Section 4.2, a summary of the grain bound-
ary extended crystal plasticity framework is provided. Section 4.3 briefly describes the
multiscale atomistic-to-continuum approach of the initial grain boundary structure and
energy, and covers the incorporation of the atomistic-to-continuum approach into the
grain boundary interface model within the strain gradient crystal plasticity framework.
In Section 4.4, the resulting initial grain boundary energetics is analysed analytically.
The numerical implementation and the results of the effect of the energetic contributions
of the grain boundaries on the macroscopic response of copper bicrystals are described
in Section 4.5. This is followed by a discussion in Section 4.6. Finally, conclusions are
made in Section 4.7.

4.2 Bulk and interface frameworks

The microstructurally motivated strain gradient crystal plasticity framework including a
grain boundary interface model as developed in Chapter 2 is summarised next.

4.2.1 Bulk crystal formulation

The bulk crystal formulation originates from the one proposed by Evers et al. [56, 57]
and Bayley et al. [16], restricted to small deformations. The total distortion is given by
the sum of elastic (e) and plastic (p) components

∇u = He + Hp . (4.1)

The plastic distortion is given by

Hp =
∑
α

γαsαmα . (4.2)

Here, γα represents slip on slip system α having slip plane normal mα and slip direc-
tion sα. In the crystal plasticity approach adopted, dislocation densities on individual
slip systems act as key variables. Geometrically necessary dislocation (GND) densities

of edge and screw character, denoted ρ
α(e)
g and ρ

α(s)
g , respectively, arise from gradients

in slip as follows

ρ
α(e)
g = ρ

α(e)
g0 − 1

b
∇γα · sα and ρ

α(s)
g = ρ

α(s)
g0 +

1

b
∇γα · lα , (4.3)

with unit vector lα = sα×mα. The quantities ρ
α(e)
g0 and ρ

α(s)
g0 represent the initial GND

densities and b is the Burgers vector magnitude. For a given slip system α the resolved
shear stress or Schmid stress τα is given by

τα = σ : sαmα , (4.4)
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where the Cauchy stress tensor σ is determined through the conventional elastic rela-
tionship

σ = 4C : Ee with Ee =
1

2

(
He + HeT

)
. (4.5)

Here, 4C is the fourth order elasticity tensor and Ee the elastic strain. The evolution of
slip is accomplished through a visco-plastic power-law by

γ̇α = γ̇0

( |τα − ταb |
sα

) 1
m

sign (τα − ταb ) . (4.6)

Parameters γ̇0 and m are positive constants. The back stress ταb is obtained by the
projection of the internal stress σint onto slip system α

ταb = −σint : sαmα . (4.7)

The internal stress can be interpreted as a fine-scale correction, accounting for microstruc-
tural effects not resolved by the long-range elastic strain field, e.g. through dislocation
pile-ups. Spatial gradients in the densities of geometrically necessary dislocations induce
long- and short-range non-vanishing stress fields. In the derivation, the stress fields of
dislocations in an infinite elastically isotropic medium are used. Further, by assuming a
linear spatial variation of the GND densities of both edge and screw type within a radius
R around a material point, the following expression for the internal stress accounting for
contributions from all slip systems α is obtained (see [16] for more details)

σint =
GbR2

8 (1− ν)

∑
α

∇ρ
α(e)
g · 3Cα(e) +

GbR2

4

∑
α

∇ρ
α(s)
g · 3Cα(s) , (4.8)

with the third order slip system orientation tensors

3Cα(e) = 3mαsαsα + mαmαmα + 4νmαlαlα − sαsαmα − sαmαsα ,

3Cα(s) = −mαlαsα −mαsαlα + lαmαsα + lαsαmα . (4.9)

The length scale parameter R determines the extent of the nonlocal influence, G is the
shear modulus and ν is the Poisson’s ratio. Due to the focus on the grain boundary
behaviour in this chapter, the back stress, Eq. (4.7), is simplified, taking into account
only the ‘self’ internal stress components [16], i.e. only the last two terms in the third
order slip system orientation tensors in Eq. (4.9) are considered.

In Eq. (4.6), the slip resistance sα for slip system α reflects the obstruction of dislocation
glide through short-range interactions of all dislocations on coplanar and intersecting slip
systems. It depends on both the densities of geometrically necessary (GNDs), ρξg, and

statistically stored dislocations (SSDs), ρξs , [5]

sα = Gb

√∑
ξ
Aαξ

∣∣ρξs ∣∣+
∑

ξ
Aαξ

∣∣ρξg∣∣ . (4.10)
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Here, Aαξ represents the full dislocation interaction matrix as given by Franciosi and
Zaoui [61]. The components Aαξ are the coefficients a0, a1, a2 and a3, which represent
the strength of six types of interactions: self hardening (a0), coplanar (a1), cross slip
(a1), Hirth lock (a1), glissile junction (a2) and Lomer-Cottrell lock (a3). The evolution

of the SSD densities ρξs is described by the generalised form of Essmann and Mughrabi
[55]

ρ̇ξs =
1

b

(
1

Lξ
− 2ycρ

ξ
s

) ∣∣γ̇ξ∣∣ with ρξs (t = 0) = ρξs0 . (4.11)

The dislocation accumulation is governed by the average dislocation segment length

Lξ =
K√∑

ζ H
ξζ
∣∣ρζs ∣∣+

∑
ζ H

ξζ
∣∣ρζg∣∣ , (4.12)

where Hξζ are the immobilisation coefficients, structured analogously to the interaction
coefficients Aαξ. The dislocation annihilation is controlled by a critical annihilation
length yc. More details on this gradient crystal plasticity framework can be found in
[56, 57] and [16].

4.2.2 Grain boundary interface formulation

The interface framework, developed in Chapter 2, allows for the incorporation of macro-
scopic sliding and opening of the interface. However, this is not considered here since
continuity of displacements across the interface will be assumed. The different fine-scale
phenomena taking place at the boundary, e.g. absorption, emission and transmission, are
not resolved separately at the scale of the model, but the net effect of these interactions
is lumped into a continuum scale quantity termed ‘interface normal slip’ q. The interface
normal slip components of edge (e) and screw (s) dislocations at the interface Γ between
adjacent grains A (slip systems α) and B (slip systems β) are defined as

grain A: qα(e) = γα sα · ngb and qα(s) = −γα lα · ngb ,

grain B: qβ(e) = −γβ sβ · ngb and qβ(s) = γβ lβ · ngb . (4.13)

The grain boundary normal ngb points from grain A to grain B. In a similar manner
to slip in the bulk crystal, evolution of the interface normal slip on slip system α at the
grain A side of Γ is modelled with a visco-plastic power-law (the expressions for grain B
are obtained by substituting β for α)

q̇α(e) = q̇0

(∣∣Fα(e)
bk −Fα(e)

e

∣∣
Rα(e)

) 1
n

sign
(
Fα(e)

bk −Fα(e)
e

)
,

q̇α(s) = q̇0

(∣∣Fα(s)
bk −Fα(s)

e

∣∣
Rα(s)

) 1
n

sign
(
Fα(s)

bk −Fα(s)
e

)
. (4.14)
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The parameters n and q̇0 are positive constants (similar to the bulk crystal parameters
m and γ̇0). The quantities Rα(e) and Rα(s) are the interface normal slip resistances for
edge and screw dislocations on slip system α, respectively. The bulk-induced interface

microforces Fα(e)
bk and Fα(s)

bk are the projections of the slip system microstress ξα

Fα(e)
bk = −ξα · sα and Fα(s)

bk = ξα · lα . (4.15)

The microstress ξα can be determined from the microstructurally motivated internal

stress σint, see Chapter 2 for the details. The energetic interface microforces Fα(e)
e and

Fα(s)
e , which can be interpreted as interface ‘back stresses’, are determined from the

grain boundary free energy φe

Fα(e)
e =

∂φe

∂qα(e)
and Fα(s)

e =
∂φe

∂qα(s)
. (4.16)

The grain boundary free energy φe is linked to the grain boundary structure and its
evolution

φe = φe
(
Bgb

(
qα(e,s), qβ(e,s)

))
. (4.17)

The quantity Bgb is the grain boundary net defect, representing the grain boundary
structure, that evolves upon interaction with lattice dislocations through the interface
normal slip measures q. The grain boundary structure and energy, as well as their
evolution will be further elaborated in the next section.

4.3 Incorporation of GB structure and energy

The incorporation of the internal structure and energy of grain boundaries into the grain
boundary extended crystal plasticity framework is now addressed. Departing from the
grain boundary net defect description, the multiscale approach for a continuum repre-
sentation of the initial structure and energy of grain boundaries, developed in Chapter
3, is summarised. Next, the atomistic-to-continuum approach is incorporated into the
extended crystal plasticity framework.

4.3.1 Net defect description

The structure and energy of a grain boundary depends on its initial state and the sub-
sequent deformation history of the adjacent grains. When a lattice dislocation interacts
with a grain boundary, the structure of the interface is altered. A residual defect re-
mains, which is necessary for the conservation of the Burgers vector [101]. The following
vectorial measure of the average defect at a point on the grain boundary is defined

Bgb = B0 + B . (4.18)

B0 represents the initial grain boundary defect. Physically, it corresponds to the contri-
bution of ‘intrinsic’ grain boundary dislocations [13, 82]. These dislocations form part of
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the ‘equilibrium’ structure of the boundary.2 The vector B represents the defect resulting
from the interaction of lattice dislocations with the grain boundary during plastic de-
formation. These ‘extrinsic’ grain boundary dislocations are not part of the equilibrium
structure of the boundary. The equations characterising these two contributions to the
grain boundary net defect Bgb will be detailed in the subsequent sections.

4.3.2 Initial GB structure and energy

The continuum representation of the initial boundary structure and energy is based on
the output of atomistic simulations (see Chapter 3) and incorporates: (i) grain boundary
energies and boundary period vectors obtained from atomistic simulations, (ii) structural
unit and dislocation descriptions of the grain boundary structure and (iii) the Frank-Bilby
equation to determine the dislocation content.

The key concept in the multiscale approach is to attribute an intrinsic net defect Bp,
representing the initial grain boundary structure, to a boundary period p for each bound-
ary in the whole misorientation range around a certain rotation axis. A corresponding
intrinsic net defect density |Bp|/|p| is related to the initial grain boundary energy φe0
through a logarithmic relationship

φe0 = M
|Bp|
|p| −N

|Bp|
|p| ln

( |Bp|
|p|

)
, (4.19)

where M and N are two parameters to be identified. This logarithmic relationship
resembles the Read-Shockley equation for low-angle boundaries [150, 151] and can be
interpreted as a generalisation to the complete misorientation range, including high-angle
grain boundaries. This atomistic-to-continuum approach has been applied to symmetric
tilt grain boundaries with the 〈100〉, 〈110〉 and 〈111〉 rotation axes in aluminium and
copper. Fairly accurate descriptions of the grain boundary energy were thereby obtained.
The reader is referred to Chapter 3 for more details. An example of symmetric tilt
boundaries with the 〈100〉 rotation axis in Cu is shown in Fig. 4.1. Low- and high-angle
grain boundaries typically have (i) small and large intrinsic net defect densities and (ii)
low and high initial grain boundary energies, respectively, see Fig. 4.1.

4.3.3 Evolution of GB structure and energy

As discussed in Section 4.2.2, the energetic interface microforces (Eq. (4.16)) are derived
from the grain boundary energy, which depends on the evolution of the grain boundary
structure upon plastic deformation. However, a reliable physically based description of
the evolution of the structure and energy of a grain boundary upon plastic deformation
remains a challenge at present. Even at the atomistic level, i.e. the only length scale at

2Note that any grain boundary in itself is a non-equilibrium crystal defect. In the strict thermody-
namic sense a bicrystal containing a grain boundary may be in local equilibrium, i.e. a metastable state
only [186].
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Figure 4.1: Symmetric tilt grain boundaries with the 〈100〉 rotation axis in Cu (see Fig. 3.6). (a) The
intrinsic net defect density versus misorientation angle. (b) The initial grain boundary energy versus
intrinsic net defect density, and the model according to Eq. (4.19), in blue. Symbols are the atomistic
data. The vertical lines are rough indications of regions corresponding to low- and high-angle grain
boundaries.

which the grain boundary structure can be physically resolved, no systematic simulations
exist that track the evolution of the boundary structure and energy as a consequence of
the interaction with multiple dislocations. Yet, the papers of Sangid et al. [155, 156],
Tucker and McDowell [183], Tucker et al. [184] provide clear steps in this direction.
Furthermore, the quasi-continuum (QC) [160, 164, 214] and the coupled atomistic discrete
dislocation (CADD) methods [46–48, 163] are multiscale techniques that couple atomistic
and continuum descriptions enabling analyses of the collective interaction of dislocations
with grain boundaries at larger scales. In the future, such simulations are expected to
further resolve the changes in the grain boundary energy as required at the continuum
level. In this work, a generalisation of the expression of the initial grain boundary energy
(Eq. (4.19)) is proposed.

Consider a length ` = k|p| along the grain boundary, where |p| is the size of boundary
period p and k is the number of boundary periods in `, not necessarily an integer. The
length ` can be interpreted as the size of a Burgers circuit around the grain boundary.
Since the intrinsic net defect Bp is defined within one boundary period, the intrinsic
contribution B0

` to the net defect Bgb (Eq. (4.18)) within length ` reads

B0
` = kBp . (4.20)

A simple form of the extrinsic contribution B` within the segment of length ` due to the
interaction with lattice dislocations of edge and screw character from both sides of the
grain boundary is defined as

B` = `
∑
α

(
qα(e) + qα(s)

)
sα + `

∑
β

(
qβ(e) + qβ(s)

)
sβ . (4.21)
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The following defect densities per unit length of grain boundary are defined

B0 =
B0
`

`
=

Bp

|p| and B =
B`

`
. (4.22)

With the net defect density defined by (4.18), the initial grain boundary energy φe0 is
then generalised to a general grain boundary energy φe that depends on the net defect
density Bgb

φe = M |Bgb| −N |Bgb| ln (|Bgb|) + 1
2CeN |Bgb −B0|2 , (4.23)

where |Bgb| =
√
Bgb ·Bgb and Ce is a positive constant. Finally, using Eqs. (4.16),

(4.18) and (4.20)-(4.23), the energetic interface microforces for slip system α in grain A
result as

Fα(e)
e = [M −N −N ln (|Bgb|)] cos (ωα) + CeN

(
Bgb −B0

)
· sα

with cos (ωα) =
Bgb · sα
|Bgb| . (4.24)

where ωα is the angle between the net defect density Bgb and the slip direction sα.

Furthermore, Fα(e)
e = Fα(s)

e and for grain B, substitute β for α.

In the case of a zero net defect, i.e. Bgb = B0 = 0 (a perfect crystalline state), the
grain boundary energy, Eq. (4.23), is zero, and the energetic microforce, Eq. (4.24), is
undefined. However, the presented continuum model does not entail small or zero values
of the net defect, due to the discrete nature of the problem. It is not possible to have
infinitely small continuous variations of the net defect around zero, because at least one
Burgers vector in a finite boundary period is required to obtain the smallest possible
misorientation.

4.4 Analysis of initial GB energetics

First, the initial energetic interface microforces are analysed analytically. In the initial
state, the interface normal slip measures q equal zero and the relations for the net defect
Bgb (Eq. (4.18)) and grain boundary energy φe (Eq. (4.23)) consistently reduce to their
corresponding initial expressions B0 (Eq. (4.20)) and φe0 (Eq. (4.19)), respectively. The

energetic microforce Fα(e)
e (Eq. (4.24)) reduces to

Fα(e)
e0 =

[
M −N −N ln

( |Bp|
|p|

)]
cos (ωα0 ) with cos (ωα0 ) =

Bp · sα
|Bp|

, (4.25)

where ωα0 is the angle between the intrinsic net defect Bp and the slip direction sα.

The resulting initial energetic interface microforce Fα(e)
e0 as a function of the intrinsic

net defect density |Bp|/|p| and angle ωα0 is shown in Fig. 4.2, for the case of symmetric
tilt grain boundaries with the 〈100〉 rotation axis in Cu. For this rotation axis, the
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Figure 4.2: The initial energetic interface microforce as a function of the intrinsic net defect density
|Bp|/|p| and the angle ωα0 between the initial net defect and the slip direction for symmetric tilt bound-
aries with the 〈100〉 rotation axis in Cu. The grey line indicates regions corresponding to low- and
high-angle grain boundaries.

misorientation angle range is θ ∈ [0◦, 90◦], in which the end points, θ = 0◦ and θ = 90◦,
are perfect crystals. From Chapter 3, the resulting energetic interface parameters equal
M = 901 mJ/m2 and N = 1329 mJ/m2. Note that similar surface profiles result for
the 〈100〉, 〈110〉 and 〈111〉 rotation axes in Al and Cu. Depending on the sign of the

bulk-induced interface microforce, Fα(e)
bk , positive and negative values of the energetic

interface microforce correspond to interface normal slip being retarded or promoted on
a slip system, see Eq. (4.14).

As apparent from Fig. 4.2, the low-angle grain boundaries, characterised by a low intrinsic
net defect density, have larger (absolute) values of the energetic microforce compared to
the high-angle grain boundaries. This is consistent with the normalised shear stress fields
of arrays of edge dislocations with two different spacings D, i.e. D = 30b and D = 10b,
illustrated in Fig. 4.3. The stress fields of the dislocations in the array with smaller
dislocation spacing, i.e. higher defect density in high-angle grain boundaries, decay over
a shorter distance than in the array with larger spacing, i.e. a lower defect density.

Two configurations exist in which the energetic microforce equals zero, as can be identified
from Eq. (4.25). The first configuration occurs when the angle ωα0 = ±90◦, correspond-
ing to the intrinsic net defect Bp and the slip direction sα being orthogonal. For small
deviations around these angles, the magnitude of the energetic microforce increases (pos-
itive or negative) due to the better alignment of the interface defect and slip direction.
Note that for symmetric tilt boundaries, where the median lattice in Frank’s formula is
here used to determine the net defect (see Chapter 3), the interface net defect is parallel
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Figure 4.3: The normalised shear stress profiles of dislocation walls with different dislocation spacings
D, (a) D = 30b and (b) D = 10b. The parameter S = Gb

2(1−ν)D
. The stress fields decay over a shorter

distance in the case of higher-angle boundaries, which have a smaller dislocation spacing.

to the grain boundary plane normal [82]. Hence, the orthogonality of the interface net
defect and slip direction is in this case equivalent to the slip plane α being parallel to the
boundary plane. The second configuration that gives a zero energetic microforce appears
when the term within brackets in Eq. (4.25) equals zero, i.e.

|Bp|
|p| = exp

(
M −N
N

)
. (4.26)

Calculating this value of the intrinsic net defect density yields 0.72, which corresponds
to 2813b per µm length of grain boundary.

Finally, for low-angle boundaries (i.e. small intrinsic net defect density), considerably
larger fluctuations per slip direction (via angle ωα0 ) occur compared to high-angle bound-
aries (i.e. large intrinsic net defect density). Due to the smaller screening of the stress
fields in the case of low-angle grain boundaries, a variation of the slip direction induces
a larger variation of the energetic microforce and, hence, has an increased effect on the
interface normal slip. In the case of high-angle grain boundaries these differences are less
pronounced.
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Figure 4.4: Geometry and boundary conditions for simple shear deformation of a periodic bicrystal.

4.5 Numerical analysis of GB plasticity

The incorporation of the multiscale atomistic-to-continuum approach of the initial grain
boundary structure and energy into the grain boundary extended crystal plasticity model,
as described above, is now implemented numerically in order to examine the particular
role and influence of the energetic contributions on the macroscopic response for incip-
ient plastic deformation of grain boundaries. This is illustrated for a periodic bicrystal
loaded in plane strain in the case of 〈100〉 symmetric tilt boundaries throughout the
misorientation range including both low- and high-angle grain boundaries.

4.5.1 Model definition and finite element implementation

The geometry and boundary conditions of the periodic bicrystal loaded in plane strain
are shown in Fig. 4.4. It consists of alternating columnar grains, designated A (in blue)
and B (in red), separated by grain boundaries. Each grain has width d in the e1-direction
and is of infinite height in the e2-direction. A repeating unit cell of width 2d and height h
is modelled, with periodic boundary conditions applied to the top-bottom and left-right
boundaries. Simple shear deformation is simulated by applying a prescribed displacement
U = γ̇ht on the top-left node. A constant shear rate of γ̇ = 10−3 s−1 is applied, up to
a maximum of 1% macroscopic shear. A bicrystal with a grain size d = 1 µm will be
considered and only edge dislocations are taken into account in this planar configuration.

The response of 8 symmetric tilt boundaries in the complete misorientation range with
the [001] rotation axis in FCC copper is investigated. Table 4.1 shows the characteristics
of the studied grain boundaries, i.e. the misorientation angle θ, the grain boundary plane,
the Σ value, the boundary period vector p, the intrinsic net defect Bp in a boundary
period and the intrinsic net defect density |Bp|/|p|; the latter three parameters have
been computed using the atomistic-to-continuum approach presented in Chapter 3 as
summarised in Section 4.3.2. Adopting the commonly used demarcation of about 15◦

with respect to the perfect crystal misorientation angles (θ = 0◦ and θ = 90◦), grain
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Table 4.1: Symmetric tilt grain boundaries with the [001] rotation axis in Cu analysed here. Given are
the misorientation angle θ (in degrees), the grain boundary plane, the sigma value Σ characterizing the
CSL, the boundary period vector p, the intrinsic net defect Bp in a boundary period and the intrinsic
net defect density |Bp|/|p|; a is the lattice parameter.

GB θ GB plane Σ p Bp |Bp|/|p|
1 5.72 (20 1 0) 401 a[1 20 0] 2a[1 0 0] 0.10
2 14.25 (8 1 0) 65 a[1 8 0] 2a[1 0 0] 0.25
3 28.07 (4 1 0) 17 a[1 4 0] 2a[1 0 0] 0.49
4 43.60 (5 2 0) 29 a[2 5 0] 6a

2 [1 1 0] 0.79
5 53.13 (2 1 0) 5 a[1 2 0] 2a

2 [1 1 0] 0.63
6 61.93 (5 3 0) 17 a

2 [3 5 0] 2a
2 [1 1 0] 0.49

7 73.74 (4 3 0) 25 a[3 4 0] 2a
2 [1 1 0] 0.28

8 83.97 (10 9 0) 181 a[9 10 0] 2a
2 [1 1 0] 0.11

boundaries 1, 2, 7 and 8 can be classified as low-angle, while the remaining boundaries
have a high-angle character. The orientations of the grains in the bicrystal are emphasised
in Fig. 4.5. Starting from the reference state, corresponding to the fixed coordinate
system, the grains are first rotated (vector transformation) 180◦ counterclockwise to
the state where no misorientation between the adjacent grains is present, i.e. a perfect
crystal. A particular grain boundary is recovered by applying a rotation of θ/2 in opposite
directions for grains A and B, respectively. The orientations of the slip plane normals
mα and slip directions sα of the 12 FCC slip systems α are given in Table 4.2.

The grain boundary extended strain gradient crystal plasticity framework consisting of a
set of highly nonlinear coupled equations along with the boundary conditions are solved
in a finite element setting (see Chapter 2). The periodic bicrystal is discretised using
16 elements per grain (32 elements in total) in the e1-direction. In a mesh sensitivity
analysis, this has shown to provide sufficient resolution. In the e2-direction a single ele-
ment is adequate due to the periodicity, which has been verified by separate calculations.
The initial GND densities are assumed to be zero. The bulk material parameters used
in the calculations are representative of copper and are similar to those of Evers et al.
[57] and Bayley et al. [16]. The values are listed in Table 4.3. The interface parameters
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Figure 4.5: Orientations of the grains in the bicrystal starting from the reference state (left) via the
perfect state (middle) to the misoriented state (right).
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Table 4.2: Slip systems (α) with their corresponding Miller indices of the normal (mα) and slip direction
(sα) unit vectors for an FCC crystal in the reference state.

α 1 2 3 4 5 6

sα [1̄10] [101̄] [01̄1] [1̄1̄0] [101] [011̄]
mα (111) (111) (111) (11̄1̄) (11̄1̄) (11̄1̄)

α 7 8 9 10 11 12

sα [110] [1̄01] [01̄1̄] [11̄0] [1̄01̄] [011]
mα (1̄11̄) (1̄11̄) (1̄11̄) (1̄1̄1) (1̄1̄1) (1̄1̄1)

are listed in Table 4.4. The interface reference slip rate q̇0 and rate sensitivity exponent
n are taken to be the same as their bulk counterparts γ̇0 and m. The energetic interface
parameters M and N have been computed in Chapter 3.

In the following subsections, the behaviour of the grain boundary model will be referred
to as ‘intermediate’ and compared to the two limiting cases of microhard (impenetrable
to dislocations) and microfree (an infinite dislocation sink) grain boundaries. The latter
two are obtained by setting Fe = 0 with R → ∞ and R → 0, respectively. Finally,

Table 4.3: Bulk material parameters representative of copper.

Parameter Description Magnitude

E Young’s modulus 144 GPa
G Shear modulus 54.1 GPa
ν Poisson’s ratio 0.33
b Burgers vector length 0.256 nm
γ̇0 Reference slip rate 0.001 s−1

a0 Interaction coefficient 0.06
a1/a0 Interaction coefficient 5.7
a2/a0 Interaction coefficient 10.2
a3/a0 Interaction coefficient 16.6
h0 Immobilisation coefficient 0.2
h1 Immobilisation coefficient 0.3
h2 Immobilisation coefficient 0.4
h3 Immobilisation coefficient 1.0
R GND evaluation radius 500 nm
m Rate sensitivity exponent 0.1
K Dislocation segment length constant 26
yc Critical annihilation length 1.6 nm
ρs0 Initial SSD density 7.0 µm−2



4.5 Numerical analysis of GB plasticity 75

Table 4.4: Interface parameters used in the numerical simulations.

Parameter Description Magnitude

q̇0 Interface reference slip rate 0.001 s−1

n Interface rate sensitivity exponent 0.1
Ce Interface energy constant 105

R Interface normal slip resistance 0.005 N mm−1

M Interface energy constant 901 mJ m−2

N Interface energy constant 1329 mJ m−2

‖(·)α‖ is introduced to obtain an effective measure and denotes the Euclidean norm of
the contributions of all slip systems α = 1, . . . , 12. Note that the effective measures may
sometimes mask the behaviour of individual slip systems. However, the main features
are usually captured well by the effective measures.

4.5.2 Results

For each grain boundary studied in this chapter, the initial value of the energetic mi-
croforce for each slip system is calculated using Eq. (4.25), as shown in Fig. 4.2. The
effective measure of the energetic microforce as a function of misorientation angle is
shown in Fig. 4.6. The resulting curve in Fig. 4.6 is consistent with Fig. 4.2, where
low- and high-angle grain boundaries have relatively large and small magnitudes of the
energetic microforce, respectively, as discussed in Section 4.4.
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Figure 4.6: The effective measure of the initial energetic interface microforce for the 8 symmetric tilt
grain boundaries.
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Figure 4.7: The macroscopic stress-strain responses for the intermediate boundary behaviour and the
limiting microhard and microfree grain boundaries for four grain misorientations.

The effect of the initial energetic microforce and its evolution on the macroscopic stress-
strain response is shown in Figs. 4.7 and 4.8. First, the contribution of the bulk behaviour
is assessed. Fig. 4.7 shows the macroscopic response in the case of four symmetric tilt
boundaries. In order to clarify the effect, also simulations with zero energetic microforce
are included, i.e. the energetic microforce is neglected in the entire simulation. Further-
more, the limiting situations of the microhard and microfree grain boundary conditions
are shown for each case. For increasing misorientation angle θ, the onset of plastic de-
formation occurs at a lower applied shear stress and upon continued deformation a lower
hardening rate results. This is due to the favourable orientation of the slip systems with
respect to the applied load. For the microfree limit, dislocations can freely leave the
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system at a grain boundary, leading to a constant slip profile across the bicrystal. Hence,
no dislocation pile-ups occur at the grain boundary. On the other hand, significant
dislocation pile-ups arise in the case of the microhard limit.

Next, the focus is on the effect of the intermediate boundary behaviour on the bicrystal
response. When the energetic microforce is neglected, the shear stress initially follows
the microhard behaviour as the deformation increases and dislocations pile up at the
boundary. At a critical value, determined by the magnitude of the interface normal
slip resistance, the interface yields and interface normal slip starts. The bulk-induced
microforce has to maintain a constant level, dictated by the interface resistance value
(taken constant in these simulations). This means that the rate at which GNDs join the
pile-up balances the rate at which they are evacuated by interface normal slip. Consid-
ering the intermediate behaviour with the energetic microforce evolving from its initial
value to a steadily growing value, it is seen that the microhard behaviour is tracked up
to a certain point, after which the bicrystal response depends on the evolution of the
energetic microforce on the individual slip systems. This evolution influences the bulk-
induced microforces and hence the dislocation pile-up at the grain boundary evolves as
well. This in turn affects the GND density distribution in the bulk and consequently
the overall strain hardening behaviour. For example, compared to the zero energetic
microforce situation, a stronger response may occur, Figs. 4.7(a) and (d), or a mixed
response, Fig. 4.7(b), or a weaker response, Fig. 4.7(c). The overall behaviour clearly
depends on the misorientation.

The influence of the energetic microforce on the bicrystal response is further elucidated
through the shear stress difference, which is defined as the difference between the micro-
hard and intermediate grain boundary response, in Fig. 4.8. The black and green markers
indicate the yield points of the bulk and the grain boundary, respectively. The former is
determined using the stress difference between the elastic and microhard grain boundary
response, whereas the determination of the latter employs the stress difference defined
above. Since a rate-dependent formulation is used for both the bulk and interface normal
slip, a threshold value of 0.01 MPa has been used to define both bulk and grain boundary
yield points. Other values for this threshold do not affect the conclusions qualitatively.
The yield point shear difference, which is defined as the difference in applied shear at
which the bulk and the grain boundary yield, is shown for each misorientation in the
inset.

Fig. 4.8 reveals that for increasing misorientation angle, the bulk yields at a smaller
applied shear, consistent with Fig. 4.7. Moreover, the difference between the yield points
of the bulk and the grain boundary are lower for the low-angle boundaries than for the
high-angle boundaries. This corresponds to the initial energetic microforce profile in
Fig. 4.6. Low-angle boundaries have larger initial energetic microforces causing interface
normal slip to occur earlier. Finally, it is observed that for high-angle boundaries the
shear stress difference reaches higher values than for low-angle boundaries. However, this
does not have to be the case in general.



78 4 Grain boundary plasticity incorporating internal structure and energy

0

0.002

0.004

0.006

0.008

0.01

0102030405060708090
0

10

20

30

40

50

60

Total s
hear (

−)

Misorientation angle (degrees)

S
h
e
a
r 

s
tr

e
s
s
 d

if
fe

re
n
c
e
 (

M
P

a
)

0 10 20 30 40 50 60 70 80 90
0.5

1

1.5

2

2.5
x 10

−3

Misorientation angle (degrees)

Y
ie

ld
 p

o
in

t 
s
h

e
a

r 
d

if
fe

re
n

c
e

 (
−

)

Figure 4.8: The effect of the energetic interface microforce at the macro-scale for the eight symmetric
tilt grain boundaries. The shear stress difference is the difference between the hard and intermediate
grain boundary behaviour. The black and green markers indicate the yield points of the bulk and the
grain boundary, respectively. The yield point shear difference in the inset is the difference in applied
shear at which the bulk and the grain boundary yield.

4.6 Discussion

The energetic interface microforce can be interpreted as the effect of the elastic interaction
of the grain boundary with crystal dislocations, comparable to the back stress in the
bulk. However, no systematic studies of the elastic interaction due to the stress field
of the grain boundary as a function of misorientation and slip system orientation from
either experiments or atomistic simulations were found in the literature to compare with.
Appealing atomistic simulations in this direction have been presented by Pestman et al.
[138] and Saraev and Schmauder [157], where a bicrystal system containing a single
dislocation in the vicinity of the grain boundary is relaxed in the absence of an applied
external load. However, care should be taken in the determination of the origin of the
interaction effect, because additional contributions due to image forces arising from the
presence of free surfaces and elastic anisotropy across the grain boundary also play a role
[145, 175].

Qualitative agreement seems to exist with the results of Sangid et al. [155], who deter-
mined energy barriers for the transmission and nucleation of a single dislocation at a
grain boundary as a function of the initial grain boundary energy in nickel. For high ini-
tial boundary energies, the energy barriers decrease following a power-law fit. This would
correspond to the high-angle grain boundaries in this work, see Figs. 4.1 and 4.2, which
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have relatively large intrinsic net defect densities and corresponding boundary energies,
and relatively low initial energetic microforces. However, it should be pointed out that
the data of Sangid et al. [155] considers only a few grain boundaries (both twist and tilt)
for different rotation axes. The initial grain boundary energy levels may deviate consid-
erably for different rotation axes. Hence, this may lead to misleading conclusions when
compared to the results for the full misorientation range of only one rotation axis. Fur-
thermore, in the case of transmission, the dislocation interaction with the grain boundary
already initiates at a much lower energy. It is not trivial how to incorporate data obtained
from atomistic simulations, such as the energy barriers reported by Sangid et al. [155],
into continuum level modelling of grain boundary plasticity. Moreover, it is recalled that
at the continuum scale, where the proposed model applies, the individual interactions
between a dislocation and a grain boundary cannot be resolved, i.e. no distinction can be
made between the energy levels required for individual phenomena such as absorption,
nucleation and transmission as observed in atomistic simulations.

In the current work, the interface normal slip resistance R is taken constant in all sim-
ulations, but in general R is expected to also depend on the misorientation between
the grains and the orientation of the grain boundary. Only few experimental and atom-
istic studies exist that (systematically) investigate the influence of misorientation on
the interaction (mostly transmission) of dislocations with grain boundaries. Based on
experimental observation (optical and scanning electron microscopy), Zhang and Wang
[217] and Zhang et al. [218] ascertained that persistent slip bands can transmit through
low-angle grain boundaries, whereas they are blocked at general high-angle boundaries.
Indentation studies [23, 93, 199, 204] have shown that high-angle boundaries pose larger
resistance to transmission than low-angle boundaries. In particular, Kobayashi et al. [93]
found that the degree of grain boundary resistance to dislocation interaction depends on
the orientation of the grain boundary rotation axis. Also from atomistic simulations it
can be inferred that the resistance diminishes in the case of low-angle grain boundaries
[9, 44, 216]. Low-angle grain boundaries may act as strong obstacles to dislocation pen-
etration depending on the interaction strength between the incident and grain boundary
dislocations [107, 108]. In the present continuum model, the increase in resistance for
larger misorientations would be modelled through the dissipative interface normal slip
resistance R. A simplified expression capturing the essential features observed is given
by:

Rα(e) = Cd|Bgb| and Rα(e)
0 = Cd

|Bp|
|p| , (4.27)

where Cd is a positive constant for a given misorientation axis, analogous to the ener-
getic interface parameters M and N . In combination with Fig. 4.1(a), it can be seen
that this equation yields a larger initial resistance for increasing misorientation angle.
Eq. (4.27) can be extended to incorporate a dependence on the slip system orientation
as well. Nano-indentation experiments could provide insight into the magnitude of the
interface normal slip resistance [1, 195]. Moreover, atomistic simulations [155] as well as
the quasi-continuum [214] and coupled atomistic discrete dislocation [47] methods may
facilitate the quantification of this resistance. It should be emphasised that in modelling
at the (polycrystalline) continuum level care should be taken to avoid double counting
of mechanisms in the bulk and interface descriptions, e.g. through lumping of bulk be-
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haviour near the boundary into the interface model. A further analysis of the interface
normal slip resistance, however, is not pursued in the present work.

The expression for the evolution of the grain boundary energy, Eq. (4.23), is a simple
generalisation of the initial grain boundary energy. The grain boundary energy consis-
tently reduces to its initial value for zero plastic deformation at the interface, i.e. zero
interface normal slip, and the initial energetic microforce recovers the physically based
configuration of the stress fields of dislocation arrays. In this chapter it is assumed that
the grain boundary defect remains local. However, grain boundary relaxation through
the redistribution of defects within the grain boundary can occur. This is the scope of
Chapter 5.

When the grain size decreases, a transition occurs from dislocation mediated plasticity
in the bulk of the crystals to grain boundary controlled plasticity [42, 72, 191, 209, 219].
The effect of grain size d on the strength of metallic materials can roughly be split into
four regimes, characterized by different corresponding deformation mechanisms, although
some specific mechanisms are still controversial [37, 94, 121, 220]: (i) d & 1 µm, (ii) 1 µm
& d & 100 nm, (iii) 100 nm & d & 20 nm and (iv) d . 20 nm. Grain-size hardening occurs
in regimes (i)-(iii), whereas softening occurs in regime (iv). The deformation structure in
the first regime consists of dislocation cells where dislocations intersect, multiply and pile
up; in the second regime, the dislocations are mostly restricted to their slip planes with
few dislocation sources, immobilisation may exist due to reactions and dislocation pile-up
at boundaries; in the third regime, the bulk crystals are perfect and a change occurs in the
emission and annihilation of full dislocations at grain boundaries to partial dislocation
emission and deformation twinning; in the fourth regime, computer simulations have
indicated that dislocations are absent and that deformation occurs by the shearing of
atoms in the grain boundary. In view of this classification, the proposed model framework
is applicable in regimes (i) and (ii) only. The nanocrystalline regime (d . 100 nm)
cannot be described properly in a continuum framework. However, existing examples
of continuum modelling approaches in this regime include modified conventional crystal
plasticity [202, 203] and two-phase (grain interior and grain boundaries) composites [29].

Finally, as mentioned in Section 4.3.3, the challenging task of tracking the evolution of
boundary structure and energy is imperative for accurately modelling grain boundary
behaviour upon plastic deformation, including grain sizes beyond the nanocrystalline
regime for which small-scale simulation techniques, such as molecular dynamics simula-
tions, are hardly feasible considering the time and length scales to be tackled. Multiscale
simulation techniques, such as the coupled atomistic discrete dislocation method [163],
are promising. However, due to the unique character of individual interactions between
grain boundaries and dislocations, detailed studies of many grain boundaries are required,
leading to a massive amount of data that may be difficult to interpret towards the de-
formation in polycrystalline aggregates [46]. Nevertheless, despite this unique character,
generic continuum ‘building blocks’ can be identified that are representative of different
collective interactions of dislocations with a grain boundary having a similar macroscopic
effect.
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4.7 Conclusions

Grain boundaries play a predominant role in the deformation behaviour of polycrystalline
metals. Grain boundaries become particularly important when the volume fraction of
interface regions increases. At present, (polycrystalline) continuum modelling incorpo-
rating the underlying initial and evolving structure and energy of grain boundaries is still
in its infancy. The main contribution of this chapter and conclusions are:

1. The multiscale atomistic-to-continuum approach of the initial structure and energy
of grain boundaries of Chapter 3 has been incorporated into a grain boundary
extended crystal plasticity framework in order to examine the particular role and
influence of the energetic contributions on the macroscopic response due to the
plastic deformation of grain boundaries.

2. A generalised grain boundary energy as a function of the evolution of an interface
net defect, representing the grain boundary structure upon plastic deformation
at the interface, has been proposed and used to determine an expression of the
energetic interface microforce.

3. An analytical study of the developed initial energetic interface microforce revealed
a physically sound behaviour as to be expected for low- and high-angle symmetrical
tilt grain boundaries.

4. The complete framework has been implemented numerically and applied for the
investigation of a periodic copper bicrystal subjected to simple shear deformation.
Eight low- and high-angle symmetric tilt boundaries with the [001] rotation axis
throughout the misorientation range have been analysed.

5. It has been observed that the effect of the energetic interface microforce on the
macroscopic response depends strongly on the misorientation between adjacent
grains.

The resulting initial energetic interface microforce profiles can be verified using atomistic
simulations specifically focussing on the elastic interactions between grain boundaries
and dislocations in the absence of external loads in future work. However, qualitative
agreement with the available atomistic data has already been observed.

Future work should focus on the effect of the evolution of the energetic and dissipative
interface contributions on the macroscopic response. A significant amount of work in
this direction will be required, which is impossible without multiscale simulation tech-
niques, such as the quasi-continuum or coupled atomistic discrete dislocation methods.
Furthermore, this chapter assumes the locality of the grain boundary defect. The next
chapter will incorporate the effect of defect redistribution along the grain boundary.





Chapter 5

Defect redistribution in a continuum
grain boundary plasticity model1

Abstract

The mechanical response of polycrystalline metals is significantly affected by the be-
haviour of grain boundaries, in particular when these interfaces constitute a relatively
large fraction of the material volume. One of the current challenges in the modelling of
grain boundaries at a continuum (polycrystalline) scale is the incorporation of the many
different interaction mechanisms between dislocations and grain boundaries, as identified
from fine-scale experiments and simulations. In this chapter, the objective is to develop
a model that accounts for the redistribution of the defects along the grain boundary in
the context of gradient crystal plasticity. The proposed model incorporates the nonlocal
relaxation of the grain boundary net defect density. A numerical study on a bicrystal
specimen in simple shear is carried out, showing that the spreading of the defect content
has a clear influence on the macroscopic response, as well as on the microscopic fields.
This work provides a basis that enables a more thorough analysis of the plasticity of
polycrystalline metals at the continuum level, where the plasticity at grain boundaries
matters.

1Reproduced from [190]: P.R.M. van Beers, V.G. Kouznetsova, and M.G.D. Geers. Defect redistri-
bution within a continuum grain boundary plasticity model. Submitted.
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5.1 Introduction

Based on the knowledge acquired in the last few decades on the relation between material
properties and the underlying microstructure, it has become possible to process metals
such that specific functionality can be obtained. The understanding of this interaction
between structure and property expands even further as computational and experimental
resources increase, enabling studies at different time and length scales. An example is
the mechanical behaviour of metallic materials. In particular, topics of interest relevant
to this work include (i) the miniaturisation in industrial applications involving metals
with dimensions approaching microstructural length scales, such as the grain size, and
(ii) the ultra-high strength of fine-grained metals. In both cases the behaviour of grain
boundaries (GBs) is essential, since they constitute a relatively large fraction of the
material volume. Accordingly, one of the current challenges in modelling plasticity of
polycrystalline metals is to account more accurately for the role of grain boundaries
[116, 117].

Different interaction mechanisms between dislocations and grain boundaries have been
identified from experiments and simulations, see [60, 145, 175, 186] and references therein.
In general, the details of the interaction mechanisms that take place depend on the
initial structure of the grain boundary, the magnitude of the applied forces, and the
degree of thermal activation. Grain boundaries can act as obstacles to the motion of
lattice dislocations that accumulate into a dislocation pile-up, or as sources of dislocations
generating dislocations in the adjacent grains and at the interface. A lattice dislocation
may also be transmitted through the interface from one grain to the other in a direct or
indirect manner, in the latter case leaving behind a residual defect in the grain boundary.

Another mechanism which has a strong effect on the mechanical properties of materials,
is the redistribution of the defect content along the grain boundary, as observed in exper-
iments [34, 40, 43, 49, 88, 91, 102, 109, 118, 142, 143, 147, 192] and fine-scale simulations
[32, 45, 47, 87, 90, 96, 139, 164, 201, 214]. If the grain boundary acts as a sink and a
lattice dislocation is absorbed into the grain boundary, it can (i) remain localised, or (ii)
dissociate and spread along the boundary plane. The spreading observed by transmis-
sion electron microscopy (TEM) consists in a widening and subsequent disappearance
of the dislocation diffraction contrast. However, high-resolution TEM has revealed that
non-negligible decomposition products may exist, which are not resolved by conventional
TEM. Three types of models have been proposed to describe these accommodation phe-
nomena [112, 128, 144]: (i) delocalisation models, which assume continuous spreading
of the dislocation cores; (ii) dissociation models, according to which the dislocation de-
composes into two or more discrete dislocations that have smaller Burgers vectors; (iii)
incorporation models, which consider the accommodation of the dislocation into the
intrinsic grain boundary defect structure. The three models yield similar kinetics of
spreading.

The individual interactions discussed above cannot be resolved in continuum (crystal)
plasticity frameworks. This demands the development of a new model that describes the
defect redistribution along the grain boundary in an average sense. In recent years, from



5.1 Introduction 85

the perspective of continuum scale modelling, first steps have been made to incorporate
grain boundary interface mechanics into strain gradient plasticity [41, 64, 114, 141, 195]
and strain gradient crystal plasticity [21, 51, 77, 110, 134, 210] frameworks. The latter
has the advantage of naturally incorporating the crystallographic misorientation across
a grain boundary, which is of particular importance when considering the interactions
between dislocations and grain boundaries. However, in these frameworks, constitu-
tive equations at the grain boundary, e.g. the continuum scale expression of the grain
boundary energy, still lack a solid physical background. At the same time, atomistic
simulations have indicated that the grain boundary energy is dependent on the grain
boundary structure [79, 153, 180, 198, 206].

In Chapter 3, based on the output of atomistic simulations, a multiscale approach has
been developed that leads to a continuum representation of the initial grain boundary
structure and energy. In this approach, the grain boundary structure is represented by an
intrinsic net defect density, which is related to the atomistically calculated grain boundary
energies through a logarithmic expression. It was shown that the grain boundary energies
in the complete misorientation range of symmetric tilt grain boundaries in aluminium
and copper can be accurately described by this multiscale method. In the previous
chapter this atomistic-to-continuum approach was incorporated into the grain boundary
crystal plasticity model developed earlier. The resulting framework was numerically
implemented in order to examine the particular role and influence of the grain boundary
energetic contributions on the macroscopic response. It was thereby observed that the
effect of the energetic contribution on the macroscopic response depends strongly on the
misorientation between adjacent grains, whereby it was assumed that the grain boundary
net defect remains localised.

The novel contribution in this chapter is the development of a model that incorporates
the defect redistribution along the grain boundary into the continuum grain boundary
plasticity framework, as described in Chapters 2 and 4. A diffusion type evolution law is
proposed for the redistribution of the net defect within the grain boundary, which allows
for a nonlocal relaxation of the grain boundary net defect. The continuum model consists
of a set of equations, including a balance and constitutive equations, for a vectorial grain
boundary net defect field along the grain boundary surface. The incorporation of a
strongly nonlocal interaction term leads to an integro-differential equation for the net
defect evolution, which is further reformulated into a differential form. A numerical
implementation of the resulting model framework investigates the effect of the defect
redistribution on the macroscopic response in the case of a copper bicrystal loaded in
simple shear.

The chapter is organised as follows. Section 5.2 summarises the grain boundary crystal
plasticity framework and the incorporation of the internal grain boundary structure and
energy. In Section 5.3, the continuum model of the defect redistribution is developed and
discussed. Section 5.4 covers the solution procedure and the finite element implemen-
tation of the framework. The model problem and the numerical study of the influence
of the defect redistribution on the macroscopic response are described in Section 5.5.
Finally, conclusions are provided in Section 5.6.
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5.2 Bulk and interface frameworks

This section summarises the dislocation based strain gradient crystal plasticity framework
extended with a grain boundary interface model as developed in Chapter 2, followed by
a brief description of the incorporation of the grain boundary structure and energy as
established in Chapters 3 and 4.

5.2.1 Bulk crystal formulation

This work departs from the bulk crystal formulation originally proposed by Evers et al.
[56, 57] and Bayley et al. [16]. Attention is restricted to a small deformation framework.
The total distortion is decomposed into its elastic (e) and plastic (p) contributions

∇u = He + Hp , (5.1)

where He represents the stretching and rotation of the lattice, while the plastic distortion
Hp describes the local deformation due to slip given by

Hp =
∑
α

γαsαmα . (5.2)

Here, γα is the slip on slip system α having slip plane normal mα and slip direction sα.
The symmetric part of the elastic distortion He gives the elastic strain Ee

Ee =
1

2

(
He + HeT

)
. (5.3)

For a given slip system α the resolved shear stress or Schmid stress τα is given by

τα = σ : sαmα with σ = 4C : Ee . (5.4)

The latter equation is the conventional linear elastic relationship, which relates the stress
tensor σ to the elastic strain Ee via the fourth order elasticity tensor 4C.

In the crystal plasticity approach adopted, dislocation densities on individual slip systems
act as key variables. Gradients in slip induce geometrically necessary dislocation (GND)

densities of edge (e) and screw (s) character, denoted ρ
α(e)
g and ρ

α(s)
g , respectively

ρ
α(e)
g = −1

b
∇γα · sα and ρ

α(s)
g =

1

b
∇γα · lα , (5.5)

with unit vector lα = sα ×mα and b the Burgers vector magnitude. The evolution of
slip is accomplished through a visco-plastic power-law given by

γ̇α = γ̇0

( |τα − ταb |
sα

) 1
m

sign (τα − ταb ) . (5.6)
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Parameters γ̇0 and m are positive constants. The slip resistance sα for slip system α
reflects the obstruction of dislocation glide through short-range interactions of all dis-
locations on coplanar and intersecting slip systems. Both the densities of geometrically
necessary dislocations (GNDs), ρξg, and statistically stored dislocations (SSDs), ρξs , con-
tribute to the slip resistance [5]

sα = Gb

√∑
ξ
Aαξ

∣∣ρξs ∣∣+
∑

ξ
Aαξ

∣∣ρξg∣∣ , (5.7)

where Aαξ represents the full dislocation interaction matrix as given by Franciosi and
Zaoui [61]. The components Aαξ are the coefficients a0, a1, a2 and a3, which represent
the strength of six types of interactions: self hardening (a0), coplanar (a1), cross slip
(a1), Hirth lock (a1), glissile junction (a2) and Lomer-Cottrell lock (a3). The generalised
form of Essmann and Mughrabi [55] is employed to describe the evolution of the SSD

densities ρξs

ρ̇ξs =
1

b

(
1

Lξ
− 2ycρ

ξ
s

) ∣∣γ̇ξ∣∣ with ρξs (t = 0) = ρξs0 . (5.8)

The dislocation accumulation is governed by the average dislocation segment length

Lξ =
K√∑

ζ H
ξζ
∣∣ρζs ∣∣+

∑
ζ H

ξζ
∣∣ρζg∣∣ , (5.9)

where Hξζ are the immobilisation coefficients, structured analogously to the interaction
coefficients Aαξ. The dislocation annihilation is controlled by a critical annihilation
length yc.

In Eq. (5.6), the back stress ταb is obtained by the projection of the internal stress σint

onto slip system α

ταb = −σint : sαmα . (5.10)

The internal stress can be interpreted as a fine-scale correction accounting for microstruc-
tural dislocation interactions that are not resolved in the long-range elastic strain field,
e.g. due to dislocation pile-ups. Spatial gradients in the densities of geometrically nec-
essary dislocations induce long- and short-range non-vanishing stress fields. The stress
fields of dislocations in an infinite elastically isotropic medium are used in the derivation
of this internal stress. Furthermore, a linear spatial distribution of the GND densities
within a volume with radius R around a material point is assumed. The length scale
parameter R determines the extent of the nonlocal influence. Accounting for the contri-
butions from all slip systems α, the following expression for the internal stress is obtained
(see [16] for more details)

σint =
GbR2

8 (1− ν)

∑
α

∇ρ
α(e)
g · 3Cα(e) +

GbR2

4

∑
α

∇ρ
α(s)
g · 3Cα(s) , (5.11)
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where the third order slip system orientation tensors

3Cα(e) = 3mαsαsα + mαmαmα + 4νmαlαlα − sαsαmα − sαmαsα ,

3Cα(s) = −mαlαsα −mαsαlα + lαmαsα + lαsαmα , (5.12)

with G the shear modulus and ν the Poisson’s ratio. Since the focus of this chapter is on
the grain boundary behaviour, a simplified expression is used here, taking into account
only the ‘self’ internal stress components [16], i.e. only the last two terms in the third
order slip system orientation tensors in Eq. (5.12). More details on this gradient crystal
plasticity framework can be found in [56, 57] and [16].

5.2.2 Grain boundary interface formulation

The interface modelling framework, developed in Chapter 2, incorporates the possibility
to describe grain boundary behaviour other than the conventional higher order boundary
conditions of either impenetrable or completely transparent grain boundaries. Although
the framework allows for the incorporation of macroscopic sliding and opening of the
interface, these mechanisms are not incorporated here, i.e. continuity of displacements
across the interface is assumed. The different fine-scale phenomena taking place at the
boundary, e.g. absorption, emission and transmission, are not resolved separately at the
scale of the model, but the net effect of these interactions is lumped into a continuum
scale quantity termed ‘interface normal slip’ q. The interface normal slip components of
edge (e) and screw (s) dislocations at the interface Γ between adjacent grains A (slip
systems α) and B (slip systems β) are defined as

grain A: qα(e) = γα sα · ngb , qα(s) = −γα lα · ngb ,

grain B: qβ(e) = −γβ sβ · ngb , qβ(s) = γβ lβ · ngb . (5.13)

The grain boundary normal ngb points from grain A to grain B. The evolution of the
interface normal slip qα on slip system α at the grain A side of Γ is modelled with a
visco-plastic power-law, similar to slip in the bulk crystal (the expressions for grain B
are obtained by substituting β for α)

q̇α(e) = q̇0

(∣∣Fα(e)
bk −Fα(e)

e

∣∣
Rα(e)

) 1
n

sign
(
Fα(e)

bk −Fα(e)
e

)
,

q̇α(s) = q̇0

(∣∣Fα(s)
bk −Fα(s)

e

∣∣
Rα(s)

) 1
n

sign
(
Fα(s)

bk −Fα(s)
e

)
. (5.14)

The parameters n and q̇0 are positive constants (similar to the bulk crystal parameters

m and γ̇0). The quantities Fα(e)
bk and Fα(s)

bk are the bulk-induced interface microforces
and follow from the projections of the slip system microstress ξα

Fα(e)
bk = −ξα · sα , Fα(s)

bk = ξα · lα . (5.15)
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The microstress ξα can be determined from the microstructurally resolved internal stress
σint and is given by (see Chapter 2 for the details)

ξα =

[
GbR2

8 (1− ν)

∑
ζ

ρ
ζ(e)
g

3Cζ(e) +
GbR2

4

∑
ζ

ρ
ζ(s)
g

3Cζ(s)

]
: sαmα , (5.16)

and similarly for grain B. Quantities Rα(e) and Rα(s) represent the interface normal slip
resistances for edge and screw dislocations on slip system α, respectively. The energetic

interface microforces Fα(e)
e and Fα(s)

e are determined from the grain boundary energy φe

Fα(e)
e =

∂φe

∂qα(e)
, Fα(s)

e =
∂φe

∂qα(s)
, (5.17)

and can be interpreted as interface ‘back stresses’. The grain boundary energy φe depends
on the grain boundary structure and its evolution, as discussed in the next section.

5.2.3 Grain boundary structure and energy

The structure and energy of a grain boundary depends on its initial state and the sub-
sequent deformation history of the adjacent grains. In general, when lattice dislocations
interact with a grain boundary, the structure of the interface and the defect content are
altered. In order to obtain a continuum representation of the grain boundary structure,
in Chapters 2 and 4 the following vectorial measure of the grain boundary net defect
density at a material point on the interface is proposed

Bgb = B0 + B . (5.18)

Here, B0 represents the initial grain boundary defect and corresponds to the contribution
of ‘intrinsic’ grain boundary dislocations [13, 81]. These dislocations form the ‘equilib-
rium’ structure of the boundary. The vector B represents the defect resulting from the
interaction of bulk lattice dislocations with the grain boundary during plastic defor-
mation. These ‘extrinsic’ grain boundary dislocations are not part of the equilibrium
structure of the boundary.

The following form of the extrinsic net defect density B due to the interaction with lattice
dislocations of edge and screw character from both sides of the grain boundary is defined

B =
∑
α

(
cα(e)qα(e) + cα(s)qα(s)

)
sα +

∑
β

(
cβ(e)qβ(e) + cβ(s)qβ(s)

)
sβ , (5.19)

with the coefficients

cα(e) = lα · (ngb × k) = (sα · ngb)(mα · k)− (sα · k)(mα · ngb)

cα(s) = sα · (ngb × k) = (mα · ngb)(lα · k)− (mα · k)(lα · ngb) (5.20)

and similar for cβ(e) and cβ(s) by substituting β for α. Here, k = p/|p| is the unit
boundary period vector. Definition (5.19) is a general expression that is consistent with
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an ‘infinitesimal’ Burgers circuit at the grain boundary [77]. In Chapters 2 and 4 a
simplified expression for B was used, with coefficients cα equal to 1, which corresponds
to a planar configuration.

The grain boundary energy φe is linked to the grain boundary structure and its evolution
via the relation

φe = φe
(
Bgb

(
qα(e,s), qβ(e,s)

))
, (5.21)

which depends on the grain boundary net defect density Bgb that evolves through the
interface normal slip measures q. In order to move towards a physically based expression
for the grain boundary energy in Eq. (5.21), a continuum representation of the initial
boundary structure and energy based on the output of atomistic simulations has been
developed in Chapter 3. It incorporates: (i) grain boundary energies and boundary
period vectors obtained from atomistic simulations, (ii) structural unit and dislocation
descriptions of the grain boundary structure and (iii) the Frank-Bilby equation to deter-
mine the grain boundary dislocation content. In this atomistic-to-continuum approach,
the key concept is the attribution of an intrinsic net defect Bp, representing the initial
grain boundary structure, to a boundary period p. A corresponding scalar intrinsic net
defect density |B0|, with B0 = Bp/|p|, is related to the initial grain boundary energy
φe0 through a logarithmic relationship valid for the whole misorientation range around a
certain rotation axis

φe0 = M |B0| −N |B0| ln(|B0|) , (5.22)

where M and N are two parameters to be identified by fitting atomistic simulation
results. This logarithmic relationship resembles the Read-Shockley equation for low-
angle boundaries [150, 151] and can be interpreted as a generalisation to the complete
misorientation range, including high-angle grain boundaries. This approach has been
applied in Chapter 3 to symmetric tilt grain boundaries with the 〈100〉, 〈110〉 and 〈111〉
rotation axes in aluminium and copper, thereby obtaining fairly accurate descriptions of
the continuum scale grain boundary energy.

As indicated in Chapter 4, a reliable physically based description of the evolution of the
structure and energy of a grain boundary upon plastic deformation remains a challenge
at present. No systematic (atomistic scale) simulations exist that track the evolution
of the boundary structure and energy as a consequence of the interaction with multiple
dislocations. Therefore, a straightforward generalisation of the expression of the initial
grain boundary energy (Eq. (5.22)) is here proposed

φe = M |Bgb| −N |Bgb| ln (|Bgb|) + 1
2CeN |Bgb −B0|2 , (5.23)

where Ce is a positive constant and the net defect density is defined in Eq. (5.18) with
Eq. (5.19).

More details on the continuum representation of the grain boundary structure and energy
can be found in Chapters 3 and 4. So far, only local expressions for the grain boundary
net defect have been considered. The subsequent section will incorporate nonlocal effects
due to the defect redistribution along the grain boundary.
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5.3 Defect redistribution

The development of a continuum model that takes into account the redistribution of the
defect content along the grain boundary within the context of strain gradient crystal
plasticity is elaborated in this section. After detailing the derivation of the model, the
resulting model is discussed.

5.3.1 Derivation of the model

The continuum redistribution model derived here consists of a defect balance equation
and constitutive equations (cf. [185]). Here, a redistribution of a vectorial quantity at
a surface is considered, which differs from the consideration of a scalar field within a
volume, as done for scalar diffusion problems.

Balance equation

The grain boundary net defect balance equation reads

d

dt

∫
Γ

Bgb dΓ = −
∫
L
nΓ · J dL+

∫
Γ

S dΓ , (5.24)

which states that the change of the grain boundary net defect density Bgb defined on
the grain boundary surface Γ is equal to (i) what is lost or gained by flow J through the
edge L of the surface (having unit normal nΓ pointing outward, which lies in the GB
plane (if planar)) and (ii) what is created or consumed by sources and sinks S at the
grain boundary surface (see Fig. 5.1). The source/sink term S of the net defect density
is due to the in- and outflow of bulk lattice dislocations in the normal direction ngb on
the lateral faces of the grain boundary and reads

S =
∑
α

(
cα(e)q̇α(e) + cα(s)q̇α(s)

)
sα +

∑
β

(
cβ(e)q̇β(e) + cβ(s)q̇β(s)

)
sβ , (5.25)

which corresponds to the time derivative of the extrinsic net defect density in Eq. (5.19).
The surface divergence theorem will be employed and reads [22, 169]∫

Γ

∇s · a dΓ =

∫
Γ

(∇s · ngb)ngb · a dΓ +

∫
L
nΓ · a dL , (5.26)

where ∇s is the surface gradient ∇s = ∇ · (I−ngbngb), a is an arbitrary vector or tensor
and ∇s · ngb is a measure of the curvature of the grain boundary surface. Application
of the surface divergence theorem, assuming a flat grain boundary, leads to the following
local balance equation for the evolution of the grain boundary net defect density Bgb at
a material point x at the grain boundary surface Γ

dBgb

dt
= −∇s · J + S . (5.27)
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Figure 5.1: Schematic of the grain boundary surface Γ having unit normal ngb pointing from grain A
to grain B on the lateral face. The edge L of the grain boundary surface has unit normal nΓ pointing
outward, which lies in the grain boundary plane (if planar).

Constitutive equations

As a constitutive assumption, the flow J of the grain boundary net defect density is
related to a driving force given by the surface gradient of a ‘chemical’ potential µ

J = − 4η : ∇s µ . (5.28)

Here, 4η is a fourth order mobility tensor, which is assumed to be isotropic for simplicity,
i.e. 4η = η4I, with the fourth order unit tensor 4I = δilδjkeiejekel, and η a positive
mobility parameter. Substituting Eq. (5.28) into the net defect density evolution equation
(5.27) gives

dBgb

dt
= η∆s µ + S , (5.29)

with the surface Laplacian operator ∆s = ∇s ·∇s. Note that no change in the grain
boundary net defect density occurs due to redistribution, if the chemical potential is
homogeneous along the grain boundary.

The chemical potential µ is obtained by taking the variation of the grain boundary energy
density ψe with respect to Bgb at the point x

δψe =
∂ψe

∂Bgb(x)
· δBgb(x) with µ =

∂ψe

∂Bgb(x)
. (5.30)

The following two contributions to the grain boundary energy density ψe at a grain
boundary material point x as a function of the grain boundary net defect density Bgb

are considered

ψe(Bgb(x),Bgb(y)) = ψe
l (Bgb(x)) + ψe

nl(B
gb(x),Bgb(y)) . (5.31)



5.3 Defect redistribution 93

Here, the local energy density ψe
l is given by Eq. (5.23), repeated here for completeness

ψe
l (Bgb(x)) = M |Bgb(x)|−N |Bgb(x)| ln (|Bgb(x)|)+

1

2
CeN |Bgb(x)−B0(x)|2 . (5.32)

The nonlocal energy density ψe
nl, which accounts for the effect of the net defect density

Bgb(y) at grain boundary material points y on the grain boundary energy density at a
point x, is inspired by [14, 69, 185] for two-phase systems, and given as

ψe
nl(B

gb(x),Bgb(y)) =
C

4

∫
Γ

W (x,y)|Bgb(x)−Bgb(y)|2 dΓ . (5.33)

where W (x,y) is a weight function that weighs the contribution of the grain boundary
net defect density Bgb(y) and C is a positive constant. Calculating the chemical potential
µ (Eq. (5.30)) gives

µ =
∂ψe

l (Bgb(x))

∂Bgb(x)
+
∂ψe

nl(B
gb(x),Bgb(y))

∂Bgb(x)
, (5.34)

with the derivatives of the local and nonlocal energy densities reading

∂ψe
l (Bgb(x))

∂Bgb(x)
=
[
M −N −N ln(|Bgb(x)|)

] Bgb(x)

|Bgb(x)| +CeN(Bgb(x)−B0(x)) , (5.35)

∂ψe
nl(B

gb(x),Bgb(y))

∂Bgb(x)
=
C

2

∫
Γ

W (x,y)(Bgb(x)−Bgb(y)) dΓ . (5.36)

This latter expression can be rewritten into (see [185] for another nonlocal diffusion
problem)

∂ψe
nl(B

gb(x),Bgb(y))

∂Bgb(x)
= λ

(
Bgb(x)−B

gb
(x)
)

, (5.37)

where the nonlocal grain boundary net defect density B
gb

(x), a line interface coefficient
λ and a scaled weight function W ∗(x,y) are defined as

B
gb

(x) =

∫
Γ

W ∗(x,y)Bgb(y) dΓ , λ =
C

2

∫
Γ

W (x,y) dΓ and W ∗(x,y) =
W (x,y)

2λ
.

(5.38)

The integral formulation, Eq. (5.38), can be reformulated into a differential form [53,
135, 185] using a Taylor series expansion around material point x at the grain boundary
plane truncated after the quadratic term

Bgb(y) = Bgb(x) + (y− x) ·∇sB
gb(x) +

1

2
(y− x)(y− x) : ∇s∇sB

gb(x) . (5.39)

Substituting this expansion into the integral definition of the nonlocal grain boundary
net defect density (Eq. (5.38)) gives

B
gb

(x) =

∫
Γ

W ∗(x,y)Bgb(x) dΓ +

∫
Γ

W ∗(x,y)(y− x) ·∇sB
gb(x) dΓ+

1

2

∫
Γ

W ∗(x,y)(y− x)(y− x) : ∇s∇sB
gb(x) dΓ . (5.40)
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An isotropic weight function is assumed, i.e. it depends only on the distance ρ = |x− y|
between the points y and x, for which a Gaussian function is taken [15]

W (ρ) =
1

2πL2
exp

(
− ρ2

2L2

)
. (5.41)

Here, L is the length scale that determines the extent of the nonlocal spatial interactions
in the grain boundary. Note that for an infinite boundary plane∫

Γ

W (ρ) dΓ = 1 . (5.42)

Elaboration of the integral expression (Eq. (5.40)) for an infinite grain boundary plane
gives

B
gb

(x) = Bgb(x) + c∆sB
gb(x) , (5.43)

where the terms involving odd derivatives vanish due to the isotropy of the weight func-
tion and the anti-symmetry of the terms y− x with respect to x. The term with ∇s∇s

condensates to a single term involving the surface Laplacian operator ∆s with the pa-
rameter c = 1

2L
2. Expression (5.43) is also called an ‘explicit’ gradient approximation of

the nonlocal integral (5.38), since B
gb

(x) is given explicitly in terms of Bgb(x) and its
derivatives. At this point, note that substituting the gradient approximation (5.43) and
nonlocal expression (5.37) into the chemical potential (5.34) yields

µ =
∂ψe

l (Bgb(x))

∂Bgb(x)
− κ∆sB

gb(x) . (5.44)

where κ = λc is a gradient energy coefficient. Expression (5.44) resembles the chemical
potential derived for two-phase systems [75, 137], and can be considered as a weakly
nonlocal formulation. The strongly nonlocal formulation, which will be used in this
work, is found by applying the surface Laplacian operator to Eq. (5.43), multiplying it
with c, subtracting the result from Eq. (5.43) and neglecting the higher-order terms.
This leads to the relation [135, 185]

B
gb

(x)− c∆sB
gb

(x) = Bgb(x) , (5.45)

which is a Helmholtz equation for B
gb

. In contrast to Eq. (5.43), expression (5.45) is
called an ‘implicit’ gradient approximation.

The Helmholtz equation of the type (5.45), here used for the determination of the nonlocal
grain boundary net defect density, implies a strongly nonlocal formulation, as shown by
[136] in the context of damage mechanics. It retains the truly nonlocal character of the
nonlocal integral expression (5.38), in contrast to the explicit gradient approximation
in Eq. (5.43), and it implies another weight function than the one given in Eq. (5.41).
Although the length scale L governs the intensity of the spatial interactions within the
grain boundary, the explicit gradient approximation is only weakly nonlocal, i.e. the
interactions are limited to an infinitesimal neighbourhood. In this case, the truly nonlocal
character is lost due to the truncation of the Taylor series expansion. The reader is
referred to [136] for more details on weakly and strongly nonlocal formulations.
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Summary continuum redistribution model

The continuum model for defect redistribution along the grain boundary consists of the
following set of equations. The grain boundary net defect balance equation

dBgb

dt
= −∇s · J + S with Bgb(t = 0) = B0 , (5.46)

where the flow J of the net defect is given by

J = −η∇s µ = −η∇s

[
∂ψe

l

∂Bgb + λ
(
Bgb −B

gb
)]

. (5.47)

Here, the nonlocal grain boundary net defect density is obtained from the Helmholtz
equation

B
gb − c∆sB

gb
= Bgb , (5.48)

the derivative of the local energy density reads

∂ψe
l

∂Bgb =
[
M −N −N ln(|Bgb|)

] Bgb

|Bgb| + CeN(Bgb −B0) , (5.49)

and the source/sink term is given by

S =
∑
α

(
cα(e)q̇α(e) + cα(s)q̇α(s)

)
sα +

∑
β

(
cβ(e)q̇β(e) + cβ(s)q̇β(s)

)
sβ . (5.50)

The continuum defect redistribution model summarised here introduces the need for
additional boundary and initial conditions for the solution of Eqs. (5.46) and (5.48). The
boundary condition for the redistribution equation (5.46) is the zero flow of net defect
density at the edge L, i.e. the homogeneous (natural) Neumann condition nΓ · J = 0,
which means that there is no loss or gain of the net defect density through L. More
advanced triple junction models could be used here as well. For the Helmholtz equation
(5.48), a homogeneous Neumann boundary condition is used, i.e. nΓ ·∇sB

gb
= 0 (cf.

[136, 185]). With this condition the global net defect density in the grain boundary is
preserved in the nonlocal averaging∫

Γ

B
gb
dΓ =

∫
Γ

Bgb dΓ . (5.51)

5.3.2 Discussion

The continuum model consisting of the set of equations (5.46)-(5.50) incorporates the
redistribution of the defect content within the grain boundary. It is an extension of
the model for the grain boundary net defect as summarised in Section 5.2.3. Note that
the model without redistribution is recovered if the mobility η and the length scale L
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are set to zero. The former means that the dislocations cannot move along the grain
boundary, whereas the latter implies that the nonlocal grain boundary energy density
ψe

nl is disregarded. Eq. (5.46) then represents the rate form of Eqs. (5.18) and (5.19).
Furthermore, the spreading of the defect content occurs via a diffusion-like equation
and shows similarities with phase field modelling [31, 125, 146]. In fact, the evolution
equation (5.46) with (5.47) is of the Cahn-Hilliard type [25, 26]. The grain boundary
defect content is conserved if the source/sink term S = 0.

The mobility of dislocations in the grain boundary η is proportional to Dgbb
kT [71], where

Dgb is the grain boundary self-diffusion, k is the Boltzmann constant, T is the absolute
temperature and b is, as before, the magnitude of the Burgers vector. The grain boundary
self-diffusion follows an Arrhenius form [175]

Dgb = Dgb
0 exp

(
− Q

gb

RgT

)
, (5.52)

where Dgb
0 is a pre-exponential factor, Qgb is the grain boundary self-diffusion activation

energy and Rg is the gas constant. In this work, the mobility parameter η is therefore
taken as

η =
δDgbb

kT
=
δDgb

0 b

kT
exp

(
− Q

gb

RgT

)
, (5.53)

with δ the grain boundary width. The quantities δ and Dgb combined can be mea-
sured experimentally [172]. In general, the grain boundary self-diffusion depends on
the grain boundary structure, i.e. the less ordered the grain boundary, the higher the
self-diffusion, due to the more ‘open’ structure for diffusional transport. Hence, high-
angle grain boundaries typically have larger values of self-diffusion than low-angle grain
boundaries. Furthermore, the grain boundary diffusivity can be anisotropic, which leads
to different values of self-diffusion in different directions in the boundary plane [7]. This
anisotropy can be incorporated via the mobility tensor 4η, but is not considered here.

It has been reported from experiments [52, 102, 126] and fine-scale simulations [47, 87,
139] that an absorbed lattice dislocation may decompose into two smaller dislocations
(possibly after reacting with other defects first), one of which glides along the grain
boundary plane, whereas the other remains at the point of impingement. Glide is possible
when the Burgers vector of the product is parallel to the grain boundary plane, which
should be a physically possible slip plane. Movement of a product with a Burgers vector
component lying out of the boundary plane requires both climb and glide. Climb is a
thermally activated process and is controlled by grain boundary diffusion. In general,
due to the rather special conditions for glide, it has been concluded in [71] that, from the
experimental point of view, independently of the orientation of the Burgers vector with
respect to the grain boundary plane, the mobility of dislocations is controlled by grain
boundary diffusion. In this work, at the continuum scale, no distinction is made between
glissile and sessile dislocations in the redistribution of the net defect. A net defect density
is considered and it is assumed that all redistribution processes occur through physically
different types of atomic shuffling collectively described by the evolution equation (5.46).
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Figure 5.2: Schematic of the staggered solution scheme.

Finally, in general, the (coupled) processes of grain boundary sliding, grain boundary mi-
gration and grain rotation are accompanied with the defect redistribution and the change
of the grain boundary structure [71, 144, 186]. It is expected that these phenomena have
a significant influence on the macroscopic behaviour. In the case of a polycrystal, the
grain boundary is subjected to additional constraints imposed by the microstructure,
such as triple junctions. Other stress relaxation mechanisms such as cavitation and de-
cohesion can also occur. The presence of impurities and grain boundary segregation
further increases the complexity of the problem. These phenomena and features are not
modelled in this work.

5.4 Solution procedure and FE implementation

The grain boundary extended strain gradient crystal plasticity framework combined with
the continuum defect redistribution model, complemented by appropriate initial (IC)
and boundary conditions (BC), comprises a set of highly nonlinear coupled equations.
Different solution strategies exist, one of which is to solve the set of equations in a
finite element (FE) setting using a staggered solution scheme, schematically shown in
Fig. 5.2. The staggered solution procedure consists of the sequential solution of two
parts of the model, namely (i) the bulk and grain boundary model and (ii) the grain
boundary redistribution model. The grain boundary redistribution model is solved on a
domain of one dimension lower than the bulk and grain boundary model.

The finite element implementation of the strain gradient crystal plasticity framework
enhanced with a grain boundary model follows the procedure outlined in Appendix A. It
consists of the equilibrium equation and the GND balance equations in the weak form.
The displacements and the GND densities act as the degrees of freedom. The grain
boundary is modelled by uncoupling the finite elements adjacent to the grain boundary
by inserting double nodes. It is assumed that the displacements are continuous across
the grain boundary, which is accomplished by tying the corresponding displacement
degrees of freedom. Implicit time integration is employed, which results in a standard
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incremental-iterative procedure for the solution of this part of the framework. For the
solution of this part the grain boundary net defect density distribution along the grain
boundary needs to be known, which is obtained from the second part of the framework,
see Fig. 5.2.

The finite element implementation of the continuum defect redistribution model solves
the weak forms of the redistribution equation (5.46) and the Helmholtz equation (5.48),
with the local and nonlocal grain boundary net defect densities acting as degrees of free-
dom. Considering the grain boundary net defect balance equation (5.46), multiplication
with a weight function w, integration over the grain boundary, application of the product
rule and employing the surface divergence theorem (5.26), while considering a flat grain
boundary and zero flow of the net defect density at the edge L, i.e. nΓ · J = 0, leads to
the weak form∫

Γ

w · dB
gb

dt
dΓ =

∫
Γ

(∇sw)
T

: J dΓ +

∫
Γ

w · S dΓ ∀w . (5.54)

Substituting the flow J = −η∇s µ and applying explicit time integration for tn+1 =
tn + ∆t yields after elaboration∫

Γ

w ·Bgb(tn+1) dΓ =

∫
Γ

w ·Bgb(tn) dΓ +

∫
Γ

∆tw · S(tn) dΓ

−
∫

Γ

η∆t

(
∇sw ·

∂µ

∂Bgb

∣∣∣∣
tn

)T

: ∇sB
gb(tn) dΓ ∀w , (5.55)

where the derivative of the chemical potential with respect to the local grain boundary
net defect density reads

∂µ

∂Bgb =

(
M −N −N ln(|Bgb|)

|Bgb| + CeN + λ

)
I−
(
M −N ln(|Bgb|)

|Bgb|3
)
BgbBgb . (5.56)

Next consider the Helmholtz equation (5.48). The weak form is obtained by multiplying
with a weight function w, integrating over the grain boundary, applying the product
rule and the surface divergence theorem (5.26) for a flat grain boundary, while using the

homogeneous Neumann condition nΓ ·∇sB
gb

= 0 at the edge L∫
Γ

w ·Bgb
(tn) dΓ +

∫
Γ

c (∇sw)
T

: ∇sB
gb

(tn) dΓ =

∫
Γ

w ·Bgb(tn) dΓ ∀w . (5.57)

Applying the standard finite element discretisation leads to two sets of discretised linear
equations

KB̄B̄
˜
B̄gb(tn) =

˜
fB̄(tn) and KBB

˜
Bgb(tn+1) =

˜
fB(tn) , (5.58)

which are solved at the start of each increment in the incremental-iterative solution
procedure of the grain boundary crystal plasticity part of the framework. In order to
solve this second part of the framework, the distribution of the interface normal slip rate
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at the grain boundary q̇(tn), as required for Bgb, needs to be transferred from the first
part, see Fig. 5.2.

The finite element meshes for the GND density fields and the local and nonlocal grain
boundary net defect densities do not necessarily have to be conforming. The grain
boundary integration point values of the interface normal slip rates of the GND density
mesh are passed to the net defect density mesh through linear interpolation. For the
transfer of the grain boundary net defect density nodal values from the net defect density
mesh to the grain boundary integration points of the GND density mesh, the same
procedure is applied.

5.5 Numerical study of defect redistribution

The strain gradient crystal plasticity framework enhanced with a grain boundary model,
as summarised in Section 5.2, extended with the net defect redistribution along the grain
boundary developed in Section 5.3, are numerically implemented next, using the solution
procedure described in the previous section. The influence of the defect redistribution
on the macroscopic behaviour is investigated in the case of a bicrystal problem in simple
shear. To this end, first the model problem is explained and the material parameters are
given. Then the discretisation and the boundary conditions are described, after which
the results are presented.

5.5.1 Model problem

In order to examine the effect of the redistribution of the net defect within the grain
boundary on the macroscopic response, an academic problem of a bicrystal under plane
strain conditions is considered, as shown in Fig. 5.3. The bicrystal consists of grains
A (blue) and B (red), which have width d in the e1-direction and height h in the e2-
direction, and are separated by a grain boundary. A grain size d = h = 2 µm will be
considered and only edge dislocations are taken into account in this planar configuration.

The material used in the simulations is copper. Copper has a face-centered cubic (FCC)
crystalline structure, in which 12 slip systems exist, denoted by {111}〈110〉, where {111}
corresponds to the family of slip planes and {110} to the family of slip directions. It has
been shown [98, 152, 165] that plane strain conditions emanate when certain slip systems
act cooperatively, for which the 12 slip systems associated with the FCC crystal reduce
to three effective slip systems. This is illustrated in Fig. 5.4 for the state of plane strain
in the [1̄1̄0]-[001] plane. The (11̄1)[110] and (1̄11)[110] slip systems can be combined to
form an effective in-plane slip system, called the complex system [152]. In this work,
the effective complex slip system acts in the [1̄1̄0] direction and is referred to as slip
system α = 1. The (111)[01̄1] and (111)[1̄01] slip systems operate in equal amounts to
form an effective plane strain slip system on the (111) plane in the [1̄1̄2] direction and
is here referred to as slip system α = 2. Similarly, the slip system α = 3 is the effective
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Figure 5.3: Geometry and boundary conditions for simple shear deformation of a bicrystal. Strong
inhomogeneities are introduced in the form of slip bands at the grey regions. Two of the three meshes
employed in the staggered solution procedure are depicted, which correspond to the bilinear quadrilater-
als (solid squares) for the GND densities (the displacement finite elements are biquadratic quadrilaterals)
and the linear elements (solid circles) for the local and nonlocal GB net defect densities.

plane strain slip system on the (111̄) plane and in the [112] direction as a combination
of (111̄)[101] and (111̄)[011]. Note that the three effective in-plane slip systems can be
obtained by applying counterclockwise rotations of 0◦, 54.74◦ and 125.26◦, respectively,
relative to the [1̄1̄0] direction. Furthermore, from geometrical considerations it follows
that the effective lengths of the Burgers vectors for these three slip systems α = 1, 2 and
3 are b, 1

2

√
3b and 1

2

√
3b, respectively [165, 200].
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Figure 5.4: An FCC crystal with the simultaneous action of slip systems to resemble the plane strain
condition (left) and the three effective plane strain slip systems in the [1̄1̄0]-[001] plane (right).
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Figure 5.5: Orientations of the grains in the bicrystal starting from the reference state (left) via the
perfect state (middle) to the misoriented state (right).

The orientations of the grains in the bicrystal are explained in Fig. 5.5. Starting from
the reference state, corresponding to the fixed coordinate system, the grains are first
rotated (vector transformation) 90◦ counterclockwise to the state where no misorientation
between the adjacent grains is present, i.e. a perfect crystal. A target grain boundary
of misorientation θ is recovered by applying a rotation of θ/2 in opposite directions
for grains A and B, respectively. The grain boundaries that are produced by these
operations are symmetric tilt boundaries. For the particular case considered in the
present work, the rotation axis is parallel to the [11̄0] direction. The structure and energy
of symmetric tilt grain boundaries with this rotation axis in aluminium and copper in the
entire misorientation range have been investigated in detail in Chapter 3. In this chapter,
a misorientation θ = 70.53◦ between the grains is considered, which corresponds to the
Σ3 (112) symmetric tilt boundary. Note that for this misorientation the third effective
slip system in grain A and the second effective slip system in grain B are horizontal, see
Fig. 5.5.

5.5.2 Material parameters

The bulk material parameters used in the calculations are representative of copper and
are similar to those of Evers et al. [57] and Bayley et al. [16]. The values are listed
in Table 5.1, where the interaction and immobilisation matrices Aαξ and Hξζ result
from the interaction and immobilisation coefficients a0 and h0 on the diagonal, and the
off-diagonal entries a3 and h3. The interface parameters are listed in Table 5.2. The
interface reference slip rate q̇0 and rate sensitivity exponent n are taken to be the same
as their bulk counterparts γ̇0 and m. The energetic interface parameters M and N have
been determined in Chapter 3. The lumped interface self-diffusion parameter δDgb

0 and
the grain boundary self-diffusion activation energy Qgb for high-purity copper are taken
from [172].

In order to illustrate the effect of the defect redistribution along the grain boundary,
strong inhomogeneities are introduced in both crystals, as shown in Fig. 5.3. The grey
regions represent slip bands, in which the slip resistance sα (Eq. (5.7)) for slip in the bulk
(Eq. (5.6)) is lowered for the third and second effective slip system (oriented horizontally)
in grains A and B, respectively. For this purpose, the initial SSD density ραs0 (Eq. (5.8))
of the other slip systems is reduced with a factor 10. Furthermore, the interface normal
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Table 5.1: Bulk material parameters representative of copper.

Parameter Description Magnitude

E Young’s modulus 144 GPa
G Shear modulus 54.1 GPa
ν Poisson’s ratio 0.33
b Burgers vector length 0.256 nm
γ̇0 Reference slip rate 0.001 s−1

a0 Interaction coefficient 0.06
a3 Interaction coefficient 1.0
h0 Immobilisation coefficient 0.2
h3 Immobilisation coefficient 1.0
R GND evaluation radius 1 µm
m Rate sensitivity exponent 0.1
K Dislocation segment length constant 26
yc Critical annihilation length 1.6 nm
ρs0 Initial SSD density 7.0 µm−2

Table 5.2: Interface parameters used in the numerical simulations.

Parameter Description Magnitude

q̇0 Interface reference slip rate 0.001 s−1

n Interface rate sensitivity exponent 0.1
Ce Interface energy constant 103

R Interface normal slip resistance 0.25 N mm−1

M Interface energy constant 358 mJ m−2

N Interface energy constant 1434 mJ m−2

k Boltzmann constant 1.38 · 10−23 J K−1

Rg Gas constant 8.314 J mol−1K−1

Qgb Interface self-diffusion activation energy 72.47 kJ mol−1

δDgb
0 Lumped interface self-diffusion parameter 3.98 · 10−16 m3 s−1

slip activity (Eq. (5.14)) of these two slip systems inside the slip bands (at the GB) is
increased by lowering the interface normal resistance R by a factor 25.

5.5.3 Discretisation and boundary conditions

The numerical implementation of the framework follows the solution procedure elabo-
rated in Section 5.4. The specific initial and boundary conditions for the model problem
considered in this work along with the particular discretisation of the unknown variables
are described next for the two parts of the staggered solution scheme, see Fig. 5.2.
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Considering first the equilibrium equation, the displacements at the top and bottom
boundary are fully prescribed, see Fig. 5.3. Simple shear deformation is simulated by
applying a prescribed displacement U = γ̇ht on the top boundary in the e1-direction,
while the bottom boundary is fully fixed. A constant shear rate of γ̇ = 10−3 s−1 is
applied, up to a maximum of 1% macroscopic shear. Traction-free boundary conditions
are imposed on the left and right boundary. For the GND balance equations, microhard
(no slip, homogeneous Neumann) boundary conditions are applied to the top and bottom
boundary, where the specimen is clamped. The left and right boundary are subjected to
microfree (zero GND density, homogeneous Dirichlet) boundary conditions. The GND
density field is initially zero. The constitutive behaviour at the grain boundary is dictated
by the grain boundary model. Each grain in the bicrystal is discretised with 4 elements
in the e1-direction and 16 elements in the e2-direction, see Fig. 5.3. The displacement
field is discretised with 8-node quadrilaterals using 2×2 reduced integration, whereas the
GND density field is interpolated with 4-node bilinear shape functions employing 2 × 2
full integration. The slip bands are located at the 13th and 14th row of elements in grain
A and at the 3rd and 4th element rows in grain B.

The boundary condition for the redistribution equation is the zero flow of net defect
density out of the clamped specimen where the top and bottom boundary meet the grain
boundary, i.e. the homogeneous (natural) Neumann condition nΓ ·J = 0. The initial local
grain boundary net defect density is uniform and equals the intrinsic defect density B0,
as follows from the atomistic simulations (see Chapter 3). For the Helmholtz equation,

the homogeneous Neumann boundary condition is used, i.e. nΓ ·∇sB
gb

= 0. The grain
boundary is discretised with a 1D mesh of 32 elements in the e2-direction, see Fig. 5.3.
The local and nonlocal net defect density fields along the grain boundary are discretised
with 1D linear elements using 2 integration points.

5.5.4 Results

To assess the effect of the defect redistribution along the grain boundary on the macro-
scopic response, as well as the microscopic fields, three different mobilities η are consid-
ered by selecting the temperatures T = 293, 323 and 353 K. In this set of simulations,
the line interface redistribution coefficient λ and the nonlocal interface length parameter
L are fixed at λ = 0.6 J/m2 and L = 100 nm. Furthermore, additional simulations that
serve as reference cases are included, where (i) the grain boundary acts as an impene-
trable boundary, i.e. a microhard grain boundary with Fe = 0 and R → ∞, and (ii) no
redistribution occurs within the grain boundary, i.e. η = 0 and L = 0.

The results of the simulations are shown in Fig. 5.6. Fig. 5.6(a) shows the resulting
macroscopic stress-strain response, while Fig. 5.6(b) plots the scalar local grain boundary

net defect density, defined as |Bgb| =
√
Bgb ·Bgb, along the grain boundary. In the

case of the microhard grain boundary, from the onset of plasticity in the bulk crystals,
dislocations start to pile up at the interface inducing GND densities that contribute to the
rate of strain hardening, see Fig. 5.6(a), through the slip resistance sα and back stress ταb
(Eq. (5.6)). The local grain boundary net defect density is not altered and remains equal
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Figure 5.6: The influence of the net defect redistribution along the grain boundary on the macroscopic
response (a) and the distribution of the scalar local grain boundary net defect density at the final applied
load (b) for three different temperatures. The reference cases of a microhard grain boundary and no
redistribution are included.

to the initial intrinsic net defect density throughout the simulation. For the situation
including the grain boundary plasticity model, but excluding the defect redistribution,
the behaviour initially follows the microhard result (Fig. 5.6(a)) up to the point where
the interface normal slip resistance is reached and dislocations are absorbed into the grain
boundary, where they continue to accumulate locally due to the absence of redistribution
along the grain boundary, see Fig. 5.6(b). The absorption of dislocations causes the rate
at the which dislocations pile up at the grain boundary to decrease, whereas the interface
back stress grows due to the local build-up of a net defect in the grain boundary at the
regions where the slip bands impinge on the grain boundary. The net effect of these two
mechanisms yields a decrease in the macroscopic rate of strain hardening, see Fig. 5.6(a).
Incorporating the redistribution of the grain boundary net defect, the initial behaviour
is close to the microhard result up to the point of dislocation absorption into the grain
boundary, see Fig. 5.6(a). For increasing temperature, and hence mobility, the extent to
which the net defect content is redistributed increases, see Fig. 5.6(b). Due to the defect
redistribution along the grain boundary, the local accumulation of the net defect relaxes,
which lowers the interface back stress at the points of impingement. This decreases the
rate of pile-up accumulation of the bulk dislocations at these interface spots and hence
reduces the rate of strain hardening, see Fig. 5.6(a), the effect of which is larger for higher
temperature.

In order to obtain a better understanding of the influence of temperature on the defect
redistribution, the evolution of the local grain boundary net defect density is plotted in
Fig. 5.7 for the three temperatures and the case without redistribution of the net defect.
The evolution results provide insight in the competition between the local net defect
accumulation through the source term and the redistribution of the net defect along the
grain boundary via the diffusion term (see Eq. (5.46)). In the absence of defect redis-
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Figure 5.7: The evolution of the scalar local net defect density along the grain boundary for (a) the no
redistribution case, (b) redistribution at temperature T = 293 K, (c) redistribution at T = 323 K and
(d) redistribution at T = 353 K.

tribution the evolution is completely governed by the local net defect accumulation, see
Fig. 5.7(a). For the lowest temperature, Fig. 5.7(b), the evolution is still dominated by
the local build-up of the grain boundary net defect. A transition occurs for the inter-
mediate temperature, where the net defect accumulation and redistribution are present
in approximately equal amounts (Fig. 5.7(c)). In the case of the highest considered
temperature, the redistribution of the net defect controls the evolution, see Fig. 5.7(d).

Next, the effect of the line interface redistribution coefficient λ and the nonlocal interface
length L on the macroscopic and microscopic behaviour is examined. In the first series
of simulations, the temperature and the nonlocal interface length are fixed at T = 293
K and L = 100 nm, whereas the interface redistribution coefficient λ is varied. The
results are shown in Fig. 5.8 for λ = 0.6, 6 · 103, 6 · 104 and 3 · 105 J/m2. The influence
of the line interface redistribution coefficient λ on the macroscopic response is minor,
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Figure 5.8: The influence of the line interface redistribution coefficient λ in the net defect redistribution
along the grain boundary on the macroscopic response (a) and the evolution of the scalar local net defect
density for the line interface redistribution coefficients (b) λ = 6 · 103 J/m2, (c) λ = 6 · 104 J/m2 and
(d) λ = 3 · 105 J/m2.

even for the large range of six orders of magnitude, see Fig. 5.8(a). A more pronounced
influence is observed microscopically when considering the evolution of the scalar local
grain boundary net defect density in Fig. 5.7(b) and Fig. 5.8(b)-(d). For increasing line
interface redistribution coefficient λ, the diffusion term becomes stronger with respect
to the source term, resulting in a more homogeneous distribution of the local net defect
density.

In the second series of simulations, the nonlocal interface length L is varied, while the
temperature and the line interface redistribution coefficient are fixed at T = 293 K and
λ = 3 · 105 J/m2. The results are shown in Fig. 5.9 for L = 100, 200, 400 and 800
nm. Again, for the considered parameter range, the macroscopic influence is limited, see
Fig. 5.9(a). Microscopically, considering the evolution of the scalar local grain boundary
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Figure 5.9: The effect of the nonlocal interface length L in the net defect redistribution along the grain
boundary on the macroscopic response (a) and the evolution of the scalar local net defect density for
the nonlocal interface lengths (b) L = 200 nm, (c) L = 400 nm and (d) L = 800 nm.

net defect density in Fig. 5.8(d) and Fig. 5.9(b)-(d), the variation of L has a clear effect.
The diffusion contribution becomes even more dominating for increasing L, leading to
a larger annihilation of the net defect at the center of the grain boundary, where the
positive and negative defect content from the slip bands in grains A and B, respectively,
cancel in the redistribution.

To summarise, the results indicate that the grain boundary net defect redistribution has
a clear macroscopic influence, but is mainly due to the temperature directly affecting
the mobility η of the dislocations within the grain boundary. For the current set of
parameters, only a limited effect on the macroscopic response was observed for varying
the line interface redistribution coefficient λ and the nonlocal interface length L. All three
parameters (η, λ and L) have, however, a significant microscopic effect. Note that by
substituting the Helmholtz equation (5.48) into the redistribution equation (5.46), similar
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as in expression (5.44), the gradient energy coefficient κ = λc = 1
2λL

2 is identified, which
characterises the relative contribution of the nonlocal term into the redistribution. The
nonlocal interface length L changes κ quadratically, for this reason having a larger effect
as compared to the line interface redistribution coefficient λ. For the bicrystal problem
considered here, it is expected that further increase of the parameters η, λ and L will
increase the influence on the macroscopic and microscopic behaviour, up to the point
where the diffusion contribution completely dominates the evolution, whereby absorbed
lattice dislocations directly redistribute and annihilate.

As a final remark, in general, the nonlocal term containing the interface redistribution
coefficient λ and the nonlocal interface length L, does not only incorporate spatial inter-
actions, but also serves as a regularising term in the cases when the local energy density
is nonconvex, e.g. in spinodal decomposition [185] or dislocation patterning [211], by
penalising strong gradients in the quantity of interest. The local grain boundary energy
density chosen in this work (Eq. (5.32)), based on a straightforward generalisation of
the initial grain boundary energy determined from atomistic simulations, already has
a convex character depending on the value of Ce. In the specific planar configuration
examined here, this can be verified analytically by calculating the eigenvalues of the sec-
ond derivative of the local energy density, given in Eq. (5.56) without the λ, which are
positive, and hence indicate convexity by positive-definiteness of the second derivative.
Hence, pattern formation in the redistributed defects along the grain boundary is not
expected.

5.6 Conclusions

Many different interaction mechanisms between dislocations and grain boundaries exist
that have an important effect on the mechanical behaviour of polycrystalline materials.
To date, significant challenges are present in physically based modelling of these grain
boundary plasticity features in macroscopic continuum frameworks. The main contribu-
tion of this chapter and conclusions are:

1. A novel model that incorporates the nonlocal relaxation of the grain boundary net
defect due to the redistribution of the defect content along the interface, which is
developed within the context of strain gradient crystal plasticity.

2. The continuum redistribution model consists of a set of equations, including a
balance and constitutive equations, which lead to an evolution equation of the net
defect density at the grain boundary and a Helmholtz equation that accounts for
nonlocal spatial interactions within the interface.

3. The net defect evolution at a grain boundary material point is determined by: (i)
flow of the net defect along the grain boundary and (ii) a source/sink term due
to the in- and outflow of lattice dislocations at the grain boundary. Furthermore,
defect content of opposite sign can annihilate in the redistribution.
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4. The flow of the interface defect resulting in the redistribution is driven by the
gradient of a chemical potential, which depends on local and nonlocal defect con-
tributions to the grain boundary energy density.

5. The defect redistribution model, based on a vectorial quantity defined at a sur-
face, has a diffusional character and shows similarities with phase field modelling
approaches.

6. The complete framework is implemented numerically employing a staggered solu-
tion scheme in order to investigate the influence of the redistribution of the grain
boundary defect content on the macroscopic response and the microscopic fields in
the case of a copper bicrystal subjected to simple shear.

7. The resulting defect redistribution has a clear macroscopic and microscopic effect,
which becomes stronger for increasing temperature, as a result of the increased
mobility of the defect content, and for increasing nonlocal interface parameters,
which enhance the nonlocal contribution to the redistribution.

Different processes that accompany the defect redistribution and the change of grain
boundary structure, such as grain boundary sliding, grain boundary migration and grain
rotation, are not taken into account in the current modelling framework. These processes
mainly occur at higher temperatures at which other mechanisms in the bulk, such as dis-
location climb, become thermally activated. This would also necessitate adjustments of
the crystal plasticity model, since these mechanisms are not incorporated in the current
bulk framework. In polycrystals, the presence of triple junctions poses additional con-
straints. It is expected that these mechanisms and features can change the microscopic
and macroscopic behaviour considerably, the investigations of which are topics for future
work.





Chapter 6

Conclusions and outlook

6.1 Conclusions

The objective in this thesis was to bridge the scale between the fine-scale interaction
mechanisms associated with grain boundary plasticity and the polycrystalline continuum
scale, where most engineering design methods rely on. This has been established by the
development of a multiscale grain boundary interface framework within the context of
dislocation based gradient enhanced crystal plasticity.

First, in Chapter 2, a thermodynamically consistent grain boundary model has been
formulated, which is incorporated in a microstructurally motivated strain gradient crystal
plasticity framework. The main results and conclusions of Chapter 2 are:

• The net effect of the different interactions between dislocations and grain bound-
aries is represented by an interface normal slip measure, for which an evolution
equation is proposed constituting the grain boundary flow rule.

• Plastic slip at the grain boundary is governed by the competition between three
interface microforces, i.e. a bulk-induced microforce, an energetic microforce and a
dissipative microforce.

• The bulk-induced microforce, derived from geometrically necessary dislocation den-
sities in the bulk crystal, provides a driving force for interface normal slip, which
depends on the magnitude of the dislocation pile-up at the interface. By making
a connection with a full internal stress formulation, the bulk-induced microforces
capture the intra-granular coupling in a physically realistic manner.

111



112 6 Conclusions and outlook

• The energetic microforce acts as an interface back stress, restricting the accumu-
lation of the residual interface defect. The energetic interface microforce provides
inter-granular slip system coupling, accounting for both the magnitude and direc-
tion of contributions to the residual defect from all slip systems in the two neigh-
bouring grains. The geometric conditions controlling the interaction of a particular
slip system with the grain boundary are implicitly accounted for.

• The dissipative microforce provides a resistance to slip at the interface.

• A detailed numerical analysis of the influence of the interface constitutive param-
eters and the crystal geometry in the case of a simplified periodic bicrystal has
revealed that the macroscopic behaviour is altered considerably with respect to the
conventional limiting grain boundary conditions. Qualitative agreement between
the model predictions and the experimental observations reported in the literature
has been shown.

Only atomistic simulations can provide access to the details of the grain boundary struc-
ture and energy. This demands a multiscale description to upscale these fine-scale grain
boundary details to the continuum scale. In an attempt to bridge the gap between the
materials science and mechanics views on modelling of an initial grain boundary structure
and energy, Chapter 3 proposes a multiscale approach for resolving the initial interface
structure and energy on the continuum scale based on the output of atomistic simula-
tions, thereby consolidating various approaches for characterising grain boundaries. The
main results and conclusions are:

• An intrinsic net defect density, representing the initial boundary structure, is re-
lated to atomistically computed grain boundary energies for symmetric tilt grain
boundaries with the 〈100〉, 〈110〉 and 〈111〉 rotation axes in aluminium and copper.

• Characteristic features of the approach include: (i) grain boundary energies and
boundary period vectors as obtained from atomistic simulations, (ii) structural unit
and dislocation descriptions of the grain boundary structure and (iii) the Frank-
Bilby equation to determine the dislocation content.

• The results have shown that the proposed multiscale approach yields adequate de-
scriptions of the atomistically computed grain boundary energies for both low- and
high-angle grain boundaries in the complete misorientation range for the consid-
ered type of grain boundaries. A comparison with the experimental results for the
〈110〉 rotation axis in aluminium, available in literature, shows a good agreement
and supports the findings.

• The developed atomistic-to-continuum approach can be directly incorporated in
grain boundary interface continuum models, realistically reflecting the initial bound-
ary structure and energetics.

In Chapter 4, the multiscale atomistic-to-continuum model of the initial structure and
energy of grain boundaries, developed in Chapter 3, has been incorporated into the grain
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boundary extended crystal plasticity framework of Chapter 2 in order to examine the
particular role and influence of the energetic contributions to the grain boundary plastic
flow on the resulting macroscopic response. The main results and conclusions of this part
are:

• A generalised grain boundary energy as a function of the evolution of the interface
net defect, representing the grain boundary structure upon plastic deformation,
has been proposed and used to determine an expression for the energetic interface
microforce.

• An analytical study of the developed initial energetic interface microforce revealed
a physically sound behaviour for low- and high-angle symmetrical tilt grain bound-
aries.

• The resulting framework has been implemented numerically and applied for the
investigation of a periodic bicrystal, including the complete set of 12 slip systems,
subjected to simple shear deformation. Eight low- and high-angle symmetric tilt
boundaries with the [001] rotation axis have been analysed throughout the full
misorientation range. It has been observed that the effect of the energetic interface
microforce on the macroscopic response depends strongly on the misorientation
between adjacent grains.

Up to and including Chapter 4, it was assumed that the grain boundary net defect
remained a local property at a material point at the grain boundary. In the literature,
there have been many fine-scale observations of redistribution of the defect content along
the grain boundary. Chapter 5 presents an approach describing the incorporation of
this relaxation mechanism through the formulation of a continuum defect redistribution
model along the interface within the grain boundary plasticity framework developed in
the previous chapters. The main results and conclusions of this chapter are:

• The continuum redistribution model consists of a set of equations, including a
balance and constitutive equations, which lead to an evolution equation of the
local net defect density at the grain boundary and a Helmholtz equation for the
nonlocal defect density that accounts for spatial interactions within the interface.

• The net defect evolution at a grain boundary material point is determined by: (i)
flow of the net defect along the grain boundary and (ii) a source/sink term due
to the in- and outflow of lattice dislocations at the grain boundary. Furthermore,
defect content of opposite sign can annihilate in the redistribution.

• The flow of the interface defect resulting in the redistribution is driven by the
gradient of a chemical potential, which depends on local and nonlocal defect con-
tributions to the grain boundary energy density.

• The resulting defect redistribution model, based on a vectorial quantity defined at a
surface, has a diffusional character and shows similarities with phase field modelling
approaches.
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• In a numerical study of a bicrystal problem, using the entire framework, it is
found that the defect redistribution has a clear macroscopic and microscopic effect,
which becomes stronger for increasing temperature, as a result of the increased
defect mobility, and for increasing nonlocal interface parameters, which enhance
the energetic interactions driving the redistribution.

The work presented in the thesis provides a foundation to a more thorough analysis of
polycrystalline metals at the continuum level. Especially when large fractions of grain
boundaries are present, the accurate description of the behaviour at these boundaries
becomes increasingly important.

6.2 Outlook

In this work, the developed multiscale model has only been applied to relatively simple
bicrystal configurations, which served the exploration of the new grain boundary interface
framework. However, the model itself is formulated in a general 3D setting. As the next
step, it is of interest to apply this framework to more complex (academic and industrial)
problems at the polycrystalline level.

At the same time, it should be pointed out that the current framework does have its
limitations with respect to the underlying physical phenomena. Moreover, the quantifi-
cation of some of the modelling parameters involved is still an open question. Based
on these limitations an outlook for future research directions is given next. The focus
here is mainly on the continuum modelling of grain boundaries rather than the bulk
material, the latter having its own list of research topics, although the two are intimately
connected.

• Whereas qualitative agreement with experiments has been achieved in this work,
the quantitative calibration and validation of the model is presently hampered by
a lack of suitable quantitative experimental data. In characterising the dislocation
content in the bulk near the grain boundary, refinement of electron backscatter
scanning microscopy results to slip system based data can be a promising route.
Furthermore, computer simulations at smaller length scales can assist in estimating
appropriate values for the model parameters.

• In the current approach, the bulk-induced microforce related to one of the adjacent
grains at the interface only depends on the geometrically necessary dislocation
distribution in that grain, i.e. it is assumed that the internal stress field from
the neighbouring grain is entirely ‘shielded’ by the interface. A more elaborate
expression might be conceived which accounts for the influence of the geometrically
necessary dislocations from the other grain. The level of cross-interface influence
from geometrically necessary dislocations in the bulk would depend on the details
of the grain boundary structure and its disruptive screening effect.
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• The initial energetic interface microforce profiles can be verified using atomistic
simulations specifically focussing on the elastic interactions between grain bound-
aries and dislocations in the absence of external loads. However, care should be
taken in the determination of the origin of the interaction effect, because addi-
tional contributions due to image forces arising from the presence of free surfaces
and elastic anisotropy across the grain boundary also play a role.

• The interface normal slip resistance has been taken constant in the simulations
throughout the thesis. However, in general, it is expected that the interface nor-
mal slip resistance, similar to the energetic microforce, depends on the slip system
orientation, the misorientation between the grains and the orientation of the grain
boundary. This can be incorporated into the model through a dependence of the
interface normal resistance on the grain boundary net defect density. The interface
normal slip resistance could also incorporate the nucleation strength of dislocation
sources close to the grain boundary or the additional work required to overcome
configurational changes necessary for a dislocation to interact with the grain bound-
ary. It should be emphasised that in modelling at the (polycrystalline) continuum
level, double counting of mechanisms in the bulk and interface descriptions should
be avoided, e.g. through lumping of bulk behaviour near the boundary into the
interface model.

• An extension of the developed atomistic-to-continuum multiscale approach for the
initial structure and energy of a grain boundary may include the application to (i)
the full space of macroscopic degrees of freedom of a grain boundary, starting with
asymmetric tilt boundaries and twist boundaries, (ii) grain boundaries in body-
centered cubic and hexagonal close-packed metals, and (iii) interphase boundaries.
Furthermore, metallic elements of similar stacking fault energy could be inves-
tigated to verify the potential of reducing the number of continuum parameters
through scaling.

• One of the most important challenges is the development of an adequate contin-
uum description for the evolution of the grain boundary structure and energy upon
plastic deformation. This in turn will directly influence the effect of the evolu-
tion of the energetic and dissipative interface contributions on the macroscopic and
microscopic behaviour. Tracking the evolution of the grain boundary structure
and energy is impossible without fine-scale experiments and multiscale simulation
techniques. Moreover, due to the unique character of the individual interactions
between grain boundaries and dislocations, detailed studies of many grain bound-
aries are required. This complicates the possible identification of generic continuum
scale ‘building blocks’ that are representative of different collective interactions of
dislocations with a grain boundary having a similar macroscopic effect.

• The (coupled) processes of grain boundary sliding, grain boundary migration and
grain rotation accompany the defect redistribution and the change of the grain
boundary structure. Other stress relaxation mechanisms such as cavitation and de-
cohesion can also occur. These phenomena are not modelled in this work, although
possibilities already exist for the straightforward incorporation of some of these
processes. For example, grain boundary sliding and opening could be accounted
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for by allowing displacement discontinuities at the grain boundary. Furthermore,
grain rotation could be included by extending the framework to finite deformations.
However, it is noted that most of the phenomena mentioned here mainly occur at
higher temperatures at which other mechanisms in the bulk become thermally ac-
tivated, also necessitating adjustments of the bulk model.

• In a polycrystalline case, the grain boundary is subjected to additional constraints
imposed by the microstructure, such as triple junctions where three grains meet
along a line. As a first approach, triple junctions can be modelled using limiting
higher-order boundary conditions, such as treating the triple junction as a hard
obstacle. At a later stage specific constitutive models should be developed also for
these grain boundary characteristics.

• The presence of impurities would further increase the complexity of the problem
by altering both the bulk and interface behaviour. For example, grain boundary
segregation can occur, whereby the impurity atoms accumulate (segregate) at grain
boundaries to such an extent that the boundary may become different in chemical
nature, which will change the grain boundary properties and hence the material
properties. Appropriate constitutive models will have to be developed to describe
the resulting behaviour.



Appendix A

Finite element implementation

The numerical implementation follows the procedures outlined by Evers et al. [56] and
Bayley et al. [16], with all necessary modifications to incorporate the grain boundary
constitutive model. A summary is presented here with emphasis on the new interface
contributions. The boundary value problem consists of the conventional equilibrium
equation (2.7a) and the GND balance equations (2.3) in the weak form, with the dis-
placements and GND densities acting as degrees of freedom. The weak forms for a single
crystal (within a polycrystal) are∫

V
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T

: σ dV =

∫
S

w · text dS +
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w · t dΓ ∀ w , (A.1)
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with α denoting the slip system. Furthermore, q̂α(e) = γαsα · n, qα(e) = γαsα · ngb,
q̂α(s) = −γαlα · n and qα(s) = −γαlα · ngb. The displacement field is discretised with
8-node quadrilaterals using 2 × 2 reduced integration, whereas the GND density field
is interpolated with 4-node bilinear shape functions employing 2 × 2 full integration.
The grain boundaries are modelled by uncoupling the local finite elements by means of

117



118 A Finite element implementation

placing double nodes. It is assumed that the displacements are continuous across the
grain boundaries, which is accomplished by tying the displacements of the double nodes.
Keeping track of the crystals that share a grain boundary, the system of equations can
be assembled. Considering only edge dislocations, the final set of discretised linearised
equations for the unknown iterative corrections δ
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] [
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which is solved in a standard manner. The contributions of the grain boundary model
are clearly visible. In the case of a single grain boundary Γ separating grains A and B,
the contributions have the following form
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Appendix B

Data per rotation axis

The detailed information for the symmetric tilt grain boundaries with the 〈111〉, 〈100〉
and 〈110〉 rotation axes is provided in Tables B.1, B.2 and B.3, respectively.

Table B.1: Data of the symmetric tilt grain boundaries with the [111] rotation axis in Al and Cu.
Given are the misorientation angle θ (in degrees), the grain boundary energy φgb (in mJ/m2), the grain
boundary plane, the parameter Σ characterizing the CSL, the boundary period vector p, the intrinsic net
defect Bp in a boundary period and the intrinsic net defect density |Bp|/|p|; a is the lattice parameter.

θ φgb Al φgb Cu GB plane Σ p Bp |Bp|/|p|
0.00 0 0 (0 1 1) 1 a

2 [2 1 1] a[0 0 0] 0.00
7.30 270 437 (1 13 14) 183 a

2 [9 5 4] a
2 [0 1 1] 0.13

17.90 419 710 (1 5 6) 31 a
2 [11 7 4] 3a

2 [0 1 1] 0.31
21.80 450 775 (1 4 5) 21 a

2 [3 2 1] a
2 [0 1 1] 0.38

27.80 471 842 (1 3 4) 13 a
2 [7 5 2] 3a

2 [0 1 1] 0.48
32.20 489 889 (2 5 7) 39 a

2 [4 3 1] 2a
2 [0 1 1] 0.55

38.20 461 867 (1 2 3) 7 a
2 [5 4 1] 3a

2 [0 1 1] 0.65
46.80 469 852 (2 3 5) 19 a

2 [8 7 1] 6a
2 [0 1 1] 0.79

50.60 460 822 (3 4 7) 37 a
2 [11 10 1] 9a

2 [0 1 1] 0.85
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Table B.2: Data of the symmetric tilt grain boundaries with the [001] rotation axis in Al and Cu.
Given are the misorientation angle θ (in degrees), the grain boundary energy φgb (in mJ/m2), the grain
boundary plane, the parameter Σ characterizing the CSL, the boundary period vector p, the intrinsic net
defect Bp in a boundary period and the intrinsic net defect density |Bp|/|p|; a is the lattice parameter.

θ φgb Al φgb Cu GB plane Σ p Bp |Bp|/|p|
0.00 0 0 (1 0 0) 1 a[0 1 0] a[0 0 0] 0.00
5.72 302 470 (20 1 0) 401 a[1 20 0] 2a[1 0 0] 0.10
8.17 362 578 (14 1 0) 197 a[1 14 0] 2a[1 0 0] 0.14
11.42 419 686 (10 1 0) 101 a[1 10 0] 2a[1 0 0] 0.20
14.25 454 757 (8 1 0) 65 a[1 8 0] 2a[1 0 0] 0.25
18.92 483 837 (6 1 0) 37 a[1 6 0] 2a[1 0 0] 0.33
22.62 489 878 (5 1 0) 13 a

2 [1 5 0] a[1 0 0] 0.39
25.06 499 910 (9 2 0) 85 a[2 9 0] 4a[1 0 0] 0.43
28.07 486 914 (4 1 0) 17 a[1 4 0] 2a[1 0 0] 0.49
31.89 497 939 (7 2 0) 53 a[2 7 0] 4a[1 0 0] 0.55
34.21 495 940 (13 4 0) 185 a[4 13 0] 8a[1 0 0] 0.59
36.87 465 905 (3 1 0) 5 a

2 [1 3 0] 2a
2 [1 1 0] 0.89

39.97 505 964 (11 4 0) 137 a[4 11 0] 14a
2 [1 1 0] 0.85

43.60 513 983 (5 2 0) 29 a[2 5 0] 6a
2 [1 1 0] 0.79

47.92 531 991 (9 4 0) 97 a[4 9 0] 10a
2 [1 1 0] 0.72

50.40 529 984 (17 8 0) 353 a[8 17 0] 18a
2 [1 1 0] 0.68

53.13 494 951 (2 1 0) 5 a[1 2 0] 2a
2 [1 1 0] 0.63

56.14 506 941 (15 8 0) 289 a[8 15 0] 14a
2 [1 1 0] 0.58

59.49 488 901 (7 4 0) 65 a[4 7 0] 6a
2 [1 1 0] 0.53

61.93 466 856 (5 3 0) 17 a
2 [3 5 0] 2a

2 [1 1 0] 0.49
63.22 468 852 (13 8 0) 233 a[8 13 0] 10a

2 [1 1 0] 0.46
67.38 433 790 (3 2 0) 13 a[2 3 0] 2a

2 [1 1 0] 0.39
71.08 413 732 (7 5 0) 37 a

2 [5 7 0] 2a
2 [1 1 0] 0.33

73.74 387 677 (4 3 0) 25 a[3 4 0] 2a
2 [1 1 0] 0.28

77.32 351 595 (5 4 0) 41 a[4 5 0] 2a
2 [1 1 0] 0.22

79.61 321 533 (6 5 0) 61 a[5 6 0] 2a
2 [1 1 0] 0.18

81.20 296 484 (7 6 0) 85 a[6 7 0] 2a
2 [1 1 0] 0.15

82.37 275 444 (8 7 0) 113 a[7 8 0] 2a
2 [1 1 0] 0.13

83.27 257 411 (9 8 0) 145 a[8 9 0] 2a
2 [1 1 0] 0.12

83.97 241 383 (10 9 0) 181 a[9 10 0] 2a
2 [1 1 0] 0.11

90.00 0 0 (1 1 0) 1 a
2 [1 1 0] a[0 0 0] 0.00
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Table B.3: Data of the symmetric tilt grain boundaries with the [110] rotation axis in Al and Cu.
Given are the misorientation angle θ (in degrees), the grain boundary energy φgb (in mJ/m2), the grain
boundary plane, the parameter Σ characterizing the CSL, the boundary period vector p, the intrinsic net
defect Bp in a boundary period and the intrinsic net defect density |Bp|/|p|; a is the lattice parameter.

θ φgb Al φgb Cu GB plane Σ p Bp |Bp|/|p|
0.00 0 0 (0 0 1) 1 a

2 [1 1 0] a[0 0 0] 0.00
8.09 314 424 (1 1 20) 201 a[10 10 1] 2a[0 0 1] 0.14
13.44 396 566 (1 1 12) 73 a[6 6 1] 2a[0 0 1] 0.23
20.05 424 657 (1 1 8) 33 a[4 4 1] 2a[0 0 1] 0.35
26.53 387 719 (1 1 6) 19 a[3 3 1] 2a[0 0 1] 0.46
31.59 356 697 (1 1 5) 27 a

2 [5 5 2] 2a[0 0 1] 0.54
38.94 331 652 (1 1 4) 9 a[2 2 1] 2a[0 0 1] 0.67
44.00 302 600 (2 2 7) 57 a

2 [7 7 4] 4a[0 0 1] 0.75
50.48 151 310 (1 1 3) 11 a

2 [3 3 2] 4a
3 [1 1 1] 0.98

53.59 255 437 (5 5 14) 123 a[7 7 5] 18a
3 [1 1 1] 0.94

58.99 320 527 (2 2 5) 33 a
2 [5 5 4] 6a

3 [1 1 1] 0.85
65.47 369 604 (5 5 11) 171 a

2 [11 11 10] 12a
3 [1 1 1] 0.75

70.53 355 592 (1 1 2) 3 a[1 1 1] 2a
3 [1 1 1] 0.67

77.88 414 661 (4 4 7) 81 a
2 [7 7 8] 6a

3 [1 1 1] 0.54
82.95 403 657 (5 5 8) 57 a[4 4 5] 6a

3 [1 1 1] 0.46
86.63 370 633 (2 2 3) 17 a

2 [3 3 4] 2a
3 [1 1 1] 0.40

93.37 344 594 (3 3 4) 17 a[2 2 3] 2a
3 [1 1 1] 0.28

97.05 324 549 (4 4 5) 57 a
2 [5 5 8] 2a

3 [1 1 1] 0.22
102.12 275 427 (7 7 8) 81 a[4 4 7] 2a

3 [1 1 1] 0.13
109.47 75 22 (1 1 1) 3 a

2 [1 1 2] a[0 0 0] 0.00
114.53 229 292 (11 11 10) 171 a[5 5 11] 2a

3 [1 1 1] 0.09
121.01 319 511 (5 5 4) 33 a[2 2 5] 2a

3 [1 1 1] 0.20
126.41 377 655 (7 7 5) 123 a

2 [5 5 14] 4a
3 [1 1 1] 0.29

129.52 388 702 (3 3 2) 11 a[1 1 3] 2a
3 [1 1 1] 0.35

131.55 419 760 (11 11 7) 291 a
2 [7 7 22] 8a

3 [1 1 1] 0.38
136.00 452 829 (7 7 4) 57 a[2 2 7] 6a

3 [1 1 1] 0.46
141.06 447 834 (2 2 1) 9 a

2 [1 1 4] 2a
3 [1 1 1] 0.54

144.36 494 855 (11 11 5) 267 a
2 [5 5 22] 10a

2 [1 1 0] 0.61
148.41 486 858 (5 5 2) 27 a[1 1 5] 4a

2 [1 1 0] 0.54
153.47 431 845 (3 3 1) 19 a

2 [1 1 6] 2a
2 [1 1 0] 0.46

159.95 416 795 (4 4 1) 33 a
2 [1 1 8] 2a

2 [1 1 0] 0.35
166.56 361 678 (6 6 1) 73 a

2 [1 1 12] 2a
2 [1 1 0] 0.23

171.91 285 505 (10 10 1) 201 a
2 [1 1 20] 2a

2 [1 1 0] 0.14
180.00 0 0 (1 1 0) 1 a[0 0 1] a[0 0 0] 0.00
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[67] J. Gemperlová, A. Jacques, A. Gemperle, T. Vystavel, N. Zárubová, and
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Samenvatting

Multischaal modelleren van korrelgrensplasticiteit

Polykristallijne materialen, zoals metalen, bevatten verschillende intrinsieke materiaalde-
fecten, waarvan dislocaties en korrelgrenzen er twee belangrijke zijn. Dislocaties zijn
lijndefecten die de regelmaat van het kristalrooster verstoren, waarbij hun collectieve
beweging de onomkeerbare plastische vervorming van het materiaal veroorzaakt. Korrel-
grenzen zijn de planaire defecten tussen twee naburige kristallen met een andere oriëntatie
van het atoomrooster. Beide microstructurele defecten hebben een grote invloed op de
resulterende materiaaleigenschappen en het macroscopische gedrag, in het bijzonder als
korrelgrenzen een relatief groot deel van het materiaalvolume vormen, bijvoorbeeld in fi-
jnkorrelige metalen, dunne lagen en micro-apparaten. In deze configuraties worden de rol
van de korrelgrenzen en hun interactie met dislocaties van groot belang. In de literatuur
zijn verschillende types van interactiemechanismen tussen dislocaties en korrelgrenzen
gëıdentificeerd op basis van kleinschalige experimenten en computersimulaties: dislo-
caties kunnen opstapelen, doorglijden, of geabsorbeerd worden in (of genucleëerd op) de
korrelgrenzen. Een nauwkeurige beschrijving van deze mechanismen op een korrelgrens
is één van de grote uitdagingen in het modelleren van de plasticiteit van polykristallijne
metalen, wat het onderwerp is van dit proefschrift.

Het doel van dit proefschrift is het overbruggen van de schaal tussen de kleinschalige inter-
actiemechanismen, geassocieerd met plasticiteit op korrelgrenzen, en het polykristallijne
continuümniveau, waar de meeste ontwerpmethoden voor technische toepassingen zich
op verlaten. Dit is tot stand gebracht door de ontwikkeling van een multischaal korrel-
grensvlak plasticiteitsraamwerk, dat bruikbaar is in de context van dislocatiegebaseerde
gradiëntverbeterde kristalplasticiteitsmodellen.

Als eerste zijn de fundamenten van het korrelgrensplasticiteitsmodel ontwikkeld door
middel van het formuleren van balansvergelijkingen en thermodynamisch consistente
constitutieve vergelijkingen, die zijn opgenomen in een microstructureel gemotiveerde
rekgradiënt kristalplasticiteitsraamwerk via de hogere-orde randvoorwaarden. Een be-
langrijk ingrediënt is de vloeiwet op de korrelgrens, welke een evolutievergelijking is voor
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een scalaire continuümschaal grootheid op elk glijvlak op de korrelgrens. Deze scalaire
grootheid representeert het netto-effect van de verschillende fijnschalige mechanismen die
plaatsvinden op de korrelgrenzen. Alleen atomaire simulaties kunnen de details van de
structuur en energie van de korrelgrens ontsluiten. Gedreven door de behoefte aan een
fysisch onderbouwde continuümschaal beschrijving van de korrelgrensenergie voor het
gebruik in continuümmodellen, is daarom een multischaal aanpak voorgesteld die leidt
tot een continuümrepresentatie van de initiële korrelgrensstructuur en energie, gebaseerd
op de resultaten van atomaire simulaties. Vervolgens is deze multischaal atomaire-naar-
continuüm aanpak benut in het raamwerk van kristalplasticiteit met het korrelgrensmodel
door middel van een generalisatie van de continuümuitdrukking voor de initiële korrel-
grensenergie. Tenslotte is een continuümmodel ontwikkeld voor de beschrijving van de
herverdeling van de defecten langs de korrelgrens in het korrelgrensplasticiteitsmodel.
Een diffusieve evolutiewet is voorgesteld voor de herverdeling van het nettodefect binnen
de korrelgrens, waardoor niet-lokale relaxatie van de lokale opstapeling van het nettode-
fect in de korrelgrens mogelijk is. Dit continuümmodel bestaat uit een aantal vergelijkin-
gen, inbegrepen een balans en constitutieve vergelijkingen voor een vectorieel nettodefect
veld langs het korrelgrensvlak.

Om de mogelijkheden van het ontwikkelde korrelgrensplasticiteitsraamwerk in de verschil-
lende stadia van de modelontwikkeling te onderzoeken, is het model toegepast om het
microscopische en macroscopische gedrag van bikristal referentieproblemen te bestuderen.
Gedetailleerde numerieke analyses van de invloed van de constitutieve korrelgrensparam-
eters en de kristalgeometrie laten zien dat het macroscopische gedrag aanzienlijk veran-
dert ten opzichte van de conventionele modellen voor de korrelgrens, waarbij de kritische
interacties tussen dislocaties en korrelgrenzen ontbreken.

Het multischaalmodel voor korrelgrensplasticiteit gepresenteerd in dit proefschrift biedt
een basis voor een meer diepgaande analyse van polykristallijne metalen op het con-
tinuümniveau. Vooral voor materialen waarin grote fracties van korrelgrenzen aanwezig
zijn, is de nauwkeurige beschrijving van het gedrag op deze grensvlakken van wezenlijk
belang.
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